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vi Preface

the analytical point of view as an exposition of the oft quoted but
seldom explained “Principle of Continuity.”

The fundamental definition of Imaginary points is that given by
Dr Karl v. Staudt in his Beitrige zur Geometrie der Lage; Nuremberg,
1856 and 1860. The idea of (a, B) figures, independently cvolved by
the author, is due to J. V. Poncelet, who published it in his 7raité des
Dropriétés Projectives des Figures in 1822, The matter contained in
four or five pages of Chapter IT is taken from the lectures delivered by
the late Professor Esson, F.R.S., Savilian Professor of Geometry in the
University of Oxford, and may be partly traced to the writings of
v. Staudt.  For the remainder of the book the author must take the
responsibility. Inaccuracies and inconsistencies may have erept in, but
long experience has taught him that these will be found to be due
to his own deficiencies and not to fundamental defects in the theory.
Those who approach the subjeet with an open mind will, it is believed,
find in these pages a consistent and natural theory of the imaginary.
Many problems however still require to be worked out and the subject
offers a wide field for further investigations.

To Professor Whitchead, F.R.S., the author has to tender his
sincerest thanks for much valuable help and assistance. To Professor
G. S. Le Beau and Mr 8. G. Soal of the East London College he is
indebted for very valuable adviee and criticism.  To Mr J. B. Peace of
the Cambridge University Press he desires to tender his warmest
thanks for the great assistance which he has rendered in conncetion

with this book.
J. L. S. H.

('HIDEOCK,
September, 1919,
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NOTE

The reference numbers of articles in square brackets, such as
Art. [22], vefer to articles in the author’s Principles of Projective
Geometry. In this book, as in the Principles of Projective Geometry,
the term “line” is used as an abbreviation for straight line.



CHAPTER I

TMAGINARY POINTS AND LENGTHS ON REAL STRAIGHT LINES.
TMAGINARY STRAIGHT LINES. PROPERTIES OF SEMI-REAL FIGURES

1. Imaginary points on a real straight line.

Axiom I. Ivery overlapping involution range determines a pair of
points as its double points, each of which has a definite position on the base.

This axiom does not imply that the position of these points can be
graphically determinied with reference to real points on the base.

DEF. 1. Fach of these double points is termed an imaginary point
and, considered as a puir of points, they are termed a pair of conjugate
(maginary pornts.

On reference to Art. [51] it will be scen that, if O is the centre of an
overlapping involution of which 4 and A’ arc a pair of conjugate points
—situated on opposite sides of O—then the double points of the involu-
tion are given as the positions of a point P which satisfies the relation

OP:=04.04"=—- K=
Hence, if P, and P, be these points,

OP,=+J-1K and OP,=-V-1K.
It O be any other real point on the base such that 0O = L, then the
positions of P, and P, relative to O’ are given by the relations
OP,=L+V-=1K and OP,=L—-V-1K.

The axiom therefore states that a definite position may be assigned
to the points P, and P, on the base, and consequently a definite magni-
tude to the lengths ¥ = 1K and — v —1 K measured along the base.
Such lengths cannot be equal to any real lengths and therefore the
points 2, and P, cannot coincide with any real points situated on the base.

Similarly every other overlapping involution on the same base, which
has its centre at O, has a pair of imaginary double points situated on
the base at distances ¥ — 1K’ and — v — L K’ from O, where K’ is
different for each involution and may have any real value from 0 to «.

H LG 1



2 The Imaginary in Geometry

Henee it follows that, given any real straight line 7 and any real
point () on it, there arc on the straight linc an infinite number of
pairs of imaginary points. Such a system of points may be termed an
imaginary system, base I, centre or mean point 0.

A quantity of the form ¥ —TK is termed a purcly imaginary
quantity and a quantity of the form, L 4+ — 1 A, an imaginary or a
complex quantity, where I and A are real.

Tmaginary lengths. The position of an imaginary point P may be
determined by its distance 0’0 + OP from a real point. (), where (/O is
a real length and OP an imaginary length. A point P’ is termed the
graph of P if it is at a distance O'0 + OF' from (/, where

V10 =0P.
Hence, if P be the graph of P, the distance of I from ()" is
00+V=1.0r.

A real length ¥ +1 A and an imaginary length v/ — 1 A are incom-
mensurable, and do not in themselves involve any relative magnitudes.
Like two real incommensurable quantities ¥2 and 8, whose squares are
commensurable, the squares of & real and an imaginary quantity may
be commensurable.

The position of a real point on a given base can only be determined
graphically when the unit is known in which its distance from a given
point on the base is expressed. Similarly, the position of an imaginary
point is only known when the unit in which its imaginary distance is
expressed is also known. The units in the two cases may be regarded
as ¥ +1 and ¥V —1. As there is no inherent relation as to magnitude
betwecn these units, the relative position of real and imaginary points
on the basc is indeterminate.

Lengths of the form ¥ —1 K and ¥ =1 K’ which determine the
positions of imaginary points may be combined like real lengths. (Sce
Art. 3.) So long as the lengths considered are all real or all purcly
imaginary cach system may be graphed in the same way, the quantities
¥ +1 and ¥ ~1 being regarded as units in which the lengths are
cxpressed, the only difference between these units lying in the fact that
in one case the square on a line is regarded as positive and in the other
negative. Thus in accordance with the conventions of Algebra the

imaginary point at a distance 2K ¥ — 1 from O is at double the distance



Imaginary Points 3

from O of the point at a distance K v —1, and in accordance with the
conventions of coordinate geometry the points at distances + v —1K
and —v =1 K from O are at equal. distances from () on opposite sides
of 0.

If a second system of overlapping involutions, which have any other
real point 0" on the base for centre, is considered, a second system of
imaginary points is obtained, which arc determined by imaginary lengths
measured from O'. This is the system, base [, centre 0', and a similar
system exists for every real point on the base. No two imaginary points
can coincide, when they are thus determined from different real base
points. Otherwise a real and an imaginary length would be cqual.

If a definite position has been assigned to an imaginary point,
distances may be mecasured from such an imaginary point as origin.
If O is a real point on a straight line and I’ a point on the straight
line at a distance ¥ —1K from O, the point P may be taken as the
centre of an involution. As in the previous case there are on the
base an infinite number of imaginary points, centre P, and an infinite
number of points real with reference to the centre P None of the real
points, centre P, can coincide with the real points centre O, but the
imaginary points centre P will be a repetition of the imaginary points
centre 0.

Hence the following conception of a straight line 1s arrived at.

On any real straight line some point may be taken which may be
termed a base point. An infinite number of real and an infinite number
of tmaginary points may be obtained by meusuring real or purely
tmaginary dustances from this base point. Awny one of these reul points
may be taken as « new base point and un infinite number of real and an
nfinite number of tmaginary points may be obtained by measuring real
and purely imaginary distances from it. The real points sv obtained are
a repetition of the real points first obtained. The vmaginary points form
« new system of points. An vmaginary point of the first system may be
taken as a base point and an infinite number of points real with respect
to this base point may be obtained and also an infinite number of points
imaginary with respect to this base point. The real points with respect to
this centre are imaginary points with respect to the buse point first taken
and are distinct from those obtained from the original base pvint. The
imuginary systemn obtuined from this second centre is a repetition of the
imaginary points obtained from the first base point.

1—2



4 The Imaginary in Geometry

2. Conjugate imaginary points.

1t follows from definition (1) that every imaginary point has one and
only one conjugate tmaginary point, Given an imaginary point, its con-
jugate imaginary point is the other double point of the involution of
which it is a double point. The conjugate of a given imaginary point
may be obtained by changing the sign of ¥ —1 in the length or lengths
by which the position of the point is determined. Hence imaginary
points ocenr in pairs, viz. in pairs of conjugatc imaginary points, and
the connector of any pair is the base of the involution of which they are
the double points.  When an imaginary point is given, the involution of
which it is a double point is comnpletely determined, for the centre and
constant of the involution are known.

This ix trne so long as the same points arve regarded as real points) that is as
long as the origin is not moved through an imaginary distance. Thus OK+3. K/’
and O —i. K give two positions of 1> which correspond to conjugate imaginary
points.  1f however the origin be moved through a distance i. A/, these become
OK and OK - 2.(. K P, which distances give a pair of points which are not conjugate
imaginary points according to the definition.  In fact by moving the origin any two
points whose distances from the origin are a+é3 and a+3’° may be made into a
pair of conjugate imaginary points.  Hencee conjugate imaginary points arve such
with respeet to a given origin or with respect to certain given real points.  This
ought always to be stated, but, when there is no risk of misunderstanding, the
limitation in question will be omitted.

3. Measurement of distances.

The positions of two imaginary points I” and ) which have the
same centre O and whose graphs are P and @ are given by the relations
OP' =V —=10P and OQ' =~ —10Q.

The distance 1 may be defined as OF — 0Q =+ = | QP.

Henee, since QP+PQRQ=0, QP +1Q=0. ... 1)

If R’ be o third imaginary point with the same centre, it also
follows that

PQ+QR +RP=0. .......... eeee(2)
The relations (1) and (2) arc those on which all the theorems of Art. [7],
which refer to points on a straight line, depend. Hence these theorems
hold for imaginary points with a common centre,

Two imaginary points F’,centre O,,
and @', centre O,, whose graphs are re- : : :
spectively P and @ may be determined  © S, O @ P
with reference to any origin O by

OP'=00,+¥ —10,P and 0Q = 00,+~ —1 0.




[

Imaginary Distances

The distance @ P’ may be defined as OF' — O’ hence
QP =00,+V—-10,P-00,-V-10.Q
= 0201 + V - i {()]P—' OgQ}
=00, V1 -V -1} +V -1QP.
From this it follows that if I, ', R’ be any three points on a straight
line, real or imaginary,
I_)IQI + QIPI = 0
and PQ+QR +RP=0.
Hence in the most general case all the theorems of Art. | 7] which refer
to distances of points on a straight line are true for imaginary points.
If O, P, and @ are three collinear real points, the point A/ given by
the relation OM = 4 {OP + 0Q)} is defined as the middle point of Q.
Similarly, if O be any real point and I and ¢ a pair of imaginary
points, centres O, and 0,, whose graphs are P and @, M’ the middle
point of P is defined as being the point given by

onr =90 +00: = {(’——‘P + O*Q} .

2 2
This point will be shown, Art. 6, to be the harmonic conjugate of the .

point at infinity on the base with respect to P’ and ).

The product of the distances of a pair of conjugate imaginary points
I and ¢, mean point M, from any real point O on the line Q" is a
positive real quantity. For this product is

(OM +i.MP) (OM —i. MP) = OM: + MP:.

4, Determination of the position of imaginary points by means of ratios.

1. Let .l’ be any point on a given real P’
ine and B a point at a purely imaginary A/ ’ N B’
distance A° from A’y and 7" a point at a
purely imaginary distance 4’/ from A'. Then B/"=A'"P" - 'L,
. . o , . AP a4
The ratio of P’ with reference to 1" and 5 is pp e A
The ratio in this case is a real quantity.

11.  Let .1’ be any point on a given real P
line, # and O points at real distances A’B : T - T
\ \ L . A O I B
and A0 from A’, and I” an imaginary point
at o distance 4’0+ OPF’ from 4', where 01 is imaginary.
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Then AP'=A0+0P
and BP'=BA'+ A'U+0P’
=BO+ 0P,

2 0+ 0P Jo+or
BP'T BO¥OI" ™~ 40+0L" =48

The ratio of £’ with respect to 4’ and B in this case is a complex quantity.

In cither case when the ratio of a point and the positions of the reference points
are given, the position of the point is nniquely determined. The ratio of the con-
Jugate imaginary point of 7 is obtained by changing the sign of the imaginary part
of the ratio.

If lengths are expressed in iwaginary units a pair of conjugate imaginary
points, whose positions would ordinarily be determined by lengths «++/ =1 and
«—/ =1’ are determined by lengths \/ —Ta— o’ and y/ =1+, i.c. the distances
which deternine the points differ only in the sign of the real part.

5. Anharmonic ratios of real and imaginary points on a real
straight line.

In Art.[11]the anharmonic ratio of four real collinear points 41, B,C, D
was defined as being, with origin O,

0C—-04  0D- 0.
0C—-0B " 0D- 0B

The range (A BUD) was defined as being harmonie if A had the value — 1.

[ABCh= = A (suppose).

DEr. 2. Ifd’, B,C, D) be the graphs of four collinear points real or
tmaginary whose positions are determined by OA, +i4,4"; OB, +iBB’;
etc., their anharmonic ratio is defined as being

00, +iC,C' - 04, -1i4,4" 0D, +<D,\D"'— 04, ~-14,4’

00, + iC\(" - OB, —<B,B" * OD, +:D,D"— OB, —iB,\ B’
Under certain circumstances this anharmonic ratio may have the value
— 1, in which ecase the range is said to be harmoniec.

Let €' and D' be real points, i.c. let C,C'=D,D'=0. Tct A and B
be a pair of conjugate imaginary points and let O be their centre. Then
0A4,=0B,=0, 4, A’=0A4', BB = 0B and OA’=— OI'. Hence
0C —i04’ 0D —i04’" _
OC' +1i04" " OD' +104"
0C - 04’ + OD —:04" _ 0
0C' +104" " 0D’ +i04" ™
. =00.0D=04"=08".

=\ (supposc).

A

IfA=-1,
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Therefore if C" and D" are on different sides of O so that — 0C’. 0D is
positive, then Od’ and OB’ are real and ©. 04’ and ¢. OB’ give a pair of
conjugate imaginary points, which arc the double points of an over-
lapping involution of which O is the centre and of which €' and D’ are
A pair of conjugate points.

Converscly the imaginary double points of an overlapping involution
are harmonic conjugates of every real pair of conjugate points of the
tnvolution. Hence it is scen that every pair of comjugate tmaginary
points may be determined as the common harmonic conjugates of two
pairs of real points.

A given pair of real points are conjugate points of an infinite number
ot mvolutions with imaginary double points. The double points of these
involutions are harmonic conjugates of the given pair of points. Hence
« given pair of real points has an tufivite nianber of pairs of harmonic
conjugates which are puirs of conjugyate Limaginary points.

From the definition of the anharmonie ratio of a range of real and
imaginary points it follows that if three points of @ range are given and
likewise the value of the anharmonic ratio of these puints with « fourth
point—which anharmonic ratio meay have « real, an imaginary or . com-
plez value—the position of the fourth is uniquely determined.

1t likewise follows that the theorems, Art. [12], in regard to the
change of the value of an anharmonic ratio, when the order of the points
is changed, are true when the range is wholly or in purt imaginary.
Also if (A’B'("D'y=(ABCD) and (A'B'("E’) =(ABCE) it follows that
(A’'B'E'D")= (ABED). -

6. Projective ranges.

DEF. 3. Two ranges of reul or imaginary points are swid to be
projective when the anharmonic ratio of four points of one range is
equal to the anharmonic ratio of the four corresponding points of the
other range.

If d, B, C, three points of onc range are given, and three corre-
sponding points A’, B, €’ of the other, it is always possible, given a
tourth point P of the first range, to determine uniquely a fourth point 2
of the second, such that (A BCP)=(A’B'C’P’). Hence two sets of three
points determine two projective ranges and to each point of one range
corresponds one und: only one point of the other.

As a particular case there is in cach of two projective ranges, one
point termed the vanishing point, which corresponds to the point at
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infinity in the other range. The vanishing points mnay be real or
imaginary.
To find the harmonic conjugate of the point ut infinity on a straight line with
respect to two imaginary points on the line.
Lot 7 and @ be the imaginary points, centres 0, and O, and let P and @ be
their graphs. Take any real origin O and let .\’ be the required point. Then
or-ox' or-=_
0g-0Xx" " vg-
“OP40Q=2.0Y",
00,+ 00, N e 0,P+ 0-1(/_
2 2
This point was defined (Art. 3) as the middle point of P*¢/.
If a real point 0, the point at infinity and a pair of conjugate imaginary points

A and A’ form a harmonic range, 04 = — 0A4’, and therefore O must be the mean
point of 4 and 4'.

Any two conjugate imaginary points are harmonic conjugates of their graphs.
Let P, I/, centre 0, be the two points and 7 and /’; their graphs.

_OP'—0P _OP'—0OI
OP/=0P * OP/- 0P,
_ {.0P-0P  i.0P+0P
= Z5T0P-0P C -ilor+or

-1 i+l
—2—-1" -i+41
= -1,

-1,

0X'=

Then (PPP/PPy) =

It follows that if 2, Py be a pair of conjugate imaginary points, O their mean
point, P and P, their graphs and « the poiut at infinity on the line, then

(PP0w )= (1" P{0x )=(PP,P"P)= - 1.

7. Extended conception of a real involution.

Every real involution contains two branches, one real and one purely
imaginary. In one branch pairs of conjugate points overlap. In the
other they do not. In the latter branch there ure a pair of double points,
which, according to the nature of the branch wn which they occur, are real
or tmaginary.

If the first definition of an mvolutlon (Art. [51]) be taken and O be
the point corresponding to the point at infinity, and P and P’ a pair of
conjugate points, then the product OP. OP’ is constant. There are two
cases to be considered according as this constant is positive or negative.



@

‘ Imvolution

(1) Let OP.OF =K-

(«¢) For real lengths, OP and OF, there are pairs of conjugate
points which do not overlap, and a pair of real double points E and ¥
given by OF = - OF = K.

This is the real branch.

o If OP =7:.0P, and OP' =:.0P/,
then OP,.0P/ =- K"

The points then bélong to an imaginary branch of the involution,
which has no double points and in which corresponding segments overlap.

(2) . Let OP.OP =-K*

(a) For real lengths, OP and OF”, there are pairs of conjugate
points which overlap, and this branch of the involution has no double
points.

o If OP=:.0P, and OF ={.0P/,
then OP,.0OP/ =+ K=,

The points then belong to an imaginary branch of the involution,
in which there are a pair of double points whose graphs, E, and F,, are
given by OE,=—0OF, =K. The corresponding segments of this branch
do not overlap. Hence in an involution, the constant and centre of
which are real, to a real point P corresponds a real point P’ and to a
purely imaginary point corresponds a purely imaginary point.

The double points real or vmaginary of a real involution are harmontc
conjugutes of every puir of conjugate points, real or purely imaginary,
of the involution.

(1) If the double points and the pair of conjugates are all real this
has been proved in Art. [51].

(2) If the double points are imaginary and the pair of conjugates
are real the result is that of Art. 5.

- (3) If the double points are imaginary and the pair of conjugates
are also purcly imaginary the case resolves itself into case (1) where each
length is expressed in imaginary units of length.

If the sccond definition of an involution, Art. [51], be taken the pre-
ceding may be deduced as follows:

If two superposed projective ranges A, B, C...and A’, B’, C’ ... are
such that (ABCA')=(A'B’C’A), then every pair of corresponding puints
mutually correspond and the ranges form an involution.



10 The Imaginary in Geometry

The point P of the first corresponding to the point B of the second

is given by

(AA'BP)= (A’'AB’'B),
but (A’AB'B)y=(AA’BB’),

(AA'BP)=(AA’'BB’),

P coincides with B’
Let O be the point which corresponds to the point at infinity, then
(AB’ 0 0)=(A’BO ),
04 .0A'=0B. OB’ = a constant.

This constant may be any quantity real, imaginary, or complex in the
most general case. If it is real and the point 0 is also real, the involution
is real and the preceding results are obtained.

The condition that a systcmn of points may form an involution may
also be expressed in ratios. Let b, 0’5 ¢, ¢/, d. d’ be the ratios of B,
B, C,C", D, IV referred to A and A’ as origin.  Then since

(A4’BC)=(A’AB'C"),
bV’ = cc¢’ = a constant.
If the points A, A”; B, B';... are real but the involution is overlapping,
the position of the double points is given by
Xt==I:=00 =cc'=...,
X,=V-1K and X,=—V-1K.

Conversely if (AA'BC)=(4A'AB'C’), then 44’, BB, CC’ form an
involution.

Every point on a line has a conjugate in every involution on the
line. If the conjugate of a point a +1a’ with respeet to an involution,
K
@+

An imaginary involution, i.e. an tnvolution in which the constunt s
a complex quantity and whose centre may be un imaginary point, has a
pair of tmaginary double points, which are equally distant from the
centre.

If K +:7K’ be the constant of the involution, the distances of the
double points from the centre are

constant K, is sought, this point is found to be (a — ).

1 e -
i;/-§{~/~/K"+K”+K+i\/~/K=+K’=-K},

where the positive sign has to be given to the square roots.
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8. Amlytical expressions.

Every imaginary point in « real plane whose coordinates «re tmuginary is «
double point of an involution on « real base.

Let the coordinates of the point be «+:b and c+id. The equation of the
straight line joining this point to the point whose coordinates are a — /b and ¢ —id is

x y 1,

wa+ih c4id 1 '=0
u—=th e—id 1

or
rxy 1
a ¢ 1 |=0.
b ad 0[

This is the equation of a real liue passing through the imaginary point.

The real point (g, ¢) is on this straight line and the distance of the point « 440,
e+1id from this point is { /0¥ +d2 Therefore the point «+ b, c+id is a double
point of the overlapping involution on the straight line

« y o1
a ¢ 1 =0,
b d 0

whose centre is the point (¢, ¢) and whose constant is — (b*+d®).
The equation of the real line through the point 4 (b, ¢+ id may also be written ax

L= _y—c
b d -
The preceding shows that the connector of a pair of conjugate imaginary points,
defined as points whose coordinates differ only in the sign of the imaginary part, is

a real straight line.

Coordinates of an tmuaginary point.

Let the coordinates of an imaginary point 2’
be .¢;,+ 42y, g1 +1y2. Construct the real point ¢
(#1, ). Then P may be found by drawing P
through @, QN equal to ivy and from &, PV $

equal to zy;. Since OM and MQ are real .
0Q=Jz,2+y,? and since @V and VP are purely S N
imaginary QP =1 \Jz*+y.%.
Hence P may be constructed by measuring o i
M R X

along 0@, which makes an angle tan=! %1 with
1
the axis of z, a length 4/2,2+,% and afterwards measuring along QP, which makes

an angle tan=1 zf" with the axis of z, an imaginary length ¢ \/z,3+ y.2
2

N =2 =2 =T
Let tan a=y tan 8 Py and tany Vs so that B+ 3"
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Then the coordinates of P may be written
zy+izg, 2, tana+izgtanp,
or z1+iygtany, 2, tana+iy,.

0@ and QP may be termed the principal coordinates of the point P.

Analytically the representation of all the points on a straight line (real) is as
follows :

If 9, and 29y, are any two real points which determine a straight line, the
coordinates of any real point on the line may be obtained by giving all real values
ZiHAry  Yi1+Aye

1+A 7 14A°
real values, the coordinates of all points real or imaginary on the line are of the form
m+@ti)e, o yi+(a+ib)y,
14 (e+12b) 1+ («+1b)

to A in If X has the value a+ib, where ¢ and b may have any

If A, A’ and B, B’ be pairs of conjugate imaginary points and C and D a pair of
recd points, then the tnvolution determined by
(1) A, 4’ and B, 1%, as pairs of conjugate points, 13 real and hus real double points.
(2) 4, A’ and C, D, as pairs of conjugate points, is real and has real double points.
(3) A, B and A', B, as pairs of conjugate points, is real.
Let 4, 4', B, B, C, D, be determined by «+ia’, a —ia’, b+:l/, b=V, ¢, d.
Let the centre O of the involution be determined by a.
(1) In this case 04.04'=0B.0B.
a0 -0
2(a—b)
Hence the centre of the involution is real and, as the product of the distances of a
pair of conjugate imaginary points from any real point on the line is real and
positive, the constant of the involution ix positive and the double points are real.
(2) In this case 04 .04'=0C.0D.
v _at+a?—dec
"7 2a—d-c’
Hence the centre of the involution is real and as in case (1) the double poiuts are real.
(3) In this case 04.0B=0.1".0B.
_ab'+bd’
T a4l
Hence the centre of the involution is real. The constaut of the involution is
‘n—x)(b-2x)—a'l’. Thisis real. Hence the involution is real.
From (1) it follows that two pairs of conjugate vmaginary points have always a
pair of real harmonic conjugates. (Sce also Art. 31 (3).)
From (2) it follows that a pair of conjugate imaginary points and « pair of real
points have always a pair of real harmonic conjugutes. (See Art. 31 (3).)

From (3) it follows that two imaginary points have always one pair of harmonic
ronjugates, which are either a pair of real points or a pair of conjugate imaginary points.

Therefore

Therefore

Therefore
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9. Imaginary straight lines.

DEr. 4. The locus of the double points (tmaginary) of the over-
lapping tnvolutions tn which an overlapping involution pencil (reul) is
cut by real transversals is a pair of imaginary straight lines, Each
part of this locus, which is continuous, constitutes an tmaginary straight
line. :
The two straight lines considered as a pair of struight lines are
termed a pair of conjugate imaginary straight lines.

Hence it follows that an imaginary straight line is determined by
an imaginary point, which is a double point of an involution, and a
real point, the vertex of the involution pencil. The conjugate imaginary
line is determined by the conjugate imaginary point, the other double
point of the involution, and by the same real point, the vertex of the
involution pencil. Hence two conjugate imaginary straight lines differ
as to their determining elements only in the sign of the imaginary part.
An imaginary line considercd in refercnce to the involution pencil is
spoken of as a double ray of the pencil.

From the definition it also follows that only one imaginary straight
line passes through a given real and a given imaginary point.

The straight line joining the centre of an involution range to the
vertex of the pencil is called the mean linc of the two conjugate
imaginary lines, which join its double points to the vertex of the pencil,
'This mean linc is real. As there arc an infinite number of involutions
on the same basc which have the same centre, there are an infinite
number of pairs of imaginary straight lines through a given real point
which have the same mean line.

Hence given any real point L and any real straight line o through it,
there are an infinite number of pairs of imaginary straight lines which
pass through L and which have o as their mean line. Such a system of
straight lines may be termed an imaginary system centre L, mean
line o.

It also follows from the definition that cvery imaginary straight line
passes through a rcal point, viz. the vertex of the involution pencil of
which it is a double ray, and that a pair of conjugate imaginary straight
lines intersect in a real point, viz. the vertex of the pencil of which
they are the doublc rays.

10. To determine the straight line which joins an imaginary point to
« real point. :
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Construct the involution of which the imaginary point is a double
point. (1) If the real point lies on this straight line the required line
is the real base of the involution. (2) If the real point does not lie on
the base construct an involution pencil by joining pairs of real conjugate
points of the involution to the real point. The required line is one of
the imaginary double rays of this involution pencil.

To determine the point of intersection of a given tmaginury straight
line with a given real straight line.

S v (31)

W /) AV w m Y
w/

Let the given imaginary straight linc be determined as the connector
of one of the imaginary double points ¥ of an involution, centre V, con-
stant — K, situated on a straight line s, with a real point S. Let s, be
the given real straight line. Let V' and W) be the points at infinity
on s and §, respectively and let ss, be O.

Construct V; and V" the projections of I and V' from & on s,.
Draw SW’ parallel to s, to meet s in W’. Take W the conjugate of W™
in the involution on s. Join W to S to wmeet s, in W,. Then W, is the
centre of the involution into which the involution on s is projected from
S on s;. Also W, V. W,V,=— M, the constant of this involution on s,.

Hence, if E be the double point of the involution on s remote from 0,
the point E, in which SE meets s, is at a distance V) E, from V,’ such
that VYE,=V,W,—~W,V,. W,V/, the negative sign being given to
the square root since V' W, is drawn in the opposite dircction to VW.

The following relations hold between the lengths in the figure :

(@) VW'.VW=-K? WV, WV =- M

(0) Since (VW' VW)=(V,W,/V,W,)and V”and W, are at infinity,

VW VW _WW
UAZE AS A
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and YW _WV_ yw:_ _WIYI.J= it = — M = A (suppose)
me YW T Wy T KT M VW WL ppose).

(¢) Since (V' WOV)=(V; W0V,
OW .0V, =VW . V\Vi=WW . WV =AW . 4,V

where 4 and 4, are any pair of real points on s and s, collinear with S.

If « range composed wholly or purtly of imaginury points be pro-
Jected from a real point by tmaginary and real straight lines upon any
other real straight line so that « second runge is formed on this straight
line, the anharmonic rativs of any four corresponding points of these
ranges are equal.

It will be proved that if, as in the preceding, V be the centre of the
involution which determines an imaginary point E, and W, the centre
of the involution which determines the corresponding point £, then
W’'E.V/E, = a constant, where W’ and V" arc the points on the two
bases which in a projection from S correspond to the points at infinity.
Tt will also be shown that this constant is equal to the product of the
distances of any pair of rcal corresponding points from W’ and V' re-
spectively. Hence since W’ and V) arc fixed points the theorem is
true.

In the figure

WE=WV+VVW. VW VIE,=VyW,-NW,V,. W, V/

. VW . WV,
=W V(l‘ 'V_Wi) =W (1 + wivf)
=W'V(@-Vi), =V/W,(1 + VX).
Therctore WE.VIE=WV.V/W,1-2\).
But 1-A=1- W,V _ Viby

WV W
Therefore WE.VYE, = WV.V/V,= WO0.V;,0=W'A.V/A,.
This theorem may be stated as follows:

If through any real point u system of real and of tmaginary straight
lines be drawn, these straight lines determine equianharmonic ranges on
all real transversals.

It also follows that projective ranges as defined in Art. 6 «re also pro
Jjective according to the usual conception.
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Analytical verification of Art. 10.

Let 8 be the vertex of the pencil and V the centre of the involution on 01"
Take OV for axis of x and the given real line OV, for axis of 3.

Let 1" and W, be the points at infinity on the axes. Project these from Y into
7 and . Let SV meet Oy in I},

Then V and V' are conjugate points of the involution on O, and therefore 17, and
Vy’ are conjugate points of the involution on Oy.

Let Wy’ be tho centre of the involution on Oy.

Then Iy and W, are conjugate points of the involution on Oy, and Wand 1 are
conjugate points of the involution on O,

Since 8 is a given point, O IV ({) and O V{ (m) are given.
Also the constant of involution on Ox (= 5?) is given and the point 1 («).

m (b%+a?—al) ma

: Al - -
Hence OW =a+—---,...OW/= bt (@ — OF and UV’_:(.—

a-10’ l

v 4 ’ - lbg e 4 -1
Thorotore VW=, 5y gy o TO0= 0D
m2l2b?

H — M? the constant of the involuti Oyis ——,  "——.
ence e cons o involution on Oy is T+ (o~ D

Hence the distances of the double points of the two involutions from 0 are re-

spectively a + tb, a—1b, and
m(bal=al) . mlb  m+ai-dl) . mib
Baa-lt TEF@=  br@—0f "B+(@- i
But the line joining S (7, m) to (a+¢b, 0) meets Oy in a point distant
i (a? 4 0% — al) — imbl
(a—0)*+b2

from O. This shows that the geometrical construction of Art. 10 agrees with the
analytical conception of an imaginary straight line.
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If E and E, be collinear double points
. (a-0)—=ib T
VY Ey=ml BR4(a=ly and WE=ua —1l+b.
.. VW E,. WE=ml, which is a coustant for all involutions. This confirms the
result of Art. 10.

11. To determine the straight line connecting any two imaginury
points.

Construct the two involutions of which the two given imaginary
points are cach respectively a double point.

(1) If the two involutions have the same basc this real line is the
conncetor of the two imaginary points.

(2) If the two involutions have different bases, these involutions are
in real perspective in two ways (Art.[60]) and in one of these perspectives
the two given imaginary points are corresponding points. The required
imaginary straight line is the connector of the centre of this perspec-
tive, which is real, with cither of the two given imaginary points.

From this it follows that only one straight line can be drawn to join
two tmaginary points and that it passes through a real point, viz., one of
the centres of perspective of the involutions, and therefore no two tmaginary
strarght lunes can include « space.

To determine the point of intersection of uny two imaginary straight
lines.

Construct the two involution pencils of which the two given imagin-
ary straight lines are each respectively a double ray.

(1) If the two involution pencils have a common vertex, this vertex,
which is real, is the point of interscetion of the lines.

(2) If the two involution pencils have different vertices, these invo-
lutions are in real perspective in two ways (correlative of Art.[60]) and
in onc of these perspectives the two given imaginary lines are corre-
sponding rays. The point of intersection of these lines is therefore a
double point of the overlapping involution determined by the two invo-
lution pencils on one of their real axcs of perspective.

Hence two tmnaginary straight lines tntersect in only one pount and
this point lies on a real straight line, viz., one of the axes of perspective
of the determining involutions.

H. L G. 2
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12. Summary of properties of imaginary points and straight

lines.

(1) Everyvmaginary point con-
tuins one and only one real straight
line.

This line is the base of the in-
volution of which the imaginary
point is a double point and it is
the connector of the point and its
conjugate imaginary point. There
can be no other real straight line
through the point for, if there were,
the point would be a real point.

(2) The connector of a pair of
conjugate tmaginary points is real.

(3) Every reul struight line,
that contains an tmaginury point,
contains its conjuguate.

(4) Animaginury straight line
meets all real straight lines in vma-
ginary points except those which pass
through its one real povnt.

(6) The connector of « pair of
maginary points 1s real or imagin-
ary; if real it contains the conjugates
of both the points.

(6) A system of reul and 1ma-
ginary points on « reul straight line
1s projected from a real point, not
on the line, upon another real
straight line, into a system tn which
real points correspond to real points
and vmaginary points to imaginary
points.

(1) The connector of a pair of
imaginary points und the connector
of their conjugate vmaginary points

Every imaginary straight line
contains one and only ome real
point.

This point is the vertex of the
involution pencil of which the ima-
ginary linc is a double ray and it is
the point of intersection of the line
and its conjugate imaginary line.
There can be no other real point on
the straight line for, if there were,
thelinewould be a real straight line.

The point of intersection of a pair
of conjugate inaginarystraight lines
1s real.

Every reul point, that contains
an vmaginary straight live, contuins
its conjugate.

The only real points, the con-
nectors of which to «n Tmaginary
point are real, are those which lie
on the one real line througl the point.

The wntersection of a pair of
imaginary lines us real or tmagin-
wry; if real it contains the conjugates
of both the lines.

A system of real and imaginary
straaight lines through « real point vs
cut by a real transversal in points
which, when conuected to another
real point, give real straight lines
corresponding to real straight lines
and imaginary straight lines to
mmaginary strarght lines.

The point of tntersection of a pasr
of umaginary straight lines and the
point of intersection of their con-



Projective Pencils

are conjugate tmaginary straight
lines.

(8) Theimaginary double points
of an tnvolution are harmonic con-
jugates of every pair of conjugate
points of the involution.

(9) If a pair of conjugate ima-
ginary points coincide, they coincide
in a real point.

19

Jugate imaginary lines are conjugate
imaginary points.

The vinaginary double rays of an
involution pencil are harmonic con-
Jugates of every pair of conjugate
rays of the involution pencil.

If a pair of conjugute imaginary
lines coincide, they coincide in a real
line.

13. In two projective pencils with real vertices, which have two pairs
of real corresponding rays, all puirs of corresponding rays, real or
imaginary, intersect on a straight line (real) if the ray joining the vertices
of the pencils is a self-corresponding ray. '

Let S and 8’ be the vertices of the pencils. Then by Art. [34], the
real pairs of self-corresponding rays intersect on a straight line s. Let
an imaginary ray e of the first pencil meet s at £ and the corresponding
imaginary ray of the second pencil ¢’ meet s at £’. Let the two pairs
of real corresponding rays meet s in 4, B and let SS’ meet s in C.

Then (ABCE)=(ABCE").

Therefore by Art. 5, £ and K’ coincide and e and ¢’ meet on s.

Correlatively it may be proved that if the point of intersection of the
real bases of two projective ranges, which have two pairs of real correspond-
ing elements, is u self-corresponding point, the connectors of all pairs of
corresponding points of the ranges (real or imaginary) pass through a
real povnt.

If two vmaginary lines are corresponding rays of two projective
pencils with three pairs of corresponding real rays, the two tmaginary
straight lines of which they are conjugate tmaginary lines are also cor-
responding rays of the pencils.

Let ¢ and €’ be the first pair of corresponding imaginary lines of the
pencils. By Art. [37], displace the pencils so that they are in per-
spective. Then e and ¢’ will intersect on s, the axis of perspective. The
point e¢’ is then an imaginary point since the vertices of the pencils are
the real points on e and ¢. But s is a real straight line. Hence it
passes through the conjugate imaginary point of ee’. Hence the con-
nectors of this point to the vertices of the pencils, i.e., the conjugatc
imaginary lines of e and ¢/, are corresponding rays of the pencils.

2--2
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Correlatively it may be proved that if two vmaginary points are
corresponding points of two projective ranges with three pairs of corre-
sponding real points, their conjugate vmaginary pownts are also corre-
sponding points of the projective ranges.

14. The triangle.

The different types of triangles which may occur are as follows, viz.:

(1) Real Triungle. A triangle
consisting of three real vertices de-
termining three real sides.

(2) Semi-real Triangle. A tri-
angle consisting of one real vertex
and two conjugate imaginary ver-
tices (on a real line) determining a
pair of conjugate imaginary lines
(for two sides) and a real line for
the third side (on which the pair
of conjugate imaginary vertices are
situated).

(3) An imaginary Triangle,
type (a). A triangle consisting of
one real vertex and two imaginary
points situated on a real line de-
termining one real side (on which
the imaginary vertices are situ-
ated) and a pair of imaginary sides
passing through the real vertex.

4) An imaginary Triangle,
type (b). A triangle consisting of
a pair of conjugate imaginary ver-
tices and a third imaginary vertex,
determining one real side (joining
the pair of conjugate imaginary
vertices) and a pair of imaginary
sides.

(8) An maginary Triangle,
type (¢). A triangle consisting of
three imaginary vertices, deter-
mining three imaginary sides.

Real Triangle. A triangle con-
sisting of three real lines deter-
mining threc real vertices.

Semi-real Triangle. A triangle
consisting of one real side and two
conjugate imaginary sides(mecting
in a real point) detcrmining a pair
of conjugate imaginary vertices
(lying on the rcal side) and onc
real vertex (being the point of in-
tersection of the pair of conjugate
imaginary lincs which form a pair
of sides).

An imaginary Triangle, type(a).
A triangle consisting of one rcal
side and a pair of imaginary sides
passing through a real point, de-
termining onc real vertex (through
which the pair of imaginary sides
pass) and a pair of imaginary ver-
tices on the real side.

Animaginary Triangle,type(d).
A triangle consisting of a pair of
conjugate imaginary sides and a
third imaginary side, determining
one real vertex (being the point of
intersection of the conjugate ima-
ginary sides)and a pair of imagin-
ary vertices.

An imaginary Triangle, type(c).
A triangle consisting of three im-
aginary sides, determining three
imaginary vertices.
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1n all the above cases, except case (4), the triangle and that given
by the correlative construction are of the sampe nature.

15. Extension of Menelaus’ theorem.

I If an vmaginary straight line meets one side of a real triangle in
a real point and the other two sides wn wmaginary pomts the product of
the ratios of these points, with respect to the triangle, is unity.

This may at once be deduced from Art 10. For if a real straighu
line be drawn through S to meet s and s, in 4 and 4,, the triangle 04 4,
will be a real triangle and the imaginary straight line SEE, is a straight
line which mects two of the sides in imaginary points £ and E,, and
the third side in a real point S.

It follows from Art. 10 that

(OAEW')=(0A,E,»).
OE OW _ OE,

Therefore AL AW = A»I»El.
But %— is , by similar triangles.

Ther OF AS AE, _

T'herefore AR A8 OF, 1.

The theorem may also be proved independently as follows :

Take a real triangle A BC. Let A,
and 4. be the conjugate points of B
and C'in an‘involution (with imaginary
double points) on BC.

Take any real point Son 4 B. From
S projeet 4. and A, into B, and B,.

Then the involution B, 4,, C, .l is
projected from S into A, B,, C, B,.

Let the ratios of 4., Aybea’and e § A A —3
and of B,, B, be I’ and b. Then the
ratios, 2 and g, of the double points of the involutions are given by

2% —2zd' +aad'=0
and ¥2—2yb +b0' =0. (See Art. [61] Ex. (7).)
If ¢ be the ratio of S then
cab=1and ca’®’ =1....ccccevreriieirinninniinninennnes (1)
The double points are given by
(z-a')i=d (& —a)
(y=02=0b(-10),
Law=a'+ \/a,’-(u.’ -a), _1/=bt~/b-('5-—-b-').
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But from (1) %= 4 = ,b=>« suppose,

Le=d+ Ja"‘(l ZA), y=bxA/BE1-N).

Let gy=d (14+J1-7), ;1=b(1 -/1-2);
2y =a’h (1-142)=«'DA ,bb,
. oye=1.
Similarly if Zy=a (1= A/T-A), go=b(1+4/1=2
then Ly e=1,

IL. Iy an tmaginary straight line meets the sides of a real triangle

in three imaginary pownts, then the product of the ratios of these points
with respect to the triangle is unity.

B A, c

Take any real triangle A BC. Draw through B any real transversal
to meet AC in 4, and the imaginary line SB, 4, in C;, where 8 is real.

Let the ratios of 4,, B,, C, referred to the triangle 4,BC be z, v,

AS
Let _BS =C
Then from the triangle A BC
CB, CB, A,B, .
AB,_I orc.z,AB AB, -~ —1 ..(1)

and from ABA,
BC, A.B, _ i 1 _ .
C-ADCI-A:B;—I or C.;.—l;——l. ............ (ll)
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Dividing the expressions (i) and (i1)
p——""1 z’
zy
zyz=1.
Hence the imaginary line 4,B,C, meets the sides of the triangle of

reference A,BC in three points (inaginary) for which Menelaus’
theorem holds.

16. Extension of Ceva's theorem.

I. If the connector of any tmaginary pownt to one of the vertices of
a real triangle is real, the product of the ratios of the three points in
which its connectors to the vertices meet the opposite sides of the triangle
s —1.

Q'

Let P be the imaginary point and let A P, BP, CP, meet the opposite
sides of the triangle in 4°, B, C’. Let BPB be real. Draw AQ parallel
to BC to mect BB’ in Q. Join CQ to meet AB in Q.

Then (A.BB'PQ)=(BCA' ).
But (C.BB'PQ)=(BAC'Q).
Therefore (BCA’ ©)=(BAC'Q).

Ba'_ BC" BQY
CA’ AC AQ-
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BC'CA'_BQ _ BO_ OB
AC BA' AQ  AQ BA°
BC' CA" AW
AC" BA' OB’
II.  The connectors of an imaginary pownt to the vertices of « real
triangle meet the opposite sides in three points the product of whose ratios
with reference to the triungle is — 1.

Let P be the imaginary point and let the connectors of this point
with the vertices of the triangle 4 BC mect the sides in 4’, B, (",

Therefore

Thercfore =—1.

respectively.  Let the real line through the point I” mcet the sides in

A,, B,, C,. Join CC, and AA,. Let a, b, ¢ be the ratios of A, B, C’
respectively. Let CP and BP meet A4, in @ and R respectively.
Then from the triangle 4 A4,C by 1.

4Q 4,4’ CB, _

AQ CA'"AB,

and from the triangle 44,8 by Menelaus’ theorem

4,Q BC AC

AQ 4,0 BC’

' " A,A" CB, BC _

Therefore A AB A0 Lo 68

-1,

=+1

Similarly fromn the triangle 44,8 by L

A,R AC, BA’

4R BC, A4~ "L
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Ut

and from the triangle 44,C by Mcnelaus’ theorem

AR ABCB _ |
AR CB AR~ "
_ BA’ AC, A,B_
Therefore b. z;—‘{-, . Bﬁo . C_B ==l (II)

Hence multiplying together (I) and (II)
BA’ OB, AC, 4,B _
~b-c G dB, 5O, 4,0~
Hence a.b.c=—1.
Therefore Ceva’s theorem holds for a real triangle.

It may be shown as follows from the first case of Menclauy’ theorem, which has
been proved independently of this result (Art. 15), that the anharmonic ratios of
two partly imaginary ranges obtained by pro-
Jjection from a real point are equal.

Let two imaginary lines be drawn through
areal point € on the side 48 of a real triangle
A BC to meet the two other sides in #, .1 and
B, 4.

Let the ratios of C', B, B” be

e U +30), V' +3by",
respectively.

Then the ratios of .1’ and 4” (by the exten-
sion of Menelauy’ theoremn) are

1 1
@) " o)
vy qm  Bd" BA”
Therefore (BCA'A )=?T Cod”
. ] . 1
Teib) e +iby)
=0"+b,") : (' +3b)
CB” CB
TAB ' AB
=(ACB'D").

It does not, follow, and it is not true, that the real portions of the determining
elements of points on one range aro projected into the real portions of the determining
clements of points on the other range. This is only true when the cutting lines are
parallel.

17. The quadrangle and quadrilateral.

There are various kinds of quadrangles and quadrilaterals which
differ with the nature of the four points and the four straight lines
which determine them.
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The most important of these are the real quadrangle and quadri-

lateral and the semi-real quadrangle and quadrilateral.

constructed as follows:

Semi-real Quadrangle.
1st Kind.

Two pairs of conjugate imagin-
ary points (4, A’ and B, B’) deter-
mine

(1) a pair of real lines and two
puirs of conjngate imaginary lines;

(2) three real points, being the
puints of intersection of the three
pairs of lines.

The latter are

Semi-real Quadrilateral.

Two pairs of conjugate imagin-
ary lines (a, @' and b, b") determine

(1) a pair of real points and two
pairs of conjugate imaginary points;

(2) three real lines, being the
connectors of the three pairs of
points.

In the figure the lines

AA’, BB’ are real,

AR’, BA’ are conjugate
imaginary lines,

AB, A'B’ are conjugate
imaginary lines.

E, F, G are real, since the inter-
sections of conjugate imagin-
ary lines are real, and are the
diagonal points of the quad-
rangle,

In the figure the points

aa’, bb' are real,

al’, ba’ arc conjugate
imaginary points,

ab, a'b’ are conjugate
imaginary points.

e, f,g are real,since the connectors
of conjugate imaginary points
are real, and are the diagonals
of the quadrilateral.
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2nd Kind.

A pair of imaginary conjugate
points (A4, A’) and a pair of real
points (B, C) determine

(1) a pair of real lines and two
pairs of imaginary lines;

(2) three points, one of which
is real, the other two conjugate
imaginary points.

(A)

In the figure
AA’ and CB are rcal,
AB and A’C are imaginary,
A’B and AC are imaginary.
The point ¥ is real.

The lines BA, BA’ and C4,C4’
arc pairs of conjugate imaginary
lines and therefore their points of
intersection G and F arc conjugate
imaginary points. Hence the linc
RF is real and EG, EF are con-
jugate imaginary lines.

If in the previous case the pair
of conjugate imaginary points B
and B’ and the pair of real points
G and F arc looked upon as the
determining points, the diagonal
points triangle is 4 4’0.

A pair of conjugate imaginary
lines (a, @) and a pair of real lines
(b, ¢) determinc

(1) a pair of real points and
two pairs of imaginary points;

(2) three lines, one of which is
real, and the other two a pair of
conjugate imaginary lines.

In the figure
aa’ and bc are real,
ab and a’c arc imaginary,
«'b and ac arc imaginary.
The line e is real.

The points ba, ba’ and cu, ca’
are pairs of conjugate imaginary
points and thercfore their con-
nectors g and f are conjugate ima-
ginary lines. Heuce the point gf
is real and eg, ef are conjugatc
imaginary points.

If in the previous casc the pair
of conjugate imaginary lines b and
b and the pair of real lines g and
f are looked upon as the determin-
ing lines, the diagonal triangle con-
sists of a, «’ and the connector of

qf to b,
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For the construction of the diagonal points triangle of a semi-real
quadrangle and of the diagonal triangle of a semi-real quadrilateral, sec
Art. [60].

18. Harmonic property of a semi-real quadrangle.

In a semi-real quadrangle the ranges determined on « real side or on
a real side of the diagonul points triangle ure harmonic.

