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CHAPTER L
CARTESIAN AND POLAR COORDINATES.

1. Cartesian Coordinates. Let X0X’, YOY’ be two
given intersccting lines, I” any point in their plane. Let the
parallelogram PLOM be completed having its adjacent sides
OL, OJ1 along the given lines XOX', YOV respectively. The
position in the plane of the point P rclatively to the given

lines is known when the magnitudes and directions of 0L and
OM are known.

o~

XI

YI

It is necessary in order that the point P may be definitely
determined that the directions as well as the magnitudes of
OL and OM should be known. For if only the magnitudes
were given we should not know whether OL was to be

A 1



2 CARTESIAN AND POLAR COORDINATES

measured in the direction OX or in the direction OX’, nor
again whether OM was to be measured in the direction O or
in the direction 0Y".

Accordingly we make use of that convention of signs with
which the reader is already acquainted in Trigonometry, and
consider OL to be a positive magnitude if it is in the dircetion
0X, and negative if it is in the opposite direction OX".
OM +too is to be considered positive if in the direction O,
and negative in the dircction OY”.

OL and OM, rcgard being had to their sign as well as to
their magnitude, arc called the Cartesian coordinates of the
point P with respect to the ares OX, OY. They are so called
after the celchrated French mathematician, des Cartes, who
first introduced this method of determining the position of a
point in a plane.

By calling the axes of coordinates 0X, O we imply that
0X, OY are the directions in which OL, OM, as explained
above, are to be accounted positive.

We distinguish the two axes of coordinates by calling OX
the z-axis, and OY the y-axis. O is called the origin.

OL may be called the a-coordinate of P, OM the y-coordi-
nate. OL is frequently denoted by @, and OM by y. The
point P is then briefly represented as (z, y).

When we wish to represent several points we can do so by
means of suffixes. Thus (zp, yp) can rcpresent P, and (zq, ¥q)
can represent a different point @. Different points are some-
times represcnted by means of numerical suffixcs as (@, 1),
(@2 Yo)s (s, ¥s), &c., or again by dashes, as (', ¥), (&, "),
", y"), &ec.

2. It will be convenient to speak of that part of the plane
which falls within the angle X0Y (0X, OY being unlimited),
as the first quadrant, the part within the angle YOX" as the
second quadrant, the part within X ‘0Y’ as the third quadrant,
and the part within ¥'0X as the fourth quadrant.
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If then a point lie in the first quadrant both its # and y
coordinates arc positive; if in the sccond quadrant its z-co-
ordinate is negative and its y-coordinate positive; if in the
third quadrant both coordinates are ncgative; if in the fourth
quadrant the a-coordinate is positive and the y-coordinate
negative.

To represent the point (3, —4) in the figure, OL would have
to be measured along OX of 3 units of length, and OAM along
OV’ of 4 units of length ; the parallclogram OL/’J would then
have to be completed. The vertex P is the point (3, —4).

The student may as an exercise mark on properly ruled
graph paper the following points, (2, 1), (8, —3), (=4, 5), (5, = 1).
These points, if correctly marked, will be found to lic in one
straight line.

8. The relativity of coordinates. The student cannot
too early faumiliarise himself with the fact that the coordinates
of a point are purely relutive. That is, they depend for their
sign and magnitude on the axes of coordinates. For different
axes the same point will have ditferent coordinates.

The following is of great importance :

If (,, 41) (@2, 75) be the coordinates of two points I, and P,
relative to axes O\ and OVY, then the coordinates of P, relative
to axes through P, parallel to 0X, OY will be (&=, Yo— 1)
For if we complete the parallelograms OL, P4, OL,P,M,, we
see that the coordinates of P, rclative to the new axes through
P, are cqual to L,L, and M,J,.

But LL,=0L,— OL, =a;,— =,

M M,=0M,- OM,=y,— .

This is true in whatever quadrant the poiuts P; and P, may
happen to fall, whether the same or different ones.

The student may mark the points P, and P, whose co-
ordinates are (-3, 5), (1, —7) and satisfy himself that the
coordinates of P, relative to axes through P,, parallcl to the

1—2



4 CARTESIAN AND POLAR COORDINATES

original axes, are 4{=1—(-3)}, and —12 {=-7 -5}, and that
the coordinates of P, relative to axes through P, parallel to the
original axes are (—4, 12).

4. Rectangular and oblique axes. When the axes
of coordinates are at right angles they are said to be rect-
angular, otherwise they are called obligue. As the student
will see, rectangular axes are used more conmonly than are
oblique. There are cases, however, where oblique axes are
useful. The student will find it necessary as he goes along
to discriminate formulae which are applicable only when the
axes are rectangular and formulae which hold for oblique axes
as well,

5. Polar coordinates. In this system of coordinates
the position of a point is determined by its distance from a
fixed point O, usually called the pole (though ib might equally
well be called the origin), and the angle which the line joining
the pole to the point makes with a fixed line through the pole,
called the initial line. Thus if OA be the initial line, the
polar coordinates of a point P are OP which is known as the
radius vector, and the angle AOP which is called the vectorial
angle. The vectorial angle is measured from the initial line as
in Trigonometry ; it is usually considered positive if measured
round from OA in the opposite direction to that of the rotation
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of the hands of a watch, and negative in the other direction.
But it may on occasion be more convenient to take the rotation
positive in the same direction as that of the hands of a watch.
To mark a point whosc polar coordinates (r, ) are given, we
first measure the vectorial angle @ and then cut off the radius
vector (=7). The extremity P of this is the point (r, 6).

P

o A

6. On the sign of the radius vector. In polar co-
ordinates we admit negative as well as positive radii vectores,
a negative radius vector being measurcd in the opposite
dircction to that of the boundary line of the vectorial angle.

It will be scen that the point whose polar coordinates are
(—c, a) is the same as the points (¢, w+a). It may seem
then to be unnecessary to admit negative radii vectores at all,
since every point with a negative radius vector could be
equally well rcpresented by mcans of a positive one by a
change in the vectorial angle.

We cannot, however, afford to exclude the negative radius
vector; for while points in isolation can be as well expressed
by means of a positive radius vector as by a negative one, this
is not the case when we have to do with an assemblage of
points forming a curve or locus, as it is called.

We can illustrate this point by a simple example. There

is a certain asscmblage of points forming a curve whose polar
coordinates satisty the equation

1=1+3cos40.
r

2m
3
satisfied, and so we say that the curve represented by this

Now it can be seen that for r=—2, § = —- this equation is
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2m
>3
ordinates of this point when it is expressed by mcans of a
m

equation passes through the point (—-2 ) But the co-

)

positive radius vector as (.2, ) do not satisfy the cquation.

(3]
We should then have to exclude this point in the plane as
not part of the locus if we admitted only positive radii vectores,
whereas by admitling the ncgative rudius vector the point
belongs to the locus, as it will be required to do. Why it
will be so required it is premature to attempt to explain to
the reader. He will be in a position to understand this for
himself when he has mastercd the polar cquation of conics.

7. Formulae connecting the polar and Cartesian
coordinates of a point.

It is to be understood in what follows that the pole and
the initial line in the polar system are respcctively the origin
and the axis of # in the Cartesian system, and the positive
direction of measurcment of the vectorial angle is towards the
axis of y.

Let (z, ) be the Cartesian coordinates of a point P, (r, 6)
its polar coordinates.

First, let the Cartesian axes be rectangular.,

Y

N

o L

xY

We have at once from the figure
g=rcosf, y=rsinb,

and these formulae hold in whichever quadrant P may be.
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From the above we have
r=a 4,

o i L M X

Drawing PL parallel to the axis of y to meet the z-axis in
L, and PM perpendicular to the z-axis, we have, if @ be the
angle between the axes,
rcos0=0M=0L+ LM=a+ycosw,
rsin @ = M P=ysin w.
Adding squares we have
r*=(z+ycos o)+ ysin’ @
= g* + 2zy cos @ + °.
This is an important formula giving as it does the distance
of the poins (=, y) from the origin.

8 Distance between two points whose Cartesian
coordinates are given.

Let (@1, %), (%2, 9,) be the coordinates of the points P, and
P, respectively. The coordinates of P, rclatively to axes
through P, parallel to the original axes are z,—a, ¥2— %.

Therefore by the last article

PP =(z,— ) + (Y2 — 1) + 2 (@ — 1) (Y2 — %) cOs o,
or, what is the same thing,
(@ — @) + (1 — Ya)* + 2 (@ — 23) (%1 — Ya) COS @,
In the case where the axes are rectangular

P\ Pg = (2 — @3)* + (% — Ya)*
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9. Coorcdinates of the point dividing in a given
ratio the liine joining two given points.

Let (21, 21) (%, y.) be the coordinates of the given points P,
and P,.

Let @ be a point in P, P, such that P.Q : Q=& : [
Let (2, y) be the coordinates of Q.

Y

j
VAR e

¢

Draw QR and P,S purallel to the y-axis to meet the line
through P, paralle] to the z-axis in R and S.

Then k:l=PQ:QP,=P,R: RS
=L =% By —&
oo k(rg—2)=1(z—w),
. o kzt iz
e T=T T
Kyt
k4l
Cor. If Q be the middle point of I, P, its coordinates are
%("’71 + wﬂ)» % (3/1 + 3/2)-

It should be noted that if @ does not lie between P, and P,
then the ratio k:1 is a negative quantity, that is to say one of
the two, k or , is negative. It does not make any difference to
which of the two the negative sign be given.

Similarly
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Area of a triangle.

10. To find the areu of the triungle formed by joining the
origin to two puints P,, P, whose coordinates are (21, 1,), (2, ¥5).

Let (ry, 6,), (s, 6;) be the polar coordinates of P, and P,.
Let 6,> 0,.

The area of the triangle OP,P,=} OP,.OP,sin P,OP,
=4 rr,sin(6,— 6,),

or §rresin {270 — (6, - 6,)},
according as the origin is to the left or right hand as we
pass from P, to P,

Y
4

Y

Thus the area of the triangle OP, P,

= 4 3 r,7,(sin 6, cos 6, — cos 0, sin 6,)

=1+ } {(@+y, cos w) y;8in @ — (43 + Y3 C0s ) ¥, sin w} by § 7

= + } (2,9, — %,%,) SIn .

If we consider the triangle OP,P, to have a positive area
when, as we proceed round the triangle from O to P, and then
to P,, the triangle is on our left hand, and to have a negative
area in the opposite case, then

A0P1P2=_AOP2PI,
and we have A OP,\P,=% (2,9, —%,y,) sin o,
which when the axes are rectangular = } (2,9, — @31 )
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11. To find the area of the triungle whose vertices are
('ZII, 3/1), (wh yﬂ); (-'lf'a; y:i)'

Denoting these points by P,, P,, I, respectively, we seec
that the coordinates of P, rclatively to I, are (w,—a;, ys—1,)
and of P, relatively to Py (w3 — 2y, ys — y1).

Therefore by the last article, with the same convention as
to sign,
APP,P;=]sinw {(wz —x,) (?/3 - yx) — (25— =) (y. - ?/1)}

-2
=4 {2 (Y — Ys) + . (Ys — 11) + 5 (%1 - ¥2)} si0 0.

This is a formula easily remembered. It can be written as
a determinant thus:

$sine | o, ¥, 1 or #sine |2, Z,
Zay Y2 1 Y, Y Y
.’I/'., :'/s: 1 1 ]. 1

12. The result of the previous article could also be obtained
by joining the vertices P,, I’;, P, to the origin 0. Then regard
being had to the signs of the arcas

v
A P,P,P,= A OP,P,+ A OP,P, + A OP,P,
=3} sin o {(@ys — @y) + (#0Ys — L) + (% — @Y}

And in this way we can obtain the area of a polygon
P,P,P,... P,.
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For the polygon
=AO0PP;+ AOP,P;+ AOP,P,+ AOP Py + ...
+AOP, P+ AOP,P,
= §sin @ {(@)s — 2Y) +(@Ys ~ 23Y,) + (L3ys — @)+
+ (Tn1¥n— EnYna) + (@i — T Yn)}
13. Condition of collinearity of three points. The
points (21, 1), (@, #), (14, Ys) Will clearly lie on one straight

line if the arca of the triangle formed by joining the points
is zcero, The condition for this is

&1 (Ya— Ys) + €2 (Ys — Y1) + @ (i —y2)=0,

or 2, %, 1|=0.
w'z» yz, 1
.T., %, 1

This condition for collinearity of three points holds whether
the axes be rectangular or oblique.

EXAMPLES.

- 1. Prove that the distance between two points whose polar
coordinates are (1, 6,), (73, 6,;) is

N e (O 6,).

2. Write down the coordinates of the middle points of the
sides of the triangle whose vertices are (a;, %), (X3, ¥a), (%3, ¥s), and
shew that the area of the triangle formed by joining these is
one-quarter of that of the original triangle.

3. TFind the distance between the poiuts (2, —3), (-5, = 7),
thle axes being inclined at 60°.

4. Shew that the points (a, a), (~a, —a), (-a/3, a,/3) are
the vertices of an equilateral triangle, the axes being rectangular.

b. Shew that the points (1, —3%), (-3, — 1), (-4, —3) are
*the vertices of a right-angled triangle, the axes being rectangular,
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6. Shew that the points (2, 3), (6, 9) are in a straight line
with the origin.
Shew that (w, b), (ka, kb) are in a straight line with the origin.

7. Prove that the three points (1, %), (2, §), (5, —3) are
Collinear.

8. If (z, y) be any point in the straight line which passes
through (2, 4) and (5, 9), prove that
bz—-3y+2=0.
[Express tho fact that the area of the triangle with the three

points as vertices is zero.|

9. Prove that the points (z,, 1), (23, %), (5:_90]}}?1 , I‘.'%:_::_iyl)

are collinear by §13.

10. If the point (z, y) be equidistant from the points (2, — 3)
and (-5, —7) then 14z + 8y + 61 =0, and conversely, the axes of
coordinates being rectangular.

11. Shew that the middle point of the line Jomlng (5, 1) and
(3 7) is also the middle point of the line joining (20, 9) and
(=12, —~1). What geometrical conclusion can be drawn from
this fact?

12. Find the area of the quadrilateral whose vertices are
4, 5), (6, —2), (3, 8), (5, 1), the axes being inclined at 30°.

[Care must be taken that the points are taken in the proper
order so as to get a closed figure, ]



CHAPTER IL
LOCI AND THEIR EQUATIONS.

14. In the preceding chapter we have explained the
method of representation of isolated points in a plane by
means of Cartesian and Polar coordinates. We pass now to
consider the representation of an asscmblage of points. We
cannot represent analytically an assemblage of points taken
at random, but when the points arc situated according to some
law it may be possible to give a collective representation of
them, Thus all points which lie on the same straight line can
be represented by means of an equation.

For example, if (%, y) be the coordinates of any point on the
line passing through the points (2, 4) and (3, 5) then the area
of the triangle formed by these points is zero. We thus have

z, ¥, 1]=0,
2, 4, 1
3, 5 1

from which we get x—y+2=0.

Now this equation is satisficd by the « and y coordinates of
every point on the line. It may thercfore be said to represent
the line, and it is called the equation of the line.

15. Again, we might find an ecquation satisfied by the
coordinates of all points which are at a certain given distance
from a point whose coordinates are given. Thus if (,y) be
the coordinates of any point whose distance from the point
(2, 3) 1s 5 we have, if the axes be rectangular,

(@=2y+@y-3y=>5,
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for the left-hand side of this equation is (§ 8) the square of the
distance between the points (2, y¥) and (2, 8). This equation
reduces to
2+ —4da— 6y=12.
This equation then represents a circle whose centre is at
(2, 3) and whese radius is 5. And we spcak of the equation as
the equation of this circle.

16. A number of points obeying some law are said to form
a locus, and if it be possible to find an equation satisfied by all
points which obey that law, but satistied by no other points,
that equation is called the equation of that locus. Thus the
circumference of a circle having its centre at the point (k, k)
and having its radius equal to @ is the locus of points whose
distance from (%, k) is a. Its cquation is then

@—hP+y-Lp=a,
for this equation is plainly satisfied by all points whosc distance
from (k, k) is a, and by no other puints,

17. Points which form a locus for which an equation exists
lie along a line straight or curved. But a locus is not necessarily
a straight or curved line. For example, all points lying within
the circumference of some particular circle form a locus, and as
we shall sec in a later chapter, they can be represented col-
lectively, though not by an equation. KEvery locus, however,
which can be represented by an cquation may be called a
curve, by which is mcant the line on which all the points
which obey the law of the locus lie, and on which lie no points
which do not belong to the locus.

*18. The relativity of the equations of curves or loci.
It is clear that the equation of a curve or locus is rclative to
the axes of coordinates, and it will change when the axes of
coordinates arc changed. Thus the equation of a circle whose
centre is at (k, k) and whose radius is @ is, as we have seen,

@—hp+(@y—kP=a® .ccacuveenrennnc(1).
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But if the axes of coordinates pass through the centre of the
circle the equation of this same circle becomes

BHYP=0 ciiiininiennns cersaens (2).

The # and y of equation (2) are of course not the same as
the z and y of equation (1). In (2) they are the coordinates
of a point P on the circle with reference to the axes through
its centre, but in (1) they arc the coordinates of the same point
P, but with refercnce to different axes.

Thus in the accompanying figure which, it is hoped, is =elf-
explanatory, the # and y of equation (1) are OM and MP
respectively; but the z and y of equation (2) are CN and
NP respectively, Both the equations alike represent the
geometrical fact that

CN:*+ NP2=CP:=a’

Yl
Y
i
w0\
C t‘l‘ ) Xa
Vs
-
o ™M X

19. If we wish to discover by analytical methods the
geometrical properties of a curve or locus whose equation can
be found, we choose our axes of coordinates so as to make
the equation of the curve as simple as possible. Not that
the same properties could not be proved otherwise, but the
working out of the proof would be more complicated. The
student will learn by experience which axes it will be best
to take in particular cases.
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EXAMPLES.
[The azes of coordinates are to be taken rectangular.)
1. Find the equation of the locus of points which are equi-
distant from the points (2, 3) and (5, 7).
2. Find the equation of the locus of points whose distance from
the point (2, — 3) is double their distance from (1, 2).
[Here

Viw=2F 4 (y+3) = 2 Ve = )T+ (y = 2

Square and simplify.]

3. Find the cquation of the locus of a point whose distance
from the origin is twice its distance from the axis of w.

4. Find the equation of the locus of a point whose distance
from (a, 0) is equal to its distance from the axis of .

5. FKind the equation of the locus of a point whose distance
from (a, 0) is m times its distance from (0, «).

6. Find the equation of the locus of points the sum of the

squares of whose distances from the points (2, 5), (3, —1) is cqual
to 40.

7. A point moves in its plane so that the sum of its distances
from the points (¢, 0), (- ¢, 0) is 2a. Show that the equation of its
2

locus is = + y_ 1 where 0®=a?- ¢,
at 0?

8. Expres: analytically the locus of points whose distances from
two given points are in a given ratio £.

[Here the axes of coordinates are at our choice. Let 4 and B
be the fixed points. Let AB=2a. Take O the middle point of AB
for origin, 04 and a line perpendicular to it for axes of coordinates.
The equation of the locus will be found to be

Y (-1 (B +9?) - 2aw (1 + ) +a* (1 - ) =0.]

9. Express analytically the locus of a point the sum of the
squarcs of whose distances from two given points is constant.

10. The equation of a certain curve is

x4+ 2 — 4 + 6y - 14
What will this become when the origin is transferred to (2, —3)
without changing the directions of the axesf



CHAPTER IIL
THE STRAIGHT LINE.

20. Equation of a line through two given points.

To find the equation of the line passing through the points
A and B whose coordinates are (2, 1,), (xy, ) respectively.

Let («, ) be the coordinates of any point P on the line.

The coordinates of P relative to axes through A and parallel
to the given axes are (¢ — @, ¥y — v,) ; and the coordinates of B
relative to the same axes are (z,— 1, ¥2 — ¥1).

Thus the area of the triangle PA DB is
3sino {(z—2) (@~ y) — (@~ @) (Y- )
where o is the angle between the axes.

But this area is zero since P, 4 and B are collinear.,

s _y-p @)
To—=Zy Ya— U

This then is the equation of the line passing through the two
given points. .

Therefore

By changing the signs of both denominators we can write
this also
z—2 -1
e S eeeeenes (A).
1— &2 W —Ya

And it can easily be seen that the equation is equivalent to

STH_IZh ... crevrenneni(A)
OQ—2 Nh—Ya ’
2
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as of course the line through (), 7,) and («,, v,) is also the line
through (,, y,) and (z,, ). In other words the equation must
be unaltered when we interchange , and a,, y and v,
simultaneously.

21. Line through the origin. In the special case where
the point (z,, %,) is the origin we have 2,=0, y,=0 and thus
the equation of the line through the origin and (&, ¥,) is

z_Y
& yl,
y_"h

which may be written

In other words the ratio of the z and ¥ coordinates of any
point on the line is constant, as is obvious also from geometrical
considerations.

22. Equation of line whose intercepts on the axes
are given.

Let ABP be the line cutting the axes in 4 and B. Let
OA =a, OB=5b where a and b may be one or other or both
negative.

) A\ X
Let (@, y) be the coordinates of any point on the line.

Then the area of the triangle whose vertices are (, y), (a, 0),
(0, b) is zero,
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Therefore z(0-b3)+a(b—y)+0(y—0)=0;
. br+ay=udab;

oo &+'7)= ......... eresens vesseinn (B).

This is an important form and one easily remembered.

The equation (B) could of course be derived from (A) by
writing @, =a, ¥,=0; 2,=0, y,=0;

. z-a_y=0,
T a-0"0-0
x 1
. E+E'1‘

It should be noticed that both eqnations (A) and (B) are
applicable whether the axes be rectangular or oblique.

23. General linear equation.

To prove that the equution Az + By + C =0 where A, B, C
are constants represents a straight line.

Let (@, %), (@, ¥.), (2, ;) be three points on the locus
represented by the given equation, thus
Az, + By, + C=0,
Ax,+ By,+ C=0,
Azy+ By, +C=0.
Multiply the first equation by (y, — y5), the sccond by (y, — ,),
and the third by (y, — 4,), then by addition
Az (Y —y) + 2 (ys— p) + 25 (1 — ¥)]=0
for the terms in B and C vanish identically.
Therefore if A be not zero
&y (Ya— Ya) + 23 (s — Y1) + 25 (% — ¥2) =0,
that is, the area of the triangle formed by joining the three
points is zero; therefore the three points lie on one straight line.

This being true of any three points on the locus, the locus
itself is a straight line.

2—2
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If A be zero, the equation reduces to By 4+ C'=0, that is

C
==

Thus the y coordinate of every point on the locus is the
same. The locus is then a straight line parallel to the axis
of 2.

24 Lines parallel to the axes. It is easily seen from
what has been said at the conclusion of the last article, that
the equation of a line parallel to the z-axis is of the form y =1,
and of a line parallel to the y-axis 2 =a.

//
//

These are special cases of the form (B) when one or other
of the intercepts on the axes becomes infinite.

., Examples. 1. Use (A) to obtain the equation of the line through
- the points (6, 7), (3, 1) in the form 2z—y=>5.

/2. Find the equation of the line through (2, 4), (-3, 6).

- 3. Write down the equation of the line through (1, 3), (-2, - 6) and
shew that it passes through the origin.

4. Shew that the equation of the line through ( — -o—, 0), (0,0 is
m

y=mz+e.
5. Shew that the equation of the line through (p sec a, 0), (0, p cosec a)
iszcosatysina=p.
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8. TFind the intercepts on the axes made by the line 22+ 5y=7.

o

[Write the equation ‘;+ % =1.
2

Compare with (B) and the intercepts are seen to be , .
Or in the equation 2z+5y=", put y=0,
c22=T, ocLx=1,
this then is the intercept on the z-axis.
Again, put =0 and we get y=} which is the intercept on the y-axis.]

7. Find the intercepts on the axes made by the line 5&— 4y =20 and
sadraw the line,

Forms for the equation of a straight line when the
axes are rectaungular.

25. Thus far we have made no restriction as to the axes of
coordinates. The formulac (A) and (B) are good for oblique
axes as for rectangular axes. So also 1l is true that

Az+ By+0=0

represents a straight line when the axes are oblique as well as
when they are rectangular. But we are now going to obtain
special forms of the equation of a straight line when the axes are
rectangular. These will be of constant use hereafter.

26. To obtuin the equation of a straight line in terms of the
perpendicular from the origin upon it, and the angle which this
perpendicular makes with the aans of =, the azes being supposed
rectangular.

Let OL the perpendicular from the origin be p and the
angle XOL be a.

Then if 04, OB be the intercepts on the axes
OA =pseca,
OB = p cosec a.
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Therefore the equation of the line is

@ Y =1

pseca ' pcoscca

t

that is, ZCOSA+YSINA=D wreverenennns I (6))

< L .
w\ &
% x
o A
(o) \\ X /A X
Y Y
/< a
@
\\ \ A~
A ,o“ 0 X (o] ‘6\ X
N %
L
& L
\

This is a very important form for the equation of a line, and
it holds good however the line falls, provided that « is measured
only from O to ar in the positive direction, and provided that
the perpendicular from the origin be accounted positive in the
first two quadrants and negative in the third and fourth.

The student should carefully verify for himself that in each
of the cases represented in the accompanying figures the
intercepts on the axes are pseca and pcoseca respectively.
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The point is that by making our convention in regard to the
measurement of o and the sign of p, we ensure that the
intercepts have their right signs.

27. The student may satisfy himself that the form

zcosa+ysina=p

holds in all cases equally well if @ be measured from 0 to 27
and p be always accounted positive.

-
N
N s ‘

28. To find the equation of a straight line whose tnclination
B to the z-axis s known, as also vts intercept b on the y-axis.

ts)

It will be seen from the figures that in each case the inter-
cepts on the axes are —bcot 8 and b respectively.

Y
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Therefpre the equation of the line is

@ y_
—-bcotB+b L
or y=atan B+b.
Y Y

S S
~

It 1s usual to write m for tan 8. That is m stands for the
tangent of the inclination of the line to the axis of z. We
then have the standard form for the equation of a line

It will be observed that b has the same meaning as in (B).
Some writers use ¢ for b in (D). It really does not matter
what letter is used. The advantage of using the same letter in
(B) and (D) is that attention is drawn to the fact thv the
same thing is represented each time.

29. Tt should be noticed at this point that the equa ion of
a line can still be written in the form y=ma +b whel the
axes are oblique, b being the intercept on the y-axis. Butm is
not now the tangent of the angle which the line makes wit, the
axis of x, but if B be the angle the line makes with the iXis
of z, and w the angle between the axes, then

_sinfB
“sin(w-A)’
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This follows at once from the fact that the intercept on the
sin(B—w)
gin

. Sin ((0 -—-_@
3 or, what is the same, — b Y

z-axis is b

Y,

30. On the constants in the equation of a line. It
will be observed that when the equation of a line is written in"
the form y = mz + b, of the two constants m and b which occur,
m depends on the direction of the line, and b on its position.

The two lines then whose equations are

y=mz+Db,

y=mz+ec,
are obviously parallel. They have the same dircction, but a
different position.

81. To find the equation of a line passing through A (=,, y,)
and making an angle B with the x-axis, the azes of coordinates
being rectangular.

Let («, y) be the coordinates of any point P on the line.
Let  be the algebraical distance of the point from (,, ).
Let » be considered positive if AP is in the first or second
quadrants formed by axes through A parallel to the original
axes, otherwise let » be negative.

With this convention as to sign it will be seen that

& —az=rcosp,

y—h=rsinp.
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So that we may express the line by the equations

ke SN | SO E
cos,8 SiIIB T concecose ( )y

in which B 1s measured from 0 to .

Y

This is a very useful form and we shall have occasion to
use it frequently in later chapters. It will be seen that by
equations (E) the coordinates of any point on the line are at
once expressed when we know its algebraical distance from the
given point («,, ¥;) for we have

z=x,+rcosB, y=y +rsnp.
32. It may be observed that if the axes of coordinates be

oblique a straight line through (x,, ¥,) can still be expressed in
the form
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where I and m, though not now the cosine and sine of the
angle which the line makes with the z-axis, are constants
depending only on the dircction of the line.

For let B be a point on the line and let its coordinates be
(73, y2) and let the algebraical ratio of AP : B be p: g, P being
any point on the line.

Then (=, y) being the coordinates of P, we have (§ 9)

_pxy+qay _DYat+qy .

€= ) y__—__——’
p+q p+gq

g P@=m) L p(ha—y).

. T—2; g sy Y= p+q ’

Lz Y-y op AP
Tt “’r‘wl—yn_(’/l—f""q—AB.
This we may write
2% _Y-h_,
l m ’
1=0"h g BTHh

’ »
12 713

where

r, being the algebraical distance of B from 4, as » is of
P from A.

It is clear then that ! and m depend only on the direction
of the line and that we have

E+m*+ 2lm cos

- (@—@) + (1~ 9)* + 2 (@ — ) (Y — ) cos @ =1

T1a*

Use of the form x cos a + y sin a = p.

33. To find the length of the perpendicular from the origin
on the line
Az+ By + C=0.
We may without loss of generality take B to be positive in
this equation, for if it were not positive we should have only to
change the signs all through.
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Our equation may be written
kA .x+kB.y+kC=0,
where % is any constant other than zero.
Choose k so that (kAP + (kBy=1.

This is satisfied by %= VA_—%E’ and we will take the
positive sign with the radical.

Our equation is now
4 z+ Y+ =0,
VAT B VLB Nar B

in which the coefficient of y is still positive.

Hence our equation is of the form

zcosa+ysina—p=0,

where cosa= —.—.—_i—_z—. sin a = ———-B—z
VA + B’ VA + B’
_ _,.0
P==Jay

Since sin a is positive, a may represent an angle between
0 and 7.

Thus we have reduced our equation to the form (C) and our
convention of § 26 is applicable.
C
VA + B
If p is positive (that is C' negative) the perpendicular
between the origin and the line falls in one of the first two
quadrants.

Thus perpendicular p = -

If p is negative (that is C positive) the perpendicular
between the origin and the line falls in the third or the fourth
quadrant.
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Examples. 1. Write the cquation 3z +4y ~28=0 in the form
zcosa+ysina=p
and find the perpendicular from the origin upon the line.
2. Express 4v—3y=18 in the form #cosa+ysina—p=0 (a between
0 and =) and find the perpendicular from the origin upon it.

Verify that the sign of your perpendicular is correct by drawing the
straight line in a figure.

3. TFind the perpendicular from the origin on the lines
(1) bz+6y="7,
(2) 6z-T7y—8=0,
and state in which quadrant each falls.

34. To find the length of the perpendicular from the point

(1, 11) on the line
Az+ Dy+ C=0.

The method we shall adopt is as follows. We shall transfer
the origin to the point (w,, %) and obtain the new equation of
the line. We then use the method of § 33 to find the length
of the perpendicular from the new origin. We shall as before
take B to be positive.

Let (2, y) be the coordinates of any point P on the line
referred to the original axes, let (X, Y) be the coordinates of

Y
\l !

(’;'1!/1) \ X'

o X

the same point P referred to axes through (, %) parallel to

the original axes
coe=X+a, y=Y+u.
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But Az+By+C=0,
©c AX+2)+B(Y+y)+0=0,
‘. AX+BY +(Az,+ By, + 0)=0,
A B Az, + By, + O _
R Ry cru R TIS
this is the new cquation of the line in the form
Xcosa+ Vsina—p=0.
Ar,+ By, + C
NAFDR
This then is the perpendicular frown the point (z,, 3;) on
the line

Hence p=-

Aa+By+C=0.
35. If‘-A—mf + By, + C'ls positive, that is if Aa, + By, +C
VA + I

is negative, the perpendicular on the line falls in one of the
first two quadrants formed by the new axes through (21, 1)

If Aail/jf—g-y—l;j-—a is negative, that is if A, + By, +C is

positive, the perpendicular on the line falls in the third or
fourth quadrant formed by the new axes through (2, ).

We thus get the following result :

If (#,, 41) be the coordinates of any point in the plane, and
Az + By+C=0 be the equation of a line (B positive) then
Az + By, + O is positive if the point (2, 31) be above the line
(that is if the perpendicular from (=, ;) on the line fulls in the
third or fourth quadrant formed by the axes through (=, )
parallel to the original axes), negative if (i, ¥,) be below the
line and zero if (#,, 3,) be on the line.

Thus we see that any straight line 4z + By + C = 0 divides
the plane into two parts, such that the coordinates of all points
on one side of the line substituted for # and y in Az + By + C
make this expression positive, the coordinates of all points on
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the other side of the line make the expression negative.
Points on the line itself make the expression zero.

The relation Az+ By +C>0
would be satisfied by all points above the line Az + By + C =0,
always supposing B is positive. We might then speak of this
side of the linc as the positive side of the line. The other side
we can call the ncgative side of the line. Points on the
negative side make A+ By+ C ncgative, that is satisfy
Az+ By + C< 0.
We see then that we can express analytically all points on
one side of the line 4z + By + C' = 0 by the inequality
Az+By+C>0
and all points on the other side of the line by the inequality
Az+ DBy +C<0.

We have only shewn that those inequalities hold when the
axes are rectangular but it will be seen later that they are
applicable for oblique axes also.

Examples. 1. Shew that the perpendicular from (2, 3) on the line
4247y - 18=0 is of length —%—% and that the point is above the line.
AN O
2. Find the perpendicular from (1, —3) on the same line and shew
that the point is below the line.

3. Find the perpendiculars from (4, 3) and (-2, —1) on the line
52+3y+8=0. Determine on which side of the line each point lies,
and verify by means of a figure.

4. Shew that the point (5, 6) is above the line 2x—d4y+7=0 and
determine its perpendicular distance from the line.

5. Shew that the points (2, 3) and (1, 2) are on opposite sidos of the
line 5x+7y — 20=0.
Use of the form y =mx+ b.
86. It has now been seen how the form
zcosa+ysina—p=0
for the equation of a line enables us to obtain the perpendicular
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distance of any point (2,, ¥,) from any line Az + By + (=0, and
to determine on which side of the line the point lies. We go
on now to shew the use of the form y=maz + b.

The condition that the lines y=mz +b, y=m'z+b should
be parallel is m=m', whether the axes be rectangular or oblique.

For if B8 be the inclination of the lines to the axis of 2
m = tan B =m’ if the axes be rectangular (§ 28); and

sin _singB w
~sin sin (@ — B)

if the axes be inclined at angle o (§ 29).
It is clear then that the condition that the lines
Az+By+C=0,
A’z + B'y+C' =0,
. y:| A’
should be parallel is - R="

for the first line is y-—-—% —g and its ‘m’ is —% and the

second line is y = —-—E:w—]?: and its ‘m’ is -—B;.
Thus if the two lines are parallel
% = % =k (say)
. A’=kA, B =FkB.
Thus the line A’z + B’y + ¢’ =0, parallel to Az + By + C=0,
can have its equation written

k(Az+ By)+ C'=0,

or dividing out by k
Az+By+ D=0.

This then is the general form of lines parallel to
Az+ By+C=0.
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Examples. [The axes are not necessarily rectangular here.)

1. Find the equation of the line through (2, 3) and parallel to the
line 65x+8y=9.

[The equation of the line required is of the form
Sx 48y =k,

in which # must be so determined that the line passes through (2, 3).
The condition for this is

10424=F,
o k=34,
Thercfore the line required is 5248y =34.]
2. Find the equation of the line through (1, 3) parallel to 3z - 4y=8.

3. Tind the equation of a linc parallel to 22+14y="7 and making an
intercept of 3 ou the axis of y.

4. Find the equation of a line parallel to 3z - 8y=21 and making an
intercept of —7 on the z-axis.

37.  The condution that the lines y = ma: + b, y = m/w+b" should
be perpendicular vs mm' + 1= 0, the azes being rectangular.

For if B, B’ be the inclinations of the lines to the axis of

/ =T
ﬁ ~/3—'2'
s _71- —_ ’ 7_T
LA B—ﬁ'{'z’ OI'B B+2'
In either case tan B = — cot B,
oo tanBtan B =-1,
mm’ = —1.

This is a very important result.
It follows that the condition that the lines
Az+ By +C=0,
Az+By+0'=0
should be perpendicular is

(45

L. AA'+ BB =0.
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38. It follows from the last article that the general form
for the equation of lines perpendicular to Az + By + C=0is
(when the axes are rectangular) either

Bx—Ay=k,
) z_Y_
or A8 l

The k ar I must be determined by some other datum re-
specting the line, as, for example, that it is to go through a
given point.

Examples. 1. Shew that the lines 5x+6y=18, 182~ 1by=31 are
perpendicular.

2. Find the equation of the line through (2, 5) perpendicular to the
line 2245y +31=0.

[The equation of a perpendicular line is

5z —2y=k.
Choose £ so that (2, 5) lics on this line,
.. 10-10=4,
.. k=0

Thus the equation required is 5.0 —2y=0.]

3. Find the equation of the line through (4, 5) perpendicular to the
line #— 15y = 20.

39. General equation of lines through a given point.

The equation of all lines through the point (z;, y,) are

included in
Az + By= Az, + By,. .

For the general equation of a line is

Az+ By=_C.
If this passes through (z,, v,)
Az + By, =C.

This gives C in terms of A and Band the coordinates of the
given point.
Hence the general equation of all lines through (=, ¥,) is
Az + By = A=, + By,
or A(x—-ax)+ B(y—y)=0.
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40. From the preceding article we see that the equation
of the line through (#, %) parallel to 4z + By+C=01is
Az + By= Az, + By,
and the equation of the line through (#;, 7,) perpendicular to

the above is
Bz — Ay = Bz, — Ay,

or Z_J4_a_ A

It is thus easy to write down quickly the equation of a line
through a given point parallel to or perpendicular to a given
line. For the terms in # and y are easily expressed in each
case; these form the left side of the equation and the right-
hand side is obtained by substituting the special coordinates
(@1, 9,) for the general ones on the left.

Thus the equation of a line through (3, 7) parallel to
2z +5y=91s

2+ 5y=2x3+5x17,
that is 2% + 5y =41.

And the equation of the line through (3,7) perpendicular to
2z +5y =9 is

be—2y=5x3—-2x7,
that is bx —2y=1.

Examples. 1. Write down the equation of the lines through (2, —3)
respectively parallel and perpendicular to 4z —7y=1.

2. Write down the equation of a line through (4, —1) perpendicular
to 2y —3x=".

41. Intersection of two lines. If we wish to find the
point of intersection of two lines whose equations are

Az + By + C=0,
A'z+ By+ C' =0,
we have only to solve these equations as simultaneous. For the
point where they intersect must be such that its coordinates
satisfy both equations, and the coordinates of no other point will
satisfy them both simultaneously.
3—2
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42. Lines through the point of intersection of given
lines.

If Az 4+ By+ C=0...ccocvvrvriuvinneae.. (1),
and Az +By+C" =0.cccvieninrincininnnnn(2),

be the equations of two lines, then, whatever constant k be, the
equation

Az +By+ C+Lk(A'z2+By+C)=0 .........(3),
will represent a straight line, and for different values of & we
shall get different straight lincs.

Further the strarght Iines included in (3) all pass through the
pont of intersection of (1) and (2) for the values of z and y
which satisty (1) and (2) simultaneously satisfy (3) also.

Hence the equations of lines through the point of intersec-
tion of (1) and (2) can be got from the form (3).

Examples. 1. Find the point of intersection of the lines 2247y =25
and 7z -2y=8.

2. Find the equation of the line through the point (3, 4) and the
point of intersection of the lines 5z —y=9, 2+ 6y=8,

[First method.
Find the point of interscction of
b5z —y=9,
z+6y=8.
We find z=2, y=L
The equation of the line joining this point (2, 1) to (3, 4) is
z=2_y-1
2-3 1-4’
that is 3z —y=>b.

Second method.
The general equation of lines through the point of intersection of the
given lines is
bz—y—9+k(x+6y—8)=0.
Choose £ so that this passes through (3, 4),
o 16~-4-9+4£%(3+24~8)=0,
o hm—
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The equation of the required line is therefore
bx—y—9—+% (+6y —8)=0,
which reduces to 93z — 31y =155,
that is 3r—y=>5.]

3. Find the equation of the straight line through the origin and
the intersection of the lines 52+ 6y=23, 3z —4y+9=0.

4. Tind the equation of the line through (2, 5) and the point of inter-
section of the lines 5z+46y=20, 4v+9=17y.

43. Condition for concurrence of three lines. The
condition that the three lincs

Az + By+0i=0 coovevninnrnnnenen. (1),
‘ Agw +B2y+02=0 ..................... (2),
A+ By +C3=0 .oovviniininnnnnnnes 3),

should be concurrent or meet in a point is that the values of
« and y which satisfy (1) and (2) simultaneously should satisfy
also (3). The condition that the three equations should all be
satisfied by the same values of # and y can be expressed at once
in the form of a dcterminant :
i 4,, B, C, |=0,
4,, B, O,
Al) BB) 08
which is the same as
A, (B,C;— B,Cy) + A,(B;C,— B.Cy) + 43 (B,C, - B,C))=0.
44, 'Test for concurrence in special cases. If three
straight lines have their equations as in § 43, and if three con-
stants k, §, m can be found so that
k(4dz+ By + C) + 1 (Az+ By + Co)
+m (4sz+ By + C5) =0 ceeeeo(4),
identically for all values of z and y, then the three lines are
concurrent.
For let (z,, y,) be the point of intersection of (1) and (2),
o A+ Blyl +0,=0,
Az, + By, + C3=0.
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Hence as (4) holds for all values of # and y it holds for

w=wl) 3/'—‘3/1,
. A3$1+B3y1+08=0.

Thus (2, ¥,) lies also on (3).

Examples. 1. Find for what value of a the three lines
’ 3r+y+2=0,
2z-y+3=0,
z+ay—3=0,
will meet in a point.
2. Prove that the lines 4z+7y—-9=0, 5x—8y+15=0, 92—y +6=0
are concurrent.
[Use § 44.]
3. The condition that the lines a,z+b,y+1=0, a,x+b,y+1=0,

as7+byy+1=0 should be concurrent is that the points (¢, &) (as, by)
(@3, bs) should be collinear.

45. Polar equation of a straightline. From the equation
Zcosa+ysina=2p

N

we can, by writing @ = rcos 6, y =rsin 6, where 7 and @ are the
polar coordinates of any point on the line, obtain

7COS(0—0)=P eeerrrerracnnnaennnns ™),
which is the standard form of the polar equation of a line.
The same equation can be obtained from the accompanying

figure in which OL being the perpendicular on the line and P
any point on the line

OL = OP cos LOP,
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46. The general equation of a straight line is
Az+By+C=0.

Taking the axes as rectangular and writing z=rcos¥,
y=rsin 6 we obtain the general polar equation of a line in the
form

AcosG+Bsin9=-—g.

If then C be not zero, that is if the line does not pass through
the origin, we may multiply by — (’—j, and get the equation in
the form

k—- —%cos g —IiBsin 7]
r O c
= A’ cos § + B’ sin 6.

Thus the general polar equation of a line is of the form

Acosf,0+Bsin0=Z‘2 .................. (Q),

r

where k is any constant we are pleased to take, except in the
case where the line goes through the origin. The equation of
a line through the origin is

0 = constant.

47. Parallel lines. It is clear that the lines
p=rcos(f—a),

p'=rcos (0 —a)
are parallel.

As also are X 4c0s0+Bsing,

/

,£=Acose+Bsin9.

r
That is to say the general equation of lines parallel to

k;:AcosG+Bsin0,

is obtained by changing the constant .
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48. Perpendicular lines. The lincs
p=rcos(0—a),
p =rcos(f—a)

ku

wil¥ be perpendicular if o ~ a=3.
Further the lines

1:=Acose+3sin ,
K .
;=Bcos€—A sin 8

are perpendicular (§ 38).
Thus the general equation of lines perpendicular to

§=A0030+Bsin0

can be obtained by writing 7—;+ 6 for § and changing the con-

stant k.

Therefore of course the general equation of lines perpen-

dicular to
p=rcos(f —a)

can be obtained by writing €+1; for @ and changing the

constant p.

49. Area of triangle formed by three given lines.

To find the area of the triangle, the equations of whose
sides ure

@Z+by+6=0.ccciniiiiiiininnan.n. (D),
G+ b0,y +c=0...cceiiiiiiiinnnn..... (2),
Az +by+C=0..0ccviririinirirannnn.. (3).

We might find the area requived by obtaining the co-
ordinates of the three vertices, which we should get by solving
these equations in pairs. The following method is however
better, as by it we obtain an easily remembered formula. Let
(@1, %1) (@2, ¥a) (@3, ys) be the coordinates of the vertices, (z,, 7,)
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being the intersection of (2) and (3), (2, ¥s) of (3) and (1), and
(w3, ys) of (1) and (2).

Then the arca of the triangle is

% Sin ® "‘Ul, yly 1

""‘2) ys,
Ly, UYs,
and this

=}sne | x, %, 1 t, b, ¢
Ty Yo 1 G, by, ¢
g, Yo 11 Ve by G

a, b, ¢

ay, by, ¢

as, bs, ¢

=4{sine | ;e + b+, tamm t+ bagy + €2, @y@y+ Doy + 05
G+ byt 0, Gty bt Ca G+ Dyt G

a, x5+ b]]/:t +cy, M7y + Ii;?/g + Cay Q3+ bsyg + ¢y
A

where A stands for the determinant

a, by, ¢ .
@, by, €
as, bs, ¢
Thus, as all the constituents of the determinant in the

numerator are zero except the three diagonal ones read down
wards from left to right, we see that the area is

é‘ Sill w (axlwl + blyl + cl) (QQQ?. + beyg + c;r,) (agn‘z‘; + bsys + 03)
A .

Now let @,z + by, + 6, =k

We thus have az,+ by +e—k =0,
a2, + by, +¢,=0,
a3, + 0y, +c3 = 0,
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Hence a, b, ¢—k |=0.
a,, b, ¢,
as, by, ¢
That is a, b, |+l a, b, =k [=0,
ay, by Co @, b, 0
ag, bs, ©Cs as, b, 0
ce A=k | a, b |=0.
as, b, }
That is ky= %‘.

where C, is the minor of ¢, in A.
In the same way if we write

ATy + bz?h +e=k,

and as; + byys + ¢y =Ky,

we shall get ky=— %’ >

and ks = %; ’

where C, and C; are the actual minors of ¢, and ¢, in A.
Thus the area is ~ %—231—6—,:‘—)(7?—?

If ¢/, C;, Cy be the prepared minors of ¢;, ¢, ¢;, that is the
actual minors taken with their proper signs, then

Cll = Cx; 02, = Oz, Cs, = Cs-

3 2
Therefore the area is %é%%,?— .

Examples. 1. Find the area of the triangle formed by the lines
2x+y—3=0,
3z+2y—1=0,
22+ 3y +4=0,
the axes being rectangular.
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[The numerical value of the area is

2 1, -3¢

3 2 -1

2, 3, 4|
3, 2

2, 3 2, 3' '3 2l
_é(l6—2~27+12+6-—12)2 $x49 49
- 5xdx1 20  40°

2. TFind the arca of the tri‘:’a,ngle the equations of whose sides are
r+y+2=0,
9w —y—3=0,
3z+2y - 5=0.

EXAMPLES.
1. The condition that the lines y=max+b, y=m'z+d should
be at right angles, when the axes are inclined at an angle o is
mm' +(m +m')cosw + 1=0.
[Let B, B’ be the inclinations of the lines to the axis of z,

- T
s B~,8—2,
s tanBtan B —1=0.
_ sinB ., sm,B
But m= YO :3) and m' = - 1n(w .B) ]

2. The condition that the lines
Ax+ By+C=0, A2+ B'y+(C'=0
should be at right angles is
A4’ + BB'—(AB’ + A'B) cos 0 =0.
8. Shew that the line joining the points (x;, ¥,) and (w,, y,) is
cut by the line dx+ By + (' =0 in the ratio
_Aax+ By, + C
Az, + By, + C°
4. Obtain the polar equation of the line passing through the
points whose polar coordinates are (ry, 6,), (73, 6;) in the form

sin (6, — 6,) _sin (0—6,) sin(6—6,)
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6. The diagonals of the parallelogram formed by the lines
ax+by+¢=0, az+by+c =0,
ar+by+¢' =0, ax+dy+c =0,

will be at right angles if a? + 5% = ™ + 0", the axes heing rectangular.

6. The Cartesian equations of the sides BC, Cd, AB of a
triangle are
mEqT+by+e,=0, wm=ax+by+c,=0, uy=ax+by+ec,=0,
and a line is drawn through A parallel to BC, prove that its
equation is

Uy Y
abi-aby mhmad,

Shew also that the equation of the line through 4 bisecting

the side BC is

Uy Uy 0
a;b, ~a, b, B dxlbz;—:‘_d‘z b
7 Find the coordinates of the centre of the circle inscribed in
the triangle the equations of whose sides referred to rectangular
axes are
z-y+1=0, 2+y-7=0, 2x-3y+5H=0.

Find also the three ecentres and discriminate between them.

8. Given that the origin lies at the escribed centre opposite
a3 +byy +c;=0 of the triangle formed by this line and the lines
ax+by+6=0, ax+by+c,=0, shew that the centres of the
circles touching the sides of the triangle are given by

;mx+by + ¢ LTt by +cy + asx + by + ¢
G = cs = Cs

)

and distinguish the cases.



CHAPTER 1IV.

PAIRS OF STRAIGHT LINES.
Q. Angle between two lines.

To find the angle between the lines

y=mz+b
y=mz+V
the axes being rectangular.

The angle between these lines is the same as the angle
between the lines

Y=L cereirenrrnnnarnronansenses (D),
Y=TE eeieineninnnennniasiannenes (2),
these being through the origin parallel to the above.

Y

/A
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Let 8 and 8 be the angles which the lines make with the
x axis so that

tan B=m, tanB =m'.
Let 8> @', and ¢ the angle between the lines as shewn in

the figure ;
. ¢=18_B”
. _tanB—tanB  m-—m'
" tan¢_l+nan,8tan,8'=1+mm”
m—m'
o ¢=tan™ .
¢ =tan 1+ mm’

This is the angle between the lines measured positively from

y=m'z to y = mae.

’
m—m .
Therefore tan™ ————, is the angle between them measured
1+ mmn
from y=ma to y = m'x.

Thus in the figure
£ BOA or BOA’ (= $) is given by tan =1

14 mmn”’

LAOB or A’'OB (= d)') 18 givcn by tan (]5, = ?fﬁ:% .

Cor. If the lines be parallel m'=m for ¢ = 0.
T

If the lines be perpendicular mm’+ 1= 0 for ¢ = 3
.. tang = .
These results we have already obtained independently in
the previous chapter.

61. The angle between the lines
Az+ By +(C=0,
A’z +By+0C =0,

’

. . .. A , .
is at once obtained by writing m=—g, m=—"5n the

formula of the last article which the student will find easy to
remember.
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Equation of a pair of lines.
52. The equation

(Az+By+C)(Az+ By +C')=0 ......... 1),
can only be satisfied by points whose coordinates satisty
either Az + By + C=0,
or A'z+ By+C'=0.

Thus all points which satisfy (1) lic on one or other of two
fixed lincs. The equation (1) therefore represents a pawr of
straight lines.

If we were to multiply the two factors together we should
get an equation of the form

az® + 2hay + by 4+ 292 + 2fy +c=0......uenees (@)
in which
a=A4" 2f=BC"+B'C
b= BB 29=CA"+(C'A
c=0C" 2h=AB + A'B.

An equation of the form (2) then will always represent two
straight lines if it be the product of two ‘lincar’ factors of the form

Az+ By+C, A'z+ By+C'.
There must be a relation between the coefficients a, b, ¢, f,
g, h if this is to be the casc. Without such relation the
equation (2) will not represent a pair of lines.
We may here remark that equation (2) is known as the

general equation of the second degree. It contains all possible
terms of the second, first, and no degree in # and y.

53. We can sometimes tell at sight when an equation of
the second degree represents a pair of lines. For example
consider the equation

zy—3x—4y +12=0.

This is obviously
(a— %) (y—3)=0.
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Thus the equation represents the two lines
x=4,
y=3
which are parallel to the z and y axes respectively.

54. Equation of pair of lines through the origin.
We are going on in the next article to obtain the condition
that the general equation of the second degree should represent
two straight lines. But let it be noticed first that an equation

of the form
az® + 2hay + by*=0

always represents a pavr of straight lines both passing through
the origin.

For ax?+ 2hzy + by = a (v —ay) (z— By),
where a and 3 are the roots of the equation

az®+ 2hz+b=0 in z,
Hence the equation
ax®+ 2hzy + byt =0

represents the lines z=ay

xr= By
which pass through the origin.

b65. Condition that the general equation of the
second degree should represent two straight lines.

Suppose that

aa® 4+ 2hxy + by* + 292 + 2fy +c=0 ......... 1)

represcnts two straight lines.

Let (#,, ,) be the point of intersection of the lines.

Transfer the origin to (,, v;) kecping the direction of the
axes unchanged.

Let (X, Y') be the coordinates of any point on the locus (1)
referred to the new axes, (#, y) of the same point referred to

the original axes,
Cex=X+a, y=Y+uy.
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But z, y satisfy (1),
e X tmP+ 2 (X o) (Y +9)+0(Y +y)
+20 (X 4+ 2)+2f (Y +9)+ c=0.
But both of the lines now pass through the origin; there-
fore the terms of first order in X, ¥ and the constant term must
disappear and leave only

aX*+2hXY +0Y2=0. 1e
That is, we have
AR+ g=0 i (2),
hay, + 0+ =0 (i (3),
az,® + 2hxy, + by + 292, + 2y, + ¢ =0......... (4).

These arc equivalent to (2) and (3) and another equation
formed from
(4)=(2) x 1, —(3) x 1,
that is g+ fin+e=0 ... (5).
Eliminate z, and y, from (2), (8) and (5) and thus get
abe + 2/gh — af* — bg* — ch*=0,
or, in determinant form,

a, h, g |=0.
h, b, f
g9 f ¢

Cor. We see from the above that if the general equation
of the second degree represents two straight lines, the point
where they intersect is given by

az, + hy,+9=0
hx, + b.% +f = O}
hf— by gh- of

ie. @, = am , Y= E’_J.:_ e

From which we see that if the general ,,’equa.tion of the seconc

degree represents a pair of lines, the lin®s will be parallel if
ab=~h? /

for then their point of intersection is ab infinity.
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56. We sce that the necessary condition that the general
equation of the second degree should represent two lines is

a, h, g |=0
h, b f
9 foc

We can see further that this condition is sufficient. TFor if
it hold, it will be possible to find #, and y, to satisfy

av,+hy+g=0 ... (1),
hay + by + f=0 oo (2),
g+ fin+e=0 cooiiiiiiianannan.. (3),

since the values of ), gy given by the first two equations
satisfy the third.
(1) x 2, +(2) x g+ (3)
gives az,®+ 2hayy, + by 2+ 29z, + 2fy, +c=0.
Now transfer the origin to (2, 1) as given by (1) and (2)
and the equation is seen to reduce to
aX®+ 28 XY +bY2=0

which ig a pair of lines.
whi,

57. The condition that
ax®+ 2hzy + by + 292+ 2fy + =0 ......... (1),
should be a pair of lines can also be obtained as follows.
Treat the equation as a quadratic in # and we have
az® + 2z (hy + g) + (by* + 2fy +¢) =0,
_=(hy+9) £V (hy + 97— a (by*+ 2fy + 0
a
Hence the left-hand side of (1) cannot be the product of
two linear factors uniess
(hy +-\g)’ —a(by*+2fy +c)
be a perfect squarc.
But this =(A*—ab) ¥+ 2y (gh—af) + 9* - ac.
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If this be a perfect square,
(gh = af y*=(k*— ab) (9* — ac),
Safr g“h‘,— 2afgh = g°h* — abg® — ach? + a’be,
" “abe + 2fgh — af<a —bg*—chr=0.

Examples. 1. Shew that the following equations represent each a
pair of straight lines and draw the lines in a figure :

(i) =xy=0, (ii}) ay-5x+6y -30=0,
(i) a?-4y*=0, (iv) 2*+2ry-2-4y-2=0,
2. Find for what value of ¢ the equation
. 222+ Gxy+y%+4x+ 2y +c¢=0,
represents two straight lines.
3. Yor what value of @ will the equation
’ ax?—3xy+ 2yt - 4x+y—4=0,

represent two straight lines?

68. If the general cquation

au? + 2hay + b2+ 292 + 2y +e=0..eeenne. (1),
represents « pur of straight lines, then the equation
az®+ 2hay +byP=0 .o (2),

represents a paar of straight lines parallel to them through the
origin.
For if (1) be
(Az+ By+ O)(A4'z+ B’y + (") =0,
(2) must be (Az+ By) (A’z + B’y) =0.
And the lincs
Az+ By =0, A’z + B'y=0,
are lines through the ori zin respectively parallel to
Az +By+ /=0 and A'z+B'y+ (' =0.

59. Perpendicularity of two lines. 1o find the condz-

tion that the lines
az® + 2hzy + by? =0,

should be perpendicular, the axes being rectangular.
Let aa?+ 2hay + by = (Az + By)(4d'z + B'y).
4—2
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The pair of lines will be perpendicular if

AA'+ BB’ =
But a=A4A4" and b=BB’,
*. the condition for perpendicularity is
a+b=0.

This condition is easily seen to be sufficient as well as
necessary.

It follows that if the general equation of the second degree
represents two straight lines, these will be at right angles if

a+b=0.

The student will observe that this is only true if the axes be
at right angles. The condition when the axes are oblique is
deferred for the present.

Bisectors of the angles between two lines.

60. 7o find the equution of the bisectors of the angles between

the lines
Az+ By+C=0, Az+By+C'=0,

the axes being rectangular.

The bisectors are the locus of points such that the magnitude
of the perpendiculars from them on the two lines are equal.

Hence if (z, ) be any point on one of the bisectors

Az +By+0C_ Am+B/+C'
VAt Y WA bh

The two bisectors can then be expressed in one equation
thus:
I:Aa:+By+(" A4 w+B'y—l_—C’] [‘Am+ Ry+C _ Ad'z+B @/+C"]

VA + B NA' 4+ B3 VA + 3 VA ¥ B

=0,

that is
(dz+By+ Oy (A'z+By+C’y =0.
A+ B A"+ B \
The student will see that these bisectors are at right angles
by applying the test of § 59.
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61. To obtain the equation of the straight lines bisecting the
angles between the lines
ax®+ 2hxy + by* =
the axes being rectangular.
Let az? + 2hay + by* = a (z — ay) (z — By),
2h b
. a+B=——Tl- and aB:E.

The equation of the biscctors is, as in § 60,

(@—ayp _(2=Byr_,
1+a& 1+ )

That is
(1 +P) (22 = 20xy + a?y?) — (1 + a*) (2 = 2Bzy + By*) = 0,
vhat is
a* (8* — @) + 2zy (B —a)(1=aB)—(B*— &) y*=0,

that is a? ’8 2=0,
o

. A

that 18 ﬂ+2-%ay y?=0,
a

. @ —y  wzy

that is a=b = h"
62. To find the ungle between the pair of lines
ax® + 2hxy + by* =

the axes being rectangular.
Let az?® + 2hay + by = b (y — ma) (y —m'«),

r_ 2h’ ’ _a_
1n+m——T, mm =%
Let ¢ be the angle between the lines,
—m/\?
tane = () (§ 50)

1+ mm
('m + ') — 4mm’

A+mmyp
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4 _da
_ T b 4(hr—ab)

(1 +ﬁ)a_—(“+b)’ ’
b
2Vh* —ab
et TGt
the + or — sign being taken according as ¢ is the acute or
obtuse angle between the lines.

b

X
.
N4

b

Implied in the formula for tan ¢ is the condition for perpen-
dicularity, viz.
a+b=0.

63. We will conclude this chapter with an important pro-
position which will be useful in subscquent chapters.

We have already said that the general equation of the
second degree

az® + 2hxy + by? + 29z + 2fy + ¢ =0............ (1),
only represents a pair of straight lines in special cases.

Generally it represents a curve, viz. a circle or other conic
section as we shall prove later on.

Now suppose we have the cquation of a line

Form an equation by making (1) homogencous of the
second order in # and y by means of (2): viz. the cquation

a? + 2hay + by* + 2 (92 + fy) (e + my) + ¢ (lz + my)*=0...(3).

This we know represents a pair of straight lines through
the origin. Moreover (3) is satisfied by points which satisfy
(1) and (2) simultaneously.

Hence (8) represents a pair of straight lines through the
origin and the points of interscciion of the line (2) with the
curve (1),
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If the line were given as
le + my=mn,
instead of in the form (2), the equation of the pair of lines
would be

(aa* + 2hay + by*) n* + 2 (g2 + fy) (e + my) n + ¢ (I + my)* = 0

EXAMPLES.
(The azes of coordinates are to be taken rectangular unless otherwise stated.)

1. Prove that the angle between the lines
— y=mx+0b y=m'z+?l
when the axes are inclined at an angle o is

(m —m') sinow
1+ (m+m')coso+mm'’

tan™!

(If B be the angle which the first line makes with the x axis

sin 8
bln (w ,8)
Use method of § 50.]

m sin o
whencetan B = 1 e

2. Shew that the angle between the lines
ax® + 2hxy + by =0
is tan-1 9Vh*—ab sin o
a—2hcoso+b’

where w is the angle between the axes.

[Use the method of § 62.]

3. The equation of the line through the origin making an
angle ¢ with the line y=mx + b is

P _ m+tan ¢> ~
T 1-mtan (j)

4. Prove that the product of the perpendiculars from (z,, ¥,) on

the lines given by
+ 2hay + by? =

- ax® + Zhwlyl + b?/l
18
" W(a-by*+ 42
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5. The equation of the pair of lines through the origin perpen-
dicular to the pair whose equation is
ax® + 2hxy + by* = 0,
is ba? — 2hxy + ay? =0.

