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PREFACE

The Colloquium Lectures which 1 had the privilege of
delivering at the University of Chicago before the American
Mathematical Society, September 5-8, 1920, contained a large
part of the material presented in the following pages. The
delay in publication has been due to several causes, one of
which has been my desire to wait until some of my own
ideas had developed further. I have taken advantage of
a well-established tradition of our Colloquia by giving par-
ticular emphasis to my own researches on dynamical systems.
It is my earnest hope that the lectures may serve to stimu-
late others to investigate the outstanding problems in this
most fascinating field.

It is only necessary to recall the work of Galileo, Newton,
Laplace, Clausius, Rayleigh in the physical applications of
dynamies, of Lagrange, W. R. Hamilton, Jacobi in its formal
development, and of Hill and Poincaré in the qualitative
treatment of dynamical questions, in order to realize the re-
markable significance of dynamics in the past for scientific
thought. At a time when no physical theory can properly
be termed fundamental—the known theories appear to be
merely more or less fundamental in certain directions—it may
be asserted with confidence that ordinary differential equations
in the real domain, and particularly equations of dynamical
origin, will continue to hold a position of the highest importance.

In looking back over my own dynamical work, of which
a certain peribd is finished with the publication of this book,

I cannot but express my feeling of deep admiration and
iii
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gratitude to Hadamard, Levi-Civita, Sundman and Whittaker,
to whom many important recent advances in theoretical
dynamics are due, and in whose work I have found especial
inspiration. It is with much regret that I have been unable to
give adequate space to their achievements.

Professor Philip Franklin co¢perated with me in a first
re-writing of part of my notes on these lectures. 1 owe
him cordial thanks for his help.

November 18, 1927.
GEORGE D. BIRKHOFF.
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CHAPTER T
PHYSICAL ASPECTS OF DYNAMICAL SYSTEMS

I. Introductory remarks. In dynamics we deal with
physical systems whose state at a time ¢ is completely
specified by the values of 2 real variables

Tyy Lgy sy Fne

Accordingly the system is such that the rates of change
of these variables, namely

da/dt, drg/dt, ... day,/dt,

merely depend upon the values of the variables themselves,
so that the laws of motion can be expressed by means of u
differential cquations of the first order

(1) daridt = Ni(@y, ---cm) (G =1,.--, ).

Thus, for a particle which falls in a vacuum at the surface
of the earth, », and .z; may denote distance fallen and velocity
respectively. In this case the equations of motion take the
typical form

(I.’l'l/(l[ = I's. ll.?’g/(lt =4.

where g is the gravitational acceleration.

2. An existence theorem. We proceed first to formulate
an existence theorem for a set of differential equations of
the general type (1).* The set of = functions X; will be
assumed to be real and uniformly continuous in some open

*In connection with the first five paragraphs the following general
references may be given: E. Picard, Traité d’Analyse, vol. 2, chap. 11,
and vol. 8, chap. 8; E. Goursat, Cours d’Analyse mathématique, vol. 2,
chap. 19; G. A. Bliss, Princeton Colloguium Lectures, chap. 3.

1 1



2 DYNAMICAL SYSTEMS

finite # dimensional continuum R in the ‘space’ with rect-
angular cotrdinates x;, ---, z». A ‘solution’ z(f) of the
equations (1) in the open interval #<<t<C¢” is defined to
be a set of = functions ;(¢f), all continuous together with
their first derivatives and represented for any such ¢ by
a point z in R, such that the differential equations are
satisfied by this set of functions.

EXI1sTENCE THEOREM. If the point 2° is in R at a distance
at least D from the boundary of R, and if M is an upper
bound for the functions | Xi| in R, there exists a solution x(t)
of the equations (1), defined in the interval

l[t—ty| < D/(V'n M)

and for which x () = x°
To ecstablish this theorem, we observe first that, for any
solution of the type sought, the n equations

t
@ 8= :ic,.—w‘i’-—J; X,y 2,) dt = 0

hold. Conversely, any set of continuous functions z(?) in E,
which make the expressions S; vanish in an interval con-
taining ¢ = % as an interior point, will obviously reduce to
x2° for ¢ =1{,, and will satisfy the differential equations in
question, as follows by direct differentiation.

Now define the set of infinitely multiple-valued functions
X (@4, -+ -, ) as that given by any set X; (1, - - -, ¥») taken
at a point y whose various coordinates differ from those of
the point = by not more than !/m in numerical value. It is
evident that with this definition the n components of X™ may
be chosen as constant in any rectangular domain

|zi—ai] < 1/m G=1,---, n),

namely as the component parts of X (ay, ---, an)
If the functions X; be replaced by X;" and the functions
x; by «*, the expressions for S; become

t
M — M0 m,om .. m
8 = ot —af J; Xm e, -, 2 dt.
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We propose to show that these expressions can be made
to vanish. )
Choose X™ as X (), ---, a%) in the rectangular domain

tag—a? | < 1/m E=1,.... 0.

The integrals in the above expressions for 8" will then be
linear functions of ¢, and hence 2* may be defined as

"L':) + Xi(xxl)! M w;’,) ({—-t())

as long as the point 2™ continues to be in this domain. In
geometrical terms, the expressions for 27 (¢) yield the codrdin-
ates of a straight line with ¢ as parameter, which passes
through the center of the domain for ¢ = 4. If the =
functions X;" happen to vanish, the line reduces to the point x°.

In case the line emerges from the domain for ¢t = ¢ >+
at a point ¢°% we can take this point as the center of a
second like rectangular domain of the same dimensions, and
take z* as

R XD e u) (=)

in this second domain. The cxpressions 5 will then continue
to vanish for ¢ > #, until the point ™ leaves this second
domain at a point 2°.

Thus, by a succession of steps, the expressions S;" can
be made to vanish for ¢>1%, and likewise for ¢t<#,. The
process can only terminate in case the broken line representing
x™ () passes a boundary point of R.

Now, if ¢ be taken as the time and 27" as the » codrdinates
of a particle, its velocity

[(le)s + ... + (X;:z)s]uz

is clearly not more than V'» M. Hence the particle must
remain inside of R at least in the interval

it—t | < DI(V'n M).
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All of the functions 27* are defined in this fixed # interval
whatever be the value of m.

As m takes on the valnes 1,32, 3, .... there arises an
infinite sequence of sets a7 (f) of functxons defined in this
interval. All of these sets lie in R, and so are uniformly
bounded. Furthermore, since the 5" vanish for all 7 and m,
the inequality

et h |
am (b4 ) —ar () =, Jl XP Gy oo 2™ dt | < M
obtains. Hence, by a special case of a well known theorem
due to Ascoli,* there exists an infinite sequence of values
of m for which every element of the set a7 approaches
a function z, of the set .» uniformly, these functions being
themselves continnous.

It ix easy to prove that the functions :r; so obtained satisfy
the integral form (2) of the differential equations. In fact.
since the 8" vanish for every / and m, we have

S = M- A
o
= (.'l'i - .l':,’" - 'L [‘\'1 (.’l‘|. LI ;:u) - 4\'1'" (-’l"i‘ly ) -’I‘)’?)] ”t-
0

For m sufficiently large, the first term on the right becomes
uniformly small inasmuch as each 2, is approached uniformly
by the corresponding ™ over the sequence under consideration.
Also XiGr.---. o) will differ from X, @y ooy for any J
by a uniformly ﬂmall quantity, since X, ix uniformly continuous
in 22 by hypothesis; and X, (/7% ..., »") in twn will differ
from X (e, -+ 1) by a umtmmlv small quantity, in virtue

44

of the definition of the functions \;”. Hence the quantity
under the integral sign on the right also becomes uniformly
small as m increases and the expressions S, which are in-
dependent of m, must vanish as stated, so that o (f) yields the
required solution of (1).

By repeated use of the existence theorem, the given solution
+(#) may be extended beyond its interval of definition unless

* For a brief statement and proof see W. F. Osgood, Annals of Mathe-
matics, vol. 14, series 2, pp. 152-153.
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as ¢ approaches either end of the interval, the corresponding
point x(f) approaches the boundary of R. Hence we infer
the truth of the following statement:

CoRrOLLARY. Te interval of definition for any solution x(f)
of the equations (1) may be extended so as to take one of the
following four forms:

—ooZt<lfoo; —oo -t it~ Foo; -t JH,

where, as t approaches t' or t”, the point r approaches the
boundary of R.

3. A uniqueness theorem. 1t may now be proved that
there is only one solution of the type described in the existence
theorem, in case the functions .Y, possess confinuous first
partial derivatives. This last requirement may be lightened
to a well known form given by Lipschitz.

UniqueNess THEoreM.  If for erery { and for evevy pair of
points .y, y in B the functions X, satisfy a Lipsclitz condition,

n
!“-’l ('Tl? ] "")l-) - ‘\Vi (?/l, A} ,’/Il) ‘1’ j—Z-],]JJ Ay !/J ’
the quantitics Ly, -, Ly being fired positive quantities. then
there is only one solution x:(t) of (1) such that x(t,) -= 2°.
For if two distinet solutions () and y(f) have the same
values 1° for # = #,, the corresponding integral forms of the
differential equations give at once

t
S Yi— J; [XiCeyy - -y am) — Xi(yry - )l At = 0

for all values of /, and themce by the Lipschitz condition

imposed,
ot

n
lri- i) < 2 Lilay—y;) 'at).
f, J=1

Let L be the maximum of the » positive constants L;, and
let @ be the maximum of any of the n quantities jz;—u;!
in any closed interval within the interval

[t—t!| = 1/(2nL).
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The maximum ¢ must be attained for some value of ¢, say t*,
and for some 7. If we insert the value ¢* of ¢ in the corres-
ponding inequality above, and apply the mean value theorem
to the right-hand member, there results

Q = nLQIt*—t < (/2.

This proves that @ must be 0. Hence the two solutions
2z(f), y(¢) which coincide for ¢={, will continue to do so
in any such interval. The theorem follows by repeated
application of this result.

The physical meaning of the existence and uniqueness
theorems is evidently that the motion of a dynamical system
is completely determined by the differential equations and the
initial values of the variables determining the state of the
system—a fact which is intuitively obvious.

Thus the treatment of a dynamical problem requires a
formulation of the appropriate differential equations by means
of physical principles, and a subsequent mathematical treat-
ment of the properties of the motions on the basis of these
equations.

4. Two continuity theorems. There are certain further
continuity theorems which are closely allied to the two
theorems established above.

Finst CoNTINUITY THEOREM. [f the functions X; in (1) satisfy
a Lipschitz condition in R, the unique solution x(t) for which
() = «° is a set of continuous functions of the n parameters
x) and of t—t,.

We observe first that, in changing the independent variable
t to t' = t—1t,, the modified differential equations obtained
differ from (1) only in that ¢ is replaced by #, while in the
initial conditions #, is replaced by 0. Hence the dependent
variables z; involve ¢ and {, in the combination {—4, only,
so that it will suffice to prove the functions x; to be con-
tinuous in #¢ and ¢ in the case ¢, = 0.

A slight extension of the method used in proving the un-
iqueness theorem may be employed. It is apparent that if
z; and y; are two solutions of (1) which reduce to z) and
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4? respectively for ¢ = 0, then by subtraction of the corres-
ponding integral equations there is obtained

(a',;—?/i) == (xio_!/?) +£t[X, (-”"1 PR ~I’n)— Yi (?/17 te .’/,,)] dat,

provided that the value of ¢ lies within the common interval
of definition of x; and y;.

Suppose that 2° lies at a distance at least D from the
boundary of R, and then 3° at a distance not more than
D/2 from 2°. This requirement will be met if we take the
maximum difference |y?—2?| not more than D/(2V'n).
Restrict ¢ further to lie in the interval |¢| << 1/(2n L).

Under these circumstances if Q° denotes the maximum
difference |x?—y?| for any 4, and Q the maximum difference
|z;—y;| in the ¢ interval under consideration, we find for
some value ¢* of ¢ by means of the above integral equations,

Q= @+nL@t < Q+Q/2.

Hence in the stated interval we have constantly Q ~ 2Q°
i. e., the difference x;—y; cannot exceed twice the maximum
initial difference z{—y? in numerical value. This means
that if y° approaches z°, then y approaches z uniformly
throughout the stated interval. Since |dz;/dt| < M every-
where, the functions a; must be continuous in 2) and ¢ in
the restricted ¢ interval.

It remains only to remove the restriction upon the interval ¢.

In any closed interval of definition 0 < ¢ X 7, the point
«(%) is throughout at a distance exceeding a positive D from
the boundary of R. Consequently in a ¢ interval of fixed
length about any point ¢ of the selected interval, each function
z;(f) and will vary continuously with x;(#') and ¢—¢. Tt will
then be possible to select points

f() == O, t’, LI f}c = T,

such that ¢ is in the interval about f,, ¢, in the interval
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about #, and so on. Thus if we take Iy0—a?| =2 ¢ we
obtain successively

i) —yi) 2q0 e, wil)—y(h) | < 2.

The truth of the theorem is now obvious for the unrestricted
interval.

SecoNp CoNTINUITY Turorem,  If the functions Ni admit
continnous bounded first partial devicatives in R while these
derivatives themselves satisfy a  Lipschitz condition. then the
unique solution o (t) such that r(ty) = a° has components with
continuous first partial devivatives as fo o9 and t — i

To establish this theorem we resort to a consideration of
the difference equality introduced at the beginning of the
proof of the preceding theorem. We shall restrict y to be
sufficiently near : in the interval ¢(—¢,i - 7, precisely
as in that proof, and in addition to be such that the straight
line from »(f) to y(#) lics in the region A for any ¢t. The
preceding theorem shows that this will be possible if | ¢ —.9
is sufficiently small.

The mean value theorem allows us then to write

- . v 3 AY
A (!/1- teey !/u) -\, (-"l- te 'n) > ," '—'":i)
J

where the arguments of 2.X,/8.0; are z,, ---. 2, With

™

g a0 (g — ) 0-<6,-.1)

s0 that z lies in A. Hence the difference cquality can be
written

b=, = =it fr 22—,

3

respectively while J"l lllowed to approach 4. If we write

Suppose that 4. ---, 4% are taken equal to 2. -... .o

n—ar o An Yn—an __ A%n

» Tt N T 07
yi—a A Yy —ay L E
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the »n equations above gives us at once

i

.‘-71 ) 61] -"J

- =1

."-ll + Jt i1 6-’_' _‘-)'o l,

A I" oXy Ay
== ()

_'\.I"l’ + tn-’"'—'Z‘ 0.r; _\r" t,

dn gy [f S0 ag,

..‘-’1'0 Jﬁ-{ 0 ry ..‘
For t—t, safficiently small, in particular for
‘ l - t() - ]/( n Ll)

where /) is the upper bound of |8 X,/axj| in R, we find that
none of the integrals on the right can exceed /2, where @
is the maximum of any  A.x ,/A a9| in this interval. By using
the value of ¢ and of the mde\ / for the corresponding
Awx/A0%. which yields this maximum, we establish the fact
that @ is at most 2 (compare with previous seetion).

Also by differentiation of the equalities above it appears
that the derivatives of these ratios A./4.4 as to # do not
exceed 2n L/,

Consequently Ascoli’s theorem can be applied to show that
if 429 be allowed to approach O suitably, the difference ratios
will approach limits, which may be designated by y;, and
that these satisfy the integral equations

=

o n a\'l
o= 1-+ " 2‘8:’,1_’!//'”-

JS=1
" »
g = 0+ 2, a-‘\,_’ yidt,

to 1 8

o = 0+ I i‘ 0N
Yn = o Y

tad
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ividently these conditions are equivalent to the » ‘equations
of variation’
dyi < 9 X;

@ at zjgl oo Yi G—=1,..-.n),

and the set of initial conditions
Y1 (to) =1, Ye (to) = 0, .e e, Un (lfo) = 0.

But these # equations and conditions, joined with the # equa-
tions (1) and attached conditions, form a system of 27n equations
and 27 initial conditions in a1, ..., x4, g1, -+ -, Yn, to which
the existence and uniqueness theorems apply; we recall that
dXi/dx; as well as X; satisfy Lipschitz conditions. Since
the functions y; are uniquely determined, the ratios Axz/Ax¢
approach the limits y; uniformly no matter how Az ap-
proaches 0.*

In this way it is seen that for any / and j the partial
derivatives y, == 87‘1/8.1:}’ exist and satisfy the equations of
variation and initial conditions

D) = 0. gy (te) 0
b (f) = 1. ypia () = 0,y () = 0.

By application of the first continuity theorem it follows that
these functions du,/0 xJ" not only exist, but are continuous
in 29 and #—¢,.

5. Some extensions. The above theorems may be
extended and completed in various ways.

In the first place suppose that the functions X; are uniformly
continuous functions of .ry, ..., x, and a parameter ¢, for x
in B and ¢~ ¢<<¢”’, and furthermore satisfy a Lipschitz
condition in the n -} 1 variables x, ---. v,. ¢. Consider the
system of » -1 differential equations

da/dt = Xi(xy, -« 20, Tnr1) (=1,.--.m)
dxn+1/df = 0,

* Otherwise, by Ascoli’s theorem, another distinct set y could be found.
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with initial conditions

ri() = a2 (= 1,-...n) (b)) = ¢,

where 2° is in B, and ¢'< ¢~ c¢"”. The existence, uniqueness
and first continuity theorems apply to show that a unique
solution z;(#) (i = 1, - - -, n-+1) exists and is continuous in 9
and ¢. But these functions clearly satisfy the equations
and conditions

dzi/dt = Xi(xy, -+, Zn, ¢), w;(fy) == 29 (¢ = 1.--.. 1),

If X; have in addition bounded first partial derivations in
&A1, -« -, T, ¢ satisfying Lipschitz conditions in these variables,
then 9a;/08¢ will also exist by the second continuity theorem.

Consequently the existence, uniqueness, and continuity theorems
can be immediately criended to the case in which the right-
hand members X; in the differential equations (1) contain one
or more parameters.

Again, suppose that .X; involve { as well as xq, ---. ay.
A similar consideration of the » -1 differential equations

doag/dt == Xi(ryo--ocany ang1)y (C=1,---,0); dapy1/dt- -1
with 2 -+ 1 initial conditions
£ (to) N (A T Y E Int1(to) —= to

shows that there will exist a solution when ¢ is suitably
restricted, and that there is only one solution if the functions
Xi(xy, - - -. xy, t) satisfy a Lipschitz condition in xy, - - .. 2, 7.
Analogs of the first and second continuity theorems are
easily formulated for such a system also.

Thus a similar extension is possible to the case in which the
Junctions X involve the time t.

Again, let us suppose that XA; contain only the variables
xy, - --. xy but possess continuous partial derivatives up to
those of order s >>0, while the partial derivatives of the
wth order satisfy Lipschitz conditions. The method of proof
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of the second continuity theorem given above shows that the
given system (1) of differential equations can be replaced by
a system of the same type of order 2m with uq, - .-, 7y and
Y1, -+, Yu Where y; -= 8.r;/028 for instance, as dependent
variables; this system of order 2 consists of course of the
n given equations and the » equations of variation. Now
it we apply the second continuity theorem to this augmented
system, we conclude at once that the second partial derivatives
9t .ry/ 8.:'3. o) and likewise 8%u,/ 6.1.*} 8.y will exist and be
continuous. In the augmented system, however, the right-
hand members will in general possess continuous first partial
derivatives of order g—1 which will satisfy a Lipschitz
condition.

Repeating the above process we obtain the existence of
partial derivatives of 2y, ..., 2, up to those of order g which
respect to the variables 9, --.. 20,

In case the functions X, of r1, <. 1y possess continvous
Jirst partial dervivatives of order p while the partial deviratives
of order n satisty Lipschitz conditions, the componentsay, -«
considered s functions of 44, - 0% N —t will possess con-
tinwous partiol devivatives in these cariables of order .

An important case, and the only one entering subsequently
into consideration, ix that in which the functions \; admit
continuous partial derivatives of all orders in the variables
concerned. The components .y, -« ., a, will then necessarily
possess continnous partial derivatives of all orders in
afly ey b b—1.

1f, furthermore, the functions X, are analytic in ay. -« ry, the
COMPONeRts a1, -, &y considered as functions of 4y, «--, 1% t—1,.
will be analytic in these variables.

Let us indicate briefly a proof of this important faect.

We observe first that it suffices to show that the unique
solution of (1) for which » reduces to 2 for #:= 0 has
components analytic in .9, ..., 4%, ¢; here the device used
in the proof of the second continuity theorem, namely the
introduction of # = t—1# in the differential equations. ix
applicable.
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Furthermore by writing

o B (U
Ty ST <Ly T s
in these equations, it becomes clear that we need only prove
the components 2, ...,.r, to be analytic in 29,.....9 in
the neighborhood of the origin.

Now since X, are then analytic in the neighborhood of

the origin, we may write

M

-1—‘— :'.1:‘{:'.—":—4;—:'";‘ (I ESE AP ") .
’

RV

where J/ is a sufficiently large positive quantity and » is a
sufficiently small positive quantity. The relations written
mean that every coefficient in the series expansion of .\; in
powers of .y, ..., 0, does not exceed the corresponding
cocfticient of the series on the right in numerical value.*
Now consider the comparison differential system
dr, i M
at R T "

/

G=1,--, 0.

of which the unique solution which satisfies the conditions

Ly e, e
for £=- 0 isx evidently given by

o= - (6= Lo---om).

where » is defined by the implicit equation
l’“ —1- “e -’— l.O P 2
. . v
{— ! - !‘-)u—--— = Mt.
( ,. G
In this case wy, -- -, .y are clearly analytic in af, ..., /. £
furthermore the explicit formulas obtained for uy,..... on
* For a proof of this type of relation see, for instance, E. Picard, 7ruité
' Analyse, vol. 2, chap. 9.
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successive differentiation of the comparison system and setting
2} =...=2a0=1=0 shows that the coefficients in the
convergent power series for xj,---, 2, in 29, ..., 29, ¢ are
all positive.

But the inequality relations written above obviously imply
similar relations between any partial derivatives of X; and
of the same partial derivative of the right-hand member of
the comparison equations. Thus we see in succession that
the formal series made out with coefficients obtained by
successive differentiation of the equations (1) as to 9, -.-, «0, ¢
and setting a9 -.. = af = # =0, must converge since the
coefficients are less than the corresponding coefficients of
known convergent series. Thus these formal series define
analytic functions 2, -- -, 2,, while the mode of determination
of these functions renders it certain that every difference
function

(l.’l',/dt—‘\yi(:l‘l, ceel ) (i= 1, "’1'”);

considered as functions of 29, - .., %, ¢, vanishes together with
all of its partial derivatives at the origin when these analytic
functions are substituted in. Hence these difference functions
must vanish identically. Thus =z, --., x, obtained in this
formal manner will constitute the unique solution satisfying
the prescribed conditions, and the stated analyticity is proved.

6. The principle of the conservation of energy.*
Conservative systems. In the case of many dynamical
systems the geometric configuration is determined by m ‘co-
ordinates’ ¢y, -- -, g having a spatial nature, while the state
of the system is fixed by the coordinates and the velocities
qi, -+ -5 O, Where gi = dq;/dt. Such a system is said to have
m ‘degrees of freedom’. With these coordinates may be corre-
lated ‘generalized external forces’ @; so that by definition

*For historical and critical remarks concerning this principle see the
article by A. Voss in the Encyklopddie der mathematischen Wissenschaften,
vol. 4 or in the French version by E. and F. Cosserat. I presented the results
here obtained at the Chicago Colloquium in 1920. The following treatment
of the principle differs essentially from any other which I have seen.
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the ‘work’ W done on the system is given by
m
AW = jg; Qidg;

in which the differential symbols have their ordinary signifi-
cance.

‘We shall assume that the functions @); are real, single-valued,
analytic functions of the coirdinates, velocities, and accele-
rations; thus there is one and only one set of external forces Q;
which yields a prescribed set of accelerations for a given sect
of codrdinate values and velocities. In this case the variables
determining the state of the system are clearly the 2m co-
ordinates and velocities.

As a conerete model of such a dynamical system, we may
think of a concealed mechanism which is controlled by a set
of m rods which project from a wall. If the rods project
by distances ¢y, -+, gm, then @, ---, @» are the ordinary
forces applicd to these rods in an outward dircction.

The fundamental hypothesis which embodies the principle
of the conservation ot cnergy is that if, by any application
of such external forces, the dynamical system is carried through
a closed cycle, so that the set of 2sm final values of ¢; and ¢;
coincides with the set of initial values, the total amount of
work done on the system during the cycle vanishes. Any
system of this type will be called ‘conservative’.

Conservative dynamical systems can only be regarded as
idealizations of the systems actually found in nature, but
nevertheless they are of great importance.

Let us now consider the propertics of such a conservative
system. If it is carried through a cycle 4BC4 and a modified
cycle AB'CA, (which may be represented graphically by closed
curves in the 2m dimensional spacc of the ¢; and g¢i), the
work done in parts ABC and AB'C is the same, namely the
negative of that done along the common part CA. Thus the
work done along the part" AC is independent of the path
taken, and so depends only upon the values of ¢y, ---, gm,
i, -+ gm at C:
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C m

(o]
2 Qidg; = 'V(ql, st llmy {[{’ tet q;n)i .
A j=1

By difterentiation with respect to # we obtain the following
fundamental identity in the 3m variables g¢;, ¢i. g/

2

@) 2 _Z(a” G+ 5 a” )

This relation must subsist if the principle of the conservation
of cnergy is to hold, and conversely it is easily seen to ensure
that the principle is valid.

It is possible to give the identity an interesting explicit
form. Let us endeavor to determine a function L of the 2m
variables q;. g} so that the following identity holds:

| d (oL oL SYELi4 an
Z’[df( ) ]’ - Z( 1+, "’)

J=1 0 (IJ 04 0 ’IJ Aq,

Comparing the coefticients of ¢ on Dboth sides, we find

m conditions
< 3 L , o
2 i - ’ 2

10g o ‘]J 0
which hold if »

ﬁ oL
5 (' ‘)—L W
() i~ ’IJ BqJ ’

as follows by differentiation with respect to ¢;. Comparing
the remaining terms which are independent of g/, we get
the further condition

S oL ,. oW ,
MZ:I B_qt_g_q_j "4 —J=z1 57I.i (IJ _.i% 99, 4
which is obviously satistied if L satisties ().

A value of L for which (5) holds can always be found.
Obscvve first that if @y, -- -, @x can be expanded in ascending
powers of the velocities qi, - - -, q¢m, then no first degree terms
appear in W. That is, we have
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W= Wotu -+ Wok Wyt -

where the subscript indicates the degree of the term in the
velocities. In fact the presence of a term W, would lead
to a term not involving the velocities on the right-hand side
of the fundamental identity whereas there is no such term
on the left. If we substitute the above expansion of W and
the corresponding expansion of L,

1 =- IJ‘)+.IJI+L2+ s
in the partial differential equation (5) while noting that by
Euler’s theorem concerning homogeneous functions,

n oV
2 -—a‘ =N "n (n:;— 0’ 1, ..-)'

and if we equate terms of equal degree in the velocities,
we find

W

LO = —*”70, Ly~ - Wey ool Ly - n__-_] r ot

while L, is unrestricted.

Any such function L may be called a ‘principal function’
associated with the arbitrary conservative system with which
we started. When the linear terms in the velocities are
lacking in L, a special function is obtained which has
important properties.

On defining the functions B; by means of the equations
®) Ql-;%(dqu) g;: YR =1, ),

we observe that by the definition of L we have
m
=

Conversely, if @, ---, Qn are of such a form that (7) obtains,
the principle of the conservation of energy holds.
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If TV is the work function of a conservative dynamical system
and if L is the ussociated principal function. then the generalized
eaternal forees Qi may be written in the form (6), (7).

The italicized conclusion above may be expressed in a
somewhat different fashion. As is customary, let us call a
dynamical system for which £; - 0 (G =- 1. ..., n) a
*Lagrangian’ system. Also let us call a system 11 0 a
‘non-energic’ system. The appropriateness of the latter new
term lies in the fact that whatever external forces may be
applied no work ecan be done. Tn this case we may take
L 20 also. The alternative statement is the following:

Any conservative dynamical system has external forees which
wre The sum of the forces of « Lagrangion system and of «
non-energic system.

Before lcaving this topic we may note that for unconstrained
motion we have ¢, = --. = @, 0 by definition. Here the
equations of motion take the form

= — R (=1, m)

Il 8[4) o _8_!{
dt ( o4, aq,

where the quantities R; are subjecet to (7). Hence we may
state the following conclusion:

An unconstrained, conservative, dynamical system undergoes
the same motion as o Lagrangian system to which «a set of
non-energic external forces is applied.

An unconstrained conservative dynamical system clearly
admits an energy integral 1 =— const,, which by means
of (d) can be written in the alternative form

m_ a L
b)) (q’~ o ) — L, -= const.
“\Y oy

Lagrangian and non-energic systems have been defined by
means of the types of the external forces. These definitions
are not mutually exclusive. In fact let us inquire when
a dynamical system will be both non-energic and Lagrangian.
Since it is non-energic. we have
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W = Wo+Webooo - -0,
and hence we find the most general function
L=1 ——'ji «jq}.

Nince the system is Lagrangian, we may take I; - 0 for
every /, and thus find directly

m

o[ 0a; dej\ , .

P S (S A YR )
' le oq;  oq) Y

Hence for a system to be of both types the generalized

external forces must have this specitic form.

It is worthy of notc that in the case me :1, equation (7)
implies that B, is zero. so that any conservative dynamical
system with a single degree of freedom is Lagrangian.
Similarly in the case w = 2 the external forces may be
represented in the form
(’ (81/) n 14

. - lgs. Qs =
(& dt\agi o + 22 Qs

d (a/,) oL g

Tdt\agh) T age

where 2 is an arbitrary function of the coordinates. velocities.
and accelerations,

7. Change of variables in conservative systems.
In the first instance the codrdinates ¢; of a conservative
dynamical system are actual distances. while the @; are
forces which act in the direction of these coordinates. But
for most physical purposes it isx not desirable to adhere to
a single set of codrdinates.

Let us now define the modified external forces () corres-
ponding to the new codérdinates ¢, by means of the equations

- A SIPNL /] ,
®) &= 2 Wiz, (G ==1.:-4,m).
J-1 ¢

When this definition is adopted and a further change of
variables from ¢; is made. while the new external forces
arc defined in terms of @; by analogous formulas, it is found
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that the final functions @; obtained have the same expressions
as if only a single direct change of variables is made. This
group property is an immediate consequence of the above
definition.

Hence the @; are uniquely defined for any coordinate
system whatsoever.

It may be observed that for change from one rectangular
system to another the above formula for the determination
of the () in terms of Q; agrees with that obtained by the
ordinary laws for the composition of forces. In more general
cases the equations above define the generalized force com-
ponents in the appropriate sense.

Now on account of the identity

ne n
AW = 2] Qidg — 21 Q;dqj.

J J=
it follows that the system will remain a conservative dynamical
system according to our definition, in these new coordinates.
Furthermore the modified work function will be the same
as before (up to an additive constant), and since the formulas

of transformation of the velocities

m .
v 8([, ' (l‘ —

g = - g

g 1,.--.m
S 0y; )

are linear and homogeneous in the velocities, it follows that

the various components Wy, Wy, ... in W will be unaltered.

If we agree for the sake of definiteness always to choose

the unique determination of L which lacks linear terms in

the velocities, it follows that the principal function L is the
same in both problems. B

Suppose now that we define R; by means of the equations

d oL ol
Y= g (‘a;;') o T

where L is the first given principal function, but expressed
in terms of the new variables g;, ¢/.
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It is easy to prove the formal identities
St - htep) -3
dt T odt

1 9qj 9g;) 0¢i Y
=1, m),

where on the left side ¢ is any function of ¢; ¢i. "To see this,
we note that from the linear relationship written between the
variables ¢i and ¢/ we have

ogi _ 0qi  0qi _ _d_(,m) _—
dgj  dq;’ 8q;  dt\dq; (o= 1)

Hence we deduce for any /

b __d_(iv! )]_611_1 A z[d( 0y ?gz)__?.y'_ d (.m)]
=1 Ldt\aqj/] aq, Zildt\aq) o0qf oq; dt\dg

0
. {L _89}_)’_ 0y Q_(B(]j)
:zt(ag,-’ ,-2’ Podt \agil®

Moreover we have also for any /

HL a (ll Il_l‘ 7 ;) (l! 87(1}

oy Dqj __

T10q; g dq.  fT10q) oq "

Subtracting the two identities thus obtained we obtain the
specified identity.

This identity with ¢ = L shows of course that the func-
tions R; as obtained from A; by the defining formulas have
the same structure as those which give ; in terms of Q.
Hence we are led to the following general result:

If the cariables “qu, ---. qu of «a conservative dynamical
system are transformed fto qi,---, qm, the system remains
conservative in the new variables with L, W unaltered, while
Qi, R; are both modified to corresponding mew ecxpressions
obtained as in (8). In particular then if the system is La-
grangian or non-energic in the first set of variables. it remains
so in the modified variables.
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8. Geometrical constraints. We are now in a position
to deal with the question of ‘geometrical constraints.” Let
us suppose that varions geometrical points of the given
conservative system are fixed or are constrained to lie in
smooth curves or surfaces or to move subject to connections
by various rigid bars without mass.

The effect of such constraints is to reduce the number of
degrees of freedom. In fact, by properly taking coordinates
1y * * +y gm, the k conditions of constraint may be made to take
the form

dud1 - conste oo o, qu - const. (e = m—Fk).

Now denote by L that which L becomes when the % con-
strained codrdinates gu 1. - - -. ¢n have these assigned constant
values, while the corvesponding ¢;. ¢/ vanish of course. Then
it is clear that

al. oL ol __ 8L

L= L, Aq,  oqi' Bqi  Aq

([' == ]’ ....'n),

Hence we have the relations

II 614 a.’z ) . ;
U= (57,:')‘“ ag T )
where @, and £; are defined as usual.

But the original external forces ¢; may be decomposed
into a sum

Q.-+ I, @G=1....,m).

in which the ‘forces of constraint’ /5 can do no work for
any possible displacement subject to the constraints. It follows
that the functions P, ..., /%, must vanish when the co-
ordinates are sclected as above. Hence we may replace
Q: by @i in the formula above for i =1, ..., p.

Thus we are led to the following conclusion:

If a conservative dynamical system with m degrees of freedom
s subject to &k geometrical constraints. it may be treated as
such a comsercative system with m—1Ik degrees of freedom.
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9. Internal characterization of Lagrangian systems.
In most of the dynamical applications, Lagrangian systems
can be regarded as dealing with a system of particles subject
to certain forces and geometrical constraints. This type of
internal characterization formed the basis of Lagrange’s
derivation of these cquations, and is considered bricfly in
the present section. In the next section an external charac-
terization is developed.

We shall begin by considering three particular types of
particles in ordinary space:

(a) The imertial particle.

Here if . y. z are the rectangular codrdinates of the
particle, the external forces .X, ). 7 in the directions of the
corresponding axes are proportional to the accelerations in
these directions:

[ == o, Y = my", Z = mz",

where the constant of proportionality, mw, is termed the ‘mass’
of the particle.

This is the case of an ordinary mass particle.

The particle is scen to be of Lagrangian type with Lagrangian
funetion

L = 1) m (2%,

and L is its ‘kinetic’ cnergy.

) The nom-kinetic particle.

Such a particle is subject to forces independent of the
veloeity and having the particnlar form:

X = —oalow. Y — —oV/iey, Z-— —bV/a:z

where 17 depends on the codrdinates of the particle in space.
Here the dynamical system is Lagrangian with L = T.
The function —717 i the ‘potential’ energy of the particle
due to the field of force in which the particle moves.
An electrified particle of slight mass moving in a static
clectric field is nearly of this type.
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(¢) The gyroscopic particle.
By definition the gyroscopic particle is subject to forces
with components of the type

X = (da/oy—o8/02)y+(Bca/dz—0dy/dx)?,

so that the force vector is perpendicular to the velocity vector
and therefore can do no work. Nevertheless the system is
Lagrangian with

L == «d+By+7r7.

It will be noted that this is the type of special Lagrangian
system which is also non-energic.

An electrically charged particle of negligible mass moving
in a static magnetic field falls under this case.

(d) The system of generalized particles.

If a particle moves subject to a sum of forces of the
inertial, non-kinetic, and gyroscopic types it may be termed a
generalized particle. Such a situation is realized for example
when an ordinary mass particle moves in a gravitational field.
It is evident that the resultant system will then be Lagrangian
with a principal function merely the sum of the principal
functions associated with the component forces.

Consider further a set of such particles which do not at
first interact in any way. If we add together the Lagrangian
functions for the several particles, there is obtained a single
function L which can serve as a single function from which
the equations of motion of the system of particles may be
derived.

It is necessary of course to use suitable variables (z;, 41, 2:)
where 7 =1, 2, - .., m to differentiate between the codrdinates
of the various particles.

Clearly this yields a principal function L which will be
quadratic in the velocities. It is another step in the way
of generalization to take L to be any quadratic polynomial
in the velocities, in which the homogenecous quadratic part
is the kinetic energy 7, in which the term U independent
of the velocities is the potential energy, and in which the
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homogeneous term of first degree may be called the ‘gyroscopic
energy’..

Furthermore, as has been seen above, we may suppose
the particles to be subject to certain types of geometrical
constraints, thus diminishing the number of degrees of freedom,
without affecting the Lagrangian character of the problem.

It is such a system of generalized particles which suffices
for most of the applications.

(e) The generalized particle in m-dimensional space.

By an obvious extension into which we shall not enter
here it appears that a single mass particle lying on an
m-dimensional manifold defined by a quadratic differential
form, subject to a field of force derived from a potential
function in the surface, and furthermore to gyroscopic forces
derived from some linear function of the velocities in the
surface, will be of Lagrangian type. The function L is
quadratic in the velocities. Conversely any Lagrangian system
with m degrees of freedom for which L is quadratic in the
velocities is representable by the motion of a mass particle
in such an m-dimensional manifold.

Thus we may interpret the motion of any dynamical system
with m degrees of freedom as isomorphic with the motion
of a single generalized particle on a suitable m-dimensional
surface.

10. External characterization of Lagrangian
systems.* 1In this section we propose to characterize an
important type of Lagrangian systems by means of certain
simple properties ot the external forces.

In fact, we shall characterize those ‘regular’ dynamical
systems for which the Lagrangian function I is a quadratic
function of the velocities, without first degree terms. These
form an important class of dynamical systems in which L
has the form 77— U where 7' is homogeneous and quadratic

*The material of this section was presented before the Chicago
Colloquium in 1920. For an analytic characterization of the Lagrangian
system in the casec when the external forces are linear in the velocities
see E. T. Whittaker, dnalytical Dynamics, p. 45.
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in the velocities, while U is a function of the codrdinates
onlv. It will be observed that regular systems remain of
this type under an arbitrary transformation of the codrdinates
i =+« me

The first of the characteristic properties which we shall
state is the following:

L The erternal  forces cary linearly with the coirdinate
accelrrations.

Evidently this means that we may write.

k3

Qi — .2_:1(1,,'4[}'—}—1;;
J

where «, b, do not involve the accelerations.

IT. PriNciene or Recwerocrry, The change in the aceele-
ration qf due to « change in the i-th foree Q; is the same
as the change in the aceeleration ) dne o an equal change
i the j-th force Q) (ivj = 1, -+, n).*

In order to see what this means we suppose that () re-
ceives a certain acceleration inerement (), in which case the

above equations give
m

Al .
Qdy, 2"1 aidiq) (G= 1, .m)
J
where A denotes the inerement as usunal and where d, - - 1
for / = & and dy 0 for i | I
Now suppose that () receives the same inerement. We
find similarly

m
N Y

Qdu = 2 ayduqf.
V!
It we assume that the determinant «,; is not zero. we
may solve these equations and obtain for all /, k. /
TH

Agi = Z:Illu‘(l)‘,jk = auQ daq) — aul),
J_

where «;; is the cofactor of the element in the j-th row and
i-th column of «,|. divided by this determinant. Putting

* Compare Rayleigh, Theory of Sound, vol. 1, chap. 4.
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W

7

{ = [ and / = I respectively, we obtain from II, a; —= «.
Thus the cofactors wy arve symmetric in / and j. whence it
follows that the elements «; are symmetric also, i. e. we
must have wy - - i for all values of / and j.

111, For a fumily of similar motions. the forees are qua-
dratic functions of the speed.

In other words, let ¢, == ¢, (). (/ ==1,..-.m) be a motion
of the system. Suppose that the motion is speeded up in
the ratio 2 to 1. The external forces become

mn
Q) = Z‘l“ﬁ(m. cos Qmy Aqia ey Aq) AR qf
J=

A0 gy <o qme Aty coes A,

inasmuch as the codrdinates ¢; are unaltered while the
velocities ; and the accelerations ¢f are multiplied by 2
and 4% respectively.

If these expressions @, are to be quadratic in 2 (4. g7, ¢/
being entirely independent variables of course), the functions «,;
cammot depend on the velocities, while b; will be quadratic
in them. Thus in virtue of 111 we obtain more precisely

n M

m
Q == Z: wjqy- kz , bue dj gi+ ZZ bij 45+ bi
J Jik - J -

where the functions a,, byr, bi, b, depend only upon the
coirdinates ¢y, -+« g

This form is rendered still more specific by the following
hypothesis.

IV, ReversiBinery. . Any motion under prescribed external
Jorees may equally be deseribed in the reversed order of time.

The meaning here is that the above relations continue to
hold when ¢ is replaced by —{. But this changes the ve-
locities to their negatives while leaving the coirdinates ¢;
and the accelerations ¢’ unaltered. We infer that the
functions by must be lacking. Hence we may write



28 DYNAMICAL SYSTEMS

mn

m
Qi — 21 i g + kZ ) bijie 4 g+ bs
e b=

where ajj, by == birj, b involve only the coordinates.

All of the properties I to IV so far employed are invariant
under a change of coodrdinates ¢; and have to do with the’
nature of the external forces in the neighborhood of a set
of values g9, ---. 3.

By a suitable choice of cobrdinates at « point ¢y, ---, %,
we can reduce the expressions for Q. - -+, Qm to the simple form

Q == qf +bi (@1, om)
at that pomt.
To establish this fact we assume that q3,..., 42 is at
the origin, and make a first linear transformation

"

0 ':"j;: Bij 1 (/== 1,y ),

where the 8;, are constants with 8; | 0. For the functions );
we have then
m afl‘ 7)_!1
Q- 20 py 2 W8
J-=1 v Ji=1
Hence we find by substitution for every /.

hn

Q: = 2 anBiBuq/ +terms independent of qie--, qm.
dyk, b =1

It follows that if we choose our transformation so as to
transform the quadratic form

”n

Al
2 e g
i k-1

SR -
into the sum of squares

i o

the quantities a; will be 0 for < $; and 1 for 4 ==j. Con-
sequently it is at least legitimate to assume that ay; has



I. PHYSICAL ASPECTS 29

been reduced to d; at the origin by this preliminary trams-
formation, so that we have

3
Q = gi+ 2 Bhdigk W G o1, m)
Jyk=1
at the origin.
Now suppose that we write further

n

qi == i+ 2 2 I’uk qi ax
where the constants Y, have the values specified in the
equations above. We find by differentiation that the equations

G T 3 Weda G 1)
Jik--1

hold at the origin.

It is then found at once that in these variables g; the
formula for ¢ has the stated form at the origin.

V. CoNSERVATION or ENERGY. The dynamical system is
conservative.

If 1 is the work function we have the fundamental relation

aw 2{ Q;q;dt,
J=1
characteristic of conservative systems. But the sum on the
right is linear in the accelerations, and comparing the
coefficients of ¢} obtained by employing the form for @; above
we find

m
dW!oq; :Zaijqé G: 1,---.m),
i=1
whence
W =T4U
where
- ] m Y
T -‘=—§‘ 2 Uik 9 qk,
Jrk=1

and where U/ is a function of ¢, ---, ¢m only.
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dmploying this more specific form for 1, we have of
comrse I, = T—U according to the earlier developments.
and thence

)—{-—-—a——l-,——l-.lf; .([ = l, RN m)

d (8’1’
aqi

%= Loy,

where R, satisfy (7). But the first two terms on the right
vield expressions just like those for those derived above for ),
the terms in ¢ being identical. Tt follows that we must
have the differences R; of the form

n

R — 2 e g Qi+ ¢ (& ==1, ..., m).
J.k=1
Applying now the above condition (7) we conclude further
that for all /, j, & the relations

il + epi + enj = 0, o =0

must obtain where ¢y = ¢4y also of course.
Hence principles 1-V lead to the type of external forces.

d aT all m ;o
O -- L 2 A
& dt (Bq;) om j,,,_,luk'l’ ks

where the ey == ey arve functions of the coirdinates such
that for all /i.j. &

ok i+ ey —= O,

Tt remains to specify a final condition, as simple as possible,
which will allow us to conclude ¢y == 0 for all /, ;. k.

V1. 1f by « particular choice of coirdimates, the kinetic
energy T is made stationary in qvy -+, qu at a certain point
a3 -5 4%, then the forces Q, yield accelerations which are in-
dependent of the relocities.

Suppose for a moment that such a stationary 7'exists, so
that we have at ¢}, ---, 4%,

a"‘.l'/a gk == 0 (’.7./'7 EF=1,---,m).
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The form for @; at this point becomes

N

w 83U v
Q = 2 i q) o T e e 4 ke
J-1 7 gk

1t is to be observed that the form of ¢); employed holds for
any codrdinate system. Now if these forces () are to be
independent of the velocities, we must have ¢ === 0 for
all 4,7, & in the special coiordinate system and thus in the
most general system by the known law of transformation of
the terms ;. Consequently the desired T.agrangian form of
external forces is obtained.

The hypothesis that a stationary 7' exists is justified by
the well-known fact that for any codrdinates of geodesic type

at 3, .-, 9%, the surface element ds where
ne

dst .21 agdqidgj
i
has coefficients «;; stationary at this point.

Conversely, it is readily seen that a regular Lagrangian
system has external forces ); which satisfy I-VI.

11. Dissipative systems. (onservative systems are often
limiting cases of what ix found in nature, since actual work
is usually done on the system during a closed cycle. A system
for which work is done may be called dissipative. More
explicitly we shall define dissipative systems to be such that

0 o (al,) AL

(ol 1
dt \dq, B + R 1.0, m)
where

"l‘
;2’1 Riq), _ 0.

Furthermore we shall assume that the equality sign can only
hold for motions in a manifold of dimensionality less than
m. in the m-dimensional codérdinate space.

Suppose now that such a system is unconstrained, or at
least is subject to external forces which do no work, so that

(i

= o.
J 1
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Because of the obvious relation

aw ‘S ;o
i +j=21 Ig; - 0,

where W denotes the work function associated with L. namely

<, 3L)
1;1 (Qj oqs)
we infer that W constantly diminishes toward some limiting
value W,. It is assumed that the work function cannot
diminish to — oo.

Now consider the limiting motions of the given motion.
Along these motions W has this limiting value W,, and of
course the sum

K
2 Ejq)
=3t
vanishes.

A dissipative system of this type tends in its unconstrained
motion either toward equilibrium or, more generally, toward the
motion of a conservative system with fewer degrees of freedom.



CHAPTER 11

VARIATIONAL PRINCIPLES AND APPLICATIONS

1. An algebraic variational principle. On the formal
side of dyvnamics it has proved to be a fact of fundamental
importance that the differential equations can in general be
obtained by demanding that the ‘variation’ of some definite
integral vanishes.

To make clear the essential nature of the variational
method, we may consider an analogous question concerning
ordinary maxima and minima.

Let there be given n equations in » unknown quantities.

‘/;(.’1'1, e, ,7‘,,) - 0 (I = 1, «--, “),

in which the left hand-members are expressible as the partial
derivatives of a single unknown real analytic function F.

Ji - 0l (= 1, el

The % equations ave then of the special type which arises
in the determination of the maxima and minima of F, and
they may be combined in one symbolic equation ¢ F = (.
Their significance is that for the values #9, -.., % under
consideration, the function # is ‘stationary’.

Now suppose that the variables a, are changed to y; in
the n equations, where the relation between «; and y; is one-
to-one and analytic. Since the phenomenon of a stationary
value of F' is clearly independent of the particular variables
in terms of which £’ is expressed, the solutions of the original
equations can be expressed in the characteristic ditferential
form dF = 0, in the new as well as the old variables.
This furnishes a means of obtaining an equivalent system of

33 2
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equations in the new variables, which is in general simpler
than that of direct substitution in the original equations.

In cases when it is not possible to write the given equations
in the special form, it is frequently possible to find combinations
of these equations which may be so written.

Moreover any non-specialized set of n equations in .¢y, +--, 2,
of the form first written isx equivalent to 2% equations obtained
from dF = 0 where

n
F - .Zl,fi-)'u—{-,);
J-:

at least provided that the determinant |9 f;/9x;, { 0. For we
find that a1, - -, xo, are 0, while ». ..., 2, must satisfy
the required equations.

From these circumstances it is easy to conjecture that
the significance of the amalogous variational principles of
dynamics is largely formal.

2. Hamilton’s principle. [et us formulate the concept
of a ‘stationary integral’. Suppose that the equations

r; = xi(t, A) V=1, ---.m)

represent a family of functions depending on the parameter 2
in such wise that for 4 = 0 we have a given set of functions,

a;(t,0) = x2(1) (i=1,.---.m).

We shall assume that the functions .r;(¢, ) are continuous
with continuous first and second partial derivatives in # and 4.
and also that these functions of # and 4 vanish identically
sufficiently near to the two ends of the interval (4, #,) under
consideration,

-"i(ty A =0 (to _S t = tot+¢& t—e¢ \; t < ).
Under these conditions the integral

ot
t ’ /
I - JI F(:')l- ey Xy L1y vy, me)dt,
0
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where F and its partial derivatives of the first two orders
are taken continuous, is said to be ‘stationary’ for x, = 2(9),
if for every such family of functions we have

01|

i = 94 1=

al == 0.
0
This amounts to the equation for 1 == 0,

fom T8, !
[ 807

¢ Si\oay 84 " ax) 8a

%

Integrating by parts and noting that dx; vanishes at the end
points, we obtain the equivalent equations

o, m 7
' |oF  d (o F
_: —_— — g = ().
-‘t i [B:Tj dt (8%})]6‘1"(“ (

0

In particular we may take
i (t, ) = 2@+ 200, (=-1,....m)

where the functions du; are arbitrary continuous functions
of ¢ with a continuous first and second derivative except that
they are to vanish near to #, and ¢.

In this way the condition that the integral be stationary
is found to be equivalent to the system of m differential

cquations of Euler in af, ..., 9,
d (oF or .
’-l—f (—5-‘77) —_ a-;‘]'l 0 (I = 1, LI m).

In fact the above integral can not vanish for all possible
admissible functions 2;(f, ) unless this condition is satisfied.*

But the m equations just written are identical in form
with the Lagrangian equations except that L is replaced by F.
Hence we obtain the following important result:

* See, for example, O. Bolza, Vorlesungen iiber Variationsrechnung,
chap. 1, for fuller statements and arguments.
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The Lagrangiun cquations may be given the variational
Jorm known as Hamiltow's principle.

t1
) aj: Ldt — 0.

According to the principle which led us to introduce the
concept of variation, we may affect any desired change of
variables in the given Lagrangian equations by introducing
the new variables in the function L. To this fact is due
much of the convenience of the Lagrangian form.

3. The principle of least action. There is a second
well-known variational form for the Lagrangian equations
termed the ‘principle of least action’. and we proceed to
clarify the relation of this principle to the one just formulated.
We assume that I = Ls+4 L+ L, is quadratic in the
velocities, and recall that the Lagrangian cquations admit
the energy integral

m
W Z(q}-gﬂ R
Jo1 ()

/

It is on this fact that our considerations will be based.
Let us confine attention to the case where the energy
constant ¢ has a specified value. say ¢ =- 0. Hence we have
Ly -= I, along the motion ¢, = ¢?(#). ¢ = 1.--., m). con-
sidered.
Now define 7% as follows:

tl 7 3 7/ tl —_
1+ = I—J: (V L, —V L) dt =-J: 2V LoLs 4 Ly)dt.
This yields ’ t ’
o1% = 67—2 [ (VT — VL) GV L.~V Ly dt.
]

Accordingly, if the ¢} (#) satisfy the assumed energy condition

we shall have
o/t =07

for all variations of the ¢,. Hence if the ¢? in addition
satisfy the Lagrangian equations, so that 0/ = 0, we shall
have 0 7* = 0 also.
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The integrand of 7* is positively homogeneous of dimen-
sions unity in the derivatives gj. Consequently the numerical
value of this integral I* is independent of the paramecter ¢
used along the path of integration, and the value of the
integral depends only on the path in ¢y, ---, gm space; for
variations of the admitted type the end points of the path
arc fixed. Thus the integral of energy can be regarded as
merely determining the parameter ¢, since if we write

. ot
{ 7'J VLg/l/ Lo(lf,

the integral relation isx satisfied in the new parameter ¢.
Consequently, if we have d./* = 0 for q; — ¢"(¥) and it
the new parameter ¢ is chosen in this manner. we have
07 =0 also for g, == ¢?(%).
An alternative cariational form for the equations of motion
of such a Lagrangian system is 0 1* = 0, or more erplicitly,

%, o
@ o[ @V Lot L) ar o

provided that Ly is so chosen that the encrgy comstant ranishes,
and the parameter t is determined as specified.

The equation 6 /¥ = 0 constitutes the ‘primciple of least
action” for this problem, and is usually given for the case
where the linear term L, in the velocities is not present.

By means of this principle not only the variables ¢;
but also the variable # may be transformed with facility.
Indeed, it is obvious that the condition 0 I* = 0 is invariant
in form under a transformation of the dependent variables ¢;
to new variables ¢q;. For along the transformed curve the
same variational condition will be satistied, except that L is
replaced by its cxpression in terms of the new variables,
while # has the same meaning as before. Consequently in
order to transform these variables, it is sufficient to effect
the transformation of L directly. The corresponding trans-

T See 0. Bolza, Vorlesungen iiber Variationsrechnung, chap. b.
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formed equations are then obtained by the use of the new
expression for L.

