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PREFACE
To the Student

Iingincering analysis hinges directly on the basic principles of me-
chanies. The study of mechanies welds the tools of physics, mathematies,
and graphics into an effective weapon of attack on engineering problems.
The emphasis in this book is on engineering or applied mechanics, and
it has been designed as a text for the basic mechanies courses in the
normal engineering curriculum. :

The representation of real situations by mathematical and graphical
symbols constitutes an ideal descriptive model which approximates but
never quite equals the actual situation. A useful understanding of me-
chanics requires a dual process of repeated transition of thought between
the physical situation and its symbolic representation. The develop-
ment of ability to make this transition of thought freely is one of the
major aims of this book.

Mechanics is based on a surprisingly few fundamental principles. The
more important equations are set in boldface type, and much secondary
detail has been reduced or eliminated. Care has been taken not to sacri-
fice the rigor of the development, and attempt has been made to present
the principles in clear and concise terms. The student will find that firm
progress can be made only by an understanding of the physical and
mathematical prineiples jointly and not by mere memorization of
formulas with mechanical substitution of values therein.

Success in analysis depends to a surprisingly large degree on a well-
disciplined method of attack from hypothesis to conclusion where a
straight path of rigorous application of principles has been followed.
The student is urged to develop ability to represent his work in a clear,
logical, and neat manner. Very often the mere adherence to good form
and procedure will in itself prove to be the needed guide toward a success-
ful solution. The basic training in mechanics is a most excellent place
for carly development of this disciplined approach which is so necessary
in most of the engineering work which follows.

As in all subjects the student learns more when his interest is stimu-

lated. The author hopes that the reader will find interest and stimula-
v



vi Preface to the Student

tion in many of the real and practical situations included in the prob-
lems. Arrangement of problems is generally in the order of increasing
difficulty, and the most difficult ones are starred.

J. L. MERIAM



PREFACE

To the Instructor

The natural learning process begins with simple situations. Thus in
mechanics the average student is best initiated by exposure to simpli-
fied, symbolic problems where irrelevant factors have been omitted and
where attention is focused on the conditions which are pertinent. Prob-
lems presented in this way are already partially analyzed. A full and
useful appreciation of mechanics does not come, however, until the
analysis of real situations and actual working conditions is made. Here
the student must be taught to define the problem by first isolating the
pertinent factors and discarding the irrelevant ones. Principles are
then applied and conclusions drawn. It is only when the principles of
mechanics are applied to practical problems involving real situations that
the full significance of mechanics can be seen. There has been a trend
in the treatment of mechanics to avoid real problems of a practical and
interesting nature in favor of the ideal symbolic problems which are
stripped of reality, practical value, and interest. Such presentation
places in jeopardy one of the most fundamental objectives of instruction
in mechanics, namely, to develop ability in problem formulation where
the connection between actuality and symbolic representation is re-
quired. It is true that many practical problems involve too many com-
plicating factors for early exposure to the student. However, there is a
wealth of problems which describe real, practical, and interesting situa-
tions that are not overly complex and which can enrich the experience
and develop the ability of the student of mechanics far more than is
possible with the overly idealized problems.

It is the purpose of this book to present a large selection of problems
which illustrate wide application to the various fields of engineering and
which will lead the student from the idealized and symbolic representa-
tion to the more practical, real, and interesting engineering situation.
The author feels strongly that reality brought into the illustrations is of
great help to the student in making the transfer of thought from the
physical to the mathematical description. Consequently the book has
been profusely illustrated, and effort has been made to produce reality
and clarity. The problems in each set represent a considerable range of
difficulty and are presented generally in order of increasing difficulty.
Those problems which are considered the most difficult are starred. All
problems have been worked and checked and are believed to be free of
error. Computations have been made with the slide rule so that some
disagreement in the third figures may be expected. Answers to approxi-
mately two thirds of the problems are given.

il
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Full use of graphic procedures is made whenever they are of advantage.
The graphic methods have not heen isolated from the remainder of the
treatment since it is felt that graphical representation is an invaluable
aid to the interpretation of physical problems and should be an integral
part of the development.

Chapter I, Part I, is included with Part 17, and a review of this intro-
duction is recommended in order that the student may begin the work
in dynamics with a refreshed picture of the foundations of mechanics.

In Part IT of Mechanics the subject of kinematies, treated in Chapter
IX, is separated from kinetics. It is felt that this separation enables
a clearer distinction.to be made between these two elements of dynamies
than is possible where dynamies is subdivided exclusively by the type
of motion and the necessary kinematics and kineties are treated together.
However, if desired, the kinematics of cach motion may be followed by
the corresponding kinetics of that motion without difficulty since Chap-
ter IX on kinematics and Chapter XI on force, mass, and acceleration
are each divided into four similar parts describing the same types of
motions,

In Chapter XII on work and energy considerable emphasis is placed
on the encrgy equation and its use for a conservative system. The
transfer between mechanical and nonmechanical energics is also ex-
plained.

Chapter XIIT on impulse and momentum leads directly into the time
rate of change of both linear and angular momenta for any mass system.
The equations for motion with variable mass arc given special emphasis
and are derived in a manner which should clarify this often confused
problem. Application of the variable mass equations to modern prob-
lems of jet propulsion is made. The subject of impact is deseribed
briefly with account taken of the energies involved. Care is exercised
not to mislead the reader by implying that problems of impact can be
adequately described by the classical “coefficient of restitution.” Gyro-
scopic¢ motion is described with the aid of the general angular impulse-
momentum equation which discloses all three components of momentum,
two of which are later neglected.

Mechanical vibrations are covered in Chapter XIV on periodic mo-
tion, and the emphasis is on recognition of the basic differential equation
and on the resonance phenomenon.

The collection of problems is almost entirely original. The author
has, however, obtained ideas for problems from many published sources.
Special recognition is given to the contribution of A. L. Hale, whose
critical review and detailed suggestions have resulted in many improve-
ments. Also, the careful study and valuable comments of K. F. Barn-
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hart are acknowledged, along with numerous helpful suggestions made
by others.

In addition the conscientious checking of all problems by a number of
students should be mentioned. For this help the author is deeply
grateful.

J. L. MERIAM

Berkeley, California
May 1952
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CHAPTER 1

(Part I)

Principles of Mechanics

1. Mechanics. Mechanics is that physical science which deals with
the state of rest or motion of bodies under the action of forces. There
is no one subject which plays a greater réle in engineering analysis than
does mechanics. The early history of this subject is synonymous with
the very beginnings of enginecring. Modern research and development
in the fields of vibrations, stability, strength of structures and machines,
engine performance, fluid flow, electrical machines and apparatus, and
molecular, atomic, and subatomic behavior are highly dependent upon
the basic principles of mechanics. A thorough understanding of this
subject is an absolute prerequisite for work in these and many other
fields.

Mechanics is undoubtedly the oldest of the physical sciences. The
carliest recorded writings in this field are those of Archimedes (287-212
B.C.) which concern the principle of the lever and the principle of buoy-
ancy. Substantial progress awaited the formulation of the laws of vector
combination of forces by Stevinus (1548-1620), who also formulated
most of the principles of statics. The first investigation of a dynamic
problem is credited to Galileo (1564-1642) in connection with his experi-
ments with falling stones. The accurate formulation of the laws of mo-
tion including the law of gravitation was made by Newton (1642-1727),
who also conceived the idea of the infinitesimal in mathematical analysis.
Substantial contributions to the development of the theory of me-
chanies were made subsequently by Varignon, D’Alembert, Lagrange,
Laplace, and others.

Before 1905 the laws of Newtonian mechanics had been verified by
innumerable physical experiments and were considered the final descrip-
tion of the motion of bodies. The coneept of time, considered an absolute
quantity in the Newtonian theory, received a basically different inter-
pretation in the theory of relativity announced by Einstein in 1905. The
new concept called for a complete reformulation of the accepted laws of
mechanics. The theory of relativity was subject to early ridicule but has
had experimental check and is now universally accepted by physicists the
world over. Although the difference between the mechanics of Newton

341



342 Principles of Mechanics

and that of Einstein is basie, there is no practical difference in the re-
sults given by the two theories except when velocities of the order of the
speed of light (186,000 mi./sec.) are encountered.* Certain problems in
atomic physics and celestial mechanies, for example, involve ealculations
based on the principles of relativity.

The subject of mechanics is logically divided into two parts, statics,
which concerns the equilibrium of bodies under the action of forces, and
dynamics, which concerns the motion of bodies. Dynamics in turn in-
cludes kinematics, which is the study of the motion of bodies without
reference to the forces which cause the motion, and kinetics, which
relates the forces and the resulting motions. Theoretical mechanics is
primarily the concern of the physicist, while applied or engineering
mechanics is of concern mainly to the engineer. There is no distinct
separation between the two, however, since the question is one of
emphasis.

2. Mathematical and Graphical Description. The science of me-
chanices is based on certain physical laws and utilizes freely the languages
of mathematics and graphics. Mathematics is used as a description of
the physical situation. It establishes the relationships between the vari-
ous quantities involved and enables the prediction of effects to be made
from these relations. The student must recognize that a dual thought
process is necessary. He must think in terms of the physical situation,
and he must also think in terms of the corresponding mathematical de-
seription. Analysis of every problem will require the repeated transition
of thought between the physical and the mathematical. Without ques-
tion one of the greatest difficulties that students have with mechanies is
the inability to make this transition freely by interconnecting these two
thought processes. The student should make a strong effort to connect
each physical thought with its corresponding mathematical expression.
He should recognize that the mathematical formulation of a physical
problem represents an ideal limiting description or model which is ap-
proximated but never quite reached by the actual physical situation.

The language of graphics is an important tool of mechanics and serves
in three capacities. First, it enables the representation of a physical
system to be made on paper. This geometrical expression is vital to
physical interpretation and aids greatly in visualizing the three-dimen-
sional aspects of many problems. In the second place, graphics often af-
fords a means of solving physical relations without the use of an algebraic

* By the principles of relativity a clock carried by the pilot of an airplane flying
at a constant speed of 500 mi./hr. and making a 500 mi. flight away from an airport
and returning non-stop at the same speed would be slow, compared with the airport
clock, by 0.00000000202 sec.
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solution. Graphical solutions not only provide practical means for ob-
taining results, but they also aid greatly in making the transition of
thought between the physical situation and the mathematical expression
because both are represented simultancously. A third use of graphics is
in the display of results. Proper graphical representation is an invaluable
aid to interpretation.

3. Basic Concepts. There are certain definitions and concepts which
are basic to the study of mechanics, and they should be understood at
the outset.

Space is a region extending in all directions. Position in space is de-
termined relative to some reference system by linear and angular meas-
urements. The basic frame of reference for the laws of Newtonian me-
chanics is the primary inertial system or astronomical frame of reference
which is an imaginary set of rectangular axes attached to the mean posi-
tion of the so-called “fixed”’ stars. Measurements show that relative to
this reference system the laws of Newtonian mechanics are valid as long
as any velocities involved are negligible compared with the speed of light.
Measurements made with respect to this reference are said to be absolute,
and this refercnce system is considered to be “fixed’” in space. A refer-
ence frame attached to the surface of the earth has a somewhat com-
plicated motion in the primary system, and the same laws of mechanices
are found not to hold with respect to measurements relative to the
carth’s reference frame. For most practical purposes, however, the er-
rors are extremely small and may be neglected. Thus we are justified in
assuming the fundamental laws of mechanics to be valid for measure-
ments made relative to the earth, and for almost all problems the word
absolute may be used in a practical sense to refer to such measurements.

Time is a measure of the succession of events and is considered an
absolute quantity in Newtonian mechanics. The unit of time is the
second, which is a convenient fraction of the period of the earth’s rota-
tion. .

Force is the action of one body on another. A force tends to move a
body in the direction of its action upon it. Considerably more is
said about force in Chapter II.

Matter is substance which occupies space.

Inertia is the property of matter causing a resistance to change in mo-
tion.

Mass is the quantitative measure of inertia.

A body is matter bounded by a closed surface.

A particle is a body of negligible dimensions. In some cases a body
of finite size may be treated as a particle, or at other times the particle
may be a differential element.
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A rigid body is one wherein exists no relative deformation between its
parts. This is an ideal hypothesis since all real bodies will change shape
to a certain extent when subjected to forces. When such changes are
small, the body may be termed rigid without appreciable error. With
the exception of deformable springs this book is a treatment of the me-
chanics of rigid bodies only. A body is considered deformable when the
relations between the applied forces and the resulting deformations are
investigated. This problem is taken up in the studies of strength of ma-
terials and the theories of elasticity and plasticity.

4. Scalars and Vectors. The quantities dealt with in mechanics are
of two kinds. Scalar quantities are those with which a magnitude only
is associated. KExamples of scalars are time, volume, density, speed,
encrgy, and mass. Quantities with which direction as well as magnitude
is associated are called vecfors. Examples of vectors are displacement,
veloeity, acceleration, force, moment, and momentum. Scalars may be
combined according to the ordinary laws of algebra, whercas combina-
tion of vectors requires a particular form of algebra to account for both
magnitude and direction.

A vector quantity V is represented by a straight line, Fig. 1, having
the direction of the vector and having an arrowhead to indicate the
sense. The length of the directed line segment

v represents to some convenient scale the magnitude

/{ of V, and the direction of the vector is specified by

e the angle 6 measured from some convenient refer-
"ﬁ('/ ence line. The negative of V is a vector —V di-
Fio. 1 rected in the opposite sense to V as shown. There

are three kinds of vectors, free, sliding, and fixed.
A free vector is one which may be represented by a vector arrow any-
where in space as long as the magnitude and direction remain fixed. If
a body moves in a straight line without rotation, then the movement
of any point in the body may be taken as a vector, and this vector will
describe equally well the motion of every point in the body. Thus the
displacement of such a body may be represenied by a free vector.
Velocity and acceleration are examples also of free vectors.

A sliding vector is one for which a unique line in space must be main-
tained along which the quantity acts. When dealing with the action of a
force on a rigid body, -the force may be applicd at any point along its line
of action without changing its effect on the body as a whole * and thus
may be considered a sliding vector.

A fixed vector is one for which a unique point of application is speci-

* This is the so-called principle of transmissibility which is discussed in Art. 11,
Chapter 11.
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fied, and therefore the vector occupies a fixed position in space. The
action of a force on a nonrigid body must be specified by a fixed vector
at the point of application of the force. In this problem the forces and
movements internal to the body will be a function of the point of applica-
tion of the force as well as its line of action. :

Vectors may be added and subtracted according to the triangle and
parallelogram laws. The two free vectors V; and V; in Fig. 2a may be

/ ViV,
(a) (b) ()
Fia. 2

added tip-to-tail to obtain their sum as shown in the b-part of the figure
for the triangle law. The order of their combination does not affect their
sum. The identical result in magnitude and direction is obtained by
completing the parallelogram as shown in the c-part of the figure. In
each case this vector addition is expressed symbolically by the equation

V=V1'f‘)V2,

where the symbol + is used to denote vector addition in contrast to the
+ sign used for scalar addition.
The difference V' between the

Vi
vectors V; and V, may be ob- Y !
tained by either the triangle or the v, Ve
parallelogram procedure as shown v’ ? v

in Fig. 3. It is necessary only to Fic. 3

add the negative of Vg to V; in

order to obtain the vector difference. This difference is indicated sym-
bulically by the equation

V=vi—V,

V=V, — V,,

where the symbol — is used to denote vector subtraction as distinguished
from the — sign used for scalar subtraction.

Any two or more vectors whose sum equals a certain vector V are said
to be the components of that vector. Thus the vectors V; and V', in Fig.
4a are the components of V in the directions 1 and 2, respectively. It is
usually more convenient to deal with vector components which are mu-
tually perpendicular, and these are called rectangular components. The
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vectors V, and V, in Fig. 4b are the z- and y-components, respectively,
of V. Likewise, in Fig. 4¢, V,» and V, are the 2'- and 3’-components of
V. When expressed in rectangular components, the direction of the
vector with respect to, say, the z-axis is clearly specified by

vV

0 = tan—1 7.

Ve
2 y

Vv

v \
;G %

/1 g >

4 Ve

(a) ®)
Fic. 4

6. Newton’s Laws. Sir Isaac Newton was the first to state cor-
rectly the basic laws governing the motion of a particle and to demon-
strate their validity.* Slightly reworded, these laws are as follows:

Law I. A particle remains at rest or continues to move with a uni-
form velocity if there is no unbalanced force acting on it.

Law II. The acceleration of a particle is proportional to the resultant
force acting on it and is in the direction of this force.t

Law I1I. The forces of action and reaction between contacting bodies
are equal in magnitude, opposite in direction, and collinear.

The correctness of these laws has been verified by innumerable accurate
physical measurements. The first two laws hold for measurements made
in an absolute frame of reference but arc subject to slight correction when
the motion is measured relative to a reference system having accelora-
tion, such as the earth’s surface.

Newton’s second law forms the basis for most of the analysis in me-
chanics. As applied to a particle of mass m it may be stated as

F = ma, Q@)
where F is the resultant force acting on the particle and a is the resulting

* Newton’s original formulations may be found in the translation of his Principia
(1687) revised by F. Cajori, University of California Press, 1934.

1 To some it is preferable to interpret Newton’s second law as meaning that the
resultant force acting on a particle is proportional to the time rate of change of mo-
mentum of the particle and that this change is in the direction of the force. Both
formulations are equally correct.
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acceleration. This equation is a vector equation since the direction of F
must be equal to the direction of @ in addition to the equality in magni-
tudes of F and ma. Newton’s first law is a consequence of the second
since there is no acceleration when the force is zero, and the particle either
is at rest or moves with a constant velocity. The first law adds nothing
new to the description of motion but is included since it was a part of
Newton’s classical statements.

The third law is basic to our understanding of force. It states that
forces always occur in pairs of equal and opposite forces. Thus the down-
ward force exerted on the desk by the pencil is accompanied by an up-
ward force of equal magnitude exerted on the pencil by the desk. This
principle holds for all forces, variable or constant, regardless of their
source and holds at every instant of time during which the forces are ap-
plied. Lack of careful attention to this basic law is the cause of frequent
error by the beginner. In analyzing bodies under the action of forces it
is absolutely necessary to be clearly aware of which of the pair of forces
is being considered. It is first of all necessary to isolate the body under
consideration and then to consider only the one force of the pair which
acts on the body in question.

In addition to formulating the laws of motion for a particle Newton
was also responsible for stating the law which governs the mut.al at-
traction between bodies. This law of gravitation is expressed by the
cquation

myms

F= Y (2

where I = the mutual force of attraction between two particles,
v = a universal constant known as the constant of gravitation,
my, me = the masses of the two particles,
r = the distance between the centers of the particles.

The mutual forces F obey the law of action and reaction since they
are equal and opposite and are directed along the line joining the centers
of the particles. Experiment yields the value of y = 6.67 X 1078
em.?/(gm. sec.?) for the gravitational constant. Gravitational forces
exist between cvery pair of bodies. On the surface of the earth the only
gravitational force of appreciable magnitude is the force due to the
earth’s attraction. Thus each of two iron spheres 4 in. in diameter is
attracted to the earth with a force of 8.90 lb. which is called its weight.
On the other hand the force of mutual attraction between them if they
are just touching is 0.0000000234 1b. This force is clearly negligible
compared with the earth’s attraction of 8.90 lb., and consequently the
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gravitational attraction of the earth is the only gravitational force of any
magnitude which need be considered for experiments conducted on the
earth’s surface.

The weight of a body is the force of attraction of the body to the earth
and depends on the position of the body relative to the earth. An object
weighing 10 1b. at the earth’s surface will weigh 9.99500 Ib. at an altitude
of 1 mi., 9.803 Ib. at an altitude of 40 mi., and 2.50 1b. at an altitude of
4000 mi. or a height approximately equal to the radius of the earth. It
is at once apparent that the variation in the weight of high-altitude
rockets must be accounted for.

Every object which is allowed to fall in a vacuum at the earth’s sur-
face will have the same acceleration g as can be seen by combining Eqs.
(1) and (2) and cancelling the term representing the mass of the falling
object. This combination gives

where my is the mass of the earth and r is the radius of the earth.* The
mass mo and mean radius r of the earth have been found by experi-
ment to be 5.98 X 10?7 gm. and 6.38 X 10° cm., respectively. These
values together with the value for v already cited when substituted into
the expression for g give

g =980 cm./secZ  or g = 322 ft./sec.?

A more accurate determination must account for the fact that the earth
is actually an oblate spheroid with flattening at the poles. The value of
g has been found equal to 32.09 ft./scc.? at the equator, 32.17 ft./sec.?
at a latitude of 45 deg., and 32.26 ft./sec.? at the poles. The proximity
of large land masses will also influence the local value of g to a small but
detectable amount. It is sufficiently accurate in almost all engineering
calculations to use the value of 32.2 ft./sec.? for g.

The mass m of a body may be calculated from the results of the simple
gravitational experiment. If the gravitational force or weight is W, then,
since the body falls with an acceleration g, Eq. (1) gives

w
W=mg o m=—, @)
g
* It can be proved that the earth may be considered a particle with its entire mass
concentrated at its center.
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6. Units. There are a number of systems of units used in relating
force, mass, and acceleration. Four of these systems are defined in the
following table.

SysteEMs or UNITS

Type of System

(fundamental Gravitational Absolute
quantities) (length, force, time) (length, mass, time)
Name of System | British or FPS MKS British or FPS CGS
length L foot (ft.) meter (m.) foot (ft.) centimeter
(em.)
force F pound (Ib.) kilogram (kg.) | poundal (pdl.) | dyne
time T second (sec.) | second (sec.) |sccond (sec.) |second (sec.)

mass M b ft."!sec.? | kg m."!sec.? | pound (Ib.) gram (gr.)

System in use by | Iingineers in | Engineers in | Physicists Physicists
Iinghsh- non-English-|  (occasion- every-
speaking speaking ally) where
countries countries

Engineers use a gravitational system in which length, force, and time
are considered fundamental quantities and the units of mass are derived.
Physicists use an absolute system in which length, mass, and time are
considered fundamental and the units of force are derived. Either sys-
tem, of course, may be used with the same results. The engineer prefers
to use force as a fundamental quantity because most of his experiments
involve direct measurement of force. The British or FPS gravitational
system is the one used in this book. The engineer has not adopted a unit
for mass which is universally used although slug and less often g-pound
arc seen occasionally in the literature. One slug (or g-pound) is the mass
of a body which weighs 32.2 1b. at the earth’s surface.

It is frequently necessary to convert a quantity from one set of units
to another. During the process of conversion it is essential that the
dimensions of the quantity remain unchanged. In order to convert a
velocity of 30 mi./hr., for example, to the equivalent number of centi-
meters per second it is first necessary to know that

5280 ft. are contained in 1 mi.,
30.48 cm. “ “ 1 ft.,
3600 sec. “ “ “1hr
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The conversion is then

mi. ft. cm. 1 hr cm.
30 — )| 5280 — )| 30.48 —) <—~— ————) = 1340 —-
hr. mi. ft. 3600 sec. sec.

The units mi., hr., and ft. cancel, leaving em./sce.
It is quite customary to write expressions stating equivalents in units
such as

5280 ft. = 1 mi,,

or
30 mi./hr. = 1340 em./sec.

The meaning of these equivalents is clear, but it is important to note
that these expressions are not algebraic equations. Here the equals sign
does not mean mathematical equality since 5280 7 1 and ft. # mi. The
equals sign when used in this way actually means “are contained in.”

7. Dimensions. A given dimension such as length can be expressed
in a number of different units such as feet, centimeters, or miles. Thus
the word dimension is distinguished from the word wnit. Physical rela-
tions must always be dimensionally homogencous, that is, the dimensions
of each term in an equation must be the same. It is customary to usc
the symbols L, F, T, and M, to stand for length, force, time, and mass,
respectively. In the engineer’s or gravitational system mass is derived.
From Eq. (1) mass has the dimensions of force divided by acceleration or

r
L/T?
One important use of the theory of dimensions is found in checking
the dimensional correctness of some derived physical relation. In deriv-
ing the expression for the velocity v of a body of mass m which is moved

from rest a horizontal distance x by a force F the following cquation re-
sults:

= FL™'T”.

= 1,2
Fz = 3mv¥,

where the 14 is a dimensionless coefficient resulting from integration.
This equation is dimensionally correct since substitution of L, F, and T
gives

[FL] = [FL™'T?LT')? = [FL].

Dimensional homogeneity is a necessary condition for correctness, but
it is not sufficient since the correctness of dimensionless coefficients can-
not be checked in this way.

A second important use for dimensional theory is in the prediction of
full-scale performance from the results of experiments on models. There
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are many problems, such as the flow resistance of ships and airplanes
and the behavior of loaded struetures of complex shape, where a mathe-
matical solution is not feasible hy reason of the great complexity in-
volved. The form of the relation which deseribes a physical problem
certainly does not depend on the size of the units employed, and therefore
a physical relation should describe equally well the behavior of a model
or its prototype. A full discussion of this use of dimensional analysis is
beyond the scope of this book,* and only one simple example of the pro-
cedure followed is given here.

Let it be desired to determine the expression for the period 7 of vibra-
tion for a simple pendulum consisting of a small mass m suspended by a
cord of length I.  Guided by observation, it will be assumed that the pe-
riod is a function of the length !, the acceleration of gravity g, and the
mass m. Next, it is assumed that this functional relationship is given by
the products of these quantities raised to unknown powers q, 8, ¥, or

7 = kl%gPm?,

where k is a dimensionless constant to account for the units used. Ex-
pressing this relation in dimensional symbols gives

(T) = [LILT*PIFLT T,

= (L= BT,
In order that the equation be dimensionally homogencous it is necessary
for the exponents of each of the three fundamental dimensions to be

identical on cach side of the equation. Equating the exponents of T,
L, and F in that order gives

1= =28+ 2y,
O0=a+48—4,
0=nx.
The solutions are clearly v =0, 8 = —14, « = 14, and the assumed

relation becomes o o
=kl = Vg

Dimensional considerations disclose that the period does not depend on
the mass m. One carefully executed experiment for small amplitudes of
vibration will give measurements for 7 and I. Substitution of these meas-
ured values along with the known value of g will give & = 6.283. There-

fore the equation
T = 6.283l/g
*Sec Dumensional Analysis by P. W. Bridgman, Yale University Press, 1932,
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may be used to describe the period for any similar pendulum of a dif-
ferent size as long as a consistent set of units is used. In the case of the
simple pendulum direct solution will disclose the fact that k = 2= for
small amplitudes.

8. Accuracy. The number of significant figures shown in an answer
should be no greater than that which corresponds to the least number of
significant figures in the given data. Thus the cross-sectional area of a
shaft whose diameter, 0.25 in., say, was measured to the nearest hun-
dredth of an inch should be written as 0.049 in.% and not 0.0491 in.? as
would be indicated when the numbers were multiplied out.

When calculations involve small differences in large quantities, greater
accuracy must be achieved. Thus it is necessary to know the numbers
4.2503 and 4.2391 to an accuracy of five significant figures in order that
their difference 0.0112 be expressed to three-figure accuracy. It is often
difficult in somewhat lengthy computations to know at the outset the
number of significant figures needed in the original data to insure a cer-
tain accuracy in the answer.

Sliderule accuracy, usually three significant figures, is considered satis-
factory for the majority of engineering calculations. The decimal point
should be located by a rough longhand approximation which also serves
as a cheek against large sliderule error.

9. Mathematical Limits and Approximations. The essential purpose
of applied mechanics is the mathematical description of engineering situ-
ations, and as such it is extremely necessary to understand and be able
to apply certain limiting and approximating mathematical relations.

The order of differential quantities is the subject of frequent misunder-
standing by students who are making application of the calculus for the
first time. Higher-order differentials may always be neglected com-
pared with lower-order differentials. Asanexample theelement of volume
dV of a right circular cone of altitude & and base radius r may be taken
to be a circular slice a distance z from the vertex and of thickness dx. It
can be verified that the exact expression for the volume of the element
may be written as

ar?

1 ;
av = e [a:2 dz + x (dx)® + 3 (dx)s] .

It should be recognized that, when passing to the limit in going from
AV to dV, the terms in (dz)? and (dz)® drop out, leaving merely

LN
av = —;‘;x dz,

which is an exact expression.
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In using trigonometric functions of differential quantities it is well to
call attention to the following relations which are true in the mathe-
matical limit:

sin df = tan df = db,

cosdf = 1.

The angle df is, of course, expressed in radian measure. When dealing
with small but finite angles it is often convenient to replace the sine by
the tangent or either function by the angle itself. Likewise the cosine of
a small angle may often be approximated satisfactorily by unity. Asan
example, for an angle of 1 deg,.,

sin 1° = 0.0174524 and 1° is 0.0174533 radian.

The error in replacing the sine by the angle for 1 deg. is only 0.005 per
cent. For 5 deg. the error is 0.13 per cent, and for 10 deg. the error is still
only 0.51 per cent.

A few of the mathematical relations which are useful in mechanics are
listed in Table B3, Appendix B.

10. Method of Problem Solution. An understanding of the method
of attack on engineering problems is an essential aspect of their solution.
This method involves a logical sequence of steps from hypothesis to
conclusion and should include the following:

(a) given data,

(b) statement of results desired,

(¢) necessary diagrams,

(d) statement of principles and basic equations which apply,
(e) application of principles and equations,

(f) answers or conclusions.

Presentation of information in this order represents a logical sequence,
and all problem work should follow this general pattern. It is also im-
portant that the arrangement of work be ncat and orderly. Careless
sclutions which cannot be easily read by others are of little or no value.
It will be found that the discipline involved in adherence to good form
will in itself be an invaluable aid to the development of the powers of
analysis. Many problems which at first may seem difficult and compli-
cated become clear and simple once they are begun with a logical and
disciplined method of attack.

The science of mechanics is based on a surprisingly few fundamental
concepts and involves mainly the application of these basic relations to
a variety of situations. In this application the method of analysis is all-
important. In solving a problem it is essential that the laws which apply
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be carefully fixed in mind and that these principles be applied litcrally
and exactly. In applying the principles which define the requirements
for forces acting on a body it is essential that the body in question be
tsolated from all other bodies so that complete and accurate account of
all foreces which act on this body may be taken. This ¢solation should
exist mentally as well as be represented on paper. The drawing of such
an isolated body with the representation of all external forces acting on
it is called a free-body diagram. It has long been established that the
free-body diagram method is the key to the understanding of mechanics.
This is so because the Zsolation of a body is the tool by which cause and
cffect are clearly séparated and by which attention on the literal applica-
tion of a principle is accurately focused. The technique of drawing free-
body diagrams is covered in Chapter IIT where they are first used.

In applying physical laws to the solution of a problem numerical values
of the quantities may be used direetly in proceeding toward the solu-
tion. On the other hand algebraic symbols may be used to represent, the
quantitics involved, and the answer left as a formula. In the first scheme
the magnitude of all quantities expressed in their particular units is evi-
dent at each stage of the calculation. This is often an advantage when
the practical significance of the magnitude of the terms is appraised.
The second method, or symbolic solution, has several advantages over
the numerical solution. In the first place the abbreviation achieved by
the use of symbols aids in focusing attention on the interconnection be-
tween the physical situation and its related mathematical deseription.
Secondly, a symbolic solution permits a dimensional check to be made
at every step, whereas dimensional homogeneity may not be checked
when numerical values are used. Furthermore a symbolic solution may
be used repeatedly for obtaining answers to the same problem when dif-
ferent sets and sizes of units may be involved. Facility with both
methods of solution is essential, and ample practice with cach should be
sought in the problem work.



CHAPTER IX

Kinematics

68. Introduction. Dynamies is that branch of mechanies which deals
with bodies in motion. There are two aspects to dynamics, first, kine-
matics, which is a study of motion itself without reference to the forces
which cause the motion, and, second, kinetics, which relates the action
of forces on bodies to their resulting motions.

Compared with statics, dynamics is a relatively new subject. Galileo
(156 1-1642) is credited with the first substantial contribution to dy-
namics.  He refused to accept the long-established philosophies of
Aristotle which held, for instance, that heavy bodies fall more rapidly
than light bodies. Galileo was handicapped by the lack of accurate
means for measuring time, and the further development of dynamics
awaited the invention of the pendulum clock by Huygens in :657.
Newton (16412-1727), guided by Galileo’s work, was able to make an
aceurate formulation of the laws of motion and hence to put dynamics
on a sound basis. In terms of engineering application dynamics is an
even more recent science.  Only since machines have operated with
high speeds and appreciable accelerations has it been necessary to make
caleulations based on dynamice principles rather than on static principles.

The principles of dynamies are basic to the analysis of moving struc-
tures and practically all types of machinery such as engines, ships,
wheeled vehicles, aireraft, ete. The student of engincering whose inter-
ests lead him into one or more of these and many other fields will find
that he can have no stronger basic tool in his technical work than a
firm foundation in dynamies.

The vast majority of dynamics problems in engineering may be solved
by treating the moving bodies in question as perfectly rigid. This
book is a study of rigid body dynamics The dynamics of nonrigid
bodies is a much more difficult subject and one about which a great
deal has yet to be learned. The response of structures and machines
to shock and impact loads is an important problem in nonrigid body
dynamics.

The subject of kinematics deals with displacement, velocity, accelera-
tion, and time, and is often referred to as the ‘“‘geometry of motion.”

355
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The designs of cams, gears, and linkages to control or produce certain
desired motions are examples of kinematical problems. Kinematics is a
necessary introduction to kineties since ability to deseribe motion is pre-
requisite to an understanding of the relations between foree and motion.

69. Types of Motion. Most motions encountered in engineering
work can be represented as occurring in a single plane, and such motion

Type of Rigid -Body Plane Motion Example

A. Rectilinear’
translation

Piston in a
stationary engine

B. Curvilinear
translation

C. Rotation

Flywheel with
stationary bearing

D. Plane motion

Connecting rod 1n a
reciprocating engine

is termed plane motion. The connecting rod of a stationary reciprocating
engine, for example, may be represented as moving in a plane normal
to the axis of the crankshaft. Three-dimensional motion is not com-
monly encountered although there are some important exceptions.
The motions of a spinning projectile, a precessing gyroscope, and the
coupling in a universal joint are examples of three-dimensional motion.
Many of the principles developed for motion in two dimensions may
be extended by inference to the three-dimensional case. The discussion
which follows will be confined to rigid body motion in two dimensions.
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The plane motion of a rigid body is logically divided into the four

categories represented in Iig. 87. Translation is defined as any motion
in which every line in the body remains parallel to its original position
at all times. Rectilinear translation, part A, is translation in which all
points move in straight lines. Curvilinear translation, part B, is trans-
lation in which all points move on congruent curves. It should be noted
that in either case the motion of the body is completely defined by
the motion of any point in the body, since all points have the same
motion.
i Rotation about a fixed axis, part () is the angular motion about the
axis. It follows that all particles move in circular paths about the axis
of rotation, and all lines in the body (including those that do
not pass through the axis) rotate through the same angle in the same
time.

Plane motion of a rigid body, part D, is a combination of translation
and rotation. The plane motion of points which are not joined by a
connecting rigid body is also a problem often encountered.

The remainder of the chapter will be devoted to a description of the
foregoing motions in the order mentioned.

PART 4. RECTILINEAR TRANSLATION

70. Definitions. As already noted the reetilinear translation of a
body may be described by the translation of any point or particle in
the body. Consider the motion of such a point P, Fig. 88, along the
s-direction. The linear displacement of P

relative to a convenient fixed origin O is  _ 9 P P +s
the distance s from O to P. Displace- fe—s—Tagle-
ment can be positive or negative, depend- Fra. 88

ing on the choice of the positive sense for

measurement.  If P moves a distance As to I’ during the time interval
Al, the average velocity of the point during this interval is v,, = As/AL.
Th~ instantaneous velocity v of the point at any position on its path is
the instantaneous time rate of change of displacement or

ds
= e 48
YT a 3

If the difference between the instantaneous velocities of the point at
P and P' is Av, the average acceleration during the corresponding time
interval At is a.,. = Av/At and will be plus or minus, depending on
whether the velocity is incrcasing or decreasing. The instantaneous
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acceleration a of the point at any position on its path is the instantancous
time rate of change of velocity
dv d’s 29

Ta " T “9
By eliminating the time dt between Iq. (48) and the first of Eqs. (19)
a differential relation between
displacement, velocity, and ac-
celeration results which is
@ v{dv = ads. (60)
The three relations expressed by
Eqs. (48), (49), and (50) arc the
differential ecquations for the
lincar motion of a point.

In the solution of many prob-
lems it is convenient to represent
the relations between the several
quantities graphically. Figure
8Ya represents any given relation
between s and ¢ The slope ds/dt
¢ of the curve at any time gives the

velocity . Thus the velocity
may be determined at all points
on the curve and plotted against
the time as in Ifig. 890. Simi-
larly, the slope dv/dt of the v—¢
curve at any instant gives the
acceleration at that instant, and
\ an a-t curve can therefore be

L At t plotted as in Fig. 89c.
Fia. 89 The area under the v~ curve
during the time dt is v di, which
equals ds, the displacement of the particle during that interval. It
follows that the net displacement during the interval ¢ to f, is the
area under the vt curve between these two limits. This statement is

expressed by the integral of Kq. (48),

8y ty
32——sl=f ds=f vdt.
81 t

The graphical expression of displacement from the velocity-time curve
is extremely useful in many problems.

(6)

(c)

- fFe---
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The area under the a—¢ curve during the time df is a df, which equals
dv, the change in velocity of the particle during that interval. It fol-
lows that the net or algebraic difference between the velocities at times
{; and {5 is the area under the a— curve between these two limits. The
integral of Eq. (49) expresses this statement and can be written as

v2 2
”2—01=f dv=f adt.
1 1

Two additional graphical relations should be mentioned. When the
acceleration is plotted against the displacement as in Fig. 90qa, an ele-

a

(a)

®)

Fic. 90

ment of area under the curve is @ds, which equals »dv. Integrating
this equation between the velocity v, corresponding to s; and the veloc-
ity vy corresponding to s, gives

v2 s
f vdy =f a ds,
Vi 81

+(® — v,%) = (area under a-s curve).

or

The acceleration may be determined graphically from a plot of v
against s as shown in Fig. 90b. At any point such as A the normal AB
to the curve is drawn. The segment CB will represent the acceleration,
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as can be seen from the fact that the two triangles shown are similar
and that a/v = dv/ds from Eq. (50). It is necessary that the velocity
and displacement axes have the same numerical scale so that the accel-
eration read on the displacement scale in feet, say, will represent the
actual acceleration in the units, ft./sec.?

Many of the problems commonly encountered involve motion with
constant acceleration. Under this condition the three differential rela-
tions can be integrated directly If it is agreed that s = 0 when ¢ = 0
and that the velocity at ¢ = 0 is vy, the first of Eqgs. (49) may be inte-
grated to obtain

v t
fdz}=afdt or v =uy+ al (51)
) 0

Hence the velocity v at any time { equals the initial velocity vy plus the
increment in velocity at due to the acceleration. Substituting this
value of velocity as a function of the time into Eq. (48) and integrating
yields

8 t
f ds = f (vo+at)dt or s=uvt+ Fal. (52)
0 0

A third relation is obtained from KEq. (50), which may be integrated as
it stands since the acceleration is constant. Thus

v 8
f vdv = a f ds or v =p? + 2as. (53)
vo 0

Equations (51), (52), and (53) may, of course, be used only where
the acceleration is constant. A very common error is the attempt to
apply them to problems where the acceleration is not constant.

It should be noted that for constant acceleration the plot of s as s
function of ¢, corresponding to Fig. 89a, gives a parabola as seen from
Eq. 52. The plot of v versus ¢, corresponding to Fig. 89b, gives a straight
line whose slope is the constant acceleration a. Third, the a—t curve i¢
a horizontal line of constant acceleration.

In the case of bodies falling near the surface of the earth under the
influence of gravity the acceleration is constant if air resistance is neg-
lected and may be taken to be g = 32.2 ft./sec.? directed down. If the
positive direction for all measurements is taken to be upward, the accel-
eration is —g¢, and Kgs. (51), (52), and (53) become

v =9y — g,
h vol — %gtzr
1)02 - 29}"’

I

02
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where h is the vertical displacement above the datum plane at which
1 =0.

The sign conventions in Egs. (51), (52), and (53) must be understood.
If the sign of s, v, or a turns out negative upon computation, this means
that the quantity is directed in the sense opposite to that taken for
positive s. If Eq. (52) is solved for ¢, there will be two solutions. Only
one of the solutions may have practical meaning, and this one will be
obvious in most instances from the requirements of the problem. It
should be noted that s represents the net displacement. Thus, if a
particle moves a positive distance d; along a straight line, reverses its
direction, and returns a distance dy, the calculated displacement will
be s = dl - dz.

SAMPLE PROBLEMS

611. The displacement of a particle which moves along a straight line is given
by s = 483 + 31* — 6, where s is in feet and ¢ is in seconds. Determine (a) the
time it takes the particle to acquire a velocity of 6 ft./sec. from rest, (b) the
acceleration of the particle when the velocity is 6 ft./sec., and (c) the displace-
ment of the particle during the fifth second.

Solution: The velocity and acceleration are obtained by successive differentia-
tion with respect to the time. Thus

ds "
[”‘E] . v = 126 + 6,
dv
== = 6.
[a dt] a =24t +
Substituting v = 6 ft./sec. into the expression for velocity gives 6 = 12t + 6t,
from which ¢t = }, sec.ort = —1sec. The negative answer describes a solution

before the measurement of time had begun and so is of no interest. Therefore
the positive root is the desired answer, and

= § sec. Ans.
The acceleration at ¢ = 14 sec. is

=24 X 3+ 6 = 18 ft./sec.? Ans.

The displacement when ¢ = 5 sec. is ss = 4 X 5° + 3 X 52 — 6 = 569 ft., while
that when t = 4 sec. is 84 = 4 X 43 + 3 X 42 — 6 = 298 ft. Thus the net dis-
placement during the fifth second of motion is

s = 569 — 208 = 271 ft. Ans.

This result is identical with that obtained by evaluating the area under the v~¢
curve for the interval 4 to 5 sec. This area is

5 5
As =fvdz=f(12t2+6t)dt = 271 1.
. ‘ /4
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612. A point starts from the origin with an initial velocity in the z-direction
and moves for 6 sec. with a constant acceleration of a, = —15 ft./sec.? If at
this time the velocity is 30 ft./sec. in the negative z-direction, determine (a)
the initial velocity v at the origin, (b) the net displacement of the particle, and
(¢) the total distance covered by the particle.

v,, ft./sec

+60

slope=gq,=-15 ft./sec.?

t, sec.
0 4%
3, ft =30
120
T
0 i 3 t, sec.
Pros. 612

Solution: The final velocity, the time, and the acceleration are known so that
the initial velocity can be computed from Eq. (51), which applies to this case
of constant acceleration. Thus

[v = vo + at] —30 =9 — 15 X 6, vp = 60 ft./sec. Ans,
The net displacement for constant acceleration is given by Eq. (52). Hence
[s = vot + Sat?] s=60X6—} X 15X 62 = 90 ft. Ans.

Since the point reverses its direction on the z-axis, the total distance traveled
will be that on the way out plus that on the way back. (The difference in these
two distances is the net displacement of 90 ft. just found.) The point has a
zero velocity for

[v = v+ at] 0 = 60 — 15¢, t = 4 sec.
Thus the two distances are
[s = vot + 3at?] 51 =60X4— 13X 15X 42 s1 = 120 ft.,

=0X2+31X15X 2 s = 30ft.,
and the total distance traveled is

D=81+82= 150 ft. Am.
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The distances s; and s; may also be obtained without reference to the two time
intervals by using Eq. (53).

The graphical representation of velocity against time is an aid to solution of
the problem. It should be clear from the graph shown that the initial velocity
of 60 ft./sec. will be determined by establishing the negative slope of 15 ft./sec.?
through the point representing the given velocity of —30 ft./sec. for { = 6 sec.
Also the triangular area above the axis is the positive displacement s; while the
negative area is the negative displacement s, of the point. The corresponding
plot of displacement versus time is also shown in the figure, and the ordinate s
at any time ¢ represents the integral of or area under the vt curve up to that
value of ¢.

613. The acceleration @ of a slider block is controlled by its displacement s
so that a = k~/s, where k is a constant. The velocity v is in the direction of
s, and both the displacement and velocity are zero when the time ¢ is zero.
Find s, v, and a as functions of the time t.

Solution: The given relation for @ may be substituted directly into the differ-
ential expression » dv = a ds which must be used here since a is not constant.

Thus
vdy = kN/s ds.
Using the indefinite integral gives

fvdv

»?

2

]

kf.s" ds + (4, a constant,
or

I

2k
3 s + C.
When v = 0, s = 0; thus C; = 0. The velocity becomes

v = \/4—;8'/‘,

where the plus value of the radical is taken since it was stated that v is positive
in the s-direction. Since » = ds/dt, this last expression may likewise be inte-
grated. The integral is

ds 1k
fﬁ = \/?fdt + Cz, a constant:

48% = '\/%t+02.

When ¢t = 0, s = 0, so that C; = 0, and

or
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Two successive differentiations give v and a. Thus

_ds K,
v_dt_36t Ans.
and
v _ K,
a—-a—t—l—él. Ans.

The student should recognize that the definite integral with the given limits is
equivalent to the indefinite integral with added constant as used in this solution.

4 PROBLEMS

614. Determine the time ¢ required for the space ship of the future to accelerate
from rest to half the speed of light at the rate of 4g. The speed of light is
186,000 mi./sec.

616. Find the time ¢ for an object to fall a distance & from rest in a vacuum.
Ans. t = \/ 5)7/?]

616." The shell in one type of bazooka rocket weapon has a muzzle velocity of
275 ft./sec. after a travel of 59 in. in the firing tube. Find the average accelera-
tion during this period.

617" The muzzle velocity of a 30 caliber rifle bullet, is about 2700 ft./sec.
If air resistance is neglected, determine the maximum height % to which the
bullet could be fired. Ans. h = 21.4 mi.

618. The average car can decelerate at the maximum rate of 0.8¢ on dry,
clean, level pavement. Find the total emergency stopping distance s, measured
from the point where the driver first sights the danger, for a car traveling at a
speed of 60 mi./hr. The reaction time for a good driver is about 34 sec. from
the instant he sights the danger until he is actually applying the brakes. (Note
carefully the magnitude of the answer.) Ans. s = 216 ft. (72 yd.)

619. The velocity of a point moving with rectilinear translation is given by
v = 8 — 28, where v is in feet per second and ¢ is in seconds. Determine the
total distance D traveled by the point and the net displacement s both during
the first 4 sec.

620. A balloon ascends vertically at the constant rate of 10 ft./sec. When
an altitude of 50 ft. is reached, a small weight is released. Find the time ¢
required for the weight to reach the ground and its final velocity v.

Ans. t = 2.10sec., v = 57.6 ft./sec.

621. A particle which moves in a straight line has an initial velocity at the
origin of 40 ft./sec. to the right in the positive 2-direction and a constant accelera-
tion to the left. If the particle returns to the origin in 4 sec., determine the
acceleration a. and the greatest distance s away from the origin reached by the
particle.
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622. An object moves in a straight line with the accelerations shown. If the
velocity is 4 ft./sec. in the positive z-direction when ¢ = 0, draw the v-¢ curve
and determine the distance s traveled by the object in the 8 sec.

Ans. s = 96 ft.

a,, ft/sec?

4

2

N L 6 8

O} 7 : i t, sec
—zr—.— — e —— I——]

Pros. 622

623. The rate of change of velocity » with displacement s for a particle moving
with rectilinear translation is 6 (ft./sec.)/ft. at an instant when the velocity
is 30 ft./sec. What is the acceleration a of the particle at this instant?

624: A car accelerates uniformly from rest to 60 mi./hr. and then immediately
decelerates uniformly until it stops. If the elapsed time is 20 sec., determine
the distance s traveled. Ans. s = 880 ft.

626. A car starts from rest on a straight level road and moves with constant
acceleration until it reaches a velocity of 60 ft./sec., which is then maintained.
If the car is going 40 ft./sec. after 6 sec., find the time ¢ required to cover a total
distance of 1000 ft.

626: The displacement of a point which moves along a straight line is given
by s = 2t + > + 6, where s is in feet and ¢ is in seconds. Determine the dis-
placement As of the point during the time the velocity changes from 8 ft./sec. to
28 ft./sec., and find the acceleration a when the velocity reaches 60 ft./sec.

Ans. As = 17 ft., a = 38 ft./sec.?

627: A train passes a control tower with a velocity », and is accglerating
uniformly. At 14 mi. beyond the tower the velocity is 30 mi./hr., and ¥t 1 mi.
beyond the tower the velocity is 40 mi./hr. Find v,. -

628: A man stands in an open-top elevator which is descending at the con-
stant rate of 10 ft./sec. and throws a ball vertically up with a velocity of 30 {t./sec
relative to the elevator. What is the downward velocity v of the ball relative to
the earth when it returns to the man? Ans. v = 40.0 ft./sec.

6297 A train accelerates from rest at the rate of 6 ft./sec.? until it reaches its
maximum permissible speed of 90 mi./hr. 2 (g ec)?

After running at this speed for a certain

period, the train decelerates at the rate of 4o

4 ft./sec.? until it comes to a stop. If the

train has traveled a total distance of 3 mi.,

find the time ¢ required for the trip.

»830: A body moves in a straight line with 0 100
a decreasing velocity whose square is linear PRroB. 630

s. ft.
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with s as shown. Find the time ¢ required for the body to travel the 100 ft.
and the distance As traveled during the last 2 sec. before coming to rest.
Ans. t = 10sec., As = 4 ft.
631. Experimental data for the acceleration of a point moving with rectilinear
motion are obtained as a function of the displacement as shown in the graph.
The velocity of the point is 6 ft./sec. when s = 3 ft. By using the graph, esti-
mate the velocity v when s = 10 ft.

10
=
8 /
' V
//
CR 6 /
$ A
&
g /
4
7T
2
A .
0 p 4 € 8 10
s, ft.
Pros. 631

632. A particle moves in a straight line with constant acceleration. The dis-
placement s is measured from some position of the particle at which the time ¢
is not zero. When t = 10 sec., s = 30 ft., and when ¢t = 20 sec., s = 50 ft.
Also the velocity v is 1 ft./sec. when ¢ = 0. Find the acceleration a and the
distance As traveled by the particle during the first 5 sec.

Ans. a = 0.0667 ft./sec.?, As = 5.83 ft.

633. A particle moves along a straight line with constant accecleration. The
displacement measured from a convenient position is +4 ft. at the time ¢ = 0
and is zero when ¢ = 10 sec. Furthermore the velocity is zero when ¢ = 6 sec.
Determine the velocity » when ¢ = 10 sec.

634. The displacement of a point which moves in a straight line is given by
s = bt* — cf, where s is in feet, ¢ is in seconds, and b and ¢ are positive constants.
When ¢t = 2 sec., the acceleration is 24 ft./sec.? in the positive s-direction,
and at the same time the velocity is 8 ft./sec. in the negative s-direction. Find
the total time ¢ required for the point to move away from and return to the
origin at s = 0. Ans. t = 4 sec.

635. Car A accelerates uniformly from rest on a straight road. Car B starts
from rest at the same position 10 sec. later, accelerates uniformly, and over-
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takes A. When the cars pass, A is traveling 40 mi./hr. and has gone a distance
of 14 mi. from rest. Find the velocity of B at the time of passing.

636. A halloon ascends vertically at the constant rate of 10 ft./sec. A rock
is thrown vertically up from the launching site 5 sec. after release of the bal-
loon. Determine the required initial velocity of the rock in order that it just
touch the balloon. Neglect air resistance on the rock. (Hint: The balloon and
rock have the same velocity at contact.)

*637. A faucet leaks at the rate of four drops each second. If air resistance is
neglected, find the vertical separation h between two consecutive drops after
the lower one has fallen 20 ft. Ans. h = 7971t

638. A particle starts from rest and moves along a straight line with a variable
aj‘éhelemtion as shown. Draw the v-t curve for this motion and determine the
displacement of the particle when ¢ = 10 sec.

-} S
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§ |
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ap— )
Pros. 638

639. Determine the velocity » and acceleration a of the bucket as functions
of  if the velocity vg of the jeep is constant. When z = 0, ends A and B are

coincident at C. g H%pg?
Ans. v

VT2 TN oy

Pros. 639
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640. For the given position of the symmetrical linkage each of the pins marked
A has a velocity v,4 directed toward the other and an acceleration a4 away from
the other. Determine the velocity v, and acceleration a, of pin B at this position.

Pros. 640

641. The cam A with the shape indicated moves to the right with a constant
velocity » and controls the motion of pin B in the fixed vertical slot. Find the
velocity », and acceleration a, of the pin as functions of z. Neglect the pin

diameter compared with a and b. T . wr et wx
Ans. vy = ——sin— @ = — —5- o8 —
a a
y
2
L, B
W r - Tx
A‘\ 2% \ \\ y=b(1+cosTG%)
A S 2\ Ay —-x
»g,
a
Pros. 641
* 642. A point moves on a straight line with an acceleration ¢ = —9s, where

a is in the units, in./sec.?, and sis in inches. Whent¢ = 0, v = 0 and s = 4 in.
Determine s, v, and a as functions of the time {, and find the value of s when
t =1 sec. Ans. s = —3.96 in.
* 843. The resistance to the motion of a projectile in air is approximately pro-
portional to the square of its velocity » for speeds not exceeding about 500 ft./sec.
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Thus the deceleration may be equated to Kv?, where K is taken to be a constant
whose numerical value depends on the prevailing air conditions and the pro-
jectile shape, roughness, and mass. If a projectile which moves in a horizontal
straight line is fired with an initial velocity vy (less than 500 ft./sec.), find the
velocity » and distance s at a time ¢ after firing.

Ans. v = I—:l-iolfzj(;t s = %log (1 + Kuet)
* 644. A projectile moves in a straight line with a deceleration due to fluid
resistance equal to Kv", where K and n are constants and n is greater thun unity.
If the projectile is fired with an initial velocity v at ¢t = 0, determine the velocity
v and the distance s as functions of the time ¢ after firing.

1
Ans. v = ol " 4+ (n — DKI' ",

1 n—2 —n

. N e L
=gk = DR =

* 645. An object is dropped from rest at ¢t = 0 from a high altitude. The
acceleration at the start is g, but because of air resistance it decreases by the
amount cv?, where ¢ is a constant and v is the downward velocity. Determine
v and the distance 2 which the object falls as functions of the time . What is
the maximum velocity v, which the object can attain?

Ans. v = \/‘Z tanh \/& t, h = %Iog cosh \/g; b Umux = \/g

PART B. CURVILINEAR TRANSLATION

71. Rectangular Components. The curvilinear translation of a rigid
body is described by the motion of any point in the body. Thus, as in
the case of rectilinear translation, atten-
tion will be directed to the motion of a Path-~_
point or particle. In this article curvi-
linear translation will be described in rect-
angular coordinates. Although the most
general formulation would involve a path
defined by -, y-, and z-coordinates, most
problems are two-dimensional, so that
motion in the z—y plane only will be dis-
cussed.

Consider the motion of a particle along x > - x
any plane curve such as shown in Fig. 91. Fia. 91
The path may be described directly as
y = f(x) or else may be expressed parametrically in terms of the time
t as y = fi1(t) and z = fo(t). The displacement of the particle at any
position such as 4 is the vector s measured from a convenient location

SRS 4
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such as the origin. As the particle moves to A’ its displacement be-
comes §', and the change in displacement is As. This change is clearly
independent of the choice of origin for the measurement of s. The
displacement at A4 and the change in displacement may be expressed by
the vector equations

»
I

z Py,
and
As = Az b Ay.

The displacement of the particle between points A and A’ is the vec-
tor As, whereas the distance traveled by the particle is the length of the
path measured along the arc between 4 and A’ and is a scalar quantity.

Pomm e

As Az Ay
B —
At At At

and the instantaneous velocity at A is the limit of this expression as
At approaches zero. Thus

ds dz dy
—_=— =,
dt dt dt
or
V=0, DU, (64)

The direction of the vector v is along the tangent to the curve as shown
in Fig. 92. It is clear that

Y
#*=v2+9? and tanf=—.
Uz
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The velocity of the particle is a vector quantity, whereas the speed of
the particle along the path is the magnitude of the velocity and, hence,
is a scalar quantity.

The change in velocity between A and A’ is the vector difference Av,
shown in Fig. 93, which may be represented by the equation

Av = Av; B Av,,.

e it 3

e e m e

Fra. 93 Fig. 94

The average acceleration between A and A’ is

Av  Av, Ao,

Ay, = — = —

At At Al

and the instantaneous acceleration at A is the limit of this expression
as At approaches zero. Thus

dv  dv, dv,
—_—= > —
d dt dt
or
a=a,+ a, (65)

The components may also be expressed as @, = d%t/dt? and a, = d?y/dt>.
The acceleration and its components are indicated in Fig. 94. The
angle @ made by a with the z-direction is

a
1

tan @ = —-
ag

The acceleration is, in general, not along the tangent to the path since
(d%y/dt?)/(d%x/dt?) is not equal to (dy/dt)/(dxz/dt) except for motion
along a straight line or at a point of inflection in a curved path.
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From the foregoing discussion it should be recognized that plane
curvilinear translatién is merely the superposition of the coordinates
of two simultaneous rectilinear translations in the z- and y-directions.

!
SAMPLE PROBLEM

646. A projectile is fired with a muazle velocity u at an angle 8 with thé hori-
zontal. Neglect the effect of air resistance and determine the equations of the
trajectory, the range R on a horizontal plane, and the maximum altitude &
reached in flight.

ProB. 646

Solution: With the neglect of air.resistance the only force acting on the pro-
jectile is its weight, and the acceleration at all times is g directed vertically down.
Thus @, = 0 and a, = —¢. The resulting motion, then, is a superposition of
two rectilinear motions with constant acceleration. With zero acceleration in
the z-direction the horizontal distance traveled equals the constant horizontal
component of velocity multiplied by the time. Thus

[s = vot] x = wutcos 0.

The y-coordinate of the projectile is given by Eq. (52) for constant acceleration
and is

[s = vot + 3at?] y = utsin § — g2,

These two expressions for x and y arc the equations for the motion of the pro-
jectile in terms of the parameter t. The equation of the trajectory is obtained
by eliminating ¢ between the expressions and is

gt

=rtanf — ———-
y=ria 2u? cos® @

Ans.
From the form of the equation the curve is seen to be a parabola with vertical
axis as shown in the figure.

The range R is obtained by equating to zero either of the two expressions for y
The second equation gives

= - L)
0=z (tan 0 2u? cos? @
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which has two solutions. The solution z = 0 is of no concern, but the other
value is
_ 2u’sin@cos®  u?sin 26

[4 [
The maximum range occurs for sin 26 = 1 or 6 = 45 deg. and is

=R Ans.

u‘Z
g

The time of flight for the range B may be obtained by equating y to zero in
the second of the two parametric expressions. Thus

R

max

_ 2usin
g
By symmetry the time of flight to the apex of the parabola is one half that

for the complete journey. Substitution of this time into the expression for y
gives a maximum altitude of

0= t(usinﬂ—%yt)v and t

_ L[Z sin? 6
=3

Ans.

PR wsin®6 g gt sin® 0)
=Y g 2 02

Accurate calculations for trajectories must account for the effect of air resist-
ance, which is appreciable at high velocities. Wind velocity and direction as
well as the rotation and curvature of the earth may also become important.

PROBLEMS

Except where indicated, neglect air resistance in the problems involving
projectile motion.

647. The curvilinear motion of a particle is described by « = 28 — 3¢ and
y = 4%, where r and y are in inches and ¢ is in seconds. Determine the velocity
v and acceleration a of the particle when ¢ = 2 sec.

Ans. v = 264 in./sec., a = 25.3 in./sec.?

648. A particle moves on the curved path y = x*/4 with a constant z-com-
ponent of velocity of 2 ft./sec. Determine the total velocity v when z = 2 ft.
and find the acceleration a for any position.

649. A bomber is flying horizontally at an altitude of 10,000 ft. with a speed
of 300 mi./hr. Find the proper angle 6 with the vertical made by the line of
sight from the bomber to the target for a direct hit. Ans. 0 =47°37

660. A particle moves along the positive branch of the curve z = 4y? such
that y = £3/3, where x and y are measured in inches and ¢ is in seconds. Deter-
mine the velocity » and acceleration a of the particle when ¢ = 14 sec.

661. The z-coordinate of a particle which moves with curvilinear motion is
r = 40t + 483, where x is in inches and ¢ is in seconds. When t = 2 sec., the
total acceleration is 64 in./sec.? If the acceleration in the positive y-direction
is constant and the particle starts from the origin with v, = 0 at ¢ = 0, determine
the velocity v of the particle when ¢ = 4 sec. Ans. v = 287 in./sec.
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662. Find the target lead L which a dive-bomber pilot must allow when

releasing a bomb from an altitude & = 2000 ft.

/
e '//

/
Va “ﬁ// Target

ol

Pros. 652

mi./hr.) parallel to a coast is 15,000 yd. offshore.

14 in. guns is 2600 ft./sec. Deter-
mine the proper time for firing a
broadside by specifying the angle a
which the line of sight to the coastal
target makes with the athwartship
direction of the guns, and the corre-
sponding firing clevation 6. Assume
that the target is at the same height
above the water as the muzzle of the
gun. Ans. a =0°45,0 = 6° 11

666. A long-range rifle at A is aimed
at an angle of 45 deg. with the hori-
zontal, and its shell is just able to clear
the mountain peak at the top of its
trajectory. Determine the muzzle

The flight angle is 6 = 45
deg., and the bomber is traveling
600 mi./hr.

663. The time of flight for a projectile
with a horizontal range of 30,000 yd.
is 90 sec. Determine the muuzzle veloc-
ity w. Ans. u = 1760 ft./sec.

664. An airplane pulls out of a dive
and climbs with a velocity of 300 mi./hr.
at an angle of 15 deg. from the horizon-
tal. A small bomb is released when an
altitude of 500 ft. is reached. Find the
total horizontal distance x traveled by
the bomb from the point of release and
the velocity v with which it strikes the
ground.

666. A battleship which moves at
20 knots (1 knot corresponds to 1.152
The muzzle velocity of its

15,000 yd. >
20 knots

<s}Tm‘get t

Pros. 655

velocity u, the height & of the mountain above sea level, and the range R to

the sea.

A Elev.
|~ 2000 ft.

Pros.. 65R
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667. Find the initial velocity  of a ball thrown down the slope as shown.
Ans. u = 68.3 ft./sec.