6. The condition that the pair of lines
ax? + 2hay + by’= 0 and a'z® + 24’2y + 6"y =0
should have one line in common is

4 (ak! — a'h) (k' — I'b) = (ab’ — a'b)",

7. If ax® + 2hxy + by* + 29x + 2fy +¢=0

represent a pair of lines intersecting in (w;, %,) then the equation
of the lines bisecting the angles between them will be

@-a)f-(y-y)" _(@-2)(@y-y)
a-b h )

8 If ax® + 2hxy + by* + 292 + 2fy +¢c =0

represent a pair of lines, the area of the triangle formed by their,
bisectors and the axis of z is

N(a=b) + &I ca—g?
2h “ab—- A2

9. Shew that the line Az + By+C=0, and the two lines

rppresented by
(Az+ By) 3 (Ay — Bxp*=0 ..

form the sides of an equilateral triangle.

10. Shew that all the pairs of lines
’ ax® + 2hxy + by = \ (2 + o)
for different values of A have the same bisectors.
11,/ Shew that the four lines given by the equations
’ (y —max)*=c* (1 + m?)

(y—mx)?=c*(1 +2)
form a rhombus,
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12. The vertices of a triangle lie on the lines
y=xtanb, y=zxztanf,, y=xtand,,

the circumcentre being at the origin ; prove that the locus of the
orthocentre is the line

& (sin 6, + sin 6y + sin 6;) - y (cos 6, + cos 6, + cos ;) = 0.

13. The distance from the origin to the orthocentre of the

triangle formed by the lincs = + %: 1
a

and ax® + 2hay + by = 0

(a +b) a (a2 + B2)}

18 - R
aon? — Zhaﬂ + bﬂ’

14.  Prove that the equation
\ (@+2h+b)2* -2 (a~b)ay +(a-2h +b) =0

denotes a pair of straight lines each inclined at an angle of 45° to
one or other of the lines given by

ax® + 2hxy + by*=0.
‘

15. Shew that the centroids of the triangles of which the three
perpendiculars lie along the lines

y-mx=0, y-mx=0, y-muzx=0

lie or{é Y (3 + mymg + mgmy + mym,) = x (m, + My + My + IMymgmyy).

16. The base of a triangle passes through a fixed point (f; g)
and its sides are respectively bisected at right angles by the lines

ax® + 2hxy + by =0,
Prove that the locus of its vertex is
V(@ +b) (@ +97) + 20 (fy +ga) + (@—b) (fio— gy) =O.
17. Two equilateral triangles 4 BC, PQR have the same centre,

e order of the letters for each triangle corresponding to circuits
in the opposite sense. Prove that 4 P, BQ, CR are concurrent.
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18. Shew that the equation
ax + 2hay + by? = {(a + b) sin? O + (A? — ab)?} sin 26} (23 + %)
represents two straight lines having the same bisectors as
ax® + 2hay + by? =0,

and making equal angles § with them respectively.

19. Shew that the equation
(ab — B?) (az? + 2hxy + by + 292 + 2fy) + af 2+ bg*— 2fgh =0
represents a pair of siraight lines; and that these straight lines
form a rhombus with the lines

ax®+ 2hxy + by*=0

(@-8)fy +h(f*-g)=0.

20. On the sides of a triangle as diagonals, parallelograms are
described having their sides parallel to two given straight lines;
prove that the other diagonals of these parallelograms are con-
current

provided that



CHAPTER V.
THE CIRCLE.

64. Equation of a circle. The equation of a ecircle
+hose centre is at (%, k) and whose radius is @ is clearly
@=hP+Y—kyP=a .cevervrnnnn..... (1)
if the axes are rectangular; and
(z=hyP+(y—=kP+2(@—h)(y—k)cosw=a? ... (2)
if the axes are inclined at an angle o.

This is so because by these equations is expressed the fact
that the square of the distance of the point (z, y) from (&, k)
1s a?

65. The equation

24y 4+ 297+ 2fy +¢=0
will represent a circle if the axes are rectangular.
For this is equivalent to
(@+9)r+@+fr=9+f1~c
which expresses the fact that the square of the distance of the
point (@, y) from (- g, — f) is constant and equal to g* + fi—c.

The above then is a circle having its centre at (- g, — f)
and its radius equal to ¥g? + f7—¢.

We see then that the conditions that the general equation
of the second degree, viz.

ax® + 2hzy + by + 292 + 2fy + ¢ =0
should represent a circle when the axes are rectangular are:
a=>b,

h=0.
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These however are not the conditions that the general
equation should represent a circle when the axes arc oblique.
For the general equation of a circle when the axes are inclined
at any angle w is, as we see from (2) of § 64, of the form

2+ 2zycos w+ y* + 292 + 2fy + ¢ = 0.

The conditions then for a circle would be

a=b
and h=a cos w.

It is but rarely that we use oblique axes when we have to
do with circles that we shall not trouble the student morc with
them in this chapter and shall confine oursclves throughout
the chapter to the case of rectangular axes.

66. To find the equation of the circle described on the line
joining two given points A (z,, 1) and B (z,, y.) as diameler.

The circle required is the locus of points P such that 4 PB
is a right angle.

Let (z, ) be the coordinates of a point I’ on the locus.

The ‘m’ of the line AP is 7~ 71,

x—x,
The ‘m’ of the line BP is 7— 2.
X — $g
. a8 AP and BP are at right angles
y—yl.y—.”/ﬁ_l_l:o.
€r — x] L - wz
That is
(@—m)(z—m) + @y —1) Y —y)=0.
This then is the required equation.

Examples. 1. Find the centre and radius of each of the circles
(1) 2?+y?-42-6y+3=0,
(i) 22+422+3z+5y+1=0,
(iii) 2(2%+y?)+61—7y=0.
2. Find the equation of the circle passing through the origin P and
cutting the axes of z and y at distances @ and & from the origin.
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3. Shew that the locus of a point such that the sum of the squares of
its distances from two fixed points is constant is a circle.

‘4. Shew that the locus of a point such that the ratio of its distances
from two given points is constant is a circle.

67. On the constants in the equation of a circle.
We have seen that — g, and —f are the « and y coordinates of
the centre of the circle whose equation is

@+ + 29z + 2fy+¢=0.

We enquire naturally what is the geometrical meaning of
the remaining constant ¢. An answer to this enquiry will be
supplied when we have proved the proposition which is given
in the next article.

G8. Prop. If from any point P (z,,y,) in the plane of the
curcle
@+ Y202+ 2fy +¢=0
a line PQR be drawn to cut the circle in  and R the product
of the algebraical distances PQ) and PR <s independent of the
direction of the line und equal to
) + y2 + 292, + 2fy, + ¢
For let the line make an angle ¢ with the z-axis, then the
line can be analytically expressed (§ 31) by the equations

T—8 _Y—h_

—

cos@  sinf ’
where 7 is the algebraical distance of the point (z, ) on the
line from (z,, 7).

We want now to find the distances from P of the points
@ and R where the line cuts the circle.

So then write x =z, 41 cos 0,
y=1v,+7sinb,
and substitute into the equation of the circle.
We have

(@, +rcos ) + (y, + rsin 6)* + 2q (z, + r cos 6)
+ 2f(y, +rsinf)+¢c=0,
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This is a quadratic equation in r, the roots of which are the
algebraical values of PQ and PE.

This equation when simplified becomes
72 (cos? 8 + sin? 0) + 2r {(@, + g) cos € + (y, +f ) sin 6}
+ 22 + y.* + 292, + 2fy, + ¢ =0.
Thus as cos® § +sin? § = 1, the product of the roots is
x2+ ¥ + 292 + 2fy, + ¢

Hence we see that the product of the algebraical distances
PQ and PR is independent of the direction of the line PQR.

69. We have thus proved analytically what the student
will have recognised to be the well-known geometrical property
of the circle, that the rectangle of the segments of all chords
drawn through a definitc point are equal.

Now in the particular case where P is at the origin =0,
1, =0 and the expression

23+ ,° + 292, + 2fy, + ¢

reduces to ¢. Thus ¢ is the constant rectangle of the segments
of chords through the origin.

70. We see that if the point P be outside the circle PQ
and PR will have the same sign, that is

$12 + ylz + 2g$1 + 2fy1 +c
will be positive; whereas if P be inside the circle PQ and
PR will have opposite signs, and so

@'+’ + 9o+ 2y + ¢
will be negative. '

Thus the circumference of the circle divides the plane into
two regions. The coordinates of points outside the circle make
2 + 3 + 29z + 2fy + ¢ positive, the coordinates of points inside
the circle make this expression negative; while those of points
on the circumference make the expression zcro,
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Thus B+ P+ 22+ 2fy+c¢=0
represents the circumference of the circle,
2+ + 292+ 2fy +¢>0
is the analytical representation of all points outside the circle,
and 2+ y*+ 29z +2fy+¢c<0 >
18 the representation of all points inside the circle.

The constant ¢ will be positive if the origin be outside the
circle, negative if it be inside the circle, zero if it be on the
circumference,

71. We see from § G8 that every line through (=, ,) will
mcet the circle in two points, since whatever be the value of @
we have a quadratic equation in 7 to dctermine the points
common to the line and the circle.

The roots of this equation will not always be real, and
in this case we say that the line meets the circle in two
imaginary points.

If the roots of the quadratic in r be equal to one another we
say that the line meets the circle in two coincident points and
we call the line a tangent to the circle.

By a tangent to the circle then we shall understand a line in
its plane which meets 1t tn two coincident points.

On imaginary points.

72. The existcnce of imaginary points in Analytical
Geometry is a matter of not a little importance. In elemen-
tary Pure Gcometry we are accustomed to say that a line in
the plane of a circle either meets the circle or it does not.
In Analytical Geometry our principles compel us to say that
every line in the plane of a circle meets the circle. There
i8 no real contradiction between the two. For in Analytical
Geometry we have the possibility of imaginary points, that
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is to say, points whose coordinates are of the form (a+ 8V -1,
v+ 8V =1), where a, 3, v, & are real. These points have alge-
braical significance, but we cannot strictly represent them in
a figure, and so they are non-existent in Pure Geometry until
this takes up the ideas of Analytical Geometry, which indecd it
has done to its great advantage.

73. In elementary Pure Geometry we say that two tan-
gents can be drawn to a circle from a point outside it, one
from a point on its circumference, and none from a point
inside it. But in Analytical Geometry we must not make any
such statement. We must, in accordance with our principles,
say that from any point in the plane of a circle two tangents
can be drawn to it;; these tangents will be real if the point be
outside the circle, they will be coincident if the point be on the
circle, and they will be imaginary if the point be within the
circle. Let us examine more closely why our principles require
this of us.

We have seen in § 68 that the points in which a line
through a given point (z,, ;) meets the circle are determined
by the solution of a quadratic equation in 7, viz.:

2+ 2r {(z, + g) cos 6 + (v, + f) sin 6}
+x+y’+ 2.91"1'*' zfj/l +c¢=0...... cessas (1)

Now if the line we have drawn be a tangent to the circle
this equation must have equal roots, for a tangent meets the
circle in two coincident points, that is, we must have

[(z: 4+ 9)cos 0+ (4, + ) sin 01 =@ + 3,2 + 292, + 2fy, + o,
from which we get '
(@ +g)cos 0+ (y+1)8in 0 = & Va2 + y* + 2944 + 241 + 6...(2).

By means of this and

cos?@ +sin?f =1

cos 8 and sin @ can be found.
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Now if we take the positive sign with the radical, clearly
we shall get two solutions, say

cosf=A4, cosd=0C,

8in 0 = B, sin @ =D,

and if we take the negative sign we shall have
cosf=—A4, cos@=-0C,
sin @ =— B, sin @ =—D.

We get then two lines through (z,, y,) which are tangents,
Viz.
e—%_Y~—%h

A B’

and A AN

¢ T D
These lines are obviously imaginary if (z,, %,) be within the
circle, for then the expression under the radical in equation (2)
18 negative. The lines are coincident if (2, ;) be on the
circumference of the circle, for then the expression under the
radical vanishes, so that 0 =— 4 and D=~ B.

If then we define a tangent to a circle as a line meeting the
circle in two coincident points and allow the algebra free play,
we must admit that therc are two tangents from every point in
the plane of the circle which become coincident when the point
lies on the circumference of the circle.

Further, it is clear that the lengths of the two tangents
from any point are equal. For the length of a tangent from
(2, %) 18 the value of » furnished by (1) when 1t has equul roots.

>

As the product of the roots is
o + y* + 297 + 2fy, + o,
we see that if £ be the length of this tangent from (z,, ¥,)
=+ y' + 292+ 2y, + o,
which is independent of 6.
A b
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Thus the square of each tangent from a point (#,, y,) to the

circle is
x4y, + 297 + 2fy, + ¢,
whether (z,, 4,) be without or within the circle.

We have made a somewhat long digression on imaginary
points and lines because we think it important for the student
to have clear ideas about them at this stage of the subject.
Imaginary points and lines ditfer from real points and lines in
that they have only algebraical significance, whereas real points
and lines have geometrical significance too. Imaginary points
and lincs cannot be located in a figure as reul ones can.

Examples. 1. The locus of points the tangents from which to two
given circles bear to one another a constant ratio is a circle.

2. Find the length of the tangent from (2, 3) to the circle
2224 2y* — 3w+ dy=0.
[The equation must first be divided by 2 to make the cocflicients of
2% aud »% umty.]

74. Equation of the tangent at a point.
To find the equation of the tangent to the circle
2+ '+ 292+ 2fy+c=0
at the point (z,, v,) on its curcumference.
The equations of a line through (;, ) making an angle 8
with the z-axis are

Zo-n_Y-%_
cosf ~ sin@ ” (1)
So that a point situated on the line and distant 2 from

(21, 11) 1s given by
x=x,+1rcosb,

Y=g +rsind.
If this point be on the circle we must have
(@, + 7 cus 0)* + (y, + 7 sin 0) + 2 (x, + 7 cos )
+2f (h+rsinbd)+e=0
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which is a quadratic in r, viz.:
72+ 2r {(4; + g) cos 0 + (y, + f) sin 6}
+ a2+ 9+ 292, 4+ 2fy, + ¢=0.
Now if the line (1) be a tangent, both the values of 7

furnished by this equation must be zero, for the line is to meet
the circle at two coincident points, viz. (z,, ¥,) itself.

We must therefore have
22+ ¥+ 292, + 2fy, + ¢ =0
which is satisfied, since (;, y,) is by hypothesis on the circum-
ference of the circle, and also

(@ +9g)cos 0+ (3 +f)sin 0 =0.
This gives us the dircction of the line that it may be a tangent.

To get the actual equation of the tangent we must eliminate
0 between this relation and equation (1).
The equation of the tangent is then
z—

g, =_Y=h 1
cosax(w,+g)cos(9 Y X (4, + f)sin

that is (x=a)(m+9)+Y—y)(n+1)=0.
By making use of the fuct that (2, 3;) 1s on the circle we

can reduce this down to a form which it is not dithicult to
remewmber.

The equation is
xzy + Yy + g+ fy =2+ y* + g2+ fin
=—gu —j:l/l_ C,
coax +yn+g@+an) Y+ )+ ce=0.
This is the standard form of the equation of the tangent.

Circle referred to its centre.

75. In the special case where the origin is at the centre of
the circle the equation of the circle assumes the simple form

a.ﬂ + ya . az’
where a 1s the radius of the circle, If we wish to obtain the
5—2
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geometrical properties of the circle by analytical methods we
naturally take the equation of the circle in this simplest form,
But we have sometimes to find properties of a circle in
combination with other figures and then we may find it
necessary to take the origin elsewhere than at the centre of the
circle. The student then should accustom himself to the
general form of the equation of the circle as we have up to this
point been presenting it.

If facility can be obtained in the analytical methods as
applied to the circle, it will be found that all the latter part of
our subject becomes easy. The student is recommended then
to dwell on this part of the subject and to master it thoroughly
before passing on to the more general conic sections.

76. The equation of the tangent to the circle 2+ 3* = a?
at the point (z,, 9,) can be found by exactly the same method
as that which we have employed in § 74 and the student is
advised to go through the work step by step for himself and to
obtain the equation of the tangent at (z,, ) in the standard
form

xx + Yy = at

This could of course be got from the more general form we

had before by writing g=0, f=0 and ¢ =—a?

77. Condition for tangency.

To find the condition that the line y=mz + ¢ should be a
tangent to the curcle a®+y* = a’

We treat the two equations as simultaneous so as to find
the points common to the line and the circle. On eliminating y
we geb

2+ (ma + c)* = a?,
that is 22 (1 4+ m?) +2mex+¢*—a*=0.

Now if the line be a tangent to the circle, the two values
of & furnished by this equation must be equal, otherwise the
line would meet the circle in two points not coincident.
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The condition then for tangency is
mc? = (¢ — u®) (1 + n.?)
which reduces to c=a?(1+m?).
Thus we see that the two lines
Yy=mz+a N1+ a2

are both tangents to the circle,

78. It follows from the preceding article that the lines
y—k=m(z—h)+avl+m
are both of them tangents to the circle whose equation is
(z=hp+(y—kp=a
For if we eliminate y — &k between the equations
y—k=m@—h)+av1 +mi....ccceun...n. 1)
and @=hP+ (Y —k)P=0" cceevevrrrrnannns (2)

so as to find where the line meets the circle we shall obtain
exactly the same quadratic equation in z—h as we should
have had in  if we had eliminated y between

y=fmx+a\/1 + m?
and 2 +yt=a?

but this resulting quadratic equation in # we know to have
equal roots by the last article.

Therefore the quadratic equation in #—h got by eliminating
y — k between (1) and (2) has equal roots. That is we get only
one value of £ —h and therefore one value of «, and then y
is determined uniquely from (1). Thus the line (1) meets the
circle (2) in two coincident points. That is to say it is a
tangent. Similaxly also

y—k=m(@—h)-avl+m?

is a tangent.
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Examples. 1 Prove analytically that the tangent to a circle at any
point of it is perpendicular to the radius to that point.

2. Find the equations of the two tangents to the circle z*+y%=q?
which make an angle of 60° with the z-axis.

3. Shew that the tangent to the circle 22+y?+2gx+2fy=0 at the
-origin is gz+fy=0.
4. Shew that the line x#+y=2 touches the circles #?+y?=2 and
+y?+432+3y—8=0 at the same point.

6. If Az+ By+ C=0Dbe a tangent to the circle 23422+ 292+ 2fy +¢=0,
t will also be a tangent to the circle

224y 4+ 292+ 2fy +c+ A (Adx+ By+ C)=0.

79. Chord of contact.

To find the equation of the chord of contact of tangents from
(=, v,) to the cvrcle 2* + y* = a’

When we speak of the ‘chord of contact’ of tangents from
(z,, ) we mcan the line through the points of contact of the
tangents from (z,, y,) to the circle.

Let (73, 4.), (23, ¥s) be the points of contact of the tangents
from (=, y,) to the circle,

(‘tlyl)

(=.y,)

(@5%,)

Now the equation of the tangent at (z,, 9,) is as we have seen
ZLy + Yy = a’.

Therefore, as this passes through (z,, y,) we have
&%+ 1Y, = @

Similarly @, x5+ Y Y= A%
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Therefore (z,, 7,) and (z;, ¥;) both satisfy the equation
zxy + Y =a’,
which represents a line.
Therefore this is the equation of the chord of contact.

Cor. We see from the equation that the chord of contact
is perpendicular to the line joining the centre to the point
(21, 41) for the equation of this joining line is

80. Pole and Polar.

DEr. The polar of a point with respect to a circle (or conic)
is the locus of the points of intersection of tangents drawn at the
extrematies of chords through that point.

To find the equation of the polar of the point (z,y,) with
respect to the circle a*+y*=a’

Let any chord be drawn through (z, ;) and let the tan-
gents at its extremitics meet in (23, ¥5).

The equation of the chord of contact of tangents from
(%, %2) is by § 79

TZy+ YYa=ar
But this goes through (z;, 1),

O BTyt YiYs=00N
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Therefore the locus of (z,, ¥,) 18

zT + Yy, =a.

We thus see that the polar of (, 7,) as defined above is a
line, and it is perpendicular to the line joining the centre to
the point (z,, ,).

The point (, y,) is called the pole with respect to the
line zz, + yy, = o’

The terms ‘pole’ and ‘polar’ are thus correlative.

The term ‘pole’ as used in this connection has nothing to
do with the same term as used in polar coordinates.

81. If we wish to find the pole of a line whose equation is

Az+By+C=0,
we suppose (z,, ¥,) to be the pole.
Therefore the given line is identical with
zm +yy, = a*;

LB @
"4 B -C°

Thus 2, and 7, are found.

82. On the definition of Polars. We see from § 79, 80
that the polar of a point P with respect to a circle coincides
with the chord of contact of tangents from that point, if P be
outside the circle. The same is of course true if the point P
be inside the circle. For we have then two imaginary tangents
from P which will have imaginary points of contact with the
circle. These imaginary points of contact lie on the real line
zz, +yy,=a’, as is obvious from the fact that the algebra of
§ 79 takes no account of whether the points of contuct (23, ¥s)
(@s, ys) of the tangents are real or imaginary.

We see then that the chord of contact of tangents from a
point and the polar of a point are the same line.

Some writers indeed define the polar of a point as the
chord of contact of tangents real or imaginary from thatb
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point.  This is perfectly legitimate. But we prefer the
definition we have given in § 80, as then the polar is defined
by means of a geometrical property without any reference
to imaginary points.

Suppose the polar of a point is defined as the chord of
contact, then it is still necessary to shew that as a result of
this definition the polar of the point is the locus of the points
of intersection of tangents drawn at the extremities of chords
through the point.

Examples. 1. Shew exactly as in § 79 that the chord of contact of
tangents from (2, %) to the circle
Y a4yt 99r+2fy +0=0
is B2 Yy +9 @+ )+ fy ) +e=0.
2. Shew that the polar (as defined in § 80) of the point (z,, y;) with

respect to the circle
- o2+ Y2+ 292+ 2fy 4¢=0

is 2z +yy1+9 (@ +2y) + (Y +y1)+c=0.

3. Prove that the points of contact of the tangents from (z;, y;) to the
circle #2+y2=a? are

(a’xl +ayVrl+yd-al a%y, - azA/ R ag)

0€ zt+y? ’ 2+t
and (a%‘l —~ay, \7/;1:172 +yi—at ay +ax VT ryd— a’)
oty ’ zt+y?

Write down the equation of the line through these points and shew
that it reduces to zz, + yy; =al

4. Prove the following geometrical construction for the polar of a
point 2 with respect to a circle whose centre is ¢': Join CP and take Q
on CP such that CQ.CP=square of radius, then the line through @
perpendicular to CP is the polar.

83. The student will have noticed that the form of the
equation of the tangent to a circle at (x,, y,), when (=1, y1)
i8 on the circle, is exactly the same as that of the chord of
contact of tangents from (z,, %) and of the polar of (a,, %)
when the point is not on the circumference of the circle. This
makes these equations easy to remember, for we have only one
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form to rcmember for all three. As will be seen later exactly
the same property holds for the conic sections in general.

84. Conjugate points.
Prop. If the polar of a point A goes throngh B, then the
polar of B goes through A.

Take the origin at the centre of the circle so that the

equation is
?+y*=a’

Let (z,, 9,) be the coordinates of A4, and (z,, ;) of B. The

polar of 4 is then
zz, + Yy, =a’

If this passes through (2., y,) we have
ZoZy + Yol = A*
which is the condition also that (z;, 7,) should lic on the line
ZZ,+ Y Y, = 0%
But this is the polar of (z,, ¥,).
Thus the proposition is proved.

Two points such that each lics on the polar of the other are
called conjugate points.

Thus the condition that (z,, %) and (., y,) should be
conjugate points for the circle a®+ y*=a? is @2+ y1y,=a™
It is quite easy to prove that the condition that (=, ) and
(@3, ¥) should be conjugate points for the circle

2+y+ 292+ 2fy+¢c=0
is 2,8, + Y1 Yo+ 9 (21 + 2) + f (41 + y.) +¢=0.

Conjugate lines. To find the condition that the pole of

the line
lz+my+n=0..ccceceereirracunnn.. Q)

with respect to the circle #*+ 3* = a* should lic on the line
le+my+n =0 ccavennennns eveeen(2).
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Let (@1, 3,) be the pole of (1),
S+ Yyph=at
18 1dentical with (1);
o _%h_-—@
Il m n°
If then (=, 7,) lies on (2)
War  mw'e®

- | n’'=0,

n n

S U mm — »n% =0.

It follows from the symmetrical nature of this relation
which is unaltered by the interchange of I, m, n with I/, m/, n’
respectively that if the pole of (1) lies on (2) then the pole
of (2) will lie on (1).

Two lines such that each contains the pole of the other are
called conjugate lines.

The student neced not trouble to remember this condition
for conjugate lines as it is much easier to commit to memory
the formula in the general case which will be considered in a
subscquent chapter.

Equation of chord in terms of its middle point.
86. If (@, ) be the middle point of a chord of the circle
o+ y* = @, the equation of that chord is
xx, + Yy =z + Yy,
Let the equation of the chord be
Z—n _Y—Uh
cosf sinf
0 being its inclination to the axis and r the algebraical distance
of (z, y) from (z,, v,).

Substitute
z=z+rcosf, y=y +rsinf

=T,

into the equation of the circle.
o (@ +reos 0P+ (+rsindr=ad,
oo P4+ 2r(zyco80 +y,8inf)+ 2 +y'—a'=0.
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Now since (@, 4,) is the middlc point of the chord the
values of r furnished by this equation must be equal in
magnitude and opposite in sign.

oo ycosf+y,sin =0, a
or @, cos §=—1y,sin 6.
Therefore the equation of the chord is
T—x
cos
that is xm + Yy, = x® + Y.

(@, cos 0) = Zl; %’ (=7 sin 6),

86. To find the middle point of the chord of the circle z2+y?=a? the
equation of the lune of the chord being x cos a+y sina—p=0,

Let (2, ;) be the middle point of the chord,
.*. the equation of the linc of the chord is
zzy+yn =2+’
This then must be identical with
zcosa+ysine=p,
z, T e o
==t = ()
.. xy=Acosa, Y =Asina,
A2 (cos? a+sin? a)
o, OB AT Ty,
p
Thus the middle point of the chord is (pcosa, psina).
Similarly the middle point of the chord lying along the line
Az+ By=_C is given by

z_yi_mty’
i=z= ¢ —M &7
% .z‘1=7\A, y1=KB
)"(A2+1}2)_ s .
and — =N A= g
Y BC
.*. the middle point of the chord is ( AZA-:{B—” 4 -l-_B_")

o A=p.

87. Geométrical properties.
(i) The line joining the middle point of & chord of a circle to the centre
of the circle is perpendicular to the chord.
For if (z,, ;) be the middle point of & chord of the circle 2?+y%=a?
the equation of the chord is
2z + Y=o+
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But this line is clearly at right angles to
r_Y¥_

0 WNCAY
whieh is the line through the origin, that is the centre of the circle, aad
the middle point of the chord.

(ii) The locus of the middle points of a series of parallel chords is a
Uine through the centre of the circle.

For if (2, 7,) be the middle point of one of two series of chords, the
equation of that particular chord is

221+, =z2+3
But the chords belng all parallel, have the same ¢ m,’

z
. —~'=a constant.
K5

That is the locus of (z,, 71) is ;{« =a constant, which is a line through

the centre.

88. The student should for practice prove by the method

of § 85 that the equation of the chord of the circle
2+ Y+ 292+ 2fy+c=0

is x4 yh + 9% + fy = @ + 9t + g+ fh,
if (2, 1) be the middle point of the chord.

It should be observed that if 7'= 0 be the equation of the
tangent at (2, ¥,) where

T=am+yyp+g(z+a)+f(+m)+o

then T'=T, is the form of the equation of the chord whose
middle point is (2, %), 7% being what 7' becomes when z,, 4,

are written for # and y. It will be found later that thisis a
property applicable to conic sections in general.

89. Trigonometrical notation. If 6 be the angle
which the radius to a point P on a circle (radius a) makes with
the axis of «, the centre being the origin, the coordinates of P
are given by .

x=acosd, y=asind
in whatever quadrant P lies.
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It is sometimes convenient to represent points on the circle
#* + y*=a’ in this way instead of by (a,, ,) etc.

The equation of the chord joining the two points

(acos 6, asin ), (a cos ¢, a sin ¢)

. x—acosf Yy —asin 8
18 a (cos @ —cos ¢) = a(sin 6 —sin ¢)’
that 18 (z— a cos 0) 2 sin 8——;~¢) cos 0 -; ¢
=—(y—asin 9)2sin0——2;? sin 6——;2,
that is, on dividing by sin 4 ; (’b,
& cos 0—:;—-¢ +ysin—0—;$=a cose—;— .

The equation of the tangent at (acos 6, asin 6) is got at
once by making the point (¢) move up to and coincide with (6).
We thus get as equation of tangent at (6)

zcos 0 + ysin 6= a.

This could of course be got immediately from the tangent
at (@, y), Viz.
xz;, + Yy, = d?

by writing zy=acosf, y,=asiné.

90. We could by analysis prove all the geometrical properties of a
circle. It must not, however, be supposed that these properties are in all
cases more easily proved by analysis than by pure geometry. Sometimes
the methods of analysis are short and simple ; but there are cases where
they are complicated and inferior to the methods of pure geometry.

Suppose we were required to prove by analysis that angles in the same
segment of a circle are equal. We could proceed as follows.

Let AB be a chord of the circle radius a.

Take the origin O at the centre of the circle, and the line perpendicular
to 4B as the axis of z.

Let 2 be a point on the arc of the larger segment cut oft by 45, Q a
point on the arc of the smaller segment.
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Let the points P and @ be expressed (a cos 8, a sin ), (a cos ¢, asin ¢p)
respectively.

Y

B
P

Let the point 4 be (@ cos a, @ sin a) so that B is {a cos (—a), asin (—a)}.
Therefore the equation of AP joining (8) and (a) is

Z cos Ota +y sin g+g_acos 6-a .
2 2 2
And the cquation of B/ joiniug () and (—a) is
Z cos —— +J sin 8——“ =a CoSs Q+—u
2 2 2
6+a

The ¢m’ of the line 4/’ is therefore — cot 5

and the ‘m’ of the line BP is —cot f’;(—x ;

—cot gj_a+cot 8;—9 sin<6—;—a— 0-a cina_
tan BlA = — — = n a,
d+a 0—a b‘+a 6—a wsa
1+4cot - g © ot - 9 co - )

- LDPA=) LBOA.

Similarly the ¢m’ of @4 is —cot ¢ }5

and the Sm’ of QB is —cot¢2—a,
—cot¢—a+cot¢+a —sina
% tan AQB= - =—tana
1+b0t¢+ cot¢2“ cosa

We have thus proved that the angle BPA =4 £ BOA wherever P is on
the arc of the larger segment, and theangles 4@ B, BPA are supplementary
independently of the position of ¢ on the arc of the smaller segment.

All that we have proved could have been proved wore easily or quite as
easily by pure geomctry.
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91. Polar equation of circle. It is easily seen that
the polar equation of a circle whose radius is @ and the polar
coordinates of whose centre are (¢, a) has for its equation

r?* —2rccos (0 —a) +c*=a?
for the left-hand side is the square of the distance of the point
(r, ) from the point (c, ).

When the pole is on the circumference of the circle c=a

and the polar equation becomes

r=2a cos (0 — a)
which when the initial line is a diameter assumes the simpler
form

r =2a cos 6,

These last equations can be got quite easily from figures for
if OA be the diameter through the pole O, and P any point on

the circle
OP = 0A cos AOP,

SysTEMS oF CIRCLES.

92. Orthogonal circles.

The necessary and sufficient condition that the circles
@+ y*+ 29z + 2fy +¢=0,
a*+ 1y + 29’z +2f'y +¢' =0,
should cut orthogonally ts
299"+ 2ff =c+C.
[DEr. Two circles are said to cut orthogonally when the
tangents at their points of intersection are at right angles.]
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Let A and B be the centres of the two circles, P a point of
intersection.

Then if the tangents at P to the two circles are ab right
angles, these tangents being at right angles to the radii, APB
must be a right angle,

AB*=AP*+ BP2

Now the coordinates of 4 are (—g, —f) and AP*=g*+ /% —c.

And the coordinates of B are (—g’, —f') and BP?=g"+ f*— ¢

S -9+ (== 4+ —c+ g+ =0
o 299+ 2ff =c+ .
This condition then is necessary, and it can be seen to be
suflicient by working the algebra backwards.

93. Radical axis.

The locus of points from which tangents to two given circles
are equal 1s a straight line perpendicular to the line jorning thewr
centres and passing through the points of intersection of the
circles.

Let the two circles have for their equations

2+ 12+ 2902+ 2fy+¢c=0 .cceeuenneen... (1),
B2+ +202+2fy+c’'=0 ciienrannnnn. (2).

Let P (2, y) be a point from which the tangents to (1) and
(2) are equal.

Now square of tangent from P to (1) is 22+ y* + 29z + 2fy +c.
And square of tangent from P to (2) is 2*+ y* + 29’z + 2f'y + ¢
O By + 2924+ 2fyte=22+ '+ 292+ 2f 'y + ¢,

c2@-9)x+2(f-f)y+ec—¢ =0......... (3).

Therefore the locus of (2, y) is a straight line; and points
which satisfy (1) and (2) simultaneously also satisfy (3);
therefore (3) goes through the points of intersection of (1)
and (2).

Moreover the coordinates of the centres of (1) and (2) are
(=9, =) (—9g's = F) vespectively.

A 6
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Therefore the ‘m’ of the line joining the centres is f=f .

But the ‘m’ of (3) 18 —ﬁ—:—;{, and the produet of these is —1.

Therefore (3) is perpendicular to the line joining the centres
the circles.

The line (3) is called the radical azis of the two circles (1)
and (2).

CoRr. 1. The three radical axes of three circles taken wn
pairs meet in a pownt (called the radical centre of the three
circles).

For if B+ +200+2fy+c=0 .neranenn.nee. 1),
@+ +20c+2fy+c=0 .l (2),
&+ +20"e+2f"y+c" =0 cnerinnn. (3),

be the equations of the circles.
The radical axis of (2) and (3) is
2@ —-gNe+2(f —f")y+c —c"=0......... (4).
The radical axis of (3) and (1) is
20" —g)z+2(f"=f)y+c"—c=0ureueen(5),
and of (1) and (2) is
2(g-9Ne+2(f—f)y+e—c=0......... (6).
Now (4) + (5) + (6) is an identity.
Therefore the three equations (4), (5) and (6) hold simul-
tancously, that is, the radical axes meet in a point.

Cor. 2. If two circles touch one another thewr radical axis
18 their common tangent at the point of contact.

94. Equation of two circles.

By choosing’ as the axis of @ the line joining the centres of
two circles, and as the axis of y thewr radical axss, the equations
of the ciicles are of the simple form

2+ + 29+ c=0,
A+ +29c+c=0.
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For since the y coordinate of each centre is zero the circles
have their equations of the form
2+ y*+ 292+ ¢=0,
Z+y'+29z+c =0,
The radical axis of these is
2(9-9)z+c—c'=0,
But the radical axisis z=0.
o =c.
Thus the proposition is proved.

95. Prop. The difference of the square of the tangents to
two circles from any pownt in their plune varies as the distance
of the point from their radical azus.

(Let «,, 7,) be any point in the plane of the two circles

2+ y'+2jz+c=0,
2+ y+20c+c=0.

The difference of the squarcs of the tangents to these from
(21, 91) 18

(@ + 9t + 290+ ¢) — (@2 + y' + 29’z + c)
=22,(9 -9,
which varies as ;, which is the distance of the point from the
axis of ¥, that is the radical axis.

96. Coaxial circles. A system of circles such that the
radical axis for any pair of them is the same is called a coaxial
system.

Clearly such circles will all have their centres along the
same line. Taking this line of centres as the axis of z and the
common radical axis for the axis of y the equations of the
circles will be of the form

D+ Y+ 29z +c=0,
o+ + 20+ ¢ =0,
o+ i+ Qg"w +c¢c=0.

ete. cte.
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Belonging to this system will be the two circles

B+YP+2er+c=0.0niriiiiiinnnnnns. (1)
and 4P —2Wer +c=0 cverrvnnennnn. . (2),
that is (@+Vey+y2=0
and (z— ey +y1=0,

that is two circles of zero radius with their centres ab
(= e, 0) (+ Ve, 0).

The centres of these two circles of zero radius, point circles
as they are sometimes called, are known as the limating points
of the system of coaxial circles.

The limiting points, lying on the line of centres, are rcal if
¢ be positive, otherwise they are imaginary.

97. Limiting points.

Prop. If L and L' be the linuting points of a system of
coaxial circles the polar of either of these points with respect to
any circle of the system passes through the other.

For taking the line of centres as axis of z, and the radical
axis as that of g, the equation of any circle of the system is of
the form

a2+ 12+ 292 +¢ =0,
The coordinates of L are (V¢, 0) and of L' (—¥¢, 0).  (§ 96)
The polar of L (Ve¢, 0) with respect to the circle is

zVc+y(0)+g(x+vc)+c=0,

that is (We+9) (@ +Ve)=0.
But g+ -V,
sz 4+Ne=0,

which is a line through I’ parallel to the radical axis.

98. Propr. All the circles of a coaxial system are cut
orthogonally by every circle pussing through the Wuating points.

Take the axes as before,
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The equation of a circle of the system is of the form
P+ +2924+c=0 civivniniininnen.. (1)
and the equation of a circle passing through (¥¢, 0), (- V¢, 0)

is of the form
B+ +2fy—c=0.ccovieinininnnn. (2

gince the « coordinate of its centre is zero and when
y=0, z=++e.
The condition that (1) and (2) should cut orthogonally is

29(0)+20)f=c—c (§92)
which is satisfied.

99. The general equation of circles coaxial with two given

curcles
S=a*+1*+ 292+ 2fy + ¢ =0,

S=a*+y*+20z+2f'y+c¢'=0
ts S+ kS’ =0, where k 1s any constant,

For clearly S +/£8’.= 0 for any constant value of % is a circle,
since the coefficient of &? = cocflicient of 32, and the coefficient
of xy is zero.

Moreover the locus S+ k&S’ =0 passes through the points
common to the two given circles.

Thus for different values of % it represents circles coaxial
with the given circles.

100. If S=a®+ 1 +202+2fy+c=0.cuvrvenenenn.. 1)
be a circle and L=A2+By+C=0 .ccveereuenean.e. 2)

a line, the equation
S—-kL=0

for any constant value of k will be a circle cutting the given
circle wn the points where it 1s cut by the line.

For it is clear that
S—klL=a*+y*+292+2fy+c—k(Az+By+C)=0
represents a circle and it is satisfied by points which satisfy

(1) and (2) simultaneously.
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Cor. If S=a+y*+29r+ 2fy+c=0
be some circle, then the equation of any other circle can be
expressed in the form

S+ ({z+my+n)=0,

EXAMPLES.

1. The condition that the circles
o+t + 29+ 2fy+c=0
Py +20x+2f'y+ =0

g

should touch is
gy +2f" —ec—cV=4(*+f*=¢)(9*+/? =)

2. The locus of points, the tangents from which to two given
circles are in a given ratio is a circle coaxial with the given circles,

[Use § 94.]

3. The locus of points such that the difference of the squares of
the tangents from them to two given circles is constant is a line
parallel to their radical axis.

4. The equation of the circle orthogonal to the three circles

P+ + 2z + 26,y +/,=0
B+ y+ 2, + 20,y + ;=0
o+ 1+ 2dyx + 265y + f3=0
is 2+ oy, 1(=0.
‘.fl: dl’ €1y -1
—./2) dz, €y = 1 !
“fa, dB) €3y 1

5. The equation of the circle circumscribing the triangle formed
by the lines

Ae+ By + C=0, A'z+ Ly+C' =0, A"z+B'y+(0"=0

. A+ 12
is Zzpys0r 4 B =0
At + B? , ,
Tainy+c0 4 B
A4 B S
Fovpyro A F
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[Clearly
Ad'x+By+C')(A"2+B"y+C")+pn(A"2x+B"y+C")(Adzx+ By+C)
+v(dx+ By + C) (A’ + B'y + C')=0,

will pass through the vertices of the triangle formed by the given
lines, for this equation is satisfied by any two of the given equations
taken simultaneously. Choose A, u, v 80 that this is a circle. ]

6. The condition that the circle circumscribing the triangle
formed by the three lines
ax+by+c=0
%+ by +c,=0
ax+by+c=0
should have its centre on the x-axis is
a,ay —bby, aga,—bh, aa,—bb, |=0.
aghy + azby, @by +ad,, ab +ab,
byCa+ bycyy,  bicy +byey,  bgey + bicy

7. The straight line zcosa + y sin a = p being denoted by (ap),
find the equation of the circle circumscribing the triangle formed by
the lines (ap), (B9), (yr) and shew that if it passes through the origin

he

8. Shew that the circle on the chord z cosa+ ysina —p =0 of
the circle ? + y* — a*= 0 as diameter is

grsin(B-y) + rpsin (y—a) + pgsin(a—£)=0.

x'+y?—a’'-2p(xcosa + ysina — p)=0.

[Use § 100.] \l

9. If two circles cut a third circle orthogonally, the radical axis
of ﬁbé two circles passes through the centre of the third circle.

10. Shew that if §; =0, §,=0, S;=0 be the equations of three
circles of which each two cut orthogonally, the equation
P LS + LSy +5,8,=0

represents a real circle except in certain cases where it represents a
straight line.
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11. B8hew that the condition that the two circles
a(@+y’)+gr+fy+c=0
and o (@ +y)+ge+fy+c =0
may touch each other is
(of = af) (of =)+ (ag’ = a'g) (cg’ — ¢'g) + (ad’ —a'e)’= ] (/o' ~f")".
12. Shew that if two points are conjugate with respect to a

circle the square of the distance between them is equal to the sum
of the squarcs of the tangents from them to the circle.

13. If two points P and @ are conjugate with respect to a circle
S the circle on 2°Q as diameter cuts § at right angles.

14. Shew that the general equation of all circles cutting at
right angles the circles represented by
& +y - 20x—20y+c¢,=0, a®+y®—2a,2— 20,y +¢c3=0

is 2+y, o, y | +k x oy, 1 [=0.
C1y a, bl | a, b, 1
Coy a,, b, A |

15. Find the equation of the circle whose diameter is the
common chord of the circles
@+y’+2x+3y+1=0 and 2*+y*+4zx+3y+2=0.

16. TFind the coordinates of the limiting points of the circles
C+yY+2x+4y+7=0, 2*+ P +4x+2y+5=0.
17. Find the equation of the circle to which the triangle whose
vertices are (%, %), (%2, ¥1), (%, ¥,) is self-conjugate.
[A triangle is self-conjugate for a circle when each pair of its
vertices are conjugate points,]

18. Prove that the circumcircle of the triangle formed by the
lines
2cosa+ysina=aseca+ bsina,
xcosB+ysinB=asec B +bsin B,
xcosy+ysiny=asecy+bsiny,
passes through the points (0, b).
19. The polars of a point P with respect to two given circles
meet in @ ; shew that the radical axis of the circles bisects £Q.

[Use § 94.]
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20. Circles are drawn through the point (¢, 0) touching the
circle ' + y*= a’. Shew that the locus of the pole of the axis of
with respect to these circles is the curve

4a* (x—c)'=(a’ - ¢?) {a? - (c — 2x)%} 2
21. The straight line & + my — 1 =0 meets the lines
ax? + thy + b:l/"‘ =0

in the points P and @ ; shew that the equation of the circle described
on FQ as diameter is

(@ + ¥°) (am® — 2him + OP*) — 22 (Bl — hom) — 2y (am — hl) + @ + b =0.
22. Prove that if §,=0, S,=0, S;=0, S,=0 be four circles of
which each pair is orthogonal, their equations being in the form

in which § denotes the square of the tangent from any point, then the
condition that

AS, + S, +vS5+ pS,=0 and NS+ w8, +v'S; +p5,=0
should be orthogonal is
ANP? + pup/r? + v'r? 4+ pp'r2 =0
where 7, 7,, ry, 7, are the radii of the circles.
23. The length of the common chord of the two circles

Z+ i+ 20z +¢=0,
2+ y’+2uy—c=0

is 20/ (AT =¢) (3 + o)/(N* + ).

24. If the origin be at one of the limiting points of a system of
coaxial circles of which
@+ +29x+2fy+e¢=0
is a member, the equation of the system of circles cutting them all

orthogonally is
(@ +y") (9 + 1) + e (@ +py)=0.

25. Two circles of radii B,, R, with their centres at a distance
d> (R, + R,) may, by properly choosing the axes of coordinates in
one of two different ways, be represented by the equations

@ +y*-2ax+2=0, 2 +y*— 20y +c=0,
where @@=} (BP-R2+d), V=}(R:-L*+dY)
and =] (d*- R*- R,).
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26. From a fixed point (¢ 1) perpendiculars are drawn to the
straight lines
ax® + 2hxy + by + 29 + 2fy +¢=0.
Shew that the equation of the circle circumscribing the quadri-
lateral so formed is

(ab—H) (&= &) +y (y - )} = (4 — bg) (2 — &) — (gh — &) (y ~m) = O.

97. Circles are drawn with their centres on the axis of = and
touching the straight line y=wtana. Shew that the points of
contact of tangents from a fixed point (&, &) will lie on the curve
given by
(x—h)* (y? — a*sin® a) — 22y (x— k) (y — k) sin® @ + y* cos*a (y — k)* = 0.

28. If four points P, @, R, S be taken, and the square of the
tangent from P to the circle on Q& as diameter be denoted by
(P, @R), then

(P, BS) - (P, @8)-(Q, 1S)+(Q, PR)=0.

29. Shew that with respect to the triangle forined by the lines
ax® + 2haxy + by* =0, y =k, the equation of the pedal line of the
point (other than the origin) where the circumcircle cuts the axis

of z is
a(a - b)z+ 2ahy = 2bhk.

80. The centres C,, C,, C;, C, of four circles form a parallelo-
gram, C, and C, being opposite vertices. Prove that the locus of a
point such that the lengths ¢,, ¢,, ¢, ¢, of the tangents drawn from
it to these four circles obey the relation &, = t,t, is & curve of the
second degree.

31. Shew that the general equation of a circle which touches
the two circles

P+ +3+22=0, aP+y+ct+20x=0,
may be written in the form
@+ 1) (@ +ab) @+ 17+ A+ 202) + ¢ (ab— N} (23 + 92— 2+ 2uy) =0,
where p has any value, and A is either root of the quadratic

equation
(@ +8) (* +AY) =2\ (¢* + ad).



CHAPTER VL
CIIANGE OF AXES,

101. Before we pass on to the analytical investigation of
the conic sections we shall obtain, for future use, the formulae
necessary to express the coordinates of a point in a plane
referred to two axes in terms of the coordinates of the same
point referred to two other axes.

We have already made use of the fact that if (, y) be the
coordinates of a point P, referred to two axes, (=, 1) the
coordinates of a point A referred to the same axes, then the
coordinates of I referred to axes through A parallel to the
original axes are (z—ua,, y—y,). Denoting these by (X, Y)
we have

e=X+az, y=Y+y,.

We see then how to obtain the equation of a curve referred
to two new axes when its equation is alrcady known referred to
two axes to which they are respectively parallel. We have
only to write X 4+, ¥ +y, for  and y in the given equation,
and the new equation in X, ¥ will be obtained.

This is changing the origin without changing the directions
of the axes.

We now pass to the consideration of the problem of a
change in the directions of the axes without a change of

the origin.
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102. Transition from one set of rectangular axes
to another with the same origin.

Let («, y) be the coordinates of a point P referred to rect-
angular axes 0X, OY. Let (¢, y') be the coordinates of the
same point P referred to rectangular axes OX’, OY’ with
the same origin.

v Y
P
iy X
N/
/
0 LK X

Let 2 X0X measured in the usual positive direction = 6.

Draw PL, PL’ perpendicular to OX and OX’ respectively.
Draw L'K perpendicular to X and L'N perpendicular to PL.

Then ¢=0L=0K-NL
=a'cos@—y'sinf ............ 1),

y=LP=KL + NP
=a'sin0+y cosl .....u.u.... (2).

From these, or independently, we get
&' =zcos 0+ ysin b,
'=—2 sinf+y cosb

These latter are not wanted so frequently as the former.
They can be always obtained from (1) and (2) by interchanging
z and &, y and y’ and writing — @ for 6,
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103. Transition from oblique axes to rectangular
axes with the same axis of .

Let (z, y) be the coordinates of P referred to oblique axcs
0X, OY containing an angle w; («, ¥') the coordinates of the
same point referred to rectangular axes 0X, 0Y",

Yl

o) L L X

Draw PL, PL' parallel to OY, OY’ to meet the z-axis in
Land L',
Then 2=0L=0L-LL =2 -y cotw
y=LP =y cosec }
and &=0L'=0L+LL =x+ycosw }
y=LP=ysine *

104. Transition from one set of oblique axes to
another with the same origin.

Let (x, y) be the coordinates of a point P referred to axes
0X, OY containing an angle ; («, ¥') the coordinates of the
same point referred to axes OX’, OY’ containing an angle o'.
Let a and B be the angles which OX’ and OY” respectively
make with 0X.

Draw PL parallel to OY to meet OX in L, so that
OL=a=, LP=y.

Draw PL’ parallel to OY’ to meet OX’ in L/, so that
OL'=&, L'P=y.
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Now draw PN perpendicular to OX; L'R and L'K per-
pendicular to OX and PN respectively.

Y

Y’
[
| —X
—HK
L N X

Then ysinw=NP=RL + KP =«'sina+ ¢ sin B.

Similarly, since OX’ and OY" make angles ® —a and o — 8

with OY,
zsin w = ' sin (w — a) + 7' sin (0 — B).

sin (w —a sin (o —
Thus L1 ( )+y' ( B),
sin @ 81N @
o sin a ,8in B
sin w sin e’

where 8 —a=0w'.

105. The formulae obtained in the last article are not
easily remembered, nor will there be much need to remember
them. But it is important to observe thab

e=ka' + 1y,

y=k’x’ +l,y’,
where k, I, k', I’ are constants depending on the angles o,
and a.

U
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The actual formulae of § 102, 103 will be wanted from time
to time. But they are very easily obtained at any time directly
from a figure, so that they nced be no burden on the memory.

v106. Invariants.

Prop. If (=, y) be the coordinates of a point referred to axes
0X, OY containing an angle w, and (', y') be the coordinates of
the same point referred to azes 0X', OY' containing an angle o',
and if az*+2hzy +by* in whick a, b, b are independent of
z and y become a'x+21'x"y’ +b'y"?, then
@’ +¥ -2 cosw’ _a+b—2hcosw

8in’ @ sin® w
at/—h* _ab—h?

sin*ew ~ sinfe

and

We have  aa®+ 2hzy + by* = /s + 202’y + b'y?
and 2+ 2zy cos w + Yy = + 20’y cos ' + Y,
since each of thesc is the square of the distance of the same
point from the origin.
Therefore

az® + 2hxy + by + A (2* + 2ay cos  + y?)
=a'a + 202"y + Uy + N (&% + 22"y cos o+ y™)...(1),
for all values of A.
Now if A be so chosen that the left-hand side is a perfect
square in z and y, viz. (pz + qy)?, then since
xz=ka' +1ly,
y=ka +Uy § 105),
o o gyf={p (k' +ly) + g (Ko + V)]
=@ +qy), (say).
Thus whatever value of A makes the left-hand side of (1) a

periect squarc in # and y makes the right-hand side a perfect
square in &’ and y'.
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The left-hand side will be a perfect square if

@+A) DO +N)=(h+N\cos o),
vhat is if

AMsin?o +A(@a+b—2hcosw)+ab—-h"=0.
Similarly the right-hand side will be a perfect square if
Atsin’ o’ + A (¢’ + 0 — 2R cos o) + a'b’' — K= 0.

These two quadratic equations in A must have exactly the
same roots,

a+b—2hcosw @' +b — 2k cos o’

81n° sin® w’
ab—h* b —h?
and 3 = Ty 7 e
sin? @ sin?

. a+ b — 2h cos b—1
On account of this property —+le >? and gu—! ‘
S 8in’ @

are called tnvartants.

In the special case where we transform from one set of
rectangular axes to another,

a+b=a"+V,
ab—h=a't' — 1"

These invariants are of importance in the development of
the theory of the general equation of the second degree and the
student is recommended to master the proof given of them. It
would be well for him to work out the special case of rect-
angular axes by the same method we have employed in the
general case when the axes may be oblique.

107. Removal of the zy term.

Pror. If (=, y) be the coordinates of a point referred to
rectangular azes, it vs always possible to transform to rectangular
azes with the same origin so that ax®+ 2hzy+Py* becomes
a'a +b'y"™ in which the term in @'y’ s wanting, (@', y') being the
same point referred to the new axes.
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For if the axes be turned through an angle 6 we have

by § 102
S @ =2a cosf—y sin 6,

y=a' sin 0 + 3y cos 6,
. az® + 2hxy + by* = a (2’ cos 6 —y'sin O)?
+ 2h (2 cos 8 — ' sin 0) (¢’ sin O + 3 cos 6) +b (' sin § + 3’ cos )
= (a cos® @ + 2 sin @ cos 0 + b sin* f) 2™
—2{(e¢—0b)sin 6 cos § — k(cos® § — sin? 8)} zy’
+ (e sin* @ — 2k sin @ cos 6 + b cos® 0) y'%
The term in 2’7 will disappear if
$(a—0b)sin 20 —hcos20=0,

that is if tan 20 = 2 ,
a—b
and this equation can always be satisfied by a real value of 6.
We have 260 = nir + tan™! 2h ,
a—>b
2h
. -1 -1
. 6=1]tan ity SETTRUIPIOSIINPOS (1),
T 2h
or 0= 5+ % tan™ ppiy SETTERTRIR RS (2),
or 0=m+ % tan™? 2h 3)
gy SRR IONS ,
o o 2
or 0= 5 + % tan gy SETITIIRRIPIR (4).

These all really give the same new axes of coordinates, what
is the positive direction of the z-axis in one case being the
positive or negative direction of the z- or y-axis in another.

Special case where ad—/A?=0. In the special case
where ab —Ah*=0 the removal of the zy term in

az® + 2hxy + by?
by turning the axes through an angle ¢ given by tan 6= %
will make eithera’ =0 or &' = 0.
a. 7
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For ax® + 2hzy + by* becomes a’z"? + b'y"™.
Now ab=h* is the condition that the pair of lines through

the origin
az® + 2hay + by* =0
should be coincident.

Therefore a'z?*+0y*=0
represents a pair of coincident straight lines, which is impossible
unless a’=0 or ' =0.
The same can also be seen by means of the invariants. For
ab=ab—-h*=0,

.o a'=0or V=0,
\
Oblique zxes.

108. To find the condition that the two lines whose equations
are

Az +By+(C=0
and A'z+By+0C' =0
should be at right angles, the azes being inclined at an angle w.
Transform to rectangular axes keeping the origin and the
axis of z unchanged.
As in § 103, we have
z=a"—y' cot w, y=1 coscew.
Thus the equations of the two lines referred to the new
rectangular axes are
A (' — 1y cob w) + By cosecw + C=0
and A" (&'~ y cot ) + By’ cosecw + 0" =0,
thatis Asinew.2’+(B—-A4cosw)y +C'sinw=0
and Ad'sinw.o& +(B'— A4’ cos w)y’ + C'sin w =0.
The condition that these should be perpendicular is
AA' sin’w + (B—A4 cosw) (B'— A’ cosw)=0
that is AA"+ BB —(AB'+ A’B) cosw = 0.
This condition the student has probably already obtained
for himself in another way. (See Ex. 2 of Chapter III, p. 43.)
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109.\/%0 find the length of the perpendicular from the
point P (x,, y,) on the line whose equation s

Az +By+C=0
when the azes are inclined at an angle w.

Transform to rectangular axes with the same origin and
the same axis of « as bcfore.
Use dashed letters for the new coordinates so that
z=a —1y cot w x,=a — y cot w
y =y coscc w =1 coseco )
The equation of the line thus becomes
A (2" — ¢ cot w) + By’ cosec w + C'=0.
The perpendicular from (;, 7,) on this is (§ 34)
A (2 — 9" cob ©) + ]?z/l coscc @ + O
V213 4 (B cosce w — A cot w)?
. 1 C
and this (ot By, +O)sinew
T WAisint e+ (53— A cos w)?

(A, + By, +(') sin @
\/AZ 248 cos w +B’

110. 7o find the angle between the pair of lines
az? + 2hay + byt =0,
the azes being inclined at an ungle w.
We will here make use of invariants.

Transform to new and rectangular axcs with the same

origin and let the equation of the lincs become
a'x®+ 20/ z"y +b'y?*=0.

Now if ¢ be the angle between the lines we know from § 62
that
2V 1T — W
tan ¢ = Ry

—2
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But by § 106
B—ab H2=ad ,, ,,
e . , T =*~al,
sin —2—
o+ — 2k cos o
and a+bf2hcosw= 2=a’+b’
sin? w . LT ’
sin §
. 1_‘anqs=281nw«/ﬁ’—ab

a+b—2hcosw’
And the lines will be at right angles if
a+b—2hcosw=0.

EXAMPLES.

1. If (2, y) and («', ¥') be the coordinates of the same point
referred to two sets of rectangular axes with the same origin and if
uz + vy where w and v are independent of « and y becomes u'z’ + vy,
then

w4t = w40
2. If (x, y) and («, ¥') be the coordinates of the same point
referred to two sets of axes with the same origin and ux + vy be
transformed to w'z’ +v'y/, then
u? — 2uvcos w + v?  u? — 2u'v’ cos w’ + 0"
sin’w - sin? o'

4
where w and o' are the angles between the axes in the two axes.

3. TIf (%, y) and («, ¥) have the same meaning as in Ex. 2
and if

x=kx' + Uy,
y = k/x/ + lly’,
‘then (k' - K1) sin w=sin .

4. Shew that the equation z cosa + y sina=p, when the axes
are turned through an angle a, becomes =p, Interpret this fact.
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B. The equation of the bisectors of the angles between the lines
ax® + 2hxy + by*=0
is ax + hy, hx + by =0,
T+ycosw, 1 +XCOSw

the axes being inclined at an angle o.

6. 047D is a fixed triangle having A0 a right angle, 04, 0B
along the axes of coordinates, AB=4c and O4dB=a. A circle is
drawn circumscribing the triangle, and from any point on this circle
perpendiculars are drawn on the sides; shew that the feet of these
perpendiculars lie on the line

2 cos ¢ + ¥ Sin ¢ = 4¢ sin ¢ cos ¢ sin (a + ).
Transfer the origin of coordinates to the point a cosa, a sina;

T 2 ad shew that

6 3

turn the axes of coordinates through an angle
the equation of the line is now
x cos Y + ysin y =c8in 3y.

7. Prove that the transformation of rectangular axes which
&) Y2 . . 4X'2 Yﬁ
converts ~ - + — into ax? + 2hxy + by will convert —— + — into
r 9 P—A g=A
aa® + 2hay + by - X (ab — A?) (2 + y?)

I-(@+b)A+(ab—R)N *



CHAPTER VIL

THE CONIC SECTIONS—GENERAL AND STANDARD
EQUATIONS.

111. The conic sections are the curves of projection of a
circle by means of a vertex V, not in the plane of the circle, on
to another plane. In other words they are the sections of a
cone having a circular base. It is not necessary that the cone
should be a right circular one, that is that the line joining the
vertex to the centre of the circular base should be perpen-
dicular to the base.

The sections of any cone having a circular basc by planes
parallel to the base will be themselves also circles, and the
section of the cone by a plane passing through the vertex will
be two straight lines. %

If the cone be cut by a plane not through the vertex and
not parallel to the base the curve of section will be an ellipse,
parabola or hyperbola according to the position of the cutting
plane. All these curves alike share what it is convenient to
call ‘the focus and directrix property.” That is, each of these
plane curves is the locus of a point such that its distance from
a fixed point (the focus) in the plane is e times its distance
from a fixed straight line called the directriz, e being a con-
stant known as the eccentricity. For a parabola e=1, for an
ellipse e<1, and for a hyperbola e>1. (Course of Pure
Geometry, Chap. 1X.)
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112. Proposition. FEvery plane section of a cone having
a cwrcular base when referred to Cartesian azes of coordinates
wn the plane is represented by an equation of the second degree.

We have already seen that this is so if the section be two
straight lines or a circle, for both these are represented by an
equation of the form

az? + 2hry + by* + 292 + 2fy + ¢ = 0.
If now the section be an ellipse, or parabola, or hyperbola,

let e be the eccentricity, (z,, %) the coordinates of the focus
referred to some rectangular axes in the plane, and

Az +By+C=0
the equation of the directrix referred to these same axes.

Then if (x, y) be any point on the particular curve under
consideration we have
(Az+ By + Oy
@—a)+ @ -—yf=e"—7; " pm—,
for the left-hand side of this equation is the square of the
distance of (#, y) from the focus (z,, ), and the right-hand
side is ¢’ times the square of the distance from the directrix.

It is clear that the above equation is of the second degree,
being of the form

ax® + 2hxy + by + 29z + 2fy + ¢ = 0.

The form would be exactly the same if the Cartesian axes
were inclined at an angle w other than a right angle, for then
we should have (§ 109)

(Az+ By +C)sin*w
(z—z)+ (Y —y)'+2(z—2,)(y — yl)cosw ea(d 14 "—24 Beosw)'

113. We now see thab every conic section is represented
by an equation of the second degree. That this must be so is
also clear from the fact that the conic sections being pro-
jections of a circle, which is such that every straight line in its
plane meets it in two points (which may be imaginary or
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coincident), must themselves have the same property, since the
projection of a straight line is another straight line. Thus
when we eliminate  between Az + By = C (the equation of a
line) and the equation of a conic section, we must obtain a
quadratic equation in y. This can only be the case if the
equation of the conic section be of the second degree in x
and v.

We shall presently go on to shew that an equation of the
second degree always represents a conic section, that is to say
it will represent two straight lines, or a circle, or, failing these,
an ellipse or a parabola or a hyperbola. Before proving this,
we shall obtain the equations of the parabola, ellipse and
hyperbola in their simplest standard forms.