The allowable type of transformation of the independent
variable ¢ is the following:

at = :”((Il- sty Qm)’“-

In other words, the differential element of time is divided
by a factor # depending upon the cootrdinates. We may
determine the nature of the modification which the Langrangian
equations undergo as a result of this transformation as follows:
We note that the integral 7* may be written equally well

3 e .
1* ;J?‘(Q Viulo-wLe +pLy)dt.
0
This modified integral is of the xame form as before if we set
L = plL.

Furthermore 0 I* vanishes along the curve whether ¢ or ¢
be regarded as parameter. By this transformation of ¢, then,
the equations of Lagrange and the given integral condition
go over into other equations of the same type with the
principal function 7, multiplied by .

The differential form L d¢ is invariant under transformations
of either type. We conclude therefore the following fact:

By a transformation

gi=filgro oo qm) G=1,---,m), dt=p(q,- -, gm)dt,

the Lagrangian equations with energy constant 0 go over into
a lle set of equations with energy constant O in which L s
obtained from the formula

Ldt = Ldt.

In the rveversible case we have L, =0, and thus

tl ——— 1
I* —J: 2V Lo Ly At = 2J:‘ ds,
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where ds® = Ly L;(dt)® is the squared element of are on
a surface with codrdinates ¢1, ---. qu.

Thus in the reversible case with fixed energy constant the
cirves of motion may be interpreted as yeodesics on  the
m-dimensional surface with squared element of are

(l.\'g - I/() 142 (Ilt)!-

This result indicates the degree of generality which attaches
to the geodesic problem on an m-dimensional surface.

4. Normal form (two degrees of freedom). The
transformations deduced above admit of particularly elegant
application of the case of two degrees of freedom.™ In this
case the differential element

o 1 P )

Lod#? — 9 (@ dg?+ 2w dg dge+ 12 dq3)
may be regarded as the squared element of arc length of
a certain two-dimensional surface. By choosing ¢; and g¢.

to be the codrdinates of an isothermal net on the surface,
the squared clement of are is given the form

1 o —,
5 Adg? d q3).

Consequently if we choose the function g as 1/4, and make
the transformation of 7 above, 4 reduces to 1.

For a given Lagrangian system with two degrees of  free-
dom and given energy constant 0, there exist variables of the
whove type for which the primcipal function 1. has the form

Lo gt B tr
The equations and condition then take the normal form
g thep = 8y/0q, q¥—Aqi = 0y/0g
(A = 8¢/og.—08/8qy),
;;— @+ q2) = 7.

* See my paper Dynamical Systems with Two Degrees of Freedom,
Trans. Amer. Math. Soc., vol. 18 (1917), sections 2-5.
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Now if we regard ¢, g» as the rectangular coirdinates of
a particle of unit mass in the plane, it is seen that the
above equations express the fact that the particle moves
subject to a field of force derived from a potential energy
— 7 and a force of magnitude Av perpendicular to the direction
of motion, where + denotes velocity,

Auny such Lagrangion system with two degrees of freedom
cian be regarded as that of « mass partecle in the qy, ga-plane.
subject to a conservabive field of force deriwved from a potential
energy — y, and o non-energic force Av (e, velocity) acting
ma divection perpendicdar to the direction of motion.

5. Ignorable codrdinates. The search for integrals is a
task of fundamental importance in connection with differential
systems.  The question as to whether integrals of a particular
type exist or not can usnally be answered by formal methodx.
Their determination has been considered in many cases. In
order to refer somewhat to this phase of dynamics, we con-
sider briefly integrals of Lagrangian systems which are either
linear or quadratic in the velocities. The variables ¢,. ... ¢,
are confined to the small neighborhood of a point ¢y, -- .. )
while g1, - -+, gu are arbitrary for the integrals treated.

We shall assume that £ is quadratic in the velocities with
the homogeneous quadratic component /., a positive definite
form.

There is one very simple case in which a particular integral
of the Lagrangian equations linear in the velocities can be
found immediately, namely the case in whieh one of the
coordinates, as ¢g,, does not appear explicitly in the principal
function /L. In this case, the corresponding differential
equation becomes

I (814) — 0.

at\aqr

%0 that
allogl = ¢

is an integral linear in the velocities. The coordinate ¢
is then said to be an ‘ignorable codrdinate’.
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1t may be proved by the method of variation that the
m—1 equations remaining, which give a system of m—1
equations of the second order in ¢, ---, ¢, after the above
integral has been used to eliminate ¢i. can be expressed in
Lagrangian form. T.et us denote by /. the function of
G3y* s (my 2y -+, gm obtained from L by this elimination.
If ¢f, -, 4§, satisfy the given Lagrangian equations, we find
for an arbitrary variation of ¢s. -, qm

of IH‘- , .
o[ Lat— X 2o

J- 1 a’l.l T

after an integration by parts; herc ¢i is determined by the
integral relation. although ¢, is not determined up to an
additive constant. If the dq, ---, 0qpn vanish near the
end points. this reduces to

%t . it L. E
JJ Ldt =.c¢dg|' or 0 [ l(L—«m/i) dt = 0.
X, it, Ji,
A qu is an dgnorable coirdiate, the Lagrangean equations

can be replaced by « set of Lagrangian equations in qs. . (m
only, with modified privncipal function

ol ,
14_"5,1';"11,

in which the known integral s used to eliminate qi.

We sketch the above reduction of the number of degrees
of freedom by use of such an integral because it is typical
«of the kind of reduction aimed at in many dynamical problems,
namely a reduction maintaining the general form of the
equations.

6. The method of multipliers. [.ct us ask next the
following question: Under what conditions is it possible to
find 7 ‘multipliers’ M;, depending upon the codrdinates and
the velocities. such that when the Lagrangian equations are
multiplied by M, ..., M, respectively and added, the left-
hand member of the resulting equation is the exact derivative



42 DYNAMICAL SYSTEMS

of a function V linear in the velocities? If a set of such
multipliers exist, we have
f l ( L) &] (a2
=1 aq) 9gj at
Evidently this will lead to a generalization of the notion
of ignorable coordinates, in which special case we have

M; =1 for some 7 while M; = O for 7 } 5.
On comparing coefficients of ¢’ we derive first

S 8* L av .
-21 NIJF{;: aq; - 5!]: (l = 1.... m).

Here, because of the assumption on L, the coefficients of 3/;
are functions of the codrdinates only. The right-hand member
is also a function of the coirdinates only, since V is linear
in the ¢i. Hence the functions M; must involve only the
codrdinates, and partial integration with respect to g7 yields

N

, oL
= 2 M, - 2q -I—S(l]l, e )
=

For a given V only one such a set of functions M;, § exist,
since the coefficients 8L/8q} of M, are linearly independent
expressions in the velocities, gi. Furthermore, this type of
relation will persist if the variables are changed, since an
integral linear in the velocities remains linear under any
change of variable. Making then, a change from ¢; to ¢,

we find
S g, 0L dg

V == A i ==
i,kz'/:l "oqr dq,

+ .

Thus the new coefficients are given by

7

3(1,‘
Mi == -
e /Zl% bq,
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From the known theory of linear partial differential equations
of the first order, we can determine m functionally independent
funetions ¢; such that we have the relations:

JMI - 1, lwg e - J]’Lu = 0.
On making this change, we obtain
V= 8];/6&{—1— S.

Differentiating with respect to ¢, and using the first La-
grangian equation, we find the identity
LB SR R
b Ao T
Hence 8.1./9q, is lincar in the velocities. (onsequently the
guadratic terms in 7. must have the form

ne
A N
Ia_-_' = 2/ )k (’/2; ceey Im) 4y Qi
Sk o1
Now let us write
)

Ly = 'Zlbj(lh, l[m)ﬂ.;~ Ly = "(‘Ila Sy m)-
Jj=

Then the above identity simplifies to

ol de SE LA
gt — - g - 0.
=g 1; " *’j%aqj%

We infer at once that e is independent of ¢;, and that if

we write 8* = f Ndq,, then L, is given by

| O P ,
Ly ~ — 2_5 ) g+ zbj (25 - =5 @m) @05
J=1 04 Jj=2

i. e., by an exact differential augmented by a linear expression
in g3, - - -, gm With coefficients depending only upon g, - - -, ¢m.
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Since the L function may be modified by an exact derivative
without affecting the variation and the Lagrangian equations.
we may omit the first term in Z,. Hence L may be written
S0 as not to involve the codrdinate ¢, directly.

The most general case. in which nadtipliers M;(qy, - - -, qn)
of the various Lagrangian equations cxist, by the aid of which
the left-hand members of these equations may be combined to
Jorm an eract devivative of « function V lincar in the relocities
Gy~ o qmy reduces by change of vaviable to the case of an
ignorable coirdinate qy in which all of the multipliers but one
are zero and that one is unity.

The existence of such linear integrals can be determined
by purely geometric methods. We observe that in the
derivation of the rvesult above, only transformations involving
01, -5 @m were made so that ¢ was unchanged. Hence the
quadratic differential form os* = Ly dt* is an invariant,
which in the final variables has coefficients only involving
(e -y gme But of course this analytic property merely
means that the swrface with ditferential clement belonging
to this form admits of one-parameter continuous group of
transformations into itself,

fo= g2 = a7 e

A wecessary condition for the eristence of such a generalized
ignorable coirdinate s that the swrfuce ds* = Ly, d& ad-
mits of « one-parameter continnous group of  transformations
into itself.

We shall not attempt to develop such necessary conditions
further.

7. The general integral linear in the velocities.
So far as our reasoning above is concerned, we cannot as
yet infer that all integrals linear in the velocities can be
obtained by the method of generalized ignorable codrdinates.
However, this may be demonstrated to be the case as follows.

Since L, is by assumption a positive definite form. we may
write the integral in the form used in the preceding section,
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N
| A 2 1‘,[]__8_141_ +H
1T g

where M; and S are functions of the coordinates only.
Kmploying exactly the method of that section, it appears
that by a suitable change of variables we can take M, = 1,
My = ... = M,, - 0, and then by differentiation as to ¢
it appears just as there. that L is essentially independent
of ¢, so that ¢, is ignorable.

The method of multipliers specified yields all integrals of
the Lagrangian equations which arve linear in the rvelocities.

8. Conditional integrals linear in the velocities.
In the preceding section we have considered integrals lincar
in the velocities which hold for «/l values of the energy
constant. .\ more difficult problem is that of obtaining the
conditional integral, holding for a specified particular value
of the energy constant ¢, say for ¢ == 0. We proceed to
treat this problem for the case of two degrees of freedom.
Here, by the use of the normalizing variables obtained earlier,
we may write the equations of motion and the energy integral
in the form:

B R e T R O'F o byt =y,

where j., for instance, denotes 0y/0.r.
Morecover, since any change of variables leaves the linear
nature of the integral unaltered, the integral may be written

" iy = T

where it is understood that this relation is required to bold
only when the cnergy constant vanishes.

Tt the linear integral be differentiated as to the time, the
equation which results must be an identity in virtue of the
differential equations of motion written above and the energy
relation. The differential equations may be employed to
eliminate »”, y”. When this has been done, an equation
quadratic in o, y is obtained, which must be an identity
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in virtue of the integral relation alone. The quadratic terms
are
loa’>+ (ly + mz) &y + ny gy,

In order that this sum shall combine with those of lower
degrees in «/, 3’ by use of the integral relation, it must he
of the form ¢(a'*+'®). This implies

leg = my, ly = —h,
i. e.. that
I = uy, m = Uy

where « is a harmonic function.
The integral can now be written:

Wy +ugy +n = k.

According to the principles outlined above in section 4, a
further arbitrary conformal transformation of the x. y-plane.
joined with the appropriate change in /, will leave the
differential equation and integral relation in the normal form.
In order to simplify further the lincar integral. we shall
choose the transformation to z, y defined by

Cdotidy
Uy iy

S G Vi

This is evidently conformal in type. The inverse trans-
formation,

z+iy = fletiy),
is also conformal, and we have

| o
| detody P,
daady . T

Sflatiy)®

Now let the transformed value of ¢ be defined by

dt == (2 +u3)dt
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From this last equation we find at once
' iy = (uy—iug) (o’ +iy)

where 2’ = da/dt, y' = dy/dt. Thus we have in par-
ticular
' = wyx +ury.

Consequently when such a further transformation has been
made, the above integral is simplified to

2+ n = L

Now let this integral be differentiated as to ¢ and let "
be climinated by means of the first Lagrangian equation.
There results

nea' + ("y —2) .'/' + 7 0,

which must vanish identically in virtue of the integral re-
lation. Therefore, we conclude that the left-hand member
vanishes identically in 2/, 4. But this will happen only if
A and y are functions of y only. In this case the equation
can be made to vanish identically by a proper choice of =,

namely f Ady.

If such a dynamical system with two degrees of freedom with
energy constant 0 admits of « conditional inteqral linear in
the wvelocities, then by means of a suitable transformation of
the covrdinates and the time, the equations can be taken in
normal form with

- 1 2 2 ’
L=, "y Y+ ()’ 47 @),

so that the system contains the ignorable covrdinate x. In this
integrable case the curves of motion are given by

2

(a—mn)dy
a == A i Cyy
! J V2yr—(eq—n)? ta

. dy
[ == R e i eerg BN oW
,J 12y — (e, —n)? Fo
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9. Integrals quadratic in the velocities. The energy
integral is a known integral which is quadratic in the velo-
cities. Furthermore it is well known that dynamical systems
of the so-called Liouville type with L of the form

1. m » }
L= gt j21:y(q;)fu — W/,
7_2.‘ m
U= 2n) W= ,-‘_Z: w;(4,)

admit of m integrals quadratic in the velocities, in particular
Lore o . ;
o Uc 0 —cug 05 = ¢, (i=—=1,...,m),

and can be completely integrated.

We proposc here only to discuss a special converse problem:
to determine the conditions nnder which a Lagrangian system
with two degrees of freedom and of reversible type. with energy
constant 0, admits of a conditional integral

é' (a2 200 v+ ey l-dad-Fey+F =k

where «, ---, f are functions of . and y, and where a, b, ¢
are not all identically zero.

If such an integral exists, any transformation of z,y, ¢
of the type discussed in section 3 leaves the form of the
integral unaltered. Hence we may transform the equations
to the normal form for which

L - ;(J""’+y’2) +r.

Differentiating the above assumed integral relation, and
making use of the Lagrangian equations to eliminate ", 3",
we obtain a polynomial of the third degree in &', ¥’ at most,
which must vanish identically in virtue of the above integral
relation. Now the third degree terms are

1 ’ 1 2 1 ’ 1 18 .
—2—-%:63—}- (bm—l- 2—(¢y)a'2?/+ (b_l,-l- 5 (7.1,') a'y? 4 —2—(:1,!/2,
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and these must combine with those of lower degree by virtue
of the integral relation. This can only happen if this poly-
nomial is divisible by -4 i. e, if

Uy — o == 20y, ay—c¢y = —2by.

These arc the Cauchy-Riemann differential equations for the
conjugate harmonic functions a—e¢, 25, and we may write

t—-¢ = 2y, b = g,

where « is a harmonic function.
Our conclusion is that the hypothetical integral has quadratie
terms

1 2 1 2 2 72
gty ey — oy y” el 4y,

Taking account of the energy relation we may replace the
last term by 2¢y. The remaining quadratic terms may
be written

‘R[(ny——/u ) (i)

where R stands for ‘the real part of’.
Now write
NN VAT ST

s0 that f is an analytic function of -+ /y. Make the change
of variables

x+iy = fl--iy), At = [f*dt.

which leaves the normal form of the equations unaltered.
We find that the above quadratic terms, which may be written

o[

(~/2 -/2)

become



50 DYNAMICAL SYSTEMS

in the new variables. Hence, dropping the bars, the integral
relation takes the simplified form

é— d?—y) b da’ Feyf +F = k.

Again if this be differcntiated with respect to 7 as before.
there is obtained

dn " - (y+ex) X'y + ey !/,2
-+ (fz’ + ) a -} (fy_ry) !/, +dyr-+ ey - 0.

The linear terms must vanish so that we find
v = g+, J =g -Fywy.

But for this value of y the differential equations are of
immediately integrable type:

If a reversible Lagrangian system with tico degrees of freedom
and with the energy constant O adwits of « conditional integral
quadratic in the velocities and distinet from the energy integral,
then, by a transformation of rcariables. the cquations and
mtegral take the form

" 1, . ,
=gyt =y, Gy =@+ .
A special quadratic integral is then

1 0 2
5 U=y = )=y () + T

and the equations «wre integrable with

R N i 2
Ve Ve ve) v

The Liouville type of equations is essentially an equi-
valent case.

10. The Hamiltonian equations. Next we proceed to
formulate another important type of variational principle,
which leads to the so-called Hamiltonian or canonical form
of the equations of dynamics.
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Let us write

*t, n m
6«Jt [.ij ai— 2 0+ L, - gmy 1y ""‘)] dt:==0,
0

J=1 J-:1

in which the r; are the functions of p;, ---. pm, ¢1, -+ qm
properly defined by the m equations

pi == 0L/3r; (¢=1,---.m),

and where py, <. pm, g1, -++. g are to be varied independently;
The first m equations, obtained from the variation of py, -- .. pm,
are of course

d (a F) _8F

m
e e fe——— —_— — / . N q
dt \op} opi g i +',“=Z§ (1), api orj 0pi
- —qi+rn = 0.

or; 9L 67',-)

where F' stands for the integrand. The second set of m equa-
tions can be likewise obtained and may be written

Vit 0 HBg —= 0.

if we introduce the abbreviation H for

n

1t is important to observe that the 2 differential equations
s0 obtained are each only of the first order, with the general
solution containing only 2m arbitrary constants.

The first set of equations show that the functions pf, ¢
which make the integral stationary are such that ») = ¢¥’.
Now let »; be fixed as ¢i, so that the integral reduces to the
Lagrangian integral

1
A AT )
[

The variation of ¢, -.-. ¢, is still arbitrary, but the variation
of p1, ---. pm is determined. Furthermore if the variations
of q1.---. gm vanish near to % and ¢,, so will the variations
of pr, ---. pm. Hence we have
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) f‘Ldt =0,

along ¢, = ¢7 (1), and we conclude that gf satisfy the associated
Lagrangian equations, with »0 = ¢¥’, thus determining the
corresponding pJ.

Thus each solution of the proposed variational problem
leads to a solution of the associated Lagrangian equations.
The converse is also true, since the choice of p,, ¢; at any
time f is arbitrary and leads to an arbitrary set of values
of qi, qi.

If the principal function for a Lagrangian system is
L. - v Qus qie oo qw) and we form the function of
Preccce Puy G1e -y 4 defined by

ne

(3) H= —0L '*‘_2/’/ ©s
J=1
wheve the rariables q; are to be eliminated by means of the
equations
(4) p. = dLldg, (G =1 im),

the original equations 6J Ldt == 0 may be rveplaced by the
equivalent system in pi, q;

wWr om
®) d’[ [Zf)jq.ﬁ—lfldf:(’,-
. J=1

fo

or, more explicitly.

(6) dpi/dt = —0H/dq,, dqi/dt-—=-0H/3p; (G==1,..-,m).

The equations (6) are the ‘Hamiltonian’ cquations, and the
variables p; are called the ‘generalized momenta’. A pair of
variables p,, q; are called ‘conjugate’. Furthermore it is to
be noted that the Hamiltonian ‘principal function’ H is the
total energy expressed in terms of the generalized coordinates
and momenta. The encrgy integral H = const. follows at
once from the canonical equations.
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It may be observed here that the above variational principle
leads to the same canonical equations even if L and H involve
the time £.

Conversely, any Hamiltonian system (), (6), H being arbitrary,
can be reduced to « Lagrangian system.

To prove this statement we need only define . Dby the

cequation
7

L1, o Qms 110 oo Fm) = —-H+J§pj"j

where py, ---, pm are functions of ¢, and #; given by the
implicit relations
r, = aH/ap, (j =1.....m).

It is obvious that the Lagrangian system with this principal
function L is associated with the prescribed function H in
the way desired.

If H contains 7, so will L of course, and the same method
is applicable.

11. Transformation of the Hamiltonian equations.
The variational principle (5) is remarkable in that it ouly
involves the sgcond half of the derivatives pi, ---, pm,
qi, +--. qm under the integral sign, and those linearly with
coefficients precisely the conjugate variables. A general
point transformation from pi, «--, gm to P, - -, gn Wwill yield
a form lincar in pi, ---, gn but not of this special type.
We shall desire in the next section to consider the corresponding
Pfaffian type of equation so obtained, which has certain
advantages over the Hamiltonian type.

A general ‘contact transformation’ preserving the canounical
form is the following

) p - 0K/dqi, m —0K|oq, -~ 1, -om),

where K is an arbitrary function of g1, - -+, gm, q1, -+ s @, ¢
except it must be such as to define a proper transformation
from p1, « -+, gm t0 p1, - - -, gm by means of the above equations.
We shall not undertake to explain the apparent artificiality in
these equations, but proceed to prove that such transformations



b4 DYNAMICAL SYSTEMS

do indeed leave invariant the canonical form. By use of the
first m of these equations we modify the variational problem

to the form
m 61\ ]
J. |
'J; sz 8q} qJ H df

where the independent variables are now taken as p; , - - -, Q.
But for these same variables, we have

J“[ an, oK _, 6K)]df
-1 ey Al iy

since the expression under the integral sign is an exact de-
rivative. By subtraction and use of the second set of m
equations of transformation we deduce

it m
l Z,p,q,-———]{]df =0 (H== H+08K/ah.

The transformation (T) preserves the Hamiltonian form
with H = H+08K/0t, in case the arbitrary function K
yields a proper tramsformation.

Similarly we may write
8) pi = 0 K/oq, q@ - 0K/op; (i=1,--, m),

and find a corresponding result.

The transformation (8) ulso preserves the Hamiltonian form
with H—= H+03K/dt.

It deserves to be remarked that transformations of type (8)
form a group. In fact such a transformation is characterized
by the fact that

N

Jé‘l (pjdg;+q; dpy)

is an exact differential, d K. For a second such trans-
formation from py, -+, g t0 D1, ---, gm, there is a second
characteristic d X. By addition we infer
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n

. n
2 (pidg;+2;47) == d(K+K— ]2 P dg)),
J=1 ==1

so that the compound transformation is of the same type.
Similarly the inverse of a transformation (7), or the resul-
tant of an odd number of transformations is of the same
type, while the resultant of an even number of transfor-
mations (7) is of type (8).*

12. The Pfaffian equations. It is clear that Hamiltonian
equations can be regarded as a special type arising from the
more general Pfaffian variational principle,

o, n
(9) JL [2 P pj-+ Q]dt )
Jt, L) 1

in which the integral is linear in all of the first derivatives
with arbitrary functions Py, -.., P, Q@ of p,, -+, pp as
coefficients, and » is cven.

If we develop these equations explicitly they become

o (2L oLy dpi 9@ _—
(10 ,2_] ( o 8]);) dt api 0 (0 =ty ).

Furthermore these equations are evidently those of a de-
gencrate Lagrangian problem with L, = 0, L, == X P;pj,
Ly =- (), so that there is the particular integral - conbst.
This reduces to the energy integral in the Hamiltonian casc.

These equations admit of an arbitrary point transformation
of all of the variables without losing their form. Tt is only
necessary to determine the modified linear differential form
under the integral sign by dircct substitution. Thus the
Pfaffian equations admit of perfect flexibility of transformation,
and in this vespect arve easier to deal with than ecither the
Lagrangian or Hamiltonian equations.

13. On the significance of variational principles.
Since the variational principles have taken an important

* For the applications of the theory of contact transformations and for

consideration of the associated Hamiltonian partial differential equation.
the reader is referred to Whittaker. Analutical Dunamics, chans. 10, 11, 12,
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part in dynamical theory, it is of especial interest to deter-
mine their real significance for dynamics. In other words,
what especial properties are possessed by the Lagrangian,
Hamiltonian or Pfaffian equations arising from the respective
variational principles treated above? All of these can be
regarded as systems of n = 2m equations of the first order
if we introduce the new variables r; = ¢} in the Lagrangian
equations.

[let us first remark that so long as these equations are
considered in the vicinity of a point in the corresponding
space of n dimensions not an equilibrium point, there are
no especial characteristics to be found.

Indeed if we take a dynamical system as defined by any
set of 2 equations

dag/dt = XNy(oy. - am) @=1,....n).

it will in general remain of the same type under an arbitrary
point transformation

= (Y, oceotm) G- 1-oain)

under certain conditions. Two svstems of this kind will
naturally be termed ‘equivalent’ if it is possible to pass
from one to the other by an admissible point transformation
of this kind. If we confine attention to the neighborhood
of a point «f, ... % at which not all of the X; vanish, so
that this is not an equilibrium point, the equivalence with
other such systems is unrestricted, and the new equations

may be taken to be
dygrdt =1, dy/dt =0 (= 2,..-,m),

for instance. This is readily seen as follows. Conceive of
the given differential system as defining a steady fluid motion
in , -, ., space so that the curves of motion are defined
by the solution x; = ;(f), (/ = 1...., n). These curves
which have a definite dircction with direction cosines pro-
portional to .\, .....\;, may be deformed into the straight
lines
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o=t YT Gy ey Y

of a y, -+, yn space by one-to-one analytic deformation.
Consequently the transformed equations have as general
solution

Y = [+Cly Yo == Coy <y Yn = Cn,

whence it follows immediately that these equations have the
desired normal form.

Hence in such a domain there is no distinetion between
equations derived from a variational principle and the most
general cquation.

In the following chapter we shall see that variational
principles play an important role in connection with the
formal stability of dynamical systems near equilibrium or
periodic motion. Indeed this appears to be their principal
significance for dynamics.

One further interesting remark concerning variational prin-
ciples may be made here. Suppose that we start with
n arbitrary cquations of the form

(11) dagjdt = XiCrgo oo ) (@ = 1, 0-00n).
The cquations of variation are

Ay N 04

R P

There can be formally integrated at once if the general
solution

xoo Ji(ty e, 0n) =1, .
is at hand, namely

o Ff; 9 fi .
Yo = ky a{%+""|‘/~'u Ji ((-=1,---.m)

Ocn

where ky, ..., k, are arbitrary constants.
Similarly the adjoint system to the equations of variation
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des _ 3 04

2 de
(12) at =1 0x;

2 ¢t=1,...,m)
can be integrated explicitly by taking
B b W=t Ge=1a,
Ci )

Hence the given system (11) of equations of the first
order can be called ‘equivalent’ to that of the extended
system (11), (12) of twice the order in the 2u variables
Xy, sy Xn, 2y, -++, Zn, Since the explicit solution of ecither
system involves that of the other. But the extended
system (11), (12) is Hamiltonian with conjugate variables
x4, 25, and with

mn
H=—2 Yz
=1
as may be directly verified.
These vemarks serve to indicate the care necessary in
assigning to the variational principles their true significance.



CHAPTER 1IT

FORMAL ASPECTS OF DYNAMICS

1. Introductory remarks. In the preceding chapter it
wis pointed out that a system of ordinary differential equations

(1) diri/ldt = Ni(ri,--cay) (@ - 1,....m)

was devoid of invariantive characteristics under the general
group of one-to-one, analytic transformations

(2) i Gn (""1- ) (/ == 1L....n).

provided that attention be confined to the vicinity of any
point . This was done under the assumption that the
functions .\, were analytic and did not all vanish at the
point .70,

The simplest case in which invariantive characteristies can
be cxpected to arise is that of a point of equilibrium, the
condition for which is X? == 0, ( 1, .-+, n). Another
important case, which may be regarded as including this
one, is that associated with the neighborhood of a periodic
solation of (1) of period =

rio= fi(t) (i =1,.---.m).
If we write then

ro = fi () +x; (i = 1..--.n),
the equations take the more general form
3) drJdt = X;i(Gry,--oywn, t) (= 1,4, n),

where the functions X; are analytic in .y, ---, 2, and ¢,
periodic in ¢ with the period ¢ of the motion, and vanish at
the origin in the new ai, .-, x, space for all values of £

We shall treat the question of the invariantive characteristics
59
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for the ‘generalized equilibrium problem’ defined by a system
of this more general type.

In the present chapter we shall in the main restrict attention
to those purely formal properties which have no regard to
the convergence or divergence of the series employed, and
which take for granted an cquilibrium point or a known
periodic motion. By doing so we shall be able to develop
to a considerable extent the formal significance of the La-
grangian, Hamiltonian and Pfaffian types of equations employed
in dynamics. In order to do this we propose first of all to
develop the characteristics of what may be called the general
case of the equilibrium problem, and then to pass on to the
more special types referred to, so that a comparison may
be effected.

2. The formal group. As a matter of notational con-
venience, the equilibrium point of (3) will be kept at the
origin in all cases. The type of transformation considered
will be

Hn 1 n
@ = 2Oty 2 ap W)t
J: - ." e

where the real coefficients «,j, wjr. -+ - ave periodic analytic
functions of { with period r, such that the determinant |a; |
is not zero for any £. Kvidently two of these transformations
performed snccessively may be united into a single composite
transformation, while the inverse of such a transformation
is another of the same type. TFurthermore, the form (3) of
the differential equations is clearly maintained under this
group of transformations.

Imagine now that divergent series appear in (4). The
right-hand members X; of the transformed differential equations
will then be given ax definite formal power series in zy, --+, 2n
with coefficients analytic in ¢ and of period r, and these series
will lack constant terms. Thus along with the formal group
we obtain corresponding formal differential equations. Now
it is to be particularly stressed that the ordinary laws for
composition of transformations, and for deriving the associated



III. FORMAL ASPECTS 61

differential equations, hold in the case of divergence as well
as in that of convergence. This is an obvious consequence
of the fact that when the formal series involved are broken
off at terms of high degree, actual transformations and actual
differential cquations are obtained for which these formal
laws are valid. By including terms of higher and higher
degree the lower degree terms in the differential eqnations
are not affected. Proceeding thus to the formal limiting case,
we infer that the usual purely formal relations will continne
to hold in the case of divergence.

In many cases it is convenient to introduce a slight exten-
sion of the above formal group so as to take care of certain
pairs of variables x; and z; in a special way. TIn fact it is
convenient to introduce conjugate variables

O e y =i —V =12

so that if o, and 2y are real, § and 5 are conjugate imagi-
narics, and conversely. At the same time the transformation
from ay, - .-, 25 to &y, - -+, Zn may be expressed in terms of
the conjugate pairs such as & 4 and the corresponding trans-
formed variables & 7. The series involved are then charac-
terized by the property that if the conjugate variables & and
are given conjugate imaginary values, while those not so paired
are real, then the same will hold for the new variables. Tf
we go back to the underlying transtormation belonging to
the formal group. the new variables zy, ..., x, will be real
if ay, ..., a are.

It is not difficult to determine the characteristics of the
formal series which appear in the transformation of such
conjugate pairs of variables. If the transformation within
the original group be written

ap == fi@1y Y1, c s Tse Yoy Tasq1y - -0y To),
e == ('7;17 Yis ooy Xgy YYsy 23115 * 0y ‘,l"n)'

([ =- 1, ..._3)’
wi == i@y s -y ®ay Yoy Fastty ooy )y

@ - 2s41,.--.m),
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where x;, ¥y, - - -. x5 Ys are the s pairs of associated variables,
then the conjugate variables are

S =wm+V =1y, 5= ami—V—1y (=1....5

with like definitions of &, 4; in terms of z; y.. Hence we
have explicitly

§ - fE )2 G g2l —1o i an)
+,’/l((.§l ’*- ”I)/z‘ (;El - '/l)/?‘l/ _]~ R e R PIL Y -'l/'n) I//——l

for /= 1,....s with like formulas for 5, (/ - =1, .... ) and
for @y, (i =- 251, ..., #). when we employ the modified
variables. Clearly the series on the right have the properties
of the transformations of the formal group except that the
periodic coefficients are in general complex.

If we cxamine the form of these series we perceive at
once that they posses the following additional characteristic
property. 1f the pairs &, g; be interchanged in the series
on the right, and if at the same time the periodic coefficients be
replaced by their conjugates, thenthe seriesfor &, 7,,(/=1,.... )
are interchanged, while those for ., (/ - - 2541, ....m) are
unaltered.

It is readily proved that this necessary formal property
is also sufficient. In fact suppose that .r,, y; are real quantities
and define :E,-, 7. as before so that .gf, 7i are conjugate complex
quantities, Write

Ei o @i(Er, o e Tog ity e ) (i =1,....9.

R (/’1(;':17"'-7/3' \'l"_’.v-l-ly"'-g'n, t) (¢ = 1,"'-3)'

2= g (S, gy gty oo ) (2 = 2s+1,.--. 0,
where the series ¢,, ¥;, x; are assumed to have the stated
formal property and, at the outset, to be convergent. If

then we use the = as superseript to denote the ‘conjugate
of’, we find, for instance,
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Ef = gf (&, ooy 0 Tpgyyy m vy Ty B)
A CTURRRE Tygpas * e Lys )

= Y (gly cccy sy T2st1, vty Ty t) = %5

here ¢ designates the formal series obtained from ¢; by
replacing the periodic coefficients by their conjugates. Hence
& and #; are conjugates also. The same kind of argument
shows that .»; must be veal for / = 2s41, ..., n.

In case the series of the underlying formal gronp are
divergent, the series belonging to conjugate variables may
also be divergent. But of course the above formal property
ix still maintained as may be proved by breaking of the
formal series at terms of high degree and then applying
the above argument.

As a very simple instance of the change from real to
conjugate variables let us suppose that the transformation
in real form involves one pair of variables x, y as follows:

b= o8 (0+t—cT)—ysin(@+t—cr?  (r* =: 2¥+y?,
y = & sin (0+t— 73y cos(0-4+1—cr?).

Evidently this is a transformation of the admitted type
with v+ = 27, Introducing the corresponding pair of con-
jugate variables & 4 we find readily

E o= &) 1O4t-cID y = goV10+t—cth)

and the characteristic property of the series on the right is
at once verified.

3. Formal solutions. Suppose that we substitute in
the system (3) of differential equations wnder consideration

(5) ri= Ft.er,-oicn) (@ =1,-..,m).

where the F, are formal power series in the » arbitrary
constants ¢, ---, ¢, without constant terms but such that
the determinant 9 F;/8¢;| is not zero for any # at the origin.
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and where the coefficients in these series are real and analytic
in ¢; the series may converge or diverge. It may happen
that the » equations (3) so obtained will be satisfied identically
by these series #; in the formal sense. In this case we shall
say that the series (5) give the ‘general formal solution’ of
the given differential system.

In a special case the coefficients in F; may happen to be
periodic in ¢ of period z. There would then be defined
a corresponding transformation

ri ~= B, yny el ym) (/=1,.--.m)

in the formal group. TIf the associated formal differential
system is
dyildt = Yi(pe - yn, 0) (G =1,-...m),

we have then the formal identities

a'ﬁ Z oL o N B (= 1),
j—l 0 ys
in which the arguments of £, are gy, ---, yn, ¢t of course.
But the precise meaning of the hypothesis that the F; yield
a formal solution is that

ok/at No(Fy, - B t) (¢ = 1,---.m),

where now ¢. - ... ¢, veplace gy, ---. 4, as the variables in
the series F£;. And if we replace ¢1.---. ¢y DY y1, . ¥Yn
respectively, as we may, and compare with the equations
which precede, it appears that

Z(aﬁ/a,, 0.

Jj=1
whence of course Y;==0, /= 1,.... n. Consequently this
special case is the case in which the given differential system
can be formally transformed into the normal form

drif/dt = 0 (G =—=1,--,m)
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by a transformation within the specified formal group. As
we shall see, this is not in general possible of accomplishment.

If the cariables in (3) are transformed within the formal
group, any general formal solution (5) is transformed into
a general formal solution of the fransformed equations.

An easy way of proving this is to extend the formal group
for the moment by allowing analytic coefficients not periodic
of period «. There will then be a transformation. obtained
from (5) by replacing ¢, -, ¢y bY 41, -+, yn respectively,
which is in the extended group. and which takes the given
equations into the system for which Y; =— 0 (/=—1,..., %)
as before. But the transformed system in .rq. ..., ., can then
be taken into this special system direetly by means of the
composite transformation taking ., to ., and then @, to y,.
But this means precisely that the general solution of the
transformed system may be obtained in the specified manner.
Tt iv assumed in this reasoning that the formal laws remain
valid within the extended formal group.

The most general formal solution », - G (¢, dy. . dy),
(7 = 1, -y n) of (8) can be oblained from any particulur
Jormal solution (5) by sudstitution of n arbitrary real series
dyyeeeidy for ev ooy, say

o= g (s e ey dy) G - 1,00,

willh the sole: proviso that the determinant |9 ¢,/0 d;j, is not zero
SJor dy - .o dy - 0.

This almost obvious fact may also be established readily
by use of the extended group. The two transformations

v Fi (fu 21y vy én),y L (7'1' (I, Wiy o0 ey '"'n)

(@ - 1,-ce0m)
take the equations (8) into

dzi/dt = 0, dw/dt - 0 (G-=1,....m)
respectively. Hence we may write

zi =g (t, wy,-oey wn) (G =1,.-., m)
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as the transformation taking directly the equations in zy.---. 2,
into the equations in sy, -+, . We infer at once that

!l,_;”, g, ' n Aq, _(l,_r,-_ 0y,
dt ot oy dt dt

<

so that the variable # does not appear in ¢, -« ¢, i. e,
Zoo== g, (g o oo atp) (¢ - Toeeei ).

Thus we obtain the formal identities
Fo(togyeen qn) ol dyyeeeidy) (-2 1oeeeim,

provided that we replace iy, - - ey by dy. - -+ d), vespectively,
This is the relationship which we set out to prove. Of conrse
[og,/od,, is not O for dy = ..., =0 by virtue of the
definition of the extended group.

The question of the existence of formal solutions is
immediately disposed of. In fact let us take ¢y yf-oo, e — 48
where 40 stands tor the value of 4, at # fo. Then it
has been established that the general solution

Ui [4‘,“, Clesess ) (/ 1,0 n)

ix analytic in e, ceeney for o o (00 1oeee0n), small and
for any # lving in the ¢ interval for ¢ ... =-¢, 0. But
the solution is then ., == 0 (/ = 1, .- .. 0) for all values of 1.
so that the solution is analytic in ¢, -« .. ¢, ¢ for £ arbitrarvily
large, provided that ¢, are then sufficiently small. Thus
the right-hand members may be expanded in power series
in ..., ¢ with coefficients analytic in 7 for all values of #.
Furthermore we have cleavly for #--= 4,

dg,oe,— d, &, —1;0, =0./%).

Henee ag,/8¢; (¢ 1. -+ -, n) constitute » linearly independent
solutions of the equations of variation for ; — L. ..., ». and
the determinant ¢, /8 ¢j1 will not vanish for any #.

There erist formal solutions of any systene (3).



I11. FORMAL ASPECTS 67

It is obvious that if conjugate variables are introduced in
the fashion of the preceding section, then the formal solutions
will have a corresponding modified form.

The significance of the formal solutions will be specitied
further in the following chapter. Suffice it to say herve that
these are the type of solutions actually employed in astronomieal
problems when the perturbations of a periodic motion need
to be caleulated.

4. The equilibrium problem. As has been pointed
out earlier (section 1). the simplest case for consideration is
that presented by an ordinary equilibrium point. For this
case the funetions X, .-, X, do not involve # explicitly.
In dealing with this special case we shall use only ftrans-
formations of the formal group which do not involve the time /.

The equations of variation take the form

n

dyidt _\: cull v I, n)
g1

where the constants ¢, are the values of 8.,/0.r, evaluated
at the ovigin, In the case to which we limit attention at
first the determinant equation

(6) ey smdy, 0

has » roots my. -+ -, my,. not subjeet to any commensurability
relation
(7) fpamg -t o0y g 0

tor any set ol integers /. --+. 2 not all zero. These roots
are real exceept possibly for certain conjugate imaginary pairs.
It is to be noted that the assumed inequality excludes the
possibility of a zero root so that the determinant ‘r,' is
not. zero.

Now we can clearly determine a squave arvay £, (7, )= 1,---, n).
with /i not all zero for any particular j, such that the sets
lihy « -+, Ly satisfy the n homogeneous linear equations

3

) 2 ol L iy,
)1
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In fact the vanishing of the determinant ot thix system
gives precisely the defining cquation for the roots mn;. More-
over the determinant |7,| is not zero. This fact and the
reasoning which follows are of course well known in the
ordinary theory of linear transformations; however, for the
sake of completeness the reasoning is included. Tn faet,
suppose the contrary to be true. so that multipliers ¢1.-.-. ¢,
not all zero exist such that

2/11(’) 0 (= 1o--e ).
J=1

Multiplying the earlier equations by o,. (b= 1.--.. ). and
adding, there results at once

n
Al

0~ 2w e
ko1

s0 that m;e;, (/ ==1,...,n), also yicld a second set of such
multipliers. Continuing in this way we infer that m, o,. m,e?, ...
must form further sets of multipliers. Hence by linear com-
bination still more general sets of multipliers

(eo ey fe,mi-beee e Yo, @ 1, oo, ).

are obtained. But the » quantities in parentheses here caun
be made to take on » arbitrarily assigned values. just because
the roots m, are distinct. In particular the coefficient of
any ¢, | O ean be replaced Ly 1 while all the others are
made to vanish. But thix would necessitate that /7, = 0.
(/= 1, -«., n), contrary to hypothesis. Consequently i/,
cannot vanish.

It is also obvious that we may take the quantities /;, so

that in the transtormation
n

o= 2:1[,_,'3,- (/= 1,-.c,20).
]

from y; to z;, the variables z and z corresponding to con-
> J =]

jugate imaginary roots m, and an; will have conjugate imaginary

values when y...-. y, are real, and conversely.
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Now let us introduce this change of variables in the special
type of equations (1) under consideration. The equations
obtained by substitution in (1) of the linear expressions in
z, for y, will then assume the form

n . n
>v 1 ll[.-t; 2;/'1 my .- (i —=1,---,n).
I

where the terms of higher than the first degree in z, ..., 2,
in the right-hand members are only indicated; in thus writing
the first terms on the vight. the characteristic property of
the gquantities /,, is of conurse employed. 1t follows from these
relations that the equations in 2z, have the form

dzJdt - myz -+ (i=1,--, 0)

where only the linear terms are explicitly written.
Thus we may take the system to be of the prepared form

daoddt = - oy FF Ay ---0m) (0= 1.-22,n),
in which we may write
Vi Fad Fg - (- 1ieeeym),

with K a homogeneous polynomial of degree b in vy, oy .
We shall show next that we can obtain formal series

gulrys s ey ) patga-l-coe G- 1,000 0m),

such that the transformation

s = rity, (/i 1....,m)
reduces the differential equations to the form
dr/dt == m; »; (/- Lo, m).

This will be achieved. provided that the equations

dJdt-fdgiddt = m(rcte) G 1)
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follow in consequence of the differential equations in &, Using
these equations to eliminate d2;/d¢, we obtain as the desired
relations

13
F+ Zw qild) (my i+ Fj) = m g
“
@-=-1,...,n).

On expanding F; and ¢; in series, these take the form for
IS PR 'S

v Q) 0 P2
"+ 2, el U i [ T RIS
i1 'r).r,

2 0
e -1 2( ’)”;/ nj o *_ S !P’u' E'/) BRI

J=1 X pl'l ) a'.l

Let us consider the first equation written for any /. which
obviously constitutex a partial differential equation for ¢,
The coefficient ¢, of the term

! l R
e et N+ ly=2)
in ¢y is then evidently determined in terms of the analogous
coefficient d; of F» be means of the » equations

di -1yt =1 m A - g e, = 0.

But the term in parenthesis isx not zero by virtue of the
hypothesis made concerning the quantities m;, so that ¢, can
be determined as desired. Hence there is a unique set of
homogeneous quadratic polynomials ¢, satisfying the first set
of the equations written above.

In the same way the second set of equations determines ¢,
uniquely since the equation for determination of the coefficients
in ¢;3 is of the same genecral type as above except that we
have -+ ... 417, = 3 in this case.

Ignoring then the questions of convergence of the series
employed we arrive at the following conclusion:
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By means of a formal transformation

. n 1 n
i = (z1. - sy fn) T .21,_,-2]—{——‘—) 2 Lk 2y 21 4
J=-1 < gk=1
0] | IR 1))

with |1t 0. the dafferential equations (1) with an ordinary
equilibrinm point of general type at the origin. can be reduced
to the normal form

¢ dz/dt ~ iz, @ 1,0, n),

so that corresponding to conjugate roots m, and m; there are
conjugate variables z, and z,.
Sinee the mnormal form just written is integrable with
general solution
2 ot @ — 1.0
we may state the following conclusion also:
The corrvesponding formal solution of (1) may be written in
the form
e filer ™ e ™) (G = 1.oceim)

where the fi are the same formal power series as appear i
the trangformation to normal form.

5. The generalized equilibrium problem. 1t is not
difficult to extend the above method to the generalized equili-
brium problem in which we start with equations of the form (3).
Here the equations of variation form a system of » ordinary
linear differential equations

"

dyldt - V

4\’[

xy

<

| W (i = 1,--ein)
e o

-
QJ

with coetficients 8/\';/8.';,;‘=(, which are analytic periodic
functions of 7 of period 7. Let yu, -« -, yuns (k== 1, -+, ),
give for each i a solution such that the » solutions are
linearly independent. Then the general solution is a linear
combination of these particular solutions. When # is increased
by +, the equations of variation are unaltered. Hence we
have
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n )
yir (1) lz} ya (1) e Gk =1,...,m).

Now if we define my, ..., my as in (8) by means of the square
array cy; thus obtained, we may choose another linearly in-
dependent set of n solutions which will reduce the above
relations to a normal form

yu(t+ 1) = ey @G k= 1, 0.

We confine ourselves as before to the general case, in
that we exclude linear commensurability relations between
fiy + ooy pon and 27¢ V—1/r, wheve . — (log uz)/t. Tn this
event my, «--, m, are all distinct.

Now let us write the elements appearing in the solution
of the equations of variation in the form

g @ Gk < 1, e ),

when it is apparent that the functions pg will be periodic of
period ¢. Furthermore from a familiar theorem we know

that the determinant

. ot Pt
Lyl T

is nowhere 0. Consequently the particular linear change of
variables

o _2711),,-_3- G- 1, )
=

from ay. ««- wy to z, -.-, 2z, is within the admitted group.
The equations of variation will have a solution

Y - ‘slkl’“"t (i 1y ey ”’)
for & = 1, -.., n, so that the new equations must be
dz/dt = pzi-b ... G =1, ey 0)

Consequently we infer that it is no restriction to write the
given equations in the prepared form
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(111'1/(11 = Ill".l'+1ﬂi("‘17 sy Ay f) (1 = 1, e ")

where F; is periodic in ¢ of period = of course. It is ob-
vious that if certain pairs of the quantitics m; are conjugate
imaginaries the transformation of variables employed may
be taken to be of the admitted conjugate type.

Suppose that we continue by effecting a further trans-
formation of the same type as in the ordinary equilibrinm
problem save that the coefficients in the series ¢; need not,
be constants but may be perviodic analytic functions of ¢ of
period r. If we endeavor to choose this set of functions
¢; 80 as to normalize the transformed differential equations
as in the special case of ordinary equilibrium we obtain
analogous equations, namely

: % ,
Fyg - qul,._, {-/2"—-‘1 68‘1,1: IRy 1 Pegs

v a,f/’fl‘ 1

g o 7
7 e > N e Yiny
pigx 0

th 9t 72,1 8.::, 1y.r —]-

On considering a typical term in ¢,
4 1
“ (f).’l‘,‘ cee ;('“" (/l *— ces -l—ln 2),

we find as the required conditions

de

’{l(t)+ —{” +|h it e+ =D i+ {'.“nJ('i 0
6 - 1,-.,n)
where d; is the like coefficient in #y,. Here the cocfficient
A of ¢; is not zero, and it is immediately possible fo solve
for o, .
i) - kjemrt— 0’“]0 d(t)ert dt.

This solution will be periodic in # of period ¢ if and only if

i (1 — Aty f 4,0 M at.
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1t is possible to determine %, in one and only one way so
that this equation holds, provided that 2 is not an integral
multiple of 271 —1/2. Bat this velation would require a
commensurability relation between the *multipliers” ;. - .-, p,
and 2:007= 1/r of the excluded type.

Thus, as before, no difficulty arises in determining g2, .3, -+
in snecession in such fashion that the desired normal form
is obtained.

By means of a formal Dransformation

. 4 1 <

oy S oeeiznl ) - Z:[u (’)5./ +- 9 ,2:1111:;(1)2'/2‘/.-!-
J= S0

(7 - 1.0

with 1y analytic i t and peviodic of peviod ¢, and 1,;(t) { 0.
e differential cquations (3) with « generalized  equalibrivin
point at the origin of general type can also be reduced to the
normal form

(10) d:z/df 2 (/- 1, eeim).
The corvesponding formal solutwon of (3) is then ecidently

. pt Pt
Yoo Sl e e (0= 1,--e,m).

6. On the Hamiltonian multipliers. As a first step
toward obtaining an analogous normal form for a Hamiltonian
system of equations at an cquilibrium point, we demonstrate
some fundamental well-known properties of the multipliers
in this caxe.”

Here the equations oceur in the particular form

dp,  _all dg,  oH

an dt o dt  op, W=y )

where H is a real analytic function of 2 - 2m variables
Py + oo gm.  1f these equations have an equilibrium point at

* Of. Poincaré, Les Méthodes nowvelles de la Mécanique céleste, vol. 1,
chap 4. His ‘characteristic exponents’ are our multipliers.
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the origin, then evidently all of the first partial derivatives
of H vanish at the origin and if we ignore an additive
constant in H we may write

H -~ Hy4Hy+ ...

where H ix a homogeneous polynomial of degree / in these
dependent variables and where in particular we have

m
H; le(; e 1y 1A e pj e - i, ik gy '/k)-
Here we may take «,, - «j. ¢y 4, but by, are in gencral
distinet from 0;,.
The cquations of varviation are obtained by replacing H
by H, and p, q, by P:i. @i, and may be written in the
explicit form

ll! m
AP dt = b, Pi— 2 e,
J 1 J-=1
HL‘ I!I_‘
dQIdt — N, P+ > b Q G = 1.---,m)
J 1 J=1

which is a particular type of system of 2m linear differential
cquations of the first order with constant coefficients.

Our first remark is merely to the effect that in yeneral
the multipliers will be distinet. Mo verify this fact, it is
merely necessary to exhibit the 2m exponential solutions in
a single speeial case. If we take

31 21 g2
H, 2 9 /‘.;(I'J'l"]j);
the equations of variation reduce to
AP/dt - ——pil, dQildt - - w % (== 1, oo

with 2m particular solutions

P ()"k(,.*'#/.‘ ”. Qi - ;6'-,..,.“/&“”



76 DYNAMICAL SYSTEMS

where d; has its usual significance. Hence the 2m values
of the multipliers are 4=y V' —1, (k =1, ..., m), and these
will be distinet if g, - ... g, are distinet positive numbers,
for instance.

Before leaving the special case just cited we note that
it H, is of thix special form, we can introduce conjugate

variables

=tV =g, g = p—V—=1¢; (= 1..--,m),

and then we find

(“5' 0 i{ d N _ af? .
dt ) ay’ dt a8, (= 1oeeeim)
where H = —2 1 —1 1 and I, takes the normal form
"l‘ _

Consequently under this type of change of variables the
Hamiltonian form of the differential equations is maintained.
In this event the equations of variation ave still simpler,
namely of the form

Ag1dt = p b =15, dpldt = -p b =1y,
 =1,....m.

This type of conjugate variables plays an important role
later on.

Let us suppose then that we are confronted by the general
case in which the 2/ multipliers arve distinet. We propose
to show that these quantities occur in m distinet pairs, each
one the negative of the multiplier paired with it. This has
already been seen above to be true in the special case cited.

Nince the multipliers are distinet by hypothesis, a complete
set of solutions

I’lk} ey Pmln; Qll.; Tty le.‘ (l) =1... . 2”7)7
exists of the form

Py = O Mt Qe = ])u;c""t (@-=1,ceymy k= 1,0, 2m),
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where the corresponding determinant of constants of order 2m
formed from (', Dy is not 0. Such a complete set of
particular solutions has the property that the most general
solution is expressible as a linear combination of these
particular ones.
But if P, @ and /7. @QF are any two solutions of the
equations of variation we have
n
_)_;((.l., I - PQ)) = const.
E
This fact is readily verified by differentiation with respect
to # and use of the equations of variation, when it iy seen
that the derivative of the left-hand side reduces identically
to zero.
Tt then we substitute in this integral relation, pairs of the
above particular solutions we find

M

2 (Dye O = Coe D) ™ Ot const.
J 1

for all & and /. This clearly implies at once that ecither
21 -|-4; is O or that the constant on the right-hand side is 0.
A proper use of this fact will lead us casily to the desired
conclusion.

If each 4, has a corresponding 4, such that 2;4 2, == 0,
then there is clearly only one such root and the property
under consideration is proved. But in the contrary case
some root as 4; has no value so paired with it. Hence, in
the integral relations deduced above, the right-hand members
must vanish for /=:1, ..., 2m if I has this value, whence
we find

l)lI-' ('ll "I' e + l)nllc ("nd - Cll. I)ll '''' - ('yml. 1)ml =0

(= 1,..-,2m).

These 2m cquations are linear and homogencous in
Dy« oy Dygy — Ciiy +++y — Cniy 50 that the determinant of
their cocfficients would necessarily vanish. But this determinant
is precisely the determinant of order 2m referred to above
which cannot be zero. Hence there is no such root.
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In general at an equilibrium point for the Hamiltoniun
equations the multipliers can be grouped in m pairs A;, —A;,
(f=-1, -, m), and are all distinct.

It is plain that in general the multipliers are real or are
grouped in conjugate imaginary pairs with distinct moduli.
Consequently the conjugate of an imaginary multiplier must
coincide with its negative. By passing to the special cases
by a limiting process we conclude further:

The multipliers A; are either veal ov pure imaginary quantitios.

We define the general equilibrium point of this type as
the one in which 44, ..., 4, are not subject to any linear
commensurability relation of the type (7). and confine attention
to this general case.

7. Normalization of H.. Assuming then that the equili-
brium point of the Hamiltonian system under consideration
is of this general type, we can effeet a linear transformation
of variables

nt n

" jZl (dyps -t ey i) 4 j;; Lo vs -ty a))

(i =1,.-..m).
which reduces the corresponding equations of variation to
the normal form

AP/ dt — A, P, dQJdt -~ - A0, (¢ Looooym).