Pros 657

6568. The muazzle velocity for a certain gun is 2000 ft./sec. The target and
gun are on the same horizontal plane, and the range is 5000 yd. Find the two
values of the angle 6 made by the barrel with the horizontal for which a direct
hit can be scored. Ans. 0 = 3°28 orf = 86° 32
* 669. The following data were taken from a test firing of a German V-2 rocket.
The horizontal distance x and the vertical distance y are given in thousands of
feet from the launching site along with the corresponding elapsed time ¢ of
flight in seconds.  Plot these duta and determine (@) the velocity v of the rocket
at ¢ = 100 see. and (b) the final velocity vy when the rocket returns to earth
at the same elevation as the launching site. Indicate the procedure for finding
the acceleration of the rocket at any time.

t xr Y t xr Yy
0 0 0 225 173 519
25 1 19 250 194 508
50 10 68 275 215 480
75 28 160 300 236 435
100 53 280 325 258 369
125 79 374 350 278 280
150 105 441 375 300 170
175 130 488 400 320 57
200 152 515 413 332 0

Ans. (a) v = 3200 mi./hr.,
(b) vy = 3100 mi./hr.

* 660. Show that the acceleration of a point moving on the arc of the circle
2% + y? = r? with a velocity of constant magnitude v is equal to +?/r and is
directed toward the center of the circle. Prove by considering the z- and
y-components of acceleration.
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* 861. Find the range R for a projectile fired onto the inclined plane shown.
What is the maximum value of R for a given muzzle velocity u?
2u* cos 0 sin (0 — a) u?
Ans. R=— ~———5-- -7 =
q cos’ a max- g(1 + sin o)

ProB. 661

* 662. Find the equation of the envelope a to the parabolic trajectories of an
anti-aircraft gun which fires at any angle but has a constant muzzle velocity .
(Hint: Substitute m = tan 6 in the equation of the trajectory. The two roots
m; and mg of this relation give the firing angles for the two trajectories shown
such that the shells pass through the same point A. Point A approaches the
curve a when the two roots approach equality.)

- u?  gx?
© Ans. = — — =, a vertical bol.
5 2 parabola
y
ke
A
\\
\\
\\
\\
\\
\,
\,
\\ x
ProB. 662

72. Normal and Tangential Components of Acceleration. The accel-
eration of a point which has curvilinear motion will be described in
terms of its components in the directions of the normal n and tangent
t to the curved path. Consider a particle moving along a plane curve,
Fig. 95, such that its velocity changes both in magnitude and in direc-
tion from the vector » at A to v + dv at A’ during the time dt. The
vector change of velocity during the differential interval is the differ-
ence dv in the velocities at A and A’. The acceleration of the particle
is @ = dv/dt. It should be recalled that the derivative of a vector will
account not only for change in magnitude but also for change in direc-
tion. In the present case these two effects are separated by considering
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the components of dv in both the n- and (-directions. This separation
is shown in Fig. 95 and may be stated by the vector equation

dv = (dv), P (dv),.
The acceleration a, then, has two components and is

dv _ (dv)n N _(dL)‘

dt dt dt

’

(66)

The normal acceleration component a,, depends on (dv), and is there-
fore due to the change in direction of the velocity. From the velocity
diagram in Fig. 95 the vector (dv), may be considered in the limit as a
differential length of arc of radius v with a subtended angle df. Thus
(dv), = v df, and the normal component of acceleration becomes

_ (dv)n dg

= p—-

dat dt

an

The arc length on the path between A and A’ is ds = p df, so that
do/dt = (1/p)(ds/dt) = v/p. Consequently the normal acceleration is

a, = —: (67

This result is extremely important and must be thoroughly understood.
It should be carefully noted that the direction of the normal component
of acceleration is.always toward the center of curvature.



378 Kinematics

The tangential component of acceleration is obtained from (dv).,
which is the change in the magnitude of the velocity. Thus
dv), djv| d’

= =

dt dt  d’ (8)

where s here is the scalar distance measured along the curve. It may
be observed from Eq. (58) that, as long as all measurements of the
motion are made in a direction along the curve, the distance s, the speed
\vl, and the tangential acceleration a; bear the same relationships as
were discussed in Art. 70 and expressed in Eqgs. (48), (49), and (50) for
rectilinear translation. The tangential component of acceleration may
also be expressed in terms of the radius of curvature p and the angle 6
by introducing v = p(df/dt). Thus

a=—=—\p
dt

dt dt

=p— ——

dlv] d( do) d% dpd§
ez dt dt

The second term will be zero when dp/dt = 0, which occurs when p is
constant, as for a circle or at points which represent a maximum or
minimum radius of curvature.

The total or resultant acceleration is the vector sum of its two com-
ponents as given by Eq. (56). In Fig. 96a is shown a schematic repre-

A

A A
Acceleration vectors Acceleration vectors
of particle speeding of particle slowing
up from A to B down from A to B
(a) b)
Fic. 96

sentation of the variation of the total acceleration vector a for a par-
ticle moving with increasing speed along the curve from A to B. In
Fig. 96b is represented the acceleration of the particle when its speed
is decreasing in going from A to B. In both cases the acceleration has
a normal component directed toward the center of curvature,
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SAMPLE PROBLEM

663. A projectile is fired at an angle of 6§ = 30 deg. above the horizontal and
with a muzzle velocity of 2000 ft./sec. Determine the radius of curvature of
its path 10 sec. after firing. Neglect air resistance.

Y

1

| vy Y
I
| / \ |

: NR'G
et A0

Pros. 663

Solution: As seen from Eq. (57) the radius of curvature p may be determined
if the velocity v and normal acceleration a, are known. The velocity may be
found from its z- and y-components. Thus

[v = vy + at] v, = 0.866 X 2000 = 1732 ft./sec.,
v, = 0.5 X 2000 — 32.2t = 678 ft./sec. for t = 10 sec.

The velocity v and the angle @ made by the tangent of the trajectory ' the
horizontal at this instant of time are shown in the accompanying figure and are

= V12 + 02 v = V/(1732)* + (678)? = 1860 ft./sec.,
, =W _ b8 — 919997
[t.ma - vx] tane = o0 = 0.391, @ = 21°22",

The total acceleration of the projectile at all times is g, so that the normal
component of acceleration at the position considered is seen from the figure to be

an = gcosa = 32.2 X 0.931 = 30.0 ft./sec.?
Thus Eq. (57) gives

_ _ (1860)% _
[a" - _] P =550 = 115,300 ft. Ans.

PROBLEMS

664. A baseball is thrown horizontally with a velocity of 100 ft./sec. What
is the radius of curvature of its path as it leaves the pitcher’s hand?
666. At the bottom of a loop an airplane has a normal acceleration of 4g
and a velocity of 500 mi./hr. Find the radius p of the loop.
Ans. p = 4170 ft.
666. For the projectile in Sample Prob. 663 determine the radius of curvature
of the trajectory at its highest point.
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667. A particle moves with a constant speed of v = 10 ft./sec. on the circular
path shown. During the movement from A to B the velocity undergoes a vec-
tor change. Divide this change by the time interval be-

A B tween the two points to obtain the average normal accel-
/T\:A_OT\ eration for (a) A8 = 30 deg., (b) A = 15 deg., and (c)
A6 = 5 deg. Compare the results with the instantan-

)
,’ eous normal acceleration.

Il 668. A point on the rim of a flywheel has a peripheral

)

’

\
\
\
2

[}
‘\ speed of 10 ft./sec. at an instant when this speed is in-
v creasing at the rate of 30 ft./sec. each seccond. If the total
Pros. 667 acceleration of the point at this condition is 50 ft./sec.?,
find the radius r of the flywheel. Ans. r =25 ft.

669. A brake is applied to a flywheel 18 in. in diameter to bring it to rest with
a constant deceleration. If the total acceleration of a point on the rim makes an
angle of 1 deg. with the radial direction when the brake first begins to act, find
the time ¢ required to bring the wheel to a stop from a peripheral speed of
30 ft./sec.

670. The rim speed of a flywheel 12 in. in diameter increases uniformly from
20 ft./sec. to 40 ft./sec. during 10 rev. of the wheel. If the speed continues to
increase at the same time rate, find the normal acceleration a, of a point on the
rim after the wheel has turned through another 10 rev.

Ans.  a, = 5600 ft./sec.?

671. The position of a point on the rim of a wheel 8 in. in diameter is specified
by 8 = ¥ — 41 + 4, where s is the distance of the point, measured in inches
along the circular periphery, from a convenient origin and ¢ is the time in seconds.
Find the total acceleration a at the instant when the tangential acceleration is
4 in./sec.?

672. A train enters a section of curved track at a speed of 60 mi./hr. and
slows down at a uniform rate to 30 mi./hr. in 11 sec. while rounding the curve.
An accelerometer, which is a delicate
instrument for measuring acceleration,
is mounted inside the train and re-
cords a horizontal acceleration of 5
ft./sec.? when the train is 6 sec. past
the beginning of the curve. Find the
radius of curvature p of the track for
this position of the train.

Ans. p = 1365 ft.

673. The slotted guide A is moving Pros. 673
to the right with a constant velocity.

At the position shown the acceleration of the pin P has a magnitude of 36 ft./sec.?
Determine the velocity v of P along the circular slot at this position.

674. A projectile is fired with a muzzle velocity of 2000 ft./sec. at an angle of
45 deg. with the horizontal. Find the radius of curvature p of the trajectory
at a point where the direction of flight makes an angle of 30 deg. with the
horizontal. Ans. p = 95,600 ft.
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676. The pin P moves along a curved path and is controlled by the motions
of the slotted links A and B. At the instant shown 4 hasa velocity of 12 ft./sec.
and an acceleration of 10 ft./sec.?, both to the right, while B has a velocity of
16 ft./sec. and an acceleration of 5 ft./sec.?, both vertically up. Find the radius
of curvature p of the path of P at this position.

Pros. 675 Pros. 676

* 676. A particle P is moving on the curved path shown. The radius of curva-
ture of the path for the position of the particle at any time is p and makes an
angle 6 with a fixed horizontal line. As the particle passes the position shown,
p = 8 in. and is increasing at the rate of 4 in./sec. Also the velocity at this
position is » = 24 in./sec., and df/d¢ is increasing at the rate of 10 rad./.ec.
each second. Find the total acceleration of P at this instant.

Ans. a = 117 in./sec.?
* 877. A particle starts from rest at the origin and moves along the positive
branch of the curve y = 22'# such that the distance s in inches measured along
the curve varies with the time ¢ in seconds according to s = 263, Find the total
acceleration a of the particle when ¢t = 1 sec.  (Recall that the radius of curva-
ture p is given by p = [1 + (dy/dx)?)"3/(d%,/dx?).)  Ans. a = 12.17 in./sec.?
* 678. The path of a fluid particle in the centrifugal pump with straight vanes
shown is to be approximated by the
spiral 7 = roe”, where b is a dimensionless
constant. The angular position of both
the fluid particle and the pump impeller
is given by 6, and the radial distance
to the particle is specified by r. If
the pump turns with constant speed so
that d8/dt = K, a constant, find the
total acceleration of the fluid particle as
it leaves the impeller by considering
the acceleration components normal
and tangent to the curve. In polar ProB. 678
coordinates the radius of curvature p is

p = [r2+ (dr/d®)%P%/[r2 + 2 (dr/dB)? — r (d?r/dB®)]. Ans. a = K*(1 + bR
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73. Polar Coordinates. The third method of describing plane curvi-
linear motion utilizes polar coordinates. This description finds limited
but important use. The position of the particle at some point A on its
curved path, IFig. 97a, is specified by the coordinates r and 6. During

Path-.
Path—_

(a) (b)
F1G. 97

an infinitesimal movement ds along the path the coordinates change by
dr and d6, and the vector relation

ds =dr Hrdo

may be seen from the figure. The velocity of the particle is along the
path and is obtained by dividing ds by dt. Thus

ds dr do
—_= — P r—
dt dt dt
or
V= v, V. 69)

These velocity components are shown in Fig. 97b.

The acceleration is not easily obtained by direct differentiation of
Eq. (59) since the changes in both magnitude and direction of each of
the two terms must be accounted for. These changes are shown i
Fig. 98a, where the motion of the particle from A to A’ during time dt
is accompanied by the change in velocity from v to o. Each of these
velocity vectors is divided into its 7- and §-components as shown, and
the changes in these components during motion are treated in the same
manner as that developed in Art. 72 for the normal and tangential
components of acceleration.

Consider first the change in the radial component v, of the velocity be-
tween 4 and A’. The difference dv, between v, and v,’ is shown in the
vector sketch in Fig. 980, where the scale has been increased for clarity.
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This change dv, will have two components, a radial one (dv,), and a trans-
verse one (dv,)s. The radial component is merely the increase in the
magnitude of »,, and the acceleration due to this change is
(dv,), dlo,| d* [plus r-direction]
—_—— == us r-direction].
dt dt  de P
From Fig. 98b it is seen that the transverse component of the change
in radial velocity may be expressed in the limit as the differential circu-

(a) )
Fic. 98

lar arc of radius v, with subtended angle d6. Hence (dv,)s = v, d, and
the acceleration due to this change is

(dv,)e dé drde L
=y — = —— [plus §-direction].
dt dt  didt

The change dvg in the transverse velocity component is similarly
treated and is shown in Fig. 98¢c. Again it is clear from the diagram that
this vector has components in both the 8- and r-directions. The change
in the 6-direction is the change in magnitude of vy or (dve)p = dlvg| =

) (r %Z) . The acceleration due to this change is
dg
(%)
(dvg)s dt d* drdo

—— = —— lus #-direction).
dt dt " T lp :

It should be noted that this portion of the acceleration is due to the
change in magnitudes of both » and d8/dt.
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Finally the radial change (dvg), must be accounted for. Figure 98¢
shows that, in the limit, (dvg), = vgdf. The acceleration due to this

change is then

(dvg) - de (d0
dt dt

2
= vy ;lht =7 > [minus r-direction].

The components of acceleration just computed in each of the two
directions may now be combined. Thus the resultant r- and 6-com-

ponents are
d?r <d0>2
Ay = — —7Tr{— ’
Tde dt

d%0 P dr do
’r — — e
di® de dt

(60)

ag =

The second component may be written in more compact form as

1d(2d0>
ag=-—(r’—)
rdt dt

the equivalence of which is verified easily by differentiation.

When the radius r is constant, the motion is circular, and the origin
and center of curvature are coincident. Kquations (60) then reduce
to the expressions obtained in Art. 72 for the case of circular motion,

namely,

d% %
ap = Qq; =7 —_— = e
O T

SAMPLE PROBLEM

679. The slotted arm OB carries a small pin A of negligible diameter whose
position in the slot is determined by the rotation of the arm about the fixed
circular cam. If OB rotates at a constant rate df/dt = K for a certain interval,
find the total acceleration of A.

Solution: The motion of A may be expressed in polar coordinates r and 6.
The equation of the circular cam surface relative to the pole O is r = 2b cos 6.
The velocity of A along the arm is

dr

., df .
i —2b s:no‘—i—t = —2Kbsin 6.
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Pros. 679
The second time derivative of r is only a part of the radial acceleration and is

d*r dg
O~ _92Kbeosfo = —2K% cos .
i Kbcowdt 2K2b cos 0

Substitution of these derivatives together with d8/dt = K and d?6/di? = 0 into
Eqgs. /60) gives

d*r AN —
a, = Eti -r (Ei) = —4K?% (,050,
a0 dr df T
Ay = Ta; +2Et-d*t‘ = —4K? sin 6.
The total acceleration is
a=Va?+a?=4K% Ans.
and is in the direction shown.
PROBLEMS

680. The arm OB revolves in a horizontal plaae at a constant clockwise rate
of 100 rev./min.  The velocity of the slider block 4 outward along the arm has a
constant magnitude of 12 in./sec. Find the acceleration e of the block when it
is 4 in. from O. Ans. a = 506 in./sec.?

/‘

ProB. 680

681. Show that the components of acceleration in the r- and y-directions may
be expressed as a, = —x(d/dl)? — y(d?0/dt?) and a, = —y(d6/dt)? + x(d?6/dt?)
for the case of circular motion with the center of the circle at the pole.
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682. The slotted arm OB forces the small pin to move in the spiral guide
defined by r = kf. If OB rotates with a constant angular speed d6/dt = K,
find the total acceleration of the pin in terms of its angular position 6.

ProB. 682 Pros. 683

683. The fixed cam shown has a shape such that the center of the roller 4
which follows the contour moves on the limagon defined by r = b — ¢ cos ¥,
where b > ¢. If the slotted arm OB rotates at the angular rate df/dt = K, a
constant, determine the radial and transverse components of acceleration, a,
and ag, of the center of the roller for any value of 6.

Ans. a, = K*(2ccos — b), ap = 2K?csin 8

684. If the slotted arm OB in Prob. 683 remains fixed and the cam revolves
at the constant angular rate of df/dt = K, find the acceleration of the roller A.

685. If the arm OB in Prob. 683 increases its angular rate about the fixed
cam according to d6/dt = kt, where k is a constant, find the radial and transverse
components of acceleration, a, and ag, of the center of the roller A at any time ¢.

686. By the method of this article solve for the fluid acceleration a just before
exit for the centrifugal pump of Prob. 678.

* 687. If the arm OB in Prob. 683 is revolving counterclockwise at the constant
rate of 20 rev./min. and the cam is revolving clockwise at the constant rate of
40 rev./min., determine the acceleration of the center of the roller A when the
arm and cam are in the relative positions for which § = 90 deg. The dimensions
of the curve are b = 4 in. and ¢ = 2 in. Ans. a = 555 ih./sec.?
* 688. The centrifugal pump with radial vanes shown with Prob. 678 rotates
at the constant rate df/dt = K. An element of the fluid being pumped will
be considered here as a smooth particle P which is introduced at the radius ro
without radial velocity and which moves outward along the vane without fric-
tion. There is no force on the particle in the direction along the vane, so that
it has zero acceleration in this direction. Under these conditions determine
the equation of the path of the particle if the time ¢ is zero for r = r,.

Ans. 7 =rcoshd
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PART C. ROTATION

74. Defining Relations. Rotation is described
by the angular motion of a line. The angular dis-
placement 6 of any line, such as AB in Fig. 99, is
the angle made by this line with any convenient
fixed reference axis in the same plane. The Frg. 99
angular velocity » and angular acceleration a of
a line are, respectively, the first and second time derivatives of its
angular displacement 6. These definitions give

de
« =&7,
Lo _de o
e dt'
wdeo = adb.

The third relation is obtained by eliminating d¢ from the first two. In
each of these relations the positive direction for w and «, clockwise or
counterclockwise, is the same as that chosen for §. Equations (61)
should be recognized as analogous to the definitions for the linear motiox: of
a point expressed by Eqs. (48), (49), and (50).
In fact all relations which were described for
rectilinear translation in Art. 70 apply to the
case of rotation if the linear quantities s, v,
and a are replaced by their respective equiv-
alent angular quantities 6, w, and a.

When a rigid body rotates about a fixed
bearing, Fig. 100, each line in the body
which is in a plane normal to the axis of
rotation revolves through the same angle in
the same time. Thus during the rotation
shown each leg of the triangle OAB revolves
through the same angle 8. The distance s
along the circular arc described by any point
such as B is given by the product of the radius r and the subtended

angle 0 expressed in radian measure. This relation and its two time
derivatives give

s =10,
v = ey (62)
a: = ra.
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The second equation gives the magnitude of the linear velocity of the
point B, and the third equation gives the magnitude of its tangential
component of acceleration a;. The normal component of acceleration of
the point B may be written in any one of three equivalent forms by
combining the second of Eqgs. (62) with Eq. (57). These are

2
d 2

a, = — = 10" = Vo (63)

r

For rotation with constant angular acceleration o, Eqgs. (61) may be
integrated directly. The initial and final conditions which determine
the limits of integration will be chosen in the same way as for rectilinear
translation. Thus it will be assumed that § = 0 when ¢ = 0 and that
w = wp when ¢t = 0. The integration is mathematically identical with
that for rectilinear motion treated in Art. 70, and the results are

w = wy + af,
0 = wot + Fat?, (64)
wo? + 2a8.

w2

The reader should perform the indicated integrations and compare these
results with Eqgs. (51), (52), and (53).

For rotation with variable angular acceleration, Eqs. (64) cannot be

used, and the differential relations, Egs. (61), must

@-%% a=92  be integrated and account of the variation in o taken.

The graphical representation of the relations between

6, w, @, and ¢ will be found useful for problems in rota-

] tion with constant or variable angular acceleration in

the same manner as the equivalent motion curves were
found useful for linear motion.

Angular motion may be represented vectorially. The
angular displacement 6 of the disk in Fig. 101 may be
represented by the free vector§ with the aid of the
right-hand rule to establish the positive sense. The

Fig. 101 vector 6 is not restricted to the axis of the disk since

the angular movement is the same for every line in

the plane of the disk. Thus the rotation vector is a free vector.

Likewise the angular velocity w and the angular acceleration « are free

vectors, and their positive sense is taken to be that of 8. As long as

rotation is confined to a single plane these rotation vectors will be paral-

lel to each other. Thus nothing is gained by the vector description,

and 6, w, and a may be considered scalar quantities. The algebraic
sign is sufficient to account for either sense of the vector.
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The foregoing description applies only to plane rotation, which is
rotation about a fixed axis. A more general treatment would describe
the rotation of a rigid body about a point, such as with a spinning top.
Here there are components of angular motion about the three mutually
perpendicular axes through the pivot point, and vector representation
is particularly useful. This problem will be treated briefly in the dis-
cussion of gyroscopic motion in Chapter XIII. Fortunately most
machine movements are plane motions, and a two-dimensional analysis
is sufficient.

SAMPLE PROBLEM

689. A flywheel which is turning freely at 1800 rev./min. clockwise is sub-
jected to a constant counterclockwise torque which produces a uniform counter-
clockwise angular acceleration of 24 rad./sec.? Determine the angular velocity
in revolutions per minute 10 sec. after the torque is applied. Also find the total
number of revolutions (clockwise turns plus counterclockwise turns) through
which the wheel rotates during this interval.

W, rev.,/sec
492
N, N,
-30)

Pros. 689

Solution: Since the angular acceleration is constant, Eqs. (64) may be used.
With the counterclockwise sense as positive the new angular velocity is

lw = wy + at] w= — 1800655—27[ + 24 X 10 = 51.5 rad./sec.,
or
w = é]-'séfio = 492 rev./min. Ans.

If desired, the time could be expressed in minutes and the acceleration as
(24/2w)(60)? rev./min.2 The formula would then give the angular velocity
directly in revolutions per minute.

A plot of the angular speed in revolutions per second against the time in
seconds discloses the angular displacements which are represented by the area
under the curve. The time at which the wheel reverses its motion is

_ 1800 X 27

[w = wy + atf] 0= 0

+ 24, t = 7.86 sec.
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From the areas on the diagram the total clockwise displacement is
Ni= 3} X 30X 7.86 = 117.9 rev.,
and the counterclockwise displacement is
Ny =3 X 4% X (10 — 7.86) = 8.78 rev.
Thus the total number of turns is
N = N1+ Ny = 126.7 rev. Ans.

PROBLEMS

690. The rotor of a turbine which operates at 10,000 rev./min. requires
5min. to come to rest after the steam is shut off. Compute the average decclera-
tion a.

691. A braking torque causes a flywheel to slow down at the uniform rate of
20 rev./min. during each second. If the wheel comes to rest from a speed of
1800 rev./min., find the number of revolutions N made during this interval.

Ans. N = 1350 rev,

692. In the hoisting rig shown the pinion A reaches a speed ot 900 rev./min.
in 10 sec. from rest with constant acceleration. Determine the acceleration a
of the load W.

Pros. 692 Prosg. 693

693. The load L is lowered 100 ft. from rest in 10 sec. with constant accelera-
tion. Determine the angular velocity w of the hoisting drum 6 sec. after the
load starts. ' Ans. w = 32 rad./sec.

694. The angular velocity of a gear is controlled according to w = 6 — 32,
where w, in radians per second, is positive in the clockwise sense, and where ¢
is in seconds. Find the net angular displacement 6 from the time ¢ = 0 to
t = 3 sec.

696. The angular displacement of a wheel is given by 0 = 268 + 3t + 2,
where 0 is in radians, clockwise, and ¢ is in seconds. Find the angular displace-
ment Af during the time (¢ > 0) that the velocity is changing from 12 to 72
vad./sec., both clockwise.
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696. Experimental data for a rotating control element reveal the relation
between angular velocity w and angular displacement 8 shown. Determine the
angular acceleration « of the element when 6 = 5 rad.

Ans. a = 4.3 rad./sec.?

10
8 ]
//
7
gs
< A
g /
34 //
/|
2
0 4 6 8 10
0, rad.
ProB. 696

697. Line AB is scribed on the face of the rotating disk as shown. The angle 6
made by this line with a fixed reference direction increases at the rate of 150
deg./sec. If the normal acceleration of a point on the rim is 6 ft./sec.?, find
the radius 7 of the disk. Ans. r = 0874 ft.

Pros. 697

698. A shaft is accelerated from rest to a speed of 1200 rev./min. and then
decelerated immediately to rest again in a total time interval of 12 sec.  If both
accelerations are constant, find the total number of revolutions N through which
the shaft turns.

699. A flywheel is rotating at a uniform clockwise speed of 2 rad./sec. when a
variable torque is applied to it at time ¢t = 0. As a result there:is a clockwise
angular acceleration a which increases in direct proportion to the angle 6 through
which the wheel turns from the instant ¢ = 0. After 16 complete turns from
this time the angular acceleration is 4 rad./sec.? Determine the angular velocity
w of the wheel at this instant. Ang. = 20.2 rad./sec.
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700. The motion of a rotating element in a mechanism is controlled so that
the rate of change of angular velocity w with angular displacement 8 is a con-
stant k. If the angular velocity is wp when both 6 and the time ¢ are zero, deter-
mine 8, w, and the angular acceleration a as functions of .

701. A gear, which turns with constant angular acceleration, has a displace-
ment of 4 rad. when ¢ = 0. After 10 sec. it has a displacement of zero, and,
when ¢ = 4 sec., the gear reverses the direction of its motion. Find the angular
velocity w when ¢ = 10 sec. Ans. w = —2.4 rad./sec.

702. The elements of a wheel-and-disk type mechanical integrator are shown
in the figure. The integrator wheel A4 turns about its fixed axis and is driven
by friction from disk B without slippage tangent to its rim. The distance y
is a variable and can bé controlled at will. Show that the angular displacement

of the integrator wheel shaft is given by z = (1/ b)fy dz, where z is the angular
displacement of the disk.

ProB. 702

703. A cable is wound around a shaft against the face of a disk so that the
cable forms a spiral as shown. If the radius of the coil at any instant is r and
is large compared with the cable diameter D, find the vertical acceleration e
of the load L if the shaft is turning at a constant speed w.

Pros. 703
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* 704. In rewinding the film for the moving-picture projector shown, the lower
reel is turned by the motor at a constant angular velocity we. At any instant
when the radii of the driving and driven rolls of film are ry and r, respectively,
find the angular acceleration « of the driven reel. The thickness of the film is b.

2 2
Ans. a = bwof (1 + rl)
2mr r?

Pros. 704 ProB. 705

* 705. A variable-speed friction drive consists of the steel ring A, shown in
section, which bears against the two identical pairs of rotating conical disks.
By synchronizing the motions of the cones along their shafts contact with suffi-
cient pressure may be maintained on the ring. If the driving cones B turn at
the constant speed of 600 rev./min. and are separated at the constant rate of
dz/dt = 1 in./scc., determine the angular acceleration « of the cones C while
they are brought together at this same rate for the position where rg = 3 in.
and r¢ = 2 in. Ans. o = —68.0 rad./sec.?

PART D. PLANE MOTION

75. Plane Motion. A rigid body executes plane motion when each
point in the body remains at a constant distance from a fixed reference
plane. Thus all points in the body move in parallel planes. The plane
which contains the center of gravity is known as the plane of motion.
A rolling wheel and the connecting rod of a stationary reciprocating
engine are examples of bodies which have plane motion. This type of
motion may be described by linear and angular measurements made
with respect to a fixed coordinate system (absolute motion analysis) or
with the aid of linear and angular measurements made with respect to
a moving coordinate system (relative motion analysis). The first
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method lends itself readily to a direct mathematical solution, whereas
the second method is more easily handled by graphical representation.
Emphasis will be placed on the relative motion approach with the accom-
panying graphical analysis, since a visual representation will be found
particularly useful in analyzing the various motions.

76. Relative Linear Displacement. Consider the motions of any two
points in a plane. These points need not be connected, as would be the
case if they were attached to a rigid body. In Fig. 102a one point A
moves to A’ at the same time that the other point B moves to B’. The

f y
A °
y Yy ~
NGB L
--==%y
7 (3514
ooz
A : B
S i
B T %o
L -—= x x
(a) (b)
F1g. 102

displacements of A and B are the vectors s; and sg measured in the
fixed z—y reference frame. Now consider the displacement of A, which
would be measured from a moving but nonrotating reference system
2o—Yo which has the same motion as point B. Since displacements are
free vectors, sz may be represented as the parallel vector from A to A",
and the zy-yo origin may be considered as moving from A to A”. Thus
the displacement of A measured from or relative to the moving coordi-
nate system is the vector s4;z, which is read ‘“the displacement of A
relative to B.”” The triangle AA’A" is expressed by the vector equation

S4 = Sgp P S4B (66)

In words Eq. (65) states that the displacement of any point A equals
the displacement of a second point B plus (vectorially) the displace-
ment of A relative to B. This relation holds for finite movements or
for infinitesimal movements. If the motion of B is measured from a
set of axes having the motion of 4, Fig. 102b, the vector sg;4 would
result from the equation sg = s4 + syja. The two figures show that
sg;4 = —84/B, and therefore the relative displacement equation may
also be written as
84 = 8B —™ S8BJA.
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When the two points are fixed to a rigid body having plane motion,
an additional requirement holds. In Fig. 103a the rigid body undergoes
an infinitesimal movement from the full to the dotted position. Any
two points on the body, such as A and B a fixed distance r apart, will
move to the new positions A’ and B’. The line AB will have a move-
ment which may be considered as composed of two parts, first, a trans-
lation dsg to the position B’A”, and, second, a rotation df about B’ to

Fis. 103

the final position. The differential triangle AA’A" is expressed by
Eq. (65) in differential form. Thus

ds4 = dsp + dsq;p  where dsqp = rdé.

The term r d6 is the displacement of A relative to B and is the arc move-
ment due to the rotation about B. Consequently this relative com-
ponent is perpendicular to AB.

The motion of line A B may be considered equally well as the transla-
tion ds4 plus a rotation df about A as shown in Fig. 103b. In this case
the relation

dsg = dsa +> dsg;a  where dsgjq = rdb

holds. The vector dsp;4 is equal and opposite to ds4,5, but both rota-
tions are, of course, in the same clockwise sense.

It is important to recognize clearly the two components of plane
motion of a rigid body, translation and rotation. It is necessary to see
that the term ds4,p in the relative displacement equation is determined
by considering point B to be fixed and measuring the movement of 4
due to the rotation about B.
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T7. Relative Linear Velocity. If Eq. (65) is differentiated with
respect to the time, there results

Vg = Up P> VyB. (66)

In words Eq. (66) states that the velocity of point A equals the velocity
of point B plus (vectorially) the velocity of 4 measured relative to B.
It should be emphasized that this relative velocity vy, is the measure-
ment from a set of nonrotating axes which has the same velocity as

(Plane motion) = (Translation) 4> (Rotation)
Fia. 104

does B. The directions of v4 and vz coincide with the directions of the
corresponding increments dss and dsg and are, consequently, tangent
to the respective paths of the points.

When the two points A and B are on a rigid body having general
plane motion, the relative velocity term becomes

dSA/B d0

Z r ” Tw. (67)
It should be noted in this relation that the relative lincar velocity v4,5
is determined by the absolute angular velocity w. This relative velocity
is the .velocity which would be measured from a nonrotating station
attached to point B, and, consequently, only the rotation of A about
B is observed. The combination of translational velocity and relative
rotational velocity is illustrated in Fig. 104. The vector representation
of Eq. (66) for this motion is shown at the right side of the
figure. It is necessary to recognize that the relative velocity term v4 /B
is perpendicular to the line AB. This is always the case for a rigid body
when the length of the line does not change with time.

V4o/B =
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The velocity relations shown in Fig. 104 are based on rotation about
B. The same results are achieved by considering the relative velocity
of B due to rotation about A. In this event the equation is

YR = V4 > VA

The reader should draw the figure corresponding to that in Fig. 104 and
verify that vg,4 = —uva,p and that the direction of the angular velocity
is the same for either reference point.

Equation (66) is a vector equation which is equivalent to the two

scalar equations
(vA)z = (vB)z + (”A/B)zy

(va)y = )y + (vasB)y

Thus there are these six components to the vector equation with the
three terms. The six components may also be considered as the magni-
tude and direction of each of the three vector terms in the vector equa-
tion. It becomes apparent that a single vector equation in two dimen-
sions is sufficient for the solution of two unknown scalar quantities.

SAMPLE PROBLEMS

706. A wheel of radius r is rolling to the left on the straight path without
slipping. If the velocity of the center O is vy at the instant considered, deter-
mine the velocity of any point in the wheel.

Pros. 706

Solution: The relation between the linear velocity vo and the angular velocity o
of the wheel will be established first. As the wheel rolls from position 1 to
position 2 shown in the figure, the center O has moved a distance s. This dis-
tance equals the length 8 along the arc upon which the wheel rolls if there has
been no slipping. Hence

s =10,

and the time derivative of this equation gives

Vo = TW
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for the velocity of the center O in terms of the rolling radius r and the angular
velocity w of the wheel. It should be noted that the angular velocity of every
line in the wheel is the same.
The equation of relative velocity may be written for any point A in terms of
the velocity of O. Thus
v4 = Vo P vay0.

The velocity of O is rw. The velocity of A with respect to O depends on the
distance ro between the two points and the angular velocity of line AO, which is
w. Thus by Eq. (67)

V470 = Tow.

The direction is perpendicular to the line AO and is up and to the left as shown,
since the rotation with respect to O is counterclockwise. The vector addition
of vo = rw and v4,0 = row is shown on the sketch and gives the velocity of A
in both magnitude and direction.

A second method for determining the velocity of A is worth noting. The
point on the rim of the wheel in contact with the ground is C, and its path de-
scribes a cycloid, shown by the dotted lines in the first figure. In the position
shown C has zero velocity, so that the use of this point for reference results in

v4 = v4/c.

Since the relative velocity of two points on a rigid hody is normal to the line
joining the points, the velocity v4 is normal to AC. Also the magnitude of the
velocity of 4 is

VA = Va0 = Ew,w = Rw = [—17_2'1).

The magnitude and direction of the velocity of any point on the wheel may be
determined easily by using C as the reference point. The magnitude of this
velocity will vary linearly with the distance of the point from C. Instantaneously
the wheel is pivoted about C, and the direction and magnitude of the velocities
of all points may bhe determined as though the wheel were rotating about C as
a momentary fixed point.

707. The rotating slotted arm OC causes the pivoted slider blocks to move in
both slots. Determine the velocity of the pin A at the instant shown for which
OC has a counterclockwise angular velocity of 4 rad./sec.

Solution: A point B considered to be on the arm OC and coincident with A
for the position shown is chosen as a reference point for determining the velocity
of A. The relative velocity equation is

vq = vp > v4/B.

In this case, contrary to the preceding sample problem, the two points selected
are not attached to the same rigid body. The velocity of B is easily computed
and is

[v = rw] vp X 4 = 38.3 in./sec.

_ 9
"~ cos 20°
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in a direction perpendicular to OC. The direction of the velocity of A with
respect to B is along the arm OC. This direction may be seen from the diagram
at the right side of the figure, where the positions of A and B are shown an in-
stant before and an instant after coincidence. F¥rom a vantage point attached
to B it is seen that, as the arm OC turns counterclockwise, point A approaches B
from a direction along the arm and moves away from B radially outward along
the slot in OC.  Thus v, is a vector parallel to OC with a sense from O to C.

At this point it should be noted that only two quantities remain unknown in
the relative velocity equation, namely, the magnitude of ¢4 and the magnitude
of v4sp. The velocity vp is completely known, and the direction of v4 is, of

Pros. 707

course, along the horizontal slot. Thus the solution can now be made. The
vector vy is laid off to scale as shown in the diagram, and the directions of v4,5
aud v, are drawn through the ends of v, The intersection occurs at point P,
and the unknown magnitudes may be scaled from the figure. In the case of
such a simple figure, the vector diagram may be used to determine the algebraic
relations which govern the solution. Thus,

B 38.3

V4 = oS 90° ~ 0040 = 40.8 in./sec. Ans.
708. Determine the velocity of the piston and the angular velocity of the con-
necting rod of the reciprocating engine shown for the conditions of § = 60 deg.,
r = 5in, ! = 14 in., and for a clockwise crank speed of 1500 rev./min.
Solution: Points A, B, and O are first located in their proper positions for the
given values as shown in the diagram to the right of the engine. The velocity
of B is easily found, so that B is used as the reference point for determining the
velocity of A. Thus
Va4 = g P Va/B.
The crank-pin velocity vy is
5 _ 1500 X 27
2% 6

[v = ra] vg = = 65.4 ft./sec.
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and is perpendicular to the crank BO as shown. The direction of v,4 is, of course,
along the eylinder axis, and the direction of v4,s must be perpendicular to the
line AB, as explained in the present article for the case of two points on a rigid
body. Thus the magnitudes of v4 and va,p are the only remaining unknowns,
and the vector equation can therefore be solved for these two quantities.

The vector v is first drawn to scale as shown. Next a line with the direction
of v4,p is drawn through the head of vg. This line is perpendicular to the rod
AB. Finally, the known direction of v4 is established through the tail of v, and

VAN
\

Pros. 708

the intersection P gives the solution of the equation. Vectors v4 and vy, p are
labeled with the proper sense such that v4 equals the vector sum of vg and vy, 5.
Their magnitudes are scaled off the diagram and are

vasp = 34.4 ft./sec., vg = 67.3 ft./sec. Ans.

The angular velocity of AB is due to the rotation of 4 about B (or B about A4).
Thus from a station on B (B considered as fixed) 4 appears to rotate around B
with the tangential velocity v4,5 as shown in the bottom view in the figure.
Therefore the absolute angular velocity of the rod is

[w = g] wAB = vars _ ~3-4i = 29.5 rad./sec., counterclockwise. Ans.
r l 14/12

The problem may also be analyzed by considering the motion of B relative to
A. The student should sketch the solution by this procedure.

If an algebraic solution is desired, the trigonometry of the velocity triangle
may be used to indicate the necessary relations. Thus the law of sines could
be used to solve for v4 or v4,5 provided the angles of the velocity triangle were
first obtained. The calculation of these angles, however, usually involves niore
work than that accompanying a graphical solution from which satisfuctory
accuracy can be obtained.
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PROBLEMS

709. In the design of the blades for an impulse turbine it is essential that
there be a minimum of turbulence when the op-
erating fluid hits the blade. This problem is met | I |
by designing the blade entrance angle 6 so that
the fluid from the nozzle enters at this angle relative
to the blade. Find the proper angle 8 for a turbine /
designed to operate with a peripheral blade speed of Q‘{/‘\g
500 ft./sec., a nozzle angle of 20 deg, and a fluid Ry
velocity of 1000 ft./sec. at the nozzle exit. Nozzle - h

Ans. 6 = 52°7
H>B]ades

710. Two ships are heading on straight but non-
|

parallel courses. The captain of ship 4 takes a
bearing on ship B, that is, measures the angle be-
tween the line of sight to B and the north direction.
After a reasonable interval of time, when ship B ap-
pears closer, he takes a second bearing and records
the same angle as previously measured. If both 7 f
ships maintain their respective speeds and courses, Pros. 709
what can be said regarding the risk of collision?

711. Determine the velocity of (' for the position of the linkage shown. Link
0A4 is revolving clockwise with a velocity of 15 rad./sec.

Ans. ve = 15.0 ft./sec.

§/20-

Pros. 711 Pros. 712

712. The slider A moves back and forth along the fixed rod because of an
oscillation of the wheel. Determine the angular velocity of the wheel and at-
tached arm OB if the slider A has a velocity of 20 ft./sec. to the left in the posi-
tion shown.

713. A certain airplane can fly 200 mi./hr. in still air. The pilot desires to
fly to an airport 300 mi. directly north. If a 30 mi./hr. wind is blowing from
the southwest, find his proper compass heading 6 (angle measured clockwise
from the north direction) and the time ¢ required to fly the 300 mi.

Ans. 0 = 353°55",t = 1 hr. 22 min.

714. When a sailboat tacks to windward, the minimum angle between the
direction of the apparent wind (relative to the boat) and the direction in which
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the boat is heading is about 45 deg. If a north wind is blowing at 15 mi./hr.
and the boat is tacking at 5 mi./hr., find the acute angle 6 between the direction
which the boat is heuding and the north direction.

716. A passenger on a ship traveling north at 10 knots notices that the wind
appears to come from the west. The ship increases its speed to 20 knots, and
the wind appears to come from the northwest. Find the magnitude and direc-
tion of the actual wind velocity vw. Ams. wvw = 104/2 knots from southwest

716. Determine the velocity of the upper end C of the oscillating arm of the
quick-return mechanism for the position shown if the driving pinion is turning
clockwise at 200 rev./min. Ans. ve = 3.18 ft./sec.

Pros. 716 Pros. 717

717. The piston, connecting rod, and crankshaft of an automobile engine are
shown in the figure. Determine the velocity v4 of the piston and the angular
velocity wap of the connecting rod for a clockwise engine speed of 2700 rev./min.
and a crank angle of § = 30 deg.

718. Use the conditions and solution of Sample Prob. 708 to determine the
velocity of the center of gravity G of the connecting rod if G is 4 in. from the
crank pin. Ans. v = 64.1 ft./sec.

719. Work Prob. 717 for 6 = 240 deg. and also find the velocity of a point
M midway between A and B.
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720. The drum D rotates clockwise with a velocity of 20 rev./min. and winds
up the cable which is also wrapped around the disk. Determine the velocities
of points O and A on the integral disk and gear unit for the position shown.

Pros. 720

721. The gear is rolling on the rack with a velocity of 10 rad./sec. counter-
clockwise at the instant represented. Determine the angular velocity of AB.
Ans. wap = 3.08 rad./sec. counterclockwise

Pros. 721 Pros. 722

722. IFind the angular velocities of the links CB and 4B for the position shown

if the wheel is turning momentarily at a clockwise speed of 60 rev./min.
Ans. wep = 4.84 rad./sce. counterclockwise,

wap = 0.424 rad./sec. clockwise
723. The wheel shown is rolling counterclockwise and slipping at the same
time. The center has a velocity of 10 ft./sce. to the left, and point 4 has a
total velocity of 20 ft./sec. in the position indicated. Determine the angular

velocity w of the wheel.

Pros. 723
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T24. The motion of the slider block 4 is controlled by the movement of the
gear along the rack. If the center of the gear has a velocity of 3 ft./sec. to the
left at the instant shown, find the velocity of A. Ans. vq = 5 ft./sec.

Pros. 724

* 726. At the instant shown the distance & between blocks B and € is decreas-
ing at the rate of 10 ft./sec. Determine the instantancous velocity of block C.
Ans. v¢ = 25.1 ft./sce. to the left

U

Pros. 725

78. Instantaneous Center. In Art. 77 the velocity problem for the
plane motion of a rigid body was solved by cunsidering the motion in
terms of a velocity due to translation and a velocity due to rotation
(relative velocity). In the present article the problem will be solved
by considering the body to be in pure rotation at any instant about a
certain axis, normal to the plane of motion, which is momentarily at
rest. This axis is called the instantaneous axis of zero velocity, and the
intersection of this axis with the plane of motion is known as the instan-
taneous center of zero velocity.
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The existence of the instantaneous center is easily shown. For the
body in Fig. 105a let it be assumed that the directions of the velocities
of any two points A and B are known and are not parallel. If there is a
point about which 4 has absolute circular motion at the instant con-
sidered, this point must lie on the normal to 4 through A. Similar rea~
soning applies to B, and the intersection C of these perpendiculars fulfills
the requirement for an absolute center of rotation al the instant con-
sidered. Point (' is the instantaneous center and may lie on or off the
body. The instantaneous center is not a fixed point in the body or a

Fia. 105

fixed point in the plane. The motion of the instantancous center is
often very complicated, and, in general, it does not have zero accel-
eration.

If the magnitude of the velocity of one of the points, say, v, is also
known, the angular velocity w of the body and the linear velocity of
every point in the body are casily obtained. Thus the angular velocity
of the body, Fig. 105a, is

V4

W= —

T4

which is also the angular velocity of every line in the body. Therefore
the velocity of B is vp = rpw = (rp/ra)vy4. Once the instantaneous
center is located, the direction of the instantancous velocity of every
point in the body is readily found sinee it is perpendicular to the radial
line joining the point in question with C.

If the velocities of two points in a body having plane motion are
parallel, Fig. 1050 or ¢, the line joining the points is perpendicular to
the direction of the velocities, and the instantaneous center C is located
by direct proportion as shown.



406 Kinematics

The method of instantaneous centers is particularly useful for the
graphical determination of velocities in plane motion. The instan-
taneous center of velocity does not, in general, have zero acceleration
and, therefore, cannot be used for a similar determination of acceleration.

SAMPLE PROBLEM

726. Arm OB of the linkage shown has a counterclockwise angular velocity
of 10 rad./sec. in the position shown. Determine the velocity of A, the velocity
of D, and the angular velocity of the link AB at this instant,.

Pros. 726

Solution: The directions of the velocities of A and B are tangent to their
circular paths about the fixed centers 0’ and O as shown. The intersection of
the two perpendiculars to the velocities from A and B locates the instantaneous
center C for the link AB. The distances AC, BC, and DC, shown ou the diagram,
are scaled off the drawing or are computed as desired. The angular velocity of
BC, which is equal to the angular velocity of AC, DC, and AB, is

w=—==—=—=—— X 10 = 4.29 rad./sec. clockwise.
BC  BC  144/2

Thus the velocities of A and D are

I’ v] vy 63(0()3 _ 6'\/Q

4
[ = rw] va = ]1—2 X 4.29 = 5.00 {t./sec., Ans.
= 1—‘}‘? X 4.29 = 5.4 ft. /sec. Ans.

in the directions shown.
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PROBLEMS

Solve the following problems by the method of the instantaneous center of
zero velocity.

727. Show that it is impossible for the two points A and B on the same rigid
body to have the parallel velocities shown.

Pros. 727
728. Prob. 717.
729. Prob. 719. Ans. vy = 35.6 ft./sec., wap = 36.2 rad./sce. clockwise,
vy = 39.9 ft./sec.
730. The collar at A has a velocity of 2 in./sec. to the right when § = 30 deg.
Find the angular velocity w of arm OB at this position.
Ans. w = 0.151 rad./sec. counterclockwise

I

I

Pron. 730

731. Prob. 721.

732. Prob. 724.

733. The link OA slides in the fixed guide (7 and has a velocity of 4 ft./sec.
to the right in the position shown. Find the angular velocity w of the wheel at
this instant. Ans. @ = 8.97 rad./sec. counterclockwise

Pros.. 733



408 Kinematics

734. Determine the angular velocity w of the ram head A E of the rock crusher
in the position shown if the crank OB has a clockwise angular velocity of 90
rev./min. When B is at the bottom of its circle, D and E are on a horizontal
line through F, and lines BD and AE are vertical. The dimensions are OB =
3in., BD = 30in, ED = DF = 15in., AE = 16 in.

Ans. « = 0.65 rad./sec. clockwise

l30°/

Pros. 734

786. Ruck A has a velocity of 6 ft./sec. to the right, and rack B has a velocity
of 4 ft./sec. to the left. Find the distance d of the instantaneous center for the
gear from O and the velocity of the point D in the position shown.

Pros. 735 Pror 736

* 736. A shaft at O drives the arm OA at a speed of 60 rev./min. counterclock-

wise about a fixed bearing at 0. Determine the speed of gear B if (a) gear D

does not rotate, (b) gear D rotates clockwise at a speed of 40 rev./min. shout 0.
Ans. (@) wp = 240 rev./min.,

() wp = 360 rev./min.; both counterclockwise
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* 737. The gear B is turning 30 rad./sec. counterclockwise, and the arm OA
is turning 12 rad./sec. clockwise. Locate the instant center of gear D and find
the angular velocity of D. Ans. 114 in. left of A, wp = 96 rad./sec. clockwise

x

\
\
\

Y a 2a
Ac =

2a

2a

B

Pros. 737

ProB 738

* 738. The pantograph shown is a device for reproducing a drawing to a differ-
ent scale. If the tracer point 4 is given a small movement in the arbitrary
r-direction, what are the magnitude and direction of the movement of the

pencil at B? Answer the question by graphical use of instantaneous centers
for any position of the pantograph.

79. Relative Linear Acceleration. If the relative velocity relation,
Eq. (66), is differentiated with respect to the time, there results

a4y = ag +H a4p. (68)
In words Eq. (68) states that the acceleration of a point A equals the
acceleration of a second point B plus (vectorially) the acceleration of
A measured relative to B.  As in the case of relative velocity the rela-
tive acceleration term a4,z is the acceleration which would be measured
from a set of nonrotating axes whose origin has the same acceleration
as point B. Contrary to velocities the accelerations, a4 and ag, are,
in general, not tangent to the paths described by points A and B when
these paths are curvilinear.

Equation (68) has greatest use when applied to two points on the
same rigid body where the distance between the points remains fixed.
The relative acceleration term a4, then becomes the acceleration of
A measured from a station B on the same body. Since this relative
measurement would in no way disclose the motion of B, it follows

that a4, is the acceleration which A would appear to have if it executed
a pure rotation about B considered a fixed point.
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The mterpretation of Eq. (68) is shown in Fig. 106, where the rigid
body has any general motion in the plane of the figure. Points A and
B are a fixed distance r apart and move on the paths indicated. Each
point has an absolute acceleration as shown in the left-hand view.
Equation (68) states that the acceleration of A equals the acceleration
of B, as shown in the middle view, plus (vectorially) the relative
acceleration due to rotation about B considered a fixed point, as shown
in the right-hand view. As in the case of any rotation with both angular

(Plane motion) = (Translation) +> (Rotation)
Fig. 106

velocity and angular acceleration there will be both a normal accelera-
tion component due to the change in the direction of the velocity and a
tangential component due to the change in the magnitude of the
velocity. The normal component of the relative acceleration is, by
Eq. (63),

(0.4/B)2
(@a/p)n = ——— = 10,
r

In this relation it must be understood that w is the absolute angular
velocity of the body which is determined by the relative linear velocity
v4,p as shown in Art. 77. This normal component of relative accelera-
tion is always directed from 4 to B, and is not influenced by the direc-
tion of w, clockwise or counterclockwise.

The tangential component of relative acceleration is due to the angu.
lar acceleration o of the line AB and by Eq. (62) is

(a4a,B): = ra.

Again it must be understood that a is the absolute angular acceleration
of the body.
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For two points on a rigid body Eq. (68) may be written directly as
aq = ag H (aq4) + (@), (69)

where the n- and {-directions are as explained and shown in Fig. 106.
If point B happens to have curvilinear motion, then both the normal
and tangential components of the absolute acceleration of B must be
combined to yield the term ap.

This sum of the three acceleration components is shown symbolically
at the extreme right in Fig. 106. Attention is again called to the fact
that plane motion may be analyzed as the superposition of the com-
ponents of translation and the components of pure rotation.

The polygon which represents the sum of the several acceleration
components is usually best solved graphically, although if preferred it
may be used to indicate the trigonometric relations necessary for an
algebraic solution. The relative acceleration equation is, of course, a
vector equation which is equivalent to two scalar equations for a two-
dimensional problem in plane motion. Thus there may be as many as,
but no more than, two unknown quantities in the equation for solution.
These unknowns may be any combination of the magnitude or direction
of the acceleration vectors. In solving Iq. (69) graphically it should
be pointed out that the known vectors should be drawn first.

SAMPLE PROBLEMS

739. The wheel rolls to the left without slipping, and at the instant considered
the center O has a velocity vo and an aceeleration ao to the left. Determine the
acceleration of points 4 and C on the wheel.

2| 2
)n=rw Ao=Tw

(@cso

Qp=Tra

Pros. 739

Solution: The acceleration of A will be expressed directly in terms of the
known acceleration of O by the relation

aq = ao P asj0.
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The relative term a4/0 = (@4/0)» + (@4/0): depends on the angular velocity,
w = vo/r, and the angular acceleration, « = ao/r. Thus

(@a70)n = row? (directed from 4 to 0),
(@a0)t = Toc (directed normal to AO).

The absolute acceleration of A is the sum of its three components as indi-
cated in the upper of the two symbolic acceleration polygons. In a numerical
problem the polygon may be drawn to scale and the answer measured from the
figure; or an approximate sketch of the polygon may be made and used to deter-
mine a4 algebraically by computing, say, its horizontal and vertical components.

The acceleration of C, the instantaneous center of velocity, is found by a
similar process. Thus

ac = ao P acp = ao + (ac0)n P (acso)e

The last two terms are found by computing the acceleration due to rotation of
C about 0. The first is

(ac/o)n = Tw? (directed from C' to 0),
and the second is

(aci0)e = ra = -(';o (directed to the right).

Addition of the three components produces a¢ = rw? in the direction from C to O
as shown in the lower acceleration polygon. Thus, although the instantancous
center has zero velocity, it does not have zero acceleration.

740. Determine the acceleration of the piston A and the angular acceleration
of the connecting rod AB for the engine described in Prob. 708 with § = 60 deg.
if the crank speed is constant. Also find the aceeleration of the center of
gravity G of the rod if G is 4 in. from B.

\\ ww=20.5 rad./sec
A ©Gasm), (03]
18, 5),= 1015 ft./sec’
ProB 740
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Solution: The acceleration of A may be expressed in terms of the acceleration
of the crank pin B. Thus

as = ap P (@a/B)n P (@asB)e

Point B moves in the arc of the 5 in. erank circle with a constant speed, so that
it has a normal acceleration equal to
5 1500 X 27
= r? =2 bl
[an = re7] w=15% (5
in the direction from B to O.

The normal component of relative acceleration (aa,8)» is calculated by con-
sidering B as fixed and therefore depends on the angular velocity of the rod AB
and the length of AB. TFrom Prob. 708 this angular velocity was found to be
29.5 rad./sec. counterclockwise, corresponding to the relative linear velocity
vasp = 34.4 ft./sec. Using this velocity gives

fay = ra?] (@a/8)n = H X (20.5)? = 1015 ft. /sec.?

in the direction from A to B as indicated on the separate diagram of the rod
in the b-part of the figure, which shows B as fixed for the purpose of visualizing
the relative acceleration. The alternate relation, a, = »2/r, may also be used
for calculating the relative normal acceleration provided the relative velocity
va/p is used for ». The equivalence is easily seen when it is recalled that
VA/B = TW.

It may be observed now that there are only two unknowns remaining in the
relative acceleration equation, the magnitude of a4 and the magnitude of
(aa/8)t. Thus the solution may be obtained. The known vectors are laid off
by first starting with ap as indicated in the c-purt of the figure. Next (a4,5)n
is added, and then the direction of the component (a4,5); is drawn through the
head of this last known vector. The solution of the equation is obtained by
constructing the correct direction of the sum a4 through the starting point.
This direction is, of course, along the axis of the cylinder in which A slides.
The intersection point P on the polygon enables the correct magnitude of the
two unknowns to be determined cither by measurement from the scale drawing
or by algebraic solution of the acceleration polygon. The results are

as = 3320 ft./sec.? and (aa/8)e = 9040 ft./sec.? Ans.

in the directions shown.

It is not until the magnitude and sense of the component (a4,5); are found
that the angular acceleration of the rod may be determined. The quantities
(a4/8): and o were indicated by dotted lines in the b-portion of the illustration
because their magnitude and sense were unknown until the solution point P
was found. Now it can be seen that, since (a4,s). is up and slightly to the left,
the angular acceleration must be clockwise for this position of the rod. The
magnitude is

2
) = 10,200 ft./sec.?

[a = ﬂ] a= 9040 _ 7750 rad./sec.? Ans.
r H
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The acceleration of G may be determined in terms of the acceleration of either
A or B. Using B gives
ag = ag P agB.
The relative term is

ag/B = (@a/B)n P (ag/n): = GBw? +> GBa.

This expression is the same as that for as/p except that GB replaces AB = 1.
Thus the two relative acceleration terms have the same direction and are related
by direct ratio, or
GB 4
ag/B = -TPGA/B = ﬁaA/&

The acceleration 'polygon is redrawn in the d-part of the figure, and the
vector from point 1 to P is the term a4/5. Point 2 is therefore located +;, of
the distance from point 1 to P. The acceleration of G is then drawn to point 2

and is found to be
ag = 7870 ft./sec.? Ans.

in the direction shown. It should be noted that a point close to B will have an
acceleration nearly that of B, while a point close to A will have an acceleration
nearly that of 4.

--PROBLEMS

741. An automobile with standard 28 in. diameter tires accelerates uniformly
from rest to a speed of 30 mi./hr. in a distance of 80 ft. Determine the accelera-
tion a of a point on the top of the wheel as the car reaches the speed of 10 mi./hr.

742. The cable is wrapped around the inner hub of the wheel and pulled to
the right with a constant velocity of 0.5 ft./sec. If the wheel does not slip,
determine the velocity and acceleration of point 4. (Which way does the wheel
roll?) Ans. w4 = 2 ft./sec. to the right, ax = 1 ft./sec.? down

ProB. 742 Pros. 743

T43. The bar OA is pivoted on the moving slider block at O and has a con-
stant clockwise angular velocity of 2 rad./sec. Determine the acceleration of
point A when it passes the position 8 = 30 deg. if (a) the velocity of the block
is constant and (b) the acceleration of the block is 4 ft./sec.? to the right.
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744. Assume the bar OA in Prob. 743 has a counterclockwise angular accel-
eration of 5 rad./sec.? and a clockwise angular velocity of 2 rad./sec. as the bar
passes the position shown. Determine the total acceleration of 4 at this instant
if the slider block has an acceleration of 4 ft./sec.? to the right at this same
time. Ans. aq = 9.20 ft./sec.?

746. The elements of a steam locomotive drive are shown in the sketch. If
the locomotive is traveling at a constant speed of 60 mi./hr. to the right, deter-
mine the acceleration of the crosshead A when it is at the extreme left end of its
stroke. Ans. aq = 911 ft./sec.?

ProB. 745

746. The circular disk turns about its center O with a constant clockwise
angular acceleration of 4 rad./sec.? The bar revolves clockwise about O so
that OA overtakes a radial line scribed on the disk once every 3 sec. during the
entire period of the acceleration of the disk. In addition O has a uciform
acceleration of 3 ft./sec.? horizontally to the right.
Determine the acceleration of the end A of the rod
at the instant shown, for which the angular veloc-
ity of the disk is 2 rad./see. clockwise.

Ans. aq =574 1t /sec.? | ¢ o /’y-
- . . 2

747. Find the acceleration of the piston 4 and ! ////
the center of gravity (7 of the connecting rod for
the automobile engine described in Prob. 717 for 6"
the crank angle of 8 = 30 deg. and a constant Pros. 746
clockwise engine speed of 2700 rev./min.

748. The acceleration of pin A is 6 ft./sec.?2 down and to the right, and its
velocity is 3 ft./sec. up and to the left as the link passes the horizontal. For this
position determine the angular acceleration a4y of the link.

Ans. aap = 8.75 rad./sec.? clockwise

Pros. 748
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749. If the link A B shown with Prob. 748 has an angular velocity of 3 rad./sec.
and a counterclockwise angular acceleration of 5 rad./sec.?, find the larger of the
accelerations of the two ends.

760. The locomotive of Prob. 745 is traveling 60 mi./hr. to the right with no
acceleration. Determine the angular acceleration a of the main rod AB when
in the position shown. Ans. o = 90.3 rad./sec.? clockwise

761. The link O4 in the mechanism shown with Prob. 733 has a constant
velocity of 4 ft./sec. to the right when in the position shown. Determine the
angular acceleration a of the wheel at this instant.

762. At the instant shown rack A has a velocity of 6 ft./sec. to the right
and an acceleration of 19 ft./sec.? to the left. Also at this instant rack B has
a velocity of 3 ft./sec. to the left and an acceleration of 4 ft./sec.” to the left.
Determine the acceleration of point C on the two integral gears.

Ans. ac = 41.2 ft./sec.?

B
4

Pros. 752 Pros. 753

763. The wheel rolls to the right without slipping, and its center has an
acceleration a. A point P on the wheel is at a fixed distance r from the center.
Determine the value of 6 and the corresponding velocity v of the center in order
that the acceleration of P be equal to zero.

Ans. 0 = sin“‘%' v = \/%{—B VR =1t

764. In the linkage shown with Prob. 730 the vertical component of the total
acceleration of D is 4 ft./sec.2 down, and the vertical component of the velocity
of D at the instant shown is 2 ft./sec. also down.
Determine the acceleration of the slider A for the
position of 8 = 30 deg.

766. The plate ABC is in the form of an equi-
lateral triangle 12 in. on a side and moves so that
the rollers at A and B are in contact with the
vertical and horizontal surfaces. Find the acceler-
ation of C in the position shown if B has an
acceleration of 4 ft./sec.? to the right and a
~ velocity of 2 ft./sec. at this instant.

Pros. 755 Ans. ac = 12.02 ft./sec.?
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766. The sliding collar B has a constant velocity of 10 ft./sec. vertically down
on the fixed shaft during an interval of its motion. Determine the angular
acceleration ag4 of the wheel at the instant represented.

S,

y

ProB. 756 Pros. 757

757. The wheel C rolls back and forth over a short distance on the horizontal
surface without slipping, and the connecting link causes the collar 4 to slide
up and down on the fixed vertical shaft. When A passes the position shown,
the center O of the wheel has a velocity of 0.4 ft./sec. to the right and no accelera-
tion. Dectermine the acceleration a4 of the collar at this position.

Ans. ay = 2.26 ft./sec.2 down

* 768. Wheel A has a clockwise angular acceleration of 12 rad./sec.? and a

counterclockwise angular velocity of 4 rad./sec. at the instant represented.
Determine the angular acceleration a of wheel B for this position.

Ans. a = 19 rad./sec.? clockwise

ProB. 758

* 769. The circular disk is coupled to the shaft of the electric motor 4 such that
with the arm OB stationary the disk revolves at 24 rev./min. clockwise when
viewed from above. The arm OB is set in motion with an angular acceleration
of 20 (rev./min.)/sec. clockwise when viewed from above. The current supplied
to the motor is not changed, so that a point on the disk still crosses the arm OB
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with the same frequency. Determine the velocity v¢ and acceleration a¢ of the
point C if it is in the position shown when OB has reached a speed of 12 rev./min.
Ans. ve = 1.831 ft./sec., ac = 4.81 ft./sec.?

Pros. 759

* 760. The spider A and central gear B are independently mounted on the shaft
at 0. At the instant shown w4 = 2 rad./sec. clockwise and a4 = 12 rad./sec.?
counterclockwise. Also wp =4 rad./sec. counterclockwise and ap = 10
rad./sec.? clockwise. Determine the angular acceleration ap of the ring gear
D and the acceleration ac of point (" on the intermediate gear. The pitch
diameter of each of the five small gears is 6 in.