Cuse I. Let A, A" and B, B’ be two pairs of conjugate imaginary

points and let
AA’. BB’ be G,

AB .BA’ be I,
AB.A'B'be F.
Let £KF meet AA’ and BB’ in L and M.
The ranges G, L, A, A’ and G, M, B’, B arc in perspective with the
real point £ as centre of perspective.
Thercfore (GLAA"Y=(GMB'B).
Similarly the ranges G, M, B', B and G, L, A’, A are in perspective
with the real point F as centre of perspective.
Therefore (GMB’'B)=(GLA’A).
Henee (GLAA'Y=(GLA'A) and therefore the range (GLAA' is
harmonie.
Since £ and F are the centres of perspective of the involutions on
GL and GM the range LMEF is harmonic. (Art. [60].)

Case II. The real points E, F and the pair of conjugate imaginary
points B, B’ determine a semi-real quadrangle of the second kind in
which the ranges on the real lines are as above harmonic.

The harmonic property of a semi-real quadrilateral may be proved
in a similar manner.
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19. Involution property of a semi-real quadrangle.

The three pairs of opposite sides of a semi-real quadrangle are cut by
any real transversal tn three pairs of conjugate points of an involution.

Case I. Let the quadrangle be determined by a pair of real points
4 and B and a pair of conjugate imaginary points 4’ and B’. Then in
the figure the points G and F are a pair of conjugate imaginary points.

Let the transversal meet the pairs of opposite sides of the quadrangle
as in the figure in XX’, Y¥’, ZZ'. The point E is a real point. Pro-
jecting the range A’B’EY’ from the real points 4 and B it follows that
(XZ'YY)=(ZX'YY)=(X"ZY'Y).
Henee (Art. 7), XX', YY’, ZZ' form an involution.
By Art. 8 the involution is real.

Case II. The quadrangle determined by A’B’GF is a quadrangle
determined by two pairs of conjugate imaginary points. Let GF mect
the transversal in W.

By Case I the quadrangle A4, B, G, F, determines an involution XZ,
X’Z’, YW on the transversal, therefore (XZX'Y)=(ZXZ'W).

By Case I the quadrangle 4, B, A’, B’ detcrmines an involution X X",
YY’, ZZ’ on the transversal, therefore (XZX'Y)=(X'Z'XY").
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Hence X'ZXY=(ZXZ'W).

Thercfore ZX’, XZ', Y'W form an involution. But these are the
three pairs of points in which the opposite sides of the quadrangle A’B’'GF
arc met by the transversal. Hence the theorem is proved.

By Art. 8 this involution is real and has real double points.

The involution property of a semi-real quadrilateral may be proved
in a similar manner.

Conjugate points with respect to a semi-real quadrangle and conjugate
lines unth respect to a semi-real quadrilateral.

From the preceding the construction for the conjugate points ot
real points with respect to a semi-real quadrangle may be deduced as
in Art. [67]. The conjugates of real lines with respect to a scmi-real
quadrilateral may be constructed by the correlative method.

20. Any two re«l involutions of different kinds in the sume plane
are in tmaginary plane perspective, the real branch of each corresponding
to the tmaginary branch of the other.

Let B, and B, be the real double points of one involution and C’
and C” the conjugate imaginary points which are the double points of
the other involution.
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Then, from the properties of the semi-real quadrangle B,B,C’C”", the
points S and S’ are a pair of conjugate imaginary points and the linc
S8’ is real.

Take the real triangle A BC as triangle of reference.

Let P, P” be two real points on AC, whose ratios p’ and p” are such
that p'p” =K*, K* being the constant of the involution of AC. Let — K"
be the constant of the involution on AB. Then the ratios of S and S’ are

+ 1 _ 1

V- K*K" V—KK*
Let the imaginary lines S’ and SP” mect AB at " and .
Then the ratios of @ and Q" are

J-K:K* V- K:K*

and (Art. [60].)

» and » - (by Menelaus’ theorem).
Therefore the product of the ratios of @ and Q" is
N O S
pp

Therefore €', Q” arc a pair of imaginary conjugate points of the involu-
tion on AB.

21. Projective ranges and pencils.

(@) If a range of points, recl If a pencil of rays, real und
and tmaginary, sitnated on a real imaginary, puassing through a real
stratght line be projected from an vertex,be cut by an imaginury trans-
Tnaginary point upon « realstraight  versal and the range so found be pro-
line the two ranges so obtuined are jected from a real point, the two
equianharmonic. pencils so formed are equianhar-

monic.
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Let the range of points situated
on areal line s be C,4', A", A" ....
Let S be the imaginary point which
is the centre of projection. Draw
BA the real line through S to meet
s in B. Let the projections of 4,
A’ A" B...on §, be B, B, B”,
A,... and let the ratios of the points
A, A”, A" ... with respeet to BC be
«,a”,a"..., those of B', B”, B”...,
with respect to CA, U, b”, ...,
and that of S with respect to
AB, c
Then by Art. 15

«be=1=a"b'c¢

. ('il _ bll
.. all - b’ ) ,
. (BCA’A”y=(CAB"B)
=(ACB'R"),

sw  (BCA'A”)=(ACKB"),
. (CA'A”A™y=(CB'B'B"),
-,. (AIAII{lIH (l IIII) = (]f’BII.B"IB’III).
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Let the pencil of rays through
the real point S be o, @/, ¢”, a™....
Let s be the imaginary line which
cutsthemin 0,C’,C”,C"...,0 being
the real point on this line. Let the
connectors of 0, C’, C”, C"... to 8’
be t,b',0”,0".... Take OS'S as tri-
angle of reference. Let the ratios of
the intersections of a’,a”,a”’... with
08’ be a,, a,”, ... and the ratios
of the intersections of V', 0", b’ ...
with OS be b/, b,”, b/” ... and the
ratio of the point of intersection of
0C’ with SS’ be s,.

Then a,'b/s,=-1=a,"b,’s, by
Art. 16,

’

a _b"
T b
therefore as on the left-hand side
the rangesdetermined by the peneils
on the real transversals O8’and OS
are cquianharmonic and therefore
the pencils are equianharmonic.

If a system of real and imaginary points on a real straight line be

joined to a real point (Art. 10) or to an imaginary point (Art. 21) the
pencil so formed is cut by real transversals in projective ranges. Two
pencils so cut by reul transversals in projective ranges are said to be
projective.

As in Art. [34] it can be shown that if two projective ranges on real
bases have the point of intersection of their bases for a self-corresponding
point, the ranges are in plane perspective. Correlatively, ©f two projective
pencils with real vertices have the connector of their vertices for a self-
corresponding ray the pencils are in plane perspective, i.e. the pairs of
corresponding rays interscet on a straight line. These are extensions of
Art. 13.

(b) Two superposed projective ranges on the sume real base, and also
two superposed projective pencils with the same real vertex, have two self-
corresponding elements.
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Consider two superposed ranges determined by points 4, B, C and
A’, B’, ¢, real or imaginary. Let V be the point of the first, which
corresponds to the point at infinity of the second, and W’ the point of
the second which corresponds to the point at infinity of the first.

Then - (ABVw)=(A'B o W),
. AV _B'W’
BV AW

o AV.A' W =BV.B W’ =constant = K + ¢/’ (suppose).
If P be a self-corresponding point of the ranges, then
PV.PW' =K +iK".

Let the distances of V, W’ and P from a given point of the base be

a +1a’, b + i’ and x respectively. Then
z—a—id)(z—b—1ib")=K +iK".

As this is a quadratic cquation in z, therc are two values of z and
therefore two self-corresponding points. Since two superposed projective

pencils are cut by a rcal transversal in two superposed projective ranges,
two superposed pencils have two self-corresponding rays.

22. Real involution pencil.

If the pairs of conjugate points, real and imaginary, of a real involu-
tion range on a base s be joined to a real or an imaginary point S, the
pencil so formed is cut by real transversals in ranges, which arc pro-
jective with the ranges formed by the corresponding points of the given
involution (Art. 21). Hence the pencil fs cut by all real transversals in
involutions and is therefore said to form an tnvolution pencil.

If a pair of conjugate points A, A’ of the involution on s coincide,
their projections on any rcal transversal coincide, and therefore the
double rays of the involution pencil arc obtained by joining to the vertex
of the pencil the double points of the involution range and are therefore
real or imaginary.

If the vertex S of the pencil is real, the involution pencil always has
a real branch and is said to form a real involution pencil.

If two pairs of the real conjugate rays of an involution pencil with
a real vertex S are at right angles every pair of real conjugate rays of
the pencil are at right angles (Art. [58]). If through another real point 8"
two other pairs of rays, parallel to the rays which meet at S, be drawn
they will be at right angles. The rays of the pencil vertex S’ being

H.I G. 3
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parallel to the rays of the pencil vertex S meet the line at infinity in
the same two pairs of points and will therefore deterniine the same
involution on the line at infinity. The double rays of both pencils are
obtained by joining the double points of this involution—termed the
circular points at infinity—to S and 8’. The lines joining S and S’ to
the circular points at infinity are termed the critical lines of S and S".
Real lines, which are at right angles, are thereforc harmonic conjugates
of the critical lines through their point of intersection. There are also
through S and 8’ pairs of imaginary conjugate rays of the same involu-
tion pencils. These pairs of rays are also harmonic conjugates of the
critical lincs and are defined as “mnaginary lines which are at right angles.
Hence, if an imaginary line passes through S, there is through S one
imaginary line perpendicular to it, viz. its harmonic conjugate with
regard to the critical lines through S.

Similarly, if S be an imaginary point, there are a pair of critical lines
through it, which are the connectors of S to the circular points at infinity.
Pairs of lines through S which are at right angles are defined as being
harmonic conjugates of these critical lines.

If y=(m+7m’) 2 be an imaginary line through the origin and y= 2 be the line
perpendicular to it, then since these lines are harmonic conjugates of the critieal
lines, whose equation is #2+y2=0 (sce Art. 78),

14+ M (m+im')=0,
M=ot
m-tm

23. Anharmonic ratio of peneils subtended by points in the same plane
at a real or purely imaginary point.

(1) If four real points A, B3, C, D are joined to « real point S the anharmonie
ratio of the pencil so formed is real. This is obvious.

(2) If two pairs of conjugate imaginary points A, A4', B, B' are joined to a real
point S, the anharmonic ratio of the pencil so formed is real.

Let the lines A4’, BB meet at 0. Then 04 and 04’ are of the form a+ia’
and @ —a'.

From 8, B and B project into a pair of conjugate imaginary points B, and B’
on 0AA’. Hence the form of 0B, and 0By’ is b+1b', b-1<l).

Hence the anharmonic ratio of the pencil (S. A4’BF') is

atia'=b-ib  a+ia'-btib
a—ia'—b—1ib * a—ia =b+ib
— (@=bp+(a b
= (@< (@
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(3) If a pair of conjugate imaginary points A, A' and a pair of real points B, C
be joined to a real point S, the ankarmonic ratio K+iK’ of the pencil (S. AA’'BC) is
such that K*+K'=1.

If in the preceding B and B’ are a pair of real points they project from § into a
pair of real poiuts B, and C) on 04.

Let (44'B,C\)=K+1K'.
Then, since 4 and 4’ are conjugate imaginary points,
(4'4B,C))=K—1K".
1 1
(A'ABC) ™ K—iK’
 l=(K-iK"YN+iK)=K*+ K"

(4) If four purely imaginary points A, B, C, D are joined to a purely imaginary
point S, the unharmonic ratio of the pencil so formed is real.

Therefore (44'B,Cy)= =K+iK’;

This is obvious since the ratio of two purely imaginary quantities is real.

(6) If two puirs of conjugate imaginary points A, A' and B, B’ are joined to a
purely imaginary point 8, the ankarmonic ratio of the pencil so formed is reul.

This result follows from (2) by substituting i«, i«’, b, ib’ ete. for a, o', b, &' ete.

When looked at from the purely imaginary point of view the determining quan-
tities for a pair of conjugate imaginary points are v« —b and 7a + b, i.e. the imaginary
parts are the same and they differ in the sign of the real part.

(6) If a pair of conjugate imaginary points 4, A’ and a pair of purely imaginary
potuts B, C be joined to u purely imaginary point S, the anharmonic rutio K+iK' of
the pencil (S. AA'BC) is such that K*+K'2=1.

The values of (44’'B,C;) and (4’AB,C;) will in this case be the same as in case
(3) except that all the quantities determining the position of the points are multiplied
by ¢. This quantity will divide out in the expressions for the anharmonic ratios and
therefore K and K’ are as in (3), i.e. A*+K'2=1.

A quantity K+iK', where K:4+K'*=1, can be expressed as the quotient of two
conjugate imaginary quantities.

A +iB_ (A= BY)+2AB

Let K+iK'= _iB= e
. . A , 248 ,
Then if A=A2_+“B‘ and K'= = qigpi’ K2y K'2=1.
. A2 14K
2 =(A2— D - L _
But K (A4 Bt)y=(4%-B%), .. B 1Tk

Since K <1, because K 2+ K'2=1, this expression is positive whether A is positive
or negative. Therefore B= \/ 1+4, is real.

Hence K+i[{’_il_il_‘ +_’_‘/] = ’l ’

3-—2
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24, Condition that the ankarmonic ratio of four collinear points may be real.

Let the four points 4, B, C, D be determined by distances a+ ', b+, c+ic,
d+17d’ measured from an origin on the straight line.
b—ec a—d b—-d
y-o C=adr D=g—gz-

_fa—¢ =d (A4l CH+i) _ L ..,
Then (ABCD)= {'l? ¢ b_"—7’} B3 Z)-rz} = K +7ZK’ (suppose).
If K'=0 and M’ represents the expression in the first bracket
M (A+)(D+7)=K (B+i)(C+7).

Hence M(AD-1)=K(BC-1)and M’ (4 +D)=K (B+ ).

Let 4=5%"° B=
a —-c

Therefore  4.8.0.D. {5+ 5= 5= 4 =BH0-A=Dr. )
Hence it may be shown that the required condition ixs
1 1 1 1
Ae a b ¢ d -0
o' v 4 d

at+a'? B24+0?% 42 di4d'?

25. Relations connecting the anharmonic ratios of collinear vmaginary points.
In the general case with the notation of Art. 24
. M (A+3)(D+1)=(K+iK")(B+7)(C+1).

Therefore M (AD-1)=K(BC-1)-K'(B+C)
and M (A+D)=K(B+C)+K'(BC-1).
Hence it may be proved that
- A _ A
E'= @ =ap 70 =P, (- O @= T3 = 16,9/ (0, d) COPLo)B)
vy g J (O ). fla,c)
i],nd ]‘2+A 2—'}.—(—b’c')—.f(a—’d—)- ........................... ...(3)
! 1 T T Y o A
Hence K= if(b, ¢) f(ayd) L) S, d) f(b,d) fa,0)—A%- weeeeene (4)

If A’=0 the anharmonic ratio of the four points and their conjugate imaginary
points are equal and

Kg_,f(q’ <) f(b’d)

(0. f(ad)

This is the result obtained by making A zero in (4).

Let f(a, ) .f(c,d)=S, f(a,c).f(b,d)=8, f(a,d).f(bec)=5,.
_S+8,—-8 28; 83+ 288, + 285, — 8,2 — 2 — §¢

Y gea

Then 28, TSy ’

and since K'= SA; . 489=28, 8, +298, +288; - 8,2 - ;2 - S,
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Hence it is seen that

S+8-5, 8
(4BeD)=" 0 i
_S1+Sg—S A
S+8y- 8,
(dCBD)="T 5 —ig
(BACD)= S'1+A52 Aq ?:-s
o
S1+S A
(BADO)="T1 T8 +a§,

and so on, where 44%=288 + 2858, + 25,8, — 82— 52— S,2
If ¢’ =b'=¢'=d’=0 the corresponding formulae for real points ure obtained.

26. Projection from a real point on a real plane.

(«) Any pair of real points and any pair of conjugate imaginary
points can by a real projection be projected into any pair of real points
and any pasr of conjugate tmaginary points, if the two systems are each
coplanar.

Let 4, B, C, and C, be a pair of real points and a pair of conjugate
iinaginary points in a planc ¢ and 4’, B’, C,’ and C any pair of real
points and any pair of conjugate imaginary points in a plane o”.

Take any real plane ¢” through A’ and any centre of projection
(real) S on AA’. Project the figure in the plane o from Son¢”. Thus
a figure in planc ¢” is obtained, viz. 4°, B”, ¢\”, Cy” in which C,” and C,”
are a pair of conjugate imaginary points.

Let A’B" and C,C,’ meet at £’ and let A’B” and C,”C;” meet at E”.
Then E' and E” are real points.

Since A’B’E’ and A’B"E" are coplanar B'B” and E'E"” meet at a real
point 8°. Project the figure in ¢” from S’ upon a plane o’ through the
line A'B'E’. Then a figure 4’, B, E', C/", C,”" is obtained in the
plane &”.

Since Y, Gy and C,", C;"” are two pairs of conjugate points in a plane
(CyCy and C’{"C’,’” are concurrent at £’) therefore C,’C,"’ and C; C;”” meet
at a real point S”.

Projecting the figure in o”’ from S” on o’ the figure A’B’E’C/Cy’ is
obtained. Hence the first system of points has been projected into the
second.

It should be noticed that C, may be projected into C," or C;, and the
point C; into the other point.
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The preceding is equivalent to proving that any two points and an in-
volution in one plane may be projected into any two given points and a
given involution in another plane.

(b) To project two pairs of conjugate imaginary points in one plane
into any two pairs of conjugate tmaginary points in another plane.

Let A,, A, and B,, B, be any two pairs of conjugate imaginary points
in the plane o and 4,’, 4, and B/, B," any two pairs of conjugateimaginary
points in the plane o’.

Let 4,4, and B, B, meet at £ and A,/A, and B/B, mcct at £’
Then £ and E’ arc real. Take a centre of projection S on KE’ and
project the figure in the plane o upon a plane ¢” which passes through £".

Then 4,, A, become a pair of conjugate imaginary points 4,”, 4,” in
o” and B,, B, become a pair of conjugate imaginary points B,”, B,” in ¢”
and E becomes E'. :

Since B,”, B,” and B/, B, meet at E’ they are in a plane and the lines
B/B,” and B,/B,” being conjugate imaginary lines in this plane mcet at
a real point 8. Take a plane ¢ through the line B,/B.’E’ and project
the figure in the planc ¢” from S’ upon this plane.

Then A,”, 45", collinear with £, become a pair of conjugate imaginary
points 4,”, A;” in ¢” collinear with E’; B,”, B,” become the pair of con-
jugate imaginary points B, B, and E’ remains the point £".

Since 4,”, 4,” and A/, 4, are collinear with £’ they lie in a plane
and therefore the conjugate imaginary lines 4,”4," and 4,”4," mect in
a real point S”.

If the figure in the plane ¢” be projected from S” upon the plane
d’, the pair of conjugate imaginary points 4,"”, 4,” are projected into
the points 4,', 4,

Hence the required real projection has been performed.

27. Semi-real square.

A semi-real square of the first kind is determined by two pairs of conjugate
imaginary points situated on two real straight lines, which
are at right angles, the distances, imaginary, of the four points
from the point of intersection of these lines heing equal.

In the figure A and A’ and B and B' are the pairs of con-
jugate imaginary points, and EA=A'E=EB=BE. The
lengths of the sides are all equal and are purely imaginary,
since EA2+ EB*=AB%. It follows that the triangle BEA
is equal in all respects to the triangle AEB’ and that the
angles BAB', ABA’ are right angles. Opposite sides of the figure are conjugate
imaginary lines.
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A gemi-real square of the second kind is determined by a pair of conjugate imaginary
points and a pair of real points situated on two real straight
lines, which are at right angles, the distances of the pair
of imaginary points from the point of intersection of these
straight lines being 4/ —1 the distances of the real points from
the same point.

1n the figure .1 and A’ are the pair of conjugate imaginary
points and B and C the pair of real points,

BE=EC=N=1.4E=N-1.E4

The lines C.A and CA’ and also the lines B.1 and B.L’ are pairs of conjugate imaginary
lines. The propertics of this figure are further discussed in Art. 86.

It follows from the last Art. that a semi-real guadrangle of the first kind can be
projected into u semi-real square of the jirst kind and that « semi-real quedrangle of
the second kind cun be projected into « semi-real square of the second Aind, the pro-
Jections in both cases being real.

EXAMPLES

(1) If P and @ be two points on a real straight line and the points B and £
divide the distance between /2 and @ in the ratios /X and 7, prove that

A
PQRR)==.
(PQEI)="

(2) Prove that the condition that the four points determined by distances
a1y b4-3l', a — i’y b—1b' should form a harmonic range is

(@=bY 4 (0" + V)24 4ub' =0

.

(3) Prove that no imaginary line can meet a pair of real lines in conjugate
imaginary points.

This follows from the fact that the connector of a pair of conjugate imaginary
points is a real line.

(4) If the angles between the real rays «, b, ¢ of one pencil are equal to the
angles between the corresponding rays o', &', ¢’ of a pencil projective with it, then
the angle between any pair of rays p and ¢ of the first is equal to the angle between
the corresponding rays p’ and ¢’ of the second.

(d) If Vand W’ are the vanishing points of two real superposed projective
ranges of which A and A’ are corresponding points so that VA . W A4'= A, prove
that the condition that the ranges should have a pair of real self-corresponding
points is that V0?4 K should be positive, where O is the middle point of V17",

(6) If, in the involution (ax?+42kz+b)+\ (¢'2?+2k 24+ b)=0, 4, A’ and B, B’
are the pairs of conjugate points given by ar®+2ix+0=0 and a'2?+2-'z+b'=0
and A and A, are the values of A corresponding to the double points of the involu-
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tion, then A;4+X,=0 is the condition that (4A4’BA’) should be harmonic; and
generally if p=(d.A'BDB)
(}jﬁ)g _ (A +A)?
1=p) = an, -
From the condition for equal values of
al +ba’ — 2Lk _ ab—k?
N

. MR fab 4 bal — 2002
UUONAe (ab =R (' -

A+ Ae=—

=4 (ll%::)- by Art. [14], Example (3)



CHAPTER II

THE CONIC WITH A REAL BRANCH

28. In the Principles of Projective Geometry (Art. [92]) a conic
was detined as the locus of the points of intersection of a pair of corre-
sponding rays (rcal) of two projective pencils (with real vertices). In
Art. 95 (k) it was proved that such a conic determines on every straight
line (real) an involution by means of pairs of collinear conjugate points,
and that, when the double points of this involution are real, they are the
points of intersection of the line and conic.

The consequences of Axiom I, which arc sct forth in the preceding
chapter, render it possible to enlarge and extend what was proved in
the Principles of Projectine Geometry. The assumption of Axiom I is
that when there arc no real double points of a real involution there
are a pair of imaginary double points, which are called a pair of conju-
gate imaginary points, and, as a conscquence, a pair of conjugate
imaginary lines arc defined as the double rays of a real overlapping
involution pencil. It follows (Art. 6) that two real projective ranges
and two real projective pencils have, in addition to pairs of real
corresponding elements, pairs of corresponding imaginary elements, and
it is proved that the anharmonie properties of real and of imaginary
elements are similar. A pair of self-corresponding clements always
exist, when the pencils or ranges arc superposed, and (Art. 21 (b)) they
are either a pair of real, coincident, or conjugate imaginary clements.
The same is truc of a real involution, which is only a particular case of
two superposed projective ranges or pencils.

Hence taking into account the imaginary corresponding clements of
two real projective ranges or pencils it is seen that

(1) There are on a conic an infinite number of imaginary points,
viz. the points of intersection of pairs of imaginary corresponding elements
of the real generating pencils.

(2) On cvery real straight linc in its plane the conic determines
a real involution of which the double points are a pair of real, co-
incident, or conjugate imaginary points, and these are the points of inter-
section of the real linc and the conic. Consequently every real line
in the plane of a real conic meets the conic in a pair of points
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real, coincident or conjugate imaginary, and, if a conic passes through
an imaginary point it also passes through the conjugate imaginary
point.

(3) Every line through a given real point meets its polar in a
point, such that this point, the given point and the points of intersection
of the linc with the conic form a harmonic range.

Similarly the thcorems correlative to the above may be shown to be
true.

In the extension obtained in this manner it must be borne in mind
that the vertices of the pencils and likewise the bases on which the
ranges are situated must be real as well as the anharmonic ratios of both
ranges and pencils.  In Chapter IV the fundamental theorems for the
conic arc proved for the conic in general, including of course the case
of a conic with a real branch, which in this chapter is termed a real
conic. The restriction that the vertices of the pencils and the bases of
the ranges considered must be real does not apply to the proofs in
Chapter IV.

A circle is only a particular case of a conic, so that the preceding
applies to a circle with a real branch.

29. Circle with a real branch.

Construction of the involution determined by « real circle on a straight
Line.

(«) If a line p meets a circle in real points £ and F, these points
are the double points of the involution determined \
by the circle on the line. I’ and ¥, any pair of
conjugate points of the involution, are harmonic
conjugates of £ and F. If O be the foot of the 3
perpendicular from (, the centre of the circle, on
», O is the conjugate of the point at infinity on p R 1,0 c K
and consequently

OP.OFP' =0E*=0OF=

A circle described on PJ” as diameter cuts the given cirele ortho-
gonally (Art. [82]).
If CO meets the circle in R and K, then
OR.OK=0E.OF=-0P.0PF.

P
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(b) If a line p meets a circle in imaginary points, and the perpen-
dicular from C, the centre of the circle,
meets p in O, then O is the conjugate
in the involution of the point at in-
finity on p, and thercfore ’

OP. OP' = constant,

where P and P’ are a pair of conjugate
points of the involution on p.

Let the polar of P mecet OC in M
and CP in N; then the triangles
OP’'M and OCP are similar,

. oM _op
T oPToc
and OP.OP'=—0OM.0C=-0R.0K,

since (OMRNK') is harmonic.

But OR.0OK = 0V?, wherc OV is the tangent from O to the cirele.
Hence if a circle be described with centre O and radins OV to meet OC
in §, this circle will cut the given circle at right angles and PP, Q¢ ...
pairs of conjugate points of the involution will subtend right angles
at S (Art. [53]).

This circle also determines on p the graphs of the double points of
the involution, which are the points of intersection of the line and cirele.

S is either of the pair of common harmonic conjugates of MC
and RK.

30. Conjugate loci or Poncelet figures for a circle.

By taking the points of intersection of a series of parallel chords
with a circle it is possible to obtain a graph of the imaginary portion
of a circle. Such a figure may be termed a conjugate locus or a
Poncelet figure. Figures of this nature were first given by Poncelet in
his T'rwité des Propriétés Projectives des Figures. (See Art. 39.)

Let O be the centre of the circle, and consider the points in which
lines parallel to any diameter US mcet the circle.

As long as the distance of these lines from O is less than the radius,
they meet the curve in the part of the locus which is drawn in a con-
tinuous line.

If however a line of the system such as 4’MB’ meets NON' in M on
the sides of N and N’ remote from O, the involution determined on
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this line is overlapping and the double points, in which the circle
intersects the line, are a pair of conjugate imaginary points 4’ and B'.
M is the real mean point of A’ and B’ and the distances M4'. MB’

expressed in imaginary units are equal to the tangent from M to the
real branch of the circle. Hence, Icngths measured parallel to OAf
being regarded as real and lengths parallel to OS as imaginary, the
locus of A’ and B’ is a rectangular hyperbola, which touches thc real
branch at XN, has O for centre and ON for semi-transverse axis.

For the system of lines parallel to any other diameter there is an
exactly equal rectangular hyperbola touching the real part of the curve
at the ends of the diameter.

31. Theorems concerning pairs of conjugate imaginary points determined
as the points of intersection of a circle and straight line.

(1) Any pair of conjugate imaginary points may be determined us the points of
tntersection of a real circle and a reul straight line.

Let M be the centre and P, P’ any pair of conjugate points of the involution of
which the given pair of conjugate imaginary points are the double points. On
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PP’ as diameter describe a circle PKP’. Draw MC perpendicular to PP’ and take
any point C on this linc external to the

circle. Join PC to meet the circle described P Q@ M P_Q
on PP’ as diameter in K. Join KP’. With
centre C and radius, the square of which is
equal to CK . CP, describe a circle. This circle
determines the given pair of conjugate imag-
inary points @ and @ on PP’. This follows v c
from the fact that it determines on P2’ the
involution of which X is the centre and 2, P’
are a pair of conjugate points. The two circles
obviously cut orthogonally since CU2=CK . CP.

If O, @ are the graphs of « given puir of conjugate imaginary points, and « circle
be described on ()Q) as diameter, any circle, with centre on MC the perpendicular
through the mean point of @) and @, whick cuts this circle orthogonally, determines
the given pair of conjugate imaginary points on PP’. This follows also from
Art. 29.

The circle, centre C, since its centre is on the radical axis of circles described on
the lines joining pairs of conjugate points of the involution as diameters and cuts
one of these circles orthogonally, cuts all circles of this coaxal system orthogonally.
Hence all circles with centres on M€, which cut one circle of the first system ortho-
gonally, form a coaxal system. If the distance of the limiting points of the first
system from M is 4/ — L&, the distance of the limiting points of the second system
from M is K.

This result may be put into a slightly different form in which it is an extension
of that given in Art. 82,

Tn this form it is as follows:

(2) (@) If two circles cut each other orthogonally, euch determines inverse points
upon every diumeter of the other. '

(b) If one circle passes through inverse points with respect to another, they cut
orthogonally.

For if the circle, centre C, which is orthogonal to the circle PA I, does not
meet P’ in real points, it meets this line in a pair of conjugate imaginary points
which are harmonic conjugates of I” and P’ and, since PP’ is a diameter of the
circle PKP’, these points are a pair of imaginary inverse points with respect to
this circle.

The converse follows from the fact, that when the circle, centre C, passes through
the imaginary double points of the involution, it is orthogonal to all circles described
on the lines, joining pairs of conjugate points of the involution, as diameters.

The theorem may also be easily proved from a graphical figure.

(3) To construct the common harmonic conjugates of two pairs of collinear points,
either conjugate imaginary or real, determined as the intersections of a straight line
and a pair of circles.

Let the radical axis of the pair of circles meet the base in 0. The circle with
centre O cutting the given circles orthogonally meets the base in the required points,
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This construction fails if 0 is within the circles. In this case the two pairs of
points, say 4, 4’ and B, B, are real and the segments overlap. In this case describe
on AA’ and BB as diameters circles intersecting in P. On the perpendicular
from P on the given line take any point E outside the circles. The circle with
centre £ cutting the two circles orthogonally will determine the pair of common
harmonic conjugates, which are in this case a pair of conjugate imaginary points.

From the nature of this construction it follows that there cun be only one pair
of common harmonic conjugates of the two pairs of points.

Also the only case when the common harmonic conjugates of two pairs of collinear
points, real or conjugate imaginary, are imaginary, 18 when both pairs are real and
the segments overlup.

(4) Given a pair of points (P, P'), real or conjugate imaginary, as the points of
intersection of « straight line and a circle, to determine those harmonic conjugates of
the pair, which have a given mean point M.

Describe a circle with centre A7 to cut the given circle orthogonally. Thixs circle
determines the required points.

This construction fails if A/ is inside the given circle, in which case P and &
arc real and X is between them. Describe a circle on 2’P’ as diameter (Figure of
Art. 31 (1)). Draw M perpendicular to PP’ and with centre C, any point on #C
external to the circle, describe an orthogonal circle. This meets 1’2’ in the required
poiuts @ and ¢ which are imaginary.

32. (1) If through a real point P « real line be drawn to meet a circle in a pair
of itmaginary points Q and @ then PQ. P s equal to the square of the tangent from
P to the circle.

If O be the centre of the circle and M the foot P
of the perpendicular from O on the real line through
P, then the points @ and @ are at imaginary

M
distances from A/ equal to A/ — 1M T, where M T is @
the tangent from M to the circle. T, S
Hence
Q. 1Y =LV - MT)(PM +i. MT)

=PM*+ MT? ™ o

=PM24+O0M?— (OM:- MT?)

=0/-0T:=PL?

where PL is the tangent from £ to the circle.

Certain important results follow from this Q)
theorem.

(#) If « straight line meet a circle of a coaxal
system in a puir of imaginary points, these points are a pair of conjugate points of
the involution determined on the line by the system of coazal circles.

This follows from the fact that, if the straight linc meet the radical axis at P,
the squares of the tangents from P to all the circles are equal, and therefore the
products of the distances from P of the pairs of points in which the line meets the
circles of the system are equal,
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(b) The ratio of the tangents from a variable point on a circle to two other circles
with which it 78 coaxal 78 constant.

Take P and I’ any two points on the circle from which the tangents are drawn.
Join PP’ to meet the other circles in @, ¢ and
R,R. Then P, P', @, @, R, R are pairs of con-
jugate points of an involution. Therefore
(PP'QR)=(P'PYR).

PQ.PYg PQ.IY

PR.PR PR IR

Hence the squares of the tangents from 2’ to
the two circles are in the same ratio as the
squares of the tangents from P,

By taking I” and 2’ on the line of centres it
follows at once that the ratio of the squares of

Therefore

. CC
these tangents is P 0' where C, C; and C, are the
2
centres of the circles.
(¢) Curnot's theorem holds for the circle exen when one or more of the sides of the
triangle meets the circle in pairs of imaginary points.
This can be proved at once as in Art. [89].

(2) If « chord QIQ be drawn through « real internal point P to meet « circle
in Q and ', the square of the tangent (imaginary) from P to the circle is equal to

PQ.PgQ.

Join O the centre of the circle to P. Through P erect a perpendicular to OP to
meet the circle in L and /. Then PQ.PQ =PL. PL'=—-PI2 Draw RMR the
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polar of P, which will meet the circle in a pair of conjugate imaginary points 2 and
. Then the square of the tangent PR is PJ2? and
PR*=PM?- RM?
= PM?— ML2 since LPL is the polar of ¥
=-PL*=PQ.PQ.
Hence generally if through « real point P any real chord be drawn to meet «
circle in Q and ¢, PQ. PQ equuls the square of the tangent from P to the circle.

To draw a real circle through « real point A and an imaginary point I.

Let 7” be the conjugate imaginary point of 2. Then the line PP’ is real. Let M
be the mean point of 2 and . Draw MON perpendicular to PP’. Draw AN, the
perpendicular from A4 on HON.

Construct P; and £ the graphs of Pand P’. On /°, Py as diameter describe
a real circle. Let CO, the radical axis of this circle and 4, meet #N in 0. Then
() is the centre of the required circle and, if 07" be the tangent from O to the circle
on Py P/, then 04 =07 is the radius.

33. The points of intersection of two circles.

Two circles determine the same tnvolution (a) on their radical axis,
and. (b) on the line at tnfinity.

(¢) Let P be any point on the radical axis of the circles. Then
the tangents from P to the circles are cqual and, therefore, a circle

P

/ N

SR
-

Pl

with centre P and radius equal to the length of these tangents cuts the
‘two circles orthogonally.

The chords 77" and NN’ are the polars of P with respect to the
two circles. These lines are also radical axes of the circles taken in
pairs. Hence, since the three radical axes of three circles taken in
pairs are concurrent, 7’7" and NN’ meet in a point P’ on the radical
axis of the first two circles.
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Hence the conjugate of P on the radical axis with respect to both
the cireles is P. Hence the two circles determine the same involution
on their radical axis.

(b) Let C and C’ be the centres of the circles. Consider a point A
at oo. Its polar with respect to the
first circle passes through C, the pole of
the line at infinity, and is perpendicular 2
to CA.

Similarly, the polar of A with respect
to the second circle is the line through
¢’ perpendicular to C’A. Thercfore
these polars of A are parallel lines
through € and €. They thercfore mect
the line at infinity in the same point A’.

Hence the two circles determine the same involution on the line at
infinity.

A

A’

A

34. (1) Every circle meets the line at infinity in the same pair of
conjugate imaginary points.

Connected with cvery pair of circles there are two chords on which
the circles determine the same involution. These are their radical axis
and the line at infinity. The radical axis is a different line for different
pairs of circles, but the line at infinity is the same line. On the line at
infinity every circle determincs the same involution, namely, the invo-
lution obtained by drawing pairs of conjugate (i.c. orthogonal) diameters
through the centre. Hence every circle passes through the double
points of this involution, which since the involution is an overlapping
involution are a pair of conjugate imaginary points. These points are
termed the circular points at infinity, or the critical points.

The lines joining the circular points at infinity to the centre of a
circle, which is the pole of the line at infinity with regard to the circle,
are imaginary tangents to the circle. These tangents are the double
rays of the involution pencil made up of pairs of conjugate (or orthogonal)
diameters of the circle. They are the critical lines through the centre.
(Art. 22.)

(2) Al conics through the circular points at infinity are circles.

Draw a circle through the circular points at infinity and a conic
through them which is supposed not to be a circle. Since these curves
H.1G. 1
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intersect the line at infinity in the same pair of points.they determine
the same involution on it. .

Draw parallel diameters of the circle and the conic and their conju-
gate diameters. These pass through the same pairs of conjugate points
of the involution on the line at infinity. In the casc of the circle, thesc
pairs of conjugate diameters are at right angles. Therefore the conjugate
diameters of the conic are at right angles. Thercfore all the pairs of
conjugate diamcters of the conic are at right angles and consequently
it is a circle.

35. [f the self-corresponding rays of two superposcd projective pencils are the
lines joining the vertex to the circular points at infinity the angle between pairs of
corresponding rays 18 constant.

Describe a circle through the vertex S to meet the rays of one pencil in .1, B
C, ... and the corresponding rays of the
other in A, B, C,.... Join AB and A'B
to meet at K and .4C" and A'C to meet
at L.

Then the self-corresponding rays of
the pencils are the lines joining the
points of intersection of AL with the ,
circle to S. (Art. [109].)

[f these points are the circular points
at infinity, KZ must be the line at &
infinity, and therefore 4B’ and A’} are
parallel, as are also AC” and A'C.

Since AB and A’B are parallel the
arcs A4’ and BB are cqual. Heuce the
angles 4S84’ and BSB are equal. Simi-
larly the angles between other puirs of
corresponding rays are equal to the angle
AS4'.

Conversely if the angles AS.JA', BSB, CSC’ are equal, the lines AR, A'D;
AC", A'C; ... will be parallel in poirs and KL will be the line at infinity. This line
will meet the circle in the circular points at infinity, and therefore the self-corre-
sponding rays of the pencils are the connectors of the circular points at infinity to S.

36. Every pair of circles intersect in the circular points at infinity
and in a pair of points on their radical axis which may be either a pair
of real points or a pair of conjugate imaginary points.

Hence their four points of intersection are either:

(1) Two pairs of conjugate imaginary points,
or (2) A pair of conjugate imaginary points and a pair of real points.

These form a semi-real quadrangle of the 1st or 2nd kind (Art. 17).
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If in the 1st figure of Art. 17
A, A’ are taken as the circular
points at infinity, Q and Q’, and
B and B’ as the other pair of
imaginary points of intersection of
the circles, then the line BR’ is
real, viz. the radical axis.
AE

If in the 2nd figure of Art. 17
A, A’ are taken as the circular
points at infinity, Q and ', and
B and C as the real pair of points
of intersection of the circles, then
the line BC is real, viz. the radical
axis.

F and @ arc the real common
harmonic conjugates of the two
pairs of points in which the line
of centres mects the circles. (Art.
[84]) They arc also harmonic con-
Jjugates of the points where the
radical axis and the line at infinity
mcet the line of centres.

_E is the real point of inter-
section (at infinity) of the radical
axis and the line at infinity.

EFQ is a real triangle.

BB'FQ@ is a semi-real square of
the 2nd kind.

F and G are a pair of conjugate
imaginary points, namely, the com-
mon harmonic conjugates of the
points where the line of centres
meets the circles. (Art. [84])

E is the real point of inter-
section (at infinity) of the radical
axis and the line at infinity.

The triangle EFG has a real
vertex £ and a real side FG.
F and @ are a pair of conjugate
imaginary points and the lines
EF, EG are a pair of conjugate
imaginary lines.

BCFG@ is a semi-real square of
the 2nd kind.

4—2
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Hence: -every pair of circles have a common self-conjugate triangle
which may be real or semi-real. The vertices are the common inverse
points of the two circles and the point at infinity perpendicular to their
common diameter. The circles have also three pairs of common chords,
viz. (i) the radical axis and the line at infinity, (ii) the critical lines
through one common inversc point, (iii) the critical lines through the
other common inverse point.

37. Poncelet figure of two circles.

The fact that two circles always intersect in four points may be
illustrated by a Poncelet figure.

’
Q Q S0 70
N\ N /7 4
AN N 4 7
\ / 7
\ ) 7
\ / A'\ /4
\ / N 7
\ N v
\ / \ (4

The above Poncelet figure of the curves is constructed by taking as
real axis the line joining the centres of the circles. The hyperbolae
(rectangular) intersect in two points A’ and B’ and the lengths MA’
and MB’ give the imaginary coordinates of the points of intersection,
while MO and MO, give the real coordinates. A'B’ is of course the
radical axis of the circles, which is the real connector of the conjugate
imaginary points A’ and B’

It is obvious from the figure that the two circles determine the
same involution on their radical axis, viz. the involution of which M is
the centre and of which the constant is minus the square of the tangent
from M to either of the circles.

The principles on which the figure is constructed are explained in
Chapter VI.
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EXAMPLES
(1) “If two circles cut each other orthogonally each determines inverse points
upon every diameter of the other.” Prove this in the case where the orthogonal
circle meets the diameter in real points.
Give any justification of the extension of this theorem to the case in which the
diameter meets the orthogonal circle in imaginary points. (L. U. 1904.)

(2) “We have in the plane a special line, the line at infinity ; and on this line
two special (imaginary) points, the circular points at infinity, A geometrical
theorem has either no relation to the special line and points and it is then descrip-
tive ; or it has a relation to them and it is then metrical.”

Explain and comment on this statement. (L. U. 1904.)

(3) If the points P and @ are a pair of conjugate imaginary points, which are
also a pair of conjugate points with respect to a circle, prove that the line 1’Q meets
the circle in real points.

(4) Prove that any two straight lines at right angles are harmonic conjugates of
the lines joining their point of intersection to' the circular points at infinity.

(6) Show that the three poles of a straight line with respect to the three pairs
of points of intersection of four given straight lines lie upon another straight line
conjugate to the first straight line with respect to each of the three pairs of points.

When the four given lines are the connectors of two given real points with the
circular points at infinity, construct the conjugate of a given straight line.

(6) Show that every circle in a given plane may be regarded as passing through
the same two imaginary points at infinity.

(7) Prove that no two pairs of conjugate imaginary points can he pairs of
harmonic conjugates,

(8) Show that a circle which passes through a real point and a pair of conjugatoe
imaginary points is real,

38. Conic with a real branch.

Construction of the pair of conjugate vmaginary points in which «
real line meets a conic.

The imaginary points in which a line meets a conic are the double
points of the involution which the conic determines on the line.

Let the conic determine on the line / an involution of which KK’,
LL’ are pairs of conjugate points. Let CD be the diameter parallel to
! and let its conjugate diameter meet the curve in 4 and B and ! in O'.

Then O the pole of I is on AB.
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Hence (Art. [136])
OK.OK'=0L.OL

- CD?

=t B

OA.0B.

(D

Therefore if M’ and N’ are the graphs of the double points of this
involution
oc:_0OM”
oAt o .
wherc NV’ may be written for M’ and the — or + sign must be taken
according as the conic is an ellipse or hyperbola. Hence the locus of
the graphs of the imaginary double points on systems of parallel chords
is a conic touching the given conic at A and B.
The figure so obtained may be termed a Poncelet figure.

=1,

39. Conjugate loci or Poncelet figures for a conic.

This result may be illustrated as follows :
(«) The ellipse. If I meet the conic in imaginary points M’ and XNy,
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and 4B, the diameter conjugate to the diameter parallel to I, in O,
then
M/0* _CO* )
- ch: __(/'—"_]' ........................... (l)

= a positive quantity, since CO’ > CB.

Therefore M,’0" must be a purely imaginary quantity. Let M’ and
N’ in the figurc* be the graphs of the points M," and N,'. Then
_ror 0ot _,
cpr T eB
Hence for a system of chords parallel to I the locus of the graphs is
a hyperbola touching the original ellipse at A and B.

() The hyperbola. If in the figure of («) the hyperbola is given it
will be found in exactly the same way that the ellipse is the graph of
the points of intersection of chords parallel to CD with the hyperbola.

The parabola. If PR is any chord of the parabola, S the focus, and
AQ the diameter corresponding to PR, then

Pr=4.4A8.4Q.

Draw a line / as in the figure parallel to PR.

* This figure is a reproduction of Figure (6) in Poncelet’s Z'raité des Propriétée Prnia
tives des Figures, DParis, 1822, ’
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Then if M,” be on the curve,
M/O%=4.40'. A4S,

where A0’ is negative.
o MO =—4.0'A. AS.
Hence M0’ is imaginary. Let M’ be its graph. Then
MO0*=4.04A.48.

Hence, if a point S’ be taken on S4 such that 8’4 = A4S, the locus
of M’ for a system of chords parallel to ! is a parabola equal to the
given one having its focus at S’ and touching the given parabola at 4.
This parabola is the graph of the imaginary points of the parabola for
chords parallel to PR.

From the preceding it is seen that a Poncelet figure gives the
graphs of the intersections of a conic and a system of real parallel lines,
distances measured parallel to one direction being real and those parallel
to another direction being purely imaginary. In fig., page 55, the tangent
at M’ to the graph represents a tangent to the imaginary branch.
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1t meets AB in a real point O. This is the one real point on the
tangent at M. It is the pole of the line MN/’.

The figure given in this Art. may be obtained from that of Art 30
by projection from a real point on a parallel plane, since in such a
projection real lengths are projected into real lengths and imaginary
lengths into imaginary lengths. A more complete figure is given in
Art. 127.

40. The following, which is a particular case of the anharmonic property of a
conic, may be deduced from Art. [150].

If two fived real points on a conic und a pair of conjugate tmaginary points on
the same conic are joined to « variuble real point on the conic, the pencil so formed is
cut by uny real transversal in tiwo real and two imaginary points whose ankarmonic
ratio is constant.

7

Let. A and B be any two fixed real points on the conic and XX, 1, ¥, any two
pairs of conjugate points of the involution determined by the conic on any real line
in its plane. If the points 4 and B are projected from any point § on the conic
into the points .1;, B, on the real line, then, by Art. [150], for all positions of §

{(LX FBy)— (4, N1 X By))?
X x4Lnr)

Take .\, X as the double point &, and I, ¥, as the double point F, of the
involution .X;, Xy, ¥;, ¥5. These may be the imaginary points in which the line
meets the conic.

Then {(4,E£FB))— (A,FEB,)}? is constant.

Let (4, £FB,)=X. Then {2\ — 1}? is constant.

Therefore A the anharmonic ratio of the pencil formed by joining the double
points of the involution—which may be any pair of conjugate imaginary points on
the curve—and the pair of real points—A and B—to any real point on the curve is
constant.

is constant.

In the case of a real conic it is seen that:

(1) No imaginary line can touch the conic at a real point and no real line can
touch the conic at an imaginary point on the conic.

A tangent at a real point passes through two real points on the curve, and since
it passes through two real points it must be a real line.

No real line can touch a conic at an imaginary point, for as it meets the conic in
an imaginary point it must meet the conic in the conjugate imaginary point, and an
imaginary point and its conjugate can only coincide in a real point.

(2) There is one real point on an imaginary tangent at an imaginary point. 1f
the imaginary point of contact is joined to the conjugate imaginary point on the
curve, a real line is obtained. The tangents at this pair of conjugate imaginary
points arc conjugate imaginary lines and pass through the pole of their connector
which heing a real point is the one real point on the two imaginary tangents.
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(3) If 4, A’ and B, B’ be pairs of conjugate imaginary points in which real
chords from ¢/ meet a conic, it is seen from the property of the semi-real quadrangle
(Art. 17) that AB' . 4'B and AB. A’B are real points on the line joining L and M
the harmonic conjugates of 7 with respect to A4’ and BE, i.e. on the polar of . If
the points 4 and B coincide and likewise A’ and 7, then the lines AB and A'D
become the imaginary tangents at a pair of conjugate imaginary points and /' the
pole of ¢.1:4" ix on the polar of G.  This is otherwise obvious.

