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PREFACE TO SECOND EDITION

CONSIDERABLE number of minor corrections and im-

provements have been made in this reprint of the first
edition. I have to thank a large number of colleagues who have
helped me in the revision. The only major change is that I
have inserted in Chapter VIII a short introduction to the theory
of meromorphic functions. This has been made possible by
compressing some comparatively unimportant sections, and
transferring the theory of the gamma-function to Chapter IV,
where it now includes a more complete discussion of Stirling’s
formula. '

E.C.T.

PREFACE TO FIRST EDITION

HIS volume is a development of the notes from which

I have lectured in recent years to students at University
College, London, and Liverpool University. It consists of some
rather disconnected introductions to various branches of the
theory of functions, both real and complex. I think the average
student finds the existing literature on these subjects rather
formidable, and I hope that these chapters will do something
to bridge the gap between the elementary text-books and the
systematic trcatises on the theory of functions.

A knowledge of elementary analysis is assumed. By ele-
mentary analysis we mean, roughly, what is contained in
Hardy’s Course of Pure Mathematics. Apart from this the work
is self-contained. The order in which the chapters occur is to
a certain extent arbitrary. The last four chapters might well
come after Chapter I. Apart from occasional references forward,
the earlier part of the book is independent of these chapters;
but what they contain is part of the necessary equipment of the
analyst of to-day, just as much as the older theory of analytic
functions.

A number of miscellaneous examples are given at the ends of
the chapters. Some of them are more or less immediate applica-
tions of the book-work. Others are more difficult theorems
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which have not found a place in the text ; these are accompanied
by indications of the solution, and references to the sources.

When I first proposed to put my notes into the form of a book,
Professor Hardy very generously offered to work through them
in connexion with his lectures at Oxford, and they have been
revised with the help of the notes which he made during this
process. 1 have adopted a very large number of improvements
from Professor Hardy’s notes, and I wish to express my very
deep gratitude for the assistance which he has given.

I have also to thank Mr. U. S. Haslam-Jones and Dr. B. M.
Wilson, who have read the proofs and made a large number of

useful suggestions.
E.C.T.

REFERENCES TO HARDY'S PURE MATHEMATICS

This book refers to the sixth edition of the above but the
corresponding references in the seventh edition may be found
from the following table:

Siath Serenth SNicth Seventh ' SNiath Seventh
Edition Edition Fditron Edition +  Ediion Edition
99 100 160, 161 165, 166 |; 193-4 2001
101 2 102 3 . 167, 168 173, 175 ; 2006 213
105 -6 106-7 175 181 ' 208 215
125 126 177-8 184-5 213-14 220-1
146 149 180- 1 1878, 222 229
153, 154 157. 159 184-5 191--2 ’ 224 231
156-64 161-9 189 -90 196-7 | 233 240

The following alterations to references should also he noted:
Page 10, footnote, for Kx. 27 read Ex. 16
19, line 20, for ex. 32 read ex. 36
20, line 2 from foot, for § 184 read § 203
31, ine 3, for ex. (xv) read ex. (xvir)
43, hines 2--3, for § 181, exs. LXXVI, 9-10
read § 188, exs. LXXVI, 8-9
51, footnote 1, for ex. 20 read ox. 15
305, footnote *, for ¢x. 42 read cx. 44
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CHAPTER I
INFINITE SERIES, PRODUCTS, AND INTEGRALS

1. Introduction. In this opening chapter we supplement
the knowledge of elementary analysis which the reader is sup-
posed to have at his disposal. We deal particularly with series,
each term of which is a function of a variable; with integrals
involving variable parameters; and with a variety of those
double-limit problems which are so common in all branches of
analysis. As we have explained in the preface, we take Hardy’s
Pure Mathematics (to which we refer as P.M.) as a starting-
point, and refer to it whenever possible.

We shall use the following notation. In any argument, a
number independent of the main variables is called a constant.
A number not depending on any variable is called an absolute
constant. We use A to denote an absolute positive constant,
not necessarily the same one each time it occurs. The reader
may find statements such as ‘f(x) < A4, hence 2f(x) < 4’ a little
disconcerting at first,but he will soon get used to them. A con-
stant depending on one or more parameters is usually denoted
by K.

By f(x) = O{¢(x)} we mean generally that |f(z)|< Ad(x) if =
is sufficiently near to some given limit. In particular, O(1)
means a bounded function. Thus

sinz=0(|z)), (@+1)2=0(1) ,
as z — 0; and
sinz = O(1), (x+1)2 = O(x?)

as & - 0.
Sometimes, however, f(z) = O{¢(x)} is used to mean

[f(@)| < Ké(x),
but it is usually sufficiently obvious what parameters are
involved.
By f(x) = o{¢(x)} we mean that f(x)/$(x) >0 as x tends to
a given limit. Thus
sinx = o (2?), (r+1)2=o0(23)

as x —> 0. In particular,o(1) means a function which tends to
zero.
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By f(x)~$(x) we mcan that f(x)/$(x)->1 as » tends to a
given limit.

We use ¢ to denote a variable which is to be given arbitrarily
small values, and so may be thought of as small.

By max(a,b,...) we mean the greatest of a,b,..., and by
min(a, b,...) the least.

1.1. Uniform convergence. The reader should be familiar
with the idea of a convergent series.* Our standard notation for
an infinite series is

o0
Uyt U U = D Uy = D Uy,
n=-1

the limits of summation being (1,c0), unless other limits are
definitely assigned. The nth partial sum of the series is

8y = U+ Ut .Uy
We begin by recalling the definition of convergence. The series
is said to be convergent to the sum s if, given any positive
number e, however small, we can find a number n,, depending

on ¢, such that ls—s,|<e (n > ng).

In other words, s, tends to the limit s as » tends to infinity.

Suppose now that each term of the series is a function of a
real variable . This variable is usually supposed to range over
a closed interval, a <z < b, say; but the range of variation
may equally well be an open interval, @ <x <b; or indeed any
set of points. We now write the series

ul(x)'l‘u2(x)+"' = z un(x))
and its nth partial sum is s,(x). The series may, of course, be
convergent for some values of x and divergent for others. If it
is convergent for all the values of z considered, its sum is a
function of z, defined for these values of x. We denote it by s(x).

DEFINITION. The series 3 u,(x) is said to be uniformly con-
vergent over the interval (a,b) if, given any positive number e,
however small, we can find a number n,, depending on € but not
onczx, such that ls(x)__sn(x)‘ <e

for n.>mny, and for every value of x in the interval (,b).
It is clear that uniform convergence implies convergence for
every value of z in the interval; but a series may (as we shall
* P.M.§176.
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show by examples) be convergent for every value of x in an
interval without being uniformly convergent. It may be true
that to every pair of values of x and e corresponds a number n,
such that |s(x)—s,(x)] <e for n > n,; but at the same time it
may happen that, as x approaches some point of the interval,
the number n, may become indefinitely large. The series would
then not be uniformly convergent.

Notice that uniform convergence is a property associated with
an interval (or set of points), not with a single point.

1.11. Tests for uniform convergence. Just as there are
tests for the convergence of a series of constants, so there
are tests for the uniform convergence of a series of functions.
The simplest and most useful test, due to Weierstrass, is as
follows:

The series 3 u, (x) ts uniformly convergent over the interval (a,b)
if there is a convergent series of positive constant terms, > a, say,
such that u, ()|

for all values of n and x.

In the first place, the series Y u,(x) is convergent for every
value of x, by the ordinary comparison theorem (P.M. § 167,
184). It therefore has a sum s(x) for every value of x. Also

]’g(x) sn(x)l - |u,,”(x)+u,,+2(x)+ l n+1+an+2+
which can be made less than any given e by taking » greatcr
than a certain number n,. Since the a, series is independent of
x, the number 7, is independent of x. This proves the theorem.

Notice that the result still holds if |u,(x)| < a,,mot necessarily
for all values of n, but for all sufficiently large values of n.

A more general test of the same type, which is sometimes
useful, is that 3 u,(x) is uniformly convergent if |u,(z)| < v,(z),
and Y v,(z) is uniformly convergent. We leave the proof of this
to the reader.

Examples. (i) The power scries 2 z* is uniformly convergent for

=0
a<z<h if —1l<a<b<]l. [Take a = |a|* or |b|*, whichever is the
greater.]
(ii) The trigonometrical series

n=1
is uniformly convergent over any interval.
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0
(iii) The Dirichlet series 3 n~* is uniformly convergent for a < s < b,
n=1
ifl <a<b.

[Take a, = n-*; see P.M. §175. The sum of this important series
is denoted by {(s).] -

(iv) The series ©
{I-(1—2*}t = 3 a,(1—a?)"

is uniformly convergent for —1 <z < 1.

(v) A similar definition of uniform convergence may be framed for

series such as o

> r" cos nb,
n=0

where the general term is a function of two (or more) variables, here
rand §. This series is uniformly convergent for 0 < r < b < 1 and any
range of values of 6.

1.12. Other tests. In a general way, any test for con-
vergence becomes a test for uniform convergence if its condi-
tions are satisfied independently of . For example (P.M.§168),
> u,(x) is convergent for a particular value of z if there is a
number 7, less than 1, such that

Uy +1(%)
u,(x)
for all values of n. In general, the value of » for which this is
true will depend on x. Suppose, however, that we can find a
number r such that the condition is satisfied for all values of
x with this same value of 7. Then the series is uniformly con-
vergent, provided that u,(x) is bounded. For repeated applica-

tion of the above inequality gives

(@) < 7t uy ()| < Mrm,
if |u,(x)| < M, and the result follows from the comparison test.
Other tests for convergence may be extended in the same
way. Take, for example, Dirichlet’s test (P.M. §189). The
analogous test for uniform convergence is as follows:

If ¢, is a positive function of n which tends steadily to zero as
n — 00, and if there is a constant A such that

N
2 Un(T)
n-=1

for all values of N and x, then the series

2 $uttn(@)

=

<4

18 uniformly convergent.
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The reader should have no difficulty in formulating the
rigorous proof.*

Examples. (i) If the numbers a, are positive and decrease steadily

to zero, the series i
> a,sinnx

is uniformly convergent in any closed interval not including a multiple
of 27. [Compare P.M. ex. LXXIX, 2. Use the identity
. . . COS 3x — cos(n xr
sin z + sin 2x+...+ sin nx = -——Lmﬂ?(xuii)-n]
(ii) Under the same conditions, the series
> axsinnx
is uniformly convergent in an interval including x = 0.

1.13. A necessary and sufficient condition for uniform
convergence. The series 3 u,(x) is uniformly convergent if and
only if the following condition is satisfied. Given any positive
number €, we can find n,y, depending on € but not on z, such that

I‘gm(x)_sn(x)l <e
for all values of m and n greater than n,,.

This corresponds to the ‘general principle of convergence’ for

ordinary series (P.M. § 83, 84).

As in the case of ordinary series, the condition is easily seen
to be necessary; for

[8m(%) =8, ()| < [8(2)—8,,(2) |+ [s(2) s, (2)],
so that, if the series is uniformly convergent, the condition is
satisfied. In the case of ordinary series, the proof of sufficiency
is more difficult. But, once the difficulty has been overcome in
the ‘ordinary’ case, there is no further difficulty irrthe ‘variable’
case. For suppose that the condition is satisfied. Then, by the
theorem for ordinary series, the series 3 u,(x) is convergent for
every z. Let its sum be s(x). Given €, choose 7, so that
[$m(®)—8,(x) [ <€ (m>mg, n>my).

Keeping m fixed, make n — co. Then, since s,(x) - s(z),

| [8()—8(2)| < e
provided only that m > n,. Hence the convergence is uniform.

1.131. The following theoremt on a class of trigonometrical
series is an excellent example of the above principle.

* See Bromwich’s Infinite Series, ed. 2, § 44.
1 Chaundy and Jolliffe (1).
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If the numbers b, are positive and steadily decreasing, a neces-
sary and sufficient condition that the series

> b,sinnx

should be uniformly convergent throughout any interval is that
nb, - 0.

To show that the condition is necessary, observe that, if
x = 7/(2p), and* n = [ip+1],
b,sinnx + b, ,,sin(n41)x +-...4 b, sin px

> b,(sinnz ...+ sin pr) > b,(1p—1)sin i,

since there are at least }p—1 terms in the bracket, in each of
which mx > }m. Since the given series is uniformly convergent
in an interval including the origin, the left-hand side of the
above inequality tends to zero as p - co. Hence pb, — 0.

In proving the sufficiency of the condition, we require the
following result, known as Abel’s lemma:

If by=b,>..>b,>0,
and if m< ay+ayt...+a, <M
for all values of n, then

bym < aby+ah,+...+a,b, < b M

Jor all values of n.

Let s, =a,+...+a,. Thent

albl+ “'+anbn == blsl+bz(s2_sl)+"' +bn(8n —sn—l)
= 31(b1“b2)+32(b2—ba)+ '“+8n—>l(bn—1~'bn)+snbn'
Since each bracket is positive or zero, the sum is not decreased
if each s,, be replaced by M; and this gives
M(by—by)+ M(by—bs)+...+Mb, = Mb,,

the required upper bound. Similarly we obtain the required
lower bound. This proves the lemma.

In the series in question, it is sufficient to consider the interval
0 <z <, since each term is odd and has the period 27. (‘on-
sider the sum 8p,p="b,sinnx 4-...+ b, sin p,
where now n and p are unconnected. Let p, = max (mb,,), so

m -n

* [z] means the integral part of z.
t Compare P.M. § 189.
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that p, > 0. If x> n/n, we apply Abel’s lemma. We have

[sin nx ...+ sinrz| = cos(n—3})z — cos(r-4)x| 1

2sin 3z “sindx
for all values of n and r, and, since sin /6 is steadily decreasing
for 0 < 0 < 4w, 1 -
TS

sindr "z

and we deduce that
b
(80, 5] <=2 < by < i

If x < =/p, we have, since sin 8 < 6,
[8n, p| < bpnx+-.. 40, P2 < P, < 7,
If n/p <z < m/n, we combine the two arguments. We have
l'gn, pl < ]‘gn, kl + l'gk+1, p!’
and, applying Abel’s lemma to the second part, and the other
method to the first part, obtain
l‘gn,pl < k[‘nx+bk+l7r/x
< pglkx4-m/{(k+1)x}].
Taking k = [n/x], we have
184, p| < pa(m+1).
Hence in any case 8, p| < Apy,
and, since pu, — 0, the result follows.

1.14. Uniform convergence and continuity. So far, of
course, we have not suggested any reason for considering uni-
formly convergent series at all. They are important for many
reasons, not all of which can be explained in this chapter. The
first reason is the following theorem :

The sum of a uniformly convergent series of continuous func-
tions ts @ continuous function.

We use the same notation as before, and write

8(x) = 8, (x)+7,(z),
so that r,(x) is the remainder after n terms of the series. Then,
if  and 2% are any two points of the interval considered,

[s(z+h)—s(x)| = ls,(x+h)—8,(2)+7,(X+h)—7,(2)]
< 8, (@+h)—s, (@) + r(@+R) |+ [ra(2)].
Having given €, we can choose n, so that
raeth)l<e  Ira@l<e  (@>ny),
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for all values of &. We now fix on a definite value of » which
satisfies this condition. Having fixed =, s,(z) is a continuous
function of x, since it is the sum of » continuous functions. We
can therefore choose 8 so small that

[$p(x+h)—s,(2)|<e  ([R]<3).
Hence, combining the above inequalities,

ls(@+h)—s(x)| <3¢  (h]<3),
which proves that s(z) is continuous.

Notice that the result is true if the functions s,(x) are merely
continuous at the single point « considered; for all we have used
isthat 8, (x+h) — s,(x) as b — 0, x being fixed. We can therefore
state the result as follows:

The limat of the sum of a uniformly convergent series of func-
tions, each of which tends to a limit, is the sum of the limits of the
separate functions.

1.2. Series of complex terms.* The theory of uniform
convergence may be extended to series of the form

uy(2) +uy(2) + ...y

in which the general term u,(z) is a function of the complex
variable z. Instead of uniform convergence in an interval, we
shall now have uniform convergence throughout some region of
the z-plane, such as the interior of a circle or a square. The
reader should have no difficulty in extending the definitions and
tests to this case. It should also be noticed that the theorem
on the continuity of the sum of a uniformly conveigent series
can be extended at once to series of complex functions.

Example. The series fln“, where 8 is a complex variable, is uni-

P

formly convergent throughout any finite region in which R(s) >a > 1.

The function {(8), defined as the sum of the series, is continuous at
all points of the region R(s) > 1.

[Compare ex. (iii), § 1.11.]

1.21. Power series. One of the simplest cases of uniform
convergence of a series of complex terms is that of a power
series. We know (P.M. § 193) that a power series

a0
> az
n=0

* P.M. §190.
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has a radius of convergence R (which may be zero or infinite),
such that the series is convergent for |z| < R, and divergent
for |z|> R.

T'he series 1is uniformly convergent for |z| < R’, where R’ is any
positive number less than R.

For let p be a number between R’ and R. Since the series is
convergent for z = p, there is a number K, independent of =,
such that |a, p"| < K for all values of n. Hence, for |2| < R’,

oo () <5 (E),

r/ | P
and the last term is independent of 2z, and is the general term
of a convergent geometrical progression. Hence (by the ana-
logue for complex functions of the test of § 1.11) the series is
uniformly convergent.

We have thus shown that any circle interior to the circle of
convergence is a region of uniform convergence. The circle
of convergence itself is not necessarily a region of uniform con-
vergence; in fact on the circle the series does not necessarily
converge at all.

|@,2"| =

Example. For the series 3 2%/n?, the circle of convergence is a region
of uniform convergence.

1.22. Abel’s theorem. There is one interesting possibility
which the above discussion so far leaves open. Suppose, to take
the simplest case, that we have a real power series

3 a,an , (1)
n=0

with radius of convergence 1. Suppose further that the series
3 a, @)

is convergent. Does the interval of uniform convergence, in this

case, extend right up to the point x = 1 ? The answer is in the

affirmative.
If the series

0

a
n=0

18 convergent, and has the sum s, then the series

n

0
2 az
n=0
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18 uniformly convergent for 0 < x < 1, and

o0
lim Y a,2" =s.
r—1 0

The proof is an immediate consequence of Abel’s lemma (see
§ 1.131). Let Sy = Uty syt
Then, given ¢, we can choose n, so large that |s, ,|<Ce
(ny < m << p). Since the numbers x* are non-increasing if x<C 1,
Abel's lemma gives, for ny, < n < p,

a2 4...+a, 2P| < ex™ < € o<z,

and this is the condition for uniform convergence.

The second part of the theorem now follows from the con-
tinuity theorem of § 1.14.

Example. From the expansion (P.M. § 213)

log(1+x) = x—ja24+-325—... (jz]< 1),

deduce that log2 =1—}+3—....

1.23. Tauber’s theorem. The direct converse of the ‘con-
tinuity’ part of Abel’s theorem would be that if

flx) = f a,x"™ >3
n=0
as z -1, then > a, converges to the sum s. That this is false
0

is shown by the simple example

< NAyn —— 1
/@ :ngo(_l) v _1+x’

00
in which f(z) - }, but 3 a, is not convergent.
0

If, however, we impose on the coefficients a, a restriction as
to their order of magnitude, it is possible to prove a converse
theorem.

If a, = o(1/n), and f(x) - 8 as x -1, then Y a, converges to the

0
sum 8.
We first prove the following simple lemma :*
LemMMA. If b, —> 0 as n—> oo, then
boj'_bl'*f_f*fb" - 0.
n+1

* P.M. Ch. IV, Misc. Ex. 27,
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For, if |b,| < K for all values of n, and |b,| < e for n > n,,
then

_Qj;l):*" +bn < b()_l""_l“bun + bllo+1+"'+bu
n+1 I T | n+1
(me+1)K (n )e .
< n+1“+"h’+1 < 2

if n > (ny+1)K/e. This proves the lemma.
To prove Tauber’s theorem, it is sufficient to prove that

© N
; anx”— ; a, —> 0

as x — 1, where N =[1/(1—z)]. That is, we have to show that

0 N
z (l"x'n— z an(l __xn) - 0.
N+1 [1]

Call these two sums S, and S,. Given ¢, choose N so large that
|na,| <e (n > N). Then

3 n €
1S,| = Ena,,. i<N+lnz+11 <(N+i)(1—x)<
Also lvx"%(l—x)(l—{waw A ) <n(l—2x),
N
and so 1831 < (1-2) 3 nla | < S la, |,
NS

which tends to zero, by the lemma. Hence |S,|< ¢ if N is large
enough, and so [8,+8,|< 2¢. This proves the theorem.

1.3. Series which are not uniformly convergent. Up to
this point, the reader may still suspect that convergence
throughout an interval is the same thing as uniform conver-
gence. We shall show by means of examples that this is not so.

Examples. (i) We can construct a series for which

1
T
by taking u,(x) = 1/(14z), and

1 1 —x
U = e T TR oD~ (bt (i 1%
This function s,(x) is a continuous function which tends to a discontinuous
limit. For, if > 0, s,(x) obviously tends to zero as n—> . But if
x =0, 8,(x) =1 for all values of n, and so its limit is 1. The sum of
the series is therefore discontinuous. Hence the series cannot be uni-
formly convergent.
(ii) Consider the series

8u(x) = (USSP R 3]

(n>1).

a0
> xem,
n=0
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Here s,(0) = 0, so that s(0) = 0. When x> 0,
8p(x) = x 11':_:2,:, s(x) = l“—fe'z
As z — 0, s(x) = 1. Hence s(x) is discontinuous, and, as before, the series
is not uniformly convergent in any interval ending at = 0.
In fact, if x = 1/n,

0)-all) - e
n]  *\nl T 1—e-= ’

so that |s(x)—s,(x)| is not ‘uniformly small’ near x = 0.
(iit) Consider similarly

f: (1 —zx).

n=0
(iv) As in example (i), we can construct a series for which
8,(x) = nx(l—ax)* <z L)
Obviously 8(0) = 0. Also, if 2 > 0, n(1—z)*— 0 as n— o (P.M. § 206).
Hence s(x) = 0 for all values of . In this case, therefore, the sum of
the series is continuous. But the series is not uniformly convergent. It
is a simple exercise in differential calculus to find the maximum of

8,(); it is
( n )1+u
i4nl

and thus tends to the limit e-! as n—> oo (P.M. §§ 73, 208). Hence,
however large n may be, the function s,(xr)—s(x) takes values nearly as
large as e~!. Thus the convergence is not uniform.

The reader should draw the graph of s,(x). It has a wave which
approaches the origin, and diminishes indefinitely in breadth, but not
in height.

Notice that uniformity of convergence may be altered by
multiplying by a factor independent of n. For example, if

then |s,(z)| < 1/n (0 <z < 1), 80 that the series converges uni-
formly to zero. But the series obtained by multiplying by 1/x
is not uniformly convergent (ex. (i)).

On the other hand, if we multiply a uniformly convergent
series by a bounded factor independent of n, the resulting series
is also uniformly convergent. This is easily seen from the
definition.

1.31. Uniform convergence of series of positive terms.

It is clear from the above examples that uniform convergence
is not a necessary condition for continuity, though it is a suffi-
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cient condition. There is, however, one interesting case in which
uniform convergence and continuity are equivalent.*

If > u,(x)=s(x) is a series of continuous positive terms in
a giwen closed interval, a necessary and sufficient condition that
8(x) should be continuous is that the series should be uniformly
convergent over the interval.

We have to prove that the condition is necessary, i.e. that,
if s(z) is continuous, the series is uniformly convergent.

Employing our usual notation, the function s(xr)—s,(z) is
continuous, and so (P.M. § 102, Th. 2) has an upper bound, e,
say, which is attained at some point x, of the interval. It is
sufficient to prove that e, > 0; for, since the terms are positive,

[8(2)—8,(@)] < Is(2)—y(2)] < ey
for n >N and all z; and this implies uniform convergence if
ey >0 as N—>o0.

Suppose on the contrary that ¢, does not tend to zero. Then,
since it is steadily decreasing (because the terms are positive),
it has a positive lower bound, 8 say. Also the numbers x,, have
a limit-point, ¢ say, in the interval (P.M. § 19). Choose N so
large that s(¢)—sy(€) < 8. Then, if ¢ is an interior point of the
interval, there is an interval (é—h,£+h) throughout which
8(x)—sp(x) <8 (P.M. § 101, Th. 1). If £ is an end-point, the
same is true of (¢,£-+h) or (£—h,¢). Hence ¢, <8 for those
values of n for which |x,—¢| <h. This gives a contradiction,
and the theorem is proved.

1.4. Infinite products. An infinite product is an expression

dof the f
¢ form (14a)(1+a,)(1+ay)... (1)
containing an infinity of factors. We denote it by
11 (1+a,).

We suppose that no a, is equal to —1.
Writing p,, for the partial product

n

Pr= H (l+a‘m)’

m=:1
we say that the infinite product is convergent if, as n - oo, p,
tends to a limit other than zero. We might, of course, admit the

* See Hardy (11) for a detailed discussion.



14 INFINITE SERIES, PRODUCTS, AND INTEGRALS
limit zero as well; but we shall see later that this would often
be inconvenient.

If the product is not convergent, it is said to be divergent.
If p,, — 0, it is said to diverge to zero.

Examples. (i) The product
. 1=-pHA+HA-HA+P)..
is convergent.

(ii) If the product (1) is convergent, a, — 0.

1.41. We begin by considering two simple cases.

If a, >0 for all values of n, the product T] (14a,) and the
series > a, converge or diverge together.

Since, in this case, p, is a non-decreasing function of n, it
either converges or tends to positive infinity. Now

@+t ta, < (1+ay)...(14a,) < ehtortaton,

Thé left-hand inequality is obvious on multiplying out the pro-
duct; and the right-hand inequality follows from the fact that
1+4a < e@ for every positive a. The two inequalities show that
p, and a,+...+a, are bounded or unbounded together, and this
gives the result.

If a, <O for all values of n, write a, = —b,, and consider
the product o
;!__Il(l_bn)'

If b,>0, b, #1, for all values of n, and 3 b, is convergent,
then T (1—0,) is convergent.

Since Y b,, is convergent, we can choose N so large that

by+byit... <3,
and, in particular, b, <1 (n > N). Then
(1 '—bN)( 1”bN+1) =1 —bN_bNH:
(l'“bN)(l‘—bN+1)(l"‘bN+2) = (l—bN_bN+1)(l_bN+2)
> 1—by—byi1—byas
and so generally
(1—by)(1—=by,y)...(1—b,) = 1—by—...—b, > }.

Hence p,/py_, is steadily decreasing for » >N, and has a
positive lower bound. Hence it tends to a positive limit. Since
Px-1 18 not zero, the result follows.

If 0<b, <1 for every m, but 3 b, diverges, then T](1—b,)
diverges to zero.
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For 1—b < e?if 0<<{b <1, so that

(1'—' 1)(1_ 2)(1_ n) ~ < e trbee=bn,
The right-hand side tends to zero, and the result follows.

In particular, if 0<Cb, <1, the product T] (1—b,) and the
series > b, converge or diverge together.

1.42. The general case. Now let the numbers a, be any
numbers, real or complex, other than —1.

DErFiNITION. The product T] (1+a,) 18 said to be absolutely
convergent if the product T (14 |a,|) 18 convergent.

It is clear from the first result of § 1.41 that a necessary and
sufficient condition that the product should be absolutely convergent
18 that 3 |a,,| should be convergent.

We next show that an absolutely convergent product is con-
vergent.

To prove this, let p, denote the same partial product as

before, and let

m= l
Prn—Pn- 1= (14a,)...(1+a,_,)a,,
P, —P, = (1+|a,])...(1+ |2, |)|a,l,
and it is plain that

Then

Ip pn 1[ P Pn -1

Now, if T] (1+]a,|) is convergent, P, tends to a limit, and so
> (P,—P,_,) is convergent. Hence, by the comparison theorem,
> (pp—Pn-1) i8 convergent, i.e. p, tends to a limit.

This limit cannot be zero. For, since Y |a,| is convergent
and 14-a, -1, the series

E’H-a,,

is also convergent. Hence, by what we have just proved, the

product
[10-1t5)

m=1

tends to a limit. But this product is equal to 1/p,. Hence the
limit of p,, is not zero.

Example. The factors of an absolutely convergent product may be
taken in any order, without altering the value of the product. (Compare
P.M. §185.)
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1.43. The logarithm of an infinite product. If

0

H(l_l_a’u) =Dp,

n=1
is it necessarily true that
0
"z_llog(l—}—a") =logp?
Here logz denotes the principal value of the logarithm of z,
i.e. the value whose imaginary part lies between —= and =
(P.M. § 224).

The result is obviously true if all the numbers @, are real and
positive, for then all the logarithms have their ordinary arith-
metical value. But, in the general case, the formula requires
modification.

Let p, denote the nth partial product, and let p, = p,ei¥n,
so that p, and p, tend to limits. and so does ¢, if its values are
suitably chosen. Let 14-a, = r, ¢, where —z <0, < m;
then. since a, - 0, 6, > 0 as n — 0.

Let 8, = i log(1+a,,).
m=1
Then s, = logp,+ 2k, im, (1)

where k, is an integer. Now
2k,m=0,+...4+60,—¢,,

so that 2n(ky1—ky) =0, 11— (bri1—90)s
and the right-hand side tends to zero. Hence, if » is sufficiently
large’ l27r(kn,+1_kn)| < 2m,

and so k,,, =k, since k, is always an integer. Thus k, has
a constant value, k say, if n is sufficiently large; i.e.

8, =logp,+2kim (n > n,),
and, making »n - oo,
> log(1+a,) = log p + 2kia.
The sum of the series is therefore a value, but not necessarily

the principal value, of the logarithm of the product.
Notice also that it follows from the proof that

NzHlog(l +a,) =logp — log py

for all sufficiently large values of N.
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If we start with the series of logarithms, and assume that

3 log(1+a,) =35,
n=1
we have, on taking the exponential of (1),
€' =Py,
and so Pp—> P =¢€,
i.e. the product converges to the exponential of the sum.

Examples. (i) If 3 a, and Y |a,|? are convergent, then [] (1+a,) is
convergent. [Use the equation log(1+4a,) = a,+ 0(|a,|?).]

(ii) If 3 a,, 3 a2,..., 3 ak-1, 3 |a,|*, are all convergent, then [] (1+-a,)
is convergent.

(iii) If a, is real, and 3 a, is convergent, the product JT (1+a,) con-
verges, or diverges to zero, according as > a2 converges or diverges.
is divergent.

(iv) The product
1 1 1
(1-7) (1+53) (1-7a) -
(v) Show that, if

1 1 1 1
= . Tl T eyt

Agp_y =

T Jmt), T et D) T el
the product [T (1+a,) converges, though both 3 a, and ¥ a2 diverge.

(vi) The product T (1 + E) is divergent, but T |1+ ;

(vii) If ¥ |u2| is convergent, so is JT (1—u,)e¥; and if 3 |u,[? is con-
vergent, so is [T (1—u,)e*stt%, [As u — 0, (1—u)e* = 14 O(u~2) and
(l—u)ev+v' = 14+ 0(u~3); or we may consider the series of logarithms,
as in (i). Products of this type are of great importance in Chapter VIII,
and are discussed fully there.] P

is convergent.

1.44. Uniform convergence of infinite products. The
infinite product o
JIRERHO

where the factors are functions of a variable z, real or complex,
is said to be uniformly convergent if the partial product

Pul®) =TT {1+u(2)}

m=1
converges uniformly in a certain region of values of z to a limit
which is never zero.
The simplest test for the uniform convergence of a product
is as follows:
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The product T {1+u,(2)} ts uniformly convergent in any region
where the series 3 |u,(z)| converges uniformly to a bounded sum.

The proof consists of a re-examination of the convergence-
argument of § 1.42 from the point of view of uniformity. Let

M be the upper bound of the sum 3 |u,(z)| in the region con-
sidered. Then

{1+ |uy (2) [} {1+ Ju, (2) |} < @it L M,

Let P(2) =TT (14 lun(a)]}

Then )

Po(2)—F,3(2) = {1+ [y (2) [} {1+ [ 1 (2) [, 2)| < €My (2)].
Hence Y {P,(z)—P,_,(2)} is uniformly convergent, and the result
follows as in § 1.42,

Examples. (i) The product
1
(-5
where @ runs through the prime numbers 2, 3, 5,..., is uniformly con-
vergent in any finite region throughout which R(s) > a > 1; for the
same thing is true of the series 3 |w~*|, which consists of some of the
terms of the series 3 |[n—*| (§ 1.2, example).
The value of the product is 1/{(s). For
(1—2-9{(8) = 14+3-*+5"+..,,
all terms containing the factor 2 being omitted on the right. Next
(1—2-)(1—3-9{(s) = 14+-5~*+ T+ 11 *4...,
all terms containing the factors 2 or 3 being omitted. So generally, if
w, is the nth prime,
(1—2-9...(l—wz*)l(8) = 1 +1-"+...
where all numbers containing the factors 2, 3,..., w, are omitted. Since
all the numbers up to w, are of this form,
[(1=27)..(l=@5)(8) — 1| < [(@pt 1)~ |+ |(wut2)~* |+ ovos
which tends to 0 as w, — . Hence
lim (1—2-%)...(l—w;9){(8) = 1,
n—»o
the result stated.
(ii) If R(s) >2
log {(s) = — 1glot;(l-—w ),
all the logarithms having their principal values.
[We deduce from the above example and § 1.43 that
log {(8) = — 3 log(1—w~*)+2kim,

where & is an integer, which depends prima facie on s. If 8 is real, k is
obviously 0. Also, as long as R(s) > 1, the real part of 1 —w~* remaing
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positive, and so its amplitude remains between — }7 and }#. Each term
log(1— ") is therefore continuous for R(s) > 1. Hence the sum of the
series is continuous.

Similarly log {(s) is continuous, provided that R{{(s)}> 0. This is
certainly true if R(s) > 2, since, if R(s) = ¢ > 2,
R{{(8)} >1—2"0—3"0—... > 1—-2"2—-3"2—..,

It follows that k is continuous for R(s) > 2, and so zero throughout
this region.]

(iii) The convergence of the product [T (1+a,) does not imply that
of TT (1+a,x), except for x = 0 and =z = 1.*

(iv) The convergence of [] (1-+a,) does not imply that

lim IT (14a,2*) = I (1+a,).
—1

[In fact, Hardy (5) gives an example in which

lim JT (1+a2*) = 2 [] (1+a,).
The result is, of course, in striking contrast to Abel’s theorem on the
continuity of power series.]

eind
(v) The product H (1 + o8 n)

is not convergent for any rational value of 6/, but is convergent if 6/m
is an algebraic number (P.M. Ch. I, ex. 32) which is not rational.

[The problem of the behaviour of this product, suggested by Hardy
(5), was solved by Littlewood (2).]

1.5. Convergence of infinite integrals. We assume that
the reader is familiar with the elementary properties of the
Riemann integral of a continuous function (P.M. § 156-64). If
f(x) is continuous over a finite closed interval (a, b), the Riemann
integral

b
[ /() da

exists. Similarly the indefinite integral
F(e)= [ ) dt

exists for a <x < b; and F(x) is continuous, and has a dif-
ferential coefficient equal to f(x). We assume a knowledge of
the usual rules of integration by parts, integration by substitu-
tion, etc., and of the mean-value theorems (P.M. § 160-1).
We next extend the definition to a class of discontinuous

* Hardy (6).
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functions. Suppose that the interval (a,b) can be divided up
into a finite number of parts (@, z,), (z,, %,),..., (,,b), such that
f(z) is continuous except at z,..., z,, and such that the limits
f(@,—0), f(x,40),..., ete., exist (P.M. §99). Then the integral
of f(x) over each partial interval exists, and the integral over
the whole interval is defined as being the sum of the integrals
over the partial intervals; i.e.

ff(x)dx_ff(x)dx-i-ffz)dx—k -{—ff(x)dx

An 1nﬁn1te mt;egral is deﬁned in P.M. § 177 If f(¢) is in-
tegrable over (a, x) for all values of z, and

lim f ft)dt=1,
Ma
then we say that the infinite integral

f ft) dt

is convergent, and has the value .
Similarly, if f(f) tends to infinity, or oscillates, as x — ¢, but

lim fz ft)dt =1,

then we define the integral of f(f) over (a,c) to be equal to I
(P.M. § 180).

There is no difficulty in extending the rules for integration
by parts and substitution to these cases.

A number of tests for convergence, such as the comparison
test, for the case where f(x) is positive, are given in P.M. § 178.

Suppose now that f(z) is not necessarily positive. If f(x) and
| f(x)| are both integrable in one of the senses already explained,
and if the integral

[ 17w de
is convergent, then the integral

f fe) e

is said to be absolutely convergent (cf. P.M. § 184).
An absolutely convergent integral is convergent. For, if the
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integral of | f(t)| is convergent, so are the integrals of
$(t) = [fO)I4-S),  $(t) = |fO)—f@),
by the comparison test, ¢ and ¢ both being positive. Hence
the integral of }{¢(!)—y(¢)} = f(¢) is convergent

The result may be extended to the case where f(t) is a con-
tinuous complex function, by considering separately its real and
imaginary parts.

An integral which is convergent, but not absolutely con-
vergent, is said to be conditionally convergent.

The most important tests for conditionally convergent in-
tegrals are the analogues of Dirichlet’s and Abel’s tests for
series (P.M. § 189).

Analogue of Dirichlet’s test. If ¢(x) has a continuous
derivative, and decreases steadily to zero as x — oo, and

F(x) = f f(t) dt

18 bounded, then the integral

[ $@)f) da

18 convergent.

We integrate by parts, this being the process for integrals
analogous to the ‘partial summation’ by which Dirichlet’s test
is proved. We have

X X
[ $@)f(@) de = $(X)F(X)+ [ {—¢' @)} F(2) da.

The integrated term tends to zero as X —> oo; and the last
integral is absolutely convergent by the comparison test; for
| F'(z)| is bounded and —¢'(x) is positive, and

X
[{~=¢' @)} dv = (@) —¢(X) > $(a).

This proves the theorem.
Examples. (i) The integrals

o0 -]

sinx cosx
f——— dzx, fi— dr
x x

0 1
are conditionally convergent.
(ii) State and prove the analogue for integrals of Abel’s test.
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We note finally a necessary and sufficient condition for the
convergence of the integral

[ fia) dz;
it is that, given €, we can find X such that
X
1 [ fla) de
X

for X’ > X > X,;. This may be proved in the same way as (or
deduced from) the corresponding theorem for series (P.M.
§§ 83—4).

Examples. (i) Use this principle to prove that an absolutely con-
vergent integral is convergent.

(ii) Prove Dirichlet’s test for convergence by means of this principle
and the second mean-value theorem (P.M. § 161, exs. 11-12).

1.51 Uniform convergence of infinite integrals. We can
now extend the idea of uniform convergence to infinite integrals.
Let f(x,y) be an integrable function of = over the interval
a<<x<h, for « <y < B, and for all values of b. Suppose that
the integral

<e€

)= [ fle.y) da

is convergent for all values of ¥ in the interval (o, 8). Then the
integral 18 said to be uniformly convergent if, given e, we can find
a number X, depending on € but not on y, such that

X
[qs(y)— [f.y) d

A similar definition may be framed for integrals which are
infinite by reason of the integrand becoming infinite in the range
of integration.

The simplest test for uniform convergence is the analogue of
the series-test of § 1.11. The above integral 18 uniformly con-
vergent if there is a positive function g(x), independent of y, such
that | f(x,y)| < g(z) for all values of x and y, and such that the
indegral

<, (X = X,).

fo g(x) dx

18 convergent.
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This may be proved in the same way as the corresponding
result for series.

Other tests may be extended in a similar way. For example,
in Dirichlet’s test, if f and ¢ are functions of x and y, we assume
that o¢/ox is continuous, and ¢(x) tends to zero steadily and
uniformly with respect to y, and that | /] is less than a constant
independent of z and y. The integral of ¢f is then uniformly
convergent.

Examples. (i) Consider the convergence of the integral
-]
I'(z) = ftz—le—'d;.
0

[Suppose first that z is real. The integral is convergent at the upper
limit for all values of z, since t**le—* is bounded for all x, and we can
compare the integral with that of 1/t2; but for convergence at the lower
limit we must have z > 0 (P.M. § 180).

The integral is uniformly convergent over any finite z-interval (a, b),
where a > 0. To prove this, we divide it into integrals over (0, 1) and
(1, ), and compare the two parts with

1 L
fera, [eoera
0 1
which are convergent and independent of z.

Similarly, if « is complex, the integral is uniformly convergent over
any finite region throughout which R(z) > a > 0; for if z = ¢+, then
[t==1] = ¢£-1, and the result can now be proved as before.]

(ii) The integral )

SINTY gy ’
x*

0
is absolutely convergent for 1 <8 < 2, and any y. For a fixed s in this
range, it is uniformly convergent for 0 <« < ¥ < 8, for any B.

It is conditionally convergent if 0 <s < 1, ¥ > 0, and uniformly con-
vergent for & in this range and 0 <a < ¥ < 8.

For fixed y>0, it is absolutely and uniformly convergent in
1 <38 <8 <8,<2, and uniformly, but not absolutely, convergent in
0<s <8l

1.52. The continuity theorem. In this section we shall
prove the analogue for integrals of the theorem that the sum
of a uniformly convergent series of continuous functions is
continuous.

We first require the following theorem on continuous functions
c
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of two variables, similar to the theorem for one variable proved
in P.M. § 106.

Let f(z,y) be a continuous function of x and y throughout the
rectangle a <z <b, a <y<PB. Then, given €, we can divide
up the given rectangle into a finite number of sub-rectangles
T, KT K Tyrp Yy SYS Yy 00 Such a way that

L@, y)—f(€,n)<e

provided that (x,y) and (§,7) belong to the same sub-rectangle.

We prove this by the method of subdivision. Suppose that
the given rectangle has not the required property. Then, if we
divide it into quarters by the lines x = }(a-+b), y = 3(«+B), at
least one of the four quarter-rectangles has not the required
property. Choose that one which has not; or, if more than one
have not, choose one of them—to give a definite rule, choose
one on the left-hand side if possible, and then, having fixed the
side, choose the lower of two on the same side.

We next subdivide the chosen rectangle into quarters; and
so the process of subdivision proceeds indefinitely, there being
always at least one quarter which has not the required property.
The left-hand sides of the chosen rectangles form an increasing
sequence, and the right-hand sides form a decreasing sequence,
and so each sequence has a limit; and the limits are the same,
since the length of the side tends to zero. Call the limit X.
Similarly the upper and lower sides tend to a limit Y.

We now use the fact that the function is continuous at (X, ).
Given ¢, we can find 8 so that

Ifle,y) X, Y)<ie  (a—X|<3, ly—Y|<9),

and so [fx,y)—f(& )< e

if (x,y) and (£, n) both lie in the square with centre (X, Y) and
gide 28. Thus the rectangles chosen in the construction have
the required property when they lie in this square, as they
ultimately do. We have thus obtained a contradiction, and the
theorem is proved.

We also deduce the following result: Given €, we can find &

such that If@,y)—f(& )] <e

provided that |x—§|<< 8 and |y—n|<< 8, & depending on e only,
and not on x, y, &, or .
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For divide up the rectangle so that |f(z, y) —f(¢, n)| < }eif (x,¥)
and (¢, n) belong to the same sub-rectangle. Let 8 be the minimum
of the sides of sub-rectangles. Then § is the required number. For
if |z—£| <8and |[y—n| <3$, (r,y) and (£, 1) belong to the same
or to adjacent rectangles, and in either case the theorem follows.

The result may be expressed by saying that a function of two
variables which is continuous in a rectangle (boundary included)
18 uniformly continuous tn the rectangle.

We can now proceed with the properties of integrals.

If f(z,y) 18 continuous in the rectangle a < <b, a <y <pB,
then b

$) = | fw,y) do

a
18 a continuous function of y n (o, B).
For b
$y+k)—9) = [ {f@ y-+k)—f, y)} dr,
a
and, given €, we can choose &, so that

lf@,y+k)—flz,y) | <e  (Bl<ho),
for all values of x and y. Hence

lply+E)—d)| <elb—a)  (Ik]< k),
the required result.
If f(x,y) is continuous in the rectangle a <x <b, a <Yy <P,
for all values of b, and the integral

)= [ f@y) do ’

a
converges uniformly with respect o y in the interval («,B), then
?(y) 18 a continuous function of y in this interval.
We have

$y+R) )] = [yt ) dxi

—~
=

X

f {f@,y+k)—f@,y)} dx | + J [, y+k) d@ J fl,y) dx|.
a

Given ¢, we can choose X, so that each of the last; two terms
is less than € for X > X, for all values of k. Having fixed X,
the first term tends to zero with k, by the previous theorem.
The result now follows.
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In the above theorems, the continuity of ¢(y) at the end-
points « and B is one-sided, e.g. ¢(y) > ¢(a) as y - a by values
greater than o.

Examples. (i) 1f the integral

oo
J‘f(:) dr
0

is convergent, then ©

[ e =f(r)dr
0

is uniformly convergent in 00 <~y < 8, and so continuous at y = 0.
[This is the analogue for integrals of Abel's theorem on power series.

It may be proved as follows. Let
o0
F(r) = f f(t) dt,
x

so that F(r)— 0 as r— co. Suppose that |F{x)| < e for £ > X,. Then
X
f F(r)e—=v (I.z:!
|

' ff(l‘)c"'” (I.r: = IF(.\')@ Xy _ F(X")e-Xv—y
l.\' | i {

X’
< et-€+ye [ e dy < Je
X
for X’ >- X > X aud all 4 =~ 0; and the result follows.]
o0
(i) The integral f ‘i";‘?’-’/ drx

0
is convergent for every y; but it is not uniformly convergent in the
neighbourhood of y == 0, since it is discontinuous at this point.
[To prove this, observe that it is (a) constant for y > 0 (put = = u/y),
(b) positive for y = 1 (oxpress it as
nmw

Z f sin@
x

(n—1)mw
i.e. as a series of decreasing terms of alternate signs), and (c) an odd
function of y.
We may prove directly that it is not uniformly convergent by con-
sidering the ‘remainder’

o o0
sin @ sin w
MY dx - - du,
. T u
X Xy

and putting, e.g., X —= = /y.
The value of the integral will be obtained later (§ 1.76).]
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1.6. Double series. A double scries consists of -a double
array of terms S
y 2 2 ”’m, n»

where each of the suffixes e and % runs from 1 to infinity. There
is no single method of summing the series, such as the ‘lims,’
method for single series, which obviously claims our attention.
We can form partial sums of the series in a great variety of
different ways, and each way gives rise to a method of summing
the series. We may, for example, consider ‘rectangular’ sums

MAN

mg 1 gla'm,n»

and then make M and N tend to infinity in various ways. Or
we may consider sums such as

am, n’
min<N

taken over triangular regions. Or, finally, we may convert the
double series into a ‘repeated’ series, first evaluating the sums

o0
2 a’m, ns
n=1
and then finding the sum of their sums. We write this repeated
series as o o
@, ns

m=1n =1
the inner sum being found first. We call this the ‘sum by
rows’. If we proceed in the opposite order, we obtain another
repeated series ®  «

a’m. ne -
n=1m=1

We call this the ‘sum by columns’.

1.61. Double series of positive terms. If all the terms
a,, . of the series are positive, all methods of summation are
equivalent. Either we obtain a finite limit, the same in all cases;
or, however we sum, the series diverges to positive infinity.

To prove this we consider in turn the various possibilities.

We call a set of pairs of numbers (m,n) a region. Let A,
(p=1,2,...) denote a sequence of finite regions, each of which
includes the one before, and such that, however large N is, A,
includes the square m << N, n < N, if p is large enough.

There are now two possible cases. Suppose first that the

finite sums
am,. n, + am_.. n, + .. '*' a‘mg. ngd
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selected in any manner from the serics, have an upper bound
G. Then plainl -
P Y z a’m, n = ¢
Ap

for all values of p. On the other hand, given €, we can find
one of these finite sums greater than G‘—e. But A, includes
every term of this finite sum, if p is large enough, and then

> A p > G—e.
Ap
Hence, since 3 is non-decreasing,
Ap
lim Y a, ,=G;
P00 A,

that is to say, the series is convergent when summed in this
particular way, and its sum is G. In this case the series is said
to be convergent, it being unnecessary to specify the particular
sequence of regions taken.

Suppose secondly that there is no such upper bound G. Then,
having given any positive number H, there is a finite sum

T ey &
Since we can find a number p such that A, includes this sum,

we have S ay, > H
Ap
for this value of p. Hence
> @, > 0.
Ap
In this case the series is said to be divergent.

These two cases are the only possibilities; and, since the
results are independent of the particular regions A, considered,
we have proved the theorem, so far as finite partial sums are
concerned.

Repeated series do not, so far, come under our analysis. To
include them we have to replace our finite regions A, by infinite
regions.

Suppose first that the double series is convergent. Let D be
any region, finite or infinite. Let b,, , = @, ,, if (m, n) is a point
of D, and otherwise b, , = 0. Then clearly 3 b,, , converges if
Y a,, , does. We write

%am.nzz bm,m
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this being the definition of the left- hand side. It is clear that

zamn ~=

Now let D, (p= ‘1,2,...) be a sequence of regions, finite or
infinite, having the property characteristic of A,. Then we have

z U <
and we can prove pre01sely as before that
E Upyn>G—e  (p = py)
Hence hm >a,,=G0.

p—o Dy
In particular, if we take D, to be the infinite region defined by
m < p, we find that the sum by rows is equal to G. Similarly
the sum by columns is G.
Secondly, suppose that the double serics is divergent. Then
it may happen that the series

sz am, n

is divergent for a definite value of p. In this case the process

comes to an end at-this point. On the other hand, if ¥ is con-

D,
vergent for every p, we can, as before, show that ?

z A, > H
for every H and p > po(II ) Hence

%am,n — Q0.

In particular, if the double series is divergent, either some
column is divergent, or every column is convergent, but their
sums form a divergent series. The same thing is true of rows.

1.62. As the case of repeated series is particularly interesting,
we give an alternative proof for this case.

If a,, , =0, then

3 3ana=3 Sa,. (1)

m=1n=1 =1 m=1
in the sense that, if either .snde converges, then so does the other,
and to the same sum.
Suppose, for example, that the left-hand side is convergent.
This means that all the series

o0
za’m.u



30 INFINITE SERIES, PRODUCTS, AND INTEGRALS
are convergent, to sums 4,,, say, and that

z A"l

is convergent, to sum S, say.
Since a,, , < 4,, for all values of m and =, it follows from the

comparison test that all the series
2 a"l, n
m=1

are convergent Let their sums be A®™. Then

o0

N )
z A(ﬂ) = z z am n z Z alll. n g Z Am - S'
m=1n=1 m=1

n=1m=1
Hence the series Y A™ is convergent, and, if its sum is §’, then
8’ < 8. But we can now reverse the whole argument, and,
starting with the convergence of the right-hand side, prove that
S< 8. Hence S=48'.
1.621. Still another method of proof is as follows. Suppose
that the left-hand side of 1.62 (1) is convergent. Then

0

S Sap.=3 Eam (1)

n=1 m=1 m=1 n=
this being merely the addition of a finite number of convergent
series, whose convergence follows from that of 3 A4,,. Itis now
sufficient to prove that, as N — oo,

> f Ay > 05 (2)

m—=1 n=N+1
for this expression, together with the right-hand side of (1), is
S; and it will then follow that the left-hand side of (1) tends
to S, which is what is required.
This, however, follows from the uniform convergence theorem
of § 1.14; for the series (2) is of the form
2 Up(N).
m-=1
It converges uniformly with respect to N, since
lum(N) < 4
and Y 4,, is convergent; and, for each value of m,u,(N)— 0.

This proves the theorem.
This method is of interest for the following reason. In less

simple cases, where the numbers a,, , are not all positive, we
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can still start from (1), and so reduce the problem to the proof
of (2). This can then be proved by some special method—see,
tor example, § 1.66, ex. (xvii).

1.63. The comparison test. Series of positive and
negative terms. We first note the comparison test for the
convergence of a double series of positive terms: if a,, ,, <b,,
and ' b,, , is convergent, then ¥ a,, ,, is convergent. We leave the
proof of this to the reader.

Suppose now that some of the numbers a,, ,, are positive, and
some are negative. Then the series 3 a,, , 18 said to be absolutely
convergent if the series Y |a,, | is convergent.

Let «,, ,=ua,,, if ¢, , >0, and otherwise let a,, ,==0; let

B = m n if a,, <0, and otherwise B, ,=0. Then

0< o, < 12y, 1, 0B, , < |, ,|. Hence, by the comparison
st, the serie

te ’ S Z ®pn, s Z Bm, n

are convergent if > |a,, ,| is convergent. Let the sums of these
series be « and B. Then, with our previous notation,

z an_c, n = z S, n z Bm, n~> a_B'
Ap 4p Ap

The same thing is true if the finite region A is replaced by an
infinite region D, but now the above equa,tlon is taken as the
definition of the left-hand side.

The ‘sum’ «—f is independent of the region A, or D,. We
state the result simply by saying that the series 2 a,, , 18 con-
vergent; that is, an absolutely convergent double semes 18 convergent,

The comparison test can now be extended to series of this
type.

1.64. Series of complex terms. Suppose now that a,, ,, is
a complex number, say a,, , =0, ,+1c, ,. Then the series

> a,,, is said to be absolutely convergent if ¥ |@,, | 18 con-
vergent. Since

lbﬂl, ’HI < ialll, 11‘7 lcm, nl < la'm,nl:

this involves the absolute convergence, and so the convergence,
of 3b, ,and Y¢, . If b and c are the sums of these series,

2 m n z bm n+7’ Z cm n -> b+20

Ap(oT D)
and the series is said to be convergent, that is, an absolutely
convergent series of complex terms is convergent.
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All our conclusions about series of positive terms can now
be extended to absolutely convergent series.

1.65. Multiplication of series. Let

ayta;+ay4-..., bo+by+by+...
be two absolutely convergent series. The series obtained by
multiplying these series by Cauchy’s rule is

Co+CiHCo+...

where Cp = Aob,+-a;b, 1+ ...+ a,b,.
The rule has its origin in the case of power series, where
a, = o,z" b, = B,2", and where, in the multiplied series, we
collect together terms involving the same power of x.

0 0
If the series Y a,, > b,, are absolutely convergent, and their
[ 0

0

sums are a and b, then > c, is absolutely convergent, and its sum
0

18 ab.

This follows at once from the abave theorems on double
series. For the double series > a,b, is absolutely convergent.
Its sum by rows or columns is ab, and

N
E Cp = E (M
n=0 m+n<N

which also tends to the limit ab.

If the series f a,, i b,, 5: ¢, are all convergent, to sums a, b,
and c, then c :lb. ’ ’

We apply the above theorem to the series ganx“, ‘?bnx",

> c,x", which are absolutely convergent if 0 <z <1, and then
0

make x -1 and use Abel’s theorem (§ 1.22).

1.66. Miscellaneous examples on double and repeated series.

(i) If |@m,a| < AmonB, where 4, a, B are constants, and |z|< 1, |y|< 1,
then Y a,, ,2™y" is absolutely convergent.

(ii) If 3 a,, 7y is absolutely convergent, then ¥ a,, ,z™y"is absolutely
convergent for || < ||, |¥] < |%0l-

(iii) The series ¥ m~-%n-B is convergent if o > 1, 8 > 1.

(iv) The series 3 (m?+n?)-% is convergent if « > 1.

0
[Compare the terms for which m Qn with 3 f: n-2]
n=1m=1
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The samo result holds for the corresponding doubly infinite series, in
which vach variable ranges from --w to «, omitting m = n = 0.
(v) The series 3 (am? + 2bman + cn?)~% is convergent if a > 0, b2 < ac,

da>1. [F
and « [For am4- 2_1;mn4;cn3
mi4n?

has a positive minimum value.]
(vi) If the ratio z/z’ is complex, and a is not equal to any of the
numbers —mz—nz’, then 3 |la+mz+nz’|~* is convergent if a > 2.
(vii) By expanding the function
log(1--2:x cos 0 + 22) == log(1 —xeif) +log(1—ze—1i0)
in two different ways, show that
cos nf = 2*-1cos"d — — 2" 3cos™-26 + n(l" 3) —2n-bcogn—40 —

and also obtain a series of a.scendmg powers of cos 6.
[The rearrangement may be justified by the double series theorem;
we also use the theorem on the uniqueness of a power series, P.M. § 194.]

(viii) If [a] < 1 and |z] <1,

o0
”
n=0-

(ix) If « is not a negative integer,

-]

1 (11 1 1 1
Z()z(z+1)...(5c'.{;1{) - e[;— 1 (x+1)+§—! @+ -}
n=

(x) If d(n) denotes the number of divisors of n, and |z]| <1,

-]

n=1
(xi) Dirichlet multiplication. If Y an-% I b~ are absolutely
convergent, and ¢, = 3 ab, then

pizn T
>an~t.3bn"t=3Ycn"
In particular {(8))2 = 3 d(n)n-".

(xii) If apoa=1 (Mm=n+1, n=12,.), @p,=—1 (m=n-1,
n = 2, 3,...), and otherwise a,, , = 0, then

0 Ll o0 [
Z z a"-'l 76 Z 2 am,n'
m=1n=1 n=1m=1
(xiii) Prove a similar result if

Gp,n = ;"'}_;‘_’ (m 5% n), A, n = 0 (m = n).
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[Here (terms m = n being omitted)

N
1 < 1 1
Z m’—n2 N_,aoi’nz m—n m-+n
=1

m~1
- N - N
— lim l 11,11+ n! +nl.{ 1
N 2n zv Zv Z v ' 2n
- v=1 v-1 v=nt1
3
T 4n?’

and the sums by columns and rows are 7%/8 and —#%/8. Sec Hardy (3).]

(xiv) If ¥ |u,| is convergent, then [T (14-%,z) is absolutely and uni-
formly convergent in any finite region, and it may be rearranged as
a power series in z,

TT(14ug)=1423 u, +z-2}_‘u u,

ms
[The first part has been proved alrcady (§ 1.44), and it is simply a
question of justifying the rcarrangement. Let z be fixed. Let

N
Py = I;[ (14 |u,liz]) = 1+ CPM|z|+...+ CP|z|".

Then Py, — P, and, for each m, C& is non-decreasing and < Plz;™™.
Hence C¥' — C,, say. Plainly

k N
1+ 3 CP)zim < Py < 14 X C,lzm (k << N).
m=1 m-1
Making N — oo, then k — o0, we deduce that

[7o]
P =1+ Y C,lz"
m=1

N
Let py = 1 (1+u,2) = L4+c¥z+.. 42,
1
By an obvious extension of the theorem of absolute convergence to

multiple series, ¢’ — c,,, and plainly |¢,,—c¥| < C,,—C¥ < (. Hence
ifk < N,

© N k 22
2 cmzm— 2 c:!)zm < 2 (Cm_c:!))!zim+ z (',"IZI"‘,
m=1 m=1 m=1 k+1
which tends to 0 by choosing first £ and then N. Hence the result.
(xv) Assuming that
sinz T (1 @
x nint)

1

1 > 1
m™ 77'
deduce that E yor ok E = 55"
n= n=

(xvi) Let s, ,—> s mean that ls,,,_,,—s] < € if m and n are both
> ny = ng(e€).

Show that, if s,, , —> 8, and lim s,, , exists for each i, then
n—»0
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Iim (lim .9,,,.,,) = 3.
m-—>»® \N—»x0

It has been proved by Pringsheim that, if the double series 3 Saun
converges to sum ¢ in the sense that

m n
-
Ay —> 8,
Mm-1v-=1
. . & X
and the single series S dpn S ann
m=1 n=

all converge, then the sum by rows and the sum by columns are also
both equal to s. See Bromwich, Infinite Series, § 30.
(xvii) From the formula

1 1 T
]—= —f- 5 — = ‘I
(P.M. § 214), deduce that
1 ‘rr""
ll ' 2 + f'2 + 8

[The result follows from the formula

Z z (1n+i()(—ml-)l~nn+}) z z (m+i()(_ml-)i’—‘n+i)

m=

For the left-hand side (putting n = r——m) is equal to

2 W 2 A G

Also, if n % 0,
1 }
z (m+§)(m+n }—*) Zw (m-{—} m—f-n—i-i) 0,

80 that, the right-hand side is equal to

mzm (—17;—-:?17)3 =8 (ll, + 313 +)

We have therefore to justify the inversion of the repeated series. The
associated double series is clearly not absolutely convergent, so that
a special method is required.