Ans. ac = 14.50 ft./sec.?, ap = 19.33 rad./sec.? counterclockwise

Pros. 760

80. Absolute Determination of Motion. In the preceding three arti-
cles the determination of the velocities and accelerations in plane motion
has been accomplished with the aid of the e;quations of relative motion.
This type of problem may also be solved by a direct caleulation of the
absolute motions desired. Such calculation will involve the first and
second time derivatives of displacement to obtain velocity and accelera-
tion, respectively. The method is best illustrated by a sample problem,
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SAMPLE PROBLEM

761. End A of the link is given a constant velocity of 4 ft./sec. to the right
during a short interval of its motion. When 6 = 30 deg., find the angular
velocity and acceleration of 4B and the linear velocity and acceleration of end B.

l*-»-wx =lcosf— =
Pros. 761

Solution: The velocity of A is the time rate of change of z, or

dr d ., do
vy = 0= ;“(l('osﬁ) = -—lamGE'

The angular velocity of the bar is, then,

4
wap = ;['t = - 7 0809,
and for 6 = 30 deg., 4
wap = — 3 X 2 = —4 rad./sec. Ans.

"The minus sign indicates that the angular velocity is counterclockwise since 6
is measured clockwise.

The angular acceleration is obtained by differentiation of wsg. Thus
d*0 a d va 2

! . _ A dB [ 2
== i dt(.s(O-——F ctn@ cscd — —-ctn 4 cse?d.

aAB 1 E = )

For 6 = 30 deg. this becomes
2@
s =~ 5 V33X %= 217 rad./sec.? Ans.

Again the negative sign indicates that a4 p is counterclockwise since 8 and its
derivatives are positive in a clockwise sense.

The linear motion of B is obtained by differentiation of the dimension .
Thus

_W_d e = 4 _
= dt—dt(lsm(?)—lcosﬂdt— v4 ctn 6,

vg
and for § = 30 deg.,
vp = —4 X /3 = —6.93 ft./sec. Ans,
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The minus sign shows that the velocity of B is actually down in the sense oppo-
site to that for positive measurement of y and its derivatives.
By differentiation the acceleration of B is

_dy d _ 2@ w4®
= gy = Tl ctn @ = +vy4 csc 032 = - o 6.
For 6 = 30 deg. this becomes
42
w= -3 X 28 = —064 ft./sec.? Ans,

As before, the minus sign indicates that the acceleration is opposite to the posi-
tive direction for the measurement of y and is therefore down.

PROBLEMS

762. The circular disk is mounted cccentrically and turns about the shaft at
0 with a constant angular velocity w. Find the acceleration @, measured positive
to the right, of the plunger for any angle 6 of the circular cam.

Pros. 762

763. Show that the expressions » = rw and a; = ra hold for the motion of the
center O of the wheel which rolls on the circular are, where w and a are the abso-
lute angular velocity and acceleration, respectively, of the wheel.

Pros. 763
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764. The two slotted links are caused to rotate about their fixed bearings by
the movement of the connecting pin in the vertical slot. If the pin has a con-
stant upward velooity », find the angular acceleration « of the links in terms of 4.

2)2

Ans. a= — i sin 26 cos? 6

Pros. 764

765. The wheel rolls to the right with a constant velocity ». Determine the
angular acceleration a of the bar for any value of 6.

766. A device to produce oscillation of the shaft at A is shown in the figure.
The eccentric circular cam rotates with a constant clockwise angular velocity
wo. Determine the angular velocity w of the fork in terms of the cam angle 6.

Ans = __cbeosb—e ewy
’ b2 — 2be cos 6 + e?

Pros. 766
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* 767. Determine by direct computation the velocity », measured positive to
the right, of the piston A in the reciprocating engine in Sample Prob. 708 in

terms of r, I, and 6 if the engine speed is w = df/dt.
r suin 20 ] ]
2041 — Zsm 0)

Ans. v =rw [sinﬁ +
81. Rotating Axes; Coriolis Acceleration. In Arts. 77 and 79 the
motion of a point was described relative to the motion of another point
wherein the coordinate system which moves with the reference point
has no rotation. There are certain problems where it is convenient to
refer the motion of a point to a rotating coordinate system.

(du), = |dul

u \du

Path fixed to m u’ \\
along which point (du), = [ \\
P moves o
uldf+dY)
w’ u
@ J'~db +dy
(c)
A

d(rw) f[d(rw)]oﬂ

rdw+wdr

e e R

(rw)
x [d(rw)]r-=
____________________ x ro(do+dp)
(a)
() (d) df+dp
Fra 107

Consider a body which rotates about a fixed point O with an angular
velocity » and an angular acceleration a as shown in Fig. 107a. A
radial line on the body constitutes the rotating reference frame. The
motion of a point P along any curved path which is fixed to the rotating
body will be described in terms of the motion of the point A, which is
fixed on the path and coincident with P, and in terms of the motion of
the point P with respect to the path considered as not rotating. It
may be visualized, for example, that such a description will fit the problem
of a fluid particle moving along the curved vane of a centrifugal pump.

When the particle is at A, Fig. 107b, its absolute velocity may be
represented in terms of the velocity of A, which is re, and the velocity
relative to A, which is labeled v and is along the path fixed in the body.
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During an infinitesimal rotation d8 of the body the point moves to B,
and its new absolute velocity is represented by the sum of the velocity
of B, denoted by (rw)’, and the velocity relative to B, denoted by w’.
The acceleration of P is found by evaluating the changes in these two
velocity components.

In Fig. 107¢ the change in the velocity relative to the path is shown.
It should be noted that the angle between « and u’ is the rotation dé
of the path plus the rotation dy relative to the path. From the figure
it is seen that du is expressed by the sum |du| 4 (udd + wdy).
The acceleration corresponding to this change in the relative velocity
u is obtained by dividing the components of the increment du by dt
and therefore may be written as the vector sum

® ) )
du
—  uw P uw'.
dt

The direction of each term is indicated above the term as a reminder.
In this expression the absolute angular veloeity of the path is w = d8/dt,
and the angular velocity of the radius of curvature relative to the path
is w’ = dvy/dl. The term du/dt is the time rate of change of the magni-
tude of w and is merely the aceeleration of P tangent to the path meas-
ured from the path considered as fixed.

In Fig. 107d is shown the difference in the velocities of the reference
points A and B coincident with I>. The angle between rw and (rw)’ is
the rotation dé of the path plus the rotation dg due to the changed posi-
tion along the path. From the figure it is seen that d(rw) may be ex-
pressed as the vector sum (r dw + w dr) 4 (ro d8 + ro dB). The accel-
eration due to this differential change in velocity of the reference points
on the path is obtained by dividing the components of the increment
d(rw) by dt and therefore may be written as the vector sum

(9) (0) (=n (=n
dr 2 ds

ra & w— P 10’ H reo—-
dt dt

Again the direction of each term is indicated as a reminder by the symbol
above it. In this expression the substitutions @ = dw/dt and 0 = d6/dt
have been made.

The absolute acceleration a of P is the vector combination of the
two summations obtained, and the terms are regrouped to give

) (=n ® (n) (n) (—=n )

9 (du_ﬁ ,) b (dﬁﬁdr)
a= (ra H ro®) b yy uw’ | uw P rdt 7
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The arc length ds from A’ to B may be expressed asds = rdg + dr
and, consequently, the velocity u along the curve (relative to the curve)
is

ds dg dr

r— 4 —

dt dt dt
Thus the two terms in the last parenthesis of the expression for a have
the magnitude of u. The direction of the sum of these terms is, how-
ever, not along the path but normal to the path in the n-direction, as
may be seen by adding them together, using the proper direction for

each term. Consequently
(=9 ) ™

( dg d'r>
wlr—+H — ) = uw
dt dt

The acceleration of P may now be written as
a = ay, P ay P 2uw. (70)

In this equation the expression a,, = ra 4 re” is the acceleration of
the point A on body m and is the acceleration that P would have if it
were fixed to the path and rotated with the path. The term
ap = du/dt + uo’ is the acceleration which > would have if the path
were fixed and the motion of P along the path were observed. This fact
may be seen more readily when it is observed that the tangential com-
ponent along the path considered as fixed is du/d¢f and the normal com-
ponent is uw’ = pw'? = u%/p. The term 2uw is called the supplementary
or Coriolis acceleration. The acceleration given by Eq. (70) expresses
the so-called theorem of Coriolis. The direction of 2uw is always perpen-
dicular to the velocity u of the point relative to the path. If the vector
w is rotated about its tail in the direction of o, the tip of the veetor u
will move in the proper sense of the vector 2uw.

The analysis of acceleration in mechanisms which involve sliding
contact along rotating members may be solved by the method of this
article.

SAMPLE PROBLEM

768. Determine the angular acceleration of the link 4B in the position shown
if OC has a constant counterclockwise velocity of 4 rad./sce.

Solution: Link OC will be considered as the rotatiug reference body, and the
acceleration of B will be analyzed by Kq. (70). lLet D be the point on OC co-
incident with B at this instant. The first term in this equation is the accelera-
tion of the coincident point on the rotating reference frame and is @, = ap =
OB(wog)?. Point D has no tangential acceleration in this problem. The second
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term is the acceleration of B along the path considered as not rotating. Since
the path is a straight line, this acceleration is merely a, = d%x/dt2. The last
term or Coriolis acceleration is 2uw, where v = dv/dt = vgp.

Pron. 768

It should be apparent that the velocities involved must be obtained first.
From the geometry of the triangle AOB and from the solution of the equation
vy = vp P vp/p shown in the figure, the following values are obtained:

x = 2.901in, u = vpp = 820 in./sec., vg = 14.20 in./sec,
Trom these values the following computations may now be made:

, 2 14.20)2 )
(an)n L (_20)_ = 336 in./sec.® from B to A,
AB 6

an = ap = 1 = (2.90)(4)* = 46.4 in./sec.? from B to O,
2uw = (2)(8 20)(4) = 65.6 in./sec.” in the direction of vp.

The magnitudes of the term (ag), normal to AB and the term a, = d%c/di? are
unknown. Substituting the values just obtained into Eq. (70) and solving for
(ap): give

(ap): = 46.4 + 65.6 — 33.6 P a,.

The solution of this equation is shown by the acceleration polygon in the figure
and results in the values

(an)e = ABaap = 56.6 in./sec.?,
and

Hb. .
aup = -»69 = 9.4 rad./sec.? counterclockwise Ans.
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PROBLEMS

769. When the disk shown is at rest, the pin 4 moves in the circular slot at
the constant counterclockwise rate of 4 rad./sec. If the pin continues to move
in the slot at this same rate relative to the disk,
while the disk accclerates counterclockwise
from rest at the rate of 32 rad./sec.?, determine
the acceleration of the pin when the disk
reaches a velocity of 8 rad./sec. Solve by Eq.
(70) and also by direct consideration of the ab-
solute rotation about O.

770. Assume that the fluid particle P in
Prob. 678 moves with a constant velocity u
measured out along the radial vane of the
centrifugal pump, which turns with a constant
é angular velocity w. Determine the acceleration
"M a of the particle when it is a distance r from

the axis of rotation. (Compare solution by
Pros. 769 Eq. (70) with solution by Eqs. (60).)
Ans. a ~w\/r"’ 2—}-4112

771. Assume that the pump impeller of Prob. 678 has a diameter of 15 in.
and turns at the constant speed of 1800 rev./min. If the total acceleration
of the fluid particles is tangent to the rim just before they leave the rim, find
the acceleration a,, of the particles along and relative to the blades at this posi-
tion. Ans. a, = 22,200 f{ /sec.?

772. Anairplane flies north along a meridian at a constant speed of 600 mu./hr.
Determine the Coriolis component of the acceleration of the awplane when a
latitude of 45 deg. north is reached. The radius of the earth is very nearly
3960 mi., the angular velocity of the carth is 0.729 X 10~ rad./scc., and the
axis of the earth may be considered fixed
in space. (Hint: Consider the projection
of the motion of the airplane on a plane of
rotation of the earth.)

Ans. 2w = 0.0907 ft./sec.? directed west
* 773. The slotted disk shown rotates
with a constant counterclockwisc angular
velocity of 10 rad./sec. During a short
interval of time the arm OA is made to
rotate counterclockwise so that its angle
0 with the radial line OB fixed on the
disk increases at the constant rate of 4
rad./sec. Determine the total acceleration Pros. 773
of C when 6 = 30 deg.
* T74. Find the angular acceleration of link AB in Prob. 768 for the 60 deg.
position shown if OC has a clockwise angular velocity and acceleration of
4 rad./sec. and 8 rad./sec.?, respectively, at this instant.

Ans. aun = 4.70 rad./sec.? counterclockwise

e u

UL Pt
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* 776. The figure shows one of the vanes of a centrifugal pump impeller which
turns with a constant clockwise speed of 300 rev./min. The fluid particles are
observed to have an absolute velocity whose component in the r-direction is
10 ft./sec. at discharge from the vane. LFurthermore, the magnitude of the
velocity of the particles measured relative to the vane is increasing at the rate
of 80 ft./sec.? just before they Jeave the vane. Determine the total acceleration
a of a fluid particle an instant before it leaves the impeller. The radius of curva-
ture p of the vane at its end is 8 in. Ans. a = 360 ft./sec.?

ProB 775



CHAPTER X

Principles of Kinetics

82. Introduction. When a body is subjected to a force system which
is unbalanced, the body is not in cquilibrium and therefore has accel-
erated motion. Kinetics is a study of the relations between unbalanced
force systems and the changes in motion which they produce. The
properties of forces were defined and illustrated in Part I on statics, and
the relations between displacement, velocity, acceleration, and time
were covered in Chapter IX. The remainder of the book concerns the
laws which govern the combination of the two ingredients of kinetics,
force and motion. The basic concepts and definitions presented in
Chapter I are fundamental to the development of kinctics, and a review
of this introduction is strongly recommended before proceeding.

83. The Fundamental Experiment. The basic connection between
force and acceleration is stated by Newton’s second law of motion.
The validity of this law is entirely experimental, and the fundamental
meaning of the law will be described by an ideal experiment in which
force and acceleration are assumed to be measured without error.  Any
particle is isolated in the primary inertial system * and is subjected to
the action of a single force Fi. The acceleration a;, of the particle is
measured, and the ratio F;/a; will be some number C; whose value
depends on the units used for measurement of force and acceleration.
The experiment is now repeated by subjecting the same particle to a
different force Fy and measuring the corresponding acceleration a,.
Again the ratio Fa/as will produce a number Cy. The experiment is
repeated as many times as desired. Two important conclusions may
be drawn from the results. First, the ratios of applied force to corre-
sponding acceleration will all equal the same number, provided the
units for measurement are not changed in the experiments. Thus

— = — =...= — = (, a constant.
ay as a

* The primary inertial system or astronomical frame of reference is an imaginary
set of reference axes attached to the mean position of the so-called ‘“‘fixed’” stars.
See Art. 3, Chapter I.

428
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The constant C' is a measure of some property of the particle which
does not change. This property is the inertia of the particle which is
the resistance to change in velocity. Thus for a particle with high
inertia (large C) the acceleration will be small for a given force F, and,
conversely, if the inertia is small, the acceleration will be large. The
mass m is used as the quantitative measure of inertia, and, therefore,
the expression

C =km

may be written, where £ is a constant to account for the units used.
Thus the experimental relation becomes

F = kma, (71)

where I is the resultant force acting on a particle of mass m, and a is
the resulting acceleration of the particle.

The second conclusion from the ideal experiments is that the accel-
eration is always in the direction of the applied, force. Thus Eq. (71)
is a vector equation which expresses equality of direction as well as mag-
nitude.

Although an actual experiment cannot be performed in the ideal
manner deseribed, the conclusions are inferred from the measurements
of countless accurately performed experiments where the results arc
correctly predicted from the hypothesis of the ideal experiment. The
most accurate check undoubtedly lies in the precise account of the
motions of planets based on Eq. (71).

It should be understood that the results of the fundamental experi-
ment may be obtained only if measurements are made relative to the
“fixed” primary inertial system.* Thus, if the experiment described
were performed on the surface of the earth and all measurements were
made relative to a reference system attached to the earth, the measured
results would show a slight discrepaney upon substitution into Eq. (71).
This diserepancy would be due to the neglect of the components of
acceleration of the earth, and would disappear when these components
were accounted for. The corrections due to the acceleration of the
earth are negligible 7 for almost all practical engineering purposes.

* The theory of relativity demonstrates that there is no such thing as a preferred
primary inertial system and that experiments conduected in reference systems moving
with constant velocity relative to one another will yield exactly the same results.

See the footnote on p. 342 for the numerical magnitude of a relativity effect.
t Equation (71) may be rewritten as

F = m(a,  a.),

in which & is taken as unity and the absolute acceleration a is replaced by the vector
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Thus accelerations measured on the earth’s surface may be treated as
“absolute,” and Eq. (71) may be applied with negligible error to experi-
mental measurements made on the surface of the ecarth.

84. Units. It is customary to take k equal to unity in Eq. (71), which
puts the relation in the usual form of Newton’s second law

F = ma. Q)

A system of units for which k is unity is known as a kinetic system. Thus
for a kinetic system the units of force, mass, and acceleration are not
independent. Also, the engineer uses a gravilational kinetic system in
which the units of, force, length, and time are considered fundamental
and the units of mass are derived from these three. The British gravita-
tional system of units, listed in the table accompanying Art. 6 of Chap-
ter I, is the system used universally by engineers in English-speaking
countries. This table should be studied carefully before proceeding.

The pound is used frequently as a unit of mass as well as a unit of
force. The legal pound in the United States is defined as 0.4535924277
times the mass of the international kilogram. A one pound force is
required to support this portion of the standard kilogram at the standard
conditions of sea level and 45 deg. N latitude or, more precisely, any
location at which g = 32.1740 ft./sec.? At any other location the
force is slightly different because of the variation in the earth’s attrac-
tion. For all practical purposes, however, it may be said that a body
which “weighs” one pound on the surface of the earth has a mass of
one pound. The British pound is the mass of a certain platinum cylinder
kept at the Standards Office in London and is essentially identical with
the United States pound.

A second example of the accepted use of the word pound as a unit of
mass occurs in the expression for the heat or energy content of a unit
quantity of matter. Thus the available encrgy of fuel is expressed as so
many “B.tau./lb.” and means the number of available units of heat

sum of the acccleration a, of the particle measured relative to the earth, and the
acceleration a. of a point on the earth's surface in the primary system.

In the casc of a body falling from rest from an altitvde A the rotation of the earth
gives rise to an eastward acceleration (Coriolis acceleration), and, neglecting air
resistance, it may be shown that the body falls to the ground a distance

east of the point on the ground directly under that fromn which it was dropped. The
angular velocity of the earth is @ = 0729 X 10™* rad./sec., and the latitude, north
or south, is y. At a latitude of 45 deg. and from a height of 200 ft., the eastward de-
flection is z = 0.291 in.
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energy (British thermal units) per pound of mass (not pound of force).
This double standard for the term pound is unfortunate but unavoidable.
The symbols bf. and lbm. are sometimes used to distinguish between
pound-force and pound-mass, respectively. In the British absolute
system the pound is the unit of mass and the poundal is the unit of force.
This system finds little use because the poundal (1/32.2 times the pound
force) is too small a unit for convenience.

85. Motion of a Particle. Consider a particle of mass m subjected to
the action of the concurrent forces Iy, Fy, F3, - -+ whose vector sum is
ZF. Equation (1) becomes

ZF = ma, (72)
which is a vector equation with the components

ZF, = may,

ZF, = ma,, (73)

"
2F, = ma,,

where ZF = \/(EFJ,)2 + (SF)?2 4+ (SF)?and a = \/a,z + a2+ a2
Fiquation (72) is said to be the equation of motion for the particle, and
Egs. (73) are the three equivalent scalar equations of motion. In apply-
ing Eqs. (73) the reference axes may be oriented in any convenient
manner. Thus, if the z-axis 15 chosen to coincide with the direction of
the resultant acceleration a, Iigs. (73) become =F, = ma, ZF, = 0,
ZF. = 0. The particle may then be said to be in equilibrium in so far
as motion in the y- and z-directions is concerned. The equation of
motion may also be considered a differential equation. Thus for motion
in the a-direction the first of Kqgs. (73) may be written as

sp d’r

=T

This form of the motion equation may be used to describe a problem in
which ZF, is given as a function of x or ¢ and where integration of the
equation is necessary to obtain the relationship between x and ¢.

In applying the equations of motion to a particle it. is absolutely neces-
sary to account for all forces acting on the particle. The only forces
which may be neglected are those whose magnitudes are negligible
compared with other forces acting. The forces of mutual attraction
between particles or bodies (except that of the earth) may be neglected.
The vector sum ZF in Eq. (72) and the corresponding scalar sums in
Kgs. (73) refer to all forces acting on the particle in question. The only
reliable way to account accurately for.every force is to isolate the body
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or particle under consideration by drawing its complete and correct
Sree-body diagram where every force, known and unknown, which acts
on the particle is represented. Only after this vital step has been com-
pleted should the application of the equations of motion be attempted.
The free-body diagram serves the same key purpose in kinetics as it
does in statics. This purpose is simply to establish a thoroughly reliable
method for the correct evaluation of the resultant of all real forces acting
on the body in question. In statics this resultant was equated to zero,
while in kinetics it is equated to the product of mass and acceleration.
If the student recognizes that the equations of motion must be taken
literally, and if he respects the exact meaning of the equals sign, very
little difficulty will arise.

86. D’Alembert’s Principle. Equation (72) for the motion of a par-
ticle may be rewritten as

2F — ma =0,

which has the same form as the force equilibrium equation, where the
sum of a number of terms equals zero. Thus, if a fictitious force equal
to ma is applied to the particlein the direction opposite to the accelera-
tion, the particle may be considered to be in equilibrium, and the equa-
tion ZF = 0 may be used where one of the terms is the fictitious ma
force. This hypothetical force which, if applied, would provide equi-
librium with the actual forces is known as the inertia force, since it is
proportional to the mass or inertia of the particle.  This artificial state
of equilibrium is known as dynamic equilibrium. The resultant of the
actual forces is equal to ma and is known as the effective force for the
particle. Ience the equal and opposite inertia force is often called the
reversed ¢ffective force. This viewpoint
is due to DD’Alembert, and the trans-
formation of a problem in dynamics to
K, G ——2% _8. an cquivalent problem in statics is
/ known as D’ Alembert’s principle.
K If the inertia-force method is uscd, the
Fic. 108 fictitious force should be indicated by a
dotted line to distinguish it from the actu-
al forces. This representation is shown in Fig. 108 for the particle of mass
m subject to the action of three actual forces and having an acceleration a.
IY’Alembert’s principle as applied to the motion of a particle offers
no advantage over the straightforward application of the equation of
motion, Eq. (72), where the real forces only are involved. The dynamic
equilibrium method does offer advantage in some instances for describ-
ing the motions of a body (not a particle) under the action of an unbal-

R
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anced tionconcurrent force system. D’Alembert’s principle, explained
here for a particle, will be extended to the cases of rigid body motion in
the chapter which follows.

87. Motion of a System of Particles. The principle of motion for a
single particle will now be extended to eover a system or discrete number
of particles. No restriction will be placed on the manner in which the
particles are connected, and the analysis which follows will apply equally
well to the motion of a solid body, a hquid body, or a defined system of
gas molecules. Such a general system subjected to certain external
forces is represented schematically in Fig. 109, where the dotted envelope
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encompasscs and defines the system at the instant under consideration.
Several particles only of the system are shown. The particle of mass
m, will be selected as a representative particle of the system. The free-
body diagram of m, is drawn to the right of the system and shows the
particle under the action of forces Fy, 5, F3, - - -, which are applied
from sources external to the envelope, and forces fy, f, fs, - -+, which
are applied from sources internal to the envelope.

As a result of the forces acting on m, the particle has an acceleration
component in the w-direction at the instant considered, and the first
of Eqgs. (73) requires

Fy, + Fz, + I“xx +etfr, L+ Js, +-- = ma,,.

Similar equations may be written for all particles of the system, and,
when added together, they give

IF. + Zf. = Zma,,

The symbol ZF, stands for the algebraic sum of the z-components of
all forces applied externally to the envelope or system. This sum of
external forces includes not only mechanically applied contact forces
but also all body forces applied by remote action such as gravity forces
(weights) or electrical and magnetic forces. The term Zf; is the alge-
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braic sum of the z-components of all internal forces. This latter sum
vanishes since, by Newton’s third law, each internal action on one par-
ticle is accompanied by an equal and opposite internal reaction on its
neighboring particle, and the net effect for each and all such pairs of
forces is zero. The expression Zm,a,, represents the algebraic sum of the
products of the mass of each particle and its corresponding z-component
of acceleration. The remaining relation is now

EF;,; = Em,aiz.

This equation may be interpreted by introducing the position of the
center of mass @ of the system. The z-coordinate of G is # and is located
by the principle of moments which requires that

mI = myxy + Mmoxy + maxz + - - = Im,x;.

The total mass of the system is m = Zm,. Two successive differentia-
tions with respect to the time yield
% d?r,
m— = Zm, —
dl dt
The symbol d, is the x-component, of the acceleration of the center of
mass ¢. This last summation is identical with that in the combined
motion equations so that ZF, = ma,. Similar analyses in the y- and
z-directions hold, and therefore the three resulting equations are

or ma; = Im,a,,.

2F, = ma,,
3F, = ma,, (19

2F, = ma,.

These equations express the fact that the resultant in any direction of
all external forces acting on the system equals the total mass of the
system times the component of the acceleration of the mass center in
that direction. Kquations (74) are the three sealar components of the
single vector equation

ZF = ma. (76)

Equation (75) states that the vector resultant of all external forces
acting on the system equals the total mass of the system times the accel-
eration of the center of mass and that the acceleration is in the direction
of the resultant force. This statement, or the equivalent ones for Eqs.
(74), constitutes the principle of motion of the mass center. This princi-
ple is one of the most important of the derived relations in mechanies
because it finds direct and repeated use in most of the problems that
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follow. Equation (75), although identical in form with Eq. (1) for a
particle, may not be inferred from Eq. (1) but must be proved.
Equation (75) is a vector equation, and, hence, the equals sign signifies
cquality in magnitude and direction. It must not be assumed, however,
that the resultant force ZF passes through the center of mass . There
is no step in the foregoing proof which depends on the position of ZF
or any of its components, and, therefore, it must be assumed that, in
general, F does not pass through G.  The location of ZF for the various
types of rigid body motion will be established in the following chapter.

It should be recalled from the principles of statics (see Chapter 11
of Part I: Statics) that the most general force system may be expressed
in terms of the resultant force 2F applied at any point and the corre-
sponding resultant couple XM whose magnitude and direction depend
on the line of action chosen for TF. The general force system may be
considered, then, as the resultant force EF acting through ¢ and a
corresponding resultant couple M as represented in Fig. 110a. If
IF = 0, Fig. 110b, there can be no acceleration @ of the mass center
@, and the effect of A/ is to govern the rotational motion about G.
Conversely, if £ = 0, with 2F passicg through G, Fig. 110c, there
will be a translational acceleration @ of the system as a whole. If both
IF and M are zero, the system is in complete external equilibrium,
whereas, if neither TF nor T/ is zero, both linear and angular motion
of the system will result. Although these conclusions hold for any
material system, they are more easily visualized and find more ready
application for the motion of solid bodies.

The principles developed in this chapter will now be applied to the
various types of rigid body motion in the chapter which follows.



CHAPTER XI

Force, Mass, and Acceleration

88. Introduction.: In this chapter the equation of motion for a par-
ticle and the principle of motion of the mass center for a system of par-
ticles, which were discussed in Chapter X, will be used to describe the
translation, rotation, and plane motion of rigid bodies. The order in
which these motions will be deseribed is identical with the order used
in Chapter 1X, where the kinematics of these motions was developed
The procedure to be used in all problem work which follows was de-
veloped in the work in statics. (Refer to Part I of Mechanics and to
Art. 10, Chapter I, in particular.) In this procedure it should be em-
phasized that the isolation of ‘the body in question, or the group of
connected bodies considered as a single body, by means of a complete
Jree-body diagram is essential to the application of the equations of
motion,

PART 4. RECTILINEAR TRANSLATION

89. Analysis as a Particle. When the forces acting on a body having
translation are concurrent at its center of mass, the dimensions of the
body will not be involved. Therefore Newton’s sccond law of motion

2F = ma (72)

or the equivalent scalar components, Eqgs. (73), may be applied directly
to the body. It should be noted that a is the absolute acceleration in
this fundamental equation, and that ZF and a are both measured posi-
tive in the same sense. .

If the forces are constant, the acceleration of the translating body
will also be constant, and, hence, the kinematical relations given by
Egs. (51), (52), and (563) may be applied as needed to find the velocity
and displacement. If the forces are not constant but are functions of the
time or displacement, for example, then it will be necessary to integrate
Eq. (72) written in the form of a differential equation. A common type
of motion which involves variable force occurs in periodic vibrations,
which are discussed in Chapter XIV.

436
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When two or more accelerating bodies are connected, and if it is not
desired to find the forces in the connections, it is often convenient to
consider the bodies and their connections as a single system, thus elimi-
naling any reference to the forees in the connections, which then become
fternal forces.

SAMPLE PROBLEMS

776. A 161 lh. man stands on a platform scale in an elevator. For the first
3 sec., starting from rest, the scale reads 181 Ib. Find the velocity of the
elevator at the end of the 3 see. and the tension T' in the supporting cable for
the elevator during the aceeleration period.  The total weight of elevator, man,
and seale is 1610 1h.

x
[}
]
1
|
|
x T
|
|
|
|
161 1b.
181 1b.
1610 1b.

ProB 776

Solution: The vertical distance traveled and the cable tension will depend on
the initial acceleration. This acceleration is obtained by considering the two
forces acting on the man during the first 3 sec.  The free-body diagram of the
man is first drawn as indicated.  Next the equation of motion is applied which is

161

SF, = ma,] 181 — 161 = 399 o a, = 4 ft./sec.2 up.

The velocity reached at the end of the 3 sec. is
[0 = at] v =14 X3 =12 ft./sec. Ans.

The tension in the cable is obtained from the free-body diagram of the elevator
and its contents considered together. Thus

1610

523 X 4, T = 1810 ]b Ans.

[ZF; = ma,] T — 1610 =
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T777. Find the vertical distance s through which the 650 Ib. weight has moved
during 4 sec. following its release from rest and determine the tension T in the
cable. The friction and weight of the pulleys are negligible.

Solution: The distance moved in the given time will depend on the accelera-
tion, which is determined from the force analysis of each of the weights. The
direction of movement of the 500 Ib. block is not given so must be cither as-
sumed or determined. It may be determined by considering the system without
friction, and in this event an additional force of 500 sin 60° — (650/2) = 108 Ib.
would be required on the block in the direction up the plane to hold it in equilib-

TT
T
500 1b.
2a
/ N =250 b, o
. \ x
x '
F=02N |
=50 1b. aT
650 Ib.
650 1b
Pros. 777

rium. This foree is greater than the friction force of 0.2N = 0.2 X 500 X 0.5 =
50 1b., so that, if the supposed 108 Ib. force is released, frietion would be insufli-
cient to prevent movement down the plane. Thus the direction of the friction
force is established, and the correet free-body diagrams are drawn with the
directions of the accelerations indicated. It should be clear that the accelera-
tion of the 500 Ib. weight is twice that of the 650 1b. weight. Also with negligible
mass of the small pulleys and no appreciable {riction in their bearings there is a
negligible unbalance of forces and moments required for their accelerations.
Hence the small pulleys may be treated as though they were in equilibrium.
The equation of motion for the 500 Ib. block is
500

[ZF, = ma,) 500 sin 60° — 50 — 1" = 399 X 2a,
and that for the 650 lb. weight is

650
[ZF, = ma,] 2T — 650 = 3—2—2(1

Solution of these two equations gives

a = 141 ft./sec.? and T =339 b. Ans,
Thus in 4 sec. the 650 1b. weight moves
[s = }at?] s =% X 141 X 42 = 11.28 ft. up. Ans.
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PROBLEMS

778. In the position shown the link 4 of negligible weight is under a tension
of 60 Ih. Tind the acceleration a of the 50 Ib. collar B along the fixed vertical
shaft if the coeflicient of friction is 0.20 and the collar is moving down the shaft.

Ans. = 6.19 ft./sec.?

Pros. 778

T79. A car left skid marks from all four wheels on a level road for a distance
of 40 ft. before coming to a stop. Determine the velocity v of the car when the
brakes were applied. The coeflicient of kinetic friction between the tires and
the pavement may be taken as 0.8.

780. The resultant horizontal foree on a small object of weight W which
moves in a straight line on a horizontal plane is 10 Ib.  The displacement of the
object 15 given by s = 4 4 2t 4+ 10t%, where s is in feet and ¢ is in seconds.
Determine W Ans. W =16.11b.

781. The small ball is suspended by a cord from an object which moves with

a constant acceleration a to the right. Determine the angle 8 assumed by the
cord.

¢ ==

Pros. 781 Pros 782

782. A linear accelerometer is an instrument for measuring linear accelera-
tions. One type, shown in the figure, consists of a bar of weight W attached
at its ends to two small cantilever beams 4 and B whose weights are small
compared with W. If a static force k, applied to the end of the bar in the direc-
tion of the bar, causes unit deflection, determine the deflection = due to an

acceleration a. Wa

Ans. = = T



440 Force, Mass, and Acceleration

783. The supporting cable for the 2000 lb. elevator is wrapped several times
around the 3 ft. hoisting drum and leads to the counterweight, which also weighs
2000 Ib. If the motor supplies a starting torque of 600 Ib. ft. in either direction
to the drum, find the acceleration of the elevator. Neglect the relatively small
mass of the drum and any frictional resistance.

ProB 783 Pros. 784

784. A 150 Ib. man hoists himself on a bosun’s chair as shown. If, for a short
interval, he exerts a pull of 80 1. on the rope, find his acceleration,
Ans. a = 2.15 ft./sec.? up
785. Determine the necessary acceleration a to the left which the vertical
plate A must have so that the slider B will remain in a fixed position relative to
the smooth slot.

Prosg. 785 Pros.. 786

786. Find the constant force P necessary to give the 20 Ib. block a velocity
of 16 ft./sec. up the plane after 4 sec., starting from rest. Neglect the weight
of the pulley. Ans. P = 60.0 Ib.
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787. The pulley is fixed so that it cannot rotate. Determine the larger of the
two tensions 7' in the cable and the acceleration a of the blocks. The coefficient
of kinetie friction for the cable and pulley is 0.15.

250 1b
100 1b P

Pros. 787 Prog. 788 ProB 789

788. The 32.2 Ib. sliding block moves in the smooth vertical guide under the
action of a forece P applied to the cable as shown. The separate cables are
wound around the light pulleys, which are fastened together and whien are
perfectly free to turn about their common shaft. The diameter of the larger
pulley is twice that of the smaller one. Determine the acceleration a of the
block for (a) P = 35 1b. and (b)) P = 30 1b  (Hint: The integral pulley may be
treated as a body in equilibrium since its mass is negligible.)

Ans. (a) a = 2.8 ft./sec.? up,
b) a = 2.2 ft./sec.? down

789. A platform together with the load it carries weighs 600 Ib. and is raised
by winding the supporting cable around the drum A, which is driven by the
motor and gear unit B. If this unit supplies a starting torque of 250 lb. ft. to
the drum, find the initial acceleration a of the platform. The weight of the
drum is small and may be neglected. Ans. a = 8.05 ft./sec.? up

790. The box car is accelerating down the inclined track under the action of
its own weight and with negligible friction. Show that an object dropped from
point A will strike the floor at point B regardless of the angle 6.
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791. A tank of water has a constant horizontal acceleration a. Determine
the angle 6 made by the surface with the horizontal. (Hnt: Relate the forces
acting on a small triangular element of the fluid at the surface to its known
motion.)

792. Small objects leave the assembly line at the rate of one every second
from a conveyor belt traveling at the lineal speed of 2 ft./sec. The objects
enter the chute with this initial velocity and slide to the floor below where a
second conveyor belt takes them to the shipping department. The coefficient
of friction for the parts on the steel chute is found to be 15. What would be the
required velocity » of the lower conveyor in order that there be no slipping of
the parts when they are deposited horizontally on the belt?

Ans. v = 11.52 ft./sec.

2 ft [sec
-

F]U F;’1
! ) (©
10’ s —

Prog. 792

793. A small block is given an initial velocity of 8 ft./sec. (absolute) up the
moving belt from position A. The endless belt is traveling down with a speed
of 2 ft./sec. If the coefficients of static and kinetic friction are both !, find
the absolute velocity v of the block when it returns to position A. Assume the
block does not reach the upper extremity of the belt. Ans. v = 5.83 ft./sec.

Pros. 793

794. The elevator in a vertical mine shaft weighs 3000 Ib. loaded and requires
24 sec. to descend 300 ft. from rest until it stops at the bottom. The velocity
of the elevator is 15 ft./sec. except during the starting and stopping periods.
If the tension in the cable supporting the elevator is 2700 Ib. during the starting
period, what is its value during the stopping period, assuming constant decelera-
tion?

796. In the Scotch yoke mechanism shown the 2 lb. piston and the 5 Ib. con-
necting link are driven by the pin 4 in the flywheel. At the position shown the
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angular velocity and angular acceleration of the wheel are 18 rad./sec. and
72 rad./sec.?, respectively, both counterclockwise, Determine the force A
exerted by the pin on the link and find the total force B on the piston pin for
this position, Ans. A =967 1b., B =2761b.

GHIII TSI TIIIIIIAI AT,

%
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N

Pros. 795

796. A small steel block is “weighed”’ by a spring balance in the gondola of a
balloon which is at rest at an altitude of 20 mi. above the earth, and a value
of 1.200 Ib. is recorded. The block is placed on a perfectly smooth horizontal
surface in the gondola and subjected to a horizontal force of 14 Ib. Find the
acceleration a of the block. Take the radius of the earth
to be 4000 mi. and the acceleration of gravity at the surface of
the earth to be 32.17 ft./sec.? Ans. a = 13.26 ft./sec.?

797. A small block is given an initial velocity v measured
along the floor of an clevator moving with a downward
acceleration a.  Because of friction the block moves a
distance s; measured along the floor before it stops sliding.
The experiment is repeated with the same initial veloeity
relative to the floor when the elevator has an upward ac-
celeration of the same magnitude a, and the block slides a
shorter distance s, Determine the elevator accelerations a.
81 — 82
S|+ 82

798. Determine the acceleration of cach of the identical
metal cylinders if the pulleys and cables have negligible
weight and friction is too small to be considered.

799. The resistance to motion of a boat varies directly as the square of its
velocity through the water. When the sailboat shown is towed at a speed of
4 mi./hr. with sails furled, the towing line is under a tension of 22 1lb. When the
boat is sailing in the direction of the wind,
the force P exerted on the sails is proportional
to the effective sail area A and the square of
the velocity v, of the wind relative to the boat.
This relation is P = 0.0024Av,2, where the

Pros. 799 terms are in foot-pound-second units. If
the effective sail area is 200 ft.2, what

velocity does the boat reach on the course indicated in a 15 mi./hr. wind?
Ans. v = 7.0 mi./hr.

Ans. a=g

Pros. 798
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800. The chain is released from rest in the position shown and slides on the
smooth surface through the opening and over the edge. Determine the velocity
v of the chain when the last link has left the

L6t edge.

%—1 801. Assume that the surface on which the
chain of Prob. 800 slides is not smooth and that
the cocfficient of friction is f.  Determine the ve-

J locity v of the chain when the last link leaves the

ProB. 800 edge if the chain was started from rest with a suffi-

cient number of links over the edge to overcome

friction on the rema,mmg links and barely initiate motion. Neglect friction at
the edge. ol
. Ans. v = i
147

* 802. Assume that the plate in Prob. 785 is in the horizontal plane and that
the slider block weighs 1.611b.  If the plate is given an acceleration of 10 ft./sec.?
to the right, determine the force F' exerted by the guide on the block and the
time ¢ required for the block to move across
the smooth slot if it starts from C at rest
relative to the plate. .

* 803. The polishing disk shown rotates % ///’ | A\
counterclockwise. A small metalfic speci- i LD
men is placed on the disk at A in the
smooth slot of the fixed supporting rail
and released from rest. Determine the |
velocity v of the specimen as it passes ‘
the vertical center line of the disk if the i
coefficient of frietion between the specimen

and the disk is f.  Assume that w is large | I
so that the velocity of the point on the = —
disk under the specimen is large compared T

with v and hence that the friction force M

is always normal to the radial line joining ‘T’

A with the center of the disk.

1 + sin @ Pros. 803
= log — 0%
! \/fgb sin @

* 804. Pulley A is moved vertl(‘a]ly down with a constant velocity » by the
action of a variable force P. Determine P
as a function of x. Negleet the weight and
radius of the pulleys.

Ans. P = 2Wx[

202b? i 1 ]
glo* + 1% /b + o2
* 806. A small steel ball of weight W and diam-
eter D is released from rest on a smooth hori-
zontal surface with its center a distance s from
Pror 804 the vertical vole face of a magnet. Determine
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the velocity » with which the ball strikes the face. The opposite pole of the
magnet is assumed to be at a considerable distance from the ball so that the
attractive force varies inversely as the square of the distance from the pole
face to the center of the ball. Also, a force P, normal to the pole face, is re-
quired to dislodge the ball when it rests against the face.

Ans. v = Py (‘ - lg)
* 806. In theory an object projected vertically up from the surface of the earth
with o sufliciently high velocity » can escape from the carth’s field of influence.
Caleulate this velocity on the basis of the absence of an atmosphere to offer
resistance due to air friction.  The radius R of the earth is very nearly 4000 mi.

Ans. » = \/2(7? = 6.98 mi./sec.
* 807. A small steel ball of weight I is released from rest in a liquid which
resists the fall with a force F proportional to the square of the velocity of the
ball (F = k1?). Determine the velocity of the ball after it has

fallen a distance h. o —v
Ans. v = \/T (1 — o= 2rm/wy 7]

* 808. The end of a coil of flexible rope of total length L and
weight p per unit length is run over a small pulley with negligible
weight and bearing friction and brought down to a position very h
slightly below the coil.  The small unbalanee causes the rope to
accelerate from rest and uncoil the remainder of the rope.
Find the velocity v of the rope as the coiled end leaves the

platform. V£
ol er s an e 2hY "%3
Ans. 0= \/2{/ (L — 2h + 2h log ]—)

Pros. 808

90. Rectilinear Translation of a Rigid Body. When a rigid body is
translating under the action of a system of external forces whose lines
of action are not concurrent, it is often necessary to consider the loca-
tions of the forces on the body. In this event treatment of the body as
a moving particle is not sufficient.

It was shown in Art. 87, Chapter X, that, if the resultant moment of

all external forces on a body is zero

y .

| about any and every axis through
E"L‘:.o the mass center @G, the body has
_:G" _’{___x o & translatory acceleration only, and

the resultant of the external forces
acting on the body passes through
I G. This important conclusion may

‘1G. 111 ;
be reached in another way by ref-
erence to the translating body shown in Fig. 111. The r-axis is chosen
to coincide with- the direction of the acceleration, and the external
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forces have been replaced by their resultant R, which is in the direction
of @ and whose line of action is assumed temporarily not to pass through
(. The resultant (effective) force on any particle of mass m; is m,a,
where a is the common acceleration of all particles. The resultant is
R = ma = Zm,a, and the principle of moments about G gives

RY = Zmay = aZmy = ajm = 0 since j = 0.

Hence ¥ = 0. In a similar manner Z, the z-distance of R from G, is
zero, and the resultant therefore passes through ¢. Thus the resultant
R of the external forces on a translating body, Fig. 112a, always passes

T Tre. 112

through the center of mass, Fig. 112b. For translation in the z—y plane
the equations of motion are seen from the latter figure to be

ZF, = ma,,
2F, = may,, (76)
SM =0 or XMy =0 or ZM, = mad.

In the event that there are forces in the z-direction, then ZF, = 0 must
also hold. The first two of Eqs. (76) need no further explanation. The
third condition may be written in any one of the three ways. In the
first of the three moment equations the bar refers to the center of mass
G as the moment center. From Fig. 1120 it is perfectly clear that the
moment of all forces about any point O on the line of action of their
resultant B must also equal zero. A point 4 not on the line of action
of R may also be used as a moment center. In this event the sum of
the moments of all external forces about A equals the moment of their
sum, which is Rd = mad. For A below R the moment summation is
positive in the clockwise sense, whereas for A above R the counterclock-
wise sense would be positive.

An alternative method for solving the translation problem by utilizing
ID’Alembert’s principle may be employed. If a force ma equal and oppo-
site to the resultant R were applied through G, the body would be in
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equilibrium. This force is represented by the dotted arrow on the free-
body diagram of the body, Fig. 113, which had a translational accelera-
tion a bhefore the hypothetical force was applied. This fictitious force
ma is known as the inertia force or reversed effective force for the body.
With the inertia force represented on the free-body diagram the body
may be considered to be in equilibrium, and the equations of equi-
librium
SF,=0, XF,=0, =M=0

may be applied. The inertia force appears in these equations the same
as any other force, and the moment equilibrium equation mav he eval-
uated about any moment center.

The fictitious state of equilib-
rium created by the addition of the
inertia force is known as dynamic
equilibrium. ‘These two words are
intrinsically  contradictory, but
are deseriptive since the dynamics
problem has been transformed
into an equivalent statics problem.
Before the method of dynamic Fie 113
equilibrium is used it is absolutely
essential to understand that the inertia force is not a real force. Conse-
quenily it is highly desirable that the inertia force be indicated by a
dotted line to distinguish it from the gravity forces and all other forces
actually applied.

The dynamie equilibrium method offers particular advantage for
the solution of problems which involve interconnected bodies whose
configuration depends on the acceleration. (See the mechanisms repre-
sented in Probs. 824, 827, and 830.) In such cases the fictitious inertia
forces may be added to produce the equivalent equilibrium problem,
and solution may be cffected by the principle of virtual work. (See
Chapter VIIL of Part 1.) In this way it becomes unnecessary to dis-
member the mechanism, and the internal forces of action and reaction
in the connections are not involved directly.

1t is recommended that ample practice with both methods of solution
be gained in the problems which follow. If the translation is solved
direetly as a dynamices problem where the free-body diagram includes
only the actual forces, then the principles which should be stated in the
solution are those of Iigs. (76). On the other hand, if the body is placed
in dynamic equilibrium with the addition of the inertia force, then the
principles which.should be stated are the equilibrium equations. The
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principles stated must agree with the free-body diagram. A careless
mixture of principles and method leads to difficulty.

SAMPLE PROBLEM

809. The 3220 lb. car shown has a forward acceleration on the level road of
16.1 ft./sec.? Determine the normal reactions Ny and N under each pair of
wheels and find the coefficient of friction f between the tires and the road if the
rear wheels are on the verge of slipping.

sa =161 ft./sec?
———

N\
G 24"
- 0)_ Ll £y 2
T, S
3220 1b. A F
60"———<— 60"—>
N N,
Solution I

Solution IT
Pros 809

Solution I: In this solution the equations of motion will be applied directly
to the upper free-body diagram of the car, which shows only the actual forces
acting on the car. It will be assumed that the weight of the wheels is small
compared with the total weight of the car; otherwise it would be necessary to
consider the forces required to produce the angular acceleration of the wheels.
The third of the alternative moment relations of Eqs. (76) will eliminate N,
and F when applied about the rear wheel contact as a moment center. The
direction for positive ZM is counterclockwise about this point since the resultant
ma is directed to the left through . Thus

[EMy, = mad] 3220 X 5 — 10N, = 100 X 16.1 X 2, N, =12881b. Ans.
The remaining two principles give

[ZF; = ma,] F =100 X 16.1 = 1610 Ib.,

[ZF, = 0] 1288 + N; — 3220 = 0, N, =19321b. Ans.
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If the rear wheels are on the verge of slipping, the friction force F is the limiting
value, and, hence, the coefficient of friction is

_F 1610

= ]\72 = @ = 0.834. Ans.

Solution I1: For the second method the car is put in dynamic equilibrium by
the addition of the fictitious inertia force ma through the center of mass G
and in the direction opposite to the acceleration as shown in the lower free-body
diagram. With this supposed force in place the ecar would be in equilibrium.
The principles of equilibrium are used to obtain

[EMy, = 0] 3220 X 5 — 10Ny — 1610 X 2 = 0, N; = 1288 1b.,

SF, = 0] F—1610 =0, F=16101b.,
[SF, = 0] 1288 + Ny — 3220 = 0, Ny = 1932 Ib.

These resulting equations are identical with those in Solution I, and the
equivalence of the two formulations of the problem should be recognized.

PROBLEMS

810. The end deflection of a uniform horizontal cantilever beam of weight W
and length lis 6§ = WB/8KI, where K is the modulus of elasticity of the material
and I is the moment of inertia of the beam section. If such a beam is given a
vertical acceleration, find the end deflection.

3
Ans. o Wt

= Sul (1 + g) + up, — down

811. One type of instrument for measuring aceelerations is known as a classify-
ing accelerometer and indicates whether an acceleration is greater or less than
some preseribed value. The device shown may be used as

such an instrument. When the acecleration to the left e
exceeds a certain eritical value, the uniform bar of weight ‘ - .
W rotates slightly against the spring and opens the elec- 1 1! g
trical contacts. If the bar weighs 8 oz. and the spring 1"
has a stiffness of 20 Ib./in., how many M fi:—g
turns N of the adjusting screw from l
the position of initial contact of the g /7
spring with the bar are required to
pre-set the device for an acceleration /’/’/
of 12g? The screw has 40 single C 7 |
threads per inch. Pros. 811

812. A uniform rod of length
and weight W is clamped at its upper end as shown and
given a linear acceleration a in a direction normal to
its length. Determine the moment M exerted on the beam
Pros 812 at the support.
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813. A stunt car, shown in the figure, which will turn a forward somersault
when the brakes are applied, is to be built from an existing car by removing
a section of the frame to produce a short wheel base b. If the center of gravity
of the car is 3.5 ft. above the road and is midway between the wheels, and if the
greatest dependable coefficient of friction between the tires and the road is 0.8,
find the maximum permissible value of b. Neglect the weight of the wheels.

Ans. b= 5.6 ft.

Pros 813

814. Find the maximum velocity » which the bus can reach in a distance s
from rest without slipping its rear driving wheels if the coefficient of friction
between the tires and the road is f. Neglect the weight of the wheels.

" fhgs
Ans. = -
ns. v b— Jh

Proe 814

816. The proposed overhead monorail car shown is to be driven by one of its
two wheels. Select the one for which the acceleration of the car would be the
greater without slipping the wheel and compute the corresponding maximum
acceleration if the coeflicient of friction between the wheels and the rail is 0.30.
The center of gravity of the car is to be at . Neglect the small part of the
friction force necessary to give the wheels their angular aceeleration.

16— 16’—%
m ==
A

T Z' %

&
Ne AlZP 2 )
L’ - %) @G__@@ =2

= e

Pros. 815
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816. Assume that the driver of the car shown with Sample Prob. 809 applies
the brakes so that all four wheels slide when the car is going down a slope of
1 to 4. Find the total normal forece Ny under the front pair of wheels if the
cocfficient of friction hetween the tires and the road is 0.80.

Ans. Ny = 2060 Ib.

817. The angle 6 shown is large enough to cause the homogeneous rectangular
crate to slide. If the coefficient of friction is 0.20, find the acceleration a
of the crate in terms of 6 and find the distance x from the forward edge
of the crate at which the resultant force between the incline and the crate acts.

Pros. 817 ProsB. §18

818. A straight rod is suspended from the ceiling of the railroad car shown
so that the rod may swing freely in the vertical plane. As the train is zoing
down a grade inchned an angle o with the horizontal, the brakes are applied,
and the train has a uniform deceleration a.  During this period the bar makes an
angle 6 with the perpendicular to the tracks. Find a.

A = Nin6-a
=0 TS

819. A water heater is placed on the horizontal bed of a truck. The base of
the four legs forms a 12 in. square as shown, and the center of gravity of the
heater is 3 ft. above its base. The coefficient of friction between the legs and
the truck bed 1s 0.25.  TIf the driver forgets to secure the heater with the ropes
shown, find the forward acceleration a at which the heater tips or slips.

Ans.  a = 5.37 {t./sec.? tips

Pros 810
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820. With the water heater in Prob. 819 secured to the back of the cab of
the truck with the rope in a horizontal plane as shown, find the acceleration a
at which the heater would slip on the bed of the truck. The other data of
Prob. 819 remain the same.

821. A 150 Ib. force is applied to the homogeneous 100 lb. box as shown.
The coefficient of friction is 0.30. Find the limiting values of A such that the
box will slide without tipping about either the front edge or the rear cdge.

Ans.  hpax = 11.33 in., Ay, = 4.67 in.

v
3’ \
ll! A
|1 S
[ Ge ! ‘
Ao 2
L
2
[Day a4 |
z 1 60°
Pros 821 Pron. 822

822. Determine the maximum counterweight W so that the empty 300 Ib.
skip with center of gravity at G will not overturn about its upper wheels. Neg-
lect the weights of the pulleys and wheels and any friction in the bearings.

823. A 3000 Ib. milling machine with center of gravity at @ is to be hoisted
on rollers from the position shown to the bed of the truck. When the power
for the winch is applied, the cable tension is momentarily 50 per cent greater
than that necessary to maintain equilibrium of the milling machine with both
vollers on the incline. Determine the reactions on the rollers A and B at the
instant of this maximum tension. Negleet friction on the rollers compared with
the other forces acting,. Ans. A = 831 1h., B = 2530 Ib.

Pros. 823
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824. Each of the two uniform and identical links has a weight W. Find the
angle 6 when they are accelerating under a constant force P. Negleet the
weight of the wheels.

826. A chan of length L and weight u
per unit length is suspended at one end
from a body which moves with constant
horizontal acceleration a. Prove that the
chain hangs in a straight line which
makes an angle 8 = tan~' (¢/g) with the
vertical.

826. Ilach of the two identical bars
shown weighs 2 1b., is uniform, and is
freely pivoted on the moving frame A.
The bars are conneeted by two light, flex- Pros. 824
ible wires.  Show that the angular position
of the bars about their pivots is not influenced by any translational acceleration
of A. Find the tension T in the tight wire if 4 has a horizontal acceleration of
2g and the bars are vertical. Ans. T =61b.

10"
[ T
HAE
| 2"
I ¥
10”
4L
ProB. 826 Pros. 827

* 827. Kach of the four identical links has a weight W and a length b. The
connecting spring of stiffness & maintains an equilibrium position of § = 45 deg.
when the linkage is suspended from A and is at rest. Determine the angle 6
when the upward acceleration produced by a force P has been increased
smoothly to an amount a. (Suggestion: Create dynamic equilibrium and apply

the principle of virtual work.)
p p w (1 + E) ]
g 1

—_ -1 . I
Ans. 0 = cos [ kb—-—~+\/2
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* 828. The supporting base A is given an acceleration of 3g in the direction
shown. Determine the force acting on the connecting pin at B if the uniform
angle BE weighs 8 Ib. and the uniform link BC weighs 3 Ib.

Ans. B = 30.7 Ib.

a=23g

°

— — - Horizontal

.‘-——.6" 12!1
Pros. 828

* 829. The road grader of Prob. 123 is shown again herc. The tandem unit 4
weighs 6500 Ib. and is frecly pivoted to the motive unit B at O, which is also
the center of gravity of A. Unit B alone weighs 22,000 Ib. including wheels €,
and its center of gravity is 54 in. above the road and 81 in. to the right of 0.
The diameter of each of the tires is 48 in. Find the mimmum distance s in
which the grader can stop when traveling on a level highway at 25 mi./hr,
(blade retracted) so that the rear pair of wheels of the tandem unit 4 will not
lift off the road. Ans. s = 27.1ft.

¢
V. /////K////,/ B I S A
30 " | 30 n 1 80"

Pros. 829

* 830. The device shown is in the horizontal plane and has the configuration
indicated when at rest with no force in the spring. If the acceleration of 4 is
increased gradually to the value a, each sector assumes a new angula. position
about the pivots marked 0. Design the spring by specifying its modulus &
so that the central rack moves 1 in. to the left relative to the frame under a
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constant acceleration of @ = 2g. Each scctor unit weighs 3 Ib. with center of
gravity at @, and the central rack weighs 2 Ib.  (Suggestion: Create dynamie
cquilibrium and use the method of virtual work.) Ans. k = 3.56 Ib./in.

Pros. 830

PART B. CURVILINEAR TRANSLATION

91. Analysis as a Particle. In Art. 89 it was shown that a trans-
lating body subjected to a system of forees concurrent at the center of
mass may be analyzed as though it were a particle. This condition
holds for either type of translation, rectilinear or curvilinear. With
rectilinear translation the resultant foree on the body is in the constant
direction of the acceleration. In curvilinear translation the direction
of the resultant force will usually vary but always coincides with the
direction of the resultant acceleration at every instant.

In Arts. 71, 72, and 73 of Chapter I1X plane curvilinear translation
was described in terms of rectangular components, normal and tangen-
tial components, and polar components. Regardless of the description,
of course, the resultant force on the body (particle) is always given by

SF = ma

in both magnitude and direction. The most useful description is that
of expressing the acceleration in terms of its component normal to the
curve, a, = v?/p, and its component, tangent to the curve, a, = d{v[/dt,
where the meaning of the symbols is the same as that established in
Chapter IX. Thus, in terms of tangential and normal components of
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acceleration, the equations of motion for a particle having curvilinear
translation are

vZ
ZF, = ma, = mF,
(T
dlv|
ZF, =ma, = m—-
dt

When the motion is circular and the radius of curvature p is the constant
radius r of the circle, the tangential acceleration becomes a, = d|v| /dt
= ((rw)/dt = ra.*

Equations (77) must be applied literally. The normal acceleration,
an = v%/p, is always directed loward the center of curvature, and, there-
fore, the summation ZF, must be taken in that same sense. Likewise
the summation ZF; must be taken in the same sense as the time rate
of change of the magnitude of the velocity along the curve.

SAMPLE PROBLEMS

831. Conical Pendulum. A small weight W is suspended by a light arm or
wire of length I and made to revolve in a horizontal circle with a constant angular
velocity w. Locate the plane of the circular motion by finding & and ealculate
the tension 7' in the supporting member.

w2
——— - Trw
(a)

w w
Pros 831

(b

Solution: For constant speed of rotation the conical pendulum will assume a
position for which 6, &, and r will have fixed values. The free-body diagram (a)
of the particle in this position discloses only two real forces acting on it, its weight

*This relation holds also at points on a curved path for which the radius of curva-
ture is a maximum or a minimum given by dp/dt = 0. At all other points

d( de d*  dpds
a

“ala)=raEtaa
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W and the tension T. The first of Eqs. (77) and the equilibrium requirement
for the vertical direction give

|ZF,, = ma,) Tsinf = — rw?,
9
[ZF, = 0] Tcost = W.
Substitution of r = ! sin 8 into the first equation gives
w
= — lw? Ans.
g

Division of the first equation by the second and substitution of & = I cos 8 give
=2 Ans.

This last result shows that the distance & from the plane of rotation to the
point of support is the same for all conical pendulums which rotate at the same
rate, irrespective of their length 1.

The term “‘centrifugal force” is often used (misused) in connection with this
and similar problems of rotating bodies. Examination of the free-body diagram
(a) of the particle discloses the two forces 7' and W only. Neither of these forces
is centrifugal, which means “away from the center.”” The word “centripetal”
means “toward the center,” and, therefore, the component 7 sin @ is properly
known as a centripetal force. There is no actual centrifugal force acting on the
particle.

If the particle is analyzed by IY’Alembert’s principle, then the fictitious
inertia force, ma, = (W/g)rw? is added in the direction opposite to the accelera-
tion to produce dynamie equilibrium as shown by the dotted line in diagram (b).
This hypothetical inertia force is away from the center of rotation and is referred
to as the centrifugal force. It must be clearly
understood that the so-called centrifugal force -
is not a real force. I)’Alembert’s principle
offers no particular advantage in the analysis
of this problem or other similar problems in-
volving concurrent forces.

832. A small object slides on a smooth
vertical curve and has an initial velocity
vy at a point A as shown. Determine the
velocity v of the object after it has de-
scended a vertical distance h and write
the expression for the normal force acting on Pros. 832
the particle.

Solution: The free-body diagram of the particle shows the weight W and the
normal force N The equation of motion in the tangential direction gives

[EF, = may] W sinf = %Va,, a; = gsin6.
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The velocity change along the path is given by
fvdv = a,ds] vdv = gdssin @ = gdh.
Integration between the appropriate limits gives
v = 0o + 2¢h. Ans.

This equation shows that for a path without friction the velocity does not depend
on the shape of the path but only on the vertical change in position.
The normal foree is given by

2 2
[ZF. = man] Weos — N =—— N = W(cos@———-)- Ans.
p gp

The value of N may be obtained in any particular problem where the radius
of curvature p is known or can be computed. If friction is present, the problem
is complicated considerably. (See Prob. 864.)

833. A small sphere of weight W is attached to one end of a light rod freely
pivoted about the other end as shown. If the rod and sphere are released from
rest in the vertical position, find the angle
0 for which the force in the rod is zero,
and: determine the force in the rod when 6
reaches 90 deg.

Solutron: The free-body diagram of the sphere
18 shown for the general position 6. In addi-
tion to the weight W there is the force N
which is exerted by the bar on the sphere.
This force is along the bar since the bar, if light,
may be considered a two-force member. The
required answers may be determined when the
expression for N as a funetion of 6 is obtained.
Thig expression will depend upon the equations

Pron. 833 of motion, which are
W 2
(ZF, = may] Weos8 — N = ", N=W(c050—~lv)v
gr gr
u/
[ZF, = may] Wsinf = ; ay, a; = gsinf.

The velocity v of the sphere depends on the tangential acceleration and its
change with 6. Thus

0 ;
[vdv = a,ds] fvdv =f gsinfrdo, v2 = 2gr(1 — cosB).
0 0

Substitution of this value for »? in the first equation of motion gives

N = (3cosf — 2)W.
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The force in the rod is clearly zero when
=cos '3, 0 = 48° 11", Ans.
When 6 = 90 deg., cos 8 = 0 and
N = =2W. Ans.

Hence the force in the rod at this position is a tension equal to twice the weight
of the sphere. The similarity between this problem and Prob. 832 should be
noted.

PROBLEMS

834. The loaded bucket of a centrifuge weighs 1.5 1b., and its center of gravity
( is located as shown in the figure for the rest position. Determine the force
on the pin at A while the machine is revolving at a speed of 900 rev./min. At this
speed the line AG will be practically horizontal. Ans. A =552 1b

12" 1
A
Z 7 Iz 7 [ //
o l/ \}\' il %
LHG' |
— s l
|-~
Prog. 834 Pron 835

836. The simple pendulum weighs 4 Ib. and is given an imtial swing such that
1ts velocity is 10 ft./sec. when @ = 30 deg.  Find the tension 7" in the supporting
wire at this instant.