114, Tangent to a conic. Since a conic section, or
‘conic’ as we shall call it, is a curve of the second degree,
every straight line in its plane will mcet it in two points,
real or imaginary (compare § 71). In special cases the two
points in which a line mecets a conic will be comeident, and
then we call the line a tangent to the conic.

A tangent to a conic then s a line which meets 1t wn two
coincident points.

115. Standard form of the equation of the parabola.
Let S be the focus, DX the directrix.

Draw SX perpendicular to the directrix and take first of
all XS and XD for axes of coordinates. Let XS=c, so that
the coordinates of S are (c, 0).

Let P be any point on the parabola, (, y) its coordinates.
Draw PM perpendicular to the directrix.
Then SP=PM,
<. SP*=PM?,
e (@=c)t+yi=2
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for the left side is the square of the distance of (z, y) from (c, 0),
o Y =2c—ct -

=20(¢c~%).

bl v
M by
Ly
|
|
XAl 78 TN >3
\ |
i
L\ )

Put ¥ =0 in this to find the point 4 where the curve cuts
the z-axis. We have

&€=

[N

¢
2)

If we now transfer the origin to 4 (
unchanged in direction, our equation becomes

0) leaving the axes

Y= 2cx. ‘
It is usual to write @ for XA or A4S, so that c=2a. The
equatior is then
Y= 4daz.
This 1s the standard equation of the parabola.

116. 8ome properties of the curve. The point 4 is

called the vertex. The line A4S produced indefinitely is called
the aas.
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We see that the parabola is symmetrical with regard to its
axis. For to every point («, ) on the curve there corresponds
a point (z, — ).

If PN be drawn perpendicular to the axis and produced
to meet the curve in P’, PN is often called the ordinate of
the point P, and PNP’ the double ordinate of P, while AN
is called the abscissa of P, it being the portion of the axis
cut off, as it were, by the ordinate.

The double ordinate LSL" which passes through the focus is
called the latus rectum of the parabola.

Let SL =1.

Therefore the coordinates of L are (a, I).

But L is on the curve y* =4axz,

. P=4dal

Thus we see that SL = 2a, that is the latus rectum is of

length 4a.

We now observe that the axis of y is a tangent to the
parabola y? = 4axz.
For putting £ =0 in this equation we get y*=0, that is
y=0 bis.
Thus the line =0 meets the curve in the two points
(0,0), (0,0), that is to say, in two coincident points.
Therefore 1t is a tangent to the parabola.

We see that negative values of & would give imaginary
values of g, thus the curve lies wholly in the positive direction
of the z-axis. Moreover as z can have any positive value,
however great, we see that the curve extends to infinity.

117. We can now see that a curve whose equation referred

to two rectangular axes is
Y = dam
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is a parabola, for on working the algebra of § 115 backwards we
can prove that this curve is the locus of points whose distance

from (a, 0) 1s equal to their distance from the line z = —a.
Also we can see that the curve whose equation is
y'=—4daz
is a parabola, for, if we write ' = — &, the equation becomes
y? = 4daa’.
Y
\
S .
a A >0
That is to say, y?= — dax is a parabola whose axis runs in the

negative direction of the z-axis as in the figure.

Thus a curve which is the locus of points the square of
whose distance from one line ({) varies as their distance from
another line (/') perpendicular to the first is a parabola, having
l for its axis and !’ for the tangent at the vertex. And the
constant of variation is the length of the latus rectum of the
parabola.

Thus the equation

(Adz+ By + Cp=k(Bz— Ay + (")
represents a parabola, whose axis has for equation
Az + By +(C=0,
and the tangent at the vertex is the perpendicular line
Bz — Ay +C =0.
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The above equation can be written
(éﬁi’i&tﬁ')’ ___k Ba—_Ay+C
VA + B VA*+ B» VA*+ B’
so that the length of the latus rectum is the numerical value of
Lk
Vi 4 B

Examples. 1. Find the focus and directrix of the parabola
(x—A)+4a (y—k)=0.
[If we transfer the origin to (A, £) the equation becomes
Xt=—4a¥,

which is a parabola of latus rectum 4a with its vertex at the new origin
and with its axis running in the negative direction of the F-axis.

4 Yy’

A

o >3
Hence the vertex of the parabola referred to the original axes is (4, £).
The z-coordinate of the focus is A.
The y-coordinate of the focus is £ — a.
The directrix is y=k+a.]
2. Find the vertex, focus and directrix of the parabola
‘7/2+4.Z‘+2y—8=0
and represent the same in a figure.
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[We write tais equation
#*+2y+1)+42-9=0,
that is (y+1)2=~4(x-3).
The vertex is (§,.—1), the focus (§, —1), and the directrix has for its
equation 4x—-13=0.]
3. Find the equation of the parahola whose focus is the point § -1
azd whose directrix is the line 4r—13=0.
4. Find the longth of the latus rectum and the position of the vertex,
focus, and directrix of the following parabolas:
? (i) (y-3)2+2(x-2)=0.
(if) (z—-2)2=5(y+1).
(iii) %+22-4y+3=0.
(iv) 2*+4x-3y=0.
(v) ¥*+29x+2fy+c=0.
6. Find the equations of the two parabolas whose latus rectum is 6
and the axis and tangent at the vertex are the lines whose equations are
v 3x+4y+1=0, 4z-3y=0.

118. Standard form of the equation of the ellipse.
Let S be the focus, DX the directrix, e the eccentricity, which
18 necessarily less than unity.

Draw SX perpendicular to the directrix and as before take
first XS and XD for axes of coordinates. Let XS=c.

t y

D

™ —
X" A: ST( /2 X @
Qs
.""‘

of eith\Je
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Let P be any point on the ellipse, (#, y) its coordinates,
Draw PM perpendicular to the directrix,

. SP=e¢.PM,

s SPr=e. PI,

(=)t yr=e.at
oa?(1—¢)—2cx+y* 4 c2=0,
2c y? c?
[—e’Tl-¢ " 1—¢

c V', ¥ ¢ ¢ e’c*

S e R e (e P e

Now transfer the origin to the point €' whose coordinates

“l w2 -

c . ec
are (1——;” O) and write —— =a.

1-¢
The equation becomes
Y
@+ [—e~ %
2 e
that is ‘f;;, + %: 1,

where b= a? (1 — ¢°), a quantity necessarily positive since e < 1.
This is the equation of the ellipse in its standard form.

119. Some properties of the curve. The curve is
symmetrical with regard to both the z-axis and the y-axis.
For if (2, %) be a point on the curve, so also are (— z, ), (z, — ¥)
and (— @, —y). Every line through C will thus meet the curve
in two points equidistant from C. That is, every chord passing
through C is bisected at €. The point C is therefore called the
centre.

Putting y=0 in the equatic ; of the curve we find z = + a.
Thus the two points 4 and A’ in which the curve cuts the

z-axis are distant @ from the centre.
A

Putting 2=0 we geb y=+b. Thu >~  -ints B and B’ in
which the curve cuts the y-axis are dist " the ~ure.



GENERAL AND STANDARD EQUATIONS 111

If 2 > a, y is imaginary, and if y > b, # is imaginary. Thus
the curve is limited and closed.

The two lines A4A" and BB’ with respect to which the
curve is, as we have said, symmetrical are called the azes of
the ellipse. As AA’> BB’ (for b*=a*(1 —¢*) so that b<a)
AA’ is called the major azis, and BB’ the minor axis.

We shall now prove that 0S =e¢.CA and CA =e¢. CX.
Since 4 and A’ are points on the curve,

AS=e¢.X A4,

SA'=e. XA'.
Adding, we have

Ad'=e(XA+XA)=2¢.XC, ~

. Cd=e.CX. \_

Subtracting, we get

SA'— AS=e. A4’
v SC+04" —(AC-8C)=e. AL,
‘. CS=¢.CA. "

The symmetry of the curve exhibited by its equation shews
that there must be a sccond focus S’ situated on the major axis
at the same distance from C as S, and a second directrix
corresponding with S’ and parallel to the original directrix and
cutting the major axis produced in X’ where OX’'= XC.

If from a point P on the curve PN be drawn perpendicular
to the major axis, and produced to meet the curve again in P’,
PN is called the ordinate and PNP’ the double ordinate of the
point . A double ordinate through a focus 1s called a latus
rectune.

. 2
The length of either latus rectum is gg .
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For let RS’R’ be the latus rectum through S’ and let
S’R =1; then the coordinates of I are (ae,!). But R is on the
curve,

» i
. g,=(1—ez)=&—,,
bt
N l’=a—;,

3
.. the length of the semi-latus rectum is %.

120. Geometrical property expressed by the standard
equation of the ellipse.

If PN be the ordinate of the point P, then from the
equation of the ellipse we have

CN® PN»

=1,

a? b?
. PN? CN* CA*—CN* AN.NA’
R e R

. PN* b BC?
""AN.NA' " ar ACT
This is a geometrical property of the ellipse probably already
familiar to the student.

In the same way, if PK be drawn perpendicular to the
minor axis,
~PK*  ACh
BK.KB'~ BC*
PIC  OK?

for we have T

= 1.

121‘/ The circle as a limiting case of the ellipse.
We see that if ¢ becomes smaller while @ remsins constant
ae becomes smaller and the foci approach the cenire; siiso b
which = a? (1 —¢?) approximates to a®. Thus as the foc; »spproach
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the centre, the ellipse tends to become more circular in ap-
pearance, and when e becomes very small and nearly equal to
zero the ellipse becomes almost a circle ; so we say that a circle
of radius a is the limiting case of an ellipse whose major axis is
2a and whose eccentricity tends to zero.

v
122. The parabola as a limiting case of the ellipse.
If we take the equation of the ellipse

and transfer the origin to the vertex 4 whose coordinates are
(—a, 0) the equation becomes

2 + [';2 =1,
2 2
that is A
a a b
. a’ , v
that 1s 5—20”—@(1-3“)—0'
Now AS=a(1 —e); denote this by d
o=
l1—e
Thus the equation is -
“(=€) o, YV _ _
& T Er e~

Now let us suppose that d remains finite while 1 — e becomes
very small, then a becomes very large and the equation of the
curve approximates to y?=4dr, which is a parabola. Thus a
parabola may be regarded as the limiting case of an ellipse
when the centre moves off to a great distance, the vertex 4 and
the focus S remaining unchanged.

o 123. We see from the equation of the ellipse that if we
have two intersecting perpendicular lines { and " and a point P
moves in their plane so that

pe +II’:‘2 =1,
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where p; and pp are the lengths of the perpendiculars
from P on [ and I respectively and a and b are real quantities,
so that a? and b* are positive, then the point P will describe an
ellipse having its centre at the intersection of the two lines,
and, if a be > b, having its major axis, of length 2a, lying along
the line I and its minor axis, of length 20, lying along the
line .

Examples. 1. Find the lengths of the axes and of the latera recta
of the ellipse 422+ 3y?=24.
! &

. . . L
[We write this 5 + 5 1.

Thus in this case the axis of x lies along the minor axis and that of y along
the major axis. We have a?=8, b2=6, therefore the lengths of the axes
are 248 (=4y/2) and 24/6 and the latera recta are of length

s =2l
¢ Find the centre and eccentricity of the ellipse
22% 4+ 3y2—4x+5y4+4=0.
[We write this equation
2 (@2 — 20+ 1)+3 (12 + fy +55) =2+ 3§ — 4=,

—1)2 2
° 2 3
If we transfer the origin to (1, —%) the equation becomes i}:‘— +%=1.

Thus the equation represents an ellipse whose centre is at (1, — §), and if
a and b be the scmi-major and minor axes u?= g, b¥=4J,.

’316 = 7214' (1 - 82)9

1
= v oe=— .
1-e=5% ¢ N3 :I
3. Find the coordinates of the foci of the ellipse of Ex. 2.

4. Tind the equation of an ellipse whose axes are of lengths 6 and 8
and their equations 3z —4y+1=0, 4z+3y — 2=0 respectively.

-/ 124. Standard form of the equation of the hyperbola.
The work for obtaining the equation of the hyperbola in its
standard form is very similar to that already done for the
ellipse. There are some important points of difference however.
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Let S be the focus, DX the directrix, and ¢ the eccentricity,
which is > 1.

\ AY o e
A /
R/

’)L
>
%
O
ad
z
o
N

Draw SX perpendicular to the directrix and first take XS
and XD for axes of coordinates. Let XS=c.

Let (z, ) be the coordinates of any point I’ on the curve
Draw I’J perpendicular to the directrix,

s SPr=e PN
ce (=) yt=etad,
S a(e—= 1)+ 2ex—yt=c?

2¢ 7 c?
T — L =
et—1 ¢e—1 -1

. c 2 y? —7.“‘_0-27 ) _—92— o 028’
v (w+e’—l> e‘z—-l-(e”—l)z_!-e?—l—(e‘/’—])"

R

Now transfer the origin to the point C' whose coordinates

c . c
are (— A1’ 0) and write 71

= Q.
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The equation is now

2
that is T _9_1,

where b* = a* (¢! — 1), a quantity necessarily positive since e > 1.

This is the standard form of the equation of the hyperbola.

125. Some properties of the curve. If (2, y) be any
point on the curve, then (—z, ), (z, —y), (—%, —y) also lie on
the curve, which is therefore symmetrical about both axes.
Lines through C will meet the curve in two points equidistant
from C. That is chords of the curve which pass through C
will be bisected at C. This point then is called the centre.

Putting 4 = 0 in the equation of the curve we find z = + a.
Thus the two points A and A’ in which the curve cuts the
x-axis are distant a from the centre.

Putting =0 we get 32=—b*; thus the curve does not meet
the y-axis in any real point, but in two imaginary points
distant b¥'—1 from C.

Any value of z lying between —a and +a would make
y* negative so that no part of the curve lies between 4 and A".
@ can however have any positive or negative value numerically
greater than a. The curve then extends to infinity in both
directions, and consists of two branches,

The line AA’ is called the transverse azis. If on the y-axis
we take two points B and B’ each distant b from C, then BB’
is called the conjugate aais. But it must be carefully observed
that B and B’ are not points on the curve.

It is easy to prove that CS=¢.C4 and C4A=e¢.0X as
in § 119,
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For AS=e. XA,
A'S=e.A'X,
adding we get 208 =2e. CA, that is (S =e. CA.

Subtracting we get A’A=e(A'C+(CX)—e(C4 -CX),
that 18 CA =e.C0X.

As in the case of the ellipse, there must be a second focus
S’, situated on the transverse axis at the same distance from
the centre as S, and a directrix to correspond with §'.

PN drawn perpendicular to the transverse axis is called the
ordinate of the point P, and if PN be produced to meet the
curve again in P, PNP’ is called a double ordinate. A double
ordinate through a focus is called a latus rectum. It is easy to

¢
~

prove, as in § 119, that each latus rectum is of length o

It can be shewn further, as in § 120, that the Geometrical
property of the hyperbola expressed by the equation
i T
il Tl
. C . PN? BC*
18 that which 1s usually written AN AN= 40+
We can see too (compare § 123) that if we have two inter-

secting lines ¢ and /, and a point £ moves in their plane so that

pl_pt

i
where p; and py are the perpendiculars from P on I and I, and
a and b are real quantities so that a?® and b* are both positive,
then the locus of P is a hyperbola, the length of whose
transverse axis, lying along ¢, is 2a, and the length of its
conjugate axis, lying along {, is 2b.
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126. Two straight lines as the limiting case of a
hyperbola.

The equation of a hyperbola referred to its axes being

a2 oy -1
a ae—-1) 7
. y?
which we can write z? — i a?,

we see that if e be kept constant while @ is made gradually
smaller and smaller until it becomes very small indced the
hyperbola will approximate to the two straight lines

¥
@ e“——l_o’

the axes of coordinates being the biscctors of the angles
between them.

Thus we may regard a pair of straight lines as the limiting
case of a hyperbola whose axes are infinitely small, while their
ratio is finite.

127. Rectangular hyperbola. In the special case in
which b=a the hyperbola is called rectangular. This name
18 explained by the fact that when b=a the ‘asymptotes,’ of
which we shall speak in a later chapter, are at right angles. The
name ‘equilateral * has also been applied to such hyperbolas.

Examples. 1. Find the centre and the length of the transverse axis
of the hyperbola

—2y*-2x+48y—-1=0.
2222 -2 (y2 - 4y)=1,
i.e (r-12-2(y-2)°=1+1-8= -6,
=2 -1r,

[We write this

ie.
Thus the centre is at and the transverse axis which is parallel
to the y-axis is of lengt 2J “Aow .
2. Find the lengths of the axes, and the eccentricity of the hyperbola
23 -3y*—-2x=8.
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3. Find the equation of the hyperbola the lengths of whose transverse
and conjugate axes are respectively 4 and 6, the cquations of these axes
being respectively 3z+4y —1=0 and 42— 3y +2=0.

128. The General Equation of the second degree.

Prop. Every Cartesian equation of the second degree repre-
sents a conic.

For consider the general equation
aa? + 2hay + by + 292 + 2fy +c=0 ......... (1).
First suppose the axes of coordinates are rectangular.

Turn the axes through an angle 6 and choose 6 so that
the zy term of the new equation vanishes (§ 107).

Our new equation will be (say)

a'z?+ 0y + 202+ 2 +¢=0 ............ (2),
so that az®+ 2hxy + by = o’a’* + by
From the theory of invariants (§ 106) we have
a+b=a +0b,
ab—h=da'b.

(1) If ab=A* either a’ or 0" is zero. Suppose a’ is zero,
the equation is then

b/y/2+2.glx + 2f’y+c=0,
which is a parabola having its axis parallel to the z-axis.

(2) If ub= A% then neither ¢’ nor &' can be zero and our
equation can be written

a (x’“ + %9,1 w’) +b (g/" + izb/: y’) +¢=0.
Complete the squares of the terms in 2’ and y' and this
becomes
a (z +%:>2 +b (y’ +{)2 = Q({ +jib/, -,
which represents (i) an ellipse with its centre at (——g&;, —‘{)—t)

if o’ and &’ have the same sign, (ii) a hyperbola with its centre
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at (-—‘Z—:, —'17;) if @ and ® have different signs, and if in
particular @'+ b =0 the hyperbola will be a rectangular one
§ 127).

Now a’ and b’ will have the same or opposite signs according
as a'’b is positive or negative, that is, according as ab—A* is
positive or negative.

Thus if ab—A* is positive (1) will represent an ellipse,
but if ab— h* is negative (1) will represent a hyperbola, and
if @ + b =0, and therefore also a + b =0, the hyperbola will
be a rectangular one.

Next let the axes of coordinates be inclined at an angle w.
Transforin to rectangular axes with the same origin so that
equation (1) will transform to (say)

az?+ 2h 2y + by + 29’2+ 2f 'y + ¢ =0.
This will represent
(1) a parabola if a'b’ — A" =0,
(11) an ellipse if a0’ — 2" >0,
(ii1) a hyperbola if a’'d" — 1" < 0,
(iv) a rectangular hyperbola if a’ + b’ = 0.
But by invariants we have (§ 106)

o +b — 2k cos =

a+b—2hcosw 2, o,
— = =a + b,
sin? gint ™
2
_ }3 N VY
‘ilf : 5 =ab k =l — ke
sin’ @ T
sin® 9
Thus
(i) ifab—~=0 (1) is a parabola,
(1) ifab-~h*>0 (1) 1s an ellipse,
(i) ifab-h <0 (1) is a hyperbola,

(iv) ifa+b—2hcosw=0 (1)is a rectangular hyperbola.
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It will be observed that the condition that the equation (1)
should represent a parabola is that the terms of the highest
degree, viz. az* + 2hzy + by* should form a perfect square.

129. Summary. The results to be remembered then are
that the general equation
ax® + 2hay + by + 292 + 2fy+¢c=0
will be (1) two straight lines if (§ 55)

a, h, g |=0,
h, b f
g, 1 c

(ii) a circle if a =h, and h =0, the axes being rectangular;
orifa:b:h=1:1:cosw, the axes being oblique,

(1i1) an ellipse if ab—1*> 0,.and the conditions for a circle
be not satisfied,

(iv) a hyperbola if ab—h*< 0, and the condition for two
straight lines be not satisfied,

(v) a rectangular hyperbola if @ +b — 2hcosw =0, and the
condition for two straight lines be not satisfied.

If both the condition for two straight lines and the relation
a+b—2hcosw=0 be satisfied, the equation ‘represents two
straight lines at right angles (§ 110).

130. We shall go on in the following chapters to evolve
the properties of the various conics by considering them to
be cxpressed in their standard forms. It will greatly simplify
our work if before passing on to this we obtain certain
equations which are applicable to all the conics alike, and
which are really as easy in the general casc as they are in
the particular ones. The student is recommended to make
the contents of the present chapter his own before passing
on. The rest of the subject will be found to be thus greatly
simplified.

All the results that we shall obtain in the rest of this
chapter hold for oblique, quite as well as for rectangular axes,



122 THE CONIC SECTIONS—

131. The Tangent. T= 0
To find the equation of the tangent to the conic
ax® + 2hxy + by* + 292 + 2fy + ¢ =0 ......... 1)
at the point (z,, y,).
The equation of a line through (=, v,) is as we have seen

(§ 32)
oh y_yl—r (2)’

- T 7 esesvscccscccscccsccccs

l m

where [ and m are constants depending only on the direction of
the line and r is the algebraical distance of (z,, 3,) from (z, y).
To find where (2) meets the conic substitute

z=a,+1lr, y=y +mr

into the equation of the conic; we thus get
a (@, +1Ur) + 2h (2, + Ur) (3, + mr) + b (3, + mr)?
+ 29 (&, +Ir) +2f () + mr) + ¢ =0,
which gives
(al® + 2him + bm?) 1
+ 2r {(az;, + Ay, + g) U+ (haey, + by, + f) m}
+ ax? + 2hayy; + by,* + 292, + 2fy, +¢=0...(3).
Now if (2) be a tangent to the conic at (@, 1), both of the

roots of this quadratic equation in » must be zero, otherwise
the line (2) will meet the conic in another point other than

(@1, 9).
We thus have the conditions
(1) az?®+ 2hay, + by + 292, + 2fy, + ¢ =0,
which is satisfied since (a,, y,) lies on the conic,
(i) (az +hy,+ g) U+ (he, + by, + f)m =0,
this gives the ratio of I : m.
If now we eliminate this ratio [ :m from this relation and (2)
we shall have the equation of the tangent, viz.:

w_‘mlx(aw,+hy,+g)l=—y-;—zy‘(hwl-i-byl+f)m=0,
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that is
(z— ) (cmy + h,% +9)+ (3/ - 3/1) (hx, + b.yl +f) =0.

This is the equabion of the tangent at (=, v,), but this is
not the standard form.

We can reduce as follows:
axzy + h (zy, + 2y) + by + gz + fy
=aw?® + 2hayy, + by® + g+ fin

) =—g2, — fy,— ¢,
that is

azx, + h(zy, + 2y) + by + g (w+ )+ f(y + ) +¢=0,
which is the standard form of the equation of the tangent.
It is convenient to write 7' for the expression on the left side.

132. On the form of the equation of the tangent.
It is very important that the student should be able to write
down with facility the equation of the tangent to any curve of
the second degree as it arises. It is quite casy to do this if
the following rules be remembered :

(1) In the terms in 2? and 3? in the equation of the comc
write 2z, and yy, respectively for * and y2 v

(2) In the term in 2y write 2y, + 2,y for 2ay.

(3) In the terms in & and y write z +a, and y +, for
2@ and 2y respectively.

(4) Retain the constant term.

Observing these rules it will be seen that the tangent at
(1, 1) to

(1) y=4ax 18 yy,=2a(z +x),

1,

(if) "3+62 =1 s U=
(i) oy =12 18 } (2 +2y) =L~
133. The condition that the line
le+my+n=0
should be a tangent to the conic
aa? + 2hay + by* + 297+ 2fy +¢=0
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?:8 a, h: 9, l|= 0.
h, b, f, m
9 f, ¢ n

I, m, n, o
For suppose the line touches the conic at (=, #,), then it
must be 1dentical with
azz, + k(2 + @y) + by + g (e + =) + f(y + ) + ¢ =0,
that 1s with
(az, + hyy + g) @ + (hay + by + ) y + (97 + fin + ©) =0,
Lanthyp+g kot by+f gu+finte
v { - m - n

=X (say),

cooar+hy 49— IN=0,
ha, + by, + f —mA =0,
97+ fiy + ¢ —na=0.
Also since (=, ;) is on the line
lo, + my, + n=0,
Eliminating =,, y, and A wé& get
a, h, g 1|=0.
L, b, f, m
9 fi o n
I, m, n, o]
This multiplied out becomes
Al + Bm? + Cn®* +2Fmn + 2Gnl 4 2HIm =0,

where A, B, C etc. are the ‘prepared minors, that is the
minors taken with their proper sign of @, b, ¢, ete. in the
determinant

a, h, g
h, b f
9 f ¢

Thus A=bc—f* B=ca—g, C=ab-h,
F=gh—af, G=hf-bg, H=jg—ch
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134. We can see that a pasr of tangents can be draun
Jfrom a point not on a conic to the conic.

Let the conic be
ax® + 2hxy + byt + 292 + 2fy +c=0.
Let (2, 1) be a point not on the conic. Suppose a line

drawn through this point to touch the conic, and let (z,, y,) be
the point of contact.

The equation of the tangent at (=,, 7,) is

azzy + b (zy, + 2y) + byys + 9 (v + 22) + f(y + 32) +¢=0.

As (x,, ¥,) lies on this we have
az s+ h (s + 7y) + byt g (@t @) + f (i + ) +¢=0...(1).

And as (a,, ¥,) 18 on the conic we have .

az? + 2hayyy + by + 292, + 2+ =0 ...... (2).

These two equations (1) and (2) determine z, and y,.

As (1) is a sumple equation in a, and ¥,, by substituting the
value of z, in terms of y, into (2) we shall get a quadratic
equation in y, which will in general have two roots. Thus

there will be two possible points of contact of tangents from
(21, ¥1), but they will not be real in all cases.

135. If a pair of tangents be drawn from (z,, y,) to the
conic
aa® + 2hay + by? + 292+ 2fy + ¢ =0,
the equation of the ‘ chord of contact’ (that vs of the line through
the points of contact) is
azz, + h (zy, + 2y) + byy + g (e + @) + f (y + 3.) + ¢ =0.

For let («,, y,) and (z;, y,) be the two points of contact of
the tangents.

The cquation of the tangent at (,, 1,) is
axzy + h (2ys + 2,y) + by + g (@ + 2,) + f(y + ) +¢=0.
But (=, ¥;) lies on this,

o ax @y + h(2ys + a) 09y + 9 (Bt @)+ [ +3) +e=0.
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Similarly as (2;, ;) lies on the tangent at (z,, ¥,)
azyxs + h (2, + a5,) + byys + g (@, + a) +S i+ ys) +e=0.

These two relations shew that («,, ¥,) and (a3, y5) lie on

ax@ +h (vy +ay) + by + g (@ + 2) + f(h+ y) +¢=0,
which represents a line as it is of the first order in # and .

It is therefore the equation of the chord of contact required.

Hence the equation of the chord of contact of tangents from
(21, y1) when (z,, y,) is not on the curve is exactly the same form

as that of the equation of the tangent at (w,, y,) when (2, ;) vs on
the curve.

136. Poles and Polars.

We shall define the polar of a point wnth respect to a conic
to be the locus of the points of intersection of tangents at the
extremities of chords through that point, und the point vtself s
called the pole of 1its polar.

We can now prove that the polar of (x,, y,) with respect to
the conze

ax? + 2hay + by + 292+ 2fy +¢=0
s azz, +h (zy, +2y) +byy +g(@+ @)+ f(y +3,)+c=0.

For let any chord be drawn through (z,, %) and let the
tangents at its extremities meet in (ay, ¥,), which is thercfore
a point on the polar of (z,, ;).

The chord of contact of tangents from (,, 7,) 1s (§ 135)

azz, + h(xy, + ) + byy, + g (@ + 22) + f(y + y.) +¢=0.

But (=, y,) lies on this,

az,Zy + h (2, + x) + by + 9 (2 + @)+ + 1) +¢ =0,

This relation shews that the locus of (z,, v,) 18 the line

az@ + h(@y + zy) + dyy + g (e, + @) + f(h+y) +¢=0.

This is the required equation, and we see from this that the
polar of a point wnth respect to a conic coincides with the chord
of contact of tungents real or vmaginary from that point to the
comic.
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Thus if P be a point from which tangents PT and P7" are
drawn to a conic, and PQR be any chord through P, the
tangents at ¢ and R meet on the line 77",

N

137. Conjugate points and lines.

If the polar of P passes through Q then the polar of Q will
pass through P.

For if (, ) be the point P and (., v,) the point @, and
the conic be

ax® + 2hxy 4+ by* + 294 + 2fy +¢=0,

the polar of P is

azz, + h (2y + 2y) + byy, + g ( + 2,) + f(y+9) + ¢ = 0.

As (2, ,) lies on this

axwy + b (23, + x)) + b]/zyl +g(@+ @)+ f (. + ) +ce=0,

which is easily seen to be the condition that the polar of (z, Ys)
should pass through (=, ).

Two points such that each lies on the polar of the other are
called ¢ conjugate points.’

The condition that (2, ¥,) and (z,, y,) should be conjugate
points 1s then

az,x, + h (@, + x-z?/:) + b}/l]/a + g (z+ ;) +f(yx + :’/2) +c¢=0.

Again we can prove that if the pole of a line I lies on
another line U, then the pole of U lies on 1.
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For let the pole of the line I be (2,, ¥,) and the pole of U be
(3, y2), therefore the equation of the line { is
azx, + h(zy + 2y) + by + 9 (@ + @) +f(y+y) +¢=0...(1),
and the equation of I is
axz, + b (zyy + y) +byy.+ g (@ + @) +f (y + ) +¢ =0...(2).
Now by hypothesis («;, v,) lies on (2)
oazm @y + k(Y + 1) + 0y + 9 (@ + @) +f (i) +e=0,
therefore (z,, ;) lies on (1). /
Thus the proposition is proved.
Two such lines are called conjugate lines.

When three points 4, B, C are such that every two of them
are conjugate points, then the triangle ABC is said to be a ‘self-
conjugate (or self-polar) triangle.” Since the polar of A passes
through both B and C, BC is the polar of 4. So that each
side of the triangle is the polar of the opposite vertex. And
any two sides of the triangle are seen to be conjugate lines.

138. The condition that the lines
La+my+n=0 cceiiiineininnann. 1),
lx+my+m,=0 ccieveniiinininnnnn. (2),
should be conjugate lines for the conic
az® + 2hay + by* + 29z + 2fy +¢=0

18 a, h, g, L|=0.
h, b, f, m
9, f: C, nl

l,, my, My, O
For let (z;, ¥,) be the pole of (1), therefore (1) is identical
with
azz, + h(zy, + 2y) + by + g (e +2)+f(y +y) +¢=0,
that is with
(az, + by, + g) & + (hay + by +f ) y + (9o + Fya+¢) =0,
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. am,+hg/1+g=hw1+ byl'*'f__.-w:?\ (say),
) ¢

* L m, n
oo azy+ hy, +g—In=0,
ha, + by, + f — mA =0,
9%+ fy, +c—n A =0,
and since (z,, y,) by hypothesis lies on (2)
L, + map, + ny, = 0.
Eliminating ,, g, and A from these equations we get
a, h, g, L |=0.

h, b, f, my
9 f e m
| L, my, my, O

139. The Centre.
If (@, 4,) be the centre of the conic
ax® + 2hay + by + 292 + 2fy + ¢ =0
then x, and y, are given by the equations
ax, + hy, + g=0.
hay + by, + f= 0.
For a line through (2, 7,) can be written
s=m_y=1)
A m
Where this meets the conic (§ 131)
(al* + 2hlm + bm?) 12 + 2r {(az, + by, + 9) U+ (hay + by, + ) m}
+ az? + 2hay, + by? + 292, + 2fy, + ¢ = 0.
Now if (a;, y;) be the centre, every line through (=, )
meets the curve in two points equidistant from (z,, ¥,), that is
the roots of this quadratic equation r are equal in magnitude
but opposite in sign for all values of I and m. Thus the
coefficient of » must vanish for all values of { and m, that is

=17

ax, +hy, +g=0,
hx,+ by, +f=0,
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The student will remember that these were the equations
giving the point of interscction of the lines represented by the
general equation in the case where it represents two straight
lines.

140. The result of the previous article could also be
obtained in the following way :
If we transfer the origin to (z,, %,) by writing
z=X+x, y=Y+1,
the equation of the conic becomes
aX?+ 20 XY + 012+ 2(aw, + 1y + ) X+ 2 (haey + by, + 1YY
+ax?+ 2hry, + by + 292, + 2f iy, + ¢ =0.
But, the origin being now at the centre, the terms in
X and VY of the first order must disappear,
“oaxy+hy, +9=0,
hay + by, + f =0,
From these we find
_hf=by , _ah—af
Tab— ke T ab—ie?
that is, using the notation of § 133,

_e ., F
BCARA

v,

141. Equation of a chord in terms of its middle
point.

If (m, 4,) be the middle point of a chord of the condc
S = az? +2hay + by* + 292+ 2y + ¢ =0,

the equation of the line of the chord s

7= SD
where

T = azzy+ h(wy, + my) + byy, +g (z+ @)+ 1 (y +7.) +o,
and 5,18 what S becomes when @, and y, are written for @ and y.
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T — &y _Y-u _
Let ———l = m =T ceeitetvaciirotecnannnns (1)

be the equation of the line of the chord.
Asbefore we write @, + Ir, y, + mr for z aud y in the equation
of the conic and get
(alz + 2hlm + bue) 2 + 20 {(aw, + by, + g) L+ (hay + by, + f) m)
+ (@@ + 2ha,y, + by,* + 2gx, + 21y, +¢) = 0.
But as (z,, %) 1s the middle point of the chord the values
of r furnished by this equation must be cqual in magnitude
and opposite in sign,
oo (axy 4+ by, + g) L+ (hay + by, + ) m = 0.
Eliminating the ratio of 7 : m between this and (1) we get
(2= ) (atey + by + 9) + (= ) (oo + by + 1) =0
as the equation of the chord.
This can be written
ax®, + b (xy, + z,y) + byy, + g + fy
= az® + 2hayy, + by, + g, + fin.
Adding g, + fiy, + ¢ to both sides we get
17=8,.
Cor. The locus of the maddle points of a series of parallel
chords is a line through the centre.
For if the chords be parallel to the line dz+ By=0 we
have, if (@, ¥,) be the middle point of one of the chords
aathytg bt by f
A B B. -
Thus the locus of (,, y,) is the line
ax+hy+g he+by+f

A B ’
which is satistied by  ax+hy+g=0
hx +by + f=0,

that is by the centre.
o__

()
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142. Equation of pair of tangents from a point.
The equation of the pair of tangents to the conic
S=azx* + 2hay + by + 292 +2fy +¢=0
from the point (2, 1)1 SS, =1
For the equation of a line through (=, 7)) is

o ”L i m”‘ e (1.
~ To find where this mects the conic we have the quadratic
inr
(al? + 2hbm + bmd) 2 4 2r {(aw, + hyy + g) L+ (haey + by, +f ) m]
+85,=0.
Now if (1) be a tangent the roots of this equation in » must
be equal, that is

S, (alz + 2him + bn?) = ((azy + hopy +9) U+ (hay + Dy, +f) mi™

Thus eliminating the ratio of I : m between this and (1) we
see that any point on a tangent from (x;, 7,) to the conic must
satisfy the equation

Sifa(@-a)+2h(@—a) (y— 1) +b(y— 1))
= {(az;, + hy, + g) (z — @) + (hay + by + ) (Y — DR
It will be found that this can be written
S S+ 8, =21 =T -8y,

which gives SS, =T

This then being satisficd by all points on either tangent
from (z,, 1) must be the equation of the pair of tangents.

Another method of getting this same result will be given
in a later chapter.

143. Retrospect. On looking back over this chapter the
student will see how extremely easy the results that we have
obtained are to remember. It will be necessary to remember
the standard forms of the equations of the parabola, ellipse and
hyperbola, and to kunow the mcamng of the constants wvolved



CHAPTER X
THE HYPERBOLA.

181. The equation of the hyperbola referred to its
‘principal axes’ has been obtained in § 124, viz,
2 r_y
ad b
We have then the following equations:
Equation of the tangent, at (z,, ) 1s

T _Yh _q
at b ’
Equation of chord of contact of tangents from (x,, 7,) and of

polar of (2, ¥,) 18
ao, _yh_ 4
at b ’
Equation of chord whose middle point is (2, y) is
oy _yh _ & u
a‘;‘ b‘3 a'.! bﬁ °

Equation of pair of tangents from (a, y,) 18

[ Y
(w B 1)(@ w1 _(a" 1)

Exactly as in the case of the ellipse we get the condition
that y = maz + ¢ should touch the hyperbola, viz.,
¢t =mia? — b3,
and the locus of the points of intersection of tangents ab right
angles is the circle

2+ ya = q— b’,
known as the ‘ director circle.
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182. Coordinates expressed in terms of a single
parameter.

To correspond with the representation of a point ow.
ellipse by means of the eccentric angle, the coordinates «
a point («, y) on the hyperbola

o

at ot
@ =l
may be expressed
m=asecl, y=D>0tané.

By giving 6 difterent values all possible positions of (z, %)
on the curve will be allowed for.

Or instead of using sec 6 and tan 6, we may use ‘ hyperbolic
sines and cosines’ and write

x=acoshu, y=>0sinhu,

¥+ e
where coshu=—_ —,
. et — e
and sithu=~ —-,
s0 that cosh®w — sinh?n = L.

Taking (a sce 8, b tan 8) as the coordinates of a point P on
the hyperbola we sec that the equation of the tangent at £ is
Y
b

for this comes at once by writing

Lsec 6 — tan @ =1,
a

z=asecl, y,=0btan0
in the equation of the tangent at (z, 7.)-
The equation of the normal at P is
acosB.z+beot .y =acos B (usceb)+bcot 0 (b tan )
= u?+ 02,
from which it can be shewn that four normals can be drawn to
a hypcrbola from a point in its plane.



THE HYPERLOLA 187

183. The Asymptotes.
The asymptotes of a hyperbola are the pair of tangents
drawn fromn its centre.

The equation of the pair of tangents from the centre of the
hyperbola
@ Y
at  ?
is at once obtained by writing &, =0, 7, =0, in the equation of
the pair of tangents from (2, ¥,), viz,

“;“"_?/2_1> o W o (Y )’
(a2 b (u" b2 /) - < at b :

We thus find that the asymptotes are given by

x? y‘*_
it il

We must now set forth some particulars concerning them.

184. The equations of the asymptotes separately considered
are

z Y_o . zY_
=7 0 and u%b 0.

If now we take cither of these equations and eliminate
y between it and the equation of the curve we get 1 =0, which
can never hold.

Thus it appears that the asymptotes do not meet the curve
at all, and yet from §181 it would seem that cach of these lines
should meet the curve in two coincident points.

We will endcavour now to give some explanation of this
apparent inconsistency.

If we consider the line

Y= (ll - e> x
Y=1\a s
where ¢ is very small, so that this line is inclined at a very

small angle to the asymptote y=£w, we find that the a-co-
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ordinates of the intersection of the line with the curve are
given by the quadratic in z,

a3

1
P
x Tl
ab B
Now as ¢ is very small the values of # furnished by this
equation are very large, so that we can say that the line

-()-

meets the curve in two points cquidistant from the origin and
at a very great distance from it. The smaller € is, the greater
does this distance become.

that is

The same thing is truc of the line

=~

These two lines then tend as e becomes smaller and smaller
to become tangents to the hyperbola, for the points in which
either of them mects the hyperbola are at a very great distance
and they are on opposite sidcs of the centre. And it is one of
the paradoxes of geometry with which the student is probably
already acquainted that the points on a line in two opposite
directions and at a very great distance tend to become the same
point.

This is sometimes expressed by saying that the point at
infinity in the one direction is the same as the point at infinity
m the other.

Hence the lines

y=<g—e>x and y=——(§— )a:,

when e is infinitely small, are tangents to the hyperbola.
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The lines then that we found to be the tangents from the
centre in § 183, viz,

y=—2a and y=—éw
a a

are seen to be the ‘limiting case’ of these two lines

b
when e is infinitely diminished.

The tangents from the centre of a hyperbola have their
points of contact at an infinite distance, and it is to tangents
with their points of contact ‘at infinity’ that the name
“asymptotes’ is applied.

The lines called the asymptotes do not as we have sgen
meet the hyperbola at all, but the further on we go in
imagination along them the nearer does the hyperbola approach
them, and indced the hyperbola tends to become these lines.
We say “tends to become, for it never actually does so, and it
is only loosc speaking to say, as is sometinies done, that a curve
beeomes its asy mplobes auv infinity.

185. Asyuiplotes of an ellipse.

The equation of the pair of tangents from the centre of
vhe ellipse

at oyl

— Jo=1

eteE=h
15 found exactly as in § 183, viz,

wﬁ 1 2

Z+=0.

(04 0

These lines arc imagivary having no real point upon them
except the origin. They possess however the same algcbraical
properties as the asymptotes of the hyperbola, and they are
called the asymptotes of the cllipse. It is only because they
are imaginary and not real that thcy have not the same
geowmcurical 1mportance.
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186. To find the equation of the asymptotes of a central
conic given by the general equation,
az® + 2hxy + by? + 29z + 2fy +¢c= 0.

We have seen in §§ 183, 185 that the equation of the
asymptotes only differs from that of the curve in the constant
term. Thus the equation of the asymptotes will be

az® + 2hzy + by + 29 + 2fy + ¢ — 4 =0,

where ¢ is so chosen that either (1) this represents two straight
lines, or (2) it passes through the centre of the conic. Both of
these will give the same result.

Expressing the condition for two straight lines, we find
that o is given by

a, hs g = 0:
kh, b, f
g/ e—v
that is a, h, g|—7v|a bk 0]=0,
b, & f h, b, 0
9 Lo g9 fH 1
. ._ A
R Ay Y L
where A stands for the determinant,
a, h, .
h: b; f
g9 5 o

Thus the asymptotes are
A
aa® + 2hwy + by* + 294 + 2fy + ¢ = s
Cor. The asymptotes of

(lz+my +n)(lz+my+n)=k
are (et my+n)(at+my+n)=0.
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187. Had we in the preceding article expressed the
condition that (1) should go through the centre of the conic
we should have obtained

v = am? + 2hay, + byt + 292+ 2fy + o,

where (z;, ;) the centre is given by

aty +hy, + 9 =0 ireenianniiaenn, (1),
haoy + by + =0 ovnirnneniinnannn. (2).
Now
v = (az, + hyy + ) + ¥ (hay + by + ) + (92 + fyn + ©),
Sogmtfinte—g=0 (3).
Eliminating (z,, %) from (1), (2), (3) we get .
a, h, g =0,
h, b, f
9 ) c—v

which is the same equation for « as in the last article.

188. We might have obtained the asymptotes of the conic
given by the general equation by writing the equation of the
pairs of tangents from the centre (,, 1,). This is

(as® + 2hzy + by? + 292 + 2fy + ¢)
x (a@? + 2hayy, + by,® + 292, + 2fy, +¢)
= {(a@, + by + 9) &+ (ha + byy + ) y + (92 + S + O},
where azi+hyy + 9 =0.iriiiiinnniiiininnns 1),

Bty by =0 ).

If then we write
g%+ f+C=Dreeiiiiiiiinnies 3)

(1) x @ +(2) X 3+ (3) gives
ax? + 2hayy, + byt + 294 + 2fyy +e =M\
and the equation of the asymptotes is then
az® + 2hay + by* + 29% + 2fy +c =X,
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where \ is found by eliminating (@, ;) from (1), (2) and (3).
That is -

a, h: [ = Oa
h, b, f
g f, ¢c—=n

which gives the same value for A that we found for ¢ in
§ 186.

We have given these alternative methods that the student
may see the matter from different points of view.

189. The equation of a pair of lines through the origin
parallel to the asymptotes of the conic given by the general
equation is (§ 58),

ax?® + 2hxy + by* =0,
and these lines are real if h?>ab, that is if the conic be a
hyperbola, and they are imaginary if 4* < ab, that is if the conic
be an ellipse.

It will be found that this is a very simple way of remem-
bering the criteria of discrimination of the ellipse and hyperbola.
The conic is an ellipse or a hyperbola according as the lines

ax® + 2hay + by =0

are imaginary or real.

190. The conjugate hyperbola.

If we have a hyperbola then the hyperbola, having for its
transverse and conjugate axes the conjugate and transverse
axes of the original hyperbola, is called the ¢conjugate
hyperbola.’

The equation of the hyperbola conjugate to
w! 2
a5

2
is then %’—,-g=1.



THE HYPERBOLA 193

Both of these hyperbolas have the same asymptotes, viz,

@y -
70

191. To find the equation of the hyperbola conjugate with
the hyperbola given by the general equation
ax? + 2hzy + by* + 29 + 2fy + ¢ =0.
We have seen in § 190 that when the equation of the
hyperbola is
2 _
a5 =0
its conjugate is

and its asymptotes are

3 2
Thus as the terms 7:;-—%5 common to these equations will

for any change of origin and axes change into terms which will
be the same for all three, if

H=0, A=0, H'=0,

be the equations of a hyperbola, its asymptotes and its

conjugate, then
H —A=4-H.

That is, the equation of the sonjugate will be

94 - I =0.
Now in our case

H = az® + 2hay + Ly* + 29z + 2fy + o,

and Aan’+2hwy+by’+2gm+2fy+c—a—bA_—m.
.". The equation of the conjugate hyperbola is
aa® + 2hay + by + 29« + 2fy + ¢ — ‘%é—z’;-o_

13
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Examples. 1. Find the asymptotes of the hyperbola
622 — Tay — 3yt +ax+ 4y =0.

2. Find the asymptotes and the conjugate hyperbola of
2xy + Tz -6y -18=0.

3. Find the equation of the hyperbola conjugate with
(lz+my +n) (lz+m'y+20/)=k3%
192. Conjugate diameters.
If through the centre C of the hyperbola :—:— %: =1,
a line be drawn parallel to the tangent at P (a sec 0, b tan 0),
this line will meet the hyperbola in two vmaginary points
(xatan 6, < 1bsec)
and the conjugate hyperbola in two real points
(tatan b, £ bsech).
The equation of the tangent at P is

zsecl ytanf
—— - =1 iiiiiennnes ceerees (1).

" The equation of the line through the centre parallel to this

. wsecf ytanb
is P =0, )
Find where this meets the hyperbola
@ _y_
a b .

y_ne
We have > = asm0’

R g(l — cosec? 9) =1

2
ot 'z_‘z cot? 9 == 1.

o.o w’ = - a" tan’ 0,
s x=+1tatanb,
o y =1 ibsech,
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Now find where (2) meets the conjugate hyperbola

Y
o
We get at once a? = a? tan? 6,

o &=+ atan 6,
and y=+bsec.
Thus the proposition is proved.

193. Let D,, D/ be the points in which (2) meets the
original hyperbola, and let D and D’ be the points in which it
meets the conjugate hyperbola,

o OD*=—CD2

Now the equation of the tangent at D, (ia tan 8, b sec 6)

to the original hyperbola is

z.1tanf y.isecd
a b
The equation of a line through the centre parallel to this is
wtan @ ysecd
a b
and this is satisfied by coordinates of P (a sec 6, b tan 6),

.. OP is parallel to the tangents at D,, D, to the original
hyperbola.

1'

=0,

Again the tangent at D (a tan 6, bsec ) to the conjugate
hyperbola is
ysecf atanf_
b a

The line through the centre parallel to this is

1.

ysecl awtanéd
b a

which is satisfied by the point P.

=0,

Hence the tangents at D and I’ on the conjugate hyperbola
are parallel to OP,

13—2
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We might then speak of CP, CD, a8 conjugate semidiameters
or of CP, CD as conjugate semidiameters.

Because D is real it is more usual to take CP, CD as the
conjugate semidiameters. But it must be remembered when
this is done that the extremities of one of two conjugate
diameters lie on the original hyperbola and those of the other
on the conjugate hyperbola.

If PCP’, DCD’ be conjugate diameters,

CP? — CD* = (a*sec?® 6 + b* tan? ) — (a? tan? 0 + b* sec* 0)

=a*— b
Whereas CPr4+CDj2=a*— D

This last result we could have surmised from the fact that

in the ellipse the sum of the squares of two conjugate diameters

=a?+b%. The corresponding property of the hyperbola is
obtained by writing —b* for b%

194. The vertices of the parallelogram formed by drawing
tangents at the extremities of two conjugate diameters lie on the
asymptotes, und the area of tlus parallelogram 18 constant
= 4abv

Let PCP’, DCD’ be the conjugate diameters.
Let P be (asec6,btan@), P’ (—asecf, — b tan ).
Then D is (atan 6, bsecd), D’ (— a tan 6, — b sec &)
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The tangent at P is

fsec@—z—/tan0=1.
a b

The tangent at D is

—ftan0+gsece=1.
a b

Where these meet

(Z —%) (sec 6 + tan 6) = 0,

= 00

o e —

SR

[I8

Thus the intersection of tangents at P and D lies on one
asymptote.

Similarly the intersections of tangents at P’ and D’ lie on
the same asymptote, and the intersections of tangents at P’ and
D, and of tangents at P and D’ lie on the other asymptote.

Let tangents at P and D meet in L.
Then area of parallelogram formed by the tangents ab
P,P’, D, D' =4 area DCPL
= 4CD x perpendicular from C on PL

1
= 4 Va?tan? @ + b*sec?  x R—
sec*§ tan?d
al? + ba

= 4ab,
which is constant.
CoRr. The portion of a tangent to a hyperbola intercepted
between the asymptotes 18 bisected at the point of contact, and the

area of the triangle formed by this tangent and the two asymptotes
18 constant (= ab).
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195. The student will see that § 174 is applicable to the
hyperbola by merely writing — b* for b%

The conditions that y =ma, y=m'z should be conjugate
diameters of -

a . , b
(;,—%,:1 18 mm=a—,.

. Also each of two conjugate diameters bisects all chords
parallel to the other.

We can at once obtain the equation of the hyperbola
referred to a pair of conjugate diameters of lengths 2a’, 2b as

x” y"
For the equation is of the form
Aa* +2Hz'y' + By?=1.

But to every point («/, y’) there corresponds a point
@, —y)

s H=0,
and when Yy =0, 27=a",
and when a =0, y1=—10b"%,
whence we geb
4=1 p-_1
= B

196. Equation of hyperbola referred to its asymptotes
as axes.

A, hyperbola which has the axes of coordinates for asymptotes
has its equation of the form

xy = a constant. (§ 186 Cor.)

To find the value of the constant when the axes are of
lengths 2a, 2b we consider the coordinates of the vertex 4 of
the hyperbola,
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Draw AF parallel to the y-axis to meet the a-axis in F, and
draw FK perpendicular to CA,
. =2
o CK= 5
and wA=C’F=0Kseca=g
where a is the angle the asymptotes make with the transverse

sec a,

axis so that tan a= % .

Thus

at b
04y4=w4’=zsec'a=z(1+a;)= =

a? a4+ b

Hence the equation of the hyperbola referred to its
asymptotes is

a4 b
et
The equation of the conjugate hyperbola is easily seen to be
a*+ b
@y =——7F—

197. The equation of a hyperbola referred to its asymptotes
being xy = k* the tangent at (@,, ¥,) is

i‘ (wyl +zy) = k’:

2
that is —x—+—:—y—=—k——=1.
2z, 2y,

Thus the intercepts on the axes are 22, 2y,
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This proves again that the part of the tangent intercepted
between the asymptotes is bisected at the point of contact.

198. Again, the equation of the chord of @y =k whose
middle point is (z,, ¥,) is (§ 141)
Y, + 2y = 2z,

that is

The intercepts on the axes are then 2z,, 2y,.

This shews that the middle point of the chord is also the
middle part of that portion of the chord which is intercepted
between the asymptotes.

Thus if the chord PP’ meets the asymptotes in @ and @',

QP ="P'Q"
This is a well known property of the hyperbola.

EXAMPLES.

1. Hyperbolas are drawn through the origin O with one focus
at a fixed point (4, k) and one asymptote parallel to OX, prove that
the locus of their centres is

{h(z—B)+y (y— B = (- Ay (1 + B).
2. The four normals are drawn from any point to the rect-

angular hyperbola xy =¢* If the tangents at the feet of two of the
normals meet in (¢, 7,); =1, 2...6, shew that

"3 &) =3 (nft) =0
r=1 r=1

and &b Lo+ g =0,
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3. Shew that the distance between the points of contact of a
common tangent to two rectangular hyperbolas the axes of one of
which coincide with the asymptotes of the other is

1
PRNpRAY
— (a* +a
aa ¢ )
where 22 and 2a’ are the transverse axes.

4. Any tangent to the hyperbola 4ay =ab meets the ellipse
3
Z—:-l» %—2= 1 in points P and @; shew that the normals to the ellipse
at P and @ meet on a fixed diameter of the ellipse.

b. Chords of a rectangular hyperbola at right angles to one
another subtend a right angle at a fixed point O, shew that they
intersect on the polar of O.

6. Shew how to find the coordinates of the vertices of a
triangle inscribed in the hyperbola xy = &%, the sides of the triangle
being parallel to the lines y +lx=0, y+ mx=0, y +nx=0. Shew
that if /, m, n vary the area of the triangle is always proportional to

(m —n) (n -1) (I—m)=lmn.
7. Interpret the equation
(dx+ By + C) (Bx— Ay + D) = A* + B*.

8. Shew that the locus of the intersection of tangents to a
hyperbola inclined to one another at the same angle as the
asymptotes is the inverse of an ellipse with regard to its centre.

9. At the point of intersection of the rectangular hyperbola
xy=Fk? and of the parabola 3*= 4ax, the tangents to the hyperbola
and parabola make angles 6 and ¢ respectively with the axis of .

Prove
tan § =— 2 tan ¢.

10. A rectangular hyperbola is cut by any circle in four points.
Prove that the sum of the squares of the distances of these four
points from the centre of the hyperbola is equal to the square on
the diameter of the circle.

11. Through any point on the polar of P with respeét to a
rectangular hyperbola, two chords are drawn each subtending a
right angle at 2. Prove that the chords are at right angles,
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12. A normal to a hyperbola meets the conjugate axis in P and
the transverse axis in Q. Shew that if tangents be drawn from P
to the hyperbola meeting the circle described on PQ as diameter in
T and 7", TT" will touch the hyperbola.

13. Shew that the circles whose diameters are chords of a
rectangular hyperbola drawn parallel to a given direction constitute
a coaxial system; and that the systems corresponding to two
directions at right angles are orthogonal to one another.

14. The four normals at the points of a rectangular hyperbola
@y = ¢* in which it is met by the chords

wcosa+ysina—p=0, p(xsina—ycosa)—cicos2a=0

are concurrent.

15. Shew that the part of a common tangent of the conics

@ 3 P P A+
at5~h  aTpta—p"

intercepted between the points of contact subtends a right angle at
the centre.

16. A rectangular hyperbola passes through two fixed points
and its asymptotes are in given directions. Prove that its vertices
lie on an ellipse and on a hyperbola which intersect orthogonally.

17. Prove that the polar of any point on an asymptote of a
hyperbola with respect to the hyperbola is parallel to that asymptote.

18. Prove that any tangent to either of the conics
2 ¥y 1 T |

P Sy Rl R 4

meets the conic g—i + %—: =1 in two points the normals at which are
equidistant from the centre.

19. The normal at P, to the rectangular hyperbola 2y = ¢* meets
the curve again at P,, the normal at P, meets the curve again in P,
and so on. Prove that if y,7,y;... are the ordinates of these points

Yi'Ya=YaYa= see=—0\



CHAPTER XI
POLAR EQUATIONS OF CONICS.

199. The polar equation of a conic can always be found from
the corresponding Cartesian equation referred to rectangular
coordinates by writing 2 =1 cos §, y =rsin §. Thus, for example,
the polar equation of an ellipse of axes 2a, 2b, the centre being
the pole and the major axis the initial line, is

ricos’d risin?
a? + bq = 1 oooooooooooooooooo (1),

this equation being obtained by the above substitution from
the standard equation

w? 2
&+%=L
If, however, the major axis make an angle a with the initial
line the polar equation will be
ricos? (0 —a)  7r*sin?(6 —a)
a? + b -
In the same way from the equation y* =4ax of the parabola
we can obtain the corresponding polar equation

r8in? @ =4acos f......cccoevnvnvnnennn (2).

L

As the line y=maz + % is a tangent to the parabola y* = 4ax,
it follows that the line

a .
;=msm0—m’cos€

is a tangent to (2) whatever constant value m may have.
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As a matter of fact the polar equations of conics are not
much used except in the case where the pole is at a focus of the
conic. In this case the polar equation assumes a very simple
form which is frequently of use. This equation we shall now
proceed to find independently of any Cartesian equation.

200. Polar Equation with focus as pole.

To find the polar equation of a conic when the focus S 1s
taken for pole, and the line SA joining S to the corresponding
vertez A 1s the initial line.

Let P be any point on the conic. Draw PM perpendicular
to the directrix and PN perpendicular to SA. Let r and 6 be
the polar coordinates of P. Let ! = semi-latus rectum.

Then r=SP=e¢.PM
=e¢. XN
=¢ (XS +SN)
=l+e.rcos(mr—0)=10—ercosf;
. r(1+ecosb)=1,
that is £=1+ecosl9.
If instead of SA for initial line we take the 1\ine opposite to

SA the equation becomes f—_: 1- 6cosb,
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If however the line SA make an angle a with the initial
line the equation of the conic takes the form

f-.=1 + e cos (0 — a),

for the angle ASP is now 6 —a.

201. Tt must be observed that if the conic be a hyperbola
the equation §‘= 1+ecos @ is only satisfied by points on the

further branch of the curve if the radius vector is negative.
That is if P be a point on the further branch the vectorial
angle of P is not 4SP but 4SP’ where P’ is on PS produced.

R

The vectorial angle of the points at infinity on the curve
are given by cos =—-:—, in other words the two lines drawn

through the focus and whose vectorial angles satisfy this relation



206 POLAR EQUATIONS OF CONICS

are parallel to the asymptotes. Denoting these angles by 6,
and 6, we see that when @ lies between 6, and 6,, r is negative
if the equation is to be satisfied.

The student will do well to revert to what was said in § 6
on the sign of the radius vector. By the admission of negative

radii vectores the equation ;l-'= 1+ecos@ represents both
branches of the hyperbola.

202. Equation of Chord.
To find the equation of the line cutting the conic

£=1+ecose
r

tn points whose vectorial angles are a — B and a + B.

The general equation of a line not through the pole can be
written

l;=Acose+Bsine.

If this passes through the points on the conic whose vectorial
angles are a — 8, a+ 83,

1+ ecos(a—B)=A4 cos (a —B)+ Bsin(a—p),
1+ecos(a+ B)=A4 cos(a+B)+ Bsin (a + B)
These equations determine 4 and B.

We can write them
(A—e)cos(a—,8)+Bsin(a—B)=1}
(A—¢€)cos(a+B)+ Bsin(a+8)=1J"

Whence we have _

(A-—e)sin(a+/3—:/§)=sin(a+;3)—sin(a—ﬁ),
. 2(4 —¢)sin Bcos B=2cosasinp,
‘. A=e+cosasecp
and Bsgin 28 =cos(a—B)—cos (a+ B),

.. B=sin asecpB,
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Hence the equation required is

’£_=(e+cosasec,8)cos0+sinasec,Bsin0,
shat is 7£'=ecos 6 + sec B cos (6 — a).

203. Tangent and Normal.

The equation of the tangent at the point whose vectorial
ingle is a is at once obtained by putting 8 =0, viz.

%=ecos€+cos(0—a),

for this line meets the conic in two coincident points whose
vectorial angle is a.
The equation of the normal will be of the form

k;l=ecos (7—2'-'+ 6’>+cos (7_;+9—a) (§ 48)

= —¢sin § —sin (0 —a)
and k must be so chosen that this shall pass through the point
given by
6=a and ;=1 +ecosa,

that is k(1 +ecosa)=—esina,
Hence the equation of the normal 18
esina 1

1+ecosa.;=esm0+sm(9—a.).

204. Chord of Contact.

To find the equation of the chord of contact of tangents from
the point (ry, 6,).

Let a—p3, a+ 3 be the vectorial angles of the points of
contact.

The equation of the chord is then

i—‘= ecos 0 +secBcos(0— a) cececseseseeas(1)
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Now the tangent at a — 8 is
l S
;=ecos€+ cos (6 —a—RB).

This passes through (n, 6,),

l ————
+ q=ecos 6, + cos (6, — a — B).

Similarly } =ecos 0, + cos (6,— a+ B),
1

whence we get cos (6, —a—RB)=cos (6, —a+8);
o 0= (a— B)=2nm + {6, —a + Bl

The lower sign must be taken here, since the upper sign would
give a special value of S,

v 0—(@—B)=2nr— (6, —(a+ B}
L b=nmr+a
This gives « and we have

1—%—60036,=cos(n7r+;8)

1
=(—1)"cos B,
.. (1) becomes

(-,l-'-—ecos 6) (:— — € cos 01) =(—1)*cos (0 — 0, + n)
l =cos (6 — 6,).

205. From the last article we can see that tangents from a

potnt to a conic subtend at a jfocus angles which are equal or
supplementary.

For let TP and TQ be tangents from 7. Let a—g, a+ 2
be the vectorial angles of P and @, and let 6, be that of 7.

By § 204 6, — a =nm.
Thus 6,—(ea—B)=nr+8
and (a+B)—6,=8—nm,

and these differ by a multiple of 27 for
nw + B — (B — nw)=2nm.
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Thus the angle PST =angle T'SQ, unless the curve be a
hyperbola and the tangents be drawn to different branches, in
which case if TQ be the tangent to the further branch and @S
be produced to @', ASQ’ is the vectorial angle of @ (§ 201).

So that ¢ PST = £ TSQ.

Therefore the angles subtended by T'P and 7'Q at S are
supplcmentary.

