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INTRODUCTION

Differential geometry is that branch of mathematics which
investigates geometric forms, primarily curves and surfaces, but
also families of curves and surfaces, using methods of infinitesimal
analysis. It is characteristic of differential geometry that it studies,
above all, properties of curves and surfaces “in the small,” i.e. the
properties of arbitrarily small pieces of curves and surfaces.

Differential geometry arose and developed in close relationship
with analysis which itself grew, to a significant degree, out of geo-
metric problems. Many geometric concepts preceded the corre-
sponding ideas in analysis. Thus, for example, the notion of a
tangent preceded the concept of a derivative and the idea of area
and volume preceded that of an integral.

The origin of differential geometry goes back to the first half of
the eighteenth century and is associated with the names of Euler
and Monge. The first comprehensive work on the theory of surfaces
was Monge's Applications of Analysis to Geometry, 1807.

In 1827 Gauss published the work General Investigations Con-
cerming Curved Surfaces which forms the basis of the theory of
surfaces in its modern form. Since that time, differential geometry
ceased being only an application of analysis and assumed an in-
dependent role in mathematics.

The discovery of noneuclidean geometry by Lobachevsky played
an enormous role in the development of all of geometry, including
differential geometry. Thus, in 1854 Riemann, by his lectures on
. The Hypotheses which lie at the Foundations of Geometry, established
the foundations of so-called Riemannian geometry, which in its
applications to multi-dimensional manifolds finds itself in the same
relationship to the geometry of n-dimensional euclidean space as
intrinsic geometry of an arbitrary surface to euclidean geometry in
the plane.

Klein’s group-theoretic point of view expounded in his E7langen
Program of 1872 was developed by Cartan in respect to applications
to differential geometry; he accomplished this by constructing a
theory of surfaces with projective and affine connection.
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In Russia, the school of differential geometry was founded by
Minding and Peterson whose basic investigations arc devoted to
questions of the bending of surfaces. These investigations were
continued in the works of many Russian, and later Soviet, geometers.

The lectures of the author on differential geometry in the
Physics-Mathematics Department of the Kharkov State University
form the basic material of the present book. The author’s aim is to
present a rigorous discussion of the fundamentals of differential
geometry and of the methods of investigation which are character-
istic of this branch of mathematics, without disturbing well-
established tradition in the process. A large amount of factual
material concerning differential geometry has been relegated to
exercises and problems, the solution of which ought to be considered
obligatory for serious students of geometry.






PART ONE

THEORY OF CURVES

CHAPTER I
THE CONCEPT OF CURVE

A curve is one of the fundamental objects considered in differ-
ential geometry. In this chapter we shall discuss the concept of
curve to the extent required in the remainder of the book.

§ 1. Elementary curve. We shall preface the definition of an
elementary curve with some facts about mappings of an arbitrary
set of points in (three-dimensional Euclidean) space.

Suppose M is an arbitrary sct of pointsin space. We say that f is
a given mapping of the set M into space if each point X in the set M
is assigned some point f(X) in space. The point f(X) in space is called
the ¢mage of the point X. The set of points (M), consisting of the
images of all the points of the set M, is called the image of the set M.

A mapping f of the set M into space is said to be one-fo-one and
bicontinuous (in short, topological) if the following three conditions
arc satisfied:

1) The images of distinct points are distinct;

2) If X is an arbitrary point of the set M and X, is a sequence of
points in M which converges to X, then the scquence of points
(X ), which are the images of the X, converges, and moreover, it
converges to the point f(X) which is the image of the point X;

3) If /(X) is an arbitrary point of the set /(M) and f(X,) is a
sequence in f(M) which converges to f(X), then the sequence of
points X5, corresponding to the f(X,), converges, and moreover, it
converges to the point X.

If, for a mapping f of the set M, only the first condition is satis-
fied then the mapping f is said to be one-to-one; if only the second
condition is satisfied, then f is said to be continuous.

We shall now define an elementary curve.

We shall say that a sct y of points in space is an elementary curve
if this set is the image of an open interval on the real line under a

Pogorelov, Diff. Geometry
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one-to-one and bicontinuous mapping of the open interval into
space:

Suppose y is an elementary curve and let @ << ¢ << b be an open
interval, the image of which is a curve under the mapping /. Let
f1(?), f2(2), and f3(¢) be the coordinates of the point on the curve which
corresponds to the point ¢ on the open interval. The system of
equations

x=ht), y=r0, 2=/0

are called the equations of the curve y in the parametric form.

A curve is defined uniquely by its equations in the parametric
form. In this connection, then, we may speak about the definition
of a curve by its equations.

§ 2. Simple curve. A set G of points in space is said to be open if
for every point X of this set we can find a number e > 0 such that
all the points in space whose distances from X are less than e also
belong to G. Obviously, a set consisting of an arbitrary number of
open sets is open.

A neighborhood of the point X in space is any open set containing

this point. '
" A set M of points in space is said to be connected if there do not
exist two open sets G’ and G'* which decompose the set M into two
subsets M’ and M", one of which belongs only to G’ and the other
only to G”.

We shall now define a simple curve.

A set y of points in space will be called a simple curve if this set is
connected and each of its points X has a neighborhood N such that
the part of ¥ lying in N is an elementary curve.

The structure of a simple curve in the large is clarified by the
following theorem.

THEOREM. The image of an open interval or civcumference under a
one-to-one and bicontinuous mapping into space is a simple curve.

Conversely, a simple curve is the image of an open interval or
circumference under a one-to-one and bicontinuous mapping into
space. Briefly, this can be expressed as follows: a simple curve is
homeomorphic to either an open interval or to a civcumference.

We shall not set down the proof of this theorem. We shall only
remark that the property of a simple curve of being homeomorphic
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to an open interval or a circumference, indicated in the theorem,
completely characterizes the curve and, consequently, a simple
curve can be defined by means of this property.

A simple curve which is homeomorphic to a circumference is said
to be closed.

We shall define the concept of a neighborhood of a point on a
simple curve.

A neighborhood of a point X on a simple curve y is the common
part of the curve y and some neighborhood of the point X in space.
According to the definition, each point of a simple curve has a
neighborhood which is an elementary curve. In the sequel, when we
talk about a neighborhood of a point on a curve, we shall have in
mind such an elementary neighborhood.

Suppose a simple curve y is the image of an open interval or a
circumference g under a one-to-one and bicontinuous mapping f.
Let X be an arbitrary point of g and let w be any neighborhood of X.
Then the image of @ under the mapping f is a neighborhood of the
point f(X) on the curve y. Conversely, any neighborhood of the
point f(X) can be obtained in this manner.

The proof of this assertion is straightforward. The image of w
under the mapping f is an elementary curve, inasmuch as w is an
open interval or an open arc of a circumference, and f is one-to-onc
and bicontinuous.

In virtue of the bicontinuity of the mapping f, a sphere o(Y),
which does not contain any other points of the curve y éxcept the
points f(w), can be described about each point f(Y) belonging to
/(w). The set G consisting of all such open spheres o(Y) is open. This
open set contains only those points of the curve y which belong to
the elementary curve f(w). According to the definition, f(w) is a
neighborhood of the point f(X) on the curve. This proves the first part
of the assertion.

We shall now prove the second part. Suppose f(w) is a neigh-
borhood of the point f(X) on the curve y. Since f(w) is an ele-
mentary curve, it is the image of an open interval « <7 < g
under a one-to-one and bicontinuous mapping ¢. Suppose for de-
finiteness that g is the open interval ¢ < ¢ < b. Each point 7 is
assigned a definite point on the curve y, and to the latter point there
corresponds a definite point ¢ on the interval. Thus, £ may be con-
sidered as a function of =, ¢ = #(7).
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The function () establishes a one-to-one and bicontinuous
mapping of the open interval « <7< f# onto the open interval
a <<t < b. The image of the interval « << 7 << 8 is the set w.

We shall show that o is an open interval. Because of the conti-
nuity of the function {(r), if the points # and "’ belong to the set w
then the closed interval #' < ¢ < ¢" also belongs to w; this is so
because a continuous function #(r) which assumes the values ¢ and
t'" also takes on all intermediate values. Thus, w is an interval. We
shall show that its endpoints do not belong to w. In fact, a neigh-
borhood of the point f(X) on the curve y is a part of the curve be-
longing to some open set G. If X belongs to w, i.e. if the image of X
belongs to G, then in virtue of the continuity of the mapping f the
images of all points on the interval g which are sufficiently close to
X also belong to G. It follows from this that w is an open set and
hence it is an open interval. This proves the second part of the
assertion.

§ 3. General curve. A mapping f of a set M into space issaid to be
locally one-to-one if each of the points of M has a neighborhood in
which the mapping f is one-to-onc.

We now define a general curve.

A set y of points in space will be called a general curve if this set is
the image of a simple curve under a continuous and locally one-to-
one mapping of it into space.

We shall say that the mapping f1 of a simple curve y; and the
mapping f2 of a simple curve ys define one and the same general
curve y if a one-to-one and bicontinuous correspondence can be
established between the points of the curves y and ys where theimages
of corresponding points on these curves coincide on the curve y.

In order to clarify the second part of the above definition, we
shall introduce an example. A general curve is given in Fig. 1. This

curve can be thought of as the

1 4 image of a circumference under
a one-to-one and continuous

2 mapping in two distinct ways,

which from the point of view

of the given definition, yield

5 3 distinct curves.Graphically,one
Fig. 1 may think of them as follows.
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Suppose a point moves on a circumference. Then its image moves
along the curve. In this connection, the image-point, running along
the curve, may assume successively, the positions 1, 2, 3, 4, 2, 5, but
it can also trace out the curve in the order 1,2, 4,3, 2,5 Mappings,
corresponding to these courses, define distinct general curves,
although as point sets they coincide.

Suppose a general curve y is the imfage under a one-to-one and bi-
continuous mapping f of the simple curve  into space. We shall say
that a sequence of points f(X,) on the curve y converges to the
point f(X), if the sequence of points X, on the simple curve $ con-
verges to the point X. A neighborhood of the point /(X) on the
curve y is the image of any neighborhood of the point X on the
curve 7 under the mapping f.

Although convergent sequences of points on a general curve y
and neighborhoods of points on y are defined as images of con-
vergent sequences and ncighborhoods on a simple curve under
some definite mapping f, these concepts do not, however, depend on
the particular character of the mapping f in the sense that, starting
with another mapping /', another simple curve 7', defining the same
general curve v, we arrive at the same convergent sequences and
the same neighborhoods of points on this curve.

This follows fromn the possibility of establishing a one-to-one and
bicontinuous correspondence between the points of the simple
curves 7 and 7 where the images of corresponding points on these
curves under the mappings f and /' coincide. The images of corre-
sponding convergent sequences on the curves  and §’ define the
same convergent sequence on the curve y. The images of corre-
sponding neighborhoods of corresponding points on the curves y and
7" define the same neighborhood of the point on the general
curve.

If we consider a simple curve, in particular an elementary curve,
as a general curve, then the concept of convergence of points on it is
equivalent to the concept of geometric convergence, and the con-
cept of ncighborhood is equivalent to the concept of geometric
neighborhood, introduced for simple curves.

Since a general curve is the image of a simple curve under a
locally one-to-one and continuous mapping, and a simple curve is
the image of an open interval or a circumference under a one-to-one
and bicontinuous mapping, a general curve is the image of an open
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interval or a circumference under a locally one-to-one and continu-
ous mapping. Such a mapping can be given analytically by means of
the equations

x = ht), y=/ft), z=/[st),

where /i, f2, f3 are functions defined on the open interval a << ¢ < b
or on the half-open interval ¢ < ¢ < b. This system of equations are
called the equations of the curve in the parametric form.

§ 4. Regular curve. Analytic definition of a curve. It follows
from the definition of a general curve that there exists a neighbor-
hood for each of its points which is an elementary curve.