836. A small 4 1h. weight is swung in a vertical circle of 3 ft radius with
slowly increasing speed on the end of a light steel wire of 100 1h breaking
strength. Determine the velocity v of the weight when the wire breaks

Ans. v = 482 ft /sec.

837. The pendulum is held at rest in the position shown by the light horizontal
string. If the string is suddenly cut, by what factor will the original tension
in the wire 04 be momentarily reduced?

Pros. 837
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838. A 3.22 Ib. particle moves in the z-y plane according to z = 23 + 2t + 4
and y = 5t + 8, where x and y are in feet and ¢isin seconds.  Find the resultant
force F acting on the particle when ¢t = 2 sec. Ans. F =261

839. A small car starts from rest at A and rolls freely down the track and
around the vertical loop. Determine the minimum height 2 such that the car
does not leave the rails when upside down.

Pror 839 Pros. 840

840. Determine the proper angle of bank 8 for an airplane flying at 300 mi./hr.
and making a horizontal turn of | mi. radius. Ans. 0 = 48.7 deg.

841. A small ball is dropped into the
hemispherical bowl, shown in section,
which rotates at a constant angular
speed w. Determine the angle 8 when
the ball stops moving relative to
the bowl.

AN\

Ans. 6 = cos ! q—z
Tw

Pros. 841 Pros. 842

842. A small metallic specimen is placed on the slowly moving polishing disk
aguinst the fived rail which is slightly above the disk. If the angular velocity
of the disk is increased, what speed w, if any, will cause the block to slide off the
disk? The coeflicient of friction for both pairs of contacting surfaces is 0.4.

843. At the hottom of a vertical loop the test pilot of an experimental air-
plane notices that his accelerometer indicates an absolute linear acceleration
of the airplane of 5g normal to its path and that his speed is 600 mi./hr. If the
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pilot weighs 161 lb., find the radius of curvature p of the bottom of the loop and
the force N exerted by the man on the seat. Ans. p = 4810 ft., N = 966 lh.

844. A 3220 Ib. car traveling at 30 mi./hr. passes over (a) a hump and (b)
a dip in the road. If the radius of curvature ol both the top of the hump and
the bottom of the dip is 80 ft., determine the total normal force N between
the tires and the road when the car passes ever each contour.

845. Determine the speed of rotation N of the aerial ride at the amusement
park when the angle 6 is 60 deg. Ans. N = 17.6 rev./min.

ProB 845

846. The position of the small 1 1b. block in the smooth radial slot of the fly-
wheel depends on the speed of rotation and is used as an activating device for
the speed-control mechanism. If the axis of the flywheel is vertical and the
block moves from a radius r of 6 in. to one of 7 in. while the speed changes slowly
from 300 to 400 rev./min., find the constant k of the spring.

/ /)\
i)
s

////

Pros 816 Pros. 847

SO\
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847. An inertia type of speed governor on a flywheel with vertical axis con-
sists of the small 1 Ib. weight A attached to the light arm AO. The position
of AO is used to activate the speed control, and this position depends on the
speed of the flywheel and the stiffness &k of the spring. Determine & if the
governor is to assume the position shown where the spring is stretched 34
for a constant speed of 600 rev./min. Ans. k= 109.0 lb. /m
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848. A spring scale is suspended from the eeiling of a railway mail car. A
package is weighed while the car is rounding a curve of 600 ft. radius at 30 mi./hr.,
and the scale reads 9.20 Ib. What is the true weight of the package? Neglect
the mass of the moving parts of the scale.

849. A small block of weight I is placed on the horizontal surface of & circular
disk at a radius r from the axis of rotation. If the coefficient of friction is f
and the disk starts from rest with a
constant angular acceleration «, find
the angular velocity w at which the
block begins to slip. .

Ans. w = [(f;_])z_ a2] iy

850. Determine the rotational
speed N nccessary to maintain the
given configuration of the flyball
governor. The weights of the links
may be neglected.

861. A small steel ball is placed
on a rotating conical dish at a dis-
tance b along the cone from the axis
and given a tangential velocity equal

PrOB. 850 to that of the dish at this point. If

b is greater than a certain value, the

ball will move out and up along the cone, and if 6 is less than this value, the
ball will roll down and toward the center. Determine the location of this un-
stable position for a given speed w and angle 6. g cosf

Ans. =
w?sin? 0

CUJGO rev /min.
u

Pros. 851 Pros. 852

862. A rotor with the cross section indicated carries a 4 Ib. steel ball in the
position shown. Find the forces at A and B exerted by the rotor on the ball
if the angular speed is 60 rev./min, Ans. A =1.011b., B = 6.25 b,

863. A penny is placed on the surface of a rotating disk at a distance of 6 in.
from the axis of rotation, which is tilted 10 deg. from the vertical. If the coeffi-
cient of friction is 0.30 and the speed of rotation is increased slowly, find the
speed w at which the penny slips.
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864. Two small steel blocks have equal weights of 4 1b. and are connected
24 in. apart by a wire. If the blocks are placed on the horizontal surface of a
rotating disk in the positions shown, find the angular velocity w at which hoth
blocks begin to slip as a unit and determine the tension 7' in the wire at this
instant. The coefficient of friction is 0.30 for both blocks, and the angular
acceleration is negligibly small. Ans. o = 5.38 rad./scc., T = 3.60 1b.

Pros. 854

866. If the pendulum of Prob. 835 is released from rest at 8 = 90 deg., find
the tension 7' in the supporting wire when it passes the bottom position.

866. A small object is given an initial horizontal velocity v at the bottom of a
smooth slope. The angle made by the slope with the horizontal varies according
to sin A = ks, where k is a constant and s is the distance measured along the
slope from the bottom. Find the maximum distance

s which the object slides up the slope.
v

V'kg
867. The small pin A weighs 1.61 lb. and is at-
tached to the face of the wheel which rolls on a
horizontal track. If the wheel has a constant angu-
lar acceleration of 2 rad./sec.? clockwise, find the
force R exerted by the wheel on the pin after the {
wheel has rolled without slipping through 14 turn Pros. 857
from the rest position shown. Ans. R = 1.5401b.
868. A tachometer of the centrifugal type measures engine speed by the hori-
zontal movement of the collar B on the rotating shaft. This movement is
caused by the centrifugal action of the small 8 oz. rotating weights marked 4.

Ans. s =
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Collar C is fixed to the shaft. Determine the speed N of rotation for a reading
of § = 20 deg. The spring has a constant of 4 Ib./in. and is uncompressed at

the position for which hoth « and 6 are zero. The weights of the links may be
neglected.

y
\<g-]

INBRR

w!

Pros 858

869. A flat, flexible belt of weight u per unit length drives the pulley at a
constant high speed w. The relation Ty = The/f derived for the impend-
ing slippage of stationary belts must now be modified to account for the “cen-
trifugal” effect. Derive this new relation between the tensions Ty and T; in
terms of the given quantities and the coefficient of friction f (The resulting
relation may be adapted to the case of V-belts by replacing f by f/sin (a/2),
where « is the angle of the V-section. Sec Art. 56 and Prob. 564 of Part )

P ot
Ans. To =" P (7’1 M g—) elP

Pros 859

* 860. The radius r of the earth is about 20.9 X 10° ft., and the distance R

hetween the centers of the earth and the moon is 12.54 X 108 ft. Determine

the period 7 of the rotation of the moon about the earth considered as fixed.
ok [R

Ans. T ="~ 1 = 27.2 days
T (4
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* 861. A 1 1b. particle P slides on a smooth curve in the vertical plane under
the action of its own weight The angular acceleration a of the radial line 0
to the center of curvature O for this point on the curve is 4 rad./sec.? counter-
clockwise, and the radius of curvature to the mov-
ing particle is increasing at the rate of 3 ft./sec.
Determine the angular velocity w of PO and the
normal forece N on the particle at this instant.
Ans. w = 2.7 rad./scc, N = 0.413 lb.
* 862. A particle of weight W is fastened to the
rim of a eireular hoop of radius r and negligible
weight which is free to roll on a horizontal
plane. 1f the hoop is released from rest with

the particle initially on a horizontal line )
through the center of the hoop, determine the Pros 861

initial angular acceleration o of the hoop if
the coefficient of friction between the hoop and the plane is (¢) greater than
unity and (b) less than unity. (ITint: The resultant of all forces acting on the
hoop and particle taken together passes through the particle.)
[Y 4
Ans. (@) a = o' ) a= ;
* 863. The flexible cable shown has a length of wr/2 and a uniform weight
per unit length. If the cable is released from rest in the smooth cireular tube
with 6 = 0, find its velocity along the path when the center of the cable passes
the bottom of the are  (Hint* Analyze the forces on a differential elemeat of
the cable and integrate the differential relation between the free ends of the
cable for a given position of the cable ) L Jort > _:T)
T

Ans. v =

B
Progr. 863 Pros. 864

* 864. A small object is released from rest at A and slides with friction down
the circular path. If the coefficient of friction is !5, determine the velocity
of the object as it passes B. (Hini: Since the variables in the resulting differ-
“ential relation are not separable, this problem may be solved by an approximate
step-by-step numerical solution. Eliminate N between the equations of motion
and combine with vdv = a,ds, where ds = 10d6. Solve this relation for dv
as a function of 8, v, and df. Next divide the path into small intervals of, say,
10 deg. and replace dv by Av and df by Af. The change in velocity and the
corresponding new velocity for each interval may be computed from the Av
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relation, where the first increment may be taken as the free-fall velocity with
acceleration g.) Ans. v = 20 ft./sec.

92. Polar Coordinates and Rotating Axes. There are a few special
problems in curvilinear translation where the acceleration is more easily
described in polar coordinates with respect to a fixed origin (Art. 73).
For a particle of mass m Eqgs. (60), then, require

a2
= —-—-r{=) |
" di dt
(78)
sF [ a2 i dr de]
= 1 P —— —— | .
pEm dt? dt dt

If the acceleration of the particle is deseribed in terms of its motion
relative to a rotating path (Art. 81), Eq. (70) may be used. Thus

ZF = m(an b ap + 2uw). (79)

The term a, is the acceleration of the particle P along the path con-
sidered as fixed, a,, is the acceleration of a point fixed to the rotating
path and momentarily coincident with °, and 2uw is the Coriolis accel-
eration, where u is the velocity of P relative to the path and w is the
angular velocity of the path. The resultant force £F on the particle
has the same direction as the resultant of the three acceleration terms.

If Eq. (79) is applied to the motion of a particle relative to the earth,
it is more convenient to write the equation as

ma, = ZF — ma,, — 2muow, (80)

where @, is the measured acceleration of the particle relative to the
earth. The acceleration a,, for a reference point attached to the earth
on its surface is Rw?, where R is the radius of the earth and w is the
angular velocity of the earth. This expression neglects the extremely
small acceleration of the center of the earth. The term in Rw? is itself
usually neglected since the square of the small angular velocity
w = 0.729 X 10™* rad./sec. is even smaller. With the neglect of a,,
the equation of motion for a particle falling in space (air friction neg-
lected) becomes

ap = g — 2uw, (81)

where ZF has been replaced by the product of the mass m and the abso-
lute acceleration of gravity g. Thus the measured acceleration a, will
be the vector difference between g and the Coriolis acceleration.
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SAMPLE PROBLEM

866. The slider block of weight W starts from rest at time ¢ = 0 with » essen-
tially zero and slides down the rod under the action of its own weight. The
rod has a constant clockwise angular velocity w and passes the horizontal posi-
tion whent = 0. Set up the equations of motion for the block neglecting friction.

Solution: The free-body diagram of the block discloses the two forces N and
W. Application of Eqs. (78) gives

2,
[ZF, = ma,] W sin 6 = %(% - rw‘l),
ZFo = mag) Wcos&f)—N:l)[i 2«:gt .
g dt

Solution of the first of these equations for r is prerequisite to the determination
of N from the second.

The identical formulation of the problem is made by using Eq. (79) The
term a,, is the acceleration of a fixed point on the rod coincident with the block

ProB. 865

at the instant considered, and is therefore a,, = rw? in the negative r-direction.
The term a,, is the acceleration of the block relative to the straight rod and 1s
a, = d*/dt? in the positive r-direction. The Coriolis acceleration is 2uw =
2(dr/dt)w and, by the rule established i Art. 81, is in the direction of increasing
6. Thus the first two terms are a» 4+ @, = a, and the third term is 2uw = aq.

PROBLEMS

* 866. Solve the equations of motion of Sample Prob. 865 for r and N as fune-
tions of # where the initial conditions of motion are defined in the problem
statement. Ans. r= 5&’ (sinh 6 — sin ), N = W(2 cos6 — cosh )
* 867. In the pump described in Prob. 688 an element of fluid is assumed to
he a particle P which moves outward along the smooth radial vane. If the
weight of the particle is W and if the impeller rotates about a vertical axis at
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the constant angular velocity w, find the force N exerted by the vane on P as a
function of r. 2Ww? Vit 3
T =Ty

Ans. N =

* 868. Derive the relation given in the footnote on p. 430 for the deflection
from the vertical of a freely falling body. The result is based on Eq. (81),
which neglects the acceleration of the center of the earth and the square of the
angular velocity w of the earth.

* 869. The slotted arm in Prob. 683 rotates in a horizontal plane around the
fixed cam with a constant counterclockwise velocity K = 10 rad./sec. The
spring has a constant of 10 Ib./in. and is uncompressed when § = 0. If b = 4in.,
¢ = 21in, and the small smooth roller 4 weighs 8 oz., find the force P exerted on
A by the smooth sides of the slot when 8 = 60 deg. Ans. P = 6.07 Ib.
* 870. Apnly and integrate Eqs. (78) to obtain the equation of the path of a
planet of mass m around its sun of mass mg considered as fixed. (I1int: Make

L1 a9 120 Ir di .
use of the identity d <r2 —) = +- 2 dr df and the substitution u = 1
r

rdt\ dae T dt dt
Also take r to be a minimum at 6 = 0.)
1 a6
Ans. — = A cosf + Y Shere A = constant, h = r®> " = constant
r h? dt
AN
\
F=y&pe ) T
m
rT R

Pros 870

93. Curvilinear Transiation of a Rigid Body. When a body which
moves with curvilinear translation is acted upon by a system of forces
whose lines of action are not concurrent, it becomes necessary to con-
sider the locations of the forces on the body. In Art. 90 the equations
of motion, Eqs. (76), for a translating rigid body were developed and
are valid for both rectilinear translation and curvilinear translation.
These equations are based on the fact that the resultant of all forces
acting on a translating body (no rotational acceleration) passes through
the center of mass and that there is no resultant moment about any
axis through the center of mass.

The acceleration of curvilinear translation is most easily described in
terms of its normal and tangential components which are common to
all points in the body. The z- and y-directions used in Eqs. (76) may be
replaced by the n- and t-directions, and, therefore, the equations of
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motion for a body moving with curvilinear translation, Fig. 114, are
2F, = ma,,

EF( = may, (82)
M =0,
where a, = v?/p and a; = d[ v I/(It.
A zero summation of moments exists about any point on the line
through (7 parallel to the direction of the resultant acceleration a, but

it & not often convenient to use such a point. A moment equation
similar to the third alternative of Eqs (76) could also be used if desired.

Fia. 114 Fra. 115

Asin the case of rectilinear translation an alternative method utilizing
D’Alembert’s principle may be employed for solving the curvilinear
translation problem. It is necessary only to apply a fictitious inertia
force equal to ma through the center of gravity and in the direction
opposite to a to produce equilibrium of forees. This hypothetical foree
is most conveniently applied in terms of its two components ma, and
ma, through the center of mass in the directions opposite to the respec-
tive acceleration components as shown in Fig. 115, With these fictitious
inertia forees added the body is in dynamie equilibrium, and the prin-
ciples of statical equilibrium

IF, =0, IF, =0, S =0,
may be applied.

The essential advantage of the dynamic equilibrium method is that
it enables a dynamics problem to be solved as a staties problem where
the zero moment summation may be taken about any point. It must
be remembered, though, that the inertia forces are not real forces, and
hence they should be represented by dotted lines to emphasize this fact.
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SAMPLE PROBLEM

871. Investigate the relations between the angle to which a curved road is
banked and the tendency for a car
rounding the curve to tip over or slide.
Solution: The rear view of a car round-
ing an inwardly banked curve of mean
radius 7 at a constant speed v is shown.
The velocity of the car is normal to the
plane of the figure, but the acceleration,
a, = v*/r, is toward the center of the
curve and is in the plane of the paper.
The forces acting on the car may be
represented by the weight W and the
force & which is the resultant of the nor-
mal forces N1 and Ns and the lateral
friction forces Fy and Fy. The force R
Pros 871 must pass through G since the car has
linear acceleration of translation only.

The equations of motion are

2
(2F, = ma,] Rsin (@ +a) = I;f”?
|ZF, = 0] Rceos(0 +a) = W.

Dividing gives

2 N tan 0 + tana
t‘m(ﬂ—}-a)-é; o T il tan @
The angle of bank which produces no tendency to tip or slip for a particular
speed v is that angle for which there is no side friction. Thusa = 0, Ny = N,

and )
tanf = .
gr

This relation shows that a road can be properly banked for one speed only.
The speed at which the car overturns occurs when the reaction R acts entirely
at the outside wheels. In this event tan o = (b/2)/h, and thus

. tanf+ (b/2h)
9" b/2h) tan b

This relation assumes sufficient friction to allow R to act at the outer wheels
and is valid provided the coefficient of friction f is greater than (b/2)/h.

The car will slide before it will tip, on the other hand, if the coefficient of
friction fis less than (b/2)/h. Thus tan o = f, and the speed at which sliding
begins is given by
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Solution by the method of dynamic equilibrium may also be effected. The
reversed effective normal force (W/g)(v*/r) is added through G to the right in
the direction opposite to the acceleration. The equilibrium triangle of forces
quickly discloses the relation already developed.

PROBLEMS

872. At what speed can a car round a turn of 100 ft. radius on a flat unbanked
road without slipping if the coefficient of friction between the tires and the road
is 0.80 and if the center of gravity of the car is sufficiently low to prevent over-
turning?

873. The center of gravity of a certain car is 2 ft. from the road, and the tread
(transverse distance between wheels) is 6 ft. Also the coefficient of friction
between the tires and the road is 0.80. What is the maximum speed v with
which the car can enter a turn of 100 ft. radius banked inward at an angle of
15 deg. without tipping or sliding? Which would oceur first?

Ans. v = 45.1 mi./hr. sliding

874. If the outer wheels of the car in Prob. 873 are running against a small
shoulder on this same curve so that the car cannot slip sideways, at what speed
will it tip over?

876. What is the minimum turning radius r which a bicycle can make on a
horizontal road with a speed of 15 mi./hr. if the coefficient of friction between the
tires and the road is 0.70? Find the corresponding angle 8 with the verticul at
which the cyclist must lean. Measure r to the center of gravity of rider and
bicyecle. Ans. r=215ft, 0 = 35 deg.

876. A car turns a curve of 50 ft. radius banked inward at a steep angle of
30 deg. with the horizontal. If the coefficient of {riction between the tires and
the road is 0.50, what is the slowest speed » which the car may have without
slipping? Ans. v = 6.70 mi./hr.

877. The car described in Prob. 873 rounds a curve of 100 ft. radius banked
outward instead of inward at an angle of 15 deg. with the horizontal. If the
coefficient of friction between the tires and
the road is 0.80, determine the maximum
speed » at which the car can round the curve
without tipping or sliding.

878. What are the minimum speed » and cor-
responding angle 6 in order that the motoreycle
may ride on the vertical wall of the eylindrical
track? The coefficient of friction between the
tires and the wall is 0.70.

Ans. v = 253 mi./hr., 6 = 55 deg.

879. If the motorcycle and rider of Prob. 878
travel at a speed of 45 mi./hr. around the
cylindrieal track, find the angle 6. Pros. 878
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880. The side rod on a small locomotive weighs 86 1b., and its center of gravity
is located as shown. Find the maximum values of the forces on the erank pins
A and B while the locomotive is traveling at the constant speed of 20 mi./hr.

Ans. A =2101b, B = 2591b

v
ProB 880
881. The homogeneous 300 Ib. log is supported by the two 10 ft. ropes. If

the log is released from rest in the position shown, find the tension T; and Ty
in each rope as the log swings past the lowest position.

%

30° 30°
10 10"

T T,
= — %
S B —

ProB 881

882. The motorcycle rider of Prob. 878 is not satisfied with riding around the
vertical wall and decides to go beyond the vertical by using a track with a
spherical surface shown partially in the figure. If he is to ride in a horizontal
circle at the angle @ = 10 deg. and if the coefficient of friction between his tires
and the track is 0.70, find his necessary minimum velocity ».  Assume that the
effective radius of the horizontal c¢irele is 30 cos 10° ft.

Pron 882



Curvilinear Translation of a Rigid Body 473

* 883. The uniform square plate weighs 100 1b. and is supported in the hori-
zontal position by the three light legs shown. Iach leg is hinged at each end
by a pin whose axis is parallel to the z-direction. The frame is prevented from
collapsing by the two diagonal wires. If one wire breaks, find the force in
each leg just before the plate hits the horizontal base.

Ans. A =1001b., B = C = 50 Ib., all tension

Pros 883

* 884. The homogencous triangular plate weighs 50 b and is attached to the
two arms shown whose weights may be neglected. Determine the total torce
on pin A4 as the mechanism starts from rest in the position shown under a tension
T of 100 lb. in the control cable. Ans. A = 187.8 lb.

QC

i‘-— 10— 10"b-1

T-lG ——-———7|

ProB 884 Pros. 885

* 886. In the mechanism shown the light arms with connecting tie rod rotate
in unison in a vertical plane with a constant counterclockwise angular accelera-
tion @ = 10 rad./sec.2 The center of gravity of the 45 Ib. rectangular member
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is at G. If the angular velocity of the arms is 4 rad./sec. in the position shown,
find the forces on pins A and B at this instant. A4Ans. A = 25.51b., B = 22.11b.
* 886. If the mechanism described in Prob. 885 is started from rest in the
position shown by means of a counterclockwise torque of 50 1b. ft. applied to the
lever AO through its shaft at O, find the forces on pins A and B as the frame
starts to move. The weights of the levers and tie rod are negligible.

Ans. A =3331b, B = 3531b.

PART C. FIXED-AXIS ROTATION

94, Equations of Motion. Consider any rigid body, Fig. 116, which
rotates about a fixed axis. Let O be the intersection of this axis with
the plane of rotation. Assume that the body has an angular velocity w
and an angular acceleration « at the
instant considered. The forces external
to the body in the plane of rotation are
indicated schematically by the full arrows
and include the reaction exerted by the
bearing on the body at 0. If the plane
of rotation is other than horizontal, the
weight W of the body will appear on the
free-body diagram. The acceleration @ of
the center of gravity G has the compo-
nents @, = 7w’ and @ = fa. Thus, from
the principle of motion of the mass center,

Fia. 116 Art. 87, there are two relations which

are known immediately. First, the result-

ant ZF of all forces (including the bearing reaction at 0) acting on the

body equals the mass m times @. Second, the direction of ZF must

coincide with that of a. These two relations are conveniently expressed

by the components of the single vector equation and are ZF, = ma, =

miw? and ZF, = md, = mfa. Contrary to the case of translation SF

does not pass through G. The proper position of the line of action of

ZF is found by evaluating the sum of the moments of all forces about
the axis O.

The moment relation is obtained by considering the forces acting on
a representative particle of mass m,. The resultant of these forces may
be represented by the two effective forces equal to m,ra and mre? as
shown. Of the two effective forces only the tangential one exerts a
moment about 0, and the magnitude is m,7%«. If this moment is added
to those for the remaining particles in the body, the sum

My = Zm,r%a = aZm,r?
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results. The acceleration a is common to all terms and may be factored
outside the summation sign. The sum ZM, includes moments due to
internal forces (actions and reactions between particles) and moments
due to external forces. Since each internal action is accompanied by
an equal and opposite internal reaction, it follows that the net contribu-
tion to ZMo by the internal forces is zero. Therefore the expression
represents the algebraic sum of the moments about the axis of rotation
of all external forces. The summation Zmg? depends on the radial
distribution of mass about the axis and is known as the mass moment
of inertia I of the body about O.

The three equations of motion for a rigid body rotating about a fixed
axis through O may now be written as

IF, = mio?,
>F, = mra, (83)
ZMy = Ipa.

The use of these equations of motion is straightforward when they are
applied exactly and literally with the aid of a complete and correct free-
body diagram.

In terms of the differential element of mass dm, the mass density p,
and the volume element dV the defining expression for mass moment
of inertia may be written as

Ip = Zm,r? =fr2 dm =fp1‘2 av,

where the integral is evaluated over the entire volume of the body. The
radius of gyration k of the body about the axis through O is defined by

ko? = —-
m
Moments of inertia are involved in all problems of bodies which have
rotational acceleration, and it is necessary to be familiar with their
calculation in order to proceed further. A detailed discussion of mass
moments of inertia is presented in Appendix A-II.

The line of action of the resultant force ZF on a rotating rigid body,
Fig. 116, may be found by locating point Q. By replacing ZM by the
moment about O of the resultant ZF and using the second of Egs. (83),
the third of Egs. (83) becomes

gZF, = Ipa  or miaq = ko*ma.
ko?

T

Thus

q=-—" (84)
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The point Q located by the distance ¢ from O is known as the center of
percussion about 0. With @ located two alternative moment equations
may be written, first, about Q and, second, about G. The moment sum
about @ is clearly zero, and the moment sum about @ is obtained by
multiplying 2F, = mfa by q¢ — 7, which gives

mia(g — 7) = ma(ky? — ) = mka = Ia.
Thus the {wo alternative moment equations of motion for a rigid body
rotating about a fixed point are
My =0 and =M = I
For the special case of rotation of a rigid body about a fixed cen-

troidal axis 7 = 0, M, is replaced by M and T, by I. Thus for rotation
about a fixed axis through the mass center Eqs. (83) become

M = ia,
IF, =0, (86)
2F, =0,

where the z- and y-directions are arbitrary. Such a body may be said
to be in translational equilibrium (@ = 0) but not in rotational equi-
librium. For this case of centroidal rotation it may be observed, since
the resultant force is zero, that the resultant of all forces acting on the
body is a couple cqual to . Hence SH is the same as & moment sum
about any axis parallel to the centroidal axis.

An alternative method of solution for a rigid body rotating about a
fixed axis consists of ereating the artificial state of dynamic equilibrium.
This state is produced by adding to the body the inertia force SF = ma
equal and opposite to and collinear with the resultant SF. Thus the
body may be visualized as being in equilibrium under the action of the
two forces. It is usually simpler to add the two components of the
fictitious inertia force, as shown in Fig. 117a by the dotted lines. For
this free-body diagram the principles of equilibrium

ZF, =0, Zr, =0, M =0

must be used. The essential advantage of the dynamic equilibrium
method is that a zero moment sum may be taken about any point. If
preferred, the tangential inertia force may be added through the center
of gravity as shown in Fig. 117b provided an inertia couple

mia(g — 7) = Ia

is applied in the sense opposite to that of . It must be noted carefully
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Fia. 117

that, the inertia forces and the inertia couple are applied in the sense
opposite to the corresponding lincar acecleration components of the
center of gravity and the angular acceleration of the body, respectively.

SAMPLE PROBLEMS

887. The radius of gyration about the axis of the uniform integral pulleys
is 12 in., and their combined weight is 96.6 Ib. If friction in the bearing is
negligible, find the distance s through which the 32.2 lb. weight has moved
4 see. after release from rest. The cables are wrapped securely around the
pulleys. Also find the bearing reaction at O.

<&
R
W = 966 b, .
P2 966 1b,
T, T,

322 1b.

644 1b.
Pros. 887

Solution: Comparison of the static moments about O shows that the 32.2 Ih.
weight accelerates down. If the acceleration of this weight is a, the acceleration
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of the 64.4 1b. weight is 6a/18 upward. Also the centroidal moment of inertia
of the combined pulleys is

[I = km] I= = = 3 Ib. ft. sec.?

- (12)
127 32.2

The free-body diagram of each of the three members is shown. For the two
weights

2 54.4
[EF = ma) 322 -1, =32 fada

gé.-éa; T2—644 =ﬂ.2§'

For centroidal rotation of the pulleys

18 6
Bh-pl=

o = I 2.
M = Ia] 3 3-}—%

Solution of the three equations gives
a = 4.20 ft./sec.?, T, = 28.01b., Ty = 67.21b.

With the constant acceleration known the distance dropped by the 32.2 1b.
weight in 4 sec. is

s = 1at?) s = % X 4.20 X 42 = 33.6 ft. Ans.

The bearing reaction is obtained from the vertical equilibrium of forces on the
drum and is

|ZF, = 0] R —96.6 — 28.0 — 672 = 0, R = 1918 Ib. Ans.

888. The center of gravity of the 3.10 Ib. connecting rod shown in the a-part
of the figure is at G, and the radius of gyration of the rod about the pivot axis
0 is 9.14 in. If the rod is released from rest with 8 = 0, find the total force
on the bearing O when the position 8§ = 45 deg. is passed. Neglect any friction
in the bearing.

Solution I: The free-body diagram of the rod in an intermediate position 6
is shown in the b-part of the figure. The actual forces only are shown. The
bearing reaction is represented by its - and n-components where the proper
sense of these components will become clear as the solution progresses. The
normal component O, depeunds on the angular velocity w, which in turn is found
from the angular acceleration @. The moment equation about O gives

. , 8 _(9.14\23.10
(ZMo = Ioa] 310 X 52086 = ( =) S5
a = 37.0 cos 6.
Then
w /4
dw = o df do = [ 37.0cos6dd,
[w i j; w j; (1]

w? = 52.3 (rad./sec.)?
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0,

310 1b. 3101b.

Solution I Solution IT
Pros. 888

The remaining two equations of motion applied to the 45 deg. position yield

310 2

[SFy = miet] 0n = 310 X 0707 = (50 Xy X 523, 0, =555 b,
i 310 2
[SF = mral 310X 0707 = 0c = 50 X 5 X 37.0 X 0707, 0, =051 b,

The total bearing force is
0 = V(5.55)% + (0.51)2 = 5.57 Ib. Ans.

The proper sense for O, may be observed at the outset by applving the alter-
nate moment equation, M = Ja. This relation eliminates all forees hut 0,
and requires a clockwise moment to agree with the known direction of @ Also,
the component O, may be found directly with the aid of the second alternative
moment equation and the distance ¢, which is ko?/F = (9 14)%/8 = 10.45 in.
Thus

(EMq =0] 10450, — 3.10 X 0.707 X (1045 — 8) =0, 0, = 0.51 Ib.

Solution I1: The rod may be put in dynamic equilibrium by the addition of
the normal and tangential inertia forces through the center of percussion as
shown in the c-part of the illustration. The principles of equilibrium may now
be applied. Thus

2, 0.4/
(EMo = 0] 10 2 10.45

2
3—2§><3a><—1~2~-—3.10><§c<)50=0,

a = 37.0 cosf.
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The angular velocity is obtained as shown in Solution I, and the components
0, and O, come from

3.10

|ZF, = 0] 0, — 3.10 X 0.707 — 353 >( X 523 =0, 0. = 5.55 b.
3.10 2
[ZF, = 0] 3.10X0.707 — O, — 395 X 2>< 37.0 X 0.707 = O, = 0.511b.

These resulting expressions are the same as those arising from the equations
of motion used in Solution I.

If desired, the inertia forces may be added through the center of gravity
plovuled tlmt the inertia couple Ia is applied in the sense opposite to a as shown
in the d-part of the figure. The centroidal moment of inertia is found from the
parallel-axis theorem and is

- 9. S\*7 3.
I=km= (ko —Pm = [( };) (1—2) J 3121—% = 0.0130 1h ft. sec.?

The three representations of the free-body diagram illustrated with this prob-
lem should be studied and their equivalence understood.

PROBLEMS

889. The solid cylindrical pulleys weigh 32.2 1h. each and are mounted in
bearings with negligible friction. The 10 Ib. force on pulley 4 is constant.
Determine the angular acceleration a of each pulley.

10 1b.
Pros. 889

890. If the connecting rod of Prob. 888 is given an initial swing which carries
it over the top position (9 = 270 deg.) with an angular velocity of 10 rad./see.,
find the bearing reaction 0 at this position. Ans. O = 3.311h.

891. The radius of gyration of a 40 Ib. flywheel about its vertical shaft is
6 in., and the center of gravity of the wheel is 0.003 in. from the axis of the
shaft. If a constant moment of 10 lb. ft. is applied to the flywheel through its
shaft, find the horizontal force F exerted on the bearing 5 sec. after the wheel
starts from rest.

892. The 40 Ib. circular disk is free to rotate on its central vertical shaft.
An electric disk sander is placed on the large disk in any position as shown, and
its switch is turned on with the large disk at rest. The sander rotates clockwise
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when viewed from above and requires a moment of 1.5 Ib. ft. applied to the
motor housing to prevent rotation about its own axis. TFind the angular accel-
eration « of the large disk an instant after the sander starts if no lateral forces
arc applied to the sander.

Pror 892 Pros. 893

893. A flexible shaft (not shown) is attached to the arm at A and exerts a
counterclockwise couple of 2 1. ft. on the arm in the plane of the figure. Deter-
mine the angular acceleration o of the symmetrical 5 Ib. arm in the position
shown if it has a radius of gyration about O of 8 in. and the bearing friction is
negligible. Ans  a = 10.86 rad./sec.? counterclockwise

894. A 50 Ib. horizontal component of the hearing reaction at 0 is recorded
when the uniform slender rod is struck with a force #. Determine the magni-
tude of F' at the instant that the 50 Ib. reaction was measured.

T ol
Il
& A
10’
[
l oe
< )3 « X
Lpomn J
1. U fe—— 12" —— ¢~
Pros. 894 Pros. 895

896. The 64.4 Ib. cylindrical rotor 4 is mounted freely on the shaft BC. The
arms D have negligible weight and are rigidly attached to the vertical shaft £
with fixed axis. Through a motor drive the shaft £ exerts a torque of 20 Ib. ft.
on the arm assembly. Determine the angular acceleration « of the arms (a)
when the locking pin F is in place and (b) when the pin is removed.

Ans. (@) a = 8.89 rad./sec.?, () @ = 10 rad./sec.
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896. The rim of the flywheel shown in section is welded to the central web
which in turn is welded to the hub. The weights of the web and hub are negligi-
ble compared with the 100 Ib. rim. If the maximum safe shearing force which
the rim weld and hub weld can each support is 4000 Ib. per inch of weld length,
find the maximum safe acceleration & which can be given to the flywheel by a
torque suddenly applied to the shaft.

Pros 896 Pros. 8)7

897. Part A of the single-plate clutch is driven at a constant speed of 600
rev./min. by a powerful motor. An engaging force of P = 100 lb. is applied,
and slipping occurs for 2 sec. before the flywheel B reaches the operating speed.
The coefficient of friction is 0.30, and it may be assumed that the friction foree
acts at the mean radius. Determine the moment of inertia I of the flywheel.

Ans. I = 0.398 Lb. ft. sec.?

898. The motor piion A of the log hoist has a negligible moment of inertia
and is subjected to a counterclockwise starting torque of 40 Ib ft. Determine
the tension 7' in the cable if the coefficient of friction between the 500 Ib. log
and the incline is 0.80.

48"

Pros. 898
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899. A large pendulum consists of the 50 Ib. circular metal disk A welded to
the uniform shaft B, which weighs 40 Ib. Determine the reaction on the bearing
O an instant after release from rest in the horizontal position shown.

A
. Z
B iz
0 2 v
, %
2
Pros. 899

900. The uniform 10 Ib. link is subjected to a constant frictional moment of
5 1b. ft. in its tight bearing at O during rotation. Find the force on the bearing
at O an instant after motion starts when the link is released from rest in the

position shown. Ans. O = 6.25 lb.
iz 2’ - 1'—=
: B
Pros. 900 Pros. 901

901. If the support at 4 is suddenly removed, find (a) the momentary reac-
tion at B in the horizontal position and () the reaction at B as the bar swings
through the vertical. The weight of the uniform slender bar is 16.1 Ib.

902. The slender rod of weight W and length ! is mounted freely in a ball bear-
ing on the fixed shaft whose axis is inclined an angle  with the vertical. If the
rod is released from rest in the highest position shown, find its angular velocity
w when it swings through the lowest (dotted) position. Solve by the method
of this article. . _ 6:" sin

w

Pros. 902 Pros. 903

903. Gears A and B weigh 6 lb. and 30 1b., respectively, and may be treated
as circular disks. If the motor accelerates gear B from rest to a speed of 920
rev./min. in 1.2 sec., find the torque M to which the motor shaft is subjected
where it is attached to the pinion. Ans. M = 5.61 Ib. ft.
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904. Gear A is driven by a motor which supplies a constant clockwise torque
of 20 Ib. ft. on its shaft, and the output shaft of gear C' drives a small machine.
The moments of inertia of 4, B, and C ahout their own axes are 0.05, 0.05, and
0.01 lb. ft. sec.?, respectively. If gear C reaches a speed of, 3000 rev./min. in
2 see. from rest, find the constant torque M supplied to the machine by the shaft
of gear C.

Pros. 904

906. The gear weighs 10 Ib. and has a radius of gyration of 4 in. Each rack
weighs 12 Ib. and slides against the smooth vertical guide. Determine the
torque M required on the shaft of the gear to give an angular acceleration of
8 rad./sec.? Ans. M = 177 Ib. ft.

\3” Dia.

Pros. 905 Pros. 906

906. Determine the starting torque M which a motor must supply to the light
pinion A in order to raise the weighted arm with an initial angular acceleration
of 2 rad./sec.? from the position shown. The radius of gyration of the 10 Ib.
arm assembly about its pivot is 12 in., and its center of gravity is at . The
20 lb. rack moves with negligible friction in its guides.
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907. Find the moment M required to rotate the drum at a constant speed w
if the diameter D of the rope is small compared with r and if there is negligible
friction in the bearings. Ans. M = Lr ( 1+ Iz)gf

g

Positive
clutch

4

Pros 907 Pros. 908

908. The direction of rotation of an electric motor for a high-speed computing
device may be reversed quickly with negligible energy loss by engaging the posi-
tive clutch in the connecting shaft when the power is shut off.  The shaft twists
in bringing the rotor to a stop and then untwists in returning the rotor to the
same speed in the opposite direction, at which instant the clutch is disengaged.
The moment acting on the shaft 1s proportional to the angle of twist of the shaft
and equals 2 b, ft. per each degree of twist. If the moment of inertia of e
rotor is 0.008 Ib. ft. sec.? and that of the shaft is negligibly small, find the max-
imum moment M in the shaft due to reversing the direction of rotation from
a speed of 1800 rev./min. Ans. M = 1804 Ib. ft.

909. Determine the foree on the bearing O for the link described in Prob. 900
as it swings past the vertical position.

* 910. Determine the foree R and the moment M supported by the weld, join-
ing parts A and B of the pendulum in Prob. 899, an instant after release from
rest in the horizontal position. Ans. R =391b., M = 129 1b. ft.
* 911. A long heavy cable of length L and weight u per unit length is wound
around a light drum with negligible friction in the bearings of its horizontal shaft.
One end of the cable hangs down a very small distance, and the resulting unbal-
ance causes the drum to rotate and unwind the cable with increasing speed.
Determine the velocity v of the cable as it leaves the
drum completely. Ans. v = gL
* 912. The uniform slender bar of weight W and length
[ is released from rest in the vertical position and pivots
on its square end about the corner 0. (a) If the bar is
observed to slip when 8 = 30 deg., find the coeflicient of
friction f. (b) If the end of the bar is notched so that it
cannot slip, find the angle 6 at which contact between the
bar and the corner ceases.

Ans. (a) f=0.188, (h) 0 = 53° 8’ Pros. 912
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* 913. A uniform pole is hoisted into a vertical position with one end resting
on a horizontal surface. The guy wires supporting the pole are accidentally
released, and the pole falls to the ground. If the end of the pole is observed to

Pros. 913

slip when an angle 8 = 30 deg. is reached, find the coefficient of friction between
the pole and the surface. Ans. f= 0.351.

95. Distributed Inertia Forces. The internal forces induced in a body
by reason of high rotative speeds or large angular accelerations are
usually important design considerations. The calculation of the internal
forees which result from such motions is often very involved. IIowever,
when the body is essentially uni-dimensional, such as a slender rod or
a thin ring, it is usually possible to calculate the internal inertia effects
without undue difficulty. The general procedure is to isolate a differen-
tial element or a finite portion of the body with a free-body diagram
and to write the motion cquations for the forces acting on the part
isolated. The addition of the fictitious inertia forces to produce dy=-
namic equilibrium is an advantage in some instances.

SAMPLE PROBLEM

914. Determine the variation of the centrifugal tension in the slender rod
of weight W and length 2[ which rotates in a horizontal plane about an axis
through O normal to the rod.
| ——]

e Y7
'.
| |

1 T <> T + dT
x| [ds
Pros. 914

Solution: The free-body diagram of an element of length dz shows a tension
T acting on the left-hand section, where the coordinate is x, and a tension
T + dT on the right-hand section, where the coordinate isz + dz. The weight
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of the element is assumed small compared with the tension 7. If u stands for
the weight of the bar per unit length, the equation of motion for this element gives

[ZF, = mre?] T — (T 4 dT) = ’%ifmz

—dT =" ¢ di.
[

At the center of the bar the tension will be designated by 7', so that the integra-
tion limits give
T
J;

o

2 ar
—dT = ’.‘ff’,,f z dr,
g Jo

Since the tension is zero at x = [, the tension at the center becomes To =

(Lw??)/(2g). This value for Ty may also be obtained by considering the accelera-

tion of the mass center of half the bar, which is ([/2)w® Thus the force Ty 15

W/ 1/2)w* = (uw?)/(29). The tension at any value of x hecomes
Wle? 1“").

_met oy Wt 2
T 29 == 19 (l 1

Ans.
The stress at any position in the bar is the tension 7' divided by the cross-
sectional area of the bar and is known as a centrifugal siress.
It is left for the student to show that the same results may be obtained by
isolating a finite portion of the rod from x to ! and writing the appropriate equa-
tion of motion.

PROBLEMS

916. Determine the centrifugal stress ¢ in the rim of a flywheel of weight
density p rotating with a constant rim speed ». Assume
the radial thickness of the rim to be small compared with J}w
the radius of the wheel and neglect the effect of the web or A
spokes. Nolve, first, by considering one half of the rim
as a free body and, second, by considering the free body
as an element of the rim subtending an angle d6.

Ans. o ="
g

916. The ring of weight W and radius » rotates about
a diametral axis with an angular velocity w. Determine

the tension 7T in the ring at A and B if the dimen- B!
sions of its rim are small compared with . Compare |

with Prob. 915. Pros. 916
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917. The centrifuge bucket shown is rotating in a horizontal plane about the
vertical axis O with a speed of 10,000 rev./min. The density of the liquid in
the bucket will be assumed essentially constant throughout at 0.040 Ib./in.3
Find the variation in pressure p in the liquid
as a function of r expressed in inches.

Ans. p = 56.8(r* — 36) lb./in.?

[
D S
o / ‘%\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\“
I 4

! b
i 19" |
Pros. 917 Pros 918

* 918. The uniform slender rod of length I and weight W is welded at its end
tangent to the rim of the circular disk of radius r which rotates at a constant
high speed w about 0. Determine the bending moment M in the rod as a func-
tion of x and the tangential and normal force components T and N, respectively,
exerted by the weld on the end of the rod because of rotational inertia.

(L — 1) View? Wre?
Ans. M= Wre(l — 1) T = ¥ N o

e ey = —

2gl g g
* 919. If the disk and attached rod of Prob. 918 are given an angular accelera-
tion « in cither direction, find the magnitude of the moment M exerted by the
weld on the rod as it starts from rest. A _ Wla
ns. M= ”Tﬂ}’
* 920. A slender rod of mass density p and variable cross-sectional area A is
to be designed to support the rotation of body B at an angular velocity .
The centrifugal force applied to the end of the rod by B
divided by a desired design stress ¢ gives an area 4, for the
end scetion of the rod. Determine the necessary variation
of the cross-scetional area 4 as a function of x in order that
the stress o be constant over the length of the rod. (Hint:
The free-body diagram of an
element of the rod isshown.)
pw? 2 _ 42
B Ans. A = Ap¥ e
* 921, A falling chimney,
such as the one shown, will
usually crack, before it hits
A< g(A +dA) the ground, at a point where
L—- x—] f—dr the bending moment is
i‘ -1 greatest. Show that this
Pros. 920 position of maximum mo- Pros. 921
ment always occurs at the

center of percussion relative to the upper end for a slender chimney of constant

cross section if the restraining moment at the bottom is neglected.

.
N\

\
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96. Fixed-Axis Rotation of a Body Having Axial Dimensions. When
a rotating body is not symmetrical with respect to a single plane of
rotation, the dimensions in the direction of the axis of rotation must
be considered. Problems of this type are conveniently solved by the

use of D’Alembert’s principle, and the sample problems which follow
will illustrate the method used.

SAMPLE PROBLEMS

922. The identical rotors each of weight W shown in cases (a) and (b) are
mounted eccentrically on their shafts with their centers of gravity a distance e
from the shaft axis. Determine the bearing reactions due to the unbalance
which exists at a constant rotational speed w.

Pros. 922

Solution, Case (a): The bearing reactions due to the rotational unbalance
of the rotor may be computed independently of the reactions due to the static
weight of the rotor. In so far as the forces on the shaft are concerned the mass
of the rotor may be assumed to be concentrated at the center of gravity as shown
in the free-body diagram. The addition of the inertia force produces dynamic
equilibrium, and the principles of statics give
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[EM4 = 0] Bl-Yem—0 B=Ye Ans.
g lyg
[2F, = 0] A+B—%Vew2=0, A=(1——}—;)%/ew2. Ans.

The addition of a weight W, on the opposite side of the shaft from W and at
a distance e from the axis will balance the rotor and produce zero hearing forces
if Woeo = We. If the shaft with rotor and balancing weight is mounted in
frictionless bearings, a static equilibrium of moments will exist about the shaft
axis, and a condition of static balance is said to exist. Such a test for static
balance will not be influenced by the location of the balancing weight with
respect to its position along the shaft.

Solution, Case (b): The free-body diagram of the shaft is shown with the
weights of the rotors concentrated at the centers of gravity and with the inertia
forces added. Equilibrium of forces clearly requires

A=B=-—en Ans.
lyg

since the inertia forces in this problem constitute a couple. This couple is
called a rocking couple and exists only when the shaft is rotating. The shalt is
in static balance since a static test discloses that the sum of the moments of the
eccentric weights about the shaft axis is zero.  The shaft would be in dynamic
balance if two cceentric weights were added such as to produce an equal and
opposite inertia couple.

Static balance requires the equilibrium of inertia forces, whereas dynamic
halance requires, in addition, the equilibrium of the inertia couples. Most bul-
ancing problems involve a combination of the two requirements and also mvolve
inertia forces which do not all lie in a single plane containing the axis of
rotation.

923. A flywheel is mounted so that its geometric axis makes an angle ¢
with the axis of rotation through its center as shown. Find the moment M
(rocking couple) exerted on the shaft at a rotational speed w.  Neglect the effect
of the hub and spokes and consider the flywheel to be a rotating hoop of weight
W and radius r with a rim of small cross section.

Solution: The diagrams to the right of the flywheel show the edge view of the
wheel and the orthogonal projection on either side. The center line only of
the rim is shown. The wheel will be in dynamic equilibrium under the action
of the inertia forces of all its elements and the moment M applied by the shaft.
If p stands for the mass of the rim per unit length, the inertia force for an element
r df of the rim is pr df row?, where 7o is the actual radius of rotation for this ele-
ment. The inertia force for a symmetrically spaced element below the axis is
also shown. From the edge view of the disk it is seen that only the vertical
components of these inertia forces contribute to M. Each vertical component is

pr db rew? sin 8 = priw? cos ¢ sin 9 df,
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prddrbw?’—'—
/

Pros. 923

and the couple produced by both of them is the force multiplied by 27 sin 8 sin ¢

or
dM = 2pr3w? sin ¢ cos ¢ sin? 6 d6.

Integration from § = 0 to § = m includes the couples due to all pairs of elements.

Thus oy
. L Wriw? sin 2

M = 2pr*%?sin ¢ cos ¢ f sin?@dp = 1L S0 ¢

0 4g

, Ans.

where the weight of the rim is W = 2mrpg and the integral equals 7/2. If the
angle ¢ is very small, the sine may be replaced by the angle, and the moment

becomes Wkl

29

PROBLEMS

924. Find the horizontal forces induced m the bearings of the vertical shaft
by the unbalance of the 1 Ib. knob on the wheel for a constant rotational speed
of 600 rev./min.

Pros. 924
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926. The edge of the 322 1b. uniform steel plate is hinged about an axis in-
clined with the vertical as shown. The hinge A is capable of supporting force
normal to AB only, whereas the hinge pin at B sup-
ports thrust as well as lateral force. If the plate is
swinging with a constant angular velocity of 5
rad./sec. as its center of gravity passes through the
lowest position, find the force normal to A8 supported
by each hinge. Ans. A =3381b.,, B = 198 Ib.

926. The arm A of a large radial drilling machine
weighs 4200 lb. and has a center of gravity at Gy
The drilling head B weighs 960 1b. with center of
gmvxty at (2 and is in its extreme outward position.

ProB. 925 Determine the horizontal forces exerted by the arm

on the column, assuming contact at ¢ and D with the

entire weight supported at D, if the arm and head arc being rotated about
the vertical column at the constant rate of 2 rad./sec.

— —

ProB 926

927. Two circular steel disks 1 in. thick are mounted on the shaft shown
A 1 in. diameter hole is drilled in each disk in the location indicated. Deter
mine the magnitude of the bearing reactions duc to the rotational unbalanc
of the system for a speed of 1000 rev./min. Ans. |A]|=|B|=14121b

Pros. 927
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928. At the instant represented the uniform 16.1 1b. arm OC has an angular
velocity of 4 rad./sec. and an angular acceleration of 16 rad./sec.? about the
shaft AB.  Compute the total lateral forces on the bearings due to the inertia
of the rod only. Ans. A =94/21b, B =34/21b.

Pros. 928 Pros. 929

929. The slender rod of weight W and length [ is hinged at O to the vertical
shaft which rotates with a constant angular velocity w. Iind the angle ¢ as-
sumed by the bar. (Question: Why does the resultant inertia force not act
through the center of gravity of the bar?)

930. If the bar in Prob. 929 is welded to the shaft at O at an angle 6, find the
bending moment M in the bar at O due to the angular velocity w of the vertical
shalt. Ans. M = E—[-;m—ﬁ (21“’ cosf — 3)
* 931. Use the results of Sample Prob. 923 to determine the rocking couple M
exerted on the shaft by the rotating circular disk of weight W and radius r
whose plane makes an angle ¢ with the plane normal to the shaft through its
center.

Pros. 931
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* 932. A square plate of weight W and length a on a side is mounted on a

central shaft in the manner shown. Determine the rocking couple M which

the plate exerts on its shaft at a rotational speed w. Ans. M = Waw* sin 2¢
’ 24g

Pron. 932

* 933. Determine the moment M exerted on the shaft by the flywheel of Sample

Prob. 923 because of an angular acceleratlon « as the wheel starts from rest.

2
Ans. M = Wr stcb
49

PART D. PLANE MOTION

97. Equations of Motion. The kinematics of a body having plane
motion was discussed in Part D of Chapter IX, and it was found that
such motion may be considered a
combination of translation and rota-
tion. This same combination will
be evident in the kinetics of plane
motion.

Consider a body, Fig. 118, which
has any general motion in the plane
of the figure. This motion is deter-
mined entirely by the projections on
this plane of all forces acting on the
body. Let point O be any conven-
ient reference point whose accelera-
tion ap is known. A set of z—y ref-
erence axes with origin at O is

Fra. 118 selected. The acccleration of any

particle of mass m, may be expressed

by the principles of relative motion in terms of the acceleration com-
ponents of O added vectorially to the normal and tangential accelera-
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tion components of m; with respect to 0. Tt follows that the resultant
force on m, may be expressed in terms of components each of which is the
mass of the particle times the corresponding acceleration. These com-
ponents of the resultant or effective force on m, are shown in the free-
body diagram of the particle in Fig. 118. A sum of the moments of these
force components about O is now made, and the similar expressions for
these moments for all particles are added together to give the sum

ZMo = Zmr’a + Emagy — Zma,r.

When the expressions I = Zm,r%, mj = Em,y, and m& = Sm,x are
substituted, the moment sum is

IMo = Ipa + mjay, — miay,. (86)

The moment sum of the actual forces acting on the particles involves
the internal forces of action and reaction between the particles and
forces external to the body. The internal forces oceur in pairs of equal
and opposite forces, so their moment sum is zero. Thus SMy is the
sum of the moments about O of all external forces applied to the body.

Equation (86) is one of the three motion equations for plane motion.
The principle of the motion of the mass center, expressed by Egs. (74),
provides the additional two equations of motion, =ZF, = ma, and
ZF, = ma,, for this two-dimensional case.

In most problems of plane motion the mass center G is used as the
reference point. In this case  and 7 in Eq. (86) are zero, I becomes I,
and the three equations of motion for a hody having plane motion are

2F, = ma,,
ZF, = ma, 87
=M = Ia

The first two of these equations are the scalar equivalents of the single
vector equation which relates the resultant external force ZF on a hody
to the mass m and translational acceleration @ of the mass center. The
third of Iigs. (87) represents the relation between the moment sum =57
of all external forces about the center of gravity, the moment of inertia [
with respect to the centroidal axis through ¢ normal to the plane of
motion, and the angular acceleration a which has the same sense as
SM. Thus the kinetics of plane motion is represented in terms of the
translation of the mass center and the rotation about the mass center.
The conclusions here are represented in Fig. 119, where the a-part of
the figure represents the free-body diagram of any body having plane
motion. The external forces acting may be replaced by a single result-
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ant force ZF through the mass center and the resulting couple ZM as
shown in Fig. 119b. The force and couple may be combined into the
single force 2F, Fig. 119¢, which does not pass through ¢ and is dis-
placed a distance

M Ta i«

ZF mi a

from the position through G. It should be recalled that the position
of the resultant force vector was not specified in the development of
Eqgs. (74) for the motion of the mass center but that it is now deter-
mined for plane motion.

VY V™
a
//
P
SF
/ 11
F,
R (®) (©
Fra. 119

Two important special cases arise in the interpretation of Eq. (86).
The first case occurs when the reference point O has zero acceleration.
The moment equation is, then, merely

ZLM() = I()Ol,

which is the same as the third of Figs. (83) for the rotation of a rigid body
about a fixed axis through O. However, it is seen now that this moment,
equation derived for a fixed axis holds for a reference point which has
zero acceleration but moves with constant velocity.

The second special case occurs when the acceleration of the reference
point O is directed toward or away from the mass center as represented
in Fig. 120a. With the z-axis oriented through @ it is seen that § = 0
and ap, = 0 in kq. (86), and thus

ZMy = Iga.

This result may be applied to a rolling wheel, Fig. 120b, which does not
slip and whose center of mass coincides with the geometric center of
the wheel. Under these conditions point C, the instant center of zero
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velocity, has an acceleration ac toward the center of the wheel through
@, and, therefore,

Mo = Iea. (88)

In the case of an unbalanced wheel, such as shown in Fig. 120¢, this
moment equation about the instant center C may not be applied except
in the two positions where (7 crosses the vertical center line.

S Mp= I SMe=Ira IM#la
af ws”, a
(a, (b) fc)
Fra. 120

D’Alembert’s piinciple has been used as an alternative method of solu-
tion for problems in translation and rotation previously discussed.
Likewise it may be used as an alternative method of representing the
problem in plane motion. A glance at Fig. 1195, which shows the result-
ant of the external forces applied to a body moving with plane motion,
shows that the fictitious state of dynamic equilibrium may be produced
by adding the inertia force ma equal and opposite to ZF and the inertia
couple I« equal and opposite to =M. Thus the body of Fig. 121a which

Fia. 121

has plane motion may be analyzed by the principles of statical equi-
librium. It should be emphasized that the fictitious inertia force ma is
added through the center of mass in the sense oppostie to @ and that the
inertia couple I« is-added in the sense opposite to a. The inertia force
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and inertia couple may be combined into a single inertia force equal
and opposite to ZF in Fig. 119¢ if desired. The inertia force md is usu-
ally best found by expressing it in terms of components. Thus, if the
acceleration of a point O, Fig. 121b, is known or can be found easily,
the equation

i = ap P Fo® B Fa

may be written. The inertia force can then be expressed by its com-
ponents map, miw?, and mfa in the directions opposite to these com-
ponents as shown in Fig. 121b.

As in the preceding treatments of dynamic equilibrium the fictitious
inertia force and couple should be indicated by dotted lines to distinguish
them from the real forces and couples applied. If the dynamic equi-
librium method is employed, it is essential that the principles of equi-
librium,

IF, =0, JF, =0, IM =0,

be stated and not the principles of motion, Eqs. (87).

With either of the two methods it is equally important, as in the
previous kinetics problems, to draw a careful and complete free-body
diagram of the rigid body under consideration and to use literally the
principles which are applicable. The directions of certain forces or
accelerations may not be evident at the start of a problem, and it may
be necessary to make initial assumptions whose validity will be proved
or disproved when the solution is carried out. It is essential, however,
that all assumptions made are consistent with the principle of action
and reaction and with any kinematical requirements. Thus, if the
unknown lincar acceleration a of the center of a wheel rolling without
slipping is assumed positive to the right, the unknown angular accel-
eration o must be positive in a clockwise sense in order that ¢ = 4ra.

SAMPLE PROBLEMS

934. If the coefficient of friction between the 322 Ib. wheel and the plane
is 0.20, determine the acceleration a of the center G of the wheel if the
force P in the cable which is wrapped around the central hub is (a) 60 Ib. and
(b) 100 1b.

Solution: The free-body diagram of the wheel is drawn as shown. If the wheel
rolls without slipping, it must roll to the right because of the clockwise unbalance
of moments about C. The friction force is, therefore, seen to act to the left in
order that the moment equation for clockwise angular acceleration about @
may be satisfied. If the wheel slips, the friction force will still be to the left
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to oppose this slipping. Irrespective of whether the wheel slips or not, the three
equations of plane motion, Egs. (87), hold. Thus

- 322
) = — =32 =
ZM = Ia} 4F — 2P = 3 395 %
322
SF, = ma, —p ="
|ZF mag) P —F 399 a
[ZF, = 0] N = 322 1b.

ProsB. 934

Case (a): Assume that the wheel does not slip with P = 60 Ib. With this
assumption @ = r, where r = 4 ft., and, with these values, solution of the
equations of motion just written yields

F = 408 Ib., a = 1.92 ft./scc.?

The assumption of no slipping must now be checked. The maximum friction
force which the surfaces can support is

F =fN =020 X 322 = 644 Ib.,

which is greater than the 40.8 1b. needed to support the rolling of the wheel
without slipping. Thus the assumption of no slipping was correct, and the
answers are as calculated.

Since the wheel does not slip, the moment equation, Eq. (88), about the
instant center C of zero velocity may be used. Thus

[ZM¢ = I¢cal 60 X 2 = ;2252 32+ 43 g' a = 1.92 ft./sec.? Ans.

This equation may be used only if the acceleration of C is toward the mass
center @, which occurs for a nonslipping wheel with center of gravity @ at the
geometrical center.

Case (b): Although it may be suspected now that the wheel will slip with
P =100 lb., for the sake of illustration let it be assumed again that the wheel
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rolls without slipping. With a = 4a and the new value of P solution of the
equations of motion gives

F = 68.01b., a = 3.20 ft./sec.?

The assumption of no slipping is seen to be invalid since 68.0 lb. represents more
friction force than can possibly be supported. Thus the wheel slips and a % ra.
With P = 100 Ib. and the correct value of F = 64.4 Ib. the equations of motion
yield
a = 0.640 rad./sec.? and a = 3.56 ft./sec.? Ans.
936. Determine the forces on the piston pin A4 and erank pin B of the con-
necting rod of the reciprocating engine for the erank position of 60 deg. and for
a constant crank speed of 1500 rev./min. clockwise. The connecting rod weighs

6 kb, with center of gravity at ¢ and has a centroidal radius of gyration of k =
4.20 in.  "The pressure of the expanding gases on the 5 1b. piston at this position

is 100 Ib./in.?

SO

s

100

1b /in? Gy

Pros. 935

Solution: The forces acting on the connecting rod will depend on its accelera-
tion. In Sample Prob. 740 for the same position of this same connecting rod
the acceleration of 4 was found to be a4 = 3320 ft./sec.? to the right, and the
angular acceleration of the rod was found to he @ = 7750 rad./sec.? clockwise.
The angular velocity of the connecting rod was determined in Prob. 708 and
is w = 29.5 rad./sec. counterclockwise. In addition the angle ¢ may be scaled
from the graphical solutions of these sample problems or calculated by the law
of sines which gives

¢ = sin"! (¥ sin 60°) = sin~!0.309 = 18°(’.
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One of the forces acting on the rod is determined by the motion of the piston.
From the free-body diagram of the piston the horizontal component of the
piston-pin force is found from the equation
o TX6: 5
[ZF = ma] 100 X 4 P = 3

The free-body diagram of the connecting rod is drawn, and the forces at 4
and B are represented by their components. The weight of the rod is negligible
in this problem compared with the remaining forces and is therefore omitted.
Dynamic equilibrium is ereated by adding the inertia force ma through @ oppo-
site to @ and the inertia couple o opposite to . The acceleration d is most
easily expressed in terms of the acceleration of A and is

X 3320, P = 2310 Ib.

a=ayP fwH Fa.

These components are shown at the extreme right of the figure. The corre-
sponding inertia force components are

6
may = 39 X 3320 = 619 1b.,
6 10
Fw? = —— - 5)? = 3. .
mrw 2919 X (29.5) 135.2 1b.,
0
mra = 9912 X 7750 = 1204 1b.,

and are applied in the directions opposite to the respective accelerations. The
inertia couple is
- 6 74.20
la = == (-,
322\ 12
and is applied counterclockwise since the angular acceleration is clockwise.
The remaining three unknown forces on the rod are now found by applying
the principles of equilibrium.  Thus

2
) X 7750 = 177 Ib. ft.

[ZMp =0] R X 14cos18° — 2310 X 5sin 60° + 619 X 4 sin 18° 4 1204 X 4

- 177X 12 =0,
R =492 1b.;

[ZF, =0] N — 1352 + 619 cos 18° — 2310 cos 18° — 492 sin 18° = 0,
N = 1895 Ib.;

[ZF, = 0] T — 1204 — 619 sin 18° — 492 cos 18° + 2310 sin 18° = 0,
T = 1149 Ih.

The total forces on the two pins are therefore
A = V/(2310)* + (492)% = 2360 Ib., Ans.

B = /(1895)% + (1149)2 = 2220 Ib. Ans.
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Analysis by dynamic equilibrium has the distinet advantage in this problem
of allowing a moment summation to he formed about any convenient moment
center, thus avoiding a simultancous solution of the equations. Analysis of
the rod by direct use of the three equations of motion, Eqs. (87), will normally
lead to a simultaneous solution.