We have, for every N,

N N 0

=2 2

m=—®o n=—N n=-=N ‘m:—oo’
and hence (see § 1.621) it is sufficient to prove that, as N — o,

o ) © -N-—1

> % — 0, > > —0.
m=—o n=N+1

M=—a0 N=—00

D2
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Consider the former sum. 1f m > —N—1, wo have
|
(= ! < 1
m |~ m N3
n=N+1 +n+4} " T
This part of the sum is therefore less in absolute value than

< 1
< ot o
Z 1lm+?}|(m-i—N ) —N—1<;<—m— INmINTY)
+ 2 |m+~L'§N Z (m- l 1)
._iN_l,\m/

which plainly tends to zero. In the rest of the sum, wo wrm,

S (-1 & (-1
Z m-+n+ 5: (- Lyrm— Z m+tni}’
n=N+1 n=—00

The sum formed from the terms involving 7 plainly tends to zero, and
the last term is similar to the one already considered, and sc also givos

a sum which tends to zero.
Finally, the other sum can be dealt with in the same way, and the

result follows.]

1.7. Integration of series. Having completed our discus-
sion of repeated summations, we now turn to a similar set of
problems, in which one of the summations is replaced by an
integration. Since a finite integral is itself a limit, whereas a
finite sum is not, this makes everything one degree more com-
plicated.

We first consider the term-by-term integration of a series over
a finite range.

1.71. A uniformly convergent series of continuous functions
may be integrated term by term; that is, if u,(x), uy(x),... are con-
tinwous, and Uy () () +-... = 8(2)

converges uniformly over (a, b), then
b

f u,(x) dx + fuz(.c) dx +...= | 8(x) dx.

a
Since s(z) is continuous (§ 1.14), it has a Riemann integral.
Also the sum of the first » terms of the integrated series is (with
our usual notation) b
f 8,(x) dx.

a
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We have therefore to prove that
b /]

f s, (x) de — J () d,
Gb a
or that f {s(x)—s,(x)} dr = 0.

But, given ¢, we can find n, such that

|8(z)-—s,(x)|-<
for n > ngy and all values of . Hence, by P.M. § 160, (7),
b \
j {s(x)—s,(x)} dx 1' < e(b—a),
a 1
and the result follows.
Examples. (i) If0<2 <1,
x xr

1 dt .
- - = - = - - x i ;2 Ry 2 e e
l()gl__x fl-—t f(l | ¢4 dt - xRt -t

1] 0

ey Qs 3 ad
(i1) Similarly, aretan® = &— o o =
. 1
142 de =2
(iii) Prove that J-log s 74"

0

[Use Abel’s continuity theorem.]

(1v) Show that, if » < 1, and n is a positive integer,
k4

Ji: 2:2 0—:— g4 72 OO n@ df — ar~. .
0

1.72. A series may be differentiated term by term if the dif-
ferentiated series is a uniformly convergent series of continuous
Junctions; that s, if

Uy (2) () .. = 8(2),
and the functions u,(x), Uy(x),... have continuous derivatives
u}(x),... such that the series
wy(x)+uy(x)+...

converges uniformly to f(x) in (a,b), then f(x) = s'(x) fora < x <b.

By the previous theorem, the second series may be integrated
term by term over (a,x), so that

{uy (@) —u (@)} +{uy(r) —ug(@)}+... = J‘ f() dt.
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But the left-hand side is also equal to s(x)—s(a). Hence

st@)—s(a) = [ f s

and, differentiating, the result follows, since f(x) is continuous.
Examples. (i) If |»| <1,
o k!
nrzkn(n—_— 1).--(”—]0—*— l)a"““-’ = (T—:.-l‘—)—;ﬁ.
(i) Ifs > 1, o
{'(8) = — X ntlogn.
n=2

1.73. A real power series may be integrated or differentiated
any number of times within the interval of convergence. That is
to say, the result of any number of formal term-by-term integra-
tions or differentiations is true, provided that we are inside the
interval of convergence.

Let the power series be

f@=3aa (| <BR)

We can integrate once, by uniform convergence (§ 1.21), and
obtain
t) dt = n+1 R).
ff() ;Hlx (lz|< R)
The interval of convergence, and so of uniform convergence, is
plainly at least as wide for this series as for the previous one,
and so the process may be repeated.
Term-by-term differentiation gives

[ (@) =3 na,z"1.
1
This series also is convergent for [z] < R. For, if 0<p <R,

|2, p"| < K. Hence
(|xl)w -1
N <£a ,
P \p

and hence the differentiated series is convergent for |z| << p, by
comparison with the convergent series

2 (&)= e

1
Hence the differentiated series is uniformly convergent over
any interval included in (— R, R), and so term-by-term dif-

[na, -] = nla, p*| .
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ferentiation is justified. The process can, of course, now be
repeated.

It follows in particular that a function represented by a power

series has derivatives of all orders.
It is also clear, since neither integration nor differentiation

can decrease the interval of convergence, and the two processes
are reciprocal, that neither can increase the interval.
o0
Example. The Maclaurin expansion of f(r) = ¥ a,z" in powers of
n=0

z is the original series.

1.74. If x i3 real, and
fle)= Z az"  (lz| < R),

then f(x-+h) may be expanded by Taylor’s theorem in powers of
h, provided that |x| < R and |h|< R—|z|.
The formal expansion is

fath) =S

m=0

m

()
'fm

>

3

where, by the previous theorem,
™) = 3 n(n—1)..(n—m-+1)a,xm™,
n=m

To prove that this actually holds, we write

fl@+-h)= z a,(x+h)" = Z 'Z ”(n—_l)..’.'(:!z—m_{_l)

n=0 n=0 m=0

— i i a, n(n—l)-..(n—m+l)x,.-mhm — i ::l_n;f(m)(x).

m!
m=0 n=m m=0

xn—mhm

L

We have to justify the inversion; and it is justified by absolute
convergence if

> lay1 >, 2O D gpuomippn — a1+ bl
n= m=0

m!

is convergent. This is true if |x|+ |k| < R, which proves the
theorem.

Notice that the interval of convergence obtained for the new
series extends just up to one end of the interval of convergence
of the original series. The actual interval of convergence may

D
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be no larger, e.g. in the case of
1
z) = = 14224244
f@) =—5=1+a*+al+

But it may in some cases extend further; e.g. if

1 o
f(x) = 1—_*_—% = l—x42a%—...
—_1\mm!
we have fon(z) = ((_1_:}_%::1 ,
and fG+h) = i (— Lym(§)m+1hm,
m=0

which is convergent for |h| <3.

It is impossible to give a satisfactory account of this pheno-
menon so fong as we consider real power series only, and we
must postpone further discussion until we have considered func-
tions of a complex variable.

1.75. Series which cannot be integrated term by term.
A simple example of such a series is obtained by putting

8, (x) = n2x(l—x)* o<zl

Then s(x) == 0 for all values of z, so that
1

f s(x) de = 0.
1 0
n2
But of 8, (x) de = W IDnT9) -1,

so that term-by-term integration gives an incorrect result. The
series is, of course, not uniformly convergent.

On the other hand, uniform convergence is not a necessary
condition for term-by-term integration. Some of the non-uni-
formly convergent series of § 1.3, e.g. those for which

1
0= L’
can be integrated term by term.

This leads us to consider more gencral classes of series which
can be integrated term by term.

1.76. Boundedly convergent series. A series

4y (@) ) +- .

18 said to be boundedly convergent in an interval (a,b), if it con-

8, (%) = nx(l—2x)",



INTEGRATION OF SERIES 41

verges for every value of x in the tnterval, and if there is a constant
M such that |s, ()| < M for all values of n and  (a < x <b).

It is clear that the sum of a boundedly convergent series is
bounded. So far we have no method of integrating bounded
functions in general, so boundedness by itself does not enable
us (at this stage) to integrate term by term. We have to com-
bine it with another condition.

We say that a series is uniformly convergent over (a,b), except
in the neighbourhood of the point c, if it is uniformly convergent
over the intervals (@,c—3), (c+9,b), however small § may be.
We can then justify term-by-term integration under the fol-
lowing conditions:

If the series is uniformly convergent over (a,b), except in the
neighbourhood of a finite number of points, and also boundedly
convergent over the whole interval, then it may be integrated term
by term over (a,b).

To prove this, it is sufficient to suppose that there is one
exceptional point, c. Suppose that |s,(z)| < M. Then |s(x)| < M
also. The integral of s(x) exists in the sense of § 1.5, and

b c—8 . b
[ @) —s, @)} dz | <| [ {s@)—s,(@)} dw|+| [ {s(@)—s,(@)} dz|+
a a c+d
c+8 c+38
-+ fs(x) dx |+ fssu(a;) dx]
c—d c—
) b v
< f + [ |+4801.
a c+8

We can choose 3 so small that the last term is less than a given
¢, for all n. Then, having fixed 3, the other terms tend to zero,
by uniform convergence. This proves the theorem.

Various extensions of the theorem are possible. It is not
necessary that the series should be uniformly convergent over
(@,c—38) and (c+38,b), if term-by-term integration over these
intervals can be justified in some other way. A more important
observation is that the theorem remains true if we insert in the
integral a factor ¢(x), which is integrable, but not necessarily
bounded. Suppose, for example, that ¢(z) is continuous over
(a,b) except at x=a, in the neighbourhood of which it is
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unbounded; and that b

[14(@)]d=

a

exists as an infinite integral. Then we may multiply the series
by $(x) and integrate term by term. For
atd

<2M [ 1$(2) da,

a+d

[ (s(@)—s,@)p(a) d

which can be made less than any given ¢, by choice of 3, for all
values of n; and the integral over (¢-+-3,b) may be dealt with
as before.

We observe finally that later, when we have developed the
theory of the Lebesgue integral, we can put all these theorems
into a much more satisfactory form. All the restrictions involv-
ing continuity and uniform convergence are only necessary
because of the limitations of the Riemann integral, and dis-
appear in the final form of the theorem.

Examples. (i) The series for which
1
() = 1ina’ 8y(x) = na(l—a)* (0 <z < 1),

are boundedly convergent.
(ii) Consider the series
sinz sin2x sin3x
s + 5
1 3
It follows from one of the general tests (see § 1.12, ex. (i)) that this
geries is uniformly convergent except in the neighbourhood of the points
z =0, +27, +4m,.... To show that it is boundedly convergent, and
to sum it, we use a more special method.
Since each term has the period 2m, it is sufficient to consider the

interval 0 <« < 2m. Here we write
x

x
8,(x) = J- (cost + cos 2t + ...+ cosnt) dt = fsm(rH—&)t — sin §¢ dt
0

2 sin ¢
0
xr x
[ sin(n+3) 1 1) _
= f T dt + J (-2 sin 3¢ Z)mn(n—{- tdt — o
0 0
(n+})x T
sinu 1 1\ .
— W du -+ f (2sin Y — E) sin(n - })t dt — 3.

0

o
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h
Now f §in “ du
u
0

is always positive, and has an absolute maximum at /i = 7 (P.M.§181,
exs. LXXVI, 9-10). Hence

1
[8a(x)] < f“n‘u du + f (25{;1 o E) dt +4m
(1] [1]

for 0 <z < m, i.e. the scries is boundedly convergent in this interval.
Since each term is odd, it is boundedly convergent in (—r, 0), and so,
by periodicity, in any interval.
To sum the series, let x be fixed, 0 < z < 27, and make n — 0. Then
(n+Hx b
T f R gy
n—n u U
)
exists (§ 1.5). Let us denote the value of this integral by I. Also

x

1 1) .
f(2si11§t—[) sin(n-- 1) dt
0

o 1 1\cos(nd L) 1 d 11 e
h (2 sin 4 ;r) nt+} + n+} | de\2sinye” ¢ cos(n+3)t dt,
0

which tends to zero on account of the factor n+} in the denominator
(the other factors being bounded). Hence, if s(x) is the sum,

s(x) = I—3x (0 <z < 2m).
But plainly s(z) = 0, so that I = 3. This gives at the same time the
sum of the series and the value of the infinite integral.

The reader should draw the graph of the sum of the series, noticing
its discontinuities at the points r = 0, 427, -;-4r,.... [See also Ch. XIII,
ex. 11.]

(in) Prove, without using integrals, that the above series is boundedly
convergent, using a method similar to that used in § 1.131.

(iv) Sum the series 1

Tz + 23 3 + 5 + .

by integrating the above series over (0, 7).
(v) Prove that

w0

cosnr w® mx 2

Z it 0<z<m).
n=1

1.77. Term-by-term integration when the integrals are

infinite. We now pass to the general case of term-by-term

integration over an infinite range, or of functions which become
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infinite in the range of integration. In cach case the results are
similar to those alrcady obtained for repeated serics. For con-
venience we state them as a single theorem.

Suppose that u,(x) > 0 for all values of n and x, and that

[(Sue)dz=3 [ up(e) dz (1)
for all values of ¢ less than b (or for all finite values of c). Then

b b

[{(Zue)dz=3 [ w,@) do )
(or [{(Zuabeldz =3 [ () do (2a)

in the second case), provided that either side of the resulting equation
18 convergent.

The proof is the same in the two cases. Let us take the case
of a finite interval (a,b).

Suppose that the series on the right of (2) is convergent, say

b
> f u,(x) de = 8.

Then, since «,(r) >0,

¢ I
f {3 u,@)}de=73 I u,(x)dz < S
o a

for all values of ¢ less than b. Hence (see P.M., 7th edition,
§185) the integral on the left of (2) exists. as an infinite
integral at b; and, if its value is 1, then I - S. On the other

hand,
h b

N ¥ N _
—_ y ; e * -
2}1! u,(x) dz -—af {% un(x)} dx < J {21' un(.v); dr-=1,
and, making N - co, we see that § < I. Hence in fact S=1.

A similar method may be used if the left-hand side of (2) or
(2a) is assumed to exist. The reader should write it out in detail.

As in the case of serics, we can omit our ‘positive’ condition
if we assume instead that one of the sides of (2) or (2a) is
‘absolutely convergent’, i.e. remains convergent if u,(x) is re-
placed by its modulus.
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The above results remain true for functions w,(x) which may
have either sign, or be complex, provided that either of

[(Z @z, 3 [ luy@)] de,

(or [ @ dz, 3 [ )l de

in the second case), is convergent.

It follows from the theorem already proved that the two con-
ditions are equivalent. We then obtain the result precisely as
in the case of double series. If u,(x) is real, we consider the
functions |u,(z)|+u,(x), each of which is positive. If u,(z) is
complex, say u%,(x) = o, (x)+18,(x), we consider the four func-
tions |u,,(x)| 4o, (%), |%,(x)|E£B.(x), each of which is positive.

1.78. Miscellaneous examples on term-by-term integration.

1

1
(i) Prove that J- log y de =1

0
by expanding in powers of z and integrating term by term. [Notice
that the series is not uniformly or even boundedly convergent in the
neighbourhood of z = 1.]
(ii)) We have

] o0 ©

f:’:__li de = f (T ar-lemdy =3 f xi-le=n= dy

0 0 0 -

— z n-* -’. y“le“’ dy = z n"I‘(s) = r(s)C(a)-
0

Justify this process (a) for ¢ > 1, (b) for s complex, R(s) > 1.
o0
(iii) Prove that J e~ cos bx dix =
0
by expanding cos bx in powers of 2. [The process is justified by absolute
convergence if R(a)> [b], though the result holds in a wider range
than this.]
(iv) Prove that, if p >0,

a
a*}-bt
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(v) Prove that, if p > 0,
1
xp-1 1 1
J‘md&: ——5 -—2—)7—1—}-... .
0

[Here the absolute convergence test fails. Integrate over (0, £), where
0 < ¢ <1, and use Abel’s theorem.]

00

. inh ax T amr
P that smhax L. T )
(vi) Prove tha fsinh e dx T tan % (0<a<b)
0

[On expanding in powers of e~%, we obtain the series

z___?il_ —
@n—1i—at’

For the summation of this we must refer to Chapter III.]

o0

.. hax T amr
h cosnax = =
(vii) Prove that J cosh bz dx 355 55 (0 <a<bd).
0

[The general test fails, but the integral can be evaluated by means of
(v) above.]

(viii) If u () = ae—"*—be-"* (0 < a < b), show that

3 [ufe) de # [ (Sufa)) da.
(1] [\]

‘ 11 _
[We have 26[ u, () dx = Z (1—1 — ﬁ) 0,
a b )
but j (S u (o)) do - [ (eu - é.,,;jl.) dz >0,
0 0

since the integrand is positive for all values of x, u/(e*—1) being a
steadily decreasing function of u.
It is easy to prove directly that
oy
zJ [ ()] de

0
is divergent.]

(ix) Consider the integral

o0
f e~ sin 2t cosax da.
)

Here we shall anticipate for a moment some of the results of Chapter III.
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If we expand cos ax in powers of z and integrate term by term, we obtain

o0

o
Z(—7 2171%1‘ J. e—tsinztu dr,
n=0 ’ 0

every term of which is zero (§3.125). But the given integral is not
identically zero (see § 3.13).
The test of § 1.77 fails; for the integral obtained by replacing u(x)
by |u,(2)| is @
J- e~ |sin 2t|cosh ax dz,
0
which is divergent.
1.79. As a final example of term-by-term integration under
special conditions, we prove the following theorem:

The power series > a,x", supposed convergent for x > 0, may
n=0

be multiplied by e~ and integrated term by term over (0, c0), pro-
vided only that the resulting series is convergent.*
The formula is

ao ao S ®© ©

- — —_ U
fe ’{ > a,,:r"} de=3Y a, J e*x"dr= Y a,n!,
0 n=0 n=0 4 n=0

and we have to justify the inversion on the assumption that

> a,n! is convergent.
Puta,n! =b,, so that } b, is convergent. Then b, is bounded,

|b,|< B, say, and
bz
n'

< BX" 0<z<X)

Hence Y b,x"/n! is uniformly convergent over (0, X), and we
may multiply by e-* and integrate term by term over this
range. Thus

0

X o
'fe - Z:, x"}dx: Z_L': ( e~Trm dx. (1)

We are given that

* Hardy, (1), (6).
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is convergent. Hence (1) may be written

X
= b, b
-z n n e—Txn
fe {Z o } n_o Zn'f " dx, (2)
0 n=0 n=0
and it remains to be proved that the last term tends to zero
as X - oo. Now

f ez dx = e~ X{ X" nXn-14 . +nl},

X
so that the series in question is

e-X Z b, Z 3)

Letr,=>b,,s0 that r, > 0 as » > c0. Then b, =7,—7,,,, and

HQZX”

m= Om

II

A7
mﬂ@+X+ +5)

The last term tends to zero as N — oo, for any X, so that, making
N - o0, (3) takes the form

The result now easily follows. Given any positive €, we can find
N so that |r,| <<e for » > N. Then, since |r,| < A for all
values of n,

and, having fixed N, we can choose X so large that the first
term also is less than ¢. Hence the result.

1.8. Repeated integrals. A repeated integral is one degree
more complicated than a series of integrals. Even if the limits
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of each integration are finite, a repeated limit is involved, and
its inversion requires justification. If the limits of each integral
are infinite, four successive limiting operations are involved.

1.81. We consider first continuous functions and finite limits.
If f(x,y) 18 a continuous function of x and y in the rectangle
a<r<h a<y<p, then

b B B b
f dx ff(x, y) dy = f dy ff(x, y) da.

Since f(x,y) is continuous, the integral

B
F(@)= [ fz,y) dy

is a continuous function of x (§ 1.52). We can therefore integrate
it over (a,b). The result is the left-hand side of the equation.
Similarly the right-hand side has a meaning.

To prove that the two sides are equal, divide up the ranges
of integration by points z, and y, (a ==y, b==,, a=y,,
B=1y,), such that z, ,,—z, <3, y,,,—y, <3, for all values of
p and v. Let m, ,, M, , be the lower and upper bounds of
f(z,y) in the rectangle (v,,%,.,;¥,,%,+,). Thenfory, <y<y,,

Zu+1
My @uir—2) < [ f@,y) do < M, (@, 0—3,),
Tu
and hence, integrating with respect to y, v
Yv+l  Tuti
My @uir—T ) Gn—3) < [ dy [ flz,y) dz
144 T
< Mp..v(xp+1'—'m,;)(yv+1—yv)'
Summing with respect to p and v, we have

B
3 3 My @i —2) U~ < [ dy [ f(,9) do

< E Z ‘Zk[p.,v(xp.+1_xp)(yv+l_‘yv)'
The same inequalities are also satisfied by the other repeated

integral. Also, when 8 - 0, the difference between the extreme
terms of the inequality tends to zero; for we can choose 3 so
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small that the maximum value of M, ,—m, , is less than any
given €; and then

Z Z (Mp v p. v)(rp,+1 )(Jv+1—yv)
< € z z (xy.+1 (yv+1 yv) = G(b—a)(ﬁ—

Hence the two repeated mtegrals are equal.

1.82. Extension to discontinuous functions. Suppose
next that the rectangle is crossed by a continuous monotonic
curve y = ¢(z), or & = Y(y), from z = a to x =c; and let f(x,y)
be bounded, and continuous except on this curve. Then the
repeated integrals still exist and are equal.

In the first place, the function F(x) is still continuous. For

ifa<z<e,
¢(x)
Fla)= ff(x y)dy + j f(w,y) dy = Fy(x)+ Fya),
$(x)
say; and
(x) d@ | h)

F@+h)—F(x) = j fethy)—f@yldy + [ fat+hy)dy,
é(x)
which plainly tends to zero with k. Hence F(x) is continuous,
and similarly F,(z) is continuous. Hence the first repeated
integral exists, and, similarly, so does the second one.
To prove that they are equal, consider the strip
$(@)—n <y <)+,

and suppose for simplicity that ¢(z) is steadily increasing. Con-
struct rectangles (2,,%,.1;¥,,¥,4+1) With sides less than §, as
before. Then the area of those rectangles between z, and z,,,,
which contain any point of the strip is less than

(xy+1“xp)[{‘l’(xy+1)+’7} {$(= ) n}-+23)
< 8{¢(xp.+l ¢(x }+ /,L‘rl - )( 1]+‘)8)
the total area of such rectangles is therefore less than
8(B--)+(b—a)(29+29).

Hence, if 3, denotes a summation over these rectangles, and
@yl <M,
2 (M= )T = 2 Y s1—Y,)
< 2M(5(B—a) +(27-+28)(b—a)},
which can be made arbitrarily small by choice of 5 and 3.
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Finally, since f(x,y) is continuous in each of the remaining
regions, we can choose 8 so small that

max(M, ,—m, ,)<e

in the remaining rectangles. The result now follows as before.

We can, of course, now extend the result to functions which
have any finite number of discontinuities of the above type. In
particular, the result holds for an integral taken over a non-
rectangular region bounded by curves of the above type; for
this can be considered as an integral over a rectangle, the func-
tion being continuous in a limited part of it and zero elsewhere.

Notice finally the following inequality. Suppose that f(z,y)
is continuous, and |f(z,y)| < M, in a region of the above type,
and that f(z,y) = 0 elsewhere. Let F(x,y) = M in the region,
and F(z,y)= 0 elsewhere. Then

'
| dy f f@,y) da

The reader should have no difficulty in deducing this from the
above analysis. .

< fﬂdy fh F(z,y) dx.

1.83. Change of variables in a repeated integral. The
formula by which the variables in a repeated integral are
changed may be obtained as follows. Consider the integral

[ dy [ fla.y) d=
over a given region, and let
x = ¢(u,v), y = P(u,v).
Suppose that these functions are such that, if y is constant, z is

a monotonic differentiable function of u. If we transform the
integral with respect to = into one with respect to u, we obtain

f f,y) dz = f 7% du.
dx _ap o ov 0 Hov
T waw O e
so that{ dx_(@g&&/; 64:&/1)/2_31;:3((#,;/;) %

———————— o &u,v)] ov

But*

du ouov ovou

* See .M. § 153.
+ For the Jacobian notation see I.M. ch. VII, ex. 20.



52 INFINITE SERIES, PRODUCTS, AND INTEGRALS
Hence the repeated integral becomes

Jon [ 15l o= [ e [ e

if the order of mtegratlon may be inverted. Finally, expressing
y as a function of v (for a fixed %), and assuming that it is
monotonic, we have

dy o

dv o’
and the integral becomes

(¢, ¢)
f du f F(u, v)a(m d
where F(u,v) = f{¢(u,v), Y(u, v)}.

The process is valid if, for example, the integrand at every
stage is a continuous function, and the region is bounded by
monotonic curves as in § 1.82. Some care is needed in verifying
this in particular cases. Consider, for example, the integral

a V(a*-y')

I=[dy [ fy)da,

where f(x,y) is continuous, and transform to polar coordinates
(r,0) given by x = rcos 6, y = rsin 6. Transforming first to (r,y),
we have x = ,/(r2—y?), and
dx r
dr — \J(r*—y?)’
which becomes infinite at r =y. To avoid this difficulty, con-
sider instead the integral
V(@-8) V(a=y)
I5= ( dy f flx,y) dx,
0 ]
where 0<<8< a. Transforming first to (r,y), then to (r,0), in
the above manner, we obtain
a arccos(d/r)
Iy= f rdr f f(rcos @, rsin6) d6.
b 0
Now let 8 — 0. Then 75— I, and the last integral tends to
a i
f rdr f f(r cos 6, 7sin 6) d.
0

0
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Each of these statements is readily proved by means of the
inequality noticed at the end of § 1.82,
For the general theory of these transformations sce Goursat’s
Cours d’ Analyse, t. 1, ch. 6.

1.84. Repeated integrals, one range being infinite. The
most important theorem here is the analogue of the theorem on
term-by-term integration of a uniformly convergent series.

Suppose that

v B B b
[ dx [ fy) dy= [ dy [ flz.y) da

for all values of b greater than a, and that

[ flz,9) da
18 uniformly convergent in the range o <y << B. Then
® B B =
[dz [ fay) dy= [ dy | flxy) dx.
- n
For [ fla,y) dz = s,(4) > s(9)

uniformly in («, 8). Hence, using the result for sequences,

. B B n
[dz [ f@y) dy = [ dy [ fiz,y) d=

a a v

B B B
—_ f 8,(y) dy — f s(y) dy = f dy ff(:c, y) dx,

the required result.

A similar theorem holds for infinite integrals of the second
kind.

The same results also hold if the integral is not uniformly
convergent in the neighbourhood of certain points, but is
boundedly convergent. In fact the same proof holds under these

conditions.

1.85. Repeated infinite integrals. The following theorem
is the analogue for repeated integrals of the theorems of § 1.62
and § 1.77 for double series and series of integrals.
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Suppose that f(x,y) is positive, and that

¢ B B«

[ dw [ fey) dy= [ dy | fix,9) do (1)
for all values of ¢ less than b, and that

b Y Y b

[ de [ f@y) dy = | dy [ f@,y) de (2)
for all values of y less than B. Then

b B B b

J dx f flx,y) dy = J dy f J(x,y) dx, 3)

a o s 3 a

provided that either side of this equation s convergent.
The theorem 1is still true if one or both of b and B is replaced
by infinity.
Take, for example, the case of two finite intervals, and suppose
that the left-hand side of (3) exists. Since f(z,y) >0
4 3
[fepdy<[feydy («<y<p),

a

and hence
y b b y b B
f dy [f(x, y) dx = [ dx ff(.r, y) dy < f dz | f(x,y) dy.

Making y - B, we see that the right-hand side of (3) exists,
and that

f b b B
[y [ f@y) de < [ do [ fla,y) dy.

The same process may now be reversed, and it yields the
reversed inequality. Hence the two sides are equal.

The same proof holds if b, or B, or both of them, are infinite.

Though the actual proof is simple, we have, of course, made
rather far-reaching assumptions; and, in applying the theorem,
we have to justify (1) and (2) on other grounds, for example, by
uniform convergence. This is made necessary by the limitations
of the Riemann integral; for from the mere fact that

fﬁ dy fcf(x, y) dx

[¢3
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is bounded as ¢—+ b, we cannot deduce that

b
[f@yyde o

is integrable in Riemann’s sense. When we come to the
Lebesgue integral, we shall see that difficulties of this kind
disappear.

T'he theorem remains true for functions f(x,y) which may have
either sign, or be complex, provided that either of the integrals

b B B b
[do [ 1fepldy,  [dy [ /@)

a a
18 convergent.

The extension is made as in the case of series. If f(x,y) is
real, we consider the functions |f(z,y)|+ f(z,y), and if f(z,y)
is complex, we consider | f(z, %) 4- Rf(x, y), |fx |-t Lf(a, ).

1.86. The Gamma-function. The function

I{x) = ftr le-t 4t (1)

0

is, as we have alrcady observed (8§ 1.51, 1.52), continuous for
R(x) > 0. We are now in a position to investigate its properties
more fully. We shall suppose throughout this section and the
following one that x and y are real, leaving it to the reader to
consider how far the results are true for (’umple\ values of the
variables.

If z > 1, we may integrate by parts, and obtain

(@) = [ 1ot 4 (a—1) [ tr=2e~t dt.
0
The integrated terms vanish, and we have

@) ~= (x—1)"(x—1) (x >1). (2)

Since I'(1) = ( e~ dt == 1, repeated application of (2) gives
0
'(n) = (n—1)! 3)
if n is a positive integer. Thus I'(x) may be regarded as a
generalization of a factorial.
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Now consider the product

F@)0Dy) = [ #=etdt [wrlewdu  (@>0,y>0).
0 0

We may regard this as a repeated integral. Putting u = tv, and
inverting the order of integration, we have, formally,

Nx)'(y) = f tr-1le~t dt f tvov-le—v dy
0

o1 dy f f+u-le-H1+v) g

wrty-lg-w
_fwlwf vle duw

(l-f— v)-ﬂ'i'u
= I(z+y) f K
(14-v)=+¥
Hence ((wig;/) = $(, ) (x>0, y>0), (4)
where - o
-1
$(x,y) = (1"3:1-/6)7‘;5/ dv=2 f (cos 6)22-1(sin 6)2v-1 4
0 0

1
= f Az-1(1—A)v-1 dA.
0

The difficulty of the proof lies in the inversion of the repeated
integral w  w
fa [ erwrsrgin o,

0 0

Since each integral is infinite at each limit if the indices of ¢ and
v are negative, this requires several applications of the theorem
of § 1.85. It is easily seen that the ¢- and v-integrals are both
uniformly convergent over any finite range which excludes the
origin. Hence the integrals over (0,7;v,, V) and (¢, 7";0,V)
may be inverted if ¢, > 0, v, > 0. Hence, the integrand being
positive, the integral over (0,7';0, V) may be inverted. Since
also the integral over (¢,, 7'; 0, c0) may be inverted by uniform
convergence, it follows that the integral over (0, 7';0, c0) may
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be inverted. Similarly the integral over (0,00;0,V) may be
inverted. Hence, finally the whole integral may be inverted.
Again, putting # =y = } in (4), we have

3
{Pa@y=2r() [df =,
0

or, since I'(}) is plainly positive,

'(4) = V. (5)
Next, putting y =« in (4),
LGP (a1 ayetdr— 2 [ ar1]—yye
s = OfA 1(1—2) ld)\_.zofa 1(1—A)=-1 d,

Putting A = }—}Vu, so that A(1—A) = }—}u, this gives
L'@)'(3)
-1 —} — )= ~ir — A
OJ& )=t dp = zlzzf(l —p it dp = ot
Hence we obtain the ‘duphcatxon formula’
P(22)T(3) == 2210 (@) D+ ). (6)

1.87. Asymptotic behaviour of I'(x) as x > co. Consider
first the case where x is an integer, n say, so that I'(x) = (n—1)!.
We use the well-known method of comparing a sum ¥ ¢(n) with
the corresponding integral [ ¢(¢) d¢. We have

log{(n—1)!} :nflog v.

vt

Now f logt dt = j {log(v+1) + log(v—1)} p
= J {10gv2+ log(l—t—;)} dt=logv+ C,,
V
0
say, where clearly C, = O (1/»?). Hence

n—i

log I'(n) = log{(n—1)!} = f logt dt — z c,

= (n—Plog(n—1})—(n—1)—}log 3+ } — z C,40(1)
= (n—4)logn—n-+C+o(1), (1)
where C is a constant.,
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We can extend this result to non-integral values of z by
means of the following lemma.

LevMMmA. If a i3 constant, as x —> oo,

I'(x) -a
Ix+a) T (2)
Suppose that @ > 1. Then
PEC@ _ F iyt gh s [ (1—e-tyectes
Ieta) —b[(l~—/\) 1 1«1)\_.(!(1--6 tya-1g-st

o0 o0

= ’.ta—lc~.rl dt — f{t"—1~(1~e")“"1}c”‘ dt.

0 0

The first integral is I'(e)x~¢, and the second is O(x~*-1). For
1—et<t (t>0), l—et>¢—-182 (0<t<<l).

Hence the second integral is positive, and less than

1 7
[ —1pe-tye-te-at gt - [ gn-te=t a
0 1 ! £
<K J. tie—rt dt - _’ tte—rt dt << Kol
0 1
where K depends on a only. This proves the lemma for « >- 1.
The result for other values of a then follows from 1.86 (2).
If now z is not an integer, let 2 = n-a, where = is an integer
and 0 <a <1. Then
log I'(z) = log I'(n+a) = log I'(n) | alogn + o (1)
= (n—})logn — n-+-C+alogn + o(1)
== (x—a—})log(x—a)—r+a+C+Halog(x—a)+ o(1)
= (x—4)logx —x+C+o0(1), (3)
the required result.
To find the value of C, we use the duplication formula 1.86 (6).
Taking logarithms and using (3), we have
(22— })log 22 — 22+ C+log v + o (1)
= (2z—1)log 2 4 (r—1})logz + zlog(x+})— 22—} +2C+o0 (1),
and equating the constant terms, we obtain
C =log \/(2m).
Hence finally P(z) = g7-te-z
(2) = a7-de==(2m){ 140 (1)}. (4)
This result is known as Stirling’s theorem.
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1.88. Differentiation of integrals. The two following
theorems cover most of the cases that are ordinarily met with.

If f(x,y) and % are continuous in the rectangle a <x < b,
Yo—1 =Y <Yo+n (9 >0), then

b b
d of
ad —|ZLa 1
@Jmmm wa M
for y=y,.
4 of
Let ¢y) = | f,y)dz,  g(z,y)= oy

Then 'éﬁ?!o%k]);fé(yq):% f {flz, yo-+ ) —f(, yo)} da

b
= ‘ 9(z, yo+0k) dz,
whele 0 < 6 < 1. Since g(x,¥) is uniformly continuous, we have,
as in § 1.52, 5 b
lim J g(x, Yo +0k) dx == J g(x,y,) dz,
k—0 " a
the required result.
If the equation (1) is true for all values of b greater than a, and
if the integral o
j fdax
a

-

18 convergent, and j of dr
%y

a

s uniformly convergent in the interval (yo—mn,yo+7), then

d o0 - 0 af
-Jz;ff(x,y)dp J-ggdx

We can deduce this from the corresponding theorem for
series (§ 1.72). For let

at+n

[ f@y)dz=u,y).

ain—1
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Then f fle,y) de=3 u,(y),
and, by the previous theorem,
Qf a+n i at+n d
"
f =3 [ L3 2o | fey) e =3 L uo)
a+n—1 a+n—1

The result now follows at once from the theorem for series.

MISCELLANEOUS EXAMPLES

1. Consider the uniform convergence of the series

o b o Qo
5 1 1 1
Ly xdtbnt Z xin?’ Z vt —n?’
n=1 n=1 n=1
el .
sin nx
and = (@ > 0).
2 oo )
n=1

n=1 n-=1
(i) for z real and positive, (ii) for general complex values of z.
3. Consider the uniform convergence of the integrals

[} @ -]

dx
b j e~ g, f cosh zy e~ d..
0 0 0
4. Consider the uniform convergence of the integral
a0
qlnzxy dx.
0

Evaluate the integral by differentiating with respect to y.
5. The Bessel function J,(z) is defined for » > —1 by the series

o (_f_l)l(%z)v+2”
nT(v+n+1)°
n=0

Prove that, if v > —14, i
Ji(2) =

Jy(z) =

cos(zcosf)sin?vf d,

zv
21T+ HIH) f
[
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and that, if p> —1,v> —1,

Jurwa(2) = 2,,1-.( +1 ) f Jyu(zsin §) sink+10 cos?+16 df.

6. Prove that

o0
0<b N
of o Jy(bx) dx = Jie "H)‘) (W<b<a)
{ 1
and that J. e~ Jy(xr) dx —= 73
0
=]
7. Provoe that J. J(at)e it dt = §aT1 et
8. Prove that
® X e
sinna sinnr
5 [ [ (S«
n*x
n=1g n=1

9. Show that the repeated integrals

“”f(:rw)‘ Y j‘ f<x+y)' Y

J dx [\(I"‘—ljﬁ)-é dy, ’ de((lr‘W—bc‘m) dy,
11 ) o 1

are not equal to the integrals obtained by inverting the order of in-
tegration.

00 "
10. Prove that J.e“"cos 2ry dx = Nme~ v
0
(i) by expanding cos 2z in powers of x and integrating term by term,
and (ii) by proving that the integral satisfies the differential equation

(4
o eyl
dy vl
o0
sinx
11. If $ly) = fr(aa Zﬁ) dx,
0
prove that " (y)--ap(y)

is a constant, and hence that

$y) = 5 (1—e ™) (y>0).
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12. Deduce from the previous example the values of the integrals

© LY

coszy zsin:cy
[ [
0 0
L]
e ~brpe-1
13. If $(p; 3,0, b) = T(P)J (@ oz

0
where a, b, p, and q are positive, prove that

¢(p’ q,a,b) = ¢(qn »,b, a).

o0

14, If Ply) = .[ e—A- 2 iy,
0
prove that P(y) = IVme~ ¥ (y>0)

(i) by proving that J’(y) = —2y(y), and (ii) by means of the subr.titi-
tion w = x—y/x.
15. Show that the repeated integral

o0 o0
fdzfcos2mr.ye—"“*"’ dy
o 0

may be inverted; and hence deduce the value of the first integral of
exampile 12 {rom those of examples 10 and 14.
16. Prove that if A>> 0, >0,
© E) L 134
f e-2r2A-1dy j e Yyu-ldy = J' e-rr2dtip-1dy f cos?A-10sin?r-19 df,
0 0 0 0
and hence obtain another proof of the formulae of § 1.86.
17. Show that, in the repeated integral
o -]
fsinaz dz ff(y)e"' dy,
0 0
the order of integration may be inverted if the integrals

1 ")
f |f(»)| dy, J |f)ly-2dy
0 1

are convergent. Hence show that

w0 00

sinux _ Jo(y)
[ diae=a f @y

] 0

X ©
[The integral [sinax dx j f(y)e-dy may be inverted, since the
£ 0
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y-intogral is uniformly convergent for 0 <§ v < X. Hence it is
sufficient to prove that the integruls

o0 w0 @0
fj(y) dy jsin axe @ dx, ff(y) dy fsin axe~ dx
0 0 0 X

tend to zero as £ — 0 and X — co. Since [sinax| < az, the modulus of
the former does not exceed

L

¢ 'Y ¢ ® )
f |f(»)] dy f‘we"’ de < aJ |f(y)] dy fx dz +a f [ fi)] dy fxe"' dx
0

0 0 0 0 ¥
! 2
= yag? [ 1) dy -+ [ |ftlu-
0 )y

which can be made arbitrarily small by choosing first ¥ and then £.
The modulus of the latter integral is

[}

J[slllﬂ\. + acnqu\ ) o f
‘J L J [f()le=""dy,
0
which temlb to zero.]
18. [fa>0,8>0,
xr .
[ et —ypora - ‘;‘(“g’ TR

"
19. fa:-0,8>0,and A <yord >z,

- AR C(atB) fe—ABy—Al

f (=t l—yf-t | T@U(B) @y

[Consider the general linear transformation of the interval (y, ) into
itself, and use the previous example.]

20. Prove that if ¢ > b > 0, c—a—b > 0,

1 1
i ala+1)..(a+n—1) n-1(] —p)e-b-1dt = J‘ =11 —t)e-0-b-1 dt,
0

n!
n-0 0

Deduce that

T g...(a+n~1b..(b+n—1) T(c)'(c—a— —b)
Z nle..(c+n—1) I‘(c—a)I‘(c —b)

n=0



CHATPTER I1
ANALYTIC FUNCTIONS

2.1. Functions of a complex variable. It is just as easy
to construct a function of a complex variable z =2x-}-1y as it
is to construct a function of a real variable . Any finite or
infinite convergent expression involving z gives such a function.
For example, 22, 1/z, e? are functions of the complex variable z.
The reader of Hardy’s Pure Mathematics is already familiar
with many such functions.

Throughout this chapter and the next all functions are sup-
posed to be one-valued in the region in which they are defined.

Our first task is to give a general definition which will be
appropriate to all such functions.

We might say that w is a function of 2z if to every value of
z in a certain region corresponds one or more values of w. This
is modelled on the usual definition of a function of a real
variable. It is perfectly legitimate, but, as is explained in
Hardy’s Pure Mathematics, it is futile because it is too wide.
It makes a function of the complex variable z exactly the same
thing as a complex function

w(@,y)+iv(x, y)
of two real variables « and y. Of course this is not what we
meant when we began to speak of functions of a complex
variable.

Our method of procedure is to assign various properties to
our function which appear to be desirable, and to see whether
any such properties distinguish between what we feel to be
‘proper’ and ‘improper’ functions of z.

2.11. Continuity. Let f(z) be a function of z defined in the
above way. It s said to be continuous at the point z =z, if,
given any positive number e, we can find a number & such that

[f(2)—fzo)| <€
provided that |z—z,| < 8.

This is quite satisfactory as far as it goes, but it does not go
very far. A continuous function of z is merely a continuous
complex function of the two variables « and y. For if

f(z) = ulz,y)+iv(z, y),
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and 2z, = z+1y,, then

w2, y)—u(zq, Yo)| < | f(2)—f(2o)| <€
if |[z—zy| < 8, which is true if

| B b
[x—x,| <:/_2’ [y—¥ol <:/—é'

Hence u(x,y) is continuous, and so is v(r,y). Conversely, if
and v are continuous, so is f(z).

2.12. Differentiability. From the class of continuous com-
plex functions, we next select those which can be differentiated.
The meaning of this term for complex functions must now be
defined.

Following the suggestion of real differcntial calculus, we write

e
T—>%

f(z) == i/ (zl:z (()z(,)’
and we say that f(z) is differentiable if the limit on the right
exists. The limit is called the derivative or differential co-
efficient of f(2). Asin the definition of continuity, the approach
of z to its limit z, can take place in all possible ways. More pre-
cisely, we interpret the above formula as meaning that, given

any positive number €, we can find a number § such that

() SO )

< €
z—2,
provided that 0 < |z—z,| < 3. Thus we assert that, along
whatever path z approaches z,, the ratio ’
J&)—f(z)
z2—2,

always tends to a limit, and that all the limiting values are the
same. Our requirements are therefore somewhat exacting.
This property of differentiability is, however, one which be-
longs to many familiar functions. A constant is differentiable.
A positive integral power of z is differentiable; for the familiar
proof for 2™ applies word for word to the case of z*. Similarly,
the sum or product of two (or any finite number) of differentiable
functions is differentiable; and the quotient of two differentiable
functions is differentiable provided that the denominator does
not vanish. Finally, a differentiable function of a differentiable
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function is differentiable. All these theorems are proved in the
same way for functions of z as for functions of z.

For example, any rational function of z is differentiable for
all values of z, other than zeros of its denominator.

2.13. We now naturally ask whether this property of dif-
ferentiability corresponds to a simple property of the functions
%(x, y) and v(z, y) which are the real and imaginary parts of f(z).

Suppose first that z—z, is purely real, so that

2o == Xy+1Y,, 2z ==z,

Then
)= flz) | A yo) +-10(2 o)} — {2, Yo) +i0(0, Yo)}
22, T—-a,
= U Yo) =T Yo) 4 2(E, Yo) —V(To, Yo)
T—xy x—x, ’

If this tends to a limit as « —»> x,, then its real and imaginary
parts separately tend to limits. But this means simply that the
partial differential coefficients

ox’ ox
exist at the point (z,7,). Also
ou . .oV
"(20) = | — 45— 1
£'(zo) (aw+zax)x__w% (1)

Similarly, if we take z—z, to be purely imaginary, say

20 = Lo+1Yq, 2 =z,

we obtain
J@)—f(zo) _ {u(zo, y)+10(20, )} —{u(@o, Yo) 1 10(%o: %o)}
z—2y Y—1Y,
_ V% ) —v(%o, Yo) _; U%o, Y)— %o, Yo)
Y—Yo Y—Y%
Hence the partial differential coefficients
o o
oy’ oy

exist at the point (,,y,); and

760~ (&%) rne @
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Further, on comparing (1) and (2), and cquating real and
imaginary parts, we see that

ggzj__;;, Z—Z:—.—Z—;‘ (2 == g, ¥ = 9. 3)

We now see that the results of assuming differentiability are
much more far-reaching than those of assuming continuity. Not
only do the functions u(z,y), v(z,y) possess partial differential
coefficients of the first order, but they are connected by the
differential equations (3). These are called the Cauchy-Riemann
cquatious.

Thus, even if 4 and » are functions of x and y with partial
differential coefficients of the first order, u--iv will not in
general be a differentiable function of 2.

Examples. (i) Let f(z) -~ R(z) = 2. Then

bu g, v

a7 & T T oy
The partial differential coefficients all exist, but the Cauchy-Riemann
equations are not satisfied for any value of z.

(ii) Let f(2) = |z|* = 2*-4-9% Then
u ‘u v A
w570 =0
The Cauchy-Riemann equations are satisfied at the point z = ( only.

2.14. Analytic functions. Since the property which we
have been discussing goes far beyond what we ordinarily think
of as differentiability, we give it a special name. A function
which is differentiable in this sense is said to be analylic.

The property of bemg analytic is in fact the dlstmguwhnw
property for ‘proper’ functions of a complex variable for which
we have been seeking.

We have seen that the truth of the Cauchy-Riemann cqua-
tions is a necessary condition for the function to be analytic.
But it is not a sufficient condition. This is perhaps to be
expected, since we obtained the equations as particular cases
only of the general property of differentiability.

Consider, for example, the function

J) = |lzy|.

This vanishes on both axes, so that at z = 0
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and the Cauchy-Riemann equations are satisfied. But f(z) is
not differentiable at z = 0. For
f@) _ Jleyl
z  xty’

and, if x = ar, y = Br, where o and B are constants, this tends to

Ve8|

a+18
as r - 0. The limit is therefore not unique, and so the function
is not analytic.

This example shows that f(z) may not be analytic if we merely

know that @) —fe)}l(z—2)
tends to a limit along two straight lines at right angles. Actually

the definition fails if we restrict ourselves to any special class of
paths. Consider, for example, the function

) ="LEEW o s0), f0)

Ly 0.

f

Then it is easily seen that

lim{f(z) —f(0)}/z =0

as z — 0 along any straight line. But, on the curve « == 2,

f&—fO) . ¥t 1

2 Yty 2
Hence f(2) is not analytic at z = 0.

2.15. Suppose, however, that the four partial derivatives of the
first order exist throughout a region, and are continuous at all
points of the reqgion. Then the truth of the Cauchy- Riemann equa-
tions 18 a necessary and sufficient condition for f(z) to be analytic
throughout the region.

We have seen already that the condition is necessary. To
prove that it is sufficient, we use the mean-value theorem for
functions of two variables (P.J. § 154). Consider a point (x,y)
of the region, and a neighbouring point (x+-8x,y+8y). Then

du = u(z+dz, y+dy) —u(x,y)
ou ou
= (554“) dx + (5&'}' ”’I) 3y,
where € and 7 tend to zero with 8z and 8y. Similarly
ov , v ,
Sv = (55+e )8:1:—{—(5?;-}-77 )Sy.
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Hence, using the Cauchy-Riemann equations,

. ou  .ov .
Su-4-16v = ((’)_i_i—zé;) (dx+18y)+p,

where lol < (lel+ € Doz +(Im|+I']) 18yl
Hence
J@+082)—f(2) _du+tidv__ou  .ow p
" me—}—iSy a:r:_*_Z +8z+¢5_/
and lo/(Bx-+idy)| < |e|+4-[€'|+In]+In'| - 0.

Hence f(z) is analytic.

2.16. A power series represents an analytic function inside its
circle of convergence.

We shall see later that this is merely a particular case of
a general theorem on series which represent analytic functions.
But the following direct proof may be inserted at this point. Let

fe&) =3 dz"

be convergent for {z] < R. Then, if p< R, a,p" is bounded,
say |a, p"| < K. Let o
g(z) = z na,z""1,

n—1

Then if |z| <p and |z|+ k]| <p,
JEAW—fE) Z” [(eFhy—z _mn_l}'

h =, h
Now
(l—t{&})b"—"" nan- E L ’""2}I+ +hn—-1
l !
<M e+ —th"'l-—(IZH-VIL]L)IH—IZIn—n[zI"‘l.
Hence
f(2+h)—f (2] 1h))"— |2|" a
e g(z)n(I\Z (R gy}
_xl L P P r
_K{lhl(P—lzl—lhl P—lzl) (p—121)%}

_ Kplh| ’
(p—lzl—IR|)p—I2])?
which tends to zero with 2. Hence f(z) has the derivative g(z).
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2.17. Functions analytic in a region. A function is said
to be analytic in a region if it is analytic at all points of the
region. Henceforth we always consider functions which are
analytic in @ region. No particular interest attaches to the fact
that a function (like |z|?) happens to be analytic at certain
points, or even on a certain curve. 1t is when it is analytic in
a region that interesting consequences follow.

Examples. (i) The function

2 ~3
log(l42) =z— 4= —..,
g(1+2) 3T3
is analytic for [z| < 1.
(i1) The functions

0
er = Z ;zl_!’ cosz = (e +e%), sinz = ’2113((3“—("")9

n=0

are analytic for all finite values of z.
(ii1) The tunction
f2)=e*" (2£0), f(0) =0

is analytic for all finite values of z, except z = 0. At the point z = 0,
the Cauchy-Riemann equations are satistied ; for at z = 0

-zt

u . e ¢ .
,—shmf---ro, ;B:hm(—]:n,
(T zwp T &r g
cu -y % .0
i—:lung__- -0, ,(/_v:hm_:o,
Y yo Y %y y—oY

so that ,aﬁ=§-lj, %——,a—v.

ér oy ay ox

In spite of this, f(z) is not analytic at z == 0. For suppose that z = retim,

Thell f(z) — exp{__ (reil"rr)—l} == (’zv—d’

which tends to infinity as » — 0.

2.2. The complex differential calculus. The reader might
expect that we should now proceed after the manner of the real
differential calculus. There, having distinguished the special
class of differentiable functions, we next consider the still more
special class of functions which have a second differential co-
efficient. Some of these functions have differential cocfficients
of the third order, and so on. Finally, from among functions
which have differential coefficients of all orders, we pick out
those which can be expanded in a power series by Taylor’s
theorem,
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There is no such process of successive specialization for
analytic functions of a complex variable. A function which is
analytic in a region has differential coefficients of all orders at
all points of the region, and the function can be expanded in

a power series, after the manner of Taylor’s theorem, about any
point of the region.

All these facts follow from the definition of an analytic func-
tion by means of its first differential coefficient.

The reader would perhaps expect us to begin by proving that
an analytic function has a second differential coefficient. We
are unable to do this.

The results have of course been proved, or we should not have
been able to announce what they were. But they have never
been proved directly. They all depend on the complex integral
calculus, and it is to this that we must now turn.

2.3. Complex integration. The reader of Hardy’s Pure
Mathematics should know what a complex integral is (P.M.

§ 222). We shall, however, introduce the subject in a slightly
different way.

Let 4B be an arc C of a curve defined by the equations
- ¢(t)’ Yy= l/’(t)’

where ¢ and ¢ are functions of ¢ with continuous differential
coefficients ¢'() and ¢/(t), and suppose that, as ¢ varies from ¢ 4

to tg, the point (x,y) moves along the curve steadily from A
to B.

Let f(z) be any complex function of z, continuous along
¢ Let f&) = u(@, y)+iv(z, y).
Let 2y, 2y,..., 2, be points on C, z, being 4 and z, being B. Con-
sider the sum »
zlf(cm)(zm—zm—l)s (1)
m=

where {,, is a point of the curve between z,,_, and z,,, Writing
Cm = §m+i7)m3 u"l = u(fm’ 7’"!)’ vln = v(f"!’ 7’"1)’ this is

z_ (um+1‘v (zm+1’ym Lyp— 1-iym-l)'

Now L= Ly = ¢(tm)_¢(tm—1) = ¢’(Tm)(tm_t'm—1)’
Ym—Ym-1= l/’(tm)_‘/’(tm--l) = ‘/"(T;n)(tm'—tm-l))
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where £, _, <7, <tp, bnoy < T <1, Hence the sum may be
written

3 (et o) ($ () o). @

Since all the functions concerned are continuous (and therefore
uniformly continuous), we can, given ¢, find 8 so that
(U B (T) = Uy Y )P () | << €
for every m, provided that each |t,,—,,_,| <<8. Also
n
Z €(tn—tm-1) = ellg—14).

It follows that, as € and & tend to zero,

mglum ‘ﬁ,('rm)(tm— tm—l)

tends to the same limit as
D U Yin)b (E) (Cpe— b a)

tB
viz. to the limit [ u{g(®), p(0))'(2) dt.
1
Similarly the other terms of (2) tend to limits, and we find that
the whole sum tends to the limit
ip
[ tiv)( )+ 0} dt, (3)
ta
this integral being interpreted in the obvious way as the sum
of two real integrals, one of which is multiplied by s.
This limit is taken as the definition of the complex integral
of f(z) along C, and it is written

[, 1) d=. 4)

In particular, the above analysis holds for any function f(z)
which is analytic throughout a region including C.

Some of the most obvious properties of real integrals extend
at once to complex integrals; for example,

[ (e +e@dz = [ fe) dz + [ 9
and, if k is a constant,

fckf(z) dz= kfc f(2) dz.
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Also, if €' denotes the contour C described in the opposite
pp

direction, .
irection fC, fe)ds = — JC 1) .

Examples. (i) Let f(z) ~ k, a constant, and let C bo any curve
joining the points z = ¢ and z = b. Then
n n
Z f(cm)(zm_zm—l) =k 2 (zm_zm—l) = k(b—a)'
m-=1 m=1

Hence J.Ck dz = k(b—a).

Since the result is independent of the particular curve C taken, we may
write tho result as b
J kdz = k(b—a).
a
(ii) Let f(z) — z, and let C be any curve joining the points = — « and
z=b.
First take {,, = z,. Then

n

Zl f({m)(:m—:m—l) - ﬁ: :m(:m_—zm-l)'

m m-—1
Taking {,, — z,,_,, the sum is

n<
}. Zm l(:m'—:m—l)'
m 1

These sums tend to the samo limit, and hence so does half their sum, viz.
1 X (@h—2ha) - Hb*P—a?).
Hence J‘oz dz = }(b*—a?),

and the integral is again independent of the path.
(iii) Calculate the integral
dz M

c®

whero C is the circle with centre the origin and radius p.

[Hero we can put
x=pcosh =), y-—psinf =),
where 0 varies from 0 to 27r. Now
¢'(0)+ i’ (0) = —psinb 4 picosd — picio.
Hence the integral is
2

o2

J‘_L‘mp;cia df zjaa . :.’.rri.]
p

0

0
(iv) Prove similarly that fc 2"dz =0,

where n is any integer, positive or negative, other than —1.
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2.31. An inequality for complex integrals. We may de-
fine the length of the curve z = ¢(t), y = ¥(¢), where ¢'(¢) and
J’(t) are continuous, to be the integral

| g Op+ @y a,
taken between appropriate limits. For the justification of this,
see P.M. § 146.
If M is the upper bound of |f(z)| on the curve C, and L is the
length of C, then

Uf(z) dzl < ML.

In the first place, if F(t) is any continuous complex function
of a real variable ¢,

b y
!fF(t) dt|< [ |F@)] dt. 1)
For l Z F(tm)(tm-tm—l)l < 2 IF(tm)l(tm—t’m—l)’

and (1) follows on proceeding to the limit.
Hence, with our previous notation,

1, )=

tp
| (utiv)g' ()i (1) it
ta

7]
< [ M{$ OP+ O] d
tq

= ML.

2.32. Contours. By a contour we mean a continuous curve
consisting of a finite number of arcs of the type already con-
sidered, that is to say, arcs defined by equations x = ¢(¢),
y = Y(t), where ¢'(t) and ¢'(¢) are continuous. The contour is
closed if the end-point of the last arc is the same as the starting-
point of the first.

Let C be a closed contour. Suppose that there is an interval
(@,b) such that, if a <2’ <b, the line x =z’ meets C in just
two points, say y,(z’) and y,(x’), where y, < y,; while if 2’ <a
or 2’ > b, the line x =1’ does not meet C. Suppose similarly
that there is an interval («, 8), such that if « <y’ <, the line
y =1y meets C in just two points, say z,(y’) and x,(y’), where
¥, < x,; while if ¥’ < a or y’ > B, the line y = y’ does not meet C.

Then the point (z,y) is said to be inside C if a < 2 < b and
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¥1(*) < y < yy(x). A point not inside C or on C is said to be
outside C.

A contour which satisfies these conditions is called a simple
closed contour. For example, a circle, square, or ellipse in any
position is a simple closed contour. The definition of ‘inside’
and ‘outside’ which we have given may strike the reader as
unnecessarily claborate, and the class of curves considered un-
necessarily restricted. But the general study of questions of this
kind is not quite so easy as might be supposed, and we regard
it as outside our scope. It forms the subject known as ‘analysis
situs’, and is dealt with, for example, in Watson’s Complex
Integration and Cauchy’s Theorem. On the other hand, the
reader who prefers to ignore our explanations and trust to
geometrical intuition will find that he gets on perfectly well.

We can extend the class of contours to which our theorems
apply by ‘addition’ and ‘subtraction’ of simple closed contours.
Suppose that C and € are two simple closed contours having
one or more arcs in common, but lying outside each other. We
form a new closed contour C” by deleting the common boundary.
The interior of C” consists of the interiors of C and C’, together
with points on the deleted boundary. Similarly, if all points
inside C’ are also inside C, we form a new closed contour C”,
the interior of which consists of points inside C' but outside C’.

A closed contour of this kind which is often useful is formedl
by the semi-circles |z| =p, |z] = R (0 <p < R), in the upper
half-plane, joined by intervals of the real axis. =

Still more complicated contours can be introduced by further
additions; for example, add the contour just described to its
veflection in the real axis, and delete the common boundary
from z= —R to z= —p. We obtain a closed contour with a
definite inside and outside. The outside consists of the regions
|| <pand |z| > R. In describing the contour, the interval from
z=p to z= R is described twice in opposite directions.

2.33. Cauchy’s theorem. The keystone of the theory of
analytic functions is the following theorem of Cauchy :

If a function f(z) is analytic and one-valued tnside and on a
simple closed contour C, then

fc J(z) dz = 0.
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To prove this, we divide up the region inside C into a large
number of small parts by a network of lines parallel to the
real and imaginary axes. Suppose that this divides the inside
of C into a number of squares, C,,...,C,,; say, and a number of
irregular regions, D;...., Dy say, parts of whose boundaries are
parts of C. Then

Jfora=3% [ ferd+3 [ f@d @

where each contour is described in the positive (anti-clockwise)
direction. Consider, for example, twosquares A BCD and DCEF
with a common side CD. The side CD is described from C to
D in the first square, and from D to C in the second. Hence
the two integrals along CD cancel. So all the integrals cancel,
except those which form part of C itself, since these are described
once only. This proves (1).