Consider the inscribed quadrangle A, A’, B, B of which 4, A4’ and B, B are pairs
of conjugate imaginary points and EG/' the real diagonal points triangle. The
tangents at .1 and A’ intersect in a real point on EF ay also do the tangents at 3
and /. These real points are the real points on these tangents. The tangents at
.l and /# intersect in an imaginary point, which is the pole of the imaginary
line F'BA.

Join KG meeting FBA and F.U'/F in R and S.  Then since

(FRAB)=(FSA'B)= -1,
RS is the polar of F' (Art. 18) and the imaginary tangents at 4 and 2 intersect in
an imaginary point on the real line £¢'

Hence if throagh « real point an imaginary line s drawn to meet a conic in «
pair of (maginary points, the ‘maginary tangents «t these points intersect in an
imayinary point on the real polur of the real point.

41. Diameters of a conic.

Every real line through the centre of an ellipse or a parabola- the centre of the
latter curve being at infinity—meets the curve in real points. This is not however
the case with the hyperbola. A diameter may meet the curve in a pair of real
points A and 4’. It may however meet the curve in a pair of conjugate imaginary
points B and /2. These are of course the double points of an overlapping involution
the centre of which is the centre of the curve. The lengths CB and OB are imaginary
and CB*=CB"*=the product of the distances from (¢’ of the pair of equidistant
conjugate points of the involution, or the product of the distances of any pair of
conjugate points of the involution. Tn Art. [136], where the case of the hyperbola
was considered, B and B’ were taken as the pair of equidistant conjugate points of
the involution on ZCB. If however the imaginary semi-diameter ("B be used to
determine B, it follows that in that Art. both for the ellipse and the hyperhola

cB

XY XY= -l XA

’ Xz o cx:
and OIE + Ci

=1.

42, (i) If P be a ficed point through which « variable real line 10 is drawn and CB
be the parallel semi-dicmeter of an ellipse or hyperbola, and its ronjugate semi-diumeter
l_’ﬁ”_'_@’.s onstant
Bic: ¥ g 't constant.

Describe through P a similar and similarly situated conic and let C4 and C'B
CA CB

meet this conic in 4, and ;. Then o1, =C—Bl=)\ (a constant).

("t meets the line OP in O, then
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PO2 0C* 1 (PO OCt 1
sotor~n {B,’C"l + roz} =5 by Art. [41]

(ii) If P be a fived point through which a variable rewl line PO is drawn to meet
an ellipse or hyperbola in imaginary points Q, @', and if CB be the semi-diameter
parallel to the line and itz conjugate diameter
meet the line in O und the polar of P meet the |P
line in P’y then

rQ.PQ PO.PP
cE -~ oBt

The points I, P’ are a pair of conjugate
points of the involution of which @ and @ are
the double points (imaginary) and O is the
centre. Hence °Q. P} equals PO. PP'.

Also

Po.PP_PO:-OP.OP *

Hence

=a constant.

“oE = o
2
PO24+04.04 0_&
(7 .
= CB—" (Al‘t. 38)

_ PR cor-cAr POE | COE
Sept e TeptonT
=a constant (by (@i)).

From this result it follows that :

(«) Curnot’s theorem holds, when the conic meets one or more sides of the triungle
in imaginary points.

(b) Newtow's theorem (Art. [10ta]) kolds when the points of intersection of the
chords with the conic are imaginary, also the deduction (i) holds in this case. Hence
the imaginary tangents from any real point to a conic are in the ratio of the purallel
semi-diameters.

These results follow from the extension of Carnot’s theorem contained in («) in
the same way that the corresponding results follow from Carnot’s theorem.

1

(¢) If @ system of conics be described through four points, a conic of the system
which meets a straight line in imaginary points determines on the line a pair of con-
Jugate points of the involution determined on the line by the conics of the system which
meet it in real points.

This follows from (b) by the method of Art. [101 (b)].

(&) If three conics intersect in the same four points, the rutio of two tungents from
« variable point on one conic to the two other conics i8 in a constant ratio to the ratio
of the diameters of the two lutter conics, whick are parallel to the tangents.

Consider any two points 2> and P’ on the conic from which the tangents are
drawn. Let PP’ meet the other conics in @, ¢ and 2, Z'. Then PP, Q@, RI' arc
pairs of conjugate points of an involution.

PQ.PQ _PQ.IY

Therefore PR.PE=PR.PR"
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Let d and 7 be the semi-diameters of the conics through @, @ and R, R’ which
are parallel to PP’

PQ.PY PQ.P'Q

m @ d?
T'hen PR PR PR PR constant for different positions of 2.
B Y £ B

Let ¢, and ¢; be tangents from P to the two conics and d; and d, the semi-
diameters of these conics parallel to these tangents.

rQ. Py tl?
Th L= 2 for diff £ P.
cn W— x; =u constant for different positions o
& @
- :' J“"' constant for different positions of I on the conic.
2

43. The corresponding theorems for the parabola are as follows :
(i) If P be « fived point through whick o variable real line PO is drawn, and the
diameter of a parabola ut the point A,
at which the tangent 73 parallel to OP, P
meet PO at O, and S be the focus of the
PO*+484.04 .
- 78 COn-

rabola, then o
purasoi, N £/ o

stant.

Draw an equal parabola through
the point P, having its axis in tho
same straight line as the given para-
bola. Let 8’ bo the focus of this
parabola and A’ the point where 04
meets this parabola.

Then

PO*4+484 . 0A
ToA
_PO+4SA . (A4'A-4°0)
- S4
_PO?*-45'4". £'0+485'1". A’A
- - S4

But by Art. [137] (1), PO*—45'4 . A’0 is zero.

P0O24+484.04
7

(i) If P be « fired point through whick a variable line PO vs drawn to meet a
parabola in imaginary points @, @, and if A be the point of contact of the parallel
tangent, S the focus, and the diameter through A meets the line PO in O and the polar
of P meete it in P, then

Therefore =44'd, which is constant.

PQS fg = qufl,' =a constant.
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The points P and P’ are a pair of conjugate points of the involution of which
@ and @ are the double points (imaginary) and O is the centre. Hence PQ. P'¢f
equals PO. PP’

PO.PP'_POG*-0P.0P’ _ P0O*+484.40 ,,
But - A—ST = —__S-A:l = - b,-A— (All [137])

=a constant by (i).
Hence it follows :

(@) That Carnof's theorem holds for a purabola when one or more sides of the
triangle meet the parabola in imaginary points.

(b) Newton's theorem (Art. [104(a)]) kolds for the parabola when the points of
intersection of the chords with the parabola are imaginary. Hence also the tangents,

real or imaginary, from any real point to « parabola are in the ratio of the square
roots of the distances of their points of contact from the focus.

44, 1If by means of commnon tangents the self-conjugate triangle of two conies
can be constructed, Art. 42 (ii) renders

A
the construction of chords of intersection
of the conics possible.
Let 4 be a vertex of the common
self-conjugate triangle and 4B’ a com-
mon chord of the conies which passes
through 4. Let € and €’ be the centres
of the conics and let AC, AC’ and CC’
meet the conics in D, D', K and K’. Let
d and d’ be the semi-diameters of the
conics parallel to ABB'. g
Then
AB.AB _ AC”-CI)*_"__,ig_“_]
TTdr T T D CI®
and D 18)
AB.AB AC?-C'D* _AC™ (o)
@i = epi ~oDpRTb
4%, e
o dr CoP»?
CdiTACT
Dt
Similarly
OB.0OB 0C*-CK* d OB.0OB 0C*-(C'K"?
—dr < ekt MO TTgn T T TUURY
0c¢? AC?

o ar OB
oor _ T@#ETACT
C'K: cns
This relation, combined with the fact that CO+0C’=CC", enables the values of
€0 and C’0 to be found.
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45. Given two straight lines
« and b as the double rays real
or tmaginary of « real involution,
to determine the two other pairs of
lines a,, b, and a., b, connecting their
points of intersection with « conic.

Let @ and b meet the conic in
K, L, M, N. Let EFG be the
diagonal points triangle of this
quadrangle and let e, £, g be its
sides.

Draw HH' a tangent at any
point H on the conic; every point
on HH' is a conjugate of H with
respect to the conic.

The Imaginary in Geometry

Given two points A and B as the
double points real or imaginary
of a real involution, to determine
the two other pairs of points A,, B,
and A,, B, in which the tangents
Jrom these points to a conic intersect.

B,

(@)

Let the tangents be &, I, m, u.
Let efg be the diagonal triangle
of this quadrilateral and let E, F, G
be its vertices.

Draw h any tangent to the
conic. Every line through its point
of contact is a conjugate of h with
respect to the conic.
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Let the conjugate of £H with
respect to @ and b mect HH' in
H’. Then H’is the conjugate of
H with respect to another conic
through K, I, M, N, viz. the lines
«, b. Therefore H and H’ arc con-
jugates with respect to every conic
through K, L, M, N, and therefore
with respect to the lines a,, b, and
iy, b,.

Hence the following 1is the
construction

The line GF (e) is determined
as the polar of £. KG and EF are
determined as the common conju-
gates of the given involution and
of that determined by the conic
at .

The lines a, and b, are deter-
mined as lines through G harmonic
conjugates of £ and e and also of
the lines joining H and H’ to (.

Similarly «, and b, are deter-
mined.

Partrcular case :

63

Let the conjugate of ke with
respeet to A and B be joined to the
point of contact of 2 by 2. Then
I’ is the conjugate of b with respect
to another conic touching &, !, m,n,
viz. the points 4, B. Therefore 4
and 2’ are conjugates with respect
to any conic touching &, I, m, n,
and thercfore with respect to 4,,
B, and A., B,.

Hence the following is the
construction :

The point gf (%) is determined
as the pole of e. ey and fe are
determined as the common conju-
gates of the given involution and
of that determined by the conic
on e.

The points A, and B, are dcter-
mined as points on g harmonic
conjugates of F and & and of the
points where & and &' mcet g.

Similarly 4, and B, are deter-
mined.

If 4 and B (on the right-hand side) arc the circular points at
infinity, the construction for 4,, B, and 4., B, is as follows:

I, the pole of the line e (4B) now the line at infinity, becomes the

centre of the conic.

S and g, by the harmonic property of the quadrilateral, are harmonic

conjugates of the lines joining 4 and B to £ and are, therefore, at
right angles. f and g (since e¢fg is sclf-conjugate) are conjugate
lines with respect to the conic. They are therefore a pair of con-
jugate diameters of the conic which are at right angles, i.e. the axes
of the conic.
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A, and B, are harmonic conjugates of £ and the point where f
mects the line at infinity. They are therefore at equal distances on an
axis of the conic from the centre.

h and &’ are conjugate lincs of an involution whose double elements
arc obtained by joining their point of intersection to 4 and B, the
circular points at infinity. Therefore & and A’ are at right angles and
1’ is the normal at the point where kb touches the conic. Hence 4, and
B, are harmonic conjugates of the points where any tangent and normal
meet the axis of the conic. They are, therefore, according to the usual
definition, a pair of foci of the conic.

Hence the following definition of the foci of a conic is arrived at.

The foci of a conic are the four points rewl or vmaginary in which
the tungents firom the circulur points at infinity intersect.

A directriz is the polar of the corresponding focus. Hence a directrix
is the chord of contact of a pair of tangents from the circular points at
infinity to the conic.

Conjugate lines through « focus are at right angles. The lines joining
a focus to the circular points at infinity are tangents to the curve and
they are therefore the double elements of the involution on the line at
infinity, determined by pairs of conjugate lines through the focus. But
this must be an involution made up of pairs of lines at right angles
because its double clements pass through the circular points at infinity.
Therefore the conjugate lines through a focus must be at right angles.

46. The foci may also be constructed by means of a Poncelet
figure.

(a) Let the curve be an ellipse. Form the Poncelet figure for the
major and minor axes looking upon lines parallel to the minor axis as
measured in imaginary units. The imaginary branch of the curve is a
hyperbola touching the ellipse at A and B, the ends of the major axis.
The tangents to these branches from the circular points at infinity are
lines inclined at angles of 45° to the axis AB, such lines replacing in
the graph those which arc inclined at an angle tan™ ¢ to the axis of .
From symmetry, they must form a square with two vertices, F' and F”,
on the axis AB and two, F;, and F/, on the axis DE. Looking
upon the hyperbola as real, F, ¥, F, and Fy’ lie on the director circle
so that the distances CF, CF”, CF, and CF, are each equal to the
square root of the differcnce of the squares of the semi-axes of the
hyperbola. As CF and CF’ are real the points ' and F” are real. As
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COF, and CFY are expressed in imaginary units, F, and F,’ are imaginary
points. FF,F'F/ is a semi-real square of the second kind (Art. 27).
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(b) Let the curve be a hyperbola. In ‘this case the imaginary
branch is the ellipse of (a¢). Tangents making angles of 45° with the
major axis determine the foci, two on AB and two on ED. Their
distances from C will be equal to the square roots of the sum of the
squares of the semi-axes of the ellipse. Those on 4B will be real and

those on DE imaginary.

47. The existence of the foci of a conic may be explained as follows.

Through a real point 4 (sce figure, Art. 45) a pair of conjugate imaginary lines
a, and @, may under certain circumstances be drawn so as to touch a real conic.

Similarly from a second real point B a sccond pair of conjugate imaginary lines
b, and b3 may be drawn to touch the same conic.

For the real points 4 and B a pair of conjugate imaginary points may be substi-
tuted. In this case @; and @, and also b, and b, are no longer pairs of conjugate.
imaginary lines, but a; and b; are a pair of conjugate imaginary lines, as are also
ag and b;. Hence the points a,b; and agb, (4; and B, in the figure) are real. Also
the point B, given by a,b, is the conjugate imaginary point of the point 4, given by
the lines a4 and b,, which are the conjugate imaginary lines of @, and b,. Hence 4,
and B; are a pair of conjugate imaginary points. Hence the lines 48, 4,8, and
AgB; are real. Also (4,B,EG)=(A;B,EF)=(ABGF)= —1, and therefore E is the
pole of 4B.

H. L G. 5
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Let G'F be the line at infinity. Then £ is the centre of the conic and 4,E= EB,
and ByE=EA,. EU¢ and EF being conjugate lines through £ are a pair of conjugate
diameters.

Let A and B be the circular points at infinity. Then EG and EF, which are
harmonic conjugates of £4 and EB, are at right angles. Hence, since «, and a, are
parallel, as are b, and by, A; 4B, B, is a semi-real square of the second kind (Art. 27),
and it is seen that the foci are two real points 4, and B, and a pair of conjugate
imaginary points 4, and By, such that Ed,=:EA,.

48. Intersections of two conics.

(1) 7Two conics cannot intersect in more than four points.

If possible let them intersect in A, B, C, D, P. Then the pencil (#. ABCD)
must have the same anharmonic ratio for both conics. Therefore overy point on
both conics subtends a pencil of the same anharmonic ratio at 4, B, C, D. There-
fore the conics coincide.

(2) Ewvery two conics with real branches have two real chords of intersection which
may be coincidrnt.

In Art. [125] it was shown that in the case of every pair of conics there are two
real lines (which may be coincident) on which the conics determine the same invo-
lution. The double points of these involutions are the four points of intersection of
the conics. Therefore, excluding the special case when the chords are coincident,
there are three cases for consideration :

(i) When the conics intersect in four real points,

(ii) When the conics intersect in two real and a pair of conjugate imaginary
points,

(ili) When the conics intersect in two pairs of conjugate imaginary points.

(i) In this case, the common inscribed quadrangle is real and its diagonal points
triangle is a real common self-conjugate triangle of the two conics.

(i1) In this case, two of the points of intersection are real and two are conjugate
imaginary points. They form a semi-real quadranglo of the second kind. One
vertex and the opposite side of the common self-conjugate triangle are real. The
other vertices are a pair of conjugate imaginary points and the other sides a pair of
conjugate imaginary lines.

(iii) In this case, the vertices of the quadrangle are two pairs of conjugate
imaginary points. They form a semi-real quadrangle of the first kind. The diagonal
points triangle of this quadrangle is real and is a common self-conjugate triangle of
the two conics. .

49. (1) To construct graphically the imaginary points of intersection of two
conivs with real branches.

() Let the conics intersect in a pair of real points. Then by Art. [125] the
real chord joining their pair of imaginary points of intersection can be constructed.
Lot this chord be ¢. Let @’ and &” be the diameters of the conics parallel to a.
Construct the diameters b and ¢ of the conics which are conjugate respectively to
a’ and a” (see figure, Art. 99).

For the conjugate diameters a’ and b construct the graph of the first conic in
which imaginary distances are measured parallel to a'.
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Similarly for the conjugate diameters a” and ¢ construct the graph of the second
conic in which imaginary distances are measured parallel to a”.

These two graphs intersect in the required points.

Let O be the mean point of the two conjugate imaginary points of intersection
L and M. Then the imaginary coordinates of these points are measured from 0O
along a. Since this is the case the diameters b and ¢ must intersect on @ at
the point 0.

() Let the conics intersect in two pairs of conjugate imaginary points. Then
by Art. [125] a pair of common real chords of the conics can be constructed. The
diameters of the two conics conjugate to the diameters parallel to these chords will
intersect in pairs on the chords in question and the two pairs of graphs correspond-
ing to these two pairs of conjugate diameters will intersect in the required points.
In the two graphs imaginary lengths must be measured parallel to the two common
chords.

(2) To construct the points of intersection of a conic, having a real branch, with
an tmaginary straight line.

Denote the conic by S and the imaginary straight line by Z. Let 2’ be its
conjugate imaginary line. Then ! and !’ are the double rays of a real overlapping
involution pencil. They will intersect the conic in two pairs of conjugate imaginary
points which form a semi-real quadrangle. The connectors of the pairs of conjugate
imaginary points are two real straight lines. These may be constructed by means
of Art. 45.

Construct the diameter of the conic parallel to either of these lines and its
conjugate diameter. The Poncelet figure for the conic may be constructed for these
diameters.

Construct the line parallel to this same line through the point of intersection of
the conjugate imaginary lines, and its conjugate in the involution which determines
the pair of conjugate imaginary lines. Tho Poncelet figure of the pair of imaginary
lines, for these lines, may be constructed (Arts. 76 and 133). The intersections of
the two figures in question give two of the four points of intersection of the conic
and the pair of imaginary straight lines. The other two points may be similarly
constructed.

50. From the preceding pages it will be seen that the effect of giving an inter-
pretation to the imaginary is to do away with restrictions, which are imposed in
ordinary gcometry. One of these is that any two sides of a triangle must be greater
than the third. A triangle may, taking the imaginary into account, have one side
greater than the sum of the other two. Such a triangle may be constructed as
follows.

Let « and b be the two sides the sum of which is less than the third side c.

Let 4 and B be the ends of c. With centre 4 and radius b describe a circle, and
with centre B and radius a describe another circle. Let / be the radical axis of these
circles. The circles intersect irr two points on / which are given as the points of
intersection of their hyperbolic branches described with axes parallel to 43 and Z.
Either of these points is a vertex of the required triangle. The distances of these
points from the point of intersection of AB and ! are purely imaginary quantities.

5—2
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EXAMPLES

(1) If two conics have four imaginary points of intersection, show that they
have a real common self-conjugate triangle and one real pair of common chords.

(2) 1If 4, 4’ be two paired elements of an elliptic involution, there is one and
only one other pair which divide 44’ harmonically. Apply this to determine the
imaginary line joining two given coplanar imaginary points.

(3) Two hyperbolae have the same asymptotes : prove that they cannot intersect

(4) Show that the four directrices of a conic are chords of intersection of the
conic and its director circle.

(5) One side of a triangle is a real line, the other two meet in a real point, and
each passes through one of the circular points at infinity ; required the orthocentre.

(8) Three given conics touch the same pair of straight lines: construct the
conic which touches these lines and is such that the points of contact of any
common tangent to this conic and one of the given conics are conjugate points
with respect to the straight lines.

Examine the case when the straight lines pass through the critical points.

(7) Prove that the construction of Art. 37 holds for the imaginary points o
intersection of two similar and similarly situated ellipses.

Project on a parallel plane from a real point.

(8) If a pair of conjugate imaginary lines are tangents to a real conic, their
points of contact are conjugate imaginary points.

(9) Prove the following construction for the graphs of the imaginary points of
intersection of a straight line I (real) with a conic:

Let M be the pole of /..° Take M’ the inverse point of M with respect to the
director circle, and let  meet MM’ at 0. Then the circle through ¥, M’, whose
centre is on the perpendicular to ¢ through O, determines the required points. (See
Gaskin’s theorem, Art. [138].) Every circle through M, M’ detcrmines a pair of
conjugate points on /.

(10) In example (9) show that the circle whose centre is on the perpendicular
to 7 at 0 and which cuts orthogonally the circle described on 2P’ as diameter, deter-
mines the points of intersection of the conic with Z.

IN A REAL PLANE PERSPECTIVE.

[In the following the pair of conjugate imaginary points which correspond to
the circular points at infinity are termed the vanishing circules.]
(11) Prove that if the centre of perspective S be the centre of a circle, § is the
focus of the corresponding conic and the vanishing line its directrix.
(12) Prove that a system of rectangular hyperbolae have for their plane perspec-

tives a system of conics which determine on the vanishing line an involution of
which the vanishing circules are the double points.
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(13) Prove that the plane perspectives of a system of concentric circles form a
system of conics which have double contact at the vanishing circules.

(14) Deduce by {13) for a system of conics having double contact at conjugate
imaginary points the properties which are proved in Arts. [130] and [131] for
conics having double contact at real points.

(16) Prove that a system of coaxal circles and a system of confocal conics may
be looked upon as the correlatives of each other.

(16) From (15) deduce the properties of confocal conics set forth in Art. [140]
from those of coaxal circles.

(17) Prove that the plane perspectives of a system of similar conics is a system
of conics, which cut the vanishing line in constant anharmonic conjugates of the
vanishing circules.



CHAPTER III

ANGLES BETWEEN IMAGINARY STRAIGHT LINES. MEASUREMENT
OF IMAGINARY ANGLES AND OF LENGTHS ON IMAGINARY
STRAIGHT LINES

51. Imaginary lines and imaginary angles.

On refercnce to Art. 1 it will be seen that a real line contains:

(1) An iofinite number of real points determined by their real
distances from some given base point.

(2) An infinite number of purely imaginary points detcrmined by
their purely imaginary distances from the base point.

(3) An infinite number of infinite systems of imaginary points,
whose determining distances with reference to the base point are
complex quantitics. Each infinite system may be obtained by measuring
purely imaginary lengths from some real point of (1) or by mcasuring
real lengths from some purely imaginary point of (2).

The base point may be cither real or imaginary. Any point, real or
imaginary, on the line may be taken as this point. Points, real, purely
imaginary or complex, are such with reference to the base point. If a
different point, real or imaginary, be taken as base point the nature of
certain of the points considered will be different. In itself however the
base point is neither real nor imaginary.

The point at infinity on the line is of the same nature as the base
point. It can be regarded as either real or imaginary and it belongs to
the real and to the imaginary system of points. The determining
distance of the base point is 0 and that of the point at infinity on the

.1 .- . .
line o These quantities are of the same nature. If it is conceivable

to divide an infinite length into finite portions, then the length from
the base point to infinity may be regarded as divided into an infinite
number of real units of length and also into an infinite number of purely
imaginary units of length.

Consider any pair of real lines s and s, which interscct in a real
point 8. Rotate the line s’ round S till s and &’ coincide, i.e., through

an angle #s. In this way the two straight lines are made to coincide,
as do also the systems of points, real and Imaginary, on them.
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Consider two imaginary points which do not lie on the same real
straight line. By Axiom I they have definite positions. Hence the line
joining them has a definite position (see Art. 11) and the points, since
they have definite positions, are at some definite distance apart. This
distance generally must be a function of the real and imaginary quan-
tities, by which the positions of the points are determined, but at present
no attempt is made to define or measure this distance. It follows how-
ever that there is a measurc of this distance. Hence, as along a real
line, distances real and imaginary can be measured along an imaginary
line. A base point can be taken, which may be the real point on the
line, and from it real and purely imaginary lengths can be measured, and
from the points so determined purely imaginary and real lengths may in
their turn be measured. Therefore the nature of the systems of points on
an imaginary line is the same ason areal line. The difference between a
real and an imaginary line does not lic in the nature of the points on the
lines in regard to themselves nor in the lines themselves, but in respect to
the relation of the lines to other lines and to points which are not situated
on the lines. In factall linesreal or imaginary have thesame characteristics.

Consider two imaginary straight lincs s and &' in the same plane.
They intersect in a point A, which is generally imaginary but may be
the rcal point on both lines. Consider A as the base point of systems
of points on the lines s and s. These lines s and s" have by Art. 11
definite positions.

It is now assumed that by a rotation of s’ round the point A some
point of s” (real with respect to A) can be brought into coincidence with
some point on s (real with respect to A). If this be done the straight
lines s and §" in the new position of s’ must coincide, for (Art. 11) no
two different straight lines real or imaginary can join the same pair of
points. The measure of the amount of rotation nccessary to bring the
lines s and s’ into coincidence is termed the angle between s and & in their
original position. The measure of this, whatever system of measurement is
used, must as a general rule depend on imaginary lengths and being a
function of such lengths is termed an imaginary angle. The assumption
made in the preceding may be embodicd in a second axiom as follows:

Axiom II. Either of two given straight lines, real or imaginary,
may be superposed on the other by a motion of rotation through a definite
angle about their point of intersection ™.

* Hereafter it will be seen that there is an apparent exception to the principle laid
down in this axiom, see Art. 78.
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The rotation may be in a positive or a negative direction. After
the line s’ has been brought into coincidence with the line s, it may be
further rotated round A so as to come into coincidence with a third

line s”, which passes through A. Hence if 3¢ denote the angle between
the lines s and &/, it follows that

Gt e

88 =88+ 88
Hence angles, real or imaginary, at a point may be measured from a
base linc through the point, in the same way that distances, real or
imaginary, can be measured along a straight line from a base point on
the line.

Note. (1) It does not follow that, if 4 is a real point and s and & are imaginary

lines, the sanie rotation round 4 which brings &' into coincidence with s will bring the
conjugate imaginary line of & into coincidence with the conjugate imaginary line of s.
The angle &3 will usually be an imaginary angle and its measure will involve “7’
To bring the conjugate imaginary line of s’ into coincidence with the conjugate
imaginary line of s the angle of rotation must be measured by a quality, which is the
imaginary conjugate of the measure of ¥3, i.e., the rotation must be through the
conjugate imaginary angle of #s, if such a term may be used. After an imaginary
displacement along a straight line points which had been conjugate imaginary points
cease to be so. This is also the case after a rotation through an imaginary angle.

(2) The coefficients in an analytical equation in 2 and y perform a double duty :

(i) They determine the dimensions of the curve and incidentally its nature.
(ii) They determine its position.

All curves, which are of the same nature and have the same dimensions, may be
looked upon as the same curve. Thus all ellipses with semi-major and semi-minor
axes @ and b are the same curve, only displaced by a motion of translation, of say
the centre, and a motion of rotation, of say the major axis. Invariants (geometrical)
are of course functions of the quantities which give the dimensions of the curve.

In the equation of a real straight line the coefficients are entirely employed to
determine position. All straight lines are therefore the same straight line displaced
by a motion of translation of some point on the line and a motion of rotation round
some point. .

That this is the case with imaginary as well as with real straight lines is the
assumption of Axiom II.

52. Without at present attempting to define the measure of an
imaginary angle there are certain consequences of the preceding which
may be noticed.

(1) The angle between two imaginary lines depends on lengths
some of which as a general rule are real and some imaginary. There-
fore in whatever way the measurc of this anole is exnressed it: mnst. he
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of the form a+ a;, where a is the part of the angle which can be con-
structed as a real angle and a; the part which depends on the imaginary.
It is clear that no imaginary angle can equal a real angle. The angle a;
must not however be confused with the angle <. a.

(2) If the angle which an imaginary line makes with a real line
be a + a; then the angle which its conjugate imaginary line makes with
the samne real straight line is a —a;.

(8) The internal and external bisectors of the angle between a pair
of conjugate imaginary lines are real. (See also Art. 66.)

For if the lines make angles a +a; and a—a; with any real line
through their point of intersection, their bisectors make angles

ata;+a—a; and ataita—a;+m
2 2
with the same straight line.

But these angles are a and a+z2'—- which are real.

Hence it follows that if the angle between a real line and an imaginary
line, which meets it in @ real point, be expressed in the form a t a;, then
a 18 @ measure of the real angle between the real line and one of the
bisectors of the angle between the tmaginary line and its conjugate vma-
ginary line. (See Art. 66.)

(4) The sum of the angles of an imaginary triangle is .

(3) The following among other elementary theorems given in Hall
and Stevens’ Geometry hold when the lines mentioned in the enuncia-
tions are imaginary, viz, 1, 2, 3, 4, 6, 17 and 18.

Among these are the following :

(@) The vertical and opposite angles between lines, real or ima-
ginary, are equal.

(b) The sum of the angles at any point on the same side of a line,
real or imaginary, is two right angles.

(¢) 'The external angle of any triangle equals the sum of the internal
and opposite angles. :

EXAMPLES

(1) Prove that the line y (b+ ") — z (a+ib') =0 must be turned about the origin

‘LBl 2.4 B2 .
through an angle 6, where cot 0=:—;g,%gg, - idzriibd , to change it into the real line

yb—axr=0.
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(2) Prove that the bisectors of the angle between the pair of conjugate imaginary
lines y2+m2z2=0 are the pair of real lines zy=0.

This follows from the fact that the bisectors of the angles between the lines
az?+2hxry +by!=0 are given by the equation % (22 — y%)=(a - b) zy.

53. Parallel straight lines.

Consider a system of points, real and imaginary, on a real linc " in a
plane ¢’ (cf. Art. [20], ctc.). This line may be projected from a real
centre S into the line at infinity in a planc . Through each of the
real points on v’ pass an infinite number of real and an infinite number
of imaginary straight lines. To the real straight lines correspond in o
a system of real parallel straight lines passing through the same point
at infinity. The imaginary straight lines will also pass through this
point at infinity and, in view of the fact that they do not intersect the
system of real lines in any points at a finite distance, they may be
regarded as forming a system of lines parallel to themselves and to the
real system.

Through each imaginary point on v’ an infinite number of imaginary
straight lines pass.  These correspond to a system of imaginary straight
lines in ¢, which all pass through the same imaginary point at infinity.
Since these straight lines do not intersect in points at a finite distance
they too may be termed a system of parallel imaginary straight lines.
Such a system of parallel imaginary lines intersect at an imaginary point
at infinity and the one real linc of the system is the line at infinity.

The angle between a pair of straight lines, real or imaginary, which
meet at infinity must be infinitely small. Hence, since the sum of the
angles of all triangles is equal to o, parallel straight lines, whether real or
imaginary, make equal angles with every straight line, real or tmaginary,
in their plane.

The following among other clementary theorems in Hall and Stevens’
Geometry hold, when the lines mentioned in the enunciations are
imaginary, viz, 13, 14, 15, 20 and 21.

Consider a system of parallel lines, real and imaginary, which pass
through a real point at infinity. (Figure, Art. 55.)

Let a real line RR’ of the system meet two real lines OL and OM
in R and R', OL being perpendicular to the system, and let an imaginary
line of the system meet the same lines in imaginary points @ and @'

Then, by Art. 10, regarding S as being at infinity %% = g—}}% =cos 0,
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where 8 is the rcal angle between OL and OM. Hence the ratio %%

18 real.

54. Perpendicular lines.

(1) Through every imaginary point o straight line can be drawn
perpendicular to a reul line.

Take any imaginary line through the imaginary point and take the
real point on this line. Through it draw a perpendicular to the real
line. This line is real. Join the point at infinity on it to the given
imaginary point. This is the required linc.

(2) Through every reul point a straight line cun be drawn perpen-
dicular to « given tmaginary line.

Join the given point to the point at infinity on the imaginary line.
Let this line be I.  Find the line ¢ the harmonic conjugate of I with
respect to the lines joining the given point to the circular points at
infinity. Then @ is the required line. (See Art. 22.)

(3) Through every tmaginary point a straight line can be drawn
perpendicular to a given imaginary line.

Draw any imaginary linc through the given point. Take the real
point on this line. Draw by (2) a perpendicular through it to the
imaginary linc. Take the point at infinity on this line—which will
usually be imaginary—and join this point to the given imaginary point.
This is the required line.

55. Projection of an imaginary length measured along a real
line upon another real line.

Let P and @ be any two G
imaginary points upon a real .
straight line OPQ and let any R

other real line OL make an angle
0 with OPQ.

" Through P and @ draw any
two imaginary lines perpendi-
cular to OL to meet it in P’ P
and Q. Then P'Q’ is termed HE
the projection of PQ on OL. ° ® @ R L

Take R any real point on OPQ and draw RR’ perpendicular to OL
to meet OL in the real point R,
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OP'_OQ _PQ_OF _
Then, by Art. 10, 00 =PQ " OR = cos .

Thereforc P'Q’ = PQ .cos 6.

If A, B be any two real points on a real straight line and P any
imaginary point on the same straight line, the sum of the projections of
AP, PB, BA, on any real line 1s zero.

If a real line / make an angle 6 with the given line, the sum of the
projections in question is

APcos6+ PBcos@+ BA cosé.
But since, Art. 3, BA = BP 4 PA, this expression is zero.

Similarly if 4, B, C be any three points on a real line, the sum of
the projections of AB, BC, CA on any other real line is zero.

56. Definition of

(1) the measure upon a real straight line of an tmaginary length
along an imaginary line;

(2) the meusure of a length along an tmaginary strazght line ;

(3) the sine, cosine and tangent of the angle between a real and an
imaginary straight line.

7/ Q

(s) i@ @

Let P and Q be any pair of imaginary points, the real lines through
which, viz., OP and 0Q, contain an angle .

Let any real straight line SBA meet PQ, OP, and OQ in S, 4, and
B respectively. Draw straight lines through P, @, and O perpendicular
to SBA to meet it in P’, ¢, 0". Of these P’ and @' are imaginary.
Let ¢, and ¢, be the angles that PO and QO make with SBA and let
0 be the angle PSP’. The angle 8 is imaginary.

Then 0Qcos ¢, — OP cosp,=0'Q —0'P'=P’Q and is defined as
the measure of PQ on SBA.
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Let P”Q" be the measure of PQ on a line perpendicular to SBA,
then
sin ¢p,— OP sin ¢, = P"Q".
Therefore 0Qsin s n=PQ
P'Q*+ P"Q"=(0Q cos ¢, — OP cos ¢,)* + (0@ sin ¢, — OP sin ¢,)
=O0P*+0¢—2.0P.0Q(cos ¢p,cos ¢, +sin ¢p,sin ¢,)
=0P+ 0Q*—2.0P.0Q cos .
This expression, which is independent of the position of SBA, is
defined as the square of the measure of PQ:
cos@ is defined as the ratio of the measure of PQ on SBA to the
measure of PQ.
" sin 0 is defined as the ratio of the meusure of PQ on a line perpen-
dicular to SBA to the measure of PQ.
tan @ is defined as the ratio of sin 6 to cos @ provided always that the
measure of PQ s not zero.
. _ 0Q cos ¢, — OP cos ¢,
Hence® 080 = 6 b + 0@ —2.0P . 0Qoon o’
4inf = OQ_Sl_n ¢, — OPsin ¢,°
NOP + 0Q*—=2.0P.0Qcos o
0Q sin ¢, — OP sin ¢,
0@ cos ¢, — UL cos ¢, "
It follows at once from the definition that
sin? @ + cos? 6 = 1.

tan 6 =

67. To prove that the tangent of un angle between a real line and
an tmaginary line has the same value whatever imaginary points P and
Q (Art. 56) are chosen to determine its value.

Let the imaginary line be SP@ and the real line SL, and let the
angle between them be 6. Let T be the real point on SPQ. Draw
through T' a parallel 7BA to SL. Then the angle PTA equals the
angle 6 and it is obvious from the definition that tan @ as obtained
from the angle QT'A is the same as that obtained from the angle QSL.

Let the real lines through P and Q meet T4 and a line perpendicular
to TA through T in A and 4’ and in B and B. Let these lines inter-
sect at 0. Draw the imaginary lines PP, PP”, QQ’, QQ” through P and
Q perpendicular to T4 and TA’. Let the angles PAT and QBT be ¢,

* There is an ambiguity in the sign of the denominator of these expressions, which is
considered hereafter.
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and ¢,. If 6, when determined by P and T, be 6, then tan 6, is I}:,,};,
If 6, when determined by @ and 7, be 6, then tané, is Qg’%

PA sin ¢, @Bsin ¢,
PA" o ¢1 and tan @, =

Therefore tan 6, =

QB cos ¢,

PN

B A
tan 6, _sin¢,cosd, PA QF
tan b‘s sin ¢, cos ¢, P4 QB
_ 0B 04’ PA QF
~04°0B P4 (B
(BO BQ) (A 0 A'P)
BO'BQ/\AO0 AP
= (BB'0Q)(A’AOP)
(BBOQ) _

Thereforc tan 6, = tan 6, = 1}:,5 8,% g% II;,I,;) =the tangent
of the angle determined by P and Q. Since, if P is fixed,  may be
any point on the line, the result follows.

Hence also sin 8 and cos 8 are independent of the positions of P and
Q on the given line.

It follows from the definition (Art. 56) that

(1) If either of the lines SPQ or TBA is moved parallel to itself
the values of sin @ and cos @ are not altered. (See Art. 53.)

-
3

Thercfore
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(2) If the usual convention as to the sign of a real angle is applied
to imaginary angles
sin(w—6)=sin 6, cos(w— 6)=—coséb.
(3) If 0 and & are the angles which an imaginary line OC makes
with a real line AOB then sin @ =sin@. (See Art. 53.)

(4) If6=0,sin6=0and cosf=1.
If9=7,sinf=1 and cos 6 =0.
Also sin (8 + 2m) =sin 8 and cos (6 + 27) = cos 6.

(5) sin (9 + ;) =cos @ and cos (0 + g) =—siné.

58. The sum of the measures of the sides of any plane figure on a
real line is zero.

Consider any triangle ABC. Let the real lines through 4, B, C
form a real triangle A'B'C’. Let A”, B”, C” be the projections of 4, B,
C on any real line s. It is necessary to prove that

A4"C"+C"B”"+ B’A"=0.
Let ¢,, ¢., ¢, be the angles, real, which the sides of A’B’C’ make with s.

~—o
-~
=<

P T PSP £ {Sn——"

CYRC) ) .
Then B"’C"=A'Ccos ¢,— A'Bcos ¢,,
A"C"=B'Ccos¢,— B'Acos ¢,
B”"A” =C’A cos ¢, — C'Bcos ¢,.
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Therefore A"C"+C"B"+B’A"”
=cos ¢, (C'A + AB’)+ cos ¢, (A’B + BC') + cos ¢, (B'C + CA’)
=cos ¢, (C'B’) + cos ¢, (A'C") + cos ¢ (B'A’)
= the sum of the projections of the sides of a real closed figure
= zero.
It should be noticed that
C’'B’'sin ¢, + A’C’ sin ¢, + B'A’sin ¢,
is the sum of the projections of the sides of A’B'C’ on a perpendicular
line and is therefore zero.

59. Triangle with real lines for two of its sides.

(1) Lect 4 and B be two imaginary points on recal straight lincs
CA and CB, which intersect at C at
an angle w. et the angles CAB and
CBA be a and 8. Suppose also that
the measure of AB is not zero and
that this measure is denoted by 4 B.

Taking the measures of the sides
of the triangle on C4,

ABcosa=CA —CB cos w.

Taking the measures of the sides
of the triangle on a line perpen-
dicular to C4,

ABsina = CB sin w.

Therefore  AB*=CA4?+ CB*—2.CA.CBcos o, .............. 1)
also CB*=CA*+AB*—~2.CA .ABcosa................ (2)
Similarly CA*=BA*+ BC*-2.BA4 .BCcos . .............. 3)

(2) Ifa, b, c are the measures of the sides opposite respectively to
the angles at A, B, C, then, taking measures on lines perpendicular
to the sides,
asinw=csina and bsinw=csinB.

a ¢ _ b
sina sne snpg’

Thgrefore

Hence in this case the measures of the sides of a triangle are
proportional to the sines of the opposite angles provided none of the
measures are zero.
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60. Formulae for expressing the sine and cosine of the difference—
when real—of two tmaginary angles in terms of their sines and cosines.

Let an imaginary linc ABT meet two real lines 04 and OB, which
intersect at O at an angle o, in 4
and B, and let the angles OAT and
OBT be ¢, and ¢, respectively. Then
¢: — ¢, = o (Art. 52).

Take the measurcs of AB and
BO on AO.

AO=ABcos ¢, + BOcos w.

But AB=S.0A sin o,

In ¢,
04
and OB = sin &, sin ¢,.
Therefore sin ¢, =sinw cos ¢, + sin p, oS . ...eunnennennn. 1)

Take an imaginary line A’B’ at right angles to AB meeting OA
and OB in A’ and B’. Then for ¢; and ¢, may be substituted ¢, +

T . ..
and ¢, + 5 Hence in a similar manner

sin (¢, + 7—;) = sin o cos (4:, ) + sin (4;, 2) oS .

Therefore CoS ¢, = — Sin @ Sin ¢, + COS P, COS @. ..euuuunrnnn.ns 2
Multiply (1) by sin ¢, and (2) by cos ¢, and add.
Then cos w =cos (¢, — ¢,) = cos ¢, cos ¢, + sin ¢, sin ¢,.
Similarly

sin @ = sin (¢, — ¢,) =sin ¢, cos ¢, — sin ¢, cos ¢b,.

For these results to be true it is necessary that the measures of 4B
and A’B’ should not be zero.

61. Definition of

(1) The measure on an vmaginary line of an vmaginary length along
an imaginary line and

(2) Of the sine, cosine and tangent of the angle between two imagr-
nary straight lines.

Construct a similar figure to that in Art. 56 but let the line SBA
be an imaginary line.

H LG 6
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In this case the points B, 4, and (' are imaginary as are the angles
¢, and ¢,, while # is the imaginary angle between two imaginary
straight lines.

Then as before 0Q cos ¢, — OP cos ¢, = 0'Q' — O'P’' = P'Q is de-
fined as the measure of PQ on SBA.

Let I””Q” be the measure of PQ on aline perpendlcular toSBA. Then

0Qsin ¢, — OP sin ¢, = P"Q".
Therefore
PQ:+ P'Q" = (0Q cos ¢, — OP cos ¢,)* + (0Q sin ¢, — OP sin ¢,)?
=0+ 0@*—2.0P.0Q (cos ¢, cos ¢, + sin ¢, sin ¢,)
=0P*+0@Q*-2.0P.0Q cos w (Art. 60).

This expression which is independent of the position of SBA is the
same as that found in Art. 56 which has been defined as the square of
the measure of PQ.

cos @ is defined as the ratio of the measure of PQ on SBA to the
measure of I’Q.

sin @ is defined as the ratio of the measure of PQ on a line perpen-
dicular to SBA to the measure of PQ.

tan @ is defined as the ratio of sin @ to cos 6 provided always that
the measure of PQ is not zero.

0Q cos ¢, — OP cos ¢,
Hence cos 0= JOPE OQ‘ S UQE;S;)
0Qsin ¢~ OPsin ¢,
VOP*+ 0Q*—20P.0Qcos o’
0Q sin OP sin
tan 6= 08 cas'if— —(ch—os_i: -
It follows at once from the definitions that
sin®@ + cos* 6 =1.

sin 0=

To prove that tan 6, where 0 1s the angle between two imaginary
straight lines, is the same whatever pair of points on one of the imaginary.
lines s taken to determine tan 0.

This may be proved in the samc way as the corresponding theorem
is proved in Art. 57, the angles ¢, and ¢, being in this case angles
between a real and an imaginary line.

Similarly sin 6 and cos 6 are independent of the positions of P and Q.



Trigonometry of the Imaginary 83
It follows from the definition that

(1) If either of the lines SPQ or TBA is moved parallel to itsel
the values of sin § and cos @ are not altered. (See Art. 53.)

(2) If the ugual conventions as to sign are applied to imaginary
angles
sin(mr—6)=sinf, cos(mwr—60)=—cosb.

(8) If 6 and & are the angles which an imaginary line OC makes
with an imaginary line 4B, then sin@=sin#. (See Art. 53.)

4) If 6=0, sinf=0, cosf=1.

If 0——, sinf@=1, cosf=0,

also gin (6 + 2m)=sin 6, cos(0+ 2w)=cosé.
(5) sin (0 + '—;) =cosf, cos (9 + g) =—siné.

The sum of the squares of the measures of PQ on two imaginary
lines at right angles gives the square of the measure of PQ.

Particular case. If the imaginary points P, @ are on thc same real
line, or are real, it is seen that the point O lies on this line and that
the measure on an vmaginary line of « real or tmaginary length PQ,
which lies along a real line, is the length PQ multiplied by the cosine of
the angle between PQ and the tmaginary line.

This is the same as saying that

8Q cos 6 — SP cos 0
PQ
But SP and SQ are already defined and so is the angle. Hence, as
is necessary, an identity is arrived at.

0s 6.

62. The sum of the measures of the sides of any closed plane figure,
real or vmaginary, on any line is zero.

Consider the figure of Art. 58 but regard the line s as imaginary. In

this case, ¢y, ¢s, ¢ are imaginary angles between real and imaginary
lines.

As in Art. 58 it may be shown that the sum of the projections of
the sides of ABC on s is

cos¢,.C'B +cos,. A’'C" +cos py. B'A". ............ (1)
6—2
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Let S be the real point on s. Through S draw any real straight
line @ making an angle ¢ with s. Let yr, ¥, ¥, be the angles, real,
which B'C’, C’A’, A’B’ make with a.

Then b=v1—¢ $=Vi—¢, S=vYs—¢.

Therefore (1) becomes
C'B’ cos (Y, — )+ .A’C’ cos (Ys — ) + B'A’ cos (Yrs — ¢).

But since ¢ is the angle between a real and an imaginary line this
equals by Art. 60

cos ¢ {C'B’ cos yr, + A’C’ cos yr, + B'A’ cos Yy}
+sin ¢ {C'B’sin yr, + A'C’sin Y, + B’A’ sin ).
But by Art. 58 both the expressions in the brackets are zero and
therefore the whole expression is zero. )

63. Relations connecting the measures of the sides of an zmagmaﬂy
triangle and its angles. A
Let the measures of the sides of an N
imaginary triangle whose angles are 4, B, C )y )
be a, b, ¢, none of the latter being zero. ,/l
Taking mcasures of the sides of the triangle ’
on lines perpendicular to AB and AC,

asin B=bsin 4,
and asinC=csind. ....co.ooevvvviiiinannann. (1)

a b c

Therefore A= snB - sm0

Taking the measures of the sides on a, b and c,

b=acosC+ccos A

a=ccos B+ bcos C
J» ........................ (@)
c=acosB+bcos A4

From (1) and (2) it follows that

¢t=a*+b*—2abcos C
=02+ ¢*— 2bc cos A}.
b*=a3+c*—2accos B
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64. To find the formulae connecting the sines and cosines of the
difference of two tmaginary angles with the

sines and cosines of these angles. A

Let two imaginary straight lines 04 and ,:ﬂ:/ﬂ
OB make angles ¢, and ¢,, as in the figure, ,,/' ,,‘
with the imaginary line AB. Then the P
angle AOB is ¢,— ¢, = w. e /

Take the measures of BO and O4 on o".'.‘i".-___-____/’é .......
BA. Then dl/’

AB =04 cos ¢, — OBcos ¢,. /I

But AB _ 04 _ OB /

sinw sing, sing,’
Therefore sin (¢, — ¢,) =sin o = sin ¢, cos ¢, — sin ¢, cos ..
Increase ¢, by 721 . Then

cos (¢, — ¢,) = cos ¢, cos ¢, + sin ¢, sin ¢;.
If ¢, is taken as the intcrnal angle at B, then
wo=m—(¢+¢;) and AB=0A cos ¢, + OBcos ¢..