If both the tangents TP, TQ touch the nearer or both the
further branch TP and T'Q subtend equal angles at S.

206. Prop. The semi-latus rectum of any conic s a har-
monic mean between the segments of any focal chord.

Let PSQ be a focal chord.
Let 6 be the vectorial angle of P.
‘. m + 0 is the vectorial angle of @,

" Sf—P=1+ecoso, ‘—S,%=1+ec08(7r+9)=1—90059.
that is LIS
SP 8@ ?
o1 1 2
5T SQ v

that is !, the semi-latus rectum, is a harmonic mean between

SP and SQ.

Should it happen that the curve is a hyperbola and that P
is on the nearer branch while @ is on the further one, then if
is the vectorial angle of P, + 0 is still the vectorial angle of @
(§ 201), but the radius vector of @ is the negative of the
numerical value of SQ, so that we now have

SP =1+4+e6cosb, —S%=1-ecose,

1. 2
*SPTSQTT
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A more comprehensive statement of the proposition then
would be :

The semi-latus rectum of any conic s a harmonic mean
between the algebraical focal distances of the extremities of a
focal chord, it being understood that a focal distance is negative
if the point be on the further branch, otherwise it is positive.

EXAMPLES,

1. PQ is a variable chord of a conic having a focus at S and
the angle PSQ is constant; prove that the locus of the intersection of
the tangents at P and @ is a conic having S for a focus, and the
corresponding directrix in common with the given conic.

2. The general equation of (i) the chord, (ii) the tangent,
(iii) the normal of the circle = 2a cos 6 are given by
(i) rcos(a+B—0)=2acosacosf,
(ii) 7 cos (2a—6) =2a cos? a,
(iii) 7sin (2a - 6)=2asin acosa
respectively.
8. A series of rectangular hyperbolas have a given focus and
pass through a given point ; prove that the locus of the other focus

when referred to the given focus as origin can be expressed by an
equation of the form r=acos 6 + b where a and b are constant.

4. The eccentric angle of any point £ on an ellipse is a,
measured from the semi-major axis C4, S is the focus nearest to 4

and the angle ASP=6; prove

tan—-\/1+e a

is relation is of importance in the theor of elliptic orbits in
P y p
dynamics.]

5. P, Q, R are three points on the conic ;: 1 +ecosf, the

focus § being the pole; SP and SR meet the tangent at @ in # and
N 8o that S¥ =8N =1 Prove that PR touches the conio

£==1+2ec050.
r
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6. Two parabolas have a common focus and axes inclined at an
angle a. Prove that the locus of the intersection of two perpen-
dicular tangents one to each of the parabolas is a conic.

7. Chords of a conic which subtend a constant angle at a focus
touch a fixed conic.

8. The equation of the circle circumscribing the triangle
formed by the tangents at the three points on the parabola

;{:1 +cos § whose vectorial angles are a, B, y is
% 08B cosY = _rﬁiz)
2rcos2coszcos2—lcos(0 5 .

9. Shew that the sum of the reciprocals of the areas of the
rectangles formed by the segments of any two perpendicular focal
chords of a conic is constant.

10. The equation of the director circle of the conice
f =1+ecosf
r

is 2 (1 —¢?) + 2elrcos § — 202 = 0.

11. A circle is drawn through a focus of a conic whose latus
rectum is 2/; shew that the sum of the reciprocals of the focal
distances of the four points in which the circle cuts the conic

issg
7

12. Find the condition that the line ; =Acos 0+ Bsinf may

be a tangent to the conic é: l+ecos(6-v)

13. Conics with latus rectum of given length are described
with a fixed point as focus and touching a fixed straight line. Prove
that the locus of their centres is a conic.

14. Points P and @ are taken on a conic in such a manner that
the vectorial angle of the point of intersection of the circles on the
focal radii $2°, §¢ as diameters has a constant value x. Shew that
the locus of the pole of £@ is the line

14—2
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15. The equation of the tangent at (», 6,) to a circle whose
centre is (¢, a) is
r?=rccos (0, —a)—crcos (a—0)+rr, cos (6 -6,)=0.

16. If 0, ¢ are the vectorial angles. of any point on a given
conic referred to the two foci, the initial line in both cases being

’

the axis in the same sense, then the ratio tan g : tan = is constant.

2 2
17.  Prove that the equations of the asymptotes of the hyperbola
E=1+¢scoas€ are
r
sin 6

Ne—1)'
Find too the asymptotes of ;{: 1 +ecos(6-1y).

-1
e

£= {cosOi
r

18. If the focus of a conic be given and if the asymptotes pass
each through a fixed point on a straight line through the focus, the
locus of the centre will be a circle.

19. An ellipse and a parabola have a common focus § and
intersect in two real points P and @, of which P is the vertex of the
parabola. If e be the eccentricity of the ellipse and a the angle
which SP makes with the major axis, prove that

SQ _ 1+ 4etsin' a
SP~ " " (I-ecosa)’

© 20. A family of conics have a common focus, axes in the same
direction and equal latera recta. Shew that the locus of the foot of
the perpendicular from the focus on a common tangent to any pair
whose eccentricities are connected by the homographic relation
aee' +b(e+é)+c=0
is & circle.



CHAPTER XII

CONICS IN GENERAL.

207. Proposition. Two real conics will tn general cut
. four and only four points, an even nwumber of which may
be vmaginary.
For we may take as the equations of our conics
ax® + 2hxy + by* + 292+ 2fy +¢c=0 ............ (1),
a'w? + 2hzy + Wy + 29+ 2f 'y +¢ =0 ..ooninll (2).

To find where these conics meet, we treat the equations as
simultaneous.

We may write the equations
4oy + dyy + 4,=0,
Bo."ﬁ + Bly + B,=0,

where the coefficients are functions of z of degrees indicated by
their suffixes.

From these we have

oy -y 1
A, A, 4,, A, A, 4,
‘ B, B, [ B,, B, B,, 1;[
whence
4,, 4, | 4,, A,l: A4, A,
’B,, B, ||B, B| |B, B, l '
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which is a biquadratic in «, having four roots, and to each
value of z corresponds one value of y given by

4o, 4, ‘ 4,, 4,
-Bo; B2 N Bo; Bl

Thus the conics will in general cut in four points some of
which may be coincident. Two of the points or all four of

them may be imaginary, for imaginary roots of an algebraical
equation with real coefficients occur in pairs.

.

y=-

208. Should it happen that each of the conics (1) and (2)
is a pair of straight lines, and that one line of each pair is the
same, then clearly there would be an infinite number of points
common to the two conics, namely all points on the line
common to them.

For the equations (1) and (2) now take the form

(lz+my +n)(l'z +m’y +n') =0,
(lz + my +n) "z + m"y +n") =0,
and these are satisfied by all points satisfying
lz+my+n=0,
as well as by the point determined by
lz +m'y +n' =0
Ve+m'y+n'= 0} ’

Again in the special case where (1) and (2) both represent
two straight lines, and the point of intersection of the first pair
is the same as that of the second pair, namely (z,, ¥), the
equations can be written in the form

{t @—z)+m (Y-p}{l (@=—@)+m’ (y-pw}=0,

' (@=—a) +m" (y =y} {I” (@ = @) + m"” (y =)} =0,
which are satisfied simultaneously only by 2=, y=y,.

209. Contact of Conics.
We will denote the four common points of two conics

S and 8§ by @ R, T, U. Now it may happen that two or
more of these points coincide. Suppose that @ and R coincide
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while 7 and U are separate points. The conics are then said
to touch at the point @, or to have ‘single contact.’

Suppose now that @ and R coincide, as also T and U, but
@ and 7 do not coincide. The conics then touch at two points
Q and T and are said therefore to have ¢ double contact.’

Suppose next that @, R and T coincide but U is a separate
point. The conics are then said to have ‘three point contact’
at Q.

‘Three point contact’ is sometimes called ‘contact of the
second order’ but it must be most carefully discriminated
from ‘double contact.’

Lastly suppose that @, R, T and U all coincide, the conics
are then said to have ‘ four point contact,” or as it is sometimes
called ‘ contact of the third order.

When two conics have contact of any order at a point they
will have a common tangent line at that point.

Conics which have single contact may be looked upon as
the limiting case of two conics which cut in four points, two
of which are very near together. Such conics are sometimes
said to have two ‘ consecutive points’ common. So conics having
three point contact may be regarded as the limiting case of
two conics which cut in four points, three of which are very
near together. Such conics are sometimes said to have three
‘ consecutive points’ common.

And in the same way conics with four point contact may
be said to have four ‘ consecutive points’ common.

We shall return to the subject of the contact of conics later.

210. Proposition. One conic, and wn general only one,
can be drawn through five given points.

For, as the general equation of a conic is
aa®+ 2hay + by* + 295+ 2fy +¢=0,
if we express the condition that this shall pass through the five
points whose coordinates are supposed given, we shall have five
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simple equations in @, b, ¢, f, g, & which will in general de-
termine uniquely the ratios of these six constants to one
another.

The five equations may however be not all independent.
This case will clearly arise when as many as four of the five
given points are collinear. For suppose we have four of the
points in a line. Take the axis of « to be this line. Then we
may take the points to be (0, 0), (z;, 0), (z,, 0), (z;, 0).

The conic will now be

az® + 2hxy + by? + 2gx + 2fy =0,
and we must have

) + 292, =0.ceevneiniiiiininnnnnnn. (1),
0z + 292, =0.coevvniiiiiinninnn.. (2),
0z + 2923 = 0.evnrennennnninnnnnnnn.. (3)

Since , is not equal to @, nor is either of these zero, (1)
and (2) givea=0=g.

Thus the conic is

2hzy + by + 2fy =0,
and (8) is satisfied of itself.

We now express the condition that the remaining point,
(4, y.), should lie on the conic, and we have

2hxy,+ byl + 2fy, =0,
which is not sufficient to determine the ratio b: f: h.

Thus there will be an infinite number of conics through the
five points, viz. the line through the four collinear points,
together with any line through the remaining fifth point.

If only three of the points are collinear, there will be only
one conic through the five points, viz. the line containing these
three collinear points together with the line containing the
other two.

Our proposition then is proved that one conic can always
be found to pass through five points and in general only one
such conic can be found, the exceptional case being when as
many as four of the points are collinear.
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211. Conics through the points common to two
conics.

If S = aaz*+ 2hay + by + 292 + 2fy + ¢ =0 ......(1),
S=ada*+ ey +b P+ 20+ 2fy+c¢ =0...... (2)
be two conics, then
B =58 =0, ceeeeecienincanenincnnnes (3)
where % is any constant, will be a conic, and it will pass through
the points common to (1) and (2), since (3) is satisfied by
S8 =0 and § =0 simultaneously.

We see then that (8), for different values of k, gives all the
conics passing through the four points common to (1) and (2).
For any conic through these four points is (by § 210) completely
determined when a fifth point on the conic is known. And
the constant 4 can be so determined that the conic shall pass
through this fifth point.

In the special case where (1) and (2) are both of them
pairs of lines with a line in common, (3) will be a pair of lines
one of which is this common line.

212. From the preceding paragraph we see that if S=0
be a conic, then

S~Lklz+my+n)(lz+my+n)=0........ 1)
for any constant value of k& will be a conic through the four
points in which the lines

le + my+n=0,

lz+m'y+n' =0

meet the conie.
And in particular
S—k(le+my+n)P=0.ccereerruveee. (2)

will be a conic touching the conic S = 0 at each of the points in
which the line Iz + my + n =0 meets it. This is so for

(lz +my+n)*=0
is a conic meeting S=0 in four points, which are two pairs
of coincident points.
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Thus (2) will meet S=0 in two pairs of coincident points,
that is to say (2) will have double contact with the conic S =0
at the two points where the line Iz + my + n = 0 meets i,

In the special case where the line lz4+my+n=0 is a
tangent to S =0, the conic (2) will have four point contact
with §=0.

213. Proposition. The common chords of a conic and
circle taken in pairs are equally inclined to the axes of the conic.

We shall take the axes of coordinates to be parallel to the
axes of the conic so that the term in zy will disappear and the
equation of the conic will be of the form

ax® + by + 292 + 2fy +c=0..cecurrnnnnee. (1),
a or b being zero in the special case where the conic is a
parabola.

Now let a circle cut the conic in four points P, @, R, S

and let the equations of a pair of the common chords, say PQ
and RS, be

le+my+n=0..ccccecerrrrannnn(2),

lo+my+n' =0 . iiiriiiiiinnnnnns 3).

Then ©
as® + by + 29z + 2fy + ¢

—k(z+my+n)(lz+m'y+0")=0...(4)
is the general equation of conics through the points of inter-
section of (2) and (3) with (1).
Therefore by properly choosing &, (4) will represent the
circle. For this the coefficient of #y in (4) must be zero,
that is

Im' +0m=0,
y__1
. e m,— m-

Thus the ‘m’ of PQ is the negative of the ‘m’ of RS, that
is the chords PQ and RS are equally inclined, but in opposite
directions, to the z-axis.
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That is, PQ, RS are equally inclined to the axes of the
conic. Similarly the other pairs of chords, viz. PR, QS and
PS8, QR are equally inclined to the axes.

Cor. If a, B, vy, & be the eccentric angles of the four pownts
wn which a circle cuts an ellipse

a+ B+q+ 8=an even multiple of .

For if we refer the ellipse to its principal axes the chords
through a, B3, and v, & are respectively

e a+B y . atB  a-f
acos 5 +gsm 5 cos )

¢ y+8 y . y+8  y-8 _
acos 5 +b sm-—2 cos*—~2 =0.

Therefore, by properly choosing the constant &, the equation

at+pB Y a+ B a—
B) +bs1n ) — co8 o)

N o B R e N, —8) _
x(acos 5 +bsm 3 cos — =0
can be made to represent the circle through the four points
a, B, , 6. For this the coefficient of #y must be zero,

a+B . y+398 y+98 . a+B=O

s COS ——2~—-‘ s T -+ cos T sin 2

that is sin 5‘—4'—’8——42_—7——':—8

=0,

L z
¢?+b’ 1+k(acos

=0,

. a+B+y+3d
LI} 2

. a+ B+ + 8=an even multiple of m

= a multiple of =,

Examples. 1. Every conic through the four points in which a circle
cuts an ellipse will have its axes parallel to the axes of the ellipse.

2. A circle cuts the parabola y3=4az in the points (ap? 2au,),
(apedy 2apg)y (apghy 2apy), (apd®, 2apy), prove that
Pt pgtpstpa=0



220 CONICS IN GENERAL

3. Three normals are drawn to a parabola from a point. Prove that
the circle through the feet of these normals passes through the vertex of
the parabola.

4. Two points, of eccentric angles y/ and &, on an ellipse, are such
that there exist a pair of points on the ellipse which are concyclic with
them and are also concyclic with the pair of points a and B, which again
are concyclic with y and 8. Prove that v, 8, ¥, 8 are concyclic.

6. Prove that the conics

T2 - dzy + 4242y - 17=0,
22+ 2y - 4=0,

touch each other at two distinct points, and find the coordinates of the
intersection of the tangents at those points.

8. Shew that it is possible to describe a circle touching the two
lines
(az?+ by?) (12 — m?) +2 (& — b) Imzy =0,

where they are met by the line lz+my =1 and find its equation.

7. The conics whose equations referred to rectangular axes are
axd 4 2hxy + by + 292+ 2fy + ¢=0,
a2+ 2k zy + by + 29’ +2f'y +¢' =0,
intersect in four concyclic points; prove that g—]:—b = a_/-;’_b and that the
coordinates of the centre of the circle are

kg —Kg K -Kf
ak/ ~a'h’ ak - a’h) ‘

214, Equation of pair of tangents from a point.

We may make use of articles 211, 212 to find the equation
of the pair of tangents from (=, ¥,) to the conic

az® + 2hzy + by* + 292 + 2fy +¢c =0 .........(1),
which is supposed not to be two lines.
The chord of contact of the tangents from (z,, ¥,) is
azx, + h (zy, + zy) + by + g (z + )+ (Y + 1) + ¢ =0...(2).

Now the pair of tangents from (2, ;) to (1) is one of the
conics having double contact with (1) at the points where
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it is met by (2), and the general equation of such conics is

§ 212)

az* + 2hzy + by + 29 + 2fy + ¢ — k {axx, + h (zy, + 2,y) + byy,
+9@+@)+f(Y+y)+eP =0, (3).

If now we choose & so that (3) will pass through the point
(#,, y,) we shall have the equation of the pair of tangents.

We find that
1

o= az? + 2hxy, + by, + 292, + 2fy, + ¢°
Thus the pair of tangents has for its equation
(az® + 2haxy + by + 292 + 2fy + ¢)
x (az?+ 2hzy, + by + 292, + 2fy, +¢)
= {az2, + h (@y, + @y) + byy, + 9 (@ + @) + (Y + 1) + o],

which is what we obtained long ago in § 142 and which we
have been writing

SSI = T’o
Foci of Conics.

215. We have seen that the equations of the central conics
referred to their principal axes are

a

PR

b being negative if the conic be a hyperbola,

N ),

Now the conic (1) has two foci
(Wa? =12, 0) and (- Va* =% 0),
and two corresponding directrices
a? o?
&=——— and 2=——F——

Vo — b Nar =

The symmetry of the equation (1) shews that there are yet
two other foci whose coordinates are

(0, ¥b*'—a?) and (0, —Vi*—a?),
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and two corresponding directrices, viz.
b d »
V=Tima Ve

and clearly the conic might be regarded as the locus of points
whose distance from either of the points

O, + VB =)

is a constant times their distance from the corresponding one
of the two lines

b
g

y= in’

the constant, or eccentricity will now be ,\/ 5 jusb as

; N ]
before it was \/ a ab .
@

Now we see that the two new foci and directrices are
imaginary whether the conic be an ellipse or hyperbola. The
new eccentricity is also imaginary if the conic be an ellipse but
it is real if the conic be a hyperbola.

Central conics then have four foci, two real and lying on one
axis, the other two tmaginary and lying on the other azis. Of the
corresponding eccentricities one 1s real and one vmaginary in the
case of an ellipse, and both are real if the conic be a hyperbola.

A parabola being the limiting case of an ellipse, we may
say of it too that it has four foci but three of them are now
‘at infinity.’

Example. Each directrix of a conic is the polar of the corresponding
focus.

216. Equation of pair of tangents from a focus.
The equation of the pair of tangents from (z,, y,) is

Grb-1@E+E-1)-G -
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Therefore the equation of the pair of tangents from the
focus (Va? =13, 0) is

(p )20 (T,

b:@uw_ FEL IRt Y
& (75

— 2NV — b +a—b + =0,
which can be written
(@— VT Ty 4y =0.
Similarly the pair of tangents from the focus (—¥a? =53, 0)
is
@+ VT4 =0,
and the pair of tangents from the two imaginary foci can be
written
a4+ (y = Vb — a?)? =0
and &+ (y +Vb* = a?) = 0.
Thus the equation of the pair of tangents from a focus is
that of a ‘point circle’ at the focus.

Hence we get the following result:

If (., 3,) be a focus of a conic whose Cartesian equation is
given, referred to rectangular axes, then the equation of the
pair of tangents from (=, 7,) to the conic is

(—z)+(y-y)=
If the axes be oblique the pair of tangents will be
(@=2)+ @ -5)f+2(@-a) (Y- y)cosw=0.
217. To find the foci of the conic
ax® + 2hxy + by* + 29 + 2fy + ¢ =0,
the axes being rectangular.
Let (@, y,) be a focus.
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The equation of the pair of tangents from (2, %,) is
(az? + 2hayy, + by, + 292, + 2fy, + ¢)
x (ax*+ 2hzy + by? + 292 + 2fy + ¢)
— {(az, + hy, + 9) @+ (hay +byy + f) y + (922 + fyn + )= 0.
This then must reduce to a ‘ point circle’ at (@,, ),
.. coefficient of * = coefficient of y?,
and coefficient of zy = 0.
- (az? + 2hayy, + by + 292, + 2fy, + ¢) (a — D)
= (az; 4 by, + g)* + (ha, + by + f ) =
and
h (az? + 2hx,y, + by + 297, + 2fiy, + ¢)
= (az, + by, + g) (hay + by, + f) = 0.
Thus the coordinates of the foci are given by the equations
(az+hy+g)—(ha+by+f) _(az+hy+g)(hz +by +1)
a—>b h
= az® + 2hzy + by* + 29z + 2fy +c.
Another method for finding the foci of conics will be given
in a later chapter when we come to deal with ‘tangential
equations.’

218. Equation of the axes.

It follows from the preceding paragraph that the equation
of the axes of the conic

ax® + 2hzy + by + 292 + 2fy +¢=0

is ib ED e, (1),
where E=ar+hy+yg, o;=ha:+by+f

For (1)is a conic, and the foci lie upon it (§ 217). Moreover
it is satisfied by £=0, =0, that is by the centre of the coniec.

Hence (1) is a conic through the four foci and the centre of
the conic; but the axes of the conic pass through these five
points, and there can be only one conic through five points of
which not more than three are collinear (§ 210).



CONICS IN GENERAL 225

Thus (1) represents the axes of the conie,

This equation of the axes is extremely easy to remember on
account of its resemblance to the equation of the bisectors of
the angles between two lines (§ 61).

Examples. 1. Find equations to give the foci of the conic given by
the general equation when the axes are inclined at an angle o and shew
that the equation of the axes is

@, 1, £ |=0.
b, 1, 'I, \
hy, cosw, &,

2. Obtain the coordinates of the foci of the ellipse
823 — 4xy +5y% — 162 — 14y +17=0,
and shew that the equations of its axes are
22—y—1=0 and 22+4y—11=0.

219. We may also obtain the equation of the axes of the
conic from the fact that the axes are the bisectors of the angles
between the asymptotes.

Now the asymptotes are parallel to the lines (§ 189)

aa?® + 2hzy + by?*=0.
Thus the axes must be the lines through the centre of the
conic parallel to the lines
wﬂ —_— y! _ —m——
a—b &’
That is, the equation of the axes is
@—2)-@Y—y)_(@—z) (y—m)
a-—b h ’

where (z,, ¥,) are the coordinates of the centre, that is to say
z, and y, are given by
a, + hy )+ g= 0’

hx1+by;+f=00
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220. Lengths and position of the axes.

If it be required to find the lengths as well as the positions
of the axes of the conic given by the general equation we begin
by transferring the origin to the centre.

If (@), y;) be the centre

az,+hy, +9=0 ..ooveeeen crenenenni(1),
hay + by, + =0 .orvvviniiiniinannnn. (2).
On transferring the origin to (2, ¥,) the equation of the

conic becomes
az® + 2hxy + by 4 ¢ =0,

where aw? + 2haey, + by + 292, + 2fy + = Canenenes 3).
Now (8)— (1) x &, — (2) x 3 gives
gm+fpnte—c' =0 i (4).
Eliminating @, and g, from (1), (2) and (4) we geb
a, h, g |=0,
h, b f
g, f, ¢—¢
SNla h g|+|a k-0 |=0
h, b, f h, b O
9 f ¢ 9 5 =¢
that is A — ¢C=0 where C = ab — A3,
L g_A
N 0"
The equation of the conic is now
aa® + 2hay + by? +% =0 eevernsiennn(5).

It becomes now a matter of finding the lengths of the axes
of a conic whose equation is of the form
aw’+ 2hwy+ b ,= 1-l.'i.i..'.!t..-‘.ooo(6),

since our equation (5) reduces to this form when we divide by

A
-7
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221. To find the lengths and position of the axes of the
contc whose equation s

02 + 2hay + by =1 eveereerreennnn (L),

The procedure is very much the same whether the axes of
coordinates be rectangular or oblique; but it may seem easier
to the student to take the case where the axes are rectangular
first.

Consider the circle of radius » with its centre at the centre
of the conic, Its equation is

2+
T

TR ().

Subtracting (2) from (1) we have an equation

(a— ;‘1—2> x?+ 2hwy+<b-— 7%) P=0 .eeeeeee(3),

which represents a pair of lines through the origin and the
intersection of (1) and (2).

These straight lines will become coincident when and only
when they lie along the axes of the conic.

The condition that the lines should be coincident is

(a - %ﬂ) (b - ;1-,) 2B eererereeeens (4).

This is a quadratic equation in 7%, If the conic be an ellipse
both the values of 7* will be positive; but if it be a hyperbola
one will be positive (giving the transverse axis) and the other
negative (giving the conjugate axis). If % 7 be the roots and
both be positive the conic is an ellipse with 27, 2r, for its axes.
But if r* be positive and 7 negative the conic is a hyperbola
the length of whose transverse axis is 2r, and the length of the

conjugate axis 2V —rg? or 2ir,, where ¢ is ¥ — L.

The actual positions of the two axes are easily found.
16—2
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For r,? being one of the values of 72 given by (4) the lines

(3) are [(a i ;‘1—12) . hy]’ N

that is the pair of coincident lines

1
(a—qj—]a)w+l¢y=0.

This then is the equation of the axis corresponding to r,
and the equation of the other axis will be

1
(a= ) m+ry=0.

222. If the axes of coordinates be oblique, the equation of
the circle of radius r having its centre at the centre of the
conic will be

a2+ 2zy cos w + 4?
r? =

1,

so that the equation of the pair of lines through the centre
of the conic and the points of intersection of these lines with
the conic will be

1 cos ® 1
(a— ﬁ)“”+2 (h— ~ )xy+ (b - 77,>y’—0.
The equation giving the lengths of the semi-axes will now be
1 1 cos w\?
(¢-7) (b-5)=(-5)
which can be written
1 (a+ b—2h cosw) 1 ab—-h’=o

sin? @ 7 sin®w

r{

If r,* and 7,? be the roots the equations of the correspond-
ing axes will be

1 CoS @
(0= )+ (1= 5)v =0

o 3= elo-22)o-e
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223. The advantage of the method adopted in the pre-
ceding articles is that the equation of each axis is given
separately and associated with the length of that particular
axis, so that we are able to say which is the major axis and
which the minor, or which is the transverse and which the
conjugate axis.

Except for this, however, it is much simpler to get the
equation of the axes as we have done in § 218 and to find the
lengths by means of invariants.

Thus if az? + 2hzy + byr=1
become on transformation to principal axes
2 2
3
STy

we have that

X: Y
2 2 i
ax® + 2hxy + by = r,’ + 3
Thus by invariants
l + J'._ 0
a+b—2hcosw 1?12 ——1—+——
sin? - T SR
sin? &
2
ab-h 1

and

— .
sinfw il

Hence 1—11—, and ;; are the roots of the equation in 1 , Viz.
1 2

l_(a+b—2hcosw)} ab—h’_o
r sin? @ ? sinte

Examples. 1. Find the positions and lengths of the axes of the

conic
522 — 62y +5y3 + 222 — 26y +29=0,

the axes being rectangular,

The centre is given by
[ : bz -3y +11=0,

— 3245y —13=0,
from which we find x= -1, y=2,
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On transferring the origin to this point we find that the equation of

the conic becomes
ba? — 6y +5y?—8=0,

5 3 b
3 ™ . et - 2=
that is g% 2 (8) ry+gy 1,
b 3 b
80 that a=§’ IZ=—§, b=§.

The lengths of the semi-axes are then given by

5_LVGB_LV_9
8 )87 7 "1

3
o' =i-8-,

AN

I+ ool or
w

1.5
A=
The major axis is ther 4 and the minor axis 2.
The equation of the lizs of the major axis is

y - ™=4orl

m‘

o1\ 3 _
f5-2)7-5v=0,
ie. z—y=0.

The equation of the line of the minor axis is

5 3
<§ — 1)1‘— §y=0,

ie. #+y=0.

These are of course “.e equations of the axes of the ellipse referred
to the new axes of coordinates. The equation of the major axis referred
to the original axes will be

(#+1)—(y—2)=0, that is 2~y +3=0,
and of the minor axis
(@+1)+(y-2)=0, that is 2+y—1=0.]
2. Find the positions and lengths of the axes of the conics
(i) 92%+4xy+6y2- 222 —16y+9=0,
(ii) 72%+122y - 2y2-- 262 — 8y+7=0,
the axes being rectangular, and represent the same in a figure.

224. Eccentricity of Central Conic.

Let ¢ be an eccentricity of the conic
ax®+ 2hzy + by =1
referred to rectangular axes.
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Let this become on transformation to principal axes

adz?+ by =1,

RN %, = % 1-¢e,
that is a=b(1-¢).
Also a+b=a+b,
o't =ab— .
Eliminating o’ and b’ we get the equation
(a—Db)+ 4n

¢+W(e’—1)=0.

In the case where the conic is an ellipse, i.e. ab —h? >0, the
two values of ¢? given by this have opposite sign. The positive
value of ¢ then gives the real eccentricity.

But if the conic be a hyperbola, i.e. ab—h?*<0, both the
values of ¢? given by this equation are positive and the question
arises which belongs to a real focus and directrix and which to
an imaginary one. We shall investigate this point further in
the next article.

225. Let the conic
az®+ 2hzy + by*=1
on transformation to principal axes be
C+l-1,
and let B? be negative if either a* or B? is negative, and leb
a* > 32 if both be positive.

Let ¢ be the eccentricity associated with a real focus and
directrix.

Then ega’-’ﬁ’.
@
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Using invariants we have

1 1
;’+§=a+b’
%g—ab 13,
Whence b
1
a4+ = a+ and a”ﬁ’:m,,

_ Jla+by—4(ab-1)
“"B’"\/ O
with a positive sign and
L_
o Bn

according as the conic is an ellipse or a hyperbola.

=T V(a+by—4 (ab— 1),

Whence o—? =a+bdFV(a+ by —4(ad - 1),

according as the conic is an ellipse or a hyperbola.
. e (@+bF—4(ab—#)
ot e’_%\/ (ab - h2y
x {(@+b) FV(a +b) — 4 (ab—hY))
according as the conic is an ellipse or a hyperbola, where the

posmve sign is taken with the radical outside the bracket.
That is, if the conic be an ellipse,

NI
= @+ D)= @~ b+ 4,

But if the conic be a hyperbola

V(a - b)’ + 4h? (CETyFwE
_(a=by+ 4h’ + (a+b)V(a—0b) + -
2 (* — ab)
This gives the eccentricity of the hyperbola associated with
a real focus and directrix,
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The eccentricity of the hyperbola associated with the imagi-

nary focus and directrix will be given by the other root of the
quadratic equation in ¢* found in the last article, and this will

be got by simply changing the signs of the radical, that is,
—V(a—b) + 4h?
2 (h*— ab)
_(a=by+4k—(a+b) V(e — by + 4l
2 (B* — ab) *

It may here be remarked that the eccentricity of a hyper-
bola associated with an imaginary focus and directrix is the
same as the eccentricity of the conjugate hyperbola associated
with a real focus and directrix.

el.—.

{@+b—V{a— by +4h}

So that the second value of e* just found gives the eccen-
tricity of the conjugate hyperbola.

We may observe that if @+ b =0, that is if the conic be a
rectangular hyperbola, both of the values of ¢* become 4 (72— ab)

2 (h*—ab)’
that is e = 4/2, which is correct for a rectangular hyperbola.
Example. If the axzes of coordinates be not rectangular the eccen-
tricity e of the conic
aw?+ 2hxy + byi=1
is given by
(2—e_(a+ b—2/ cos w)?
1-¢? (ab=A¥)sin%e °
226. Director circle.
To find the director circle of the central conic whose equation vs
ax® + 2hzy + by® + 292 + 2fy + ¢ =0,
the axes being rectangular,

The director circle is the locus of the points of intersection
of pairs of tangents at right angles. Now the equation of the
pair of tangents from (z,, ¥,) is

(ax? + 2hzy + by* + 292 + 2fy + ¢)
(az? + 2hayy, + by, + 292, + 2fy, +c)
= {(azy + hyy + g) & +(har + by + f) y + (92 +fin + 0)f*=0.
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These tangents will be at right angles if
Coefficient of a? + Coefficient of y* =0,
that is, if
(@ + b) (az! + 2hay, + by? + 292, + 2y, + ¢)

= (amy + hyy + ) — (hay + by, + )2 =0,
that is if

(ab — 1) (22 + y,%) — 2 (hf — bg) @,
—-2(gh—af)y + (@ +d)c—g*—f1=0.
Thus the locus of (), ) which is the director circle of the
conic is
(ab— 1) (a* +y) =2 (hf - bg) =
—-2(gh—af)y+bec—f'+ca—g*=0,
which may be written
C(@®+y)—2Gz—2Fy + A + B=0,
where the capital letters are, as in § 133, the minors taken

with their proper signs of the corresponding small letters in the
determinant

a, h, g/,
h, b f
9 5 e
that is to say,
A=|b f|=be—f, B=|a, g|=ac—-g
S g9 ¢
C=\|a, h\|=ab-—h3
h, b
F=—| q, hl=gh—af, G=| h, b|=hf-1bg,
9 f 'g, f
==| b f |=fy—ch
v

Cor. The equation of the directriz of the parabola repre-
sented by the general equation 1is
2Gz +2Fy— (4 +B)=0.
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For the directrix of the parabola is the locus of the points
of intersection of pairs of tangents at right angles, and
O =ab — h*=0 when the conic is a parabola.

We can at once find the coordinates of the focus of this
parabola. For if (2, y,) be the focus, the equation of the
directrix, which is the polar of the focus, must be

(az, + kyy + 9) @ + (haey + by + ) y + (92 + fiy + ¢) = 0.

This then must be identical with the equation for the
directrix given above,

. aw1+hy1+g hx1+by1+f gz, +fi +e
e 2G oF —(A4+B)"°

These two equations determine , and ¥,.

Example. Find the equation of the directrix and the coordinates of
the focus of the parabola

22+ 22y +y? - 32+ 6y —4=0.

227. Proposition. The four directrices of a central conic
pass through the points common to the conic and s director
circle.

For if the conic be

wﬂ 3
TAL=1 vereneenes(D),
the director circle is
B+YP=+b erriiniiniiiiiannn, (2)

The general equation of conics through the points of inter-

section of these two is
Tl 14b@+p-a T ) =0,
Choose k so that the term in y? disappears.

This requires that k=- 51-"
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We thus get as one of the conics through the points of
intersection of (1) and (2)

2
%- 1- %(m’—aﬁ —-0)=0,
. 1 1 a?
that is w’(aé—@) +E._,j=0,
4
that is x? — ‘12—(_1_—()2 =0,
which is the two directrices
a!
=+ ———.
"N —p
Similarly the other two directrices, viz.
bt
y’ - b2 — ag = 0’

are a conic through the points of intersection of (1) and (2).
Thus the proposition is proved.

Example. Shew that the equation of a pair of directrices of the conic
S=ax?+2hxy + by + 292+ 2fy +¢=0

(ax+hy +g)*+ (he+ by + f)2 + £S=0.

is of the form

228. A theorem of Newton’s.

The following proposition due to Newton which is usually
proved in works on Pure Geometry is extremely easy to establish
by Analytical methods.

If O be a variable point in the plane of a conic and lines
OPQ, ORS be drawn through O in fized directions to cut the
conic in P, Q, R, S, then the ratio OP . 0@ : OR. OS s constant.

Refer the conlc to the lines OPQ and ORS as axes. Its
equation will be of the form

aa® + 2hxy + by + 29z + 2fy +¢c=0.
Putting y =0 we get
ax® + 29z +c=0,
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Thus OP. 0Q = product of the roots of this equation = %.

Similarly OR. 08 =73,
11
) OP.OQ:O.R.Os=C—L.‘E=b-a-

Now if we transfer the origin to any other point (, keeping
the directions of the axes unchanged, the coefficients of the terms
of the highest order in the equation are unchanged. Thus the
new equation will be of the form

ax? + 2hzy + by? + 29’z + 2"y + ¢’ =0,
and if the new axes cut the conic in P, ¢ and R’, 8 respectively,
OP.0Q:0R .08 =b:a.
Thus OP.0Q:0R.08S=0P .0Q :0R.08.
And the proposition is proved.

229. It must be understood that the distances OP, 0Q, &e.
in the preceding paragraph are algebraical. That is to say, if
OP and 0Q are in opposite directions they have opposite sign,
or in other words OP . 0Q is a negative quantity.

The well known property of the ellipse that, if QV be an
ordinate of a diameter PCP' and DCD’ be the diameter conju-
gate to CP,

QV:: PV.VP =CD*: CP?
is a special case of the theorem just proved.
For if QV meet the ellipse again in Q" we have
VQ.VQ :VP.VP'=CD.CD : CP.CP,
that is —QV*: —PV.VP' =-CD*: - CP,
or QV*: PV.VP =CDx: CP.

The same property is true for the hyperbola, but it must be
understood that D and I’ are the points where the conjugate
diameter meets the hyperbola itself, and not where it meets
the conjugate hyperbola.
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But if it meets the conjugate hyperbola in d and d’, then
Cd*=-CDr,
So that we have
QV:: PV.VP =—Cd: CP,
that is QV:: PV.PV=Cd:CP,
which is the geometrical property with which the student is
familiar.

Example. If lines OPQ, ORS be drawn through a point O in the
plane of a conic, prove that the ratio OP.0Q : OR. 0S is equal to the
ratio of the squares of the diameters parallel to OPQ and ORS respectively.

230. Contact of conics.

We have already in § 209 said something of the different
degrees of the contact of conics, so that it is already understood
what is meant by simple or two point contact, three point
contact, and four point contact,

Suppose that (@, 4,) be a point on the conic

S=aa2® + 2hzy + by* + 292+ 2fy +¢c=0 ...... (1),
then

T'=aza,+h (zy, + 2y) +byy + g (@ + @) + (Y + ) +¢=0
is the tangent at (=, y,).
The general equation of conies having simple contact with
(1) at (2, 3,) will be
S+T(z+my+n)=0.ccccecenrnnnen.. (2),
for this is a conic which has as common chords with the given
conic the tangent 7'= 0 and a line
le+my+n=0.

If the line lz + my + n= 0 passes through (=, %) the conics
will have three point contact at (2, ). The general equation
of conics having three point contact with (1) at (2, ;) is then

S+T{{(z-a)+my—y)}=0.ccceeruen. 3).

And in the special case where the line lz+ my+n=0
becomes the tangent, the conics will have four points common
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at (@, %), in other words they will have four point contact.
Thus the general equation of conics having four point contact
at (@, v,) with the given conic is
S+ kT?=0.
Examples. 1. Shew that the equation of the parabola having four

point contact with the ellipse #%/a? + 3?/b?=1 at the point P (acosé,
bsin §) is
( sin § -7 5 COB 0) +2xcos€ 2‘2/?16 2=0,
2a2h?
cps”
2. Find the equation of the rectangular hyperbola having four point
contact with the ellipse #2/a%+y?/b2=1 at the point (a cos 6, b sin ).

231. Circles of curvature.

If two curves have three point contact at a point, they are
said to have the same curvature here. By the curvature of a
curve is meant the rate at which the tangent is deflecting.
Now when two curves have three point contact they may be
regarded as the limiting case of two curves having three very
near points in common. But two curves with three consecutive
points in common will have two consecutive tangents in com-
mon. And thus they will have the same curvature, as the
tangent is deflecting at the same rate for them both.

The circle which has three point contact with a curve at a
point is called the ‘circle of curvature’ at that point. It is
also called the ‘ osculating circle’ at that point.

The measure of the curvature of a circle at any point of it

and prove that its latus rectum js 220

is %where r is the radius. For if P be a point on the circle and

if the tangent at any other point @ meet that at P in 7, the
deflection of the tangent between P and @, that is to say the
angle between the tangents at P and @), is equal to the angle
between the radii OP and 0Q.
The rate of deflection per unit length of arc is of course
constant for a circle so that it will be
£ P0OQ arc PQ 1
acPQ- 1 Y + arc PQ=;.




240 CONICS IN GENERAL

Thus if p be the radius of the circle of curvature at a point

P of a curve, we say that its curvature there is rk

It is important to distinguish the ¢curvature at a point,’
and what is called the ‘radius of curvature at a point.” By the
radius of curvature at a point is meant the radius of the circle
of curvature at the point. By the curvature is meant the
reciprocal of the radius of this circle.

The “centre of curvature’ at a point of a curve means the
centre of the circle of curvature at that point.

232. Equation of circle of curvature.
The equation of the circle of curvature at a point (a, ;)

of the conic
S = az® + 2hay + by + 292 + 2fy +¢=0...... ...(1)

is very easily obtained.
For the circle of curvature is one of the conics having three
point contact with (1) at (@, %)), these having their equations

included in
S+T{lz-2)+m@=1)}=0 .cce..(2),
as in § 230.
We have then only to choose ! and m so that (2) shall be a
circle and it will then be the circle of curvature required.

233. To find the circle of curvature of the parabola y*= 4ax
at the point P (au?, 2au).
The tangent at Pisy— E —ap =0,

Therefore the equation of the common chord PQ of the
parabola and its circle of curvature at P will be (§ 213)

5 gy
y+;—2a,u+ - = 3au.
Thus the circle of curvature will be obtained from
4 —k( . )( +%_38q )=o
Yy — s A op)\Y + 5. M
by making the coefficient of #* = that of y*
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3 3 . k “’
This will give 1 —k=ﬁ—;,, b= Al

The equation of the circle of curvature is then

(v +1) (y* — 4az) — @ (y’ _l_a:_: —dapy + 20z + 3a’p,’) =0,

which is
@+ i — 2ax (2 + 3p?) + dap’y = 3’y
that is
fe—a(2+ 8u)}® + (y + 2ap*) = & {(2+3p2)+ 4p' + 3ut}
= a? (4 + 12u2 + 12p + 4p°)
= 4a? (1 + p*)%
From which we see that the coordinates of the centre of

curvature are
{@(2+48u?), —2ap,

and the radius of curvature is 2a (1 + ,u,“)’} = 2a cosec® §, where 8
is the angle which the tangent at P makes with the axis of the

parabola.

234. To find the circle of curvature at the point P (a cos 6,
b sin 0) of the ellipse g—: + %: =1

The tangent at P is gcos 0+ %sin f=1.
Thus the common chord of the ellipse and the circle of
curvature will be
z Y 2 in2
2 cose—zsm0=cos 6 — sin® 8 = cos 20.

The circle of curvature will then be

@ z ;
E,+I-);—-1—lc(acos€+%sm 0—1)

(‘-"cosa-?-/sin 0—cos29)=0,
2 b

k being so chosen that the coefficient of &= that of g
A 16
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We have then
1 kcos?d 1  FEsin'@

&~ @ et M)

so that kcos’d=1—an,
ksin?@=—1+ b\,
Sk=—(@-0)N and o™\ =1+ (a®-b?) A cos? 0,
1

" a?sin? @ + b2 cos? 0’

The equation of the circle of curvature is

x(m’+y’)+l—c§cos€(l +cos29)—l%g sin 0 (1 — cos 26)
=14k cos 26,
that is

2(a*=-b) =z
a:’+y’-—————a———

2(a*— by
b

cos® 0 + sin® @

= a?sin? @ + b? cos® 6 — (a* — b?) cos 26,
which reduces to

( _a ; b? cost 6)' + (y + ar— b sin? 0)’ _ (a*sin® 6 + b? cos? 9)‘,

b ah?
so that the centre of curvature is

(a’ ; a cos? 0, ll_g-(f sin? 0)

2 gin? 2 2 0\
and the radius of curvature is (252 9+ b cos’ 6)

ab
%Igi where CD is the semi-diameter conjugate to CP.

, which equals

235. Simplification by Differential method. The
method of finding the centre and radius of curvature at a
point of & parabola or of an ellipse is greatly simplified if we
use the methods of the differential calculus.

The centre of curvature at a point is the intersection of the
normal at the point with the normal at a consecutive point,
for the normals at two points of a circle meet in the centre
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of the circle, and the curve has two consecutive normals in
common with the circle.

Thus to find the centre of curvature at the point (au?, 2au)
of the parabola y?= 4az we proceed thus:
The normal is Y + px = 2au + apd.
Where this meets the consecutive normal
z=2a + 3au?,
this being obtained by differentiating with respect to .
We thus find as the coordinates of the centre of curvature
(2a + 3au®, —2au®).
So for the ellipse, the normal at 6 is
ez _ by
cos @ sin @
or ax sec § — by cosec = a® — b

=a?—1?

To find where this meets the consecutive normal we dif-
ferentiate with respect to 8 and obtain
axz sec 6 tan @ + by cosec @ cot § = 0.
On solving for # and y we get
_(@-%) (@@=t
b

The radius of curvature can be obtained by finding the
distance between the centre of curvature and the point
(acos @, bsinf). Thus if p be the radius of curvature,

pr= (acos 00— = bacos"0>2+ (b sin 6 + z-b sin 9)
_(@sin’f + b? cos? 0)’
a?h?

Or we may use the formula of the differential calculus

dz\* (dy\?
{(d?)> + (cﬁg } _ (a*sin® 4 + b? cos® 9)’
T de dly _dy dz ab
dé de*~ do’ do
forz =acosd, y="b sin 6.

sin® @

cos*d, y=

16—2
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236. Intersection of ellipse and circle of curvature.

If the circle of curvature of an ellipse at a point P whose
eccentric angle is @ cut the ellipse in @, whose eccentric angle
is ¢, then the circle and ellipse meet in the four points whose
eccentric angles are

6, 6, 6, ¢.
Therefore by § 213

80 + ¢ = an even multiple of .
Thus the coordinates of @ will be (a cos 36, — b sin 36) and
the eccentric angle of @ may be taken as — 36.
As the chord through 6 and ¢ of the elhpse 2 Yo 1is

bZ
@ 0+¢ 6+¢ jg
~ o8 —5 bsm g =cos —5

we get at once that the equation of PQ) is

2 cos 0 —Z sin 6 =cos 20,
a b
which agrees with what we obtained before.

We may observe that from the above equation
30+ ¢ = 2n,
which gives 0=14(2nm — ¢),
it follows that the circles of curvature at the points whose

eccentric angles are } (27 —¢), 4 (47 — ¢), } (6w —¢) will all
cut the ellipse at the same point ¢.

Examples. 1. The circle of curvature of the parabola 3?=4ax a:
the point (ap? 2au) will meet the curve again in the point (9au?, —6ap).
[See Ex. 2,§ 213.]

2. The locus of the middle point of the common chord of a parabola
and its circle of curvature at any point is a parabola whose latus rectum
is one-fifth that of the given parabola.

3. The circles of curvature at three points P, @, R of an ellipse all
cut the ellipse again in the same point, prove that the centre of the ellipse
is the centre of mean position of P, @, R

4. Prove that the circles of curvature at the vertices of a conic have
four point contact with the conia,
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237. Conic referred to tangent and normal at
a point.

It is sometimes convenient to take as the axes of coordinates
the tangent and normal at a point of a conic. Let us take the
axis of # to be the tangent at a point P of the conic, and let the
normal be the axis of y.

As the origin is on the curve, the constant term in the
equation disappears and the equation of the conic is of the form

ax® + 2hay + by? + 29z + 2fy =0
To find where the axis of « meets the conic put y=0.
We get then az® + 29x =0,
Both the roots of this equation have to be zero, therefore g = 0.
Thus the equation of the conic is of the form
az® + 2hzy + by + 2fy = 0.
This is still the form of the equation of the conic when we

take a tangent to the curve to be the axis of z and any line
through its point of contact to be the axis of y.

Examples. 1. All chords of a conic which subtend a right angle at
a fixed point O on the conic cut the normal at O in a fixed point.

8. If aa?+2hzy+by?+2fy=0 be the equation of a conic referred to
the tangent and normal at a point of it, the radius of curvature at the

origin is =.
8 a

238. Conic referred to two tangents as axes,

The equation of a conic referred to two tangents as axes of
coordinates is frequently of use. It is very easily obtained.
For if the conic touch the tangents at distances h and & from
the origin, it will be a conic having double contact with the
axes, which form the conic zy =0, at the points where they are

neZ 4+ 1=
met by the lmeh+lc 1=0.

Thus the equation of the conic will be of the form

my+AG—i+%—1)2=0.
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or changing the constant 4 we may write this

. Y _y_y. /%
+k 1 h\/hlc ..................... 1),

which is also of the form

Either of these equations (1) and (2) represents for various
values of A and p a system of conics touching the axes of
@ and y at distances h and & respectively from the origin.

In the particular case where the conic (2) is a parabola

thatisu =+

W= :
R hlc

If we take p=+ hllc the equation becomes

oY _
(i+-1)=0
which represents two comcldent straight lines.

If we take p=— }7,]7: we get a non-degenerate parabola whose

equation is
@t 2wy + ¥ 2z 2y
B hk KB bk
which can be expressed in the irrational form

\/%+ Q_1=0 ..................... @),

or, if we write a and B for Ilz and 7

Vaz +VBy —1=0.
Examples. 1. Shew that the tangent to the parabola

@ Y.
\/;*'\//c 1

z  y
—_— 4 —2—==L
J]LZ’; + N/kyl

at the point (2, ;) is
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2 The line lz+my—1=0 will touch the parabola Vaz++By=1 if

a B _
Z-+771_1'

239. Cartesian representation of a system of conics
through four points.

In general it is best to represent conics through four given
points by means of ‘homogeneous coordinates,” which are to be
considered in later chapters. If at any time a representation
of such conics in Cartesian coordinates 1s wanted, it can be
obtained by taking the axes of coordinates to pass each through
two of the given points. We may thus take the coordinates of
the given points 4, B, C, D to be

(4, 0), (0, %), (¥, 0), (0, ¥).

The equation of 4B will be 2 7 lc ~1=0, and that of CD

Y —
will be h’+/c’ 1=0.

The general equation of conics cutting the axes of coordinates
where these lines meet them is

(h-i—l‘z 1>< ; /c'— 1>=Awy,

which is of the form

e ied)
A “'”(h+h' ~y\zty)t1=0

Examples. 1. The polar of a given point with respect to a system
of conics passing through four given points will pass through a fixed
point.

«*
W+My+

2. The locus of the centres of conics through four given points is a
conic whose asymptotes are parallel to the axes of the two parabolas
through the four given pointa.
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EXAMPLES.

1. Shew that the foci of the conie

ax® + 2hxy + by + 292 + 2fy +¢=0
are given by
Fx + Gy— H=Cuy,

2Qz—2Fy— A+ B=C («*~y°),
the axes being rectangular.
[We have seen that the tangents from a focus (z,, 7,) are
(=) +i(y—y)] [(@—=2) -1 (y—9)]=0.
Now the condition that the line lx+ my+n=0 should be a
tangent to the conic is (§ 133)

AP+ Bm? + Cn?+ 2Fmn + 2Gnl + 2HIm = 0.
Thus the condition that x + ¢y — (%, + 13;) = 0 should be a tangent
is got by writing =1, m =1 and n =~ (2, + 1y,), that is
A— B+ C (2 + 1) — 20F (2, + ty,) = 26 (%, + 1,) + 21H =0,
That is
A—B+C (22— + 2Fy, - 262, + 21 {Cx,y, — Fx, — Gy, + H} =0.
Similarly the condition that @ — iy — (%, —1,)=0 should be a
tangent is
A—B+C(x? -y +2Fy, — 262, — 2 {Cx,y, — For, - Gy, + H} = 0.
Adding and subtracting these, we see that the foci satisfy the
equations
A-B-2Gx+2Fy+C (2*-y%)=0,
H~Fx—-Gy+Cxy=0.]

2. The equation of the director circle of the conic given by the
general equation § =0 when the axes of coordinates are inclined at
an angle w is

(@ + b — 2h cos 0)§=§+ 19— 2{ncos 0
where f=ax+hy+g and n=hx+by+f,
and the equation of a pair of directrices is of the form

ES+ &+ —2¢n cos w=0.

8. Four points 4, B, C, D on an ellipse are concyclic. The
circle which passes through 4 and touches the curve in B cuts it
again in B’. Similarly circles through 4 which touch the ellipse in
C and D cut it in C’ and D'. Shew that 4, B, (', D' are concyclic.
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4. Find the equation of the parabola which touches the conic
ax? + 2haey + by? + 292 + 2fy +¢=0
at the points where it is cut by the line Iz + my + n=0.

5. A family of conics have double contact with a given conic
ab the extremities of a given chord. Prove that the locus of the
centres of conics of the family is the diameter of the given conic
conjugate to the given chord.

6. Prove that the locus of a point, the sum or difference of the
tangents from which to two given circles is constant is a conic having
double contact with each of the two circles.

7. At the point (acos ¢, bsin ¢) on the elhpse = + =1 the

parabola of four point contact is drawn. Shew the equa,tlon of its
axis is
(a® — b%) sin ¢ cos s ¢
sm -3 3 08 = cos?¢p + b*sin? ¢
8. Prove that if two conics have double contact the polar of
the centre of either with respect to the other is parallel to the
chord of contact,

9. Two tangents are drawn from a variable point P to a conic
to meet the tangent at a fixed point @ in 7’ and 7”. Shew that if
QT.QT' is constant the locus of 2 is a straight line parallel to
the tangent at Q.

10. A circle touches a hyperbola at two points, the chord of

contact being parallel to the transverse axis. Prove that the ratio
of the length of the tangent to the circle from any point of the
conic to the distance of the point from the chord of contact is the
eccentricity of the conjugate hyperbola.

11. Tangents are drawn from a point O to an ellipse so as to
intercept a fixed length on the tangent at a fixed point £; prove
that the locus of O is a conic which has four point contact with the
ellipse at the other extremity P’ of the diameter through P.

[Take as coordinate axes the tangent at P and the diameter
through P.]
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12. Prove that the locus of the centres of non-degenerate

2 2
conics having four point contact with the ellipse 2, + %, =1 at
wsina_ycosa_o

(@ cos a, bsin a) is the line 5

13. If a system of conics be drawn having four point contact
with the conic ax? + 2hxy + by* + 2fy = 0 at the origin, prove that the
director circles of these conics form a coaxial system whose limiting

. . . . Jh af
points are the origin and the point ( — m) .

14. A conic is drawn to have double contact with each of two
given circles. Shew that the two chords of contact are either
parallel to each other and to the radical axis and equidistant from
it; or are perpendicular to each other and intersect in a limiting
point of the two circles.

15. The foot IV of the ordinate of a point P on a parabola is
the centre of the circle of curvature at its vertex. Prove that the
centre of curvature at P lies on the parabola.

16. Four common tangents are drawn to an ellipse and a
parabola having its focus at the centre of the ellipse. Prove that
the sum of the eccentric angles of the points of contact of the
tangents with the ellipse is an even multiple of .

17. Two chords 4B, CD of a rectangular hyperbola make
angles a and 8 with the transverse axis, Prove that the angle between
the axes of the parabolas through 4, B, C, D is

cos™! {sin (a + B3) sec (a — B)}.

18. From any point P of an ellipse perpendiculars P}, PN are
let fall on the axes and M N meets the ellipse in ¢ and ' ; prove
that the rectangular hyperbola which touches the ellipse at 2 and
meets it in ¢ and @ has its asymptotes parallel to the axes of the
ellipse and that its curvature at P is double that of the ellipse.

19. If a parabola touch a fixed circle and pass through the
extremities of a fixed diameter; prove that its axis will pass
through one or other of two fixed points.
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20. Three points (x,, ¥,), (%5, %), (%, ;) on the parabola
%" = 4ax are such that their centres of curvature are collinear; prove

that l+l+—1-=0.
B Y2 Ys

21. Prove that the product of the radii of curvature at the

feet of the normals drawn from any point to a parabola is eight
times the cube of the distance of that point from the focus.

22. Prove that if the circles of curvature at the extremities of
the major axis of an ellipse pass through the centre, then no other
circles of curvature at real points of the ellipse pass through the
centre.

23. Normals are drawn from any point (, n) to the parabola
9= 4ax. Prove that p,, p,, p, the radii of curvature at the feet of
the normals satisfy

pt+pt+pt=4ba2(26-0)

24. Parabolas are drawn with their vertices at the origin and
their axes along the axis of «; tangents are drawn to them from a
fixed point (£, 0). Shew that the locus of their centres of curvature
at the points of contact is the curve

(x+3f)y* + 8/%=0.
25. Prove that the locus of the pole of the axis of  with
respect to the circle of curvature at any point of the parabola

y?=4dax is
(x—2a)’y* =120 (2 — ax + a?).

26. Three points on an ellipse (semi-axes @ and 3) are situated
so that the circles of curvature at those points all cut the ellipse
again at the same point. If their radii are p;, py, ps, then

3 3(@*+)
24% b

2
27. Prove that there are four points on the ellipse 25 + %—: =1

2
P1g +pp° +pg° =

(other than the point P) such that the centre of curvature at each
of them lies on the normal at P.
Further prove that the normals at these four points meet in a

point on the ellipse
@t + byt = (a? - B
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28. Prove that the locus of the centres of the rectangular
hyperbolas which have contact of the third order with a given
parabola is an equal parabola having the same axis and directrix.

29. The equation of the latus rectum of the parabola
(az + By)* + 29 + 2fy +¢=0

is 2(Bg - af) (Br—ay)+ (a®+ B c+/ 2+ g — 2(ag~:[:;) =0.

30. Two families of parallel straight lines are given and also a
conic in the same plane. Prove that the locus of points such that
the lines through them are conjugate with respect to the conic is a
hyperbola whose asymptotes are the lines through the centre of the
conic.

31. Shew that if a parabola be referred to a tangent and
normal as axes of « and y, its equation may be put in the form

(B + ay)? = 4By (o + %),

and the equation of its directrix in the form ax— By =a?+ 82 where
a and B are the coordinates of its focus.

32. An ellipse whose semi-axes are @ and b touches the axis of
x at the origin ; prove that the locus of its centre is

2%y + (y* - ) (4" - 6°) =0.

33. Lines OP, 0Q at right angles are drawn through a fixed
point O to meet a conic in P and . Shew that the locus of the
foot of the perpendicular from O on the chord PQ is a circle.

34. Three lines OPP’, 0QQ’, ORR’ through a point O meet a
conic in P and P’, @ and @', B and R’ respectively. Prove that
with a suitable convention as to signs

(OP OP)stOR+<OQ 0Q>stOP

(OIR 01,,) sin POQ 0.

35. POP' is a chord of a conic which is bisected in 0. If
QO0Q’, ROR’ are chords making equal angles with POP’, shew that
1 1 1 1
0Q "~ 0Q'~ OR'~ OR*
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36. A family of conics have double contact with a given conic
at the extremities of any chord. Prove that the locus of the
centres of conics of the family is the diameter of the given conic
conjugate to the chord.

37. Prove that if the bisectors of the internal and external
angles between two tangents to a conic be parallel to two given
diameters of the conic, the point of intersection of the tangents lies
on a conic.

38. Shew that if y =¢x is a normal to the general conic given
by the general equation, then ¢ is a root of the equation
t4(9G + hil) + 2¢°* (aH + h4) + £* {(a — b) (4 ~ B)
+/F + 9gG - 2hil} + 2t (bH + hB) +fF + hH = 0.

89. The focus of the parabola \/ %+ \/ %:1 referred to

two tangents inclined at an angle o is given by the equations

hax = ky = a® + 2xy cos w + Y2

40. The directrix of the parabola vaz + by =1 is
(b+acosw)x+(a+bcosw)y=cosw
and the length of the latus rectum is
4absin’ v
(a®+ 6% + 2ab cos w) L

41. An ellipse of semi-axes @ and b slides between two lines
inclined to each other at an angle 2a; shew that the locus of its
centre referred to the bisectors of the angles between the lines as
axes is

(* cos a + g sin a) (x? + 3?) — (a® + b?) (2? cos®a + y*sin’a)
+ (a®cos?a + b%sin® o) (a®sin’a + % cos? a) = 0.

42. The equation of the equiconjugate diameters of the conic
whose equation referred to rectangular axes i8

ax® + 2hay + by =1
is (a*—ab + 2h*) &+ 2k (a + b) xy + (6% —ab + 24%) y* =0.
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43. Prove that if the conics §=0, 8" =0 have a pair of common

chords a=0, =0 such that § - §’ = af3, the equation
kot —2k (S +8)+ =0

represents a conic having double contact with each of the conics S
and §'.

A conic has finite double contact with each of the conics

Bry-A@rof=0,  a4yi-otato=0.
Write down its general equation and prove that the chords of
contact are perpendicular chords through the origin; also that if
e¢~2+ ¢~3=1 all such conics are rectangular hyperbolas.
2

44. At the point P (eccentric angle ¢) of the ellipse g+ % =1
the parabola having contact of the third order is drawn ; shew that
the equation of its directrix is

2ax cos ¢ + 2by sin ¢ =a’ (1 + cos? ¢) + &%(1 + sin? ¢).

45. A series of circles with a given centre O are drawn. Shew
that the middle point of their chords of intersection with a given
conic lie on a rectangular hyperbola whose asymptotes are parallel
to the axes of the conic and which passes through O and the centre
of the conic.

46. Points P, @, R are taken on an ellipse in such a manner
that the tangent at each point is parallel to the line joining the
other two. Shew that the locus of the centre of mean position of
the centres of curvature at P, @, £ is

16 (a’2? + b%y?) = (a® — b%)%
47. Shew that through any point (f, g) in the plane of the

3
%: 1 there pass six of the circles of curvature, and

verify that the six centres of curvature lie on the conic
{207+ 9*— 2fx - 29y) — a*— b = 12 (a®2? + b%*) - 3 (a® - b))%

.
ellipse at

48. Bhew that the conic which is coaxial with
ax® + 2hay + by + 292 + 2fy =0
and passes through the foci is
(@-0)[C(@*-y") —2Gx+2Fy + A— B]+ 4h[Cxy— Fx~Gy+ H]=0.
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49. TFind the locus of the foot of the perpendicular drawn
from a point situated on a given straight line, to its polar with
regard to a central conic; and shew that it passes through the foci
of the conic.

50. Shew that the equations of the two pairs of conjugate
diameters of the conic given by the general equation, which include
an angle 6 between them, are

(6X1=2hXY +a¥?) cosf + {h(X*~ ¥?) - (a—b) XY} sin=0,
where X=ax+hy+g, Y=hx+by+/,

the axes of coordinates being rectangular,



CHAPTER XIIL
SIMILAR CONICS AND CONFOCAL SYSTEMS.

