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PREFACE

THE present elementary text-book embodies the course in
Solid Coordinate Geometry which, for several years, it has
been part of my duties as Lecturer in Mathematics at the
University of Glasgow to give to two classes of students.

For the student whose interests lie in the direction of
Applied Mathematics, the book aims at providing a fairly
complete exposition of the properties of the plane, the
straight line, and the conicoids. It is also intended to
furnish him with a book of reference which he may consult
when his reading on Applied Mathematics demands a know-
ledge, say, of the properties of curves or of geodesics. At the
same time it is hoped that the student of Pure Mathematics
may find here a suitable introduction to the larger treatises
on the subject and to works on Differential Geometry and
the Theory of Surfaces.

The matter has been arranged so that the first ten
chapters contain a first course which includes the properties
of conicoids as far as confocals. Certain sections of a less
elementary character, and all sections and examples that
involve the angle- or distance-formulae for oblique axes
have been marked with an asterisk, and may be omitted.

Chapter XI. has been devoted to the discussion of the
General Equation of the Second Degree. This order of
arrangement entails some repetition, but it has compensat-
ing advantages. The student who has studied the special
forms of the equation finds less difficulty and vagueness in
dealing with the general.

I have omitted all account of Homogeneous Coordinates,
Tangential Equations, and the method of Reciprocal Polars,
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and have included sections on Ruled Surfaces, Curvilinear
Coordinates, Asymptotic Lines and Geodesics. It seemed
to be more advantageous to make the student acquainted
with the new ideas which these sections involve than to
exercise him in the application of principles with which his
reading in the geometry of two dimensions must have made
him to some extent familiar.

In teaching the subject constant recourse has been had to
the treatises of Smith, Frost and Salmon, and the works of
Carnoy, de Longchamps and Niewenglowski have been
occasionally consulted. My obligations to these authors,
which are probably much greater than I am aware of, are
gratefully acknowledged. I am specially indebted to Resal,
whose methods, given in his Théorie des Surfaces, I have
found very suitable for an elementary course, and have
followed in the work of the last two chapters.

The examples are very numerous. Those attached to the
sections are for the most part easy applications of the theory
or results of the section. Many of these have been con-
structed to illustrate particular theorems and others have
been selected from university examination papers. Some
have been taken from the collections of de Longchamps,
Koehler, and Mosnat, to whom the author desires to acknow-
ledge his indebtedness.

I have to thank Profs. Jack and Gibson for their kindly
interest and encouragement. Prof. Gibson has read part of
the work in manuscript and all the proofs, and it owes much
to his shrewd criticisms and valuable suggestions. My
colleague, Mr. Neil M‘Arthur, has read all the proofs and
verified nearly all the examples; part of that tedious task
was performed by Mr. Thomas M. MacRobert. I tender my
cordial thanks to these two gentlemen for their most efficient
help. I desire also to thank Messrs. MacLehose for the
excellence of their printing work.

ROBT. J. T. BELL.

Grasaow, September, 1910.



PREFACE TO THE SECOND EDITION

In this edition a few alterations have been made, chiefly in
the earlier part of the book. One or two sections have been
rewritten and additional figures and illustrative examples
have been inserted.

R. J. T. B.

June. 1912

PREFACE TO THIRD EDITION

In this edition some corrections have been made and a second
set of Miscellancous Examples and an Appendix have been
added. The Appendix contains notes on several paragraphs,
which indicate alternative, and generally shorter, methods of
procedure. It also includes a discussion of the reduction of
the general equation of the second degree, which depends only
on the formulae for change of axes, and which can accordingly
be read by the student as a sequel to Chap. VII.

R. J. T. B.
December, 1937.
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CHAPTER L

SYSTEMS OF COORDINATES. THE EQUATION
TO A SURFACE.

1. Segments. Two segments AB and CD are said to
have the same direction when they are collinear or parailel,
and when B is on the same side of A as D is of C. If AB
and CD have the same direction, BA and €D have opposite
directions. If AB and CD are of the same length and in
the same direction they are said to be equivalent segments.

2. If A B, C, ... N, P are any points on a straight
line X’0X, and the convention is made that a segment of
the straight line is positive or negative according as its
direction is that of OX or OX/, then we have the following
relations:

AB=—BA; OA+AB=0B, or AB=0B-—OA,
or OA+4+AB+BO=0;
OA+AB+BCH-... NP=OP.

If x,, , are the measures of OA and OB, i e. the ratios of
OA and OB to any positive segment of unit length, L, then
OA=u,L, OB=u,L,
and AB=(ur,—a,)L,

or the measure of AB is @, —u;.

3. Coordinates. Let X'OX, Y'OY, Z0Z be any three
fixed intersecting lines which are not coplanar, and whose
positive directions are chosen to be X'0X, Y'OY,Z'0Z ; and let
planes through any point in space, P, parallel respectively
to the planes YOZ, ZOX, XOY, cut XX, Y'Y, Z'Z in A, B, C,

(fig. 1), then the position of P is known when the segments
B.G. A (]
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OA, OB, OC are given in magnitude and sign. A con-
struction for P would be: cut off from OX the segment OA,
draw AN, through A, equivalent to the segment 0B, and
draw NP, through N, equivalent to the segment OC. OA,
0B, OC are known when their measures are known, and
these measures are called the Cartesian coordinates of P
with reference to the coordinate axes X'0X, YOY, Z’OZ.
The point O is called the origin and the planes YOZ, ZOX,
XOY, the coordinate planes. The measure of OA. the
segment cut off from OX or OX’ by the plane through P

2z

g, 1.

parallel to YOZ, is called the z-coordinate of P; the measures
of OB and OC are the ¥y and z-coordinates, and the symbol
P, (z, ¥, 2) is used to denote, “the point P whose coordinates
are «, 3, 2” The coordinate planes divide space into eight
parts called octants, and the signs of the coordinates of a
point determine the octant in which it lies. The following
table shews the signs for the eight octants:

Octant | OXYZ |OX'YZ |OX'Y'Z|OXY’'Z|OXYZ'|OX'YZ'| OX'Y'Z'|OXY’Z’

x + - - + + - - +

y + + - - + + - -

z + + + + - - - -
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It is generally most convenient to choose mutually
perpendicular lines as coordinate axes. The axes are then
“rectangular,” otherwise they are “ oblique.”

Ex. 1. Sketch in a figure the positions of the points :
(81 0, 3)’ (—2’ - l’ 5)’ (“4’ -2, 0)» (Oa 0, "6)‘

_Bx. 2. What is the locus of the point, (i) whose z-coordinate is 3,
(ii) whose z-coordinate is 2 and whose y-coordinate is —4 %

_Bx. 3. What is the locus of a point whose coordinates satisfy
(i) x=0and y=0; (ii)r=aand y=0; (fi)w=aand y=b; (iv) z=c
and y=01?

Ex. 4. If OA=a,OB=b,0C=¢, (fig. 1), what are the equations to
the planes PNBM, PMCL, PNAL ? What equations are satisfied by
the coordinates of any point on the line PN ?

4. Sign of direction of rotation. By assigning positive
directions to a system of rectangular axes X'X, Y'Y, Z'Z, we
have fixed the positive directions of the normals to the
coordinate planes YOZ, ZOX, XOY. Retaining the usual
convention made in plane geometry, the positive direction
of rotation for a ray revolving about O in the plane XOY
is that given by XYX'Y’, that is, is counter-clockwise, if the
clock dial be supposed to coincide with the plane and front
in the positive direction of the normal. Hence to fix the
positive direction of rotation for a ray in any plane, we
have the rule: i a clock dial ts considered to coincide
with the plane and front in the positive direction of the
normal to the plane, the positive direction of rotation
for a ray revolving in the plane s counter-clockwise.
Applying this rule to the other coordinate planes the
positive directions of rotation for the planes YOZ, ZOX
are seen to be YZY'Z', ZXZ'X'.

The positive direction of rotation for a i)lane can also be found by
considering that it is the direction in which a right-handed gimlet or
corkscrew has to be turned so that it may move forward in the positive
direction of the normal to the plane.

BEx. A plane ABC meets the axes OX, OY, OZ in A, B, C, and
ON is the normal from O. If ON is chosen as the positive direction
of the normal, and a point P moves round the perimeter of the
triangle ABC in the direction ABC, what is the sign of the direction
of rotation of NP when OA, OB, OC are (i) all positive, (ii) one
negative, (iii) two negative, (iv) all negative ?
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5. Cylindrical coordinates. If X'OX, Y'OY, Z0z, are
rectangular axes, and PN is the perpendicular from any
point P to the plane XOY, the position of P is determined
if ON, the angle XON, and NP are known. The measures
of these quantities, u, ¢, 2z, are the cylindrical coordinates
of P. The positive direction of rotation for the plane xov
has been defined, and the direction of a ray originally
coincident with OX, and then turned through the given
angle ¢, is the positive direction of ON. In the figure,
u, ¢, z arc all positive.

If the Cartesian coordinates of P are z, v, 2, those of N
are @, i, 0. If we consider only points in the plane XOY,
the Cartesian coordinates of N are «, ¢, and the polar, u, ¢
Therefore

x=wucos¢, y=using; ul=a?+y> tanp=y/u

Az
P
. / X’
0 Cd
'f" _Z/WM
) ’:‘: :.‘.’.‘.__—_._-y.
Y’ & Y
@ u
N
X
Z'
F16. 2.

6. Polar coordinates. Suppose that the position of the
plane OZPN, (fig. 2), has been determined by a given value
of ¢, then we may define the positive direction of the
normal through O to the plane to be that which makes an
angle ¢+ /2 with X'OX. Our convention, (§ 4), then fixes
the positive direction of rotation for a ray revolving in the
plane OZPN. The position of P is evidently determined
when, in addition to ¢, we are given r and 6, the measures
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of oP and ~zZOP. The quantities », 6, ¢ are the polar
coordinates of P. The positive direction of OP is that of a
ray originally coincident with O0Z and then turned in the
plane OZPN through the given angle 6. In the figure, oM
is the positive direction of the normal to the plane OzPN,
and 7, 0, ¢ are all positive.

If we consider P as belonging to the plane 0ZPN and 0z
and ON as rectangular oxes in that plane, P has Cartesian
coordinates z, u, and polar coordinates r, . Therefore

z=rcosf, wu=rsinf; r’=22+4+u? tan@—

N]@

But if P is (x, y, 2), € =wcos ¢, y=musin ¢.
Whence x=rsinfcos ¢, y=rsinfsin ¢, z=1cos6;

"2
r=a’+y?+2° tan 0= —\/?—v_—'_y , tan =

Cor. 1If the axes are rectangular the distance of (x, Y, 2)
from the origin is given by Va4 42422

Ex. 1. Draw figures shewing the positions of the points

o 27 7 5 3
(2y —g‘-’ g): ('3; “:?’ _E), <"3’ —Z‘:’ —g>; (\2, 0—675) ——415)

What are the Cartesian coordinates of the points ¥

Ex. 2. Find the polar coordinates of the points (3, 4, 5), (-2, 1, —2),
so that » may be positive.

4 ™ a5
Ans. (5\/2, D tun'1§>, (3, §+tmr‘~—5~,
2J5

g-}-tﬂ.ll_lQ),

where tan~ 14 3 tan~122Z tan~!2 are acute angles.

Ex. 3. Shew tha.t the distancs of the point (1, 2, 3) from the
coordinate axes are /13, V10, v/5.

Ex. 4. Find (i) the Cartesian, (ii) the cylindrical, (iii) the polar
equation of the sphere whose centre is the origin and radius 4.

Ans. (1) 22 +2+22=16, (ii) u2+22=16, (iii) r=4.

Ex. 5. Find (i) the polar, (ii) the cylindrical; (iii) the Cartesian

equation of the right circular cone whose vertex is O, axis OZ, and
semivertical angle a.

Ans. (i) 6=a, (i) u=ztana, (iii) £24+y*=22tan%.

Ex. 6. Find (i) the cylindrical. (ii) the Cartesian, (iii) the polar
equation of the right circular cylinder whose axis is OZ and radius a.

Ans. (i) u=a, (i) 22+y%=a? (iii) rsinf=a.
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Ex. 7. Find (i) the polar, (ii) the Cartesian equation to the plane
through OZ which makes an angle a with the plane ZOX.

Ans. (i) ¢=a, (i) y=rtana.

7. Change of origin. Let X'0X, YOY,Z'0Z; owo, 3'wf,
v wy, (fig. 3), be two sets of parallel axes, and let any point P
be (z, y, z) referred to the first and (£, 5, {) referred to the
second set. Let « have coordinates a, b, ¢, referred to
OX, OY, OZ. NM is the line of intersection of the planes
Buwy, XOY, and the plane through P parallel to Bwy cuts
owf in GH and XOY in KL.

N

2
™

N

X
Fic. 8.
Then OL=OM+ML=0M+4wH,
therefore x=a+ ¢ Similarly, y=b+», 2=c+¢;
whence f=x—a, n=y—b, {=z—c.

Ex. 1. The coordinates of (3, 4, 5), (—1 -5, 0), referred to parallel
axes through (-2, -3, —7), are (5, 7, 12), (1, — 2, 7).

Ex. 2. Find the distance between P, (2, ¥, 2,) and Q, (23, ¥,, 2,),
the axes being rectangular.

Change the orisin to P, and the coordinates of Q become x,—ux,,
Y3—Y1, %3—%; and the distance is given by

{(zy— )+ (.'72“.%)24‘(22—21)2}%-

Ex. 3. The axes are rectangular and A, B are the points (3, 4, 5),
(-1, 3, =7). A variable point P has coordinates z, , z. Find the
equations satisfied by =z, y, z if (i) PA=PB, (ii) PA?4+PB2=24?
(ili) PA? - PB2 =242,

Ans. (i) 8r+2y+2424+9=0,

(ii) 222+ 2y?+ 27— 4o - 14y + 42+ 109 =243,
(iii) 8x+2y+24z+9+24%=0.
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Ex. 4. Find the centre of the sphere through the four points

(0, 0, 0), (O’ 2, O)’ (1) 0, O): (0, o, 4). Ans. (é’ 1, 2)°
Ex. 5. Find the equation to the sphere whose centre is (0, 1, — 1)
and radius 2. Ans. xt+yt+22 -2y +22=2.

Ex. 6. Prove that x?-y?+22—4x+2y+62+12=0 represents a
right circular cone whose vertex is the point (2, 1, —3), whose axis
is parallel to OY and whose semivertical angle is 45°,

Ex. 7. Prove that 22+y2+22—2r44y—62—-2=0 represents a
sphere whose centre is at (1, —2, 3) and radius 4.

8. To find the coordinates of the point which divides the
join of P, (z,, Yy, 2,) and Q, (Zy, ¥, 2,) 1M & given ratio,
Al

Let R, (, ¥, 2), (fig. 4), be the point, and let planes through
P. Q R, parallel to the plane YOZ, meet OX in P, Q) R’

R

Fie. 4.

Then, since three parallel planes divide any two straight
lines proportionally, P'R": P'Q'=PR: PQ=XA:A+1. Therefore
x—x, A nd = AL, + 2,

,—x, A+1 RS

s Aty A%t
Similarly, Y= N1 =T
These give the coordinates of R for all real values of A

positive or negative. If X is positive, R lies between P and
Q; if negative, R is on the same side of both P and Q.

z,+2, Y1+Y, 21+22)'
2’ 2 2

Cor. The mid-point of PQ is (
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Ex. 1. Find the coordinates of the points that divide the join of

(2, -3, 1), (3,4, —5H) in the ratios 1:3, —1:3, 3:-2.
9 6 1 3 13

Ans. (Za vt "é)’ (29 "E‘v 4>y (5’ 18, _17)'

Ex. 2. Given that P, (3, 2. —4); Q. (5, 4, —6); R, (9, 8, ~10) are
collincar, find the ratio in which Q divides PR.  Why can the ratio be
found by considering the x-coordinates only ? Ans. 1:2.

Ex. 3. A, (1, y1,2)5 B, (42, 25 2) 5 C (%3, U5y 23) 3 D, (74, Uyy 24)
are the vertices of a tetrahedron. Prove that A’, the centroid of the
triangle BCD, has coordinates

Ly t.z'3+‘r4 Z_/z’f‘.’/_s -t Ya 29+24+2,
37 3 3
If B, C', D" are the centroids of the triangles CDA, DAB, ABC, prove
that AA’, BB, CC’, DD’ divide one another in the ratio 3: 1.

Ex. 4. Shew that the lines joining the mid-points of opposite
cdges of a tetrahedron bisect one another, and that if they be taken
for coordinate axes, the coordinates of the vertices can bhe written
(a, b, ¢), (@, =b, —¢), (=, b, =}, (=a, = b, ¢).

Ex. 5. Shew that the coorlinates of any three points can be put
in the form (o, b,0), (¢, 0, ¢), (0, b, ¢), a fourth given point being taken
as origin.

Ex. 6. The centres of gravity of the tetrahedra ABCD, A'B'C'D’,
(Ex. 3), coincide.

Ex. 7. Find the ratios in which the coordinate planes divide the
line joining the points (—2, 4, 7), (3, — 5, 8). Ans. 2:3, 4:5, —7:8,

Ex. 8. Find the ratios in which the sphere 22+ 3% +422=504 divides
the line joining the points (12, - 4, 8), (27, =9, 18). Ans. 2:3, —2:3.

Ex. 9. The sphere 2%+ y%+22—2x+6y+1424+3=0 meets the line
joining A, (2, =1, —4); B, (5, 5, 5) in the points P and Q. Prove
that AP:PB=-AQ:QB=1:2.

Ex. 10. A is the point (-2, 2, 3) and B the point (13, —3, 13).
A point P moves so that 3PA=2PB. Prove that the locus of P is
the sphere given by

284924224 280 — 12y + 102 — 247 =0,
and verify that this sphere divides AB internally and externally in
the ratio 2: 3.

Ex. 11. From the point (1, —2, 3) lines are drawn to meet the
sphere z%+y%*+:2=4, and they are divided in the ratio 2:3. Prove
that the points of section lie on the sphere

S22+ 5y?+ 52— 6r + 12y — 185+ 22=0.

9. The equation to a surface. Any equation involviag
one or more of the current coordinates of a wvariable
point represents a surface or system of surfaces which
18 the locus of the variable point.
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The locus of all points whose x-coordinates are equal
to a constant o, is a plane parallel to the plane YOZ, and
the equation x = represents that plane. If the equation
f(x)=0 has roots a,, oy, 04, ... @y, it is equivalent to the
equations z=o,, €=0,, ... =0, and therefore represents
a system of planes, real or imaginary, parallel to the plane
YOZ.

Similarly, f(y)=0, f(2)=0 represent systems of planes
parallel to ZOX, XOY. In the same way, if polar coordinates
be taken, f(r)=0 represents a system of spheres with a
common centre at the origin, f(0)=0, a system of coaxal
right circular cones whose axis is 0Z, f(¢)=0, a system of
planes passing through 0z.

Consider now the equation f(x, ¥)=0. This equation is
satisfied by the coordinates of all points of the curve in the
plane XOY whose two-dimensional equation is f(z, y)=0

Fi16. 5.

Let P, (fig. 5), any point of the curve, have coordinates
%y, Yo, 0. Draw through P a parallel to 0z, and let Q be
any point on it. Then the coordinates of Q are x,, ¥,, 2,
and since P is on the curve, f(z,, y,) =0, thus the coordinates
of Q satisfy the equation f(x, y)=0. Therefore the co-
ordinates of every point on PQ satisfy the equation and
every point on PQ lies on the locus of the equation. But
P is any point of the curve, therefore the locus of the
equation is the cylinder generated by straight lines drawn
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parallel to 0z through points of the curve. Similarly,
f(y, 2)=0, f(z, €)=0 represent cylinders generated by
parallels to OX and OY respectively.

Ex. What surfaces are represented by (i) 22+ y%=a? (ii) y*=4ax,
the axes being rectangular ?

Two equations are necessary to determine the curve in
the plane XOY. The curve is on the cylinder whose equa-
tion is f(z, y)=0 and on the plane whose equation is z=0),
and hence “ the equations to the curve ” are f(x,y)=0,2=0.

Ex. What curves are represented by
(1) 22+ y?=a? 2=0; (ii) 22+y%=a? 2=0b; (iii) 2=4daz, y=c?

S(xw.2)=0

Zl
FiG. 6.

(The surface shewn is represented by the equation
aZr? + b2y?=24,)

Consider now the equation f(z, y, 2)=0. The equation
2=k represents a plane parallel to XOY, and the equation
(@, y, k)=0 represents, as we have just proved, a cylinder
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generated by lines parallel to 0zZ. The equation f(x, y,k)=0
is satisfied at all points where f(z, ¥, 2)=0 and z=Fk are
simultaneously satisfied, <.e. at all points common to the
plane and the locus of the equation f(x, y, 2)=0, and hence
f(x, y, k)=0 represents the cylinder generated by lines
parallel to OZ which pass through the common points, (fig. 6).
The two equations f(x, y, k)=0, 2=k represent the curve
of section of the cylinder by the plane z=#%, which is the
curve of section of the locus by the plane z=k. If, now,
all real values from —oo to 4o be given to k, the curve
f(x, y, k)=0, 2=k, varies continuously and generates a
surface. The coordinates of every point on this surface
satisfy the equation f(x, y, 2)=0, for they satisfy, for some
value of k, f(z, y, k)=0, z=k; and any point (z,, vy,, 2,)
whose coordinates satisfy f(x, y, 2)=0 lies on the surface,
for the coordinates satisfy f(x, y, 2,)=0, 2=2;, and there-
fore the point is on one of the curves which generate the
surface. Hence the equation f(z, 9, 2)=0 represents a
surface, and the surface is the locus of a variable point
whose coordinates satisfy the equation.

Ex. 1. Discuss the form of the surface represented by
ra? 4 y? /b 4 22fc2=1.
The section by the plane z=£% has equations
2=k, x*a?+y?b?=1-k?%/c?

The section is therefore a real ellipse if 42 < c? is imaginary if 42> c?
and reduces to a point if £2=c¢2 The surface is therefore generated
by a variable ellipse whose plane is parallel to XOY and whose centre
is on OZ. The ellipse increases from a point in the plane z=—¢ to
the ellipse in the plane XOY which is given by 2?%/a®+3?%/b?=1, and
then decreases to a point in the plane z=c. The surface is the
ellipsoid, (fig. 29).

Ex. 2. What surfaces are represented by the equations, referred
to rectangular axes, :
(i) 22+y2+22=a? (i) 22+y2=2a2?
Bx. 3. Discuss the forms of the surfaces

w22y 22 22 y? 2
(l) E§+Z§‘—Eé=]’ (ll) (ﬁ—b—2—“c‘§=l.

(i) The hyperboloid of one sheet (fig. 30).
(ii) The hyperboloid of two sheets (fig. 31).



12 COORDINATE GEOMETRY [cH. L

Ex. 4. What loci are represented by
(i) f(w)=0, (i) /()=0, (iii) f(r, 6)=0,
(iv) /6, $)=0,  (v) f(r, $)=0, (Vi) f(x, $)=01

Ans. (i) A system of coaxial right cylinders ; (ii) a system of planes
parallel to XQY ; (iii) the surface of revolution generated by rotating
the curve in the plane ZOX whose polar equation is j(r, 6)=0 about
the z-axis; (iv) a cone whose vertex is at O; (v) a surface generated
by circles whose planes pass through OZ and whose dimensions vary
as the planes rotate about OZ ; (vi) a cylinder whose generators are
parallel to OZ, and whose section by the plane z=0 is the curve

f(u, $)=0.
10. The equations to a curve. The two equations
fil@, y, 2)=0, fy(x, y, 2)=0 represent the curve of inter-

section of the two surfaces given by f,(x, ¥,2)=0 and
Jo(x, y,2)=0. If we eliminate one of the variables, z,

Fro. 7.

Fig. 7 shews part of the curve of intersection of the sphere
22+ y*+2*=a? and the right circular cylinder x*+3y?=ax The
cylinder which projects the curve on the plane x=0 is also shewn.

Its equation is a?(y?-2%)4+2*=0. The projection of the curve

on the plane ZOX is the parabola whose equations are y=0,

22=a(a - x).
say, between the two equations, we obtain an equation,
¢(z, y)=0, which represents a cylinder whose generators are
parallel to 0z. If any values of z, ¥, z satisfy f,(z,y,2)=0
and f,(x, y, z)=0, they satisfy ¢(xz, y)=0, and hence the
cylinder passes through the curve of intersection of the
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surfaces. If the axes are rectangular ¢(x, y)=90 represents
the cylinder which projects orthogonally the curve of
intersection on the plane XOY, and the equations to the
projection are ¢(x, y)=0, 2=0.

Ex. 1. If the axes are rectang;ulax what loci are represented b

i) 22+ y2=a? 2=0%; (i) 22+y%+ z2—a1 yi=daz; (i) 224+y2=d’,
rf=0b% (a?>0?)?

Ex. 2. Find the equations to the cylinders with geuerators parallel
to OX, OY, OZ, w‘n?l pass through the curve of intersection of the
surfaces represented by 2?4424+ 2:4=12, r—y+2=1.

Ans. 2y*—2yz+322+2y — 22— 11=0, 2.v2+2xz+3zz—2z—22—— 11=0,
322 —4ry+ 3y — 4w+ 4y—-10=0.

11. Surfaces of revolution. Let P. (0, y,, z), (fig. 8),
be any point on the curve in the plane YOZ whose Cartesian
equation is f(y, 2)=0. Then

(Y 2)=0. i, (1)

Fia. 8.

The rotation of the curve about 0z produces a surface
of revolution. As P moves round the surface, z;, the
z-coordinate of P remains unaltered, and w, the distance
of P from the z-axis, is always equal to y,. Therefore,
by (1), the cylindrical coordinates of P satisfy the equation
f(w, 2)=0. But P is any point on the curve, or surface,
and therefore the cylindrical equation to the surface is
f(uw, 2)=0. Hence the Cartesian equation to the surface

is f(Va2+ > 2)=0.
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Since the distance of the point (z, y, 2) from the y-axis
is /22 +a? it follows as before that the equation to the
surface formed by rotating the curve f(y, 2z)=0, 2=0 about
OY is f(y,/2*+?) =0, and similarly (V42 +2% ) =0 repre-
sents a surface of revolution whose axis is OX.

Ex. 1. The equation 2%4y%422=a? represents the sphere formed
by the revolution of the circle 22+ y?=a?, z=0, about OX or OY.

Ex. 2. The surface generated by the revolution of the parabola
y?=4dax, z=0, about its axis has equation 32+:2=4ax; about the
tangent at the vertex, equation y*=16a?(z2 +z2).

Ex.3. Thesurfaces generated by rotating the ellipse #%/a? + y2/b?=1,
—0. about i iven b x? it 2+ gt
2=0, about 1ts axes are given by a—2+1———b2 =1, g +?;2=1'

Ex. 4. Find the equations to the cones formed by rotating the
line z=0, y=2x about OX and OY.

Ans. 422 —y%—22=0, 422 - >+ 422=0.
Ex. 5. Find the equation to the surface generated by the revolu-
tion of the circle 22+ 3%+ 2ax+b*=0, 2=0, about the y-axis.
Ans. (22 +y%+ 22+ b?)2 =4a? (2% +22).
Ex. 6. Sketch the forms of the surfaces :
(i) (2 +2)(2a —2)=28,  (ii) ?=a%cos 26,  (iii) u?=2cz

The surfaces are generated by rotating (i) the curve y?(2a —z)=a3
about OX ; (i) the lemniscate in the plane ZOX, r?=acos 26, about
OZ ; (iii) the parabola in the plane YOZ, y?=2c¢z, about OZ.

Ex. 7. Prove that the locus of a point, the sum of whose distances
from the points (a, 0, 0), (—a, O, 0) is constant, (2£), is the ellipsoid

. x4l
of revolution /?4"7{;'2__7.?:1‘
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CHAPTER IL
PROJECTIONS.

12. The angle that a given directed line OP makes with
a second directed line OX we shall take to be the smallest
angle generated by a variable radius turning in the plane
XOP from the position OX to the position OP. The sign of
the angle is determined by the usual convention. Thus, in
figures 9 and 10, 6, is the positive angle, and 0, the negative
angle that OP makes with OX.

(o) X
0,
[’ .
(o] X <
Fia. 9. Fia. 10.

13. Projection of a segment. If AB s a given segment
and A, B" are the feet of the perpendiculars from A, B to a
given line X'X, the segment A'B’ is the projection of the
segment AB on X'X.

From the definition it follows that the projection of BA
is B'A’, and therefore that the projections of AB and BA
differ only in sign.

It is evident that A’B’ is the intercept made on X'X by
the planes through A and B normal to X'X, and hence the
projections of equivalent segments are equivalent segments.

14. If AB 1s a given segment of a directed line MN
whose positive direction, MN, makes an angle 0 with a
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given line X'X, the projection of AB on XX 18 equal to
AB. cos 0.

In figures 11 and 12, AB is positive, in figures 13 and 14,
AB is negative,

Q >

) X

X
Ia. 12,
Q
X
X
Q
Fie, 18, Fia. 14,

Draw 0Q from O in the same direction as MN. If AB s
positive, cut off OP, the segment equivalent to AB; then

the projection of AB=the projection of OP,
=0P.cos 0, (by the definition
=AB. cos 0. of cosine),

If AB is negative, BA is positive, and therefore

the projection of BA=BA. cos 6,
t.e. —(the projection of AB)=—AB.cos 6,
ve. the projection of AB=AB. cos 6.

16. If A, B, C,... M, N are any n points vn space, the
swm of the projections of AB, BC, ... MN, on any given line
X'X 18 equal to the projection of the straight line AN on X'X,

Let the feet of the perpendiculars from A, B,... M, N, to
X'X be A", B,...M, N. Then, (§2),

AB'+BC'+...MN'=AN
which proves the proposition
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16. The angle between two planes we shall take to be
the angle that the positive direction of a normal to one
makes with the positive direction of a normal to the other.

17. Projection of a closed plane figure. If the pro-
jections of three points A, B, C on « given plane are A',B’, C,
then AA'B'C’'=cos 0 AABC, where 6 is the angle between the
plunes ABC, A'B'C'.

Consider first the areas ABC, A'B'C’ without regard to
sign.

(i) If the planes ABC, A'B'C’ are parallel, the equation
AAB'C =cos 6 & ABC is obviously true.

(i1) If one side of the triangle ABC, say BC, is parallel to
the plane A'B'C’, let AA" meet the plane through BC parallel
to the plane A'B'C’ in A,, (fig. 15). Draw A,D at right
angles to BC, and join AD. Then BC is at right angles tc

C
71 >R
v’
4 ,
A, S B
)
)
A C
A B
F1a. 15.

a,D and AA,, and therefore BC is normal to the plane AA,B
and therefore at right angles to AD. Hence the angle A,D#
is equal to 6, or its supplement.

But AA'B'C'=AA,BC,
and AABC: AABC=A,D:AD=coSLA,DA;
therefore AA'B'C =cos 0 »ABC.

(ii1) If none of the sides of the triangle ABC is parallel
to the plane A’'B’C’, draw lines through A, B, C parallel to
the line of intersection of the planes ABC, A'B'C’. These
lines lie in the plane ABC and are parallel to the plane
A'B'C/, and one of them, that through A, say, will cut the

8.G. B
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opposite side, BC, of the triangle ABC, internally. And
therefore the triangle ABC can always be divided by a line
through a vertex into two triangles, with a common side
parallel to the given plane A'B'C’, and hence, by (ii),
AA'B'C'=cos § A ABG,

Suppose now that the areas ABC, A'B'C’ are considered
positive or negative according as the directions of rotation
given by ABC, A'B'C’ are positive or negative. Then,
applying the convention of §4 to figures 16 and 17, we

C

Fia. 16. F1a. 17.

see that if cos 0 is positive, the directions of rotation ABC,
AB'C’ have the same sign, and that if cos@ is negative,
they have opposite signs, That is, the areas have the
same sign if cos@ is positive, and opposite signs if cos 8
is negative. Hence the equation AA'B'C'=cosf AABC is
true for the signs as well as the magnitudes of the areas.

18. If A, B, C,... N are any coplanar points and
A, B, C, ... N ure their projections on any given plane,
then arew A'B'C’... N :area ABC ... N=cos 0,
where 0 is the angle between the planes.

Let O be any point of the plane ABC ... N, and O be its
projection on the plane A'B'C’... N'.

Then area ABC...N=AOAB+AOBC+... AONA,
and  area ABC'...N'=20AB+A0BC +... AO'NA’,

But AO'A'B'=cos § AOAB, ete., and therefore the result
follows.
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19. If A, is the area of any plane curve and A is the
area of its projection on any given plane, A=cos0.A,,
where 0 18 the angle between the planes.

For A, is the limit, as » tends to infinity, of the area of
an inscribed n-gon, and A is the limit of the area of the

projection of the m-gon, and, by § 18, the ratio of these
areas is cos 6.

Ex. 1. AA’isa diameter of a given circle, and P is a plane through
AA’ making an angle 6 with the plane of the circle. If B is any
point on the circle and B’ is its projection on the plane P, the
perpendiculars from B and B’ to AA” are in the constant ratio 1 : cos 6,
and the projection is therefore a curve such that its ordinate to AA’ is
in a constant ratio to the corresponding ordinate of the circle ; that
is, the projection is an ellipse whose major axis is AA’ and whose
auxiliary circle is equal to the given circle. The minor axis is
cos 0. AA’; therefore if AA'=2a and cos §=b/a, the minor axis is 2b.
By § 19, the area of the ellipse=cos §. ra?=mab.

Ex. 2. Find the area of the section of the cylinder 1642+ 9y%=144
by a plane whose normal makes an angle of 60° with OZ.  Ans. 247

DIRECTION-COSINES.

20. If o, B, v are the angles that a given directed line
makes with the positive directions X'OX, Y'OY, Z'OZ of the
coordinate axes, cosa, cosf, cos y are the direction-cosines

of the line.
AZ AZ

<y

7 M

A /
X
Fia. 18. Fia. 19.

21, Direction-cosines referred to rectangular axes.
Let A'OA be the line through 0 which has direction-cosines
cosa, cos B, cosy. Let P, (x, y, z) be any point on A'OA,
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and OP have measure . In fig. 18, » is positive; in fig. 19,
r is negative. Draw PN perpendicular to the plane XOY,
and NM in the plane XOY, perpendicular to OX. Then the
measures of OM, MN, NP are x, ¥, 2z respectively. Since
OM is the projection of OP on OX,

x=rcos, and similarly, y=rcos 8, z=rcosy.....(1)
Again the projection of OP on any line is equal to the sum

of the projections of OM, MN, NP, and therefore, projecting
on OP, we obtain

r=2coS0+YcoS B+2C08Y. cooverrririnannn. (2)
But a/r=cosw, y/r=cos 8, z/r=cosy; therefore
1=cos?at+cos?B+cos?y. oovvvininnnnnnns (3)

This is the formula in three dimensions which corresponds to
cos?f +sin26=1 in plane trigonometry.

Cor. 1. By substituting for cos o, cos 8, cos y in (2) or (3),
we obtain r2=a?+y%+2? (cf. § 6, Cor.).

Cor. 2. If (x, y, 2) is any point on the line through O
whose direction-cosines are cosa, cos3, cosy, we have,
by (1), ® y 2

cosa=cosB=cOSy’ (=7

Cor. 3. If (x, y, 2) is any point on the line through
(xy, ¥y, 2,;) whose direction-cosines are cos &, cos 3, cos v, by
changing the origin we obtain

T _Y—h_2—%
cosa. cos3 cosy

Ex. 1. Prove that sin’«+sin?3+sin?y=2.
Ex. 2. If Pisthe point (2, 7, z,), prove that the projection of OP
on a line whose direction-cosines are I;, m,, 7, is {1y +my; +n2.
The projection of OP =projn. of OM + projn. of MN
+projn. of NP, (figs. 18, 19).
=lz +my+ngz.

Ex. 3. If P, Q are the points (z,, %, 2,), (3, ¥s, 2,), prove that the
projection of PQ on a line whose direction-cosines are [, m,, n, is

b (g —2y) 4+ my (Y= 91) + 1 (23— 2).
(Change the origin to P and apply Ex. 2.)
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Ex. 4. The projections of a line on the axes are 2, 3, 6. What 1s
the length of the line ? Ans. 7.

Ex. 5. A plane makes intercepts OA, OB, OC, whose measures are
a, b, ¢, on the axes OX, OY, OZ. Find the area of the triangle ABC.
Let the positive direction of the normal from O to the plane
ABC have direction-cosines cosa, cos 3, cosy, and let A denote the
area ABC. Then since AOBC is the projection of AABC on the
lane YOZ, cos o.. A=$be, and similarly, cos 3. A=4ca, cosy. A=4ab.
herefore, since

costo+cos?B+costy =1, A=}{b%?+clu?+ab? 32
Ex. 6. Find the areas of the projections of the curve %+ y?+2*=25,

z+2y+2z=9 on the coordinate planes, and having given that the
curve is plane, find its area.

(Cf. Ex. 2, §10.) Ans. 16x/3, 327/3, 32w/3; 16m.

22. If a, b, ¢ are given proportionals to the direction-
cosines of a line, the actual direction-cosines are found

from the relations
cosc _cos3_cosy ncosPw+cos?B+cosy  +1
R M = e i e
If P is the point (, b, ¢) and the direction-cosines of the
directed line OP are cosa, cos 3, cosy, then, since OP is

positive and equal to a2 b2+ ¢,

coso=—=-— ' cos B= m-mﬁh
OP Ja®+D2+¢% JEF 2 +¢?

c
RN/ )
The direction-cosines of PO are
—a -b —c
JETbTE JFF0Te Jaiiie

Ex. 1. Find the direction-cosines of a line that makes equal angles
with the axes.

Ans. cosa=cos B=cos y=+1/s/3; (whence the acute angles which

the line makes with the axes are equal to 54° 44’).

Ex. 2. P and Q are (2, 3, —6), (3, —4, 5). Find the direction-
cosines of OP, OQ, PO.

. 23 -6, 3 -4 1. -3
TT T 5V2 N2 N2 7’
Ex. 3. If P, Q are (v, ¥, ), (23, %5, 25) the direction-cosines

of PQ are proportional to 2, -2y, ¥;— ¥, 23— 2.

-2 6
y -2 6
" 7 7
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Ex. 4. IfP,Qare(2,3,5),(-1,3,2), find the direction-cosines of PQ.

-1, -1
Ans. —=, 0, —,
J2' 7 W2
Ex. 5. If P,Q, R, S are the points (3, 4, 5), (4, 6, 3), (-1, 2, 4),
(1, 0, 5), find the projection of RS on PQ. Ans. -4,

Ex. 6. If P, Q, R, S are the points (2, 3, —1), (3, 5, —3), (1, 2, 3),
(3, 5, 7), prove by projections that PQ is at right angles to RS.

23. The angle between two lines. If OP and 0OQ have
direction-cosines cosa., cos 3, cosy; coso’, cos 3, cos Y,
and 0 is the angle that OP makes with 0Q,

cos 6= cos o cos &’ +cos 3 cos 3'+cos y cos .

If, as in § 21, P is (z, ¥, 2) and the measure of OP is 7,

projecting OP and OM, MN, NP on OQ, we obtain
7 cos 0=2a cos '+ y cos 3’ +2z cos y'.

But x=rcosa, y=rcos3, z=7rcosy;

therefore cos @ =cos o cos o'+ cos 3 cos 3+ cos y cos y'.

Cor.1. We have the identity
C+mP+n?)(%+m2+n2) = U +mm’ +nn')?
= (mn’ —mn)2+(nl' =24 (Im’ —Um)2
(This identity is known as Lagrange’s identity. We
shall frequently find it advantageous to apply it.)
Hence
81n%0 = (cos®oL 4 cos?3 + cos’y ) (cos?o’ + cos?3’ + cosy’)
—(cos o cos &'+ cos 3 cos 3+ cos y cos y)?,
=(cos B cos y’ —cos y cos 3')2+(cos y cos &’ — cos o cos )2
+(cos o cos 3" — cos B cos o')%
Cor. 2. If 0 is an angle between the lines whose
direction-cosines are proportional to a, b, ¢; «, V', ¢,
+(aa’+bb’ 4 cc’)
NN R N P R Y
+(be’ = b'e)2+(ca’ — )+ (ab’ — a'b)?
NZ SN RN D
Cor. 3. If the lines are at right angles,
cosa cosa’ +cosB cos B’ +cosy cosy’ =0, or aa’+bb' +cc’=0

cos =

and sin 6=
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Cor. 4. 1If the lines are parallel,
cos 3 cos y'—cosy cos 3'=0, cosy cosa’—cosacosy =0,
and cos o cos B —cos Beos o’ =0,
whence cos au=cos o', cos 3=cos 3, and cosy=cosy’ (as is
evident from the definition of direction-cosines); or

a_b ¢

a b
Ex. 1. If P, Q are (2, 3, —6), (3, —4, 5), find the angle that OP
makes with OQ. —184/2

Ans. cos f= 35

Ex. 2. P,Q,Rare(2 3,5),(-1,3,2),(3 5 —2). Find the angles
of the triangle PQR. Ans. 90°, cos*‘%é, cos"\?.

Ex. 3. Find the angles hetween the lines whose direction-cosines
are proportional to (i) 2,3, 4; 3,4, 5; (i1)2,3,4; 1, -2, 1.

38 . o
—, (11) 90°.
Ha/58 o

Ex. 4. The lines whose direction-cosines are proportional to 2,1, 1;
4, N3—1, —n/3-1; 4, —n/3-1, /31 are inclined to one another
at an angle m/3.

Ex. 5. Ifl, my, n; I, my, ny; Uy, mg, s are the direction-cosines
of three mutually per})endicular lines, the line whose direction-cosines
are proportional to [;+{,+1,, m +my+my, n +n,+n; makes equal
angles with them.

Ex. 6. Find the angle between two diagonals of a cube.

Ans. cos~11/3.

Ex. 7. Prove by direction-cosines that the points (3, 2, 4), (4, 5, 2),
(5, 8, 0), (2, — 1, 6) are collinear.

Ex. 8. A line makes angles o, 3, v, 8 with the four diagonals of
a cube ; prove that

cos?a + cos?3+ cos?y + cos?5 =4/3.

Ex. 9. If the edges of a rectangular parallelepiped are a, b, ¢,

shew that the angles between the four diagonals are given by
» gfjel)zﬂ'z)
o8 (a‘~’+b2+c2 ’

Ex. 10. If a variable line in two adjacent positions has direction-
cosines /, m, n; {48, m+8m, n+8n, shew that the small angle, 66
between the two positions is given by §6%=8(*+ dm*+ dn?

We have 2I2=1 and =(/+8l)2=1, therefore 2(8l)2= —2Z{&l.

Ans. (i) cos™!

But co8 80==1(l+8l)=1+Zl 4l
Therefore osin 20— 5= oy
50 36

That is, since sin 9 =g 062 =2 (81



24 COORDINATE GEOMETRY [chH. 1,

Ex. 11. Lines OA, OB are drawn from O with direction-cosines
proportional to (1, =2, —1), (3, —2, 3). Find the direction-cosines of
the normal to the plane AOB. Ans. 23 -2

V29 ~29' A/29

Ex. 12. Prove that the three lines drawn from O with direction-

cosines proportional to (1, — 1, 1), (2, — 3, 0), (1, 0, 3) lie in one plane.

Ex. 13. Prove that the three lines drawn from O with direction-
cosines Uy, my, 1y ; lyy My, ny 5 I3, mg, ng, ave coplanar if

lyy my, 0y |=0.

lyy mgy m,

sy Mgy Ny

Ex. 14. Find the direction-cosines of the axis of the right circular
cone which passes through the lines drawn from O with direction-
cosines proportional to (3, 6, —2), (2, 2, —1), (—1, 2, 2), and prove
that the cone also passes through the coordinate axes.

Ans. 1/V3, 1/3/3, 1/V3

Ex. 156. Linesare drawn from O with direction-cosines proportional
to (1, 2, 2),(2, 3,6), (3, 4,12). Prove that the axis of the right circular
cone through them has direction-cosines —1/3/3, 1/4/3, 1/a/3, and that
the semivertical angle of the cone is cos=!1//3.

24. Distance of a point from a line. 7o find the
dustance of P, (&, v, 2) from the line through A, (a, ), c),
whose direction-cosimes «re €os o, cos (3, cos y.

Let PN, the perpendicular from P to the line, have
measure §. Then AN is the projection of AP on the line,
and its measure is, (Ex. 3, § 21),

(@' —a)cos o+ (y —b)cos B+(2"—c)cos y.

But PN2=AP?— AN?,
therefore

8= {(2' = a2+ (y’ = b)*+ (2" —¢)*} (cos®o. + cos?3+ cos?y)

—{ (@ —a)cos o+ (y —b)cos B+ (2" —c)cos y} 2,
which, by Lagrange’s identity, gives
82={(y'—b)cosy—(2'—c)cos B}
4+ {(Z—c)cos o — (' —a)cos y}?
+{(#’—a)cos B—(y’'—b)cosa }%
Cor. 1f («, vy, 7) is any point on the line, 6=0, and

®—a _y—=b 2—c
050, cos B cony (Cf. § 21, Cor. 3.)
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Ex. 1. Find the distance of (-1, 2, 5) from the line through
(3, 4, 5) whose direction-cosines are proportional to 2, — 3, 6.

461
-

Ex. 2. Find the distance of A, (1, —2, 3) from the line, PQ,
through P, (2, -3, 5), which makes equal angles with the axes.
14

Ans. Aj=.
ns. 3

Ans

Ex. 3. Shew that the equation to the right circular cone whose
vertex is at the origin, whose axis has direction-cosines cose., cos G,
cos y, and whose semivertical angle is 0, is

(y cosy —zcos B)2+(z cos o — & cos y)* +( cos 3 — y cos o)’
=sin?0(2%+ 32+ 2%).
Ex. 4. Find the equation to the right circular cone whose vertex
is P, axis PQ (Ex. 2), and semivertical angle is 30°.
Ans. 4{(y—2+82+(z—2w -3¢ +(r—y—5)*}
=3{(v— 2+ (y+ 37+ (s - 5)?}.
Ex. 5. Find the equation to the right circular cone whose vertex
is P. axis PQ, and which passes through A (Ex. 2).
Ans. 3{(y—2+8)t+(z—2-3)*+(v—y-5)*}
—T{(w -2+ (g + 3P+ (- 5P},
Ex. 6. The axis of a right cone, vertex O, makes equal angles with
the coordinate axes, and the cone passes through the line drawn from

O with direction-cosines proportional to (1, —2, 2). Find the equation
to the cone. Ans. 4%+ 4y 44224+ 9yz+ 9zr 4+ Qey =0.

Ex. 7. Find the equation to the right circular cylinder of radius 2
whose axis passes through (1, 2, 3) and has direction-cosines pro-
portional to (2, — 3, 6).

Ans. 9(2y+2z-T7)2+4(z-3x)2+(3r+2y - 7)2=196.

*95. Direction-cosines referred to oblique axes. Let
X'0X, Y'OY, 2’0z, (fig. 20), be oblique axes, the angles
YOZ, ZOX, XOY being A, u, v respectively. Let A'OA be the
line through O whose direction-cosines are cosa., cosf3,
cosy. Take P,(z, y, 2z) any point on A'OA, and let the
measure of OP be . Draw PN parallel to OZ to meet
the plane XOY in N, and NM parallel to OY to meet OX
in M. Then, since the projection of OP is equal to the
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sum of the projections of OM, MN, NP, projecting on OX,
OY, 0Z, OP in turn, we obtain

TCOSOUL=L+YCOSV+2ZCOS ) «.evveverrinenrnen (1)
rco8s B=2coSv+Y+2C08A, .ccovriiiiiiiiinns (2)
TCOS Y=L COSU+YCOSA+Z, .cocvvrrnininnnen 3)

r=2c08 0t.+Y COS B+2CO8 Y. .cc0vrurnnes 4)

F1a. 20.

Therefore, eliminating r, @, ¥, 2, we have the relation
satisfied by the direction-cosines of any line

1, cosy, cosu, coso. |=0,
cos v, 1, cos, cosf3
CoS u, COSA, 1, cosy
cosa, cos 3, cosy, 1
which may be written,
2 sin®\ cos?ou— 22 (cos A —cos i cos v)cos B cos y
=1—cos? A —cos®u —cos?v+ 2 cos A cos u COS v.
Cor. 1. Multiply (1), (2), (3) by =, y, 2z respectively, and
add, then
al+y?+ 22+ 2yz cos X + 22 cos w4 22y cos v
=r(x coso.+y cos B+2zcos y),
=7 [by (4)] +eeeiiiiiiieniiiinnieeaaas (4)
Cor. 2. If P, Q are (2,,9,, 2,), (%,, Y5, 2,), PQ? is given by
Z(@y—2))*+ 22 (Y, — Y1 )(2,—2;)cos \.
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Ex. 1. If P, (2, y, ) is any point on the plane through O at right
angles to OX, the projection of OP on OX is zero, and therefore

Z+ycosv+zcos u=0.
Ex. 2. If P, (2, 3, 2) is any point on the normal through O to the
plane XOY, Z+ycosv+zcosu=0=xcosv+y+zcos A
*26. If a, b, ¢ are given proportionals to the direction-
cosines of a line, the actual direction-cosines are given by
coso._cosB cosvy
a b ¢
_. 1 {Z sin®\ cos’o — 23 (cos A — cos u cos v)cos 3 cos 'y)i
{Zsin?\ . a?—2Z(cos A —cos u cos v)be } 4
_ +{1—cos*\ —cos? u —cos?v+2 cos A cos u cos v}f
{Zsin?A. a?—2Z(cos A —cos u cos v)bc}’}

*27. The angle between two lines. If OQ has direction-
cosines cos o, cos 3, cosy/, and makes an angle 6 with OP,
projecting on 0OQ, we obtain

rcos@=xcosa’+ycos B +zcosy. ......unn.. (5)
Therefore eliminating @, y, 2, » between equations (1),
(2), (3) of § 25, and (5), we have
1, cosv, cosu, cosa |=0, or
cos v, 1, cosA, cosfB
COS u, COSA, 1, cosy
cosa, cos 3, cosy’, cosf
Z(sin?\ cos o cos ) — Z {(cos A — cos u cos v)
X (cos Bcos y’+cos 3 cos y) }
=08 O(1 — cos?A — cos?u — cos?v+ 2 cos A cos u cos v).

Cor. The angles between the lines whose direction-
cosines are proportional to a, b, ¢; &', V', ¢’ are given by

+ { Z(aa’ sin?\) — Z(bc’ 4 b'c)(cos X — cos u co3 v)}

{ Za?sin?\ — 2Zbc(cos X — cos u cos v) 1
x { Sa'2sin?\ — 25b'¢’(cos X —cos u cos v) }}
Bx. 1. If A=p=v=mn/3, find the angles between the lines whose

direction-cosines are proportional to
(i) 2,3, 4;3,4,5; (i) 23,4;1, -2 L

cos 0=
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Ex. 2. Prove that the lines whose direction-cosines are propor-
tional to I, m, n; m—mn, n—1, {—m are at right angles if A=p=v.

Ex. 3. The edges OA, OB, OC of a tetrahedron are of lengths
%, b, ¢, and the angles BOC, COA, AOB are A, y, v; find the volume.
Take OA, OB, OC as axes, and draw CN at right angles to the
piane AOB. Then if CN is of length p, and V denotes the volume,

V= ; . a!)_ilﬂ -p, and p=ccos . OCN. But the direction-cosines of
CN are 0, 0, cos £ OCN, therefore, by § 25,
sin?v cos?Z OCN =1 — cos?A — cos?u — cos?v + 2 cos A cos pcos v,

Vv =gg_c {1 — cos® — cos?u — cos*v + 2 cos A cos p cos v}‘}.

DIRECTION-RATIOS.

28. Let OL be drawn from O in the same direction as a
given directed line PQ and of unit length. Then the co-
ordinates of L evidently depend only on the direction of
PQ, and when given, determine that direction. They are
therefore called the direction-ratios of PQ.

If the axes are rectangular the direction-ratios are the
same as the direction-cosines.

29. If p, (x, y, 2) 18 any point on a given line A'OA
whose direction-ratios are I, m, n, and the meusure of OP
8 7, then

x 1 z
(=", m='—/, n=--
r r r

Fia. 21. Fia. 22.

In fig. 21, r is positive, in fig. 22 » is negative. LK, PN
are parallel to OZ; KH, NM are parallel to OY. Then since
the parallel planes PNM, LKH cut X’OX, A'OA proportionally,

OP :OL=0OM:OH,
where OP, OL, OM, OH are directed segments.
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But the measures of OM and OH are x and [ respectively,
and therefore I=x/r. Similarly, m=y/r, n=2/r.

Cor. 1. 1f P, (x, y, 2) is any point on the line through 0
whose direction-ratios are [, m, n,

?:f—;%:%- (Cf. § 21, Cor. 2.)
Cor. 2. 1If (x, y, 2) is any point on the line through
(@', ¥, 2') whose direction-ratios are I, m, n,

- Y=y =% »
R i (Cf. § 21, Cor. 3.)

Cor.3. If P, Q are (r,, ¥, 2,), (@, Yy, 2,), and the
measure of PQ is 7, the direction-ratios of PQ are

Tomt UomY1 %%

-2

T r r

Ex. 1. Find the direction-ratios of the lines bisecting the angles
between the lines whose direction-ratios are ;, my, n; ; Iy, my, ny.

If L, L are (;, my, ny), ({y, my, n,), then OL and OL’ are the lines
from O with the given direction-ratios, and OL and OL’ are of unit
length.

The mid-point, M, of LL’ has coordinates, {'—;—ZZ, %m% 7-'—'%&’
and OM =cos g, where £ LOL’ =@, therefore the direction-ratios of OM
are

L+l  my+my 0ty
2cos /2 2cos (/2 2cos /2

Similarly, the direction-ratios of the other bisector are —{‘,—‘—l’;—, ete.
2sin 6/2

Ex. 2. OX, OY, OZ are given rectangular axes ;
0X,, OY,, OZ, bisect the angles YOZ, ZOX, XOY ;
0X,, OY,, OZ, bisect the angles Y,0Z,, Z,0X,, X,0Y;.
Prove that £ Y,0Z,=,Z,0X,=, X,0Y,=m/3, and that
LY, 0Z,=LZyO0X,=0r X,0Y,=cos715/6.

Ex. 3. A, B, C, are the points (1. 2, 3), (3, 5, —3), (-2, 6, 15),
and the axes are rectangular. Find the direction-cosines of the
interior bisector of the angle BAC. Ans. 1/4/182, 67/54/182, 6/5v/182.

#30. The direction-ratios of any line satisfy the equation
(§ 25, Cor. 1, (4)),

Z4m2+4+n242mn cos A +2nl cos u+2lm cosv=1,

which it is convenient to write, ¢(l, m, n)=1.
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*31. To find the direction-cosines of the line whose
direction-ratios are l, m, n.

Project OL, (figs. 21 and 22), on the axes and on itself,
and we obtain, as in § 25 (1), (2), (3), (4),

cosaw=1l+m cos v+mn cos u s% %%,
N

cos B=1lcosv+m+mncosA E%%’

cos y=Lcos u+mcosA+mn= 5 gf‘z

1=Ilcoso+mecos B+ncosy. (Cf §21(8))

*32. To find the angles between the lines whose direction-
ratios arel, m, n; U, m’, n'.

Let oL, the unit ray from O which has direction-ratios
U, m/, »/, make an angle 6 with oL. Then projecting OL’
on OL, we obtain,

cos O=1"coso.+m’ cos B+n cosy,
= (12w 22 1 w2), by §),
=Ul'4+mm’+nn"+(mn’+m'n) cos A
+(nl'+n'l) cos u+ (Im'+1"'m) cos v,

1128 4m 20 4 0 20),

T
Cor. 1If the lines are at rlght angles,
¢ a¢
bt =0

which may be written in the forms,
Ucoso.+m’ cos B+n"cosy=0
or lcosa’+mcosB +ncosy’ =0,
where cos o/, cos 3, cos v’ are the direction-cosines of OL'.

Bx. 1. If A=p=v=n/3, find the direction-ratios of the line joining
the orlgm to the point (1, 2, -l) Find also the direction-cosines.

-1, 3 1

75~f~/5 2IT’_~7"
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Ex.2. Shew that the direction-ratios of a normal to the plane XOY
are given by
4 m _n 1

- - )
cosvcosA—cospu cosucosv—cosA sin’v sin yad
where A =1 -cos?A — cos’u — cos?v + 2 cos A cos . cos v,

Ex. 3. Prove that the lines which bisect the angles YOZ, ZOX,
XOY, internally, have direction-cosines

cospteosy ., )f cosz-" etc.
2cos /2’ ik >

2
and that the angles between them are

~1( 14cos A +cos u+cos v) ete.
o8 ( 4cosp/2cosv/2 /)’
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CHAPTER II1
THE PLANE.

33. Let ABC, (fig. 23), a given plane, make intercepts OA,
OB, OC on the axes, measured by «, b, ¢; and let ON, the
normal from O to the plane, have direction-cosines cosa,
cos 3, cos y, and have measure p, (p is a positive number).

Equation to a plane. (i) 7o find the equation to the
plane ABC in terms of cos w, cos 3, cos y, p.

Fia. 23.

Let P, (2, 9, 2) be any point on the plane. Draw PK
parallel to OZ to meet the plane XOY in K, and KM parallel
to OY to meet OX in M. Then the measures of OM, MK, KP
are x, y, z respectively, and since ON is the projection of
OP on ON, and therefore equal to the sum of the projections
of OM, MK, KP on ON,

p=xcosa+7ycos3+zcosy.
This equation, satisfied by the coordinates of every point
on the plane, represents the plane.
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(ii) T'o find the equation to the plane in terms of a, b, c.
ON = projection of OA on ON =0OA cos o.;
<. p=acosa. Similarly, bcos B=ccosy=p.

Hence, by (i), the equation to the plane is

p P
je. T+Y4%-1,

weosa  yeos By zeosy 4

Ex. Find the intercepts made on the coordinate axes by the plane
z+2y—~2:=9. Find also the direction-cosines of the normal to the
plane if the axes are rectangular. Ans. 9, 9/2, —9/2; 1, §, —§.

34. General equation to a piane. The general equation
of the first degree in x, y, 2 represents a plane.

For Az+By+Cz+ D=0 can be written

@ Y 7 _
—D/A+ —D/B+ —-D/cC

H

and therefore represents a plane making intercepts — D/A,
—D/B, —D/C on the axes.

35. If Az+By+Cz+D=0and p=wcoso.+ycosS+zcosy
represent the same plane,

cosa_cos3_cosy_p.
TR T B T g D (1)

therefore the direction-cosines of the normal to the plane
Ax+By+Cz+D=0 are proportional to A, B, C. If the
+1
v AZ4B%4CY
But p is a positive number ; therefore if D is positive,
= P  eosq=——A
P TRrere NESE
cos B-—-_:.,g_____._ —C
v ai4+B+CY +B24C?
If D is negative, we must change the sign of /A?+B%+C2

axes are rectangular, each of the ratiosin (1)=

and cosy=
J A
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Cor. 1f the axes are rectangular, the angle between the

planes . +by+cz+d=0, az+by+cz+d =0
+(aa’+bb +cc’) }

Ja2 404 ¢ Ja 4 b ¢

Ex. 1. If the axes are rectangular, find the angle between the
planes (i) 2v—y+2=6, x+y+2:=3;

(ii) 3x+4y—562=9, 2x+6y+6z="7.

Ans. (i) =/3, (i) =/2.

Ex. 2. If the axes are rectangular, find the distance of the origin
from the plane 6x -3y +2z—14=0. Ans. 2.

Ex. 3. Shew that the equations by+cz+d=0, cz+ar+d=0,
az+by+d=0 represent planes parallel to OX, OY, OZ respectively.
Find the equations to the planes through the points (2, 3, 1), (4, —5, 3)
parallel to the coordinate axes.

Ans, y+4¢—-7=0, x-2-1=0, 4r+y-11=0.

Ex. 4. Find the equation to the plane through (1, 2, 3) parallel
to 3x +4y —52=0. Ans. 3r+4y—5:+4=0.

Ex. 5. Prove that the equation to the plane through (o, B, 7)
parallel to azx+by+cz=0 is ar+by +cz=ao.+bB+cy.

Bx. 6. If the axes are rectangular and P is the point (2, 3, —1),
find the equation to the plane through P at right angles to OP.
Ans. 2243y —-2=14.
Ex. 7. Prove that the equation 22%—6y2—1222+18yz+2224+2y=0
represents a pair of planes, and find the angle between them.
Ans. cos~116/21.
BEx. 8. Prove that the equation
ax?+by?+ c2* + 2fyz + 2922 4 2hxy =0
represents a pair of planes if abc+2fgh — af?—bg?— ch?=0.
Prove that the angle between the planes is
" _,(2(f2+g2+k2—bc—ca—ab)})
an .
a+b+c

Ex. 9. A variable plane is at a constant distance p from the origin
and meets the axes, which are rectangular, in A, B, C. Through A,
B, C planes are drawn parallel to the coordinate planes. Shew that
the locus of their point of intersection is given by #~2+y 2427 2=p~2,

is cos‘l{

36. Plane through three given points. The general
equation to a plane contains three arbitrary constants, and
therefore a plane can be found to satisfy three conditions
which each involve one relation between the constants;
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eg. a plane can be found to pass through any three non-
collinear points.
To find the equation to the plame through (x,, y,, 2,)
(3, Y2» 25), (T3, Y35 23)-
Let the equation to the plane be ax+by+cz+d=0.
Then ax,+ by, +c2,+d =0,
ax,+by,+cz,+d =0,
axy+ by, +cz,+d=0.
Therefore, eliminating a, b, ¢, d, we obtain the required
equation, x, y, 2z 1|=0.
Ty, Y 2y, 1
Tgs Yoo 25, 1
T35 Yg» 2> 1
Ex. 1. Find the equation to the plane through the three points
1,10, (1,2,1), (=22 —1).
Ans. 2x+3y—32=5.
Ex. 2. Shew that the four points (0, —1, 0), (2, 1, —1), (1, 1, 1),
(3, 3, 0) are coplanar.

37.! Distance from a point to a plane. 7o find the

distance of the point P, (2, y'. z°) from the plane
Pp=xcos o+ cos B+2cos y.

Suppose that p is a positive number so that cos ., cos 3,
cos y are the direction-cosines of the normal from the origin
to the plane. Change the origin to («/, y’, 2’), and the
equation to the plane becomes

p=(@+x)cosa+(y+y’)cos B+(2+2)cosy,
or p'=xcos o+ cos B+zcosy,
where p'=p—a’ coso—y cosB—2"cosy.

Hence the distance of (', 4/, 2), the new origin, from the
plane is p'=p—a cosa—y cos B—z cosy.

If P is on the same side of the plane as the original
origin O, cos o, cos 3, cos y are still the direction-cosines of
the normal from the new origin, P, fo the plane, and there-

fore p’ or p—a'coso.—7 cos B—2 cosy is positive. If P
1 See Appendix, p. i.
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and O are on opposite sides of the plane, cos o, cos 83, cosy
are the direction-cosines of the normal from the plane to
P, and therefore p° or p—a'cosa—y'cosB—2'cosy is
negative. Hence, if p is positive,
p—a’ cosa—1y cosB—3a" cosy

is positive if (z’, ¥, ) is any point on the same side of the
plane as the origin, and negative if (2, %', 2) is any point
on the side of the plane remote from the origin.

Cor. 1. The distance of (2', %', 2") from the plane
ar+by+cz+d=0,
ax' + by’ +c2’ +d
Va4 b+
If d is positive the positive sign is to be taken, as it gives
a positive value for the perpendicular from the origin.

if the axes are rectangular, is given by

Cor. 2. If d is positive, the expression az’+by +c2’'+d
is positive if (2, y’, 2’) and the origin are on the same side
of the plane ax+by+cz+d=0, and negative if they are
on opposite sides.

Ex. 1. If P is (&, y, 7), shew that the projection of OP on the
normal to the plane
p=xcoso+ycos3+zcosy is &’ cos o+ cos 3+2 cosy,
and deduce the results of § 37.

Ex. 2. Find the distances of the points (2, 3, —5), (3, 4, 7) from
the plane x+2y—2~=9. Are the points on the same side of the plane ?

Ans. 3, 4, No.

Bx. 3. Find the locus of a point whose distance from the origin
is 7 times its distance from the plane 22+ 3y —62=2.

Ans. 3x+8y®+ 3522 — 36y2 — 24ax + 122y — 8 — 12y + 242+ 4 =0.

Ex. 4. Find the locus of a point the sum of the squares of whose
distances from the planes x+y+2=0, x—2=0, v —2y+2=0, is 9.
Ans. 224+y2+22=9.

Ex. 5. The sum of the squares of the distances of a point from the
planes x+y+2=0, z—2y+2=0 is equal to the square of its distance
from the plane x=2. Prove that the equation to the locus of the point
is 72+2x2=0. By turning the axes of » and z in their plane through
angles of 45°, prove that the locus is a right circular cone whose semi-
vertical angle 1s 456°
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38. Planes bisecting the angles between given planes.
To find the planes bisecting the angles between the given
planes ax+by+cz+d=0, a'z+by+cz2+d =0, the axes
being rectangular.

We can always write the equations so that d and d’ are
positive. Then the equation

ax+by+cz+d dre+by+cz+d

Jae+b e Jar bR

represents the locus of points equidistant from the given
planes, and since the expressions

ax+by+cz+d, dz+by+cz+d
in the equation have the same sign, the points are on the
origin side of both planes or on the non-origin side of both.
The locus is therefore the plane bisecting that angle
between the given planes which contains the origin.

Similarly,
ar+bytez+d_ dz+by+cz+d

Vb | Jatbirer
represents the plane bisecting the other angle between the
given planes.

Ex. 1. Shew that the origin lies in the acute angle between the
planes x+2y+2:=9, 4r—3y+12:+13=0. Find the planes bisecting
the angles between them, and point out which bisects the acute angle.

Ans. Acute, 25x+17y+62: —78=0; obtuse, x+ 35y —10z—156=0.

*BEx, 2. Shew that the plane ar+by+cz+d=0 divides the join of
(1) 915 21), (T, Y2, 25) in the ratio

_an +by ey +d
axy+byy+cz+d’

[The point ( kiz—:lx 1 A‘K?:f/ L8 )‘;2_:'12’) lies on the plane if

A(axy+ by, + czy+ d) + ax, + by, + ¢z, + d=0.]

*Ex. 3. Hence shew that the planes u=ax+by+cz+d=0,
v=ar+by+cz+d =0, u+Av=0, v—Av=0 divide any transversal
harmonically. A

Let P, (xy,9;,2) be on the plane =0, then u, = ax, + by, + ¢z +d=0.
Let Q, (%3, %5, 2,) be on the plane »=0, then v,=a'w,+ by, +c'zy+d' =0

The planes » + Av=0 divide PQ in the ratios

_wm Ay . Ay
Ug+ Avy we ¥ uy’
t.e. divide PQ harmonically.
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*Ex. 4. If A, P, B, Q are any four collinear points, the anharmonic
ratio, or cross-ratio of the range APBQ, is defined to be
AP AQ AP.QB

PB QB " AQ.PB

Prove that four given planes that pass through one line cut any
transversal in a range of constant cross-ratio.

If =0, v=0 are two planes through the line, the equations to the
four given planes can be written, v+ A0=0,r=1,2,3,4. Let A, B,
(#1y ¥1y #), (%g, Yay %) lie on the planes w+Aw=0, u+Aw=0
respectively. Then u,+A%;=0 and wu,+Aw,=0. If P, Q lie on
the planes u + A,v=0, u+ Aw=0, then by Ex. 2,

AP w+Aw AQ_ _u+Aw
PB™  wu+Aw, QB uyt+Aw,
AP.QB _ (4~ A)(As—A)
AQ.PB  (A3—Ay)(A - Ay)

This constant cross-ratio is called the cross-ratio of the four planes.

and therefore

*Bx. 5. P,Q, R, S are four co%lanar points on the sides AB, BC,
CD, DA of a skew quadrilateral. Prove that

AP BQ CR DS

THE STRAIGHT LINE.

39. The equations to a line. Every equation of the
first degree represents a plane. Two equations of the first
degree are satistied by the coordinates of any point on the
line of intersection of the planes which they represent, and
therefore the two equations together represent that line.
Thus ax+by+cz+d=0, a’x+by+c2+d =0 represent a
straight line.

40. Symmetrical form of equations. The equations to
a straight line can be found in a more symmetrical form.
If the line passes through a given point P, (2, ¥/, 2’) and has
direction-ratios I, m, n,

’ ’
€r—x Y — Z2—=2
l—-—, m-—___.'/ y

) = -

r r

where Q, (z, v, 2) is any point on it, and the measure of
PQ is =, (§21, Cor. 3; §29, Cor. 3). And therefore the



§§ 39, 40] THE EQUATIONS TO A LINE 39
coordinates of any point on the line satisfy the equations
(=)

These equations enable us to express the coordinates of a
variable point on the line in terms of one parameter r, for

x—x y—y z2—2
l m  w

e=x'+lr, y=y+mr, z=24+nr
Conversely, any equations of the form
x—a_ y—=b z—c
I~ m  n

represent a straight line passing through the point (e, b, ¢)
and having direction-ratios proportional to I, m, n.

Ex. 1. Find where the line ‘”:1_7[T2=f+_3 meets the plane

2v+4y —z+1=0. 2 =3 4 3 -3 0
Ex. 2. Find the points in which the line 'f-i'l—l=1!:;,]_.2_—_f_%z cuts

the surface 1122 — 52+ 220, :
0 surtace 1Lom= byt Ans. (1,2, 3), (2, -3, 1)

Ex. 3. If the axes are rectangular, find the distance from the point

(3, 4, 5) to the point where the line Z— 3_Y=4_2-5 heets the plane
rct+y+z=2. 1 2 2 Ans. —6.
Ex. 4. TFind the distance of the point (1, —2, 3) from the plane

x—y+2=>5 measured parallel to the line ¥ =-§§ = —f—é, (rectangular axes).

Ans. 1. 2

Ex. 5. Shew that if the axes are rectangular, the equations to the
perpendicular from the point («, 3, y) to the plane ax+by+cz+d=0
r—o._y-—

a b ¢
point (a, 3, ) from the plane.

are

=27, and deduce the perpendicular distance of the

Ex. 6. If the axes are rectangular, the equations to the line through

i ines LY _% *T_Y_2
(o, 3, y) at right angles to the lines L Smony Lom are
rz-a Y- _ z-v

mlna - mznl - nlla - nzll - llmz - lgml

Ex. 7. If the axes are rectangular, and if [}, m,, n,; 13, my, n, are
direction-cosines, shew that the equations to the planes through the
lines which bisect the angles between

zfly=y/my=z[n, and z[l,=y/m,=z[n,,
and at right angles to the plane containing them, are
(L £ly)z + (my £my)y +(ny £1,)2=0.
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Ex. 8. A line through the origin makes angles a, 8, y with its

rojections on the coordinate planes, which are rectangular. The
Sistances of any point (z, 7, z) from the line and its projections are
d, a, b, c. Prove that

d?=(a? ~ 2?) cos®a+ (b? — y2) cos?3 + (c% — 2%) cos?y.

41, Line through two points. If P, Q are (z,, ¥, 2,),
(%5, ¥,, 2,), the direction-ratios of PQ are proportional to
Xy—Ty, Yo—7Y,, %y—2;, and therefore the equations to PQ
are =T, _ Y=Y _2"%,

To—=%y Yo~ %2~ %
By §8, the coordinates of a variable point of the line in
terms of one parameter, A, are
g M2t y__:,)‘?/g"'?/_l, Azy+2,
A1 A+1 A+1

Ex. 1. Find the point where the line joining (2, 1, 3), (4, -2, 5)

cuts the plane 2x+y —2=3. Ans. (0, 4, 1).

Ex. 2. Prove that the line joining the points (4, — 5, — 2), (-1, 5,3)
meets the surface 222+ 3y%—4z°=1 in coincident points.

~—
o=

42. Direction-ratios from equations. The planes through
the origin parallel to
ax+by+cz+d=0, az+by+cz+d =0
are given by
ax+by+cz=0, adz+by+cz=0.
Hence the equations
ax+by+cz=0=az+by+c’z
together represent the straight line through the origin
parallel to the line given by
ax+by+cz+d=0=a'z+by+cz+d.
They may be written
Yy oz
bl =bc ca'—cu ab —a'b’
and therefore the direction-ratios of the two lines are
proportional to bc’—b'c, ca’—c'a, ab’—a’b.  Again the second
line meets the plane z=0 in the point
(bd’ =bd da'-da 0) .
ab'—a’b ab —a’b’ V)’
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therefore the equations to the second line in the symmetrical
form are x__bd_,'lbd q _da'—da
ab’ —u'b Y= =ab oz
b —bec e —ca T ab —a'b

Ex. 1. The equations to a line through (a, b, ¢) parallel to the

plane XOY are dea b r—c
A ettt naens (1)

l m 0

since the direction-ratios are {, m, 0. Again the line lies in the plane
z=c¢, and therefore its equations can be written

m@—a)=l(y—>0), 2=¢, vccociiiiiiiiniiiiiinn. (2)

and (1) is to be considered the symmetrical form of (2).

Ex. 2. Find the equations to the line joining (g, 4, 3), (-3, 5, 3).

e _52 =';/-]-4___z(—) Therefore the line is parallel
to the plane XOY, as is evident, since the z-coordinates of two points
on it are equal to 3. The equations can also he written

x+4Hy=22, 2=3.

The equations are

Ex. 3. The equations to the straight line through (a, b, c) parallel

to OZ are ‘”5“:3/_",_1’:'?_“_9 or x=a, y=b.

0 1

Ex. 4. Prove that the equations to the line of intersection of the
planes 42+ 4y —Hh2=12, 82412y — 13:=32 can be written

r—-1 y-2

2 3

'JB.I N

Ex. 5. Shew that the line 20+2y-2-6=0=22+3y—2-8 is
parallel to the plane y =0, and find the coordinates of the point where
1t meets the plane x=0. Ans. (0, 2, —2)

Ex. 6. Prove that the lines
243y —4:=0=3r—-4y+2 br—-y-3:+12=0=r-Ty+bz-6
are parallel.
Ex. 7. Find the angle between the lines
r=2y+e=0=x+y -2 x+2y+2=0=8r+12y+5z,
(rectangular axes). Ans. cos~18/+/406.

Ex. 8. Find the equations to the line through the point (1, 2, 3)
parallel to the line »—y +2z=>5, 3x+y +2:=6.
r—-1 y-2 2-3
Ans. g ="gm=
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43.! Constants in the equations to aline. The equations

x—a_y—b z—c
[~ m  n

may be written m=_l-y+a_.l.lf

m me
y=nEth =

which are of the form «=Ay+B @)
e D}, ..........................
and therefore the general equations to a straight line con-
tain four arbitrary constants. The equations (1) represent
the planes passing through the line and parallel to 0Z and
OX respectively, and by a choice of such planes to define any
given line its equations can be put in the form (2), which
is the form with the smallest possible number of arbitrary

constants.

Ex. 1. Prove that the symmetrical form of the equations to the
line given by r=ay+d, z=cy+d is x—;b=*111=z———;d-

Ex. 2. Prove that the lines

r=ay+bd, z=cy+d, rx=dy+¥, z=cy+d,
are perpendicular if aa’+cc’+1=0.

Ex. 3. Find a, b, ¢, d, so that the line x=ay+b, z=cy+d may pass
through the points (3, 2, —4), (5, 4, —6), and hence shew that the
given points and (9, 8, — 10) are collinear.

Ans. a=1,b=1,¢c=-1,d=-2.

Ex. 4. Prove that the line x=pz+¢q, y=rz+s, intersects the conic
2=0, ax?+by*=1, if ag?+ bst=1.

Hence shew that the coordinates of any point on a line which
intersects the conic and passes through the point (e, 3, v) satisfy the
equation a(yx —az) +b(yy — Be)t=(z—7)%

Ex. 5. Prove that a line which passes through the point (a, 8, ¥)
and intersects the parabola y=0, :2=4aux, lies on the surface

(Bz—yyY=4a(B-y)(Br-0y).
Ex. 6. Find the equations to the planes through the lines
(@) “”;2=-’/Z3=zg4, (ii) 2r+ 3y — 52— 4=0=3r—4y+ 526,
parallel to the coordinate axes.

Ans. (i) by—42+1=0, 2:-524+2=0, 2z—-y-1=0;

(ii) 17y - 25:=0, 52—17x+34=0, br—y—10=0.
1 See Appendix, p. i.
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*Bx. 7. If the axes are oblique the distance of the point («, ¥/, 7)
from the plane ax+by+cz+d=0 is given by

+(ax' + by + cZ + d)(1 — cos?A — cos’u — cos?v+ 2 cos A cos u cos v)i
{Za?sin?\ — 2Zbc(cos A — cos p cos v)}*

*EBx. 8. The distance of (¢, ¥, 2’) from the line z/a=y/b=z/c
is given by
die 2(bz — cy)? sin®A + 22 (cx — az) (ay — bx)(cos p cos v — cos /\)
a?+b%+c?+2bc cos A + 2ca cos p+2ab cos v

*EBx. 9. Prove that the direction-cosines of the normal to the

At
plane OXY are 0, 0,
siny

where A =1 - cos?A — cos?u — cos?v 42 cos A cos . cos v,
Tf the angles that OX, OY, OZ make with the planes YOZ, ZOX,
XOY are a, 3, v, prove that
sine. _ sinf8 _ siny _ .}
cosec A cosec Tcosecv
If the angles between the planes ZOX, XOY, etc.,, are A, B, C,
prove that (i) cos A —cos p cos v=sin psin v cos A,
..y SinA sinB_sinC
(ii = =
“sinA sing  sinv

’

44. The plane and the straight line. Let the equations

m
plane and straight line. Their point of intersection 1s
(ou+1r, B+mr, y+n7),

where r is given by
r(al+bm+cn)+aa+bB+cy+d=0.

But » is proportional to the distance of the point from
(o, B, v). Therefore the line is parallel to the plane if
al+bm+en=0 and ac+bB+cy+d==0.

If the axes are rectangular, the direction-cosines of the

normal to the plane and of the line are proportional to
a, b e¢; I, m n; and therefore if the line is normal to

ax+by+cz+d=0, w—la=y—ﬁ=z;y represent a giver.

the plane, L m =
A~ b ¢
Cor. The conditions that the line should lie in the
plane are al+bm+cn=0

and ao+bB+cy+d=0.
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Ex. 1. Prove that the line 2=3-Y~=%_2-5 i3 narallel to the
plane 4244y - 52=0. 2 3 4 :

Ex. 2. Prove that the planes 2r—3y—7:=0, 3z-14y-13:=0,
8r — 31y —332=0 pass through one line.

Ex. 3. Find the equation to the plane through (2, —3, 1) normal
to the line joining (3, 4, — 1), (2, — 1, ), (axes rectangular).

Ans. x+5y—6:4+19=0.

Ex. 4. Find the equation to the plane through the points
(2, -1, 0), (3, —4, 5) parallel to the line 2r=3y =4z,

Ans. 2920 — 27y — 222=80,

Ex. 5. Prove that the join of (2, 3, 4), (3, 4, 5) is normal to the

plane through (-2, -3, 6), (4, 0, —3), (0, -1, 2), the axes being
rectangular.

Ex. 6. Find the distance of the point (-1, —5, —10) from the

S _
point of intersection of the line ‘_q’_3_2=31."_'1=3._2 and the plane

x —y+z=>5, (rectangular axes). 4 12 Ans. 13,
Ex. 7. Find the equations to the planes through the point
(-1, 0, 1) and the lines
4r-3y+1=0=y—-42+4+13; 2r-y—-2=0=z-5,

and shew that the equations to the line through the given point
which intersects the two given lines can be written

r=y—-1=2-2.
Ex. 8. Find the equation to the plane through the line
voa_y-B_z-y

{ m n

parallel to the line ‘3,'= 3/7=3,
' m' n

Ans. Z(x—o)(mn’ —m'n)=0.
Ex. 9. The plane lx+my=0 is rotated about its line of inter-

section with the plane z=0 through an angle «. Prove that the
equation to the plane in its new position is

le+my + 2412 m? tan a.=0.

Ex. 10. Find the equations to the line through (£, g, 2) which is
parallel to the plane lz+my+nz=0 and intersects the line
ar+by+cz+d=0, a'r+by+cz+d =0.
Uz=f)+m(y-g)+n(z-h)=0,
Ans. Jartby+eztd_az+bytdztd
af+bg+ch+d af+Vg+ch+d
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Ex. 11. The axes being rectangular, find the equations to the
perpendicular from the origin to the line

Z+2y+32+4=0, 2x+3y+4:+5=0.

Find also the coordinates of the foot of the perpendicular.

(The perpendicular is the line of intersection of the plane through
the orifm and the line and the plane through the origin perpendicular
to the line.)

v_ ¥y _z . (221 —4)
Ans. 5="3==3 <3 33 )

Ex. 12. The equations to AB referred to rectangular axes are
g=”l§=é‘ Through a point P, (1, 2, 5) PN is drawn perpendicular
to AB, and PQ is drawn parallel to the plane 3z+4y+52=0 to meet
AB in Q. Find the equations to PN and PQ and the coordinates of
N and Q.

Ans. r=1 y-2 z2-5 wx-1 y-2 2-5,

-3 176 89 ' 4

52 —78 156), ( -9 )

(E’ o ) P29
Ex. 13. Through a Foint‘, P, (', ¥, Z) a plane is drawn at right
angles to OP to meet the axes (rectangular) in A, B, C. Prove that

the area of the triangle ABC is

——, Where r is the measure of OP,
22°y'z

Ex. 14. The axes are rectangular and the plane x/a+y/b+z/c=1
meets them in A B, C. Prove that the equations to BC are
g:g:i_——:; that the equation to the plane through OX at right
angles to BC is by=cz; that the three planes through OX, OY, OZ,
at right angles to BC, CA, AB respectively, pass through the line
ar=by=cz; and that the coordinates of the orthocentre of the
triangle ABC are :

a-] b—l c—l
a—2+b—2+c—2’ a—2+b—2+c—2’ a—2+b—2+c-—2'

BEx. 15. If the axes are rectangular, the distance of the point
(%05 Y05 2o) from the line

u=ar+by+cz+d=0, v=dv+by+cz+d =0
(@'g — avy)® 4 (V'ug — bog)* + (C_' 1_{0_1‘0}1(22 }‘}
(b’ = b'c)+(ca’ —ca)t+(ab —a'b)t J °’
where uy,=axy+by,+cz+d, and vo=a'zy+by,+c'z+d"

is given by

Ex. 16. Find the equation to the plane through the line
u=ar+by+cz+d=0, v=ar+by+cz4+d =0,
parallel to the line z/{=y/m=z/n.
Ans. u(@'l+b'm+cn)=v(al+bm+cn).
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Bx. 17. Find the equation to the plane through the lines
ar+by+cz=0=a'v+b'y+c% ox+Ly+y:=0=a'sv+Ly+ys
A A z =0.
b ~be, ca —ca, abl —a'b
Byl — Bl‘y, }/a., — ‘yla.’ a.BI - a‘lB
Ex. 18. Prove that the plane through the point (e, 3, 7) and the
line »=py+q=rz+s is given by
le, py +q, 7r2+38
o, pB+q, ry+s
, 1, 1
Ex. 19. The distance of the point (¢, u, ) from the line

‘”?“‘:y :nB =2 ;7, measured parallel to the plane ax+by+cz=0, is

given by
geo (@t b2+ Z{m(y — )= n(B—n) = {Z(o. — £)(bn — cm)}?
(al+bm+cn) )
Deduce the perpendicular distance of the point from the line.

Ans.

=0,

r—o_y-B_z-y i

*Ex. 20. If the axes are oblique, the line 7 — —

normal to the plane ax+by +cz+d=0, if
Oo¢p O ¢

gﬁb’ﬁﬁc’.‘. (See §31.)

*Bx. 21. Shew that the equation to the plane through OZ at
right angles to the plane XOY is

2(cos pu cos v —cos A)=(cos v cos A — cos ).

*Ex. 22. Shew that the planes through OX, OY, OZ, at right
angles to the planes YOZ, ZOX, XQY, pass through the line
z(cos pcos v —cos A)=y(cos v cos A —cos p)=2z(cos A cos . — cos v).

*EBx. 23. The planes through O normal to OX, OY, OZ cut the
planes YOZ, ZOX, XOY in lines which lie in the plane
T+ 42 .
cosSA cospu  cosv

*Ex. 24. Shew that the line in Ex. 22 is at right angles to the
plane in Ex. 23.

*Bx. 25. If P is the point (2, ¥, 2') and the perpendiculars from
P to the coordinate planes are p,, p,, ps, prove that

pisinA_pysinp_ pssin V=Aw}
z Yy Z ’
Deduce that the planes bisecting the interior angles between the
coordinate pianes pass through the line
x Yy oz
sinA sinp siny’
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*Ex, 26. Shew that the squares of the distances of P, (¥, ¥, %)
from the coordinate axes are

y'2sin?v +22sin®u+ 2y'7(cos A — cos p cos v), ete.
*Ex. 27. Prove that the equation to the plane through O normal to

r _ Y _ Z
sinA sinu siny
+y cos A_g+y+zcosh+g-v=

—-Atptv
5 0.

is z cos
45. The intersection of three planes. Before proceeding

to the general discussion of the intersection of three given

planes we will consider three typical numerical cases.
Solving the equations

3z—4y+52=10,
22— y+ 2= 3,
z—3y+2s= 1,

we obtain =1, y=2, z=3, and hence the three planes
represented by the given equations pass through the point
(1, 2, 3).
Let us now attempt to solve the equations
(i) 2x—4y+2z=>5,
(i) bx— y— 2=S§,
(i) =+ y— 2z="T.
Eliminate 2z from (ii) and (iii), then from (i) and (ii), and
we get de—2y=1, dax—2y="T.
Whence subtracting, 0.x2+0.y=6.
Similarly, eliminating y from (i) and (ii), then from (ii}

and (iii), we get
6r—22=9, 6r—2z=15,

whence 0.240.2=6.
There are, therefore, no finite values of «, y, 2, which

satisfy all the given equations. The equations 0.2+0.y=6,

- imiti T Y P42
0.240.2=6, are limiting forms of 7T5=6 pt5p="0 as k

tends to infinity, and hence we may say that any point
wnose coordinates satisfy the three given equations is at an
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infinite distance. We easily find that the lines of inter-
section of any two of the planes are parallel to the line
12739

and it is evident that no two of the planes are parallel, so
that the three planes form a triangular prism. Thus if we
are given the three equations to the faces of a triangular
prism, and we attempt to solve themn, we obtain a para-
doxical equation of the form k=0, where k is a number
different from zero.

Consider, in the third place, the equations

(1) 12z— y+22=35,
() 3Bz+ y+ == 1T,
(i)  x+2y+ z= 0.

Eliminating z between (i) and (ii), and then between (ii)

and (iii), we obtain
6x—3y=21, 2z0—y=T7.

Similarly, if we eliminate @ in any way between the
equations, we get 5y+2z+7=0.

Thus all points whose coordinates satisfy the given equa-
tions lie upon both of the planes 22—y =7, 5y4+22+7=0,
or the common points of the three planes lie upon a straight
line, that is, the three planes intersect in a straight line.

Ex.1. Examine the nature of the intersection of the sets of planes:

(i) 2x-5y+ 2=3, .+ y+4z=5, 24+3y+6z=1;
(ii) 3r+4y+6:=5, Gr+5y+9:=10, 3r+3y+52=5;
(iii) z+ y+ 2=6, 2xr+3y+4:=20, x— y+ z2=2;
Jdv) 2+2y+32=6, 3r+4y+5:=2, S5r+4y+3:+18=0;
(v) 2x4+3y+42=6, 3r+4y+5z=20, 242y+32=2;
(vi) 22— y+ z=4, br+Ty+2:=0, 3r4+4y—-2:+3=0;

(vil) 3r— y+ 2=5, 22+4y+ 2+10=0, 62—-2y+2:+9=0.
Ans. (i) Planes form prism ; (ii) planes pass through line
-5 y =z |
o 1T i
(iii) planes intersect at (1, 2, 3) ; (iv) planes pass through line
r+10 y-8 2z,
I -2 1

(v) planes form Erism; (vi) planes intersect at (1, —1,1); (vii) twc
planes parallel, third intersects them.
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Ex. 2. Prove that the three planes 2r+y+2:=3, x—y+2:=4,
r+z=2, form a triangular prism, and find the area of a normal section
of the prism. Ans. A/3/18.

We shall now consider the general case.

Let the equations to the planes be

wy=ax+by+ez+d, =0, .ol (1)
Uy =+ by +e,z4+dy,=0, cooviiiinnin (2)
ug=dgt+ by +ez+d, =0 oo 3)
Solving the equations (1), (2), (3), we obtain:
@ _ -y _ 2 _ -1
|bl, ¢, 4y Uy, ¢, d, w, b, d a, by, ¢
b,, ¢c,, d, Uy, Cy, d, Uy, by, d, dy, by, g
b, ¢,, d; Uy, ¢y, dy ay, by, dy s, by, c,

whicly, by contracting the denominators, we may write,

@ -y z -1

e e = e = e = (4
lbl, o, d;,) I“’]; Ca» dsl I“l- by, dy|  ay, by ey @
L g, b 08 (b=t
et A:-I(Ll, 2 C3|, Alz’a?l:( 203 302)’
2A oA
Bl;_—_,a_b_lg(czaa_caaz), Cl = 521 = (“2”3—'('3’)2); ete.

Then
B,C,—B,C,=a,A, C,A,—CA,=bA, AB,-AB,=cA; etc
Therefore, if A=0,
2_ 2 A;_B;_Cy
A3=§:;_(?3 and A—l——B—l—C—l .............. (5)
If A=£0, the equations (4) give finite values of z, ¥, 2,
and therefore the three given planes have a point of
intersection at a finite distance.
But if A=0 and | b, ¢,, d, |50, the given equations are
not satisfied by any tinite value of 2. Since
10y, €, dy| = dyA +dyAy+d A,
A, A,, A, cannot all be zero, and thercfore the three planes
are not all parallel. Again, the lines of intersection of the
planes are parallel to
B, C, A, B, C;

B Q. D

&x y_ =2 rx Yy _z
2
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and hence, by (5), are parallel. If A;, A;, A; are all different
from zero, no two of the given planes are parallel, and the
planes form a triangular prism. The edges are parallel to
Xoy if ¢;=C,=C;=0, (and so | @, b, d3|=0), or to OX if
B,, By, By, C;, C,, C,, are all zero (and so | a,cyd; |=0 and
| @y by dy|=0). If Aj=B,=C;=0, and A,, A;7#0, the planes
us and u, are parallel and «; meets them, and we have a
limiting case of a triangular prism when one of the edges is at
an infinite distance. Since d, and d; are not both zero, we
have | b, ¢, d; | #0. Hence for a triangular prism, A=0 and
one of the other three determinants is different from zero.
It is to be noted that in this case
Ajug+ Ay + Agug=| by, ¢, dy |0,
that is, when three planes are parallel to one line their
equations can be combined so as to form a paradoxical
equation k=0, where k is a quantity different from zero.
Conversely, if three numbers [, m, » can be found so that
lu, +mu,+nu, =k,

where k is independent of z, y, 2, and is not zero, then the
three planes are parallel to one line, and if no two of them
are parallel, form a triangular prism. For

al+am+amn=0, bl+bm+bn=0,

el+ eom+ en=0, dl+d,m+dmn=-0.

Therefore |a,, b,, ¢;|=0 and |b,, ¢,, d;|5-0.
Suppose now that A=0, |b,, ¢,, d,|=0 and A0, (A, is
one of the common minors of A and |b,, ¢;, d;[). As in the
last case, the three planes are parallel to one line. But

since |b,, ¢,, dy|=0, the three lines in which the planes
cut the plane YOZ, viz.,

=0, by+cz+d,=0;
=0, by+c,z+d,=0;
=0, by+cz+d;=0
are concurrent. Their common point is given by =0
Y _ z 1
Colg— oy dyby—dgb, A’
and since A,0, it is at a finite distance. Hence, since the

’
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three planes are parallel to one line and pass through a
point in the plane YOZ, they pass through one line.

It follows now that |a;, c,, d4] and |a,, by, dg], the
remaining two determinants in (4), are zero. For since
the planes pass through one line, their lines of intersection
with the plane ZOX, viz.,

y=0, ax+c2z+d,=0; y=0, azw+cz+d,=0;
y=0, ax+c,z+d;=0
are concurrcnt. Therefore |a,, ¢,, d;|=0, and similarly,
| @y, by, dg|=0.

Again, if |a;, by, dy|=0, |a,, ¢;, ds|=0 and a,d;—ayd,,
(any one of the common minors), is not zero, the lines
of intersection of the given planes with the planes ZOX
and XOY are concurrent. The points of concurrence are
given by

y=0 T _ z _ 1 .
T gy — oy dytg—daa,  aycg—agc,’
z2=0 z = Y = 1 ;
 bydy—bydy dyag—dya,  ayby—bga,’
and since dya,—d,a,50, they are not coincident. The
planes have therefore two common points and thus pass
through one line. It follows then that |a,, b, ¢;| and
[b,, ¢y, dg| are both zero.
If, therefore, any two of the determinants

b1y €a5 dsls |y, €5 dgl, [y, by, dgl, |y, by, ¢
are zero, and one of their common minors is not zero, the
remaining two determinants are zero,* and the three planes
have a line of intersection at a finite distance.