Therefore
sin @ = sin (¢, + ¢.) =sin ¢, cos ¢, + sin ¢, cos ¢,

and also cos (¢, + ;) = cos ¢, cos ¢, — sin ¢, sin ¢b,.

For these formulae to hold it is necessary that the measures of the
lengths from which the angles are derived should not be zero.

As these addition and subtraction formulae hold for imaginary
angles, all the formulae deduced therefrom for real angles also hold
Jor tmaginary angles.

66. To prove the general cases of Menelaus’ theorem and of Ceva’s
theorem.

Let the sides of an imaginary triangle ABC meet an imaginary
straight line in P, @, R as in the figure. Let the angles at P, @, R be
denoted as in the figure.

Then (Art. 63)
sinf_sina siny_sin@ sina_siny
CP-CQ’ AQ AR’ BR ™ BP
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Therefore

sinasin,Bsinry=2—%.%§.%’sinasinﬁsiny.

Hence, if none of the sines of the angles a, 8, v are zero,
CQ AR BP

—_— e =——=1
AQ'BR'CP™
(R) -
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From the gencral case of Menelaus’ theorem the general casc of
Ceva’s thcorem may be deduced as follows:

Join the vertices of any triangle 4 BC to A
any point P and let the lines AP, BP, CP s
meet the opposite sides in 4’, B’, C’ respec- ,
tively.

Then by Menelaus’ theorem for the tri- YAl
angle ABB’, s P \

A_'_O, .IR_P B_IO— 1 /" r"/ 4"' N
BC'"B'P AC et ! TN

Similarly from the triangle CBB’,

BA’ CA B'P_

CA""B'A"BP ~

Therefore 4¢ -Bﬁ, CA BC_
BC'"CA’”" B’A" AC

AC’ BA' CB’
Therefore B0 Ca AB =" 1.

1.

1.
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Analytical verification of the fact that the sum and difference formulae hold for a

real and an imaginary angle. v
(P)
Let ¢, a+1b, be the coordinates of any o,
point P. Let 0Q=¢, NQ=a and NP =ib. i) *,(M)
Drop PX perpendicular to ON, and ¥K /
perpendicular to OX. Let QON=a and N
MOP=8;, so that NPM=a. If i
sin (a+8;) =sin a cos B; + cos a sin 8;, o :
then o @ q I} X
———% .. a_ b_—S%
a+db a il\/a +ot+ib va2+c2!, c Vaitc

Veatr@atip varar U Jatarip ) Jaited Jeit(atb)
which is true.

Analytical verification of the fact that from whatever pair of lines the measure
of an imaginary length is obtuined its value is the same.

<

=
°
~

<
o

SO

N
~
Z
-

tamm e

(o] ] X

Let the coordinates of a point P referred to rectangular axes be a+ia’, b+1b'.
Construct the point @ (a,b) and draw @V parallel to the axis of .Y to meet the
ordinate of P in N.

Then 0OP2=0Q+ D@ —20Q. Q cos 0QP
=(a?+b%) — (@2 +b2) — 20 Va? + b2 Va1 52 cos 0QP.
But co8 UQP= —cos (PQN - QOX)
= —{cos PQN . cos QOX +sin PQN .sin QOX}

. B
TG0 T aIE 5 Jaig Bt
aa’+bb’
"
Therefore OP?=(a?+ b%) - (a'2+ b'?) +2i (aa’ +bb’)
=(a+ia)24(b+b)2



88 The Imaginary in Geometry

66. 70 find a real straight line such that the angle between it and
a given imaginary straight line has a tangent, which is a purely imaginary
quantity.

A& E @ < F

Let AP be the given imaginary straight line and P the real point
on it. Take any imaginary point 4 on the line. Let A’ be its con-
jugate imaginary point. Then PA’ is the conjugate imaginary line of
PA and the line 44’ is real.

Join P to the circular points at infinity, Q and €0’, to meet 44’ in
B and B’. Then B and B’ are a pair of conjugate imaginary points.

Since AA’, BB’, arc two pairs of conjugate iniaginary points they
have a common pair of real harmonic conjugates £ and F' (Art. 8). Join
E and F to P. Then PE, PF are real lincs.

Since PE, PF are harmonic conjugates of PQ and P’ they are at
right angles (Art. 22). Draw any real line COC’ parallel to PF, and
therefore perpendicular to PE, to meet PA, PE and PA’ in C, O, C’
respectively. Then C, € arc a pair of conjugate imaginary points.

Also, since (AA'EF) is harmonic, (CC’0Ow ) is also harmonic.

Therefore. O is the mean point of the pair of conjugate imaginary
points C and C’, and OC, OC’ are purely imaginary lengths (Art. 6).
Hence the tangent of the angle CPO, which is ?—,g, is the ratio of a
purely imaginary quantity to a real quantity.

It follows from the preceding that two conjugate imaginary lines
PA, PA’ have always « pair of real bisectors PE, PF, which are at right
angles (see Art. 52 (3)).

Analytical verification.
Take P as the origin and let 4 be e+, ¢+d, and 4', « — b, c - id.
a+1b
c+d -
The coordinates of the point € where a line y =mx + & meets this line are
_ (atib)k (c+id) k
(c+id)—m(a+b)’ (c+id)—m(a+ib)’

The equation of P4 is 2=
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b)2 )2
Therefore PO (ﬂﬁ%ﬁ)}—z i,
This expression does not involve ¢ if
ot -‘-ub:_;b‘%:—i;- M—=1m0, (iirieniiiiiniaeee, (i)
Now the combined equation of P4, PA’is
(ay — cx)2+(yb — 2d)2=0,
and the equation of the bisectors of the included angles is

me4

oLy (ii)
RrdIZ G T {aoqbd) e
Therefore the m’s of these lines satisfy the relation
g BBt -a?
m24 actbd M=1=0. coirriiiiiniirienennnnss (iii)

This is the same equation as (i). Hence PC and I’C’, when CC’ is parallel to a
bisector of the angle A0.1’, have as their measures real or purely imaginary quan-
tities. COC' is obviously perpendicular to the other bisector from the form of (ii).

67. Measurement of imaginary angles and evaluation of their
sines, cosines and tangents.

Let OP be any imaginary straight line and O the real point on it.
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Let OQ be its conjugatc imaginary linc and OX and OY the bisectors
(real) of the angles between these lines (Art. 66).

Take N any real point on OX at a real distance a from 0. Through
N draw a real line NP perpendicular to ON to meet OP in some
imaginary point P.
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Then as defined in Art. 56 the ratios
ON NP NP
0P’ 0P’ and ON’
are respectively the cosine, sine and tangent of the angle XOP. Denote
the angle XOP by 6;.
%, sin 8,-=—01£11_: and tan0,-=g§ .
Now P and @ are a pair of conjugate imaginary points and N is
their mean point. Therefore NP is a purely imaginary quantity, . k.

Then cos f; =

Let g—l}\’) , which is the ratio of a purely imaginary quantity to a real

quantity, be denoted by 7. m.

Then cos ;= Lo sin 6; = vom
VL=’ Y )
Regard the lines OX, OY as fixed and the lines OP and 0Q as being
any pair of conjugate imaginary lines through O, whose bisectors are
0X and OY.

As the line OP moves up to OX and eventually coincides with it,
the line OQ will do the same. In the position OX the pair of conjugate
imaginary lines coalesce and become the real line OX. Similarly when
the line OP coincides with the line OV it also coincides with its con-
jugate imaginary linc and becomes a real line*.

Now there is nothing inherent in a real length a and an imaginary
length <h, by which it is possible to tell the relative magnitude of a
compared with ¢, but it is possible to tell the relative magnitudes of a
scries of purely imaginary quantities th, 21k, 5th and nih.

On the line NP take a series of lengths (all purely imaginary) with
values from O to 7. o0, and let these lengths determine a series of points,
P, P’, P”,... on NP. The connectors of these points to O are lines of
the system of conjugate imaginary lines of which OX and OY are the
bisectors. As the imaginary line OP takes up the series of positions
OP, OP',OP"”,0P"™, ... the angle 0;, which it makes with OX, will pass

from a real value 0, when it coincides with OX, to a real value 72_1- when

tan 6; =7 .m.

it doincides with OY. The right angle XOY may therefore be divided
into a series of imaginary angles in the same way in which a right angle

* If the line OP is given by the equation y =imz, the positions OX and OY correspond
to the values m+=0 and m=ow for which values of m the line is real.
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is divided into a series of equal real angles. The values of cos 6;, sin 6;,
tan 6; may be evaluated for the imaginary angles into which the right
angle X0Y is divided.

If a real line OP is rotated round O through real angles from 0X to
0Y, cos 6, where 6 is the angle XOP, passes through all real values
from 1 to 0.

If an imaginary line OP is rotated through imaginary angles—as
previously set out—cos §; at OX is 1. It increases as m increases,
remaining real till m =1, when it reaches the value . This value
corresponds to the critical lines through O (see Art. 22). It then
becomes 7.0 (ignoring sign for the present) and as m incrcases it
remains imaginary, decreasing till, when m = o at the position OY, it is
zero.

Hence, as a real line rotates from OX to OY, the cosine of the angle,
which it makes with OX, takes the real values from 1 to 0 and as an
imaginary line rotates from OX to OY the cosine of the angle, which it
makes with OX, takes the real values from 1 to o0 and then the imaginary -
values from ¢z to O (ignoring sign for the present). Hence with the
cxtended definition the cosine of an angle can have all values real and
purely imaginary.

Similarly the sine of the real angle made by a real line with OX
passes through the real values from 0 to 1. The value of sin 6; where
6; is the angle made by an imaginary line—as previously described—
with OX, increases through imaginary values from 0 to ¢o as m in-
creascs from 0 to 1. As m increases from 1 to oo the value of sin 6;
passes through real values from o to 1. The cycle of possible real and
purely imaginary values is thus complete.

Similarly for a real line tan @ passes through the values 0 to o0 as
it rotates from OX to OY, and for an imaginary line tan 6; passes through
the imaginary values from 0 to ¢.cc.

Hence with the extended definition the sine, cosine and tangent of
an angle can have all real or purely imaginary values.

68. When an angle is written 6; it is so written to bring to mind
the fact that it is obtained by rotating an imaginary line round O and
not by rotating a real line round 0. The expression 6; must not be
confused with the expression . 8 which is the circular measure of a real
angle multiplied by the unit of imaginary length. To this expression
t.0 no meaning has—as yet—been attached, and as yet no measure of
an imaginary angle 6; has been defined.
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When the angle 6; takes values from 0 to 12-" it is necessary to find

some means of measuring or constructing the different angles. The

. . . h
angle 6; can be constructed from the fact that its tangent is i, or

i tan 6, where tan @ is :—: Thus the angle 30° may be represented by

constructing a real angle of 30° and regarding the side opposite to the
angle as measured in imaginary units. This notation will sometimes be
adopted in the following pages. 6 may in this case be termed the sub-
sidiary angle of 6;, and 6; may be written s, viz., the angle whose
subsidiary angle is 6.

It should be noticed that while the sines and cosines of imaginary
angles may be real, the tangent of an imaginary angle—as here defined
—is always imaginary, and the tangent of a real angle is real. Hence
in dealing with the tangent it is possible to equate real and imaginary
parts regarding the tangent of an imaginary angle as imaginary.

o 1ol 1 3
Thus tan 30%;=1 3" sin 30%; =1 --/2, cos 30 =8
1+7 .
/l
tan (45°+30%) = */ 3.1 "'; V3
1-4 -
J —_—
sin (45°+30”,.)=\’ 3 ié - "%“,
cos (45° +30° _~’_’. i% - @/5;_-_'
To find tan=! ( )
L N3
et tan (a+8;)= 2 —’2
tan a+tan g; - . N/3
Then 1= tan a tan 8; + Y
Let z=tan a, =—-':.B".
Equating real and imaginary parts
1,33
=g+ ‘? zy,

3 1
.'/=£2"‘§$.V-

Solving these, the values =1 Y= —1 3 and z= —1, y=4/3 are obtained.
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Taking the ﬁgst solutions
tana=1 therefore a=45°,

tan 8;= :/'3 » B=30°;.
Therefore tan (45°+30°%)=2 + 1 ~_/§ .
Similarly tan (135°+60°) = + i Eé_? )

To find tan—1 (a +1b).
In a similar manner it is found that

a@+02=1 A (@ +bE-1)244a?
2a % ’

93

tan a= o
2a
d tang _a+d2-1 V{a2+(b+1)2} {a¥+(b— 1)}
an i o % 26
It should be noticed, as will be explained hereafter, that s.a+s.8 does not
equal s (a+p8).
69. Relations connecting sines, cosines and tangents of tmaginary
angles. ;
From Art. 67, if tan 6 =£,
Gng— o _ itnd
T Nar—k V1-—tan?d’
a 1
cos 0;=—

tan0¢=i’£=itan0,

where @ has all values from 0 to 7—;

Va2 —h? Vl;fen”é’

eYy—eY
Let tan 0 = et
1 + tan @
Then y=}%Log —tan 8"
Substituting in the above equation in terms of y
v—ev_ .. )
sinf;=1- 2 -=1sinhy
y e
cos ;= e__+2_e Y = cosh y & .................. 1)
ey —eV
tan95=lm= 1+ tanh Yy
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Hence
1+tané 1+tanéd
31n8-1{1}Lug1 tan0+L(1}Log tane)
1+tané
(*L an0> }
and
g.=1 Log 1+tan0 +i‘(1} 1+_E§m0)‘+
coRmi= +|_(* —tan e) €1 %ang

From equations (1) it follows that 6; is a function of y. Let 6;=f(y).
Then sinf(y) =+sinh y,
cos f(y) = cosh y,
tan f(y) =t tanh y.
Hence sin f(y + z) = ¢ sinh (y + 2)
=1 {sinh y cosh z + cosh y sinh 2}
= sin f () cos f(z) + cos f (y) sin f ().
Similar results hold for cos £(y) and tan f(y).

Hence, when y 18 looked upon as the parameter, imaginary angles
may be added according to the usual formulae.

Subsidiary angles.

Let tan §; =17 tanhy and tan ¢;=1tanh z,
1+ tan @ 1+tan¢>
so that y =1} Log 81 _tand and z=}Log “tan ¢’

Then  sin (6; + ¢;) = sin 0,- cos ¢; + cos 6; sin ¢;
= i (sinh y cosh z + cosh y sinh 2)
=1sinh (y +2)

=siny;, where y + z= 1}Log1 +z:ﬁ:’l:
The relation between 6, ¢ and Y is consequently given by
1+tam\]r 1+ tanéd 1+tan¢
¥ Log an ¥ J+z—1}Log1 tan g T 21O “tan ¢

l+tany 1+tanf 1+tang
l1—tany 1—tanf'1—tang’
tan 6 +tan ¢
l1+tan@tang’

Therefore

Therefore tan ¢ =
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Thas gives the relation connecting the subsidiary angles. The relation
connecting the subsidiary angles can be obtained in a similar manner
from the addition formulae for the cosine or tangent.

Hence if the sine, cosine or tangent of an imaginary angle is required
1t 18 possible to proceed in either of two ways.

Suppose that tan (30°; + 60°;) is required.

tan 30°; + tan 60°;

(a) tan(30°% + 60".)— :

— tan 30°; tan 60°;
«/3+“/3 . 9
1 V3’
1 -1 ng V3

tan 6 +tan ¢ _ tan 30° + tan GO
) tany = T¥tanOtang 1+ tan 30° tan 60°

1
V3 + J3 2
TTI+1 WE
Therefore tan (30°; + 60°%) =stanyr =1 f‘}
If O: + i = ¥,
. _ tan 6+ tan¢
since BOY=1 4 tan Gtan ¢’
) sin (6 + ¢)
theref = - —
oretore sin ¥ v sin? (H + ¢) +cost (6 — )’
and cos Y = _208 (8 ¢)

Vsin: (0 + ¢ $) toost(0— o)
The advantage of using the subsidiary angle 6 as the parameter lies
in the fact that (ignoring sign for the present) while it passes through

all real values from 0 to -, sin @ and sin 6; pass together through all

™
'2_ ’
real and purely imaginary values, while cos § and cos 6; and also tan 8
and tan 6; do the same. There are however advantages, as will be shown
later (Art. 70), in taking y or rather iy as the measure of the imaginary
angle 6;.

According to the definition of Art. 56, if &; be the angle OPN, then
ON , PN _w im
cos §';= =

1
PO VI—-m* =P0 " Vi-m

sinﬂ’.--
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and tan &'; = @ = .1

PN
Hence
sin (6; + 0";)) =sin 6; cos 6'; + cos @; sin &;

=— @_*ﬁn-?_+——.]:._~ ~1— =1=sin7—r
N1I—mVl—m2 V1-mV1l—m? 2
and
cos (0; + 6';) = cos B; cos 8’; — sin 8; sin 6';
1 _w_‘ z_m___ -.L-\=0=cos1r.
\/1 m”/l—m2 V1 =m2N1 —m? 2

This confirms the fact that 6;+ &’; =?—2' .

The trigonometrical ratios of a purely imaginary angle may be
obtained from any triangle, with two sides at right angles, on which
sides the vertices are at distances, the one purely imaginary and the
other real.

Generally, the sines, cosines, and tangents of a complex angle as
defined in Arts. 56 and 61 are complex quantitics. A complex angle
can however be expressed as the sum or difference of a real and a
purely imaginary angle, and therefore its trigonometrical functions can
be expressed as functions of the trigonometrical functions of real and of
purely imaginary angles.

70. Measure of an imaginary angle.

In Arts. 56, 60, 61 and G4 the sine, cosine and tangent of an
imaginary angle were defined and it was shown that the addition and
subtraction formulac, which are true for the sines and cosines of real
angles, also hold for the sines and cosines of such imaginary angles.

No measure of such imaginary angles however was introduced.
This leaves the subject in the same position as that, in which the
trigonometry of real angles might be supposed to be, before a radian
or a degrce was defined.

In Art. 67 it was shown that the sine, cosine and tangent of a
purely imaginary angle termed 6; might be constructed by means of
a subsidiary angle 6. Still no way of measuring the imaginary angle
8; was laid down.
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In Art. 69 it was proved that if

—e¥ 1+ tand
tan § = y+ .y or y=4Log I tang’
e¥—e Y e Y —¢Y
then sinf; =1 g = gy =t  sinh v,
eY+eV e Y + ey
cos 0; = 9 = 9= cosh y,
Y __ e ¥ —Y — eV
tan 0;=i° ¢ ¢ ¢ =itanh Y-

e+ e ifey 4 o]
Hence, since the trigonometrical functions of an imaginary angle 6, are
functions of y, it was possible to write them as sin £ (y), cos f (), tan f(y).
Tt was then proved that in this form the y follows the addition and
subtraction formulac which hold for the sines and cosines of real angles.
In this case
— P — ! =Y —
sin £ (y) =* ";ie+4' Leosf(y)=" ,,2+ “ t=mf(y)=,;fe-'ly+e:,}----(l)

Now according to the usual theory, if y is real,

. e —e—iy ey 4 e eV — e~
siny=- 5. ,co8y=" o , tan y = i{o 4+ e~} ...(2)
And if 4y be an lmaginary angle
sin gy = -_y‘_—fg , CO8 1y = e ey, tan sy = _.e‘_” —e y, --(3)
2t 2 YotleV 4 et}

by the usual series definitions.
Comparing (1) and (3) it is seen that they are in agreement if
J@) =1y ,
Hence the measure of an imaginary angle may now be defined as
being 1y, so that
.. —Y — etV . eVt . eV —eV
sinwy = o — , costy= 9 tan w=i’{e"”--|:.e”}'
The trigonometrical functions of such an imaginary angle may be
constructed by ﬁnding the real subsidiary angle which is given by

1+tané

g
tan 6 = where y =} Log 1 tan 6"

J+ -y’
Then
.. 1tan @ . 1
= N a0’ Y T V1 a6’

H.IL Q.

tan 7y =1 tan 6.

-1



9% The Imaginary in Geometry

These trigonometrical functions may be graphically constructed by
means of Art. 67 and the values of the sine, cosine and tangent of an
imaginary angle ty may be obtained by means of the real angle 6.

For the trigonometrical functions of an imaginary angle so defined
the addition and subtraction formulae hold and—as a general rule—the
expression 2y may be treated as the product of a real and an imaginary
quantity.

It follows that a complex angle a + 78 has a period 24r.

Use of meridional tables to ascertain the subsidiary angle of a
given imaginary angle.
Giiven an imaginary angle 9y the relation to find 6 is
y=14 Log 1 4 tan 9.
>1—tan 6
The tables of meridional parts give v where
e 10,80Q ¢ = 10,800 Log l+tanté
T T 1-tan} 6’
Hence if y is given in minutes, the number 2y must be looked out in
the table and the angle € corresponding to the value of 2y can be found.
One-half of this angle is the required subsidiary angle.
The values of @ in the tables arc from 0° to 90°.  Hence the values
of the subsidiary angles are for values from 0° to 45°.

Summary.

These results may be summarised as follows:
The trigonometrical functions of an imaginary angle 6; as defined in
Art. 67 are

m 1 .
= -, cos8;= - . tan @; =1m,
V1—m? N1 —m?

el —e Y 1+tané
where m=tan 6. Let tan 6 = e or y=4% Log l—tan 8"

The values of y for corresponding values of @ can be found from the
table of meridional parts.

sin 9,' =

Then

. eV —eV eV4e¥ eY—e¥

sinf;, = . cosb,= ---— , tanf;=. - --
' 2 ) 2 ‘T ile Y e

By the series definition

R 2 i . e Y4 tan eV —e¥
sinty=— .~ , costy= aniy= —— =
Y 2 4 2 y ile™Y + Y|
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—e v 1+tané

Hence 6; =iy, where tan ="° o 4+ &¥ or y=} Log 1 tt_aﬁlﬁe'

Therefore

.. b 1 . .
sinwy = — o COS 7 . tan 1y =,
J Nl —m? J= Vi—me y
here o eY—eV
wihnere Nne = é_!/_-;-e—u ,

and m = tan 6, @ being the real subsidiary angle of 6; or4y. Hence the
values of sin ¢y, cos ¢y and tan 4y can be graphically obtained. If 6; be
written s.0, ic., the angle whose subsidiary angle is 8, then s6 is iy,
1+ tan @ 1+ tan @
1—tang’ " 80 =13} Log 1—tan@’

The addition and subtraction theorems have been proved (Art. 69)
to hold for y and they thercfore hold for 7y.

where y=14Log

71. Values of the trigonometrical functions of an imaginary
angle.

A
SIE]

&

(P")

The values of the sine, cosine and tangent of iy, an imaginary angle
have been deﬁned as

@y % where tan@="
sin 1y, = \/2 > cosz_/,=~7dz__.—_’?’, anzyg—za,were anf=_.

7—2
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If b > a these may be written

h . =i tan due = h
l\/h‘l_;ﬁ’ COS'L}/O—V,;_‘;"(LH, &Il’tyg—’llzl',.
There is an ambiguity of sign in regard to the squarc root, but it will
be convenient to take the above as the definitions. In order likewise
to complete the eycle of values it is convenient to take a second line
perpendicular to the axis of « at a distance — a from the origin and to
consider intercepts made by the variable line on this line, as well as on
the line z —a = 0.

sin iy, =

The following will then be found to be the values of the sine, cosine
and tangent of the imaginary angle in the ditferent semi-quadrants:

6 sin 1y cos 1y tan ¢y ]
—: to 0 —<7.0c to —1.0 wtol —1t0—12.0 27 —1.0cto 2
aT . . . . .
0 to i 1.0 to 2.0 1 to o0 .0 to 1 0toz.00
T, . . . . T . T
21-‘t;o2 o tol —t.0to —2.0 2toz.m -§+z.co l:oz2
T 37 . . . .omT . T .
2—t0 4 ’ltoao 2.0 to 2.00 —1.00 to —1 -2-t0§—z.oo
3 . . . . .
e to 1.0 toz.0 —wto —1 —1t0—2.0 a—1.00tom
S . . . . .
'n-t.o—-4 —12.0to—2.00 -1 to—o0 1.0 to e mtomr+1.20
b 3w . . . . 3T . 3
4 to—? —w to -1 1.00 to 7.0 1 to 7.00 —2»-+1,.oc tO?
3, 1w . . . . 37, 3w .
35 to-4 —1to—m —1.0to—7.00 —7.0to—1 2 to-2——z.w

Hence the sine, cosine and tangent of any angle, real or purely
imaginary, can have any value. real or purely imaginary. There is a dis-
continuity in the value of iy at the critical lines, where the value of iy

is increased by 7;

In the preceding by the introduction of the line # 4+ @ =0 values of
sin f; and cos 6; have been obtained with different signs. Thus both

the signs which may be given to VAh*— a® have been taken into account.
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Values of an imaginary angle.
Let yo' be the general value of 3 Lo ]+2?z and let yp be its principal value.
Then since
1+tan @ . 1+tanéd
Lo B 1 tan 0—21rlu+lug 1 tan d’
it is seen that Wo'=—nw+1Yg. weevreninnns cetarrerienieenaeaiaens (1)

To derive the values of sin §; and cos 8, between 34 a,nd - f1 om those between
—% and 3T"’ yp must be increased by .

Expressing for shortuess the fact that Zyy and iy, give the same values of the
sine, cosine and tangent of 4 and €', as (yy =iy, the following results are arrived at.

~tand 1+tané
(@) - _$L51+tu 6~ %L"l tang’
Therefore W _g= —1ge wrererrererrinniinnenns crerrereiraennes @)

On reference-to the values of the sine, cosine and tangent this is seen to be true.

—cotd | tand+1 _ . L+tand
®) Soryr=1L 0°1 Feotd™ "'Lobtana—l_tLUgt_ Ln!’l tané

T
= il2—]/0.
Therefore Yotyn= I:—;— Y-

There is an ambiguity as to the sign to be taken in + 12"

Let the first quadrant be that from — " i to 1 , the second that frnm t( 4 , the
[
third that from ';: to of and so on.  Let m denote the quadrant in which the arm
of the angle 8 lies. Then if the above result be written in the form
; = me1 ™ _ o % ii
1y'+h—(—1) g T e (ii)

it will be found to be true on reference to the table of values.
Hence it follows that

. m .
Yo4n=—(=1""15 =gy,

Hence Woym=—(=1)"*1m 41y,
which is in agreement with (1). If 7 be added or subtraeted the results differ by
2, hence this result may be stated in the form 3y, =m+12y,.

* This result may also be written in the form

. _2m-1 .
Worgn= g T~ Ws:
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1+tand
1-tané

I +coté .
() ym-o=4 Log] —cotd= +Log {+4 Log

1+t:m[|0

. T
_il§+§h)g 1—-tand’

If we be defined as in (h) this formula may be taken in the form

Wymeg= (=D Ty i (iif)
On reference to the table of values this is found to be true.
. m ... . m .
If 8 be increased by g (iii) becomes iy _p= -- (- 1)ym+1 7 Yoryn:

This, remembering that {y_,= — iy,, is (ii).

l1+tan(0+7)

l4+tan 8
L—tan (@+m~ 3 10

@ Yoy n=41og ®1—tand’
Hence it would seem that Yg...a=1g- This on reference to our table of values
of sine, cosine and tangent is not true.  In fact our geometrical restrictions require

1+tan (0+ ) .
a1t

1—tan(0+m) haws it

This result is then in agreement with those already obtained for

Wo+n ="+

us to agsume that Log general value and this in fact is y,—im.

72. Construction of the sine, cosine and tangent of « purely imaginary
angle by means of the imaginwry branch of « circle.

Let OX and OY be a pair of orthogonal lines. Take a circle centre
O and radius @. Draw its real branch and also the two imaginary
branches* (1, ) and (i, 1) corresponding to the axes OX and OY.
(1) Through O draw any real line OF to make a real angle with
0OX. Then if this line meets the real branch in P,
PN . PN ON
t.mH—UN, sin @ = o cosﬂ——av.
(2) Through O draw an imaginary line OP’ to make an imaginary
angle 6; with OX. Let OP’ meet the imaginary branch (1,1) in P’
Then, since the measure of the distance of every imaginary point on the

curve trom 0 is q,
13\ 7 AT/ ’

a7s SIné;= cos 6; = -—
ONI b 1] a 3 1 « >

where N’ is the toot of the perpendicular from P’ on OX.

tan 6; =

* These are respectively the branches for which the coordinates are z, iy, and i, y.
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(3) Through O draw an imaginary line OP” to meet the (2, 1)
branch in P”. Lect this line make an angle 8; with OX. Then as in
the previous case

_lJ,,_i\'II IJVI \('V U_‘ ’”
smf;=" -, cosb;=- .

ON' ' @ ' @

where N” is the foot of the perpendicular from P” on OX. In this case

P”N "’ is real and ON” is imaginary.

‘\M N/

tan 6; =

r

| SRR |

/’ \\
.~'H Y’ G,

Hence, if the point £ be supposed to move along the real branch
from A to B, and from B to = (a critical point) along the (7, 1)
branch, and then from e to 4 along the (1, ©) branch, it will deseribe
a closed curve in the quadrant O.X, ) and the angle, real or purcly
imaginary, which OP makes with the axis OX is such that its tangent is
PN
ON’
PN the ordinate and ON the abscissa of .

In this case the trigonometrical functions are obtained from a right-
angled triangle, the hypothenuse of which is a real quantity «, while
one side, that measured along the axis of X, takes all real and purely
imaginary values.

. . PN . . ON . . . .
its sine, - s and its cosine, 0 where a is the radius of the cirele,
a
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The values of the sine, cosine and tangent of the purely imaginary
angles obtained by rotating the imaginary line through 27 round O for
the ditferent semi-quadrants are the same values as those in Art. 71,
but they occur in different order.  The reason of this is as follows.

In the preceding the intersections of the line gy = ma with the circle
2® + y* = ¢® are sought for and it is found that 2®= i f-':'n*' Ifm<1
the values of z are real. This is the case along the branch AB. If m>1
there is no real valuc of «. 1In this case the intersections of the linc
with the circle are given by writing the equation of the line in the
form —y = mir. 'This is a line in the quadrants 2 and 4 and it meets
w*m?

v el 2= -
the circle, where ¥ 17

i.e., for real values of y, where m >1. Hence

the line after having met the curve along the branch K to L meets.it
along the branch M to N. Similarly it again mneets the curve from £
to F' and finally from @ to H. If the values obtained are interchanger
in such a way as to take this fact into account they are found to be in
agrecment with those previously given.

If, in accordance with the suggestion thrown out in Art. 126, the 7y
axis be taken in the direction OY” and not in the direction OY. the linc

o . . . . . .
a/ = meets the circle in consecutive points, which lie from 4 to K,

4

G to H, F to B, M to N, and from L to A.

73.  Analytical verification of the fact that the definition of un imaginery angle
i3 in agreement with the anulytical theory.

If «a?4+2hxy +byt=0 be the equation of a pair of straight lines referred to
rectangular axes and 8 be the angle between them,

Consider the pair of conjugate imaginary lines y—ime=0 and y+ima=0. Their
combined equation is y%+m%2=0.
Substituting in (1) it is seen that
2y —m? 2im
T+m: — 14me
If 46; be taken as the angle between one of them and a bisector of the angle
which they contain, then

tan =

tan §6;=1m.
2tm
Therefore tan 6;= Trm?’

which is in agreement with (2).
Hence the angle given by the definition of Art. 67 is the same as that given by
the ordinary analytical formula.
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74. Eccentric angle of an ellipse.

(a) Construct the real branch, the (1,7) branch and the (7, 1) branch.
Construct the auxiliary cirele and its (1, v) and (¢, 1) branches. Let a
and b be the semi-major and semi-minor axes of the ellipse so that its

2 2
equation is :: + %; =1 and that of the auxiliary circle 22+ y*=a* Take

P,, P,, P, points on the real branch, the (1,7) branch and the (7, 1)
branch respectively of the ellipsc and let the ordinates P, N,, P,N,,
P, N, at thesc points meet the corresponding branches of the auxiliary
circle in Py, P/, Py respectively. Then, if the angles £/0OX, P/OX,
PJOX be 8, 6, and 6,; 6, is real, 6, is purely imaginary and < tan—i<,
and 8, is purely imaginary and > tan—/, and the lengths 02/, OP,,
0Ly arc real and equal to a.

Then ON,, ON,, ON, are respectively wcos®,, acosé,, acoséb,.
Hence from the equation to the ellipse P,N,, P,N,, P,N, are respec-
tively bsin 6,, b sin 8, and bsin 6,, where « cos 6, and b sin 8, are imaginary.
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Hence a cos 6, bsin @, where @ can have all values, real or purely
imaginary, are the coordinates of points on the real, the (1, 7) and the
(7, 1) branches of the curve.

(b) Construct the rcal branch, the (a, B) branch* [see Art. 127] and
the (8, a) branch. Let ¢’ and I’ be the semi-conjugate diameters 04 and
OB of the curve corresponding to these branches so that the cquation

B Bl
/(a

S Qe
.
s v @B
. s ’ .
. ‘ P ; K Q'z
=~ - ' .
N 1 ] ! ’
Q L
~o == ' 1 ’
A ¢
L}
L
.
'
1
'
'

SN

.
/
P
7~ cmmm—.

N,

. . Y [T
of the curve referred to these diameters as axes is i + i)/ ,=L1L On OB

take two points B and B/’ at distances equal to OA4 from 0. Deseribe
an cllipse through 4, B’, .{°, B, to touch the given cllipse at A. The
equation of this ellipse is 2°+3y*=a™ Construct the imaginary
branches of this cllipse corresponding to the axes 04 and OB.

Take P,, P,, P, points on the real branch, the (a, 8) branch and the
(B, @) branch respectively of the ellipse, and let the ordinates P, N,,
P,N,, P;N, at these points mecet the corresponding branches of the
cllipse 2* + y?=a” in P/, P,, P/ respectively. ON, and ON, are real

* This is the branch for which the coordinates are .r, iy, the axes of coordinates being
the conjugate diameters of the curve, which make angles a and 8 with the major axis.
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and ON; is purely imaginary. Through N,, N,, and .V, erect perpen-
diculars N,Q,, N.Q., and N,Q, equal respectively to V, P, N, P,, and
NP/, the first and third of which are real and the second purely
imaginary. Let @, 0N, Q,0N,, and Q,0N, be 6,, 6., and 8, respectively.
Then 0Q2=O0Nz+ N,Q*=ONz2+ N, P/t ="
Similarly 0Q: = 0Q2 =a™

Therctore ON,, ON,, ON, arc respectively a’cos 8, ' cos 8,, and
@’ cos 0,. Hence from the equation to the ellipse P, N,, P,N,, P, N, are
respectively bsin 6,, b sin 8., and b sin 6,.

Hence acos 8, bsin 8, where 6 can have all values real or purely
imaginary, are the coordinates of points on the real, the (a, 8) and the
(B, a) branches of the curve, the axes of coordinates being inclined at an
angle 8 —a. If the major axis is taken as the initial line the ceeentric
"angle of a point on the (a, B) branch is of the form (a + 6;). Henee, if a
be constant, points on this branch are obtained by varying 6;, and the
different (a, B) figures are obtained by varying a.

The locus of Q,, Q., @, ... is a circle described on A 4’ as diamncter.

(¢) Similarly the coordinates of a point on the hyperbolac

2 2 2 2
U1 and ="+ y,, =1
at b a b

may be expressed in the form ¢ cos 6, ©b sin 8 and i@ cos 8, b sin 6, where 6
can have any value, real or purely imaginary. If the axes are inclined
at an angle o the points lie on (a, 8) and (8, a) branches, where a and
B give the pair of conjugate diameters, which are inclined at an angle w.

Consider gencrally what is represented by the point
wcos (8 + 56,), b sin (6 + s6,).
These coordinates may be writtenr
a cos @ cos 56, — a sin 0 sin s6,, bsin @ cos s6, + b cos @ sin s6,.

Now, if cos 86, is real, sin 86, is imaginary and vice versa. Considering
the real and imaginary parts of these coordinates and assuming that
cos 86, is real, a point is given by a real length

Vatcos* 0 + b*sin? 0. cos s6,,
. — . bsin6 . .
measured in a direction making an angle tan™ wcos 6 with the axis of
z, and by an imaginary length

Va2 sin® @ + b? cos? 6 . sin s6,,



108 The Imaginary in Geometry

0 . .
measured in a direction making an angle tan™' — 3—:?2— 0 with the axis
of z. afcos?@+ b?sin?@ and a®sin? @ + b* cos* @ are the squares of semi-
conjugate diameters of an ellipse of semi-axes a and b, the eccentric
angle of the end of a diameter being 8. Their directions are also the
direction of a pair of conjugate diameters, for if m and m’ be the tangents
of the angles which they make with the axis of z, then

— b2 gip 8 cos _9_ b?_
M =T wrcos Bsm BT @b
Hence if s6, = 0, the real branch of an ellipse of semi-axes ¢ and b is
given; if =0, the (1, 7) and (v, 1) branches are givén; if @ has a con-
stant valuc the (6, ¢) and (¢, 6) branches of the cllipse are given, where
¢ is the angle which the diameter conjugate to the diamcter given by
@ makes with the axis of .

75. Evaluation of integrals.

ax+h

If sin 0=v~ml), then cos a_'\//;f—- Azt +2hw + D,
az+h dé —iJu
tar 6———— -and - =—.
- tNe a2 ¥ 2ha+0 Az~ \JaP+ 2+’

whatever are the values of «, £, b and z, provided « is not zero. These results may
of course be applied for the evaluation of integrals. Thus if it is required to
evaluate the integral

f f (W5 2hz + ) du,

this integral may at once be written as
2 g,
jf (\//’ °;b o8, 8) . ﬂl ab cos 8d6.
ta «

An integral of the form X

j f(ar?+2hz+b, 2)dx
becomes at once

2_ 2—gbsin 8-
f s (a/:_»Jaab cos i’ii”fﬂﬂ) VB =ab s g do.

a

It may be noticed that
dsin i =7 sin (z’ﬂ + 1—r)
dé 2/’
dcos76

~do =%Co8 (:’0+E)
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76. Tracing of imaginary straight lines.

Let the equation of the pair of lines considered be
Y A M2 =0, oo (1)
the axes being rectangular.

(1) Draw a system of straight lines parallel to the axis of y. Any
one of these straight lines PNP’ will
meet the axis of 2 in a real point N, vy
and the pair of straight lines in a pair
of conjugate imaginary points I and -
P’. The locus of the points P and P’ st
so obtained is a pair of lines OF and | -8
OP’, which make angles tan=(+ <m) - N X
with the axis of a. ~~

(2) Change the axes f coordi- R4
nates so that #sina — ycosa =0 and
xsin B—ycos B =0 are the axes of z
and y respectively, the angles a and B being real.

The equation of the pair of lines is then
X2(sin® a + m? cos?a) + V2 (sin?8 + ? cos*B)
+2X Y (sinasin 8+ m?cosa cos 8) = 0.
Let tana tan 8 =—m* Then the equation is
sin’a + m?cos? a

2 2 _ =
yi+X sin? 8 +m?cos* B
. sin 2a _

or Y—ngin2/3—0

or ye— YzM—m’M'

M —m2M
iftana= a4 and tanB=M"
Hence if m*=1 the ecquation
becomes Y2+ X*=0.

The locus of the points of
intersection of the given lines
with reallines parallel to the new
axis of y, can as in the previous
case be shown to be a pair of lines OP and OP’ which pass through 0,
P and P’ being conjugate imaginary points.
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If tan a tan 8 = — n¢® the lines y —ztana=0 and y — » tan 8 =0 are
harmonic conjugates of the lines y2 +m?2? =0. They are also a pair of
conjugate diameters of the cllipse :: + gz =1if (I: =m.

Hence the graphic representation of a pair of conjugate imaginary
lines is as follows. The pair of conjugate imaginary lines are the
double rays of a real overlapping involution pencil. All pairs of real
conjugate rays of the pencil are harmonic conjugates of the pair of given
lines. If any pair of these conjugate rays be taken as axes of coordi-
nates the graph of the pair of imaginary lines with respect to these
axes is a pair of straight lines through their real point. By varying
the pair of conjugate rays which are taken as axes all points on the
given straight lines can be graphically represented.

. » e . . . . . .
To construct the point of intersection of « real line with wn tmaginary
line.

Take as axes of coordinates the
biscctors of the angles between the
imaginary line and its conjugate
imaginary line. Let the combined
equation of thesc lines be

¥4 miz?=0.

Let the given real line () make
an angle 8 with the axis of .

Draw through O a line, making
an angle o with the axis of «, where

tan a tan 8= —m? to meet [ in N.
Let ON=h. .
Then the cquation of the lines P'

Y+ m*z? = 0 referred to ON and a
line parallel to ! through O as axes is

. 1810 2a Y . sin 2
y: - x50 20 _ N
X sin 28 0, or X e sin28’

Therefore =~ NP=— NP'——qh \/ _ sin 2«
sin 28
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Hence P and P’ are a pair of conjugate imaginary points and for
lines parallel to / they lie on the lines OF and OP".

The required points P and P’ are the points of tntersection of | with
the graph of the lines, for which the imaginary axis is parallel to | and
the real aais is the harmonic conjugate of this line with respect to the
pasr of imaginary lines.

If the point 4 where the line { mects the axis of .Y is fixed and 04 =K, it may
be easily deduced that, when 8 varies, the locus of A is the ellipse

¢4,
SR

If the values &y + iy, v, tan a+7z, tan B [see Arts. 129 and 132] are substituted
for v and y in y2 4 w2 =0, it follows at once that

. aE tan
tan a tan 8= —m* and l~'z= - t;ﬁ:l .
) a
w n tan
Therefore vl= o =F _‘__n,’_ﬁ .
Ly H

7. 1o find the imaginary angle, whick the line O in the preceding makes
with the uxis of .

Tet B—a=w and I”0.\" be 6

Then from the equation of the line
N/x~4iu—a 'Y _ siné
sin2B8° ON ~ sin(w+6)

Therefore sin w cot §+cos w= \/ sin 28

sin 2a

Now @ will generally be a complex angle. Let §=6,+380,. Then

tan 4, + tan sé,

tan §=tan (0,+.903)— “tan 6, tan s,

. 1—tan @, tan s6, \/ sin 28
Therefore sine— 8, % tan 0, +eos w i 2
Equating real and imaginary parts, since \/ S 2a is imaginary,
. sin 2
8in w+cos w tan 6, = \/siri —25 tan s6,, ...... Ceveereraenenns (1)
and (cos w —sin @ tan @) tan sd,=tan 6, Sin -2 B e, (2)

sin 2a
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Therefore (8in @ + cos w tan 8,) (cos @ — sin o tan ;)=tan 6, g;—::—-:g,
or sin (w + 6,) cos (o+6,)=sin 8, cos 6, 31:1 ;—5 .
Therefore sin 2a sin {20 +26,} =sin 26, sin 28,

whence it follows that 6,=a.
Let §;=a in (1), then )
sl w +cos @ tan a= \/sgu 28 tan 86,.
sin 2a

Therefore \/ Sina HnB_ e,

cosa  cospB

Therefore im=tan 86,.
Hence the angle P'O04d=N0A-NOI

=a— (a4tan~!im)

= —tan~1(im)=tan (—im).
This is the angle which the line y + tmz=0 makes with the axis of .

It will be noticed that in the preceding the positive sign was given to \/ ::: ;/:

in the first equation, The reason for this is set forth in Art. 126.

78. Critical lines and the circular points at infinity.

Consider the double points % and E’ of an overlapping involution,
which is orthogonal at 8. If SO be the per-

pendicular from & on the base, then ) £ o
OE=—0F' =i.80. T
Hence if P be any point on SE and N .
the foot of the perpendicular from P on 80, 4 N
S0*+ OE?*=0 and SN+ PN*=0. N 78
Hence the measure of the distance of any /’/
point on one of these lines, SE and SE’, o
from the point § in which they intersect (or ,1'

from any other point on the lines) is zero.
These lines are termed the critical lines of the point (see Art. 22).
They are the locus of all points in the planc the measure of whose
distances from S is zero.

Since the measure of the distance between any two points on one of
these lines is zero, the definition of the sine and cosine (and hence also
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of the tangent) of the angle between two lines fails, when one of them
is a critical line.

It may be noticed that even the formula c2=u«?+b*—2abcos C fails for a real
triangle in certain cases. -Let 4, B be two real A B
points at a finite distance apart. Through .1 i
and B draw two parallel lines 4 C, BC, to make N
given equal angles with 4B. Then AC and BC
meet at infinity.
In the triangle 4 BC, by the given formula
AB*=AC%+BC*-2AC. BCcosC
=(BC - AC), since cos C=1.
But, if BC'— AC represents anything, it re-
oresents the distance BN, where AV is the perpendicular from A on BC.

Hence AB2=BN?.
This obviously is not true unless € lies on AB. Since even the formula quoted

fails in certain cases for a real triangle it is not a matter of surprise that it and
other formulae should fail for imaginary points, lines, and angles in certain cases.

[»)

Generally a real or an imaginary straight line meets the critical lines
of different points in the plane in different pairs of points. But this is
not the casc with “the line at infinity.” On the line at infinity, regarding
the region at infinity as a straight line, all involutions of orthogonal lines
through ditferent vertices determine the same involution and therefore
the critical lines of different points meet the “line at infinity ” in the
same pair of imaginary points. Hence the critical lines of a point may
be regarded as the connectors of the point in question to this pair of
points which have been termed the circular points at infinity, but may
be better called the critical points of the plane. (See Art. 22.)

For the graphic representation of the critical lines of a point see
Arts. 76 and 147.

Hence unless two points are situated on « critical line it follows that,
if the measure of the distance between them is zero, they must coincide.

 Analytical. The equation of the pair of bisectors of the angles between the lines

0TV _2y
.l‘2+"’/2—0 18 1-1 —F.
lines are indeterminate.
It may be noticed that, if it be assumed that the addition formula holds for the

Hence the bisectors of the angles between a pair of critical

tangents of angles involving the angle s E—, then whatever angle « may be

tan <a+a g) =1, unless tan a+:=0.
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The value of y, which corresponds to the value s } of 36 in the formula
:’:;:_Z, is infinite. Hence « finite addition to y does not generally make
any difference in the value of .

"The critical lines through a point have an equation of the same form whateve
pair of lines at right angles through the point are taken as axes of coordinate:
(see Art. 76). Let the coordinates of any point referred to rectangular axes b
2z and y and those referred to another pair of axes &’ and 7/, the two systems o
axes being inclined at an angle a.  The equations of the critical lines of the origil
referred to the first axes are 2+iy=0and # —iy=0 and those referred to the seconc
axes are 2’4+ =0 and 2'—y'=0. If the second axes are rotated through a
angle a by means of the usual substitutions, the first equations are obtained fron
the second.

The critical points in a plane and the critical lines generally are considerec
in Art. 147.

79.  The perpeadicular from a given point x'y' on an tmaginary line ax 4+ by +c=0

In the same way as when the line and point are real it may be proved that the
perpendicular from the point 2’3’ on the line is

ax' + by +¢
Naty b
Equation of the biscctors of the angles between « pair of conjugate imaginary lines
Let the equations of the lines be
ax+by+eti(dr+by+c)=0
and ar+by+ec—i(d a4+l y+c)=0,
or shortly L+iL’=0 and L-z/l/=0.