We shall say that the curve y is regular (k-times differentiable) if
each of the points of this curve has a neighborhood which permits a
regular parametrization, i.e. the possibility of giving its equations
in the parametric form

x = f1(), v =/ft), z=falt),

where f1, feo, f3 are regular (k-times continuously differentiable)
functions. For 2 = 1, the curve is said to be smooth.

A curve is said to be analytic if it permits of an analytic para-
metrization (the functions f1, fs, f3 are analytic) in a sufficiently
small neighborhood of each of its points.

In the sequel we shall consider regular curves exclusively.

As was shown in the preceding section, a curve may be given by
means of equations in the parametric form

x=x(), y=y0), z=z0),
where x(2), y(¢), 2(¢) are certain functions defined in some open inter-

val a < ¢ < b or half-open interval a < ¢ < b.
The question naturally arises, when does the system of equations

x=x(), y=90), z=20 (a<t<d)

define a regular curve, i.e. when can these equations be considered
as the equations of some curve? The answer to this question is given
in many cases by the following theorem.
THEOREM. If x(t), y(t) and z(t) are regular functions, satisfying the
condition
2'2(t) 4+ y'2() 4 22(t) >0 (a <t <)),
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then the system of equations
x=ux0), y=9y(0), 7z=2(0 (a<t<Dd)

are the equations of some curve y. 1his curve is the image of the open
interval a < t << b under a continuous and locally one-to-one mapping
which assigns to the point t on the open interval the point in space with
coordinates x(t), y(£), 2(¢).

Obviously, only the assertion about the local one-to-oneness of
the indicated mapping is necessary in the proof. We shall prove this

assertion.
If the assertion is not true, then there exists a # in an arbitrarily
small neighborhood of which we can find #; and #2 ({1 5 ¢2) such that

x(ft) — x(t2) = 0, y(t1) — y(f2) =0, =z(t1) — 2(f2) = 0.
By the mean value theorem we obtain from this that
') =0, y'(d) =0, 2(¥3) =0,

where ¥, 92, 3 are between ¢; and ¢». Since ¢; and ¢ are arbitrarily
close to Zo, by the continuity of the functions x'(¢), y'(¢), and 2'(¢),

we have
2'(t0) =0, y'(bo) =0, 2'(f) =0

and, consequently,
x'2(to) + y'2(to) + 2"2(f0) = O.

We have thercfore arrived at a contradiction. This completes the
proof of the assertion.
Some simple curves permit a parametrization of the form

x=t y=g@), z=9l) (@<t<b)

for a suitable choice of the x, y, z coordinate axes. The equations of
such a curve can be written in the equivalent form

y=¢0), 2=y (@<x<d).
THEOREM. Suppose y is a regular curve and that
x=ht), y=r), 2=/ @<i<b)

is its regular parametrization in a neighborhood of the point (%o, Yo, 20),
corresponding to t = ty. Suppose f1'(t) # O at this point. Then in a
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sufficiently small neighborhood of the point to the curve y can be de-
fined by means of the equations

y=gla) 2=y,

where @ and p are rvegular functions of x.

In fact, according to the implicit function theorem there exists a
regular function y(x), equal 0 ¢y for x = xo and satisfying the
equation

x = fi(x()

for all x near xp. Differentiating this identity and evaluating for
x = xowe find 1 = f,"(fo) ' (x0). It follows that y'(xo) # 0. Thus, the
function y(x) is monotonic in a neighborhood of xp and consequently,
for sufficiently small 6 the mapping of the open interval xg — ¢ <
< % << %9 -+ 6 onto the f-axis, defined by the equation ¢ == y(x),
will be one-to-one and bicontinuous.

It follows from this that in the neighborhood y(xo — ¢) < ¢ <
< x(x0 + 6) the curve y can be defined by the cquations

y = fa(x(*), 2=/3(z(x)) (o —0d<x<x0+9).
This completes the proof of the theorem.

§ 5. On the implicit representation of a curve. For simplicity
of presentation, the proofs of the fundamental propositions of this
section will be carried out for the casc of plane curves.

The corresponding propositions for space curves will be stated
without proof.

A curve is said to be a plane curve if all of its points lie in a plane.
We shall assume that this plane is the x, y-plane.

We shall say that a plane curve is defined by the equation

(P(x» y) =0,

expressing by this only the fact that the coordinates of points on
the curve satisfy the given equation. In this connection, there may
exist points in the plane which satisfy the given equation but do not
belong to the curve.

Thus, defining a curve by means of the equation ¢(x, y) =0,
in distinction to the parametric definition considered above, is
incomplete. Nonetheless, some questions concerning the curve can
be answered if we have e¢ven such an incomplete definition of it.
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In the consideration of curves, defined by equations in the im-
plicit form, an important role is played by the following theorem.

THEOREM 1. Suppose ¢(x, y) is a regular function of the arguments
x, y. Suppose M 1s the set of points in the x, y-plane satisfying the
equation @(x,y) = 0; let (x0, y0) be a point in this set at which
@22 + @y2 # 0. Then the point (%o, yo) has a neighborhood such that
all the points of the set M belonging .o 1t form a regular elementary
curve.

Proor. Suppose, for definiteness, that ¢, = 0 at the point (%o, ¥o).
By the implicit function theorem, there exist positive numbers §
and ¢, and a regular function y(x), defined in the interval xyp — d <
< x < xp 4 9, such that all the points (x, p(x)), Yo—d<<x<<xp49
satisfy-the equation ¢(x, y) = O, where these points are the only
points of the rectangle xo — 6 < x << x4+ d, 90 — e <y < yo + €
satisfying the equation ¢(x, y) = 0. The elementary curve, about
which we are talking in the theorem, is defined by means of the
equation

Yy =9px), (vo—0<x<<x + ).

This proves the theorem.

The corresponding theorem for space curves consists in the fol-
lowing.

Suppose @(x, v, 2) and p(x, y, 2) ave vegular functions of the argu-
ments x, y, 2. Suppose M is the set of points in space, salisfying the
equations

px,y,2) =0, w(x,y,2) =0,

and (xo, Yo, 20) 1S @ point in this set at which the rank of the matrix

<¢z Py qu>

Yz Yy Yz

equals two. Then the point (xo, Yo, 20) has a neighborhood such that all

the points of the set M belonging to it form a regular elementary curve.
The proof of this theorem is also based on the application of the

implicit function theorem and does not differ fundamentally {rom
the proof of the corresponding theorem for plane curves.

§ 6. Singular points on regular plane curves. Suppose y is a
regular plane curve and P is a point on y.
A point P on the curve y is called a regular point if the curve
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permits a regular parametrization ¥ = x(f), ¥y = y(¢) in a neigh-
borhood of this point satisfying the condition x'2 + 9’2 3£ 0 at the
point P. But if such a param trization does not exist, then P is
called a singular point of the curve.

Thus, ¥* =9’ = 0 at a singular point for an arbitrary regular
parametrization of a regular curve.

We now consider in more Jetail the question of singular points
on plane analytic curves.

LEMMA. Suppose y is an analytic curve and that O is a point on y.
Then with a suitable choice of coordinate axes the curve can be para-
metrized so that its equations will have the form

x = at™,
y = bit™ + bot™ 4 -+, mp < my

in a nerghborhood of the point O.

Proor. We take the point O as the origin of coordinates. Suppose
x = x(¢), ¥y = y(t) is any analytic parametrization of the curve.
Without loss of generality, we may assume that the point O corre-
sponds to the value £ = O of the parameter.

Suppose the first nonzero derivatives of the functions x(¢) and
y(¢) at the point ¢ == 0 have orders #; and m; respectively, where
n1 < my. (If n1 > my, the roles of x and y can be interchanged.)

We introduce a new parameter s related to ¢ by means of the

equation
x(t) \Vm
PR
£™M(0)t™

For such a choice of the parameter, the equations of the curve y
have the form
x = di1s™,
y = b1s™ 4 bas™2 - - -,
in a neighborhood of the point O, which was to be proved.
THEOREM. Suppose an analytic curve is defined by means of the
equations
x = a1t™,
y = byt™ + bat™ - -, o <y

in a neighborhood of the point O. Then a necessary and sufficient
condition that the point O be a singular point on the curve is that at
least one of the my not be divisible by n.
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PRrROOF. Necessity. We note first of all that all the mg and ny
cannot be even, since then x(¢) = x(— ¢), y(¢) = y(— ¢) for arbi-
trarily small ¢, i.e. the one-to-onen ss condition on the values of the
mapping in an arbitrarily small neighborhood of the point ¢ = 0 is
invalidated.

Suppose all the m, are multiples of #; (where 1, obviously, isodd).
We introduce the parameter s = ™ .o replace . Then the equation
of the curve in a neighborhood of the point O assumes the form

x = a1,
y = bis"t 4 boshz 4 - -,

Obviously, the point O corresponding to the value s = 0 of the
parameter is a regular point on the curve.

Sufficiency. Suppose at least one of the my is not divisible by #.
We shall show that the point O is a singular point. If the point O is
a regular point, then in a neighborhood of O the curve can be
defined by either the equation y = ¢(x) (¢(x) is an analytic function)
or by the equation x = y(y) (where v is an analytic function).

Since y/x tends to a finite limit as £ — 0, the curve can indced be
defined by the equation

y = @x) =cx + coa® |- -

in a neighborhood of the point O. Substituting x = x(¢) and y = y(¢)
into this equation, we obtain the identity

bit™ - bot™ 4 -+ - = craf™ + Cza12t2n1 + -

It follows from this that all the ;. are multiples of #n;. We have
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therefore arrived at a contradiction. This completes the proof of the
theorem.

ReMARK. If the point O is a - ingular point, where #, and m; are
even, then it is called a turning point of the second kind. A curve has
the form shown in Fig. 24 in a neighborhood of this point.

If the point O is singular, where m; is not divisible by 71, and #; is
even and mey is odd, then O is called a turning point of the first kind.
The form of a curve in a neighborhood of such a singular point is
shown in Fig. 2b.

We have seen that the answer to the question whether a point on
a curve is a singular point or a regular point, is equivalent to in-
vestigating some special parametrization of the curve. In order to
obtain this parametrization it is sufficient to know how to expand
the functions x(f) and y(¢) of an arbitrary analytic definition of the
curve in a power scries of analytic functions

S t( x"f((ci; t';> .

The Biirman-Lagrange theorem known from the theory of
analytic functions asserts that these expansions can be found.

In conclusion, we point out a simple sufficiency criterion that the
point O on the curve y be a singular point.

THEOREM. Suppose the analytic curve y is defined by means of the
equations

x=xt), y=y(

where x(t) and y(t) are analytic functions of the parameter t in a neigh-
borhood of the point O. Suppose the first nonzero derivatives of the
functions x(t) and y(¢) have orders w1 and my respectively, where
ny << mi.

Then the point O will be a singulay point if my is not divisible by ny.
Here, the point O will be a turning point of the second kind if both ny
and my are even, and a turning point of the first kind if ny is even and
w1 1S odd.

§ 7. Singular points on analytic curves, defined by equa-
tions in the implicit form. Suppose a plane analytic curve y is
defined by means of the cquation ¢(x, ¥) = 0, where @(x, ) is an
analytic function of the variables x and y.
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If 922 + @42 5 0 at the point O(xo, o) on the curve y, then this
point on the curve is a regular point as was shown in § 5. Thus, the
only points on the curve which ca; be singular points are those at
which ¢z = ¢, = 0.