* This is easily proved algebraically. If A=0, |b;, c;, d3|=0,and A +0,

then, since A=A, +aA+azA; =0,

and [b1s €5y ds|=diA, +d,Ag +dsA; =0,

we have A=t
ayly — agdy  agd, —a,d;  a,dy —a,d;
DA A +BA; A+ A+ oAy
T o —lay, by, dg| T —|ay, Cqy dy )

Therefore, since 2b,A, =0, Zc,A; =0, and A, ¥ 0,
Jay, by, dg|=0 and |a;, c5, dy|=0
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The conditions for a line of intersection are often written

in the form,
a, b, ¢, d,]=0,
@y, by, ¢y, d,

ag, by, ¢, dy

the notation signifying that any two of the four third-order
determinants are zero. They may also be obtained as
follows. Any plane through the line of intersection of
u,; =0, u,=0 is given by A\u,+Au,=0. If the planes
u,; =0, u,=0, 1,=0 pass through one line,

AN+ Au,=0 and u,=0
must, for some values of A, A,, represent the same plane,

and therefore
AUy AUy = — Ay,
or Ay F Ay + A0, = 0.
Conversely, if A;, A,, A, can be found so that
AUy Ay + A2, =0,
then AU+ AUy = — Ay,
and therefore the plane u,=0 passes through the line
of intersection of u;=0 and u,=0. Considering the co-
efticients in A ju, + A, + Au; =0, we have
A FCA+ A =0, and d X +dN\,+d A\, =0.
Therefore, eliminating A, A,, A;, we obtain
a,, b, ¢, d =0
Ags by, €y, dy
ag, by ey dy

Bx. 3. Prove that the planes
r+ay+(b+c)z+d=0,
z+by+(c+a)z+d=0,

z+cy+(a+d)z+d=0
pass through one line.

Ex. 4. Prove that the planes z=cy+bz, y=az+cz, z=bxr+ay pass
through one line if a?+ b%+c?+2abe=1.
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Ex. 5. The planes ax+hy+gz=0, hr+by+f2=0, gv+fy+cz=0
pass through one line if A=|a, % ¢|=0, and the direction-ratios
ky b f
9. Jr ¢

of the line satisfy the equations
 m: n?

0A 04 0&
Ca Ob Oc

Ex. 6. If the axes are rectangular, the equations to the planes
through the line of intersection of two of the given planes
a,e+by+ez+d,=0, r=1, 2 3,
perpendicular to the third, are
(@12 + byy + 12+ dy)(agay+ byby + ey65) — (a7 + byy +cyz + dy)
x (aza, + by, +¢40,) =0, ote.
Shew that the three planes pass through one line.

Ex. 7. The plane i+% +i=1 meets the axes OX, OY, OZ, which

are rectangular, in A, B, C. Prove that the planes through the axes
and the internal bisectors of the angles of the triangle ABC pass

through the line » y .

aNbi -t baetyat enlai¥ b

46. Line intersecting two given lines. The equations to
any line intersecting two given lines, u;, =0=v,; u,=0=v,,
are u,+A0,=0, u,+A,0,=0.

For the third line lies in the plane u,+Av,=0, and
therefore it is coplanar with u,=0=wv,, and similarly it
is coplanar with u,=0=v,.

BEx. 1. Find the equations to the straight line drawn from the
origin to intersect the lines

3r+2y+4:-5=0=22-3y+4z+1,
2r—4y+2+6=0=3r—-4y+2-3.
r_Y __Z
249 153 -52
Ex. 2. Find the equations to the line that intersects the lines

r+y+e=1, 20-y-2=2; wr-y—2=3, 20r+4y—z=4, and passes

through the point (1, 1, 1). Ans, B _y-1_2-1
o 1 3

Ans.

1
Ex. 3. Find the equations to the line drawn parallel to §=3{=§
80 as to meet the lines z=5x—-6=4y+3, 2=22-4=3y+5.
Ans. 442=11xr+1693, 11z=11y+ 345.
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Ex. 4 Find the surface generated by a line which intersects the
lines y=2=a; x+3z=aqa, y+2=a, and is parallel to the plane z+y=0.

Ans. (z+y)(y +2)=2a(z +x).

Ex, 5. Find the surface generated by a straight line which intersects
the lines x+y=2=0; x—-y=2 x+y=2a, and the parabola y=0,
x?=2az. Ans. 2* —y*=2asz.

Ex. 6. A variable line intersects OX, and the curve =y, y?=cz,
and is parallel to the plane YOZ. Prove that it generates the
paraboloid zy =ca.

Ex. 7. Prove that the locus of a variable line which intersects the
three given lines y=mz, 2=c; y=—mx,2=—c; y=2,mr=—c; is the
surface y —m%r®=2%—c%

47. Lines intersecting three given lines. If the equa-
tions to three given lines are u,=0=v,, u,=0=v,,
uy=0=1,, and the three planes

1) u;=Av, =0, (2) uy—A20,=0, (3) uy,—A,=0
have a line of intersection, that line is coplanar with each
of the three given lines, and therefore intersects all three.
There are two independent conditions for a line of inter-
section, (§ 45), which may be written,

LA, Ay A)=0, ...ene. 4) oA Ay A)=0. ......... (5)

If X, Ay, A; be chosen to satisfy (4) and (5), any two of
the equations (1), (2), (3) represent a line which intersects
the three given lines. Suppose that (1) and (2) are taken,
then eliminating A, between (4) and (5), we obtain

AL A)=0. cooeiiiiiiiiiinin, (6)

An infinite number of values of A}, A, can be found to
satisfy (6), and therefore an infinite number of lines can
be found to intersect three given lines. If we eliminate
AL, A between (1), (2), (6) we obtain

Uy U\ _
¢(?71’ E)'O' ereeeeerenereneeenoo(T)

This equation is satisfied by the coordinates of any point
on any line which intersects the three given lines, and
therefore represents a surface generated by such lines.
Hence the lines which intersect three given lines lie on a
surface.
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It is to be noted that if A\, A,, A, satisfy (4) and (5),
(3) is of the form w,—Av,+k(u,—A,v,)=0, and therefore
that (1), (2), (3), (4), (5) are really equivalent to four
independent equations. The equation to the surface is
obtained by eliminating A;, A;, A; between these four
equations, and this can be done in only one way. Hence

Uy, Ug U

the surface is also given by f1<— >=O, or by

(% (% v

1 2 3

f <"’._1, Us __“3> —0

2 ’ y — V.
UV, Uy g

Ex. 1. Find the locus of lines which intersect the three lines
y=b,z=—c¢; z=c; x=—a; r=a,y=-b
If the three planes
Y=b+M(z4¢c)=0, z—c+Ay(r+a)=0, x—a+A;(y+b)=0
have a line of intersection, it meets the three given lines. That
is 8o if 0, 1, A, —b+Ae [|=0,
Ayy 0, 1, —c+Ap
1, Az 0, —a+Ah
ge if (1) MAA;+1=0 and (2) A A A2 —2¢A A3+ 2bAs—a=0.
Therefore the coordinates of any point on a line which meets the
three given lines satisfy
Y=b+ N (z+c)=0, z2—c+A(r+a)=0, x—a+A;(y+b)=0,
where AjA;A;4+1=0. Therefore eliminating A;, A;, A;, we obtain
the locus of the lines, viz. :
y=b z-c r-a_,
z4+c¢ x+a y+b 7
or ayz+bzr+cxy+abe=0.
(Shew that the same result is obtained from (2).)

Ex. 2. If the planes through a point P and the three given lines
y=1, z2=-1; 2=1, z=-1; x=1, y=—1 pass through one line, P
lies on the surface yz+ 22+ 2y +1=0.

Bx. 3. Prove that all lines which intersect the lines y=m., z=c;
y= —mx, z= —c; and the z-axis, lie on the surface maz=cy.

Ex. 4. Prove that the locus of lines which intersect the three lines
y—2=Y,2=0; z2—2=1,y=0; r—y=1,2=01s
224y 42— 2z — 220 — 22y =1.
Ex. 5. Find the locus of the straight lines which meet the lines
=2, 4y=3z; x+2=0,4y+3:=0; y=3, 2r+2=0.
Ans. 3622+ 16y2—9:2=144.
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Ex. 6. Shew that the equations to any line which intersects the
three given lines y=b, z=—¢, 2=¢, v=—a; r=a, y= —-b may be
written y—b+A(z+¢)=0, (r—a)+pn(y+b)=0, where A and p are
connected by the equation Auc—pub+a=0. Hence shew that the two

lines which intersect the three given lines and also €=y_ic=i

are
z_y+e_z2-b z-c_y_ z2+a

@ ¢c—b b-¢c ¢c—a b a—-c

Ex. 7. Shew that the two lines that can be drawn to intersect the
four given lines
y=lz=-1; z=lrx=-1; =1, y=-1; x=0,y+2=0
are given by z=1, y+1=0; 2+2r+1=0, y—2—2=0.

48. Coplanar lines. 7o find the condition that two given
lines should be coplanar.

Let their equations be

Tt _ =B 2T 1)
l m n

v _y=B_ 2=y ... (2)
U m’ 0

The equation to a plane through the first line is

a(@—)+b(y—B)+c(z—y)=0, .cc.ceetnnn. 3)

where al+bm4cen=0. ..........cviiiiiiinn. (4)
If it contains the line (2),

a(a—a)+0(B=B)+c(y—v)=0, .ccocenn.n. (5)

and Al +0m Fen' =0, oo (6)

Therefore eliminating @, b, ¢ between (4), (5), (6), we
obtain the required condition,

a—o, B—=B, y=—v|=0. ccceerrnnnnn )
{ m, n
0 m’, n'

The elimination of a, b, ¢ between (3), (4), (6) gives the
equation to the plane containing the lines, viz,

AY

x—o, Yy—B, z2—y|=0. ..... ereennres (8)
L, m, n
ll, qn/, n/
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Generally, the equation (8) represents the plane through
the line (1) parallel to the line (2), and (7) is the condition
that this plane should contain the point («, 3, ¥') on (2).

Ex. 1. Deduce the result (7) by equating the coordinates o+ Ir, ete.,
o/ +1'7, ete., of variable points on the given lines.

Ex. 2. Prove that the lines '1‘_—71 _—_~'/_—_2=Z,:_3 T2 _y—3_2-4
are coplanar. 2 3 4 3 4
Ex. 3. Prove that the lines
r—a+d_y-a_z-a-d
-8 o a+d
2=btc_y-b_ z2-b-c
B-y B Bty
are coplanar, and find the equation to the plane in which they lie.
Ans. 2y=rx+2.

Ex. 4. Prove that the lines r=ay+b=cz+d, r=o0y+ B=vyz+8are
coplanar if (y —¢)(af8 — b)) — (. — a)('é8 —dy)=0. =y

BEx. 5. Prove that the lines
=—%—-, ar+by+e:+d=0=aw+by+cz+d

a_g_—l_—bB—l—cy:l—_d_a'a.+b’,8A+c"y~+d’
al+bm+cen ~ dl+bm+ecn

are coplanar if

Bx. 6. Prove that the lines av+by+cz+d=0=a'w+by+cz+d
ox+ By +yz+8=0=a'v+ 3y +7yz48 are coplanar it
a, a, o, o |[=0.
b ¥, B, B
C, ¢, Y ‘)”
d, d, 8§ §&
Ex. 7. A, A’; B, B'; C, C' are points on the axes; shew that
the lines of intersection of the planes A'BC, AB'C’; B'CA, BC'A’;
C’AB, CA'B’ are coplanar.

49. The shortest distance between two lines. The axes
being rectamgular, to find the shortest distance between the

times Z5 %=1 —8_277, e—o_y—B_s=y

m n U m’ n

Let the points A, A, (fig. 24), be (o, B, y), (', B, ¥").  The

shortest distance between the given lines is at right angles

to both, and it is therefore equal to the projection of AA” on
a line at right angles to both of the given lines.
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Suppose that A, u, v are the direction-cosines of such a
line, then IN+mu+nrv=0 and IA+m'u+nrv=0;
. A I R
“mn—mn nl =l Im —U'm
Therefore the projection
“A(@=0)+u(B—B)+r(y—v), (21, Ex.3)
_ (@ a)(m’ —m'n) + (8- 8) (nl - w)+(y - y) ('~ Vm)
VEZ(mn' —m'n)?
=la—o, B=B, v—¥'|+J/E(mn —mn).
l, m, n
U, m, n

’

Fia. 24,

Equation (7), § 48, may now be interpreted as the con-
dition that the shortest distance between the two given
lines should vanish. Again, if PP’ is the shortest distance,
the equations to the planes APP’, A'PP’ are
r—o, y—B, z2—y|=0, |e—o/, y—8, z—9'|=0,
l, m, n U, m/, n
A, s v | A ths v

and these represent the line PP’,

Bx. 1. Find the shortest distance using the theorems that the
shortest distance is equal to (i), the perpendicular from any point
(a+Ir, B+ mr, ?i+nr), on the first line to the (Elane drawn through

the second parallel to the first; and (ii), the distance between two
planes, each passing through one line and parallel to the other.

Ex. 2. If P, (a+lr, B+mr, y+nr) and
Pl’ (a-l+l"/’ BI+”,&I?J’ ,yl+n'rl) 2 882
are points on the given lines, and PP'=8§, prove that %%=0, =a7,=0,

necessary conditions for a minimum of PP'?, are verified when PP’ is
perpendicular to each of the Jines.
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Ex. 3. Shew that the shortest distance between the lines
z-1 y-2 2-3 2-2 y-4 2-56

9T 3 T4 3T g T
.1 . .
is -, and that its equations are
N q
1lr+2y -72+6=0, Tx+y -5z+7=0.
Ex. 4. Find the shortest distance between the lines

rz-3_y—-8 2-3, x+3_3/+7__z_—_6f
3 -1 1’ -3~ 2  4°

The following method of solution may be adopted: Let the s.p.
meet the lines in P and P’ respectively. Then the coordinates of P
and P’ may be written (3+3r, 8—r, 3+7), (—3-3r, ~742r, 64 4r),
where r is proportional to the distance of P from the point (3, 8, 3)
and + to the distance of P’ from (-3, —7,6). Whence the direction-
cosines of PP’ are proportional to 6+3r+3#, 156 —r—2r, —34r—4r.

Since PP’ is at right angles to both lines, we have
3(6+3r+3r)~(15—-r—2r)+(-3+r—4r')=0,
-3(843r+3r)+2(16 -7 —2') +4( -3+ — 4+')=0.
Whence, solving for » and »', we get r=+ =0,

Therefore P and P’ are the points (3, 8, 3), (-3, -7, 6), PP'=34/30,
and the equations to PP’ are

z-3_y z2-3

_y-8_
3 = 5

Ex. 5, Find the same results for the lines

z-3_y-5_ 2-7, z+1_y+1 241
1 -2 1’ 7 6 "1°

Ans. 2429, i;.l:-’%?:i}?’, @, 5, 7) (-1, =1, -1)
Ex. 6. Find the length and equations of the s.0. between
3r-9y+5:=0=x+y—z,
6r+8y+3:-13=0=x+2y+2-3.
11
Ans. —, 10x-29y+162=0=13z+ 82y + 55z —109.
NETT: y + 162 2+ 82y + 502

Ex. 7. A line with direction-cosines proportional to 2, 7, =5 is
drawn to intersect the lines

2-5_y-7 2+2, x+3_y-3_2-6

)

3 - 1T’ 37 2 4
Find the coordinates of the points of intersection and the length
intercepted on it. Ans. (2, 8, -3), (0, 1, 2), N78
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Ex. 8. Find the s.n. between the axis of z and the line
ax+by+ez+d=0, dx+by+cz+d=0.
(The plane passing through the line and parallel to OZ is
c(ax+by+ez+d)=c(ae+Vy+cz+d),
and the perpendicular from the origin to this plane is equal to the s.p.)
Ans. - ed—-cd )
Vi(ac' —d'e)r+ (b = be)?
Ex. 9. 1f the axes are rectangular, the s.p. between the lines
y=az+b, z=ax+f; y=dz+¥, z=o'zv+ ' is
(- oYb-0)—('B-af3)(a—a’)

{ola*(a—a' P+ (0 — o)+ (o — a'o)?} ¥

Ex. 10. Prove that the s.». between the lines
ar+bytez+d=0=a'wv+by+cz+d,
axr+LBy+yz+8=0=a'w+3y+ye+&

is a, b ¢ d |+{Z(BC-BCYY,
a, b, ¢ d
o, :8’ 7 3
(1.,, 3/’ 7’7 8/

where A=bc' - b'e, ete,, A'= 3y — 'y, ete.
Ex. 11. Shew that the s.p. between the lines

By _ YW _EE Xedy Y=Yy -2
cosay; cosf3; cosy,’ cosa, cosfd, cosy,

meets the first line at a point whose distance from (r, 7, z/) is

S(x, — 2y)(cos oy — o8 0 cos o)
sin? 0

Ex. 12. Shew that the s.n. between any two opposite edges of

the tetrahedron formed by the planes y+2:=0, z4+x=0, 24y =0,

xz+y--2=a is 2a/a'6, and that the three lines of shortest distance
intersect at the point a=y=z2=-a.

, where 6 is the angle Letween the lines.

Ex. 13. Shew that the s.p. between the line
ar+by+cz+d=0=a'r+Vy+cz+d
and the z-axis meets the z-axis at a point whose distance from the
origin is
ab’ —d'b) (be' — be) +(ed’ — da)(ad’ — a'd)
{(bc' —b'c)? +(ca’ — c'u)? )
Ex. 14. Shew that the equation to the plane containing the line
y/b+zjc=1, x=0; and parallel to the line zfa—z/c=1, y=0 is

1
o2

z/a—y/b—z/c4+1=0, and if 2d is the s.p. prove that 3]'2;—615 +-I-)1-.2 +
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Ex. 15. Two straight lines
oo y-B_z-y, r-a_y-f_i-y
l m n U m n

are cut by a third whose direction-cosines are A, u, v. Shew that the
length intercepted on the third line is glven by

a—-ao,B-B,v-7Y &, m, n|,
’

A m, n l, n/y n’

'’ ’ ’

v, m/, n A opy v

and deduce the length of the s.p.

*Bx. 16. The axes are oblique and the plane ABC has equation
z/a+y/b+z/c=1. Prove that if the tetrahedron OABC has two pairs

of opposite edges at right angles, COZA coz g2y (=#), and that

the equations to the four perpendiculars are

o op_,2p_ ¢

=2acosv, %‘f=2acosp, etc., and a5y ;7,51;_06—3—.

Hence shew that the perpendiculars pass through the point given by

@i)— 2bctk, ’(2(1) =2cak, a—Eb: 2abk. Provealso that the equations to the
Ox Ay 0z

s.0. of AB and OC are 4) =2abk, 51’ ?—'é ; and that the s.p

passes through the point of concun ence of the pelpendlculars
50. Problems relating to two non-intersecting lines.
When two non-intersecting lines are given, the following
systems of coordinate axes allow their equations to be
written in simple forms, and are therefore of use in problems
relating to the lines.

Fic. 25.

I Rectangular axes. Let AB, A'B’, (fig. 25), be the lines,
and let CC’, length 2¢, be the shortest distance between
them. Take the axis of z along cC’, and O the mid-point
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of cC’ as origin. Draw OP, OQ parallel to AB, A'B’, and
take the plane POQ as the plane z2=0. As z- and y-axes
take the bisectors of the angles between OP and 0Q. Then
if the angle between the given lines is 2o, the equations
to the planes POZ, QOZ are y=xtano, y=—xtano; and
hence the equations to AB and A’'B’ are

y=xtanw, 2=c¢; Yy=-—xtano, z2=—c.

These may be written in the symmetrical forms

x _ Yy _z2—c¢, 6 x _ Yy _z+c

coso. sino. 0 ’ coso. —sino 0

Ex. 1. P and P’ are variable points on two given non-intersecting
lines AB and A'B’, and Q is a variable point so that QP, QP’ are at
right angles to one another and at right angles to AB and A'B’
respectively. Find the locus of Q.

ake as the equations to AB, A'B’, y=mx, z2=c; y=—mz, 2= —c.
Then the coordinates of P, P’ are a, mo, ¢; 3, —mf, —¢, where o. and
B are variables. Let Q be (§, 7, {), then since PQ is perpendicular
to AB,

(E—a)+mm—mo)=0; ccovrrirurnninriiinnnnnnn, (1)

since P'Q is perpendicular to A'B/,
E-B)—mm+mB)=03; ccovrrrerrirrrereersnnns (2)

since PQ is perpendicular to P'Q,
(- o) (€= B)+(n—mo)(n+mB)+({~)({+)=0. ......... ©))

To find the equation to the locus we have to eliminate o. and (3
between (1), (2), (3).
22 _ 2 (202
The result is easily found to be m 277‘,:( 02,
a hyperboloid. (I+m?? 1-m

which represents

II. Axes partly rectangular. If we take OP and OQ as
axes of # and y, instead of the bisectors of the angles
between them, we have a system of axes in which the
angles ZOX, YOZ are right angles and the angle XOY is the
angle between the lines. The equations to AB, A’B’ referred
to this system are

¥=0, z=c; =0, z=—c.
_Ex. 2. P, P’ are variable points on two given non-intersecting
lines a;nd PP’ is of constant length 2t Find the surface generate
byTle(:e' as the equations to the lines y=0, z=c; #=0, 2= —c; then
P and P’ are (a, O, ¢), (0, B, —c), where o and 3 are variables. The

equations to PP’ are 2 y—B a+c !
&:Z_T‘=—2c—'c ............... IEEANER R R RYL) ( )
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If Q, Q' are the projections of P, P’ on the plane OXY, PQ=Q'P'=¢,
0Q=a,0Q =0 and QQ?=a?+ 32—20.3 cos §, where O is the angle
between the lines. Therefore

PP%=02+3%-20.Bcos O+4c2=4k2 .....cccvvuun...nn (2)

To obtain the equation to the locus of PP’ we have to eliminate
a and 3 between the equations (1) and (2). From (1),

_ 2cx _ —2ey
e P=3izo

and therefore the surface is given by

z? y: 2xycosf kP
(z+c)"-*'(z——c)”-‘?‘—c2 =z L

Ex. 3. Find the surface generated by a straight line which inter-
sects two given lines and is parallel to a given plane.

If the axes be chosen as in Ex. 2, and the given plane be
lx  m

RU A
z+c+z—c+" 0.

lz+my+nz=0, the locus is

III. Axes oblique. If a point on each of the given lines
is specitied and a rectangular system is not necessary, the line
joining the given points may be taken as z-axis, its mid-
point as origin, and the parallels through the origin to the
given lines as 2- and y-axes. The equations to the lines
are then y=0, z=c; =0, 2= —c;
where 2c¢ is the distance between the given points.

Ex. 4. AP, A'P’ are two given lines, A and A’ being fixed, and
P and P’ variable points such that AP.A’P’ is constant. Find the
locus of PP’

Take AA’ as z-axis, etc. Then P, P’ are («, 0, ¢), (0, B, —¢), where
af3=constant =44% say. The equations to PP’ are

z_y-B_zte

o -8 2’
and eliminating o. and 3 between these and o.3=44?% we obtain the
equation to the locus, c%zy + £%(2% - ¢?)=0.

Ex. 5. Find the locus of PP’ when (i) AP+A'P, (ii) AP/A'P,
(iii) AP24+A’P? is constant. Find also the locus of the mid-point
of PP'.

Ex. €. Find the locus of the mid-points of lines whose extremities
are on two given lines and which are parallel to a given plane.

Ex. 7. Find the locus of a straight line that intersects two given
lines and makes a right angle with one of them.

Ex. 8. Find the locus of a point which is equidistant from two
given straight lines.
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Bx. 9. Shew that the locus of the mid-points of lines of constal
length which have their extremities on two given lines is an ellip:
whose centre bisects the s.p., and whose axes are equally inclined
the lines.

Ex. 10. A point moves so that the line joining the feet of t}
perpendiculars from it to two given lines subtends a right angle :
the mid-point of their s.p. Shew that its locus is a hyperbol
cylinder.

Ex. 11. Prove that the locus of a line which meets the line
y=+mx, 2= +c¢; and the circle 2+ y*=a" 2=0is

c*m(cy — maz)’ + ¢*(yz — emx)? = a?m?(2% — %)%

THE VOLUME OF A TETRAHEDRON.

51. 1o find the volumne in terms of the coordinutes of th
vertices, the axes being rectungular.

If A, B, C are (z;, ¥;, 21), (X, Yss %), (L3, Y3, 2y), th
equation to the plane ABCis | 2, ¥y, =2, 1 [|=0, or
€, Y 2y 1
Ly Yor B 1
Ty, Y3 Ty 1

2|y, 2, |4y (2, 2, 1|42 |ay, vy, 1=z, ¥, zI!....(l

Yor %90 1 %, &y, 1 Ly Yoo LI 15 Yoy 2
Ysr %50 1 23 Xy 1 @y Yy 1] 125 Yy, 2

The equation to the plane ABC can also be written

P=xcoSx+Ycos B+zcosy. .ooviiinnn. (2
Let A denote the area ABC; then its projections on th
planes YOZ, ZOX, XOY are coso.A, cos3.A, cosy..
respectively. But the projections of A, B, C on the plan
YOZ are (0, y,, 2,), (0, y,, 2,), (0, 3, =;), and therefore th
area of the projection of ABC is given in magnitude anc
sign by 1| v,, %, 1| Therefore we have
Yoo 2y 1
Yy 23 1
cs.A=%| ¥, %, 1), in magnitude and sign.
i Yor % 1
Ysr % 1
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Hence, using the similar expressions for cos8.A and
cos y. A, equation (1) may be written

2A(wcosotycos B+zcosy)=| x;, ¥, 2 [=2pA, by (2)
: Los Y20 2
L3 Y3 23

Now the absolute measure of ipA is the volume of the
tetrahedron OABC, and we can introduce positive and
negative volume by defining the volume OABC to be 1pA
which is positive or negative according as the direction of
rotation determined by ABC is positive or negative for the
plane ABC, (p is positive as in § 87).  We may then write

Vol. 0ABC = Vol. 0CAB=Vol. OBCA=1} |z, ¥, 2, );
o, 2
Vol. OBAC=1}| @, ¥,, o, |= — Vol. OABC, ete, | 22 Y2 %
Ty, Yy 2 L3y Y3s Z3
T3y Ys» 73

If b is the point (z,, y,, 2,), changing the origin to D.
we have

i
Vol. bABC=1}| oz, —x,, Y,—¥: 2,—72
Lo—=Tys Yo—Ys 2972
La—=Tyy, Ys— Yy 23—%y

[0

1=y Y1~ Y 21— %
Lo—Ly, Yo—Ys» 222y,
3=y, Y3~ Yp 23— %,
Ly» Yo 245

-0 OO

=} 2y Y % l|=—%|2 Yo 2, 1

Ty Yo» 2y 1 T, Y, 7, 1
X3 Ys 2y 1 Xgy Yg %y 1
Ty Yo 2y 1 Ty, Y, 2y 1

Since the sign of a determinant is changed when two
adjacent rows or columns are interchanged, it follows that

Vol. pABC = —V¢l. ADBC = Vol. ABDC = — Vol. ABCD, etc
B.G. B
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Again, since

Ty, Yy, 20 L= |0, Y1s 2y | = | Co) Ygr 25|+ | T3y Y35 23| — | T4 Yu» 24 |
Ly, Yar Zgs 1 Loy Y2s 23| [T Y Zg| [T Ys?y| [T Y12
T, Y3» 250 1 Ty, Y3 231 Ly Ypp 24| 1%, Y1 21) | T2 Yar 29
Ty Y 2 1
—Vol. ABcb = Vol. oABC— Vol. 0BCD
+Vol. ocpAa—Vol. ODAB.

Since the volume ABCD does not depend on the position
of the origin, this must be true for all positions of o.

Cor. If o, B, y. § are the perpendiculars from any
point O to the faces ABC, BCD, CDA, DAB of a given tetra-
hedron aot+bB+cy+dd is constant, where a, b, ¢, d are
certain constants.

Ex. 1. A B, Care (3,2 1), (-2 0,-3), (0,0, —2). Find the
‘ocus of P if the vol. PABC=5. Ans. 2243y —4z=238,

Ex. 2. The lengths of two ogposite edges of a tetrahedron are
1, b, their s.p. is equal to d, and the angle between them to # ; prove
that the volume is M.

Ex. 3. AA’ s the s.p. between two given lines, and B, B’ are
variable points on them such that the volume AA’BB’ is constant.
Prove that the locus of the mid-point of BB’ is a hyperbola whose
asymptotes are parallel to the lines.

Ex. 4 If O, A, B, C, D are any five points, and p,, p,, ps, py are
the projections of OA, OB, OC, OD on any given line, prove that
P - Vol.OBCD —p, . Vol. OCDA +p,. Vol. ODAB - p, . Vol. OABC =0.

Ex. 5. Prove that the volume of a tetrahedron, two of whose sides
are of constant length and lie upon given straight lines, is constant,
and that the locus of its centre of gravity is a plane.

Ex. 6. If A, B, C, D are coplanar and A’, B', C/, D’ are their
projections on any plane, prove that Vol. AB'C'D’= —Vol. A'BCD.

Ex. 7. Lines are drawn in a given direction through the vertices
A, B, C, D of a tetrahedron to meet the opposite faces in A’, B, C', D".
Prove that Vol. A'B'C'D’= -3.Vol. ABCD.

*Ex. 8. Find the volume of the tetrzhedron the equations to
whose faces are ¢ 14 b,y+c2+d,=0, r=1, 2, 3, 4.

Let the planes corresponding to »=1, 2, 3, 4 be BCD, CDA, DAB,
ABC respectively, and let A=|a,, b, ¢, d,|. Then (2, v, 7),
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the coordinates of A, are given by

Ton_a_ 1 — 9B et
A,”B,~C, Dy where Al—-,a—dl, etc. ;
and therefore the volume is given by
-§|Ay/Dy, ByYDy, Cy/Dy, 1| _ 1 _|A, By, Cp, D
A,/D,, etc. 6D,D,D4D, | A,, etc.
—A3
=55,5,0,0;

(C. Smith, Algebra, p. 544.)

*Ex, 9. The lengths of the edges OA, OB, OC of a tetrahedron
OABC are q, b, ¢, and the angles BOC, COA, AOB are A, p, v; find
the volume.

Suppose that the direction-cosines of OA, OB, OC, referred to
rectangular axes through O, are {;, m,, n, ; 1,, my, ng; I3, ms, ny; then
the coordinates of A are /,a, m;a, n,a, etc.

Therefore 6.Vol. OAEC=|l,a, ma, na

l,b, mb, mgb
lye, mge, mac

= +abc , =03 2, Zi, Y= +abe 1, cosv, cospu 3,
1201y, 202 2L, cosv, 1, cos A
| Stytg, Sty Sl cosp, cosA, )

(Cf. § 27, Ex. 3.
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CHAPTER 1IV.
CHANGE OF AXES.

62. OX, OY, 0Z; O, Oy, O are two sets of rectangular
axes through a common origin O, and the direction-cosines
of 0§, 05, O¢, referred to OX, OY, OZ, are {,, m,, n;; L,, My, ny;
ly, mg, ny. P, any point, has coordinates z, y, z referred to
CX, OY, OZ and &, #, { referred to OF, Oy, Of. We have to

Fie. 26,

express &, ¥, 2 In terms of & 5, ¢ and the direction-cosines,
and vice-versa.

In the accompanying figure, ON, NM, MP represent &, 5, ¢,
and OK, KL, LP represent «,y, 2. Projecting OP and ON,
NM, MP on OX, OY, OZ in turn, we obtain

w= L+ Lyt S,
Y=mE+Mmn+Mmgl, b crceriniirninnnnn(1)
2= .+ N+ ngé.
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And projecting OP and OK, KL, LP on O, Oy, O¢ in turn,

we obtain £= l]_ x+ myy + n2,
n=lX+ MY +092,F eviniiiiniiiinnes (2)
$=lx+myy +nge.
x Ji z
£ L, m, ",
" L, My N,
¢ L, m, ny

The equations (1) and (2) can be derived from the
above scheme, which may be constructed as follows: Affix
to the columns and rowse the numbers z, ¥, z; £ 5, §; and
in the square common to the column headed « and the
row headed £ place the cosine of the angle between OX
and Of, t.e. 1, and so on. To obtain the value of z, multiply
the numbers in the z-column by the numbers at the left
of their respective rows and add the products; to obtain
the value of & multiply the numbers in the £row by the
numbers at the heads of their respective columns, and add
the products. Similarly, any other of the equations (1)
and (2) may be derived.

Cor. Since z, y, 2z are linear functions of £ #, { the
degree of an equation is unaltered by transformation from
any one set of rectangular axes to any other. For it is
evident that the degree cannot be raised. Neither can it
be lowered, since in changing again to the original axes,
it would require to be raised.

53. Relations between the direction-cosines of three
mutually perpendicular lines. We have
l24+m?24n2=1, Ll +mymy+nmg=0,
LP4m24nt=1,7 ...... &) Ll +mm+nm,=0,r ...... ()
lZ4+mgl+ni=1, Ll,+mmy+nm,=0.
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From the second and third equations of (B), we detive
L, _omy Ny )
MyNg—MgNy  Nolg—Ngly  Lymy—Igm,’
Li4mli+n?  +VIP+mP+n? —+1
5 My, My |V E(mgng—mgn,)?
lyy, My, My (§ 23, Cor. 1)
by, Mg, 7y
Therefore, if D-'=|l,, m;, n,
lyy My, My
ls, mg, Mg
{=D(mgng=mgn,), My =D(Ngls—"4l,), 1y =D(lymg=Lgm,).
Similarly,
Ly =D(mgny—myng), my=D(ngl;—1ls), ny=D(lm,~lymy);
l;=D(mmy—myn,), my=D(nly—n,l,), ny=D(lmy-lym,).
Multiplying the first column of equations (&) by {;, 7, s
respectively, and adding, we obtain
I2+12+12=D(l, m;,, n
by Mgy My
ly, mg my

and each=,

=:|:1:

(E)

and similarly,
me+my+m2=1, n24nl+nlt=1......... (o)]
Multiplying the second column by m,, n,, n,, we obtain
in the same way,
mn, + mny+mgng=0,
and similarly, Ml 4+ nly+ ngly=0,
Lmy+ Iymg+ Iomg=0. ..covnienann.. (D)

AN

The equations (¢) and () can be derived at once from the
consideration that 1, 1), lj; m,, m,, my; my, m, my are
the direction-cosines of OX, OY, 0z referred to Of, Oy, Of.
The method adopted shews that the four sets (4), (8), (¢), (D)
are not independent, and it can be shewn as above, that if
either of the two dissimilar sets (a), (B); (C), (D) be given,
the other two can be deduced.

Suppose that a plane LMN (fig. 27) cuts off three positive
segments of unit length from the axes O£, Oy, 0{ Then if
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the direction of rotation given by LMN is the positive
direction of rotation for the plane LMN, the system of axes
0¢, On, O can be brought by rotation about O into coin-
cidence with the system OX, OY, 0z. If the direction of
rotation is negative, and Of, Oz are brought to coincide
with OX, OY respectively, then O¢ coincides with 0Z'.

Now 6.Vol OLMN=|l,, m,, =,|=D"%

lyy My, My
ilg Mg, My

The volume, and therefore D, is positive or negative
according as the direction of rotation determined by LMN
is positive or negative for the plane LMN. Hence if LMN
gives the positive direction of rotation, from equations (k)

I, = 4+ (myny—mgn,), ete.,
the positive sign being taken throughout. If LMN gives
the negative direction of rotation,

[, = —(myng—mygn,), ete.,
the negative sign being taken throughout.

Conversely, if {;, m;, ny; L., my, 1,5 b5, My, My are the
direction-cosines of three mutually perpendicular directed
lines Of, 0y, O¢, and

L= +(myng—mgn,),
then Of Oy, Of can be brought by rotation about O to
coincide with OX, OY, OZ.

Ex. Verify the above results by considering O, Oz, O( to coincide,
gay, with OX’, OY’, OZ.

Here l,=—1, my=n=0; ly=n,=0, my=--1; ly=m;=0, nz=1.
!, =mgns—mqng, and if Of be rotated to coincide with OX, Oy
coincides with OY.
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54.1 Section of a surface by a given plane. The follow-
ing method of transformation can be applied with advantage
when the section of a given surface by a given plane
passing through the origin is to be considered.

Let the equation to the plane be lx+my+nz=0, where
24+m?+n*=1, and n is positive.

Take as O¢, the new axis of 2, the ncrmal to the plane
which passes through O and makes an acute angle with
0Z. Then the equations to O¢, referred to OX, OY, 0Z, are
x/l=y/m=z/n. Take as Oy, the ncw y-axis, the line in
the plane ZO¢ which is at right angles to O and makes an
acute angle with 0Z. Then choose O, the new z-axis, at
right angles to Oy and O¢, and so that the system O, Oy, O¢
can be brought to coincidence with ox, oY, 0z. The given

Fia. 28.

plane is £On, and since Of is at right angles to O and O,
it is at right angles to OZ which lies in the plane {On.
Hence O lies in the plane XOY, and therefore is the line
of intersection of the given plane and the plane X0OY. The
equation to the plane {0y is a/l=y/m; therefore if A, u, »
are the direction-cosines of Oy,

D.+mp+nrv=0,

mA—{lu=0,
A_w_ v F1
whence Z—m_m_\/P-}-mz

1See Appendix, p. ii.
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But Oy makes an acute angle with 0z, and therefore » is
positive, and therefore the negative sign must be taken in
the ambiguity.

N —m _ —mn T
o >\_«/lz—l-mz’ K= T v=Etm.
And since Of is at right angles to Oy and Of, by § 53 €.
the direction-cosines of Of are
nu—my, lv—n\, mix—lu;
i M l ,
O JEEmE JEEmE

Hence we have the scheme:

x i z
—-m l
€ Trvwd | Jear |0
| = JEEE
" JErw | JEYm "
¢ l m n

Ex. 1. Shew that the projection of a conic is a conic of the same
species.

The equation f(z, y) = ax?+ 2kzy + by? + 290+ 2fy+ c¢=0 represents a
cylinder whose generators are parallel to OZ and pass through the
conic z=0, f(», y)=0. The equations lr+my+nz=0, f(r, y)=0
represent the curve in which the plane lr+my+nz=0 cuts the
cylinder, and the projection of this curve on the plane z=0 is the conic.
Change the axes as above, and the equations to the curve become

2 _ - 2
¢=0, a(@éﬂ_@) ol (71*«5 tl?m) ((5%_7)3@)”(1_&__@@)
NEZ 4 m? NEFm2/ \NE+m? N+ m?
+...=0,
and therefore the curve is the conic given by
(=0, o'+ 2K En+ b2+ ... =0,

i samP=2him4b2 ., Imn(a—b)—hn(l2-m?)

where a'= i , K= 12 m? s
b= n%(al?+ 2him + bm?)
24+ m? )

Whence h2—a'b =n?(k? - ab)

2 _a'b = 2 _gb=
and K-a'b'=0 as A2 -ab=0.
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Ex. 2. All plane sections of a surface represented by an equation
of the second degree are conics.

Take coordinate axes so that a plane section is z=0; the equation to
the surface is, after transformation, of the form

ax?+ by + c22+ 2fyz + 2922 + 2hxy + 2ux + 20y + 2wz + d=0.
The section by the plane XOY is the conic whose equations are
2=0, ax’+2hxy+by?+2ur+20y+d=0.
The surfaces represented by equations of the second degree are the
conicoids.

Ex. 3. All parallel plane sections of a conicoid are similar and
similarly situated conics.

Take the coordinate plane z=0 parallel to a system of parallel
plane sections. The equations to the sections by the planes z=£,
2=k are then,

2=k, ax?+2hzxy+byt+2x(gk+w)+2y(fk+v)+ck?+ 2wk +d=0,
2=k, ax?+2hzy+by?+2x(gk +u)+ 2y(fk +v)+ ck?+ 2wk’ + d=0.
Hence the sections are similar and similarly situated conics.

Ex. 4. Find the conditions that the section of the surface
ax?+by?+c2?=1 by the plane {x+ my+nz=p should be (i) a parabola,
(ii) an ellipse, (iii) a hyperbola.

(It is sufficient to examine the section by the plane lx +my+nz=0,
which, by Ex. 3, is a similar conic. The equation to the projection of
this section on the plane z=0 is obtained by eliminating z between
the equations {x+my+nz=0, ax?+by?+cz?=1, and the projection is a
conic of the same species.)

Ans. For a rarabola l?/a+m?b+n?/c=0, ete.

Ex. 5. Find the condition that the section of ax?+by?=2: by
lz+my +nz=p should be a rectangular hyperbola.

(Since rectangular hyperbolas do not, in general, project into
rectangular hyperbolas, 1t will, in this case, be necessary to examine
the actual section of the surface by the plane lx+my+nz=0 by the
method of § 54.) Ans. (a+b)n?+am*+ bl =0.

Ex. 6. Find the conditions that the section of az?+4by?+c22=1 by
lz+my+nz=p should be a circle.

Ans, 1=0, m¥(c—a)=n2(a—-b); or m=0, n¥a-b)=00b~-c); or
n=0, I3(b—c)=m(c— a).
Ex. 7. If lx+my=0 is a circular section of
Az?4+ By?+4C:24+2Dxy=1,
prove that (B-C)2-2DIim+(A—-C)m?=0.
Ex. 8. Prove that the eccentricity of the section of xy=z by
lx+my+nz=0, (3+m?+n?=1), is given by
2 14 Im .
e V(n2+2)(n?+m?)
Explain the result when n=0.
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Ex. 9. Shew that if
ax?4-by?+ c2 + 2fyz + 2gzx + 2hxy + 2ux + 20y + 2wz +d

be transformed by change of coordinates from one set of rectangular
axes to another with the same origin, the expressions «+b+c,
%+ 9?2+ w? remain unaltered in value.

Ex. 10. Two sets of rectangular axes through a common origin O
meet a sphere whose centre is O in P, Q, R; P, Q, R. Prove that
Vol. OPQR’'= + Vol. OP'Q'R.

Ex. 11, The equations, referred to rectangular axes, of three
mutually perpendicular planes, are p,—{x—m,y—n,2e=0, r=1, 2, 3.
Prove that if (&, 5, {) is at a distance d from each of them,

£- (Gpy+Lpa+ U3 pg) _ M — (1 py +mypy+maps)

LG+, my +my+mg
_ = (npy+ngpy+n5ps) d
Ny +Ng+ng
Fx. 12. If the axes of 2, y, z are rectangular, prove that the
substitutions
¢ ¢ § 2 & g ¢

n
r=—=4——=+—= =~ = = ——=F—=
BRI YTETVE TTVaTYRTVE
give a transformation to another set of rectangular axes in which the
plane x+y+2z=0 becomes the plane £=0, and hence prove that
the section of the surface yz+zr+2y+a®=0 by the plane z+y+2=0
is a circle of radius ~/2. a.

*55. If OX, OY, OZ are rectangular axes, and O, Oz, O{
are oblique axes whose direction-cosines, referred to
OX, OY, 0z, are l,, my, n,; Uy, my, Ny, Ly, My, ng, then pro-
jecting on OX, OY, OZ; Of, Oy, O¢, as in § 52, we obtain

e= L+ ln+ LS
Y=+ M +Mlr oeviriinennnnne(A)
2= n, &+ non+ né.
E+ncosv+cosu =l x+my+mnge,
Ecosy+n+Lcosh =lar+myy+ny2, - onennenn (B)
£cos u+ncos A+ {=lax+myy+mngz,
where the angles 70§, {Of, £On are A, u, v. The equations
(B) can also be deduced from (A) by multiplying in turn by
l,, my, my, ete., and adding. Again, from (a),

=l vy 2z |+|1, m, m ], ete,ete ...(C)
L, m,, mn, l,, my, mn,
vy, my, my la mg. My

(25 FU ]
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By means of (A) and (c) we can transform from rect-
angular to oblique axes and vice versa.

Cor. Since x, y, z are linear functions of ¢ 5, ¢ and
vice versa, the degrece of any equation is unaltered by
transformation from rectangular to oblique axes or from
sblique to rectangular axes. The transformation from one
set of oblique axes to another can be performed, by in-
troducing a set of rectangular axes, in the above two steps,
and hence in this most general case the degree of the
equation is unaltered by the transformation.

Ex. 1. The equation 22+4(y2+:2)=2 is transformed by change

from rectangular axes, the new axes being oblique, and having
direction-cosines proportional to

2,1,1; 4,7/3-1, -a3-1; 4, -/3-1.4/3-1.
Shew that the new equation is 22+ y2+2%2=1.

Bx. 2. If P,Q,R are (£, n,, (), 7=1, 2, 3, referred to a set of
oklioue axes through an origin O, prove that

8.Vol. OPQR=| &, m, (|| 1, cosv, cosp k
& 7Ngs $2 cos v, 1, cosA |.
& M3 (s COS 1, COS A, 1

(Use §55 (B) ; cf. § 61, Ex. 9.)

*Examples I

1. The gnomon of a sundial is in the meridian at an elevation A

{equal to the latitude), and the sun is due east at an elevation a.

ind the angle @ that the shadow makes with the N. and 8. line of
the dial.

2. Find the equations to the line through (1, 1, 1) which meets

both the lines x—;—l=:ﬁ:;l=zi2, x=2y=3z and shew that its inter-
. . . . /715 156 b
section with the second line is 56 o' -2—6)

3. If OA, OB, OC have direction-ratios Z,, m,, n, r=1, 2, 3;
and OA’, OB’, OC’ bisect the angles BOC, COA, AOB, the planes
AOA', BOB’, COC’ pass through the line

v _ Y _ z
L+l+ly my+mg+mg ny+ng+ng
4. Pis a given point and PM, PN are the perpendiculars from P

to the planes ZOX, XOY. OP makes angles ¢, o, 3, y with the
planes OMN and the (rectangular) coordinate planes. Prove that

cosec? § = cosec?o. + cosec?3 + cosec?v.
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5, Shew that the locus of lines which meet the lines
r+a_ y P

) 0 sin. Fcosa
at the same angle is

(xy cos o. —azsin o)(2z sin a. — ay cos a) =0,

_ 6. Find the locus of a straight line which meets OX and the
circle a*+y*=c% z=#h, so that the distance between the points of
section is v/c2+ A2

7. If three rectangular axes be rotated about the line ;:;—Z =§
into new positions, and the direction-cosines of the new axes referred
to the old are {,, m,, n,, etc.; then if

ly=+(mgnz—myny), A(mz+ny)=p(n+l)=v(ly+my);
also if 6 is the angle through which the system is rotated,
sin2Q= 1__6_1 . _A_?_t.ﬁi'{—y_?:_
2 2 pi4 vl

8. If the shortest distances between lines 1, 2, 3 are parallel to
lines 4, 5, 6, then the shortest distances between the lines 4, 5, 6 are
parallel to the lines 1, 2, 3.

9. Any three non-intersecting lines can he made the edges of a
parallelepiped, and if the lines are ”’f_lé_ﬁ’“_'=-’_LT 'bir:L;—&, r=1, 2, 3,

the lengths of the edges are r My
o=y, Ba—Bay Y2—¥s || Ly My ™ |, et
by Mo, Ny lyy myy Mg
ls, Mg, ng lyy Mgy Mg

Consider the case where the denominator is zero.

10. OA, OB, OC are edges of a parallelepiped and R is the corner
opposite to O. OP and RQ are perpendiculars to the plane ABC.
Compare the lengths of OP and RQ. If the figure is rectangular and
O is taken as origin, and the plane ABC is given by lx+my+nz=p,
PQ has direction-cosines proportional to {~!—3l, m™!—3m, n~!-3n,
and PQ?=0R?-9.0P%

11, OS is the diagonal of the cube of which OP, OQ, OR are edges.
OU is the diagonal of the parallelepiped of which OQ, OR, OS are
edges, and OV and OW are formed similarly. Find the coordinates
of U, V, W, and if OT is the diagonal of the parallelepiped of which
QU, OV, OW are edges, shew that OT coincides with OS and that
OT=5.08.

12. Find the equations to the straight line through the origin
which meets at right angles the line whose equations are

(b+0)z+(c+a)y+(a+b)z=k=(b- o)z +(e-a)y+(a—b)s
and find the coordinates of the point of section.

13. Find the locus of a point which moves so that the ratio of its
distances from two given lines is constant.
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14, A line is parallel to the plane y+2=0 and intersects the circles
24+ y?=a? 2=0; 22+2?=a? y=0; find the surface it generates.

15. Find the equation to the surface generated by a straight line
which is parallel to the line y =wmx, z=nz, and intersects the ellipse

22la?+y?bi=1, 2z=0.

16. A plane triangle, sides a, b, ¢, is placed so that the mid-points
of the sides are on the axes (rectangular). Shew that the lengths
intercepted on the axes are given by

2=(b2+c?—a?)/8, m?=(c?+a?—0b?)/8, n?=(a’+b%-c?)s8,
and that the coordinates of the vertices are (—/{, m, n), (I, —m, n),
(l’ m, — n)

17. Lines are drawn to meet two given lines and touch the right
circular cylinder whose axis is the s.n. (length 2¢), and radius c.
Find the surface generated.

18. The section of az?+by?+cz?=1 by the plane lz+my+nz=p is
a parabola of latus rectum 2L. Prove that

L(%/a?+m? b2+ n2/cz)% =p(l2+m?+ n?)/abe.
19. A line moves so as to intersect the line z=0, =y ; and the
circles =0, y2+2*=1*; y=0, 2*+2*=r2 Prove that the equation to
the locus is (@+ )2+ (z—y)2} =r2(z - g)2

20. Prove that ——+ b +—2—=0 represents a pair of planes
Yy—2 z2—x x—}

whose line of intersection is equally inclined to the axes.

21. Find the surface generated by a straight line which revolves
about a given straight line at a constant distance from it and makes
a given angle with it.

22. Shew that x2+ y?+ 22— 3zy — 322 — 3yz=1 represents a surface of
revolution about the line =y =2 and find the equations to the
generating curve.

23. L, L,, L; are three given straight lines and the directions of
L, and L, are at right angles. Find the locus of the line joining the
feet of the perpendiculars from any point on Lj to L, and L,.

24. The ends of diameters of the ellipse z=¢, 2%/a?+y?/b?=1 are
joined to the corresponding ends of the conjugates of parallel
diameters of the ellipse 2%/a?+y?/b*=1, 2= ~c. Find the equation to
the surface generated by the joining lines.

25. A and B are two points on a given plane and AP, BQ are
two lines in given directions at right angles to AB. Shew that for all
lines PQ, parallel to the plane, AP : BQ is constant, and that all such

lines lie on a conicoid.

26. The vertex A of a triangle ABC lies on a given line; AB and
AC pass through given points ; B and C lie on given planes ; shew
that the locus of BC is a conicoid.



CcH. 1v.] EXAMPLES I 79

27. Prove that the equation to the two planes inclined at an angle o
to the zy-plane and containing the line y=0, zcos B=xsin G, is

(#*+y%) tan®(3+ 22 — 222 tan 3=y tan’e.

28. A line moves so as to meet the lines — % —_ ¥ _?F¢ i A
coso. +sino. O

and B and pass through the curve yz=#2% x=0. Prove that the locus
of the mid-point of AB is a curve of the third degree, two of whose
asymptotes are parallel to the given lines.

29. Given two non-intersecting lines whose directions are at right
angles and whose s.p. is AB, and a circle whose centre C is on AB
and plane parallel to the lines. Shew that the locus of a variable line
which intersects the given lines and circle is a surface whose sections
by planes parallel to the lines are ellipses whose centres lie on AB,
and that the section by the plane through C’, another point of AB, is
a circle, if C, C" are harmonic conjugates with respect to A and B.

30. If the axes are rectangular the locus of the centre of a circle of
radius ¢ which always intersects them is

e =2 yNat = et —at—yti=al
31, A line is drawn to meet y=xtana,2=c¢; y=—xrtana, 2= —¢,
80 that the length intercepted on it is constant. Shew that its equa-
tions may be written in the form

z—ksinfcoto._y—kcosftano_z
kcos® ~  ksinf c

where £ is a constant and 0 a parameter. Deduce the equation to the
locus of the line.

32. Find the equation to the surface generated by a straight line
which is parallel to the plane 2=0 and intersects the line z=y =2z, and
the curve x+2y =4z, 2*+y?=a?

33. Through a fixed line L, which lies in the xy-plane but does not
pass through the origin, is drawn a plane which intersects the planes
r=0and y=0 in lines M and N respectively. Through Mand a fixed
g‘oint A, and through N and another fixed point B, planes are drawn.

ind the locus of their line of intersection.

34. The axes are rectangular and a point P moves on the fixed
plane z/a+y/b+z/c=1. The plane through P perpendicular to OP
meets the axes in A, B, C. The planes through A, B, C parallel to
YOZ, ZOX, XOY intersect in Q. Shew that the locus of Q is
1. 1 1 1 1 1
x—2+'3;§+2-2-—a—x+@+2;-

35. AB and CD are given non-intersecting lines. Any plane
through AB cuts CD in P, and PQ is normal to it at P. Find the
locus of PQ.

86. Find the equation to a plane which touches each of the circles
r=0, y2+22=a?; y=0, 2+22=b%; =0, 2% +y?’=c. How many such
planes are there ?

37. Find the locus of the position of the eye at which two given
non-intersecting lines appear to cut at right angles.
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38. Four given points of a variable line lie on the faces of a
guadrilateral prism. Shew that any other point of the line describes
a line which is parallel to the edges of the prism,

39. The locus of the harmonic conjugates of P with respect to the
two points in which any secant through P cuts a pair of planes is
the polar of P with respect to the planes. Prove that the equaticn
to the polar of (z,, 7,, z;) with respect to =0, v=0, isg— +Z =0, where

1 9
u, is the result of substituting =, 7, 2, for , 7,z in u, etc. Shew
also that the polars of P with respect to the pairs of planes that form
a trihedral angle cut those planes in three coplanar lines.

40. Any line meets the faces BCD, CDA, DAB, ABC of a tetra-
hedron ABCD in A, B, C, D. Prove that the mid-points of
AA’, BB', CC’, DD’ are coplanar.

41, If the axes are rectangular, and A. p, v are the angles between
the lines of intersection of the planes a,.r+b.y+c¢2=0, r=1, 2, 3,
prove that
ay, by o
g, b2v Ca
az by e

_(Za?. 2a?. Ea;‘?)&(l ~ cos®A — cos®u — cos?v + 2 cos A cos p cos v)
sin A sin pusin v )

42. The equations r=>Az+p, y=(A3-2Ap)z+p(A2—p), where A
and g are parameters, determine a system of lines. Find the locus of
those which intersect the z-axis. Prove that two lines of the system
pass through any given point unless the given point lies on a certain
curve, when an infinite number of lines pass through it, and find the
equations to the curve.
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CHAPTER V.
THE SPHERE.

56. Equation to a sphere. If the axes are rectangular
the square of the distance between the points P, (z,, ¥,, 2,)
and Q, (2, ¥y, 2;) 18 given by (z,—,)* +(y,— ¥, P + (2, — 2,2,
and therefore the equation to the sphere whose centre 1s
P and whose radius is of length », is

(2= 4 (y =y P+ (o =1
Any equation of the form
ax?+ay? + a2’ + 2ux + 20y + 2wz +d =0
can be written

<w+3>2+<?/+g>s+<z+,-:;0>2=?£2+?)2-;2w2—ad,

and therefore represents a sphere whose centre is

Ju+ v+ wt—ad
(4]

u v w .
[_w - —E> and radius

\

Ex. 1. Find the equation to the sphere whose centre is (2, -3, 4)
and radius 5. dns. 2+ 92+ 22 —4r+6y—8:44=0

Ex. 2. Find the centre and radius of the sphere given by
224?422 - 20+ 4y—62=11 Ans. (1, -2, 3), 5.
Ex. 8. Shew that the equation
(x—z Xz~ 2)+ Y~ y) Y —y2)+(c—2)(e - 2)=0
represents the sphere on the join of (2y, ¥, 2,), (%3, ¥, 2,) as diameter.
Ex. 4. Find the equation to the sphere through the points
(O, 0, 0)’ (O, 1, "l)a ("1’ 2, O)’ (1’ 2, 3)'
Ans. T(2?+y%*+2%) - 150 - 25y -112=0
B.G. [
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Ex, 6. Find the equation to the sphere which passes throug i tng
point (e, B, ¥) and the circle =0, 22+ y*=d>

Ans.  y(2+ 2+ —ad)=2(al+ (2 +y? - d?).

Ex. 6. Find the equations to the spheres through the circle

224yt +22=9, 2r+3y+4:=5;

and (i) the origin, (ii) the point (1, 2, 3).

Ans. (i) 5(a?+y24+2%) - 182 —2Ty —362=0;

(ii) 3(w?+ 2 +2%) =20 —3u—42—22=0.
Bx. 7. The plane ABC, whose equation is z/a+y/b+z/c=1, maeets

the axes in A, B, C. Find equations to determine the ciicumcircle of
the triangle ABC, and obtain the coordinates of its centre.

Ans. zja+ylb+zje=1, 22+yt+2—ar—by—cz=0;
a(b=24c?) b(c2+a?) c(a™?+b7%)
(@ i+b24c2) 2@ i+b24c?) 2(aE+b%+c?)

*Ex. 8. Tf the axes are oblique, find the equation to the sphera
whose centre is (v}, 7, 2;), and radius 7.

Ans. Z(rv—2)+22(y—y,)(z—2)cos A=1%
*Bx. 9. Prove that the necessary and sufficient conditions thag
the equation
ax?+by?+ e+ 2fyz + 2922 + 2hxy + 2ur + 20y + 2wz +d="9,
referred to oblique axes, should represent a sphere, are

f g _h
CcosA cosp cosv

a=b=c=

—S\*
Prove that the radius is —1—3( - S> , where
a*\ A

= a, acosv, acosp, u | and A= 1, cosw, cosp |.
@ cos v, a, acosA, v cos v, 1, cos A
aCoS (L, @&COSA, a, w cos pu, CosA, 1
%, v, w, d

57. Tangents and tangent planes. If P,(x,,y,, 2,) and
Q, (@3, Yo, 2,) are points on the sphere a2+ %+ 22=a? then
TP+ttt =at = w4 Yt + 2

and therefore
(@) =2 ) (@, + ) + (Y, = Y2) (1 +Y2) + (2, — 2,)(2, +2,) =0.
Now the direction-cosines of PQ are proportional to
Xy =Ty, Y1 =Yy 2,—2,; and if M is the mid-point of PQ and
O is the origin, the direction-cosines of OM are proportional
to z,+2,, ¥, +¥,. 2,+2,. Therefore PQ is at right angles
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to OM. Suppose that OM meets the sphere in A and that
PQ moves parallel to itself with its mid-point, M, on OA.
Then when M is at A, PQ is a tangent to the sphere at A,
and hence a tangent at A is at right angles to OA, and the
locus of the tangents at A is the plane through A at right
angles to OA. This plane is the tangent plane at A. The
equation to the tangent plane at A, (a, 8, v), is

(z—o)a+(y—B)B+(z—y)y=0,
or zo+yB+zy=04+ 3+ y*=ak

Ex. 1. Find the equation to the tangent plane at
(acos @sin ¢, asin @sin P, acosp)
%o the sphere 22+ y%+22=a
Ans.  zcos Osin d+ysin O 3in p+2zcos p=a.

Ex. 2. Find the equation to the tangent plane at (&, ¥/, #) to the
sphere 22+ 32+ 22+ 2ur + 20y + 2wz + d=0.

Ans.  zx'+yy +27 +u(x+ay+o(y+y)+w(e+2)+d=0.
Ex. 3. Find the condition that the plane lz+my+nz=p should
touch the sphere 2%+ y%+ 22+ 2uxr + 20y + 2wz + A =0.
4dns.  (ul+vm+wn+p)P=0%+m?+n?)(u?+v*+w? - d).
Ex. 4. Find the equations to the spheres which pass through the
circle 22+ y2+22=5, £+2y+32=3, and touch the plane 4r+3y=15.
Ans. 22432 +24 22 +4y+62-11=0,
5224+ 5y2+ 522 — 4o -8y —122-13=0.
Ex. 5. Prove that the tangent planes to the spheres
2247+ 22+ 2ur 4 20y + 2wz +d =0,
224y + 224 Quw + 20y 4 2wy 2+ dy =0
at any common point are at right angles if
Quu, + 200, + 2ww, =d +d..

*58. Radical plane of two spheres. If any secant
through a given point O meets a given sphere in P and Q,
OP. 0Q 138 constant.

The equations to the line through O, (o, B, y), whose
direction-cosines are I, m, n, are

T—o_Yy-B_2-v (

l m n =7).
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The point on this line, whose distance from O is », has
coordinates a.+Ir, 8+ mr, y+nr, and lies on the sphere

F(zyz) = a(x®+ 12+ 2%+ 2ux + 2vy + 2wz +d =0
. oF aF
if ar2+'r(l§a+ 8,8 >+F((1. B, y)=0.
This equation gives the lengths of OP and 0Q, and hence
OP.0Q is given by F(a, B, y)/a, which is the same for all
secants through O.

Definition. The measure of OP.OQ is the power of O
with respect to the sphere.

If s,=224y"+224+2ux+2v,y+ 2w,z 4+ d, =0,
S, =22+ Y2+ 22+ 2u,x + 2v,y + 2w,2 + d, =0

are the equations to two spheres, the locus of points whose
powers with respect to the spheres are equal is the plane
given by
S, =S5,, Or 2(u; — Wy T+ 2(v; — V)Y + 2(w, — wy)2 + dy — d, =0.

This plane is called the radical plane of the two spheres.
It is evidently at right angles to the line joining the
centres.

The radical planes of three spheres taken two by two
pass through one line.

(The equations to the line are S, =8,=S8,.)

The radical plames of four spheres taken two by twe
pass through one point.

(The point is given by §,=8,=8,=8,.)

The equations to any two spheres can be put in the form

24y + 22+ 202 +d=0, a?4y?+22+222+d=0.

(Take the line joining the centres as x-axis and the
radical plane as x=0.)

The equation 2+ y?+2°4+ 2 \x+d =0, where A is a para-
meter, represents a system of spheres any two of which
have the same radical plane. The spheres are said to be
coaxal.
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Ex. 1. Prove that the members of the coaxal system intersect one
another, touch one another, or do nos intersect one another, according

<
as d; 0.

Ex. 2. Shew that the centres of the two spheres of the system
which have zero-radius are at the points (+./d, 0, 0). (These are the
limiting-points of the system.)

Ex. 3. Shew that the equation a?+y?+2%+2uy +2vz—d=0, where
@ and v are parameters, represents a system of spheres passing through
the limiting points of the system z2+y%+ 22+ 2Axr+d=0, and cutting
every member of that system at right angles.

Ex., 4. The locus of points whose powers with respect to two
given spheres are in a constant ratio i3 a sphere coaxal with the
two given spheres.

Ex. 5. Shew that the si)heres which cut two given spheres along
great circles all pass through two fixed points.

* Examples II.

1. A sphere of constant radius » passes through the origin, O, and
cuts the axes (rectangular) in A, B, C. Prove that the locus of the
foot of the perpendicular from O to the plane ABC is given by

(2245422 (2 24y 2t =40,
2. P is a variable point on a given line and A, B, C are its

projections on the axes. Shew that the sphere OABC passes through
a fixed circle.

3. A plane passes through a fixed point (a, b, ¢) and cuts the axes
in A, B, C. Shew that the locus of the centre of the sphere OABC is

@by
z Yy z

4. If the three diagonals of an octahedron intersect at right
angles, the feet of the perpendiculars from the point of intersection
to the faces of the octahedron lie on a sphere. If a, ou; b, B ¢,
are the measures of the segments of the diagonals, the centre (&, 7, g
of the sphere is given by

o2& 2y 2 1
a el T B e gy (ao)y T+ (BB) T +(c-y)“’

the diagonals being taken as coordinate axes. Prove that the points
where the perpendiculars meet the opposite faces also lie on the sphcre.

5. Prove that the locus of the centres of spheres which pass
through a given point and touch a given plane is a conicoid.

6. Find the locus of the centres of spheres that pass through a
given point and intercept a fixed length on a given straight line.

7. Find the locus of the centres of spheres of constant radius
which pass through a given point and touch a given line.
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8. Provc that the centres of spheres which touch the lines y=mx,
2=cC; y= —mx, z= —¢, lie upon the conicoid mzy + cz(1 +m?) =0.

9. If the opposite edges of a tetrahedron are at right angles the centre
of gravity is the mid-point of the line joining the point of concurrence of
the perpendiculars and the centre of the circumscribing sphere.

10. If the opposite edges of a tetrahedron are at right angles the
mid-points of the edges and the feet of the perpendiculars from the
vertices to the edges lie upon a sphere whose centre is the centre of
gravity of the tetrahedron.

11, The sum of the squares of the intercepts made by a given

sphere on any three mutually perpendicular lines through a fixed
point is constant.

12. With any point P of a given plane as centre a sphere is
described whose radius is equal to the tangent from P to a given
sphere. Prove that all such spheres pass through two fixed points.

13. If A=p=v=m/3, the plane and surface given by

z+y+2z=0, yz+zr+xy+a?=0,
intersect in a circle of radius a.
14, If r is the radius of the circle
22+ Y2+ 224 2ur + 20y + 2wz +d=0, lr+my+nz=0,
prove that
(72 + d) (BB +m2+n2) =(mw — nv)? + (nu — lw)?+ (v — mu)?,

15. Prove that the equations to the spheres that pass through the
points (4, 1, 0), (2,~3, 4), (1, 0, 0), and touch the plane 2z+2y-2z=11,
are 4y +2—-6r+2y—424+5=0,

1622+ 162+ 1622 — 1022 + 50y — 492+ 86 =0.

16. Prove that the equation to a sphere, which lies in the octant
OXYZ and touches the coordinate planes, is of the form

224y 22— 20 (2 +y+2)+2A*=0.

Prove that in general two spheres can be drawn through a given
point to touch the coordinate planes, and find for what positions of
the point the spheres are (i) real ; (ii) coincident.

17. A is a point on OX and B on OY so that the angle OAB is
constant (=o). On AB as diameter a circle is described whose plane is
parallel to OZ. Prove that as AB varies the circle generates the cone

2xy — 2% sin 20.=0.

18. POP’ is a variable diameter of the ellipse z=0, xz/a2+3!2/bz=l,
and a circle is described in the plane PP'’ZZ’ on PP’ as diameter.
Prove that as PP’ varies, the circle generates the surface

(2 +92+2%)(a%/a® + y2/b%) = 2% + o2
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19. Prove that the equation to the sphere circumscribing the
tetrahedron whose sides are

z zZ v x 9 xr o z
FHo=0 G4m0 Lm0 el
is 74yt ooy 2 _o

AE+bitet a b

20. A variable plane is parallel to the given plane x/a+y/b+2/c=0,
and meets the axes in A, B, C. Prove that the circle ABC lies on the

cone
b ¢ c. a a b
7/3((‘:+5)+Z.77<5+;)+xy(7)+&)=0.

21. Find the locus of the centre of a variable sphere which passes
shrough the origin O and mects the axes in A, B, C, so that the
volume of the tetrahedron OABC is constant.

22. A sphere of constant radius £ passes through the origin and
meets the axes in A, B, C. Prove that the centroid of the triangle
ABC lies on the sphere 9(2? + 72+ 2%) =442

23. The tangents drawn from a point P to a sphere are all equal to
the distance of P from a fixed tangent plane to the sphere. Prove
that the locus of P is a paraboloid of revolution.

24. Prove that the circles
22y 422 - 22+ 3y+42-5=0, 5y+6:+1=0;
2242+ -3 —4y+5:-6=0, x+2y—T7:=0;
.de on the same sphere, and find its equation.
26. Find the conditions that the circles
22424 224 Qur + 20y + 2wz +d=0, lr+my+nz=p;
224 y2 4224 e+ 'y + 2wz d' =0, Uo4+m'y+nz=p;
chould lie on the same sphere.

26. OA, OB, OC are mutually perpendicular lines through the
origin, and their direction-cosines are {,, m;, n;; ly, my, ny; I3, Mg, n3.
If OA=a, OB=b, OC=c, prove that the equation to the sphere
OABC is

22+ 32 4 2= {aly + bly+ cls) — y(amy + by + cma) — z (ang + by + cng) =0.
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CHAPTER VI
THE CONE.

59. Equation to a cone. A cone is a surface generated
by a straight line which passes through a fixed point and
intersects a given curve. If the given point O, say, be
chosen as origin, the equation to the cone is homogeneous.
For if P, (x/, ¥, 2) is any point on the cone, &, ¥’, 2" satisfy
the equation. And since any point on OP is on the
cone, and has coordinates (kz’, ky’, k2’), the equation is also
satisfied by k', ky’, k2’ for all values of %k, and therefore
must be homogeneous.

Cor. If zfl=y/m=2z/n is a generator of the cone re-
presented by the homogeneous equation f(z, 7, 2)=0, then
f(l, m, n)=0. Conversely, if the direction-ratios of a
straight line which always passes through a fixed point
satisfy a homogeneous equation, the line is a generator of
a cone whose vertex is at the point.

Ex. 1. The line xél =y/m=z/n, where 2(2+43m?-5n%=0, iz a
generator of the cone 2x%4 3y%—5:2=0,

Ex. 2. Lines drawn through the point (a, 3, ¥) whose direction-
ratios satisfy al?+ bm?+ cn?=0 generate the cone

a(x—o)2+b(y— L) +c(z— y)?=0.
Ex. 3. Shew that the equation to the right circular cone whose
vertex is O, axis OZ, and semi-vertical angle o, is 22+ 3%=2? tanZe..

Ex. 4. The general equation to the cone of the second degree
which passes through the axes is fyz+gzr+hzy =0.
The general equation to vhe cone of the second degree is
ax?+by? 4 c2 + 2fyz + 2920 + 2hxy =0,

and this is to be satisfied by the direction-ratios of the axes, i.e. by
1,0,0;0,1,0; 0,0, 1.
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Ex. 5. A cone of the second degree can be found to pass through
any five concurrent lines.

Ex. 6. A cone of the second degree can be found to pass through
any two sets of rectangular axes through the same origin.

Take one set as coordinate axes, and let the direction-cosines of the
others be {,, my, ny; ly, my, ng; I3, my, ny. The equation to a cone
containing the coordinate axes is fyz+gzr+hzy=0. If this cone also
contains the first two axes of the second set,

Jmng+gnily+hlym, =0,
Smgng+gngly+ hlgmy=0.

Therefore, since mn, + mqny+mgn; =0, etc.,
Jmgng+gngly+hlymy=0;

so that the cone contains the remaining axis.

Ex. 7. The equation to the cone whose vertex is the origin
and which passes through the curve of intersection of the plane
lx+my+nz=p and the surface ar?+by?+ct=1 is

lﬁmﬂm)z
p

Ex. 8. Find the equations to the cones with vertex at the origin
which pass through the curves given by

(i) 22+ 92+ 24+ 2ax+0=0, lr+my+ne=p;
(i) axl+-by?=2z, lr+my+nz=p;
(iil) 2?/a?+y?b2+22/c?=1, a%al+y?/[3?=2:.
Ans. (i) (2*+y2+22)p?+ 2apx(le +my 4 n2)+ b(lx +my + nz)*=0;
(ii) (ax?+by?) p=2:(lr+my+n2) ;
(i) 425 (atat 288+ 24c8) = (o327 P,

Ex. 9. The plane z/a+y/b+z/c=1 meets the coordinate axes in
A, B, C. Prove that the equation to the cone generated by lines
drawn from O to meet the circle ABC is

(b ¢ ¢ a> (a ﬁ)_

Ex. 10. Find the equation to the cone whose vertex is the origin
and base the circle, x=a, y2+:2=02 and shew that the section of the
cone by a plane parallel to the plane XOY is a hyperbola.

Ans. a®(y?+22)="b%?
Ex. 11. Shew that the equation to the cone whose vertex is the
origin and base the curve z=£, f(z, y)=0 isf('?;]f, ‘%]f)=0.

ax?+ by’ +ct= (
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60. Angle between lines in which a plane cuts a cone.
We find it convenient to introduce here the following
notation, to which we shall adhere throughout the book.

D=|a, h, g |.
h, b, f
9 /el
=?E— - =’(-.>_D—— — 2 =a__9—— — 2.
A_.aw-bc i =sp=ca—g" C_ac—ab h?;

F:—:%%?:gh-af, Gs%%:hf—bg, Hz%%%:fg—ch.
The student can easily verify that
BC—F2=aD, CA—G2=0lD, AB—H?=cD.
GH—AF=fD, HF—BG=¢gD, FG—CH=hD
In what follows we use P? to denote

a, b, g, ],
h, b, f, w

g9 J, ¢ w
u, v, w, 9

or —(Au?+ Bv? 4 Cw? + 2Fvw + 2Gwu + 2Huv),

The axes being rectangular to find the angle between ihe
lines in which the plane wr+vy+wz=0 cuts the cone

f(z, ¥, 2) = ax?+ by?+ c2? + 2fyz + 29z + 2hay =0.
If the line z/l=y/m =2z/n lies in the plane,
wWHvm+wn=0; ...cccvciviiininennn. 1)
if it lies on the cone,

SO m, n)=0. ..coiiiiiiiiniiiinnnn, (2)
Eliminate n between (1) and (2), and we obtain
P(cw? + aw? — 2gwu) + 2lm (hw? 4 cuv — fuw — gvw)
+m¥H( 2+ bw?—2fvw)=0. ............ 3)

Now the direction-cosines of the two lines of section
satisfy the equations (1) and (2), and therefore they satisfy
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equation (8). Therefore if they are I;, my, ny; &, my, 1y,

Il _ m,m,
bw?+cv?—=2fvw  cu?+aw? —2gwu

— Lmy+1lmy
T =2(hwP+ cuv — fuw — gow)

lymy—1lym,
= QIO N )
+ 2 {(hw?+cuv...)? —(buw?...){cu?...)}
Limy—lm,
+2wp

From the symmetry, each of the expressions in (4) is
seen to be equal to

NNy MmNy —Mgny Nyl —myl
avi4+but—2huv +2uP —  +20P
But if 6 is the angle between the lines,
cos 6 sin 0
L, +mm,+nmn, N {Z(mmy—myn,)? B
cos 0 sin 0

(a+b+c)(ur+v2+w?)—f(u, v, 'w)= i2(u2+v2+w2)’}P.

Ex. 1. Find the equations to the lines in which the plane
2x+y—2=0 cuts the cone 4r%—y?+43:2=0.

AM. _x_=:2=i; '§=.L=:E.
-1 4 2 1 -2 O

Ex. 2. Find the angles between the lines of section of the follow-
ing planes and cones :
(1) 6x—10y—~72=0, 108x%—20y%2—"7:2=0;
(ii) 3x+y+52==0, 6yz—2zr+5ry=0;
(iii) 22 -3y +2=0, 32%—5y?— 722+ 36yz— 202z — %y =0.

. 416 . 1 5)
Ans. 127 -1 -1_>
ns. (i) cos 7 (ii) cos 5 (iii) cos NCT

Ex. 3. Prove that the plane azr+by+cz=0 cuts the cone
vz+ 22+ 2y =0 in perpendicular lines if

1 1 1
atst;=0
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61. Condition of tangency of plane and cone. If P=0,
or Au?+Bv?+Cw?+ 2Fvw 4 2Gwu + 2Huv =0, ......(1)

then sin 0 =0, and therefore the lines of section coincide, or
the plane touches the cone. Equation (1) shews that the

line §= % = %, w.e. the normal through O to the plane, is a
generator of the cone
Az*+BY®+C2*+ 2Fyz+ 2Gex+ 2Hry =0. .........(2)

Similarly, since we have BC—F?=uD, and the corre-
sponding equations at the head of paragraph 60, it follows
that a normal through the origin to a tangent plane to the
cone (2) is a generator of the cone

wx? 4 by + ¢+ 2fyz + 2g2a + 2hay =0,
%e. of the given cone. The two cones are therefore such
that each is the locus of the normals drawn through the
origin to the tangent planes to the other, and they are on
that account said to be reciprocul.

Ex. 1. Prove that the cones ax?+dy?+c2=0 and '52 +:-yf z_‘z

a b ¢ =0
are reciprocal.

Ex. 2. Prove that tangent planes to the cone lyz+mzx+nry=0
are at right angles to generators of the cone

Ua® 4 mPy? 4 n%? — 2mnyz ~ 2nlex — 2may =O0.

Ex. 3. Prove that perpendiculars drawn from the origin to tangent
planes to the cone
322+ 4y 4522+ 2yz + 422 + 62y =0

lie on the cone 19x2+ 11y%+ 322+ 6yz — 1022 — 262y = 0.

Ex. 4. Shew that the general equation to a cone which touches
the coordinate planes is a%z% + b%2 4 ¢%2 - 2beyz — 2caza — 2abry =0,

62. Condition that the cone has three mutually per-
pendicular generators. The condition that the plane should
cut the cone in perpendicular generators is

(a+b+c)(ur+v2+w?)=f(u, v, W). ............ M
If also the normal to the plane lies on the cone, we have
J@, v, w)=0,

and therefore a+b+4c=0.
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In this case the cone has three mutually perpendicular
generators, viz., the normal to the plane and the two per-
pendicular lines in which the plane cuts the cone.

If a+b+c=0, the cone has an infinite number of sets of
mutually perpendicular generators. For if uz+vy+wz=0
be any plane whose normal lies on the cone, then

f(u, v, w)=0,
and therefore (a+b+c)(u?+v2+w?) = f(u, v, w),
since a+b+4¢=0.

Hence, by (1), the plane cuts the cone in perpendicular
generators. Thus any plane through the origin which is
normal to a generator of the cone cuts the cone in perpen-
dicular lines, or there are two generators of the cone at
right angles to one another, and at right angles to any
given generator.

Ex. 1. If a right circular cone has three mutually perpendicular
generators, the semi-vertical angle is tan-'v/2. (Cf. Ex. 3, § 59.)

Ex. 2. Shew that the cone whose vertex is at the origin and
which passes through the curve of intersection of the sphere

22+ y*+:2=3a? and any plane at a distance a from the origin, has
three mutually perpendicular generators.

Ex. 3. Prove that the cone ax?+4by?+c2?+ 2fyz+ 2920+ 2hay=0
has three mutually perpendicular tangent planes if

betcat+ab=72+qg2+ A2
Ifr_Y_2
Ex. 4. If 1=5=3

pendicular generators of the cone 5yz— 8zx —3xy=0, find the equations
to the other two.

Ans. x=y= -2z, 4r=-—5y=20z

represent one of a set of three mutually per.

Ex. 5. Prove that the plane lr+my+nz=0 cuts the cone
(b-c)z*+(c—a)y?+(a—b) 22+ 2fyz+ 2922+ 2hxy =0
perpendicular lines if
(b=c)B+(c— a)ym?+(a—b)n2+2fmn+ 2gnl + 2kim =O0.

63.! Equation to cone with given conic for base. To
find the equation to the come whose vertex is the poimt
(o, B, v) and base the conic

f(x, y) = ax?+ 2hay + by + 290+ 2fy +¢=0, z=0.
1 See Appendix, p. ii.
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The equations to any line through (o, 8, y) are

and the line meets the plane 2=0 in the point

(Ot.—l-y, B—’m-y, 0).
This point is on the given conic if f(ou—Iy, B—my)=0,

e it flo B)—y(tg+m§% 5% (0, MmY=0, «oon..., 60

where ¢(z, y) = ax?+ 2hxy +6y®. If we eliminate I and m
between the equations to the line and (1), we obtain the
equation to the locus of lines which pass through (o, 8, y)
and intersect the conic, ¢.e. the equation to the cone. The
result is

floo B)= (22 +4=8 L)y (222, 1=B)
ie. (= yo B)—ye—y) (5= L+ =BL)

+'Y2¢(90 (1., y—B)-'r-O.
This equation may be transformed as follows:
The coefficient of ? is

f@ B+ @=L +G-HL+pe-0, y-)
=flo+z—0, B+y—B)=f(z, y);
and the coefficient of —zy is

@-0Z+@-8ZL B+2f(a, 8).

If f(«, y) be made homogeneous by means of an auxiliary
variable ¢ which is equated to unity after differentiation,
we have, by Euler’s theorem,

o +8L+t Y =2 B.1)

Therefore the coefficient of —zy becomes

oy

/v__




§63] CONE WITH GIVEN BASE a5

Hence the equation to the cone is
9 (6] 2
(o B)=2y (02 gt )+ (@ 1)=0.

It is to be noted that by equating to zero the coefficient
of zy, we obtain the equation to the polar of (e, 8, 0) with
respect to the given conic.

(The above method is given by de Longchamps,
Problémes de Géométrie Analytique, vol. iii.)

Ex. 1. Find the equation to the cone whose vertex is («, (3, 7)
and base (i) ax?+by?=1, 2=0; (ii) y*=4ax, 2=0.

Ans. (i) 22(ao2+bB2—1) - 2y (acr+bBy —1)+y*(ax?+by?—1)=0;

(ii) 2%(3% - dao) — 22y{ By — 2a(x+ o) } 4+ y*(y* — 4dax)=0.

Ex. 2. Find the locus of points from which three mutually perpen:
dicular lines can be drawn to intersect the conic =0, ax?+by*=1.

(If («, B, v)is on the locus, the cone, Ex. 1 (i), has three mutually
perpendicular generators.)

Ans. ax?+by?+2Ha+b)=1.

Ex. 3. Shew that the locus of points from which three mutually

perpendicular lines can be drawn to intersect a given circle is a
surface of revolution.

Ex. 4. A cone has as base the circle z=0, 22+ y?+ 2az+2by=0,
and passes through the fixed point (0, O, ¢) on the z-axis. If the
gection of the cone by the plane ZOX is a rectangular hyperbola,
prove that the vertex lies on a fixed circle.

Ex. 5. Prove that the locus of points from which three mutually
perpendicular planes can be drawn to touch the ellipse 2%/a?+ y%/b2=1,
2=0, is the sphere 2%t y%+22=a?+ b2

*Examples III.

1. Shew that the bisectors of the angles between the lines in which
the plane ux+vy+wz=0 cuts the cone ax?+ by?+ cz2=0 lie on the cone
u(b—c)+v(o—a)+w(a—- b)=0‘

z Y z
[Five concurrent lines are necessary to determine a cone of the second
degree, and the form of the given result shews that the required cone
is to pass through the coordinate axes and the two bisectors. Assume,
therefore, that the required equation is
fyz+ g2z +hzy=0. sccovvrirnivrniniinininninnn, 1)
The given cone is A2+ b2 422 =0. .iviiiiiiiiii ?)

The necessary and sufficient conditions that the cone (1) should
contain the bisectors may be stated, (i) the plane uz+vy+wz=0
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must cut the cone (1) in perpendicular lines ; (ii) the lines of section
of the plane and the cones (1) and (2) must be harmonically conjugate.

From (1), Jow+gwu+huv=0. ...coooooiiiiiinin 3)
Again, four lines are harmonically conjugate if their projections on
any plane are harmonically conjugate, and the equations to the pro-
jections on z=0 are obtained by eliminating z between the equationg
to the plane and cones, and hence they are
aHaw?+ cut)+ 2euvry +y*(duw? +cv?)=0, z=0;
gur+xy(fu+gv—uh)+foy?=0, 2=0.
Therefore the condition (ii) gives
Jo(aw? + cu?) + gu(bw? + cv?) =cuv( fu+gv — wh) ;
(cf. Smith, Conic Sections, p. 56.)
te. afow+bgwu+chuv=0. ......coooiiiiiiinnnns 4)
From (3) and (4), we obtain
’f = 'q = - W,L* T 1]
u(b—c) v(c—a) w(a—-0b)
2. Shew that the bisectors in Ex. 1 also lie on the cone
Sute?{ - (b—c)ut+(c—a) v+ (a - b)w?}=0.
3. Two cones pass through the curves y=0, 2?=4ar; 2=0,
:2=4by, and they have a common vertex ; the plane z=0 meets them

in two conics that intersect in four coneyclic ;)oint;s. Shew that the
vertex lies on the surface 22(z/a+y/b)=4(x?+ y).

4, Planes through OX and OY include an angle o.. Shew that
their line of intersection lies on the cone z2(2%+ y% 4 z2) =122 tan.

5. Any plane whose normal lies on the cone
(b+c)a?+(c+a)y?+(a+b)2?=0
cuts the surface @22+ by?+cz2=1 in a rectangular hyperbola
6. Find the angle between the lines given by
¥2

_ Yz z2x _._7'1__1
r+y+2=0, b c+c—~—a+a-b 0.

7. Shew that the angle between the lines given Dy
r+y+2=0, ayz+bzx+cry=0
18 /2 if a4 b+c¢=0, but 7/3 if 1/a+1/b+1/e=0.
8. Shew that the plane ax+by+cz=0 cuts the cone
yz+2x+2y=0
in two lines inclined at an angle
[{(a2+ b2+ c?)(a?+ b2+ c? — 2be - 200 — 2ab) }""]
be+ca+ab ’

and by considering the value of this expression when a+b+c=v,
shew that the cone is of revolution, and that its axis is x=y=2z and

vertical angle tan-124/2.

tan~!




cH. v1.] EXAMPLES III 9

9. The axes being rectangular, prove that the cone
=2 ()

contains an infinite number of sets of three generators mutually
inclined at an angle m/3.

10. Through a fixed point O a line is drawn to meet three fixed
intersecting planes in P, Q, R. If PQ : PR is constant, prove that the
locus of the line is a cone whose vertex is O.

11. The vertex of a cone is (a, b, ¢) and the yz-plane cuts it in the
curve F(y, 2)=0, z=0. Shew that the zr-plane cuts it in the curve
br cr-az

y=0, F(; >—0.

b
r—a Zz—-a

12. OP and OQ are two straight lines that remain at right angles
and move so that the plane OPQ always passes through the z-axis.
If OP describes the cone F(y/x, 2/x)=0, prove that OQ describes the

cone F{z’ (_E'__!_/f)} 0
x z wx ’
13. Prove that ax?+4by?+ce?+2ur+20y+2w:+d=0 represents a
cone if w?/a+ v*/b+w?/c=d.
14. Prove that if
F(zyz) = ax?+by? + c2* + 2fyz + 2920+ 2hay + 2ur + 20y + 2wz + d =0

represents a cone, the coordinates of the vertex satisfy the equations
F.=0, F,=0, F,=0, F,=0, where ¢ is used to make F(z, y, 2) homo-
geneous and is equated to unity after ditferentiation.

15. Prove that the equations
2y% - 8yz — 4zx — 8xry +6x — 4y — 2245 =0,
222+ 2y% 4 72% - 10yz ~ 1022 + 22 4+ 2y + 262 —~ 17=0,
represent cones whose vertices are (—7/6, 1/3, 5/6), (2, 2, 1).

16. Find the conditions that the lines of section of the plane
lx+my+nz=0 and the cones fyz+gzr+hry=0, ar?®+by?+cs2=0,
should be coincident.

(bn2-|-_£ﬂ_z_2__cl2+an2__am2+bl2 )
fon — gnl T hm

17. Find the equations to the planes through the z-axis and the
lines of section of the plane ux+vy+wz=0 and cone 7(z, ¥, 2)=0, and
prove that the plane touches the cone if P=0. (The axes may be
oblique.)

18. Prove that the equation to the cone through the coordinate
axes and the lines of section of the cone 1l2?-5y*+22=0 and the
plane 7r-5y+2z=0 is 14yz—30zr+3xry=0, and that the other
common generators of the two cones lie in the plane 112+ 7y +72=0.

B G. e
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19. Prove that the common generators of the cones
(0%? — at) 2+ (cPu? — b¥) o + (42D — ¢t) =0,
bo-a? ca—b? ab-c®_
ar by cz

lie in the planes
(be £ a*)x+(ca £ b2y +(ad £ c?)2=0,

20. Prove that the equation to the cone through the coordinate
axes and the lines in which the plane lx+my+nz=0 cuts the cone
ax? 4+ by? + e+ 2fyz + 292+ 2haey =0 is

{(bn2+ em? — 2fmn)yz +m(cl®+ an? — 2gnl)zz + n(am? + bl? — 2him)zy =0,
21, Prove that the equation »/fr+a/gy+~Az=0 represents a cone

that touches the coordinate planes, and that the equation to the
reciprocal cone is fyz+gar+hAxy =0,

22, Prove that the equation to the planes through the origin
perpendicular ta the lines of section of the plane lz+my+nz=0 and

the cone ax?+by?+c?=0 is
22(bn?+ em?)+ y* (¢l + an?) + 22 (am?® + bl%) — 2amnyz ~ 2bnlzx - 2clmxy =Q
23. If a line OP, drawn through the vertex O of the cone
ax®+by? + 2 =0,
is such that the two planes through OP. each of which cuts the cone in

a pair of perpendicular lines, are at right angles, prove that the locus
of OP is the cone

(2a+bd+c) 22 +(2b+c+a) y*+(2c+a+b)2=0.
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CHAPTER VIL
THE CENTRAL CONICOIDS.

64. The locus of the equa.tion
0 a2+ b2+ =1,

a? oy 22 1

2 a—2+’52"'c_2=

x? 1yl

@ -5-Y45=1

Fic. 29

We have shewn in §9 that the equation (1) represents
the surface generated by the variable ellipse

x2 2 k2
a§+%§=1—-c—2) znk,
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whose centre moves along Z'0z, and passes in turn through
every point between (0, 0, —¢) and (0, 0, 4+¢). The surface
is the ellipsoid, and is represented in fig. 29. The section
by any plane parallel to a coordinate plane is an ellipse.

Similarly, we might shew that the surface represented
by equation (2) is generated by a variable ellipse

2 2 2
(%+%§=]+I;—:§, z=k,
whose centre moves on Z'0Z, passing in turn through
every point on it. The surface is the hyperboloid of one
sheet, and is represented in fig. 30. The section by any
plane parallel to one of the coordinate planes YOZ or zOX
is a hyperbola.

The surface given by equation (3) is also generated by a
variable ellipse whose centre moves on z’0z. The ellipse
is given by a? 4t ke

2tp=z-1 7=k
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and is imaginary if —¢ <<k < c; hence no part of the
surface lies between the planes z= tc.

The surface is the hyperboloid of two sheets, and is
represented in fig. 31. The section by any plane parallel
to one of the coordinate planes YOZ, ZOX is a hyperbola.

If («, ¥, 2) is any point on one of these surfaces,
(=a, =y, —7’) is also on it; hence the origin bisects all
chords of the surface which pass through it. The origin is
the only point which possesses this property, and is called
the centre. The surfaces are called the central conicoids.

65. Diametral planes and conjugate diameters. An
equation of the form
ax®+by?+c2=1
represents a central conicoid. The equations to any line
parallel to OX are y=\, z=u, and it meets the surface in

the points g g
TN ol
(T )

and hence the plane YOZ bisects all chords parallel to OX.
Any chord of the conicoid which passes through the centre
is a diameter, and the plane which bisects a system of
parallel chords is a diametral plane. Thus YOZ is the
diametral plane which bisects chords parallel to OX, or
shortly, is the diametral plane of OX. Similarly, the
diametral planes ZOX, XOY bisect chords parallel to OY
and OZ respectively. The three diametral planes YOz,
ZQOX, XOY are such that each bisects chords parallel to the
line of intersection of the other two. They are calleu
conjugate diametral planes. The diameters X'0X, Y'OY, 2’0z
are such that the plane through any two bisects chords
parallel to the third. They are called conjugate diameters.
If the axes are rectangular, the diametral planes YOz,
ZOX, XOY are at right angles to the chords which they
bisect. Diametral planes which are at right angles to the
chords which they bisect are principal planes. The lines of
intersection of principal planes are principal axes. Hence
if the axes are rectangular the equation ax?+ by?+c2?=1
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represents a central conicoid referred to its principal axes
as coordinate axes.

66. A line through a given point A, (o, B, y) meets a
central conicoid ax®+by*+4cz=1 wn P and Q; to find the
lengths of AP and AQ.

If I, m, n are the direction-ratios of a line through A, the
coordinates of the point on it whose distance from A is »
are o.+Ur, B+mr, y+nr. If this point is on the conicoid,
r¥(al?+bm2+cen?)+ 2r(acl + bBm +cyn)

+aoc?+bB82+¢cy?—=1=0.........(1)

This equation gives two values of » which are the
measures of AP and AQ.

Ex. 1. If OD is the diameter parallel to APQ, AP.AQ :0D?is
constant,
Ex. 2. If DOD’ is any diameter of the conicoid and OR and OR’

: , AD? AD2.
are the diameters parallel to AD and AD’, ortorz® constant,
Bx. 3. If AD, AD’' meet the conicoid again in E and E’, Q—EQ +.2—g,

Is constant.
87. Tangents and tangent planes. If ao®+b824cy?=1,
the point A, (o, B, v) is on the conicoid ; one of the values
of r given by the equation (1) of §66 is zero, and A coin-
cides with one of the points P or Q, say P.
If, also, aol+0Bm+cyn=0,
the two values of » given by the equation are zero, t.e. P
and Q coincide at the point («, B, y) on the surface, and
the line APQ is a tangent to the conicoid at A. Hence, if
A, (@, B, v) is a point on the surface, the condition that the

line x—0oL y"',B_Z“'Y
TS T e, 2)
should be a tangent at A, is
aol +bBm—+cyn=0. ............. coreears 3)

If we eliminate [, m, n between (2) and (3), we obtain
the equation to the locus of all the tangent lines through
(o, B, v), V1z.,

(- a)aa+(y - B)bB+(z—y)oy =0,
or ao+bBy+cyz=1.
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Hence the tangent lines at (a. B8, y) lie in the plane
aocx+bBy+cyz=1,
which is the tangent plane at (&, 3, y).