In fact this veduction (see section 4) mercly required that
the roots of the characteristic equation (6) be distinet, as is
here the caxe. Of course the associated pairs p,, ¢, are taken
as correspouding lo associated roots 4,, —4,. 1f 4; is real,
pis . are real variables. 1f 4; is a pure imaginary, p,. ¢, arve
conjugate variables.

We propose to demonstrate that this lincar transformation
does not destroy the Hamiltonian form of the equations.

To begin with we observe that the equations of variation
can be written in the variational Hamiltonian form

+, m
ojl [ZP.'QI—-—H-.»(I’l,---.(.),,,)] dt -0,
(3 =1

o LJ
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in which H ix replaced by its second degree terms. Under the
above linear change of variables this evidently takes the form

+, mn
‘SJt Z(AJliPk+LJI»QJII-

2= .
+ M. 1% (,’/’, + N Q; Q)f) — Hg] dt - (O,
where we may write

m

Hy -- 21 (Bue P, P 80 Py Q- T Q) Q1)

Jyk—
Here the dashes over the letters have been omitted. and we
may obviously assume

R, - R,. T, = T (g — Toeee,m).

Applying the ordinary Lagrangian rule this gives the equations
of variation in the new variables,

i n
d[ [ >_‘”\n L)+ Ly ’MI-“Z: (Ko 1) | My )
J
Ml‘
+ 2R P 4S,Q) - 0.
J -1
( Toeees ),
'l ‘L' v ) | ”" ’ v ’
= [ 2, (Vi P+ .\,AMJ — 2 Ly 1+ N )
J= J
n
1 28 12T, Q) 0,
":
(/— L --eom).
But the solutions of these equations are known,  In parti-
cular we have a solution

Po= et =0 (i Toeeeim)

which when substituted in the first of the above equations

ives at once
ll: (]{I;I T I\JI.) ‘]' 2 ll,zl.‘ - 0,

Interchanging / and A, and noting that Ry —= Ry, we infer
further for any /7 and &
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(;vi - lh,) (Klu — ]\'il.) — 0,

s0 that Ky = - Ky, for / distinet from /- as well as for / = L.
It follows also that Iy vanishes for all / and /.

Similarly we can infer that Ni; = Ny and that 7% vanishes
from the second set of equations. Thus the terms

m

m
21 Ok 1 P kz;M,k Q, Ok

7’ - A
arc cxact derivatives, and may be omitted under the integral

sign. The equations of variation are thus of the more
special form

mn m
(lf ZL.II QJ]" At JI’I(\.)J -+ 2: SyQi -0 (- 1,-., m),

M

mn
[ZM,,PJ 2114,/’_;-{-26',,/{,"-0 (i =1, m).
)=1 )=1

To determine these eqnations still more completely we
substitute .
L= 0, @G = dpe G, e, m)

in the first set of these equations, and obtain immediately
for all / and &
le(Mye - Li)-+Su 0.

Similarly from the sccond set we obtain for all 7 and &,
A (Myi— L) +4-Swe = 0.

Interchanging / and A in this equation, and comparing the
cquation obtained with the preceding one we infer that for
{1 &k we have

My = -LI.'I, Sa = 0.

In consequence the sum

.
; kz_‘l (16 Q) i+ My P; Qi)
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differs from the sum
7"
JZ; Ly Qi P + Mj; P Qj.
and so from
m

2 (M= 1) Q]

by an exact differential. Thus it is legitimate to write the
principle of variation in the specific form

r om n
4 L [IZ: (My— L) I; Q; + ,:Z, Ny By QJ] dt - 0

[

in such new variables with equations of variation®

(M,;— Li) (}; + 80 0, (My— Li)) Pi— S, Py - 0
(0 - 1.---, ),

s0 that we have necessarily
(1]/,,—- l,z',') l, S,', (I' S PEEER J)l).

Consider now the simplest case when every root Z, is real.
In this case if we replace the real variable /% by

P (M,,— L.,)) P, (-=12%0m)

the variational prineiple ix seen to have the form

WA M n
3
) [ [Zl’lQﬁ—le P Q,-]df 0.
. tO J—=1 J=1
This turther change of variables is legitimate inasmuch ax p,. ¢,
were not determined up to real multipliers in this case. It
appears then that the term
<
!
2P
J==1
*The constants M. — L., are not zero since the eguations of variation
do not degenerate.
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remains of essentially the same form after the linear trans-
formationw.

Another case is that in which every 2, is a pure imaginary
quantity. Here by taking the pairs p;. ¢, appropriately we
ean clearly write the pure imaginary quantities A, — L; as
oV -1, 0 0. Here we may replace P, (), by

[ | '(7), P;, (;,' =] Q;IQ, G =1..c.om)

when a like variational form is obtained.
It is apparent that this same linear change of variables
must preserve the original Hamiltonian form since

e
P )
is essentially unaltered by this transformation.

By « suitable prelimenary limear transformation with con-
stant coefficients any Hamiltonian system with equalibriem point
of general type at the origin may be taken in a normalized
Jorm in arhich

”n

H, = I_g:lj Pid)-

8. The Hamiltonian equilibrium problem. In order
to further normalize the Hamiltonian equations in the vicinity
of an equilibrinm point, we propose to apply a series of
transformations

pi = 0K/q. q, == 0Kidp; (/==1,ccim)
with

n

K= 20p 04 Kak Kit o

where K, K,, ... are homogencous functions of p; ¢
({=-1,...,m) of degree indicated by the subscripts. Such
transformations have been seen to leave the Hamiltonian form
undisturbed and to form a group. It will be observed that
if Ks= 0 for s> 2, the transformation is the identity.
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We begin by taking A, = 0, s>3, and by attempting to
seleet Ky so as to simplify H; as far as possible. Here we
have
P pet 0Ky, g = q Fakyop, (P =1....0m).

If we solve explicitly for p, g, (/== 1,...,m) in terms of
pio g (0= T1.--.om). we will elearly obtain

P petk 8]\';:‘/3']4 b wi =qi—0 ]\’;‘/81)‘—1' e
((- 1.---im),
where A3 denotes the funetion obtained by replacing ¢, by ¢y
in K. The terms explicitly written give the scries expansion

up to the terms of the third degree. 'The wmoditied value
of H, obtained by direct substitution is

Hy(p+ 0 K3 /0q -oeee oo qu— AR 0Pl o) Hy - -oey

where the arguments of Hy, Hy, --- are the same as those
of Hy. Mo terms of the third degree inclusive we find then

m n - 0]1 E)K;*
bt 2k o o T )
'f_-IIZi(])ly ) ’Illl)+ e
Thus, as would be expected, the form of H, is unmodified

while H, takes the form

Hi

V (7]\ 0 K
__> ((IJ dy; . _l’./_a—pji> A Hs (pry -+ -5 4m)

in which Ay is at our disposal. Now any term in KA may
be written
¢ [l“' . ])""‘ . (],L'Zn (e oo+ B8n - 3).

The corresponding term in the modified Hy has a coefficient

¢ [)"1 (:81 - “!) + o + )-m (,3,”, - “m)] + /)
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in which % is the coefficient analogous to ¢ in the original H,.
Moreover the coefficient of ¢ canuot vanish unless

#l ) /gm . €y

which is clearly not possible inasmuch as the sum of all
the e« and 8/s is 2. Thus by proper choice of each ~ we
can make the new H, vanish.

If now we proceed to try to eliminate H, as far as possible
by a further transformation of the same type in which K, 0
except for « 4 we obtain a transformation

pi pot 0K g el @ - g - 0K lop, 4 .-
(i Loeeoim)
which does not affect H, or Hy, -~ 0, but alters H, to

" . . - . 3

\ n K, 2] Kl) LH

M Ailg; ==t - - e ).
=t (I/J B 1 2 b H ( up

Here we can eliminate the terms of F, save those which
contain each ,, ¢, to the same degree, namely those of
the forms

c(piq)’s  dpiqipig; (S TR M) N

by the same method. For we have

«“y _* T I lgm 4

in this case, and all terms can be made to disappear except
those for which «; -8, (4 - 1,....m). i.e,, those of the
stated type.

Thus it is readily seen that by an infinite series of steps we
can climinate from H all terms exeept the terms in the
m products p, q,.

By suitable transformations of the above lypes, « Huwmil-
tonian system with equilibrium point of general type at the
origin. may be taken into « normal Hamiltonian form in which
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only the w. products py . -« P @i appear in H while He
hus the special form

m
2 hiviaj.
Jj=1

It may be noted that the linear transformation employed
is also a contact transformation® so that in reality this normal
form may be obtained through a single formal contact trans-
tormation.

In this normal form the general formal solution is at once
obtainable. 1f we write r; = p, ¢;, the normal Hamiltonian
equations may be written

dp, oH dqg  0H
dr i o,

ar, pi; dit 95t q @ - 1 om),
whenee we tind formally

Vit = (G — 1o-vom).

Thus the series 9H/8:r, reduce to constants and we are led
to the following conclusion in a purely formal manner:

The  general  formal solution of the normal Hawmiltonian
cquations wear sueh an equilibraon pomt has the form

. ! .
pi = e r‘t, gi = B (G- 1., m),
where

Yo 7 0H (e /g]» ey By 187:1)/8”1’ (i =1,.-..m).

In terms of the original variables the corresponding solution
may be obtained with the aid of the contart transformation
relating the yicen carviables and the wormal variables.

9. Generalization of the Hamiltonian problem. 1f

pi= e, g (@) (=1, m)
is a periodic motion of period 7, and if we write

pi wetpe ai- Witgi G 1 m)
* See Whittaker, Analytical Dynamics, chap. 16.
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then the differential equations for the modified variables are
of Hamiltonian form with modified principal function

m

H:= H+ 2,: (97 g~ U7 pj)
J

where the accents denote differentiation.  Furthermore, this
transformation may be written as a contact transformation

pi = K/ dqi. g, = aK/ap, (/== 1,...0m)

with
4
. Q) , .
K- ‘:1 pyaj t-wpay — Wy,
J
In these new variables # s a funetion of py, -0 g and 4,

periodic of period ¢ in the last vaviable, with p, =q,- 0,
(7 1o-oo,m), a solation corresponding to the given periodic
motion. Thus, at least in a formal sense (sce chapter IV,
section 1), the problem reduces to one of genervalized equili-
brium.

It will be our aim here to show that a veduetion to normal
form for such a generalized equilibrinm problem can be made
which is altogether analogous to that wmade above in the
case of ordinary equilibrium.

We shall merely call attention to the modifications necessary
in the avgument in dealing with thisx more general problem.

The first difference to which attention needs to be called
is to the obvious fact that in the equations of variation the
constants ;. 0, ¢, are rveplaced by periodic funetions of /
with period 7. The second difference is that the constants
Cy. Dy which appeared in the solutions of these equations
are also such periodic functions.

These modifications do not, however, interfere with the
argument made that the multipliers may be grouped in m pairs

Mo =Mooy by — oy,

where 4y, .-, 4,, are real or pure imaginary.
The geneial equilibrium point may here be appropriately
defined as that in which there are no linear commensur-
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ability relations between the w4 1 quantities 4y, ..., 1,
and 270 —1/r.,

In the corresponding linear transformation the coefficients
e ey Jus 9y arve periodic in ¢ of period 2. Likewise in the
variational principle the qnantitiex Ky, L, MMy, N, Ri. Sy,
T, are similar functions. In determining the form of these
functions one finds modificd conditions such ax that

. . 1 K, :
(K — Ka) "2 pem, 0.

ot
It 7/ and 1 be interchanged and the results subtracted, there

i obtained
- . . .
—(’,-} (Koo — Ku) + (2 — 2) (Kii = Ku) = 0.

This difterential equation in (A, — K1) has no periodie so-
lution of period ¢ (other than 0), just beeause 4y, .« .-, 4, arve
of the general type assumed.  [Tenee we infer as before that
K. Kp ave equal while 2 R, is od Ky /dt.

But in thix case

m

. - ’
> Kownip

ik
is an exact differential if
135 a Kji
zj%l I

be added while the negative of this last expression may be
incorporated in H. Thus it isx clear that we may assume

KN, - .\, R, T, 0

as before. In fact similar slight modifications show that
the same normal form for H; is obtained by this linear
transformation in the generalized equilibrium problem as in
the ordinary equilibrium problen.

To make clear that the analogy is complete in dealing
with Hy, H,, ---, let us consider the new H; obtained by
a transformation
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pi = pi+ 8 Ky/dqi = G+ oKg/op: (0 = 1..-+,m),

where K3 is homogencous of the third degree in pi
(7 == 1, --.. m) with coefficients which are periodic in ¢
of period r. The new form of H is

bK " A”l‘ f) l
LS4

The terms
e(h) p‘ll‘ o (]‘:;", h (t)pr‘ . (1';;" (g +-oo B - 2)

in Ky and H, respectively lead to a total corresponding
equation

('l( -+ ('[l (ﬂl - “1) 4k Ao (B — “m)] 4+ = 0.

in the attempt to eliminate such a term. This ovdinary
non-homogeneons linear cquation of the first order will
have one and only one periodic solution inasmuch as the
coefficient of ¢ is incommensurable with 2.0 V" —1/7, since
we are in the general case. Thus H; can be made to
disappear.

Likewise all the terms of H, can be made to disappear
save those in the products p.qi. (/ -= 1....,m). The
coefficients in these latter terms can be replaced by constants
however: in fact this demand leads to an equation of the form

T R JUNENG

where (7 is an an'bitrm;v constant at onr disposal; thus we find

Je—nwyar,

which ix obviously periodie of period » if (' ix chosen as
the mean value of /. (f) over a period. Hence we are led to
the same conclusion as before.

By means of such « series of transformations of the generalized
Hoamiltonian equalibrivm problem, the Haneltonian function
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may be given the same normal form «s was obtained in the
case of ordinary equitibrium.™

10. On the Pfaffian multipliers. Suppose now that
we take an extended Pfatfian variation problem

“t, ‘_'n:
(12) th [2; X (rioeen, ro) i+ 2 (a1 c, .'1'-_»,,,)] dt 0

which leads at once to the system of ordinary equations of
order 2m

2m
S STLL L AL S .
(13) J.Z.l ( 3-.’1:," 9/ dt or, 0« Loooeu2m).

We propose to consider these equations in the case when
there is an equilibrium point at the origin, under the assumption
that the 2m analytic functions X, are such that the skew-
svinmetric determinant

is not 0 at the origin. The constant terms in the series for
the funetions X; may obviously be omitted throughout.

It is clear that the Hamiltonian ecquations appear as a
special case of these Pfaffian equations (12).

As will be shown in the following chapter, this generalization
of the Hamiltonian cquations possesses the same property of
automatically fulfilling all of the conditions for complete
stability, once the obvious conditions for first order stability
are satisfied. Hence from this point of view the Pfaffian
equations seem as significant for dynamies as the Hamiltonian
equations, although more general in type. Morcover they
possess the additional advantage of maintaining their Pfaffian
form under an arbitrary transformation of the formal group.

* The results of this chapter were announced in my Chicago Colloguium
lectures of 1920. The material o far given is obviously in close relation
with previous work, and, in particular, the normal form in the Hamiltonian

case is in relation with the formal trigonometric series in dynamics
treated for instance in Whittaker, Analytical Dynamics, chap. 15.
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In fact it is only necessary to substitute the new variables
under the integral sign in (12) to obtain the transformed
functions X, and ~.

As a first step in the direction of obtaining a normal form
for the Pfaffian equations at an cquilibrium point, we pro-
pose to prove that for these equations just as for the
Hamiltonian equations the multipliers are associated in pairs
]'w - ;w-

To begin with we observe that in general these roots must
be distinet since they ave distinet in the Hamiltonian sub-case.

Now let us make the lincar transformation with constant
cocficients which takes the equations of variation into nor-
mal form. This does not affect the Pfaffian form of course.
The corresponding equations of variation obtained from (13) are

i\ ay aay | dt 8:,0:,

and these must have the particular solutions
. At .
U 0y, ¢ (/ 1ooeey, 2m)

for k- 1,-.., 2m. It is understood that the partial deri-
vatives involved in the equations of variation are evaluated
at the origin.

Substituting in these particular solutions we obtain readily

(a‘\', o N )} 0*Z 0
Y e — - 0.

c.ry o @, 8:,8:],

If we interchange i and A herc. and subtract the equation
50 obtained from the one last written., we find

( 20X, _ ”“’)(;.,, FL) 0 (k1 eee,m).
0.ry

But if for each ¥ we do not have 4z +24; - = 0 for some /,
it would follow from these equations that the skew-symmetric
determinant specified above would necessarily vanish. This
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is impossible since the equations of variation would then
degenerate. Hence there is associated necessarily with the
root 4 a second root 4; = —4,. This is precisely what we
desired to prove.

In the Pfaffian equilibyium problem the nudiipliers also occur
i pairs, one of each pair being the megative of the other.
These nudtipliers may be designated by Ay, —2y ooy hyyy — Ay,
and will be real or pure imaginary quantities,

It is clear that the general case is to be defined as that
in which there are no linear relations of commensurability
between Z,, ..., 4, just as was done in the special Hamil-
tonian case. We shall restrict onrselves to this general case.

11. Preliminary normalization in Pfaffian problem.
It is very easy to establish the fact that the normalization
used in the preceding section makes the first degree terms
in Xy, «.., .\, take essentially the Hamiltonian form. Indecd
it we call the 2w dependent variables py, -« o0 e Gie v o s s
i sueh wise that p,. ¢, correspond to paired multipliers
2o -=2, and if we let I, .-, (, denote the coefficients of
Piy -+ -y ¢m Tespeetively under the integral sign in (12), the
previously obtained equations between the partial dervivatives
o X,/8.r; at the origin take the form

) [ & b ¢
6_]_, o d_(:f/ ()Q_J . j Toove, m),

0 pj 6)), ’ 9q, a4,
) .
0T oG (., Toeeesmy i | .
04, ap

The first sets of cquations show that the linear terms in I
involving p;, - --. pm correspond to an exact differential, ax
do the linear terms of @ in ¢, - -+, . Similarly the second
last set of equations shows that the term of P, involving ¢,
(¢ /) together with the corresponding term of @ involving p,
combine in a like manner. All of these terms may be omitted,
and there remains for consideration only terms
M

21 (cjpidai+ dj gy dpy),

J
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which evidently may be replaced by
.

2 (o - d)pidy.
JT-

In these terms no ; — d; can vanish, because of the hypothesis
that the fundamental skew-symmetric determinant does not
vanish at the origin.

If then p;, g; are real variables we may make the further
linear transformation

™ pe @i = i—d)gi G=-1,---.m)

to obtain the desired linear Hamiltonian term. Ou the other
hand it Pio o ave conjugate variables then ¢ and d; are
conjugate imaginaries and ¢;— d, is a pure imaginary quantity
oV —1. Here we may set

poo=Vem @ —~Veu

if o ~0. Ifo-. 0, we may interchange the roles of p; and ¢,.

Let us turn next to consider the function Z. Since we
have an cquilibrinm point at the origin, it is plain that
9Zlapi, uZ:oq;, vanish there for/ -~ 1.2, ..., m, i e., that
there are no linear terms in Z. The lowest terms in Z are
then of the second degree.

Thus it is apparent that the equations of variation, which
depend only on these first degree terms in \\y. - .., Xy, and
upon the second degree terms in Z, ave of the same type
as in the Hamiltonian case. In consequence the same linear
transformation employed to obtain a normal form for these
lowest degree terms gives -7, the form of Hp in the
Hamiltonian case.

We can summarize our results as follows:

By « preliminary linear transformation the Pfuffian equa-
tions with an cquilibrium point of yeneval type at the origin
can be written

, m_‘
JL [z (P','r]}—{—(}jp})—])’,]df -0
e J=1

0
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where

PI :1‘ 2)'—-!-1),'2—4*—...’ Q,- == *+Q52+"' ((';..1_-.._;").

m

k- 2; 2ipiqi+ Ry 4.
Jjr=

12. The Pfaffian equilibrium problem. After this
preparatory work it is a simple matter to establish the
general result, which is that by means of point transforma-
tions (independent of #), it is possible to reduce the Pfaffian
type of equations to Hamiltonian form. More preeisely we
propose to show that it is possible to reduce @;. (7 — 1.---,m)
to 0 by a suitable succession of such transformations without
interfering with the normal form of /2. When this has. been
aceomplished, it is merely necessary to write

pi - P oqi - q (/- 1oeeeim)

to obtain complete Hamiltonian form in the case when py. -+, gm
are real variables. A slight modification is necessary in case
the variables p,. ¢, ave not all real.

In the real case suppose that we write

P P e (l1+i"12 (P15 qm) (i Toees, m).

where. according to our usual notation, ;> is a homogeneous
quadratic polynomial in its arguments. The variational principle
takes a corresponding form in which the new coefficient /7,
has also an initial first degree term p; as desired. while for
the new (); we find readily expressions in series

3Gy

™ e VAT N 17)

* - Qe JZ‘ v

Herve the linear terms are lacking, as desired, and only the
quadratic terms arce written explicitly.
Now we have

S 3 (0% )
i (1) - -~ = (110 .
a (,541 i ('J-) J.T . (/‘J ap. + s d

m

v 00
D> 2 )
j,f—"’:l ( Y o qi: T
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This identity shows that, by subtracting an exact differential
under the integral sign, we may modily the new () to the
torm 2 — G, without introducing any first degrec terms
in P,. Hence if we take G -= Qp, (! = 1,.--, m). the
third degree terms in ()2 will have been eliminated.

Next by a further transformation

Pe = Do a1 (;;1:5 (/= 1...om)

we can similarly eliminate the third degree term in (.
Proceding thus indefinitely we arrive at a variational form

N n
()'I [2 Pig,-F+—Rdt =0
[2 fo J =1

Po-= pA- P4 (/7 = 1,--c,m).

where

which can evidently be given Hamiltonian form in the manner
indicated.

In case some of the pairs of variables pi;, ¢, are conjugate
imaginaries we may first perform the simple linear frans-
formations to corresponding real variables

pi = kg -0V 20 g (e —1)/) 2

s0 that the term p, ¢, is replaced by p, g7 except for an exact
differential. Thus the normal form for 72, @, is maintained
for these real variables. Operating with them as indicated
we can reach the same conclusion in this case also.

By « suitable transformation of the formal group, say

pi = g(proogn)y @o= Pilpry oo qm)  (C=1,--0,m),

the general Dfuffian equlibrivm problem may he made to
assume Hawmdltionian form.
13. Generalization of the Pfaffian problem. Under

the above circumstances it is natural to expect that Pfaffian
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cquations containing the time ¢. with geuneralized equilibrium
point at the origin, admit of formal reduction to Hamiltonian
form. Tt is not difficult to cstablish the truth of this con-
jecture on the basis of certain slight modifications of the
above discussion.

In the case of such equilibrium the equations are defined by

t [ 2m
(14) o r [2 Xj(ryy ey damy 1) 'J, -+ Z(”'l; sy 2y {)](lf =0
=1

ty 1) =1

with X (/- 1,...,2m), and Z periodic in ¢, that is by

2m 61\' 34 . (l ’J 4\" a,/
(15) 1%( 3‘;;_-_ ~8.’1‘, ) dt + 7 '—_"a; 0

(z ~1,-..,2m).

In the first place it is obvious that the multipliers are in
general distinet by consideration of the same special case
as was taken up in the ordinary equilibrium problem.

Ifurthermore, the equations of variation may again be
normalized by a lincar transformation in which the coefficients
involved are periodic analytic functions of ¢ of period «, so
as to have the solutions

o O ot (i 1y eee, 2m)

for k= 1,..., 2m. Tt follows that thc multipliers 4; occur
in pairs, each onc of a pair being the negative of the other,
by essentially the same argument as was used in the
equilibrium problem.

Moreover the same argument shows that the linear terms
in P, Q lead to certain exact differentials and terms which
may be absorbed in R, so that the same normal form for
the first order terms in /7, @, and for the second order terms
in R is obtained as before.

Finally as in section 11 we write

Pi - I)}, /p ’ji‘}' 6]’2 ¢ -1, m)
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where now @i has coefficients which are periodic in ¢ of
period z.

Then by an obvious modification of the argument there
made, we can make @ — O for i -1,...,m, and then in
succession Qi =0, ...,

By « switable transformation of the formal group the general-
ized  Pfaffian  problem " of periodic motion may be made to
assume Hamdltonian form. Hence the normal form in the
Hamiltonian case sevves also in the Bfaffian case.



CHAPTER IV
STARILITY OF PERIODIC MOTIONS

1. On the reduction to generalized equilibrium.
For motion near equilibrium of a Hamiltonian or. more gene-
rally, of a Pfaffian system, the stable case is naturally defined
as that in which the multipliers 4, ..., 4,, are pure imagina-
ries, at least provided that there are no linear commen-
surability relations betwcen these multipliers. .

In this chapter, however, we shall limit attention to the
analogouns but somewhat more complicated question of stability
for motion near a periodic motion of such a systemi.* The
method employed involves a reduction to the case of generalized
equilibrium. In the more general Pfaffian case this can be
accomplished by a change of variables

>, @i+ pilh) @@ I,---.2m),

in which the periodic funetions y;(7) of period r are the co-
drdinates of the given periodic motion. By this means the
functions X,. -- -, Xem, Z are modified (see (12). page 89), since
they are no longer independent of # but periodic of period z; and
the given motion now corresponds to generalized equilibrium
at the origin in the new ay, --., 2s»n space. Hence we are
led to comsider the question of motion near such a point of
generalized equilibrium.

There is, however, a ditficulty associated with this reduction
to generalized cquilibrinm which was first signalized by
Poincaré for Hamiltonian systems, and which it is desirable
to explain briefly.

Following the analogy with the case of ordinary equilibrium,
the stable case is defined as that in which the multipliers
Ay, -+, Ay are pure imaginaries. at least provided that there

* Of. my article Stability and the Equations of Dynamics, Amer. Journ.

Math., vol. 49 (1927) for a treatment of the equilibrium problem.
97 ”
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are no linear commensurability relations between these multi-
pliers and 27« V' —1/7. I such relations exist the questions
to be considered become more complicated in character.

Unfortunately, for a point of generalized equilibrium ob-
tained by the above method of reduction, the multipliers will
not satisfy this condition; more specifically, there will always
be a multiplier 0, which is double of course. This may be
readily seen. The Pfaffian system admits of the integral
Z = const. in the original variables, and therefore admits
the integral

Z(r -ty ooy o -l o) =  comst.

in the modified variables. By differentiation with respect to

the 2m arbitrary constants in the general solution .ry, - .., o,
it appears that the linear relation

A o4

— 4 cee A= = Yo = const.

Ay "N + "i B o Y2m

subsists for 2m linearly independent solutions yi. - - -, yom of
the equations of variation, and so for the most gencral
solution; it is understood that #Z/8.;, (7 =1, ..., 2m), have
91, +++, @an as arguments. Now it the 2m multipliers
+ 4y, « -, + 4, arc distinet, a complete sct of 2 solutions

Jat .
Yo = Pt (/- 1., 2m)

for lr==1, ..., 2m exists (Ady. 47 — —24,), in which p, are of
period 7 in ¢. Since 97/0a; are also periodic, substitution of
these solutions in the linear integral relations in the y;'s leads
immediately to the conclusion that the constants on the right-
hand side must vanish, at least for 4, | 0. But if these
constants vanished for such a complete set of solutions, the
constants would vanish for every solution y, ---, yom. This
cannot be the case since . .- -, ¥2,, can be taken arbitrarily
for any particular value of ¢.*

* 1t is not possible for 9 Z/0x, to vanish simultaneously for i =1,...,2m
along the original motion, since the Pfaffian equations then yield
de,fdt=0, (i=1,...,2m) which is impossible, the case of ordinary
equilibrium being excluded.
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There is then a pair of solutions of the equations of
variation which belong to the multiplier 0. Now

ri = g9;(t+k)—og;(H G =1,-..,2m)

for any % defines a solution of the given equations after the
reduction, so that by differentiation with respect to %, one
solution of the equations of variation -

' ’
Y1 = @Pra e Yom = YPoam

is obtained. This has periodic components and so belongs
to the multiplier 0. On the other hand the periodic motion
with which we start is not isolated, but varies analytically
with the constant ¢ in the known integral (i.c., with the
energy constant in the Hamiltonian case). This yields the
second periodic solution

0 ‘j’:,l 0 ‘Pém
.'/l z *a{—‘ et °y !/2'"' - '67 ,

belonging to the multiplier 0. In general there will be
no others.

The difficulty may be turned in the following manner.
The variable Z may be taken as one of the dependent vari-
ables .y, «--, rom, SAy as ey, in the oviginal .ri, ..., 1am
space. Furthermore the variable § = x,,—1 may be selected
as the single angular codrdinate, which increases by 27 when
a circuit of the curve of periodic motion is made. The
remaining codrdinates i, ..., xam—2 may be made to vanish
along this curve. Now let us restrict attention to those
motions near the given periodic motion for which

Z=c
has the same value as along this motion. With this under-

standing, the Pfaffian system becomes of order 2m —1 in
&1, -+, Xom 2, 0, and may be written in the variational form
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o, 2m -2
()‘ I (2 ‘\'/ ”:II. + ‘\'2'“ 1 B,) llf - 0’
Jt,

=1

to which set of equations must be added the last equation
of the first set. But the integrand is positively homogeneous
of dimensions unity in 4. «-., s4m-», 6, so that 8 may he
taken as parameter instead of 7. Then the variational
principle takes the form

)Il 2m_ 2
0] I D Xirh b Xowa|do = 0.
t J-=1 i

"t

Hence we obtain a Pfaffian system of even order 2m -2
only instead of 2m, in which the coefficients are periodic
in a variable 0 of period 2., and the known periodic motion
corresponds to the origin in . ..., e 2 spice.

By this second method of reduction to a generalized equi-
librium problem. the formal ditficulties referred to above are
avoided.

For these reasons, in dealing with the applications we can
restrict attention to the case of generalized equilibrium of
stable type as above defined.

2. Stability of Pfaffian systems. Our starting point
is furnished by the equations of motion, normalized to terms
of an arbitrary degree s by means of an appropriate trans-
formation defined by convergent series, according to the
method of the preceding chapter. The equations are thus
given the form
d pi oH
At oa, b - Li sy
dygi 8 H
at o, T Misia

(1) (¢ =1.---m)

where we may write

n

H - lej]’J’Ij+H4"' + Hs (s = sors+1)
J=
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in which Hp involves only the wm products m; = p;qi, of
total degree k/2 in s ..., iy, while L;gsy1, Misp1 are
convergent power series in py, ..., ¢, Which commence with
terms of degree not lower than «-} 1, the coefficients being
of cowrse analytic and periodic in ¢ of period 7.
Suppose that we write
n

° -l
w2
41

Evidently « can be appropriately regarded as measuring the
distance of a point from cquilibrium at any instant /; for,
in terms of the original real wvariables .ry. ..., .ry,, the
function «* is given by a real power series in sy, <« -0 wom
which begins with a positive definite quadratic form in these
variables,

2m
L] A
" "'1\ L () wjase b - e
ph==
for all /. whenee
‘.’u‘ ‘_’ﬁ
- PR . D) . .
/,2( £ oK -)4 a5 K ko0,
J o1 J=1

in a certain neighborhood of the origin.
It is obvious then that we can choose .V so large that.

L1, {J[,Nn Nes't o Loeveim)

within a sufficiently small distance of the origin.
Multiplying the first of the partially normalized equnations (1)
by ¢, the second by p,, and adding, we conclude

dx; I

“dt ST 2Nk (¢  1.o.-.om).
From the definition of . the inequality
du |
RIS TN
“ df -
then follows, so that
. 1 du .
—-mN mn N,

Wil odt
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Integrating from 4, to ¢, we deduce from this last inequality

1 1|

.,..-——;' = 7"8L\':t_—t()iu

Now let us ask in how short an interval of time « can
exceed 2u,. At the corresponding ¢ we obtain

N l .1 !
\ 1 - T

e ""'~\1I15‘4\ff—‘t .
lu;‘j 2311:3{ ol'

whence obviously since s Z> 1, this cannot happen for

1
2 bty ~ S
@) ‘ = 2msN u
Hence the minimum time interval which must clapse before
the initial distance wu, can double in magnitude is of the
s-th order in the reciprocal distance.
In this same interval of time we obtain

(l/t,' . .
. 2.\ 3 A TR 2_
dt | = R
whence by integration
(3) E L WA P S I VAR PRSI

Also since A and its partial derivatives are polynomials,

we have

oH oH"| i ‘

= =P g —nl) L 2513 NPt it —

9 0l - ,; o= o e
(G -=1,---.m)

for w;, a7 small. On the other hand from the normalized
differential cquations we find in this interval

dﬂi BH ; | dqz OH 1 g+ }
At Tam P a0 ST NG

|
(.
| i 67r

(Z==1,---,m).
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Combining these inequalities with the preceding set, there
results

OH" L dy oH® |

dp; |
+ am; L1 de am; T
< 2L Ny 14290 N Padt8 |t — 1,
for ¢ = 1, ..., m. These are essentially the same as the
following inequalities
& )
t Cldt

LN 20 e N P —

where y; = 9H®/d.a, are pure imaginary constants. The
fact here made use of, namely that H and its partial deri-
vatives as to 7r; are pure imaginaries, can easily be verified:
it piy @i, (¢ == 1.--., m), be interchanged and H be changed
to its conjugate in (1), these equations are not altered; but
this means that the conjugate of H coincides with its negative,
i. ¢, that H is a pure imaginary function. By integration
the above inequalities give

O =y t), 0 ) (t—t)
N MO LA
BTNt —t, 4 2 N Pudi | L — 1,12
for i == 1,...,m.

Now if we return to the convergent power series expressing
Sroeeesray i terms of po, ---, g, and if we replace py, -+, gu by
pg . 7 (t-tub, e l[(,)" {‘;fm(t«tn)
respectively, the series obtained agree with the formal series
solutions up to terms of the (s-+1)-th order in the 2 m
arbitrary constants pf, --., ¢%. But the crror committed in
so doing is of the order of the differences appearing in (4).
Hence if we express oy, ---, a», by means of the formal
series solutions derived from the normal torm, broken oft
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after the terms of degree s in the 2m arbitrary constants
P, -+, 4%, the error committed will not exceed in numerical
value an expression

Awstrd Bug ' t— 1) FCust? t—1 |

during the interval (2), where 4. I3, (7 are suitably chosen
positive constants.

On account of the fact that ~ is an arbitrary positive
integer in the above inequalities, these can be given a still
more simple form. Suppose that |/ — /,. is even more severely
restricted than in (2), namely to be of the order at most
(s/3)-+1 in the reciprocal distance. Then the constitutents
of the sum above are clearly of order exceeding /3 in the
distance i, itself.  Consequently if all the terms of the formal
series solutions of degree exceeding s/3 are discarded, the
order of the error will exceed /3. But «/3 is arbitrary, whenee
the conclusion:

It this formal series solution of the generalized  Pfuffian
equilibrium problem. of stable type s aeritten to terms of an
arbitrary degree s in the initial values P, -, 4 of  the
wrbitrary constants. the 2m trigonometric sums so obtained
will have coefficients of al wmost the fivst order in g, and will
represent the coirdinates vy, .oy oy, acith i error of order
ub'toat most during a tome intereal of at least the reciprocal
order.  Here wny represents the distance to the origin for ( 1o

I xyy -ty Tagy SPaCe.
When written out explicitly these trigonometrie sums for
1.+, Xap have the real form

Ao—{—z_(.l,- cos ;1 4 B, sin7;¢)
J
where
. 0HY O H®
l'l —1 1 a7r1~+"'+lnb_~""y d --

0 s J

bvs

Sl 9
Lijl = 8y

i
A

in whieh 4, -... i, are integers, and where d;, B; are
polynomials in pf, - .., 9% whose terms arc of degree at least
« and not more than .
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3. Instability of Pfaffian systems. In the case when
some of the multipliers Z; are rcal, the situation is entirely
altered. 1f we assume that there are positive and negative
multipliers 4 44, - .., =+ A, there will be a real k-dimensional,
analytic manifold of curves of motion approaching the curve
of periodic motion. Points on these curves near to the periodic
motion leave its vicinity in a relatively short interval of time.
More exactly, the distance will exceed

"o "/l [z f,,)’
if 1, denotes the initial distance from the motion at ¢ - 4
and 2 is a positive constant less than the least positive
multiplier.  Similarly if ¢ decreases the distance «, may
increase in a like manner along a second real amalytie
manifold of curves.

Evidently such a sitnation is entirely different from that
found in the stable case and is properly termed unstable.

We shall not enter upon a derivation of results of this
sort, the first of which were obtained by Poinearé.”

4. Complete stability. The work of seetion 2 makes
it clear that Pfaffian and Hamiltonian systems possess a
species of complete formal or trigonometric stability, in casc
Ay oeey Ay 20V —1/r are pure imaginary quantities without
lincar relations of commensurability. Let us elaborate this
concept of ‘complete stability’.

Consider a differential system of even order 2m,

) da,/dt XiCryy eoeyaopm, ) (- 1,.,2m),

for which the origin is a point of generalized equilibrium.
Suppose that for ¢ = #; the point «f is at a distance ¢ from
the origin. Let 7 Le any fixed time interval, f any positive
integer, and % (xy, - -+, oo, t) any polynomial with terms of
lowest degree s in the coordinates and with coefficients
analytic and of period r in ¢. If then it is possible always

* For some of the fundamental results see Picard, Traité d'Analyse,
vol. 8, chap. 1.
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to approximate to P, for |[f—1#| < 7T with an error less

numerically than
M gl Fs+1

by a trigonometric sum of order .V

x
2 (djcosl t 4 Bysinlj #) (i — U1 = 1> 0).
J=0
where M, N, ! depend only on f and Py, and where {4, = 0,
the equations (5) will be said to be ‘completely stable’.
As a very simple example consider the pair of equations

deJdt = kay, da/dl -~ —kuay,
of which the general solution is

oy Adcoskt 4 Bsinkt,  a, - — Asinkt4 Beoskt,

so that the codrdinates oy, a» are represented by trigono-
metric sums of the first order. Any polynomial Ps of degree
sy - s can also be exactly represented by a sum of order N
not exceeding 2%7' Hence the conditions of the definition
are satisfied.

The results of scction 2 show that in the case of Hamiltoniun
or Pfyffiun systems, there will be complete stability [f there is
ordinary stability as defined earlier.

This is obvious since the differences /;-—/; which enter
in the trigonometric sums of seetion 2 are mnearly given by
a4 certain limited number of integral linear combinations of
the m 41 quantities 2,/1 " —1. ..., 2,/1" —1, 2a/r, and no
such combination vanishes.

In case of complete stability, the solutions of the normalized
equations of variation (chapter III, section 5) are limits of
trigonometric sums of the specified type, and are trigonometric
by the lemma on trigonometric sums of sections 5,6. Hence
the multipliers are pure imaginaries.

It is important to establish that this definition of com-
plete stability is independent of the particular codrdinates
X1, -+, Xam Selected. In fact, suppose that the given system
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is completely stable. Let us make the admissible change of
variables
x; == 9’i(-'1?1,"-,~1'2m; 0 (1 - ]7"')2’")

in which ¢; are analytic in wi, .-, £2m, ¢, vanish at the
origin, and are such that the determinant |3 ¢;/d ;| is not 0
there, while the coefficients in ¢, are analytic periodic fune-
tions of ¢ of period «. Then the two variables

N
and
&€ = [1;’ + e + ‘ff‘z)m]l/?‘t -t

cvidently serve equally well to measure the distance from
the origin at ¢ = ¢, since we have

O0-_d- &le-7D

in the neighborhood of the origin.
Now consider any polynomial P (x1. ---. L2y, ) which can
obviously be written

Pty oo o ) FQUrae oL g ©)

where °* is a polynomial in .y, - . ., .z, With terms of lowest
degree s while @ is given by a power series commencing
with terms of degree atleast f+4-s-4 1. It is clear that the
polynomial /”¥ can be represented by a trigonometric sum of
the specified type with an error of order f4s-1 in & by
the condition for complete stability, while it is clear further-
more that @ is of order f4-s4 1. Hence it is plain that

%(xy. +++, x2p) can be represented by the same trigonometric
sam in the desired manner. This establishes the complete
stability in the new variables.

The mere fact that the multipliers of the system of 2m
equations of the first order fall into pure imaginary pairs by
no means ensures complete stability in the above sense.
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A sufficiently simple example is furnished by the pair of
equations

dr/dt = Lky-+a(rP4y?), dyldt —hr+y@E+ g3,

in which A is positive, and the fundamental period is taken
as 2. The multipliers are then pure imaginaries, namely
4+kV/ —1. Bat it the first of these equations be multi-
plied by 2., the second by 2y, and the two equations so
modified be added. there results

duldt - 2u* (w = a2*+y?,

whence, by a further integration

"w o o
1—2u(t — 1)

But, if there werce complete stability. it would be possible
to find a fixed integer .V so large that, for some constant K,
the inequality )

. =Ny o Ky

held, in which Sy represents a trigonometric expression of
order N of the specitied type; this follows from the fact that «
is a homogencous polynomial of the second degree in o and y,
while w, is the squared distance €%, This inequality may be
written

L=y Sx—1ty

. 9 < Kuy.
" "

Now let wy approach 0. [t is obvious that
m — =%~ 2(t— 1).

We infer then that
Sy —
o Y
1;0:0 Ilo
But the expression on the left is a trigonometric sum of
order at most N of the specified form, and approaches its
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limit uniformly. Consequently by the lemma on trigonometric
sums considered in sections 5, 6. the limit of this sum is
necessarily a sum of the same type. However it is impossible
that 2(# — ¢,) should be so represented. Hence in this case
there is not complete stability.

The condition that the multipliers be pure imaginaries has
been seen to be necessary for complete stability even if not
sufficient. Henceforth we shall assume that, it the m pairs of
pure imaginary multipliers be denoted by 4, ..., &= 24,,
there are mno linear commensurability relations between
Ay +oy Ay and 22 V' —1/r. Of course by so doing
certain exceptional cases are excluded which require tfurther
study.

For complete stability an infinite number of conditions
besides that of pure imaginary multipliers will be found to
be requisite.

5. Normal form for completely stable systems.
We have already seen that Pfaffian and Hamiltonian systems
of equations possess the property of complete stability, in
case the characteristic numbers are pure imaginaries. It
becomes a very interesting question to determine the most
general case in which there is complete stability and to find
the characteristics of motion near generalized equilibrium in
this case. This we shall do by establishing a suitable normal
form for equations of completely stable type.

Since the multipliers 4,, ..., 4,, are of the stated type, we
may transform the variables ay, -+, rom t0 Py, -++, g by
a linear transformation so that the transformed system is

dpdt - —dip,+ Dy dai/dt = diqi+Qi 1, - m)

with p;, ¢; conjugate, and F; @; beginning with terms of at
least the second degree.
Now change the variables once more by writing

Pi Tpiten =@+ P (G =1,...,m)
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It is readily found that the equations preserve their form,
with the new P, Q; having homogeneous quadratic terms

> S 0 @iy 2 9is ] %g
Py -+ 2 Pi . qj - A —Ai g+ ’
J=1 Jj 84

R 0 l//,':; '/ 2 ) 0 Wi
Qs ’}‘JZ:/l ([‘J 81 ey 7 A+ 2Ains + ot

respectively. On inspecting these terms and making use of
the incommensurability of the multipliers, it appears at once
that these new expressions can be made to vanish in one
and only one way. In fact let

3
r (t) l’ . : ',,,"' ']i]' 'Il:;" (al F tee ']l‘ lem =2

be such a term in /; while the corresponding term in ¢
has a coefficient ¢ (¢f). By comparison there is obtained the
differential equation for ¢
n
P(f)Jr[’Z1 (etj—-B}) A;- a).,] ¢+ Lfl'ffL ~-0

which can be satistied by a periodic function ¢ of period r
unless the coefficient of ¢ is an integral multiple of
2 V' —1/r. This is not possible because of the hypothesis
of incommensurability. Moreover the periodic solution is
unique (ef. chapter I11, section 9).

Thus all of the second degree terms in 7%, (); may be
removed. '

By a precisely similar method all of the third degree terms
in P, @; may be removed by a further transformation

pi  put g, i = qi+ys (@ = 1,...,m)

except when the analogous coefficients

m

i=21 (j — Bj) ki — Ay, ,2: (aj— Bj) A+ i
(“l"i" "+lem — 3)



1V. STABILITY OF PERIODIC MOTIONS 111

vanish. Such exceptional terms will have the form

POpipiasj, QBWauwmey (G =1,--,m.

But even in these terms the functions ¢, ¥ may be so selected
as to make the new coefficients, namely

dy

dy
PO+ -5 Q(t)'l‘—(‘“f,

di
reduce to constants (cf. chapter 1I1, section 9). Hence we
may normalize P;, @; so that

P; = Di (Cil P11 '}‘ v + Cim Pm ’jm) + LN
Q= q (dn ot ot dimpmgm) -+ -,

where the complete terms .Fj, Qs of the third degree appear
explicitly written in the right-hand members.

Our next step will be to show that in the event of com-
plete stability we must have the further relations

oG Piﬂ‘{‘l'l Qi3 =0 (1 == 1, - ) "')7

ie, ej-+dy=0, (4,j=1..-.,m). In order to establish
this fact we employ the following lemma which is almost
self-evident:

LEMMA ON TRIGONOMETRIC suMs. If a sequence of trigono-
metric sums of the type

N
(4, cosly t+ Bjsini; f) 6, —4| >=1>0),
j=o

with &, ! fixed while 4;, B;, I; vary except that /, = 0,
approaches a limit ¢ (f) uniformly in some interval, then ¢ ()
is itself a trigonometric sum of order at most N in this
interval.

The proof of this simple lemma is deferred to the follow-
ing section.

Consider the quadratic polynomials p; ¢; in the cotrdinates.
We find from the given equations
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d(poqi)/dt = q, Pa+piQa+--r. (G = 1,...,m),

where the terms not explicitly indicated are at least of the
fifth degree, and where the terms written explicitly are

Diq [(('il + dn) mm 4.+ ("lm+ ([im) Do (]m]
(G =-1,-om).

We desire to prove that these terms vanish identically.
Now the differential cquations above lead at omce to the
inequalities
cdmdt o K Qr-FeeH-m,)? (mi = pog)

for /-— 1,2, ..+, m, where my, ... i, are of course positive
or 0. From these last inequalities it follows that we have

m
: , - - Al
fduidt] < m Ku® (u = 2,1 TT,;).
=
and thence
“we—atg o~ dm KB [ -—ty | - 2m KT

for any given interval of time |#t—7, < 7. provided that u,
is sufficiently small. This follows by the methods of section 2.
Hence w — u, is of the second order in «, throughout this
interval, while the inequalities for «.;/dt show that m,— 9

is also. Thus
qi Pis == po Qus,

which is a quadratic polynomial in 7y, - .., .¢,,, differs from
its value at ¢+ = ¢, by terms of the third order in u,, and
the differential equations above give

. llz[l

P Q' L (= 1o m).

By integration therc rvesults
i, — 0 — (2 Py 0 Q) (t—t) | - LT

(f-=1....,m)
in the interval under consideration.
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Suppose now that we write
V) =, = Be (@ =1,....m).

ay, -+, Bm being m arbitrary pairs of conjugate imaginaries,
and suppose that the positive quantity ¢ approaches 0. The
inequality last written in which wu, is to be regarded as
a constant multiple of £, shows that we have

l_imo(”i*_’-rg)/é‘ i} alﬂf[((‘l]‘*— dll)alﬂl+ "'(('im‘iw d?'m)“zmﬂm](t—-tn)'
where the limit is approached uniformly in the interval under
consideration. On the other hand sr; can be approximated
to by a trigonometric sum of the specified type to terms of
order ¢® in this interval, and consequently (m;—a9)/é* can
be approximated to terms of order e, Thus the left-hand
member is the uniform limit of a trigonometric sum having
the propertics specified in the lemma, and must therefore
itself be trigonometric. This can only be true if the sums
¢+ d;; vanish for all values of 7 and j, as we desired to
prove.

Thus we have to terms of the third order for7 - 1,....m,

n

dpdt = —p l?-: —2 i f/.,] ..
-

=1
i

dq/dt — ) [l,—z i P l]j] -+ ...
J1

Jvidently we have begun a process which enables us to
remove terms of higher and higher degree in £, @, except
for terms with factors p,. ¢, respectively, and coefficients which
are polynomials in the » products p, ¢;, one being precisely
the negative of the other.

Any completely stable system of equations (5) may be reduced
Jormally to the normal form

) A&/dt ~-—DME, dgf/dt = Mg (= 1,....mn),
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where My, - -+, My are pure imaginary power series in the m
variables &, ni, i. e.,

I)l:

M; l,-—Z;r:ué’,;qH T G P OB
I:

and &, g, are conjugate pairs of variables.

Concersely, [f any set of equations have this normal form,
the argument of section 2 is available to show that there is
complete stability.

6. Proof of the lemma of section 5. l.et us consider
a sequence of trigonometric sums @ (f) of the type prescribed
in the lemma to be proved. For such a sum we have

[(D@DE+B) .. (DB ¢ =0

where /) indicates ordinary differentiation with respect to ¢ in
the symbolic differential operator on the left. Direct integration
2N+ 1 times gives

v (Iil‘ [’2) .J.t»jo-' pOars ...

N ot ot

J-1 J o
where I’(f) is a polynomial of degree at most 2.
Now all of the 7; exceed ! in absolute value, for by
hypothesis
[ —1 - (L]t (G- 1,4, N).
It is clear then that, by suitable choice of a sub-sequence
(¢, the reciprocals my, =~ 1/1,, which are less numerically
than 1/¢, will approach limits m* with [m¥| - 1/1. Any
two of the quantities m} will be distinct unless both are 0
of course, Now divide both members of the above integral
equation by the product & -.. 3, and pass to the limit.
Since ¥ approaches ¢ uniformly, we obtain at once

N ot +
wx)e ) 2N === ,
(I_Il” );+ F e s @ar = e
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where @(f), being the uniformly approached limit of a
sequence of polynomials P(f) of degree not exceeding 2., is
itself such a polynomial. This leads at once to the conclusion
that ¢ satisfies the linear differential equation with constant
coefficients

[DonF 1P+ 1) .. X2 D*-1)] ¢ -0,

with general solution a trigonometric sum

v
3 _!~,1—21 [C; cos (¢/m*) + D; sin (¢ mF)]

where the sum is only extended over those values of j for
which m#* is not 0. Hence ¢.is of the stated type.

7. Reversibility and complete stability. It would
be possible to show further how intimately the variational
principle and the requirement of complete stability are inter-
related.t  Instead o prefer to follow another direction of
thought in order to show that the requirement of complete
stability is also very intimately comnected with that of re-
versibility in time of the given differential system, provided that
the ordinary definition of reversibility is suitably generalized.

We shall say that a system (5) with generalized equilibrium
point at the origin is ‘reversible’ if when ¢ is changed to
— t the system then obtained is equivalent to (5H) under the
formal group.

By this change of sign of ¢, the multipliers 4; arc changed
to their negatives — 4., Hence it is obvious at the outset
that in the reversible case of even order, these multipliers
are grouped in pairs, each member of a pair being the negative
of the other. We are primarily interested in the case when
these multipliers are furthermore pure imaginaries and with-
out linear commensurability relations. For this reason we
shall assume that these conditions for first order stability are
satisfied.

T See my paper, Stability and the Equations of Dynamics, loc. cit.

uk
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It is clear that this definition of reversibility is independent
of the dependent variables employed. Hence if we have
a completely stable system to begin with, we may take it
in the normal form (6). The change of ¢ to — ¢ gives
a modified system,

As/dt = M, &, dg.ldt — — M, q, (=1, m)
where we introduce the dashes to avoid confusion. But it

is possible to pass from one set of equations to the other
by the aid of the transformation of the formal group

K

T o= (= 1,-..,m).

Therefore (f there is stabiaty of the first order, a necessary
condition for complete stability is that (D) is reversible in the
sense of the above definition.

It vemains to prove that this simple necessary condition
of reversibility, together with the requirement that the
multipliers are of the prescribed type, is also sufficient.

The same process of normalization used in section b leads
us to the normal form of more general type

(1) d&/dt — U§, dp/dt = Vig, (= 1.--c,m).

where (7%, 1, are functions of the wm products & 9. - -0 S
with initial terms 4,, — 4; respectively.  This may be obtained
without the hypothesis of complete stability.

Now if we change f to — ¢ these normalized equations
become
8) d&/dit — U8, dyldt = —TVigp ((=1..-.0m).

These are to be equivalent, by hypothesis, to the original
equations (7). It is to be observed that the equations (8)
are the same in form as (7) save that the roles of & and 7,
are interchanged, while — U7, —17, take the place of 17, T,
respeetively.

But it is veadily proved that the most general transformation
preserving this normal form (7) is of the type
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9 & =&hH, 1 =qo G 1...,m)

where f, and ¢, are arbitrary power series in the m produets
5 1y -+ 5 Em gm not lacking constant terms, and with co-
efficients independent of ¢.

The fact that these transformations do preserve the normal
form is obvious upon direct substitution. In the first place.
we note that the inverse relations are of the same type

:Sl - E( ]l/. N = Un l:', (I 1. ey, III)

with
Jih, - o b 1 (¢ 1 eeeym),
Hence we find
Ag/dt U, §

where
- - <~ Al oo .
- ’,/: /'IZL+ o ({”J+‘.[) _Ei /N (; = '517/1)7

J

1 0U;
together with like expressions for dg,/dt and Vi, for i - 1,....mn.
In order to establish the fact that this group of trans-
formations is the most general preserving the normal form,
we shall proceed step by step.
- Consider the terms of the first degree in any such series
for &, q.. These may be written

!Ir:f,‘*-b’]i- "':5/+(I’]/
respectively, so that we must have, for instance,

da b

d . ) .
at (”":l"" ,’ﬂi) ”2'1 & — I))'r N "{" &, At +7II it ‘*‘ e

2(a& byt -,

if the normal form is to Le preserved to terms of the first
degree only. Hence we infer that b vanishes and « is a con-
stant. Similarly ¢ vanishes and d is a constant, conjugate
to «.
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Of course this means that the transformations from &, 7;
to &, g; are of the specified form as far as the first degree
terms are concerned.