240. Definition.

If S be a plane figure and P any point of it, and O a fixed
point in its plane, and if on OP a point P’ be taken such that
OP’: 0P =Fk a positive constant, the locus of the point P’
thus determined will be a new figure S’ which is said to be
simalar and stmilarly situated to S; two such figures S and 8’
are conveniently called homothetic figures and the point O is the
homothetic centre.

Suppose now that in the above construction for the figure
8’ from the figure S, k instead of being a posttive constant is a
negative constant, the figure 8§’ which is the locus of P’ is then
said to be antthomothetic to S.

Next suppose that & is imaginary, then the figure S' may
be said to be tmaginarily homothetic with S.

241. Proposition. If 8 and S’ be two coplanar homo-
thetic figures, C and C’ fized corresponding points of them, P and
P’ any other pair of corresponding points, not in the line of C and
C’, then CP and C'P’ will be parallel and the ratio C'P’: CP
will be constant (= k) for the vartous positions o' P and P’

For let O be the homothetic centre. Then
0C':0C=k=0P':0P,
. O'P’ and OP are parallel, and C'P’ : CP=0P': OP="F.
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Cor. This proposition holds equally well if S and S’ be
tmaginarily homothetic, or if they be antihomothetio,

P’

cﬂ

(o]
In this latter case O will lie between C and C” as in figure.

P

P'

242. Proposition. If S be a plane figure, C and 0’ two
points in its plane and if C be joined to any point P on S and
C’P’ be drawn parallel to CP and such that C'P’: CP=k, a
positive constant, then the figure S’ which s the locus of P’ unll
be homothetic with S.

A 17
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For (see figure of previous article) let CC’ and PP’ meet in

0, then since OP and C'P’ are parallel we have
0C’: 0C=C'P': OP=kF.

Thus O is a fixed point.

Also OP’':0P=C'P’':CP=k.

Therefore the locus of P’ is a figure homothetic with S, the
locus of P, and O is the homothetic centre.

Cor. If k be a negative constant the figure S’ is antthomo-
thetic with S, and if k be imaginary S’ is imaginarily homothetic
with S.

243. Proposition. If S be a central conic and S’ be
constructed really homothetic with S, or antihomothetic, or
wmaginarily homothetic with t, then 8’ unll be a conic having its
asymptotes parallel to those of S.

For let the equation of S referred to Cartesian axes at O, the
homothetic centre, be

aa® + 2hzy + by + 292+ 2fy +¢=0 ......... 1.

Let (X, Y) be the coordinates of the point P’ on §’
corresponding to P (, y) on S.

Then clearly X=kx, Y=1rky,
where k is the constant ratio OP’ : OP,
Therefore

aX?+2hXY + 072+ k(29X +2fY) + k¢ =0.
That is to say, the locus of P’ is the conic
az® + 2hzy + by? + k (292 + 2fy) + kc=0......... (2).

Now both (1) and (2) have their asymptotes parallel to the
lines
az? + 2hzy + by =0,

Thus 8’ is a conic having its asymptotes parallel to those
of 8.
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Cor. 1. The axes of S8’ will be parallel to those of S.

For the axes bisect the angles between the asymptotes.
But it must not be assumed that corresponding axes of the two
conics are parallel.

Cor. 2. The centres of the two conics S and S’ are corre-
sponding points.
For the centre of (1) is given by
ar+hy+g=0 }
hz+by +f=0 )’
and the centre of (2) is given by
ax +hy+kg=0 }
hz +by +kf=0 }°
From these we see that if (z,, 7,) (24, y») be the centres of S
and 8’ respectively,
zy=kzx, and yy=rky,.
Therefore the centres are corresponding points.

Cor. 3. If S, instead of being a central conic, be a parabola,
then 8" will be a parabola having its axis parallel to that of S.

For the equation of S will now be of the form

(az + By)* + 29z + 2fy + ¢ =0,
while that of S’ will be
(az + By + k (292 + 2fy) + k*c =0.

This is also a parabola, and both S and S” have their axes

parallel to the line
az + By =0.

Examples. 1. Shew that the pair of tangents from 0, the homothetic
centre to each of the two conics S and §’, which are really homothetic,
antihomothetic or imaginarily homothetic are the same lines.

2. Prove that the tangents to the homothetic conics § and §
at corresponding points of them are parallel.

244. We have seen that if two central conics are homothetic
they have their asymptotes parallel. We shall now go on to
shew that if two central conics have their asymptotes parallel

they are homothetic.
172
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For let the equations of the two conics S and S’ referred to

any axes be
ax® + 2hay + by + 292 + 2fy+c=0 ......... (1),
do®+ 2y + VP + 20z 4+ 2f y+ /=0 ......... (2).
As the asymptotes are parallel we have
a h_b
Al Ve B—;—x(say).

The axes of (1) are parallel to the axes of (2). Transforming
(1) to principal axes, the equation of S becomes (§ 220)

A
az® + By + T =0 teiiienececnonenes (3).

Now the equation (2) can be written
aa® + 2hay + by + 2hg'e + 2Ny + A =0,
which, when we refer the conic to its principal axes, will
become

L
ar + By + =0

where
L=|aq, h, A | = |M, N, 7S =NA,
h, b A A, b, A
Ng, M, N A, MY M
that is we have as the equation of S’
SAY
o+ B =0 e @),

The axes of coordinates for equation (4) are parallel to those
for equation (3) but not coincident with them.
Take two parallel radii vectores making an angle 0 with the
# axis; denoting them by r and ' we have
. A
3 — ==
(a cos? 6 + B sin? 0)r’+ab __h,--O,

. A’
(a cos® 0 + B sin® 0) T,’+Eb_—77’=0’

coriri= A NAL
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Thus the two conics will be homothetic or antihomothetie,
and if the former they will be really homothetic if A : A3A’” be
positive, that is if A : A’ have the same sign as A. They will
be tmaginarily homothetic if the ratio A : A" have the opposite
sign to that of A.

We shall shew presently that if two central conics are
antihomothetic they are homothetic also. Assuming this for
the present, we see that two central conics with their asymptotes
parallel are homothetic; whether they are really or imaginarily
homothetic depends on the sameness or difference of sign of the
ratio A : A’ and the ratio a : @',

245. Proposition. Two parabolas will be really homo-
thetic or antihomothetic if they have their axes parallel.

First let the curvatures at the vertices A and A’ be in the
same directions, Take SP and 8’P’, two focal radii vectores
making the same angle 6 with SA and S’4’ respectively, the
lines joining the foci S and S’ to the vertices,

Then if { and I’ be the semi-latera recta,

’

l
'—S,T)=1+0080=S—,P—,,

S 8P 8P =11,
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Thus the parabolas are homothetic, and clearly the foci and
vertices are corresponding points in the two figures.

p

Next let the curvatures at 4 and A’ be in opposite
directions.

Let SP and S’P’be two parallel focal radii vectores making
the same angle € with SA and S’4’ but measured in opposite
directions.

l l
Then -S—P=1+COSG=S—,—-P7,
SSP:S'P =11,

Thus as SP and S'P’ are in opposite directions the two
parabolas are antihomothetic.

Figures directly similar but not similarly situated.

246. Def. Two coplanar figures S and S’ are said to be
directly similar when one of them (S’ say) can be rotated about
a point (4’ say) in the plane so as to become homothetic with
the other (S).

Let P’ and Q' be two points of 8'. Let these points when
8’ is rotated round A’ through the proper angle (a say) come
into the positions P”, @” so as to be homothetic with P and
Q of the figure S.

Then P Q" : PQ=~F.

But since A'P’=A'P" and A'Q =A4'Q",
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and <cPAQ=¢P'A'Q" for £P'AP'=2QAQ,
SAPAQ=APAY,

and P'Q =P,

thus P'Q:PQ=t.

Thus the line joining any two points of the figure S isin a
constant ratio to the line joining the two corresponding points
of S’. And therefore the triangle formed by joining any three
points of S is similar to the triangle formed by joining the
three corresponding points of S’

247. Proposition. If S and 8’ be two coplanar figures
which are directly similar and a be the angle through which S’
must be turned round the point A’ to make it homothetic with S,
then if S’ be turned about any other point B’ in the plane through
the same angle a 1t will become homothetic with S.

For let S, be the new figure when this rotation round B’
takes place and let the point P’ of 8’ become P, of S,.

Now plainly if we rotate S’ about any point through an
angle a the line P’Q’ joining two points of S’ will come into a
position which will be parallel to the line joining the points P
and @ of S which correspond with P’ and . Therefore P,Q,
is parallel to PQ.

And PQ,=PQ=Fk.PQ.

Thus the ratio of P,Q, : PQ is constant.

Hence the figure S, may be regarded as the locus of points
Q. got by drawing lines P,Q, through P, parallel to PQ for
various positions of @ in the figure S, and such that P,Q, = PQ
is constant (= k).

Thus S, is homothetic with S.

248. Proposition. If two central conics S and 8’ are
antihomothetic they are at the same time also homothetic.

For two antihomothetic figures are such that if one of them
be rotated through two right angles it will become homothetic
with the other.
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Hence if two central conics S and S’, be antihomothetic,
then S’ by rotation round its centre through two right angles
will become homothetic with S’. But when a central conic
is rotated about its centre through two right angles the opposite
ends of each diameter merely exchange places.

So that if P'Q’ be a diameter of S’, and P be the point of §
corresponding with P’ when the conics are considered as anti-
homothetic, then S and S’ must also be homothetic, with P
and Q' as corresponding points.

o]

249. To find the condition that the conics
S = aa® + 2hwy + by + 2g% + 2fy + ¢ =0,
S=adv+2zy+ by +20z+2f'y+¢' =0
may be similar but not homothetic.

If the conics are similar then S’ by rotation about any point
in its plane can be made homothetic with S, and then the
asymptotes of the two will be parallel.

Hence in their original positions the angle between the
agymptotes of the one must be equal to the angle between the
asymptotes of the other.
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But the asymptotes of S and S’ are parallel respectively to
ax® + 2hxy + by?* =0,
a'z® + 2hzy + 'y =0.
Hence we must have (§ 110)
2Vab—I*sino _  2Val —R*sinw
a+b—2hcosew ~ a +b =2 cosw’

where o is the angle between the axes.
ab—r at —h?
(a+b—2hcosw) (&' +b — 2k cos w)*’

This then is the necessary condition that the conics should
be similar. It is also suffictent for, if it hold, the angle
between the asymptotes of the one will be equal to the angle
between the asymptotes of the other.

And thus by rotation of one of the conics it can be brought
into a position such that its asymptotes will be parallel to
those of the other, that is the two will be homothetic.

The condition however does not discriminate between the
two cases where S and S are reually similar and where they are
only imaginarily similar.

Examples. 1. Two conics whose eccentricities are equal are similar.

2. A hyperbola and its conjugate are imaginarily homothetic, and a
real focus of the one corresponds with an imaginary focus of the other.

250. Confocal conics.

A system of central conics having all four foci in common is
called a confocal system.

The general equation of conics confocal with the ellipse

a'a 5“_ 1 is ab once seen to be (§ 215)
z Y -
Fn T Ea

Different confucals are obtained by taking different values
of A,



266 CONFOCAL CONICS

251. Proposition. Through every point in the plane of

the ellipse —+y =1 two confocal comics can be drawn, one an

bﬁ
ellipse and the other a hyperbola.
For the value of A for a confocal through the point (a;, ¥,)
is given by
z,? B ,%' _1

W+L+N+k

That is
A+a)A+) =2 A+ ) -y (A +a)=0 ...(1)
Now when A= co the left-hand side of this is positive,
when A = — b? the left-hand side is negative,
when \ = — a? the left-hand side is positive.
Thus there is a value of A between o and — b? satisfying (1)
and a value between — b* and — a*
That is one of the values of A satisfying (1) makes both
a?+\ and b+ \ positive, and the other makes a*+ A positive
and b+ A negative.

Hence there are two confocals through (=, 7,) to the given
ellipse, the one an ellipse and the other a hyperbola.

252. Proposition. Confocal conics cut at right angles.
z? y?

Let e ik R ),
x? y
o n b’ ey B (2)
be the two conics through the point (#,, y,) confocal with
w’ y ~1
=
wl' yl —
Therefore i b’+7\1 1
& Y
and po +M+ Frn =1,
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whence by subtraction
x,? Y
(@ +N)(a* + ) (b"‘ + M) (b’ Fa)
which is the condition that the tangents at (z,, ) to (1) and
(2), viz.,

T, Y,
Fint b;/fx, =1
xwl ?/3/1 =1
PR WL SN W
should be at right angles to one another.
Hence the proposition is proved.

and

253. To express the coordinates of any point in the plane of

the ellipse - y~— 1 <n terms of the azes of the conics through

b2
1t confocal wzth the ellipse.

Let (#,, y,) be the point and let the confocals through it be

@+N B
;! Y
aratire”
vanishes when w =2, and when o =\,,
Lm gt _AG=0)(=0)
‘'t b’-}-w T (@te)(PPtw)’
where 4 is independent of w.

Put @ =00 and we get 4 = -1,
@,? n? 1= M=) — o)

.'Q/’+w+b2+w =—(G/z+w)(b’+w)’
w,’+.3'_l.,f%i-‘°->_(a’+w>s_<M~b«g>+<r—w>.

In this put w =—a’,

(@ +N) (@ +N) _ a'a
a? - b T a-b

St =
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G +N) (P 4+0)  bob?
(b*—a?) T —at’
where =+, al=a?+ N,
b2=0+N, br=0'4 1,
The same result could have been obtained by solving the
equations

Similarly y*=

254. Let p, and p, be the perpendiculars from the centre
on the tangents at P (z,,%,) to the two confocals through (z,, ),
1 _ 2, y?
o @Eny (Gt Ay
al’a,’ b2b2
— b2 a2 — bﬁ
a{‘

_—72 (= b’>

(@420 (B*+ M) — (B*+29) (@ + M)
—_ bs 2b,
Xl"‘)\a_ o’ — a
T et T et

] a,,”b 2
. pl’ = (le —la,"

. . a2,
Similarly plr= i o

Example. If P be a point in the plane of a conic S, centre C, and if
@y, b, and ay, by be the semi-axes of the two confocals to S through 2 and
if conics be drawn having their centre at P and their semi-axes of lengths
@y, ag and b, bylying along the normals to the two confocals through P,
these two conics thus drawn will be confocal with one another and will pass
through C'and have for their tangents at € the axes of S. [The coordinates
of C with reference to the axes of the new coordinates will be p; and p,

(§ 254).]
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955. Confocal parabolas. Two parabolas may be
regarded as confocal if they have a common focus and their
axes in the same line. Two confocal parabolas may be looked
upon as the limiting case of two confocal ellipses, three of
whose foci are at infinity.

A system of confocal parabolas is best represented by taking
their common mnon-vanishing focus for the origin and their
common axis for the axis of #z. Then if 4a be the latus rectum
of one of the parabolas its equation will be

Y= 4a (z + a).

This equation then gives for different values of a a system
of confocal parabolas.

EXAMPLES.
1. If the confocals through (;, %) to the ellipse
Z—: + %= 1
are Eﬁivz—?.%:l da,—%+3,—f&=l,
then G 1=t

(ii) m12+y12_a2_b2=h1 +A,.
2. Tf ¢ be the angle between the tangents from (=, y) to

prove thabt tan ¢ = -

Hence shew that

where A, and A, are the parameters of the confocals through P,
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3. The equation of the pair of tangents from P to
¥

+-_

referred to the normals to the confoca.ls through P as axes is
X’ ¥ -0
PN
where A, and X, are the parameters of the confocals through P.
4, Shew that if ¢ be the angle which the tangents from P to
the elhpse y’ =1 make with the tangent at P to the confocal

ellipse through P then

sinnp:\/;—;T_’—;,

where A, and A, are the parameters of the confocal ellipse and
hyperbola respectively.

6. If from a point P tangents be drawn to each of two confocal
ellipses and ¢ and ' be the angles which these make with the
tangent at P to the confocal ellipse through P, then the ratio
sin ¢ :siny’ will be constant for all positions of 7 on an ellipse
confocal with the given ellipses.

6. If two similar concentric ellipses touch one another, shew
that the angle between their major axes is
b(a'?—a?)
ana -t (a8~ b7)
a, b and o', b’ being the semi-axes.

tan-!

7. The locus of the pole of a given straight line with respect
to a system of confocal conics is a straight line.

8. The difference of the squares of the perpendiculars drawn
from the centre on any two parallel tangents to two given confocals
is constant.

[Take ®xcosa+ysina=p and xcose +ysina=p’
as the tangents to

@t o 2 9
+b—2-—1 and ’+A+m—l.]

9. The locus of points such that two tangents drawn from

them, one to each of two confocals, are at right angles is a circle

concentric with the two confocals,
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10. Tangents are drawn through a fixed point (2, ) to a series
2
of conics confocal with2:+ %, =1: shew that the locus of their

points of contact is

x y a*— b
; + 7 7 Te

11. Shew that the locus of a point such that the tangents from
it to the ellipse #*/a’ + y*/6*=1 contain an angle 2a is given by
a,? cos? a + a,® sin? a = a?,
where @, and a, are the primary semi-axes of the confocals through
the point.

12. Shew that the tangents at (h, k) to the conics passing
through (A, k) confocal with z—; + g; =1 are represented by the
equation

hik{(x—h)—(y— &)} + (B =~ + a* — %) (x— k) (y - k) =0.

13. From a fixed point P pairs of tangents PQ, PQ’ are drawn
to each of a system of confocal conics. Prove that the circles PQQ’
form a coaxal system.

14. A straight line PQRS intersects two confocal ellipses at
the points P, @, R, S in order. If the tangents at P and R are
perpendicular, prove that the tangents at @ and S are also
perpendicular.

15.  The polar of a fixed point (£, 1) with respect to one conic of
a system confocal with 2?/a®+43/6*=1 touches another conic of
the system at some point. Shew that the locus of such points
is the curve

(y - ) (@ +y'— &a—my) = (a* — *) (@~ ) (y ~ ).

16. Prove that the two families of conics which have their
centres at the point (a, ) and touch the axes of « and y respectively
at the origin are represented by the equations

(ay — Bx)’ = 4 (v* - 2By)
and (ay — Bx)* = B (2* — 2ax)
respectively, 4 and B having arbitrary values. Prove also that
if 4 + B=0 the pairs of conics are confocal.
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17.  From a point P on an ellipse of semi-axes o’ and &' tangents
are drawn to an internal confocal ellipse, and these meet the first
ellipse in points @ and B ; prove that the locus of the intersections
of tangents at @ and Z is another ellipse of semi-axes a and b

such that
1 b 1 a
4

18. Tangents are drawn to the ellipse §;+ b_’=1 from any
point 7' on a given hyperbola confocal with the ellipse; if 20 be
the angle between the tangents, prove that sin  varies inversely
as CD, where CD is the semi-diameter conjugate to CZ' of the

ellipse through 7' confocal with the given one,
19. If two conics be drawn confocal with
@ ¥ @ ¥
a;‘l"l?:l and F'&'?:l
respectively, then the eight points of contact of their common
tangents will lie on a circle.

20. If a triangle be inscribed in a conic and circumscribed to
a confocal the normals at the points of contact meet in a point;
and the normals to the conic at the vertices of the triangle meet
in a point.

21. Shew that

@@=+ (y=b) _ (@ aP+ (y=b
r? r'?

is the circle which has as diameter the line joining the centres
of similitude of the circles

(@—a) +(y=by-r=0, (z—a)+(y-b)-r1=0.

Prove that if a circle cut two circles of radii  and +’ at angles
a and o' respectively, it cuts the circle of similitude of the two
circles at right angles if
7 cosa=rcosa.



-CHAPTER XIV.
AREAL COORDINATES,

256. Definition. Let ABC be a triangle, and P any
point in its plane, then the areal coordinates of the point P
with reference to the triangle ABC are defined as the three

ratios
APBC APCA APAB

AABC’ ABCA’ ACAB-
It will be convenient to denote these by X, Y, Z respectively.
It will be seen at once if the point P lie within the triangle

ABC that
X+Y+Z=1.

But this identical relation holds wherever the point P may
be in the plane of the triangle ABC, for it is ga be observed
that the signs of the areas have to be taken into dccount (§ 10).
Thus if P and A be on the same side of the line BC, then the
areas PBC and 4 BC will have the same sign and the ratio of
these two areas will be positive; but if P and A be on opposite
sides of BC the ratio of the areas will be negative.

Thus X will be positive or negative according as P and 4
are on the same or opposite sides of BC.

Thus Y will be positive or negative according as P and B
are on the same or opposite sides of CA. .

Thus Z will be positive or negative according as P and C
are on the same or opposite sides of 4B.

A 18
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It will be seen that the three denominators we have given
for X, Y, Z are the same both in magnitude and sign, fgr
AABC=ABCA=ACAB,

the cyclical order of the letters being the same in all.

257. It is now clear that the relation X + Y + Z =1 must
hold wherever P be in the plane.

For let PA meet BC in D,
Thus on addition
APCA+ APAB= APCB+ AABC,
that is APAB+ APCA + APBC= AABC,
X+ Y+ Z=1
Examples. 1. The areal coordinates of the vertices of the triangle of
reference 4 BC are (1, 0, 0), (0, 1, 0), (0, O, 1) respectively.

2. The areal coordinates of the middle points of the sides of the
triangle of reference are (0, 4, %), (3, 0, %), (3, 3, 0).

3. Theareal coordinates of the centroid of the triangle A BC'are (},3,3).

4. The areal coordinates of the orthocentre of the triangle of reference
are (cot B cot C, cot C cot 4, cot 4 cot B).

258. Formulae of transition from Cartesian to areal
coordinates.

The following relations are of great use and importance.

If (z, v), (%1, ¥s), (@5, ys) be the Cartesian coordinates
referred to any ames (rectangular or oblique) in tts plane of the
vertices of the triangle ABC, and (@, y) the Cartesian coordinates
of P in the plane, then

&r= w1X+w,Y+ m;Z,
Yy=1X+1Y +v4

where X, Y, Z are the areal coordinates of P referred to the
triangle A BO.
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For X =——5x 25%3 ®, @ | + | @, @ @,
Y, Y Ys Yis Y Ys
1, 1, 1 1, 1, 1
‘.o (ya - 3/1) +y (wa - wa) + (%ya - wsyz) = AX:
where A= &y, &, @z | e
Y Y2, Ys
1, 1, 1
‘Similarly
@ (Ys — Z/l) +y (2, — wa) + (-’1733/1"' wlys) =AY,
and z(h— yz) +y (g — =) + (#1Ya— 3723/1) =A0Z.

Multiplying these by @, @, @ respectively we get by
addition
zA =A (0, X + 2, YV + a32),

whence z=0,X +5,Y + z 2.
Similarly on multiplying by v1, %a, ¥: We geb
y=X+1Y +yl.

259. The following special case of the above will be found
useful,

Let the axes of the Cartesian coordinates be the sides CB,
CA of the triangle 4 BC.

Y- azis

N

c z —azis

B

Then the coordinates of 4, B, C are respectively
0,8), (a,0), (0,0),
18—2
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that is z=aY,
y=>bX,
or X:g, Y=f’
b a
and Zz=1-%_9
a b

260. Area of triangle.

From the relations of § 258 we can see that the area of the
triangle the areal coordinates of whose vertices are (X,, Y, Z,),

(XS, YB} ZQ), (X8; Ys, Z3) 'I:S

X]) Y], Z] X AABO.
XE) YZ: Z2
XB) YS) Zs

For (x,, 1), (22, ¥s), (@5, ¥s) being the Cartesian coordinates
of thefvertices 4, B, C' of the triangle of reference and o the
angle between the axes, the area will be
dsine | o X 40, V4,2, 0, X+ 2, Yo+ 2 2Z,, @ Xe+a,YotasZy |,

N&Xi+ Y1+, hXat Yot 13 Zs, 1 X5+ Ys+ 92,

X, + Y+ 2, X+ Y, + 2, X+ Y+ 7,
and this

=isine |2, @ 4 X, ©, %4

Y, Y Us X, Y, Z
1, 1, 1 X, Y, Z
X, Y, Z | x AABC,
X, Y, Z
X,

261. Distance between two points whose areal
coordinates are known. '

The simpler relations of § 259 enable us to obtain an
expression for the distance between two points P and Q whose
areal coordinates are (X, ¥, Z,), (X,, Y,, Z,).
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For let (#,, ), (s, ¥2) be the Cartesian coordinates of P and
Q referred to CB, CA as axes; then

PQr=(m—z) + (41— ¥ + 2 (1 — @) ( — ya) cos O
= (¥, — Yo + 02 (X, — X,)*+ 2ab(¥,— V) (X, — X,)cosC
=a?(¥;— V) + 0 (X, - X,)?
+(a+ b - (Y- V) (X, = X))
=2V, - V) (", -V, + X, - X))
+ X, -X)(X - X+ Y, - 1) - (X, - X,))(Th— Y.)
=—a* (Y, - Yo) (4, - Z) -0 (%, - Z,) (X, - X,)
- (X, -X,)(YV,- 1)),
by using the relations
X, + Y, +2Z,=1, X.+YV,+Z,=1.

262. Avreal coordinates of a point on a line joining
two given points.
If (X, 1), Z), (X,, ¥,,2) be the areal coordinates of P and
Q, and R be a point in PQ such that PR : RQ =k : 1 the areal
coordinates of R will be
kX, +1X, kY,+1Y, kZ,+1Z,
T+l kil kxl o~
For denoting by (21, %), («a, ¥,) the Cartesian coordinates of
P and Q referred to OB, CA as axes, the coordinates of R
referred to these same axes will be (§ 9)
kzy, + 1z, ky,+ 1l
k+1l ° k+1°

. a(kY,+1Y)) bkX,+1X)
that is 7y , P s
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and
p _1_kX,+lX,_kY,+lY,__lc(1—X,—E)+l(1—X,— Y,
2= k+1 k+1 k+1
_kZ2,+12,
k+1

263. The homogeneity of the equations of loci in
areal coordinates.

By means of the relation X+ ¥+ Z=1 the algebraical
equation of any curve in areal coordinates can be made
homogeneous in X, ¥, Z. Thus the most general equation of
the second order in X, Y, Z is of the form

AX*+ BY*+CZ2*+2FYZ + 2GZX +2HXY

+2UX +2VY+2WZ+ D=0,
and this is the same as

AX*+ BY*+CZ2*+2FYZ + 2GZX +2HXY
+(X+Y+2)QUX+2VY+2WZ)+ DX+ Y+ 2Z) =0,
which is of the form
AX*+BY'+CZ*+2F'YZ + 202X +2H'XY =0,
and this is homogeneous in X, Y, Z.
Similarly equations in X, ¥, Z of higher order can be made

homogeneous.

264. The linear equation.
The general equation of a line in Cartesian coordinates is

Az +By+ C=0.
Using § 258 so as to transform this to areals we shall get
A X +2,Y+2,2)+ By X+ 4. Y+45:.2)+C( X + Y +2)=0,

which is of the form
LX+ MY+ NZ=0.

Conversely it is obvious that the equation of the first order
LX+MY+NZ=0
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must represent a line, for if (X,, ¥, Z,), (X,, Y3, Z,), (X,, Yy, Z,)

be three points on the locus represented by this equation,
LX,+ MY, + NZ, =0,
LX,+ MY,+ NZ,=0,
LX,+ MY+ NZ,=0,

e Xl: Yl) Zl =0v
Xﬂ) Yﬁ; Z2
Xs, Ys, Zs

shewing that the area of the triangle formed by the three points
is zero. These points then must be collinear,

265. 'The line at infinity.
The equation
X+Y+Z=¢(IX+mY+nZ)

becomes on transforming to OB, CA as Cartesian axes

ey —em® = _z_ ¥
1 elb em en(l Z b)’

that is e(m—n)g+e(l—n)%=1—e'n,

which is a line whose intercepts on the axes are
a(l—en) b(l—en)
e(m—n)’ e(l—n)’

both of which get larger and larger as e gets smaller and
smaller. And in the limit when e approaches zero these become
infinite. Thus

X+Y+Z=Lte (X +mY +nZ)

«=0
is a line with infinite intercepts on the axes. This line we call
the line at infinity. Its equation is often written

X+Y+Z=0,

but it is misleading so to write it unless its use is properly
understood, for while e is very small,

e(lX +mY + nZ)
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is not so, being in fact equal to X + ¥ + Z which is unity. The
justification for writing the equation in the form

X+Y+2Z=0
will appear presently. (See §§ 266, 278, 286, 300 a.)

266. Parallel lines.

We may make use of the line at infinity to find the condition
that the lines
IX+mY+nZ=0,
IX+m'Y+nZ=0
should be parallel.
For we regard parallel lines as lines which intersect on the
line at infinity, that is on

X+ Y+Z=e(\X +uY +v2).

These three equations then must hold simultaneously,

.
o0

l, m, n
/4 ’
U, m/, n

1—en, l—eu, 1-—ev
that is when e approaches zero,
l,, m n|=0.
vV, m', o
1, 1, 1

We see now that this is the result we should have obtained
had we made the equations

X +mY+nZ=0,
VX+m'Y +n'Z=0,
X+Y+2Z=0,

hold simultaneously, in other words if we had written the line
at infinity
X+Y+Z=0.



AREAL COORDINATES 281

Bxamples. 1. Obtain the equations of the lines joining the middle
points of the sides of the triangle of reference in the form ¥+ Z - X=0,
Z+X-Y=0,X+Y-Z=0.

Shew that these are parallel to the sides of the triangle.

2. Find the equation of the line which passes through the vertex 4
of the triangle of reference and through the intersection of the lines

IX4mY+nZ=0, V'X+m'Y+n'Z=0.
3. Find the equation of the line through the intersection of
IX4+mY+nZ=0 and I'X+m'¥Y+n'Z=0
and parallel to the side BC of the triangle of reference.

v 4. Interpret in relation to the line IX+mY¥Y+4nZ=0 the equation
mY +nZ=0. ’

6. Prove that the condition that the lines
IX4m¥Y+nZ=0, VX+m'Y+n'Z=0
should be at right angles is
a? '+ b2 mm' +c?nn’ — (mn' + m'n) be cos A — (nl' +n'l) cacos B
- (Im' +I'm) ab cos C'=0.

[Transform to Cartesians with OB and CA4 as axes.]

6. The general equation of lines parallel to the side X=0 of the
triangle of reference is X=k (X+ Y +2).

267. To find the length of the perpendicular from (X,, Y3, Z,)

on the line
IX+mY+nZ=0.

On transforming to Cartesian axes CB, CA the equation
becomes

y z A P

lb+ma+n(1 2 b) 0.

The perpendicular distance of (z;, ¥,) on this is (§ 109)
i % n A
51n0{l—+ma+n(1 % b)}

b B—

)\/(m;—n)’_*_ (LG)a_z(m—gg'(z—n)coso
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olih o _a_h
absmC’llb+ma+n-<l - b)

Vo (m—n)P+a*(l —n)—(a*+0*—c?) (m —n) (l—ﬂn)
- 2A (IX,+ mY, + nZy)
Nar(l—n)({—m)+ b (m—n)(m—1)+ A (n—1)(n —m)
_2a (X, +mY,+nZ)
. o) s

where

Q = Pa? + m2b? + n2c® — 2mnbe cos 4 — 2nlca cos B — 2lmab cos C.

268. We see then that the lengths of the perpendiculars
from the vertices A, B, C of the triangle of reference on the
line

IX+mY+nZ=0

201 28m 2
D' D’ D°?
where D stands for the denominator
Nar(l—=n)({—m) +B*(m—n)(m—=1) +c*(n—1)(n—m).

Thus !, m, n are proportional to the perpendiculars from the
vertices of the triangle of reference on the line.

are

If p, g, r be the perpendiculars from the vertices then
l:m:n=p:q:n
And the perpendicular from (X,, ¥;, Z,) on the line becomes
2A (pXi + 4V, +77)
Vet (p—g) (p-n) +V (- g-p+—p)(r—9)
In particular the perpendicular from 4 is
24Ap
Vet (p—)(p =)+ 8- (g-p)+Fr-p r—9)°

But this =p. Hence we see that p, g, » must satisfy the
identical relation

d@E-9P@E-nN+t(@g-n(g-p+r—p)(r—q) =44
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269. These perpendiculars p, ¢, » from the vertices 4, B, C
on to the line are sometimes called the coordinates of the line,
such coordinates satisfying this identical relation. __

We may however for all practical purposes speak of I, m, n
which are proportional to p, g, r as the coordinates of the line,
but there is no identical relation satisfied by [, m, n unless they
are actually equal to p, ¢, 7.

270. Special form of the equation of a line.
If (X, Y, Z) be any point on a line passing through
(X4, Y, Z,) then
X-X,_ Y—Y,_g_:@__r
I m a7
where r 1s the algebraical distance of (X, Y, Z) from (X,, Y3, Z,)
and l, m, n are constants for the line which satisfy the relations
l+m+n=0,
a'mn + b*nl 4+ ctlm =-1.
For let D be the point (X, ¥, Z)) and let E (X,, ¥,, Z,) be
some other definite point on the line.

Then if P be the point (X, ¥, Z) on the line and if

DP:PE=k: ¥k
we know that
_ kX, + VX, kY, + K'Y, _kZ,+ K Z,
K== Y= %7 2="%vw
. _k(Xﬂ"Xl)
o . X""'Xl'— k+k’ etC-,

., X-X, Y-Y, Z-%Z __k _DP_r
' X,-X, Y,-Y, Z,—Z k+k DE r,
where r is the distance DP, and r,, the distance DE reckoned
algebraically.
Now write
&_—_X_: =1,

T T T
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and the equations of the line become
X-X, Y-Y, Z-17
= = =7,
l m n
X4+ Y+ Z - X+ Y,+2) _

T

where - l4+m +n=
and admn + b*nl + cllm

_ a”(Yx" Yn)(zl - Za)"'bz(Z1"Za)(Xl“Xe)'*’C,(Xr‘X:)(Yl" Y,)
= 2

T2

=-1

It is easy to see that if the line be parallel to the side BC
of the triangle of reference =0 for X will be constant along
the line, so that in this case

m+n=0,
a*mn=—1,
So that l:m:n=0:1:-1.

The student will of course understand that the I, m, n used
in this form of the equation of a line are not the same as the
I, m, n used when the equation of the line is written

IX+mY+nZ=0,

271. General equation of the second degree.
As the general equation of the second degree, which we will
take to be
AX*+ BY*+ CZ* +2FYZ + 2GZX + 2HXY =0,

transforms to an equation of the second degree, in z, y the
corresponding Cartesian coordinates by means of § 258 or § 259,
it is clear that this equation must represent a conic

272. Condition for a pair of straight lines.
If the equation represent & pair of straight lines then
AX*+ BY*+CZ* + 2FYZ +2GZX + 2HXY
maust be the product of two linear factors such as
(LX+ MY +NZ)(L'X + M'Y + N'Z),
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that is to say
AX*+2HXY + BY?*+2GX +2FY +C
=(LX+ MY+ N)(L'X+ MY+ N'),
and the condition for this we have seen to be
A, H, @G |=0.
H, B, F
G, F, C

273. The nature of the conic represented by the general
equation in the case where this is not two straight lines can be
decided by transforming to Cartesians with CB, CA as axes.

We write X=y~, =§, Zzl—E-—z,

b a a b
and the equation becomes

¥, 5% z_Y\', op% f?/)
Ab_’+Ba_’+C<l—a b)+2pa<_a_5

I(1-2_Nyiog™=
+20(1-2-9)+20 =0,

The terms of the highest degree, which determine the
nature of the conic are

B+ C-2F C+H-F-@ + 4 -2@¢
aﬂ

@'+ 2 ab zYy +— n Y

274. Conditions for a circle.

If the conic be a circle the terms of the highest degree
must be of the form

K (2® + 2zy cos C + y?).
Therefore
B+C-2F (0+A-2G0 C+H-F-@
a? : b? : ab
a4+ b=
=1: 1.———2—($——.
That is

B+0C-2F (C+A4-2G_ 2(0+H-F-G)
a? B b T a+b-o
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and each of these
_(B+C—2P)+(C+A-26)-2(C+H-F~0)
@+ b —(a*+ b —¢?)
_A+B-2H
=

Thus the conditions for a circle are

B+C-2F C+A-2G A+ B-2H
@ b? B ¢ ’

275. Discrimination of ellipse, parabola and hyper-
pola.
Reverting to § 278 we see that the general conic will repre-
sent an ellipse, parabola, or hyperbola according as
(C+H-F-Gys(B+0-2F)(C+ 4-26),
that is, according as

P+ @+ H—-2FG-2GH - 2HF + 2AF
+2BG + 2CH - BC - C4 - ABZ0,
that is, according as
0.

VIA

4, H, @
H, B, F,
Gq F, C,
1, 1, 1, O
This discrimination can be otherwise expressed:
If we write B+C—2F=p,
C+4-2G=q,
A+B-2H-=r,
wesee that 2(C+H-F-@)=p+q—
Thus the conic is an ellipse, parabola, or hyperbola according as
(0+q—rysdpg,
that is P+ ¢+ 1 —2pg — 2gr ~ 2rp S 0.

- e e



AREAL COORDINATES 287

276. Condition for rectangular hyperbola.
Again we see that the conic will be a rectangular hyperbola if

B+C_2F+‘C+A—QG—20+H_F—GcosC=O,
a? b ab

. P,q prg—r a+b—c_
that 18 a2+bz ab . 2(1/1) _0)

that is 2pb* + 2ga* — (p+ g — 1) (a* + b* —¢*) =0,
that is p(D*+c*—a’)+q(*+a*—b0?) +r (a*+ b2 —¢*) =0,

which we may write /
Y
pcosA+qcosB+rcos(/=0.
a b c

277. Summary.
We may then sum up these results for reference.

The conic will be a circle if

r_g_r
a* b e

The conic will be an ellipse, parabola,or hyperbola according as

4, H, G 1|20,

H, B F, 1
G, F, C 1
1, 1, 1, 0

or as this may be written . «
P+ @t + 1t — 2pq — 2gr —2rp Z 0.
The conic will be a rectangular hyperbola if

pecosd  qcosB  rcosC
a T tTo

Should the conditions for two straight lines and for a rect-
angular hyperbola be both satisfied, then of csurse the equation
represents a pair of straight lines at right angles, these being a
particular case of a rectangular hyperbola.

=0,
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278. We can discriminate the ellipse, parabola and hyper-
bola without any transformation to Cartesians by making use of
the line at infinity. For eliminating Z between

AX*+BY*+CZ*+2FYZ +2GZX +2HXY =0...(1)
and X+Y+Z=e(IX+mY +nZ) ............ (2),
we obtain on making e very small
AX'+BY*+C( X+ Yy-2(FY+GX)(X+Y)+2HXY =0,
that is
4+C-20)X*+2(C+H-F-) XY
+(B+C-2F)Y*=0......(3).
The left-hand side of this equation being the product of two
linear factors of the form AX + pY, NX + 'Y, (3) represents
the pair of straight lines joining the vertex C' of the triangle
of reference to the points of intersection of (1) and (2), that is
the points of intersection of the conic with the line at infinity.
Now an ellipse meets the line at infinity in two imaginary
points, a hyperbola meets it in two real points (§§ 183—185),
and, as is known from Pure Geometry, a parabola touches it.
Thus the conic will be an ellipse, parabola, or hyperbola
according as
(C+H—-F-Grz(4+C~-20)(B+C—2F).

It will be observed here again that as we make e very small
after the elimination of Z the result is the same as if we had
written X 4+ ¥ + Z =0 for the line at infinity.

Examples. 1. The condition that the conio
AX:4 BY:4022=0

BC+CA+AB=0.

2. The condition that

& FYZ+GZX+HXY=9
should be a parabola is

should be a parabola is

+VFNG V=0,
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8. Shew that the conic
2024 732 = X2a? _
is an ellipse, parabola, or hyperbola according as the angle 4 of the triangle
of reference is obtuse, right, or acute, «, b, ¢ being the lengths of the sides
of the triangle.

4. Rationalise the equation

MAX +NuT+VvZ=0
and shew that the conic represented by it will be a parabola if
Atp+v=0.
8. Shew that the equation
RYZ+ b0 ZX+EXY=0

represents a circle, as does also
AYZ4+02ZX+AXY+(X+Y+2) (X +mY 4 nZ)=0.
8. Shew that the equation
p (vy — w23 +q (w2 — uz)d+r (uzr —vy)?=0
represents a pair of straight lines meeting in the point whose coordinates
11

. 1
are proportional to 2w

279. As throughout the rest of this chapter we shall not
have occasion any more to transform our areal coordinates into
Cartesian, it will be unnecessary to continue to use capital
letters X, Y, Z for the areal coordinates of a point. We shall
accordingly make use of #, y, z instead. We shall continue for
the present to use capital letters 4, B, C, ete., for the coefficients
in the general equation of the conic so that there may be no
fear of confusing these coefficients with the lengths of the sides
of the triangle of reference.

280. Intersection of line and conic.
Let us find where the line

m"«’”l__y“yxzz—zl=
= - T oerienineninanns (1)

meets the conic
f(@, vy, 2)= Az* + By* + C2*+ 2Fyz + 2G2x + 2Hzy = 0...(2).
From (1) we have
e=u+lr, y=y,+mr, z=z+nn
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Substituting in (2) we get
A (zy+lry+ B (g, + mr)* + C(z, + 0r)* 4+ 2F (y, + mr) (5, + nr)
+ 2@ (2, + nr) (@, + Ir)+ 2H (@, + Ir) (y, + mr) =0,

that is
S, m, n)r® + 2 (€, + my, +n&) r +f (2, Y1y 21)=0...(3),
where 1= Ax + Hy, + Gz,

1=H$1+By1+le,
Q=G$1+Fyl+ CZ{.

This quadratic equation in r gives the algebraical distances
from (a,, y,, 2,) of the points in which the line meets the conic.

281. Equation of tangent at a given point.

If (), 1, z,) be the given point, the line (1) of the preceding
article will be a tangent to the conic if both of the roots of the
quadratic equation (3) in r are zero.

This requires 1) f(=, 1, 2)=0,
which is satisfied since the point is on the conic;
and (i) &+ my+nl=
Thus the equation of the tangent is
(@—a) &+ (Y—y)m+(z—2)5=0,
that is zE + ym+ 2L =f (21, ¥y, 2,)=0.
Written at length the equation of the tangent is then
(Az,+ Hy, + Gz2) x + (Hay + By, + Fz,) y
+(Ga,+ Fy, + Cz) 2= 0.
If the notation of the differential calculus be employed

this 18 f o
“om T Y5y Y A5,
where a—aj: means the partial differential coefficient of £ (2, v, 2,)
()

with respect to 2, and so on. gy
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The quantities &, n,, §;, are respectively

of o O
Yo' You Yon

282. Chord of Contact and Polar.
It will be convenient to write 7' for the expression

(Az,+ Hy, + Gz,) 2+ (Hz, + By, + F2) y + (G, + Fy, + Cz) 2

so that 7= 0 is the equation of the tangent if (z;, 31, 2,) be on
the curve.

If (2, 4, 2,) be not on the curve, it can be proved exactly
as in § 135 that 7= 0 represents the chord of contact of tangents
from (@, ¥y, z,) and the polar of (,, 1, #).

It can also be proved as in § 141 that the equation of the
chord whose middle point is (@, 1, z1) 18 T'=8,.

283. Condition for tangency.
‘We can at once find the condition that the line
lz+my +nz=0 .oceevraiiiiinnnns (1)

should be a tangent to the conic given by the general equation.
For suppose it is a tangent at (a;, ¥, 2,), then (1) must be
identical with
(Az,+ Hy, + Gz)) 2 + (Hz, + By, + Fz,) y
+(Gz,+ Fy, + 02)2=0,

, Ao+ Hy,+ Gz, Huy+ By + Fzy _ Goy+ Fy,
e A n m - n

+ 0 A (say).

Thus Az, + Hy, + Gz, —IA=0,
Hz, + By, + Fz, — mA =0,
Gz, + Fy, + Cz; —nA=0.
Also since (@, ¥;, 2,) satisfies (1)
o, + my, + ne, =0,
19—2
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Eliminating ,, ¥, 2;, A we get

A, H @G 1l |=0,
H, B, F, m

@G, F, C, n

I, m, n, o

which when multiplied out gives
A2+ Bym? +Cn? + 2Fymn + 2Gnl + 2H,Ilm = 0,

where A,, B, etc. are the minors with their proper signs of
A, B, C etc. in the determinant

A, H G]|.
H, B, F
G, F, C|

We see from (1) that the condition that the conic should
touch the line at infinity z+y+2=01is
A, H @ 1|=0,

H B F 1
qG, F, C 1
1, 1, 1, O

>

which is also the condition that the conic should he a-parebola.
Thus all parabolas touch the line at infinity.

284. Equation of pair of tangents.

We can prove in exactly the same way as was done in the
case of Cartesian coordinates (§ 214) that the equation of the
pair of tangents from (=, %1, ;) to the conic is

f(z 9, 2) f (2, 1,2) =T

For we have the general equation of conics having double

contact with the given conic where the chord of contact 7'=0

meets it, viz.
Sz, y, 2) =T

We now choose A 80 that this passes through (2, 1, %) and
thus have the equation of the pair of tangents.
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285. The equation of the director circle.

The pair of tangents from (z;, vy, 2,) to the conic

) 8= A4« + By*+ C2* + 2Fyz + 2Gzz )Hzy = 0,

is
(A2* + By + C2* + 2Fyz + 2Gzx + 2Hwy) Sy = (x&, + ym + 285

Expressing the condition that these should be at right
angles (§ 277) we find at once

(B +C—2P) 8~ (n,— 1y} <=4
+{(C+4-26)8,— (G- m

cos B

+{(4 + B2l 8~ (G -y} 2 o0,

Thus the equation of the director clrcle is
(p cos 4 +qcosB+rcos C)S
a b c
_ ¢os A cos B cos C
(n—8r+ -+ —(E-),
where £, 5, ¢ arc what £, m, & become when we suppress the
suffixes of z, y, 2z, that is

E=Az+ Hy+ Gz, n=Hz+ By+ Fz, {=Gz+ Fy+Cz.
286. The centre.

Tangents at the extremities of any chord through the centre
are parallel.

Thus the polar of the centre must be the line at infinity.
Hence if (z,, 1, 2,) be the coordinates of the centre, the line
(Ao + Hy+ Gz)) x+ (Iz, + By, + Fz) y

+ (Gay + Fy, + C2)2=0
must be the same as

z+y+ z2=¢(lz + my + nz2),
when e i3 very small.
o Az + Hy, + Gz, = Hx, + By, + Fz,
=Gz + Fy, + Cz; =\ (say)



294 AREAL COORDINATES

We thus have
Aw1+Hy1+Gzl—X=O,

Hz, + By, + Fz,— A =0,
Gz, + Fy, + Cz; — A =0,

and also z4+yp+5-1=0.
Eliminating @, ¥, z, we get
A, H G, \|=0
H, B F, A
Q, F C
1, 1, 1, 1
A, H G 2|+ |4, H G 0]=0,
H, B, F, A\ H, B F 0
QG F, C @, F, C 0
1, 1, 1, O 1, 1, 1, 1
that is
M| A, H, @ 1|+ |4, H G|=0
H, B, F, 1 H, B, F
G, F, C 1 G, F, C
1, 1, 1, 0

Thus the coordinates of the centre are given by
A.wl‘l‘ Hy1+GZI= Hx1+Byl +le= Gw) +Fy1 +CZ,

=—| 4, H G| + |4, H G 1
H, B, F H, B, F, 1

G, F, C @G F, C 1

1, 1, 1, 0

287. The coordinates of the centre can also be found very
simply by using § 280. For as every line through the centre
(@, %1, 71) meets the curve in two points equidistant from the
centre the two roots of the quadratic equation (3) in r must be
equal in magnitude and opposite in sign.

s U+ w08 =0,
for all values of I, m, n.
But l+m+n=0  (§270),
CEh=n=0.
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288. The Focli.
If (2, v, #,) be a focus of
S=Ax+ By + O+ 2Fyz + 2Qzz + 2Hxy = 0,
the pair of tangents from (=, ¥, 2,), viz.
(Aa* + By* + Cz*+ 2Fyz + 2G2z + 2Hazy) S,
— (@b +ym +25)'=0,
satisfy the conditions for a circle.
These are (§ 277),
B+C-2F)8 —(m— §1)“ (C+A-2)8 —(L-¢&)
al b?
_“ +B—2H)Sl—(fl—n,)’.

02

The coordinates of the foci then are given by

pS—(n=08r_q¢S—({-&r _rS—(E-np
a? b3 o .

289. The Axes.
The foci are by the last article given by

S—(n—-8? ¢S—(&-§? rS—(E—n)
SEICET SRRl (el i ETCEL SN

a’

whence we have
pS—(n =8P —-ra?=0,

qS—<t—f>=-xb==
rS—(E—n)P—-Ac=
Eliminating S and A we see that the foci lie on the conic

P =8P @ |=0.ciinrinninnnnn. @),
g, (=& ¥
T (E - 7])2» |

which is satisfied by =9 ={, that is (§ 286) by the centre of
the given conic
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Thus (1) is the equation of the axes, for only one conic can
be drawn through five points of which not more than three are
collinear.

I am not aware that the equation of the axes has ever been
given in so sinple a form before.

290. The Asymptotes.
The equation of the asymptotes will be
Aa*+ By + C2*+ 2Fyz + 2Gew+ 2Hay + k(z + y+ 2) =
where k is a constant (§ 186).

But the asymptotes pass through the centre (z, yi, #1)
given by
Az, + Hy,+ Gz,= Hz, + By, + Fz,=Qu, + Fy, + Cz, =
where \ has the value found in § 286.
Thus
=— (Ax? + By? + Oz + 2Fy 2, + 2G 2.2, + 21 x,y,)
=—a, (4, + Hy, + Gz)) — y, (I, + By, + Fz,)
—2, (G, + Fy, + Cz)
=— ANz +ph+a)=—A\
Thus the asymptotes of /(«, y, 2) = 0 are

f(zy2) | A, H G 1|+@+y+2r| 4, H G|=0.
H B F 1 H B, F
G, F C 1 G, F, C
1, 1, 1, O

291. The student can easily prove as in § 138 that the
condition that the lines

le+my+nz=0,
Ve +my+nz=0,
ghould be conjugate lines for the conic,
Aa*+ By'+ C2* + 2Fyz + 2Gew + 2Haxy =0,
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is A, H @G I |=0,
H B, F, m
G, F, C, n

(U, m, o 0
and that the condition that the pair of lines
ur® + vy* + wa + 2u'yz + 20’22 + 2wzy =0,
should be conjugate is
Aw+ By+ Cw+2Fw + 2017 + 2Hw =0,

where 4,, B,, etc, are the minors with their proper signs of
A, B, ete., in the determinant

A, H G].
H, B, F
G F, C

Examples. 1. If the vertex 4 of the triangle of reference be a focus
of the conic 44*+ By®+ (22=0 then a?=5%+¢? and Bb3=Cct

9. Shew that the equation

225Gyt 22— Q2+ 20 + 22y =0,

represents a hyperbola touching the side £=0 of the triangle of reference
at its middle point, and having for asymptotes the sides y=0, s=0.

3. The condition that

lz+my+nz=0 and l'z+my+ua'z=0,
should be conjugate lines for the conic
uz? + vy + w2 =0,

. W mm'  nn
is " + e + —=0.

4. The coordinates of the centre of the conic

AT+ 5y + /e =0
are proportional to p+v, v+, A+ pu.

292. Conics circumscribing the triangle of refer-
ence.

The equation of a conic circumscribing the triangle of
reference is of the form

Fyz+ Qzz+ Hay=0.
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For taking the conic
A2+ By*+ Cz* + 2Fyz + 2G2x + 2Hzy =0,
and expressing the fact that this passes through (1, 0, 0) the-
vertex A of the triangle of reference we get 4 =0.

Similarly B=0=C.

293. Conic touching the sides of the triangle of
reference.

The general equation of such conics is of the form
V3w + Vg + Vs =0.
For taking the general conic and putting z=0, which is the
equation of the side 4 B of the triangle of reference we obtain
Aa*+ By*+ 2Hxy =0,
The left-hand side of this must be a perfect square in z and y,
otherwise the conic would meet z =0 in two different points.

o H*=A4B.
Similarly F*=BC and G*=CA.
Thus the equation of the conic becomes
Az*+ By + C22 + 2VBCyz + 2V 04 22 + 2VAB ay=0.

Now put A=\, B=ul, (C=14

The equation becomes
Nz® 4 pPy? + %2 + 2uvyz + 2vhew + 2auxy =0,

But the left side is a perfect square if we take all the
ambiguous signs positive or if we take two negative and one
positive.

We must then exclude these cases and we have left one of
the two forms

Na? 4 p?y? 4+ v22? — 2uvyz — 2vAzw — 2 uxy = 0,
Na? + py? + %2 + Zuvyz + 2vhex — 2 pxy = 0.
But if we write — ' for v in the second of these it becomes

the same form as the first, which is then the most general
form.
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It can be written
(VAz + Vg + Vvz) (—VAz + Yy + Vvz) (Vaz — ¥ py + Vvz)
(VAz + Vpy —Vvz)=0.
Thus Vi £ Vg + Ve =0,
which we may write
Wz +Npy + vz =0,

the ambiguous sign being understood before each of the
radicals.

294. The condrition that
le +my +nz=0
should touch the comic

vz + Npy +Vvz =0

. A
18 7+—’£+1—'=0.

For if we eliminate z between the two equations we get

(VAz + Vpy ) =—v x l~x—+ﬂ,
that is

M+#y+2m=l(l?ﬂ).
that is

v o m
x(x+7l) + 2V pay + (p+7>y=o,
The left side must be a perfect square in /= and /7,

lv vm
s )\,/.L—<7\.+ '7;>(,Ul+—;),

which reduces to
Amn + pnl + vim = 0,

that is 77‘+“—(+’i=0.
m n



300 AREAL COORDINATES

295. Conics for which the triangle of reference is
self-polar.

The general equation of conics for which the tiiangle of
reference is self-polar, that is to say each vertex is the pole of
the opposite side is

Ada® + By*+ C22=0.
For the polar of the vertex 4 (1, 0, 0) for
Aaz* + By*+ C2* + 2Fyz 4+ 2G 22 + 2Hay = 0,
is Az + Hy+ G@z=0,
and this has to reduce to z=0;
‘. G=0and H=0.
Similarly F=0.
The condition that lz 4+ my 4+ nz = 0 should be a tangent is

la 2 n3
Z+—B-+6=,O.

For the tangent at (2, 4, 2) is
Axx, + Byy, + C22,=0.
Making the two lines identical we have
é-’gl By, Cz

l m n
But : Az?+ By + Cz2=0,
P m
s Z + —B‘ + a =0.
2968. Equation of the circumcircle of the triangle of
reference. .
The general equation of conics circumscribing the triangle

of reference is
Fyz + Gew + Hxy = 0.

The conditions for a circle become in this case
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Thus the circumeircle has for equation
ayz + blzw + c*ry =0,

or, as it Ihay be written,

297. Equations of incircle and ecircles of the
triangle of reference.

The equation of a conic touching the sides of the triangle

is given by
N? 4 pty? + 1728 — 2uvyz — 2z — D pzy =0,
Expressing the conditions for a circle we have
P+ 2 P+HN+H2N N+t D
a? b B ¢
ptv_v+M_ A+ u

ta  +b  te¢’

p+v_v+A - A p

that is cither

a b c '’

. . A _ B v
which give b+c—a c+a—b a+b-¢c’
or p.+v=v+)»=>»+,u.’

a b -
. . A 7 v
h = =
which give b—g—a —c+a-b a+b+e’
or p.+v=v+7\.=7\,+/,l.,
a -b c
. . A I v
hich = = ]
v give ~b+c—a c+a+b a—-b-e
or H+V=V+X=X+;L’
a -b -c

. . A n v

which give = = .
& -b-c—a -—ct+a+db a-b+e
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Whence we get as the equations of the four circles touching
the sides of the triangle of reference
Vis—a)z+N(s—-b)y+V(s—c)z=0,
NVis—ba+V(s—a)y+~ —sz=0,
Nis—c)z+V —sy+VN(s—a)z=0,
V-sz+N(s—c)y+~(s—b)z=0.
It is easy to see that the first of these gives the incircle,
the second the ecircle opposite to C and so on, for the 2z

coordinate of every point on this ecircle is ncgative, whereas
the z and y coordinates are positive.

We observe that the equation of the ecircle opposite to 4
is got from that of the incircle by writing —a for a.

\)9/8 Equation of the nine points circle of the
triangle of reference.

This circle has to pass through the middle points of the
sides and the coordinates of these points are (0, 3, 3), (3, 0, %),
& % 0).

Taking the general equation

Az®+ By*+ 022+ 2Fyz + 2Gzx + 2Hwy =0

we have the conditions
B+ C+2F=0,

C+4+2G=0,

A+B+2H=0.

And the conditions for a circle are
B+C- 2F C+4-2G A+B- 2H

) b2 = e
B+C _C+4 A+B
e T T a
4 B C

which give 5’+c’—a’_c’+a,’—b“=a’+b’—c’=k (say).

co 2 =—(B+0)=-k(2aY); ... F=—ka
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Hence the equation of the nine points circle is
B+ —a?) @+ (¢ + @2 — 1) gt + (a7 + b — &%) 2
— 2a*yz — 2b%2x — 2¢%zy =0,
that is
@ {(y—2r -2+ 0 {(z-a) -y} + S {@-yr-2}=0,
or a(y—z-—x)(y—z+a)+V@-z—-y)(z—-z+y)
+o(@—y—2)(e—~y+2)=0,
which can be written
a? + b 4 ¢
y+z—z z+ao—y z+y-—z

’

‘61 299. On the form of the equation of the nine points
circle.

It may have already occurred to the reader that, as the
equation of the circumcircle of the triangle of reference is

a b ¢

—+  +-=0,
z Yy oz
and that of the nine points circle is
ol B o

y+z—w+z+w—y+w+y—z=
there is some connection between the two. Such indeed is the
case.

Let 4', B’, C' be the middle points of the sides of the
triangle of reference. A’ being opposite to A4, B’ to B and
¢ to C.

Let («, y, 2) be the arcal coordinates of a point P referred
to the triangle ABC. And let (2, ¥/, 2’) be the areal coordinates
of the same point referred to A’B'C'.

_APBC _4APBC
T AA'B'C"T AABCC
But the coordinates of P, B, (' referred to ABC being

respectively
@y 2, 3013, G$0)

Then a
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APBC

we have AABC = z, 3 % |=1@y+2-2a)
¥y, 0, %
|z, 1}, 0

e B =y+z—a
Similarly ¥'=z+2-y and Z=z+y-—=2
Now the nine points circle of the original triangle ABC is
the circumcircle of the triangle 4’B'C",

If then the point P be on the nine points circle of 4 BC, it
is on the circumcircle of 4’B'C’,

a\* (b\* /c\?
2 2 2
8.0,
a? + b + ¢ _ 0.
yt+z—a z+z-y =z+y—z
Again the equation of the incircle of A'B'(" referred to
A’B'C’ would be
VE —a)d +V( =)y +V( =c)2 =0,
where o/, V', ¢ refer to A’B'C'. And a':V:c'=a:b:a
Therefore the incircle of A’B'C’ has for its equation referred
to ABC
Vie—a)(y+z—2)+V(s-b)(z+a—y)+V(s—c)(@+y—2)=0.
We see then how when we know the equation of some locus
connected with the triangle ABC we can find the equation of
the corresponding locus connected with 4’B'C’,

that is

L
300. The Circular Points at infinity,.
We have seen that the equation
A2+ By + C2* + 2Fyz + 2Gew+ 2Haey =0...... (1)

represents a circle if
B+C-2F C+A-2G A+B-2H
@’ - 3 - ¢ )
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Suppose these conditions fulfilled and equate each of these
fractions to A,
v 2F=B+C - \a?,
20 =0+ 4 -\,
2H=A+ B- )\
Thus the equation of the circle becomes
Aa*+ By +CA +(B+ C—a?)yz +(C+ A —\b*) 2z
+(A+B-r®)zy=0,
that is
(Az + By + C2) (z + y + 2) — A (a®yz + b2z + c*zy) = 0...(2).

Thus points common to this circle and the circumcircle of

the triangle of reference satisfy
(Az+By+ C2)(x+y+2)=0.

We see then that Az + By + Cz =0 is the radical axis of (1)
and the circumcircle; and further that (1) meets the line at
infinity, # + y+ 2=0, in the same points in which the circum-
circle meets it.

Thus all circles in a plane go through the same two points
on the line at infinity, viz. the two points in which the line at
infinity cuts the circumcircle of the triangle of reference.

These points are called ‘ the circular points at infinity.” For
their use see my Course of Pure Geometry, Chapter XVIIL

300a. It seems desirable here again to justify our taking
the equation of the line at infinity as

2+y+2=0,
instead of using its more accurate expression
z+y+z=Lte(lc+my+ nz)....... veeveenn (3).
This line meets the circle (2) in points determined by
e(le + my + n2) (Az + By + Cz) — A (a*yz + bzz + c*zy) = 0,

that is by
A (atyz + b2z + czy)
Aa+ Ly + Cz

e (lz + my + nz) =
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Now the points satisfying this and (3) are at infinity, and so
the numerator of the right-hand side unless it be zero will be
large compared with the denominator, whereas the left-hand
side is finite. Hence we must have

a*yz + b2z + Pwy = 0.

Thus the circle meets the line at infinity in the same points
in which the circumcircle meets it.

Another way of regarding the matter is this. We see that
& + 9y + 2 is always finite, being in fact equal to unity, and the
equation (2) can be written

Az + By + Cz = A (a*yz + b2z + c*ay) = 0,
so that at infinity the terms of the higher order in «, y, 2,
namely
A (@ys + b2z + cizy),
must overwhelm those of the lower order, namely
Az + By + Uz,
unless indeed a*yz + b%zx + c*ry = 0.

This is just what we get when in (2) we put 4+ y +2=0.

Thus when we write £+ y+ 2=0 we are really expressing
the fact that even when «, ¥ and z have infinite values they
assume these values consistently with « + y+ 2z being finite;
and if £ 4+ y + 2 be finite it is the same as if we write

z4+y+2=0,
for finite quantities are negligible in comparison with infinite
ones.