We now use the fact that f(z) is analytic at every point. This
means that, if z, is any point inside or on C, then

T ey <e
provided that 0 < |z—z,| < & = 8(z,); i.e. if [z—2y| <3,
| f(2)—flzo) — (z—20)f (20)| < €|2—2]. (2)

If we consider any particular region C,, or D, in the above
construction, it is evident that we can choose its sides so small
that (2) is satisfied if 2, is a given point of the region, and z any
other point. It is not, however, immediately obvious that we
can choose the whole network so that the conditions are satisfied
in all the partial regions at the same time. We shall prove that
this is actually possible.

Having given €, we can choose the network in such a way that,
in every partial region C,, or D,, there is a point z, such that
(2) holds for every z in this region.

This means, substantially, that the function is wuniformly
differentiable throughout the interior of C.

Let us assume for the moment that this is true. Consider one
of the squares C,,, of side [,,. Here, by (2),

f(2) = f(20)+(z—20)f (20) +$(2)s
where [(2)] < €|z—2,].
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Hence

Jo @) dz= [ {fe)+E—a)f G} dz + [, 4@ dz.

The first integral on, the right is zero, by § 2.3, examples (i) and
(ii). Also, by § 2.31,

f  $(2) dﬁ‘ < ev2l,.4l,,

since |z—z,| < ~2l,,, and the length of C,, is 41,,.

In the case of one of the irregular regions D,, the length is
not greater than 4l,4-s,, where s, is the length of the curved
part of the boundary. Hence

[, #@) dz| < eval, (41, +s,).
Adding all the parts, we obtain
| fc f(2) dz; < 4v2e S (B, +B)+eV2 T s, 3)

Now Y (I2,+12) is the area of a region which just includes C,
and is therefore bounded; in fact, if (a,b; o, B) is a rectangle
neluding €, 5 (+8) < p—a)(B—a).

Also ¥ s, is the length of the contour C. Hence the right-hand
side of (3) is less than a constant multiple of e. But the left-
hand side is independent of €. It must therefore be zero.

2.34. We have still to prove the assumption which we have
made. This is done by the well-known process of subdivision.
Suppose that we start with a network of parallel lines at con-
stant distance I. Some of the squares formed by these lines may
contain a point z, with the required property. We leave these
unchanged. The rest we subdivide by lines midway between
the previous ones. If there still remain any parts which have
not the required property, we subdivide them again in the same
way. There are now a priort two possibilities. The process may
terminate after a finite number of steps, and then the result is
obtained; or it may go on indefinitely. In the second case there
is at least one region which we can subdivide indefinitely with-
out obtaining the required result. Call this region (boundary
included) R,. After the first subdivision we obtain a part R,,
contained in R;, with the same property. So we shall have an
infinity of regions R,, R,,..., R,,... each contained in the pre-
vious one, and for each of which (2) is impossible.
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There is a point z, common to all the regions R, ; and, since
the dimensions of R, decrease indefinitely, |[z—z,| <3 if n is
sufficiently large (say # > n,) and zis in R,. But f(2) is analytic
at z,. Hence (2) holds with this z, in R,, if n >n,. We have
thus arrived at a contradiction, and so proved the theorem.

2.35. Cauchy’s theorem may obviously be extended at once
to a closed contour of any of the types defined in § 2.32. It
may also be expressed in slightly different forms. Suppose, for
example, that 2, and z, are points connected by two different
curves C and C’ such that C, and C’ reversed, together make
up a simple closed contour, or a closed contour of one of the
other types described in § 2.32. Let f(z) be a function analytic
in the whole region between C and C’, and on the curves them-
selves. Then Cauchy’s theorem obviously gives

[of@) dz= |, 1) da. 1)

Suppose again that C is a simple closed contour, and C’
another simple closed contour lying entirely inside C. Let f(z)
be analytic and one-valued at all points in the ring-shaped
region between C and C’. Then

[ofe dz= [ fG) da. @)
For we can join C to C’ by a straight line /, parallel, say, to
the real axis. Then the region between C and C’, cut by [, is the
inside of a closed contour I', formed by C described positively,
C’ negatively, and [ described twice in opposite directions. Now

[ feydz= [ fe)dz— |, f@) dz + [ fz) d= — [ f) dz.
Since the integral round I is zero, the result follows.
A similar result holds if there are any finite number of con-
tours C’, C”,... inside C, and f(z) is analytic in the region
between them. Then

[ dz= [ @) dz + [ .fC) dz + ... @)

Another important remark is that, for the truth of Cauchy’s
theorem, it is not necessary that f(z) should be analytic on C,
provided that it is analytic inside it and continuous up to and
on C. For if f(z) is continuous, it can be shown that

[, #@) dz=1im [ f@) dz, (4)
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where C’ is a contour inside C' and tending to it. It is perhaps
not worth while describing how this is to be done in all cases—
if C is a circle, C’ is a concentric circle, and so on. Now the
right-hand side of (4) is zero for all positions of C’ inside C.
Hence the left-hand side is zero.

2.36. A complex integral as a function of its upper
limit. Let f(z) be a function analytic in a region D. Let

F(z) = [ fw) duw,

the path of integration being any contour lying entirely inside
D. Tt follows from Cauchy’s theorem that the value of F(z)
depends on z only, and not on the particular path of integration
taken from z, to z. Our notation has, of course, anticipated this.
The function F(z) is analytic in D. For
2+8z

Pe+32)—Fe)= [ fe) du,

z

where (by Cauchy’s theorem) we may suppose the integral to
be taken along the straight line from z to z+8z. Hence

2482
F(24-82)—F(2) 1 B
o2 —fla)= 52 f {f(w)—f(z)} dw.

Since f(z) is continuous, ’ .
lfw)—fe) <e  (lw—z|<d).,

Hence, if 0 < |8z] < 9,
F(z+082)—F(2)
FEAP=1E) )

This proves that F(z) is analytic, and that its derivative is f(z).
As in the theory of functions of a real variable, we call F(z)
the indefinite integral of f(z).
Suppose, on the other hand, that we know an analytic function
G(z) such that @) =)
throughout D. Then

d AT —_
T {F(z)—G(z)}=0.

<e.

Let F(z)—G(z) = X+1Y.
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Then (as in the proof of the Cauchy-Riemann equations)
ox oy ox el

Hence X and Y are constant, i.e. F—@ is constant. Hence

b
[ f2) dz = G(b)—G(a).

= 0.

2.37. Integration and differentiation of complex series.
A uniformly convergent series of analytic functions of a complex
variable may be integrated term by term along any path in the
region of uniform convergence.

This may be proved precisely as in the case of real functions
(using the inequality of § 2.31).

A series of analytic functions may be differentiated term by term
at any point inside a region where the differentiated series is
uniformly convergent.

This also may be proved in the same way as for real functions.
It will, however, be superseded later (§2.8) by a much more
useful theorem, which is a characteristic achievement of com-
plex function theory, and which has no analogue in the theorems
of/Chap‘oer I

2.4. Cauchy’s integral. Let f(z) be a function analytic
inside and on a simple closed contour C. Let z be any point
inside C. Consider the function of w

flw)

w—z
This function is analytic except at w = z, where the denominator
vanishes. Hence

J, 9 ao— [ 10

where y is any other closed contour inside C and including
w=z. Let y be the circle with centre z and radius p. Since
f(w) is continuous, we can take p so small that

|f(w)—f2)| <e
on y. Then

ff(w) o — f<z>f dw +ffw) ~1) 4,

w_._.
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The first term is equal to 2mi f(z) (§ 2.3, ex. 3). Also, by § 2.31,
the modulus of the second term does not exceed

- 27rp = 2mre.

fﬂw) dw —2mt f(2)
c

w—z

Hence < 27re.

But the left-hand side is mdependent of e. It must therefore
be zero. Thus

fa=21 [ 1% 4

2m cw—z
This is Cauchy’s integral formula. It expresses the value of f(z)
at any point inside C in terms of its values on C.
2.41. The derivatives of an analytic function. Let z be

any point inside C, and 2k a neighbouring point, also inside
C. Then 1 flw)
Jeth=5n oo™

Subtracting the previous result from this, and dividing by &,

et h=fe) _ fw)

2m c (w—z2)(w—z—h)
When 7 — 0 the integrand tends to the limit f(w)/(w—z)%. To
prove that we can proceed to the limit under the integral sign,
consider the difference:

Sv) _ [ dw)
f ¢ w2z ) ™ fc w—mp
= fw)
=h JC (w—2)Hw—7—h) dw. @)
Suppose that |f(w)| << M on C, and that the distance from z to

C (i.e. the minimum of |w—z| as w describes C) is 5. Let the
length of C be L. Then if |h| <3,

1) gl ML

[} et < w56

which is bounded as |k| - 0. Hence the right-hand side of
(2) tends to zero with |h|. Hence, by (1),

o L [ _f)
ro=g | 2w @3

This is Cauchy’s formula for f'(2).

dw. (1)
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The existence of f'(z) was, of course, our original hypothesis.
But now that we have obtained this formula for it, we can
repeat the above precess. We have

2+h)—f'(z 1 2w—2z—h
f( ) f( = T 2m Jo (w—z)Hw—z—h)? 2 f(w) duw

and we prove as before that when A — 0 this tends to the limit
2 f(w) dw.

27 Jo (w—2)3
Hence f’(z), the derivative of f'(z), exists, and s given by the
Jormula f(w)
CRFY WA
The argument can obv1ously be repeated indefinitely; hence f(z)
has derivatives of all orders, the nth being given by the formula

, n fw)
v ) = 2mf (w— z)"‘fldw

2.42. Morera’s theorem. This is a sort of converse of
Cauchy’s theorem.
If f(z) is a continuous function of z in a region D, and if the

zintegml ff(z) i

taken round any closed contour in D ts zero, then f(2) i3 analytic
tnside D,

In this theorem the precise sense of the word ‘contour’ does
not matter. The result holds even if we restrict ourselves, say,
to convex polygons.

Consider the function

F(z)= ff(w) dw.

2o
Its value is independent of the path of integration; and

zth
PELP=PE gy [ tfr—sten an

where the path of integration may be taken to be the straight
line. This tends to zero with &, since f(w) is continuous. Hence
F(z) is analytic, and has the derivative f(z). But we have just
proved that the derivative of an analytic function is analytic.
Hence f(z) is analytic.
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2.43. Taylor’s series. An analytic function can be ex-
panded in powers of its argument by a formula similar to
Taylor’s series for a real function.
Suppose that f(z) s analytic on and inside a simple closed con-
tour C, and let a be a point inside C. Then

f@) =f@)+(z—a)f @)+ ...+ T——f"(a)+...

the series being convergent if |z—a| < 8, where 8 18 the distance
from a to the nearest point of C.
We start from Cauchy’s formula

z)—2mf Jw) _ dw

where we take I' to be a circle with centre @ and radius p < 8.
The formula holds if 2 lies inside this circle, i.e. if |z—a| < p.
Now 11 z—a (z—a)"

+ 2+"‘+ n+1+

w—z w—a (w—a)
the series being uniformly convergent on I'. Hence we may
multiply by f(w)/2=¢ and integrate term by term round I'. We
obtain

(za

(w—a)

_ flw z—a [ fw) o
f&) = rw—a dw + 2mi J; (w—a)2du+
(z—a)* f(w)
+...+ Py fr w—a) i dw +...,

and, by the formulae of § 2.41, this is the desir&d result. It is
sometimes known as the Cauchy-Taylor theorem. _—

There is one difference to be noted between this proof and
the corresponding inyestigation for functions of a real variable.
In the real variable theory we obtain the first » terms of the
expansion, and a remainder term, and a special investigation is
required to see whether this term tends to zero. In the complex
theory the fact that it tends to zero follows from our original
hypotheses. This state of affairs is quite natural; for combining
the above theorem with § 2.16, we see that the necessary and
sufficient condition that a function should be expansible in a power
series 18 that it should be analytic in a region. We cannot define
an analytic function of a real variable except as one which
can be expanded in a power series. If therefore we start from
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other hypotheses, we may expect to meet with difficulties. For
example, the radius of convergence of the series depends on the
extent of the region where the function is analytic; and it may
therefore be controlled by the existence of singularities off the
real axis, of which, if we confine ourselves to real variables, we
can have no knowledge.

Thus the expansion

1
1422

holds for [z| << 1 only. There seems to be nothing in the nature
of the function, considered as a function of the real variable z,
to account for this restriction. But if we make x complex, it is
accounted for by the fact that the function is not analytic at
the points x = +1.
2.5. Cauchy’s inequality. If

f@)= S az  (zl<R),
and M(r) is the wpper bound of | f(z)| on the circle |2| =7, (r < R),

= 1—a2fzt—...

ther (@l < M)
for all values of n.
For a, = —l— /@) dz,
2m zntl
lel=r
and the theorem of § 2.31 gives at once
M
jal < 2.

(auchy’s inequality may also be proved as follows. Let d,
be the conjugate of @,. Then if r < R,

lf(z) |2 :f(z)jT{) :mi;o amrmeimﬂ nzo dnrne—inﬂ.

Both series being absolutely convergent, we may multiply by
the usual rule (§1.65). The resulting series is uniformly con-
vergent for 0 <6 < 27, and we may therefore integrate term by
term over this interval. On integration, all the terms for which
m #n vanish, and we obtain

2m » m ©
[lf@Prd=3 aas [do=2m 3 |a,,
0 n=0 0 n=0
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» 1 2w
or 3 laalerin= o [ 1) b < (e
n=0 T
0

The result clearly follows from this.

Example. Show that Cauchy’s inequality reduces to an equality if,
and only if, f(z) is a constant multiple of a power of z.

2.51. Liouville’s theorem. A function which is analytic for
all finite values of z, and 13 bounded, 18 a constant.

We give two proofs of this important theorem.

First Proor. If f(z) is analytic for all finite values of z, the
Taylor’s series

= 2 a'nzn
n=0
is convergent for all z. Also, if |f(z)] << M, then by Cauchy’s
inequality la,| < Mr—n
n

for all values of n and ». Making » — o0, the right-hand side
tends to zero if n > 0. Hence a, = 0 for n > 0, and f(z) = a,,.
SeEcoND Proor. If z,, z, are any two numbers,

J(=)—f(z) = :j% fo /@ dz ——%ﬁ foﬂf)_ dz

2—2z, 2—2

1
ot ) e 10
where C is a contour including both z, and z,. Taking C to be

a circle with centre the origin, and radius R greater than |z,| or
|25|, we have

lz —2 ]MR
| f(21)—f(z9)| < ('R—llzll)z(R— 1zg])”

The right-hand side tends to zero as R — co. Hence f(z,) = f(2).
Since this holds for all values of 2, and z,, f(z) is a constant.

The same result holds if the function is bounded on any
sequence of contours tending to infinity. This is clear from
either proof.

2.52. The following is a more general result of the same kind.
If f(2) i8 analytic for all finite values of z, and as |z| - oo

f2) = O([z[*),
then f(2) 18 a polynomial of degree < k.
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For by Cauchy’s inequality
anl < M () = 0@+,
and the right-hand side tends to zero as r > o0 if n > k. Hence
a, = 0 for n >k, and the result follows.

2.53. The function A(r). Let A(r) denote the upper bound
of the real part of f(z) on |2| =7. We next prove an inequality
similar to Cauchy’s inequality, but involving A(r) instead of
M(r).

Wehave 13 1 < max{44(r), 0})—2R{f(0)}
Sor all values of n > 0 and r.

Let z =1re®, and

fz)= i a,2" = u(r,0)41v(r,6),
n=0
a, = an+i18n‘
Then u(r,6) = i (x, cosnd — B, sin nf)r".
n=0

The series converges uniformly with respect to §. Hence we may
multiply by coszf or sinnf and integrate term by term; and
we obtain

2w 2m

: : f u(r,0)sinnd d6 = —B,r"

= f u(r,0)cosnb df = «a,r", -
ks ks

0
for » > 0, while

2w
1 f u(r,0) 40 = «,.
27

0

Hence 2
a,r" = (an—*—iﬁ")fn = 1 f u('r, g)e—ino do (n >0),
™

0

27r
and [an[r"g-l-f |u(r,8)|d6.
™
0

2m
Hence @, |7+ 20 < 1 f {|u(r,0)|4u(r,0)} d6.
™
0
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Now [u|4wu is zero if u < 0. Hence if A(r) < 0 the right-hand
side is zero. If A(r) > 0, the right-hand side does not exceed
2m
1f 24(r) d = 4A(r).
T 0
This proves the theorem.
There are, of course, similar results involving the lower bound
of Rf(z), and the upper and lower bounds of If(z).

2.54. The analogue of Liouville’s theorem for A(r). J f
f(2) 1s analytic for all finite values of z, and A(r) is bounded as
r —> 00, then f(z) 18 a constant. If A(r) < Ar*, where A and k are
constants, then f(2) 18 a polynomial of degree < k.

In the first case, it follows from the above theorem that |a, 7
is bounded as r — oo for every » > 0. Hence a, = 0 for n > 0,
and f(z) = a,. Similarly, in the second case, a, = 0 forn > k, and
f(z) is of degree <C k. It is sufficient that the conditions should
hold for some arbitrarily large values of .

The first part of the theorem mdy also be proved directly as

follows. Consider the function #(2) = exp{f(z)}. Then
$(2)| = e 0.
Hence, if u(r,0) < 4, then
[$(2)] < et

Hence, by Liouville’s theorem, $(z) is a constant. Hence f(z)
is a constant.

2.6. The zeros of an analytic function. A zero of an
analytic function f(z) is a value of z such that f(z) = 0. If f(z) is
analytic in the neighbourhood of z = a, then

2)= 3 a,(z—a)

for |2—a| small enough; and if z=a is a zero, one or more

of the coefficients a,, a,,... vanish. If a, =0 for » <m, but

@, # 0, then f(z) is said to have a zero of the mth order. Thus

every zero is of some definite integral order—a function cannot

have a zero of fractional order inside a region where it is analytic.
At a zero of order m, we have

fl@)=f(a)=...=fmD(a) =0,
while f®)(a) 7 0. This is clear from the form of Taylor’s series.
G



88 ANALYTIC FUNCTIONS

The zeros of an analytic function are isolated points; that is to
say, if a function f(z) is not identically zero, and is analytic in
a region including z = a, then there is a circle z—a|=p (p > 0)
inside which f(z) has no zeros except possibly z = a itself.

The theorem may also be stated as follows:

Let f(z) be a function analytic in a region D, and let P, P,,...,
P,,... be a set of points having a limit-point P inside D. Then
if f(z) = O at every point P, it follows that f(z) =0 at all poinis
of D.

It may be supposed without loss of generality that P is z = 0.
Then f(z) is analytic in a region including z = 0, and hence

f&)= 3 an

for |z] < R, say. It will be proved that all the cocflicients in
this series are zero. If this is not so, there is a first coefficient
which is not zero, say a,. Then
f&) =& tap2+...)  (]z2| <R).
If 0 < p < R, the series is convergent for z = p, and so «,p" is
bounded, say |a,|p" < K. Hence
¢ 2
e > fet (el = — e )
P P
o 1gy — - KR }
ool = o)
and the right-hand side is positive if [z| is sufficiently small,
except at the point z = 0 itself. This contradicts the hypothesis
that f(z) has zeros arbitrarily near to, but not coincident with,
z=0. Hence in fact all the coefficients vanish. Hence f(z) = 0
inside the circle of convergence of the above series.
We can now, however, repeat the process, starting from any
point inside this circle; for the data now hold for any such point,
by what has just been proved.* In this way the result may be

cxtended to any point interior to D.
"2.61. The theorem has the following obvious corollaries:

(i) If a function is analytic in a region, and vanishes at all
points of any smaller region included in the given region, or
along any arc of a continuous curve in the region, then it must
vanish identically.

* For a more detailed discussion of such chains of circles see Ch. 1V.
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(ii) If two functions are analytic in a region, and have the

same value at an infinity of points which have a limit-point in
the region, then they must be equal throughout the region.

Examples. (i) The function sinz has zeros of the first order at the
points z = 0, 4, -+2mx,..., and no other zeros. [The formula

|sin(x+1iy)| == V(sin?z+sinh?y),
P.M. § 233, ex. 2, shows that sin z has these zeros and no others.}

(ii) The function cos z has zeros of the first order at z = =, 4 3m,...,
and no other zeros.

(in) If f(z) and g(z) are both analytic functions in a region D, and
f(2)9(z) = 0 in D, then either f(z) = 0 throughout D, or g(z) = 0 through-
out D.

2.7. Laurent series. Let f(z) be a function analytic in the
ring-shaped region between two concentric circles C' and C’, of
radin R and R’ (R’ < R), and centre a, and on the circles them-
selves.

Then f(z) can be expanded in a series of positive and negative
powers of z—a, convergent at all points of the ring-shaped region.

We must remind the reader that all functions considered here
are one-valued. This assumption excludes certain functions, any
one value of which is analytic at all points of the ring. Consider,
for example, the function f(z) = 2

where p is real. This is analytic except possibly at z = 0. Now,
if z = reif, f(z) = roein®.

As we pass round a circle with centre the origin, starting at
8 == 0, say, f(z) changes from r? to rPe%?™, and so does not return
to its original value unless p is an integer.

To prove the theorem, let z be a point of the ring, and con-
sider the integral 1 fw) o

2mi | w—z

taken round the outer circle C in the positive direction, then
along a radius vector (which we may suppose does not pass
through z) to the inner circle €', then round C’ in the negative
direction, then back along the radius vector to the starting-
point. This is a closed contour to which we may apply our
previous results—the fact that part of it is described twice does
not affect any of the arguments. The value of the integral is
therefore f(z).
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Since f(z) is one-valued, the two integrals along the radius
vector joining the circles cancel, and we obtain

o) = o f 1) gy L [ 0 g

where now each integral is taken in the positive direction. As
in the proof of the Cauchy-Taylor theorem

Jw) 4,

a z—a)
Zm cw—2z nz—ay,

no

1 Jw)

where a, = — _duw.
" %m o (w—a)rHt
In this case, however, a, is not in general cqual to fU)(a)/n!,
since f(2) is not necessarily analytic throughout the interior of C.
Again
1 1 w—n (w—a)r-1

—w o e lTR L

z—a ' (z—a)? (z—a)"

this series being uniformlv convergent on C’. Hence

f(u* ’
Zm v W-— z  z—a me ) dw +...+
1 n 1
+( s TRl f (w—a)*Yf(w) dw +... -= nzl - a)“
where b, = —lf (w—a)*f(w) duw.
27 c

These two series together form Laurent’s expansion. They may
be written together in the form

@)= 3 aye—ay,
1[ fw)

n= Omi (w—a)r+1

for all values of n, the integral being taken round any simple
closed contour which passes round the ring.

In the particular case where f(z) is analytic inside C’, all the
coefficients b, are zero (by Cauchy’s theorem), and the series
reduces to Taylor’s series.

Notice that the series of positive powers of z—a converges,

where dw
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not merely in the ring, but everywhere inside the circle C.
Similarly the series of negative powers converges everywhere
outside C’.

Examples. (i) Show that

-]
elc(z--%) — E (l,‘:",
Nn=—ao
1 27
where a, — — f cos(nf—-csin f) d6.
27
0
(i1) Show that, if ¢ >~ 0,
. @ o0
e 22 — z az"
n——ao
_‘g 2 .
where a, — ; f eclcosd cos™eoglesin (1 —cosf)--nb) df.
e
0

2.71. Isolated singularities of an analytic function.
Suppose that a function f(z) is analytic throughout the neigh-
bourhood of a point a. say for [z—a' < R, except at the point
a itself. Then the point @ is called an isolated singularity of
the function.

Suppose that f(z) is one-valued. We may then expand f(z) in
a Laurent series of powers of z—a, and the inner circle (' of
§ 2.7 may be taken as small as we please. Thus

Je)= S a,—ay+ $b—a)r  (0<|z—a| <R).

There are now three possible cases. All the coefficients b,
may be zero. The function f(z) is then equal to a function
analytic for |z—a| << R, except at the point a; for example, we
might define f(z) to be 1 except at z-=a, and f(a) = 0. This is
a rather artificial sort of singularity, and of no further interest
in the theory.

Secondly, the series of negative powers of z—a may contain
a finite number of terms only. Then f(z) is said to have a pole
at the point z=a. If b,, is the last coefficient which does not
vanish, then

1) = 3 ase—ay+ 3 be—a)n,

and the pole is said to be of order m, or to be a simple, double,...
pole in the cases m=1,2,....
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If f(z) has a pole of order m, then plainly (z—a)™f(z) is
analytic and not zero at z =a. Hence also

1
(8) = —rems
s (z—a)"f(z)
is analytic and not zero at z=a. Hence
1
YT (z——a)"‘gb(z),
f(z)
so that 1/f(z) has a zero of order m at z =a.
Conversely, a similar argument shows that, if f(z) has a zero

of order m, then 1/f(z) has a pole of order m.
The finite series

ibn(z-a)*n

is called the principal part of f(z) at z = a.
If f(2) has a pole at z= a, then |f(z)| > o0 a3 = - a. For

m m '
| 3 buz—a) | = J2—al ™| 3 b,(z—aj""!
n=1 n=1

m—1

= lz—ai = [b,|— 3, b,]lz—alm"),
n<=1

and the expression in brackets tends to |b,,|, so that the whole

tends to infinity—in fact the function is dominated by the last

term in the principal part.

If f(z) = O(|z—a|~*) as |z—a| - 0, the singularity is at most a
pole of order k; in particular, if f(z) = O(1), there 18 no singularily
(except of the trivial type first mentioned).

An argument similar to that of § 2.52, but with b,, and 7
tending to 0, shows that b, = 0 for n > k. Again it is clearly
sufficient that the data should hold on & sequence of contours
tending to 0.

Examples. (i) The functions cot z and cosec z have simple poles at
the points z = 0, +=, 4 2m,....

(ii) The functions tan z and sec z have simple poles at the points
z = 44w +3m...

(iii) Find the poles of

1 1
sinz4sina’  cosz4-cosa’

(iv) The function cosec 22 has one double pole and an infinity of simple
poles.
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(v) Find the poles of the functions
1 1 1
2241’ 2817 2842224117
2.72. Essential singularities. The third possibility is that
in the expansion of f(z) in powers of z—u, the series of nega-
tive powers may not terminate. The point z =a is then called
an essential singularity of f(z). In this case

f)= > ante—ap > P
n=0 n=1
where the last series does not terminate, but is convergent for
all values of z except z =a.

The complicated behaviour of a function in the neighbour-
hood of an essential singularity is shown by the following
theorem of Weierstrass. —

Gwen any positive numbers p, €, and any number c, there is
a point z in the circle |z—a| < p at which |f(z)—c| < .

That is to say, f(z) tends to any given limit as z tends to a
through a suitable sequence of values.

We begin by proving that, if p and M are any positive num-
bers, then there are values of z in the circle |z—a| < p at which
|f(z)] > M. If this is not true, then |f(z)| < M for |z—a| <p.
Hence, if the radius of C' is R,

nl = g | o—ay=ttu) | < 2R,
by § 2.31. This holds for all positive values of » and R’, and,
making R’ — 0, we see that b, =0 for » >>1. Hence there is
no essential singularity, contrary to hypothesis.

Now consider any finite value of ¢. If f(z)—c has zeros inside
every circle |z—a|=p, the result follows at once. If not, we
can choose p so small that f(z)—c has no zero for |z —a] <p.

1

fz)—c
is regular for |z—a| < p, except at z=a. The point z=a is an
essential singularity of ¢(z); for

Then é(2)

1
f(z)—a—(z—)-*—c,
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and if ¢(z) had a pole, f(z) would be analyfic; while, if (=)
were analytic, f(z) would be analytic or have a pole.

It now follows from ‘the first part that there is a point z in
the circle |z—a| < p such that

i.e. [ fz)—c| <e,
and this is the result stated.

This theorem distinguishes clearly between poles and essential
singularities. While at a pole f(z) tends to infinity, at an
essential singularity f(z) has no unique limiting value, and in
fact comes arbitrarily near to any assigned value an infinity
of times.

Examples. (i) The functions

e, sin ! , cos !
2 z

have isolated essential singularities at = = 0.

(ii) The function cosec(l/z) has a singularity at z == 0, but it is not
an isolated singularity, being the limit-point of the poles at the points
z = 1/(nw). We call such a point an essential singularity also.

(iii) The function e!/z actually takes every value except 0 an infinity
of times in the neighbourhood of z == 0; and it tends to the limit 0 as
z — 0 along the negative real axis.

2.73. The ‘point at infinity’. We may consider ‘infinity’
as a point by making the substitution z==1/w. Then the be-
haviour of f(z) ‘at infinity’ depends on the behaviour of f(1/w)
at w=0. We say that f(z) is analytic, has a simple pole, etc.,
at infinity, if f(1/w) has the same property at w= 0. Thus
f(z) = 2% has a double pole at infinity.

A function which is analytic everywhere, including infinity, is
a constant. For by Laurent’s theorem, since f(z) is regular for
all finite values of z, -

f(Z) = E a,z",

5=

Since f(1/w) is regular at w=0, a, =0 for n = 1,2,...,, so that

J@) =ay.



SERITES OF ANALYTIC FUNCTIONS 95

A function which has no singularities other than poles is a
rational function.

In the first place, there can only be a finite number of such
poles; otherwise the poles would have a limit-point either at a
finite point or at infinity, and at such a limit-point the function
would not be analytic or have a pole, contrary to hypothesis.

Suppose, then, that the poles of f(2) at finite points are at
@, b,..., k, with multiplicities «, 8,...,x. Then

9(2) =f)(z—a)*...(z—k)~

is analytic except at infinity, where it has at most a pole.
Hence

g(1/w) = Zoanw‘".

Since the singularity of g(1/w) at the origin, if there is one, is
a pole, this series must terminate, i.e. g(z) is a polynomial.
Hence f(z) is the quotient of two polynomials, i.e. a rational
function.

Conversely, a rational function has no singularities other than
poles.

2.8. Uniformly convergent series of analytic functions.
Suppose that

(i) each member of a sequence of functions v

Uy(2), Ug(2),..., U, (7)),
18 analytic inside a region D,

(ii) the series

18 uniformly convergent throughout every region D' interior fo D.
Then the function w
fz)= Zlu,..(z)

18 analytic inside D, and all its derivatives may be calculated by
term-by-term differentiation.

Let C be a simple closed contour lying entirely inside D, and
let z be a point inside C.
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If we knew already that f(z) was an analytic function, we

should have
1) g,
a1r'b L (l )

Actually we obtain this result from our data, and then use it
to prove that f(z) is analytic.
We have 1
J.

Un(2) = 21

Un() dw

w—2z

for each function %, (z). Hence

1) = 3 unle) = sz [ e aw.

But, since Y u,(w) is uniformly convergent on C, we may
multiply by 1/(w—=z) and integrate term by term. Thus

| 2 a3 ], e

and we obtain
U, f(w)
1 2m { w—z } w = 9mi fc .

i.e. we have proved (1).
We can now deduce from (1), as in § 2.41, that f(z) has a
derivative f'(z), given by the formula

f'z)= 1 f(w) dw.

2m J o (w—2)?

In this case the boundedness of f(z) follows from the uniform
convergence of the series. Hence f(2) is analytic.
Also

1 f(w) 1 > dw
ot ) w22 ™ 2mi fc Z W) a2

_S L[ @ :

_;.2_‘”_@". (w—7)? dw = zlu,,(z),
using the uniformity of convergence again. Hence the series
may be differentiated term by term. Also the differentiated

series is uniformly convergent in any region interior to D. For
if D’ is such a region, we can suppose that the curve C includes
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D’ in its interior, and that the least distance of points of D’ from
C is 3. Then for any point z of D’

RIS 1222 [

dw el
m o | Zu"(w) S R

where [ is the length of C, and ¢ the maximum modulus of

.
3 ()

on C. Since the right-hand side is independent of z, and tends
to zero when N and N’ tend independently to infinity, the
result follows.

The whole process may now be repeated, starting from the
differentiated series, and the general result thus follows.

The theorem, in a slightly different form, is known as ‘Weier-
strass’s double-series theorem’.*

2.81. Remarks on the above theorem.

(i) We have already pointed out (§ 2.37) the contrast between
the conditions for term-by-term differentiation of real series,
and of series of analytic functions. In the case of real series, we
have to assume that the differentiated series is uniformly con-
vergent. In the above theorem no such assumption is necessary;
actually the differentiated series is uniformly convergent, but
this is one of the conclusions of the theorem.

(ii) If we merely assumed that the given series was uniformly
convergent on a certain closed curve C, we could prove as before
that f(z) was analytic at all points inside C.

(iii) Even if we assume that each u,(z) is analytic on the
boundary of D, and that the series is uniformly convergent on
the boundary, we cannot prove that f(z) is analytic on the
boundary, or that the differentiated series converges on the
boundary. Consider, for example, the series

o0 zn
Pt
n=1

This is uniformly convergent for |z| < 1; but the differentiated
* See Knopp's Infinite Series, § 50.
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geries is not uniformly convergent in the neighbourhood of

z=1, nor is the function represented by the series analytic
at z=1. In fact

, log(1—z

fe) =82

-~
~

(iv) The theorem may be stated as a thecorem on sequences
of functions: if f,(z) is analytic in D for each value of n, and
tends to f(z) uniformly in any region interior to /), then f(z) is
analytic inside D, and f)(z) tends to f'(z) uniformly in any
region interior to D.

o0
Examples. (i) The function {(s) = 3 n-* is analytic for R(s) > L.
n=1

[For the series is uniformly convergent in any finite region to the right
of R(s) =1, see § 1.21, example.]
(ii) We have, for R(s) > 1,

@) =— § n-*logn,

n=2

0
and generally {®(8) = (—1)* 3 n~*logtn.
n=2
(iii) In what region does the series
o .
" sin nz
2u
n=1
represent an analytic function ?
(iv) The series o,
sinnz
Z n?
n=1

is uniformly convergent on the real axis, but not in any region of the
z-plane ; so we can deduce nothing about the analytic character of the
function which it represents.

2.82. Another proof of the theorem. We can also deduce
Weierstrass’s theorem from Morera’s theorem (§ 2.42). For,
since > u,(z) is uniformly. convergent, we may integrate it term
by term round any contour C. Thus

o0 .
J-Cf(z) dz ="2=:1J0u,‘(z) dz.
But, since each u%,(z) is analytic, every term on the right is

. H
zero. Hence J.C fe) dz=0.

Hence, by Morera’s theorem, f(z) is analytic.
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2.83. Definition of analytic functions by means of in-

tegrals. Let f(z,w) be a continuous function of the complex

variables z and w, where z ranges over a region D, and w lies on

a contour C. Lel f(z,w) be an analytic function of z in D, for
cvery value of w on C. Then

F(z) == ffzu dw

18 un analytic function of z in D; and
F'(Z) = f ?‘[ dw,
c 02

and semilarly for higher derivatives.

We may suppose that the contour C' consists of a single
regular curve, on which w = u+1v, w = u(f), v = v(l), {, <t < ¢,
and %'(f) and »’(¢) are continuous.

Let I bc a (‘nntom lying in D, on which z = x--ty, x =- 2(s),

Y- -Y($), 5y <78 sy, and 2'(s) and y'(s) are continuous. Let { be
a point insi(l(, l‘ Then
few) 5 [ TN 4,

)772 I z—l

vy L[ flzw)
I’(Z_,')-.zm, J(' du fl 7 dz.

We may invert the order of these two integrations. For we can
express each of these complex integrals as a sum of real in-
tegrals, as in § 2.3; and we clearly obtain an e\pressmn of the
form ,‘

J dt J {b(3, 1) +14(s, 1)} ds.

1o &
where ¢ and ¢ are real continuous functions of s and t. Now
we know that a repeated integral of this type may be inverted
(§ 1.81). Hence

o e L
1

=6 Jo
_ 1 " F(z) dz.
omi Jp2—C
Thus F(z) satisfies Cauchy’s integral formula, and from this point
the proof that #(z) is analytic, and that we can differentiate

under the integral sign, proceeds as in the theorem on uniformly
convergent series.
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Examples. (i) Lf f(¢) is continuous in (a, b), then

b b
Flz) = f cosztf(t)dt,  Glz) = f sinzd f(t) dt
a a

are anslytic functions for all finite values of .
(ii) Under the same conditions

f 10 4

is analytic, except possibly when z is real und lies in the interval («, b).

2.84. Infinite integrals. Let C be a conlour going to infinity,
any bounded part of which is regular. Suppose that the conditions
of the previous theorem are satisfied on any bounded part of C,

and that
fc f(z,w) dw

18 uniformly convergent. Then the results of the previous theorem
still hold.
Let C, be the part of C inside the circle |z] = n, and let

F,(z)= fc J(z,w) dw.
Then F),(z) is analytic for every =, by the theorem on finite
integrals. Also F.(2) > F(2)

uniformly as n - co. Hence, by the theorem: on uniformly con-
vergent sequences, F(z) is analytic. Finally
F'(z) = lim F,(2) = lim f faw= f U .
n—»o n—w Jo, c oz

2.85. Infinite integrals of the second kind. There is a
similar theorem for the case of a finite contour C, at one end
of which f(z,w) > co. Such an integral represents an analytic
function, provided that the convergence of the integral is uni-
form. The formal statement and the proof are practically the
same as those of the previous theorem.

Examples. (i) The function

L
T(2) = J‘ e~ vw*-1dw

is an analytic function for R(z) > 0. [The uniform convergence of this
integral has been discussed in § 1.51, ex. (i). It converges uniformly in
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any finite region in which R(z) > a > 0; and any point at which
R(z) > 0 is an internal point of such a region.]

(ii) In what regions do the integrals

f e~ dw, f Eﬁl}f dw, f cosw dw,
w*

represent analyt.lc functions ?
(iii) The integral »

sinuz
—dw
w

0

converges uniformly in certain intervals of real values of 2. but not in
any region ; o we cannot deduce anything about the analytic character
of the function which it represents.

2.9. Remark on Laurent series. Suppose that we have

obtained in any manner, or as the definition of f(z), the formula

u)

z A"(Z—(l)" (R < |z—a! < R).

n~ -

Is the series necessarily identical with the Laurent series of
f(2)? Yes; for if C is the circle z—a| = p, R’ < p < R, the
Laurent coefficient a, is

a =_l— f(z_ z ”Tg_.__
" o ) (z—a) "+1 o r—a) n*l “

by uniform convergence; and the rlght-hand sideis 4,, by §2.3,
exs. (iii) and (iv).

v



CHAPTER III
RESIDUES, CONTOUR INTEGRATION, ZEROS

3.1. The residue at a singularity. We know (§ 2.71) that,
in the neighbourhood of an isolated singularity z =a, a onc-
valued analytic function f(z) may be expanded in the form

fe) =3 ae—ay+ 3 b,e—a)

The coefficient b, is of particular importance, and is called the
residue of f(z) at the point z == a. By the formulae of Laurent's

expansion, 1
by = i J;f(z) dz,

where y is any circle with centre z = a, which excludes all other
singularities of the function.
It is easily seen that, if z =a is a simple pole,

b, = lim(z—a) f(z).

3.11. The theorem of residues. Let f(z) be one-valued and
analytic inside and on « simple closed contour C, except at u finite
number of singularities z,, z,,...,z,. Let the residues of f(z) at these

points be R, R,,....R,. Then
[, f@) dz == 2mi( R, 4+ Ry ...+ R,).

Let y,, ¥s,..., v, be circles with centres z,, 2,,...,2,, and radii so
small that they lie entirely inside C' and do not overlap. Then
f(z) is analytic in the region between C' and these circles, so

that, by Cauchy’s theorem (see § 2.35),
fc f(z) dz = fy. fz)dz +...+ f,ﬂ f(z) d-=.
But f,, f(z) dz = 2miR,,

etc., and the result follows.

3.12. Contour integration. The theorem of residues may
be used to evaluate a large number of real definite integrals.
To do this we take a contour, part of which consists of the real
axis, and the remaining part of which is usually made to tend
to infinity. The process is called contour integration. Tt is best
made clear by means of examples.
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3.121. It is well known that

o0
de =
1422~ 2°

0 .

To prove this by contour integration, consider the integral

dz
_" 1422

taken round the contour consisting of the real axis from —R
to R, with a semi-circle, on this line as diameter, above it. Since

1 1(1 1
A= é@(;_‘r;;i)’
the integrand has a pole at z = ¢, which is inside the contour if
R > 1, with residue 1/2:. Hence, by the theorem of residues, the
integral is equal to .

Now, on the semicircle, |14-22| >> R2—1, so that the integral

round the semicircle does not exceed
7R

BT
and so it tends to zero as R — co. Hence

3 d

. x
iRl e
R

Since the integrand is an even function, the result,now follows.

The integral of any even rational function which behaves
suitably at infinity can be evaluated in a similar way.

Of course we know the indefinite integral of 1/(1+4-a%), viz.
arctanx, and can evaluate the integral from this. The method
shows to better advantage in cases where we do not know the
indefinite integral.

3.122. It has been shown in § 1.76 that

[ ]
[ sinx
x

dzx =

NJ.I 3

IS

0
To prove this by contour integration, consider the integral

f‘fdz
z
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taken round the contour consisting of the real axis from z=p
to z= R, where 0 < p < R; a semicircle I" of radius R above
the real axis; the real axis again from — R to —p; and finally
a semicircle y of radius p above the real axis. We take p small
and R large. The small semicircle is necessary to avoid the
singularity of the integrand at z= 0, and the large semicircle
is necessary to close up the contour.

The function e??/z has no singularity inside the contour, and
the value of the integral is therefore zero. Thus

f’d+f d+fd+J—dz_

The two mtegrals along the real axis are together equal to
R

( il M f sinz ;-
P
The integral along I" tends to 0 when R — co. For

eiz
!f —dz
e #

m

'=!fe”“'oz'd0’ < fe-’“‘"odﬂ
0

< fdo + fe—mms do + [do < 284-me-Rein3,
8
We first take 8 arbltramly small, and then, having fixed 3, the
second term may be made as small as we please by choosing
R sufficiently large. Hence the integral a.long I" tends to 0.

Finally, iz i
[am 0]

The integrand in the last integral is bounded as p —> 0, and so,
by § 2.31, the integral tends to zero. Also

0
‘izzf,-da:__
4

Hence, making p - 0 and R — o0, we obtain

o0
sinz
21,f~—- dx —im =
x

(1]
and the result follows.
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Notice that the integral in the negative direction round the
semicircle y tends to —4n into the residue at z = 0. It is easily
verified that this is true of any simple pole, but not of a pole
of higher order.
Notice also that we do not consider the integral

J'slngd
2

because the integrand does not behave suitably at infinity.
3.123. Ifo<a<],

-]

xa-1 ™
e dr =,
14x sinam

0
-1
f a dz
142

taken along the real axis from z=p to z= R; then in the
positive direction along the circle I' with centre the origin and
radius R; then back along the real axis to z=p; and finally
round the circle y with centre the origin and radius p in the
negative direction. This is a closed contour which excludes
the origin. It is necessary to do so, because the function is
not one-valued in a region which includes the origin, so that
the theorem of residues would not apply to such a contour.
The many-valued function z%-! is taken to be real on the first
part of the contour. It is then given at all other points by the
formula re-1e@-1¥ where 0 < 6 < 2.

+ There is one pole inside the contour, at 2 = —1, the residue
there being e@-Vim, Hence

(4
xe- 2a-1 (xezm -1 20-1
B d,v — dx + —dz
f iz T f it f y 142

Consider the integral

— 2m e(a—l)iﬂ.

The two integrals along the real axis together give

R
(1—e?ima-1) J‘ o dx = —2ieimsin an f 17 dx.

P
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The other two integrals tend to 0. For on I'

za—l Ra—l
< .
14z ~R—1’
a-1 Ra—l 27TI£II,
so that Bl < 2m R T
S0 tha £~l+z ASEo T T RO

which tends to zero since @ < 1. Similarly
a-1 ¢ a
f L dzl < 371 ,
y 142 1—p
which tends to zero since @ > 0. The result therefore follows on
making R - oo and p - 0.

3.124. The above result has an application to the theory of
the I'-function. Putting y = 1—z in §1.86 (4), we have

o«

u-z
M@)P(1—2) = f o au
1]
—— __‘_”___
~ sin(1—x)n’
or D@)I(1—a) = " —
Sinxm

where 0 < x < 1.

3.125. Forn=20,1,2,...

o0
f xre-=t sinzt dx = 0.
0

Putting x = (4, the integral becomes
4 [ tinsde-tsint dt.
0

Consider the integral J- AR 43gli-D2

taken along the real axis from 0 to R, then along a quadrant
of a circle of radius R to the positive imaginary axis, and then
back to the origin along the imaginary axis. On the arc of

the circle |e-Dz| = ¢~ cosf—Rsinf  p-R

so that ‘ f 24n+3e(i-1z dz| < dnRintdeE 5 0.
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o0 o0
Hence f xin 3Dz gy f (ty)in+3ei-Divg dy = 0,
0 ' 0

or, replacing y by z in the last integral,

J. x411-|3e—.c(ei.r_e-1'.r) dx — 0,
(1]
and the result follows.

3.126. Ifc >0, then

c+1i%
1 a® 1 (@>1),
—— p— dz =
2mi z 0 (O<a<).
c—1im

If a>1, ic. loga >0, we consider the integral round the
contour consisting of the line from ¢—iR to c+:R, completed
by a semicircle on the left. If R is sufficiently large, this con-
tour includes the pole at z = 0, with residue 1; and it may be
proved as in § 3.121 that the integral round the large semi-
circle tends to zero.as R — co.

If a < 1, we complete the contour by a semicircle on the right.
There is now no pole in the contour, and the second result
follows.

3.127. The T'-function integral. We have

r L'(p)

f xP-le~ar (Jr — af (@a>0,p>0).

0 -

If we could make the substitution z==1if in the integral, we
should obtain

J‘ (it)p-1e-aity dt — F(p ),
0 a”

and, multiplying by e-¥»7 and separating real and imaginary

parts, we find
o0

J r-1°B g qt — Ij(p)c.os ipm. (1)
sin a? sin
[\]
The ordinary vules of integration by substitution, of course,
do not cover a ‘complex substitution’ of this kind. The process is

really an application of Cauchy’s theorem. Consider the integral

f 2P-le-ac dz
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taken round the contour consisting of the real axis from z=p
to z = R, the arc of |z| = R to the imaginary axis, the imaginary
axis from z = iR to z = ip, and the arc of |z| = p back to the
starting-point. By Cauchy’s theorem, the integral round this
contour is zero. It may be proved as in previous cases that the
integral along |z|=p tends to 0 as p—> 0 if p >0, and that
along |2| = R tends to 0 as R — oo if p < 1. Hence the integral
along the imaginary axis is minus that along the real axis, and
on evaluating it we obtain (1) again, for 0 < p < 1.

3.128. Occasionally we use the converse process, and deduce
the residue from the value of the integral.
If p i3 an even positive integer, the residue of tan?'nz at z =}
18 (— 1))z
The residue is equal to
—-iR 14iR iR  —iR

s [+ [ ] e

iR 1-iR  1+iR iR

1+iR iR —iR
and f = f = — f
1-iR —1R
since tannz is periodic with period 1. Hence the residue is
equal to 1-iR iR
1_{ f + J}tan””‘nzdz.
2m
—iR  14iR
Now

2imz—-2MY __ —1/Z
tan 7z = Le ! 1i (y —> —{—oo).

T .
peXime=2my 1 - 4 1/i
Hence as R - o
1—iR
1\P-1
f tan?-lgz dz > |- s
2
—iR
iR

1\P-1 (1P
tan?-17z dz > — ( ——.) = (~) ,
) 1
1+iR

and the residue is

i

1 (1)1»1 1 (-1

o) P aT
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3.13. Consider the behaviour of the integral
o0
fit)= f ezt gin ot dg

(1]
us t — oo.

1t is convenient, for reasons which will appear later, to begin
by integrating by parts. Integrating the factor e/, the in-
tegrated term vanishes at both limits, and we obtain

ft)= 4% f eiet=zt(cos 2t — sin xt)x-1 d.
0
As in previous examples, we. replace the circular functions by
exponentials, and consider, instead of f(¢), the function
$() =1} [ eict-rtricky-t dy,
0

Putting £ — u4/t, we obtain

$(t) =t-1 f etut-(-dut™d gy,
0
Next, turn the line of integration through an angle A, i.e. use
Cauchy’s theorem as in § 3.125. We obtain

$) = 1 | eein-aceiiign g,
0 v
This process is valid if the real part of the coefficient of * is
negative for all values of A through which the line of integration
turns; i.e. if sin4A > 0, or A < }=.
Actually we take A = 7. This has the effect of making the

term in e~ tend to zero as rapidly as possible. 1t gives

B(t) = t-tein8 f gmvi-=inem gy,

0

When ¢ - oo, this last integral, being uniformly convergent,
tends to the limit

0

fe*”‘ dv=1} fe-“’w" dw = }I'(}).

0

Hence P(t) ~ F'()ei8-1.
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o0

Similarly, if Y(t) =1 f eirt-abizdy—t g
0

we obtain the same asymptotic formula for () as for $(¢).
Hence finally )

__t[dO)+(t) ) —(t)

~ }i(})eim8¢-L.

A similar process might, of course, have been applied to the
integral before integrating by parts. The reader may verify that
it only leads to the result f(t) = o(t-1).

3.2. Expansion of a meromorphic function. A function
is said to be meromorphic in a region if it is analytic in the region
except at a finite number of poles. The expression is used in
contrast to holomorphic, which is sometimes used instead of
analytic.

The simplest meromorphic functions are rational functions.
We know that a rational function can be expressed in a simple
way by means of partial fractions; we shall now obtain a
similar expression for a more general class of meromorphic
functions.

Let f(z) be a function whose only singularities, except at
infinity, are poles. We shall suppose for simplicity that all these
poles are simple. Let them be a,, a,,..., where

0 <lay| < lag| < lag| < ..y

and let the residues at the poles be b,, b,,... respectively. Sup-
pose that there is a sequence of closed contours (', such that
C, includes a,, a,,...,a,, but no other poles; such that the mini-
mum distance R, of C, from the origin tends to infinity with
n, while L,, the length of C,, is O(R,); and such that, on C,,
f(z) =o(R,). This last condition will be satisfied if, for example,
f(2) is bounded on the system of contours C, taken as a whole.
Under these conditions

fle) = f(0)+ i .

for all values of z except the poles.
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To prove this, consider the integral

1 f(w)

2m J ¢, w(w—2z)

Ve

where 2z is a point inside C,. The integrand has poles at the
points a,,, with residues b, /{a,(a,—2)}; at w =z, with residue
f(2)/z; and at w == 0, with re<ndue —f(0)/z. In particular cases
these last two residues may of course vanish. Hence

< b 1) |, fz)
I == —Om _J) AR
alu(am—:) z + Z
m=1
On the other hand
Ly max| f(w)],

< 55—
\2 Rn(Rn_IzD Cn
which tends to 0 as n— cc, under the conditions stated.

Hence n
&) _fO) Z b
2 2 =0 1 um(am ),
and the result stated follows.
It is also obvious from the proof that the series converges

uniformly inside any closed contour such that all the poles are
outside 1t.

3.21. We leave to the reader the modifications which are
necessary if f(z) has poles of higher order than the first. A more
important extension can be made to functions which do not
satisfy the condition f(z)=o0(R,) on C,. Suppose now that
this is not satisticd, but that there is a positive integer p
such that f(z) == O(RP), or. more generally. f(z) —= o(RE+!), on
C,. Consider the integral

1= 1 J fu) dw.
¢, WP w—=z)
The calculations proceed as before, except that the residue at

w = 0 i3 now
1(f(0) | f(0) J¥)0)
—- {_:77+;)___1+_.__*___!_-:_

The integral again tends to 0 as n — 00, and we obtain

J@) = FO)+3 )+ -~f}’)) %z bt

n-0 ;: 01(:_(,’")
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or w
(z)__zf() ( + + + +ap+1)

n= 0
3.22. Application to trigonometrical functions. Con-
sider the function
f(z)=cosecz—1/z (z5£0), f(0)=
At the point z = nm, where n is any positive or negative integer,
sinz has a simple zero, so that f(z) has a simple pole. The
residue is

lim(;:——mr)(cosxecz——1 ¢ —lim( 1)2”# (—1n.

) =lim—= —
c—snmr z {~osin({+nmw) [—o sSIn{

But there is no singularity at z = 0, since
z—sinz _ O(|z[%)

= = 0(1).
zsinz  224-0(|z|%) (1)
Let C, be the square with corners at the points
(n+3)(£1L0)m
The function 1/z is obviously bounded on these squares. To
‘prove that cosecz is bounded, consider separately the regions
(i) y > im, (i) —§n <y <inm, (ili) y < —37. In the first region
21 2

eiz_—p-iz| ~plm_g-im

|cosecz| =

?

and a similar result holds for the third region. Also |cosecz| is
evidently bounded on the straight line joining }(1—i)= to
3(147)m, and so, since it has the period =, on all the lines
(n+ 3 —33)m, (n+4+433)m. Hence cosecz is bounded on the parts
of C,, which lie in (ii), and so on the whole square.

The theorem of § 3.2 therefore gives

cosecz-—~ == Z (“1)"(z ‘";Er'{"mr)

n=-—0o0
the accent indicating that the term » = 0 is omitted from the
sum. Since, when we pass from C,_, to C,, we include the two
poles —+nm together, we should, in the first place, bracket the
corresponding residues together in the sum. However, the series
withn > 0 and n < 0 converge separately, so that the brackets
may be omitted.
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If we add together the terms corresponding to +n, the
expansion takes the form

1 (—1)
cosecz =~ 42z
z + “ neat—z2

Examples. (i) Obtain the expansions

secz = 27 Z ((_.!l'i(,"+ 1)

noF =z’
< 1
tanz = 2z ——
Ly (n+3)2m2—22
n=0
a0
and cotz=l+2zz—l—.
2 22 —nlx?
n=1

(ii) Obtain the corresponding expressions for the hyperbolic functions.
(iii) Prove that

LS
e—1 2z 2+ zl+4n7r

. 1

(iv) Provo that cosec?z :nzw(?:n;f 2

3.23. Expansion of an integral function as an infinite
product. An integral function is a function which is analytic
for all finite values of z. For example, ¢, cosz, sinz, are integral
functions An integral function may be regarded as a generaliza-
tion of a polynomial; and, just as we can extend the partial
fraction formula to certain meromorphic functions, so we can
extend the expression of a polynomial as a product of factors
to certain integral functions.

Let f(z) be an integral function of z. Suppose that it has
simple zeros at the points a,,a,,.... In the neighbourhood of a,,,

f(Z) = (Z—*a" )g(Z)
where g(z) is analytic and not zero. Hence
Fe_ -__1__ +9 (2)
f@) 2—a, ' 9(z)’
and the last term is analytic at a,. Hence f’(2)/f(z) has a simple
pole at z = a,,, with residue 1.
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Suppose now that f’(z)/f(z) is a function of the type considered

in § 3.2. Then .
(0 o 1 1
{.7‘—((6))—*— ,nz:; (z——a,,+a_,,)'

Integrating from 0 to z along a path not passing through any
of the poles, we obtain

0

log f) —log f(0) = =%, + Z (10g(z—a,)—Tog(—a,) + ).
£(0)

The values of the logarithms Wlll depend on the path chosen;

but when we take exponentials all ambiguity disappears, and

we obtain 1o
s =0 " T T (1)

For example, the function f(z) = sin z/z satisfies our condition,
and we obtain the well-known formula

n=—0o0
. - 22
or smz:zﬁ(l—'ﬁ—z;é).
n=1
.. ® 22
Similarly, OS2 = H {1— (n— é’)i,‘;é}'

If f'(2)/f(2) satisfies the conditions of § 3.21, we obtain for f(z)
a product formula of the form

2P +1
(p+1)am '

£(z) = f(0)erteprra? 1’1 (1——)ea sz

3.3. Summation of certam series. The method of contour
integration is often effective in summing series of the form

2 fn)
where f(z) is an analytic function of z of a fairly simple kind.
Let C be a closed contour including the points m, m4-1,...,n,
and suppose that f(z) is analytic in this contour, except for poles
at a finite number of points a,,...,a;, say simple poles with
residues b,,...,b;. Consider the integral

J.c' mcot wz f(2) dz.

2
2
Qan
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The function = cot 7z has in C simple poles at z =m, m+-1,...,n,
with residue 1 at each pole. Hence = cotnz f(z) has the residues

f(m),f(m—+1),...,f(n). Including the residues due to poles of
f(z), we find that

[, meotm2f(z) dz = 2mi{ fom)+f(m-+1)+...-Hf(n)+
+b,mcot ma,+...4-bymw cot ma, ).
Suppose, for example, that f(z) is a rational function, none
of whose poles are integers, and which is O(|z|-2) at infinity.
Take the contour C to be the square with corners (n+1)(4-141).

Then, as in § 3.22, the integral round C tends to zero as n — oo,
and we have

lim ﬁ fim) = —m{b, cot ma,+...4b, cot ma,}.

Similarly, by using m cosec mz instead of 7 cot 7z, we can obtain
expressions for sums of the form

2 (=1)"f(m).
Consider, for example, the series

& (adn)?
Here f(z) == 1/(a+z)? has a double pole at z= —a. By Taylor’s
theorem

cot nz = cot(—na)-+ (rz+ma){ —cosec*}(—ma)}+...,
so that the residue of cot nz/(z-}+a)? at z = —a is —m cosec?ra.
Hence o
Z 1— = mrcosec?ra.
(@+n)?

3.4. Poles and zeros of a meromorphic function. If f(z)

18 analytic inside and on a closed contour C, apart from a finite
number of poles, and is not zero on the contour, then

1 [ f@)
- | L7 dz=N—P
o Jo fiz)
where N 18 the number of zeros inside the contour (a zero of order
m being counted m times), and P i3 the number of poles (a pole
of order m being counted m times).
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Suppose that z=a is a zero of order m. Then in the neigh-
bourhood of this point

fz) = (z—a)"g(2),
where ¢(2) is analytic and not zero. Hence

fe)_ m  g@)
f@) z—a g()
The last term is analytic at z = a, so that f'(2)/f(z) has a simple
pole at z = a with residue m. Hence the sum of the residues at
the zeros of f(z) is N.
Similarly the sum of the residues at the poles of f(z) is — P
(we need merely change the sign of m).
It may be proved similarly that if ¢(z) is analytic in and on
C and f(z) has zeros at a,,...,a,, and poles at b,,...,b,, then

f (Z n
"m fk(; $(z) dz = 2 ‘f’ Vgl $(b,).

3.41. If f(z) is analy th mn C, tken the above formula reduces to

n

[(z)
"m c f2) dz=1N.

This result can also be expressed in another way. Since
d f'@)
7 lo 2)} = R
gl ="
we have f f( ) dz = Aglog{f(2)},
cf

where A, denotes the vanatlon of log{ f(z)} round the contour C.
The value of the logarithm with which we start is clearly
indifferent. Also

log{f(2)} = log| f(2)| +14 arg{f()},

and log|f| is one-valued. Hence the formula may be written
1
N = A ang(f(2)}.

3.42. Rouché’s theorem. If f(z) and g(z) are analytic inside
and on a closed contour C, and |9(z)| < |f(z)| on C, then f(z) and
f(2)+9(z) have the same number of zeros inside C.

In the first place it is clear that neither f(z) nor f(z)+g(z) has
a zero on C. Hence, if N is the number of zeros of f(z), and
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N’ the number of zeros of f(z)4¢(z),

27N = A argf,

2nN' = Acarg(f+g) = Aoargf-}—ACarg(l—}-;).

To prove that N = N’, we have therefore to prove that

Agarg (1—{—;) =0.

Since |g| < |f], the point w = 1+4-g/f is always an interior point
of the circle in the w-plane with centre 1 and radius 1; thus, if
w=pe'$, ¢ always lies between —3in and im; and therefore
arg(1+g/f) = ¢ must return to its original value when z de-
seribes C—it cannot increase or decrease by a multiple of 27.
This proves the theorem.