Hence the most general transformation which preserves
the normal form may be obtained by the composition of the
special linear transformation of the group

& —ak, g = dy, G- 1.-..0m),

and a transformation of the form
;‘1 ;‘1‘ ‘I‘ F,, N 7. + @

in which F,, @, begins with terms of at least the second
degree.

Denote the quadratic terms in #; and @, by Fi» and (7,
respectively. Thus we have to consider

g - ;‘:I+l'yl2+"'~ N ~7Ii+(":2+'-' ([ 1~"',7")
with inverse transformation
-:5, = Ef'—["l.! }""W Yo = 1];_(7':2,'"' V= To.ooom)
in which F., (/» are merely F., G2 vespectively with &, 7,
replaced by &;, g; respectively. We are to determine what

is the most general form of Fy., G4 which can preserve the
normal form. Now we have

di AT\ oy T Yy, at
[ri;‘:l
for / = 1.....m, whence by comparison of second degree
terms
n / nl
o Fy, oF, 0F, .
—Ai Kt 'l'(&‘- S — ~—-’:) bl g =1,...,m
ﬁl‘+.j%l" Sj 2, nj a1 -+ 51 0 1, , m)

The constituent terms which may occur in Fj» can be dis-
cussed by the methods of section 5, and this leads to the
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conclusion that Fj» must vanish. Likewise G is found to
vanish. Thus the transformation has the stated form to terms
of the second degree inclusive, and it is necessary to con-
sider next a transformation

& =&+ Fs+ s w o omi+Gat - (G Lo
with inverse transformation

§ =8 —=Fugd-orn o pi—Gigleen (1)
Here we are led to m equations

. &, [ OF 2 F, iy
_“/-lFl:l{—z‘lj(gJ o 7 - x) s é_f’
J=

3;‘, ! 1

Ty

IA["'I'.'

G - 1., m),

where A U denotes the difference between the second degree
components of U, and 7, when &4, ..., &9 replace
Sy ooy Sngm in U, Thus AU is a linear function of
these m products with constant coefficients. But the method
of section 5 shows then that Fi3 contains a factor &, in cvery
term, these terms being of the form

i

. 9 . .
£ 2{1 Cy s (@ = 1,.-.,m).
i

Of course (7,3 has a corresponding similar form in which 4,
appears as a factor.

1t follows that the transformation has the stated form to
terms of the third degree inclusive. But then the most
general transformation can be expressed as one of the specified
group followed by a further transformation

E- EFuben T Gad e G0 L),

and we can continue the above method of treatment to the
terms of fourth degree and of all higher degrees. Thus we
arrive at the conclusion desired that the most general type
of formal transformation preserving the normal form is given
by (9).
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It remains to consider in what cases it is possible to pass
from (7) to (8) by a transformation of the type (9), where
now we shall introduce dashes so as to distingnish the two
sets of variables &, ..., ym and &, .-, qm. If we write
w, -~ En,u =&y, W = U+V;, we obtain the two
associated sets of equations in wy, -y 2 and wy, -, U

(10) dw/dt = W, (@0, -y um)tt; (= 1,.0,m),
(11) dui/dt = —W,(u1y -y um)et, (@ = 1,...,m),

while we have the relations

(12) = i i Qe o ooy 1) ey (g« ooy ) = 0 L0y -y 1)
(6 =1,-.c,m).

Furthermore the constant term in /; is ¢,, a real positive
constant, for reasons given above. It is very easy to show
that it is impossible that (10) and (11) are related by (12)

unless 1W; = 0.
To begin with, we recall that U, and V, have constant
terms which are the negatives of onc another. In consequence
W; starts off with terms of positive degree » in w, ---, 1y,
the aggregate of which we designate by W;. 1f we perform
the indicated change of variables, we obtain the identities
(—f;ff'- = —oiWy(ert, -+, m ttw) 10,4 - -

— 0 ;Vn«(llq, sy, //m)"l']L tety

in which only the terms of lowest degree 41 are explicitly
indicated. Hence we obtain by comparison

WirQua, « -y )+ Wiror 1y -+, 0p 1) = 0.

But consider some term of W, say

(¢ /’lm1 cee "':,C,:n (14 oo an = ).
This identity yields

(4o . .eim =0
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=

which is impossible for ¢, { 0. Hence every term of W,
must vanish, which is contrary to assumption. In consequence,
we must have W; . - 0,(i =1, ..., m). In other words the
requirement of reversibility necessitates that the normal form
(8) has the special property characteristic of the case of
complete stability.

If theve is stability of the first order, reversibility s «
sufficient condition for complete stability in the generalized
equilibrium problem.

The case of ordinary equilibrium is of course still simpler
than that of generalized equilibrium, and the results are
entirely analogous.

8. Other types of stability. We have already defined
stability of the first order, and complete or trigonometric
stability. It was proved in section 2 that, for the equations
of dynamics (taken as of Hamiltonian or Pfaffian type), first
order stability necessitated complete stability. Other types
ot stability also possess interest.

In the first place as of the greatest theorctic importance
may be mentioned ‘permanent stability’, for which small
displacements from equilibrium or periodic motion remain
small for all time. This is the kind of stability of ordinary
cquilibrium when the potential energy is a minimum. The
cquations of dynamics are of the type for which this stability
may obtain, although in general the problem of determining
whether or not it does obtain is one of extraordinary diffi-
culty, and constitutes the so-called ‘problem of stability’.
Thus far the problem has only been solved when a known
convergent integral guarantees such actual stability of per-
manent type.

Another type of stability is that in which these displace-
ments remain small for a very long iuterval of increasing
and decreasing time. A sufficient condition for such ‘semi-
permanent stability’ is the existence of a formal series integral
starting off with a homogeneous polynomial of least degree
constituting a definite forn in the dependent variables. It
seems likely that a slight extension of this sufficient condition
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will turn out to be necessary. Complete stability necessitates
semi-permanent stability of course.

Finally a type of ‘unilateral stability’ in which the dis-
placements remain small for ¢ >0, and in general tend to
vanish as ¢ increases indefinitely, has been considered by
Liapounoff and others.* It is easy to demonstrate that it
the m multipliers possess negative real parts, this kind of
stability will obtain. Furthermore it is necessary for this kind
of stability that none of these real parts arc positive. In the
case of the equations of dynamiecs, however, the real parts
of the multipliers can not all be negative, since with every
multiplier 4; is associated its negative. Thus the only possi-
bility of unilateral stability in dynamics is seen to arise
when the multipliers are pure imaginarics. In this case the
proof of unilateral stability would lead to the proof of per-
manent stability.

Thus for the problems of dynamics the important types
of stability are complete or trigonometric stability, and the
permanent stability mentioned above. We shall recur later
(chapter VIII) to the important problem of stability concerned
with the interrelation of these two types.

* See, for instance, Picard, Traité d’Analyse, vol. 8, chap. 8.



CHAPTER V

EXISTENCE OF PERIODIC MOTIONS

1. Role of the periodic motions. The periodic motions,
inclusive of equilibrium, form a very important class of
motions of dynamical systems. It will be our principal aim
in this chapter to consider various general methods by which
the existence of periodic motions may be established. In
the next chapter a dceper insight into the distribution of
the periodic motions is obtained for dynamical systems with
two degrees of freedom. Such systems are of the simplest
non-integrable type.

The case of a single equation of the first order presents
no interest. If the equation is

dr/dt = X (),

there will clearly be equilibrium for roots of X =- 0, while
for all other motions there will either be asymptotic approach
to one of the equilibrium positions or indefinite increase of
ix|. Here the equilibrium positions play the central role.

For the case next in order of simplicity there are a pair
of equations of the first order. Here the geometric methods
of Poincaré* yield the qualitative characteristics of all possible
motions, and it is found that the equilibrium positions and
periodic motions play the central role. The next following
section will be devoted to an example of this type.

When we restrict attention, however, to a pair of equations
of Hamiltonian or Pfaffian type (corresponding to a single
degree of freedom), there is the special circumstance of an
energy integral. Here we assume that the time 7 does not

* See his paper Sur les courbes définies par une équation différentielle,
Journal de Mathématiques, ser.3, vol. 7 (1881), vol. 8 (1882), ser. 4, vol. 1
(1885), vol. 2 (1886).
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explicitly appear in the equations; the case when ¢ is in-
volved as a periodic variable is properly to be regarded as
of the same degrec of generality as that of two degrees of
freedom. If we represent the two variables p, ¢ by points
in the plane,* the curves of motion will pass one through
each point and can only form closed curves or branches
open toward infinity in both senses. The corresponding
families of periodic motions and unstable motions constitute
the totality of motions, cxcept that certain of these curves
may contain one or more equilibrium points, in which case
there is asymptotic approach to equilibrium in one or both
senses.

In the case of dynamical systems of more complicated type
it is not clear that the periodic motions take an equally im-
portant part. For dynamical systems with only two degrees
of frcedom, such as are considered in the next chapter, it
is, however, almost certain that they continue to play a do-
minant role. In more complicated cases of still more degrees
of freedom, the recurrent motions, introduced in chapter VII,
are perhaps to be regarded as the appropriate generalization
of the periodic motions, and so likely to become of considerable
theoretic importance.

2. An example. The example alluded to in the preceding
section is concerned with the rectilinear motion of a particle
in a field of force of general type.

"More exactly stated, we consider the motion of a particle /”
of unit mass which moves in a line subject to a force f(r,v)
dependent on its space codrdinate x and its velocity ».T For
the sake of definiteness we shall assume that there is one
and only one possible position of equilibrium in the line of
motion, and that the motion under consideration is stable in
the sense that, for #>>0, x and o remain limited in absolute
magnitude.

*It is conceivable that p, g are coordinates on a more complicated
surface, but we will refer only to the simplest case here.

+ For an outline of the treatment here given see my paper, Stabilitd
¢ Periodicitd nella Dinamica, Periodico di Matematiche, ser.4, vol.6 (1926).
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The usual form for the equation of motion is the single

equation
Caldt = f(x, dx/dt),

where f is a known function which we shall assume to be
analytic in the two variables involved. On taking the point
of equilibrium at « = 0 we have further

f0,00) = 0;  f(x,0)F 0 if x4 0.

Write dx/dt = y and replace the above equation of the
second order by the equivalent pair of equations of the first

order
dr/dt =y, dyldt = f(x,y).

These are clearly a pair of equations of the type to which
the existence and uniqueness theorems apply.

If we take a, y as the rectangular codrdinates of a point @
in the plane, the possible motions of the particle correspond
to analytic integral curves, filling the =, y plane, for which

dy/dr = flr,y)ly.

The only point curve is the origin O which corresponds
to equilibrium. The other curves have everywhere a con-
tinuously turning tangent, since not both d.r/dt and dy/dt
vanish except at the origin. Moreover it is only along the
o axis that the slope is
infinite.

Consider now the parti-
cular integral curve corre-
sponding to the given
stable motion. Lt @, (see
figure) be the point of this
curve which corresponds
tot = 0. For definiteness
we assume @, to lie in
the upper half-plane; the
modifications in our statements necessary to make them apply
if the point @, lies in the lower half-plane are obvious. Since
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dxz/dt = y is positive as long as the point ) on the integral
curve fails to cross the z axis, () moves continually towards
the right as ¢ increases from 0.

But by hypothesis the point @ lies in a square of sides
2M with center at O and sides parallel to the axes.

Hence, while ¢ increases but remains less than any time
corresponding to a crossing of the » axis, x, which is also
increasing and bounded, must approach a limit wx.

If ¢ approaches a finite limit ¢ as 2 approaches z, then
by the existence theorem the motion can be continued further,
but of course not with y>>0 according to the definition of ¢.
Hence in this case y must be 0, and the curve crosses the
r axis at (z, 0). It is to be noted that = cannot be zero.
Else we should have two solutions, namely the given solution
r(), y() and also 2 = 0, y == 0, both of which satisfy
the initial conditions » == 0, y = 0 at £ == f, and this
would contradict the uniqueness theorem.

If ¢ approaches an infinite limit as o approaches x, we
may show that (r,y) approaches (0,0). If possible suppose
the contrary to be true. 1t is apparent that, inasmuch as .«
continually increases but remains less than A/ in absolute
value while y also remains less than 3 in absolute value,
the point (r, ) ecither approaches a point (x, y), or a
strip (r, y) wWhere yy == v < ys.

But this second possibility would clearly require indefinitely
large curvature x of the integral curve near (x, y,) and
('Ey y_l)’ given by

_ g v+/yf)—/
v+ re

(where fr, fy denote partial derivatives), and an indefinitely
small value of 4°- % This necessitates of course that
X, Yo, y, vanish, contrary to hypothesis.
Hence y must approach a value y as ¢ approaches infinity.
Now clearly the arc length

[vrsya
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will become infinite with ¢ unless (x, y) approaches (0, 0),
and indefinitely large arc length would also imply indefinitely
large curvature.

It follows then that either @ approaches the origin O from
the left as ¢ becomes infinite, or that @ crosses the axis at
some point @ = (z,, 0).

In this second case it is obvious that the point ¢, on
crossing the x axis at @, starts to move to the left. By
the argument employed above, @ will either continue to move
to the left and approaeh O as ¢ becomes infinite, or it must
cross the . axis again at @, == (s, 0) for the second time.

The point @, must, however, lie on the opposite side of O
from @, in this case; otherwise f(x,, 0) and f(z;, 0) have
the samc sign, and the point ¢ would move downwards
at @, as well as at @,. It is seen then that (), falls to the
right of O, and @ to the left of 0.

In fact it follows always that () is to the right of O, for
if @ lies to the left of O, the particle cannot approach O
after passing @, since it then moves to the left. Thus a
point Q. would fall on the same side of O as .

By repcating this argument indefinitely, we either arrive
at a finite number of crossings @i, @, .-, Qu, alternately
to right and left of O, after the last of which ¢ appro-
aches O, or we find an indefinite set of points @, @, ---.

From the «analysis situs of the figure it is apparent that
the integral curve must either expand away from O towards
a limiting oval about O; or must form such an oval; or
must contract towards such an oval (like that indicated in
the figure); or contract towards the point O itself. Of course
the curve cannot touch or cross itself, by the elementary
existence and uniqueness theorems.

Hence we have the following types as the only possible
ones for a stable rectilinear motion of a particle in a force
ficld with single equilibrium position:

(a) The particle oscillates indefinitely often back and forth
past the equilibrium position with expanding amplitude, and
approaches a periodic motion asymptotically.
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(b) The particle oscillates periodically about the equilibrium
position.

(c) The particle oscillates indefinitely often back and forth
with decreasing amplitude and approaches a periodic motion.

(d) The particle oscillates back and forth a finite or an
infinite number of times and approaches the equilibrium
position.

(e) The particle is in the equilibrium position.

A very clear idea of all the possible motions of the particle
under an arbitrary law of force of this type is readily ob-
tained, on the basis of the above discussion.

Let us consider the ordered set of distinct closed - curves
in the ., y plane corresponding to the periodic motions. All
of these must evidently enclose the origin which can properly
be regarded as the innermost curve of the set.

Any other curve of motion may lie between a pair of
the periodic curves in which case it will continue between
them always and so be stable. The particle then approaches
one of these enclosing periodic motions asymptotically as ¢
increases indefinitely and the other as ¢ decreases indefinitely.

In the only alternative casc the curve will lie outside of
the outermost curve of the set of periodic motions, and will
clearly be stable in one and only one sense of time # and
will approach the correspouding periodic motion asymptoti-
cally in this sense.

3. The minimum method. Suppose now that we have
a Lagrangian dynamical problem,

af’
01 = o Lar - o

where I is a function of the space coordinates ¢, -+, qn
and of the velocities g1, ---, qm. being quadratic in these
last variables. There is an integral of energy, namely

143""]/0 = const.

By adding an appropriate constant to L,, we may assume
that the arbitrary constant vanishes for the given motion.
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We propose to simplify the given problem by making use
of the integral of energy which may then be written

Lg—“Lo = Q.

As has already been seen, it is possible to give an alter-
native variational formulation of the problem

ajZ‘:»VL,TL:Jr L) dt — 0

(see chapter 1I, section 3), in which the integrand is pos-
itively homogeneous of dimensions unity, so that the value
of the integral is independent of the parameter ¢ employed
along the path of integration.

Now the underlying variables here are ¢, ---, ¢n. But it
is not important which particular set of variables is employed,
since an arbitrary one-to-one, analytic transformation does
not aftect the validity of the variational principle. It is
important, however, to require that the sets of coordinate
values ¢y, ---, gm form a ecertain analytic manifold M of
known connectivity. Accordingly we assume that the co-
cfficients in /, arve analytic in ¢, --., ¢» over this manifold
when ¢, ---, qu are properly chosen. lLet us furthermore
assume that 4 L, L, — L3, which is a homogeneous quadratic
form in the velocities, is a positive definite form. The
expression ds® --= Ly Ly dt* may be considered as the clement
of arc on the ‘characteristic surface’ M.

Let [ denote any closed curve in M which cannot be con-
tinuously deformed to a point. Here M is taken to be
multiply connected in the sense of linear connectivity.

Supposc further that under such deformation the integral 7
taken around the curve ! increases indefinitely if { does not
remain wholly on the finite part of the manifold, and also
that 7 exceeds a certain positive constant 7, for any choice
of I. There will then be a positive lower bound for 7 along
these curves.

It is intuitively apparent that this bound will be attained,
and will yield a closed curve corresponding to a weriodic
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motion. We shall not attempt here to enter any of the
logical details but merely to state the result.*
Qiven « Lagrangian dynamical problem of this type with

L = Ll)+Ll+IJS}

and such « circuit | not deformable to a point on the charac-
teristic surface, then, for the prescribed value ¢ of the energy
constant, /. e., of

Loy— Ly = ¢,

there erists a periodic motion of the same type as | for which

7= [@V LT 0 Lot L) at

is an absolute minimion.

If Ly =0, so that the problem is recersible, the inteqral T
becomes the are length s on the characteristic surface, and the
periodie motion corresponds to a closed geodesic of the given
type.

In the case of two degrees of freedom (m = 2), this minimum
method yields only those periodic motions of unstable type
for which the two non-vanishing multipliers are real.t Doubt-
less analogous results hold for any number of degrees of
freedom, and can be ‘obtained by means of classical methods
in the calculus of variations.

If the energy constant ¢ varies, it is almost obvious that
these periodic motions of minimum type vary analytically.
Here iy an instance then of the analytic continuation of a
periodic motion with variation of a parameter (see section 9).

4. Application to symmetric case. There is one case
in which the direct application of the minimum method fails,
namely that in which there is no circuit 7 on the characteristic

*Cf. my paper, Dynamical Systems with Two Degrees of Freedom,
Trans. Amer. Math. Soc.. vol. 18 (1917), where the minimum method is
developed more fully, and the important antecedent papers by Hadamard,

Whittaker, Hilbert and Signorini are referred to.
+ Cf. my paper (loc. cit), section 14.
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surface not reducible to a point. 1t is interesting to observe
that even here a slight modification of the minimum method
may be applicable. This will be possible in those cases when
the dynamical problem is ‘symmetric’, in the sense that the
points of the characteristic surface may be grouped in distinet
symmetric pairs, such that 7 has the same value along any
curve and along its symmetric image. When this property
is satisfied and the coordinates ¢, ---. gm 0f each point of
a pair are taken to be locally the same, then L,, Ly, 1, are
also the same at symmetric points.

To illustrate the idea involved, let the surface M be thought
of as lying in ordinary space, and symmetric in the origin
(but not passing through it), so that if «, y, z are the co-
ordinates of a point of A then —-a», — y, — 2 are the coordi-
nates of the symmetric point of Af. Of course M is taken
to be connected and as having the properties previously
specified; in particular, 3/ may be a convex surface symme-
trical in the origin. The integral /7 may be thought of as
ordinary arc length along a curve in the surface Al

Now suppose any closed curve ABCD:A is drawn in J/
such that ABC is the image of CDA, with 4 and (! as
symmetrical points. Let this curve 7 be continuously deformed
in any manner, but with the condition that it is always to
be composed of two symmetrical ares 4BC, CDA.

The integral 7 along [ will then possess an absolute
minimum which will be attained along some curve of this
type. In fact we necd only regard symmetric points as iden-
tical and consider / along the closed curve ABC on the
modified manifold M’ so defined.

If a Lagrangian problem of this type admits of symmetry in
the sense specified, und if L is any symmetric circuit on the
characteristic swface M, theve will exist a symmetric periodic
motion of the same type as I, for which I over any 1 is un
absolute minimum. .

In particular let there be a closed m-dimensional analytic
surface with the connectivity of a hypersphere, which lies
in (m - 1)-dimensional space and is symmetric in the origin.

Q%
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The result above is at once applicable and indicates the
existence of at least one closed geodesic without multiple
points.

More generally, if the Lagrangian problem of this type
admits of an analytic transformation T into itself, whose k-th
iterate is the identical transformation, and 2f | is a circuit
invariant under T' and not deformalble to a point on M, there
will exist a periodic motion of the same type as [.

5. Whittaker’s criterion and analogous results.
Hitherto we have dealt with Lagrangian dynamical problems
possessing characteristic surfaces M without any boundary
save at infinity. It is, however, very simple to extend our
results to the case when M has one or more analytic (m — 1)-
dimensional boundaries, provided that the unique short geo-
desic arc joining any ordered pair of nearly points within M
also lies within 3/. A boundary will be termed ‘convex’ in
case it has this property.

In fact the minimizing curve in A/ is then cither a closed
extremal, in which case it is obviously not tangent to any
of these boundaries and so lies within M, or it is composed
of a finite or infinite number of extremal arcs whose vertices
must lie on these boundaries of course. But, by the very
definition of the convex boundary, boundary vertices cannot,
occur on the minimizing curve. In fact a short arc AVD of
such a minimizing curve with vertex at } can be replaced by
the shorter single extremal arc A3, which must lie wholly
within A/. This is absurd.

The surface M, defined im the preceding section, may be
assimed to possess any number of finite convex boundaries in
addition to the possible houndaries at mfinity, without affecting
the existence theorems there obtained.

The original- criterion of Whittaker referred to the re-
versible case of two degrees of freedom when M was a
ring. Here the result obtained is that there is a periodci
motion of minimum type which makes a single circuit of
the ring.*

* Cf. my paper, loc. cit., sections 10-13.
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6. The minimax method. By means of the ‘minimax’
method it is possible to establish the existence of still further
periodic motions.

Perhaps the simplest illustration of the method is obtained
through the consideration of the geodesics on a torus-shaped
surface in ordinary thrce-dimensional space. Evidently the
minimum method explained above yields at least one closed
geodesic having the type of any closed curve on the torus
not deformable to a point. Now let a closed curve ! be
moved in any way from this minimizing geodesic back to the
same position, while at least one of the two angular cotdrdinates
increases by 2km. It will be necessary certainly to increase
the length of / during this movement of /, and there will
be a least upper bound of length I*, necessary in order that
the movement be possible. At some intermediate stage then
the varying curve will actually be of this length and will
be taut. This position of ! corresponds to a closed geodesic.
Clearly it is not possible to deform all nearby ecurves of
length less than /* into one another or (* would not be the
minimax specified. This property is characteristic of geodesics
of minimax type.

The above treatment is intuitive. However a rigorous
treatment can be given.t

More generally we are led to the following conclusion:

A Lagrangian problem restricted as in section 4 and with
k> 1 periodic motions of minimum type associated with a
closed curve 1, will mecessarily possess at least k—1 further
periodic motions of minimax type associated with this same
circidd.

If we omit consideration of all exceptional cases and use
an intuitive form of reasoning, this more general principle
may be made plausible as follows. Let 7, ..., I be the
values of the integral I along the % periodic motions of
minimum type which are known to exist, and let /* be so
large that it is possible to deform a curve ! from any one of

+ Cf. my paper, loc. cit., sections 15-19, for a development of the
minimax method in the case of two degrees of freedom.
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the corresponding curves [, --., i into any other without 7
becoming as large as I*. For definiteness let us suppose
that I, ..., I, are in increasing order of magnitude.

T.et u be a variable parameter and consider the closed
curves [ of the given type for which 7 <<w. For w -Z I; (the
absolute minimum) there are no curves but, as u increases
through 7;, closed curves not differing much from the curve
for /; are admiited, and the more u increases the more
extensive the variation of 7/ about the curve for I; may be
with 7w Similarly as « increases through 7, a new
isolated set of curves / in the neighborhood of the curve
for I, come into existence, for which 7-Zlwu. And as w
increases finally through 7. a last &-th set of curves comes
into existence about the curve for /.

Now as w increases some two of these £ sets of curves
may unite, i. e. it becomes possible to deform a curve ! from
the curve for one l. into a curve for Iz. There will then
be a least value of u for which this is possible, and a corres-
ponding periodic motion of minimax type. Each time that
such a union takes place the number of sets of curves [
with /<_# is diminishes by 1.

But when w«-=TI* there is only one common group, so
that & —1 unions have taken place. This is what we desired
to prove.

1t is not difficult to show that, unless the periodic motion
of minimax type is multiple, only two sets of curves can
coalesce at one of these critical values of w.

When the characteristic surface admits of discrete trans-
formations into itself, an exceptional case arises in which
the periodic motions of minimum type arc to be counted
more than once. This is the case of the torus alluded to above.

It is also of interest to observe that when a curve { is
regarded as described k times, ¥ > 1, the motions of minimum
type remain so, but the motions of minimax type associated
with them will not be the same as in the case k--1, but
will be distinct from these.

The gencral situation here requires further study.
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7. Application to exceptional case. The case of the
ni-dimensional Lagrangian problem when the characteristic
surface can be sct into one-to-one analytic correspondence
with the hypersphere is of exceptional interest, but the mi-
nimax method outlined above is not directly applicable since
there are no closed curves I, not deformable to a point,
from which to start. Nevertheless the existence of a periodic
motion of minimax type may be established.

In order to make the reasoning as concrete as possible we shall
direct attention to the reversible geodesic problem, although it
ix clear that the reasoning applies equally well for a Lagrangian
problem of the kind treated in the preceding sections, with
characteristic surface homeomorphic with the hypersphere.

Our first step will be to define what is meant by a ‘covering’
of the surface. Tn the casc of a two-dimensional surface let
the surface of the sphere be set into one-to-one analytic
correspondence with the given surface. The small circles
on the sphere in planes perpendicular to some axis are
evidently carried into a set of closed analytic curves covering
the given surface, two of these being point-curves. Thus
we may conceive of the spherical surface as being distorted
analytically to form a covering of the given surface M by
means of this set of closed curves. The points of the covering
can then be specified by two angular codrdinate functions 6, ¢
on the surface where 6 and ¢ represent colatitude with respect
to the given axis and longitude respectively. The given
closed curves correspond to  — const.,, while ¢ varies from
0 to 2x. The coirdinate 6 ranges from 0 to 7 only, with
the two extreme values corresponding to the point curves.

Now conceive of this covering as continuously deformed.
This mecans that cach point of the covering is carried by
continuous variation into nearby points, while the curves of
the covering go over into new curves. It is obvious that
such a covering will always actually cover cach point at
least once and cannot reduce to a point.*

* The suggestion for a proof may be found in a footnote, p. 246 of my
article, loc. cit., and this proof extends readily to the m-dimensional case.
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Similarly for the m-dimensional case, we introduce a system
of small circles on the hypersphere

af—{— ve +w§z+l == 1

(41, «++, Imia rectangular codrdinates) with equations

Ay Ty ey g = 2, At = 1—-—-.1-ff st 12.
Here the null circles of the set are in one-to-one, continuous
correspondence with an (m — 1)-dimensional hypersphere.

The image of this system of circles leads to an analytic
covering of the given characteristic surface 1/. The points
of the covering can then be specified by suitable codrdinates,
and we may conceive of the covering as continuously vavied.
It is obvious that such a covering will always cover each
point of A7 at least once.

Now there is a maximum length L* for any image of
a circle, and there can be selected a distance 4 such that
two points at geodesic distance not greater than « from each
other in M are connected by a unique minimizing geodesic
of length d-Jd. Let » be the positive integer such that

L* . L*

— - ld -

n = p—1"
On the image of any circle select the point £, as the point
which corresponds to ¢ == 0 and divide the curve into » arcs

Pl I)‘l, PZ-P:!-"', I)ILPI»

of equal length <d. Let a point @; move from P, to Py
(Put1 == P1) on each such are in such wise that each arc
is constantly divided proportionately. Consider the short
geodesic arc I’ @Q; and the arc @; P11 of P; P4y during this
process. At the outset the combined arc is P; Py, while
at the conclusion it has been varied continuously to the
geadesic arc P; Pia.
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In this way we see that it is possible by continuous
variation to replace the covering with the given images of the
circles by a covering of closed curves made up of geodesic arcs
Py ... P, P,. Furthermore it is clear that the maximum length
of any curve of the new covering cannot exceed L*, while the
maximum length of any component geodesic arc is less than d.

This constitutes our first step in a sequence of continuous
variations of the given covering. The second step is to
divide each curve of geodesic arcs in » equal parts starting
with the midpoint of [ . Thus points @, --., Q. are
obtained, and a second modified covering made up of geodesic
ares @ @s. ---, @n @1, each of length less than d, while the
closed curves are of length less than L*. The modification
can be affected by essentially the same device as before.

The process of successive n-section and variation thus com-
menced can be indefinitely continued. At each stage the
individual arcs are of length less than d, and the total length
of each curve is less than L*. Furthermore the effect of
each step is to diminish (or at least not to increase) the
length of the curve.

It is conceivable that some of the intermediate curves
reduce to points during the process, but this would in no
way invalidate the reasoning here made. However it is not
possible that the maximum length of every curve becomes
less than d. This may be seen readily. In the contrary
case the curves I ... P, P, of geodesic arcs of the corres-
ponding covering can all be reduced to point-curves as
follows: let each point @ move toward P, along the unique
short geodesic joining it to P, in such wise that proportional
parts of this distance are simultaneously described by every
point P. In this way the m-dimensional covering becomes
(m —1)-dimensional at most, and so cannot pass through all
points of M, which is absurd.

In connection with this last step it should be noted that
the process adopted leaves the set of points P; an analytic
(m— 1)-dimensional manifold at each stage, so that no difficult
point-set questions connected with dimensionality arise.
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We infer that the maximum length L, at the p-th stage
diminishes as p increases, and approaches a positive lower
limit L>~d.

It is now easy to prove that any corresponding sequence
of geodesic ares

Pl(p)"'Ppr) ng) (1' =12, -2

for which the length is this maximum L, will contain a closed
limiting geodesic of length L. In fact we shall be able to
establish this fact at once on the basis of the following lemma:

LemMA. If any closed curve of n equal ares Py P, ..., P, P
each of length ~Zd, and of total length == d, is modified to
the cewrve of geodesic arcs /... P, P, and then to the
series of geodesic ares @4 ... Qn @1 joining the midpoint
@, of P, P, with the points @, ---, @, of n-section, and if
the exterior angle between the geodesics P; I%4; at some
vertex exceeds d -0, then the difference between the length
of the initial and final curve exceeds a specifiable positive
constant dependent only on d.

In the first place we note that the two steps each decrease
total length. Hence the proposition will certainly be true
unless the first step changes the total length only very
slightly. Since = is fixed onc for all. this means that each
geodesic are P, I,41 is substantially the same in length as
the original arc % P’, 1. By Osgood’s theorem in the calculus
of variations, the original arc must be very near to the
modified geodesic are, and these latter arcs are nearly equal
also. Henee the points of @, of n-scction of the geodesic
arcs fall very near to the points half way between the points
P; of n-section on the original curve. In consequence it
appears that if the exterior angle at any Py exceeds a
specified 6 the sum of the geodesic ares @; Piyr and Pyg Q41
will exceed the geodesic arc @ Qi1 by a specifiable positive
guantity. This would lead to the desired conclusion.

Thus an outline of the proof has been given. Obviously
the proof is of such a character that a full statement of all
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the questions of uniformity involved would be lengthy,
although the outline sufficiently indicates the general direction
of procedure.

On the basis of the lemma our discussion is at once
completed. In fact the lengths of the sucessive curves
specified would decrease indefinitely often by a specifiable
amount unless the exterior angles at the vertices of the
geodesic arcs approach O uniformly. Hence these exterior
angles approach 0. But the points PP have at least one
limit point P, and the directions of the geodesics have a
limiting direction, so that there is a limiting geodesic which
is clearly closed and of length L precisely.

If the m-dimensional characteristic surfuce M is homeomorphic
with the m-dimensional hypersphere, theve exists at leust one
periodic motion obtained by the process specified aboce.

It is natural to expect that such a motion is of minimax type,
but we shall not attempt to establish this conjecture here.
In the simplest case of two degrees of freedom this conjecture
holds true.

8. The extensions by Morse. The methods of minimum
and minimax suffice only to give certain of the periodic motions.
Remarkable rvecent work by Morse* indicates with a high
degree of probability that all of the types of periodic motions
can be discovered by suitable extension of these methods,
based on a deeper use of the principles of analysis situs.
Moreover the number of periodic motions of the various types
(the minimum and minimax types being the simplest of a
series) arc characterized by certain interrelations discovered
by Morse, although so far only explicitly developed by him
as to apply to dynamical systems with two degrees of free-
dom in the neighborhood of a periodic motion.

9. The method of analytic continuation. The method
of analytic continuation of Hill and Poincaré starts with a

* See his paper Relations Between the Critical Points of a Function
of n Independent Variables, Trans. Amer. Math. Soc., vol. 27 (1925), and a
forthcoming paper, A Theory of the Ordinary Problem of the Calculus
of Variations in the Large.
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known periodic motion and then obtains an analytic continu-
ation of it with variation of a parameter c.

For the sake of definiteness we consider a system of
Hamiltonian equations

dp, _ _oH  dq _ oH . |
at aq, dt ~ op @ == 1, ....m),

in which H is analytic in py, ---, gm, ¢, ¢, and periodic in ¢
of period 2. Furthermore we suppose that the origin is
a point of generalized equilibrinm for ¢ = 0.

By proper preliminary linear change of variables of the
type made in chapter I1I, section 6, we may take / in the

normal form
m

H = —leljp., q,-FHyt

for ¢==0, in case 4, -.-, 4, are distinct.
Now the general solution of the given system may be
written

v, =D, (1)(1), AR ([(,),l; t C)y q; = 4, (7';)! RS ’/(,;La t (')

for i =1,..., m, where 9, ..., ¢% denote the values of
Pty -+« qm respectively at ¢ = 0.

The condition for periodicity is then contained in the system
of 2m simultaneous equations

P (1’(1,1 Tty /1(,)n~ 2., ) = ]'?y ug (}’[1” ) 'I;),p 2, ) - ’](;
(/==1,.-., m).

Here all the variables are involved analytically as was
established in chapter I. But this system of equations admits
of the solution

0] . -
" e

VY

for ¢ =~ 0, by hypothesis. Hence there will be a unique
solution p3, - - -, ¢%, analytic in ¢, provided that the functional
determinant
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opr _, Op 0 p1
b

R T T

?_q"k EQ_"” _aﬂ’_‘___l
opy’ opy’ ©oogp,

does not vanish for #.-= 2m, ¢ =- 0. But the 2m functions

om o qm

ap?’ 8 p°
(=1, ..., m) form m solutions of the equations of variation,
as do also

opr . O4m

gl " A

¢ =1,-.-,m). In addition these reduce to 0 at ¢ = 0,
except for 8p,/0p° and 8q,/2 q? which are 1 for /=-1, ..., m.

The known nature of the terms in H for ¢ = 0 yields as
equations of variation

dyldt = Aoy, dzifdt = —hz (G=1,...,m),

where y;, z; correspond to p;, q.. Hence the solutions above
are of the following explicit forms

where the only non-zero elements are the diagonal terms,
namely

At At oAt ~h,t

[P G yerey € .
Consequently the determinant written above reduces to

m

(02/11/ . 1) (’)—271)7 . l),
J=1
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and cannot vanish unless some 4; is an integral multiple
of V—1.
Under these circumstances then we have an analytic family

of solutions .
yat (17 )y s (m (7‘- ('),

periodic of period 27 in ¢ as we desired to prove.

These restrictions may be notably lightened. In the first
place, when not all the multipliers 44, ..., 4,, are distinct,
a similar normal form of solution exists. For example, take
L, == 2y, while taking 4., ..., 4, distinct from each other
and 2,. In general the first and second solutions now have
the forms

0,¢%,0,....0,
(‘).lt7 l‘v}"t. 0,---,0,

and the (m-+1)-th and (m- 2)-th solutions likewise

0, ,,"')n’, 0,-.-,0,
¢ A‘t, I‘('“)"t, 0,.--,0

respectively. If the first and sccond rows are interchanged
as well as the (w -+ 1)-th and (m -+ 2)-th rows, it appears
that the final determinant will have vanishing elements on
the lower side of the diagonal and will not itself vanish
unless some 2, is an integral multiple of V' —1.

This is an entirely general result, namely that analytic
continuation is possible so long as there is not a multiplier 4;
which is an integral multiple of }/—1.

But such a multiplier indicates neither more nor less than
the presence of a solution of the equations of variation with
the period 2 of the given motion.

Let us define the generalized cquilibrium point as ‘simple’
when there is no solution of the equations of variation with
the period of the generalized equilibrium point, and other-
wise as ‘multiple’.

Analytic continuation of the generalized equilibyium is possible
so long the equelibrium is simple.
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By a change of variables
pi == pi(t, )+ P, g = qt, 00+, G =1,...,m).
we obtain modified Hamiltonian equations
AP, _oH* @ _ oH*

at - ‘_an‘, ¢ dt pi
where

(=1, m)

k3

H* = H+ 25 Q ~a; ).

These arc of the same type as before, but have a generalized
cquilibrium point at the origin for all small calues of . We
have written p}, ¢, for the time derivatives of p,(#, ¢), g, (. ¢)
respectively.

The formal series solutions of a system of this type will
of course also involve the parameter ¢. It is formal series
of this type which are often useful in the applications; and
the vanishing of the paramcters sueh as ¢ may correspond
to a special integrable case of the dynamical problem when
the periodic motion from which we start admits of explicit
determination.

10. The transformation method of Poincaré. Some-
times a dynamical problem can be given a striking change
of form. In fact the solutions of n differential equations of
the first order, with right-hand members independent of the
time #, can be represented by the steady motion of an n-dimen-
sional fluid, of which a moving point has the dependent
variables as coordinates. Now suppose that a closed, (2—1)-
dimensional, analytic surface & can be constructed in this
‘manifold of states of motion’, such that every stream line
cuts § at least once within any fixed interval of time r,
sufficiently large, and always in the same sense. Then § may
be called a ‘surface of section’. If a point > of & be followed
along the stream line through /> in the sense of increasing
time, it intersects § again at a first subsequent point J.
Thus therc is defined a one-to-one, direct, analytic trans-
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formation of the surface of section into itself, namely the
transformation 7' which takes each point P into the point P;.

In this manner it may be possible to associate the given
dynamical problem with a discrete transformation 7' of a closed
(n —1)-dimensional surface into itself. Properties of the
motions are then mirrored in properties of 7'. For example,
the periodicity of a motion represented by a closed curve
in the manifold of states of motion meeting Sin P, P, ---, Pr—1
is reflected in the symbolic equations

l)l =- 77(7)), P‘.’ = T(Pl)7 e P-= T(PI"—I),

so that P, Py, ..., P, are all invariant points of S under
the k-th iterate of 7. Conversely, if P is so invariant, there
is a corresponding periodic motion, represented by a closed
curve mecting S in the & points P, T'(P), ..., T 1(DP).

A surface of section in this sense will only exist if there
is an angular variable ¢ in the manifold of states of motion
which may be so defined as to constantly increase along
each stream line. The nccessity of this condition may be
seen as follows. If a surface of section S exists, let ¢ be
defined as O on this surface and as 2nt/vr at any other
point P, where = is the complete time interval necessary to
pass from S to S along the stream line on which /> lies.
Evidently ¢ is an analytic function of position which increases
along every stream line by exactly 2z between successive
intersections with §. Hence an angular variable ¢ exists.
Conversely if such a variable ¢ exists, then ¢ = 0 will
yicld a surface of section.

A necessary and sufficient condition for a closed surface
of section is the existence of am angular variable ¢ in the
manifold of states of motion which constantly increases alony
every stream line,

More explicitly stated, there must exist a differential
inequality

dy

Y M oy
Y j;I ; X; >0
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in which @, satisfy integrability conditions,

ow; 20

By 2., O R

and Xj, .--. X, denote the right-hand members of the differ-
ential equations as usual.

An extremely interesting type of surface of section possessing
boundaries can be found in certain dynamical problems. Here
the boundaries of & are closed analytic (n— 2)-dimensional
manifolds of stream lines, and every stream line not on these
boundaries of & cuts the interior of & at least once within
any interval of time », sufficiently large, and always in the
same sense.

In the case » - 3, the surface of section is two-dimensional.
and its boundaries may then be the closed curves corres-
ponding to a single periodic motion. Now in the case of
a Hamiltonian or Pfaffian dynamical problem with two degrees
of freedom. the use of the energy integral reduces the order
to n = 3. For such problems there scem in general to exist
surfaces of section, as will appear in the next chapter.*
The example of the next section illustrates the possibility
of sueh a surface of section when there are more than two
degrees of freedom, In such a case, however, it is nceessary
to make use of an (n—-2)-dimensional. analytic, closed surface
made up of stream lines, such as do not appear in general
to exist.

Another case of very deeided interest is that of an open
analytic swface of sccetion such as Koopmant has obtained
in the exterior case of the restricted problem of three bodies.

At is evident in dll of these cases that by the reduction to
a fransformation. problem, the determination of the periodic
motion is made to hinge upon that of the invcariant points
af « surfuce of section 8 under a transformation T and ils
iterates.

* (Of. my paper, loc. cit., sections 22-29,

1 On Rejection to Infinity and Exterior Motion in the Restricled
Problem of Three Bodies, Trans. Amer. Math. Soc., vol. 29 (1927).

10
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1I. An example. An example showing that such surfaces
of section may exist for Hamiltonian problems of more than
two degrees of freedom is afforded by the following dynamical
problem:

A particle P in a conservative field of force in space
moves in such wise that the force has always a positive
component towards a fixed plane for points outside of that
plane.

Here the equations of motion form a system of the sixth
order and may be written

drldt ~ o, dy/dt - ), dz/dt 2,
da'ldt  —oUlox, dy'/dt = —aUloy, d'/dt = —dl/a:,

where a, y, ¢ are the rectangular codrdinates of P in space,
and where z == 0 may be taken as the fixed plane. Also
aU/8z has the same sign as z, so that

oU/oz = Az

where 4 is a positive analytic function of a, y, 2. The inte-
gral of cnergy may be written

1

y Gyt AU =0,

provided that we absorb a suitable constant into U. Thus
we restrict attention to the totality of motions satisfying
this last velation, thereby reducing the system from the
sixth to the fifth order. We shall consider only the case
in which the surface " - & in space constitutes a closed
simply-connected surface intersecting z — 0 in an oval, with
[/ -Z 0 within the surface. The particle is then necessarily
restricted to lie in the region U << 0.

The five-dimensional manifold M of states of motion con-
sists of the sets ., y, z, 2/, ¥, &', subject to the integral
relation. The selected surface of section § will then be
the four-dimensional part of M for which z vanishes with

!

2' - - dz/dt > 0. The three-dimensional boundary z = 2 =0
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of S is evidently made up of stream lines, since a point
z = ¢ = 0 for any value ¢ of ¢ remains always of this

type.
Now the differential equation

2 4 he =0
dt
shows at once that z vanishes at least once in an interval
of time = sufficiently large, but cannot vanish twice in an
arbitrarily small interval of time. Hence a point of S followed
along its stream line in the manifold of states of motion will
cut S again within an interval 2z of time, and always in
the same sense, since for z = 0 we have dz/df > 0 within S.
Evidently there is thus set up a one-to-one, analytic trans-
formation of points within & into themselves. Furthermore
for z, 2/ small, we have nearly

Az .
g Ay 0) 2 = 0,

where ., y are the coordinates of the motion in the plane
near the given motion. But the particular solution of this
equation for which z = 0 at o = a0, y — 9o, » - 1o,
Yy = ', with

1 2
5 (0 )+ Uloo, 4oy 0) - = 0
of course, vanishes at xy, y,, .1, yi, wWith

1 ’ ’
g 0 F YD) UGy 31, 00 - 0,

where xy, 3, 21, y1 are evidently analytic in xo, 3y, x0, ¥o.
It is thus seen that the transformation 7' of S into itself
can be regarded as one-to-one and continuous even along
the boundary of S, provided we define 7 as taking the
point

Toy Yoy 0, 20, Yo, O
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of S into the point
a1y Yy 0, '7';7 ?/{7 0.

We propose to show by means of this reduction to a trans-
formation problem that there always exists a periodic motion
intersecting the plane z =0 twice, unless there is a multiple
periodic motion lying in the plane z —= 0.

In order to do this, let us consider the connectivity of the
smrface of section N. Kvidently we may change the variables
2.y to x, y so that the oval 2 = = 0, 7 == 0 becomes the circle

.1'3--}-!'/2 - 1.
If then we write
U ple,y) 3yt —1)

with p - O within this circle, and if we write further
o Vopa, y--Vpy. Z=Vps,
the equation for N takes the form

:,;/2+1112+212__;_ J's'|"!/2 = 1 (Z';O)
which may be written

d o (1—.t -—y?'—.r'?-—y

72\1/2

)

Hence the interior and boundary of S arc in one-to-one,
continuous correspondence with the interior and boundary
of the four-dimensional hypersphere

Ppy a4y L

The transformation 7' defines a one-to-one, continuous,
direct transformation of this hypersphere into itself.

But, by a well-known theorem due to Brouwer, such a trans-
formation leaves some point invariant. In the problem at
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hand, we conclude that a periodic motion exists which inter-
sects z == 0 twice, (case of an interior invariant point), or
else a periodic motion z == O exists (casc of an invariant
boundary point). But this last case is that in which the
equations x1 = xo, ¥1 = Yo, X1 = 20, Y1 = Yo obtain. This
clearly means that the equations of variation possess a periodic
solution along this plane periodic motion in which the
z component, is not 0. Hence the periodic motion is multiple,
and, in a certain sense there is still a periodic motion in the
infinitesimal vieinity of z =— 0, intersecting z - 0 twice. It
seems highly probable that an actual periodie motion inter-
secting z -+ 0 twice must exist in all cases.



CHAPTER VI
APPLICATION OF POINCARE'S GEOMETRIC THEOREM

1. Periodic motions near generalized equilibrium
(m == 1). Poincaré’s last gcometric theorem and modifications
thercof* yield an additional instrument for establishing the
existence of periodic motions. Up to the present time no
proper gencralization of this theorem to higher dimensions
has been found, so that its application remains limited to
dynamical systems with two degrees of freedom. It is our
aim in this chapter to give some of the fundamental ideas
involved in the theorem and its application.

It will be remembered that motion near to a periodic
motion of a Hamiltonian or Pfaffian system, with m degrees
of frecdom and not involving the time explicitly, can be
reduced to that of a similar system with only m — 1 degrces
of freedom but with an independent variable involved of
period 2.r. Here the periodic motion itself appears as general-
ized cquilibrium. This reduction is accomplished by means
of an analytic device (chapter 1V, section 1).

In the present section we shall take up the question of
the existence of motions with period 2/ . near the position
of generalized equilibrium for a single degree of freedom.
We shall prove the existence of infinitely many such nearby
periodic motions in the general stable case by a process of
reasoning which, while not employing Poincaré’s geometric
theorem explicitly, is precisely that which establishes the
theorem in certain simple cases. [Later (section 3) these
results are interpreted with reference to the original dynamical
problem with two degrees of freedom.

* See my paper, An Kxtension of Poincaré’s Last Geometric Theorem,

Acta Mathematica, vol. 47 (1926).
150
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Let the single pair of variables be p, ¢, so that the
Hamiltonian function H involves p, ¢, #, being periodic in ¢
of period 27¢, and vanishes at the origin p =- ¢ =0, together
with its first partial derivatives, for all values of &

If then (po, go) is any point near to the origin, there is a
unique solution

o S o), — g (o, qo. )

which for ¢ - O takes on the values po, g, and which is
analytic in py, o, ¥ for ¢ arbitravily large and p,, g, suffi-
ciently small. Let py, ¢; denote the values of p, ¢ after a
complete period 2n. Hvidently we have

o= S a0, 27, @ = g(po, oy 27)

where f and g are analytic in pg. g, and vanish with these
variables.

In this way a transformation 7' is defined, of the same
nature as the transformation of the surface of section obtained
in the preceding chapter (section 10). For if we write » = ¢,
the pair of Hamiltonian equations may be replaced by the
equivalent sct

dp

oH — dg 0H  dr
dr aq’ dt op " dt

I,

in which A is a function of p, ¢, » of period 27 in . Here
the manifold of states of motion is the three-dimensional
Py (1, r space in which the » axis represents a periodic motion,
namely that corresponding to generalized equilibrium; it must
not be forgotten that » is an angular variable. Now ¢ =9 ==

will serve as a surface of section according to our earlier
work, although here we arc limited to a certain neighborhood.
A point (po, gv, 0) in this surface of scction is taken along
its stream line to (py, ¢;, 27), i. ¢, to (p1, q1, 0). Thus the
transformation written above is indeed a transformation 7
of a surface of section & which is, however, only locally
defined.  Such ‘local surfaces of section’ can of course be
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constructed near a periodic motion in any dynamical problem
by merely taking an element of surface which intersects
but is not tangent to the corresponding stream line in the
manifold of states of motion,

Now the fluid motion defined by the above three equations
is that of an incompressible fluid, since the divergence of
the right-hand members is 0. Counsequently if we follow any
tube of fluid made of sections of stream lines between the
parallel planes » = 0 and - - 2.7, which will move constantly
with unit velocity in the » direction, we infer that the loss
of volume at one base in time At is nearly 6,4t (0, area
of first base), while the equal gain at the other is nearly
a, At (0, area of second base). By allowing A/ to approach 0
we infer that 6, - 0.

Since ¢, is an arbitrary arca in » - 0, it is clear that 7'
must be an area-preserving transtormation of the variables
Pos qo.  This important property of 7" corresponds to a general
property of the surface transformations associated with
dynamical problems.

1t iy necessary now to state the conditions to be imposed
upon the generalized equilibrium, with the aid of whieh the
conclusion stated may be established.

We assume in the first place that the generalized equilibrium
is of general stable type, and therefore completely stable.
The significance of the normal form (chapter Il1, section 9)
is that the solution may be written

P po MWt L@ g = gy ety

in properly chosen conjugate variables p, ¢. Here @, & are
given as convergent power series in po, o With initial terms
of arbitrarily high degreec 2q -1, and with all coefficients
analytic functions of ¢; these series converge absolutely and
uniformly for any tixed range of values for ¢, such as |¢| < 2.,
when py, qo are small. The function 37 can be taken as
a polynomial of degree not more than p in the product
Po o, With pure imaginary constant coefficients, of the form
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AFlpoqo+ ---- Fapt g

with 4 the multiplier. By the hypothesis of stability 4/} —1
is not rational, and in particular is not 0.

Our second assumption is that 7 is not 0. In case ( vanishes
but some other coefficient in A is not 0, essentially the same
argument would apply. Thus the only case of failurc is that
in which the formal series M in the complete normal form
reduces to a mere constant 4. This is a highly degenerate
case, and actual cxamples can be constructed to show that
an analogous conclusion cannot then be drawn.

The normal form gives a means of studying the trans-
formation 7. The property of the transtormation 7' necessary
for our present purposes is embodied in the following lemma
whose proof is deferred to the next seetion:

LEmMa.  For 1 4 0, upon suitable choice of the variables
P, q, the positive quantity ¢ may be taken arbitrarvily small,
and then the integer »n so large that any transformation 7
(» = n). takes the cirele r -~ ¢ about the invariant point
r = 0 iuto a region within the circle of radius 2&, while
the angular rotation cffected by 7™ increases from A/ 1V —1
with » along any radial line for » <7 &, being at least 2.1
greater for » -- # than for » == 0.

Let », 0 be polar coordinates and let (r,, 0,) denote the
iterate of (r, 0) under 7", where the rectangular coirdinates
Vs q, the radius ¢, and the integer n are selected as in the
lemma. For any fixed 6, the difterence 6, — 0, will then
increase from na/V —1 at »r - 0 to a quantity at least
2n greater at » = ¢, Hence there will be a unique solution

of the equation
0, — 6o == 2km

along a fixed radius vector, where 2%k is the lcast integral
multiple of 27 excceding n2/V —1. Hence the analytic
curve (' given by this equation is met once and only once
by cach radius sector.

Now let us consider the image C, of this curve under the
transformation 7'%; the curve (', intersects (' at some point @,
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sinee if C, is wholly within (' or outside ¢, 7™ would not
be arca-preserving in the original variables. The point Q is
obtained from some point P, also on C, by the transformation 7.
Morcover P and @ have the same 0, by definition of /. Thus
P and @ must coincide, and P is invariant under 77, Since
€ is arbitrarily small, we obtain the result stated:

I the case of generalized equilibrivm. of general stable type
Jor « Hamiltonian problem with one degree of freedom (0 + 0).
there exist infinitely many periodic motions in the cicinity.

2. Proof of the lemma of section 1. Let us define
£ (i) by the equation

L F200 = M(n)— 2.

It is clear that #'(«) is the square root of a real polynomial
of degree p —1 and constant term 1. 1f then we write further

y  FOop, aq - FQoag.

it is found that the above normal form for 7' is further
simplified and may be written

—= —  (A+lp,g )t . - — —~ A4 lpg)t y
Y TPy, +(ll, q = qoe (A4 1pyq, |—lIf’

so that all of the terms of A/ except the first two disappear.
When the associated real variables are introduced, and
we let o and s denote the real constants 24/ bV —1 and
271/} —1 respectively, we obtain formulas defining 7,

P Py eos(o-F sl —qgpsinto+-52)-F P (F = P42

W q, " pesin (o452 4 quco8(o i) FQ,

where P°, Q are real power series in py, ¢ with initial terms
of degree 2u -+1 at least. It is apparent then that with
these variables 7" is an ordinary rotation through a variable
angle o - s73, except for terms of order 2 + 1 in the distance
from the origin. It is such a choice of variables that will
be adopted. If I 4+ 0, we may take s as positive.
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Hence we have, in some fixed neighborhood of the origin
and for a fixed K,

@) Pl 1@< Kagen,
From the above formulas we find at once
3) o= R+ R,

where the series K begins with terms of at lmst the degreo
2p 2. This gives. for the increment A)3 — 21— 7.