Equating the perpendiculars from any point on the two lines and squaring, the

equation is found to be

tan s =

L2- L _Lr
@b = (@' 462 ad +0b°
or (ll.‘l,'+»b.f/ +¢)t— (a’.:f+l)’4/_fi/_)2= (ar+by+e)(Cax+Vy+c) m
(+ 0% = (24 0% au’ + bl o

If e=c¢’'= 0, the combined cquation of the lines is
(az+by)t+ (' x4+ y)?=0
and by the usual formula the equation of the bisectors of the angles between thesc

lines i V.
-y _
Wd2=0 =02 wb+e'b’

If ¢ and ¢ arve made equal to zero in (1) the two equations may be shown to be
identical.

80. Systems of lines through a point.

From the carlier articles of this chapter it will be scen that a real point contains:

(1) an infinite number of real lines determined by real angles measured from a
base line drawn through the point:
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(2) an infinite number of what may be termed purely imaginary lines determined
by angles, which are entirely imaginary, measured from the base line:

(3) an infinite number of infinite systems of imaginary lines—whose determining
angles with reference to the base line are complex angles, i.e., angles which may be
expressed as the sum or difference of real and purely imaginary angles. Each infinite
system may be obtained by measuring imaginary angles from some real line of (1),
or by measuring real angles from some line of (2).

The system of lines through an imaginary point is of the same nature except for
the fact that the point itself is imaginary.

The above should be compared with the statement as to points on a real line
given at the commencement of Art. 51.

Systems of lines through a real and through an imuginary point considered in
reference to the critical lines. Through every real point there passes:

(1) a pair of lines termed the critical lines of the point. These lines are the
connectors of the point to the circular pointy at infinity :

(2) an infinite number of pairs of real lines, which are harmonic conjugates of
the critical lines and are therefore at right angles, also an infinite number of pairs
of imaginary lines, which are harmonic conjugates of the critical lines and therefore
at right angles. Such pairs of imaginary lines are not generally pairs of conjugate
imaginary lines.

Since every line through a point has a conjugate in every involution at the
point it follows that (2) includes all the lines through the point.

(3) an infinite number of pairs of conjugate imaginary lines. Each pair of such
conjugate imaginary lines has a pair of the real orthogonal lines of (2) for the
internal and external bisectors of the angles between them. Those pairs of conjugate
imaginary lines, which have the same pair of real orthogonal lines for bisectors, form
an involution of which the real bisectors are the double rays. The critical lines
being harmonic conjugates of all pairs of real orthogonal lines through the point are
a pair of conjugate rays of all such involution pencils.

Through every imaginary point there passes:

(1) a pair of critical lines which are the connectors of the point to the circular
points at infinity :

(2) one real line which is its connector to its conjugate imaginary point :
(3) a line perpendicular to this line, which is real except in so far as it passes

through the imaginary point, i.e. this line would be real if the imaginary point were
lovked upon as the origin :

(4) an infinite number of pairs of lines which are harmonic conjugates of the
critical lines and are therefore at right angles. These pairs of lines divide themselves
up into two groups (a) those which would be real if the point were taken as origin
and (b) those which would still be imaginary :

(5) an infinite number of pairs of lines obtained by joining the point to pairs of
conjugate imaginary points. These pairs of lines have the pairs of lines (a) of (4)
for biscctors of the angles between them, and those pairs which have the same pair

8—2



116 The Imaginary in Geometry

of bisectors form an involution. The critical lines are a pair of conjugate lines of
all these involutions.

Hence, as might be expected, the system of lines through an imaginary point is
the same as that through a real point, except for the fact that the point through
which they all pass is an imaginary point. This also follows from the fact that
the origin may be regarded as either a real or an imaginary point. The same was
shown to be the case for real and imaginary straight lines.

If a+1b, h+1k be an imaginary point the equation of the real line through it is

.z';q =Y z_-h and the perpendicular line ‘?7—2_—“’ +¥ —lz—z'lc=0‘

81. Theorems connected with projection.

If five points A, B, C, D, E, are situated on an imaginary straight
line, other than a critical line, and (ABCD) = (ABCE), then E and D
coincide, AC', AD, etc., being the measures of the distances between the
points.

The imaginary line can be rotated round its real point into coincidence
with some real line through that point. In this position 4, B,C, D, E,
will coincide with points 4,, B,, C,, D,, E, and the anharmonic ratio of
any four of the points 4, B, C, D, E will be equal to the anharmonic
ratio of the corresponding four of the points A,, B,, Cy, D,, E,.

Hence since (ABCD) = (4BCE),

(4,B,C,D,) = (A,B,C, E,).
Therefore D, E, must be zero.

Hence the measure of D& must be zero.

Thercfore unless /), £ are on a critical line they must coincide
(Art. 78). This result may also be obtained by equating the an-
harmonic ratios of the measures of the distances between the points.

Two projective ranges on an vmaginary straight line have a pair of
self-corresponding points, real, coincident, or tmaginary.

This follows in a similar way from Art. 21 (b).

82. (1) A pencil with an vmaginary vertez is intersected by all
real transversals in ranges which are equi-anharmonic,

This has been proved in Art. 21.

(2) A pencil with an imaginary vertex is intersected by all imaginary
transversals in ranges which are equi-anharmonic.

This theorem may be proved as in Arts.[10] and [11] of the Principles
of Projective Geometry. The proof there given depends on the fact.
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that the sides of a triangle are proportional to the sines of the opposite
angles, and this theorem has been shown to be true for an imaginary
triangle, provided that no side is a critical linc.

The theorem may also be deduced from the general case of Menelaus’
theorem (Art. 65) as follows.

Let S be the vertex of the pencil and let two imaginary transversals
meet the rays in 4, B, C, D,
and 4', B, ", D’ respectively ?
and intersect at O. Through §
draw any line to meet the trans- S
versals in U and V. Let the ~Ael
ratiosof 4, B,C, D, A’, B',C’, D’ ; c.
and of S with respect to the S5
vertices of the triangle OUV Sl
be a,b, ¢, d, &', V', ¢, d’ and s i
respectively.

Then by Menelaus’ thecorem

ad’'s=1, bb's=1, cc’'s=1, ete.

Therefore ad' =bb' =c¢' =......= 1 .

8

Therefore (ABCD)=(A'B'C’'D’).

The point O is obviously a self-corresponding point of the ranges.

Correlatively the pencils formed by projecting a range situated on an
imaginary line from two imaginary points are equi-anharmonic.

This may be proved in a similar way to the above by the general
case of Ceva’s theorem (Art. 65).

(3) If two pencils unth vmaginary vertices have the connector of their
vertices for a self-corresponding ray, all pairs of corresponding rays
intersect on a fized straight line.

Let s be the line joining the vertices S and S’ of the pencils. Let
corresponding rays a, a’ and b, ¥/ .S
intersect respectively at 4 and AN
B. Join AB by the line u. Let o lg e U
d and d’ a pair of corresponding F
rays meet % in D and D’ and let ;o \

SS’ meet  in O. F S

Then (ABOD)=(ABOD’).  -—-4""-f-g—4 T

Therefore D and D’ coincide (Art. 81).
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Conversely if three pairs of corresponding rays intersect on a straight
line, the connector of the vertices s a self-corresponding ray.

In a similar manner it is possible to prove the correlative theorem,
viz., if the point of intersection of the buses of two projective ranges is «
self-corresponding point, then the ranges are in plane perspective.

Conversely if the connectors of three pairs of corresponding points of
two projective ranges are concurrent, the point of intersection of the bases
18 a self-corresponding point.

If two projective pencils are such that for three pairs of corresponding
rays the angles between the rays of one pencil are equal to the corre-
sponding angles between the rays of the other pencil, the pencils are said
to be equal and the angles between all pairs of corresponding rays are
equul. )

This follows from the preceding.

83. Real and imaginary correspondence.
If & pair of corresponding elements of two superposed projective forms are given

by a relation
Az¥' + Ba+Cé' + D=0,

where 2, #’ determine pairs of corresponding elements, the correspondence is said
to be real if A, B, C, D are rcal.
If pairs of corresponding clements are given by a relation
(A+id") 22’ +(B+iB) 24+ (C+:C) 2 + D+iD =0,
the correspondence is said to he imaginary.
(1) Any pair of superposed projective pencils with a real rertex, and any poir of
superposed projective ranges on « real base, have eithei two real elements of one which

correspond to two real elements of the other or a pair of conjugute imaginury elements
of one which correspond to a pair of conjugate imaginary elements gf the other.

Consider the correspondence of two superposed projective ranges on a real base.
This is given by

(A +id") 22’ + (B+iB) e+ (C+iC") ¥ +(D+ilr)=0.
The real clements are given hy

Az’ +Bx+ 0y + D=0,
and Avx'+ Bx+4C'v'+1)=0.
Therefore (A'B-AB)24(CA' - C'A) X' +(A'D- AD)=0, ............... (1)
and (BA'-BAd)a*+(BC' - BC+DA’' - D A) e +(DC’ = D' (")=0.

The roots of this quadratic are cither (1) a pair of real quantities or (2) a pair
of conjugate imaginary quantities. From (1) these correspond to a pair of real
quantities or to a pair of conjugate imaginary quantities.



Imaginary Correspondence 119

The theorem for a pair of pencils is obtained by joining the points of the range
to two real vertices.

(2) Every pair of superposed projective pencils with a real verter, and cvery pair of
superposed projective ranges on a reul base, have two elements of one which correspond
to the conjugate imaginary elements of the other, either cach to its own imuginary con-
Jugate or eack to the imaginary conjugate of the other.

Write y+7y for z and y— iy’ for &’. Then equating rcal and imaginary parts it
is found that

AP +y")+(B+C)y+(C' =)y + D=0,

and L PR+yD+B+C)y+(B-C)y + D' =0.
Hence Ky+ Ly +M=0, .ccocovvvvrniiniinniiiiiniiiinnens O]
where
K=A"(B+C)-AB+C"), L=A"(C"-B)+A(C—B), M=A'D—-AD,
and P (K2+ 1D+ y 2KM+ L (C*+C"™ = B* - B} + M?
+LZ{D (' -B)+D(C-B))=0. ... (2)

(@) If the roots of (2) are real, viz., y; and y,, the corresponding values of
9 from (1) give a pair of conjugate imaginary points, and two pairs of conjugate
imaginary points are corresponding points.
(b) If the roots of (2) are imaginary, viz, («¢+:D) and (a—1b), let the corre-
sponding values of 3 from (1) be (¢+¢d) and (¢—id).
Then (a+1b) and (c+id) give as corresponding points
(@+ib)+i(c+id) and (a+ib)—i(c+id),
i.e., (a—d)+e(b+¢) and (a+d)+i(b—c);
also (@ -4b) and (¢ —i«) give as corresponding points
(¢ —2b)+i(c—id) and (a—ib)—i(c—id),
or (e4d)—i(b—¢) and (w—d)—i(b+c).
Hence the theorem is proved.

84. The following arc immediate consequences of Arts. 81 and 82 and may be
proved in the same way that the corresponding theorems for real lines and points
are proved in The Principles of Projective Geometry. They hold for all imaginary
points and straight lines, excluding critical lines and pairs of points situated on the
same critical lines.

(i) The properties of two triangles in perspective, Art. [13 («)].

(ii) The harmonic property of the quadrangle and quadrilateral, Art. [45].
(iii) Construction of harmonic conjugates depending thercon, Art. [46].

(iv) The involution property of the quadrangle and quadrilateral, Art. [56].

Also the properties of involution ranges and pencils hold generally for pencils
with imaginary vertices and for ranges on imaginary straight lines. Those for real
involutions are set forth in Art. 7.

Formulae connecting the angles of an imaginary pencil.
Let a, b, ¢, d be any four concurrent lines real or imaginary (excluding critical
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lines) and let ab denote the angle between the lines @ and 4. Then as in Art. [11]it
may be shown that the anharmonic ratio of the pencil a, b, ¢, d is
sin ac _sin ad
—= - bed).
sin b¢ sin @E(a )
The relations connecting the angles, when the pencil is harmonic, may be proved
as in The Principles of Projective Geometry.

85. Projection of points into the circular points at infinity.
To project by « real projection any pair of conjugate tmaginary
points into the circular points at infinity.

Let the given pair of conjugate imaginary points be the double
points of the involution 44’, BB, situated on the real line v in the
plane 6. Through'v draw any plane oy, and take any plane ¢’ parallel
to o, as plane of projection. On AA’, BB, in the plane o, describe
two semi-circles to intersect at S. They will always intersect since the
segments A A’ and BB’ overlap. Take S as centre of projection. Then
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the line v is projected into the line at infinity in the plane ¢’ and the
involution AA’, BB’ is projected into the orthogonal involution on this
line and its double points are the circular points at infinity.

To project a pair of real points into the circular points at infinity.

Let E and F, the two real points which are to be projected into the
circular points at infinity, be situated on the real line v in the plane o.

Through v draw any real plane a3, and let Q and Q' be the circular
points at infinity in this plane.

Join FQ and EQ’ to meet at S, and FQ’ and EQ to meet at S".

o o

>0’

Then, if a plane ¢’ parallel to o, be taken as plane of projection, and
S or 8’ for centre of projection, £ and F will be projected into £ and
Q. These points are the circular points at infinity in the plane o’ since
the planes ¢, and ¢’ are parallel.

In this projection v is projected into a real line, viz, the line at
infinity. S and S’ are a pair of conjugate imaginary points. Hence the
line SIS’ is real and its point of intersection O with v is a real point and
is projected into a real point O’ at infinity. The connector to S of any
other real point in the plane o must meet the plane ¢’ in an imaginary
point. For such connector, since it does not contain S’, must be an
imaginary line, and an imaginary line can only contain one real point.
The real points on the line go’ however remain real.
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If D be any real point on the line go’, the line DO corresponds to a
real line in the plane ¢’, viz., DO'. Hence a pencil of real lines through
0 in the plane o corresponds to a pencil of parallel real lines through ¢ in
o’. The real points on lines of one pencil correspond to imaginary points
on the corresponding lines of the other pencil with the exception of O

and O, which are both real, and the points on oo’ which are unaltered.

Hence, tf a pair of real points are projected into the circular points
at infinity, all real points in the plane are projected into imaginary points
with the exception of one point O, on the connector of the pair of real
points, and points on the line of intersection of the planes.

Consequently it is imaginary points on a locus in the plane o which
are projected into real points on the corresponding locus in the plane o,
and it is for such imaginary points in the plane ¢’ that thcorems are
proved, when they are deduced from the properties of rcal points in the
plane o. It is only if and when projective properties of real and of
imaginary points have been shown to be identical, that the process of
projecting real points into the circular points at infinity is justifiable as
a1 means of obtaining a theorem for real points.

SES'F is a scmi-real square of the second kind.

86. Projection of a semi-real quadrangle into a semi-real square.

(a) Let the quadrangle be of the first kind. Let 4, .1', B, I’ be the vertices and
EFG the diagonal points triangle, which is real. TLet
AA"and BB meet FG' in A and L. Project the pair
of conjugate imaginary points, which are the double
points of the involution determined by FG' and AL, into
the circular points at infinity. Then in the new figure

(1) the lines FAB, FBA' and FE are parallel, as
are the lines GB4, GA'B and GV ;

(2) the first three of these lines are perpendicular
to the second three lines ;

(3) the lines EA and EL are at right angles ;

(4) the lengths BE and EL’ arc equal, as are the
lengths AE and £4°. E

Hence in the new figure the two pairs of conjugate
imaginary points 4, 4" and B, [ are situated on tworeal —>a
lines £K and EL which are at right angles. Also \

EB=PBE and AE=FE4. Also since the pencil
(E.KLFG) is harmonic and the lines EF and EG
are at right angles, EF and £ are the bisectors of the
angle AELB. But -4 BG is parallel to £G and therefore by symmetry (or see Arts. 53
and 66) £A =EB.

4 4
F 3 F L
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Therefore the points 4, 4°, B, B are the vertices of a semi-real square of the
first kind.

(b) Let the quadrangle be of the second kind and let B and B’ be the pair of
real vertices. Then F( is the real side of the diagonal points triangle and £ is its
real vertex. F and G are a pair of conjugate imaginary points. Project these
points into the circular points at infinity.

Then in the new figure

(1) the lines F 4B, FBA' and FE are parallel, as are the lines GBA, GA'B’
and GE;

(2) the lines K and EL are at right angles ;

(3) the lengths BE and EB’ are equal, as are the lengths 4£ and £A’".

Hence in the new figure the pair of conjugate imaginary points .{, 4’ and the
pair of real points B and B’ are situated on two real lines KA and EL which are
at right angles. Also £B=8FE and AE=FE4’. Also the line 4B, which is
parallel to a critical line G, meets the real lines £4 and EB through £, which are
at right angles, in 4 and B. Therefore EA=7. KB [see Art. 78]. Hence d, A’, B, B
i4 a semi-real square of the second kind.

Conversely it follows that eack of the four sides of a semi-real square of the second
kind passes through a critical or circular point.

Signs of trigonometrical functions.

In Art. 56 the sine, cosine and tangent of the angle between a real and an
imaginary straight line were defined. In Art. 61 these definitions were extended to
the case of the angle between a pair of imaginary straight lines. In these definitions,
as far as the sine and cosine are concerned, there is an ambiguity of sign in respect
to the denominator. This arises from the fact that there is a geometrical ambiguity—
with real as well as with imaginary straight lines —in regard to the angle hetween
two straight lines. There are four angles, less than 2, between two given straight
lines real or imaginary and by changing the sign of the square root in the expressions
in Arts. 56 and 61 there are—both for real and for imaginary straight lines—
four sets of values of sin 8, cos 8 and tan @ corresponding to the four angles between
the straight lines.

Certain conventions are laid down in the trigonometry of real lines as to which
angles are those whose sine, cosine and tangent are represented by the expressions
in Art. 56. It is convenient that the conventions introduced, when imaginary lines
are considered, should be such as to make the sum and difference formulae, as used
for real angles, apply when some or all of the ungles considered are imaginary. The
expression /0P?+ 0@ —20P . 0Q cos w will in general be complex. It would seem
that the correct convention is, in the case of the angle between two imaginary straight
lines which has the smaller real part, to take the same value of

NOP:+ 02 - 20P.0Qcos o
in the expressions for sin 8 and for cos . This has been done in Arts. 57 to 64, in

which the sum and difference formulae for imaginary angles have been deduced. 1If
different signs are given to this expression in the values of sin 8 and cos 8, the angle
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m~ @, positive or negative, is ohtained. Generally it is believed that it will be
found best to assume—as in the geometry of real lines—that the real part of
VOPTX0Q2Z20P. 0Qcos w is positive, when it exists, and to follow the conventions
laid down in Arts. 71 and 72, when it is a purely imaginary quantity.

If the values of siné;, cos 6;, tan §; are obtained by the method of Art. 72—
in which the hypothenuse of the triangle is always real and positive—and if the
positive axis of 4y is taken in the negative direction of the real axis of y, it is found
that the values in question are the same as those given on page 100 with the sign
of 7 changed.

EXAMPLES

(1) Prove that the sum of the measures of the distances of a point on an ellipse
from the imaginary foci is equal to the minor axis.

(2) Prove that the sumn of the measures of the distances of a point on a hyper-
bola from the imaginary foci is equal to the transverse axis, the length of which is
imaginary.

(3) If two conjugate imaginary lines form a harmonic pencil with two real lines
which are at right angles, then the real lines are the bisectors of the angles between
the imaginary lines.

(4) Prove that the ratio of the measures of the distances of a point on an
ellipse from an imaginary focus and from the corresponding imaginary directrix is a
constant quantity which is purely imaginary.

(h) Prove that the equation of the chord joining two points on an ellipse
determined by complex cccentric angles 8 and ¢ is

‘EOOS 0+¢ +yslu a+¢=cog .a_ti)’
b 2 2
and that the equation of the tangent at the point is

'?cosa+bsm0_l

(6) Prove that the real and imaginary pn.rts of tho cccentric angle of the points
where the line y=mz +¢ meets the clhpse 2 + 1_2 —1=0 are respectively tun'l—’—,g;

-1 —mia?- bt

c

and tan~—! if ¢2>m2al 402

(7) Prove analytically that the real part of the angle between two imaginary
straight lines through the origin is equal to one or other of the angles between the
real bisectors of the angles between the lines and their conjugate imaginary lines.

(8) Prove under the same circumstances that the imaginary part of the angle
between the lines is the difference of the angles which the lines make with the
bisectors in question.



CHAPTER IV

THE GENERAL CONIC

87. Definition of a conic.

Let S and S’ be any two points real or imaginary; a, b, ¢ thrce
lines, real or imaginary, through S, and o/, ¥, ¢’ three lincs, real or
imaginary, through S’.

Then a, a’, b, V', ¢, ¢’ may be regarded as three pairs of corresponding
rays of two projective or equi-anharmonic pencils with vertices at S and
§’, and the ray of one corresponding to any ray of the other may be
constructed.

DEF. 5. The locus of the points of intersection of corresponding rays
of two projective pencils s a conic.

It follows immediately from this dcfinition that (1) a conic is com-
pletely determined when five points on it are given, and (2) that a
conic may be described through any five given points.

The definition is illustrated by the figure. In this figure a real
conic is determined by five real points S, 8’, 4,, B,, C; and the pencils
(S.4,B,C,)) and (S’.4,B,C,) are constructed. P is any imaginary
point on the conic. It can be constructed by means of the Poncelet
figure corresponding to the diameter OK, which is parallel to the real
line AA’BB'CC’ through the point P, and its conjugate diameter OL.
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By decfinition the pencils (8. 4,8,C, P) and (8’. 4,B,C,P) are projective.
This is the case if (ABCP)=(A'B'('P), wherc 4, B, C and 4’, B, ¢
are the points in which the rays of the pencils mcet the real line
through P. That this is true may be verified by the figure. If P’ be
the conjugate imaginary point of P, then the point A7, where OL meets
the real linc PP, is the mean point of P and P".

1f the angles 4, B, ¥, 8 determine four points on a circle the anharmonic ratio of

sin (@a—y) , sin (a-29)

Min (8= y) * sin (8=8)’ and that

sin®”Y  gin a3
2 2

sin /’;.. smﬁ 6

the pencil subtended hy these points at the centre is -

of the pencil subtended at any point on the circle is

2

Similarly, if a, 3, , 8 be the eccentric angles of points on the elhpse o +y 1=0,

the anharmonic ratio of the pencil subtended by these points at any point on the

. a- . a—298
sin =, Y sin 9

ﬁ'y ﬁ—

sin Sin T —-

cllipse is

If a,B,9 6 bc complex angles, this expression still represents the anharmonic
ratio of the four imaginary points on the ellipse (see Art. 74).

88. Through five given points, no three of which are collinear, only
one conic can be described.

In Art. 87 the five points 8, 8’, 4, B, C completely determine the
correspondence between the pencils whose vertices are S and 8”. Hence
the conic determined by the pencils with vertices § and 8’ is com-
pletely and uniquely determined. The only question which arises is
whether the same conic is obtained if, of the five points, S, §°, 4, B, C,
points other than S and 8’ are taken as the vertices of the pencils.
That the same conic is obtained may be proved as follows.

To prove that whichever of the five given points, which determine o
conic, are taken as the vertices of the two generating pencils, the samne
conic ts obtuined.

Let A, B, C, D, E be the five given points. Join A to C, D, E and
Bto C, D, E. Let a pair of corresponding rays of the pencils so deter-
mined meet at . Join CF, and let CF meet BD, AD, BE and AE in
K, L, M, N respectively. Then F is the second sclf-corresponding
point of the ranges CKM and CLN and is a point on the conic deter-
mined by the pencils with vertices 4 and B.
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Hence (CFKM) = (CFLN).

Consider the pencils, DC, DB, DA and EC, EB, EA whose vertices
are D and E. They determinc ranges CKL and CMN on the line CF,
and the second sclf-corresponding point of these ranges is the second
point in which the conic determined by the pencils, vertices D and E,
meets CF. Lot F' be the second self-corre- -
sponding point. D

Then (CF'KL)=(CF'MN) C F
which is the same as (CF'KM)=(CF'LN).

But (CFKM)=(CFLN).

Therefore F' and F’ coincide and the two (3
conics mect the line CF in the same pair of A
points and are therefore the same conic.

Converse.

If A, B,C, D, E, F arc six points on a conic the pencils subtended
by the other four points at A and B are projective. But the five points
A, C, D, E, F determine the conic and B may therefore be regarded as
any point on the conic determined by these five points. Hence at any

point on a conic four given points on the conic determine a pencil of
constant anharmonic ratio. -

Hence it follows that « conic may be looked upon as the locus of «
point at which four given points, which are on the conic, subtend « pencil
of constant anharmonic ratio. It is sometimes convenient to look upon
a conic from this point of vicw.

89. Ewvery straight line, in the plane of « conic, meets the conio—
unless it breuks up into a pair of straight lines—in two points which may
be real or tmaginary, and may be coincident.

If any two points on a conic be joined to four other points on the
conic, the pencils so formed dctermine two superposed projective ranges
on every line in the plane. The conic meets each line in the self-
corresponding points of these ranges, which are two points, real,
imaginary or coincident (Art. 81).

There is one and only one tangent at every point on a conic, which
does not breuk up into a pair of straight lines.

Let the conic be determined by five points 4, B, C, P and O, real or
imaginary. For every point P’ on the curve (I”. ABCP)=(0.ABCP).
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Let P’ be a point a»djaceht to P. Then (P'. ABCP)=(0.ABCP).

Since P’A, P'B, P'C and the anharmonic ratio of the pencil
(P'. ABCP) are given, the line PP is a given line and is uniquely
determined. This straight line is termed the tangent at P and contains
all the points on the curve infinitely near to P.

If P is real there will usually be a real point on the curve infinitely
ncar to P and also an imaginary point infinitely near to P. Both of
these points lie on the tangent at P.

90. Given two tangents to « conic and their points of contact, to
construct the tangent ut any other point on the conic.

Let the tangents at Band C
meet at A. Take P and @
any two points on the conic
and let CP, BQ intersect at M
and mecet 4B and AC in C’
and B’

Then

(B.BPQC)=(C.BPQO).

Therefore,
(C'PMC)=(BMQB')=(B'QMB).

Hence C'B’, PQ and OB are concurrent, at a point 7. Let P and Q
coincide. Then C'B’, BC and the tangent at P arc concurrcnt. From
the harmonic property of the quadrangle TC'PB it follows that, if TP
and AC meet at R, the range A RB’C is harmonic.

Hence to construct the tangent at any point £, join BP to meet
AC at B’ and construct R the harmonic conjugate of A with respect to
B, C. Then PR is the tangent at P.

Four fixed tangents to a conic determine ranges of constant anharmonic
ratio on all other tangents to the conic.

Let AC and AB be any two tangents to the conic. Take points
P,, P,, P, P, on the conic.

Let BP,, BP,, BP;, BP, meet AC in B/, B,, B/, B, and let the
tangents at P,, P,, P5, P, mect AC in the points R,, R,, R, R,. Then
the ranges AR,B/C, AR,B,C, AR;B/C, ARB/C are all harmonic,
Hence (R,R,R,R,)=(B,'B;yB;/B,)=the anharmonic ratio of the pencil
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formed by joining P,, P,, P,, P, to any point on the conic = a constant
for all positions of B on the conic.

91. Correlative definition of a conic.

The correlative definition of a conic is as follows:

The envelope of the lines joining pairs of corresponding points of two
projective ranges is the correlative of « conic.

From this it follows by means of the correlative proofs

(1) that the correlative of « conic cun be described to touch five
given lines :

(2) the anharmonic ratio of the range formned by the intersection of
Jour fized tangents to the correlutive of a conic with a variable tangent s
constant :

(3) only one correlutive of a conic can be described to touch five
given lines, no three of which are concurrent :

(4) through a given point two tang gents real, covncident, or tmaginary
can be drawn to the correlative of @ conic:

(5) every tangent to the correlative of w conic hus one and onll/ one
point of contuct.

From Art. 90 and (2) above it follows that the correlative of « conic
18 a conzc.

92. If, through the vertices of two projective pencils, a conic be
described, these pencils determine on the conic ranges of points, which
are termed projective ranges on the conic. Such ranges subtend pro-
jective pencils at every point on the conic.

The anharmonic ratio of four points 4, B, C, D at any point on the
conic is written (ABCD). Hcnee the condition that A, B, C, D and
A', B, C’, IV should constitute two projective ranges on a conic is
(ABCD)=(A'B'C'D)).

All pairs of superposed projective pencils have a pair of self-corre-
sponding rays. Hence every pair of projective ranges on a conic have a
pasr of self-corresponding points. If the points of the two ranges be
joined to any point on the conic, the self-corresponding rays of the
pencils so formed meet the conic in the self-corresponding points of the
projective ranges. Likewise, if through the vertex of an involution
pencil a conic be described, the involution pencil determines on the
conic a range of points which is termed an involution range on the conic.

HIG. 9
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The range in question is such that if the points which constitute it be
Jjoined to any point on the conic, the pencil so formed is an involution
pencil.

It follows that, if three pairs of points 4, A”; B, B'; C, G’ are such
that the anharmonic ratio of the pencil formed by joining four of them,
not constituting two pairs, to a point on the conic, is equal to the
anharmonic ratio of the pencil formed by joining the other points of the
pairs to a point on the conic, then 4, 4'; B, B'; C, C' are pairs of con-
Jjugate points of an involution on the conic.

Since cvery involution pencil has a pair of double rays, every
involution range on a conic has a pair of double points.

The correlative theorems and definitions, which hold for a real conic,
are obviously truc for the conic in general.

There can be no double point on a conic, which does not break up into
two straight lines. For if possible let there be such a point P. Join P
to any point ¢) on the conic. Then the line PQ meets the conic in
threc points, which is impossible unless the conic breaks up into a pair
of straight lines.

93. It is now possible to prove for a conic in general the important
theorems of projective geometry, which are proved for the real branch
of a real conic in the Principles of Projective Geometry. The proofs
are in most cases similar although in some cases they admit of simplifi-
cation in the case of the gencral conic. They are shortly set forth in
the following articles. The correlative theorcm may in cach case be
proved by the correlative method.

Involution property of a conic.

A system of lines through any point S, real or vmaginary, determines
on any conic in their plane pairs of conju-
gate puints of an involution.

Let S be the point and SAA’, SBE,
SCC’ any three chords through it. Join
AC" to meet SBB’ in 0.

Then

(BB'CA)=(C'.BB'CA)=(BB'S0)
and

(B'BC'A’)=(A.BBC'4")
= (B'BOS) = (BB'S0).
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Therefore (BB'CA)= (B BC'A").

Hence (Art. 92) AA’, BB, CC’ arc pairs of con_]ugate points of an
involution on the coniec.

If SAA’, SBB' are regarded as fixed it is seen that SCC’ is anv
chord through 8.

Conversely if AA', BB, CC' are three pairs of conjugate points of an
involution on a conic, then AA’, BB', CC' are concurrent.

Similarly the correlative theorem and its converse may be proved.

94. Pole and polar.

If through a-point S chords SAA’, SBB', SCC’, ... of a conic be drawn
and L, M, N, ... are the harmonic con- v
Jjugates of S with respect to AA’, BB,
CC', ..., then the locus of L, M, N is ua
straight line, which is termed the polar
of S.

Join A to A',B,C', A, B,..., and
join 4"to 4, B, C, A', B, .... Then,
since AA4’, BB, CC’ form an involu- B
tion, the pencils (4.A4A'BB'CC’) and
(4. A'A B BC'C) are projective. But N
AA' is a sclf-corresponding ray of the '
pencils and therefore (Art. 49 (3)) the C
pencils are in plane perspective and ®
pairs of corresponding rays intersect on a fixed straight line s.

Since s, in the figure, passes through U and U’, etc., the points
L, M, N in which s meets the chords through S are, by the harmonic
property of the quadrangle, the harmonic conjugates of S with respect
to A, A"; B,B;C, C,.... Hence the locus of these harmonic conju-
gates is the straight line s.

T

The points where s meets the conic, viz. £ and F, are the double
points of the involution AA4’, BB, CC’, .... They are the points of
contact of the tangents from S to the conic and form a harmonic range
on the conic with any pair of conjugate points 4, 4’; B, B'; etc

The correlative theorem for the construction of the pole of a given
line can be proved by the correlative method, which is given for the
case of a circle in Art. [76].

9—2
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Every real point in the plane of a real conic hus a real polar with respect to the
comic.

A real conic 18 a conic which is met by every real line in its plane in a pair of
points, real, cotncident, or conjugate imaginary. A conic with a real branch is always
real as is also a conic with a real equation. The latter includes the former
(Art. 106).

Through a real point § draw real chords S44’ and SBB’ to meet the conic in
real points (figure, Art. 94) or in pairs of conjugate imaginary points. These form
the real or semi-real quadrangle 4 A’B’B, the diagonal points triangle of which has a
real side UU'. The line UU’ is the polar of 8. By Art. 94 it is the locus of
harmonic conjugates of § with respect to the points of intersection with the conic of
all chords through .

From the preceding it follows that the polar of a real point with respect to a

2 2
conic, which has no real branch, such as the ellipse »‘Z 2t 'gi +1=0, is real.

96. A conic determines on every straight line in 1its plane an
involution, the double points of which are the points of intersection of
the conic with the line.

Let s be any straight line in the plane of the conic. On this
straight line take points P, @, R, .... These points have each a polar
with respect to the conic. Let these polars meet the line s in P/, @,
R, ... respectively. Then P, P’; @, ; R, R’; ... arc harinonic con-
jugates of the points £ and F in which the line s meets the conic.
Therefore PP, Q@', RR', ... form an involution of which the points of
intersection of s with the conic are the double points. If the conic and
line are real the involution is real.

Correlatively, a conic determines at every point in its plane an involu-
tion pencil, the double rays of which are the tangents from the point to
the conic. This involution pencil is real if the conic and point are real.

Two points P and P’ are said to be conjugate points with respect to a conic
if (PP'QQ")= —1, where PP’ meets the conic in Q@ and @'. The correlative definition
holds for conjugate lines.

96. From Arts. 93—95 it follows that the properties of pole and
polar hold not only for the real branch of a conic but for the conic in
general. From the harmonic property of a point and its polar it follows
that every conic is in harmonic perspective with itself, any point and its
polar being the centre and axis of perspective. When the point is real,
the polar is real, if the conic is real. In this case the real branch of the
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conic corresponds to itself and points on imaginary branches corre8pond
to points on imaginary branches.

If the conic is real and an imaginary point be taken as centre of
perspective and its imaginary polar as axis of perspective, real points on
the curve correspond as a general rule to imaginary points.

97. Pascal’s theorem.

The three points of intersection of the three pairs of opposite sides of
« hexagon inscribed in a conic are collinear.

Let A4, B, C and A', B, C’ be any six points on a conic. If 4, 4";
B, B’; C, ¢’ are looked upon as pairs of corresponding points, they
determine two projective ranges on the conic.

Consider the pencils
(A4'.ABC) and (4.4'BC’).

They have a sclf-corresponding ray A A’ and are therefore in perspective.
Hence the lines which join any pair of 8
corresponding points of the ranges to 4’ and
A intersect on a line s, which passes through
K and L in the figure. This line meets the
conic in the pair of self-corresponding points
U and V of the projective ranges on the
conic.

Similarly consider the pencils
(B'.4ABC) and (B.A'B'C").

They have a self-corresponding ray BB’ and are therefore in perspective.
As in the previous case pairs of corresponding rays of the pencils
intersect on a linc &, which passes through K and "M. - This line
s’ meets the conic in the pair of self-corresponding points U and V of
the projective ranges on the conic. Hence s" must coincide with s.
Therefore K, L, M are collinear. But these are the points of inter-
section of the pairs of opposite sides of the hexagon A B'CA’BC’. Hence
the theorem is proved.

98. Brianchon’s theorem.

The correlative thecorem, Brianchon’s theorem, may be proved by
the correlative method. The theorem is to the effect that, the three
connectors of the three pairs of opposite vertices of a hexagon circum-
scribed to a conic are concurrent.
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The converse of Pascal’s theorem and also of Brianchon’s theorem
hold as for the real branch of a conic (see Art. [100]).

In the proof of Pascal’s theorem, if 4, 4’; B, B’; C, C” be three pairs
of conjugate imaginary points the Pascal line is real. For in the figure
K, L, M are all points of intersection of pairs of conjugate imaginary
lines and are therefore real.

If A, A’; B, B’ are pairs of conjugate imaginary points and C and C’
are real, then the Pascal line is imaginary. For K is real while L and
‘M are imaginary. The real lines through L and M are the polars of
AA’.CC’ and BB .CC’. Hence no other real lines can pass through L
and M and therefore the Pascal line is imaginary, K being the real
point on it.

Similarly if 4, A" are conjugate imaginary points and B, B, C, C’ are
real, the Pascal line is imaginary, M being the real point on it.

The condition that three imaginary points should lie on a real conic
is that the hexagon formed by these points and their conjugate imaginary
points (as opposite vertices) should be a Pascal hexagon. This condition
is clearly satisfied if the real lines through the imaginary points are
concurrent, for in this case the Pascal line is the polar of their point of
intersection. Hence three conjugate imaginary points, the real lines
through which are concurrent, determine a real conic.

99. S8elf-corresponding elements.

Determination of the self-corresponding elements of two superposed
projective pencils or ranges.

Let a, b, ¢ and @, V', ¢ be corresponding rays of two superposed
pencils, vertex S. Describe a conic through S to meet the rays of the
pencils in A4, B: C,and A', B, C'.

Let the Pascal line of AB'CA’'BC’ meet the conic in L and M.
Then SL and S are the self-corresponding rays of the two pencils.

The self-corresponding points of two projective ranges can be obtained
by the correlative method or can be deduced from the preceding..

If two conics, real or imaginary, intersect in two points, they also
tntersect in two other points, real or maginary (see page [272]).

Let S and 8" be the given points of intersection of the conics (1)
and (2). Take any three points 4,, B,, C, on the conic (1). Join these
points to S and 8’. Then the conic (1) may be regarded as generated
by the projective pencils (S. 4,B,C,...) and (8'. 4,B,C,...).
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Let the rays of the first pencil meet the conic (2) in 4, B, C, and let
the rays of the second meet the conic (2) in 4’, B, C". Then the self-

The figure represents the case in which the conics are real and intersect
in two real points (given) and in a pair of conjugate imaginary points.
corresponding points of the ranges A BC and A'B'C’ are the points of
intersection of the Pascal line of AC"BA’CB’ with the conic (2). Let
these points be L and M. Then 8L, 8'L and SM, S’'M are pairs of
corresponding rays of the pencils, which generate the conic (1), and
therefore the conic (1) passes through L and M, which are the two other
points of intersection of the conics.

100. Desargues’ theorem.

Every transversal is cut by « system of conics through four fized
points, in pairs of conjugate points of an involution.

Let any conic of the system of conics through the four fixed points
@, R, S, T meet any transversal s in P and P, and let opposite sides of
the quadrangle meet s in 4, 4’ and B, B’ as in the figure.
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Then (PP'AB)=(Q.PP'AB)=(PPTR),
and (P'PA'B)=(S.P PA'B)=(PPRT)=(PP'TR).

In the figure the transversal s, which is real, meets the
conic through @, R, S, T, which are real, in a pair of
conjugate imaginary points. Real pairs of conjugate
points of the involution are situated on the same side
of C and imaginary conjugates on opposite sides of C,
where C is the centre of the involution.

Therefore (PP'AB)=(P'PA'B).
Therefore P, P’ are a pair of conjugate points of the involution deter-
mined (Art. 84) by the quadrangle QRSZ on s, i.e. of a given involution.

Correlatively the pairs of tangents from any point to « system of
conics, touching four fized lines, are pairs of conjugate rays of an tnvolu-
tton pencil.

This may be proved by the correlative method.

The conversc theorems as stated in Art. [101] hold for the general
conic.

One and only one conic, real or imaginary, can be described through
two given points A and B to determine pairs of conjugates of given
tnvolutions on three given straight lines c, d, e. If the points A and B
are real, and likewise the involutions on c, d, e, then the conic 'ial real.

This can be proved by the method employed in Art. [114 (f)].

101. Carnot’s theorem.

If the points determined by a conic on the sides BC, CA, AB of any
triangle be 4,, Ay; By, By; C,, C,, then

BA, BA, CB, OB, AC, AC, _

C4, ©4, 4B, 4B, BC, BC, -
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Let the lines 4,B, and A4,B, meet the side BA in C; and C,. Then
C, Cy; A, B; and C;, C, are pairs of con-
jugate points of an involution (Art. 84). c
Therefore
AC, AG,_ 40, Ac,
BC, " BC,  BC, " BC,"
But by Menelaus’ thcorem

Ac,__1
BC, q}fl B‘_il '
4B, C4, A\
AC, 1 8
and BC, ~ OB, B4, o A R, ¢
AB,CA.,
Therefore BA, BA, (OB, CB, AC, Aaz=1.

CA, CA, AB,” AB," BC, BC,
Correlatively if the tangents from the vertices A, B, C of a triangle
meet the opposite sides in three pairs of points A,, A,; By, By; C,, C,, then
BA, B4, CB, OB, AC, AC, _
CA, CA, AB, AB, BC, BC,
This may be proved by the correlative method.
The converse theorems as stated in Art. [99] are all true.

102. If two conics, real or tmaginary, intersect in one point they
also tntersect in three other points.

Let the conics S and S’ intersect
at 4.

Let B be any other point on S.

Draw any chord through B meet-
ing 8’ in Q and @Q".

Let AQ, AQ’ mect S again in R
and R’

Then the pencils B(Q), B(R)
have a (1, 2) correspondence. For
BQ dctermines BR and BR/, and
either BR or BR' uniquely determines
BQ. Hence there are 2+1 or 3
positions in which BQ and BR coin-
cide (Art. [143]). For such positions of BR, @ and R coincide. But
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@ and R can only coincide at a point of intersection of the conics S and

S
points.

103. The locus of the common
conjugates of points on a fized line
with respect to two conics is a
conic.

Let P be any point on the
fixed line ! and let L and L’ be
the poles of I with respect to the
given conics. The polars of P with
respect to the conics arc two
straight lines LQ and L'Q, which
pass through L and L’ and meet
at a point @), which is the common
conjugate of I’ with respect to the
conics. As P moves along I, LQ
and L'Q describc two pencils
through L and L’ which are each
equi-anharmonic with the range
described by P and are therefore
projective with cach other.

Hence the locus of @ is a conie,
through L and L', and this conic
is the locus of common conjugates
of points on ! with respect to the
two conics.

Hence in addition to A4 the conics S and S’ intersect in three

The envelope of the common
conjugates of lines through a fized
point with respect to two conics is
@ conic.

Let p be any line through the
fixed point L, and let [ and I’ be
the polars of L with respect to the
given conics. The poles of p with
respect to the conics are two points
lqg and U'q which lie on I and U
and have for their connector ¢ a
line which is the common conju-
gate of p with respect to the
conics. As p rotates round L, lg
and !'q describe two ranges on ! and
I’ which are each equi-anharmonic
with the pencil described by p and
are thereforc projective with each
other.

Hence the envelope of ¢ is a
conic which touches I and !, and
this conic is the envelope of com-
mon conjugates of Jines through L
with respect to the two conics.

104. LEvery puir of conics have « common self-conjugute triangle.

The loci of the common conjugates
of points on any two lines @ and b with
respect to the conics (1) and (2), are

two conics.

The common conjugate of the point
ab must be on both of these conics,
which therefore intersect in one point.
Therefore, by Art. 102, they intersect
Let P be onc
of these points. Let P, and P, be the

in three other points.




The General Conic 139

common conjugates of P on the lines a and . Then P,P; is a common
polar of P with respect to the two conics. Let P,P, meet the conics in
A, A’ and B, B. The pair of common harmonic conjugates of 4, A’
and B, B’ together with P form a common self-conjugate triangle of the
conics.

It follows from the preceding that the locus of common conjugates
of points on any straight line with respect to two conics passes through
the vertices of their common self-conjugate triangle.

105. Every pasr of conics intersect in four points.

Consider the locus of the common conjugates, with respect to the
conics, of points on a line ¢ which passes through one of the vertices F'
of their common self-conjugate triangle. The poles of the line a with

F

regard to the conics are two points 4 and A’ which lie on EG, the side
of the common self-conjugate triangle opposite to . The polars of P
any point on @ pass through 4 and A’ and meet at a point P".

Since 4, 4’ and also the points £, ¢, F are on the cénic which is
the locus of P, this conic must break up into a pair of lines, onc of
which is EA’AG and the other FP'.

The polars of P' with respect to the conics pass through P. There-
fore, if FP' be o', the locus of P for different positions of P’ on a' is the
line a. Hence the lines @ and a’ form an involution pencil. If FG is
taken as @, then EF is o/, so that FG and FE are conjugate elements of
the involution. Consider the two double rays of this involution. For
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these P and P’ lie on the same straight line. Therefore on these lines
the two conics determine the same involution. Hence these lines meet
the conics in the same pair of points.

Similarly there are a pair of lines through £ and a pair of lines
through @, which meet the conics in the same points. These six lines
intersect in four points which are common to the two conics. Hence
the conics intersect in four points.

By the correlative method it may be proved that every pair of conics
have four common tangents.

Since the conics considered in Art. 103 intersect in four points it
follows by Desargues’ theorem that the locus of common conjugates of
points on a straight line 1s (1) the locus of common conjugates of all
conics through the four points of intersection of this comic, (2) that the
locus passes through the vertices of the common self-conjugate triangle,
(3) that it vs also the locus of the poles of the line with respect to conics of
the system, (4) that it passes through the harmonic conjugates of the
puints, where the sides of the common inscribed quadrangle of the conics
meet the given line, with respect to the vertices, and also through the double
points of the tnvolution determined by the quadrangle on the given line.

No pair of conics real or imaginary can have more than one common
self-conjugate triangle if they intersect in four distinct points.

This is proved in the samme way as the corresponding theorem in
Art. [124].

Hence the diagonal points triangle of the common inscribed quad-
rangle of two conics and the diagonal triangle of their common circum-
scribed quadrilateral coincide.

EXAMPLES

(1) Prove that the imaginary tangents from an internal point to an ellipse are
cqually inclined to the focal distances of the point.

(2) Prove that a pair of imaginary tangents from a real point to a conic subtend
equal angles at a focus.

(3) Prove that an imaginary tangent to a conic intercepts on two fixed real
tangents a length which subtends a real constant angle at a real focus.

(4) In Art. 94 if 44’ and BB are pairs of conjugate imaginary points and UU"
meets SAA’ and SBB in 4,, B,, prove that U and U’ divide AyB, in the ratio
l\/li'K:; (internally and externally), where A'=;l—g£§ and K '=lg};{,’, M and M’ being
the points in which 044’ and OBB’ are met by diameters conjugate to diameters
parallel to these lines.



CHAPTER V

THE IMAGINARY CONIC

106. Distinction between real and imaginary conics.

Hitherto the conic considered has been the general conic. A real
conic may be defined as a curve which is met by every reul straight line
in its plane in a pair of points, real, coincident or conjugate imaginary.

In view of the correspondence between real points and purely
imaginary points this definition may also be stated as follows. A real
conic 1s a curve which 18 met by every purely imaginary straight line in
its plune in a pair of points, purely tmaginary, coincident or conjugate
maginary.

It follows that, if a real conic has a real point on it, it has a real
branch. For, if through the real point a real straight line be drawn, it
must meet the conic in a sccond real point.

If a conic be described from data depending on imaginary points
and quantities, another conic can be described in a similar way depending
on the conjugate imaginary points and quantities. The sccond conic is
termed the conjugate imaginary conic of the first. If a conic and its
conjugatc imaginary conic coincide, the conic in question must be a
real conic.

When only the real rays of the generating pencils of the conic are
taken into account, it is proved in the Principles of Projective Geometry
that a conic determines on every real line in its plane a real involution.
When real, the double points of this involution are the points of inter-
section of the line with the conic. From Art. 95 it is seen that, when
these double points are imaginary, they are also the points of intersection
of the linc and conic. Being the double points of a real involution they
are a pair of conjugate imaginary points. Hence all conics considered
in the Principles of Projective Geometry comply with the definition of a
real conic. If a conic of this nature can be described through five
points or to satisfy other conditions, which determine the conic, the
conic satisfying these conditions must be a real conic.