PROBLEMS

936. Find the acceleration a of the center of the homogeneous cylinder if it
rolls without slipping down the incline. Also find the minimum coefficient of
friction f to prevent slipping.

Ans. a = ggsina,]‘—_— _3

8

Pros. 936 Pron. 937

937. What should be the radius rp of the small circular groove in order that
there be no friction force acting between the wheel and the surface irrespective
of the magnitude of the horizontal force I’ applied to the cord? The centroidal
radius of gyration of the wheel is k.

938. The section of a large water main shown has a diameter of 6 {t. and a
weight of 52001b.  The tube material has a density of 150 Ib./ft.* and a breaking
strength in tension of about 3001b./in.2 A stick of wood which is used to prevent
the tube from moving 1s inadvertently removed, and the tube begins to roll
down a long 3 per cent grade on a straight paved road. Determine the distance
s down the road at which the tube flics apart because of excessive centrifugal
stress.  (See Prob. 915 and base the calculation on the angular velocity of the
tube.) Ans. s = 1.820 mi.

Pros. 938
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939. Determine the acceleration a of the center of a solid homogeneous cylinder
released on a plane inclined at an angle of 60 deg. with the horizontal if the
coefficient of friction is 0.30. (From the results of Proh. 936 it may be con-
cluded that the cylinder slips as it rolls.)

940. The circular cylinder with a cord wrapped around its periphery and
fastened as shown is released on the incline. If the coefficient of friction f is
less than 3 tan 6, find the acceleration a of the center of the cylinder.

2

Ans. a = 3(sin 0 — 2f cos f)g

Pros 940 Pros. 911

941. Show that a body having plane motion may be put in dynamic equitib-
rium by adding the three inertia forces shown, where ay is the aceeleration of
some convenient point O in the body.

9492. Determine the acceleration a of the center 7 of the attached wheels for
the system shown. Each eable is wrapped securely around its respective wheel

Ans. a = 3.39 ft./sec.?

Ll LYy

Pros. 942 ProB 943

943. The 40 Ib. plank is placed on the two cylindrical rollers, each weighing
20 1b., and is then released from rest. Determine the acceleration a of the plank
if no slipping occurs.
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944. The solid cylinder weighs 16.1 lb. and rolls without slipping down the
circular guide, starting from the rest position shown. Determine the normal
reaction N under the cylinder as it passes the bottom position. (See Prob. 763.)

Ans. N = 18.98 Ib.

W
Pros. 944 Prog. 945

945. A 25 1b. roll of heavy wrapping paper in the form of a solid eylinder
with a diameter of 12 in. is resting on a horizontal table top. If a horizontal
force of 10 Ib. is applied evenly to the paper as shown, determine the linear
acceleration a of the center of the roll and the angular acceleration « of the roll.
The coefficient of friction between the paper and the table is 0.20.

Ans. a = 6.44 ft./sec.?, « = 25.8 rad./sec.?
946. Each of the solid circular disk wheels weighs 10 1h., and the inner solid
cylinder weighs 151h.  The disks and eylinder are mounted on the small central
shaft independently of onc another with negligible friction in their bearings.
If a horizontal 5 1b. force is applied to a cord wrapped around the eylinder as
shown, find the angular acceleration
a of the disk wheels. The coefhi-

5 1b. cient of friction between the wheels
and the level plane is 0.20.

Y.

ProB. 946 Pros. 947

947. A long uniform cable of length L and weight W is wrapped at a con-
stant radius around a spool of negligible weight. One end of the cable is fixed
as shown, and the spool is released from rest with the distance r essentially zero.
Show that the acceleration of the center of the spool is constant and find the
velocity v of the center of the spool when all the cable has unwound.

Ans. v = \/;I:
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948. A homogeneous solid sphere rolls without slipping down the trough shown.
Find the acceleration a of the center of the sphere and the minimum coefficient
of friction f which the surfaces could have before slipping would oceur for given

values of 6 and 8. Ans, o= 9 sin @ f= tan @
T T 14 Esee2g T

sec B + § cosB

Pros 948

949. Determine the forces on the piston and erank pins for the connecting
rod of Sample Prob. 935 when the piston is at the extreme right end of its stroke
(bottom dead center). At this position the net gas pressure on the piston is
small and may be neglected. A constant crank speed of 1500 rev./mirn is
assumed.

960. The uniform link weighs 20 1b. and is initially at rest in the vertical
position before the 10 1b. force is applied as shown. Neglect friction in the
bearing of the light guide roller and compute the linear acceleration a of the
center of the roller and the angular acceleration a of the bar an instant after
the 10 Ib. force is applied.

10 Ib.
W?/W/Zg B %A

g

|
G
Pros. 950 ProB 951

961. Determine the acceleration a of the 50 Ib. weight if the coeflicient of
friction between the 300 1b. wheel and the plane is 0.20. The radius of gyration
of the wheel about its center is 1.5 ft., and the cables are wrapped around the
wheel and its integral hub. . Ans. a = 6.10 ft./sec.?
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962. A large steel roller bearing has the dimensions shown. The outer race
A is fixed and the inner race B is turned by the action of friction hetween it and
the shaft on which it is fitted. Find the value of this frictional torque M applied
to the inner race necessary to accelerate the bearing to an operating speed of
3000 rev./min. in 2 sec. Assume that the rollers do not slip.

2.126"
1‘1 433%;7

T

8858"

Pros 952

953. The truck, initially at rest with a solid eylindrical roll of paper in the
position shown, moves forward with a uniform acceleration a. Find the dis-
tance s which the truck goes before the paper rolls off the edge of its horizontal
bed. Friction is sufficient to prevent slipping. Ans. s = 3d

2

ProB. 953

964. Determine the forces on the piston and crank pins for the connecting
; rod of Sample Prob. 935 when the crank
angle is 90 deg. instead of 60 deg. Take
the gas pressure on the piston at this posi-
tion to be 80 Ib./in.?

966. The uniform 16.1 1b. link AB is
released from rest in the position shown.
' 30° Determine the reactions at A and B as
.__t__.____.__ the link begins to slide if friction in the

B 7 guides is negligible.
Pros. 955 ' Ans. A =521b,B=1711Ib.
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* 966. The circular disk has a net weight of 20 Ib. after the 6 in. diameter hole
is cut out of it. If the disk is released from rest on a horizontal surface in the
position shown, find the momentary angular acceleration & of the disk. The
coefficient of friction is 0 10. Ans. a = 0.708 rad./sec.?

Pros. 956 Pros. 957

* 9567. A solid semicylinder is released from rest in the position shown. Deter-
mine the initial acceleration a of the geometrical center O and the minimum
coefficient of friction f to prevent initial slipping.

sg_ = 0.11 ft./sec.?, f = 0.321
* 968. 1t was proved in Prob. 511 of Part I that, if the common coefficient
of friction between all surfaces is less than 0.268, the

cylinders shown will collapse and slipping will occur

initially under the upper cylinder and not under the

lower cylinders.  If the common coefficient of friction
for all surfaces is 0.20, determine the linear accelera- Y
tion a; of the upper cylinder and the linear accelera-

tion ag of the centers of the lower cylinders when -
released from rest in the position shown. Pros. 958
Ans. ay = 0.794 {t./sec.?, ap = 1.375 {t./sec.?
* 969. If the axis of the roll of paper in Prob. 953 makes an angle 6 with the
rear axle of the truck, find the angular acceleration « of the roll if its radius is r
and if the truck has an acceleration a. Assume no slipping. n _ 2acosf
ns. a = 3’1‘“—"
* 960. Wheels A and B are identical 50 lb. solid circular disks with mass centers
at Gyand G2.  They are connected by the uniform 15 Ib. rod G1C whose end C' is 2
in. off center. If wheel 4 is given a constant velocity of 6 {t./sec. to the left, find
the friction force F exerted by the plane
on wheel B at the instant point C
crosses the horizontal line @) G, between
Gy and Gy Thesurfaces are sufficiently
rough to prevent slipping. (Hint: The
angular acceleration of CGy, although
> very small, is not zero in the horizon-
Pros. 960 tal position.) Ans. F = 3.69 Ib.

Ans. a =




CHAPTER XII

Work and Energy

98. General. The force-mass-acceleration equations of motion de-
veloped in the previous chapter are sufficient to solve most of the usual
problems in dynamics. These equations are particularly useful when
the instantaneous relationship between force and acceleration is desired.
Additional kinematical equations are needed if the problem involves
changes in motion due to the action of forces during an interval of time.
For problems where forces act during intervals which are given in terms
of linear or angular displacement the method of work and energy is
particularly useful. This method cffectively combines the equations of
motion and the necessary kinematical relations.

99. Work. The concept of work was defined in Chapter VIII of
Part I where virtual or assumed movements were considered in estab-

lishing equilibrium configurations. In the

\ ds - present chapter real and finite displace-
(a) Py =1l ments will be considered, but the definition

-0 of work remains unchanged. The work
A done by a force F' during the movement
/’;’ \pen ds of its point of application O, Fig. 122aq, is
\ \
\ ds ] =k g
(b) \\‘ ’g”\./ dl I ds cos a.
—Foos® This definition may be viewed either as

the force component F ¢os « in the di-

F dssma__ jection of the displacement times the

(c) \a;f/a‘” as displacement, Fig. 122b, or as the force

=l ’ )

- ds cos & times the displacement component ds cos a

Fra. 122 in the direction of the force, Fig. 122c.

With this definition it is seen that the com-

ponent of the force at right angles to the displacement does no work.

The work done by the force is positive when the working component

F cos a has the same sense as the displacement and negative when in

the opposite sense. Work is a scalar quantity with the dimensions of

[distance] X [force]. Work and moment are dimensionally the same,

and in order to distinguish between them work may be expressed as
508
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foot pounds (ft. Ib.) and moment as pound feet (Ib. ft.). The funda-
mental difference between work and moment is that work is a scalar
involving the product of force and distance both measured in the same
direction, whereas moment is a vector
and is the product of force and distance
measured at right angles to the force.

During a finite movement the work
done by the force is

U=|Fcosads.

This expression can be integrated if the
relation between /' and s and between Fre. 123
cos a and s is known.

Fxperimental data often enable a graph {o be constructed of the
working component I'' = F cos « and the displacement s of its point of
application as schematically represented in I'ig. 123. The differential
area dA under the curve during the movement ds is the work done by
I’ during that interval, and the net or total work done between any two
displacements s; and s» is the area under the curve between these limits.

In the case of an elastic spring of stiffness & and negligible weight the
force F supported by the spring at any deformation x, cither compres-
sion or extension, is I/ = kx. Thus the work done on a spring during a

compression or extension from its undeformed position
»dg-// or the work done by the spring during a velief of its
[ compression or extension is

fF dx =f kr dr = Lka?
0

which represents the triangular area * under the graph
of ' = k.
The work done by a couple M acting on a body,
Fra 124 Fig. 124, during a rotation df of the body in the plane
1G R A . .
of the couple is dU/ = M df. This expression is easily
obtained by representing the couple by two forces and evaluating the
work done by each force during the rotation df. The total work
done by M during a finite angular displacement 6 is

U=fMd0.

* This relation is represented in Fig. 79 on p. 282 of Part I for the case of com-
pression.
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The angle 6 is expressed in radian measure, and work is positive when
the rotation is in the sense of the couple and negative when in the sense
opposite to the couple. A couple does no work during a movement
which is entirely one of translation since the angular displacement is
zero. In the event that the body rotates in a plane other than the
plane of the couple the work done equals the magnitude of the couple
vector times the magnitude of the rotation vector multiplied by the
cosine of the angle between the vectors.

When a body slides on a fixed surface, the work done by the friction
foree acting on the body is negative since the friction force acts in the
direction opposite to the displacement. In the case of a wheel which
rolls on a fixed surface without slipping, a static friction force acts and
does no work since the point of application does not slip. If the wheel
slips as it rolls, kinetic friction is generated and negative work is done
on the wheel.

The total work done by any system of forces and couples acting on a
body during any movement is the algebraic sum of the works done by
each force and couple considered separately.

100. Kinetic Energy of a Particle. Consider the motion of a particle
of mass m, Fig. 125, subjected to the ac-

F tion of a system of forces whose resultant
P ds :_:::f_t.'.) is . The work done on m during a dis-
:;;/ m placement ds is done by the tangential
P component only of F and is
¥ia. 125 dU = F cos a ds.

From the equation of motion in the tangential direction, F cos « = may,
the work may be expressed as

dU = ma, ds.
But a; ds = v dv, so that
dU = mv dv.

The net work done on m during an interval of its motion for which the
velocity changes from vy to v is

v
AU =de =f modv = Fmv* — Fmo?.
L]

The term 4mo?® is the work done in bringing the particle from rest to a
velocity v and is known as the kinetic energy T of the particle. Hence
the definition

T = lmo® (89)
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The net work done on m in changing its velocity from vo to v, therefore,
cquals the change T — T in its kinetic energy, or

AU = AT. (90)

Fquation (90) is known as the work-energy equation and always involves
the change in kinetic energy as a result of the net work done during the
corresponding interval of motion.

If a particle moving with a velocity v is allowed to act on some body
and is brought to rest during this action, the loss of its kinetic energy
equals the work done on the other body by the contact force. Thus
Kinetic energy represents the capacity to do work by reason of acquired
veloeity.

Kinetic energy is a scalar quantity which depends only on the mass
and the magnitude of the velocity. Since the velocity v is squared,
kinetic energy is always a positive quantity. The units of kinetic energy
are the same as those of work, as may be seen from the dimensional
equation

[3me®) = |[FL7'T2)[LT')? = [LF).

When a body is subjected to a system of forces the resultant of which
acts through the center of mass, the body may be treated as a particle
as was seen in Chapter XI. Thus the work-cnergy equation as devel-
oped for a particle may be applied to such a body.

When two or more particles (or translating bodies considered as
particles) are joined together by connections which are frictionless and
incapable of elastic deformation, the forces in the connections oceur in
pairs of equal and opposite forees, and the points of application of these
forces necessarily have identical movements. Hence, the net work
done by these internal forces is zero during any movement of the system.
Thus Eq. (90) is applicable to the entire system, where AU is the total or
net work done on the system by external forces and AT is the
change in the total kinetic energy of the system. The total
kinetic energy is the algebraic sum of the kinetic energies of all
elements of the system.

In Chapter VIII on virtual work it was seen that the method of work
has a basic advantage over the force and moment summation method
for solving the equilibrium problem for a system of multi-connected
bodies. The same advantage exists in the method of work and energy
for the dynamics of interconnected bodies since again consideration of
internal forces is not necessary.

Application of the work-cnergy method calls for an isolation of the
hody or system under consideration. For a single body a free-body
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diagram showing all externally applied forces should be drawn. For a
system of connected bodies without springs an active-force diagram
which shows only those external forces which do work (active forces)
on the system may be drawn.

SAMPLE PROBLEMS

961. Determine the velocity » of the 100 Ib. crate when it reaches the bottom
of the chute if it is given an initial veloeity of 15 ft./sec. down the chute at A.
The coefficient of friction is 0.30.

fN=2901b /ijk
N=966 lb.
Pros 961

Solution: The free-body diagram of the crate is drawn and includes the nor-
mal and friction forces calculated in the usual manner.  The work done by the
component of the weight down the plane is positive, whereas that done by the

friction force is negative. The total or net work done during the interval is,
then,

AU = (100 sin 15° — 29.0)50 = —155 ft. 1b.

The change in kinetic energy is

100
AT = -2* 7) (l" 225) .

The work-energy equation gives

AU = AT) —155 = %;70% (* — 225),
v? = 125, v = 11.2 ft./sec. Ans.

962. In the system shown the weights of the cable and pulleys and the fric-
tion in the pulley bearings are negligible. Determine the velocity » of the
2000 1b. weight after it has moved 10 ft. from the rest position from which the
system was released.

Solution: The only external forces which do work on the entire system are
the weights of the two bodies. With these two forces indicated the sketch may
be used as the active-force diagram.
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The 10 ft. displacement of the 2000 Ib. weight is clearly up, whereas that of
the 1500 Ib. weight is 20 ft. down. Also the velocity of the 1500 lh. weight is

i

Nl

|
|

! y
20" 1500 1b 2000 b

1

twice that of the 2000 Ib. weight. The work-energy equation for the system is
applied and gives

Pron. 962

. 12000, 11500, ,
AU = AT} =2000 X 10 + 1500 X 20 = 5505 (% = 0) + 5 50 (42 = 0),
v = 8.97 ft./sec. Ans,

963. The 20 Ib. slider starts from rest at A with no foree in the attached spring
and moves in the smooth horizontal slot under the action of a constant 50 lb.
force in the cable. If the modulus of the spring is 5 Ib./ft., determine the ve-
locity v of the block as it passes the position B.

¢ 501b.
| e
A o
I pee 4
4 .
1
]
N| 50 Ib
65X j ------ X
20 1b.

ProB. 963

Solution: It will be assumed that the stiffness of the spring is small enough
to allow the block to reach position B. The free-body diagram of the block is
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shown. The work done on the block by the spring force during the movement
from A to B is negative and is

—3kx? = —} X 5 X 42 = —40 ft. lb.

The work done by the variable horizontal component of the 50 lb. tension
could be obtained by integration over the interval but is more simply computed
from the fact that point C, at which the constant 50 lb. force is applied to the
cable over the guide pulley, moves through a distance of Ve L3 -3 =21t
Thus the work done is 50 X 2 = 100 ft. lb., and the work-energy equation gives

120

= i —_ . = - e (P2 — =
(AU = AT] 40 + 100 5399 @ - 0), v = 13.90 ft./sec. Ans.

PROBLEMS

964. The pendulum is released from rest in the position shown. Determine
its veloeity as it passes the bottom position.

AR

Pros 964 Pros. 965

965. A small 2 oz. bead starts from rest at A and slides freely in the vertical
plane along the fixed wire under the action of the constant 4 oz. horizontal foree.
Find the velocity » of the bead as it hits the stop at B.  Ans. » = 13.90 {t./sec.

966. A car is traveling at 30 mi./hr. down a 5 per cent grade when the brakes
on all four wheels lock. If the kinetic coefficient of friction between the tires
and the road is 0.70, find the distance s which the car skids in coming to a stop.

Ans. s = 46.3 ft.

967. The skid marks left by all four wheels of a car on a level road are meas-
ured by a police officer to be 65 ft. in length. The driver of the car claims that
he was not exceeding the speed limit of 50 mi./hr. hefore he applied the brakes.
Turthermore the driver released the brakes hefore coming to a stop and was ob-
served to continue at the speed of 20 mi./hr. after his skid. From experience
with the road conditions prevailing the cocflicient of kinetie friction is known to
be at least 08. If the officer were [amiliar with the laws of mechanices, could
he conclude that the driver was guilty of speeding?

968. Find the total energy £ absorbed (negative work) by the brakes of a
1200 ton passenger train in bringing it to a stop from a velocity of 60 mi./hr.
in a distance of 2 mi. down a 1 per cent grade.  Ans. E = 542 X 108 {t. lb.
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969. The plunger weighs 40 Ib. and is released from rest in the position shown.
If the spring is deflected a maximum of 4 in. by the falling plunger, find the
modulus k of the spring.

970. A 10 Ib. block is released from
rest on the incline with no force in the
spring. Determine the maximum dis-
tance x which the block slides if the
stiffness of the spring is 4 1b./ft. and
the coefficient of friction is 0.20.

I [
2II M
3

=3
=1

1

-

Pros. 969 Pros. 970

971. The light pulley around which the cable passes has negligible friction in
its bearing. Determine the veloeity v of the 50 Ib. weight after it has moved
10 ft. from rest under the action of the constant 30 lb. tension.

Ans. v = 16.82 ft./sec.
»® ’

f=0.30

Pros. 971 Pros. 972

972. The weight W is attached to an elastic cable, and the lower supports
are raised slightly until the cable tension and elongation are zero. If the sup-
ports are suddenly removed, find the maximum tension 7" in the cable.

973. The 10 Ib. cylindrical plunger is accurately machined to give a slight
force fit in the fixed horizontal tube shown in section. A constant force of 150
Ib. is required to accelerate the plunger
from rest to a velocity of 50 ft./sec. in a
distance of 4 ft. If the coefficient of fric-
tion between the plunger and the tube is
0.30, find the average normal pressure p
between the parts due to the press fit. Pros. 973
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974. Determine the velocity v of the 32.2 Ib. freely sliding block of Prob. 788,
shown again here, after it has moved 4 ft. from rest under the action of the con-
stant force P = 35 Ib. The light cables are wrapped securely around the in-
tegral pulley of negligible weight whose diameters are in the ratio of 2:1.  Fric-
tion in the pulley bearing is negligible. Ans. v = 473 ft./sec.

7

Pros. 974 ’ Pros. 975

975. The two sliders weigh 8 1b. each, are connected by a light, rigid link, and
move with negligible friction in their guides. If the sliders arce released {rom
rest in the position shown, find the velocity v of the upper one as it crosses the
center line of the vertical slot.

976. The 4 Ib. collar slides freely on the fixed vertical shaft and is released
from rest in the position at & = 0, for which the spring is compressed 2 in. De-
termine the velocity v of the collar when & = 12 in. Ans. v = 4.77 It./sec.

[ /% |

Pros. 976

977. Determine the net work done on the slider of Sample Prob. 963 by di-
rect integration of ZF, over the 4 ft. displacement.
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978. The 20 Ib. slider is fitted in its horizontal guide with a small amount of
clearance, and the coefficient of friction is 0.20. If the slider starts from rest
in the position shown and moves under the action of the 50 Ib. force, constant
in magnitude and direction, find the maximum velocity » which is attained.

50 1b.

=
¥

=z
k=90 1b/ft.
Pros. 978

979. The 10 Ib. plunger is released from rest in the position shown, where

the right-hand spring is compressed 3 in. Determine the maximum velocity v
reached by the plunger. Friction in the guide is negligible.

Ans. v = 9.22 ft./sec.
= l('__—a” ]
Z - )

\b

Pror 979 Pros. 980

980. In tests on the resistance of a certain material to penetration the sharp-
pointed 2 oz. projectile shown is fired at the specimen with a velocity of 500
ft./sec. Prediction of penetration depth x is based on the assumption that the
resistance R offered by the material to the projectile depends directly on the
projectile surface area embedded in the specimen. This area is proportional
to 2%, so that R = ku? is written. If tests indicate an average penetration of
1.25 in., determine k.

981. If the pulley of Prob. 971 scizes so that it eannot turn and if the coeffi-
cient of friction between the cable and the seized pulley is 0.30, find the energy
E lost by the work of friction between | q’
the cable and the pulley while the
block moves 10 ft.

Ans. K = 183 ft. Ib.

982. The system is released from
rest with ¢ = 0. Determine the veloc-
ity v of the center weight when z =
3 ft. and the maximum displacement
z of the center weight.

Ans. v = 5.14 ft./scc., z = 5.33 ft. Prob. 982
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983. Two identical beads are released from rest at A and slide on the fixed
wires. (a) If friction is negligible, prove that the velocity of the beads at any
elevation is independent of the path. (b) If friction is present and each bead has
a coefficient of friction of 14, would you expect the upper or lower path to re-
sult in the greater velocity at B? (IIini: Verify your intuitive answer to part
(b) by a comparison of the results of Prob. 864 with those worked out for the
straight wire, using the numerical values of Prob. 864.)

Pros. 983 Pros 984

984. The chain of Prob. 800, shown again here, is released from rest on the
smooth surface in the position shown. Find the veloeity v of the chain as the
last link leaves the edge. Compare the work-energy solution with solution by
the method of the previous chapter. VAN

Ans. v = \/gL(l ~ iz

986. 1f the surface upon which the chain in Prob. 984 slides is not smooth
and if it starts from rest with a sufficient number of links hanging over the edge
to barely initiate motion, determine the velocity » of the chain as the last link
leaves the edge. The coefficient of friction is f. Neglect
friction at the edge.

* 986. Find the velocity v of the slider in Sample Prob.
063 as it passes B if friction in the guide is not negligible
and the coefficient of friction is 0.30.
Ans. v = 10.55 ft./sec.
* 987. Determine the distance 2 from the position where
the 10 1b. block of Prob. 970 is released from rest to the
position where it finally stops. Assume both the static and
kinetic coefficients of friction to be 0.20. Ans. x = 2.00 ft.
* 988. The 100 Ib. cylindrical plunger is accurately
machined so that a thin film of light oil effects nearly perfect
air seal and at the same time offers negligible frictional resist-
ance to motion in the vertical tube with sealed lower end.
If the plunger is released from rest in the position shown,
where the air pressure inside the tube is equal to the at-
Pros. 988 mospheric pressure of 14.7 1b./in.2, find the maximum veloc-
ity v attained by the plunger. The absolute pressure in
the tube varies inversely as the volume, and the pressure of the atmosphere on
the top of the plunger is essentially constant. Ans. v = 2.89 ft./sec.

AAAAIL1TIL1LLLATILTIL LG LGRS URARRAR AR RN

ALTTLLLLTILILIL S U S LR RNRAN AR RARANS

N
N
N
N



Work-Energy in Plane Motion 519

* 989. The piston and ram of the steam hammer weigh
400 1b. The absolute pressure p acting on the piston is
constant at 200 1b./in 2 for the first 4 in. of the stroke
beginning at the top, for which x = 2 in. The pressure
p then varies according to pV = constant, where 17 is
the total volume of the cylinder above the piston, for the
remaining 10 in. of the 14 in. stroke. Determine the
velocity v of impact of the ram with the work at the
bottom of the stroke. The atmospheric pressure of
14.7 1b./in.? acts on the lower side of the piston.

Ans. v = 52.5 ft./sec.

]

101. Work-Energy in Plane Motion. It was
shown in the previous article that the work-energy
cquation, AU = AT, may be applied to a system
of joined particles whose internal connections are
without frietion and are incapable of absorbing energy (no internal
springs). The term AU is the net work done on the system by all
external active forces, and AT is the change in the total kinetic energy
of the system. This principle holds for any rigid body or system of
rigid bodies since a rigid body may be considered as a composite of
joined particles whose connections meet the stated requirements. The
principle AU = AT does not hold for a deformable body since the
particles of such a body are not rigidly connected, and some of the
external work done will be absorbed in the internal “springs.”

Before the principle of work and energy can be applied to rigid bodies
it is necessary to know the expressions for the kinetic energy T of a
rigid body having any one of the three types of plane motion. These
expressions are derived as follows:

Translation: The translating body of mass m in Fig. 126a has a velocity
v. The kinctic energy of any particle of mass m, is $mp®, and the
kinetic energy of the entire body is

Pros. 989

T = Zima? = Lv?Zm,,

or T = Imv®. 91)

Rotation: The body in Fig. 126b is rotating about a fixed axis through
O with an angular velocity w. The linear velocity of any particle of
mass m; is ro, and the kinetic energy of this particle is m;(rw)?. The
kinetic cnergy of the entire rotating body is the sum of the kinetic
energies of all its particles and is

T = Zfmr20® = 30?3mr?,

or T = §Ipw?. (92)
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The term I is the moment of inertia about the fixed axis of rotation
The similarity between the expressions for kinetic energy of rotation
and translation should be noted. Moment of inertia and angular veloc-
ity replace mass and linear velocity, respectively. The rcader may
verify casily that the dimensions of both expressions arc identical.

(a) (c)
Fra. 126

Plane Motion: The body in Fig. 126¢ has any plane motion, and, at
the instant considered, the velovity of its mass center G is o and the
angular velocity of the body is w. The velocity v of any particle is con-
veniently expressed in terms of & and the velocity rw of the particle rela-
tive to ¢ as shown. The square of the particle velocity is obtained by
the law of cosines and is

2 = 7% + r%w® + 20rw cos 6.

The kinetic energy of the representative particle of mass m, is Fmy?,
and that for the entire body is

T = Zimp® + Zmr%® + 2Em,) (2irw cos 6),
= 10°Zm, + $o*Emy? + wSmyy.

The last summation is zero since the y-coordinate to the center of gravity
is zero, and the sccond summation is merely the moment of inertia T
about the center of gravity (. Thus the kinetic energy for any rigid
body having plane motion is

T = Imv? + Liw?. (93)

This expression clearly shows the separate contribution to the total
kinetic energy due to the translational velocity of the mass center and
the rotational velocity about the mass center.

The kinetic energy of plane motion may be expressed also in terms
of the rotational velocity about the instant center C of zero velocity.
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Since C momentarily has zero velocity, the proof for Eq. (92) holds
equally well for this point. Thus the kinetic energy of plane motion
may be expressed by

T = iI0® (94)

(S

in place of Eq. (93).

The total kinetic energy T of a system of bodies having plane motion
is the sum of the kinetic energies of all its parts caleulated by Eqs. (91),
(92), and (93) or (94) for the particular kinds of motion involved. When
the work-energy principle AU = AT is applied to such a system, AT
is the change in the tofal kinetic energy of the system and AU is the net
work done by all active forces which are applied externally to the system
during the interval involved.

SAMPLE PROBLEMS

990. Determine the velocity v of the center of the circular disk after it has
rolled a distance s down the incline from rest.  Friction is sufficient to prevent
slipping.

Pros 990

Solution: Of the three forces shown on the free-body diagram of the disk only
the weight does work. The friction forece does no work if the wheel does not
slip.

Thus

AU = Wssiné,
1w, I(IW 2)w2=3W )

29

— —

The work-energy equation is

. .
[AU = AT] Wssin = z%m, v =4 /4‘”;'“9. Ans.

The kinetic energy may also be expressed by

1 2_1 1[2 1’!2)2
élco)—2 2gr+gr w
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991. The ends of the uniform slender link are confined to move in the smooth
vertical and horizontal guides. If the link fulls from rest in the vertical position
(8 = 0), find its angular velocity w and angular acceleration a for any position 6.

Pros. 991

Solution: From the free-body diagram of the link it is seen that W is the only
foree which does work. The vertical drop of (1s ({(/2)(1 — cos 8), and the work
done is

T
AU = El(l — cos 6).

The kinctic energy at any position may be expressed as the energy of rotation
about the instant center ¢, Thus

1 1 W W riN% 1w
T=T=~Tcw? =- -2 _(_)}2=,ﬁ22
AT =T = 5w [12 S () | =g, e

This same result may be obtained by considering the energy due to the transla-
tional velocity of ¢ and that due to rotational velocity about (. "Therefore the

energy is
1.W } s 2) IW 2 2
Eg 2 (2 ) <l2ql ] glw

The principle of work and energy is applied to give

AU = AT] — (1 — cosf) = -E 1%w?,

W= \/:—)’ly (1 — cos6). Ans.
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The angular acceleration of the bar may be obtained by differentiation. Thus

dw?) . _3gd _ 3go .
g T we= (1 —cosf) = ;] Sin 0,
a = %i sin 6. Ans.

The positive direction of « is counterclockwise, which is the same as that for 6.

992. Specify the necessary modulus k of the spring which will allow the gear
sector to rotate a maximum of 'y turn when released from rest in the position
shown. Also find the velocity ¢ of the 6 1h. plunger when the spring is com-
pressed 1 in. during this motion. The gear sector weighs 10 lb. and may be
treated as a semicircular disk. Also, friction 1n the parts is negligible.

Pros. 992

Solution: The sector and attached plunger are taken as the system to be iso-
lated, and the active-force diagram, showing all external forces which act on
the system and do work, 1s drawn.  The 10 Ib. and 6 Ib. weights and the spring
force are the only such active forces.

For a rotation of L of a turn § = w/4, and the compression of the spring is
r= (6wr/4) — 2 =271 in. Also 7 = 4r/(3w) = 2.55 in. The vertical move-
ment of G for § = w/4 is

24 z) — (F— Feos ) = 4.71 — 2.55(1 — 0.707) = 3.96 in.
The work-energy principle for AT = 0 is
[AU = 0] 10 X 3.96 + 6 X 4.71 — 1k(2.71)% = 0,
l; = 18.48 Ib./in. Ans.
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For a spring compression of 1 in. the angular movement of the sector is

6= —216_—1 = 0.5 rad. or 6 =28°39,

and the vertical movement of @ is
2+ 1) — 2.55(1—-0.878) = 2.69 in.
Thus the net work done during the 1 in. compression of the spring is
AU =10 X 269 + 6 X 3 — § X 1848 X 1* = 35.71in. b,

The kinetic energy of the disk may be computed from the expression :lcw?,
where

Ie =14 mGC? = 1o — mi* 4+ mGC2 = Iy + m(GC* — ).

The law of cosines applied to the triangle OGC gives

GC? — 7 = 12 — UF cos (;r - 0) = 213 in.%,

and the moment of inertia about O is

1/1 1 10 X 62
]=_(_ 2):“ 2= = 1 2
0=73 2><2m7 2mr T% 323 %X 12 0.466 Ib. in. sec.

Therefore the kinetic energy of the disk is

0

N
Tt (0460+322><12

% X 21 3) L = 0.01414% in. Ib.
Finally, the kinetic energy of the plunger is accounted for, and the work-energy
cquation gives

—_ 6 2
(AU = AT 35.7 = 0.014140? +2322><12

v = 40.4 in./sec. Ans.

The kinetic energy of the gear sector may be determined also from the rela-
tion 3m#* + 3lw?. In this method it is necessary to relate 5 and w to the ve-
locity v of the plunger, and the labor is comparable to that of obtaining I¢ as
was done in the present solution. Unless strict adherence to principles is ob-
served the casual reader may be tempted to evaluate the kinetic energy of a full
rolling disk and take half of it for the given sector. Such calculation is erro-
neous since the kinetic energies of the particles of each half of the disk are not
the same by reason of their different velocities.
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PROBLEMS

993. The 40 Ib. wheel has a radius of gyration about its center of 15 in. and
rolls up the plane without slipping under the action of the constant 10 Ib. force.
Determine the angular velocity w of the wheel when its center has moved 12 ft.
from rest.

10°

Pror 993

994. A circular hoop of weight W rolls without slipping on a fixed surface.
If the center of the hoop has a velocity v, find the kinetic energy 7.

996. The suspended log shown is used as a battering ram. At what angle 6
should the log be released from rest in order to strike the object to be smashed
with a velocity of 20 ft./scc.? Ans. 0 = 41°1¢

Pros. 995 Pros. 996

996. Find the torque M applied to the 40 Ib. circular disk necessary to give
its center a veloeity of 4 ft./sec. in a distance of 10 ft. up the meline from rest.
The wheel does not slip.

997. The locomotive drivers of Prob. 745 arc shown again here.  If the loco-
motive has a velocity of 60 mi./hr., determine the kinetic energy T of the 190 Ib.
connecting rod AB when it is in the position shown. Ans. T = 6910 ft. 1b.

Pros. 997
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998. The hoop of negligible wall thickness has a radius of 6 in. and rolls with-
out slipping. If its center is given an initial velocity of 5 {t./sec. up the incline
from point A, find its velocity o when point B is passed on the way down.

Ans. v = 7.55 ft./sec.

Pros 998

999. The hoisting drum weighs 150 Ib. and has a radius of gyration of 8§ in.
If the 100 Ib. weight acquires a velocity of 10 ft./sec. after falling 20 ft. from
rest, find the constant frictional moment M acting on the drum bearing. The
small sheave has negligible weight and is perfectly free to rotate about its bearing.

RI27777%77774

100 Ib.
Pros. 999

1000. The wheel has a centroidal radius of gyration of 7 in. and weighs 45 Ih.
A constant 5 Ib. force is applied to the light cable wrapped around the inner
hub. Determine the velocity » of the center of the wheel after it has rolled 8 (1,
to the right from rest without slipping. Ans. v = 4.62 ft./scc.

Pros. 1000
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1001. The gear and attached drum have a combined weight of 150 Ib. and a
radius of gyration of 10.5 in. The weight of the motor pinion is small and may
be neglected. The 400 Ib. load acquires an upward velocity of 15 ft./sec. after
rising 20 ft. from rest with constant acceleration. Determine the torque M on
the motor pinion. Ans. M = 525 1. ft.

Pros. 1001 Prog. 1002

1002. What initial clockwise angular velocity w must the uniform 10 Ib. bar
have as it crosses the vertical position (8 = 0) in order that it just reach the
horizontal (@ = 90 deg.)? The spring has a modulus of 4 Ib./ft. and is un-
stretched when 6 = 0.

1003. Ii the frame F of the car must be jacked up to a height of £ = 14.51n.
to release the compression in the springs, determine the least value of x result-
ing from a sudden removal of the jack if there are no shoek absorbers  The con-
stant of each spring is 409 1b./in., and the line AC may be assumed to remain

o,
g

777777

Pros. 1003



528 Work and Energy

vertical throughout the movement. The weight of the frame F and that part
of the attached body supported by F is 1500 Ib. Ans. z = 4.68in.

1004. The circular eylinder of weight W and radius 7 is released from rest in
the position shown and rvolls without slipping on the circular surface. Deter-
mine the reaction N between the surface and the cylinder when the bottom po-

dtion is reached. W
sition is reached Ans. N = 5 (7 — 4 cos6)

Pros. 1004 ’ Pros 1005

1005. The 100 Ib. load A and the attached 50 lb. sheave B have an upward
velocity of 10 ft./sec. after rising 15 ft. from rest under the action of the con-
stant 85 Ib. cable tension.  Determine the frictional moment M/ in the bearing
0 if the radius of gyration of the sheave is 12 in. and the cable does not slip on
the sheave. Triction along the vertical guides is negligible.

1006. A constant torque of 15 lb. ft. is applied by a motor to the 20 Ib. drum
A in the direction to cause the 200 Ib. spool B to roll up the incline on its hubs
without slipping. Determine the velocity v of the center of the spool after the
drum A has turned 10 rev. from rest. The radius of gyration of B about its
center O is 10 in., und that of 4 about its centeris 41n.  Ans. v = 5.68 ft./sec.

Pros. 1006

1007. The 60 Ih. weight is descending with a velocity of 4 ft./sec. when a
constant counterclockwise moment of 40 b. ft. is applied to the solid eylindrical
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drum A, which weighs 20 Ib. If the centroidal radius of gyration of the integral
40 1b. pulley B is 10 in., find the number of revolutions n through which A turns
before the system comes to rest.

PN
40 Ib. ftl.4

N )

2

Jier

g A
Pros. 1007 Pros 1008

1008. A type of press frequently used in the hot working of nonferrous metals
is shown in the figure. The flywheel and attached serew together weigh 600 Ib.
and have a radius of gyration about the vertical center line of 16 in. The screw
has a double thread of 2 in. lead, and the forming head and die weigh 80 Ib. If
the flywheel has a speed of 100 rev./min. in the position shown, determine the
rotational speed N just before the die strikes the work. Neglect friction.

Ans. N = 117.1 rev./min.

1009. Crawler-type tractors with endless treads are used mainly for low-
veloeity earth-moving machinery. In the case of the military tank, however,

Pros. 1009

appreciable velocities are attained. Determine that portion M of the constant
total torque applied to the front driving sprocket A necessary to give the tread
alone its motion corresponding to a velocity v of the tank in a distance s from
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rest. Neglect the thickness of the tread compared with the dimensions d and L.
The tread has a weight u per unit of its length.
ght u p g Ans _ w'd 2d ( L+ 1rd)

1010. The gear train is set in motion by releasing gear A and its attached
weighted arm from rest in the position shown. The center of gravity of the
20 Ib. weighted arm alone is 10 in. from O, and the radius of gyration of the arm
about O is 12 in. The weight and radius of gyration of each of the gear units
are given on the sketch. Determine the angular speed w of gear C as the arm
swings through the vertical position if friction is negligible. The gear ratio for
euch stage is 2:1.

° We=151b W=181b
k=4in k=3in w=5|n

Pros. 1010

1011. The railway work car has a total weight of 3600 lb. and is driven by
an electric motor A which takes its power from a trolley not shown. The front
wheels and axle together weigh 600 Ib. and have a radius of gyration of 8 in.,
and the rear wheels and axie are identical. The motor armature, shaft, and
pinion together weigh 200 Ib. and have a radius of gyration of 3 in. Determine
the torque M on the armature due to the electrical field necessary to give the
car an acceleration of 6 ft./sec.2  (Comment: Compare the work-energy method
of solution for this problem with a solution based on the equations of motion
developed in the previous chapter.) Ans. M_= 390 Ib. ft.

Pros. 1011
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1012. The elliptical cylinder is released from rest in the position shown,
where @ > b, and rolls without slipping on the horizontal surface. Determine
the maximum angular velocity w of the cylinder. 29(a — b)

Ans. w =2

a® + 5b*

Pros 1012

1013. The half-cylinder is released from rest in the position shown and rocks
on the horizontal surface without slipping. Determine the angular velocity w
of the cylinder as it passes the equilibrium position § = 0.

o (1 = costy
Ans. @ ‘4\/7(% =16

Pros. 1013

1014. The disk of Prob. 956 is repeated here. If the disk is released from
rest in the position shown and rolls without slipping, find its angular velocity w
as the hole passes the top position.

Pros 1014
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* 1016. In the planctary gearing of Prob. 760, shown again here, the spider 4
rotates about O independently of the central gear B, and the ring gear D is
stationary. Gear B and the four planct gears
are identical, and each has a pitch diameter of
6 in., a centroidal radius of gyration of 2 in., and
a weight of 3 Ib. The spider weighs 4 1b. and
has a radius of gyration of 4 in. about 0. 1If a
constant moment of 10 Ib. in. is applied to gear
B through its shaft at O, find the number of rev-
olutions n through which the spider must turn
from rest before B reaches a velocity of 1200
rev./min, Ans. n = 447 rev.
* 1016. The unbalanced gear oscillates on the
Pros. 1015 inclined rack because of the action of the spring,.
Determine the modulus & of the spring which will
allow the gear to rotate a maximum of 14 turn from the position shown, where
it is released from rest with no force in the spring. Also find the angular ve-
locity w of the gear when it has revolved 14 turn. The gear weighs 40 Ib. with
center of gravity at G and has a radius of gyration about O of 4.10 in.
Ans. k= 236 1b./in., w = 4.22 rad./sec.

Pros. 1016 Pros 1017

* 1017. The mechanism of Prob. 759 is repeated here. The combined weight
of the circular disk and attached shaft and armature of motor 4 is 15 Ib., and
this unit has a radius of gyration of 6 in. about its own axis. The arm BO and
attached motor housing weigh 10 Ib. and have a radius of gyration of 7 in. about
the axis at 0. There is negligible friction in the bearings so that the disk and
armature unit rotates independently of the arm BO. If the motor is coasting
at the constant speed of 1800 rev./min. and a constant torque of 0.5 Ib. ft. is
applied to the arm through the shaft at O, find the angular velocity w of BO after
it has revolved through 4 turns from rest. Ans. o = 8.27 rad./sec.
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* 1018. The ring of mass m and radius 7 is mounted on light spokes (not shown)
and rotates about its shaft (y-axis) with an angular velocity w. Simultaneously
its shaft, which is hinged at O, rotates

about the z-axis with an angular velocity g

Q. Determine the kinetic energy T of l

the ring by integrating the energy for

an element over the entire periphery and ™N\G V
show that this expression equals the sum 0, -
of the energies $10? + 31,92  Can this R

result be generalized for any type of rotor -~
symmetrical about either axis of rotation?
Does the result hold for an incomplete
hoop?
Ans.  Holds for symmetrical but not Pror 1018
for unsymmetrical rotor
* 1019. In the differential gears the shaft and gear A are fixed and do not ro-
tate. If a constant torque of 2 lb. in. is applied to gear B through its shaft,
determine the angular speed N of B after it has turned through 4 rev. from rest.

~—y

Pros 1019

Tach of the four identical bevel gears has a weight of 5 Ib. and a centroidal
radius of gyration of 2in.  (Hint: Use the results cited in the statement of Prob.
1018 and neglect the thickness of each gear in the direction of its axis compared
with its diameter.)

Ans. N = 248 rev./min.
* 1020. Derive the expression for the
kinetic energy 7' of a solid right circular
cone of mass m rolling on a fixed conical
surface such that the axis of the rolling
cone remains in a horizontal plane and
rotates about the vertical axis through
the vertex O with an angular velocity w.

_ 9 e r
Ans. T = 2Omhw (l+€h~2)

Pros. 1020
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102. Energy Equation and Conservation of Energy. The energy of a
body may be defined as the capacity of the body to do work by reason
of its motion or configuration. Mechanical energy includes kinetic and
potential energics, and nonmechanical energy includes thermal, chem-
ical, electrical, and atomic energies.

Kinelic energy T is energy due to motion (velocity) and has been de-
seribed in the preceding two articles.

Potential energy V (see Art. 65 of Part I) is conveniently expressed in
terms of the potential energy of position V, of a body in a field of force
and the potential energy V. of a body due to its elastic state of defor-
mation.

Potential energy of position Vg is the work done against the field of
force in changing the position of the body in that field. The most com-
mon force field is the gravitational ficld of the earth which may be con-
sidered of constant intensity near the surface of the earth. Thus the
potential energy V, of a body of weight W which is elevated a distance
h above an arbitrary datum plane is 4 Wh relative to this datum plane.
Conversely, if the body is a distance h below the plane, the potential
encrgy of position is —Wh. The expression for V,, then, accounts for
the work done by the force of gravity. When V, depends only on the
position of a body in the field of force and not upon the path followed
in reaching that position, the force ficld is said to be conservative. In a
conservative ficld the net work done on a body during any movement
which returns the body to its original position and state of motion is
Zero.

Elastic polential energy V., also known as strain energy, is cnergy
stored in a body during an clastic deformation. TFor a simple spring of
stiffness & which is compressed or extended an amount 2 the elastic
energy is V, = $ha? and equals the work done on the spring in pro-
ducing the deformation. Elastic encrgy represents work done by a
conservative force as long as the force equals kx and therefore does not
exceed the elastic limitation of the material. All the energy stored is
potentially available since the spring or body will do work equal to V,
on any body against which it is allowed to act during the relief of its
extension or compression.

The total mechanical potential energy of a system is V = V, + V,,
and the total mechanical energy is E = T 4+ V. The work-energy
principle, expressed by Kq. (90), may now be modified to read

AU = AT + AV, + AV, = AE. (95)

If this alternate form of the work-energy principle is used, it must
be clearly understood that AU is the work done on the system by all
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external active forces except the weights of the members. The work
done by these gravitational forces is included in the term V. Also
with this formulation of the cnergy principle a spring with its strain
energy V, may be considered a part of the system.

A body or system of bodies subjected to forces either external or
internal which depend only on the position and configuration of the
system and its particles is said to be a conservative system. If, during
any interval, no work is done on such a conservative system by external
forces (other than gravity or other potential forces), then no part of
the energy of the system is lost. Therefore, the principle of conserva-
tion of energy requires that the total mechanical energy of a conserva-
tive system remain unchanged. Hence, T + V = constant or

AT + AV = 0. (96)

Equation (96) is known as the law of conservation of dynamical energy
and is one of the basic principles of mechanics. This law is a limiting
principle and holds only in the ideal case of no kinetic friction. A kinetic
friction force always does negative work which is dissipated from the
system in the form of heat loss.

A kinetic friction force is nonconservative since its value does not
depend on the position of the body upon which it acts but on relative
movement of the contacting surfaces and the direction of the movement.
A system subjected to kinetice friction forees is nonconservative, and the
sum of its potential and kinetic energies decreases with continued
motion of the system. Although all mechanical systems are actually
nonconservative, still, for those where the kinetic friction forces are
small, analysis based on a conservative system is justified.

Many systems which involve mechanical cnergy also involve non-
mechanical energy.

Thermal energy @ is energy due to the heat content of a body. This
energy is indicated by the temperature of a body, which is actually a
measure of the kinetic energy of the molecules. The common engineer-
ing unit of heat energy is the British thermal unit (B.t.u.), which is
equivalent to 778 ft. Ib. of mechanical energy.

Chemical energy C is energy due to atomic arrangement and may be
considered a form of potential energy. The combustion of fuel, for
instance, is accompanied by atomic rearrangement and liberation of
thermal energy. Chemical energy is usually expressed in B.t.u.’s of
equivalent heat energy.

Electrical energy E, is the energy associated with electrical charges.
Electrical energy is related to mechanical energy by the work done by
electrical forces which accompany the flow of electric charges.
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Atomic energy A is energy released becausc of the rearrangement of
the structure of the atom and is the most recent form of energy to be
used by man. Atomic energy may be considered also a form of poten-
tial energy.

When a change in energy and a transfer of energy between mechanical
and nonmechanical forms take place in a system during any interval,
it is convenienl to account for the total energy E of the system and
changes in energy by the equation

B El + Elu — Eou = E2-

This simple balance states that the total energy K, of the system at the
beginning of the interval plus any energy put into the system (includes
positive work done on the system) minus any energy taken out of the
system (includes negative work done on the system) must equal the
final energy E. of the system at the end of the interval.

It is important to recognize that encrgy is a relative quantity. Thus
the potential energy V, depends on the arbitrary selection of a datum
plane for zero potential encrgy. . Also kinetic energy 7' is arbitrarily
(but conveniently) expressed relative to the condition at zero velocity.
Hence any physical measurement of energy deseribes in reality a change
in energy. Since the energy cquation may be written in terms of the
energy change E, — E|, it follows that all reference to any arbitrary
datum used for the expression of energy will cancel.

SAMPLE PROBLEM

1021. The two-wheeled skip A has a total weight of 600 lb. and is pulled up
the incline by the action of the descending 350 Ib. counterweight B. Each of
the two wheels of the skip weighs 100 1b. and has a radius of gyration of 12 in.
The drum € upon which the cable is wound weighs 100 Ib., and its radius of
gyration is 10 in. The counterweight slide is greased and gives a coefficient of
friction of 0.20. If the skip has a velocity of 3 ft./sec. up the incline in the po-
sition shown, find the maximum compression x of the spring bumper. Assume
that tipping of the cart as it strikes the spring is negligible and that the wheels
do not slip on the track.

Solution: The skip, cables, drum, counterweight, and spring will be considered
together as the isolated system. Other than the weights of the members (po-
tential forces) the only external active force on the system as a whole is the
friction force acting up the plane on the counterweight, and its magnitude is
F = 0.2 X350 X 0.5 = 351b. Thus the net work done on the system during
the downward movement of 2(6 + z) ft. of the counterweight is

AU = —35 X 2(6 + ) = —70(6 + z) ft. lb.
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The change in potential energy of position of the system is the weight of the
skip times its vertical rise minus the weight of the counterweight times its ver-

tical drop or
V3 V'3

AV, = 600(6 + x) ~2—3- = 350 X 2(6 +0) ~ = = —50V/3 (6 + ) ft. Ib.

The change in elastic potential energy is the stram energy of the spring

AV, = jkx® = 502 ft. Ib.

Pros. 1021

The change in kinetic energy of the system 1s the zero kinetic energy at the
final position of maximum spring compression minus the initial kinetic energy

or AT = —T. The initial kinetic energy of cach part is
1600 ., 1 100 2 (_3 )2_ .
Tsklp = Egé‘é >< 3 +‘ 2 X é 322 X 1 X 15 = 963 ft ").,

1100 10\? 3\
T = — -2 ) = 388 ft. Ib.
Tarum 3399 X 12) X (0'5) 38.8 ft. Ib.,

1 350

Tewe = 5359 X (2 X 3)? = 195.6 ft. Ib.

Thus .
AT = —96.3 — 38.8 — 195.6 = —331 ft. Ib.
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The work-energy principle, Eq. (95), gives
[AU = AT + AV. + AV,]  —=70(6 + z) = —331 + 5022 — 504/3 (6 + ).

Solution of the quadratic gives
z = 3.11 ft. Ans.

The second root of the equation is x = —2.77 ft., which is of no interest since
the skip must move 6 ft. before it strikes the spring, and z is, therefore, positive.

The difference between the solution given here and that which would follow
the method of the previous article is that the work done by the weights of the
members is included in the AV, term instead of the AU term.

If friction were absent, the net work done on the system as a whole would be
zero. The total energy would remain constant, and AT + AV. 4 AV, =
AE = 0.

PROBLEMS

In the following problems account for the work done by the weights of the
various bodies in the potential energy term AV,
and not in the work term AU.

1022. The 5 Ib. plunger is released from rest in
the position shown, where the light spring is
compressed to one half of its free length of 6 in.
Determine the maximum height A above the
starting position which is reached by the plunger.

Ans. h = 240 in.

//////////////////4 1023. Problem 784 illustrates a man who
hoists himself vertically up for a short distance
Pros. 1022 on a bosun’s chair. The man starts from rest

and acquires a small upward velocity after a
short movement. Discuss the application of the work-energy equation to the
system during this movement.

1024. The small 3 lh. weight 4 is |
released from rest in the position
shown and slides without friction along
the smooth fixed rod. If the frec
length of the spring is 20 in., find the
velocity v with which the weight
strikes the support at B.

1026. A large 6-cylinder internal-
combustion engine is cranked at 100
rev./min. by a small auxiliary starting
engine before the ignition is turned on.
Durir}g the sucti(?n stroke each of the _____B; WABRAAARRARRRARA R
6 cylinders admits 0.420 X 103 Ib. VT '
of fuel which has an energy content
of 20,000 B.t.u./Ib. When the engine Pros. 1024

k= 21b./in,
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fires and its speed increases, the overriding starter clutch is automatically disen-
gaged. The kinetic energy of the 450 lb. flywheel with radius of gyration of
16 in. is large compared with the kinetic energy of the other moving parts.
Determine the speed N of the engine 2 rev. after the ignition is turned on, as-
suming that each of the 6 cylinders fires once during the 2 rev. (4-cycle engine).
Because of the heat loss only 25 per cent of
the fuel energy is converted into mechan-
ical energy.  Ans. N = 286 rev./min.

1026. The link AB has a weight of 10
Ib. and may be treated as a uniform
slender rod. The 15 Ib. wheel is a circu-
lar disk with sufficient friction on the
horizontal surface to prevent slipping.
The link is released from rest in the
position shown, and end A4 slides down
the smooth rod. Neglect friction in 3
the moving parts and determine (a) Pros. 1026
the angular velocity w of the link as A
strikes the spring with AB in the horizontal position and (b) the maximum de-
flection z of the spring.

1027. The system is released from rest in the position shown. The 10 Ib.
weight passes through the hole in the bracket but the 8 Ib. rider does not.  De-
termine the maximum distance s which the 10 Ib.
weight descends from the starting position.  (What
happens to the kinetic energy of the rider?)

Ans. s = 6.53 ft.

1028. At the surface of the earth a body is subject to
a gravitational force . Determine the potential en-
ergy V7 relative to the earth’s surface when this body
is elevated to an altitude A which is not negligible com-
pared with the radius R of the earth. 1f the earth had
no atmosphere, with what velocity » would an object
strike the earth if released at a distance from the earth
many times greater than the radius of the earth?

1029. The gravitational potential V in the vicinity
of a fixed mass mo is the work which must be done
on a unit mass in changing its position in the gravita-

7 tional field of mo. It is often convenient to con-
ProB. 1027 sider, arbitrarily, that the potential is zcro when the
unit mass is at an infinite distance from m,. Deter-
mine the potential V at a distance r from mo. The gravitational constant is
7, and the mass mo may be considered concentrated at a point.
Ans. V= =100
r

1030. The heavy cable A weighs 3 Ib./ft., and the weight of the second cable

is negligible. If the system is released from rest in the position shown, find the
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maximum distance s from the starting position which the 24 Ib. weight moves.
Assume that the actual shape of the belt may be approximated by two vertical
sections and a semicireular section as shown. Ans. s = 10.50 ft. down

24 1b.
Prog. 1030

1031. The pulley has a weight of 40 Ib. and a radius of gyration of 10 in.,
and the chain weighs 4 Ib./ft.  If the pulley 1s released from rest in the position

shown, determine its angular velocity @ when the lower end of the chain has
dropped 3 ft.

Pros. 1031

1032. Determine the maximum velocity » reached by the plunger in Prob.
1022. Ans. v = 20.3 in./sec.
1033. Each of the springs has an unstretched length of 8 in. and a constant
of 0.51b./in. The small metal ball weighs 1 1b. and is shown in the equilibrium
position which is the origin of coordinates with the y-axis vertically up. If the
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ball is displaced and released from rest at a point whose coordinates are x = —2
in.,y = —2in., determine the velocity v of the ball as it passes through the point
whose coordinates are £ = 35 in., y = 15 in. during the course of its somewhat

complex motion.

\/\/\/\/\/\/\/\/\/—§ S—
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Pros. 1033 Pros. 1034

* 1034. Gear A is fixed and does not rotate.  Each of the smaller gears has a
weight of 6 Ib. and a radius of gyration of 3 in., and is freely mounted in a bear-
ing on the sector.  The sector is a uniform quarter-cireular

plate which weighs 10 Ib. and is freely pivoted about O. TP
Determine the maximum angular velocity w reached by the wusgie

small gears if the assembly is released from rest in the position

shown.

* 1035. Determine the constant loree P required to give the
center of the pulley a velocity of 4 ft./see. in an upward
movement of the center of 3 [t. from the rest position shown.
The pulley weighs 30 1b. with a radius of gyration of 10 in.,
and the cable has a total length of 15 ft. with a weight of

Ans. w = 13.13 rad./sec.

2 1b./ft. Ans. P = 38.61h.

* 1036. Read Prob. 1029 and use the results to show that m

the gravitational potential V at any point inside a uniform ’@

spherical shell of mass mg and radius a is V = —ymy/a. \\//y
103. Power and Efficiency. The capacity of a ma- e 2'—>|

chine is measured by the time rate at which it can do Pros. 1035
work or deliver energy. The total work or energy output

is not a measure of this capacity since a motor, no matter-how small,
can deliver any amount of energy if given sufficient time. On the other
hand a large and powerful machine is required to deliver a large amount
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of energy in a short period of time. Thus the capacity of a machine is
rated by its power, which is defined as the time rate of doing work.

The work done by a force F, Fig. 127a, during a displacement ds of
its point of application in the direction of the force is dU = F ds, and
the time rate at which the force does work is the power

P v F o7
= — = Fv
dt ’

where v is the velocity of the point of application of the force. Likewise,
the work done by a couple M, Fig. 127, during an angular displaccment

Fie. 127

db in the direction of the couple is dU = M db, and the time rate at
which the couple does work is the power

P a M (98)
dt @
where w is the angular velocity of the body. If the force F is not in the
direction of the displacement ds, the power developed will be equal to
the component of F in the direction of the velocity times the velocity.
Likewise, if the couple and angular displacement vectors are not in the
same direction, the cosine of the angle between them will be a factor.
The unit of mechanical power in common use is the horsepower (h.p.),
and the common electrical unit of power is the watt or kilowatt (1000
watts). The definitions of these units and their equivalences are

1 h.p.

550 ft. 1b./sec. = 33,000 ft. Ib./min.,
107 ergs/sec. = 0.737 ft. 1b./sec.,
1 h.p. = 746 watts = 0.746 k.w.

1 watt

The work done in one hour at the rate of one horsepower is one horse-
power-hour (h.p. hr.), and, similarly, the electrical energy used in one
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hour at the rate of one kilowatt is one kilowatt-hour (k.w. hr.). Thus
1 h.p. hr. = 1,980,000 ft. b,

1 kow. hr. = 2,654,000 ft, 1h.

The efficiency ¢ of a machine is the ratio of the energy output of the
machine during a certain interval to the energy supplied to the machine
during the same interval. This definition assumes that the machine
operates uniformly so that there is no accumulation or depletion of
energy within it. Efficiency is always less than unity since every device
operates with some loss of energy and since energy cannot be created
within the machine. In mechanical devices which involve moving
parts there will always be a loss of energy due to the negative work of
kinetic friction forces. This work is converted to heat energy which
in turn is dissipated to the surroundings. Frictional losses may be
minimized by lubrication but may never be eliminated entirely. The
ratio of the work done by a machine to the work done on the machine
during equal intervals of time is the mechanical efficiency e,,. The me-
chanical efficiency at any instant of time may be expressed in terms of

mechanical power P by
poutpul

Pmput

€m

The mechanical efficiencies of accurately made and properly lubricated
machines are often 90 per cent or more.

In addition to energy loss by mechanical friction there may also be
clectrical and thermal energy loss in which case the electrical efficiency e,
and thermal efficiency e, are also involved. The overall efficiency ¢ of a
machine is the product of its several efliciencies. Thus

0 = 0,000,

A device used for measuring the power output of a machine is called
a dynamometer. A dynamometer may be either of the absorption type,
where the energy developed by the machine is absorbed and usually
converted into heat, or of the transmission type, where the energy is
passed on unchanged. In Fig. 128 is shown a simple brake dynamom-
cter of the absorption type for measuring the power output of an elec-
tric motor. The power of the motor is absorbed in the work of friction
between the brake blocks and the pulley.  From the statical equilibrium
of the bruke, the total frictional moment acting on the pulley is seen
tobe M, = b, if the moment due to the weight of the brake is neglected.
The reaction R is easily measured by a weighing scale, and the power at
any constant angular speed w is P = M;w = Rbw. If a measurement
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is taken during an acceleration « of the motor, part of the power will

be used in increasing the rotational kinetic energy. If the moment of

inertia of the rotating elements

b is I, the equation of rotation
is

M = M; + Ia,

where M is the driving torque
applied by the electrical field.
The capacity or power devel-
oped by the motor under these
circumstances is, then,

Fre. 128 P=Mw=Mw+ law.

Measurements of power output are gencrally made at various oper-
ating speeds, and a plot of the results will disclose the optimum speed
for maximum power.

SAMPLE PROBLEMS

1037. A car of weight W has an acceleration ¢ up an incline 8. Determine
the power P delivered by the engine to the rear wheels when the car reaches a
velocity v.  'The horizontal force required to tow the car on a level road at a
constant speed with engine disengaged is R.

Pros. 1037

Solution: The free-body diagram of the car is shown in the a-part of the illus-
tration. The normal forces N1 and Ng act on each respective pair of wheels
as do the friction forces F; and Fy. From the free-body diagram of the front
wheels in the c-part of the figure the direction of the friction force is such as to
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provide the necessary clockwise moment about the bearing. From the free-
body diagram of the rear wheels in the b-part of the illustration the friction
force is in the direction to prevent the wheel from slipping under the applied
torque M of the drive shaft.

The negative work done on the car by friction forces in the wheel bearings
and by windage is accounted for by considering a retarding force R to act on
the car which does negative work equal to that done by friction in the wheel
bearings and windage. This force is equal to the experimentally determined
“road resistance.”

The power delivered to the rear wheels by the engine is P = Mw. The torque
M may be expressed in terms of known quantities from the cquations of motion
for the wheels separately and the car as a whole. Thus for the front and rear
pair of wheels

XM = 701] Fir = Le; M — For = Iy,
where [ and 5 are the centroidal moments of inertia for the front and rear pair
of wheels, respectively. Tor the complete car
. W
|ISF = mal Fy — Fi — Wsinf — R = —q~a.

From these expressions the rear-axle driving torque M is
M= (W sinf+ R + };i a) r 4 (L + L,
and, therefore, the power supplied to the rear wheels by the engine 1s
P= Mo~ (Wsing+ B+ gla) v+ (I + Daw. Ans.