) | Are| ~2 Logrt?

where L is a fixed constant.
. . 2 . .
From (4) it is seen that 7 increases less rapidly upon
suceessive iteration than if

2 2, 2
drildn - - Lyt
But this yields
2 \1/2
rn - ro/ (1 = L n)*,
Henee », can only increase to twice the initial value »g
after » - » iterations, where

Lur = (1—272) /i

that is for = of at least the order of »;*#. Likewise r, can
only decrease to half the initial value for n of the same
order. These results may be combined in the form

- 1 . - 2
®) g = rulry <52 (n < Nro ).
This is our first important conclusion.

Likewise since we have from (1)

Gpo—pido _ (po+q) sin (@+sr)+poQ—ao P
P1Po+ @1 Qo (pe—+ qa) cos (64 578) + go Q+-po P




156 DYNAMICAL SYSTEMS

it follows that we have
(6) 0, = 6 Fotsri+ @

where © is a power series in s, beginning with terms of
degree 2 at least, with coefficients of simple trigonometric
type in 6,. Moreover @ is uniformly and absolutely con-
vergent for r, sufficiently small, and its partial derivatives
are given by derived serics of a similar sort. This formula
shows that for », == 0, we have 8, — 0,-}-n0, while for
rp > 0, the difference 6,— 6, —no can be made arbitrarily
large by taking n sufficiently large but in the range (9).
By the aid of (3) and (6) we obtain

1391 | 1 P00y ol
2 e—=11 e Ao, SRR YO
Do ! ~o 100 = %0
N i
i 06, } . 06, u
sl = Aot 1—" —1] < Ao
t 0 0o * P N0 | 06 = 40
where we have written ¢ - % and where A is a suitably
chosen positive constant.
But the identities
Oen . Oew  Uen—1 | 0en_ 0bna
0 0o 0 On—1 0 o 00,1 0 0o !
8 0, 00, dgn— Ay 00n
0 0o 00y 1 0 9o 00, 1 9 Qo ’
may be written
®) My == (1 +l'1>"’)rl -+ & U'n—1,
) Un (v + ‘3)“;1‘ i (e
in which we put
Hyn - 00a/0 00, 'n — 9911/390-
while, by (5) and (7), for n -. Ng, ¥,
€]! - 21 4 g‘:)l,, ls_zi S ot HA()éH 1’ 63} \: 2#—1119‘,;1—-

le,| ~ 2“4¢lf.
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These equations (8) cnable us to determine u,, ¢, in suc-
cession for m» = 1,2, .... with the initial conditions u, = 1.
tp == 0.

Suppose now for a moment that the small terms be neglected
in these equations (8). They then take the form

Un = -1, tn = Sy 1-F a1,
whence, by elimination of u, we obtain
A2 Up =7 Cpp2— 2 i1 + ry = 0.

It is easily verified that the complete result of elimination
yields similarly

(9) Ay - AN+ & ta.
in which we have
(10) le,, &gl 7T Bl (- Ne,™

within a small region about the origin. Furthermore, the
initial conditions may be written

(11) rg7 - O, Arvy - s-Fel

where & denotes the value of &, when ¢
by oo, 8, respectively.

It is obvious that », = - s4-¢J is positive and thence, by
use of (9), vy, v3. .-+ are also positive for 2 — 1,2, ... until
n becomes large if g, is small enough, the approximate value of
vy being ns. . We desire to obtain a more definite idea of the
rauge of values for ¢, and = for which v, remains positive.
During this range the angular variable 0, inereases with i,
for a fixed angle 8,.

Now the equation (9) is a homogeneous linear difference
equation of the second order in vy, and we are considering the
particular solution satisfying (11). EKvidently v, will remain
positive so long as Aw, continues positive. A first question
is then to determine the range of values of n throughout

w1 0,4 ave replaced
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which both v, and Av, necessarily remain positive. But the
linear difference equation yields

Av, = — Bey ' [1Ar, +iv,l],
so that clearly v, and Av, diminish less rapidly than if
A*v, = — Bef Ay, +0,],
while ¢, and Ar, remain positive. Thus », and Av, will
remain positive for n = 1,2, ..., at least as long as for the

solution of the linear difference equation of the second order
with constant coefficients

pn—l 2 (2 - BQ{)‘—l) vn—H + l.n = 0

satisfying the initial conditions (11). But this solution is

()«1'14 _— p«'in
(12) l'n == (-S’+ Fg - 0(!1 ::"?—

where «, «, are defined by the equation

«®; = lo(r(]_._.‘ u—l - V__ __,i, 293111- 3))

But ¢, and Aw, as thus determined will ecrtainly remain
positive until dv,/dn vanishes, i. e.

C‘(Hl e = flg/a[-
Since the leading term in e — ¢ is clearly

2V =-pn o{e-Di2

while the leading term in «,/e; is —1, this relationship
shows that 2 must be of the reciprocal order gy (#—12
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Hence we infer that so long as n < N*»; (D (compare
with (5)), the angle 6, will increase with », for fixed 6, in
the prescribed neighborhood.

The nature of the inequalities derived above makes it clear
that we can select a value of 7, so small, and then of n
s0 large, that the conditions laid down in the lemma are
satisfied.

3. Periodic motions near a periodic motion (m —- 2).
‘We have already seen (chapter IV, section 1) how the general
Pfaffian system in which the time ¢ does not appear explicitly
admits of a reduction to a similar system with one less degree
of freedom, provided that we are considering motions near
a given periodic motion. In the reduced equations, however.
an angular variable of period 2 appears in the differential
equations, and the given periodic motion takes the form of
generalized equilibrinm.

In this section we propose to consider the periodic motions
near a given periodic motion for the special Hamiltonian
case (m =2)

(13) _Ill)!'_ B oH di ] _8{{

At Bq, " dt o, 2.
in which H is an analytic function of py, ¢y, ps, 2, DOt
involving ¢t. However such a periodic motion admits of
analytic continuation with variation of the energy constant
H = I (chapter V, section 9), and so is not isolated. Our
aim then will be to consider only those nearly periodic motions
which belong to the same value of 7 as the given periodic
motion; this value may be taken to be 2 --0.

The possibility of reduction to a Pfaffian case m - 1,
combined with the results of the preceding section renders
it highly probable at the outset that there will in general
be infinitely many nearby periodic motions of long period.
provided that the given periodic motion is of stable type.

In considering this question, we shall make the further
assumption that the given Hamiltonian problem is associated
with an ordinary Lagrangian problem whose principal function L
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is quadratic in the velocities. 1If ¢, ¢ are the codrdinates
in this Lagrangian problem, the equations

IS ~2~(f* (/--1,2
serve of course to define the variables py, p..

Let g ==qi (0. q2 - ¢o(#) be the equations yielding this
periodic motion of period ¢, and consider the corresponding
analytic curve in the ¢, ¢ plane.

Evidently we can introduce a modified system of codrdinates
q1, q2 such that ¢, vanishes along the motion, while ¢; in-
creases by 27t as a point makes a circuit of the motion. For
instance, if the curve of motion is without double points, it
may be deformed into a ecircle concentric with the origin,
in which case ¢; and ¢» may be taken as angle and radial
displacement, respectively. It is clear indeed that we may take
qi - - 2at’c along the periodic motion. Of course such
a change of variables from ¢y, ¢» to q1, ¢» does not affect the
Lagrangian character of the dynamical problem, although the
new principal function L is periodic of period 27 in the
variable ¢1.

The corresponding Hamiltonian problem will have the
form (13) in which H is periodic of period 2 7 in ¢, while for
the periodic motion under consideration we have ¢, - 2mf/z,
g2 — 0. From the Hamiltonian equations in these variables.
we have also along the periodic motion

2a/c = dH/3p,, 0 -- 3H/0p,.

It is obvious then that we may solve the equation I =-/
for p, in the form .

(14) »+K(g, pe, 2, 0) = 0

where K is a real, single-valued, analytic function of its
four arguments, periodic in ¢, of period 2. Furthermore
we may regard %, q, p:, q- as the dependent variables instead
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of py, q1, P2, qz; We observe that (14) may be solved explicitly
for %, since from the relation H = /, we derive

0 that 9p,/0% § O along the motion. When thesc variables
are used instead of 2y, ¢1, pe, g2, the variational principle
(chapter IT, section 10) takes the form

ot

(15) o[~ Kol b gt —nyar = o,
Yo

which leads to the four equations

0K dq o K Ak OK dpy | OK dey
oh  dif 9k dt " dps dt aqs dt
dgs 0K dqy  dp, | 0K dq

At ops dt’ dt bqe dt

From these cquations we infer directly 2 = - const., which
we know to be true of course.

Now it is evident that near the given periodic motion ¢,
can serve as independent variable as well as ¢, 1f we
eliminate ¢ in the above equations, we find

(16) dps _ 0K dg __ 0K

Ay dqs’ dm ops”

Here we are to set 7 =- 0 in the function A, and K is
periodic of period 2 in ¢,. The given periodic motion
corresponds to

= 9ln), q =0

where ¢ is periodic of period 27 in ¢,. These equations are
clearly in Hamiltonian form (m = 1), with a generalized
equilibrium point at the origin, at least after the simple
modification

5)2 == ]72"'!/’(91)7 62 = (3,
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in which we may take

K K —q" (0)q..

Conversely, if we have a solution of (16), we can deter-
mine £ from the equation

dat oK

dq, ah’

and obtain a solution of the original system when ¢ is taken
as independent variable. Thus (13) and (16) are equivalent.™
Periodic motions near the given periodic motion for (13)
correspond to motions near the origin of period 2/ for (16).

For « Hamddtonian problem (13) which reduces to a gene-
ratized cquilibrivm problem (16) of stable type (I 1 0), theie
will exist infinitely many periodic motions in the vicinity of
the given periodic motion, making in general many cirenits
af that motion before re-entering.

This result is of course obtained as the direct application
of section 1 for the reduced problem.

4. Some remarks. The general conclusion which appears
in consequence of the preceding sections is that, for a given
value of the encrgy constant, there exist in general periodic
motions in the vicinity of a periodic motion of stable type, at
least when the dynamical system has two degrees of freedom
and is of ordinary type. The fact that there may exist isolated
periodic motions of stable type, even for dynamical systems
with two degrees of frecdom, may be brought out by means
of the following elementary example.

Let us write

' 1 ] ¥ 2 1 4 2
H - ;)_]"'(111 + )+ 9 l’(pé—f-q._.),

where the quantities %, ! are incommensurable with one an-
other, of which the general solution is

* For the reduction employed, cf. Whittaker, Analytical Dynamics,
chap. 12.
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p= Acoskt-+Bsinkt, q = —Adsinkt-}FDB cos kt.

ps = C cos lt+Dsin It, ¢y = —( sin 1t Dcos (1.
The eneré‘y constant % is defined by the relation
H = L1+ BY+ B+ D) = I

The only periodic solutions are the two analytic families
m=oq=0and py - gy - 0O,

all of which are of stable type. For an assigned value of
the energy constant, there are only two such periodic motions;
thus all periodic motions of the second family with assigned
A3} B?represent the same closed curve in the three-dimensional
manifold H =1 in foar-dimensional p,, 9y, ps, . space. If
the transformation 7' be set up for this case as in the pre-
ceding section 2, it is found to be essentially a rotation
through an angle incommensurable with 2., and so to corres-
pond precisely to the highly degenerate case there excluded
from consideration.

A first question as to a possible generalization of the above
results in the case m =- 2 is the following: Suppose the origin
is a point of generalized equilibrium of general stable type
for a given differential system which is, in addition, completely
stable; if the constant ! is not 0, does it follow that there
will always exist infinitely many periodic motions in the
vicinity of the origin?

It secems to me very doubtful that the answer is in the
affirmative. In the preceding argument the area-preserving
property played a vital part. For this more general com-
pletely stable type, there is no reason to believe that this
property continues to hold, even in the Pfaffian case.

The example can be generalized so as to indicate a pre-
liminary necessary requirement if the conclusion that there
are infinitely many periodic motions near a given stable
periodic motion is to hold for Hamiltonian systems with
more than two degrees of freedom.
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In fact, consider the case of a dynamical system

dp _ _0H  dq __ 0H =
dit dqi ©  dt  opy =1, m)

in which H is a function of the m products p, ¢y, -+, Pm gm
with p;, ¢; conjugate imaginary variables, namely

n 1 m
H = 2 ¢pigit+ 3 2 e s 0 e e
J =1 S k=1

Here the coefficients c¢;, dj; are periodic of period « in ¢.
The origin is a point of generalized equilibrium with multipliers

T
A, = jo c(f)dt (G --1,--.,m),

so that it will be of general stable type if these » quantities
and 27 V' —1/¢ have no linear commensurability relations.
1t for the sake of brevity we write

of "lj
Ty =7 Jo [('1 +/2:11 ‘li’,‘ 2"(;‘ q‘(,)»]dt;
the general solution is at once found to be

— T .
p, =0 " g =q¢ ((==1,--..m).

Moreover if we wrile

T ‘T
C, - J eodt. -I)Ij == I“ ’(lj (1[,

0

the condition that the solution is periodic of period kz is
m

C;+ ZD,jZ);’.«[}‘: 2k, V—=1/k (f=1,..-,m),
j::l

where ki, - .-, Iy, are integers. But these form m linear, non-
homogeneous, algebraic equations in p?¢% (G -—=1,.--, m),
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which can be solved if the determinant | D,;| is not 0. More-
over by making the ratios /i/k small, the periodic motion
can be taken near the origin. On the other hand if | Dj;| == 0,
such a determination will be impossible in general.

In the particular case when the ¢/s and d;’s are constants,
the system appears in complete normal form, and the ¢/s
are the multipliers, while the ;’s are invariants analogous
to 7 in the case m == 1.

Hence at least the condition |d,]| + O must be imposed in
the case m >1, as analogous to the condition {4 0 in the
case m == 1, if an infinitude of nearly periodic motions is to
be anticipated in all cases.

Any generalization must of course take proper account of
the uniform analytic integrals (such as the energy integral)
which exist. In fact, it there are % of these integrals which
are independent, the given stable periodic motion will admit
of k-fold analytic continuation. Kvidently it is not such
periodic motions of the same analytic family as the given
motion which interest us, but rather nearby periodic motions
for the same values of the constants of integration as the given
periodic motion, and making many circuits of it in a period.

5. The geometric theorem of Poincaré.* Poincard
showed that the existence of an infinite number of periodic
orbits in the restricted problem of thrce bodies and other
dynamical problems would follow at once from a certain
geometric theorem to which the lemma of section 1 is inti-
mately related.

For convenience we shall first state:

Poincagi’s TrrEOREM. Given a ring O0<l @~ »:~ b in the
r, @ plane (», § being polar coordinates), and a one-to-one,
continuous, arca-preserving transformation 7' of the ring into
itself, which advances points on » == @ and regresses points
on r =:0. Then there will exist at least two points of the
ring invariant under 7.

* This section is essentially the same as section 84 of my paper,

Dynamical Systems with Two Degrees of Freedom, Trans. Amer. Math.
Soc., vol. 18 (1917).
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We will indicate Lriefly the proof of this theorem.

Let us take o == 0, y:—1* as the rectangular coordinates
of a point in the =, y plane. The ring then appears as a
strip «* <y < 0% The transformation 7' of this strip ad-
vances points of the boundary y —= a® to the right, and
moves points on y = 0® to the left. Moreover 7' iy area-
preserving in the @, y plane (for we have 2rdrd 6 == dxdy),
and displaces any two points which have the same ordinate
and whose abscissas differ by a multiple of 2 7r in the same way.

Let us combine 7' with a further transformation 7, which
effects a translation of the o, y plane in the direction of
the y axis through a distance é>=0. The transformation 7
followed by 7 vields an area-preserving transformation 7'7’,
which shifts the given strip into the strip «* ¢~y < 0¥ e

Suppose if possible that there exists no invariant point
of 7. There exists then a positive quantity ¢ such that all
points are displaced at least a distance d by the transfor-
mation 7. Choose ¢ less than .

Consider now the narrow strip «® - y =~ a*4-¢ By the
transformation 77, the lower edge of this strip is carried
into the upper cdge and the strip is carried into a second
strip lying wholly above the first one save along the common
edge. By a repetition of the transformation 7'7 the second
strip goes into a third, and o on.

By a continunation of this process, a series of strips is ob-
tained forming consecutive strata. Each of these strata is
unaltered by a shift of 2./ to the right. This follows from
the fact that 7' and 7, are single-valued over the ring.

The images of these strata on the ring are a set of closed
strata about the ring, all having equal area of course since
T 7. is an area-preserving transformation in the 7,6 as well
as in the .,y plane. Consequently some one of the strata on
the infinite strip, say the k-th. must overlap the upper edge
y = b

In the z, y plane let @ be a point of the upper edge of
the /-th stratum for which y is a maximum. Let P be the
point of y = «* from which @ is derived by k-fold repe-
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tition of 7T, and let P', P", ..., P® =: () denote the
successive images of P under the iteration of T'7Te. Draw
the straight line PP’ which will obviously lie on the first
stratum. The snccessive images of this line, PP, P' P", ...,
PU-1D P® will He in the successive strata, and will have no
points in common except that successive ares have an end-
point in common. Thus we get a single are /2Q), made up
of all these lines, which is without double points.

Consider now a vector L L' drawn from a point L to its
image I/ under 7Te, of which the initial point moves from

Plk)= Q
Pdk—l)
P
A
/P’
P

P to P% D along the line 7°Q. The angle whieh this vector
makes with the positive direction of the s axis at the outset
may be taken to be a positive acute angle, since the image
P of P lics to the right of and above /. When L has
varied to its final position 7°¢—9, the same angle lies in the
second or third quadrant, since P® lies to the left of
P%-1_ by the hypothesis of the theorem.

Our construction of the successive aves PP, P'P", ...,
renders it apparent that as I moves from I to PU-b, its
image I/ moves along the same curve from P’ to Q.
Therefore we see at once from the figure that LJ/ has
rotated through the least positive angle from the first direction
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to the second. If L' be moved further in a vertical dircction
from Q up to y = b*-+& the same statement will still hold
of the standard curve described by 7. provided that & is
small, since ) lies at most ¢ above y =— D%

Suppose now that L moves in any manner from a point
of y = a® to a point of y = b® in the given strip. The
transformation 7'7T. leaves no points of this region in-
variant, so that the point L will never coincide with L',
In the initial position for L on y == «® the angle made by
L L’ lies in the first quadrant. In the final position it lies
in the second or third quadrant. But the total variation of
angle during the variation of L has been seen to be through
the least positive angle in a special case. Since any one
path of L fromy = «®toy - h? can be varied continuously
into any other, the same must be true always.

Now let ¢ approach zero. As ¢ becomes smaller the vector
LI’ continues to have a definite direction, since no invariant
points under 7'7. are present. By a limiting process we
infer that, for the transtormation 7', the angular variation
of L L' is through the least positive angle consistent with
its initial and final directions. It should "be observed that
for L on y —- «® the direction of L1 is that of the posi-
tive . axis, while on y - #* the dircction is that of the
negative . axis.

Consider now the inverse transformation 7'~! which is of
the same type as 7' although it moves points on y =« to
the left, and points on y -- J* to the right. By an entirely
analogous argument to that given above we are led to infer
that if a vector 7. LD with end-point L2 == T-1(L) has
its initial point L varied from a point of y¥ - - «* to a point
of y == % the total angular variation will be the least
negative angle consistent with its initial and final positions.

But the total rotation of L L-V is precisely the same as
that of the oppositely directed vector L& 1. which joins
a point LY of y = «® to its image I under 7.

Hence by our earlier result the total angular variation of
LY I, must also be the least positive angle consistent with
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the two positions. Thus we have been led to a contra-
diction, so that there must exist at least one invariant point.
To prove that there arc at least two invariant points we
may adopt the method used by Poincaré.
Let the point L describe the fundamental rectangle

0~ x<2n, oy D

in the ., y plane, in a positive sense. It is obvious that
the total rotation of the vector L L' is O over this circuit,
since there is mo rotation along y - = «® or y = 0% and the
rotations along x=-0 and «» - - 2.2 ave the negatives of one
another., But around a simple invariant point the rotation
is 4+ 2n. Hence, according to obvious reasoning, there will
either be at least two simple invariant points with rotations
+27 and --27;, or there will be at least one multiple
invariant point. As a matter of fact, there will always be
at least two geometrically distincet invariant points.*

6. The billiard ball problem.t In order to sce how the
theorem of Poincaré and its generalization can be applied,
we will consider first a special but highly typical system
of this sort, namely that afforded by the motion of a bLilliard
ball upon a convex billiard table. This system is very illu-
minating for the following reason: Any Lagrangian system
with two degrees of freedom is isomorphic with the motion
of a particle on a smooth surface rotating uniformly about
a fixed axis and carrying a conservative ficld of force with it.t
In particular if the surfacc is not rotating and if the field
of force is lacking, the paths of the particle will be geo-
desics. If the surface is now flattened to the form of a
plane convex curve (', the ‘billiard ball problem’ results.

* See my paper, An Fxtension of Poincaré’s Last Geometric Theorem,
Acta Mathematica, vol. 47 (1926).

T The sections 6-9 are taken from my paper Own the Periodic Motions
of Dynamical Systems, about to appear in the Acta Mathematica.

+See my paper, Dynamical Systems with Two Degrees of Freedom,
Trans. Amer. Math. Soc., vol. 18 (1917), section 7. 1t is assumed that the
Lagrangian principal function is quadratic m the velocities.



170 DYNAMICAL SYSTEMS

But in this problem the formal side. usually so formidable
in dynamics, almost completely disappears, and only the
interesting qualitative questions neced to be considered. If ¢
is an ellipse an integrable problem results, namely the limiting
case of an ellipsoid treated by Jacobi.

In the billiard ball problem one can arrive at the existence
of certain periodic motions by dircet maximum-minimum
methods.  As of interest in itself T wish to show how this
‘an be done. Results which are being obtained by Morse
(see chapter V. section 8) indicate that the scope of these
methods, alrcady developed to some extent by Poincaré,
Hadamard. Whittaker and myself. can be further extended.
Thus the power of such maximum-minimum considerations
in the Dbilliard ball problem is likely to prove typical of the
general case.

The longest chord of the boundary (' of the billiard table,
when traversed in Dboth directions, cvidently yiclds one of
the simplest periodic motions. The billiard ball moving along
this chord strikes the curved boundary at right angles and
recoils along it in the opposite direction. Tf we seek to vary
this chord continuously, while diminishing its length as little
as possible, so as finally to interchange its two ends, there
will be an intermediate position of least length, which will
be the chord cerossing ¢/ where (7 ix of least breadth. Detailed
computation of the slightly perturbed motions indicates that
the first of these two periodic motions is unstable, while
the second may be stable. or unstable.

Next we ask for the triangle of maximum length inseribed
in (. Evidently at least one such triangle will exist, and
can have no degencrate wside of length 0. At each of its
vertices the tangent will of course make equal angles with
the two sides passing through the vertex. Hence a ‘harmonic
triangle’ is obtained which will correspond to two distinct
motions, one for each of the two possible senses of deseription.

Moreover, if we seek to vary this triangle continnously.
not changing the order of its vertices and diminishing the
perimeter as little as possible, so as finally to advance the
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vertices cyclically, we discover a second harmonic triangle,
also corresponding to two periodic motions.

In this way the existence of two harmonic n-sided poly-
gons which make /<< n/2 circuits of the curve € (& prime
to n) can be proved. The two periodic motions corresponding
to the polygon of maximum type will be unstable, while the
others of minimax type may be stable or unstable.

In the case of a circular boundary the totality of regular
inseribed polygons (simple or cross) form the harmonic polygons.

7. The corresponding transformation 7. We propose
next to set up a ring transformation 7' associated with the
billiard ball problem, and to show how the geometric theorem
of Poincaré in its first form leads to the conclusion deduced
above. The rcduction to a ring transformation is of funda-
mental theoretic importance, quite aside from the relation to
the question of periodic motions. 1t should be noted also
that, in the cases of most interest like the restricted problem
of three bodies, the method of reduction to a ring trans-
formation and application of the geometric theorem of Poin-
caré is available for the treatment of the periodic motions.
while the maximum-minimum method has not as yet been
shown to be applicable.

To begin with we suppose the length of € to be 27 and
to be measured from a fixed point to a variable point I
by an angular codrdinate ¢.

At I, taken as the point of projection of the billiard ball,
let 0 denote the angle between the positive direction of the
tangent and the direction of projection. The variable 4 varies
between 0 and n only. These codrdinates 0, ¢ suffice to
represent all possible states of projection unambiguously.
If ¢ be taken as an angular codrdinate in the plane, while 0.
augmented by a constant, say s, be taken as a radial co-
ordinate, the set of values (6, ¢) is represented on a ring
bounded by concentric circles of radii .r and 27 respectively,
namely the circles 6 = 0 and 6 = o,

Consider now a definite state of projection at P with
given 0, . The billiard ball leaves the table at 7, to strike
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it again at P, there to be projected in a state (6, ¢,), say,
and so forth indefinitely. 1f € is an analytic curve, as we
assume it to be, the correspondence between 0, ¢ and 6, ¢,
is evidently one-to-one and analytic within the ring. When
0 is nearly O or s, the ball is projected at a slight angle
to the cdge, and strikes it again at a nearby point with 6
nearly 0 or 7 as the case may be. Hence the points on
the bounding circles correspond to themselves with 8, -= 6,
Yy = ¢

One further remark needs to be made about the corres-
pondence along the two boundaries of the ring. If we think
of each point (6, ) as being carried into (6,, ¢;) by a trans-
formation or deformation of the ring, this transformation 7'
will effect a certain number of complete rotations of the
inner circle, and also of the outer circle, since the points
of these boundaries are invariant as just seen. We may
arbitrarily regard the inner circle as having undergone no
rotation, but the same will not then be true of the outer
circle, which ean at once be shown to have undergone a single
complete revolution in the positive sense. For let the pro-
jection angle 6, for a given point P and corresponding fixed ¢,
vary from O to sz. 1t is obvious that then 6, will increase
from O to .t while ¢ increases by 2 since the point /%
makes a complete circuit of I’ in a positive sense. In other
words, the transformation 7' takes radial segments across the
ring into curves starting at the same point of the inner
cirele, but winding around the ring just once while crossing it.
Henee the outer boundary has undergone a single positive
revolution under the transformation 7.

Suppose now that we have a periodic motion, for example
that corresponding to one of the harmonic triangles taken
in a positive sense. It iy evident that the transformation 7°
of the ring takes the point of the ring representing the state
of projection at the first vertex into that at the second; and
likewise takes the state for the second vertex into that for
the third, and that for the third vertex into the first. Thus
when 7' is applied, the triple of points on the ring is
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cyclically advanced, and each point of the triple is un-
altered by the application of the third iterate 7'® of 7. Con-
versely, to any triple with this property, or to any point in-
variant under 7'°, together with its images under 7' and 7.
corresponds a motion belonging to a harmonic triangle. Kvi-
dently then. from considerations advanced earlier, there are
at least four such triples. It is obvious that there can be
no invariant points under 7' itself because ¢ is increased but
by less than 2.,

In this way the search for harmonic polygons and the
allied periodic motions in the billiard ball problem resolves
itself into the determination of sets of distinet points
Py, ..., I, eyclically advanced by 7, so that in general
T"(P;) = Pi More generally, each and cvery interesting
property of the motion of the billiard ball is mirrored in
a corresponding property of the transformation 7. Thus the
dynamical problem is effectively reduced to that of a parti-
cular transformation of a circular ring into itself.

8. Area-preserving property of 7. There is a further
property of the transformation

T: 6, ~ f(o;‘l’)~ g - .'/(07‘1’)7

which plays a fundamental part in applying the geometric
theorem of Poincaré: the double integral' sin 6d 0 dgy taken
over any arvea ¢ of the ring has the same value as over
the image of o under 7' and its iterates. This is essentially
an area-preserving property in modified codrdinates.

Before passing to the entircly elementary proof of this
fact, one immediate application may be cited in justification
of the earlier statement as to the fundamental theoretic im-
portance of the ring transformation. Since the integral
cvaluated over oy, gy ---, has the same value, and since its
value over the entire ring is finite, being 47, some two of
the images o; and o; overlap. KEmploying the inverse trans-
formation we infer that o;—; and ¢, also overlap, and thus
finally that o;,—; and @, overlap (¢ >>j). But, interpreted for
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the billiard ball problem, this means that the ball can be
projected very nearly with arbitrary position and direction
to return subsequently to nearly the same position and
direction. As elaborated by Poincaré,* this chain of reaso-
ning leads to the conclusion that the ‘probability’ is unity
that an arbitrary motion returns infinitely often to the neigh-
borhood of its initial state. He called this property of the
dynamical system ‘stability in the sense of Poisson’.
The proof that the double integral is invariant depends
on an explicit evaluation of the determinant
_ 06 Bgy 06, gy

960 B¢ oy 36 °

(] ]
In fact, if j JJ[ (8, 9) d8dy is invariant we have
eJ e,

J.f M (01,!{71) d 0[ (l(fl == fjﬂ[ (0, (]’) dOdy'

where the variables 6;, ¢, range over the region ¢, just as
6,9 do over o. But according to the fundamental theorem
for change of variables, the change of variables 7' gives
the integral on the left the form

fJ Z'/[(Ol, 9"1) Jdo dfj'
Yo

Comparing this expression and the integral on the right,
which are both integrals over the same arbitrary region o,
we deduce the functional relation

M (0” 971) Jo== M(O, q‘)

as the necessary and also sufficient condition for invariance.

Hence to establish that f I sin @ d6 d¢ is invariant, we need

only prove
J = sin 6/sin 4,.
Let
x=F(p), y=0Ga(y)

* See his Méthodes nouvelles de la Mécanique céleste, vol. 3, chap. 26.
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be the equations of (' in rectangular codrdinates, so that,
if = denotes the angle between the positive » axis and the
positive tangential direction at a point of ', we have

@ (9)

——tn—l
T a F()

Similarly let =, denote the like angle at the transformed
point, which will be given by the same expression save
that ¢ is replaced by ¢,. Finally let « designate the angle
between thepositively
directed axis and the
direction of initial pro-
jection (figure).

It is evident that
the following two re-
lations will hold

0 = a—u,

O = rn—c«.

Substituting in the
above value for » and
the analogous value
for =;, and also substituting in for « the value

L (o) —G(y)
tan L= s
MR () — F )

evident by inspection, we obtain the explicit formulas

@lg)—Gl) . G(9) _ |
Floy—Flg) 2 Ty — L)

1 @ (9) . (7(9’1) —_ G(q>) —
gy P Ty —Fy) — Mo

0 = tan—!-—

T:
0, =: tan

These two equations define the transformation 7' from (4, ¢)
to (0, ;). Taking differentials, we find
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A0 = Lydg -+ Lq dy, Ao, = My de+ My dy;,

whence at once

20 My , Mo — ﬂ[(pl Ly ;
LUy, = —LT’"(()+(1 ¢ L(rl )(,ql,
_ . 17 . _Il_l’)
dyg, = L, do Lu, de.
This gives
Joo My [Fly)—F@)C () —[Gg)— )] F'ly)
L, [Fle)—F @6 (9)—[Gg)— @) F (g,

But F(¢)—F(y), G(p,)—G(¢) are proportional to cos e,
sin ¢ respectively, while also

F'(g) = cost, G'(p)==sint, F'(g)= cose;, (g = =sinz,.

s0 that finally we obtain
sin(e —2) __ sing

sin(e, — ) siné,

as was stated.

9. Applications to billiard ball problem. As has
been seen, there are no points of the ring which are invariant
under 7. On the other hand consider 7' followed by a rotation
of the 0, ¢ plane through an angle — 2z, which we desig-
nate by KE_i. The resultant transformation of the ring admits
the same area integral as T of course, but advances the
points of the outer circle by an angle 27, and those of the
inner circle by an angle — 2 of opposite sign. These are
the two conditions essential for the application of Poincaré’s
geometric theorem. Hence 7T®R., (the compound trans-
formation) possesses two invariant points. This means that
T* has two geometrically distinct invariant points of oppositely
signed indices,* although these correspond to an increase of
2 for .

* See my paper An Ewxtension of Poincaré's Last Geometric Theorem,
Acta Mathematica, vol. 47 (1926). By the index of an invariant point is

meant the number of positive rotations of a line joining a point P to
its image Py, when P makes a small positive circuit of the invariant point.
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If P is such an invariant point, so is 7'({’) of course but
with the same index. Thus we get two pairs of points, say

P, TWP), Q TW@Q,

all four distinct. These evidently correspond to the two
fundamental periodic motions.

For the application of the thecorem of Poincaré to the
periodic motions of more complicated type, it is necessary
to take account of the tact that every such motion is asso-
ciated with a distinct second such motion, obtained by reversing
the direction of description, although these motions have the
same index. However one of these motions increases ¢ by
2/, the other increases it by 2(n— A . By only con-
sidering invariant points of 7' for which ¢ inercases by
2hn, (k- n/2). we clearly obtain cach harmonic m-sided
polygon only once. It may be noted in passing that this
pairing of motions in the billiard ball problem is fully reflected
in the fact that 7" ix a product of two involutory transform-
ations; it was the same special property of the ring trans-
formation in the restricted problem of three bodies which
enabled me to prove the existence of infinitely many symmetric
periodic orbits.*

Now turn to the invariant points of the compound trans-
formation 7' I? . where R_; denotes k-fold rotation through
the angle — 2. The rotations on the outer and inner circles
are clearly

2 — Mmw and — 2L,

which will be of opposite sign. Thus we can infer the
existence of at least two geometrically distinet series of points

P, T(P). - TU(D), Q. TWQ),---.T"(Q)

such that 7' (P) == P, T"*(()) = ), while ¢ has been in-
creased by 2ksr; it is assumed that / and 2 are relatively
prime.

* See my paper The Restricted Problem of Three Bodies, Rendiconti
di Palermo, vol. 39 (1915), in particular, section 14.
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To prove this assertion in detail, we may let P be one
such invariant point, such that 7' increases ¢ by 2km. If
the 2 points

P. IY(P)' ) 1 (P)

are not distinet, let 77*(P) - I, (m = n --1), and suppose
that ¢ is increcased by 2jm. By combination of the two
svmbolic equations 7 () - P, T*(I) P, we obtain
Te(P)= P where d (} 1 of course) is the greatest common
divisor of m and n. Thus / is invariant under 7. Suppose
that under 7. the ¢ of P increases by 2/7. From the
equation 77 = T4, we see that 7" will then increase the ¢
of P by 2qfa, sothat I = ¢ f. Thus & and 2 would possess
a common factor ¢. contrary to hypothesis.

Not only are the » points distinet but they have the same
index. Hence there will be a point ¢ invariant under 7
and with oppositely signed index. This, with its images under
suecessive powers of 7, will necessarily be distinet from the
points of the set generated by I°, and leads to a second
distinet series of » points.

Hence we obtain for every 272 and cevery relatively
prime % : . /2, two geometrically distinet, harmonic polygons
with 2 sides and making A circuits of the curve €. Corre-
sponding to these there will be of course four periodic motions.
We shall not attempt to develop herc the characteristics as
to type of stability and instability, dependent upon the sign
of the index.

1t is worthy of observation that the method of sections 2, 3
is evidently applicable here to show that there exist infinitely
many periodic motions lying in the vicinity of any periodic
motion of general stable type if the constant 7 is not 0.

We shall indicate in particular how this same method seems
to apply to the limiting type of periodic motion in which the
billiard ball is rolled around the table.

For this purpose it is essential to examine the explicit
formulas given for 7’ in the case when # is small. A direct
computation leads to the result
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bo—o @-054—10’4-

' B
2y AK ey

¢y g == i ] 375 R+ mP+ ...,

where the function %(y) denotes the curvature of ' at the
point with given ¢, and where the functions {, m, -.. depend
on ¢ only. Proceeding entirely formally and replacing 6, — 6
and ¢;—¢ by 46 and A¢ rvespectively. we obtain the
approximate difterential equation
de o
dy 3 kK
which gives by integration
0 = 0,h'3 (¢).

0,

Here 6, is the value of 4 for a point of curvature unity.
This resuit indicates that, to a first approximation, the curve
) — 6,11 (¢) near the inner boundary 0 0 of the ring
is nearly invariant under 7', and can probably be modified
by the inclusion of higher order terms so as to be still more
nearly invariant. Kvidently the limiting periodic motions
formed by C are to be regarded as amalogous to stable
periodic motions on this account.
Also if the varviable » represents the number of iterations,
we have the appreximate differential equation
dy
dn
whence by integration

n = J 123 dgl26,.

== 20, 8,

It follows that ¢ will increase by move than 2. along the
approximately invariant curve if 20, exceeds 7 A% where A
denotes the maximum curvature of C.

It thus appears as highly probable that the lemma of
section 2 is applicable and that therc exist infinitely many
periodic motions uniformly near to C.
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10. The geodesic problem. Construction of a trans-
formation 7'7T*. We twrn our attention next to the problem
afforded by the geodesics on an analytic surface. In order
to obtain as concrete results as possible, we shall restrict
the surface N to be closed and convex. although it iz evi-
dent that these limitations are not altogether essential for
the argument which follows.

We have already established the cexistence of at least one
closed geodesic ¢ of minimax type (chapter V, section 6),
which we shall assume to be without double points. Our
first assertion is that there exists a positive quantity L so
great that any geodesic arc of length exceeding L intersects
g at least once (or falls along g¢). In the contrary case
there would exist a sequence of geodesic ares g, of length
L, with lim L, - - o, such that each arc g, does not
mect ¢. This fact would require that for L, large enough
no part of ¢, is nearly coincident with ¢, since nearby geo-
desics meet a closed geodesic of minimax type in a suce-
cession of points separated by ares of limited length; more
precisely. it may be proved that if P is any point of ¢ and
P” is its second conjugate point in the seuse of the calculus
of variations, then the arve /°L” constitutes at least one
complete cireunit of ¢.t

Henee it we let P, be the mid-point of ¢,, the sequence
of points P, will have a limiting point £ not on ¢, and the
geodesic ¢, will have at least one limiting direction at I
sieh that the complete geodesic /o through /2 in this direction
fails to meet g and indeed nowhere approaches .

Consider now that part of the surface S (which is divided
by ¢ in two parts) npon which / lies, and in particular the
part of S lying between ¢ and 2. One boundary of this
region « is gy, of geodesic curvature O everywhere, while the
other boundary y consists of part or all of /, and of its
limit points.

Let Ny and N, be two nearby accessible points of the

T For a proof see my paper, Dynamical Systems with Two Degrees
of Freedom, Trans. Amer. Math. Soc., vol. 18 (1917), in particular section 19.
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boundary y so obtained, so that a short curvilinear arc
N, 4 N, exists in the region s with all of its interior points
not on the boundary. Consider also the short geodesic are
NG N,. Then N, AN;G N, delimits a region o.

If any interior point of N, G' Ay is part of the boundary
7, all of N, G N, must be part of it; otherwise the curve 2
would cut across N, (¢, and so certainly intersect .V, A4 .N\G.
contrary to hypothesis. In this case .V, ¢ N, ix a part of
the boundary y and the region o lies entirely in < If there
is no such interior point, the geodesic arc Ny G N, lies inside
of ¢« except at N, and V.. Hence if we surround the boun-
dary y by a cyelical chain of nearby points

Ny Nay ooy N
the short distinet geodesie ares
N Von Mo Ny o, AN

lie inside of s or coincide with y. We assnme that this chain
encireles y in a positive angular sense: in this event, the
part toward y will lie everywhere to the left.

Now in the gcodesic polygon so formed, the angle in ¢ at
any vertex will be less than or equal to a. For if the
angle at V.1, say, exceeds /s and we consider the short
geodesic are N; N, po. it is apparent that y lies to the left
of N, Niy. also, so that Ny is completely encircled by points
not on y which is impossible.

But the integral curvature of the part of & bounded by
this polygon will be precisely the sum of these » interior
angles diminished by (n—2)7 by a well known formula,
and so will be less than 2, which is impossible since the
integral curvature of either part of S bounded by g is ex-
actly 2n by the same formula.

Thus a contradiction has been obtained, so that the original
assertion must be true.

We now introduce parameters as follows. ILet an arbitrary
directed geodesic /' cut the directed geodesic ¢ in a point P.
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1

The position of /> may be measured by means of the are
length 6 from a fixed point P, of ¢; if the total length of y
be taken as 2.1 by an appropriate choice of a unit of length,
the variable # is a periodic variable of period 2sr. Further-
more let ¢ denote the angle between the positive directions
of ¢ and f at the point P so that 0-l¢ .

The next crossing of ¢ by / will be in the opposite sense,
and the corresponding 65 and ¢ will vary analytically with 0
and ¢. Thus a transformation 7' is defined

T: ¢f -= fly. 0). 07 -= g(y, 0),
which takes the ring
R: 0-l¢g-lu. 0620

(w, #. polar codrdinates) into itself.

Similarly a crossing in the opposite sense at ¢*, 6%, will
be followed by a crossing ¢, 6,, thus defining a second
one-to-one, analytic transtormation

T*: go= S 6% 6= g (g%, %)

of R into itself.

Along and necar the boundaries of L. 7" and 7™ are to
be regarded as continnous. This fact may be seen as follows:
If a geodesic f near to y intersects ¢ at a small angle ¢
with given 6, then of course f will intersect later at a small
angle ¢ with coirdinate 67 nearly that of the conjugate
point to the first point of intersection, as was observed above.
Obviously this ensures the specified continuity. Furthermore,
we know that three successive conjugate points correspond
to an are of more than one complete eycle of g.

1f we have ¢ —= 0 or .« we have respectively ¢ == 0 or «,
while if ¢* =: 0 or 7 we have likewise ¢, = 0 or 7. Further-
more as # or 6 increases along a boundary so will 67 or 6,;
in fact it has been noted that if 6 is the coordinate of I’
then 67 is the codrdinate of the conjugate point /. Hence
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T and T* are direct transformations leaving the outer and
inner boundaries of R invariant.

1t is now desirable to consider somewhat more in detail
the nature of 7'and 7" along the boundaries. These trans-
formations arc evidently not determined up to a complete
rotation, and it is desirable to make a convention which
eliminates this arbitrary factor, and enables us to compare
the transformations along the inner and outer boundaries.
Tt us cousider any directed geodesic ave P, I’ of f between
two successive crossings ) and P, of g by f, and let us
define a double point () of P, P, as positive if a moving point.
in deseribing the arve /% P, passes over the are P, already
deseribed at @, from the left to the right side; and as negative
in the contrary case.
The index” of 1% I’y may
be defined as the differ-
ence between the number
of positive and the num-
ber of negative crossings
within 2% /. let us
define the value 8 of
at [, as that corre-
sponding to the posi-
tively taken are %, P, inercased by 270/ wheve /is the index.

We ean now show that, as thus defined. 67 varies con-
tinuously with 6. Tn fact as ¢ and ¢ change. no new crossings
can be introduced within £, I, inasmuch as a geodesic arve
camnot be tangent to itself. [f a positive erossing is intro-
duced at P, evidently 67 increases through an exact multiple
of 2 as it should. If a negative crossing is introduced.
07 decreases similarly. Thus the convention is appropriate
to all cases.

Now it is also cvident that if a geodesic are [, I, near
to g be continuously deformed near g while not maintaining
its geodesic character, with Py and P, tixed, and only simple
interior tangency allowed, then positive and negative crossings
appear in or disappear in associated pairs. Thus if the
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arc Py P, be deformed into a spiral so as to eliminate all
negative crossings, it is plain that the index will equal the
number of apparent circuits of ¢ made by the spiral. In
this case the increase in 6, namely 67 — 6, will be measured
by the arc length along the curve gy, according to our con-
vention. However if the positive crossings are eliminated,
the convention gives 2:r/ (/ ~~ 0) increased by the angular
value of the short positive are 7, P, as the difference 67 —#,
and hence this difference exceeds the arc length 7, 7% by 2.,

Consequently it is seen that #7— 6 isx measured in the
sense of the convention by the actual inerease in 6 along g
for ¢ = 0, while, for ¢ = 7. 6f — 6 is measured by the
algebraic inerease along the arc (actually a decrease) aug-
mented by 2 since P, P, is to be taken positively.

Now in going from a point P to its second conjugate
point PP” with ¢ = 0, 6 increases by an amount e,

2ha - e 20k 1),

where # _ 1 is independent of the position of /7; in fact
the one-to-one. direct transformation of the points of ¢ from
Pto P" defines a rotation numberi which lies between 2/
and 2(k+1)sc with &= 1. because of a property of the
conjugate points along a geodesic of minimax type alrcady
specified. Hence we infer

—

2k < g0, 0) —0-22(k1)a.

Similarly if we consider ¢ == 7c, then 6 —2:7 is diminished
by a like amount so that we find

—2kn < g, 0)—0 ~ —2(k—1)m,

It follows that the transformation 7' (or 7'*) advances points
in opposite angular directions along the two boundaries of 77,
1 For definition and short discussion of the Poincaré rotation numbers,

see my paper, Surface Transformations and their Dynamical Applications,
Acta Mathematica, vol. 43 (1922), section 45.



VI. POINCARE'S GEOMETRIC THEOREM 185

at least if the exceptional case of a second conjugate point
coincident with the initial point after a single circuit be
excluded.

11. Application of Poincaré’s theorem to problem.
The geodesic problem is of Hamiltonian form of course, with
principal function H given by the squared velocity. In the
four-dimensional manifold of states of motion, the quadrnple

integral
ffj I(lpl daq dps das

is an invariant integral. In a particular invariant sub-manifold
H - const. there must then be an invariant volume integral,

namely
JJf/lql dps dys,

provided that H — Ju qi, pe, q» ave taken as coordinates
(section 3). The restriction H -- const. merely fixes the
constant velocity.

The rving I of states of motion crossing ¢ positively is
evidently vepresented in this manifold by a ring /X bounded
by the two closed curves representing ¢ traversed in the two
possible seuses. The transformed point 77 (P) of a point I’ of
this ring by 7'7T* is obviously obtained by following the
corresponding stream line until it wmeets £ a first time.
Further consideration shows that the ring R so obtained is
an analytie surface.

Now if we consider a tube of stream lines with two bases
of areas Ag;, Ags, in R, with ¢, as independent variable, and
if «, s be the angles which the stream lines make with & at
these two surface elements respectively, then the loss of
‘volume’ at onc base in time Agq, is nearly

(sin ey Ady) Ay
while the gain at the other is nearly

(Sin g Aoy) Aqy .
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Thus fsinad o vields the positive invariant area integral
nevoss:nry for the application of Poincaré’'s geometric theorem.

Hence there exist two points of R invariant under 7'7%,
and this gives immediately the following conclusion:

Let there be given « concer analytic surface on which the
closed geodesic of minimazx type known to exist is without doulle
points, and suppose that the second conjugate point of no point
on this yeodesic arises on precisely a single complete civenit.
Then there will exist « second closed  geodesic which infersects
the knoun mmimar geodesic anly tivice.

Of course a single closed geodesic yields two invariant points.

Under the same conditions there must be two distinet closed
cqeodesics which meet the geodesic of minimar type only twice.

To prove this we proceed as follows. We have for the
points of I}

T, ¢) - = (85, )

by definition. On the other hand the same geodesic may be
taken in the opposite sense so that

T6f, m—qf) = (0,1 —y).
1f then we define the ‘refleetion” {7 in such wise that

17(9, (j') = (0, T— rp)’,
we obtain
TU, ¢) =- (6F, 71— ¢¥)

and thence
TUTU = 1

where / is the identity. Hence 7°0 ==1 is a transformation
of period 2, as is.l, and we find 7' =V U, i.e. T is a product
of two involutory transformations. Similarly we find 7%= =1+{"
where 1* is also involutory. Hence we infer that 77
has the form 1707V* /. Suppose now that there it an in-

variant point /> nnder 77 so that

VovEur) - P
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We obtain then, by inverting,

Ur+1"v(pP) -z P,
whence
TT*V(P) = V(P).

Hence if /> is an invariant point under 77, so is 1(/).
But V() must be a geometrically distinet point from 7/
itself. Otherwise we should have

TUWP) = P

or, more explicitly, for the corresponding (0, ¢)

.

hy = 0, n—rp;k g

But thix would mean that the first intersection of the geo-
desic with the minimax geodesic ¢ crosses it at the same
point and in the opposite direction, which is manifestly
impossible.

Now the indices of the invariant point 7”7 and of the
associated invariant point V(/£?) under the transformation
TT are equal. In fact make the change of variables corre-
sponding to the symbolic equation

Q = V(D)

by which any point I’ is taken into 1'(J?). The modified
transformation less is of course

‘7717 E3 ]r — (TVIY*) -1

as is at once verified by substitution of the factored form of
TT* devived earlier. Hence the transformation 7'7* in
the neighborhood of one invariant point is equivalent to the
inverse transformation in the neighborhood of the associated
invaviant point. But the index of an invariant point is un-
altered by a change of variables, and is the same as for the
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inverse transformation. Consequently the indices of the two
associated invariant points are necessarily equal in all cases,

It is obvious geometrically that the association of pairs
of points arises from the cirenmstance that every geodesic
may be traversed in two opposite senses.

Since the extended theorem of Poincaré allows us to infer
the existence of two invariant points with oppositely signed
indices, we infer that there exist two geometrically distinet
closed geodesics which intersect the closed geodesic only
twice.

This completes the proof of the previous italicized
statement.

By applyving the same theorem to higher powers of 777
the existence of other types of closed geodesies could bhe
inferred. Morcover the methods of section 1 are applicable
aud show that there will be in general infinitely many closed
geodesies in the immediate vieinity of a closed geodesic of
stable type.

There are two further remarks concerning the geodesic
problem which I will make in conclusion. In the first place
the conclusion that there will exist at least two other distinet
closed geodesics meeting the geodesic of minimax type only
twice is no donbt valid for swfaces of much more general
type.

Secondly, if the convex surface is symmetrie in space about
a plane containing a geodesic g, there will be varions elosed
geodesics which intersect ¢ twice at right angles. Methods
for dealing with these symmetric closed geodesics can be
used analogous to those which 1 employed in dealing with
certain symmetric periodic orbits in the restricted problem
of three bodies (loc. ¢it.). TIn fact if 4 is of minimax type, the
transformations 7" and 7'* become identical, and 7 T'* appears
as the square of a product of two involutory transformations.
as is the case for the fundamental transformation in the
restricted problem of three bodies,



CHAPTER VII
GENERAL THEORY OF DYNAMICAL SYSTEMS

1. Introductory remarks.* The final aim of the theory
of the motions of a dynamical system must be directed toward
the qualitative determination of all possible types of motions
and of the interrelation of these motiouns.

The present chapter represents an attempt to formulate
a theory of this kind.

As has been seen in the preceding chapters. for a very
general class of dynamical systems the totality of states of
motion may be set into one-to-one correspondence with the
points, 2 of a closed n-dimensional manifold, 4/, in such
wise that for snitable coordinates .rq, --...r,, the differential
cquations of motion may be written

dadt - Xi (ry. -0 a) (= 1,.-..2)

in the viecinity of any point of A/, where the .\, are » rveal
analytic functions and where ¢ denotes the time. The motions
are then presented as cuvves lying in /. One and only one
such curve of motion passes through each point % of A,
and the position of a point 2 on this curve varies analytically
with the variation of 7% and the interval of time to pass
from £’ to I°. Ast changes, cach point of A/ moves along
its curve of motion and there arises a steady fluid motion
of M into itself.

By thus climinating singularities and the infinite region, it
is evident that we are directing attention to a restricted class
of dynamical problems, namely those of ‘non-singular® type.

“ Nections 1-4 are taken directly from my paper t'ber gewisse zentrule
Bewegungen dynamischer Systeme, Gottinger Nachrichten (1926). The
remainder is closely related to my papers, Quelques théorémes sur les
monvements des systémes dynamiques, Bull. Soc. Math. France, vol. 40 (1912).
Surface Transformations and Their Dynamical Applications, Acta Mathe-
matica, vol. 43 (1912), in particular sections H54-57.

189
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However, most of the theorems for this class of problems admit
of easy generalization to the singular case. The problem of
three bodies, treated in chapter IN. is of singular type.

The differential equations of classical dynamics are more
special, and in partienlar possess an invariant n-dimensional
integral over J/. In consequence any small molecule. o,
of M about a point /% at time 4, must subsequently overlap
its first position «p. This fact may be deduced asx follows:
Suppose that at a time # following ¢ wmits after 4, the
molecule is in an entirely distinet position, and consider its
positions at. times r, 2r. ... after the initial instant 4. These
positions cannot be entirely distinet from one another; forif
denotes the value of the invariant integral over the molecule
in its initial position, this value will be the same in such
subsequent positions, and since the value of the invariant
integral over J is finite, say 17 the number of distinet
positions cannot exceed 170, Henee some /<th and j-th mole-
cules overlap (/~y). But if these overlap, then in the corre-
sponding positions (7-— )¢ units of time earlier, they will
still do so. It follows that the (j— /)-th position of o over-
laps ¢,. By this argument and its natural extension. Poinearé”
proved that in general the motions of such more special
dynamical systems will recur infinitely often to the neighbor-
hood of an initial state, and so will possess a kind of stability
‘in the sense of Poisson’. ]

It will be our first aim in this chapter to show that with
an arbitrary dynamical system not so restricted. there is
associated always a closed set of ‘central motions™ which do
possess this property of vegional recurrence, towards which
all other motions of the system in general tend asymptotically.

2. Wandering and non-wandering motions. Consider
an arbitrary point £y of the manifold A/ of states of motion.
Let ¢ be an open continuum of small diametert ¢, containing

* Méthodes nonrelles de la Mécanique céleste. vol. 3, chap. 26.