68. To find the condition that the plane lx+my+nz=p
should touch the conicoid ax?+by?+c2®=1.
If the point of contact is (a, B, v), the given plane is
represented by the two equations
aoz+bBy+cyz=1,
le+my+nz=p.

l _m n
Therefore =—_, 3= o’ Y

ap “ep’
and, since (, B3, ) is on the conicoid,
2om? n?
st to=p

Cor. The two tangent planes which are parallel to
le+my+nz=0 are given by
P m? m?
le+my+nz= i\/aﬂ-—b—“l-'a"

Ex. 1. Find the locus of the point of intersection of three mutually
perpendicular tangent planes to a central conicoid.
If the axes are rectangular and
12 m2 p2
Lo +muy+nz= '\/%+7—%’-+%—, r=1,2 3,

represent three mutually perpendicular tangent planes, squaring and
adding, we obtain 1 11
T T S
¥tyitlt=-tpt
Hence the common point of the é)la,nes lies on a sphere concentric
with the conicoid. (It is called the d

irector sphere.)
Ex. 2. Prove that the equation to the two tangent planes to the
conicoid ax?+by?+cz2=1 which pass through the line

v=lrt+my+nz—p=0, o' =Uzr4+m’y+nz~p'=0, is
U2 m'3 n? ) (ll’ mm'  nn' )
2( ———_—m'?) [ i e e »
“(a+_6—+c PR) -\ ok g+ P
2 m? n? )
21 AR N T
+u <a+ ptoP 0.
(Use the condition that «+ Au'=0 should be a tangent plane.)



104 COORDINATE GEOMETRY [on. Vo

Ex. 3. Find the equations to the tangent planes to
2a? — 6y? + 322 =5
which pass through the line x+9y - 32=0=3x -3y +62 -5.
Ans. 2x - 12y +92=5, 4x+6y+3z2=>5.

Ex. 4. If the line of intersection of two perpendicular tangent planes
to the ellipsoid whose equation, referred to rectangular axes, is

2a? + bt + 2fer =1,
passes through the fixed point (0, 0, k), shew that it lies on the cone
x¥(b? + c? - k?) + y*(c? +a® — k?) + (2 — k)*(a® + b%) =0. ,
Bx. 5. Tangent planes are drawn to the conicoid ax?+by?+c2?=1
through the point («, B, ¥). Prove that the perpendiculars to them
from the origin generate the cone (ouz+ ﬁ.1/+}/2)2=2-2+‘%2 +Z;-
Prove that the reciprocal of this cone is the cone
(a2 + by +c?)(aot +bB2+cy? — 1) = (aoar +bBy + cyz) =0,
and hence shew that the tangent planes envelope the cone

(ax?+by?+c2? - 1)(anl+ b2+ cy? = 1) - (aoar + bBy +cyz - 1)2=0,

69. The polar plane. We now proceed to definc the
polar of a point with respect to a conicoid, and to find its
equation.

Definition. If any secant, APQ, through a given point A
meets a conicoid in P and Q, then the locus of R, the har-
monic conjugate of A with respect to P and Q, is the polar
of A with respect to the conicoid.

Fia, 82

Let A, R (fig. 32) be the points (o, B, ¥), (£ », ), and let
APQ have direction-ratios [, m, n. Then the equations to

APQ are z—0. Yy—B z—7y
I - m =
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and, as in § 66, r, 7,, the measures of AP and AQ, are the
roots of
r¥(al?+bdbm?+cn®)+ 2r(aol +bBm~+cyn)
+(uot+ 532+ cy?~1)=0.
Let p be the measure of AR. Then, since AP, AR, AQ are
in harmonic progression,
2y _ a4+ bB2+cy?—1
r+ry,  aocd+0Bmtcyn’
And from the equations to the line

§—a=lp, n—B=mp, {~y=mnp,

p=

therefore

(E-aan+ (p—B)bB+(E- y)ey = — (ax2+b3%+cy? - 1).
Hence the locus of (&, 7, {) is the plane given by
axx+bBy+cyz=1,
which is called the polar plane of (w, 3, v).

Cor. If A is on the surface, the polar plane of A 1s the
tangent plane at A

The student cannot have failed to notice the similarity between the
equations to corresponding loci in the plane and in space. There is a
close analogy between the equations to the line and the plane, the
circle and the sphere, the ellipse and the ellipsoid, the tangent or
polar and the tangent plane or polar plane. Examples of this
analogy will constantly recur, and it is well to note these and make
use of the analogy as an aid to remember useful results.

70. Polar lines. Tt is evident that if the polar plane of
(., B, y) passes through (¢, #, {), then the polar plane
of (§ n, {) passes through (o, B, y). Hence if the polar
plane of any point on a line AB passes through a line PQ,
then the polar plane of any point on PQ passes through
that point on AB, and therefore passes through AB. The
lines AB and PQ are then said to be polar lines with respect
to the conicoid.

The polar plane of (o.+1Ir, B+mr, y+nr), any point on
the line z—a_y—B_z—y

I~ m  n

is aox+bBy+cyz—1+r(ale+dbmy+cnz)=0,
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and, evidently, for all values of r, passes through the line
aox+bBy+cyz—1=0=alr+bmy+cnaz.
This is therefore the polar of the line (1).

Ex. 1. If P, (2, 4, 2), Q (%4, ¥,, 25) are any points, the polar of
PQ with respect to ax?+by*+cz?=1 is given by

axey+byy, +czz =1, arw,+byy,+cez=1.
(Hence if P and Q are on the conicoid the polar of PQ is the line of
intersection of the tangent planes at P and Q.)

Ex. 2. Prove that the polar of a given line is the chord of contact
of the two tangent planes through the line.

Ex. 3. Find the equations to the polar of the line
—2r=26y—1=22
with respect to the conicoid 22%—255242:2=1. Prove that it meets

the conicoid in two real points P and Q, and verify that the tangent
planes at P and Q pass through the given line.

r_y+1_z2+1
Ans. 3=25-==5

Ex. 4. Find the locus of straight lines drawn through a fixed
point (o, B, y) at right angles to their polars with respect to
ax?+by?+cz#=1; (rectangular axes).

o (1 1
ana. 3272 (5=5) =0

Ex. 5. Prove that lines through (e, B, v) at right angles to their
2 2 2

i it to —— + 4 2 = '
polars with respect to oy R PRIETS 1 generate the cone

(7 - B)(az—y2)+ (2 - y)(oxy — Bz)=0.
What is the peculiarity of the case when a=5?
Ex. 6. Find the conditions that the lines
oo _y-B_t-y oo _y-f_ 2=y
I m o v m’ w
should be polar with respect to the conicoid ax?+ by?+cs2=1.
Ans. Zaoo =1, Zaw'l=0, Zaol =0, Sall'=0.

Ex.7. Find the condition that the line ”‘l%?/ ;lﬁ J;Y should

intersect the polar of the line x—’a.’=,7/ - '? . ?/ with respect to the
conicoid ax?+by? +c2t=1. ’ m n
Ans. (aol' +bBm’ +cyn')(ac'l+bB'm+cy'n)
=(all’ +bmm’ +cnn)(aoo + 03B +cyy’ —1).
Ex. 8. Prove that if AB intersects the polar of PQ, then PQ inter-

sects the polar of AB. (AB and PQ are then said to be conjugate with
respect to the conicoid.)
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71. Section with a given centre. If (a, B, v) is the
mid-point of the chord whose equations are

r—o_y—B_z—y
= P (1)

the equation (1) of § 66 is of the form »2=£? and therefore

aol +bBm~+cyn=0. ............ e (2)

Hence all chords which are bisected at (a, 8, y) lie in
OB (4 a)aat(y— BHB+(z—y)ey=0.

This plane meets the surface in a conic of which (a, 8, y)
is the centre.

Fia. 88.

Compare the equation to the chord of the conic ax?+by*=1 whose
mid-point is (o, 3).

Ex. 1. Find the equation to the plane which cuts #%+4y?-5:2=1
in a conic whose centre is at the point (2, 3, 4).

Ans. x+6y—10z+20=0.

Ex. 2. The locus of the centres of parallel plane sections of a
conicoid is a diameter.

Ex. 3. The line joining a point P to the centre of a conicoid passes
tlfn-ough the centre of the section of the conicoid by the polar plane
of P.

Ex. 4. The centres of sections of a central conicoid that are
parallel to a given line lie on a fixed plane.

Ex. 5. The centres of sections that pass through a given line lie
on a conic.

Ex. 6. The centres of sections that pass through a given point lie
on a conicoid.



108 COORDINATE GEOMETRY [cH. viL

Bx. 7. Find the locus of centres of sections of ax?+by?+cz?=1
which touch e+ By*+y2=1.
2,2 Byt o2
Ans. (az?+by?+ et =" 4 2L OF
( Y=t Ty
72. Locus of mid-points of a system of parallel chords.
It follows from equations (1) and (2) of § 71 that the mid-

points of chords which are parallel to a fixed line

lie in the plane ale+bmy+cnz=0.

This is therefore the diametral plane which bisects the
parallel chords (fig. 34).

Fia. 34,

Compare the equation to the locus of the mid-points of parallel
chords of the ellipse ax?+by?=1.

Ex. 1. Find the locus of the mid-points of chords of the conicoid
ax?+ by?+cz2=1 which pass through the point (£, g, £).

Ans. ax(e—f)+by(y—g)+cz(z—1)=0.

Ex. 2. Prove that the mid-points of chords of ax?+4by*+c?=1
which are parallel to =0 and touch #%+y*+2%*=¢2 lie on the surface

by¥(bx?+ by?+ c2? — br?) +c2¥(ca? + by? + ¢z — er?) =0,

73. The locus of the tangents drawn from a given
point. When the secant APQ, (tig. 32), becomes a tangent,
P, Q, R coincide at the point of contact, and hence the points
of contact of all the tangents from A lie on the polar plane
of A, and therefore on the conic in which that plane cuts the
surface. The locus of the tangents from A is therefore the
cone generated by lines which pass through A and intersect
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the conic in which the polar plane of A cuts the conicoid.
This cone is the enveloping cone whose vertex is A. We
may find its equation as follows: If A is («, B, y), and the
line APQ, whose equations are
oo _y=B_2=y,
I~ m — n

meets the surface in coincident points, the equation (1) of
§ 36 has equal roots, and therefore

(@l +bm?4cn?) (a0 +bB%*+cy*—1)
=(aol+bBm+cyn) ........(1)
The locus of APQ is therefore the cone whose equation is
[e(@— o2 +b(y — BY+c(z—y)][ac +bB*+cy*—1]
= [ — o)+ b8(y — B) +cy(z — )
If s=aa?+by’+c®—1, S, =ac?+bf+cyt-1,
and P=anr+bBy+cyz—1,
this equation may be written
(8—2P+8,)S,=(P—S,)% i. SS,=P?% or
{ax®+by*+c2®—1) (a0l +bB%+cy?— 1)=(aox + bBy + cyz—1)

Compare the equation to the pair of tangents from the point (a, 3)
to the ellipse ax?+by*=1.

Ex. 1. Find the locus of points from which three mutually per-
pendicular tangent lines can be drawn to the surface ax?+by?+c2?=1

Ans. a(b+e)xt+b(c+a)y?+c(a+b)2=a+b+ec.

Ex. 2. Lines drawn from the centre of a central conicoid parallel
to the generators of the enveloping cone whose vertex is A generate a
cone which intersects the conicoid in two conics whose planes are
parallel to the polar plane of A.

Ex. 3. Through a fixed point (k, O, 0) pairs of perpendicular
sangent lines are drawn to the surface ar?+by?+cs?=1. Shew that
the plane through any pair touches the cone

(z— k)2 9 2 _
@D 6570 T e@P 1) =a  b@F-=a" "

Ex. 4. The plane z=a meets any enveloping cone of the sphere

24+ y%+2%=a? in a conic which has a focus at the point (0, 0, a).

Ex. 5. Find the locus of a luminous point if the ellipsoid
13/a?+y*/b3+22/c=1 casts a circular shadow on the plane 2=0.

¥ 2 2 2
Ans. d/‘=0, m+gz=1; y=0, m+;§=l.
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Ex. 6. If S=0, =0, v=0 are the equations to a conicoid and two
planes, prove that S+ Auv=0 represents a conicoid which passes
through the conics in which the given planes cut the given conicoid,
and interpret the equation S+ Au?=0.

Bx. 7. Prove that if a straight line has three points on a conicoid,
it lies wholly on the conicoid.

(The equation (1), § 66, is an identity.)

Ex. 8. A conicoid passes through a given point A and touches a
given conicoid S at all points of the conic in which it is met by the

olar plane of A. Prove that all the tangents from Ato S lie on it.
g[enco find the equation to the enveloping cone of S whose vertex is A.

Ex. 9. The section of the enveloping cone of the ellipsoid
22/a?+y?/b2+22/c2=1 whose vertex is P by the plane z=0 is (i) a
parabola, (ii) a rectangular hyperbola. Find the locus of P.

. B2yt 22
dns. (i) z= + ¢, (ii) m%@ﬁ?——-l.

74. The locus of the tangents which are parallel to
a given line. Suppose that PQ is any chord and that M is
its mid-point. Then if the line PQ moves parallel to itself
till it meets the surface in coincident points, it becomes a
tangent and M coincides with the point of contact. There-
fore the point of contact of a tangent which is parallel

2z

VTR

Fi1a. 85.

to a given line lies on the diametral plane which bisects all
chords parallel to the line. This plane cuts the surface in
a conic, and the locus of the tangents parallel to the given
line is therefore the cylinder generated by the parallels to
the given line which pass through the conie.
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Let (o, B, y) (fig. 85) be any point on a tangent paralle)
to a given line z/l=y/m =z/n.
Then since, by § 73 (1), the line

e—a_y—B_z—y

e D

! m n
touches the surface if

(al+bm?+cn?) (a0l +bB3%+cy? — 1) =(acl + bBm+cyn)-.
the locus of (o, B, y) is given by
(al2+4bm2 +cn?)(ax?+by?+ c2? — 1) = (ale+ bmy +cnz)2

This equation therefore represents the enveloping cylinder.
which is the locus of the tangents.

The enveloping cylinder may be considered to be a limiting case of
the enveloping cone whose vertex is the point P, ({r, mr, nr) on the
line »/l=y/m=2z/n, as r tends to infinity. By § 73, the equation to
the cone is

2
(a4 by +c2 - 1)(0&12 +bm2+cn? - ;12-) = (alx+ bmy + cnz — ;) s
whence tne equation to the cylinder can be at once deduced.

Bx. 1. Prove that the enveloping cylinders of the -ellipsoid
22la?+ %/ + 2%/c?=1, whose generators are parallel to the lines

ro__ ¥y _*
0 agi-0¢ ¢
wmeet the plane z=0 in circles.

Ex. 2. Prove that the polar of a line AB is the line of inter-
section of the planes of contact of the enveloping cone whose vertex is
A and the enveloping cylinder whose generators are parallel to AB.

75. Normals. Indiscussing the properties of the normals
we shall confine our attention to the normals to the ellipsoid,
the most familiar of the central conicoids.

Consider the ellipsoid whose equation, referred to rect-
angular axes, is #?/a?+y?/b*+2%/c?=1. If the plane

p=zcosw+ycosB+zcosy, (p>0),
is a tangent plane whose point of contact is (', ¥, #’), we
have, as in § 68,

_p _p7.
cosa.—'a'é" COSB—'E{’ COSV—'E’T!
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that is, the direction-cosines of the outward-drawn normal
, x py p2 . .
at (z, ¥/, ') are %;,;, %3—4-, %—. where p is the perpendicular
from the centre to the tangent plane at the point. The
equations to the normal at (', ', 2') are therefore
x_,m ___:’/—:5/ =Z~—’Z (='r),
p.’l} I)y P2
at b
£x. 1. If the normal at P meets the principal planes in G;, G, Gy,
shew that . . —al: b2 2
PG, : PG,: PGy=a?: b2: c2.
Putting O for # in the equations to the normal, we obtain

a?
r=PG;= — Py etc.

Ex. 2. If PG2+PG,?+PG;2=42 tind the locus of P.
Ans. The curve of intersection of the given ellipsoid and the
a? R g
slhipsoid Atntas AT

Ex. 3. Find the length of the normal chord through P, and prove
that if 1t is equal to 4PG,, P lies on the cone

2, 2, 2
520t - a?) +55 (262 - 1) + 5o,

' x'?

Ans. 2/(}’32@)‘

Ex. 4. The normal at a variable point P meets the plane XOY in
A, and AQ is drawn parallel to OZ and equal to AP. Prove that the
locus of Q is given by

22 e
a-atp_pte~l

Find the locus of R if OR is drawn from the centre equal and
parallel to AP. Ans. a2+ b2yt 4 % =ch,

Ex. 5. If the normals at P and Q, points on the ellipsoid, intersect.
PQ is at right angles to its polar with respect to the ellipsoid.

76. The normals from a given point. If the normal
at («/, y', ) passes through a given point (a, 3, ), then

o= By _y=% 1)
w} y/ Z’ 3 ®ecscsesressceccae
a? b? ¢
and if each of these fractions is equal to A,
. afo ,_ B ,_ Cy \
] —a2+h, 'y —-m» 2 —0—2:‘-——5\. ..........(2)
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Therefore, since (¢, %", 2") is on the ellipsoid,
aol 1232 cly?
((/,2+>\)2+(b'3+)\)2+(02+}\)'~’-= l. ...............(3)
This equation gives six values of A, to each of which
corresponds a point (2, ¥, 2°), and therefore there are
six points on the ellipsoid the normals at which pass
through (o, 8, v).
Ex. 1. Prove that equation (3) gives at least two real values of A,

(If F(A)=(A+a® A +0P(A+c%)? - 2a’ol (A + DA+, F(A) s
negative when A= —a? —b% —c? and is positive when A=+ ®.)

Ex. 2. Prove that four normals to the ellipsoid pass through any
point of the curve of intersection of the ellipsoid and the conicoid

2202+ )+ y*( A+ a?) + 22 (a? 4 12) = %% + cZa? + a?b2,

It follows from equations (1) that the feet of the normals
from (c, B. y) to the ellipsoid lie on the three cylinders

B2(B—y)=c*y(y—=2) Fu(y—2)=d%(n—2),
a?y(oe—x)=022(B8—v).
Compare the equation to the rectangular hyper bo]a thr;)ugh the
feet of the normals from the point (a, 3) to the ellipse z‘*‘ bl"l

These cylinders have a common curve of intersection,
and equations (2) express the coordinates of any point on
it in terms of a parameter A. The points where the curve
meets a given plane

ur+vy+ws+d=0
ud’ox | vb*B | wcly
a‘3+)\+b’ + ’+7\+d =0,
and as this determines three values of A, the plane meets
the curve in three points, and the curve is therefore a
cubic curve. The feet of the normals from ‘o, B, ) to the
ellipsoid are therefore the six points of intersection of
the ellipsoid and a certain cubic curve.

If the normal at (2, ¥, 2) passes through («, 3, y) and
has direction-cosines [, m, n,

x  po B P
‘=%‘5=a2+>\’ m_bf+>\ =2

RN o

are given by
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and therefore
Lag o Bra_ o Yin2—_ 12y =
l(b c)+m(c a)+n(a b%)=0.
This shews that the normal whose equations are

z—o. _Y—fB z—vy
I~ m =

is a generator of the cone
a(b2_02) 6(02_a2) .Y(a2_b2)_
v—a ty=g Ty O
Hence the six normals from (., B, y) lie on a cone of the
second degree.

Ex. 3. If P is the Eoint (o B, 7?, prove that the line PO, the
parallels through P to the axes, and the perpendicular from P to its
polar plane, lie on the cone.

Ex. 4. Shew that the cubic curve lies on the cone.

Ex. 5. Prove that the feet of the six normals from (o, 8, ) lie on
the curve of intersection of the ellipsoid and the cone

a?(b?— 02)a.+ b2(ct-a?) 3 +c2(a2 -y_ 0.
xz Y z
Ex. 6. The generators of the cone which contains the normals

from a given point to an ellipsoid are at right angles to their polars
with respect to the ellipsoid.

Bx. 7. A is a fixed point and P a variable point such that its
polar plane is at right angles to AP. Shew that the locus of P is the
cubic curve through the feet of the normals from A.

Ex. 8. IfP, Q,R; P, Q, R are the feet of the six normals from
® point to the ellipsoid, and the plane PQR is given by lx+my +nz=p,
then the plane P'Q'R’ is given by

2y 2.1
a2l+b2m+czn+p 0.
(If P'Q'R’ is given by l'z+m'y+n2=p’, equation (3) of §76 is the
same as

afal BBm | Ayn ><a‘~’al’ b2Bm’ | cynw ,)__
(a2+)x+b“+)x+c2+X PG At AT ?)=%)

Bx, 9. If A, A’ are the poles of the planes PQR, P'Q'R/,
AA’?— OA?— OA"?=2(a? + b2+ %),

77. Conjugate diameters and conjugate diamevral
planes of the ellipsoid. If the equation tc the ellipsoid
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is a?/a’+y?/b?+2%/c2=1, the axes are conjugate diameters
and the coordinate planes are conjugate diametral planes,
(§65). If P, (x,, ¥, 2,) is any point on the ellipsoid, the
diametral plane of OP has for its equation, (§ 72),

x, +yb3il _}_zzl

Let Q, (x,, ¥,, 2,) be any point on this plane and on the

ellipsoid, then
5212;_2 +9Y2 +z122
o b*

Hence, if Q is on the diametral plane of OP, P is on the
diametral plane of 0Q.

If the diametral planes of OP and 0Q
intersect in the diameter OR, (fig. 36),
R is on the diametral planes of OP and
0Q, and therefore P and Q are on the
diametral plane of OR; that is, the dia-
metral plane of OR is the plane OPQ.
Thus the planes QOR, ROP, POQ are the
diametral planes of OP, OQ, OR respec-
tively. and they are therefore conjugate
diametral planes, and OP, OQ, OR are conjugate diameters.

If R is (3, ¥, 2;), We have

Fia. 86.

2
+b2+ —1, a2+3222+ —1) +?z; +__"“1 (A’)

wﬂs + 3/23{3 + ﬁgg =0, ‘ﬁ’»ﬁ + ?/232/1 1 %4 2321 =0,

x,, 2% _

Ay IR0 s (3)

These correspond exactly to equations (a) and (B) of § 53,
and shew that

Zy, Yo, %2, %3 Y3, "’s

%Y, 4,
a b ¢ a b ¢ 4D

are the direction-cosines of three mutually perpendicular
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lines referred to rectangular axes. Therefore, as in §53,
we deduce,

wl2 + :1522 +m32 = a’ﬁ» \' '3/121 + y222 + y3z3 = O’
Y2+ Yty =07 j ..... (C) 2y +2y%y + 2505 =0), } ...... @
524 20+ 2= % @Yy +85Yg+ 25y, =0

@y _ o (YB3 —2%Y3) Y1 (zzwa Ty2) 2y (@55 Yys)
a =T be b ’ *

ca c ub
_z +(J7i3_z_ 2331.1 ,ete, ete; coveennnnnn. oL (E)
| % Y1 % |= tabe
Ly Yor 2
T3, Y3 23

If the axes to which the ellipsoid is referred are

rectangular, equations (¢’) give, on adding,
OP240Q24OR?2=a?+b?+ %

Hence the sum of the squares on any three conjugate
semi-diameters is constant. From the last equaticn we
deduce that the volume of the parallelepiped which has
OP, 0Q, OR for coterminous edges is constant and equal
to abe. Again, if A, A,, A; are the areas QOR, ROP, PQQ
and l,, m,, n,, (r=1, 2, 3), are the direction-cosines of the
normals to the planes QOR, ROP, POQ, projecting A, on the
plane =0, we obtain

61A1=?/223"‘22?/3= j:_b_%z;’ by (EY);

2
. cay, abz, .
similarly, mA =4+ 550 =4 — 5
bcx cay, abz,
l2A2 :t '—' =2 ’ 'm2A + —2-b—, %2A2 ZC s

bex cay abz,
lLag= 15 % myAy =t ngA = g

Therefore, squaring and adding, we have, by (C’ )
A12 + A92+ Aaz — % (b‘lcz +c2a? + a2b2)‘
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Ex. 1. Find the equation to the plane PQR.
If the equation is lx+my +nz=p, then Iz, +my, +nz,=p,
Loy +my,+nz,=p, lry+my;+nz=p.
Multiply by 2, 2, x5 respectively, and add ; then by (c¢’) and (D'),
la?=p (v, + 2y + 23), ete.

The required equation is therefore

x(xy +€2+1'3) +3/(IV1 +bz2+y3)+Z(ZI+zzz+z3)=l'

a ¢

Bx. 2. Shew that the plane PQR touches the ellipsoid
at the centroid of the triangle PQR.

Bx. 3. Prove that the pole of the plane PQR lies on the ellipsoid

2ot + Y b+ 22[ct=3.

Ex. 4. The locus of the foot of the perpendicular from the centre
to the plane through the extremities of three conjugate semi-diameters
iS azxz+ b2y2+c2z2= 3(.1:2 +3/2 +Z2)2.

Ex. 5. Prove that the sum of the squares of the projections of OP,
0Q, OR, (i) on a given line, (ii) on a given plane, is constant.

Bx. 6. Shew that any two sets of conjugate diameters lie on a
cone of the second degree. (Cf. § 59, Ex. 6.)

Ex. 7. Shew that any two sets of conjugate diametral planes
touch a cone of the second degree. (Apply § 61, Ex. 4.)

2t oyt 2 1
2TeEta=s

Ex, 8. If the axes are rectangular, find the locus of the equal
conjugate diameters of the ellipsoid x%/u?+ y?/b%+ 23/c?=1.
If 7 is the length of one of the equal conjugate diameters,
3r2=a?+ b+,
Brm24n2 2 w2 n?
A ettt
where I, m, n are the direction-cosines. Therefore the diameter is a
generator of the cone
2 Y 2% 3(at+yP+2Y)
TR @b

22 ot — 5 )L (9B2 — 2 — aB) P (26— — B
or 6-2(2a— —c)+172(2 - —a)+‘—:§(2c —a?-b%)=0,

and

Ex. 9. Shew that the plane thrgugh a pair of equal conjugate

. x
diameters touches the cone W;m_o.

Ex. 10. If A, g, v are the angles betwcen a set of equal conjugate
diamet;ers, . . . 3> (bg_ 02)3
CO8 I\.+COS [L'I'COS V=2—(Ez’:’—_-b—2——_l-cz)2'

Ex. 11. If OP, OQ, OR are equal conjugate diameters, and S is
the pole of the plane PQR, the tetrahedron SPQR has any pair of
opposite edges at right angles.
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Ex. 12. If OP, OQ, OR are conjugate diameters and p,, p;, ps;
m,, Ty, T, are their projections on any two given lines, p,m + p;my+ pyrry
is constant.

Bx. 13. If, through a given point, chords are drawn parallel to
OP, OQ, OR, the sum of the squares of the ratios of the respective
chords to OP, OQ, OR is constant.

Ex. 14. Thezlocgs of the point of intersection of three tangent
planes to '5—:+'%.—z+z—2=1, which are parallel to conjugate diametral
x? 22 _a? b?

2 2 . x? |yt
planes of o?+3'l"2+'2=1’ 18 @+—§+72=&3+@+

theorem become when ==y

2
c—.l. What does this
Y

Ex. 15. Shew that conjugate diameters satisfy the condition of
Ex. 8, § 70, for conjugate lines.

Since the plane POQ, (tig. 36), bisects all chords of the
conicoid which are parallel to OR, the line OQ bisects all
chords of the conic ROQ which are parallel to OR. Similarly
OR bisects all chords of the conic which are parallel to 0Q;
and therefore OR and OQ are conjugate diameters of the
ellipse ROQ. But Q is any point on the ellipse; therefore
OP and any pair of conjugate diameters of the ellipse in
which the diametral plane of OP cuts the ellipsoid are
conjugate diameters of the ellipsoid.

2 2 g2
Ex, 16. P isany point on the ellipsoid %+Z—Z+z§= 1 and 2a and 283

are the principal axes of the section of the ellipsoid by the diametral
plane of OP. Prove that OP2=qa2+4 2+ ¢?— o2 — 3% and that aSp=abe,
whore p is the perpendicular from O to the tangent plane at P.

Ex. 17. If 20 and 203 are the principal axes of the section of the
ellipsoid by the plane lx+my+nz=0, prove that

a2(b? + c?) 12 + B2(c2 + a?)m? + c? (a2 + b2)n?

2 =
o+ aile 4 b2 4 ¢*n® i
2b262(12 + m2 + n?)
2% )
o a?l* + b2m2 4 cnl

Ex. 18. If P, (2, ¥, z,) is a point on the ellipsoid and (&, n;, {,)
& s M2 (;) are extremities of the principal axes of the section of the
elflpsmd y the diametral plane otP OP, prove that

§1$2 — MM _ 2

1
at(b?—c?) b(c*-a?) cé(at - b")’

B2 — )1 4 (o2 — o)t 4 (a2 — p2) 2 =0,
( c){5'+(c @) T @ )(‘
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Conjugate diameters of the hyperboloids. The equation of a

hyperboloid of one sheet referred to three conjugate diameters as
2 g 2

coordinate axes is “%+£§-z—z=1. Hence it appears that the - and

y-axes meet the surface in real points (+a, 0, 0), (0, % f3, 0), and that

the z-axis does not intersect the surface. The z-axis, however, inter-
. o.oxt oyt 22

sects the hyperboloid of two sheets whose equation is —— -+ =1

o

at the points (0, 0, +7), and these points are taken as the extremities
of the third of the three conjugate diameters.
Hence, if P, (2, 31, 21), Q, (%3, Y2, 22), R, (3, ¥3, 2) are the extremities
of a set of conjugate semi-diameters of the hyperboloid of one sheet,
2 2
a2
it follows, as for the ellipsoid, that
rltrf-xl=d, yl+ylt-yl=0% z+z’-2f=-c ete;
and therefore, that if the axes are rectangular,
OP2+0Q?%-OR2=aqa?+ b% - c?
and A2+ Az - A2=1(b%E+ c%a? - a?b?).
Similarly, if one of a set of three conjugate diameters of the hyper.
2 2 .2
poloid of two sheets, Z—‘-z—';ﬁ—z—z—_z:l, intersects the surface, the othet
two do not, but they intersect the hyperboloid of one sheet,

=1,

2t oyt 2
“atpta=h

and the points of intersection are taken as their extremities. Hence

if P, Q, R are the extremities, and the axes are rectangular, we have
OP?2-0Q?-OR?=qa?- b2 - c?

and A2 - A2 A2=1}(b%? - c?a? — a%h?).

THE CONE.

78. A homogeneous equation of the form
ax?+by?+c22=0

represents a cone. If (2, 9/, 2") is any point on the cone,
(—«, —y’, —2') lies also on the cone, and therefore we
may consider the cone as a central surface, the vertex being
the centre. The coordinate planes are conjugate diametral
planes and the coordinate axes are conjugate diameters.

We easily find, as in the case of the other central
conicoids, the following results:
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The tangent plane at (2, ¥, 2') has for its equation

axx’+byy'+c22’=0.

The plane lx+my+nz=0 touches the cone if

Pla+m?b+n?c=0.
The polar plane of P, (o, 8, v) is given by
aox +bBy +cyz=0.
The section whose centre is at («, 8, y) has the equation
(z—o)ao+(y —B)bB+(2—y)cy=0.

The diametral plane of the line z/l=y/m=2/n is

alz+bmy+cnz=0.

The locus of the tangents drawn from P, (o, B, y) is the
pair of tangent planes whose line of intersection is OP.
They are given by

(ax?+ by?+ c2?) (a4 bB% + cy?) = (aox + bBY + cyz)>

The diametral plane of OP is also the polar plane of P.

R

Fia. 87.

Conjugate diameters. Let OP, OQ, OR, (fig. 37), any three
conjugate diameters of the cone, meet any plane in P, Q, R.
The plane meets the cone in a conic, and QR is the locus
of the harmonic conjugates of P with respect to the points
in which any secant through P cuts the conic; 7.e. QR 18 the
polar of P with respect to the conic. Similarly, RP and PQ
are the polars of Q and R, and therefore the triangle PQR
is self-polar with respect to the conic. Converselv, if PQR
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is any triangle self-polar with respect to the conic in which
the plane PQR cuts the cone, OP, 0OQ, OR are conjugate
diameters of the cone. For the polar plane of P passes
through the line QR and through the vertex, and therefore
OQR is the polar plane of P, or the diametral plane of OP;
and similarly, ORP, OPQ are the diametral planes of 0OQ
and OR.

Ex. 1. The locus of the asymptotic lines drawn from O to the
conicoid ax?+by?+c:2=1 is the asymptotic cone ax?+ by>+c2?=0.

Ex. 2. The hyperboloids
Y+ 2 b2 ct=1, —z%a?—y?[b2+22/c?=1
have the same asymptotic cone. Draw a figure shewing the cons and
the two hyperboloids.

Ex. 3. The section of a hyperboloid by a plane which is parallel
o a tangent plane of the asymptotic cone is a parabola.

Ex. 4. If a plane through the origin cuts the cones
ax?+by?+¢2?=0, ox?+ Ly?+y=0
in lines which form a harmonic pencil, it touches the cone
a? y? 2
by +c}?+co,+a‘y+¢—z_§+7ﬂ_o'
For the following examples the axes are rectangular.

Ex. 5. Planes which cut a»?+by2+4c22=0 in perpendicular

generators touch 2 2 .2
X + "I/ + z

bretoratars

EBx. 6. The lines of intersection of pairs of tangent planes to
ar’+by?+cz*=0 which touch along perpendicular generators lie on

the cone a¥(b+c)2?+ b¥(c+a)y?+ c*(a+b)z2=0.

Ex. 7. Perpendicular tangent planes to awx?+by?+c2?=C intersect
in generators of the cone

a(b+c)x*+b(c+a)y?+c(a+b)2=0.

Ex. 8. If the cone Ax%4 By*4Cz242Fyz+42Gar+2Hzy=0 passes

through a set of conjugate diameters of the ellipsoid
2% a?+32(b2+22/c?=1, then Aa%+4Bbi+Cc®=0,

Ex. 9. If three conjugate diameters of an ellipsoid meet the

director sphere in P, Q, R, the plane PQR touches the ellipsoid.

Ex. 10. Find the equation to the normal plane (7.e. at right angles
to the tangent plane) of the cone a?+ by?+ cz?=0 which passes through
the generator z/l=y/m=z/n. Ans. 2(b —l o)z _ o
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Bx. 11. Lines drawn through the origin at right angles to normal
planes of the cone ax?+by?+cz2=0 generate the core
a(b—c)? blc—a)?  c(a-Db)?
_(Tzﬁ_)—-*- P =5 EE

Ex. 12. If the two cones ax?+by?+c?=0, ax?+ By?+y22=0 have
each sets of three mutually perpendicular generators, any two planes
which pass through their four common generators are at right angles.

THE PARABOLOIDS.

79. The locus of the equation
a? Yy 22 x? Y 22
D ate=3 @ ap=y
The equation (1) represents the surface generated by the

. . a2k
variable ellipse z=F, atE=

unless % and ¢ have the same sign, hence the centre of the

This ellipse is imaginary

F1e. 88,

ellipse lies on OZ if ¢>>0 and on 02’ if ¢<0. The sections
of the surface by planes parallel to the coordinate planes
YOZ. ZOX are parabolas. Fig. 38 shews the form and
position of the surface for a positive value of ¢. The
surface is the elliptic paraboloid.
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The equation (2) represents the surface generated by the
22 92

variable hyperbola ;—?57—2(56, z=k. The hyperbola is

real for all real values of %, and its centre passes in turn
through every point on z'z. When k=0 the hyperbola

2
degenerates into the two lines’z i’z =0,2=0. The sections

of the surface by the planes z=k, 2= —k project on the

Fia. 89.

plane XOY into conjugate hyperbolas whose asymptotes are
y =0. The sections by planes parallel to YOZ,

ZOX are parabolas. The surface is the hyperbolic paraboloid,
and fig. 39 shews the form and position of the surface for
a negative value of c.

80. Conjugate diametral planes. An equation of the
form ax®+by* =2z
represents a paraboloid. Any line in the plane XOY which
passes through the origin meets the surface in two co-
incident points, and hence the plane XOY is the tangent
plane at the origin. The planes YOZ, ZOX bisect chords
parallel to OX and OY respectively. Each is therefore
parallel to the chords bisected by the other. Such pairs of
planes are called conjugate diametral planes of the paraboloid,
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81. Diameters. If A is the point (o, 8, ¥), and the
equations to a line through A are

z—o_y—B_z—y _
I~ m  n (=7)

the distances from A to the points of intersection of the
line and the paraboloid are given by

r2(al24+bdm?)+ 2r(acl +bBm—n)+ao?+ 03> —2y=0....(1)
If l=m=0, one value of » is infinite, and therefore a
line parallel to the z-axis meets the paraboloid in one

point at an infinite distance, and in a point P whose
distance from A is given by

e a0l +bB32—2y  acl4-032 -2y
T —=2(anl+bBm—n) " 2n

Such a line is called a diameter, and P is the extremity of
the diameter.

Hence ax?+by?=2z represents a paraboloid, referred to
a tangent plane, and two conjugate diametral planes
through the point of contact, as coordinate planes. One
of the coordinate axes is the diameter through the point
of contact. If the axes are rectangular, so that the tangent
plane at O is at right angles to the diameter through O,
O is the vertex of the paraboloid, and the diameter through O
is the axis. The coordinate planes YOZ, ZOX are then
principal planes.

Ex. What surface is represented by the equation zy=2cz?

82. Tangent planes. We find, as in §67, the equation
to the tangent plane at the point (o, 8,) on the paraboloid,

aox+bBy=2+1.

If lx+my+nz=p is a tangent plane and («, 8, y) is the
point of contact,
-1 -m -p
= BT v=7o

2 m?

and therefore -+t 2np=0.
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2 g2

Hence 2n(lm+my+nz)+%+m—5—=0 is the equation to
the tangent plane to the paraboloid which is parallel to the
plane lx+my+nz=0.

If the axes are rectangular and

,: m?
2nr(lrm+'nl’ry+nrz) +'&"+T=O’ (’r': ]) 2) 3)}

represent, three mutually perpendicular tangent planes,
we have, by addition,

1 1
2Z+CZ+B=(),

and therefore the locus of the point of intersection of three
mutually perpendicular tangent planes is a plane at right
angles to the axis of the paraboloid.

Ex. 1. Shew that the plane 82 —6y -z=5 touches the paraboloid

2 2
% --‘%=z, and find the coordinates of the point of contact.

dns. (8,9, 5).

Ex. 2. Two perpendicular tangent planes to the paraboloia
§+y;=22 intersect in a straight line lying in the plane x=0. Shew
that the line touches the parabola

=0, y*=(a+b)(2z+a).

Ex. 3. Shew that the locus of the tangents from a point (e, 3, ¥)
to the paraboloid ax?+by?=2z is given by

(ax? +by? — 22)(ac? + b2 — 2y) =(aor+ by — 2 - y)%

Ex. 4 Find the locus of points from which three mutvally per-
pendicular tangents can be drawn to the paraboloid.

Ans. ab(a?+y?) - 2(a+d)2-1=0.

83. Diametral planes. If a line OP has equations
z/l=y/m=z/n, the diametral plane of OP, i.e. the locus
of the mid-points of chords parallel to OP, is given by
alx+bmy—n=0. Hence all diametral planes are parallel
to the axis of the paraboloid, and conversely any plane
parallel to the axis is a diametral plane. If 0Q, whose
equations are x/l'=y/m’=z/n’, is parallel to the diametral

plane of OP. QL A =0, +eeeeeevreer vevvennnns (1)
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Hence OP is parallel to the diametral plane of 0Q, and the
diametral planes of OP and OQ are conjugate.

Equation (1) is the condition that the lines alx+bmy =0,
al'z+bm’y=0, in the plane z=Fk, should be conjugate
diameters of the conic ax?+0by?=2k. Hence any plane
meets a pair of conjugate diametral planes of a paraboloid
in lines which are parallel to conjugate diameters of the
conic in which the plane meets the surface.

Ex. 1. The locus of the centres of a system of parallel plane
sections of a paraboloid is a diameter.

Ex. 2. The plane 3x+4y=1 is a diametral plane of the paraboloid
5224+ 6y?=2z. Find the equations to the chord through (3, 4, 5) which
it bisects. Ans, T=B_y=4_ -5

"9 T 10 16

Ex. 3. Any diametral plane cuts the paraboloid in a parabola, and
parallel diametral planes cut it in equal parabolas.

2 g2
84, The normais. If 2—2+%—2=2z represents an elliptic

paraboloid, referred to rectangular axes, the normal at
(', v, 2’) has for equations
r—a y—vy z—2
m/ - ,y/ - — 1 .
o b?
If this normal passes through a given point (., 3, ¥),

o—2_ By _v—7_

~ 7 — =M say.
. alo . b8 .
Therefore =« -—m: Yy —m, Zz -'y+)\,
ao? b?23?

and (a2+>\)2+(bz+)\)2=2(7+>\)'

This equation gives five values of A, and hence there are
five points on the paraboloid the normals at which pass
through a given point.

Ex. 1. Prove that the feet of the normals from any point to the
paraboloid lie on a cubic curve.
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Ex. 2. Prove that the normals from (a, 8, y) to the paraboloid lie

on the cone @ B at—b?

z—a y-B7 z= v
Ex. 3. Prove that the cubic curve lies on this cone.

Ex. 4. Prove that the perpendicular from (o, (3, ¥) to its polar
plane lies on the cone.

Ex. 5. In general three normals can be drawn from a given point
to the paraboloid of revolution x%+y%=2az, but if the point lies on
the _s(lixrtace 27a(x*+y*)+8(a—2)*=0, two of the three normals
coincide.

Ex. 8. Shew that the feet of the normals from the point (o, 83, y)
to the paraboloid 22+ y%=2az lie on the sphere
.r2+g/2+z'-’—-z(a+y)—2—'%(a2+ﬂ2)=0.

BEx. 7. Shew that the centre of the circle through the feet of the
three normals from the point (e, (3, y) to the paraboloid 22+ y2=2az is

(2- B 7+“).
4’ 4 2

* Examples IV,

1. Two asymptotic lines can be drawn from a point P to a conicoid
ax?+by?+czt=1, and they are at right angles if P lies on the cone

a?(b+c)x?+ ¥ (c+a)y?+c(a+b)2%=0.

2. The lines in which the plane lr+my+nz=0 cuts the cone
or?+ By*+y22=0 are cgnjugate diameters of the ellipse in which it

2
cuts the ellipsoid L +Z +2 =1. Prove that the line 3=2=2 lies on
i L m n
the cone a?(Bb2 + yc?) 22 4 bE(yc + aa?)y? + ¢ (aa?+ Bb2) 22 =0.

3. P and Q are points on an ellipsoid. The normal at P meets the
tangent plane at Q in R ; the normal at Q meets the tangent plane at
Pin S. If the perpendiculars from the centre to the tangent planes
at P and Q are p,, p;, prove that PR: QS=p, : p,.

4. The line of intersection of the tangent planes at P and Q, points
on ax?+by?+cz?=1, passes through a fixed point A, (a, B, y), and is
parallel to the plane XOY. Shew that the locus of the mid-point
of PQ is the conic in which the polar plane of A cuts the surface

ax?+ byt +ct=z/y.

5. Shew that the greatest value of the shortest distance between
the axis of 2 and a normal to the ellipsoid »?/a?+y2/b?+2%c?=1 is
b-c.

8. Plane sections of an ellipsoid which have their centres on a
given straight line are parallel to a fixed straight line and touch
a parabolic cylinder.
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7. OP, OQ, OR are conjugate diameters of an ellipsoid

a oy g

St a=1

At Q and R tangent lines are drawn parallel to OP, and p,, p, are
their distances from O. The perpendicular from O to the tangent
plane at right angles to OP is p. Prove that

PP+ pR=at4 bt
8. Conjugate diameters of
a2+ byt +ezf=1 meet ar®+b,yt+ct=1
in P, Q, R. Shew that the plane PQR touches the conicoid
agx?+ by + g2t =1,
G _by_¢_az by o

where at: N 2,
a, by ¢ a b ¢

9. The ellipsoid which has as conjugate diameters the three straight

li(xlles that bisect pairs of opposite edges of a tetrahedron touches the
edges,

10. Shew that the projections of the normals to an ellipsoid at
P, Q, R, the extremities of conjugate dianmeters on the plane PQR,
are concurrent.

11, If through any given point («, 3, y) perpendiculars are drawn
to any three conjugate diameters of the ellipsoid 2%/a2+ y2/b%+2%/c*=1,
the plane through the feet of the perpendiculars passes through the
fixed point ( 2o b cty )

@+t B4+ cd aibited/’

12. 1If perpendiculars be drawn from any point P on the ellipsoid
a?la® +y2/b*+2%/c*=1 to any three conjugate diametral planes, the
plane through the feet of the perpendiculars meets the normal at P at
a fixed point whose distance from P is

a2blc?

p(b%* + ca® + atb?)’

where p is the perpendicular from the centre to the tangent plane
at P.

13. Find the locus of centres of sections of a conicoid that are at a
constant distance from the centre.

14. Shew that the equations to the right circular cones that pass
through the axes (which are rectangular) are yz + zx + xy =0.

Deduce that the lines through a given point P, which are per-
pendicular to their polars with respect to x%/a®+ y%/b%+2%c?=1, lie
upon a right circular cone if P lies en one of the lines

(b2 = e2)202 = (c? - a?)y? = (a2 — D222
15. Chords of a conicoid which are parallel to a given diameter and

are such that the normals at their extremities intersect, lie in a fixed
plane through the given diameter.
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16. The perpendiculars from the origin to the faces of the tetra-
hedron whose vertices are the feet of the four normals from a point to
the cone ax?+ by*+cz*=0, lie on the cone

a(b -V +b(c— a)’y*+c(a—b)%2=0.
17. P, Q, R; P, Q, R’ are the feet of the six normals from a point
to the ellipsoid z%/a®+y?/b*+2%/c*=1. Prove that the poles of the
(22— a?)} 0.

(B2 4 22
planes PQR, P'Q'R’ lie on the surface }.,{I-)-zz:z(;zy

18. The normals at P and P’, points of the ellipsoid

2a®+ Y20 + 2% =1,

meet the plane XOY in A and A’ and make angles 6§, ' with PP".
Prove that PA cos 8+ P'A’cos ¢ =0.

19. The normals to x%*/a?+»2/b%+22/c2=1 at all points of its inter-
section with lyz+mzxr+nry=0 intersect the line

ar by c%

1(a2=b?)(ct - a?) = m (b2 —c?)(a?—b%) n(— a?)(b - c?)

20. Shew that the points on an ellipsoid the normals at which
intersect a given straight line lie on the curve of intersection of the
ellipsoid and a conicoid.

21. The normals to 2?/a?+»?/b?+ 22/c2=1 at points of its intersection
with 2/a+y/b+2/c=1 lie on the surface
(_gb zy +bcyz+cazx > -1
b(a* -ty +c(at-bd)z/)
22. Prove that two normals to az?+by2+c2?=1 lie in the plane
lx+my+nz=p, and that they are at right angles if

abep®Z {a(b+c)i2} =2 {a?(b - c)?m?n?}.

_23. The locus of a point, the sum of the squares of whose normal
distances from the ellipsoid 2%/a2+ »?/b2+22/c?=1 is constant, (=4#2), is

2r2(b% 4+ ¢ - 2a?))
6224624622 —2 {a.r( 2 24 902=}2
+6y%+622—-22 (= P (=) f+2a +2b%+ 2c2=k?

24. If the feet of the six normals from (o, 3, y) are
(-, Yr v =1, 2,...6),

prove that a?ol (i;) +b2B2 ( :yl- ) +clyZ G:) =0.

25. If the feet of three f the normals from P to the ellipsoid

2 42 2
iv—.z+%2+%—2=1 lie in the plane £+"%+§=1, the feet of the other three
lie in the plane §+%+§+ 1=0, and P lies on the line

a(B®=ce=0b(c?*-a?)y=c(a®-b?)z
B0, 1
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26. If A, B are (o, By, Y1), (%3, Bs) 7.), the pair of tangent planes
at the pomts where AB cuts the conicoid S=ax?+by?+c2—1=0 is
given by S\Py*=2P\PP+ S,PI=0,
and the pair of tangent planes that intersect in AB, by
S(8,8, - P?3) - 8,P,*+2P,P,P;; — §,Py*=0,
where S;=an 2+ 58,2 +cy,2 -1, etc.;
Pi=ao,x+ b0,y +cy2—1, ete. ;
Pp=dao05+ 68,8, +cyyy,— 1.
27. If P, (2, 1, 21), Q, (=35 Yoy 22)y R, (13, ¥3, 25) are the extx emities
of three conjugate semi-diameters of the ellipsoid - 1+‘%§+ r‘l and

OP=r, OQ=r,, OR=r,, prove that the equation to the sphere
OPQR can be written

PERY NN, (1‘ 1+9Ii1+221>_ r ("‘”2+9b’/zz +zz2)

Bry 9 2z
—g ( 3+/bV; 3)=0’

and prove that the locus of the centres of spheres through the origin
and the extremities of three equal conjugate semi-diameters is

12(a222+ %2 + %) =(a? + b2+ c2)%
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CHAPTER VIIL
THE AXES OF A PLANE SECTION OF A CONICOID.

85. We have proved, (§ 54, Exs. 2, 3), that every plane
section of a conicoid is a conic, and that parallel plane
sections are similar and similarly situated conics. We now
proceed to find equations to determine the magnitudes and
directions of the axes of a given plane section of a given
conicoid.

General method for determining the axes. If the lengths of
the axes of a conic are 2o. and 23, and o> » > 3, the conic
has two diameters of length 2r, and they are equally
inclined to the axes. If r=o or B3, the two diameters of
length 2r coincide with an axis. Hence to find the axes
of the conic in which a given plane cuts a conicoid, we first
form the equation to a cone whose vertex is the centre, C,
of the conic and which has as generators the lines of
length » which can be drawn in the plane from ©
to the conicoid. The lines of section of this cone and the
given plane are the semi-diameters of length » of the coniec.
If 2r is the length of an axis, these are coincident, or the
plane touches the cone, the generator of contact being the
axis. The condition of tangency gives an equation which
determines 7; the comparison of the equations of the given
plane and a tangent plane to the cone leads to the direction-
cosines of the generator of contact.

86. Axes of the section of a central conicoid by a

plane through the centre. Let the equations, referred to
rectangular axes, of the conicoid and plane be

ax?+by+ct=1, lr+my+nz=0.
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The centre of the conicoid is also the centre of the
section. If X, u, v are the direction-cosines of a semi-
diameter of the conicoid of length r, the point (A7, ur, vr)
is on the conicoid. Therefore

9 1 N4 l‘-z +2
a>\2+b,a~+cv2=7—‘§=—-—;2————.

Hence the semi-diameters of the conicoid of length » are
generators of the cone

al(a—1/r)+ 9y b—=1/r)+2%c—1/r)=0.......... 1)

The lines of section of the cone and plane are the semi-
diameters of the conic of length ». Hence, if # is the
length of either semi-axis of the conic in which the plane
lx4+my+mnz=0 cuts the conicoid, the plane touches the
cone, and therefore

12 m? n?
ar"‘—1+b7“‘—1+cr2—-1=0’ ................. (2)
or 74 (bcl2+ cam?+abn?)—r*{(b+ )2+ (c+a)m?+(a+ b)n?}
+(2+m?2+n?)=0.

The roots of this quadratic in 7% give the squares of the
semi-axes of the section.

If 2r is the length of an axis and A, u, v are the direction-
cosines, the given plane touches the cone (1) along the
line x/A=y/u=2/v, and therefore is represented by the
equation

Az(a—1/r%)+ py(b—1/r%)+vz(c—1/r?)=0.
Aar?=1) _ u(br*=1)_v(cer*—1)

Therefore ] po peu P RTRI 3)
These determine the direction-cosines of the axis of
length 2.

Since the extremities of the semi-diameters of length » of the
conicoid lie upon the sphere 22+ y%+22=7?% the equation of the cone
through them may be obtained by making the equation to the conicoid
homogeneous by means of the equation to the sphere. Thus the cone is

2 2
ax2+b.?/2+cz2=ﬁfz +2

b

which is another form of equation (1).
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Ex. 1. Prove that the axes of the section of the conicoid
ax?+ byt +c2=1 by the plane {x+my+nz=0 lie on the cone

l m n
(b - C);‘i‘ (C - a)?y—+(a - b)z—=0.
(From equations (3) we deduce that
l m n
(b - c)X+(c - a)—l;+(a - b)‘;-0.)

Ex. 2. Prove that the cone of Ex. 1 passes through the normal to
the plane of section and the diameter to which the plane of section is
diametral plane. Prove also that the cone passes through two sets of
conjugate diameters of the conicoid. (Cf. Ex. 6, §77.)

Ex. 3. Find the lengths of the semi-axes of the conics given by
(i) 3»24+2y%+622=1, z+y+2=0;
(i) 222+y?-2=1, 3r+4y+5:=0.
Ans. (i) 64, *45; (ii) 308, "76.
Ex. 4. Prove that the equation of the conic
22422 -222=1, 3x—2y—-2=0,
referred to its principal axes, is approximately
1:70x% - 1-77y%=1.

Ex. 5. Prove that the lengqths of the semi-axes of the section of the
ellipsoid of revolution ’z%—y—+f7;=l, by the plane lx+my+nz=0, are
a, ac(+m?+n2) {a(12+m?)+ 22}y,

and that the equations to the axes are
ry 2 r Y _F
m =0 0’ al mn —(B+m?)
Ex. 6. Prove that the area of the section of the ellipsoid
2 a?+ b2+ 22[c? =1
by the plane lz+my +nz=0is 7—1—-213?, where p is the perpendicular from
the centre to the tangent plane which is parallel to the given plane.

Ex. 7. The section of the conicoid az?+by2+cz2=1 by a tangent
plane to the cone o o 2
b+c+c'+a+a+b=0
18 a rectangular hyperbola.

Ex. 8. The section of a hyperboloid of one sheet by a tangent
plane to the asymptotic cone is two parallel straight lines. What is
the corresponding section of the hyperboloid of two sheets which has
the same asymptotic cone ?

Ex. 9. Central sections of an ellipsoid whose area is constant
envelope a cone of the second degree.
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Ex. 10. If A;, A,, A; are the areas of three mutually perpendicular
central sections of an eliipsoid, A72+ A2+ A;72 is constant.

Ex. 11. One of the axes of each section of the ellipsoid ‘i;;;/—z+ Z—j =1
by a tangent plane to the cone y2+2%=2? lies on the cone
(2 + 97 =242 - g).
What is the nature of the section of this cone by a plane parallel to
the plane XOY ? Sketch the form of the cone.

Ex. 12. Prove that the axes of sections of the conicoid
ax?+by?+c?=1

which pass through the line §=%=% lie on the cone

b- - -b
—x—c(mz - ny)-{-cha(nx —l2)+ g—z———(ly —mx)=0,

87. Axes of any section of a central conicoid. Let the
equations, referred to rectangular axes, of the conicoid and
plane be  gu2yby4est=1, le+my+nz=p.

Then if C,(a, B, y) is the centre of the section, the
plane is also represented by the equation

(@— ) ao+(y— BB+ (2 —y)oy =0.

2 2 2
Therefore a-l—a=l—)§=9_/=m +b6%+oy N ¢ §
m- n P
2 2 P’ P
Hence ao?+ 032 +cy =l2/a+m2/b+n2/c=i);‘2’ say.

The equation to the conicoid referred to parallel axes
through C is

ax®+ by +c22+ 2(aox 4+ bBy +cyz) + a0+ bB% +cy?—1=0,
or ax?+by?+c2?+ 2(aox+bBy + cyz) —k*=0,

2
where B=1- -Eé
Do

The equation to the plane is now lx+my+nz=0.
If A\, u, v are the direction-cosines of a line of length »
drawn from C to the conicoid,
r2(aN2+bp2+ cv?) + 2r(aok + bBu+cyv)— k2 =0,
If the line lies in the given plane
I+mp+nv=0,
and therefore, by (1). acA+bBu+cyv=0.
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Hence r2(aA?+bu®+cv?)— (A2 4 u2+12) =0,
and therefore the semi-diameters of the section of length r
lie on the cone

(1) +o(e 1)+ (1) =0

If »is the length of either semi-axis of the section, the
plane touches the cone. Therefore

2 m? n®

Q_”f_l-*-b’ ~ +

2 a2 2

And, as in §86, the direction-cosines of the axis of
length 2r are given by

"(C%;“l) (bsz 1)="<%;—1) .......... (3)
[ om n ‘

Comparing these equations with equations (2) and (3) of
§ 86, we see that if oo and 3 are the lengths of the semi-
axes of the section by the plane lx+my+mnz=0, the
semi-axes of the section by the plane lx+my+'nz= p are

ko and k@3, or \/7 13\/1 — (4)

and that the corle%pondlncr axes are parallel. We thus
have another proof for central surfaces of the proposi-
tion that parallel plane sections are similar and similarly
situated conics.

From equations (4) it follows that if A, A, are the areas
of the sections of a conicoid by a given plane and the

2
parallel plane through the centre, A=A0<1 —;:—2>, where
0

p, p, are the perpendiculars from the centre to the given
plane and the parallel tanoent plane. Thus the area of the

2
section of the ellipsoid 2+ 62+§‘2= 1 by the plane

le+my+nz=p
wabe(lP+m?+n?) 1— P2 .
(a*12 4 b2m? + )b a2+ b*m? + c*n?
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The student should note that the equation to the cone through all
the lines of length » drawn from C to the conicoid would be obtained
by making the equation

ax?+ byt + c2?+2(aox + bBy +cyz) — k=0

homogeneous by means of the equation 2?+y2+:2=r% It would be
of the fourth degree, while for our purpose we require a cone of the
second degree. ‘The cone chosen passes through the lines of length
which lie in the given plane, and these lines alone need be considered.

Ex. 1. OP is a given semi-diameter of a conicoid and OA(=w),
OB (=), are the principal semi-axes of the section of the diametral
plane of OP. A plane parallel to AOB meets OP in C. Prove that
the principal axes of tge section of the conicoid by this plane are
a1 —0C?/OP%, BJT—OC?OP?, and deduce equations (4), § 87.

(Take OP, OA, OB, as coordinate axes.)

Ex. 2. Find the coordinates of the centre and the lengths of the
semi-axes of the section of the ellipsoid 32 + 3y2+ 622 =10 by the plane
r+y+z=1.

2 2 1\, ,[44 Va4
ans (333) Nig Y5
Ex. 3. If OP_OQ, OR are conjugate semi-diameters of an ellipsoid

prove that the area of the section of the ellipsoid by the plane PQR is
two-thirds the area of the parallel central section.

2 2 42
Ex. 4. Find the area of the section of the ellipsoid :x_2+]b[§+%=1
by the plane x/a+y/b+z/c=1. a ¢

2Qr
Ans. =T (122 + ?a? +a?b?)}.
3~/3( “ )

_Ex. 5. Find the locus of the centres of sections of the ellipsoid

22yt 2 . )
atmEta=l whose area is constant, (=mk?).
2 g 2 2t g 2\ 22 g 22
ana. o (GGt 5)(1-5- -5 (G5 3)
2 2 g2
Ex. 6. Prove that tangent planes to 2‘2"'%2'_%4' 1=0 which
2 .2 g2
cut 2—2— +‘Z—2~ - —22— —1=0 in ellipses of constant area w? have their points
2 2 2 s

of contact on th surface 2 4% 42 £

& T 5 AT

Ex. 7. Prove that the axes of the section whose centre is P are
the straight lines in which the plane of section cuts the cone con-
taining the normals from P.

Ex. 8. Find the lengths of the semi-axes of the sections of the
surface 4yz + 5zx — 5xy =8 by the planes (i) x +y —2=0, (ii) 2z +y —2=0.

Ans. (i) 2, /3, (i) 2, 2.
Ex. 9. Prove that the axes of the section of
f(x, y, z)=ax?+by? +cz* + 2fyz + 2922 + 2hay =)
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by the plane lx+my+nz=0 are given by
r(AL...+2Fmn...)+r¥ f(I, m, n) - (@ + b+ c)({?+m?+n?)}
+ (P24 m?+n?) =0,
where A=bc—f?, etc.
Prove also that the axes are the lines in which the plane cuts the cone

(mz— ny)%£+(nx - lz)%+ (ly — mx) %—:_—. 0.

Ex. 10. Prove that the axes of the section of the cone
ax?+byt+c2=0
by the plane lx+my +nz=p are given by
2 m? n?
AP+ Pt + bpeirt + pt + P+ pE 0,
2 m? a2

gt
wherep(,_a+b+c

88. Axes of a given section of a paraboloid. If the
equations to the plane and the paraboloid are

le+my+ne=p, ax?+by?=2z,
the centre of the section, (e, B, v), is given by

— e T e

i2/a+m?*b+2np
—nt

Changing the origin to («, B, ¥) and proceeding as in
§ 87, we find that A, u, v, the direction-cosines of a semi-
diameter of length r of the section, satisfy the equation

N (ar?+bp?) — p 2(A2+ u2+ %) =0.

The semi-diameters are therefore the lines in which the

plane cuts the cone
aH(anr?—pg’) -+ y*(bnr? —pl) — 2%p,* =0.
Hence the lengths of the axes are given by

Whence ao?+b32—2y=

2
= _]_)‘;%2, say.

I2 m? n?
an’r?—p,? T b= P Po O

or
abnbrt — n2r?p (@ + b) n?+ am?+ b2} + p (12 +m2+n?)=0
and the direction cosines by

Aan*2—p b u(bn*?—plk)_ vp,?
l - m -y
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Ex. 1. Find the lengths of the semi-axes of the section of the para-
boloid 2z + y*=z by the plane z +2y+2z=4. Ans. 5-28, 1-68.

Ex. 2. A plane section through the vertex of the paraboloid of
revolution 22 + y?=2az makes an angle 6 with the axis of the surface.
Prove that its principal semi-axes are a cot @ cosec 6, a cot 0.

Ex. 3. Prove that the semi-axes of the section of the paraboloid
xy=az by the plane Iz +my +nz=0 are given by

nord — 4a®r2m2n® — 4a41>m?(12 + m? + n?) =0.

Ex. 4. Find the locus of the centres of sections of the paraboloid

xz yz

St =2z which are of constant area mk2.
z? R 2 2
Ans. a"b’<a—4 +g—‘ +1 )(a—a+i§ - 2z> =k,

Ex. 5. Given that the radius of curvature at a point P of a conic
whose centre is C is equal to CD3/«f3, where o and /3 are the semi-axes
and CD is the semi-diameter conjugate to CP, find the radius of curva-
ture at the origin of the conic ax? + by* =2z, lx +my +nz=0.

Ans, (2+m2)? (am?+bi2) 1 (12 +m? +n2) L,

Ex. 6. Planes are drawn through a fixed point (e, 3, v) so that
their sections of the paraboloid ax*+4by*=2z are rectangular hyper-
bolas. Prove that they touch the cone

@-of (@-B)P (=7)°_
S 7y S

CIRCULAR SECTIONS.

89. If F=0, the equation to a conicoid, can be thrown
into the form S+Auv=0, where S=0 is the equation to a
sphere and « =0, v=0 represent planes, the common points
of the conicoid and planes lie on the sphere, and therefore
the sections of the conicoid by the planes are circles.

90. The circular sections of an ellipsoid. The equa-
tion, referred to rectangular axes, of the ellipsoid,
a? oyt 2t
can be written in the forms

w2+Z:+22_1+y2<51§_6%§> +z2<12 —l>=0,

 a?
()0
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Hence the planes
© (k- L)+ (- 1)-o
@ (om0,

0 (21

3
cut the ellipsoid in circles of radii a, b, ¢ respectively. If
a>b>¢, only the second of these equations gives real
planes, and therefore the only real central circular sections
of the ellipsoid pass through the mean axis, and are given
by the equations

I =h+ 2 =E=0.
o C

Since parallel plane sections are similar and similarly
situated conics, the equations

B =), TR - R d=p
a c « c

give circular sections for all values of A and w.
91. Any two circular sections of an ellipsoid which are
not parallel lie on o sphere.

2 2 2
The equation k({%+ -Z—_,+§~2 - 1) +

(=4 =2 ) (=B =2 F == i) =0

represents a conicoid which passes through the sections,
and if £=0>? the equation becomes

A+ uWa?— b‘lm+(>\— uWbt=c?
a c

z2+Au—=02=0,

a2 y?+ 2% —
which represents a sphere.

92. Circular sections of the hyperboloids. By the
method of §90, we deduce that the real central circular
sections of the hyperboloids

2 2 2 A
OB+E-5-1, D E-L-5-1, (@>b>0
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are given by

O Wa=F /e =0, i) VTP LI/F=F=0.

The radius of the central circular sections of the hyper-
boloid of one sheet is a. The planes given by

TP L= =0

do not meet the hyperboloid of two sheets in any real
points. They are the planes through the centre parallel
to systems of planes which cut the surface in real circles.

2
Ex. 1. Prove that the section of the hyperboloid 2«2—-%—2-— 2=1 by

the plane 5402+b2+§~/b2—c2=)\ is real if A2 > a?+4c2

Ex. 2. Find the real central circular sections of the ellipsoid
224 2y2 4622 =8. Ans. x%—4:%2=0.

Ex. 3. Prove that the planes 22+32:-5=0, 2x—324+7=0 meet
the hyperboloid — 2+ 3y%4-12:2="75 in circles which lie on the sphere

322+ 324322+ 42+ 362 — 110=0.
Ex. 4. Prove that the radius of the circle in which the plane

x Z -
S NEB A=)

.. 23 oyt 2R . A?
cuts the ellipsoid ?+31~€—2+5—2= 1 is b\/ -
Ex. 5. Find the locus of the centres of spheres of constant radius

2 .2
k which cut the ellipsoid §+% +Z—2=1 in a pair of circles. (Use §91.)

22 2 k2
Ans. y=0, F—p-—p—a=l-mw

Ex. 6. Chords of the ellipse x%/a?+y?%b%=1, 2=0, are drawn so as
to make equal angles with its axes, and on themn as diameters circles
are described whose planes are parallel to OZ. Prove that these
circles generate the ellipsoid 26%22+ 2a%y? 4 (a?+ b%)2% = 2a%b%,

93. Circular sections of any central conicoid. An
equation of the form

f(@, y, 2)=ax?+by?+c2?+ 2fyz+ 2gzx 4+ 2hay =1
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represents a central conicoid. It may be written
S, y, Z)-—7\(@2+y2+z2)+7\<w2+y2+z2—%)=0,

Hence if f(@, y, 2) =A@+ y?2+2%)=0
represents a pair of planes, these planes cut the conicoid in
circles. For a pair of planes
a—2A, h, g |=0.
h, b=}, f
9 [, =X
This equation gives three values of A. It can be shown
that these are always real, and that only the mean value
gives real planes.!

Ex. 1. Find the real central circular sections of the conicoid
32?4+ 5y? 4 3224 2wz=4.
The equation may be written
3224 5y%+ 322+ 222 — A(2?+ 524+ 28 + M(2#2+ 2+ 22) — 4=0.

If 322459243224 222 — A(22 + 5% +2%) =0 r;presents a pair of planes,
A3—11A%2+38A—-40=0, or A=2, 4, or 5. For these values of A the
equation to the planes becomes

(z+2)*+3y?=0, (r-2)-y?=0, 2*-xz+22=0.
The real circular sections correspond therefore to A=4 and have

equations x~24y=0, x-2z-y=0.

Ex. 2. Find the equations to the real central circular sections
of the conicoids,
(i) 5y%— 822+ 18yz — 1422 — 105y +27=0,
(i) 22%+5y%+ 22— yz— dex —xy +4=0,
(iii) 622+ 13y2+ 623 — 10yz+ 4z — 102y =1.
Ans. (i) (v -2y —52)(3x— 4y +2)=0,
(ii) (z+y+2)(2x—y+23)=0,
(iii) 2(z+2)2-10y(x+2)+9»%2=0.
Ex. 3. Find the equations to the circular sections of the conicoid
b c) ( ¢ a) (a b) _
pelG+g) +ee (34 2) 4 (G43) 410
Ans. —§+%+§=A, ax+by+ez=p.
1See the author’s Coordinate Geometry of Three Dimensions, §§ 144, 145.
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Ex. 4. Find the conditions that the equations
Sz, y,2)=1, le+my+nz=0
should determine a circle.
The equation f(2, ¥, 2) = (224324 2%)=0 is to represent two planes,
one of which is the given plane. Therefore
f(z, y, 2)— A%+ )2+ 22 =(le+my + nz){(a - A)‘§+(b - )t);"/;+(c - )\)%}

Whence, comparing coefficients of yz, zx, xy, we obtain
A= bn?+em?—2fmn _cl*+an®—2gnl _am?+bl% - 2kim
- mi4nd  wElE T Pamt

(We assume here that [, m, n are all different from zero. If I=0,
the conditions become (A=a), g=~=0, (c— a)m?—2fmn+(b—a)n?=0.)

94. Circular sections of the paraboloids. The equation
ax?+by? =2z may be written in the forms,

a(m2+y2+z2—%-§>-—y2(a-—b)-—az2=0,

b<x2+y2+z2——%z>—-x2(b— a)—0b2z2=0,

ax?+by? —(0-2240-y2+4 0224 22) = 0.
Hence if @ > b> 0, %@ —b)="b2? represents real planes
which meet the paraboloid in circles, and the systems of
circular sections are given by

aa—b+2/b=)\, aJa—b—2/b=p.

If, however, a or b is negative, the only real planes are
those given by ax?+by?=0. The equation
0-22+0-y%240-22422=0
is the limiting form of \
kw2+ky2+k<z+%> =%
as k tends to zero, and therefore the sphere containing
the circular sections is in this case of infinite radius, and the
circular sections are circles of infinite radius, 4.e. straight
lines. They are the straight lines in which the plane z2=0
cuts the surface, (§ 79).
Ex. 1. Find the circular sections of the paraboloid #?+ 10:2=2y.
Ans. y+3z=A.

Ex. 2. Find the radius of the circle in which the plane 7x+2:=5
cuts the paraboloid 532+ 4y?=82. Ans. r2=34,
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95. Umbilics. The centres of a series of parallel plane
sections of a conicoid lie upon a diameter of the conicoid
and the tangent plane at an extremity of the diameter is
parallel to the plane sections. If, therefore, P and P’ (fig. 40)
are the extremities of the diameter which passes through
the centres of a system of circular sections of an ellipsoid,
the tangent planes at P and P’ are the limiting positions
of the cutting planes, and P and P’ may be regarded as
circular sections of zero radius. A circular section of zero

Fra. 40.

radius is called an umbilic. It is evident from the form
of the hyperboloid of one sheet that the smallest closed
gection is the principal elliptic section and that the surface
has therefore no real umbilics.

2
To find the wmbilics of the ellipsoid 2+ 7 +é§= 1.

If P, (£ 5 {) is an umbilic, the diametral plane of OP
is a central circular section. Therefore the equations

wf+yr/+z§ 0, 2\/ 2 +7 Jbz =0

b?
represent the same plane. Hence
f/“ b Ge
Jai—b 0 /b=t
=—:i:7(;1§—_—c2: since %+%+§—5=1,
and therefore
+aaZ =12 b2’ +c/b2 =2

= N n=0, §=“Ja2—c2 .

These give the coordmates of the four umbilics.



144 COORDINATE GEOMETRY |cH. viIL
The umbilics of the hyperboloid of two sheets

»_Y_2
Gt b ¢
are real and given by
+ a4 b? +eb2=¢2
£= 0 1=0 (= 1ot
Jatte Jai+c

Bx 1. Prove that the umbilics of the ellipsoid lie on the sphere
224yt 2=a? — b4t

Ex. 2. Prove that the perpendicular distance from the centre to
the tangent plane at an umbilic of the ellipsoid is ac/b.

Ex. 3. Prove that the central circular sections of the conicoid
(@ -b)a?+ay?+(a+b)z2=1 are at right angles and that the umbilics

aregivenbyx=i\/ atb ,y=0,z=i\/ a—b

2a(a—b) 9a(a+b)
2 2 2
Ex. 4. Prove that the umbilics of the conicoid —— 4+¥- + -2 =1
at+b’ a a-b

are the extremities of the equal conjugate diameters of the ellipse
z? 22 1
=% axptah
2 o2
Ex. 5. Prove that the umbilics of the paraboloid %+%2=2z,
2 _p2
a>b, are (0, Ny B b )

Ex. 6. Deduce the coordinates of the umbilics of the ellipsoid
from the result of Ex. 4, § 92.

* Examples V.

1. Prove that if A}, py, v ; Agy po, vy are the direction-cosines of the
. o y? 22
axes of any plane section of the ellipsoid ¢T2+b¢2+c—2=l’
M, P2 WiVy |
a¥bt —c?) b¥ct-a?) cHul- bY)
2. If A, A, Ay 8, 8y, 823 are the areas of the sections of the
3 8 2 2
ellipsoids (—I§+%§+22=1, ’:—’.—2+%7+;72=1, by three conjugate diametrai
planes of the former,
A2 AR AR a2 (a_z g Z_2>
it st s\ T et )
3. If A,, A,, A, are the areas of the sections of the ellipsoid

22 gt 22
atpta=l
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by the diametral planes of three mutually perpendicular semi-
diameters of lengths ry, r,, 73,

4. Through a given point (o, B3, y) planes are dr:zawr; parallel to
three conjugate diametral planes of the ellipsoid (-;2+'Z—-2+Z—2= 1. Shew
that the sum of the ratios of the areas of the sections by these planes
to the areas of the parallel diametral planes is 3 — 2—:—% - %’:

6. Prove that the areas of the sections of greatest and least area

2 2 2
of the ellipsoid '2—2+'~y—+z§=1 which pass through the fixed line

J¥]
Z=Y_7%are ”abc, Wabc, where 7, 7, are the axes of the section by
{ m n ; r, Ty
the plane =2 + 7 7% _o,
P ats e 0

6. Prove that the systems of circular sections of the cone
azt+ byt +c22=0, a>b>c,

are given by za/a—b+zVb—c=A, and that these also give circular
sections of the cone (a+ p)a?+(b+p)y?+(c+p)z2=0.

7. Any tangent plane to a cone cuts the cyclic planes in lines
cqually inclined to the generator of contact.

8. Any pair of tangent planes to the cone ax?+ by?+cz*=0 cuts the

cyclic planes z/a—b+24/b—¢=0 in lines which lie upon a right
circular cone whose axis is at right angles to the plane of contact.

9. The plane ‘£+%+Z=l cuts a series of central conicoids whose

grincipal planes are the coordinate planes in rectangular hyperbolas.
hew that the pole of the plane with respect to the conicoids lies on a
cone whose section by the given plane is a circle.

10. OP, OQ, OR are conjugate diameters of an ellipsoid, axes
a, b, ¢, and S is the foot of the perpendicular from O to the plane PQR.
Shew that the cone whose vertex is S and base is the section of the
ellipsoid by the diametral plane parallel to the plane PQR has

constant volume wabe/3+/3.

11. If two cones with the same vertex have the same systems of
circular sections, their common tangent planes touch them along per-
pendicular generators.

12. The normals to the ellipsoid Z;+Z:+§=l at all points of a
central circular section are parallel to a plane that makes an angle
_ ac . .
cos IWW with the section.
B.Q, K
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13. If r, r, are the axes of a central section of an ellipsoid, and
t;, 6; the an gfes Letween the section and the circular sections,

in 0, . sin 6, = a® /(1 1
s1n l.sm 2——a'—"—“2_c2 ;l“z"‘;';'z )

where a and ¢ are the greatest and least axes of the ellipsoid.

14, Through a fixed point which is the pole of a circular section of
2 2 2
the hyperboloid %+%—2—Z~.4=1 are drawn planes cutting the surface
in rectangular hyperbolas. Shew that the centres of these hyperbolas
lie on a fixed circle whose plane is parallel to one system of circular
sections,

15. The locus of the centres of sections of the cone ax?+by?+c2=0,
such that the sum of the squares of their axes is constant, (=4#2), is
the conicoid

1

LY (l 1)2 (1 l)-z 2
a(b"'c)‘” +o(z+2-)y +°(a+b 24+ k2=0.

2 2 2
16. The area of a central section of the ellipsoid £§+‘?/f +5=11is
a? bt ¢t
constant. Shew that the axes of the section lie on the cone

G@=pt (F—a? s 1P y)\?
“ at &y bW 2 =0

where p is the distance from the centre of a tangent plane parallel to
any of the planes of section.

17. Prove that the tangents at the vertices to the parabolic sections
of the conicoid ax?+by?+c:?=1 are parallel to generators of the cone

—o)2 —a) —b)
a(h 2c) +b(c 2oz) +c(a - b) —o0.
x Y 2

18. Prove that the normals to central sections of the ellipsoid

22yt 2
atEta=h

which are of given eccentricity e, lie on the cone
a?b2c (6% — 2)2(22 + 12+ 22)(a?2? + b%y2 + %)
=(1 - €?){a?(b?+ c?) 2+ b%(c? + a?)y? + c?(a? + b?)22}2
Find the locus of the centres of sections of eccentricity e.
19. Prove that the normal at any point P of an ellipsoid is an axis

21

2
of some plane section of the ellipsoid. If the ellipsoid is f—;:-!-%.,-!. 2

and P is the point (2, ¥/, ), shew that the length of the axis is
2?2\l
v (G++5)

where p is the perpendicular from the centre to the tangent plane
at P,
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20. The normal section of an enveloping cylinder of the ellipsoid
2%+ y%b*+2%/c*=] has a given area wk%. Prove that the plane of
contact of the cylinder and ellipsoid touches the cone

Cal ¥ 2 _
G NG DRI CE i

21. Prove that the locus of the foci of parabolic sections of the

paraboloid ax?+ by?=2z is
ab(2z - ax? - by*)(ax?+ by?) = a2 + b%/2

22, Prove that the equation to a conicoid referred to the tangent
plane and normal at an umbilic as 2y-plane and z-axis is

a(x?+y?) +c2? 4+ 2fyz + 2920+ 2wz =0.

If a variable sphere be described to touch a given conicoid at an
umbilic, it meets the conicoid in a circle whose plane moves parallel
to itself as the radius of the sphere varies.

2 g2 2
23. If through the centre of the ellipsoid 2.2+'Z—2+z§=1 a per-

pendicular is drawn to any central section and lengths equal to the
axes of the section are marked off along the perpendicular, the locus
of their extremities is given by

a?z? b4t %P
R TR g
where r2=2?+y2+2% (The locus is the Wave Surface.)

=0,

24. Prove that the asymptotes of sections of the conicoid
ar?+ by’ +ct=1
which pass through the line x=4, =0 lie on the surface
{ax(z—h)+by? 2+ c2{a(x - h)*+by?} =0.
25, If the section of the cone whose vertex is P, (a, 3, ¥) and base

2=0, ax?+by*=1, by the ({)lane x=0 is a circle, then P lies on the
conic y=0, az?—bz2=1, and the section of the cone by the plane

(a-b)yr—-2a0z=0
is also a circle.
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CHAPTER IX.
GENERATING LINES.

96.! Ruled surfaces. In cones and cylinders we have
examples of surfaces which are generated by a moving
straight line. Such surfaces are called ruled surfaces. We
shall now prove that the hyperboloid of one sheet and the
hyperbolic paraboloid are ruled surfaces.

2 2
The equation z+gz z—_l which represents a hyper-

boloid of one sheet, may be written,
G+5) G-9)-0+5) (1-)

Whence it appears that the hyperboloid is the locus of the
straight lines whose equations are

§+g=>\(1+~;{> 2—?-;(1—%’); ......... (1)
—————-[.L(]."'- ) "f+§_.::< -%); ......... (2)

where A and u are variable parameters. It is obviously
impossible to assign values to A and u so that the equations
(1) become identical with the equations (2). Hence the
equations give two distinct systems of lines, no member of
one coinciding with any member of the other. As A
assumes in turn all real values the line given by the
equations (1) moves so as to completely generate the hyper-
boloid. Similarly, the line given by the equations (2)
moves, as u varies, so as to generate the hyperboloid. The

hyperboloid of one sheet is therefore a ruled surface and
1 See Appendix, p. iv.
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can be generated in two ways by the motion of & straight
line. (See fig. 41.)
In like manner the equation
a2 2

—b—2=2z,
which represents a hyperbolic paraboloid, may be written

(G-

VAVAV

Fia. 41.

Whence it is evident that the paraboloid is the locus of
either of the variable lines given by

atb=x a-p =
2y z ey
e b w ate=m

The hyperbolic paraboloid is therefore a ruled surface
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and can be generated in two ways by the motion of a
straight line. (See fig. 42)) The generating lines are

parallel to one of the fixed planes g i%:O.

F1a. 42

Ex. 1. CP, CQ are any conjugate diameters of the ellipse
22l + 2 b2=1, z=ec.
C'P, C'Q’ are the conjugate diameters of the ellipse 2%/a?+y?/b%=1,
¢= —¢, drawn in the same directions as CP and CQ. Prove that the

] 2 2
hyperboloid 2:2 + %‘Z— - j_l =1 is generated by either PQ’ or P'Q.

Ex. 2. A point, “m,” on the Farabola ¥ =0, cx?=2a%, is (2am, 0, 2cm?),
and a point, “n,” on the parabola x=0, ¢y2= —2b%, is (0, 2bn, — 2cn?).
Find the locus of the lines joining the points for which, (i) m=n,
(ii) m= —n.

97. 8ection of a ruled surface by the tangent plane at
a point. Since a hyperboloid of one sheet or a hyperbolic
paraboloid is generated completely by each of two systems
of straight lines, there pass through any point P, (fig. 43),
of the surface, two generating lines, one from each system.
Each of these meets the surface at P in, at least, two
coincident points, and therefore the lines lie in the tangent
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plane at P. The tangent plane at P is therefore the plane
through the generators which pass through P. But any
plane section of the surface is a conic, and therefore the
section of the surface by the tangent plane at P is the
conic composed of the two generating lines through P.

It follows that if a straight line AB lies wholly on the
conicoid it must belong to one of the systems of generating
lines. For AB meets any generating line PQ in some point
P, and AB and PQ both lie in the tangent plane at P. But

Fia. 48.

the section of the surface by the tangent plane at P con-
sists of the two generators through P, and therefore AB
must be one of the generators.

Again any plane through a generating line is the tangent
plane at some point of the generating line. For the locus
of points common to the surface and plane is a conic, and
the generating line is obviously part of the locus. The
locus must therefore consist of two straight lines, or the
plane must pass through the given generating line and a
second generating line which meets it. It is therefore the
tangent plane at the point of intersection.

The intersection of a cone or cylinder with a tangent
plane consists of two coincident generators. The ruled
conicoids can therefore be divided into two classes according
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as the generators in which any tangent plane meets them
are distinct or coincident. If the generators are distinet
the tangent planes at different points of a given generator
are different, (see fig. 43). If the generators are coincident,
the same plane touches tha surface at all points of a given
generator.

98. If three points of a straight line lie on a conicoid
the straight line lies wholly on the conicoid.

The coordinates of any point on the line through (o, B, v),
whose direction-ratios are [, m, n, are ou+1r, B+mr, y+nr.
The condition that this point should lie on the conicoid
F(z, y, 2)=0 may be written, since F(x, y, z) is of the
second degree, in the form

Ar’4+2Br+4C=0.

If three points of the line lie on the conicoid, this
equation is satisfied by three values of », and therefore
A=B=C=0. The equation is therefore satisfied by all
values of 7, and every point of the line lies on the
conicoid.

99. To find the conditions that a given straight line
should be a generator of a given conicoid.
Let the equations to the conicoid and line be
ax?+by?+c2?=1,

w—a=y—6=z—y
l m n

The point on the line, (oc+1r, B+mr, y+nr), lies on
the conicoid if
r2(al?+ bm?+cn?)+ 2r(acl + bBm +cyn)
+aol+bB%4cy:*—1=0.
If this equation is an identity, the line lies wholly on
the conicoid, and is a generator of the conicoid. The
required conditions are therefore
aot+bB% +ey? =1, ciiiiiiiiiiinn, (1)
aocl+bBm—+tcyn=0, ...c.coeeviviiinnens (2)
al’ 4bm? +cen? =0. covviniiivninnnnnn, 3)
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Equation (1) is the condition that (o, B, v) should lie
on the surface; equation (2) shews that a generating line
must lie in the tangent plane at any point (o, B, y) on
it ; and from (3) it follows that the parallels through the
centre to the generating lines generate the asymptotic cone

ax?+by?+c22=0.

The three equations (1), (2), (3) shew that through any
point (o, B, y) of a central conicoid two straight lines can
be drawn to lie wholly on the conicoid, the direction-ratios
of these lines being given by equations (2) and (3). By
Lagrange’s identity, we have

(al24bm?) (a0 +bB?) — (aal + bBm)? = ab(am — Bl)?;
whence, by (1), (2), (3),
—cent=ablom—LBl2 .....ccoveriiiniinnn (4)

The values of [: m :n are therefore real only if ab and ¢
have opposite signs, which can only be the case if two of
the quantities a, b, ¢ are positive and one is negative. The
only ruled central conicoid is therefore the hyperboloid of
one sheet. From equations (2) and (4) we deduce the
direction-ratios of the generators through (o, 3, y),

l m n

R o . —(aoZ+ 5B
:tb,B\/&fﬂay qiaoc«/afwﬂv g

Similarly, the conditions that the line

should be a generator of the paraboloid ax?+ by?=2z are,

ao24+bB% =2y, .cccivririniennn, 1)
aol+bBm—n=0, .......occciininininnn (2)
all4+bm2=0. ........oiiiiininnn, 3)

Equation (3) is satisfied by real values of I:m only if
a and b have opposite signs. The only ruled paraboloid
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is therefore the hyperbolic paraboloid. The direction-ratios
of the generating lines through (o, 8, ) are given by

l m
ﬁ=i@=a@i”ﬁm

The following examples should be solved in two ways, (i) by
factorising the equation to the surface as in § 96, (ii) by means of the
conditions in § 99.

szx.z 1. 2Find the equations to the generating lines of the hyperboloid
1—+‘z - '1'zé=1 which pass through the points (2, 3, —4), (2, -1, $).
-2 y-3 z2+4 2-2 y—-3 244,
Ane. 4=="5"="95 5 =3 —-z°
z-2 y+1 z2-4 -2 y+1 2-4
0 3 -4’ 3 6 10°
Ex. 2. Find the equations to the generating lines of the hyperboloid
Y2+ 2ar+3xy+6=0 which pass through the point (-1, 0, 3).
[yz+ 222+ 3xy+6=(y+2)(2+3)+ (2 + 3y)(x - 1).]
z+1_ y 2-3

Ans. x=-1,2=3; =< ="_°
ns. x y2=3 i =3

Ex. 3. Find the equations to the generators of the hyperboloid

2 2
%+%§— Z—2=1 which pass through the point (@ cos o, bsina, 0).

Ans, T-ac0OSQ y-bsine. 2
ns. g =" ==,
a sin o —bcoso. ¢

Ex. 4. Find the equations to the generating lines of the paraboloid
(z+y+2)(2r+y — 2)=6z which pass through the point (1, 1, 1).
z-1 y-1 2-1 -1 _y-1 2-1
dns. =g =T7} T =71

THE SYSTEMS OF GENERATING LINES.

100. We shall call the systems of generating lines of the
hyperboloid of one sheet which are given by the equations

§+§=>\<1+%>, 2—%:;\(1—%); eoneemneen(1)
_2_u(14Y), §+§=/1—‘(1—%),.............(2)

the A-system and u-system, respectively.
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101. No two generators of the same system intersect.
For the equations (1) and

2 (1+l), 3-3-H0-D)

TiP=0, T_%2- y_ Y-
lead to u+c—0’ P 0, 1+b 0, 1 i 0,
which are obviously inconsistent.

Otherwise, if P and Q are any points on any generator of the
p-system and the generators of the A-system through P and Q
intersect at R, then the plane PQR meets the hyperboloid in the sides
of a triangle. This is imﬁossible, since no plane section of a conicoid
is of higher degree than the second.

102. Any generator of the A-system intersects any gene-
rator of the u-system.

From the equations (1) and (2),
r, 7 *_z Y 4
+ ~ —1 b 1 +b.
N An 1
Whence, adding and subtracting numerators and de-
nominators,

Adu y_l1=Ap 2_A—pu
I+’ b T+ap ¢ 1+ap
These determine the point of intersection.

The equations

€, %_ Y e_z 10, _%\1_

£, >‘(l+b)+k{a ? 7\(1 b)}_o, ...... 3)
r 2z Yy Jxe oz 1 N _
&—5—#<1+5)+k{&+5_/1(1—5>}—0 ...... (4)

both reduce to
T+ =M= 2= =T M e (5)

if k=1/k'=X/u. But equation (5) represents the tangent
plane at the point of intersection of the generators. Hence
the plane through two intersecting generators is the tangent
plane at their common point. (Cf. § 97.)

If, in equation (3), & is given, the equation represents
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a given plane through the generator. But the equation
reduces to equation (5) if pu=A/k. Hence any plane
through a generating line is a tangent plane.

Ex. Discuss the intersection of the A-generator through P with
the p-generator through P’ when P and P’ are the extremities of a
diameter of the principal elliptic section.

103. Perpendicular generators. 1o find the locus of
the points of imtersection of perpendicular generators.
The direction-cosines of the A- and u-generators are
given by, (§42),
Yo _mo_nfe Yo _mp___ e
A2—1 22 A +10 =1 2u  —(ui41)
The condition that the generators should be at right
angles is
BN =1)(p2 = 1) + 4B — (A2 1) (24 1) =0,
which may be written
QAN WA DAL= N4 BN — o) = (a2 4 b= cB)(L 4+ Ap,
and shews that their point of intersection
{(ﬁ%j—_‘fi) b(1—Ap) 0(7\—#)}
L+ap’  14Ap ’ 14+Apu
lies on the director sphere
+yi+22=a’+b2—c2
The locus is therefore the curve of intersection of the
hyperboloid and the director sphere.

Or if PQ, PR are perpendicular generators and PN is normal at P,
by §102 the planes PQR, PNQ, PNR are mutually perpendicular
tangent planes, and therefore P lies on the director sphere.

104. The projections of the generators of a hyperboloid
on a principal plane are tangents to the section of the
lyperboloid by the principal plane.

The projections of the A- and u-generators on the plane
XOY are given by

o (101

w0 Zes(14])110-1),
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which may be written

2=0, >\2(1+%)-—2—§”f+(1—%)=0, ete.

Whence the envelope of the projections is the ellipse
a2 yZ
2= O, CTZ =1~ l? .

Similarly, the projections on the planes YOZ, ZOX touch
the corresponding principal sections.

The above equations to the projections are identical if
A=u. Hence equal values of the parameters give two
generators which project into the same tangent to the
ellipse 2=0, x?/a®?+y%/b?*=1. The point of intersection, P,
of the generators given by A=pu=t is, by § 102,

2t 1-¢
Cb1+t2’ b1+t2o O))

v.e. is (¢ cos o, bsin o, )), where £ =tan (—- _(_x_.)' P is there-

fore the point on the principal elliptic section whose
eccentric angle is a, and the generators project into the
tangent

z=0, gcosa.+%sina=l, (fig. 44).

From § 103, the direction-cosines of the A-generator are
proportional to A\%—1 9\
(LXZ ¥ 1: bxz + 1

C

or, since A =tan (34" - %’), asina, —bcoso, —~¢.
Therefore the equations ! to the A-generator through P are
r—acoso. _y—bsinoe 2z
asin. ~ —bcoso. —c
Similarly, the equations to the u-generator are
x—acoso _y—bsina_z
asin.  —bcosa ¢

Ex. Prove that the generators given by A=¢, u= —1/¢ are parallel,
and that they meet the principal elliptic section in the extremities of

a diameter.
1 See Appendix, p. iv.
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105. Let P and Q, (fig. 44), be the points on the principal
elliptic section whose eccentric angles are o. and 8. Then
the A-generator through P intersects the u-generator
through Q at the point, R,

((Lk-i-p. 1-Au c?\—-,u.)
T+ap’ 144" 140/
—tan (T=% —tan (T8
where A=tan <I 2) and u=tan <4 2).

Whence the coordinates of R are

Bta . Bta

Ccos

8
2 b 2

Fia. 44.
Now the coordinates of any point on the hyperboloid
can be expressed in the form
acosfsecp, bsinfsecey, ctang;
therefore if R is the point “ 6, ¢,”

_B+a _B—a
0="5— and ¢="5—,

or 0+¢p=B 0—¢=ca.
Similarly, it may be shewn that the u-generator through
P intersects the A-generator through Q at the point “0,—¢.”
Suppose now that P remains fixed while Q varies, so that
o is constant and B variable. R then moves along a fixed
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generator of the A-system, and in any position 6—¢=o.
Hence for points on a generator of the A-system 6—¢ is
constant. Similarly, by supposing Q to remain fixed and
P to vary, we can prove that for points on a given generator
of the u-system 64 ¢ is constant.