Another proof is as follows. Let qS(z) =¢(2)/f(z). Then

v L [ FOte@ 1 f+f¢>+f¢

2"”' c fz) +g, 27”/ ¢ f(l+¢)
=g |, () 2= e, l’iﬂ"’

and the last integral is zero, as we see by expanding in powers
of ¢ and integrating term by term.

3.43. The following is an example of the type of problem
which can be solved by means of the above theorems.
In which quadrants do the roots of the equation

24 4-284-4224-224-3=0 ’

lie?
The equation has no real roots; for obviously it has no
positive root: putting z = —x it is

24234422 — 2243 = 0.
For 0 <x <1 the first three terms together are positive, and
so are the last two. For 2 > 1 the first two terms together are
positive, and so are the last three.
Putting z = 1y the equation becomes

Yy —iyP—4y?+-2iy+3 =0,
and the real and imaginary parts of this do not vanish together.

Hence there are no purely imaginary roots.
Now consider Aarg(z*-...43) taken round the part of the
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first quadrant bounded by |2| = R, where R is large. The varia-
tion along the real axis is zero. On the arc of the circle, z = Rei,
and we have
Aarg(z*+...) = Aarg(Rl*)+Aarg{1+O(R-1)}
= 274+ O(R™Y).
On the imaginary axis we have
—y°+2y
arg(z*+...) =arctan (y4__4y2+ 3).

The numerator of the expression in brackets vanishes at y = v2,
and the denominator at ¥ = 3 and y = 1. Hence the rational
fraction varies as follows as y varies from oo to 0:

y=oo 3 2 1 0

0, —, ©, +, 0, —, 00, +, 0.

Hence arctan(z4-...) decreases by 2w, and therefore the total
variation of arg(z*+...) round the quadrant is zero, if R is
large enough.

Hence there are no zeros in the first quadrant.

Since zeros occur in conjugate pairs, it follows that there are
no zeros in the fourth quadrant, and two in each of the second and
third quadrants.

Any algebraic equation may be treated in the same way.

3.44. The fundamental theorem of algebra. Every poly-
nomial of degree n has n zeros.

In the first place, 2" has n zeros, all at the origin. Now con-
sider any polynomial

ag+a,2+4...4a,2",
where a, # 0. Let
fz)=a,;", 9(z) = aptapz+...+a,_ 21,

and take the contour C of Rouché’s theorem to be a circle with
centre the origin and radius R >1. On C

|f(2)] = |a,|B™,
19(2)] < lag|+ @, | B+-...4 |y 1 | R* 1 < (lag| ..+ @, [) B L.
Hence |g| < |f| on C provided that
B > (lag| ...+ |@p-11)/ |ay].

Hence, by Rouché’s theorem, f(z)+¢(z) has » zeros in a circle
with centre the origin whose radius R satisfies this condition.
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The theorem can also be proved as follows. Suppose that the

above polynomial has no zeros; then the function
1
ay+...+az"

is analytic for all values of 2, since its only possible singu-
larities are the zeros of the denominator; and it is bounded as
|z| = co. Hence, by Liouville’s theorem, it is a constant. Hence
the polynomial reduces to the single term a,,.

This proves only that the polynomial has one zero, and the

fact that there are n has to be deduced by the familiar process
of algebra.

3.45. A theorem of Hurwitz.* Let f,(z) be a sequence of
Sfunctions, each analytic in a region D bounded by a simple closed
contour, and let f,(z) -» f(z) uniformly in D. Suppose that f(z) is
not identically zero. Let zy be an interior point of ). Then z,
18 a zero of f(z) if, and only if, it is @ limit-point of the set of zeros
of the functions f,(z), points which are zeros for an infinity of
values of n being counted as limit-points.

This easily follows from Rouché’s theorem. We can choose
p 8o small that the circle |z2—z,| = p lies entirely in D, and con-
tains or has on it no zero of f(z) except possibly the point z,
itself. Then |f(z)| has a positive lower bound on the circle, say
|f(z)| =m > 0. Having fixed p and m, we can choose n, so
large that if.(2)—fz)] <m (n > n,)
on the circle. Since f,(z) = f(2)+{f.(2)—f(2)}. it follows fromn
Rouché’s theorem that, for n > ng, f,(z) has the same number
of zeros in the circle as f(z); that is, if 2, is a zero of f(z), it has
at least one, and otherwise it has none. This proves the theorem.

The example f,(z) == ¢°/n shows that it is necessary to as-
sume that f(z) is not identically zero. The example in which
Sfa(z) = 1—27/n, and D) is the unit circle, shows that the theorenm
does not apply to points on the boundary of D. For f,(z) >~ 1
uniformly in D and on the boundary, but every point of the
boundary is a limit-point of zeros of the functions f,(z).

3.5. The functions |f(z)|, R{f(2)}, I{f(2)}. Let f(z) be a
function analytic in a given region, and let u(x,y), v(x,y) be its

1 * Hurwitz (1).
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real and imaginary parts. We write

P 0
Uz =2 u(@,y), u,= @u(rc, Y),

and similarly for derivatives of higher order.
We have already shown that the Cauchy-Riemann equations
Uy =0, Uy == —V,,
hold at all points of the region.
Since f”(z) exists, so do all the partial derivatives of » and v
of the second order. Hence

0 0
Uz = EE(UV) == 3—3/(1)1) = —Uyy,

i.e. u satisfies the partial differential equation (Laplace’s equa-

tion
) Uy +Uyy == 0.

Similarly » satisfies the same equation.

A function which satisfies this differential equation is called
a harmonic function or a potential function. The modulus |f(z)]
is not in general a harmonic function; but log|f(z)| is, since it
is the real part of the function log{f(z)}.

3.51. The loci |f| = const., R{f} = const., I{f} = const., are
curves in the z-plane.
If |f(z)| = constant throughout a whole region where f(z) s
analytic, then f(z) = constant.
For if |f(z)| = ¢, then
u?+v? = c2.
Hence wt+vv, = 0,
uu,+ovv, =0,
or, by the Cauchy-Riemann equations,
un,—vu, =0,
wy,+ vy = 0.
Eliminating u, we obtain
(u2+v?)u, = 0.
Hence u,=0, and similarly u,, v,, and v, are zero. Hence
u and v are constants, i.e. f(2) is constant.
If u = ¢ or v = ¢ the proof (which we leave to the reader) that
f(2) is a constant is even simpler.
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3.52. The zeros of f(z) are the intersections of the curves u = 0,

v = 0. This is obvious.
At a simple zero, the curves u =0, v =0 intersect at right
angles. This follows at once from the Cauchy-Riemann equa-
tions; or it may be seen by taking the zero to be at z =0, and

g f(e) = acioz + 02/,
so that u = ar cos(a+6)+ O(r?),
v == arsin(a—+-0)4 O(r?).

Then the directions of the tangents to w =0, v = 0, are given
by 0 = ir—a, 0 = —a.

At a point where f(2) is real, and f'(z) = 0, the curve v = 0 has
a double point.

For at such a point v == 0, v, == 0, v, = 0, which are the con-
ditions for a double point.

The curves |f(z)| = constant are called level curves.

Example. Prove that, at a double zero, each of the curves u = 0,
v = (), has a double point, and the two curves intersect at an angle }.

3.53. A level curve has a double point, if, and only +f, it passes
through a zero of f'(2).
The equation of a level curve is

U2 = c2,

and this has a double point if, and only if,
w40, = 0,
u,+vv, = 0.

Both these conditions are satisfied if f'(z) == 0. Conversely, the
second equation may be written

-—uvx-?—vuz =0,
and squaring and adding we have
(w2 2) (U4 0%) = 0.
Hence u, = 0 and v, =0, i.e. f'(z) = 0.
3.54. The level curves and the zeros of f(z). If Cisa

simple closed level curve, and f(z) is analytic inside and on it, then
f(z) has at least one zero inside C.

Let f(2) = utiv = cei#
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on C, so that c is a constant. Then
¢ = V(u+4-v?), ¢ = arc tan(v/u).
Let s be the length of C measured from some fixed point on
it. Then

dc du  dv\l
0:-(?‘;,- (u£+v3§)c-, (1)
dp ( dv  du\l

Now d¢/ds cannot vanish on C. For if it did we should have,
on squaring and adding the above equations,

w8+ 4]

. du dv
l.e. ‘(‘g —_— 0, d—_s = 0.
. du  dx dy
Now %_uxag+uy(—1§,
dv dy dy

i Ids+ vgs ”d S

so that, squaring and adding,

v 8 (2] o

The last factor is 1, so that «, == 0, u, =0, ie. f'(z) == 0. This
is impossible on a level curve w1th0ut double points.

It follows that d¢/ds has the same sign at all points of (',
i.e. that ¢ increases or decreases steadily round the contour.
Hence its variation round the contour is not zero.

But the variation of ¢ round the contour is equal to 2=
multiplied by the number of zeros inside . Hence there is at
least one such zero.

3.55. If f(z) has n zeros inside C, then f'(z) has n—1 zeros
inside C.

Let f(z) = ce'®
on C. Then
. d
'(z) == ciel® L
f'(z) == cre i
H ' i
ence arg{f'(z)} = const.—{-qf»—}-arga—z-.
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Hence, if A, denotes variation round C,

Boarg(f(e)} = Acarg(fe))+Acarg 2.

Let n' be the number of zeros of f’(z). Then

2nn = 2mn+A, arggé. (1)
dz
d¢ dods
Now ‘(‘1; — -d_.s ;1;’

and. as we have already seen, dé/ds is real and of constant sign
on (' Hence

d ds
Acarg—di: = Aparg 7’
dz:  dx | .dy ..
3 e b -+ —-— @'
Also - o= cosy-isinyg — e'd,

where | is the angle the tangent to C makes with the x-axis.
Hence is
Acarg— = —Acp= —2m,

so that on dividing (1) by 27 we obtain n’ = n-—1, the required
result.

3.56. The following theorem sometimes gives useful informa-
tion about the zeros of a function.*

Let C be a simple closed contour, inside and on which f(z) is
analytic. Then if R{f(z)} vanishes at 2k distinct points on C, f(z)
has at most k zeros inside C.

If f(z) =u--iv, the number n of zeros of f(z) inside (' is
given by 1

r

n - E;AC(nrcmnq—l).

Starting at a point where u 7 0, we may take the initial value

of arctan(v/u) to lic between — 7 and }». We can only pass

out of this range, say to (3n,3n), if » vanishes, and only pass

on to (§m,37), if u vanishes again. Thus, if » vanishes twice

on C, As(arctanv/u) is at most equal to 27, and n is at most

equal to 1. The general result obviously follows from the same
argument.

* See, for example, Backlund (1).
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3.6. Poisson’s integral formula. Let f(2) be analytic in a
region including the circle |z| < R, and let u(r, 0) be its real part.
Then for 0 <r< R

u(r,0) = u(R,¢) dé.

fRz Zchoq(H -$)+r?

There is a similar formula for the imaginary part v(r, ) of f(2).
These formulae are analogous to Cauchy’s formula giving the
value of f(z) at any point inside a contour in terms of its values
on the contour. They cannot, however, be obtained micrely by
separating Cauchy’s formula into rcal and imaginary parts.
We shall give two proofs.
First Proo¥. We can suppose without loss of generality that

f(z)=>3 a,z*, where all the coefficients a, are real. For, in the
general case, a, = «,+18,, and

f(2) =3 a,z"+1 3 B2 = fi(2)+1 fy(2)
so that R(f)=R(f)—1(f,).

Also, since |a,| < |a,|, |B.| < la,l, f; and f, are analytic for
|z < R. Hence the general result follows from the special case.
In the special case, if f(re) = u--tv, then f(re-1) -= u —qr.

Let z, be a point on the circle |z| = R, and let f(z,) == u,+1v,.
Then, by Cauchy’s formula,

utiv = ) f wtivy g, 1 f " (uy-iv,) Reid dg
2mi 2

23—z ‘Rei$ —re
Since the point R?/z is outside the circle, we have

0= ___1__ }{’,l_j:ivl dZ _1_ -"(_uq'{"i?)l)Re"‘f‘ (l¢ -
2w — R?/z 27 | Re'd— R2r-1e-i0
0

Replacing ¢ by —¢, and so tv, by —iv,, we obtain

(“l‘wl)_Rff o
211 Re-'$— R2r-1e-10

0

(“1—_'_‘”1)"ew dé 0
or 21rf T re0—Red

1}
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Subtracting this formula from the previous one, we obtain

2
.1 Re“‘—i—re"” .
U+ = o J. { R + vy} do,

and now, taking real parts, the result follows.
SECOND ProOF. Let

f(Z) - z n+1’ﬁn)r“ema (T ({ R)
Then, as in § 2.53,

’77

a, R = - J u(R, $)cosné dp, B,R*= —— j u(R, d)sin ng de,

2
for n - 0, while g == El;r j u(R, $) dp

Hence
o
w(r,0) — > (a,cosnt — B, sinnd)r*
n-=0

2m

1
o | w9 a8+
w
0 O
1 m
+ nfu(R $)(cos nf cos nd + sin nf sin np) dé
2m

1

s - f’lt(R,([) { 4 S‘cosn 0— d:)( ) | (I¢

o
0 n= 1

the inversion being justified by uniform convergence. The

result now follows on summing the series in brackets.

3.61. Jensen’s theorem. Let f(z) be analytic for |z)< R.
Suppose that f(0) is not zero, and let ry, r,....,r,,,... be the moduli of
the zeros of f(z) in the circle |z| < R, arranged as a non-decreasing
sequence. Then, if r, <r<r,,,,

r"[f 1 { i0
r_.r_;r_ 5 J log| f(re®)| df. (1)
0
Here a zero of order p is counted p times. The interest of
this formula is that it connects the modulus of the function
with the moduli of the zeros.
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It can be put in another form, in some ways more useful.
Let n(x) denote the number of zeros of f(z) for |z| <x. Then,
if Tn < r < Tn+1)

log

=nlogr— i logr,,
m-1

n—1

= Z "l(iOg Tm+1_ lOg rr)1)+7l(logr_ lOg r")

m=1

1Tn

T l

m:[ +f

Now m = n(x) forr, < x < 7,4y, n=n(x)forr, < x<Ir. Hence
the right-hand side is equal to

Jr ﬂ'l_) d.l‘,
Xz
0

and Jensen’s formula takes the form

r

1) g L floglf(r(’“’)l 48 — log| (). 2)

m=1

.

()
We chall give two proofs of the theorem.

Firsr Proor. If f(z) has no zero on [zj == r, then

f(z) . f re ) l(! 3
2773 f(z) 2rr f(r e'”) 3)

0

Jensen’s formula is obtained formally by dividing by , integrat-
ing with respect to r, and taking real parts. This process is not
obviously valid, owing to the infinities of the integrand. We
therefore adopt a slightly different method.

In an interval between the modulir,, 7, ,,, of two zeros, each
side of Jensen’s formula has a continuous derivative; the
derivative of the left-hand side is n/r, and that of the right-hand

side is

n(r)==

1 2”11‘ N o 1 fﬂi ’ 0y 7 0
E;f;z;lloglf(re Yo i dr{lobf(re )-Flog f(re-'%)} df
0

©

f(re®) o Flre® ) f (re'®) y
{f(re v fire f) ¢ ﬂl d0 = 2ﬂf f(re®) d,

]



JENSEN’S THEOREM 127
which is also equal to n/r, by (3). Hence the two derivatives
are equal in any such interval. Hence the two sides of Jensen’s
formula differ by a constant in any such interval.

Secondly, the two sides are obviously equal when r = 0.

Hence it is sufficient to prove that each side is continuous
when r passes through a value 7,,.

This is obvious in the case of the left-hand side. For the
right-hand side, it will be sufficient to suppose that there is one
zero of modnlus 7, and that its amplituce is zero. Then

'+‘ l/:'(T, 0))

where i is countinuous in the neighbourhood of r =7r,. Hence
it is sufficient to show that the integral

n
:
1

o
log| f(rei)| = log'1-- -:- et

2

| r . !
log;1-——ei do
6" ’ 1 T)P: l

is con:tinuous at r —=1r,. Now for r/r, < 2

A r )2 r 72
91— et =1-2 cosd4—
| rl.. f n f;l
<o r\2_ .,
= 8in%0 -} (‘050-———) > sin2.
n
Henee, if 8 -2 7,

;8 &

! i

! floggl—riefﬂl‘d()\< f {log 3+ |log|sin 9[;} de
I—S ! noo b % ,

S
< f (4+logi6)) d0<A810g%.
s

We can choose & so that this is arbitrarily small, for all values
of 7 in the neighbourhood of r,. Having fixed §, the remainder
of the integral is evidently continuous. Hence the whole integral
is continuous.

SECcoND Proor. We obtain the result in a number of stages.

(i) If f(z) has no zeros for |z| < r, then log f(z) is analytic for
|z] < r, and logf2) 2ur

1 ogf(z) ,, 1 0
logf(0) = 5 f B g — - [ 1og{sirety as,

2 ™
lzy =r 0

and, taking real parts, we have the result.
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(i) If a, = r,e®, 0 < r, << 7, we have

-\ dw
log(l——wal)-a =0
lwl=1/r
by Cauchy’s theorem, the logarithm having its principal value.
Hence, with suitable determinations of the logarithms,

i | ()= [ o)
2m g wa,) wo 2m g wa,) w

lwe)=1.r lwl=1ir

~ log( )~ ;- Hogeull s ¥

= log(—&_l—)- ——(log -{-Zm) +«~~log -

41

Taking real parts,

1 ¢ r . I r
- 1— L ¢i6:-6) = log —.
211J log rle ]d@ ogr1
0
This is Jensen’s formula for
2
=1-=.
fa) =1-

1

(iii) The above result may be extended to the case r = r, by
applying Cauchy’s theorem to the circle |w| = 1/r with a small
circular indentation so that the point w = 1/a, is excluded. The
integral round the indentation tends to 0 with the radius, and
the proof concludes as before.

(iv) In the general case

1) = (1=2)(1-2)-(1-Z)peo

where ¢(z) is not zero for [z| < 7,,,,, and ¢(0) = f(0). The general .
result then follows by addition of the previous ones.

The theorem may be extended at once to a function which
has poles as well as zeros. Let f(z) satisfy the same conditions
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as before, but now let it have zeros «,,...,a, and poles b,,...,b,
with moduli not exceeding r. Then

log{ "f )| rm= "} = f log|f(rei?)] (4)
a,...
For if flz) = g(z)/(l——) (1——) = g(2)/R(2),
b, b

we have log * ™ (O), = flog glre®y df

Aal m ‘)77

1 ;

and log = J log h{re); d8.

’b 27

0

The result therefore follows on subtracting.

3.62. The Poisson-Jensen formula. Lef f(z) have zeros
at the points a,, a,....,a,,, and poles at by, b,,....b,, inside the circle
|z} < R, and be analytu cleewhere inside and on the circle. Then

o

e 1 R2—72 ;
log! f(re')! == Q;J 2 Rrcos(—d)F log f(Re'#)| dd —

-——u reit —b re'”
S‘logtR e“’ a,) I+Z g 7R(§-e"9 b,)"

This contains both Poisson’s formula and Jensén’s formula
as particular cases. If there are no zeros or poles, it reduces to
Poisson’s formula for the real part of the function log f(z). On
the other hand, if » == 0, we obtain the general Jensen formula

b b __I?__ ,Rm—n}.

i 1 2 am

log f(0)] =5~ f log|f(Rei) dp —log |
(i) Let f(z) = z—a, where |a] < R. Then we have to prove that

log|rei?—a| = -log|Re'®—a| d¢ —

f R — "chos(t) ¢)+ 72
R2—gre®

— log R(rei®—a)!
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or

2w

1 7 R2 o2
—— I ()g R l‘#_.a d¢
27 J Rz — "cho% 0 ¢ + 2 ! I € ‘

aretd

log}R——~~R~

But this is equivalent to Poisson’s formula for the real part of
the function iz

1 Y A

og(R R)

which is analytic for |2] < R
(if) Similaviy, if f(z) = 1/(z—b), the formula is equivalent to
Poisson’s formula {or the real part of

bz
logl R — =
()L( R)

(iit) I¥ (:) is analytic and has no zeros or poles in jz| << R, the
formaula is Poisson’s formula for the real part of logf(z).

The general case can now be ubtained by addition of these
particular cases.

3.7. In all the above theorems the region considered is a
circle. We shall conclude the chapter by proving two theorems
of the same general ty pe as Jensen’s theorem, but applying to
a half-plane ard a rectangle respectively.

Carleman’s theorem.* Let f(z) be analytic for z|.:p,
—47 < argz < m, and suppose that it has the zeros ref, retfe
7,6 inside the contour comsisting of the semicircles |z|=:p,
l2| = R, —}m < argz < }m, and the parts of the imaginary axis
joining them, and that it has no zeros on the contour. Then

n

¢
Z (____)cos{} = IR j log| f(Re®)|cos 6 df +
v= v '—iﬂ’

It
+37 | (o= 7) eslnf—ini dy+0q),
P

where O(1) denotes « function of p and R which, for fixed p, is
bounded as R — 0.

Consider the integral

1 1 1
I = o f logf(z)(;z“*’j{é) dz

* Carleman (1).
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taken round the contour in the positive direction, starting from
the point z = tp with a fixed determination of the logarithm.
The integral along the small semicircle is bounded. On the

negative imaginary axis z = —1y, and we obtain
It
1
o [108{f( z.1/)}( )d./
p

On the large semicircle, z = Rei, and we obtain

134
1 anfe 1\,
8 f log{ f(Re 0)}( R -}-Fz)zRe”dB

_.&"

=1 J logf f(ReY)}cos 8 df.
R
—in
The integral along the positive imaginary axis gives
R

1 N
5 f loglj(zy)}(yu-—ﬁ) dy,

p
and, taking the real part of I, we obtain the right-hand side
of Carleman’s formula.
Again, integrating by parts, we have

= ot A

As we describe the contour, log f(z) increases by 2min. The

integrated term is therefore purely imaginary. By the theorem
of residues, the last intogral is equal to

Z (r—e’f' e )

and, taking real parts, the theorem follows.

The result is easily extended to the case where f(z) Las zeros
on the imaginary axis: we make small indentations round these
zeros, and proceed to the limit.

3.71. Let f(z) be analytic and bounded for x>0, and lct its
zeros in the right half-plane be r,e®®, r,et%2,.... Then the series

.
z cosf,
r

. n-1 n
18 convergent.
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Under the conditions stated, the right-hand side of Carle-
man’s formula is bounded above, say << M. Hence

<~ (1 7,
Z (77,,—_1-2—2)0088" <M

for all values of R. Every term on the left is positive, and, if
r, < iR,

1 3
r, R 4r/
Hence cos 91' < f_g" ,
r,<tR Ty

and the result follows.

It is easily seen that the theorem remains true if, instead of
f(z) = O(1), we suppose that f(z) = O(¢*"), where « << 1. But if
a =1 the theorem fails, as the example f(z) = cos z shows.

3.72. The above theorem may be used to prove the following
result.

Let f(z) be analytic for x > 0, and of the form O(e-¥%) as z > w,
wherea > 0, uniformly for largz| < 37. Then f(z) = 0 identically.

For consider the function F(z) = f(z)sinbz, where 0 << b < a.
Here F(z)is analytic and bounded for x >: 0; it has zeros at the
points z = nx/b, and Y b/nm is divergent. This is inconsistent
with the result of the previous section, unless F(z) is identically
zero. Hence £(z) == 0, and so f(z) = 0.

A more complete form of this result will be obtained in
§5.8.

3.8. A theorem of Littlewood.* Let C denote the rect-
angle bounded by the lines z = z,, » = z,, y = y,, ¥ = y,, where
x, << &y, Uy <7, Let f(z) be analytic and not zero on C, and
meromorphic inside it. Let F(z) -= log f(z), the logarithm being
defined as follows: we start with a particular determination on
x =12, and obtain the value at other points by continuous
variation along y = constant from log(z,+iy). If, however, this
path would cross a zero or pole of f(z), we take F(z) to be
F(2410) according as we approach the path from above or

below.

* Littlewood (4).
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Let v(x') denote the excess of the number of zeros of f(z) over the
number of poles in the part of the rectangle where z > x’. Then
Ty
ft'F(z) dz = —2mi f v(z) dz.
Ty
Consider first the function f(z) =z—a, where a = a+i8 is a
point of the rectangle. Let C’ be the contour obtained by
describing ' in the positive direction from (x,,y,) as far as
(%1,B), then the straight line y==B as far as a—e-+iB, then a
circle of radius e about 2 =a described in the negative direc-

tion, and then returning along y = 8 and the rest of C' to the
starting-point. "Then F(2) is analytic in C”, so that

[ F@ dz=o0.

The integral round the small circle tends to zero with the
radius, and it follows that

J.CF(::) dz = — f {F1(z)— Fy(z)} dx,

Iy

where F| and F, are the values of F on the two paths joining
2,+1iB to a+1if. Since we obtain F, from F, by passing in the
negative direction round a simple zero of f(z) at z = a. we have

Fy(2) = F\(z)—2mi.
Hence N 2
pr(z) dzl: —2m f de = —2mi [ v(x) &z,
Xy I
where v(x)=1 (r;<x<a), 0 (a<x<m,), ie. v(x) is the
v-function for the case considered.
The general theorem now easily follows by addition of terms
corresponding to the various poles and zeros of f(z).

MISCELLANEOUS EXAMPLES
1. Evaluate the integrals

oo oC e

dx x? dx ) 7(_1_.!:__
2441’ PN s+ 1
0

0 [}
by contour intogration.
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2. Evaluate the integrals

o0 - o0

cosx cosT smzcr sindr
—_, dr dwx, —=du, ——dx
> ey ) e
a’ 42 (a¥Fa2) 3

0 0 0
by contour integration.
3. Prove that, if ¢ > 0,
¢+
1 f ¢_1_‘dz=loga (a > 1),
2 22 0 (0 <a<l)
¢—1{1a0

4. Prove that the integral

2
fJ(4z2+4:+ 3)
taken round the unit circle, starting with the positive value of the
square root at z ~: 1, is equal to im.
5. By integrating log%/(1+2?) round the usual semi-circular contour,
prove that ®

2 3
E__TZ dz == 1.7_
14-22 8

0
6. By evaluating the integral

1 dz
271 | (z—a)(z—1ja)
round the unit circle, prove that, if 0 <a < 1,

27

af 2
1+a2— Sacosd  1—at

0
What is the value of the integral if @ > 1?
7. Prove that, if b > a > —1,

i 1rF(a 4-1)
f cos®*f cos bl dfl -- ST GaTIb NG 1)’
0

| Take the integral § (z-+1/z)%%-! dz round the right-hand half of the unit
circle.]

8. By integrating J . dz

round the rectangle with corners at —, 7, 7 +in, —m+-in, and making
n —> w0, show that
w

xsinz dx m . T
—— = -] 1 - 1), -log—— > .
f 14+a?—2acosz a ogll+a) (0<a<l) a o8 « (@>1)

)
[Lindelsf, Calcul des Résidus, pp. 48-9.]
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9. Show that the function f(x) = sech{xz,/(}7)} satisfies the equation

f@e) = A/ (12—7) ff(x)cosxt dz.
0

[Take the integral | cosfzsechaz dz round the rectangle with corners
at +n, +n+1im/a, and make n — .]
10. Show that the function
1 1
flz) = evam_1 =z J(2m)
satisfies the equation

f@) =A/(§) ff(x)sinzt dz.

[Take the integral J. S | dz,

where a > 0, round the rectangle with corners at 0, n, n+-2in/a, 2ir/a,
and make n — «v.]
11. Prove that,if 0 <aea<land O <c< 1,

c+in

1 = 1
2mi f a*sinmz w(l+a)’
C—1%
12. Prove that if a > 0, —}7 < al < }m,

fe—"m"'\c.os(ﬂsina/\) dr =°25()) Iy (1) .
sin sin g \a
0
13. Sum the series

14. Prove that if —7 -< @ <, and z is not an integer,

o0
nsm na sm ax
> (=1 =
n=1
16. Prove that*
cothrw coth 2 coth 3 1977
T T =g T = 567000

16. Prove that ©
Z' 1 _ 138
nisinnmV2 3602
n=1
[Hardy. Consider the integral

* Ramanujan; see Watson (1).
K
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1 1 dz

2mi | sinmzsinfmz 23
where @ = 42—1. The series is convergent; for if m is the nearest
integer to nv2,

[nv2—m| = |2n? — 7] ! .4
n’

nv2+m n~/2+m
and hence cosecnmv2 = 0(n).]

o0
17. Show that if f(z) = X a,/2**! (|]z| > 0), C is a closed contour

including the origin, and ¢(z) is regular in a sufficiently wide region,
then

f )p(z— w)dw=a°¢(z)~al¢(z)+ ¢(z)

2mi

18. Prove that

€% — ¥ — (a—b)zetaton n {1+(a4n;b7::l} .

n=1

19. Show that, however small p is, all the zeros of the function

1++ et

niz
lie in the cirele |z| < p, if n is sufﬁclently large.
20. If a > e, the equation e* = az" has n roots inside the unit circle.
[Take f(z) = az*, g(z) = € in Rouché’s theorem.]
21. Show that, if « and B are real, the equation
zz‘+a2z2”‘l+ﬁ2 =0
has n—1 roots with positive real parts if n is odd, and n roots with
positive real parts if n is even.
22. Prove that, if « is not an even integer,
F(a+ 1)sin {7

J. ~=*cosxt dxr ~ -
t(!rl.

0
as t — oo through real values.*

23. If f(z) = u+4v is an analytic function of z = x4y, and ¢ is any
function of x and y with differential coefficients of the first two orders,

then 2 2 2 :
4 (- (o
N 2:1; P (B2 e

[See Hardy (86), p. 270.]
* Pélya (1).
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24. If f(z) = w+v is an analytic function of z = x 414y, show that
62
P — 12 p-2
(5 + o) VP = L0,

ox?
and that (_ + _.)|u|p ~ p(p—D)u|r=2| f(2)]*
ot oyt
25. Lot ¢(¢) be a real integrable function in the interval (g, b), and let
b
f(z) = fc"qS(t) dt
a
have zeros at the points rie!s, r4¢®z,.... Then the series

cosd,
2.
is absolutely convergent.
[The function e~*f(z) is bounded for ;> 0, and e%f(z) is bounded
for x < 0.]



CHAPTER 1V
ANALYTIC CONTINUATION

4.1. General theory. Itis natural to think of the aggregate
of all values of 22, say, or logz, for all values of z, as a single
entity, and each such aggregate we describe as an analytic func-
tion. We have, however, not yet encountered the general idea
of an analytic function as a whole. What we have always been
concerned with is the idea of a function associated with a region,
and defined in that region by a formula. Thus

14-2+422+... (lz] < 1) (1)
and f et1-adt  (R(z) <1) )
o
appear as different functions, whose values happen to be the
same for certain values of z. But it is obviously more natural
to regard (1) as a part of (2), and (2) as part of the function
defined for all values of z other than 1 as 1/(1—z).

This particular function is one-valued, i.e. has just one value
for each value of z (except z = 1). But it is also natural to regard
the two values of vz as parts of the same function, and our
definition must include cases of this kind also.

To connect these new ideas with our previous theory, we
require a process by which we can extend the definition of a
function beyond a limited region in which it is originally defined.
This process is called analytic continuation. It is characteristic
of analytic functions of a complex variable, and has no counter-
part in the theory of functions of a real variable.

4.11. Analytic continuation. Suppose that f,(z) and f,(2)
are functions analytic in regions D, and D, respectively, and
that D, and D, have a common part, throughout which
f1(2) = fa(z). Then we consider the aggregate of values of f,(2)
and f,(z) at points interior to D, or D, as a single analytic func-
tion f(z). Thus f(z) is analytic in D = D,+D,, and f(z) = f,(z)
in D, f(z) = fy(z) in D,.

The function f,(z) may be considered as extending the domain
in which f,(z) is defined, and it is called an analytic continuation
of fi(2). Of course in the same way f,(z) is an analytic continua-
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tion of f,(z). This process of extending the definition of a given
function is known as analytic continuation.

For the process to have any value it is necessary that it
should, under suitable conditions, give a unique result, and we
shall show that this is so. Before giving the proof it may be
interesting to note the difficulties which we encounter if we try
to define a similar process for functions of a real variable.

It would be natural to suggest that if, say, f(x) = }(r—z) for
0 <<z <, then we should extend the definition of f(z) to other
values of x by using the same formula. The difficulty is that
two formulae may represent the same function in one interval,
but different functions in another interval, and there may be
no obvious way of deciding which is the ‘proper’ formula. For
example, the above function is also represented by the series

sinx = sin 2z

i + —5 +...

for 0 << x < m; but if we define the function as the sum of this
series, we find that its value in the interval (—, 0) is — }(7+z).
This series is not uniformly convergent, but even if we restrict
ourselves to uniformly convergent series, the same sort of thing
happens. For example, the series
rsinz = xsin 2z

R T

is uniformly convergent in an interval including z = 0; yet if
we use it to continue its sum from positive to negative values
of x, we obtain the undesirable conclusion that the continuation
of Ya(mr—=z)is —ba(m+2x).

4.12. Uniqueness of analytic continuation. Suppose that
we have a region I, overlapped by regions D, and D,, which
have a common part D,, itself overlapping D. Let f(z) be
analytic in D, and let f,(z) be a continuation of f(z) to D,, and
J2(z) a continuation of f(z) to D,. Then either of these functions
provides a continuation of f(z) to D;. To show that the results
of the two processes of continuation are the same, we have to
show that fi(z) = f,(z) throughout D,. This follows from the
theorem of § 2.6, which itself depends on the fact that an
analytic function can be expressed as a power series. The func-
tion f,(z)—fy(2) is analytic throughout Ds; it is zero in the part
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of D, which overlaps D, since there f,(z) = f,(z) = f(2). Hence
it is zero throughout D,.

The proof depends on the existence of a region common to
D and D,, and if there is no such region, the result no longer
necessarily holds. We may now have f(z)=f(z) in DD,,
fo(2) =f(z) in DD,, but f,(z) # f,(z) in D,;. This does not con-
tradict the principle of uniqueness, since it only applies to
regions throughout which the function is analytic; and now D,
D,, and D, may surround, without including, a point where the
function is not analytic.*

4.13. In the second case considered above, where f,(z) 7 f,(2)
in D,, we still consider the aggregate of values of f;(z) and f,(z)
as a single analytic function of z, but now the function is not
one-valued, and in fact is at least two-valued in D,. In the
same way, different methods of continuation may lead to many
different results, and the function is then many-valued.

The reader of Hardy’s Pure Mathematics is already familiar
with the different values taken by the function logz (though, of
course, there even the idea of a function analytic at a point does
not appear). The properties of some other many-valued func-
tions, such as 2 = 2182 may be derived from those of logz.

4.14. Definition of an analytic function as a whole. An
analytic function is usually defined originally in some restricted
region of the plane. The principle of continuation enables us to
define an analytic function, without reference to any particular
region in which it is defined. It consists of the original function,
and all continuations thereof, and all continuations of these
continuations, and so on. In this way we may succeed in de-
fining the function f(z) for all values of z, or everywhere except
at certain special points; or only in some restricted region of
the plane beyond which we are unable to pass. In the last
case the region is referred to as the region of existence of the
function, and its boundary as a natural boundary of the func-
tion. In the case of many-valued functions we shall obtain
many values of the function for some or all values of 2.

* This case may be illustrated by a figure in which the regions D, D,, and
D, are circles with centres at the vertices of an equilateral triangle, and each
radius just exceeds half the side of the triangle. The function may not be
analytic at the centre of the triangle.
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The definition depends prima facie on the particular defini-

tion of the function from which we start. Since, however, the

relation between two functions which are continuations of each

other is reciprocal, all these processes may be reversed; and it

will appear from the general theory that the definition is really
independent of any particular starting-point.

4.15. Thestandard method of continuation. The standard
method of continuation is the method of power series. Suppose
that we start with the series

fe) = 3 a,(z—a)"

convergent in a circle [z—a] < R. Taking any point b in this
circle other than a, we calculate the value of the function f(b)
and the derivatives f'(b), f"()...., and so obtain the expansion
of the function in powers of z—b. This series will certainly con-
verge in any circle. centre b. which lies in the original circle,
and it may converge in a larger circle. and so provide an
analytic continuation of the function. So the whole function
may be constructed by means of power series. Each of the
power series, or, what comes to the same thing. each set of
values f(a), f'(a). f'(a),..., is called an element of the function.

The adoption of this particular method as a standard is justi-
fied by the following theorem: All ralues of the function obtained
by any method of continuation can also be obtaingd by means of
pouwer series.

Let C be a contour joining two points z = a and z = b, along
which we have continued the function f(z) by any means; that
is, we have a sequence of formulae which define f(z) in a sequence
of regions 1),. such that (i) every point of C is an interior point
of onc or more 1),'s, and (ii) consecutive D,’s overlap, and the
different definitions of f(z) agree in the common parts.

We now attempt to carry out the same process by means of
power series; i.e. we try to find a sequence of points z,, z,....
on (' such that the circle of convergence about each of them
includes the next, such that the values found from the power
series are the same as those found in the other way. and such
that we reach b in this way in a finite number of steps.

With each point z on C is associated a positive radius of
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convergence p, and p 8 a continuous function of z. For take two
neighbouring points z, 2+, and let p and p’ be the corresponding
radii of convergence. Let |k| <p. Since f(z) is regular in the
circle with centre z4-2 and radius p— ||, it follows from the
Cauchy-Taylor theorem that

p'=p—Ih|. (1)

If |h| <p' we can use the same argument with z and z+-h
interchanged, so that ,
‘ e
ie. P <p+Ihl| ()

Since the alternative to |k| <p’ is p’ < |k|, (2) holds in any
case. But (1) and (2) together show that p’ — p as A - 0, which
is what is required.

Since p is continuous it attains its lower bound, and so, since
it is always positive, its lower bound is positive. Let the lower
bound be 3.

We now start at z=a with a power series. Let z; be the
point at distance 33 along the contour. It lies inside the circle
of convergence about a, so that we can expand in powers of
z—z,. The new radius of convergence is at least 3, so that we
can go on to the point z, distant 8 from a along the curve.
Proceeding in this way we plainly reach z = b in a finite number
of steps. The fact that we obtain the same value at b in this
way as in the other way follows from the general uniqueness
theorem.

4.16. Branches of a many-valued function. We have
defined an analytic function as the aggregate of all values which
can be obtained by continuation from any element of the func-
tion. In general the function will be many-valued, i.e. starting
from z,, say, we can, by taking suitable paths, arrive at 2z, with
many different values of f(z;). We may, however, make this
impossible by restricting ourselves to the interior of some parti-
cular region. We then say that there is a branch of the function
in this region. Consider, for example, the function vz. The
system of values defined by +ret® (—m < 6 < =) is a branch in
the plane cut along the negative real axis from the origin to
infinity; and the system —+reti is another branch in the same
region. Similarly the function log z has in this region an infinity
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of branches defined by
log r+(6+2nw) (—m<l<m),
every integer n giving a branch.

It should be understood that there is no unique way of
dividing up a function into branches; for example, we might,
in the above cases, cut the plane along any other line from the
origin to infinity. But, however we do it, we obtain a definite
number of branches, e.g. vz has two. The question of the
number of branches will be considered again later.

4.2. Singularities of an analytic function. The only
singularities which we have so far defined are isolated singu-
larities of functions analytic and one-valued in a given region,
or limit-points of such singularities. These were classified as
poles and essential singularities. This classification now proves
to be inadequate.

We shall now say that a one-valued analytic function is
reqular at any point which is interior to one of the circles used
in continuation from the original element; and that it is singular
at any limit-point of regular points which is not a regular point.
A point where the function is singular is called a singular point
or singularity. This definition includes the poles and essential
singularities which we considered before; but there may also be
singularities which are not isolated. In § 4.7 we shall construct
functions for which every point of the unit circle is singular.
A point of this kind is usually called an essential sipgularity also.

The expression ‘regular’, as we have used it here, means more
than ‘analytic’. A function may be analytic at a point, in
accordance with the definition of § 2.14, without being regular
there ; for example, let f(z) = e-V*for — }r < argz < }=, |2 > 0,
and let f(z) == 0 elsewhere. It is easily seen that this function
is analytic at 2 = 0, and f'(V) == 0. Consider, however, the con-
tour consisting of the triangle with vertices at 0 and 14-47. The
function is analytic everywhere inside and on the contour, but
it is evidently not regular at z = 0. The distinction is, however,
not very important, since it has to be made only for somewhat
artificial functions like the one considered.

In the theory of many-valued functions we have another kind
of singularity, known as a branch-point. Suppose that, on con-
tinuing the function f(z) round any sufficiently small circle with
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centre z,, we return to the starting-point with a value of the
function different from the one with which we started. Then
2, is said to be a branch-point of f(z). For example, if we con-
tinue Az = 1re!® round the circle of centre 0 and radius  from
0 = 0 to 0= 2m, the value of the function changes from vr to
—+r. Hence z=0 is a branch-point of vz. Similarly it is a
branch-point of 1/+z and logz.

Notice that a branch-point is not necessarily an ‘infinity’ of
the function.

A branch of a many-valued function may, of course, have
poles and essential singularities; and a point may be a singularity
for one branch of the function but not for another. For example,
the point = = 1 is a pole of the branch of 1/log > corresponding to
the value of logz which is zero at z == 1, but not for any other
value of the logarithm. A general definition of regular and
singular points is not quite so simple for many-valued functions
as for one-valued functions, and it is usually suffticient to con-
sider particular branches separately. We define a regular point
of a branch in the same way as for a one-valued function; but
a singularity such as a branch-point cannot be assigned to one
particular branch.

Examples. (i) The function z%, defined as e*#:, has an infinity of
values unless a 1s real and rational, when it has a tinite number of values.

(ii) The function z4(1—:z) has six values.

(iii) One branch of the function

-1 .
z el B
is given for |z| < 1 by the series
1
—(z4- 322+ R

and z — 0 is a regular point for this branch; but it is a pole for every

other branch.

(iv) The function {log 1/(1—=z)}} has singularities at = - Oandz -- 13
z = 0 is a branch-point for one determination of the légarithm.

(v) Consider the singularities of the function log log 2.

4.21. If the radius of convergence of the series
f(z) o z ’lll:”
n--0

ix finite [f(z) has at least one singularity on the circle of convergence.
Let (' be the circle of convergence, of radius B, and (" a
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concentric circle of radius R’ < R. Let p be the radius of con-
vergence of the power series about a point z on (. Asin§4.15,
p is a continuous function of z. Also p "> R—R’. Let & be the
lower bound of p for z on (", Then 8§ > R—R'.

1f 8 "~ R-—R’, the circles of convergence about points on C”
together cover the region z' <2 R’'+38, and so f(z) is regular in
this larger circle. Hence, by the Cauchy-Taylor theorem. the
radius of convergence of ¥ « 2" is greater than R, contrary to
hypothesis.

It follows that 8 = R -R’. Since a continuous function
attains its lower hound. there is a point R’et> say. on (", at
which p - R—R’. Then Re' is a singularity of f(z). For if it
were a regular point. f(z) would be regular in a circle with centre
z == Re™ and then the radius of convergence about R’et* would
be greater than R—- R’

Nince we have established the existence of a singularity on
the circle of convergence. we may speak of it as the singularity
nearest to the origin, or one of the nearest. We may then say
that the circle of convergence passes through the nearest
singularity of the function to the origin.

4.22. If we continuc an analytic function f(z) along two dif-
Serent routes from z, to =) and obtain two diffirent values of f(zy).
then f(2) must have a singularity somewhere between the two routes.

We construct two chains of regions. say 1,..... ), and D;..... D,,.
such that two consecutive regions of either chain overlap. D,
and 1} include 2, 1), and D, include z,: f,(z) is analytic in
Dy and gy (2) i D fi(2) - fi 1(2) in the common part of D, and
D; . and fi(z) - ¢,(z) in the common part of 1), and D;.

We have then to prove that. if we can continue the function
to every point between the two routes. then f,(z,) = g, (z,).

If & is small enough. we can construct a polygonal line,
starting at a point « in DD}, and ending at b in D, D). with
vertices at points (pd, ¢8). such that the circles of radius 2
with these points as centres lie entirely in the first chain, and
each contains the centre of the following one. This chain of
circles can he substituted for the first chain of regions. A similar
chain of circlex, with the same 8. can be substituted for the
second chain of regions,
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We can now replace the first route by a succession of new
routes, consisting of circles of radius 28 with centres at points
(pd, ¢8), such that each circle of each route overlaps the pre-
vious route, and the circles of the same route on each side of
it, without leaving any space uncovered. No circle has a radius
smaller than 25, or the previous theorem would show the
existence of a singularity. It follows from the general principle
of uniqueness of continuation that, with each such route, we
arrive at z, with the same value of f(z,). Also, in a finite number
of steps we pass from one of our original routes to the other;
since the function is regular at every point between the two
routes, the process of continuation is never stopped.

4.3. Riemann surfaces. The function 1z is a two-valued
function of z; but, if we put z = re¥ and distinguish between
equal values of z arising from different values of 6, it is possible
to represent it as a one-valued function. Suppose we consider
the values of z corresponding to = << 6 < 37 as distinct from
those corresponding to —m << § < 7; but those corresponding to
3m < 0 < 57 as the same again, and so on. This is equivalent
to replacing the ordinary z-plane by two planes. We may think
of them as superposed, each of them being cut along the nega-
tive real axis,and the planes being joined cross-wise along the cut.
The configuration thus obtained is called a Riemann surface.

If now we pass along a path encircling the origin, starting on
the upper plane from the negative real axis, we pass round the
upper plane once, then cross to the lower plane, pass round it
once, and then return to the upper plane.

This corresponds to the way in which we obtain the two
different values of v2. On the upper plane, say with — 7 <2 6 < =,
we have vz = vretd (—1nx < 30 < }=), and on the lower plane
vz = ~ret?l (3 < 36 < 3=); and if 6 is increased further we
return to the upper plane again, and the values are repeated.
Thus ~z is a one-valued function on the Riemann surface.

We represent the function logz in a similar way upon an
infinity of superposed planes, each cut along the negative real
axis and joined to the opposite edge of the one below. In this
case there is no return to the starting-point.

For a function such as v{(z—a)(z—b)} we may make a cut on
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each plane along the straight line joining the points z = a and
z == b, and join cross-wise along the cut.

The number of branches of a many-valued function may be
defined as the least number of planes which are required to form
a Riemann surface on which the function is one-valued.

(‘onsiderable ingenuity is required in constructing Riemann
surfaces for more complicated functions. They are of great im-
portance in the general theory of many-valued functions, but it
is beyond the scope of this chapter to pursue the subject further.

4.4. Integrals containing a complex parameter. We
know that if z is real and positive, then
R 1
—a dt =—.
J e : (1)
Now the integral is uniformly convergent in any finite region
to the right of the imaginary axis, and therefore represents an
analytic function of z, regular for R(z) > 0. Hence the function
: o .
F(z)= | e*tdt ——
(2) J e -
is regular for R(z) >0, and F(z) = 0 on the real axis. Hence
F(z) = 0 wherever it is regular, i.e. (1) holds for complex values
of z whose real part is positive. Thus we may put z = x4y
(x> 0) and separate real and imaginary parts, and obtain the

well-known results v
j?e""cos yt di == v j?e"‘ sinyt dt = v (2)
] a4yt ; Py
Examples. (i) Prove that
. 2% .
f e dt = 5% (R(z) > 0).

0

[Assuming the result for real values of z, the gencral result may be
obtained either by analytic continuation, or by using Cauchy's theorem
to turn the line of integration through an angle —}argz.]

NG

except when z isreal and z > lorz < —1.

Foat
. « T
(ii) Prove that f 1z cont

0
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4.41. The Gamma-function. The formula

I(z) = f e~uz-1 dw (1)
0
defines I'(z) as an analytic function, regular for R(z) > 0
(§2.85). As it stands it tells us nothing about I'(z) on the
imaginary axis or to the left of it.
Consider, however, the function

@) = [ e(—wy-tdw, (2)

where C consists of the real axis from oo to 8, the circle |w| = &
described in the positive direction, and the real axis from 8 to oo
again. The many-valued function (—w)?-! = e®-Dlog(-w) jg made
definite by taking log(—w) to be real at w = —3&. The contour
integral is uniformly convergent in any finite region of the
z-plane, for the question of convergence now arises at infinity
only, a case already discussed in §1.51. Hence f(z) is regular
for all finite values of z.

If w = pe'$, then logw = log p+i(¢—=) on the contour. The
integrals along the real axis therefore give

@
f{___e—sz—leogp—in)+e—p+(z—1)(logp+in)} dp
8 [}
= —2isinzw f ePp*~1dp.
)
On the circle of radius §
|(_w)z—1l — le(z—l)(1038+1'(4>—1r))l = e@~Dlogd-ud-m — 0(5:-1).

The integral round the circle is therefore 0(8*) = o(1) as 8 > 0
if « > 0. Hence, making 8 - 0, we obtain
f(z) = —2isinzn f ePpr~ldp = —2isinznI'(2) (R(z) > 0).
0

Now the function }if(z)cosecz is regular for all values of z
except possibly at the poles of coseczm, viz. z = 0, +1, +2,...;
and it equals I'(z) for R(z) > 0. We can therefore take this
function as a continuation of I'(z) over the whole z-plane. But
we know already that I'(z) is regular at z = 1, 2,.... Hence the
only possible poles are at z = 0, —1, —2,....
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These points are actually poles of I'(z); for if z is a negative
integer, (—w)*-! is one-valued, and the integral (2) can be
evaluated by the calculus of residues. We obtain
f(—=n) = —2mi/n!,
and the residue of I'(z) is
lim 27 _2fn (="
e>—n n! 2t8inzn n!

All the gamma-function formulae can now be extended to
general complex values of z. For example, the functional equa-
tion I'(z)I'(1—2) = = cosec z,

proved on the assumption that z is real and 0 < z < 1, holds
for all non-integral values of z.

A consequence of this formula is that 1/T'(z) is an integral
function. For in the above formula the poles of I'(1—z) are all
cancelled by zeros of sin zx.

We can now prove for I'(z) formulae similar to those of
§§3.22-3. By §1.86 (4)

Tz—h)T(R) _ }lz+ f{ E-h-l_h-1dt (0 < b < z)

— —1)-1__ -1
= h+ of {(1—1) 1}t-1dt +o(1)
as b — 0. The left-hand side is
1 , 1
(D) —AT (z)+...}{E+A+...},
where 4 is a constant. Equating the constant terms, we obtain

e _ f{l—— a-gpy%_4 @>o).

Putting 1/t = ¥ (1—¢)" and integrating term by term,

Me) < ( 1 1 )__

F(z) Z n+1l n+z
The process is justified by §1.77 if z > 1; the result holds by
analytic continuation for any z except a negative integer.
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It is easily seen that the formula can be rearranged as

Mz) 1 <1
T+ = 2 (i) ¢

where C' is another constant. Integrating and taking expo-

nentials, 1 ©
— — eC= 1 E —z[n
) el%z H ( + n)e .

Putting z =1, 1 =¢C n (l—{—l)e—l/".
n

1

C = —log H (H—%)e-l’"
1

— lim (1+%+...+%,_1ogzv) ~

N—o

Hence

¥ being Euler’s constant.

4.42. Stirling’'s formula for complex values of z. The
formula of the previous section gives

- [z Lz
logI'(z) = ,,Zl {ﬁ—log(l—}—;)}——yz—logz, (1)
each logarithm having its principal value. Now it is easily
verified that

N[ ] +4k N—17"tl +%+
Ul—u n 2
of'_urz*"“ -2 [ (1) e

N-1

1 1
= "zl {s—log(l+£)=—log{(N—l)!}—z(l+§+...+IVT_—I)-—
—(2+$)logz+(N—}+2)log(N +2)—N.
Using 1.87 (1), and the relations
1 1
l+—2'+...+N~———-l‘ = lOgN+y+o(l),
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1
log(N+2) = log N +1—z\-7+ O(YV—z)’

and making N — oo, it follows that
log I'(z) = (z—#})logz—z-+4%log 27+ f [u]—ut3 u—i—% du. (2)

Writing ¢(u) = f ([v]—v+1%) dv, $(w) is bounded, since clearly
0
$(n+1) = ¢(n) if n

fow, [ @ o of [ du _ ol
u+z2 du = f (ut2)? du = 0[ f u2+r2——2ur0038} o 0(;)
(1] 0 0

uniformly for —n+8 < argz < #—3&. This is the extension of
Stirling’s formula to complex values of z.

is an integer. Hence the last term in (2) is

Examples. (i) For any constant a
log I'(z+a) = (z+a—})logz—2z+}log 27+ O(1/z|)
as |z| — oo, umformly for —7+8 < argz < w—39.
(i1) For any fixed value of z, as y— +©
D(x+iy)| ~ etrvijy[==ty(2m).
(iii) Show that the series ¢(u) = El(l——cos 2vrru)/(2n*v?) can be in-
ve

serted in the above formula and integrated term by term. Hence prove
that the integral in (2) is
5+ 0(p) '
12 T O\Rp)

This process can be carried to any number of terms by repeated partial
integrations.

4.43. The Zeta-function. The function {(z), defined origi-
nally by the series

(@) =ptgt  RE>1), o

has been shown (§1.78 (ii)) to be also given by the formula

{z) = ) j o dw (R(z) >1). (2)
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We can use this formula to continue {(z) across the line =1,
in the same way that we continued I'(z) across x == 0. 1n fact
we can prove in precisely the same way as before that, if

R(z) > l» 1 z-1
_ (—upt
)= ~ siinar T6) Jy m 1 1 ®)

where, as before, the contour C comes from positive infinity
and encircles the origin once in the positive direction. The only
difference is that € must now exclude all the poles of 1/(e*—1)
other than w == 0, viz. the points w == -+ 2im, +4im,....

Using the functional equation for the I'-function, we may
write the result in the form

e )—LF(I 2) [‘( wyt due.

Jo eo—1

As in the case of the I'-function, the contour integral is an
integral function of z. This formula therefore provides the con-
tinuation of {(z) over the whole plane. The only possible
singularities are at the poles of I'(1—2), viz. at z==1, 2,.... But
we know already that {(z) is regular at z= 2, 3,.... Hence the
only possible pole is at z==1. This is actually a simple pole,
with residue 1. For at z=1 the contour integral is equal to

f euc)lwl 2
o eo—

by the theorem of residues, and I'(1—z) has a simple pole with
residue — 1, whence the result.
Again, it is well known that

__l —lB wzn -1
¢! Tw z+ Z C(2n)!

where the coefficients B, (Bernoulli’s numbers) are rational
numbers. Hence we can evaluate {(—»), where n is any positive
integer, by the theorem of residues. We find that

{0)=—4,
{(—2m)=0 (m=1,2,.),
{(—2m—1) = _ (=1 f-p.-,“ (m=0,1,...).

2m~+2
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4.44. The functional equation for the {-function. The
{-function satisfies the functional equation
{(1—2) = 212z ~2cos }mz I'(2){(2).
To prove this, we take the formula (3) of the previous section,
where now z may have any value, and deform the contour into
the contour C, consisting of the square with centre the origin
and sides parallel to the axes, length of side (4n--2)m, together
with the positive real axis from (2n-1)7 to infinity. In so doing
we pass over poles of the integrand at the points w = 2i=, 417,...,
2nim, and —2¢m,...,—2niw. The residue at 2vim (v > 0) is
e(:—l)(log vm—4im) (21/77)2‘11:8‘”"2,
and at —2vimr it is
eG-Mog2vm ¢ dim) . __ (2v7r): ~lgglimz,
The sum of these two residues is
(2vm)*-12gin mz.
Hence § 4.43 (3) gives
sinmz I'(2){(z) = — —l—. f (—wy dw +2msin Yz i (2vm)>-L.
2 Jo, ev—1 ]
Suppose now that R(z) < 0. On the square
[(n_w)t‘l[ = elr-Dlogiw|-yarg(-w) O(n"‘),
and |ev—1| > A4, while the length of the square is O(r). Hence
this part of the integral is O(n%), and so it tends to zero. The
remaining part of the integral plainly tends to zero'also. Hence,
making n — o0, we obtain
sin wz I'(2){(z) == 2 sin 4 nz(2m)=-1 i -l

v=1
== 2w 8in {mz(2m)*-1{(1—=2),
which is equivalent to the result stated. This proves the func-
tional equation for R(z) < 0, and so, by § 4.42, for all values
of z.

4.45. An alternative proof. The following proof* proceeds
on quite different lines. Let

o0

f(x) — Z S,%?g?f‘ :k}lx . (1)

* Hardy (15).
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This series is boundedly convergent, and f(x) = (—1)"}= for
mr <<z << (m+l7mw, m=0,1,2,..; for

n 2n '

flx)=

and the results easily follow from those of § 1.76, ex. (ii). We
may therefore multiply (1) by «P-! (0 < p < 1) and integrate
term by term over any finite interval (0, X). Thus

X

X
{x" f(x) de = z | Jx" Isin(2n+4 1)z da. (2)

0

We may then replace X by oo prov1ded that

o0 . on .
Z sin e sin 2nx

© 0

1
im E — p-lgin(2 Dx dx = 0. 3
J1{1_)0': o IJ‘x sin(2n+1)x dx (3)

Integrating by parts, the integral is

00

cOS(2n+ I)X p J‘ xpb-2 COS(2n+ l).l,‘ dx

2n4+1 241

Xp-1 1 Xv-1
O(Tﬁ)“LO(z +1f i d’“) 0(2ﬁ‘+1)’

and (3) clearly follows.
Inserting the value of f(z), and evaluating the integrals on
the right-hand side by § 3.127, we therefore obtain

(m+1m o

. 1
in Z (—=1)m f aP-1dx = I'(p)sin }pn z (2n 1y’
n=0

Xp -1

mm

The series on the right-hand side converges to

(I—2-21)¢(p+1).
That on the left is
[ 3 omontyr—m)]
This series is convergent for p < 1, and, as a little consideration
of the above argument shows, uniformly convergent for
R(p) < 1—-8 < 1. Its sum is therefore an analytic function of
p, regular for R(p) < 1. But for p <0 it is

2(17— 20437 —...) = 2(1—2+){(—p).
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By the theory of analytic continuation its sum is the same
analytic function of p for R(p) < 1.
Hence, for 0 < p < 1,

and putting p = 2—1 we have the same functional equation as
before. The proof holds for 1 <z<2 only, but the result,
proved for these values of z, holds for all values by analytic
continuation.

4.5. The principle of reflection. Let f(z) be un analyiic
function, regular in a region D intersected by the real axis, and
real on the real axis. Then f(2) takes conjugate values for conjugate
values of z.

Let z, be an interior point of D on the real axis. Then

f) =5 aye—z)"

for sufficiently small values of {z—z,!.
All the coefficients a, are real; for

g == f(2o), ay = f"(zy),-.. -
Clearly a, is real. @, may be calculated as the limit of
)= Fe)
z—2,

as z -~ z, by real values. Hence @, is real. So they are all real.

The result now follows inside the circle of convérgence of the
above series. The general result then follows by continuation,
since the power series about conjugate points will always have
conjugate coefficients.

4.51. A method of obtaining the analytic continuation of
certain functions is given by the Riemann-Schwarz ‘principle
of reflection’. This is contained in the following theorem, which
i8 a sort of converse of the previous one.

Suppose that a region D of the z-plane has as part of its boundary
a segment | of a straight line; and that w = f(z) 18 an analytic
function, regular in D and continuous on I, and such that, as z
describes I, w describes a straight line A in the w-plane. Let z be
a point of D, z, ils reflection tn 1, and let w, be the reflection of
win A, Then v == w,(z,) 18 an analytic continuation of w.
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In the first place, w, is an analytic function of z,; for it is

’

easily seen from a figure that, if w’ corresponds to 2’, and w7, 2|
are their reflections,

2 —z,] = |2"—z], W, —w, | = |w' —wl|;
17 %1 1 1
and

arg(z;—z,) = 2a—arg(z’'—z), arg(w;—w,) = 2—arg(w’—w),
where « and B are the angles between I and A respectively and
the real axis. Now when 2’ -> z, the limit

7

.ow-—w
lim

~ “~

exists, i.e. the limits

;'{l;z?/“! lim{arg(w’' —w)—arg(z'—z)}

’
7z

lIim

exist. Hence the limits

.y —uy | . / ’
i %10, im{argo{ —0y)—arglei—,)}
+ ~l_ 1
exist, and so ,
. W —w,
lim 1
21—

exists, i.e. w, is an analytic function of z,.