If a real conic passes through an imaginary point, it also passes
through the conjugate imaginary point.
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For let A be a point on the conic. Draw the real line ! through A.
This real line will meet the conic in the conjugate imaginary point of 4,
which is consequently on the conic.

A conic must be real if it passes through
(a) 5 real points,
(b) 3 real points und « pair of conjugate tmaginary points,
(¢) 1 real point und 2 pairs of conjugate imaginary points, or
(d) 3 puirs of conjugate imaginary points.

In Art. [149] real conics were described to comply with conditions
(@), (b) and (¢). Therefore a conic determined by these conditions is
real. The fact that the conic is real in case (d) may be proved as
follows. Let 4, A”; B, B'; C, (", be three pairs of conjugate imaginary
points on the conic. Then

(C.AA'BB)=(C'.AA’'BB’)=(C'. A’AB'B).

But if (C. AA'BR)=K +1K’, then (C'.A’AB'B)= K —iK".

S (K+iK)=(K—-iK'), ... K’'=0 and (C.AA’BE) is real.
Hence the conic is real.  (Sec Art. 23.)

This result may also be obtained as follows. The four points 4, A’,
B, B', together with the point C, determine a conic.

The four points A’, A, B', B, together with the point (", determine
a sccond conic. This second conic is the con- 200
jugate imaginary conic of the first. But the r
six points A, A', B, B, C, C’ all lie on a /
conic. Hence the conic and its conjugate
imaginary conic coincide, and therefore the conic
is real.

The conics (a) which can be described through two
pairs of conjugate imaginary points to touch a given real
line and () correlatively the conics which can be described
to touch two pairs of conjugate imaginary lines and to
pass through a real point, are real.

() Let AA’ and BB be the real sides of a
quadrangle A4'B'B, and let 4B, A’'B be a pair of con-
jugate imaginary sides of the quadrangle. Let the
given real line / meot these pairs of the sides in X, X’
and ¥, Y. A conic through 4, B, A’, B’ which touches ! will touch  at one of the
double points of the involution determined by X, “Y', ¥, Y'. These double points
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are the common harmonic conjugates of X, X’ and ¥, ¥’. Since one pair of
these are conjugate imaginary points their common harmonic conjugates—which
are the double points of the involution—are real (Art. 8). Hence each of the two
conics through 4, 4’, B, B, which touches [, passes through a real point and
therefore is real.

() This is proved by the correlative method.

Of the conics, which pass through one real point, a pair of conjugate imaginary
points, and touch two real straight lines, one pair is real und one pair i3 o pair
conjugate imaginary conics.

Let A be the real point and 4, 4’ a pair of conjugate imaginary points through
which the conics are described, and / and m
the two real straight lines which they touch.

Then the lines K4 and K4’ (¢’ and a”)
are a pair of conjugate imaginary lines.
Hence the points in which they meet the
real lines I and m are pairs of conjugate
imaginary points, i.e. in the figure L', L”
and M’y M" are pairs of conjugate imaginary
puints. Hence the points A, L', A, ave
the conjugate imaginary points of A, L7,
M, respectively.

Hence the double points F” and £’ of
the involution determined by K, A, M’, L’
are the conjugate imaginary points of the
double points £, E” of the involution determined by XA, 4', M", L".

Here the lines #”#" and E’'E"” are real and they meet / and = in real points.
Hence the two conies corresponding to these chords of contact are real. Art.[106 (b)].

The lines #”£” and E'F" are conjugate imaginary lines and they meet / and m
in two pairs of imaginary points, the first pair being conjugate imaginary points of
the latter pair. Hence the two conics corresponding to these chords of contact are
a pair of conjugate imaginary conics.

Of the conics which pass through a real point, a pair of conjugate imaginary
points, and touch o pair of conjugate imuginary lines, one pair is real and one pair
8 a puir of conjugate imaginary conics.

In the proof of the last theorem let ! and @ be a pair of conjugate imaginary
lines. Then M’ and L” are a pair of conjugate imaginary points as are also L’ and
M", Hence the points 4, M, L', are the conjugate imaginary points of 4’, L", H".
Therefore the result follows as before.

The correlative theorems hold.

Since all circles pass through the circular points at infinity, a circle which passes
through one real point and a pair of conjugate imaginary points, or through two
pairs of conjugate imaginary points, is real.
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Analytical.

Analytically a real conicis « conic whose equution does not explicitly contain “i”.
The points of intersection of such a conic with a real straight line are given by a
quadratic equation, which does not explicitly involve “z”; and whose roots are there-
fore real, coincident or conjugate imaginary. This definition includes as real conics

2 g8
’ such curves as those given by the equations 22+ 32+ a?=0 and '22 + :Zé +1=0, although

there are no real points on the curves in question.

107. Every imaginary conic contains one real or semi-real

quadrangle.

Let S be the given conic and 8’ its conjugate imaginary conic. Let
any real line ¢ mcet S in P and P’, and 8’ in @ and . Then @ and
Q' are the conjugate imaginary points of P and P’,and P, P’ and @,
@ determine a real involution on « (Art. 8). Similarly the conics
determine real involutions on any other three real lines b, ¢ and d.
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Let K and E’ be a pair of real conjugates of the involution on a.
Describe a conic 3 through E and E’ to determine conjugates of the
given involutions on b, ¢ and d. This conic is real (Art. 99).

Let F and F’ be a second pair of real conjugates of the involution
on a. Describe a second conic ¥’ through F and F' to determine
conjugates of the given involutions on b, ¢ and d. This conic also is
real.
The conics 3 and 3 being real intersect in the vertices of a real or
semi-real quadrangle A BCD, and determine pairs of conjugates of the

involutions on a, b, ¢, d.
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Describe a conic through P and A, B, C, D. It will pass through
P’. Hence through P and P’ there are two conics, viz. § and this new
conic, which both pass through a pair of conjugates of the involutions
on b, c and d. Hence these conics coincide and S passes through A, B,
C, D. Therefore S contains a real or semi-real quadrangle.

The following is a particular case of the preceding.

If a conic be generated by pencils with real or with conjugate imaginuary points for
vertices, it containg another puir of real or conjugate imuaginary points.

(@) Letthe vertices of the projective pencils be real points 8y and S,.  The pencils
determine on any real straight line s two projective
ranges in which a pair of real, or conjugate imaginary,
points, 4, 4’, correspond to a pair of real, or con-
jugate imaginary, points, ; and .1;’ (Art. 83 (1)).

Let A and 4’ be rcal. 'T'hen in the figure 2 and
¢ are real. Al & A \A

Let 4 and .1’ be a pair of conjugate imaginary
points. Then ;4 and S; 4’ are conjugate imaginary
lines as are 8,4, and S,4,. Hence P and @ are a S,
pair of conjugate imaginary points. S
(6) Let the vertices &8 and 5, be a pair of conjugate imaginary points. Let A
and A’ be a pair of points which correspond to their conjugate imaginary points 4,
and A" (Art. 83 (2)). Then the pair of conjugate imaginary lines S; A and S,;4,
meet in a real point £, and the pair of conjugate imaginary lines 8y.4” and S. 4, meet
in a real point ¢). Hence £ and @ are real.

Tet 4 and 4’ be a pair of points cach of which corresponds to the conjugate
imaginary of the other, so that 4 and A, and 4’ and 4, are pairs of conjugate
imaginary points (Art. 83 (2)). Then 8,4 and 5.4, are conjugate imaginary lines as
are also S;4’ and S,4,. Hence £ and @ are a pair of conjugate imaginary points.

Analytical.

The most gencral form of the equation of a conic is

S48 =0,
where §=0 and S’=0 are the general forms of the equation of a real conic.

Every imaginary conic whose equation is of the form S+:9'=0 has a conjugate
imaginary conic whose equation is §—¢8'=0 associated with it. If the first conic
pass through an imaginary point, the second conic passes through the conjugate
imaginary point. The points of intersection of these conics, through which the
real conics §=0 and §’'=0 pass, cousist in general of either

(¢) Four real points.
(b) Two pairs of conjugate imaginary points.
(¢) Two real points and a pair of conjugate imaginary points.

Hence every imaginary conic contains four points, which constitute either a real
quadrangle or a semi-real quadrangle of the first or second kind.

H. I G. 10
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Every imaginary conic has a real or semi-real circumscribed quadii-
lateral.

This may be proved by the correlative method to that employed to
prove the first theorem of this article.

108. No imaginary conic can have more than one self-conjugate
triangle real or semi-real.

Let ABC and A’B'C’ be two self-conjugate triangles of the conic.

(a) Let ABC and A’B'C’ be real. Join AA’ to meet BC and B'C’
in L and K. Then A’, K and 4, L arc pairs of conjugatc points with
respeet to the conic, and the conic therefore mects AA’ in a pair of
points which are real or conjugate imaginary. Similarly it meets BB’
and CC’ in pairs of points which are real or conjugate imaginary.
Hence the conic is real.

(b) Let ABC and A’B'C’ be semi-real. Let 4 and A’ be the real
vertices. Then as before the conic meets A4" in a pair of real or con-
jugate imaginary points. Produce BC and B'C’ to meet at D. Then
K, D and B', C’ arc pairs of conjugate points with respect to the conic;
also B, C' is a pair of conjugate imaginary points. Hence the conic
meets B'C” in a pair of real points (Art. 8). Similarly it meets BC in a
pair of real points. Hence the conic is real.

(¢) If ABC isreal and A'B’'C’ is semi-real, it may be proved as in
case (b) that the conic must be real.

109. Construction of the self-conjugate triangle—real or semi-
real—of an imaginary conie.

Let ABCD be the real or semi-real inscribed quadrangle of the conic
and let abed be the real or semi-real circumscribed quadrilateral. Then
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the diagonal points triangle of ABCD, and the diagonal triangle of abed,
are both real or semi-real self-conjugate triangles of the conic. Hence
they coincide in a real or semi-real triangle EFG. Therefore the
sides of the quadrilateral abed intersect in pairs on the sides of the
triangle EFG. Also by the properties of pole and polar the points of
contact of a, b, ¢, d are collinear in pairs with the vertices E, F, G of
the triangle EF@G.
Let ABCD be real or semi-real of the first kind.

Then the conic is in real harmonic perspective with any vertex of
EF@ for centre and the opposite side for axis of harmonic perspective.
Hence A, B, C, D are all rcal or are conjugate imaginary in pairs,
and @, b, c, d » » ” » »
If A, B, C, D are real and «a, b, ¢, d are imaginary the conic is real.
This is also the case if 4, B, (', D are imaginary and a, b, ¢, d are real
(Art. 106).
Therefore, if the inscribed quadrangle is real or semi-real of the first
kind, the circumscribed quadrilateral is real or semi-real of the first kind.
Let ABCD be semi-real of the second kind.

Then the triangle EFG is semi-real. Hence the quadrilateral abed
has a semi-real diagonal triangle, and therefore it must be semi-real of
the second kind.

Therefore the inscribed quadrangle and the circumscribed quadrilateral
of an imaginary conic are always of the same kind, real, semi-reul of the
first kind, or semi-real of the second kind.

The conic cannot pass through any real points other than 4, B, C, D,
or through any pairs of conjugate imaginary points other than A, B,
C, D, for if it did so it would be a real conic.

Likewise the conic cannot touch any real lines other than @, b, ¢, d,
or any pairs of conjugate imaginary lines other than ¢, b, ¢, d, for if it
did so it would be a real conic.

Hence the tangents at 4, B, C, D and the points of contact of a, b,
¢, d are all imaginary. The tangents at 4, B, C, D intersect in pairs
of imaginary points in the sides of the triangle EFG and the points of
contact of a, b, ¢, d are collinear in pairs with E, F, and G-

It should be noticed that the real or semi-real quadrangle and
quadrilateral of an imaginary conic are the common inscribed quadrangle
and the common circumscribed quadrilateral of the conic and its conju-
gate tmaginary conic.

10—2
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110. Geometrical origin of an imaginary conic.

Any tmaginary conic can be described as the conic which circumscribes
a real or semi-real quadrangle and touches either a real line or an
imaginary line. In the lutter case the quadrangle is semi-real of the
second kind and the real point on the imaginary line touched by the conic
lies on a side of the diagonal points triangle of the quadrangle.

Correlatively :

Any imaginary conic can be described as the conic which s nscribed
in a real or semi-real quadrilateral and passes through either u real
point, or an wnaginary point. In the latter case the quudrilateral us
semi-real of the second kind and the real line through the imaginary
point, through which the conic is described, passes through « vertex of the
diagonal triangle of the quudiilateral.

These results follow from the last article.

Through the vertices of a real or semi-real quadrangle two conics can
be described to touch a real line. If these conics ure vmaginary they touch
the real line at @ puir of conjugate imaginary points and ure therefore
conjugate imaginary concs.

This result follows from Desargues’ theorem.

Conics cvrcumscribing a real or semi-reul quadrangle so as to touch a
given umaginary line.

Two conics can be described through the vertices of a real or scmi-
real quadrangle ABCD to touch an imaginary line /. The points of
contact are the double points of the involution determinced by the sides
of the quadrangle ABCD on I. Lect these points be & and F. Take
I’ the conjugate imaginary line of /. A conic through 4, B, C, D may
be deseribed to touch this line at either of two points £’ and F’. The
points K, F, E’, F” are two pairs of conjugate imaginary points. Hence
the conic through 4, B, C, D and E will be the conjugate imaginary
conic of one of the conics through 4, B, C, D and E’ or F’. Similarly the
conic through 4, B, C, D and F will be the conjugate of the other one
of these conics.

Similar results hold for the correlative construction of an imaginary
conic.

111. Real conjugate points with respect to an imaginary coniec.

Every real point in the plane of an imaginary conic has one real
conjugate point with respect to the conic.
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Let A be any real point. Describe a system of real conics through
the vertices of the real or semi-real quadrangle contained by the given
imaginary conic. Let the polars of A with respect to two of these real
conics meet at A. Then A and A’ are real and are the double points
of the involution determined on 4 A’ by the conics described through
the vertices of the quadrangle. Hence by Desargues’ theorem they are
conjugate points with respect to all conics—including the given imaginary
conic—which pass through the vertices of the quadrangle.

The point A’ is the one rcal point on the imaginary polar of 4. It
can be constructed as the point of intersection of the polars of 4 with
respect to the given imaginary conic and its conjugate imaginary conic.

Correlatively :

Every real line in the plane of an imuginary conic has one real
congugate line with respect to this conic.

It follows from the above that the points of intersection of the real
linc A4’ with the imaginary conic are a pair of conjugate points of a
real involution. This involution is that detcrmined on the line by the
real or semi-real quadrangle of the conic.

The locus of the real conjugates of real points on a given real straight
line with respect to an tmaginary conic, 1s a conic (a) which passes
through the vertices of the diagonal points triangle of the real or semi-real
inscribed quadrangle of the conic, (b) which meets the sides of the quadrangle
in six points which are the harmonic conjugates of the points, where the
stdes meet the given line, with respect to the vertices, and (c) which meets
the given line in the double points of the tnvolution determined on the line
by the quadrangle. (Eleven points locus.)

Describe two real conics through the vertices of the real or semi-real
inscribed quadrangle of the imaginary conic. The real conjugates with
respect to the imaginary conic of real points on the given line are the
common conjugates of these same points with respect to the two real
conics. Hence the result follows from Art. [117 (2)].

In the proof in question two imaginary conics could have been
substituted for the two real conics. Hence it follows that the locus—
which s the eleven points locus—is not only the locus—as proved in Art.
[117 (2)]—of the real poles of the given line with respect to real conics of
the system, but also thut the imaginury points on the locus are the poles
of the real line with respect to imaginary conics of the system.
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Cremona transformation.

The fact that every real point in the plane of an imaginary conic has one and
only one real conjugate point with respect to the conic affords a method of
deducing geometrical theorems from each other. The points are said to be derived
from each other by what is termed the Cremona transformation.

If A’ be the real conjugate of 4, the relationship between 4 and A’ is reciprocal.
If A moves along a straight line «, the conjugate point 4’ describes a conic ',
which passes through three fixed points E, F, G, which are the vertices of the real
or semi-real self-conjugate triungle of the imaginary conic. Conversely if 4 describes
a conic through E, F, G the conjugate point A’ describes a straight line. If «
corresponds to @’ and b to ¥, the point ab corresponds to the point «'d. To a
straight line through any one of the puints £, F, G corresponds a straight line
through the same point together with the opposite side of the triangle EFG
(Art. [105]). The anharmonic ratio of any four points on a is equal to the
anharmonic rativ of the four corresponding points on @' (Art. [117 (2)]). Hence, if six
points on @ form an involution, the corresponding six points on «’ likewise form an
involution.

It will be convenient to term conics which pass through the same three points,
three point conics, and conics which pass through the same four points, four point
conics.

The method may be illustrated as follows. Consider Desargues’ theorem and
let o, ¥, ¢’ be three four point coniecs, Take three of the points of intersection of
these conics as K, F, G. Then to a, ¥, ¢ correspond three straight lines a, b, ¢
which meet at a point, since @', ¥, ¢ intersect in a fourth point. Hence since
a, V', ¢ determine an involution on any transversal &, the corresponding points,
viz. the points of intersection of a, b, ¢ with the conic s, form an involution.
Hence the theorem which corresponds to Desargues’ theorem is to the effect that
three concurrent straight lines determine an involution on a conic.

From the involution property of the quadrilateral it follows that if four three
point conics intersect in pairs in 4, 4°, B, B, C, C' the connectors of these points to
any one of the three points of intersection of the conics form an involution pencil.

From Brianchon’s theorem it follows that if six three point conics be described
to touch a given straight line, three of the three point conics, which can be drawn
through pairs of points of intersection of these six conics, meet at a point.

If a pair of the points Z, ¥, G are the critical points the results obtained by this
method are similar to those obtained by inversion.

Generally in this method (1) to a conic corresponds a quartic curve through
E, F, G, baving nodes at these points, (2) to a conic through one of the points
E F G correspon&s & cubic curve through E, F, @ having a node at one of these
points, (3) to a conic through two of the points E, F, G corresponds a conic
passing through two of the vertices of the triangle, (4) to a conic through the
three points E, F, G corresponds a straight line.
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112. Harmonic locus of two imaginary conics.

As in.Art. [138] it may be proved that the envelope of a chord which
18 cut by two tmaginary conics in pairs of points, which are harmonic
conjugates, is a conic, which touches the eight tangents, which can be_ drawn
to the two conics at their four points of intersection. This conic is
generally imaginary.

The correlative and also the converse theorems can also be proved
as in Art. [133).

The envelope of chords cut harmonically by a conic and its conjugute
imaginary curve 18 a real conic, which touches the eight tangents which
can be drawn to these curves at their four points of intersection.

In this case the four points of intersection form a real or semi-real
quadrangle 4 BCD.

(1) Let 4, B, C, D be real. The tangents to the two conics at these
points, being tangents to conjugate imaginary curves at the same real
points on the curves, are pairs of conjugate imaginary lines. Thus, if @
and @ be the tangents to thc two conics at A4, they are conjugate
imaginary lines. Hence the harmonic locus of the conics touches four
pairs of conjugate imaginary lines and is therefore real. (Art. 106.)

(2) Let A and B be real and C and D a pair of conjugate imaginary
points. The tangents @ and «’ at A and the tangents b and b’ at B to
the two conics are two pairs of conjugate imaginary lines. Let ¢ and ¢’
be the tangents at C, and d and d’ the tangents at D. Then as C'is an
imaginary point the lines ¢ and ¢’ are not conjugate imaginary lines.
Consider however ¢ and d. They are tangents to conjugate imaginary
curves at conjugate imaginary points and are therefore conjugate
imaginary lines. Similarly ¢’ and d are conjugate imaginary lincs.
Hence in this case also the harmonic locus touches four pairs of con-
jugate imaginary lines and is therefore a real conic. (Art. 106.)

(3) Let A and B and also C' and D be pairs of conjugate imaginary
points. Then as in the last case @ and V', ¢’ and b, ¢ and d’, and ¢’ and
d are pairs of conjugate imaginary lines and as they are tangents to the
harmonic locus it is a real conic. (Art. 106.)

Hence the harmonic locus of two conjugate imagimary conics is a
real conic. For its equation see Art. 114.

Similarly the correlative locus is a real conie.
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113. Analytical.

Let §=0, S'=0, be the equations of two real conics, =0, 3'=0 their tangential
equations, aind & =0 the tangential equation of the envelope of lines cut harmoni-
cally by the conics.

Consider the conic §+75'=0. Its tangential cquation is £ -3'+i6=0. Here
the conic contains a real or semi-real quadrangle given by $=0 and $’=0, and has
likewise a real or semi-real circumscribed quadrilateral whose sides are given by

$-3'=0, &=0.

The fact that =0 is one of these equations, shows that the real or conjugate
imaginary tangents arc tangents to the harmonic locus of §=0, and S’ =0.

Consider the conic $+/3'=0. Its ordinary equation is AS -- A'S’ +F=0, where
F=0 iy the locus of points from which tangents to =0 and 3'=0 form a harmonic
pencil.

Hence the conic has a real or semi-real circumseribed quadrilateral the sides of
which are given by 3=0 and 2'=0 and has likewise a real or semi-real inscribed
quadrangle whose vertices are given by

AS—-4a'8'=0, F=0.

The locus of points the tangents from which to the conics £=0 and £'=0 form

a harmonic pencil passes through these points.

Let the equation of the conic he

N40S"=0. coiiiiii s (@)
(lonsider the two real conics
S =0,
and : S'=0,

when these conics intersect in four real points or two pairs of conjugate imaginary
points.  The conies then have a real self-conjugate triangle. Hence S and S’ may

be written in the form :
S =an? +bv? +cu?,

S'=dut+0v2 4 w?,
where u, v and w are linear functions of . and z.
Hence the equation (@) may be written
(a+ia") w2+ (b+ ) v2 4+ (c+ i) w=0,
or replacing #, v and w by », 7, z, as
(a+id) B2+ D +) Y2+ (c+i) 2=0. ceervvrniiinniienn, (1)
The vertices of the inscribed quadrangle of this conic are given as the points of
interscction of the real conies,

w2zt +by? +0z2 =0, ............ PPN (2)
VY22 =0. i, crereeen 3)
The tangential equation of (1) is
? m? n?

avia toyiv torie=%

P b ME . n?
r (a—za)d.-‘-+a,2+(b—zb)bﬂ_—b,.‘+(c—w’) c_"Ic—'?=0' ............... (5)
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Hence the circumscribed quadrilateral is given by
2 m? n?

u"+a‘+ b'+b2+c c”+("‘3=0’ ......... Cerreenrrerens (6)
’ lz L]
and a a,2+u"+b "+b’2+dl'-+c" =0, i M)

(i) The values of 22, y? and z? obtained from (2) and (3) are the same as

2 m? n? . .
the values of @4at B b B obtained from (6) and (7). Hence, if the

values of 2, y, z are real, the values of {, m, » will be real. Hence, if the inscribed
quadrangle is real, the circumscribed quadrilateral is real, and if the inscribed
quadrangle is semi-real of the first kind the circamscribed quadrilateral is also
semi-real of the first kind (c¢f. Art. 109).

(ii)) Consider the polar reciprocal of (2) with regard to the conic

Na @2 24N+ D 24 AR CT =0, v, (8)
which is always real.
The line 2+ my +7z=0 touches (2) if
f—: TS0 s 9)
The polar of &, ', 2 with respect to (8) is
Nat+a 2 +V B+ 2 yy + /T F 2 22 =0,
Substituting in (9) the locus of ry'z is

J
(@+a) 2 B0 @409 =0,
The 2, y, z equation of (6) is
(e +a’?) “;—2 +(B2+ 1) %+ (2+¢?) L =0.

Hence the polar reciprocal of (2) with respect to (8) is (6).
Similarly ~,, » @) » w o (8)is (7).

Hence the polars of the vertices of the quadrangle with respect to (8) are sides
of the quadrilateral. This confirms (i).

(iii) The polar reciprocal of (1) with respect to (8) is

@ +a? +072 » Ete? ,
i it P g 20
or (a—ia') 22+ (b - b') y*+(c~ ic’) 22 =0.

This is the conjugate imaginary curve of (1). Hence the polar reciprocal of (1)
with respect to (8) is its conjugate imaginary curve.

114. Harmonic and anharmonic loci of two conics.

The equation of the envelope of a line, which is cut in constant anharmonic
ratio by two conics §=0 and §'=0, can be easily obtained as follows :

All conics of the system S+AS8'=0 are cut by a transversal lx+my+nz=0
in an involution two pairs of conjugate points of which 4, A’ and B, B’ are given as
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the points of intersection of the line lz+my+nz=0 with the conics §=0 and
8=
The double points of this involution are given by the values of A, viz. A, and s,
which are obtained from the tangential equation of S+AS’=0, i.c. from
S+AGH+AE'=
L

‘. X|+A3= —2,,

b
and A= 5
But by example (6), Art. 27, if (4.1'BB')=p,

(l+p (X,+)\2 ____4’_‘
1-p -

ARy 32
Therefore the equation of the anharmonic locus is

2
q>2=4<1+'-»‘> ss’.
l—p

The harmonic locus is =0, for 14 p=0 in thiy case.
The equation of the conimon points is $2=433’, for p=0 in this case.

Correlatively the equation of the locus of points, the tangents from which form
a pencil of constant anharmonic ratio g, is

The corresponding harmonic locus is £=0, for 14p=0 in thiy case.
The equation of the common tangents is F2=444'SS’, for p=0 in thix case.
In the preceding
=3 (be' +cb’ - 2ff") 12 =S« l? (suppose),
and F=3 (BC'+ (B - 2FF") 22=34 4% (suppose).

Consider the two conics
S+i5'=0, and S—i8'=0. cc.oviveerniiiiiiiiiinnnnanes m
The tangential equations of these conics are
S—-3'+i9p=0 and £-3'-ib=0.
The equations =0 and F'=0 of the preceding become in this case
D(E4T)=0, cerrerrererreneeereeneenneas S )
and 2(a8+4'S - F+&,)=0,
where ¢, =0 is the 2, y, z equation of =0.

Hence the equations of the anharmonic loci of the conies (1) are respectively

(E+3)= (”“ (E—SV 4B, oo, venn(3)

and (AS+8'S" - F4 )= (l +p> (a—O)+(0— AN (S24+82.......... )
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If p=0 (3) becomes 433'=®2 which is the equation previously obtained for the
points of intersection of the conics.

The 2, y, z equation of 2 (2+3")=0is 2(AS+A'S'+ F)=0.

Consider the two conics )
2+41i2'=0 and Z-/2'=0.
The ., 7, z equations of these conics are
AS—-A'S'+iF=0 and AS-A'S'—iF=0.

Their ® =0 and F'=0 cquations become respectively
A’Z+AYE - AN+ By

(a-e)+(e-ay

2(SA+4'A")=0,
where F1=0 is the tangential equation of #"'=0.
Hence their anharmonic loci are

2

2
(AZS+A™S — AA'D + Fy)2= ( ) (A—©)i4(0 - a1 (51437, .....(1)
2
(SA+8a)= (] _LD (AS— AS(YA+FE. oo, )

If p=0 equation (2) gives the same equation of the common tangents as that
previously obtained.

Hence it follows that the ankarmonic loci of two conjugate imuginary conics are
real condcs.

1156. Anharmonic loci of two conjugate imaginary conics.

These may also be obtained as follows :

Consider the conics =0 and §’'=

The points of intersection of the line lv+my+nz=0 with the first of thesc are
given by

(cl2+an?— 2gln) 4* + 2 (clm — fln — gmn + hn?) xy + (cm® + bn? — 2finn) y2=0 (1)

with a similar equation (2) for the points of intersection of the line with the second
conic.

But if X be one of the anharmonic ratios of the points given by

2224+ 2k, 24+ by =0 and a,2%242h/c+b)=0,
by example (3) Art. [14]
(2hohy’ — agby —ay'by et ( + -) (e? = ayby) (b= arby).
Now, if the values from (1) and (2) are substituted in this equation and 3, 3, ¢

are the tangential equations of the conics and their harmonic locus, this becomes at
once N

¢z=4(:i’;‘\>2 > ORI (: )
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Consider the conics S+8’=0 and S —175'=0.

Their tangential equations are

S—-%'4i9p=0
and S-3-i0=0,
and their harmonic locus is

S+3'=0.

Hence from (3) their anharmonic locus is the real curve
1+2

(2'*'2')2:(1-;\

2
) (E-2)+ a2
116. The locus of real points at which a pair of conjugateimaginary
points A and A’ and @ pair of imaginary points B and C subtend «
pencil, whose anharmonic ratio is real, 18 a cubic curve.

Let B and C" be the conjugate imaginary points of B and C. Let
P be a real point on the locus.

Then if (P.AA'BC)=K +:K',(P.A'ABC")=K —1K".
Therefore since K' =0,
(P.AA'BCY=(P.A'ABC).

Hence the pencil subtended at P by the threc pairs of points is an
involution pencil and the required locus is the cubic obtained in Art.
[142 (3)], which passes through the six points 4, 4’, B, B, C, C".

(1) If the chords A.’, BB, CC’ are concurrent at O the six points
A, A’, B, B, C, C’ lie on a conic and the cubic breaks up into this conic
and the polar of O with respect to the conic. (See Art. [98].)

(2) In the general case the construction for certain points on the
cubic is given in Art. [142 (3)].

In case (1) the points subtend at O a pencil whose anharmonic ratio
may be 0, 1, or 2 ,and in case (2) the same applies to points on the lines
AA’, BB, CC’ in all cases, since two of the four rays coincide.

In the proof of the involution cubic given'in Art.[143 (3)] the three
pairs of points 4, A"; B, B'; C, (' arc assumed to be real. From the
preceding it follows that this need not be the case. Any of the pairs
of points may be pairs of conjugate imaginary points. In case (1) the
six points, whether real or conjugate imaginary, subtend an involution
pencil at real points on the polar of O.



The,Cubic Locus 157

This result may be proved analytically as follows:

Take AA’ for axis of x and let the coordinates of 4 and A’ be i’ and —ia'.
Let the coordinates of B and C be b+1b/, e+ i’ and k+:k/, [+l respectively.

Then the connectors of the points A4, .1, B, C to any point P (z, y) meet the
axis of # in points given by

o, W= X=X (y-e) N +dY (y-D) X -UX) | (y-0)NY+UX,

e B s S (v ey vy ) - S AL RS i
where X =by—cv, X'=by—-cu, X,=ky-le, X/ =Fy-Ua2.

The condition that the anharmonic ratio of a range should be real is given in
Art. 24. The relation in this case can be reduced to the form

(1 (y—c)i+e? (y— D240z
10 - X-cX' (y—0)X,—lXy |=0.
{ a'? ‘Y-g + ‘Ylﬂ 41,12 + ‘erz

In this determinant, if y is made equal to zero, the result is zero. Hence y is a
factor and the curve is a cubic.

117. To find the equation of the conic, points on which subtend « pencil of
anharmonic ratio K+iK' at any four given points.
Let the coordinates of the four given points 4, B, C, D be 2,9, 5 %2ys; 24y5;
Z, 3/, respectively.
The counector of the point x4, to the point P (2y) meets the axis of » in a
point X, at a distance 'z't/y' _'1‘/1/ "1 from the origin,
-

Substituting this and the similar values in the usual expression for an anharmonic
ratio and equating the result to K +74”, the equation of the conic is found to be

z y 1 re oy 1
% ER
3 y3 1 xy Y 1
: =K+iK'".
z y 1 z y 1
xy Y2 1 Zy Y
x3 Y3 1 ry Yy 1

If the four points A, B, C, D are real this result is at once obtained from the
fact that

1 1 1
: 2 o
HlnAPC:EP.—C'P area APC’-—W Zr N 1

Z3 Y3 1

If A, B and C, D are pairs of conjugate imaginary points, while = and y are real,
the expression on the left-hand side is real.
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118. Theorem. The anharmomic ratio of the four points of
ntersection of the conics S=0 and S8’=0 at any point of the conic
S—AS'=0 s II:,::———;: II—E—:!I:::, where K,, K,, K, are the roots of the
discriminating cubic of S—AS’=0 and the quantities K,, K,, K, and A
are interchanged according to the order in which the points of intersection
of the conic are taken in the anharmonic ratio.

Let S— K,8'=0, 8- K,8'=0, §— K,8' =0 determine respectively
the pairs of lines P, P,, P,P,; P, P,, P,P,; P,P, P,P,. LetO be any
point in the plane and let 8 —AS’=0 be the conic through O, P,, P,,
P,, P,. Then the equations of the polars of O with respect to the threc
pairs of lines and this conic are of the form P - K, P'=0, P—- K,I” =0,
P_K,P =0, P-\P =0, the last being thc equation of the tangent
at O to the conic.

Now the polars of two fixed points with respect to four conics through
four fixed points form two projective pencils. Hence the pencils formed
by the polars of any two points with respect to the same four conics of
the system have the same anharmonic ratios. But the polars of P,
with respect to the three pairs of lines and the conic considered are
P,P,, P,P,, P, P, and P, P,, the tangent at P, to the conic § —A8’=0.
But (#,.P,P,P,P)=(0.P,P,P,P,) by thc anharmonic property of
the conic. Hence (0. P,P,P,P,) equals the anharmonic ratio of the
polars of 0. That is to say it is equal to

K,-\ K,—K,
K-\N"K,-K,

The author is indebted to Mr S. G. Soal for this proof. The result
may also be proved analytically for the imaginary conic by means of
Art. 117.

119. The theorem proved in the last article affords an easy method of
distinguishing hetween real and imaginary conics which pass through the four
vertices of a real or semi-real quadrangle.

Consider the conic § —AS’=0 and let the four points of intersection of the conics
S=0 and §'=0 be real or two pairs of conjugate imaginary points. In this case
K,, K,, K; are all real.

(i) Hence if the conic is real the anharmonic ratio of four real points or of two
pairs of conjugate imaginary points on the curve is real : if the conic is imaginary
the anharmonic ratio of the four real points on the curve or of the two pairs of
conjugate imaginary points on the curve is imaginary.

Let the four points of intersection of the conics S=0 and §'=0 be two real
points C and D and a pair of conjugate imaginary points 4 and A’. In this case
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K, and K,, two of the roots of the discriminating cubic, are a pair of conjugate
imaginary quantities @ +%a’, and a—ia’, while the third root A is real.
Hence
(A4cp)y="T4 Ky atia -

a—ia' - K3 " a—-id —

;‘ =K +7K’ (suppose).
Let A be real, then

’ 1 —
Let A be *7,” then (4'A CD)+ K —7K’ and the relation K24 A"?=1 does not hold.

(ii) Hence if the conic is real an anharmonic ratio of two real points (€' and D)
and a pair of conjugate imaginary points (A, 4") on the curve is A +7A” where
K24 K?=1; if the conic is imaginary the anharmonic ratio of the two real points
(C, D) and the two conjugate imaginary points (.1 and A’) on the curve is K +¢K’
where K24+ K"2#1.

The only case in which the anharmonic ratio of the points of intersection of §=0
and §'=0 at any point of the imaginary conic S+15'=0 can be real is when two of
the roots A, K;, A are equal, in which case the anharmonic ratio is 1, 0, or «.

K-iK', .. K*4+ K?=1.

If a conic passes through a real or semi-real quadrangle and through a real
point, the curve is real, for the equation to determine X does not involve “;.”

If a conic passes through a real or semi-real quadrangle and through an imaginary
point, the conic is real or imaginary according as it passes or does not pass through
the conjugate inmaginary point. The condition necessary and sufficient is that the
hexagon formed by the six points is 4 Pascal hexagon. (See Art. 98.)

A real conic can always be described through three pairs of conjugate imaginary
points the real connectors of which are concurrent, for the Pascal line of the hexagon
so formed is the polar of the point of intersection of the connectors.

(iii) Generally the anharmonic ratio of a pair of conjugate imaginary points
(4, 4') and of two imaginary points (B, C) on a real conic is imaginary. If, how-
cver, the real chords through 4, B, € are concurrent at a point O the anharmonic
ratio is real.

Let ' and €’ be imaginary conjugates of B and €. Then if

(C'. 1A’BC)=HK+iK', (C.A'ABC)=K-K',

Since B’ and €' are on the conic

(AA'BC)=K+iK' and (A'ABC")=K—iK'.

If AA', BB, CC" ure concurrent the six points form an involution on the conic,

and (44'BC)=(.'ABC").
co KN+iK=K—iK'. .. K’'=0.

(iv) Generally the anharmonic ratio of four imaginary points 4, B, €, D on a
real conic is imaginary. If however the real chords through the points are con-
current at a point O the anharmonic ratio is real.

Let 4', B, C', IV be the conjugate imaginary points of 4, B, C, D. They are on
the curve.
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Hence if (ABCD)=K+iK', (A'BCD)=K-:K'
But (ABCD)=(4'BCD).
Hence E+iK’'=K—-iK’, ... K'=0.

In ecase (iii) when the chords are concurrent the four points subtend a pencil of
an anharmonic ratio 0, 1, or o at 0, and a pencil of real anharmonic ratio at any
real point on the polar of 0. The latter follows from the fact that the six points
A, 4° B, I}, C, €’ subtend an involution at such a point (Art. 116).

In case (iv) when the chords are concurrent the four points subtend a pencil of
real anharmonic ratio at O and also a pencil of real anharmonic ratio at any real
point on the polar of 0. The latter follows from the fact that the six points .1, 4',
B, B, C, (" subtend an involution at such a point (Art. 116).

(v) Generally at any point on a real conic through the points the anharmonic
ratio of

(1) Three real points and an imaginary point ;
(2) Two real points and two imaginary points ;
(3) One real point and three imaginary points ;
(4) One real point, a pair of conjugate imaginary points and an imaginary
point
is imaginary.

In case (3) if the real lines through the three imaginary points (4, B, C) are
concurrent at O and meet the conic again in 4’, B, (", their conjugate imaginary
points, join O to D to meet the conic again in a real point /r. If D and I are
distinct the anharmonic ratio is imaginary, but if 7 and /) coincide, then

(ABCD)=(A'B5C'D).
oo N+ =K—-iK'. ... K'=0.
Hence the anharmonic ratio is real,
Similarly the anharmonic ratio in case (1) may under certain circumstances be
real.

120. Construction of conics from real data.

If a conic is given by the fact that it either passes through real
points or touches real straight lines, it is casily possible to distinguish
between the cases when this conic is real and when it is imaginary.
Using the notation of Art. [144] and denoting a real conic by 1 and an
imaginary conic by 1.1, the results are as follows: '

M =1, @) /] =4or 4,

(2) [::/] =2or2i, (5) [-///[]=2 or 2.i,

@) [V/]1=4or 4., © (/=1
In case (2) the conic is real or imaginary according as the double points
of the involution determined by the four points on the line are real or
imaginary.
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If in any position of the line the double points are real and the line
be rotated round a fixed point on it, till it passes through one of the
four fixed points, A, the double points in the new position coincide with
A and the two conics are coincident. After the line has passed through
A, the double points become imaginary and the two conics are a pair of
conjugate imaginary conics.

In case (3) the four conics are cither all real or are two pairs of
conjugate imaginary conics. By Art. [113 (E)] the points of contact of
the conics with the two straight lines are the intersections of these lines
with the connectors of two pairs of double points of two involutions
situated on real lines. If the four double points are real the inter-
sections of their conncctors with the given lines are real and thereforc
the four conics are real. If one pair of these double points (which form
a real or semi-real quadrangle) or both pairs, are pairs of conjugate
imaginary points, the points of contact of the conics with the two lines
are imaginary and the conics are two pairs of conjugate imaginary conics.

This may be proved as follows. Let the given lines be p and p’ and
the two pairs of double points conjugate imaginary points 4, A’ and B, B'.
Then AB and A’B’ are a pair of conjugate imaginary lines and they
meet p and p’ in two pairs of conjugate imaginary points. Hence onc
pair of the given conics are a pair of conjugate imaginary conics.
Similarly, since AB’ and BA’ are a pair of conjugate imaginary lines,
the other pair of conics are a pair of conjugate imaginary conics.

If A and A’ be a pair of real points, say D and £, and B and B’ be
a pair of conjugatc imaginary points, the lines DB, DB’ are a pair of
conjugate imaginagy lines as are also the lines £B and EB. Hence the
same result follows in this case.

121. In the statement Art. 120 a pair of conjugate imaginary
points may be substituted for a pair of real points, or a pair of conjugate
imaginary lines for a pair of real lines, in the determining elements
(see Art. 106), except (a) that in (2), if the four points are two pairs
of conjugate imaginary points, the conics must be real (Art. 19, case 11)
with a similar alteration in (5); and (b) that in (3), if the three points
arc real and the tangents are conjugate imaginary lines, the conics are
real as the double points of the involutions are real, and, if of the three
points two are conjugate imaginary, then a pair of the conics are real
and a pair are conjugate imaginary conics, with similar alterations
in (4). [See Art. 106.]

H.I. G. 11
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122. Foci of an imaginary conic.
If the equation 6f the conic be .
ax?+ 2hxy +by? + 292 + 2fy + ¢ =0,
it can be easily proved that the coordinates of the foci (a, B) are given by the
equations

al=f3t=(a— b) o and af= =412 o
after the origin has been transferred to the point g o
It can also be proved that, if 7" be the sum of the measures of the distances of
any point on the curve from a pair of conjugate foci,

e s A
T?=2{+ J(«=Db):+4h*— («+b)} o’
where the + sign iy to be taken according to the pair of conjugate foci considered.
Hence the sum of the measures of any point on an tmaginary conic from a pair of
conjugate foci is constunt.

123. Every imaginary conic contains a real or scmi-real quadrangle which by a
real projection (Art. 86) may be projected into a squarc ABCD, real, semi-real of
the first kind, or semi-real of the second kind. Take the real diagonals of this
square, 04 and OB, as axes of # and y respectively.

Then in the three cases the coordinates of the vertices are respectively :

A B C D
1st case a, 0 0, « —a, O 0, —a
2nd case i, O 0, i« —u, 0 0, —n
3rd case a, 0 0, wr ~a, 0 0, ia

Hence if A be one of the anharmonic ratios, which any point on the curve
subtends at these points, the equations of the conic in the threc cases are from
Art. 117, respectively :

) A+1 g
2 al=
(1) 2*+p*-a 2'cy)\ v
®  thyrrar=2my T,
3) -a* :/2+a-—2z.z;y)‘+l Cf. Art. 137.

124. Foci of the conics into which a pair of conjugate imaginary conics
can be projected.

In cases (1) and (2) of the last article the conic and its conjugate imaginary
conic have their axes in the same real directions and have a common real centre
(Art. 86) It can be proved geometrically or analytically that the eight foci of the
two conics are four pairs of conjugate imaginary points, which lie four on each of the
two real axes.

If @, and @3 be the critical points and the tangents from @, to the two conics
are ap,ay, and by, by, and from Q, to the two conics ay, @y’ and by, by, then the
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pairs of tangents which are conjugate imaginary lines may be taken as a, and b,,
ay and by, a; and by, a3’ and by’. Consider the quadrilateral @, a,'8;b,. The points
a,b: and a,'by are real points, also a,a,’ gives the conjugate imaginary point to
bgby. Hence the two diagonals of the quadrilateral, which are at a finite distance,
are real. They may be easily shown to be at right angles, and their point of inter-
section is the centre of the two conics. There is a second quadrilateral ayay’ b, b,’
with similar properties.

125. Real conics having double contact at a pair of conjugate imaginary
points.

Consider the real conics =0 and S—2Aa*=0, where a is a linear expression in
z and y.

If the linc a=0 meets the conic §=0 in a pair of conjugate imaginary points the
conics have double contact at these points.

Take a line through the centre parallel to a=0 as axis of y and its conjugate
diameter with respect to =0 for axis of 2. The equations of the two conics will
then be of the form

ax?+by?—1=0,
and ax?+ by -1k (x-1)2=0.

These conics can be graphed for the pair of conjugate diameters, which are the
axes of z and y, and it will be found that their imaginary branches touch.

The properties of conics having double contact at real points, which were proved
in Art. [130], are true also for conics having double contact at pairs of conjugate
imaginary points.

In Art. [134] it was proved that the harmonic locus of a conic and a pair of
points was related to the conic in such a way that if a simple quadrilateral was
circumseribed to the conic and inscribed in the harmonic locus, an infinite number
of quadrilaterals could be similarly described.

If the pair of points are on the conic, the harmonic locus of these points and the
conic has double contact with the conic at these points. Hence given a real conic
and a real line, another conic can be described to have double contact with the first
conic at the points where it is met by the line, which also possesses the property
that an infinite number of simple quadrilaterals can be circumscribed to the first
conic and inscribed in the latter.

This should be compared with the property of conics having double contact
proved in Art. [131] The conics in question possess the remarkable property that
not only do the sides of the inscribed quadrilateral meet in two points on the chord
of contact, but the connoctors of their points of contact with the other conic also
pass through these same points.

The propertics of conics having double contact at a pair of conjugate imaginary
points may be obtained at once from the fact that, in a real plane perspective, two
such conics may be made to correspond to a pair of concentric circles.

11—2



CHAPTER VI
TRACING OF CONICS AND STRAIGHT LINES

126. Graphic representation of the imaginary.

Although in the preceding pages of this book the term “graph of an
imaginary point” has been used, and in certain places—especially in
Chapter II—diagrams of imaginary branches of curves have been given,
such use of *“ graphs” and figures is not essential, and these have been
used rather as a convenient way of expressing what was meant or of
explaining and illustrating results, than because their use was essential.

The graphical representation of the imaginary must always, from*the
nature of the original hypothesis, be difficult and defective. Still some
representation is felt to be better than none—as long as the limitations
of the method employed are clearly understood. In this chapter, for this
reason, the representation of imaginary and complex points by means of
what were termed in Chapter II Poncelet figures will be more fully
considered.

In Chapter I, for convenience the graph of an imaginary point on a
fixed straight line at a distance s from a fixed point

O on the line was defined as being the point at a Y
distance ! from the point O. Hence, to obtain a ,
representation of a point P, whose position is deter- P
mined by an imaginary length iz’ mcasured parallel

o N X

to a real axis of z and a real length ' measured
parallel to a real axis of y, it is natural to measure
a length ON along OX equal to z° and a length
NP’ equal to y’ and parallel to OY, and thereby to obtain a point P,
which represents P graphically.

A point @, referred to the same axes of coordinates and determined
by coordinates z”, ty”, may be represented in the same way, remem-
bering that in this case distances parallel to the axis of y are imaginary
and those parallel to the axis of z are real. This is possible, but
there are certain advantages in modifying somewhat this system of
representdtion. *

In this modification—the advantages of which have already been
apparent in Arts, 72 and 77—with the usual system of real axes, the
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positive imaginary axis of z is taken along OX and the negative
imaginary axis of z along 0X’, but the positive imaginary axis of y

is taken along OY’ and the ncgative imaginary axis of y along OY.
This system of coordinates will be adopted generally in this chapter.

Representation of imaginary straight lines through the origin.

Consider the straight line az +1iby =0. Her —_wTy= 2. Hence the

line may be represented by OP in the figure. But the equation of the

line may be written iaz —by =0. Hence 7"—;= é Therefore in this case

|

also the line is represented in the figure by OP. Similarly the line
az —itby=0 has the same graph in whichever way its equation is
written.

127. Tracing of real conics.

If imaginary and complex ‘points are taken into account in tracing
a conic, z, + 1z, and ¥, + 7y, may be substituted in the equation of the
curve for # and y, where ,, 2y, ¥, ¥, are real. If real and imaginary
parts of the resulting equation are equated to zero, two equations
connecting the four quantities @, «;, 3, v, are obtained. Arbitrary
values may be given to any two of these four quantities and the values
of the remaining two may be obtained from the equations. Hence it
follows that the equation represents graphically not & single curve but
a system of curves.
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(a) To trace the curve

"+P‘1

All points on the curve are obtained by giving to z the value z; + iz,,
where z, and &, can have all real values from — o to +o. No two
points thus obtained can coincide, for their z coordinates will in all
cases be different.