T It is evident that distance may be defined in an appropriate fashion
in M. The diameter of a set of points is merely the upper limit of
distances between pairs of points of the set.
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P,. As the time ¢ increases, this ‘molecule’ o moves. [t
may happen that P, represents a state of equilibrium; in
that case the molecule will alwayvs continue to overlap I:
we exclude this case for the moment. In any other caxe o
will move outside of itself if o, is small enough, since the
velocity compounents du,/dt ave approximately the same as
at P throughout the molecule. If it is possible to take
so small that o never again overlaps its fiest position, we
shall call 2y a ‘wandering point’, and the corresponding motion
a ‘wandering motion’. In the contrary case I, will be termed
a non-wandering point, and the corresponding motion a non-
wandering motion. With this second class we naturally inelude
equilibrium points and the degenerate corresponding motions.

There is an apparent asymmetry between the inereasing
and decreasing directions of the time /7, as far as these
definitions go. But it is easily seen that there is no asymmetry
in actuality. In fact if the image of o intersects itself after
¢ units of time, it does ¢ units of time earvlier; for the over-
lapping molecules o and op (i. e. taken ¢ units afterward)
oceupy the positions ¢_p and o vespeetively, + units of time
earlier, and these continue to overlap.

Thus the wandering point /% is characterized by the fact
that the corresponding molecule o deseribes an s-dimensional
tube which never overlaps itself as ¢ changes from -—« to
+ > . For this reason the characterization as ‘wandering’
seems legitimate, since Iy never recurs to the infinitesimal
neighborhood of any points once passed.

The set W of wanderving points of M s made up of cureves
of motion filling open n-donensional continua.  The set A,
of won-wandering points of M is made up of the complementiry
closed set of curves of molion.

For the reasons just presented all of this statement is
obvious, except perhaps for the assertion that 117 is open
and consequently 1/, is closed. But if /% is a wandering
point, so evidently are all the points of the molecule o
including F,. This shows at once that JI” is made up of
open continua, and hence that M, is closed.
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Lf the set M, of non-wandering motions contains points
which are not limit points of the set W, these form a sub-set
My of curces of motion filling up open n-dimensional continua
and possessing the property of regional recurrence.

It is clear that /1 is made up of a set of curves of motion.
for since @ of Mi is not in the immediate neighborhood of
any curve of motion of 1’ the same will be true of all other
points on the eurve of motion containing . Also a sufficiently
small molecule containing ¢ will be entirely in AM; so that
M is made up of open u-dimensional continua of non-
wandering points.  Hence the property of regional recurrence
is obvious.

Evidently the set M;— My = M{’ is merely the set of
boundary points of the n-dimensional open continua IV, M1,
It is made up of a closed set of complete motions, of less
than » dimensions. .

As Hee ineveases or decreases, crery wandering  point op-
proaches the set My of non-wandering curces of motion.

The proof of this fundamental property of wandering motions
is not difficult.

Consider any small open neighborhood of A7y, within which
A lies, and the complementary closed set (' made np ex-
clusively of the points 1. About each point of ¢’ can be
constructed a small molecule o, such that the molecule never
overlaps itself ax time changes. Hence a finite set of these
molecules can be found which cover €' completely. A moving
point can enter any one of these molecules (held tixed) only
once, and can stay within it only a short interval of time.
It is thus obvious that after a finite time the moving point
lies always inside of the arbitrary neighborhood of A/,
Henee any moving point must approach M, as stated.

A more detailed study reveals certain further characteristies
of the mode of approach of the wandering motions to the
non-wandering motions. Since in the above discussion the
moving point enters one of the fixed molecules covering ¢’
only once and stays in it for only a brief period of time,
the following facts are obvious.
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Any wandering motion remains outsede of a preseribed neigh-
borhood of My only « fiite time T. and goes out of this
neighborhwod only « finite number of times N, where N and T
are uriformly limited, once the weighborhood is chosen.’

3. The sequence J/, JI. JM,, - ... Having arrived at the
closed set of non-wandering points 3/, between points of
which distance may be defined as in J/. we are in a position
to define wandering and non-wandering points relative to /.
(instead of M) as follows. Choose an arbitrary point /3
of My, and an open continuum o. of small diameter. con-
taining % and certain other points of 1/, Setting aside the
case when P, is an equilibvium point, and choosing the dia-
meter of ¢ small enough, we see that this molecular part
of 3 will move outside of itself away from its initial position.
It the diameter can be chosen so small that the pavt of 3/,
in ¢ never again overlaps itself. we may say that /% is a
wandering point of M, (though of course non-wandering with
respect to J by definition of J/;).  Other points, including
equilibrinm points, in 3, may be termed non-wandering
points of M.

It is elear that the parallelism is complete.  The non-
wandering points M, relative to I, form a eclosed set of
motions toward which any point /> of the set of wandering
points W is asymptotic as time inereases or deercases, and
similar uniformity properties relative to .J/; hold.

The same process may now be repeated with respect to
M, as a basis, and thus are defined Ay and . Continuing
in this manner we obtain M. M. M, .... We regard the
process as terminating if any A, ;; is the same ax M;, in
which case there are no points W, of course. In case the
process does not terminate in this way the sequence of distinet
closed sets M, MM, M,, ..., each within its predecessors,
defines a unique limiting set M., which is evidently closed

*To render the count of exits precise, it is desirable to take each
covering molecule so as to have at most one segment cut off by any
neighboring stream line, and then to consider the neighborhood outside
of the covering molecules as the given neighborhood of M.



194 DYNAMICAL SYSTEMS

and composed of curves of motion. Further application of the
proeess vields Mg, Mo . 2. - - Thus are defined successively

MM, M, ...
Moo Moy, Mots, ---.
.l/-_;‘.,, JIE(-» i1e J[zl.,+-__», ey

@1 t)

Moay Moy Mo, oo

in accordance with the well known theory of transfinite
ordinals given by Cantor.

But. these form an ordered set of distinet closed point ~ets
cach with an immediate successor and contained in all of its
predecessors.  Such a set is certainly numerable. Hence the
process does eventually terminate in some M,.

Thus there crists a well-ordered, terminating set of distinet
closed. sets

Mo My Mo ooy Moo oo, My,

machich an element My, immediately following My consists
of  the non-wandering motions relative to My, while an element
My withont an immediate predecessor is the limit of its pre-
decessors. The wandering points W, of My, tend asymptoti-
cally toward the non-wandering motions Mpaq in suele wise
that the total time outside of « given neighborhood of M-+,
as aeell as the wumber of exits from this neighborhood. are
wiformby limited.

The final set obtained, J/,, is the set of ‘central motions’.
It is obvious that these have the property of regiomal re-
currence sinece there are no wandering points 1. From
this property it may be inferred by the method of Poincaré
(loc. eit) that in any arbitrary neighborhood of a point of
M, there is a motion which enters this region infinitely often
in past and future,

In fact, it there is an isolated curve of motion of 1/, in
the region. the curve must be closed and this motion must
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be itself periodic, since the motion is non-wandering. In
this case the periodic motion itself has the desired property.
If there is no isolated motion. we can select a neighborhood
of the given point as small as we please which overlaps it
in M, again at least once at some later time. Thus we get
two points P, @, on the same eurve of motion of 3., both
in the molecule about the given point, but not near together
in time. Next we choose a xtill smaller molecule about 7
so small that every point 7 in this molecule continues to
meet the original molecule at a point ' near to (. But by
choosing £ suitably, we can find a point /2 before /2’ in time,
lying in the same moleenle as /', @'. Thus we obtain an
are I P' () of a curve of motion of 1/, such that the three
points 7, /', ¢ lie in the given molecule taken at the ontset
at three different times. Next by choosing a still smaller
molecule about I” we are led to an arec R” ’7Q"8". then
to T® RO P OB S® and so on. The limit of the points
PP, P, ..., will be a point of M, in the given molecule.
which traverses that molecule infinitely often in the past and
in the future.

1t is obvious that the periodic motions in the dynamieal
problem must lie in the set of central motions.  The motions
defined later (section 7) as ‘“recwrrent’ will also.

4. Some properties of the central motions. It is
ecasy to sec that every point of J/ approaches within an
arbitrarily given neighborhood of the central motions at least
once within every sufficiently large fixed interval of time.
For such a point certainly approaches 3/, in this manner
inasmuch as every motion of A/, approachex J/, uniformly
often, and therefore every motion near J/; does also.  Con-
tinuing in this manner we see that this uniformity property
holds for A/, Als, ---.. If the series continues to M., the
same property must be true for J,. Indeed an 3/, can then
be found in any neighborhood of A/, since .M, is the inner
limiting set of the closed sets 3f,. Nince a point approaches
an arbitrarily given neighborhood of 3/, uniformly often, it is
therefore evident that it does the same for M,. By continuing

1y
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indefinitely in this manner with w1, -+ -0 Mo, -- -, M, we
arrive at the stated conclusion.

Now the motions of 3/ were seen to approach those of A/,
in a definitc manner. while in turn those of M, approach J/,
similarly. By combining these results it would be possible to
make certain statements as to the mode of approach of any
point of M to A,. This method of deseription might be
carried on to My, - .-, Mw, ---. But for the general purpose
of this paper we shall merely establish a simpler resalt for
all the sets Af,.

Let us define the ‘probability’ that an are PQ lies in a
given region X as the ratio of the time interval for the part
that does lic in X to the total interval.

The probability that an wre of a cwree of motion lies inside
of an arbitvary neighborhood of « set My, and i particular
the set of central motions My, approaches wnity uniformly os
the intereal of time for such an are inereases indefinitely.

From what was proved at the outset concerning A/, the
probability that any are lies in a given neighborhood of J/,
approaches unity uniformly as the interval of time increases
indefinitely.

To prove a like result for A/;, we recall that any arbitrary
motion of J/; is represented by a curve which lies inside of
a prescribed neighborhood of J/; except for a limited number
of ares corresponding to a limited total interval. Now any
long are sufficiently near to A/, will share the property of
the motion of J,, of being inxide the prescribed neighborhood
except for a limited number of ares of limited total length,
provided that first the length of the long arc is taken arbi-
travily large, and then the neighborhood of Af; within which
it is to lie is chosen suitably. Turthermore if a point is near
enough to M, it will evidently lic on such a long arec of
a enrve of motion.

Hence, since the probability that an ave of A/ lies within
the prescribed necighborhood of M; approaches unity as the
time interval is taken longer and longer, and since cvery
point in such a neighborhood of J, is part of a long are
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near to A, except for a finite number of pieces of limited total
lIength, it is obvious that the probability that an are in M/
lies within a given neighborhood of M approaches unity
uniformly as the time interval for the arc becomes larger
and larger.

This same argument is evidently applicable for ALy, My, ---.
For M, we nced only note that since M, is the inner limiting
set defined by M,, M,, ---. it will be approached as a limit
by this set in such a way that for a sufficiently large n
every point of M, will be within distance ¢ of some point of
M,. Since the probability that an are of an arbitrary motion
for a sufficiently long interval is within distance ¢ of A/, is
at least 1 -J0 where 0 is small, the probability that it is
within distance 2¢ of M, ix at least 1—d.

Evidently this reasoning admits of indefinite continuation
and leads to the desired conclusion.

5. Concerning the role of the central motions. It is
obvious then that a first problem concerning the properties
of dynamical systems is the determination of the central
motions.

For the equations of classical dynamics the central motions
are obviously the totality of motions, at least for the case
without singularities to which we are now confining our
attention. In fact the property of stability <in the sense of
Poisson involves that of regional recmrrence. characteristie
of the central motiouns.

The snperior usefulness of the equations of classical type
may very well be a reflection of the fact that the central
motions are the most probable motions, rather than any con-
sequence of the laws of nature.

6. Groups of motions. C(onsider now auny curve of
motion in M with a point /% moving on it. The points /%
constitute the *point group’ of the given motion.

Every limit point of the set /% for lim7 - -{-= will
be termed an  limit point of the motion, and cvery limit
point of the set P for lim ¢ = — =« will be termed an « limit
point.
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In all cases the limit points of either class form a closed
point set.

The set of w (ce) limit points of any motion Py form a closed
connected set of complete motions.  The distance of Py from
this limit sct approaches O for limt := 4o (—o0).

In fact let ¢ be an o limit point which /% approaches
for lim7 - - - %=, and let IP** be a point of the curve of
motion through 22+, after an interval ¢. Evidently /%,
will approach 7°%* in the same sense. That is to say. P**
ix an o limit point if /°* is, Krom this argument we infer
that all points of the point group of P* are e limit points.

To establish that the distance from I% to this set ap-
proaches 0. we employ an indirect argument. If 7 did not
approach the set of o limit points uniformly for lim 7 — -} o,
it would be possible to sclect an infinite set of indefinitely
increasing values of 4 such that [ would be distant from
any o limit point by at least a definite positive quantity .
There would then be at least one limit point I of the
set /%, and this point would be at least  distant from
any o limit point. By definition. however., P is an o limit
point. so that a contradiction results.

It is obvious that the w limit set is counected inasmuch
as it is approached uniformly by the point P; as # becomes
infinite. while /% moves along its cwrve of motion continuously.

If we consider the groups of motions M, M,. ... which
lead to the central motions A7, it is obvious that the «
and o limit motions of a motion in A/, will form part of Mpq4.

7. Recurrent motions. Consider now an arbitrary, closed,
connected set X of complete motions. 1t was observed above
that the « or o limit motions of any motion form such a
set of motions. More generally, if we take any connected
set of complete motions and adjoin to it the limit points,
we obtain an enlarged set 3.

If a set X contains no proper sub-set =’ of the same type
we shall say that = is a “minimal set of motions’. In this
case it P is any point of I, its « and w limit points form
closed sets in N, which must therefore coincide with 3.
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By definition any complete point group in a minimal set
forms a recurrent point group and any motion in that group
is called ‘recurrent’.

All recurrent motions belong to the central motions. In
fact the ¢ and o limit points of any such motion in A/, form
a set I in My4q. which must coincide with the minimal set.
s0 that no point of the set can be in A, but not in A,y
Hence the minimal set corresponding to°the recurrent motion
lies in M.

In all cases but the simplest one, in which X consists of
a single closed curve. a minimal set I contains a non-
denumerable perfect set of curves of motion. For suppose
a minimal set to have an isolated curve of motion. A point %
on this curve has the points of the curve as its « or o limit
points.  Henee this curve must be closed and constitutes the
minimal set 2.

In order that « point group yenerated by a mobtion Iy be
recurrent, it is necessary and siufficient that for any positive
quantity &, however small, there exists « positive quantity T
so lavge that any arve Py Peop of the curee of motion has
points acithin distance € of cvery point of the curve of motion.

This condition isx necessary.

If not there is a recurrent point group X generated by %
and a positive ¢ such that a sequence of ares P Pyryor (1.
arbitrarily large) can be found for each of which no point of
the arc which comes with distance ¢ of a corresponding
point @ of 2.  As 7' increases, the point @ has at least one
limit point Q*. and thus it is clear that for a properly taken
subset of the sequence I% /%27, no point lies within distance
&2 of (Q*. Consider the sequence of middle points % ¢
of such ares. For a limiting position P*. we infer that
every point of the complete point group of I°* is at distance
at least ¢/2 from @Q*. Hence /°* defines a closed set of point
groups lying within the closed minimal set X defining the
given recurrent motion, but forming only part of it, and in
particular not containing *. This is absurd by the very
definition of a minimal set.
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To prove the condition sufficient, we note first that the
sets of « and o limit points of a point group satisfying this
condition must coincide. We need only take 7 - 0 in the
arbitrary are P Pyi.r to see the truth of this fact. Call the
set of these common ¢ and w limit points, 3.

If the set X ix not minimal it would contain a proper
subset 3’ of the same sort to which some point @ of = would
not belong. Now, when the point Py approaches sufficiently
near to a point of X', it will remain very near to this closed
connected set of complete motions for an arbitrarily long
interval of time and so will not approach all of X in this
interval, as demanded. Thus the assumed condition would
not be satisfied by the point group generated by .

Hence 3 is minimal, and the motion is recurrent.

Clearly all recurrent motions are central motions, but of
course central motions need not be recurrent. Indeed in the
case of the differential cquations of eclassical dynamics, all
the motions are central, but need not be recurrent.

8. Arbitrary motions and the recurrent motions.
The importance of the motions of vecurrent type for the con-
sideration of any arbitrary motion ix evidenced by the follow-
ing result:

There erists at least one recwrrent group of motions in the
o () limit motions of any given motion.

Let X denote the closed set of @ limit points of the
given motion. We need to prove that the set X contains
a minimal sub-set.

Divide M into a large nummber of small regions of maximum
span not greater than ¢, an assigned positive constant. Among
the motions of X there will be one which enters a least
number of these small regions of M under indefinite increase
and decrease of ¢{. T.et I be the corresponding closed set
of complete limit motions. This set is part of I and lies
wholly in the same small regions. Divide these small regions
into regions of maximum span £/2. Among the motions of X,
there will be one which enters a least set of these smaller
regions of J/ under indefinite increase and decrease of .
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Define 3, as the corresponding closed set of limit motlons,
which will be part of 3.

Proceeding in this way we determine an infinite sequence
S, 3, -+« of closed connected sets of complete motions, each
set being contained in its predecessors. Now let P, be any
point whatever of 2,, and let ’* be a limit point of the
set ;. The point I’* belongs to X of course since it is
a limit point of points of X. Furthermore since 7°, is contained
in Iy (m <), the limit point P°* lies in all of the regions
I, 3, .... Likewise since the complete curve of motion
throngh /2, is contained in X, (m =~ n), the complete curve of
motion through I’* lies in X, X, .... Hence, in accordance
with the property by which these regions were defined, the
curve through P* must enter all of the sub-regions at every
stage, and hence its limit points must consist of all the
points 2, common to I, X, 3, ...

The same argument shows that any motion lying in 3 has
this complete set as its set of « or w limit points. Tn other
words the set X, forms the desired minimal set.

The following farther result shows that either a point /%
generates a recurrent motion, or else that it successively
approaches and recedes from such recurrent motions uni-
formly often:

For awy & == 0 there exdslts an interval T so large that any
wre Py Prpy in J[ contains at least one point within distance &
of some group of recurrent motions.

The proof is immediate.

If the theorem is not true it is possible to obtain ares
Pt Prisp, not coming within distance ¢ of a recurrent point
group for 7' arbitrarily large. Let then 7%,y denote the
middle point of sach an arc. If ¥ is a limit point of the
points FPrrp for lim ¢ = -+ o, evidently the complete
curve through P* has none of its points within distance ¢
of any recurrent point group. But the set of « and o limit
points of P°* each contain a minimal set. Thus a contra-
diction appears, since every motion in a minimal set is by
definition recurrent.
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9. Density of the special central motions. It is
evident that the structure of the set of central motions A7,
is of vital theoretic importance. Now this closed set of
motions has been seen to be characterized by the property
of regional recirence, and thus the existence of an n-dimen-
sional invariant volume integral for the equations of classical
dynamics insures that the totality A/, is A/ itself in this case.

We propose to establish some simple properties of the set
of central motions.

The set A, is made up of one or more connceted parts,
each of which contains at least one minimal set of recurrent
motions,

Any central motion whose « or o limit points do not fill
up all of the connected part of J/, on which the motion lies
will be termed a ‘special” central motion. A recurrent motion
ix special according to this definition unless the corresponding
minimal set constitutes all of the connected part of A/ to
which the recurrent motion belongs.

In particular then for classical dynamics, the special motions
are those which do not pass arbitrarily near all possible
states of motion. cither as time inereases or clse as time
decreases.

The special cenlral molions wre everywhere dense on  any
conmected part of the set My of central motions, wunless that
port s ade wp of « single minimal set of recurrent motions.

For the case of classical dynamics (M, = M) the special
motions «wre thus dense throughout M, unless M is made wp
of « single minimal set of recirrent motions.

Tn establishing this result we shall take M, as A itself,
but it will be evident that the proof applies equally well
to any comnected part of M, provided that by a region of
M, is understood any commected part of the set A/, no point
of which is a limit point of points not belonging to the region
but in M,.

Suppose if possible that there is a closed region K no point
of which belongs to a special motion. Now there exists at
least one set of recurrent motions X in A/, which are special
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motions in the case under consideration and so fall entively
within the complementary region ¥ = M—E.

Consider all of the points within a distance & of X where
¢ is chosen so that the e neighborhood of X lies entirely
within F.

As { inereases indefinitely. this ¢ neighborhood moves, and
two possibilities arvise: either (1) no points of the & neighbor-
hood go outside of F for ¢ sufficiently small or (2) at least
one point of the neighborhood finally emerges from F. no
matter how small ¢ is chosen.

The second alternative is easily disposed of. Let ¢ approach0
and consider a sequence of aves °Q of curves of motion in /'
such that P lies in the & neighborhood of X, while Q lies on
the Dboundary of F and corresponds to a later time 7.
ividently the half curve of motion in the sense of decreasing
time through any limiting position ¢ of @ for lime — 0.
lies wholly in F, and constitutes a special motion of the type
whose cxistence was denied. Thus we may confine our
attention to the first alternative.

But in the first case choose & as large as possible so that
the set of motions passing through the ¢ neighborhood of X
continue to lie wholly in F as ¢ increases. It is apparent
that the upper limit of values & for which this is true is also
a permissible value of e, The points on these motions and
limit motions constitute an augmented region £ within which
X lies. No motion of /? when continued in the sense of
decreasing time can emerge at a point 7’ on the boundary
of F, for then the motion through I’ for sncreasing time
would be a special motion leaving £ at /°, and thereafter
Iving within /. For the same reason & must lic wholly
within F. But now if we consider the points within the
& neighborhood of 2, some of these must emerge at a later
point ) from F': otherwise the region R would not corres-
pond to a maximum value of &, Thus there arises a limiting
point (), the motion through which is special of course, and
remains in #' with decreasing 7. Thus a contradiction follows
in all cases.
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A slight extension of this reasoning enables us to establish
the following more precise result:

If a commected region of M, contains a motion within it,
there exists ut least ome special motion passing through a point
of s houndary and lying within the region as t inereases
(decreases).

Suppose that we consider an ¢ neighborhood of the com-
plete motion within the region F. If ¢ decreases indefinitely,
this region moves and our ecarlier argument shows that the
fact stated must be true unless no points of this e neighbor-
hood ever go outside of F' with decrease of time, for ¢ small.

If we consider the ¢ neighborhood together with all of
the part of £ into which it moves as # decreases we obtain
an augmented region. This augmented region must lie in F
when / inercases as well as decreases, and it must be in-
variant. For if a point of the aungmented region moves
outside of itself to a point () as £ inereases. then a small
enough molecule about @ would never overlap @ again as ¢
deereases, contrary 1o the property of regional recurrence.

If we take & as the upper limiting value. we obtain an
invariant region £ in ' made up of complete motions. By
considering points in the ¢ neighborhood of /' and letting ¢
decrease, we find as before that some of the motions in this
neighborhood must finally leave /' at a point Q. By allow-
ing ¢ to approach 0, a limit point () is found through which
passes a motion lying in # for increasing ¢. ax desived.

10. Recurrent motions and semi-asymptotic central
motions. We shall say that a motion is positively (nega-
tively) ‘semi-asymptotic’ to a minimal set of recwrrent motions
in case that set is the only minimal set among its o ()
limit motions. With this definition in mind. we can state
the following conelusion:

Hither theve are other rvecurvent wotions in the imediate
vicinity of @ recurvent motion, or there erist central motions
positively (negatively) semi-asymptotic to the recurrent motion.

The proof is immediate. Choose a small neighborhood of
the given minimal set of recurrent motions. By the preceding
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scetion there will be a motion entering this neighborhood
at a point /°, and remaining within it subsequently. If this
motion has other minimal sets besides the given minimal sct
in its set of o limit points for e arbitrarily small. the state-
ment made is true. In the contrary casc the motion through
L7 will be positively semi-asymptotic to the given recurrent
motion, also in accordance with the result stated.

11. Transitivity and intransitivity. Let us consider
a ‘molecule” about an arbitrary point in some connected
part. of the manifold of central motions, J/,.. As ¢ increases,
thisx molecule moves in accordance with the differential
equations and will sweep out a tube in A/ which must ulti-
mately overlap itself because of the property of regional
recurrence. Let B denote the tubular region so described
together with its limit points. As ¢ increases, the end of the
tube R movex into the tube, and the region R is carried
into all or part of itself. But, because of the property of
regional recwrrence. this region cannot move into part of
itself, and so is carried precisely into itself. as /7 increases,
or decreases. Thus the complete tube formed from the
molecule by allowing £ to vary in either direction yields the
same region /?, made up of complete motions.

Now two possibilities arise: either for every point P of M,
and any molecule abount the point, a region LK is obtained
which coincides with A/, or for some point /2 and choice
of an enelosing molecule, 7 is only part of J/.

In the first case we shall call the conmected part of the
set of central motions A/, of ‘transitive’ type, whereas in the
second case it is of ‘intransitive’ type.

For the problem of classical dynamics, transitivity means
that any small molecule ultimately sweeps out the entire
manifold M of states of motion (except for nowherc dense
motions). whereas this is not true in the intransitive case.

A necesswry and  sufficient condition for the mtransitivity
of @ connected set of central motions is that there exists
an invariant closed region in the set. forming only part

of il.
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The characteristic of the intransitive case of classical dynamics
s thus that there exist mvariant n-dimensional continua of
complete motions filling only part of A

{vidently the stated condition is necessary since such an
invariant region is found in the region R described above.
On the other hand, if there is an invariant region R in J/,.
a molecule lying within R must always continue to lic in R
for increasing or decreasing 7, so that the motions are
intransitive.

In the intransitive case all motions are special. For an
arbitrary motion either lies in such an invariant sub-continuum.
or in the complementary set of invariant sub-continua, or on
the boundary of the given invariant sub-continuum.

In case a connected part of the set of central motions M,
s transitive, there will exist motions wlich, as teither nereases
or decreases. nltimately puss wrbitrarily near all poats of the
manifold of states of motion.

For definiteness we shall take M, = J{ in our demonstration.
Moreover we make the preliminary observation that every
molecule must fill M with increasing #; else it would define
an invariant partial region R of A of the type excluded in
the transitive case. Hence there exist ares of curves of
motion which go with increasing ¢ from the neighborhood
of a given point P to that of a ~second given point Q.

Let us begin by choosing a positive quantity d less than 1.
and any numerable set of points 77, (k — 1.2, ...), which
is evervwhere dense in A, It is clear that if a second set
Pr, (k= 1,2....) is assigned such that 7’ is distant at
most, & from I for k- 1,2, ..., then the second set will
also be everywhere dense in M.

To obtain a motion which is not special we may procecd
in the following manner. Within the « neighborhood of 7.
the point P and an are P; P of a curve of motion can be
found such that P; lies in the d* neighborhood of P,. Mark
now about Pi a smaller neighborhood, lying within the
neighborhood of /% and such that if P’ varies anywhere
within it, the point £’ of the curve of motion through 7’
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stil may be taken to vary continuously within the d°® neigh-
borhood of P». This is obviously possible.

Now within this smaller neighborhood of P a point I/’
may be selected so that the point Q3 of the arc of a curve
of motion Q2 i’ lies in the d* neighborhood of 7. Thus
an are of a curve of motion @ P/’ P’ is obtained, such that
()Y is within the ¢° neighborhood of P» while A, P3 are
within the ¢ and d* neighborhoods of P, and 7% respectively.
Furthermore, we can take a ncighborhood of /7 still in
the 4 neighborhood of %, so small that as /1" varies con-
tinuously within this neighborhood, both %" and %" of an
are Q' 1" P vary continuously within the «* neighbor-
hood of I%.

By another similar step we may fix upon a %" of an are
Q' P/ Py P so that %" lies within the «* neighborhood
of P;. By still another step we obtain an ave Q... P,
and so we may proceed indefinitely. In this way we con-
struet at the J-th stage an are of a curve of motion

(h) A gyth) )
Qv P D Py

such that 7% and ¢ lie in the «* neighborhood of /.
It is clear that by a limiting process we arrive at a curve
of motion
ey QUIT Y P

in which 2% and Q;.’f lie within the % neighborhood of /7.
Consequently the sets /0, 5. ... and @QF, Q. ... are
everywhere dense in J/. Hence the « limit and the o limit
motions make up all of A/, and the motion itself is not special.

In the following chapter (section 11) an example of a non-
singular geodesic problem of transitive type is given. It
seems probable that, in general, after the obvious reductions
by means of known integrals ave effected, the problems of
classical dynamics are of transitive type.

Between the general transitive case and the highly
specialized cases of completely integrable type, there is :
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prodigious variety of intermediate possibilities, dependent on
the particular properties of the differential equations.

In the following chapter we consider the case of a system
with two degrees of freedom. Unfortunately it does not seem
to be the fact that the methods there employed admit of
simple extension to the case of more degrees of freedom. The
problem of three bodies, treated in chapter IX, iy extremely
instructive as an instance of this more complicated case,
although it is of singular type.



CHAPTER VIII

THE CASE OF TWO DEGREES OF FREEDOM

1. Formal classification of periodic motions. In
chapter VI we studied dynamical systems of Hamiltonian
type (im = 2) in a preliminary way, with particular reference
to the periodic motions. We propose now not only to obtain
a more complete idea as to the existence and distribution of
these periodic motions, but also of the various other types
of motion.

For systems of this type the manifold of states of motion
is four-dimensional at the outset., with coordinates py, gy, pas o.
However, by specification of the constant of energy, H =/,
a three-dimensional analytic sub-manifold is defined, and it
is a particular snch manifold M which is the manifold of
states of motion under consideration. In other words, by
use of the energy integral the system of differential equations
is reduced from the fourth to the third order.

In order to limit attention to a definite type of case we
assume that 27 is non-singular, i. e. closed and analytic, and
furthermore we exclude the possibility of equilibrium in J/,
since equilibrium cannot arise for a general value of 7.

Jonsider now a periodie motion, which will be represented
by a closed curve in A/, Tmagine that curve to be cut by
an analytic surface S. If a point I’ of S is followed along
its corresponding curve of motion in the sense of increasing
time, it will intersect S again at a point /2. We write
P, =- T(I’), thereby defining a one-to-one, analytic trans-
formation of & into itsclf, at least in the neighborhood of
the given periodic motion. The transformation 7' leaves
invariant the point corresponding to the periodic motion.
For periodic motions near to the given periodic motion, but
represented by curves making  circuits before closing, there

209 11
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will be a corresponding set of k points, P, T (P), -.., T*~1(P)
with T%(P) = P, where the meaning of the notation is
manifest.

There is a particular and important case in which we can
specify the characteristic properties of the transformation 7',
on the basis of our earlier work. This is the case in which
the Hamiltonian problem is derived from a Lagrangian problem
with principal fanction quadratic in the velocities (chapter VI,
sections 1-3).

T.et us recall the precise method of selecting the coodrdinates
in this case. In the first place the Lagrangian codrdinates
11, = are so selected that ¢, is an angular coérdinate reducing
to 2at/c (v, the period) along the periodic motion, while ¢,
is 0 along it. Then, from the differential equations, 8 H/9p,
is not O along the periodic motion, and we can solve the
equation A = h for p, in the form

7'1+K(flu P2y 2, h) =0,

where A is analytic in its four arguments and is periodic
of period 27 in ¢;. Hence q, ps, ¢o constitute a suitable
set of coordinates for A in the torus-shaped vicinity of the
given periodic motion. In these variables the equations of
Hamiltonian type

dps 0K dg _ 0K

0 dmq T oq:" daq - o p2

subsist.  The ecquations (1) enable us to express the coordi-
nates p;, q: of any curve of motion in terms of the angular co-
drdinate ¢,; and ¢ may then be found by a simple integration.
A final modification is to use p,— p2 as codrdinate instead
of ps. Here p3(¢) is the expression for ps along the given
curve where ¢ is thought of as replaced by its value ¢, 7/2 .
along the periodic motion. If at the same time we modify
K Ly adding a term gsdps/dq,, the form (1) is preserved,
and the periodic motion corresponds to' pe = ¢» = O.
Furthermore K remains periodic of period 2z in g¢;.
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In this way the nature of the codrdinates employed in the
reduction to generalized equilibrium becomes apparent. These
coordinates have the advantage that when the ‘plane’ ¢q; = 0
is taken as the surface of section S, the transformation 7'
becomes area-preserving. Furthermore, if the periodic motion
is of general stable type, so that the multipliers =4 in (1)
are pure imaginary and incommensurable with V' —1, it was
seen (loc. cit.) that 7" may be given the normal form

1ty = 1, 08 (o-+5r)—u, sin (6--572) - @ (2 = 2| 1)
1 -y sin (04372 + o, cos (o+-sr2) w0 ol

in suitably chosen variables u, ¢, where @, ¥ arec given
by convergent power series in uy, ¢y starting off with terms
of arbitrarily high degree, at least if a certain quantity

= V —1s/2x does not vanish. :

It should be remarked that the choice of the surface S
does not affect the transformation 7' obtained except by a
change of variables.

The detailed study of the transformation 7' on the Dbasis
of the area-preserving property and the normal form (2)
enabled us to infer that infinitely many periodic motions
exist in the immediate vicinity of the given periodic motion
of stable type.

In the case when the periodic motion is of general un-
stable type the multiplier 1 is either real, or 24—V —1
may be taken real. The same method as was employed in
the stable case (chapter III, sections 6—9) leads to an
analogous formal solution, and te a real normal form for 7

2)

@) oy = pudrit®, oy == —’17 ve Wod- s (4 £1),

in the case { + 0, where @, & are of the same type as in (2).
This general unstable case is very simple to treat analyti-
cally.* There will be two invariant analytic curves through
* Cf. my paper, Surface Trangformations and Their Dynamical Appli-
cations, Acta Mathematica, vol. 483 (1912), section 27, or the paper by

Hadamard, Sur litération et les solutions asymptlotiques des équations
différentielles, Bull. Soc. Math. France, vol. 29 (1901).
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the origin, which may be taken to be the u and v axes.
Points along one of these invariant curves approach the
origin upon successive iteration of 7'; points on the other
invariant curve leave the vicinity of the origin; while points not
on these curves first approach and then recede from the origin.

If then we interpret this situation in the manifold M near
a periodic motion of uunstable type, we find that there are
two invariant analytic surfaces through the curve of periodic
motion, one of these corresponding to an analytic family of
positively asymptotic motions, the other to an analytic family
of negatively asymptotic motions. Other nearby motions first
approach and then reccde from the given periodic motion
of unstable type.

It is clear that there can be no periodic motions what-
soever lying wholly near to the periodic motion of unstable
type. in contrast with the fact that there must be periodic
motions near to any periodic motion of general stable type
(1 0).

In this way it is seen how fundamentally the classes of
periodie motions of stable and unstable type differ from one
another.

We are now prepared to state to what extent the apparent
limitations introduced are nccessary.

In the first place not all the first partial derivatives of /I
can vanish at any point of the periodic motion, so that the
manifold H = I is a regular analytic threc-dimensional
manifold A along the periodic motion. If variables p, q,», /&
are selected as coordinates instead of p,, ¢i, ps, ¢, the
invariant integral of ordinary four-dimensional volume takes

the form
j I ny‘ dpdqdrdh

where ¢ =~ 0 is analytic in p, ¢, , 2. Henee Jffrp dpdq dr
is invariant in M.
It follows further that 7' will leave a double integral

f Y du dv invariant, where «, v are codrdinates in §, and
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Y >0 is analytic in « and ». The argument is essentially
that of chapter VI, section 1. This fact alone suffices to
lead to the normal forms (2), (3), and to the conclusions
cited above.*

Hence the Hamiltonian problem need not be restricted
in this manner.

In fact it is found that for the most gencral transformation 7'

with such an invariant double integral le/l dudr, there

is always a formally invariant function £(«, v) given by
a formal power series in u, ». We may define the case in
which the equation £ = 0 yields real formal invariant curves
as of unstable type. In this case there are always asymptotic
invariant analytic families of motions (or analytic families
of periodic motions containing the given periodic motion).
All other nearby motions approach and then recede from the
given motion. Thus there are no nearby periodic motions,
except those that belong to the same analytie family as the
given periodic motion, if therc are such.

If 2 = 0 yields no real formal invariant curve of this
kind, the periodic motion may be called of stable type. In
the general stable case treated above, £ is % to terms of
higher order. When o is incommensurable with 27, while s,
together with some but not all of the set of analogous constants
perhaps, vanishes, no essential modification is required except
that the term s#2 in (2) is replaced by a term @2, If.
however, all of these constants vanish, the normal form (2)
holds with ¢ 0, and for these irregular periodic motions
it is no longer possible to apply the reasoning by which the
existence of infinitely many ncarby periodic motions was
established.

On the other hand, no essential difficulty arises in the
case of stable type ‘when ¢ is O or 4 & or, more gener-
ally, is commensurable with 27 ; this is the case when the
given periodic motion is multiple, at least when taken as

* See my paper (loc. cit.) for justification of the fact stated as well
as of what follows.
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described a certain number, %, of times. It is only necessary
to consider 7% in place of 7', for which the number ¢
is also 0. Here the invariant function £ starts off with
higher degree terms than the second, and casual inspection
indicates that 7' is analogous to a rotation through an angle
which vanishes at the origin but increases (or decreases) with
distance from the origin. It would thereforc seem highly
probable that in this case too there must be infinitely many
neighboring periodic motions, although the analytic details
need to be carried through.

Consequently it appears that in very general stable cases,
and probably in all cases except the highly exceptional case
when 7' is equivalent formally to a pure rotation through
an angle incommensurable with 27, this property will con-
tinue to hold. This exceptional case is that in which the
function M in the formal solution reduces to its first term 4.

Hence in the most general case of wunstable type (m = 2)
the phenomenon of  asymptotic analytic families of motions
(or at least of analytic families of periodic motions containing
the given wmotion) is characteristic.  Other wnearby motions
approaclh and then recede from the given periodic motion.

In the most general stable case, except the highly degenerate
case where o s incommensurable with 2 and the formal
series imvolve mo rariable periods, theve widl be neighboring
periodic motions.

1t is to be emphasized that the second of these conclusions
has been formulated without completion of a detailed proof,
such as T have not yet had the opportunity to effect.

The degenerate case of stable type includes a real ex-
ception, as the example of chapter VI, section 4, shows, and
should be further studied. Moreover the formal series break
down in the stable case when 4 is commensurable with
V' —1. These must be replaced by much more complicated
types of series, a suggestion for the structure of which may
perhaps be found in my paper referred to above; the earlier
definition of complete formal stability will need to be extended
so as to permit of indefinitely large periods.
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Between the non-specialized dynamical problem and the
highly exceptional integrable case, there exists an enormous
variety of intermediate cases. In order to possess the
analytical weapons with which to treat all cases whatsoever,
it will undoubtedly be necessary to treat the question of the
stability and instability of analytic families of periodic motions
in much the same way as that which is outlined for the
periodic motions above. While the individual periodic motions
in such a family are to be regarded as unstable, this fact
yields no information as to how nearby motions behave with
respect to the family of motions as a whole.

In order to avoid complication then, rather than because
of any essential mathematical difficulty, we propose to deal
mainly with the class of dynamical problems for which every
periodic motion and its multiples are simple with /4 0. Such
systems will be termed ‘non-integrable systems of general
type’. The integrable case will be treated separately (section 13),
while indications as to the nature of the result in the inter-
mediate cases will be given.

2. Distribution of periodic motions of stable type.
Our first aim will be to establish the following result:

For non-integrable Hamiltonian systems of general type
(n ==2), the set of periodic motions of general stable type is
dense on itself in M.

It will be observed that this result constitutes a slight
improvement over the vesult of chapter VI, sections 1 3.
according to which other periodic motions, stable or unstable,
lie near such a periodic motion of stable type.

To begin with, we recall the facts developed in the lemma
of chapter V1, section 1. It was found there that an arbitrarily
small vicinity of the origin, » << o (», 6, polar coirdinates)
can be selected at pleasure, and then an integer n such that (1)
all the points of » < ¢ remain in the region +-<2¢ under
T, T% ..., T" and (2) 2 6,/0 7, is positive for r <L g, 0, being
at least 27 greater for » == ¢ than for » = 0. 1t is easy
to extend the argument to show that 8»,/07,, 00,/06, are
positive under the same circumstances.
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In this way the curve
On - 00 - 271'7[ — 0,

where /& is so chosen that the left-hand member is negative
but not less than — 2 for » =: 0, will have one and only
one point (», #) on each radius vector, with » < g. Thus
the equation written defines an analytic curve (' encircling
the origin and meeting each radius veetor only once. But,
by the defining property of C, each point P> of (' goes into
a point 2, on the same radius vector; thus the curve €, is
also met only once by any radius vector. Also, because of
the area-preserving property of 77, (', and (' will intersect
in at least two points, and thesc are obviously invariant
points of 7", In the case under consideration (', and (' can-
not coincide, for ¢ would then correspond to an analytic
family of multiple periodic motions.

We propose to con-
sider more closely the
indices of these inva-
riant points. Let us

C/ regard r, 0 as rectan-
R >L<\ gular coordinates and
1 | C  consider the adjoining

r

Q figure in which 7 is an

invariant point at which

N K the curve (), passes from
within (' to outside

>0 of (', as 2 moving point

describes Cin the sense
of increasing 6.

If a point P makes a positive circnit of 7, for instance
around a vectangle KL MN, the vector PP, will have
a component to the right above €, a component to the left
below (', as follows from the facts noted above. At the
points @ and R the vector PP, is directed upwards and
downwards respectively. It is therefore apparent that during
the circuit, the vector PP, rotates through an angle 42,
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so that the index of 7 is + 1; while the invariant point .J,
at which (), crosses C in the opposite sense has an index -—1.

Now by hypothesis the periodic motions corresponding to
1 and J are not multiple. If of stable type, the number «
is not commensurable with 2n. The corresponding normal
forms are either of the type (3), in which s is positive or
negative but not -1, or of the type (2).

By the aid of these forms it is easy to determine the
respective indices. In the first and second cases, the slope
of the vector I°P, is

o Loed..

Uy — U oo out.’

where only the first order terms are indieated explicitly in
the numerator and denominator. It thus appears that it g
iy negative the rotation is the same as that of the vector
drawn from the invariant point / at the origin to the point
(1, ), i.e., 2m. Hence the index is 41 if u is negative;
likewise the index is obviously —- 1 if @ is positive. More-
over, in the third case of stable type when the number o is
by hypothesis incommensurable with 27 in (2), 7' is approxi-
mately a rotation through an angle incommensurable with 27
near the origin, so that the vector PP, rotates through 2n
during such a circuit. Hence the index is -|-1 if the
motion is of stable type.

We infer then that J corresponds to a periodic motion of
unstable type, while it is not clear as yet whether / is of
stable or unstable type.

As a matter of fact, however, under the conditions stated
/ must be stable. The numbers g are the roots of the
characteristic equation, which takes the form

e rn
ar, 1 20,
26, p0n |

0 ¥o ! 0 90
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when the variables », 6 are used. Since the roots are the
reciprocals of one another, this equation reduces to

s (0 _3_9'1) _
r <37_0 + 59, )T =0

in which we are assured that the coefficient of w is negative.
Consequently u is positive and I corresponds to a periodic
motion of stable type.

This disposes of the general case when there are no multiple
periodic motions and / § 0.

It the original motion is of stable type but not of that
highly exceptional type when there are no variable periods
in the formal series. it seems to me that analogous results
are to be expected, i. c. that there will exist nearby periodic
motions of stable type.

This exceptional case merits particular attention; it is
conceivable that it can only arvise for integrable dynamical
problems.

3. Distribution of quasi-periodic motions, Let us
suppose that there exists at least one periodic motion of
stable type for the Hamiltonian system under consideration,
taken of non-integrable general type. This motion is repre-
sented by a closed curve € in the manifold A7 of states of
motion.

Now select any such closed curve C; of motion of stable
type. Very near to it can be found a closed curve C; of
motion of stable type which makes k; circuits of €' before
closing. Next choose a closed curve of motion Cy of stable
type very near to C; and making A, circuits of C,, and so
Iy ks circuits of Cy, before closing. Thus we obtain a sequence
of closed curves (%, (n = 1, 2, ...), which can evidently
be chosen so as to tend toward a definite geometric limiting
set C as » becomes infinite, merely by restricting sufficiently
the successive neighborhoods of Cy, C;, --.. Furthermore,
we can prevent C from being itself one of the numerable set
of closed curves of motion by the same process. For instance
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at the wnth stage we might confine attention to a neigh-
borhood of C, which is so small as to contain no closed
curve of motion (other than () of length less than n: there
are only a finite number of such motions of course.

It is interesting to inquire into the analytic form of the
set C. Let ¢, be the angular coordinate in M which increases
by 27 when a single circuit of C' is made. Then p,, p., ¢
may be thought of as appropriate codrdinates of this motion
(section 1), and we may write

P1 :fl(%)’ Pe = th (’h); qs =My (C[l); t = 'rkl(ql)d’]l

as the equations of the periodic motion (', in which £, ¢,.
Dy y by 0 are analytic periodic functions of ¢, of periodic 2 7.
For ¢y we have likewise

e felgos v (). ge o e (o), fZJIfa(fn)(h/[

where fa, ¢, hs, ks, are analytic periodic functions of ¢, of
period 27w, Thus we form in succession a sequence of
functions f,, ¢u. ly. Ky, periodic of period 2k --- by 171
in ¢, corresponding to the periodic motions (', (= 1,2, ...).
If we take points ¢, = - 0 so asx to approach a limit, it is
obvious that f, g, hu. 6, approach limits /, g. 2. 6. where
the limits are approached uniformly for all values of g¢,.

If there exists a single perviodic motion of stable type for o
non-inteqrable  Hamiltowian problem of general type, there
will exist infinitely many nearby motions, quasi-periodic it
not periodic, with coirdinates of the form

o= lim fu (q), ps = lim g, (q0).
n.-0 nl x

n=

qo = lim A, (q), ¢ - - rlim Ea(q) dey .
00 ) p=o

where fo, Gny e kn are analytic periodic functions of qy with
periods 27k -« Ty, ky, « -+, kn being positive integers which
may be taken greater than 1. The convergence is uniform
Jor all values of q.
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Evidently there is a non-denumerable number of such
quasi-periodic motions, and the coérdinates are functions of
the type treated by Bohr. It is clear that they constitute
a class of recurrent motions of a new type.

4. Stability and instability. For the consideration of
the periodic motions of stable type in dynamical problems,
a fundamental division of cases must be made. It may happen
that all motions sufficiently near the given periodic motion
remain in a small ncighborhood for all time. This is the
simpler of the two cases, in which case the periodic motion
in question may be termed ‘stable’. The other possibility is
that for some small fixed neighborhood of the given periodie
motion, there may be found motions which are arbitrarily
near the given periodic motion at the outset but ultimately
pass out of the fixed neighborhood. Tn this case the periodic
motion in question may be termed ‘unstable’.

Evidently the elassification here effected may be made
not only for periodic motions but also for recurrent motions
of any type. Stability in this fundamental qualitative sense
is not to be confused with the ‘complete formal stability’
introduced earlicr, and a periodic motion ‘of stable type’
may or may not be stable.

The transformation 7' of the swrface S yields an immediate
simple condition for stability.

Consider a small vegion ¢ of S about the invariant point,
and its images s. s, --- under successive applications of the
transformation 7. All of these contain the invariant point
as interior point. The infinite set of regions s, s, ... will
lic in the vicinity of the invariant point, according to the
hypothesis of stability. These regions taken together occlude
a certain neighborhood s of the origin, which is taken into
all or part of itself by the transformation 7' since the set
8, 8, 8, --- is taken into s, s, ---. But s cannot be taken
into a part of itself because of the existence of an invariant
area integral. Hence s yields an invariant area in S, corres-
ponding to which there is an invariant torus-shaped region of A
enclosing the curve of the given periodic motion in its interior.
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A mecessary and sufficient condition for stability is the
existence of infinitely many invariant torus-shaped regions
closing down upon the curve of the given periodic motion in
the manifold M of states of motion.

5. The stable case. Zones of instability. What
then is the nature of the boundary of such an invariant
torus-shaped region in A/ swrounding the given closed curve
of stable periodic motion? In answering this question we
naturally turn to consider the nature of the corresponding
invariant closed curve in S forming the outer boundary of
invariant region s.

Let us assume that the periodic motion, although of general
stable type is not such that the formal series involve no
variable periods (section 1). In this case a normal form (2)
with s { 0 (or a similar form) can be used. We may assume
that ~ is positive, for if s is negative for 7' the corresponding
quantity, — s, is positive for 7’1, This normal form (2)
shows that the counter-clockwise rotation about the invariant
point increases with radial distance if » is sufficiently small.

No region s lying very near to the invariant point can
be met more than once by some radial line. 1In fact let «*
denote the part of the plane formed by the radial lines ex-
tended to the most distant points on the boundary of «.
The regions of ¢* not forming part of s are of one of two
possible types: either they are bounded by the boundary
of s and a piece of a radial
line on the left, or by the
boundary of s and a picce
of a radial line on the
right. But the transfor-
mation 7' cvidently takes
a region bounded on the
left by such a radial line {
into a region bounded by
s and the image /; of
this radial line /. Since the angular cosrdinate increases
with the radius, it is geometrically evident (see figure) that
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the image of such a region will necessarily fall within a region
of the same type.

But this situation is not possible since the transformation
admits an invariant area integral, and consequently no set
of regions can be taken into part of itself by 7. Thus there
exist no regions bounded on the left by such radial lines.

Similarly the use of the inverse transformation 7'—! shows
that there are no such regions bounded on the right by such
radial lines.

Hence the boundary of the invariant region ¢ is met only
once by any radius sector.

The impossibility of a radial segment forming part of the
boundary of s is obvious, so that there is actually only one
point of intersection with each radial line.

A more elaborate consideration based on the normal form
shows that the boundary curve » — f(0) is one for which
the differcnce quotient

[f(0,) — f(62)]/ (8, — 65)

is bounded and indeed small for invariant regions near enough
to the invariant point.* The truth of the fact seems almost
obvious if one observes that 7’ rotates positively directions
differing by any considerable amount from the directions
perpendicular to the radial direction into other directions
differing still more from that direction.

Our conclusion may thus be summarized in the form:

For u stable periodic motion of general stable type and with
variable periods in the formal servies, the invariant torus-shaped
regions are such that their intersections with the analytic
surface of section S may be represented i the formr = f(6),
wheve v, 6 are polar covrdinates with the invariant point ot
the origin, and where f is a continuous periodic function of
0 of period 2 for which the difference quotient is bounded.

The curves of motion on the boundary of such a torus-
shaped region form a closed invariant family. In any such

* For details see my paper (loc. cit.), sections 42-48,
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closed invariant family of motions near the given stable
periodic motion, there is of course at least one recurrent motion.

If the rotation number x along the corresponding invariant
curve on S is incommensurable with 27z the surface of the
torus may represent a single minimal set of recurrent motions.
In this case the coordinates and the time can be expressed
in terms of continuous doubly periodic functions. In order
to make this clear, let us first select angular coirdinates 6.
¢ on the torus as follows. The coordinate ¢ will be taken
to vanish in S, and to increase proportionately with the time
along each curve of motion, the factor of proportionality
being so taken as to increase ¢ by 2s between successive
intersections with §. The codrdinate 6 will be defined along
the invariant curve on S so that the transtormation 7' takes
the form 6, - - 6 4 » where « is the rotation number specified.
Elsewhere on the torus the variable # may be defined as the ¢
of the corresponding point on N diminished by x2¢/27 in
order to make 6 single-valued on the torns. In these coir-
dinates the equation of a curve of motion is 0 — 0, = 2 ¢/2.r.
Moreover the codrdinates pg. qy, ps. 2 ave doubly-periodic
continnous functions of 0, ¢, and d#/dy is also. Hence
we may write

= fagl2m,9) o= gae/2a, 9 py = D(xgl2i7, ),
1 = Kagl2a, ), 1= [1e2i, 9) dy.

where f, g, h, k, | are continuous doubly periodic functions
of period 2z in their two arguments.

There is a second possibility to be considered also. The
minimal set of curves of motion may correspond to a perfect
nowhere dense set of points on the invariant curve; all other
curves of motion on the surface of the torus-shaped region
will then approach this minimal set of rccurrent motions
asymptotically as the time ¢ either increases or decreases.*

* For proof of these facts and reference to the prior work of Poincaré,

see my paper Quelques théorémes générales sur le mouvement des systémes
dynamiques, Bull. Soc. Math. France, vol. 40 (1912).
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‘When, however, the rotation number is not incommensurable
with 27, but is 2p n/q (p, q, relatively prime integers), there
will of neccessity exist points of the invariant curve which
are invariant under 7'9. It can be proved that the entire
curve is then made up of analytic arcs terminated by points
invariant under 7'7, while the interior points of such arcs tend
asymptotically towards these invariant points uponiteration of 7
or its inverse.* We are thus led to the following conclusion.

Any such dosed invariant family of motions near the given
stable periodic motion of gencral stable type and with variablc
periods in the formal series is characterized by « rotation
number.  1f thes wumber is incommensurable with 2w, cither
the family consists of « single minimal set of recurrent motions
of conthiwous type. or it contains a perfect nowhere dense
minimal set of recurrent motions of discontivous type which
all other motions of the fumily approach asymptotically as 1
inereases or decreases.  If this wumber 7s commensurable with
2, there cxists one or more closed periodic motions in the
Juwily, chile  the other motions form analytic  branches
asymptotic to these periodic motions.

It may be observed that this is a result concerning in-
variant sub-manifolds of the manifold A7/ and, in particular.
concerning the central motions in this sub-manifold. Inciden-
tally it appears that, although in dynamical systems of classical
type, all the motions are central with reference to the whole
manifold, the same is not necessarily true of invariant sub-
manifolds, so that the concept of central motions continues
to play a part cven in the problems of classical dynamics.

Any two of these closed families must be cntirely distinet
from one another, except when both have the same rotation
number, commensurable with 2z, Clearly the rotation namber,
which measures the mean angular rotation, must be the
same for two intersecting families. To establish that this
number must be commensurable with 27, we note that since
the two families have at least one motion in common although
they do not coincide, the two corresponding curves, » = f; (0).

*Ree my paper in the Acta Mathematica, loc. cit., sections 42-48.
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7 = f:(0) in S will enclose one or more areas between
them, each hounded by a single arc of either curve. Under
iteration of 7' this area must ultimately overlap itself and
so coincide with itself, the two arcs going into themselves
of course. The two common end points of the two ares
will then be invariant, and hence the rotation number is
commensurable with 2.