The term Wo sin 8 is the power required to increase the potential energy of
the car at the given rate, Rv is the power used in overcoming friction and wind-
age, and Wav/g is the power required to increase the translational kinetic energy
at the given rate. This third term is merely

i (1 me?) = mo @ = LV av
a\a"") =" = g

The last terms (11 + I2)aw represent the power used in increasing the rotational
cnergy of the wheels and may be obtained from

LSS S do _
7 (éllw +élgw) = (11+12)wdt = (I + [)aw.

Inasmuch as the rotational energy of the wheels is a small fraction of the total
kinetic energy of the car, these last two terms may be neglected. This approxi-
mation amounts to neglecting F in the case of the front wheels and the differ-
ence between M and Far for the rear wheels.

With neglect of the rotational energy of the wheels, the car may be simulated
by a block, shown in the d-part of the figure, sliding up the incline under the
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action of Fy, W, and B. The power is then computed from the rate at which
F» would do work and is

P=Fyp= (Wsin()-!—R+%a)v.

1t should be noted that, in the actual car, neither one of the frictional forces
Fy and F does work if slipping of the wheels does not oceur.

1038. A test of power and efficiency for a gasoline engine is made by con-
necting the engine to an electrical dynamometer which operates as a generator.
The [rame or stator A of the dynamometer is mounted independently of its
rotor in bearings which are coaxial with those of the rotor. In this way a di-
rect measurement of the torque on the rotor developed by the generation of
clectric current may be made. The eleetrical energy generated is converted
into heat by passing the current through electrical resistors. In the particular
test involved the speed ratio shown is 3: 1, and the engine is run at 2250 rev./min.
The force R measured during the test is 22 Ib. and that due to the unbalanced
weight of the stator alone with the motor disconnected is 4 Ib. A gasoline con-
sumption of 17.5 Ib./hr. is also measured.  If the gasoline liberates 20,000 B.t.u.
of heat encrgy per pound when burned, determine the power output P of the
engine and its overall efficiency e.

ProB. 1038

Solution. The power developed is obtained from the rate at which the moment
on the generator shaft does work. This moment is

M = 3AR = §(22 — 4) = 27 L. ft.

The power output is, then,

[P = Mw| P =27 X 3 X 2250 X 2r = 1,145,000 ft. 1b./min.
or ’
1,145,000
= “gon = 70 Ans.
The overall efficiency e is
_ {’ouwm] _ L145000 X 60
[" = Pupus = 175 % 20,000 x 778 ~ 0% Ans.
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PROBLEMS

1039. A 150 Ib. man walks at the constant rate of 2 mi./hr. up a uniform
10 per cent grade. What power P does he develop in overcoming the grade?
Ans. P = 0.08 h.p.

1040. Derive a formula for the horsepower transmitted by a shaft which re-
volves at a constant speed of N rev./min. under a torque of M 1b. ft.

1041. Compute the power P developed by the electric motor of the railway
work car deseribed in Prob. 1011 when the car reaches a veloeity of 20 mi./hr.
with the acceleration of 6 ft./sec.? Use the answer for motor torque M cited
for this problem and neglect mechanical losses.

1042. The dump truck carries 6 yd.® of earth with a density of 110 Ib./ft.?,
and the elevating mechanism rotates the dump about the pivot 4 at the con-
stant rate of 4 deg./sec. The center of gravity of the load is at G, and the weight
of the empty dump is negligible compared with its load. Find the greatest
power P required during the tilting of the load. Ans. P = 1130 h.p.

Pros. 1042

1043. The dynamometer shown is balanced on the knife edge at O. The
brake band is tightened while the engine is running until the arm balances with
the 50 Ib. weight in the position shown corresponding to a measured speed N
of 1640 rev./min. Determine the power output at this speed for the engine
which drives the flywheel. With the 50 1b. weight removed and the brake band
loose the arm is in static balance about O.

ProB. 1043
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1044. In a test of a centrifugal sump pump a power input to the motor of
4.65 k.w. was measured at a speed of 1720 rev./min. The pump discharged
fresh water at the rate of 72 ft.*/min. with a total lift of 30 ft. Determine the
overall efficiency e of the pump. Ans. e = 0.655

1046. The 500 Ib. load is hoisted with an upward acecleration of 2 ft./sec.?
by the tension 7' in the cable which passes over the fixed support. If the co-
efficient of friction between the cable and the support is 0.30, find the power P
developed by 7' when the load acquires an upward velocity of 6 ft./sec. What
is the mechanical efficiency e,?

, T 7

[ )
500 b
Pros. 1045

1046. A jet-propelled airplane weighs 12,500 1b. empty and is fueled with
10,000 1b. of kerosene with a heat energy content of 19,800 B.t.u./Ib. The
turbojet engine develops a constant forward thrust of 4000 1b., and fucl is con-
sumed at the rate of 1.03 1b./hr. for each pound of thrust. If the maximum
velocity in level flight is 650 mi./hr., determine the useful power P developed
by the engine in driving the airplane against air resistance. Also find the over-
all efficiency ¢ of conversion of heat energy to useful work in propelling the air-
plane at this speed. Ans. P = 6940 h.p., e = 0.217

1047. The propulsive coefficient C for a ship is the ratio of the power required
to overcome the resistance to motion through the water at a certain speed to
the corresponding total power delivered by the engines to the propellers. The
resistance to motion through the water is very nearly proportional to the square
of the speed. For a certain ship a force of 40,000 lb. is required in a hori-
zontal cable to tow the ship at 3 knots (1 knot = 1.689 ft./sec.), and, when
the ship is under its own power at 10 knots, the engines deliver 28,000 h.p. to
the propellers through the shaft (shaft horsepower). Determine C for the speed
of 10 knots.

1048. A Diesel locomotive burns oil with an energy content of 19,000 B.t.u./Ib.
and pulls a 1000 ton train of cars up a 2 per cent grade with a constant velocity
of 30 mi./hr. The frictional resistance to motion is 12 Ib./ton. If the locomo-
tive burns fuel at the rate of 2200 Ib./hr., determine the power P developed by
the locomotive at the drawbar and the overall efficiency e of conversion of heat
energy to useful work in moving the entire train, including the 500,000 Ib.
locomotive. Ans. P = 4160 h.p., ¢ = 0.317

1049. A 3000 Ib. car enters a 4 per cent grade at a speed of 60 mi./hr. and
slows down at a uniform rate to 30 mi./hr. in a distance of 15 mi. Resistance
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to motion of the car due to friction is constant at 100 Ib. Determine the power
P delivered by the engine to the wheels when the speed of the car is 40 mi./hr.
Neglect the rotational cnergy of the wheels. Ans. P =125 h.p.

1050. The conveyor belt travels at the lineal speed of 3 ft./sec. and delivers
boxes which weigh 80 Ib. each to the upper level at the rate of one every 2 sec.
On the average there are 5 boxes on the belt at any one time. With the belt
empty and the motor disconnected a moment of 84 Ib. ft. applied to the lower
driving pulley 4 is required to turn it against friction in all the parts. Specify

the necessary power capacity of the motor sufficient to allow for a 50 per cent
overload factor.

Pros 1050

1061. The figure shows a typical “indicator diagram’’ for a l-cylinder, 2-
cyele reciprocating engine. The card is a graphical record taken direetly on
the engine of the pressure on the piston versus the piston travel during one
complete cycle (one revolution of the crank). TFor the actual diagram 1 in.
on the vertical scale corresponds to 200 1h./in.? gage pressure, and 1 in on the
honizontal scale corresponds to 4 in. of actual piston travel. The area 4 within
the loop on the card is measured with a planimeter and is found to be 0.910
m.? Determine the power input P to the engine (1ndicated power) if the piston
diameter is 6 in., the stroke is also 6 in., and the engine turns at 1750 rev./min.

Ans. P = 91.0 h.p.
Pressure
on piston

| ___Piston
4 travel
I~<— Stroke —

Pros. 1051
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1062. A 13 ton airplane is propelled in level flight at 250 mi./hr. by two en-
gines, each of which develops 1500 h.p. If the throttles are advanced so that
each engine develops 2000 h.p., find the maximum rate of climb which the air-

plane can have and still mamtain an airspeed of
250 mi./hr.  What is the total air resistance R to the
motion of the airplane at this speed?

1063. The electric motor shown is delivering 4
h.p. at 1725 rev./min.  Determine the angle 6
through which the motor deflects under load if the
constant of each of the four spring mounts is 40

“lb./in.  What dircction is the motor running?
Ans. § = 2°5/, clockwise rotation
Pros. 1053 1064. At the bottom of a grade a 4000 lb. car has
a velocity of 30 mi./hr. The engine produces a
constant torque on the wheels so that the friction force between the wheels and
the road is 900 1b.  Frictional resistance to motion 15 constant at 100 Ib. The
grade becomes steeper according to sin 8 = /1000, where 6 is the angle of
the grade with the horizontal and s is the distance traveled in feet measured
from the bottom of the grade. Determine the maximum power P developed
by the engine and the distance s to the position where the car stalls. Neglect

the rotational energy of the wheels.

* 1066. The drawbar pull F exerted by a steam turbine locomotive on a 1500

ton train of cars running on level track

-
=3

decreases uniformly with the velocity v as
shown. Construct a curve showing the
power delivered by the locomotive to the
train versus the velocity and find the
maximum power P developed and the
velocity v at which this occurs.

Ans. P = 6000 h.p., » = 75 mi./hr.

.
=1

no
(=3

Drawbar pull F,
1000's of pounds

* 1066. In the speed range between 30 Y 50 100
and 60 mi./hr. the diesel engine of a Velocity, v, mi./hr
15 ton truck develops a constant power Pros 1055

output of 200 h.p. Resistance to mo-

tion is constant at 400 Ib. Determine the time ¢ required for the truck to
change its speed from 30 to 60 mi./hr. Neglect the rotational kinetic energy
of the wheels, Ans. t = 32.7 sec,



CHAPTER XIII

Impulse and Momentum

104. Linear Impulse and Momentum. In Chapter XI the relation-
ships between foree, mass, and acceleration were used to deseribe the
motion of rigid bodies. 'This approach to the kinetics problem is implied
when acceleration is involved directly. In Chapter XII the principles
of work and ecnergy were used to advantage for intervals of motion
where changes in veloeity occur as a result of forces acting through dis-
tances. A third approach to the kinetics problem by the method of
impulse and momentum is extremely useful when the action of forces
expressed as a funetion of fime is involved.

The equation of motion of a particle of mass m in the z-direction is

dv,
2K, = ma, = m —
dt

where ZF, is the sum of the r-components of all forces acting on m,
and a, and v, are the a-components of the acceleration and velocity,
respectively  Since the mass m of the single particle is a constant, this
equation may be written in either of the two forms

d
2Zr, = Et (rnvz) or ZF, dt = d(mwyg). (99)

The product of mass and linear velocity is defined as linear momentum,
and, thus, the first of Iigs. (99) states that the resultant force in any one
direction on a particle of mass m cquals the time rate of change of its
linear momentum in that direction. This formulation is an alternate
way of stating Newton’s second law of motion. The produet of force
and time is defined as linear tmpulse, and, thus, the second of Eqs. (99)
states that the linear impulse of £F, on m during time d¢ equals the
change in linear momentum. The dimensions of both linear impulse
and linear momentum are [force] X [time], (Ib. sec.). The relations

expressed by Egs. (99) may also be written for the y- and z-directions,
551
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and these equations are, then, the scalar components of a single vector
relation which may be stated as

d
F = 7 (mw) or ZF dt = d(mw).

In the vector formulation ZF is the resultant of all forces on m, and
my is the resultant lincar momentum of m. Linear impulse and linear
momentum are both veetor quantitics which have the directions of
ZF and v, respectively. Thus the direction of ZF coincides with the
direction of the change in linear momentum which is also the direction
of the acceleration.

The action of ZF, during a finite interval of time ¢ is given by integra-
tion of the second of Eqgs. (99). The integral is

t
f ZF.dt = mv, — my,,, (100)
0

where v, is the veloeity in the positive z-direction at time ¢ and vy, is
the velocity in the positive z-direction at time { = 0. The integral on
the left side of the equation is the linear impulse of =F, during the time
t, and the right side of the cquation is the corresponding change in the
linear momentum. When the functional relation between TF, and ( is
unknown but experimental data for the variation of =F, with ¢ are
available, the total impulse may be found by approximating the area
under the curve of ZF,; versus {. If EF, is constant, the expression
becomes
ZF .t = my, — my,,.

It was shown in Chapter XT that the resultant of all forces acting on
a translating rigid body passes through the center of mass and that such
motion may be analyzed as though the body were a particle. Thus the
foregoing principles of impulse and momentum developed for the motion
of a particle may be applied equally well to a translating rigid body.

Consider now any general system of particles. These particles need
not be joined but may be considered to have any motions whatsoever.
If Fy,, Fs,, Fy, - - represent the x-components of all forees applied to a
representative particle of mass m, from sources external to the system,
and if f1, fo,, f3,, - - - represent the 2-components of all internally applied
forces on m,, the first of Eqgs. (99) may be written

d
F1,+F2,+F3:+"‘+flz +f21+f3: +eee= “i—t(mu”tz)r

where v,_ is the z-component of the velocitv of m.. Similar expressions
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may be written for each particle of the system. By adding all these
equations and remembering that the sum of the internal actions and
reactions is zero, the sum of external forees in the z-direction becomes

= — Z(mw,,)
S(mw,,).
dt ’
The expression Z(m,v,,) is the sum of the linear momenta of all particles
in the a-direction and is defined as the linear momentum G, of the sys-
tem in the a-direction. This momentum may be expressed in terms of
the motion of the mass center. The principle of moments is

ZF z d ( )
z = - W,
dt "

mz = 2(m,x,),

where @, is the x-coordinate of m,, m is the total mass of the system, and
T is the r-coordinate to the mass center. Differentiation with respect
to the time gives

mi, = T(mw,,) = G,.

Thus the lincar momentum of any system equals the total mass of the
system multiplied by the velocity of the center of mass.

The symbol G, and its interpretation may now be used in the equa-
tion for F,. With similar expressions for the y- and z-directions thare
result

dG,

e =

IF, = d'G*”, (101)
dt

>F, = (i(_;f
dt

Equations (101) are the scalar components of the single vector equation

sr =2, (102)

dt

where G = ms. Fquation (102) states that the resultant of the external
forces acting on any system of particles equals the magnitude and direc-
tion of the time rate of change of the linear momentum of the system.
This formulation is an extremely important concept in mechanics, and
is an alternate way of expressing the equation of motion of the mass
center of any system as stated previously in Chapter X by Eq. (75).

A rigid body is a special case of the more general system of particles,
and the principles developed here may be used to describe the relation
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between the resultant force on the body and the time rate of change of
linear momentum md of the mass center of the body regardless of its
motion. The linear momentum vector G = m% has the direction of #
but does not pass through the mass center except in the special case
of a translating rigid body.

Application of the principles of impulse and momentum requires the
use of a free-body diagram where all external forces acting on the body
or system are accounted for. In the method of work and energy it is
necessary to consider only those forces which do work, whereas with
the method of impulse and momentum all forces with components in
the direction of motion exert impulses whether they do work or not.

The generality of Eq. (102), derived for any system of particles, is
not needed when dealing with a translating rigid body whose mass does
not change. This gencrality will be helpful in certain problems dis-
cussed in articles which follow.

SAMPLE PROBLEM

1067. The 100 lb. weight is pulled up the incline from rest by the action of
the force P, which varies with the time according to the accompanying graph.
Determine the velocity v of the weight 8 sce. after P begins to act. 'The co-
efficient of friction is 0.30.

[ T,

Pros. 1057

Solution: The free-body diagram of the block is drawn and discloses three
forces which have components in the direction of motion. There is zero result-
ant force on the 100 Ib. weight until P overcomes the limiting frictional foree of
0.30 X 100 cos 10° = 29.5 Ib. and reaches the value of

P = 29.5 4 100 sin 10° = 46.9 Ib.

when ¢ = (46 9/60)5 = 3.91 sec. For the remaining 4.09 sec. the net force in
the direction of motion is
ZF. = P — 46.9.
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The impulse during the 4.09 sec. is

8
Pdt — 46.9 X 4.09 = 46.4 Ib. sec.,

391

where the mtegral is discontinuous and may be obtained from the area under
the curve to the right of ¢ = 3.91 sec. The impulse-momentum principle gives

100

[f}JFz dt = A(nw,)J 46.4 = 3.2 @ —0),
v = 14.94 {t./sec. Ans.
PROBLEMS

1068. The driver of a car traveling at 60 mi./hr. down a 3 per cent grade
Jams on his brakes and skids all four wheels for 3 sec. before releasing the brakes.
If the coefficient of kinetic friction hetween the tires and the
road is 0.75, find the velocity v of the car at the end of the
3 see interval. Ans. v = 12.61 mi./hr.

1069. Determine the constant drawbar pull P required
to increase the velocity of a 1500 ton train of freight cars
from 30 mi./hr. to 50 mi./hr. up a 1 per cent grade in 3 min.
Train resistance is 10 1b./ton.

1060. A 2 lb. body which has a velocity of 10 ft./sce. to the

left is struck with an impact foree F acting to the right on the 00 002
body as represented in the graph.  Approximate the loading Time, sec.
by the dotted triangle and determine the final velocity o Pros 1060
of the object. Ans. v = 38.3 {t./sec. to the right

1061. In the pulley arrangement of Sample Prob. 962 find the time ¢ required

for the 1500 Ib block to reach a velocity of 10 ft./see. after release from rest.
1062. A jet-propelled airplane weighing 8 tons is flying at a constant speed
of 500 mi./hr. when the pilot ignites two rocket assist units, each of which de-
velops a forward thrust of 1000 Ib. for 12 see.  If the velocity of the airplane
is 530 mi./hr. at the end of the 12 sec., find the

E.1b time average AR of the increase in air resistance.

4 The weight of the rocket fuel is negligible
oL compared with the weight of the airplane.

N . R Ans. AR = 178 lb.

1063. The resultant force F; acting on a small

o— L 6, 4 1b. object which slides with negligible friction
2 4 » sec along the horizontal x-direction pulsates with
B 1T the time as shown in the graph. If the object

-9 ]

has an initial velocity of 10 ft./sec. in the nega-
tive z-direction when ¢ = 0, find its velocity v
Pros. 1063 when t = 6 sec.
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1064. The 400 Ib. skip is rolling with negligible friction down the inclined
track and unwinds the attached cable from the drum. When the skip reaches
a speed of 10 ft./sec. down the plane, a constant clockwise moment of 30 Ib. ft.
is applied to the drum through a fluid coupling by its motor. Determine the
velocity v of the skip 10 sec. later. Neglect friction in all bearings and the
weights of the wheels, pulley, and drum. Ans. v = 3.27 ft./sec. up incline

Pros.. 1064

1066. A 3.22 Ib. body is moving in a horizontal straight line with a velocity
of 15 ft./sec. when a horizontal force F is applied to it at right angles to the ini-
tial direction of motion. If F varies according to the given relation, remains
constant in dircction, and is the only force acting on the body in its plane of
motion, find the velocity of the body when ¢ = 2 sec.

20 ft./sec.

F,1b,

P S
: 1
[ i
! |
|
| 1
| |
\ i
\ |
| |
i |

0 L L— ¢ sec.

0 1 ) 0 0.09 t, sec.
Pros. 1065 ProB. 1066

1066. Careful measurements made during the impact of the metal eylinder
against the spring-supported plate disclose a semielliptical relation between the
contact force F and the time ¢ as
shown. Determine the rebound veloc-
ity v of the cylinder if it weighs 8 oz.
and strikes the plate with an initial
velocity of 20 ft./sec.

1067. A small object weighing 4 oz.
slides with negligible friction on the sur-
face inclined to the horizontal plane as
Pros. 1067 shown. In addition to the weight of
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the object two forces, F.in the x-direction and F, in the y-direction, act on
the object and vary with the time according to the following schedule:

t, sec. F,, oz. Fy, oz.
0 0 0

0.1 0.27 1.15
0.2 0.78 1.83
0.3 1.45 2.35
0.4 2.33 2.80
0.5 3.33 3.16
0.6 4.52 3.50

Plot these data and determine the magnitude of the velocity » of the object
0.6 sec. after starting from O with an initial velocity of 2 ft./sec. in the y-direc-
tion. Ans. v = 11.3 ft./sec.

1068. The drawbar pull exerted by a locomotive on a 1000 ton train of cars
going up a 1 per cent grade is increased uniformly with the time from 40,000
Ib. to 50,000 Ib. in 30 sce. If the veloeity of the train was 30 mi./hr. at the
beginning of the interval, find the velocity » after 30 sec. Train resistance is
constant at 10 1b./ton. Ans. v = 34.9 mi./hr.

1069. An 8 oz. body vibrates along the r-axis under the action of an alternat-
ing force in the w-direction whose amplitude decreases with the time as shown
in the accompanying graph and as given by

F, = 2e7" cos 2,

where F is in pounds and t is in seconds.  If the body is moving with a velocity
of 4 ft./sec. in the negative w-direction at time ¢ = 0, find its velocity » at time

= 214 see.
F,, b

:X N

=27

Pros 1069

* 1070. If the resistance R to the motion of a train of weight W increases with
velocity according to R = Ro + Kv, where R, is the initial resistance to be
overcome in starting the train and K is a constant, find the time ¢ required for
the train to reach a velocity v from rest on a horizontal track under the action

of a constant tractive force F. 4 W l F - R,
ns. F " Re — Kv
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* 1071. Prove that the displacement s of a particle of mass m subjected to the
resultant force ZF in the direction of its straight line motion during time ¢ is
given by s = vt + Al/m, where », is the initial velocity at ¢ = 0, 4 is the im-
pulse (area under the curve of ZF and t), and { is the time coordinate to the
centroid of A measured from time ¢ as shown.

F

Time
Pros. 1071

105. Diversion of Steady Fluid Streams. The principle of impuise
and momentum finds important application in the analysis of the
dynamics of fluids. In particular consider the diversion of a stream or
jet of fluid by a curved vane, as represented in Tig. 129. The force
exerted on the fluid by the vane may be determined with the aid of the
general principle of linear impulse and momentum as expressed by
iq. (102). When applied to a portion of
the fluid stream between the entrance
and exit sections of the curved vane, this
equation states that the resultant of all
forces acting on this portion of the fluid
equals the time rate of change of its linear
momentum. If m’ stands for the constant
time rate of mass flow, then the time rate of
change of momentum is the final momen-
tum rate minus (vectorially) the initial mo-
Fra. 129 mentum rate. Thus, if the vector differ-

cnce between the final and initial velocities

of the stream is Av = vy — vy, the resultant force acting on the stream is

SF = m’Av. (103)

In problems involving the open flow of fluid streams the pressure in
the fluid stream remains essentially constant, and the only force on the
stream which need be considered is that exerted on it by the vane. Also,
for relatively short vane lengths the loss of speed of the stream due to
surface friction may be neglected so that the velocity along the vane
remains essentially constant.
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In the flow of streams where the static pressure change is appreciable
this pressure distributed over the stream section must be considered an
external force on the fluid in question.

SAMPLE PROBLEM

1072. The smooth vane shown diverts the stream of fluid of cross-sectional
area A, mass density p, and velocity » into two equal parts. (¢) Determine
the force F required to hold the vane in a fixed position. (b) Find the force F
when the vane is given a constant velocity w less than » and in the direction
of ». (¢) Determine the optimum speed « for the generation of maximum powes
by the action of the fluid on the moving vane.

Pros. 1072

Solution: Part (a): The given sketeh may be used as the free-body diagram
of the fluid portion undergoing the momentum change. By symmetry there is
no resultant change in momentum in the y-direction, and, consequently, there
is no resultant force in this direction. With the vane stationary the magni-
tude of the exit veloeity »" equals that of the entering velocity v with fluid fric-
tion neglected. The vector difference in veloeity is

Av, = v/ cos @ — v = —o(l — cosb),

and the mass rate of flow is
m' = pAv.

Substitution into the impulse-momentum equation for steady flow gives
[ZF. = m'Av,) —F = pAv[—0r(1 — cos §)],
F = pAv?(1 — cos 8). Ans.

Part (b): In the case of the moving vane the final velocity of the fluid upon
exit is the vector sum of the velocity u of the vane plus the velocity of the fluid
relative to the vane. This combination is shown in the velocity diagram to the
right of the figure for the exit conditions of the upper branch of the stream.
The relative velocity is that which would be measured by an observer moving
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with the vane. This observer would measure v — u feet of fluid passing over
the vane per second, and the direction of this relative velocity is tangent to
the vane at exit. The combination of these two velocity components gives
the final absolute fluid velocity »’ as shown. The z-component of ¢’ is the sum
of the components of its two parts, so v, = (v — u) cos § + u. The vector
change in z-velocity of the stream is

Avy = (@ —u)cos+ (u—1v) = —@ — u)(l — cos b).

The mass rate of flow m’ is the mass undergoing momentum change per unit
of time. This rate is the mass flowing over the vane per unit time and not the
rate of issuance from the'nozzle. Thus

m = pAQ — u).
The impulse-momentum principle applied to the positive z-direction gives
[ZF, = m’Av,) —F = pA@® — w)[— @ — w)(1L — cos 6)],
F =pA(@w — w)2(1 — cos §). Ans.

Part (c): The power developed by the force (equal and opposite to F) exerted
by the fluid on the moving vane is
[P = Fu] P = pA(w — u)?u(l — cos 6).

The velocity of the vane for maximum power for the one blade in the stream is
specified by

[%1—; = 0] pA(1l — cos 0)(¥? — 4w + 3u? = 0,

v — 3u)v — u) =0, u = Ans.

Wi

The second solution w = v gives a minimum condition of zero power. An angle
0 = 180 deg. completely reverses the direction of the fluid and clearly produces
both maximum force and maximum power for any value of w.

PROBLEMS

1073. A fire hose with a 1.25 in. inside diameter nozzle has a discharge rate
of 350 gal./min. under a gage pressure at the base of the nozzle of 60 lb./in.?
Determine the force F of this stream against 4 fixed surface normal to the stream
and close to the nozzle.

1074. When the air only of a sand-blasting gun is turned on, the force of
the air on a flat surface normal to the stream and 6 in. from the nozzle is 2 Ib.
With the nozzle in the same position the force increases to 5 Ib. when the sand
is admitted to the stream. If sand is used at the rate of 10 lb./min., find the
velocity v of the particles of sand as they strike the surface.

Ans. v = 580 ft./sec.
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1076. If the entire stream in Sample Prob. 1072 is deflected by the upper
leg of the vane, find the vertical force F, which must support the vane as it
moves to the right with the constant velocity u.

1076. The tank is filled to a height & with a liquid of weight density u. If
the liquid emerges with negligible friction through the
nozzle of exit area A, find the friction force F exerted
by the horizontal surface on the bottom of the tank.

Ans. F = Z At = 2udh

1077. The tender of a locomotive traveling at the
constant speed of 60 mi./hr. replenishes its supply of
water by scooping it up from a trough between the
rails at the rate of 6 ft.3/sec. Iind the added re- Pros. 1076
sistance R to motion due to the action of the scoop.

1078. A stream of water flowing at the rate of 500 gal./min. from a 2 in.
diameter nozzle is diverted by the fixed vane. The vane is positioned so that
24 of the stream is diverted up and the remainder is deflected down and back

as shown. Determine the total force F required to
T hold the vane in place. Ans. F =144 1b,
1079. In the case of multiple vanes where each vane
which enters the jet is followed immediately by an-
other, as in a turbine or water wheel, determine the
maximum power P which can be developed for a given
blade angle and the corresponding optimum peripheral
speed u of the vanes in terms of the jet velocity v
for maximum power. Assume an infinite number of
vanes so that the rate at which fluid leaves the
nozzle equals the rate at which fluid passes over the

1
Pros. 1078 VANES. Ans. P = ZpAzﬁ(l — cosf), u = %

1080. Tind the force F required to give the vane of Sample Prob. 1072 a ve-
locity of 10 ft./sce. to the left against the fluid stream which has a velocity of
90 ft./sec. The vane angle is 6 = 30 deg., the
diameter of the circular jet is 1 in., and the fluid
is water.

1081. The pipe bend shown has a cross-sectional
area A and is supported in its plance by the tension

T applied to its flanges by the adjacent connecting \(0‘7/
pipes (not shown). If the velocity of the liquid is \/

v, its mass density p, and its static pressure p,

determine T and show that it is independent of Pros. 1081
the bend angle 6. Ans. T = A(p + pt?)

1082. A jet of fluid with velocity v, cross-sectional area A, and mass density
p impinges on a fixed slanted trough shown in section. Some of the fluid is
diverted in each of the two directions. If the trough is smooth, the velocity of
both diverted streams remains v, and the only force which can be exerted on the
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fluid is normal to the surface of the trough. By writing the impulse-momentum
squations for the dircctions along and normal to the trough determine the force
F required to support the trough and the rate
of flow @ (volume per unit time) in each of
the two directions.

Ans. F = pAv?sin6;

Q. =%(1 + cos6), Q. =95(1 — cos f)

1083. The helicopter shown has a weight W
~and hovers in midair by imparting downward
" momentum to a column of air defined by the slip-

stream boundary shown. Find the downward
velocity v given to the air by the rotor at a
Pros. 1082 section in the stream below the rotor where the
pressure is atmospheric and the stream radius is r.

Also find the power P required by the engine. Neglect the rotational energy
of the air, any temperature rise due to air friction, and any change in air
density p. 1w w W
Ans. v = —q[— P = —q[-~

r N7mp 2r Nmp

Pros. 1083

1084. An air stream with a velocity of 50 ft./sec. is pumped through the
stationary duet A and exhausted through an experimental nozzle section. The
average static pressure across the section B is 150 b./in.? gage, and the density
of the air at this pressure and at the temperature prevailing is 0.820 Ib./ft.3

Pros. 1084

The average static pressure across the exit section C is measured to be 2 1b./in.?
gage, and the corresponding air density % 0.0760 lb./ft.*> Determine the total
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tension T in the bolts which secure the nozzle to the fixed duct section. (Hint:
Analyze the nozzle and air within it between sections B and C at a given instant
as the free body.)

1086. In a wind-tunnel test of a 4-bladed propeller the air approaches the
test stand with a velocity of 200 mi./hr. and leaves the test stand with a velocity
of 230 mi./hr. The density of the approaching air is 0.0760 1b./ft.?, and the
inside diameter of the tunnel is 10 {t. Compute the thrust 7' on the propeller
and the power output P of the motor. Neglect rotational energy of the air,
any temperature rise due to air friction, and any difference in static pressure
between the approach and exit sections.  Ans. T = 2390 1b., P = 1372 h.p.

Pros. 1085

* 1086. The cross valve shown transfers water from the vertical pipe under a
static pressure of 100 1h./in.? gage to the horizontal pipe at 25 1b./in.2 gage.
The constant flow rate through the vertical pipe is 260 gal./min. Determine
the compression (" in the valve stem if it has a vertical hft of 24 in. above the
closed position. The 25 1b./mn.? pressure may be assumed to act over the upper
exposed area of the valve. (ITint: Analyze a free body consisting of the valve
and stem, and a section of water in the vertical pipe.) Ans. C = 475 1b.

QZZZ7zr,
Y

Pros. 1086

* 1087. In the figure is shown an il.npulse turbine wheel for a hydroelectric
power plant which is to operate with a static head of water of 1000 ft. at each
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of its 6 nozzles and is to rotate at the speed of 270 rev./min. Each wheel and
generator unit is to develop an output power of 22,000 k.w. The efficiency of
the generator may be taken to be 0.90, and an efficiency of 0.85 for the conver-
sion of the kinetic energy of the water jets to energy delivered by the turbine

Bucket detail
Pros. 1087

may be expected. The mean peripheral speed of such a wheel for greatest effi-
ciency will be about 0.47 times the jet velocity. If each of the buckets is to
have the shape shown, determine the necessary jet diameter d and wheel diam-
eter D. Assume that the water acts on the bucket which is at the tangent
point of each jet stream. Ans. d = 642in, D = 8.45 ft.
* 1088. In the figure is shown a detail of the stationary nozsle diaphragm A

and the rotating blades B of a gas turbine.

’ 1050 ft./sec.
1
/N

IR IR IR N DRI BN BINYI))

Pros. 1088

The products of combustion pass through
the fixed diaphragm blades at the 27 deg.
angle and impinge on the moving rotor
blades. The angles shown are selected so
that the velocity of the gas relative to the
moving blade at entrance is at the 20 deg.
angle for minimum turbulence, correspond-
ing to a mean blade velocity of 1050 ft./sec.
at a radius of 15 in. If gas flows past the
blades at the rate of 30 Ib./sec., determine
the theoretical power output P of the tur-
bine. Negleet fluid and mechanical friction
with the resulting heat energy loss, and
assume that all the gases are deflected along
the surfaces of the blades with a velocity
relative to the blade of constant magni-
tude.

Ans. P = 1500 h.p.
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106. Motion with Variable Mass; Jet Propulsion. Consider a body,
Fig. 130, which gains mass by virtue of its overtaking and swallowing
a stream of matter. The mass of the body and its velocity at any in-
stant are m and v, respectively. The stream of matter is assumed to
be moving in the same direction with a constant velocity vy less than
v and moving without disturbance except after it enters m. The force
exerted by m on the particles of the stream to accelerate them from a

—v(>y)

m swallows mass
Fia. 130

velocity vy to a greater veloeity o is designated by R and is accompanied
by an equal and opposite reaction on m. In addition to R all other
forces which are applied externally to m are designated by ZF, taken
as positive in the direction of motion. The principle of motion of the
mass center, Kq. (75), states that at any snsfant the resultant of all
external forces on any mass svstem equals the mass at that instant
times the acceleration of the center of mass. Thus the motion equation
for m at the instant represented is

dv
EF—R=m—-
di

If the time rate of accumulation of mass in m is designated by m’ and
the relative veloeity between the moving stream and m is Av = v — 9,
= u, then by Fq. (103) the force R equals m’u. Hence

dv

ZF =m— "u. 104
mdt+mu (104)

Eauation (104) may be considered the equation of motion of m, where
SF is the resultant of all forces on m in the direction of » exclusive of
the force R exerted on m by the overtaken stream of matter.

The more important problem of a body which loses mass during
motion is represented in Fig. 131. Mass within the body is ejected to

°o 0 0
R=>»-<% O‘,,. ° 3—> Vg

0 o%coe°0®

m expells mass
Fra. 131
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the rear with an absolute velocity vg by the force R internally generated.
Again, if ZF represents all other forces externally applied to m in the
direction of its velocity, the motion equation is

dv
ZF+R=m---
dt

If mq’ represents the time rate at which mass is ejected, and the relative
escape velocity of the ejected mass is Av = vy — (—v) = u, then again
by Eq. (103) the force R is my'u. Hence

dv
2F = ma — me'u. (105)

Equation (105) may be considered the equation of motion of m, where
ZF is the resultant of all forces on m exclusive of the reaction R of the
ejected stream. This reaction R = my'u is known as the jet reaction
or momentum thrust and forms the basis of jet propulsion.

Equations (104) and (105) were obtained by writing the force-mass-
acceleration relation for the instantaneous motion of m alone. The
equations may be obtained also by direct use of the impulse-momentum
principle, Eq. (102), applied to the system composed of m and a portion
mg of the mass stream, as represented in Fig. 132 for the case of ejected

m expells mg

Fia. 132

mass. In this formulation the jet reaction R is a force internal to the
system considered. The dotted section which defines the extremity of
my is arbitrary as long as it is slightly removed from m so that the veloc-
ity of the stream mq at this section is constant. Thus the system is con-
sidered as having two parts at any instant, m moving with a velocity »
and an arbitrary portion mg of ejected mass moving undisturbed away
from m with a constant velocity vy. Applying Eq. (102) to the entire
system in the v-direction gives

d dv dm dvg dmyg
ZF = —(mv — mgvg) =m— + v— — mg— — vy ——-+
a o) = T Ty
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The term dvy/dl is zero since mg moves undisturbed once free of m. Also
the rate at which mg increases must equal the rate at which m decreases,
so that dmy/dt = —dm/dt. Thus

e A
=m-—- —
a Ty

Introducing the relative velocity between m and mq gives

sp=m® 0 106
TR (199)

Equations (104) and (105) are both contained in Eq. (106) as may
be seen when the rate of decrease of mass my’ = —dm/dt or the rate of
inerease of mass m’ = dm/dl is substituted.

Rocket Propulsion: A rocket is a vehicle in which is stored all the
matter to be ejected during its motion. The matter is ejected at high
velocity by the expansion of gases from the combustion proc-
ess, and both ingredients for combustion, fuel and oxidizer, are
contained within the rocket. The forees acting on a rocket
in vertical flight, Fig. 133, are the momentum thrust 7T, the
gravitational attraction ¥, and the atmospheric resistance R.
In addition when the exhaust pressure is greater (or less) than
the pressure in the surrounding medium, a positive (or nega-
tive) thrust acting over the cross-sectional arca of the exhaust .
stream as a result of this pressure difference will be present. i

In most rockets the relative escape velocity u and mass
rate mp’ of the expelled gas are essentially constant, and,
thus, the momentum thrust will remain equally constant. i

A rocket is the only known vehicle which will operate with-
out a surrounding medium and, theoretically, is the only known
means of achieving interplanetary travel. |

|

Duct Propulsion: A device in which the surrounding fluid, #T
liquid or gas, is ducted through it and expelled at higher ve- l
locity by thermal or mechanical means is said to operate by i
duct propulsion. This system involves the motion of a vehicle e
which both swallows and expels mass. The forces acting pre. 133
on such a vehicle are shown in Fig. 134 for the case
of a thermal jet airplane. If the pressures across the entering and exhaust
sections are nearly atmospheric, the net thrust 7 is the difference be-
tween the exhaust momentum rate and the intake momentum rate.
If m," and m,’ represent the mass rates of entering air and exhaust gas,
respectively, and R represents the resistance of the exterior surface of
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the airplane to motion through the surrounding atmosphere, the equa-

tion for accelerated flight is

dv
mg'u — my'v — R — Wsing = m:i—t-

The entering air is assumed to be at rest initially so that » is its velocity
relative to the airplane, and the velocity of the exhaust gas relative to
the airplane is u.

Fia. 134

If thermal power is used to accelerate the ducted fluid, as in the gas
turbine of a turbojet engine, fuel at the mass rate m,” will be burned.
The total exhaust mass rate is, then, m,” = m,” + m;/. In most such
engines, however, m;’ is less than 2 per cent of m,/, so that the net thrust

is approximately
T =my' (u — v).

SAMPLE PROBLEMS

1089. The end of a chain of length [ and weight u per unit length which is
piled on a platform is lifted vertically with a constant velocity » by a variable
force P. Tind P as a function of the height z of the end above the platform.
Solution: The principle of impulse and momentum for a

P system of particles expressed by Iiq. (102) will be applied
to the entire chain considered as the system. The free-body
] diagram of the system shows the unknown force P, the total
weight of all links ul, and the force u(l — x) exerted by the
platform on those links which are at rest upon it. The mo-
mentum of the system at any position is
X
7R3
1#1 G = " Y
' and the momentum equation gives
dG
» ; [EF,=-—L”] P+ ul — ) ~-yz=i(‘i’fv),
dt dt\g
u(l-x) »2
P=u(e+2)  4ns
Pros. 1089 szt g s
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The force P is seen to be equal to the weight of the portion of the chain which
is off the platform plus the added term which accounts for the time rate of in-
crease of momentum of the chain.

Solution by Eq. (104) may also be made by considering the moving part =
of the chain as a body which gains mass. The force ZF is the resultant of all
forces on the moving mass ux/g of the chain except that exerted by the particles
which are accumulated and 1s ZF = > — ux. The velocity is constant so
do/dt = 0. The rate of adding mass is m’ = uv/g. The relative velocity u of
the attaching particles is ». Thus

[EF=m@+m’u] P—yx=0+#~vv,
dt g

eae)

1090. A jet-propelled airplane, similar to the one shown in Fig. 134, has a
constant speed of 600 mi./hr. in horizontal flight. The turbojet engine con-
sumes air through the intake scoop at the rate of 140 Ib./sec. at this speed and
uses fuel at the rate of 1.30 Ib./sec. The gases are exhausted at a relative nozazle
velocity of 1800 ft./see. at atmospheric pressure.  Determine the total drag D
(air resistance) on the exterior surface of the airplane and the useful power P
(thrust horsepower) of the engine at this speed.

Soluton: The total thrust equals the drag for zero acceleration  Thus

o, , 413 . 140
[T = mg'u — m,"v] T = 399 X 1800 — 395 X 880,

D =T = 7900 — 3830 = 4070 Ib. Ans.
The useful power is

P = T p="7 = 6510 h.p. Ans.

PROBLEMS

1091. The net thrust for the arplane of Sample Prob. 1090 was shown to be
4070 1b., where the jet exhausts at atmospheric pressure (14.7 1b./in.2). If the
exhaust pressure is decreased to 10 1b ,in.? absolute, and the mass rate of flow
remains the same, compute the new thrust 7. 'The exhaust nozzle has a diam-
eter of 20 in.

1092. A V-2 rocket with an empty weight of 8800 lb. is fired vertically up
with a fuel load of 18,400 Ib. The exit velocity of the exhaust gases relative
to the nozzle is constant at 6500 ft./sec., and an initial acceleration of 32.0
ft./sec.? vertically up is measured. Determine the initial weight rate W’ of
exhausted gas if the static pressure across the jet equals that of the atmosphere.

Ans. W' = 269 lb./sec.
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1093. A cart of sand is being propelled on a horizontal surface by a force of
30 Ib. as shown. If the sand drops out of a hole in the bottom at the rate of
10 Ib./see., find the acceleration a of the cart at the time when its total weight
is 400 Ib. and its forward velocity is 4 ft./sec. Frictional resistance to the mo-
tion of the cart is 17 1b. Ans. a = 1.046 ft./sec.?

301b

Pros. 1093

1094. A tank which weighs 100 1b. empty is propelled to the right by a force
F as shown and scoops up water from a stream flowing in the opposite direction
at the velocity of 4 ft./sec. The entrance area of the scoop is 3 in.2, and water
enters the scoop at a rate equal to the velocity of the scoop relative to the
stream. Find the weight W of water in the tank at a certain instant for which
F =251b., v=>5ft./sec., a =2 ft./sec.2 Neglect the small impact pressure
at the scoop entrance necessary to elevate the water into the tank.

Pros 1094

1095. Is it possible for the absolute velocity vg of the exhaust gases of a rocket
to be in the same direction as the velocity v of the rocket? Answer the same
question for ducted jet propulsion.

1096. The ram-jet unit shown is a thermal jet cngine in which the air is
forced through the convergent section AB and compressed because of the large

B velocity of the unit. Fuel is injected and

A C burned at section B, and the expanded gases

‘W\\\\\\\\“" leave the nozzle C with high vel]z)city‘ %on-

sider two such units, one on each tip of the

Rl s two rotor blades of a helicopter which requires

V"~ 100 thrust h.p. to hover at sea level. The

Pros. 1096 30 ft. diameter rotor revolves at the speed of

280 rev./min. because of the tangential thrust

of the two ram jets. Determine the weight rate of air wa, through each jet if the

relative exhaust velocity u of the gases is 1450 ft./sec. at atmospheric pressure.
Neglect the weight of the fuel burned.

HH
Hit
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1097. A boat is propelled at a constant speed of 12 knots (1 knot equals 1.152
mi./hr.) by hydraulic jet propulsion. Salt water enters the intake scoops amid-
ships as shown and is piped to the pump which exhausts it astern at the rate of

Iy

Pros. 1097

A\

3550 gal./min. through a single pipe of 3.35 in. inside diameter. ~Also, the gaso-
line engine power plant delivers 260 h.p. to the pump. Determine the resist-
ance R to the motion of the ship through the water and find the percentage e of
the total output power of the engine which goes into driving the ship.

Ans. R = 1711 lb., e = 24.3 per cent

1098. A chain of length I and weight u per unit length is held vertically above
the platform scale shown and released from rest with
the lower end just touching the scale. Determine the
force F read on the scale as a function of the distance
a through which the upper end has fallen. (Comment:
The chain acquires a free-fall velocity of \ﬁﬁ since
the links on the scale exert no force on those above
which are still falling. Work the problem in two ways,
first, by evaluating the time rate of change of momentum
for the entire system and, second, by considering the
foree I to be composed of the weight of links at rest on
the scale and the force necessary to divert an equiva-
lent stream of fluid.)

1099. A small rocket of initial mass myg is fired verti-

cally up near the surface of the earth (g constant). If
the air resistance is neglected, determine the manner in
which the mass m of the rocket must vary as a function
of the time ¢ after launching in order that the rocket may 7777
have a constant vertical acceleration @ with a constant Pror. 1098
relative escape velocity u of the gases.
* 1100. A small rocket of initial mass my is fired vertically up near the surface
of the earth (g constant), and the mass rate of exhaust m’ and the relative es-
cape velocity u are constant. Determine the velocity v as a function of the
time ¢ if the resistance of the air could be neglected and if the weight of the rocket
case and machinery is negligible compared with the weight of fuel carried

Ans. v = ulog( ’l)
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* 1101. The propulsive efficiency e for jet propulsion is defined as the ratio of
the thrust power T to the propulsion power. The propulsion power is the rate
at which kinetic energy is developed by the engine and includes the thrust
power and the rate at which kinetic energy is lost in the exhaust jet. Deter-
mine and plot the propulsive efficiency e, for a rocket and e, for a ducted jet in
terms of the velocity ratio v = v/u. Tor the ducted jet
neglect the fuel rate my’ compared with the total exhaust
mass rate mg’. Ans. e = o ¢ = .
B A

* 1102. One end of a pile of chain falls through a hole in
its support as shown and pulls the remaining links after
it in a steady flow. If the links which are initially at rest
acquire the velocity of the chain without [rictional resist-
ance or interference from the support or from adjacent
Pros. 1102 links, find the velocity » of the chain as a function of z if

v =0 when « = 0. [Hwnt: Apply Eq. (104) and treat

the product zv as the variable when solving the differential cquation. Also
note at the appropriate step that de = v dt.]

2gx

Ans. v = 5
107. Angular Impulse and Momentum. A particle of mass m moving
with velocity v, Fig. 135a, has a linear momentum mv. The moment of
this linear momentum veector about the point O is mor and is defined as
the angular momentum H of the particle about the point. The angular
momentum is a vector which may be represented by the conventional

q&
mv N
Q m
‘\
A
/’ N,
’ \
T
o
[0}
(@) b)

Fig. 135

right-hand rule for moments. The angular momentum of a rigid body,
Fig. 135b, about an axis perpendicular to the plane of motion and passing
through a point O fixed in the moving body is the sum of the moments
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of the linear momenta of all its particles about the axis. Since the veloc-
ity of a representative particle of mass m, may be expressed in terms of
the veloeity components of O plus the velocity of m, with respect to O,
the linear momentum of m, will be the vector sum of the components
shown in the figure. Thus the angular momentum of the particle about
O will be the sum of the moments of these linear momentum components
about 0. Summing up these terms for all particles gives for the total
angular momentum of the body about point O fixed in the body

Ho = Zmp®e 4+ Emug,x — Emg.y,

where the counterclockwise direction is arbitrarily taken as positive.
Introducing the definition of the moment of inertia about O and the
coordinates to the mass center gives

oy = low + Imry, — gmog,. (107)

It should be observed that for clockwise rotation the signs of the last
two terms in this equation would be reversed if /¢ is measured positive
clockwise. Kquation (107) finds its greatest use when the axis through
0 is fixed (pure rotation), which gives

H, = I,

and also when the mass center (7 is used as the reference point, in which
case

H = lo.

The linear momentum of a body is the veetor G = md which has the
direction of the velocity of the center of mass.  Since angular momentum
equals the moment of linear momentum, the position of the vector mo
may be located for cach of the three types of plane motion shown in
Fig. 136. In the a-part of the figure for translation the momentum
vector md passes through . This condition is easily scen since the
resultant moment of the linear momenta of all particles about @ is

Smpy = iZmy =0,

where m, is the mass of a representative particle. It follows that the

angular momentum of a translating body about an axis through a mov-
ing or fixed point such as A is I[[ | = mib.

For pure rotation about O in Fig. 136b the moment of the lineat
momentum is

~ Iow ko?

mig = Ipw, and ¢g=-—=—:

mip 7
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Thus the linear momentum vector passes through the center of per-
cussion relative to 0. If the body rotates about a fixed axis through G,
the linear momentum is zero, and the angular momentum veetor I
has all the properties of a free vector. In this event the angular momen-
tum is the same about all parallel axes, fixed or moving.

Yy
1
i
mof 7 !
——rb;l— ('; -4--X
(a) b (c)

I"ra. 136

In the case of plane motion, Fig. 136¢, the distance d of the linear

momentum vector from the center of mass is obtained from
- To 7w
mid = Iw, 50 d = =
mp D

If the linear momentum vector is shown acting through the mass center
G, a couple (angular momentum) equal to mid = Iw must be shown.
This representation is useful when the angular momentum of a body
having plane motion is desired about some point, fixed or moving, such
as A. Thus the angular momentum about A at a particular instant is
Hy = mi(b + d) = mib + .

The relation between the angular momentum of & body and the
applied moments is obtained from the rotational equation of motion.
For rotation about the fixed axis through O, Fig. 1366, the sum of the
moments of all forces about 0 is ZM¢y = [pa = [¢(dw/dt). Since the
moment of inertia I of the rigid body is constant, the motion equation
may be written

d
ZMy = 7 (Tow). (108)

In precisely the same manner the moment equation about the mass
center for the case of any plane motion may be written

d
M = 7 (). (109)
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In words Eqgs. (108) and (109) state that the resultant moment about
the fixed axis of pure rotation or about an axis through the mass center
in any plane motion equals the time rate of change of angular momen-
tum about the respective axis.

Equations (108) and (109) hold during the entire time of motion, and
each may be integrated to give

t
f SMo dt = Iow — Iowo (110)
0
for rotation about the fixed axis through O and
t
f EMdt = I — Iny 111)
0

for a reference axis through the mass center in plane motion. In each
case the angular velocity changes from w,y at time ¢ = 0 to w at time &.
These equations state that the total angular impulse equals the corre-
sponding net change in angular momentum.

The angular impulse-momentum equations are analogous to the
linear impulse-momentum equations developed in Art. 104. Com-
parison shows that the dimensions of angular impulse and momentum
are [moment] X [time], (Ib. ft. sec.), whereas those for linear impulse
and momentum are [foree] X [time], (Ib. sec.).
Thus these quantities cannot be added.

The rolling wheel, TFig. 137, is an important
special case of plane motion which deserves
separate comment. It was shown in Art. 97 of
Chapter XTI that the equation M = Ica holds
with respeet to the instant center C of zero
velocity at all times during the motion provided
the wheel does not slip and provided the geometric center of the wheel
is also the mass center.  This motion equation may be written

C

Fia. 137

d
ZMe=—(1
¢ dt( cw)

or integrated to give
t

f EMedt = Tow — Towo, 112)
1]

Integration is permitted since the same differential relation holds
throughout rolling under the conditions stated. In this case the moment
axis is not attached to the wheel but moves with it and always coincides
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with the instantaneous center C. The advantage of Eq. (112) for a

rolling wheel is that the contact forces at C are eliminated from the

equation. Considerable caution is warranted, however, since Eq. (112)

must not be used except for a symmetrical

m,v, wheel which does not slip.

T Equations (108) and (109) were hoth de-

>m,u, veloped for the motion of a rigid body, but

T it is important to recognizec more general

applicability to any system of particles. In

Fig. 138 let m, be the mass of a representa-

“““““““““ x tive particle of any system, and consider

F1y. 138 the components of its motion in the = y

plane. From the principle of linear impulse

and momentum the resultant force on m; in the .r-direction and that in
the y-direction are

d d
Fo+fr = Et (my), F, +fy = (mzvy)y

T"“'"" R

Q

where F, and F, stand for forces applied from sources external to the
system and f, and f, represent internally applied forces. The resultant
moment in a counterclockwise sense about a fixed point O is

d d
M= (Fy+ fz — (Fa + f2)y = *s (mﬂ)y) v (mzvx)
Differentiation will show that this expression is the same as

d d
M= Loy - L mn,

or

d dH,
M;= d—t ($mzvy ?szvz) = _d;‘

Thus the resultant moment M; about O of all forces on m; equals the
time rate of change of angular momentum about 0. By adding all such
equations written for every particle of the system there results

daif, d
ZM,=2— = —32H,
dt dt

The contribution to ZM; by the internal forces is zero since they occur
in pairs of equal and opposite forces and their moments cancel. If the
resultant moment of external forces about O is denoted by M, and
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the sum ZH, of the angular momenta of all particles about O by Ho.
the impulse-momentum equation becomes

dHo
dt

Similar analyses in the two other coordinate planes will disclose simi-
lar equations, and thus Eq. (113) may be considered the vector com-
bination of these three relations. Consequently, it may be stated that
the resultant vector moment about any fixed point for a system of par-
ticles equals the time rate of change of angular momentum of the system
about an axis through the point parallel with the vector moment axis.
Although the proof will not be given here, Eq. (113) also holds with re-
spect to 1 moving axis through the center of mass of any system.

(113)

SAMPLE PROBLEM

1103. The force P which is applied to the cable wrapped around the central
hub of the symmetrical wheel is increased slowly according to P = 1.50¢, where
P is in pounds and ¢ is in seconds. Determine the angular velocity w of the
wheel 10 sec. after P is applied if the wheel is rolling to the left with a linear
velocity of its center of 3 ft./sce. at time ¢ = 0. The wheel weighs 120 Ib. with
a centroidal radius of gyration of 10 in. and rolls without slipping.

Uo = 3 ft /sec
R s Anamnd

Pros. 1103

Solution I: The free-body diagram of the wheel is shown. The correct di-
rection of the friction force is established by the necessity for a positive clock-
wise moment of forces about G to produce the resulting clockwise angular ac-
celeration. Direct application of the angular impulse-momentum equation with
respect to the mass center, Eq. (111), gives

[ fo ‘SMa - A(iw)]

[ Gr s a= g5 () [+ - ()]
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where the positive direction is taken as clockwise. The force F is a variable
and so must be left under the integral sign. The second equation needed to
eliminate F is that of linear impulse and momentum which applies to the mo-
tion of the center of mass of any system. Thus

¢ 1o 120 118
5 = D 5 — J = | - —_ (- .
[fozlrdc A(mv)J fo (150 = F) dt = o5 [120.: ( 3)]
The integral involving F is casily eliminated between the two equations, and
the result is )
w = 3.13 rad./sec. clockwise. Ans.

Solution 11: Since the wheel is symmetrical, an axis moving with the instant
center C may be used. The necessity of a simultaneous solution is eliminated
since F does not appear in the equation. Hence

[ J; SModt ~ A(Icw)]

109 120 10\¢ 18\* 3
Jy axaoac= 555 (55) + (55) ] e = (= “)]

which gives w = 3.13 rad./sec.

Solution by use of the instant center is not permitted if any slipping oceurs
or if the geometric center and center of gravity do not eoincide.

1104. Determine the velocity v of the 10 Ib. weight 4 see. after it is released
from rest. The drum weighs 32.2 Ib. with a radius of gyration of 8 in. and has
negligible friction in its bearing at O.

ProB 1104

Solution: The drum and the weight may be isolated separately with the angu-
lar impulse-momentum equation applied to the drum and the linear impulse-
momentum equation applied to the weight. The tension 7 in the cable may
be eliminated and the resulting equation solved for v. A simpler method in-
volves the application of Eq. (113) in integral form to a fixed axis for both parts
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considered a single system. The fixed axis will be taken at O to eliminate the
32.2 1Ib. weight and the bearing reaction R from the equation. From the free-
body diagram of the entire system the resultant moment about O of all external
forees is that due to the weight only. Also the angular momentum of the weight
about O is the moment of its linear momentum. Thus

15 322 /8\? » 10 15
ht - AR 15, B8y (10 ) 15
(2Mot = AHol 0 X5 X4 =55 12) BT 32.2‘)’< 12
v = 67.2 ft./sec. Ans.
PROBLEMS

1105. The rotor of a steam turbine weighs 80 Ib. with a radius of gyration of
12 in. and requires 6 min. to come to rest from a speed of 10,000 rev./min. after
the steam is shut off. Determine the average value of
the resisting moment M, due to internal friction.

1106. The center of the homogeneous solid eylinder
is given an initial velocity of 2 ft./see. up the incline.
Determine the time ¢ required for it to reach a veloeity
of 4 ft./se¢ down the incline if it rolls without slipping.

Ans. t = 281 sce.

1107. In the single-plate cluteh of Prob 897 part A4 Pros. 1106
is driven hy a powerful motor at a speed of 600
rev./min. The flywheel B has a moment of inertia of 0.371 Ib. ft. sec.? about
its axis and is rotating initially in the opposite direetion with a speed of 400
rev./min. If the coefficient of friction is 0 30 and an engaging force P = 50 Ib.
is applied for 34 sec. and then removed, find the reduced speed N of the fly-
wheel.  Assume the frictional action to oceur at a mean radius of 5 in.

1108. In Prob. 892 the disk weighs 40 Ib. and turns with negligible friction in
its bearing. The electric sander, when running and in contact with the disk,

S requires a clockwise moment (viewed from above) of 1.5 Ib.

5 fé‘ . ft. applied to it to prevent its housing {rom turning. If the

i 40 Ib. disk is initially at rest and the sander is brought inte
~ contact with it for intermittent, intervals of 1, 3, 2, and 3 sec
wl and at various positions on the disk surface and without

30" . lateral forces applied to the sander, find the angular velocity

6" of the disk after the last interval.
Ans. w = 21.7 rad./sec.
1109. A 3 oz. bullet is traveling at a speed of 2000 ft./sec.
1, = in the plane of rotation of the uniform 10 Ib. bar. If the bar
J__ is swinging and the bullet strikes it when in the vertical posi-
ProB. 1109 tion, determine the angular velocity w of the bar just before
collision so that the angular momentum of the system about

O is zero at this instant.
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1110. Each identical bevel gear and attached shaft has a moment of inertia
about its own axis of 0.200 Ib. ft. sec.? and rotates in fixed bearings at a speed
of 1000 rev./min. while in mesh. Determine the magnitude of the total angu-
{ar momentum H of the system. Ans. H = 10.84 lb. ft. sec.

Pros. 1110

1111. A 50 Ib. flywheel with radius of gyration of 15 in. is revolving freely
in a clockwise direction at a speed of 300 rov./min. when a counterclockwise
moment M is applied to its shaft. If M is applied for 4 sec. and decreases with
the time in a manner which can be approximated by the parabolic variation
shown, find the speed N of the flywheel after 4 sec. The slopec dM/dt is zero

att = 0. Ans. N = 216 rev./min. clockwise
M, 1b. ft.
8
’
00 7 t, sec. 5°
Pros. 1111 Pros. 1112

1112. Determine the time ¢ required for the center of the homogeneous cylin-
der to reach a velocity of 6 ft./sec. when released from rest on the incline.
The coefficient of friction is 0.40, and a sufficient length of cord is wrapped
around the cylinder.

1113. Determine the time ¢ required for the center of a solid homogeneous
cylinder of 9 in. radius to acquire a velocity of 20 ft./sec. after it is released
from rest on a plane inclined at an angle of 60 deg. with the horizontal. The
coefficient of friction is 0.30. (See Prob. 936.) What is the angular velocity
w at this time? Ans, t = 0.867 sec., w = 11.17 rad./sec.
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1114. Find the torque M required to prevent the lawn sprinkler from rotat-
ing if the total flow rate is 18 gal./min. Each nozzle is inclined 10 deg. above
the horizontal and has an opening !4 in. in diameter.

]

7 60
— )= L2~

Pros. 1114

1115. In the centrifugal pump impeller shown water flows to the straight
radial vanes in an axial direction and leaves the vanes with a velocity v whose
tangential component is the rim speed of the impeller. If the pump handles
2000 gal./min. at a speed of 840 rev./min., what is the theoretical torque M

Pros. 1115

on the impeller shaft required to impart the angular momentum to the water?
If the actual power required to run the pump is 30 h.p., what is the efficiency e
of the pump? Ans. M = 132.0 lb. ft., e = 70.4 per cent

1116. The two gears shown rotate about
their mass centers with negligible friction.
Gear A acquires a speed of 50 rad./sec.
clockwise from rest under the action of a
torque M. If the centroidal moments of
inertia of A and B are 0.10 and 0.05 Ib. ft.
sec.?, respectively, :ﬁnd the total angular
momentum H of the system. Is it permis-

sible to equate I to f Mar Pros. 1116
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1117. In the rotating assembly of Prob. 759 the arm OB and attached motor
frame A together weigh 10 lb. and have a radius of gyration about O of 7 in.
The disk and attached motor armature together weigh 15 Ib. and are mounted
in bearings with negligible friction. A constant torque of 0.3 1. ft. is applied
to the shaft at O initially at rest, and, as the arm OB rotates, the disk moves
with curvilinear translation with the motor A turned off. Determine the angu-
lar velocity w of OB when the torque on the shaft at O has been applied for 10 sec.

Ans. w = 8.16 rad./sce.

1118. In the gear and rack unit of Prob. 905 the gear weighs 10 Ib. with a
radius of gyration of 4 in. Each rack weighs 12 Ib., and there is negligible
friction in the unit. Determine the constant torque M applied to the gear for
37 sec. which is required to reverse the motion of each rack from a velocity of
4 ft./sec. in one direction to a velocity of 4 ft./sec. in the opposite direetion.

1119. In the position shown the center O of the wheel has a velocity of 6
ft./sec. to the right. The wheel weighs 20 Ib. with center of gravity at ( and
has a radius of gyration about G of 8 in. At this instant determine the linear
momentum G of the wheel and its angular momentum /I about O if the wheel
rolls without slipping. Ans. G = 521 1b. sec., Hy = 398 1b. ft. sec.

ProB 1119 Pros. 1120

1120. The sphere and eylinder are made from a homogeneous material and
have the same weight W and radius r. The two are attached by a cord be-
tween their axles and are released from rest on the incline with no slack m the
cord and with the sphere in the lead. Find their common velocity v in terms
of the time ¢ from rest. Solve by applying the impulse-momentum cquations,
first, for the sphere and cylinder isolated separately
and, second, for the two taken together as a single
system.