Let z, be zero.
(1) Give «, all values from —a to +a. Real values of y are then

obtained and the part of the curve given by the continuous line is the
corresponding branch. This may be termed the (1, 1) branch.

(2) Give «, all values from —w to —a and from +a to + 0.
Conjugate imaginary values of y are obtained and the dotted part of the
figure marked (1, i) is the corresponding branch. This is the real part

of the curve a—s —p= =1. For this part of the curve the coordinates are
z and 1y. It may be termed the (1, ¢) branch.
Let 2, be zero.

(3) There are no points in this case, the coordinates of which are
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of the form <y, but such a branch may exist. When it exists, it may be
termed the (z, z) branch.

(4) Give , all values from —w to + . The corresponding values
of y are real and the corresponding branch of the curve is that marked
(1, 1) in the figure. For this part of the curve the coordinates are iz

3
and y. It is the real part of the curve y_ Z o1 It may be termed
[

b*

the (¢, 1) branch.

The above may be called the parent curve, which consists of a real
or (1,1) branch and a purely imaginary or (z,z) branch, together with a
(1, 7) branch and an (5, 1) branch.

It would be possible to determine further points on the eurve by
giving a constant value to z,. In this case it would be necessary to
find the corresponding values of y for all real values of «, in the equation

(2 + Wz)
2

o b’l

where z, is constant. This is the same conic as a: + b’ —1=0 with its

centre displaced along the axis of z through a nega.tlvc distance uz,.
Such, a curve however is an imaginary conic, and conjugate imaginary
points are not as a general rule sitnated on the locus. Hence it is
more satisfactory to find the further imaginary points on the curve by

another method.
Two conjugate imaginary points z, + iz,, ¥, + 1y, and 2, —12,, ¥, — ¢y,
lic on the real straight line Z—21=Y"%
Zy Ya
real point @, y,, which is on this straight line. The equation of the

tangent at either of the points, where the line joining the origin to the
point z,, y, meets the curve, is of the form

Their mean point is the

ALz MY
This is parallel to the line joining the conjugate imaginary points if
wla:,_'_y;’g’/,_o. This relation holds if the pair of conjugate imaginary
points lie on the curve (see Art. 130). Hence the real line joining the
pair of conjugate imaginary points and the connector of their mean

point to the origin are parallel to a pair of conjugate diameters of the
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conic. If these conjugate diameters are taken as axes of coordinates,
the equation of the conic is

x>
where @' and b’ are the lengths of the corresponding scmi-conjugate
diameters.

If this curve be traced for real and for purely imaginary values of

zt 9yt

the coordinates, as the curve E’+ b;—l =0 was traced, certain new

branches of the curve are found. Thus:

(1) the (1, 1) branch is found as before,

(2) the (1,7) branch is replaced by another hyperbola, which touches
the real branch at the ends of the diameter, which is the axis of z,

(3) the (¢, ©) branch in this case, as before, does not exist,

(4) the (¢, 1) branch is replaced by another hyperbola, which touches
the real branch at the ends of the diameter, which is the axis of y.

By taking different pairs of conjugate diameters for axes of coordinates
all points on the conic are obtained and no points except those on the
real and the purely imaginary branch occur more than once. These
branches may be called Poncelet figures. They are also, for reasons
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given hereafter, termed (a, B) branches of the curve, where a and 8 are
the angles which the pair of conjugate diameters, which determine
them, make with the major or transverse axis of the conic.

(b) To trace the curve

C Y.

a2 bﬂ
It will be noticed that this equation may be written
(1)
@ + ( l:ay’)
Hence the same graph is obtained as in the previous case, provided
the axis of y be changed from real to imaginary and vice versi.
Thus in this case:
(1) gives an ellipse, as in the previous figure, which is the (1, 7)
branch,
(2) gives a real hyperbola as in the previous figure, which is the
(1, 1) branch,
(3) this branch, which is the (z, 1) branch, again does not exist,
(4) gives the same curve as before, but it is a purely imaginary
(¢, 7) curve.

(¢) o trace the curve

- Y _
u‘ + b* L
This may be written
(w)z -.' -1
a* b'-' o

In this case:

(1) gives an ellipse of the form (¢, 1),

(2) gives a hyperbola of the form (2, 2),

(3) does not exist, but if it did it would be of the form (1, ¢),
(4) gives a hyperbola of the form (1, 1), i.e. a real curve.

In cases (b) and (c) the (a B) branches may be obtained in the same

way as for the curve — b‘ -1=0.

(d) To trace the curve

.Z“
$+1o
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This equation may be written
() | (sy) 1=0
a® b )

Hence :

(1) gives an ellipse of the form (7, ©),

(2) gives a hyperbola of the form (s, 1),

(8) does not exist, but if it did it would be of the form (1, 1),
(4) gives a hyperbola of the form (1, 7).

It follows that all central conics, when traced for all real, imaginary
and complex points on the curve, have tigures of the same type, and
that a real ellipsc, an imaginary ellipse and a hyperbola differ from each
other only in so far that the (1, 1), (¢, ¢), (1, ) and (3, 1) branches arc
interchanged and that different branches of the parent curve develope
into the (a, B) branches. Thus in the case of a real cllipse the (a, 8)
branches are hyperbolae, and in the case of a rcal hyperbola the (a, 8)
branches are cllipses.

. Y
(1,0~ 1
\“
‘\
)|
X X
o
’I
’
YI
(¢) To trace the curve
Y —daz=0.

In this case it will be more convenient to treat y as the independent
variable and to assume that it is of the form y, + ¢y,, where y, and y.
may have any real values.
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Let g, be zero.

(1) If g, be given all real values from — o to + o0, the correspond-
ing values of « are real and positive, and the real parabola marked with
a continuous line in the figure is obtained.

Let #, be zero.

(2) If y, be given all real values from — o to + %, the correspond-
ing values of z are real and negative, and the parabola marked with a
dotted line in the figure is the curve obtained. This is a parabola equal
to the real parabola but with its axis turned in the opposn;e direction.
This is the (1, 7) branch.

The brariches (1) and (2), which are the (1, 1) and (1, 2) branches,
constitute the parent carve.

The (a, B) loci are obtained by taking any diameter and the tangent
at the point, where it mects the real branch, as axes of coordinates.
They consist of parabolas with axes parallel to the chief axis of the
parabola and all touch the real branch. They are obtained by tracing
the cquation of the parabola in the form 3?—4a'z=0.

128. Special case of the real circle.

The locus represented by 22+y%+a?=0 is according to definition a real conic,
although it has no real branch.

It has an (s, ©) branch, the circle in the figure, and also an (¢, 1) branch and a
(1, ?) branch, Loth of which are rectangular hyperbolae.

L/
Q
N e A0
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Any real line through the centre O meets the curve in a pair of conjugate
imaginary points, which are the double points of a real involution. Pairs of conju-
gate points are, if real, on different sides of O and are such that OP.0P"= —a®
If the distance of one point from O is a purely imaginary quantity, the distance of
the other iy purely imaginary and the points are on the same side of 0. Pairs of
conjugate points of this involution are inverse points with respect to the curve.

If P be taken such that the distance OP is purely imaginary, the polar of P is
the line 77’7’ in the figure.

If P be taken such that the distance OP is real, the polar of P is the line
@P"@' in the figure.

Since the coordinate geometry of purely imaginary points is the same as that of
real points, the properties of purely imaginary points on the curve are the same as
those of real points on the real circle.

Special case of the real conic.

2
;+1=0 is according to definition a real conic.

2
The locus represented by i—__; +'Z

2 2
Its properties may be deduced from those of the real ellipse 5: +‘Z§—1=0 in the

same way that the properties of the curve 22+ 72+ a*=0 can be deduced from those
of the circle 2#2+y? —«?=0. This conic has a director circle the equation of which
is 22+ 42+ a?402:20 and likewise a pair of real foci situated on the minor axis. It
may be shown that the sum of the measures of the distances of these points from
any point on the curve is equal to 2ib. The corresponding directrices are real.

129. The fact that there is only one tangent at any point to a conic may be
verified as follows,

Let y=7(x) be the equation of a curve so that f(z;) is the value of y corre-
sponding to a value 2; of 2. Then, if 2 be a small increment to 2,

Sfletb)=f (@) +hf (1) +....
The connector of the points given by w; and 2,44, disregarding powers of %
above the first, is

’=(),

X Y 1
o RACH) 1
Pagkh fe)4hf (2) 1
Y r 1
z f(xm) 1 (=0
1 fi(x) 0
As this does not involve 4, the equation of the connector of the points does not

depend on the nature of the increment given to x;, i.e. the same result is obtained
whether the increment is real or imaginary.

Geometrically the result seems to depend on the fact that infinitely small and
infinitely large quantities may be regarded in the limit as either real or imaginary.
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130. To find the condition that the point z, +ix;, y, +1y,, which is

on the curve ,,,,_e % =1, should lie on that branch of the curve whose

axes are the con_yugate diameters, which are inclined at angles a and B to
the axis major of the conic.

If z and 7y are the coordinates of the point referred to the conjugate
diameters, given by a and 8, as axes, x is equivalent to x cos @ along the
axis of «, and zsina along the axis of y, while 4y is equivalent to
1y cos B along the axis of #, and sy sin B along the axis of y.

Hence the coordinates of the point z, 1y, referred to the principal
axes of the conic are

&+ i, =xcosa+iycos B, ¥ +1y.=zxsina+ tysinS.

Therefore

Zy=zcosa, Yy, =zxsina, x,=ycosB, y,=ysinf.
Therefore PN=tana, L=tanp.
z Zs
Hence the coordinates of a point on the (a, 8) branch are of the form
z,+1z;, x,tana+ iz,tan .
If the point &, + ¢z,, ¥, + 1y, is on the conic
o’ ;fi 'y b—T;_y_,’ =1 and x,x, + !/2;2/3 0.

Y1Ya
&%y

Theretore =-— 2— = tan a tan 8.

If points, whose coordinates are =z, +12;, z,tana+ iz,tan 8 and
) + iz, @' tana+ t2, tan B, are on the conic, they lie on the same
branch of it. For different values of 3, #,, a and 8, the point having
coordinates of this form may be any point. Hence by substituting
these expressions in the equation of a central conic the points on the
different (a, B) figures are obtained.

It will be noticed that, for a point to be on the curve,

b2
tanatanﬁ=—(—l—z,

and that if « and B are connected by this relation, there are an infinite
number of points on the corresponding branch of the curve.

2
If the relation tana tan 8 =— (% is not satisfied, there are no points

on the curve. Thus, corresponding to a diameter given by a, there are
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only imaginary points on the curve when the conjugate diameter is
associated with it. The planes or figures obtained by associating
together the values of @ and B, which determine conjugate diameters of
the conic, will be termed the nest of the conic. In this respect the real
conic is essentially different from the imaginary canic for which there
is no nest. The general use of coordinates of the form «,+ 1z, and
x, tan & + 1z, tan B is considered in the following Articles.

131. General conclusions.

In the parent branch of a real conic, it has been shown that when
the graph is formed for the axes of the conic, there arc or may be four
parts, viz.

(1) The real or (1, 1) branch.

(2) The purely imaginary or (¢, ¢) branch.

(3) The (1, 7) branch which is an Argand diagram, the real axis
being the axis of .

(4) The (4, 1) branch which is an Argand diagram, the real axis
being the axis of ».

The (1, 1) branch represents the curve as usually considered.

The (7, ) branch is the curve, which the equation represents on the
assumption that the squares of all lines are negative. With this as-
sumption it is as real as the real branch and it has identical properties.

The branches (1, 7) and (z, 1) differ in one respect from the Argand
diagram in common use. In an Argand diagram it is usual to assume
that, if the real variable and also the imaginary variable are infinite,
the point at infinity is obtained. This is not the case in the present
instance. There are at infinity at any rate two points—if not four—
one given by an infinite positive value of the real variable and an
infinite positive value of the imaginary variable, the other by an infinite
positive value of the real variable and an infinite negative value of the
imaginary variable. These two points are the circular points at infinity
which from a certain point of view are more distant from the origin
than other points on the line joining them, which is the line at infinity.
An Argand diagram is of course a graphic representation of the
quantities which make up a complex variable.

If the conic be graphed for a pair of conjugate diameters making
angles a and B respectively with the axis major of the conic, it has been
shown that thére are again four branches, viz.
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(1) The real or (1, 1) branch.

(2) The purely imagi'na.ry or (2, ) branch.

(8) The (1, 7) branch, in which the axis of 2 is the real axis.
(4) The (¢, 1) branch, in which the axis of y is the real axis.

The branches (1, 1) and (7, ) are the same graphically as those of
the parent graph, but the branches (3) and (4) are different and vary
with different values of a and 8. They may be regarded as Argand
diagrams in which the axes of coordinates are not at right angles.

Whatever value is given to a there is always one corresponding
value of B8, and for cvery value of B there is one value of a. The graph
gives the point of intersection with thie curve of real lines parallel to
the B axis. Hence with a series of such figures the points of intersec-
tion of all real lines with the conic are given graphically. Also since
onc real line passes through every mngma.ry point, all points on the
curve are graphically represented.

132. General representation of points by Poncelet or (a, 3)
figures.
The preceding rcnders it possible to conceive the points which exist

in a plane, when the values of the determining coordmateq of a point
are or may be complex.

Through any point, which may be taken as origin, draw two rect-
angular axes. There arc with respect to these rectangular axes four
systems of points, viz.

(1) Those whose coordinates are real or (1, 1) points.

(2) » - »  purely imaginary or (s, 7) points.
3) ” » »  of the formx (1, ).
@ ., ” »  of the form (3, 1).

Take any real linc through the origin making an angle a with the
axis of z. With this may be associated any other real line through the
origin making an angle 8 with the axis of . Let lengths real and
purely imaginary be measured along or parallel to these lines, and let
such lengths be regarded as the coordinates of a point.

Then, as in the preceding case, there are four systems of points, viz.

(1) Those whose coordinates are real or (1, 1) points.

2 . ” »  purely imaginary or (%, ¢) points.

(3) " ” » of the form (1, 7).

4) " » " of the form (z, 1).
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The (1,1) and (z, ) points are the same as in the preceding case. The
(1,7) and (3, 1) points are different. By varying a and 8 the coordinates
of all complex points in the plane may be thrown into this form.

Any value of 8 may be associated with any value of a. Hence since

the graphs of a real conic are such that tanatan8=— 2, where

az® + by — 1 =0 is the equation of the curve, it follows that the graphs
of a real conic lie in a limited number of the (a, 8) planes, and in each
plane in which the graph exists there are an infinite number of points.

The same is true for a pair of conjugate imaginary lines when they
are graphed with respect to their real point as origin. (See Art. 76.)

The coordinates of a point as set forth in the preceding have been
termed the principal coordinates of the point (Art. 8). To find the
points on a given line which are in an (a, 8) plane, it is only necessary
to substitute in the equation the values #, +iz,, 2, tana + 1z, tan 8, and
equating real and imaginary points to find the corresponding real values
of z; and z,. It is sometimes more convenient to substitute #, + ¢, tan ¢
and z, tan a + 1y, for z and y.

In order to obtain graphically the points of intcrsection of two
curves, it is not necessary that the a and B of the two graphs should be
the same. It is only necessary that the 8’s should have the same value,
when the two origins are real with respect to each other. Thus in
Art. 49 when the points of intersection of a conic, having a real branch,
with a pair of conjugate imaginary lines were obtained, the direction of
B was obtained from geometrical considerations. The corresponding
values of a for the two graphs were deduced and the points of inter-
section of the curves were obtained. This is always possible when the
two origins are real with reference to cach other. If the origins are
purely imaginary points with reference to each other it is necessary for
the real axis to have the same dircction in both graphs. Generally in
the case of the intersections of an imaginary line with a conic—having
a real branch—the points of intersection lie in two different (a, B)
figures, but, if the two values of 8 arc equal, they lie in the same (a, 8)
figure. Such a case arises, if the line is the connector of a pair of points
on the curve which lie in the same (a, 8) figure.

133. Change of origin in the case of graphs.

(a) A curve may be graphed as already set forth for (a, 8) planes
with respect to some centre of symmetry such as the centre of a conic
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or the real point on an imaginary line. Then, if the origin be transferred
to any real point, the graph will be the same but the a will be changed
and will not be constant for points on the same branch. This arises
from the fact that the real coordinate of each point on the branch
considered has to be combined with the real coordinates of the new
origin. Hence the direction of the real coordinate is changed and
the a becomes different for different points on the same (a, B) figure of
the original origin. The B8 however is unaltered.

(b) A similar process may be employed, when the new origin is a
purely imaginary point. In this case however the a remains unaltered
for points in the same (a, B) plane, while the B is changed.

(c) If the new origin is a complex point with respect to the original
axes, its position may be determined by means of its principal coordinates.
In this casc a new real length and a new imaginary length have to
be combined with the a and 8 lengths of the graphs of each point so
that the a and 8 of each point of the graph are changed.

From the above it is seen how the vector method of treating
imaginary coordinates becomes possible in the case of the general
theory.

134. Poncelet or (a, ) figures.

In each case 47z, and 2 tan a+ir;tan B are substituted for x and y in the
equation of the locus, and the real and imaginary parts of the resulting equation arc
equated to zero.

(a) Real straight line.
(1) Origin on the line.
Let the cquation of the line be @x+by=0. The resulting equations are
2y (e+btana)=0, w;(«+btangB)=0. '
For these to be satistied by values of #; and z, other than zero, it is found that

tan a=tan 8= —-‘;.

Hence it follows that the real and imaginary axes must coincide with the real
line, and therefore the real line gives the full graphic representation of the line (cf.
Art. 1).

(2) Origin any real point.
Let the equation of the line be ax+by+¢=0. The resulting equations are
21 (@+btana)+c¢=0, z;(a+btang)=0."

Hence tan 8= -%. Substituting this value in the first equation, it follows that

) (tan a — tan B)+§=0.
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Hence, if tan g= —g, there are for each value of a an infinite number of values
of x, but one definite value of #;. Hence the points all lie in the plane (1, 1) and
the planes (a, tan—1 (— ‘;)) . This is geometrically consistent with the previous
result.

(b) Renl conie.

(1) Origin the centre.

Let the equation of the conic be ax?+2hzy +by?=1. The resulting equations are

22 {a+2htan a+ b tan?a} - z,? {« +2h tan B+ b tan28) =1
wnd z179 {a+ A (tana+tan 8)+ b tan atan 8} =0.

Hence, if «+ 4 (tan a+ tan B8)+4 tan a tan 8=0, there are an infinite number of
points in the plane (a, 8). That is, there are an infinite number of points in the
slanes of the nest of the conic but in no other (a, 8) planes.

(2) Origin any real point.
Let the equation of the conic be f(x, y)=0. The resulting equations are
flxy, 2z tan a) - 2% (@-+2h tan B+ btan? B)=0, .......cce.eenee (1)

wnd x3[2) la+£ (tan a+tan B) +b tan a tan 8} + (g +1 tan B)]=0. .........(2)

If 2,=0 the real points on the curve are obtained.

Tf 2, 3 0 the equation (2) is identically satisfied, if

g+ftanB=0 and a+k(tana+tang)+btanatan 8=0.
Hence the conic has an infinite number of points in one (a, 8) planc of its nest,

riz. the plane for which g=tan ! < - f) . This plane has its 8 parallel to the polar

»f the origin and its a is the line joini;lg the origin to the centre of the conic. For
10 other plane of the nest are there points at a finite distance. For all planes
tside the nest of the conic

Py — - o g+ftanp
17 " a4 h(tan adtan B)+btanatan g’
Z2= [ (=, 2 tan a)

a+24tan B+0 tanZB"

Hence for given values of a and B, there is one value of x;, and if the value of z,?
s positive, two values of 2z, which differ only in sign. Hence the corresponding
soints are a pair of conjugate imaginary points.

If the value of x,* is negative there are no points on the branch considered.
These results are geometrically consistent with those obtained in Art. 127.

(¢) An imaginary straight line.

(1) Origin the real point on the line.

If the equation of an imaginary straight line is combined with the equation of
49 conjugate imaginary straight line an equation of the second degree is obtained,
which does not involve the imaginary explicitly.
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The equation may be graphed with respect to the real point on the lines, as if it
represented a real conic.

Let the equation of the lines be ax?+ 2hzy +by:=0.

Branches are found to exist which correspond to values of a and 8, which satisfy

the relation .
a+h(tan a+tan B8)+ b tan a tan =0,

That is, branches, which are graphically pairs of straight lines, exist in the planes
for which a and 8 give lines, which are real pairs of harmonic conjugates of the pair
of conjugate imaginary straight lines. These planes are said to form the nest of the
straight lines. No points exist in other planes than those of the nest (Arts. 76
and 77).

(2) Origin any real point.

Let the equation of the line be

ax+by+c+i(av+0y+c)=0.

Then 2, (@+btana) —zs (@' +0 tan B)+¢ =0, wcevvurrrvrrennnnnnnn (1)
and zg(a+btanB) 4+, (@' + b tana) +¢'=0. ...ccvenrivannannnn. (2)

From (1) and (2)

z{ac’ —d'c+(be’ ~ cb') tan a} — %y {@’¢’ +ac+ (b'c’ +be) tan 8} =0.

ad —a'e a'd +ac

Hence, if tan a= 0o and tan 8= — e +be’ there are an infinite number of

points in the corresponding (a, 8) plane.

Generally however there is only one point in an (e, 8) plane, viz. that given by
the equations (1) and (2). As a particular case there is only one real point on an
imaginary line, i.e. the one point in the (1, 1) plane. If a line joins or contains two
points in an (a, 8) plane, that plane is termed the plane of the line, and it contains
an infinite number of points in that plane. The relationship of these results to
those given in (1) is obvious geometrically.

135. Table of graphic representation by means of (e, 8) planes.
. In the following, real and purecly imaginary points, including the origin, are
omitted.

Nature of locus 1ts equation Planes in which there are points
Real straight line,
(1) Origin on line ax+by=0 The one plane

(-5 (-3)

in which there are an infinite number of
points.

(2) Origin any point ax+by+c¢=0 The planes (a, tan—1 ( - %)) , Where a

can have any value. There are an in-
finite number of points in each of these
planes.

12—2
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Nature of locus Its equation

The Imaginary in Geometry

Planes in which there are points

Imaginary straight line—together with its conjugate tmaginary line.

(1) Origin the real az%+2kzy+by%:=0
point on the line

(2) Origin any real aa?+ 2kzy+ by?
point +292+2fy +c=0,
where A=0
Real conic.
(1) Origin thecentre  ax?+ 2kzy
+byi+c=0
(2) Oriéin any real  ax®+2kzy+ by?

point +292+2fy+¢=0

Imaginury conic.

(1) Origin the centre S+28'=0

(2) Origin any real S+18'=0

point

Imaginary conic—special case.
Origin the centre S+i8'=0

An infinite number of points in all (a, 8)
planes, for which a and 8 are harmonic
conjugates of the lines: These plancs
form the nest of the lines.

An infinite number of points in the (a, 8)
plane, the a axis of which passes through
the real point on the line, the 8 being
its harmonic conjugate with respect to
the lines. One point on all other (a, B)
planes except those of the nest, in which
there iy no point at a finite distance.

An infinite number of points in all (a, 8)
planes, where a, 8 determine conjugate
diameters, i.e. in the nest of the conic.

An infinite number of points in the (a, 8)
plane, the a of which passes through the
centre, the 8 being parallel to the con-
Jugate diameter. Two points in all
other (a, 8) planes except those of the
nest, in which there is no point at a
finite distance.

Not more than four points in any (a, 8)
plane. If there are any points in an (a, 8)
or (8, a) plane, the sum of the points in
these two planes is four (Art. 144).

Same result as when the centre is the
origin (Art. 144).

If §'=0 are a pair of lines which are
conjugate diameters of S=0, there are
an infinite number of points in the (a, 8)
plane, whose axes are the conjugate
diameters 8'=0 (Art. 145).

It follows that, as a straight line has always an infinite number of points in
some (a, 8) plane, the most general straight line can be found by joining two points
in some (a, B) plane. A conic does not always contain an infinite number of points
—or more than four points—in any (a, 8) plane. Hence the most general form of a
conic cannot be obtained by describing a conic through five points in the same

(a, B) plane.

The conic so obtained is the special case alluded to above.
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136. Intersections of an imaginary line and a real conic.

An imaginary line must, by Art. 134, lie in one of the (a, 8) planes of the centre
of the conic.

(1) The line may lic in one of the planes forming the nest of the conic, in which
case it has a continuous graph in that plane. This graph may or may not meet the
graph of the conic in that plane. If it meets it, the line intersects the conic in two
points in the (g, 8) planc in question. If the two graphs do not intersect, the line
meets the conic in two points in different (a, 8) planes.

Let the equations of the line and conic referred to the axes of their common
(a, B) plane be

ro Y a?
=1 L f,
, b
and let K = TR
Then for one of the points of intersection
_ab JL o« . alJL '
= m K IE 9T 0 K tar
(@) If L is positive this point and also the other point of intersection, obtained
by changing the sign of J/Z, are in the common (a, 8) plane.

() If L is negative the coordinates of the point may be written as

2 .a'lf 'l — [/
=T llf mK\/ - L yg____,( V- L)-H")_an\/—L(_(?\/__L)'
If y = Mz, y=M'a be the equations of the pair of lines which are the (q, 8) axes
’ —_ ’2
of thiy point, M=g, N="Land M= - l—’, ‘\/ ! , so that M M'= "g'z and the lines in
question are u pair of conjugate diamcters of the ellipse.
The coordinates of the other point of intersection are obtained by changing the

sign of ¥ —Z. Hence these two points are not in the same (a, 8) plane.

and L=1+A.

(2) The line may lie in one of the planes which do not form part of the nest of
the conic. It cannot then intersect the conic in two points in the same (a, 8) plane,
for it only contains one point in planes other than the plane in which it is situated.
The two points of intersection may be constructed by means of Art. 49.

The tangent to the (a, 8) branch of a curve at any point on that branch lies in
the plane in question. Hence in the first of the cases dealt with in this article the
pole of the line is in the (a, 8) plane considered. Even in the second and third cases
this is also true.

Intersections of straight lines and conics.
A real straight line intersects
(@) A real straight line in the (1, 1) plane.

(b) An tmaginary straight line in the (a, 8) plane, in which B is parallel to the
real line and a is the harmonic conjugate of 8 with respect to the imaginary line and
its conjugate imaginary line.
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(¢) A reul conic in the (1, 1) plane or in the (e, 8) plane, in which B8 is parallel
to the real line, and a is the conjugate diameter of this line with respect to the conic.

(d) An imaginary conic in two points in different (a, 8) planes, which may be
determined as follows. Obtain the equation of the pair of imaginary lines joining
the centre of the conic—or any real point—to the points of intersection of the line
with the conic. This can be done at once analytically. Then by (b) above the
points of intersection of the real line with these lines can be obtained.

An itmaginary straight line intersects

(¢) A real straight line in the (a, B) plane, in which 8 is parallel to the real line
and a is the harmonic conjugate of 8 with respect to the imaginary line and its
conjugate imaginary line.

(f) An imaginary stratght line in the (a, 8) plane, in which 8 is parallel to one
of two of the sides of the diagonal triangle of the quadrilateral determined by the
imaginary lines and their conjugate imaginary lines. These sides are the axes of
perspective of the two involution pencils, of which the imaginary straight lines are
the double rays. The points of intersection of the imaginary lines are on these real

- axes of perspective and the corresponding a’s are obtained by joining the real points
on the imaginary lines to the mean points of the opposite vertices of the quadri-
lateral, which are situated on the axes of perspective.

(9) 4 real conic in two points generally in different (a, 8) planes. The real lines
on which these points are situated may be constructed as explained in Art. 49, and
the corresponding values of the a’s may be obtained as in (f) or from the equations
of the line and conic (Art. 136).

(k) An imaginary conic in two imaginary points. These may be found as
follows. Express the equations of the conic and straight line in the forms

2 ¥ 4

(@+iaye T (it~
Let the units of length along the axes be a+:¢’ and 0+4¢b. Then the equations of
the conic and straight line are respectively

22+y?-1=0 and (dx+By—-1)+i(4d'x+B'y)=0.
The points of intersection of these can be found by (g).

137. Properties of (a, 8) figures.

Every real point is in the (1, 1) plane and every purely imaginary point is in the
(%, ?) plane. Every real point is also in all the (a, 8) planes, the a axes of which pass
through the point in question, and every purely imaginary point is in all the (q, 8)
planes, the B axes of which pass through the point in question. Thus all points are
in the (a, 8) planes, and the (1, 1) and (%, ¢) planes may be regarded as a regrouping
of the real and purely imaginary points or as two planes of reference. From the
latter point of view, given a definite origin, the planes (1, 1) and (7, 7) may be
regarded as superposed. Then if any line a be drawn in the (1, 1) plane through
the origin and any line 8 be drawn in the (i, 7) plane through the origin, the plane
(a, B) is the plane determined by this pair of intersecting straight lines.

1=0 and (d+i4) 3, +(B+iB) ﬁ- 1=0.
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The following are some properties of (a, 8) planes considered in relation to the

(1, 1) and (¢, ¢) planes.

Every complex.point may be defined
by a real and a purely imaginary co-
ordinate in some (a, 8) plane. This con-
struction is unique. The point in question
is said to be situated in this (a, 8) plane.

Through every complex point in an
(a, B) plane an infinite number of straight
lines may be drawn in that plane and
one straight line in every other (e, 8)
plane, including the (1,1) and (, Z) planes.
[See (b) below.]

Every real point contains an infinite
number of straight lines in the (I, 1)
plane and also an infinite number of
straight lines in all the (a, 8) planes, the
a axes of which pass through the point
in question. The lines in the (1,1) plane
are real and the lines in the (a, 8) planes
(with the exception of the axis) are
imaginary.

A purely imaginary point has similar
properties,

Every complex line may be defined by
a real and a purely imaginary intercept
on the axes of an (a, 8) plane. This
construction is unique. The line in ques-
tion i8 said to be situated in this (a, 8)
plane.

On cvery complex straight line there
are an infinite number of points in its
(a, B) plane and in every other (a, 8)
plane, including the (1,1) and (z,¢) planes,
there is one point on the straight line.
[See Art. 134 (¢) (2).]

Every recal linc contains an infinite
number of points in the (1, 1) plane and
also an infinite number of points in all
the (a, 8) planes, the 8 axes of which are
parallel to the given line. The points in
the (1,1) plane are real and the points
in the (a, 8) planes (with the exception
of points in which the axis of a meets
the line) are imaginary.

A purely imaginary line has similar
properties.

(«) The line ax+by+c+i(@x+0y+c')=0 lies in the (a, B) planc for which

ca’' —ad

—tan—1°€ ¢
a=tan b -be

and B=tan-1!

—ca—dc
Ve'+be

This follows from the fact, that the line contains the real point and the purely

imaginary point given by the equations

z ¥ 1
be| Je al a b
b ¢ | ¢ a a b
w1
and ‘ ¥ T a.'|_ 7 bf"
-b c'l ¢ —a -a -b

The connectors of these points to the origin give the a and 8 axes of the plane in
which the line is situated.

The fact that cvery imaginary straight line is in an (a, 8) plane for a given origin
1ay also be proved as follows.
Let the equation of the line be
Az+ By+i(A'z+By+C)=0 ...... ceerenen . (1)
referred to rectangular axes through the origin.
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Let a line in the (a, ) plane meet the axes of that plane in points at distances
« and b from the origin. Referred to the axes of # and y the coordinates of these
points are @ cos a, ¢ sina and b cos B, b sin B.
Hence the cquation of the line joining these points is
‘ % (asin a—tbsin B) + y (—a cos a+7b cos B) +iabsin (B~a)=0....... (2)
Comparing coefticients in (1) and (2), it follows that

’

4 4
tana= B tan 8= -B

_UNARB VAR B
T AB-BA"’ T AB-BA’
Hence the equation of the imaginary line (1) can be uniquely expressed in the

plane (ta.n" ( - ?;,) , tan—1 ( - 2,)) in the form
Y iy c
AL B ATk B AB B
The axes of this plane are dz+By=0 and A’z+ By=0. The condition that
the line (1) should lie in a plane of the nest of the conic «'z2+d'y*+¢'=0 is that
A4’ o
77’)' =tan a tan ﬁ = - ’)—, .
(h) To find the equation of the line through « given tmaginary point which lies in
« yicen (a, B) plane.
Let the coordinates of the point be a4 iy, ) tan a4z, tan 8, and let the plane
Le the («, B) plane.
The equation of the line may be written in the form
¥y —a tan a— iz, tan B=(m+1m') (v —2;— (xy).
1f this be the same line as
ar+by+c+i(a'x+by+c)=0,
then by («)

c ¢
tana'=m—m' , and tan @' =m+m' -.
« c

Therefore
twma'-m_ ' _ (tanad'—tana)z, K 0%
—m T tang@ B-m (ta,n B —tan B) a, (suppose).
A )
Hence B b
A?tan 8 +tand - K (tand' —tan @) 14+K?2’
and

" +im’=K tan 8 -7 tan o’ (t.a,n a'—tan a) z, tan §'—i (tan B - tan 8) 2, tan o
A—1 (tana’—tana)z, —¢ (tan B’ —tan 8) z; ’
If the plane (a, 8') is taken to coincide with the plane (a, 8), then the only
relation eonnecting m and m’ is
(tan a —m) (tan B—m)= —m'2

This relation is satisfied by the m+m’ of every line in the plane (a, 8).
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(¢) To find the point on « given imaginary line, which is in a given (a, B) plane,
uny real point being the origin.

Let 0.\ and OY be the axes determining the (a, 8) plane, in which it is required
to find the point on the given line. Let O’ be the
real point on the given line, and through O draw
O'Y’ parallel to OF, Let O'.X’ be the harmonic
conjugate of O' I’ with respect to the line and its
conjugate imaginary line. Let O'P be the graph of
the line for the axes 0'X’' and O'Y’. Let O.X meet
OX in N. Draw NP parallel to OF to meet the
graph of the line in 2. Then P is the required
point. For its coordinates are the real length OV
measured parallel to OX and the purely imaginary &
length VP measured parallel to 0.

Hence it follows that the points on an imaginary line in the (a, 8) planes with
any fixed real origin, obtained by keeping 8 constant and varying a, are all on the
graph of the line with its real point as origin for the plane, for which 8 has the
given value and a is the harmonic conjugate of 8 with respect to the given lme and
its conjugate imaginary line.

138. The imaginary conic.

The gencral cquation of an imaginary conic, which may be written
shortly as S+ 48’=0, wherc S=0 and 8'=0 arc the general equations
of two real conics, may be treated in either of two ways.

(1) Transformations of the axes of coordinates may be limited to
such as are real. .

(2) Transformations of coordinates may be allowed, which involve
the imaginary.

In case (2), as a general rule certain points will be changed from
real to imaginary and vice versid. Transformations of type (1) will be
considered in the first instance.

Transformations inv\olving a real change of coordinates,

Such transformations depend on the fact that every conic has a real
or semi-real inscribed quadrangle. One pair of opposite sides of such a
quadrangle are real. Hence the equation of every conic can be obtained
in the form
RE R Y | R ¢ § )
the axes of coordinates being a pair of real sides of the real or semi-real
quadrangle which are inclined at an angle w.

If the bisectors of the angles between the real sides be taken as the
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axes of coordinates, the coordinates are rectangular and the equation
may be written
S+20 (P -m*2*) =0...cvvvniininnrnnnnnn, (2)
If &, «', b, I are the intercepts made by the conic on the pair of real
sides of the quadrangle, (1) may be written in the form
bb'at + aud'y? —bb (a+a’)z — ad' (b+ )y +aa’bb' +2(h +h)zy =0,

where a, @, b, b’ may be real, or purcly imaginary and conjugate in pairs.

Generally the form of the equation of a conic depends on whether
the inscribed gquadrangle is real, semi-real of the first kind or semi-real
of the second kind.

If the conic has a real self-conjugate triangle, the equation of the
conic referred to this triangle as triangle of reference can be expressed
in the form

az®* + by 4+ c22+ i (W22 + by + 2% =0............. 4)
139. Forms of the equation of a conic into which an imaginary conic can
be projected by a real projection.

(A) (1) Let the conic have a real inscribed quadrangle.

Project the vertices into a real square, the diagonals of which are 2.

Take the diagonals for axes of coordinates.

The equation of any conic through the vertices ix

224 Y24+ 2hay =al.

(2) Let the conic have a semi-real inscribed quadrangle of the first kind.

Project the vertices into a semi-real square of the first kind, the diagonals of
which are 2ic. '

Take the diagonals as axes of coordinates.

The equation of any conic through the vertices is

224yt +2hzy = — a?.

(3) Let the conic have a semi-real inscribed quadrangle of the second kind.

Project the vertices into a semi-real square of the second kind, the diagonals of
which are respectively 2@ and 27a.

Take the diagonal of length 2« as uxis of v and the other diagonal as axis of y.

The equation of any conic through the vertices is

x%—y2 4 2hxy =al.

In the above 4 is or may be a complex quantity.

(B) (1) Let the diagonal triangle of the inscribed real or semi-real quadrangle
be real.

Project one side to infinity and the other pair of sides into orthogonal lines.
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Take these lines as axes of coordinates.
Then the equation of the conic is of the form
22 ¥

(@+iay T BHEY

(2) Let the diagonal triangle of the inscribed semi-real quadrangle be semi-real.

Project the pair of conjugate imaginary vertices into the critical points.

Take rectangular axes through the centre of the conic, which is real.

The equation of the conic is then of the form

@+iy? | (z—inp
(atia 2" (b3 by

=1 or (4+id")a*+(B+iB)y%=1.

=1,

140. Transformation of axes involving the imaginary.
Let the equation of the conic be
(u+¢a) 22+ 2 (h+2h) zy+ (b +2V) y*+2 (9 +1g') v+ 2 (f+¢f Yy+(c+icd)=0
a, 2%+ 2l 2y + by 2 + 29, z+2f; 3/+c,
1e axes being inclined at an angle o.

1f the origin be transferred to the pomt C g and the bisector of the angles

stween the axes of coordinates be dlsplaced through an angle

—(a+ b,) Ccos
( —b)sinw

3tan-

y

1e new axes being rectangular, the equation of the conic is

X y? 1
——— =t — =+ , =0 i, 1
SaANT, =T e M
Cy ¢y +b, =2k cos @
here -Ih-ﬁz—l - si-n’m ) ’
(/’ 2 al
PT A2 sintw
P s T e

ith the usual notation.
The equation (1) is of the form
X? 1?2
(@+iap T Gray
(A+i4’) X24(B+1B) Y2=1.

=l’

141. Nature of an imaginary conic.

A conic may be imaginary either by nature or by displacement.

( + 'W"s)
o?

uch a conic as - %-: =1, where «, is constant, is aceording to

1e definition of Art. 106 imaginary. If however the origin is moved
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through a distance iz, the equation becomes w—a % 1. Hence such a

curve may be regarded as tmaginary by dwplacement. If the constants
which determine the nature of the curve, such as the semi-axes, the
latus rectum or the angle between a pair of straight lines, involve “2,”
the curve is said to be imaginary by nature. This is the case when the
quadratic cquation for the axes of the conic involves the imaginary
explicitly or when its roots are imaginary. In the latter case the
cquation of the curve is of the form
w‘.’! y2
@by T (a—iby =}

Thus with the notation of Art. 140, (1) if J and J), are rcal and J,
is positive, the conic is imaginary by displacement, (2) if Jj, and J,, are
real and J, is nogative, the conic has a pair of conjugatc imaginary
axes, (3) if Jj, or J, is imaginary or complex, the conic generally is
imaginary by nature. '

142. Tracing of an imaginary coniec.

The author is not acquainted with any satisfactory way of represent-
ing graphically the points on an imaginary conic in the general case.
There are three possible ways of proceeding, but nonc of these seems to
lead to satisfactory results.

(a) It is possible to transtorm the equation of the conic as explained

in Art. 140 into the form
a? ¥y
(a+ ') (b+zb Y-

Lengths measured along the axis of 2 may then be regarded as multlpleq
real or imaginary of @ +ia’, and those measured along the axis of y as
multiples real or imag'inary of b+1l’. This method however does not
seem to lead to satisfactory results.

(b) If as in the case of a real conic the points in (a, 8) planes are
sought, it is found that as a general rule (sce Art. 143) there may be
four such points in any plane, but generally not more than four points.
Hence this method does not lend itself to graphic representation.

(c) It is possible to obtain a graphic representation by substituting
for the systems of real parallel lines in an (a, B) figure systems of lines
satisfying certain conditions, but the graphs obtained in this way are
of a complicated nature.
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Thus, if the cquation of the conic be
az* + by +c+1(a'z®*+ b'y?) =0,
it is possible to construct the harmonic locus of uaz®+ by*+c=0 and
a'2®+b'y* =0, which is a real curve. The tangents to this curve inter-
sect the conic and its conjugate imaginary conic in conjugate imaginary
points, the locus of whose mean points is
(ab’ + ba') {(az® + by*)* + (a2 + b))} + ¢ {y°b%a’ + 2%ab’)?
—dc(ub' — ba'yPz*y? («'a* + b'y*) = 0.

This curve would therefore intersect the tangents to the harmonic locus
in points, which would give the real parts of the coordinates of the
points on the conic, and a graph could be obtained by measuring off the
appropriate imaginary lengths along the tangents. The same method

could doubtless be employed, substituting any anharmonic locus for the
harmonic locus.

The method (a) groups in the same figure points, whose coordinates
referred to the same axes through the centre are of the form k(a + ia'),
L (b + "), where k and [ are real or purely imaginary quantities.

143. In every (a, B) figure there may be four points, but not more than four points,

on the conic
ax®+ 2hxy + by +i (02 + 20 zy + b'y*)=c.

If l4+2+i(Y +22) and m+ =, tan a+7 (m'+23tan B) be substituted for » and y
and the real and imaginary parts of the resulting equation be equated to zero, there
are no values of 7, I’, m, m/, a, and 8 which render the two equations thus obtained
identical or which make one of the equations identically zero in the general case.

If {=1'=m=m'=0, the two equations are
22T — 22, 200" —~ 22T} =€, eevneerieeeeeiiiiieneennnnn, 1
T2+ 22, 20 = 22TV =0, ovveeeeerreeeeee e (2)
where C =u +/ (tana+tanB)+b tanatanB, 7 =a +2k tana+bd tantq,
C'=d +k (tana+tan B)+ b tanatan B, 7"=o +2k' tan a+b' tantq,
T\ =a +2k tan B+b tan? B,
TV=a 42k tan B+ b’ tan2B.
Looking upon (1) and (2) as the equations of two conics, the coordinates of a

point on which are x,, z,, it is seen that for given values of a and B there are not
more than four pairs of values of 2, and z,. Hence the result follows.

Equation (1) is that of a conic and (2) that of & pair of straight lines. Only real
values of #; and z; are required. Hence for such_to exist (2) must represent a pair
of real lines and be equivalent to

™ (xl - Xp@g) (.1:'1 - Agl‘g) =0, .............................. (3)
where A; and A, are real.
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From (1) and (2) 22 (CT+C'T")=22(T\C+T/C")=cC. ......cco.ccvveruunnenn. (4)
Writing this equation as P24 =2PB=cC) ..ccovrvreiirerieierieeneennn, (5)
the values of .z, are given by
om0 __ .0
4 D2:-B or priw iy SRR (6)

The condition for the existence of points in a given (a, 8) plane is that these
expressions should be positive.

It may be noticed that if z,+42s, 2, tan a +1z, tan B be substituted for z and y in
an equation,

(1) if iz, and uz, be values of z; and z,, these values give a point (—ay, z;) in
the (8, a) plane;

(2) if a pair of values +z, correspond to a given value of 2, the points so
obtained are » pair of conjugate imaginary points ;

D) if N ¥ _Atana+7itang

(3) if 2y =Aay, !~ e .

Hence the point 2, y lies on this imaginary line through the origin.

144. In the cuse of the conic
ax?+ 2hzy + byt +i (a'x?+ 20 xy + by?) =,
if there are any points in the (a, B) or (B, a) planes, the sum of the number of points
in these planes is four.

Since therc are points in one or other of the planes, equation (2) of the last
article can be expressed as equation (3). Hence the values of z; are given by (6).
These values are either real or purely imaginary. The real values give points in the
(a, B) plane and the purely imaginary values give points in the (8, a) plane. The
suin of the numbers of these points is four.

145. Special case of an imaginary conic.

If in the case of the conic considered in the last article the lines
@'a*+2Wzy + b'y*=0 are a pair of conjugate diameters of the conic
aa? + 2hay + by = ¢, the relation (2), Art. 143, is satisfied, when a and 8
are such as to determine this pair of conjugate diameters. In this case
T'=T/=C=0. Hence there are in this case an infinite number of
points on the conic in these (a, 8) and (8, a) planes.

The corresponding values of z; and z, are given by
22T - 22,2,C' — 22T, =c.
"The conic in this case is not generally imaginary by displacement.
If ‘a pair of real sides of the semi-real or real quadrangle of an
imaginary conic are taken as the axes of coordinates and a new figure is
obtained by projecting the side of the self-conjugate triangle opposite
to their point of intersection into the line at infinity, it may happen
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that the vertices of the semi-real or real quadrangle of the imaginary
conic so obtained are determined by a conic of which the axes of
coordinates are a pair of conjugate diameters. In this case the equation
of the imaginary conic is of the form

' ax® + by? + 2thxy =c.

Substituting =, + ¢ty;tany and a,tana+ 4y, for « and g, it is found
that
a (2 — y tan® ) + b (2,? tan? a — y°) — 24z, y, (1 + tana tan y) = ¢, ...(1)
and z,y, (a tany + btana) + h (2* tan a — y.* tan 4) =0. ......(2)

If a= o = 0, (2) is satisfied and (1) becomes

az,® — by? — 2ha,y, = c.

Hence there are an infinite number of points in the (1, ) and (7, 1)
planes of the conic.

Conic through five points in the same (u, 3) plane.

If a conic be described through five points in the same (a, 8) plane its equation
by expanding the determinant, obtained by eliminating the constants, is found to be

2
u,.'c“+2lw':{+b(‘g) +2g.z'+2f‘?+c=0, ..................... (1)
or ax? - 2ihry— by* +29x—-2ify+c=0, ..cccconrinnininnnns (2)
where a, b, ¢, £, g, h are real.

Let A; be the discriminant of this equation, and A the discriminant of (1) when
the “Z’s” are omitted. Let C; and C be the corresponding minors of c.

Then, it will be found that
A;i=—A and Ci=-C(.
Hence the equation referred to parallel axes through the centre is

axt - by*+ 3 — 2ihxy=0.

The axes =0, y=0 are conjugate diameters of the curve tm:*—by”+%=0, and
therefore the conic considercd comes under the special case of the imaginary conic.

Conic imaginary by displacement.
Consider the conic
ar®+ 2thzy - by* + 29 - 2ify +c=0,
where the axes are rectangular.
Referred to parallel axes of coordihates through the centre, the equation with the
notation of the preceding is
az?+ 2hzy — by’+-3= 0.

Turn the axes of coordinates through the imaginary angle } tan~! &?i&b' .



192 The Imaginary in Geometry
The equation is then a2x24 b2y + '2,-=0, where a’ and b’ are given by
a+b=d'+¥ and ab+/i2=a't.
Therefore @ =b==+.Jla—bE—4kt
If (a - b)? > 442, the values of «' and &’ are real and the conic is imaginary by
displacement.  If this condition is not satisfied the axes of the conic are conjugate
imaginary quantities.

In form (A), Art. 139, in cases (1) and (2), if 4 is purely imaginary the conic has
a pair of conjugate imaginary axes. The same holds in case (3) except that when A
in 2.4 is <1, the axes of the conic are real and the conic is imaginary by displace-
ment.