Ex. 1. If R is “6, ¢,” (fig. 44), shew that the equations to PQ are
2=0, gcos 0+% sin @=cos ¢, and deduce that 6~ p=a, 6+ =L.

Ex. 2. The equations to the generating lines through “ 6, ¢” are

z—acosfsecd y—bsinfsech z-ctang
asin(@+¢) -~ beos(f+¢p)  *c¢

Ex. 3. If (acos@sece, bsinfsec, ctang) is a point on the
generating line . 2 P\ ooz 1 y
sri=r(14§) £-3=3(-%).

0-¢ 1-A
2 1+XN
generator of the A-system 6 — ¢ is constant.

prove that tan and hence shew that for points of a given

Ex. 4. Prove that the equations
x_cos(0—-¢) y_cosfsing z_sinfcoscp

a cos(0+¢) b cos(0+d) ¢ cos(B+)
determine a hyperboloid of one sheet, that ¢ is constant for points on
a given generator of one system, and that ¢ is constant for points
on a given generator of the other S);stem.

The equation to the surface is %— %=1.
a®  be

Ex. 5. Find the locus of R if P and Q are the extremities of
conjugate diameters of the principal elliptic section.

We have §-¢p=a., 9+¢=u.i1§r-, whence ¢=+ 2, and R lies in one
of the planes z= +c. 4

Ex, 6. Prove also that RP?2+ RQ2=a2+b%+2¢2%

Ex. 7. If A and A’are the extremities of the major axis of the
principal elliptic section, and any generator meets two generators of
the same system through A and A’ respectively in P and P’, prove
that AP. AP’ =5%+c2%

Ex. 8. Prove also that the planes APP’, A'PP’ cut either of the
real central circular sections in perpendicular lines.

Ex. 9. If four generators of the hyperboloid form a skew quadri-
lateral whose vertices are “ 6,, ¢,,” r=1, 2, 3, 4, prove that

01+9!=09+ 04’ ¢1+¢s=¢‘2+4’4'
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Ex. 10. Interpret the equation

L AN AN
dTETa @ )
where P, (2/, %, 7) is a point on the hyperboloid.
[The equation represents the pair of planes through the origin and
the generators that intersect at (', ¥/, #').)

Ex. 11. Prove that the generators through any point P on a
hyperboloid are parallel to the asymptotes of the section of the hyper-
boloid by any plane which is parallel to the tangent plane at P.

. Ex. 12. Prove that the angle between the generators through P
is given by —at-byed)
2abc ’

where p is the perpendicular from the centre to the tangent plane
at P and 7 is the distance of P from the centre.

cot =L (2

Ex. 13. All parallelepipeds which have six of their edges along
generators of a given hyperboloid have the same volume.

If PQRS is one face of the parallelepiped and P, P'; Q, Q"; R, R’;
S, S’ are opposite corners, we may have the edges PS, RP’, S'/R’ along
generators of one system and the edges SR, P'S’, R'P along generators
of the other system. The tangent planes at S and S’ are therefore
PSR, P'S'R’, and are parallel, and therefore S8’ is a diameter.
Similarly, PP’ and RR’ are diameters. Let P, S, R be (z,, vy, z,),
(%3y Yoy 29), (%3, ¥3 23). Then the volume of the parallelepiped is
twelve times the volume of the tetrahedron OPSR, Fg is the centre).
Denoting it by V, we have

7% 4
V=2 v, 2 |=2aben -1 |3, <, -1
R R
29 29 “2
Z3, Y3y 23 | ‘?"2’ '3/'2’ -
a N=c?
L3 Y3 %
a’ b g
3

Z 3 z? LAt X X3
= 2aben/ — 1 2?-, E'&T’ E—az-

7 X2 Xl
s 3, 3%

DRt MO S 2‘9&2

a2’ a?’ a?
2 2 2 2 2
But s _2d P | s¥_ s%_,.
a2 g T g e a? ’

and, since R’ and S are on the tangent plane at P, and S on the tangent
plane at R,
BES), 3BE_y PO

3

Therefore V =2aben/ = 1( - 4)F =4abe.
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Ex. 14. Find the locus of the corners Q and Q' which are not on
the given hyperboloid.

Since QS and PR bisect one another, Q is the point
(@1 =2+ %5, Y1—Y2+Ys n—2+z)
and hence lies on the hyperboloid

22yt g2
2T z+3 =0.

106. The systems of generators of the hyperbolic
paraboloid. We shall now state the results for the
hyperbolic parabolmd bz—2z corresponding to those

which we have proved for the hyperboloid. Their proof
is left as an exercise for the student.
The point of intersection of the generators

z Yy T Yy _ =z,
(;_ b_27\, ——+—b—>\—, ................... (1)
—— — — — —‘ —_—
+?’b—2,u, —-2— (2)

is given by y
&=ﬂ+x, z:,u-—?\, Z=2xll.
The direction-cosines of the generators are given by

lmfnlm'n

a b 2\ a —b 2’

and hence the locus of the points of intersection of perpen-
dicular generators is the curve of intersection of the surface
and the plane 2z+4a?—%=0.

The plane z v
5—5—27\+k{ 7)_7\} 0

passes through the generator (1) and is tangent plane at
the point of intersection of that generator and the generator
of the u-system given by u=2»A/k.
The projections of the generators on the planes YOZ, ZOX
envelope the principal sections whose equations are
=0, y?=—2b%; y=0, a?=_2a%.

8.Q. L
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Any point on the second parabola is (2am, 0, 2m?), and if
A=u=m, the generators of the A- and u-systems corre-
sponding to these values project into the tangent to the
parabola at *m.”

Any point on the surface is given by

z=arcosf, y=0brsinf, 2z=1r%cos26,

and the equations to the generators through “», 6” are

;'12 2
g—arcosf _y—brsinf ¢ cos20
a ~ 4+b " r(cos@Fsinb)

Ex. 1. Shew that the angle between the generating lines through
(=, y, ) is given by

P 1, 2o\
tan 0=ab(l +C~lz+ IT‘) <z+——2——-) .
Ex. 2. Prove that the equations
dz=a(l+cos26), y=bcoshpcosf, z=csinh¢pcosf

determine a hyperbolic paraboloid, and that the angle between the
generators through “6, ¢” is given by

secyr= {(5%+ c?)?+ atcost O + 2a2(b2 + ¢2)cos?f cosh 2¢ }’}
- b%—ct+ a?cos?l )

Ex. 3. Prove that the equations
2r=ae’®, y=be®cosh @, z=ce?sinh @
determine a hyperbolic paraboloid, and that §+¢ is constant for

points of a given generator of one system, and 6 — ¢ is constant for a
given generator of the other.

Ex. 4. Planes are drawn through the origin, O, and the generators
through any point P of the paraboloid given by z?—y%*=az. Prove

that the angle between them is tan! .2_‘;, where 7 is the length ot OP.

Ex. 5. Find the 2locus of the perpendiculars from the vertex of
the paraboloid ‘2-:-&=2z to the generators of one system.
at bt

24 p2
Ans. x2+y2+2z2ﬂ:a;l;b zy=0.

Ex. 6. The points of intersection of generators of zy=az which are
inclined at a constant angle o lie on the curve of intersection of the
paraboloid and the hyperboloid %%+ y?— 2% tan%w +a%=0.
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107. Conicoids through three given lines. The general
equation to a conicoid,
ax?+ by?+ 2?4+ 2fyz + 292 + 2hacy + 2ux + 2vy + 2wz +d =0,
contains nine constants, viz., the ratios of any nine of the
ten coefficients a, b, ¢, ... to the tenth. Hence, since these
are determined by nine equations involving them, a coni-
coid can be found to pass through nine given points. But
we have proved that if three points of a straight line lie
on a given conicoid, the line is a generator of the conicoid.
Therefore a conicoid can be found to pass through any
three given non-intersecting lines.

108. The gencral equation to a conicoid through the two
given lines u=0=v. w'=0="7/, is
Auw’+ puv’ +vou’ + pvv’ =0,
since this equation is satisfied when w=0 and v=0, or
when %#'=0 and +'=0, and contains three disposable
constants, viz. the ratios of A, u, v to p.

109. To find the equation to the conicoid through three
given non-intersecting lines.

If the three lines are not parallel to the same plane,
planes drawn through each line parallel to the other two
form a parallelepiped, (fig. 45). If the centre of the
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parallelepiped is taken as origin, and the axes are parallel
to the edges, the equations to the given lines are of the
form,

D y=b2==c; 2 z=cax=—c; B)z=a,y=-",
where 2a, 2b, 2¢ are the edges. The general equation to a
conicoid through the lines (1) and (2) is

(y=b)(z—)+X(y—b)(z+a)
+u(z+c)(z—c)+v(z+c)(x+a)=0.

Where 2 =a, 7= —b meets the surface we have

pz? 42z (av—b)— uc?+2¢c(av+b)—4abx =0,
and if x=a, y=—0b is a generator, this equation must be
satisfied for all values of 2. Therefore
b _c(av+b) ¢

n=0, v=gr A= 2ab " a

’

and the equation to the surface is

ayz+bzx+cxy+abe=0.

F1a. 46.

The origin evidently bisects all chords of the surface
which pass through it, and therefore the surface is a
central surface, and is therefore a hyperboloid of one sheet.
(CE. §47, Ex. 1))

If the three lines are parallel to the same plane, let any
line which meets them be taken as z-axis. If the lines are
AB,, A;B,, A;B;, (fig. 46), and the z-axis meets them in
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C,, C, C; take AB, as x-axis and the parallel to AB,
through C, as y-axis. Then the equations may be written
1) y=0, 2=0; (2) =0, z=a; (3) lx+my=0, 2=L.
The equation to a conicoid through the lines (2) and (8) is
Ae(lie+my)+ pe(z—B)
+y(z—a)(lw+my)+ p(z—o)(z— B) =0,
If y=0, 2=0 is a generator, the equation
Ma?—ax(uB+vlo)+ paB=0
must be satisfied for all values of z, and therefore
A=p=0, uB+vie=0;
and hence the equation to the surface is
z{lz(o.— B)—Bmy} +aBmy=0.
Since the terms of second degree are the product of linear
factors, the equation represents a hypernoiic paraboloid.

110. The straight lines which meet four given lines
If A, B, C are three given non-intersecting lines, an infinite
number of straight lines can be drawn to meet A, B, and C,
For a conicoid can be drawn through A, B, C, and A, B, C
are generators of one system, say the A-system, and hence
all the generators of the u-system will intersect A, B, and C.

A fourth line, D, which does not meet A, B, and C, meets
the conicoid in general in two points P and Q, and the
generators of the u-system through P and Q are the only
lines which intersect the four given lines A, B, Cc, D. If,
however, D is a generator of the conicoid through A, B,
and C, it belongs to the A-system, and therefore all the
generators of the u-system meet all the four lines.

111, If three straight lines can be drawn to meet four
given mon-intersecting lines A, B, C, D, then A, B, C, D are
generators of a conicoid.

If the three lines are P, Q, R, each meets the conicoid
through A, B, C in three points, and is therefore a generator.
Hence D meets the conicoid in three points, viz. the points
of intersection of D and P, Q, R; and therefore D is a
generator.
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Ex. 1. A, A’; B, B'; C, C' are points on X'OX, Y'OY, Z'OZ,
Prove that BC’, CA’, AB’ are generators of one system, and that
B'C, C'A, A'B are generators of the other system, of a hyperboloid.

Ex. 2. A, A’; B, B’; C, C' are pairs of opposite vertices of a skew
hexagon drawn on a hyperboloid. Prove that AA’, BB, CC’ are
concurrent.

Ex. 3. The altitudes of a tetrahedron are generators of a hyper-

boloid of one sheet.

Let A, B, C, D be the vertices. Then the planes through DA,
perpendicular to the plane DBC, through DB, perpendicular to tha
plane DCA, and through DC, perpendicular to the plane DAB, pass
through one line, (§ 45, Ex. 6, or § 44, Ex. 22). That line is therefore
coplanar with the altitudes from A, B, C, and it meets the altitude
from D in D, and therefore it meets all the four altitudes. The corre-
sponding lines through A, B, C also meet all the four altitudes,
which are therefore generators of a hyperboloid.

Ex. 4. Prove that the perpendiculars to the faces of the tetrahedron
through their orthocentres are generators of the opposite system.

Ex. 5. Prove that the lines joining A, B, C, D to the centres of
the circles inscribed in the triangles BCD, CDA, DAB, ABC are
generators of a hyperboloid.

112. The equation to a hyperboloid when two inter-
secting generators are coordinate axes. If two inter-
secting generators are taken as z-axis and y-axis, the
equation to the surface must be satisfied by all values of
when y=2=0, and by all values of y when z=a2=0.

Suppose that it is

ax?+by?+ c2? + 2fyz + 2922 + 2hay + 2ux + 20y 4+ 2wz =0.
Then we must have
a=u=0, and b=v=0,
and therefore the equation takes the form
c2*+2fyz + 2g9zx + 2hay + 2wz =0.

Suppose now that the line joining the point of intersection
of the generators to the centre is taken as z-axis. Then,
since the generators through opposite ends of a diameter
are parallel, the lines y=0, 2=2y; x=0, 2=2y are
generators, the centre being (0,0, ). Whence

f=9=0, y=—ufs
and the equation reduces to
cz*+ 2hzy + 2wz =0.
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Ex. 1. Prove that (y+mz)(z+nx)+kz=0 represents a paraboloid
which passes through OX and OY.

Ex. 2. The generators through a variable point P of a hyperboloid
meet the generators through , fixed point O in Q and R. If OQ:OR
is constant, find the locus of P.

Take OQ and OR as - and y-axes, and the line joining O to the
centre as z-axis. The equation to the hyperboloid is

cz*+ 2hxy + 2wz =0.

It may be written 2(cz+2w)+2hxy =0,
and hence the systems of generating lines are given by

2=2hAz, A(cz+2w)+y=0;
2=2hpy, m(cz+2w)+x=0.

OX belongs to the A-system and corresponds to A=0; OY belongs to
the pu-system and corresponds to u=0. If P is(§. n, {), the generators
through P correspond to

A=(J2hE,  p={/2hn.

Where a generator of the p-system meets OX,
y=0, 2=0, xr=-2wpy,
therefore 0Q = —2uwu= —wl/hy.
Similarly, OR = — 2wA = —w{/A¢,
and P therefore lies on the plane z=#y.

[OQ and OR may be found more easily by considering that the
lane PQR is the tangent plane at P whose equation (see §134) is
ne+h&y +(c{+w)z + u‘%=0.]

Ex. 3. Find the locus of P if (i) OQ-OR=£? (ii) OQ?+OR?%=4#2
Ex. 4. If OQ2+OR-? is constant, P lies on a cone whose vertex

is O and whose section by a plane parallel to OXY is an ellipse whose
equal conjugate diameters are parallel to OX and OY.

Ex. 5. Shew that the projections of the generators of one system
of a hyperboloid on the tangent plane at any point envelope a conic.

Take the generators in the given tangent plane as OX and OY, and
the normal at O as OZ. The plane z=Ay 1s a tangent plane, (§97),
and the projection on OXY of the second generator in which it meets
the surface has equations

2=0, cAly+2\(9z+fy+w)+2hr=0.
Whence the envelope of the projections is the conic
2=0, (gz+fy+w)=2chzy.

*113. Properties of a given generating line. If we
have a system of rectangular axes in which the x-axis is
a generator and the z-axis is the normal at the origin,
the equation to the hyperboloid is of the form,

by?+c2?+ 2fyz + 2g2x + 2haxy + 2wz =0,
or y(by + 2hx)+ 2(cz+ 292+ 2fy + 2w) =0.
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The systems of generating lines are given by
Ay =2, (by+2hz)+A(cz+29x+2fy+2w)=0;
y=u(cz+ 29+ 2fy +2w), z+ pu(by+ 2hx)=0.

The z-axis belongs to the u-system and corresponds to
p=0. The generator of the A-system through the point
(o, 0, 0) is given by —ho

A= g'&:rw-

The tangent plane at (c, 0, 0) is the plane through this
generator and OX. Its equation is therefore Ay =z,
or hoy +z(go.+w)=0.

Let P, (e, 0, 0), P, (), 0, 0) be points on the x-axis.
Then the tangent planes at P and P” are at right angles if

(R4 g*) o’ +wg (o + o)+ w?=0,

e if (ot V(o 209 = SR
"/.e- lf <at+h2+g2> (a- +’b2_+—g'§)——'(’l12+l(]2)20 oooooo (].)
. . . wy e
Therefore if C is the point ( Tt 0, 0), CP.CP is

constant for all pairs of perpendicular tangent planes
through OX. C is called the central point of the generator
oX. If the origin is taken at the central point, the equa-
tion (1) must take the form o’=constant, and therefore
g=0, and oo’= —w?/k%. The equation to the conicoid
when OX is a generator and O is the central point, OZ is
the normal at O, and the axes are rectangular, is therefore

by?+ c2?+ 2fyz + 2hay + 2wz =0.

Ex. 1. Find the locus of the normals to a conicoid at points of a
given generator.
Taking axes as above, the equations to the normal at (e, 0, 0) are

== The locus of the normals is therefore the hyperbolic

paraboloid whose equation is Azz=wy. Ithas OXand OZ asgenerators,
and its vertex at the origin.

Ex. 2. The anharmonic ratio of four tangent planes through the
same generator is the anharmonic ratio of their points of contact.
The tangent plane at (o, 0, 0) is Ao,y +wz=0, whence, by § 38, Ex. 4,
the anharmonic ratio of the planes is
(o — o) (g — 0-4).
(oe3 — og) (g — 00y)
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Ex. 3. Four fixed generators of the same system meet any generator
of the opposite system in a range of constant anharmonic ratio.

Ex. 4. Find the locus of the perpendiculars from a point on a
hyperboloid to the generators of one system.

Take O, the point, as origin, and a generator through O as OX
Take the normal at O as OZ, then XOY is the tangent plane at O.
The equation to the hyperboloid is

by?+ c2?+ 2fyz + 2g2x + 2hay + 2wz =0.
The systems of generators are given by
Ay=z, (by+2hx)+ A(cz+292+2fy+2w)=0;
y=p(cz+29x+2fy+2w), z+ pn(by+2hr)=0.

The locus of the perpendiculars to the generators of the A-system is

the cubic cone
x(cs+2fyz+by®) - 2(y*+ ) Ay + 92)=0.

#114. The central point and parameter of distribution.
Taking the axes indicated in §113 the equation to the
conicoid is byt +c2?42fyz 4 2hay + 2wz =0.

The equations to the system of generators to which
OX belongs are

Y=A(2fy+cz+2w), z+4+A(2hax+by)=V,
OX being given by A=0. The direction-cosines of a
generator of this system are proportional to

bea?—2fA+1, —=2chA?, 2hA(2fA—1),
and therefore the shortest distance between this generator
and OX has direction-cosines proportional to
0, 2fA-1, o\
Hence the limiting position of the shortest distance, as A

tends to zero, is parallel to OY. Again, any plane through
the generator is given by

Y(2IN=1)+ oAz + 2wk~ k {2hAz + by +2} =0.
This plane meets OX where x=w/hk. It contains the
SD.AE (9 =1)(2FA =1 —=bkA)+cA(cA —k)=0,

. _1—4fx
z.e. if k—m,

squares and higher powers of A being rejected.
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Therefore the s.D. meets OX where
P ol 0
Th(I=4f0)

Since z tends to zero with A, the limiting position of the
s.p. is OY. Hence the central point of a given generator is
the point of intersection of the generator and the shortest
distance between it and a consecutive generator of the
same system.

The equation y=A(2fy+cz+2w) represents the plane
through the A-generator parallel to OX. Therefore the
shortest distance, d, is given by

ATDN

6=J0—2ﬂy+&v=

2w,

rejecting A2, ete.
Again, if 0 is the angle between the generator and OX,
beA?—2fA+1
S ONE=2 N+ 1)+ 4N+ AIEN(2PA — 1)
whence, if A\? and higher powers be rejected,
0=2hA.
The limit of the ratio §/6, as A tends to zero, is called

the parameter of distribution of the generator OX. Denoting
it by p, we have

cos O =

2w _w
2\ &

Cor. If O is the central point and the tangent planes at
A and A’ are at right angles, OA. OA"= —p2

Ex. 1. If the generator “ ¢” of the hyperboloid

2t gt B
2T a"!

p=Lt

z—acos¢p _y—bsind 2z
asing  —bcosgp —¢
and @ is the angle between the generators “¢” and “¢,,” prove that
sin20= a*b?8in%(¢p — ;) + a’c*(sin ¢ — sin ¢,)?+ b%c*cos ¢ — cos ¢, )?
(aZsin? 4- b2cos?p + c?) (a?sinle, + bZcosP, +c?) ’
df _ (a?b?+ bic*sin + ctateosi)?

Gnd deduce tha.t d‘z—' azsin2¢+bzcosﬂ¢+cﬂ

is given by
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Bx. 2. Prove that the shortest distance, §, between the generators
“¢” and “¢,” is given by
¢—¢
2

2abesin
- —\d
( b2c2sin? d’l;’ d) + ctalcos? ﬁzifé + alblcos? ﬁ2_¢2>
ds _ abe
9% (a2*+ bic?sin?eh + c?a?cos?ep)}
Ex. 3. Prove that the parameter of distribution for the generator
¢ » 3
“¢”is abe(a?sin?e + bicosip+c?)
a?b? + b¥cisin’g + c’a? cos?p’
Ex. 4. If D is the distance of any generator of the hyperboloid

§=

and deduce that

zr oyt 2

2tp—a-l

from the centre, and p is its parameter of distribution, D2p=abe.
Ex. 5. Find the coordinates of the central point of the generator
€« ”»
The equation to the plane through the generator “¢” parallel to
tho generator “ ¢,” is
z. b+d y b+d 2z P . - _
o sin S5 -y cos o 4 = cos 5= 4-sin g 0.

Whence the direction-cosines of the 8.D. between the generator “¢*
and a consecutive generator of the same system are proportional to

1. 1 1
o 8in ¢, - 3 608 ¢, P
The coordinates of any point, O, on the generator are

a(cos p—ksin @), b(sinp+kcose), ck.

If O is the central point the normal at O is perpendicular to the
8.D. between the generator and a consecutive generator of the same

system. Hence we find
b c2(b? — a?)sin pcos P
= a?b? + b2c? sin¢ + c%a? cos?p’
and the coordinates of the central point are given by

z _ Y _ z
a2+ cY)cosp B3 (t+a)sing (bE—a?)sinpcos P
1

~ a?b? + b¥c? sin¢ + c*a? cos?p’

Ex. 6. Find the locus of the central points of the generators of
the hyperboloid.

The equation to a surface containing the central points is obtained
by eliminating ¢ between the equations for the coordinates. It is

] 6
LRt 3%(02+a2)2—-z-:(b3—a2)‘2=0.
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2 g2
Ex. 7. For the generator of the paraboloid %—%:% given by
g—%=2)», §+%=§, prove that the parameter of distribution is

ab(a+ b2+ 4)2)
T At b

, and that the central point is
<2g_‘/\ -2b°A 2(a2—bz))\2)
at+ b a? + e’ al+ bt g
Prove also that the central points of the systems of generators lie on

the planes 53 + 1%=0.

Ex. 8. If G isa given generator of a hyperboloid, prove that the
tangent plane at the central point of G is perpendicular to the tangent
plane to the asymptotic cone whose generator of contact is parallel
to G.

Ex, 9. A pair of planes through a given generator of a hyper-
boloid touch the surface at points A and B, and contain the normals
at points A’ and B’ of the generator. If @ is the angle between them,

AB.A'B’
2= 22D
prove that tan’f= - o0

Ex. 10. If the tangent plane at a point P of a generator, central
point O, makes an angle § with the tangent plane at O, p tan §=0P,
where p is the parameter of distribution.

*Examples VI.

1. Prove that the line lz+my+nz+p=0, lz+my+nz4+p’'=0is a
generator of the hyperboloid 2%/a+y?/b+2%c=1 if al2+bm?+cn?=p?
al’?+bm 2+ en?=p'% and all' + bmm' +cnn’ =pp’.

2. Shew that the equations
y—-Az+A41=0, (A+1)r+y+A=0

represent for different values of A generators of one system of the
hyperboloid yz+zr+xy+1=0, and find the equations to generators
of the other system.

2,2
3. Tangent planes to §+'§—Z—2=1, which are parallel to tangent
planes to
bt | claty? | o
Rt gt a0
cut the surface in perpendicular generators.

4. The shortest distances between generators of the same system
drawn at the ends of diameters of the principal elliptic section of the

2 g2
hyperboloid z—z+%§——z—,=l lie on the surfaces whose equations are

exy _ o abz
PR Ry
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5. Shew that the shortest distance of any two perpendicular
members of that system of generators of the paraboloid y(ax +by)=2,
which is perpendicular to the y-axis, lies in the plane a®2=b.

6. Prove that any point on the lines

r+l=py=-(p+1)z
lies on the surface ye+ax+xy+y+z=0,
and find equations to determine the other system of lines which lies
on the surface.

7. The four conicoids, each of which passes through three of four
given non-intersecting lines, have two common generators.

8. Prove that the equation to the conicoid through the lines
u=0=v, u'=0=7,
Aot pv+ A0+ p'v' =0=lu+mv+ v +m'v
A+py  lu4+mo

is = .
ANu'+p'v (d+m'y

9. Show that, in general, two generators of the hyperboloid
22la?+y?/b% - 22/t =1
can be drawn to cut a given generator at right angles, and that if they
meet the plane z=0 in P and Q, PQ touches the ellipse
22 ad + 3208 = A fatdh.

10. If from a fixed ?oint on a hyperboloid lines are drawn to
intersect the diagonals of the quadrilaterals formed by two fixed and
two variable generators, these lines are coplanar.

11, Through a variable generator x—y=A, x+y=2:/A of the
paraboloid #?—»%=2z a plane is drawn making a constant angle a
with the plane x=y. Find the locus of the point at which it touches
the paraboloid.

12. Prove that the locus of the line of intersection of two perpen-
dicular planes which pass through two fixed non-intersecting lines is
a hyperboloid whose central circular sections are perpendicular to the
lines and have their diameters equal to their shortest distance.

2 2 42
13. Prove that if the generators of %+1 ~Z =1 be drawn through
at’ bt c?

the points where it is met by a tangent to
a2 0
=0, a2(a2+02)+bz(b2+02)—m’
they form a skew quadrilateral with two opposite angles right angles,
and the other diagonal of which is a generator of the cylinder
aXa?+c?)  y b+ c?
— ) %X b, ) a2 45,

2 g2
14. The normals to §+%é~zﬁ=l at points of a generator meet

the plane :=0 at points lying on a straight line, and for different
generators of the same system this line touches a fixed conic.
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15. Prove that the generators of ax?+by?+cz2=1 through (zy, 21, 2,)
{9y Y3, 23) lie in the planes !

(a3 + by, Yy + 0212, — 1) (az?+ by? + c22 - 1)

=2(awz; + byy, + cez) ~ 1)(axzy + byy, + czzy — 1)
162. Tzle %enerators through points on the principal elliptic section
of % +%“ —z—z-—- 1, such that the eccentric angle of the one is double the

accentric angle of the other, intersect on the curves given by
L1380 b3

1¥e s YTTixe

17, The planes of triangles which have a fixed centre of gravity

and have their vertices on three given straight lines which are parallel

to the same plane, touch a cone of the second degree, and their sides
are generators of three paraboloids.

2= %ct.

18. The cubic curve
1 1

1
TEXw YSRER Ty
meets the conicoid ax?+bdy?+ce?=1 in six points, and the normals at
these points are generators of the hyperboloid

ay(B - y)+ber(y — o)+ czy(a.— B)+2(b ) +y(c ~ @)+ 2(a - b)=0.

19. Prove that the locus of a point whose distances from two given
lines are in a constant ratio is a hyperboloid of one sheet, and that
the projections of the lines on the tangent plane at the point where

it meets the shortest distance form a harmonic pencil with the
generators through the point.

20. The generators through P on the hyperboloid g-;.___-—l

meet the plane z=0 in A and B. If PA:PB is constant, find the
locus of P.

21. If the median of the triangle PAB in the last example is
parallel to the fixed plane ox+ [y+7yz=0, shew that P lies on the

surface Aoz + By)+y(c2+28)=0.

22. If A and B are the extremities of conjugate diameters of the
principal elliptic section, prove that the median through P of
the triangle PAB lies on the cone

2’ _2_3/_’__( 2 )’
@ t=\cEl)

23. A and B are the extremitzies gf the axes of the principal elliptic
section of the hyperboloid g-:+%§ —Z—2=1, and T is any line in the plane
of the section. G,, G, are generators of the same system, G, passing
through A and G, through B. Two hyperboloids are drawn, one
chrough T, G,;, OZ, the other through T, G;, OZ. Shew that the
other common generators of these hyperboloids lie on the surface

29 Z(x_.z)_av_zz_
aTHE\a"8) a5~
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24, Prove that the shortest distances between the generator

x z . l 3
~="-Co8 ot —8IN o, 'zaésma.+cosa.,
a ¢

b

and the other generators of the same system, meet the generators in
points lying in the plane

et EE;S * (@ 2-b2 4ot L0 sin 0‘-( @bt ot 4 Z(a 2+ b2+ 2)=0,

25, If the generators through P, a point on che hyperboloid
z? 22
arhE

whose centre is O, meet the plane =0 in A and B, and the volume of
the tetrahedron OAPB is constant and equal to abc/6 P lies on one
of the planes z= +c.
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CHAPTER X
CONFOCAIL CONICOIDS.

115. Confocal conicoids are conicoids whose principal
sections have the same foci. Thus the equation
2 y? 2
EaTEa AT
represents, for any value of A, a conicoid confocal with
2

+ b2+22—1

since the sections of the conicoids by the planes YOz, ZOX,
XOY are confocal conics. Again, if arbitrary values are

assigned to o« in the equation
22

2 2
i Lt o1,

0_2

b and ¢ being constants, we obtam the equations to a
system of confocal conicoids. If this form of equation be
chosen to represent a confocal a is called the primary semi-
axis.
The sections of the paraboloids
2 2 2 g2
cc +b3 —=2z—A, §—2+%2=2z,

by the planes YOZ, ZOX, consist of confocal parabolas, and
hence the paraboloids are confocal.

116. The three confocals through a point. 7Through
any point there pass three comicoids confocal with a given
ellipsoid,—an ellipsoid, a hyperboloid of one sheet, and a
hyperboloid of two sheets.
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The equation 2 + - + 2 __1 represents any
4 at—=X " bE—X =2

2 2 2
conicoid confocal with the ellipsoid 2% + %—2 +%2 =1. If the
confocal passes through (e, 8, ),
o« B ¥ _
FA TEATENT L
or fA)=(a2=N)(B2=A)(E=A)=—a2(L2=A)(c2—N)
— B(E—=A)(aZ=N) = y*(a?—=N)(bE—X)=0.
This cubic equation in A gives the parameters of three
nonfocals which pass through (a, B, ). Suppose that
a>b>c. When
A = w b ) a2’ b2’ 02’ - w b
f(x) is ) - +, - +.
Hence the equation f(A\)=0 has three real roots A,, A,, Aq
such that a? > Al > b2 > A2 > c2 > A3.

Therefore the confocal is a hyperboloid of two sheets, a
hyperboloid of one sheet, or an ellipsoid, according as
A=2A;, Ay, OF Ay,

As A tends to ¢? the confocal ellipsoid tends to coincide
with that part of the plane XCY enclosed within the ellipse

22 22

z2=0, - -
’ a}—c2+b3—c

;=1; and the confocal hyperboloid of

one sheet tends to coincide with that part of the plane
which lies without the ellipse. As A tends to b% the con-
focal hyperboloid of one sheet tends to coincide with that
part of the plane ZOX which lies between the two branches
2
a®—b?
hyperboloid of two sheets tends to coincide with the two
portions of the plane which are enclosed by the two branches
of the hyperbola. If A =a?, the confocal is imaginary. The
above ellipse and hyperbola are called the focal conies.

2
+ c2i = 1; and the confocal

of the hyperbola y =0,

Bx. 1. Three paraboloids confocal with a given paraboloid pass
through a given point,—two elliptic and one hyperbolic.

8.9, M
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Ex. 2. Prove that the eqration to the confocal through the point
of the focal ellipse whose eccentric angle is o is

22 ¥ N 2 _
(@®= b costo. {a?-b?)sin’e "~ ¢*—a’sin’o — bicos’o

Ex. 3. Prove that the equation to the confocal which has a system
of circular sections parallel to the plane r=y is

x? 9y 22 1

(c— a?)(u*-b%) e cl)(a2 )20 - A)(ct—d?) 2F—a b

117. Elliptic coordinates. Since A,, A,, A; are the roots
of the equation f(A)=0,

J) = =A=ADA=A)A=2y).
Therefore
1% _ B __ 7 _ 0]
at=n =\ =X (a2=N)(B*=N)(E—N)
=~ A=A)A=A)AN—A)
(@=A)(O*=A)(c*=A)
Hence, by the rule for partial fractions,
L@@ @E N gy (FA)E=AJF =N
Br—a?)(E—a?) (02 b%)(a2—b?)
o (=A@ =) (=
R4 (a2—02)(b2—c2)

These express the coordinates o, B, v of a point P, in
terms of the parameters of the confocals of a given conicoid
that pass through P; and if the parameters are given, and
the octant in which P lies is known, the nosition of P is
uniquely determined. Hence A;, A,, A; are called the

elliptic coordinates of P with reference to the fundamental
conicoid z?%/a’+y%/b%+2%/c*=1

Ex. 1. If a,, ay, a, are the primary semi-axes of the confocals to
'02/a?+1/2/b2+22/;33 21 which pass through a point (e, B, ¥),

afas’a’
TE—a) @y
(b2-a2+a 2)(b* - a2+ a?) (bt — a2+a3’)
(- (a?-b?)
y= (- a?+a,?){c? - a+ a,?)(c?~ a2+a32)
(a%—c?)(b*-c?)
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Ex. 2. What loci are represented by the equations in ellintic

coordinates,
(i) A;+ Ay+ Az=constant,

(i1) AgAz+ AjA + A A;=constant,
(iii) A{AgAg=constant ?
Ex. 3. 2If Aiy Agy Az are the parameters of the paraboloids con-
focal to —+‘7Z =2z which pass through the point (a, B, v), prove that
o= (a—A)(a=A)(a— /\s) B2= (b=A)(B~A)(b—~ )‘z)

b—a a-b
_I\.1+A-2+A3_a—‘b
= 5 N

118. Confocals cut at right angles. The tangent planes
to two confocals at any common point are at right angles.
Let (ml, Y,» 2,) be a point common to the confocals to

a2+zz+ — =1, whose parameters are A; and \,.

2 2

¥’ 2

Then _)\l+b +c2—)\1_1
d x 1 12 212 1
an a2—)\2+b2—-}\2+02—)\2_ ‘

Therefore, subtracting,
) Y2 22
(a*- >\1)(a2 A= 7\)(b2 As) (02—7\1)(6" D
and this is the condition that the tangent planes at
(,, ¥y, 2;) to the confocals should be at right angles.

Cor. The tangent planes at a point to the three con-
focals which pass through it are mutually perpendicular.

119. Confocal touching given plane. One conicoid con-
focal with a given conicoid touches a given plane.

For the condition that the plane lz+my+nz=p should
touch the conicoid

w2 2 22
St tEoa Yl

viz, pi= (a*—- A) B4 (2= A)m2+(c2—=A)n?,
determines one value of A.
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Ex. 1. A given plane and the parallel tangent plane to a conicoid
are at distances p and p, from the centre. Prove that the parameter
of the confocal conicoid which touches the plane is p,? —p?

Ex. 2. Prove that the perpendiculars from the origin to the tangent
planes to the ellipsoid which touch it along its curve of intersection
with the confocal whose parameter is A lie on the cone

ot | b %P
Py W Wy S
120. Confocals touching given line. 7Two conicoids
confocal with a given conicoid touch a given line and the
tangent planes at the points of contact are at right angles.

The condition that the line x7a=y;,8 =z;7 should
touch the conicoid
CC2

a2—>\+b2

z2
—-A

. LZ ,-,n‘.’. 71/2 aZ BZ .YZ
viz., (aﬁ—?x+b2—>\+c"—>\)(a2—7\+b2—7\+02—-7\-1)

_(()Ll m+-yn2

y?
—A+02 =1

- a,2—7\+b2—>\ 2=\’
s (Bn—ym) 2 m? n?
R N2 iy i oy Sy o

gives two values of A.
Let the equations to the two confocals be

(DZ 2 2
+b2?/ RN [ (1)

KL'2 2 z2
+ b2y =1, crrrerrreennns (2)

and let the line touch the first at P, (x;, ¥,, 2,) and the
second at Q, (z,, ¥,, 2,). Then, since PQ lies in the tangent
planes to the confocals at P and Q,

2,2,

g Y1Y» %%y _ %y 4 YY2 4 —
az-—}\l+b2-—>\l+c“‘—7\1_ 1 and a2—>\2+b2—>\2+c2—>\2 L
Therefore, subtracting,
Z, Ty + %Y + %2, =0,

(@2=A)(@=2p)  (B*=A) (B2 =N,) " (E=N)(E=2g)
which is the condition that the tangent planes should be at
right angles.
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121. Parameters of confocals through a point on a
conicoid. If P is a point on a central conicoid, the
parameters of the two confocals of the comicord which
pass through P are equal to the squares of the semi-axes
of the central section of the conicord which s parallel to
the tangent plane at P, and the normals to the confocals
at P are parallel to the axes.

Let P, (x,, ¥;, 7,) lie on the conicoid 2+yb2+ —=1. Then

the parameters of the confocals through P are given by the
equation

ml Y 2’ it
+b A+C2 A 1—a2+b2+02’
x,? Y2 2,2

0.

on (@ = M+mw2x)&@~x)

But the squares of the semi-axes of the section of the
conicoid by the plane +yl:’;1+ =0 are given by, (§ 86),
x,? Y2 2,2
u2(a2_.f,‘2)+b2(b2 'r2)+c2(02 %)
Therefore the values of A\ are the values of 7% Again,
the direction-cosines of the semi-axis of length » are
given by l m "

=0.

= = y

Z FoA\ %
at—rt D=2 2t
and therefore the axis is parallel to the normal at (z,, y,, 2,)
to the confocal whose parameter is equal to 72

122. Locus of poles of plane with respect to confocals.
The locus of the poles of a given plane with respect to the
conicoids confocal with a given conicoid i8 the mormal
to the plane at the point of contact with that confocal
which touches it.

Let a confocal be represented by

22
2=
and the given plane by lx+my+nz=1

22

yz
EatEat

=1,
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Then, if (£, n, {) is the pole of the plane with respect to
the confocal,

=& n $

y M=go5——, Nz=-—F"—-

Ta—A b2—A ct—A

Whence §—a2=-'—7-— 2= g--—cz.
l m n

Therefore the loeus of (& 5, {) is a straight line at right
angles to the given plane. Again, the pole of the plane
with respect to that confocal which touches it is the point
of contact. Hence the point of contact is on the locus,
which is therefore the normal to the plane at the point of
contact.

123. Normals to the three confocals through a point.
Three conicoids confocal with a go’ven conicord

Fia. 47.

pass through a given point P, and PQ, PR, PS, the normals
at P to the confocals, meet the polar plane of P with respect
to the given conicord in Q, R, S. To prove that

PQ=A/p, PR=Xy/py, PS=Ny/ps,
where P, Py, Py are the perpendiculars from the centre to
the tangent planes at P to the confocals, and A, Ay, Ag a6
the parameters of the confocals.
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If the coordinates of P, (fig. 47), are (at, B. y), the equations
to PQ are T—0L
_¥=B_z22y (.,

P S by
- Al bz Al 02 Al

Hence, if PQ =1, the coordinates of Q are

(g5 B A1)

But Q is on the polar plane of P, and therefore

gl )+ o) )

Rearranging, this becomes

BVY a g ¥ } _
(prr =2 {az(a2—>\1)+b2(b2—)\1)+02(c“’—)\1) =0.
Therefore »=2),/p,. Similarly, PR=2,/p, and PS=2,/p,.

124. The tetrahedron PQRS ts self-polar with respect to
the given conicoid.
Substituting A, for p,r, the coordinates of Q become
a’o b’ Py
=, b2 =)
respect to the conicoid
azz/oo2 +y?/b* 4 2%/ct =1
.. B z
is given by P +b2 Y + Y }\1-—1,
and therefore is the tangent plane at P to the confocal
whose parameter is A,, or is the plane PRS. Similarly, the
polar planes of R and S are the planes PQS, PQR, and, by
hypothesis, the polar plane of P is the plane QRS.

Whence the polar plane of Q with

125. Axes of enveloping cone. The mormals to the
three confocals through P are the axes of the enveloping
cone whose vertex is P.

Since the tetrahedron PQRS is self-polar with respect to
the conicoid, the triangle QRS is self-polar with respect
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to the common section of the conicoid and enveloping cone
by the plane QRS. Therefore, (§78), PQ, PR, PS are
conjugate diameters of the cone, and being mutually per-
pendicular, are the principal axes.

126. Equation to enveloping cone. To find the equa-
tion to the enveloping cone whose vertex 1s P referred to
its principal axes.

The equation will be of the form Aa®’+4 By?+4C22=0
Since the tangent planes at P to the confocals are the
coordinate planes, C, the centre of the given conicoid, is
(=p1 —ps —ps), and the equations to PC are

x[p,=y/[p,=2/ps.
But the centre of the section of the cone or conicoid by the plane
QRS lies on PC, and therefore its coordinates are of the form
kp,, kp,, kp,, and the equation to the plane QRS is, (§ 71),

(@ —kp,)Ap,+(y — kp,) Bp,+ (2 — kpy) Cp; =0
By §123, the plane QRS makes intercepts X,/p;, A/,
Ay/P; on the axes, and therefore its equation is also

DT Pl |, Ps%_.
PV VL W
A B C

Therefore

NI IR
and the equation to the cone is
¥ 2
L
127. Equation to conicoid. 7o find the equation to the
given conicoid referred to the mormals to the confocals
through P as coordinate axes.
The equation will be of the form
2 z?' x P, 2 2
7\1+ As"k@ll +pr+§\"3 “1) 1)
The centre C (—pl, — P, —p;) bisects all chords through
it. The equations to the chord parallel to OX are

x+p,_Y+py_2+ps ,_
I -0 0 7
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and hence the equation obtained by substituting »—p,,
=P —P; for %Y 2 in (l), ViZ.,

(r=py)° ﬁgf Z’_:f_ {Pl(r—Pl)_Y_’z_z_Z’;_ }2
VNS VL Wkl s VR Wb Wl
takes the form Lr24+M=0. Therefore
1_p’. p’ pd
D WD WL W
and the equation to the conicoid is
o | Y7L 2\ (PP P D8 ) o (P P PR (Y
(X]+7\2+>\3)(>\,+ . 7\3+l)—<>\1 N T, -1).

Ex. 1. If A and p are the parameters of the confocal hyperboloids
through a point P on the ellipsoid

r%a?+y? b2+ 22 c? =1,
prove that the perpendicular from the centre to the tangent plane

at P to the ellipsoid is :;;C__

ll,
the tangent planes to the hyperboloids are

ERDENED [t
A=) p(p=A)
Bx. 2. If Ay, Ag, A; are the parameters of the three confocals to
r¥a?+y? b2+ 2¥ct=1

that pass through P, prove that the perpendiculars from the centre te
the tangent plane at P are

\/(02 = AD(B2— A)(e* - )\1)’ etc.

(Az— A(A3—Ay)

Ex. 3. If ay, b, ¢;; ay by, ¢33 as, by, c; are the axes of the
confocals to 22

Prove also that the perpendiculars to

2 .2
a"."2+zﬁ7+?=l
which pass through a point (z, 7, 2), and p,, p,, p; are the perpen-
diculars from the centre to the tangent planes to the confocals at the
point, prove that

2 p2? p3
224yt 4+ 2=a 2+ b2+l %+§:§+z—}=1,

p’ P Pt - o?f3%y? :
a—ol ai-al af-o? (a* - a)(ag* — a?)(ay? - o?)

Ex. 4. If a;, by, ¢ ay by, 65 @y, by, ¢ are the axes of the
confocals to a given conicoid through P, show that the equations,
referred to the normals at P to the confocals, of the cones with P
as vertex and the focal conics as bases, are

2 g 2 PEIY I
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Ex. 5. Prove that the direction-cosines of the four common
generators of the cones satisfy the equations

A
plPla? pllag?  pitlag
(The intercepts on these generators by the ellipsoid are called the
bifocal chords of the ellipsoid through the point P.)

Ex. 6. Prove that the bifocal chords of the ellipsoid

through a point P on the surface lie on a right circular cone whose

axis is the normal at P and who sesemi-vertical angle is cos‘l——b_‘fz_—,

where A,, A, are the parameters of the confocals through P. 1A

Bx. 7. If the plane through the centre parallel to the tangent
plane at P meets one of the bifocal chords through P in F, then
PF =a.

Ex. 8. P is any point on the curve of intersection of an ellipsoid
and a given confocal and » is the length of the central radius of the
ellipsoid which is parallel to the tangent to the curve at P. If p is
the perpendicular from the centre to the tangent plane to the ellipsoid
at P, prove that pr is constant.

CORRESPONDING POINTS.

128. Two points, P, (x, ¥, 2) and Q, (£ #, {), situated
respectively on the conicoids
w2 y2 z2 w2 2 22
wtiEtaml Gt
are said to correspond when
v £ Y. 2

e« o b B ¢ &

If P and Q are any points on an ellipsoid and P’ and
Q’ are the corresponding points on a confocal ellipsoid,
PQ =PQ.

Let P and Q, (z, ¥, 2), (§ n, {) lie on the ellipsoid

2 2 2
Sfeion
and let P' and Q’, (&, ¥, ), (£, », {’) be the corresponding
points on the confocal
x2 y2 22
af—=X
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Then - e, §= ————§——=, ete.

Therefore

(o= P =@ = £p= (2=

and hence Y
o 2t 2 &2
Pq =P o= (Gt et i ) =0
which proves the proposition.

Ex.1. If Pisa pointon an ellipsoid and P’ is the corresponding
point on a confocal whose parameter is A, OP?—OP"?= A, where O is
the centre.

Ex. 2. OP, OQ, OR are conjugate diameters of an ellipsoid, and
P, Q, R’ are the points of a concentric sphere corresponding to
P, Q, R. Prove that OP’, OQ’, OR’ are mutually perpendicular.

Ex. 3. If P’ Q", R” are the corresponding points on a coaxal
ellipsoid, OP”, OQ", OR” are conjugate diameters.

Ex. 4 An umbilic on an ellipsoid corresponds to an umbilic on
any confocal ellipsoid.

Ex. 5. P and Q are any points on a generator of a hyperboloid
and P’ and Q' are the corresponding points on a second hyperboloid.
Prove that P’ and Q' lie on a generator, and that PQ=P'Q’,

THE FOCI OF CONICOIDS.

*129, 1(I) The locus of a point such that the square on
its distance from a given point is im a constant ratio
to the rectangle contained by its distances from two fixed
planes 18 a conicoid.

The equation to the locus is of the form

(=0 +(y— By +(z— )
=lt(le+my +nz+p)lz+m'y+n'2+p"),
which represents a conicoid.

Y(II) The locus of a point whose distance from a fized
point is i a constant ratio to its distance, measured
parallel to a given plane, from a given line, is a conicoid.

1That a conicoid could be generated by the method (I) was first
pointed out by Salmon. The method (II) is due to MacCullagh.
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Choose rectangular axes so that the given plane is the
zy-plane and the point of intersection of the given line
and given plane is the origin. Let the fixed point be
(o, B, y) and the fixed line have equations %—’:%:% The
plane through (£, », {) parallel to the xy-plane meets the
given line in the point (q_z’ — f), and therefore the

distance of (£ », {) from the line measured parallel to
the given plane is given by

16\2 me\? }
(=30 +(6-%)
Hence the equation to the locus is

l2\* mz\?
@@=y =B+ =y =1e{ (a- Z) + (y-22)}
which represents a conicoid.
In (I) the equation to the locus is of the form A¢ —uv=0
and in (II) of the form A¢ —(u?+v%)=0, where

p=(@—a)+(y—B)+(—7);
and w=0, v=0 represent planes. In either case, if S=0
is the equation to the locus, the equation S—A$=0 re-
presents a pair of planes In (I) the planes are real in
(IT) they are imaginary, but the line of intersection, =0,
v=0, is real in both cases. These suggest the following
definition of the foci and directrices of a conicoid :

If s=0 1s the equation to a conicoid and A, o, B, y can
be found so that the equation S—A¢p=0 represents two
planes, real or imaginary, (o, B, v) s a focus, and the
line of intersection of the planes 1is the corresponding
directrix.

If the planes are real we shall call («, B, v) a focus of
the first species, if they are imaginary, a focus of the
second species.

Lemma. If the equation F(z, |£1/, 2)=0 represents a pair of planes,
the equations %‘—;=O, ’5?}=0’ 7, =0 represent three planes passing
through their line of intersection,.
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If F(z, y, 2)=wv, where u =ax+by+cz+d and v=d'z+by+cz+d),

then %;=av+a’u, %:;=b:;+b'::, %§=cv+c’u,

whence the proposition is evident.

*130. Foci of ellipsoid and paraboloids. To find the
Joci of the ellipsoid

a2+?l/)2+ 2_l (a>b>c¢).
The equation
T Lt h—1-A@ -0 Ay~ P —Az=1)=0 ..(1)

is to represent a pair of planes, and hence, by our lemma,
the equations

(%—-)\(m—oc):O, L=y —B)=0, c—i-x(z_y)=o

represent three planes through the line of intersection.
The three planes pass through one line if

(l)>\—-—~, a=0; or (ii)>\=g§’ B:O; or (lll)X_l y= =0,

a

The line is,
. —b? 2 - a®o.
(1)y=aT_——§2» s=g s or(e=p—) Zz R L
._aza_ b?
or (ili) z= Far YT _Bcz

But the line is the line of intersection of the planes given
by equation (1), and therefore the coordinates of any point
on the line satisfy equation (1). Therefore, substituting
from the equations to the line in equation (1), we obtain

(i) _’32 Y =1, and in this case, . =0;
b2 i ) ’
o2

(ll) b 02 + b2 » » B =0;

2
(lll) c? + bng 1; 9 ”» Y= 0.
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Hence, (i) there is an infinite number of imaginary foci
in the yz-plane lying on the imaginary ellipse

2 2
¥ _ 7
aZ_b2 aZ_CZ ’

x=0,

and the corresponding directrices are imaginary.
(ii) There is an infinite number of real foci in the zz-plane
lying on the hyperbola

a? 22
y=0, P BP_c

,=1, (the focal hyperbola),

and the corresponding directrices are real.

(iii) There is an infinite number of real foci in the xy-plane
lying on the ellipse

x2 yz s
=+ =1 (the focal ellipse),

2=0,

and the corresponding directrices are real

The directrix corresponding to a point (a, 0, y) on the
focal hyperbola has equations

oo ao. p c?
T=p PSR
2 2
. oL v
and therefore, since - =1
4 aZ —_ b2 b2 — 02 ’

the directrices corresponding to points on the focal hyper-
bola lie on the hyperbolic cylinder

w?(a2 — b2) z2(b2 — 02) 1
at &

Similarly, the directrices corresponding to foci which lie
on the focal ellipse lie on the elliptic cylinder

@ a‘z___cz 2 b2_02
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1f (e, O, y) is & point on the focal hyperbola,

1
S—Ap= Tt Yt L1 L@— ol 43P+ —y ),
_ af-—b2 alo. b2—c? 2y 2
— <”” P b2> T <z+b-’ >
- Y

e
a2__b2 2 b?.__cZ 0 4 ¢
= =g @ e (=

where the equations to the directrix corresponding to
(e, 0, v) are z=¢, z={ But the equations to the planes
through the line x=¢, 2=¢, parallel to the real circular
sections, are

a?— b2

@-6t4"SE = 0=0

Therefore any point on the focal hyperbola is a focus of
the first species, and the ellipsoid is the locus of a point the
square on whose distance from a focus of the first species
is proportional to the rectangle under its distances from
the two planes through the corresponding directrix parallel
to the real circular sections.

If (a, B,0)is a point on the focal ellipse,

s—Ap= St ot S-1-Le—art(y-pria),

g o \2  E—B2 123 \2
T aze? (a: - az) + b2c? (y T c2>
ol B2
+&—&+N—ﬁ_L
c2— a2 o2 —b?
Py (=€) + B (y—n),

where the equations to the directrix corresponding to
(o, B, 0) are z=¢, y=»5 Now the equation to a plane
through P, (, ¥/, ) parallel to a real circular section is

2= b

»V—-——(w-a:)i

(z 2)=0,
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and hence this plane meets the directrix z=¢, y =y in the
point P’, whose coordinates are

, ¢ [u2=10? ,
& n 2 ia\/bz':‘cz (E=a').
The distance PP’ is the distance of P from the directrix,
measured parallel to the plane. It is given by

(w-er2e=D iy},

- —c?)}
or J’E_gb;f—‘;{(w"f)g%%_f'l‘(y' )2 b 00} ‘
Hence any point on the focal ellipse is a focus of the
second species, and the ellipsoid is the locus of a point
whose distance from a focus of the second species is pro-
portional to its distance, measured parallel to a real circular
section, from the corresponding directrix.
By the same methods, we find that the points on the
parabolas
G) 2=0, L = _9%ta; (i) y=0, o =—2+b
) ’ Y= =%~
. L a2yl
are foci of the paraboloid E+—b—=2z. These parabolas are

called the focal parabolas. The corresponding directrices
generate the cylinders

22+ b.

@) bg;ay2=2z+a, (i) 2= 2=

If (0, B, v) is any point on the focal parabola in the
yz-plane,

s—Ap=T 4L 25— Lt (y~BR+(s—7))

=S vy — vy

If (x, 0, ) is any point on the focal parabola in the
zz-plane.
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_2 1 24 42 2
S—)\¢=~J+—g—2z—z{(w—o¢) +y2+(z—v)?}
_b—a ac \2 1 9
=25 (5 2) —ge—yron
Whence the species of the foci can be determined if the

signs and relative magnitudes of « and b are given.
Cor. All confocal conicoids have the same focal conics.

Ex. 1. Prove that the product of the eccentricities of the focal
conics is unity.

Ex. 2. Find the equations to the focal conics of the hyperboloid
2+yz—-2=0. Ans. =0, y*+4yz+22=6; y—2=0, 22*+3y*=12.

Ex. 3. If Pisa point on a focal conic, the corresponding directrix
intersects the normal at P to the conic.

Ex. 4. If Pisa point on a focal conic the section of the conicoid
by the plane through P at right angles to the tangent at P to the
conic has a focus at P.

Ex. 5. If P is any point on the directrix of a conicoid which
corresponds to a focus S, the polar plane of P passes through S and
is at right angles to SP.

Ex. 6. The polar plane of any point A cuts the directrix corre-
sponding to a focus S at the point P. Prove that AS is at right
angles to SP,

Ex. 7. If the normal and tangent plane at any point P of a
conicoid meet a principal plane in the point N and the line OR, QR is
the polar of N with respect to the focal conic that lies in the principal
plane.

Ex. 8. Prove that the real foci of a cone lie upon two straight
lines through the vertex (the focal lines).

Ex. 9. Prove that the focal lines of a cone are normal to the cyclic
planes of the reciprocal cone.

Ex. 10. The enveloping cones with vertex P of a system of con-
focal conicoids have the same focal lines, and the focal lines are the
generators of the confocal hyperboloid of one sheet that passes
through P.

*Examples VII.

1. If the enveloping cone of an ellipsoid has three mutually
perpendicular generators the plane of contact envelopes a confocal.

2. The locus of the polars of a given line with respect to a system
of confocals is a hyperbolic paraboloid.

3. Through a straight line in one of the principal planes, tangent
planes are drawn to a system of confocals. Prove that the points of
contact lie in a plane and that the normals at these points pass
through a fixed point in the principal plane.

B.G. N
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4. Shew that the locus of the centres of the sections of a system of
confocals by a given plane is a straight line.

5. If PQ is perpendicular to its polar with respect to an ellipsoid,
it is perpendicular to its polars with respect to all confocal ellipsoids.

6. Any tangent plane to a cone makes equal angles with the planes
through the generator of contact and the focal lines.

7. Through any tangent to a conicoid two planes are drawn to
touch a confocal. Prove that they are equally inclined to the tangent
plane to the conicoid that contains the tangent.

8. The locus of the intersection of three mutually perpendicular
planes each of which touches a confocal is a sphere.

9. The sum of the angles that any generator of a cone makes with
the focal lines is constant.

10. The four planes through two generators OP and OQ of a cone
and the focal lines touch a right circular cone whose axis is the line
of intersection of the tangent planes which touch the cone along OP
and OQ.

11. The planes which bisect the angles between two tangent planes
to a cone also bisect the angles between the planes containing their
line of intersection and the focal lines,

12. A conicoid of revolution is formed by the revolution of an
ellipse whose foci are S and S'. Prove that the focal lines of the
enveloping cone whose vertex is P are PS and PS'.

13. The feet of the normals to a system of confocals which are
parallel to a fixed line lie on a rectangular hyperbola one of whose
usymptotes is parallel to the line.

14. A tangent plane to the ellipsoid 22/a2+ y2/b%+2%/c?=1 intersects
the two confocals whose parameters are \ and u. Prove that the
enveloping cones to the confocals along the curves of section have a
common section which lies on the conicoid

alz? b2y? c%?

@=-N@=w T E= N T E @)™

15, The three principal planes intercept on any normal to a confocal
of the ellipsoid z%/a®+y?/b*+2%/c2=1, two segments whose ratio is
constant. Also the normals to the confocals” which lie in a given
plane lx+my+nz=0 are parallel to the line

lx —my  mz
b2—c? f—a? Q-7

16. The cone that contains the normals from P to a conicoid
contains the normals from P to all the confocals, and its equation
referred to the normals to the confocals through P as coordinate

axes is P\ = )\3)+p2(/\3 - )\1)+p3()\1 M),
x Y ‘
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17. Normals are drawn from a point in one of the principal planes
to a system of confocals. Prove that they lie in the principal plane or
in a plane at right angles to it, that the tangent planes at the feet of
those in the principal plane touch a parabolic cylinder, and that the
tangent planes at the feet of the others pass through a straight line
lying in the principal plane.

18. If tangent planes are drawn through a fixed line to a system of
confocals the normals at the points of contact generate a hyperbolic
paraboloid. Shew that the paraboloid degenerates into a plane when
the given line is a normal to one of the surfaces of the system.

19. From any two fixed points on the same normal to an ellipsoid
perpendiculars are drawn to their respective polar planes with regard
to any confocal ellipsoid. Prove that the perpendiculars intersect and
that the locus of their intersection as the confocal varies is a cubic
curve whose projection on any principal plane is a rectangular
hyperbola.

20. Find the parabola which is the envelope of the normals to the
2% 3/2 22
dratE AT Ex
and prove that its directrix lies in the plane
(02 =N wfl+ (2~ a?)y/m + (a® - b¥)z/n=0.

21. If A, p, v are the direction-cosines of the normal to a system of
parallel tangent planes to a system of confocal conicoids, express the
coordinates of any point of the locus of their points of contact in

the form rz=A(t+a?lt), y=p+b%t), z=v(t+c¥t),

where a, b, ¢ are the principal axes of a particular confocal of the
system. Deduce that the locus is a rectangular hyperbola.

confocals =1which lie in the plane {x +my +nz=p,

22. If A, p, v are the parameters of the confocals of an ellipsoid,
axes «, b, ¢, through a point P, the perpendicular from P to its polar
plane is of length

Apv{b2epv(a? — N)+ 2avA (b2 — p) + a2b2hpu(c - v)} L,

23. Through a given line tangent planes are drawn to two confocals
and touch them in A, A’; B, B’ respectivelfr. Shew that the lines
AB,h AB’ are equally inclined to the normal at A and are coplanar
with it.

24. If P and Q are points on two confocals such that the tangent
planes at P and Q are at right angles, the plane through the centre
and the line of intersection of the tangent planes bisects PQ. Hence
shew that if a conicoid touches each of three given confocals at two
points it has a fixed director sphere.
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CHAPTER XI
THE GENERAL EQUATION OF THE SECOND DEGREE.

131. In Chapter VIIL. we have found the equations to
certain loci, (tangent planes, polar planes, etc.) connected
with the conicoid, when the conicoid is represented by
an equation referred to conjugate diametral planes as
coordinate planes. We shall in this chapter first find the
equations to these loci when the conicoid is represented
by the general equation of the second degree, and then
discuss the determination of the centre and principal
planes, and the transformation of the equation when the
principal planes are taken as coordinate planes.

132, Constants in equation of second degree. The
general equation of the second degree may be written

F(z, ¥, 2) = ax®+ by?+ c2®+ 2fyz + 292 + 2hay
+ 2urx+ 2vy 4+ 2wz +d =0,

or [z, y, 2)+ 2ux+2vy + 2wz +d =0.

It contains nine disposable constants, and therefore a
conicoid can be found to satisfy nine conditions which each
involve one relation between the constants; e.g. a conicoid
can be found to pass through nine given points no four
of which are coplanar, or to pass through six given points
and touch the plane XOY at the origin, or to pass through
three given non-intersecting lines.

Ex. 1. A conicoid is to pass through a given conic. How many

disposable constants will its equation contain? Is the number the
same when the conicoid is to pass through a given circle ?
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Ex. 2. The equation to a conicoid through the conic =0, ¢=0, is
¢ +2(ax+by+cz+d)=0,
where a, b, ¢, d are disposable constants.

Ex. 3. The equation to a conicoid that touches the plane z=0 at
an umbilic at the origin and touches the plane lz+my+nz=p is

2(le+my+nz—p)+(Az+ pe) +(Ay +vz)2=0,
where A, u, v are disposable constants.

Ex. 4. Find the equation to the conicoid which passes through
the circle 2%+y?=2ax, z=0, and the points (b, 0, c), (0, b, ¢), and
has the z-axis as a generator.

Ans. c(x?+y2—2ax) - byz+(2a —b)zx=0.

133. Points of intersection of line and conicoid. The
equations to the straight line through A, (a, 8, ), whose
direction-ratios are I, m, », are

r—o_y—B_z—y
e i I ¢ )

and the point on this line whose distance from A is r has
coordinates o.+1lr, B+mr, y+mnr. It lies on the conicoid

F(z, y, 2)=0,
if Flou+Ur, B+mr, y4+nr)=0;

that is, if
OF | OF | OF\, , B
Fl B, y)+r(la——oz+m5'——8+n,5;>+r 241, m, m)=0. ... (D
Hence the straight line meets the conicoid in two points
P and Q, and the measures of AP and AQ are the roots of

the equation (2).
: ... OF F
If () Fo B y)=0, (i) lg&+mg—B+ng_;=o,

@iii) f({, m, »)=0,
equation (2) is satisfied by all values of #, or every point
on the line lies on the conicoid. The conditions (ii) and (iii)
give two sets of values for [ :m :n, and therefore through
any point on a conicoid two straight lines can be drawn to
lie wholly on the conicoid. They are parallel to the lines

in which the plane

OF OF  OF
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cuts the cone f(x, y, 2)=0, (cf. § 60). They may be real,
imaginary, or coincident, as in the cases of the hyperboloid
of one sheet, the ellipsoid, and the cone, respectively.

134. The tangent plane. If F(«, B, y)=0, A is on the
conicoid, and one root of equation (2) is zero. A coincides
with P or with Q. If also

OF oF oF
st e ey
both roots of equation (2) are zero, and P and Q coincide
at A, which lies on the conicoid. The line is therefore a
tangent line to the surface at A. If we eliminate [, m, n
between the equations to the line and equation (3), we
obtain the equation to the locus of the tangent lines drawn
through A in all possible directions. The equation is

! 0, veoreeereereernnnn, 3)

(=) S+ =B +E=)5- =0,

and hence the locus is a plane, the tangent plane at A. The
above equation may be written
OF OF = ©OF oF OF OF
et Yt 2= F BorF Y crerrinen 4
PaatVapt ey~ %t Papt 3, )
If, now, F(z, ¥, 2) be made homogeneous by the introduc-
tion of an auxiliary variable ¢, which is equated to unity
after differentiation, equation (4) is equivalent to

oF OF OF OF (G} oF OF OF
wé‘o—t'f'yéjg'f'zéj);'l't—a—t —aégL+ﬂa—8+Y@+t§’

=2F(x, B, v, t), (Euler’s Theorem),
=0.
Ex. 1. Find the equations to the tangent planes at (2, ¥, Z) on
(i) zy=cz, (ii) 22+ 2yz=a’
Ans. (1) z/2'+yly —z2/2=1, (i) x2'+y7 +2y'=a

Ex. 2. The bisectors of the angles between the lines in which any
tangent plane to 22=4xy meets the planes =0, y=0, lie in the planes
z+y+2=0, v+y—2=0.
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Ex. 3. Find the equation to the tangent plane at (1, 2, 3) on the
hyperboloid
22+ 8y + 22— 9yz+ 1420 — 162y — 62—y + 42— 2=0,
and the equations to the two generators through the point.
Ans. (i) #—2y+2=0; (ii) the equation (i) and 4r-3y+2=0,
3r-2y+1=0.
Ex. 4. Find the condition that the plane lx+my+nz+p=0 should
touch the conicoid F(xz. 7, 2)=0
If the point of contact is (., 3, v), then
OF , OF  OF OF
x,a;+ya—'8+z§>-, i =0, and Ilr+my+nz+p=0
represent the same plane. Therefore

OF OF OF OF
O 0B oy ot

T == -7=—2)£, say.
Hence ac+hiB+gy +u+ IA=0,

ho+bB+ fy+ v+mA=0,

go+fB3+ cy+w+ nA=0,

ua+vB+wy+d+ pA=0.
And loo+mB+ny+p=0,

since the point of contact must lie in the given plane. Therefore
eliminating o, B3, v, A, we obtain the required condition, viz.:

a, g, % =0.
ky b f, v, m
g’ .f; C’ w’ n
u, v, w, d, p
l, my n, p, 0

Ex. 5. Prove that lz+my+nz=p touches zy=cz if clm+np=0.

Ex. 6. Prove that lz+my+nz=p touches f(x, 7, 2)=1 if
Al24Bm?4Cn?+ 2Fmn +2Gnl + 2Hlm =p?D,

where D=|a, A g |, and A=%%, B=%—Iz, etc.
hy b, f
g e

Ex. 7. If the axes are rectangular, prove that the locus of
the feet of the perpendiculars from the origin to tangent planes to

f(5, 3, D=1 is
Ax?+By2+C22+ 2Fyz+ 2Gzr + 2Hxy = D (22 + y% + 2%)%
Ex. 8. Prove that the locus of the point of intersection of three
mutually perpendicular tangent planes to f(z, 7, 2)=1 is the sphere
D(z%+y%+2%)=A+B+C. (Cf. §68, Ex. 1)
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Ex. 9. Prove that the plane 2y—2z=1 is a tangent plane to the
surface 22+ Tyt + 222 - Qyz + Sz — 62y 4 52 — 14y + 102+ 6 =0.

Prove also that the lines of intersection of the given plane and the
planes 2243=0, 2 — 22+ 1 =0 lie on the surface.

Ex. 10. If two conicoids have a common generator, they touch
at two points of the generator.

If the generator is taken as z-axis, the equations to the conicoids are
by?+ c2?+ 2fyz+ 29z + 2hzxy + 2wy + 2wz =0,
Vy*+ 22+ 2f y2+ 29 2w + 20 xy + 20"y + 20’2 =0.
The tangent planes at («, 0, 0) are
y(ha+v)+2(g+w)=0, y(Aa+v')+2(9'+w)=0.
They are coincident if
hot+v _ gotw
Ko+v  go+uw
This equation gives two values of o

Ex. 11. If two conicoids touch at three points of a common
generator, they touch at all points of the generator, and the generator
has the same central point and parameter of distribution for both
surfaces.

Ex. 12. Tangent planes parallel to the given plane
ax+ By+yz=0

are drawn to conicoids that pass through the lines =0, y=0; z=0,
z=c. Shew that the points of contact lie on the paraboloid

a(ax+ By +yz)=c(or + By).

Ex. 13. If a conicoid passes through the origin, and the tangent
plane at the origin is taken as =0, the equation to the surface is

ax®+ by + c2?+ 2fyz + 2gzx + 2hay + 2wz =0.

Ex. 14. If a set of rectangular axes through a fixed point O of a
conicoid meet the conicoid in P, Q, R, the plane PQR meets the
normal at O in a fixed point.

Ex. 15. If  w=a2+by+ce+d, r=1,2,3,
prove that the tangent planes at (2, ¢/, 2) to the conicoids
(1) A+ Agug®+ Agug =1,
(1) A+ Agu.?=2Azu,

are given by (1) Ay + Aguguy + Aguguy =1,
(1) Ayuguy) + Aguguy’ = Ag(ug+ug),
where u' =ax + by +cd +d,.

Ex. 16. Prove that
U Uy + A0 2+ 20500, + Ag2,2 =0

represents a conicoid touching the planes %;=0, u,=0 at their points
of intersection with the line v;=0=uv,.
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135. The polar plane. If any secant through A meets
the conicoid in P and Q and if R is the harmonic conjugate
of A with respect to P and Q, the locus of R is the

polar of A.
If A is (t, B, ) and the equations to the secant are

x—o._y—fB _z—vy
I~ m  n

)

then 7, 7,, the measures of AP and AQ, are the roots of
the equation

oF OF oF
2 I —_— —_— =
rf(l, m, 'n)+o~(laa‘+m,a B+nay>+F(a, B, v)=0.
Hence if R is (¢, 5, {) and the measure of AR is p,
p= 2rry 2F (o, 3, )

o, O OF O

laa"'m%"'"ay

and f—o=lp, n—B=mp, {—y=np.

Therefore
(€~ )z + (= Bgp+E—v)5 = —2F(@, B,)

and the equation to the locus of (& #, {), the polar plane,
becomes

oF oF oF . ,OF

oF _OF OF  OF
==+ ,35"-84'73_;4‘1555—2"(% B, v 1),

=2F(o, B, v, ) —2F(ex, B, v, 1),
=0,

Ex. 1. Find the equations to the polar of x—l-a.___y ;B=z;7

with respect to the conicoid F(z, y, z2)=0. (Cf. §70.)
OF , OF . OF  OF oF  OF , OF _
Ans. xé—&+y‘a~'g+z§;+t a—=0, la}—+m 3‘1/-+n E_O'
Ex. 2. Prove that the lines
ooo y-B_z-y r-o _y-B_z-y

{ m n 4 m n
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are polar with respect to the conicoid F(z, y, 2)=0 if

JOF  OF OF OF JOF & ,OF ,OF _
O.B-a*"‘!‘,[)) §B+)’ ay+—57——0, léa+m a-B+n a—y-O,

oF oF OF _ ,Of ., Of
Ex. 3. Any set of rectangular axes through a fixed point O meets
a given conicoid in six points. Prove that the sum of the squares of

the ratios of the distances of the points from the polar plane of O to
their distances from O is constant.

(Take O as origin, and use § 54, Ex. 9.)
Ex. 4. Prove that
A+ Mgt + Agug? + Aquy? =0
represents a conicoid with respect to which the tetrahedron whose
faces are u,; =0, 1, =0, u;=0, u,=0 is self-conjugate.

Jof _
n 5;',—0.

Ex. 5. Find the equation to the conicoid with respect to which
the tetrahedron formed by the coordinate planes and the plane

AR |

a b'¢
is self-conjugate, and which passes through the points (—a, 0, 0),
(0’ - b’ O), (O’ 0, "’c)'

A z”) <~” ¥y, z_ )2
Ans- 4(a2+b2+6§ - (_;,+b+c 1 —-0.

Ex. 6. All conicoids which touch a given cone at its points of
section by a given plane have a common self-conjugate tetrahedron.

136. The enveloping cone. The equations

z—o_y—B_2—y
I " m  n

represent a tangent if equation (2) of § 133 has equal roots.
The condition for equal roots is
OF . OF , OF\?
4F (o, B, y)f1, m, n)= (l,éa+mél—8+né;> .

Therefore the equation to the locus of the tangents
drawn from a given point («, 8, v) is

4F (o, B, y)f(x—a, y—B, z2—7)
~{e-wS+a-pT+E-nT}.
But Flat+z—a, B+y—B v+z—7y)
=f@=o, y~B, 2—7)
=)o+ Y=B)ga+E=V)5+ (e B, 7)
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Therefore the equation to the locus becomes
4F (o, B, v)F(2, 9, 2)

~ |-G + =BT+ e-)5 +2F (@ B 7))

oF oF oF 3F>2
._<cc aa-+y 8,8+z E_);/+t§ .
Ex. 1. If a cone envelope a sphere, the section of the cone by any

tangent plane to the sphere is a conic which has a focus at the point
of contact.

Ex. 2. The tangent plane to a conicoid at an umbilic meets any
enveloping cone in a conic of which the umbilic is a focus.

Ex. 3. Find the locus of a luminous point which moves so that

2
)

the sphere 2243 +22 - 2az=0
casts a parabolic shadow on the plane z=0.
Ans. z=2u.

137. The enveloping cylinder. From the condition for
equal roots used in the last paragraph we see that (o, 3, v),
any point on a tangent drawn parallel to the fixed line

r*r_Y_ 7%

[=m ™
lies on the cylinder given by
OF aF>2

4F (z, v, 2)f(l, m, n)=<l%g+mé—:—y+n52

Ex. A cylinder whose generators make an angle o. with the z-axis
envelopes the sphere #?+y?+22=2az. Prove that the eccentricity of
its section by the plane z=0 is sin .

138. The locus of the chords which are bisected at
a given point. If (o, B, y), the given point, is the mid-
point of the chord whose equations are

w—o_y—B_z—vy
I " m  an’

the equation
OF | OF  OF\, , _
Flo B v)+r<la—a+ma§+n$)+rf(l, m, n)=0
takes the form r2=1%2, and therefore

OF , OF , OF
la—a'+mél-—+'n5;—0. .................. (1)
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Hence all chords which are bisected at (o, 8, v) lie in
the plane given by

O

The section of the conicoid by this plane is a conic of
which (o, B, ) is the centre.

Ex. Find the locus of centres of sections of
ayz+ bzzx+cxy+abe=0
2202+ y? B2+ 2y?=1.
Ans. oXbz+cy)*+ B¥cx + az)* + yXay + br)? =4 (ayz + bzx + cxy)?.

which touch

139. The diametral plane. Equation (1) of § 138 shews

that the mid-points of all chords drawn parallel to a fixed
line

T Y¥Y_%
Il m n
lie on the diametral plane whose equation is

oF OF oF
Bx. 1. Find the central circular sections and umbilics of the
following surfaces :
(i) 22+yz+2=0,
(ii) 4yz+ 522 —5xy+8=0,

(i) y%—yz -2 —xy—4=0.
Ans. (i) z+y-2=0, x—y+2=0;

(ii) 2z+y—2=0, 2+2y—2:=0;
zy_ & _ 23z y 2z N2
1 5 -5 15°16 5 -5 15
(iii) x+2=0, 2+4+y+2=0; the umbilics are imaginary.
Ex. 2. Prove that the umbilics of conicoids that pass through the

circles 2=0, 22+y2=a?; =0, yi+2i=a?
lie on two equal hyperbolas in the zz-plane.

140. The principal planes. A diametral plane which is
at right angles to the chords which it bisects is a principal
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plane. If the axes are rectangular, the diametral plane

whose equation is
oF

OF OF

l’a—x+ m 55/-+ n= = 0,

or a(al+hm+gn)+y(hl+bdbm+fn)+2(gl+fm+cn)
+ul+vm+un=0,

is at right angles to the line

r_Y_%

I " m 2
it al+hm+gn _ hl+dbm+fn_ gl+fm+en
l - m - n |

If each of these ratios is equal to A, then
(a=N)l+hm+gn=0,
h+(b=N)ym+fn=0,
gl+fm+(c—7\)n=0}
Therefore A is a root of the equation

a—2A, h, g1=0,
h, b=2, f
g, i ¢c—=A

or AN=AYa+b+c)+A(bc+catab—fi—g2—h?)—D=0,

where D=|a, h, g| Orif As?-'—), etc., the equation may
oa
h, b f
9 f e
be written

A=A a+b+c)+A(A+B+C)—D=0.
This equation is called the Discriminating Cubic. It gives
three values of A, to each of which corresponds a set of
values for l:m:m, and by substituting these sets in the

equation oF F oF
l a +m 5—3{ +n é-z_ = 0,
which, by means of the relations (1), reduces to
Al +my+n2)+ul+vm+wn=0,............ (2)

we obtain the equations to the three principal planes of
the conicoid.
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Ex. Find the principal planes of the conicoids :
(i) 142?+14y?+ 822 — 4yz — 422 — 8xy + 182 — 18y +5=0,
(if) 322+ 5y%+32% - 2yz+ 222 — 22y + 22+ 12y + 102+ 20=0.
dns. (1) A=6,12,18; v+y+2:=0, v+y—2=0, x—y+1=0;
(i) A=2,3,6; r-2-2=0, v+y+24+4=0, 2—2y+2-1=0.

141. Condition for two zero-roots. If D=0, then
BC—F’=aD=0, CA—G)=0D=0, AB—HZ=¢D=0),

and therefore A, B, C have the same sign. Therefore if
D=0and A+B+C=0, A=B=C=0, and therefore we have
also F=G=H=0. Hence if the discriminating cubic has
two zero-roots, all the six quantities A, B, C, F, G, H, are
zero and f(z, y, 2) is a perfect square.

142. Case of one zero-root. If the discriminating cubic
has one zero-root, the corresponding principal plane either is
at an infinite distance or may be any plane at right angles
to a fixed line. For if A =0, the equations (1), § 140, give

L_m_»
G F C
I m =

I i e} 14‘1 .
°r =g G

These determine a fixed direction, since A, B, C are not
1 zero. The corresponding principal plane has, by § 140,
(2), the equation

JAx+/By +~/6z+“/A“+“/:”+“/0w=0,

and is at an infinite distance if v/Aw-4a/Bv+/Cw=0, or
may be any plane at right angles to the fixed line

%=%§=:/fé’ if /Au4+/Br+JCw=0.

In the first case the conicoid is a paraboloid whose axis
‘s in the fixed direction, in the second, an elliptic or hyper-
bolic cylinder or pair of intersecting planes whose axis or
line of intersection is in the fixed direction.



§§ 141-143] INDETERMINATE PRINCIPAL PLANES 207

Ex. 1. Find the principal planes of the surfaces
(1) 22%+20y%+182* — 12yz+ 122y + 22246y — 2: —2=0,
(ii) 5x%+ 26y%+ 1022+ 4yz+ 1422+ 62y — 82— 18y — 102+ 4=0.
Ans. (i) A=14, 26,0; x+2y+32+1=0, x+4y—32+1=0, the plane
at infinity :
(i) A=14, 27, 0; 2r—-y+32=1, r+5y+2=2, any plane at
z z
B Gt 1y
Ex 2. Verify that the principal planes in Exs. §§ 140, 142 are
mutually at right angles.

right angles to

143. Case of two zero-roots. If the discriminating
cubic has two zero-roots the equations (1), § 140, when
A=0, all reduce to

Jal +/bm+en=0,

and therefore the directions of the normals to two of the
principal planes are indeterminate. These planes, however,
must be at right angles to the plane Vax+~by++ecz=0,
and they may be at an infinite distance, (if ul+vm+wn=£0),
or at any distance from the origin, (if wl+vm+wn=0).
In the first case the surface is a parabolic cylinder and the
axes ol normal sections are parallel to the plane

Jax+/by +/ez=0:
in the second the surface is a pair of planes parallel to

Jaw+by +oz=0.

Ex. 1. For the surfaces
(i) 224+ y% 422 - 2yz+ 222 — 2oy — 22 — 4y — 22+ 3=0,
(i) 22+ y2+2% - 2yz+ 20w — 2ay — 20+ 2y — 22— 3=0,
A=3,0,0. The determinate principal plane is r —y+2z=0. If
r—-y+2=0, 2+2y+2=0, x-2=0
are taken as coordinate planes the equations transform into
382=2J67 -3, 3£2-2V3¢-3=0.
Ex. 2. Tf one of the principal planes of the cone whose vertex is P
and base the parabola y?=4ar, z=0 is parallel to the fixed plzane
lz+my+nz=0,
the locus of P is the straight line

z_y_ 2 22y z(n l)=0.

nom { m Il m\l a
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THE DISCRIMINATING CUBIC.

144. Al the roots of the discriminating cubic are real.
The equation may be written,

pA)=(A=a){(A=b)(A—c)—f?}
— (A= B)gF+ A=) R+ 2fgh} =0,
We may assume a>b>c¢. Consider
y=¥AN)=A-=b)(A—0o)—f~
Corresponding values of A and y are
-, ¢ b, 4+,

+w, _fZ’ _fZ’ + 0.

Y N
[
)
S
‘e
\~
\‘:")
.\
[y
\
\
)
“ ‘ ",
N ’
0 DG SRNGE 2
3 N v,
N 1,
) pid
‘\ -
L PO 3
~
~
l/\i‘
N
/y‘
Fia. 48.

Hence from the graph, (fig. 48), it appears that the
equation y+(A)=0 has real roots a and 3, such that

B<Le<b< o
Consider now y=¢(A). When A=+w, y=1o;
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when

A=0,  y=—{(a—b)g?+(x—c)h*+ 2/ (a=b)(o—c)gh}

= —(Wa=btMx—ay,
where Voo —b, Jo—c¢ are real;
when
A=B, y=(b-B)g*+(c—BI*T2/(b-B)(c—PB)gh
=(gWb—BFhvec—B),

where v/b— 8, Vc—§ are real.

Hence from the graph we see that the equation ¢(A)=0
has three real roots, A, A,, A, such that

A< BN <A,

The above proof fails if o and B, the roots of the
equation Y(A)=0, are equal. In that case, however, we
have b=¢, and f=0; and therefore the cubic becomes

A=0){A-a)(A—-b)—g*—A?} =0,
the roots of which are easily seen to be all real.
145. The factors of f(z, ¥, 2)—A(2?+y%2+2%). If Aisa
root of the discriminating cubic,
az?+by®+ ez + 2fyz + 292 + 2hay — N (22 + Y2+ 2%)
is the product of two factors of the form aux+ By +y2. Only
one of the three roots leads to real values of &, 8,y. For

(a=N)22+(b—=N)y?+(c — M)z + 2fyz + 2g2a + 2hay
= G0+ BNy +felt+ S o )~ ~(b=Nglel?

and therefore is of the form
1 2 1 2]
(b—m[“ ROV

where « and v are linear functions of z, y, z, with real

* ax?+ by? + c2® + 2fyz + 2gzx + 2hay
= % [(hz +by+/2)2+(Ca? - 2Gex + Az’)],

=1 [(hm+by+fz)’+l—l\(Az—Gx)‘].

if A=0 and therefore G3=AC.
B.G. )
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coefficients. Reference to the graphs shews that the signs
of b—X and Y(A) for A=A, Ay, A; are as follows:

b—k’ \p(A):
A""="A1: ) +;
A=A, +. -,
=Xy, + +.

Hence f(x, y, 2) — A (22 +y2+2%) takes the forms

— L2u2 — M2U2, L‘ZuZ — M2’02, L2u2 + M2’1)2,
according as A=A,, A,, or A, The factors with real
coefficients correspond therefore to the mean root, A,.

(CE. §93)

146. Conditions for equal roots. 7o find the cond:i-
tions that the discriminating cubic should have, (i) two
roots equal, (ii) three roots equal.

The cubic is

o(N)=|a—A, h, g|=0.
h, b=2, f
9, [, ¢c=A

Therefore, as in § 141, if A is a root of the cubic,

O=N(e=N)=f% (=A)a=N) =g (a=A)(b—N)—R?
have the same sign.

(i) If X\ is a repeated root, ¢(\)=0 and

_%‘;E(b—x)(c-x)—fz
+(=A)(a—=N)—g2+(a—=A)(b=A)=L2=0,
and therefore
G=NE=N=F% CVE=N=gt}
(a=N)(b—N)=P?
and hence, (corresponding to F=G=H=0), we have also
(@a=N)f=gh, (b—A)g=hf, (c—=Nh=fg. ...... ()
Any one of the three sets of conditions,
(e=Ma=2)=g% (a—Nb=N)=L% (a=N)f=gh, ()
(@=M)(b6—=N)=k% (b—N)c—N)=f% (b—Ng=hf, (B)
(O=N=N) =f% (c=A)(a—N)=g* (c=Nh=fg, ()
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is both necessary and sufficient. For if (o) is given, substi-
tuting for ¢~ from the third equation in the first two,
weobtn - b-Ng=lf, (e=Nh=fg

whence b=N)(c=N)=f2

Therefore, if none of the three quantities f, g, h is zero,
A, the repeated root, is not equal to a, b or ¢, and we have

gh Lf fg
A==~ =b—-"=c—7,
f g h
G H
or F . [ERRTUURRRURRRRRN ¢ §)
f g

If f, one of the three quantities f, g, h, is zero, then,
from (o), A=borc. If A=D, then h=0, and

(c=b)(a=b)=g"
If A=c, then g=0, and
(a—c)(b—c)=h2

Therefore if one of the three quantities is zero, another
must be zero, and we have

A=a, g=h=0, (b—a)(c—a)=f?;
or A=b, h=f=0, (c—b)(a—-b):gz;} --------- (2)
or A=c, f=g=0, (a—c)(b—c)=R%

The equations (1) and (2) give the conditions for a pair
of equal roots and the value of the roots in each case.

(i1) If the three roots are equal to A, A also satisfies the
equation

¢ _
dxz—
But, by (),
{(@=N)+ 0B =-N)+(c—-N)}*
=(a =24+ (b =A)2+(c—=A)2+2/24 292+ 2h2
Therefore A\=a=b=c, and f=g=h=0. The conicoid in
this case must be a sphere.

=0, or (a=A)+(b—=A)+(c=A)=0.
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147. The principal directions. We shall call the direc-
tions determined by the equations
al+hm+gn _ hl+bm+fn_ gl+fm+en
l B m B n
g oF o
2l _om_on
or N=Tm o
the principal directions.
If \ 18 a root of the discriminating cubic giving values
l, m, n of the direction-cosines of a principal direction,
A=f(, m, n).
of of F A T LY
For A__a_l_g_;mz_ayn aé(ﬁamﬂ:_knz?n =f(l, m, n).

148. The principal directions corresponding to two
distinct roots of the discriminating cubic are at right
angles.

If A,, A, are the roots, and I, m,, n,; l,, m,, n, are the
corresponding direction-cosines, then

=),

AN, = Jmm 2m=%mm
9
But lléliz"'ml i +'n1 f l2§{+m2 £l +nza,,{l

and therefore
A=) (Ul +mymy+nymy) =0,
which proves the proposition.

149. Cases of equal roots. (i) If A;, A,, A; are the roots
of the discriminating cubic, and A\, =2,, there is a definite
principal direction corresponding to A, ; but the equations

F o o

ol, om, ©on,

m:=2_zm2 2—,’1-2 =Ng eeereerniiiinninenne. 1)
reduce to a single equation which is satisfied by the
direction-cosines of any direction at right angles to the
principal direction corresponding to A,.
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Suppose that we have
—a-Bp M B9,
2 =23F0, and A,=a— f...b g_ -
Then the equations
(=Nl +hmy+gny,=0, hly+(b—A)my+fry=0,
gl my+(c—Ag) 1, =0

all become ghly+hfmy+ fgny, =0,
And since the sum of the roots of the cubic is a+b+c,
__M_Jfe
a=N=="7=7

and hence the equation

(=)L +hm +gn, =0
may be written

gh b 19
l(f g ) h<f+g+h)
The three equations corresponding to A, therefore give

which determine a definite principal direction. The single
equation corresponding to A, is the condition that the
directions given by gh : hf: fg, L, : m, : m, should be at right
angles.
If we have
A=2g=a, g=0, h=0, and (b—a)(c—a)=/3
the equations corresponding to A\, and A, are
(b—a)ymy+ fn,=0,

If Ay=Ag=0, then D=0,
be=f* ca=g% ab=~%;
and the equations corresponding to A, and A, are

J&l2+J5m2+J—n2=0,

ll_ m_n

Ja Jb e
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(ii) If the discriminating cubic has three equal roots,
any direction is a principal direction. For A=a=b=c,
and f=g=h=0, and the equations for principal directions
reduce to I m =
The reason is obvious. The surface is a sphere, and any
plane through the centre bisects chords at right angles
to it.

To sum up, if the discriminating cubic has distinet
roots, there are three mutually perpendicular principal
directions. If it has two or three repeated roots, three
mutually perpendicular directions can be chosen whose
direction-cosines satisfy the equations of § 147, which
determine the principal directions. Therefore in all cases
we can transform the equation, taking as new rectangular
axes three lines through the origin whose direction-cosines
satisfy the equations

of of o
TN
91" %m 2n v

where A is a root of the discriminating cubic.

150. Transformation of f(x, v, 2).
f(z, y, 2) transforms into X\ £2+Ngn? + N2
Let Of, 0y, O have direction-cosines I, m;, n,; l,, m,, n,;
ls, Mg, nq, corresponding to the roots A, A,, A; of the cubiec.
Then x=[£+1ln+1¢ ete. £=lx+my+mnz, ete.
We have also
O

of f

] + yam1 on,’
= 2>\1(llw +my +n,2),
= 2>\1$

And similarly,
a
f 28‘5 + ’ngaf 2\gn,

9
lsa£+m3 f+'"aaf 2hs6:
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Hence, multiplying by ¢, 5,  respectively and adding,
of &,
P T Yy 205 = 20E" F A (%),
or S(@, Y, 2)=ME+ A+ A2
Ex. 1. (i) In Ex. (i), § 140,
142%+ 14y + 822 — 4yz — 422 — 8xy transforms into 6£24- 1292+ 18(3,
(i) In Ex. 1, (i), § 142,
2224 20y%+ 1822 — 122+ 122y transforms into 14£2+ 2672
(iii) In Ex. (i), § 143,
22+ y?+ 2% — Qyz 4 222 — 2xy transforms into 33,
Ex. 2. Prove that the conicoids

2ayz+2bar+2cxy =1, 20yz+2Pr+2yry=1
can be placed so as to be confocal if

abe ofBy a?b2c? L S |
P ey (N )l e T
THE CENTRE.

161. If there is a point O, such that when P is any point
on a conicoild and PO is produced its own length to P
P’ is also on the conicoid, O is a centre of the conicoid.

If the origin 18 at a centre, the coefficients of x, vy, z in
the equation to the conicoid are zero.

Let the equation be

f(z, y, 2)+2ux+2vy +2wz+d=0.

Then if Pis (2, ¥, 2'), P'is (—a/, =¥/, —2'), and

f&, v, 2)+ 2ux’ + 20y’ + 2wz’ + d =0,
J&, v, 7)) - 2ux’ — 20y’ — 2wz’ + d=0.

Therefore ux' + vy’ +wz’=0. ., (¢))

Hence, since equation (1) is satisfied by an infinite
number of values of a, y’, 2’ other than the coordinates
of points lying in the plane

ue+vy+wz=0,
we must have w=v=w=0.
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1562, To determine the centres of the conicoid
F(z, ¥, 2)=0.
Let (o, B, y) be a centre. Change the origin to (o, 8, )
and the equation becomes

F(a:+a. ¥+, z+-y)—0
or f@, y, 2)+x— +yg;+ —+F(e, B, ¥)=0.

Therefore, since the coefficients of x, Y, Z are zero,
OF ©OF BF —0
2 B ‘
Cor. The equation to any dlametral plane is of the form
oOF OF oOF
and therefore any diametral plane passes through the
centre or centres,

=0,

153. The central planes. The equations
1°F

5 5—-—-a,a‘,+hy+gz+u 0, civiriiiiiiininnn, 1)
%%F-—ha:+by+fz+v Oy eeereeeeerneenns )
1 aF—gm+fy+cz+w L) (3)

represent planes which we may call the central planes.
Any point common to the central planes is a centre.

Multiply equations (1), (2), (3) by A, H, G respectively
and add; then, since

aA+hH+9gG=D and hA+bH+fG=0, etec,

_Au+Hv+Gw
- -D
Similarly, y= ﬂi“‘__ﬁ?‘i" 5= G +EvD+ Cw.