Conversely. any two families with distinet rotation numbers
must be entively distinet, the one further away from the
periodie motion having the greater rotation number.

By convention let us counsider all of the invariant families
with the same rotation number commensurable with 27, as
forming a single family. This ix natural sinee any two of
the constituent families must then interseet. The outermost
boundary of the corresponding network of invariant curves
on S, and the innermost boundary curve caunot be wholly
distinet of course, sinee then they would correspond to
distinet rotation numbers.  This augmented family is clearly
composed of a finite number of periodic motions and of certain
analytic families of asymptotic motions, according to the
statement made above.

Consider now an infinite expanding or contracting sequence
of sueh invariant families. The sequence evidently defines
a limiting invariant family. provided it does not close down
upon the invariant point. nor expand beyond the neighborhood
of a stable periodie motion to which attention is confined.

These ineariant fumilies of motions are entively distinet
Srome one another, with rotation  awonbers that inerease (or
decrease) with the distance from the stable periodic motion,
and forne « closed sequence.

In case the sequence of invariant families of motions
contains a pair of suceessive members, the region of A7
within the outer of the two corresponding torus-shaped
regions and outside the inner one may be called a ‘zone of
instability’.* On the surface S the zone corresponds to a

*In section 8 the question of the existence of such zones of instability
is briefly considered.
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ring-shaped region lying between two successive invariant
curves, Such regions will certainly exist unless the invariant
families fill up the neighborhood of the stable periodic motion
completely, aside from the regions occluded by the invariant
families with a rotation number commensurable with 27,

Many of the methods here employed might be used to
develop further details concerning the sequence of invariant
families, the zomes of instability between them and their
relation to nearby periodic motions (see sections 8. 9). We
shall merely establish the following property:

In any zone of instability about the given stable periodic
motion there erist motions passimg from an assigned arbitrar-
iy small vicinity of a wmotion of either of the bounding in-
cariant fumilies into a like arbitrary assigned  cicinity  of
the other bounding imvariant fumily.

Tn fact consider the inner boundary of the corresponding
ring in S, and a small area which abuts on some arbitrary
point of that boundary in the ring. Upon indefinite iteration
of T an invariant part of the surface & is defined, made up
of the part of it formed by the interior of this inner boundary,
together with this boundary, the small region and all of its
images. The boundary of the invariant part of S so defined
must coincide with the outer boundary of the ring, since
the inner and outer boundaries are successive invariant curves.
But this means that the images of the small area extend
arbitrarily near to the outer invariant curve. which is what
we wished to prove.

6. A criterion for stability. It is an easy matter to
give an analytic criterion for stability.

Let

o= f,e), o= g0t

be the equations defining the transformation 7' of the surface
N in the vicinity of the invariant point and let » -- F'(6)
be the equation of one of the invariant curves in polar co-
ordinates. According to the conclusions reached above, F
is then a single-valued continuous fuuction of 6, of period
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2n and with bounded difference quotient. Since this curve
is invariant under 7' it may equally well be written in the
form » = F(0,), where the expressions for »;, 6, in terms
of », 6 are to be obtained for the codrdinate relations above.
1f then in the modified equations so obtained we replace »
by F(6), we are lead to an identity and to the following
simple criterion:

In order that a periodic motion of general stable type and
with variable periods in the formal series be actually stable,
it is mecessary and sufficient that « certain related functional
equation

JE(Feos 6, Fsin @) -+ ¢*(F cos 6, Fsin 6)
g(lf‘ cos 0, F sin 0))

<o R pay r P22 0020, 25 O)
k (tm J(Fcos 0, F'sin 0)

admits of continnous solutions F(6), periodic of period 2 m with
LFU arbitrarily small, but not 0.

7. The problem of stability. An outstanding question
in dynamics is whether or not the complete formal stability
of a periodic motion of stable type assures stability in the
fundamental qualitative sense defined above.

The analytic criteria which distinguish the stable from the
unstable case are exceedingly delicate. There are two types
of questions which present themselves here. Does formal
stability assure such actual stability? If not, does formal
stability assure actual stability in important special cases
such as the restricted problem of threc bodies?

It appears to be certain that in the general case there is
instability, although no proot of this conjecture has been
obtained. The second of the above questions is much the more
difficult one, and is at bottom arithmetic in character; it may
be compared to the question of determining whether or not
an assigned number is trancendental.

8. The unstable case. Asymptotic families. Let us
turn to a like consideration of unstable periodic motions of
general stable type and with variable periods in the formal
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series. In this case there exist no invariant families of curves
of the type present in the stable case, at least if attention
be restricted to a sufficiently small neighborhood of the given
periodic motion. Corresponding to this fact there will be no
invariant curves enclosing the invariant point on the surface S.

In such «a region of instability abowt an wnstable periodic
motion of stable type, there exist two commected fumilies of
motions reaching to the boundury of the region, which vemain
ndefinilely within it as 1 inereases and decreases vespectively.

To prove this fact we consider as usual the transformation 7'
of the surface & in the corresponding neighborhood of the
invariant point. lLet ¢ be a very small region met by each
radius vector once and only once. The images a,(n = 1,2, .-)
of o under 7™ must always contain the invariant point within
them, and for some value of 2 must finally extend to the
boundary of S; otherwise they would occlude an invariant
region ¢, whose boundary wounld be an invariant curve of
the excluded type, according to the argument of section 4.
The points of ¢, remain in & for » iterations of 7! at least.

Now take the diameter of ¢ smaller and smaller. The
limiting closed set thereby obtained will be conneeted with
the invariant point and the boundary, and must remain in §
under all iterations of 7" 1. If we had started with 7'1
instead of 7" in our reasoning, we would have obtained a
second similar set remaining within & under all iterations
of 1. Obviously these two connected sets of points corre-
spond to two counected families of motions possessing the
properties specified.

Let us add the hypothesis that the periodic motion is of
gencral stable type with variable periods in the formal series.
In that case it has been observed that the transformation 7'
rotates the tangent directions to a curve in a counter clock-
wise direction, relatively to the radial direction, except for
tangent directions nearly perpendicular to the radial direction
at the point.

With this property in mind, let us consider the total set Zs
of points remaining in S under all iterations of 7%, and
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connected with the invariant point by points of the same
kind. According to what has just been established, the set
X extends to the boundary of S.

Imagine any rvegular curve 4B drawn from a point A
on the boundary of S, starting in the inward radial direction
at 4, and never turning to the right of the radial direction.
All the points outside of 2. are aceessible from the boundary
of § along such curves A 03
which have no point in
common with X (sec figure).
To prove this ‘left-handed
accessibility” of X, from
the boundary of S, we sup-
pose if possible that therc
are one or more inaccessible
regions (see the region o*
of the figure), which will
evidently be partially boun-
ded by radial segments
which they lie to the right
of in the inward radial direction. The transformation 7' will
evidently tuke these inaccessible regions into parts of them-
selves, sinee it rotates radial divections in the clockwise sense
relative to the radial direction. But this yields an impossibi-
lity, becanse of the existence of the invariant area integral.

Let the wmstable periodic motion be of general stable type
with variable periods i the formal sevics. and suppose for
definitencss that the rotation increases aiway from the motion.
Then the closed connected fumilies of motion, Ze and Xe.
remaming in the region of instability as t decreases or in-
creases vespectively and veaching to its boundury, are respectively
left-handedly accessible and vight-handedly aceessible from that
boundary.

Let us return to the representation of X, on S The
set Z¢ on S must wind indefinitely often to the right about
the invariant point from its intersection with the boundary
of S. In order to establish this fact it is convenient to take
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the polar coordinates 6 and » as rectangular codrdinates
with the # and » axes directed to the left and upwards
respectively. The surface S then appears as an infinite strip,
and the region in the strip to the right of and above the
connected set 2, cannot extend to the right of the point
of 2, on the boundary of S; otherwise there would clearly
be inaccessible regions of the excluded type.

If then 2. does not extend indefinitely far to the left, it
will be entirely included between two vertical lines in this
representation. But the work of section 2 shows that two
points, one on » == () and another nearby, move at sufficiently
different rates in the direction of the 6 axis so as to separate
by an arbitrarily large amount. Hence on sufficient iteration
of 7' the curve X, (whose images under 7' 1 all lie in §)
must spread over an arbitrarily large strip in the 0 direction
and so interseet X,. Thus I, and this image will contain
an area which must remain in N under all iterations of 7" -1,
But this would lead us to an invariant area ¢ in 8 as before.
Hence 2. extends indefinitely far in the direction of the
negative 6 axis. It follows that X, winds indefinitely often
to the right about the invariant point, while I, winds in-
definitely often in the opposite sense. KEvidently then the
two sets X and X, intersect infinitely often.

In conclusion we observe that I, must tend uniformly
towards the periodic motion under iteration of 7). Other-
wise the limit points of X, under iteration of 7'~! would yield
a closed set 3¢, conmnected with the invariant point aund
remaining in & under the iteration of 7' as well as of 7'
The set of such points would then constitute an invariant
region ¢, whose boundary would be met once and only once
by every radius vector according to the argument of section 5.
By hypothesis there is no such invariant region.

We may summarize these conclusions in the following way:

The families 3¢ and 2. of motions wind indefinitely often
to right or left about the periodic motion, according as they
are left-handedly or right-handedly accessible, and so intersect
in infinitely many common motions. The motions Zq and 2,
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are regpectively negatively and positively asymptotic to the given
periodic motion, while the infinitely many common motions
are doubly asymptotic to the given periodic motion.

Entirely analogous considerations to those used above may
be applied to any zone of instability. There will exist posi-
tively and negatively asymptotic connected sets attached to
either boundary and reaching to the vicinity of the opposite
boundary. The two sets intersect infinitely often. Further-
more, by the kind of argument employed in the following
section, it could be proved that the set positively asymptotic
to one boundavy intersects the set negatively asymptotic to
the other. In consequence there must exist infinitely many
motions positively and negatively asymptotic to the two
boundaries in any one of the four possible ways.

9. Distribution of motions asymptotic to periodic
motions. Hitherto in this chapter we have limited attention
to the vicinity of a periodic motion. We turn now to the
consideration of the totality of motions in M, which we take
to be a closed analytic manifold.

In doing so we shall assume that there exists a surface
of section § of genus one, and a corresponding transformation 7,
The boundaries of & are to correspond to periodic motions of
general stable type, and N is cut in the same sense by every
curve of motion in M, at least once in any interval of time
of sufficient length. Any point P of S if followed along
the curve of motion in the sense of increasing time meets
it again at Py, and we write P, == T'(P), thereby defining
a one-to-one analytic transformation of & into itself. which
we take to be continuous along the boundaries.

We shall not attempt here to give conditions for the
explicit construction of a surface of section 5. The details
seem to be special to each case (see chapter VI) and not
particularly illuminating. Such surfaces of section § and
associated transformations 7' exist in very wide classes of
problems.

Moreover we propose to introduce the working hypothesis
that the dynamical system is transitive. This hypothesis is
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certainly satisfied in certain cases as the example given later
(section 11) shows, and in all probability is satisfied unless
exceptional conditions obtain. However, since the presence
of a single stable periodic motion obviously would bring
about intransitivity, the conjecture just made can not be
established unless the problem of stability is also solved.

If we interpret the hypothesis of transitivity on the sur-
face of section N, it mecans that, given arbitvary points 7%
and  of N, then points 2 and @ arbitrarvily near to /)
and (), respectively and an integer n can be found such
that == 7T*(I).

Suppose now that there exists a single periodic motion of
general stable type and with variable periods in the formal
series.  Nince this motion is unstable there exists a network
formed by the corresponding comected sets =, and 2.

Let us consider a boundary of this network which cuts
off a small neighborhood of the invariant point.  Such
a boundary is afforded by the part of N inaccessible from
without a given region enclosing the invariant point but with-
out interseetion with the corresponding branches X, and 2,,.
This boundary is not made up wholly of Y, or X,. Other-
wise under indefinite iteration of 77 1 or of 7 respectively
the images of the boundary would continue to lie in that
part of &, and an invariant part of & would be defined.
Instead it is obvious that under iteration of 7', for instance,
the part 3. of the boundary approaches the invariant point,
while the part X, must finally extend into every part of &
whatsoever. Otherwise the part of N reached and occluded
would also yield an invariant part of N under 7', such as
is excluded by the hypothesis of transitivity.

Consequently the sets X, and 2,, connected with the iu-
variant point under consideration and asymptotic to it under
iteration of 7' and 7' respectively. are both everywhere
dense on the surface of section N.

We have seen (sections 1, 2) that near such a periodic
motion of stable type there ave infinitely many other periodic
motions of stable type which corre®ond to invariant points
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of S under some iterate 7' of T'. Consider any such periodic
motion which is of general stable type with variable periods
in the formal series. It has a set X7 and X{,. both of which
must also be dense throughout S.

Now the sets X, and = have no points in common, inas-
much as a motion cannot be negatively asymptotic to two
different periodic motions. Similarly the sets X, and 3, have
no points in common.

Hence it is apparent that the sets X and X7, have infinitely
many points in common, as have the sets 3, and g,

In the transitive case of tiwo degrees of freedom when there
exists « periodic molion of general stable type haeing variable
periods in the formal sevies, there il erist agfinitely  many
other periodic motions of stable type.  The motions positively
or negatively asymplotic to any periodic motion of this infinile
set avhich is of yeneral stable type aeith variable periods in
the formal series, form a set everywhoye dense in S, There
crist nfinitely wmany motions positicely asymptotic to aiy one
of  these peviodic - motwns, and al the same tone negatively
asymptotie to any other peviodic mmotion of the same set, or
cren o the same periodic motion.

We shall consider next the periodic motions of unstable
type and the motions asymptotic to them.

As has been rvemarked, there exist analytie families of
motions positively and negatively asymptotic to such a periodie
motion. In the simplest case, to which we may limit attention,
there are two corresponding analytie invariant curves through
the invariant point, one yielding the positively asymptotie
motions and the other the negatively asymptotic motions
(seetion 1). The two ares of the same invariant curve ending
at the invariant point cannot intersect of course. no matter
how far extended.

On the contrary. two ares belonging one to each invariant
curve may intersect. In this case the same argument is
applicable as was made for the analogous 3. I, curves
above, to show that these two invariant curves are each
everywhere dense in § and intersect infinitely often.
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Furthermore we can argue as before and obtain the con-
clusion that infinitely many motions exist, negatively asymptotic
to an assigned periodic motion of general stable type with
variable periods in the formal series or to an assigned periodic
motion of general unstable type with doubly asymptotic
motions, and at the same time positively asymptotic to an
assigned periodic motion of one of these two types.

It is evident that if two arcs of positively and negatively
asymptotic types for such a periodic motion of unstable type
intersect the network of one motion of stable type, they will
intersect all such networks, and also each other.

If then we can establish that all the four ares attached
to the invariant point intersect these networks it is obvious
that we can extend our previous conclusions about motions
asymptotic to the periodic motions of stable type to those
of unstable type. We shall prove that this is the case
provided that (1) the asymptotic analytic are from one such
invariant point of unstable type is not identical to that from
a second such invariant point and (2) there is no periodic motion
of general stable type with invariable periodsin the formal series.
The cases when one of these two assumptions fails to hold are
to be regarded as highly exceptional. The argument is made
only in the case when there are no multiple periodic motions,
although the result holds under much wider conditions.

In order to establish this fact, let us supposc that some
onc of the four ares belonging to the periodic motion of
unstable type does not intersect these networks, and show
that a contradiction results.

By extending this arc indefinitely, we obtain a connected
limiting set = on S. This set X is clearly invariant under 7.
Furthermore, in consequence of this fact and the hypothesis
of transitivity X cannot enclose an area. Hence, by a well
known theorem due to Brouwer, there exists an invariant
point of I under 7. This must correspond to a periodic
motion of unstable type, since by hypothesis the extended
asymptotic arc cannot approach a periodic motion of stable
type with variable periods in the formal series.
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Now it is obvious that 5 must contain at least two of the
asymptotic arcs of opposite type to this invariant point
unless the original extended arc coincides with one of these
ares. But this possibility was also excluded.

It is clear that these new arcs in I do not intersect the
networks belonging to the periodic motions of stable type,
and so we may take any one of them, thus deriving a set S,
within 3. In this way a process is set up which must
finally yield a =* in I containing a minimum number of
invariant points correspon-
ding to a periodic motion M
of unstable type, and of
asymptotic ares. Any arce
of S* in such a set extended
from an invariant point must
then have itself as limit
point, and there will be at
least. two such aves of oppo-
site type to the same in- Ji
variant point.

Let us consider separately
the cases when there are
two, three and four such
arcs to the invariant point /

(see figure).

To take the first case, let M’
1J and I M be the positively
and negatively asymptotic arcs in 3% Now /M extended
must return to the vicinity of Z and can only do it along 7J.
Let /JKLM be constructed as follows: JK is a short
curvilinear arc which meets /J at J; KL is an arc made
up of an arc KK, joining A to its image K; near to /.
and of its images K; K3, K; Ky, - - - till the point L is reached
near to /M, with LM a short segment. The curvilinear
polygon IJK'L'M’ is similarly constructed on the opposite
side of IJ. The extended arc /M cannot approach I.J
along JK'K; for then evidently 7M' would also lie in 3*.

LI
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Hence /Al produced intersects JKK,. Likewise 1.J produced
intersects M L L_y. The analysis <itus of the figure shows
that 7M and 7.J extended will intersect. contrary to hypo-
thesis.

Next suppose that three ares, say /. of one type and 74/,
1M of the other, lie in X* It follows as before that 7.7
extended meets ML L 4 and M L' L' .;. Batif there are no
intersections of /J extended with /A/ or /J3[', it is apparent
trom the analysis situx of the figure that 7 M interseets J K K.
and also that /3" intersects J A K,. Thus 73/ and 1M’
would necessarily intersect which is impossible since these
asymptotic ares are of the same type.

There remains to consider the case when all four ares lie
in X", Here /M must interseet A7 A.J K’ K7 if extended.
But /M cannot interseet J K' Ky, for then /. if extended
could not approach 73’, according to the analysis situs of
the figure. Hence 73/ must intersect J N A7, and similarly
1M must interseet J A’ Ki.  Buat the same argument applied
to [ as to [.J shows that /.J must intersect ML L .
Henee /J and 70 intersect. which is impossible.

We are now prepared to state owr conclusion:

Suppose that there is a surfuce of section S of genus one for
a dymamical problem with tico degrees of freedom, of transitice
type. Suppose furthermore that all of the periodic motions of
general stable type incolve variable periods in the formal series.
and that no tico analytic asymptotic fumilies attached to different
periodic motions of unstable type coineide.,

Under these circumstance, all of  these asymptotic fumilies
wre dense i M. and there will cxist infindely many motions
asymptotic in ecither sense to any assigned  periodic motions.
whether of stable or of wnstable type.

The special hypothesis made that the periodic motions
are not multiple is not essential to the method of attack,
but was made in order to restriet attention to the general
case, for the sake of simplicity.

The above result makes plain a certain analogy between
the.motions of stable and unstable type.
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It has been proved carlier that in the neighborhood of
a periodic motion of general stable type and with variable
periods in the formal series, there are nearby periodic motions
both of stable and unstable type. Arc there also periodic
motions which approach arbitrarily near to any periodic
motion of unstable type? Of course such a motion canunot
remain near throughout a period. The answer is in the
affirmative. It may be proved that when the two asymptotic
analytic branches of a periodic motion of unstable type
intersect, there will be infinitely many periodie motions coming
into an arbitvarily small vicinity of the corresponding doubly
asymptotic motion and of the given periodie motion of un-
stable type.”

Thus it appears that in a certain sense the totality of
periodic motions, whether of stable or unstable type, will he
dense on itself in very general cases. The conjecture of
Poincaré that these periodic motions are everywhere dense
has been seen not to be always true (chapter VI, section 4),
but doubtless holds in very general eases also.

10. On other types of motion. Thus far we have
only considered periodic motions. the quasi-periodie motions.
and certain other simple types of recurrent motions, among
the various types of recurrent motions.  Such reeurrent
motions  almost  certainly form  an  endless  hierarchy of
more and more complicated types, even for non-integrable
dynamical systems with two degrees of freedom such as we
have been eonsidering.  Among motions asymptotic to recurrent
motions in either sense we have only considered those
asymptotic to periodic motions. We have not considered
other special motions. nor non-special motions. The general
methods used in this and the preceding chapter yield a variety
of results in this connection.t

We shall not attempt to go further in this direction. The

* See my forthcoming paper in the Acta Mathematica, On the Periodic
Motions of Dynamical Systems.

T See my paper Surface Transformations and Their Dynamical Ap-
plications, Acta Mathematica, vol. 43 (1922), sections 54-73.
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example taken up section 11 will give some idea of the
complexity of the situation to be expected.

11. A transitive dynamical problem. The problems
of dynamics usually called ‘integrable’ are those of intran-
sitive type, and the motions are represented by curves which
lie upon invariant analytic manifolds in A, of one or two
dimensions. For example, in the case of the problem of two
bodies, every motion is periodic, and these invariant mani-
folds in M are closed curves. For the integrable cases
(sections 12, 13), the special analytic relations are sufficient
to yield complete information about the motions and their
interrelations.

Any non-integrable problem of transitive type might, how-
ever, be considered to be ‘solved’, in case a special algorithm
of sufficient power could be devised for dealing with it.

I propose here to develop such an algorithm for the transitive
geodesic problem on a special analytic surface with negative
curvature. The results obtained seem likely to be typical
of the general transitive case in many respects, and can be
readily extended to any analytic closed surface with negative
curvature. It will only Dbe possible to give an intuitive
justification for the results. For the technique, I may refer
to the notable work of Hadamard* and Morse.t the methods
and ideas of which perform the principal role in the case
here treated.

It seems improbable that any analogous algorithm exists
in the geodesic problem on closed analytic surfaces with
positive curvature.

The particular surface which we consider is defined by the
equation
1—¢f sin’-}? £ sin® é-y (e-1)

* Les surfaces @ courbures opposées et leur lignes géodesiques, Journ.
de Math., ser. 5, vol. 4 (1898).

t Recurrent Geodesics on a Surfuce of Negative Curvature, Trans. Amer.
Math. Soc., vol. 22 (1921); A Fundamental Class of Geodesics on Any
Closed Surface of Genus Greater Than One, Trans. Amer. Math. Soc.,
vol. 26 (1924).

L2
&
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in which z, y, z are rectangular coordinates, and where we
shall make the convention that all points

(+2km, y+£2lm) (k,1=0,1,2,..2)

correspond to the same point of the surface. This convention
is legitimate inasmuch as the linear group of translations

x == r+2kmn, y = y+2n, ;= £,

takes the smface into itself. A fundamental domain for 2, y
is then the square given by

0~ 2m, 0 < y2m.
For any 2 this equation may be written

sin? cl)_ xsin’f}z-y = (1—z2¥)/e®.

Hence for |z, <21 the trace of the given surface in the plane
z = z, consists of a convex, symmetrical, analytic oval within
the fundamental square, with center at the mid-point of the
square. As 7z, increases or decreases from z, == 0 towards
zp = -1, this oval expands analytically, and becomes the
fundamental square for z, = 4=1. It is easily verified directly,
but is also obvious from the above qualitative considerations,
that this surface is everywhere analytic, with curvature which
is negative except at the points on the surface corresponding
to the corner of the limiting squares, z = 4 1.

The connectivity of this closed surface is readily determined.
If the equatorial oval z =0 were capped, the upper half of
the surface would be homeomorphic with a square in which
pairs of opposite points on parallel sides are identical, i. e.
with an anchor ring. When this cap is removed we find
that the upper half of the surface is homeomorphic with
the surface of an anchor ring having a hole in it. The
Iower half is of the same type. Thus the total surface is
homeomorphic with a double anchor ring of genus 2.
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A fundamental property for such a swrface of negative
curvature is that there is one and one only geodesic arc AB
of given type, from the standpoint of «nalysis sifus, which
joins two assigned points of the surface. For example, take
any closed curve circling around one copy of the surface.
.There is only one closed geodesic of this type, which of
course is the oval z = 0. If we use the complete representation
in x, y. z space by means of the surface and the infinitely
many congruent copics, the above result means that any
continnous line in this surface joining a fixed point 4 to a
fixed point B can be continuously deformed into a unique
geodesic are .11,

Let us seek to introduce a symbolism adeqnate to express
the type of any ave 4 B. Consider the projection of the
given surface upon the equatorvial plane. This will cover
doubly all of that plane exeept the part inside any one of
the geodesic eireles in the equatorial plane.  In the adjoining
figure these cireles are then the images of these geodesice
cireles, and likewise the horizontal and vertical segments of
the square net work having the centers of these cirveles as
vertices, will obviously correspond to closed geodesies.

Suppose that the projection of .1 lies within a square ot
the network as well as that of . As a point /> moves from
A to B oalong Lt B, its projection traces a contimous curve
in the .y plane.  Moreover if this projection is given. to-
gether with the points on the cireles where I moves from
a region of the surface -0 to a region z~_0, then the
carve .1 B2 is determined.

Let the symbol » denote a crossing of a vertical segment
in the positive o direction. and 2~ a crossing in the opposite
direction; likewise let the xymbols 4 and 4! denote crossings
of a horizontal segment in the directions of the positive y
axis and the negative y axis respectively. From a point
within a square there are four accessible quadrants of cireles.
in the lower left-hand corner, lower right-hand corner, upper
right-hand corner and upper left-hand corner. Denote the
corresponding crossings of the geodesic circles toward the
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positive z axis by wy, we, wy, wy, respectively, and also the
oppositely directed crossings by w; !, w32, w,, w? respectively.
It is then geometrically evident that any are 4 BB corresponds
to a symbol formed by a finite set of these 12 symbols written
in the same order as the corresponding crossings. Conversely,
if such a symbol is given, restricted solely in that after any
w, follows a w;', and vice versa, there will be a unique

corresponding path. The reason for this restriction is that
the point P moves from a region z-70 to a region 20,
and then from a region z2>-0 to a region z-. 0.

To every allowable deformation of the path A3 (4 and B
being fixed of course) will correspond a modification of the
symbol. The class of symbols obtained from one another in
this way may be called ‘equivalent’. It thus becomes important
to determine the legitimate type of modification of a symbol,
and a normal form of each class of equivalent symbols.

16
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The legitimate operations are of two types. The first
allows us to insert or remove any pair of elements aa~! or
a~'a in the symbol, since this corresponds to a deformation
over a boundary. The second operation allows us to replace
such a symbol as w,y by yw,; or w;y by yu;?, or w,y™*
by y~tw,, or w;'y* by y~ w;'; these are the changes
possible in the symbol when a point I” of A B is deformed
through the point common to the quadrants w,, wy of a
geodesic circle. There will be similar operations at the point
common to 1wy, wy, at the point common to wy, w,, and at
the point common to wy, s,

In order to obtain a normal form we reduce the number
of elements in the symbol as far as possible by the following
three processes. First we strike out any pair aa™! or «— ' «.
Secondly we replace any triple such as yu2y 1 by its equi-
valent w;; here we have

ywry™t - s (yyTY) = ws

of course. For each of the sixteen operations of the second
type specified above there will be two corresponding triples
of the form pw, p~* or puy? p~t where p is a, 272, y or y—,
which can be replaced by a single letter w; or wit. Thirdly
we replace any triple such as w, yw;® by y. For each of
the sixteen operations of the second type there will also be
two corresponding triples of the same sort which can be
replaced by a single letter o, »—1, y or y '.

Lastly whereever possible we invert all ordered pairs such
as y~'w» made up of an eclement », 271, y, y~! followed by
element w, or w;l, so that an element of the second type
appears first. Thus y~! wy is replaced by wyy™

The normal form will be defined as that which results
when all of these processes have been carried out. We
propose to show that the normal form is unique. For this
purpose we divide the symbol into components made up of
the elements z, 271, y, y~1, and into those made up of the
letters w;,, w;'. For the arc AB of the figure the symbol
is evidently
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2y xws Yy~ ugtwy xt
It is in normal form and breaks up into the four components
XY, Wy Yy wrtwy, gt

We will argue that this particular normal form for the symbol
of AB is unique, but the method used is obviously general.
The first component evidently gives the least number of
squares passed by the projection of a point I moving from
A to B along a path of this type, before the point P crosses
the equatorial plane, and it identifies them uniquely in proper
order. Hence any other normal symbol for .4 B3 must have
the same first component xyax as this one. Similarly the
second component describes uniquely the greatest number of
passages which P can make across z--- (0 in the same copy
of the surface always cutting distinct geodesic circles in
succession. In this case there is only one element w; in the
second component. Thus the second component is wy in any
other normal symbol.

In general, only the inevitable crossings are made of the
sides of the squares and of the geodesic circles, while the
latter are made as soon as possible. This is the geometric
interpretation of the operations reducing to normal form,
and may be made the basis of the proof of uniquencss.

The condition that a symbol is in this normal form merely
requires that certain sequences of elements arc not to occur.
The forbidden sequences are obviously

eax~l a7, yy Ly ty,  woehowithw, U= 1,2, 38, 4).
xw,, xw, xw Ll zw ™, o"tw,xtw,, x w7l lw?
1y LWy TW 5, TWy 5 9y & 3 2 0 & 3

—1 —1 —1 ~1 —1 =1 —1 ,p—1
Ywy, Yw,, ywt ywrl, oy rwg, ytw. gyl yT et

The infinite symbol corresponding to a complete geodesic
will obviously possess the same minimum property as the
normal symbol, since the geodesic arc will cross the auxiliary
geodesics a minimum number of times. We will call this
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symbol the ‘reduced symbol’. The letters z, ™, y, y™!
follow each other in the reduced symbol ordered precisely
as in the normal symbol. But the exact position of the
elements «; can not be determined without a more explicit
knowledge of the given surface, and would be different for
other surfaces of the same general type.

For the reduced symbol the points of crossing may be
associated with the corresponding elements of the symbol,
and intermediate points may be indicated by placing an
ordinary real number u, (0 < w < 1), between two successive
elements «, 3, thereby indicating that the point P, lies the
fractional part « of the way from the crossing « to the
crossing 8 along the geodesic are.

In this way we obtain a symbol for a ‘state of motion’
in the problem, by adjoining the number « to the complete
reduced symbol. Continuous variation of the state of motion
will vary o continuously if « be regarded as periodic of
period 1. The corresponding variation of the symbol itself
is ‘continnous’ in fhat a slight variation of the state of
motion can produce only changes in a distant element of the
reduced symbol, or else will introduce allowable changes of
order in successive elements. The corresponding variation
in the normal symbol is in general continuous also, but here
a component of the form w;ccc-.. where ¢ is a given set of
elements is to be regarded as the same as c¢ce.... The two
ends evidently vary continuously, but no other changes of
order may occur anywhere in the symbol.

We are now prepared to take up the question of the types
of motion and their interrelation.

In the first place the periodic motions, corresponding to the
closed geodesics, are evidently in one-to-one correspondence
with the normal types of finite symbols, in which cyclic order
is not considered. The two periodic motions corresponding
to the senses in which one and the same closed geodesic may
be traversed will correspond to such a symbol and the same
symbol taken in the reversed order. The normal symbol for
the complete geodesic is evidently the partial symbol taken
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an infinite number of times. Since the partial symbol may
be arbitrarily chosen, the corresponding periodic motion can
be made to approach an arbitrary geodesic motion.

The periodic motions ave everywhere demse in the totality
of motions.

Next let us consider the motions which are positively
asymptotic to a given periodic motion. For this to happen,
the normal symbol of the motion under consideration must
of course be the symbol of the periodic motion from a certain
point on, and this condition is sufficient. In order to be
negatively asymptotic to the periodic motion generated by
the finite symbol p, and positively asymptotic to that gene-
rated by ¢, the symbol must repeat the partial symbol p
sufficiently far to the left and ¢ sufficiently far to the right.
The intermediate part of the symbol can be taken arbitrarily.
If the symbols p and q are the same, a motion doubly asymp-
totic to one and the same periodic motion may be defined.
Since the intermediate part of the symbol is arbitrary the
motions of either type are everywhere dense, but must be
numerable.

This reasoning shows the cristence of a continuous fumily
of  positively or negatively asymptotic motions lo «  yiren
periodic motion.  There exist also infinitely many periodic
motions positively asymptotic to ome assigned periodic motion
and negatively asymptotic to a second assigned periodic motion,
and these motions are everywhere dense although numerable.

More generally, if a motion is merely to be asymptotic in
one sense to any given motion, only one end of the symbol
is assigned.

A similar  conclusion holidls then concerning the motions
asymptotic to any two given motions in assigned senses.

There exist also motions semi-asymptotic to the given motions,
so that while not actually asymptotic to them the deviations
become increasingly infrequent as the time increases or de-
creases indefinitely.

To make up the corresponding symbol we need merely
write down a normal symbol such that in one direction it is
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in increasing proportion made up of increasing components
of the symbol of one of the given motions taken further and
further out in its symbol, while in the opposite direction it
is similarly made up principally of components of the symbol
of the other given motion.

Let us next pass to the gencral recurrent motion not of
periodic type. Kvidently the corresponding normal symbol is
characterized by the fact that given an arbitrary positive
integer 7, there exists a second integer N so great that
every sequence of n figures in the symbol can be found at
least once in any N successive figures.

Morse (loc. cit.) has given a specific method of construction
of such a symbol.

There is probably a hierarchy of such recurrent motions
dependent in degree of complication upon the way in which
Y varies with 2. Here I wish merely to indicate a possible
method which will lead to the discovery of recurrent motions
not of periodic type for the system under consideration. ILet
Sy, <+, xp) be any function which is analytic and periodic

of period 1 in wy ovoi oy, (p1). If ¢ vy ¢ are p
quantities without linear relation of commensurability between
them, then /(¢ 4. ---. ¢p2) is a quasi-periodic function of 4.

Suppose now that we let {#} denote the integral part of the
least residue of a taken modulo ¢, so that {«} is one of the
numbers 0,1. ..., ¢—1. The function {f (¢, 4. ... cp4)} will
then yield a doubly infinite sequence of the integers
0.1..... g—1 for 2 an integer, which will possess the
characteristic recurrence property desired, and will not be
of periodic type unless f happens to be very nearly periodie.

Suppose for example that we take ¢ == 8 and identify
O, 1 -0 T with &, ™Y 9y, v, wy or wy™Y, wy or wy™1
wy or wy~l, wy or w,~'. The apparent ambiguity is unim-
portant since the symbols u;, w;™ alternate. Then we should
obtain a symbol for a recurrent motion on our surface, corre-
sponding to any function f.

It is in the nature of this proposed method of construction
of recurrent non-periodic motions that they possess a certain
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p underlying periods, and may very well be of continuous
type. The example proposed by Morse was established by
him to be of discontinuous type.

The theory of chapter VII shows that crery wmotion has a
certain set of recurrent motions among its closed conmected set
of e« and o limit motions.

The method there used for constructing such a recurrent
motion has its symbolic counterpart, whereby at least one
normal symbol of recurrent type can be obtained from either
end of any normal symbol.

The question arises in how far the closed connected ¢ and o
sets may be assigned at will. Now it is apparent that since
the given motion approaches the  limit motions asymptoti-
cally as time increases, it is possible for a sequence of in-
definitely long arcs

AB. DO, C'D, -

of the limit motions to be found such that B’ is very near
to I3, (" to (), etc., and such that these arcs taken together
trace out arbitrarily closely all of the set of limit motions.
To this end we may use the given motion in which cach long
segment M N, NP, P(Q), --- is near the o limit set, so that
segments .1 B, B'C". ... of this set near M N, NI’ - .. respect-
ively exist, and so near all of the o limit set. Let us say
that any such closed connected set of motions is ‘cyclic’.

Sueh « and o limit scts are necessarily cyclic.  Conversely
given any two cyclic sets of motions, there exist in the case of
hand everypohere dense motions which have precisely these sets
s « and o limdt sets.

In fact, construct a symbol such that in one direction it
contains a succession of symbols attached to ares AB, B'(',C’' D,
of the o cyclic set as above, in which these symbols increase
in length while at the same time the distances BB, ("C’, ...
become smaller and smaller; and do the same in the symbol
with respect to the o cyclic set. but operating in the reverse
direction. In between the two parts an arbitrary finite symbol
may be inserted. Such a symbol evidently corresponds to
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a motion with the desired property, and these motions are
clearly everywhere dense because of the presence of the
arbitrary symbol.

Finally there exist non-special motions so that the dynamical
problem in hand is transétive.

In order to obtain non-special motions we need only write
down normal symbols which contain all allowable sequences
of symbols.

The set of non-special motions is of course measurable in
the sense of Lcbesgue, and it is natural to conjecture that
its measure is that of the totality of motions in A7, i. c. that
the special motions are of measure 0. T have not been able
to establish this conjecture.

Thus there is an enormous complexity of types of motion
in this geodesic problem on a closed analytic surface of
negative curvature; but nevertheless a specific algorithm exists
which suffices to describe adequately this complication by
means of certain symbols.

Of cowrse the above problem differs from the most inte-
resting class of dynamical problem, typified by the geodesic
problem on a convex surface, in that all of the periodic
motions arec of unstable type. Nevertheless it seems to be
typical of the general case in many respects.

12. Anintegrable case. A well-known integrable problem.
discovered by Jacobi, is afforded by the geodesics on a convex
cllipsoid.* If this ellipsoid flattens to a limiting elliptical
form, a special integrable case of the billiard ball problem
(chapter VI, section 6) results. This example is still more
concrete inasmuch as the geodesics become broken straight
lines with vertices lying on the cllipse and making equal
angles with the normal at any vertex.

Tt is a fact of elementary geometry that if a single segment
of such a broken linc passes throngh one focus of the ellipse,
alternate segments will continue to pass through alternate

* A very suggestive treatment of certain integrable cases will be found
in a paper by Whittaker, On the Adelphic Integral of the Differential
Equations of Dynamics, Proc. Royal Soc. Edinburgh, vol. 47 (1917).
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foci, no matter how far produced. A further well-known
fact is that if the system of confocal conics containing the
limiting ellipse be drawn, successive segments (or these
segments extended) will be tangent to a particular conic of
the set, which may be an ellipse or a hyperbola; if these
points of tangency lie on an ellipse, the billiard ball will

continue to go around the table in one and the sense
indefinitely; if these points lie on a hyperbola, the successive
points of tangency lie on the two branches in alternation,
while the successive segments are between its branches; the
major and minor axes constitute two limiting cases of
periodic motion.

Suppose now that we make use of the codrdinates ¢ and 6
already employed chapter VI, section 7, for setting up the
ring transformation 7. Here ¢ denotes an angular codrdinate
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of period 27 which mcasures arc length along the ellipse
while 6 measures the angle of projection which the rebounding
billiard ball makes with the positive direction of the tangent
at the given point of projection on the ellipse.

For any (0, ¢) where 04 7, ¢ may be taken as essentially
polar codrdinates on the ring-shaped surface of section (figure).
there is one and only one state of projection of the ball,
and, as time increases there is a next following state of
projection (8, ;). The transformation 7' is then defined as
that which carries (8, ¢) into (6,, ;). We shall not under-
take to write down the explicit analytic formulas involved
although these can be obtained either directly or as a limiting
case of formulas arising in the geodesic problem on an ellipsoid.
Such explicit formulas are not necessary for our purpose.

We propose to determine qualitatively the character of the
transformation 7' in this integrable case.

In the first place the motion of a billiard ball around the
table in either of the two possible senses evidently corresponds
to a succession of points on a single closed analytic curve
Iying near # - 0 or 0 -~ 7w respectively. according as ¢
increases or decreases; the two limiting cases 6 == 0 and
¢ - o correspond to rolling motion of the billiard ball along
the elliptical boundary in the two possible senses. Thus we
get two analytic families of closed curves which abut on
0= 0 and 8 = 7=, and which are invariant under the trans-
formation 7°. According to the results obtained in chapter VI,
the transformation 7' leaves invariant the points on 6 = 0
but rotates the points on # =: = through an angle 2.

Secondly, if we consider a state of projection which is
associated with tangency to a hyperbola, there is one and
only one such point of tangency lying on the straight line
formed by the segment deseribed by the billiard ball, or that
segment cxtended, and the point of tangency may be con-
tinuously varied over the complete hyperbola. There are
two kinds of projection, however, corresponding to the values
of ¢ on either of the two elliptical arcs of the given ellipse
which lie between the two branches of the hyperbola under
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consideration. Here each hyperbola gives two closed analytic
curves within the ring, and, as the hyperbolas tend to ap-
proach the minor axis of the ellipse, we obtain two analytic
families of curves closing down upon two points A, == (7/2, w/2),
M, = (7/2, 31/2), corresponding to motion along the minor
axis.

Evidently the limiting case of any of these four types of
motion is that referred to at the outset when the straight
line segments pass through the foci. But the states of pro-
jection through either focus correspond to a single closed
analytic curve, and these two curves have two points in
common, namely the points N, == (7/2, 0), N¢ = (7/2, n).
corresponding to projection along the major axis.

In this way the points of the ring which represent each
state of projection are seen to be divided up as represented
in the figure above.

The transformation 7" leaves the points of the inner boundary
invariant and rotates the analytic curves which abut upon
it throngh an angle which increases with distance from the
boundary. inasmuch as if # is increased while ¢ is held fast.
it appears that ¢, is thereby increased. For the limiting
curve of this family made up of two analytic ares which
end at N, and .N,, it appears that the transformation 7'
rotates N, into N, and AN, into A, in a positive sense,
while interchanging the two arcs through AN, N..

Similarly the transformation 7' advances the points of the
outer boundary by an angle 27 and rotates the analytie
carves which abut upon it by an angle less than 2.r, which
decreases as the distance from this boundary increases. The
limiting curve of this family is made up of two analytic ares
which end at N; and N,, and the tramsformation 7' ro-
tates N, into N, and N, into N;, and interchanges the
two ares.

Examination of the motions which pass through the foci
shows that these tend asymptotically toward the major axis
in either sense. This agrees with the fact that all points
within the inner ares N, N, are advanced by an angle less
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than 7 while those on the outer arcs N; N; are advanced
by an angle more than 7.

It is clear that there are no invariant points under 7'

Let us consider now the various types of motion, and to
begin with, one of the type corresponding to a curve of the
analytic family abutting upon ¢ = 0. :

Let us adopt analytic variables (¢, ¥) where ¢ varies
with the curve of the family. The transformation 7' takes
the form

¢ = By, ). Y —=
with Jacobian determinant
J = 9F/d¢ ~0.

1f the invariant area integral is

J Idody
in these variables (see section 1), we will have
(g, ) 0k /29 = I(g, y),

s0 that the integral of J Idy over any arc Y = const., and

over the transformed arc has the same value.
Now write

o T
wrre =[2G, wag| [ 16, p)as.

thereby introducing a new analytic angular variable = of
period 2. which can replace ¢. The transformation 7' will
take the form

0= aba(y), =

in these special variables. Here «(y) is an analytic function
of Y.

Hence the transformation of each invariant curve of the
analytic family which abuts on 6 = 0 is essentially a rotation
of that curve into itself through an angle e which varies
analytically with the curve and increases from O along 6 == 0
toward a limiting value n. But this variable ¢ is not to
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be regarded as defined along the limiting non-analytic curve
of course.

Consequently, if « (¢) is commensurable with 27, say
« = 2mp/q, every point of the invariant curve corresponds
to a polygonal periodic motion of the billiard ball going p
times around the ellipsc and having ¢ vertices. Here p is
taken relatively prime to ¢, and p, ¢ take all values for
which p < q/2.

If «(y) is incommensurable with 2., the entire curve
corresponds to a single minimal set of recurrent motions of
continuous type.

Furthermore, along the analytic family of invariant curves
which abut on 6 == ., the transformation 7' is essentially
a rotation with rotation number g8 say, which varies analyti-
cally from one invariant curve to another, and which di-
minishes from 2.r at the boundary towards a limiting value 7.
In this case we have a similar distribution of periodic motions
and motions of recurrent type.

If now we turn to the two analytic families of curves
which abut on the points 3/; and M, respectively, and which
arc interchanged by 7 it is apparent that it is desirable to
consider 7'* rather than 7', inasmuch as 7'* will leave every
curve of either family invariant, and no point on any of
these curves can be invariant save under an even iteration
of T.

In the same way as before, it follows that the trans-
formation of each of these invariant curves into itself under
T? is essentially a rotation, of which the rotation number y
varies analytically from curve to curve; at either invariant
point M, M,, the value of y is merely the rotation number
for the corresponding stable periodic motion along the minor
axis while y tends toward a limiting value along the limiting
non-analytic curve of the family.

If y is commensurable with 2n, say y —= 27 p/q, cvery
point of the invariant curve corresponds to a polygonal
periodic motion going 2q times across the ellipse and os-
cillating in direction p times about the minor axis. If y
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is incommensurable with 2, the curve corresponds to a
single minimal set of recurrent type.

Evidently the points &,, N; correspond to periodic motion
along the major axis, and are of unstable type with analytic
asymptotic branches represented by the invariant curves
through these points. Similarly M;, M, correspond to periodic
motion of stable type along the minor axis.

Thus it is seen that the analytic weapons at our disposal
have put us in a position to determine the possible types of
motion and their interrelations.

Not only so, but the other natural questions which arise
can be answered without difficulty.

For example, in the case of motion around the table in
either sense is there a unique number which may be properly
termed the mean angular rotation? The answer is affirma-
tive in the periodic case. and can also be shown to be so
in the non-periodic case. For note that if »n denotes the
number of vertices passed in any interval of time and if f;
denotes the corresponding increase in the coodrdinate x
defined earlier then we have clearly

lim fu/n = «

n=—oo
where @ is the rotation number. Iurthermore, if » is large
the vertices will be distributed with approximately equal
density for = between O and 2z. But the time from any
vertex to the next is proportional to the length of the
segment and so of the form 7(x), where [ is analytic and
periodic in = of period 27, Hence the total time between
the n vertices is

Z(Z) + l(”1)+ i [(’fnrl)y

which is approximately given by
n (2"
E;T.Jo 1(x)dx.

Thus we conclude that there is a mean angular rotation which
has the value
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o
(&L}
S

2na(y)

Jjnl (x)d =

where o and / are definite analytic functions.

13. The concept of integrability. Questions concerning
the integrability of a given dynamical problem possess great
interest. It is a well known fact that for certain problems,
auxiliary analytic relations can be deduced by means of
which the solutions of the system of differential equations
can be satisfactorily treated, in which case the system may
be said to be ‘integrable’. When, however, one attcmpts to
formulate a precise definition of integrability, many possibilities
appear, each with a certain intrinsic theoretic interest. I.et
us consider briefly the concept of integrability, not forgetting
the dictum of Poincaré, that a system of differential equations
is only more or less integrable.

Let us note that in the particular problem just treated
there are four periodic motions which play a special role.
namely the motions along the two axes of the ellipse and
the two motions of rolling around the ellipse.

All other periodic motions fall in analytic families of such
motions and so are of highly degenerate type from a formal
point of view. But these special motions are isolated and
of general type. About these points there will be the usual
formal series developments for the coirdinates™, and these
expressions may of course be taken to converge and to be
analytically extended throughout a certain domain of the
motion; in fact these properties are merely the counterpart
of similar properties of the integrable transformation 7,
according to which it rotates certain invariant curves sur-
rounding the invariant points in a specific manner.

Let us note also that in this problem four suitable neighbor-
hoods of the four fundamental periodic motions yield the
entire manifold Af; in fact the two families of motions aronnd

* Of course a discrete integer n figures in the formal series instead
of the time ¢.
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the ellipses, the family of motions across the ellipse and the
single periodic motion along the major axis yield the totality
of motions.

These facts suggest the following (not wholly precise)
definition of integrability, based upon a local property and
and a non-local property:

A given system of analytic differential equations on a
closed analytic manifold M will be said to be integrable
if there exists a finite set of periodic motions such that the
corresponding complete formal series developments may be
taken to converge, and to provide a corresponding analytic
representation for every possible motion.

Using this definition as a kind of norm, some reflections
suggest themselves.

In the first place it is natural to define ‘local integrability”
in the vicinity of a periodic motion of general stable type.
as that in which the formal series may be taken to converge.
Hence the motion is stable in the integrable case, and the
explicit formulas yield complete information as to the character
of nearby motions.

Now it is conceivable that, although these series do not
converge, they may represent asymptotically functions con-
tinuous together with some or all of their derivatives mnear
the perjodic motions, with the aid of which the difterential
system can be transformed into a normal form like that of
chapter TII, section 13, in which A/, -.., M, are functions of
& quy v oo Emom, continuous together with certain of their
derivatives. Here the qualitative behavior is the same as
in the case of convergence. Shall the differential system be
called ‘locally integrable’ in this more general case?

Furthermore, the qualitative behavior of the motions near
a periodic motion of general unstable type in the case of two
degrees of freedom is essentially independent of convergence
or divergence. Shall we call every system locally integrable
near such a periodic motion of unstable type?

If the differential system involves a parameter g, we may
inquire into that kind of local integrability in which. the
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formal series are required not only to converge but also to be
analytic in p. It was in this sense that Poincaré established
the non-existence of further uniform integrals in the problem
of three bodies.* But evidently this definition is logically
distinet from that presented in the above definition. Even
if a system be non-integrable in this sense, it might perhaps
be integrable according to our definition for each particular
value of p.

As far as 1 am aware, the local non-integrability of no
single dynamical problem in the sense formulated above has
been hitherto established. We shall, however, establish it in
the following way for m == 1. :

Lt us suppose, if possible, that every Hamiltonian problem
is locally integrable in the vicinity of a generalized cquilibrium
point of general stable type (see chapter 11I). The use of
the normal variables shows then that the associated trans-
formation 7' is essentially a rotation through a variable angle.

Along the invariant analytic curves with rational rotation
numbers, all the motions will be periodic in the integrable
case, with the same period 2k. 1t is this fact upon which
we base our argument.

Furthermore, it is in the nature of the transformation 7’
that there are no other periodic motions near equilibrium
with this same period 2k, since the rotation constantly
increases with the distance, and the invariant family is
represented by a curve which meets every radius vector
only once.

Now let us write

H = H,+pH,

where H, is the given value of the principal function, w is
a small parameter, and H; is an analytic function of py, ¢,
and ¢, periodic in ¢ of period 27, which is free of terms up
to the fourth degree in p,, ¢, at p, = q. = 0, but is other-
wise arbitrary. It is readily verified that the multiplier 2 and
the constant / are independent of s in the modified problem.

* Méthodes nouvelles de la Mécanique céleste, vol. 1, chap. 5.
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Furthermore we may assume that H, is in normal form
Hy - dpg+ Lt
0o AP 9 Py 0

since the normal variables are available. Along any motion
of the analytic family, the equations of variation have one
periodic solution of period 2km, and only one, as direct
computation shows.

Let ¢ vary from 0. There are two possibilities. KEither
the curve representing the periodic analytic family for 4 =0
can be continued analytically, in which case there is a nearby
curve for p# +°0. Or there will only be a finite number of
periodic motions of this period for g small in absolute value.

In the first casc there must obviously be a periodic solution
of the equations of variation as to g, which are obtained by
adding non-homogeneous terms — 8 H,/dq,, 9 H,/9p, to the
respective right-hand members of the cquations of variation
referred to above. But, since 8H,/dq,, 0H,/op, can be
taken almost at pleasure, along any particular periodic
motion, the orvdinary explicit formulas for the variations
dpy, 0, show that no periodic solution will exist in general.
In fact the functions dp;. dg, can be expressed as integrals
linear in these arbitrary functions, augmented by the general
solution of the homogencous system, one part of which iy
periodic. Thus therc are two conditions to fulfill and only
one essential constant, and the condition for compatibility
demands that a certain integral over a range 2/ m vanishes,
in which the integrand involves 8 H,/9q,, 9 H,/9p, linearly.
dvidently this cannot in general be the case.

Consequently for H, suitably chosen and then p taken
arbitrarily small, there will only be a finitc number of
periodic motions with this period.

‘But by hypothesis the modified system is integrable. By
an other much slighter modification of H we can destroy an
analytic periodic family much nearer to the position of
generalized cquilibrium while not introducing further periodic
motions of period 2kn.
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Continuing in this manner we set up a limiting admissible
principal function H, for which 4 and ! are unmodified, but
for which there are no analytic periodic families belonging
to rotation numbers as near to that of the generalized equi-
librium as desired. This limiting problem cannot therefore
be locally integrable in the specified seunse.

Since there arve only a denumerable set of periods 2/
(k=1,2....) which enter into consideration, it is readily
seen that no periodic analytic families near equilibrium will
exist for suitable H.

In a locally integrable Hamiltonian problem neuwr generalized
cquilibrium  of general stable type, 1+ 0, there will exist in-
Sinitely many nearby analytic families of motions periodic in
a multiple of the fundamental period.

In gemeral a Hamiltonian problem newr such o peviodic
motion will be locally now-integrable, and will possess no
analytic fumilies of mearby periodic motions.

It would be possible perhaps, and of considerable interest,
to use the same method to show that nearby invariant families
asymptotic in opposite senses to one and the same periodic
motion do not exist in general. This would eliminate the
possibility of invariant families belonging to a rational rotation
number, and would establish that in general there is either
complete instability or zonal instability.

The same method allows us to establish that multiple periodic
motions do not erist in general for dynamical problems of
this type.



CHAPTER IX
THE PROBLEM OF THREE BODIES

1. Introductory remarks. The problem of three or
more bodies is one of the most celebrated in mathematics,
and justly so. Nevertheless until recently the interest in it
was directed toward the formal side, and in particular toward
the formal solution by means of series.

It was Poincaré® who first obtained brilliant qualitative
results, especially with reference to the very special limiting
‘restricted problem of threc bodies’ treated first by Hill.
As far as the gencral problem is concerned, the main achieve-
ments of Poincaré were the following: (1) he established the
existence of various types of periodic motions by the method
of analytic continunation; (2) he proved that, by the very
structure of the differential equations, complete trigonometric
series would be available; and (3) he pointed out the asymp-
totic validity of these series. All of these results hold for
any Hamiltonian system as well as for the problem of three
bodies. Unfortunately an accessory parameter u is present
always in his researches, where for g = 0 the system is of
a special integrable type. Thus the difficulties which arise
are partly due to the special nature of the integrable limiting
case when two of the three bodies are of mass 0, rather
than inherent in the problem itself.