Secondly, it is clear that, on I, w, = w.

To prove that the two functions are analytic continuations
of each other, take any point of the line I, and describe round
it a circle C so small that it lies entirely inside D and its reflec-
tion D,. Let c be the boundary of the part of C in D, ¢, of the
part in D,. Let ¢(z) = w in the part of D inside C, and ¢(z) = w,
in the remainder of C. Then ¢(z) is continuous, and it is
sufficient to prove that ¢(z) is an analytic function of z.

Let z, be a point inside C and D. Then*

beo) = - [ 2,

2m J, 2—2,
and, since ¢(z)/(z—z,) is regular in D,,
0= 1 ¢(z) dz.

2m Jo, 2—2,

* See the end of § 2.35.
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Adding, we obtain
_ 1 $(2)
$(2) = 3mi J o Z‘:z“; dz, (1)
the integrals along I cancelling.
We clearly obtain the same formula if z, is any point inside
C and D;; and also, since each side of (1) is continuous, if 2, is
inside C and on I. But, as in § 2.8, the right-hand side of (1) is
an analytic function of z,, regular inside C. This proves the
theorem.
The method of proof also gives the following general theorem:
if two functions f(z), f,(z), are analytic and regular in regions D
and D, separated by a contour C, and continuous on C, and

f(z) = fi(z) along C, then the two functions are analytic con-
tinuations of each other.

4.6. Hadamard 's multiplication theorem.* The following
problem, which was considered by Hadamard, is a good example
of the principles of analytic continuation. Suppose that

f&) =3 a,z"

is convergent for |z| < R, and
9(z) =2 b,2"
n=0

is convergent for [z| << R’, and that the singularities of f(z) and
g(z) are known. What can be said about the singularities of
the function .

F(Z) = Z (lnb"?."', (l)

whose coeflicients are the products of those in the given series ?
The general result is that, if f(z) has singularities at o, ay,...,
and g(z) at By, Bs,..., then the singularities of F(z) are to be found
among the points «,, fB,.
Let us suppose, to take the simplest possible case, that f(z) has
just one singularity, z = «, and g(z) just one singularity, z = 8.
In the first place, F(z) is regular for sufficiently small values
of z, and in fact for 2| < RR'. Forif e >0
an(B—e)"| <K,  [bu(B—eP| <K,
K
la,b,| < (BB =
* Hadamard (3).

8o that
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and by taking ¢ small enough we see that the radius of con-

vergence of the series for F(z) is at least equal to RR'.
Hadamard’s theorem depends on the following representation

of F(z) as an integral

Fe) =g [ forofZ 5 @)

where C is a contour, including the origin, on which |w| < R,
|z/w| < R’. To prove this, write
o) = 2.0(3)
n=0
in the integral, and integrate term by term, as we may by
uniform convergence. We obtain

dw b,z0 [ f(w)
2; z_{ flw) ( )_— = z()?-rri f w"“dw

- Ean u" B

the required result. In order that the incqualities |w| << R,
lz/w| < R’, should be consistent, it is, of course, necessary that
|z| < RR'. 1f this condition is satisfied, ' may, for example,

be any circle between |w| = R and |w} == [z|/R".
In the case where cach function has just one singularity,
= la] and R’ = |B!.

We next continue the function F(z) beyond the circle
|z = RR’ by deforming the contour C. As long as C remains
fixed, z may, in (2), take any value such that z/8 remains inside
the contour C'. For, by § 2.83, the right-hand side of (2) is an
analytic function of z for all such values of 2z, and the continua-
tion of F(z) to all such values follows at once.

Suppose on the other hand that we deform €' into another
contour C,, which includes z = 0 and excludes z = a. Let

=, Lf(w)g(—;—) . 3)

Then by Cauchy’s theorem F,(z)= F(z), provided that thc
point w = z/B lies within both C and C,; for then the integrand
is an analytic function of w, regular between C and C.

The formula (3) therefore provides the continuation of F(z)
to all values of z such that z/B lies within C,.
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The only restriction on z, therefore, is that z/8 must lie within
a contour which excludes z == . But we can choose such a con-
tour for cvery z except z = of8.

Thus F(z) is regular except at z = of. The proof, however,
applies only to what we may call the principal branch of F(z),
viz. that obtained by continuation from the original element
without encircling any of the points af. In the above example
the contour C'; cannot have a loop going round « and enclosing
the origin again on the other side, since the integrand has a
singularity at w = 0. Hence if z/8 - 0 along a path encircling the
point «, it is impossible to choose (| appropriately. The point
z = 0 may therefore be a singularity of other branches of F(z).

In the general case the details of the proof are, of course,
more complicated, but the general method is the same.

Examples. (1) If

f(z) f(’; P g(z = b—z’
1
‘ F(z) = ——— .
then ( ab—z
. 1
(i) Tf S S et

then F(z) = 0, so that the points of are not necessarily singularities
of F(z).

4.7. Functions with natural boundaries. Let

flz) =3 z™. Y
n=0
Then f(z) is an analytic function, regular for |z2| < 1. Let
z = re?Pmila,

and consider the belhaviour of f(z) as r > 1 through real values.

q—-1 00
Now f(z) = 202"' + 2 2" = fi(z)+f3(2),

n= n=q
say. Then f,(z) is a polynomial, and tends to a finite limit as
r - 1. When n >gq, ¢ is a divisor of !, and so

2! — pn! (n = q)

Hence folz) = f rm,

n=q
which tends to infinity as r - 1. Hence f(z) >0, and so
z = e2Pmild i3 a siagularity of f(z). But points of this kind are
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dense everywhere round the unit circle, so that there is no are,
however small, on which f(z) is regular. Tt is therefore impos-
sible to continue f(z) across the unit circle, and so the unit circle
is a natural boundary of the function.

A similar result holds for the function

f(z) ="Zoz2"
—we put z = re??71? and proceed as before.
4.71. Lambert’s series.* Let

o0

f(z) = 2 d(n)2" (2] < 1),

n=1
where d(n) denotes the number of divisors of n. We shall prove
that the unit circle is a natural boundary of this function.
Consider the double series

0 el

3 3

p=1v-1
If we arrange it as a single power serics we obtain f(z), and if
we sum it by rows we obtain

— S .
f@)= ‘1":;; (lzf <1).
.
The double series is absolutely convergent for |z] <1, so that
the transformation is justified.
Let z = remila

where p and g are positive integers, p > 0, ¢ > 1, and p is prime
to ¢. Then we shall prove that, as r - 1,

(1—7)f(2) = 0.

¢ zH
For let fz) = Z et 22 T
where, in 3 , p takes all values =0(modg), in 3, all other
values. In ), putting = mq,
2t = (re2mivlayma — ymq
so that

1-nZ,=0-n> 0
m=1

0

1—r 1—re

Tl L1
m=1

rma

* See Knopp (1).
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o0
1 rm

B e el A HE

L. pmq
ST og o0
([ m-:1 q t=rt

On the other hand, if g 3 0(modg),

[1mzh |2 || —ppe2menpla|? = (1 —pi)2t dre sin2 PET
q

N v
> 4rigin2—

Hence
1+ Nr 1
SDAEE o 2 e S T
z sin 7r/q 2sinm/q  sinmw/q

Hence, as in the previous cases, the unit circle is a natural
boundary of f(z).

MISCELLANEOUS EXAMPLES
1. The power series . z—322+423—
may bo continued to a wider region by means of the series
1—2z (1-2) (l—z)3

AR R
2. The power series z-+ 3224423+ ...
and ir—(z2—2)+4 }(z—2)2— $(z—2)%+ ...
have no common region of convergence, but are analytic continuations
of the same function. v

3. The functions defined by the series

' 14az+a%?+...
1 (1—a) F(1~a)2j=__
1—z (1—z) —z)3

are analytic continuations of each ot'hel.

and

4. If f(z) and g(z) are integral functions, the integral

1 ([ L) 20w 4,

2mi w—z 2w—w?
taken round the unit circle, represents f(z) inside the circle and g(1/z)
outside it.

6. If F(a, B;7y;2) denotes the series
14 0B, et DBBEY) ,
Tt ey
show that the series f(z) = Fla, 1;¢;2)
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and g(=) -=—1-F(c a,l;¢;—— zl)

have a common region of convergence; that in this region they both
satisfy the differential equation

z(1-z)?i-:—: + {c—(a+2)z}:;-?——nu =0;

that f(0) = g(0) and f’(0) = ¢’(0); and hence that the two functions are
analytic continuations of each other.
1
V(2—2)+1
has two power series about z = 0, with radii of convergence 1 and 2
respectively.
7. Consider the singularities of the functions

6. The function

el

°XP{¢(2 —F1 log\ e+l
8. Show that the formulae (2) of § 4.4, which were proved there for
real values of 2 and y, hold also for all complex values such that

[Xy)| < R(z).
9. Prove that ©
I(z) = J‘e-"w"1 dw +

1 n=0

(=1~
n'(z+n)

and hence give another proof of the analytic properties of T'(z).

o

10. Prove that f t*—'cost dt = I'(z)cos }mz
0
if 0 < R(z) < 1; and that

o

J‘ #-1gint d¢t = I'(z)sin }mz

if -1 <R(z)< 1.
11. Prove that if 0 < R(z) <

[

i) = I‘(z f - - -—1;) dw,

0
and that if —1 <R(z) <0

zn—m)f R

[Consider the correspondmg contour integrals as in § 4.43.]

12. Deduce the functional equation for the zeta-function from the
first formula of ex. 11, and the formula of Ch. III, Misc. Ex. 10.
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13. Deduce the functional equation for the zeta-function from the
second formula of ex. 11, and ex. (iii) of § 3.22.

14. The function L(z) is defined for R(z) > 1 by the series
1 1,1
L(z) =-l-'—§+ B
Show that L(z) is an integral function of z, and that it satisfies the
functional equation
L(1 —z) = 2!7—*sin §wz T'(z)L(z).
15. A function f(z) is definerd for |z] < 1 by the series

" oo_‘ Pl R
J@) - Z:,(”“)' (s~ 0).

1 -1
Show that f(z) = i) | ez dt,
0

and hence that f(z) is regular except possibly on the positive real axis.
By deforming the line of integration into a suitable curve, show that
the principal branch of f(z) is regular except at the point z == 1.

16. Show that the singularities of the principal branch of

o0
Z a2t
(n+1y
n-o0
are the same for all real values of s.

17. Two functions f(x), g(z), are connected by the formulae

flx) = f ceg(tydt,  g(x) = %r f e~ =t f(tydt,

for real values of x. Show that there cannot be a finite interval outside
which both f(x) -~ 0 and g(r) = 0.unless both functions are everywhere 0.
[Tf f(r) = O for < a and x > b, g(xr) is analytic.]

18. T fo) =3 ",
n=0
show that f(2z) = f(z%)+2,

and deduce from this that |z] = 1 is a natural boundary of the function.
19. If « is a real irrational number, the series

0
2n(z__etllun)
n=1

represents two different analytic functions, one inside the unit circle and
one outside it, the unit circle being & natural boundary of each. If « is
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rational, the series rcpresents a single rational function. [In the first
case the function is unbounded as z —> e?=" along the radius vector.]
o0
20. The function | l (1 -+ 1 )
n+tn
n=1
has the line R(z) = 1 as a natural boundary.
|Every point of this line is & limit-pont of zeros.]

21. Let f(z) = § a,:" (lz] < 1)
n=0
az"
and $(z) = e
n=0

Thon the integral F(z) = ’ e~'d(at) dt

provides the continuation of f(z) across any arc of the circle of con-
vergence where f(z) 1s regular.

[This is Borel's 1nethod of continuation see his Logons sur {vs siries
divergentes, p. 94. We have F(z) = f(z) wherever the senes for f(z) is
convergent; for by § 1.79 we may then insert the series for ¢(zt) and
integratoe term by term. But if f(2) can be continued at all. #(z) exists
in a wider region. Let z be a regular pomt of f(z). Asn § 4.6 wo have

1 du
a2t) - = 4:!1 v,
(;b( ) 2m Cf(w)(’ w

where C is a contour including the origin, and excluding the ~mngu-
larities of f(w). Hence
[(zt)| < Ket
where K is independent of z and ¢, and M is the maximmumn of R(z,w)
for values of w on C. To prove the integral for F(z) convergent, we must,
have M < 1. Now R(zjw) -2 1 if w lics outside the cucele on 0Oz as
diameter. We therefore take C to be a concentric cirele of slightly larger
radius—say 3Jz|+8; on it M - |z]/(]z]+4-8). Also C must exclude all
singularitios of f(w), and it does so if z lies in a region 1) formed as
follows: Through each singular point of f(w), draw a line perpendicular
to the line joining the point to the origin. Tho unit eirclo 15 neluded
in a polygon D formed by these lines. It is easily seen fron:i a figure
that the conditions are fulfilled if z is inside D and § is small enough.
It now follows without difficulty that Borel's integral gives the con-
tinuation of f(z) to all points inside .]
22. Verify Borel's theorem for the functions
1 ] 1
1-2° 1- 2% 1—z¢



CHAPTER V
THE MAXIMUM-MODULUS THEOREM

5.1. The maximum-modulus theorem. Let f(z) be an
analytic function, regular in a region 1) and on its boundary C,
which we take to be a simple closed contour. Then |f(z)| is
continuous in D, since

||fet+R) 11| < [fe+h)—fE),

which tends to zero with 2. Hence |f(z)| has a maximum value,
which is attained at one or more points. The fundamental
theorem of the chapter is that |f(z)| reaches its maximum on
the boundary C, and not at any interior point of ). We may
express it by saying that if |f(z)] << M on C, then the same
inequality holds at all pornts of D.

A more precise form of the theorem is as follows:

If 1 f(z)| <« M on C, then |f(z). << M at all interior points of D,
unless f(z) is a constant (when of course |f(z)| = M everywhere).

We shall give a number of different proofs of this theorem.

5.11. First proOF. This depends on the lemma that if ¢(x)

1% continuous, ¢(x) < k, and
b

1 i -1
mJ S(x)dr >k, 1)

then ¢(r) — k. For if ¢(¢) < k, there is an interv al (£—8.¢-+9)

in which ¢(x) <k e, say; and
h

J’ $(x) dr < 25(k —e)+-(b —a—28)k = (b —a)k—23e,
contradicting (1).
To prove the theorem, suppose that, at an interior point z,
of . |f(z)| has a value at least equal to its value anywhere clse.
Let ' be a circle with centre z, lying entirely in D). Then

Sl =5 [ T2 ae @)

r2—%
Putting z—z, = re'f, f(2)/f(z,) = pe'?, so that p and ¢ are func-
tions of 6, we may write (2) as

=_,1_ J e’ do. @)
0
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Hence 1< 1 f p de.
27
0
But by hypothesis p < 1. Hence, by the lemma, p — 1 for all
values of 6.
Taking the real part of (3) we now obtain

2

1
l:ﬁ f cos ¢ do,

4

0
so that, by the lemma, cos$ = 1. Hence f(z) = f(z,) on 1", and
8o everywhere; that is, f(z) is a constant.

5.12. SrcoNDp PROOF. This is similar in principle to the first
proof, but, instead of Cauchy’s integral, we use the fact (§ 2.5)
that, if 0
f(Z) = z (1"(2——20)",

n=0

then _1_._ f if(zo_*_ret’a)zz do — i Ia”|27.2n‘
2m n=0
0

Under the same hypotheses as before, the left-hand side does
not exceed |f(z,)]? i.e. |a,|2. Hence

ag 2+ a2+ |ay [2ri ... < |ay)?

for a positive value of r. Hence ¢, =a,—...—0, and f(z)
is a constant.

5.13. Tmirp PrOOF. If 2, is an interior point of 1), we may
expand f(z) in a series of powers of z—z,,

1) = 3 aye—z),

with a positive radius of convergence. Putting

z—2y =re'0, a,= A,e™,
: n
this is f@) =3 A rreintnd),
n=0
o0 o0 X
Hence If@)E= 3 3 4,4, mreientmi-cn-n0) (1)
m=0n=0

Suppose first that a, = 0. Since the series is absolutely con-
vergent, we may rearrange it as a power series in » with a positive
radius of convergence. Let k be the smallest positive value of
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n for which @, #% 0. Then
k2
f@) = A3+24,4 0 cos(ag——kO)+ S com,  (2)
n=k-t+1
where |c,| << ¢ for some value of ¢. Hence

o0 €0
' > c,,r"|< > etrt = cktlykil/(1—cr),
n=kt1 n-kt1

which is less than 4,4,7% if r is small enough. For such a value
of r, |f(z)|?*— A% takes both positive and negative values as 6
varies between 0 and 27, the middle term on the right of (2)
varying between —2A4,4,r* and 24,4 ,7%. Hence A4, is neither
a maximum nor a minimum of |f(z)].

The proof breaks down if there is no a, (n > 0) which is not
zero. But then f(z) = a, for all values of z.

Finally, if ay=0, |f(z,)| = 0, which cannot be a maximum,
but is a minimum.

This proves the theorem. We have also shown incidentally
that | f(z)| cannot have, 1n D, a minimum other than 0. This may
also be proved by applying the general theorem to the function
1/f).

5.14. Harmonic functions. The corresponding theorem
for harmonic functions is that a function which s harmonic in
a region cannot have a maximum at an interior point of the region.
For let u be the real part of f(z). 1f % is a maximum at an
interior point, so is e*; i.e. so is | F(z)| = |e/®|. This has been
shown to be impossible. ’

The theorem can also be proved by an argument similar to
that of § 5.13. Without going into complete detail, this may be
seen in a general way as follows. Let u(r.y) be the real part
of an analytic function f(z) = Y a,z2", regular at = = 0. Then

u(x,y) = R z a’n(x_*_iy)"!

and we obtain for u(x,y) a double series of powers of x and y.
The coefficients being those of Taylor’s thcorem, we have

(@, y)—u(0,0) = ux+u, y+ 3(u 22+ 2u, 2y +u,, y*)+ ...
A necessary condition for a maximum is that v, = u, = 0. But
since, for a harmonic function, u,,+u,, = 0, u,, and u,, have
opposite signs, and we can make u(z, y)—u(0, 0) either positive
or negative by taking x = 0 and y small, or y = 0 and x small.
M
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Examples. (i) If | f(z)] > m on |z] = a, f(z) is regular for |z| - «, and
| f(0)] < m, then f(z) has at least one zero in |z| < a.

[For |f(2)| has & minimum inside the circle, and the minimum value
must be zero.]

(ii) Use the previous example to show that every algebraic equation
has a root.

5.15. The maximum-modulus theorem is also true for a func-
tion f(z) which is regular but not one-valued in a region, pro-
vided that [f(z)| is one-valued (e.g. % in a ring-shaped region
surrounding the origin); for the above proofs hold for any
branch of the function.

5.16. Let f(z) be an analytic function regular for 2| < R,
and let M(r) denote the maximum of |f(z)| on |z| =7r. Then
M (r) is a steadily increasing function of r for r < R. For it follows
at once from the above theorem that M(ry) << M(r,) if 7, <r,,
and M (r;) can only be equal to M(r,) if f(z) is a constant.

Similarly the function A(r), defined in § 2.53 as the maximum
of R{f(z)}, is an increasing function of ». For

e4 = max |e/@|,
|z]=r

5.2. Schwarz’s lemma. If f(z) is an analytic function,
regular for |z| < R, and | f(z)| < M for |z| = R, and f(0) = 0, then

e <™ 0<r<B).

Let ¢(z) = f(z)/z. Then ¢(z) is regular for |z| < R, and

l$(z)| < M/E
on the circle [z| = R. The same inequality therefore holds inside
the circle also, and since |$(z)| = |f(2)|/r the result follows.

5.21. Vitalks convergence theorem.* Let f,(z) be a se-
quence of functions, each regubar in a region D; let

[fu@) <M
for every n and z in D; and let f,(z) tend to a limit, as n — oo,
at a set of points having a limit-point inside D. Then f,(2) tends
uniformly to a limit in any region bounded by a contour interior
to D, the limit being, therefore, an analytic function of z.
It is sufficient to consider the case where D is a circle, and
the limit-point is its centre. For then, returning to the general

* This proof is given by Jentzsch (1).
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case, we can prove uniform convergence in a circle with centre
the limit-point interior to ). Then we can repeat the process
with any point of this circle; and so, by the method used in
analytic continuation, extend the domain of uniform con-
vergence to any region bounded by a contour interior to D.

We may take the limit-point as origin. Let the radius of the
circle DD be R. Let

fn(z)_ao n,+al nz+ (|Z| ) (1)
Then 1@ —fu(0)] < 1 [, (2) [+ 1£,(0)] < 2M.
But f,(2)—f,(0) is zero at z = 0. Hence, by Schwarz’s lemma,
2M
@£ <P (21 < Ry,

Let 2’ (+£0) be a point where the sequence converges. Then
ijn 0) fnnn(o !fu f"(z’)i+Ifll(z')—fH“Qlll(z’)}—*_

=+ ?fnwn(z,)_fnhn(o)
SAMZ|[BA £, () —fo1mE)]-
We can choose 2’ so that the first term is arbitrarily small, and
then, since f,(z') tends to a limit, we can choose n so large that
the second term is arbitrarily small for all positive values of m.
Hence f£,(0), i.e. a, ,, tends to a limit, say a,.
Next consider the function

gn Z) {fn aO, "}/Z == al, n +(12, "Z+ e
This also tends to a limit at z’, since, as we have just proved,
a, , tends to a limit. Also

]gn(z)l \/ 2*1!/R

for |z| = R, and so also for |z| < R. Thus g,(z) satisfies the
same conditions as f,(z) (except for the value of its upper
bound), and hence a, , tends to a limit, say @,. Similarly a, ,
tends to a limit for all values of v.

Finally, the convergence of (1) is uniform with respect to » and
z for |z| < R—e, since, by Cauchy’s inequality, |a, ,| << M/Rv.
So, since every term tends to a limit, the sum tends to a limit
uniformly for |z| << R—e. This proves the theorem.

5.22. From any sequence of functions regular and bounded in
D, in the sense of the above theorem, we can select a sub-sequence
which converges unsformly in any region interior to D.
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Let f,(z) be the sequence of functions, and let |f,(2)] < M in
D. Let z,, 2,,... be a sequence of points having a limit-point
inside D. Then the points w, = f,(z,) all lie inside the circle
[w| < M in the w-plane. Hence they have at least one limit-
point; i.e. there is a sequence of values of n, say n,, n,,..., such
that the sequence of functions

fnl(z)’ fn,(Z),... (l)

converges at the point z,.
Similarly from this sequence of functions we can select a sub-

sequence
1 Fo @), £ (@) (2)

which converges at z,; and then from this a sub-sequence
ABNAD 3)

which converges at z,; and so on.
Now consider the sequence

fnl(z)’ fpz(z)7 fq;(z)r“'
formed by taking the diagonal terms of the above double array.
Each of these functions belongs to the sequence (1), and so the
sequence converges at z;; each function after the first belongs
to (2), and so the sequence converges at z,; and so on. Therefore
the sequence converges at each of the points z,, z,,..., and so,
by Vitali’s theorem, uniformly in any region interior to ).

5.23. Montel’s theorem.* Let f(z) be an analytic function
of z, reqular in the half-strip S defined by a <z <b, y > 0. If
f(z) ©8 bounded in S, and tends to a limit 1, as y — oo, for a certain
fixed value ¢ of x between a and b, then f(z) tends to this limit
1 on every line x=ux, in S, and indeed f(z) -1 uniformly for
a+d < xyg<b-3.

Consider the sequence of functions f,(z) = f(z+1in), wherc
n=20,1,2,...,1in the rectangle R defined bya <x < b,0 <y < 2.
Then f,(z) > 1 at every point of the line r=¢. Hence, by
Vitali’s theorem, f,(z) - ! uniformly in any region interior to
R, and in particular in the rectangle a48 <<x < b—38, 3 <y <.
This proves the theorem.

The result may be generalized by means of conformal trans-
formations. For example, let z == tlogw. Then the strip in the
z-plane becomes an angle in the w-plane, and the theorem states

* Montel (1), Hardy (18), Bohr (4).
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that if $(w) is bounded in the angle o« < argw < 8, and ¢(w) - 1
as w — oo along any line argw = constant between « and 8, then
#(w) —> I uniformly in any angle a+38 < argw < f—3.

5.24. The following theorem illustrates another way in which
the maximum-modulus theorem can be applied.

Let f(z) be regular, and |f(z)| << M, in the circle [z—a| < R
and suppose that f(a) # 0. Then the number of zeros of f(z) in the
circle [z—a| < 3 R does not exceed Alog{M/|f(a)|}.

We may suppose that a = 0. Let 2,, 2,,...,2, be the zeros of
f(z) in 2| << 3R, and let

Lo z
o) =1/ T1 (1~ 2).

2z m

Then g¢(z) is regular for [z]<{ R, and on |z|—= R we have
[2/z,,| =2 3 for m == 1, 2,..., n. Hence

l9(2)] < M/ n (3—1) = 2"}

for |2| = R, and so also-for |z| << R. In particular this is true for
z==0. Since ¢(0) = f(0), it follows that

1f(0)] < 27" M,
1 M

and hence n < lo ,
log2 % [f(0)]

the desired result.

The factor } can clearly be replaced by any number less
than }. Actually a more complete result can be obtained from
Jensen’s theorem (§ 3.61). If the zerosin |z| << Rare 7y, 7,...., 7y,
then

g & - j log| f( Re®®)| 46 —log|f(0)]

T\ra...Ty

< log M —log| f(0)].
Let the zeros in the circle |z| <8R, where 0 <8< 1, be 7,
79,...,7,. Then the left-hand side is not less than
Rn 1\* 1
— = ) = —.
log TiTetn log(s) nlog )
1 M

Hence nS log 1/8 log F(OIN
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5.3. Hadamard’s three-circles theorem. Let f(z) be an
analytic function, regular for r, < |2| <ry. Let r, <r,<<r,, and
le¢ M,, M,, My be the maxima of |f(z)| on the three circles
|2| =1y, 79, 73 Tespectively. Then

M}zogfralr.) < }[}og(r;lr,)AMg)g(rglr.). (1)

Let ¢(z) = 2}f(z), where A is a constant to be determined later.
Then ¢(z) is regular in the ring-shaped region between |z| =17,
and |z| =73, and |§(z)| is one-valued. Hence the maximum of
|¢(z)] occurs on one of the bounding circles, i.e.

()] < max(rM,, AM,).
Hence on |z| =7,
|f(2)] < max(rir;AM,, rirsAM,). )
We have now to choose A to the best advantage, and this is

done by making the two expressions in the bracket equal. We
therefore define A by the equation

M, = r)M,.
Thus A = —{log(M,/M,)}/{log(rs/r,)}.
With this value of A, (2) gives
M,y < (ryfry) M,
and hence MLosralrd < (i [y )ORGI M) JloR(r] )
— Mllng(rjr‘)Mg;)g(r,lr.)’
the required result.

Notice that the case of cquality can occur only if ¢(z) is a
constant, i.e. if f(z) is a constant multiple of a power of z.

5.31. Convex functions. A function ¢(x) of a real variable
x is said to be convex downwards, or simply convex, if the curve
y == ¢(x) between x; and x, always lies below the chord joining
the points [x,, ¢(x,)} and {x,, $(x,)}. Analytically the condition is

$(x) <

The function is said to be convex in the wide sense if the sign
of equality can also occur.

A convex function i8 continuous. For if we make x - x, in
(1), we obtain ¢(x,+0) < ¢(,); and if we make x, - x we obtain
é(r) < (x+0). Hence ¢(z) = ¢(x+0) for all values of x. Simi-

ST b)) @m<e<am). (1)

Ly—Ty Lo—
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larly ¢(x—0)= ¢(x) for all values of x. Hence the function is
continuous.

If we put x = }(z,+=,) in (1), we obtain
This is sometimes taken as the definition of convexity* instead
of (1). It is less restrictive than the definition adopted here,
and does not involve continuity.

A sufficient condition for ¢(x) to be convex is that ¢"(x) > 0;
for then ¢’(x) is increasing, and

! f sod<sw< ' [s0d o <s<ao),
r—x, T,—T |
which gives (1).

5.32. The three-circles theorem as a convexity theorem.
Hadamard’s three-circles theorem may be expressed by saying
that log M(r) is a conver function of logr. For we may write it
in the form »

_logrs—logr,

logr,—logr
log M(ra) < logry—logr gy,
1

log M
og Mir)+ logr;—log r,

lOg M(r:l):
and the sign of equality occurs only if the function is a constant
multiple of a power of z.

5.4. Mean values of |f(z)|. The mean values
1 29 Y 1 2w o
1y(r) = 5= | f(re®)] dB, Ly(r) = 5= | | f(re?)|* d6,
~T =T
0 0

have properties similar to those of M(r).

5.41. I,(r) increases steadily with r, and log 1,(r) is « convex
function of logr.

Let f(Z) - z a,z".
n-0
The fact that I,(r) is steadily increasing is then obvious from
the formula -
]2(7) = Z la'n '27‘2"
n=-0

of § 2.5.
* o.g. in Polya and Szego, dufgaben, 1, p. 52.
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To prove convexity, let u = logr, and let I}, I; denote deri-
vatives with respect to . Then

@ LL—1

and by Schwarz’s inequality
1;2 — (E Ia,l|22ne2"")2 < (z Ia"lzeznu)(z Ia,,124n2e‘~’"") — 121;_
Hence the result.

5.42. I,(r) tncreases steadily with r, and log I,(r) is a conver
Sfunction of logr.

It is possible to prove this in the same sort of way as the
previous theorem,* but the proof is not so easy, since there is
no simple expression for 7, in terms of the coefficients a,. So
we adopt an entirely different method.}

Let 0 <r, <r,<r, and let k£(f) and F(z) be defined by

k(0)f(r.e®) = |f(7'2ei0)] (0 <6< 2m),
1 N i0y].
o J f(ze®)k(8) d6.

0
Then F(z) is regular for |z| <73 and attains its maximum in
this circle on the boundary, say at z = r,e’*. Hence

I(ry) = F(ry) < |F(r3e“)| < 1y(ry),

which proves the first part.
Now choose « so that
el (ry) = 151 (rs).
Then
r31y(ry) = r3F(ry) < ,m]d]zf |22 F(2)] << rfly(ry) == r§1(rg),

and the result follows as in Hadamard’s three-circles theorem.

5.5 Theorem of Borel and Carathéodory.} This result
enables us to deduce an upper bound for the modulus of a func-
tion on a circle |z| = r, from bounds for its real or imaginary
parts on a larger concentric circle |z| = R.

Let f(z) be an analytic function regular for |z| << R, and let M(r)

* See Hardy (8), and Landau, Ergebnisse der Funktionentheorie, § 23.

t Polya and Szegd, Aufgaben, Dritter Abschnitt, No. 308.
1 See Borel, Acta M. 20, and Landau, Ergebnisse, § 24.
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and A(r) denote, as usual, the maxima of |f(z)| and R{f(z)} on
|2| =r. Then for 0<r<R

R+r

M(r) < A(R)+ ~1f(0)].

The result is obvious 1f f(z is a constant. If f(z) is not con-
stant, suppose first that f(0) = 0. Then A(R) > A(0) = 0.
Let f(Z)
z) = .

2A(R
Then ¢(z) is regular for |z| < R since the real part of the
denominator does not vanish; ¢(0) = 0; and, if f(z) = u+1v,

N u2+v2
$(2)2 = m <!
since —24(R)+u < u < 2A(R) —u. Hence Schwarz’s lemma
gves B < 7.
A(R)p(z)| _ 24(R)r
Hence lf(z)l«' e < Rl

and the result stated follows.
If f(0) is not zero, we apply the result already obtained to

f(z)—f(0). Thus

. 2r
JE =01 < 7 maxR(fE) {0} < 7 {AR)FIFO)
and the result again follows. If 4(R) > 0, we deduge
R+r

M(r) < g {4AR)+110)]}.

By arguing with ——f ), or with -t if(z) we obtain similar
results in which A(r) is replaced by min R{f(z)}, max I{f(z)}, or
min I{f(z)}.

The inequality is thus proved. The form of the right-hand
side may be varied to a certain extent. 1t must, however, con-
tain, besides A(R), a term involving f(0), or we could falsify the
result by replacing f(z) by f(z)-tk, where k is a sufficiently large
real number. Also it must contain a factor, such as 1/(R—r),
which tends to infinity as » > R. To show this, consider the
function f(z) = —tlog(1—z), and let 0 <r<R<1. Then
A(R) < }n, however near Ris to 1; and f(0) = 0. But M(r) >
asr—> 1.




176 THE MAXIMUM-MODULUS THEOREM

5.51. The same principle can be extended to the derivatives
of f(z). Under the conditions of the above theorem, with A(R) > 0,

. 212! R
mfm (2)] < (R »r-)n;_l{ (B)+1£(0)]}.
Wiy M fw) ,
For f@) = 27y fc (uﬁ‘—:é)"h“ e M

where C is the circle with centre w == z and radius 8§ = }(R—7).
On this eircle | < r J(R—r) = H(R+)

so that Carathéodory’s theorem gives

R+ Y} E+r) 4R

max|f)] < J TR AR L0} < g AR 1O,
Hence, by (l)
IR <5 g BRSO = G AR+ o)),

5.6. The theorems of Phragmen and Lindel6f.* The fol-
lowing important extension of the maximum-modulus theorem
was given by Phragmén and Lindelsf:

Let C be a stmple closed contour, and let f(z) be regular inside
and on C, except at one point P of C. Let |f(z)| <M on C,
except at P.

Suppose further that there is a function w(z), reqular and not
zero in C, such that |w(z)| < 1 inside C, and such that, if € i3 any
given positive number, we can find a system of curves, arbitrarily
near to P and connecting the two sides of C round P, on which

Hw(2)}f(2)] < M.
Then |f(z)| < M at all points inside C.
To prove this, consider the function

= {w(2)}(z)
which is regular in C. If z; is any point inside C, we can, by
the hypothesis about w(z), find a curve surrounding z, on which

IF) <M
Hence |F(ze)| < M,
and so | fz0)] < Mlw(zo)| .
Making € > 0, Ifze)| < M.

This proves the theorem.

* Phragmén and Lindelof-(1).
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It is not difficult to see that the exceptional point P may be
replaced by any finite number, or even by an infinity, of points,
provided that functions w(z) corresponding to them with suit-
able properties can be found.

In the following sections we give a number of theorems of
this type. Instead of actually using the above theorem, it is
usually simpler to start again with a special auxiliary function
adapted to the region considered. In practice the exceptional
point P is always at infinity.

5.61. The above theorem gives many important results about
the behaviour of a function in the neighbourhood of an essential
singularity. By making a preliminary transformation, we can
always suppose that the exceptional point is at infinity. The
fundamental theorem then takes the following form:

Let f(z) be an analytic function of z = re'®, regular in the region
D between two straight lines making an angle mw/a at the origin,
and on the lines themselves. Suppose that

[fR) <M (1)
on the lines, and that, as r — o0,
f(z) = O(e™), (2)

where B < «, uniformly in the angle. Then actually the inequality
(1) holds throughout the region D.
We may suppose without loss of generality that the two lines
are 0 == +3n/a. Let
F(z) = e=“f(z),

where 8 <Zy <<« and ¢ > 0. Then

|F(2)] = e~ e8| f(z)). 3)
On the lines 6 =: 4}m/x, cosyfd >0, since y <« Hence on
these lines K@) < |f(2)] < M.

Also on the arc |0| < 7/« of the circle |2| = R
|F(2)] < emeRY ooniymla fi(z)| < AeRP-eRcosiymle,

and the right-hand side tends to 0 as R - co. Hence, if R is
sufficiently large, |F(z)] < M on this arc also. Hence, by the
maximum-modulus theorem, |F(2)| << M throughout the in-
terior of the region |0| < }n/x, r < R; i.e., since R is arbitrarily
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large, throughout the region D. Hence, by (3),

1f(2)]| < Mee

in D; and making e -> 0 the result stated follows.

It is evidently unnecessary to suppose that the function f(z)
is regular in the region |z| <{r,, if there is an arc |z| =7, > r,
on which (1) is satisfied. With this extension the theorem is
significant for « <<}, the angle including part of the plane
more than once, and the function not being necessarily one-
valued. We can also replace the straight lines of the theorem
by curves extending to infinity; the reader should have no
difficulty in supplying the details of such extensions.

5.62. 1t is important to notice the relation between the
‘angle’ of the theorem, and the order of f(z) at infinity. The
wider the angle is, the smaller the order of f(z) must be for the
theorem to be true.

In the following theorem, the order is just not small enough
for the previous proof to apply, and a more subtle argument
is required.

The conclusion of the previous theorem still holds, if we are only

given that f(2) = O(eb7)

for every positive &, uniformly in the angle.
As before we take the angle to be —}n/a << 0 < Inm/a. Let
F(z) = e==f(z).

Then F(z) tends to zero on the real axis, and so has an upper
bound M’ on the real axis. Let

M" = max(M,M’).
We may now apply the previous theorem to each of the two
angles (—}n/a, 0) and (0, 37/«), and we thus find that

[Fe)| < M"

throughout the whole given angle.

But in fact M’ << M; for | F(z)| attains the value M’ at a point
of the real axis; hence, if M’ = M", F(z) must reduce to a con-
stant, and M" = M. Otherwise M' < M", so that M" =M in
any case. It therefore follows that

|F(z)| < M.
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Hence [f2)] < Me—<=],

and the result follows on making € - 0.

5.63. If f(z) > a as z — oo along two straight lines, and f(z) is
regular and bounded in the angle between them, then f(z) —> a
uniformly in the whole angle.

We may suppose without loss of generality that the limit a
is 0. We may also suppose that the angle between the two lines
is less than =, since the general case can be reduced to this by
a substitution of the form z = wk. We may thus suppose that
the lines are 6 == 4-6’, where 6" < 7.

2
Let F(z) = H—_‘Af(Z),
where A > 0. Then
, r \ r
[F(2)] == \/(;2+ 2,;/\}:(’)'5'94_)\*2") )| < ;/(raiu){é) [f(@)].

Now | f(z)| <= M, say, everywhere, and | f(z)| << e for r > r,; = 7,(¢)
and 0 — 4 6. Let A=r M/e. Then for r <r,

|F(z)i<§\M<e

and |F(z)] < |f(z)| <e for r >7 and 6 = +6’. Hence, by the
main Phragmén-Lindelof theorem, |[F(z)|<Ce in the whole
region. Hence

: A w . .
e (145) F @ < 2
if r > A. This proves the theorem.

5.64. If f(z) > a as z > co along a straight line, and f(z) - b
as z -» o0 along another straight line, and f(z) is regular and
bounded in the angle between, then a == b, and f(z) - a uniformly
in the angle.

Let f(z) >a along 6 =«, and f(2) > b along 6 =P8, where
a << B. The function (f(z)— Ha+b)}?

is regular and bounded in the angle, and tends to }(a—#)* on
each of the straight lines. Hence it tends to this limit uniformly
in the angle; that is,

{f()—}(a+b)F—}a—b)* = {f(2)—a}{f(z) —b}
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tends uniformly to zero. Thus to any e corresponds an arc on

which [{fe)—a}{fe)—b} <
At every point of this arc either | f(2) x/e or |f(z)—b| < Ve
(or both), and we may suppose that the former inequality holds
at § = a, the latter at § = B ; let §, be the upper bound of values
of 8 for which the former holds; then 6, is a limit of points where
the former holds, and is either a point where the latter holds,
or a limit of such points; hence, since f(z) is continuous, both
inequalities hold at 6,. Taking z to be this point, we have
la—b| < | f(z)—al|+|f(z)—bl < 2V,

and, making ¢->0, it follows that a=05. Finally f(z) >a
uniformly, by the previous theorem.

These theorems have obvious affinities with Montel’s theorem,
(§ 5.23). But in Montel’s theorem the line along which the func-
tion tends to a limit must be interior to the region of bounded-
ness, so that these theorems become corollaries of Montel’s only
if we assume a slightly wider region of boundedness.

5.65. The Phragmén-Lindeléf theorem for other re-
gions. The angle of the above theorem may be transformed
into other regions, for example into a strip.

Take, for example, the theorem of § 5.61, applied to the region
r>1, |0| < dn/x, and put s=1ilogz, f(z) =¢(s). If s=0o-+1ut,
the lines argz = +3n/a become parallel lines o = +}n/a, and
t =log|z|. Hence, if |(s)| <M on the upper half of the two
parallel lines and on the segment of the real axis joining them, while

Blo+it)=0(E")  (p<a) (1)
in the strip between them, then actually |$(s)| < M throughout
the strip.

Another theorem of this type, which we shall require in the
theory of Dirichlet series, is as follows:

If ¢(s) s regular and O(e<!), for every positive e, in the strip
0, < o< o, and

$loy+it) = O(t]),  $loptit) = O(|t=),

then $(a+it) = O(|¢[)
uniformly for o, < o < 0, k(o) being the linear function of o which
takes the values k,, k, for o = oy, 0,.

The result is true more generally if $(s) satisfies a condition
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of the form (1). With the given condition it may be proved
directly as follows.

Suppose first that k, = 0, k, = 0, so that ¢(8) is bounded for
o =0y, 0 =0, Let M be the upper bound of ¢(s) on these two
lines and on the segment of the real axis between o, and o,. Let
g(8) = ecip(s).
Then lg(s)| = e~<|$(8)| < |$(8)| < M
for o = 0,, 0 = 0,. Also |g(s)| - 0 as ¢t > o0 for o, < 0 < 0,; and
so, if 7" is large enough, |g(s)| < M ont= T, 0, < 0 < 0,. Hence
[9(8)| < M at all points of the rectangle (o,,0,), (0,7'). Hence
lg9(8)] << M at all points in the half-strip, i.e.
|b(8)] < e!M.
Making € — 0, it follows that |¢(s)| << M for ¢ > 0, and simi-
larly for £ << 0. This proves the theorem in the particular case
considered.
In the general case, let
l,b(S) — (—1:8)"(") = eke)log(~is)

where the logarithm has its principal value. This function is
regular for o, < o < 0,, t >>1; also, if k(s) = as+b,

R{k(s)log(—1s)} = R[{k(a)+1at}log(t—10)]

= k(o)logt + O(1).
Hence [(8)] = tHeOW,
The function ®(s) = $(s)/(s) therefore satisfies the same con-

ditions as ¢(s) dxd in the first part. Hence ®(s) is bounded in
the strip, and .

°Bp $(s) = OI(s)]} = O().

5.7. The Phragmén-Lindelof function A(6). In several of
the preceding theorems we have been considering the way in
which a function behaves as z tends to infinity in different
directions. We shall now make a more systematic study of this
question.

Consider first the function

fle) = davive,
Then If(2)| = er’(a cos pf — b sin pa)_

The behaviour of log|f(z)] depends in the first place on the
factor ¢, which is independent of §. The different behaviour
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in different directions is determined by the factor

h(0) = acospd — bsinpd = r-Plog|f(z)|.

This is of course a very special case; but the general case is not
so different from it as might be expected.

We shall suppose throughout the following sections that f(z)
is regular for o << 6 < B, |z| = r,. and that f(z) is ‘of order p’ in
this angle, i.e. that "

[, Jos 1/ tre™) _
rPte
uniformly in 6, for every positive value of ¢, but not for any
negative value. (For example, the above function is of order p.)

We define k() in general as

=—log|f(re®)|

h(f) = lim —=———

( ) r—-l»ll V(T) ’
where V(r) depends on the function considered. We should
naturally choose V(r) so that k() is finite and not identically
zero. Here we shall consider the simplest case V(r) = 7?; but
our argument would apply almost unchanged to any function

such as rP(log r)?(loglog r)2... .

5.701. It is convenient to introduce at this point an expres-
sion containing the word ‘infinity’, or the symbol co, which is
not used in elementary analysis. We shall use lim¢, =00 to
mean the same thing as ¢, — c0; and we shall say that ¢(z) has
an infinite value, or ¢(x) = oo, if, and only if, ¢(x) is defined as
the limit of a sequence ¢,(x), and the sequence diverges to
infinity for the particular value of x in question. We use —oo
in the same way. For example, we might write

=00
t
0

1
if the left-hand side is defined as lim f . and h(8) = oo means that
€0 ¢

r-Plog|f(reif)| takes arbitrarily large values as r — co.
The novelty consists in writing ‘= c0’, as if we had defined
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a number ‘c0’; but it should be remembered that we have not
done so, and that ‘infinity’ remains an incomplete symbol.*

5.71. Let a <0, <0, <B, and 0,—0, < =/p, and let
h(el) ‘g hp h(og) =2 hg'

Let H(0) be the function of the form acospf -|- bsin pt) which tales
the values hy, hy at 0, 6,. Then

h(8) < H(8) (0, <0 < 0,).
It is easily seen that
sin h,sinp(6—0,
H(0) - by P( Smp)(;*:g ) Al ),
but we do not requive this expression in the proof.
Let H(0) = ag cos pf - bssin pt)
be the I-function which is equal to & 436, h,4-0 (5 - 0) for
0= 0,, 8 =0, respectively. Let
o — f(z)e e
Then ()] = f(z) e e, (1)
and so, if r is large ('nnugh,
”"\75'0‘){ = Qe aS)ro-Hs(l),er) 0.
A similar result holds for F(reis). Hence, by the theorem of
§ 5.61, F(z) is bounded in the angle (A,.6,). Hence. by (1).
f(z) == O(eMsr) . 2
uniformly in the angle. Hence k(6) <. I{5(8) for €, 28076,
Since Hg(8) -~ T1{8) as i, —- 0, the result follows.

5.711. As a particular case of the above theorem, one or
both of A(6,), h(0,), may be —oc. The conclusion is then that
h(0) = —a0 for 6, << 6 <2 6,. The same proof still applies, one or
both of the numbers k,, k, now being arbitrarily large and
negative.

5712, If a << 0y << 0, < 03 < B, 0,—0, < 7lp, 03—, < 7/p;
and h(6,), k(8,) are finite, and H(0) s an H-function such that

h(6,) < H(,), h(6,) = H(6,),
then h(6;) = H(by). (1)

* P.M.§55



184 THE MAXIMUM-MODULUS THEOREM

Choose 8, so that 8;—m/p < 6; < 6,. Then h(6;) < H(6;) by
§5.71. Hence, by §5.711, k() is not —co. If (1) is false, we
can choose  so that A(f;) < H(6;)—35. Let
sin p(6—6;)

H;(6) = H(())—Sm.

Then
h(8;) < H(6;) = Hy(6;), h(6;) < H(03—38) = Hj(6y).
Hence h(8y) < Hy(0,) < H(6,),

contrary to hypothesis.

5.713. If 6, < 6, < 05, 6,— 08, < 7/p, 03—0, < 7/p, then
h(8y)sin p(63—0,) +h(0,)sin p(6, —03) 4-k(0,)sin p(6,—6,) = 0.
For any H(6)

H(6,)sin p(6;—0,)+ H(0,)sin p(6,—0,) + H (8,)sin p(6,—6,) = 0,
and choosing H(6) so that H(8,)= h(6,), H(8,) = h(f,), and
observing that, by the above theorem, %(6;) > H(6;), we have
the result stated.

The function h(8) 18 continuous in any interval where it 18 finite.

Iet h(6) be finite in the interval 6, <{6 <8, and let
0, <0, <0;. Let H, ,(f) be the h-function which takes the
values A(6,), h(0,) at 8,, 0,; and define H, 4(6) similarly. Then
by the above theorems

Hy 5(6) <h(0) < H,,5(0) (0, <2 6<6y)
H, 5(0) < h(6) < Hy, 5(0) (8, << 6 < 65).
Hence, in whichever of these intervals 9 lies,
H,,5(0)—H,,5(8;) _ 1(0)—h(8;) _ Hy,a(8)—Hy,5(02)
-8, S 0, ‘ 6—0,
The extreme terms tend to limits as 6 — 6,; hence the middle
term is bounded, and so h(6) - h(6,).

It also follows that |f(re®)| < exp[r*{h(6)+¢}] uniformly for
r > ro(e); (divide the f-range into n = n(¢) parts).

5.72. Geometrical interpretation of the property of x(6).
In the case p = 1, the property of the function /() has a simple
geometrical interpretation.

For every value of 6 in an interval where 4(0) is finite and
positive, consider the radius vector of length /() making an
angle 6 with an initial line, and the perpendicular to this radius
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vector at its end. (Consider, for example, the cases f(z) = coshz,
f(z) = cosz+coshz.)

Let A,, hy, hy be the values of h(6) at 6,, 6, 6, where
6, < 0, < 6,. Then the three perpendiculars are
zcosl, 4 ysind, = h,,
xcosl, + ysinf, = h,,
xzcosl, + ysinb; = h,.
The first and third meet at a point (X, Y) given by
h 8in 03— hysin 6, h cos B, —h, cos B,
sin(8,—6,) sin(f, ——0 )
Now the condition that (X, Y) should lie on the opposite side
from the origin of the second perpendicular (or on it) is
Xcosb,+ Ysin6,—h, >0,

X-

or
(hysin ;—hysin 6,)cos 0,
+(hgcos 8, —h, cosf,)sin ,—h,sin(6,—6 )\,0
or hy8in(0;—0,)-+h,sin(8,— 0,)+hysin(,—6,) =

This is pre,cmel) the condition which the function A (6 ) satisfies.

If the perpendiculars envelope a curve, then two tangents
to it meet on the opposite side to the origin of any tangent at
a point between them. It is easily seen geometrically that this
means that the curve is always concave to the origin.

5.8. The following interesting applications of the Phragmén-
Lindeclof principle are due to Carlson.*

Let f(z) be reqular and of the form O(e¥*) for R(z) = 0; and let
f(z) == O(e-#), where a > 0, on the timaginary axis. Then f(z) == 0
wdentically.

We apply the argument of § 5.71 to f(z), with p =1, 6, =: 0,

0, = Ym, hy =k, hy= —a; and here we can take & = 0 through-
out the argument. Then § 5.71 (2) gives
f(z) = O{C(kcosﬁ—-nlninei)r} (1)

for 0 < 6 < }#; and a similar argument shows that (1) also holds
for —47 <0 <0.

Let F(z) = e~*f(z)
where w is a (large) positive number. Then by (1) there is a

* In an Unsala thesis (1914). See M. Riesz (1), Hardy (14).
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constant M, independent of w, such that

|F(z)] < Mellk+w)cosb —alsinfir (— 3 <O < m). (2)
In particular we have IFE)| < M 3)

for § = + 3= and § = +-«, where a = arctan{k +w)/a}.

We can now apply the theorem of § 5.61 to each of the three
angles (—47, —a), (—o,a), and (a, §7). It follows that (3)
actually holds for —47 <0 < }n.

Hence |f(z)| << Me-«rcos? and making w - oo it follows that
|f(z)} = 0. This proves the theorem.

5.81. If f(z) 18 reqular and of the form O(e¥<), where k < =,

for R(z) =0, and f(z)=0 for z=0, 1, 2, 3...., then f(z) =0
identically.

Consider the function F(z) = f(z)cosec 7z. ()n the circles
|z] = n+1, cosecnz is bounded. Hence F(z) = O(e¥*) on these

circles, and also on the imaginary axis. Since I"(..) is regular it
follows that, if n—} < |z| <n+1},
F(Z) - O(ek(nﬂ)) o= ()(ckl:i)‘
and so F(z) is of this form throughout R(z) =: 0. Also
F(z) = O(etk~mi=i)
on the imaginary axis. The result therefore follows from the
previous theorem.

MISCELLANEOUS EXAMPLES

1. A function f(z) is regular inside and on a simple closed contour (',
and | f(z)] :< M on C. Deduce from Cauchy’s integral for {f(z)}* that,

if zis mmde C, If(z)" - KM®

where K is independent of n. Hence show that [f(z)] -~ M inside (',
pe

[Landau.]

2. Use Poisson's integral to show that a function which is harmonic
in a region cannot have a maximum at an interior point of the region.

3. If f(z) is regular and O(e" ) for R(z) .: 0, |f(2)] <~ M on the
imaginary axis, and f(1) = 0, then for = - 0

(1—=x)*+y
3
| fxtip)| — {(l+x)”‘1}11
[Consider (1} z)/(1—z).f(2)].
4. A function f(z) is regular and satisfies the inoqualities

e < |f(z)] < e

in an angle 0, < 0 < 0;, where 0,—08, < m/p. As r — o, r~flog|f(z)|
tends to the limits h, and h, for § = 8,, 6,. Let H(§) be the function
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of the form a cos pf + b sin pf which takes the values h,, k, for 8 = 6, 6,.
Then h(6) = H(#) throughout the interval 8, < 6 < 6,.

6. Show that, if f(z) = O(e™*¢) in a given angle, the function

1) = T Bl
rlogr

has properties similar to those of the i-functions considered in the text.

Show that if f(z) == 1/T'(3+2), then A(f) == —cos 8 for all values of 6.

6. An analytic function f(z) is regular and not zero in the half-strip
defined by @ <z < b, y > 0; f(z) = O(y4) a3 y —> « uniformly in the
strip, and |logf(z)| is bounded on the middle line 2 = }(«+b). Prove that
log f(z) = O(log y) uniformly for a-+8 < z < b—38.

[Apply Carathéodory’s theorem to log f(z) in a circle with centre at
Ya4-b) +iy.]

7. A function f(z) is regular, and |f(z}| -~ M, for R(z) - 0, and f(2)
hus zeros at z,, zg,... in this half-plane. Prove that

lz,—229—2 2,—2]
z - ! T e
[/ < 1zt zgtz 2,12

M

for R(z) - 0; and deduce that, if f(z) is not identically zero, the series

2 R(:)

is convergent. [See Polya and Szego, Absch. III, Nos. 295, 298.]



CHAPTER VI
CONFORMAL REPRESENTATION

6.1. Conformal representation. If w is an analytic func-
tion of 2, then to values of z, which we represent as points in
the z-plane, correspond values of w, which we represent as points
in the w-plane. We also speak of the point in the w-plane
representing its corresponding point in the z-plane; and of
regions of the z-plane being represented, or mapped, on corre-
sponding regions of the w-planc. The object of this chapter is
to discuss in more detail the nature of this representation or
mapping.

Let w = f(z) be an analytic function of z, regular and one-
valued in a region D of the z-plane. Let 2, be an interior point
of D; and let C, and C, be two continuous curves passing
through z,, and having definite tangents at this point, making
angles o, a,, say, with the real axis.

We have to discover what is the representation of this figure
in the w-plane. Before we go any further, we shall make a
restriction, the reason for which will appear in a moment. We
shall suppose that f'(z,) i8 not zero.

Let 2z, and 2, be points of the curves C; and C, near to z,.
We shall suppose that they are at the same distance r from
2y, S0 that we can write

2, —zg =1, 2,2, =reil:,
Then as r > 0, §, > «;, and 0, > a,.

The point z, corresponds to a point w, in the w-plane, and
2, and z, correspond to points w, and w, which describe curves
C; and C;. Let

wy—wy = pyeth, Wy— 1y = pyeite.
Then, by the definition of an analytic function,
Wy — Wy _ o
217 = f"(2)-
Since f'(z,) is not zero, we may write it in the form Re®®. Then
lim e Re.
re’iﬂx
Hence lim(¢,—6,) =8, i.e.
lim ¢, = o, +8.

lim
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Hence the curve C; has a definite tangent at w,, making an
angle «,-+38 with the real axis.

Similarly C; has a definite tangent at w,, making an angle
ay+3 with the real axis.

Hence the curves C, C,, intersect at the same angle as the curves
C,, C,. Also the angle between the curves has the same sense
in the two figures.

Because of this property of the conservation of angles, an
analytic representation is called ‘conformal’. Any small figure
in one plane corresponds to an approximately similar figure in
the other plane, since all angles are approximately the same.
To obtain one figure from the other we must rotate it through
a certain angle—the angle § = arg{f’(z,)} of the above notation
—and subject it to a certain magnification, viz.

limf = R = |f'(z)].

It is clear from the above analysis that the magnification is the
same 1n all directions.

6.11. The case f'(z) = 0. Suppose now that f'(z) has a zero
of order n at the point z;,. Then in the neighbourhood of this

point F2) = f(z0)4-(z—2g)"+1 ..
where a % 0. Hence"
Wy — Wy == A(2;—2o)* 4.,
ie. peih = |a|rnHlgid+n+Db)
where 8 =arga. Hence
lim ¢, == lim{8+ (n+1)6,}
=8+ (n+1)ay.
Similarly lim ¢y = 8+ (n+1)o,.
Thus the curves C;, C} still have definite tangents at w,, but
the angle between the tangents is
lim($y—¢y) = (n+1)(ag—y).
Also the linear magnification, lim p,/r, is zero. The conformal
property therefore does not hold at such a point.

6.12. In the above conformal representations we have, not
merely conservation of angles, but conservation of the sign of
angles; if we get from C, to C, by a rotation through an angle
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a in the positive sense, we also get from C; to C, by a rotation
through « in the positive sense.

There are also conformal representations in which the magni-
tude of angles is conserved, but their sign is changed. Consider
for example, the transformation

w=2Z,
where Z is the complex number conjugate to z. This replaces
every point by its reflection in the real axis. Hence angles are
conserved, but their signs are changed. And this is truc
generally for every transformation of the form

w = f(2),
where f(z) is an analytic function of z; for this is the product
of two transformations:
(i) Z=z2, (i) w=f(Z).
In (i) angles are conserved, their signs changed. In (ii) angles
and signs are conserved. Hence in the resulting transiormation
angles are conserved and their signs changed.

6.2. Linear* transformation. The function

az-+b
~ezkd
is called a linear function of ». We shall suppose that
ad—bec 0,

for otherwise the numerator and denominator are proportional,
and w is merely a constant.

To every value of z corresponds just one value of w. This is
apparent except, in the case ¢ 0, for the value z= —dJe,
which makes the denominator vanish. But as z - —dJe,
|w| - c0; and we may regard the point at infinity in the w-plane
as corresponding to the point z =: —d/c in the z-plane.

If ¢ == 0, then w:gz+%

and (since a 5 0) the points at infinity in the two planes
correspond.
dw—b
Conversely 2=
—cw-+ta
so that z is a linear function of w.

* Or bilinear.
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Example. Prove that in general there are two values of z (‘invariant
points’) for which w = z, but that there is one only if

(a—d)2+4bc = 0.
Show that, if there are distinct invariant points p and ¢, the trans-
formation may be put in the form
w—p _ 42— P,
w—q z—q
and that, if there is only one invariant point p, the transformation may
be put in the form 1 1

e = e Ak
w—p  zZ—p

6.21. Circles. The equation

2ol = p
represents a circle with centre z, and radius p.

Two points p, ¢ are said to be inverse with respect to the
circle if they are collinear with the centre and on the same side
of it, and if the product of their distances from the centre is

equal to p2. Thus, if

P == ~0+lei/\:
. 2
then q =2, +’91— eih,
If z = 2y+pet!
is any point of the circle, then
mp| | el | lpet—led) 1
2—q| |Pei0__P:zl-1ei)« = p|lef9~pe")‘|, S

This is therefore a new form of the equation of the circle.
Conversely, any equation

TPk (k1)

2—q

represents a circle* with respect to which p and ¢ are inverse

points. For the equation gives
2|2 —2R(P2)+ |p|* = k*{|z|*—2R(g2) + Iq|*},
R{(p—k*q)} | |pI*—k*|q|®
2_.9 1! — ==
or Il =2 1—k2 T 1—Ek2? 0.

P Ilp—k%q*  |p|*—kq?