We have to consider the following cases, (cf. § 45):
I. o0, single centre at a (ellipsoid, hyper-
finite distance, boloid, or cone).
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II. p=0, single centre at an (paraboloid).
Au+Hv+ Gw-0, infinite distance,

1I1. D=0, line of centres at a (elliptic or hy-
Au+Hv+Gw=0, finite distance, perbolic cy-
A0, (central planes linder, pair

pass through one  of intersect-
line and are not  ing planes).

parallel,)
IV. A,B,C,F,G, H, lineof centres at an (parabolic cy-
all zero, infinite distance, linder).
SusFgv, (central planes
parallel but not
coincident,)
V. A B,C,F,GH, plane of centres, (pairofparallel
all zero, (central planes  planes).
Ju=gv=wh, coincident,)

164. Equation when the origin is at a centre. If
the conicoid has a centre (o, 8, v) at a finite distance, and
the origin is changed to it, the equation becomes

f(x’ Y, Z)'l' F((X., ﬁ) ')’) = O;
. oF OF OF
or, since a.a&+,8,51—8+yé—)—/=0,
f(x, y, 2)+uo+vB+wy+d=0.
This becomes, on substituting the coordinates of the
centre found in § 153,

Au?+ Bv?2 4 Cw? + 2Fvw + 2Gwu + 2Huv —dD

Sy, 2)= v
=:-D—, where =|la, h g ul.

h, b, f, v

9 f ¢ w

w v, w, d

Cor. If F(z, y, 2)=0 represents a cone, S=0 and D=0.
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Ex. 1. Find the centres of the conicoids,
(i) 1422+ 14y?+ 822 —4dyz — 42— 8ry +18r - 18y +5=0,
(i1) 3%+ 5y%+ 322 - 2yz+ 22 — 22y + 22+ 12y 4+ 102+ 20=0,
(iii) 22%+20y%+ 1822 — 12y2 + 12y + 222 4 6y — 22~ 2=0,
(iv) 5x%+26y%+ 1022+ 4yz+ 142x + 62y — 82 — 18y — 102+ 4=0,
(v) 224y 422 —2yz+ 220 — 2xy — 20 — 4y — 22+ 3=0,
(vi) 2?42 +2%—2yz+ 220 — 22y — 20+ 2y — 22 - 3=0.

. 1 . 1 5 13
Ans. (i) ( _%, 3 0), (ii) ( -5 "3 -F)’ (iii) the central planes
. r Y _z N Z=b_y 2+43. .
are parallel to the line —5=3=] (iv) —% =111 the line of

centres, (v) the central planes are parallel, (vi) z—y+2=1 is the
plane of centres.

Ex. 2. If the origin is changed to the centre, the equations (i) and
(ii) become 21 Q.2 _
1422+ 14y% + 82% — 4yz — 4ax — Bry =4,
322+ 5y? 4 3.2 — 2yz + 220 — 2wy =1.
Ex. 3. If the origin is changed to (5, 0, —3), or to any point on
the line of centres, the equation (iv) becomes
5224 26y2+ 1022+ 4yz + 1420+ 62y =1.

Ex. 4. Prove that the centres of conicoids that pass through the
ellipses #%/a?+y%b?=1, 2=0; 2%/a?+2%/c?=1, y=0 lie on the lines

—_—— = —,

Ex. 5. The locus of the oentres of conicoids that pass through two
given straight lines and two given points is a straight line.

Ex. 6. If F(x,y, 2 t)=0 represents a cone, the coordinates of the
vertex satisfy the equations

OF _OF _OF _OF _,
Ty

Ex. 7. Through the sections of a system of confocals by one of the
principal planes and by a given plane, cones are described. Prove
that their vertices lie on a conic.

Ex. 8. Prove that the centres of conicoids that pass through the
circle 2+ y%=2ax, 2=0, and have OZ as a generator, lie on the cylinder
22+ yi=ax.

Ex. 9. A conicoid touches the axes (rectangular) at the fixed
points (a, 0, 0), (0, b, 0), (0, 0, c), and its section by the plane through
these points is a circle. Shew that its centre lies on the line

_r _ Y 7
a¥(b2+c?) b(c2+a?) cXa?+03)

Ex. 10. Shew that the locus of the centres of conicoids which
touch the plane z=0 at an umbilic at the origin, touch the plane x=a

and pass through a fixed point on the z-axis, is a conicoid which
touches the plane z=0 at an umbilic.
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Ex. 11. Variable conicoids pass through the given conics
2=0, ax?+by?+2fr+d=0; =0, c2+by?+292+d=0;
shew that the locus of their centres is a conic in the plane y=0.

Ex. 12. Find the locus of the centres of conicoids that pass through
two conics which have two common points.

REDUCTION OF THE GENERAL EQUATION}

156. Case A: D=O.
There is a single centre at a finite distance, (§ 153, L).

Change the origin to it, and the equation becomes

f(w, Y, z)+_86= 0.

The discriminating cubic has three non-zero roots,
A1 Ay, Ag, and there are three determinate principal direc-
tions, (\;5EA,5N,), or three directions that can be taken
as principal directions, (A\,=2A;, or A\;=X,=2;). The lines
through the centre in these directions are the principal
axes of the surface. They are the lines of intersection
of the principal planes. Take these lines as coordinate
axes, and the equation transforms into

A+ Ayt AR+ =0
The surface is thus an ellipsoid, a hyperboloid of one
sheet, a hyperboloid of two sheets, or a sphere, if S50
If s=0), the surface is a cone.
Ex 1. 2%+4y+22-6yz— 2w — 22y — 62— 2y — 22+ 2=0.

The discriminating cubic is
A3—-3A%-8A+16=0.

Whence A=4, —IZJFI, _l';/”; 4, a2, — 34 say

For the centre r-y—z-3=0,
-x+y—-32—-1=0,
-x—-3y+2z—-1=0.

These give z=1, y=-1, z=-1.

—g—=ux+vy+wz+d=l.

The reduced equation is therefore —4x2-o2y?+ (%%=1, and re-
presents a hyperboloid of two sheets.

1 Cf. Appendix, p. iv.
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Note. 1f the roots of the discriminating cubic cannot be found by
inspection, their signs may be determined by a corollary of Descartes’
Rule of Signs: “If the roots of f(A)=0 are all real, the number of
positive roots is equal to the number of changes of sign in f(A).” In
the above case, f&)s A3+3X2—-8A+16, and there are two changes of
sign, and therefore two positive roots.

Ex 2. Reduce:

(i) 224 3y2+322—2yz— 22— 2y +62+3=0,
(ii) 322 —y%—22+6yz—6r+6y —22—-2=0,
(iii) 2y2+4ex 422 -4y +62+5=0.

Ans, (i) 22 +22 4 422=1, (ii) Ba2+22—42=4, (iii) 22+2~22=0,

166. Case B: D=0, Au+Hv+ Gw=+0.

There is a single centre at infinity, (§ 153, IL). If
A Ao, Ag are the roots of the discriminating cubic, A0,
A F0, A;=0, (§ 141). If I;, m,, n, are the direction-cosines
of the principal direction corresponding to Ag,

9ls+fms+eng=0
and hlg+bmy +fn,=0,
and therefore 3=s_Ts_ Wyt vmytawn,
A H G wA+4+vH4+wG

Hence uly+vmy+wn,#0. Denote it by .
The principal plane corresponding to A, is at infinity,

(§ 142).

Where the line w-l-ot.___y—,8=z—-y=fr
3 g ng

meets the surface, we have
r2f(lg, Mg, n3)+r<l3§—oi+m3%g+n3gg>+F(a, B, v)=0,
which, by means of the equations of § 147, may be written
AgrZ 4 21 { A g(lgo+ My B+ ngy) + uly+ vimg + wny}
+F(a, Bv ')’)=Or
or 0.7242kr+F(x, B, y)=0.
Therefore any line in the principal direction corre-

sponding to A, meets the surface in one point at a finite
and one point at an infinite distance.

If the line rT_Y¥Y_%2
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is normal to the tangent plane at (2, ¥, 2’), a point of
the surface,

oF F oOF oF
o’ 6_: _ lsaac’ +m 383/’ o 307
-l:-z- g L2 +mg + g

= 2(uly+ vmy+wng) = 2k.
Hence such points as (¢, ¥/, 2°) lie on the three planes

pi=ax+hy+gz+u—kl;=0, ............... 1)

Pe=hx+by+fetv—kmy=0, ............... (2)

Ps=gr+fyt+cz+w—rkng=0. ............... 3)

But Lspy+mg Py +m5 s =0,

therefore the three planes pass through a line which is
arallel to - =2 =2,
P g mg my4

Therefore there is only one point on the surface at which

the normal is parallel to the line % =Y =2 That point

3 M3 Ty

is the vertex of the surface. Its coordinates are given by
the equations (1), (2), (3), (which are equivalent to two
independent equations,) and the equation F(z, y, 2)=0.

oF OF | OF
=t T 1,
But F(xz, y, 2)= %xam+§y ay+ 1z az+'u,ac+v3/+wz+ol,

= k(L +myy +ng2) +ur+vy +wz+d.
Hence any two of the equations (1), (2), (3) and the

equation
k(lz+may +n2)+ur+vy+wz+d=0

determine the vertex.
To reduce the given equation, change the origin to the
vertex, (z', v, 2'). The equation becomes

f@ y, )+ '+?/ay'+ ,+F(w Yy, 2)=0

or f(z, ¥, 2)+ 2k(lz+mgy +my2)=0.

Take the three lines through the vertex in the principal
directions as coordinate axes, so that O{ has direction-
cosines [y, my, Mg, and the equation transforms into

A&+ A+ 2k =0.
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The surface is therefore a paraboloid.
Since, from (1), (2), (3),
oF oF oF

W T ™My 57~
the principal planes corresponding to A, and A, pass through
the vertex. The new coordinate planes are therefore the
two principal planes at a finite distance and the tangent
plane at the vertex.

oF oF oF
+n15—z,=0, l2a7+m25§;+n2 0,

Bx. 1. 222422422+ 2yz— 220 — 42y +2+y=0.
The discriminating cubic is

A3—bBAZ4+2A=0.
Whence }\=5+;/ﬁ, 5—;/17: 0; o? (% 0, say.

For the principal direction corresponding to Ag,
23— 2mg —n3=0,

—l3+mg+ny=0.

ls_ms_"a___l_

Therefore 1-1-0 3
1

and k=ulg+vmg+wn, =7
3+ vmg =75

The reduced equation is therefore a2z?+ B’y2+——% z=0.
~

The equations for the vertex give x=y=2=0, and the axis is
=y, 2=0,

Ex. 2. The following equations represent paraboloids. Find the
reduced equations, the coordinates of the vertex, and the equations
tothe axis. 4y 424 424 dys 90 14y— 2004 33=0,

(il) 42?2 —y2 — 224 2yz—8x— 4y +82—2=0.

dna. () P3i=z; (1, 12, 5)2); TT1-WS1 %D,
rz—1_4y+9_ 4:-3

0o 1 1

(ii) 2% -y2+n/2:=0; (1, -9/4, 3/4);

157. Case C: D=0, Au+Hv+Gw=0, A0,

There is a line of centres at a finite distance, (§ 153, IIL.).

The discriminating cubic has one zero-root, A;, giving,
(as in § 156), l,

by _M3_Tg
ATH G’
or, since GH == AF, Ay _my _ my
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In this case ul;+vm,+wn,=0, and the principal plane
corresponding to A, is indeterminate, (§ 142). It may be
any plane at right angles to Fx =Gy =Hz.

The line of centres has equations

ax+hy+gz+u=0,
hx+by+fz+v=0,
which may be written
U, v wh
?f Ch Gq “~H
1F 1/G  1/H

Hence [, m,, ny are the direction-cosines of the line of
centres.

Any point on the line of centres has coordinates

uf+r wvg+r wh+r
F’ G~ H '
If we change the origin to it, F(x, y, z) =0 becomes

QL =

I
fia, g, o)+ LTI WOIHD)  WOAED) 1 g,
or, since ulg+ vmg+wng=0,

ul ¢ wh o,
S, y, z)+_§‘+3‘+—;‘—‘+d—0-

Transform now to axes through the centre chosen whose
directions are the principal directions, and the equation
further reduces to A2+ Ny +d =0,

2 2 2
h W Vg wh
where d F+G+H+d.

If d’+0, the surface is an elliptic or hyperbolic cylinder;
if d’=0, it is a pair of intersecting planes.

Ex. 1. 2%4+6y*-22—yz+5xy+2x+5y=0.
The discriminating cubic is

2- 61— A =0,
Whence A=3+ \/gg', 0; af —-f% 0, say.

Corresponding to A;=0, we have
2l3 + 5’"«3 =O, 5‘3 + 12m3 - 713=0,
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L_mg _n
and therefore F=—s=T
and uly+vmg+wny=0.

Hence there is a line of centres, given by 22+ 5y+2=0, y+2:=0.
A point on this line is (-1, 0, 0). Change the origin to it, and the
given equation becones

2246yt -2 —yz+ by =1,
which reduces to o%2? - %%=1.
Ex. 2. What surfaces are represented by
(i) 22— 2yz+ 220 — 22y — v — 2y + 32— 2=0,
(ii) 2622+ 2092+ 1022 — 4yz — 1622 ~ 36y 4+ 522 — 36y — 1624+-25=07
Ans. (1) 622— 2y%=1, axis 2 +3=2y=2z-1;
(ii) 142%4+42y%=1, axis z=y—1=z-1.
Ex. 3. Prove that the equation
52% — 4y2+ 522+ 4yz — 1422+ 4xy + 162+ 16y — 3224+ 8=0
represents a pair of planes which pass through the line x+3=y=2z+1
and are inclined at an angle 2 tan~!~/2,

168, Case D: A=B=C=F=G=H=0, uf£vg.

There is a line of centres at infinity, (§153, IV.). If
AL Ag» Ag are the roots of the diseriminating cubic,

AM=a+bte, Ay=A;=0.

If 1,, m;, n, are the direction-cosines of the principal
direction corresponding to A,, since fZ=0be, g®=ca, and
h®=ab, we have

al,+Nabm,+acn, Jabl,+bm, +ben,
b - my
_ eal,+~bom, +en,

n

b _m_m
Va Jb Ve

And since uf—vg+0, u/b—v/a=0, or wm, —vl,+0.

Let O£, 05, 0¢ be a set of rectangular axes whose direction-
cosines are I, my, m;; b, my, ny; lg, My, mg. Then l,, my, my;
l;, mg, my satisfy the equations for principal directions,
(§149). The equation to the surface referred to Of, Oy, O
is therefore

N2t 4+ 2z (ul, + vm, +wn,)+ 2y (uly+ vm, +wn,)
, +2z(uly+vme+wny) +d=0.
Donated by (s : )

"N, Sreekantk

whence
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Now Ll +mm,+nm,=0,
and we can choose I,, m,, n, to satisfy also
uly+vmy+wn,=0.
Then ny(uls+vmg+wng) = u(nyly —ngly) — v(Mmyng — mgny,),
=wum, —vl,50.
Therefore, if uly+vmg+wny is denoted by w;,,
=Z(um, —vl,)?
(vf w/b)E 4 (wa — un/c)? + (ub—via )2
a+b+c
Writing w, for wul,+vm,+wn; the equation to the

surface becomes
A2+ 2u e+ 2w,z +d=0,

w,\? |, 2w, d u?\
oF <w+>\> + A < +2wl 2w17\l> o
which may be reduced, by change of origin, to
2w
24 1
24 A z=0.

The surface is therefore a parabolic cylinder.
The latus rectum of a normal section

_ 2w, _ 2 {(v/c— w2+ (wva —un/c)2+ (uvb—v/a )2}*
N (a+b+o)t
159, Case E: A=B=C=F=G=H=0, uf=vg=wh.

There is a plane of centres, (§ 153, V.).
Asin Case D, \,=a+b+c, \;=X;=0, and

b_m_m

NN
But since uf=vg=wh

w_v_w

J——T— /—)

and therefore
uly + vmy +wn, = uly+ vmg+wng=0.
The equation to the surface therefore reduces to
A2+ 2ux+d =0,
and the surface is a pair of parallel planes.
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160. Reduction when terms of second degree are a
perfect square. The following method of reduction is
applicable to Cases D and E, and is the most suitable
method when the coefficients in the given equation are
numerical.

Since A=B=C=0, f(z, ¥, ) is a perfect square.

Hence
F(x, y, 2)= (Jﬁx+~/5y +/c2)2+ 2ux + 2vy + 2wz +-d.

If, (Case E), = ~/— = % = :/—. =k, the equation becomes

(J—aw+J5y+ch)2+ 2k(J&x+J5y +~/52)+d= 0,
and represents a pair of parallel planes.

But if, (Case D), :}2:# :/%.;, the equation may be written
@

(Waz+by +ez + )
=2e(AVa —u)+ 2y (AD —v) +2e(Ae —w) + A2 —
Now choose A so that the planes
U =vaz+by++ez+r=0,
V= 2(AVa —u)+ 2y(AWb— v)+ 22(Ae~w) + N2 =d =0
are at right angles. This requires that

u~/a+v~/b+w~/c
a+b+c

Then take rectangular axes with U=0, V=0 as new
coordinate planes f= 0, n=0, so that

&= J a+ b +c
and the equation reduces to
E(a+b+c)=2/Z(\a—u).
But, by Lagrange’s identity,
(@a+bd+e){EVa—u)2} = {SJa(AJa —u)}?
= E(vJE -— wJE)Z H

A=

,1=

\"J
2/S(\Wa—u)
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therefore the reduced equation may be written

_2(Z(v/e—wVB)? "

&= (a+b+c)

Ex. Reduce the equations

(1) 22+ 4y +22 - 4dyz+ 2r — 4oy — 22+ 4y~ 2:-3=0,

(ii) 922+ 4y%+ 422+ 8yz+ 1220 + 122y +4r+y + 1024+ 1=0.
Ans. (i) 622 -2M/62—-3=0, (ii) 22={qy.

161. Summary of the various cases. In the reduction
of the general equation of the second degree with numerical
coefficients the following order of procedure is generally
the most convenient :

If the terms of second degree form a perfect square,

proceed as in § 160.
If the terms of second degree do not form a perfect

square, solve the discriminating cubic.
If the three roots are different from zero, find the centre

(o, B, y) from the equations 35:—:——‘);:0, and the
reduced equation is
A& A2+ N2+ uo+ vB+ wy +d=0.
If one root, Ay, is zero, find l;, my, mg, from two of the

of _of _
equations 5 = 3m, an3 =0. Evaluate ul;+vm;+wn;=k.

If k<=0, the reduced equation is
A2+ A2+ 2kz=0.

If k=0, there is a line of centres, given by any two of
the equations F_F_F_p Choose (o, B, v) any point
- dy o2 %P>y

on it as centre, and the reduced equation is

A2+ Ayt uo+v8+wy+d=0.
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Ex. Reduce the following equations :
(i) 32%+5y%+3:%+2y2+ 220+ 22y — 4w~ 82+ 5=0,
(ii) 222+ 20y%+ 1822 — 122+ 122y + 222+ 6y — 22 — 2=0,
(iii) 3% — 24y%+ 822+ 162 — 1022 — 142y + 22y + 22— 4=0,
(iv) 362%+4y%+2%— 4y2 — 1220 + 242y + 42+ 16y — 262 — 3 =0,
(v) 322+ 7y*+ 3224+ 10yz — 2ar + 102y + 42 — 12y — 42+ 1 =0,
(vi) 6y2—18yz—6zxr+2xy — 9w+ by —52+2=0,
(vii) 5224 26y?+ 1022+ 4yz+ 1422 + 62y — 8x — 18y — 102+ 4 =0,
(viii) 42?4+ 9y®+ 3622 — 36yz+ 2422 — 122y — 102+ 15y — 302+ 6 =0,
(ix) 11y2+414yz+ 822+ 142y — 62— 16y +22-2=0,
(x) 22%—Ty?+22% - 10yz — 82z — 10zy + 62+ 12y — 62+ 5=0.

Ans. (i) 327+42y24622=1, (i) 1422 +26y2=24/017,
(iii) 1422 -274%=1, (iv) 412%=28y,
(V) 322 —4y2-12:2=1, (vi) 1427 - 26y2=2/91z,
(vii) 142242752 =1, (viii) 4922 - 352+6=0,
(ix) 322+4y%—1822=], (x) #2+2y2—422=0.

162. Conicoids of revolution. If two of the roots of the
discriminating cubic are equal and not zero, the equation
F(, ¥, 2)=0 reduces to

Al(ac2+y2)+)\3z2+§=0, .................... ()
or M@+ Y2+ 2k2=0,. ccccivninnnnnnn. (i1)
or M@+ Y)+A =0, e W(TH)

The surface is therefore, (i), an ellipsoid, hyperboloid, or
cone of revolution, (ii), a paraboloid of revolution, or {iii), a
right circular cylinder. These are, if we exclude the sphere,
the only conicoids of revolution, and therefore the con-
ditions that F(z, 7, 2)=0 should represent a surface of
revolution are the conditions that the cubic should have a
repeated root different from zero, viz., (§ 146),

Al—a—%’;— —y J;‘?, ............... 1)
or A =a, (b—a)c— a)—fz, g=0, h=0; ......... (2)
or =b, (c=b)a=b)=g¢% h=0, f=0; ......... 3)

or A=¢ (a—c)(b=c)=h? f=0, g=0. ......... 4)
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If equations (1) are satisfied,
F(z, ¥, 2) = N\ (2 + 32+ 2%) + 2uz + 20y + 2wz +d

+/gh (j—f+%+,%)2.

And therefore any plane parallel to the plane ;-{-%-{-; =0
3

cuts the surface in a circle. The axis of the surface is the
line through the centres of the circular sections, that is,
the perpendicular from the centre of the sphere

M@+ 92422+ 2ux + 20y 4+ 2wz +d =0
to the planes of the sections. Its equations are therefore

U v w
f(“;q)—g(yﬁ‘g)—h(“x;, ‘
Similarly, if equations (2) are satisfied, the equations to

the axis are g;+u/a=y+v/a__z+w/“
0 Jb—a Je—a

Ex. 1. Find the right circular cylinders that circumscribe the
ellipsoid 2/ 2 2/12 20,2 __
2% a®+ y2[b2+2%/ct=1.
The enveloping cylinder whose generators are parallel to the line
z/l=y/m=z[n has equation

z? oy 22 )(l2 m? 'nz) (l:c my  nz\?_
( tate-\etete) \gtye tae) =0

Conditions (1) give
1/2 m?2 n2\ 1/ m? «2\ 1/ m? n?
a(a+ﬁ+ﬁ)=z—z(@+ﬁ+z§)=ﬁ(§z+ﬁ+c—2)’
which can only be satisfied if a=b=¢, or I=m=n=0. (If a=b=¢,

the ellipsoid becomes a sphere, and any enveloping cylinder is a right
cylinder.) Using conditions (2), (3), (4), we obtain

1=0, {m?(a®-c?)+n2(a®—b2%)H{m22+n2?}=0,
or m=0, {n?(b%—a?)+(d*-®)Hn%a?+lc?}=0,
or n=0, {P(c®-b%)+m?(c?—a?)}{{%?+mia?}=0.
If a>b>c, the second only of these equations gives real values for
the direction-cosines of a generator, viz.,
! m_  =a
Nal=5t 0 1N bi-c
If A is the repeated root of the discriminating cubie,

1/12 n?
A=p(m+5)
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"The reduced equation to the cylinder is
#  n?
A#E+yY) =5+

or 224 yt=0b2
Ex. 2. Find the right circular cylinders that can be inscribed in
the hyperboloid 2yt —B=1.

Ans. 4(22+2y%-322-1)+ (vt N152)2=0.
Ex. 3. Prove that
24yt —yz—2x—xy—-32x—-6y—924+21=0

represents a paraboloid of revolution, and find the coordinates of the
focus, Ans. (1, 2, 3).

Ex. 4. Find the locus of the vertices of the cones of revolution
that pass through the ellipse

22a+y?b2=1, 2=0.
2 2 2

Ans. z=0, F‘Z_%-i-% =-1; y=0, EE%_%::].

Ex. 5. The locus of the vertices of the right circular cones that
circumscribe an ellipsoid consists of the focal conics.

Ex. 6. If f(x, y, 2)=0 represents a right cone of semi-vertical

angle o,
Gh_ gty SO (15 T o
s === —_—0= ——+—'—+— CO8“oL.
g h fg ok
Bx. 7. If f(2, y, 2)=1 represents an ellipsoid formed by the
revolution of an ellipse about its major axis, the eccentricity of the
generating ellipse is given by
atbte_  gh
3-¢2 ~ f°
Bx. 8. If the axes are oblique, F(z, y, z2)=0 represents a conicoid
of revolution if

Sz, y, 2) - k(22 + 32+ 2%+ 2y2 cos A + 22z cos p.+ 2y cos v)

is a perfect square.
Hence shew that the four cones of revolution that pass through the
coordinate axes are given by ayz+ bzx+ cry=0, where

a b ¢ -a b ¢
A' = = , Or A = =
. . Y . 7 v
sin?s  sint? sin?t sin?=  cos?S  cos?s
2 2 2 2 2 2
or g _=b__c , OF e b__._—¢ .

v
2

Ex. 9. Find the equations to the right circular cones that touch
the (rectangular) coordinate planes.

Ans. 2%+ y'+22 + 2yz+ 220 + 22y=0, (one or three of the negative
signs being taken).

WA ap A Y
cos?= sin?L  cos? cos?® cog?t sin?l
2 2 2 2 2
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INVARIANTS.

163. If the equation to a conicoid F(z, y, 2)=0 s trans-
formed by any change of rectangular axes, the expressions

a+b+c, A+B+C, D, S
remarn unaltered in value.

If the origin only is changed, f(x, ¥, #) is unaffected, and
therefore a+b+c¢, A4B+C, and D are unaltered.

If now the coordinate axes be turned about the origin
so that f(x, y, 2) is transformed into

fi@, ¥, 2) = a0+ byy* + 02"+ 2f \yz + 29,20 + 2hyy,

then flz, ¥, 2)—A(@?+y*+2%) becomes
L@, y, 2)— N+ y*+2°).
If Az, y, 2) = N(x?+y*+22)=0

represents two planes,
fi@, y, 2) =A@ +y+2%)=0

will also represent the planes. And X is the same quantity
in both equations, therefore the equations

a—X, h, g9 1=0, | a;—A, hy, 9, |=0
h, b-—)\, f hl; bl"'x’ fl
A J, e=2 91 Ji =2

have the same roots. In each the coeflicient of A2 is unity,
and therefore atbte=a,+b 4o,
A+B+4C=A,+B,+C,,
D=D,.

Again if the origin is changed to (., 8, y), F(x, ¥, 2)=0
becomes '

flz, v, z)+a:§—g+y g—g+z a—F+ F(a, 8, y)=0.
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Hence the new value of S,

s'= 1 oF
“ b9 g

1 oF

h, b, ‘f, Q‘a—B

1 oF
’ ’ 6 537
g9 ) 2 3y
1oF 10oF 1°0F
Tz a; -2-6-7-3) § 5‘)—/) F(OL, '8, 7)
Multiply the numbers in the first three columns by
o, 3, y respectively, and subtract the sum from the numbers
in the fourth column; then apply the same process to the
rows, and

S'= a, h, 9 u
h” b) f) ’l)
J» f, c, w
1oF 19F 10F
=|la h, ¢ ul|=S.
h, b, f, v
9 f ¢ w
w, v, w, d

Therefore S is unaltered by change of origin.
If the axes be now turned about the origin so that
F(z, y, 2)=f(z, ¥, 2)+ 2ux+2vy+2wz+d
becomes
F (z, ¥, 2) = fi(%, ¥, 2)+ 2u,x+ 20,y + 2w,z +d,
then F(z, y, 2)—A(x?+yi+22+1)
transforms into
F.(x, ¥, 2) =A@+ y2+22+1).
If F(z, y, 2) = A(x®+y*+2%+1)=0 represents a cone
Fi(2, ¥, 2)=A(@2+ 92+ 22+1)=0
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will also represent the cone. And A being the same quantity
in both equations, the equations

a—A, h, 9, w|=0, a;"'>\’ hv 91 Uy =0

hob=X\, f, v hy, b=\, fi, v
g9 fie—=N w 91> fva—=\  w
w, v, w, d—\ w, v, w,d—A

have the same roots. In each equation the coefficient of
At is unily, and therefore the constant terms are equal, ..
S=8". Hence S is invariant for any change of rectangular
axes.

Ex. 1. If f(x, y, z) transforms into ax®+By?+72% prove that
o, 3, ¥ are the roots of the discriminating cubic.

Ex. 2. If the origin is unaltered,
. i Au?+ Bv?+ Cw?+ 2Fvw + 2Gwu + 2Huw
18 1nvariant.
Ex. 3. If  ax?4by2+c?+2fyz+ 2920+ 2hxy,
a2+ by + 022+ 2f 2+ 29,20 + 2y
are simultaneously transformed,
a,A+bB +¢,C+2fF+29,G+2~H
remains unaltered.

Ex. 4. If any set of rectangular axes through a fixed origin O
meets a given conicoid in P, P’; Q, Q'; R, R/, prove that
i PP? QQ? . RR?
() 5. op2 00", 007 OR:. OR™’
. 1 1 1
() 55 0r*60.0¢ T OR.OR
are constant.

Ex. 5. Shew by means of invariant expressions that the squares
of the principal axes of a normal section of the cylinder which envelopes
the ellipsoid 2?/a®+y%b?+2%c?=1, and whose generators are parallel
to the line x/l=y/m=z/n, are given by

A m? n?

a2—r2+btﬁ+cz—r3=o'

Examples VIII.
1. Prove that
522+ 5y%+82% + 8yz+ 822 — 2wy + 122 - 12y +6=0
represents a cylinder whose cross-section is an ellipse of eccentricity
1/72, and find the equations to the axis.
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2. Find the eccentricity of a section of the surface
B4y’ + 22— p(yz+ax+ay)=1
by a plane through the line r=y =z
3. What is the nature of the surface given by

Fa, 9, =1 if a-%?=b-’-g=c-f-,%=oz

4. Prove that the cylinder and real cone through the curve of
intersection of the conicoids

2+ at=2cy, y*+b2=2cx
are given by

b(2?—2cy) —a(y®—2cx)=0, 2*—y?+(a->b)22+2c(x—y)=0.

5. Prove that three cones can be drawn through the curve of
intersection of the conicoids

22+ c22 420y +a?=0, y*+d22+2ax+b2=0,
and that their vertices form a right-angled triangle.
6. Prove that
2 m? n?

(ax?+ by?+c2? - 1)(5 +_b-+?) =(lzr+my+nz-1)>?
represents a paraboloid touching the surface ar?+by?+c:2=1 at its
points of section by the plang lr+my+nz=1. Prove also that its

ar _y_¢

axis is parallel to the line <L =
I m n

7. Shew that the conicoids
(a7 +byy+e2)? +(azz + by + ez +(asr+ byy +¢52) =1,
(mr+ay+a2)? +(byr+ by + byl + (e v+ €3y +c52)* =1
are equal in all respects.
8. Prove that if a®+ b3+ c3=3abc and u +v+w=0,
ar? +by? + ¢ + 2ayz + 2bax + 2exy + 2uxr + 20y + 2w+ d=0
represents either a parabolic cylinder or a hyperbolic paraboloid.

9. If F(x, y,2)=0 represents a cylinder, prove that

08 °S ©°Ss
e 26 ¢
oD 0D oD’
% %% o s 28 3S
. Pat Tt
and that the area of a normal section is 7
(ao LoD +gg)7
Va0 T ¢
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10. Prove that if F(r, y, 2)=0 represents a paraboloid of revolution,
VOBV aghat flgh+ B =BhF (R4S =l +h( 149D =0,
and that if it represents a right circular cylinder we have also
;—ﬁ+; +%=0.
11, The principal planes of f(z, y, z)=1 are given by
Zy Y z |=0,

o o o
o2’ Oy’ Oz
OF OF ©F
o’ %y’ Of

where F(z, ¥, 2)=0 is the cone reciprocal to f(z, y, 2)=0.

12. Prove that the centres of conicoids that touch 17/z='m.1: at its
vertex and at all points of its generator y=4x, kz=m, lie on the line
y=0, kz=m.
13. Prove that z(ax+by+cz)+or+ By=0 represents a paraboloid
and that the equations to the axis are
ar+by+2cz=0, (a?4+0%)z+ao+bB=0.
14. A hyperbolic paraboloid passes through the lines _—ﬁa =% = ;-é ;

=5 =g and has one system of generators parallel to the plane

z=0. Shew that the equations to the axis are

z_ Yy, 2% _ 2<i_.) 2(i )_
e b+c-—-0, b ; 1)+a c+1 =0,

15. Paraboloids are drawn through the lines y=0, z=k, 2=0,
z=—h; and touching the line xr=qa, y=>b. Shew that their diameters
through the point of contact lie on the conoid

aly - b)(z— Ay - b(z— a) e + BE=0.
16. Given the ellipsoid of revolution
28 y24-22
SHipt=1, (@>w).
Shew that the cone whose vertex is one of the foci of the ellipse z2=0,

z*/a+y?/b*=1, and whose base is any plane section of the ellipsoid is
of revolution.

17. The axes of the conicoids of revolution that pass through the
six points (+a, 0, 0), (0, +b, 0), (0, O, +c) lie in the coordinate planes
or on the cone I N B

2 Tt a

18. Prove that the equation to the right circular cylinder on the

circle through the three points (g, 0, 0), (0, , 0), (0, 0, ¢) is

earei-an- -y b 3) = (o) (oot o)

=0,
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19 Find the equation to the paraboloid which has
y=2—k=0, zx=z+k=0
as generators and the other system parallel to the plane z+y+2=0.
Find also the coordinates of the vertex and the equations to the axis.

20. The axes of cylinders that circumscribe an ellipsoid and have a
cross-section of constant area lie on a cone concyclic with the ellipsoid.

21. A conicoid touches the plane z=0 and is cut by the planes #=0,
y=0 in two circles of variable centres but constant radii @ and b.
Shew that the locus of the centre is

(@ —y¥) + a?y? - b2%2=0,

22. A, B, C are the points (2a, 0, 0), (0, 2b, 0), (0, O, 2¢), and the
axes are rectangular. A circle is circumscribed about the triangle
OAB. A conicoid passes through this circle and is such that its
sections by the planes =0, y=0 are rectangular hyperbolas which

pass through O, B and C; O, C and A respectively. Prove that
the equation to the conicoid is

224 y% — 22+ 2A\yz + 2pex — 2ax — 2by + 2c2=0,

where A and p are parameters, and that the locus of the centres of
such conicoids is the sphere

22442+ 2% — ax — by — c2=0.
23. Shew that the equation to the conicoid that passes through the
vertices of the tetrahedron whose faces are
=0, y=0, 2=0, z/a+y/b+z/c=1,

and is such that the tangent plane at each vertex is parallel to the
opposite face, is

»-ar y-by 2-cz, 1
Tt ta +a—bz(a_yz+bz.v+cxy)=0.

24, Shew that the equation to the ellipsoid inscribed in the
tetrahedron whose faces are »=0, y=0, =0, z/a+y/b+z/c=1, s0 as
to touch each face at its centre of gravity, is

B2? By 8 By 3 3wy 3w 3y 32
a7 be " ca ab a b ¢

Shew that its centre is at the centre of gravity of the tetrahedron
and that its equation referred to parallel axes through the centre is

22 oy 22 ye aw ay 1
ETETE et wtar=er

25. 1f the feet of the six normals from P to the ellipsoid

2 gyt 2
atEta=l

lie upon a concentric conicoid of revolution, the locus of P is the cone

4222 + 222 + a2y
FG - AT —a) T 2 -9

=0,
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and the axes of symmetry of the conicoids lie on the cone
a2(b? — c2) 22 + b2(c? — a?) P+ c2(a? — b?) 22 =0,

26. If ax?+by?+c?+2fyz+ 2920+ 2hvy=0 represents a pair ot
planes, prove that the planes bisecting the angles between them are

given by

x, Yy z =0.
arthy+gz, ho+by+fz gr+fy+o
F-, G, H-1

27. Prove that
@+ (B+7y)+ &+ B)(y + o)+ (4 y?) (e +B)
— 20z — 222 — 2yxy + 2720y — o B — oy)
+2y(2yo — By — Bo) +2:(20f -y — yB)=0
represents a cylinder whose axis is
z—o=y—LB=z-7.
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CHAPTER XIIL
THE INTERSECTION OF TWO CONICOIDS.

164. Any plane meets a conicoid in a conic, and therefore
any plane meets the curve of intersection of two conicoids
in the four points common to two conics. The curve of
intersection is therefore of the fourth degree, or is a ‘quartic
curve.

If the conicoids have a common generator, any plane
which does not pass through it meets it in one point and
meets the locus of the other common points of the conicoids
in three points, and therefore the locus is a cubic curve.
Thus the quartic curve of intersection of two conicoids
may consist of a straight line and a cubic curve.

Ex. The conicoids zz=y? xy=z have OX as a common generator.

Their other common points lie on a cubic curve whose equations may
be written x="¢, y=1¢% z=1¢3, where ¢ is a parameter.

Again, an asymptote of one of the two conics, in which
a given plane cuts two conicoids, may be parallel to an
asymptote of the other. In that case the conics will inter-
sect in three points at a finite distance, and the locus of
the common points of the two conicoids which are at a
finite distance will be a cubic curve.

Ex. We have seen that three cylinders pass through the feet of
the normals from a point (e, 3, ) to the conicoid

ar?+by?+cl=1.

Their equations are x;—xa.=y l;y B =z;7,

or y2(b—-c)-byy+cfz=0, zr(c—a)-coz+ayr=0,
zy(a—b)-alx+boy=0.
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Their curve of intersection is a cubic curve whose equations may be

written B

— _——a- N ——
T=1oar YTT-be Ti-e
One asymptote of any plane section of the first lies in the plane

L
2 S 0,
and one asymptote of any plane section of the second lies in the plane
2 -
7+ = 0.
Hence any plane meets the two cylinders in two conics such that

an asymptote of one is parallel to an asymptote of the other, and
the conics therefore intersect in three points at a finite distance.

165. The cubic curve common to two conicoids. Suppose
that the locus of the common points of two conicoids S, and
S, cofisists of a common generator AB and a cubic curve.
Any generator, PQ, of S,, of the opposite system to AB,
meets S, in two points, one of which lies upon AB and the

A

\l

N~
S

8
Fra. 49.

other upon the curve. Let P, fig. 49, be the first of these
points and Q the second. The plane containing AB and PQ
meets the curve in three points, one of which is Q. But
all points of the curve lie upon S, and the plane intersects
S, in the lines AB and PQ, therefore the other two points
must lie upon AB or PQ, or one upon AB and one upon PQ.
Neither can lie upon PQ, for then PQ would meet the
surface S, in three points, and would therefore be a generator
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of S,. Therefore the cubic curve intersects the common
generator AB at two points.

Let AB meet the curve in R and S, and let P move
along AB. As P tends to R, Q tends to P, so that in the
limit PQ is a tangent at R to the surface S,, and the plane
of AB and PQ is then the tangent plane at R to the
surface S,. But the plane of AB and PQ is tangent plane
at P to the surface S, for any position of P. And therefore
the surfaces S, and S, have the same tangent plane at R.
Similarly, the surfaces also touch at S. But we have
proved, (§ 134, Ex. 10), that if two conicoids have a common
generator, they touch at two points of the generator.
Hence the locus of the common points of two conicoids
which have a common generator consists of the generator
and a cubic curve, which passes through the two points
of the generator at which the surfaces touch.

Ex. 1. The conicoids 52— yz— 222+ 22y + 22+ 2y =0, .cvuueeen.. (1)
2 =2+ 2+ Y =0, ccvirniriniiiiiiiini 6))

have OZ as a common generator. Any plane through the generator
is given by y=tx. To find where this plane meets the cubic curve
common to the conicoids, substitute in equations (1) and (2). We

obtain 2=0, 2(5+21)=2(+2)+2(¢+1)=0, ccrrrrrrrrrirennn. 3)
2=0, 20 -z 4+ t+1 =0 corrrrrernn. (4)

The points corresponding to x=0 lie upon the common generator.
The remaining point of intersection of the plane and cubic has,
from (3) and (4), coordinates

z=t(t+1), z=2t+1)(t+1); and y=tx=(t+1). ........(5)
But ¢ is a variable parameter, so that we may take the equations ()
to represent the curve. The points where the curve meets the
common generator OZ are given by ¢=0, ¢t=-1. They are the
points (0, 0, 1), (0, 0, 0). It is easy to verify that the common tangent
planes at these points are y=0, 2+y=0.
Ex. 2. Prove that the conicoids
2r—yt—yz+ar+x-2y+2=0,
2242y + 322 - Byz +2x — dxy+x — 2y +2=0
have x=y=z as a common generator. Prove that the plane
z-y=t(y—2)
meets the cubic curve which contains the other common points in the
pomt - @fta+d)(1-9) | 3(1-9 | (@e+1)@-1),
48+5¢ ' Y 4d+5’ T 4846t
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shew that the cubic meets the common generator at the origin and the
point #=y=2z= —}, and verify that the surfaces have the same tangent
planes at these points.

166, Conicoids with common generators. The cubic
curve may degenerate into a straight line and a conic or
into three straight lines.

Let 0 and P, (fig. 50), be the points of the common
generator at which the surfaces touch and let the measure
of OP be y. Take OP as z-axis and O as origin. Let OX
and PG be the other generators of the conicoid §; which
pass through 0 and P. Take OX as z-axis, and the parallel
through O to PG as y-axis. Then, since

x=0,y=0; y=0,2=0; z=9y,2=0
are generators of S, its equation may be written

2yz+ 292+ 2hacy —2yy=0. .............. 1)
Z/
P G
= 0 %
X
Fia. 50.

And since the tangent plunes at the origin and (0, 0, y)
to S, are y = 0, 2 =0 respectively, the equation to S, is
a2+ b2+ 2yz+ 2g,2x + 2hxy — 2yy =0. ... (2)
The tangent planes at (0, 0, 2') to S, and S, are given by
gre—y(y—2)=0, g7e—y(ly—2)=0,
and hence if g=g, the surfaces touch at all points of the

B.G. Q
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common generator OZ. We shall consider meantime the
case where g=#¢g,. From (1) and (2), by subtracting, we
obtain a2 +b,y? + 22x(g, — 9)+ 2y (h, —h) =0, ......... 3)
which clearly represents a surface through the common
points of S, and S,. It is in general a cone, having OZ as
a generator, and in general, the locus of the common points
of s, and S, is a cubic curve which lies upon the cone.
But if equation (3) represents two intersecting planes, the
cubic will degenerate. The condition for a pair of planes is

b,(9;—9)*=0, and hence b =0.

If b, =0, PG, whose equations are x =0, z=1, is a generator
of s,, and equation (3) then becomes equivalent to

=0, ax+22(9,—9)+2y(h,—h)=0.

Hence the common points of S, and S, lie upon a conic
in the plane

aye+22(g, — 9)+ 2y (hy —h) =0,
and the two common generators, 0Z and PG, in the plane
x=0.

If, also, @,=0, OX is generator of S,. The plane of the
conic then passes through OX, and is therefore a tangent
plane to both conicoids. The conic therefore becomes two
straight lines, one of which is O0X, and the other a generator
of the opposite system. But OX and PG are of the same
system, and the conic consists therefore of OX and a
generator which intersects OX and PG. The complete
locus of the common points of S, and S, is then a skew
quadrilateral formed by four common generators.

If the conicoids touch at all points of the common
generator 0Z,g=g,, and equation (3) becomes

a,x*4+2(h, - k)xy +by*=0,
which represents a pair of planes through oz.

If these planes are distinct, they meet the conicoids in
two other common generators of the opposite system to OZ.
If they are coincident the conicoids touch at all points of a
second common generator.
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Bx. 1. The conicoids
21% - y? + 422+ 3yz + 6ar+ 4vy — 20 +y — 42=0,
21 — y? — 52— 6yz — 3ew+ 4wy - 2+ y +652=0

have two common generators and a common conic section.
(The generators are =0, y+2=1; y=0, z+x=1.)

Ex. 2. The conicoids
3y?+ 472+ 6yz - bax —xy +y+2=0,
4y*+ 622+ 9yz - 32r+ 2y + 32=0

have OX for a common generator. Find the locus of their other
common points.

Ans. 3x+1= —-2y=42 and x+y+2+1=0, (2y +32)*+2y +62=0.
Bx. 3. The conicoids
22% — 3yz — bax — Bxy +2=0,
422 - 6yz - 1022 + Ty +22=0
have four common generators.
=0, 2=0; 2=0,2=0; =0, 3y—2=1; y=0, bxr—22=1.)
Ex. 4. The conicoids
22+ 2yz+ 622 — 3xy — 122=0,
42— 2yz — 42+ 2xy +82=0
nave two common generators and touch at all points of these generators.
Ex. 5. Prove that the intersection of the conicoids
24+2:-y+2=0, y*-2y-2x-1=0
is a quartic curve whose equations may be written
r=A-2 y=A?+1, z=A-1
Ex. 6. Find the points of intersection of the plane x—9y—4:=0
and the quartic curve which is common to the parabolic cylinders
24102—-y+26=0, »*-2y—x+2=0.
Ans. Two coincident at (17, 5, —7); (2, 2, —4); (82, 10, —2).
Ex. 7. Prove that the conicoids
3x2+42% — 4yz — 20 — 2y — 22+ 22=0,
22— 2822+ Tyz+ 1222 — 11y — 2x+22=0

touch one another at all points of the common generator z=y=z, and
that their other common generators lie in the planes

2(z -y +13(x - y)(y - 2) +12(y —2)*=0.
Ex. 8. If two cones have a common generator, their other common
points lie on a cubic curve which passes through both vertices.

Ex. 9. If two paraboloids have each a system of generators parallel
to a given plane and touch at two points of a common generator of the
system, they touch at all points of the generator.
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Ex. 10. Prove that the three cylinders
y(a-2)=a? z(a—x)=a% z(a-y)=a?
pass through a cubic curve which lies on the surface zyz+a3=0.
Ex. 11. Prove that if the cubic curve
-2 =2 2
TR YTy T
meets a conicoid in seven points, it lies wholly on the conicoid.

Shew that the curve lies upon the cylinders
C,=y2(b-c)—-2y+22=0,
C,=zr(c—a)-2z+2r=0,
C,;=xy(a-b)-2x+2y=0,

and hence that the general equation to a conicoid through it is
AC, +uC;y+vC;=0.
Prove that the locus of the centres of conicoids that pass through
the curve is
(b-c)(c—a)(a-b)xyz+2Z(b—c)(b+c-2a)yz—22(b—c)x=0,
and that this surface is also the locus of the mid-points of chords of

the curve.
Shew that the lines

_2 ,_ 2. .2 2 2 2
Y=a=0"Ta-c’ b= "Tb-a’ TToma Y70
are asymptotic to the curve, and that the locus of the centres passes
through them and through the curve.

Ex. 12, Prove that the general equation to a conicoid through the

cubic curve given by w=t, y=0, 1=8

is A(zy —2)+p(zz - y?) +v(2? - y) =0,
and that the locus of the centres of such conicoids is the surface
223 -3zxy+2=0.

Verify that this surface is also the locus of the mid-points of chords
of the curve.
Ex. 13. The equations to a cubic curve are
r=a,8+b % +ct, y=atP+btt+ct, z=azt3+bgt?+cyt.
Prove that the cone generated by chords through the origin is
given by wu=1v% where
u=Ax+Ay+Az, v=Bix+By+By, w=Cwwr+Cy+Cy;

A= oA etc.; A=

al" ay, by, ¢ |.

agy by, ¢,
as, bs, ¢
Shew that the curve lies on each of the conicoids, (two of which
have a common generator),
wu=v% vw=A0u, wi=Av,
and that the locus of the centres of conicoids that pass through it is
2w(w? — Av) - A(vw — Au)=0.




§167] INTERSECTION OF TWO CONICOIDS 245

Ex, 14, Prove that the equations
e a;t+b, y=a2t+bz - ast+ by
aqyt+ By agt+ 3y ot + 3

determine a cubic_curve, which lies upon three cylinders whose
generators are parallel to the coordinate axes.

Ex. 15. Prove that the cubic curve given by

x=a,t3+ b+ et +d, v a3+ bytt + et + d, Z=q3£-i-_b3ﬂ+ st +dy
aBtbltei+d, ¥ afrbtettd, a B +btt+ct+d,

lies upon the conicoids

Uity =UPy Uglp =gy Ugllg=ply,
where u,=Ax+Ay+Ag+A,, u=Bur+B,y+Byz+B,,
U= Cir+Coy+Cy2+Cy, =D+ D,y+Dyz+Dy;
Al=%$“’ etc.; A=|ay, b, ¢, d|.
! ) bZ) Cay d2
as, ba: C3s d3

i ay, by, ¢4y dy
If A, B, C, D are the points

(?_19_2‘13) (ﬁ’izl’_s) (ﬁfg_c_s) (ql_qu_zda)
a; a e/ \b’ b’ /) \¢' ¢ ¢/’ \d; d; d,)’
each of the conicoids passes through two of the lines BA, AD, DC.
The equations wuqu, =wu.% wuu,=us? represent cones whose vertices
are D and A respectively.
The curve passes through A and D and touches BA at A and

DC at D.
The centres of conicoids through it lie on the cubic surface

2 (g + cquy) (ugvy —wy2) — 2(byuey + dyug) (uguty — ug?)
+(aguy — byuy+ cgug — dgry) (ugug — w,u,) =0.

167. The cones through the intersection of two coni-
coids. Four cones, in gemeral, pass through the curve of
intersection of two given cowicords, and their vertices are
the summats of a tetrahedron which is self-polar with
respect to any conicoid through the curve of intersection.

If the equations to the conicoids are

S = ax?+ by? + c2®+ 2fyz + 292z + 2hay
+ 2ua+ 2vy + 2wz +d =0,
8§ =22+ by + 2%+ 2f yz + 29’z + 2Ry
+2u'z+ 20"y +2w'z+d' =0,
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the equation S+AS'=0 represents a conicoid through the
curve of intersection. This conicoid is a cone if

a+Aa, h+ANR, g+, u+ru’|=0,
L4+AR, b+AY, [N, v+N
g+Ngs [HN,  c+Ad, wH+Aw
w+Aw, v4+ANY, w+rw, d+ND

and this equation gives four values of A. If these are
AL Ags Ag, A, then (o, B, ), the vertex of the cone corre-
sponding to A, is given by

Sa+ ?\18'4 = O, Sp + )\18'3 = 0, SY + 7\18'y = O, Sg + }\lslt = 0, (l)
where S, = g%sL , ete. Again, the polar plane of (a, 8, y)
with respect to S+ uS’=0 has for equation

w(sa'*‘ f‘sla) + y(sﬁ + Ius/ﬁ) + z(sy + /‘S,v) + (st + lus’t) = O’

which by means of the relations (1) reduces to
(=) (xS +ySs+28",+5")=0.

The polar plane of (o, 8, y) with respect to any conicoid
through the curve of intersection is therefore the polar
plane with respect to the conicoid S. Hence this plane is
the polar plane of (o, B, y) with respect to the three cones
corresponding to A,, A;, A,, and therefore passes through
the vertices of these cones. Thus the plane through the
vertices of any three of the cones is the polar plane of the

fourth vertex with respect to any conicoid of the system.
or the four vertices form a self-polar tetrahedron.

168. Conicoids with double contact. If two conicoids
have common tangent planes at two points they are said
to have double contact.

If two conicoids have double contact and the line
joining the points of contact is not a common generator,
their curve of intersection consists of two conics.

If the points of contact are A and B, any plane through
AB meets the conicoids in two conics which touch at A
and B. Take AB as y-axis and any two lines through
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a point on AB as x- and z-axes. Let the conics in which
the xy-plane cuts the conicoids be

f=aa?*+ 2hxy +by*+ 292 + 2fy +¢ =0,

and JHAx?=0.
Then the equations to the two conicoids are
fHz(le+my+nz+p)=0, ...cuueu.... 1)
fHAE+z(le+m'y+n'z24p)=0. ............ (2)

But the sections of the conicoids by the yz-plane also
touch at A and B, and therefore their equations are of the

forms (1, =0, (g 2)+N22=0.
The sections of the conicoids by the plane =0 are given
by byt +2fy +c+2(my+nz+p)=0,
by*+2fy+c+2(m'y+nz4+p)=0,
and therefore m=m" and p=p"
From (1) and (2), by subtraction, we have
A2+ 2{(' =Dx+(n"—n)z} =0;
therefore the common points of the two conicoids lie in two
planes which pass through AB, or the curve of intersection
consists of two conics which cross at A and B.

If AB is a common generator of the two conicoids, the
other common points lie on a cubic curve, which may, as
we have seen in § 166, consist of a straight line and a
conic, or three straight lines. In either case the common
points lie in two planes. In the first case, if the common
generators AB and AC meet the conic in B and C, the coni-
coids touch at the three points A, B, C. For the tangent
plane to either conicoid at B is the plane containing AB
and the tangent to the conic at B, and the tangent plane
to either conicoid at C is the plane containing AC and
the tangent to the conic at C; also the plane BAC is the
common tangent plane at A. In the second case, the

common points of the conicoid lie on the sides of a skew
quadrilateral and the conicoids touch at the four vertices.
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169. If two conicoids have two common plane sections
they touch at two points, at least.

The line of intersection of the planes of the sections will
meet the conicoids in two common points A and B. The
tangents to the sections at A are tangents to both conicoids
at A, and therefore, since two tangents determine the tangent
plane at any point, the conicoids have the same tangent
plane at A. Similarly they touch at B. If one plane
section consists of two generators CA and CB, the conicoids
also touch at C. If the other also consists of two generators
the conicoids touch at their point of intersection, and thus
touch at four points.

The analytical proof is equally simple. If $=0 is the
equation to one conicoid, and

w=ax+by+cz+d=0, v=ax+by+cz+d'=0
represent the planes of the common sections, the equation
to the other conicoid is of the form
S+Auv=0.

If A is the point (., 8, v), then
w=a0+bB+cy+d=0, and v=aa+0B+cy+d =0.(1)

The equation to the tangent plane at A to the second
conicoid is

xS, +YSg+2S,+Si+ A (uv' +vu’) =0,

or, by (1), xS, +ySg+28,+S,=0,
which represents the tangent plane at A to the first conicoid.

Hence the conicoids touch at A, and similarly they touch
at B.

170. The general equation to a conicoid having double
contact with §=0, the chord of contact being wu=0, v=0, is

S+Aul+2uuv +v?=0.
For the tangent plane at A is
xS, +ySg+2S, + S+ 2Auw + 2u(uv’ +vu’) + 200’ =0,
or, since w'=1v"=0, xS,+ySg+2S,+8,=0.
Thus the conicoids touch at A, and similarly, at B.
Again, three conditions must be satisfied if a conicoid is to
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touch a given plane at a given point, and therefore the
general equation should contain three disposable constants,
which it does.

Cor. A focus of a conicoid is a sphere of zero radius
which has double contact with the conicoid, and the corre-
sponding directrix is the chord of contact.

171. Circumscribing conicoids. If two conicoids touch
at three points A, B, C and none of the lines BC, CA, AB is a
common generator, then the conicoids touch at all points of
their sections by the plane ABC.

Since the conicoids touch at B and C, their common points
lie in two planes which pass through BC, (§ 168). Since
these planes pass through A, they must coincide in the
plane ABC. The curve of intersection of the surfaces con-
sists therefore of two coincident conics in the plane ABC,
and the surfaces touch at points of their section by the
plane.

When two conicoids touch at all points of a plane section
one is said to be circumscribed to the other.

Ex. 1. If two conicoids have a common plane section, their other
points of intersection lie in one plane.

Ex. 2, If three conicoids have a common plane section, the planes
of their other common sections pass through one line.

Ex. 3. The locus of a point such that the square on the tangent
from it to a given sphere is proportional to the rectangle contained by
its distances from two given planes is a conicoid which has double
contact with the sphere.

Ex. 4. Two conicoids which are circumscribed to a third intersect
in plane curves.

Ex. 5. When three conicoids are circumscribed to a fourth, they
intersect in plane curves, and certain sets of three of the six planes of
intersection, one from each pair of conicoids, pass through one line.

Ex. 6. Prove that the ellipsoid and sphere given by

22+512+1422=200, 5(a2+y?+2%) — 64r+3624+20=0
have double contact, and that the chord of contact is =8, z=2.
Bx. 7. If a system of conicoids has a common conic section, the

polar planes with respect to them of any point in the plane of the
section pass through one line.
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Ex. 8. If two conicoids have two common generators of the same
system, they have two other common generators.

Ex. 9. The centres of conicoids which have double contact with
the surface a4 byt ct=1

at its points of intersection with the chord r=ea, y=p, and intersect
the plane z=0 in a circle, lie on the line

Ex. 10. A sphere of constant radius » has double contact with the
elllpsoid z? yg 22
Zl_é +'172 + o) =1.

Prove that its centre must lie on one of the conics

2 2 2
K7 z r
=0, 75—+ - —=1——=;
y o TRl a2’
=0 Gt p=l-p
2 2 2
x Y 7
2=0, —t—m=1—r1p
LR S AL SR c?

Examine when the contact is real and when the sphere lies wholly
within the ellipsoid. Cf. §130.

Ex. 11. If a conicoid is circumscribed to a sphere, every tangent
plane to the sphere cuts the conicoid in a conic which has a focus at
the point of contact.

Ex. 12. If a conicoid is circumscribed to another conicoid, the
tangent plane to either at an umbilic cuts the other in a conic of
which the umbilic is a focus.

Ex. 13. Any two enveloping cones of the conicoid
ax’+ by’ +ct=1
whose vertices lie on the concentric and aomothetic conicoid

ax?+ byt +ct=k?
have double contact.

Ex. 14. The centres of conicoids which have double contact with
a given conicoid so that the chord of contact is parallel to a given line
lie in a given plane.

Ex. 15. If two cones have a common circular section, they have
double contact, and if the line joining their vertices meet the plane of
the circle in P, the chord of contact is the polar of P with respect
to the circle.

Ex. 16. If a sphere has double contact with an ellipsoid, the chord
of contact is parallel to one of the principal axes. and the angle
between the planes of the common sections of the sphere and the
ellipsoid is the same for all chords parallel to a given axis.
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172, Conicoids through eight given points. An infinite
number of conicoids can be found to pass through eight
given points.

Take A and B any other two fixed points. Then one
conicoid can be found to pass through A and the eight
given points, and one to pass through B and the eight given
points. Let the equations to these conicoids be §=0, 8"=0.
The equation S+AS"=0 represents a conicoid which passes
through all the points common to the conicoids given by
§=0, 8'=0, and therefore through the eight given points.
And any value can be assigned to the parameter A; there-
fore an infinite number of conicoids can be found to pass
through the eight given points.

The locus of the common points of §=0, §'=0 is a
quartic curve. Hence all conicoids through eight given
points pass through a quartic curve.

Cor. One conicoid, in general, passes through nine given
points, but if the ninth point lies on the quartic curve
through the other eight, an infinite number of conicoids
passes through the nine.

173. The polar planes of a given point with respect to
the conicoids through eight given points pass through a
fized lime.

Any conicoid through the eight points is given by
S+AS'=0, where S=0 and S8'=0 represent fixed conicoids
through the points. The equation to the polar plane of
(o, B, ) with respect to the conicoid S+A8'=0 is

xS, +ySg+2S,+ S+ A (xS, +ySs+28,+8:)=0.
Hence, whatever the value of A, the polar plane passes
through the fixed line
xS, +ySg+2S,+S:=0, a8’,+ySs+25,+8,=0.

Ex. 1. If four conicoids pass through eight given points, the polar
planes of any point with respect to them have the same anharmonic
ratio.

Ex. 2. The diametral planes of a given line with respect to the
conicoids through eight given points pass through a fixed line.
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Ex. 3. The polars of a given line with respect to the conicoids
through eight given points lie on a hyperboloid of one sheet.

If A}, (o, B1) 71) and Ay, (o, B;, ;) are points of the given line,
and we denote ©Sa,+ySp, +7Sy, +Sy, by Pa,
and 2Sa,+ySp; +2Sy, +St; by Py,
then the equations to the polar of A/A, with respect to the conicoid
S+AS’=O are P +/\,P’ =0 P A. ;o

ay 0 =0, Poy+APo,=0.
The locus of the polars is therefore given by
Pe,P'ay = Pa,P'a, =0.

Ex. 4. The pole of a given plane with respect to the conicoids

through eight given points lies on a cubic curve, the intersection of

two hyperboloids which have a common generator. .

Let Ay, (ou, B1, Y1), A, (02 By, ¥2), Asy (o3, B3, 73) be three points
of the fixed plane. Then the pole of the fixed plane with respect to
the conicoid S+ AS'=0 is the point of intersection of the polar planes
of A, A,, A3, and therefore is given by

Pal + AP’al = O, Pa,z + AP’M = O, Paa + /\.P’aa =0.
The locus of the pole is therefore the curve of intersection of the
hyperboloid , , ) ,
YPerbololds  p P —PaP'ay =0, PoP'a; — Po,P'a;=0.

Ex. 5. The centres of conicoids that pass through eight given
points lie on a cubic curve.

174. Conicoids through seven given points. If s=0,
§'=0, 8”=0, are the equations to fixed conicoids through
the seven given points, the general equation to a conicoid
through the points is

SHAS S =0. cerrrririierieeeeeniins (1)

The fixed conicoids intersect in eight points whose co-
ordinates are given by S=0, 8'=0, 8”"=0, and therefore
evidently satisfy the equation (1). Therefore all conicoids
which pass through seven given points pass through an
eighth fixed point.

Ex. 1. The polar planes of a given point with respect to the
conicoids which pass through seven given points pass through a fixed
point.

Ex. 2. The diametral planes of a fixed line with respect to the
coincoids which pass through seven given points pass through a fixed
point.

Ex. 3. The poles of a given plane with respect to the conicoids
‘vivhich pass through seven given points lie on a surface of the third

egree,
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Ex. 4. The centres of the conicoids which pass through seven given
points lie on a surface of the third degree.

Ex. 5. The vertices of the cones that pass through seven given
points lie on a curve of the sixth degree.

Examptes IX,

1. Tangent planes parallel to a given plane are drawn to a system
of conicoids which have double contact at fixed points with a given
conicoid. Prove that the locus of their points of contact is a hyper-
bolic paraboloid which has one system of generators parallel to the
given plane.

2. Tangent planes are drawn through a given line to a system of
conicoids which have contact with a given conicoid at fixed points A
and B. Prove that the locus of the points of contact is a hyperboloid

which passes through A and B.

3. The feet of the normals to a conicoid from points on a given
straight line lie on a quartic curve.

4, The edges OA, OB, OC of a parallelepiped are fixed in position,
and the diagonal plane ABC passes through a fixed line. Prove that
the vertex opposite to O lies on a cubic curve which lies on a cone
that has OA, OB, OC as generators.

5. A variable plane ABC passes through a fixed line and cuts the
axes, which are rectangular, in A, B, C. Prove that the locus of the
centre of the sphere OABC is a cubic curve.

6. The feet of the perpendiculars from a point (a, 3, ¥) to the
generators of the paraboloid xzy=cz lie on two cubic curves whose

equations may be written

_yttot ¢ _ytot,
=qyz ITp e’
¢ _yt+ B _y+Be
= I=3Fe Tiie

7. The shortest distance between the fixed line 2=aqa, 2=5, and the
generator y=A, Ar=z, of the paraboloid xy=2z, meets the generator
in P. Shew that the locus of P is a cubic curve which lies on the

cylinder 22422 —ax—bz=0.

8. Find the locus of the centres of conicoids that pass through a
given conic and a straight line which intersects the conic.

9. Two cones have their vertices at an umbilic of an ellipsoid and
meet the tangent plane at the opposite umbilic in two circles which
cut at right angles. Shew that t?neir curves of intersection with the
ellipsoid lie in two planes, each of which contains the pole of the other.

10. If a cone with a given vertex P has double contact with a given
conicoid, the chord of contact lies in the polar plane of P with respect
to the conicoid.
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11. A variable plane ABC meets the axes in A, B, C,and is at a
constant distance p from the origin. A cone passes through the
curves of intersection of the ellipsoid whose semiaxes are OA, OB, OC,
and the planes OBC, ABC. Prove that its vertex lies on the surface

(1£V2)Pa24y 2+ t=p2

12. When two conicoids touch at all points of a common generator
AB, the line joining the poles of any given plane with respect to them
intersects AB.

13. AB is a given chord of a cubic curve. Prove that an infinite
number of conicoids can be found to pass through the curve and
through AB, and that one of these will touch a given plane which
passes through AB at a given point of AB.

The z-axis is a chord of the curve
=2+t y=3+8, 2=2243t+1.

Prove that the equation to the conicoid which passes through the
curve and the z-axis and which touches the plane 22=3y at the point
©,0,2) is T2+ yz — dar — 2y +4x+ 4y =0.

14. Prove that the conicoids

2% -y — 22+ 2yz — 2wy + 2 — 2y =0,
2t —y? - y2+ 3w — 2y — 2y +2:=0
have a common generator x=y=z, and pass through the cubic curve
e —-2(283+12+1) v 23 —t2-1) . 2(2+2t2-1)
Prer-3i+2 YT 342 ‘T arf2r-3t+2
which touches the generator at (-1, —1, —1).
15. If two conicoids, C, and C,, have double contact, and the pole

with respect to C, of one of the planes of the common sections lies on
C,, then the pole of the other also lies on C,.

16. Find the locus of the centres of conicoids of revolution that
circumscribe a given ellipsoid and pass through its centre.

17. P is any point on the curve of intersection of two right cones
whose axes are parallel and whose semivertical angles are o. and o
If d and @' are the distances of P from the vertices, prove that
d cos ot d cos o’ is constant.

18. If a variable conicoid has double contact with each of three
confocals it has a fixed director sphere.

19, Prove that two paraboloids can be drawn to pass through a
given small circle on a given sphere and to touch the sphere at a given
point, and prove that their axes are coplanar.

20. OP and OQ are the generators of a hyperboloid through a
point O on the director sphere. Prove that the two paraboloids which
contain the normals to the hyperboloid at points on OP and OQ
intersect in a cubic curve whose projection on the tangent plane at O
is a plane cubic with three real asymptotes.
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21, The sides of a skew quadrilateral are the z-axis, the »-axis,
.nd the lines

y=0, lz+mz+1=0; 2=0, ly+mz+1=0.
Prove that the general equation to a conicoid which touches the
ides is
z(lz+oy+mz+ 1)+ kxy +(Ax + py + vz + p): =0,
vhere a.=0" or I'—4(u—Up)(v — mp).

22. Give a geometrical interpretation of the equation of the conicoid
n Ex. 21 in the case when a.=17".

23. Prove that if the joins of the mid-points of AB, CD ; AC, DB;
\D, BC are taken as coordinate axes, the equation to any conicoid
hrough the four sides of the skew quadrilateral ABCD is of the form

)l )G

(a+b) o1 =A% 1) g

vhere A is a parameter. What surfaces correspond to (i) A=1,
i) A=-17?

24, Find the locus of the centres of hyperboloids of one sheet that
vass through the sides of a given skew quadrilateral.

25. If a conicoid passes through the edges AB, BC, CD of a tetra-
tedron, the pole of the plane bisecting the edges AB, CD, AC, BD
vill lie on the plane bisecting the edges AB, CD, AD, BC.

26, If the intersection of two conicoids consists of a conic and two
traight lines through a point P of the conic, the sections of the coni-
oids by any plane through P have contact of the second order unless
he plane passes through the tangent to the conic at P, when the
rontact is of the third order.

27. A cone, vertex P, and a conicoid S have two plane sections
common. The conicoids S, and S, each touch S along one of the
:urves of section. Prove that if S, and S, pass through P, they touch
it P and have a common conic section lying in the polar plane of P
with respect to S.

28. If three cones C,, C,, C; have their vertices collinear and
Ci, C;; C,, C; intersect in plane curves, then C;, C, intersect also
in plane curves and the six planes of intersection pass through one
line.

29. If conicoids pass through the curve of intersection of a given
*onicoid and a given sphere whose centre is O, the normals to them
from O lie on a cone of the second degree, and the feet of the normals
lie on a curve of the third degree which is the locus of the centres
of the conicoids.

30. Two conicoids are inscribed in the same cone and any secant
through the vertex meets them in P, P'; Q, Q. Prove that the lines
of intersection of the tangent planesat P, Q; P, Q" ; P, Q; P, Q' lie
in one of two fixed planes.
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31. The sides of a skew yuadrilateral ABCD are along generators
of a hyperboloid, and any transversal meets the hyperboloid in Py, P,
and the planes ABC, BCD, CDA, DAB in A}, A,, B|, B,. Prove that

P;A,.PB, P,A,.P,B;
P,A. P,.B, P,A,.P,B,

32. A curve is drawn on the sphere 42+ y?+22=a? so that at any
point the latitude is equal to the longitude. Prove that it also lies on
the cylinder 22 +y*=ax. Shew that the curve is a quartic curve, that
its equations may be written

_ed-y 2a(-8) _ 2at
- (1+t2)2 Y= (1422)2 A I

and that if ¢, ¢,, 4, ¢, are the values of ¢ for the four points in which
the curve meets any given plane, t,2,t5t,=1.

x

33. The general equation to a conicoid through the feet of the
normals from a point to an ellipsoid, S=0, is

S+A01+HCZ+V03=O,

where C,; =0 C,=0, C;=0 represent cylinders through the feet of the
normals.

Prove that the axes of paraboloids of revolution that pass through
the feet of six concurrent normals to the conicoid ax?+ by?+cz2=1 are
parallel to one of the lines

I .
—a+b+c a-b+ec a+db-c

34. Prove that the cone whose vertex is (a, 0, 0) and base
3% 2
?)—24'?: 1, .2":0,

intersects the cone whose vertex is (0, b, 0) and base

2 22
672"'52:1’ y=0,

. 2 2
in a parabola of latus rectum \_/a‘_‘c-l‘-?z'

(A figure shows that the cones also touch along the line

=0, T+¥=1).
z—O,a+b 1)
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CHAPTER XIIL
THE CONOIDS.

175. A cone is the surface generated by a straight line
which passes through a fixed point and intersects a given
curve, and a cylinder is the surface generated by the
parallels to a given straight line which intersect a given
curve. These are the most familiar of the ruled surfaces.
Another important class of ruled surfaces, the conoids, may
be defined as follows: a conoid is the locus of a line which
always intersects a fixed line and a given curve and is
parallel to a given plane. If the given line is at right
angles to the given plane, the locus is a right conoid.

Ex. The hyperbolic paraboloid is a conoid, since it is the locus of
a line which intersects two given lines and is parallel to a given plane,
(§ 50, Ex. 3).

176. The equation to a conoid. If the coordinate axes
be chosen so that the given line is the z-axis and the given
plane the xy-plane, the generators of the conoid will project
the given curve on the plane z=1 in a curve whose
equation, let us suppose, is z=f(y). Let P, (1, y,, 2,), be
any point of this curve; then z =f(y,). The generator of
the conoid through P is the line joining P to the point
(0, 0, 2,), and therefore has equations

—_— = —,

Eliminating y, and 2z, between these equations and the
equation z,=f(y,), we obtain the equation to the conoid,

viz., z2=[f(y/x).

Ex. 1. Find the equation to the right conoid generated by lines
which meet OZ, are parallel to the plane XOY, and intersect the
circle z=a, y*+22=r2 Ans. 2*(22—r?)+a?y?=0.

B.G. B
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Ex. 2. The graph of ¢sinf, from =0 to §=2rr, is wrapped
round the cylinder 2%+ y%=r% so that the extremities of the graph
coincide on OX. Lines parallel to the plane XOY are drawn to meet
OZ and the curve so formed. Prove that the equation to the conoid
they generate is

. 42
rtan-1Z =gin12
& ¢

Ex. 3. Prove that if r=2, the equation to the locus becomes
2(a?+y?)=2cxy.

(The locus is the cylindroid.)
2
Z
—
ZI
Fia. 51 Fia. 52.

Ex. 4. The curve drawn on the right cylinder 2%+y%=a? so as ta
cut all the generators at the same angle is called the right circular
helix. The coordinates of any point on it are easily seen, (fig. 51),
to be given by z=acosf, y=asinf, z=aftanc.

The conoid generated by lines parallel to the plane XOY which
intersect the z-axis and the helix is the helicoid, (fig. 52). Shew that

; B
ts equationis -, _, tan-ly/x, where c=atano.

Ex, 5. Lines parallel to the plane XOY are drawn to intersect OZ
and the curves 2 o %

() at+yr=rt, Gl=2s
. 22 gt 2
(ll) x2+y9+z2=b2, ;2+5§+g=1.
Find the equation to the conoids generated.

2
dna. () ot S+ 55)=2:(a ),

) 05 +) = (1-5) a9



§177) SURFACES IN GENERAL 259

Ex. 6. Discuss the form of the conoids represented by
(i) y2=4ace, (ii) yB=aa®
Ex. 7. Conoids are constructed as in Ex. 2 with the graphs of
ccosec @, ctan . Find their equations, considering specially the
cases in which 7=1 and r=2.
-1,
c
r=1, A(2?+y2)=y%% z=cy;
r=2, c(2¥+y?)=2wys 2cxy=2(2%-y).
Ex. 8. A curveis drawn on a right cone, semi-vertical angle a., so
as to cut all the generators at the same angle, 3, and a right conoid is

generated by lines which meet the curve and cut OZ at right angles.
Prove that the coordinates of any point on it are given by

z
Ans. rtan -1%=cosec‘lg, rtan-1%=tan

z=ucos §, y=usinf, z=aem,
where m=sin o cot S.

SURFACES IN GENERAL.

177. We shall now obtain some general properties of
surfaces which are represented by an equation in cartesian
coordinates. In the following paragraphs it will some-
times be convenient to use ¢ 5, { to denote current co-
ordinates.

The general equation of the nt® degree may be written

W+ + U+ ... +up=0,
where u, stands for the general homogeneous expression in
x, y, z of degree . The number of terms in wu, is

(r+1)(r+2)
1.2 ’

and therefore the number of terms in the general equation is

BN (DO EDOAD)_ 11, eay.

Hence the equation contains N disposable constants, and
a surface represented by an equation of the n't degree can
be found to satisfy N conditions which each involve one
relation between the constants.

Ex. 1. In the general cubic e%;mtion there are 19 disposable con-
stants, and a surface represented by a cubic equation can be found to
pass through 19 given points.
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Ex. 2. A cubic surface contains 27 straight lines, real or imaginary.
If u=0, v=0, w=0, u;=0, v,=0, w;=0 represent arbitrary planes,

the equation wvw + Ay, =0

contains 19 disposable constants, and therefore can be identified with
any cubic equation. Suppose then that the equation to the given
surface has been thrown into this form. Clearly the lines

=0, #;=0; u=0, v=0; u=0, w=0;

v=0, ul=0; v=0, ,=0; v=0, w,;=0;

w=0, u,;=0; w=0, v»=0; w=0, w=0
lie upon the surface, so that the surface contains at least nine straight
lines, real or ima,%‘inary

Consider now the equation
UV = KUy Uy

It represents a hyperboloid of one sheet which intersects the surface
at points which lie in the plane kw+Aw;=0. Now « can be chosen
so that this plane is a tangent plane to the hyperboloid, and then the
common points lie upon the two generators of the hyperboloid which
are in the plane. Thus the surface contains two other straight lines.
But since each of the sets of quantities u, », w; w,, v, w, can be
divided into groups of two in three ways, there are nine hyperboloids,
each of which has two generators lying upon the surface.

The surface therefore contains twenty-seven straight lines, real or
imaginary.

178. The degree of a surface. If an arbitrary straight
line meets a surface in n points the surface is of the ntt

degree.
Consider the surface represented by the equation of the
nth degree, F(£, 5, {)=0. The straight line whose equations

are E—x_n—y_C—2z ,_
I " m  n (=p)

meets the surface at points whose distances from (z, ¥, 2)
are given by F@+1p, y+mp, z+mp)=0,

. o)
e F(z, v, 2)+ p(lé—a—;+ m%-}-na%) F

£02 s m2 1n2Y
+|_2<lax+may+'n§> F4...
°
oy
This equation gives n values of p, and therefore the line

(2 By
+|ﬁ<lax+m +'naz) F=0. .cueievenen(1)
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meets the surface in n points. Hence the locus of an
equation of the n** degree is a surface of the ntt degree.

Cor. Any plane section of & surface of the n'* degree is
a curve of the nt® degree.

179. Tangents and tangent planes. If in equation (1)
of the last paragraph, F(x, y, 2)=0, the point (x, y, 2) is on
the surface. If also

OF OF OF
l,égj+m53—/+né;=0, .................... (2)

the equation gives two zero values of p, and the line meets
the surface at (x, y, z) in two coincident points. If therefore
OF OF OF
% By o
are not all zero, the system of lines whose direction-ratios
satisfy equation (2) touches the surface at (z, y, z), and
the locus of the system is the tangent plane at (z, y, 2),
which is given by

(E-0) 5+ (=g + (=D =0,

If the equation to the surface is made homogeneous by
the introduction of an auxiliary variable ¢ which is equated
to unity after differentiation, the equation to the tangent
plane may be reduced, as in § 134, to the form

OF OF (OoF _OF
Ea_w+”8_§+§8—z+t52_0'

Ex. 1. Find the equation to the tangent plane at a point (z, ¥, 2)
of the surface {n{=a? Ans. Elx+n[y+{/z=3.

Ex. 2. The feet of the normals from a given point to the cylindroid

z(22+y?)=2cxy
lie upon a conicoid.

180. The inflexional tangents. Two values of the
ratios [ :m, l:m can be found to satisfy the equations

oF OF oOF

o°F PF , L,OF 0% oF o%F
el el el 9T o T =
4 T st az2+2m”ayaz+2nlazax+2lmz 7 0,
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formed by equating to zero the coefficients of p and p? in
equation (1) of §178. The lines through (z, y, z) whose
directions are determined by these values meet the surface
in three coincident points. That is, in the system of
tangent lines through (z, y, 2) there are two which have
contact of higher order than the others. They are called
the inflexional tangents at (x, ¥, 2). They may be real
and distinct, as in the hyperboloid of one sheet, real and
coincident, as in a cone or cylinder, or imaginary, as in
the ellipsoid.

The section of the surface by the tangent plane at a
point P on it is a curve of the nt® degree, and any line
through P which lies in the tangent plane meets the curve
in two coincident points. P is therefore a double point of
the curve. The inflexional tangents at P meet the curve in
three coincident points, and are therefore the tangents to
the curve at the double point. Hence, if the inflexional
tangents through P are real and distinct, P is a node on the
curve ; if they are real and coincident, P is a cusp; if they
are imaginary, P is a conjugate point.

181. The equation {=f(¢ #). If the equation to the
surface is given in the form {=f(§ #), the values of p
corresponding to the points of intersection of the surface
and the line f_zwr_”_y:{_z (=

pee - p)

are given by
z+np=jf(z+1lp, y+mp), ,
=f(z, y)+p(pl+qm)+f)§('rl2+ 2slm+tm?)+ ...,
%, 'raa—2%-, 8= s ) tE-a—i%.
oy ot oy oy?
Hence the tangent plane at (x, ¥, 2) has for its equation

p(§—2)+9(—y)—({-2)=0,
and the inflexional tangents are the lines of intersection of
the tangent piane and the pair of planes given by

r(E—2P+28(E—2)(n—y)+t(n—yP=0.

oz
where p= 5 1=
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Ex. 1. The inflexional tangents through any point of a conoid
are real.

One inflexional tangent is the generator through the point, and is
therefore real. Hence the other must also be real.

Or thus: The inflexional tangents are real, coincident, or imaginary
according as r¢ —s? § 0.
For the conoid z=f(y/x),
Y 1,
p= _ézf ’ q=_’if )
2 Y 2 ” 1 ’ " ] )
r=AF+8r a=—nf-Lf t=mfh

1
= —— {2,
and hence #7t—s gt

Ex. 2. Find the equations to the inflexional tangents through a
point (z, 9, 2) of the surface (i) n?{=4c§, (ii) {*n=a§3.

N -z _m-y (-2 f-x_n-y_ -2,
Ans. () >5-="g =0 =g =g
(11) n=y afx {yz ) ox 33, z *

Bx. 3. Any point on the cylindroid
2(2% 4+ y?%) = 2cxy

is given by r=ucos, y=usinf, z=csin26.

Prove that the inflexional tangents through “wu, 6” have for

equations z—ucos@ y—usin@ z—csin 26

—usin30 wcos30  2ccos?20 ’
> _ y _z-—csin26
cosf sinf O
Ex. 4. Find the locus of points on the cylindroid at which the
inflexional tangents are at right angles.

182. Singular points. If at a point P, (z, y, 2), of the
surface OF _OF OF _
¢ oy 2z

every line through P meets the surface in two coincident

points. P is then a singular point of the first order. The
lines through P whose direction-ratios satisfy the equation

0,

(12 4m2+n2)rm0

meet the surface in three coincident points at P, and are
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the tangents at the singular point. The locus of the system
of tangents through P is the surface

O%F o°F
(f—-x)z,a%:_;'-{-...2(ﬂ—y)(§—2).’ay—'az+... =0.

Singular points are classified according to the nature of
the locus of the tangent lines. When the locus is a proper
cone, P is a conical point or conic node, when it is a pair of
distinct planes, P is a biplanar node or binode, when the
biplanes coincide, P is a uniplanar node or unode.

The six tangents through a singular point P, (z, ¥, 2),
whose direction-ratios satisfy the equations

(la%+m%+n%)2p=o, (l%+m%+n—%>3F=O,

have four-point contact with the surface at P. They corre-
spond to the inflexional tangents at an ordinary point of
the surface.

Ex. 1. For the surface
24+t A Bryz 4 222 — Y2+ 2+ 4y2 4 Bex =0,
the origin is a conic node. The locus of the tangents at the origin is
the cone 2% — y2+ 224+ 4yz+ 32x =0.
The six tangents which have four-point contact are
2=0, y=(2+5)z; y=0, 2r+2=0;
y=0, r+2=0; 2=0, N2x=+y.
Ex. 2. For the surface
24yt A+ Bxyz+ 2 — 2y — 322 — Byz+ 2ex + 2y =0,
the origin is a binode. The six tangents with four-point contact are
2=0, 2y+3:=0; =2=0, y+2=0; y=0, 324+2=0;
¥y=0, z—2=0; 2=0, 24+2y=0; 2z=0, x-y=0.

The sections of the surface by the planes #+42y+3:=0, r-y-2z=0,
have a triple point at the origin.

Ex. 3. The equation to a surface is of the form
2t ugtuygt ... +u,=0.

Prove that there is a unode at the origin, that the section of the
surface by the plane z=0 has a triple point at the origin, and that the
three tangents there, counted twice, are the tangents to the surface
with four-point contact.
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Ex. 4. The equation to a surface is of the form
224yt ugt+uy+ ...+ %, =0.
Shew that the section of the surface by any plane through OZ has
a cusp at the origin.
Ex. 5. For the surface
xy + 2(ax? + 2hzy + by?) + 2(cx + dy) =0,
prove that the origin is a binode and that the line of intersection of
the biplanes lies on the surface. Shew that the plane cx+dy=0isa
tangent plane at any point of OZ.
Ex. 6. Find and classify the singular points of the surfaces
(i) a’2® - b%y*=2%c~2),
(i) zyz=ax?+by?+cz?,
(iii) x(x?+3y?+32%)=3a(x?—y2 - 22),
(v) zyz—a¥r+y +2)+2a>=0.

Ans. (i) (0, G, 0) is binode ; (ii) (0, O, O{)is conic node ; (iii) (0, 0, 0)
is conic node, (the surface is formed by revolution of the curve
x(x?+ 3y?) =3a(x? - y?), =0, about OX); (iv) (e, a, @) is a conic node.

Ex. 7. Find the equation to the surface generated by a variable
circle passing through the points (0, 0, +c¢) and intersecting the circle
z=0, 2*+y?=2ax, and shew that the tangent cones at the conical
points intersect the plane z=0 in the conic

(c? - 4a?) 22+ ¥y =4ac?z.

Ex. 8. If every point of a line drawn on a surface is a singular
point, the line is a nodal line. Find the nodal lines of the surfaces

(i) 2(a*+9) = 2azy,
(ii) X2+ 22 =a%(a? - ?),
(i) (y2+2H){(2r—y)*+ 22} =4a%%
Ans. (i) x=y=0; (ii) z=y=0; (i) y=2=0, y—2r=2=0.
Ex. 9. Prove that the z-axis is a nodal line on the surface
2xy + ax’® + 3bx%y + 3cxy® + dy® + 2 pr? 4+ 29xy + ry*) =0,
any point (0, 0, y) being a binode at which the tangent planes are
2xy +y( pr?+2qry +ry?)=0.

Prove also that if » and p have the same sign there are two real
unodes lying on the nodal lins.

Ex. 10. For the surface
2y + 23 - 2%y — 3wy + P+ 2(2? - py +yH) =0,
prove that the z-axis is a nodal line with unodes at the points (0, 0, — 2),
(0, 0, 3).
183. Singular tangent planes. We have seen that the
tangent plane at a point P of a surface meets the surface
in a curve which has a double point at P. The curve may
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have other double points. If Q is another double point,
the plane contains the inflexional tangents to the surface
at Q, and is therefore the tangent plane at Q. A plane
which is a tangent plane at two points of a surface is a
double tangent plane. We may likewise have planes touching
at three points of the surface or triple tangent planes, and
tangent planes touching at four or more points of the
surface.

Or we may have a tangent plane which touches the
surface at all points of a curve, as the tangent plane to a
cone or cylinder. Such a plane is a singular tangent plane or
trope.*

Ex. 1. For the cubic surface wvw+wuv,w;=0, the planes u=0,
v=0, w=0, u; =0, v, =0, w, =0 are triple tangent planes.

The intersection of the plane u=0 and the surface is the cubic curve
consisting of the three straight lines u=u,=0, u=v,=0, u=w,=0.

These lines form a triangle and the three vertices are double points,
8o that the plane =0 is tangent plane at three points.

Ex. 2. Find the singular point on the surface
(22 +y°+ 2= 4a¥(2* +7),
and shew that the planes z= +a are singular tangent planes.
Ex. 3. Sketch the form of the cone
X+ 2 = a2 (w? — y2),
and shew that the planes 2v/2cy= taz each touch it along two

generators.
The sections by planes parallel to XOY are lemniscates.

Ex. 4. Prove that the planes z= + ¢ are singular tangent planes to
the cylindroid 2(2?+ y%)=2cxy.

THE ANCHOR-RING.

Ex. 5. The surface generated by the revolution of a circle about
a line in its plane which it does not intersect is called the anchor-ring
or tore.

If the straight line is the z-axis and the circle is y =0, (z — a)? +22=b?,
(a > b), shew that the equation to the surface is

(P +y2+ 22+ a? - b= 40X (a2 +yP).
Prove that the planes z= + b are singular tangent planes.

* For an adequate discussion of the singularities of surfaces the student
is referred to Basset’s Geometry of Surfaces. An interesting account of
the properties of cubic surfaces with methods for the construction of models
is given in Cubic Surfaces, by W. H. Blythe. Kummer’s Quartic Surface
(H\}dson) contains an exposition of the properties of various quartio
surfaces.



§183] THE WAVE SURFACE 267

Ex. 6. Prove that the polar equation of the curve of intersection
of the surface and the tangent plane x=a—b, referred to a line
parallel to OY as initial line, is 72=4a?sin (a.— ) sin (. + 6), where
sin o =+b/a.

Ex. 7. Prove that the inflexional tangents at (a—0, 0, 0) are
r=a-b, yb=+2va—b.

Ex. 8. The tangent plane which passes through OY is z=x tan o,
where sin aw=>b/a and it touches the surface at the two points

(acos?a, 0, acosasine), (—acos?e, O, —acososina).

Where it meets the surface we have

xsino=zcoso, (224+y+22+a?-b2)=4a%2?+3?%);
therefore
(#2492 + 22 - a? cos®o)? =4a¥X( 22+ y2) — 4a?(a?+ y2 + 22) cosla,
=40%(2?+ y?) sin’o. — 4022 cos?a,
=4a%y?sin%.

Hence 22+ (y+asina)i+22=al

Therefore the curve of intersection of the surface and the tangent
plane consists of two circles which intersect at the points of contact

(acos?e, O, acososinw), (—acos’e, O, —acososina).

THE WAVE SURFACE.

If N'ON is normal to any central section of the ellipsoid
22 2 AR
Bl
and lengths OA, OA’; OB, OB’ equal to the axes of the section are
measured along ON and ON’, the points A, A’, B, B’ lie upon a surface
of the fourth degree, which is called the wave surface. Since the axes

of the section by the plane lx+my+nz=0 are given by

a?l? | Pm? Wl
PN R S c”—r“’:O’

=1,

the equation to the wave surface is
att | bt kR —o,
at—r? b2—r? ci-r?
where 72=122+32+22 The equation, on simplification, becomes
(22 + 32+ 22) (a2 + b%y2 + c%?) — a? (D2 + c) 2% — D2 (c? + a?)y? — c2(a? + b?) 22
+a?b?c?=0.

If the plane of section of the ellipsoid passes through one of the
princi{)a.l axes, that axis is an axis of the conic in which the plane cuts
the ellipsoid. Thus one of the axes of any section through Y'OY is
equal to b. The remaining axes of such sections coincide in turn with
the semi-diameters of the ellipse y=0, 2%/a?+2%/c2=1. Hence the
points A, A’, B, B’, corresponding to sections through Y'OY, describe
a circle of radius b and an ellipse which is simply the above ellipse
turned through a right angle, and whose equations are therefore y=0,
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%[t +2%/a?=1. The circle and this ellipse clearly form the inter-
section of the wave surface and the plane y=0.

The result can be immediately verified by putting y equal to zero
in the equation to the surface, when we obtain

(22 + 2% - b)) (%2 + o — c?a?) = 0.

Similarly, the sections of the surface by the planes x=0, =0 are
the circles and ellipses given by

=0, (y2+2%—a?)(b%?+c%2-b2%?)=0;
2=0, (27+y2—c?)(a?2?+ b%? - a?b?)=0.
Fig. 53 shews an octant of the wave surface.
If a>&>c, the only two of these circles and ellipses which have
common points lie in the plane =0, and the points are given by
a 2 ac

ar Yyt . .
N@=82 0 Jpi—¢t Nat=c?

F1a. 53.

The wave surface consists of two sheets, one described by points
such as A and A’, the other by points such as B and B’. The sheets
will cross only where the axes of the central sections are equal.
Hence since there are only two real central circular sections, and the
radius of each is b, the only four points common to the two sheets lie
on the normals to the central circular sections, and are at a distance b
from the centre. They are given by

af ol b + ac

Na-B 0 Jii-¢ = Ja2-0t bi-c¢ Jai-ct
et T

=1=
0

and are thus the points of intersection of the circle and ellipse in the
plane y=0, as clearly should be the case.

If P is one of these four points, the section of the surface by the
plane y=0 has a double point at P, and the plane y=0 is not a
tangent plane at P. This suggests that P is a singular point on the
wave surface. Change the origin to P, (£, 7, {), noting that

E+=0, =0, &+ (?=a%"
The equation becomes
4(a?zf+ %) (wf +2{) - y*(a® - b)(b* - ) +...=0,
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and hence P is a conical point. Thus the wave surface has four
conical points, and they are the points of intersection of the circle and
ellipse which form the section of the surface by the plane y=0.

Since any plane section of the surface is a curve of the fourth
degree, if the surface has a singular tangent plane, the intersection
of the tangent plane with the surface will consist of two coincident
conics, or the plane will touch the surface at all points of a conic.
Any plane will meet the conic in two points Q and R, the singular
tangent plane in the line QR, and the surface in a curve of the fourth
degree which QR touches at Q and R. Considering, then, the sections
of the surface by the coordinate plapes, we see that any real singular
tangent plane must pass through a common tangent to the circle and
ellipse in the plane y=0. Their equations are

y=0, 224+2%=0%; y=0, %’ +a%r?=c%’,
and the common tangents are easily found to be given by

y=0, +Na?=blr i =ctz=bral-ct,
or by arf+cz{=abe, y=0,

where (&, 9, {) is one of the singular points.

If the equation to the surface is f(z, y, 2)=0, %=0 when y=0,

and hence the tangent plane at any point of the zz-plane is parallel
to OY, and therefore the plane

arf+cz{=abe

is at least a double tangent plane. Now the equation to the surface
can be written in the form

b2(r2 — a2)(r2 — ?) +(a? — b2) (12 — ?)r? — (b2 — 2)(2 — a)22 = 0,

or {b(r2 - az)-l-ai;é(a?—c?)}{b (r2—c?)— %((az_ 02)}

Therefore the plane arf+ cz{=abc meets the surface at points lying
on one of the spheres

br-a)+ " (- H=0, b(r2-e)-Z(a- =0,

But, subtracting, we see that the common points of these spheres
lie in the plane
‘?§+ f_(= b’
c a

or axé +cx{=abe.

Thus the plane meets both spheres in the same circle, or the section
of the surfac> by the plane consists of two coincident circles, and
therefore the plane is a singular tangent plane. The wave surface
has therefore four singular tangent planes.
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184. The indicatrix. If the tangent plane and normal
at a given point of a surface be taken as the plane z=0
and the z-axis, and the equation to the surface is then
z2=f(x, y), this equation may be written

s=pr+qy+3(ra®+ 22y +ty>)+...,
where p, ¢, 7, s, ¢ are the values of
o’ oy’ ox? oxoy’ oy
at the origin ; or, since p=¢=0,
2z =ra?+2scy +ty*+....

Hence, if we consider # and ¥y in the neighbourhood of
the origin to be small quantities of the first order, z is
of the second order, and therefore, if we reject terms of the

third and higher orders, we have as an approximation to
the shape of the surface at the origin the conicoid given by
2z =ra’+ 2sxy + tyt

This conicoid is a paraboloid if r¢==s% and a parabolic
cylinder if r¢=s% In the neighbourhood of the origin the
sections of the surface and conicoid by a plane parallel to
the tangent plane, and at an infinitesimal distance & from
it, coincide ; the section of the conicoid is the conic given by

z=h, 2h=ra?42sxy+1ty?
which is called the indicatrix. The inflexional tangents are
given by 2=0, ra®+42sxy+ty*=0,
and are clearly parallel to the asymptotes of the indicatrix.
Hence if the inflexional tangents are imaginary, the indi-
catrix is an ellipse, and the origin is an elliptic point on the
surface; if they are real and distinct, the indicatrix is a
hyperbola, and the origin is a hyperbolic point; and if they
are coincident, the indicatrix is two parallel straight lines,
and the origin is a parabolic point.