146. Modulus of reduction in an (a, 8) figure.
_ In an (a,B) figure let 2 represent a point and let PV be y, OV be &, and the
angle PON be 6.
Let B—abe w. Then
sin 0

PN=x S (w—B) Kz (suppose).
Then

OP? graphically=ux*+ K 2z% 4 222K cos o,
OP: actually =z%— K2z%42ix%h cos w.
. actual value of OFP2 1~ K2+2iK cosw 7
** graphical value of O~ 1¥ K2+ 2K cosw O X
= It? (suppose).
2 8in? (0 — ) — sin® 6 +2¢ sin (o — 8) 8in 6 cos o
8in? (0 — @) —sin? 6 + 2 sin 0 sin (@ — 4) cos @

_ 8in w 8in (w - 20) + 27 sin (0 — f) sinf cos ©
- sin’ @

=cos 26 —c.sin 20+ 2¢ sin 4. ¢ (cos 0 — ¢ 8in ), where ¢=cot o,
=cos8 20 {1 +c? +csin 20 {i— 1} —ic%

If w=-'2-', R2=cos 26.
=9 g 1COS @

I¢ 0=3: ®'=1 cosa’

If 0=0, Ri=1.

If =0, R:=-1.

Hence by means of R, the mnodulus of reduction, the actual distance from the
origin of a point in an (a, 8) figure can be deduced from its graphic representation.

The imaginary angle represented by a real graph.

Graphically a triangle ONP, in which ON is a, NP is 7b, and ONP is a real angle
@, is represented by a real triangle ONP in which &¥/P is b. Let the angle PON of
the imaginary triangle be 6; and that of the real triangle 4.
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b sin tb_  sing
Then a™sn@+e) " 2" (G+e)
sind; _ dsind _ .
Therefore s-i_n_(ﬂ.-i_--u) —m =iK (suppose). ..................... (1)
Hence K K (1=-:K )
1K sin o 2iK sin o (1 -7k cos o
0= _iKoose 9 PS50 cosw— Kiconge (P

From (1), if ; = a+ 3¢, it is found by equating real and imaginary parts of the
equation that - . "
— K?sin 20 2iK 8in o
1+K200B_]—2_n; and tan 2l¢— -j. ;-_Il'r' sesssssanssenas (3)

The value of tan2(a+s¢) derived from (3) is in agreement with the value of
tan 26; derived from (2).

Given any imaginary length A +iB measured along « line, it is possible to deter-
mine this length by means of (a, B) axes inclined at any given real ungle w.

Let @ and ¢b be the coordinates of the end of the length .1 +:5.

tan 2a=

Then (4 +1B)*=a? - b*+ 2iab cos .
Assume that A?—Bl=a*—b* and 2i4AB=2iabcos w.
Then A2=B'=a?-b? and AB=abcosw.

a3 mme . 4 AB? ..
L albi= 1_pgeg g 200 22
. al+b tJ(A B2y +4cos"w + K, where A is > A2 B?
. 202=(A2-B%)+ K and 20*=—(4%- DB’ %A
If the positive sign of the square root is taken, a and b arc both real. If the
negative sign is taken for the square root both ¢ and b are purely imaginary, that
iy, « is imaginary and b is real.

147. (4, B) figures for the critical lines of a point.

Probably the two most remarkable of all the properties of the critical lines of a
point are the following :

(1) If any pair of lines at right angles through the point be taken as axes of
coordinates the equation of these lines is #?+4y%=0. If real lengths be measured
along the axis of x and imaginary lengths along the axis of y a graphic representa-
tion of the lines can be obtained. But if any other pair of lines at right angles
through the point be taken as axes of coordinates the equation of the pair of
critical lines is still #2+y»2=0 and they can be graphed in the same way.

(2) Each of the critical lines may analytically be regarded as making the same
angle with every real line in its plane (Art. 78).

The first of these properties can however be explained at once and the second is
an immediate consequence of the first. .

In Art. 76 it was shown that if the equation of a pair of imaginary lines is given
in the form y%+m2a2=0, i.e. if the axes of coordinates are the pair of real bisectors
of the angles between the lines—which are of course at right angles—a graph exists
in all the (a, B) planes for which a and 3 satisfy the relation tana tang= —-m? If
for the lines 2+ m222=0 be substituted the lines y2+2%=0, this condition becomes

H.1.G. 13
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tanatan@= —1. Hence the axes for the graphs of these lines must be at right
angles and for all pairs of axes at right angles a graph exists. Hence the property
of the critical lines set forth in (1) is simply that for them as for other imaginary
lines (a, B) figures can be constructed. For all pairs of axes at right angles the form
of the equation of the critical lines is the same (Art. 96).

In the general case a pair of conjugate imaginary straight lines have only one
pair of harmonic conjugates (real) which are at right angles. These are the bisectors
of the angles between the lines. In Art. 77 it was shown that the graph of an
imaginary line derived from its equation referred to two (a, 8) axes makes with
cither of the hisectors the same angle as that deduced from its equation referred
to the bisectors as axes of coordinates. In the case of the critical lines there are
an infinite number of these bisectors. This result shows that the angle made
by a critical line with any of these bisectors must be the same as that made by it
with any one of another pair of biscctors, i.e. with any real line in the plane.
Hence these two remarkable properties of the critical lines are only particular cases
of well established theorems.

Tt is instructive to work out directly, by substituting 2, + /2; and 2 tana 42, tang
for # and y, the (a, B) figures of a pair of critical lines (see Art. 76).

EXAMPLES

(1) Show that the line joining the points &y +i2y, ¥, +iy; and z, — iz, —y;+1y,
lies in the (1, 7) plane.

(2) Prove that the vertices of the real or semi-real quadrangle of the conic

ax®+2hzy + byt +i(a'2? + 20 xy + by?)=c

lic in one or other of the planes (1, 1), (%, ) or (a, B'), where a’, B’ give the directions
of the common harmonic conjugates of a.x?+ 2hzy +by?=0 and o’z + 2k zy + b’y =0.

(3) Prove with the notation of Art. 143 that the points of the conie, which lie
in the (a, B) plane, are situated on the pair of straight lines whose equation is

T/ (y — x tan a)* 4207 (y — 2 tan a) {y — x tan 8) + 7" (y — x tan B)2=0.
(4) Prove that the graph of the curve
ax?+ by —1+14(by - lz) (ly+ax)=0
in the (a, 8) plane in which it has a continuous graph is the real part of the conic
bz? ay? zy (F*+ab) 1
O R e R e WY e

referred to the a, 8 axes as axes of coordinates.

(5) The locus of points, from which pairs of tangents can be drawn to a hyper-

bola such that the sum of the angles which they make with the axis of « is ;—r, is a

portion of a rectangular hyperbola.
(6) The locus of a point, the tangents from which to the ellipse g‘:+‘z-:— 1=0
make angles with the axis of # the sum of which is ;—r, is the rectangular hyperbola
2%~ y2 - a? 4 b2m0.
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(7) Prove that the point on the line az+iby=1 which is in the (a, 8) plane is
a—-thtana (a—ibtan B) tana

a®+b%tanatan B’ o+ Htanatang
(8) Show that if a, o', &, £, &', and £ are finite quantities and A in the limit
approaches the value zero, the connectors of the two points @, and @, whose co-
ordinates are respectively ;’ +h, E; +4 and %+l¢’, ——;ﬁ+l¢’, to the origin are the

critical lines of the origin.

(9) Hence show that the points @, and @, may be regarded as representing the
circular points at infinity in the most general case and that these points in a
particular case are a pair of conjugate imaginary points.

(10) Hence prove that in the general case the measures of the distances of the
circular points at infinity from the origin are indeterminate quantities.

13—2



CHAPTER VII
THE IMAGINARY IN SPACE

148. In Chapter I an imaginary point was defined as a double point
of a real overlapping involution situated on a real straight line. The
real lines, on which such involutions were situated, were assumed to lie
in a plane, so that the bases of the involutions were intersecting straight
lines. In this chapter this restriction is removed so that the points
considered, both real and imaginary, are situated in space.

A stratght line may be regarded as a fundamental conception or may
be defined as a locus such that one and only one straight line can be
drawn to pass through two given points, and « plane as the surface generated
by straight lines all of which intersect in pairs at points at a finite or
infinite distance. It follows that two straight lines cannot intersect in
more than one point. If they so intersected, two straight lines could
be drawn to join their two points of intersection. It is assumed that two
intersecting straight lines uniquely dctermine a plane.

A plane is determined by any three points A, B, C, which are not
collinear. Join B and "C to A by straight lines. Then, if P and @ be
any two points on these lines, the straight line PQ intersects 4B and
AC and therefore the three lines lic in the same plane.

It follows that a point and « straight line determine a plane, and that
if two points on a straight line lie 1n a plane, every point in the straight
line lies in the plane.

The locus of points common to two planes is a straight line.

-Let A and B be two points common to two planes ¢ and ¢’. Only
one straight line can be drawn to join 4 and B. Every point on the
line A B lies in the plane o and also in the plane ¢’. Hence the theorem
follows, for if there were a common point of the planes ¢ and o', which
was not on the line 4B, the planes ¢ and ¢’ would coincide in the
plane determined by this point and the line 4B.

A plane and a straight line—which does not lie in the plane—
determine a point.
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Let o be the plane and ! the line. Take 4 any point in the plane
o and construct the plane o’ through A and the line !. This plane
intersects the plane o in a line go’. ! being in this plane meets oo’ in
one point. This point is the point of intersection of  and o.

Planes which intersect in the same straight line are termed coazal
planes.

Three planes which are not coazal determine a point.

Let the planes be o, ¢/, ”. Then o, ¢’ intersect in a straight line J,
and ! meets ¢” in a point. This is the one and only point common to
the three planes.

Hence the following correlative relations are obtained :

Three non-collinear points de- Three non-coaxal planes deter-
termine a plane. mine a point.

Two points determine a straight Two planes determine astraight
line. line.

A point and a line determine a A plane and a line determine a
plane. point.

Two intersceting straight lines Two intersecting straight lines
determine a point. -determine a plane.

If in the above the determining elements are real, the line, point or
planc so determined is real.

Parallel planes are such as contain more than one system of lines of
the one parallel to a system of parallel lines of the other. Parallel planes
form a coaxal system of planes the axis of which is entirely at infinity.

Analytical.

Let P be any imaginary point in space. Let P’ be its conjugate
imaginary point. Then PP’ is a real line, for P and P’ are by definition
the double points of a real involution on a real straight line. Let M be
the mean point of P and P’, which is real. Through M draw a real plane
o perpendicular to the real line PP. Then PM is a purely imaginary
quantity. The position of M in the plane o is determined by two real
coordinates. Hence the coordinates of P are of the form a, b, + 7¢, and
those of P’ of the form @, b, —7c. If the planes of the coordinate axes
are changed the coordinates of P and P’ are of the form

a+ia, b+, c+ic,

and a—1a, b—1b, c—1c.
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It follows that if the equation of the plane, which contains three given

imaginary points, is of the form

C+d)z+(m+im)y +(n+in)z=k+ ik,
that of the plane which contains the three conjugate imaginary points

18 of the form

((-)yz+ (m—im)y+(n—in')z=Fk -k’
These planes in the equations of which the sign of the imaginary
is changed are termed conjugate imaginary planes.
A line is determined by the cquations of two planes which pass

through the line.
z— (a+1a’)

These may be transformed into the shape
Y= (b+b)

z—(c+1c)

E+i)—(@+ia) @+W)=@+i) (m+mm)—(c+ic)

1. Every imaginary point has
« conjugate tmaginary poind.

If the coordinatcs of the point
are
b+, c+1c,
the coordinates of. the conjugate
imaginary point are
b— b,

a + i,

a—1a, c—1c.

2. Through every imaginary
point there is one and only one real
line, which ©s the connector of the
point to s conjugate imaginary
point. Through this line pass all
real planes which contain the point.

The equation of the line join-
ing the point a + ia’,b + ', ¢ + ic’
to its conjugate imaginary point is

z—a—ta _  y—b—1ib
W—id—a—id b= —b—ib
z—c—1c

Tec—ic—¢c—1c

z—a y-b z—¢
or ==
a b ¢

This line is obviously real.

Every imaginary plane has a
conjugate imaginary plane.

If the cquation of the plane is
aur+ by +cz+d

+i(@z+by+cz+d)=0,
that of the conjugate imaginary
plane is
az+by+cz+d
—i(dz+by+cz+d)=0.

In every imaginary plane there
is one and only one real line, which
is the line of intersection of the
plane and its conjugate imaginary
plane. This line is the locus of all
real points in the plane.

The real points in the plane
az+by+cz+d

+i(a'z+by+cz+d)=0
are given by
ax+by+cz+d=0
and az+by+cz+d =0.

These points lie on a real
straight line, which is also the real
line in the conjugate imaginary
plane.
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3. Thelinejoining twoimagin-
arypoints isthe conjugateimaginary
line of the line joining their con-
Jugate vmaginary points.

4. Two conjugate imaginary
lines, determined as the connectors
of two pairs of conjugate tmaginary
points, meet at a real point, if the
real lines through the two pairs of
conjugate imaginary points are con-
current, i.c. if the two pairs of con-
Jjugate tmaginary points lie in the
same real plane ; otherwise they do
not meet at all.

The condition that the line

z—a—ia’ _ y—b—db
E+ib —a—id L+ —b—l
2—1— ({4

T 4am —c—1c
should intersect the line obtained
by changing the sign of 1, is

’ ’

toa v ¢ |
! K 4 m =0
;k—a Il—b m—c

This is the condition that the
real lines through the imaginary
points determining the lines should
mect at a point (see 2 above).

If this condition is not satisfied
there is no real point on the con-
jugate imaginary lines and they do
not intersect.

5. Iftwo tmaginary points are
such that the real lines through the
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The line of intersection of two
imaginary planes s the conjugate
imaginary line of the line of inter-
section of their conjugate imaginary
planes.

Two conjugate tmaginary lines,
determined as the lines of inter-
section of two pairs of conjugate
tmaginary planes,lie in a real plane,
if the real lines in the two pairs of
planes are concurrent, i.e. if the two
puirs of conjugate vmaginary planes
meet in a real point ; otherwise they
do not lie in a plane at all.

The condition that the line
ax+by+cz+d
+i(az+by+cz+d)=0
kz + ly +mz +n
+i(Mz+ly+mw'z+n)=0
should intersect the line obtained
by changing the sign of 4, is

a b ¢ d i
E Il m n

0.
a b ¢ d

i E U m o

This is the condition that the
real lines in the determining planes
should meet at a point, ie. that
they should lie in a plane (see 2
above).

If this condition is not satisfied
there is no real plane through the
conjugate imaginary lines and they
do not lie in a plane.

If two vmaginary planes are
such that the real lines in the planes
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points are not concurrent, no real
plane can be drawn through their
connector.

This follows from 4.

149. Systems of lines and planes
through a real point.

A real point P contains

(1) An infinite number of real planes,
which intersect in an infinite number of
real lines through the point P. These
planes are determined by P and any
other two real points.

(2) An infinite number of planes
determined by P, a real point 4 and an
imaginary point ¢. These planes may
be real, in which case the plane con-
tains ¢/, the conjugate imaginary
point of Q.

All those planes which pass through
a real point 4 as well as through P
intersect in the real line AP.

(3) An infinite number of planes
determined by P, @ and R, where @ and
R arc imaginary points. If a particular
plane contains the conjugate imaginary
points of ¢ and R, it is real. Otherwise
it iy immaginary.

Planes of this system intersect in
imaginary lines through 2.

Systems of lines and planes through
an tmaginary point.

Through an imaginary point P there
passes one real line, which is the con-
nector of P to its conjugate imaginary
point 7.

Through the line PP’ pass an infinite
number of real planes, all of which con-
tain 2 and /. These are the only real
planes which contain P. Hence if a real
plane passes through an imaginary point,
it also passes through the conjugate
imaginary point.

The Imaginary in Geometry

are mot coplanar, no real point
exists on their line of intersection.

This follows from 4.

Systems of lines and points in a real
plane.

A real plane o contains

(1) An infinite number of real points,
the connectors of which are an infinite
number of real lines in the plane o.
These points are determined by o and
any other two real planes.

(2) An infinite number of points
determined by ¢, a real plane ¢’ and an
imaginary plane o,. These points may
be real, in which case the point con-
tains o), the conjugate imaginary
plane of ;.

All those points which are contained
by o’ as well as by o lié in the real
straight line oo’

(3) An infinite number of points
determined by o, o and a3, where o, and
o, are imaginary planes. If a particular
point contains the conjugate imaginary
planes of o, and @, it is real. Otherwise
it is imaginary.

Points of this system lie on imaginary
lines in o.

Systems of lines and points in an
imaginary plane.

In an imaginary plane o there is one
real line, which is the line of intersection
of the plane with its conjugate imaginary
plane o'

On the line g0’ there arc an infinite
number of real points, which are in the
planes o and o’. These are the only real
points in the plane 0. Hence if a real
point lies in an imaginary plane it is also
in the conjugate imaginary plane.
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Through the line PP’ also pass an
infinite number of imaginary planes,
which are conjugate in pairs. All of
these planes have the line PP’ for their
real line and therefore contain no other
real line,

In all these planes an infinite number
of imaginary lines can be drawn through
the point P.

Through the point I and any other
two points, real or imaginary, an infinite
number of imaginary planes can be
drawn. These imaginary planes intersect
in an infinite number of imaginary lines
through 2.
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On the line #o’ are also an infinite
number of imaginary points, which are
conjugate in pairs. All of these points
have the line oo’ for their real line and
therefore contain no other real line.

Through these points an infinite
number of imaginary lines can be drawn
in the plane o.

By means of the plane ¢ and any
other two planes, real or imaginary, an
infinite number of imaginary points can
be constructed. These imaginary points
determine an infinite number of imagin-
ary lines in the plane o.

160. Projection from an imaginary centre.

Projection from an imaginary centre of points in one real plane into

points in another real plane.

Let 8 be the centre of projection, S’ its conjugate imaginary point,
o the first plane and ¢’ the second plane.

(1) AU real points in one plune are projected into tmaginary points

in the other plane with the exception of the points where the line SS’
meets the planes and the real points on the line of intersection of the
planes o and o’. The points which correspond to these points are real.

Consider any real point P in the plane o other than the special
points mentioned above. SP is an imaginary line since it does not pass
through 8’, the conjugate imaginary point of S. It contains one real
point P and therefore cannot contain any other real point. Hence P,
the point where SP wmeets the plane ¢, is an imaginary point.

(2) Every conic is projected into a conic.

Take 4, B, C, D and P any five points on a conic L in the planc o.
Let these points be projected into the points A’, B, C’, D' and P’
Then (P.ABCD)=(FP' .A’B'C’D’). Hence as P moves along the conic
L, the point ’ will move along the corresponding conic L’.

(8) A real conic can always be projected into a real conic.

Consider the conic Z in the plane ¢. Take any real point O in the
plane ¢ outside the conic L, i.e. so that real lines can be drawn through
the point O which meet the conic in imaginary points. Draw any real
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line s through O outside the plane o and take two conjugate imaginary
points 8 and 8’ on this line. Take S for centre of projection. Through
O draw any real straight line @ in the plane & to meet the conic L in
conjugate imaginary points 4, and 4,. Then the planc S8’4,4, is
real and S4, is an imaginary line in this plane. It thercfore contains
a real point 4.

Similarly draw through O in the plane o two other straight lines
b and ¢. From these derive as above points B, and C, and on their
connectors to § determine the real points B; and Cs.

Take the plane A,B,C; as the plane o’

By construction the three imaginary points 4,, B,, C; on the conic L
project into the real points A,, B, C; in the planc ¢’, which must be on
the conic L' into which the conic L is projected by (2). Also the conic
L meets the line oo’ in a pair of points rcal, coincident or conjugate
imaginary. Through these points the conic L’ passes. Hence the
conic L’ contains three rcal points and a pair of points either real or
conjugate imaginary. Hence the conic L’ is real.

Instead of seeking the projection, in which 4,, B,, C, arc projected

Ws)
into A,, By, C,, 1t is possibie to project A,, A,, B, into real points 4,,
A,, B;, where A,, B,, C, are the points corresponding to 4,, B,, C;.

It should be noticed that A, is the point of intersection of S4, and

S'A, and that the points By and C; may be constructed in a similar
manner.
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Let SS’ meet 4,4, in N and let 4,4, meet ¢ in M. Since MOA, A,
is harmonic, M is a point in the polar of O with respect to the conic.
Also NOSS’ is harmonic and therefore N is fixed when S, O, S’ are
fixed. .

- Consider the plane A;A4,B;. It meets ¢ in M a point on the polar
of 0. Also A;4, and B,B, intersect at N and therefore B, lies in this
plane and is the projection of B, on the plane. Hence the plane
A;A,ByB, meets o in the point K, where BB, meets b. Hence it
intersects o in the polar of O.

Similarly the plane B,B,C;C, intersects o in the polar of 0. Hence
since B,, B, are common to the planes 4,4,B,B, and B,B,C,C; these
planes coincide. Hence (1) all pairs of conjugate imaginary points
obtained by drawing real chords through O to meet the conic are projected
into real points, and (2) for all positions of 8 the line g’ is the polar
of O.

(4) Al projective theorems, which are true for real points on a conic,
are also true for imaginary points on u conic.

Construct the projection as in (3) so that the real points for which
the theorem holds are not the point SS”. ¢ or the points on o¢’. Then
the theorem is obvious. '

Similarly it follows that projective theorems, which are true for real
points on real straight lines, are true for imaginary points on real straight
lines.

This affords a general confirmation of the results obtained in the
carlier chapters.

161. Graphic representation of the imaginary in Solid Geo-
metry.

. Let the axes of coordinates be rcetangular and let the coordinates of
any point P be @, + 12, Y1 + 1Y, 21 + 12,.
Let P, be the point #,, y,, 2, and let P, be the point x,, ¥,, z,. Let
O be the origin and let OP, and OP, be », and 7,. Let the direction
cosines of OP, and OP,; be respectively cos a, cos 3, cos y and cos a’, cos &,
cosy’. Then the coordinates of P are r, cos a+1r; cos a’, 7, cos 8+, cos 8’
and 7, cosy + #rycosy’. These values may be substituted in the equation
of a surface in order to find the principal coordinates of the point P,
which are 7, and 7, measured in the directions given by cosa, cosp,
cos«y and cosa’, cos 8’ cos 7',
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(A) To trace a real plane.
Substituting in the equation in its usual form it is found that
r,(lcosa +mcosB +ncosy)—p=0 ......ce.eneees 1)
and re(lcosa +mcosB' +ncosy’) =0....ccuenennnn. 2)

From (2) it follows that the direction of the imaginary coordinate
may be any direction parallel to the plane and that the coordinate 7,
may have any value. From (1) it follows that the point P, may be
anywhere in the plane. Hence from the origin a real vector », may be
drawn to any real point in the plane and through that point an imaginary
vector may be drawn in any direction in the plane and of any length
to determine a point in the plane.

(B) To trace a real conicoid.
Let the eynation of the surface be
2 2 2
C+L+s-1=0

Substituting in this equation it is found that

(cos’a  cos*B cos’y cos’a’  cos?@  cos’y’
? ‘l P + b + c? —-1—-nr2 a?- + __“b"' - - o --} =0 (1)
and _— {cos aucsos a 4+ 08 B[;Os g + cos‘ryc(:ps 'y'} ~0...(2)

Consider the line OP,. It is a diameter of the conicoid whose
direction cosines arc cosa, cos B, cosry. (2) is the condition that the
line OP, should li¢ in the diametral plane of OP,. If this condition is
fulfilled (2) is satisfied.

Let the point P, be given. Then PP, is parallel to the diametral
plane of OP, and
. /cos’a cos*B costy
(et T) -
cos’a’  cos’B’  cos’y
a b? ¢

Tt =

cos’a’ oo’ cos’y’ 1

a? b ¢ r?’
where r is the length of the semi-diameter in which the line through
the centre, whose direction cosines are cosa’, cos 8, cos’, meets the
conic in which the diametral plane intersects the conicoid.

Now

2 2 2
Therefore 7 =1r® {rl’ (t_:%‘.a + -C(»)Z,ﬂ + 90:2 7) - 1}. RN (- )
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Hence the imaginary points on the conicoid which have P, as repre-
senting the real parts of their coordinates, lie in a plane through P,
parallel to the diametral plane of OP, and at such distances from P,
that they are situated on a conic similar and similarly placed to the
section of the ellipsoid by the diametral plane of OP,.

As the point P, moves along OP, the linear dimensions of the conic
on which the points lie vary as

e 2"_ o 3 3 - )
;\/ r? (0922_@ +c°z’5 co:’ —1 or as \/ — + b’ + — 1
If OP, be taken as axis of z and the axes of z and y are any pair of

conjugate diameters in the diametral plane of OPF,, and cosa, cosa’,
are the direction ratios of r, and 7,, then

cosa=cos 8=cosy =0.

costa  cos'@  cos’y) _2?
Also re (V0 + ) =2
1 cos’d cos?f
and P = —CLT‘ T .

Hence (4) becomes

’ ’y
. (cos’ a cos’f ) 2?2
" | —.

a-i . —'bn_ c?
Therefore - '::‘ %’, +32=1.

This is the surface which is the gra.ph of the branch in question of
the conicoid.

This result may be obtained as follows. Take OP, as axis of z and
two conjugate diameters in the diametral plane of OP, as axes of
coordinates. Then, if #, y, z are the coordinates of points on the branch
in question of the surface, z is real and # and y are imaginary. Hence
x, y, z are respectively ¢, 7y, and z. Substituting in the equation of
the surface it is found that the graph in question is — ﬁ {; c_’ =1
This is an hyperboloid of two sheets which touches the real ellipsoid
where it is met by the diameter OP,. The same surface is obtained
whatever pair of conjugate diameters in the diametral plane are taken
for axes of z and y.

If OP, is taken as an imaginary axis, the coordinates of a point on
the corresponding branch are 2, %, and 1z, and the equation of the
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graph is & 1—’; _ %' _ 1. This is an hyperboloid of one sheet, which

touches the real ellipsoid where it is met by the plane z=0. It is the
same whatever pair of conjugate diameters in the plane z=0 are taken
as axes of coordinates. 'Hence for each diameter and its diameﬁxja.l
plane, there are in addition to the (1, 1, 1) and (3, 7, 7) branches, two
hyperboloidal branches of the form (7, 4, 1) and (1, 1, z') These two

hyperboloidal branches have a common asymptotic cone = + ‘1{; - —__ =0.

Hence it is seen that the parent branch of the comcmd
at
% 2 _1=0
consists of eight parts, viz. the 1,1,1)( 1,1) (1,4 1) (1, 1,2) (1, ¢, 2)
(+,1,7) (3, %, 1) (4, 7, ¢) branches. The branches 2 to 4 and 5 to 7 arc of
the same type.
The typical branches are
(«) (1,1, 1) branch which is the ellipsoid
—+% +2 _1=0.
(b) (1,'1, 7) branch which is an hyperboloid of one sheet

o

ZLY_Z 1=
5

b;

(¢) (4,1, 1) branch whlch 18 an hyperboloid of two sheets
@ _¥ 1=0.
— s

(d) (7,7,7) branch which does not exist in this case. Its equation is

+{+ +1=0.
The hyperboloids (b) and (c) have a common asymptotic cone
wﬂ 2 zﬂ
ot 5=0

The conjugate loci may be obtained by taking any point A’ on the
ellipsoid and associating with OA’ as axes of coordinates any pair of
conjugate diameters OB’, OC’ in the diametral plane of 04".

The equation of the ellipsoid is then

G &
('LT,+I{/,—§+F—1=0.



The Real Conicovd 207

As in the case of the parent branch there are eight branches of the
curve, of which four are typical.

() (1,1, 1) branch is the same ellipsoid as before.

*(b) (1, 1, %) branch is an hyperboloid of one sheet which touches
the ellipsoid where it is met by the plane z=0. Its equation is
z z°
’2+b/’3 0,2_‘1=0- .

(¢) (4,3, 1) branch is an hyperboloid of two sheets, which touches
the ellipsoid at the ends of the diameter, which is the axis of z. Its
equation is

' a2 :,/2 z‘.‘ _
T2 b + .,—1=0.
(d) (4, 7, ©) branch does not exist in this case. Its equation is
2
i + - +1=0,
When it exists it is the same as the correspondmg partof the parentbranch,
The two hyperboloids (b) and (¢) have the common asymptotic cone

T
PR il
Consider the conicoid
¥R
at + pta=1=0

and any real plane parallel to the yz plane. Let the plane be z—A=0 and let A<a
This plane meets the conicoid in the conic

2 g2 1]
G+ a=1-5

This is an ellipse. It has a real branch which corresponds to a real branch of the
conicoid. It also has imaginary branehes. Consider the branch of the ellipse for
which g is real and z purely imaginary. This branch gives points on the conicoid of
the form (1, 1, 7). To obtain the principal coordinates of such points the x and y
coordinates must be combined into a single real coordinate. This gives a real
coordinate—say OF,—in the zy plane and an imaginary coordinate perpendicular to
this plane that is parallel to the axis of z. For this particular branch the coordinates
of all points on the conicoid will be of this form. As however OP, will generally be
different for different points, these points will not generally lie on the same branch
of the surface.

The hyperboloids may be graphed in the same way as the ellipsoid.
The branches will be found to be of the same nature. The paraboloids
may also be graphed.
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(C) To trace an imaginary plane.
Let the equation of the plane be
lz+my+nz+ 1K (I'a+m'y+n'2)=0,
where P+m*+n’=1 and I?4+m?+n?=1.
The equation of the conjugate imaginary plane is
lz+my+nz—iK('z+m'y+nz)=0
and the combined equation of the two planes
(lz+my+nzy+ K2(U'z+m'y +n'2)* = 0.

o

-V

Let Iz +my + nz =0 be the plane A, 'z 4+ m'y + n'z=0 the plane \,
and let s be the real line of intersection of the planes.

Let P, and P, be as préviously defined. Then on substituting in
the equation of the plane it is found that

7. Zlcosa—rJC. 2l cosa’ =0 .....oeeeeeen, 1)
and 7. 2lcosa + 7 K .3l cosa=0, ......ccuvn...... ()
where 3lcosa=lcosa+mcos B +ncosy,

31’ cosa=1'cosa+m cosB+n cosy, ete.
From (1) and (2)
Slcosa.3lcosa’ + K2. 30 cosa’ .2l cosa=0. ......... (3)

This is the condition that the line OP, should lie in the diametral
plane of OP, with respect to the pair of conjugate imaginary planes,
that is, if the plane determined by P, and s be o, and o, be the plane
harmonic conjugate of o, with respect to the pair of conjugate imaginary
planes, OP, must lie in the plane o,.



The Imaginary Plane 209

Wherever the point P, is situated in the plane o,, P, must lie in the
plane o,; and conversely wherever P, lies in the plane o,, the point P,
must lie in the plane o,. Hence the relation between the points P, and
P, and the planes o, and o, is reciprocal.

Give P, a definite position in the plane o,. Then 7, cosa, cosB,
cosy are given. In the plane o, draw a line OP, in any direction
determined by cosa’, cos 8, cos v, so that relation (8) is satisfied.

_ n.3lcosa _ p,

" Kr,.Nl'cosa  K.p,°

where p, is the perpendicular from P, on A\ and p, is the perpendicular
from P, on N. But p, is given and therefore p, is constant. Hence the
locus of P, is a line (in the plane o.) parallel to s. If I°, moves along
a line parallel to s this line is unaltered. Hence as P, or P, moves in
the planes o, and o, along a linc parallel to s, the other point describes
another line parallel to s. The distance P, P equals OP,, where P is in
the plane o), which can be drawn through P°, parallel to o,. Hence
the locus of P is a straight line obtained as the line of intersection of
planes through P, and P, parallel to o, and o,.

Then from (1) 1

If P, moves along OP,, i.e. if cosa, cos B, cosy are constant but 7,
varies, then the locus of P,, for cach value of »,, is a straight line parallel
to 8. The same is true in regard to the locus of P.

Consider a section of the figure by a plane OP,PP,, where OP,
varies but the directions of O, and OP, arc fixed.

Then from (1)

OP, OP, K3lcosd
0P~ P.r = Slcosa % constant.

Hence, as P, moves along OF,, the locus of P is a straight line OP
through O. This is true for all planes OP,PP,. Hence the locus of P,
when P, has any position in the plane o, is a plane determined by one
position of P and s the real line in the pair of conjugate imaginary
planes. When both these conjugate imaginary planes are considered
P may be in either of two such planes. In the preceding o, and o, may
be any pair of planes harmonic conjugate of the given pair of conjugate
imaginary planes. Hence the graph of a pair of conjugate imaginary
planes consists of a system of pairs of planes which pass through their
real line.

The coordinates of a point on such a graph may be constructed as
follows. Let o, and o, be the (a, B) planes which are real harmonic

"HIA 14
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conjugates of the plane and its conjugate imaginary planc. Take P, any
point (real) in a,. - Draw through P, a plane parallel to o,. It meets
the graph in a line parallel to the real line in the imaginary planes.
The coordinates of any point on this line are OP, real (where O is the
origin) and P, P imaginary.

Thus the coordinates of a point of the graph-are any real vector in
the plane o, and an imaginary vector parallel to the plane o..

The preceding may be illustrated as follows.

Consider two conjugate imaginary planes o and ¢, which intersect in a real
line &. Draw a real plane X perpendicular to s to meet s in 0 and o and ¢’ in a pair
of conjugate imaginary lines / and !’. Conwsider the figure in the plane . Tn this
plane there are an infinite number of real pairs of harmonic conjugates of / and /7.
Let a and B be a pair of these lines. The graph of either of the lines / and I’, when
a and B are taken ay axes, is o straight line in the plane A. Let £ be any point of
this graph and let /P, and 2, P (z; and dy;) be its coordinates. Then the planes
al, sl', sa, 38 form a coaxal harmonic pencil. Referred to O any point on s as origin,
the coordinates of 7’ are real lengths 00’ and a;—which combine with a real length
OP,—and the imaginary coordinate iy. These are the principal coordinates of 7°.
The locus of P is obviously one or other of two planes through .

152. Solid perspective.

Consider any point S and any plane s (the centre and planc of perspective).
Take any point in space 4. Join ¥ to 4 to meet s in V. Take a point 4" on S4
such that (SNA44')=X (a constant). Then A’ is termed the corresponding point of
4 in the perspective.

In this way if A be any point of a solid figure o, then the point A’ of another
solid figure ¢’ corresponds to 4.

If A be a point on a straight line @, the point 4’ will be on another stmlght line
« which is said to correspond to @, and as the pomt A4 moves along the straight line
a the point A’ will move along the straight line «’. This follows from considering
the plane perspective in the plane Sa. The corresponding lines @ and «’ intersect on
the plane s.

If two lines @ and b in the figure ¢ intersect, they determine a plane. Take any
point 2 in this planc. Then any line { in this planc through P meets @ and 5. To
P corresponds a point P'. To ! corresponds a line I’ through P’ which intersects
the lines o’ and &’ which correspond to @ and 6. Hence P’ lies in the plane a'0', which
corresponds to the plane ab. Therefore to a plane corresponds a p]ane and corre-
sponding planes intersect on s.

If any line SN be drawn through S to meet s in & and a point V be taken on
SN such that

(SNVx) =),
then the locus of 1" is a plane parallel to s, since fftl” =X (a constant). Also to every

point on this plane there corresponds a point at an infinite distance in the second
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figure. But it has been shown that generally to a plane corresponds a plane. Hence
it is assumed that all points at infinity in the second figure, and consequently in
every solid figure, lie in a plane, which in this perspective corresponds to the plane
in which V is situated, i.e. to the vanishing plane ».

* The points at infinity in the first figure ¢ correspond to points in the second
figure determined by

(SNoW)=x
orby H=A . ﬂ ‘S'.'.‘.’g
SW— """ VV'NW

respect to S and .V, when these points are interchanged. Hence the distance of V'
from § is the same as the distance of W from V. These lengths may be measured
on the perpendicular from § to s. Hence the locus of W is a plane w parallel to s
and ».

1. Hence the ratios of V and W are the same with

Therefore if S be the centre, s the plane, and » and w the vanishing planes of
a solid perspective,

(1) All points in the planes ¢ and w correspond to points at an infinite distance
in the other figure.

(2) If a plane « meets the vanishing plane » in the line «w, then S.av is
parallel to @, and «' is the plane parallel to the plane (viz., §.ar) drawn through
the line «. s.

From this it follows that, from a certain point of view, all points at infinity may
be regarded as lying in a plane. The method here sketched may be employed to
tind the properties of solid figures.

To prove that by a rotation round s real line, through an imaginary angle, an
imuginary plane may be superposed on « real plane. '

Every imaginary plane has an equation of the formn

(tr4+dy+cz+d)+i(w'we+by+cz+d")=0,...... ceerenienenenes (1)
and the equation of its conjugate imaginary plane is
(ax+by+cz+d) - i(@z+by+cz4d)=0. covreiriininnnnannn. (2)
The real line s in these planes is the line of intersection of the real planes
ar+by+cz4d=0, ....cccevvvennnnnnen crerenes veeenn(B)
and W +bY+z4d =0. c.coeeniiniiiiniiiin (4)

Through any real point .1 on this line draw a real plane o perpendicular to this
line. It will meet the planes (3) and (4) in real lines s and s, and the conjugate
imaginary planes (1) and (2) in a pair of conjugate imaginary lines s," and s,. In the
real plane o through the point of intersection of the conjugate imaginary lines s,/
and s;' pass the pair of real lines #; and s;, and as in Art. 51 the line 3/, by a rotation
round 4 through an imaginary angle, may be brought into coincidence with the real
line 8;. By this process the imaginary plane (1) is brought into coincidence with
the real plane ax+by+cz4+d=0.

Hence it follows that there is nothing essentially different between a real and an
imaginary planc. As in the case of real and imaginary straight lines, the difference
lies in their relation to points outside themselves.
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EXAMPLES

* (1) Show that in an imaginary projection all the real points on a real straight
line except two can be projected into imaginary points on another real line.

(2) Prove that the real lines in the imaginary planes, which pass through an
imaginary line, form a system of surfaces of the second degree.

(3) Prove that the real lines through the imaginary points, which lie on an
imaginary straight line, form a system of surfaces of the second degree.

(4) Prove that an imaginary point e+ia’, b+1il’, c+ic’, contains a purely
imaginary lime the cquations of which are
ok iyl _iete

a b ¢

(5) Prove that a purely imaginary plane contains a purely imaginary line which
iy parallel to the real line in the plane.

(8) In Art. 25 prove that if §=.8,=45, the values of all the anharmonic ratios
of the four points are either —w; or — w2, where o, and o, are the two imaginary
cube roots ofunity.

(7) Prove that if (ABCD)= —w,, then (4BCD)=(4CDB)=(4DBC).
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sine, cosine and tangent of, 56
between two imaginary lines, sine, cosine
and tangent of, 61
between real and imaginary planes, 153
purely imaginary, construction of, 66
measurement of, 67
representation of
functions of, 68
imaginary eccentrie, 74
real bisectors of, 66
Angles, imaginary, relations connecting
trigonometrical functions of, 69
subsidiary angles of, 69 and 70
use of meridional tables to obtain, 70
trigonometrical funetion of, used for
integration, 75
Anharmonic ratio, definition of, 5
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of imaginary pencil, 82
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of four collinenr points, condition that
it may be real, 24
of pencil formed by connectors to four
points, 23
Anharmonic ratios of four collinear points,
relations connecting, 25
Axiom I, 1
Axiom II, 51

trigonometrical

Bisectors, real, of an imaginary angle, 66
Brianchon's theorem, 98

Carnot’s theorem for general cobie, 101
Ceva's theorem for real triangle and imagi-
nary transversal, 16
for imaginary triangle and imaginary
transversal, 65
Circle, square of imaginary tangent to, 32
met by chord through fixed point in
¥oints product of whose distances
rom fixed point is constant, 32
real, through a real and an imaginary
point, 32
Circles, determine same
radical axis, 33
determine same involution on line at
infinity, 33
orthogonal, determine inverse points on
any diameter, 31
points of intersection of, 36
Circular pointsat infinity—see Critical points

involution on

Coaxal circles, ratio of tangents to, from
variable point on coaxal oircle,
constant, 32

Common conjugates with respect to two
conics (general) of points on fixed
line, & conie, 103.

self-conjugate triangle of two conics, 104

Conic, general, definition of, 87

determined by five points, 88

met by a line in two points, 89

one tangent at a point to, 89
correlative of anharnmonic property of,

correlative of, a conic, 91

projective ranges and involutions on, 92

pole and polar with respect to, 94

determines involution on every line in
its plane, 95 '

Pascal's theorem for, 97

Brianchon’s theorem for, 98

Desargues’ theorem for, 100

Carnot’s theorem for, 101

projection of real branch into imaginary,
151

imaginary and real branches in perspec-
tive, 96

containsreal or semi-real quadrangle, 107

Conie, real, definition of, 106

when real, 106, 119, 125

construction of from real data, 120

involution determined by on a straight
line, 38

variable chord through fixed point meets
in points product of whose dis-
tances from fixed point is in con-
stant ratio to squares of parallel
diameters, 42, 43

connectors of points of intersection of
two straight lines with, 45

intersection of imaginary straight line
with, 49

Conic, imaginary, contains a real or semi-

real quadrangle, 107

cannot have more than one real or semi-
real self-conjugate triangle, 108

every real point has one real conjugate
with respect to, 111

locus of real conjugates of points on a
straight line with respect to, is
eleven points locus of line and real
or semi-real inscribed quadrangle,
111
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Conic, imaginary (cont.)

harmonic locus of, 112

foci of, 122

focal properties of, 122, 124

equation of, 138

equation of projection of, 139

by nature or displacement, 141

tracing of, 142

four points on, in (e, B) and (8, a)
planes, 143

special case of, 145

real conjugate points with respect to,
111

real conjugates of points on line with
. respect to, locus of, 111
Conics, real points of intersection of, 48
Conics, conjugate imaginary, intersect in
real or semi-real quadrangle, 107
have real or semi-real circumscribed
quadrilateral, 107
harmonic locus of, a real conic, 112,
113, 114
anharmonie locus of, a real curve, 114,
115
Conies, general, with two points of inter-
section, intersect in four points, 99
with one point of intersection, intersect
in four points, 102
two, locus of common conjugates of
points on fixed line with respect
to, a conioc, 103
have common self-conjugate triangle, 104
intersect in four points, 105
eleven points, locus of, 105
Conies having double contact at imaginary
points, 125
Conjugate imaginary points, 2
determined by circle on a straight line, 31
Correlative properties of imaginary points
and lines, 12
of imaginary points and planes, 148,
149
Correspondence, real and imaginary, 83
Critical lines, 22, 78, 147
Critical points, all circles meet line at
infinity in, 34
all conics through, are circles, 34
nature of, 22, 78

Desargues’ theorem, 100
Distances, measurement of, 3, 56, 61
Duality, principle of, in space, 147, 148, 149

Equation of conie, point on which sub-
tends pencil of constant anhar-
monic ratio, imaginary, at four
fixed points, 117

imaginary, 138, 139
of lines and planes in space, 149

Focal properties of an imaginary conie,
122, 124

Index of Theorems

Foci of a conie, construction of, 46
of imaginary conic, 132

Geometry of the sheaf, 150

Harmonic property of semi-real quadrangle
and quadrilateral, 18
imaginary quadrangle and quadri-
lateral, 84
conjugates, common, of two pairs of
points determined, 8, 31
of given pair of points with given
mean point determined, 31
perspective, general conic in, 96

Imaginary coordinates, direction of, 126
Infinity, plane at, 153
Intersections of a real and an imaginary
straight line, 10, 76
of a real conic and an imaginary line, 49
of two general conies, 99, 102, 105
of real and imaginary straight lines with
real conic, 136
Involution, extended conception of, 7
imaginary, 7
when real, 8
property of semi-real quadrangle aud
quadrilateral, 19
pencil, 22
determined by circle on line, construc-
tion of, 29
determined by conic on line, construe-
tion of, 38
on conic, 92
on conic determined by chords through
fixed point, 93
determined by conice on every line in its
plane, 95
Involutions, any two, rcal, in plane per-
spective, 20

Lines, system of, through a point, 80
imaginary, in space, 147, 144, 149
Locus of real points at which a pair of
conjugate imaginary points and
two imaginary points subtend a
pencil of real anharmonic ratio, 116

Measure of an imaginary length on a real
line, 56
an imaginary line, 61
Measurement of an imaginary length on
a real line, 3
on an imaginary line, 56, 61
of imaginary angles, 67
Measures of sides of closed figure on real
line, sum of, zero, 58
imaginary line, sum of, zero, 62
Menelaus’ theorem for real triangle and
imaginary transversal, 15
for imaginary triangle and imaginary
transversal, 65
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Parallel lines, 53
Pascal’s theorem, 97
Pencils with imagim,Y vertices, 82
Perpendicular lines, 5
Perspective, solid, 152
Plane at infinity, 1562
Plane, imaginary,-148, 149, 151, 152
Pole and polar with respect to a conie,
94, 95
Poncelet figure of a circle, 30
of two circles, 37
of & real conic, 39
of foci of a conie, 46
of critical lines, 157
of imaginary lines, 76
Principal coordinates of a point, 8
Projection of an imaginary length on a
real line, 55
of points on an imaginary line, 81
of two real and
imaginary points, 26
of two pairs of conjugate imaginary
points, 26
of points into the critical points, 85
from a real centre, 85
from an imaginary centre, 85, 150
of real branch of conic into the imagi-
nary branch, 150
Projective ranges and pencils, 21, 81
on a conie, 92

Quadrangle and quadrilateral, semi-real, 17
harmonic property of, 18
involution property of, 19

Ratio of imaginary points, 4

a pair of conjugate
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Right angles, imaginary lines at, defined, 22

Self-corresponding elements of projective
ranges and pencils, 99

Solid perspective, 153

Square, semi-real, 27 .

projection of quadrangle into, 86
Straight line, imaginary, defined, 9
tracing of, 76

Sum and difference formulae for angles be-
tween imaginary and real lines, 60

. imaginary lines, 64

Superposed prlojective ranges and pencils,
21, 8

pencils with critical lines for self-cor-
r%sponding rays are equal pencils,
3

Tangent, only one at point on real conic,
129

Tracing of real line, 136
of imaginary straight line, 76
of a real conie, 127 v
of circle and ellipse, 127
of lines and conics, 134
of real conic, any origin, 136
of imaginary conic, 142
of special case of imaginary conic, 145
modulus of reduction in, 146
change of origin in, 133
generalconsideration concerning, 131,132
Triangle, semi-real and imaginary, 14
construction of, when one side greater
than sum of other two, 50
with two real lines for sides, 59
with three imaginary lines for sides, 63
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a, B) figures, 125

nharmonic ratio of real and imaginary

points, 5

Conic, real, 106
nest of, 130
parent branch of, 127
general, 87
with real branch, 28
imaginary, 106
by displacement, 141
by nature, 141
special case of, 145
Conjugate imaginary points, 2
imaginary lines, 9
loci, 30
Critical lines and points, 22, 78

Diameters of a conic, 41
Eocentric angle complex, 74
Foci of a conic, 45
Imaginary point, 1

length, 1, 51

straight line, 9
angle, 51, 62

Imagivary (cont.)
correspondence, 83
conie, 138

Measure of an imaginary length, §6, 61
of an imaginary angle, 70
Modulus of reduction, 146

Nest of a conic, 130
a pair of imaginary straight lines, 134

Perpendicular lines, 22

Pole and polar, 94

Ponecelet figures, 30

Principal coordinates of an imaginary
point, 8

Projection of an imaginary length, 55

Projective ranges, 6

Semi-real triangle, 14
quadrangle, 17
quadrilateral, 17
square, 27, 86

Subsidiary angle, 68

Trigonometrical functions, 56, 61
of purely imaginary angles, 67
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