Pf‘k2q 1P—K°q|"  |P|I"—h
1=k 1=k 1—k2
Since |p—k%q|2— (1 —E*)(|p|*—k%|q|?) = k*|p—ql?,

* The ‘circle of Apollonius’.

or 4
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as ig easily verified, we obtain

2 P—F4|_klp—q|

I—k2 | [1—k3]

The equation therefore represents a circle, with centre
p—k*q

T e

and radius p= I%%%’
k*g—p) q9—p

Also P—2y = w—i‘:i 72 ) q—25 = *1::1‘2 ,

so that (p—zy)/(¢—=,) is real and positive, and

[P—20]1g-—2o| = p%.
Hence p and ¢ are inverse points.

In the particular case k = 1, z is equidistant from the points
p and g, and therefore lies on the perpendicular bisector of the
line joining them.

6.22. Linear transformation of a circle. In a linear
transformation, a circle transforms into a circle, and inverse points
transform into inverse points. In the particular case in which the
circle becomes a straight line, inverse points become points sym-
metrical about the line.

For let 2Pk
z—q
be a circle (or straight line), with p and ¢ as inverse points. Let

wzgzj—_—b, g= B0
cz-+d —cw-a
Then the circle transforms into

dw—b—p(—cw-}-a)
dw—b—q(—cw+a)

w__ap—{—bl
or op+d =k cq+d .
w_9T0 lep+d
cqg+d

The result is obvious from this equation.

Example. Prove that the linear transformation in which only one
point p is invariant may be considered as the result of (i) an inversion
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in a circle (centre z,, say), through the point p, (ii) an inversion in the
circle with centre w, corresponding to z, in the transformation, and
touching the previous circle at p.

6.23. To find all linear transformations of the half-plane
I(z) = 0 4nto the unit circle |w| < 1.

To points z, z, symmetrical about the real z-axis correspond
. 1 . . . . .
points w, - inverse with respect to the unit w-circle. In parti-

cular, the origin and the point at infinity in the w-plane corre-
spond to conjugate values of z.

Let w == qz—}—b

be the required transformation. Plainly ¢ # 0, or the points at
infinity would correspond. Now w =0, w — o correspond to

z=—bja, —dJc. Hence we may write
b d
-—_— = X, —_—— ==,
a c
’ az—ao
and w=_"_",
CZ—«

The point z = 0 must correspond to a point of the circle |w| = 1,
so that

@ ey,
¢ —al |e
Hence we put a = cer,
where A is real, and obtain
N 2—a
w=¢eA" ", (1)
z—@&

Since z =« gives w =0, « must be a point of the upper half-
plane, i.e. I(ax) > 0. /'With this condition the function (1) gives
the required representation. For if z is real, obviously |w|=1;
and if I(z) > 0, then z is nearer to « than to &, and |w| < 1.

There are three arbitrary constants in the transformation,
A, R(«), and I(x). We can therefore make three given points of
the real axis correspond to three given points of the unit circle.

Example. The general linear transformation of the half-plane
R(z) > 0 on the circle |w]| < 1 is

4

w = et :;a (R(e) > 0).
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6.24. To find all linear transformations of the unit circle

|z] < 1 into the unit circle |w| < 1.

Let _a +‘b
Teedd

Here w =0, w =00, must correspond to inverse points z = «,
z=1/a, where || < 1. Hence

The point = = 1 corresponds to a point on |w|=: 1. Hence

|ax l—a ]aa|

RS L i

N Z—0

Hence w=elr =
az—1

where A is real.

This is the required result; for if z = e? « -=beB, then
i el —peiB |
[

1f z =re', where r < 1, then

| =

lz—a|?—|az—1]*
= 72— 27b cos(0— B)-}-b2—{b%2—2br cos(0 —B)+ 1}
= (r2—1)(1—b2) < 0.
Hence |w| < 1.
If we are also given that z =0 corresponds to w— 0, then
a =0, and the transformation becomes

w = €'z,
If also d_w= 1 at z=0, then
dz

w=2z.
Example. The general linear transformation of the circle |z| < p into
the circle |w| < p’ is

w = pped == Pz (Il < p)-

6.25. Iff(z)isregular for|z| < 1,R{f(z)} > 0,and f(0) =a > 0,
then |f'(0)| < 2a.
A result of this type follows from Carathéodory’s theorem
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and its corollary (§§ 5.5-5.51). The following argument is essen-
tially the same, but can now be put in a form which throws some
light on the general method.

Suppose that we can find a linear transformation g = $(f)
such that R(f) =0 corresponds to |g| = 1, while f=a corre-
sponds to g = 0. Then we shall have |g(z)| <1 for R{f(z)} > 0,
ie. for |z| <1, and g(0) = 0. In this form the data are easy to
deal with. We have

()1 = ‘; [ e

Izl -1- €

and hence, making ¢ — 0, |g'(0)| < 1.
We find, as in § 6.23, that the required linear transformation is

_J@)—a
= 1) o
. 1---9(2)
or J(z) = al——g(z)'
o 2a9'(2)
Hence f(z)= (1--gz)}"
and /(0] = 2alg"(0)] < 2.

6.3. Various transformations. We shall now consider
some examples of functions which are not linear.
6.31. The function w =122 If z=:re® and w — pe'$, then
i __ p2,2i0 at
pe %2V, 50 that Y & = 26. 3

The distance from the origin is therefore squared, and the polar
angle is doubled. An angular region « < argz < Bis represented
on an angular region 2« < argw < 2f; if f—a > =, the angular
region in the w-plane covers part of this planc twice. The
ambiguity arising from this is removed if we replace the w-plane
by the Riemann surface described in § 4.3.
If 2 = 2+4y, w=u-t1v, then
u+1v = (x+1y)? = 22—y} 2y,

or u = 2°—y? v = 2xy.
Hence the straight lines u ==a, v =b correspond to the rect-
angular hyperbolas

22— =aq, 2xy =b.
These cut at 1ight angles except in the case a = 0, b = 0, when
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they intersect at the origin at an angle }=. Since dw/dz has a
simple zero at the origin, this is in accordance with the general
theorems on the transformation of angles.

Examples. (i) Prove that the straight lines * = const., y = const.,
correspond to systems of confocal parabolas.

(ii) Consider in the same way the function w = 2" for n = 3, 4,... .

6.32. The function w:%(z -{-%) Here w becomes infinite

dwu_ll l
dz 2\ " 22)

which vanishes at z== 1. These points may thercfore be
expected to play a special part in the transformation.
Putting z = re??, w = u-+14v, we have

1\ .
U= %(r-}-_;)cos 0, v= -};(T-—;)Sm b,

at z =0, while

et

and, eliminating 6,
u? 3

1 et ne="
— r_{-__ —r——
) 5t=3)

This is an ellipse in the w-plane, and it corresponds to each of

. 1 . ..
the two circles |2| =7, |z]==. As r — 1, the major semi-axis
r

of the ellipse tends to 1, while the minor semi-axis tends to
zero. As r — 0 or as r — o0, both semi-axes tend to infinity.
From this it is clear that the inside and the outside of the unit
circle in the z-plane both correspond to the whole w-plane, cut
along the real axis from —1 to 1. The unit circle |z| = 1 itself
corresponds to the straight line from —1 to 1 described twice.

On solving the equation for z, we see that the inverse function
is a two-valued function of w. We can remove all ambiguity
from the representation by replacing the w-plane by a Riemann
surface of two sheets, each slit from —1 to 1, and joined cross-
ways along the slit. If we pass round one or other of the points
w = 1, a different value of z is reached. but, if we pass round
both, z returns to its original value.

Examples. To what curve in the w'plane does the line x = 1 corre-
spond ? Consider the result as an example of § 6.11.
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6.33. The logarithmic function. If w=logz, the angular
region o << argz < f corresponds to the infinite strip o < v < Bin
the w-plane.
For if z = rei, then a value of w is

log r-+-10.
Hence u=logr, v=>0.

As r goes from 0 to oo, u goes from —oo to o0, and the result
follows.

If we consider the general value of logz,

w == log r-+¢(0+ 2kmn),
where £ is any integer, we obtain, not one strip, but an infinity
of strips in the w-plane, corresponding to the infinity of values
of the logarithm.

On the other hand, a strip o << v < B corresponds to an angle
in the z-plane; but, if f—o > 27, part of the plane will be
covered more than once. We can, however, avoid any ambiguity
by replacing the single z-plane by a Riemann surface consisting
of an infinity of sheets, each cut along the real axis from 0 to
-—00, and the upper half-plane of each joined to the lower half-
plane of the next along the slit. Then a strip of the w-plane of
breadth 27 corresponds to one complete sheet of the Riemann
surface, and every point of the Riemann surface corresponds to
just one point of the w-plane.

Examples. (i) Investigate the properties of the transformation
w = tan z by considering it as the result of the two transformations

w = 1 gtwl C o e‘llz’

Erea
and hence cbtain a Riemann surface for the inverse function
z == arc tan w.
[Hurwitz-Courant, Funktionentheorie, p. 293.]
(ii) Consider the properties of the transformation
w = 2«

for general values of a.

[The function z* is defined as e*'%. Consider separately rational,
irrational, and complex values of a.]

6.34. If w = tan?}z, the strip in the z-plane between the lines
=0, x = 4m i3 represented on the interior of the unit circle in
the w-plane, cut alony the real axis from w = —1 to w=0.
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1—cosz

f h _ ——— -,

We have _ w 1T conz
If 2 = {7 -7y, then cosz = —isinhy, and |w]| = 1. It is easily

seen that, as y goes from —oo to oo, am w goes from —a to
so that w describes the whole unit circle once.

If z=1y, cosz=coshy, and w is real. As y goes from 40
to 0, w goes from —1 to 0, and as y goes from 0 to —o0, w
retraces its path from 0 to —1.

The boundary of the strip therefore corresponds to the
boundary of the cut circle, and there should be no difficulty in
verifying that the interiors correspond.

Example. Prove that the line 2 = }ur corresponds to a loop of a
closed curve, cutting the real axis at w = --1 and w = 1/(3+2+2).

6.4. Simple (‘schlicht’) functions.* We shall say that a
function f(z) is simple in a region D if it is analytic, one-valued,
and does not take any value more than once in D.

The function w == f(z) then represents the region 1) of the
z-plane on a region D’ of the w-plane, in such a way that there
is a one-one correspondence between the points of the two
regions.

If f(z) i3 sitmple wn D, f'(z) # 0 #n D. For suppose, on the
contrary, that f'(z,) == 0. Then f(z)—f(z,) has a zero of order
n (n > 2) at z,. Since f(z) is not constant, we can find a circle
|z—zp] = & on which f(z)—f(z,) does not vanish, and inside
which f’(z) has no zeros except z,. Let m be the lower bound
of |f(z)—f(z,)] on this circle. Then by Rouché’s theorem, if
0< |la] <m, f(z)—flzy)—a has n zeros in the circle (it cannot
have a double zero, since f'(z) has no other zeros in the circle).
Thig is contrary to the hypothesis that f(z) does not take any
value more than once.

A simple function of a simple function 18 simple. If f(z) is
simple in D, and F(w) in D', then F{f(z)} is simple in D; for
F{fz,)} = F{f(z,)} implies f(z;) = f(2,), since F is simple; and
this implies z; = z,, since f iy simple.

6.41. Inverse functions. In the above relationship, to
every point of D’ corresponds just one point of D. We can
therefore consider z as a function of w, say z=¢(w). This is
called the inverse function of w = f(2).

* The German word is schlicht; Dienes, The T'aylor Sertes, uses biuniform.
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The inverse function is simple tn D’. For it is one-valued;

and it does not take any value more than once, since f(z) is

one-valued. Finally, it is analytic; for if w, = f(z,), then it is

easily seen by considering { f'(2)/{f(z)—w} dz that, in any given

neighbourhood of z,, f(2) takes every value w sufficiently near
to w,. Hence 2 = ¢(w) is continuous, and

as w — w,, since f’(z,) # 0.

6.42. Uniqueness of conformal transformation. A
simple function w = f(z) which represents the unit circle on itself,
so that the centre and a given direction through it remain unaltered,
is the identical transformation w = z.

We have |f(z)]=1 for |z|=1, and f(0)=0. Hence, by
Schwarz’s lemma (§ 5.2),

lwl = 1f@)| < Izl
But, applying Schwarz’s lemma to the inverse function, we
have |z| < |w|. Hence |w| = |2|, i.e.
f@)2l=1  (lz]<1).

Since a function of constant modulus is itself constant, it follows
tha,t f( 2) = az,

where |a| = 1. The remaining conditions then show that @ = 1.

Other functions, such as w = 22, satisfy the condltlons except
that they are not simple.

A simple function which represents the unit circle on stself is
a linear function.

If w = f(z) represents the unit circle on itself, and f(0) = w,,
we can, by § 6.24, find a linear function /() which represents
the unit circle on itself, and is such that l(w,) = 0. Then I{f(2)}
represents the unit circle on itself, and }{f(0)} = 0. Hence, by
the above theorem, I{f(z)} = az. Since the inverse function of
a linear function is linear, f(z) is a linear function of z.

6.43. Let f(z) be regular at z= 0, and f'(0) # 0. Then f(z) is
simple in the immediate neighbourhood of z= 0; t.e. in the circle
|2} < p, if p i3 small enough.

We may suppose that f(0) = 0. Since f(0) # 0, the origin is
a zero of f(z) of the first order. We can therefore find a circle

0
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C, with centre z=0, on which f(z) # 0, and inside which f(z)
has no zero other than z = 0. Let m be the lower bound of | f(z)]
on C.

Since f(z) is continuous and vanishes at z=0, we can find
a circle |z| = p inside which | f(z)| <m. Then w = f(z) is simple
in this circle. For let w' be any number such that |w'| < m.
Then by Rouché’s theorem (§ 3.42) the number of zeros of
f(z)—w’ in C is the same as the number of zeros of f(z), that is,
one. Hence there is just one point 2z’ in C corresponding to cach
such value of w’. The region consisting of these values of 2’ is
therefore represented simply on the circle |w| <<m; and this
region includes the circle |z| = p.

An alternative proof may be obtained by considering the

power series »
f (2) = E @2,
n-0

where a, # 0. If f(z,) = f(z,),
- a,(21—23) =0,

e (a—mot 3 @@ k)] =0
n=

If |2,] <p,|2| <p, the modulus of the second factor is
greater than o
Iall_ 2 n[a’nlpn~1)

n=2
which is positive if p is small enough. Hence 2, =2,, and the
result follows.

6.44. The limit of a uniformly convergent sequence of simple
functions s either simple or constant. More precisely, if f,(2) 18
simple in D for each value of n, and f,(z) - f(z) uniformly in D,
then f(z) 18 simple in D, or is a constant.

The possibility of the limit being constant is shown by the
example f,(2) = z/n.

In any case, f(z) is analytic and one-valued in D. If it is not
simple, there are two points z, and 2, at which w = f(z) takes
the same value w, Describe, with z, and z, as centres, two
circles which lie in D, do not overlap, and such that f(z)—w,
does not vanish on either circumference (this is possible unless
f(2) is a constant). Let m be the lower bound of |f(z)—w,| on



SIMPLE FUNCTTONS 201
the two circumferences. Then we can choose n so large that
|f(z)—f,.()] <m on the two circumierences. Hence, by
Rouché’s theorem, the function

Fu(®)—wo = {f(2)—we}+{f(2) —f(2)}
has as many zeros in the circles as f(z)—w,, that is, at least
two. Hence f,(z) is not simple, contrary to hypothesis. This
proves the thcorem. '

6.45. Let C be a simple closed contour in the z-planc, enclosing
@ region D. Let w =.f(z) be an analbytic function of z, regular in
D and on C, and taking no value more than once on C. Then
f(z) 1s ssmple in D.

The contour C' corresponds to a contour €' in the w-plane.
(' is closed, since f(z) is one-valued; and it has no double points,
since f(z) does not take any valuc twice on C. Lect D’ be the
region enclosed by C'.

We assume that f(z) takes in D values other than those on
C, say at z,. Then, if A, denotes variation round C,

%AC arg | f(z)—f(zo)}

is equal to the number of zeros of f(z)—f(z,) in C; it is therefore
a positive integer, since there is at least one such zero. But it
is also equal to 1

o B arg (w—wy),
where w, = f(2,); and this is either 0, if w, is outside C’, or 41,
if w, is inside C’, the sign depending on the direction in which
(' is described. Hence it is equal to 1. Hence w, lies inside C”,
C' is described in the positive direction, and f(z) takes the value
w, just once in D. Thus D is represented simply on D’.

6.46. Extensions. The condition in the above analysis that
the function f(z) should be analytic on the contour can be
relaxed to a certain extent. The statc cf affairs is not much
altered if f(2) is not analytic, but is continuous, at certain points
of C. Suppose that there is a singularity at z, on the contour,
and that C, is C with an indentation round z,. Then the number
of zeros of f(z)—w, inside C, is

o= daargife)—w) =5 [ LE az

2mi Je, f(z)—wo
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and, as the indentation is closed up, this tends to the correspond-
ing integral round O, if f(z) is continuous and f'(z) = O(|z—z,|*),
where o > —1. The argument of § 6.45 therefore still applies.
The function f(z) may also have a pole on the contour; the
region D’ then extends to infinity. The theorem of § 6.45 still
holds if the pole is of the first order, and the contour is a fairly
ordinary one. Suppose that, by a preliminary change of vari-
able, we take the pole at the origin, and that the direction can
be taken so that R(z) > 0 at all points of D. Let

0 =1@) = +9(),

where g(2) is regular in D. Then, for z in D,
R(w) > minR{g(2)} = a,
say. Let b <a. Then |w—b|>a—b for zin D. Hence
1 F/
= w—b 14-2g(z)—bz
is regular in D. The theorem applies directly to {, and so, since

w is a simple function of ¢, to w.
The result is not necessarily true for poles of higher order.

Examples. (i) Let w = l z;t}
1 z—1
1 6‘0-}-1
Ifz = 3‘09 then = ‘; e’lo"_‘_'l = —cot %0.

Hence, as z describes the unit circle from 0 to 2, w describes the real
axis from —oo to . The only singularity on the z-boundary is a simple
pole. Hence the unit circle in the z-plane is represented simply on the
upper half w-plane. This of course is easily verified.

. _ }(z+ 1)3
(ii) Let 'zl)———1:z_—1 .
Then, if z = €9, w = —cot3}6.

Hence there is a one-one correspondence between the unit circle in the
2-plane and the real w-axis. But since there is a triple pole on the
boundary the areas do not necessarily correspond. In fact
- ic+iy+1)3 GRS Vi U it VA
+iy—1 {(z—1)+y%
and v = 0 corresponds to
(@*+y*—1)(@*+y*— 2V3y — 1)(@*+y*--2¥8y —1) = 0,
i.e. the equation of three circles. Hence » > 0 if z is outside each of
these circles, or outside one and inside the other two.
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The reader should draw a figure showing the regions of the z-plane
which correspond to the upper half of the w-plane.

6.5. The function w = f Ji—a We know that this func-
tion is equal to arcsinz. Consider, however, what can be
deduced from the integral about the representation of the
z-plane on the w-plane.

Consider what part of the w-plane corresponds to the first
quadrant in the z-plane. If z= 4y is purely imaginary, we have

_f\/1+32

which is also purely imaginary; and as y - o0, so does w. The
two imaginary axes therefore correspond.

Again, as z increases along the real axis from 0, so does w,
until z reaches 1, and w reaches the value

dt
f JA—2)
0
Let us denote the value of this integral by I. Actually I = 1,
but we need not assume that this is known.

We must now suppose that the path of integration passes
above the point z = 1, say by a small semicircle. Then arg(1—?)
decreases from 0 to —m, and so arg(1—¢)-# increases from 0 to
i7; thus the integrand becomes purely imaginary, and we have

. dat
w=I+1 f Jie=
1
Finally, as z tends to infinity along the real axis, w tends to
infinity along the line » = I.

Hence the boundary of the first quadrant in the z-plane corre-
sponds to the boundary of the half-strip 0 <u <, v>0 in
the w-plane.

Secondly, the function is simple in this region. We cannot
deduce this from § 6.45 without some further argument, since
both the regions extend to infinity. But it is easily seen directly.
For, if ¢ lies in the first quadrant, the imaginary part of 3—
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is positive, and arg./(1—) lies between — = and 0. Hence

f(zz)_f(zl) = f x/(l(zitz‘),

and, taking the integral along the straight line, it is of the form

dA
k s
f peié

where A is a real variable, p > 0, — 17 < ¢ < 0. Such an integral
plainly cannot vanish. Here the function cannot take any value
twice.

Also the quadrant of the circle |z| = R, where R is large,
corresponds to a curve which (by the previous remark) has no
double point, and which connects the two sides of the strip and
lies entirely at a great distance from the real axis. Hence, by
the theorem of § 6.45, the quadrant is represented simply on
the whole strip.

The next problem is to continue the function beyond this
limited region. This can be done by the method of reflection
of § 4.51. In fact all the boundaries in each figure arc straight
lines.

In the first place, the imaginary axes correspond. Hence,
reflecting in these lines, we see that the second quadrant in the
z-plane corresponds to the half-strip —I <<« << 0, » > 0, in the
w-plane. Hence the upper half of the z-plane corresponds to
the half-strip —I <u <1, v>0.

Next, reflect with respect to the segment (0, 1) of the real axis
in the z-plane. We obtain the lower half of the z-plane. In the
w-plane we obtain the half-strip —1 <u <1, v <0.

Hence the whole strip —I < u << I corresponds to the whole
z-plane, but there are singularities at z == +4-1 round which we
must not pass; we may, for example, suppose the plane cut
from —oo to —1 and from 1 to co.

Again, a reflection in the segment (1,00) of the real z-axis
corresponds to g reflection in the line v =1 in the w-plane.
Hence the lower half of the z-plane (obtained by continuation
to the right of z = 1) corresponds to the half-strip I <u < 31,
v>0.

It is plain that we can continue this process indefinitely. The
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whole w-plane is divided up into strips of breadth 2/, each of
which corresponds to the whole z-plane.

If we reflect a point w, of the strip —I <u < I, firstinu= 1T
and then in u =3I, we obtain the point wy,+4/. Meanwhile
the corresponding z,, being reflected twice in the real axis, has
returned to its original value. Then w, and w,+41 correspond
to the same zy; ie. if z=g(w), then g(w)=g(w-4I). The
inverse function g(w) is therefore periodic, with period 41.

Example. Prove that the function

2
dt
w= |- 0<k<l1
Of V=B (=) )
represents the upper half of the z-plane on the rectangle in the w-plane
bounded by the lines u = —K, v = K, v = 0, v = K’, where

1/k
1t dt

1
K=/ .. , K= -~ )
;!x/{(l—ﬁ)(l—k“‘tz)} J V(B —=1)(1—k%2%)}

Prove that the inverse function z = g(w) has the two periods 4K and
2¢K’. [Hurwitz-Courant, Funktionentheoric, pp. 302-3.]

6.6. Representation of a polygon on a half-plane. The
functions of the previous section are examples of the representa-
tion of a polygon on a half-plane. It is possible to do this with
any polygon. The complete proof would take us too far, but
we can show in a general way how it is to be done.

Consider a polygon in the w-plane with n sides and angles
o, A, o, m, Where oy 4., =n—2. Mo, <1 (’m =1,2,..n)
the polygon is convex. Some of the a’s may be greater than 1,
but the polygon must never cross itself. Suppose that the
vertices of the polygon are to correspond to points a,, a,,..., a,
on the real axis in the z-plane. So long as z remains on the real
axis without passing any of the points a,,..., w remains on the
same side of the polygon; hence the angle between the z-curve
and the w-curve is constant, i.e. arg(dw/dz) is constant (see § 6.1).

If %L—: = C(z—ay)M-(z—ay)® 1. .(2—a,) ™1,
then dw/dz has this property. When z passes the point a, by
a small circle above it, arg(z—a,) decreases from = to 0, the
amplitudes of the other factors returning to their original values.
Hence arg(dw/dz) decreases by =m(a;—1). Hence the w-curve
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turns through 7(1—q,) in the positive direction. This corre-
sponds to an angle ma, of the polygon.

The required function is therefore of the form

2
w= Cf (t—ay)Yt—ay)% .. (t—a, )1 dt.
2o
The integrand is O(1/[t|?) as |¢| > co; hence the integral con-
verges as z - 400, and to the same value in each case, since
the integral along a large semicircle above the real axis tends
to zero. Hence, as z describes the real axis, w describes a closed
curve, and in fact, from the construction, a polygon with the
prescribed angles. By first considering the real z-axis as closed
by a large semicircle above it, we can apply the theorems of
§§ 6.45-6, and we find that the interior of the polygon is repre-
sented simply on the upper half-plane.

To show that we can choose the constants so that a polygon
with given sides, as well as given angles, can be represented, is
more difficult. For a triangle, however, the result is easily
obtained. Consider, for example, the triangle with vertices
w =13, 0, 1 (and angles }=, 3=, =), and let the vertices corre-
spond to 2= —1, 0, 1. The above theory gives

w=C j (t+1)-4-i(t—1)"* de.
The origins correspond if z, = 0; and if we write the formula as
w= " f (t41)--4(1—1)4 dt,
0

where C’ is real and positive, the directions of the real axes
correspond. Finally, if

1
1=C" j (t41)-4-4(1—2)* s,
1]

then z =1 corresponds to w =1, and the required representa-
tion is obtained.

Examples. (i) Prove that the function

2
w=f _at
o (1—et

represents a half-plane on an equilateral triangle.
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(i1) Prove that the function

2z
w = J‘ dt
=) 5
Jya=w
represents the unit circle in the z-plane on a square in the w-plane.
[Hurwitz-Courant. Put z = ({—1)/({+7).]

6.7. Representation of any region on a circle. A funda-
mental theorem of Riemann states that any region with a suitable
boundary can be represented on a circle by a simple analylic func-
tion. It is beyond our scope to inquire exactly what forms of
region are suitable. The region may be the interior of a closed
curve; or one side of a curve which goes to infinity in both
directions (e.g. a half-plane); or any form of strip between two
such curves; or even the whole plane cut along a curve (e.g.
along the real axis from 0 to infinity).

Let D be a region of one of the above types.

The function which represents any region simply on a bounded
region must be simple and bounded. Let us first verify that
there are such functions for D. Let a and b be two points on
the boundary of D, and let

=

In D we can restrict ourselves to one branch of this function;
this branch is simple, and the values taken by it cover a part
only of the w-plane (since both branches together cover the
whole w-plane once). Let 1, be a point of the region not covered.
Then 1/(w—w,) is simple and bounded in D. Also

fey=-—L—4q

wW—w,

is simple and bounded, and we can choose p and g so that, at
a given point of D, f(z) = 0 and f'(z) = 1.

Consider all functions f(z) which are simple and bounded in
D, and such that f(z) = 0 and f’(z) = 1 at a given point P of D.
Let M(f) denote the maximum modulus of f(z). Let p be the
lower bound of M(f) for all such functions.

There is then either a function ¢(z) of the set such that
M(¢) = p; or a sequence f,, fs,... of functions of the set such that

lim M(f,) =p.
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We shall show that the second alternative reduces to the first.

Since the sequence f,(z) is bounded in D, we can, by § 5.22

select from it a partial sequence which tends uniformly to a

limit in any region interior to D). Let Ju, ), fn(2),... be such

a sequence, and ¢(z) its limit. Then ¢(z) is also a function of

the set; for it is bounded, and ¢(z) = 0, ¢’(z) == 1 at P, and ¢(z)

is simple (§ 6.44), being not constant since ¢'(z) —= 1. Also
M) =p

by definition of p; and

M(f”y) <P+€ (V>V0):

ie. @l <pte  >w).
Making v - 0, it follows that
1$(2)| <pte,

ie. M(b)<p.

This proves the existence of a function ¢(z) of the set with
M(¢) = p; and since $(z) is not constant, p > 0.

We shall show that the function w = ¢(z) represents D simply
on the circle |w| < p. In the proof, we may suppose that p — 1.
Let A be the region of the w-plane on which w = ¢(z) represents
D. Since M($)=1, A is included in |w| <1, and reaches its
circumference at one point at least.

If the theorem is not true, A has a boundary point « inside
the circle (|a| << 1). Then each branch of

o Ja)

is regular for w in A. Also |w,|<<1 if |w| <1 (§G.24), and
w,(0) = va. Let e
\/aw -1’
Then |w,| << 1if |w,| <1. Also
dwy, dwy dwi 1 Ja[—1 [af*—1 1
dw — dw, dw 2w, (Now,—1)*(@w—1)% 2w,
_ lol=1 JaP—1  Jo|+1
([oz|~—l)2 Va2V
at w = 0. The modulus of this is greater than unity. Hence
72\/04} w
loe|+1

w3=
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is a function of the set considered, and
oy 2|V
M(wy) = a1 < 1.
This gives a contradiction, and the theorem follows.

6.71. Uniqueness theorem. Let D be a region in the
z-plane which is the interior of a simple closed contour, or which
is of one of the other types considered in § 6.7. Then there is
a uniquely determined function w = f(z) which represents D simply
on the interior of the unit circle in the w-plane, and is such that,
if 2y 18 @ given point in D, f(zy) = 0 and f'(z,) is real and positive.

It follows from §6.7 that there is one such function, say
w = f(z). Let z= F(w) be the inverse function. Suppose that
there is another function w = g(z) with the same properties.
Then the function W = g{F(w)} represents the unit circle simply
on itself, the centre and the direction of the real axis through
it remaining unaltered. Hence, by § 6.42, g{F(w)} =w, ie.
9(2) = f(z).

6.8. Further properties of simple functions. The class
of functions f(z) which are simple for |z| < 1, and such that
J(0) =0, f'(0) =1, has been studied in great detail. The func-
tion w ==z belongs to the class, and represents the unit circle
on itself. For all functions of the class the ‘map’ of the unit
circle is subject to certain limitations. For the details we may
refer to Bieberbach, Funktionentheorie, ii. 82-94, Landau,
Ergebnisse (ed. 2), pp. 107-14, or Dienes, The Taylor Series,
Ch. VIII. ‘We shall, however, obtain the simplest property of
the map. For any funcgion of the class, no boundary point of the
map of the unit circle is nearer to the origin than the point 1.

We deduce this from the two following theorems.

a, a
Let w=z4-2 42
+z+z2+

be simple for |2| > 1, and regular except for the pole at infinity.
Then

o

2 nla,*< 1.

n=1

Since the function is simple, any circle |z| =7 > 1 corresponds
to a simple closed curve in the w-plane, which encloses a positive
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area. If w=u-1v, u_u(B) v =v(f), on the curve, the area
enclosed is

b

0 0

—inf inf
=1 f {re'0+re—“0+ z L +a,,e —} X

hod —inf = oinl
y {,eio Fre0— > "L‘iﬁiﬁf} do
r
n=1

-l =) =55

0
=nr?—n Y nla, |2
n=1
Since this is positive
o0

2 nla,Prn <,

n=1
and making r —> 1 the result follows.
If w=f(z) = z+a,2%+...

18 simple in |z| < 1, then |ay| < 2

The function

F(2) = \{f(z%)} = 2+ a2’ + ...

is also simple in |z| < 1; for it is regular, since f(2%) does not
vanish except at z=0, where it has a double zero; and if
F(z,) = F(z,), then f(22) = f(2%), and hence, since f(z) is simple,
22=22 ie. z;= +2,. But F(2) is an odd function, so that
2, = —z, gives F(z,)= —F(z,). Hence the only solution of
F(2,) = F(z,) is 2, = 2z,, i.e. F(z) is simple.

It follows that

-t

is simple for |z| > 1. Hence by the previous theorem

tlaP+.. <1,

and the result follows.
Now let w = f(z) = z+-a2*+...
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be a function of the class considered in the main theorem. Let
¢ be a value which it does not take in the unit circle, i.e. a point
outside the ‘map’ of the unit circle. Then

cf(z) 1
) = z+(a2 -+ E)zz—{—...

is regular and simple for |z] < 1. Hence

atil<e,

and the result follows.

Example. The function z/(1—2)? belongs to the above class. It has
a, = 2, and it gives a map passing through w = —}.
[The only solution of

z z ,
=z~ =2y <1l [l<1

is z = 2'.]

MISCELLANEOUS EXAMPLES

1. In a given linear transformation, the point z, is such that there
is some circle |z—z,| = R which transforms into a concentric circle
|w—zo| = R’. Show that the locus of z, is a rectangular hyperbola ; and
that to each point z, on the locus corresponds just one circle (real or
imaginary) which transforms into a concentric circle. .

2. Show that, if gz _ _2,-(,,,_1),
dw w

and the constant of integration is properly chosen, the whole z-plane
cut along the semi-infinite lines * = +m, y < 0, corresponds to the
upper half of the w-plane.
dz w
dw ~/(w’l —a?)’
and a and the constant of integration and the value of.the square root
are properly chosen, the upper half of the w-plane corresponds to the
upper half of the z-plane, cut along the imaginary axis from z = 0 to
a point z = k.

4. If f(z) is regular inside and on the unit circle, | f(z)] < M on the
circle, and f(a) = 0, where |a] < 1, then

If@)] < ’—;%1

3. Show that, if

inside the circle.
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5. If f(2) is regular inside and on the unit circle, | f(z)] < M on the
circle, and f(0) = a, where 0 < @ < M, then

[f(2)] < z]E]'+M
inside the circle.
|[Consider F(z) = M{f(z)—«}/{af(z)—M?}.]
6. Either branch of the function
o J(1=2)
is simple for 2] < 1.
7. Show that the function
(I—z)
is simple for |z| < , but not in any larger circle with centre at the origin.
8. Show that the function
f(z) = z4-ay2*fagd+...
is simple for |z| < 1 if o

2: nlaul =~ 1
n=3



CHAPTER VII

POWER SERIES WITH A FINITE RADIUS
OF CONVERGENCE

7.1. The circle of convergence. We know that every
power series has a circle of convergence, within which it con-
verges, and outside which it diverges. The radius of this circle
may, however, be infinite, so that the circle includes the whole
plane. In this chapter we shall consider power series which have
a finite radius of convergence.

The radius of convergence of a power series is determined by
the moduli of the coefficients in the series.

The power series

2 a2 (1)
n=0
has the radius of convergence
R=1lim |a, |-, (2)

Suppose that R is defined by (2). If z is a point where the
series (1) converges, a,2" —~ 0 as n —>co. Hence, if » is suffi-

ciently large, la,z"| <1,

i.e. 2] < |a,|~Yn.
Making n — oo, it follows that |z| <C R. Hence the radius of
convergence does not exceed R. "
On the other hand, for sufficiently large values of n,

lanl—lhl > R—e¢,
i.e. la,| < (R—e)™.
Hence the series (1) is convergent if > (R——e)“" |z|* is con-
vergent, i.e. if |2| < R—e. Since € is arbitrarily small, the series
(1) is convergent if |z2| << R. Thus the radius of convergence is
at least equal to R. Putting together the two results, the
theorem follows.

Examples. (i) Find the radius of convergence of the series

2n! Sl X
n:' friad '_’L_ aad 2 n! ™
nt)z"’ "’ ~CRR
n=0( ) n=1 n=0

(ii)) If R = 1, and the only singularities on the unit circle are simple
poles, then a, is bounded. [For
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a b k
f(z)= + _ze_‘ﬂ+"-+ l__"_"i"'g(z)s

T l—ze e "1 —ze~ i

where g(z) is regular for |z| < 1+8 (8 > 0). Hence g(z) = X b,2", where
b, =o(1).]

(iii) If R = 1, and the only singularities on the unit circle are poles
of order p, then a, = O(n?-1).

7.11. We also know from the Cauchy-Taylor theorem that
the circle of convergence of the series passes through the
singularity or singularities of the function which are nearest to
the origin. Hence the modulus of the nearest singularity can be
determined from the moduli of the coefficients in the series.

7.2. Position of the singularities. While the modulus of
the nearest singularities is determined in quite a simple way,
their exact position is not usually so easy to find. There are,
however, some special cases in which we can identify a particular
point as a singularity.

In the following theorems we shall take the radius of con-
vergence to be unity; we can, of course, pass from this to the
general case by a simple transformation.

7.21. If a, >0 for all values of n, then z=1 is a singular
point.

Suppose, on the contrary, that z=1 is regular. Then, if we
take a point p on the real axis between 0 and 1, there is a circle
with centre p which includes the point 1, and in which the
function is regular. If f(z) is the function, the Taylor’s series

about p is @, j
ST ey, m

and this converges at a point z =143 (8 > 0). Now

o0

19(p) = 3 n(n—1)..n—v-+ 1)a, p", @)

and so the above series is
< =P nv
z —l’rzn(n 1)...(n—v+1)a, pn.
v=0 n=y

This is a double series of positive terms, convergent for z = 1--8.
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Hence we may invert the order of the summations, and we
obtain

ianzn(n 1). (n—u+1)(z e

= 2 a"{(z——p)—{-p}"’ E a'nzn

Hence the original serics is convergent for z = 14-§, contrary
to the hypothesis that the radius of convergence is 1. This
proves the theorem.

Another proof, due to Pringsheim, is as follows. There is at
least one singularity, say e’*, on the unit circle. The Taylor’s
series about pei®, where 0 << p < 1, is

o fO)( pgia )
Zf— (f, )(z—pe“’)",

and, since e'® is a singularity, this has the radius of convergence
1—p. But it is clear from (2) that, if a, = 0 for all values of =,

/X (pe)| < f*Xp).

Hence the radius of convergence of (1) does not exceed 1—p.
Hence z =1 is a’singularity.

7.22. If a, is real for all values of n, and > a, is properly
divergent, 1.e.

8, =ay+a;+...4+a, - oo (or - —o?)),

then z =1 is a singular point.

We have, for |z| < 1,

f("' ia ~l 2 20— z 8"2”’ (l)

n-o0

by §1.65, the series bemg absolutely convergent. Hence
fe)= (1 _z)ngosuzn

N ©
= (l —z)néoanz" +(l _Z)n=§ +18u2" =f,(z)+f2(z),

say. Suppose that s, - co. Then, given any positive number G,
however large, we can choose N so that s, > @ (n > N). Then,
if 0 <z<l, ©

fo(2) > (1—2) Gt = QN +1,
P n=N+1
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Having fixed N, we can choose z, so near to 1 that
N> [HR) < 1G (=>=),
since 2V+! - 1 and f;(z) > 0. Hence
flz) > 1@ 2> 2),
i.e. f(z) > o0 as z—> 1. This proves the thcorem.

f we merely know that |s,| > 00, we canmot deduce that
z == 1 is a singularity. For example,

1
(1+2)°

and here |s,| ~ }n?, though the function is regular at z = 1.

= 1—-32+...4(=1)"(n+41)(n-}-2)z"-

7.23. General tests for singular points. If we consider
any particular point on the circle of convergence, we can devise
a test to determine whether it is a singularity or not; but it is
not one which lends itself to simple calculations.

We may suppose that the radius of convergence is 1, and, by
a preliminary transformation, we may bring the point to be
considered to z = 1.

The principle to be used is that, if we expand f(z) about a
point on the real axis between 0 and 1, the circle of convergence
includes z = 1 if f(z) is regular at this point, and not otherwise.
But we can make a transformation which brings the formula
into a simpler form than the direct application of the principle
would give.

oy 1 u

Let Flw)= I:.;)f(r:&).

Then F(w) is regular for R(w) <}, since R(w)-<} gives
lw| < |[1—w|. Now

o= 5, e S S i

m-=-0 m-=0

>
= w S
ml(n—m)! ™
n=0
n

m=0

n!
Let b, = Z ! (1i—rri)'a”"
o m! !

Then a necessary and sufficient condition that z=1 should
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be a singularity of f(z), i.e. that w =} should be a singularity
of F(w), is that .
lim |b,|™»= &.

n—o
For then F(w) has a singularity on |w| =1, and every point
other than w =} is known to be regular.
By using other transformations we obtain a variety of other
equivalent conditions.

Example. Prove that every point on the unit circle is a singularity of

f&) = 32
n -0

| For the point z = ¢'Y, we have to consider
n !
n!
b, = E a
" mi(n—m) ™
m=0
where a,, = ¢V if m —~ 27, and q,, == 0 otherwise. Clearly
n

1b] - Co Lo
[6al << Z mi(n—m)!

m=0

n
2n -
Also byn = Z 2""(2;‘;_2_“)'842 0,
o 2 !

The modulus of the term m = n—1 is asymptotic to 42"~ %, by Stir-
ling’s theorem. Also, if u,, denotes the general term, and 0 < m - n—2,
(2™ +1)..2m 1 gmit \2MT gyt g

oo < (oow) <(3) <o

(2” ‘)m'l_*_ l) (2n 2m)

and the remainder is easily seen to be negligible. Hence

U

Ui

1
lim|bgn| ™ = 2.]

7.3. Convergence of the series and regularity of the
function. It will be noticed that we have not used the con-
vergence or divergence of the original serics as a test for
regularity or singularity of the function. In general no such
test is possible, for all possible relations can occur. If

fe)= Z (_1) > long_

the serics is convergent, and the function regular, at z == 1; and
the series is divergent, and the function singular, at z = —1.
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On the other hand, if

0

)= 2y

the series is divergenf but the function is regular, at z=1;
while if

the series is convergent at z = 1, but f(z) has a singularity.

7.31. There is, however, one case in which divergence of the
series indicates a singularity of the function; the case where
a, — 0. This follows from the following theorem.

If -
f(Z) = ng() anzu

and a, —> 0, the series 18 convergent at every point of the unit circle
where the function is reqular.

Two proofs of this theorem have been given. One, due to
M. Riesz, is essentially a ‘complex variable’ method, and is
given by Landau, Ergebnisse, § 18. 'The following proof, due
to W. H. Young (7), is of Fourier-series type. In some respects
it is not so simple as Riesz’s, but it can easily be adapted to
give more general results.

We may without loss of generality take the point in question
to be z=1; and we may suppose that f(1) = 0. We have then
to prove that s, - 0.

It follows from § 7.22 (1) that

IJ' flz) dz

b o | 1z

1—zz0i"

Taking the contour to be the circle |z| =7 < 1, we have

1 f(rel —inf
=2';ﬁJ [—yei0® " 40
-1

Let 0 <8 < 7, and let ¢(0) = (6,3, r) be such that
(i) ¢(0) = 1/(1—re®) for —7 < < —8 and § < 0 < =;
(ii) ¢(0) and ¢’(6) are continuous for —7 < § < =;
(iii) 1660 <K, [$6)| <K, $"0)| <K, for —m <6<,

n



CONVERGENCE ON THE CIRCLE 219

where K depends on 8 but not on r. For example, if
$(0) = abPb02+ch+d  (—3<0<B),
we can determine the coefficients so that
1 , irexid
‘f’(:l:3) retid’ ¢'(£8)= (mgjé-
Then (ii) is satlsﬁcd; and a, b, ¢, and d are linear functions of
#(4-8) and ¢’(4-8), the moduli of these not exceeding } cosec 43
and 1 cosec? §5 respectively. Hence (iii) is satisfied.
We can then write

2mrs,, f f(re ) pe~ "l do + ff(re'e $(0)e-i"0 df —

— ff(re’0)¢(0 Je=inf 4§
= I1+ Iz_ Ia

Since f(z) is régular at z =1, and f(1) = 0, we have
fre®) = O(|1—re))

in an interval || < 6,, uniformly for 7, <<7<C 1. Hence
3
I, :f 0(1) df = O(s).
—d
Suppose now that 3 is fixed. We have

2__ z a, r”‘fe"’""”%(ﬂ) dB

m—1

by uniform convergence; and integrating by parts twice each
integral except the nth,

I,—am f $(6) d6 — n) f eim-mb"(9) 6,

(m

all the integrated terms cancelling. Let ¢, = max(|a,,|), so that
€, 0. Then m>v

. 1 1
|1,] < 27K {En‘i‘fo mZ{n c"—l_'_T)z+‘iru ”Zn (77::“7{)‘2}
= O(e)+0(1/n)+Ofey).
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a0 v f b o= of).

m

Finally

Given €, we can choose § so that [I 11 < e for all values of n;
and, havmg fixed 8, we can choose ny= ny(e) so large that
[1,] < e and |I;] < }e for n > n,. Hence

2nr7 |8, | <<€ (m > ny).
Making » —> 1. it follows that 2=[s,| < e (n > n,), i.e. 5, > 0.

The reader will notice that we have not used the iull force
of the hypothesis ‘f(z) is regular at z=1’; and the proof would
hold with little change if e.g. f(z) = O |1—~z] ), where o> 0.
For the more general form of the theorem we must refer the
reader to Young’s paper.

7.4. Over-convergence.* We know that, at every point
outside the circle of convergence of a power series, the series is
divergent. But if, instead of considering the whole sequence of
partial sums of the series, we consider particular sequences of
these sums, it is sometimes possible to obtain a convergent
sequence. This is shown by the following example.

Let f(2) = i {Z(l;z)}4n’

where p, is the maximum coefficient in the polynomial
{z(1—2)}*". Then in each of the polynomials

{z(1—2)}*"
Pn

the moduli of the coeflicients do not exceed 1, and one of them
is actually equal to 1. Also the highest term in this polynomial is
of degree 2.4, whereas the lowest term in the next polynomial
is of degree 4*t1. Hence, if we expand f(z) in powers of 2, each
term is a single term of one of the above polynomials. The
radius of convergence of this series is 1, since |a,| < 1 for all =,
while a,, = 1 for an infinity of values of n.

In particular, the above series of polynomials is convergent
for |2| << 1. But, since it is formally unchanged by the substitu-
tion z == 1—w, it is also convergent for jw| < 1, i.e. for |1—z| < 1.

* QOstrowski (1), Zygmund (1), Estermann (2).
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The special sequence of partial sums obtained by taking cach
polynomial as a whole is therefore convergent in a region which
lies partly outside the unit circle.

A power series which has a sequence of partial sums con-
vergent outside the circle of convergence of the series is said to
be ‘over-convergent’. Of coursec a power scries can only be
over-convergent in the neighbourhood of a point of the circle
where the function is regular. We shall next define a class of
functions which have this property of over-convergence in the
neighbourhood of cvery point of the circle where the function
is regular.

7.41. Suppose that the power series
f(Z) == E @,

has the radius of convergence 1, and that there are an infinite
number of gaps in the sequence of coefficients, i.e. there are
sequences of suffixes py., qp., such that a,, = 0 for p,, <n <<gq,; and
¢y -z (1-F9)py,, with a fixed positive §.

Then the sequence of the corresponding partial sums

Py
Sl g(z) = ngoanzn

s convergent in a region of which every reqular point of f(z) on
the circle of convergence is an interior point.

To prove this it is sufficient to consider’ the point z=1.
Suppose that f(z) is regular at z = 1. Then, if 8 is small enough,
it s regular in and on the circle with centre } and radius {-38.

We apply Hadamard’s three-circles theorem to the function

$() = f2)—8,,),
and the circles with centre } and radii 1—38, 1€, 343, where
0<e<$d. If M,, M,, M, are the maximum moduli of ¢(z) on

these circles, then
1428 1+28 og 112 1
leogkzs <M 1°g1+2e]l[ g1—28, (1)
In order to prove that s, (2) > f(2) in a region including z =1,
it is sufficient to show that we can take € so small that M, > 0

when p, - 0o. The idea of the proof is that, while M, is sub-
stantially of the order (1+4-8)P:, M, behaves like (1—38)%, and
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50, since ¢, is greater than p,, the right-hand side of (1) is small

when p, is large.
To every positive 7y (say with n < 38) corresponds a K such

that ,
* la,,| < K(1—7)=™.
Hence, as k — oo,
M, < |ag 20|+ | oy 204 ..

(1*8)'&
1— 1—8\% 1—3\ 1+,
<K= ol(i=))=ol=) ")
1—y
Also, if A is the maximum modulus of f(z) on the outer circle,

< M+-|ag|+ ...+ |a, 2]
(M—}—K{l-}-_l.jis__L +(H—8)m} _ 0:(1_4___§)p,,:.
1 1—9 1—7
Hence the right-hand side of (1) is

o[{(}_—ﬁ)ﬂm"’gl;, (1+8)1°si*§§}”“].
1—n 1—

When € - 0, n — 0, the expression in brackets tends to
(1—38)a+lost +28)( 1+ 3)403(1—25)’

which is less than 1 if § is small enough; for its logarithm

~ — 2982 as § - 0, and so is negative for small 5. Hence we

may take ¢ and 7 so small that the original expression is less

than 1; and the result then follows.

7.42. The occurrence of gaps in the series is not merely a
useful device for producing over-convergence. It has an essen-
tial connexion with it. This is shown by the following theorem,
which is a sort of converse of the preceding one.

If a sequence s, (2) of pamal sums of the series f(z) =Y a,z",
with radius of convergence 1, i3 uniformly convergent in the nezgh-
bourhood of a point on the unit circle, then

f(z) = g(2)+7(2),
where the power series g(z) has an infinite number of gaps p, qi,
where q;, > (14 9)p;, and the radius of convergence of the power

series r(z) 18 greater than 1.
We shall not give the proof, which is more difficult than that

of the direct theorem.
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7.43. Hadamard’s gap theorem. If, in the power series

fer=3 agr,

a, = 0 except when n belongs to a sequence n, such that
Ny pq > (V+)ny, where & > 0, then the circle of convergence of the
series 18 a natural boundary of the function.

This is an almost immediate corollary of the theorem on over-
convergence. For, if f(z) were regular at any point of the circle,
the series would be over-convergent at that point, i.e. the

sequence

nk
8:zk(z) = 2 a’nzn
n=1

would be convergent at a point outside the circle. But for a
series of the given form this sequence of partial sums is the
same as the whole sequence of partial sums. Hence over-con-
vergence is impossible, ana consequently every point of the
circle of convergence is a singularity of f(z).

7.44. Mordell’s proof of the theorem.* This is a very
simple direct proof. Suppose that the radius of convergence is
1. Let z = awP+bw?P+!, where 0 <a<1,a+b=1, and pis a
positive integer. Clearly [z] <{ 1 if |w| < 1; and it is easily seen
that |2| < 1if |w| <1, except that z=1if w=1. Let

$(w) =f(2) = 2 an(aw’)—{—bwli +1)'n
= 3 a,(@" w4 ... 4-bruwHn) = 3b .
Then ¢(w) is regular for |w| < 1, except possibly at w=1. We
shall show that the radius of convergence of the power series
for ¢(w) is 1, and hence that w =1 is a singularity of ¢(w).

We observe that, in the last expression but one for ¢(w), no
power of w occurs twice if

(p+1)n, < PRyiqs
i e _q)>1
1.e. p( ny )>

throughout the series; and this is true'if p > 1/&. The expression
> b,w" is then obtained by simply omitting the brackets in the
previous expression.

* Mordell (1).
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If the series for ¢(w) had a radius of convergence greater than
1, it would be convergent for a real w > 1, and therefore the
series for f(z) would be convergent for a real z > 1, which is
false. This proves the theorem.

There is still another proof,* depending on the criterion
of § 7.23.

The theorem of § 7.41 can be proved in a similar way.t Let
the series for f(z) satisfy the condition of § 7.41. Then ¢(w) can
have no singularity for |w| << 1 except possibly at w = 1.
Hence if f(z) is regular at z = 1, ¢(w) is regular at w = 1, and

so in |w| < 148 for some positive 8. Hence > b, w™ converges

. . P+ 1)z
for |w| < 1438, and in particular > b, w™ converges for
n=0

Dk
|w| < 1438. Hence > a, 2" converges in a region of whichz = 1
n=0

is an interior point.

7.5. Asymptotic behaviour near the circle of conver-
gence. If the coefficients in the power series satisfy a suffi-
ciently simple law as » - o0, we can deduce an asymptotic
expression for the function f(z) as z approaches the circle of
convergence along a radius vector. The simplest case of this
process is given by the following theorem.

Let f(x) = Soanx", g(x) = Eobnx",

where a,, = 0, b, = 0, and the series converge for 0 < x < 1 and
diverge for x = 1. If, as n - oo,

a, ~ Cb,, (1)
then as z — 1 f(x) ~ Cg(x). (2)
Given ¢, we can find N such that

la,—Cb,| < eb, (n>N).

* See Landau, Ergebnisse, § 19.
t Pointed out by Mr. M. M. Crum.
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(%1}

Then

|f@)—Cgla)] =| 3 (@, —Cb,)an]

n-0

N
2 (@,—Cb, )" |+

<7
=~

; . ((l" - 0[)11 )x”ll

n 1

o0

A’
= 2 la,—Cb, |+ Z b,x"
n oo n-N+

-
N
< Zo]an_—cibul +€g(x)
Having fixed N, we can, since g(z) - o, choose & so that
N
S a,—Cb,| <ege)  (@>1-3).
n=0

Then | f(x)—Cyg(x)] < 2¢g(x) (x > 1-9),
which proves the theorem.

The same result, however, holds under more general condi-
tions. Let the series converge for 0 < x < 1; let

8, = Uty+a,+...+a,, t,=by+b,+...+0b,,
and let s, and t, be positive, and Y s, and ¥ t, divergent, and let
. 8y~ C{n‘ (3)
Then (2) 18 still true.
Forasin§7.22, for0 <z <1
@)= (1= 3 s,an  gle)=(1=x) 3 t,a”,
n 0 n:
and by the previous thcorem
S san~C > tan
n-0

n-o0
Hence the result.

In particular, if s, ~ Cn, then

C
)~ —o-.
f@w)~
Examples. (i) Ifp <1l,asa —1
} o0
ZT_‘ I'(1—p)
ne " (l—a) P
n=1

1 S Tn—p+1)

)Pl = e R
[We have (1—=z)? 1,“_1))”:0 In41) ",

and we can use the lemma of § 1.87.]
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(ii) Show that if
Flo, By, ) = 1+‘;“ﬁx+

then, as z — 1,

oo+ 1B(B+1)
1.2.9(y+1)
Ty)N(a+B—-y) 1

P By ®) ~ T rarg)  (1—apiboy
if a+B > y; and that

F(ar ﬁy ll+ﬁ, :E) ~

a4,

I'(a+B) 1
I(wIg) 813"

7.51. The converse problem. It is easily seen that there
is no general converse of the above theorems; from the asymp-
totic behaviour of f(x) we cannot deduce that of «,, or even of
8,. Consider, for example, the function

1
@)= (o —a) =

—_ i (n+ 1)(2:2"—:1:2"+1).

(1—2) 3 (n+ 12"

Here s,,,,, = 0, while s,,, = m+1; hence s, oscillates infinitely,
though f(x) ~ }/(1—=z).

The coefficients in this example are, of course, not all positive;
and this is, in a sense, the cause of the failure of the converse
theorem. If we assume that all the coefficients are positive, we
can state a precise converse of the last result of the previous
section.

If a, > 0 for all values of n, and as x - 1

ke 1
x) = ax"~ ——,
f=) ngo n i
n
then as n - 8, = > a,~mn.
v=0

This theorem is due to Hardy and Littlewood.* We shall
give an extremely elegant proof which has recently been ob-
tained by Karamata.t

7.52. In order to appreciate the point of the proof, it may
be well to see what can be proved by fairly obvious arguments.
In the first place "
f@) >3 ap >am,

v=0

* Hardy and Littlewood (2). t Karamata (1).
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for all values of x and n. Taking = e-Y", we obtain, since

fl@) < A/(1—2),

A A
“1g < —
RIS 1—z 1—e-ln <An,

say s, << Ajn. (1)
On the other hand, using (1), we have

f) = (1) 3 s

< (1—=x)s, z xm4 A (l——a) 5 m.un
m~—0 2.
an+l

<8, +Amxr4-- 11

Taking @ =e¢-Y", we obtain, since f(x)> A/(1—z) > An/A if

n > 27,
{in < 8,4 Ane-r -7 Ane
Hence, if A is sufficiently large,
8, > A,n. (2)

What we have to show is that A, and 4, can be replaced by
1-}-¢ and 1—e respectively. The above argument is too crude
to do this, and the method actually used is far from being an
obvious one.

7.53. Karamata’s proof. The proof depepds on the well-
known theorem of Weierstrass, that we can approximate uni-
formly to any continuous function by a sequence of polyno-
mials.* Let g(x) be continuous in (0, 1), and € a given positive
number. Then there are polynomials p(x), P(x), such that

p) < g@) < Pla), (1)
1 1

and f {g(x)—p(x)} dx <L ¢, J {P(x)—g(r)} de < e. (2)
0 [

This is obviously true if p(z) and P(z) differ by at most 3¢ from
g(x)—4%e and g(x)+ e respectively.

If g(x) has a discontinuity of the first kind in the interval,
say at x=c, we can still construct polynomials satisfying (1)
and (2). Suppose, for example, that-g(c—0) <g(c+0). Let

* A proof is given in §13.33. For another proof see Goursat, Cours
d’ Analyse, t. 1, § 206.
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@(r) = g(x)+ e forx <c—B8and forx >¢; and, fore—§ <J 2 < ¢,
let ¢(x) == max{i(x), g(x)+ e}, where l(2) is the linear functlon
of x such that l(c—8)==g(c—38)+1e¢, Uc)=g(c+0)-Fle. Then
&(x) is continuous, and ¢(z) > g(x). It is easily seen that, if § is
small enough, a polynomial P(z) which approximates suffi-
ciently closely to ¢(x) has the required propertics. Similarly
we may construct p(x).

To prove the theorem of Hardy and Littlewood, we first
prove that
lim(1—z) z @,z P(x") = f P(t) dt 3)
z-r1
for any polynomial P(x). It is clearly suﬂ"lcicnb to consider the
case P(x)==2*. Then the left-hand sidc is

l1—ax

(1—2z) i a,znkn — e l(]___xkﬂ) z @, (.Llw}l)n}

n=0
1, ;
- ol ;,r z¥ dr,
and the result follows.
Next, we have
lim(1—x) 2 @,z"g(x") = f g(¢) dt 4)

I—>1

if g(¢) is continuouns, or has a discontinulty of the first kind. For
let p(x) and P(x) be polynomials satisfying (1) and (2). Then,
since g(x) << P(x), and the coeflicients are positivc,

Hiﬁ(l—x)nioanxng(xn) < Em(l —x)nfoanxnp(xn )
= f P(t)dt < fl g(t) dt +e.
Making € - 0, it follov(:'s that °
) 3 argten) < [ gl
Similarly, arguing with p(z), we obba;n

» 1
lim(1—2) 3 a,a"g(z") > [ g(t) dt,
n=0
and (4) follows. ’
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Now let

g) =0 (0Lt <e™), =1/t (1<t ).

1
dt
—_—= 5
=1 (5)

1
Then fg(t) dt =
0 1/e
Let 2 =e-YV, Then

) N
E anx"g(x") == a, = Z a, =Sy,
n-=0 n~1/log(1/x) n-0

and so, by (4) and (5), sy ~ 1/(1—z) ~ N. This proves the
theorem.

7.6. Abel’s theorem and its converse. In this section we
return to a subject already discussed in Chapter I. In §1.22
we proved Abel’s theorem for real power series: If the series

converges lo the sum's, then

n

fle)y—=3 a,a" —>s

7n -4
as x - 1 through real values. In §1.23 we proved Tauber’s
theorem, that the converse deduction holds, provided that
@, ~=o(1/n). We shall now consider & number of generalizations
of these theorems.*

¥

7.61. If S a,=s, (1)

n -0
then J(z) == i @, —> 8 ()
n-=0

as z - 1 along any path lying between two chords of the unit cirele
which pass through = —

As in § 1.22, it is suflicient to show that the power series is
uniformly convergent, but now we must prove uniform con-
vergence in a region included between two chords through z -= 1,
and a sufficiently small circle with centre at z == 1.

We have to adapt the argument used to prove Abel's lemma
(§ 1.131) to the present conditions. Let

8p,p =0yt qy i+ tay,

* Landau, Ergebnisse, Ch. ITI, and Hardy and Littlewood (1), (2), (3). (4).
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so that |s, ,| <e (2y<n <p). Then
m
z ayz" =8, nzn+ (sn. n+1Sn, n)zn+l+ et (sn, m 3, m—l)zm

v=n
= sn. n(z"_zn+1)+ see +8n. m-l(zm_l”zm)'l‘sw, mzm'

Hence for » > n,

m m—1
> az|<e 3 =2+ faim)
vn v-n
<efl1—2| 3 |2+ 1)
v=
— (112l
—hEt
The result now follows as in the previous case, provided that
11—2|
1—z|

is bounded as z-—>1 on the path considered. It is this that
makes it necessary to restrict the path, for this function can
be made large by taking z near to 1, but still nearer to the
circumference.