* 1121, The small gear is made to rotate in a hori-
zontal plane about the large stationary gear by means
of the torque M applied to the arm OA. The small
gear weighs 6 Ib. and may be treated as a circular
disk. The arm OA weighs 4 lb. and has a radius of
gyration about the fixed bearing at O of 6 in. Deter-
mine the constant torque M required to give the small
gear an absolute angular velocity of 60 rad./sec. in 3
sec., starting from rest. Neglect friction and analyze
the system consisting of the arm OA and the small
Pros. 1121 gear together. Ans. M = 1.256 1b. ft.
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* 1122. The centrifugal pump handles water at the rate of 4000 gal./min.
The inside diameter of both the inlet and discharge pipes at A and B is 4 in.
The tension in each of the connecting pipes at sections A and B balances the
force on the pump due to pressure in the water. The pump shaft turns clock-
wise at 2000 rev./min., and the driving motor supplies 50 h.p. With the
pump filled but at rest the total force exerted on each of the mountings C
and D is 60 lb. vertically up. Neglect any vertical restraint on the pump by
the long connecting pipes and ecalculate the total vertical forces which act on
the mountings while pumping. Ans. C = 250 Ib. down, D = 370 lb. up

7/
Dl g |C

Pros. 1122

* 1123. The integral gears of the machine in Prob. 752 weigh 20 lb. with a
centroidal radius of gyration of 6 in., and each rack weighs 8 1b. Determine
the angular velocity o of the gears *4 sec. after starting from rest under the
simultancous action of a 10 lb. force applied horizontally to each rack in the
opposite direction. Ans. w = 26.1 rad./sec.

108. Conservation of Momentum. The principle of linear impulse
and momentum for any mass system is expressed by Eqs. (101) and
states that the resultant external force in any direction on the system
equals the time rate of change of the lincar momentum of the system
in that direction. If the resultant force in, say, the z-direction is zero
during any interval of time, it follows that the time rate of change of
the momentum in that direction is also zero. Hence,

G, = Smv, = constant, (114)

where Smu, is the sum of the linear momenta of the several parts of the
system in the a-direction. This statement expresses the law of con-
servation of linear momentum. Thus the linear momentum in any direc-
tion for a system of bodies remains constant (is conserved) as long as
there is no resultant external force on the system in that direction. This
principle finds particular use in describing the interactions of bodies
such as the recoil of a gun or the collision of two objects.
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The principle of angular impulse and momentum about a fixed axis
for any system of bodies is expressed by lig. (113) and states that the
resultant moment about a fixed axis O equals the time rate of change
of angular momentum of the system about that axis. If the resultant
moment about any such axis is zero during an interval of time, it follows
that the time rate of change of angular momentum about that axis is
also zero. Tlence

Hy, = ZIpw = constant, (115)

where Z/gw is the sum of the angular momenta of all parts of the system
about 0. This statement expresses the law of conservation of angular
momentum. Thus, when there are no externally applied moments on
any system about a fixed axis, the angular momentum of cach part may
change, but the total angular momentum of the system about this axis
remains constant (is conserved). Since Kq. (113) also applies to a mov-
ing axis through the mass center, it follows that the principle of con-
servation of angular momentum also holds for a moving centroidal axis.

SAMPLE PROBLEMS

1124. The 2 oz. bullet is fired at the center of the 4 oz. washer whose hole is
small enough to cause the bullet to wedge soludly in the washer. If the washer
is free to move and the velocity of the bullet is 2000 ft./sec. before impact,
find the common velocity v or bullet and washer immediately after impact.

Pros. 1124

Solution: The only forces acting on the system in the dircction of motion are
the internal action and reaction between the bullet and washer. Therefore
the linear momentum of the system consisting of the two bodies remains con-
stant, and

[AG, = 0] 2 X 2000 = (2 + 4)v, v = 667 ft./sec. Ans.

The acceleration of gravity g cancels and need not be included.

1125. The circular disk A weighs 20 Ib. and is spinning freely at 400 rev./min.
about the vertical shaft. Disk B weighs 10 Ib. with a radius of gyration of
4 in. If disk B slides freely on the shaft and is dropped from rest onto disk 4,
determine the final common velocity N of the two after slipping ceases.
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Pros. 1125

Solution: Angular momentum about the fixed shaft is elearly conserved since
there are no external moments applied to the system. Thus

120 7 9\* 120 79N\2 1074\
o G 2
[AHo = 0] 3 g (i) 100 g \1i2) T o\ ,
N = 334 rev./min. Ans.
PROBLEMS

1126. Determine the loss of energy AFE for the interaction in (a) Sample
Prob. 1124 and (b) Sample Prob. 1125.

1127. If the bullet of Sample Prob. 1124 picks up five additional 4 oz. washers
mounted in line with the trajectory over a short distance, what is the final
common velocity » of the bullet and its six washers? Ans. v = 153.8 ft./sec.

1128. If the bullet in Sample Proh. 1124 passed through the washer and
emerged with a velocity of 1500 ft./sec., what would be the velocity » of the
washer?

1129. If disk B in Sample Prob. 1125 were revolving initially at a speed of
1000 rev./min. in the opposite direction to the rotation of disk A, what would
be the final angular speed N of the disks when they stopped slipping after B
was allowed to drop on A? Ans. N = 169.1 rev./min.

1130. The barrel and breech of a 3 in. anti-aireraft gun weigh 1800 Ib. The
projectile weighs 15 Ib. and has a muzzle veloeity of 3000 ft./sec. The recoil
of the gun is checked by a combination of springs and oil dampers so that the
force F of the recoil mechanism on the moving barrel is essentially constant.
Determine F if the recoil distance is 16 in. Neglect the weight of the gases
and assume that the gun acquires its full recoil velocity before the recoil mecha-
nism begins to act.

1131. For a powder charge of 5 lb. in the anti-aircraft gun of Prob. 1130 de-
termine the recoil velocity of the gun as the projectile leaves the muzzle. The
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center of gravity of the corresponding weight of gases may be assumed to have
g velocity of one half that of the shell. Ans. v = 29.2 ft./scc.

1132. A ballistic pendulum consists of a 100 Ib. box of sand suspended by a
wire as shown. A 2 oz. bullet traveling horizontally is embedded in the sand,
and the pendulum is observed to swing through an angle 6§ = 10 deg. Deter-
mine the initial velocity v of the bullet. What percentage e of the energy of the
bullet is lost from the system?

15

= T \
—_— | \\",a

Pros. 1132 ' Pros. 1133

1133. The horizontal rod has a moment of inertia about the vertical axis of
0.080 Ib. ft. sec.?, and each of the sliding balls with negligible dimensions weighs
2 lIb. The assembly is rotating freely about O-0O at an angular velocity of
20 rad./sec. with the balls latched in the positions shown. If the latches are
released, determine the new angular velocity of the system after the balls have
come to rest against the stops.  Find the loss of kinetic encrgy AFK.

Ans. w = 1129 rad./sec., AE = 817 ft. Ih.

1134. The 2 oz. bullet traveling at 2000 ft./sec. strikes the 10 Ib. block cen-
trally and is embedded within it. If the block is sliding on 4 smooth horizontal

40 ft./sec.

N
-_.I.——-x

Pros. 1134

plane with a velocity of 40 ft./sec. in the direction shown just before impact,
determine the velocity v of the block immediately after impact.
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1136. A 2 oz. bullet is fired with a velocity of 1000 ft./sec. in the direction
shown and embeds itself into the uniform slender rod which weighs 50 Ib. and
is initially at rest. Determine the angle 6 through which the bar swings if it
) is freely pivoted at 0. (Note: The angular mo-
ﬁf‘ mentum of the system about O is unchanged.)
oM T Ans. 6 = 10° 46’

re

I e
Pros. 1135 Pros. 1136

1136. The two wheels shown are spinning freely with the angular velocities
indicated. The axle of the right-hand wheel is moved to the left so that inter-
ference and slipping oceur for a short period, and then the wheels are separated.
Discuss the application of the principle of conservation of angular momentum
to this situation. (ITint: Be certain to define and isolate clearly the systemn
under consideration.)

* 1137. A turntable of radius r is initially at rest but is free to rotate about its
central vertical axis about which its moment of inertia is 7. A man of weight
W starts from rest at point 4 marked on the rim and walks around the rim until
he meets point A again. Through what angle 6 has the disk turned during
this interval? 2m
Ans. 6 = T (Ig__/Wr'l)
* 1138. A 150 Ib. man starts from rest at A and walks along the chord AB of
the circular platform with a speed of 4 ft./sec. (relative to the platform). If
the platform has a moment of inertia about O of 200 Ib. ft. sec.?, is free to turn
about a vertical axis through O, and was at rest when the man started to walk,
find its angular velocity w when the man reaches point C.
Ans. w = 0.262 rad./sec.

Pros. 1138
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109. Impact. The collision between two bodies where relatively large
contact forces exist during a very short interval of time is called ¢mpact.
Experimental verification of impact theory is difficult by reason of the
extremely short time during which the contact forces act. Consequently
reliable data for the description of impact phenomena are difficult to
obtain.

As an introduction to impact consider the collinear motion of two
spheres of masses m; and m,, Fig. 139a, traveling with velocities v, and

ve. If vy is greater than vy, collision

Yy o oceurs, and a short period of deformation
takes place, Fig. 139b, until the contact
area between the spheres ceases to in-

) My o, ™ crease. After this deformation a period
> of restoration takes place, and the spheres

) 1
‘—-—’" regain their original shape if the blow is
b) Tm, m, not too severe or else retain a deformed
U2 ! shape if the impact, is more severe. The

spheres then continue to move with final

"___“O_—"— velocities »;” and »y’ as in Tig. 139c.
m Inasmuch as the contact forces are equal

Fig. 139 and opposite, the linear momentum of

the system remains unchanged. Thus
the law of conservation of momentum applies, and

myy + movs = myuvy" + movy’.

All velocities are arbitrarily assumed positive to the right so that a nega-
tive sign will deseribe a velocity to the left.

In addition to the conservation of momentum, the energy of the
colliding masses must be accounted for. The initial kinetic energy of
the system before impact is divided into three parts after impact. First,
some of the energy is retained in the form of kinetic energy on account
of the rebound velocities of the spheres as a whole. Second, some of
the initial energy is lost as a result of the gencration of heat if the spheres
are permancntly deformed. Third, the impact forces cause internal
vibrations of the spheres, and the resulting propagation and rebound
of elastic waves within the spheres consume some of the initial energy.
This third part of the total energy is usually difficult to account for
and is by no means negligible in many impact problems involving bodies
whose shapes are other than spherical.

The classical theory of impact as presented in most treatments on
mechanics neglects the internal energy of vibration. With this neglect
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and for the case of perfectly elastic impact the final kinetic energy must
equal the initial kinetic energy. Thus

2 2
Tmv® + mave® = Fmuw,? + Fmay'?,
or
my(vy + ")y — vy)

The equation for the conservation of momentum may be written

ma(vy + v2") (02" — v3).

! ’
mi(vr — v1') = ma(r’ — vy).
Dividing the energy equation by the momentum equation gives
v v =0y + vy or vy — vy =0 — v,

which shows that the relative velocity of approach equals the relative
velocity of separation if the energy is conserved.

In most impact problems a rather large percentage of the cnergy of
the system is lost, and the equation for the velocity difference is written

e(vy —vy) = (' — vg").

The factor ¢, which may vary between zero and unity, is known as the
coefficient of restitution and equals the ratio of the relative velocity of
separation to the relative velocity of approach. If the impact occurs
obliquely, then only the components of the velocities in the direction
of the force of impact should be used with the coefficient of restitution.
In the classical theory of impact a coefficient of restitution of unity
means elastic impact with no energy loss, and a coefficient of restitution
of zero means an nelastic or plastic impact, where the bodies cling to-
gether after collision and the energy loss is a maximum.

Experimental determination of coefficients of restitution for spheres
of various materials indicates that e varies greatly with the impact
velocity but approaches unity when this velocity approaches zero. This
condition is explained on the basis that the energy loss due to permanent
deformation becomes less as the impact velocity decreases. Experiment
also has shown that for given materials and for a given impact velocity
the coeflicient of restitution changes appreciably with the size and shape
of the colliding bodies. This effect is due to the corresponding change
in induced internal energy of vibration. A handbook value for a coeffi-
cient of restitution is generally unreliable * unless conditions identical to
those under which the measurement was made are known to exist.

* Most of the values for cocfficients of restitution reported in handbooks and in
books on mechanics are taken directly from the early experiments by Eaton Hodgkin-
son in 1834 and P. G. Tait in 1890.
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SAMPLE PROBLEM

1139. Two smooth steel spheres moving with the initial velocities shown col-
lide with the line joining their centers in the direction of the velocity ve.  I'rom
previous experiments it is known that the coefficient of restitution for these
conditions is 0.70. Determine the final velocity v of each sphere and the per-
centage loss of kinetic energy.

0 vy’
—f ST g
30° vz =5 ft./sec.
)v,/='10 ft./sec.

Pros. 1139

Solution: The equal and opposite force of contact on each sphere is along the
z-direction so that the linear momentum of the system is conserved in that
direction. Also, since there is no force on either sphere in the y-direction, there
is no change in the y-component of either velocity. Thus

[AG, = Olyystem 2 X 10 X 0.866 — 4 X 5 = 40’ — 201’ cos ,
[Av,, = O]eunh sphere 1)1’ sin g =10 X 0.5, 1)2,/’ = ().
The coefficient of restitution is the ratio of relative separation velocity to rela-

tive approach velocity both measured in the direction of the impact force.
Therefore

[e _ ]Av,’
~ A,

The simultaneous solution of these three equations gives

vo 4+ v’ cos @
| 070 = 5710 x 0.866

v’ = 8.46 ft./sec., 0 = 36° 14/, v’ = 2.74 ft./sec. Ans.
The initial kinetic energy of the system is
L2 o+ Lt s = 466t b,
2322 2 32 2
The final kinetic energy is
;23222(846)2 2:%2(274)?—269“ Ib.

The percentage loss is

466 — 2.69
I 100 = 42.3 per cent. Ans.
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PROBLEMS

1140. A 24,000 Ib. bus traveling at 30 mi./hr. collides head on with a 3300
1h. car going in the opposite direction at 40 mi./hr. Because of the extent of
deformation involved there is no rebound of the vehicles as a whole.  Deter-
mine the common velocity ¢ immediately after impact, and find the loss of
kinetic energy AE.

1141. A steel ball is dropped from rest from a height h above a horizontal
steel plate of large weight and rebounds to a height A’.  Determine the coeffi-
cient of restitution e. W

h
1142. Show that the moving billiard ball A transfers all of its kinetic energy
to the identical ball B initially at rest. Assume direct
central impact without permanent deformation or con-
tact friction and neglect internal vibrational energy. B
1143. Describe the conditions under which elastic
impact occurs with a coeflicient of restitution of less
than unity. Consider all energies involved.

1144. If the stecl plate of Prob. 1141 is tilted through an angle 6 as shown,
Jletermine the direction a of the rebound velocity m terms of the restitution
coefficient e which applies. Ans. tana = ectn @

o
i
|
|
l

Ans. e =

Pron. 1142

L/

~oa
)

i z % ’

Pron. 1144 Pros. 1145

1145. Two steel balls each weighing 4 Ib. and connected 3 ft. apart by a light
rod are dropped from rest in the position shown. The right-hand ball strikes
a horizontal steel plate of considerable mass and suffers a rebound for which
the cocflicient of restitution is 0.60. Determine the angular velocity w of the
bar (a) at the instant of maximum deformation of the right-hand ball and (b)
an instant after impact.

1146. A pile driver consists of a 1200 1b. weight which falls freely through a
height of 5 ft. above the top of a 300 1b. pile. Upon impact the weight is scen
to move with the pile with no appreciable rebound, and the pile penetrates
15 in. into the ground at each blow. Determine the average resistance R to
penetration of the pile. Ans. R = 5340 lb.
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* 1147. Show that the loss of energy due to direct central impact of two masses
my and mg having velocities 1 and v, directed toward each other is given by

1L — e mmy
AR = ——— ——
2 mit (e1 + z72) )

where e is the coefficient of restitution for these particular impact conditions
and the internal vibrational energy is neglected. (fIint: The energy loss de-
pends on the relative impact velocity o1 + va.  Thus the center of gravity of
the system may be taken at rest to simplify the algebra so that mw, = mav,.)

110. Gyroscopic Motion. One of the most interesting of all problems
in dynamices is that of the gyroscope, which involves the rotation of a
body about an axis which itself is
rotating. This problem is three-
dimensional and may be desceribed
by the general principle of angular
impulse and momentum for a rigid
body with respect to a fixed point
as given by Eq. (113).

Consider the rotor in Fig. 140,
which is pivoted at its point O
with negligible friction and which
has an angular velocity of spin w
about its own axis. The motion of
this rotor under the action of its
weight W oand the pivot reaction
will be described. The total angu-
lar momentum of the rotor about

Vertical
1

a e the fixed point O may be repre-
Y Horizontd o sented by its three veetor com-
Fia. 140 ponents in the orthogonal x-y-z

directions. The z-component is
II, = Iw, where I is the moment of incrtia of the rotor about the
z-axis and the vector stems from O. The component /1, = I,(de/dl)
is due to rotation of the rotor axis about the y-axis at the instant repre-
sented, and likewise the component I, = I,(d8/dl) is due to rolation
about the z-axis. 'The resultant angular momentum about O is the
vector sum of these three components. The resultant moment about
0 is Mo = WFsin a and is in the y-direction. Kquation (113) requires
that this moment be equal in magnitude and direction to the time rate
of change of the total angular momentum veetor. Evaluation of this
time rate of change where all three components of Hgp are accounted
for is necessary for a complete description of the motion.
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The engineering aspects of the problem can be adequately explained
by examining only the case where H, = [w is very large compared with
H, and H,. This condition occurs for a large rate of spin w. Thus only
the one component of angular momentum will be considered. With
this simplification Eq. (113) may be written as

Modt = dlly = d(lw),

where the moment about O is My = WFsin a. This relation states that
the change in angular momentum is equal in magnitude and direction
to the applied angular impulse.  This impulse has the direction of A,
which, vectorially, is along the y-axis, and, hence, d(Iw) has the same
direction. Thus the change in angular momentum is at right angles
to the momentum or spin axis. Adding this change to Tw gives the new
angular momentum (/w)’ after time df. The momentum or spin axis
of the rotor has moved through the angle d6 which is given by
o - 149

Iw
Combination with the preceding equation gives

dg
Z”()df—':dea or ]‘10=I;jiw

From the figure it is seen that df = d¢ sin «, and thus the resulting
equation may be written also as

d¢ .
Wrisina = I(~-sina)w,
dt

or

d
Wi = I—‘éw,
dt

where d¢/dt is the rate of precession of the rotor axis about the vertical.
This relation shows that for a given rotor and given spin veloeity the
rate of precession about the vertical is the same for any value of a.
The reason that the rotor axis revolves about the vertical at a con-
stant angle « instead of falling toward the a—y plane lies in the fact that
the precession described is the only motion which will make the vector
change in angular momentum have the same direction as the applied
moment and angular impulse. If the rotor had no spin velocity, it
would indeed fall. Actually as the spin velocity decreases because of
friction, the rotor axis will drop toward the horizontal plane in a rather
complex manner which requires the retention of the momentum com-
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ponents H, and H, for description. In understanding the gyroscopic
eifect it is helpful to note that precession of the axis of spin occurs when
a moment is applied whose vector is at right angles to the angular momen-
tum vector. In the problem of plane motion, on the other hand, the
moment and angular momentum vectors are parallel.

In most engineering applications of gyroscopes the moment, spin,
and precession axes are mutually perpendicular. This situation is illus-
trated in Fig. 141a where the axis of the rotor of the previous figure is
now horizontal. The momentum equation becomes

M = IQa, (116)

where Q is the rate of precession d¢/dt about the vertical and M is the
moment W7 of the weight about O. The moment vector M in Eq. (116)

=~ 30
A t
<>
)
ol
\ H,= 19N Mdt
\f‘l _\3 “ ’/,/’J:/ N
~ z-- -1 N
dHA%<7g ' Y
Y \\(b ;';
(b)
Fia. 141

is normal to both the spin axis (w) and the precession axis (2) and repre-
sents the moment in this direction about the pivot O due to all forces
acting on the gyro rotor. TFor the rotor illustrated Eq. (116) is not
exact since it accounts for only the predominant momentum change in
the direction of Af. The error is exceedingly small, however, for the
relatively high spin velocities normally used.

Kquation (116) and the corresponding relationship between the senses
of the three vectors M, @, and » will now be determined directly for
the case illustrated in Fig. 141a as further aid to correct interpretation
of the gyroscopic equation. FEquation (113) requires that the angular
impulse A dt during time dt about the y-axis through the fixed point O
must equal the change dH, in angular momentum both in magnitude
and direction. These vectors are shown in Fig. 141b, and it is seen that
during the time df the momentum or spin axis has swung through the
angle d¢ in order that dH, equal M di It follows, then, that
M dt = dH, = Iw d¢, and division by df yields M = IQw.

It should be carefully noted that the direction of the precession is
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determined by the fact that the vector change dff , in angular momentum
has the same sense as the applied moment M, and, hence, the spin axis
will always rotate foward the moment axis. The three vectors M, ©,
and w constitute a right-handed set of axes. Thus in rotating from the
M-axis to the Q-axis through the 90 deg. angle, advancement for a right-
hand screw is along the w-axis. Likewise a right-hand screw would
advance in the M-direction when rotated from the Q-axis to the w-axis
or would advance in the Q-direction when rotated from the w-axis to
the M-axis. Use of this right-hand rule requires memory of the sequence
M-Q-w of these vectors. This scquence can be established quickly by
recognizing, basically, that the momentum axis rotates toward the
moment axis since the vector change in the spin momentum must have
the same sense as the applied moment.

In the event an additional moment about O is applied to the rotor a
corresponding additional precession will occur which obeys the rules
just cited  Thus, if a force F were
applied to the rotating end of the
rotor shaft, Fig. 142, in the positive
y-direction, the corresponding mo-
ment vector would be in the nega-
tive a-direetion. The momentum or
spin axis (w) would have a vector
change in the direetion of the moment Fie. 142
axis (M) which is vertically up, and
the spin axis would rise.  Conversely, if a force were applied to the end
of the rotor shaft in the direction to oppose the precession (negative
y-direction), the spin axis would fall.

If the rotor axis of a gyro precesses in a given plane, then the center
of gravity of the rotor remains in that plane and can have no accelera-
tion normal to 1t. It follows that the resultant of all forces acting on
the rotor in a plane normal to the precession plane and containing the
rotor axis cannot be a force and, if not zero, must be a couple. Thus
the moment A in Eq. (116) is a couple and is known as the gyroscopic
couple. Since the value of a couple is independent of which parallel
axis is chosen for evaluating its moment, & moment summation about
any axis normal to the rotor axis and lying in the precession plane may
be used for evaluating 7. Thus for the rotor in Fig. 14la, there is no
vertical acceleration of G during the horizontal precession, and the
upward force exerted by the pivot on the rotor at O equals the weight
W and together with the weight constitute the gyroscopic couple WF.
The correct value of the couple may be obtained by taking moments
about an axis parallel to the y-axis through O, G, or any other point.
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When w becomes small for the rotor of Fig. 141a, the axis begins to
droop, and Eq. (116) is no longer a good approximation. On the other
hand, if the rotor axis is confined to rotate in the horizontal planc about
the vertical by some type of restraining guides, then there can be no
angular momentum about the y-axis at all, and the only change in
angular momentum in the y-direction comes from the directional change
in H, = lw as expressed by Eq. (116). Therefore Eq. (116) is exact
whenever the axis of a symmetrical rotor is confined to precess exclu-
sively in one plane. If the end of the rotor axis in Fig. 142 were con-
strained by smooth guides (not shown) to move only in the horizontal
y-z plane, then the force F' would cause accelerated rotation of the shaft
about the z-axis given by FI = I.a where [ is the moment arm to O, «
is the angular acceleration of the shaft axis about the vertical, and I, is
the moment of inertia of the rotor about the vertical. Accompanying
this rotation there would be a downward foree exerted by the guide on
the shaft whose moment M about O obeys Kq. (116) exactly at any
instant.

In addition to being a toy the gyroscope has important engineering
application. TFirst it is used extensively as a directional device. With a
mounting in gimbal rings, Fig. 143, the gyroscope is free from external

Fra. 143

moments, and its axis will retain a fixed direction irrespective of the
rotational movement of its base. Independence from the rotational
movement of the surroundings is used as a positioning control device.
By adding a pendulous weight to the inner gimbal ring the attraction
of the earth may be used to cause precession of the gyro so that the
spin axis always points north. This action forms the basis of the gyro
compass. The gyroscope has found important use as a stabilizing device.
The controlled precession of a large gyro mounted in a ship is used to
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produce a moment to counteract the rolling of the ship at sea. The
gyroscopic effect is an extremely important consideration in the design
of bearings for the shafts of rotors subject to forced precession.

SAMPLE PROBLEM

1148. The turbine rotor in a ship’s power plant weighs 2600 1b. with center
of gravity at (¢ and has a radius of gyration of 8 in. The rotor is mounted in
hearings A and B with its axis in the horizontal fore-and-aft direction and turns
counterclockwise at 5000 rev./min. when viewed from the stern. Determine
the vertical components of the bearing reactions at A and B if the ship is mak-
ing a turn to port (left) of 400 yd. radwus at a speed of 22 knots (1 knot =
1.152 mi /hr.).

iy Port

T (left)

. Forward

~~ _ Starboard
2 (right)

ProB 1148

Solution* The vertical components of the bearing reactions will equal the
static reactions 12y and R plus or minus the inerement AR due to the gyroscopic
effect.  The moment principle easily gives Ky = 1560 1h. and Ry = 1040 Ib.
The direction of the spin velocity w and the precessional velocity @ are indicated
with the free-body diagram. Use of the right-handed sequence shows that the
couple due to the AR’s points in the starboard direction, and, thus, the reaction
at Bis Ry + AR and that at 4 is Ry — AR. Equation (116) is applied about
the center of gravity of the rotor and gives

2600 £ 8 \? 722 X 1152 X 44y /5000 X 2
e (Y (L (),
{ w] SR =05\ 400 X 3 X 30 60
AR = 116 Ib.

The required reactions are then
A = 1560 — 116 = 1444 |b., B = 1040 4+ 116 = 1156 lb. Ans.

The horizontal components of the bearing reactions necessary to give the
rotor its centripetal acceleration in the turn may be computed, and each total
bearing reaction determined if desired.
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PROBLEMS

1149. If the bow of the ship of Sample Prob. 1148 is rising as a wave passes
under it, determine the direction of the gyroscopic moment exerted by the tur-
bine rotor on the hull structure.

1150. A pair of locomotive drivers 78 in. in diameter together with the axle
weigh 6600 lb. and have a combined radius of gyration of 26 in. Compute the
change in force AP between the inner rail and the wheel due to the gyroscopie
effect alone if the engine is rounding a curve of 720 ft. radius at a speed of 50
mi./hr.  Neglect the banking of the curve and use the standard gage of 4 ft.
814 in. between rails. Ans. AP = 470 Ib. decrcase

1161. One type of aireraft engine supercharger consists of the 4.10 lb. blower
A with a radius of gyration of 2.90 in. which is driven at 18,000 rev./min. by
the 12.20 Ib. exhaust turbine B with a radius of gyration of 2.75 in. Deter-

LN B
==
|
Pros. 1151

mine the radial forces on the bearings C and D if the shaft is mounted in a ver-
tical position and the airplane is rolling (turning about the horizontal flight
axis) at the rate of 3 rad./sec.
11562. The 4-bladed propeller of a single-engined airplane weighs 400 1b. with
a radius of gyration of 3.80 ft. and rotates counterclockwise at a speed of 1500
rev./min. when viewed from the rear. When the airplane reaches the bottom
of a vertical loop of 1500 ft. radius at a speed of 400 mi./hr., determine the gyro-
scopic moment M on the propeller bearing. In what direction will the tail of
the airplane tend to move because of the gyroscopic effect?
Ans. M = 11,020 Ib. ft.; tail swings right
1163. In the figure is shown one of three gyros mounted with vertical axis
and used to stabilize a large ship against rolling. The motor A turns the pinion
which precesses the gyro by rotating the large precession gear 3 and attached
rotor assembly about a horizontal transverse axis in the ship. The rotor turns
inside the housing at a clockwise speed of 800 rev./min. when viewed from the
top and has a weight of 100 tons with a radius of gyration of 4.85 ft. Deter-
mine the moment exerted on the hull structure by the gyro if the motor turns
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the precession gear at the rate of 0.420 rad./sec. In which of the two direc-
tions, (a) or (b), should the motor turn to counteract a roll of the ship to star-
board?

Vertical

ProB 1153

1154. The two identical disks are rotating freely on the shaft with angular
veloeities equal in magnitude and opposite in direction as shown. The shaft
i turn is caused to rotate about the vertical axis in the sense indicated. Prove
whether the shaft bends as in A or as in B. Ans. A

Pros. 1154

1166. The rotor axis of a gyvro which is pivoted about its center of gravity
like the one shown in Iig 143 15 m the vertical position at 12:00 noon. What
angle a will the axis make with the vertical at 2:00 .M. if the gyro is at a latitude
of 40 deg. N and if the rotor is kept spinning at high speed with negligible fric-
tion in its gimbal bearings? Ans. a = 23.0 deg.

1166. An experimental car is equipped with a gyro stabilizer to counteract
completely the tendency of the car to tip when rounding a curve (no change in
force between tires and road). The rotor of the gyro has a weight w and a
radius of gyration %, and is mounted in fixed bearings on a shaft which is parallel
to the rear axle of the car. The center of gravity of the car is a distance A
above the road, and the car is rounding an unbanked level turn at a speed o.
At what speed w should the rotor turn and in what direction to counteract com-
pletely the tendency of the car to overturn for either a right or a left turn?
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* 1167. A solid cone of weight W, base radius r, and altitude h is set to spinning
about its own axis with a high rate of spin w. If the cone is released with its
point supported at O, determine the direction of the precession and the period
7 of one complete rotation about the vertical. A _ Amr?

ns. 7 = “agh”

NY

U

~y
Prog. 1157

* 1158. If the tip of the spinning cone or top shown in Prob. 1157 is slightly
rounded (as would actually be the case) and if the top is spinning on a hori-
zontal surface with some friction present, show why the spin axis rises to the
vertical position.



CHAPTER XIV

Periodic Motion

111. Introduction. Any motion which repeats itself after a certain
time interval is said to be periodic.  All oscillations and vibrations of
bodies come under this heading and constitute one of the most important
applications of dynamies. In particular the rapid increase in recent
years in the operating speeds of machinery has called attention to the
necessity for an understanding of the mechanies of vibrations.

Most vibrations in machinery are detrimental to the performance
and life of the machine, and effort is made to avoid or reduce them as
much as possible.  In a few instances vibrations are useful, as in the
reduction of friction in delicate instruments by continued vibratory
movement.

Vibrations are of two types, free and forced. A free vibration is one
which is sustained by internal elastic forces and gravity forces such as
in the vibration of an clastic beam. A forced vibration is one which 13
sustained by an external periodie force.  Vibrations are also classified
as to the number of possible modes of motion. The number of inde-
pendent coordinates needed to specify completely the configuration of
the system at any instant is known as the number of degrees of freedom
of the system. In gencral, motion with more than a single degree of
freedom calls for methods beyond the scope of this book, so that dis-
cussion will be confined to motion with a single degree of freedom,
where only one independent coordinate is needed to specify the position
of the vibrating body at any instant.

The dynamics of periodic motion is based on the same fundamental
laws discussed and illustrated in the previous chapters but differs some-
what in the method of solution, and, consequently, has been placed in
this separate chapter. The analysis of this type of motion is handled
by the solution of a differential equation which will be illustrated in
detail for several cases.

112. Free Vibrations. Consider a body of weight W, Fig. 144a, which
is suspended by an elastic spring of negligible weight and of stiffness k.

In the equilibrium position of the body the spring has a static deflection
601
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= W/k. If the body is pulled downward a distance z, from the equi-
librium position and released from rest, it will vibrate in the vertical
direction between the limits xy and —axy. The free-body diagram of
the weight at any position « during its motion shows the weight W and
the force k(6 + ) = W + kx exerted by the spring. The equation of
motion in the z-direction is ZF, = ma,, which becomes

W — (W + ko) W d%x
= g di?
or
’ xRy A17)
x = V.
dar

Equation (117) is the equation of motion for W written as a differential
equation, and its solution will give the displacement x as a function of

s L
>
3= g <
£ S g
Sc= s
LES 2 N
iEE S S
5 =E s 2
= % 2 = - 1 cycle_ﬁ
2
Equll @<_1V+kx
position

[ o
|

(a)

the time ¢. It should be noted that, since x is taken positive down,
d?z/di® will also be positive down. Tn writing the differential equation
of motion it is necessary to be consistent with the arbitrary convention
of sign.

The differential equation is of second order, so two integration con-
stants will appear in its gencral solution. TFor this relatively simple
physical problem it is not difficult to guess at the form of the solution
and then to verify the assumption by direct substitution. The expres-
sion to be tried will be a periodic function of time

z = A cos pt + B sin pt.
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The constants A and B are arbitrary, and p is a constant quantity hav-
ing the dimensions of angular velocity to make the argument of the
sine and cosine a dimensionless angle. Substitution into the differential
equation requires two differentiations. The first is

dr

P —Ap sin pt + Bp cos pt,
and the second is

'z Ap? ¢ — Bp? sin pt

—_—= = cos pt — sin pt.

e p® cos p p? sin p

Substitution into Eq. (117) and grouping terms give
kg kg
A<— 2—0———)00“!-}-3(—- 2+——>sin t = 0.
14 W S P P w p

If the assumed solution is valid, then the expression just obtained must
hold for all values of the time. The only way in which this expression
can hold for all ¢ is for the coefficients of both the sine and cosine terms
to vanish at all times. Since both 4 and B cannot be zero, the require-
ment yields

—p2+kg=0 or p= Mo,

W w

With this constant value of p the assumed relation will satisfy Eq. (117)
for all values of the time, and, consequently, is the general solution to
the differential equation.

To give a simple interpretation to the solution just obtained assume
that the time ¢ is measured from the instant of release from rest at
x = xy. Thus the two boundary conditions needed to evaluate the two
arbitrary constants .4 and B are da/dt = 0 when { = 0 and = = x,
when ¢ = 0. Substitution of the first condition into the expression for
dx/dt requires

0 =0+ Bp, B =0.

The solution is reduced to = A cos pt, and the second condition gives
A = zy. Hence for the boundary conditions imposed the solution is

kg
x = Xgcos pt where p = W

. (118)

The significance of this solution may be seen graphically in Figs. 144b
and ¢, where the variation of x with p¢ is shown. The displacement 2
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may be viewed as the projection P on the z-axis of a vector of length
29 which rotates counterclockwise with an angular velocity p. The
motion of W is that of this projection and is known as simple harmonic
motion. Simple harmonic motion may be defined as that motion wherein
the acceleration is proportional to the displacement and is directed
opposite to the displacement as deseribed by Eq. (117). The maximum
displacement x¢ from the neutral position is known as the amplitude of
the motion. The time for one complete eycle is the period = and is the
time required to change the argument of the cosine term by 2x.  Also
the number of cycles per unit time is the frequency [ and is the reciprocal
of the period. Thus

2 \/W 1 P 1 kg
T=—=2r |— and f=-=—=— [—-
P kg T 2r 2 \NW
The angular velocity p of the rotating reference vector is known as the
circular frequency.

If this same vibration is described by counting time from the instant
the body passes the origin with the velocity vy, then the boundary
conditions are = 0 when ¢{ =0 and du/dt = vy when ¢ = 0. By
substitution into the expressions for 2 and dx/d¢ the first condition
gives A =0 and the second yields
B = vy/p = a9 where xy is the ampli-
tude of the vibration. Thus

x = T sin pt,

which, of course, has the same period
and frequency as the cosine expression.

If time is counted from some other
position, as shown in Fig. 145, the solu-
tion for this same vibration may be ex-
pressed as

x = xo8in (pt + ¢),

where ¢ is a phase angle. For this con-
dition both the constants A and B must be rctained in the general
solution, and it may be scen from the figure that o = V' A% + B* and
¢ = tan™' (4/B).

Equation (117) is the basic equation which describes simple harmonic
motion. This equation together with its solution and the expressions
for the period and frequency are common to many types of oscillatory
motion which occur in engineering. Once the governing equation of
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motion for a given problem has been shown to be of the form of Eq.
(117), it is then known that the solution will be the same as that for
Kq. (117) except for whatever change of symbols is called for.

SAMPLE PROBLEMS

11569. Determine the natural frequency f for small vibrations of the system
about the equilibrium position shown. Kach spring has a constant k.

-~ }<bs

T, + kbo|
<<

-
! T, - kb8
Pros 1159

Solution. The free-body diagram of the system is represented for a small
angular displacement § away from the equilibrium position. The tension in
the top spring is its initial equiibrium value T plus the increment kb due to
the streteh 9. "The are length b6 is a good approximation to the actual stretch
for a small angle.  Likewise the tension in the bottom spring is the initial equi-
librium value 7' minus the increment Ab6.

The motion is one of rotation about the fixed point O, so the equation of
motion 23y = Ipe must be used. This equation gives

T 12
Wi+ (T — kbO)b — (T, + kbh)b = %z?‘%.

In using the moment arm [ for W the difference between cos 8 and unity is
neglected for small angular movements. The initial tensions are found from
the balance of statical moments for the equilibrium position which gives

Wil = (T, — Ts)b.

Substitution into the equation of motion and rearrangement of terms give

0 kg
&rﬁzw(i)o_o.

This equation is seen to be of the same mathematical form as Eq. (117), and
the circular frequency of this simple harmonic motion is

P\ ()
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Thus the natural frequency for small vibrations is

_ro Lo f |
1= or =2t \Nw Ans.

For large amplitudes the geometrical approximations made become invalid.

1160. A homogencous solid cylinder of weight W and radius r rolls without
slipping during its oscillation on the circular surface of radius B. If the mo-
tion is confined to small amplitudes, determine the period 7 of oscillation and
the angular velocity w of the cylinder as it crosses the vertical. The ampli-
tude of motion is § = 6.

-:B{ 7
|« ro

Pron 1160

=

Solution: The free-body diagram of the cylinder in a displaced position is
shown. The angular displacement of the wheel is the angular displacement 8
of line OA which was in the vertical position for 6 = 0. With the clockwise
direction of 8 as positive the equation of motion M ¢ = Ica about the instant
center C gives

Wrsing = 1,7P.
rsing =Ic g,
The relation between 8 and 6 is obtained by equating the arc lengths AC and
BC which gives
R—r

RO =6 + B) or f= ; 0.

This substitution together with the expression [¢ = $mr? and the replacement
of sin 6 by 6 for small movements gives

0 29

AR CET R

The form of this equation is that of simple harmonie motion, and the circular

frequency is
- / 29
p= 3R -1
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Thus the period for each complete small oscillation is

2 3(R —1)
r="T_ o ?_(R‘ n. Ans.
29
From Eq. (118) the displacement 6 and the angular velocity df/dt may be
written as
dé .
6 = 6y cos pt and a = —6yp sin pt,
where the time is measured from the extreme position 6p.  The maximum angu-
lar velocity of the cylinder occurs at @ = 0 and is, therefore,

By _R—rpd; _R-r, _93\/29@.
dt P = 3

w = = i
max. r dt |max. r r

Ans

PROBLEMS

Neglect the weight of all springs in the following problems.

1161. A 50 Ib. electric motor is symmetrically mounted on four identical
spring pads and 1s observed to have a natural frequency of vertical vibration of
4 cycles/sec.  Determine the constant & of each pad.

1162. Replace the springs in each of the two cases shown by a single spring
of constant & (equivalent spring constant) which will cause each weight to vi-

brate with its original frequency. Ans. () k = by + ko, (b)% _ ]: + ]1—2
1

e
ky §k2 %kl
< ?z
I3 3
4Smooth
guides

(a) (b)
Pros. 1162

1163. The weight of the elastic cantilever beam is negligible compared with
the weight W = 20 1b.  If a force F of 6 Ib. causes a static deflection y = 0.03
in., find the natural frequency f for small vibrations of the beam caused by a
sudden removal of the foree. Ans. = 9.90 cycles/sec.

N

Pros. 1163
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1164. Find the period 7 of the simple pendulum for small amplitudes of
motion.

Pros. 1164

1166. A compound pendulum in the form of a slender rod of length I pivoted
freely about one end oscillates with a small angular displacement under the
action of its own weight. TFind the period 7 of its motion.

1166. The ring of radius r and negligible thickness oscillates with a small
amplitude about the pivot at 0. Determine the period 7 of the motion.

(¢} Ans. 17 =2m \/zl

Pros. 1166

1167. The plunger weighs 5 Ib. and is subjected to the action of the two
springs  Determine the natural frequency f of the vertical vibration if frie-
tion in the guide is negligible and both springs remain in compression at all
times. Ans.  f = 7.67 cycles/sec.

k= 101b /in.

b g g7

Pros 1167 Pros. 1168

1168. The motor shown weighs 50 Ib. and is set into small angular oscilla-
tion about its center of gravity which lies on the shaft axis. Bach of the four
identical spring pads (two on a side) has a modulus of 18 1b./in., and the meas-
ured frequency of oscillation is 4 cycles/sec. Determine the centroidal radius
of gyration k of the motor.
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1169. Determine the frequency f of natural vibration of the system for a
small amplitude of motion about the equilibrium position shown. Neglect the
weights of the bars compared with W. Each of the identical springs has a

stiffness k. T T
LI (L
Ans. f_27r\/l+Wl2

Pros. 1169 Pros. 1170

1170. The center of gravity (7 of the ship may be assumed to be at the center
of the equivalent 50 ft. square section. The metacentric height &, determined
from the intersection A of the force W acting through the center of buoysney
B with the center line of the ship, is 3 ft. Determine the period r of one com-
plete roll of the ship if the amphtude is small and the resistance of the water is
neglected.  Neglect also the change in cross section of the ship at the bow and
stern and treat the ship as a uniform solid block of square section.

Ans. T = 13.06 sec.

1171. Each end of the connecting rod is “weighed” as shown. The scales
register 0.83 Ib. for end A and 1.38 1b. for end B. Next the rod is suspended
from a knife edge in the wrist pin bearing at O and a period of 0.920 sec. is
measured for small free oscillations. Determine the centroidal radius of gy-
ration % for the rod.

| o0825°
o

Pros. 1171
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* 1172, A compound pendulum with center of gravity at ¢ and with centroidal
radius of gyration k is freely suspended, first, at Oy, and second, at Os.  De-
termine the relation between 7; and 7; (other than the obvious one 71 = 72)
which will make the period for small oscillations the same for each suspension
point. Ans. Tifp = k2

Pros.. 1172

* 1173. The two blocks of equal weight W are at rest on a smooth surface in
the position shown where the connecting spring of stiffness & is unstretehed.
If a constant force P is applied as indicated, determine the acceleration a of
each block as a function of the time ¢.

Ans. a = %‘[]—7 <1 =+ cos \/2@ l> ; plus for 2, minus for 1

W
1 [T e

w_ ] W —>p

777

Pros. 1173

D

113. Torsional Vibrations. Consider a body suspended at its center
of gravity by a light rod of small cross section, Fig. 146. The rod is as-
sumed to be elastic within the range of angles through which it is twisted.
In this event the resisting moment A7 is propor-
tional to the angle 6 through which the suspended
body is twisted. From elementary elasticity
theory the magnitude of this moment is found to
be (JG/L)6, where J is the polar moment of inertia
of the eross section of the rod and (7 is the shear
modulus (resistance to shear stress) of the shaft.
If the body is twisted through a small angle and
then released, angular oscillation will take place.
For any position for which the angular displace-
Fia. 146 ment is 6 the moment applied to the body in the
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direction of 6 is M = —JG6/L. If the moment of inertia of the body
about the centroidal axis is /, the equation of motion SM = [« applied
in the arbitrary direction of positive 8 gives

JGO Id20 d20+JGB 0
L a2 @t
This equation is of the form of Eq. (117) and so describes simple har-
monic motion with a period
2r 1L
T=—=2r [—
D JG@

The unknown moment of inertia of a body may be determined experi-
mentally by measurement of the period = for the body suspended as in
Fig. 146 from a wire of known properties and by substitution into the
expression for 7. .

Torsional vibrations are commonly encountered when two rotors are
connected by a shaft as in Fig. 147. If the rotors are twisted in the
opposite directions and then re-
leased, a torsional vibration will
oceur.  The resulting motion may
be analyzed by neglecting the mass
of the shaft compared with that of
the rotors. There will be some
section N, known as the nodal
section, which will have no angular
motion. The periods of both rotors
will be equal since the periodic Fig. 147
twisting moment acting on one
rotor is transmitted through the shaft and acts equally on the other
rotor but in the opposite sense. By reason of equal periods the expres-
sion for 7 gives

11, = Ll,.
Combination with [} + I, = L yields
1 1
= L and Iy = !
Il + 12 Il + I2

The natural period of vibration for either rotor now becomes

h

\/ ILI,L
r=2r |— 2 .
(I, + I)JG
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PROBLEMS

1174. A steel bar 12 in. long with a 1 in. square cross section is suspended
from its middle point by a !{¢ in. diameter steel wire 24 in. long. The shear
modulus (@ for the wire is 11.4 X 10% 1b./in.2  Determine the frequency f of
torsional vibration of the wire.

1176. The generator 4 is driven by the motor B through the 1 in. diameter
shaft C which is 2 ft. long. The rotor of A weighs 40 Ib. and has a radius of
gyration of 3 in. The flywheel and rotating parts of B are equivalent to a
single 80 lb. rotor with a radius of gyration of 6 in. The connecting steel shaft
has a shear modulus’ of 11.4 X 10° 1b./in.2 Find the speed N at which the
system should not be run if this speed corresponds to the natural frequency of
torsional vibration. Ans. N = 2270 rev./min.

) i’RUB. 1175

1176. The bar A weighs 12 1b. and may be considered a uniform slender rod
fastened at its end to the short shaft. The shaft is supported freely in the
bearing B and is fixed in a rigid support at C. If the shear modulus for the
shaft is 11.4 X 10° 1b./in.?, determine the natural frequency f for small tor-
sional vibration of the shaft when the bar is given an angular movement and
then released. Ans. f = 11.26 cycles/sec.

r«xs"——I rﬂz"-l

H

1

i

L

>

Pros. 1176 Pros. 1177

1177. The flywheel A weighs 60 Ib. and has a radius of gyration of 12 in.
The wheel is mounted rigidly to the two steel shafts shown whose ends, in turn,
are rigidly clamped. Determine the natural frequency f of torsional vibration
of the system. The shear modulus for each shaft is 11.4 X 10° 1b./in.2

1178. The motor armature of the computer mechanism shown with Prob. 908
has a moment of inertia of 0.008 Ib. ft. sec.? The shaft has a torsional stiffness
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of 21b. ft. per degree of twist between its ends. If the positive clutch is engaged
at the instant the power to the motor is shut off from a speed of 1800 rev./min.,
determine the maximum amplitude 6y and the frequency f of the resulting tor-
sional vibration. Ans. 6y = 90.2 deg., f = 19.05 cycles/sce.

114. Work-Energy Solution. The equation of motion for a hody
which vibrates without encrgy loss may be obtained by the principle of
conservation of energy. TFor any conservative vibrating system the
total cnergy remains constant and at any general position is partly
kinetic and partly potential. The potential energy will include both
potential energy of position Vg, if there is motion in the vertical direc-
tion, and elastic potential energy V., of the supporting members. Thus

d
T 4+ V = constant and p (T+V)y=o.

For the simple vibrating weight in Fig. 144a the kinetic energy at

any displacement,  is
1w <dr>2
T=-—\—).
2 g \dt

If © = 0 is selected as the position for zero potential energy, the elastic
potential encrgy of the spring due to the stretch @ is

V. = f W + kx) de = We + 2ka?,
0

and the potential energy of positionis Vg = —We. ThusV=V,+V, =
$k2?, and the total energy is

LW fdr\? 1
~-—|—) + - kz? = constant.
2 g \dt 2

Differentiation of this total constant energy with respect to the time
gives

W dr d*x dr 0 d*r + kg 0

—— x— = or - -4 ==

g dt d? dt e W '
which is Kq. (117).

Work-energy consideration also leads directly to the determination
of the frequency or period of a harmonie vibrating system. When the
body reaches an extreme position, the entire energy is potential 7y,
and when the body passes the neutral or equilibrium position for which
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the potential energy is taken as zero, the energy is entirely kinetic
T max.. Conservation of energy requires., therefore, that

Tmax. = Vmax .

This equality leads directly to the determination of the circular fre-
quency for simple harmonic motion as may be shown for the vibrating
body of Fig. 144a. Simple harmonic motion gives

dx

x = x¢ cos pt and —
0 D dl

L4

= Igp.

max.

Thus, for this type of motion, the maximum velocity equals the ampli-
tude of motion multiplied by the circular frequency. The maximum
kinetic energy becomes To.x = S(W/¢)xo®p?, and the maximum
potential energy is Vi.x = kro?. Hence

1w L . kg
-— = —kz an = _[—:
29 0 P 2 o’ P W
The period and frequency are-then obtained from p in the usual manner.

SAMPLE PROBLEM

1179. Determine the equation of motion and the period of motion for the
rolling cylindrical disk of Sample Prob. 1160 by the energy method.
Solution: The kinetic energy at any position is

P gtest =5 () () =3y - (),

where the variable is changed to 6 by the relation 8 = (R — r)6/r. The po-
tential energy may be measured from the bottom position and is

= W(@R —r)(1 — cos ).
The total energy of the system is

2
g—gﬂi(lﬁ —7)? (%) + W(R — r)(1 — cos8) = constant,

and differentiation with respect to the time gives

3w , d0 d* ., do
E—g'(R—T) ;l—tEE—FW(R—T)Slna;ﬁ—O.
Thus the equation of motion reduces to

d* 29

ET3m—n=0
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if motion is restricted to small angles for which sin 8 is replaced by 6. This
expression agrees with that obtained in Sample Prob. 1160.

The circular frequency is evident from the foregoing equation but could have
been obtained at the outset by assuming simple harmonic motion for which
| dB/dt |max = Bop, where By is the amplitude of 8. The maximum kinetic en-
ergy is, then,
3w

L3W , I 1 P
(“_T)(ﬁop —4y(R 7)%0*p*.

1
Vi = - Jow? ==
Inn\x 21(0) 2\3 g

The maximum potential energy is

2
Vi = W(R — 7)(1 = cosby) =~ W(R — 1) Q;-'

where only the first two terms in the series expansion for cos 6 have been used
for 6y, a small angle. Equating the two energies gives

which is the same expression as obtained previously.

PROBLEMS

1180. Determine the period 7 for small oscillations of the supported ring of

Prob. 1166 direetly by the work-energy method.
1181. Neglect friction on the walls of the U-tube and determine the period 7
ot motion of the liquid if its total length in the tube is I. T
Ans. 7 =2m |~

29

Pros 1181 Pros 1182

1182. The uniform slender bar of weight W is supported as a bifilar pendulum.
Determine the period 7 for small angular oscillations about the central vertical
axis 0-0.

1183. The flywheel A weighs 80 1b. with a radius of gyration of 6 in., and the
friction in its bearing is negligible. A steel band connects A to a rigid wheel
B, which is locked in position as shown. Each portion of the band between
the wheels is under an initial tension of 200 Ib. and undergoes a change of length
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of 2 X 10~*in. per inch of length for every 100 lb. change in tension in the band.
Determine the natural frequency f for small rotational vibration of wheel A4 if

the band does not slip on either wheel. Ans. f = 85.2 cycles/sec.
30"
A B
T, 5. ", s
1\ ; \‘\
/ Pin lock
Pros. 1183

v

1184. Determine the natural frequency f for small vibrations of the system
of Prob. 1169 directly by the work-energy method without obtaining the differ-
ential equation.

* 1185. The system shown 1s displaced from its equilibrium position and then
released. Find the natural frequency f of the resulting vibration if the spring

Verltlcal

Pros. 1185

is in contact with the central rack at all times. Each gear weighs 15 Ib. with a
radius of gyration of 4 in., the central rack weighs 12 Ib., and the spring constant

is 6 lb./in. Ans. f = 1.520 cycles/sec.
* 1186. The hemispherical bowl with negligible but

uniform wall thickness rocks with a small amplitude

v on a horizontal surface. Determine the period 7 of

motion by the energy method.

. /4_r
Pros. 1186 Ans. T =2mw \/3},
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116. Damped Free Vibrations. Frictional retardation or damping is
present to some degree in all vibrating systems, and the amplitude of
any free vibration will diminish steadily with time. There are three
sources of damping forces: fluid damping, which is caused by the fric-
tional resistance offered by the surrounding fluid to motion; Coulomb
damping, which is caused by kinetic friction force F = fN between
sliding dry surfaces; and solid damping, which is due to internal friction
or hysteresis in the body which undergoes periodic change of shape. In
the case of fluid damping moderate velocity through
the fluid results in a frictional retardation

|

dx
F_,- = —C—
dt

k

=
=
=<
=
=
=
=
<
<
<
=

Equil
position

{ W+ kx
which is proportional to the first power of the velocity N
and which is in the direction opposite to the velocity.
This type of damping is known as wviscous damping,
and the damping constant ¢ depends on the viscous
properties of the fluid.

The free vibrations of a simple spring-mass system, Fie. 148
Fig. 148, may be retarded with viscous damping by
attaching the weight to the plunger of a dashpot. The equation of
motion is applied to the free-body diagram and gives

W— (W + k) dr Wd%
_ ) — ¢ — = —
a g a’
which becomes
d*x an cg dx + 0 (119
T A T x -
W dt )

The solution of Eq. (119) will involve a factor which diminishes with
time, an oscillatory term for the vibration, and two integration con-
stants. Assume, therefore, a solution of the form

x = Ae™" cos (pt — ¢). (120)

By direct substitution it may be verified that this expression satisfies
Eq. (119) for all values of the time where

k 2
b Tt - T ()
2w w 2W
and provided kg/W > (cg/2W)>.
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If the weight W is released from rest at a distance xo from the equi-
librium position, the phase angle ¢ is zero and A is replaced by xo. Thus
the solution becomes

x = zoe " cos pl,

which is plotted in Fig. 149. The vibration has a period of
2w 2

)
w 2w

which is greater: than that with no damping. The motion is limited
between the two curves & = rye™" and x = —zpe ™.

Lok
,11; l fof _____
0 VAN ¢
tl fz \[_ N
-—\_xoe—bl
//
//
-xp
Fra. 149

The damping constant ¢ may be determined from an experimental
record of the vibration, as represented in Fig. 149, by the measurement
of two successive amplitudes at times ¢, and &, = ¢; + 7. These ampli-

tudes are .r; = 20¢7"" and xy = 20e " and their ratio is
7 roe
e = ebr'
T2 :rOe-‘b(lH-f)

This expression may be written
Ty
br = log —>
KO
and b7 is known as the logarithmic decrement. Measurements of x), xs,
and 7 enable the calculation of b and hence ¢ to be made.

If (cg/2W)% > kg/W, the solution given by Eq. (120) does not hold.
The correct solution for this case is

@ = Ay~ OFE L fom0-K

where K = \/(cg/2W)2 — (kg/W). This motion is nonvibratory
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since both exponential terms are positive and represents the case of
damping so severe that the body never crosses the equilibrium position
when released from an initial displacement. If (cg/2W)% = kg/W, the
motion is said to be eritically damped, and this condition represents
the transition between a damped vibration and an overdamped non-
vibratory motion.

PROBLEM

* 1187. Investigate the case of Coulomb damping for the block shown, where
the coefficient of kinetic friction is f and each spring has a stiffness k. The

Pror 1187

block is displaced a distance o from the neutral position and released. De-
termine the differential equation of motion and solve. Plot the resulting vi-
bration and indicate the rate of decay of amplhitude with time.

’ Weq 7
Ans. x = (z'o - Q%) cos \/"/I—g (+ f;;f ; for the first half eycle

116. Forced Vibrations. When the vibration of a svstem is generated
and sustained by the application of an external periodic foree or by the
periodic movement of the foundation of the system, the vibration is
said to be forced. TForeed vibration constitutes the most important
type of vibration found in engineering work.

In Fig. 150a is shown a simple spring-mass system subjected {o an
external alternating force Psin wf. Tt is assumed that the system is
constrained to move in the vertical direction, so that only the one coor-
dinate z is needed to specify the position of the system. Also, damping
forces are assumed absent for the time being. From the free-body
diagram the equation of motion is seen to be

. W d%x
Psnwt+ W — (W +kr) = ——5
g dt
or ]
d?r kg Py .
ﬁ_l_ WI = —u—/sm wt. (121)

In Iig. 1500 is represented a spring-supported mass which is vibrating
by reason of an assumed harmonic movement 6 sin wt of the foundation
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The net stretch of the spring in any general displaced position is
Z — & sin wt, so that the equation of motion is

=W+ k(-39 6] W s
x sin wt)] = ) a2
or
d* ki ki
Qg-l—ng—wg&smwt (122)

Equations (121) and (122) are of the same form, so that solution of the
first will apply to the second if &4 is substituted for P.

7‘%’4’ %_L@ sin wt
<
=
=

k= E 5
Equil. = Equil.

; _( ‘position = j( position

= AW + kx < — AW+ k(x = 8 sin wt)

> X -~ X
Tk

%l - L4w]
Psinwt  Psin wt
(a) (b)

Fra. 150

When the right-hand side of a lincar differential equation is not zero,
the complete solution will equal the general solution x, of the homo-
geneous equation (right side equal to zero) plus any particular solution
2, of the complete equation. The complementary solution is that for
the free vibration of W and was found in Art. 112 to be

ki
2. = A cos pt + Bsin pl, where p = qu

For the particular solution of Eq. (121) try the expression
xp = C sin wi,
where C is a constant. The second time derivative of x,, is

d’z,

—d?— = —(Cw? sin wt.
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Substitution into Iq. (121) gives

k P
C'(—w2 + _g) sin wt = isin wl.
w w

This expression is satisfied for all values of the time if the two coeffi-
cients of the sine terms are equal. Thus

. PgWw Pk
(kg/W) — * 1 — (w/p)?

With this value for the constant C the assumed particular solution is
valid, and the complete solution to Eq. (121) is x = x. + x, or

x = A cos pt + Bsin pt + ~———P-/-k—-— sin wi. (123)
1 — (o/p)?
The constants 4 and B are dependent on the starting conditions as was
shown in Art. 112 for the case of free vibrations.

The periodic force may also be expressed as P cos wt or as P times
the sine or cosine of wt — ¢, where ¢ is a phase angle dependent on the
exact instant at which the alternating foree is first applied.

The first two terms of Eq. (123) represent the complementary or
ransient solution which disappears shortly because of the presence of
even a small amount of damping as shown in Fig. 151. If a description

Steady state
forced

Ve

Fia. 151

is desired of the first few cycles immediately after application of the
alternating force, it is necessary to know the exact phase at which the
external force is applied at time ¢ = 0 in order that the appropriate
function sin wt, cos wt, or sine or cosine of wt — ¢ be employed.
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After the initial or transient vibration has been damped out the par-

ticular solution
P/k

"1 - (o/p)?

remains and represents the steady-state forced vibration. When P/k
is replaced by §, Eq. (124) also represents the solution for the steady-
state forced vibration due to harmonic movement of amplitude & of
the foundation of the spring-mass system in Fig. 150b. Tf the symbol &
is additionally used for the static deflection P/k of the spring due 1o a
static load equal to P in the case of Fig 150a, the amplitude x, of motion
may be written in nondimensional form as

sin of (124)

Xp

il ! (125)
51— (o/p)?
The ratio x4/8 is called the magnification factor and compares the actual
amplitude xo with the static deflection 8. The term w/p is known as
the frequency ratio and compares the applied frequency with the nat-
ural frequency of free vibration. The magnification factor is plotted
against the frequency ratio T the full line of Fig. 152. For the limiting

4

—_ N
1 é = < A N
i N 05~ h
Sme— L TSR

0 c/cy = ‘\_\::T ____________
0 1 2 3

wfp

Fra. 152

case of zero damping the amplitude of the forced vibration is seen to
approach infinity as w approaches p. TFor values of w greater than P
the magnification factor is actually negative but is plotted above the
axis for convenience. The negative value indicates that the resulting
vibration is 180 deg. out of phase with the impressed force or foundation
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movement. The value w = p is known as the resonant frequency or
critical speed and clearly represents an operating condition to be avoided.

The effect of damping may be calculated by retaining the term
c(dx/dt) in the differential equation. The results of this analysis yield
a steady-state motion of

P/k k
/ sin (wt — ¢), where tan ¢ = o/

- OT T ey

The magnification factor becomes

X 1

5 \/ N [ P

-T2

P Cop

where ¢/cy is the damping factor and ¢, = 2\/A:lV/g is the ecritical
damping constant. The curves for three values of ¢/¢y are shown by
the dotted lines in Fig. 152, Such curves are used to select suitable
damping constants to limit the amplitude of motion when operation is
in the critical range.

It is usually desirable to reduce as much as possible the foreed vibra-
tions which are generated in engineering structures and machines.
Vibration reduction is normally accomplished in any of four ways: (1)
elimination or reduction of the exciting force by balancing or other
removal, (2) introduction of sufficient damping to limit the amplitude,
(3) isolation of the body from the vibration source by providing elastic
mountings of the proper stiffness, and (4) operation at a forced fre-
quency sufficiently different from the natural frequency so as to avoid
resonance.

The foregoing discussion of forced vibrations is only a brief introduc-
tion to this subject. Turther study includes the analysis of systems
with a number of degrees of freedom, and more advanced methods of
solution are available.

SAMPLE PROBLEM

1188. The armature of an electric motor weighs 36 1b. und has a center of
gravity midway between the two beanngs and 0.015 . off center from the
bearing axis.  The entire motor weighs 80 Ih. and causes a static deflection of
0.125 in. in each of the lour spring mounts under the base of the motor. De-
termine the speed N at which the motor should not be run and find the ampli-
tude o of vertical vibration of the motor when running at twice this speed.
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Solution: The spring constant for an equivalent single spring is
F 80 .
k= E = m = 640 lb./m.

Thus the critical frequency is

p_ 1 Jkg _ 1 [640X 322X 12 Jes /560
=9 \NWw = or 0 = 8.84 cycles/sec.,
or
N = 884 X 60 = 530 rev./min. Ans.

The amplitude of the applied harmonie force for a speed of 1060 rev./min. is
P = n = 20 0015 (1000 2r):
h 322 12 60
The equivalent static deflection due to this load is § = P/k = 17.22/640 =
0.0269 in. The maximum amplitude of motion is, therefore,

= 17.221b.

& 0.0269 .
Ty = ‘1 /)t =@ 0.0090 in. Ans.
. PROBLEMS

1189. The overhanging motor shaft has a static deflection of 0.004 in. at its
end due to the weight of the 10 lb. rotor A. At what speed N would the vibra-
tion of the shaft become excessive for a small amount of unbalance of the rotor?

Ans. N = 2970 rev./min.

Pron. 1189 Prog. 1190

1190. When the electromagnet is energized by an alternating current with a
frequency of 30 cycles/sec., the 2 oz. steel weight A is observed to vibrate in
the vertieal direction with a double amplitude of !¢ in.
Determine the peak value of the alternating magnetic force if
the stiffness of the light elastic beam is such that its end
deflects 0.008 in. under a static force of 2 oz.