At an elliptic point the shape of the surface is approxi-
mately that of an elliptic paraboloid, and therefore the
surface lies on one side of the tangent plane at the point.
It is said to be synclastic in this case. At a hyperbolic
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point the shape is approximately that of a hyperbolic
paraboloid, and the surface lies on both sides of the tangent
plane. At such a point it is said to be anticlastic.

Ex. 1. Every point on a cone or cylinder is a parabolic point.

Ex. 2. Find the locus of the parabolic points on the surface
F(z, v, 2,t)=0.
The direction of the inflexional tangents through (z, , z) are given

by IF.+mF,+nF,=0,
UF oo+ m?F ,, + n%F 4+ 2maF ,, + 2nlF . + 2lmF ., =O0.
Hence the inflexional tangents coincide if
Fz:n szy an Fz =0. ciiririenienens esesces (1)
Fyz’ F!/ll’ FW’ Fl/
Fu’ Fzya F") Fz
F., F,, F, O
But F, is a homogeneous function of z, y, 2, ¢, of degree (n—1), and
therefore ZF g+ YF oy + 2F 4+ tF e =(n— 1)F,, etc.,
by means of which equation (1) can be reduced to
Fazy Fayy Fuy, Fz |=0.
Fl/x’ Fw’ Fxm th
FZI’ Fzﬂ’ Fll) FZ!
Fu, Fty, th, Fe
This equation determines a surface whose curve of intersection with
the given surface is the required locus.
Ex. 3. Prove that the points of intersection of the surface
2yt A=at
and the coordinate planes are parabolic points.
Ex. 4. Prove that the parabolic points of the cylindroid
2(a+y)=2czy
lie upon the lines r—y=0, z=c; x+y=0,2=—c.
Ex. 5. Prove that the indicatrix at a point of the surface z=1(x,y)
is a rectangular hyperbola if (14 p%)¢+(1+¢%)r—2pgs=0.
Ex. 6. Prove that the indicatrix at every point of the helicoid

(z—’=tan“g is a rectangular hyperbola.

Ex. 7. The points of the surface zyz—a(yz+z2x+2y)=0, at which
the indicatrix is a rectangular hyperbola, lie on the cone

ah(y +2)+ e+ 5) + (2 +7)=0.

185. Representation by parameters. If z, y, z are
functions of two parameters u and v and are given by the
equations

z =f1 (w, v), Yy =f2(u" v), 2 =f3(u’ v),
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the locus of the point (z, y, 2) is a surface. For w and v
can be eliminated between the three equations, and the
elimination leads to an equation of the form F(z, y, 2)=0.
The tangent plane. To find the equation to the tangent
plane we may proceed thus. The equation is
(§—2)Fz+(n—y)Fy+({—2)F,=0.
But since =z, ¥, z are functions of » and v,
Fsly+ FyYu+F2,=0
and Fzy+ Fyyv +F.2,= 0.
F. _ F, _ F
YuZo— Yy Zulo—Tuly  LulYo—Yuly
These give the direction-cosines of the normal.

Therefore

The equation to the tangent plane is

f—x, n—y, (—z |=0.

wu ) 3/14 ’ zu.

Ly yv; 2y
Ex. 1. Find the tangent plane at the point “wu, ” on the helicoid,

for which _ o _
x=wucos @, y=usinf, z=ch.

Ex. 2. Find the tangent plane at the point “u, § ” on the cylindroid,
for which _ . .
z=ucos §, y=usinf, z=csin20,

and prove that its intersection with the surface consists of a straight
line and an ellipse whose projection on the plane z=0 is the circle

(2% + y?%) cos 20 — u(x cos  — y sin )=0.

Ex. 3. Prove that the normals at points on the cylindroid for
which 6 is constant lie on a hyperbolic paraboloid.

Ex. 4. Prove that the equations
rz=aA+bptedp, y=ad+bpt+cAp, z=asd+bpteAp

ditermine a hyperbolic paraboloid if A#0, and a plane if A=0,
where

A=|a, b, ¢].
ay by ¢
ag, by, ¢

Ex. 5. If A+0, prove that the equations
z=a M+bAp+epl, y=aA?+bAp+opd, z=agh?+bAp+cgpl

determine a cone whose vertex is the origin and which has as
generators the lines

wlay=ylay=z/as, x[c,=ycg=2]cs.
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Examples X,
1. Prove that the surfaces
2xyz —a%—yt—224+1=0,
2(2+yE— 22+ 1)=2xy
have each four conic nodes whose coordinates are
(1’ 1) 1): (], “1’ “1)’ (_1’ 1’ "l)v (“17 ‘1) 1)'
2. Prove that the surface
(r+y+z-aP=uxyz
has binodes at the points (a, 0, 0), (0, a, 0), (0, 0, a).
3. Prove that the line 2r=a, z=0 is a nodal line on the surface
dc (x — a)+by(22 — a)?=0,

and that there is a unode at the point where it meets the plane y=0.
Prove also that the section of the surface by any plane tﬁrough the
nodal line consists of three straight lines, two of which coincide with
the nodal line.

4, Prove that the surface
(#*+7%)(3y —2)*=4"

contains an infinite number of straight lines, Examine the nature of
the sections by planes through the line =3y —2=0.

5. Prove that the equation
a(y-0)(z—c)t-b(r—a)(z+c):=0

represents a conoid which is generated by lines parallel to the plane
XOY which meet the line xr=a, y=>b. Shew also that the normals to
the surface at points of the generator x/a=y/b, z=0, lie on the hyper-
bolic paraboloid

4ab(bx — ay)(ax +by — a? — b¥)=cz(a?+ b2)2
6. Shew that the equation
B+y}+2-3ryz=al

represents a surface of revolution, and find the equations to the
generating curve.

7. Prove that the perpendiculars from the point (o, B, ¥) to the
generators of the cylindroid

r=ucos §, y=usinf, z=csin20
lie on the conicoid
Y@= +y(@F - By +2(r—a)(y - B)— (- y)(ox+ By — - 32)=0.
8. Prove that the only real lines lying on the surface #3+y3+2*=a?
r=a, y+2=0; y=a, z+2=0; z=a, r+y=0.

Shew also that the section of the surface by a plane through one of
these lines consists of a straight line and a conic. Determine the
position of the plane through the line x=a, y+2=0 which meets the
surface in a conic whose projection on the yz-plane i3 a circle.

8.G. §

are
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9. Shew that an infinite number of spheres with centres on the
zy-plane cuts the surface (2*+y%)(x+a)+24(x—a)=0 at right angles,
and find the locus of their centres.

10. Discuss the form of the surface
y2P + 2kxyz + ke — 2ak%y =0.

Shew that it is a ruled surface, and give a geometrical construction
for the generator through a given point of the parabola in which it
meets the zy-plane. Prove also that any point on its curve of inter-
section with the cylinder 2% +y?=2ay is given by

r=2asin fcos §, y=2acos?f, z=*~k(sec@ -tan 6).

11. P, P are (a, b, ¢), (—a, —b, —c); A, A’ are (a, b, —c),
-a, b, —¢); B, B are (—a, b, ¢), (—a, —b, ¢); and C, C' are
ga, —-b, ¢), (@, —b, —c). Prove that the equation to the surface
generated by a conic which passes through P and P’ and intersects
the lines AA’, BB’, CC' is

o) (Y1) (2o (.?_/_z)_(f_a)2<i?_ )=
<a+1)(b 1)(0 a) b ¢ a b/ \c¢ 1)=0.

Shew that this surface contains the lines, AA, BB’, CC/, PA, PB,
PC, P'A, P'B’, P’C/, PP. Examine the shape of the surface at the
origin. Shew that any point on PP’ is a singular point, and that

P and P’ are singular points of the second order, (that is, that the
locus of the tangents at P and P’ is a cone of the third degree).

12. If A, ware the ;)ara,meters of the confocals through a point P of
an ellipsoid «2/a®+y?2/b2+2%/c?=1, centre O, prove that the points on
the wave surface which correspond to the section of the ellipsoid by
the diametral plane of OP are given by

e b= N)(a?-p) , a?(B-N)(PP-p) , a?BU(F-A)(E-p),

TAXETP (@@= T TANG— (32T LT A= ad)(E—b?)
and the corresponding expressions obtained by interchanging A and .
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CHAPTER XIV.
CURVES IN SPACE.

186. The equations to a curve, The equations

fi@ Y, 2)=0, fy(=,y,2)=0
together represent the curve of intersection of the surfaces
given by f,(2, ¥, 2)=0 and f,(x, y, 2)=0. If we eliminate
first «, and then y, between the two equations, we obtain
equations of the form

Y=Ff3(2), =F(2) scrrviriiiiaininnns (1)

If, now, z be made to depend upon a variable ¢, z and ¢
being connected by the equation z=¢,(¢), the equations (1)

take the form y=g¢,(t), x=¢,().

Hence the coordinates of any point on the curve of
intersection of two surfaces can be expressed as functions
of a single parameter.

Conversely, the locus of a point whose coordinates are

givenby 5o (1), y=¢ut) 2=gy(0)

where ¢ is a parameter, is the curve of intersection of two
surfaces. For the elimination of ¢ leads to two equations
of the form fl(w’ y)=0’ f2(y> z)=0,

which represent two cylinders whose curve of intersection
is the locus of the point. (Compare §§ 40, 41, 76, 165.)

187. The tangent. 70 find the equations to the tangent
at a given point to a given curve.

Suppose that x, 9, z are given as functions of a para-
meter ¢. We shall throughout use the symbols o', 2", .,



276 COORDINATE GEOMETRY [cH. x1V.

dx d’x .
etc. to denote —7, g ... ete, unless where another meaning

is expressly assigned to them. Let the given point, P, be
(@, Y, 2), and let Q, (x+dx, x+Jy, z+J2) be a point on the
curve adjacent te P. Then, if x=f(t),

x4+ dx =f(t+ ),
= )+ 37O+ f_f”(t)+

ot2
=g+ ot+ax" —+..
L_

Similarly, y+dy=y+y 6t+y |__

o2
240z2=z2+20t+2" —+..
2

The equations to PQ are
S —
/7 ’ ’” t ’ ’’
x4 —t+ Y +y —2—+... 742 —2§+
Now, as Q tends to P, d¢ tends to zero, and the limiting
position of PQ, that is, the tangent at P, is given by
£—x_n—y {2
wl yl z/ .
If the equations to the curve are
Fi(z, ¥, 2)=0, Fy(z, ¥, 2)=0,

we have al:1+ ’aF1+ aF‘ =0,
'E)F2 an aF‘, .
+ y oy +2 2z =0;
therefore
m’ ’ z’

OF, OF, OF, OF, OF, OF, OF, OF, OF, OF, OF; oF,

dy 92 0z oy az’am %¢ Oz oxr 0y Oy ox
whence the direction-ratios of the tangent are found.

Cor. The tangent at a point P to the curve of inter-
section of two surfaces is the line of intersection of their
tangent planes at P.
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B lE_x. 1. Find the equations to the tangent at the point “ §” on the
elix

z=acosf, y=asinf, z=£k0.

Ex. 2. Shew that the tangent at a point of the curve of inter-
section of the ellipsoid #%/a%+2%/b2+2%/ct=1 and the confocal whose
parameter is A is given by

x-2) _  ym-y) __ ({-2)
a¥(bZ—c)(at—A) b¥(cE—a?)(b®—N) cXa%-b¥)(cE—A)
Ex. 3. Shew that the tangent at any point of the curve whose
equations, referred to rectangular axes, are
r=3t, y=3 =20
makes a constant angle with the line
y=z—x=0.

188. The direction-cosines of the tangent. If the axes
are rectangular, and P, (x, y, 2) and Q, (z+ dx, y+ 6y, 2+ 62)
are adjacent points of a given curve, ér, the measure of PQ,
is given by Or?=Jx?+ Jy? 4 S22

Let the measure of the arc PQ of the curve be ds. Then

Ltg—; =1, and therefore

1=(%) + G +(@)
or §=at4+y 2422 ;
x

where z, y, z are functions of ¢ and w’sm, etc. Hence

the actual direction-cosines of the tangent at P are
y y 4 dudy de
' 88 ds’ ds’ ds’
4 Ex. 1. For the helix x=acos 0, y=asin §, z=af tan a, prove that
8

do
where =0 is afseco.. (Compare fig. 51.)
Ex. 2. Prove that the length of the curve
r=2a(sin 1t +tn1-22), y=2at? z=dat,

between the points where ¢=# and ¢=1,, is 4¥/2a(?,—¢,). Shew also
that the curve is a helix drawn on a cylinder whose base is a cycloid
and making an angle of 45° with the generators.

=asecw, and that the length of the curve measured from the point

189. The normal plane. The locus of the normals to a
curve at a point P is the plane through P at right angles to



278 COORDINATE GEOMETRY [cr. x1V.

the tangent at P. If the axes are rectangular the equation
to the normal plane is

{E—2)d' +(—y)y +({—2)7=0.

190. Contact of a curve and surface. If P, P,,P,,... P,,
points of a given curve, lie on a given surface and P, Py, ... P,
tend to P, then in the limit, when P,, P,,... P, coincide
with P, the curve and surface have contact of the n*® order
at P.

To find the conditions that a curve and surfuce should
have contuct of a given order.

Let the equations to the curve and surface be

X = ¢1(t)’ Yy= ¢2(t)’ Z= ¢3(t) > f(x’ Y, Z)=O >
and let F()=/{(t), ¢a(t) $:()}.

Then the roots of the equation F(¢)=0 are the values of
¢t which correspond to the points of intersection of the curve
and surface. If the curve and surface have contact of the
first order at the point for which ¢=t¢,, the equation
F(¢)=0 has two roots equal to ¢,, and therefore
dF
="
dF_of dv o dy
dt, oz dt, " oy dt,

If the contact is of the second order, the equation F(¢)=0
has three roots equal to ¢,, and therefore

F(¢,)=0 and

of dz

and clearly + .

dF dF
F(t1)=0, El—[l=0, W—O.
And generally, if the contact is of the nt! order,
dF A"F
F(t1)=0, C—lt—l—_—o, cee E—t—]?l=0.

Ex. 1. Find the plane that has three-point contact at the origin
with the curve r=tt-1, y=8-1, z=8-1

Ans. 3r-8y+62=0.
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Ex. 2. Determine a, 4, b so that the paraboloid 2z=ax?+ 2hxy + by?
may have closest possible contact at the origin with the curve
r=3-20204+1, y=£-1, z=0£2-2+1.
What is the order of the contact ?
Ans. a[45=h/-3=0b/5=1/54. Fourth.
Ex. 3. Find the inflexional tangents at (xy, 7, 2,) on the surface
y¥=A4cxz.
The equations to a line through (z, 7, z,) may be written
r=x+lt, y=y,+mt, z=z+nt.
The inflexional tangents are the lines which have three-point contact
with the surface where t=0. For all values of ¢, we have
d_le Y %
de? dt 7 d
Hence for three-point contact at (x, ¥, 2,), we have
() 3n*n — 4o, =0,
(i) —4cl+2y,zym+y,*n=0,
(i) z;m?+2y,mn=0.
) I m =n I m n
Therefore =0 4 or 5%, =2, s

(Compare § 181, Ex. 2.)

Ex. 4. Find the lines that have four-point contact at (0, 0, 1) with
the surface
23yt 2t -yt - 24+ 29z — By — 2y +22=1.
Ans. The direction-ratios satisfy Imn=0, {*—m?—n%+2mn=0.
Ex. 5. Prove that if the circle lx+my+nz=0, 2%2+y%+22=2cz
has three-point contact at the origin with the paraboloid
24 m?
24 byl= = M
ai+by'=2, ¢ bl + am?

Deduce the result of § 88, Ex. 5.

=nN.

191. The osculating plane. If P, Q, R are points of a
curve, and Q and R tend to P, the limiting position of the
plane PQR is the osculating plane at the point P.

To find the equation to the osculating plane.

Let the coordinates be functions of a parameter ¢ and P
be (x, y, 2). The equation to any plane is of the form

af+byp+cé+d=0.

If this plane and the curve have contact of the second
order at (, y, ), we have

ax+by+cz+d=0,
ax’ +by’ +cz =0,
ax” +by" +cz” =0.
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Therefore, eliminating a, b, ¢, d, we obtain the equation
to the osculating plane,

E—x, n—y, {—z|=0.
x, Y, 2
wlf’ yl/, z

Ex. 1. Find the osculating plane at the point “6” on the helix
z=acos 0, y=asin§, z=k0.
Ans. k(zsin @-ycos §—af)+az=0.
Ex. 2. For the curve x=3t, é/=3t2, 2=2¢% shew that any plane
uc

meets it in three points and deduce the equation to the osculatin§
plane at ¢=¢,. Ans. 2t%x -2ty +2=2t3.
Ex. 3. Prove that there are three points on the cubic z=a#+b,

y=3ct!4-3dt, z=3et + f, such that the osculating planes pass through
the origin, and that the points lie in the plane 3cex +afy=0.

Ex. 4. P and Q are points of a curve and PT is the tangent at P.
Prove that the limiting position of the plane PQT as Q tends to P is
the osculating plane at P.

Ex. 5. Normals are drawn from the point (a, 8, ¥) to the ellipsoid
2%a’+y%/b2+2%c*=1. Find the equation to the osculating plane at
(o, B, y) of the cubic curve through the feet of the normals.

4 b 4
Ans. a'r Y [4
" @)@ @- BB Ty

Ex. 6. Shew that the condition that four consecutive points of a

curve should be coplanar is

+1=0.

’

%y, 7
x ) :’/ll, z”
‘l‘”/, ym’ P
Ex. 7. Prove that the equations
=12+ 2bit+¢;, y=0,t242bt+csy, z=ayt2+2bst+c,
;l‘etermine a parabola, and find the equation to the plane in which it
ies,
Ex. 8. Shew that the curve for which
_b-¢ c—t ., _a-t
c—t

a-t’ b—t
is a plane curve which lies in the plane ax+ by +cz=0.

=0,

by —

Y =

ed!

192. To find the osculating plane at a point of the curve
of intersection of the surfaces f(£, n, {)=0, ¢ (£, 5, {)=0.
The equations to the tangent at (z, v, z) are
-2V fat(n—y)fy+({—2)f.=0,
(=) pz+(n—Y)py+({—2)p.=0,
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and therefore the equation to the osculating plane is of
the form

ME—)fat(—y)fy+({—2)f2)
= pu{(§—2) P2+ (n—Y) Py +({—2)¢:}-
That this plane should have contact of the second order
with the curve, we must have

M fatyfy+ 212 =pl@ e+ y'dy+2'¢2}  -oonn. (1)
and M foty fy+ 2y =p{a oty 'y +2"¢.}.  ..(2)
But «f,+yf,+2f,=0 and &'¢,+y'¢p,+2'¢,=0, ...(3)
and therefore equation (1) is an identity. This is to be
expected, since any plane through the tangent to a curve
has contact of the first order with the curve. Differenti-
ating the equations (3), we obtain
o+ Y gy + 2+ 2y 2+ 220 o+ 20"y [y
— _(w// x+y” y+Z” z),
s+ Y Py +2°Pre+ 297 byp+ 28T oy + 20"y Py
= -(xll¢z+y//¢y+zfl¢z),
whence vy (2) the equation to the osculating plane is
(E—a)fet(n— y)fu-l‘(f Z)fz _ (=Dt (n=9)¢y+({-2) ¢
&g - +2Y 2+ 2oy o +2Y 7 Pyt ...
Ex. 1. Prove that the oscu]a,tm% plane at (7, 7;, z;) on the curve
of intersection of the cylinders 2%+ 22=a? 32+22=0% is given by
rrd—22%— at 7/1/1 — 2% — b4
a2 [
Ex. 2. Find the osculating plane at a point of the curve of inter-
section of the conicoids

f=ar?+ byt +c?-1=0, ¢=ox?+By?+y2-1=0.

We have axx’ +byy’ +czd —0
oxx +,3yy +yz =
2
whence ‘.”:4’3 =3i% = %,

where A=by-cf, B=ca—ay, C=af3—bo.
Again, fxs=2a’ fyy=2b1 fu=2c 5 fyz= fa=f;y=0 H ¢“= 20, ete.
Therefore the required equation is

E-ar+(—nby+({—ez_(£—)or+(n—2)By+({~
B N T T

Attt =Tt
which reduces to 2(§ - x)a3 BC(B22 - Cy?)=0.
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The equation may be further transformed.
of —a¢p= B~ Cy? - (a.—a)=0, etc.

We have
Hence the equation may be written
2§23 BC(o. — a) =Zx* BC(B22 — C?),
= — (B2~ Cy?)(Ca? — A2?)(Ay? — Ba),
=—(ax—-a)(B-b)(y—c)
CAy AB2
G e A

b
B-0)(y-0) (y—c)a—a)
Ex. 3. Shew that at («, ¥/, #), a point of intersection of the three
22 1

or
z2 Y3 _
+b2+p+c2+p_ ’

confocals,
2yt R Z2 2
ateta~b Fmxteat
the osculating plane of the curve of intersection of the first two
aw (@) | gy (B p) | (@) |

cA(c+N)

2 _1
E+A 7 dltp

is given by
@+ X) G A)
Ex. 4 Prove that the points of the curve of intersection of the

rat+ry?+r=1, ax?+by?+ct=1,

sphere and conicoid
at which the osculating planes pass through the origin, lie on the cone

b—r 4, CT 4
— Y +a_bz4-0.
There is an

iy WS
a

b—c c

193. The principal normal and binormal.
infinite number of normals to a curve at a given point, A,

AP

2,
= ,za-l £/ ane
’
4
rd
4
~Y

=
-
-
-

| Vo
>

-«
\
<
<\
=
a
-

\

-

B8
Fic. 54.
on it, and their locus is the normal plane at A. Two of the

normals are of special importance, that which lies in the
osculating plane at A and is called the principal normal, and
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that which is perpendicular to the osculating plane and is
called the binormal. In fig. 54 AT is the tangent, AP the
principal normal, AB the binormal; the plane ATP is the
osculating plane, and the plane ABP is the normal plane.
The plane ABT is called the rectifying plane.

We shall choose as the positive direction of the tangent
at A the direction in which the arc increases, and as the
positive direction of the principal normal, that towards
which the concavity of the curve is turned. We shall then
choose the positive direction of the binormal so that the
positive directions of the tangent, principal normal and
binormal can be brought by rotation into coincidence with
the positive directions of the x-, y-, and z-axes respectively.

Let us throughout denote the direction-cosines of the

tangent by l,, m, ng;
principal normal by {,, m,, n,;
binormal by ly, mg, mg.
Then, (§ 188),
Again, (§ 191),

l m. n dx
r_r 3 2NN 2 N = ’ " 8 Y2 ] Where w/ = b etcv
Y2'=2y" Fa —xz Yy —yx dt

— =)
V@Y (@ y R = (@ Yy 82
(by Lagrange’s identity).

But, (§188), x?+y2t+2%=5"
and therefore 22"+ yy"+22"=5".
s _my Ty
=2y Pl —ae ay —y'a”
+1

8,~/w//2+y/’2+z,,2—8’,2

We have also ly=mgn, —mm,.
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Therefore
- iz (Z’ " //) Yy (w/,y// ylwll)
2 lsz1/2+yllz+zI/2 g2
iwu(wq_l_y/g_'_z 2) - (wlw//+y/y//+z/zu)

PN T
'S —a's”
£ Ny 42—
and similarly,

=+ y's —y's” ny= 2’8’ — 2’8"

2 s~/w/12+y//2+znz //2’ 8 J //2+y//2+zuz

Ex. 1. Prove that the parallels through the origin to the binormals
of the helix z=acosf, y=asinh, z=k0
lie upon the right cone a?(2%+y?%) =#£%"

Ex. 2. Prove that the principal normal to the helix is the normal
to the cylinder.

194. Curvature. If A, and A, are points of a given
curve so that the arc AA, is positive and of length és and
the angle between the tangents at A, and A, is &y, the

oy

ratio 55 gives the average rate of change in the direction
of the tangent over the arc A/A,. The rate of change at A,

is measured by the Lt \P’ that is by Czl\P’ and is called the

curvature of the curve at A. It is denoted by 1/p, and p
is called the radius of curvature.

195. Torsion. The direction of the osculating plane at
a point of any curve which is not plane changes as the
point describes the curve. If d+ is the angle between

the binormals at A, and A,, the ratio 6 glves the average
rate of change of direction of the osculatmg plane over the
arc A/A,. The rate of change at A, is measured by the Lt 87
that is by %5’ and is called the torsion at A,. It is denoted

by 1/o, and o is called the radius of torsion.
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196. The spherical indicatrices. The formulae for
curvature and torsion are readily deduced by means of
spherical indicatrices, which are constructed as follows.
From the origin, O, draw in the positive directions of the
tangents to the curve, radii of the sphere of unit radius
whose centre is O. The extremities of these radii form a
curve on the sphere which is the spherical indicatrix of the
tangents. Similarly, by drawing radii in the positive
directions of the binormals, we construct the spherical
indicatrix of the binormals.

197. Frenet's formulae. In figs. 55, 56, let A, A,, A, ...
be adjacent points of a given curve, and let Ot,, Ot,, Ot,, ...
be drawn in the same directions as the tangents

AT, AT, AT, ...,

and Ob,, Ob,, Ob,, ..., in the same directions as the binormals
AB,, AB,, AB,, ....
Then ¢, 4¢,, ¢, ..., by, by, b, ... are adjacent points on the

indicatrices of the tangents and binormals.

Fia. 55.

Since O, and Of, are parallel to adjacent tangents to the
curve, the limiting position of the plane ¢,0t, is parallel to
the osculating plane of the curve at A;. Hence the tangent
at ¢, to the indicatrix ¢t ..., being the limiting position
of ¢t,, is at right angles to the binormal at A|. And since
it is a tangent to the sphere, it is at right angles to the
radius Of;, and is therefore at right angles to the tan-
gent A T,. Therefore the tangent at ¢, to the indicatrix
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t,t,ls ... is parallel to A P, the principal normal at A;. Let
us take as the positive direction of the tangent to the in-
dicatrix, the positive direction of the principal normal.

Fig. 56.

Since the sphere is of unit radius, the measures of the
arc tt, of the great circle in which the plane ¢ 01, cuts
the sphere, and of the angle ¢,0¢, are equal, and hence the

measure of the arc is Y. Let dou measure the arc ¢,f, of

the indicatrix. Then Lt(—sg'— +1. If we take the arcs

5%
of the indicatrix and great circle through ¢, ¢, in the same
sense, the limit is +1, and since we have fixed the positive
direction of the tangent to the indicatrix at ¢,, we thus fix
the sign of §y». Hence we have, in magnitude and sign,
p=Lt ‘/I—Lt‘sg j& ................... (1)
Again, ¢, is the point ({,;, m,;, n;), and therefore, by § 188,
the direction-cosines of the positive tangent at ¢, to the

indicatrix are dl, dm, dn,
do’ do’ dot’
di, dm, _dn,
Whence l —da.’ My = ‘&(‘i ’ doz. ’
l, dl, 'm2 olm1 'n2 oln1
or, by (1), Z=a e’ ST g e (a)

Further, if we consider Otl, Ot,, Otf3 to be generators of a
cone of the second degree, the planes t,0¢,, ,0t, are ulti-
mately tangent planes, and therefore their normals 0b,, Ob,
are generators of the reciprocal cone. Hence the limiting
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position of the plane b,0b,, t.e. the tangent plane to the
reciprocal cone, is at right angles to O¢,, and the limiting
position of bb,, i.e. the tangent at b, to the indicatrix
bbob, ... is at right angles to Of,. Besides, the tangent at
b, is a tangent to the sphere, and is therefore at right angles
to 0b,. Therefore the tangent at b, to the indicatrix b,b,b, ...
is parallel to A,P,, the principal normal at A;,. Suppose
that its positive direction is that of the principal normal.
If the measure, with the proper sign, of the arc bb, of
the indicatrix is 63, then the measure of the arc bb, of the

great circle in the plane b,0b, is Jr, and Lt%g: +1. If
we take the arcs in the same sense so that the limit is +1,
since we have assigned a positive direction to the tangent
at b; to the indicatrix, we fix the sign of ér. Hence we

have, in magnitude and sign

o=Lt3 I 2)

ot 8,3 dg’
Again, the coordinates of b, are [;, m,, n,, and hence the
direction-cosines of the positive tangent at b, to the in-

dicatrix are dl, dmg dn,
ag | B’
Therefore [,= Zi‘f 0223 (jlzs
l, dl, m2_dm3 n _oln
Or, by (2), ;—a— 7-—-—d‘g‘, f——(Tf. ............... (B)
We have also, l2+l2+l2
dl, dl
Hence L d‘+l2d +l3d =0.
Therefore, by () and (B),
dl, U, 1
ds = P - ;
Similarly, —-2 dm,_ _my_my dn,  _m_ " (©)

The results (), (8), (¢) are exceedingly important. They
are known as Frenet's Formulae.
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198. The signs of the curvature and torsion. We
have agreed that the positive direction of the tangent at ¢,
to the indicatrix ?,f;... is that of the principal normal.
But if the positive direction of the principal normal is that
towards which the concavity of the curve is turned, the
direction at ¢, of the arc #,t, is that of the positive direction
of the principal normal, (see figs. 55, 56). Therefore, do,
oy and p are always positive.

We also agreed that the positive direction of the tangent
at b, to the indicatrix bbb, ... was the positive direction of
the principal normal. The direction at b, of the arc bb, is
the positive direction of the principal normal for a curve
such as that in fig. 55, but is the opposite direction for a
curve such as that in fig. 56. For the curve in fig. 55, the
apparent rotation of the principal normal and binormal as
the arc increases is that of a left-handed screw, and such
curves are therefore called sinistrorsum. For such a curve
dB, ér and o are positive. For the curve in fig. 56, the
apparent rotation is that of a right-handed screw, and such
curves are said to be dextrorsum. For this class of curve
88, T and o are negative.

199. To find the radius of curvature.
From (a), § 197, by squaring and adding we obtain

1 (AN, (dmpE | (dng\?
;2—(38—> +(Z) +(52) - e (1)
But =2 5> therefore Cflls 9-6—55,,13
"o g2
Hence 15 (_x__s___)_

'o

= 51,3 (82302 — 28's" Sa'x” + 8”2 %},

Therefore, since S22 =¢"2, and Zax'x” =§s",

1 w//g + yug + 22—

AT
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Cor. If the coordinates are functions of s, the length of

the arc measured from a fixed point, so that ¢=s, then
§=1,8" =0, and

1 _ d2m>2 (dzy)z <d22>2
;r(zzs—z +tast) T\a)-
The student should note the analogy between these formulae and

those for the radius of curvature of a plane curve

Ex. Deduce equation (1) from the result of Ex. 10, § 23

200. To find the direction-cosines of the principal
normal and binormal.

From equations (4), § 197,

l <dl ) w/ls/ — l9/le
ds) =P &
7 /7 ’”,_ 7 7 /7 7”7/
.. _ y's—=8"y 28 —d"z
Similarly, My=pr——g—"s My=p——

4
. 2
Again, since m,= % =2 and l;=mm,—myn,,
l _ ylel — zlyll
3= P g3
’ 1 7’7 ,_
.. Za’—a'z 2y —yx
Similarly, mg= P M= 73
Compare § 193.

Cor. If t=s, we have.
d?x d?y d%
l2=PW’ Me=pge’ ™M=Pge
_ (%Y d*z dz d¥y

b= o= i) o
201. To find the radius of torsion. From Frenet's
formulae, (B), we have %:fr—z, and from § 200,
l3=§(y/2” P ”)’ or l38'3=p(y’z"—z'y”).

Diﬁ'erentiating with respect to ¢, we obtain
l

Il

’ ll/

I III)+ (yz / /I),

=p(y?" —2y")+ 3Pp8 ISUUURRRRN ¢ §
8.G.
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map 83

Similarly, 828" = p(dw” —a'2"” )+ ——, ...(2)

a,nd +3n 8/28 _p(w/ " _ / ///)+ 3’;)8 ”.(3)
Multiply (1), (‘2), (3) by ,, m,, n, respectively, and add,

and we have

/4
i_—p{l2(yl II/ l /I/)+m2(zl UI I I//)+n2( III / I/I)}

2/

. N x’s —8"x
which, on substituting p —r for {,, ete., becomes

4 ’ /
1 pla, vy, 2 |
T 7’ ” "

o s 2
s Y,

w///’ ylll’ 77
Ex. 1. Find the radii of curvature and torsion of the helix
z=acosf, y=asinf, z=aftanc.
We have 2'=-asinf, y' =acosf, 2Z=atanc.

Therefore §2=1"24 %+ 2 =qa?sec’o.

Hence 2'=-acosf, y'=-—asinf, '=s"=0,
and z”=asinf, y”=-acosf, 2”=0.

Therefore 1_224y+ s 1

Pt st ~aZsec'o’

d 1 1]|-asinf, acosf, atana|_ —tana

an plc &% | —acosh, —asinf, 0| a¥secta’
asin @, —acosb, 0

whence o= —a/sin o cos o.

Ex. 2. For the curve =3¢, y =32, z=2¢3, prove that
p=—o=3(1+2t%)%
Ex. 3. For the curve 2=2a(sin~!]A+AN1- A%, y=2a)?% z=4aA,
prove that p= —o-=8ar/1 - A%
Ex. 4. For a point of the curve of intersection of the surfaces
2
x?__y2—_—c2’ y:xtanhg—, P-_-. —0=%§—.
(r=ccosht, y=csinh¢, z=ct.)
Ex. 5. For the curve x=~6a)3, y=a(l+3A2), z=~6al, prove
that o=y a.
Ex. 6. Find the radii of curvature and torsion at a point of the
curve 2% +y*=a? 2*—yl=az.
(502 - 4% e Ha?+12:2
a%(ba?+122%)’ N
(x=acos §, y=asin §, z=acos 26.)

dns. p?=
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202. If the tangent to a curve makes a constant angle o
with a fixed line o= + p tan o
Take the fixed line as z-axis. Then

n, _dm
n,=cos, and f:ﬁ:o, 8197, (a)).

Therefore ny,=0, and mg= tsinc.

; ny My _dny
Again, P +- T 0, (§197, (c)).
Therefore o= tptanc.

Ex. 1. For the curves in Exs. 2, 3, 4, § 201, shew that the tangent
makes an angle of 45° with a fixed line, and hence that p= + 0.

Ex. 2. If a curve is drawn on any cylinder and makes a constant
angle o. with the generators, p=p, cosec?a, where 1/p and 1/p, are the
curvatures at any point P of the curve and the normal section of the
cylinder through P.

Take the z-axis parallel to the generators of the cylinder. Then
if 8s, 8s, are infinitesimal arcs of the curve and normal section,

2
3‘7‘=Sina., g;=cosa. and (%;:0. If Pis (z, , 2),

5=(G5) +(Z8) wma o= (Z0) +(F2)
pz—(mfz +(G5) and Fx az) Hasz)

Whence the result immediately follows.

Ex. 3. Apply Ex. 2 to shew that the curvature of the helix
r=acosf, y=asinf, z=abtana,
. .
is 9‘_’2}’ then deduce that the torsion is igy_:g)gg-.
Ex. 4. If p/o is constant the curve is a helix.
. l, dl l, dis _

Since P and 2= dal,=kdl;.

Therefore {,=kl;+%,, where £, is an arbitrary constant.

Similarly, my=kmg+kyy, ny=kng+ks.

Multiplying by /,, m,, n;, and adding, we obtain &I, +ksm; + kyn,=1.
Hence, since #£,2+ &2+ £2=1+4% and therefore £,, tz, k;, cannot all
be zero, the tangent to the curve makes a constant angle with the
fixed line z Yy oz

—=Y = -,

Parallels drawn through points of the curve to this line generate a
cylinder on which the curve lies, hence the curve is a helix.
Ex. 5. If p and o are constant, the curve is a right circular helix.

Ex. 6. A curve is drawn on a parabolic cylinder so as to cut all
the generators at the same angle. ¥ind expressions for the curvature
and torsion.

Ans. If the cylinder is x=at? y=2at, and the angle is o,

p=2a(1l +t2)3/sin2a. and o=2a(l+ tz)‘%/sin oL COS oL,
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203. The circle of curvature. If P, Q R are points of
a curve, the limiting position of the circle PQR as Q and R
tend to P is the osculating circle at P.

From the definitions of the osculating plane and the
curvature at P, it follows immediately that the osculating
circle lies in the osculating plane at P, and that its radius
is the radius of curvature at P. It also follows that the
centre of the circle, or the centre of curvature, lies on the
principal normal, and therefore its coordinates are

z+lp, Y+mgp, 2z+myp.

We can easily deduce the radius and the coordinates of
the centre by means of Frenet's formulae. If (o, 8, v)
18 the centre and » the radius of the circle of curvature,
the equations

L(E—2)+my(n—y)+my({—2)=0, ..ccneenen. 1)

(E—o P +(=PB)P+({—y)t=7%ccveeennnen (2)

may be taken tc represent it. Since the sphere (2) has

three-point contact with the curve at (z, y, z), differenti-

ating twice with respect to s and applying Frenet’s
formulae, we have

@@=+ (y—=PB)P+(E—yP=1% corrrenns 3)
L(—o)+m(y—B)+n,(z2—y)=0, ............ 4)
L@—a)+my(y—B)+ny(z—y)=—p. «euvonen. (5)

And since the centre (o, B, y) lies in the osculating
plane, (1), [ (x—o)+my(y—B)+ny(z—7)=0. ..er..... (6)

Square and add (4), (5), (6), and
(@—af+(y—BP+(z—y)=p"

Therefore, by (3), r=p.
Multiply (4), (5), (6) by I,, L,, I, respectively, and add, and
=0 = —1Ul,p.

Similarly, y—B8=-—myp, z—y=—nm.
Therefore aa=a+1l,p, B=y+myp, y=2+n,p.
204. The osculating sphere. If P, Q, R, S are points

of a curve, the limiting position of the sphere PQRS as Q, R
and S tend to P is the osculating sphere at P.
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To find the centre and radius of the osculating sphere.
Assume that the equation is

(E=af+(—BF+E—yP =
Then, for four-point contact at (x, y, z), we have on differ-
entiating three times with respect to s,

=)+ Y—Bl+(z—y)=R............ (1)
L@—a)+my(y—B)+n,(z—y)=0, ............ (2)
L(@—0)+me(y = B)+m(z—7y)=—p, ... 3)

ly 1 g, M Ny M .
(F+2) @0+ (420 -+ (Z+ D)= =0,
or, by (2), ly(@—a)+my(y—B)+n3(z—=y)=0ap’, «vevennn. 4)

_dp
where p= s’

Whence, as in § 203, we deduce
R2=p+ %,

o - +(#) () =r+(2)
and

a=a+lp—lop, B=y+mep—myop, y=2+n,p—nyp

These shew that the centre of the osculating sphere, or
centre of spherical curvature, lies on a line drawn through the
centre of circular curvature parallel to the binormal, and is
distant —op’ from the centre of circular curvature.

Cor. 1If a curve is drawn on a sphere of radius a, R=a,

2__ 2
a —
and therefore ¢2=- 2p . Hence, if p is known, o can be

2
deduced. Further, 1f we differentiate a?= 2+<g ), we

eliminate the constant o and obtain a differential equation
satisfied by all spherical curves

d2
p+5=0.

Ex. 1. A curve is drawn on a sphere of radius a so as to make a
constant angle o with the plane of the equator. Shew that at the

point whose north-polar distance is 6, p=a(1 - sec?a. cos?d)?.
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We have, by § 202, a=pcoto..
2_ 2
Also ﬁ:'zzv;%, and %:sin o
@ 0
dz . ad
But z2=a cos 0, therefore ;= —asin 03‘7.
pdp _ —asinfdf
Whence Jm_ "

Integrating, we obtain

NaZ=p?= —acos O sec o.+b,

where b is an arbitrary constant.
If p=a when §=m/2, b=0, and then

p=a(l-cos?d sec”ou)%.
Ex. 2. Find the equation to the osculating sphere at the point
(1, 2, 3) on the curve
z=2t+1, y=30*4+2, z=4143.
Ans. 322+ 3y*+ 322 — 6x — 16y — 182+ 50=0.

Ex. 3. Find equations to represent the osculating circle at (1, 2, 3)
of the curve in the last example.

Ans. The equation to the sphere and z=3.
Ex. 4. Prove that at the origin the osculating sphere of the curve
2=a,084+ 30,22+ 3c)t, y=a,t3+3byt2+3cyt, z=ast3+ 3Dst2+ 3cqt,
is given by 2+y:+22 22, 2, 2:|=0.

9(byey+by0a+b303), @, ay ag

(el +esf), 206y, 2by, 20

0, ¢y ¢ ¢
Ex. 5. Find the curvature and torsion of the spherical indicatrix

of the tangents.
The direction-cosines of the tangent are I, my, n,, (§197), and if

So. is an infinitesimal arc, Lt 6_$=l'
Hence, if the curvature is —l—,

Po

1 dly\?
25=2(52)" §199)

(&)%)

=p23 (ﬁ+ﬁ!>2=l’z+}f2.

p o a?

—n2
If the torsion is 1 2] ,asin Ex. 1,

")
do.
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2 2
‘Whence we easily find o =————"L,-I—'g—,-
Y = plpe’ = p)’
,_dp , _do
where P=g, and ¢ =7
Ex. 6. Prove that theradiiof curvature and torsion of the spherical

P p2+a-2
=—— and ——
Npt+a? o(op'—0d'p)

indicatrix of the binormals are

Ex. 7. A curve is drawn on a right circular cone, semivertical
angle a, so0 as to cut all the generators at the same angle 8. Shew
that its projection on a plane at right angles to the axis is an equi-
angular spiral, and find expressions for its curvature and torsion.

V4
/’C 1: y
O3
1 r -
—Tp /M
L
D ,
v X
::
Y" (6) Y
Fia, 57.

Take the vertex of the cone as origin and the axis as z-axis. Let C,
fig. 57, be the projection of P, the point considered, on the axis, and
CP and OP have measures » and R respectively. Then if CP makes
an angle @ with OX, r, @ are the polar coordinates of the projection of
P on any plane at right angles to the axis.

From fig. 58 we obtain

dr=dRsin a.=dztan o, a
dR=d8008,8=rd0cotB, .......... ssscsssence
Whence ‘-?:cot [ sin o d6,

which is the differential equation to the projection and has as integral
r=Ae,

where £=cot Bsin o and 4 is arbitrary.
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Again, from (1), %=cos ocos 3, and therefore the tangent to the
curve makes a constant angle y with the z-axis such that
cos y =cos o cos 3.

‘We have therefore f—;;=0, o=ptanvy.
. % 1 _ (al%)2 <d23/)2
Since 3‘3—0, 7=\ gs2 + )

Fic. 58.

Now xz=rcos f, y=rsinb,
and, using dashes to denote differentiation with respect to s, by (1),

r’=sina.cos 8, and r@ =sin .
Therefore

&' =1’ cos §—sin Bsin 6, =" sin O-+sin Beos 0;
a'=— (' sin @+sin Bcos 0)#, y"=(r" cos §—sin Bsin )8 ;
,?12'= 0Xr'?+sin?B)= sin?3(1 — j(;sza. cos?3)

H = and o=ptany= ’
ence p—siﬁm’ T=p ny—m-
Ex. 8. Deduce equations (1), Ex. 7, by differentiating the equations
Byi=2tan’n, 22+y2+2=R% 2i+yl=1?
and applying 2’ +yy' +2¢ =R cos (3.

Ex. 9. The principal normals to a given curve are also principal
normals to another curve. Prove that the distance between corre-
sponding points of the curves is constant, that the tangents at
corresgonding points are inclined at a constant angle, and that there
must be a linear relation between the curvature and torsion of the
given curve.

If O, (x, y, 2) is a point on the given curve, O’, the corresponding
point on the second curve has coordinates given by

E=x+lr, n=y+my, (=z+ngr,
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where OO’ is of length . If we take O for origin and OT, OP, OB
the tangent, principal normal, and binormal as coordinate axes,
L=1, m=n=0; l=ny=0, my=1; l3=my=0, nz=1;

and O'is (0, 7, 0). The tangent to the second curve is at right angles

’ ‘!_11_ R (ml m3> dr...
to OP or OO, and therefore 7s =05 te m—r F+E_~ +my—.=0.

. dr .
Hence, since m,; =my=0, ¢T=0’ and 7 is constant.
3

Again, if S’:—-_%!g, etc., we have

l

l»1+—3), etc. ;
a.

, dr
§=4L+1 a‘s—r(p
therefore, at the origin,
§=(-rlp) 7'=0, {'=-1o,
and the tangent to the second curve makes an angle § with OT such

that tan 6=-"17 _.
1-7/p

therefore, at the origin,

R T
But the binormal to the second curve is at right angles to OP, and

gu_rp’ w1 7 r gn ro’

therefore (; éll _ (-1/ $I =0
=Y,
rp’ ro’
7 o
or 7‘= - T
1-I r
p T

Integrating, we obtain
log 4 <1 ——:3) =log :7:’

where 4 is an arbitrary constant,

or A(l—t>—£=0,
p/ o
and thus there is a linear relation between the curvature and torsion.

Again, tan 0=TC/—:-/E=A’ and therefore @ is constant.

This problem was first investigated by Bertrand, and curves which
satisfy the conditions are on that account called Bertrand curves.

Ex. 10. A curve is projected on a plane the normal to which
makes angles o and 3 with the tangent and binormal. If p, is the

radius of curvature of the projection, prove that p=&“;§?:mﬁ
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Let P be a point of the curve and Q and R the points of the curve
distant 8s from P. Then, if the area of the triangle PQR is denoted
by A, %=Lt 58% Similarly for the projection l:Lt%‘%
8¢’ are the projections of A and §s. But A'=A cos B, and 8 =8ssin o,
whence the result.

» where A,

205. Geometrical investigation of curvature and tor-
gion. The following geometrical investigation of the
curvature and torsion of a curve is instructive.

Let A, A,, A, ..., (fig. 59), be consecutive vertices of an
equilateral polygon inscribed in a given curve, and let

M,, M,, M,;, ... be the mid-points of the sides. Planes
M,C,S,, M,C,S,, ... are drawn through M;, M,, ... normal to
the sides. M,C,, M,C, are the lines of intersection of the
planes M,C;S,, M,C,S, and the plane A /A,A;; similarly, M,C,
and M,C, lie in the plane A,A,A,, and so on.

Then C, is the centre of the circle through the points
A, A,, A;, and its limiting position when A, and A, tend
to A, is the centre of curvature at A;. Let p denote the
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radius of the circle of curvature at A;. From the cyclic
quadrilateral C,M;A,M,,
A1A2 —
2sin } M,C,M,
But since the limiting positions of AA, and AA; are
tangents, AA, _ ds
2s8in { M;C,M, dy,
Therefore, since the limiting value of C,A, is p,

_ds
P=ay
dy 1 . .
and the curvature:—%--:—, where p is the radius of the
circle of curvature. e

Since the planes M,C;S,, M,C;S, are at right angles to
the plane A A,A,, their line of intersection C;S, is normal
to the plane A A,A;.  Therefore, in the limit, C;S, is parallel
to the binormal at A;. But since C;S, is the locus of points
equidistant from the points A, A,, A;, and C,S, is the locus
of points equidistant from A,, A;, A,, S, is the centre of the
sphere through A, A,, A;, A, and the limiting position of
S, is the centre of spherical curvature at A;. Therefore,
the centre of spherical curvature lies on the line drawn
through the centre of circular curvature parallel to the
binormal.

Since the limiting positions of C;S, and C,S, are parallel
to consecutive binormals, we may denote the angle C;S,C,
by ér. If c,M, and C,S, intersect at K, then C,K=C;S,ér.
But c,K differs from C,M;—C,M, by an infinitesimal of
higher order, and therefore
CK_14SM—C:M;_dp
or oT dr

ClA2 .

Ltcs, =Lt

Hence, if R is the radius of spherical curvature at A;,
2 2 2 2 (2P
R -'—"Lt(MlCl +Clsl“)=p + a?—_ .

By our convention of §193, the positive direction of the
binormal is that of S,C,. In our figure the curve is
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dextrorsum, and ér is therefore negative. Also Jp is
negative, so that Jp/ér is positive. Hence, if the co-
ordinates of A, are «, y, 2, and those of the limiting
position of S, are x,, y,, 2,

x,—x=projection of M,C, + projection of C;S, on OX,
d

=Pl2"’d—f.l3’
d
or m0=w+pl2—a—§_l3.

Similarly,
dp dp
yo=?/+Pm2"0‘l;m3» Zo=z+Pn2"'5[7‘."3-

The points S,, S,, S, ... are consecutive points of a curve
which is the locus of the centres of spherical curvature,
and S,S,, S,S;, ... are ultimately tangents to that locus.
The plane S;S,S; or M,C,S, is ultimately an osculating
plane to the locus, and hence the osculating planes of the
locus are the normal planes of the curve. Therefore, if
oy, dr are the angles between adjacent tangents and bi-
normals to the curve, and &y, ér, are the angles between
adjacent tangents and binormals to the locus,

6_‘1b1_ 8”'1
Lt 3 =1, and Lt ! A

Hence, if infinitesimal arcs of the curve and locus are
denoted by és and Js;, and the curvature and torsion of
the locus by 1/p; and 1/o,,

ds  ds, ds dsy _
PTARVARE Ll il e A8

The limiting positions of C;S,, C,S,, ... are the generators
of a ruled surface which is called the polar developable.
Since C,;S, and C,S, are ultimately coincident, the plane
C,S,C, touches this surface at all points of the generator
C,S;, and hence the normal planes to the curve are the
tangent planes to the polar developable.

=Lt
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Ex. 1. Shew that if ds, is the differential of the arc of the locus of
the centres of spherical curvature,

_ RdR
N
If (&, ) is a point on the locus, and § E%, etc.,
E=x+ply—NIE—p,.
Therefore, by Frenet’s formulae, and since v B2 — p2=07,

RE
e A e
£ 3~/1t2—p2

Ldsy sead  RE
-~ 78;._{26 Y= Ny
Bx. 2. Obtain the result from fig. 59.

_.dR __RpdR
Ex. 3. Prove that p‘_R?lF’ ="

and verify that pp,=0c0.

206. Coordinates in terms of s. If the tangent, prin-
cipal normal and binormal at a given point O of a curve are
taken as coordinate axes, and s measures the arc OP, we
may express the coordinates of P in terms of s.  We have

2=(s) =f<0>+sf'<0>+f—§_f"<0>+ ,%‘f’”(% "

’ 8 ” &
= 8%, +§‘wo +'€'w0 +...,

where z;, ,”, 2,”, ... are the values of o/, 2", ™, ... at the
origin., Similarly,

’ 82 ” 83 ”n
Y=38Y, +§3/o +’§?/o +...

2 $
z=sz0’+§2— zo”+€z0 +....
We have therefore to evaluate z,, ¥,, 2,, ete.
Since the tangent is the z-axis,
=1, y,/=0, 2,/=0.
Since the principal normal is the y-axis,

pry’ =0, py,"=1, pz"=0.
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Again, by Frenet’s formulae,

%+%§ N T 0}
%+%§= (Y +pY"), %+%‘-’= —(p?"+p?")
Therefore «,”= —;)]%,‘, Yy = —’%, 2, = -p—la_.
Therefore, as far as the terms in s3, we have
83
x=8— 657
8 $#
V=9, 6"
83
Z=— 6p0

Px. 1. Shew that the curve crosses its osculating plane at each
point. .

Unless 1/o is zero, z changes sign with s. If, at any point, 1/o=0,
the osculating plane is said to be stationary.

Ex. 2. Prove that the projection of the curve on the normal plane
at O has a cusp at O. What is the shape at O of the projections on
the osculating plane and rectifying plane?

Ex. 3. If s? and higher powers of s can be rejected, shew that the
direction-cosines of the tangent, principal normal, and binormal at P
are given by

h_my_m by My M L mg M
l—s/p—O —8fp 1-3sp’lp™ —-8/0‘,, 0 slo 1 —-3sp’lp

In the following examples O and P are adjacent points of a curve,
and the arc OP is of length s.

Ex. 4. The angle between the principal normals at O and P is

s(p~2+a-2)t.

Ex. 5. The shortest distance between the principal normals at O
and P is of length 7 :’_),_ = and it divides the radius of the circle of

pito
curvature at O in the ratio p?: o2

Ex. 6. The angle that the shortest distance between the tangents
at O and P makes with the binormal at O is s/20.

Ex. 7. Prove that the shortest distance between the tangents at
O and P is $3/12p0.

sp dR

Ex. 8. The osculating spheres at O and P cut at an angle R dp
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Examples XI.

1. Shew that the feet of the perpendiculars from the origin to the
tangents to the helix x=acos f, y=asin 6§, z=c6, lie on the hyper-
boloid 2?%/c?+y?%/c? — 2%/a*=a?/c?,

2. A curve is drawn on the helicoid z=ctan~!y/r so as always to
cut the generators at a constant angle a. Shew that by properly
choosing the starting point it may be made to coincide with the inter-
section of the helicoid with the cylinder 2r=c(efcota—g-6cota) o, @4
being ordinary polar coordinates, Find the equations to the prin-
cipal normal at any point.

3. Find f(6) so that x=acos§, y=asin b, 2=f(f) determine a
plane curve.

4, If the osculating plane at every point of a curve pass through
a fixed point, the curve must be plane. Hence prove that the curves
of intersection of the surfaces 22+y2+422=a? 2(2t+yt+24)=at are
circles of radius a.

5. A right helix of radius @ and slope o. has four-point contact
with a given curve at the point where its curvature and torsion are
1/p and 1/o. Prove that

__po? P
a_p2+a'2 and tano pe

6. For the curve x=atan f, y=acot §, z=~/2alog tan 6,
L W/2a
P= == 5in228"
7. Shew that the osculating plane at (2, %, 2) on the curve

2+ 200 =y%+ 2by =22+ 2cz
has equation

(B2 = A~ ) (2 +aP +(— a®)(n —g)(y +)* +(a? - bB)({ - 2)(z +¢)*=0.
8. Shew that there are three points on the cubic
2=0,83+3b,t2+3ct+d;  y=0a,t>+ 3b,t2+ eyt +d,
z=a4t3+ 3b5t2 + 3t + d,

the osculating planes at which pass through the origin, and that they
lie in the plane

3| % ¥ z|l=|=x v z|.
by, by by @y Qg Qg
C1y Ca C3 dyy, dy dy

9. If p, py, pyy ps are the radii of curvature of a curve and its
projections on the coordinate planes, and o, 3, ¥ are the angles that
the tangent makes with the coordinate axes, prove that

sinfo. | sin®B  sinfy 1
7+ 2B + 27 =52
L1 P2 Ps P
- - -
sino.cos ., sin (8 cos B+sm YCOSY o,

M P2 Ps3
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10. Prove that at the point of intersection of the surfaces 2%+ y%=22%,
s=atan"'y/z, where y=uxtan 0, the radius of curvature of the inter-

section is —-‘1(2—4'—02-)3—.
(8+562+ @4}

11. A catenary, constant ¢, is wrapped round a right circular
cylinder, radius a, so that its axis lies along a generator. Shew that
t\)l’e osculating plane at a point of the curve so formed cuts the tangent
plane to the cylinder at the point at a constant angle tan~l¢/a.

(x=acos 0, y=asin @, z=ccosh a__cﬂ)

2

az - az’
PI‘ / > y

=
ezt —¢?

12. If a curve is drawn on a right circular cylinder so that its

osculating plane at any point makes a constant angle with the tangent

lane at the point to the cylinder, then when the cylinder is developed
nto a plane, the curve develops into a catenary.

13. For the circular helix prove the following properties : the normal
at P to the cylinder is the principal normal at P to the helix ; the bi-
normal at P makes a constant angle with the axis of the cylinder ; the
locus of the centre of circular and spherical curvature is a helix ; if P’
is the centre of circular curvature at P, P is the centre of circular
curvature at P’ for the locus.

14. A curve is drawn on a sphere of radius @, and the principal
normal at a point P makes an angle  with the radius of the sphere
1 d
to P. Prove that p=a cos 6, p ﬂ:ag.
15. If O, P are adjacent points of a curve and the arc OP =3, shew
that the difference between the chord OP and the arc OP is §3/24p%
powers of s higher than the third being neglected.

16. Prove that

/2
2"y "2 =E“l? +1 :f——,

where dashes denote differentiation with respect to s.

17. If from any point of a curve equal infinitesimal arcs of length s
are measured along the curve and the circle of curvature, the distance
between their extremities is $32/6p%.

18. The shortest distance between consecutive radii of spherical

curvature divides the radius in the ratio o?: p? (%l—i)z
P

19. A curve is drawn on the paraboloid 22+ »%=2pz making a con-
stant angle o. with the z-axis. Shew that its projection on the plane
2=01s given by

ri—a? a
6= —cos™1-,
a r

where a =p cot «, and find expressions for its curvature and torsion.
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20. A curve is drawn on a sphere, radius @, so as to cut all the
meridians at the same angle o.. Shew that if @ is the latitude of
any point of the curve,

acos f adtan o

P T—sintGeosi ° (aF—preosio)

21. A point Q is taken on the binormal at a variable point P of a
curve of constant torsion 1/o so that PQ is of constant length c.
Shew that the binormal of the curve traced by Q makes an angle
tan~lcp/on/ct 4+t with PQ.

22. A point moves on a sphere of radius @ so that its latitude is
equal to its longitude. Prove that at (=, y, 2)

_ (at-2)t 5 802322
a(8a?— 322)%’ 6(a?— z2)}
23. A curve is drawn on a right cone so as to cut all the generators

at the same angle. Shew that the locus of its centres of spherical
curvature satisfies the same conditions.

24, A curve is drawn on a paraboloid of revolution, latus rectum c,
so as to make an angle w/4 with the meridians. Investigate the
curvature and torsion at any point in the forms

c?/p?=tan?¢(1 + 3 sin%p — sin*¢p — sin%¢p),
/p%o =sin ¢ tan’Pp(1 +4 sin’p — 6 sintp + 4 sin’ep 4+ sindep),
¢ being the angle which the tangent to the meridian through the
point makes with the axis.

25. The normal Flane at any point to the locus of the centres of
circular curvature of any curve bisects the radius of spherical curvature
at the corresponding point of the given curve.

26. A curve is drawn on a right circular cone of semivertical
angle o so as to cut all the generating lines at an angle 8. The cone
is then developed into a plane. Shew that

Pt po=sin o : M/sin%x cos? + sin?,

where p, p, are the radii of curvature at a point of the original curve
and of the developed curve respectively.

27. The coordinates of a point of a curve are functions of a para-
meter ¢&. Prove that the line drawn through any point (z, ¥, 2) of the
ith directi . ional d2xd2g/d2zl. i th
curve, with direction-cosines proportional to B qi’ g llesIn the
osculating plan;zat the point and makes with the principal normal an
t ds
-1 & 9y,
angle tan (Pds2 dt)

28. A curve is drawn on a cylinder of radius « and the cylinder is
developed into a plane. If p be the radius of curvature of the curve
and p; the radius of4curvature of the developed curve at corresponding

1 1 sin

points, yimrs where ¢ is the angle that the tangent to the

curve makes with the generator of the cylinder through the point.
B.Q, v
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29. A length equal to the radius of torsion, o, being marked off
along the binormals to a curve of constant torsion, prove that p,, the

radius of curvature of the locus so formed, is given by 4—'0;: =p?+ 202

0
Prove also that the direction-cosines of the binormal to the locus.
referred to the tangent, principal normal and binormal of the original
curve as axes, are

—a2py/da, N2po/do, ~2py/2p.

30. A length ¢ is measured along the principal normals to a curve.
Shew that the radius of curvature, p,, of the locus is given by

1 _ { cpt—o(p—c) \?, *pc?eap' +p(p—c)o'}?
pot \Pp?+oi(p—c) {cpi+a?(p—c)fPF

31. With any point of a curve as vertex is described the right
circular cone having closest contact at the point. Shew that its axis
lies in the plane containing the binormal and tangent to the curve and
that its semivertical angle is tan~130/4p.

32. P is a variable point of a given curve and A a fixed point so
that the arc AP=s. A point Q is taken on the tangent at P so that
the tangent at Q to the locus of Q is at right angles to the tangent
at P to the curve. Prove that PQ=a—s, where « is an arbitrary
constant. Prove also that if Aj, m, v;; Ay pay Va5 Agy pg, v5 are the
direction-cosines of the tangent, principal normal and Dinormal to
the locus,

Lp-lo

c; )t3=:/p2 el etc,,

l
and that its radii of curvature and torsion are
cla=s) (p+oH(a—s)
Nprtar  plop —pa’)

33. Prove that the radius of curvature, p;, of the locus of the
centres of circular curvature is given by

1 _p (gt )+ p o+ 20 pp
P’ PE(p*+ %)

=9

=2

34. With any point of a curve as vertex is described the paraboloid

of revolution having closest contact at the point. Prove that its latus
rectum is equal to the diameter of the osculating sphere.

A =0, ete,

where P
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CHAPTER XV,
ENVELOPES.

207. Envelope of system of surfaces whose equation
contains one parameter. The equation

f(z, ¥, 2, 2)=0,

where @ is an arbitrary parameter, can be made to repre-
sent the different members of a system of surfaces by
assigning different values to a. The curve of intersection
of the surfaces corresponding to the values o, o.+de, is
given by

[, 9,2, 0)=0, f(z,y, 2 o+da)=0,

or by
flx, y, 2, a)=0 f(@, y, 2, o4 80)—f(w, y, 2 o) _
T ’ o ’
that is, by

f@ 9.5 0 =0, 2f@, 4, 0t880)=0,

where 0 is a proper fraction.
Hence, as da tends to zero, the curve tends to a limiting

position given by
&
f(x, y, 2, x)=0, 5&.ﬂw’ Y, 2, a)=0.

This limiting position is called the characteristic corre-
sponding to the value o.. The locus of the characteristics
for all values of a is the envelope of the system of surfaces.
Its equation is obtained by eliminating @ between the two

equations 3
f(@, y, 2, a)=0, a f(x, y, 2, a)=0.
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Ex. Find the envelope of spheres of constant radius whose centres
lie on OX.
The equation to the spheres of the system is

(r—a)y+y?4 =12

where a is an arbitrary parameter and r is constant. The characteristic
corresponding to a=a 18 the great circle of the sphere

(@—a)+y2+22=1r?
which lies in the plane x=c, and the envelope is the cylinder
yr+2=ri

208. The envelope touches each surface of the system at
all points of the corresponding characteristic.

Consider the surface given by a=o. The equations to
the characteristic are

(@, y, 2, 0)=0, f. (2 y,2 0)=0.

The equation to the envelope may be obtained by eliminat-
ing o between the equations to the characteristic, and this
may be effected by solving the equation f,(z, y, 2, )=0
for a, and substituting in f(x, y, 2z, ®)=0. Thus, we may
regard the equation f(z, ¥, 2, ®)=0, where o is a function
of z, y, z given by f, (. ¥, 2, .)=0 as the equation to the
envelope. The tangent plane at (, y, 2) to the envelope is
therefore

£(futfu ) +1(f, +f%g—‘;‘) + (At £ 22 4 4(fik £ 2 =0,

where ¢ is introduced to make the equations f=0, f, =0
homogeneous. But at any point of the characteristic
f..=0, and the above equation becomes

Efatufy+{ft1f=0,
which represents the tangent plane at (w, 9, 2) to the
surface f=0. Hence the envelope and surface have the
same tangent plane at any point of the characteristic.

At any point of the characteristic corresponding to a=o., we have
fAx+f,dy+fdz+foda=0 and fo=0,
and therefore Sz +f,dy+fdz=0.

But if (x,y,2) is a singular point on the surface f(z,y, 2 o)=0,
f==fy=/:=0, and hence the characteristic passes through tlglle singular
point. The locus of the singular points of the surfaces of the system
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therefore lies on the envelope. For any point of the locus the co-
efficients in the equation to the tangent plane to the envelope are all
zero, and the proposition thus fails for such points.

Consider, for example, the envelope of the right cones of given
semivertical angle o, whose vertices lie upon OX and whose axes are
parallel to OZ. The equations to the system and to the envelope are

(x—a)+y?=2tan?e, y%=2%tan’o..

The locus of the singular cI)ointss of the system is 0X, and the tangent
planes to the envelope and surfaces are indeterminate at any point of
the locus.

209. The edge of regression. The equations to the char-
acteristics corresponding to values oo and a+do of a are

(f=0)ama, <§£=O)a=a;
(f=0)a=a+sa, (%= ) .

a=a+da
The coordinates of any common point of these character-
istics satisfy the four equations, and therefore satisfy the
equations

F=0uu (Z=0) . (Z=0

where 6, and 6, are proper fractions. Hence, as do. tends
to zero, the common points tend to limiting positions

given by ) o . i
(f=0uee (Z=0) . (acf.‘,}m_o. ......... 1)

These limiting positions for all values of a lie upon a
curve whose equations are obtained by the elimination of
between equations (1). This locus is called the edge of
regression or cuspidal edge of the envelope.

’

>a=a+036a

210. Each characteristic touches the edge of regres-
sion. We may consider the equations

f =0, f a=0,
where a is a function of «, ¥, 2 given by f..=0, to repre-
sent two surfaces whose curve of intersection is the edge of
regression. The tangent at (z, ¥, 2) to the edge of regression
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is the line of intersection of the tangent planes to the
surfaces. Its equations are therefore

Ef(‘fz +fa g%) =0, Ef(fxa + faa g‘g) =0.

At any point of the edge of regression we have f,=0,
faa=0, and the above equations become

Effx=0: Effza=0,
which represent the tangent at xz, y, 2, to the curve
=0, f,=0, 4. to a characteristic.

Ex, 1. Find the envelope of the plane 3x¢2—3y¢+2z=12, and shew
that its edge of regression 1s the curve of intersection of the surfaces

Yi=xz, xy==.
Ex. 2. TFind the envelope of the sphere
(z—acos 02+ (y —asin )% 422 =5b%
Ans. (22 +y2+224a? — b2 =4a¥(2?+3%).
Ex. 3. The envelope of the surfaces f(z, ¥, 2, a, b))=0, where a and

b are parameters connected by the equation ¢(a, b)=0, is found by

eliminating @ and b between the equations f=0, ¢ =0, &’L_-—”.
a

Ex. 4. The envelope of the surfaces f(z, v, 2, @, b, ¢)=0, where
a, b, ¢ are parameters connected by the equation ¢(a, b, ¢)=0, and
f and ¢ are homogeneous with respect to a, b, ¢, is found by elimi-

nating @, b, ¢ between the equations /=0, ¢=0, £* =f—”=é.

)
4) (I)b d)c
Ex. 5. Find the envelope of the plane lz+my+nz=0, where
al?+bm?+cn?=0. Ans. z*a+y*b+22/c=0.

Ex. 6. The envelope of the osculating plane of a curve is a ruled
surface which is generated by the tangents to the curve, and has the
curve for its edge of regression.

The equation to the osculating plane is 2/,(§—2)=0, where
U3, mg, 13, 2, Y, 7, are functions of 5. A characteristic is given by

2l(E—x)=0, Zi(§—2)=0, (Frenet’s formulae),

or §-.r=1,—3/=§—z,
4 mnom
which represent a tangent to the curve.
A point on the edge of regression is given by
Sl(E-2)=0, Sh(E-2)=0, S (f-2)=0,
whence {=x, n=y, {=¢, and the points of the edge of regression are
the points of the curve.

Ex. 7. Prove that the envelope of the normal planes drawn
through the generators of the cone ax?+by*+cz2=0 is given by

ai(b - c)?.a.3 +8 (c— a)gya + (a— b)‘?‘z"3 =0.
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211. Envelope of a system of surfaces whose equation

contains two parameters. The equation
f(x, vy, 2, a, b)=0,
where a and b are parameters, may also be taken to repre-
sent a system of surfaces. The curve of intersection of the
surfaces corresponding to values o, o.+do of a, and S,
B+68 of b, is given by
fle, B)=0, fla+da, B+5B)=0,

or by f(o, B)=0,

bou o f(o-+ 6,6, B+8)+38 55, B+086)=0,

where 0, and 6, are proper fractions. If §B=Ada, the
curve of intersection is given by

0 G,
fo, 3)=0, a‘af(““'el‘sa» B+3B)+A E—Bf(a’ B+6.68)=0,
and the limiting position as do. and @3 tend to zero, by
—o ¥ _
flo, £)=0, L +Azg=0.

But dow and 88 are independent, so that A can assume
any value, and the limiting position of the curve depends
on the value of A and will be different for different values
of X. The limiting positions, however, for all values of A
will pass through the points given by

—o, Yoo Y_
flo, B)=0, aa.—o’ 5—5—0.

These are called characteristic points, and the locus of the
characteristic points is the envelope of the system of
surfaces. The equation to the envelope is found by elimi-
nating a and b between the three equations

_a Of(x,y,2a,b) of (@, y,2,a,b)
f(z, y, 2, a,b)=0, 0 =0, b =0.

Consider for example the system of spheres of constant radius
whose centres are on the xy-plane. The equation to the system is

(z—ay+(y-b)F+2=1",
where a and b are arbitrary parameters, and r is constant. Let
P(a, B,0) and P'(a.+3a, 8+, 0)
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be the centres of two spheres of the system. If the ratio 83/8c
remains constant the direction of PP’ is fixed. The limiting position
of the curve of intersection of the spheres as P’ tends to P along the
line PP’ is the great circle of the sphere, centre P, which is at right
angles to PP. But all the limiting positions pass through the ex-
tremities of the diameter through P, whose equations are r=o, y=[,
and these are the characteristic points. Their locus is the pair of
planes ¢2=7%

212. The envelope touches each surface of the system at
the corresponding characteristic points.

Consider the surface f(x, y, 2, &, 8)=0. The character-
istic points are given by

=0, fu=0, fs=0.

The equation to the envelope may be obtained by elimi-
nating a and B between these three equations, and this
may be effected by solving f, =0, f4=0 for o. and 8 and
substituting in f=0. Hence, we may regard

f(wr Y, % , B)=0:
where o. and 3 are functions of z, ¥, z, given by f, =0 and
fe=0, as the equation to the envelope. The tangent plane
at (w, y, 2) to the envelope has therefore the equation

2¢(futf 245 L) =0

But if (2, y, 2) is a characteristic point, f, =0 and fz=0,
and the equation becomes
Eff =0,
which represents the tangent plane at (x, %, 2z) to the
surface. Therefore the envelope and surface have the
same tangent plane at a characteristic point.

Ex. 1. Find the envelope of the plane

zcos Osin ¢+‘%sin O sin d>+-zcos b=1
Ans. x¥a?+ (b 4+ 22 c?=1.
Ex. 2. Find the envelope of the plane

(¢ —a/\)x L@+ gw)g +a4- c)\#)z= pA,
where A and p are parameters.
Adns. 23a?+y2[b% - 2[3E=1.
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Ex. 3. Prove that the envelope of the surfaces f(z, v, 2, a, b, ¢)=0,
where a, b, ¢ are parameters connected by the equation ¢(a, b, c)=0, is
found by eliminating a, b, ¢ between the equations

f=07 ¢=0, f_‘,‘,=I£=_fg_.

Ex. 4. Prove that the envelope of the surfaces f(z, v, 2, a, b, ¢, d)=0,
where a, b, ¢, d are parameters connected by the equation ¢(a, b, ¢, d)=0
and f and ¢ are homogeneous with respect to a, b, ¢, d, is found by
eliminating a, b, ¢, d between the equations /=0, ¢=0 and

fg__fg__fc__.fd

‘l’a - ¢b (4 (]
Ex. 5. Find the envelope of the plane lx+my+nz=p when
(i) p?=a2?+b2m?+cn? (ii) a?l?+b6*m?+2np=0.
Ans. (i) 22/a?+y%b2+2%c2=1, (ii) 2?/a?+y?/b?=2.

Ex. 6. Find the envelope of a plane that forms with the (rect-
angular) coordinate planes a tetrahedron of constant volume ¢*/6.

Ans. 2Txyz=c3
Ex. 7. A plane makes intercepts a, b, ¢ on the axes, so that
a?+b2+c2=k"2

Shew that it envelopes a conicoid which has the axes as equal con-
jugate diameters.

Ex. 8. From a point P on the conicoid a?x2+b%?+c%2=1,
perpendiculars PL, PM, PN are drawn to the coordinate planes. Find
the envelope of the plane LMN.

Ans. (az)b+(by)d +(ca)f =2k,

Ex. 9. A tangent plane to the ellipsoid #%/a?+ »%/b?42%/c?=1 meets
the axes in A, B, C. Shew that the envelope of the sphere OABC is

(@)t + @b+t =@y + DY

RULED SURFACES.

213. Skew surfaces and developable surfaces. If, in
the equations to a straight line
z=az+a, y=bz+p,
a, b, a, B are functions of a single parameter ¢, we can
eliminate the parameter between the two equations and
thus obtain an equation which represents a surface generated
by the line as ¢ varies. The locus is a ruled surface.
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The two generators corresponding to values ¢, t+dt, of
the parameter have for equations
v—o_y—B  z—a—da_y—B—33_
o - b % Ta¥da = b+6b
Therefore, if d is the shortest distance between them,
doe6b—38B3da
~/6a3+6bz+(a6b béa)y

2
But a+da=a+a'dt+a” %— ..., ete., where dashes denote

differentiation with respect to ¢{. Therefore, if cubes and
higher powers of dt are rejected,

d=(oz.'b’ Ba)dt+(ad" +b'o” — /B — Fa”)5t/2
Jat 4524 (ab —a'bR+(aa’+ ...)dt

Hence d is an infinitesimal of the same order as &t if
ab'—Ba’#0. But if o'b’—~Ba’=0, then we have also
b+ b —a'B' —Ba’=0, and therefore d is at least of
the order of &#8. 1f, therefore, 6t is so small that J§t2 and
0t* are inappreciable, d=0, or the two generators are
coplanar. The result may be stated thus: if ob'—Ba’=0,
consecutive generators of the surface intersect, while if
o't — B'a’+0, consecutive generators do not intersect.

If consecutive generators intersect the surface is a
developable surface, if they do not intersect, it is a skew
surface. The name developable arises in this way. If A
and B, B and C, consecutive generators of a surface, inter-
sect, the plane of B and C may be turned about B until it
coincides with the plane of A and B, and thus the whole
surface may be developed into a plane without tearing.
Clearly cones and cylinders may be so treated, and are
therefore developable conicoids. On the other hand the
shortest distance between consecutive generators of the
same system of a hyperboloid or paraboloid does not vanish,
(§ 114), so that the hyperboloid of one sheet and the
hyperbolic paraboloid are skew conicoids.

Ex. 1. Shew by means of Exs. 5 and 7, § 206, that the tangents
to a curve generate a developable surface and that the prmc1pa1
normals generate a skew surface.
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Ex. 2. Shew that the line given by y=tr—, 2=t — ¢ generates

a developable surface.

Ex. 3. Shew that the line 2=3t%+2¢(1 - 3#Y), y= —2tz+ (3 +47%)

generates a skew surface.

214. The tangent plane to a ruled surface.

We may

regard the coordinates of any point on the surface as
functions of two variables ¢ and 2, given by the equations

E=az+a, y=bz+B, (==
The tangent plane at (¢, z) has for equation

f—az—o, n—bz—B, (-2 |=0,
a'z4o, bz+ 4, 0
a, b, 1

or f—al—o, n—0{—B, (-2 |=0,
a’z+o, bz+ 3, 0
0, 0, 1

v.e. (é—al—a)(bz+B)—(n—=b¢—B)(az4+a)=0. ....(1)

This equation clearly represents a plane passing through
the line f=al+o, n=b{+p,
which is the generator through the point (¢, 2).

If o/ —bo'=0, or

function of ¢, equation (1) becomes
(§—af—0a)=k(n—b{—B)=0,

and is therefore independent of z. The equation then

involves ¢ only, and since when ¢ is given, the generator

is given, the tangent plane is the same at all points of the

generator.

If &’B —b'a’+0, the equation (1) contains z and ¢, so that
the plane given by (1) changes position if ¢ is fixed and
z varies, or the tangent planes are different at different
points of a generator.

Hence the tangent plane to a developable surface is the
same at all points of a generator; the tangent planes to a
skew surface are different at different points of a generator.

Cor. The equation to the tangent plane to a developable
surface contains only one parameter.

o o .
_b_,-;_g,:k, say, where & is some
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215. The generators of a developable surface are
tangents to a curve. If the equations
r=az+ o, y=bz+p3;
r=(a+a'dt)z4+o+a'st, y=(0b+bdt)z+B+Bdt
represent consecutive generators of a developable surface,
their point of intersection is given by

These express the coordinates in terms of one parameter
t, and hence the locus of the points of intersection of con-
secutive generators of a developable is a curve.

By differentiation, we obtain
_a(la”—ola

L =a7, Y

wl

b Ibl/_ I/b/ ,
_UBY - 4y,

and therefore the tangent to the curve at (, v, z) has for
equations f—x g

=Y _e
a b—f %

or f=al-azt+ax=al+a,
n=bf—bs+y=bi+p,
which represent the generator through (z, v, 2).

216. Envelope of a plane whose equation involves one
parameter. We have seen that the equation to the tangent
plane to a developable involves only one parameter, (§ 214,
Cor.). We shall now prove a converse, viz., that the
envelope of a plane whose equation involves one parameter
is & developable surface. Let

u=af+byp+cf+d=0,
where a, b, ¢, d are functions of a parameter ¢, be the
equation to the plane. A characteristic is given by
u=0, u’=0,
and therefore, since 4 and v’ are linear functions of ¢, 5, ¢,
the characteristics are straight lines and the envelope is a
ruled surface. Two consecutive characteristics are given by

u=0, w'=0; u4+u'dt=0 w+u"dt=0;
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and these clearly lie in the plane w+u'¢ =0, and therefore
mtersect. Hence the envelope is a developable surface.
The edge of regression of the envelope is given by

w=0, %'=0, =0,
aud hence, if (z, y, 2) is any point on the edge of regression,
ar+by+cz+d=0, az+by+cz+d =0,
a"z+b"y+c"24+d" =0. ..ccovvvnnnnn, (1)
But the coordinates of any point on the edge of regression
are functions of ¢. Therefore, from (1),
ax’+by' +c7' = —(dz+by+cz+d)=0,
a'nd aw/f+by//+cz//=+ (a//w+br/y+c//z+d//)=0’
whence we see that the plane ag+by+c{+d=0 has three-
point contact at (x, 3, 2) with the edge of regression, or is
the osculating plane. Thus a developable surface is the

locus of the tangents to, or the envelope of the osculating
planes of, its edge of regression.

Ex. 1. Find the equations to the edge of regression of the develop-

able in Ex. 2, § 213.
The point of intersection of consecutive generators is given by

=312 y=203, z={
and these equations may be taken to represent the edge of regression.

Ex. 2. Find the equations to the developable surfaces which have
the following curves for edge of regression :

(i) z=6t, 7 == 312, 2=28%;
(ii) z=acos§, y=asinf, z=ch;
(iii) z=¢, y=e, 2=A/2t,

Ans. (i) (zy—92)2=(2? - 12¢)(4y% - 3ax) ;
(ii) x=a(cos - Asinf), y=a(sin @+Acosh), z=c(6+A),
where 6 and A are parameters.
(iii) w=et(14+A), y=e*(1-N), z=n2(t+A).
Ex. 3. Find the edge of regression of the envelope of the normal

planes of a curve.
A normal plane is given by

21, (¢~ x)=0.
And by Frenet’s formulae, we have for the edge of regression,

SU(E-2)=0, Sh(E-a)=p, Sly(f-2)=-op.
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Multiplying by ¢y, 5, I;, and adding, we deduce
§=x+0lp—1lop’, and similarly,
N=y+mep—myap, (=2+n,p—nyop.

Hence, the edge of regression is the locus of the centres of spherical
curvature. The envelope is the polar developable, (§ 205).

217. The condition that {=f({, ») should represent a
developable surface. If {=f(&, ) represents a developable
surface, the equation to the tangent plane

pé+qn—{=pr+qy—=
involves only one parameter. Let ¢ =px+qy—2 Then,
if ¢ is the parameter,

p=hHE) q=FfAb), ¢=[(1),
and hence, by the elimination of ¢, we can express p and ¢
as functions of q. Now if w and v are functions of 2 and
y the necessary and sufficient condition that w should be a

. . o(u, v)
function of v is ;>—<{=0.*
oz, y)
Therefore for a developable surface,
Pz, Py |=0; thatis, | », s |=rt—s?=0.
Qe qy s t
A necessary condition is therefore 7t —s?=0.
Again, | ¢5 ¢y |=| r2+sy, sx+ty |=x|r, s
9z Qy 8, t s, t

Therefore, if rt—s?=0, ¢ is a function of q. Hence, the
necessary and sufficient condition is 7t —s?=0.

*This may be proved as follows :

If u=f(v), Uz =0, f'(v),
and Uy =0, f"(v),
and therefore UxVy — Uy, =0,

Hence g%—;i;:o is a necessary condition.

It is also sufficient. For if u,v, — u,v,=0,
Uy _ty_tdx+udy du
v, vy vdr+vdy dv

Therefore dv=0 if du=0, and hence the variation of u depends only on
the variation of v, or u is a function of ».
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Ex. 1. By considering the value of 72 —s? determine if the eurfaces
zxyz=a’, xy=(2—c)? are developable.

Ex. 2. Shew that a developable can be found to circumscribe two
given surfaces.

The equation to a plane contains three disposable constants, and the
conditions of tangency of the plane and the two surfaces give two
equations involving the constants. The equation to the plane there-
fore involves one constant, and the envelope of the plane is the
required developable.

Ex. 3. Shew that a developable can be found to pass through two
given curves.

Ex. 4. Shew that the developable which passes through the curves
2=0, y*=4ax ; £=0, y?=4bz is the cylinder y*=4ax+ 4bz.

Ex. 5. Prove that the edge of regression of the developable that
passes through the parabolas z=0, y*=4azr ; =0, (y—a)?*=4az is the
curve of intersection of the surfaces

(a+y)P=3alz+y+z), (a+y)y=27a%.
Any plane which touches the first parabola is
Az+my =x +am?,

and if it touches the second, A=m/(1 —m). Therefore the equation to
a plane which touches both is

S(m)=am?®—m*(a+y)+m(x+y+2)—x=0.
Eliminate m between
i _, P,

=% =% Gn="
and the required result is easily obtained.

Ex. 6. Shew that two cones pass through the curves
22+y?=4a? 2=0; x=0, y?=4a(z+a);
and that their vertices are the points (2a, 0, —2a), (—2a, 0, --2a).
Ex. 7. Shew that the equation to the developable surface which
passes through the curves
2=0, 4a%P=0%%?%; y=0, 4a33=>bc'»
is (a%yz — be?x)? = 4a® (bar + ay?)(c%y + az?),
and that its edge of regression is the curve of intersection of the

conicoids a2 +cty=0, alyz—bclr=0,

Ex. 8. Shew that the edge of regression of the developable that
passes through the parabolas =0, 2=4ay ; r=a, y*=4az is given by

—t
v —— .,

y z 3(a—2x)

Bx. 9. Prove that the edge of regression of the developable that
passes through the circles z=0, 22+ y2=a? r=0, y*+2?=>02 lies on the

cylinder (%).} B (7,%)&: (‘% _ biz)?f
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Bx. 10. Prove that the section by the zy-plane of the developable
generated by the tangents to the curve
p a2yt 2t
2242+ 2 =12, ?4’%_2:5‘3
is given by
a®(a?+c?) | bHbP+c?) (o b
z2 + 7 =TT
Ex. 11. An ellipsoid 2/a?+y%/b%+22/c?=1 is surrounded by a
luminous ring z=0, y®+:?=a® Shew that the boundary of the
shadow cast on the plane z=0 is given by
xR a?
atia g

2=0,

218. Properties of a generator of a skew surface.
If AB,, AB,, A;B; are any three consecutive generators
of a skew surface, a conicoid can be described through
AB,, A,B,, A;B;. The conicoid will be a paraboloid if the
generators are parallel to the same plane, as in the case of
any conoid, otherwise it will be a hyperboloid. If P is any
point on A,B,, the two planes through P and AB,, A;Bg
respectively, intersect in a straight line which meets A B,
and A;B; in Q and R, say. Now PQR meets the conicoid
in three ultimately coincident points, and therefore is a
generator of the conicoid. Hence the plane of A,B, and
PQR is tangent plane at P to the conicoid. But PQR also
meets the surface in three ultimately coincident points,
and therefore is one of the inflexional tangents through
P, the other being the generator A,B,. Therefore the
plane of PQR and A,B, is also the tangent plane to the
surface at P. Thus a conicoid can be found to touch a
given skew surface at all points of a given generator.

We can deduce many properties of the generators of a
skew surface from those of the generators of the hyper-
boloid. For example, it follows from §134, Ex. 10, that
if two skew surfaces have a common generator they touch
at two points of the generator; and from § 113, Ex. 1, the
locus of the normals to a skew surface at points of a given
generator is a hyperbolic paraboloid.

Since the surface and conicoid have three consecutive
generators in common, the shortest distance and angle
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between the given generator and a consecutive generator
are the same for both. Hence the generator has the same
central point and parameter of distribution for the surface
and conicoid. Thus it follows that if the tangent planes
at P and P, points of a given generator of a skew surface,
are at right angles, and C is the central point,
CP.CP'= —¢?

where ¢ is the parameter of distribution.

The locus of the central points of a system of generators
of a skew surface is a curve on the surface which is called
a line of striction.

Ex. 1. Prove that the paraboloid which touches the helicoid
y/x=tan z/c at all points of the generator xsin @=y cos 6, z=c0 is
c(xsinf -y cos )+ (z - cO)(x cos 0+ ysin6)=0.

Prove also that the parameter of distribution of any generator is ¢,
and that the line of striction is the z-axis.

Ex. 2. Prove that the conicoid which touches the surface y2:=4c%x
at all points of the generator x=z, y=2¢ is y(r+3:)=2¢(3x+:z), and
that the normals to the surface at points of the generator lie on the
paraboloid 2% — x2=4c(y — 2¢).

Ex. 3. For the cylindroid z(x2+y*)=2mry, prove that the para-
meter of distribution of the generator in the plane xsin§=ycos@ is
2m cos 20.

Ex. 4. If the line x=az+o, y=bz+ B, where a, b, o, B are
functions of ¢, generates a skew surface, the parameter of distribution
for the generator is (ol — o' B)(1 +a2+b2)

a?+ 0%+ (ab —a'b)E

Bx. 5. If the line .v;a.=y1—n,8=z;y’ (where 24+m?+n%=1),

generates a skew surface, the parameter of distribution for the

generator 18 do, dB, dy |+(dl2+dm?+dn?).

dl, dm, dn
I, m, =n
Deduce the condition that the line should generate a developable

surface.

Ex. 6. Ap})ly the result of Ex. 5 to shew that the binormals of a
given curve of torsion 1/ generate a skew surface and that the para-
meter of distribution for any generator is the corresponding value
of o.

Ex. 7. Prove that the principal normals to any curve generate a
skew surface, the line of striction of which intersects the normal at a

B.G. X
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distance po?/(p?+a?) from the curve, and that if P, Q are any pair of
points on a normal such that the tangent planes at P and Q to the
surface are at right angles, CP.CQ= — p‘c?/(p*+0c*)%, where C is the
point of intersection of the normal and the line of striction.

(Apply § 206, Exs. 4, 5.)

Ex, 8. Shew that a given curve is the line of striction of the skew
surface generated by its binormals.

Bx. 9. Iftheline w=aztwa, y=bz+f
generates a skew surface, the z-coordinate of the point where the line
of striction crosses the generator is

a'a/(14b02) —ab(ad'B'+ o)+ B(1+a?)

B a2+ b2+ (ab —a'b)? '

Ex. 10. For the skew surface generated by the line
w+yt=3t(1412), y+20t=r%(3+4s%,

prove that the parameter of distribution of the generator is §(1 +2¢%)3,
and that the line of striction is the curve

=3¢ y=3 z=204
BEx. 11. If the line

z—o._y-B_z-7v
. m T n

generates a skew surface, the point of intersection of the line of
striction and the generator is

(+lr, B+mr, y+nr),
e Z(mn' —m'n)(nf —my’)

- S(mn' —m'n)? ’
Ex. 12. Deduce the results of Exs. 7 and 8.

Ex. 13. The line of striction on a hyperboloid of revolution is the
principal circular section.

where

Ex. 14. Shew that the distance measured along the generator
z—acosf y—bsing 2z
asin ~— —bcosh ¢
of the hyperboloid x?/a?+ y2/b%—2%/c?=1, from the principal elliptic
section to the line of striction, is
X(a? — b?) sin 6 cos O(a2sin?6 + b2cos2h+ c2)F
b%c*sin*0 + c?a®cos?0 + a?b?

Examples XII.

1. O is a fixed point on the z-axis and P a variable point on the
zy- gne. Find the envelope of the plane through P at right angles
to .

2. Ois a fixed point on the z-axis, and a variable plane through O
cuts the xy-plane in a line AB. Find the envelope of the plane
through AB at right angles to the plane AOB.
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3. Find the envelope of a plane that cuts an ellipsoid in a conic so
that the cone whose vertex is the centre of the ellipsoid and whose
base is the conic is of revolution.

4, Given three spheres S;, S,, S;, S, and S, being fixed and S,
variable and with its centre on S,. Prove that the radical plane of
S, and S, envelopes a conicoid.

5. The envelope of a plane such that the sum of the squares of its
distances from n given points is constant, is a central conicoid whose
centre is the mean centre of the given points,

6. Prove that the envelope of the polar planes of a given point
with respect to the spheres which touch the axes (rectangular) consists
of four parabolic cylinders.

7. Prove that sections of an ellipsoid which have their centres on a
given line envelope a parabolic cylinder.

8. Any three conjugate diameters of an ellipsoid meet a fixed
sghere concentric with the ellipsoid in P, Q, R. Find the envelope
of the plane PQR.

9. A plane meets three intersecting straight lines OX, OY, OZ
in A, B, C, so that OA.OB and OB.OC are constant. Find its
envelope.

10. Through a fixed point O sets of three mutually perpendicular
lines are drawn to meet a given sphere in P, Q, R. Prove that the
envelope of the plane PQR is a conicoid of revolution.

11. Find the envelope of a plane that cuts three given spheres in
equal circles.

12. Find the envelope of planes which pass through a given point
and cut an ellipsoid in ellipses of constant area.

13. Oiis a fixed point and P any point on a given circle. Find the
envelope of the plane through P at right angles to PO.

14. Find the envelope of the normal planes to the curve
a4y 0242l =1, 22+yP+2=r2

15. The tangent planes at the feet of the normals from (e, G, ) to
the confocals 22 "~ 2
aaatEteaoa=!

envelope a developable surface whose equation is
(9C - AB)?=4(3B — A%)(3AC - B?),
where A, B, C are the coefficients in the equation in ¢,
o By oy _
arit Pt Er

16. The normals from O to one of a system of confocals meet it in
P,Q,R; P,Q,R. If the plane PQR is fixed and O and the confocal
vary, find the envelope of the plane P'Q'R".
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17. Prove that the polar planes of (£, 5, {) with respect to the
confocals to z%/a+y%/b+2%c=1 are the osculating planes of a cubic
curve, and that the general surface of the second degree which passes
through the cubic is

A(R%2-3Q)+p(RQ-9P) + v(Q?-3RP)=0,
where P=abc—berf—cayn—abz{, R=a+b+c—af—yn-z,
Q=bc+cat+ab—(b+c)af—(c+a)yn—(a+b)z.
18. Shew that the coordinates of a point on the edge of regression

of the rectifying developable, z.c. the envelope of the rectifying plane,
of a curve are given by

l,—1 tan @

§=x +%, etc., eto-,

%(tan 0)

where tan@=p/o. Prove also that the direction-cosines of the tangent
and principal normal are proportional to I,p—lo, ete.; lp+1i0, ete,,
and that the radii of curvature and torsion are

L a ! and pi ] .
%(sin 6) d"(%(can 9)) d’(@%‘l_ )

19. If the conicoids
224+ y b+ 22 =1, 2Yal+y?b2+2c2=1

are confocal and a developable is circumseribed to the first along its
curve of intersection with the second, the edge of regression lies on

the cone
dAad®2 -t 0¥ (2 —a)t | BeB(a2-pHh
+ + - =0,
a% 133 c%
20. A developable surface passes through the curves
y=0, 2=(a-b)(22-b); =0, yi=(a—b)(2r—a);
prove that its edge of regression lies on the cylinder
zt —3/?‘+(a—b)§=0.

21. Shew that the edge of regression of the envelope of the plane

x y z
aratea ot
is the cubic curve given by
e (a+ )P __(b+Ap g (0 AP
“—a)b-ay YT=b)a-by ““(a-c)b—o)
22. Prove that the developable surface that envelopes the sphere

22+ y?+22=c? and the hyperboloid #%/a?+y%/b?—2%/c?=1 meets the
plane y =0 in the conic

x2 + 2 ¢
b2—a? " B34 b2t
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23. A developable surface is drawn through the curves
A4 yi=QY z=c; 2P+yi=1, z= -c;

shew that its section by the plane z=0is given by 2r=sin o.+sin 3,
2y=cos .+ A cos 3, where tan .= A tan (3.