Without loss of generality, we may assume that the point O is the
origin of coordinates. In a neighborhood of the point O, the curve y
permits a parametrization of the form

x = @™,
y = byt™ + bot™ + - -,

where one may assume that #; < m;. Otherwise, we can interchange
the ¥ and y axes. In order to determine whether the point O is a
singular point of the curve and to explain the nature of the singu-
larity at this point, it is sufficient to know the exponents nj,
my, msa,

In order to determine these exponents, we make use of the iden-
tity
0.

i

p(x (), y())

The extent of this course does not permit us to stop to consider
this question in more detail, and we shall restrict ourselves to the
following remarks. The exponents #ny, m1, msg, - - - are not defined
uniquely by the above identity. This is due not only to the fact that
going over to a new variable s according to the formula ¢ = s¥ does
not change the character of the parametrization but also to the fact
that in the gencral case scveral analytic curves which are geo-
metrically different, even in an arbitrarily small neighborhood of the
point O, will satisfy the equation ¢(x, y) = 0. In this connection,
the character of the singularity of the point O on various curves will
be distinct. The investigation of the singular point O for a curve,
defined by the equation ¢(x, ¥) = 0, must be understood in the
sense of investigating the nature of the singularity of the point O
with respect to every analytic curve, defined in a neighborhood of
the point O by means of the equation ¢(x, y) = 0.

We shall now consider an example.

Suppose the expansion of the function ¢(x, y) in powers of x, y
begins with terms of the second degree

@(x,y) = a20%% + anxy + aozy? + - .



14 CHAPTER ], § 7

We shall distinguish three cases:

a) agoaoz — 1a112 > 0" b) ageapz — }a112 < 0;
c) azoao2 — tan1? =

By means of a rotation of axes, we can attain the case where the
term containing xy will be absent in the expansion of the function
@(x, y) in a power series.

Substituting x(¢) and y(¢) into the expansion of the function
@(x, y) we obtain an identity in ¢. For #1 << m;, the lowest power of £,
equal to 2n;, has only one term, namely asoa12t*™. It follows that
aso = 0, which is impossible either in the first or in the second case.
It remains to assume that #; = m;. Then in the first two cases,
the terms agoa12t®™ and ageb12¢>™ have the lowest degree. This is
also impossible in the first case, since agp and a¢2 have the same
sign, and it follows from the identity that agea12 + 402012 = 0.

Thus, in the first case there does not exist an analytic curve which
satisfies the equation ¢(x, y) = 0 and contains the point O. It turns
out, in this case, that in a sufficiently small neighborhood of the
point O no points exist which are different from O and satisfy the
equation ¢(x, y) = 0. When the curve is defined as the geometric
locus of points satisfying the equation ¢(x, y) = 0, such a point is
called an 7solated singular point.

In the second case, we obtain two systems of values for a; and by,
with accuracy up to within an unessential factor,

o= Viaal, 01 = Vieal;_
a) = \/§6102|, bl = — \/|a20|.

Now if we begin with any system of values for a; and b, and n;=m;,
then the exponents my and the coefficients by are already uniquely
determined by the identity ¢(x(f), y(¢)) = 0. It is not difficult to
prove that all the exponents my are multiples of #; = m;. Thus, in
the second case there exist two analytic curves, geometrically
distinct in an arbitrarily small neighborhood of the point O. The
point O is a regular point for these curves inasmuch as all my are
divisible by #1. When the curve is defined as the geometric locus of
points satisfying the equation ¢(x, y) = 0, the point O is still con-
sidered as a singular point in the case under consideration, and it
is called a nodal point.

Finally, we consider the third case. In this case we may assume
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that ag9 = O since agoa02 = 0. The expansion of the function ¢(x, y)
has the form

@(x, y) = ao2y? + agox® + - .
We shall assume that agg # 0. This corresponds in the general case
to the fact that the forms g@s = agox2+4a11%y ++ ap2y? and @3 =
agox3 + --- + apgy3 do not have common divisors.

Substituting x(¢) and y(¢) for x and y in the expansion of the func-
tion ¢(x, ¥), we note that the terms with the lowest powers of ¢ are
ag201262™ and agga;33™. It follows from this that 2m; = 3ny, i.e.
my is not divisible by #;. Consequently, the point O is a singular
point of the curve.

It turns out that if both m; and #; are assumed to be even, then
all the my, turn out to be even, since they can be expressed linearly
and homogeneously in terms of m; and #;. But, as was noted above,
ny and all the my cannot be even. Therefore, only #; is even. This
means that the singular point O is a turning point of the first kind.

§ 8. Asymptotes to curves. Suppose ¥ is a non-closed curve

and that

x=x), y=9y0) (@<<t<Dd)
are its equations. We say that a curve tends to infinity from one
side if x2(f) + y2(!) > oo as t— a (or as ¢t— b). But if x2() +
+ y2(t) > oo for both ¢ — a and ¢{— b, we say the curve tends to
infinity from both sides. Obviously, the property of a curve to tend
to infinity does not depend on its parametrization.

Suppose the curve y tends to infinity, for example, x2+4y2— oo
as { — a. The straight line g is called an asymptote to the curve y if
the distance d(f) of a point on the curve y to the straight line g tends
to zero when ¢ — a.

THEOREM. A mnecessary and sufficient condition that the curve y
defined by the equations

x=x(), y=y0 (@<t<b)
and tending to infinity as t — a, have an asymptote is that
1. Each of the two ratios

x(t)/p), ¥B)/p(t), where p(t) = {x2() + y2(A)}*,
tend to a limit. Suppose, for definiteness, that
x(t)/pt) >« y(@)/pt) = B;
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2. The expression
— pr(t) + a2y(t)

also tends to a definite limit as t — a, provide the first condition is
satisfied.

If this limit is denoted by p, then the equation of the asymptote will be

—pfx 4+ ay —p=0.

Proor. Supposc g is an asymptote to the curve and that « and g

are its direction cosines. The equation of the straight linc can be

written in the form
—fx+ oy —p=0.

The point Q(f) on the curve tends to infinity, coming arbitrarily
close to the straight line g as ¢ - a. It follows from this that the
ratios x(¢)/p(f), ¥()/p(¢) as ¢ - a converge either to « and g, or to
— a« and — B, depending on which of the two directions on the
straight line g the projection of the point Q(¢) tends to infinity.
Suppose, for definiteness, that

x(@)/p(t) >« y({&)/p(t) > B.

The quantity — px(¢) + ay(f) —  is equal, to within sign, to the
distance from the point Q(¢) to the straight line g and, consequently,
it tends to zero. Therefore, the expression — fx(f) + «y(f) tends to a
definite limit (p) as ¢ - a. This complectes the proof of the necessity
portion of the theorem.

We shall now prove the sufficiency. Suppose

HO)pl) > @ YOIpl) ~ B, avl(t) — ) > p
as t - a. We shall show that the straight line g with equation
—pr+ay—p=0
is an asymptote to the curve. In fact, the expression
— pall) + ayll) — p

is, to within sign, the distance from the point ¢ on the curve to the
straight line g. But
— Bx(t) + y(®) +p > O
as t— a.
This completes the proof of the theorem.
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ExAMPLE. Suppose the curve y is defined by the equation
y=9¢®) (@ <x<b)
or, what amounts to the same thing,
x=¢ y=¢@) (a<t<bd).
Suppose ¢(f) - oo ast— a.
When ¢ — a,
t ()

’T_>O P —— 1,

VELE) | VEL e
—t+0-¢@Ft) > —a.

Thus, as ¢t — a, we see that the curve has the asymptote
x —a=0.

We now consider the problem of asymptotes to a curve defined by
means of an equation in the implicit form ¢(x, y) = 0.

As noted, the equation ¢(x, ¥) = O defines a curve only in the
sense that points on the curve satisfy the equation ¢(x, ¥) = 0 but,
generally speaking, these do not exhaust all points in the planc
which have this property. The problem of finding the asymptotes to
a curve, defined by means of the equation ¢(x, y) = 0, is not com-
pletely defined. It turns out to be possible to only point out some
set of lines which contain the asymptotes among them.

We shall restrict ourselves to the case of algebraic curves (i.e. the
case where ¢(¥, ) is a polynomial in the variables x and y).

Suppose

x = x -+ Au,
y=7y+ uu
are the equations of the asymptote in the parametric form. Suppose
Q(u) is a point on the curve which is the closest to the point # on the
asymptote. The coordinates of the point Q are
x(u) = % + M+ E(w),

y(u) =5 + pu + n(u),
where
&(u) and n(u) - 0 as u — oco.

Pogorelov. Diff. Geometrv.
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We denote by ¢y the set of all terms of degree % in the polynomial
@. We shall then have

¢ =¢n+ ¢gn-1+ - + Po.

Substituting x = x(x), vy = y(#) for x, y in ¢(r,y) and factoring
terms containing #® and #”~1, we obtain

p(x(u), y(u) = u"pn(d, p) +
ur Hx(pa(d W+ Fpnd w)y" + eua(d )} + -

In the right member of this equation, terms having powers less than
u?~1 are not written out.

1
Since ¢(x(#), y(#)) = 0 and, consequently, W(p(x(u), y(#)) - 0

as # — oo, we have @y(4, u) = 0.
In an analogous manner, we obtain

E(pald, )" + ¥(pald, @), + en-1(4, ) = 0.

Since (x, y) is any point on the asymptote, this equation is the
equation of the asymptote.

EXERCISES FOR CHAPTER 1

1. A point M moves in space in such a way that its projection
onto the x, y-plane moves uniformly along the circumference
x2 + y2 = a2 with angular velocity o, and its projection onto the
z-axis moves uniformly with velocity c¢. The curve traced out by the
point M is called a simple helix. Derive the equation of the helix
in the parametric form taking time ¢ as the parameter. Assume that
the coordinates of the point M are (a, 0, 0) at the initial moment
(t =0).

ANSWER: x = a cos w?, ¥y = a sin wt, 2 = ct.

2. A simple helix (see Exercise 1) is projected onto the x, y-plane
by means of parallel straight lines which form an angle 4 with the
z-axis. Find the equation of the projection. For what ¢ will the
projection have singular points? Discuss the nature of the singular
points.

ANSWER: If the projecting lines are parallel to the y, z-plane, then
the equations of the projection will be

x =acoswt, y=cttand 4+ asin ot.
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The projection will have singular points if tan ¢ = aw/c. The singu-
lar points are turning points of the first kind.

3. A circular disc of radius a rlls uniformly without slipping
along the straight line g with velocity v. I'ind the equation of the
curve y which is described by a point M which is fixed to the circular
disc. Under what condition does the curve have singular points?
Discuss the nature of the singular po.nts.

ANswEeR: If the straight line g is taken to be the x-axis and the
point M is initially on the y-axis below the center of the circular
disc, then the equations of the curve y will be

x = vt — bsinvt/a, y = a — b cos vt/a,

where b is the distance of the point M from the center of the circular
disc. The curve has singular points if the point M is on the circum-
ference of the circular disc (in this case the curve y is called a cy-
cloid). Singular points are turning points of the first kind.

4. Investigate the singular points of the semicubical parabola
Y2 = 43,

ANsWER: (0, 0) is a singular point; it is a turning point of the
first kind.

5. Prove that a curve defined by means of the equation

|x[** 4 |y|** = a®» (astroid)

is an analytic curve. Find its singular points. Discuss the nature of
the singular points.
ANswER: The curve obviously permits the analytic parametri-
zation
x=acos3t, y=asind¢,

and consequently, it is analytic. The singular points are (0, 1),
(0, — 1), (1,0), (— 1, 0). The singular points are turning points of
the first kind.

6. Write down the equations of the asymptotes to the following
curves:

a) x =asint

y = a(cos ¢t + In tan ¢/2) (tractrix);

b) %3 4 y3 — 3axy = 0 (folium of Descartes).

ANSWER:

a) x =0.

by x4+y+a=0.
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PROBLEMS AND THEOREMS FOR CHAPTER I

1;. Suppose the elementary curves y; and y2 have a point in
common and are subsets of a simple curve y. Prove that at least
one of the following properties holds:

a) the curves y; and y2 form an elementary curve;

b) the curves y; and y2 form the entire curve p.

lo. Prove that any simple curve can be covered with a finite or
denumerable set of elementary curves.

13. Prove the theorem in § 2, Chapter I: Every simple curve is the
image of an open segment or of a circumference under a one-to-one
continuous mapping into space.

2. Suppose

x=x(t), y=y0), z=2z(0)

is any parametrization of an elementary curve. Then any other
parametrization has the form

x = x(o(r)), y=1y(o(r)), == 2z(a()),

where ¢(r) is a continuous strictly monotonic function.