301. Radical axis of two circles.

If S=Aa*+ By + C2+2Fyz + 2Gzz+ 2Hzy=0...(1),

S'=As?+By+ 02+ 2Fyz+2G 20+ 2H «y =0...(2),
be two circles, and if
B+C—-2F (C+A-20 _A+B-2H
a* b? - ¢ ’
B+C-2F (C+4'-2¢"_A'+B -2H
@ b - ¢ ’

A=

and N=
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the equations can be written (§ 300)
(Az+ By + Cz) (& + y + 2) — A (a®yz + b2z + c*ry) = 0,
(A'z+By+ C2)(x+ y+2)— N (a*yz + b2w + c’zy) = 0.
Thus points common to the two circles satisfy
(Az+By+Co)(e+y+2) (A'z+By+C2)(z+y+2)
A N )
Thus the radical axis of the two circles is
Aa;+By+Cz=A’a:+B'y +Cz
A A '

The student will have no difficulty in proving for himself
that the square of the tangent from (2, y, 2) to the circle (1)

18 X|

Examvle. If p, ¢, » be the lengths of the tangents from the vertices
A4, B, C of the triangle of reference to a circle the equation of that circle is

(PPe+ ¢y +r%) (x+y+2)— (a*yz + bl2zr + Pxy)=0 [Wolstenholme),

302. Feuerbach’s theorem.
Let us find the radical axis of the nine points circle of the
triangle of reference, viz.
G+ c—a®)a*+ (¢ +a— b))y + (a* + b — ) 2°
- 20%yz — 2b%x - 2c%cy =0
and the incircle, viz.
@E=—aPa?+(=0)Py+(s—c)?22—2(s-b)(s—c)yz
~2(8=c)(s—a)zz—2(s—a)(s—b)xy=0.
2 _(@+ a? = b?) + (a* + b — ¢?) + 2a?

Here 2 =4,
a
and 7L,=(s—l))’+(.sr—(:)2;i- 2(5=b)(s—0c) _ (2s—b——c)’=1.
a a?

Thus the radical axis of these circles is

G +—a)e+ S+ -y +(a®+b -z
4
=(@E—-ayfz+(s—bly+(s—c) s
20—2
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/

that is [(B*+¢*—a*) —(b+c—a)]z+ete. =0,
which reduces to
(a=bc—a)z+(b—-c)(@a—b)y+(c—a)(b—c)z=0,

£+ 4+ 2 o

that is et ocataTE

Now this line touches the incircle; for the condition for

this is (§ 294)

s—a 8—b s—c
T T %

b—c c—a a-b
hatis (s—a)(b—c)+(s—b)(c—a)+(s—c)(a—=b)=0,
zvhich 1s satisfied.
Hence the nine points circle touches the incircle.

As the equation of the ecircle opposite to A can be derived
from that of the incircle by writing — @ for a, and the equation
of the nine points circle is unaltered by this, it is clear that
this ecircle must also touch the nine points circle, and similarly
the other ecircles touch it too.

This is Feuerbach’s well known theorem.

303. The condition that the circle
Az* + By + C22 + 2Fyz + 2Gzz + 2Hay =0 ...... @

bhould cut orthogonally the circumcircle of the triangle of
reference 1s

Aa cos a+ Bbcos B+ Cccos oy —rabe =0,
where a, B, oy are the angles of the triangle and

B+C—-2F
aﬂ

A= = ete.

~For if the circles cut orthogonally the pole, with respect to
either circle, of their radical axis must be at the centre of the
other circle.

Now the radical axis of the two circles is (§ 300)
Az + By +C2=0...ccceuveririennenn. 2).
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Let (2,, 11, 2,) be the pole of this with regard to (1),
Az, +Hyl + Gz, - HW1+BZ/:+FZI _ G, +Fy1+ Cz,

L A — B = 0
And if the circles cut orthogonally (a,, ¥, 2;) must be the
centre of the ¢ireumcircle, —~—  ——— o —

S &y =acosazbeosBiccosy.
. Aacosa+ Hbcos B+ Geeosy Hacosa+ BbcosB+Fecosry
LN A - B

Ga cos a + Fb cos 8+ Cccos vy
= C «..(3).

Taking the ﬁrst‘ of these equalities we get

Aacosa(B— H)+ Bbcos B(H—A)+ccosy(BG—AF)=0.
We now make use of the relations
B+C—-2a*=2F, C+A-x*=2G, A+B-\=2H,

and so obtain on elimination of ', G, H

Aacosa(B—A+\c?)+ BbcosB(B—A4 —\c?)
+ccosy{B(C+ A —A\?)— A (B+C=ra?)}=0,

that is
Aacosa(B— A)+Bbcos 8(B—A) + Cccosy (B-A4)
+Adac(c cos a+ a cos y) — ABbc (¢ cos 8 + b cos ) =0,
which gives either B— 4 =0 or
Aacosa+ Bbcos B+ Cccosy —rabec=0 ...... (4).

Had we taken the second of the two equalities (3) we should
have obtained either (4) or B =C.

Thus either (4) holds or A = B=C. But in this latter case
the radical axis becomes « + y + z =0, that is the line at infinity.
In other words the two circles would be concentric.

We see then that (4) is the condition that the circles should
cut orthogonally.
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-S—' " EXAMPLES.

1. Shew that every conic circumscribing the triangle of
reference and passing through the orthocentre must be a rect-
angular hyperbola.

2. If a rectangular hyperbola circumscribe a triangle it passes
through the orthocentre.

3. The circle for which the triangle of reference is self-polar is
coaxial with the circumcircle and the nine points circle.

4. The centre of a rectangular hyperbola circumscribing a
triangle lies on the nine points circle.

b. The areal coordinates of the points of contact of the conic
NAT + Npy + vz =0
with the sides of the triangle of reference are
v I v A, n A
(O’ p+v’ ,u.+v)’ <v+h’0’v+)\>’ ()\4-;1.’ )\+;L’0)

which become

A _¥ o A _BE A )
@ -5 -5 (-2o-3). (-&-20),

where the conic is a parabola. .

The area of the triangle formed by three tangents to a parabola
is half that of the triangle formed by their points of contact.

6. The condition that the line lx + my +nz =0, should touch
the conic Fyz + Gzx + Hry =0 is
NIF + JmG + NnH =0,

v
7. If the conic da?+ By*+ (C22=0 be a parabola, the co-
ordinates of its focus are proportional to

B+ Cc?, Cc®+ Aa?, Aa*+ BB,
and the equation of its axis is

X, Y, 2 = 0-
B+ Cc? COc* + 4a*, Aa*+ BW?

1 1 1
4’ B’ (o}
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[As in § 288 the coordinates of the foci are given by
(B+C) (4 + By" + 0x%) — (By — Ca)?
a3
Using the fact that BC' + C4 + AB=0 in our case we have

BC (y+z—x)(x+y+2) CA(R+xz-y)(x+y+2)

a? - b?
_AB(x+y—2z) (x+y+2)
= 02 .

=two similar expressions.

Dividing out by «+ y + 2z we get

y+z-x _z+x—y x+y—3
4> =~ B* T (Ce ?

. x _ y _ d
T B+ 0P Ct+Aa® da* + BbY
If lx+ my+nz=0 be the axis, since this passes through the
focus we have
(BbT Ce?) 1+ (Ce* + Aa®) m + (Aa® + BY) n=0.
Also the axis goes through the centre the coordinates of which
(%1, %1, =) are infinite but are in a finite ratio to one another given
by (§ 286)

Ay = By, =(C2.

L.m. ™ _p
4 B C

On eliminating /, m, n we have the equation of the axis.]

Thus

8. Obtain the equation of the director circle of the conic
Fyz + Gzx + Hxy =0,
and deduce that the equation of the directrix in the case where the
conic is a parabola is

EFcosA

LG+ H-F)z+ F(y+2)}=0.

9. The centre of the circle circumscribing a triangle which is
self-conjugate with regard to a parabola lies on the directrix of the
parabola.

10. Prove Gaskin’s theorem, of which Ex. 9 is a special case;
The circle circumscribing a triangle which is self-conjugate for a
conic is orthogonal to the director circle of the conic. [Use § 303.]
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11. Obtain the equation of the parabola touching the three
sides of the triangle of reference, the point of contact with #=0
being the middle point of that side.

[42® + 3* + 22 — 2yz + 42w + 4wy = 0.]

12. If in the last Example D, Z, I be the points of contact
with the sides, prove that EF is parallel to BC, and that 4.D passes
through the middle point of ZF. Prove further that the middle
point of all chords parallel to BC lie on the line 4 D.

13. Shew that the equation = 2kyz represents a conic
touching the sides 4B, AC of the triangle of reference in B and C.
Prove that the straight line joining 4 to the middle point of BC
cuts the conic in a point the tangent at which is parallel to BC.
Further shew that this line passes through the centre of the conic.

14, Prove that if the conic Az + vy +Vvz=0 be a parabola,
the equation of its directrix is
AP +—a)z+p(c+a—b)y+v(a®+0'—c)2z=0.
Shew also that the coordinates of the focus are proportional to

(a” b? c’)
X ’ ;’ ’; ’
that the focus lies on the circumcircle of the triangle of reference,

and that the directrix passes through the orthocentre of the
triangle.

15. Shew that the equation of the axis of the parabola in the
previous question is
v A a¥ (TR DN
(- (5 -5) = (% -%)-0
16. The necessary and sufficient condition that the triangle

A’'B'C’ whose vertices are (,, ¥y, %) (%, Y2, 22) (¥, ¥s, %) should
be in perspective with the triangle of reference 4BC (4’ corre-

sponding with 4 and so on) is
L Y32 =X Y1 %0
17. If two triangles 4BC, A’B'C’ be reciprocal for a conic
(that is 4 the pole of B'C', B of ("4, O of A’B’) they will be
in perspective.
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18. Shew that if the sides of the pedal triangle of the triangle
ABC be produced to meet the opposite sides in D, E, F, the
straight line DEF is the radical axis of the circumcircle of 4BC
and the circle with respect to which the triangle ABC is self-
conjugate.

19. The locus of the centre of a conic which touches the
sides of a given triangle and passes through a given point is a conic
inscribed in the triangle formed by the lines joining the middle
points of the sides of the given triangle.

20. A conic passes through the vertices of the triangle of
reference and their centre of mean position. One of its axes is
parallel to #=0, the coordinates being areal. Shew that its
equation is

a ccosB bcosC

+ .
x Y z

21. Shew that the locus of the centres of conics which circum-
scribe a given triangle ABC and have a common tangent at A4
is a conic.

© 92, 0 is a point whose areal coordinates are (w, y, z) with
réference to the triangle 4 BC, whose sides are of lengths a, b, ¢.;
if P be any other point prove

x.PA*+y.PB*+ 2. PC*= PO? + a’yz + b%ax + c*xy

and deduce the equation of a circle whose centre and radius are
given.

23. The general equation of conics passing through the middle
points of the sides of the triangle of reference is

F(zro—y)(c+y—-2)+@ (@ +y—2)(y+2—2)
+Hy+z-x)(z+z—-y)=0.

24. The angular points 4, B, C of a triangle are joined to any
point O, and 04, 0B, OC meet the opposite sides in a, B, 7. Shew
that if the conic through a, B, y and the middle points of the sides
be a rectangular hyperbola, then O lies on the circle round 4 BC.
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25. A triangle circumscribes a conic and a, S, y are the points
of contact. Shew that the intersections of the lines BC, By; C4, ya;
AB, of} are collinear and that if the conic touches a fourth fixed
line, this line of collinearity passes through a fixed point.

4+ 26, The locus of the pole of the line Az + py +vz=0 with
respect to the system of parabolas which pass through the vertices
of the triangle of reference is the curve

Nz (py +ve — A2) + Ny (v2 + Az — py) + Nz Az + py — v2) = 0.

27. Conics touch the sides of a triangle ABC; and the point
of contact with the side BC is a fixed point. From another fixed
point in BC tangents are drawn to the conics. Shew that their
points of contact lie on a fixed line through 4.

28. The equation of the line containing the centroid, the
omthocentre, the circumcentre and the nine points centre of the
triangle of reference 4ABC is

2_ .2 2 _ 3 2 __p2
Foc cosd.w+S ba cosB.y+a b

Shew that this line contains the four corresponding points for

the triangle joining the middle points of the sides.

cos(C.z2=0.

29. The areal coordinates of the centre of the conic
Az + N py + vz =0
inscribed in the triangle of reference 4BC with respect to the
triangle DEF joining the middle points of the sides are in the ratio
Aipiw

30. Shew that the common chord of the conic yz+ 22 + 2y =0
and its circle of curvature at the vertex 4 of the triangle of
reference is

y(a®—c) +2z(a*-0*) =0,
a, b, ¢ being the lengths of the sides.
v 31. The locus of the centre of the conic lyz+ mex + nay =0,

which passes through (x'y'2’) is a conic whose centre is at the
point

1+a l+y 1+7#
& = )
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32. The axis of a parabola is Az + py + vz =0, and the tangent
at the vertex is ANx+ u'y +v'z=0, shew that its equation is of
the form

Az +py +v2) =k (x+y+2) Mo+ p'y '+ v2)

33. A conic circumscribes a triangle and its centre moves along
a median, prove that the asymptotes touch a conic which touches
two of the sides of the triangle at the extremities of the remaining
side.

34. A conic is inscribed in a triangle ABC and one of its
asymptotes passes through a fixed point. Find the locus of the
centre, and prove that if the point coincides with 4 the locus
becomes the sides 4B, AC and the straight line joining the middle
points of these sides.

35. Prove that if a parabola touch the sides of the triangle
ABC, the polar with respect to the parabola of the centroid & of
the triangle will touch the conic which passes through 4, B, ¢ and
has its centre at G,

36. Prove that if

ax® + by? + ¢2 + 2fyz + 29z + 2hxy =0
represent a circle in areal coordinates its radius is
9RAY/ (27— b —c) (29— c —a) (2h—a—B)}},
where A is the discriminant, and B the radius of the circumeircle of
the triangle of reference.

37. Shew that one asymptote of the conic ax® + by*+c2*=0
will be parallel to one asymptote of the conic a'a? + b'y* +¢'2* =0, if
MBtpd+1P—2uv — 20N = 2Apn =0,

where A=bd=bc, p=ca' —ca, v=ab-a'b
the coordinates being areal.
38. Shew that if
f=vy—wz, n=wr—uw, (=ux—vy,
the asymptotes of the conic ua® + vy® + wz* = 0 are
ud + v+ w3=0,
and that pé + gn*+»{ =0 represents a pair of conjugate diameters

provided that
PWHw)+q(w+u)+r(u+v)=0,
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39. Shew that the equation of a pair of conjugate diameters of
the conic yz + 2z + xy = 0, may be written

@-7) (-2 +(r-p)(z-2)+(p-g)(®-y)'=0.
40. Shew that the locus of the centres of all conics of given

eccentricity which circumscribe a triangle is in general a curve
of the fourth degree passing through the middle points of the sides

of the triangle.
41. The area of the ellipse whose areal equation is
Ayz + pzx + vaoy =0,
bears to the area of the triangle of reference the ratio
dahpy i (Zpy + 2V + 20 = N2 — i — v’)’}.

42. The areal coordinates of the point of contact of the incircle
and nine-points circle of the triangle of reference are in the ratio

bd-cy(e—a):(c—a)(s—0):(a-0)}(s—¢)



CHAPTER XV.

HOMOGENEOUS COORDINATES IN GENERAL.

304. Areal coordinates, which we have treated in the last
chapter, are only a particular case of a general system of homo-
geneous coordinates which we now proceed to explain. We
transform the Cartesian coordinates (=, y) referred to any axes,
rectangular or oblique, in the plane to new coordinates (X, ¥, Z)
by the relations

2=MX+mY+unZ . .ciiiiiiinanann. (1),
Y= X + p Y+ 02 ccininininennnn(2),

where X, Y, Z are connected by a linear relation
l=aX +BY + 92 ccciieceariannnnn.. (3).

As yet no geometrical meaning is given to the new
coordinates X, Y, Z.

We can solve the above equations and express X, ¥, Z in
terms of # and y, provided the determinant

M, M, » | be not zero.
Ao, Mo, Va

a B v
We will write these results

X=Az+By+0C,
Y=A2“'+B2y+ Cs,
Z =Ax+ By + C;.
It is clear that the equation (X + mY +nZ =0, being
equivalent to
L(A:x+ By + C)+m (4w + By + Cy) + n (4 + By + Cg)=0
represents a straight line.
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And in particular X =0, ¥ =0, Z=0 represent straight
lines.

These last three lines form a triangle 4 BC which we shall
speak of as the triangle of reference. ™

The vertex A of the triangle being given by ¥=0, Z=0,
we have from (3) X =1/a.

Thus the coordinates of 4 are (1/a, 0, 0). Similarly, those
of B and C are (0, 1/3,0) and (0, 0, 1/y) respectively.

The Cartesian coordinates of A are thus (A,/2, A./a), of B
(F'I/B: #2/:3); and of C (n/y, V2/'Y)- (O

All Cartesian equations of algebraical curves transforin into
homogeneous equations in X, ¥, Z by reason of the relation (3).
The general equation of the second degree may thus be written

AX*+ BY*+ CZ°+ 2FYZ + 2GZX +2HXY =0,

and this of course represents a conic. We shall later on
discriminate the nature of the conic thus represented.

305. Area of triangle.

We proceed now to find an expression for the area of a
triangle PQR the coordinates of whose vertices are (X,Y,Z)),
(X,Y,2,), (X,Y;Z;) respectively.

Let (,7), (%:21,), (#3Yys) be the Cartesian coordinates of the
vertices P, Q, R.

The algebraical area of the triangle is then

4|z, @, «|sino,
Y, Y Ys
1, 1, 1
where o is the angle between the axes. And this
=} MK+ Y1+, M+ Y+, MX s+ Y+ Z; |sine
X2X1+,"'9Y1+Vazb MXQ’*'/I-er‘l'VzZm >‘1Xs+#:Ys+V2Zs
aX, +BY+9Z, aX,+BY,+ vZ, aX;+ BY+ 94,
=4 X,, X, X, My a1, W |SID.
Y, T, Y, Ne, M, Vs
Zy, Z,, Z, a, B, v
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And in particular the algebraical area of the triangle of
reference ABC is

3 %, 0. 0 My M, ¥ |SDw
1
O) B} O M’ l“’” Vy
1
O) Or :Y_ a, B’ y
=% &% N, M1, 7 |Sino.
X‘Za /-l’ﬁ, VB
a, B, «

Denoting this by A we have that the algebraical area of the
triangle PQR is
QB')’A Xl) Xg, Xs .
v, Y., Y
Zl: Zz: Z3

306. Geometrical interpretation of the new co-
ordinates.

The expression thus obtained for the area of a triangle gives
us a geometrical meaning for our new coordinates.

For if (X, Y, Z) be the coordinates of any point P, the area
of the triangle PBC is

oByA | X, Y. Z |=aAX.
1
0, 5, 0
B
0, 0, %
Y
APBC . . _ _APCA _APAB
Thusd:m-a. SlmlldllyBY—maﬂdyZ—mﬂ.

Thus we learn that
X is 1/a times the ratio of the area of A PBC to that of A ABC.
Yis 1/8 » » , APC4A ,
Z is 1)y ” ” » APAB »

»

n
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We see then that areal coordinates are the special case
where a=8=q9=1.

307. Transformation to Cartesians.

Now let (2,v,), (#3¥s), (#3ys) be the Cartesian coordinates
of the vertices 4, B, C of the triangle of reference. We there-
fore have from the relations

e=MX + Y +1Z Y=MX + Y + 0,2

A A, 7 7 v v
that wl:;’ y1=—a—3 ""’.2=El) y2=_§, m8='r_;) y3=Ty"

Therefore the general relations connecting together the
Cartesian and the other coordinates can be written

o =ax, X + Bz, Y + yuyZ, y=ay, X + By, Y + yy,Z.

By means of these relations we can pass from our new
coordinates to Cartesian coordinates with any axes if the
vertices of the triangle of reference be known in relation to the
Cartesian axes.

In particular if we take as our Cartesian axes the sides CB,
CA of the triangle of reference, the coordinates of the vertices
of the triangle are (0, b), (a, 0), (0, 0).

We thus get z=RaY, y=abkX,

_ly z ey
whence X—a.b, Y < Z= ( b)'

_1
-3
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308. By transformation to Cartesian axes OB, CA we can
shew in exactly the same way as for areal coordinates (§§ 261,
262, 270) that

(i) The coordinates of a point dividing the line joining
X, Y3, Z), (X,, Y,, Z,) in the ratio k : [ are

kX, +1X, kY, +1Y, kZ,+1Z
k+1 ° k+1 ° k+1 7

(ii) The square of the line joining (X,, ¥;, Z,) and

X, Y3, Z,) 1
—a*By (Y, - Vo) (Z, - Z,) — bya (Z,— Z,)) (X, — X))
—cafB (X, — X)) (Y, - Y)).

(iii) The equations of a line through (X, ¥;, Z;) can be
expressed in the form

X-X, Y-Y,_Z-Z,
I m o 7
where r is the algebraical distance of (X, ¥, Z) from (X, ¥, Z,),
and I, m, n are constants for the line such that
al+Bm+ yn =0,
a*Bymn + b*yanl + c*aBlm = - 1.

The student is recommended to work out these results for
himself. He will observe too that the equation of the line at
infinity is now

aX +BY +yZ=Lte(IX + mY +nZ),
e=0

which we may write aX +BY +4Z=0,
this being interpreted to mean that aX + BY +Z is finite
even when X, ¥, Z are some or all of them infinite (see §§ 265,
266, 278, 286, 300 a).

309. General equation of the second degree.

We come now to the general equation of the second degree, viz.
S(X, Y, 2)=AX"+ BY*+ CZ*+2FYZ +2GZX +2HXY =0.

We shall have exactly as before that the tangent at
X, Y,2)is

T=(AX,+HY)+GZ)X +(HX,+ BF,+ FZ) Y
+(GX,+FY,+CZ)Z =0,
A, 21
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the form for the chord of contact and the polar of (X,, ¥, Z),
when it is not on the curve, being the same as this,

The condition that the line (X +mY + nZ =0 should touch
the conic will be as before

A, H @G 1l|=0
H, B F, m
G, F C n
l, m = O

| The equation of the pair of tangents from (X,, 3, Z,) will be
f(X’ Y’ Z)f(XI: Yl; Z])= Ts,

810. The centre and the asymptotes.
The centre being the pole of the line at infinity we have
if (X,, Y4, Z,) be its coordinates,
AX, +HY, +GZ, _ HX,+BY,+FZ,

a B
=GX‘+I’:YY‘+CZ‘=X (),
whence AX, +HY,+GZ,—arn =0,
HX,+BY,+FZ,-\=0,
GX,+ FY,+ CZ,—yr=0,
and aX,+BY,+4Z,-1=0,
from which we get on eliminating X, Y1, 4,
A, H, G an|=0,
H, B, F, BA
G, F, C, o
a B 9 1
from which we find that
AN A4, H @G a|+| 4 H G|=0,
H, B F, B H, B, F
@& F, O v« G F, (O
a B v, 0
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The equation of the asymptotes can be shewn as in §290 to be
X, Y, Z2)|A, H, G, a|+(@X+BY+vZ2y| 4, H, G|=0.

H, B, F, B H, B, F
G, F, C, v @ F, 0
a, Br Y 0

311. Discrimination of the nature of the conic.

If we transform to Cartesian axes CB, CA the terms of the
highest order are easily seen to be

B C 2F Cc H F @G

e -2 2 5 (5 +—-—-~>
a’(ﬁ’ v By B By va)™

c A 2G
t ( ta T 'ya) Y

From these we can at once obtain as in § 274 the conditions

for a circle, viz.
BG’2FC’A2GAB2H

Bn z ,3')' ;y_+a’—rya o i a,B

aa b2 cl
: i pP_93_T
which we may write pr il il 1

where p, ¢, r stand for the three numerators.

If the conic be not a circle it will be an ellipse, parabola or
hyperbola according as

C H F @ B C 2F\ (0 A 2@
(+ap 7w 2378 7+ 2 )
which we may easily get into the form
P+ g+ —2pg —2qr —2rp 2 0.
Or the condition can be expressed in determinantal form

A H @

v a‘;: EB: '—)’—a’ §0:
H B F
aB) 52’ B'Y,
@ F C
va' By’ o’
1, 1 1 0

212
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which can be written

a%,;? 4, H, G alZ0,
H, B, F, B
G F, C v
a0 B v 0
that is, for we are supposing a, B, « all real,
A4, H @G a|Z0.
H, B, F, B
QG F C, v
a, B v O
The condition for a rectangular hyperbola can easily be
proved as in § 276 to be
peosd qcosB  rcosC /
a + A + P 0.

It must be clearly understood that this discrimination we
have made is not applicable if the coordinates be imaginary.
The need for this caution will be apparent at a later stage.
The coordinates will be imaginary if some of the quantities
o v, @ B, g of § 304 be imaginary.

312. Special conics.

The student will be able to see for himself that the general
equation of conics circumscribed to the triangle of reference,
whatever system of homogeneous coordinates is used, is of the

form

Fyz+ Qea+ Hxy =0,
that conics inscribed in the triangle of reference have for their
equation

Wz + i + 7z =0,

and that Aa?+ Byr4+02=0
is the equation of conics for which the triangle of reference is
self-polar.

The equation of the circle circumscribing the triangle of
reference is
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and in general it will be observed that when the equation of
any conic related to the triangle of reference is known in areal
coordinates, its equation in generalised homogeneous coordinates,
for which the line at infinity is az+ By + yz=0, will be got
from the areal equation by writing ax, By, yz for «, y, 2
respectively.

313. The foci.

To find the foci of the general comic in any system of
homogeneous coordinates.

Let S=Aa* + By* + Cz* + 2Fyz + 2Gzz + 2Hay =0 be the
conic.

The pair of tangents from (z,, 4, 2,) is

S, (A#*+ By* + C2* + 2Fyz + 2Gax + 2Hay) = (E2 + 0y + Li2),
where 1= Ax, + Hy, + G2, n,=Hax + By, + Fz,
L=Gz + Fy, + Cz,.

That this may satisfy the conditions for a circle we must

have

<B+O2ﬂ& nt G2 2

T 2T B, T R T
£ By - B2 BY _ gmilar expressions.
That is
m_ &Y L_ &Y _(&_mY}
pS"(B —'y) _ 95 - (5_3) _ S, (a B)
a? b? B ¢ ’
where p= §+ g—,— g, q = ete., as before.

These equations then determine the foci.

314. The axes.

To obtain the equation of the axes of the general conic in any
system of homogeneous coordinates.

We see from the last paragraph that the coordinates of the
foci satisfy

(39 w8 -y

= = 7 = = = \ (say),
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where (=Az+ Hy+ Gz, n=Hz+ By+ Fs,
{=Qz+ Fy+ Ca,
The above equations give

(%—5)’—ps+m==o,

(g_ g) — g8+ Ak =0,

£_ny 2
(&—-B) —rS +Ac2=0.
Eliminating S and A we have

(/%'%)2' p @ =9 ............ (A).

G5 »

E-3. - o

This then is a conic on which the four foci lie. But this
conic passes through the centre of the given conic, for the centre
is given by

Hence (A) is the equation of the axes (comp. § 289),

The director circle.

It may be left as an exercise for the student to prove as in
§ 285 that the equation of the director circle is

e G - -9
+%9{TS— (§_ﬂ>’} =0.

3156. Trilinear coordinates.

Strictly speaking all homogeneous coordinates as we have
defined them are trilinear in the sense that they are interpreted
in reference to a triangle,
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But the term ¢ trilinear coordinates’ has been specially used
for that system where the position of a point is determined by
its perpendiculars upon the sides of the triangle of reference.
Denoting these by X, ¥, Z we have the identical relation,

aX +bY + cZ =24,
where A is the area of the triangle.

B c

So for this particular system we have
X + 34 Y + 53 Z 1.

The equation of the hne at 1nﬁmty is thus

aX +bY +cZ=0.

The letters a, B,  are frequently used instead of X, ¥, Z in
this system.

The student may practise himself by shewing that the
condition that the general conic should be a rectangular
hyperbola in this system is

A+B+C—2Fcosa—2GcosB —2H cosy=0,

where a, 3, y are the angles of the triangle of reference.

316. Cartesian coordinates as a homogeneous system.

Suppose we transform our Cartesian coordinates @, y by
writing

e=2X, y=7Y, 1=aX +B8Y+2Z.

The sides of the triangle of reference being X =0, ¥ =0,

Z =0, are in the Cartesians
2=0, y=0, and az+ By=1,

that is to say, the axes of coordinates and the line az + By=1.
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Now when « and 8 are very small this last line has very
large intercepts on the axes, and in the limit when a and 8
approach zero it becomes the line at infinity, we then have

z=X, y=Y, 1=172,
and we have a homogeneous system in which the triangle of
reference is formed by the axes of Cartesian coordinates and
the line at infinity.

We may thus make all our Cartesian equations homogeneous
by the insertion of appropriate powers of Z, which is unity.

We can thus include Cartesians among homogeneous
coordinates and write the general equation

aaz® + by* + c2* + 2fyz + 2922 + 2hxy =0,
¢ being unity.

It will be remembered that the equation of a central conic
referred to two conjugate diameters as Cartesian axes was
found to be

2
it
where a and 8 are the lengths of the semidiameters.

Making this homogeneous by means of z we have

z
e + - A=0. _

Thus we see that the equation of a conic referred to two
conjugate diameters is really only a particular case of a conic
for which the triangle of reference is a self-polar triangle. In
this case the triangle of reference is formed by the two con-
jugate diameters and the line at infinity, which is of course the
polar of the centre.

1,

317. Transformation from one set of homogeneous
coordinates to another.
We can transform from one set of homogeneous coordinates
X, Y, Z to other coordinates X’, Y’, .Z’ by substitutions,
such as
X=1X"+mY +nZ,
Y=0LX"4+mY +nd’,
Z=0X"+mY +n2',
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then X', ¥’, Z’ form a homogeneous system, and as
X +BY +yZ=1,
there is a relation between X', Y’, Z’, such as
X' +BY +v2' =1
We see now that by a proper transformation we can reduce
the equation of a conic to a simple form. For in any system of

homogeneous coordinates the equation of a conic for which the
triangle of reference is self-conjugate is

AX?+ BY*+0Z2*=0.

Thus by taking such a triangle for the triangle of reference
we can express the equation of a conic in this form, and we
can then write

XVA=ua YyB=y, Z 0 =z,
and we have a new set of homogeneous coordinates , y, £ in
which the equation of the conic is
o+ yr+22=0.

Clearly «, 3, z cannot be all real here if the conic be real,

and the test for discriminating the conic cannot be applied.

318. Polar reciprocals.

Let us make use of homogeneous coordinates to prove that
the polar reciprocal of a conic S with respect to a conic I' is
a conic.

The polar reciprocal of S with respect to I' means the locus
of the poles of tangents to S with respect to I.

We may take as the equation of T,

BHYP+22=0 . ieirniiiiinnn. (1),
and represent S by the general equation
az®+ by* + ¢z + 2fyz + 2gza + 2hay = 0......... (2).

Let (a1, %, 2) be the pole with respect to (1) of some
tangent to (2).

The equation of the polar being
@2+ Y + 22, =0,
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we see that this must satisfy the condition for being a tangent
to (2),
cola kg @ |=0.

hr b) _f) yl
g9 o6 2
wh yb zl: O

Thus the polar reciprocal of S with respect to I is
a, h, g «|=0,

h, b f 'y
g9 fi 6 z
z, y, 2 0

which we may write

Az + By*+ 022+ 2Fyz + 2G2z + 2Hay =0 ......(8),
where 4, B, C, etc. are the minors, with their proper signs, of
a, b, ¢, ete. in the determinant

a, h, gl|=A.
h, b f
g fic

Thus the polar reciprocal of S with respect to I is the conic
(8) which we will call S'.

319. It is now easy to see that if we take the polar
reciprocal of S’ with respect to I' we get the conic S.
For the polar reciprocal will be
A+ By + 02+ 2F'yz+ 2G 22+ 2H'zy =0 ...(4),
where A’, B', etc. are the minors of 4, B, etc. in the

determinant g
4, H, @],

H, B F
G, F, C

oo A’'=(BC— P)=(ca~ g*) (ab — 1*) ~ (gh - af = aA.
Similarly B'=bA, C'=cA, F'=fA,
and so on, 8o that the conic (4) is the same as
az? + by? + c2* + 2fyz + 292z + 2hay =0,
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320. The following special cases should be verified:
The polar reciprocal with respect to #* + 3 + 2= 0 of

. .2y 2
2 2 J— _— Y —_ =
(1) A«*+By*+022=01s |+B 0 0,

(i) Fyz+ Gez+ Hay=01is VFz+V Gy +VHz=0.

321. Conics expressed in terms of a single para.
meter.

The homogeneous coordinates (z, y, z) of any point on a conic
are wn an wnfinite number of ways given by the ratios

z:y:z=at?+bt+c:aB+bt+c:a"B+b"t+ ",

where the a's, b’s, and ¢’s are all constants, and t s a variable
parameter.

For if we have a pair of tangents of the conic whose
equations are

Le +my +nz=0, lx + myy + nez =0,
and if the equation of their chord of contact be
ba+ myy +nyz =0,
the equation of the conic will be of the form
(he + my + m2) Lz + myy + ny2z) =\ (lyw + mgy + ny2),
= (lz + my + nz)* (say).
Thus Le+my +nz _ lz+my+nz '
le+my+nz  la+my+ng
Putting each of these ratios equal to ¢ we have
(L= UW)z+ (my—mt)y + (n, —nt) 2=0,
(C=lt)yz+ (m—mit)y +(n—nt)z=0.

Whence
z z

y =
af+ bt +c aB+bi+c aP+bE+c’
where a, @/, etc. are constants, being functions of I, m, ete.

As we can express the conic in an infinite number of ways
by taking different pairs of tangents and their chord of contact,
we see that this mode of representing the points on the conic
can be effected in an infinite number of ways.
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322. On the equations of two conics.

We have seen that the equation of a single conic can be
written in the simple form 2?+ y?+2?=0. The question we
have now to consider is, how best to choose our coordinates so
as to have the equations of two conics in as simple a form as
possible.

Now we know that if P, @, R, S be four distinct points on
a conic and if PQ and RS meet in 4, PR and QS meet in B,
and PS and QR in C, the triangle ABC is self-polar for the
conic (Course of Pure Geometry, § 119a).

Now two conics in general cut in four points. We see then
that if the four points of wntersection of two conics be distinct,
that is if no two of them coincide, the conics have a common
self-polar triangle.

Thus the equations of the two conics can, if we take this
self-polar triangle for the triangle of reference, be expressed in
the form

az® + by*+¢ca2=0, a@+b0y+c22=0.
We may now write
eNa=X, yvb=Y, z2N¥c=2
and so get the equations of the two conics in the form
X+ Y*+2°=0, AX*+ BY*+02'=0.

323. The common self-polar triangle.

It must not however be supposed that the common self-
polar triangle of two conics intersecting in four distinet points
is always real. It is clearly real if the four points of intersection
be real; we shall shew that it is also real if the four points of
intersection be all imaginary, but that if two of the four points
be real and two imaginary the self-polar triangle has one real
and two imaginary vertices.

For taking the case where the four points of intersection
P, Q R, S are all imaginary, their Cartesian coordinates
referred to any axes will be of the form

(2, +181, 7+ 18y), (a1 — 1By, o —18), (% + 185 1a + 13,),
(ae - iB‘b Y2 — iaﬂ):



HOMOGENEOUS COORDINATES IN GENERAL 333

since the imaginary points of intersection of two real conics
must occur in pairs. It will easily be seen that the lines
PQ and RS are real and so their intersection is real. The
equation of the line PR will be of the form
Az +By+C+i(A’z+By+C0)=0

where 4, B, C, A’, etc. are all real.

The equations of @S will be obtained from this by writing
— 1 for 1, that is the equation of QS will be

Az+ By+C~1(A'z+ By+C')=0.

Thus the point of intersection of PR and @S will be that of

the lines
Az+ By+C=0and A’z+ By + C' =0,

which is real.

Similarly the intersection of PS and QR is real.

Thus the self-polar triangle is real.

But if the conics have two real points of intersection P (a,,y,),
Q (a3, v,) and two imaginary points R (a,+ 13s, s +16;) and
S (a3 —18s, s —18;). It will be seen that PQ and RS are both
real and therefore their intersection is real. But the inter-
sections of PR and QS and of PS and QR are both imaginary,
for an imaginary line (and PR, PS are such) cannot contain
more than one real point; for the line through two real points
is real.

Thus the common self-polar triangle is imaginary.

324. Double contact.

We now proceed to consider the cases where the four points
of intersection of the two conics which we will denote by  and
S’ are not all distinct*,

Consider first the case where the conics have double contact ;
that is touch at two points. We consider this case first because
the conics have a common self-polar triangle. Let the conics
touch at P and . Let their common tangents at P and Q
meet in C.

* I have made use of the Cambridge [ract on Quadratic Forms by T. J. I’A.
Bromwich, Sc.D.
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Take any two points 4 and B on PQ which are conjugate
points with regard to S.

8

Take ABC for the triangle of reference.

Thus the equation of S will be of the form

ar* + by + ¢z =0.

Now 8’ is a conic having double contact with 8 at the
points where it is cut by 2=0; thus its equation will be of
the form

aa® + byt + c2? =23,
which we may write
ax® + by + ¢’z =0,
These then can be reduced to
X4+ Y*+2°=0, X*+Y*+02°=0.

We see then that ABC is self-polar for S’ as well as for S,
and as we have an infinite number of possible positions for 4
and B on the line PQ the two conics have an infinite number
of self-polar triangles.

Moreover we have an infinite number of real self-polar
triangles. This is clearly the case if P and Q are real. If P
and @ are imaginary their Cartesian coordinates can be expressed
(a+1B, y+ 18), (e —1B, y~—18). The tangents at these points
will intersect in a real point. Therefore C is real, and more-
over the line PQ) is real and so an infinite number of pairs of
real conjugate points can be taken.
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825. 8ingle contact.

Let the conics S and S’ touch at A and cut in B and D.
Draw the common tangent at A and let the chord BD meet
this in C.

From C draw OB’ tangent to S.

Take ACB’ for triangle of reference.

The equation of S will thus be of the form 2zy +Az?=0,

Also the common chords of S’ with S are y =0 and a line
through C whose equation will be of the form &z + Iy =0.

Thus the equation of §" will take the form

2zy + A2+ y (b + ly) =0,
that is the form by + A2+ 2hxy =0,

Writing 2¢/A = Z we see that two conics with single contact
can be expressed in the form

224+ 2xy =0,
by*+ 2* + 2hay = 0.

Or again if we draw the tangent to S at B to meet the
tangent at 4 in ¢’ and take C"A B for triangle of reference, the
equation of S will take the form 2*+ 2zy =0, and §’ will be of
the form 22 + 22y +y (kz + lz) =0, that is 22 + 2fyz + 2hzy = 0.

Again we might take ABD for triangle of reference, in
which case the conics would be of the form

Syz+ gex+ hay =0, f'yz+g'zz+hzy=0.
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The tangents at 4 being
gz+hy=0, gz+My=0,
and being the same line, we have

g_r_
=% =\ (say).
.. the conics will be
fyz +gea+haoy=0, fyz+\(gex+ hay)=0.

There is no common self-conjugate triangle in this case.

326. Three point contact.

Let the conics have three point contact at A and cut in B.
Let the tangent to S at B cut the common tangent at 4 in C.
Take A BC for the triangle of reference.

The equation of S is of form 2xy =Az?

And 8 has with S the pair of common chords ¥ =0, =0.
Hence its equation is of the form 2zy — A2* = uya.

c

In this case then the equations of the conics can be written
2hxy + ¢z* =0, 2f"yz + 2hay 4 c2* =0,
which again might be reduced as before to
2XY+2°=0, 2FYZ 4+ 2XY + 2" =0.
There is no common self-conjugate triangle.

327. Four point contact.
Let the conics S and S’ have four point contact at 4.

Let C be any point on the tangent at 4. Draw CB the
other tangent to S, and take A BC for the triangle of reference.
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The equation of 8 is of the form 2zy=12Az%, and the pair
of common chords of § with S being y=0 twice over, the
equation of 8" will be 2y —\z*= uys

A

Thus the equations this time are of the form
2hzy +c2* =0, b'y* + 2hzy + c2* =0,
which we can reduce to
2XY +2°=0, BY*+2XY+2°*=0.

Here again there is no common self-conjugate triangle.

. EXAMPLES,

v 1. If oz + By +yz=0 be the equation of the line at infinity in
any system of homogeneous coordinates and a, b, ¢ the lengths of the
sides and 4, B, C the angles of the triangle of reference, prove that

the condition that the two lines

le+my+n2=0, le+my+nz=0
should be at right angles to one another is

at,, e &, be ) ,
a—.,ll + —mm’ + ;,'nn By (mn’ +m'n) cos 4
ca, ., ab ., , _
~ (nl +nl)cosB—Jg(lm + UI'm) cos C'=0.

Simplify this in the special case of trilinear coordinates.’

A 23
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\* 2. Prove that the necessary and sufficient condition that the
pair of lines
lo+my +n2=0, lz+my+nz=0
should be conjugate lines for the general conic
ax® + by® + c2® + 2fyz + 2g72x + 2hay =0
in any homogeneous system is
a h g, 1 |=0.
hy, b Jf, m
9 S ¢ n
'y m', oy, 0
8. If the lines
b+ my+nz=0, Lr+my+nz=0, lx+my+mnz=0
form a triangle self-polar with respect to a conic for which the
triangle of reference is self-polar, then

1 1 1
Lom o |
1 1 1
l_a’ my
1 1 1
L' my m

4. 'The line Iz + my + nz=0 meets in Z and F the sides AC, 4B
of the triangle of reference for any system of homogeneous coordinates.
The equation of the line at infinity being known, obtain the equation
of the line joining 4 to the middle point of Z£.

J 5. In any system of homogeneous coordinates if (=, g, ),
(%25 Ya» %) (%3 Ys» %) be the vertices of a triangle inscribed in the
conic
l m n
-+ —+-=0,
x Yy =
the sides of the triangle will touch the conic

i ~/ d \/ Z_-o0
w,mza:, 91.‘/2.‘/8 R)1%9%3

Shew also that the triangle will be self-polar for the conie
loc? my? nz?
+ +
0%y YUYy A%
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6. Shew that if abc =fyh, any one of the three conics
ax® + 2fyz=0, by*+2g2x=0, c2?+ 2haxy=0

is the polar reciprocal of a second with regard to the third.

7. Prove that the four points of intersection of the conic

- yz+zx+xy=0
with the conic

a(d+c)x®+b(c+a)y’+c(a+ b)2*— 2bcyz — 2cazxe — 2abry =0

are concyclic, and find the equation of the circle through the four
points, the coordinates being trilinear.

Transpose this problem into one with the notation of areal
coordinates.

8. Two conics pass through the angular points of a given
equilateral triangle and cut each other at right angles at these
points ; shew that the locus of their remaining intersection is

2ay%t — xyz (yz + 22 + 2y) (€ + Yy + 2) + (Y2 + 22 + 2Y)?,

the coordinates being trilinear and the equilateral triangle the
triangle of reference.

State the corresponding equation if the coordinates were areal,
9. Prove that the locus of the centre of a conic which circum-
scribes the triangle of reference and touches the line

lx+my+nz=0

is alx (—ax + by + ¢2) + N'my (ax — by + c2) + Nnz (ax + by — cz) =0,
a, b, ¢ being the sides of the triangle of reference, the coordinates
being trilinear.’

Give the corresponding equation when the coordinates are
(i) aveal, (ii) homogeneous coordinates for which the line at infinity
is ax + By +yz=0.

-10. A conic is inscribed in a triangle and the trilinear coordi-

nates of a focus with respect to this triangle are («, ¥/, 2'); prove
that the line

ax' (y? —2") + yy (27 —2) + 22’ (2~ y?*) =0
is an axis of the coniec.
' 222
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11. Prove that in trilinear coordinates

a Nzsin(B—C) +bWysin(C—4)+cnzsin(d -B)=0

is a parabola touching the sides of the triangle of reference, and
having for its directrix the line through the centre of gravity and
the orthocentre of the triangle.

Generalise this for any homogeneous coordinates,

12. Shew that the equation in trilinear coordinates (x, y, 2) of
a conic circumscribing the triangle of reference is

a b ¢

—+ —+ —=0,

pr  qy T2
where a, b, ¢ are the sides of the triangle, and p, ¢, » are the focal
chords parallel to these sides.

13. The coordinates being trilinear and referred to the triangle
ABC, the equation of the directrix of the parabola
Ayz + pre+vey =0
is  (u*+v*= 2py cos 4) bex + (v + A2 — 20\ cos B) cay
+ (A +pu?— 2 pcos O) abz = 0.

14. Shew that two triangles whose sides pass through 4, B, ¢
respectively (the vertices of the triangle of reference) can be inscribed

in the conic
I + fmy + \Jnz = 0,

and that the equations of the lines joining corresponding vertices of
the triangles are
le + my — 3nz=0, ete.

15. § is a conic inscribed in a given.triangle OMN, 8’ is a
conic touching O, ON at M and IV and intersecting $ in 2P and Q.
Prove that tangents to § at P and @ will intersect on S’.

16. Prove that if two conics have four point contact at 0, and
@ be the pole with respect to the second of the tangent at 2 on the
first O, P, Q are collinear.



HOMOGENEOUS COORDINATES IN GENERAL 341

17. The polar reciprocal of y* —4cxz= 0 with respect to

2
?:':"' Z—,:l is a%cy? + b4 =0.
3
Also the polar reciprocal of 2:+ ‘%, =1 with respect to y*— 4cx =0 is

By = 4¢? (23 — a?).

18. A conic having (z,, ;) (x,, ¥,) for foci is reciprocated with
respect to the circle «?+y°=c? shew that the equation of the
reciprocal is of the form

k(2 + y®) + (22, + Yo ~ 6*) (22, + yy, —¢*) =0,

If the given conic pass through the origin determine %4 and shew
that the latera recta of the two possible reciprocals are

1 1\, 1 1
& (;1 -2 ) sin}(6,~0), & (771 ¥ ;) cos (6, ~6y),
where (r,, 6,) and (ry, 6,) are the polar coordinates of the given foci.

19. Shew that the polar reciprocal of 2*+ y* - 2z, — 2yy,=0
with reference to 2y — 1 =0 is given either by
(" + 957) (22 +97) — (2o + 92— 2)* =0,
or N(yo—im) (@+ i) + N (yo + i) (@~ y) + 2=0
and account for both of these forms,

20. If the reciprocal of one parabola with respect to another be
a parabola, the three curves have their axes parallel or coincident.

2 2
21. The conic :‘i,-t- :Z, =1 is reciprocated with respect to a point.
Shew that if the reciprocal be always similar to the original curve
the point must lie on the curve

a2b2 (5'62 + yi)ﬂ - (ad —_ b!) (bﬁxl - aﬂyZ)’
whereas if its area be constant, the point must lie on a conic similar
to the original one.

22. The triangle formed by the polars of the middle points of
the sides of a given triangle with respect to any inscribed conio is of
constant area.

[The conic may be taken to be va + vy + 4/2=0.]



CHAPTER XVL
CROSS RATIOS, HARMONIC SECTION, INVOLUTION.

328. Analytical representation of cross ratios.

It is assumed, as is explained in the preface to this work,
that the reader is already familiar with the principles of cross
ratios, harmonic section and involution. We are now concerned
with the bearing of analytical geometry on this branch of the
subject.

Pror. The cross ratio of the pencil formed by the lines
whose Cartesian equations are

y=mz, Yy=mm, Y=my, Y=mg
(my — my) (mg — m,)
(my —m,) (Mg — my)°
Draw a line parallel to the y-axis to cut the four lines, taken
in order,in P, Q, R, S. Let this line cut the s-axis in L, and
let OL=«. Then
LP =mz, LQ=msw, LR=mgx, RS=mga.
The cross ratio required = (PQES)
_PQ.RS _(LQ-LP)(LS-LR)
~PS.RQ~ (LS—LP)(LQ-LR)
(mgzc mx) (M@ — myx) _ (mq — my) (my — m,)
(m4w — mz) (g — myz) (Mg — my) (g — my)

It is easy to see that the cross ratio of the pencil formed by

the lines

c=my, &=mgY, &=my), &=myY
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has this same value. This could be proved by drawing a line
parallel to the @-axis. It is clear too from the fact that

(ml - mn) (m: — 7_771)

(m1 — my) (mg — ’ma)

is unchanged when we write for m,, m,, m;, m, their reciprocals.

Cor. The cross ratio of the pencil formed by the lines
X=7\'1Y, X=N)K X=MY: X=7\-4K
drawn through the vertex C of the triangle of reference in any
system of homogeneous coordinates is

(=) (A —N)
(Xl - >”4) (7\'3 = Ny) )
For if we transform to Cartesian coordinates (z, y) with

CB and CA as axes we have

&
2 =ga (say)

Wl -

_ly_ -
X=_Y=py Gay) Y-
o that the Cartesian equations of the lines are

=I\e =1 =9 =
Y P M Y phm Y P & Y ™

Whence, from the proposition, the cross ratio of the pencil is
(7\1 ) (7\3 - x4)
M=) (A — 7\2)
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Example. The cross ratio of the pencil formed by lines through
a point parallel to the four lines whose equations in any homogeneous
system are
Lx+my+niz=0,
laz +may +ngz=0,
bz +may +nge=0,
Lz +myy +ngz=0,

is
L, my, ny Iy, mg, mg | + | L, my, m l3, mg, 73|
by, mg, my Iy, myy my by ™4y Wy lsyy ma, g
Q8 B v g B v aq B, ¥ aq B 7

the line at infinity being  azx+By+yz=0.

329. Pairs of lines harmonically conjugate.
Prop. The necessary and sufficient condition that the pair
of lines whose Cartesian equations are
y=mz, Y=m
should be harmonically conjugate with the lines
y=mw, y=mz
i (ma + my) (my + my") = 2 (mymy +my'my).
For the lines being harmonically conjugate the cross ratio
of them in the order
Yy=mz, Yy=m'z, Y=mwx, Y=m®
must be — 1,
<o (my = my) (my — my) = — (my — my) (my —my),
and this reduces to
(my + my) (m) +my) = 2 (mym,y+ my'my).
This condition then is necessary and it can be shewn to be
sufficient by working the algebra backwards.

Cor. 1. The necessary and sufficient conditions that the lines
X = 7\,1 Y, X = MY,
in any homogeneous system, should be harmonically conjugate

with the lines
X=)\Y, X=\'Y

8 M+ 29) (M +09) =2 (WA + M)
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This condition holds equally well too if the lines be
Y=\%X, Y=\X, Y=)\'X, Y=)\X.

Cor. 2. The necessary and sufficient condition that the pair
of lines aa®+ 2hay + by?=0 should be harmonically conjugate
with a'a* + 2Wzy + b'y*=0 tn Cartesians or any other system of
homogeneous coordinates s ab’ + a’b = 2hh/.

For let aa®+ 2hzy + by* = b (y — mz) (y — myz),

so that m1+%=-%, andmlm‘1=g:
and let a'a*+ 2h'zy + b'y* = b (y — m'z) (y — m,'z),
so that m’ +my =— gbf , and m/m, = %’; .

The condition that the first pair should be harmonically
conjugate with the second pair is thus
2 (g + (_l.’) — é@é{
b v/ b’
that is ab’ + a’b = 2.

Example. The necessary and sufficient condition that the two pairs
of points on the z-axis given by az?+2ixr+b=0 should be harmonically
conjugate with the pair given by a’a?+2/4'z+ ' =0 is ab’ +a'b=2AK".

330. If the pair of lines y=mz, y =m'z be harmonically
conjugate with the axes of coordinates in Cartesians then m’'=—m.

This can be deduced from § 329 by considering the pairs
of lines y*—(m+m')ay+mm'a®=0, 2zy=0 as harmonically
conjugate. Or we may proceed as follows:

Let a line parallel to the y-axis cut the given lines in
P and Q and the axes of coordinates in R and S, the last point
being at infinity.

The condition for the harmonic relation is

(PQ, RS) = -1,
- (PQRS)=—1,
that is PRQS__ 4

PS. QR
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. PR=—QR,

QS _ . P
for 3= 1, S being at infinity,
s RP=—RQ, .. m=-m
Y So
Q
P
o R X

Cor. The pair of lines x =\y, & =—\y tn any homogeneous
8ystem 18 harmonically conjugate with the sides =0, y=0 of
the triangle of reference.

This is at once seen by transforming to Cartesian axes
CB, CA.

331. On the representation of four points in a plane.

If the triangle of reference be properly chosen four points in
a plane (no three of which are collinear) can be represented n
homogeneous coordinates by

(fg.h), L9 1) (fi=g b (fi9,—h).

Let P, @, R, S be the four points. Let ABC be the diagonal
points of the quadrangle PQRS (Pure Qeometry, § 76). Take
ABC for the triangle of reference. Let (f, g, &) be the co-
ordinates of P, Then the equation of CP is

c_ Y
Jf g
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But CQ and CP are harmonically conjugate with CA and
CB. Therefore the equation of CQ is

;= - :q?i (§ 330 Cor.)

Q R [¢;

Also the equation of AP is

Therefore, the point ), being the intersection of AP and
CQ, is given by

L _Yy_2

-f g W
that is @y:Yq:2q=—S:9:h
Similarly zp:ypizg=fi—g:h,
and wg:Yg:2g=f:g:—h.

Thus the four points can be represented by

(f’ 9, h)’ ("f’ 9 h)’ (.f» -9 h), (ff 9 - h)°
But it must be noticed that if (£, g, k) be the actual
coordinates of P, then (—f, g, &) will not be the actual co-
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ordinates of Q but only proportional to them. The actual

coordinates of @ will be (—Af, Ag, Ak) where
A(—af+B8g+vh)=1

A similar remark applies to the coordinates of R and 8,

332. Conics through four points.

By a proper choice of the triangle of reference all conics
through four given points (no three collinear) have their equation
of the form

Az*+ By +C22=0,

where A, B, C are connected by a linear relation.

For we choose the triangle of reference as in the last
paragraph and the coordinates of the four points are then
represented by

(f’ 9, h), (—ﬁ g, h)’ (.f’ -9 h)’ (f: g, "h)~
Now take the general conic
Az + By* + C2* + 2Fyz + 2G2x + 2Hzy =0,
and make it pass through these four points. We then get
F=G@=H=0
and Af*+ Bg*+ Ch*=0.

Thus the equations of all conics through the four points are

included in

A2+ By + 022 =0,
where the constants A, B, C which are different for the different
conics are connected by the linear relation

Af*+ Bg*+ Ch*=0.

We see then that the conics through P, @, R, 8 all have
the diagonal triangle ABC, which is the triangle of reference,
for a self-polar triangle.

This can be proved otherwise from the harmonic properties
of the quadrangle and of the pole and polar of a conic (Pure
Geometry, § 119a).
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833. Pror. The locus of the centres of all conics through
Jour given points is a conic circumscribing the diagonal triangle
of the quadrangle.

For taking as the typical equation of one of the conics,

Az? + By + Cz*=0,
with the relation

Af?* 4+ Bg*+ Ch* = 0,
we see that the coordinates of the centre are given by

Az _By Cz_
Y T A (§ 810)
A=2 p M oM
@ Yy z

Thus the centre satisfies
2
oft  Be LAy
- y z

that is to say, the lacus of the centre is a conic circumseribing

the triangle of reference which is the diagonal triangle (compare
Pure Geometry, § 218).

334. Representation of four lines in a plane.

By a proper choice of the triangle of reference the equations
of four lines in a plane, no three of which are concurrent, can be
expressed un the form

le+my+nz=0, —lz+my+ne=0,
lo —my + nz=0, lo +my —nz =0,

Let the four lines form the quadrilateral PQRS. Let ABC,
the triangle formed by its three diagonals PR, QS, DE, be
taken as the triangle of reference. Let the equation of PQ)
be Iz +my +nz=0. :

The line (Iz +my + nz) — lz =0 passes through the inter-
section of PQ and BC. Moreover it passes through 4 (1, 0, 0).

Therefore my + nz =0 1s the equation of A D.

Therefore since 4 (DE, BC)=— 1, the equation of A £ must
be my —nz=0.
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Now the line PS passes through P the intersection of PQ
and AC. Therefore its equation is of the form

lz + my +nz+ Ay =0,

G

Moreover the line PS passes through £ the intersection of
AE and BC. Therefore its equation is of the form

my — nz + px=0.
Whence, since these are the same line,

p__m _-7
Il " m+r a’
p=-1

Therefore the equation of PS is lz — my + nz =0,
By similar reasoning, which the student can effect for
himself, it can be shewn that the equation of SE is
—lz 4+ my+nz=0,
and that that of QR is lz + my —nz=0.

336. It is easy to see that the proposition of the preceding
paragraph and that of § 331 are reciprocal to each other. For
if we reciprocate the point ( f, g, &) with respect to the imaginary
conic a* + y* + 2*= 0, we shall obtain the line fz+ gy + hz=0.

And the reciprocals of the points

9.0 (f,=9. k), (f,9. =)
are —fo+gy+he=0, fe—gy+he=0, fz+gy—hz=0,
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336. Conics touching four lines,

By a proper choice of the triangle of reference all conics
touching four given lines (no three concurrent) will have their
equation of the form Aa*+ By*+ Cz*=0, where the constants
4, B, C are connected by a relation which s linear in the
reciprocals of A, B, C.

This may be proved by taking the four lines to be

lz +my +nz=0
~lz+my+nz=0
le—my +nz=0
le+my—nz=0

SRR ¢ )

and expressing the conditions that the conic
A4a* + By* + C2* + 2Fyz + 2G2a + 2Hzy = 0
should touch these lines.
It will be found that these lead to the relations

F=G0=H=0
P m
and Z+'§+—C,“=O.

But we can get the same result very easily from § 332 by
reciprocation, For as the conic touches the lines (1) its’
reciprocal with respect to a®+ y?+2'=0 must pass through
the points (I, m, n), (=1, m, n), (I, —m, n), (I, m, —n).

But the general equation of conics through these points is
§ 332)

Z+¥4Z -0 @
113 O .................... eeee(2),
2
where 4l‘1 +5 —C,— =0.
And the reciprocal of (2) is (§ 320) A2+ By? + (22 = 0.
Thus the general equation of conics touching the lines (1) is
Ax*+ By + C22=0,
where the constants 4, B, C, different for the different conics,
are connected by the relation
B m3 n

atgte=0
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Example. The locus of the centres of conics touching four given lines
is a straight line.

337. Constant cross ratio property of conics.

If A, B, C, D be four fized points on @ conic, and P
a variable point on it, then P (ABCD) 18 constant.

We have seen (§ 321) that a conic can be expressed in terms
of a single parameter ¢ in the form

z:y:z=at +bt+c:a?+ b+ :a"t* + 0"t + .

Now let ¢, t,, &, ¢, be the values of the parameter ¢ for the
four points 4, B, C, D on the conic; and let 7 be the value of
the parameter for any point P on the conic.

Take any two lines through P,

X=lz+my+nz=0, Y=lz+m'y+n'z2=0.
Then any line through P will have its equation of the form
X -AY=0.

Now let A, be the special value of A for the line 4P.

Then we must have

L(at? +bt,+c) +m(a't?+ 't +¢) + n(a"t2+ b"t, + ")
=2 (U (at2+ bty + ©) + ' (@82 + bt +¢) + 7' (@82 + bty + &)}
and

L(ar+br+c¢)+m(a ™+ b7 +c)+n(a’r+b"r+c”)
=N {I' (@ +br+ o) +m (& + b T+ )+ 0 (2”72 + b7 + ")}

On subtraction, and division by ¢ — 7 we get

laG+7)+b}+m{a’ G+ 7)+ 0} +n{a” (G + 1)+ 07}
=M {at+n)+ 0 +m (@' (G + 1) + U} + 0 0" G+ 7) +07}]

From which we get

2 = At +B
Ct,+D’
where A, B, C, D are independent of £,
M=) (A=)

Now P (ABCD)= a0 Cu ) (§ 328),
A4 +B At,+ B_(AD-BO)(t—t)
Cth+D Ct,+D (Co+ D)y(Cti+D)"

and

M=N=
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Thus we see that

(b~ ) (= 1)
PABOD)= (= (s = by’

which is independent of .
Thus P (ABCD) is constanf.

838. Special case.
The following is a special case of the preceding article.
The cross ratios of the pencil formed by joining any point P
on the conic Aa®+ By*+ C2* =0 to the four points (£ f, £ g, £ k)
through which it passes are
_Bg _Cir AR
T O T Afe T By
and their reciprocals.
Since the conic passes through the four points we have
Af?+ Bg*+ Ch*=0.
Now the equation of the conic can be written
(eVA+yv=B)(@NA-yV—=B)=(zV -0n
Thus (§ 321) we may take as our parameter ¢ either of the
equal ratios

"“/Z“L_-Q/_“./—:Band 2N =C
iN—C NA—yV-B
Whence
_fVA+gV=B | —fVA+gV/-B
hv—C ' awW=Cc
t_f«/A -gv—-B ‘- f\/—+g~/_—
’ =0 " —hy=C '’
L =t (—t) _ @f )(2f«/A)
-t (—t) 2(fVA+gV =B)2(fVA-gVBY
Af’ _Af?

=4 f2 + Bg e
This then is one of the cross ratios and the others follow
from symmetry.
A. 23
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Examples. 1. Prove analytically that if 4, B, C, D be four co-
planar points of which no three are collinear, then the locus of a point P
such that P (4BCD) is constant is a conic through 4, B, C, D.