24, If the generator of a skew surface make with the tangent and
principal normal of the line of striction angles whose cosines are A

and p, prove that dA =F, where p is the radius of curvature of the
line of striction. ¥ P

25. Prove that the line of striction on the skew surface generated
by the line
r—acosf_y—asinh _ z
0 6 . 0

cos@cos” sinfcos= sin_=
2 2 2

is an ellipse in the plane 2y+2z=0, whose semiaxes are q, 35__a, and

whose centre is (——32-‘-1, 0,0).



LcH. XVI

CHAPTER XVL
CURVATURE OF SURFACES.

219. We now proceed to investigate the curvature at a
point on a given surface of the plane sections of the surface
which pass through the point. In our investigation we
shall make use of the properties of the indicatrix defined
in § 184.

If the point is taken as origin, the tangent plane at the
origin as wy-plane, and the normal as z-axis, the equations
to the surface and indicatrix are

2z =rxt+2sxy +ty*+...,
z=h, 2h=rx?42sxy+ty>
V4

Fia. 60,
220. Curvature of normal sections through an elliptic
point. If 7t—s>>0 the indicatrix is an ellipse, (fig. 60).
Let C be its centre, CA and CB its axes, and let CP be any
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semidiameter. Then, if p is the radius of curvature of the
. cp? "
normal section OCP, p=Lt 500" and therefore the radii of
curvature of normal sections are proportional to the squares
of the semidiameters of the indicatrix. The sections OCB,
OCA, which have the greatest and lcast curvature, are
called the principal sections at O and their radii of curvature

are the principal radii. If p, p, are the principal radii, and
CA=a, CB=0, B2
pl:Lth P2=Lt2—h.

If the axes OX and OY are turned in the plane XOY

until they lie in the principal sections OCA, OCB respectively,
the equations to the indicatrix become

u:l
)

2 a2
1
z=h, Ez'f‘yg:l»

2 2
or z=h, qg+y_=2h’
Pr P
and the equation to the surface is
2 g2
2:=" 44 .
P1  Pe

If cP=r, and the normal section OCP makes an angle 0
with the principal section OCA, the coordinates of P are
rcosf, rsin @, h. Hence, since P is on the indicatrix,

2h _cos?f | sin?6

” P1 P2 ’
2 in2

therefore 1 =8 9 + s 6,
p P P2

where p is the radius of curvature of the section OCP.

221. Curvature of normal sections through a hyper-
bolic point. If »t—s2<0, the indicatrix is a hyperbola,
(fig. 61). The inflexional tangents are real and divide the
surface into two portions such that the concavities of
normal sections of the two are turned in opposite directions.
If we consider the curvature of a section whose concavity
is turned towards the positive direction of the z-axis to be
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positive, then the positive radii of curvature are proportional
to the squares of semidiameters of the indicatrix

z=h, 2h=ra®+2sxy+ty? (A>0), .......... (1)

and the negative radii of curvature are proportional to the
squares of the semidiameters of the indicatrix

z=—h, =2h=ra?42sxy+ty?, (R>0). ....... 2)

Fia. 61.

The normal section of algebraically greatest curvature
passes through the real axis of the indicatrix (1), and the
normal section of algebraically least curvature through the
real axis of the indicatrix (2). These indicatrices project
on the zy-plane into conjugate hyperbolas whose common
asymptotes are the inflexional tangents. As in § 220, the
sections of greatest and least curvature are the principal
sections. If the axes OX and OY lie in the principal
sections the equations to the indicatrices are

2 a2 2
=1 (9 s==h, S-%=-1

If p,, p, measure the principal radii in magnitude and
sign, —b
2h’ 2h
and therefore the equations to the indicatrices are

.’152
(1) Z=h, (;2—
. Lt(

(1) z=h, —+y =2h, (2) z2=—h, —+z=—2h,
P1 2
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and the equation to the surface is

2 g2
SRR AT
P1 P2

The radius of curvature of the normal section that
makes an angle 0 with the zz-plane is given by
1 _cos®f | sin®f
PP Pe
222. Curvature of normal sections through a para-
bolic point. If rt—s?=0, the indicatrix consists of two

parallel straight lines, (fig. 62). The inflexional tangents

Fia. 62.

coincide, and the normal section which contains them has
its curvature zero. The normal section at right angles to
the section of zero curvature has maximum curvature.
These two sections are the principal sections. If OX and
oY lie in the principal sections, the equations to the
indicatrix are z=h, a?=a?

where a=CA. The finite prmmpal radius p, is given by
=Lt 3
Hence the equatlons to the mdlcatmx and surface are

22
z—h, oh="; 2z=__+
P1 P1
If p is the radius of curvature of the section OCP which

makes an angle § with the principal section OCA,
1 oq29

N 1
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223. Umbilics. If r=t¢ and s=0, the indicatrix is a
circle and the principal sections are indeterminate, since all
normal sections have the same curvature. Points at which
the indicatrix is circular are umbilics.

224. The curvature of an oblique section. The re-
lation between the curvatures of a normal section and an
oblique section through the same tangent line is stated in
Meunier's Theorem: If p, and p are the radii of curvature
of a mormal section and an oblique section through the
same tangent, p=p,cos 0, where 0 is the angle between the
sections.

If the tangent plane at the point is taken as ay-plane,
the normal as z-axis, and the common tangent to the
sections as x-axis, the equations to the indicatrix are

Zz= h, 2h =rx?+ 28xy + tyz:

and, (see fig. 60),
CA?

po=Lt 550=

1
=

The equations to QQ’ are
y=htanf, z=h,
and where QQ’ meets the surface,
2h = ra? 4 2sxh tan O+ th2tan2.

But if « and y are small quantities of the first order, A is
of the second order, and therefore to our degree of approxi-

mation, hz and A% may be rejected. Hence QVi= 27:3, and
1. QVvE 2hjr
p—Lt Q—OV—Ltgh—seTé—pocos 0‘

The following proof of Meunier’s theorem is due to Besant.

Let OT be the common tangent to the sections and consider the
ss)here which touches OT at O and passes through an adjacent and
ultimately coincident point on each section. he planes of the
sections cut the sphere in circles which are the circles of curvature
at O of the sections. The circle in the plane containing the normal
is a great circle, and the other is a small circle of the sphere. If C,
is the centre of the great circle and C of the small circle, the triangle
COC, is right angled at C, and the angle COC, is the angle between
the planes. Hence the theorem immediately follows.
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225. Expression for radius of curvature of a given
section through any point of a surface. Let OT, the
tangent to a given section of a surface through a given
point O on it, have direction-cosines [;, m;, n;. Let the
normal to OT which lies in the plane of the section have
direction-cosines 1,, m, m, Then, since the direction-
cosines of the normal to the surface are

=P __ -q 1
~/1+p2+q“ ~/1+p2+q“ ~/1+p2+92’
0, the angle between the plane of the section and the

normal section through OT, is given by
—ply—qmy+n,
Ji+pi+g
But pli+gm, —n,;=0;
therefore, by Frenet’s formulae, since
dp op dx op d
dg_2q dv g d

cos 0=

. —‘:—‘I{ = 8
and ds oxr ds oy ds shottmy,
p____l2 + q:)nl:—qz—‘-z = - (’rl12 + 2Sl1'nl1 + tml2)
o cos 6 _ rl 24+ 2slm, + tmf.
p V1+p2+¢?

Cor. When 6=0, p becomes p,, and Meunier’s theorem
immediately follows.

Ex. 1. Find the principal radii at the origin of the paraboloid
2z =5x%+4zy+ 242
Find also the radius of curvature of the section r=y. 4dns. 1,}; &
Ex. 2. For the hyperbolic paraboloid
2="Tr+6xy —y?
prove that the principal radii at the origin are 3 and — }, and that the

principal sections are =3y, Br=-y.

Ex. 3. If p, p’ are the radii of curvature ot any two perpendicular
normal sections at a point of a surface, 1 + l, is constant.
P P
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Bx. 4. Prove that at the origin the radius of curvature of the
section of the surface ax? 4+ 2hay + byt =2,

by the plane le+my+nz=0,
is (2 + m?)¥ (@m? — hlm+ b2y (12 + m2+n2) },
Ex. 5. The locus of the centres of curvature of sections of the
surface P
Qr=—+Y-
P1 P2

which pass through the origin is the surface given by
2 N w22 102
(22 + +z)( +p) 2(2%+y2).

226. Principal radii at a point of an ellipsoid. Let P
be a point on an ellipsoid, centre 0. Take OP as z-axis
and the diametral plane of OP as zy-plane. Then take the
principal axes of the section of the ellipsoid by the xy-plane
as x- and y-axes. Since the coordinate axes are conjugate
diameters of the ellipsoid, its equation is

wZ y2 Z2 _

wtgts=
where y=0P, and 2 and 283 are the principal axes of the
section of the ellipsoid by the plane through the centre
which is parallel to the tangent plane at P.

The equations to the indicatrix are z=y—k, where k is
small, and 2 +y i <y— k>2= gl‘
ad’ Y Y

Therefore, if the axes of the indicatrix are a and b,

a2=2ka2, b2=2k'82.
Y Y

Now let p be the perpendicular from the centre to the
tangent plane at P, and let & be the distance between
the planes of the indicatrix and the tangent plane. Then

kh

y P
Therefore, if the principal radii are p1 and Pos

Lt a? of

2
oF= and pz—Lt '8 =,
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Ex. 1, Prove that the principal radii at a point (#, ¥, z) on the
ellipsoid &?/a®+y?/b?+2%/c?=1 are given by

2 2 2 2 2 2 25242
pz—f;('ﬁb ;c _'_!/20 z;a +.2% +b )_I_E,;;“? =0. (Use §86.)

Ex. 2. If PT is tangent to a normal section at P on an ellipsoid.
the radius of curvature of the section is r2/p, where » is the central
radius parallel to PT.

c

Ex. 3. If A, prare the parameters of the confocals through a point
P on the ellipsoid 2?/a2+ %%+ 2?/c?=1, the principal radii at P are
v m NAp
“abe’ abe’
Ex. 4. The normal at a point P of an elli fsoid meets the principal
planes through the mean axisin Q and R. 1f the sum of the principal

radii at P is equal to PQ+PR, prove that P lies on a real central
circular section of the ellipsoid.

Ex. 5. If P is an umbilic of the ellipsoid x%/a%+y%/b?+2%c?=1,
prove that the curvature at P of any normal section through P is
ac/b®. (See §95, Ex. 2.)

LINES OF CURVATURE.

227. A curve drawn on a surface so that its tangent at
any point touches one of the principal sections of the
surface at the point is called a line of curvature. There
pass, in general, two lines of curvature through every point
of the surface, and the two lines of curvature through any
point cut at right angles.

228. Lines of curvature of an ellipsoid. The tangents
to the principal sections at a point P of an ellipsoid whose
centre is O are parallel to the axes of the central section of
the ellipsoid by the diametral plane of OP, (§226). But
the tangents to the curves of intersection of the ellipsoid
and the confocal hyperboloids through P are also parallel
to the axes of the section, (§121). Therefore the lines of
curvature on the ellipsoid are its curves of intersection
with confocal hyperboloids.

229. Lines of curvature on a developable surface.
One principal section at any point of a developable is
the normal section through the generator. Hence the
generators form one system of lines of curvature. The
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other system consists of curves drawn on the surface to
cut all the generators at right angles. In the case of a
cone, the curve of intersection of the cone and any sphere
which has its centre at the vertex cuts all the generators
at right angles, and therefore the second system of lines of
curvature consists of the curves of intersection of the cone
and concentric spheres whose centres are at the vertex.

230. The normals to a surface at points of a line of
curvature. A fundamental property of lines of curvature
may be stated as follows:

If o and P are adjacent and ultimately coincident
points of a line of curvature, the normals to the surface
at O and P intersect; conversely, if O and P are adjacent
points of a curve drawn on a surfuce and the normals to
the surface at O and P intersect, the curve ts a line of
curvatwre of the surface.

Let O be the origin and let the equation to the surface be

2z=w—2+y—2+
P P2

P will lie on the indicatrix and will have coordinates

rcos, rsin @, h. The equations to the normal at P to the

surface are  p—rcosf y—rsinh _z—h

7 cos 0 rsin®  —1°
P1 P2
Therefore, if the normal at P is coplanar with the normal
at O, v.e. with 0z, 1 1
sin Ocos9<————>=0. .................. (1)
Pr P

If o and P are adjacent points of a line of curvature,
sin =0, or cos A =0, and the condition (1) is satisfied ; there-
fore the normals at adjacent points of a line of curvature
intersect.

If the normals at O and P intersect, cos §=0 or sin =0,
and therefore O and P are adjacent points of one of the
principal sections, or the curve is a line of curvature.

Ex. The normals to an ellipsoid at its points of intersection with
a confocal generate a developable surface.
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231. Lines of curvature on a surface of revolution.
The normals to a surface of revolution at all points of a
meridian section lie in the plane of the section, and therefore,
by § 230, the meridian sections are lines of curvature. The
normals at all points of a circular section pass through the
same point on the axis, and therefore any circular section is
a line of curvature.

Let P, (fig. 63), be any point on the surface, and let PT
and PK be the tangents to the meridian and circular sections
through P. Let PN be the normal at P, meeting the axis
in N, and let C be the centre of the circular ssction. Then

== -

Pt

e ——-—

'
'
i
-
1,
»’
r

e

Fig. 63.

TPN and KPN are the planes of the principal sections. The
principal radius in the plane TPN is the radius of curvature
at P of the generating curve. The circular section is an
oblique section through the tangent PK, and its radius of
curvature is CP. Therefore, by Meunier’s theorem, if p is
the principal radius in the plane KPN,

CP=pcos f, where § = LCPN,
or p=PN.
Thus the other principal radius is the intercept on the
normal between P and the axis.

Ex. 1. In the surface formed by the revolution of a parabole
about its directrix one principal radius at any point is twice the other.
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Ex. 2. For the surface formed by the revolution of a catenary
about its directrix, (the catenoid), the principal radii at any point are
equal and of opposite sign.

(A surface whose principal radii at each point are equal and of
opposite sign is called a minimal surface.)

Ex. 3. In the conicoid formed by the revolution of a central conic
about an axis one principal radius varies as the cube of the other.

Ex. 4. A developable surface is generated by the tangents to a
given curve. Prove that at the point Q on the tangent at P, where

PQ=/, the principal radius of the developable is o,

P
Let the plane through Q at right angles to PQ cut the consecutive
generators in N and M, (fig. 64). Then N, Q, M are consecutive points

Fia. o4,

of the principal section. But the angle between consecutive generators
is 8y, and the angle between the planes PQN, PQM is the angle
between consecutive osculating planes, and therefore is §r. Therefore,
if p, is the principal radius,
QM 0V Iy
pl—-LtLRQM-—-Lt &

Ex. 5. Find the radius of curvature at Q of the line of curvature
of the developable.

Draw QL at right angles to the consecutive generator. Then N, Q, L
are consecutive points on the line of curvature. Let QM, NQ, QL
meet the sphere of unit radius whose centre is Q in q, b, ¢ respectively.
Then, if 8y is the angle between consecutive tangents to the line of
curvature, 8y'=be, &Y =ca, Sr=ab.

Therefore, since the triangle cabd is right-angled at «,

Syt = 8y 4 872,

If p, is the radius of curvature of the line of curvature, we have

—1 QL1 0¥
PO—LtB‘V Lt&l/.

1 .1 87)2}
Hence ;?_Ltﬁ{l+<§\-/; ’
_ e

ana Po=

ﬁ
+
L
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Ex. 6. Shew that the radius of torsion of the line of curvature of

the developable is )
p(op’ = po’y
,_dp ,_do
where P=gp o=

and s is the arc of the edge of regression.

Ex. 7. Shew that the lines of curvature of the developable
generated by tangents to a helix are plane curves.

232. The principal radii and lines of curvature through
a point of the surface z=f(z, y). In §225 we have
found that if I, m,, n; are the direction-cosines of the
tangent to a normal section of the surface through the
point (x, y, 2), the radius of curvature of the section is

given by 1 rl242sl,m +tm,®
p Nitptg

We have also pli+qm,—n,=0,
whence L2+mB2+(pli+qgm)P=1 ...l (2)

Therefore, if we write k for »/T+p*+¢% we may combine
(1) and (2) into

lf(l +p2— %’) +2L,m, (pq - é}?) + ml2(1 +q%— %’) =0..(3)

This equation gives two values of [,: m,, which correspond
to the two sections through the point which have a given
radius of curvature. If p is a principal radius, these
sections coincide, (cf. § 85). Therefore the principal radii
are given by

T , 1 8p\?
(1+72="2) (142 =2)=(pg=E), vrrvrrn(®
or pX(rt—s)—kp{(1+pHt+(1+q*)r—2spg}+it=0.
If equation (4) is satisfied, the coincident values of
l,:m, are

8

P tp
, Pty 1He-g

™ o14p-T pg-F

B.G. ¢
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Now if PQ is a straight line whose direction-cosines are
L, m;, n,, and P'Q’ is its projection on the xy-plane, the
projections of PQ and P'Q" on the x- and y-axes are identi-
cal, and therefore the gradient of P'Q" with reference to the
axes OX and OY is m,/l,. Hence, from (5), the differential
equation to the projection on the wxy-plane of the line of
curvature corresponding to the radius p is

1 +p2 - Y4
(il—--}-—-———" =0 or (}?J—F——-—k 0,
dx sp dx o tp

PI—7 1+¢°~ k

which may be written
_Tp 5P\ =
o149 =)+ dy(pa—F) =0

or dw(pq—7—>+dy(l+q —7->=0.

If we eliminate p/k between these equations, we obtain
the differential equation to the projections of the two lines
of curvature, viz.,

dx?{s(1+p®)—rpq} +dady{t(1+p?) —r(1+¢%)}
+dy*{tpg —s(1+¢*)} =0.

Ex. 1. Shew that the principal radii at a point of the paraboloid

f-i-—b—-—2z are given by

—/cp(a+b+2z)+ab/c4=0,

where =1 + + 22

Bx 2. Prove that at a pomt; of the intersection of the paraboloid

E-+—b—-2z and the confocal —/\+b/ =2~ A, the principal radii
)\(a-l-b+22) A?

ab

are kA, ——, where 42=

Ex. 3. Shew that the prO)ectlons on the zy-plane of the lines of

2
curvature of the paraboloxd + b =2z are given by

wy{a(%)' —b}+d7/{b(a2+x2) a(B+ )} =0,
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Ex. 4. Prove that when a=5 this equation reduces to
dy_y dy_ =
do—z % dx= "y
whence y=Ax or 22+ y*=D, where 4 and B are arbitrary constants.
Shew that this verifies the results of § 231 for the paraboloid.
Ex. 5. Prove that the integral of the equation in Ex. 3 is
2_ 2o 2B(2=D)A
YA b+al ’
where A is an arbitrary constant, and shew that this becomes
22 N 9
aa-w 56w
; _afA+b?
lf IL = EA?E.
Hence prove that the lines of curvature of the paraboloid are its
curves of intersection with confocals.

+1=0,

Ex. 6. Prove that the intersection of the surface 3z=ax’+0by3
and the plane ar=0by is a line of curvature of the surface.

Ex. 7. Prove that the condition that the normal,
f-z_n=y_{-:
p g -1

to the surface z=f(z, y) at a point of a curve drawn on it should
intersect the consecutive normal is

dp___ __dq
dr+pdz dy+qdz
and deduce the equation to the lines of curvature obtained in §232.
Apply §48. Also dz=pdr+qdy, dp=rdx+sdy, dg=sdx+tdy.

Ex. 8. If {,, m;, n, are the direction-cosines of the tangent to a
line of curvature, and [, m, n are the direction-cosines of the normal
to the surface at the point,

al dm dn

&, m

Ex. 9. Prove that at a point of a line of curvature of the ellipsoid
2 a?+ 262+ 222 =1,

%w—&+%w-ﬂ+£w-w=q

and shew that the coordinates of any Point of the curve of intersection
of the ellipsoid and the confocal —.% _+ N +__zf__1 verify this
equation. N Y
Ex. 10. Prove that for the helicoid z=ctan-1Z,
z

u?4-c?

P1=—py= » where u2=x%+y3,
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Any point, P, on the surface is given by
x=ucos, y=usinf, z=ch.

The tangent plane at P is
£ 8in @ -y cos 0+%z—u0=0,

and hence, if p is the perpendicular to the plane from the point Q,
tutdu, 6436) _ c8udh
p—x/u2+c".
But if d is the distance PQ, the radius of curvature at P of the
normal section through Q is given by
oA ()80 + SN 2
p=Lty, =Lt 265486 :
: dudf
Therefore (u2+c?)dG?-2¢ N/ ]-_éip+du2=0'
This gives two values of df:du which correspond to the two
sections with radius p. If p is a principal radius, as in § 232, we have
coincident values of d@ : du.

24 o2
Hence p= +2 :-c .
The differential equation to the projections on the zy-plane of the
lines of curvature is du
d0== + e
Nu? 4t

where u and @ are polar coordinates. Hence the lines of curvature
are the intersections of the helicoid and cylinders

Qu=c(de’~ 47179,
where 4 is an arbitrary constant.

Ex. 11. For the helicoid z=ctan‘13£ , prove that

—cy cx e, c(yt—a?
p=—1—[2—’ q=;t—2' r=—1t= —u—*—‘y, 3=___u4 )’

and deduce the results of Ex. 10 from the equations of § 232.
Ex. 12. Prove that at a point of the conoid
r=ucos, y=usinb, z=f(0),
the principal radii are given by
23p2— uk?'p — uhHu?+2'%) =0,

_dz 91,22

where z’=d—0. etc., and 2= 1+172.
sin@ , cos @ 2"sin%@ +7'sin 20
‘We have p:——u—z, q=—u‘2’, r= Py )
2’8in @ cos @+ 2 cos 260 ¢ 2"cos?@ - 2'sin 20
o ’ = 3

«w? u
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Ex. 13. Prove that at a point of the surface of revolution
z=ucosf, y=usinh, z=f(u),
the principal radii are
—un/T422 —(1 +z'2)3
PL=—""F7 =T 5

where 7 Ec%zz, ete. Deduce the result of § 231.

Ex. 14. For the surface
z=ucos @, y=usinf, z=clog(u+vut-c?),
prove that p;= — p,.

Ex. 15, Find the principal radii at a point of the cylindroid
2(x*+y?)=2mry. Prove that at any point of the generator =y,

z=m, one prmm{)al radius is infinite and the other is -, where u is
the distance of the point from the z-axis. dm

Ex. 16. Find the curvature at the origin of the lines of curvature
of the surface

22 21
2z=P—+p— +§(ax3+36x'~'y+3cxy2+dy"’)+ oso
1 2

If I, m, n are the direction-cosines of the tangent to a curve and a

is the arec, _1— 3 ( ﬂ >2+ (@)2_‘_ (@ )2
pz_ do. do. do/’

But for a line of curvature,
Birpq —s(1+p*)} +imir (L +¢?) — t(1+pA)} +mP{s(1 + ¢*) - tpg}=0, ...(1)

and for the line of curvature that touches OX,l=1,m=n=0. Also
at the origin p=9¢=38=0; therefore differentiating (1), and substituting,
we obtain

ds
da=r-t r—t\'0x' "0y r-t 1 1
P P2
Again, pl+gm=n, and therefore at the origin
%=rl“’+tm2=r=;1.
1
. dl dm dn dl
And, since l(—iz+m J&J’”EEFO’ 3&‘0‘

Therefore, if p, is the radius of curvature of the line of curvature
which touches OX,
1 1. ¥
Pt Pt (1pi—1/p,)?
Similarly, the square of the curvature of the line of curvature that
touches OY is 1 o2

P?-*-(I/Pl ~1/p)*
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Ex. 17. Prove that the equation to an ellipsoid can be put in the

form o2 : 2 2 3
22=£+3/__1(x1§+w+x_.v;$+z/_zg)+,,,,
P1 P2 P\P1" PPz PiP2 P2

where ¢, 7, p are the coordinates of the centre.

Ex. 18. Hence shew that the squares of the curvatures of the lines
of curvature through a point P are

(@ = NB-N(E-N), @R (a= ) (B p)(E =) |
AA— ) A p(p— Ay PN
where A and p are the parameters of the confocals through P,

Ex. 19. PN, PN,, PN, are the normals at a point P to an ellipsoid
and the confocal hyperboloids of one and two sheets through P.
Prove that the curvature at P of the curve of section of the ellipsoid

and hyperboloid of two sheets is (p,~%+ p2'2))f, where p,7! is the
curvature of the section of the ellipsoid by the plane PNN,, and p,™!
is the curvature of the section of the hyperboloid of two sheets by the
plane PN;N,.

233. Umbilics. At an umbilic the directions of the
principal sections are indeterminate; therefore, from equa-
tions (5) of § 232, we have

1+p® 149> _pg_p
r ~ t s k

’

where p is the radius of curvature of any normal section
through the umbilic.
Ex. 1. Find the umbilics of the ellipsoid 22/a2+4y2/b2+2%/c2=1.
By differentiation, we obtain
x| p2 —c%r
ath=0 or p="37%

¥.9°_ —<%
pra=0 o g=p

-1/c? - —-1/¢%
Wheneo  r="2(G4p), s=7H, =2 (Geee),

At an umbilic s(1+p%)=rpq or pg(l+p?)+repg=0.
Hence p=0 or ¢=0; (rz+1+p%#0 unless ct+a?=0).
We have also at the umbilic

t(1+p?)—r(1+¢9)=0

our a?p?(b? - ¢2) + bq¥(c? — a?) = c*(a? ~ b?).
If a>b>c, p=0 gives imaginary values of g.
¢, [a*=b?
It ¢=0, p=+24/2=0
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i —c%r
Therefore, since p=—
zla__ylb_ 2 1
Nei-o2 0 B —c2T a2 (Cf. §95.)
At an umbilic B=1+p2+ y bHa2-c)
p q a2(b2_02)
Hence, P=7 since ¢=0,
= kb __E
==

(Cf. §226, Ex. 5.)

Ex. 2. Shew that the points of intersection of the surface
xm_l_.?/m_'_zm__:am
and the line x=y =z are umbilics, and that the radius of curvature at
an umbilic is given by

m—2
p= ,,';(}_—‘ (3.

Ex. 3. Prove that the surface
B3+ b3yP + B = (22 + 2+ 22)°
has an umbilic where it meets the line
Br=by=c%.
Ex. 4. Prove that in general three lines of curvature pass through

an umbilic.
If the umbilic is taken as origin, the equation to the surface is

2
=Tty +:-13-(ax3+3bx2y+3cxy2+dy3)+ .

The condition that the normal at (z, y, z) should intersect the
normal at O is b2 + 2%y (2¢ — @)+ xy?(d — 2b) — cy®=0.

Therefore, if the tangent to a line of curvature makes an angle &
with the z-axis, y
tan o.=Lt o

and ctando.+(2b ~ d)tan?o — (2c —a)tan o.— b=0.

This equation gives three values of tan . which correspond to the
three lines of curvature through the umbilic.

Ex. 5. If the originis an umbilic of the surface z=f(z, ), the
directions of the three lines of curvature through the origin are
given by

[ < or at) 9 < ot ar) _or_
atan o+ 25}}_3} tan?o — 2'871'_37' tan o @—O.
Ex. 6. Investigate the lines of curvature through an umbilic of an
ellipsoid.
If the umbilic is the origin, the normal at the origin the z-axis, and
the principal plane which contains the umbilics the zz-plane, the
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equation to the ellipsoid is
2242+ c2? + 2g2x + 2wz =0.
Whence, at the origin, we have
ot_g o 3 or_o_,
Oz w¥ Ox w?¥ Oy oy
Therefore the directions of the lines of curvature through the
origin are given by tano.+ tan . =0,

and the only real line of curvature through the umbilics is the section

of the ellipsoid by the principal plane that contains the umbilics.

r_ Y 2
B P P N a b ¢
and surface —(;-}-54-;:.(‘2 are umbilics on the surface, and that the

Ex. 7. Shew that the points of intersection of the line

directions of the three lines of curvature through an umbilic (, ¥, 2)
are given by dy dz de_de dr_dy
b ¢ ¢ a’ a b
If P and Q are adjacent and ultimately coincident points of a curve
drawn on the surface, the normals at P and Q intersect if

s (E-4) r3saea(2-) o

2, 2, 2,
Also, we have ‘fg‘f.{.-’/_[‘fl_,.z__;h =0,

since the tangent to the curve lies in the tangent plane to the surface.
If £=%=§, these equations give three values of dw:dy: dz, and the

first equation then reduces to
(cdy—bdz)(adz—cdx)(bdr - ady)=0.

234. Triply-orthogonal systems of surfaces. When
three systems of surfaces are such that through each point
in space there passes one member of each system, and the
three members through any given point cut at right angles,
they are together said to form a triply-orthogonal system of
surfaces. The confocals of a given conicoid form such a
system.

We have seen that the lines of curvature of an ellipsoid
are its curves of intersection with the confocal hyperboloids.
This is a particular case of a general theorem on the lines
of curvature of a triply-orthogonal system, Dupin’s theorem,
which we proceed to enunciate and prove.

If three systems of surfaces cut everywhere at right
angles, the lines of curvature of any member of one system
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are its curves of intersection with the members of the other
two systems.

Let O be any point on a given surface, S,, of the first
system, and let S, and S, be the surfaces of the second and
third systems that pass through 0. We have to prove that
the curves of intersection of S, with S, and S, are the lincs of
curvature on S,. The tangent planes at O to the three
surfaces cut at right angles. Take them for coordinate
planes. The equations to the three surfaces are then,

to s, 20+ a,y?+ 2hyz+ 0,2°+ ... =0,
to s,, 2y + a2+ 2h,zx + b2+ ... =0,
to s;, 22+ ax?+ 2hxy + byy? 4 ... =0.

Near the origin, on the curve of intersection of the
surfaces S, and S,, « and y are of the second order of small
quantities, and hence the coordinates of a point of the
curve adjacent to O are 0, 0, y. The tangent planes to
s, and S, at (0, 0, ) are, if 2 be rejected, given by

x+hyy+byz=0,
Y+ ayyz+hyyx=0,
and they are at right angles;
therefore hy+h,=0.
Similarly, we have
ho+h;=0, hy+h,=0,
and therefore hy=hy,=h;=0.

Hence the coordinate planes are the planes of the prin-
cipal sections at O of the three surfaces and the curve of
intersection of S, and S, touches a principal section of S,
at 0. But O is any point of S,, and therefore the curve
touches a principal section at any point of its length, and
therefore is a line of curvature. Similarly, the curve of
intersection of S, and S, is a line of curvature of s,.

Ex. 1. By means of Ex. 8, §232, prove that if two surfaces cut at
a constant angle and their curve of intersection is a line of curvature
of one, then it is a line of curvature of the other; also, that if the
curve of intersection of two surfaces is a line of curvature on each,
the two surfaces cut at a constant angle.

Ex. 2. If a line of curvature of a surface lies on a sphere, the
surface and sphere cut at a constant angle at all points of the line.
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Ex. 3. If the normals to a surface at all points of a plane section
make a constant angle with the plane of the section, the section is a
line of curvature.

235. Curvature at points of a generator of a skew
surface. We have shewn that a ruled conicoid can be
found to touch a given skew surface at all points of a
given generator, (§ 218). If P is any point of the generator,
the generators of the conicoid through P are the inflexional
tangents of the skew surface, and therefore the conicoid
and surface have the same indicatrix at P. Hence the
sections of the conicoid and of the surface through P have

the same curvature.

Ex. Investigate the principal radii of a skew surface at points of
a given generator.
ake the generator as .r-axis, the central point as origin, and the
tangent plane at the origin as zy-plane. The equation to the conicoid
which has the same principal radii is then of the form

2wz + 2fyz+ 2hxy + by? + c22=0.
Whence at (z, 0, 0) we have

- - — 2.2
p=0’ q=~%’;’ 7'=O, 8=-"7;—l’ t=-.bw2 2fll)’?;}rsw+0k‘v_

The principal radii are therefore given by
\2 .z'2

o2 - N5 k+
where § is the parameter of distribution for the generator.

(682 — 218+ cx?) p — (82 +22)? =0,

236. The measure of curvature at a point. Gauss
suggested the following method of estimating the curva-
ture of a surface at a given point. Consider a closed
portion, S, of the surface whose area is 4. Draw from the
centre of a sphere of unit radius parallels to the normals
to the surface at all points of the boundary of S. These
intercept on the surface of the sphere a portion of area a,
whose boundary is called the horograph of the portion S,
and a is taken to measure the whole curvature of the
portion 8. The average curvature over S is %—. If Pis
a point within S, then Lt%

1s the measure of curvature or specific curvature at P.

as S is indefinitely diminished
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237. Expressions for the measure of curvature. If
p. and p, are the principal radir at a point P the measure
of curvature at P 8 1

P1P2

Let PQ, PR, (fig. 65), be infinitesimal arcs of the lines of
curvature through P, and let Qs and RS be arcs of the lines
of curvature through Q and R. Then the normals to the
surface at P and Q intersect at C,, so that

PC,=QC,=p,,
and the normals at P and R intersect at C,, so that
PC,=RGC, = p,.

FiaG. 65.

If the angles PC,Q, PC,R are 86, and 86,, we have
PG =p,60,, PR=p,30,,
and the area PQRS is p,p,80,60,.
If pgrs is the horograph corresponding to PQRS,
Pq=236,, pr=23b,.
Therefore the measure of curvature at P

P L P L) S
PQRS 1206166 p1p,

Cor. The measure of curvature at a point of the surface

rt— g%

V1 =f(a:, 'y) is W-
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Ex. 1. If a cone of revolution, semivertical angle o., circumscribes
an ellipsoid, the plane of contact divides the surface into two portions
whose total curvatures are 2w (1+sina), 27 (1 —sinw).

The horograph is the circle of intersection of the unit sphere and
the right cone whose vertex is the centre and semivertical angle g--a..

Ex. 2. Any diametral plane divides an ellipsoid into two portions
whose total curvatures are equal.

'Exfa 3.2 The measure of curvature at a point P of the ellipsoid
“% '%§+f§=1 is (-12—7;;03, where p is the perpendicular from the centre

to the tangent plane at P.

Ex. 4. Prove that av any point P of the paraboloid y2+2%=4axz,

the measure of curvature is “l‘p‘z’ where S is the point («, 0, 0), and

48
that the whole curvature of the portion of ths surface cut off by the

lane x=ux, is 2#(1—“\/ a )
P 0 T,
Ex. 5. At a point of a given generator of a skew surface distant x

from the central point the measure of curvature is , where 8

is the parameter of distribution. (8% + 2%

Ex. 6. If the tangent planes at any two points P and P’ of a given
generator of a skew surface are at right angles, and the measures of

curvature at P and P" are 2 and ), prove that ~/£+~/£, is constant.

Ex. 7. Find the measure of curvature at the point (2, ¥, 2) on the
surface (y2+2%)(2x - 1)+ 2x3=0.

Ex. 8. The binormals to a given curve generate a skew surface.
Prove that its measure of curvature at a point of the curve is —1/a%

Ex. 9. The normals to a skew surface at points of a generator lie
on a hy})erbolic paraboloid. Prove that at any point of the generator
the surface and paraboloid have the same measure of curvature.

CURVILINEAR COORDINATES.

238. We have seen, (§183), that the equations
w=f1(U» V) v =fz( U, V), 2=f(UY),

where U and V are parameters, determine a surface. If
we assign a particular value to one of the parameters, say
U, then the locus of the point (z, y, z) as V varies is a
curve on the surface, since 2, 7, z are now functions of one
parameter. If the two curves corresponding to U=uw,
V=wv, pass through a point P, the position of P may be
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considered as determined by the values w and v of the
parameters, and these values are then called the curvilinear
coordinates of the point P. Thus a point on an ellipsoid is
determined in position if the parameters of the confocal
hyperboloids which pass through it are known, and these
parameters may be taken as the curvilinear coordinates of
the point. If one of the parameters remains constant while
the other varies, the locus of the point is the curve of
intersection of the ellipsoid and the hyperboloid which
corresponds to the constant parameter.

Ex. 1. The helicoid is given by x=wucos, y=wusinf, z=ch.
What curves correspond to u=constant, §=_constant

Ex. 2. The hyperboloid of one sheet is given by
r_ Ap oy 1-Ap 2z A-p
a 1+M0 b 14Ap" ¢ 1400
What curves correspond to A=constant, p=constant? If A and p
are the curvilinear coordinates of a point on the surface, what is the

locus of the point when (i) A=p, (ii) Ap=£k?

239. Direction-cosines of the normal to the surface. If
O, (fig. 66), is the point of a given surface whose curvi-

U=z=u U: +0u

N P ——V=v+dv

V=v

o ™M
FiG. 66.
linear coordinates are w, v, the direction-cosines of the
tangents at O to the curves U=wu, V'=v, are proportional to
Ty yv’ zv; Ly yu’ Zy.
Therefore if I, m, » are the direction-cosines of the
normal at O to the surface,

le,+my,+mnz,=0,
loo,, +my,+nz,= 0,
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and l _._m _._m +1
YuZv— uyv 2y —Xy2y  TylYu— YuZy ~/ E (I 11’2
where E=ux24y2+22
F= x,%,+ YulYv +2u%y,
G= xvz + va + zuz~
(CE. §185.)

Cor. If 0 denotes the angle NOM,
F
cos B = ol
240. The linear element. An equation between the
curvilinear coordinates of a point on a surface represents a
curve drawn on the surface. We proceed to find the
relation between the differentials of the arc of the curve
and the coordinates.
Let 0 and P, (fig. 66), be adjacent points of the curve
and have cartesian coordinates
(z, y,2), (z+3dx, y+ 3y, z+62);
and curvilinear coordinates
(uw, v), (w+du, v+dv).
Then z+Sr=x+x,Jut+x,0v+...,
Y+0y=y+ylutydv+...,
z+8z=2+2z,0u+2,0v+...,
and hence oP2= K u?+2Fdudv+ G2,
if cubes and higher powers are rejected.
Therefore if ds is the differential of the arc of the curve,
since Lt(OP/ds)=1,
ds? = Edu’+2Fdudv+ Gdo
The value of ds given by this equation is called the
linear element of the surface.
Ex. For the surface of revolution,
z=ucosf, y=usinfh, z=f(u), ds®=(14f?)dul+uldP.
Find f if ds?=22du?+«2d 62
241. The principal radii and lines of curvature. We
can find the principal radii at a point of the surface when
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the coordinates are expressed as functions of two para-
meters as follows:

The normal to the surface is the principal normal of
any normal section, and therefore if it has direction-cosines
l, m, n, we have for the normal section whose radius of
curvature is p,

L_dz m_dy n_dw

p— 2’ P - dSQ’ ;_d82'
Whence %: L+ mg;;/ Az )
But dx = x,du+x,dv,

and d%=x,du?+ 2z, dudv+z,,Jdv*+x,dPu+z,d%,
and we have similar expressions for dy, dz, d*y and d?%.
Again,

Zy—2 2Ly — T2 Tl — Yul
l=yu v uyv m u v_ u~v n= uJv yu 0,

H - H H
where H*=EG-F2
Substituting these in (1), we obtain

H E'du’4-2F dudv+ G'do? .
b EduttoFdudvt GdoE > (@)

, F=

Whel‘e El = wuu’ y'uu ) Zuu
wu) y’ui zu
wu; yv) zo

G =

Lyvs ymn Zuy
Ly, yu) Zu
Los, Yur 2y
wmn yvv’ zvv .
9"‘“) ?/u) zu
wm ym %y
Equation (2) may be written
duw*(EH — E'p)+ 2dudv(FH — F'p)+dv3(GH - G'p)=0, (3)
and gives two values of du:dv which correspond to the
two normal sections with a given radius of curvature. If

p is a principal radius the values coincide. Therefore the
principal radii are given by

AE'G —F?) = Ho(EG' + GE —2FF')+ H*=0. ...(4)
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If p is a principal radius, by (3) and (4),
Edu+Fdv Fdu+Gdv _p
Edu+Fdv Fdu+Qdv H
and therefore for a line of curvature,
du*(EF’ — E'F)—dudv(GE — G’ E)+ dv*(FG' - F'G)=0.(5)
C'or. 1. The measure of curvature is é_(_;ﬂ;:ﬁ

.. E F G*
Cor. 2. For an umbilic Yol

Equation (2) may also be obtained as follows :

If O, (v, y,2) is the point considered, and P, (x+ 8z, y+ 8y, 2+ 82)
is an adjacent point on a normal section through O, p, the radius of
curvature of the section, is given by

op?
%)
where p is the perpendicular from P to the tangent plane at 0. The
equation to the tangent plane is 2(£ — 2)(¥uz — 2.%») =0, and
2+ 8r =2+ (2, 0u + 2,80) + 3 (2w Ou? + 22, Su S0 + 2,,60%) ; ete.
_28x(Yuz—2uY)
Hence pr= ‘\/Em
_ D (o 882 + 2y 6 8V + 7,0 802) (20 — 24 Y0)
2
_E'Sut+ 28" Sudv+ Q' 8v?
= 3 .
Therefore, since Lt 0/2=Edu?+2Fdudv+ Gdv?,
H_Edu®4+2F dudy+G'dv?
p  Edil+2Fdudv+ Gdvt’
Ex. 1. Find the principal radii and lines of curvature of the
surface z=f(x, ¥).
Take u=wx, v=y, then

p=Lt

Zy=1, yu=0, 2u=p; x,=0, yv=1, 2v=q
xuu=_7/uu=xuo=?/uu=0)
Zuu="y Z2uy=28, Z,,=1.
Hence E=1+p?% F=pq, G=1+¢% H?=EG-F?=1+p*+q?;
E=r, F'=s @=t;
a?% ggzsubstituting in equations (4) and (5), we obtain the equations
of § 232.

*The student will find the methods of curvilinear coordinates discussed
and applied in a recent treatise on Differential Geometry by L. P. Eisenhart,
(Ginn & Qo. ). He is also referred to Applications Géométriques du Calcnl
Différentiel, W. de Tanunenberg ; Théorie des Surfaces, Darboux ; Geometria
Drfferenziale, Bianchi.
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Ex, 2. A ruled surface is generated by the binormals of a given
curve. Find the principal radii at a point distant » from the curve.

The coordinates of the point are given by
E=x+ly, n=y+my, (=z+ngm
and are functions of s and ». Taking u=s and v=r, and applying
Frenet’s formulae, we obtain

r [,
E=]+6_'2’ F=O, G=1, H: 1+O“§,

’ 2
p=C Vo2 o L oo

Therefore the principal radii are given by

a2 145 (42) -
S BN+, P 4+5)- 1+-) =o0.

Ex. 3. Find the measure of curvature at the line of striction.
The curve is the line of striction, and when r=0, the measure of

curvature is —1/o2.

Ex. 4. Apply the method of curvilinear coordinates to prove that
the principal radius of a developable at a distance { along a generator

from the edge of regression is % .

Ex. 5. Apply the method of curvilinear coordinates to prove that
* 4 ¢t

for the helicoid x=wucos 0, y=wusin 0, z=ch, p,= —p2=u , and that
. . +du
the lines of curvature are given by d9=\/m.

Ex. 6. Find the locus of points on the helicoid at which the
measure of curvature has a given value.
Ex. 7. For the surface
r_utv y_ u—-v _w
a2 b 2 Ty
prove that the principal radii are given by
a*bp? + kabp (a® — b2+ uv) — k*=0,

where 4k = 40?0+ a?(u - v)2+ V2 (u +v)3,
and that the lines of curvature are given by
du +dv

Naf+ bt u WoR 1B ot
Ex. 8. For the surface
r=3u(l+v?)-ud, y=3v(1+u?)-v%, 2=3u2-3%
the principal radii at any point are
£ (1 +u+07),
and the lines of curvature are given by u=a,, v=a,, where a, and a,
are arbitrary constants.

B.G. )



354 COORDINATE GEOMETRY [cH. xVI,

Bx. 9. The squares of the semi-axes of the confocals through a
point P on the conicoid
2P
a b ¢
are a;=a-\ b=b-A =c—A; a=a-p, b=b-—p, c;=c—p.
Taking A and p as the curvilinear coordinates of the point, prove

that
4E=)‘('\_", F=0, 40:&(3‘?_’\);
a,bye, azhyey

s T g G\
H Ap abe’ »H Ap agbycy

Deduce that —
— A/ A/
P abe and  p,= abe’

and that the lines of curvature are A =-constant, u=constant.
If I, m, n are the direction-cosines of the normal to the surface,

El

'B-" = 2l$uu= - Eluxu,
since 2lz,=0.
We have also 1=PZ_ A/ abe T ete.
a Ana

Ex. 10. Prove that if /" and F” are zero, the parametric curves
are lines of curvature.

Examples XIII.

1. Prove that along a given line of curvature of a conicoid, one
principal radius varies as the cube of the other.

2. Prove that the principal radii at a point of the surface zyz=0a®
are given by

2 27a8
p2+f(x2+g/2+zz)+—p7—=0,
where p is the perpendicular from the origin to the tangent plane at
the point. Shew that this equation can be written in the form
22 2 2
s+ pp 3 pp V5 pp
and that if (£, 7, {) is a centre of principal curvature at (z, y, 2),
x Y z
2x—$+2g/—7;+2z—(_3'
3. Find the principal radii of the surface a?xt=22(+2+y?% at the
points where =y =z.
4. Prove that the cone
kry=2(N2T+ 2 + Nyt 4 27)

passes through a line of curvature of the paraboloid xy=az.
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5. For the surface
r=ucos§, y=wusinf, z=f(6),

prove that the angles that the lines of curvature make with the
generators are given by

tanzgp+L %
P e
6. For a rectangular hygerboloid, (in which the asymptotic cone

has three mutually perpendicular generators), the normal chord at
any point is the harmonic mean between the principal radii.

7. PT is tangent at P to a curve on an ellipsoid along which the
measure of curvature is constant. Prove that the normal section of
the ellipsoid through PT is an ellipse which has one of its vertices at P.

8. Prove that at a point of the intersection of the cylindroid
2(x?+y%)=mzxy and the cylinder (2°+y2)}=a%(a?—y2%)? the measure of

tan$—1=0.

curvature of the former varies as ——.
2%+ y?

9. The principal radii at a point P of a surface are p, and p, and
the radius of curvature of a normal section through P is £ Shew
that the normal to the surface at a neighbouring point Q on the section
distant s from P, makes with the principal normal to the section at Q

an angle sipy™ = BB~ py

10. Prove that the lines of curvature of the paraboloid zy=az lie
on the surfaces

sinh™! g:}: ginh~! (’%: 4,

where 4 is an arbitrary constant.

11. Shew that the sum or difference of the distances of any point
on a line of curvature of the paraboloid zy=a: from the generators
through the vertex is constant.

12. A curve is drawn on the surface

2z=ra?+ 2sxy + ty?
touching the axis of » at the origin and with its osculating plane
inclined to the z-axis at an angle ¢, Prove that at the origin
z2"=0, y’'=rtaned, 2'=r, "= -r’sec’h, Z”’=3rstan .

13. Prove that the whole curvature of the portion of the paraboloid
2y =az bounded by the generators through the origin and through the
point (z, 7, 2) is 2
NP+ 2 oy

14. Prove that the differential equation of the projections on the
zy-plane of the lines of curvature of the ellipsoid

— ta’n_!

2yt 2

atpta=!
is Bb%zyda? — (B2 + aa?y? + a?bly)drdy + aalry dy? =0,

where o=b-c} B=c?-a? y=a-b2
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Deduce that p
(aa’p?— Bb) (xy v —py> =0,
where p= %, and hence shew that the integral of the equation is
‘ 9 a?b2

where £ is an arbitrary constant.

2052
Prove that if Ic='§-éu this reduces to
oa(a?— A)
2(c—a?) PB-cd)
a(a?—A) BA(b2-A)
and deduce that the lines of curvature are the curves of intersection
of the ellipsoid and its confocals.

I,

15. Prove that the measure of curvature at Eoints of a generator
of a skew surface varies as cos'6, where 0 is the angle between the
tangent planes at the point and at the central point.

16. Prove that the surface
4a%?%= (2% — 2a%)(y% - 2a?)
has a line of umbilics lying on the sphere #2472+ 22 =4a’

17. A ruled surface is generated by the principal normals to a
iven curve ; prove that at the point of a principal normal distant »
rom the curve the principal radii are given by

2 TG ey 2 g o 2 2
e ()Gl - (Fen)]-[(-f) 5T o
o p/ "aile? po\o p p/ o

What are the principal radii at points of the curve?

18. If [, m, n are the direction-cosines of the normal at a point to
the surface z=#(», y) the equation for the principal radii can be

written 1.1 (’al +’a_m> o, m)
P2 P ox ’Qy a(“f'a?/)— '

19. Prove that the osculating plane of the line of curvature of the

surface 2 21
22=’T+'PL+§(ax3+3bx'~'y+3cxy2+dy3)...,
1 2

which touches OX, makes an angle ¢ with the plane ZOX, such that

2
tan 4,=ﬁ1~&13.,
P21
20. Prove that for the surface formed by the revolution of the
tractrix about its axis
¢

z=a(log tan o+ cos ¢>), u=asin ¢,

and gbat the surface has at any point a constant measure of curvature
-a3
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21. If the surface of revolution
z=ucosf, y=usinb, z=f(u)
is a minimal surface, f'(1+f%)+uf"=0.
Hence, shew that the only real minimal surface of revolution is
formed Ly the revolution of a catenary about its directrix,

22. At a point of the curve of intersection of the paraboloid xy =cz
and the hyperboloid 4%+ y*—2%+¢*=0 the principal radii of the para-

2 _
boloid are %(1 +/2).

23. The principal radius of a cone at any point of its curve of

intersection with a concentric sphere varies as (sin Asin y.)%, where
A and p are the angles that the generator through the point makes
with the focal lines.

24, A straight line drawn through the variable point
P, (acos ¢, asin ¢, 0),

parallel to the zz-plane makes an angle 6, where 6 is some function
of ¢, with the z-axis. Prove that the measure of curvature at P of
the surface generated by the line is
e on Y ()
a?(1 —sin?@sin®dp)? \dgp/
25. A variable ellipsoid whose axes are the coordinate axes touches

the given plane px+qy+72=1. Prove that the locus of the centres of
principal curvature at the point of contact is

(p2+qy+72— 1) (P2 + g%z +ruy) = 2yz(pP+ g+ 12
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CHAPTER XVIL
ASYMPTOTIC LINES.

242. A curve drawn on & surface so as to touch at each
point one of the inflexional tangents through the point is
called an asymptotic line on the surface.

243, The differential equation of asymptotic lines. If
l,, m;, m, are the direction-cosines of the tangent to an
asymptotic line on the surface z=f(z, y), we have, from
§181, L2425l m;+tm2=0;
whence, as in § 232, the differential equation of the pro-
jections on the xy-plane of the asymptotic lines is

rda®+ 2sdxdy +tdy?=0.

It is evident from the definition that the asymptotic

lines of a hyperboloid of one sheet are the generators.

This may be easily verified from the differential equation.
If the equation to the hyperboloid is 2?/u®+ y?/b? —22/c?=1,

_ _cy =t 1 y? _ —ctry
P 502 "Tas\TRS T alny

_04 w2
=g (1)
Whence the differential equation becomes

(1) +2amay g G (1-5) =0

or y=yxt/a*y2+b% wherey, = %—Z

This equation is clearly satisfied by the tangents to the
ellipse 2z=0, x*/a®*+y?/b*=1, or the projections of the
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asymptotic lines are the tangents. We also have proved,
(§ 104), that the projections of the generators are the
tangents.

244. The osculating plane of an asymptotic line. If(,,
m,, m, are the direction-cosines of the tangent to an
asymptotic line,

pl,+qm,—n,;=0.
Therefore, by Frenet’s formulae,

}ll-?j—(lg—%ﬂ = —(rl,2+ 28l m;+tm,2)=0.
Whence i = -1 ,
Mmyng—mgn;  Nylo—ngly  lymy—~Ilgm,

or p_9_-1
ly mg my

Therefore the binormal of the asymptotic line is the

normal to the surface, or the tangent plane to the surface
is the osculating plane of the asymptotic line.

Cor. 1. The two asymptotic lines through any point
have the same osculating plane.

Cor. 2. The normals to a surface at points of an
asymptotic line generate a skew surface whose line of
striction is the asymptotic line.

246, The torsion of an asymptotic line. Consider the
asymptotic lines through the origin on the surface

2 2
20="L g .,
F1 P2

The tangents make angles +o. with the x-axis, where

tan =4/ —£2. Hence, for one asymptotic line,
P1
l,=cosa, my=sina, ;=0
and l,=—sina, my=cosa, m,=0.

Also, from § 244, U= N—/i—'—;-.___%;__-_*_—q-é .
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Therefore if d3 is the differential of the arc of the line,

But at the origin, r=1/p,, 8=0, p=0, ¢=0.
sino. _cos o

Therefore — = ,
a P
1 1 \/ -1
or —=—cotoe=4/-—
T P P102

Cor. The two asymptotic lines through a point have
the same torsion.

The asymptotic lines of a developable surface are the generators,
and the osculating plane of an asymptotic line is the same at all
points of the line. Hence 1/o0=0. But one of the principal curva-

tures is also zero, and thus the equation l='\/:—l is verified for
developable surfaces. T PPy

For a hygerboloid of onc sheet, the asymptotic lines are also the
generators, but the osculating plane of an asymptotic line is not the
same at all points of the line. The osculating plane at each point of

the line is determinate, however, and 1 has a definite value o\/:—l-
T P1P3

at each point. The value is the rate at which the tangent plane is
twisting round the generator. We have thus an instance of a straight
line with a definite osculating plane at each point.

Ex. 1. Prove thatz; the projections of the asymptotic lines of the
paraboloid 2z=§ —'%.7 on the zy-plane are given by 5&:% = A, where A
is an arbitrary constant.

Ex. 2. Find the differential equation to the projections of the
agymptotic lines of the conoid

z=ucosf, y=usinf, z=f(0).
Using the values of p, ¢, 7, s, ¢, given in Ex. 12, § 232, we obtain

(i) d6=0, or (ii) .2%’3‘:?1010.

From (i) #=a, where o is arbitrary, and hence one asymptotic line
through each point is the generator.
From (ii) u*= Az, where A is arbitrary.
Bx. 3. Prove that the asymptotic lines of the helicoid
r=ucosf, y=usinf, z=ch

consist of the generators and the curves of intersection with coaxal
right cylinders.
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Ex. 4. Prove that the projection on the zy-plane of an asymptotic
line of the cylindroid

x=ucos @, y=wusinf, z=msin20
is a lemniscate.
Ex. 5. Prove that the projections on the xy-piane of the asymp-
totic lines of the conoid
r=wucos , y=usinf, z=aenb
are equiangular spirals.

Ex. 6. Prove that the differential equation to the projections on
the zy-plane of the asymptotic lines of the surface of revolution

z=ucos, y=usinf, z=f(u)
n o B2

T du?’
Ex. 7. Find the asymptotic lines of the cone z=u cot c.

; dz
1s 2" du?+us dP?=0, where 2= 7o

Ex. 8. For the hyperboloid of revolution g§—£;=1, prove that
the projections of the asymptotic lines on the zy-plane are given by
u=asec(d - ),
where o. is an arbitrary constant.

Ex. 9. The asymptotic lines of the catenoid u=ccoshZ lie on the
cylinders 2u=c(ae® +a~le~f), where a is arbitrary. ¢

Ex. 10. Find the curvatures of the asymptotic lines through the
origin on the sur face

2= ~—+ +(mz“+3bz2y+3ch2+dJ3)+
PP 3

Differentiating {2+ 2sl,m, 4+ /m,2=0, we obtain

:—-2-{ by +s(Lmg+1ym,) + tmymy}

or Os ot ot
P +l’"1<1§‘+2llax+2m1’g+m,af>+m, 5 (1)
For one line, /,=cosa, m=sina, 7,=0; l,= —sina, my=coso,
=P,

n,=0, where tanZo.= And at the origin, r=L1 , 8=0, t-——l—
I}

P1 P2
0 or O Os Ot ot
X:; =a, e =5:—: b, 8; 52=0 o ~—=d. Whence (1) becomes

- —P1Ps { dp,,
5= +3b 1 +3ca/ —p,— }
P 2(p—p)t W * Vo

T;) obtain the curvature of the other line we must change the sign
of N =Py,

Ex. 11. The normals to a surface at points of an asymptotic line
generate a skew surface, and the two surfaces have the same measure
of curvature at any point of the line.
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Ex. 12. In curvilinear coordinates the differential equation to the
asymptotic lines is
E'du?+2F dudv+ G'dv?=0.
Apply the method of curvilinear coordinates to Exs. 3, 4, 6.
Ex. 13. Prove that the asymptotic lines of the surface
r=v-2u—-e"Y y=e'" z=¢ -0
lie on the cylinders
y+ay—e*=0, zy+by+e?t=0,
where @ and b are arbitrary constants,
Ex. 14. For the surface
r u+v Yy wu-—v uy
a2 b 2 Ty

the asymptotic lines are given by u=A, v=p, where A and p are
arbitrary constants.

Ex. 15. For the surface
2=3u(l+v?)—-ud, y=3v(l1+u?)-v3 2z=3u?-3v%
the asymptotic lines are » + v=constant.

Ex. 16. Prove that the asymptotic lines on the surface of revolu-

tion x=ucosf, y=usinf, z2=f(u),

where z=a (log tan f§+ cos d)) and u=asin¢

are given by df=+ sind) 5
GEODESICS.

246. A curve drawn on a surface so that its osculating
plane at any point contains the normal to the surface at
the point is a geodesic. It follows that the principal normal
at any point is the normal to the surface.

An infinitesimal arc PQ of a geodesic coincides with the
section of the surface by the osculating plane at P; that is,
with a normal section through P. Therefore, by Meunier’s
theorem, the geodesic arc PQ is the arc of least curvature
through P and Q, or the shortest distance on the surface
between two adjacent points P and Q is along the geodesic
through the points.
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Ex. 1. The principal normal to a right helix is the normal to the
cylinder, and hence the geodesics on a cylinder are the helices that
can be drawn on it.

Ex. 2. If a geodesic is either a plane curve or a line of curvature,
it is both. (Apply § 230.)

247. Geodesics on developable surfaces. If the surface
is a developable, the infinitesimal arc PQ is unaltered in
length when the surface is developed into a plane. There-
fore if a geodesic passes through two points A and B of a
developable, and the surface is developed into a plane, the
geodesic develops into the straight line joining the points
A and B in the plane.

Ex. 1. The geodesics on any cylinder are helices.

When the cylinder is developed into a plane, any helix develops
into a straight line.

Ex. 2. An infinite number of geodesics can be drawn through two
points A and B of a cylinder.

If any number of sheets is unwrapped from the cylinder and
A, A" A ..., B, B”, B”, ... are the positions of A, B on the plane so
formed, the line joining any one of the points A’, A”, A", ... to any
one of the points B’, B”, B”, ... becomes a geodesic when the sheets
are wound again on the cylinder.

Ex. 3. If the cylinder is #2+y2=aqa? and A and B are
(a, 0,0), (acosa, asine, b),
the geodesics through A and B are given by 19
“onm+a
248. The differential equations to geodesics. From
the definition of a geodesic, we have

z=acosf, y=asinf, z

ds®  ds? ds?

=TT e e )
for geodesics on the surface F(z, y, 2)=0, and

ds?  ds®  ds?

Tt e RN e )

for geodesics on the surface z=f(z, y).

If an integral of one of the equations (1) can be found, it
will contain two arbitrary constants, and with the equation
to the surface, F(z, y, 2)=0, will represent the geodesics.
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Similarly, an integral of one of the equations (2) and the
equation z=f(x, y) together represent the geodesics of
the surface z=f(x, y).

Ex. 1. Find the equations to the geodesics on the helicoid
r=ucosf, y=usinf, z=ch.
sin ¢ dz cos @ dz |

For a geodesic, ¢r"—py”"=0, and p=- W ag 1T w 4o’

therefore 2" cos 0+y"sin =0

or wW—uf?=0. .oiviiiinnnns verennennn(1)
But 22yt 422=1

therefore W (Ul +c2)0?%=1. .viviiiiiiiiiiiininnaen, 2)

Hence, from (1), u(l —u?)=(ut+c¥)u’,
which gives, on integrating,
p k?
1-u?= my

where £ is an arbitrary constant.
Eliminating ds between this equation and equation (2), we obtain
a first integral + hdu

TN r (- k)
whence the complete integral can be found in terms of elliptic
functions.

Ex. 2. Find the differential equation to the projections on the
zy-plane of the geodesics on the surface z=/f(x, ).
If {,, m;, », are the direction-cosines of the tangent to a geodesic,

and 5 is its curvature,
2 . 2
1_rl +2°l17?1+fm| - (§225)
P N1+ p+q?
But by Ex. 10 §404 the radius of curvature of the projection on

2)3
the zy-plane is p
l
And n =lm —lym, = @_l‘__q_‘
IV Fwsip
Therefore the radius of curvature of the projection is
(1+p*+¢*)(G 2+ ml?)g

(pmy— L) (2 + 28l my +tm %)
Hence, at any poir % of the projection we have

pe(@) oo (8

a G lade ()

By d dy
o ghaerra={ren (G} (r-o)
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249. Geodesics on a surface of revolution. The equa-
tion to any surface of revolution is of the form

e=f(Va+y?) or z=f(u).

Hence p=%f’ and q=%f’,
But for a geodesic, p%:q%,
Therefore
P20 o d(y %)
Hence y%—x%: —e

where ¢ is an arbitrary constant.
Change to polar coordinates, where

r=1u.c0s0, Yy =wusin 6,
*'=u cos—ud sinfh, Yy =u'sinO+ub cosb,
do
and we get uzﬁ =c.

Ex. 1. If a geodesic on a surface of revolution cuts the meridian
at any point at an angle ¢, usin ¢ is constant, where u is the distance
of the point from the axis.

We have sin¢=uglg, whence the result is simply another form of
that of § 249. s

Ex. 2. Deduce that on a right cylinder the geodesics are helices.

Ex. 3. The perpendiculars from the vertex of a right cone to the
tangents to a given geodesic are of constant length.
If O is the vertex, the perpendicular on to the tangent at a point P

=OP sin ¢=u cosec o 8in .

Ex. 4. Investigate the geodesics through two given points on a
right cone.

Let the points be A and B, (fig. 67), and take the zz-plane through A.
Let the semivertical angle of the cone be o and the plane BOZ7 make
an angle 3 with the zz-plane. Suppose that A and B are distant
a and b from the vertex.

If the cone is slit along OA and developed into a plane, the distance
of the vertex from any tangent to the geodesic remains unaltered,
and therefore the geodesic develops into a straight line, (cf. § 247).
Figures 67 and 68 represent the cone and its development into a
plane. The circular sections of the cone through A and B become
arcs of concentric circles of radii @ and b, and

arcAD, arcAD

LAIODI=~O;AT——-6A—“‘ =B sino= Y 83y.
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The geodesic develops into A;B,, and if P, any point on A;B,, has
polar coordinates r, Vr referred to O,A, as initial line,

arsin Yr+brsin(y —y)=absiny.

Now the relations between the cylindrical coordinates , @ in space
and the polar coordinates 7, - in the plane are

u=rsine, Y=0sina,

and therefore the coordinates of any point of the geodesic satisfy the
equation

u{asin(fsina)+bsin(y—Osino)}=absinasiny. ...... (1)
— B,
A
; 0,
’I
'0
/0,
'I ! D2 ]
’ H
l’ !
1
;‘ D :
II 4 , Da
/ :
B '
3 Ba
Fic. 67. F1G. 608,

This equation represents a cylinder which intersects the cone in the
geodesic.

If the arcs D,D,, D,D;, ... are each equal to the circumference of
the circle in the plane ADC, the positions of OB, when in addition to
the curved sector OAB of the surface of the cone, one, two, ... com-

lete sheets are successively developed into a plane, are O,B,,0,B;....

f A, and B, are joined and the plane sector A,O,B, is wrapped
again on the cone, A|B, becomes a second geodesic passing through
A and B and completely surrounding the cone. Similarly A,B; be-
comes a third geoé)esic. A B,, however, does not lie on the sheets
that have been unrolled from the cone, and hence the only geodesics,
(in our figure), through A and B are those which develop into A|B;,
AB,, AB,.

lIt;zias cllegr from the figure, that if (n+1) geodesics pass through two
points A and B, and the angle between tﬁe planes through the axis
of the cone and A and B is (3,

sin o(B+2nw) < .

The equations to surfaces through all the geodesics through A and
B can be obtained from equation (1) by writing (8+ 2»#7)sin & for y.

If A and B are points on the same generator of the cone, f=2=
So that, if we are to have any geodesic through A and B,

sino.. < or sina<4.
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A geodesic on a cone will therefore not cross a generator at two
points unless the semivertical angle of the cone is less than T,

6
Ex. 5. Find the length of the geodesic AB.
Ans. AB2=qa?+b%—2ab cos(Ssin ).

Ex. 6. Find the distance of the vertex from any tangent to the
geodesic AB.

Ans. ab siq‘%gsin a.)'

Ex. 7. If A and B are points on the same generator OAB of a
cone semivertical angle a, and a geodesic through A and B cuts OA
at right angles at A, then sin a<$}. Also OB=a sec (27 sin o) and
the length of the geodesic arc AB is a tan (27 sin o).

Ex. 8. Shew that a first integral of the equations of the geodesics

of the cone u=ztana is sinadf= =+ -—/‘i‘.ii—., and deduce the equa-
unut —

tion to the projections of the geodesics in the form
u=ksec(6sin oc+ @),
where £ and ¢ are arbitrary constants.

Ex. 9. Determine the values of k£ and ¢ if the geodesic passes
through A and B, and deduce the equation (1) of Ex. 4.

250. Geodesics on conicoids. The following theorem
is due to Joachimsthal : If P is any point on a geodesic on
a central conicoid, r is the central radius parallel to the
tangent to the geodesic at P, and p 18 the perpendicular
from the centre to the tangent plane to the surface at P,
pr 18 constant.

Let the equation to the conicoid be ax?+ by?+cz?=1.

Then at any point of a geodesic,

Yy _F Ny p
@“@"@‘Jazxz_*_bzyz_l_czzz_ p
where p is the radius of curvature of the geodesic.

We have also  p-2=a%?+ b*y%+c?2?,

r-2=qu'?+ by ?+co'2
Whence —p-3p’ =a%x’ +b2yy + %7,
—r-% =ax's” +by'y" +c2'2",
=\ (a2zax’ +b2yy +c%22), by (1).

rl ’
;3=>\g3. erereeernenereeneene(2)

Therefore
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Again, since the tangent to the geodesic is a tangent to
the conicoid, axx’ +byy +czz’ =0,
and therefore
ax’?+ by’ 2+ c2’'? = — (axx” + byy” +c22")

or T2 = —A(a®c?+ b2y + c%2), by (1),
==AP % e 3)
Hence, combining (2) and (3),
r'p+pr=0,

and therefore pr is constant.
Cor.1. Since A= i%, from (3) we deduce p= i’;—j
(Ct. § 226, Ex. 2.
Cor. 2. If the constant value of pris £,
r? 73
pP= i§= ‘_‘t7c‘ ’

hence along a given geodesic the radius of curvature varies
as the cube of the central radius which is parallel to the
tangent

Ex. 1. The radius of curvature at any point P of a geodesic
drawn or a conicoid of revolution is in a constant ratio to the radius
of curvature at P of the meridian section through P.

If o and B are the axes of the meridian section and p, is its radius

of curvature, a3
P1='*p3 ’

, k2

and we have from § 250, p=+ 2?’

Ex. 2. For all geodesics through an umbilic, pr=ac.

Ex. 3. Shew that the theorem of §250 is also true for the lines of
curvature of the conicoid.

Ex. 4. The constant pr has the same value for all geodesics that
touch the same line of curvature.

Bx. 5. Two geodesics that touch the same line of curvature
intersect at a point P. Prove that they make equal angles with
the lines of curvature through P.

Ex. 6. PT is the tangent to a geodesic through any point P on the
ellipsoid x%/a2+y2/b%+24ct=1, and A, p are the parameters of the
confocals through P. PT makes an angle § with the tangent to
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the curve of intersection of the ellipsoid and the confocal whose
parameter is A. Prove that \
2322
A cos26’+ysin'~’6=c—b7?z—c—, (where pr=£).
The central section parallel to the tangent plane at P, referred
to its principal axes, has equation
22yt cos?f  sin?f 1
X TN T
We have also p?=a?b%?/Ap, and the result immediately follows.

=1, whence

Ex. 7. The tangents to a given geodesic on an ellipsoid all touch
the same confocal.

One confocal touches the tangent. Suppose that its parameter
is v. If the normals to the ellipsoid and confocals through P
are taken as coordinate axes, the equation to the cone, vertex P,
which envelopes the confocal is

22 T
v—p+v—h

2
+Z=o.
1 4

The tangent at P to the geodesic is a generator of this cone, and
since its equations are
r Yy =z
cos® sinf 0
v=A\ cos? @+ p.sin?@=constant.

Ex. 8. The osculating planes of the geodesic touch the confocal.

251. The curvature and torsion of a geodesic. Consider
a geodesic through the origin on the surface

"2 2
2= 44
P11 P2
If the tangent makes an angle 8 with OX, then, at

the origin,

l,=cos0, m;= sinh, m,=0;
lhb= 0, m,= 0, my,=1;
hence, ly=sinf, ;= —cosh, mny;=0.

We have, generally,
- - 1
l =————____..___-——-—7—)———, m =-—_:—:~—,:(—1———————, N, =—f—————=:
P Vl4pi4qY T VI4pi+gr P V1+p @
Whence, differentiating I, with respect to e, the arc of the
geodesic, and applying Frenet’s formulae,
L, Iy vl +sm,
Ay B AT
p o Jit+pt+g
B.G. 2a

+pd%(1 +p2 )Y
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which gives, at the origin,
cos 6 +sin 6 _cosf

P o P1
Similarly, differentiating m,, wa obtain,

sinf cos@ _sin6
P o P

2 in2
Eliminating o, we have, 1_cos?8 , sin®f

in §§ 220, 221. PP P
Eliminating p, we have

, a result obtained

1=sin 6 cos 9(1 - —1->
T pL P2

Cor. 1. If the surface is developable, so that ;)1—=O,

1
o=—ptan0, where 0 is the angle at which the geodesic
crosses the generator. For a geodesic on a cylinder, 0 is
constant, and we have the result of §202.

Cor. 2. If a geodesic touches a line of curvature, its
torsion is zero at the point of contact.

Cor. 3. 1f a geodesic passes through an umbilic, its
torsion at the umbilic is zero.

Ex. 1. Shew that %:(%—%)(%-%)

Ex. 2. A geodesic is drawn on the ellipsoid 2?/a®+y?%/b?+2%/c?=1
from an umbilic to the extremity B of the mean axis. Find its
torsion at B.

a? c?
At B, pi=7 ;=7 and therefore
1 . b b
—=cos Gsin 6 (Z‘?-@ .

Also pr=ac, and at B, p=5, and
1 _cos’f  sin?f,

P e
B 1 _bNa?=BbE=
whence o Py .

252. Geodesic curvature. Let P, O, C, (fig. 69), be
consecutive points of a curve traced on a surface. Along
the geodesic through P and O measure off an arc OG equal
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to PO, and along PO produced a length OT also equal to PO.
PO is ultimately the tangent at O to the curve or geodesic,
and the geodesic touches the curve at 0. Denote the angle
GOT by dy,, the angle TOC by 6y, the angle GOC by de.
Then, if OP=s,

It % = curvature of curve= ! ;
P
Lt %—b—" =curvature of geodesic= 1
8 Po
de .
and Lt Eg is defined to be the geodesic curvature of the
curve. Let us denote it by 1
Py G
P §) T

Fig. 69,
The points CGT lie on a sphere whose centre is O, and
therefore the arcs CT, TG, GC can be taken to measure the
angles COT, TOG, GOC. And since the plane OCG is
ultimately that of the indicatrix, and OGT a normal section,
the angle CGT is a right angle. Hence,
CT?=CG*>4GT?

or SYl=E8e+ 8\
1 1,1
Therefore =t —;
PP pt P

whence the geodesic curvature is expressed in terms of the
curvatures of the curve and the geodesic.

Again, if the angle CTG is denoted by w, w is ultimately
the angle between the planes OCT and OGT, which become
respectively the osculating planes of the curve and the
geodesic, or the osculating plane of the curve and the normal
section of the surface through the tangent to the curve.
From the right-angled triangle CGT,

8Vy=08Ycosw, be=dYsinw;
whence (i) p=p,c080, (ii) p,=p cosecw= o,cot w.
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We have thus (i) another proof of Meunier’s theorem
and (ii) the relation between the geodesic and ordinary
curvatures of the curve.

Cor. If a curve of curvature p-1is projected on a plane
through the tangent which makes an angle ou with the
osculating plane, the radius of curvature of the projection
is pseco, (§204, Ex. 10). Hence the geodesic curvature
of a curve on a surface is the curvature of its projection
on the tangent plane to the surface.

Ex. 1. Shew that the geodesic curvatures of the lines of curvature
through the origin on the surface

2t 1 2 2
2 ="+2+—(ar®+ 3bx%y +3cxy?+ dy®) +...
P op2 3
are bpipy - cpipy

Pi=p: Pr=p
Use Ex. 16, § 232. Lo e

Ex. 2. Prove that at the origin the geodesic curvature of the
section of the surface ax?+by?=2z by the plane lz+my+n:=0is

n(bl2+ am?)
2+ m?)%

Ex. 3. A curve is drawn on a right cone, semivertical angle o,
8o as to cut all the generators at the same angle 3. Prove that at
a distance R from the vertex, the curvature of the geodesic which

sin?f3

touches the curve is , and that the geodesic curvature of the
oL

. Rt
. 8inf3
curve is —5=.

Ex. 4. By means of the results of Ex. 3 and the result of Ex. 7,
§ 204, verify the equation p=2=p,~%+ p;~* for the curve on the cone.

Ex. 5. If » and » are the curvilinear coordinates of a point on a
surface and the parametric curves cut at right angles, shew that the
geodesic curvatures of the parametric curves are

_ 1 WG 1 oWE

NGE u’ NGE v
Consider the curve U=u. Let w be the angle between the osculat-
ing plane and the normal section through the tangent. Then the

MO Let 4, mg, 0y be the

geodesic curvature is given by 1_

9 P
direction-cosines of the principal normal to the curve, then since o is
the complement of the angle hetween the principal normal to the
curve U=u and the tangent to the curve V=y,

by +my Y+ Ny 2

NE

ginw=
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lg % a dv v _
Now ; s 6— , ll_/;/é’ d32-—Gd'vzc
oL 1 a Z,
Theref —-2-=———-- — | =
efore p (JG
d o \ (
o 0o JLGE{ v )}

-7 (2 3 ()}

But, since the parametric curves are at right angles, 2x,2,=0, and
therefore
190G

19
=_3 =z =—=
ZluTw= — SLolyy= 26“(2.1:.,2)— 330"
1 -1 20 -1 oNG

Therefore = e APl .
Py 20VE Ou NGE Ou
Similarly for the curve V=9, 1_-19JE
Py JGE v

(This solution is taken from Bianchi’s Geometria Dyferenziale.)

Ex. 6. If the parametric curves are at right angles and G is a
function of v alone and £ a function of « alone, the parametric curves
are geodesics.

Ex. 7. By means of the expressions given in § 241, Ex. 9, shew
that the squares of the geodesw curvatunes of the curves of inter-

section of the ellipsoid +yb +~—1 and its confocals whose para-

meters are A and pu, are
a b, a,b,c,
AA=p) p(p= )
Shew how this result may be deduced from that of Ex. 18, § 232.

253. Geodesic torsion. If OT, (fig. 70), is the tangent at
O to a curve drawn on a surface, and the osculating plane
of the curve makes an angle » with the normal section
through OT, then w is the angle between the principal
normal to the curve and the normal to the surface, and
therefore cosw=_—L l_____g—qn12+'n2. .................. (1)

N1+pi+g?

The binormal makes an angle 90°+« with the normal to
the surface. Let us take as the positive direction of the
binormal that which makes an angle 90°— o with the normal
to the surface, and then choose the positive direction of the
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tangent to the curve, so that the tangent, principal normal
and binormal can be brought into coincidence with OX,
OY, OZ respectively. Then

. —pl, —qmy+ng
sin w=
R e
A

Differentiate with respect to s, the arc of the curve, and
we have, by (1),

do _cosw L(rl +sm)+my(sl,+im,)

e VIt g +q
-(pls+qm3—n3)078(1 TR R A @)
Now take O as the origin, and let the equation to the
surface be 0g ot | y?
P1  Pe

Then at the origin (2) becomes

do_cosw Ll mgm,
cos w7 =———21—
ds o p py
Let OT make an angle § with OX.

Then I, =cos 6, m,;=sin 0, n,=0; and since n,=cos w,

e — (3)

ly=m,m,=sin 6 cos v,

mg= —1,ny= —cos § cos .
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Therefore (3) becomes
1——-%9=sin 00089(—1———1—);
o 08 PL P2
and hence, by §251, the value of }_—%% is the torsion of
the geodesic that touches the curve at 0. It is called the
geodesic torsion of the curve, and is evidently the same for
all curves which touch OT at O.
Cor. 1. If a curve touches a line of curvature at O its
geodesic torsion at O is zero.
Cor. 2. The torsion of a curve drawn on a developable is
sin 0 cos 9+<%li_(9,
p 8
where 6 is the angle at which the curve crosses the
generator, p is the principal radius, and « is the angle
that the osculating plane makes with the normal section
of the surface through the tangent.
Ex. 1. The geodesic torsion of a curve drawn on a surface at a
point O is equal to the torsion of any curve which touches it at O and

whose osculating plane at O makes a constant angle with the tangent
plane at O to the surface.

Ex. 2. The geodesic torsion of a curve drawn on a cone, semi-
vertical angle o, so as to cut all the generators at an angle f3, is

W, where R is the distance of the point from the vertex.
o

Ex. 3. A catenary, constant ¢, is wrapped round a circular cylinder,
radius a, so that its axis is along a generator. Shew that its torsion
at any point is equal to its geodesic torsion, and deduce that

_1__c~/z‘2—_— c?

o at
where z is the distance of the point from the directrix of the catenary.

Examples XIV.

1. A geodesic is drawn on the surface
2z=qax?+ 2hxy + by?
touching the x-axis. Prove that at the origin its torsion is A.
2. For the conoid z= f(%), prove that the asymptotic lines consist

of the generators and the curves whose projections on the xy-plane
are given by 2?=cf’ (%), where c is an arbitrary constant.
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3. Prove that any curve is a geodesic on its rectifying developable
or on the locus of its binormals, and an asymptotic line on the locus
of its principal normals.

4. A geodesic is drawn on a right cone, semivertical angle o.
Prove that at a distance R from the vertex its curvature and torsion

are p? P B p?
Rtana’ Rtano
where p is the perpendicular from the vertex to the tangent.

5. Prove that the p-r equation of the projection on the zy-plane of
a geodesic on the surface 2% +y%=2uz is
R
V="
where £ is-an arbitrary constant.
6. Prove that the projections on the zy-plane of the geodesics on
the catenoid u=ccoshg are given by
_ £du
RV )
where % is an arbitrary constant.
7. Geodesics are drawn on a catenoid so as to cross the meridians
at an angle whose sine is 5, where » is the distance of the point of

crossing from the axis. Prove that the polar equation to their pro-
jections on the zy-plane is
u: 32(o+a)
w+c ’
where o is an arbitrary constant.
8. A geodesic on the ellipsoid of revolution
xz+'y2 22
& ta~!
crosses a meridian at an angle @ at a distance « from the ax1s. Prove
that at the point of crossing it makes an angle
cog=1___C®cos 0 ‘
) . Nat = u*(a? - ¢)
with the axis.

9. Prove that the equation to the projections on the zy-plane of
the geodesics on the surface of revolution

z=ucosf, y=usinf, z=r(u)

—e
is f—o= af,\ii/:‘(?i:) du.,

where @ and o are arbitrary constants.

10. If a geodesic on a surface of revolution cuts the meridians at a
constant angle, the surface must be a right cylinder
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11. If the principal normals of a curve intersect a fixed line, the
curve is a geodesic on a surface of revolution, and the fixed line is
the axis of the surface.

12. A curve for which £ is constant is a geodesic on a cylinder,
ag

and a curve for which &d} (3) is constant is a geodesic on a cone,
a

13. The curvature of each of the branches of the curve of inter-
section of a surface and its tangent plane is two-thirds the curvature
of the asymptotic line which touches the branch.

14. S, S,, S, are the surfaces of a triply orthogonal system that
pass througfl a point O. Prove that the geodesic curvatures at O of
the curve of intersection of the surfaces S, and S,, regarded first as a
curve on the surface S, and then as a curve on the surface S; are
respectively the principal curvature of S; in its section by the tangent
plane to S, and the principal curvature of S, in its section by the
tar‘xgent plane to S,.
erify this proposition for confocal conicoids.

15. Prove that the angles that the osculatir;g p;ane; of the lines of
survature through a point of the ellipsoid ;—E.—_,+‘%§+%=l make with
the corresponding principal sections are

a A @D E (@A) g1 L A= (B = ) (= pr)
e \/'” (ii’,;)s e \/ T (w=AY 2,

where A and u are the parameters of the confocals threugh the point.
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Note to § 37 : Distance from a point to a plane.
When the axes are rectangular, the distance from the point P,
(«’, y’, 2’) to the plane ax +by +cz+d=0 can be found as follows.
Let N, (a, B, v) be the foot of the perpendicular from P to the plane.
Then ax + b8 +cy +d=0, and the direction of NP is given by
' -—aty —-B:2" -y,

or, since NP is parallel to the normal, by a:b:c.

Therefore = ==Y —B_#-v_ax/+by +cz’—(aa+bf+oy)
b c a+ b +c?

_az'+by'+cz’+d__u ”

- a2+b3+68 — Y°
L —a=an, Y - B=bU, 2 =y =0l e (1)

and NP =(2" — )t + (' - B)* +(2" = y)%
=(a®+b% +c?)ul.

Hence Np=% +by’ +c2’ +d

+nad + b2 ¢t )

From (1), N is given by a=2"-au, B=y’ - bu, y=2"—-cu.

Note to § 43 : Constants in the equations of a line.
The constants may be put in a more symmetrical form as follows :

If nb-me=X, lc-na=yu, ma-Ilb=v, so that I\+mu+nv=0, the
z-a_y-b z-c

equations = are equivalent to
l m n
ny-mz=) l-nx=p, mr-ly=v, ..o (1)
from which Az +py+v2=0, ....oooee SN (2)

The equations (1) represent the planes through the line parallel to
the coordinate axes ; the equation (2) represents the plane through the
line and the origin.

Since IA +mu +ny=0, the ratios of any five of the quantities I, m, n,
A, u, v, to the remaining one are equivalent to four independent con-

B.G.
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stants, and, when they are given, the line is determined. If, for
example, the ratios of m, n, A, u, v to I are given, the equations

lz-nx=p, mx-ly=v,

determine fixed planes ; if the ratios of /, m, n, u, v to A are given, the
equations
ny-mz=A, Ax+py+ve=0,
determine fixed planes.
The ratios l:m:n:A:pu:v have been called the coordinates of the
line, and the line is referred to as “ the line (I, m, n, A, u, v).”” (See
Miscellaneous Examples I, Ex. 116.)

Note to § 54 : Section of a surface by a given plane.

The scheme on p. 73 can be written down mechanically. Choosing
0¢ and Of as stated, we have

x y z
-m l
¢
| Vasm | Verm
] (1) (2) (3)
L l m n

where the spaces (1), (2), (3) are to be filled. Now in the determinant
L, my, mn
l, my ny
lsy mg, Ny

of § 53, provided that the orientations of the new and the original axes
are the same, each element is equal to its cofactor. Hence in the spaces
(1), (2), (3) we may place

ot 0 ™ o —-m ! ’
Virm s [ VEEmd s o ViBrmd Virm
m, n 1, n | 1, m
respectively, or
~In —-mn
Bim® Npyma YOtmh

Note to § 63 : Cone with a given curve as base.

Let V, («, B, y) be the given vertex, and f(x, y) =0, 2=0 represent
the given base. Let P, (', y’, 2’) be any point on the cone and let
VP cut the base in Q. Then VQ/QP= — y/z’ and hence Q is the point

oz’ —yx’ ﬁz - 0)

’

Z-y
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Therefore, since Q lies on the surface f(z, y) =0,
f az’—yx Bz’ —-yy) -0,
-y
or the coordinates of P satisfy the equation

I az—'yx’ Bz —yy 0,

c-y -y

which represents the cone.
This equation can be written

ICELE R

which, in the case where f(x, y) is of the second degree, can be expanded
in the form

T~ aaf y-Bof Wtls . y B
flo B -y z- yaa z- 'yaﬂ qS(

of

or (2= )¥(es ) -y(e—7) (= e+ 5B g

+y'$(z - y-B)=0,

which can then be transformed as in § 63.
A more general case is that of the cone with vertex V, («, 8, y) and
base the curve in which the plane
u=lr+my+nz+p=0

cuts the surface f(z, y, z) =0.
If P, (', ¥, 2’) is any point on the cone, if VP meets the plane in Q,
and if VQ/QP =A/1, @ is the point
A+ AY'+B A4y
A+1 7 A+1 7 A+l

Since Q lies on the plane and on the surface,

Al +my’ +n2’ +p) + (la + mB+ny +p) =0, .covnveennne (1)
A 4o AY+B A +y)
A+17 A+1 " a+1/

Whence, if w’=lx’+my’ +n2z’+p and v=Ila+mB+ny+p, (1) and (2)
give

and b

g (T B )

which is the condition that the coordinates of P should satisfy the
equation

f(azu vx’ Bu vy’yu vz) ~0,

and this equation represents the cone.
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y_ 2z
pesk
The equation of the hyperboloid can also be wntten

Note to §96: The generators of the hyperbolmd — +

whence we deduce that the lines whose equations are

g 3_ ) __-E): —f‘ ........
b p k(1+ s c 1 g’ U (3)

Y_2_y ’_‘) ,(3_/ f)_ _z,
b 6_Ic (l+a , k 5t =1 =5 e (4)

are generators of the hyperboloid. Adding and subtracting the equa-
tions (3), we obtain

(1-k) (§+§)=(1 +k) (1—%’), (1+k) (§—§)=(1 —k) (1 +%) .(5)

If now we put p for i ’I: the equations (5) become identical with

the equations (2) of §96. Similarly from (4), by putting A for
i;’;,, we obtain the equations (1) of § 96. Thus different methods of
Factorising the equation of the hyperboloid lead to the same two systems
of generating lines.

Note to §104: The generators of T + ga -—= -—1 through the point
(a cos a, b sin a, 0). c?
The equation of the hyperboloid can be written

2 3 3
(chSa+‘1—/sina) +(£sinaz—g008a) —i=l.
a b a b c?

Hence the tangent plane at (a cos «, b sin «, 0), whose equation is

z .
- Cco8 a+‘1—/ sinx=1, or cos « <£~cos a) +8in « (g—sin a) =0, cuts the
a b a b
il:lx-face where it cuts the planes —sm o~ %/ co8 ¢ = ;t- that is, in the
es
z/a — cos « y/b —-sin *_ +2z/c
8in o —~CO8 o in? o + cos® a

z-acosa_y- bsma z

or
a sin « -bcosa -1-0

The reduction of the general equation of the second degree (axes
rectangular).
The nature of the surfaces represented by the equations
A1£’+A’1]’+Aaz’=’l., .............................. (l)
ME AN =20, oo, 2)
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is shown in the following tables :
ME AT+ =p

A Ag As m Surface
+ + + + | Ellipsoid (or sphere)
+ + - + | Hyperboloid of one sheet
+ - - + | Hyperboloid of two sheets
+ + - 0 | Cone
+ + 0 + | Elliptic cylinder
+ - 0 + | Hyperbolic cylinder
+ - 0 0 | Pair of intersecting planes
+ 0 0 + | Pair of parallel planes
ME2+HAME=2p
A As n Surface
+ + + Elliptic paraboloid
+ - + Hyperbolic paraboloid
+ 0 + Parabolic cylinder

If we change the origin and rotate the axes, the transformed equation
is obtained by substituting for ¢, 7, { expressions of the form

le+my+nz+p,
and therefore it is of the form
ax? + byt + c2? + 2fyz + 292 + 2hay + 2ux + 2vy + 2wz + d=0. ......(3)

We shall now indicate how the values of A, A;, A3, u in equations (1)
and (2) may be found when equation (3) is given.
First we shall prove that if, by a rotation of rectangular axes,

ax® +by® + c2? + 2fyz + 2gzx + 2hxy

Alfi + Ag")’ + AsC’Q
then A;, A, A; are the roots of the equation

transforms into

a"/\’ h’ g =O’
h, b-A f
g, I c-A
or A -2(a+b+c)+A(bc+ca+ab-f2—gt - h?)

— (abc +2fgh - af? — bg® — ch?) =0.
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This equation is called the Discriminating Cubtc, and it can also be
written in the form

AB-Xa+b+c)+A(A+B+C)-D=0,

where D=|a, A, ¢ |, and A, B, C are the cofactors of a, b, ¢
h, b, f respectively, inD.
g% f ¢

Suppose that the scheme for change of axes is

x y z |, then ¢=lLx+my+ngz,
n=L2+myy +ng,
{=1sx +msy +ngz,

¢ I m, n,

U] Iy my Ny

ly ms Ng
and
AL+ myy + 1,.2)° + Ag(Lae + Moy + 192)2 + Ag(lsX + Mgy + ng2)?
=ax? + by? + c2® + 2fyz + 2gzx + 2hxy.
Whence
a= Alll’ + Aala’ + Aals’, f =A1m1nl -+ Azmz'nz + Aamana,
b=2m® + Agmy? + Agmg?, g=Aml, + Anoly + Asngls,
=A% + Agng? + Agng?, h=XAlm, + Alym, + Aglyms.

S a+b+c=X+A+A; since X 2=1, ete.
Again, bc — f2=XA5(myng — mgny)® + Agh; (mgny — myns)?
+AAg (myny —mgn,)?,
=AAeli? + AsM L + 4002, by § 63 (E) ;
similarly ca - g* =2AAym,? + Ay ma? + A Aams?,
ab — B2 =2A3m,% + A g + A Agns?,
S betca+ab—f2—gt — A=A+ AsA; + AiAg
Also L, L, I M, Ay, Agls
my, My My MMy, Ay, Asmy
Ny Ngy Ny My AN, Agly
=| ZMbE Zhhmy,  Z2Amy,
Zhlllml’ EAlmls, Ehlmlnl
A, Zammg, ZAam,?

i.e. AIA’AQ = ’ by § 53.

a, h, ¢
hy b, f
g [ c

Therefore the roots of the discriminating cubic are A;, Ay, As.  (Cf.
§93.)
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The direction-cosines of the new axes can be found as follows:
From the above equations we obtain

aly +hmy +gny =AM (L2 +m? +n.2) + Al (L + mymg +nyn,)
+ Aals (lly + mgmy + ngmy),
=M,
S (@ =)l +hmy +gny =0,
and similarly, hly +(b - A)my +fn, =0,
gl tfmy+(c =)y =0. .oiiiiiiniin (4)

Whence 1,, m,, n, and, similarly, the other dircction-cosines, satisfy
the equations

al+hkm+gn  hl+bm+fn _ gl+fm+cn
l - m - n -

where A is the corresponding root of the discriminating cubic. (If we
eliminate I, : m, : n, from the equations (4), we obtain

a—A, h, g =0,
h, b=,  f
g, f ’ c— A1

and so ancther proof that A, is a root of the discriminating cubic.)

Ex. J. 2%+ 342+ 522 — 8yz — 8xy gives, for cubic,
A3 -9A2 ~9OX +81 =0, whence A=-3,3,9;

corresponding to A, = — 3, we have [,=m,=2n,, or %‘:%:7—;1;
l, mgy m
..................... A’= 3, .-....-.....-l3=2m3=n2, or t—‘22=—‘1'2=“§2;
ls mg n
..................... Aa= 9, .eiiviee. 2l3= —my=m,, or T’:_—szz—?:a.

i ines c=Y¥_% *_Y * *_ Y _ 2
Thus if the lines 5871’ T9-1°3’ 1--5°-3 are taken as
O¢, Og, O, respectively, 2?4+ 3y*+52® — 8yz — 8xy transforms into

—383 432+ 90

Ex. 2. Verify the following transformations :
(i) 62+ 11y + 1022 — 12y2 + 8zxr — 4y ; 3£ +69+ 1802 ;

.Y _ % . z_Y_%, zT_ Yy _*?
0 5=—1=—% Om3=3=71 9L 1= 53"
(ii) 428 + 298 + 328 + dyz — ez ; 3P +60;
z_ Y _%2, T _Y_* x _Yy_z
06 1="3=3 Om3=5=1’ Ob 5=1=3

B.G. 2R
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z, r_Y¥Y _%. zY_2
Of’l 2 g5 O g=Ti=T1 %% eTiToae
(iv) 6% — 16y® + 523 + 8yz — 14ex + 8xy ; 1262 -187%;
T Y 2 oo F_Y % op TY_*
04 —y=p=1} O»1=7371% %b 2717
Ex. 3. Reduce to the given forms:
(i) 7a3+33y*+ 722 +12yz — 1022 — 120y = 36, to f;+1+%——1
3 2 2
() %-3ly'+ 22~20yz— 62z + 202y = 36,1;0%__;%_%:1;
2
(ili) 2a%+ 83y + 227 + 1292 ~ 2022 — 120y = 72,m§+%_%’=1;
3
(iv) 132% +20y2 + 522 - 12yz + 14zx — 4xy =336, t,og4 14 =1;

2
(v) Ba?— 12y — 322 +20yz — 22z + 282y =336, to £ T 1,

Ex. 4. Show that
(1) 22%+5y% + 1022 + 12yz + Bzx + 4y =1
and (i) 4a®+y? — 422 — 12yz — 6z — 4y =1
represent an ellipsoid and hyperboloid of revolution, respectively.