3. What is the order of regularity of the curve defined by an
equation in the implicit form ¢(x, y) = O guaranteed by an »n-times
differentiable function if @2 4+ @42 5= 0? Can the curve possess a
higher order of regularity ? Construct an example.

4. Construct an example of a curve which does not permit a
smooth parametrization of any subset of itself.

5. Suppose a plane analytic curve y is defined by the equation
@(x,y) = 0 in a neighborhood of the point (xo, y0) where ¢ is an
analytic function. Suppose the function ¢ and all its derivatives up
to and including that of the (# — 1)-st order vanish at the point
(%0, ¥0). Prove that if all the zeros of the polynomial

n,
PE) = Skn &t
6xk8y l’ (%o, vo)
are real and distinct, then the point (xo, y0) on the curve y is a
regular point in the sense of the definition in § 3, Chapter I.

6. Find the conditions for the existence of an asymptote to the

space curve
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which tends to infinity as ¢ - a, analogous to that obtained in § 8,
Chapter I, for a plane curve.

Write the equation of the asympf ste.

7. Write the equation of the asymptotes to an algebraic space
curve, defined by means of the equations, in the implicit form,

px,9,2) =0, vy 2 =0,

where @ and y arc polynomials in x, ¥, and 2, similar to the way this
was done for plane curves in § 8, Chapter I.
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CHaAPTER II

CONCEPTS FOR CURVES WHICH ARE RELATED
TO THE CONCEPT OF CONTACT

Suppose M and M are sets of points in space having the point O
in common. Let X be an arbitrary point in the set M, A(X) its
distance from the set M (the greatest lower bound of the distances
of the points of the set M from the point X) and d(X) the distance
of the point X from the point O.

We shall say that the set M has contact with the set M in the
point O if the ratio A(X)/d*(X) (« > 1) tends to zero when the point
X approaches O arbitrarily closely. We shall introduce many
concepts for curves using the notion of contact. We shall consider
these concepts in the present chapter.

§ 1. Vector functions of a scalar argument. In the following
discussion we shall make extensive use of the methods of vector
analysis. In this connection, we first recall the definition of certain
concepts.

Suppose G is an arbitrary set of points on the real line, in a plane
or in space. We say that a vector function f is defined on the set G
is f assigns a vector f(X) to each point X in G.

The concept of limit is introduced for vector functions the way
this is done in analysis for scalar functions. We say that f(X) — a as
X - Xoif |{(X) — @] - 0 when X — X.

Theorems on limits, analogous to limit theorems for scalar
functions, hold for vector functions. For example, if f(X) and g(X)
are vector functions and A(X) is a scalar function for which f(X) — a,
g(X) - b and A(X) —m as X — X then

HX) £ g(X) >a 0,
MX)H(X) — ma,
)-g(X) —>a-b,

)

The proof of these assertions does not differ fundamentally from
the proof of the corresponding assertions for scalar functions in
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analysis. For example, we shall prove the last assertion. We have

[/(X) X g(X) —a X b = |{(X) X (g(X) —b) —bx ({(X) —a)| <
I1(X) x (€(X) —0)] + b X (f(X) —a)] <
F(X)1 [g(X) — b + [b] [/(X) — al.

It follows from this that |f(X) X g(X) —a X b -0 as X - X.
And this means that f(X) X g(X) -a X b.

The concept of continuity for a vector function is introduced the
same way it is done for scalar functions. Namely, the function f(X)
is said to be continuous at the point X if /(X) — f(Xo) as X — Xo.

Suppose f(X) and g(X) are vector functions which are continuous
at the point X, and that 4(X) is a scalar function which is continu-
ous at this point. Then the vector functions

AX)NX), [(X) £ g(X), /(X) x g(X),

and also the scalar function f(X)-g(X) are continuous at the point
Xo. This continuity property is a simple consequence of properties
of the limit.

We now discuss the concept of derivative.

Suppose f(¢) is a vector function defined on a closed interval. We
say that the vector function f has a derivative at the point £ on an
open interval if the limit of the ratio

1+ ) — 1@
h

exists as i - 0. We denote the derivative of f(f) at the point ¢ by
().

If (/) and g(f) are vector functions which are differentiable
functions at the point ¢, and A(¢) is a scalar function, differentiable at
this point, then A(¢)f(¢), f(¢) 4 g(¢), /() X g(¢), /() -g(¢) are functions
which are differentiable at ¢ and we have

() = Xf+ 2,
f+e =1+¢g,
(Fxg =fxg+fxg,
(f-e) =re¢+1¢g.
These differentiation formulas are obtained exactly as the corre-
sponding formulas for the differentiation of scalar functions in
analysis.
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The derivative of the vector function f'(#) is called the second
derivative of the function f(f) and is denoted by f”(¢). The third,
fourth, fifth, and higher derivctives are defined analogously. A
function, having continuous derivatives up to the k-th order
inclusively, on the open interval (a, b), is called a A-times differenti-
able function on this open interval.

Suppose e1, €2, e3 are three vectors, not lying in one plane. Every
vector 7 permits a representation of the form

v = %161 + Ye2 + Zes;

the numbers x, y, z are uniquely defined and are called the co-
ordinates of the vector » with respect to the basis ej, e2, e3. Suppose
7(?) is a vector function defined on a segment. We shall define three
scalar functions x(¢), y(¢), 2(f) by the condition

r(t) = x(t)er + y(f)e2 + 2(f)es.

Hence, if the functions x(¢), y(¢), 2(!) are continuous or differ-
entiable, then the vector function () is continuous respectively
differentiable. Conversely, if the vector function 7(f) is continuous or
differentiable, then the functions x(¢), y(¢), 2(f) are continuous
respectively differentiable.

In order to prove the second assertion, we form the scalar product
of the equation 7(¢) = x(¢)e1 + y(¢)e2 + z(f)es with the vector ey’,
which is perpendicular to the vectors e; and e3s. We then obtain
%(t)(ex-e1’) = 7(t)-e1’. From this it is clear that the continuity or the
differentiability of the vector function 7(¢) implies the continuity
respectively the differentiability of the function x(f). We proceed
analogously for the functions y(f) and z(¢).

The Taylor formula holds for vector functions. Namely, if f(£) is an
n-times differentiable function, then

n

A
e At = ) + A7) + o ST G0 + e, a1),
where le(t, 4¢)] — 0 as 4t — 0.
In fact, f(t) = x(t)er + y(t)e2 -+ z(t)es. But

n

X(t + 48) = x(t) + Atx'(¢) + - + At (x™ () + 1),

nl
n

4
Yo+ dt) = 50 + Ay () 4 o W) + <o)
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tn

2(t + At) = z(t) + A2"(t) + - -+ + i

(z™() + e3).

Multiplying these equations by e1, es, e3 respectively, adding, and
then noting that x®e; + Y0 (f)eg + 20 (t)eg = f*) (), we obtain the
Taylor formula for the vector function f(¢).

The concept of integral in the Riem~nn sense for vector functions
is introduced literally as in the case of scalar functions. The integral
of a vector function possesses the usual properties. Namely, if f(¢)
is a vector function which is continuous on the closed interval
a<t<b and a <c <b, then

c

fb f)dt = [ f(t)dt + /b f(t)at.

a

If m is a constant, then
b b
[ mf@t)dt = m [ f(t)dt.
a a

If 7 is a constant vector then

b b
[rei0dt = r- [ ),

a

b

Tr x ftydt =r x [ fyit

a

The formula
d
ot = 1

for the differentiation of a definite integral is valid.
In conclusion, we note that the parametric definition of a curve
by means of the equations

x=2x(), y=90), z=2(@
is equivalent to the definition of the curve by means of one vector
equation
v =7(t) = x(t)er + y(t)e2 + z(f)es,
where ¢, ez, eg are unit vectors having the directions of the co-
ordinate axes x, v, .
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§ 2. Tangent to a curve. Let y be
a curve, P a point on y and let g be a
straight line passing through the point
P. Let us take a point Q on the curve
and denote its distance from the point
P and from the line g by d and 4 re-
spectively (Fig. 3).

We shall call the line g the tangent to
the curve y at the point P if A/d — 0O
when Q — P.

If the curve y has a tangent at the
point P then the straight line PQ ap-
proaches this tangent as Q — P. Con-
versely, if the straight line PQ ap-
proaches some line g as Q — P then this
straight line is a tangent. To prove this Fig. 3
assertion it is sufficient to note that 4/d
is the sine of the angle between the lines g and PQ.

THEOREM. A smooth curve y has a unique tangent at each point. If
7 = 7(t) is the vector equation of the curve, then the tangent at the point
P corresponding to the value t of the parameter, has the dirvection of
the vector v'(t).

Proor. Let us assume that the curve has a tangent g at the point
P corresponding to the value ¢ of the parameter. Suppose 7 is a
unit vector having the same direction as the line g. The distance 4
of the point Q, corresponding to the value ¢ 4+ 4¢ of the parameter,
from the point P is equal to |#(t + 4¢) — 7(¢)|. The distance % of the
point Q from the tangent equals [(#(¢ + 4¢) — 7(¢)) X 7|. According
to the definition of the tangent

h |t + 48) — r(t) x 7| ,
= T Al = r‘(t)| —~0as Ar - 0.

But
r(t + At) — r(f) |
it T x
e A) —0| )
At |

(¢ + 48 — #() x 7| _
e+ 40 — 7(0)]
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From this it follows that
7# X 7=0.

This is possible only when the vector = has the same direction as the
vector 7'(¢). Thus, if the tangent exists, then it has the direction of
the vector 7'(f) and, conscquently, it is unique.

The fact that the line g, passing through the point P and having
the same direction as the vector #'(¢), is a tangent, is also true; for,
as the preceding discussions show, for such a line we have

- va+A0—r@)Xvﬁ”| &) x 7O _

e it + At) — r(0) MENTIOE

This completes the proof of the theorem.

Knowing the direction of the tangent, it is not difficult to write
its equation. In fact, if the curve is given by means of the vector
equation # = 7(¢), then the position vector 7 of an arbitrary point on
the tangent can be represented in the form

F=r(t) 4+ (0.

This is then the equation of the tangent in the parametric form
(with parameter 4).

We shall write the equation of the tangent for a number of curves
given in the analytic form.

Suppose the curve is given by means of equations in the para-
metric form

x=xt), y=uv{), z=2z().
Giving the curve in this form is equivalent to giving its equation in
the vector form
r =r(t) = x(t)er + y(t)e2 + z(f)es,

where ¢1, ¢g, e3 are unit vectors in the directions of the coordinate
axes. Replacing the vector equation

F=r(t) + M'(t)

by three scalar equations, we obtain the equations of the tangent,
corresponding to the parametric form

F=alt) + 20, F=y0) + WO, 2=z + 220
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or in the equivalent form
F—a) _ v—yl) _
'(f) y'(#) ()

In the particular case of a plane curve given by means of the
equations

the equation of its tangent is

F—a) _ 5 —y0)
x'(f) y'(®)
The equation of the tangent in the case when the curve is given by
means of the equations

(*) y=y), z2=2(%

is easily gotten from the equation of the tangent for the case where
the curve is given in the parametric form. It suffices to note that
giving the curve by means of the equations (*) is equivalent to
giving it in the parametric form

x=t y=y({), z=2().

The equation of the tangent to the curve, given by means of the
equations (*), is written as

or in the equivalent form

=y +y®E— %),
z = z(x) + 2'(%)(& — x).

In particular, if we are dealing with a plane curve and its equation
is 9 = y(x), then the equation of the tangent to it will be

y=y® + vy ®) & — x).