Suppose, then, that

N—z|<k(—[z]) (k>1). 3)
This inequality is satisfied in a region bounded by the curve
[1—2z| = k(1—|z]).

Putting 1—2 = pe’#, the equation becomes
p= k—kll——pe“ﬁl,
ie. (p—k)? = k¥(1—2p cos d+p?),
2 —
This represents a curve with two branches through z = 1, each
making an angle arccos(1/k) with the real axis. By choosing
k sufficiently large we can make the curve include any region

of the required type. Since (3) is satisfied inside the curve, the
theorem now follows.

ie.

7.62. We can also obtain a similar extension of Tauber’s
theorem.

If f(z) - 8 as z —> 1 along a path satisfying the same conditions
as before, and a, = o(1/n), then 3 a, converges to the sum s.
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In view of the above analysis, the proof given in § 1.23 now
requires little modification. We have to prove that

8,—8,= i a,z"— § a,(1—z") > 0,
n=N+1 n-=0
where N =[1/(1—|z|)]. As before, if |na,|<e for n >N,
< 2" € < n €
glmn.; < NIl gllzl < NFD=]2]) <e.
Now [1—2| = |(L—2)(1 +2+...+2" )| < [1—2]|n.
Hence, if 7.61 (3) is satisfied,

|81| =

N N N
8al <3 Ina, (1—2) k(1= [21) 3 mla, | < £ nla,|
| 2 \n—‘l n = = nl ~x Nn:1 nl»
and this tends to zero, by the lemma of § 1.23. This proves the
theorem.

7.63. Tauber’s theorem for regular paths. It is not
possible to extend Abel’s theorem, at any rate in its obvious
form, to paths which touch the unit circle; for example, it is
known* that the series

> n-bein® (0<a<l)

n=1
is convergent if b > 1—a; but, if b < 1—1a, the {unction

a0

f(z) =2 n-beinzn

n=1
does not tend to a limit as z - 1 along an arc of a circle touching
the unit circle at z=1.

On the other hand, we can obtain an extension of Tauber’s
thcorem to paths which touch the circle, provided that they
are sufficiently regular.

A path will be called ‘regular’ if it is defined by equations
x = x(t), y = y(t), where z’(t) and y' () are continuous and never
both 0, so that there is a definite tangent at each point.

If f(z) > s as z —> 1 along a regular path inside the circle, and
a, = o(1/n), then > a, converges to the sum s.

We may suppose without loss of generality that s=0 Let

* See Hardy and Littlewood (3), p. 207.
Q
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C be the path in question. Then the integral

f f(w) dw,

taken along C, exists; and it is o(|1—z|) as z > 1. For, givene,
we have |f(w)| < e for w sufficiently near to 1 on C. Hence

(w) dw| < el(2),

where [(z) is the length of C from z to 1. But I(z)~ |1—2| as
z - 1; for if ¢ = 0 corresponds to z =1,

e f [ ()-Hy @)} du - [ O+ (OF],

z'(u) and y (u) being continuous; and

‘”_rl > '(0), % > y'(0).

1
Hence ff(w) dw = o (|]1—2|). 1)
Now if z and 2’ are points on C,

ff(w) dw = i _:l(z'nu_znu)

This series converges umformly with respect to 2’ for [2'| <1
(since a, = o(1 /n)) Hence, making 2’ - 1,

ffw)dw_ i n“n

n=0

LetN_-[l/ll—z]] Then
jf(w)dw—z Z (=) =3, 4+ 3,

and io( ) ( )——o(ll—z|) 3)

N+1
Also
1—2n+l = (1—2)(1+-24...+2%)
= (1—2)(n+1)—(1—22n+(n—1)z+...42""1}
= (1—2z)(n+1)+0(|1—2|*n?).

)
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S, = —z)zan+0(u—zlzzn1an|)
= (1—2)sy+o(|1—z[2N)
= (1—2)sy+o(|1—2]). @)

From (1), (3), and (4) it follows that sy = o(1), and this proves
the theorcm.

Hence

7.64. Littlewood’s extension of Tauber'’s theorem. We
now pass to an extension of quite a different kind. In all the
forms of Tauber’s thcorem so far considered, the condition
a, = o(1/n) has played an apparently essential part. It was,
however, discovered by Littlewood that it can be replaced by
the more general condition @, = O(1/n). Here we shall restrict
ourselves for the sake of simplicity to the real axis, though it
is possible to prove the theorem for complex paths.

7.65. We use the following lemma:
If f(x) is a real function with differential coefficients of the first
two orders for 0 <x <1, and, as x — 1,

f@=0(1), fa)= 0{

sy 1
then f@)= 0(1“‘_‘;;)'
Let 2" = x+8(1—z), where 0 <8 <<1. Then

f@') = f(x)+8(1—a)f"(x)4- 182 (L —2)3" (¢),
where z < ¢ < 2’. Hence

(1—a)f' (¢) = f(”) @ | sa—wppe

1
(=2’

=f—"1;-ii’ +0(), (1)

since  f'(§) = 0<(1_l_§)2} = 0{(1_‘_};?)'2} = 0{(1—:1)2} )

By first choosing & sufficiently small, and then z sufficiently
near to 1, the right-hand side of (1) can be made as small as we
please. This proves the lemma.

7.66. Littlewood’s theorem. Iff(x) =Y a,z* >sasx—1,
and a, = O(1/n), then 3 a, converges to the sum s.
The proof * depends on the theorem of § 7.51, and in proving
* The original proof, Littlowood (3), was different.
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that theorem we have really overcome the most serious diffi-
culties. We may obviously suppose, without loss of gencrality,
that the limit s is zero. Then

f@) =3 a,a"=o(1)
as x - 1. Also, since a, = O(1/n),
” —_— < — n—-2 2 — on =20 1
(@) ——ngzn(n a,x"2 = O{ngl(n 1)z } = 0{(*1._5),2 .
Hence, by the lemma,

f(x)= S: na,bx"“l;—o( 1 )

n=1

Suppose that |na,| <c. Then

i 1— ") pn-1 R A CODUE
c 1—x c 1—2

n=1
But the coefficients in this series are all positive, and so, by the

theorem of § 7.51,
“ va
(l— : ”)~n,
c

or ﬁva,,:-——o(n). (1)

This is an asymptotic formula for a finite sum, and so is a
considerable step in the right dircction. To get exactly the
required result, still another argument is required.

Let w, denote the left-hand side of (1) if » > 0, and let w, = 0.

Then © - .
_ _ w,, - - o J;n_xn
D Pk (5-r)

n=1
0

.17"’——1'""“1 "
= w,i - ) + Y

n+1 n(n+1)

|2

S n+§ o

Since w, = o(n), the ﬁrst term on the rlght is o(l) as z— 1.
Hence, since f(r) - 0,

n _5 —
x> —ay.

; ﬁ(;’:‘)ii)
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But w,/{n(n+1)} =o(1/n), and so, by the ordinary form of
Tauber’s theorem,

Z n+ )= "
The left-hand side is

/\h.',r; Z n(n+ 1) = lim Z (ﬁ~1;+ l)

N-—>® ne1
N
N
w,—w, _ Wy
= lim {Z e e }— lim 2 a,,
N—o n N+l N—w n=1

n=1

and the theorem is therefore proved.

7.7. Partial sums of a power series.* The study of the
partial sums of a power series is facilitated by the use of the
formulae of the theory of Fourier series. We shall use some of
these formulae, and quote them from Chapter XIII; but in each
case where they are used here the proof is an immediate con-
sequence of uniform convergence.

Let fR)=2%az2*  (|<1),
n=0
and 8,(2) = ap+az4-...+a,z™.
Let 1—72
. — - 2cos 260
k(r,0) 2(1—2r cosB-4+12) = }+4rcosf + r cos 20+ ...
1—72—2ym+}{cos(n+-1)§—r cos n6}
wnd Falr,0) = 2(1—2rcosf+72)
= }4-rcos@-+...-+rrcos nf.
Then

,,(w“’)~—ffpe"” Pk, (Lb)as @<r<p<i. )

This may be proved directly by term-by-term integration. Tt
is a case of Parseval’s formula (§ 13.54).
Also, by Dirichlet’s integral (§ 13.2),

sin(n-+ D04,
ko, 0) = f ety ) @)

* Landau (2), (3), (4), and Ergebnisse, Ch. I
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We can thus express s, as a repeated integral involving f and £,

e = 1 [ Flpei0-) dg f Tsinn D), t(Cv)as @

sin }(p—)

We consider also the arithmetic means of the partial sums,

0,(2) = {86(2) +81(2) + .- +8p 1 (2)}/ .

By (1),  o,re?)=21 f flpe®-M)K, (f,qb) d, (4)
v s P

n—1
where K, (r,0) = ;1; Z k,(r,0);
v=0

and, by Fejér’s integral (§ 13.31),

(sin?in(6—4)

K,(r,0) = Znnf m’"’(ﬂ‘ﬁ) dé. (5)

7.71. Bounded power series. Suppose now that f(z) is
bounded in the unit circle.

If |f(2)| < M for |z| <1, then |o,(2)| < M for all values of n
and |z| < 1; and, conversely, if |o,(z)| << M for all n and |z| <1,
then |f(z)| < M.

Tt is clear from the above formulae that k(r,0) and K, (r,0)
are positive for r < 1. Hence, if |f(z)| < M, it follows from
(4) that

loa(rei®)] <2 f MK,,,(i,qb) d$.
1r0 p

But the right-hand side is what o, reduces to in the case
f(z) = M, viz. M. This proves the first part.

Again s,(z), and so also o,(z), tends to f(z) as n - oo. The
second part follows at once from this.

7.72. The corresponding results for 8,(z) are not so simple.
This is due to the fact that k,, unlike K, is not always positive.
It is not necessarily true that |s,(z)] <M for all values of n
and z. In fact it is known* that the upper bound of |s,(2)], for
all functions f(z) such that | f(2)| < M, tends to infinity with n.
We have, however, the following result:

* Landau, Ergebnisse, § 2.
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There is an absolute constant A such that

llsn(z)l < AMlogn

for all functions f(z) such that |f(z)| < M.
If |f@) <M, by§17.7(3),

o< 25 ) | St 102

The inner integral is equal to

| 1/(n-+}) i
fls‘“(”+2“ida<2 f (S 1y f .'1“1
sinfo | sin J« sin jo
0 1/(n+3)
= 0(1)+O(log n);

and, putting » = 0 in 7.7 (2),
2
1 k(ﬁ,.p) dj— }.
2z
0
This proves the theorem.

7.73. 1t is easily seen that s,(z) is bounded in a circle of
radius 7’ less than 1; for k,(r,0) is obviously bounded in such
a circle. The upper bound for s,(z) depends on M and on r'.
What is not so obvious is that we can choose 7, independent
of M, so that the upper bound is exactly M.

If |f()| < M, then |s,(2)| < M for || < 3.*

It is clear that

o 1=r2—2r41(14-7)
bt ) > 2 (D),
and if r < }, n >> 1, the numerator is not less than
1—}-2.3(1+}) =0,
Hence k,(r,¢) >0 for r <}, and we can now proceed as in
§7.71. We have

lsn(ret®)] << . j Mk,l( ,qa) i (<o)

£l

and the right-hand 51d(, is what s, (z) reduces to when f(z) = M
viz. M. This proves the theorem.

* Fejér (5).



238 POWER SERIES
The number } is the greatest number with this property.
For consider the function

z—a
fe)=——
Then |f(e)| = 1, so that |f(z)| <1 for [2| < 1. Also
8(2) = a+(a?—1),
1 a?+1
— )=
81( 2a) =4
and the point — }/a where s,(z) > 1 is arbitrarily near to |z| = §,
since a is arbitrarily near to 1.
7.8. The zeros of partial sums.* Let
f(z) = aptaz+... (ap # 0),
be a power series with radius of convergence 1, and let
8,(2) =ayt+a;z+...4a,z"
Then s,(z), being a polynomial of degree n, has n zeros.
If f(z) has zeros inside the circle of convergence, then by
Hurwitz’s theorem (§ 3.45) every such zero is a limit-point of

zeros of the polynomials 8,(2).
Now consider the simplest function of the above type,

1
f(z) = 1= 1424224,

O<a<l)

1—2zn+1
Here 8,(2) = 1+42z+4... 2" =- =
Hence s,(z) has zeros distributed evenly round the circle, and
it is plain that every point of the circle is a limit-point of
such zeros.

1t is somewhat remarkable that the general case is so nearly
like this simple case. This was discovered by Jentzsch, who
proved that, for every power series, every point of the circle of
convergence 18 a limit-point of zeros of partial sums.

We shall deduce this from some quite simple ideas depending
on the theory of equations.

Let 8 be a given positive number, 7 a number such that

@ >(—1 I_?'_Qsl')—n (1)

* Jentzsch (1).
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This is true for arbitrarily large values of n, or the radius of
convergence would be greater than 1.

Let z,, z,,..., 2, be the zeros of the corresponding s,(z). Then

2129..2, = (—1)"ay/a,,
and so |2425...2,, ] < (14-3)™.
Let zy,..., 2 be the zeros of s,(2) in the circle |z] << 1—8. By

Hurwitz’s theorem (§ 3.45), k is constant for sufficiently large
values of n, and
[2:29...2] > K,
where K depends on 3 only.

Let z,_4,..., 2, be the zeros for which |z| > 14-¢. Then

225..2, (14-o)"
(It€)? < |z_psyee2pl = PR <K(1— Syi—b"
Hence
nflog(1+-8)—log(1—8)}— logK _ And— logK
<l - — 2
log(1+¢)—log(1—8) Ae

By choosing first ‘¢, then 3, and then n, we can make p/n
arbitrarily small.

Hence, for given 8, €, and v, the number of zeros in the circle
|2| < 1+-€ @8 greater than n(l—n), if n is a sufficiently large
integer for which (1) is true.

7.81. Itis clear from the above result that the zeros of partial
sums have at least one limit-point on the circle of convergence.

We can obtain a little more information by’ considering the
sum

Putting z, — €%, we have
i

2 cosf, ﬁR(f’_l), (1)
y~1 Tv a’()

If 6,> 374, or 0, < —}m—o, where a>>0, for every v, the
left-hand side is less than
—n(l—n)sine
1+4-€
by the above theorem. This is inconsistent with (1), if » is large
enough. Hence there must be zeros in any angle including
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(—4%m,4n). Similarly there must be zeros in any angle greater
than =.

To prove Jentzsch’s theorem we have to replace such an
angle by an arbitrarily small one. This is done by using a con-
formal transformation which magnifics the effect of the zeros
in the immediate neighbourhood of the point considered.

7.82. Let _cosA—z _ w+cosA (1)

" zcosA—1’ " 14wecos)’
where 0 <A < 17, and where f(cosA) 7% 0. This transforms the
unit circle in the z-plane into the unit circle in the w-plane.
The point z = 1 becomes w = 1. The point z = e* becomes
%(e""‘——e”)
w= H(e 1)
and similarly z=e-"* becomes w = e~i-d, Thus, if z = re,
w = pei$, the arc —A < 0 << A of the unit circle is transformed
into the arc —7+A << <m—A.
The zeros z, of s,(z) are transformed into the zeros w, = p,ei#
of the function

= —e—A — ei(n—/\),

(14wcosA)s, (%‘_’:;ﬁ)x/\)
= 8,(cosA)+w{n cosA 8,(cosA)+sin?A s, (cosA)}+ ...
= by+bw+-...,

say; and corresponding to § 7.81 (1) we have

n

Z cos ¢, = —R (ﬁ) = —mncosA —sin2AR {gn(g_osk)}- (2)
=1 Py bO Sn(COS/\)

The last term tends to a limit as n —> o0, since 8, (cosA) —> f(cosA),
which we have supposed is not 0, and s;,(cosA) - f'(cosA). Hence
as n —> o

n
?_9§jy~ —n cosA. 3)
= Py
Suppose now that the region of the w-plane
l—e<p<l-e, —(r—Ata) < < 7—A+a, (4)

where 0 <e <1, 0 <a <A, is free from zeros. Put

n

2998—"1"= 2+ 2 4+ 3 =3+2+2 6

= Py p,<1—€  1—e<p,<lte p,>1t€

Since p = 1 corresponds to r = 1, it follows from considerations
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of continuity that the circles p =1—¢, p = 14-¢ correspond to
curves (in fact circles) inside and outside r =1 respectively,
which can be made as near to it as we please by taking ¢ small
enough.

The number of terms in ) is less than K = K(§,¢,1); and
p, has a positive lower bound, since the zeros of s, (cosA) in
question tend to zeros of f(cosA). Hence

2. <K (6)
The number of terms in }_ is, by § 7.8, less than nn, where
n=7(n,d,¢,A) tends to 0 as n — oo through a certain sequence

of values. Hence n
2. < Tie (7)
In }, the number of terms exceeds n(1—n)—K, and by

hypothesis cos¢, < —cos(A—a) for each term of this sum.
Hence

S, <— ’i(i~£.)w_ K cosA—a). 8)
From (5), (6), (7), (8) it follows that

1< cos ¢ cos(A—a)

lim - > —7F g —

nl_l}:o n Zl Py 1+e
This contradicts (3) if « > 0 and € is small enough. There are
therefore zeros in the region (4), and hence, since € and « may
be as small as we please, in any region containing the arc p =1,
—7n+A<¢ <m—A. Hence, in the z-plane, theré are zeros in
any region containing the arc r =1, —A <8 <. Finally, since
A may be as small as we please, it follows that z=1 is a limit-

point of zeros. Similarly every point on the unmit circle is a
limit-point of zeros.

MISCELLANEOUS EXAMPLES

1. If |a,/a, | = R, then the radius of convergence of ¥ a,z" is R..

c 1
ol = (S ())
where ¢ > 1, then ¥ a,2* converges apsolutely everywhere on its cirele
of convergence.
3. If a,/a,,y — 1, then

n

2. If

lim ,,(_z) -2

n—e 32" 2z2—1

uniformly for lz] > 143 > 1 Hence show that all the limit-points of

the zeros of partial sums are inside or on the unit circle. [S. Tzumi (1).)
3730 R
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4. Show that as x — 1 7

2=~ %)

and that, as z — e*7?/t along the radius vector,

2 1 T R
SVER
n-zro 2q 1— 2]

r=0
5. If a, ~ log n, then, as x — 1,
- N~ ._.1._. log — I_A
nzoa,‘a, 1=z %812

1
[The right-hand side is z (1 + -; Fo 7-1)1]

6. If a, ~ l/lbgn, then, as z — 1,

I

(1—=)log{1/(1—a)}’

[If 3, denotes a sum over the range ep/log(1l/z) < n < e(p+1)/log(1/z),
then

@
S agxn ~
n=0

Z = < et te.]
» logn ~ log(1/x)log{l/log(1/x)}’ ete.
7. Show that if a, > 0, and

ke 1
f(x) :ﬂgoa_x ~(~1A;£)2.
then 8, ~ In2.
x o0 " l
axnt
[We have filx) = ff(t) dt = Z m 1 ~ il
0 n=0
n
Hence Z 8 o n,
v+4-1
v=0

and the result then follows by partial summation.]

8. Generally, if a, > 0, and f(z) ~ (1—x)-%, where o > 1, then

nx
T Pt 1)
[We have
Ed . ®©
£) = vt | @ty N TEAD e N
fo-1(x) = Fa=1) f (x—2)x-%f(¢) dt = Z a, I(n+ o‘)x act Z na-1
° n=0 n=1

and, on the other hand,

far®) ~ pay f (z— )21 —) - de
0

I O S
C T l—z) I(a)(l—z)
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Hence o~

and the result now follows without difficulty.]

9. If f(z) is regular in a region including the origin, and f(0) = 1,
then f(z) can be expanded in the form

F@) = (14a2)(1+a,23)(1 +a,2)...
for sufficiently small values of z.

[Ritt (1): Assuming an expansion of the above form, we write
f(2)[f(z) = ¢,-+cyz+ ..., and determine the numbers a, in succession by
equating coefficients in the equation
> nq.zn;—l

1+az

n=1

C+Co2+... =

If p, = max|a,|', we deduce from the recurrence relation that
un < nm‘nl:}: [,;,J Hence p,, is bounded, and the process can be justified.]
10. Show that the circle of convergence of the above product is the
same as that of the series 3 a,z", but that the power series for f(z) may
have a larger circle of convergence.
11. If each of the series

o0 o0

a0
S a.zn, > b2, > abz"
n=0

n=0 n=0

has a radius of convergence equal to 1, then so have the series

a0 a0
> abizn, S a?b,zn.
n=0 n=0
"

12. If each of the series
fz) = Y azn, g(z) = X ben, F(z) = ¥ abz"
n=0 n=0 n=0

has a radius of convergence equal to 1, if f(z) is regular on its circle of
convergence except at z = 1, and b, > 0 for all values of n, then F(z)
has a singularity at z = 1.

| Bohnenblust (1): the series

0

$(z) = 2 |a,[*b,2

n=0
has the radius of convergence 1, and so by § 7.21 has a singularity at
z = 1. By Hadamard’s multiplication theorem (§ 4.6) the singularities
of ¢(z) are products of those of F(z) and of

f (z) =’§::0d.z'.

Thus 1 = af, where « is a singularity of F(z), B of f(2); and § must be
1. Hence a. = 1.]
R2
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13. If f(z) = X a,z" is regular on its circle of convergence except at
24 then every series whlch consists of a selection of terms from J a,2",
and which has the same radius of convergence, has a singularity at z,.

14. Show that the theorem of § 7.21 is still true if the coefficients a,
are complex, provided that |arga,| < a < i for all values of n.
[We have |a,| < secx Ra,.]
oo

2"

15. The function -

n?
n=1
is continuous in and on the unit circle; but every point of the circle is
a singularity.
16. If f(z) is bounded in the unit circle, then Y |a,|* is convergent.
[See § 2.5.]

The following examples arc on the border-line between theory of power
series and theory of real functions. It secims most convenient to insert
them here, but some of them assume the theory of mean convergence given
in § 12.5.

17. If 3 |a,|? is convergent, then

_1__ 10\ £y’ o102 — et 2(pn __ p'n)2
o [ 1e—sre:do = 3 o

Hence, show that, as » — 1, f(rc'o) converges in mean to a limit-function
F(0) of the class L*0, 27).

18. If f(z) = u+iv, F(0) = U+iV in the previous example, show
that Poisson’s formulae

2m
l 1—r2
u(r, 6) = f | 2rcond—gy -y VP 1.
0
2w
. PN | 2rsin(f —¢) .
(r, 0) —v(0) == 2 [ 1—2rcos(f—¢) + 7  Uld) dé
0

hold forr < 1.

19. Show that, in the above examples, u(r, ) — U(8) as r — 1 for
every value of 8 in the Lebesgue set of U(6). Deduce that f(re) -~ F(8)
as r — 1 for almost all values of 6.

[The analysis is similar to that of § 13.34.]

20. Show that a bounded analytic function tends to a limit radially at
almost all points of its circle of convergence.

21. If U(0) > O for all values of 6, then u(r, 8) > 0 for all values of
r and 6.
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22. If f(z) is regular and bounded for |2| < 1, and f(z) - 0 as r — 1
throughout an interval of values of 0, then f(z) is identically zero.
[If 0 < 6 < 2m/p is part of the interval, consider the function

9(2) = f(2) f(ze*IP)... f(ze2P—-1im/p) ]
23. More generally, if f(z) is bounded and tends to zero radially for
values of 6 in a set of positive measure, then f(z) is identically zero.
[See Bieberbach, ii, p. 156. Let E be the set where f(z) — 0, and let
m(E) =p> 0. Let uy(f) =A/u in E, and = —A/(2r—p) in CE. Let
g(z) be the corresponding analytic function defined by the formulae of
ex. 18. Then ¢(0) = 0. Let k(z) = ¢, so that A(0) = 1. Then
1 dz 1 dz
= f(0)h(0) = — h(z) = = — —,
£(0) = f(Oh(0) = f S T = g | pehe
lzl=1

| f(0)] < Ae-Alem-p,
Since A may be as large as we please, f(0) = 0. Applying the same
argument to f(z)/z, f/(0) = 0, etc.]
24. If U(0) is any function integrable in the Lebesgue sense, and

2m
1 -
J(&) =5 f 1;%: Ugydg (2] < 1),
0

then f(z) tends to a limit as r — 1 for almost all values of 8.

[Plessner (1): We may suppose without loss of generality that
U(é) > 0. Then R{f(z)} > 0. Hence the function 1/{1+f(z)} is bounded
in the unit circle, and so tends to a limit for almost all values of . This
limit is different from zero almost everywhere.]



CHAPTER VIII

INTEGRAL FUNCTIONS

8.1. Factorization of integral functions. An integral
function is an analytic function which has no singularities
except at infinity. The simplest such functions are polynomials.
A polynomial f(z) which has zeros at the points z,, 2,,..., z, can
be factorized in the form

f(Z)=f(0)(1—%)(1—%)...(1—%).

The zeros of integral functions in general are equally im-
portant. An integral function which is not a polynomial may
have an infinity of zeros z,; and the product

[1(-)

taken over these zeros may be divergent. So we cannot always
factorize an integral function in the same way as a polynomial,
and we have to consider less simple factors than 1—z/z,.

The expressions
+ ut, u?

Ew,0)=1—u, Eup) =(1—we"" 2" (p=1,2,..),
are called primary factors. Each primary factor vanishes when
u=1; but the behaviour of E(u,p) as u — 0 depends on p.
For |u| <1,

wP+l 42

p+1 p2
Hence, if £ > 1, and |u| < 1/k,

|log E(u, p)| < [u|PH+|u[P+2+...
k

<1 oot = e

It is this inequality which determines the convergence of a pro-
duct of primary factors.

8.11. The theorem of Weierstrass. If f(z) is an integral
function, what can we say about its zeros ?

Since f(z) is analytic except at infinity, the zeros can have no
limit-point except at infinity. In general, this is all that we can
say. This follows from the following theorem of Weierstrass.

Given any sequence of numbers z,, z,,... whose sole limiting-point

log E(u,p) =




FACTORIZATION 247
is at infinity, there is an integral function with zeros at these points,
and these points only.

We may suppose the zeros arranged so that 2] <zl <o
Let |z,| =r,, and let p,, p,,... be a sequence of positive integers

such that the series -
Z r\Pn
r

n=1 " "

is convergent for all values of ». It is always possible to find
such a sequence; for r, - o0, since otherwise the zeros would
have a limiting-point other than infinity; and we may take

Pn=n, since M1
G <=
for r, > 2r, and the series is therefore convergent.
Let ~TTEe(%,p.—1).
o fe=1] (£.21) M)
This function has the required property; for, if |z,| > 2|z],
! ~ r \Pn
log B{-Z,p,—1)| < 2{—) 2
o ()| <2(7) @)
hence the serivs log E(Z,p,—1
ence the serivs z og (Zn,pn )

|zl >2R
is uniformly convergent for |z| < R, and hence* so is the product

z -
l I E (-z— s Pp— l) .
Izal>2R n

Hence f(2) is regular for |z| < R, and its only zeros in this region

are those of .
17 E(i,pn_l),

2R \on
i.e. the points z, z,,.... Since R may be as large as we please,
this proves the theorem.
The function f(z) is, of course, not uniquely determined by
the zeros, since we have a wide choice of the numbers p,,.

8.12. Tt is possible to factorize any given integral function
in the following way.
If {(z) 18 an integral function, and f(0) % O, then
f(2) =f(0) P(z) es®

* See § 1.43, end.
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where P(2) 18 a product of primary factors, and g(z) is an integral
Sfunction.

We form P(z) as in the above theorem from the zeros of
fz). Let b L@ _ P

fe)  P@)’

Then ¢(z) is an integral function, since the poles of one term
are cancelled by those of the other. Hence also

9(z) = [ $(t) dt = log f(z)—log f(0)—log P(z)
0

is an integral function, and the result stated follows on taking
exponentials.

If f(z) has a zero of order p at 2= 0, a factor zP has to be
inserted.

This factorization is not unique.

8.2. Functions of finite order. The general factorization
theorem is not precise enough to be of much use; in general the
numbers p,, increase indefinitely with n, and we can say little
about the function g(z). There is, however, one case in which
we can put the theorem into a perfectly definite form, that of
functions of finite order.

An integral function f(z) is said to be of finite order if there
is a positive number A4 such that, as |z| = r — oo,

&)= O(er).
The lower bound p of numbers A for which this is true is called
the order of the function. Thus, if f(z) is of order p,

f(z) = O(e”™)
for every positive value of ¢, but not for any negative value.
In this, and similar statements throughout the chapter, € is
thought of as taking arbitrarily small values, and the constant
implied in the O depends in general on . If it were independent
of ¢, we could replace € by 0 in the formula.

Functions of finite order are, after polynomials, the simplest
integral functions. A polynomial is of order zero; some of the
properties of functions of small order are similar to those of
polynomials.

" Many familiar functions are easily seen to be of finite order;
¢? is of order 1; so are sin z and cos z; cos ¥z is an integral function
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of order }; e is an integral function of order L, if £ is a positive
integer (if k& is not an integer, it is not an integral function).
The function e* is of infinite order.

In what follows we shall suppose generally that f(0) is not 0.
This simplifies the analysis a little, and division by a factor z&
does not affect the order.

8.21. The function n(r). Let n(r) denote the number of
Zeros zy, 2,... of an integral function f(z) for which |z, | <r.
Then n(r) is a non-decreasing function of  which is constant
in intervals; it is zero for r < |z,], if f(0) is not zero.

This function is, as we have seen in § 3.61, connected with
f(2) by means of Jensen’s formula. In fact

r 2

" de= 5 [ ogisre a0 —togif)l. (1
0 ]
If f(z) is an integral function, this holds for all values of 7.
If f(z) is of order p, then n(r) == O(rp+<). For
log| f(reif)| << Kre+e,
K depending on e only. Hence, by (1),

2r

f ™) g < Kyose, 2)

[\]
But, since n(r) is non-decreasing, .
2r zrd
n(x x
f (z) de > n(r) | = =mn(r)log?2.
x x
r r

2r
Hence n(r) < ld:; Y f ngc) dr < Krpte
0

by (2).
We may thus say, roughly, that the higher the order of a
function is, the more zeros it may have in a given region.

8.22. If r,, ry,... are the moduli of the zeros of f(z), then the
series > r;* 18 convergent if o > p.
Let B be a number between o and p. Then n(r) < ArA.
Putting r = »,,, this gives
n< Arg.
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Hence 7% < An—%B,
and the result follows.

The lower bound of positive numbers « for which Y r; is
convergent is called the exponent of convergence of the zeros, and
is denoted by p,. What we have just proved is that p, <<p. We
may have p, < p; for example, if f(z) = €2, p = 1; but there are
no zeros, so that p, = 0.

Notice that p, = 0 for any function with a finite number of
zeros; thus p, > 0 implies that there are an infinity of zeros.

8.23. Canonical products. An important consequence of
the above theorem is that, if f(z) is of finite order, then there
is an integer p, independent of n, such that the product

112 (f— p) (1)
n=1 Zn
is convergent for all values of z; for by 8.11 (1), with p,, == p-1,
this product is convergent if

r\pP+4 1

> () @)

!
is convergent;* and this is true for all values of rif p41 > p,,
and so it is certainly true if p+4-1 >>p.

If p is the smallest integer for which (2) is convergent, the
product (1) is called the canonical product formed with the zeros
of f(z); and p is called its genus.

If p, is not an integer, then p =[p,]; if p, is an integer, p = p,
if 3 r;» is divergent, while p == p,—1 if it is convergent. In

se
any ca p<p <p.

8.24. Hadamard'’s factorization theorem. If f(z) is an

integral function of order p, with zeros z,, z,,... (f(0) +# 0), then
f(z) = €92P(2),

where P(z) 18 the canonical product formed with the zeros of f(z),

and Q(z) is a polynomial of degree not greater than p.

We can now take the P(z) of § 8.12 to be the canonical pro-
duct. It follows from the factorization theorem of § 8.12 that
there is an expression for f(z) in the above form, in which @(z)
is an integral function. What we have to prove is that in this
case Q(z) is a polynomial.

* Compare § 1.43, ex. (vii).
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Let v=[p], so that p <v. Taking logarithms and differen-
tiating v-+1 times, we obtain

AV (@) _ gornyy S 1

(&) ) =@ 2 ez
To prove that Q(z) is a polynomial of degree v at most, we have
to prove that QW+l(z) = 0.

Tet gR(z)——f() [—[ ( ")—1.

l~ <R
Nince {l—=z/z,| > 1 for z| == 2R, |2,| < R, we have
()] < [fR)(0)] = O@=0"") (1)

for |z] = 2R. Since gp(z) is an integral function, this holds for
|2} <2 2R also.

Let hj,(2) == log g,(z). the logarithm being determined so that
h(0) == 0. Then hy(z) is regular for |z| << R, and, by (1),

Rih,(2)} < KRete, )
Hence, by § 5.51,
. \ 2v+2 1 . )
B 0@) <2 ( R(”T")VL KRe
for lz| - r <2 R; and for |z| = L R this gives
i D(2) = O(Rrv<-v-1), @)
Hence QU(z) == A% (2) 4! L -
12 I\R( =)

= O(Rrt+e—-1) +O( 2 lznl“v 1)

for |z| = iR, and so also for [z| < }R. The first term on the
right tends to 0 as R — oo if € is small enough, since v+ 1 > p;
and the second term tends to 0 since Y |z,|-"! is convergent.
Since the left-hand side is independent of R it must be zero,
and the theorem follows.*

8.25. The order of a canonical product is equal to the exponent
of convergence of its zeros.

We know that, for any function, p, <<p. Hence we have to
prove that, for a canonical product P(z), p <{p,. Let r}, 7,,...

* Hadamard (2). This proof is due to Landau (5). For an alternative proof
see § 8.72,
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be the moduli of the zeros, and k a constant greater than unity.

Let
logl ()| = > logl B(Z,)|+ > log B(Z.p)| =2+ 3x
raskr n ra>kr n

In 3, we use the inequality 8.11 (2), and obtain
r\P+1 ) 1
5ol 3 ()= op S L)
ra>kr ¥ 1 ra>kr ®
If p=p,—1, this is O(rP+!)= O(r~). Otherwise p,+e < p-+1
if € is small enough, and then

-p+1 ~p=1 — p+1 +€—D—1yp—py—€
™ z Tnl =P Z ,r?el P r“Px
ra-kr rokr

< pPHY(fy)prte-p-1 N popm€ — O(rprte),

Again in 21 we have terms involving E(u, p), where |u| >: 1/k,
so that

log|E(u, p)| < log(1+ |u|)+[u|4-...-
where K depends on £ only. Hence

21 < 0("'” z T,‘,") = O(rl’ E r'/:rf-(—l)?»;p.-e)

s ra<Ar
= O{Tp(kT)Prf"—p z r;ﬂl—(} — 0(74’1-’-()'
Hence log [P(z)] < O(rev+e),
and the result follows.

< K,
P

8.26. If p is not an integer, p, = p.

We have in any case p; < p. Suppose that p, <p. Then P(z)
is of order p,, i.e. of order less than p. Also, if Q(z) is of degree
g, e¥@ is of order ¢; and g < p, and in this case ¢ < p, since ¢ is
an integer and p is not. Hence f(z) is the product of two func-
tions, each of order less than p. Hence f(z) is of order less than
p, which gives a contradiction. Hence p, = p.

In particular, a function of non-integral qgder must have an
infinity of zeros. In fact, if the order is not an integer, the
function is dominated by the canonical product P(z); whereas,
if the order is an integer, P(z) may reduce to a polynomial or
a constant, and the order then depends entirely on the factor e9(,

In any case, since P(z2) is of order p,, and e9 of order g,

we have
P= max(q, Pl)'
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8.27. Genus. The genus of the integral function f(z) is the
greater of the two integers p and ¢, and is therefore an integer.

Since p < p and g < p, the genus does not exceed the order.
The actual determination of the genus of a given function is
sometimes not easy.

Example. Prove that the genus is not less than p—1.

8.3. The coefficients in the expansion of a function of
finite order. A necessary and sufficient condition that

f@)= zoanzn (1)
n=
should be an integral function of finite order p is that
now nlogn p
The argument depends on the fact that  |a,2"| does not
differ very much from its greatest term, and that |f(z)| lies

between the two. This is further illustrated by the example
which follows.

1 3 log(l/lanl) .
(i) Let IEE mﬂid‘g—n— =p

where p is 0, positive, or infinite. Then, for every positive e,
log(1/|a,]) > (k—e)nlogn  (n>ny),

i.e. la,| < n—™e-9,

If p > 0, it follows that (1) converges for all valdes of z, so that

f(z) is an integral function. Also, if u is finite,

| f(z)] < Arme- i Al ) (r>1).
n=n,+1
BE
Let Y, denote the part of the last series for which n < (2r)#-¢,
>, the remainder. Then in 3

™ < exp{(2r)ﬁ{7 log 7},
so that

2, < exp{(:lr)i‘l—"c logr} ¥ n—mk-9 < K exp{(2r)l71:< logr}.
In 22, rn-(-9 < 1 so that
2, <2@r<i
Hence Ifz)| < K exp{(2r)i71—"<log 7},
ie. p<1/(pn—e). Making e >0, p<<1/u. In the case p=o0,
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the argument, with an arbxtra,nly large number instead of p,
shows that p = 0.
On the other hand, given ¢, there is a sequence of values of

n for which log(1/a,|) < (u+e€)nlogn,
e lan| > nnte),
i.e. lan]r" > {rn-—(ﬂ+6)}n'

Taking r == (2n)#+¢, this gives
la, [r* > 2p+am = eXP{ $(u+e)log 2.rﬁ"*<‘,.
Since by Cauchy’s inequality M(r) > |a,|r", it follows that, for
a sequence of values of r tending to infinity,
M(r) > exp{Arie+e},

Hence p > 1/(u+e¢), and, making € >0, p > 1/u. If p =0, the
argument shows that f(z) is of infinite order.

(i1) Let f(z) be a function of finite order p. Then a, — 0, so
that u, defined as before, is not negative. The argument then
shows that u==1/p.
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8.4. Examples. (i) Prove that the order of the function

—4 z"
OEDY -
n=90
is 1/a.

[We may use the above theorem, or proceed more directly as follows.
Suppose z real and positive. The torms of the series increase until n is

approximately 2!/, and then decrease. Hence, if z = n°, we get a
maximum term
.nn; n'la e’la e’!lllu
S~ = = .
(nt)e (nrtlemmglpde  nla(ind)c  2h( gbn )
Sinco | f(z)| is greater thun this term, its order is at least 1/a.
On the other hand, [f(~)|< Sf(lz]), and if z is real

Z’WZ(nw‘LZ(n'
<Z Z{A+1.mv1m

2N+1
(N4 D)1= 2/Nay’
provided that N® > z. Taking N = [(2z)V/7], we obtain
f(z) = O(zN) = 0{2(2:)”"} — O(elxlnh)’

< AzN 4

so that the order does not exceed 1/x. Hence p = l/a. (See Hardy’s
Orders of Infinity, ed. 1, p. 55.))
(ii) Discuss in a similar way the function
& ”
2, e
n=1
(iii) If A # 0, and p(z) is a polynomial, e}* —p(z) has an infinity of
2€ros. '
[If not, e¥—p(z) = e3*40P(z), where P(z) is a polynomial. By com-
paring rates of increase in various directions we find that a = A, then
e’ = rational function.]

(iv) If f(2) is of order p, and g(z) of order p’ < p, and the zeros of
9(z) are all zeros of f(z), then f(z)/g(z) is of order p at most.

[For f(z) = Py(2)e%®, g(z) = Py(z)e%®, and P,/P, is either the canonical
product formed with the zeros of f,/fy, or this product multiplied by an
exponential factor of order not exceeding p. Hence the order of P,/P,
does not exceed p.]

(v) cosz and sinz are of order 1; the product formulae (§ 3.23) are
cases of Hadamard’s theorem.

(vi) 1/T'(2) is of order 1; deduce the product formula (§ 4.41) from
Hadamard’s theorem.
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[With the notation of § 4.41, f(1—z) — —2i7/T(z), and

fz) = O{en1=|(1+ f et dt)} - O{e"|'|(|zl+l)|‘|+1}.]
i
(vii) €(8) = 3s(s—1)mHT(§s){(s) is an integral function with p =1,
pr=1

[To prove that p < 1, use §4.43 (3) and ex. (iv); and p > 1 since
log{(s) ~ 27, log {(s) ~ }slogs as s — oo by real values. Next the
functional equation gives () = £(1—s). Hence E(z) = £(3+12) is even,
and E(Vz) is an integral function of order }, and so has convergence-
exponent }.]

(viii) z7%J,(2) is an integral function with p =1, p, == 1. Verify the
result of § 8.3 in this case. [See p. 60, ex. 5.]

o]
(ix) F.(2) = [ e*"cosztdt (a > 1) is of order a/(a—1).
0
[Either directly from the integral, or from the power-series.]

o0
(x) Hy(z) = —t 3 (—1)grtDlentle where |g| < 1, is an integral
n-—cw

function with p = 2, p, = 2.
[(If A = (2|z|+1log2)/log|l/q|—1,
Bh(z) < 2 3 |gmile@nitlisl 42 3 (hvH = O(edMVl) = O(eXil').
n<A n>A

#1(2) has simple zeros at z = mm-+nzr, where m and n run through all

integers (see e.g. Whittaker and Watson, Modern Analysis, § 21.12).
Hence p, = 2.]

(xi) $,(z) is an integral function of sinz of order 0.
[If 2sinz = w, $,(z) = g(w), then

0

glw) = 3 grHr(uwintl__ (2p w14}

n=0

= 0 3 lal"t(Ju| + 1) = Ofermeieisn),
n=0

It was proved by Pélya (2) that if g and h are integral functions, and
g{h(z)} of finite order, then either h4s a polynomial and g of finite order,
or h is not a polynomial but of finite order, and g of zero order.]

00

(xii) If flz) = I—I (1+r3) (rn > 0)

1
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isoforderp,O <p<lthenforp <o <1

log/(z) e T i 1 (loglsi— ) gy i 1
Zo+1 = gsinwo : ry’ o+ otanno 73
0 1

0

[We have

o

@
log(1+-x) m logjll—za| , =
f a0+l dz = = osinmo’ zo+1 dr_amn"o.
0

8.5. The derived function. Many of the properties of the
derived function of an integral function are the same as those

of the primitive function. The following theorems are examples
of this.

8.51. The derived function f'(z) is of the same order as f(z).
Let M'(r) = maxlf’(z)|. Then

M- 110] M(R)
<< (1)

For )= [ 10 de +10),

the integral being taken along the straight line. Hence
M(r)<rM'(r)+ | f(0)].
On the other hand,

) 1 f( J(w)

~ 2m v (w—2)?
where C is the circle |w—z|= R—r (|z]=r < R). Hence,
choosing 2z so that |f'(z)| = M'(r), we have

iy <MB,

The result stated now follows on taking, say, R = 2r in (1).

8.52. The well-known theorem, that if f(z) is a polynomial
with all its roots real, then f’(z) has the same property, can be

* Pélya (2).
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extended to a certain class of integral functions. The result is
expressed by the following theorem of Laguerre:

If f(2) is an integral function, real for real z, of order less than 2,
with real zeros, then the zeros of f'(z) are also all real, and are
separated from each other by the zeros of f(z).

We have fe) = czves | | ( 1— 23)(,
n=1 n

where k is zero or a positive integer, and ¢, a, and z,, z,,... are
all real. Taking logarithms and differentiating,

’ k il
o= 2 )

Hence, if 2 = x--1y,

' ok 2 !
(L - )
f&) ] T T ey Z R
which is zero if ¥ = 0 only. Hence f’(z) cannot be zero except
on the real axis.
. d (f'(z) o1
Again, _{_«_“} = e C
22\ f(z) 2 Z (27,
which is real and negative if = is real. Hence f'(z)/f(z) decreases
steadily as z increases through real values from z, to z,,,, and
8o it cannot vanish more than once between z, and z,,,,. Clearly
it changes sign, and so vanishes just once in this interval. This
proves the theorem.
It is clear from the above result that, if the zeros of f'(z) are
2}, 2y,..., then the series

1 1
z |2, 1% Z |z, |’

converge or diverge together. Hence the zeros of f'(z) have the
same exponent of convergence as those of f(2). 1t may be shown
further that f(z) and f’(z) have the same genus, but this is not
quite 80 easy to prove (see ex. 16 at the end of the chapter).

Since f'(z) is of the same order as f(z), and has real zeros only,
the theorem may now be applied to it, and we see that f"(z)
has real zeros only; and so for f”(z), etc.

The proof also applies to a function f(z) of order 2, but of
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genus 1. In this case, however, we cannot extend the result to
f7(2),... without considering the problem of the genus of f'(z).

It is easily seen by means of examples that the theorem is
not true for functions of genus 2. For example, in the case

fR)=ze,  f'(2) = (2224 1),
the zeros of f’(z) are complex; and in the case
fiz) = (2—4)e**,  f'(z) = 32(22--1)e}?,

the zeros of f'(z) are real, but are not separated by those of fz).

Example. The differential equation

y%;y = -—Rin%t

has no real solution, other than y = 4 «int, which is an integral fune-
tion of finite order.

[Suppose that y is a function of finite order p. Then
y = ®P(),

where P(¢) is a canonical product, and Q(#) a polynomial of ‘legree not
greater than p. Sincc the zeros of P(1) are zeros of sin?, P(t) is of order 1
at most.

Now lf: = €W P (1) - P(OQ(1)),
l:r” = 0[P L 2P()Q1(1) + P(Q() + P(NQ7(1)} = e“rf(r).

where f(#) i3 of order 1 at miost. Hence
J(t) = e A1),
where I(f) is a canomeal product. Hence
et s s P Pe) = —sinY,
ie. eI P(t) . —sin2/P(t)

is of order 1 at most. (§ R.4, ex. (iv)). Hence Pit) is of order 1 and Q(t)
is linear.

Hence y is a function of order 1.
We can now use Laguerre's theorem. g is a function of order 1 with

real zoros. Thoe zeros of !(%’ aro separated by those of ¥, so that, as # has

no triple zeros, all the zeros of (Tifl—rl are simple. So all the zeros of (‘—Ii%’ are

simple. Hence y has zoros at a/l the zeros of sint. Suppose ¥ has a double

zero at ¢ == kxr. 'Then ‘% has a zero between (X — 1) and km, a zero at
4

ka, and a zero between kr and (k4 1)7. Hence %;-': has two zeros between
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(£— 1)7 and (k+ 1), which is impossible. Hence y has all the zeros of sin ¢

just once. Hence .
. y = eX'8sin ¢.

Inserting this in the differential equation, we obtain

(a2—1)sint+42x cost = —e~2x-Wgint.
Since the left-hand side is bounded for real ¢, so is the right-hand side,
and hence « = 0. Then 8 = 0 or 7!.]

8.6. Functions with real zeros only. A number of im-
portant functions have no complex zeros; for example, all the
zeros of 1/I'(z) are real. On the other hand it is sometimes very
difficult to decide whether the zeros are real or not; for example,
it was conjectured by Riemann, in 1859, that all the zeros of
the function Z(z) of § 8.45 are real, but this has ncever been
proved.

8.61. The theorems of Laguerre. In some cases the ques-
tion can be decided by the following theorems of Laguerre.*

Let f(z) be a polynomial,

f@)=ag+t-az+...+a,z2P,
all of whose zeros are real; and let $(w) be an integral function of
genus 0 or 1, which is real for real w, and all the zeros of which
are real and negative. Then the polynomial
9(z) = ay$(0)+a, $(1)z-+-...+-a, $(p)z?
has all its zeros real, and as many positive, zero and negative zeros

as f(z).
I‘et o kw _11’_ _f;u
$(w) = ae Hl (1 + a,,)e :
where «,, > 0 for all values of n. Consider the function
0:(2) =)+ = f'(2)
@y
2l d
= cTz{z"‘f(z)} (z>0)
= ao—{—al(l + —l-)z+ ...-}-ap(l -+ —’i)zf’.
* ot

Obviously g,(z) has as many zeros at z=0 as f(z); and the
second expression for it shows, by Rolle’s theorem, that it has

* (Buvres, t. 1, p. 200.
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the same number of positive zeros as f(z). Similarly it has the
same number of negative zeros.

By repeating the argument, we can obtain the same result
for the function

gn(z) = a’0+a'1 ¢n(1)z++ap ¢n(p)zp)
h =(1+%)...(1+%).
where g0 =(14) (1)

Next, the transformation z= e*z’, where k, =k— i 1/a,,
shows that the same result holds for !
G (2) = a,D,(0)+a,®,(1)z+...+-a, D, (p)?,

where @, (w) = aekw H (1 + )e—a = aeknd (w).
v=1
Finally, @, (w) - ¢(w) uniformly in any finite region. Hence
G, (z) -» g(z) uniformly in any finite region; by Hurwitz's
theorem (§ 3.45) the zeros of g(z) are the limits of the zeros of
G, (2); it is clear that g(z) has the same number of zeros at
z==0 as f(z); and this completes the proof.

8.62. Suppose that $(w) satisfies the conditions of the previous
theorem, and that f(z) is an integral function of the form

por=en [T(1+2)

the numbers a and z, being all positive. Let
f2)= Z a,z".
Then g(z) = z a, d(n)z"
n-=0

18 an integral function, all of whose zeros are real and negative.
In the first place, g(z) is an integral function; for, since
(1+4z)e*< 1 forx >0,

[$(n)] < lajern,

and so the series for g(z) is everywhere convergent.
p
— b az\? 42
Let fo(2)=e (1+;) H(l > )

n=1 n
2
= fa,,_pz"
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All the zeros of this are real and negative, and hence, by the
previous theorem, so are the zeros of

9,(2) = 3 an p B0}~

Finally, g,(z) > ¢(z) uniformly in any finite region. In fact it
is clear from the expression
2,3 .
(1+5) = et (1)
P ») 2! P
that a, ,, —>a, as p > oo for every fixed n, while |a
all values of n and p. Hence, if N < 2p,
N

n ol < a, for

. , ® . 2p :
!g(z)—gp(z)[ < 1 (an_an,n)z"! + ‘ z auz"i + ' ﬁ @y, Dz"l
' VAR ' N1 1

1

1

n

tA<

<

| 0
(ayt_‘all,li):"E +2 z [a’nzn .
i N+1

3
-

We can now choose N so large that the second term is less than
any given ¢, and then, having fixed N, the first term tends
to zero. Hence g,,(2) - 9(2).

As in the previous proof, the result now follows from Hur-
witz’s theorem.

8.63. The simplest case is that of the function f(z)= e
¥rom this we deduce that if ¢(w) satisfies the conditions of the
previous theorems, then

o= 540

18 an integral function, and all of its zeros are real and negative.
Examples. (i) Let
d(w) = 1/I'(w+v+1) v > —1).
This is an integral function of genus 1, with zeros at w == —y—1,
—vy—2,.... These are all real and negative, and hence the zeros of

< 2  J2inz)
Z M T(n-fv+1)  (ivz)
n=~0
are all real and negative. Hence the zeros of J(z) are all real.
(ii) The function* I
Fy(z) = f e~""coszt dt
0

* Polya (1).
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has no zeros if a = 2, and an infinity of real zeros, but no complex
zoros, if o = 4, 6, 8,... .
[We have, by § 8.47, (2n+ l)

r
Fale) =3 Z( D" T

If « = 2, we have, as in § 8.47,
Ey(z) = }~Nme—1¥,
which has no zeros.
If « = 2k, where k is a positive integer, let
$(w) = T{(2w+1)/2k}T(w+ 1)/T(2w+1).
Then ¢(w) is an integral function satisfying the conditions of Laguerre’s
theorems of § 8.6. Hence the zeros of

Z ¢’(:!l) = 2k Eg(i\/z)

n=0
are all real and negative, so that the zeros of F,(z) are all real. Also
(§ 8.47) p == 2k/2k—1, so that 1 < p < 2, and there must be an infinity
of zeros.
If a is not an even integer, it can be proved that there are an infinity
of complex zeros, and a finite number of real zeros.]

8.64. Functions with real negative zeros. If all the zeros
of a function are real and negative, the modulus of the function
is related to the distribution of its zeros in a specially simple way.

Suppose that f(z) is such a function, and that its order p is
less than 1. Then ©

&)= H(l +—)

n=1

L]

Hence, if z is real,

log f(2) = Zlog(l—{— )—:iﬂ{log(l-}— )—log(l—{—qz)}*

4
n-1 n+1

“Z J‘ zdt _ J‘n(t)dt
(z +1) t(z+1)’
where n(t) has lts usual meaning.
Suppose now that as t - oo, n(t)~ . Then
log f(x) ~ mA cosec mp 2P.
For we have A—e)te < n(t) < (A+e€)t?

* The reader should justify this step, which is a simple example of partial
summation.
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for ¢t >ty(e). Hence

logf(z)<a:J 'n(t) dt +x f )H:f)tp

tx+t) Hx+t)
_ ¢ nt)— (e ke
== [ " T ety a

The first term is plainly O(1), and, putting ¢ = 2 in the second
integral, we obtain

xP(A+¢) f u::-:iu = 2P(A+ €)m cosec mp

by §3.123. A similar result holds with A—e, and the theorem
follows.

More generally,*
log f(rei®) ~ eiPPx) cosec mp rP
for any fixed 6 in (—m,m), log f(z) denoting the branch which is
real on the positive real axis.
Infact the above expression for log f(z) as an integral, obtained
for real z, holds by analytic continuation for —# < argz < =.
Hence we obtain as before

log f(rei®) ~ re® f A dt
0

l(rei04-t)°

Turning the line of integration to ¢ = uei®, we obtain

Arerit ull(l:j-:) = ArPeri®z cosec mp
as before.

It is also possible to prove theorems of the converse type,
viz. to deduce the asymptotic behaviour of n(r) from that of
log|f(z)|. The most interesting is that if, a8 = > o0 by real
values, log f(x) ~ mA cosec mp 2#, then n(r) ~ ArP. This theoremt
is closely connected with the Tauberian results of §§ 7.41-7.44,
but the proof is too complicated to give here.

* Pélya and Szegd, Aufgaben, IV Absachn., no. 61.
1 See Valiron (1), Titchmarsh (5), (6).
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8.7. The minimum modulus. Let m(r) denote the mini-
mum of |f(z)| on the circle |z| =r.
The function m(r) cannot be expected to behave in as simple
a way as M(r), since it vanishes whenever r is the modulus of
a zero of f(z). But we shall see that, if we exclude the immediate
neighbourhood of these exceptional points, we can set a lower
limit to m(r); and, in gencral, m(r) tends to zero in somewhat
the same way as 1/M(r).

8.71. Consider first a canonical product P(z) of order p, with
ZETOS 2y, Zg,...y Zpsee -

If about each zero z,(|z,| > 1) we describe a circle of radius
|z, |7, where b > p, then in the region excluded from these circles
[P@)| > e (r>rfe)).

Following the method of § 8.25, it is clear that

R L X

z
ra<kr n ra>kr n

= Z log
roikr
Since 3 r;* is convergent, the sum of the radii of the circles
is finite, and so there are circles with centre the origin and
arbitrarily large radius which lie entirely in the excluded region.
Now if z lies outside every circle |z—z,| =rz* and r, <kr,

l——z-\—O(rP+‘).
zn

1— 2| > rgth > (kr)1-n,
Hence 2
log|1— 2| > —(1+h)logkr.n(kr)
1<rn<hr zm
> — K logkr.rPte > —rpt2e,
Finally > log 1_23\ S0 (r>2),

rasl

and the result follows.
8.711. If f(z) is a function of order p, then
m(r) > e
on circles of arbitrarily large radius.

For f(z) = P(2)e¥,
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where Q(2) is a polynomial of degree ¢ < p; hence
e9@)| > g—Art > g-4r,
for sufficiently large values of r; and by the previous result
[P@)| > e > e
on circles of arbitrarily large radius. Hence the result.

8.72. Another proof of Hadamard’s factorization
theorem. The theorem of § 8.71 leads to an alternative proof
of Hadamard’s factorization theorem. Let

f(z) = P(2)e??
where P(z) is the canonical product formed with the zeros of
f(z). Then Q(z) is an integral function. Let p be the order of
f(2), p, the exponent of convergence. Then P(z) is of order p,,
and p; < p. Hence
IP@)| > et > e
on circles of arbitrarily large radius. Also

f@) = 0(e*™).
Hence  R{Q(z)}= log} ;JL(% ' = log{O(e” ™)} < Krr+e

on circles of arbitrarily large radius. Hence, by the theorem of
§ 2.54, Q(z) is a polynomial of degree < p.

8.73. In special cases it is possible to prove much more pre-
cise results than the theorem of § 8.711.

If p <}, there i3 a sequence of values of r tending to infinity
through which m(r) — co.

In the first place, there is no line argz = constant on which
f(z) is bounded; for the whole plane, bounded by this line, forms
an angle 2n, and 27 <m/p if p < 4. Hence, by § 5.61, if f(z) is
bounded on this line it is bounded everywhere, and so reduces
to a constant.

Suppose now that

f(2) = ez Ij (1-21),

and let &(z) = cz* H (H—;z-),

n=l n
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where r, = |z,|. Then

min |f(z)| > [$(—7)],
|zl =7
==

for every n. Also ¢(—r) is unbounded, since ¢(z) is an integral
function of the same order as f(z). This proves the theorem.

since

8.74. The following result is still more precise.
If 0 < p < 1, there are arbitrarily large values of r for which
m(r) > (M (r)}oos o<,

The following proof is due to Pélya (3). Define f(z) and ¢(z)
as before, and we may plainly take ¢ = 1, £k = 0. It is sufficient
to prove the theorem for ¢(z). If 0 < p < }, i.e. cosmp > 0,
this follows at once from the relations m(r) > '¢(—r)l,

r) < ¢(r). In any case, if 2’ is a point where |f(2’')! = m(r),
we have A
o 2\
#o(—n: = [T (1=5)| < =1 < mir it

n-1
Hence, if the theorem is true for ¢(z), then
( }I T) ¢ 1+coe1rp € > {J[(T }1+0081rp —€
for arbitrarily large r, and the result for f(z) follows.
If the theorem is false for ¢(z), there are positive constants
e and a such that
logld(—x)| < (cosmp—e)log ¢(x) (x > a).
By § 8.4, ex. (xii), for p < 8 < 1, and so also for p < R(s) < 1,

J.{oos s log (x)—log|d(—x){}x—*-tdxr = 0.

0
Since the integral over (0,a) is regular for 0 < R(s) < 1, so is
the integral over (a,o0). Hence

F(s) = [ {Ba(ef)+h(s)pa(e))e de.

where

$1(x) = (cosmp—e)log f(x)—log|d(—2)|,  y(x) = log $(),
Y(8) = cosms—cosmp+e, a = loga,

is regular for 0 < R(s) < 1, and in particular at s = p. Here
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¢, and $; are positive for x > a, and y(s) is positive for s real

and sufficiently near to p.
Let h > 0, D = d/ds. Then

U

m

#' ms

=
IF(8)1+—|F(8)|+ IF(s)l+ =M,

say, the series being convergent for suf‘ﬁcxently small positive
h and s—p. Also
hE—hD\™
m

(1-22) et = o614 2E22) g

e B S (0 (o

>e-a§(l+ )z/:(s -sf(1+"f) 2 " 1g(s)].

,u—l

Since |Y#(s)] < = for real s, this plainly exceeds
Je- ’f(1+ 2) st

if % is small enough. Hence

(1—’11—’)"'1’(8) >3 f {¢l<ef>+¢(s)¢z<ef)}(1+’7‘§)"'e—vf de.

m

In particular for any w > o
f b1+ 2"t de < 20 )40,

Making m — oo, then w — oo, it follows that
3 lo
f (e )eh -9 dE — x‘ff’:ﬂ dx

a

is convergent for a value of s—h less than p. Hence ) r,°*"* is
convergent, contrary to § 8.26. This proves the theorem.