(i) transforms into £ +7?+15(2=1 and (ii) into 5£ +569*-9{*=1.
In (i) Of is given by A;=15, whence ll—a=ln2~3 %’
l,+2m,+3n,=0; ie. Of and Oy can be any two perpendicular lines
in the plane z -+ 2y +3z=0, as is evident from the nature of the surface.
Derive the same results for the axes in the case of (ii).

Ex. 5. Show that 1322+ 45y?+402% + 12y2 + 362z — 242y =49 repre-
sents a right circular cylinder whose axisis /6 =y/2 =z/( — 3)and radius 1.
Consider now the case of
ax? + by? + c2® + 2fgz + 2gzx + 2hxy + 2ux + 2vy + 2wz + d =0.

By the above methods we can determine new axes O¢, Oy, O, with
direction-cosines [,, m,, n,, r=1, 2, 3, so that this equation transforms
into

;s A =A=1 give

AER +Agm? + AsL2 + 2€ (uly + vmy +wn,) + 2 (uly + vmy +wny,)
+2{(uls + vmg +wng) +d =0,
or ME AP + A2+ 2UE + 2V + 2WE +d =0.
If A, Ay, As are all different from zero, this can be written
Vv 3 3 2
A (£+ ) +/\,(17+ ) +2q (;+w U V +!AV——d,
3
and if the origin is changed to

( \
)‘l Aa P
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this becomes A,£2 +Agn? + As{® =u, where
U vz we
R W
If the new origin is (£’, v, {’) referred to Of, Oy, Of and («, B, y)
referred to OX, OY, OZ, we have the scheme

d.

o B Y
& L my ny
7 I, My Ny
v Iy mg N3
. e 9_ uly +vmy +wn, -~ (ul, +om, +wn,)
L €= A A T alyt+hmi+gn, by (6),
S (all +hm1 +gnl)§,= - ll (ull + vm, +’w7£1).
Similarly  (aly+hmy+gny)n’= — Ly (uly +vmy +wny),
and (als +kmg + gng) L’ = — I3 (uly + vmg +wng).
. adding, we have  ax+AB+gy=—U, .rceiiriiiiiiiiiiiiiis (6)
and, in the same way, ha+bB+fy=~—v, civvrririiiiiiiiiiiii, (7)
gutfBHeoy=—W. «eriiiiriiiiniiniiniii (8)
Again,

p=-Ug-Vy' -W{'-d
= = (uly +vmy +wn, )€ ~ (uly +vmy +wng)n’ — (uls +vms +wns){' - d
= — (o +v8 +wy+d).
Thus the values of «, B8, y, u can be found from the given equation
directly. The determinant

a, h, g u
h, b, f, w
g f, ¢ w

u, v, w, d

forms a useful mnemonic for writing down the equations (8), (7), (8)
for «, B, y and the value of u.

The given equation in this case represents a central conicoid (or
cone, if u=0), and («, B, y) is the centre (or vertex).

The above transformation can still be carried out if one of the
quantities A;, A, A; is zero, provided that the corresponding U or V
or W is also zero. Thus if A; =W =0, the transformed equation is

ME+Am? +2UE +2Vn +d =0,
which, by a change of origin, can be reduced to
ME +AmP=pu,

which represents an elliptic or hyperbolic cylinder, or, if =0, a pair
of planes.
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In this case ¢’ is indeterminate. If we multiply the equations (6),
(7), (8) by ls, ms, ny, respectively, and add, the sum is identically zero,
by (6). Hence (a, B, y) can be any point on the line of intersection of
the planes corresponding to (6) and (7),

ar+hy+gz+u=0, hx+by+fz+v=0.

This is what is to be expected, since any point on the axis of an elliptic
or hyperbolic cylinder can be considered a centre.

Similarly if A;=2,=0 and V=W =0, the transformed equation is
A2 +2U€ +d=0, which represents a pair of parallel planes; and if
Ay =X3=0, V0, W =0, the transformed equation is

A 82 +2UE+2Vn+d =0,

which can be reduced to A,£2+2Vs5=0, and represents a parabolic
cylinder. These cases are easily recognisable, as the terms of second
degree in the given equation must form a perfect square, and they are
easily discussed by a direct method which is indicated in Ex. 6 below.

Lastly, we have the case in which cne of the quantities A;, Ay, A, i8
zero and the corresponding quantity U or V or W is not zero. Suppose
Ag = 0, W =+0.

The transformed equation is

A2+ A2 +2U€ +2Vn + 2WE +d =0,

U)’ ( V)’ ( u? ve  d ) _
or A (§+)—\; + A, ”+>T, +2W (L W, 2————W/\2+2W =0,
which, by a change of origin, can be reduced to

A8+ A2 +2WL =0,

and represents an elliptic or hyperbolic paraboloid.
If the final origin is (¢, 7/, {’) referred to O¢, Oy, Of and (a, 8, y)
referred to OX, OY, OZ, then

__ulitromytwny =1 (uly 4+ vmy +wn,)

= » by (5),
¢ ™ aly + g + gn, y®)
and " _ul2+vm2+wnz_ —lz(ulz+vm,+wn,)-
m= Az T aly+hm,+gn,

s (aly+hmy +gng) ¢ = -1 (uly + vm; +wn,y),
(alz + hmz + gnz)'q’ = - lz (ulz + mz + um,),
and (als +hmg +gn;g) L’ =0, by (5), since A;=0.
.. adding, we have

ax+hB+gy=u(ls? - 1)+ vlgmg +wigng,

=W =%, i, (6")
and similarly  Ax+3B8+fy =MW =0, cevvrriiiiiiieeieeeeieeeeeeeeaa, (7))
and ga+fBHoy=ngW —w. «.coooiriiiiiiiiiiiiiiiiiiiiien (89

These equations correspond to (6), (7), (8), but are not independent,

-@orzateJ éu
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since, if we multiply them by I,, ms, n; respectively and add, the result
is identically zero. But we have also
Uz v?
Wl =— +— -
WO

or 2(uly +vmgs+wng)l’ = — (uly +vm,y +wn,) & — (uly +vmy +wny)y’ - d,
S W= —ua—vB-wy—d,
or W (lga+mgB+nzy)= —uax -8 —wy—d. .ovvvviniinnin (9)

Any two of the equations (6’), (7’), (8’), with equation (9), determine
the values of «, 8, y, which are the coordinates of the vertex of the
paraboloid. If we multiply the equations(6’), (7'), (8') by «, B, ¥,
respectively, and add to (9), we obtain

ao® +bB2 + cy? + 2fBy + 29y + 2haf + 2ucx + 208 + 2wy + d =0,

thus verifying that the point («, B, y) lies on the surface. Note that in
this case the three equations (6), (7), (8), i.e. aa+hS8+gy+u=0,
ho+bB +fy+v=0, ga+fB+cy+w=0, give, when multiplied by I3, m,
ng, respectively, and added, wul;+vm;+wn;=W =0, since, by (5),
aly + hmg + gng =24l =0, etc. But, by hypothesis, W0, so that the
equations (6), (7), (8) give a point at infinity. (Cf. § 45.)

We may sum up the methods of reduction in the various cases as
follows :

(1) If the terms of second degree form a perfect square proceed as in
Ex. 6 below.

In any other case, first solve the discriminating cubic.

(2) If the roots Ay, A, A; are all different from zero, find («, 8, y) from
the equations (6), (7), (8), i.e. ax+hB+gy+u=0, ha+bf+fy+v=0,
ga+fB+cy+w=0. Then p= —(ua+vB+wy+d) and the reduced
equation is A\, &2+ Am? + A3t =p.

(3) If one root, A;, say, is zero; attempt to solve the equations (6),
(7), (8). If they reduce to two independent equations, assign an
arbitrary value to one of the quantities «, 8, y, and solve for the other
two; e.g. put y=0. Then p= - (ua+vB+wy+d) and the reduced
equation is A, &%+ At =p.

If the equations lead to a paradoxical result (as in § 45, p. 47), find
l3, ms, ny from any two of the equations

d,

aly+hmy+gny, =0, hly+bdmy+fn;=0, gly+fmy+cng=0.
Then W =ul, +vm, +wn,, and the reduced equation is

A&+ Agm? + 2W =0.

Ex. 6. Reduce the equations :
(i) (3x -4y +2)*+9z-12y+3z-10=0,
(ii) (Bx—4y+2)2=28(x+y+2),
(iii) (3z —4y+2)?+16x - 27y +18=0.
Equation (i) can be written
Bz -4y +2)*+3(3x -4y +2)-10=0,
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or (3x -4y +2+5)(3x -4y +2z-2)=0,
and therefore represents a pair of parallel planes.

In (ii) we note that 3x—-4y+2=0, x+y+2=0 represent perpen-
dicular planes. Taking the first as {O¢ and the second as nO(, we have

_3x-4dy+2 £= r+y+2 hat (i) roduces tomd = V3£ and
___——N/% »8=T g %0 that (ii) reduces ton® =V 3¢, and represents

a parabolic cylinder.

Write (iii) in the form

(Bx -4y +2z2+A)*=x(6A—-16) —y(8XA - 27) + 222 +A* -
and choose A so that the planes
3x-4y+2+A=0, x(6A-16)-y(8A-27)+2)22+AX*-18=0
are at right angles. This gives A=3, and the equation becomes
(Bx -4y +2+3)2=2x+3y+62—

which, as in (ii), reduces to 26x?="7¢£.

Ex. 7. Verify the following reductions :
(i) (2 — 2y - 32)* +19x - 34y - 442+ 50=0; 17p*=11¢.
(ii) 62® +7y? + 622 —4yz —dzxr - 62 - 10y - 42 +7=0;
& +29?+302=1, centre (1, 1, 1).
(iii) 72? +y? + 22 + 16yz + 82x - 8ry + 22 + 4y - 402 - 14=0;
£ +n? - {2=1, centre (1, 2, 0).
(iv) 2232 - y’ 10z’+20yz 822 — 28xy+16x+26y+16z 34=0;
-202=1, centre (4%, 5, %
(v) llm’+5y"+2z2 +20yz + 4zx — 16y — 10x—-14y—28z+26=0;
268 + 92 - [2=0, vertex (1, 1, 1).
(vi) 422 +3y? + 222 + 4yz —dxy —4x -6y - 82+ 6=0; £+2q?=1,
z-1 y-1 z-1
1 - 2 -2
(vii) 2 -~y +4yz+ e -6 -2y - 82+ 5=0; £ -9P=
axis z-1 y-1 2-1
-2 2 T 1°
(viii) 3222 + y® +2* + 6yz — 16zx — 162y — 62 ~ 12y ~ 122+ 18 =0 ;
186 —m*=9(, vertex (4, %, %).
(ix) 5a® — 18y? + 522 + 8yz — 142z + 8xy + 4 + 20y + 42 - 24 =0 ;
28 -3 +20=0, vertex (1,1, 1).
Ex. 8. Reduce the equation :
2% + 2y% + 322 - Byz + 42 — 22y — 102+ 12y — 102+ 7=0.

The discriminating cubic is A®-6A? -3A+2=0, of which the roots
cannot be found by inspection. There are two changes in the sequence
of signs in the equation, and hence, by Descartes’ Rule, two of the
roots are positive and one is negatlve (The values to three places are
-0-806, 0-387, 6:419.) We find in the usual way that a=1, B= 2

y=3, p=1. The reduced equation is —0-806£*+0-387*+6-419{*=
and represents a hyperboloid of one sheet.

axis




MISCELLANEOUS EXAMPLES I.

1. If p is the distance of the origin from a line whose direction-
cosines are I, m, n, and p,, p,, s are the distances of the origin from
the projections of the line on the planes YOZ, ZOX, XOY, respectively,
show that

Pi* +P2% +ps" — PP =1p,? + mPpy® + 0yt
2. The equations of the lines bisecting the angles between the lines
y z, x y 2 x Yy z, x Yy z

170" TmoT1 12! M2TT3Te Te 273
3. Show that the point (2, 3, ~1) lies on both the planes
2 -y~-2=2, x+2y-32=11,
and that the line of intersection of the planes is given by
z-2=y-3=z+1
4. The equations of the perpendicular from the point (5, 9, 3) to
theline  z-1 y-2 2-3 x-5_ y-9 2-3
2 73 & ™Tv T 2T
and the foot of the perpendicular is (3, 5, 7).
5. If OZ is vertical, the line of greatest slope through the point
(1, 1, 1) on the plane 2z + 3y + 42 =9 is given by
z-1 y-1 =z-1
8 12 -13°
z-1 y-2 2-3
2 3 4

x—
5=

6. The orthogonal projection of the line on the
0T Y_% .
plane 3z +4y +52=0 is 7=1-T5

7. Show that the lines
(i) z+y+2~3=0=22+3y+42-5,
4 -y+62-T=0=22x-6y-2-3;
(i) :f=y—2=z+3 x—2_y—6=z-—3;
1 2 3’ 2 3 4
are coplanar, and lie in the planes
(i) z+2y+32=2, (ii) -2y +2+7=0, respectively.
8. If a+b+c=0, show that the line z+a=y+b=z+c intersects
the four lines =0, y+2=3a; y=0, z+x=3b; 2=0. x+y=3c;
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_ ax by cz .. .
z+y+z2=3k, k—a+k~—b+k—c_0’ at right angles, and that the

shortest distances between the first of these four lines and the other
three are V3(a-b), V3(a-c), V3(a-k).
9. Find the equations of the common perpendicular to the lines
=0, y+2=b-c; y=0, z+x=c-a;
in the form 3z+b-c=3y+c-a=3z+a-b.

Show that it is also at right angles to the line 2=0, x +y=a - b, and
that the lengths of the shortest distances between the three lines are in

the ratios b+c-2a:c+a-2b:a+b-2c
10. If pl+gqm +rn=0, show that each of the sets of equations
p-ny+mz=0; q-lz+nx=0; r-mx+ly=0; ......... (i)
l-ry +9z =0; m—-pz+rx=0; n-qrx+py=0; ......... (ii)

is satisfied at all points of one of two perpendicular lines; that the
length and equations of their shortest distance are

I24+m2+n?+p2+q®+r?
(2 +m 09 (p 4410t
and that the shortest distance is divided by the origin in the ratio
(P+m2+n?) : (p*+q*+12).
11. Show that the three planes bz-cy=b-¢, cx-az=c-a,
ay — bz =a — b, pass through one line, L, and that the three planes
(c-a)z—(a-b)y=b+ec, (a-b)x—-(b-c)z=c+a,
b-c)y-(c—a)x=a+b,
pass through a line L’; that L and L’ are at right angles and that the
shortest distance between them is of length
2(a*+5*+ e [(b - ) + (- a)? +(a - )7t
and has the equations
ax+by+cz=a+b+c, (b-c)x+(c-a)y+(a-0)z=0;

and that the shortest distance meets L and L’ in the points given by
r=y=2= 1,

lx+my+nz=0=px+qy+rz;

x Yy oz 1
a*~bc b*-ca c*—-ab a*+b*+ci-bc-ca-ab
12. Show that the equations of any line which meets the three lines
z=a, y=0; y=a, 2=0; z=a, z=0;

can be written z-a=ty, z(t+1)+t(y—a)=0, ..c.cccverrrrnnnnn. (i)
and that the locus of such lines is the surface
yz+zx+ay—ax—ay—az+a*=0. .....ocovviiininnnnns (ii)

Show that the equations of any line which meets the three lines
z=a, y=0; =xz=a, 2=0; y=a, 2=0;
can be written r-a=8z, Y(s+1)+8(z—-a)=0, .cccevvvrrenns «.(idd)
and that this line also lies on the surface (ii).
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Show that the lines (i) and (iii) meet at a point P given
X _y__ z_ a
(E+1)(s+1) s ¢t s+t+1’
and that, if they meet at right angles, either st=1, or st+s8+¢=0.
Deduce that, in these cases, P lies on the sphere
z(z-a)+y(y-a)+z(z-a)=0
and on one of the planes z+y+2=a, z+y+z=2a.

13. Show that the length of the S.D. between the lines
z+3 y-6 2-3 =z y-6_z
2~ 38 -2’ 2 2 -1
is 3 and that the line of the S.D. cuts OZ. Show also that all lines
which cut the given lines and OZ lie on the surface
T(x -y +6)(x+2)=(3x -2y +21) (x + 22).
14. Show that the condition that the line drawn through the origin
to meet both of the lines
z-a;, y-b, z-¢, x-a, y-b, z-¢

I m, n ly ma Ny
. T—a -bg z-cy.
should also meet the line 8_Y % 270
Iy mg Ny
as bs ¢y Iy, ms, 7y as by ¢ ls, Mg, My
a, by, ¢ @y by €3 |=| @y by ay by, ¢
L, my, n, lyy, Mg, My ly, my mg ly, mqy my

15. Show that the lines

=0, +by+cz+d; =0, u;=a,x+by+c,z+d;=0;
Us=as® + 03y +Ccz +d3 =0, u,=ax+dy+cz+d=0;

are coplanar if a, b, ¢, d,
a; by ¢y d,

a89 ba: Cs, da

ay by ¢y 4y
and that the equation of the plane containing them can be written

a, by ¢, a;, b, ¢, O

ag, by €y Uy J ag, by ¢ O
a by ¢ O as by Cyp Us
a, by ¢ O ag, by Cp U

=0,

=0, or =0.

16. If the equal and parallel edges of a triangular prism pass through
the points (a,, b;, ¢;), (a3, by, C5), (@3, b3, ¢3) and the lengths of their
projections on OX, OY, OZ are a, B, y, respectively, show that the volume
of the prism is & B 7y O

_1_ a, b, ¢, 1
2|ay, b, ¢ 1]
Qs ba: Csy l



xvi COORDINATE GEOMETRY

17. The plane z+y+2z=1 cuts the axes OX, OY, OZ, which are
rectangular, in A, B, C. P is the point («, B, ¥) and the feet of the
perpendiculars from P to OA, BC; OB, CA; OC, AB,are D, D’; E,E’;
F, F’, respectively. Show that the equations of DD’ are

T-a y _ z
2«  —-B+y-1 —-y+B8-1

Show also that if DD’, EE’, FF’ are concurrent, P lies on the line

z=y=z, or on one of the hyperbolas
y=2z, 2ex-2-2+1=0; z=2z, 2xy-x-y+1=0;
z=y, 2yz-y-z+1=0.

18. The lines AB, CD, EF are given by the equations y=b, 2= —c;
z2=¢, z=-a; x=a, y=-b. If P is a point such that the planes
PAB, PCD intercept a constant length 2k on EF, show that P lies on
one of the hyperboloids

ayz + bzx + cxy + abc= + k(x +a)(y - b).

19. A variable sphere passes through the points (0, 0, +c) and cuts
the lines xsin x=+ycos «, 2=+c¢ in the points P and P’. If PP’
has a constant length 2k, show that the centre of the sphere lies on the
circle 2=0, x? + y*=(k? - c?) cosec? 2.

20. A variable line which meets y=mz,2=c; and y= -mx,z= —c;
and which intersects the ellipse =0, y%/a®+22/b3=1, generates the
surface (y® — m2x?)? 4 (yz — cmzx)? _ (cy —mex)?

a? [ ) ’
21. Find the equations of the line through (, B, ¥) which meets
both of the lines y=mz, 2=c; y= -mz, 2= ~c; in the forms
Q) y-mz_z-c y+mz_z+tc,
B-ma y-c B+ma y+c
(ii) mz-o) y-B _2-y
myx—cf By-mca y2-c?

22. The locus of a variable line which is always parallel to OX and

intersects the given lines
z-a_y-b z-c z-a' y-b z-c

’

Il m v m
is given by the equation
xz-a, y-b z-a’, z—-¢ z-a’, y-b Ia:—a, z—-¢C
1, m v, n || U, m’ 1, n |

23. Show that the tetrahedron whose vertices are (1, 2, 3), (6, 4, 2),
(3, -7/2,8), (-5/8,15/4, 35/8) is self-polar with respect to the
sphere x?+y?+2?=20, and verify that each edge is at right angles to
the opposite edge and that the planes through the edges at right angles
to the opposite edges all pass through the centre of the sphere.

24. Show that A, (1, 2, 3), B, (0, 11, 7), C, (-3, 2, 11), D, (-8, 5, 3)
are the vertices of a tetrahedron in which each edge is at right angles
to the opposite edge. Show that the perpendiculars from the vertices



MISCELLANEOUS EXAMPLES 1. xvii

31 61 165

P divides the shortest distances between the pairs of edges AB, CD ;
AC, BD ; AD, BC; in the ratios 31 : 33, 319 : 465, 1431 : 1705, respec-
tively. Verify that the mid-points of the edges lie on the sphere

x?+y?+ 2%+ 52 - 10y — 122 + 55 =0, whose centre is the centroid of the
tetrahedron.

25. If O is the origin and A, B, C are the points (4a, 4b, 4c),
(4d, 4c, 4a), (4¢, 4a, 4b), show that the sphere
234y 422 -2(x+y+2)(a+b+c)+8(bc+ca+ab)=0

passes through the nine-point circles of the faces of the tetrahedron
OABC.

26. For the tetrahedron whose vertices are
A (1, -2,11), B,(-4,2,4), C,(3, -6,6), D,(2,21),
obtain the following results :

The faces are 16x+13y —42+654=0, 8x+1ly+16z-54=0,

20z + 5y +42-54=0, 4x+19y+82-54=0;
the area of each face being 63/2 :

The lines joining the mid-points of pairs of opposite edges are mutually
perpendicular and the lengths of the S.D. between the opposite edges
are 3,6, 9:

The volume of the tetrahedron is 54 :

The equation of the circumscribing sphere is

2 4yt +22 - +2y-112=0,
and the three faces which meet at any vertex make the same angles
with the tangent plane to the sphere at that vertex :

The centre of the inscribed sphere is (3, —1, %*) and its radius is 9/7 ;
the centres of the escribed spheres are (0, 0, 0), (5, -4, 7), (-2, 4, 5),
(-1, -4, 10), and their radii are all equal to 18/7.

27. Show that the planes z-y-2-9=0, bz+y+2z-9=0,
z+5y-2-16=0, z-y+52~21=0, are the faces of a regular tetra-
hedron which is inscribed in the sphere

2+y?+22-9r+y—2-40=0
and circumscribed to the sphere
22+y2+22-92+y—2+14=0.
Show that the escribed spheres are
22+ + 22+ 6 +4y+22-13=0, 2?+y*+22-120-14y+22+569=0;
224y +22 - 122 +4y - 162+ 77=0, 2*+y*+23-18x+10y+82+95=0.
Show also that the spheres which touch all the edges are
2 +y2+22-9x+y—-2+4=0,
22 +y2 422+ 21z + Ty + 652 - 132 =0,
22 +yt+22 - 162+ Ty - 312 + 252 =0,
23+ y? + 22 — 162 - 20y + 5z +1§1 =0,
23+ yd+22 - 272+ 19y + 172+ 2§58 =0.

to the opposite faces meet at the point P, (-—
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28. The six spheres
22+ y?+22 - 22+ 22z -4=0,
2 +y +22+8x+22-4=0,
23+ y?+22 - 122+ 422+ 36 =0,
23 +y?+22— 122 - 182+ 36 =0,
422 +4y* +42% + 420 - 122 +9 =0,
422 +4y*+ 422 - 182 -122+9=0
all touch the four sides of the skew quadrilateral given by
=0, +y+2:=3; 2=0, x+2y=6.

29. If the spheres S, =z%+y?+2%+2a,x +2b,y +2¢,2 +d, =0,
So=2% + Y2 + 22 + 20,2 + 2b,y + 2¢,2 + dy =0,
meet in a great circle on the sphere S,
2a,2 + 2b,2 + 2¢,% — d; =2a,a, + 2b,b, + 2,4 — dy.

30. The centres of spheres which cut both the spheres
22+ y2+22 4+ 2u,2+d=0, x*+y?+22+2ux+d=0
in great circles lie on the plane x +u, +u,=0.
31, Given the coaxal spheres
=22+ Y2 +22 4+ 2ux +d=0,
S,=a2+y?+ 22+ 2u,x +d =0,
Sy=a®+y?+22+2(2u, — u,)x+d =0,
show that S; cuts in a great circle any sphere orthogonal to S; which
has its centre on S,, and that S; cuts orthogonally any sphere which has
its centre on S, and is cut by S, in a great circle.
32. Show that the circles
4y 422 -4dr+4y-22-7=0, 20 -2y+2-9=0;
2 +y?+22-2x-3y+62+3=0, 2r+ 3y ~ 62 - 28=0,
lie on the same sphere and find its equation.

33. Lines are drawn through O to meet the circle in which the plane
(i) x+y+2=1 cuts the sphere x?+y%+2%—-4x -6y -82+4=0. Show
that they lie on the cone 2% — y? — 322 — 6yz — 4z — 22y =0 and meet the
sphere again at points on the plane, (ii) ¥ +22=2. Show that

t(x*+y?+22-dx -6y —-82+4)+2(y+22-2)(x+y+2-1)=0
represents a cone if = —1 or if t=19/25, and deduce that the circles

in which the planes (i) and (ii) cut the given sphere lie on a second cone
whose vertex is ( — 36/7, —4/17, 4).

34. Show that two cones can be drawn through the circles in which
the planes x +y +2z=1, y +22=3 cut the sphere 2 + y2 +22=4, and that
their vertices are (1, 2, 3) and (-2, 0, 2).

35. If lines are drawn through points on the circle in which the
plane lx +my +nz=Fk cuts the sphere 22 + y? + 22=aq? parallel to the line
z[p=y|q=2z|r, show that they meet the sphere again in points on the
plane

(lz + my +nz - k) (p®+¢* +73) =2(px + qy + r2)(pl + gm + rn).
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36. Of a set of rectangular axes through O, one lies in tne plane
ax+by +cz=0, and one in the plane px+qy+r2=0. Show that the
third lies on the cone

1 -’1-‘?)(%_%)+l<‘3_”_‘><f_§)+l<§-’1)(f-2>=o,
ap\b c¢/\q r/ bg\c a/\r p/ cr\a b/\p g¢q

37. If OX, OY, 0Z, O¢, Oy, Of are two sets of rectangular axes
through the same origin O, show that the equation of the cone which
passes through them can be written in the forms

Lty " mmymy + MaMs _ ; lym,n, + lymgny  lgmqmy _
x Y z ¢ 7 14
where [, m,, n,, r=1,2, 3, are the direction-cosines of Of, Og, Of,
referred to OX, OY, OZ. Deduce that

121,212 + my2my2mg® 4+ 1y 20y 2052 =1, 2my 2042 + [2mane? + I32mg2n g2,
38. A, B, C, D, E are the points (1, 2, 3), (3, 2, 7), (4, 1, 9), (8, 11, 21),
(4, 19, 21), respectively. Show that the equation
11z +y - 52)(9z + 3y — 52) + t(4x +y ~ 22)(13x + 2y — 62) =0

represents a cone passing through the lines OA, OB, OC, OD, where O
is the origin. Find the value of ¢ if the cone passes through E and
deduce that the cone through the five lines is given by

bx? +y?—22=0.

0;

39. Show that the cone generated by rotating the line z/l=y/m=z/n
about the line z/a =y/b=z/c a8 axis is given by

(12 +m? +n?)(ax + by + cz)2 =(al + bm + cn)? (2 + y? + 22).

40. If « is the semi-vertical angle of the right circular cone which
passes through the lines OX, OY, x=y =z, show that

cos a=(9 —4~/§.%'

41, The plane z+y+2=0 cuts the cone 5z2-32y*+27:2=0 in
perpendicular lines. Show that the cone through these lines and
OX, OY, OZ is given by 5yz — 32zx + 272y =0. Show also that the planes
through the origin at right angles to these lines are given by

—322+5y +272=+ N889(2 —y), or —27x+32y - bz=+ V889(x —2).

42, If I, m, n, and I’, m’, n’ are the direction-cosines of the lines in
which the plane px +qy +rz=0 cuts the cone

(b~c)p+(c—a)q+(a—b)r=0,
x y z
W _mm’  nn
b-¢c c-a a-0b’
then show, by taking the given plane as a new coordinate plane, and

changing the axes, that these lines bisect the angles between the lines in
which the given plane cuts the cone ax?+by? +c22=0.

show that
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43. An ellipse of semi-axes a and b has its centre at the origin and the
direction-cosines of its axes are respectively l,, m,, n,; and l,, m,, n,.
Show that the ellipse itself is the orthogonal projection on its plane of

(hx+ :nly)’ (L +myy)® =1, z=0;
a b?

and that its orthogonal projection on the plane XQY is given by
(mz ~Ly)* | (myz - Ly)*

al b2
44, Show that the section of the cone x2+y?—222=0 by the plane
z+y—-22z=1 is a parabola whose equations can be written Z=0,

6X®+4~3Y =1, and that the section of the hyperboloid 2+ y? —z2=1
by the plane x+y —22=0 is an ellipse whose equations can be written
Z=0, X3+Y?3=1.

45. What does the equation =2+ y2+ 722+ 8yz - 8za + 162y =81
become when the lines joining the origin to the points (1, 2, 2),
2,1, -2), (2, -2, 1) are taken as coordinate axes?

46, The cone whose vertex is (1, 2, 3) and which passes through
the circle x2+y2+z2=4’ x+y+z—_—1’
is given by

=(lymy ~ lym,)2

2(x+y+2z-1)(y+22-3)=5(x*+y*+22-4).

47. Show that the two cones ayz+ b2z +cxy =0, fyz +gzx +hay =0
intersect in the coordinate axes and in the line

% (bh — cg) =y (cf - ak) =z(ag ~ bf ).

48. The points common to the two cones y? — 22 + 3yz — 222 + 2y =0,

z" —2% - 2yz + 3zr + xy =0, lie in the pairs of planes
(z-y)(x+y+52)=0, (z+y-2z)(x+y+22)=0.

49. The cone through OX, OY, OZ and the lines in which the plane

alb-c)z+b(c~a)y+c(a—b)z=0 cuts the cone
a?(b? - c?)x? + b3(c? - a?) Y2 +c*(a® - b%)22=0
is given by (b-c)yz+(c —a)zx+(a -b)xy=0, and the other two com-
mon generators of the two cones lie in the plane
ab+c)r+b(c+a)y+cla+b)z=0.
50. The common generators of the two cones
b+c)(d-c)x?+(c+a)(c—a)Py?+(a+b)(a-b)%2=0,
ayz+ bzx + cxy =0, lie in the planes
(b-c)z+(c-a)y+(a-b)2=0, (b*-cx+(c®-a?)y+(a®-b3)2=0.
51. Show that
-x+4+2y+22=0, 2x-y+22=0, 20+2y-2=0;
6x-2y+32=0, 3x+6y-22=0, -2x+3y+62=0,
are two sets of mutually perpendicular tangent planes to the cone
23+ y? +2% - 2yz — 222 - 20y =0,

and that, in each case, the generators of contact are mutually inclined
at angles of 60°.
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52. Show that the cone
23 y? 22
b-oto-atass"
has sets of three mutually perpendicular tangent planes. If one plane
of a set i8 2 +y +2=0, show that the other two are given by
(b —¢)(2? + 2y2) + (¢ — a)(y? + 2zx) + (@ — b) (22 + 2xy) =0,
and that the line of intersection of these planes is x=y=z. Show also
that the lines along which these planes touch the cone lie in the plane

z y z
b-c¢ +c—a+a—b—0'
53. Show that, for all values of ¢, the plane
at¥(x —y —z) - 2(bx +ay) - b(x -y +2)=0
cuts the cone ax?+by?*=(a+b)2? in perpendicular lines, and deduce
that all such planes touch the cone
x’ y’ z’
a6 ath
54. Show that any cone whose vertex is on the paraboloid z3 + y*=2cz
and which passes through a meridian section has sets of three mutually
perpendicular generators.

55. A cone has vertex (0, 0, c¢) and base z=0, y*=4ax. Show that
its equation is cy? + 4ax(z — c) =0 and that the equation of the reciprocal
cone is ay®+cx(z —c)=0.

56. The cone whose vertex is (0, 0, 2a) and base z=0, y*=4ax is its
own reciprocal. The plane z=z cuts it in a circle. By changing the
origin to the vertex, and turning the z- and z-axes through 45° show
that the cone is right circular and has a semi-vertical angle of 45°.
Draw a diagram showing the cone and the section by the plane z=x.

57. The cone whose vertex is (0, 0, ¢) and base z=0, 2%+ y? — 2ax =0
has a reciprocal cone given by a%y?=c(z —-c)(cz — c? — 2ax). Hence show
that if the section of a cone by a plane at right angles to a generator is

a circle, the section of the reciprocal cone by the same plane is a para-
bola.

58. Show that the cone whose vertex is (3, 4, 5) and which passes
through the curve of intersection of the plane xz+y+2=0 and the
surface yz +2x +xy+1=0 is given by

52 +4y3 + 322 - Byz — 4zx - Bxy + 22+ 2y + 22 - 12=0
and that it meets the surface again at points in the plane
bx+4y+3z+2=0.

59. Lines drawn through points on the circle
z+y+z=1, a+y*+2'=4,
parallel to the line z/2 =y/ — 1 =2/2 generate a cylinder whose equation is
228 + 8y® + 222 + 4yz — 222 + 4oy - 20 -8y - 22 -9=0.
The cylinder meets the sphere in a second circle in the plane
x-b6y+z2+3=0

0
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and the two circles lie on the cone
2622 + y? + 2622 — 16yz + 8zx — 16xy + 82 + 32y + 82 - 96 =0
whose vertex is at the point (4/3, 16/3, 4/3).
60. Show that the equations of the two planes which pass through

the line 22 = —y =2z and cut the cone 1522 — 142 + 522 =0 in perpendi-
cular generators are 3z +2y +2=0, 2z -y —4z=0.

61. If two planes, each of which cuts the cone ax®+by?+c2?=0 in
perpendicular lines, are at right angles, their line of intersection lies on
the cone (2a+b+c)a?+(2b+c+a)y?*+(2c+a+b)z2=0.

62. Find the tangent planes to the hyperboloid 3x2 — 7y? + 4222 =126
which pass through the lines
~Z-8 y+4 z-1
O—=="5"=71
giving the points of contact in each case.

» and (ii) 3r+Ty+42=0=2+4y+32+3,

63. Show that the pair of tangent planes to ax?+by?+cz2=1 whose

line of intersection is ~—£=¥"9_%"" given by
! m n
y-¢ z-r* |z-r, z-p " A B N
m,an+n,bl+l,cm|=l,m’n,
» 9 T

and deduce that, if (p, g, r) is a fixed point and the planes are at right
angles, the line of intersection lies on the cone

ab+c)(x-p)2+blc+a)(y—q)2+cl(a+b)(z—1r)?
=abc[(ry - qz)* + (pz — rx)* + (92 — py)*).
64. Show that the two tangent planes to ax?+by?+cz?=1 which
pass through the line given by
ny-mz=p, lz—-nx=q, mr-ly=r, lp+mqg+nr=0;
are represented by the equation
(ny—mz-p)* (le-nx-q)p (mx-ly-r)*
+ +
a b c

=(px+qy +1r2)%

65. The tangent plane at a point P, not in a principal plane, and the
normal at P to the ellipsoid z?/a? + y2/b® +22/c®*=1 meet the plane XOY
in a lineQR and a point G. Show that QR is the polar of G with respect
to the ellipse

z2 y?
m + b‘——c—’ =1, z= 0.

66. If the normals at points P and P’ on the ellipsoid
z2a® +y2 b + 2%ct=1
meet a principal plane in G and G’, show that the plane which bisects
PP’ at right angles also bisects GG’.

67. If the normals at P, (z,, ¥,, 2,) and Q, (,, ¥, 2;) On the ellipsoid
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x3/ad + y2/b? + 22/c* =1 meet at the point («, B, y), show that PQ is given
by the equations

a (2 -—l):b’ _ﬁg__l =c? ﬁ_l),
1% Y1Ya 2123

68. If the feet of three of the normals from («, B, ¥) to the ellipsoid
x/a® +y3[b% + 2%[c* =1 are (z,, ¥,, 2,), r=1, 2, 3, the equation of the
plane through them can be written

atox + b4y
(c2—a?)(a? - b¥)zx,x,  (a®—02) (b2 - c?)y,Ys¥s
ctyiz
+ +1=0.

(b2 =€) (c? - a?)zs252,

69. Normals are drawn to the ellipsoid z*/a?+y?/b®+22/c*=1 at
points on its section by the given plane z=y. Show that the normals
meet the plane XOY at points on the conic

ax? b2y2 2 .
(@—c2): " (b _ycz)az' 1- %’ 2=0;
and meet the planes YOZ, ZOX at points on the lines
=0, z=y(l-a?c?; y=0, z=y(1-0b%c?).

70. If the polar plane of P with respect to the conicoid
ax?+ byt +cz2=1

touches each of the conicoids

bt +cyt+azt=1, cx?+ay?+b2=1,
show that P lies on the curve of intersection of the cone

(b-c)ax?+(c —a)b3y?+(a - b)c®22=0
and the surface

(b+c)ax? + (c +a)by? + (a + b) %22 =2abc.

71. The normal at a point P on the ellipsoid 2?/a?®+ y?%/b®+23/c?=1
meets the planes YOZ, ZOX in G and G’, and OQ is drawn from the
origin O equal to and parallel to GG’. Show that the locus of Q is the
ellipsoid a?x®+ b%y® + c%?=(a? - b?)%

72. The normal to the ellipsoid x?/a%+y?/b%+22/c*=1 at a point P
on its curve of intersection with the plane lx +my +nz=0 is produced
outwards to a point Q such that PQ . p = k2 where p is the perpendicular
from the centre to the tangent plane at P, and k is a constant. Show
that Q lies on the conic

afle  b*my c*nz a’x? by c%?

PR B G " (@R (B (c2+k2)’=l'

73. P is a point on the hyperboloid z?/a? + y?/b% - 22/c*=1 such that
the planes through the centre and the generators through P are at right
angles, Show that the normal at P intersects the conic

xl yl cﬂ cs
diatiie oty 2=0.
B.G. 2¢C
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74. If P(f, g, %), is a point on the cone ax?+by?+cz?=0, three
normals, other than the normal at P, pass through P. Show that the
equation of the plane through the feet of these normals is

(a-b)(a—-c)fx+(b-c)(b-a)gy+(c-a)(c-b)hz=bcf 2+ cag? + abh?.

75. P is a point on the ellipsoid z?/a? +y%/b®+22/c2=1 and ON is the
perpendicular from the centre O to the tangent plane at P. If PN is
of constant length K, show that ON lies on the cone

Y22 (b2 — c2)? + 2% (c? — a?)? + 2%y?(a? - b2)?
=K2(x? + y? +2%) (a%x? + b2y® + c%2?).

76. The feet of the normals to %+ 2y?+32?=984 which lie in the
plane z +y +2=2 are the points (12, 18, 8), (-6, 18, —10), and the
normals intersect at the point ( — 12, 54, —40).

77. The plane x —z=4 cuts the ellipsoid ?+ 2y?+ 322=50 in a circle
and the radii of the circle through the points (6, +1, 2) are the normals
to the ellipsoid at these points.

78. If P, (z,, 1, 21), is a point on the curve of intersection of the
conicoid az?+by? +c22=1 and its director sphere, show that the normal
at P meets the conicoid again at the point Q given by

-2 Y- _z-%_  —2
az, by, ¢z a+b+c’
and that the locus of Q is the curve of intersection of the conicoid and
the cone

(b+c)ax® (c+a)by?® (a+b)c%?
(b+c-a) (c+a-b)2 (a+b-c)F
79. The normals at (z;, ¥;, 2,), (%2 Ya» 22), On the ellipsoid
2a + y?[b? + 23ct =1

will intersect if
(0% -c?)x, +(_c2: @)y N (a?-b%)z, -0
Ty— T Y2 2272
and if («, B, y) is the point of intersection,

1 1 1 1 1 1
a? (——--—— =}2 (—-———) =c (-—-—-— .
axxxz 'Bynyz ’yzlz

80. The six normals from (4/3, 2/3, 0) to the ellipsoid 2%+ 2y + 322
=24 consist of the normals at (2, 2, 2), (2, 2, —2), the normal at
(4, -2, 0) counted twice, and the normals to the ellipse x?+ 2y*=24,
2=0, at the points where the line  — 2y + 4 =0, 2=0 cuts it.

81. If the line x—?—o = 27;3 = f_;‘;l_" is perpendicular to its polar
with respect to the surface ax?®+by®+cz*=1, and meets the surface in
P and Q, show that the normals at P and Q lie in the plane

be(gn —rm)(z - p) +ca(rl - pn)(y - g) +ab(pm - gl)(z ~ ) =0,
and that PQ is a principal axis of the section of the surface by the plane
z-p, y-q, z-7
l’ m, n =0.

be(gn —rm), ca(rl—pn), ab(pm-gql)

b4
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82. Show that the points (1, —2, 2), ( -5, 4, 8) are the extremities
of a normal chord of the hyperboloid 222 + y* — 22=2 and that the chord
is a principal axis of the section of the surface by the plane

4x —y+52=16.

83. P, (z1, y1, 1), Q, (T3, Yo» 25), R, (% Ys, 2,) are the extremities of
three conjugate diameters of the ellipsoid x2/a?+%?/b%+2%/c=1. Show
that (2 —2,)(2, ~ ) + (¥ — ¥1) (Y2 — ¥s) + (2 — 21) (25 — 23) =0 represents the
plane drawn through the normal at P at right angles to the plane
PQR and deduce that the projections on the plane PQR of the normals
at P, Q, R are concurrent at the orthocentre of the triangle PQR.

84. OP, 0Q, OR are three conjugate semi-diameters of the ellipsoid
2%ja®+y?[b% +2%/c*=1., OP,OQ are produced to P’ and Q’ so that
OP’/OP =0Q’/0OQ =k, where k is a constant. Show that the enveloping
cones whose vertices are P’ and Q’ intersect in two planes, of which one
is the plane through OR and the mid-point of PQ, and the other touches
the ellipsoid 22 oyt 2 2

i g

85. OP, 0Q, OR are conjugate semi-diameters of the ellipsoid
x2?/a? +y2[b2 4+ 22/c2=1. OP’, OQ’, OR’ are drawn at right angles to the
planes QOR, ROP, POQ, and of lengths such that kOP’, kOQ’, kOR’ are
equal to the areas of the triangles QOR, ROP, POQ, respectively, & being
a certain fixed length. Show that OP’, OQ’, OR’ are conjugate semi-
diameters of the ellipsoid

E N
bt ctu? | afb* 4kE

86. OP, 0Q, OR are conjugate semi-diameters of the ellipsoid
x%/a?+y?/b? +23/c2=1. Show that the sides of the triangle PQR touch
the ellipsoid #2/a? + y2/b? +22/c* =4 at their mid-points. Show also that
the necessary and sufficient condition that the line

T-a_y-B_z-y
I m n
should cut the ellipsoid in the ends of two conjugate diameters is

2a2(my —nB)? + 2b%(na ~ ly)? + 2c2(I8 — ma)® =bc?? + c?am? + a*b*n?.

87. The equations of the axes of the conic 3z®+y?-22=3,
2z +y+22=0 are z/1=y/2=2/ -2, z/2=y/-2=2/ -1, and the lengths
of the axes are 6 and 6/./6. The axes are the lines in which the given

plane cuts the cone 1/ —1/y+1/2=0. The axes of all sections parallel
to the given plane lie in the planes

6z -2y+2=0, 3z+2y+22=0.
88. The lengths of the axes of the conic
-22+20y%+622=8, 3x+6y+22=0,

are 4, 2; the equations of the axes are z/2=y/ - 3=2/6,2/ - 6 =y/2=2/3;
the equations of the equi-conjugate diameters of the conic are

z/2=y[-1=2/0, z/-10=y/l=2/12.
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89. The foci of the conic x2/9 +y?/4 +22/1 =21, 22+ 3y — 62=0, are
9 —4,1), (-9 4, -1).

90. The centre of the conic 14x2+ 5y? — 422 =172, 2z —y ~ 22+ 36 =0,
is (10, —14, 35); the Iengths of the semi-axes are 18, 36 ; the extre-
mities of the axes are (22, -2, 41), (-2, - 26, 29); (22, - 38, 59),
(-2, 10, 11).

91. The centre of the conic 2x?+y?=122, 6x-3y-62=T7 is
(3, -3, 10/3) ; the lengths of the scmi-axes are (39/2)% (39/4)‘} and the
directions of the axes are given by 2:2:1,1:

92. The centre of the conic 5x%+17y?—722=0, -2y +22=8l, is
(-119, 70, 170) ; the lengths of the semi-axes are 3(595)%, 9(595)’};
their directions are given by 2: -1: -2,2:2:1,

93. The axes of the conic xy =az, Iz +my +nz=0, are given by

nx+am  ny+al n% — 2alm

PP SN S Y S 2

94, If the plane lx+my+nz=0 cuts the paraboloid zy=az in a
hyperbola of eccentricity 2, the line z/l=y/m=z/n lies on the cone
23(2? +y? +2%) =3y

95 Show that the director circles of sections of the ellipsoid
N z’
Tatash
lx +my +nz 0, lie on the conicoid

(lz + my +n2) [(b? + ¢ - a®) lx + (¢ + a? - b?) my + (a® + b? — c?) nz]

= —(a®? +b*m? +c*n?)
a?l2(b? + ¢?) + b®m2(c? + a?) + c*n2(a® + b’))
2 2 2 . .
x<x tyre a®l? + b*m? + c*n?
96. Show that if a®+b?=2¢c? the generators through any one of the

ends of an equi-conjugate diameter of the principal elliptic section of
the hyperboloid x?/a?+ y2/b* —2%/c*=1 are at right angles.

whose planes are parallel to the fixed plane

97. Show that x=l+Ay=27\z- -1 represents a generator of the

hyperboloid 22 ~ 2yz=1, and that any point on the surface is given by

ptA 2 _ pA
[T M (e

Show also that if the generators through P are at right angles, P lies
on the circle in which the plane y + z=0 cuts the surface.

98. Show that the section of the hyperboloid 4x?+y2-—2:2=12
whose centre is ( -3, 0, 6) is circular and that its area is twice that of
the parallel central section. Show that the sphere which has the given
circular section as a great circle is

(z-1)(x+7)+(y-4)(y+4)+(z-2)(z-10)=0.

r=
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99. The radius of a real circular cylinder which circumscribes the
ellipsoid x3/a? +y?/b* +2%/c2=1 is b and the area of its curve of contact

with the ellipsoid is 7 (b%? - c%a? +a2b2)%, (a>b>c).
100. If each of two tangent cones to a conicoid has sets of three

mutually perpendicular generators, their common points lie in two
perpendicular planes.

101. Two circular sections of the ellipsoid x?/a? +y?/b? +2%/c3=1 of
opposite systems have the same radius . Show that the square of the
radius of the sphere through them is

2 _ 2
b’—aazc (b2-72), or b2+

102. P, Q, R, S are vertices of a skew quadrilateral whose sides lie
along generators of the hyperboloid x%/a? + y2/b% —22/c*=1. Show that
(2P +2R)(2q2s - ¢*) =(29 +25) (2pzR — ¢*).

103. P, (', y’, #’), is a point on the ellipsoid 22/a®+y?/b%+23/c2=1
and ON is the perpendicular from the centre to the tangent plane at P.
If OP =7 and ON =p, show that the bisector of the angle PON is given by

atx by %
Z(pread) ylpr+b) 2(precd)’
and that, if a point Q is taken on the bisector such that 0Q?=ON . OP,
Q lies on the surface
2 yz zz _ 1
a?+a?+y?+22 tErmrr e +c’+x3+y2+z’”§ ’
104. If the plane Iz +nz=p cuts the hyperboloid
x?a? + y?/b? - 22[ct =1
in a parabola, show that a??=c2n? and that the vertex of the parabola
is the point P? +a?l? p? —cn?
< 20’7 2pn ) ‘

105. If a+b+c=0, the section of the cone ax?+by?+cz2=0 by
the plane ax +by +cz=18abc is a parabola whose latus rectum is of
length 4~3(a? +b* +¢?); the axis is parallel to the line z=y=z; the
vertex is (a?+b6bc, b2+ 5ca, c®+5ab); and the focus is

[3(a®+bc), 3(b%+ca), 3(c?+ab)].
106. If the plane lx +my +nz +p =0 cuts the cone
z?ja +y2/b+22/c=0
in a parabola, the directrix lies in the plane
(b+c-a)lx+(c+a-b)my+(a+b-c)nz=0,
and the focus is given by
z _ y _ z _ p .
alb+c-a)l blc+a-b)m cla+b-c)n~ 2(a®l®+b*m?+c*n?)
107. The hyperbolic paraboloid which has the lines
ax+by=1, z=c,, r=1,2,3,

¢ (b2 -7r?), (a>b>c).

a? -
cz
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as generators is given by

ax+by-1

z2—¢, @ b
ax+byy—1 o b =0

3-62 ? 2 8 |— VY
agx +bgy -1

Z-*Ca ’ aa: ba

108. The equation of the hyperboloid which has the coordinate axee
for principal axes and the line x —a=y - b=z —c as a generator is

2 y? 22
E-a@=b) (@-bib-c) B-ofc-a)
and the equations of the other generator through the point (a, b, ¢) are
z—-a __y-b  z-c
~bc+ca+ab bc—ca+ab bc+ca—ab
109. The vertices of a tetrahedron are (a, b, ¢), (a, —b, —c),
(-a, b, —c), (—a, —b, c). Show that the altitudes are generators of
the hyperboloid
azxz(bz _ cﬁ) + bﬂyﬂ(cﬂ _ aZ) + czzz(az — bZ) + (bz —_— 62) (62 —_ aﬂ) (az _ b?) :0.
110. Show that the equations of the generators of the hyperboloid
8x2 + 8y* — 42% — 8yz — 8zx + 4wy =3
which are at right angles to the planes of the circular sections are
22=2y+2=2241, 10x=10y+10= —2z45.

111. The condition that ax? + by? + cz® + 2fyz + 2gzx + 2hxy =1 should
have generators at right angles to the planes of its circular sections is

1=0,

a-b-c, 2h, 29
2h, b-c—a, 2f =0.
29, 2f, c-a-b

112. A variable circle with its centre on OZ and its plane at right
angles to the line x =a, y =2z, intersects that line. Show that it generates
the hyperboloid 2x2 + 3y? - 22 — 2y2=2a% Show that the same surface
is generated by a variable circle with its centre on the line =0, 2y =z,
which has its plane at right angles to the line x=a, 3y +2=0, and
intersects that line.

113. PP’ is a diameter of the principal elliptic section of the hyper-
boloid z?/a?+3?/b% —22/c2=1. A variable generator intersects a gene-
rator through P and the generator of the same system through P’ in the
points Q and Q. Show that zgzg'= - %

114, Show that the two generators through the point («, 8, y) on
the hyperboloid z?/a? + y*/b% — 23/c*=1 are the lines in which the tangent
plane at the point meets the planes

(Bz-ay)®_ (2-y)
a®®* ¢
Show that the same result holds for the paraboloid x3/a% — y3/b% =2z/c.
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115. Show that the equations of the generators of yz + 22 + xy +a?=0
are

y-a=Az+a), A(z-a)+y+2=0; z—a=p(z+a), uly-a)+y+2=0;
and that any point on the surface is given by
x _ y _ k4 _ —-a
24 A+ p+dn A-p-Ap —dA+p-Ap Atu+dp
Show that
y=a, z=-a; z=a, x=-a; T=a, y=-a; T—-a=-2y=z+a,

are generators of the same system and that, if they meet any gen-
erator of the opposite system in P, Q, R, S, respectively, (PR, QS) is
a harmonic range.

116, Establish the following results involving the coordinates of a
line (see Appendix, Note to § 43).

(1) If the line (I, m, n, A, u,v) lies in the plane ax+by+cz+d=0,
bv—cp cA-av _ap-bX
i1  m = n

(2) If the lines (I, m, n, A, u, v), (I, m’, n’, A", u’, v’) intersect,

N +mp' +nm’'+UA+m p+n'v=0,
and the plane through the lines is given by
V(ny —mz - A) +m’(lz - nx — p) +n'(mx - ly —v) =0,
orby lny-mz-X)+m(l'z—-nz—-u)+n(mz-1l'y-v')=0.
(3) The line (I, m, n, A, p, v) touches the surface
ax? +by? +czt=1
if beA? + cap® + aby? =al? + bm? +cn.
(4) The tangent planes to 2?/a®+y?/b®+2%/c*=1 whose line of inter-
section has coordinates I, m, n, A, u, v, are given by
a?(ny —mz — A)? +b%(lz — nx — p)? + c2(mx — ly —v)=(Ar + py +v2)3,
and, if the axes are rectangular and the planes are perpendicular,
BB(b%+c?) +m2(c? +a?) + n?(a? + b%) = A2+ p? +02

(5) The tangent planes to x%/a+y?/b=2z whose line of intersection

has coordinates I, m, n, A, p, v, are given by
a(ny - mz = A2 +b(lz —nx - p)2=2(mx - ly —v)(Ax + py +12).

(6) The normals at the points where the line (I, m, n, A, u, v) meets
the ellipsoid z?/a®+y?[b%+2%/c*=1 intersect if a2+ b *mu+c*ny=0,
and the equation of the plane containing them is

a?(b? — c?)ymnx + b (c? — a®)nly + c*(a? — b2)Imz = b%c*\ + c*a*mpu + a*b*ny.

(7) The line (I, m, n, A, u, v) is a diameter of the section of the surface
ax?+by? +cz*=1 by the plane

al+bm+cen=0 and d.

A(ny —mz =) +E(lz — 1z - )+ (mz - ly —v) =0,
a b c
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(8) The polar line of (I, m, n, A, pu, v) with respect to the surface
ar®+by? +cz*=1 is (bcA, cap, aby, —al, —dm, —cn), and if the line
is a generator of the surface,

al:?ﬂ:@: _@= :t\/ __abc.
A poowv Apv
(9) If the line (I, m, n, A, p, v) is a generator of the surface
z?|a® - y2[b% =2z/c,
lla=+mb, ad=+bp, cv=+abn;
if it is a generator of ayz + bzx + cxy + abc =0,
AR um? vn?
—=— == lmn.
a b c

(10) The conicoid which has the coordinate axes as conjugate dia-

meters and the line (/, m, n, A, u, v) a8 a generator is given by
Amna? + unly?® +vimz® + Apy =0.
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1. Prove that the lines
‘1;1-1 J——ZIJ-}', 242y +32—-14=0=3z+ 4y + 52— 26
are coplanar, and find the coordinates of their point of intersection.

Ans. (1, 2, 3).

2. Show that the planes
r-yY+2—-4=0, 2r—-y—-2+4=0, x+y-5:414=0

form a triangular prism, and calculate the breadth of each face of the
prism.

Ans. NT], NE, AR

3. Find the angle between the lines
‘5—;—7=_&13="—"Ti i 6r+dy—br=4, 2-5y+2=12;

show that the lines intersect, and find the equation of the plane
containing them.

Ans. w3, z+y—2=0.

4. Find the equations of the line drawn through the point (3, —4,1)
parallel to the plane 2z +y —z=5, so as to intersect the line

-3 _y+1 2-2
2 -3 -1

Find also the coordinates of the point of intersection, and the equation
of the plane through the given line and the required line.

Ans z-3 _y+4 3-1

-1 3 1

5. Prove that the equations of the perpendicular from the origin to

the line ax+by+cz+d=0=d'z+by+cz+d are
z(bc’ - b'c)+y(ca’ —c'a)+z(ab’ —a'd)=0,
z(ad — a'd)+y(bd — b'd)+z(cd’ —c'd)=0.
6. Prove that the planes
6x+y+524+5=0, 2r+Ty+3z+3=0

intersect the line joining the points (1,2, 3), (3, —5,1) in points
which forin a harmonic range with the given points.

(1,2, 3), y—32+7=0.
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7. Obtain, in the symmetrical form, the equations of the projection

of the line 8x—73/—z+6=0=x+y+z—3
on the plane bx—y —4z=3.
z—1_y-2 =2
Ane. T=""3=g

8. Prove that 44?4 8y?+4 22 — 6yz+ baxr — 122y =0 represents a pair of
planes, and find the angle between them. Find also the angle between
the lines in which the plane 11z — 13y + 22=0 cuts them.

13
3 "l—:: 90°o
Ans. cos 323

9. Find the length of the shortest distance between the lines
z-2_y+l_:
2 3 4
Ans. 97/137/6.

10, Find the equations of the straight line perpendicular to both of
the lines z=1 y-1 242 24+2 y-5_ 243
1 2 3’ 2 " -1 2’
and passing through their intersection.
z-2 y-3_ z-1
Ans. = =Tp"
11. For the lines
z-2 y~-1_ 2z 2-3_y-5_z+1
o 1 r 2 2 1’

find the length and equations of the shortest distance and the co.
ordinates of the points where it meets the given lines.

dns. 3, 2207122 91, 0), (1, 3, —2).

I~ -2 2

12. A square ABCD, of diagonal 2a, is folded along the diagonal
AC, so that the planes DAC, BAC are at right angles. Show that the

shortest distance between DC and AB is then 2a/+/3.
13. Find the equation of the plane which passes through the line
32+5y+72—5=0=2+y+2-3, and is parallel to the line
dr+y+2=0=2x-3y - 5.
Ans. r+2y+3z=1.

2243y —52-6=0=3x~2y—2+43.

14. Find the equation of the right circular cylinder whose axis is
x=2y= —z and radius 4, and prove that the area of the section of the
cylinder by the plane XOY is 24~

Ans. bx?+8y®+ 522+ 4yz+ 8zx — 4wy =144.

15. Find the equation of the right circular cone whigh passes
through the line 22=3y= — 5z, and has the line 2=y =7 as axis.

Ans. yz+22+2y=0.
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16. Obtain the formulae for the transformation from a set of rect-
angular axes OX, OY, OZ, to a second rectangular set, O, O7, O,
where O¢ lies in the plane XOY and makes an angle § with OX and
O( makes an angle ¢ with OZ, viz.

z=§ cos 0 —7sin @ cos P+ {sin Osin ¢,
y=§sin O+ cos O cos ¢ — { cos Gsin ¢,
z=7nsin ¢+ (cos ¢.
Apply these to show that the section of the surface
3xt-yt+ 22t yzt =4
by the plane 22— 2y+2=0 is a circle of radius 2.

17. If I,, m,, n, (r=1,2, 3) are the direction-cosines of three

mutually perpendicular lines, prove that
Mgy (M3? — ngl) — myny(my? — ng®) =1yt
and that

Lymyny (mgng +many) + lymang(man, + myng) + Lamgng (mng 4 mgny) =1, 1,15,

18. If Of, Cx, O( are a second set of rectangular axes whose
direction-cosines referred to OX, OY, OZ are I,, m,, n, (r=1, 2, 3)
and the projections of Of and Oz on the plane XOY make angles ¢,
and ¢, with OX, prove that

=4 M
tan (b, — dg)= + gy

19. Find the surface generated by a variable line which intersects
the f)arabolas z=2am, y=0, z=am?; r=0, y=2an, 2= —an?, and is
parallel to the plane x+y=0.

Ans. 2 —y?=4az.

20. A line PQ moves with its extremities on the lines

y=mz, 2=c¢; Y=-—m% z=—0C,
80 as to subtend a right angle at the origin. Prove that the foot of
the perpendicular from the origin to PQ lies on the curve of inter-
section of the surfaces

2 —m2=?) (1 —m¥)=(22 - c®)m? and mz(z?+y%+ 22— ct)=cxy(1+m?).

21. Lines are drawn parallel to the plane #=0 to intersect the
parabola y?=4ax, z=0; and the line y=0, z=c. Prove that they
generate the surface c®y2=4ax(z—c)%

22. Find the surface generated by a straight line which intersects
the llnes y:O’ z2=c; x-_—o’ 2= —0
and the hyperbola z2=0, axy+c®=0.

Ans. 22—zy=c

23. Prove that lines drawn from the origin so as to touch the sphere

224y 4 224 Qux + 20y + 2wz +d =0
lie on the cone d(x?+y%+22) = (uzx + vy + wz)?.
24. Find the equations of the spheres which pass through the circle
2242 4+22=1, 2x+4y+5:=6
and touch the plane z=0.
Ans. 22+ y*+ 22— 22— 4y — 62+ 5=0,
b2+ by?+ b22 — 22 — 4y — 5z +1=0.
B.G.
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25. Prove that the locus of the centres of spheres which touch the
two lines y=+mz, z=xc
is the surface zym+ cz(1 +m?)=0.

26. P and Q are points on the lines
y=mry, z=¢; Y= -—Mr, 2=—¢C
such that PQ is always parallel to the plane ZOX. Prove that the
circle on PQ as diameter whose plane is parallel to the plane ZOX

generates the surface 3.3 yr+mid=mic.

27. Prove that the plane
(z—o)(wta)+(y - B)(v+B)+ (2~ y)(w+7y)=0
cuts the sphere  #?+y2+ 22+ 2ux+ 20y + 2wz +d=0

in a circle whose centre is (o, 8, ), and that the equation of the sphere
which has this circle for a central section is

224yt +22 - 20 (r—u) - 2B(y —v) - 2y (2 — w)+ 202+ 2324+ 2y* + d=0.
28. If three mutually perpendicular lines whose direction-cosines
are l,, m,. n, (r=1, 2, 3) are drawn from the origin O to meet the
sg)here 22+ y:+2=a® in P, Q, R, prove that the equation of the
plane PQR is
G+ L+ L)z +(my+mg+my)y + (0 +ny+n5)2=0,
and that the radius of the circle PQR is ,/(2/3)a.
29. If A, B, C are the points (a, 0, 0), (0, 4, 0) and (0, 0, ¢), and the
axes are rectangular, prove that the diameter of the circle ABC is
(6% +c?) (2 + a?)(a® 4+ b?)
B+ +aibr
30. Find the radius of the circle
2r—y—-22+13=0, 22+ +22=2r+4y+42+1,
and the equation of the right circular cylinder which has the circle for
a normal section.
Ans. 1, b2+ 8y?+ 52% — 4yz+ 8ax + 4xy — 34w — 28y — 202+ 56 =0.

31. Show that the plane 7x+4y+2=0 cuts the cones
3ba% - 8y?—3:2=0, Tyz+8zx—3zy=0
in the same pair of perpendicular lines, and that the equation of the
plane through the other two common generators of the cones is
5x—2y -32=0,

32. An ellipse whose axes are of lengths 2a¢ and 2b (a>b) moves
with its major axis parallel to OX and its minor axis parallel to OY,
so that three mutually perpendicular lines can be drawn from O to
intersect it. Prove that its centre lies on the ellipsoid

z? 92 1.1
EE'I’%E +32(a_2+‘52)=1.

33. Two right circular cones have a common vertex and axis, and
their semivertical angles are w/4 and m/3 respectively. Show that any
tangent plane to the first cuts the second in perpendicular generators,
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34. OP, OQ, OR, whose direction-cosines are I,, m,, n, (r=1, 2, 3),
are three mutually perpendicular generators of the cone
ar?+by?+c2*=0, (a+b+c=0).
Prove that the three planes through OP, OQ, OR, at right angles
respectively to the tangent planes which touch along OP, OQ, OR,
pass through the line
(b—c)x _(c—a)y (a—b)z
lll2l3 _mlﬂlgmg_ nnyng ’

35. If P is any point on the curve of intersection of the ellipsoid
2 g2 2 2
:;+‘%2+%2= 1, and the cone %+‘z4 + 22 (%—lp) =0, the tangent plane
Y

zgn:tag:; :11‘1:& ellipsoid cuts the cylinder §:+62=1 in an ellipse of

36. If the axes are rectangular, find the length of the chord of the
conicoid 2%+ 4y? — 422=28, which is parallel to the plane 3z — 2y +2:=0,
and is bisected at the point (2, 1, —2).

Ans. 154,

37. Find the equation of the tangent plane to the surface
32?4 2y2— 622 =86,
which passes through the point (3, 4, —3), and is parallel to the line
r=y=—2
Ans. z+y+2:=1.

38. Prove that for all values of A the plane
is a tangent plane to the conicoid
2%a? 4+ y?[b? — 22/c? =1,
and that its point of contact lies on the line
4z-5a_y 4z+3c
3¢ b -b5c’

39. Prove that the straight lines joining the origin to the points of
contact of a common tangent plane to the conicoids

ax?+ byt +ct=1, (a— A2+ - Ay +(c—A)E=1,
are at right angles.
* 40. Find the equations of the two planes that can be drawn through
the line x=4, 3y +42=0 to touch the conicoid 2%+ 3y? - 62?=4.

Ans. x+9y+122=4, x—-9y—12:=4.

41. Find the points of contact of the tangent planes to the conicoid
222 - 25y%+42:2=1, which intersect in the line joining the points
(-12,1,12), (13, -1 —13).

Ans. (3, -1, 2), (-2, -1, —3).
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42, Find the equations of the two plane sections of the surface
23— y2+22°=1, which have their centres on the line
v—4_y-38_ 27
3 1 4
and pass through the point ( -1, -5, 1).
Ans. x—=2y+62—15=0, 2x+y+2:+5=0.

43. M, the mid-point of the normal chord at P, a point on the
ellipsoid 2ot 2
I A

ateta
lies on the plane ZOX. Prove that P must lie on one of the planes

~/a2—b2x:b~/b"—c'~'z=

~1,

a3 3 0,
and M on one of the lines
—x Y_, Z
ava2—b 0 e b2—=¢?

44. P is any point on the curve of intersection of the ellipsoid
x? R P Ty, 2
27 b~2+z.2=1, and the plane &+5+(—:= 1, and the normal at P meet.s
the plane XOY in G. From O (the origin) OQ is drawn equal and

parallel to GP. Prove that Q lies on the conic
ar+by+ce=c? a’r?+ 0%+ cBl=cl

45, A cone is described whose vertex is A, and whose base is the
section of the conicoid ax®+by?+cz2=1 by the plane z=0. It meets
the given conicoid at points in the plane XOY, and at points in a
plane Q. Prove that if A lies in a fixed plane P, the pole of Q, with
respect to the given conicoid, lies on a conicoid which touches the given
conicoid at all points of its intersection with the plane P.

46. If the polar planes of P and Q with respect to a central coni-
coid meet in a line AB, and the plane through Q parallel to the polar

lane of P meets the plane through P parallel to the polar plane of Q
1n a line CD, show that the plane through AB and CD passes through
the centre of the conicoid.

47. Prove that the equation of the cone whose vertex is («, 3, v)
and base the conic ax?+by?+cz?=1, P=lr+my+nz—p=0 is obtained
by eliminating A from the equations

a(Ao-+a)+b(Ay+ B +o(AetyP=(A+1)
and AP+P'=0, where P'=la+mB+ny—p, and then obtain the
equation of the cone in the form
P%(a0od+b3%+cy?— 1) - 2PP'(aox + b8y +cyz—1)
+P¥Hazx?+by?+c:2~1)=0,
Deduce (i) the equation of the cone whose vertex is (e, 3, v) and

base ax?+by*=1, 2=0, and (ii) the equation of the other plane section
of the conicoid and the cone.
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48. Prove that the locus of centres of sections of az?+by*+cz2=1

which pass through the line ¥~ *_Y ;1'8 _—.E:_Z is a conic whose centre
N 2r-—o_2—-B_2-vy aa.l+me+c'yn
is given by I m n alttbmitent’

49, If the axes are rectangular and P, (), ¥y, 2,); Q, (% ¥y 2),
R, (23, ¥s, 23) are the extremities of three con;ugate diameters o% ﬁ

o
ellipsoid ot b‘+7—1 prove that the planes through the centre and

the normals at P, Q, R pass through the line
af(BP- D b(c*—a?)y c'(a?-b%)2
1 ZoT3 NY2Ys3 412923
50. If OP, OQ, OR are conjugate semldxametem of the ellipsoid

2
whose equation referred to rectangular axes is + —. —1 and the
q g z RETaTh

areas of the triangles QOR, ROP, POQ are equal the planes QOR,
ROP, POQ touch the cone
22 72 22
(a0 + %P — zbzcz) bz(b%2+b2a‘ Z9¢%a?) c’~’(c‘a~+c-"b‘ 2a2b2)
61. If P(xy, ¥, 21), Q2 Yoy 2), R(x3, Y3, 23) are the extremities of

2 2
three conjugate semidiameters of the ellipsoid ‘Z—2+:Z—2+§2=1, prove

that the cone through the coordinate axes and OP, OQ, OR is given

by xﬁx 349 ‘2)/2‘/3-}-212223 0, and the cone which touches the coordinate

planes and the planes QOR, ROP, POQ by
N@l'lxﬂ's v 7/.7(13/1.?3 v ”12223
c?

al

2 2
4+ 5=1lies

2
b2. If one axis of a central section of the ellipsoid ‘2—2+ 5

in the plane ux+ vy +wz=0, the other lies on the cone
at(b:*—c)u  b3(2-a?)v  A(ai-b)w 0
z y z -

63. If the radius of the director circle of the conic (z+my+nz=0,
2%a®+y?/b¥+2%c?=1 is of constant length r, prove that the plane of
the conic touches the cone

22 y? 22
a‘(b‘+cz—-/3)+b2(c2+a2—r2) c*(a®+ bt - r‘)
54. Prove that the equal conjugate diameters of the conic in which

the plane x +y +2z =0 cuts the comco:d 222+ 3y?+422=1 are the lines in
which the plane cuts the cone 822 —y2—1022=0.

bo. If a plane section of ax?+by?+ce?=1 has one of its axes along

the line §="Ii=‘Z its equation must be
pov

(A +p2+ v (adae+ bpy + cve) = (al? + bu? + cv?)(Ax + py + v2).
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656. Prove that the lengths of the semi-axes of the section of the
surface 2yz+ 222+ 2xy +a?=0 by the plane lx+my+nz=0 are
a and a(i®+m?+ n”)’}(2mn +2nl+2lm — 12— m?—n2) 3,

By considering the cases (i) [+m+n=0, (ii) {=m=n, show that the
surface is a hyperboloid of revolution whose axis is =y =2z and whose
equation referred to its principal axes is 2%+ y%—2:2=a’

57. Prove that the axes of the conic in which the plane

lz+my+nz=0
cuts the paraboloid ax?+ by?=2z are the lines in which the plane cuts
the cone l m (a _ b)nz

anxs+{ " bny+m " abn®— bl?—am2=0'

2 m? n?
58. The fixed plane lx+my+nz=p, where 2T 5 T5=0 cuts the

cone az?+by?+c:2=0 in a parabola. Prove that the axes of all
parallel parabolic sections lie in the plane
2(h — 2(c —  —
a (bl c)x+b (c a)y_*_cz(a b)z=0’
m n

and the vertices on the line
lz my nz

b3 03 =03 3 = 3 b3
—a(e—af+5a-bp Ha-bP+F0-cf Fb-of+ n(c—af

59. If the axes are rectangular and a line moves so as to intersect
the lines r=a, y=0; r= —a, I’y=mz and the circle #2+y?*=a? 2=0,
prove that its locusis a hyperboloid of one sheet whose circular sections
are perpendicular to the given lines.

60. Prove that the centre of any sphere which Xasses through the
origin and through a circular section of the ellipsoi
2t 5
;2'}'?,—2'*-5-2——1, (a>b>c),
lies on the hyperbola
a?x? c2?
P
61. Prove that the cylinders
4122 - 242y + 34y?=25, 2522+ 4022+ 3422=9
have a common circular section, finding its equation and radius.
Ans, 4r—3y+52:=0, 1.

62. Prove that any enveloping cone of the conicoid 22+ 4yz — 222 =a?,
whose vertex lies on the z-axis, touches the conicoid at all points of a
circle.

y=0, =b?

63. O is an umbilic of an ellipsoid and OP is the normal chord
through O. The tangent planes at O and P intersect in a line AB.
Prove that any cone whose vertex is O and whose base is the section
of the ellipsoid by a plane through AB is right circular.
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64. If the generators through a point P on the hyperboloid
22a?+yEb% - 22[c?=1
meet the principal elliptic section in A and B, and if the eccentric

angle of A is three times the eccentric angle of B, prove that P lies on
the curve of intersection of the hyperboloid and the cylinder

YA+ c?)=4b%2

65. If P is an extremity of an equiconjugate diameter of the ellipse
22 a?+y2[b?=1, 2=0 and 2c¢?=a®4-b? the two generators through P of
the hyperboloid z?%/a?+ y2/b? — 2%/c¢!=1 are at right angles.

66. P and D are the extremities of conjugate diameters of the

2 R 22
;2+52—Z'1=1 and the
generators through P and D form a skew quadrilateral PQDR. If
the angles QPR, QDR are 20 and 24¢, prove that
cot? § + cot? p=(a?+ b?)/c2.

67. A generator of 2*+y%?—2:2=qa? through the point (acose,
asin o, 0) intersects a generator through the point (@ cos 3, asin 3, 0)
at an angle . Prove that 3 cos?6/2=2 cos*(a. — 3)/2, and show that if
Ay, Ay Ag, Ay, A, Ag are the vertices of a regular hexagon inscribed
in the principal circular section, the generators of the one system
through A, A;, A; and the generators of the other system through
A,, A,, A; are the edges of a cube whose volume is 2+/243,

principal elliptic section of the hyperboloid

68. If a?>bc show that the points of intersection of perpendicular

generators of the hyperboloid i—j—%%z=l lie on the real central

circular sections.

69. The generators through S, any point on the hyperboloid
22yt g2
S tn— 3= 1,
a?’ b2 ¢
meet the plane lr+my+mnz=1 in the points P and Q. The other
generators through P and Q intersect in R. Find the equation of the
plane PQR, and prove that if R always lies on the plane z=0, S lies
on the plane
2(a??+ b®m?+c2n? - 1)+ 2nc2(le+my —1)=0.
70. If a hyperboloid passes through six edges of a cube it must be
formed by the revolution of a hyperbola of eccentricity a/3/2 about a
diagonal of the cube.

71. Prove that any hyperboloid which passes through the z-axis
and the circle #?+y?=ax, 2=0 is given by z(r+gz—a)+y(y+72)=0.
If the two planes that pass through the origin and cut the hyperboloid
in circles are inclined at a constant angle o, show that the generator
which passes through (a, 0, 0) and does not intersect OZ lies on the
cone (z—a)*+y%=2z*tan’ o

72. The centres of conicoids that pass through the circle

224+2'=q? y=0,
and the parabola 22=4ay+a? z=0 lie on the parabola
z=0, 22+42ay=0.
B.G. 2p
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73. Prove that the equation of the conicoid which passes through the
lines y=0, z==¢; £=0, 2= —¢, and has a centre at («, 3, y) is, if y+0,
zy wx(z—c) ylz+c) +22—c‘3___

aB a(y-c) Bly+e) y*-¢
State what this equation represents, and discuss the case in which y=0.

0.

74. Hyperboloids are drawn through the lines =0, z=—c¢; y=0,
z=c, with their centres at the origin. Prove that the lines of inter-
section of the polar planes with respect to them of two fixed points
(x By 9), (&, éz, ') lie on the paraboloid

y(ye —y'a)—2e(By' = By) +*[x(B - B) +y (e - )] =0.

75. A variable line is drawn through the origin to meet the fixed
glanes r=a, y=b, z=cin P, Q, R, and through P, Q, R parallels are

rawn to OX, OY, OZ respectively. Prove that the centre of the
hyperboloid which passes through these parallels lies on the surface

76. If a cone intersects a conicoid iuv plane curves, their planes and
the plane of contact of the enveloping cone which has the same
vertex pass through one line.

77. A variable cone is drawn through the conic z=0, aa?+by*=1,

and one of its principal axes passes through the fixed point (p, ¢, 0).
Prove that the vertex must lie on the circle

bg(x—p)=ap(y—q), ap+(apr+bgy—1)(z—p)=0.

78. Prove that the coordinate axes and the three lines of intersection
of the three pairs of planes that pass through the four common gene-
rators of the cones ax®+ by?+c22=0, fy:+gzx+ hzy =0 lie on the cone

TR0 el ek~ af")+ 2 (af 1~ by?) =0,

79. 1t l,, m,, n, (r=1, 2, 3) are the direction-cosines of the principal
axes of the conicoid az?+ by*+ ¢z +2fyz+ 2922 + 2hay =1, prove that
() Sl dy+gmmomy+ hnyngny =0 ;
(i) Fllls+Gmmomy+Hn ngny=0.

Hence or otherwise show that the cone through the coordinate axes
and the principal axes is given by

y2(gH = 2G) + 22 (hF — fH) + 2y (fG - gF) =0,

and the cone which touches the coordinate planes and the principal
planes by

Va(gH =1G)+Vy(hF —fH) +z(fG = gF)=0.
. 80. Show that if aa?+by’+4c2?+2fy2+29zx+2hry=1 transforms
into A,§%+ Agn*+ Ag(?=1, the equations of Of are

2(F+fA)=y(G+gA)=2(H+2))),
with similar equations for Oy and O(,
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81. Show that the necessary and sufficient condition that a conicoid
should be of revolution is that its two systems of real circular sections
should coincide, and hence prove that (ubcfghxryz)®=1 represents a
conicoid of revolution if

(a=N)22+(b— Ay +(c— N)22 4+ 2fyz+ 2922+ 2hay
is a perfect square.

82. Prove that, for all values of 6, the equation

(#sin @ —y cos )%+ 2z(x cos O+ y sin §)=a?

represents a hyperboloid of revolution, and that the axis lies in one of
the coordinate planes, or on the cone x%+y?=22%

83. Prove that the general equation of conicoids of revolution that
pass through the fixed point (0, 0, ¢), and the parabola y2=4a2, 2=0, is
Y2 —daxr+2 ez +(1 — A?)z(z2—c)=0,

and show that their axes envelope the parabola
y=0, (z-2a)’=c(2z—c).
84. Prove that, for all values of A, the equation
(A2=-1)(22 =)+ 2A[y(z+c)+x (2 —c)]+2xy=0
represents a hyperboloid of revolution which passes through the given
lines y=0, z=c; #=0, z=—c; and show that the axes of all such
hyperboloids lie on the paraboloid y% —x%=4cz.

85. The only conicoid of revolution which has its centre at the
origin, and passes through the parabola z=0, y*=4ar+4a?-56% is a
right cone whose semivertical angle is tan=1 2a/b.

86. For the curve

z=a(3t~-13), y=3at?, z=a(3t+¢%),
prove that p=uo=3a(l+)>

87. Show that the tangent at any point to the curve of intersection
of the cylinders y?=4ax, y=2ae/s makes a constant angle with the

2
line z=x, y=0, and prove that p=0.=@’i_‘f)_,
88. For the curve x=2abt, y=a?logt, z=>b%?
_ (a2
P=T=""0abt
Prove also that the centre of circular curvature at (2, y, 2) is given by
§-2 _m-y _{-z_al+2b%
a?—-2b%: " —2abt 2abt  2abt

89. Prove that the locus of the feet of the perpendiculars from the
origin to the tangents to the helix x=acos 0, y=asin §, z=af is the
curve 2z=a(2cos 0+ 6Osinf), 2y=a(2sin - Gcosh), 2z=uf. Show

that this curve lies on the hyperboloid #2+y?—2¢=a? and that it
crosses the generator

r—acosa _y—asina

prove that

2

sin o —cosa. 1
8t right angles at the point where 8=a. Prove also that
3
26(1+ ¢} 2

BQ. 8p2
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80. A semicircle A’'BA is drawn with A’'OA as diameter and O as
centre, and a second semicircle OCA is described on OA as diameter,
80 as to lie within the first. The semicircle A'BA is then cut out of
the paper and folded so as to form a right cone with OA and OA’
coinciding along a generator. Show that the curve on the cone which
the semicircle OCA assumes can be represented by the equations

2r=a(cos36+cos f), 2y=a(sin30+sinf), z=v3acos?¥,
and obtain for it the results: (i) the length of the arc measured from
the point (a, 0, ¥/3a) is 2a0, (ii) 4a2=p?(4 + 3 cos2), and (iii)
v 2a (4 + 3 cos20)
3v3sin 6(2 + cos?6)

91. A curve is drawn on a sphere of centre O, so that the tangent at
a variable Eoint P makes a constant angle with a fixed line. A is a
goint on the curve where the osculating plane passes through O.

how that the length of the arc AP of the curve is proportional to the
perpendicular from O to the osculating plane at P.

92. P is a variable point on a curve C,, and the arc AP, measured
from a fixed point A, is of length s. A distance PT equal to s is
measured backwards along the tangent at P, and the locus of T is a
curve C,. If the radii of curvature and torsion of C, at P are p and
o, and the radius of curvature of C, at T is p,, prove that

93. Prove that the tangent to the locus of the centres of circular
curvature of a curve makes an angle @ with the corresponding principal
normal to the curve such that sin §=p/Z.

94. If 80 is the angle between the radii of spherical curvature at
the ends of an infinitesimal arc 8s, prove that

80)2 p? <dR>2
3 (OV) 1 4P (22
95, P is a variable point on a given curve and PQ a line through
P which makes fixed angles, whose cosines are a, b, ¢, with the tangent,
rincipal normal, and binormal at P respectively. Show that if the
ocus of PQ, as P moves along the curve, is a developable surface,

(b*+c?)p+aco=0, where p~! and o~! are the curvature and torsion
at P.

96, Show that the edge of regression of the developable surface
which passes through the two curves,
z=2at’ y=2at, z=0; =z=0, y=—-3a? z=4at®
lies on the conicoids y2+6ax=0, 64ry =922
97. OA, OB, OC are the principal semiaxes of an ellipsoid, and are

of lengths a, b, ¢ respectively. Prove that the curvature at A of the
section of the ellipsoid by the plane ABC is

2(b%2 + cta? + a2 (b2 + 2)~3,
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98. For the surface z2(z2+y2)=c! show that the principal radii are

(2242 (2 + 92+ A (242428
¢ ’ 2c?

99. A surface is genera.ted by a variable straight line which meets
the circle 22+ y%=a? z=0in P, and OZ in Q, g0 that the angle POX
is equal to the angle OQP. Prove that at any point of the surface,
z=ucos 0, y=usin 6, z=(a—u)cot §, and that the measure of curva-
ture of the surface at P is —a~2

100. The curve in the plane XOY, for which z=ae 3 is rotated
about OY. Show that the measure of curvature of the surface of
revolution so formed is —a~2, and that the whole curvature of the
part of the surface intercepted between the plane ZOX and the
parallel plane through (z, ¥, 2) is 27 (z/a —1).
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with given direction-ratios, 30.
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Angle between two planes, 17, 34.
Anharmonic ratio of four planes, 38.
Anticlastic surface, 271.
Area of plane section, 135.
Asymptotic lines, 358.
Axes of plane sections, 131.
of central conicoid, 131, 134
of paraboloid, 137.
Axes, principal, 101.
of enveloping cone, 183.
Axis of paraboloid, 124,
of surface of revolution, 229.
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Bertrand curves, 297.

Besant, Meunier’s thieorem, 330.
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Bifocal chords, 186.

Binode, 264.

Binormal, 282, 289,

Bisectors of angles between two
lines, 29.
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Blythe, Cubic Surfaces, 266.

Catenoid, 336.

Central planes, 216.

Central point, 168.

Centre of conicoid, 215.

Centre of curvature, 292, 298,

Centregof spherical curvature, 293,
299,

Characteristic, 307.

Charaoteristic points, 311.

Circle of curvature, 292,
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Circular sections, 138.
of ellipsoid, 138.
of hyperboloid, 139.
of general central conicoid, 140
of paraboloid, 142,
Circumscribing cone, 109, 202.
conicoids, 249.
cylinder, 110, 203.
Con%ition for developable surface,
18.
tangency of plane and conicoid,
92, 103, 120, 124, 199.
Conditions for umbilic, 342, 352.
singular point, 263.
zero-roots of diseriminating cubio,

equal roots of discriminating
cubic, 210.
Conditions satisfied by plane, 34.
conicoid, 196.
surface of degree n, 259.
Cone, defined, 88.
equation homogeneous, 88.
equation when base given, 93.
with three mutually perpendicu-
lar generators, 92.
reciprocal, 92.
through six normals to ellipsoid,
114.
condition for, 219.
enveloping conicoid, 109, 202.
conjugate diameters of, 120.
lines of curvature on, 334.
geodesics on, 365.
Cones through intersection of two
conicoids, 245.
Confocal conicoids, 176.
Conic node or conical point, 264.
Conicoid through three given lines,
163.
touching skew surface, 320.
Conicoids of revolution, 228.
with double contact, 246.
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Conicoids through eight points,
251.
through seven points, 252.
Conjugate lines, see polar lines.
diameters, 101, 114, 120.
diametral planes, 101, 114, 123.
Conoid, definition and equation of,
257.
Constants in equations to the plane,

the straight line, 42.
the conicoid, 196.
the surface of degree n, 259.
Contact of conicoids, 246.
of curve and surface, 278.
Coordinates, cartesian, 1.
cylindrical, 4.
polar, 4.
elliptic, 178.
curvilinear, 348.
of a point of a curve in terms of s,
301.
Cross-ratio of four planes, 38.
Curvature, of curve, 284.
of surfaces, 326.
of normal sections, 326.
of oblique sections, 330.
specific, 346.
spherical, 293, 299.
geodesic, 371.
of line of curvature, 336, 341.
of geodesic, 369.
sign of, 288.
lines of, 333, 352.
on conicoid, 333.
on developable, 333.
on surface of revolution, 335.
Curve, equations to, 12, 275,
Curves, cubic, 113, 239, 245.
quartic, 238.
Curvilinear coordinates, 348.
Cuspidal edge, 309.
Cylinder, enveloping, 110, 203, 229.
Cylindroid, 258.

Degree of a surface, 259.
De Longchamps, 95.
Developable, polar, of curve, 300.
Developa.ble surfaces, 313, 316.

condition for, 318.

lines of curvature on, 333.

torsion of curve on, 370.
Diameters, of paraboloid, 124.
Diametral planes, of central coni-

coids, 101, 114.

of cone, 120.

of paraboloid, 123, 125.

of general conicoid, 204.

Differential equations, of asymptotic
lines, 358.
of geodesics, 363.
of lines of curvature, 338, 352.
of spherical curves, 293.
Direction-cosines, 19, 25.
of three perpendicular lines, 69.
of normal to ellipsoid, 111.
of tangent to curve, 277.
of principal normal and binormal,
283, 289.
of normal to surface, 272, 349.
Direction-ratios, 28, 40.
relation between direction-cosines
and, 30.
Discriminating cubie, 205.
reality of roots, 208.
conditions for zero-roots, 206.
conditions for equal roots, 210.
Distance between two points, 6, 20,
26.
of a point from a plane, 35.
of a point from a Ene, 24.
Double contact, of conicoids, 246.
Double tangent planes, 266.
Dupin’s theorem, 344.

Edge of regression, 309.
Element, linear, 350.
Ellipsoid, equation to, 99.
principal radii of, 332.
lines of curvature on, 333.
Elliptic point on surface,
326.
Envelope of plane—one parameter,
316.
Envelopes—one parameter, 307.
two parameters, 311.
Enveloping cone, 109, 183, 184, 202,
cylinder, 110, 203.
Equation, to surface, 8.
to cylinder, 9.
to surface of revolution, 13.
to plane, 32, 33.
to cone with given base, 93.
to conicoid when origin is at a
centre, 217.
to conoid, 257.
Equations, to curve, 12.
parametrio, 271.

270,

Factors of
(abe fgh) (xyz)? - N(x?+ y? +2%), 209,
Focal ellipse, hyperbola, 177, 190.
parabolas, 192
lives, of cone, 193.
Foci of conicoids, 187.
Frenet’s formulae, 286.
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Gauss, measure of curvature, 346.
Generating lines of hyperboloid, 148.
of paraboloid, 149.
systems of, 154, 161.
Generator, properties of a, 167, 320.
Generators of cone, 88.
condition that cone has three
mutually perpendicular, 92.
of conicoid, equations to, 153. 197.
conicoids with common, 239, 241.
of developable, 316.
Geodesics, definition, 362.
differential equations, 363.
on developable, 363.
on surface of revolution, 365.
on cone, 365.
on conicoid, 367.
Geodesic curvature, 371.
Geodesic torsion, 373.

Helicoid, 258, 339.
Helix, 258, 290.
Horograph, 346.
Hudson, Kummer's Quartic Sur-
face, 266.
Hyperbolic point on surface, 270,
327.
Hyperboloid of one sheet, equation
to, 100, 166.
generators of, 148, 153.
asymptotic lines of, 358.
Hyperboloid of two sheets, equation
to, 101.

Indicatrix, 270, 326.
spherical, of curve, 285,
Inflexional tangents, 261.
Integral curvature, 346.
Interseotion of three planes, 47.
of conicoids, 238.
Invariants, 231.

Joachimsthal, geodesic on conicoid,
367.

Lagrange's identity, 22.

Linear element, 350.

Line, equations to straight, 38, 40.
parallel to plane, 43,
normal to plane, 43.
of striction, 321.

Lines, coplanar, 56.
intersecting two given lines, 53.
intersecting three given lines,

54.

intersecting four given lines, 165.
asymptotic, 358.
of curvature, 333.

Locus of mid-points of parallel
chords, 108, 125, 204.
of tangents from a poiut, 108.
of parallel tangents, 108, 2G3.
of intersection of mutually per-
endicular  tangent planes,
103, 125, 199.
of poles of plane with respect to
confocals, 181.

of centres of osculating sphercs,
300.

MacCullagh, generation of conicoids,
187.

Measure of curvature, 346,

Meunier’s theorem, 330, 331, 371.

Mid-point of given line, 7.

Mid-points of system of paralle!
chords, 108, 125, 204.

Minimal surfaces, 336.

Nodal line, 265.
Node, conic, 264.
Normal plane, 277.
Normal, principal, to curve, 282.
Normal sections, curvature of, 326,
Normals, to ellipsoid, equations, 111.
six from a given point, 113.
to paraboloid, 126.
to confocals, 182,
to surface along a line of curva-
ture, 334.

Origin, change of, 6.
Orthogonal systems of surfaces, 344.
Osculating circle, 292,
Osculating plane of curve, 279,

of asymptotic line, 359.
Osculating sphere, 292,

Parabolic point on surface, 270, 329.

Paraboloid, equation to, 122.

Parameter of distribution, 169, 321.

Parameters of confocals through a
point on a conicoid, 181.

Parametric equations, 271.

Perpendicular, condition that lines
should be, 22, 30.

Plane, equation to, 32, 33.

through three points, 34.
Point dividing line in given ratio,

Points of intersection of line and
conicoid, 102, 197.

Polar developable, 300.

Polar lines, 105, 202.

Power of point with respect to
sphere, 84.
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Principal axes, 101.

planes, 101, 124, 204,

directions, 212.

normal, 282.

radii, 327, 332, 337, 350.
Problems on two straight lines, 61.
Prog’ection of segment, 15.

of figure, 17.

of curve, 19.
Properties of a generator, 167, 320.

Quartic curve of intersection of
conicoids, 238.

Radical plane of two spheres, 83.
Radii, principal, 327, 337, 350.
Radius of curvature, 284, 288.
of torsion, 284, 289.
of spherical curvature, 203, 299.
Reciprocal cone, 92.
Reotifying plane, 282,
Reduction of general equation of
second degree, 219, 227,
Regression, edge of, 309.
Revolution, surface of, equation, 13.
oonditions that conicoid is, 228.
lines of curvature on, 335.
geodesios on, 365.
Ruled surfaces, 148, 313.

Salmon, generation of conicoid, 187.
Section of surface by given plane,
72.
of conicoid, with given centre, 107,
4.

of conicoid, axes of, 131, 134, 137.
Sections, circular, 138.
Segments, 1.
Shortest distance of two lines, 57.
Signs of coordinates, 2.

of directions of rotation, 3.

of curvature and torsion, 288.

of volume of tetrahedron, 65.

Singular points, 263.
tangent planes, 265.
Skew surfaces, 314.
Specific curvature, 346.
Sphere, equation to, 81.
Spherical curvature, 293.
Striction, line of, 321.
Surfaces, in general, 259.
of revolution, 13, 228,
developable and skew, 314.
Synclastic surface, 270.

Tangency of given plane and coni-
coid, 92, 103, 120, 124, 199.

Tangent plane to sphere, 82.

to conicoid, 102, 124, 198,

to surface, 261, 262, 272.

to ruled surface, 315.

singular, 265.
Tangent, to curve, 275.
Tangents, inflexional, 261.
Tetrahedron, volume of, 64,
Torsion, radius of, 284.

sign of, 288.

of asymptotic lines, 359.

of geodesics, 369.

of curve on developable, 375.

geodesic, 373.
Transformation of coordinates, 68,

75.
of (abc fgh)(xyz)?, 214.
Triply-orthogonal systems, 344,
Trope, 266.

Umbilics, of ellipsoid, 143.
conditions for, 342, 352.
Unode, 264.

Vertex of paraboloid, 124, 221.
Volume of tetrahedron, 64.

Wave surface, 267.
Whole curvatuve, 346.
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