Finally, we write down the equation of the tangent at the point
(%0, ¥0, 20) to a curve given by the equations

?(x,9,2) =0, yxv,2 =0,
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where the rank of the matrix
(‘Pz Py %)
Yo Yy Yz
equals two. Suppose

x =), y=y0), ==z

is any regular parametrization of the curve in a neighborhood of the
point (%o, ¥o, 20).
The equation of the tangent to the curve at the point (xg, yo, 20) is

E—2% J—Y _ Z— 20

oy
Thus, in order to obtain the equation of the tangent it suffices to
know x¢":y¢ :20". We shall now compute these ratios.
We have the identities @(x(t), y(t), 2()) = O, w(x(t), y(¢), 2(f)) = O.

Differentiating these identities with respect to ¢, we have
Pzx’ + @y + @2’ =0,
vox' + yyy + y2’ = 0.

It follows that

! ’ ’

x y z
Py Pz Pz Pz Pz Py
Yy Yz Yz Yz Yo Yy,
and the equation of the tangent assumes the form
T—2x%  y—Y  zZ—20 .
Py Pz Pz Pz 9z ¢y’
Yy Ve Yz Yz | Yz Yy
where the derivatives ¢z, @y, * -+, y, are evaluated at the point of

tangency (¥o, Yo, 20)-
If the curve lies in a plane and is defined by the equation
@(¥, ¥) = 0, the equation of the tangent will be

E—2x0 J—2Yo
Pz Py

In order to derive this equation it is sufficient tonote that defining a
curve in the #, y-plane by the equation ¢(x, ¥) = 0 is equivalent to
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defining it in space by means of the equations
p(x,y) =0, z=0.

The normal plane to a curve at the point P is the plane which
passes through the point P and is perpendicular to the tangent at
this point. Writing down the equation of this plane provided we
know the equation of the *angent in case the curve is defined
analytically does not present any difficulty and is left to the reader
as an easy exercise.

§ 3. The osculating plane to a curve. Suppose y is a curve and
that P is a point on y, and suppose « is a plane passing through the
point P. We denote the distance of an arbitrary point Q on the curve
from the plane « by % and the distance of this point from the point
P by d (see Fig. 4).

Fig. 4

We shall call the plane « the osculating plane to the curve y at the
point P if the ratio 4/d? — 0 when Q — P.

THEOREM. A regular (at least twice continuously differentiable)
curve y has an osculating plane at every point. In this connection, the
osculating plane is either unique or any plane containing the tangent to
the curve is an osculating plane. If r = r(t) is the equation of the curve y
then the osculating plane at the point corresponding to the value t of the
parameter, is parallel to the vectors v'(t) and v (2).

ProoFr. Suppose « is an osculating plane to the curve y at the
point P, corresponding to the value ¢ of the parameter. We shall
denote the unit normal vector to the plane « by e. The distance of
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the point Q, corresponding to the value ¢ + At of the parameter,
from the plane « is

h = |e-(r(t + At) — 7(t))].
The distance from this point to P is

a=|r(t + At) — r(t)|.
We have

. ()
le-(r(t + Ab) — 7(t))| e'(’ @4t + —5 At 81A¢2>
CE+an 0P T O+ eadip
ler'(t)  er'(d) ,
_ \ At 2 + a
B r'2(t) - e

Since A/d2 — 0, €', 82" — 0 as At -0, and |'(¢)| % 0, we have
e-7'(t) =0, e-r’() = 0. Thus, if the osculating plane exists, the
vectors #(¢) and 7''(¢) are parallel to it.

It is not difficult to verify the fact that the osculating plane
always exists. To this end, we take the plane «, parallel to the
vectors #'(f) and #"'(f) (we consider any plane to be parallel to the
zero vector). Then e-7'(f) = e-7"'() = 0 and, consequently, A/d2 =
__le]
7' 2(t) + &'

Thus, the osculating plane exists at every point on the curve.
Obviously, the osculating plane, being parallel to the vectors #'(¢)
and »"(¢), will be unique if the vectors #'(#) and #"'(¢) are not paral-
lel. But if these vectors are parallel (or the vector 7"'(t) = 0), then
any plane, drawn through the tangent to the curve, will be an
osculating plane.

We note that the osculating plane was defined purely geometrical-
ly, without recourse to any definite method of analytic definition.
Therefore, the fact that the vectors #* and #” are parallel expresses
some geometric property of the curve.

We shall now derive the equation of the osculating plane. Suppose
r = 7(¢) is the vector equation of the curve and that ¢ is the value of
the parameter which corresponds to the point P on the curve.
Suppose 7(¢) and #'’(¢) are vectors which are not parallel at the
point P. Then #'(t) X 7"'(¢) will be the normal vector to the oscu-

hjd2 =

as At — 0.
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lating plane. If # denotes the position vector of any point in the
osculating plane at the point P, then the vectors # — 7(f) and
7'() X r"(t) are orthogonal. It follows that the equation of the
osculating plane is
(F — 7)) (") X 7)) = 0
or
(F—r(0,7@), 7)) =0.

In the case when the curve is defined parametrically
x=2x(), y=y0, z=20),

we obtain from this equation the equation of the osculating plane
in the form
F—xl), §—yl), F—z)
x'(?) y'(2) 2({) |=0.
I L)

The derivation of the equation of the osculating plane when the
curve is defined analytically in other forms is left to the reader.

Every straight line passing through a point on the curve perpen-
dicular to the tangent is called a mormal to the curve. When the
osculating plane is unique, two special straight lines are chosen
from among these lines; they are the principal normal which is the
normal lying in the osculating plane and the binormal which is the
normal perpendicular to the osculating plane.

Since the equations of the tangent and of the osculating plane are
known, the derivation of the equations of the principal normal and
binormal does not present any difficulty and is left to the student as
an exercise.

§ 4. Contact of curves. Suppose y
and y' are elementary curves having a
common point 0. We choose the point
P on the curve »’ and denote its
distance from the curve y by 4 and
we denote the distance from P to the
point O by 4 (see Fig. 5).

We shall say that the curve 9’ has
contact of order n with the curve y at
the point O if the ratio 4/d® -0 as
P - 0. Fig. 5
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Suppose y and ' are general curves having the common point O.
We shall say that the curve 9’ has contact of order » with the
curve v at the point O if an elementary neighborhood of the point O
on the curve y’ has contact of order » with an elementary neigh-
borhood of the curve y.

THEOREM. Supposey andy' are regular plane curves, that p(x, y)=0
1s the equation of the curve y, and that x = x(t), y = y(¢) ¢s the equation
of the curve y'. Suppose pz2 4 @y2 5= 0 at the point O(xg, Vo).

Then a necessary and sufficient condition that the curve y' have
contact of order n with the curve y at the point O is that the conditions

a n
PO, 9(0) = 0, 010, YO) = 0, -+,

p(x(t), ¥(t)) = O be

satisfied for the value of t corvesponding to the point O.

PRrROOF. Suppose 7 is an elementary curve which is a neighborhood
of the point O on the curve y. Suppose M(x, y) is any point in the
x, y-plane, which is near the point O. The distance of the point M
from the curve 7 is the greatest lower bound of the distances of
points on the curve to the point M. If the point M is sufficiently
close to O, this greatest lower bound is attained for some point
M (%, ¥) on the curve. We shall show this.

Since the point O belongs to the curve y, there cxists an ¢ > 0
such that all the points in the plane which are at a distance not
greater than ¢ from the point O and which satisfy the equation
(%, y) = 0, belong to the curve y.

Suppose the point M is at a distance less than £/2 from the point
0. Let M, be a sequence of points on the curve y whosc distances
from M tend to the distance of the point M from the curve y. The
points M, form a bounded sequence (their distances from M are less
than ¢/2), and therefore this sequence contains a convergent sub-
sequence. Without loss of generality, we may assume that the
sequence My itself converges to some point M (%, 7). In virtue of
the continuity of the function ¢(x, ) in a neighborhood of the point
0, the point M satisfies the equation ¢(x,y) = 0. From this it
follows that the point M belongs to the curve y. Thus, if the point
M is sufficiently close to O, the greatest lower bound of the distances
of the points on the curve y from the point M is attained for some
point M (%, y) on the curve 7.

We shall show that the segment M M is directed along the normal

Pogorelov, Diff. Geometry.
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to the curve y at the point M. In fact, suppose 7(s) is the position
vector of a point on the curve y, and that m is the position vector
of the point M. The distance of the point M from points on the curve
equals V/ (_i—(:s)——_not)_2 For s, corresponding to the minimum of this
distance, we have

a ——
N V(#(s) — m)2 =0,

and hence (7(s) — m)-#(s) = O which means that the vector M M is
directed along the normal to the curve y at the point .

Suppose &, 5 are the direction cosines of the straight line M M.
The coordinates of the point M can be expressed in the following
way in terms of the coordinates of the point M:

x=x+%h, J=y+nh

where £ is the distance of the point M from the curve y.
The coordinates %, 7 of the point M, as points on the curves y,
satisfy the equation ¢(x, y) = 0. Thus, we have

@(x + &h,y + nh) = 0.
If follows that

(%, y) + Ehpa(x, ¥) 4 nhpy(x, y) + 2R = 0,

where R is bounded in a neighborhood of the point O(xo, yo).

As x —> xp, ¥y = yo the expression épz + npy tends to a limit,
which is different from zero, inasmuch as it represents the scalar
product of two vectors with coordinates &, # and ¢, ¢, which in the
limit are different from zero and directed along the normal to the

curve y at the point O. Thus, the quantity 7 = - B + h2R’
§pz + oy

has order ¢ as M — O.
Suppose M lies on the curve " and corresponds to the value ¢ of
the parameter. Then, its distance from O, equal to

@) — rto)| = | — t0)(r'(to) + &),

is of order |t — #o| when M is sufficiently close to O. From this it
follows that a necessary and sufficient condition that the curve y’
have contact of order # with the curve y at the point O is that

p(x(t), y())

t—t)m
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as ¢ — to. But this means that all the terms in the expansion of the
function ¢(x(¢), ¥()) involving powers of (¢ — #o) up to the n-th
inclusive, equal zero.

This completes the proof of the thcorem.

EXAMPLE. Suppose ¥ ,4,,...,0n 1 @ given family of curves,
depending on » parameters ai, ag, - * -, an, defined by the equations
o(*,y, a1, -+, ap) = 0, and that the curve y is defined by the
equations x = x(f), y = y(?).

Find a curve among this family of curves with which the curve y
has contact of order » — 1 at the given point O.

In agreement with the theorem we proved above, if the curve y
has contact of order # — 1 with the curve y,, .. ,,, at the point O,
then
d(n-1)
p=0,—¢p=0, ---, gm—_l—q9=0
for the value of ¢ corresponding to the point O.

From this system we find the values of the parameters «;, a2, « - -,
an, for which the curve y has the indicated property.

§ 5. Envelope of a family of curves, depending on a para-
meter. Suppose S {y,}is a family of smooth curves on a surface,
depending on a parameter a. y
A smooth curve y is called an ‘
envelope of the family S if a)
for every point on the curve y
it is possible to give a curve
yo of the family which is 4
tangent to the curve y at this
point, b) for every curve y,
of the family it is possible to
give a point on the curve y at /
which the curve y, is tangent Fig. 6
to y, ¢) no curve of the family
has a segment in common with the curve y (Fig. 6).

ExXAMPLE. A smooth curve not having rectilinear arcs is the
envelope of its tangents.

The following theorem solves, to a known degree, the problem of
finding the envelope.
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THEOREM. Suppose the curves y, of a family S are given by the
equations @(x,y, o) = 0, where @ is continuous and continuously
differentiable for all its arguments.

Then the envelope of the family S is given by the equations

P, ¥, a) =0, @(%,y,a) =0

in the sense that for every point (x, v) of the envelope one can find an o
such that both equations ¢ = 0 and @, = 0 will be satisfied by the
system of values x, y, .