1191. The 1 Ib. weight is attached to the end of the light
elastic beam and deflects 0.250 in. because of a horizontal load
of 8 oz. applied statically to the weight. If the foundation is
given a horizontal harmonic movement with a frequency of 4
cycles/sec. and an amplitude of 14 in., find the amplitude z, of
Pros. 1191 horizontal vibration of the weight. Ans. xo = 0.687 in.
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1192. It is desired to limit the amplitude of vertical vibration for the motor
described in Sample Prob. 1188 to 0.010 in. when operating at a speed of 800
rev./min. by providing suitable viscous damping. Determine the necessary
damping factor ¢/c,.

1193. The electric motor weighs 50 Ib. and causes a static deflection of 0.125
in. of the center of the light elastic beam. The armature of the motor weighs
20 Ib. and its center of gravity is 0.002
in. off center. Determine the vertical
amplitude xo of the forced vibration of
the middle of the beam when the motor
is running at 600 rev./min.

Ans.  xo = 0.00368 in.

1194. The disk has a weight W and is mounted with a small eccentricity e in
the middle of the light elastic shaft. When the shaft rotates at an angular ve-
locity w, the “centrifugal force” F deflects the shaft an
amount r. This foree equals kr, where % is the equiva-
lent spring constant or lateral force required to produce
a unit deflection of the middle of the shaft. Equate F
and kr and find the relation between r and the natural
circular frequency p = \/lcg/ W for lateral vibration of
the shaft. At what angular velocity w. would the shaft
vibrate exeessively?

1195. In the case of an elastically mounted motor of
total weight W, where the forced vibration is excited
by the out-of-halance of its rotor of weight W’ it is
convenient to define the magnification factor as the
ratio of Wy to the product ¢, where e is the eccen-
tricity or distance from the center of gravity of the
rotor to the axis of revolution. With this definition
derive and plot the relation between Wro/W’e and the
Pros 1194 frequency ratio w/p. Ans Wro _ (w/p)*

T We 1 — (w/p)?

1196. A delicate instrument weighing 6.50 Ib. is rigidly mounted to an 8 Ib.
base which in turn must be suspended from the ceiling by four identical and
symmetrically placed springs in order to isolate the instrument from building
vibration caused by operation of heavy rotating machinery on a near-by floor.
Measurements indicate that the ceiling of the room in which the instrument
is to be suspended has a vertical amplitude of 0.003 in. at a frequency of 6
cyeles/sec. Specify the maximum constant & of each of the four springs so
that the corresponding amplitude of vibration of the instrument will be no
greater than 0.0001 in. Ans. k = 5.16 lb./ft.

1197. A 60 lb. motor operates at 1250 rev./min. and has an unbalance in its
rotor.  When the motor is mounted on four identical spring pads, the alter-
nating part of the force which is transmitted to the foundation is cut in half.
Determine the constant & of each pad.

Pros. 1193
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1198. The vibrometer shown is fastened to a ship’s deck near the stern where
the propeller vibration is most pronounced. The ship has a single 3-bladed
propeller which turns at 125 rev./min. partly out of water, thus causing a
shock as each blade breaks the surface. The natural frequency of vibration of
the instrument is 2 cyecles/sec., and the observed vertical amplitude of motion
of the weight A relative to the frame and deck is 0.030 in. Find the ampli-
tude 6 of vibration of the deck. (Hint: Note that the vibhration of the weight
is 180 deg. out of phase with the deck for
operation above the natural frequency
of 2 cycles/sec.) Ams. & = 0.0269 in.

Pros. 1198 Prog. 1199

* 1199, Determine the amplitude of vertical vibration of the spring-mounted
trailer us it travels at a velocity of 15 mi./hr. over the corduroy road whose
contour may be expressed by @ sine or cosine term. The weight of the trailer
is 800 Ib., and that of the wheels alone may be neglected. During the loading
each 100 Ib. increment of load caused the trailer to sag 14 in. on its springs
Assume that the wheels are in contact with the road at all times. At what
eritical speed v, is the vibration of the trailer greatest?
Ans. xy = 0.223 m., v, = 6.4 mi./hr.
* 1200. A seismic type of vibration-recording instrument, represented schemati-
cally in the figure, consists of a spring-mounted mass within a case. The case
in turn is secured to the body whose
vibration 1s to be determined, and the
relative movement x, between the mass
and the case is measured and recorded.
Derive the equation of motion for the
mass in terms of z, and obtain the ex-
pression for the ratio of the amplitude
2, to the amplitude 6 of the given body
Pros. 1200 vibration. Note that the equation
derived for the system in Fig. 1500
needs to be modified only by the change of variable from x to z,. Represent the
relation between /86 and w/p graphically and indicate the conditions under
which the measurement x, may be used with satisfactory accuracy to represent é.
Ans, o = _/p)
01— (w/p)

‘6 sin wt



Appendix A
Moments of Inertia

I. MOMENTS OF INERTIA OF AREAS

Al. Definitions. In the analysis of the distribution of stress over
the cross-sectional areas of structural and machine members an expres-

sion of the form f y? dA is encountered, where ¥ is the distance from an

element dA of the arca to an axis which is either in or normal to the
plane of the arca. Iixpressions of this type also appear in other engi-
neering problems. By rcason of the frequent occurrence of these inte-
grals it is convenient to develop them for some of the more common
arcas and to tabulate the results.

The integral to which reference is made is generally called the moment
of inertia of the arca about the axis in question. A more fitting term is
the second moment of area since the first moment y dA is multiplied again
by the moment arm y to obtain the result for the element dA. The word
nertia appears in the terminology by rcason of the similarity between
the mathematical form of the integrals
for second moments of areas and those
for the resultant moments of the in-
ertia forces in the case of rotating
bodies. The moment of inertia of an
area is a purcly mathematical property
of the area and in itself has no physical
significance. P B x

Consider the area A in the r—y
plane, Fig. Al. The moments of in-
ertia of the element d4 about the z- and y-axes are, by definition, dI, =
y?dA and dI, = 2 dA, respectively. Therefore the moments of inertia
of A about the same axes are

I, =fy2 dA)
I, =fx2 d4,

where the integration covers the entire area. The moment of inertia of
627

By Mt e

(A1)
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dA about the pole O (z-axis) is, by similar definition, dJ, = r? dA, and
the moment of inertia of the entire area about O is

J. = f r’ dA. (A2)

The expressions defined by Eqs. (A1) are known as rectangular moments
of inertia, whereas the expression of Eq. (A2) is known as the polar mo-
ment of inertia. Since 2% + y? = 72, it is clear that

J=IL+1, (A3)

A polar moment of inertia for an area whose boundaries are more simply
described in rectangular coordinates than in polar coordinates is easily
calculated with the aid of Eq. (A3).

It should be noted that the moment of inertia of an element involves
the square of the distance from the inertia axis to the element. An ele-
ment whose coordinate is negative contributes as much to the moment
of inertia as does an element with a positive coordinate of the same mag-
nitude. Conscquently the moment of inertia of an area about any axis
is always a positive quantity. In contrast, the first moment of the area,
which was involved in the computations of centroids, could be either
positive or negative.

The dimensions of moments of inertia of areas are clearly L*, where L
stands for the dimension of length. Thus the units for area moments
of inertia are expressed as quartic inches (in.*) or quartic feet (ft.%).

The choice of the coordinates to use for the caleulation of moments of
inertia is important. Rectangular coordinates should be used for shapes
whose boundaries are most easily expressed in these coordinates. Polar
coordinates will usually simplify problems involving boundaries which
are easily described in r and 6. The choice of an element of area which
simplifies the integration as much as possible is also important. These
considerations are quite analogous to those discussed and illustrated in
Chapter V in the calculation of centroids.

A2. Radius of Gyration. The moment of inertia of an area is a
measure of the distribution of the area from the axis in question. As-
sume all the area A, Fig. A2, to be concentrated into a strip of negligible
thickness at a distance k; from the z-axis such that the product k24
equals the moment of inertia about the axis. The distance k., called the
radius of gyration, is then a measure of the distribution of area from the
inertia axis. By definition, then, for any axis

b
I=FrA or k= \/Z. (A4)
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When this definition is substituted in each of the three terms in Eq.
(A3), there results
kR? = k2 + B2 (Ab)

Thus the square of the radius of gyration about a polar axis equals the
sum of the squares of the radii of gyration about the two corresponding
rectangular axes.

i 3 T

-

- ———X —

Fia. A2

It is imperative that there be no confusion between the coordinate to
the centroid of the area and the radius of gyration k. The square of the
centroidal distance, Fig. A2, is % and is the square of the mean value of
the distances y from the clements d4 to the axis. The quantity k.2 on
the other hand, is the mean of the squares of these distances. The mo-
ment of inertia is not equal to Ag?
since the square of the mean is not
equal to the mean of the squares.

A3. Transfer of Axes. The mo-

%
r“—dy _ﬂ<—x°

1
1
A !
1
]

ment of inertia of an area about a | Yo

X ; X : Gl -
noncentroidal axis may be easily ex- | o
pressed in terms of the moment of B
inertia about a parallel centroidal d *
axis. In Fig. A3 the x,~y, axes pass v{ e o

]

through the centroid G of the area. Fro. A3

Let it be desired to determine the

moments of inertia of the area about the parallel z—y axes. By definition
the moment of inertia of the element dA about the r-axis is

I, = (y, + d;)* dA.

Expanding and integrating give

I =fy.,2dA+2d,fyodA +d,2fdA.

The first integral is the moment of inertia I, about the centroidal z,-

axis. The second integral is zero since Aj, = f Yo d4 and 7, is auto-
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matically zero. The third integral is simply Ad,%. Thus the expression
for I, and the similar expression for I,, become

I:t = ia: + Ad.tz)

. (A6)
1, =1, + Ad>

By Eq. (A3) the sum of these two equations gives
J, = J, + Ad% (A6a)

Equations (A6) and (A6a) are the so-called parallel-axis theorems. Two
points in particular should be noted. First, the axes between which the
transfer is made must be parallel, and, second, one of the axes must pass
through the centroid of the area.

If a transfer between two parallel axes neither one of which passes
through the centroid is desired, it is first necessary to transfer from one
axis to the parallel centroidal axis and then to transfer from the cen-
troidal axis to the second axis.

The parallel-axis theorems also hold for radii of gyration. With sub-
stitution of the definition of £ into Eqgs. (A6), the transfer relation be-
comes .

K =R+ & (A6D)

where £ is the radius of gyration about a centroidal axis parallel to the
axis about which & applies and d is the distance between the two axes.
The axes may be either in the plane or normal to the plane of the area.

A summary of the moment of inertia relations for some of the common
plane figures is given in Table B5, Appendix B.

SAMPLE PROBLEMS

Al. Dectermine the moments of inertia of the rectangular area about the
centroidal x,~y, axes, the centroidal polar axis ¢, the x-axis, and the polar axis O.

Solution: For the calculation of the moment of inertia 7, about the x,-axis
a horizontal strip of area b dy is chosen so that all elements of the strip have the
same y-coordinate. Thus

- h/2
(1. = [y a] L= vbdy=iom Ans.

By interchanging symbols the moment of inertia about the centroidal y,-axis
is

I, = {5 hd. Ans.
The centroidal polar moment of inertia is

Ve=1I.+1,) J. = 15(bh + hb%) = A0 + h2). Ans.
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Yo

]

!
f 7
2 1

Yy

e
b 1
2
1 ,

[0
e

Pron. Al
By the parallel-axis theorem the moment of inertia about the z-axis is
- ) n\?
U, =1, +4d3 Io= & bkt 4 bh (5’) = 10h3 = 1AR Ans.

The polar moment of inertia about O may also be obtained by the parallel-axis
theorem. Thus

V. =TJ. + Ad?| Jo= e A+ 1) + A [(g)z + (g)] ,
J. = 3A0* + 1?). Ans.

A2. Calculate the moments of inertia of the area of the circle about a dia-
metral axis and about the polar axis through the center. Specify the radii of
gyration.

ProB. A2

Solution: An element of area in the form of a cireular ring, shown in the a-part
of the figure, may be used for the calculation of the moment of inertia about the
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polar z-axis through O since all elements of the ring are equidistant from 0. The
elemental area is dA = 2mr, dr,, and thus

r 4
[ =f7-2 dA] J. =f ro2(2mr, dr,) = 1% = LAr% Ans.
0

The polar radius of gyration is

[+ = \/ZJ] ke = %2 Ans.

By symmetry I. = I, so that from Eq. (A3)
art

[Jz=Iz+Iy] v I.¢=%Jz—“‘i‘

=1 A Ans.
The radius of gyration about the diametral axis is
T r
[#= \/ZJ ke =3 Ans.
The foregoing determination of I is the simplest possible. The result may

also be obtained by direct integration, using the clement of area d4 = r, dr, df
shown in the b-part of the figure. By definition

. =[pad] L= fo - j: (ro sin 0)%r, dr, db,

27 r4 5in2 il sin 207%"  mrt
= J; 1 df = Zé [0 - —‘r]o = T Ans.

A3. Determine the moments of inertia of the triangular area about its base
and about parallel axes through its centroid and vertex.

— y

Pros. A3

Solution: A strip of area parallel to the base is selected as shown in the figure,
and it has the area dA = zdy = [(h — y)b/h] dy. By definition

hop— 3 S L Y/X
B =t = [2 v oo,
é fy dA] I, J;y —Loay=o[% 4h]0 = Ans.
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By the parallel-axis theorem the moment of inertia I about an axis through the
centroid, a distance h/3 above the z-axis, is

- bh® bhy\ (h\?  bh®
= — 2 = e—— — — _ = ——
T=1-Ad] 1-5-(3)G) =% Ans.
A transfer from the centroidal axis to the a’-axis through the vertex gives
- bh? bh\ f2h\%2 bh®
== 2 U — AR —— — I ee—
=1+ Ad L=2+(3)(3) =3 Ans,

A4. Determine the moment of inertia about the z-axis of the semicircular
area shown.

-—--x

Pros. A4

Solution: The moment of inertia of the semicircular area about the z’-axis is
one half of that for a complete circle about the same axis. Thus from the re-
sults of Prob. A2

1art 2%
L=~ =27 _ opins
¥ =57 g w in
The moment of inertia T about the parallel centroidal axis x, is obtained next.
Transfer is made through the distance 7 = 4r/3r = (4 X 2)/37 = 8/(3w) in. by
the parallel-axis thecorem. Ilence

I=1-Ad I=2r— (22’-’) (%)2 = 1.755 in.*

Finally, transfer is made from the centroidal z.-axis to the z-axis, which gives

- 2 8\2
=1+ Ad) I. = 1.755+(—2—) (3+§;),
= 1.755 + 93.1 = 949 in.4 Ans.
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PROBLEMS

Ab. Find the moments of inertia of the area of the quarter circle shown about

the diametral r-axis and the polar axis through 0. wr wrt
Ans. In=— J, = —
16 8

Y

i

1

-x
0 o x

Pros. A5 Pros. A6

A6. Tind the moments of inertia of the area of the parallelogram about the
base (r-axis) and about a parallel centroidal axis. (Compare with Sample
Prob. A1)

AT. Approximate the result for the moment of inertia of a circular area about
a diameter by dividing the cirtle into strips parallel to the inertia axis and of
width 7/5. Treat the moment of mertia of each strip as its area times the
square of the distance from its center to the axis.

A8. Find the radius of gyration k of a square of side b about one diagonal.

Ans. k = —b-

24/3
A9. T'ind the moment of mertia of the shaded area about the r-axis by taking
a horizontal strip of arca dA. Ans. 1, = t%al?

Pros. A9

A10. Solve Prob. A9 by choosing a vertical strip of area d4 and applying the

results of Sample Prob. A1 to this element.
All. Find the moment of inertia of the figure in Prob. A9 about the y-axis.
Ans. I, = $a%
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A12. Calculate the moments of inertia of the elliptical area about the major
axes and the central polar axis.

y

Pro A12 Pros. A13

—feex

A13. The z- and z'-axes are located from the centroid G of the irregular area
as shown. If the moments of inertia about these axes are I, = 1800 in.* and
I, = 2200 in.%, determine the area A4 of the figure. Ans. A = 20in.?

A14. Use the results of Probs. A9 and A11 to find the polar moment of inertia
J of the figure in Prob. A9 about the point (a, 0). (The centroid is a distance
3a/5 from the origin, and the area of the figure is 4ab/3.)

A15. Determine the moments of inertia of the area of the circular sector about

the x- and y-axes. rt sin 2a rt sin 2a
y Ans. I;=Z a————2-—),ly=z(a+ 2 )

H /\
|
i r
]
!

o

@ x

Pros. Al5

A16. The area of a circular ring of inside radius r and outside radius r + Ar
is approximately equal to the circumference at the mean radius times the thick-
ness Ar. The polar moment of inertia of the ring may be approximated by
multiplying this area by the square of the mean radius. What per cent error is
involved if Ar = r/10? Ans. Error = 0.2269,

A4. Composite Areas. The moment of inertia of a composite area
about a particular axis is the algebraic sum of the moments of inertia of
the various parts about the same axis. The results of the problems in
Art. A3 and the tabulation of results in Table B5, Appendix B, may be
used to determine the moments of inertia for component parts of the
shapes given. It is often convenient to regard a composite area as com-
posed of positive and negative parts. The moment of inertia of a neg-
ative area is a minus quantity.
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When the section is composed of a large number of parts, it is con-
venient to tabulate the results for the parts in terms of the area A, cen-
troidal moment of inertia I, distance d from the centroidal axis to the
axis about which the moment of inertia of the entire section is being com-
puted, and the product Ad®. For any one of the parts the desired mo-
ment of inertia is I + Ad> and thus for the entire section the desired
moment of inertia may be expressed as [ = =T + ZAd>

SAMPLE PROBLEM

A17. Compute,the moment of inertia and radius of gyration about the r-axis
for the cross section shown.

& fe—— "

p
T

4 10"

Pros.. A17

Solution: The composite area may be considered as composed of the two
rectangles A and B and the negative quarter circular area C. For the rectangle
A the moment of inertia about the z-axis is

=1+ A4dY I, = 1% X 6 X 63+ 6% X 72 = 1872 in.t
The moment of inertia of B about the z-axis is
I, =% X2X4=4267in4

The moment of inertia of the negative quarter circle C' about its horizontal di-
ameter is
Io = —L1 X 4m X 4 = —50.27 in.t

Transfer of this result through the distance 7 = 4r/37 = (4 X 4)/3r = 1.697 in.
gives for the centroidal moment of inertia of C

(I =1— Ad I= —5027 — (- g X 42) (1.697)2 = —14.07 in.*

The moment of inertia of C may now be found with respect to the z-axis, and
the transfer from the centroidal axis gives

[=1+A4d I,=—1407+ (— Ix 42) (4 + 1.697)2 = —422 in.4
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The moment of inertia of the net section about the z-axis is the sum of mo-
ments of inertia of its component parts. Thus

I, = 1872 + 42.7 — 422 = 1493 in.4, Ans.
and
1. 1493 .
kz = \/; = \/m = 6.89 in. Ans.
PROBLEMS

A18. Determine the polar moment of inertia J for the section about point O.
Ans. J = 138.9 in.*

10 "
/
AN
10" \O( I"
Pros. A19

Pros. A18

A19. Find the polar moment of inertia J about point O for the cross section

bounded by the two squares.
A20. Find the polar moment of inertia of the net area about O.

Pros. A20
A21. Determine the moment of inertia of the area of a rectangle of sides a
and b about a diagonal. a3h?
Ans. I = ———+
6(a® + b%)

A22. Find the moment of inertia about the r-axis of the area between the
curves x = y? and r = y from x = 0 to + = 1, where z and y are in inches.
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A23. Determine the moments of inertia of the Z-section about the centroidal
Zo- and yo-axes.

L 5"
1" ™ 1"«
yo
: Yo
| :
nlt 7: Xo 10" E
I
' B LS
— 1"~ | T ~%o
I
‘—%u I E 1"
5" PO
Pros. A23 Prop A24

A24. Determine the moment of inertia of the angle secetion about its horizon-

tal centroidal axis x,. Ans. I, = 1673 m.4
A25. Determine the moment of inertia of the area of the hexagon of side b
about the x-axis.

b
—1
Pros. A25
A26. Determine the polar moment of inertia J of the hexagonal area of
rob. A25 al 0. .
Prob. A25 about Ans. J = 5\\{_& Pt

A27. Determine the radius of gyration of the section about the 45 deg. axis of
symmetry. (Hint: Use the results of Prob Al5.)

Pros. A27
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A28. In the calculation of the stability of a ship’s hull it is necessary to know
the moment of mertia about the longitudinal center line of the area of the hori-
zontal cross section of the hull at the waterline.  Estimate this moment of in-
crtia for the waterline shape reproduced here by dividing the area into a number

of approximating strips. Ans. I 2253,000 ft.*
Pl ? P!
1208 1[6' 31’__3;2: 40 48 56 64" 72" 801,

8

Pros A28

A29. Determine the moment of inertia of the built-up structural section

about its centroidal x,-axis.
<_——3 ....I

(]
| 1
T

" T
---%g 5"

,.._l'

I

—

Bl

Sl e

ProB. A29

A30. Calculate the moment of inertia of the standard

12 X 4 in. channel

section about the centroidal rp-axis.

Neglect the fillets and radii and compare

with the handbook value of I, =

16.0 in.*
~-0.65"

G
- TR I
T T Lo
0.70 ~=0.75

12-
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A31. Determine the moment of inertia of the cross section shown about the
z-axis. Ans, I, = 1611 in.t

4 "
N
i 8!’

Pros. A31

A32. Determine the flange width b for the H-beam section such that the
moments of inertia about the central z- and y-axes will be equal.
Ans. b = 16.11n.

T T ]
y
A v
I S — R I
A
1
T
—J1rl —l1"
10"
Pros. A32

Ab. Product of Inertia. In certain problems involving unsymmetrical
cross sections an expression occurs which has the form

dP,, = xy dA,

P, = f xy dA,

where x and y are the coordinates of the element of area dA. The quan-
tity P.y is called the product of inertia
of the area A about the z—y axes.
Unlike moments of inertia, the prod-
uct of inertia can be positive or neg-
ative.

By reference to Fig. A4 it can be
scen for an axis of symmetry, such
as the z-axis, that the sum of the
terms z(—y) d4 and z2(4y) dA due
to symmetrically placed elements
Fia. A4 vanishes. Since the entire area may

(A7)

—
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be considered as composed of pairs of such elements, it follows that the
product of inertia vanishes.

A transfer-of-axis theorem exists for products of inertia which is sim-
ilar to that for moments of inertia. By definition the product of inertia
of the area A in Fig. A3 about the z- and y-axes in terms of the coordi-
nates ,, ¥, to the centroidal axes is

P:cy =f(xa + dy)(yo + d;) dA,

=fx0yodA +d, xodA+d,,fyodA+d,d,,fdA,

sz = Ly + dzdyA’ (AB)

where P,, is the product of inertia with respect to the centroidal z,~y,
axes which are parallel to the z—y axes.

A6. Inclined Axes. It is often necessary to calculate the moment
of inertia of an area about inclined axes. This consideration leads di-
rectly to the important problem of determining the axes about which
the moment of inertia is 2 maximum and a minimum.

F1c. A5

In Fig. A5 the moments of inertia of the area about the 2’- and y’-axes
are

I =fy'2 dA =f(y cos § — x sin 6)% dA,

I, =fx’2dA =f(y sin 6 + x cos 6) dA.

Expanding and substituting the trigonometric identities,

1 — cos 260 2 1 + cos 26
_—, cos“ 0 =

sin? g = _
2 2
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and the defining relations for I, I,, P,, give
L+1, I,-1,

I, = ————cos 20 — P, sin 20,
2 2
(49)
I.z + Iy IJ: - Iu .
I, = —3 T3 cos 20 + P, sin 26.
In a similar manner
1. —

Py =f.z:’y' d4 == 2 2 sin 20 + Py, cos 26. (A9a)

Adding Eqs. (A9) gives I, + I, = I, + I, = J,, the polar moment
of inertia about 0, which checks the result of Eq. (A3).

The angle which makes /.. and I,y & maximum or a minimum may be
determined by setting the derivative of cither I, or I, with respect to
6 equal to zero. Thus

dl,
do

= (I, — I.,)sin 20 — 2P,, cos 20 = 0,
Denoting this eritical angle by « gives

tan 20 = ——— (A10)
Jquation (A10) gives two values for 2 which differ by = since tan 2o =

tan (2a + 7). Consequently the two solutions for & will differ by /2.
One value defines the axis of maximum moment of inertia, and the other

"1, AS

value defines the axis of minimum moment of inertia. These two rec-
tangular axes are known as the principal axes of inertia. Substitution of
Iiq. (A10) in Eq. (A9e) shows that the product of inertia is zero for prin-
cipal axes of inertia. A beam of oval cross section loaded transversely,
Fig. AG6, if free to rotate about its longitudinal axis, will turn until the
horizontal axis of its cross section is the minimum axis of inertia O -0.
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The relations in Eqs. (A9), (A9a), and (A10) may be represented
graphically by a diagram known as Mohr’s circle. For given values of
I, I,, and P, the corresponding values of I+, I, and Pgs,» may be de-
termined from the diagram for any desired angle 0. A horizontal axis for
the measurement of moments of inertia and a vertical axis for the meas-
urement of products of inertia are first selected, Fig. A7. Next, point 4,
which has the coordinates ({,, P;,), and point B, which has the coordi-
nates (I, —Pyy), are located. A circle is drawn with these two points

2, 4
! o .x
- 0

Axis through P of
maximum moment
T mn of nertia

Fia. A7

as the extremities of a diameter. The angle from the radius OA4 to the
horizontal axis is 2« or twice the angle from the x-axis of the area in
question to the axis of maximum moment of inertia. Both the angle on
the diagram and the angle on the area are measured in the same sense as
shown. The coordinates of any point C are (I,+, P,r,), and those of the
corresponding point D are (I,,, — Ps,r). Also the angle between OA4 and
OC' is 20 or twice the angle from the z-axis to the 2’-axis. Again both
angles are measured in the same sense as shown. It may be verified from
the trigonometry of the circle that Eqgs. (A9), (A9a), and (A10) agree
with the statements made.
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SAMPLE PROBLEMS

A33. Determine the product of inertia for the area under the parabola shown.

3
b
3
) dx
x—>$dy
y
¥ x
'
Pros.. A33
Solution: The equation of the curve becomes z = ay?/b%. The product of
inertia for the element dA = dx dy is dP ., = xy dr dw/ and for the entire area is
P, = ffz/zxjdde -f (a2 ydy = ¥ a%?. Ans.

A34. Locate the principal centroidal axes of inertia with their corresponding
maximum and minimum moments of inertia for the angle section.

+P,,, in'

y fe——— Inar=22.67
[}
1 ¥ r<1,-10.167
Ml
L]
|
]
1
[}
|
]
1
[}
1

—_
-B.=

-(-750)
"*750

5 N\ 7 boe61°56
B\l .- P,,=- 750
I SR AT < x Imm
E_ G ~5.67
1" A l
-t ' < I,=18. 167

-P,,, ind

Pros. A34

Solution: The centroid @G is easily located as shown. The product of inertia
for each rectangle about its own centroidal axes parallel to the z- and y-axes is
zero by symmetry. Thus the product of inertia for part A is

[Poy = Py + dudyAl Py =0+ (—D(+D@) = —3.75int
Likewise for B,
[Poy = Py + dudy Al Py =0+ )(—}@) = —3.75in
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For the complete angle
Py = —375 —3.75 = —7.50in.4
The moments of inertia for part A are
I =1+ Ad?Y I.=75 X4 X 1B+ ($? X 4=6583int,
I=1X1X4+ 32X 4 =758 in.*

In similar manner the moments of inertia for part B are I, = 11.583 in.4, I, =
2.583 in.* Thus for the entire section

I.=6.583 + 11.583 = 18.167 in.4,
I, = 7.583 + 2.583 = 10.167 in.*

The inclination of the principal axes of inertia is given by Eq. (A10). Therefore

_ op, _—2X TS0 _
[tan 20 = I- 7] tan 2o = {5 167 — 18,167 ~ o>
2o = 61°56/, = 30°58". Ans.

From Egs. (A9) the principal moments of inertia are

Touw, = L = 18.167—;- 10 167 + 18.167 ; 10.167 X 0.4705 -+ 7.50 X 0.8824
= 22.67 in.%; Ans.
Tome = I,y = 18.167-;— 10.167 _ 18.167 -2— 10.167 % 0.4705 — 7.50 X 0.8824
= 567 in4 Ans.

These results may also be obtained graphically by construction of the Mohr
circle as shown to the right of the angle in the figure.

PROBLEMS

A36. Determine the product of inertia P, of the area of a rectangle ahout -
and y-axes coinciding with two adjacent sides of lengths a and b. The rectangle
lies in the first quadrant.

A36. Obtain the product of inertia for the area of the quarter circle shown
with Prob. A5 about the z- and y-axes by direct integration. A _r

ns. P. zy = §

A37. Solve Prob. A21 for the moment of inertia about a diagonal of the rec-
tangle of sides @ and b by the method of this article.

A38. The moments of inertia of an area with respect to the principal axes of
inertia r, y through a point P are I, = 32.0 in.# and I, = 12.0 in.* With the
aid of Mohr’s circle determine the moment of inertia I, and the product of
inertia P, for the area about axes 2’, y’ through P and rotated 15 deg. clock-~
wise from the axes x, y. Ans. Iy = 30.66 in.t) Py = —5in.t
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A39. The moments of inertia of an area about axes x, y through a point P are
I. =628 in.*and [, = 148.2 in.* The product of inertia P, is negative, and
the minimum moment of inertia about the axis through P is 42.8 in.* Deter-
mine with the aid of Mohr’s circle the maximum moment of inertia and the
angle o measured positive counterclockwise from the z-axis to the axis of maxi-
mum moment of inertia.

A40. Determine the maximum and minimum moments of inertia about cen-
troidal axes for the Z-section of Prob. A23 and indicate the counterclockwise
angle & made by the axis of maximum moment of incrtia with the z.-axis.

Ans. I = 1819104 I = 20.7 in4, o = 30°8’

A41. Determive the maximum and minimum moments of inertia about
centroidal axes for the angle section of Prob. A24 and indicate the counter-
clockwise angle & made by the axis of maximum moment of inertia with the
To-axis.

II. MOMENTS OF INERTIA OF MASS

A7. Definitions. The mass moment of inertia of a body is a measure
of the inertial resistance to rotational acceleration. In Fig. A8 the body
of mass m is caused to rotate about the axis 0-0 with an angular ac-
celeration a. An clement of mass dm has a component of acceleration
tangent to its circular path equal to re, and the resultant tangential force
on this element equals the force 7a dm. The moment of this force about
the axis O-0 is r®a dm. The sum of the
moments of these forces for all elements 1s

frzoe dm. For a rigid body « is the same for

all radial lines in the body and may be taken
outside the integral sign. The remaining in-
tegral is known as the moment of inertia I of
the mass m and is

I= f r2 dm. (A11)

Fic. A8 This integral represents an important property

of a body and is involved in the force analysis

of any body which has rotational acceleration. Just as the mass m of

a body is a measure of the resistance to translational acceleration, the

moment of inertia is a measure of resistance to rotational acceleration
due to the mass or inertia of the body.

If the mass density p is constant throughout the body, the moment of

inertia becomes
I=p f r2dv,
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where dV is the element of volume. In this case the integral by itself
defines a purely geometrical property of the body. When the mass den-
sity is not constant but is expressed as a function of the coordinates of
the body, it must be left within the integral sign and its effect accounted
for in the integration process.

If the body is a wire or slender rod of length L and mass p per unit

length, the moment of inertia about an axis becomes I = f 7%p dL, where

r is the perpendicular distance from the element dL to the axis in ques-
tion. If the body is a thin flat plate of area A and mass p per unit area,

the moment of inertia is I = f ?pdA. When p is constant over the

plate, the expression becomes I = pfr2 dA. Thus the moment of in-

ertia of the plate equals the mass per unit area times the area moment of
inertia, described in Part I of this appendix for axes in or normal to the
plane of the area.

In general the coordinates which best fit the boundaries of the body
should be used in the integration. It is particularly important to make
a good choice of the element of volume dV. An element of lowest pos-
sible order should be chosen, and the correct expression for the n.oment
of inertia of the element about the axis involved should be used. For
example, in finding the moment of inertia of a right circular cone about
its central axis, a cylindrical element in the form of a circular slice of
infinitesimal thickness should be used. The differential moment of in-
ertia for this element is the correct expression for the moment of inertia
of a circular cylinder of infinitesimal thickness about its central axis.

The dimensions of mass moments of inertia are (mass) X (distance)?
and are usually expressed in the units ib. ft. sec.2 Frequently the units
Jt.2 slugs are used, where the slug is taken as the unit of mass.

A8. Radius of Gyration. The radius of gyration k of a mass m about
an axis for which the moment of inertia is I is

T
k= \/ — o I=FHKmn (A12)
m

Thus k is & measure of the distribution of mass of a given body about the
axis in question, and its definition is analogous to the definition for the
radius of gyration for second moments of area. If all the mass m could
be concentrated at a distance k from the axis, the correct moment of in-
ertia would be km. The moment of inertia of a body about a particular
axis is frequently indicated by specifying the radius of gyration of the
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body abeut the axis and the weight of the body. The moment of inertia
is then calculated from Eq. (A12).

A9. Transfer of Axes. If the moment of inertia of a body is known
about a centroidal axis, it may be determined easily about any parallel
axis. To prove this statement consider the two parallel axes in Fig. A9,
one of which is a centroidal axis through the center of gravity G. The
radial distances from the two axes to any
element of mass dm are 7, and r, and the
separation of the axes is d. Substituting
the law of cosines r? = r,2 + d? + 2r,d cos 6
into the definition for the moment of in-
ertia about the noncentroidal axis gives

!
o

1 =f72 dm =f(7',,2 + d? + 2r,d cos 8) dm,

=fr02dm+d2fdm+2dfydm.

> The first integral is the moment of inertia

Fic. A9 I about the centroidal axis, the second

integral is md?, and the third integral

equals zero since the y-coordinate of the center of gravity with respect
to an origin at G is zero. Thus the parallel-axis theorem is

I =1+ md* (A13)

It must be remembered that the transfer cannot be made unless one axis
passes through the center of gravity and unless the axes are parallel.
When the expressions for the radii of gyration are substituted in Eq.
(A13), there results

K = R + d%, (A13a)

which is the parallel-axis theorem for obtaining the radius of gyration k&
about an axis a distance d from a parallel centroidal axis for which the
radius of gyration is &.

A10. Product of Inertia. In a few problems of advanced mechanics
the integrals

Izu =fx:‘/dmx Iw =fyz dm, I, =fodm

are useful. These integrals are called the products of inertia of the mass
m. They may be either positive or negative. In general, a three-
dimensional body has three moments of inertia about the three mutually
perpendicular coordinate axes and three products of inertia about the
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three coordinate planes. For an unsymmetrical body of any shape it is
found that for a given origin of coordinates there is one orientation of
axes for which the products of inertia vanish. These axes are called the
principal axes of inertia. The corresponding moments of inertia about
these axes are known as the principal moments of inertia and include the
maximum possible value, the minimum possible value, and an inter-
mediate value for any orientation of axes about the given origin.

All, Moment of Inertia with Respect to a Plane. The moment of
inertia of a body with respect to a plane is useful in some problems pri-
marily as an aid to the calculation of the moment of inertia with respect
to a line. The moment of inertia with respect to the y—z plane is defined

as fzz dm and that with respect to the z—z plane is f y?dm. Since

2?2 + y? = r%, where r is the distance from dm to the z-axis, the moment
of inertia I, about the z-axis is

1, =fr2dm =f:c2dm +fy2dm.

Similar expressions may be written for the two other axes.
A summary of some of the more useful formulas for mass moments of
inertia is given in Table B6, Appendix B.

SAMPLE PROBLEMS

A42. Determine the moment of inertia and radius of gyration of a homo-
geneous right circular cylinder of mass m and radius r about its central axis 0-0.

Solution: An element of mass in cylindrical coordinates is dm = pdV =
ptr, dro dd. The moment of inertia about the axis of the cylinder is

S

2x nr 7"4
I= r,,zdm=ptf fr.,“drod0=pt-§—=%mr2. Ans.
o Jo
I™¢
N,

The radius of gyration is

I r h
k=L |—=— Ans.
m —\/é

The result I = 3mr2 applies only to a
solid homogeneous circular cylinder and
cannot be used for any other wheel of cir-
cular periphery.
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A43. Determine the moment of inertia and radius of gyration of a homo-
geneous solid sphere of mass m and radius r about a diameter.

PO 4

ProB.. A43

Solution: A circular slice of radius y and thickness dz is chosen as the volume
element. From the results of Prob. A42 the moment of inertia about the r-axis
of the elemental cylinder is

al, = -é(dm)y*"\= %(moy2 dx)y? = 12'3 (r* — 2% dz,

where p is the constant mass density of the sphere. The total moment of inertia
about the z-axis is

by T
z = ?pf (r? — a®)?dx = & mpr® = £ mr2, Ans.
—r

I 2
k—\/;—\/;r. Ans.

A44. Determine the moments of inertia of the homogeneous rectangular
parallelepiped of mass m about the centroidal z,- and z-axes and about the z-axis
through one end.

The radius of gyration is

-—z
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Solution: A transverse slice of thickness dz is selected as the element of vol-
ume. The moment of inertia of this slice of infinitesimal thickness equals the
moment of inertia of the area of the section times the mass per unit area p dz.
Thus the moment of inertia of the transverse slice about the y’-axis is

dIv' = (p dz)(l_lz'abs)7
and that about the z’-axis is
dl = (p d2)(1'70%).

As long as the element is a plate of differential thickness, the principle of Eq. (A3)
may be applied to give

dl, = dl. + dly = (pdz)%g(a"’ + bY).

These expressions may now be integrated to obtain the desired results.
The moment of inertia about the z-axis is

1
1, =fd1, = %%I-)(a’ + b2)f0 dz = 25 m(a? + b?), Ans.

where m is the mass of the block. By interchanging symbols the moment of
inertia about the z,-axis is

I., = fsm(a® + P). Ans.

The moment of inertia about the z-axis may be found by the parallel-axis the-
orem, Kq. (A13). Thus

IL.=1,+m (—l)2 =y m(a®+ 482 Ans
z 20 3 i3 . .

This last result may be obtained by expressing the moment of inertia of the
elemental slice about the r-axis and integrating the expression over the length
of the bar. Again by the parallel-axis theorem

dl, = dl,» + 22 dm = (p dz)(y5a’) + z%pab dz,
a? .
—pab(ﬁ-i-z)dz.
Integrating gives the result obtained previously,
Lra? pabl a?
= 4 e _PB Ly T _ 1 2
I, pabf0 (12+z)dz 3 (l+4) 5 m (a? + 41%).

The expression for I, may be simplified for a long prismatical bar or slender
rod whose transverse dimensions are small compared with the length. In this
case a® may be neglected compared with 412, and the moment of inertia of such
a slender bar about an axis through one end normal to the bar becomes I =
4ml?. By the same approximation the moment of inertia about a centroidal
axis normal to the bar is I = fymi®.
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PROBLEMS

Ad4b. A bar 10 in. long has a square cross section 1 in. on a side. Deter-
mine the per cent error ¢ in using the approximate formula I = }mi? for the
moment of inertia about an axis normal to the bar and through the center of
one end parallel to an edge. (See Prob. A44.)

Ans. e = 0.2499,

A46. The moment of inertia of a solid homogene-
ous cylinder of radius r about an axis parallel to the
central axis of the cylinder may be obtained approxi-
mately by multiplying the mass of the cylinder by
the square of the distance d between the two axes.
What per cent error e results if (¢) d= 10r, (b) d =2r?

A47. From the results of Prob. A43 state without
computation the moments of inertia of the solid

Pros. A47 homogeneous hemisphere of mass m about the
2- and z-axes.

A48. Determine the moment of inertia of a circular ring of mass m and inside
and outside radii 7; and rs, respectively, about its central polar axis.

Ans. I = gm(re® + nd)

A49. Calculate the moment of inertia of a homogeneous right circular cone of

mass m and base radius r about the cone axis. Ans. I = Pomr?
AB0. Without integrating determine

from the results of Probs. A43 and A49 \ //')\

the moments of inertia about the z-axis 9

for (a) the spherical wedge of Prob. 354
(p. 171) and (b) the conical wedge of --—--------->ZF--Tmomue. *
Prob. 351 (p.171). Each wedge has a
mass m. ‘%L

Ans. (a) I, = gma?, 0) I = gymr? "

Ab1. Find the moment of inertia of the Prob. A51
slender rod of mass m about the z-axis.

AB2. The moment of inertia of a body with respect to the z—y plane is 0.202
Ib. ft. sec.?, and that with respect to the y—z plane is 0.440 lb. ft. sec.2 The
radius of gyration about the y-axis is 1.20 ft. Find the weight W of the body.

AB3. Determine the moment of inertia of the elliptical eylinder of mass m
about the cylinder axis 0-0. Ans. I = im(a? + b?)

o

N

Pros. A53
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Ab4. Determine the moment of inertia about the z-axis of the homogeneous
solid paraboloid of revolution of mass m shown with Prob. 338 (p. 169).

AB5. Find the moment of inertia of the tetrahedron of mass m about the
z-axis.

cmeenN

Pros. A55 ProB. A56

AbB6. The homogeneous bar of square cross section has a mass m. Determine
the moment of inertia of the bar about the centroidal z-axis shown which is a
diagonal of the square section. Ans. I, = Fym(a® 4+ B)

A57. Determine the moments of inertia of the homogeneous right circular
cylinder of mass m about the z,-, z-, and y’-axes shown.

Ans. Iz = fgmBr® + 1), I, = fom(3r* + 41%), I,y = Fmr?

Pros. A57

AB8. The density of a sphere of radius r varies uniformly with the radius from
po at the center to twice that value at the surface. Determine the moment of
inertia of the sphere about a diameter in terms of the mass m of the sphere.

AB9. Determine the moments of inertia of the half spherical shell shown with
Prob. 344 (p. 169) with respect to the z- and z-axes. The mass of the shell is m,
and its thickness is negligible compared with the radius r.

Ans. I, =1, = 3mr?
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A60. Determine the moment of inertia of the conical shell of mass m about

the axis of rotation. Wall thickness is negligible. Ans. I, = Smn?

Pros. A60

* A61. Determine the moment of inertia about the z-axis of the bell-shaped
shell of uniform small thickness described in Prob. 356 (p. 172) if the mass is m.
Ans. I, = 1om — 44 ma

6(r — 2)
* A62. Determine the moment of inertia about the generating axis of a com-
plete ring of circular section (torus) with the dimensions shown in the sectional
view. Ans. I = m(R* + $a?)

©

Pros. A62

2

Al12. Composite Bodies. The defining integral, Fq. (A11), involves
the square of the distance from the axis to the element and so is always
positive. Thus, as in the case of area moments of inertia, the mass mo-
ment of inertia of a composite body is the sum of the moments of inertia
of the individual parts about the same axis. It is often convenient to
consider a composite body as defined by positive volumes and negative
volumes. The moment of inertia of a negative element, such as a hole,
must be considered a minus quantity.
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PROBLEMS

A63. Calculate the moment of inertia about the z-axis of the cylinder with
the hemispherical cavity shown with Prob. 346 (p. 170) if the net mass is m.
Ans. I, = {oma®
A64. Calculate the moment of inertia about the central axis of the aluminum
rotor shown in section.

| 3

T
I
— 1"
1
1211___ ___._____________l' 3'
(778
g

Pros. A64 ProB. A65

A66. Calculate the moment of inertia of the steel handwheel about its axis.
There are six spokes, each of which has a uniform cross-sectional area of 0.40 in.2
Ans. I = 0.431 1b. ft. sec.?

A66. Determine the radius of gyration of the homogeneous rotor, shown in
section, about its central axis. Ans. k = 243 in.

Pros. A66

A67. The slender rod bent into the shape shown in Prob. 366 (p. 175) weighs
0.521b./ft. Determine the moment of inertia of the rod about the z-axis.
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A68. Determine the moment of inertia of the mallet with respect to the axis
0-0. The head is made from hard wood weighing 65 lb./ft.?, and the handle is
made from steel weighing 0.283 lb./in.? Ans. Io = 0.1896 Ib. ft. sec.?

Pros. A68
A69. The part shown weighs 3.22 Ib. Determine its moment of inertia about

the axis 0-0. P ‘
D T
! “\O g

ProBb. A69

* AT0. Determine the moments of inertia of the steel body shown about axes
A and B. Ans. 14 = 0.1446 lb. ft. sec.?, Iy = 0.302 lb. ft. sec.?
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* AT1. Determine the radius of gyration of the symmetrical steel link about
the axis 0-0. Ans. k = 4.36 in.

Pros. A71

* AT2. The desired moment of inertia of the steel rocker about the 0-0 axis is
0.204 Ib. ft. sec.? Determine the necessary thickness . Ans. ¢t = 3.17 in.

Pros. A72



Appendix B
Useful Tables

TaBLE Bl. DEnsiTIES, b, /ft.3

Aluminum 168 Mercury 847
Concrete (av.) 150 Oil (av.) 56
Copper 556 Steel 489
Earth (wet, av.) 110 Water (fresh) 62.4

(dry, av.) 80 (salt) 64
Ice 56 Wood (soft, pine) 30
Iron (cast) 450 (hard, oak) 50
Lead 710

TaBLE B2. CoEFFICIENTS OF FRICTION

The coefficients in the followdng table represent typical values only. Actual co-
efficients for a given situation will depend on the exact nature of the contacting
surfaces. A variation of the order of 25 to 100 per cent from these values could be
expected in an actual problem, depending on prevailing conditions of cleanliness,
roughness, pressure, lubrication, and velocity.

Coefficient Cocfficient
of Static of Kinetic
Contacting Surfaces Friction Friction
Metal on metal (dry)
Metal on metal (greasy) .
Rubber or leather on wood or metal (dry)
Hardwood on metal (dry)
Hardwood on metal (greasy)
Hemp on metal (dry)
Wire rope on iron pulley (dry)
Rubber tires on smooth pavement (dry)
Asbestos brake lining on cast iron
Metal on ice
Steel on wet grindstone
Cast-iron brake shoes on steel railway tires
(10 m.p.h.)
(30 m.p.h.)
(60 m.p.h.)

e
o
°
—
&

coooo000
BONWN DR =

- W
ugwwm

cocoooo000:

oo w
&

CERY

ooo

Coefficient of Roll-
ing Friction, f,
Pneumatic tires on smooth pavement 0.02
Steel tires on steel rails 0.006
658
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TaBLE B3. UseruL MATHEMATICAL RELATIONS
A. Series (expression in bracket following series indicates range of convergence)

" nn — 1) 24 n(n — 1)(n — 2)x°

lxa)"=1xnz 30 3l 4.0 @2<1]
sinx=x~§+g—;i!+"- [2? < ]
cosz=1—§—2!+2—:-—z—:+-u [22 < «]
sinhz=fz—:2£=x+;——3!+g+;;+... [22 < w)
eoshz=f—+gf—-—f=l+;j!+;;+§:+... [22 < «]

B. Diffcrentials

dr™ =
= nz™

dr Y T a T a

d (E) du dy
d(uv) dv du v/ v dx " dx
dz v?

hm sin Ar = sindz = tandx = dz
Az—0

lim cos Ax = cosdr =1

AZ—0
dsinz_ o8 2 dcosz__ sin dtmz-—se’x
dz dx n dr ¢
inh d cosh d h
d S:;—E = cosh z, GOSN T _ sinh z, - tzz T = sech?z
C. Integrals
n+1
f.v"dx =z
n+1

dx
f— =logz

xr

2

f\/a+b:cdx = 3Tb-\/(a-!-b:c)x
f dr 2V + bz

Va + bz b

zdx 1

= — —al b

fa+bz bgla + bx — alog (a + bz)]
f————-——dz -1 tan—1Z ab or ! tanh=1% —ab

a+b2 /gb a —ab a
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sz’ +a2dzs = §zVa? £ a® £ a?log (z + V22 = a?)]

f\/a”_—:c_?dx =1 (xm +a’sin“i:-)
f:c\/ a? —z2dr = -}V (a? — 2?3

\/ 3 — 2
fxz a2_12d3=—§ °(az—x2)3+%(x\/a_2——xz+a2sin‘lz)
[AVE=Faz = 4 + IOV

o b v
x a

f dz sin—1Z
Va? -zt a
fz\/ 22 +aldz = %\/(:2_:1:_;2)—3
T 2 4
22Va? + a¥dz =Zv(x2:i:a2)3=F98—xVx2:ha2 —-%log(:c+ Va2 + a?)

zdzx
f__, 2 — a2

Vit — &

rdz
L = Va2 3
f - = +*Va‘ +x

fsinxdx = —cosz

fcos zdr =sinz

fsec:cdx = 1log1 +S€'—1—f f:osinxdx =sinz — rcosz
2 1 —sinz
fsinzxd:c=-z-_8i"2z fwcos:vdz-cosx+xsinz
2 4
fcoszzdz_f_}_smzx fsinh:cdx-=coshx
2 4

fsinszdx - _ °°;”(2 + sin?z) fcosh:cdz = sinhz

sin
3

€**(a cos pr + p sin pz)
a2 + p2

fcos’:cd:c= (2 + cos?z) fe"cosp:cdx=
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TasLe B4, CeNTROIDS

Arc Segment

7 8in &
F=—
a

Quarter and Semicircular Ares
2r

™

g =

Triangular Area

«
[
OO

Trapezoidal Area

_ 12a1+a2h
3 a1+ a

Area of Circular Sector

2rsina
==

a

Quarter and Semicircular Areas

. 4r
Y=

3r

Ares of Elliptical Quadrant y

2=_—
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TaBLe B4. CEeNTRrROIDS—Continued

Lateral Area of Cone or Pyramid

Area of Ilemisphere, or Hemispherical Shell

v

il
]
ST

Volume of Cone or Pyramid

LRl

g =

Hemispherical Volume

Volume of Paraboloid of Revolution

wie

Volume of Ialf Kllipsoid of Revolution

3a
P==
8
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TaBLE B5. MOMENTS OF INERTIA OF AREAS

Rectangle
bh®

z =5

12
bh?

z = —

3

——ZXo

pe——— 3 ——
i
1
|
n
I
S e
1
|
|
1

L
.7-12(1; + 1Y)

Triangle

bh? v
Iz = %
1:

bk
12
=" b—!

’ 4

Circle
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TaABLE B6. MoOMENTS oF INERTIA OF Mass

(m = mass of homogeneous solid shown)

Right Circular Cylinder

I, = imr?

(N

I = fym(@* + 40

Sphere

I, = imﬁ

~z

Semicylinder
3G X 2mr?)
LImr?

I,

Hemisphere

I, =1, =32 X2m?

= ¥mr?

Rectangular Parallelepiped
I; = Tym(a® +b?)

I = fem@2 + a?)

Uniform Slender Rod
I, = iml?

I, = #mi®

Right Circular Cone

I, = mr?
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TasLE B6. MoMENTS OF INERTIA OF Mass—Continued

(m = mass of homogeneous solid shown)

665

Elliptical Cylinder

I, = Ym(a® + b?

Hemispherical Shell

I, =1, =%me

Torus (complete)

I, = m(R? + 3ad)







INDEX

Absolute measurements, 343
Absolute motion, 393, 418
Absolute system of units, 349
Acceleration, absolute, 430
angular, 387, 410
average, 357, 370
constant, 360, 388
Coriolis, 422, 424, 430, 466
graphical determination of, 358, 359
in polar coordinates, 384
instantaneous, 358
normal component of, 377, 388
of gravity, 348, 360, 430
radial component of, 384
rectangular components of, 371
relative, 409, 466
supplementary, 424
tangential component of, 378
total or resultant, 378
transverse component of, 384
Acceleration-displacement diagram, 359
Acceleration-time diagram, 358
Action and reaction, principle of, 346
Active-force diagram, 512
Addition of vectors, 345
Amplitude of vibration, 604, 618, 622
Angular acceleration, 387, 410
Angular displacement, 387
Angular impulse, 575
Angular momentum, 572
conservation of, 584
of any system, 576
Angular motion, vector representation
of, 388
Angular velocity, 387, 396
of the earth, 466
Archimedes, 341
Aristotle, 355
Astronomical frame of reference, 343,
428
Atomic energy, 536
Axes, rotating, 422, 466

Balancing in rotation 490
Banking of a highway curve, 470
Body, deformable, 344

rigid, 344, 355
Bridgman, P. W, 351
British standard pound, 430
British system of units, 349, 430

Cajori, F., 346
Center, of curvature, 377

of mass, motion of, 434

of percussion, 476
Centrifugal force, 457, 488
Centrifugal stress, 487
Centripetal force, 457
Centroids, table of, 661
Chemical energy, 535
Circular frequency, 604
Coefficient, of friction, 658

of restitution, 589

of rolling friction, 658
Composite areas, moment of inertia of, 635
Composite bodies, moment of inertia of,

654

Compound pendulum, 610
Conical pendulum, 456
Conservation, of energy, 535

of momentum, 583, 584
Conservative system, 535
Constant of gravitation, 347
Conversion of units, 349
Coordinates, choice of, 628
Coriolis acceleration, 422, 424, 430, 466
Coulomb damping, 617
Couple, gyroscopic, 595

inertia, 476

rocking, 490

work of, 509
Critical damping, 619, 623
Critical speed, 623
Curvature, center of, 377
Curvilinear translation, 357

acceleration in, 371

667
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Curvilinear translation, displacement in,
369
of a particle, 455
of a rigid body, 468
velocity in, 370

D’Alembert, 341
D’Alembert’s principle, for a particle,
432, 457
in plane motion, 497
in rotation, 476, 489
in translation, 447, 469
Damped forced vibrations, 623
Damped free vibrations, 617
Damping, critical, 619, 623
Deformable body, 344
Degrees of freedom, 601
Densities, table of, 658
Diagram, acceleration-displacement, 359
acceleration-time, 358
active-force, 512
displacement-time, 358
force-displacement, 509
free-body, 354, 432, 436, 554
velocity-displacement, 359
velocity-time, 358
Differential elements, order of, 352, 647
Differentials, table of, 659
Dimensions, homogeneity of, 350
theory of, 351
Displacement, angular, 387
graphical determination of, 358
in curvilinear motion, 369
in polar coordinates, 382
linear, 357
relative, 394
Displacement-time diagram, 358
Distance, 370
Duct propulsion, 567
Dynamic balance in rotation, 490
Dynamic equilibrium, 432
in fixed-axis rotation, 476, 489
in plane motion, 497
in translation, 447, 469
Dynamics, 342, 355
of nonrigid bodies, 355
Dynamometer, 543

PN

Effective force, 432
Efficiency, 543

Index

Einstein, 341
Elastic impact, 589
Elastic potential energy, 534
Electrical efficiency, 543
Electrical energy, 535
Energy, atomic, 536
chemical, 535
conservation of, 535
electrical, 535
in vibration, 613
kinetic, 510, 519, 520
potential, 534
thermal, 535
Equations of motion, for a particle, 431,
436
for curvilinear translation, 456, 469
for fixed-axis rotation, 475, 476
for plane motion, 495
for rectilinear translation, 436, 446
in polar cocrdinates, 466
Equilibrium, dynamie, see Dynamic
equilibrium

Fixed vector, 344
Fluid damping, 617
Fluid streams, diversion of, 558
Force, active, 512
centrifugal, 457, 488
centripetal, 457
concept of, 343
effective, 432
inertia, 432, 447
reversed effective, 432, 447
Force-displacement diagram, 509
Forced vibrations, 601
damping of, 623
equation for, 619
frequency ratio for, 622
magnification factor for, 622
resonant frequency or critical speed
for, 623
steady-state, 622
Frame of reference, 343, 428
Free-body diagram, 354, 432, 436, 554
Free vector, 344
Free vibrations, 601
energy solution for, 613
equation for, 602
vector representation of, 604
Freedom, degrees of, 601



Index

Frequency, 604

Frequency ratio, 622

Friction, coefficients of, 658
work of, 510

Galileo, 341, 355
G-pound, 349
Graphical solutions, 342
Gravitation, law of, 347
Gravitational system of units, 349, 430
Gravity, acceleration of, 348, 360, 430
Gyration, radius of, 475, 628, 647
Gyroscope, motion of, 592

uses of, 596
Gyroscopic couple, 595

Harmonic motion, simple, 604
Hodgkinson, Eaton, 589
Horsepower, 542
Horsepower-hour, 542
Huygens, 355

Hyperbolic functions, 659
Hysteresis, 617

Impact, 588
classical theory of, 589
elastic, 589
energy in, 588
inelastic or plastic, 589
Impulse, angular, 575
linear, 551
Inclined axes, area moments of inertia
about, 641
Inertia, 343, 429
area moments of, 627, 663
mass moments of, see Moments of
inertia of mass
principal axes of, 642, 649
product of, 640, 648
Inertia couple, 476
Inertia force, 432, 447
distributed, 486
Inertial system, primary, 343, 428
Instantaneous axis or center, 404
Integrals, table of, 659
International kilogram, 430

Jot, thermal, 567
Jet reaction, 566

Kilogram, 349, 430

669

Kinematics, 342, 3556
of curvilinear translation, 369
of rectilinear translation, 357
of relative motion, 394, 396, 409
of rotation, 387
Kinetic energy, of a particle, 510
of plane motion, 520
of rotation, 519
of translation, 519
Kinetic system of units, 430
Kinetics, 342, 355, 428
of curvilinear translation, 455, 468
of plane motion, 494
of rectilinear translation, 436, 445
of rotation, 474

Lagrange, 341
Laplace, 341
Law, of conservation of dynamical en-
ergy, 535
of conservation of momentum, 583
584
of gravitation, 347
Laws of motion, 346
Limits, mathematical, 352
Logarithmic decrement, 618

y

Magnification factor, 622
Mass, 343, 348, 429
variable, 565
Mass center, motion of, 434
Mass moments of inertia, see Moments
of inertia of mass
Mathematical limits, 352
Mathematical tables, 659
Mechanical efficiency, 543
Mohr’s circle, 643
Moment of linear momentum, 572
Moments of inertia of areas, 627, 663
Moments of inertia of mass, 475, 646
by integration, 646
for composite bodies, 654
principal axes for, 649
radius of gyration for, 475, 647
table of, 664
transfer of axes for, 648
units of, 647
with respect to a plane, 649
Momentum, angular, 572
conservation of, 583, 584
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Momentum, linear, 551
moment of, 572
vector representation of, 574, 592
Momentum thrust, 566
Motion, curvilinear, 356, 369
in polar coordinates, 382
Newton’s laws of, 346, 428
of mass center, 434
periodic, 601
plane, 356, 393
rectilinear, 356, 357
relative, 394, 396, 409
rotational, 356, 387
simple harmonic, 604

Natural frequency, 622
Newton, Isaac, 341, 346, 355
Newton’s laws, 346, 428
Nodal section, 611
Nonconservative system, 535

Order of differentials, 352, 647
Oscillation, angular, 610 o
Parallel-axis theorems, for area moments
of inertia, 630
for mass moments of inertia, 648
Parallelogram law, 345
Particle, 343
equation of motion of, 431, 436, 456
Pendulum, compound, 610
conical, 456
simple, 608
Percussion, center of, 476
Period, of damped free vibrations, 618
of free vibrations, 604
of torsional vibrations, 611
Phase angle, 604
Plane motion, 356, 393
equations of motion for, 495
Polar coordinates, curvilinear translation
in, 382
equations of motion in, 466
Polar moment of inertia, 628
Potential energy, 534
Pound, standard, 430
Pound force, 431
Pound mass, 431
Poundal, 349, 431
Power, 542

Index

Precession, 593
Primary inertial system, 343, 428
Principal axes of inertia, for areas, 642
for bodies, 649
Principia, 346
Principle, D’Alembert’s, see D’Alem-
bert’s principle
of action and reaction, 346
of motion of mass center, 434
of work and energy, 511, 519
Products of inertia, for areas, 640
for mass, 648
Projectile, motion of, 372
Propulsion, duct, 567
rocket, 567

Radius, of curvature, 378

of gyration, for areas, 628

for bodies, 475, 647

Rectangular components, 345
Rectangular moments of inertia, 628
Rectilinear translation, 357

of a particle, 436

of a rigid body, 445
Reference frame, 343, 428
Relative linear acceleration, 409
Relative linear displacement, 394
Relative linear velocity, 396
Relative motion, 393
Relativity, theory of, 341, 342, 429
Resonant frequency, 623
Restitution, coefficient of, 589
Reversed effective force, 432, 447
Rigid body, 344, 355
Rocket propulsion, 567
Rocking couple, 490
Rolling friction, coefficients of, 658
Rotating axes, 422, 466
Rotation, 357, 387

equations of motion for, 474, 489
Rotational unbalance, 489

Scalar, 344

Second moment of area, 627
Series, table of, 659

Simple harmonic motion, 604
Simple pendulum, 608
Sliding vector, 344

Slug, 349

Solid damping, 617



Index

Space, 343
Speed, 371
critical, 623
Spring, potential energy of, 534
stiffness of, 509
work done on, 509
Standard conditions, 430
Standard pound, 430
Static balance in rotation, 490
Statics, 342
Steady-state forced vibration, 622
Stevinus, 341
Strain energy, 534
Stress, centrifugal, 487
Subtraction of vectors, 345
Supplementary acceleration, 424
System, conservative, 535
of particles, motion of, 433
of units, 349, 430

Table, of area moments of inertia, 663
of centroids, 661
of coeflicients of friction, 658
of densities, 658
of mass moments of inertia, 664
of mathematical relations, 659
of units, 349
Tait, P. G., 589
Tangential acceleration, 378
Theorem of Coriolis, 424
Theory, of dimensions, 351
of relativity, 341, 342, 429
Thermal efficiency, 543
Thermal energy, 535
Thermal jet, 567
Thrust, momentum, 566
Time, concept of, 343
Torsional vibration, 610
Transfer of axes, for area moments of
inertia, 630
for mass moments of inertia, 648
for products of inertia, 641

671

Transient solution, 621
Translation, 357
curvilinear, 369
equations of motion for, 455, 468
rectilinear, 357
equations of motion for, 436, 445
Triangle law, 345
Turbojet engine, 568

United States standard pound, 430
Units, systems of, 349, 430

Variable mass, equation of, 567
Varignon, 341
Vectors, 344, 345
Velocity, angular, 387, 396
average, 357, 370
graphical determination of, 358
in polar coordinates, 382
instantaneous, 357
rectangular components of, 370
relative, 396
Velocity-displacement diagram, 359
Velocity-time diagram, 358
Vibrations, damped, 617, 623
forced, 601, 619
free, 601
frequency of, 604
period of, 604, 611, 618
reduction of, 623
torsional, 610
transient, 621
Viscous damping, 617

Weight, 347, 348
Work, 508
graphical representation of, 509
of a couple, 509
of active forces, 521
of friction, 510
on a spring, 509
Work-energy, principle of, 511, 519
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