2. Prove that the conzstant cross ratio of the pencil formed by joining
2
any point on the ellipse :—é + 'Z—Z =1 to the four fixed points upon it (2, %),

(%3, ¥2)s (%) ¥s)y (%4, ¥4) 18 equal to
e o

1 Ty 23 Xy
(yx-b_.%—b) (.Vs‘b_yz—b '
o Ly T3 T3
8. Prove that one of the cross ratios of the pencil formed by joining
any point on an ellipse to the extremities of the latera recta is e2.
. 4. Prove that the extremities of any diameter of an ellipse are
harmonically conjugate with the extremities of the diameter conjugate
to it.
[t is here to be proved that if @ be any point on the ellipse and
PCP’, DCU be a pair of conjugate diameters @ (PP, DD')=~-1.]
6. Prove that the cross ratio of the pencil formed by joining any
point on the parabola y?=4ax to the points (ap? 2au,), (apg? 2aps),
(aps®y 2aps), (apdd, 2ap) is

(p1= p2) (p3— pra)
(p1— pa) (M3 — p2)”

339. Involution.

We know that two pairs of lines through a point completely
determine an involution (Pure Geometry, §77). We shall now
establish an analytical test that a pair of lines through a point
should belong to an involution determined by two other pairs of
lines through the point.

If an tnvolution be determined by the pairs of lines through
the origin, or through a vertex of the triangle of reference, via.

a® + 2hzy + biyt=0 ....... veevinenend(1),

@o2® + 2hoy + b2 =0 cevviinininninen. (2),
the necessary and sufficient condition that the pair of lines

as® + 2hgy + 0P =0 iiviiennininnnn. (3)

should belung to this involution s
a, h, b |= 0.

@, ha, b,

by

as, b,
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For let AX?* 4+ 2HXY +BY?=0 ..cvvvvennnn... (4)
be the double lines of the involution.

Then (1) and (2) are both harmonically conjugate with (4)
(Pure Geometry, § 82).

. Ba,+ A4b,— 2Hh, =0,
Ba, + Ab,—2Hh,=0.

Now if (3) belong to the involution determined by (1) and
(2), then (3) must also be harmonically conjugate with (4),

u.- Baa+ Aba - 2Hh3 = O-
On elimination of 4, B, H we get

a0, hls bl =0
ay, hy, b,
as, ks, bs

as a necessary condition.

It is also sufficient, for supposing it to hold it will be possible
to determine 4, B, H to satisfy the equations

aB +b,4 — 2Hh, =0,

a,B+ b,4 —2Hh,= 0,

asB + b4 —2Hh; =0,
that is to say there will be a pair of lines

Ax*+2Hzy+ By =0
harmonically conjugate with all three of the pairs of lines,
which must therefore belong to an involution.

Cor. By similar reasoning we can shew that the above is
also the necessary and sufficient condition that three pairs of
points on the z-axis given by

a&® + 2z + b, =0,

ax* + 2h,z + b, =0,

asz® + 2hgx + by =0,
should belong to the same involution.



356  CROSS RATIOS, HARMONIC SECTION, INVOLUTION

340. Double lines.

The equation of the double lines of the involution determined
by

a2+ 20y + 0P =0 iereeniniinennnn. 1),
a2 + 2y + 0P =0 crniiiiiiinnan, (2),
s ¥, —ay, 2 |=0.
, by, b

as, Py, by
For let axz+ By =0 be one of the double lines. Then (1),
(2) and
o32? + 2082y + By =0
are three pairs of lines belonging to the same involution,

o’ afB, B |=0
@, h, b
ay, hs, b,
Writing 2=- g we get the equation of the double lines
¥, —zy, «*|=0.
@, h, b
@ hy, b

3841. Involution properties of conics.

Conjugate lines through a point to a conic form an involution
of which the tangents from the point are the double lines.

B

Let A be the point, AB and AC the tangents from it.
Take A BC as the triangle of reference. Thus the equation of
the conic is of the form a®—2kyz =0 ...cccecvrenrrraninnnnn. 1)
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Take any line through 4
Y—=A2=0 cieriiiiiinininiinna (2).

Let (2, 1, #) be the pole of this.

Then the equation zz, — k (y2, + ¥,2) = 0 must be identical
with (2),
%

oo =0 imds\'—=---z1

Thus y + Az =0 is the equation of the line joining 4 to the
pole of (2), that is y+Az=0 is the conjugate line to (2)
through A.

And these two conjugate lines are harmonically conjugate
with y =0, 2= 0, that is with AC and AB.

Therefore they belong to the involution of which AB and
AC are the double lines.

Cor. Conjugate diameters of a comic form an wnvolution
system, the asymptotes being the double lines.

842. Test for conjugate diameters.

By means of the proposition just established we can prove
that the condition that the pair of lines (¥n Cartesian coordinates)

aw® + 2hey +by* =0 eveveniennnnn (1)
should be conjugate dvameters of the conic

Az +2Hey + Bip=1 ..cccueenennns (2)
18 Ab + Ba—2Hh=0.

For if (1) be conjugate diameters of (2) they must belong to
the involution of which the asymptotes (i.e. the tangents from
the centre) are the double lines.

But the equation of the asymptotes is
Az* +2Hzy + By =0.eeevenennennnn. 3).
Thus (1) and (3) must be harmonically conjugate,
. 4b+ Ba—-2Hh =0.

This condition then is necessary, and it is easily seen to
be sufficient.
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343. If we reciprocate the theorem of § 341 we get:

Conjugate points on a line with respect to a conic form an
tnvolution range the double points of which are the points in
which the line culs the conmac.

This is proved in Pure Geometry, § 92. We will give an
independent analytical proof of it as follows.

Let the line on which the points lie cut the conic in 4 and
B (these points may be imaginary). Take the middle point O
of AB for origin, OA for the axis of # and a line perpendicular
to it for the y-axis.

The equation of the conic will therefore be of the form

ax® + 2hzy + by + 2fy +¢=0,

there being no term of the first order in # since the values of #
when y =0 have to be equal in magnitude and opposite in sign.

Let P and P’ be a pair of conjugate points situated on the
given line, (#,, 0) (#,’, 0) their coordinates. Then the polar of
each goes through the other. Now the polar of (z,, 0) is

axz, + hay + fy +¢ =0,
s ax'm +¢=0,

. ,_ c
S T —'_"EI’

which is constant and = 04?= 0B,

Therefore P and P’ belong to an involution of which O is
the centre and 4, B are the double points.

844. Proposition. A system of conics through four fized
points 18 cut by any transversal in pairs of points which form
an tnvolution.

Take the line of the transversal for the axis of «.

Let  S=as®+ 2hay+by* + 292+ 2fy+¢=0 ...... 1),

S =a'a?+ 2Way + by + 29'c+2fy+¢' =0 ...... (2)
be two conics through the four points, then any other conie
through these points will be of the form §+2A8'=0 ...... €)Y
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Now the pair of points in which the transversal (which we
have taken for the z-axis) cuts (1) is given by
az® + 29z +c¢=0.
So the pairs of points in which the transversal cuts (2) and
(3) are given by
ar+29'z+¢'=0
and (@+na)2*+ 2 (g+Ng)z+(c+ ") =0,
and all these belong to the same involution since
a, 9 c =0,
a, g9, c
a+ra, g+rg, c+ A
Thus the proposition is proved.

345. Homographic ranges.

If z and o« be the z-coordinates of two points P and P’ on
the z-axis, and =z, o be connected by the relation

Aza' + Hz+ H'z'+B=0,
where A, B, H, H' are any constants, then a range of points
typified by P will be homographic with a range typified by P’.
For let P,, P,, P,, P, be any four points of the P series of
points, and let «,;, @,, 3, , be their 2-coordinates.

Let P), Py, Py, P/ be the corresponding points in the P’
series, and let x;/, etc. be their z-coordinates.

DD D _(xx""-"vz’)(xs,"m(,)

Then (PIPHPSPO)—(xl/_w‘/)(m’/_xg/)
(_Hxl+B+Hx,+B>(_Hm,+B Hx.+B)
Az, + H  Ax,+ H’ Az, + H " Az, + H’
=(_£ﬁt€+d@g_fﬂ)(_ﬂfs+ﬂ+Hwa+3)
Az, + H " Az, + H’ Az, + H' ' Az, + H'

_ (2, — ;) (25 — ) =(P,P, P, P, )

. (-”1 - z,) (&3 — 2,)

Thus the proposition is proved,
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346. The above relation gives
,_ Hz+B d = Hx'+B
DTS il vy ;&
Now suppose that P (z) and @ (') are any two points on
the line connected by this relation.
Then to P, regarded as belonging to the first series of points,
corresponds ¢ in the second series.
But the point @ regarded as belonging to the first series
will correspond with some other point in the other series.
But in the special case where H = H’ we have
Hz+ B
Y=t H
Ha' + B
Ty
so that P considered as belonging to the first series will cor-
respond with @ in the second series, and at the same time @
considered as belonging to the first series will correspond with
P in the second series.
Thus if P, P’; Q,Q’; R, R’, be three pairs of corresponding
points in the two series,
(PQRP’)=(P'Q'R'P).
That is these three pairs of points belong to an involution
(Pure Geometry, § 80).
This we can see analytically thus:

We have Azod + H (z +2)+B=0.
If then the pair of points P (z), P’ (') be given by
aX®+2hX +b=0,

and

2h
we have e+ =~ "=

a
and ax’ = 7’

..- Ab + .Ba = 2Hh,

that is to say the pair of points P, P’ is harmonically conjugate
with the pair given by AX?+ 2HX + B=0,
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Therefore all the pairs P, P’; Q, Q’; etc. being harmonically
conjugate with the same two points in the line, form an invo-
lution with these two points as the double points.

347. We can also see that pairs of points connected by the
relation
Az’ + H(z+2)+ B=0
form an involution in the following way :
Transform the origin to the point (k, 0). Let the new
z-coordinates of the two points be X, X' so that
e=X+k «=X"+k,
SAXHEX +E)+ H(X+ X'+ 2k)+B=0,
SoAXX '+ (A + HY( X + X))+ AR*+2HEk+ B=0.
Now choose & so that Ak + H = 0.
Then we have
H?

AXX =—A———B,

H:— AB
4
Thus the pairs of points belong to an involution whose

centre is the new origin and whose radius is ¥H?— A B/A.
Hence the double points of the involution will be real or
imaginary according as H? is > or < 4B,

1.e XX =

348. Double points.
Now let us return to the more general relation
Azx’'+ Hx+ H'a + B=0,
defining two homographic ranges which do not make an invo-
lution.

It is clear that there will be two points which will cor-
respond to themselves in the two series. For putting &' =g«
we have '

Ax*+(H+ H')z+ B=0.

The points so given are called the double points of the

homographic ranges.
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If we denote the double points by  and ', and P, P’ be
any pair of corresponding points ((22'PP’) is constant.
For if  and @’ be another pair of corresponding points,

(QQ'PQ) = (QQ'P'Q),
- (QQ'PP')= (Q0'QQ),
that is (QQ’ PP’) is constant.
In proving this we have made use of the theorem that if
(ABCD)=(ABC'D’), then (ABCC")=(ABDD").
This is easily seen to be the case; for if
(ABCD)=(ABC'D"),
then (ACBD)=(AC'BD"),
by interchanging the second and third letters in both.
, 4C.BD _AC'.BD'
" AD.BC™ AD'.B(C"’
. 4C.BO'_4D.BD
“* 4C".BC  AD'.BD’
.. (ACBC")y=(ADBD"),
. (4BCC")y=(ABDD’).
349. The constancy of (2Q'PP’) may be made use of to

find the point corresponding to a point ), when the double
points 2, Q’ and a pair of points P and P’ are known.

Ve

8‘

Q 8 Q

For let the line be turned round Q through any angle and
let Py, @, Py, @), be the new positions of P;, @, eto,
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Now (QQ'QQ")=(QQ'PP’)=(Q0/P P).

Therefore since 2Q'QQ’ and QQ,P, P, are homographic
and have a common point Q, &', P,Q, P,'Q’ are concurrent
(Pure Geometry, § 60).

Hence to find @’ corresponding to @, we let Q'Q/, and P,Q
meet in 4 and then join P, 4 to meet the given line in Q'

360. We have seen that points in a line connected by the

relation

Azs' + He + H'2 + B=0
give two homographic ranges. We shall now shew that if
there be two homographic ranges in a line corresponding points
are connected by a relation of the above form.

For let a, b, ¢ be the distances from the origin of three
points 4, B, C in the line and let @/, ¥, ¢’ be the distances of
the corresponding points 4, B, C'.

Let «# and &’ be the distances of any other pair of corre-
sponding points.

Then since (PABC)=(P’A'B’("),

. @=0)(b=0)_(@=a)(¥ ~0)
t(@=c)y(b-a) (@ —=c)(@ —a)’
and this reduces to the form
Azd’' + Hz+ H'a’ + B=0.

351. Next let it be observed that it is not necessary that
the points P, @, etc. of the one series be measured from the
same point O as that from which the corresponding points
P, Q’, ete. are measured.

Say that the P series is measured from O, and the P’ series
from O, and OP =z, O'P’ =2/, then z and &’ are still connected
by a similar relation.

For let 00 =h,

S OP =00+ 0P =h+4.
Now Az.OP +Hx+ H'.OF' + B=0,
o dz(h+4)+ He+ H (h+4a)+ B=0,
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and this is still of the form
Azz' + Hz+ H'2’+ B=0
with changed constants.

352. Again, we can see that it is not necessary that the
system of points P’, etc. should be collinear with the P system.

If  and &' be the distances of P and P’ measured from
points O and O’ in the respective lines of the ranges, the
system P will be homographic with the system P’ provided
a relation of the form

Azd’ + Hz+ H'a + B=0

obtains, and conversely.

We can derive at once the property referred to in § 349 that
if two homographic ranges lie on lines which meet, and the point
of intersection of the lines correspond to stself in the two ranges,
the lines joining corresponding pouints are all concurrent.

Y

o P X

For take the two lines OX, OY on which the ranges lie as
axes of coordinates.

Let # and y be the distances of corresponding points
from O,
o Azy+ He+ H'y+ B=0,
and as O is a corresponding point in the two by hypothesis, this
relation must be satisfied by #=0, y=0, .. B=0, and the
relation is
Axy+ He+ H'y =0.
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Now let pand p’ be the distances from O of two corresponding

points P and P,
.~ App’ + Hp+ H'p' =0,

. —,+—-—=—A.
p p

Thus the line PP’ whose equation is 2+ d=1 passes
through the fixed point (— H'/4, — H[A).

We shall prove in a later chapter that the lines joining
corresponding points of two homographic ranges on intersecting

lines, the point of intersection of which does not correspond to
itself in the two ranges, all touch a conic.

EXAMPLES.

1. Prove that the middle points of the three diagonals of the
quadrilateral formed by the lines

+le+my+nz=0
lie on the line
Iz + miy + n*%2=0.

9. Prove analytically that the locus of the poles of a given linte
with respect to conics passing through four fixed points is a conic
which passes through the diagonal points of the quadrangle formed
by the given points.

3. State and give an analytical proof of the reciprocal of the
theorem of Ex. 2.

4. The director circles of all conics touching four given straight
lines form a coaxial system.

5. If a system of conics have a common self-conjugate triangle,
any line through one of the vertices is cut by the system in pairs of
points which form an involution.

6. Shew that two of the family of conics drawn through four
fixed points, no three of which are collinear, are parabolas; and
that the necessary and sufficient condition that these parabolas
should be real is that the triangle formed by joining any three of
the points should not enclose the fourth.
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7. A system of four point conics can be reciprocated into
concentric conics.

8. Prove that the four common tangents to the conics
o« y z’

it 3to=0
@ g, 2
and TtEtes

are ®NBC' —BC+ynNCA' -C'4A+2/AB - A'B =0,
and that all conics which touch these four lines are included in
3 y? . 23
A58 " BB Y 0RO

=0,

9. Prove that the locus of points from which the pair of

tangents to the hyperbola 'Z—: — % ~1 are harmonic conjugates to the

bﬂ
pair of parallels to the asymptotes is the hyperbola
x?
=2

‘/,,510. The tangents from a point P to the ellipse z—‘+ ¥ _1=0

are harmonic conjugates with respect to the tangents from 2 to the

2
hyperbola g—:—%+ 1=0; shew that the locus of P consists of a

pair of parallel lines.

11. From a point P on a parabola two normals are drawn to
the curve. Prove that the bisectors of the angles between these,
with the diameter through P and the normal at £ form a harmonic
pencil.

12. Prove that the four points on an ellipse whose eccentric
angles are a, 8, v, § subtend at any point on the ellipse a pencil
whose cross ratio is

—B
sin ¥ 2

sin ———b gin L= 7 B

2 2

O’

sin
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13. The double points of the involution determined by the
two pairs of points given by the quadratics

axr?+2bx+¢=0, Aa*+2Bx+C=0,
are given by

(aB-b4)a*— (cA —aC) z+ (bC - ¢cB) =0.

PP, QQ', RR' are six points on a straight line. Prove that the
six double points of the three involutions determined by Q@', RR';
RE, PP'; and PP, QQ' cannot be in involution unless PP, QQ,
RR' are in involution, when the double points coincide in three.

14. Shew that the complete condition that the pairs of lines
ax® + 2bxy + cy* =0 and a'x* + 20wy + 'y* =0
should form a harmonic pencil is
(a'c+ ac' — 2b0') {(a’c + ac’ — 20b')* - 36 (ac — &%) (a'c’ — ")} = 0.

15. Through the angular point 4 of the triangle of reference a
straight line 4.0 is drawn, cutting the conic
S = ax® + by? + c2* + 2fyz + 2g2x + 2hxy =0
in the points P and 7', and also cutting the line
L=lx+my+nz=0
in the point @. If a point @ be taken on 4D such that the range

(PP, Q@) is harmonic, shew that as the line 4D moves, the locus

of @' is the conic
IS=L (ax + hy + g2).

16. Four points 4, B, C, D are taken on ;: 1 +ecosf, and

the corresponding values of 6 are a, B, v, 8. Shew that the cross
ratio of the pencil subtended by 4, B, C, D at any point of the
conic is the ratio with the sign changed of some two of the three
quantities
. B-y . a=8 . y-a . B-38
sin —5-= sin ——, sin “5—sin =

a_'Bsin ;8

, 8in— 3

17. A square is inscribed in an ellipse whose semi-axes are &
and b, and any point on the ellipse is joined to the corners of the

square. Prove that one of the cross ratios of the pencil so formed
. b
18 — (;i'
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18. The locus of points from which the two pairs of tangents
to the circles
(x—a)l+y*=c, (z+a)+y?=c?
form conjugate pairs of a harmonic pencil is
(20— ¢ y* — c*a* = c* (a® - ).

19. If two complete quadrilaterals have the same lines for
diagonals their eight sides touch a conic.

20. Given four points on a conic section, its chord of inter-
section with a fixed conic passing through two of these points will
pass through a fixed point.

21. 1If 1, [, be the lines aa? + 2hxy + by?*= 0, and I, /, the lines
a's® + 2h'zy + b'y*=0, and A be the cross ratio of the pencil ¢, 4, &,
l,, then

(A + 1)’ _ (ab' +a’b — 2hA')?
A-1/) " 4 (ab -A%) (o't =AY’
22. Shew that the three lines each of which forms a harmonic
pencil with the lines
y=0, ax?+ 2hxy + by*=0
are ax +hy =0,

2
ax? + 2hxy + (9b - %) y*=0.

23. If (a,b,¢ f,9, k) (¢, y, 1)*=1 be the Cartesian equation
of a conic and if X=ax+hy +g, ¥=hx +by+f, prove that the
equation of the asymptotes is

bX?—2hXY +aY?*=0.

Hence shew that the lines &' X?—2h'XY +a'F?=0 will be a
pair of conjugate diameters if ab’ + «'b6 - 244" =0.



CHAPTER XVIL
INVARIANTS.

353. It follows from what has been proved in § 106 that if
(%, y) be the Cartesian coordinates of a point referred to axes
including an angle » and if

az® + 2hxy + by* + 292 + 2fy + ¢
transforms into
da’r+ 2y + 0y + 29+ 2f 'y + ¢,
where (&, y/) are the coordinates of the same point referred to
any other axes in the plane,
a+b-72h csw g al? -
sin? @ sin? o

are invariant, for by a change of origin the coefficients of the
terms ax? + 2y + by* are unchanged, and by a change in the
direction of the azes the invariant relation has been shewn to
be true. There is another invariant relation between the
coefficients a, b, ¢, f, g, b which we have not yet given. We
shall before proving it establish the following proposition.

Proposition. If the homogeneous coordinates z, y, z be
transformed to new coordinates &, i, 2’ by the substitutions

z=10a"+my +nz

Y=02 4+ My + 02 [ eevriiinnininnnns 1),
2=l + muy + g2 J
and az? + by* + c2®+ 2fyz + 2gzx + 2hay ......... (2)
be transformed to
ax’t+ by + 2+ 2f Y'Y + 29 + 20y ... 3),

A 24
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then a, K, ¢ |=¢€la h g
K, ¥ f b f
9', foc 9 fi e

where e=| 4, my, n |.

l;,, mg, my

ls, my, ng
On making the substitutions* (1) we see that (2) becomes
a (@’ +my + nz' P4 b (L’ +my +n.2' ) + ¢ (g’ + mgy’ + ne?')?
+ 2 (L' + myy’ + nez’) (17 4+ myy’ + ma?’) + 29 (17" + Mgy’ + 152')
x (Lo +my +m2) + 2k (e +my + m2) (e’ + my’ + ng?).
Comparing this with (3) we have
@ =al?+ bl + ¢l + 2f L), + 2901 + 2hL1,,
' =am?+ bm? + etc,,
¢ = an? + bn? + ete,,
f = ammy + bmyn, + emgng + f(mans + mgny) + g (myny + myny)
+ h (mung + many),
g = anly + dnyly + engly +f (gl + n5ls) + g (nely + ily)
+ h (ml, + nily),
K =alym, +blym, + elyms + f(lam, + Lima) + g (lama + 1ymy)
+ k (lymg + lgm,),
If now we write
L,=al, + hl, + g, M, =am, + km, + gm,
L,=hl, + bl, +fl3} , M,=hm+ bmg+fms1>,
Lt=gl1+fl2+ds Ma=gm1+fmg+cm.
N, =an, + hny + gn,
N,=hn1+bn,+fn,} ,
Ny =gn, + frg + cng

o =Ll + L+ b Ls,
b =, M, +m, M + my My,
G, =%1N1+’ngNg+nle

» Qoo the Cambridge Tract on Quadratic Forms by T. J. I’A. Bromwich, Se.D.
(Camb. University Press).

we have
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f’= MmNy + moN, + meNy =n, M, + n,M; + n, M,
9/=7L1L1 + oLy + Ly = LN, + LN, + [, N,

K =LM, + LM, + L,M, = m Ly, + m,Ly + m,L,.
Soa, B, ¢ l=lkL m, m|x|L, M,
K, ¥, f Ly ma, my L,, M,
9{, f/, ¢ ly, ms, Ty L,, M,,
=|4, m, m|x|hL m, n|x|ae kb g
L, my, mn, lay My, my h, b f

IS

by, M5, My ls, my, mny g J, O©
=¢la h g]|.
h, b f
9 fic

’854. We can use the proposition of the preceding para-
graph to prove that if
ax® + 2hzy + by? + 29z + 2fy +c,
where x, y refer to some Cartesian axes inclined at an angle w,
be transformed to
a2+ 20y + By + 29+ 2y + ¢,
where o', yf refer to Cartesian azes tnclined at an angle o' with
the saune or a different origin, then
a, K, ¢ a, b,
R, ¥, f h, b
g £ ¢ _|o f
sin? @’ sin? @
For we make our expressions homogeneous by the insertion
of £ and 2" which are unity, then
az® + by? + c2* + 2fyz + 292z + 2haxy
transforms into a'z’? + by +c'2* + 2f'y'2 + 29's'a’ + 2h'a’y’ by
substitutions of the form
z=0x +my +ng,
y =7 + my +n2,
z= g,

a N W

24—2
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80 in this case
e=| 1, m, n |=m~-Im).
L, my, n
0, 0 1
Now we know that the area of the triangle whose vertices
are (z,, %), (21, %), (73, ¥s) 18
isinw| o, =z, o
Yo Yo Ys
5 oz, 2z
=}sino|Lz/+my/+n2/, La/+my + nzl, La+myl +nzy
bty +mayy +192), L@y +mgyy + nazy, Ly +muyy +mezy
7z, 23, z
= % sine | 1, m;, M -'171" y;’, 21'
by my, my @), Ya, 2
0, O 1 Ty, Ys, 2y
But the area of the triangle is
isine’| 2/, v/, 2’|,
@y, %1’ 2

’ ’
Zy, Y, 23

WL my m = sin o’
s e > ’ 1 - Siﬂ ’
lﬂ) mﬁ: n2 @
0, 0 1
. A’ A b
R e e P i
A=|a h g].
h, b f
g9, J, ¢

We thus see that is an invariant for the general

sin? w
equation of the second degree in Cartesian axes for any changes
of origin and axes.
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. Bxamples. 1. If ax®42hzy+by?+29r+ 2fy+c=0be a parabola in
obhque Cartesian coordinates, prove that the semi-latus rectum is
sin?e (— A)if(a+b—2kcos o)l
where A is the discriminant abc+2fgh — af3— bg? - cAl.

[We know that when we transform to the axis and tangent at the
vertex as axes of coordinates the equation of the parabola becomes

¥3—2Ua’ =0,
where { is the semi-latus rectum.
Thus we must have
az?+ 2hzy + by?+ 292+ 2fy + c= by + 2o

g
where = —%, that is 2 =Z.

2
Now &'= -¥'g?
A’ sin?o
and A Eﬁ‘_ ~sin?e (§ 354),
e A= =bg'?sin? o= —P3sin? o
a+b—2hcos w 4
But sinfw  sidiw
-A - Asinto

v l’=b’3sin2m = (a+b-2kcos )’
(—a)lsinte

I.' l='————‘_"——'
(a+b— 2 cos o)}

v 2. If ax?+2hxy +by2 4292+ 2/y+c=0 be a parabola the length of the
focal chord which makes an angle  with the axis of the parabola is

2sin?o (- A)"’—:—sin“’ 6 (a+b—~2h cos o),

y1 3. If S=ax?+2kay+by?+297+2fy+c=0 represent an ellipse, prove
that the difference of the eccentric angles of the points of contact of
tangents from (&, ) to the curve is

2 tan—1 {(IZ:AEQ—‘—S}&.

4. If the general equation in rectangular axes represent a rectangular
hyperbola its equation referred to its asymptotes is

2 (k3 —ab)} zy=Aa.

Investigate also the corresponding equation when the original axes of
coordinates are oblique.
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3565. Invariants of two conics.
Let S = az® + by* + c2* + 2fyz + 292z + 2hay =0...(1),
S'=ds+ by +c'2* + 2f'yz + 2922+ 2Wzy =0...(2),
be the equations of two conics in any system of homogeneous
coordinates. Then
S+ kS =(a+ka)a*+ b+ k) + (c + kc') 2
+2(f+ kN yz+2(g+ky)ex +2(h+ kW) 2z=0 ...(3)
represents for different constant values of % a conic passing
through the four points of intersection of (1) and (2).

Now let £ be so chosen that (3) is a pair of straight lines,
that is k satisfies

a+ka’, h+kk, g+k¢ |=0,
h+kN, b+KY, f+kf

g+kg, f+Ekf'y, c+kc
that is

(@+ka) B+ k) (c+ k) +2(f+kf) (g + ko) (h+ kR)
— (@ +ka) (f+ kf'y = (b + k) (g + kg'ye
~(c +kc') (h + kR)* =0,

that is Al + Ok +0Ok+ A=,
where
A=abe+2fgh —af*~by*—ch*=| a, &, g. ,
h, b f
g9 )
A'=a'b'e' +2f'gh' —af ' ~bgr—ch*=| a, K, ¢]|,
K, v, f'
g, [,

B=(be—sf)a +(ca—g)t +(ab—h)c
+2(gh—af)f +2(hf-b9)g +2(fg—ch)k
= Ad' + Bb' + Cc' + 2Ff' + 2Gg’ + 2HN,
&=t —f)a+(Cd —g?)b+ @b —k)e
+2(gK —af) fr2(HF —Vg) g+2(f'g —cH)h
sd'a+ Bb+ C'c+2F'f+ 2G'g + 2H',
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where 4, B, C, F, G, H are the minors taken with their proper
sign of a, b, ¢, £, g, h in the determinant A, and 4’, B, etc. are
the corresponding minors in A’,

There will thus be three values of % for which the conic (8)
will represent a pair of straight [ines. We can see that this
must be so, for if the conics (1) and (2) intersect in P, @, R, S,
WW through these points, viz. PQ,
RS; PR, @S; PS, QR; and each of these pairs of lines will be
a conic through the four points.

Now suppose we transform to any other homogeneous system;
let S become S, and S’ become S’, then S+ kS’ will become
S +kS’, and exactly the same values of & will make S+ £S'=0
a pair of straight lines as will make S+ 4S8'=0 a pair of
straight lines,

It follows then that

©_& 0 5 4
A AT A

In other words the ratio of each of the quantities A, A’, ®, &
to any one of the four is invariant.

These four quantities are called invariants of the two conics.
But it must be clearly understood that they are not invariant
individually, but only in ratios.

We have already seen (§ 353) that

A=e), A =¢A
® 0
As then N
we must have 0 =0,
and similarly also 0’ =0’

856. Invariants and projection.

Suppose now that we transform the equations of two conics
S = a2® + by? + c2* + 2fyz + 2922 + 2hzy =0,
8'=a'a*+ by +¢'e* + 2f 'yz + 29’2a + 2h ay = 0,



376 INVARIANTS

by the substitutions
aX +BY +~vZ

=X +uY + 02’
_dX+BY+47
TN +uY 4z’
a’/X +6/’Y+ 'YIIZ
A +pY +vZ
the denominator being the same in all of these.

On substitution we find
SQAX +uY +vZ)y
=a(@X+BY +yZ)+b(¢ X +R Y +y'Z) +c ("X +B"Y +o"Z)
+2f(@X +BY+yZ) ("X +B'Y +"Z)
+29 ("X +B'Y+4"2)(aX +BY +vZ)
+2h(aX +BY +92) (X +BY+4'Z)
=(say) AX*+ BY*+ CZ* +2FYZ +2GZX + 2HXY.
And 8’ (AX + p¥Y +vZ) will be of a similar form
AX + BY*+C'Z*+2F'YZ+ 2G'ZX + 2H'XY.
Now if P be the point (z, y, z), and P’ the point whose

coordinates referred to some triangle or other be (X, Y, Z),
then as P describes the locus

SHES =0 eieirieiiiirrieieennnes (1),
P’ will describe the locus

AX2+ BY* '+ 0Z*+2FYZ +2GQZX +2HXY
+ k(A X+ BY '+ C'Z*+ 2F'YZ + 2G'ZX + 2H'XY)=0 (2).
And if (1) be two lines, viz.

(@ will b (z+ my+n2)(Vz +m'y +n'2) =0,
W1 ©

(X +BY +yZ)+m (X + B Y+ ¢Z)+n("X +B'Y +4"Z)}
X{U(@X +BY +yZ)+m/ (X +BY ++Z)
+ 7' ("X +B'Y +v"Z)}=0,
which is a pair of straight lines too.
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That is to say, the same values of k will make both (1) and
(2) represent a pair of straight lines. Hence the invariant
character of the ratios of A, A’, ®, @ to each other is still
preserved for transformations of the form we are considering.

357. Now the transformation we have made in the
preceding article is just that which occurs in the case where
we project conically from one plane p on to another 7 (sce
Pure Geometry, Chap. 1v.).

This we shall now proceed to shew, making use of the
elements of analytical Solid Geometry.

Let O be the vertex of projection. Take three mutually
perpendicular lines OX, OY, OZ cutting the p plane in 4, B, C
and cutting the 7 plane in 4’, B, C". Let P be any point in
the p plane, and let OP cut the 7 plane in P, so that P’ is the
projection of P,

Let (=, v, 2) be the areal coordinates of P referred to the
triangle ABC, and let (X, Y, Z) be those of P’ referred to
A'B'C.

Let OA=a, OB=0, 0C=c; and let 04’=d/, OB'=V,
00’ =d.

Let (&, 9, &) and (&, 7/, {) be the Cartesian coordinates of
P and P respectively referred to 0X, 0Y, OZ.
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APBC _projection of A PBC on plane Y0Z

Now &= AABC ™ projection of AABC on plane Y0Z
- + 11t ¢
=|% b 0]|+|0, b 0]|=1 s
C’ 0» c O, 0, (4]
1, 1, 1 1, 1, 1
Thus E=ax, n=by, {=cz

E=aX, o=bY, ¢=dZ

But § ="_ E, for each of these ratios = 601—1:"

EI 7’,
, ez by
"dX VY ’Z’
e Yy oz _ 1
“x Yy %z “x+%v+9z
a b ¢ a b c

858. It follows from the two preceding articles that if
8=0, 8"’=0 be two conics in a plane whose equations are
expressed in terms of any homogeneous coordinates referred to
a triangle in the plane, and if these conics be projected on to
another plane and the equations of the mew conics be S=0,
8’ =0 referred to any triangle in the new plane, the ratios of the
quantities &, A', ©, O are unaltered.

For we can pass from the homogeneous coordinates in terms
of which S and S’ are expressed to areal coordinates referred
to the triangle ABC of § 357, still preserving the invariant
character of our ratios. We now project and get two new
conics expressed in areal coordinates referred to the triangle
A’B'0’; and by the two preceding articles the invariants still
hold good, nor are they disturbed when we pass to any other
homogeneous coordinates referred to any triangle in the 7 plane,

859. It seems desirable to give a word of caution at this
point. We know that two conics can be simultaneously projected
into circles by projecting two of their points of intersection into
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the circular points at infinity (Pure Geometry,§ 246). It might
then seem that we could take

Sz=a*+y"+ 29,2+ 2/ y + ¢,

and S =2+ y* + 29,2 + 2,y + ¢,

But this would be incorrect and would lead to serious error.
What we may do is to write

S=a,(a*+ 1) + 20,2 + 2f,y + ¢y,
8’ = a, (@ +37) + 20,2 + 22y + ca.
We may then write 2 Va,= X, y¥a,= ¥, and so get
S=X+ Y*+29,X +2/,Y +c,,
S =a,(X*+ 7+ 29, X + 2.V +¢,.

The point to be made clear is that when we pass from
S and 8’ to S and S’ by an algebraical substitution of the form
given in § 356 we are not entitled to divide out any factor in
either S or S’ unless indeed we divide it out of both of them.
To this last there can be no objection,

Just in the same way if we have two conics S and S’ which
have double contact we cannot, because two conics with double
contact can have their equations (§ 324) expressed

2?4yt + 22 =0, 2+ Y+ 022 =0,
write S=a*+1y+ 2, S =a*+ y*+c22
We may however write

S=a+1y+2, S'=a(2®+y*) + c2*

860. Illustrations of invariants.
To find the condition that the conics
S = az*+ by? + c2* + 2fyz + 29z + 2hay =0......... 1),
S'=a@®+ by + 22 + 2f'yz+ 2¢'zx + 2wy =0 ...(2),

should be such that it is possible to inscribe a triangle in S’ whose
three sides shall touch S.
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Let ABC be such a triangle. If we transform our co-
ordinates so that ABC becomes the triangle of reference we
shall have

S=MX?4 2 Y*+ 2% - 2uvYZ — 2D AZX — 2:u XY,
S’ =2F'YZ+2G'ZX +2H'XY.
If now we write X'=AX, Y’ =pY, Z’ =vZ we shall get
S=X""+Y"?*+2"°-2Y'2'-22'X'-2X"Y’ ...(3),

S =2FY'Z' +2GZ'X"+2HX'Y'.c.cverrerurnrnnenne (4)
If now A, A/, ©, @' refer to (3) and (4), we have
=—4,
A'=2FGH,

®=4F+G+H),
@=-F-G-H"+2GH(-1)+2HF (-1)+ 2FG (-1)
=—(F+G+H)y
From these we derive the homogeneous relation, viz,
0= 4A0.
As this is homogeneous it holds when A, ®, @ refer to (1)
and (2).
This then is the necessary condition if the conics S and S’
are such that a triangle can be inscribed in S’ so that its sides

touch 8, or, as we may put it, circumscribed to S and inscribed
to S'.

861. We now proceed to enquire whether the condition
@ =4A0@' is sufficient to ensure that S and S’ are such that
a triangle circumscribed to S will be inscribed to S,

Let A and B be two points on S’ such that AB is a tangent
to S. Draw the other tangents from A4 and B to S, and let
them meet in C.

Taking A BC for triangle of reference we may write

S=a?+ y? + 22 — 2yz — 2200 — 2uy,
S’ =c2*+ 2fyz + 2gza + 2hay.
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Whence we have
O=4(f+g+h), A=—4,
O =—(f+g +h)?+2ch,
therefore the condition ©2 —4A®’ =0 becomes
16(f+g+hp—16(f+g+h)+32ch=0,
. e=0, or h=0.

Sr

B

But if 2= 0, 8’ becomes two straight lines
z(cz +2fy + 2gx) = 0.
Excluding this case we see that
S’ = 2fyz + 292 + 2hay,
that is C lies on S,

Thus if S and S be two non-degenerate conics satisfying the
relation ©?=4A®’, they are such that some triangle circum-
scribed to S is inscribed to 8’. And we shall now shew that
when there is one such triangle there is an infinite number.

Q'362. Proposition. If one triangle can be inscribed in
a conic 8" and circumscribed to another conic S, then an infinite
number of such triangles can be drawn.

Let ABC be such a triangle.
Let A’ be any other point on S’
Draw 4’8’ to touch S and to cut 8 in B’,
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Draw B’C’ and A’C’ to touch S and to meet in C”.
Then the six vertices 4, B, C, 4’, B’, " all lie on a conic
(Pure Geometry, § 252).

But the conic through the five points 4, B, C, 4’, B"is §".

Therefore ¢’ must lie on 8’ also.

Thus the triangle A’B’C’ satisfies the conditions.

Thus we see that an infinite number of these triangles can
be drawn if one can.

363. We proceed now to a further problem in which we
shall make use of projections.

To find the condition that the two conics
S = aa? + by? + c2* + 2fyz + 2g92x + 2hay =0......(1),

should be such that the sides of a quadrilateral having its vertices
on S’ should touch S.

Let AB, BC, CD, DA be the sides touching S of the
quadrilateral whose vertices 4, B, C, D lie on S,

Let PQR be the diagonal triangle for the quadrangle
A, B,C, D. Then PQR is a self-polar triangle for S’,

Now project S’ into a circle with P projected into the
centre. Then QR goes to infinity, and 4 BCD becomes a paral-
lelogram, and being inscribed in a circle it must be a rectangle.

Thus, using small letters in the projection, @, b, ¢, d are
points on the director circle of S.
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Thus S and §’ are a conic and its director circle.

So then we may take
S=aa*+ by +o,

S'zd@+y)+d ((%+b

As our k equation arises from the condition thab S+ &S’
should be the product of two linear factors, we may omit the
common factor % and take

S=2a+ b y+1,
c ¢
=, _d , /1 1
S =-E (a:’+y’)+a (E+E).
We now write e ¥Va' =v¢ X, y¥a' =Vc ¥, and get

O X4 Lyiil=aX 4 BT +1 (say),
11

=X+ Ys+(%'/+%,)EX’+Y“+(;+B).

Tl oy
il
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Now form A, A’, ®, ®’ for these; we have

;11
A=a,8, A=Z{+E’
0=2(a+p) ®’=§+§+3=@{%’+L

These give AA'=a+ B, .©. ®=2AA’, and O’ =AA2+1,
s B0 =2AA" + 2AA73,
S ABB’ = 2A + 2AA"3,
s 4AG0 = BAA’ 4 6,
S 0 —4A007 + 8AA' =0,

This, being a homogeneous relation, holds when A, A’, ©, €’
refer to the original conics S and S’

The above reiation is necessary that the conics (1) and (2)
should be such that a quadrilateral circumscribed to (1) should
be inscribed in (2). It must not however be assumed that it is
sufficient (see Ex. 10 at end of chapter).

It is clear from the projection effected above that if one
quadrilateral can be inscribed in 8’ and circumscribed to S,
there is an infinite number of such quadrilaterals.

364. Condition for single contact.

To find the condition that the conics S=0, 8’=0 should
touch.

In general the conics cut in four points and we have three
possible pairs of lines through their points of intersection, viz.

S+ kS =0,
where £ is given by
AP+ O+ Ok +A=0....cc0vnnennnen. Q).

If the conics touch, these three pairs of lines reduce to two.
That is, this equation giving & has a pair of equal roots.

Now a double root of (1) is also a root of

A +20k+0O =0 ..ovenrinnnnnnnn (2).

The condition that the conics should touch is then the

result of eliminating & between (1) and (2).
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This can be effected thus: (1) x 8 —(2) x k gives
O+ 20k +3A =0 ...cocevenennen.n. (3).
From (2) and (3) we have
K _ k _ 1
2(3A60° -0 B0 -9AA T 2(3A'0-@%)°

Whence (00’'—9AA’) =4 (3A0"—0?)(3A'G —0"),

which becomes on multiplying out
0202+ 18AA'O0 — 27TA’A" - 4A0* - 4A’0* =0,

This condition is also sufficient that the conics should touch ;
for by the theory of equations we know that the expression on
the left side is a multiple of the square of the product of the

differences of the roots of the equation (1). If then it is zero,
two roots of (1) must be equal.

365. Equation of common pair of chords of two
conics which touch.

Suppose that 4, B, C, D are the four points of intersection
of two conics S and S’. The three pairs cf common chords are
AC,BD; AD, BC; AB, CD.

Now if B coincide with A so that the conics touch at 4, ib
is the first two of these pairs that become the same, thus the
duplicate root % in the last paragraph will be that which gives
the pair of chords AC, AD when the conics touch at 4 and cut
in C and D.

But from the work of § 364, we see that this value of k is

00 —9AA’
2300 —©%)"

Hence the equation of the common pair of chords through

the point of contact of two conics S =0, S’=0 which touch is

2 (BA'0 — ©'7) S+ (VW' — 9AA") 8’ = 0.

366. Double contact.

We naturally seek next to discover the condition that two
conics S and 8’ should have double contact.

A 25
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We know (§ 324) that we can reduce these so that
S=a(a®+ 1) + ¢,
S'=a2+12+ 7,
so that we have
A=0%C.ccciirirennnn. (1), A'=1.ccerniinnann. (2),
O = 2ac+ a.........(3), ®' =2a +c......... (4).

We should then have to eliminate ¢ and a between (1), (3)
and (4) and make our resulting relation homogeneous by means
of (2). It will be found however that the result obtained is the
same as that which we had for single contact. This relation
then is necessary for double contact but not sufficient. There
must be other conditions satisfied if the conics are to have
double contact. These will be set forth in a subsequent
chapter.

367. Condition for three point contact.

In this case three of the points 4, B, C, D must coincide,
say 4, B, C; then we have only one pair of common chords, viz.
the tangent at 4, anc 4.D.

Thus the equation giving £ must have three roots equal, i.e.

@ 6, A_
e’ e A
S =g, N=gx, M=g-
® 6 3A
Whenee ek

each of these being equal to A.

368. Pair of tangents.
To find the equation of the pair of tangents to
S=(a,b,¢cf, 9 h)(z vy, 2)=0,
the chord of contuct being lx + my + ne = 0,
Here we take 8’ =(lz + my + n2)’,
80 that we have A'=0,0 =0
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The pair of tangents is a pair of common chords of S =0,
S’ =0.
And the pairs of common chords are given by

S+ kS’ =0,
where A+ O+ 0Ok+A=0.
Putting A’=0, ® =0 we have k=— %

Thus the pair of tangents is

’ 08 = A (lz + my +n2)t,
where

® = (bc - f*) I*+ (ca— g*) m* + (ab — h*) n* + 2 (gh — af Y mn
+ 2 (hf —bg) nl + 2 (fg —ch)Ilm
= Al + Bm? + On® + 2Fmn + 2Gnl + 2HIm.
Writing this %, we have as the equation of the pair of

tangents
28=A (lz + my + nz),

which is the same as
a, b, g, 1 |8+ ]|a, h g |(z+my+nz)=0.
h, b, f, m h, b f

g f ¢ n 9 f o
i, m n O

As a particular case of the above, we see that the equation
of the asymptotes of

aa® + by? + c2* + 2fyz + 292z + 2hay =0
in areal coordinates is
a, h, g0 1|S+|a b g|(z+y+2)P=0.

h, b f, 1 k, b f
9: .f: C, 1 g’ f; c
1, 1, 1, O

And the equation of the asymptotes of the conic represented
by the general equation in any system of homogencous coordi-
nates 18

20—2
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a, h, g, a|S+]|a b g |(ax+By+yz)=0,
h, b, f, B h, b f,

9 f o v g9 e

a, B, v, O

where az + By + vz =0 is the equation of the line at infinity.

369. Invariants and reciprocation.

If the condition that a geometrical relation should exist
between two conics S and S’ is determined by a homogeneous
Sunction of N
equal to zero, the reciprocal relation is determined by the same
JSunction of

A*, A®, A'O, A

equal to zero.

For suppose the two conics S and S’ reduced to

S = ax® + by? + ¢z,

S'=za+yr+22
Then A=abc, ®=bc+ca+ab, @ =a+b+c, A'=1.
If we reciprocate with respect to S’, the conics become

S, = bea? + cay? + ab2?,

and S'=a2+ 2+ 2,

and

A =ac, O,=abc(a+b+c), O'=bc+ca+ab, A/=1=A"
= A3 =A®, = 0A,
Now let $(4, 0,0/,4/)=0

be the homogeneous equation that must hold if a certain
geometrical relation holds between S, and S’; then the re-
ciprocal relation holds between S and S’; and the condition is
equivalent to
¢ (A AQ', A'O, A =0.

Thus the proposition is proved.

Illustration. The condition that triangles inscribed in $’
should be circumscribed to S is as we have seen @*=4A0’,
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hence the condition that triangles circumscribed to S’ should
be inscribed in S is

A?@"1=4A'A’0, that is @2 =4A'0,
which is obviously correct.

370. Geometrical interpretation of ® =0.

It can be seen that ®=0 for two non-degenerate conics
S and S’ in the two following cases:

(i) If some triangle self-conjugate to S is inscribed to S’;
for then we can take
S=a"+y*+ 2,
S’ =2fyz + 292z + 2hxy.
(ii) If some triangle circumscribed to S is self-conjugate
for S’; for then we can take
S=a?+y' + 2* — 2yz — 220 — 2ay,
8’ = aa? + by? + c2

We will now shew that if ®=0 both the geometrical
properties (i) and (ii) hold.

For let A be any point on §’. Let the polar of A with
respect to S cut 8’ in B. Take C the pole of 4B with respect
to S. Then ABC is a self-conjugate triangle for S. Taking
it for the triangle of reference, we may write

S=a+y+ 2%
8’ = c2* + 2fyz + 2922 + 2hxy,
since S’ goes through 4 and B.

For these ®=¢c ..¢=0,
that is C lies on §’. Thus A BC, a triangle self-conjugate for S,
is inscribed in &',

Hence ® =0 is the necessary and sufficient condition that
some triangle self-conjugate for S should be inscribed in §".

Reciprocating we have A®’=0; ie. 8 =0 (for A #0) is the
necessary and sufficient condition that a triangle self-conjugate
for S should be circumscribed to S’
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That is ® = 0 is the necessary and sufficient condition that
a triangle self-conjugate for 8’ should be circumscribed to S.

Thus if ® =0 both the geometrical properties (i) and (i)
hold simultaneously. '

It is further clear that there is an infinite number of triangles
satisfying the conditions,

EXAMPLES,

1. Two circles § and S’ of radii » and +’ and with centres at
distance d apart are such that the sides of a triangle inscribed in S’
touch S, prove d* =% + 2rv’,

[Take centre of S for origin and line joining the centres for
x-axis so that the circles are

S=za®+y?-r=0,
S'=(x-d}?+y*-r?=0,

that is S=a+y?-r%d
S =2 4y’ + (4 - 1) 2" — 2dz.
Then use 0*—4A0'=0.]

2. If S=0 be a non-degenerate conic and $’ a pair of straight
lines, then :
(i) If @ =0 the point of intersection of the lines S’ lies on &
and conversely.

(ii) If ®=0 the lines §' are conjugate lines for § and
conversely.

[Take S =(a, b, ¢/, 9, k) (2, ¥, 2)* and §' = 2y2.]

3. Prove that if ® =0 for the conics § and &, then S and &
can be projected into a circle and a rectangular hyperbola, the latter
passing through the centre of the circle.

Prove also that § and S’ can be projected into a parabola and a
circle, the centre of which lies on the directrix of the parabola.
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¥ 4, Deduce from § 370 that the circle circumscribing a triangle
self-conjugate for a conic S cuts the director circle of the conic at
right angles.

[Take the conic + b7 =1 and the circle (x —4)* + (y — k)*=1*
and express that @ = 0 ]

5. Prove that ®=0 if S be a hyperbola and S the director
circle of its conjugate.

6. Prove that if S’ is a given conic, the locus of the centre of a
variable conic S such that (i) ® =0 and (ii) a given triangle is self-
conjugate for S, is a straight line,

7. The condition that it should be poqsible to inscribe triangles

4 e

in the elhpse b"" =1 whose sides touch — + bi’ =1is
Qg +“ %:1

5)‘1 8. If the tangents to S at two of its points of intersection with
S’ intersect on S, then

- 4A00 + 8AA'=0.

9. If the line joining the points of contact with the conic §* of
two common tangents to § and S’ touches S, prove that
- 4AG0 +8A%A'=0.
Shew how this result could have been inferred from Example 8.

10. If 8 and § be two conics which have a common self-
conjugate triangle and if
- 4A00' + 8AA" =0,
then either (i) quadrilaterals can be circumscribed to § which are
inscribed to S’, or (ii) the tangents to S at two of its points of
intersection with 8’ intersect on &’

[The conics have a common self-conjugate triangle 4BC.
Project &' into a circle and BC to infinity. We shall then have a
eonic S and a circle S’ concentric with it. If » be the radius of the
circle and o?, 3? the squares of the semi-axes of the conic, it will be
found that the condition leads to either r*=a®+ 8% or r?=+ (a2 = pB).
The first gives (i) and the second (ii).]
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11. TIf two conics § and S’ have double contact and if in
addition an »-sided polygon can be drawn whose sides touch one of
the conics and whose vertices lie on the other, then

00" =AA' (1 + 2 cos? ZYf) (l + 2 sec? 71) >
n n

where  is an integer prime to n.
Prove that if one such polygon can be drawn, there is an infinite
number that can be drawn.

[Conics with double contact can be projected into concentric
circles by projecting the points of contact into the circular points
(Pure Geometry, § 134).]

12. Prove that the same relation holds as in Ex. 10 when the
conics have single contact.

13. If two parabolas with the same focus are inscribed and
circumscribed respectively to a triangle, prove that the angle between

their axes is 2 cos~! § \/ % where L and [ are their latera recta.

14. Shew that the ratio of the curvatures at the point of
contact of the conics §= 0, .8 =0 which touch, is the ratio of the two
unequal roots of the equation

A+ +@k+A=0.

[Refer the conics to their common tangent and normal as axes

(§ 237, Ex. 2).]

15. 1If 4, B, C, D are the points of intersection of the conics
§=0,8"=0and P be any point on § =0, the cross ratio A of the
pencil P(4BCD) is given by

A=A+ 1) _ {@ - 3A0P
(\+ 1 (2N BX+ 2y [20° — 9A (00 — 3AA)}
Take S= ax® + by? + ¢z, and §' = a® + y? + 2%, and see §338.
y

16. The condition that the pencil formed by joining any point
on the conic § with its four points of intersection with §' may be

harmonic is
27A%A" - 9AG0 + 20°=0,
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17. The conic S+ AS’=0 degenerates into a pair of lines for
the values A;, Ay, A; of A; prove that the cross ratio of the pencil
joining any point on S +AS'=0 to the four common points of the

system is
A=X) a—2)
(A= 2As) (A =1y
Shew also that for the pair of conics S +u,8" =0, §+pmS =0,
the condition ® = 0 becomes
A — A, — P Ay —
+ = =0.
Ma— )‘a
%18. ABCDEF is a hexagon inscribed in a conic §’so that
any two consecutive vertices are conjugate points with respect to
another conic S, prove that

@ —4A (00’ — 2AA") =0.

19. If 8 and S be two conics such that a pair of their common
chords are conjugate lines with regard to .S, then
-90@'A +27A%A"=0.

20. If S and S’ be two conics such that a pair of their common
chords are conjugate lines for both conics, then ®°A’=@®%A and
either @@ = 9AA",

21. If the four points of contact with S=0 of the common
tangents to §=0, &' =0 be joined to any point of S and the lines so
formed determine a harmonic pencil, shew that

207 -900'A" +27AA"7 =0,



CHAPTER XVIIIL

TANGENTIAL EQUATIONS.—ENVELOPES.

371. Tangential equations defined.
We have seen that the condition that the line

loe+my+nz=0 ..cccecereruann..... 1)
should touch the conic
@b,¢,[,9,h) (2, 4,22 =0 .ecvvrveenene -(2)
is a, h, g, 1l |=0,
h, b, f, m
9 fi e n

I, m, n, O
which we write
Al + Bm* + On* + 2Fmn + 2Gnl + 2Hlm =0 ...(3),
4, B,C, F, G, H being the minors with their proper signs of
a, b, ¢, f, g, h in the determinant

A=la, b g|
h, b, f
9 f o

The relation (3) giving the condition that the line (1)
should touch (2) is called the tangential equation of the conic (2).

~ 372. Reciprocal relation between point and tan-
gential equations.

We now proceed to shew that when the tangential equation
of a conic is given, the ordinary equation of the conic, which we
shall call the point equation, can be found from it exactly as
the tangential equation is formed from the point equation.
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That is to say:
If al’ + bm? + en* + 2fmn + 2gnl + 2hlm =0
be the tangential equation, then
A2z + By + C2* + 2Fyz + 2G2z + 2Hxy =0
18 the povnt equation.
For let the point equation be
a'z* + b+ ¢+ 2f 'yz + 29’2z + 2hay = 0,
Therefore the tangential equation is
b =l + (Ca' - 9% m+ (a'b — 1) n*+ 2 (g'B'— a’f’) mn
+2(Rf' =bg)nl+2(f'g —ch)lm=0.
Therefore we must have

a b e Vi
b/cl_fls—clal_glg—

V=13~ gl —df’
h
=i g =y —an = =)
<o be=fr=n{(c'a’ - g?) (a'b' = k) — (g’ — o)}
=\ {a'b'c + 2 gh — af? - b'g" — W} =\a/A.
So ca—g@=A'A" and ab- h2=N\CA",
Also  gh—af =M {(kf' = V) (fg = k)
— (¥~ ) (W = df)} = VA,
So hf—=bg=nNg'A’" and fg—ch=NNA
Wherefore the point equation of the conic is
(be—f*) @+ (ca — g) y* + (ab — 1*) 2 + 2 (gh —af ) y=
+ 2 (hf—bg) 2z + 2 (fg —ch)zy=0,
that is  Aa*+ By*+ 022 + 2Fyz + 2Gzx + 2Hay = 0.

373. Connection with reciprocation.

This relation of reciprocity between the point equation and
the tangential equation of a conic is easily seen to be connected
with that of polar reciprocation.

For if (@b c.f,9,h) (@Y 2l=0 coeecreernrenns 1)



396 TANGENTIAL EQUATIONS.—ENVELOPES

be the point equation, then

(4,B,C,F,G, H)(l, m,np=0 ............ (2)

is the tangential equation,
But (4, B,C, F, G, H) (2,9, 2)*=0 ............ 3)
is (§ 818) the polar reciprocal of (1) with respect to the conic
B4+ 4+ 2 =0.iineiiiiiininene. (4).

And, as we have seen, (1) is the polar reciprocal of (3) with
respect to (4).

Thus if (a,b,¢,f, 9, R)(, m,n)*=0
be the tangential equation of a conic, the conic is the polar
reciprocal with respect to (4) of

(a‘» b: O,f, 9, h) (w’ Y, ‘z)2 = 0’
that is, its point equation is
(A4,B,C, F, G, H) (=, vy, 2*=0.

We observe too that equation (2) expresses the fact that the
point (Z, m, n) lies on (3).

Also the point ({, m, n) is the pole of the line

le+my +nz=0

with respect to (4).

Hence the tangential equation of a conic merely expresses
the fact that the pole with respect to (4) of a line touching the
conic lies on the polar reciprocal of the conic with respect to (4).

Fxample. Find the point equations corresponding to the tangential

equations
(1) al?+bm2+en?=0,

(2) }+5+%=0.

374. Tangential equation of the first degree.
The general tangential equation of the first degree is
Al+ Bm+Cn=0.

This tells us nothing about the line iz + my + nz= 0 except
that it passes through the point (4, B, C). The tangential
equation of the first degree then represents a point. As we
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have seen, the tangential equation of the second degree repre-
gents a conic. There is however a special case where it
represents two points. This is when it reduces to the form

(Al + Bm + Cn) (A’l+ B'm + C'n) =0.

For this equation is only satisfied if 4l 4+ Bm + Crn =0 or
A'l+ Bm+ Cn=0.

375. Envelope of lines joining corresponding points
of two homographic ranges.

We will now prove the proposition which we stated without
proof at the end of § 352.

The lines joining corresponding points of two homographic
ranges on two wntercepting lines, the point of intersection of the
lines not corresponding to iutself in the two ranges, all touch a
conte, which touches the two lines of the ranges.

Let OX, OY be the lines of the ranges. These we will
take for axcs of coordinates,

PI

Let P and P’ be corresponding points in the two ranges.
Let OP=p, OFP=p.
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Let e +my+nz=0,
which is the same as  le+ my + n=0,
be the equation of PP,

n n
o p=—'7, p =—E.

But App’+ Hp+ H'p'+ B=0,
where 4, B, H and H’ are constants,’

Therefore A /- _Hn _Hn gy,

m m
o An? — Hmn — H'nl + Blm =0............ 1).

Therefore the line Iz + my + nz =0 touches a conic whose
tangential equation is (1).
Moreover as (1) is satisfied for the values (1, 0, 0), (0, 1, 0)
of (I, m, n) it is clear that the conic touches
=0 and y=0,
that is the two lines of the ranges.
Thus the proposition is proved. Another proof will be

given in § 377.

In the special case where A =0 the conic also touches the
line z= 0, that is the line at infinity. In this case, and in this
case only, the conic is a parabola,

376. Envelopes.

The line lz +my +nz=0,
when the relation

al’ + bm? + on? + 2fmn + 2gnl + 2hlm =0
holds, touches (or ‘ envelops’) the conic
Az? + By + C2* + 2Fyz + 2Gz¢ + 2Hay = 0.

The conic then is called the envelope of the line.

The coefficients I, m, n in the equation of the line are called
the coordinates of the line (§ 269). If then the coordinates of a
line are connected by a homogeneous relation of the second
order the envelope of the line is a conie.
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Suppose now that we have the equation of a line in the form
(b + myy + m2) + k Lz + may + ny2) + B2 (L + myy + ny2) = 0,
and we want the envelope of this line due to changes in %, the

U's, m’s and n’s not changing with %.

Now suppose that AB is the position of this line for some
particular value of £ which we will denote by £,.

And let A’B’ be the consecutive position of the line, differ-
ing but slightly from AB, for a particular value of % differing
but slightly from k,. We will denote this particular value by
k, + 8k, where &k, is very small.

Let AB and A’B’ intersect in P.

Let A”B” be the consecutive position of the line related to
A’'B' as A'B’ was to AB, and let A”B” cut A’B’ in Q.

Then the locus of these points P, Q for the various positions
of the line will be the envelope.

For as we see, P and @ being near points common both to
A’B’ and the locus of P, the line A’B’ must touch the locus of P,
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Similarly all the other lines must touch the locus of P. The
locus of P gives then the envelope required.

This is expressed by saying that the envelope of the line is
the locus of the ultimate intersections of consecutive lines of the

system.
We will now write the equation of the line for short

L+ kM + kN =0.
The equation of the line 4B is then
L+kM+kE!N=0
andof A’B" L+ (ky+ &k) M + (ky + 8k,)’N = 0.
For points common to these we have
L+kM+Ek:N=0
Sk, (M + 2Nk,) + (8k,)* N = 0} ’
that is L+ M+Ek2N= O}
(M +2Nk) + 8k N=0}"
Now 8k, is very small, and becomes smaller and smaller the
more 4’B’ approximates to 4B.
The locus of ultimate intersection of consecutive lines then

s given by L+kM+k°N-—0}

M+ 2Nk1=0 ’
that is L+M(—%>+4—f—wlv’—,1v=o,
that 1s M2=4LN,

or (L4 my +n2) =4 (La + my +mz) (I + my + ng2),
which is a conic.
It will be observed that the envelope is the condition that
L+Mk+Nk*=0
should have equal roots in k. This fact is easy to remember
and enables us quickly to write down the envelope of & line of

this form.
But it will be observed that the above argument holds

exactly the same for a curve whose equation can be expressed
in the form P + kQ + k£ =0.
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The envelope of such curves for variations of % is
Q*=4PR.
That is to say this curve touches all the curves belonging to
the family of curves P+ kQ + k*R = 0.
It will be seen from this paragraph that if
X2=A\YZ
be the equation of a conic, then the lines
ANY +2kX + k27 =0,
for the different values of k are all tangents to the conie.

It can be proved in exactly the same way that the envelope
of the curves whose equation is

P+Qk+ R+ Skt=0,
for variations in & is the result of eliminating £ between
P+ Qk+ Rk + Sc3=0}
Q + 2Rk +3Sk*=0] "
And the envelope of the curves whose equation is
P+ Qk+ R+ Sk + Tk*=0
is the result of eliminating % between this and
Q+ 2Rk + 3Sk*+ 4Tk* = 0.