The proof of this theorem in the form we have just formulated it,
although carried out by elementary methods of analysis, is obtain-
ed in a rather cumbersome fashion. In this connection, in order
to simplify the discussion, we shall make some additional as-
sumptions about the nature of the enveloping of the curve by
curves of the family. Namely, we shall assume that for every point
P of the curve y it is possible to give an interval 4p of variation of
the parameter « such that:

1) For every point Q of the curve y, near P, there exists only one
curve of the family with parameter «, belonging to 4p, and tangent
to the curve at the point Q;

2) If » = r(¢) is any smooth parametrization of the curve y in
a neighborhood of the point P and y, is a curve of the family
tangent to y at the point (f) (where «(¢) belongs to 4p), then «(f) is a
smooth function of ¢.

Under such additional hypotheses on the nature of the enveloping
of the curve y by curves of the family, the proof of the theorem is
rather simple.

Since the curve y is tangent to the y, ) of the family at the point
(¢), the following identity holds:

px(), y(0), a(f)) = 0.
Differentiating this identity with respect to ¢, we obtain
P’ + @yy’ + @0’ = 0.

Since the curves ¥ and y, are tangent at the point (¢), we have
@zx" + @yy’ = 0. Therefore, we have g0’ = 0.

We shall assume that ¢, 7% 0 at the point P. Then ¢, 4 0 also in
some neighborhood of the point P, and hence «’ = 0 in this neigh-
borhood, i.e. «(f) = constant = ¢. But this means that the envelope
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y has a common segment with the curve y,, which is impossible.
Thus, ¢, = 0 at the point P. This completes the proof of the theo-
rem.

REMARK. The system of equations

¢y, ) =0, o, y,0) =0

can, in general, also be satisfied by curves which are not envelopes.
For example, the equation of the envelope to the family of curves

(6 — a3+ (y — )3 — 3@ — o)y — @) = O,

is satisfied by the linc ¥ = y, which however is not an envelope.
This straight line consists of nodal points of the curves of the family

(Fig. 7).
k /]
4
\4 l
”‘,"‘16

Tig. 7

EXERCISES FOR CHAPTER II
1. Write the cquations of the a) tangent, b) osculating plane,
¢) normal plane, d) principal normal, e) binormal to the helix
x=cost, y=sint, z2=1¢

at the point (1, 0, 0).

. x— 1 2
ANSWER: a) equation of the tangent: 5= y_z ;
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b) equation of the osculating plane: y — z = 0;
c) equation of the normal plane: y + z = O;
d) equation of the principal normal: y = 2 = 0;
x—1 z
e) equation of the binormal: 0= % = T
2. Write the equation of the tangent to the curve defined by the
equations '

22492+ 22=1, a2 +9y2=x

at the point (0, 0, 1).
oy 2=

1 0

3. Find the equation of the parabola of the form y=x2+4ax+4b
which is tangent to the circle 2 + y2 = 2 at the point (1, 1).

ANSWER: y = 2 — 3x 4 3.

4. Find the curve y = y(x) if it is known that the length of the
segment of the tangent between the point of tangency and the
point of intersection of the tangent with the x-axis is constant and
equal to a.

ANSWER: Tractrix:

x
ANSWER: =

Va2 2 —
a ?__.__2}“. + vVas — y‘Z .
y

¢c+x=aln

5. Segments of the same length arc marked off on the binor-
mals of a simple helix. Find the equation of the curve generated
by the endpoints of these segments.

ANSWER: Helix.

6. What is the angle at which the curves

xy =c1, %% — y2=cg
intersect ?
ANSWER: 7/2.
7. If the curve y in a plane intersects the curves of the family

(p(x, y) = constant ((pzz + %2 #0)
orthogonally, then it satisfies the equation
dx dy

Prove this assertion.
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8. Find the family of curves which intersect all circles passing
through two given points in the plane orthogonally.

ANSWER: A family of circles.

9. Find the equation of the circles having contact of the second
order with the parabola y = #2 at its vertex.

ANSWER: x2 + y2 =y,

10. Find the envelope of the family of straight lines which form a
triangle XOY of area 242 with the coordinates axes.

ANSwER: The part of the equilateral hyperbola xy = a2 which
lies in the angle XOY.

11. Find the envelope of the family of straight lines on which the
coordinate axes cut off a segment of constant length a.

ANSWER: Astroid:

lx|2/3 + [ylzla i
12. Find the envelope of the trajectories of a material point

ejected from the origin of coordinates with initial velocity vy.
ANswER: The trajectory parabola

gx2 V02
2'002 2g

y:

where g is the acceleration due to gravity.

13. Find the envelope of light rays emanating from the origin of
the coordinate system after their reflexion from the circle
x2 4 y2 = 2ax.

ANSWER: The Pascal limagon:

4q2 16
(x2+y2~2ax>2+—;“—<x2+y2— 9‘”‘)=o

PRrROBLEMS AND THEOREMS FOR CHAPTER II

1. Suppose y is a curve and that P is a point on y, and suppose g
is a straight line passing through the two distinct points R and S on
the curve. We say that the curve has a tangent at the point P in the
strong sense if the straight lines g converge to some straight line
gpas R, S — P.

Prove that if the curve is smooth, then it has a tangent in the
strong sense at every point, and this tangent coincides with the
tangent in the sense of the usual definition, given in § 2.
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If the curve has a tangent in the strong sense at every point, then
the curve is smooth.

2. Prove that if the tangents to a smooth curve pass through a
common point, then the curve is a segment of a straight line, or half-
line, or an entire line.

3. Prove that the tangents to the helix

¥x=acoswl, y=asinwt, z=20b

are inclined at a constant angle to the x, y-plane. Show that the
principal normals to the helix intersect the z-axis.

4. An inversion is a transformation under which corresponding
points are located on the same half-line emanating from some fixed
point S (called the center of inversion), and the product of their
distances from S is constant. Prove that the angle between curves
remains invariant under an inversion.

5. Prove that if the tangents to a curve are parallel to some plane,
then the curve is a plane curve.

6. What is the condition that the straight line g:

ar(t)x + b1(t)y + c1())z + d1(t) = O,
as(t)x + b2()y + c2(f)z + do(t) = O

I

be tangent to some curve
x=x(t), y=y0), z=2(0)?

Find this curve.
7. Write the equation of the osculating plane to the curve defined
by the equations

@(x,y,2) =0, px,y,2 =0

at the point (%o, yo, 20)-

8. Suppose y is a curve and that P is a point on y; let « be a plane
passing through distinct points Q, R and S on the curve. We say
that the curve y has an osculating plane at the point P in the strong
sense if the planes « tend to some plane ap as Q, R, S — P.

Prove that if a regular (i.e. twice continuously differentiable)
curve has a unique osculating plane at the point P in the usual
sense (§ 3), then it has an osculating plane at this point in the strong
sense and they coincide.

9. Reconstruct the curve x = x(¢), y = y(¢), 2 = 2(f) knowing that
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its osculating planes are
A(h)x + B()y + C(t)z + D(t) =0,
10. Prove that if all the osculating planes of a curve pass through
a common point, then the curve is a plane curve.
11. Prove that a necessary and sufficient condition that the
curve x = x(t), vy = y(f), 2 = 2(t) be a plane curve is that
x/ y/ zl
xll yll Z” = 0.

2 e 1y

"y oz

12. Prove that the contact property of curves is mutual, i.e. if the
smooth curve y1 has contact of order # with the smooth curve y2
then the curve y3 has contact of order » with the curve y; at the
same point.

Show by an example that the smoothness requirement is essential.

13. Assume the curves y1i, 2, y3 have a common point P at which
the curves y; and y32, y2 and y3 have contact of order #. Then the
curves 1 and yp3 also have contact of order # at the point P.

14. Prove that if a curve has contact of order three with its
osculating plane at every point, then this curve is a plane curve.

15. A projective correspondence

oax + B
= 6 —
Y il a py #0

is established between the points of the x and y coordinate axes.
Prove that the family of straight lines joining corresponding
points on the axes, envelope a second degree curve.
16. Prove that if a one parameter family of curves in the plane is
given by the equations

¢y, a ) =0, [(ap) =0,
where f,2 + fg2 # 0, then the envelope of this family satisfics the
equations
=0, f=o; (pa"!‘)‘fa—:ol ‘Pﬁ'f“}vfﬂ:O

in the sense that for every point (¥, ) of the envelope, one can find
«, f and A which are such that together with x and y they satisfy the
above four equations.

The equation of the envelope in the implicit form can be obtained
by eliminating «, 8, 4 from these four equations.




CHAPTER III

FUNDAMENTAL CONCEPTS FOR CURVES WHICH
ARE RELATED TO THE CONCEPTS OF
CURVATURE AND TORSION

§ 1. Concept of arc length of a curve. Suppose y is an arbitrary
curve. In § 3 of Chapter I we showed that y is the image of an open
interval g or of a circumference k2 under a continuous and locally
one-to-one mapping ¢ into space.

A segment of the curve y is the image of an arbitrary closed seg-
ment 4, belonging to the open interval g or to the arc « of the circum-
ference & under the mapping ¢. The endpoints of the segment of the
curve are the images of the endpoints of the open interval 4 or the
endpoints of the arc « of the circumference.

The concept of a segment of a curve thus introduced does not
depend on the mapping in the sense that if the mappings ¢1 and ¢2
of the open interval g or of the circumference % define the same
curve y then the set of segments of the curve defined by the map-
pings ¢1 and g2 coincide. We shall prove this.

Suppose the mappings g1 and g3 of the open interval g define the
same curve y. In agreement with the definition given in §3 of
Chapter I, this means that there exists a one-to-one and bicontinu-
ous correspondence y between the points of the open interval g for
which the images of corresponding points under the mappings ¢1
and g2 coincide.

Suppose 41(a <t < b) is any closed interval belonging to g and
that ¢1(41) is its image under the mapping ¢1. We most prove the
existence of a segment 4g, whose image is ga(42) under the mapping
@2 coincides with ¢1(41).

We shall denote the image of the segment 4; under the mapping y
of the open interval g onto itself by 4’. We shall show that 4" is a
closed interval. In fact, the function y(¢) which effects the mapping
of the open interval g onto itself, is continuous on the segment
Ai(a <t < b). It follows from this that this function attains its
maximum M, its minimum » and assumes all intermediate values
on the segment 4;. But this means that 4’ is the closed interval
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m <t < M. The images of the closed segments 431 and 4’ under the
mappings @1 and @z respectively yield the same segment of the
curve. This completes the proof of our assertion.

The set of points on a segment of a curve can be ordered in the
following way. Suppose ¢(4), ¢(B), ¢(C) are three points on a
segment of the curve. We shall say that the point ¢(B) lies between
the points ¢(4) and ¢(C) if the points on the segment 4 or the arc of
the circumference corresponding to them are in this relation.

It follows from the preceding discussion on the independence of
the concept of segment of the mapping ¢ which determines the
curve y that the “betweenness’ relation for points of the segment
is also indcpendent of @. In fact, a continuous function y(f) which
assumes distinct values for distinct ¢ is a monotonic function. It
follows from this that if 4", B’, C’ are points of the segment A’
corresponding to 4, B, C, then B’ lies between A’ and C'. But this
means that the mappings ¢; and @2 of the open interval g, which
define the same curve, also define the same ““betweenness’ relation-
ship for the points of its segment.

In conclusion we note that the property of points of being the end-
points of a segment of a curve is also independent of the mapping ¢,
which determines the curve. Infact, if the curve y is defined with the
aid of g1 then the endpoints of the segment ¢;(4;) are the images of
the endpoints of the segment 4; under the mapping ¢ ; if the curve
y is defined by means of g2 then the endpoints of the segment
@1(41) = @a(4’) are the images of the endpoints of the segment 4’
under the mapping ¢2. But in virtue of the monotonicity of the
function y(f) the endpoints of the segments 4; and 4’ correspond to
each other under the mapping
v and the images of corre- —
sponding points of the segments Y B
A1 and A4’ coincide under the Aj
mappings @1 and @p. This is
what we were required to prove.