It is not too much to say that the recent work of Sund-
mant is one of the most remarkable contributions to the
problem of three bodies which has ever bcen made. He
proves that, at least if the angular momentum of the bodies
is not O about every axis through the center of gravity,

* See his Méthodes nouvelles de la Mécanique céleste.

F See his Mémoire sur le probléme des trois corps, Acta Mathematica,

vol. 36 (1912); in this connection see also J. Chazy, Sur Uallure du mouve-
ment dans le probléme des trois corps, Ann. Scient. de 1'Ecole Normale

Sup. (1922).
260
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the least of the three mutual distances will always exceed
a specifiable constant depending on the initial configuration;
thus triple collision is proved to be impossible, while it is
shown that the singularity at double collision is of removable
type. In this way a conjecture of Weierstrass as to the
impossibility of triple collision is established, and convergent
series valid for all the motion are found for the coordinates
and the time. By obtaining such series Sundman ‘solved’
the problem of three bodies in the sense specified by Pain-
levé.* As a matter of fact, however, the existence of such
series is merely a reflection of the physical fact that triple
collision can not occur, and signifies nothing else as to the
qualitative nature of the solution.

In the present chapter I propose to take up the problem
of three or more bodies, and to endeavor to apply as far as
possible the points of view developed in the earlier chapters,
and in particular to show what seems to be the real signi-
ficance of Sundman’s results.t

2. The equations of motion and the classical
integrals. Let us suppose the three bodies under con-
sideration (taken as particles) to be at the points Py, Py, P
in space, and to have masses myq, m, ms respectively. We
denote the distance P, P, by 7, P, P; by = and P, P,
by 7. If we write
1) U=

mo Ny + 17.7/0.”.”_2 + ”’11"7732 ,

Te 71 To
and it we let x,, yi, 2; (¢ == 0, 1, 2) be the rectangular co-
ordinates of the corresponding bodies P;, while 2}, ¥}, 2i stand
for the components of velocity, the equations of motion may

be written as 9 equations of the second order

da; U &y U du U

¢ am Mae T ey ™Mare 9z
(@=0,1,2),

* See his Lecons sur la théorie analytique des équations différentiell

+Most of the new results found in this chapter were announced by
me at the Chicago Collogquinm in 1920.

miq

@
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-

which are evidently of Lagrangian form; or as 18 equations
of the first order

de, dyi dei
e ar Y gy TE
. G =01, 2)
W \ntet Uk _oU | ak_ov
dt da;’ " dt dy:. ' dt 92}
G =0,1,2).

which are of course casily converted by slight modification
into Hamiltonian form. We shall not effect this modification.
which may be done in the usual way, nor shall we state the
usual principles of variation applicable to this case (see
chapter II).

The integral cxpressing the conservation of energy is seen
to be

©)) % 2 m, (g —~ U—K

where K is a constant of integration.

Besides this integral there are of course the 6 integrals
of linear momentum expressing the fact that the center of
gravity moves with uniform velocity in a straight line; if we
take a reference system in which the center of gravity is
fixed and at the origin. these integrals reduce to

—

2,111;.1', = 2::7,,_1/,' = S‘,, miz, = 0,
y Y ’ y / Q) ’

Zmi &2 == Z,m,- Y = Z,m, z; = 0.

There are also 3 integrals which express the constancy of
the total angular momentum about any axis fixed in space.
If we take the axes as the coordinate axes, these integrals
become
6 2milizi—zay) = a, 2mi(aai—xiz) = b.

)

Zomi iy~ yiad) = ¢,

(®)

(

where «, b, ¢ are constants of integration.



IX. THE PROBLEM OF THREE BODIES 263

These 10 integrals are all the essentially independent inte-
grals which are known.

3. Reduction to the 12th order. The reduction of the
system of differential equations (3) to the 12th order may
be at once accomplished by use of the integrals of linear
momentum as, for instance, by the following method due to
Lagrange. Let the coordinates of P, with reference to I’
be (r, y, 2) and let the codrdinates of P, with reference to
the center of gravity of /% and I, be (&, 9,8). If we write
for convenience

_ My - ny
Vo= mo + my 7= Mo+ my
gy B (mo+m1)m,

==
Mo + my’ ! Mo~ my+my

0

M = mo-+my+my, m =

we obtain the explicit formulas of transformation

aT= =y, Y Y= Yoy & T 21— Zo,
B S= m—pri—qre, 7 = Y2— DY —qYo,
§ ~— & —pa—qa,

together with the inverse formulas,

My . it
R Tt SO Tty Yok B 47
My
Zy == — JZC—-pz'.
m o= =TS by, o= —Sratay.
()
My
g = M £+ qe,
Mo -+ 1y . m +m
Sy == 0 Zt—[_l“l', Ys = 0 Az ! 7,
_ mg+my ¢
2y = ‘———"——]‘/ - .

which follow with the aid of (5).
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The system of the 12th order so obtained may be written
in the elegant form

dx __ dy _ dz __

a at ~ Y- a °

dls et 1”_ o (lg _ ot

10) | at 5 a " it %
WY v ay _oU a0y
dt dx’ T dt oy’ dt oz’
edf U  dy __ 0U a4t __ aU
Poae T osE MTar T aq Mat T et

With these variables the equations () may be regarded as
satisfied identically while the integrals of angular momentum
take the form

m(yd —zy')+p@@l —Lq') = a,
(11) mza’ — ')+ pu(CE — &) = 0,

m(zy —ya')+u(Eq —q¥) = ¢,
and the integral of emergy is

(12 LG4y b ) = U K.

It will be seen that equations (10) may be looked upon
as the equnations of motion of two particles in space at
(x, y, 2) and (&, 4, £), with masses m and p respectively, and
in a conservative field of force with potential energy — 7.
These equations can also be derived from either the Lagran-
gian or Hamiltonian form by use of the variational principles
(chapter II).

4. Lagrange’s equality. [.et us write

(13) R* == (mymy ri+ mymy, 13+ m m,r2)/ M == mr*+ ue?,
where
(14) rt .= 1.2_}_?/2_‘_‘29’ * == '§2+7ls+§!.

If now we substitute in (138) the explicit values of #* and g*
obtained from (14), and differentiate twice, there results an
equality due to Lagrange,
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d® R®

(15) o

= 2(U—2K)

when use is made of (10) and (12); it is to be observed that
U is homogeneous of dimensions —1 in =z, ¥, 2, & 7, {
s0 that

all BU oU

P TGyt FEGE g G = 0

5. Sundman’s inequality. In order to arrive at Sund-
man’s inequality, we propose to seek an upper bound for
(dR/dt)* when z, y, 2, & g, L are regarded as given
quantities while .2/, ¢/, ¢/, ¥, 4', {’ are to vary at pleasure
except that they are to yield the given values of the con-
stant K of energy and of the constants «, b, ¢ of angular
momentum. This is a purely algebraic problem.

We have

RR == mri +pod.
whence

RR? = m@A+ud) mv'” +ue™) —mp (ré' — o'y,
which may be written

RIZ - m "’2—4}—’1,9’2——- ”;l;‘; ("Q,"“()W'l)z.

Furthermore we have the obvious identities
o byt

="+ ;15 [(yed — 29y’ + (22’ — 22V + (ryf — y&')].
e

= ¢+ [0l — L0+ — 0 + @ — ¥,

Multiplying these last two equations through by m and p
respectively, and subtracting them, member for member, from
the preceding equation, there results the equation
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(16) R*+ P = 2(U—K)
where I’ (to be minimized) is a sum of seven squares,

P f’% (e — 29/) + (e — 22’ + (xy — y2!)']

amn + :;:—[w.t'-cﬂ'>2+(c:s'-—:s.c'f»H;fv/—o/:s')z]
+ B e — o)

R
Here the energy integral (12) has been made use of.

From this relation due to Sundman we may derive the
inequality which plays a fundamental part in his work and
in the present chapter.

1f we write

U=y —zy. V.= gt'—2¢y'.

it will be observed that there are two terms in /I’ of the
form
o 1 M 1.y
= < 7‘ ! =
)2 U2 + o 172,

N

while the first integral of angular momentum yields
mU+nV = a.

It is ecasily found that the minimum value of & when (7 and
1" vary subject to the restriction just written, while » and ¢
remain fixed, is a®/ B2 Similarly there are two other analogous
pairs of terms with minimum values %/ 2%, ¢*/ R® respectively.
Hence we conclude that we have

(18) P R,

(19) SE=a*+ 04

Suppose now that we eliminate U between Sundman’s
equality (16) and Lagrange’s equality (15). This gives us

9RR"+R*+2K = P,
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whence, by using (18), we obtain the inequality referred to:

2
20y - QRR"+ R*+2K > %
If we define the auxiliary function of Sundman,
2
(21) H= RR'*+2KR J;

the inequality (20) cnables us to infer the relation
(22) ‘ H == L (F - 0).

Hence H increases (or at least does not decrease) as I
increases, and decreases (or at least does not increase) as R
decreases. This is the consequence which is of fundamental
inportance in what follows.

6. The possibility of collision. Thns far we have
been taking for granted the existence of solutions in the
ordinary sense. 1In fact, inspection of the differential equations
shows the existence of a unique analytic solution for which
the coordinates and velocities have assigned values at ¢ = #,.
provided that the bodies 7, £, Py, are geometrically distinet.
In the case of the coincidence of two or three of these
bodies, the right-hand members of the differential equations
are no longer analytic, or even defined. so that the existence
theorems of chapter I fail to apply.

But, according to the results there obtained, either these
solutions can be continued for all values of the time, or (for
example), as ¢ increases, continuation is only possible up to ¢.

Let us consider this possibility in the light of the ¢clementary
existence theorems.

In the 18-dimensional manifold of states of motion associated
with the 18 dependent variables

Liy Yiy Zis "‘;9 ,1/;! 2’:‘ (l = 07 1. 2)-
we need to exclude the three 15-dimensional analytic manifolds

i = 0 S G =0,1, 2.
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The remaining region is open towards infinity and along
these excluded boundary manifolds.

According to the results obtained, indefinite analytic extension
of a particular motion will be possible unless as ¢ approaches
a certain critical value ¢, the corresponding point P approaches
the boundary of the open region specified.

Now suppose if possible that the least of the three mutual
distances does not approach O as ¢ approaches ¢; here it is
not implied that a specific mutual distance such as P, P,
remains least near to ¢. We can then find positions of the
three bodies for ¢ arbitrarily near to ¢, for which the
three mutual distances exceed a definite positive constant d.
But by the energy integral relation (4), in which

U-Z (mgmy -+ mgmy -+ mymy)/d,

it is clear that the velocities x}, yi, 2zi are uniformly limited.
It is physically obvious that for such an initial condition,
continuation of the motion is possible for an interval of time
independent of the particular mutual distances or velocities,
because of the character of the forces which enter; we shall
not stop to obtain an explicit expression for such an interval
on the basis of our first existence theorem. Thus a contra-
diction results.

Analytic continuation of a particular motion in the problem
of three bodies will be possible unless as t approaches a certain
value t, the least of the three mutual distances approaches 0.

At this stage it is desirable to revert to Lagrange's
equality (15). As ¢ approaches ¢, U becomes positively in-
finite of course. Hence if we represent E® as a function of #
in the plane by taking ¢ and R® as rectangular codrdinates,
the corresponding curve will be concave upwards for ¢ suffi-
ciently near ¢. Therefore R? either becomes infinite, or tends
toward a finite positive value, or approaches 0.

The first case is manifestly impossible, since one of the bodies
would then recede indefinitely far from the two which approach
coincidence as ¢ approaches ¢; and such a state of affairs
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is impossible because of the fact that the forces on the
distant body are bounded in magnitude.

In the second case it is clear that a particular digtance
approaches 0, for instance 7, while the other two approach
definite equal limiting values. This is the case of double
collision. Since the forces on the non-colliding body are finite
near collision, it approaches a definite limiting position; and
thus the other two colliding bodies approach a corresponding
limiting position, since the center of gravity may be taken
fixed and at the origin in the space of the three bodies.

In the third case we have triple collision of course, and
this takes place at the origin. However if the constant f is
not 0, triple collision cannot take place, as follows from (22)
immediately. For it is scen that d B*d¢ will be negative
for t near ¢ in the case of triple collision, since d® R¥/d#* is
positive by Lagrange’s equality (15). Hence H will decrease
with R (or at least not increases) as t approaches 7. But
inspection of H shows that H becomes positively infinite ax
L approaches 0. Thus a contradiction is reached.

As t approaches t, there is either double collision betieen
a definite pair of the bodies at a definite point. while the third
body approaches « definite distinet point, or there is triple
eollision at the common center of gravity. 1If, howerver, f is
not 0, 1. e, if the angular momentum of the three bodies about
erery aris in space is not constantly O, triple collision can
never take place at t.

Henceforth we shall make the assumption />0, thereby
eliminating the possibility of triple collision in the sensc
above specified.

This assiimption may be looked upon as merely confining
attention to the general case. In fact it is readily proved
that in the case f = 0, the motion is essentially in a fixed
plane. Thus immediate reduction of the problem is possible.
Moreover in the case f = 0 the angular momentum about
a perpendicular to the plane of motion at the center of gravity
vanishes. Thus we are only excluding a special case of
motion in a plane. The case excluded is of great inter-
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est and should be given thorough consideration on its own
account.

7. Indefinite continuation of the motions. In the
general case under consideration it is thus plain that any
motion can be continued up to a double collision.

We propose now to take up briefly the case of double
collision in order to render it physically plausible that the
motion admits of continuation beyond such a double collision
in a certain definite manner. Analytic weapons sufficiently
powerful to deal with the singularity of double -collision
were first developed by Sundman (loc. cit.). A different
method of attack, not going outside of the domain of
equations of usual dynamical type, has since been oblained
by Levi-Civita.* A rigorous treatment of the question will
not be attempted here, but the analytic details ecan be
supplied without difficulty on the basis of the researches of
Sundman or Levi-Civita.

J.et us suppose that the bodies P, and /% collide for
instance, while 7% is at a distance away. The motion of
P, and P, near collision will clearly be essentially as in
the two body problem. What we propose to do is to ignore
the disturbing forces due to Fp during the near approach of
%» and P; to collision, i. e. to replace U by its single compo-
nent mom, /7, and then to take it for granted that the
situation is of essentially the same nature in the actual case.

Bat if the motion of /% and P, were just as in the two
body problem, their center of gravity would move with
uniform velocity in a straight line, while, relative to this
point, P, and I’, would move in a fixed straight line until
they collide. More precisely, F, and P, will be at distances
inversely proportional to their masses from the center of
gravity, while their squared relative velocity is 2 (mq -+ my)/rg
increased by a certain constant whose value depends on the
total energy rclative to the center of gravity. The motion
relative to the center of gravity will be thought of as merely

* Sur la régularization du probléme des trois corps, Acta Mathematica,
vol. 42 (1921).
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reversed in direction after collision. In the original reference
system the bodies I, and P will describe two cusped curves,
and will collide at the common cusp; the cuspidal tangents
of the two curves are of course oppositely directed, and it
would Le easy to specify the precise motion near collision
by giving the explicit formulas.

Kvidently such a motion of collision in the two body
problem is completely characterized by the following quantities:
(1) the three codrdinates of the point of collision; (2) the
three velocity components of the center of gravity at collision:
(3) the two angular coodrdinates 6, ¢ fixing the direction in spaee
of the axis of the cusp described by P;, which is the same
dircction as that of the line of motion relative to their center
of gravity; (4) the cnergy constant. Thus 9 coordinates in
all are required to characterize uniquely a state of collision in
the two body problem. But to specity any state of motion
before or after collision it is necessary to give the time r
that has elapsed since collision.

Furthermore, any motion in which the two bodies almost
collide can be characterized in a similar way. Here it is
supposed that the initial conditions are slightly modified at.
some time before collision. In the modified motion it is easy
to generalize the above coérdinates as follows: (1) instead
of the coordinates of the point of collision, we may take
the coordinates of the center of gravity when the bodies are
nearest to one another; (2) the corresponding velocity com-
ponents of the center of gravity may be used as before;
(3) the angular coordinates 0, ¢ may refer to the direction
of the transverse axis of the conics described relative to the
center of gravity; (4) the constant of total energy may be
used as before. When the motion is modified slightly in
this manner, these 9 coordinates will be only slightly modified.

In addition to these 9 codrdinates, the planc of the relative
motion must be fixed by a further angular codrdinate v,
and the perihelion distance p must be specified. This gives
11 codrdinates to fix upon a particular motion of the two
bodies in general position. In order to specify a particular
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state of motion it is sufficient to specify the time v measured
from perihelion passage.

The cotrdinate p is not available in the special case of
circular motion relative to the center of gravity but this
possibility does not arise near a state of collision of the type
under consideration.

Hence we find 12 appropriate codrdinates in all, corres-
ponding of course to the fact that we have a system of differ-
ential equations of the 12th order in the two-body problem.

Let us consider the coordinates in the two-body problem
somewhat more attentively. The 6 coodrdinates determining
the position of the center of gravity at ncarest approach
are obviously unrestricted codrdinates. In other words, these
sets of 6 coordinates are in one-to-one correspondence with
the neighborhood of a point in G-dimensional space. Similarly
the 2 codrdinates fixing the axial direction are in one-to-one
correspondence with the neighborhood of a point of the 6, ¢
sphere and are thus unrestricted in the same sense; and so
are the total energy and the time « of course. On the other
hand, the perihelion distance p is always positive, and as p
approaches 0, the motion approaches that of a definite motion
of collision, independently of the codérdinate v which fixes
the plane of the motion. Suppose then that we introduce
the following codrdinates

o == pcos iy, B = psiny,

as codrdinates serving to replace p and ¥. Collision is then
characterized by the conditions

¢« = B8 = 0.

The new codrdinates «, 8 are, however, unrestricted.
Consequently in the problem of two bodies, the states of
motions near a particular state of collision are in one-to-
one, continuous correspondence with the neighborhood of a point
in a 12-dimensional space. With this representation the
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states of motions at collision constitute a 9-dimensional
surface through the point.

It is obvious that in a certain sense the singularity of
collision is removed by the use of the above coordinates.*

Let us return now to the problem of three bodies in the
case under consideration when two and only two of the
bodies, say P, and P, collide. For the motion of collision,
we must have as before a definite point of collision, a definite
vector velocity of their center of gravity at collision, a cuspidal
direction in which collision takes place, and finally a limiting
total energy. Furthermore any state of motion before or
after collision is characterized by the elapsed time v..

For motions near a motion of collision, these 9 codrdinates
admit of simple gencralization. For example the instant of
‘perihelion’ passage can be fixed as that at which the distance
I’ Py is a minimum, and in this way the position and velocity
coordinates of the center of gravity, the axial codrdinates,
and the perihelion distance can be defined at once, and also
the energy constant. The angular codrdinate y» can be taken
as that given by the plane which bisects the small dihedral
angle defined by the two planes through % I, and the
velocity vectors at %, I, respectively relative to their center
of gravity. The time z is defined as before. The codrdinates
p, ¢ may be replaced by e, 8 of course.

Thus on the basis of physical reasoning i appears certain
that the singularity of double collision is of remorvable type.
and that the states of motion at double collision form three
1D-dimensional («nalytic) sub-manifolds in the 18-dimensional
manifold Mg of states of motion, corresponding to the collisions
of Py and Py, of Py und Ps, and of Py and Py respectively.

When the manifold of states of motion is augmented by
the adjunction of the parts of the boundary corresponding to
double collision, it is obvious that indefinite analytic con-

* For actual removal of the singularity by analytic transformation in
the two body problem and similar problems, see Levi-Civita, Traiettorie
singolari ed urti nel problema ristretto dei tre corpi, Anmali di Mathematica,
ser. 8, vol. 9 (1903).
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tinuation of a motion is possible unless, as ¢ approaches
a certain value ¢ (¢ <C¢ say), there are an infinite number of
double collisions. Let us eliminate this possibility for the
case f>>0, which is under consideration.

In the first place we observe that not only Z but also R’
must be continuous at double collision. In fact the differential
equations themselves show that d®&/d 2, d*q/dt*, d*L/dt® arve
continuous at collision so that ¢’ as well as ¢ must be con-
tinuous. On the other hand ' will not be; but, since we have

i = (watyy +2d) = PP+ @y
B 1.2 .
2 ()

on account of the energy integral (12), it is clear that »»'
is continuous and vanishes at collision. Hence R’ is con-
tinuous at collision, having the value peo'/R, as follows
from (13).

Secondly, as ¢ approaches 7, the least », must approach 0.
Otherwise we should have »; ~d >0 (/ -= 0, 1, 2) indefinitely
near . We have already seen that, because of the energy
integral, this would require «, v/, 7, &, 7', {' to be limited,
so that continuation of the motion during a definite interval
of time, dependent only on d, would be possible without
collision. This is absurd.

Thirdly, J must approach a finite limit as ¢ approaches ¢,
as follows from Lagrange’s equality (15), just as in the case
of approach to double collision, inasmuch as R’ and R are
both continnous at double collision. Reasoning on the basis of
Sundman’s inequality (22) in the same way as before, we
infer also that B cannot approach 0 as ¢ approaches ¢.

Hence we conclude that as ¢ approaches £, the body FP;
approaches a definite limiting position distinct from the corre-
sponding definite limiting coincident position of P, and P,.
But it is physically obvious, and might readily be established
analytically, that there can only be a finite number of collisions
for ¢<C¢ in such a case. Thus a contradiction arises.
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In the augmented manifold of states of motion Mz, inde-
Jfinite continuation of every motion for which f>>0 is possible
in either sense of time. In the case f= 0, continuation can
only be terminated by triple collision.

Hitherto we have dealt with only the 18-dimensional mani-
fold M;s. It is easy to modify the above results so as to
apply to the manifold M;s, obtained when only those motions
are considered for which the center of gravity of I, Py, P,
lies at the origin. In this case the six codrdinates fixing
the position and velocity of the center of gravity of 7% and P,
for instance, determine these codrdinates for 1.

Entirely similar results obtain in the 12-dimensional mani-
Jold My, obtained by fixing upon those motions for which the
center of gravity of the three bodies lies at the origin.

As remarked earlier, these results can be fully established
by use of the explicit regularizations effected by Sundman
or Levi-Civita. An inspection of the formulas leads to the
following additional conclusion:

In the augmented manifold Mg mot only are the states of
motion at collision to be regarded as constituted by three
15-dimensional analytic manifolds, but the curves of motion
are also to be requrded as analytic and as varying analytically
with the imitial point and interval, provided this interval be
measured by such a parameter as w where

d
t == J ror1 73 dU.

8. Further properties of the motions. The case K <0
is immediately disposed of, so far as the gencral qualitative
character of the motions are concerned. T.agrange’s equality
(15) insures that d®R?%d¢* will then exceed 4| K|. Hence 2%
when plotted as a function of ¢ in the ¢, E* plane of rect-
angular coordinates, yields a curve with a single minimum
which is everywhere concave upwards and rises indefinitely.

Evidently the same conclusion holds for K = 0, at least
unless U approaches 0. But this can only happen if all three
mutunal distances increase indefinitely.
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In the case K <0, f>0, at least two, if* not all three,
of the mutual distances increase indefinitely as time increases
and decreases. In the case K < 0, f == 0, the same is true
wunless the motion terminates in triple collision in one dircction
of the time.

A fuller qualitative consideration of the motions A <0
is obviously desirable. But on account of the results just
stated it seems proper to consider this case as ‘solved’ in
the qualitative sense.

Henceforth we shall confine attention to the case />0,
K >0, i. e. to the case when the angular momentum of the
three bodies about every line through the center of gravity
is not constantly 0, and the potential energy is insufficient
to allow all three mutual distances to increasc indefinitely.

The case f == 0, K'>>-0 thus remains. Here the motion
is essentially in one plane, and it may be possible to obtain
results similar to those here obtained in the case f™~0, K ™0
by suitable refinement of Sundman’s inequality.

We proceed to develop some of the simple and important
propertiex of the motion in the case />0, K>-0.

In the case f>0, K0 the least of the three mutual
distances cannot erceed M (3 K). :

The proof is immediate. By the energy integral (12), U is
at least as great as K. But », 7y, 7o are at least as great
as », the least distance. Hence we obhtain

(mgmy - mgany -+ mymg)/r 2= K.

The numerator on the left is not more than A*/3, whence
the stated inecquality follows at once.

In the case f>0, K>0, the largest distance r; will neces-
surily exceed k times the smallest distance 15, provided that

R < 2m* /(M%) o R = EM"/(3K),

where m* denotes the least of the three masses mg, mq, M.
To establish this fact, let k; denote the actual ratio of the
largest to the smallest distance. Then we have at once
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R? << (momy + momy 4 myme) I r*/ M < MIG /3

where » denotes the smallest distance. Likewise we find by
a similar calculation

U < (momy + moms + mymy)/v <= M2/3r.
But Sundman’s equality (16) together with (18) gives
JYRE-Z2U.

If we employ the inequalities for R® and U derived above,
this gives readily ’
ro~ a8 M.

But inasmuch as R is at least mY2», while m in turn is at
least half of the least mass m™ (see (7)), we find

R>- 2w 121 Ud AL,

Consequently if R is at most of the first stated value, we
infer at once that A, exceeds & This proves the first of
the two results.
In order to prove the second result, let » denote the
greatest distance. Ve then obtain
B2 -7 (mgmy -k megms +mymy)r 2/ M —~ Mr%/3,

whence there results
r> R,

If we use the inequality already derived for the least
distance », in combination with the one just written, we find

Iy - -3K R/,

Hence if R is at least of the second value, k, will exceed
k. This is the second result to be proved.

In the case f>0, K>-0, any pwt of the curce R = R(1),
(, R, rectangular codrdinates) for wlich R <Zf/(2Y2 K'2) consists
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of a finite arc, concave upwards and with a single minimum.
If B == R, gives this minimum, the curve rises on éither
side until

R> f*/(2KR,),
with corvesponding slope R at least as great as demanded by

the inequality
2 'b’ Ro [ -f ¢ ]
i I "R 2K

at every intermediate stage.

To prove this statement, we observe first that when R is
restricted as in the first part, R cannot be a constant. In fact
if it were, Lagrange’s equality (15) would yield U = 2 K.
But the combination of Sundman’s equality (16) and of (18)
with the equation U = 2K would give

FUR? < 2K,

in contradiction with the limitation imposed upon R. The
same kind of argument shows that if R’ vanishes when R
is so restricted, then RB” must be positive. For otherwise,
by using Lagrange’s equality, we find /-~ 2K, and thence
by using Sundman’s equality (16) and (18) we are led to
the contradictory conclusion written above.

If there is a point B’ = 0 along the arc under consideration,
it corresponds to a proper minimum. On either side of it H
(section 5) will increase (or at least not decrease) with R,
until a second point B = 0 reached for B == RE,. Hence
we obtain

2KR1+£ ~9K R+ f

whence, since R, ™ R,,

L
2K> RE

In this case R does increase until the specified value is
passed. Furthermore until this happens, H is as great as H,.
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This fact demonstrates that R is as great at every stage
as stated, so that R must finally so increase.

The case when R'$4 0 anywhere along the arc can be
eliminated. Here H must decrease (or at least not increase)
with decreasing E. Consequently R cannot approach 0, since
H then becomes infinite. As R approaches its lower limit &,,
R’ will approach 0. Consequently we infer that the inequality
of the statement for R'* continues to hold if R, be defined
in this manner.

But this kind of asymptotic approach to R = R, as { in-
creases (or decreases) indefinitely is impossible. This im-
possibility may be made evident as follows. In the inequality
H > H, we may replace the inequality sign by the equality
sign. Therecby we define a new curve B = R(#) whose slope
for any R is not greater in numerical value than that along
the actual curve under consideration. Hence the new curve
s0 defined approaches the ¢ axis less rapidly, and must also
approach R = R, asymptotically as follows from the equation
H = H,. But, by differentiation of this equation as to ¢,

there results
4

2RR"+R*+ 2K——'£,—g

= 0.

Hence as ¢ approaches infinity, and R, R’ approach R, 0,
it is clear that R"” would approach a definite positive quantity,
which is absurd.

The results thus far obtained may be regarded as concerned
with motions in which the three bodies are all near together
at some instant ¢ = #,, the amount of separation being
measured by E. The bodies will separate in such a way
that R increases, and very rapidly as long as R is not too
large or small, until R has become very large.

We turn next to derive somewhat analogous results when
at least one of the three mutual distances is large. Here
it is convenient to use the quantity ¢ instead of R, but it
is to be borne in mind that » denotes the smallest of the
three distances in what follows.



280 DYNAMICAL SYSTEMS

In the case f >0, K>0 as long as ¢ 2= 2M*/(3K), one
and the same distance r; is the least distance.

Under this condition it follows that ¢ is at least twice
the least of the distances r ==r,. Hence 7, and », exceed r,
since .o is the distance from P, to the center of gravity of
Py and P. But when 7, and », are greater than r,, one
and the same distance r, remains least.

In the case f 0, K>0, for ¢ > 2M*/(3K), the inequality

0" ~—8AM/¢*
obtains. If for any such value of ¢, we have
o > 4 M2/

¢ will constantly increase without bound.
We begin with the identity

()()//_l_el‘z — 55”—"— 'i,,lu_,_:c;u_i_ ;,.-12_}_72/2_,_5/2.

The last threc terms on the right give, the square of the
velocity of the point (¥, 7, £), while ¢’ is the square of the
radial velocity and is therefore not greater. By virtue of
this fuect and the differential equations (10) we obtain

olr
+9 kL

v~ | ( ol
S B oy " os

. . oU

00 .‘b o )

But the terms in parenthesis on the right are precisely
00U/8n where P, is taken to vary by a distance n along
the straight line which joins P to the center of gravity of
Py and P,. Clearly the rate of change of 7, and r, with
respect to 2 cannot exceed 1 in absolute value, and we infer

" o~ 0 [ ny M. Mg 0y \ 1 1
e’ = — (‘(“ o T )’ My (;_.;+-,:;)

2 22
n 7y " 0 1

(see (7)). Now in the case under consideration », and 1
exceed ¢— and therefore ¢/2. This leads to the first
inequality to be proved.
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Instead of continuing analytically we need simply observe
that this inequality may be looked upon as requiring that
a particle moves along a ¢ axis acted upon by a force towards
the origin which does not exceed the gravitational force due
to a mass 8 M. But in this case it is obvious that the
particle will recede indefinitely provided that the initial veloeity
outward is as great as the velocity of fall from infinity under
the attraction of such a mass. This is precisely the fact
stated.

It should be noted that since the initial value of ¢ is as
great as 2M?/(BK), o continues greater than this quantity,
and accordingly one and the same distance » is the least of
the three distances always.

We propose next to combine these results in order to show
that, for the minimum R, sufficiently small, 2 and ¢ increase
indefinitely. The qualitative basis of the reasoning is obvious.
According to what has been proved, for R* and R* arbi-
trarily large a positive R, can be chosen so small that all
motions for which the minimum £ is not more than K,
correspond to an A which increases from the minimum to £i*
and has, for 2 = R*, a derivative I’ which is at least as
great as R*'. This mecans of course that ¢* is arbitrarily
large since

lim /¢ = (mgms + mymy)'?
R=w0

uniformly. Furthermore since the relation
RE = mrr-+tuod

obtains, it is clear that |g¢¢’| must be large, and in particular
'o'| must be large, provided that |r+'|is uniformly bounded.
But we have

P2 < Pyt U

by the energy integral (12). Hence

9

0 2 2(mgmy -+ moamy + my ms) v/m X 2M3r/m*
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since m exceeds one half of the least mass m*. Thus we
find
|79’ | L M3/ (K2 m*12),

and thereby establish the fact that |»+'| is uniformly bounded.

For f>0, K>>0, if Ry is taken sufficiently small, cvery
motion for which the three bodies approach so closely that
R Ry at some instant is such that two of the distances
70, 71 become infinite with t while ry remains less than M*/(3 K).

We shall not pause to develop an analytic formula which
yields a suitable R,, although the specific results found
above would supply the basis for such a computation.

There is an interesting question to which we wish to
refer briefly in conclusion. Which one of the three bodies
will recede indefinitely from the other two nearby bodies, in
the case of a near approach to triple collision? The answer
is to be found in the following statement:

Any motion of the above type is characterized by the pro-
perty that one and the same body Py remains relatively re-
mote from the two mearest bodies P,, Py throughout the entire
motion.

The truth of this fact is readily inferred. At the beginning
of this section it was shown that, for R greater or less than
fixed values, the ratio of the largest to the smallest distance
would be arbitrarily large. Hence we need only consider
this intermediate range of values of R. But in such a range,
if the ratio of the largest to the smallest side did not re-
main large for R, sufficiently small, there would be con-
figurations of the three bodies in which the distances »; and
the ratios »;/r; lie between fixed bounds, no matter how
small R, is chosen. However, the value of U does not
exceed an assignable quantity in such configurations, and
thus, by the energy integral (12), the same would be true
of the velocities ', o/, ¢, &, %/, &. Finally it is clear that
RR' would not exceed an assignable quantity. But we have
established that R’ becomes arbitrarily large in such a de-
finite range of values of R, so that this conclusion is absurd.
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Evidently there is further work to be done in the more
precise determination of the motions on the quantitative side,
but the facts developed above are sufficient to show that
the only possibility of simultaneous near approach of the
three bodies for given f> 0, K >0, is that in which the
three bodies act as a pair of bodies, one member of which
corresponds to a close double pair P,, P,, while the second
is P;. The motions of P. and the center of gravity of P,
P, are then along nearly hyperbolic paths, while £, P, move
in nearly elliptic paths relative to their center of gravity.

9. On a result of Sundman. Sundman established
(loc. cit.) that for given initial codrdinates and velocities
with >0, K > 0, the quantity R(f) for the corresponding
motion will always exceed a specifiable positive constant.
This fact is at once evident from the analysis of section 8.
In the contrary case we should have indefinitely near
approach to triple collision, and thus a motion for which
R’ is arbitrarily large for the given initial valué of R, which
is of course absurd.

10. The reduced manifold Af; of states of motion.
Let us turn next to the consideration of the problem of
three bodies after use has been made of the 10 known
integrals to reduce the system of differential equations from
the 18th to the 8th order. In other words the 10 corre-
sponding constants of integration are given fixed values, and
attention is directed towards the oo7 motions which corre-
spond to the given set of constants. In what follows we
shall suppose that not all the constants of angular momentum
vanish, and that the constant of energy is positive, i. e. we
take £ >0, K > 0.

The angular momentum vector with components a, b, ¢
will define a spatial direction which plays an important role
in the sequel. Evidently two motions which correspond to
the same configuration of positions and velocities at some
instant, aside from mere angular orientation relative to this
axis of angular momentum, will continue to differ merely in
this respect. In other words, if ¢ denotes any angular
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coordinate which fixes the orientation about the axis of
angular momentum, while w;, ..., «; are any set of relative
codrdinates which do not involve ¢, the differential equations
defining the oo™ motions take the form

dw/dt = Uiy, -+, u7) (@ :=1,...,7),
dy/dt = @ (uy, -, uz).

The first set of equations counstitutes a system of the 7th order
in the codrdinates u,, - .-, #;, while the last equation enables
one to determine ¢ by a further integration. If it be desired,
the time ¢ can be eliminated, and the system becomes of
the 6th order,

dug/dwy = /U, @ = 2,8,..., 7).

Thus from the purely formal standpoint the system of the
18th order can be ‘reduced’ to one of the 6th order.

From the point of view which we shall adopt, there is no
essential gain in actually carrying through such a reduction
which can be accomplished without affecting the Hamiltonian
form.*

Let us consider the augmented manifold M5 of states of
motion, in which the singularities corresponding to double
collision have been removed by the method indicated in
section 7.

The boundary of Mg is to be regarded as made up of
states of motion specified by one of the following possibilities:
one of the codrdinates x,, ¥, z; inereases indefinitely in absolute
value; the quantity R approaches 0; the energy constant of
some pair 5, P; of the bodies relative to their center of
gravity at the instant increases indefinitely in absolute value.
It is clear that points away from the boundary in the specific
sense of these three possibilities will have limited codrdinates,
with not all three distances small; the condition of energy
imposed insures that the energy constant relative to the
center of gravity of all three bodies is not large in absolute

* See, for instance, Whittaker, Analytical Dynamics, chap. 13.
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value, while the fact that the relative energy constants are
not large means that the nearest pair of bodies must shortly
separate to a considerable distance. Thus either all codrdinates
and velocity components are limited, and none of the mutual
distances are small, or else the motion is near such a state
in time, and therefore not near to the boundary of Afjg.

In Mg the totality of motions is represented as a steady
fluid motion, in which the stream lines correspond to the
possible types of motion. When the 10 constants of integration
are specified, we are directing attention to the corresponding
fluid motion of the sub-manifold Af; into itself in which the
stream lines represent the oo’ motions under consideration.

Motions which differ merely in orientation with respect to
the axis of angular momentum yield a closed one parameter
family of stream lines, corresponding states of which give
closed curves; in other words wy, - ... w; are the same along
such a curve, while ¢ varies from O to 2. In the special
case of the Lagrangian equilateral triangle and straight line
solutions when the mutual distances are inalterable,® the
corresponding closed curve is itself a stream line.

The ‘reduccd manifold M; of states of motion’ corresponds
to the =7 set of states of motion given by sets of coordinates
such as uy, .-+, u;, which are distinct except in orientation
about the axis of angular momentum.

It is evident that in the original Mz the closed curves
which give the states of motion differing only in orientation
will give ! analytic carves, one and only one through
each point. Hence if we desire to obtain more precise
information as to the possible singularities of M;, it is only
necessary to determine the singularities of M,. We propose
to investigate the singularities of A, and thus of AL, suffi-
ciently to establish the following result:

For general values of f>-0, K>0, the analytic reduced
manifold M; of states of motion is without singularity, and
has a boundary specified by the fact that either R approaches

* See Lagrange's paper, Essai sur le probléme des trois corps, (Buvres,
vol. VL.
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0 or o, or that the energy constant of some pair of the bodies
relatively to their center of gravity become indefinitely large
and negative.

Let us first justify briefly the statement made about the
boundary of Af;. At some distance from the boundary none
of the codrdinates can be large since none of the distances
r; are large, and the center of gravity is at the origin. Since
the energy constant for the three bodies is given, the partial
energy constants cannot be large and positive. Consequently
unless one of these partial constants is large and negative,
the state of motion is not near the boundary of Af.

In dealing with the analytic character of Mz, and so of
M;, we can assume that the state of motion under consideration
is not a state of double collision. In fact the ‘molecule’ of
states of motion in A s near a state of double collision is
carried analytically into a malecule about a modified position,
not corresponding to a state of double collision. The invariant
sub-manifold A/, will thus be analytic all along a particular
stream line or nowhere along it.

Let us then employ the coordinates x, y, 2, & 7, & &, v/, 7,
&, 7',¥ which are available in M;s, within which we may
take Ay to lie. The sets of these 12 codrdinates which
satisfy the remaining angular momentum and energy conditions
(11) and (12), furnish uniquely the states of motion of Mg
near to the particular motion of AM; under consideration.
It is evident that in general these 4 equations may be solved
analytically for any 4 of the 12 variables; i. e. A analytic
at the corresponding point.

‘We can show, however, that for general values of />0
and K >0 there can be no singularities whatsoever in M.
Let us choose codrdinate axes so that z == y = 4 = 0 at
the instant under consideration, i. e. the particle /% lies in
the 2z direction from P,, while the line from P; to the center
of gravity of P, and P, lies in the z, 2 plane. Let us attempt
to solve the 4 equations for 2, 3/, 2/, 7' as functions of the
other variables. The condition that this be possible will
be satisfied if the corresponding Jacobian determinant
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0 0 0 &
00—z 0—°¢
z 0 0 O
« y 2 7

does not vanish; here we have removed an obvious factor
m from the first three columns, and a factor g from the last
column. Thus M; is analytic at this point provided that

the inequality
—&2740

holds. But it has been pointed out that z is not 0. Further-
more, we can take &4 0 unless P, is on the straight line
Py Py constantly. And we can take 2’ + 0 unless the distance
Py I, (and similarly any other distance P; Pj) is a constant.
Hence we infer that either M is analytic along the particular
stream line under consideration, or the three bodies lie upon
a straight line, or at a constant distance from each other,
but not in the same straight line.

Tn the latter case the bodies P,, P, I’ are known to lie
at the vertices of an equilateral triangle in a plane perpen-
dicular to the angular momentum vector; this triangle rotates
at a constant angular velocity about its center of gravity.
Furthermore it is known that there is one and only one size
of triangle of this kind for an assigned angular velocity.
Thus there will be in general no such motion for which f
and K have the preassigned values.

Similarly in the first case further cxamination shows that
the distances are inalterable. It is known that there are three
solutions for an assigned angular velocity, and thus in general
no solution for general values of f and k.

In any case the manifold M; can only have a singularity
at a point corresponding to an equilateral triangle solution or
to a straight line solution at constant mutual distances. These
possibilitics will only arise when certain analytic relations
between f und K are satisfied. It is only as f and K vary
through these critical values that the natwre of My from the
standpoint of unalysis situs can change.
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The manifold M; has fundamental importance for the problem
of three bodies, but, so far as I know, it has nowhere been
studied even with respect to the elementary question of
connectivity. The work of Poincaré refers to the existence
of certain periodic motions, i. e. of certain closed stream lines
in M;, obtained by the method of analytic continuation from
a limiting integrable case of the problem of three bodies;
nearby motions, i. e., stream lines in the torus-shaped neighbor-
hood of such a closed stream line, are also considered in
relation to the formal series; but he does not consider AL
in the large.

In conclusion it may be observed that the states of motion
in which the three bodies move constantly in a plane through
the center of gravity perpendicular to the angular momentum
vector, correspond to an invariant sub-manifold Af; within
M,;, which contains the exccptional singularities when these
exist. So far as dimensionality is concerned, this manifold
M, would be suited to form the complete boundary of a
surface of section (chapter V) of properly extended type.

11. Types of motion in 3f;. The problem of three bodies
is distinguished from the type of non-singular problem which
we have considered earlier, in that the manifold of states
of motion is not closed. The singularity along the boundary
cannot be removed by any exercise of analytic ingenuity.
In fact consider a tube of stream lines in A described by
a ‘molecule’ of states of motion near triple collision at ¢ = 0.
It is clear that the molecule tends toward the boundary of
A, as t increases, since we have then lim R == o according
to the results decluced above-(scction 8). The half tube so
generated is then carried into part of itself, and would have
to correspond to an infinite value of the invariant 7-dimensional
volume integral. This situation does not arise when the
manifold of states of motion is closed and non-singular.

More precisely, the stream lines corresponding to motions
of near approach to triple collision not only lie wholly near
the boundary of 3f;, and approach it as ¢ increases or decreases
indefinitely, but they fill out three entirely distinct regions
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of M, since for every such motion there is a particular one
of the three bodies which recedes indefinitcly from the other
two bodies.

The stream lines corresponding to near approach to triple
collision thus fill three distinct T-dimensional continua of M,
corresponding to the fact that Py, Py, or Py may be the relatively
distant body during such a motion. These continua lie near
to the boundary of M;, and every stream line in them approaches
the boundary in either sense of time.

Of course these continua are not precisely defined until
the degree to which triple collision is approached is precisely
specified.

It is natural to believe that in this case of indefinite
recession, the two nearby bodies have a definite limiting
energy constant, orientation of plane of motion, eccentricity,
and a limiting linear and angular momentum with reference
to the center of gravity of the three bodies. In any case these
motions may properly be regarded as to a large extent ‘known’.

The very interesting question now arises: Do the motions
for which lim B = o« in one or both directions of the time
fill M; densely or only in part? Tt is important to under-
stand the nature of the difficulty inherent in this question.
By actual computation of the motions, it can doubtless be
established whether or not a specific motion belongs to one
of these continua or not. Certainly, for | K| small, almost
all of 3 would be filled by these continua in consequence
of the results obtained in the case K < 0. Nevertheless
when there exists a single periodic motion in M; of stable
type, it will not be possible to determine whether or not
nearby motions belong to these continna without solving
the fundamental problem of stability in this particular case.
‘We have already alluded to the highly difficult character of
the problem of stability (chapter VILI), which arises precisely
because in a dynamical problem such as the problem of three
bodies, formal stability of the first order insures the satis-
faction of all the infinitely many further more delicate con-
ditions for complete formal stability.
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The question can, however, be put in a very suggestive
form, which in my opinion renders it probable that the
motions for which lim B = <o for lim¢ = oo fill up M
densely, as do those for which lim B = oo for lim { = — oo;
because of the reversibility of the system of differential
equations, both conjectures must be either true of false.

The manifold M; has already been conceived of as
a T-dimensional fluid in steady motion. This fluid must be
thought of as having infinite extent and as incompressible,
in consequence of the existence of a 7-dimensional volume
invariant integral. The three types of motion with near
approach to triple collision correspond to three streams which
enter M; from the infinite region and leave it there.

What is likely to happen to an arbitrary point of the fluid?
It seems to me probable that in general such a point will
move about until it is caught up by one of these streams
and carried away. It may, however, be anticipated that
there will be found certain points which remain at rest or
move in closed stream lines, and so are not carried off.
In conformity with the results of chapter VII, there must
then necessarily exist other stream lines which remain near
to the closed stream line as time increases or as time decreases.
More generally, there will exist recurrent types of stream lines
corresponding to recwrrent motions, and various other stream
lines which remain in their vicinity as time inereases or decreases.
The stream lines corresponding to such recurrent motions and
nearby motions cannot of course approach the boundary of M.

For the determination of the distribution of such periodic
motions, recurrent motions, and motions in their vicinity, it
obvious that elaborate detailed analysis would be necessary.
In conclusion we shall merely effect an obvious classification
based on the function R(#):

An arbitrary motion in the problem of three bodies for the case
S>>0, K>0 és of one of the following types as t increases:

(1) R increases toward -+ o, in which case one body recedes
indefinitely from the other two, while the near pair remain
within finite distance of onme another;
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(2) R tends toward a value R while U approaches 2 K, in
which case the limiting motion is of special determinable type
as in Lagrange’s equilateral triangle solution;

) R() is uniformly bounded as in case (2) but oscillatory.
Here the motion is wholly one of finite distances and velocities
except possibly for occasional double collisions or approach to
such collisions, and there necessarily exist periodic or other
recurrent motions among the limit motions;

(4) R(¥) is oscillatory with upper bound -+ o and a positive
lower bound. This is an intermediate case in which the motion
78 one with finite velocities except mear occasional double
collision or approach to double but mot triple collision, while
Srom time to time ome of the three bodies recedes arbitrarily
Sar from the near pair only to approach them again later.

Similar resulls obviously hold as t decreases.

The only part of this statement calling for any explanation
is that if R approaches R, U approaches 2 K. But this can be
proved to follow from Lagrange’s equality (15).

12. Extension to » >3 bodies and more general
laws of force. In indicating the possibility of generalizing
the above results, both in respect to the number of bodies
and the law of force, we shall entirely put to one side the
question of collision. It would suffice for our purpose,
however, if any kind of continuation after multiple collision
were possible in which the constants of linear and angular
momentum as well as of energy are the same after as before
collision, and if also R’, where

) 1 9
R? — -WZML.MJT;J.,

may be regarded as continuous at collision; here the masses of
P, ..., P, are my, .-, my, respectively, while M is the sum
of these masses, and 7y denotes the distance P;P;.

Let the function U of forces be any function of the mutual
distances 7, of dimensions —1 in these distances. For a
function U of this type, the original form of differential
equations, of the 10 integrals, and of Lagrange’s equality
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(15) and of the inequality (20) due to Sundman will subsist,
provided that f denotes the total angular momentum of the
system about the center of gravity. Our main reasoning
above was essentially based upon this analytical framework.
Hence we can state the following result:

Let U be any analytic function depending on the mutual
distunces between n bodies Py, (i = 1, -, n), with cobrdinates
(@i, i, ) and masses ny vespectively; let U be furthermore
homogeneous of dimensions — 1 in these distances. If the n
bodies are sufficiently mear together, iwith assigned positive
ralues of the total angular momentum f and the constant of
energy K, at least two of the mutual distances will become very
large in either sense of the time.

Further consideration shows that the comdition of homo-
geneity upon U can be lightened to the form of an inequality

oU | oU | AU\
2 (,l, + Yi éyl ‘*‘ 5 "') o d I]

wheve 0 <Zd-22, without affecting the argument that at least
tiwo aof the mutual distances become very large.

In this argument the function H has to be generalized to
the form

H = R"[J,, N+u\]

s
—d)

I have not attempted to ascertain conditions under which
at least two of the mutual distances become infinite.
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Analyticity of solutions, 12-14

Ascoli, 4

Asymptotic motion to
motions, 205-6; to
motions, 211-2, 227-37

Billiard ball problem, 169-79; for
ellipse, 248-55

Bliss, 1

Bohr, 220

Bolza, 35, 37

Brouwer, 148, 234

Cantor, G., 194

Central motions, 190-97, 202-4; spe-
cial, 202-4; transitivity and in-
transitivity of, 205-8

Characteristic surface, 129

Chazy, 260

Clausius, iii

Closed geodesics, 130, 135-9; on
symmetric surfaces, 130-2; on
open surfaces, 132—-4; on convex
surfaces, 185-9; on a special
closed surface, 244-5

Conservation of energy, 14-19

Conservative systems, 14-19; change
of variables, 19-21; subject to
constraints, 22

Contact transformations, 53-55

Continuity theorems, 6-10, 10-12

Cobrdinates, 14-15

Cosserat, E. and F., 14

Degrees of freedowm, 14

Dissipative systems, 31-32

recurrent
periodic
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Energy, 23-25

Equations of variation, 10, 57-568

Equilibrium problem, 59, 60, 67-71;
Hamiltonian case of, 74-85;
DPfaffian case of, 89-94

Equivalence, 56

Euler, 35

Existence theorem, 1-5, 10-12

External forces, 14-15

Formal group, 60-63

Formal solutions, 63-67; containing
a parameter, 143

Galileo, iii

Generalized equilibrium, 60; normal
form for, 71-74 ; Hamiltonian case
of, 85-89; Pfaffian case of, 94-96;
reduction to, 97-100

Geodesics, 38~39, 180 -8; in a tran-
sitive case, 238-48; in an inte-
grable case, 248-55. See Closed
geodesics

Goursat, 1

Hadamard, iv, 128, 130, 170, 211, 238

Hamilton, iii

Hamiltonian principal function, 52

Hamiltonian systems, 50-53; La-
grangian and, 50-53; transfor-
mations of, 53 -55; normal forms
of, 74-85, 85-89

Hamilton's principle, 34-36

Hilbert, 130

Hill, iii, 139, 260

Ignorable coordinates, 40-44
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Index of invariant point, 176

Instability, 105, 220-31; zones of,
221-6

Integrability, 255-9

Integral of energy, 18, 52; linear in
velocities, 44-45; conditional li-
near, 46-47, quadratic, 48-50; in
the problem of three bodies, 261-3

Jacobi, iii, 170, 248

Koopman, 145

Lagrange, iii, 263, 264, 278, 285

Lagrangian systems, 18-19; internal
characterization of, 23-25; re-
gular, 25; external characteri-
zation of, 25-81; transformation
of, 36-89 ; normal form of, 39-40;
reduction of order of, 40-41;
integrals of, 41-50; Hamiltonian
and, 50-53

Laplace, iii

Lebesgue, 248

Levi-Civita, iv, 270, 273, 275

Liapounoff, 122

Liouville, 48

Lipschitz, 5

Manifold of states of motion, 143; .

in problem of three bodies.
270-5H; 283-8

Mass, 23

Morse, 139, 170, 238, 246, 247

Multipliers, 74 ; Hamiltonian, 74-78;
Pfaffian, 89-91

Newton, iii

Non-energic systems, 18

Osgood, 4, 138

Painlevé, 261

Particle, 23-5; in force ficld, 124-8,
146-9

Periodic motions, 59 ; role of, 123-4;
minimum type of, 128-32; mini-
max type of, 133-9; simple and
multiple, 142; analytic conti-
nuation of, 139-43; obtained by
the transformation method, 143-9;

INDEX

near generalized equilibrium,
150-4; near a periodic motion,
159-65; stable and unstable,
209-15

Pfaffian systems, 55 ; variational prin-
ciple for, 55; multipliers of, 89-91:
normal form of, 91-96; genera-
lized equilibrium of, 97-100; sta-
bility of, 100-4; instability of, 105

Picard, 1, 13, 105, 122

Poincaré, iii, 74, 97, 105, 123, 139,
143, 190, 194, 228, 237, 255, 257,
260, 288

Poincaré’s geometric theorem, 165-9:
application of, 150-88

Principal function of conservative
systems, 17

Principle of least action, 36-39

Principle of reciprocity, 26

Problem of three bodies, 260-1;
equations of, 261-2; integrals of,
262-3; reduction of, 2634, 283-4;
Lagrange’s equality in, 264-5;
Sundmman’s inequality in, 265-7;
collision in, 267-70; manifold of
states of motion in, 270-5, 283-8:
properties of motions of, 275-83,
288-91; generalization of, 291-2.
See Restricted Problem of Three
Bodies

Quasi-periodic motions, 218-20

Rayleigh, iii, 26

Recurrent motions, 198-201, 204-5,
223-4

Restricted problem of three bodies,
145, 171, 260

Reversibility, 27, 115; and stability.
115-21

Rotation number, 184

Signorini, 130

Solution, 2

Stability, 97-122; of Hamiltonian
and Pfaffian systems, 97; com-
plete, 105-15; reversibility and,



INDEX

1156-20; problem of, 121, 227;
permanent, 121; unilateral, 122;
in the sense of Poisson, 174, 190,
197; in case of two degrees of
freedom, 220~7; criterion of,226-7

State of motion, 1

Sundman, iv. 260, 261, 265, 270,
278, 283

Surface of section, 143-5;local, 151-2

Systems with one degree of free-
dom, 19

Systems with two degrees of freedom,
19; normal form for, 39-40; in-
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tegrals of, 45-560; motions of,
150-85, 209-255

Transitivity, 205-8

Uniqueness theorems, 5-6. 10-12

Variational principles, algebraic,
33-34; of dynamics, 34-39, 55-5H8

Voss, 14

Wandering motions, 190-5

Weierstrass, 261

Whittaker, iv, 25, 55, 89, 130, 132,
162, 170, 248, 284

Work, 14
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