But all these are but special cases of a gencral theorem of
the Differential Calculus that the envelope of curves ¢ (k)=0
for variations of & is the result of eliminating & between

¢ (k)=0
d .
a5 ¢ k) = 0}
By the same reasoning as that of § 875, we can see that if
P+ QL+ Rk*=0
be the tangential equation of a curve the tangential equation of
the envelope is @*= 4PR.
377. Prop. The envelope of the line lx + my + nz = 0 where
limin=at?+bt+c:a?+bt+c¢: a"t?+b"t+¢"
(a, b, ¢, etc. bevng constants) s a conac.
A 26
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This proposition is the reciprocal of that of § 321. By that
article the locus of (I, m, n) when [, m, n are connected by the
given relation is a conic; and as the point (I, m, n) reciprocates
into the line lz + my + nz =0 with respect to the conic
@ +y* + 22 =0, the proposition follows at once.

We can make use of this proposition to prove the property
given in § 8375. For if P and P’ be corresponding points in the
two homographic ranges the lines of which intersect in O, then if

,_at+b
OP=t, OP = iTd
where a, b, ¢, d are constants.
Thus the equation of PP’ is
z y(t+d) 1
t at+b

that 1s (at +b)z+ (ct* + dt)y — (at* + bt) 2 =0,
Therefore the envelope of PP’ is a conic.

378. Conics touching the common tangent of two
given conics.

Suppose now we have two conics whose tangential equa-
tions are
S =al* + bm? + cn? + 2fmn + 2gnl + 2hlm =0 ...... D),
Y =ad b+ Vm? + ¢'n? + 2 mn + 2¢'nl + 2K Im =0...(2).
We seek to interpret the tangential equation
SHES =0 ceeiniiiiieineinenen. (3).
It is the equation of a conic, for it is homogeneous of the
second degree in I, m, n.
Moreover we can see that (3) touches all tangents which (1)
and (2) have in common,
For if lz + my + nz= 0 be a tangent to (1) and (2) they are
simultancously satisfied, and therefore (3) is satisfied too.
Thus as,if §=0, 8’=0 are the equations of two conics,
S+ kS =0 is the equation of a conic passing through their
common points of intersection, so if % =0, Z'=0 are the
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tangential equations of two conics, 2 + kZ'=0 is the tangential
equation of a conic touching their common tangents.

Consider now some special cases.

The equation

2+ k(Ll+ Mm + Nn) (L'l + M'm + N'n) =0,
where L, M, N, L', M’, N’ are constant, is the tangential
equation of a conic touching the common tangents of 3 =0, and
(Ll+ Mm + Nn) (Il + M'm + N'n) = 0,

and thus it is the tangential equation of a conic touching the
common tangents of 2, =0, and Ll 4+ Mm + Nn= 0 and also the
common tangents of % =0, and L'l + M'm + N'n=0. That is
to say it is the tangential equation of a conic touching the
two pairs of tangents to the conic S =0 drawn from the points
(L, M, N) and (I, M’, N").
In a similar way we can see that the equation
(Ll + 3Mm + Nn) (L'l + M'm+ N'n)
=Ll +M'm+ N"n) (Ll + M"”'m + N"'n)

is the tangential ecquation of a conic touching the lines joining
(L, M, N) to (L”, M”, N”) and to (L, M"”, N"’) and the lines
joining (L', M’, N’) to (L”, M”, N") and to (L, M"", N).

$q “879. Equation of points of intersection of two
conics.

To find the tangential equation of the four points of inter-
section of the conics

S =aa? +by* +c2* + 2fyz + 29z + 2hay = 0,
S'=da + Uy + 22+ 2fyz + 29" 2w + 202y =0,
that is, to find the condition that the line Iz + my +mnz=0

should pass through one of these four points.
The tangential equations of these conics are

2= Al + Bm* 4+ On* 4 2Fmn + 2Gnl + 2Hlm =0,
=AC+Bm+ C'n'+ 2F'mn +2G'nl + 2H lm =0
20—2
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And the equation of any conic through their points of

intersection is
S+ kS =0,

whose tangential equation is
a+ka', h+kk, g+ky,
h+EkV, b4k, f+kf,
g+ky, f+Ef, c+kd,
L m, n,

© 3 8§ ~

This on being multiplied out gives
2+ kP + k% =0,
where
D = (be’+ b'c — 2ff") I + (ca’ + a — 2g9") m?
+ (ab' + a’b — 2hk) 0 + 2 (gF + g'h — af ' — a’f ) mn
+2(hf'+ Kf=by' =Vg)nl+ 2 (fo' +f g —ch’ — k) Im.
Thus the tangential equation of the envelope of the system
of conics through the four points of intersection of S and 8" is

D2 =433,

But the envelope or locus of ultimate intersection of the
consecutive curves of the family S+ kS’ =0 is the four points of
intersection of S and &', for no two conics can cut in more than
four points, and all the curves of the family S + &S’ already pass
through the same four points,

oo P2 = 422,
is the tangential equation of the four points of intersection of 8
and S’

380. The student will have understood that ®2— 453’ in the last article
must be the product of four linear factors in 7, m, n of the form

(412 + Bym+ Oyn) (A5l + Bym + Cyn) (A5l + Bsm+ Csn) (A4l + Bym + Cyn)
and then (4,B,0)) (4:8,C%) (438,C;) (44B,Cy) give the coordinates of the
four points of intersection.

Let us illustrate this by taking the conics
S=ax?+by?-1=0,
Ssaal+by?—1=0.
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By actual solving we find that these intersect in the points

T=E J77
@V%:Wi &:@'

Now let us verify that the same result is obtained from ¢%—433'=0,

We have S=—bl2— am?+ abn?,
= -Vl -am?—a't'n?
and &= —(b+0)2— (a+a’) m2+(ab +a'b) n3

oo PR—4SS =0 {(b+ )2 - 400} +mA {(a+a')2 —4aa’}
+nt{(ab/ + a'b)? — 4aa'bb’}
—2mn? {(a+a') (ab' +a'b) — 4aa'b — 4aa'd’}
- 2n22 {(b+ V") (ab’ +a'd) — 4a'bb’ — 4abb'}
+2I2m2 {(a+a') (b+b') - 4a’b — 4ab’}
=(b-b)2 U1+ (a—a' ) mt+ (ab — a'b) nt — 2 (a— o) (ab’ — a'b) m?n?
—2(b' —b)(ab' —a'b) nH2 -2 (a—a’) (V' - b) Pm?
=WV =b+mVa—d +nval —a'b) (- Wb —b+mNa—d +nyab' = a'D)
XUV —b-mNa—=d +nnab —a'b) (INV—b+mna—a - nrab = b).
Thus the four points of intersection have their coordinates proportional to
WY =b, Na—d', Nab' —a’b), (-6 =b, Na—d', ab' ~a'b),
Wb =b, —Na—d, Nab' —a'b, WV =b), Na—d, —Nab' —a'b).
But as the z coordinate is unity, the actual # and y coordinates are
NE=b  Na-a _AN¥-b  Na-d
Nab —a'b’ «/ab’—a’b)’ Nab —ab’ I\/ab’—A;'iJ)'
N ﬁﬂ)(_ﬁj ﬁﬂ)
Nab—ab’ " Nab—ab/)’ Nab —a'b’ _;\/EUTZEI,' ’
These agree with what we get by actual solving of the equations.

381. Equation of four common tangents of two
conics.
We pass now to the reciprocal of the problem of § 379, viz.
To find the equation of the four common tangents of two
given conics
S = az® + by? + c2* + 2fyz + 292z + 2hay =0,
S =a'z?+ Uy + 22+ 2f'yz + 29’2z + 2h'zy = 0.
The tangential equations of these are
S = AB + Bm? + On* + 2Fmn + 2Qnl + 2HIm = 0,
= AP+ Bm* + O'n* + 2F'mn + 2G@'nl + 2H'lm =0.
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Thus the tangential equation of a conic having as tangents
the common tangents of the given conics is

S+k3=0.
And the point equation of this conic is (§ 372)

A+kA’, H+EH, G+Ek@, =z |=0,
H+kH', B+kB, F+kF, y
G +k@, F+kF, C+kC, =z

x, Y, z, 0

which is
BC-F)a+(CA -Gy +(AB-I*)2*+2(GH - AF)y:
+ 2(HF — B®) ze+ 2 (FG — CH) zy + kF + B*[(B'C' — F*) &*
+(C'4' -0y +(A'B-—H"2+2(GH — A'F')yz
+2H'F'-BF )2z +2(F'G — CH)zy] =0,

where
F=(BC' +BC-2FF)a*+ (CA"+ C'A - 2GG) y*
+ (4B +A'B-2HH')2+2(GH'+ H - AF' —A'F)yz
+2(HF'+ HF - BG' - BQ) 2z
+2(FG'+F'G—CH - C'H)ay.

Now BC—F?*=(ca—g®) (ab—1*) —(gh—af)=aA.
So CA—@*=bA and AB— H*=_cA.
Also

GH — AF = (hf - bg) (fg — ch) — (be — ") (9h — af ) =fA,

and similarly
HF — BG = gA, and FG —CH =hLA.
Thus the above equation becomes
AS + kF +2A'S” = 0.

Hence F? = 4AA’SS’ is the envelope of the system of conics
touching the common tangents of the two given conics.

But the envelope is the four common tangents themselves,

Therefore, F* = 4AA’SS’ is the equation of the four common
tangents of §=0 and 8’ =0,
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382. Reciprocal relation.

Let us notice that we could have deduced the equation of
the four common tangents of

S=(a,b¢f, 9 h)(2 1y 2P =0..cccccerenen.. (1),
S'=@@,,c,f,9, )@y, 2=0 ......... (2),
from the result of § 379.
For if we reciprocate these two conics with respect te

x4y +27=0,
we geb (A4,B,C F, G, H)(z, 9, 2 =0..c.c000eee....(3),
(4, B,C,F',G',H') (2,9, 2)*=0 ......... (4).

The tangential equation of the four common points of these
two is, by § 379,
q)lﬂ = 4‘2121’ ........................ (5)

where @, is the same function of the capital letters 4, B, C...
A, B, (C ete.,as ® wasof a, b, c...a’, V', ..., and

Si=AD+ Bm*+ Cn? + 2Fmn + 2G,nl + 2H,Im,
where 4,, B,, C,, etc. are the minors with their proper signs of
4, B, C, etc. in

4, O G|,
H, B, F
G, F, C
that is 4, =aA, B, =bA, C,=cA, F,=fA and so on, where
A=|a, h g¢g],
h, b, f
9. f ¢
that is 21=A4(a, b ¢ f, g, k) (1, m, n)

and 3, is similarly A’ (&, ¥, ¢, f', ¢, &) (I, m, n).

Now if in the equation (5) we write «, y, 2z for I, m, n
respectively we shall obtain the reciprocal with respect to
&'+ y* + 22=0 of the four common points of (3) and (4), that is
we shall obtain the four common tangents of (1) and (2), viz.

' =4AA'SS,
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where F stands for what ® of § 379 becomes when we change
l, m, n to &, y, z respectively and write capital letters in the

coefficients.
This result agrees with what we have obtained independently

in § 381.
/% 383. Circular points at infinity in generalised co-
dinates.

To find the tangential equation of the circular points at
infinity in general homogeneous coordinates.

Here we want to find the condition that the line ¢
le+my+nz=0 ..ccovvvvvnvinnannns 1)

should pass through one or other of the two circular points.
The circular points are given by

a2+ BY+92=0 .evirereereninernann. (2),
2 b2 c? 0 3
._yz+'8zm+;acy- .................. 3),

for these give the intersection of the line at infinity with the
circumcircle of the triangle of reference.

Treating these three equations as simultaneous, we have
from (1) and (2)

Substituting in (3) we get

56-96-95(-96-
G-

+b’E,—+c’-— -+ — a“)%s—-(c’+a’—b2)ﬂ

that is
l

- (a? +b=-cz)£’;-
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which we may write

Q——l’ ’g, m? + —’ns—%%mncosA
—-z-cgnlcosB—2—w‘-lmcosC'=0.
ya a3

This then is the tangential equation required.
It will be seen that

Q= (g ! —%efcm—se“3n> (g - % e~ m —% e"Bn) .

So that the coordinates of the circular points are propor-
tional to

{g, —%(cosC+isinC’), -—%(cosB-—isinB)},

and {S, —%(cosC’—isinO'), —s(cosB+isinB)}.

These coordinates are not however of any serious importance.
It is the expression Q that will be used hereafter.

384. Circular points in areal and trilinear coordi-
nates. TT——— —_ )

(i) If the point coordinates be areal, a=B=q9=1, and we

geb
Q =a?l + b'm? + c*n? — 2bcmn cos A
—2canl cos B — 2ablm cos C =0.

(ii) If the point coordinates be trilinear, a:B:y=a:b:¢,
and the equation simplifies down to

Q=04+m*+n?— 2mncos A — 2nl cos B —2lmcos C = 0.

It is thus a special advantage which the system of trilincar

coordinates has, that the equation of the circular points reduces
to so simple a form.

Example. Shew that the length of the perpendicular distance of the
point (2, g, z) from the line L={x+my +nz=0 in generalised homogeneous

coordinates is JA—DL where A is the area of the triangle of reference.
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385. Circular points in Cartesian coordinates.

To find the tangential equation of the circular points at
tnfinity +n Cartesian coordinates.

The equation of the circle of radius a having its centre at
the origin is

224 2zycosw+ Yy —a2? =0 .....oeunenens 1.

The line at infinity is 2=0 .o (2).
We require the condition that the line

le+my+nz=0 ........ ceereaeenaans (3)

should pass through a point of intersection of (1) and (2).
Using (2) in (1) and (3) we have
@+ 2zy cosw+ Y =0,

lo +my=0,
S B—2lmeosw+m=0 .oeeeuiannnnn. (4).
This then is the equation required. It reduces to
I+m*=0,

when the axes are rectangular.

Expressing (4) in factors we have

(! — me*’) (I — me—«%) =0.

That is the two circular points at infinity have for their

separate equations
l—me”+0.0n=0, l—me**+0.n=0.

Their coordinates are therefore (¢, —eit) and (¢, —e~*it)
where ¢ is infinitely large. When the axes are rectangular
these are (f,—st), (¢, + 1t).

386. Confocal conics.

We will make use of the tangential equation of the circular
points at infinity to find the equation of the system of comics
confocal with

S = ax* + by + c2* + 2fyz + 292z + 2hxy =0 ...... (1),

supposed referred to rectangular Cartesian axes (so that z =1).
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The lines joining the foci of a conic to the circular points
touch the conic (Pure Geometry, § 250).

Therefore the conics confocal with (1) touch the tangents
drawn from the circular points to (1).

Thus if

S=Al + Bm*+ Cn* + 2Fmn + 2Gnl + 2Hlm =0

be the tangential equation of the conic, since the tangential
equation of the circular points is

24+m3=0,
the tangential equation of the conics confocal with the given
conic is
Al + Bm?+ On* + 2Fmn 4+ 2Gnl + 2HIm + N (I* +m?) =0,
ie. (A+N) B+ (B+N)ymi+ Cn® + 2Fmn 4+ 2Gnl + 2Him =0.

Thus their Cartesian equation is

A+, H, G, =z |=0,
H, B+, F, y
@, F, C, z
x, v, z, O
that is
A, H G z|+ | H @G =
H, B F, y 00 B, F, y
G, F C, =z 0, F C, :
z, Y 2z 0 0, v, 2 0
+l4, 0, @ =z| + | 0 G =2|=0,
H N\ F oy 0, », F gy
G 0 C, =z 0, 0, C =z
z, 0 2 O 0, O, z, 0
that is
—AS4A| B, F, y|+2r| 4, G e|+NM C z]|=0,
F, C = G, C, =z 2, 0

v, % 0 z, =2 0
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that is

— AS+ N(2Fyz — Cip— B2+ 2Gzx — Co* — A2*) — N2 =0,
that is

AS+ A {C(2* + y*)— 2Fyz — 2G2z + (A + B) 22} + \%*=0.

387. The foci.
To find the foct of the conic
S = aa® + by + c2® + 2fyz + 2922 + 2hay =0,

referred to rectangular Cartesian axes.

Form the tangential equation

S=AP+Bm*+ Cn* + 2Fmn + 2Gnl + 2HIm = 0.

Then Z+E@P+m)=0
represents the conics touching the tangents from the circular
points to the given conic, which tangents intersect in the foci.

Determine & so that this is the product of two linear factors

in I, m, n and the two points thus determined will be the foci.
The equation giving % is

A+k H, G@G|=0,
H, B+k, F
G, F, (o}
that is
A, H G|+ |k H @
H, B, F 0,0 B, F
G, F (¢ 0, F, C
414, 0, G| + |k 0, G|=0,
H, k F, 0, k&, F
G 0, C 0, 0, C
that is A+ kE(BC—-F'+ AC— @) +12C=0,
that is A + kA (a + b) + k* (ab — ht)=0.

In the case where the conic is a parabola this reduces to
k(a+bd)+A=0.
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Bxamples. 1. Find all the foci of the conic whose equation referred
to rectangular axes is
22% - 8xry—4y? -4y +1.
[Here a=2, b= -4, ¢=1, f=-2, g=0, h=—4.
A=-8, B=2, C(=—-24, F=4, G=8, H=4 and A= —33.
The equation giving £ is
— 2442 — 2kA + A2=0,

that is (6k— ) (4k+4)=0,
. . A 16 A
which gives k"ﬁ =-gor k= -7 8.

Taking £=-8, we have
S+4£Q= — 812+ 2m?—24n? + 8mn + 16nl + 8Im + 8 (13 + m?)
=10m? — 24n? 4+ 8mn + 16nl + 8lm
=2 (m+2n) (41 + 5m—6n).
Thus we have the two foci whose coordinates are proportional to
o, 1, 2), (4, 5 —6).
Hence as z=1, the coordinates of the foci are (0, %), (— %, —§).
Next taking £= — 18, we have
3 (3+4Q)= — 2412+ 6m? - 72n2 + 24 mn + 48nl + 24Im — 16 ({* +m?3)
= — 4002 —10m2 - 72n% + 24mn + 48nl + 24Im
= — 2 (2002 +5m3+ 3613 — 12mn — 24nl — 12im).
The imaginary foci are then given by
2072+ 5m? 4 3602 — 12mn — 24nl — 12Im =0,

that is 2002 - 2 (6m+12n) I+ bm? — 12mn+36n2=0.
6m+12n £ /(6m + 12n)% — 20 (5m2 — 12mn+ 36n?)
R
20
6m+12n+ 4/ — 64m? 4 384mn — 57602 _ 6m+12n+1(8m —24n)
= 20 - 20 :

oo 100=3+4)m+(6F120) n
that is
100~ (3 +47) m— (6 —12) n=0, or 10/~ (3 —4i)m ~ (6+12t) n=0;
thus the coordinates of the foci are

10 3+44 -10 3-4i
{—6(1—-20’ 6(1—2i)} and {6 A+25)’ 6(1+2i)}’

1-;22’--1-;22} and {_1—21, _1+2z}.

that is { - 59 3

Tt can be verified that the line joining these two foci and that joining
the two real ones bisect one another at right angles.]
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2. Find the focus of the parabola
224+ 2zy +y? - 42+ 8y —6=0.
8. Find all the foci of the conic
823 — 4zy+by3—162x— 14y +17=0.

388. Condition for a rectangular hyperbola.

To find by means of the circular points at infimity the
condition that the general equation of the second degree in
generalised homogeneous coordinates may be a rectangular
hyperbola.

We will take as the general equation

Ax*+ By + C22 + 2Fyz + 2G2x 4+ 2Hay = 0......(1).

The pair of points (@, 1, 21) (@, ¥2,2,) Will be conjugate for

this if
Az, + By, + Coi2, + F (g2, + y.20) + G (212, + 2,7,)
+ H (zy, + 2,) =0,
and thus the pair of points given by
ul® + vm? + wn? 4+ 2u'mn + 20'nl + 2w'lm =0

in tangential coordinates will be conjugate for (1) if

Au+ By + Cw + 2Fv + 2Gv + 2Hw' =0.

Now the circular points at infinity are given by
02

~l’+B,m’ 9 n? — 2%’;17;71 cos A — 2&EnlcosB
ab
-2 e Im cos C=0.
Therefore the circular points will be conjugate for (1), that

is the conic will be a rectangular hyperbola if (see Pure
Geometry, § 248)

a? b? c? be ca
A§+B§+ 0;—,—21”[—_}& cosA—2G—cosB
—-2H algcos(}’=0.

This agrees with our previously obtained condition (§ 311).
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389. Perpendicular lines.
To find the condition that two lines
le +my+nz=0, lVz+my+nz=0,
should be perpendicular.
We require the condition that
(lz + my + nz) Vo + m'y + n'2) =0
should satisfy the condition for a rectangular hyperbola obtained

in the last paragraph.
This condition gives
ll + mm’ E’-Hm ;—(mn +mn)§ cos 4
- '+ n’l) — cos B - (Im’ + l’m) ,3 cosC=0.

And this can be ertten

, 002 m’ BQ , 00
or its equivalent
) 104 oY o) 0

Wt o T

EXAMPLES.

-

v

X1. Obtain the coordinates of she centre of the conic whose tan-
gential equation for Cartesian coordinates is (a, b, ¢, f; g, &) (I, m, n)*
and shew that the conic is a parabola if ¢=0.

3. The line lx + my + n=0 satisfies the relation
(@, b, ¢, 15 9, k) (I, my m)*=
shew that its envelope is an ellipse, parabola, or hyperbola accord-
ing as
cla, h g|Z0.
<

hy b f
9 S o




416 TANGENTIAL EQUATIONS.—ENVELOPES

3. The envelope of chords of an ellipse which subtend a right
angle at the centre is a concentric circle.

Obtain in generalised homogeneous coordinates the tangential
equation of a circle whose centre is (/; g, %) and whose radius is 7 in
the form

2 2 2
4A? (If + mg + nh)* =12 {:T’lz + b—m“’+ %n’—2 b mn cos 4
Y

B By

-2 fi]LnlcosB—2(}—b—lmcosC'},
o o3

A being the area of the triangle of reference.

Prove that the conics
yz+zx+ay=0

and sin%Jm+sin§Jy+sinng=0

in ¢rilinears are confocal.
[Use the method of § 386. Form the tangential equations 3= 0,
3/ =0 and shew that 3' = 3+ £Q.]

6. The condition that the line lx+my+n=0 should be a

normal to the conic
ax® + 2hay + by* + 292+ 2fy +¢=0,
the axes being rectangular, is
(al? + 2hIm + bm?) (AP + Bm? + Cn? + 2Fmn + 2Gnl + 21Tlm)
=A(P+m?)2

[Write down the equation of the pair of tangents at the points
where the line cuts the conic (§ 368). Then get equation of pair of
lines through the origin parallel to these, and express the fact that
lx + my = 0 is perpendicular to one of these.]

7. If (a, b, ¢, 1, g, B) (I, m, n)* =0 be the tangential equation of
a conic, the coordinates of the pole of the line lx + my + nz =0 with
respect to it are in the ratio

al +hm + gn : hl+bm +fn : gl + fm + en.

8. The conics confocal with ax®+ 2hxy + by* =1 are given by
(a+ M) a®+ 2hay + (b+A)g*=1+\ (A +a+b)+(ab-AY)
the axes being rectangular.
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9. Tangents are drawn at the feet of the normals from a
2 2
point (f; g) to the ellipse 22+ ‘%,:1. Shew that the equation of
the parabola which touches the four tangents is
Niz+ N =gy + N -5 =0.
[The tangent at (x,, ¥,) i8 &+ my + n = 0 where

Vim:in="22:%._1,

i
The normal at this point goes through (£, g) if
Vg

L K1
. Jf g az_bz_o
. l—'m —;‘7—-_

Hence the tangent touches the conic whose point equation is
Niz+N =gy + M@ =) 2=0,
but this conic is inscribed in the triangle of reference and therefore

touches z=0 which in this case is the line at infinity. Thus the
four tangents touch the parabola

e+ N =gy +Na¥ =52 = 0.

This parabola moreover touches the coordinate axes.]

10. If two conics have three point contact, and @ be the pole
with respect to the second of the tangent at P on the first, the
envelope of PQ is a conic having double contact with the first.

[Take as triangle of reference that formed by the common
tangents and common chord.]

2
11. From (x,, y,) four normals are drawn to 2:+ %,—1 =0;

shew that the four corresponding tangents satisfy the tangential
equation
Zouv — YovA + cAAu=0 where ¢?=a®—b%

Thence by considering the point equation of
k (a®A? + b%u? — 1) + 2 [@ouv — yovA + ¢Ap]=0
shew that the equation of the four tangents is
(c'oy — @’y + by gw)® — (B°%+a’y? - a’b*) [(wag — Yy — 0°)* + dacy2ass] =0.
A 27
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12. Shew that the envelope of polars of a point with respect to
a series of confocal conics is a parabola which touches the axes; and
prove that if normals be drawn from the point to the conics, the
tangents at their feet touch this parabola.

13. Shew that the asymptotes of the hyperbolas which touch
the axes where & + my — 1 =0 cuts them envelope the parabola

(le— my)*~ 4 (lx + my-1)=0.
14. From a point 7' (a, 8) tangents 7'P, 7'Q) are drawn to the

2
ellipse £:+ Y =1. Shew that the equation of the parabola which
a? b
has double contact with the ellipse at P and @ is
(2B — ya)? + 2b%ax + 2a°By =b%a® + a7+ o
Shew also that if (a, 8) is on the line iz + my =1 the directrix of
the parabola envelopes the parabola whose equation is

(ma —ly)* + 2 (lo + my) = 1 + (I + m?) (a® + B7).

15. The sides of a triangle inscribed in an ellipse touch a
confocal ellipse. Shew that the points of contact are the points at
which they touch the corresponding ecircles.

16. A straight line meets one of a system of confocal conics in
P and @, and RS is the line joining the feet of the other two
normals drawn from the point of intersection of the normals at P
and Q. Prove that the envelope of RS is a parabola touching the
axes,

17. Two fixed points P and @ are taken on a given conic, and
R is any point on a fixed straight line; the lines PR and Q& meet
the conic again in I and Q’; prove that the envelope of P'Q’is a
conic

18. If two conics have double contact, then every conic con-
focal with the first has double contact with some one confocal to
the second, and the four common tangents to any confocal to the
first and any confocal to the second touch a variable conic which
touches the common tangents of the original conics.

19. The envelope of a chord of a conic subtending a constant angle
at a focus of the conic is another conic with the same focus and axis.



TANGENTIAL EQUATIONS,—ENVELOPES 419

20. A straight line passes through a given point. Prove that
the envelope of the line joining its poles with respect to two given
coaxial conics is a parabola.

21. From points on a given straight line lines are drawn
parallel to the polars of the points with respect to a conic; prove
that these lines envelope a parabola.

22. A system of conics have a common focus and directrix.
Shew that the normals at the points where a line through the focus
in a given direction meets the conics envelope a parabola having its
vertex at the focus and touching the given line.

23. Interpret the equations in generalised homogeneous co-
ordinates :

(i) 4 (lx+my+n2)+ B (I'e+m'y +n'2)? =Clax + By +v2)},
(ii) (x+my+nz)=k(l'z+m'y +n'2) (ax+ By +y2),
(iii) (lz+ my + n2) (I'z + m'y + n'2) = k (ax + By + y2)?,

in the cases (a) where /, m, n, I, m/, n' are connected by the

relation

0 60
lal m+’ﬂ 51;—-0

(b) where they are not so connected.

24. A parabola circumscribes a triangle, shew that its axis
touches a curve of the third class given by

ao 89 o0
2 ol 2
A S Vi =0,
and the tangent at the vertex always touches the curve of the sixth
class defined by the rationalised form of
390 3% 4 =
A + By.
where the line at infinity in point coordinates is = + y + 2=0, and
the rational tangential equation of the circular points at infinity
is 0 =0,
[Use Ex. 23.]

=0,

25. Consider what modification is needed in Ex. 24 if the
equation of the line at infinity be az + By + y2=0.

27—2
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26. The point coordinates being areal, prove that the asymp-
totes of all conics circumscribing the fundamental triangle and
passing through the point (x,, ¥, 2,) touch a curve of the third class
whose tangential equation is

(B=v)'A (v =N'p Q=p'v_,
x % %

27. If four normals be drawn to the conic whose tangential
equation is 2 =0 from (x,, ¥,, %), then the tangential equation of
the parabola touching the tangents to the conic at the four feet is

(2, Q) 2(3, Q) (%, Q)
xla(/"”’) Lo, )\)+ 8()\,;;)_0’
where 2 =0 is the rational tangential equation of the circular points
at infinity.

28. A conic confocal with the conic S exists which touches the
sides of the triangle A BC. Shew that of the conics which touch
the four tangents to § from the points B and C, one has a focus at
4 and the companion focus on BC.

29. Find the envelope of a line on which two circles intercept
chords whose lengths bear a constant ratio to each other.

2
30. A chord PQ of :-} B 1 is drawn through the fixed point

(f; 9). Prove that if the circle through P, @ and C, the centre of
the ellipse, cut the curve again in the points & and S, then will 2§
touch the parabola whose focus is C, and the equation of the tangent

at the vertex
(a® - 8% (9y — fx) + a’b*= 0.

31. If a parabola passes through fixed points 4, B, C, the
envelope of the tangent to it at the extremity of the diameter
through a fixed point D is a conic circumscribing the triangle 4 BC.

[Use Ex. 23.]

32. If =0 be the tangential equation of the circular points
at infinity, then the line Ax + uy + vz =0 is a normal to the conic

(a’ b, c’f; 9, h) (xa Y, z)’ =0,

3(3,0) 3(3, Q) "’—@m}':o
TP R TOR VAN Thu B

provided that
(4, B, C, F, G, H){
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33. The point coordinates being areal, shew that the equation
of the director circle of the conic (inscribed in the triangle of
reference) whose tangential equation is

Jma + gnl + hlm =0
is {0+ —a?) fx+(*+a’—= %) gy + (0 + B2 = ) hz} (x+y + 2)
=2(/+g+4h)(@yz + L%z + c’ry).

34.  Find the equation of the ellipse whose real foci referred to

rectangular axes are (w, y,), (%,, y;) and whose minor axis has
length 2%, in the form

[(z—=) (Y =) — (=) (y - y) P
+ 4k° [(x - ) (a:—ac.,) + Q/'".'/l) (y _y2>] — 480



CHAPTER XIX.
COVARIANTS.

390. Covariants defined.
In the last chapter (§ 381) we saw that if
S=aa® + by + c2* + 2fyz + 292z + 2hxy =0 ...... 1),
S’ =a'a® + by + 22+ 2f yz + 29'22 + 202y =0...(2),
be the equations of two conics in any system of homogeneous
coordinates, then
F2—4AA'SS'=0
is the equation of their four common tangents.
Now suppose that we transform our equations to any other
system of homogeneous coordinates by the substitutions

w=>\1X +I.‘11Y+ VIZ

Y=MX + 1V +v,2 poeeeeeniinnn. (A).
Z = )\.3X + /‘3Y+ VSZ
So that
S=8=(a, b,6)X, Y, Z2=0 ............ (3),
S'=8'=(,b,¢)) (X, Y, Zy=0 ......... (4).

Then the equation of the four common tangents to S, =0,

S =0 will be
F2—-4AA/S,S/=0,

where A,, A/, F,, S,, S, are exactly the same functions of the
new coefficients and of the new variables that A, A, F, S, S’
were of the old coefficients and variables.

But we could find the equation of the four common tangents
to (3) and (4), by taking the equation

F1-4AA'SS’ =0,
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which represents the tangents to the same two conics in the
forms (1) and (2), and then changing the variables by the
relations (A), afterwards expressing the coefficients a, b, ... @/, ¥/,
etc. in terms of the new coefficients.
The result must be the same in the two cases.
This however does not entitle us to say that
Fp?—4AA/S,S/ =F - 4AA'SS’.
What we can infer is that the ratio
F2—4M,A0/8,8) : F?* — 4AA'SS’
is independent of the variables. And as §;=8 and §/=8"
while A, =€’A and A, = ?A’, where

€= N, 1, n |,
)"2: Mg, Vg
hl; /“3: Vs

(for this has been proved in § 855) it is clear that F, = ¢'F'.
This could indeed be proved by actual substitution’but the
work would be very laborious.

The expression F and likewise the expression
F? — 4AA'SS’
are called covariants for the two conics.

Definitlon. A covariant then may be defined as a function
of the variables and coefficients in the equations of two conics,
such that the same function of the new variables and the new
coefficients of the same two conics, when their equations are
transformed by linear substitutions, bears to the original function
a constant ratio. This constant ratio is always as a matter of
fact a power of the determinant e.

391. Geometrical interpretation of covariants.

It seems clear then that any covariant of two conics equated
to zero gives a locus connected geometrically with the two
conics. For example, as we have seen, F? — 4AA’SS’ =0 is the
equation of the four common tangents. We naturally ask then
how the locus F =0, which is a conic, is connected with the
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two conics. Salmon has proved that this is the locus of points,
the two pairs of tangents from which to the two conics
are harmonically conjugate to each other.

This we shall now proceed to prove,nor shall we in so doing
assume the covariant character of F.

392. The F conic.

To find the locus of points the pairs of tangents from which
to two given conics

S = az? + by + ¢ + 2fyz + 292z + 2hxy =0 ...... (1),
S’ =d2+ by + 2+ 2f 'yz + 292z + 2k xy =0 (2),
are harmonically conjugate to each other.
The equation of the pair of tangents from (,, %, 2,) to (1) is
(az? + by + c2* + 2fyz + 2922 + 2haxy)
X (az,® + by? + ¢z’ + 2fy. 2, + 292,20, + 2ha,y,)
— {(@@+ by + g2) @ + (ha + by + f21) y
+ (921 + fin + cz) 22 = 0.
Now the coefficient of 2* on the left side is
a(az?® + by? + c2.* + 2fy.z, + 2922, + 2hayy,) — (az + by, + 921)%
which = (ab—2)y’+ (ca—g") 2> —2(gh —af ) &
=-Qy1’ + le“\- 2F:ylz, .
Similarly the coefficient of 3? is
Azp + Cz? - 2G 22y,
and the coefficient of 2? is
Bz + Ay* — 2Hmy,.
Also the coefficient of 2yz is
f (az® + by,* + ¢z + 2fyzy + 2922, + 2hayy,)

. — (hay + by, + f2) (91 + [y, + ca),
which ‘
=—(gh—af) &*— (be - f*) yr&r + (fg — ch) 22,

+ (Wf —bg) 2y
=— Fo?— Ayz, + Hzx, + Goyg, l
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Similarly the coefficient of 22z will be
— Gy? — B2,z + Fzyy, + Hy, 2,
and the coefficient of 2zy will be
— Hz? — Oy, + Gyizy + Fz,2,.

Thus the equation of the pair of tangents is

(Cy? + Bz — 2Fy,2,) 2* + two similar terms

+ 2 (Geygyh + Hzxy — Ay,2, — F2?) yz + two similar terms =0.

Putting z = 0 in this we obtain
(Cy? + B2 = 2Fy.z) 22 + (A 22 + Cx* — 2Qz.2,) o
+2 Pz, + Gy2y — Oy, — Hz2) 2y =0 ............ (3),

which is the equation of a pair of lines joining the C-vertex of
the triangle of reference to the points where the pair of
tangents meet the opposite side of the triangle of reference.

Similarly

Oy + B’z — 2F'y,2) & + (A'22 + O’ — 2G 22 2
+2(F 2w + Gy, — C'oy,—H'z)zy=0......... 4)
will be the equation of the pair of lines joining C to the points
where the pair of tangents to (2) meet the opposite sides of the
triangle of reference.

The condition that the two pairs of tangents should be
harmonically conjugate is plainly the same as that (3) and (4)
should be so, and this is

(Cy+ Bz + 2Fy2) (4’2 + O’z — 2G'2,m))
+ (C'y? + B'2? - 2F"y,2)) (A 22 + Oy — 2G2,2,)
= 2 (Fzx, + Gyy2, — Cyy, — Hzp)
X (F'za, + G'y2y — C'ayyy — H'z).

Multiplying this out and dividing by 2z’ we see that the
locus of (@1, %, #,) 18 the conic
(BC’+ B'C — 2FF’) z* + two similar terms

+2(GH + G'H —AF' — A'F ) yz + two similar terms =0,
that is F=0
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393. The work of the preceding paragraph could be made
easier if we were to assume the covariant character of F, for
then we could reduce the equations of the two conics to standard
forms and write

S=a,X3+b,Y%+ ¢, 22,
S =za/X*+b'Y2+¢/2Z5

The algebra would then be simpler, and we should find that
the locus of the points, the pairs of tangents from which to the
two conics are mutually harmonically conjugate, is

F] = 0.
And as F, = ¢'F, we see that the locus when we revert to
the old coordinates is F* = 0.

The student can gain practice in the algebra by going
through the work in this simpler case.

394. Properties of the F conic.

The conic F = 0 passes through the eight points of contact of
the common tangents to S=0, 8’ =0.

For let P be a point of contact with S of a common tangent
to the two conics. If the equation of this common tangent be
lz + my +nz=0, then the pair of tangents from P to S will be

(lz+my +n2P=0...cc000vuvenunnen. (1),
and the pair of tangents from P to S’ will be (say)
(lz+my + nz) e+ m'y +n'2)=0 ......... (2),

and the lines (1) satisfy the test for being harmonically conju-
gate with (2).

Hence P lies on the locus F' = 0.

Cor. 1. If S=0, 8’=0 touch, then F =0 will touch them
both at their point, or points, of contact.

Cor. 2. If 8 and 8’ have three point contact at P, F* will
also have three point contact with them at P.

Cor. 8. If Sand S’ have four point contact at P, F will
also have four point contact with them at P,
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Examples, 1. S=e2+2k2y=0 and §'=by?+cz?+2kzy=0 are two
conics with four point contact. Prove that their F conic is

by +2c2%+ 4hxy =0,
and so verify that F has four point contact with S and 8’ at their common
point =0, z2=0.

2. S=c?+2hxy=0 and 8'=c2?+2fyz+2hzy=0 are two conics with
three point contact at =0, 2=0. Express their F conic in the form

=3/ + e (e + 2fyz + 2hay) =0,
and shew that it has three point contact with them.
395. F in the standard form.

The covariant F assumes a simple form when the equations
of the two conics are given in the form

S=aa®+ by + ¢22=0,
S'=a+yP+22=0,
for then A=bc, B=ca, C=ab, F=G=H=0,
4'=1, B'=1 ('=1, FF=G'=H' =0.
So that F=a(b+c)a*+b(c+a)y®+c(a+b) 2

We see then that the conic F =0 has for a self-conjugate
triangle any triangle self-conjugate to the original conics,

396. Conditions for double contact.
To find the conditions that the conics
S = ax® + by? + c2* + 2fyz + 292z + 2hay =0,
S'=a's® + VP + ¢’ + 2f 'yz + 29'2w + 2Ny =0,
should have double contact.

We have seen (§ 324) that if two conics have double contact
their equations can be reduced to the forms

S=S=a(@+y)+c*=0,
S'=8za+y+2=0,
whence
F=za@+c)a*+a(c+a)yr+c(2a) 2=a8 +acS’.
Thus F is a linear function of S and S’.
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Therefore since S=8 and §’=S’, and F = 'F, we see that
F must be a linear function of S and S’; so then we write
F=r+18".
Now let us write (a, b, ¢, f, g, h{z, y, 2)? for F, so that
a=BC' + B'C-2FF,
and so on.
We thus get
a=ka+ld, b=kb+ 1, e=ke+1c,
f=kf+1Uf’, g=kg+lg, h=Fkh+1N.
Hence we have as the conditions for double contact of the

conics S and S’,
a b ¢ f g hl|=0,

a, b, ¢ f. g, h
a/l, b/’ cl, f/’ gl, h/
by which is meant that all the determinants formed by taking
any three of these columns are zero.
The student will see also that these conditions are suficient
to ensure double contact.

397. Polar reciprocal.

We may use the covariant F and the invariants to find
the equation of a conic geometrically related to two given conics.

Thus let us find the equation of the polar reciprocal of

S = az®+ by + cz* + 2fyz + 2gza + 2hxy = 0,
with respect to
8 =a'a* + by + ¢’ + 2f 'yz + 2g'2w + 2K xy = 0.
Transform the conics to
S=S=aX?*+BY*+yZ2=0,
8 =8=X1+Y2+22=0.

We then have

A=aBy, A'=1, O =By +ya+aB, G—D'=a+,3+'y
and  F=a(B+9)X'+B(y+a) Y +y(a+ )22

Then (§ 820) the polar reciprocal of S with respect to S’ is

ByX:+yaY?+aBZ%=0,
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that is
(By +ya+aB) (X*+ Y* + 27)
—{aB+Y X' +B(y+a) Y +y(a+B) 27} =0,

that is 85 —-F =0.
Hence the polar reciprocal of S with respect to S’ is
88 —F =0.

Examples. 1. S and 8’ are two conics; Jrom P a point on S’ tangents
are drawn to S to meet 8’ again in @ and R; it is required to find the
envelope of the line QR.

The first solution we will give is somewhat lengthy but it is instructive
from an analytical point of view.

‘We will transform the equations of our conics so that
S=22 413+ 22 i, . weee(1),
S'=ax?+ b2+ c2% covviiiiiieiiiiienrannen (2).
We may represent a point on (2) by means of the relations
Naz=24 "¢ cos 6,
Ab y=24/—csin 4,
and then the equation of the chord through the points given by §=a and
=48, will be

x/c_tzcosg—-;—B+\/l—>ysina;B—zv-ccosa—;—B=0 ...... (3).

Let  and R be the points a and B, and let P be given by §=y. Then
the chords

Vaz cos ‘_‘_‘*2114_ Vby sina—;—y—u/?ccosa;—y=o

and «/;xcoség—z+ JBysin’s—;'l_,V:cmE;7=°

are both tangents to (1)
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acosf“—‘2il’+b sinﬂ‘ii;i’—c Rt TR ()

acos2'3;y+b sin“B;y-—c cos? B—;—y=0 ceereencenes (B)

We want to find the envelope of the line (3). Let us then write this
line lox+my +nz=0, where

l=/s/'&cos —ﬁsma'Hs, n=— ccoss———'g

Now from (4) a.nd (5) we see that a and 3 are roots of the equation in
8, viz.

047 _ o =
2

a cos? 6—;7+ b sin? —c cog? —1 2 =0,

that is a(14co8 8+7)+b (1 —cos d+y)—c(14cos —y)=0,
thatis a+b—c+(a—b—c)cosdcosy—(a—b+c)sinfsin y=0,
which, if we write

b+ec-a=4, e+a-b=B, a+b-c=0C,
becomes 4 cos fcos y+ Bsin §sin y=C.

Thus we have
A cos acos y+ Bsinasiny=0C,

A cos B cos y+ Bsin B sin y=C,
And from these we have at once
Acosy Bsiny _ C

a+[3 . a+f a—3’
cos —5 sin — c08 —5
that is cosy_simy_ __1 |
l m n

Ava BVE  C/=¢
2 m3 n?
RN PVE + B + 6‘02=0.

Thus the envelope of the line is

aA%3+bB%?% 4 cC%?=0,

that is a(b+c—a)lazi+b(c+a-b)2yt+c(a+b—c)2?=0.
Now we have
A=1, ©=a+b+c, ©'=bct+ca+tab, A'=abe

Thus the envelope is

. a(6—2a)?22+b(0—2b)2y2+c(6—2c)222=0,
that is

©? (ax? + by + c2¥) — 40 (a222+ %3+ c%?) + 4 (aB2? + b3 + %) =0,
that is  ©28"— 4 {a (bly2+c%?) + b (et + a2a?) + ¢ (ala? + blyh)} =0,
or 628’ — 4 {be (by? +c2?) + ca (cz® + ax?) + ab (ax? + by?)} =0,
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thatis €38 =4 {be (8’ —ax?)+ca (S’ —by?)+ab (8’ —ez?)} =0,
that is 628’ - 406'S' +4abcS’' =0,
which we write (62-40'A) 8’ +444'§=0,
so that it is homogeneous in A, A’, © and ©'.

This then is the equation of the envelope for all homogeneous trans-
formations of § and S'.

We observe that if 62— 46'A =0, this reduces to the conic §=0. (Com-
pare § 360.)

The following short and elegant solution of the problem is given by
Salmon.

If we take PQR for triangle of reference we can write

S=a2+y3+22 - 2yz — 20z — 2\xY,

and S =2fyz+ 2920+ 2hxy.

Let A=1+ Ak, then

S=ux2+y2+2% + 2yz— 222 — 2y — 2hkxy,
v S+iS=22+y2+22+2(fk—1)yz+2(gk-1) 22— 2ay.

Hence S+ 4£9'=0 is a conic touching z=0, that is QR.

It can now be shewn that this conic is a fized conie.

For we have

A=1-2(1+hk)—1—1—(1+Ak)?
= —4 -4k - R = — (2+ kk)3,
©=2f(1+Ak+1)+29 (1 +2k+1)+2h (1 +1+AE)

=2(f+g+h) (2+1k),
©' =~ (f+g+h) - 2fghk,
&' =2fgh.
Thus o2 —4a0'=4A4.

Hence the conic S+£8 =0 is
(69— 4A6") §+444'S=0.
This being homogeneous in 4, &', 6, ©' must be a fixed conie.

9. The sides of a triangle touch a conic S and two of its vertices lie on
another conic S', to find the locus of the third vertex.

We can so transform our equations as that
S=ax?+by?+ cz?,
S'=a4yt+22
So that A=abe, ©=3bc, ©6'=3a, A'=Ll
Now reciprocate with respect to §’; we have two conles
Sy=bcz? + cay® + ab23, the reciprocal of S,
and S'=at+yt+4,
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such that tangents from P (the reciprocal of p) to S’ meet S in @ and R,
the reciprocals of ¢ and . And by the previous example the envelope of
QR is
(91’2 - 461A11) Sl + 4A1A1’S’ =0,
where A =a?lict= AY A/=1= A'z,
o,=abc(a+b+c)=40, ©/=bct+catab=06=2'0,

(q7)

Thus the envelope of @R is
(A"202—400'A") (bea? + cay? + abz?) + 4A2A" (22 + 2 4 2%) =0,
4A?
et—4a0""
The locus of (¢r) is the polar reciprocal of this with respect to §’,
which is
(be+1) (ca+A) 22+ (ca+X) (ab+N) y2 + (ab+X) (be+1) 22=0,
that is abeS+AF+2A28'=0,
which is AS+AF+22A'8' =0,
We now substitute for A, and get
AS (62— 4062+ 4A%F (67 - 446') + 1644478 =0
On dividing by A we have
(62— 4A0')2 5+ 4A (62— 4A6") F'+164%4'S'=0.

that is  bea?+cay?+abz?+ A (22 +y2+2%)=0, where A=

398. The ® conic.

As the locus of points the pairs of tangents from which to
two conics form a harmonic pencil is a conic, it follows by
reciprocation that the envelope of lines cutting two conics in
two pairs of points forming a harmonic range is a conic also.

Let us now find the equation of this conic for the two
conics

S=(a,bc,f,g9, h)(@y 2 =0..ccccueceoei(D),

S'=@,b,c,f,9, )@y 2=0 .cc..(2)
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If we reciprocate these two conics with respect to

&+ 1y + 22 =0,
we geb 8,=(4,B,C F, G Hy(z, y, 2?=0 ......... 3),
Si=(4, B, C, F, @ H) (5,9, 2/ =0 ......(4).

Now clearly if lz+my+nz=0 be a line which cuts (1)
in two points harmonically conjugate with the two points
in which it cuts (2), then (/, m, n) will be a point on the F
conic of (3) and (4).

But as the minorsof 4, B, C etc. in the determinant

A, H, @
H, B, F
G, F, C

are proportional to a, b, ¢ etc., being in fact
al, bA, cA ete....(§ 372),
and similarly the minors of A’, B, ¢’ etc. in their determinant
are a'A’, b'A’ etc., therefore the F conic of (3) and (4) is
(bc’ + b'c— 2ff’) a* + two similar terms
+2(gk + g'h — af ' — a’f ) yz + two similar terms = 0.

As then (I, m, n) lies on this we have
(bc’ + Ve —2ff") 13+ ete. + 2 (gh' + g'h — af ' — a'f ) mn + ete.=0.

That is ® =0, where P is as defined in § 379.

This then is the tangential equation of the conic which is
the envelope of lines cutting (1) and (2) in pairs of points
harmonically conjugate.

It is convenient to speak of this conic as the & conic of
(1) and (2

399. Point equation of ® conic.

To find the point equation for the ® conic of

S=(a,b,¢,/,9,h) (@,9,20=0 .ccvvveeuanns 1),
S =@, b,¢,f, g, F)(®,1y,2=0 cuer........ (2).



434 COVARIANTS

We transform these conics into
S=aX?4+ LY+ qZ%..cuceevevnnrnnnen. (3),
NEED: CE T C /4 O (4).
For (3) and (4)
A=aBy, ©O=By+vyataf,
@'=a+B+y, A'=1,
and  F=a@B+y)X*+B8(y+a) I*+vy(a+B) 2%
Now the P conic of (3) and (4) is
B+yl+(y+a)ym* +(a+B)n*=0,
and the corresponding point equation is
(v+a)(@+B) X +(@+B) B+ Y +(B+y)(y+a)Z2=0.
The coefficient of X? is
a(a+B+q)+By
=a(@+B+9v)+(By+ya+aB)—a(B+y)
=a® +O—a(B+7).
Thus the point ® equation of (3) and (4) is
O (aX*+BY*+4Z%)+ 0O (X2 + Y2+ 27)
— 2B+ X +B(v+9) Y’tyﬁw)z’} =0,
that is ®S+068' -F=0.
As this is homogeneous in ®, ®’, F, it follows that it is the
point equation of (1) and (2) when ®, @', F refer to those two.

400. Contravariants.
The expression ® which stands for
(bc’ + b'c — 2ff") I* + ete., + 2 (gh + g'h — af’ — a/f ) mn + ete.
is called a ‘ contravariant’ for the conics
S=(a,b,cf,9,h)(2y,2)7*=0,
S =(,b,¢,f.g, /) (x,y,2)=0.
A contravariant differs from a covariant 1n that it is a
function of I, m, n and the coefficients, not of =, y, 2 and the

coefficients. A contravariant equated to zero will give the
tangential equation of some locus geometrically related to the
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two conics; while a covariant equated to zero gives the potnt
equation of some locus geometrically related to them.
The analytical distinction between a covariant and a con-
travariant can be seen in the following way.
If the equations of the conics be transformed by substitutions
of the form
z=NX +;L1Y+ A
Y=MX + Y + 0.7 cenenvnnnnnnnanns (A),
2=0X + s Y + 1,7
the line Iz + my + nz =0 will be transformed into
VX+m'Y+0Z=0,

where
UV=Nl+Am+2Am
M =l + M+ g Y eeninireninnannns (B).
W =uvl+vm +vn
Now if Sla,be...a,V,c...1,mn)

be a contravariant,
f(aq, bi,c ...a/, blyel ... UV, m, ’n,)

E&f(a,bc...a,b,e...l,mn),
where ay, b,, ¢, etc. are the new coefficients of X2, 1 ete. in the
transformed equation and ¢ is the determinant

will be

AL H, V|
Aoy Mg, Uy
R'8) /"’3’ Vs

We observe then that the I, m, n are transformed into
U,m’,n’' by the substitutions (B), whereas z, Yy, z are transformed
into X, ¥, Z by the substitutions (A).

We can then define a contravariant in this way :

A homogeneous function of I, m, n and of the coefficients of
two conics § and 8”is called contravariant when, on the equation
of the conic being transformed by the linear substitutions

z=MX +uY +vZ
y=NX +mY +0Z s
£=MX + ps Y + 1,7
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and the I, m, n being transformed to ', m’, n’ by the substitu-

tions
V=114 2xm +rn

m' = pl + pm+ pan 3o

' =ul +vm+uvm
the function which is related to the new coefficients of S and
S’ and to I/, m’, n’ exactly as was the original function to the
old coefficients of S and S’ and to I, m, n bears a constant ratio
to it, viz. et where ¥ denotes some power of the determinant of
transformation.

401. 'The Jacobian of three conics.
If we have three conics
S = aa? 4 by + c2* + 2fyz + 2922 + 2hay =0,
S’ = a'a? + b'y? + ¢'2* + 2f 'yz + 292w + 20 zy = 0,
8"=a"z + 0"y + ... =0,
and we write down the equations of the polars of these with
respect to the point (2, ¥,, ), we obtain
(az, + hy, + g2) @ + (hae + by, + f2) y + (97 + fyn + 02) £ =0,
@z, + Ky +gz)x+ ... =0,
(@ 'z+hy +g'zn)e+ ... =0.
The condition that these three lines should be concurrent is
| az +hy, +92, ha +by +fm,  gm +fz +cz |=0.
| amy, +Ry +92, Koy 4V + 5, gn +fn + A
‘ @'z, +hy, +9" 5, Ko+ by 4, g'm+fp+ s
Hence the locus of points whose polars with respect to the
three conics are concurrent is the cubic curve
ax +hy +gz hy +by +f5, gv +fy +oz =0.
oz + Ny +gz5 Ko +by+fz gz +fy+cz
'z +ly+g's, Wa+b'y+f's gz+fy+ 'z
The expression on the left-hand side is known as the
Jacobian of the three conics. In the notation of the differential
calculus the equation can be writtcn



COVARIANTS 437

Sﬁr Sy) SZ = 0’

Sz Sy, 8,
S//z, S/Iv’ S//‘
where S, = g—f

402. Special cases of the Jacobian.

In the special case where the three conics have a common
self-conjugate triangle we can refer them to this triangle and
write

S = ax® + by + c2?,
S’ =ad'z®+ by + 22,
S"=a"y + by + ¢
The Jacobian curve, or locus of points whose polars with respect
to the conics are concurrent, is then

ar, by, cz |=0,
a'z, Uy, ¢z
a’z, by, ¢’z

that is xyz =0,

which represents the three lines on which lie the sides of the
triangle of reference.

403. Should it happen that the three conics all pass
through the same two points, A and B say, then it is clear that
the line AB is a part of the locus. For if P be any point on
AB and we take @ in the same line so that

(4B, PQ)=-1.
the polars of P with respect to all three conics will be concurrent
in Q. Thus all points in the line 4B belong to the locus.

In this case then the Jacobian curve will be a line and
a conic.

This will always happen when the three conics are all
circles; for all circles have the two circular points at infinity
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common. Thus the Jacobian for three circles will be the line
at infinity and a conic.

We can now shew that the conic in this case is the circle
which cuts the three circles orthogonally.

For the circle which cuts the three circles orthogonally is the
conic through the six limiting points of the circles taken in
pairs, and these limiting points belong to the locus of points
the polars of which for the three circles are concurrent. This
indeed follows from the fact that the polars of a limiting point
with respect to two circles are the same line.

404. The Jacobian will still reduce to a line and a conic if
the three conics all touch at a common point, for the common
tangent there is obviously a part of the locus.

If the three conics have double contact at the same two
points, then their Jacobian must vanish identically, for they
have an infinite number of common self-conjugate triangles
and all points on the sides of these satisfy the geometrical
property that determines the Jacobian (§ 401).

Examples. 1. If three conics have four-point contact at the same
point, shew that their Jacobian is identically zero.

2. If three conics have three-point contact at the same point, shew
that their Jacobian reduces to the cube of their common tangent at that
point.

3. If three conics have three-point contact at the same point, and a
gecond point common to all three, their Jacobian is identically zero,

405. The cubic covariant of two conics.

If we form the Jacobian of two conics S and S’ and their
F conic, it is clear that this will give a covariant for the two
conics, which is in the third degree in the variables.

That the Jacobian is a covariant is clear from the fact that
when equated to zero it gives a geometrical locus connected
with the two conies, viz. the locus of points the polar of which
with respect to S and S’ and F, should be concurrent.
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From what has been already said about the Jacobian of
three conics we have the following properties of the cubic
covariant in special cases:

(1) If S and 8’ do not touch, in which case S, S’ and F
have a common self-conjugate triangle, the Jacobian (denoted
by the letter J) is the three sides of this common self-polar
triangle.

(2) If S and S’ have simple contact, J will be the
product of their common tangent and a quadratic function of
z, y, 2.

(3) If S and S’ have double contact, in which case F
has double contact with them, J will vanish identically.

(4) If Sand S8’ have three-point contact, in which case
F has also three-point contact with them, J will reduce to the
cube of their common tangent.

(5) If S and S have four-point contact, J will again
vanish identically.

406. Jacobian of 8, 8’ and their & conic.

The Jacobian of two conics S and 8" and their ® conic will
be the same locus as the Jacobian of S, S" and F, for as we have
seen (§ 399) the P conic is

OS+6S —F=0,

and the left side is a linear function of S, 8" and F.

407. The cubic contravariant.

It is clear from the principles of reciprocation that there
must be a cubic contravariant of two conics 8§ and 8’ to
correspond with the cubic covariant J.  This (which is denoted
by I') equated to zero will give the tangential equation of the
envelope of lines whose poles with regard to S, 8’ and their @
conic are collinear.
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I will be the Jacobian with respect to I, m, n of £, £’ and
@, 3 =0, 3 =0 being the tangential equations of the two
conics.

That this is so is seen from the fact that = =0, 3’ =0 when
z, y, z are written, for /, m, n are the equations of the polar
reciprocals of § =0, 8" =0 with respect to the conic

2+ yt+22=0,
and ® =0 when z, y, z are wnitten, for [, m, n is the locus of
points the tangents from which to these two conics, which are
the reciprocals of S and S’, are harmonically conjugate.

Thus 3 =0, 3 =0, ® =0 when in them z, y, z are written,
for 1, m, n correspond to the conics S=0, §"=0, F=0.

Thus the Jacobian of 3, =, @ regarded as functions of
z, y, = will be the locus of points the polars of which with
regard to these conics are concurrent.

Now when we replace @, y, z by I, m, n again, we have
a tangential equation which represents a curve possessing the
property with regard to S, 8 and F which is the reciprocal of
that possessed by 24z, Z'ayzy Poye-

Hence the Jacobian of 2, %’ and ® with respect to [, m, n
equated to zero will be the tangential equation of the envelope
of lines whose poles with respect to the three conics whose
tangential equations are % =0, %’ = 0, ® = 0 are collinear.

Note. In the examples which follow F is written for F,
there being no fear that this # will be confused with the minor
of f in the determinant A.
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EXAMPLES.

1. If for two conics S=0, §'=0, the invariant ® = 0, their ®
conic is the polar reciprocal of § with respect to S’

2. The equation of the four tangents to any conic S=0 at the
points where it is cut by §' =0 is

(08— AS)*=4AS(@'S - F).

3. Prove that the ® conic for two circles which cut.ortho-
gonally degenerates into their two centres.

4. The envelope of the lines cutting two conics § and S’ in
pairs of points harmonically conjugate degenerates into two points if
@0 = AA'

Shew too that this is the condition that the F conic should
degenerate into two lines.

5. Two equal rectangular hyperbolas are so placed that the
transverse axis of the one is in the same straight line with the
conjugate axis of the other. Prove that the straight line which is
ctj?by them harmonically envelopes & hyperhola of eccentricity /3.

6

1f F'=0 be the locus of points from which tangents to the
conics S and S’ are harmonically conjugate, and if #”=0 be the
envelope of lines divided harmonically by the two conics, then
if =0, F'=0 be such that triangles can be inscribed in # self-
conjugate with respect to £,
@0 + 3A4'=0.

7. The locus of points from which pairs of tangents to the
two conics §=0, § =0 are harmonically conjugate is denoted by
F=0, and the envelope of lines divided harmonically by the conics
is #=0. If F=0, F =0 have double contact then .§ and S’ have
double contact or A@? = A'@>,

8. The & conic of §=0, §'=0 is S =0, and the polar
reciprocal of §'= 0 with respect to S” =0 is £S + & = 0, shew that
k=1 (07— 4A'0)/A4,
where A, @ etc. refer to S and 3.
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9. Shew that the locus of points, the tangents from which to
two orthogonal circles form a harmonic pencil, is composed of the
chords of contact of their common tangents.

10. Shew that the point equation of 4= + ® =0, where 3 and @
have their usual mcaning in relation to two conics & and ¥, is
BAS +k(0S+AS8)+ (8@ + §'@-F) =0,
and interpret the equation
(OS+AS)Y -4AS5 (S0 + S@—-F)=0.

11. Shew that if the director circle of the conic which passes
through the points of contact of the common tangents of two circles
is coaxial with these circles, then one of the limiting points is mid-
way between the centres of the two circles.

12. Two conics §=0, S =0 are such that triangles 4 B(' can
be inscribed in S’ so that their sides touch S at 4', B, C". Prove
that, as the triangle changes its position, the point of concurrence
of the lines 44', BB, C(' traces out the locus

208 = 3AS'.

13. If 7P and 7Q be tangents to a conic S, and 77,
7Q' tangents from the same point 7' to another conic & and
T(PI'QQ’) =k a constant, prove that the locus of 7'is

P ks 1\?
4AA'SS (k - 1)
and interpret the cases where k=0 k=1, k=-1.

14. If a conic S and a rectangular hyperbola S are so related
that the centre of .S’ lies on the director circle of §, then the conic
F is a rectangular hyperbola.

15. An ellipse of eccentricity ¢ and a coaxial hyperbola of
eccentricity ¢’ are such that the eight points of contact of common
tangents lie on two straight lines. Prove that either a pair of
collinear axes are equal or

¢?+e*=2 or (1-¢)(e?-1)=1,
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16. Prove that the F conic of two parabolas is in general a
hyperbola but that in special cases it may be a parabola.

The F conic of the two parabolas
(@, b,¢,/, 9, ) (2, y, 2)*=0,
(@, %, ¢,/ ¢, ) (%, 9, 2)*= 0,
will be a parabola if

(9% —of ) (Wf" =V = (g = af") (Wf - bg).

17. Prove that
Ji=F'— (@'S+08) I?+ (A0S + A@'S?) F + (0@’ - 3AA") FSS’
- (07 -2A0') A'S*S — (07— 24'0) ASS? — AAS® — AA'S ™.
[Take S=ax*+by* +c2*, §'=a" +y'+ 2%
so that F=ab+c)x®+b(c+a)y*+c(a+b)2
and J=(b-c)(c—a)(a—0b)xyz]
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