We now define the concept A
of arc length of a segment of a
curve.
Suppose 7 is a segment of 14
the curve y and let 4 and B Fig. 8

be its endpoints. We choose
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the points Ag = A4, A1, **+, An = B, on the segment §, procecding
from A to Bin the sense that the point A4; lies between A;—; and
Ai+1. We join successive points 4;and 4441 by means of rectilinear
segments. We then obtain the polygonal arc I inscribed in the
segment § of the curve (see Fig. 8).

We shall say that the segment § of the curve y is rectifiable if the
lengths of the polygonal arcs I" are uniformly bounded. The least
upper bound of the lengths of the polygonal arcs I, inscribed in the
segment 7 of the curve, will be called the arc length, or simply the
arc, of this segment. We shall say that the curve y is rectifiable if
each of its segments is rectifiable. The length of the arc will be the
least upper bound of the arc lengths of its segments.

We shall show that arc length so introduced possesses the usual
properties, namely:

1. If the segment A’B’ of the curve y is a subset of the segment
AB and if the segment AB is rectifiable, then the segment A’'B’ is
also rectifiable and the length of its arc s(4'B’) is less than the
arc length s(AB) of the segment AB.

2. If C is a point on the segment AB of the curve y which is
distinct from both A and B, and the segments AC and CB arc
rectifiable, then the segment AB is also rectifiable, and

s(4C) + s(CB) = s(AB).

Proor. Since the segment A’B’ is a subset of the segment 4B,
then one of the points A’ and B’ (for definiteness, let us say it is
the point A’) is not an
cndpoint of the segment
AB. Suppose I” is an
arbitrary polygonal arc,
inscribed in the segment
A’'B’ of the curve, and
suppose C is an arbitrary
point of the segment 44,
which is geometrically

Fig. 9 distinct from 4 and 4’

(Fig. 9). Adding the new

vertices 4, C and B to the polygonal arc I, we obtain the polygonal
arc I'"inscribed in the segment A B of the curve y. The length of the
polygonal arc I'is greater than the length of I by at least the sum of
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the lengths of the links AC and CA’. Since the polygonal arc I was
taken arbitrarily, this means that the lengths of the polygonal arcs
I'" are uniformly bounded and, consequently, the segment A'B’ of
the curve y is rectifiable. The length of this segment, obviously, is
less than the length of the segment A B of the curve by at least the
sum of the lengths of the links AC and CA4'.

We shall now prove the second property. Suppose I'is an arbitrary
polygonal arc inscribed in the segment A B of the curve. We add the
vertex C to it. The polygonal arc I" thus obtained has length greater
than or equal to that of the polygonal arc I". This polygonal arc
consists of the polygonal arcs I and I inscribed in the segments
AC and CB of the curve y. It follows from this that the segment AB
is rectifiable and that

s(AC) 4 s(CB) = s(4B).

Now suppose I"” and I'"” are arbitrary polygonal arcs inscribed in
the segments AC respectively CB of the curve. Then the polygonal
arc I', consisting of the polygonal arcs I and I, will be inscribed
in the segment AB of the curve y. It follows from this that

s(AC) 4 s(CB) < s(4B).
Combining this with the preceding inequality we obtain
s(AC) + s(CB) = s(AB),

which was to be proved.

§ 2. Arclength of a smooth curve. Natural parametrization
of a curve.

THEOREM. A smooth curve y is rectifiable. If r = »(t) ¢s its smooth
parametrization and §(a <t < b) is a segment of the curve y then the
length of this segment s

s@) = JIr@las.

ProoOF. Suppose ["is an arbitrary polygonal arc inscribed in the
segment 7 of the curve y. Let {1 = a, #a, - - -, tn+1 = b be the values
of the parameter ¢ corresponding to its vertices. The length of the
link of the polygonal arc joining the vertices #; and #41 equals
|7(ti+1) — 7(t;)]. Therefore the length of the entire polygonal arc is

s(I') = Ziq [7(teer) — 7(E)l.
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We now estimate the length of the polygonal arc I. We have

[r(ts+1) — 7(t0)| < [%(bas1) — 2(8)| + |Y(as1) — y(E)| +
+ [2(ti+1) — 2()] = (err — L) (| ') + |y'(0")| + |2/ (84)]),

where &', 9"/, 9" lie between ¢; and #;,1. Since the derivatives x'(f),
y'(£), 2'(t) are bounded by some constant M on the closed interval
a <t<b and

St —t)=0b—a,
we have
s(I') < 3M (b — a).

Thus, the lengths of the polygonal arcs I' inscribed in the segment §
of the curve y, are uniformly bounded and, consequently, the
segment 7 is rectifiable. Since the segment § was chosen arbitrarily,
we conclude the curve y is also rectifiable.

REMARK. In the proof of the rectifiability of the segment ¥ of the
curve we used the fact that there existed a smooth parametrization
for every segment, whereas the smoothness of the curve, by defi-
nition, assumes only the existence of such a parametrization only in
a neighborhood of each point of the curve. In order not to use
only one smooth parametrization for the entire segment 7, we pro-
ceed in the following manner.

We shall start with any parametrization » = #(¢f) of the curve y.
Suppose @ < ¢t < b is a segment of y. We decompose the segment y
by means of the points @ + & b—a

(k=12 ---,n—1)inton

segments. If » is sufficiently large, each of these segments permits a
smooth parametrization. In fact, let us assume the contrary.
Suppose a segment ¢,'t,"”" can be found for every # which does
not permit a smooth parametrization. The sequence of segments
tx'ty’’ contains a subsequence of segments whose endpoints ¢," and
tn"’ converge, obviously to a common limit ¢y. But the point /o has a
neighborhood which permits a smooth parametrization. For suf-
ficiently large # the segment £,t,"’ lies in this neighborhood and,
consequently, it permits a smooth parametrization. We have thus
arrived at a contradiction. Thus, for sufficiently large # the segment
7 will be decomposed into » segments, each of which permits a
smooth parametrization and hence it is rectifiable by what was
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proved above. But then, as was proved in the preceding section, the
segment § is also rectifiable.

We shall find the length of the segment #, which permits a smooth
parametrization 7 = 7(¢).

We inscribe the polygonal arc I'into the segment 7, satisfying the
following conditions: 1) the length of the polygonal arc I" differs
from the arc length of the segment $ by at most ¢; 2) for all ¢
[fi+1 — %] << 0. Here ¢ and ¢ are arbitrary positive numbers. The
existence of such a polygonal arc is quite obvious. In fact, there exists
a polygonal arc I satisfying the first condition by the definition of
the arc length of the segment of a curve. Adding new vertices to it,
we do not invalidate the first condition. But at the same time the
addition of new vertices helps us satisfy the second condition also.

We now estimate the length of an arbitrary link of the polygonal
arc. We have

[r(tiv1) — 7(t)| = [(x(te41) — x(t))er + (V(tir1) — y(ti))ez +
+ (2(tir1) — 2(ts))es| = (bir1 — to)|2" (i )er + ¥/ (9" )ea+2" (9" )es| =
(tr1 — )| (2" () + &)er + (V'(b0) + &”")ea + (2'(ks) + &'"')es].

In virtue of the uniform continuity of the functions x'(¢), y'(¢), 2'(f)
on the closed interval a < ¢ < b the quantities &;/, &', &’ are less
than some (), where &(8) — O as 6 — 0. Therefore

[r(tir1) — 7(t)| = (berr — )| ()| + (b1 — Lo)ma,

where |7;] is less than some &() which tends to zero as 6 — 0.
Now suppose that I', is a sequence of polygonal arcs inscribed in
the segment §, for which

$(I's) — s(¥) and 6, — 0.
The length of the polygonal arc is
s(Fn) = X (bir1 — to) [P (8)] + 2 (farr — L)

As n — oo,
b
S (s — 4) )] >/ Ol

and ¥ ({441 — %)ns — O inasmuch as 3 (f441 — &) = b — a, and
Ini| < &(0n).
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Thus the arc length of the segment 7 of the curve y is
b
s(7) = J1r'(@®)at.

This completes the proof of the theorem.

Suppose y is a rectifiable curve and let » = 7(f) be any one of its
parametrizations. Suppose s(f) is the arc length of the segment /ot
of the curve y. We shall define the function ¢(f) by means of the
conditions

a(t) =s(t) ifty <
a(t) = — s(t) if to > ¢;
a(te) = 0.

The function o(¢) is strictly monotonic. Therefore ¢ can be taken as
the parameter on the curve. We shall call this parametrization the
natural parametrization.

THEOREM. The natural parametrization of a regular (k-times
differentiable, analytic) curve without singular points is regular (k-
times differentiable respectively analytic). If v = 7(o) is the natural
parametrization of the curve then |v'(o)] = 1.

ProOOF. Suppose » = #(f) is any regular parametrization of the
curve y in a neighborhood of an arbitrary point corresponding to
the value o1 of the parameter. For each segment belonging to this
neighborhood we have

2
o — oy = [VF2(t)dt.
ty

Since dojdt =V ;_15(7)“ > O and #(¢) is a k-times differentiable function
of ¢, t is a k-times differentiable function of ¢. But for o close to o1,
7(o) = #(¢t(0)). It follows from this that 7(o) is a regular (k-times
differentiable) function and

dr(o) dr(t) dt dar(t) 1
do  dt do  dt l aF(t) l

N

Consequently, |7'(o)| = 1.

This concludes the proof of the theorem.

COROLLARY. A regular (k-times differentiable, analytic) curve
permits a regular (k-times differentiable respectively analytic) para-
metrization “‘in the large”’, i.e. for the entive curve.
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Such a parametrization is the natural parametrization r(c) and also
any parametrization obtained from it by means of a regular transfor-
mation of the parameter o = @(t), where @(t) is a regular (respectively
analytic) function of ¢ which satisfies the condition that ¢'(t) # O.

To conclude this section, we shall give the formulas for arc length
of a regular curve for two different ways of analytically determining
the curve.

1. For a curve defined by the equations

x=x0), y=yl) ==z,
the arc length is

t2 te S
sty ta) = [/ (0)|dt = J V&2 + ¥ + 22 L.
51 t

2. A curve defined by the equations

y=y), 7=z
has arc length

S —
s(x1, x2) =f\/1 + y'2 4+ 2'2%x.
1

For plane curves, lying in the x, y-plane, we must set 2’ =0 in
these two formulas.

§ 3. Curvature of a curve. Suppose P is an arbitrary point on
the regular curve y and Q is a point on y near P. We denote the angle
between the tangents drawn to
the curve at P and Q by 49 and
the arc length of the segment
PQ of the curve by 4s (Fig. 10).

The curvature of a curve y at
the point P is the limit of the
ratio 49/4s as the point Q ap-
proaches P.

Then the following theorem
holds.

THEOREM. A regular (twice
continuously differentiable)
curve has a definite curvature
k1 at each of its points. If Fig. 10

Pogorelov, Diff. Geometry.
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r = 7(s) is the natural parametrization of the curve, then
ky = [r"(s)].

Suppose the values s and s 4 A4s of the parameter correspond to
the points P and Q. The angle 4¢ is equal to the angle between the
unit tangent vectors 7(s) = 7'(s) and (s + 4s) = 7'(s + 4s).

Since the vectors 7(s) and 7(s + 4s) are unit vectors and form the

49
angle 49, |7(s + 4s) — 7(s)| = 2sin 5 Therefore

2 sin ﬁ sin ﬂ
|7(s + 4ds) — 7(s)] 2 2 A9
As T 4s A9 4as
2
Noting that 4¢ — 0 as 4s — 0 and passing to the limit, we obtain
7" (s)| = k.

This completes the proof of the theorem.

Suppose the curvature does not vanish at a given point on a
curve. Consider the vector n = (1/k1)r"’(s). The vector » is a unit
vector and lies in the osculating plane of the curve (§ 3, Chapter II).
Moreover, this vector is perpendicular to the tangent vector T,
so that 72 =1 and, consequently 7-7" = 7-nyk1 = 0. Thus, this
vector is directed along the principal normal to the curve. Obvi-
ously, the direction of the vector » does not change if the initial
point of the arc s or the direction of traversing s is changed. In the
sequel, when we mention the unit vector on the principal normal to
the curve, we shall have in mind the vector #.

Obviously, the vector = X # = b is directed along the binormal
of the curve. This vector will be called the unit binormal vector of
the curve.

We shall find an expression for the curvature of a curve in the
case of an arbitrary parametric representation. Suppose the curve
is given by the vector equation #» = 7(f). We shall express the second
derivative of the vector function » with respect to the arc s in terms
of the derivatives with respect to £. We have

7 = 7.

It follows that
7’2 f— 5’2
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and consequently
¥y = r’/\/r’z.
Differentiating this equality once more with respect to £, we obtain
75sS’ = 1"’/\/;’E — (r’-r”)r’/(\/ﬁ)3.

Squaring both sides of this equality and noting that s'2 = 7’2, we
have
7112},72 _— yl.rll 2
po =
(r'2)3

or, what amounts to the same thing,

(' X r")2
(r3

ki? =

From this we obtain that the curvature of a curve given by the
cquations

x=a), y=90), 2=z
is defined by

x” y/l
’ ’

Xy

r r
&

y ol
—I_\y/ Z/ +l
0+ Y 8

If the curve is a plane curve lying in the x, y-plane,

2 2

k1% =

k12 _ (xllyl . yfixl)z
Wy
If the plane curve is given by the equation y = y(x),
S A
(14 y2)3

REMARK. The curvature of a curve is, by definition, nonnegative.
For plane curves, it is convenient in many cases to choose the sign
of curvature so that in some cases it is positive and in others
negative. The tangent vector #'(¢f) of the curve rotates as it moves
along the curve in the direction of increasing ¢. Depending on the
direction of rotation of the vector 7'(f) the curvature is considered
positive or negative. If we determine the sign of the curvature of a
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plane curve by this condition, then we obtain the following formulas

for it:
xllyl . yllxl xllyl . yllxl
p— r A

- (x'2 4 y'2)* 0 (x'2 4 y'2)%2
In particular, if the curve is given in the form y = y(x),
k=y"|(1 +y2)% or k= —y"[(1 +y?)"

In conclusion, we find all the curves having curvature zero at all

its points. We have
ki =1r"(s)| = 0.

It follows that 7'’(s) = 0 and, consequently, 7(s) = as + b, where
a and b are constant vectors.

Thus, a curve having curvature everywhere equal to zero is
either a straight line or an open interval on a straight line. The
converse is also true.

§ 4. Torsion of a curve. Suppose P is an arbitrary point on the
curve y and Q is a point on y near P. We denote the angle between
the osculating planes to the curve at the points P and Q by 48 and
we denote the length of the segment PQ on the curve by 4s. The
absolute torsion |ks| of the curve y at the point P is understood to be
the limit of the ratio 4¢/4s as @ — P.

THEOREM. A regular (three-times continuously differentiable) curve
has a definite absolute torsion |ks| at every point where the curvature is
different from zevo. If v = v(s) is the natural parametrization of the

curve, then
|ke| = [(r'7"'7""")|[R1?.

Proor. If the curvature of the curve y at the point P is different
from zero, then by continuity it is different from zero at all points
sufficiently close to P. At every point where the curvature differs
from zero, the vectors #'(s) and 7'’ (s) are different from zero and are
not parallel. Therefore, a definite osculating plane exists at each
point Q near P.

Suppose b(s) and b(s + 4s) are unit binormal vectors at the
points P and Q on the curve y. The angle 49 is equal to the angle
between the vectors &(s) and b(s + 4s).

Since the vectors b(s) and (s + 4s) are unit vectors and form
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49
the angle 49, |b(s + 4s) — b(s)| = 2sin - Therefore

. A9
bs +ds) — b(s)| 22 g 4
As  As 4§ 4s’

d

From this we obtain, passing to the limit as 4s — O, that
|ka| = 6],

The vector &' is perpendicular to b since b'-b = (362)' = 0. It is
not difficult to see that &’ is also perpendicular to .
In fact,
V=@Fxn)'=+vXxXn+1Xn.

But +'||n. Therefore, & = v X #’, whence it follows that &’ is
perpendicular to r. Thus, the vector &’ is parallel to the vector »
and, consequently,

|Re| = |b"n]|.

If we set n = (1/k)r" and b = 7" X #'’/k; into this last equation,
we obtain

ka| = [(r'7"'7"")|[Ra?.

This completes the proof of the theorem.

We shall now define the forsion of a curve.

It follows from the fact that the vectors 4" and » are parallel that
the osculating plane to the curve rotates about the tangent to the
curve as it moves along the curve in the direction of increasing s. In
this connection, we define the torsion of a curve by means of the
equation

ke = 4+ |k2|

and we shall take the sign (4) if the rotation of the tangent plane
occurs in the direction from & to », and (—) if the rotation occurs
1 the direction from # to b. If we define the torsion of a curve in
this way, we shall have k2 = b"-n or

kZ —_ (7’7’”7’,”)/]312.

We shall now find the expression for the torsion of a curve in the
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case when it is defined by an arbitrary regular parametrization
r = r(f). We have

Jrs — rltl, rss — 7/lt!2 + 7!t//,
rsss — rl/ftl3 + {r/, 711},

where {#’, 7"’} is a linear combination of the vectors 7" and »"’. If we
substitute the expressions for 7s, 755, and 7,5, just found into the
formula for 22 and note that #'2 = 1/7'2, we obtain

kz —_ (7”7”7’”)/(7, X 711)2.

In concluding this section we shall find all the curves for which
the torsion vanishes at every point. We have k3 = b"-n = 0O, but
as we saw, b'-7 = 0 and &’-b = 0. Consequently, b’ = 0, b = by =
constant vector.

The vectors 7 and b are perpendicular. Therefore #'-bg = 0. It
follows that (7(s) — 7o) -bo = O, which means that the curve lies in
the plane given by the vector equation (r — 7g)-bp = 0.

Thus, as curve whose torsion vanishes at every point is a plane
curve. The converse assertion is also true.

§ 5. The Frenet formulas. Natural equations of a curve.

Three half-lines, emanating from a point on the curve and having
the directions of the vectors 7, n, b are edges of a trihedron. This
trihedron is called the natural trihedron.

In order to investigate the properties of the curve in a neighbor-
hood of an arbitrary point P it turns out in many cases to be con-
venient to choose a cartesian system of coordinates taking the point
P on the curve as the origin of coordinates and the edges of the
natural trihedron as the coordinate axes. Below we shall obtain the
equation of a curve with such a choice of coordinate system.

We shall now express the derivatives of the vectors 7, #, b with
respect to arc length of the curve again in terms of 7, n, b. We have

v =7" = kn.
I'o obtain &', let us recall that the vector &’ is parallel to # and that
b"-n = ka. It follows that
b = kzn.
Finally,

n'=(bX7)=b X1+ bX7'=hkan X7+ k1 bXn =— (k17 + kob).
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The system of equations

7 = kn,
n' = — kit — kb,
b = kgn

are called the Frenet formulas.

We shall find the expansion of the radius vector 7(s + 4s) in a
neighborhood of an arbitrary P, corresponding to the arc s along the
axes of the natural trihedron at this point. We have

As? As3
s -+ As) = 7(s) + Asr'(8) + - () + 57 s) + -

But at the point P, =0, 7' =7, 7" =kn, v"’=ki'n—Rk12r—k1ksb, and
so on. Thus,

23
r(s+As)=<As_k_IgE”+ ...>T+

( k152 k1'As3 4 ) .
2 T
(- By,
6

We sce that in order to expand the function 7(s 4 4s) as a power
series in As it is sufficient to know the curvature and torsion of the
curve as functions of the arc s. This gives the basis for assuming that
the curvature and torsion determine the curve to some extent. And
indeed we do have the following valid theorem.

THEOREM. Suppose ki(s) and ka(s) are arbitrary regular functions
with ki(s) > 0. Then there exists a unique (up to position in space)
curve for which ki(s) is the curvature and ky(s) s the torsion at the
point corresponding to the arc s.

Proor. Let us consider the following system of differential
equations

& = Rk,
p' = — ki€ — koL,
{" = kon,

where &, 7, ¢ are unknown vector functions.
Suppose &(s), 5(s), £(s) is the solution of this system satisfying the
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initial conditions & = &, 5 = no, { = {o for s = so, where &o, 70, (o
are three mutually perpendicular unit vectors whose triple product
equals 1: (&, 770, o) = 1.

We shall show that the vectors &(s), %(s), {(s) are unique and
mutually perpendicular for arbitrary s and (&, 9, {) = 1. To this
end, we shall compute (£2)’, (92)’, (£2)', (§-n)’, (n-¢)’, (-&)’. Making
use of the equations of the system, we obtain the following ex-
pressions for these derivatives:

(€2)" = 2ki&m, (&) = Fan? — k1% — kb ¢,
%) = — k& — k-G, (°C)" = kan? — kal? — k-,
(6% = 2kan-C, (5-8) = k-C + kebn.

If we consider these equations as a system of differential equations
for &2, 2, (2, &, 9-C, $-&, we note that it is satisfied by the set of
values &2 =1,72=1,2=1,6n=0,%n( =0, {-& = 0. On the
other hand, this system is satisfied by the values &2 = £2(s), 92 =
n2(s), - -+, {-& = {(s)-&(s). Both these solutions coincide for s = so,
and consequently, they coincide identically according to the theorem
on the uniqueness of the solution. Hence, for all s we have

£2(5) = 1, o) = 1, =+, £(9)-£() = O.

We shall show that (£(s), %(s), {(s)) = 1. Since &, %, { are mutually
perpendicular unit vectors, we have (& %,() = + 1. The triple
product (&, 5, {) depends continuously on s, it equals 4 1 when
s = sg, and therefore it is equal to 1 for all s.

We shall now consider the curve y, defined by the vector equation

7 =f8§(s)ds.

We note first of all that the parametrization of the curve y is the
natural parametrization. In fact, the arc length of the segment sgs
of the curve y equals

17 ($)lds = [ |§()ds = 5 — so.

The curvature of the curve y equals |7"'(s)|=]&'(s)] = ki(s). The
torsion of the curve y equals

(7/’,//’,///) B (6: kln, kl’n + kln’)

k2 k2
(& k1, k1'n + Ri(— k1& — k()
— e = Ra(s).
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Thus, the curve y has curvature k;(s) and torsion kz(s) at the
point corresponding to the arc s.

This completes the first part of the theorem. We now proceed
to the proof of the second part.

Suppose y1 and y2 are two curves which have the same curvature
k1(s) and torsion kz(s) at the points corresponding to the arc s. We
shall correspond the curves 1 and y2 by means of points corre-
sponding to the arc so, and with the natural trihedra at these points.
Suppose 71, 71, b1 and T3, 72, bz are unit tangent, principal normal,
and binormal vectors to the curves y; and y2 respectively.

The triples of vector functions 71(s), #1(s), d1(s) and 73(s), #a(s),
b2(s) are solutions of the system of equations for &, #n, {. The
initial values of these solutions coincide. It follows from this that
the solutions coincide identically. In particular, 71(s) = 72(s), or
71'(s) = 72'(s). Integrating this equality between the limits so, s, we
obtain

71(s) = ra(s).

Thus, the curve y2 differs from 1 only by its position in space.
This completes the proof of the theorem.
The system of equations

k1 = kl(s), kz = kz(s)

are called the natural equations of the curve. According to the thco-
rem proved above, a curve is defined uniquely to within position
in space by its natural equations.

§ 6. Plane curves. In this section we shall consider the oscu-
lating circle, evolutes, and involutes of a plane curve.

Suppose y is a plane curve and that P is a point on y. A circumfer-
ence k passing through the point P, is called the osculating circle to
the curve y at the point P if the curve has, at this point, contact of
the second order with the circle. The center of the osculating circle
is called the center of curvature of the curve.

We shall find the osculating circle of a regular curve y at a
point P, where the curvature is different from zero. Suppose
7 = 7(s) i