8.75. A similar result holds for functions of order 1 and exponential
tvpe, i.e. such that f(z) = O(eX"),
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If f(z) = O(e*™), then m(r) > e~*+er for some arbitrarily large r. If
7y, Tg... are the moduli of the zeros of f(z), woe find as in § 8.21 that
n(r) = O(r), 1/r, <. K/n. Hence

$(z) = ﬁ (1+;3) =0 ﬁ (1#%’) - @L%_)
n= -

Define h(0) (§ 5.7) for ¢(z) with V(r) = ~r. Then k(f) < #K for all 9.
Since |p(z)] > 1 if R(z) > 0, h(8) is finite for —}7 < 0 < }=, and so
everywhere (§ 5.712). Also h(—0) = h(f); and § 5.713, with 0, = —7,
0, = 0, 0, == m, p = }, gives k(m) > 0. Hence

If@f(=2)] = [fO)R[S(—r)] > e«
for some arbitrarily large values of r, and the result follows.

8.8. The a-points of an integral function. Our discussion
of integral functions has so far centred round the distribution of
the zeros of the function. A more general question is that of
the distribution of the points where the function takes any given
value a—the ‘a-points’, as we may call them.

There is one case in which we have already obtained fairly
precise results, namely, that of functions of finite non-integral
order. If f(z) is of order p. where p is not an integer, then it
has an infinity of zeros, and the exponent of convergence of the
zeros is p. But clearly f(z)—a is also of order p, where a is any
constant. Hence f(z) has an infinity of a-points, and their
exponent of convergence is p; i.e. their density is roughly the
same for all values of a. i

A similar argument may be applied to functions of zero order.
Such a function has an infinity of zeros unless it reduces to
a polynomial; and f(z)—a is a polynomial for every value of
a or for none.

If f(z) is of positive integral order. and # a, then f(z)--a = €@,
where @(z) is a polynomial. If b  a, then Q(z) = log(b—a) for
some 2, i.e. f(z) —= b for some z. Hence f(z) takes every value
with one possible exception.

8.81. Picard’s theorem. The main theorem of the subject
is due to Picard; it is independent of any considerations of
order.

An integral function which is not a polynomial takes every value,
with one possible exception, an infinity of times.

Picard’s proof of the theorem depends on the properties of
the elliptic modular function. This function, which we shall
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denote by w(z), has the following properties: it is regular every-
where except at z=0, 1, and o0; and its imaginary part i3 never
negative.

By means of this function we can easily prove that an integral
function which is not a constant takes every value, with one possible
exception, at least once.

Suppose that f(z) is an integral function which does not take
either of the values a or b, where a £b. Then

_Jfz)—a

gl)=","

is an integral function, which does not take either of the values
0 or 1. Consider the function w{g(z)}. It is regular except at
infinity, since g(z) does not take either of the finite values for
which = is singular. Also its imaginary part is positive. Hence,
by § 2.54, it is a constant. But = is not constant, and so ¢(z)
must be constant. This proves the theorem.

As we have not discussed the construction of the modular
function, we shall not complete this proof, but shall give a more
direct proof, depending on a theorem of Schottky.*

8.82. The characteristic feature of Picard’s theorem is that
it admits the possibility of there being an exceptional value.
This exceptional value may actually exist; for example, the
function e? never takes the value 0. A value with this property
is said to be ‘exceptional P’.

There is another sense in which a value may be exceptional.
A function may take the value @, but only at points which have
a convergence-exponent less than p. For example, the function
e?cos vz, of order 1, has zeros, but their convergence exponent
is 1. A value with this property is said to be ‘exceptional B’,
i.e. exceptional in the sense of Borel. It is clear that a value
which is exceptional P is a fortiori exceptional B.

8.83. For functions of positive integral order, Picard’s
theorem is a consequence of the following theorem of Borel,
which shows not merely that there is at most one value ‘excep-
tional P’, but at most one ‘exceptional B’.

* Another direct proof, depending on a theorem of Bloch, is given by

Landau, Ergebnisse . . ., ed. 2 (1929), Ch. VII, and by Dienes, T'he T'aylor Seriea,
Ch. VIII.
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Borel’s theorem. If the order of f(z) is a positive integer,

then the exponent of convergence of the a-points of f(z) is equal to
the order, except possibly for one value of a.
Suppose that there are two exceptional values, @ and . Then

f2)—a =2"ed@P(z) (1)
and f(z)—b = 2% AU@P,(2), (2)
where Q,(z) and Q,(z) are polynomials of degree p, and P,(z)

and P,(z) are canonical products of order less than p.
Subtracting, we have

b—a = 2%1eA@P, (2) — 251D P,(2), (3)
or zklpl(z)eO,(Z)—Q,(z) — zklpz(z) + (b_a)e-oz(z)_
Since Q,(z) is of degree p, the right-hand side is of order p.
Hence so is the left-hand side, and so Q,(z)—Q,(z) is of degree

p, since P,(z) is of order less than p.
Differentiating (3), we have

(251 P, @+ kyzk1-1P, 2% P} e
= (PQy+ kPt P (4)
Now the order of P; is the same as that of P,, and so is less
than p. Hence the coefficient of e?: is of order less than p, and,
similarly, so is that of e?:. Hence we may write (4) in the form
zkapaeox+0; — ~ka_PAeQ:+Qa,

where @3 and @, are polynomials of degree p—1 at most, and
P; and P, are canonical products. The two sides must have the
same zeros, so that ky =k,, P;=P,, and so Q,+Q; = Q,+@Q,,
ie. @,—@Q, = Q,—Q;, which is of degree less than p. This con-
tradicts the previous result, that Q,— @, is of degree p, and so
proves the theorem.

8.84. For the proof of Schottky's theorem we require the
following lemma:
Let ¢(r) be a real function of r for 0 < r < R,, and let

0<é(r<M (0<r<R), (1)
and also d(r) < gf‘gg (0O<r<R<R). (2)
Then s <. A7 0<r<nr) (3)

(R1_")‘
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The actual form of the result (3) is not particularly important.
What is important is that it depends only on », R;, and C, and
not on M.
From (1) and (2) we obtain
CvM
0 R<R 4
¢()<(R T)Z ( <r< S l)) ( )
so that the upper bound M given in (1) is reduced at once to
a multiple of VM. If we repeat the process, using first (4) with
7, 7, for r, R, and then (2) with r, for R, we obtain

§
¢(r)\ C,.)z {(r _(_),1) } M (0<r<r <r,<R).
So generally ‘
c C 4 C T
- - B 2n—-l1 .‘;_n‘
¢(r) = ( 17 )2 {(72—1‘1)2} {(rn_rn~l)2} M

Taking 7, = }(R,+7), ro = }(B,+71,),..., this gives
¢(r)<41+1+4+ +;,—‘ l{ C }1+ o f,"‘ 11”3
(By—r)?
and, making n — oo, the result follows.

8.85. Schottky’s theorem. If f(z) is regular and does not
take either of the values 0 or 1 for |z| < Ry, then for |z| < R < R,
‘R{ )
Ifz)] < exP{(R R)Y’
where K depends on f(0) only. For all functions which satisfy the
given conditions and are such that & < | f(0)| << 1/8, |1—£(0)| >3,
we can take K to depend on & only.

We shall not require the actual jorm of the upper bound for
f(z), which could be considerably improved if necessary; what
is important is that it depends only on f(0) in the manner
stated, and on E/R,.

Let 91(2) =log{f(2)},  9(2) = log{1—f(2)},
where each logarithm has its principal value at z:=0. Then
g,(z) and g,(z) are regular for |z| < R,. Let M ,(r) and My(r) be
the maxima of |g,(z)| and |g,(2)| respectively on |z| =7, and let

M(r) = max{M(r), Mo(r)}-

Let B,(r) = —{ﬂnirflR{ql (2)} == ma.x log lf(z)i
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Then Carathéodory’s theorem (§ 5.5), applied to g,(z), gives

Mip) < 22 B+ Ll 0 <p<n. )

There are now two posmblhtles. Either B,(r) is not large—
say B,(r) <1, in which case (1) is a result of the required type;
or B(r) is large, in which case there is a point 2’ on |z| =7
where |f(z")| is small. But if |f(2’)| is small, g,(2) is (apart from
a term 2nmi) approximately equal to —f(z’); and then Cara-
théodory’s theorem, applied to logg,, gives on the left M, (not
log M, as we should in general expect), and on the right
log M, = O(VM,). We thus obtain an inequality of the type
considered in the elementary lemma. This is the general plan
of the proof, and we now proceed to fill in the details.

Suppose that B,(r) > 1, and let 2’ be a point where

By(r) =log 1/|f(z")]|
Then IfR)] =e B el <. (2)

There is therefore an integer n such that

gs(z')—2nmt = — Z {f(;n)} -
m=1

Hence 192(z")—2nm| < i 2-m = ],
m=1
and so 2inlm < 14 |g,(2")] < 14 My(r). - 3)
Let h(z) = log{g,(z)—2nmi},

where the logarithm has its principal value at z=- 0. Then h(z)
is regular for jz| <. R,, since f(z) 3¢ 0 and so g,(z) # 2nni; and
Carathéodory’s theorem gives

2y

.. Rir,
ll::\IE: thiz)} < PR ,llllla> loglg,(z)- dnm;-}-k-:;‘;h(ﬂ);. (4)

The left-hand side is not less than

1
log A > log
Blga@)— 20mil =8 | ) 4 L&) B 1)
1
>l = B,(r)--1 g?,
83|y~ Palr) o

by (2). On the right we have
maxlog|g,(z) — 2nmi| < log{ My(R)-+2|n|n} < log{2M,(R)+1},
lef =R
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by (3); if » 5% 0, |g,(0)—2nmi| > 7 > 1, and so

14(0)] < loglg(0)—2nmi|+m < log{Iga(0) |+ 1+ My(r)} 4.
Ifn =0, |h )| < |loglg,(0)||+=. Hence (4) gives

B(r) < ["log{ZM )+ 195(0) |+ 1} 4| log|g,(0) || +7]+1log 2

__r[log{211[2(R)+ 192(0)[+1}+ [loglgs(0) | +7].  (5)

This inequality, proved for Bi(r) > 1, is obviously true for
B,(r) < 1. Hence (1) and (5) give in any case

M(p) < 8 Rr [log{zM )+ 192(0) |+ 1} +

(R—r)(r—
+|log|g2(0) || + Ig2(0) | +7]-

Since we may interchange g,(z) and g,(z) in the whole argu-
ment, the inequality is still true if the suffixes 1 and 2 are
interchanged. Combining the two results, we have
T ’*r’)e {log M(R)+ K}
where K depends on |g,(0)| and ]gz(())l only. Takingr = }(R-+p),
we obtain

M(p) <

2R? K R2M(R)
M 1_f{log M( Ky <« —21 -,
(P)<(R {Og R)+K} < R p)
since log M(R) = O{VM )}. Hence, by the lemma,
M) < KB
P)< (R_p
KR!
< M0 A0
and [f(z)] < MO < exp{(R_r)A}

Since K depends on |g,(0)| and |g,(0)| only, the last part of
the theorem also is true.

8.86. Picard’s first theorem. An integral function which
18 mot constant takes every value, with one possible exception, aé
least once.

Suppose that f(z) does not take either of the values a or b
(@ #b). Then g(z) = {f(z)—a}/(b—a) does not take either of the
values 0 or 1. Hence, by Schottky’s theorem,

KR!
g <exp{p Th)  (I<E<R)
Taking R, = 2R, |g(z)| << K. Hence y(z) is a constant.
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8.87. We can also prove the following generalization of
Picard’s theorem.

Landau’s theorem.* If « is any number, and B any number
other than 0, there is a number R = R(«, B) such that every function
f@) = a+Bztazi+az3+...,

regular for |z| < R, takes in this circle one of the values 0 or 1.
We may suppose that « 5% 0, a 7 1, for otherwise we have the

result at once. If f(z) does not take either of the values 0 or 1,
then by Schottky’s theorem |f(z)| < K(a) for |z| < 1R. Hence

L 10 4, \ <KO),

IZI iR
R < 2K()/1B,

and the result follows.

8.88. We have so far stated Picard’s theorem in terms of
integral functions, i.e. functions with an essential singularity at
infinity. But a corresponding theorem holds for any function
with an isolated essential singularity.

Picard’s second theorem. In the neighbourhood of an iso-
lated essential singularity, a one-valued function takes every value,
with one possible exception, an infinity of times.

In other words, if f(z) i3 regular for 0 < |2—zy| < p, and there
are two unequal numbers a, b, such that f(z) #%a, f(z) #b, for
|z—24| < p, then 2, 18 not an essential singularity.

We may suppose that z,=0, p=1, a=0, and b=1. We
prove that there is a sequence of circles |z| =r,, where r, > 0,
on which f(z) is bounded. By § 2.71 this precludes the existence
of a singularity at z = 0.

We start from Weierstrass’s theorem that, in the neighbour-
hood of an essential singularity, a function approaches arbi-
trarily near to any given value an infinity of times. Thus there
is a sequence of points 2z;, z4... such that [z,|> |z| > ...,

l#n| >0, and |fle)—2] < 3. (1)

It is clear that Schottky’s theorem would enable us to con-
struct a sequence of circles, with these points as centres, in
which f(z) is bounded. These circles do not, of course, include

* Landau (1), and Ergebnisse, § 25.
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the origin; but this is, so to speak, an accident arising from the
fact that we have proved Schottky’s theorem for a class of
convex curves (viz. circles). We can remove the difficulty by
making a conformal transformation, which has the effect of
replacing a circle by an elongated curve which, though it
excludes the origin, passes right round it and overlaps itself on
the far side.

Let z=-e* (w=u-+1v), and consider the half-strip of the
w-plane <0, —7 <<v<{7w. This corresponds to the interior
of the circle |2| =1. Let w, =logz, (—= < I(w,) < 7), so that
R(w,) - —o0; and let f(z) = g(w).

We apply Schottky’s theorem to the function

h(w') = g(w,+w’").
This is regular for |w’'| < 4= if n is large enough, and it does
not take either of the values 0 or 1. Hence
h(w)| < K= K{R(0)}  (|w']|<2m);

and, the numbers %(0) =g(w,) = f(z,) satisfying (1), we can
replace the right-hand side by an absolute constant. Hence
|g(w)| < 4 for |lw—w,| < 2m, and in particular for u =R(w,),
—r<v<7w Hence

f@l<d (2] = lz)),

and the result follows.

8.89. Asymptotic values. A number a is said to be an
asymptotic value of an integral function f(z) if there is a con-
tinuous curve from a given point to infinity, i.e. along which
|z2| > o0, and along which f(2) >a as z—>o00. Thus 0 is an
asymptotic value of €2, since e? - 0 as z - oo along the negative
real axis. The function .

f e~ dt,
0
where ¢ is a positive integer, has the ¢ asymptotic values
2mik 2
e ¢ fe“'dt (k =0,1,...,g—1),
0
a8 z — o0 along the lines argz = e?mikla.
We may define the ‘asymptotic value oo’ similarly.
We shall now prove the following theorems.
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Every function with an isolated essential singularity at infinity,
which i3 not a constant, has the asymptotic value infinity.

By Laurent’s theorem, such a function is of the form
Jf(z)+9(z), where f(z) is an integral function, and g(z) tends uni-
formly to a limit as |z| > c0. Hence it is sufficient to consider
integral functions. For an integral function not a constant, the
maximum modulus M(r) tends steadily to infinity. Consider an
indefinitely increasing sequence of numbers X, = M(r,), X,,....
It follows from Liouville’s theorem that there is a point outside
the circle |z| = r, at which | f(z)| > X,. The set of points where
[f(z)| > X, constitutes the interior of one or more regions
bounded by curves on which |f(z)| = X,; and these regions
must be exterior to the circle |2| = r,. Let one such region be
D,. Now D, must extend to infinity; for otherwise we should
have a finite region with |f(z)|] = X; on the boundary and
|f(z)] > X, inside, contrary to the maximum-modulus theorem.
Further, f(z) is unbounded in D,. For otherwise the principle
of Phragmén and Lindelof would also show that |f(z)| < X,
at all points inside D,. In fact, the argument of § 5.6 applies
with P at infinity and w(z) = r/z. Hence there is a point of D,
at which |f(z)| > X,, and consequently a domain D,, interior
to D,, such that |f(z)] > X, at all points of D,, We can now
repeat the argument with X,,.... Hence there is a sequence of
infinite regions D), D,...., each interior to the preteding one and
such that |f(z)| > X,, in D,, and |f(z)| = X,, on its boundary.
Now, take a point on the boundary of D,, and join it to a point
on the boundary of D, by a continuous curve lying in D,; then
this point to a point of D; by a continuous curve lying in D,,
and so on. We clearly obtain a continuous curve along which
f(z) > 0.

If an integral function does not iake the value a, then a is an
asymptotic value.

For 1/{f(z)—a} is an integral function, and so has the asymp-
totic value oo.

The argument of § 5.64 shows that if an integral function
has asymptotic values on two curves, and is bounded between
the curves, then these asymptotic values must be the same.
Asymptotic values not so connected we should consider as
distinct, whether they are equal or not.



284b INTEGRAL FUNCTIONS

It was conjectured by Denjoy that an integral function of
finite order p can have at most 2p asymptotic values. The theorem
with 5p instead of 2p was proved by Carleman; and Denjoy’s
conjecture was finally proved by Ahlfors. The general proof is
not easy. It is, however, easy to see that there can be at most
2p straight lines from 0 to co along which a function of order p
has distinct asymptotic values. For by § 5.61 the angle between
two such lines must be at least equal to =/p.

8.9. Meromorphic functions. We shall now give a short
introduction to the theory of meromorphic functions, i.e. func-
tions whose only singularities, except at infinity, are poles.

The theory depends largely on the general Jensen formula
(§ 3.61 (4)). Let f(2) be a meromorphic function, with zeros
a,, a,,... and poles b, b,,... (other than 0) arranged with non-
decreasing moduli. Suppose that in the neighbourhood of the
origin it is of the form cz*+..., where k may be any integer.
Then Jensen’s formula for z-*f(z)

log by.. ln rm=n4logle| = — log]f(re’a)l df —klogr.
As 1n§361 Ia.,ul
o ™ _"ilu J‘ dx+mJ‘dx
g [@y...ap] z z
v= lay| laaml

Let n(r, 0) be the number of zeros of f(2) in |2| < r. If k > 0,
v = n(z, 0)—£k for |a,| <z <|a,,,|; hence

log— " — f n, 0=k ;.

a...a,| x

If n(r,0) is the number of poles of f(z) in |z| < r, we obtain
similarly ’

If k is negative, it appears in the second integral instead of the
first. Writing ’

N(r,a) = J'rix_,g_);_n_((_) D) gy +n(0,a)logr

0
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we obtain in any case

N(r,0)—N(r,0) = - f log|f(re®)| 40 —logle]. (1)

Let us write logta = max(log «, 0)
for any positive «. Thus
log « = log*a—log*1l/a.

2
1 1 1
Let 1(r,a) = m(r ]:_) 5 f log* f%"a)——_a d0
0
2
and  mlr,o0) = m(nf) = - [ log* fire®) do
v
0

Then (1) may also be written
1n(r1 0)+'N(r’ 0) = m(rﬁ w)+1\r(r’ w)—"log}c[ (2)
Now apply this formula to f(z)—a, where a is any number.

If f(z)—a = ¢, z¥-}-... in the neighbourhood of the origin, we
obtain

m(r,a) +N(r,a) = m(r,f—a)+N(r,00)—log|c,!,
the term N(r,o0) being unaltered since the poles of f(z)—a are

the same for each a.
Now we have

v

IfIt+lal < 2|fal, 2|f}, 2ia| or 2
according as |[f| > 1and |a| > 1, |f| >1and la| <1, |f| <1
and |a| >1,0or |f| <1 and la| <1. Hence

log(|f |+ lal) < log*|f|+log*|a|+log 2.
Hence log*|f—a| < log*|f|+log*|a|+log 2,
and similarly

log*|f| < log*|f—a|+log*|a|+log 2.
Hence |m(r,f—a)—m(r,f)| < log*|a|+log 2.
It follows that
m(r,a)+N(r,a) = m(r,0)+ N(r,0)+¢(r,a),

where |$(r,a)| < |logle,||+log*|a|+log 2.

Hence if f(z) is a meromorphic function and not a constant, the
T
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values of the sum m(r,a)+N(r,a)

for two given values of a differ by a bounded function of r.

All the sums being to this extent equivalent, we can represent
them all, e.g. by the one with a == c0. Thus ¢f we put

T(r) = m(r,00)+N(r, c0). 3)
we have for all values of a
mir,a)+N(r,a) = T(r)+d(r.a),

where ¢(r,a) is (for each a) bounded as r - co.

T(r) is called the characteristic function of f(z).

We shall next show that T(r) is an increasing convex function
of logr.

Jensen’s formula for f(z)—e™ (A real) is

2m

N(r,e)—N(r, o) = — [log frei®)—er| df —log! f(0)—ei|,
0 (4)
if f(0) -# e, Also, for any a,

2m

— | logle®—a; df == log' |ai.
..170
e.g. by Jensen’s theorem with f(z) = z—a, r == 1. Hence, multi-
plying (4) by 1/(2n), and integrating with respect to A over
(0, 27), we obtain
2w

. { N(r,e® d\ —N(r,c0) = L f log* ! f(re’®)| 48 —log*|f(0)',

0

ie. T() = o f N(r,e™) dA +log "] £(0)].
0
Now, for any a, N(r,a) is an increasing convex function of 7,
since
dN(r,a
(r,a) _ alr, ),
dlogr

which is non-negative and non-decreasing. Hence 7'(r) has the
same property.

In the above formulae N(r,a) measures the number of times
the function f(z) takes the value a. Since the largest contribu-
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tions to m(r,a) come from arcs where f(z) is nearly equal to a,
m(r,a) measures in a sense the intensity of the approximation
of f(z) to a. We could describe m(r,a)+N(r,a) as the total
affinity of the function f(z) for the value a.

For a given function, certain values may be exceptional, e.g.
in the sense that the function does not take these values. The
above theorem shows that there can be no exceptional values
in the sense that the total affinity of the function for every
value is the same, apart from bounded functions of 7.

Examples. (i) Let f(z) be a rational function, say = P(z)/Q(z),

where P(z) is of degree pu, Q(z) of degree v, P and Q having no common
factor. If u > v, then

m(r,a) == O(l), N(r,a) = plogr+0(1)
for every finite a, while
m(r,©) = (u—v)logr--0(1), N(r,©) = vlogr+ O(1).
If o < v, then
m(r,a) = O(1), N(r,a) = vlogr+0(1)
for a # 0, while
m(r,0) = (v—pu)logr+ O(1), N(r,0) = plogr+0O(1).
If u = v, let a, and b, be the coefficients of z# in P and Q. Then if
@ #albo  ura) = 0(1),  Nira) = plogr+0(1),
while, if a,@ —byP is of degree «,
m(r,gi’} = (u—a)logr+0(1), N(r,?) = alogr-+0(1).
() (]
In any case T(r) == O(logr).
(ii) The function e? does not take the values 0 or o; on the other
hand these are limiting values of the function as z —» c0. Here
N(r,0) = N(r,0) = 0, m(r,0) = m(r, ) == ;;,
while for a £ 0, oo,
m(r,a) = O(1),  N(r,a) = §T+ o(1).
Here T(r) = r/m.

(iii) Consider similarly tanz (+i are exceptional values).

8.91. Order of a meromorphic function. The mero-
morphic function f(z) is said to be of order p if

Tim 108 L) _
roo logr

8o that T(r) = O(re+e)

)
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for every positive €, but not for ¢ < 0.

To show that this agrees with the definition of order in the
case of an integral function, we shall prove:

If f(2) is an integral function,

() < log*M(r) < X7 1(R)

R—r
for 0 <r <R
For an integral function, N(r,o0) = 0, and T'(r) = m(r, o).
The left-hand inequality is thus

— flog*‘ f(re®)| d8 < log* max|f(rei®)],

which is plainly true. Also by the Poisson-Jensen formula

! 1A Y — 1 1 —_
log flre®)} = 5- f st g B B 44
0

lo R*—a, reid
2, g IR(R‘e?‘—a“) :

. i . K
Each term in Y is negative, and

R2—2Rrcos(8—¢)+72 > (R—r)2
Hence, taking 6 so that the left-hand side is a maximum,

log | M(r)| < 310 o f log| f(Re)| d

R+r
R—
and the second inequality follows.
Taking R = 2r, the identity of the two definitions of the
order of an integral function is clear.
Now let r,,(a) be the moduli of the zeros of f(z)—a, ,(c0) the
moduli of the poles of f(z). Then we have the following results.
If f(z) is of order p, then for every a
m(r,a) = O@p+¢),  N(r,a) = O(r**¢),  a(r,a) = O(rP*c)

and > @)

18 convergent.

T(R)
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The first two results are immediate since

m(r,a) < T(r)+-0(1),  N(r,a) < T(r)4-0(1).
The remaining results then follow from that on N(r,a) as in the
case of an integral function.

More precise results of the same kind are given by Nevan-
linna, Fonctions Méromorphes, Ch. 11.

8.92. Factorization of meromorphic functions. Let f(z)
be a meromorphic function of order p, with zeros «, and poles
b, (f(0) # 0). Then it follows from the above results that there
are integers p, and p, not exceeding p such that

o T i

n=1 n
are convergent for all values of 2. Hence Py(z) and P,(2) are
integral functions of order not exceeding p. Also

fiz) = f)y(2)
is an integral function. Now
T(r.fy) = m(r,0,f;) < m(r,%,f)+m(r,00, F,)
< T(r,f)+T(r, B) = O(pr<)+0(r).
Hence f,(z) is of order p at most, and hence
fi(z) = ¥R (z),

where @Q(z) is a polynomial of degree not exceeding p.
We have thus proved that
f(z) = €% (z)Fyf2),
an extension of Hadamard’s factorization theorem to mero-
morphic functions.

A slightly deeper theorem, in which the numerator and de-
nominator do not necessarily converge separately, is proved by
Nevanlinna, Fonctions Méromorphes, Ch. IIL

Further developments of the theory of meromorphic func-
tions are largely concerned with extensions of the theorems of
Picard and Borel. For these we must refer to the books of
Nevanlinna.
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MISCELLANEOUS EXAMPLES
1. Prove that, if ¢ is not a multiple of =,

. z s
M — Q1 —scote — &+ A
sin(a—z) = sinae™ I | (l a mr)e "

NnN=—xo

2. Show that the equations
sinz = 23, logz = 23, tan z = az+b,
where a and b are any complex numbers, each have an infinity of roots.
3. Find all the zeros of the function
e—1,
and show that they have no finite exponent of convergence.

4, If f(z) = §oa,z" is a function of non-integral order, show that the
coefficients in tT;m polynomial Q(z) = b;z+...4bz* of Hadamard’s theorem
can be oxpressed in terms of a,, a,,..., a,.

[If p is not an integer, ¢ < p-+1, and P(z) = 1-+O(2?*!) as z— 0.
Hence on equating coefficients P(z) is not involved.]

5. If f(z) = 3 a,z" is of order p, what is the order of F(z) = ¥ |a,|rz"?
6. The generalized hypergeometric function is defined by the formula
]
. L 2) = (@) (0p)y 27
,F;(al’“" a’ ’ ﬂ“.“,ﬁ' ’ z) - ne0 (Bl)n--'(ﬂl).";! ’
where (a), = afo+1)...(x+n), () = 1. Show that it 1s an integral
function if ¢ > p, and find 1ts order.
7. Show that o
fl2) = z q"‘"’c'“:
n

is an integral function if |¢| < 1, £ > 1, and find its order.
8. If ¢ > 1, the function

ror- [T(+3)
n=1

is an integral function of order 1/g. [For further properties of the
function see Hardy (4).]
9. The function @
[T0+3)
eﬂ
n--1
is an integral function of zero order.
10. Show that, if & > 0,
]

re =110+ 5)

n=1
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is an integral function of order 1+ 1/x; and express it in the standard
factor form in the cases o = 1, o = 2.

11. If @ >> 0, the function

a
Efz) = > &
o) Z T'(1+an)
n=0
is an integral function of order 1/a. [Several memoirs on this function
are to be found in Acta Math. 29.]

12. If a is real, all the roots of the equation I’ ’(2) = al'(z) are real.
13. Show that -
z coshvn __
Pt
n!

n=0

is an integral function of order 1, and that it has an infinity of zeros,
all of them being real and negative.

14. A function f(2) of order } has all its zeros real and negative, and
such that n(r) ~ kvr logr. Determine the asymptotic behaviour of M(r).

[Use the method of § 8.64.]

15. Show that, if f(z) is a canonical product with zeros z, such that
2 1/|z,| is convergent, then f(z) = O(e*"!), and | f(z)] > e~ on circles

of arbitrarily large radius.
-]
(S )
N+1

[We have N
ral< ] T(+]2
Z”

n=1
whence the first result easily follows. The second part then follows from
§ 8.75.)

16. In Laguerre's theerem of § 8.52, show tha.t‘ f’(z) has the same
genus as f(z).

[The only case in which there is anything to prove is the case p = 1,
when the genus may be 0 or 1. Then we use the fact that the series
2 1/|z,| and 3 1/|z;| converge or diverge together, compare M(r) and
M’(r) by § 8.51, and apply the previous example.]

17. Show that the genus of a function of exponential type (§ 8.75) is 1.

z

z

o0
18. Show that, if f(z) = 3 a,z" is of exponential type, f"(0) = O(c4»),
0

and hence that ¢(z) = ¥ n'a,z* has a finite radius of convergence.
19. In order that f(z) should be of exponential type, it is necessary
and sufticient that it should be oxpressible in the form

f@) = f ex(w) dw,
C

2me
where y(w) is regular for sufficiently large values of w (including infinity),
and C is a circle with centre the origin and sufficiently large radius.
[(We have y(w) = 1/w¢(1/w), where ¢ is the function defined in the
previous example.]
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20. Let f(z) be of exponential type, and let h(#), supposed > 0, be
the Phragmén-Lindel6f function associated with f(zJ, with V(r) = r.
Consider the radii vectores of length A(f) making angles —6 with the
real axis, and the perpendiculars to these radii vectores at their ends
(cf. § 5.72). Then x(w) is regular if w lies on the side of one of these
perpendiculars opposite to the origin.

[We have ©
$() = [ e-iftat) at
0
by term-by-term integration, if |z| is small enough ; turning the contour
through an angle A, o
d(z) = J‘e-“‘xf(zte‘*)e"‘ dt.
0

Here the integrand is O(e—teosr+r{Mi+D) +e})

and the integral is convergent if
rh(0+A) < cosA. (1)

Hence ¢(z) is regular at z = re? if (1) holds for some value of A. If
w = r'e!¥’, then y(w) is regular if 7’ > A(A—0’)sec A for some A. This is
equivalent to the above statement.

For a detailed discussion see Pélya (4).]

-]
2. e
(n+ayn!
n=0
is of exponential type. [For further properties of the function see

Hardy (2).]
22, Show that the function

b
12) = [ etg(e) ar,

a

21. The function

where g(t) is continuous, is of exponential type, and that the corre-
sponding function y(w) is regular except in the interval (ia, ib) of the
imaginary axis.

23. Show that the function f(z) of the above example tends to zero
as z — oo in either direction along the real axis, and deduce that f(z)
has an infinity of zeros.

24. A function f(z) is said to be of zero type if f(z) = O(e€).

In order that f(z) should be of zero type, it is necessary and sufficient
that

1@ =5 Lewx(w) dw,

where x(w) is an integral function of 1%
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[ The situation is similar to that of examples 18-19, except that here
f™(0) = O(ee).])

@
25. A necessary and sufficient condition that f(z) = Y a,2" should
n=0

be an integral function of 1/(1-—z) is that there should be an integral
function g(z) of zero type such that a, = g(n) forn =1, 2,....
[Carlson (1), Wigert (1), Hardy (14). If there is such a function g(z),

let: )
g(z) = Smi J\'e’ x(w) dw.

1
Tl LI
1en f(z)—ay = z 4z = f X x(w) dw,

it .8 a contour enclosing the origin, and on which R(w) < log|1/z].
This is an integral of the type used in § 4.6, and by deforming it we can
show that any branch of f(z) is regular except at z = 1 (where the
ocontour is nipped between 0 and log 1/z). Also

1 zev
—a, = : dw,
s =a, = x(1083) + .- f( [ x(w) dw
where C’ is a contour enclosing w = log 1/z. This shows that f(z) i¢
one-valued near z = 1, and so an integral function of 1/(1—z).
C'onversely, if f(z) is of the type prescribed, we have

n 2mJ"’“”

and we can put z =e-%, and deform the resulting contour into any
simple closed contour which encloses the origin but lies entirely inside
the circle |w| = 27. Finally f(e-*) is regular excepf for w =0 and
w = +2kmi (k =1,2,..), and so f(e-*) = g(w)+(w), where g(w) is an
integral function of 1/w, and y)(w) is regular for |w| < 27. Hence the
result.]






CHAPTER IX
DIRICHLET SERIES

9.1. Introduction. By a Dirichlet series we mean, in this
chapter, a series of the form

o2
an

povrd (1)

n=1
where the coefficients a, are any given numbers, and s is a com-
plex variable. The more general type of series

2 a"e""‘n"
isalso known asa Dirichlet series. The special type is obtained by
putting A, =logn. For the theory of the general type we must
refer to Hardy and Riesz’s General Theory of Dirichlet’s Series.

Throughout the chapter we shall write 8 = o4, where ¢ and
tarereal. If the Dirichlet series is convergent, we shall denote
its sum by f(s). We have already had one important example
of a Dirichlet series, the zeta-function of Riemann,

()= > <. (2)
“~ n®

Dirichlet series are not of such importance in general analysis
as power series because they only represent a very special class
of analytic functions. They are, however, of great importance
in applications of analysis to theory of numbers. In several
ways their theory is more complicated than that of power series.
For example, the circle of convergence, circle of absolute con-
vergence, and circle of regularity of sum-function are all the
same for a power series. In the theory of Dirichlet series, in
which ‘circle’ must be replaced by ‘half-plane’, the three corre-
sponding half-planes may be all different.

9.11. The association of half-planes with a Dirichlet series
depends on the following theorem:

If the Dirichlet series is convergent for 8 = 8,, then it is uni-
formly convergent throughout the angular region in the s-plane
defined by the inequality

larg (s—so)| < dm—3,
where 3 18 any positive number less than 3n.
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Tt is sufficient to consider the case where s, = 0; for

LR

where a, =a,n=%, 8 = 8§—3s,,
and the latter series is convergent for 8’ == 0.
We suppose, then, that > a, is convergent. Let
= an+1+an+2'{_"'
so that r, > 0. Then

N
>ttt S i iy @

neat ™
Now
n+t1
—-—1———-——12—23J‘du1\l]-’ dul _lsl{a !‘__o}’ (2)
(n+1) »nf utt uot ne. (n-1)

and |r,| <e for n>>ny=ng(e), n, being independent of s.
Hence for M > n,

!Z < Z =i Foe vy

n—-\ =\
_ €8] 1 € €
a {M" (N'+'1)v] 'ﬂuﬂL(N'.H)o'
< 2¢|8][o+2e.
If largs| << im—3, i.e. tfo << tan(im—38) == cot §, we have
|8]/a = J(1-+t%/0?) < cosec 8.

N
Hence Z (—l% < 2¢(cosecd+-1).
n=M "

The right-hand side is independent of s, and tends to 0 with ¢;
and this establishes uniform convergence.

In particular, if the series is convergent for 8, = oy-1ty, 1t 18
convergent for 8 = a+it, provided that o > o,. For we can choose
the 8 of the above proof so small that |arg(s—s,)| < 4w—38.

9.12. The region of convergence of the series is a half-plane.
For we can divide values of ¢’ into two classes, those for which
the series is convergent for o > o’, and other values of o’. By
the above theorem, every member of the first class lies to the



CONVERGENCE 291
right of ¢very member of the sccond class. Let o, be the real
number defined by this section. Then the series is convergent
for o > gy, divergent for o < o,

The number o, is called the abscissa of convergence of the series.

"The series may converge for all values of s (e.g. @, == 1/n!), or
for no values of s (e.g. a, —=n!).

The sum f(s) of the series is an analytic function of s, reqular
Jor o >> 5. Forevery term of the series is analytic, and any point
8 with ¢~ 0, is included in a domain of uniform convergence.

The questions of the convergence of the series, and the regu-
larity of the function, on the line o = g,, remain open; and (as
in the case of power series) various diff“rent cases are possible.

We have, however, the following analogue of Abel’s theorem
for power serics:

If the series is convergent for s == s,, and has the sum f(s,), then
f(8) - f(so) when s — sy along any path lying entirely inside the
region |arg(s—s,)! << 4m—38.

This follows at once from the theorem of uniform convergence.

9.13. Absolute convergence. The region of absolute con-
vergence of the Dirichlet serizs is a half-plane.

For the series is absolutely convergent if the series

i |, |
- ne v
is convergent. If this is convergent for a particular value of o,
it is clearly convergent for any greater value. Hence, as in the
case of convergence, there is a number é such that it is con-
vergent for o > G, and divergent for ¢ < 4.

Hence the original series is absolutely convergent for ¢ > &, and
not absolutely convergent for o <2 é.

The number & is called the abscissa of absolute convergence.

T'he numbers o, and G are not necessarily equal, i.e. there may
be a strip of the plane in which the series is convergent, but
not absolutely convergent.

This is shown by the following example. If ¢ > 1, we have

1 I 1 1 of1 , 1
(l —_ 23—1)“8) = (F+27,+37+---)-2(§;+Ig+"')

1 1 1 1

ety e

i Fon
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The last series, as it is arranged here, is convergent for o >0
(and uniformly convergent in any finite region to the right of
o=0). For, by a well-known thcorem (£.8. § 188), it is con-
vergent if & is rcal and positive. Hence, by the theory of
analytic continuation, the formula holds for o >0

In this case 0, =0. 5 = 1.

In any case 6—oy < 1.

For if 3 a,n"® is convergent, |a,|n~7 is bounded as n - o0,

and hence ~ a
Z nst148

is absolutely convergent if 5 - 0. which gives the result

In the above example, —c, == 1, zo that the strip of non-
absolute convergence may be as wide as I, though it can be
no wider.

9.14. The abscissa of convergence. The formula for g,
analogous to the formula (§ 7.1) tor the radius of convergence
of a power series, takes slightly different forms according to
whether Y a, is convergent or not. Let

8, =@y -+dy+...+a,,

and, if 3 «, is convergent, let r, == 2, ,,-+«, 1o-}.... Let
o = h loglgn| B . hn_l !Og]r,! l ,
n—>o0 logn o logn

B being defined enly if ¥ a,, is convergent.
Then oy == a if 3 a, 18 divergent, and otherwise oy = p.
In the former case o, >0, and in the latter case g, <{ 0; for
> a, is convergent if oy < 0.
(i) Let > a, be divergent, and let s have a real positive value
for which the Dirichlet series is convergent. Let
b,=a,n?, B, =b;+by-+...+b,, B,=0,

so that B, is bounded, say |B,| < B. Then

SN—-zb nt= Z(B —B,)n*
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N-=-1
Hence syl < B 3 {(n+1)*—n*}+ BN* << 2BN?,
n=1

loglsy| < slog N -+ log 2B,
and 80 x <{s. Hence a < g,
A similar argument holds if 3 a,, is convergent. If s has a real
negative value for which the Dirichlet series is eonvergent,

o0 o B
Ty == z buna = g (B,— B, y)n*
n=N-+1 n Niti

= Z B, {n*—(n-+1y}— ByN®,

n=N

so that iryl << Bﬂz\ (n*—(n+1)}+ BN*=2BN*

Hence, as in the other case, 87 o
(i1) Since s, = O(n*t<), and, if s is real,

7¢+-1

1 1 \
—_—— =9 Tu = f)(n—l!—l),
n?  (n+4-1)° ust!

we have

N N
N {2 N S Sea
nt n

n-M Hn n—AM+1

N‘\ 1 1 1 3 s
== Y N I8 1
i A T R iy Ty O
A
= 2 0(12“+“3‘1)+0(;V°‘ te=8) 4 O(Mate—?)
Mt}

=2 Q(Mere=®) = o(1)
if ¢ >« and e is small enough. Hernce the Dirichiet series is
convergent if 8 > «; hence oy < «. Since @, =7, ,—r, if Y a,
is convergent, we find similarly that o,<<8. This proves the
theorem.

If a — o0, the series is nowhere convergent, and if g = —c0
it is everywhere convergent. This easily follows from the above
argument.

9.15. The abscissa of absolute convergence. We have

f - 10g(|a1l+la2|+ +|(’n|)
nere0 log n
or G= —lim log(laru 1‘+ la1z+2|+ )

n-r® logn
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according to whether ¥ |a,| is divergent or convergent. This
is a particular case of the previous result.

Example. Determine o, and & for the series in which a, = 1, (—=1)%,
n-¥, (—1)n-1, a*(0 < a < 1), logn, 1/logn, respectively; and for the
series in which a, = 1 (n a perfect square), a, = 0 otherwise.

9.2. Convergence of the series and regularity of the
function. The region of convergence of a power series is deter-
mined in a perfectly simple way by the analytic character of
the function which it represents—the circle of convergence
passes through the singularity nearest to the centre. There is
no such simple relation in the case of Dirichlet series. There
is not necessarily any singularity on the line of convergence,
and in fact f(s) may be an integral function even though the
abscissa of convergence of the series is finite. This is shown by
the above example of the series for (1—2!'-*){(s). This is an
integral function, since the pole of {(s) at s == 1 is cancelled by
the zero of 1—21-5, But the corresponding series converges for
o > 0 only.

On the other hand, the series for (s), § 9.1(2), has a singu-
larity on its line of convergence. This is a particular case of the
following theorem:

If a, >0 for all values of n, then the real point of the line of
convergence ts a singularity of f(s)

The proof is similar to that of the corresponding theorem for
power series (§ 7.21).

We may suppose without loss of generality that oy = 0. Then
if 8= 0 is a regular point, the Taylor's serics for f(s), at the
point 8 = 1, has a radius of convergence greater than 1. Hence
we can find a negative value of s for which

f(8) = i (3:!1)"/-(,,) Z (1 ——s) z (log n)"a

v=0 n=1
But every term in this repeated series is positive. Hence the
order of summation may be inverted, and we obtain

Z Z(l—a)"(IOgn)"
Z% e(1-8)logn Zﬁﬂ'
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Thus the Dirichlet series is convergent for a negative value of
8, contrary to hypothesis.

9.3. Asymptotic behaviour of the function as ¢t > co. The
Sfunction f(s) is bounded in any half-plane included in the half-
plane of absolute convergence.

For i< S o i 1
n=1 n=1

for o 2> o > &, and all values of ¢.
N

ne
n=1

If the series

is convergent, we can take « ==&, and the function is bounded
in the half-plane of absolute convergence. This is true, for
example, of the function -
=1
I0= 2, rtogen

But in general the half-plane of absolute convergence is not
a region where f(s) is bounded, even if we exclude the neigh-
bourhood of singularities on the line o = & (see § 9.32).

Even in the half-plane of absolute convergence, the behaviour
of f(o+-1t) as t - oo is, in general, rather complicated. Take, for
example, a series with real positive coefficients in which

o0
S a,n?<a,2-°
n=3§

for a certain value of o. Then

o

Rf(s) = > % cosloB™) 0,4 2 Z =

n=1 n=3

for t == 2mmn/log2, m =1, 2,.... Also
= a
R E —n
fls) <a,— 2"+"=3n"

for t = (2m+4-1)m/log2, m =1, 2,.... Hence Rf(s) oscillates as
t — oo.
9.31. The following theorem is due to Dirichlet: Given N real
numbers c,, c,,..., Cy, @ positive integer q, and a positive number t,
u



296 DIRICHLET SERIES

we can find a number t in the range v <t < g%, and integers
Zy,..., Ty, such that

lieg—2y| < ; (n=1,2,., N).

The proof is based on the argument that if there are m-1
points in m regions, there must be at least one region which
contains at least two points.

Consider the N-dimensional unit cube with a vertex at the
origin and edges along the coordinate axes. Divide each edge
into ¢ equal parts, and thus the cube into ¢¥ equal compart-
ments. Consider the ¢V-+1 points in the cube

(Aer—[Acy], Acy—[Ac,),..., Acy—T[Acy]),
where A takes the values 0, 7,..., 7¢¥. At least two of these
points must lie in the same compartment. If they are given by
A=A, A=A, (A; < A,), then there are integers z,, ,,... such that
(’\2—'A1)0n_xn. < l/q (n = l’ 2"", N);
and so ¢ = A,—A, gives the required result.

9.32. We can now deduce the following theorem.

If f(s) =3 a,n=2, where a, > 0 for every value of n, and where
Y a,n-° is divergent, the function f(s) ©s not bounded in the region
0>G, |t| =t,>0.

That there may be no singularities on the boundary of this
region is shown by the function {(s) = ¥ »-%, which is regular
except at 8 = 1. We make |¢| > ¢, to exclude the neighbourhood
of the point 8 = &, where there is a singularity.

We have, for every value of N, and o > ¢,

1l,=1 N+1
X
and so ) =R n g-itlogn _ —
Z 2.
> > —Zcos(tlogn)— > =2
2 P

By Dirichlet’s theorem there is, for given N and ¢, a number
t (< t< 7¢"V) and integers z,,..., xy, such that

tlogn 1
25 —x, <§ (n=1,2,.., N).
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Hence cos(tlog n) > cos(2n/q) for these values of z, and so

Na 21rNa
~2 cos(tlogn >cos—§:—2
Zna (tlogn) > q &n°

n=1
> cos -2ff(a)— @n
q n?

Hence, taking ¢ = 6, say, so that cos 27/q¢ = },

f@)] > bf0)—2 > 22
N+1
Given any positive number H, we can choose o0—g so small
that f(o) > 4H (since f(o) > 0 a3 o - ). Having fixed o, we
can choose N so large that

a0

ZZ—';<%H.

N+1
Then |f(s)| > H, and the result follows.

9.33. In the half-plane of convergence, the function may, for
certain values of ¢, become as large as a power of ¢. For example,
the function f(s) = (1—21-8){(s), referred to in § 9.13, satisfies
the inequality |f(8)] > Ati-¢

for some arbitrarily large values of ¢, and values of o between
0 and }.*

On the other hand, the function cannot have values greater
than every power of ¢. This is shown by the following theorem.

We have f(s) = O(|t|1~0-00+¢)

as |t| - oo, for any value of o between o, and oy+1; and also
uniformly in the half-plane to the right of any such line.

Suppose first that ¥ a, is convergent. Then a, and s, are
bounded. Now (§9.14 (1))

N
Z%“ Z Z ol T

If 0 >0, the last term tends to zero as NV — o0, and we obtain

 La, = 11 Sat
f(8)~z,;+gl"n{7?“(n+1)} (M+1y

1
* See Miscellaneous Examples, no. 18.
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Hence, by §9.11 (2),iff 0 <o <1,

M a0
el <d D o '%'; 5= s+ a1y
< AM-o L AtM-o4 A.
Taking M = [t], we obtain
fle)=0@-)  (0<o<]l),

and similarly f(s) = O(f1-*) (0<a <1, 0>a). In the general
case, the series > a,n~* iz convergent for s=o,-}¢, and we
obtain the above case by changing the origin to this point.
Hence the general result follows.

9.4. Functions of finite order. At this point we adopt a
slightly different point of view. We have so far considered f(s)
as being defined by the series > a;n~¢, and we have confined
our attention to the half-plane of convergence of the series. It
may, however, be possible to continue the function outside this
half-plane. The function, so defined, may be regular in a wider
half-plane; or it may be regular in a wider half-plane except for
a certain finite region. We shall now consider the relations
between a function defined in this way, and the Dirichlet series
from which it originated.

The theorem of § 9.33 suggests that it will be particularly
interesting to consider functions which satisfy the condition

f(8) = O([t]4)
for some positive value of A. A function which satisfies this
condition for a particular value of ¢ is said to be of finite order
for that value; if the condition is satisfied uniformly for
0, <0< 0, we say that the function is of finite order in
this strip. Similarly we can define a function of finite order
in a half-plane o > a,.

We have seen that any function defined by a Dirichlet series
is of finite order in a half-plane included in the half-plane of
convergence. It may be of finite order outside this half-plane;
for {(s), for example, o, = 1; but (§ 9.13)

toy=-21% (o> 0)

n=1
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and hence, by § 9.33,
L) =O(jtef-or)  (0<o<).

9.41. The function p(o). The lower bound p of numbers ¢
such that f(s) = O(|t[¢) is called the order of f(s) for that par-
ticular value of 0. Thus u is a function of o.

The main properties of the function u(c) follow from the
Phragmén-Lindelof theorem proved in § 5.65. Suppose that f(s)

is regular and of finite order for o, <o <o, t>1, and let
p(ay) = py, u(og) == py. Then, if € is any positive number,

f(al—}—'it) = O(tm +¢), f(o.z_Jr_it) = O(tr=+¢).
Hence, by the theorem referred to,

f(8) = O(t*®) (0, <0< ay),
where k(o) = ( *o)(/‘l+‘)+(°—°1)(}‘-z+€)

g0,
Making € - 0, it follows that

uo)< e oMtlomode (o ooy )
020y
Hence the function u(o) is convex downwards.

It follows also that u(o) is continuous (§ 5.31).

Secondly, u(c) = 0 for sufficiently large values of a; for since
f(8) is bounded for o > &, u(o) < 0 for ¢ > &; on the other hand,
if a,, is the first cocfficient in the Dirichlet series which does
not vanish, and ¢ < « < o,

\ Iaml Iarl ‘ ml a,
Sl > Sl S Ll Bl gy S 1l
n=m+1 n=m+1
which can be made positive by taking ¢ large enough. Thus
|f(8)], considered as 2 function of ¢, has a positive lower bound
if ¢ is large cnough. Hence u(o) >0, so that in fact u(c) =

If now (o) were negative for any value o, in the region where
f(8) is of finite order, it would follow from (1), with o, so large
that p, =0, that u(o) < 0 for ¢, < ¢ < 0,; and we have shown
that this is impossible if o, is large enough. Hence pu(c) is never
negative.

In particular, u(e) = 0 for o > ; for we have already shown
that pu(c) < 0 for 0 > 6.




300 . DIRICHLET SERIES
Again, take o, > G in (1), so that p, = 0. Then if u, >0,

Oq—C
PSP <y (@>0).
03—0y

Hence u(c) 18 a steadily decreasing function of o.

9.42. Perron’s formula. We next require an expression for
the sum s, as an integral. This is a particular case of the
following theorem.

If x is not an integer, ¢ 18 any positive number, and ¢ > oy—c,

then c+ioo
a, 1 v
> = o [ fotw)Z aw. ()
n<z c—i

Suppose first that o > &—c. Then the series for f(s+w) is
absolutely and uniformly convergent, and we have
c+iT c+iT

il J‘f(,s—i-w)—dw——;‘2 1, f zn-ww -
c—iU
1 <a, z\" dw
= o 2 f (;) o @
1 c—iU
c+io

e o=

c—i®

Now by § 3.126

It is therefore sufficient to prove that we can replace U and T
in (2) by co; that is, we want

© ©o+iT
lim S % \edw _
Terco Lt MB n] w ’
1 cH+iT

with a similar result for U.
Now for a fixed z,
e+l ¢+io

GES ”(ﬁ)ﬁw@ﬁiza:ﬁ)meﬁ[ G

c+iT
1 1 dv 1
= 0fger)* O(Zc | c‘2+vz) =0(zez)
T
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c+io,

e 32T 035 2)
c+iT n=
and the result (for o > —c) follows.
Suppose next that oy—c < o0 <5—c¢. Let a > G—o, and con-

sider the integral o
j f(s+w) = dw

taken round the rectangle formed by the lines R(w)=c¢,
R(w) = o, (w) = —U, I{w) = T'. By the theorem of § 9.33, the
integrand is O(t-o+e-on+e),
and so the integrals along the horizontal sides tend to zero as
U - o, T - 0. The integrand is regular inside the rectangle,
and so, by Cauchy’s theorem,

] c+1i% l'. a+io
DNt xw
__dw= ~_ dw.
2mi f flotw) dw=4; f flotw) 5 dw
c—1io a—1i0o
Since ¢ > G—a, the right-hand side is equal to ¥ a,n-%, by the
<
first part. This completes the proof. e
The particular case s =0 is
c+i%o .
1 v
Sty [ S0 LA > @)
n<lze 2 ) w
Cc—1o

This is Perron’s formula.

9.43. There are several other formulae of the same type as
Perron’s. One which we shall use later is

© c+1i0o
(n&)" -w
;n‘ =5 i f ( )(s+w)8 dw,
c—1io

where 8 >0, A>0, and ¢ >0, c >6—o. To prove this, write
the right-hand side as

c+1io

c—1i%0

and observe that we can invert the order of summation and
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integration by ‘absolute convergence’. We therefore obtain
c+io

n’ 2m)\ f ( )(nS)-wdw,

c—1io
and the result follows by the calculus of residues.

9.44. The theorem of § 9.42 enables us to obtain a result of
the opposite type to the previous ones—we can pass from the
order of the function to the convergence of the series.

The Dirichlet series 18 convergent in the half-plane where f(s)
18 regular and u(o) = 0.

Let s be a point in the interior of this half-plane, and let & be
a positive number so small that 0—3 isstillin the same half-plane.
Let ¢ > 6—o+1 (so that the simpler case of the theorem of § 9.42
can be used). We deform the contour of § 9.42 (1) into the form

c—t100, c—1iT, —3—1T, —8+1T, c¢+1T, c+100,
where 7 > |t|. In doing so we pass over a pole at w = 0, with
residue f(s). Hence

> 2 —fl)

n<a:
c—iT —8d—iT —8+iT c+iT c+ioo

2m{f [+ [+ +] }f(s+w)§£—’dw.

c—iT —3—iT —3+iT c+iT
Since we are in the half-plane where u(o)=0, we have
f(8) = O(|t|¢) for every positive e. Hence

—8+1iT
o f(s+w)—dw_ f 0{(|t|+|v|)}422 v — O@@-37T"),
‘ c+1iT
and f(s—{—w)—— dw= | O(Te )—ndu_ O(acT<-1).
. J o

A similar result holds for the integral over (c—t7', —6—:i7').
Finally, as in § 9.42,

c+1io © c+1i0 w d
xw a x w
ot o= 3o [ (1)t
w nt ) \n/] w
c+iT n=1 i

=0(f§ el )

T;: n°+|log x/n|
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We may suppose without loss of generality that x is half an
odd integer. Then
llog z/n| > log{(n+-})/n} > A/n.
Hence the above expression is

R Y ol
o530 =ofs)
since o+c—1>g.

A similar result holds for the integral over (c—¢o0,c—:T');

and adding, we obtain

S a,n*—f(s) = O@@-3T<)+O(aT<-1).

n<z
Taking 7' = x%, this is

O(x—8+206)+0(x-c+20c)’

which tends to zero as x — o0 if e << 8/2c and € << }. This proves
the theorem.

A more general theorem of the same type is given in Landau’s
Handbuch, § 238, Satz 57.

9.45. Let o, be the abscissa limiting the half-plane where
f(8) is regular and of the form O(t€). Then we have proved that
0y <X 0, X 0.

Tt is not easy to give an example where thesé numbers are
all different. There is some reason to suppose that, for the

function (1—21-#){(s), we have o, = }, so that the three numbers
are 0, }, and 1 respectively. But this has not been proved.

9.5. The mean-value formula. I f o >3,

T
.1 < a2
lim — dzﬁ ety
Jim o [ 1) )
—T n=1

For lf(S)l2=i J’Li o
=2 R )

the series being absolutely convergent, and uniformly con-
vergent in any finite t-range. Hence we may integrate term by
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term, and obtain

@, | i, 28in(T log n/m)
wf |f(8)1* dt = Z st ZE mone  2Tlognjm

The fa.ctor involving 7' is bounded for all 7', m, and n, so that
the double series converges uniformly with respect to 7'; and
each term tends to zero as 7' — 0. Hence the sum tends to
zero as T — oo, and the result follows.

9.51. The mean-value half-plane. Let o, be the least
number such that f(s) is regular and of finite order, and the
mean-value formula holds, for every o greater than o,. We
shall call the half-plane ¢ > o,, the mean-value half-plane. This
expression is justified by the following theorem:*

If f(s) 18 regular and of finite order for ¢ > «, and

T
77 | Wectivra 1)
iy

18 bounded as T — oo, then

m o f oty de = Z . @)

for o >a, and umformly m any strip a < oy < 0 < 0.

Starting with the formula of § 9.43, and moving the contour
to R(w) = a—o, where ¢ > a, we pass a pole at w =0, with
residue A f(s); and if A > oc—a, no other pole is passed. Hence

a—o+i®

Z e—(nd _ f(s)—z — f ( )f(s—{—w)S‘“’ dw

n=1 a—g—ioo

— o{ao—« fw e-401| fla-i(t+v)}| dv}

—o0

by the asymptotic formula for the I'-function (§ 4.42, ex. (i)).
Now if |t|< T,

fe—4v| flatit-+o)) do—= 0( fe—Ava dv) — O(e-47),

2T 2T

* Carlson (I). The theorem is analogous to Parseval’s theorem for Fourier
series (§ 13.54).
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and a similar result holds for the integral over (—o0, —27).
Also, by Schwarz’s inequality,*
2T

{ f e~ 4| flat-i(t+v)}| dv}
- 2T 27
< fe““‘”'lf ax+-i(t+v)}|2 dv fe"“" dv
-27 —27
2T
<A f e~ 41| floti(t-+v)} |2 do.
Hence -

~q A 2
Sge

27
< 4822« f e 41| flot-i(t+v)}[2 dv + Ad20-2xg—AT,
—2r
and, integrating with respect to ¢ over (—7, T),

f |3 o e g

< 43202 f e=41el gy f | flati(t+)}[2 dt +0(5%-2),

dt

Now - i
T T+ov
[ atittopirdi= | |f@tined=om
-T —T+v

uniformly for |[v| < 27. Hence

o[58 sof

uniformly with respect to 7. Hencet

T by T t
o [|Z T ~fap [ e -ow
-7 -T

uniformly with respect to 7.

dt = O(52-22)

* See P.M. Ch. VII, ex. 42; or § 12.41 below.
t By Minkowski’s mequa.hty (§ 12.43), but only in the case where p = 2
and the functions are continuous.
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If 8> 0, the series ¥ a,n—%e~"¥" is absolutely convergent,
and so, by § 9.5,

lim L Z neodff =3 0l st (g
T—-»ao- n2e

Taking, say, 6 = l, it follows from (3) and (4) that

T
21T f 1f(s)[2 dt < A.
-7

Hence by (3), with any positive 3,
> a8 oot < 4,

and so, since 4 may be as small as we please,

la,|?
n2e
is convergent, and
2
lim l nl e~ 2(,.5) lanl .
5—0 n 20 ,n‘lo

Given ¢, we can choose & so that the absolute value of the
left-hand side of (3) is less than ¢, for all values of 7', and so

that
{ la'n|2 e—2(n8)>‘} { Ian ‘2}
n20’ n20

Having fixed 8, we can, by (4), choose 7T}, so large that

T
i
1 a, A[2 la,, |2 A
i - gy Pnl  ,-2(nd)
{2’1‘]'21&" ‘ } { 2o }
-7

for T' > T,. Then

{EITJ:V(“’)F dz}*_{z IZ o2 }

for 7' > T, and the theorem is proved.
9.52. If |f(8)|* has a mean-value for o = o, then the Dirichlet
series 18 absolutely convergent for ¢ > a+34. In symbols,

d<<ont4.

< €.

< 3e
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It follows from the above theorem that
|@.|?
n2a+2e

is convergent for every positive e. Now

NG 2,2 <+ 1
{ Z o } < z o 26 > e

n=1 n= n=1
and this is bounded if ¢ is small enough and o—a > }. This
result was obtained in another way by Hardy (10).

9.53. If f(3) is bounded for o> a, then 3 |a,|*n-2* is con-
vergent; if |f(8)| << M, then

|a,|? 2
Slear

This also follows from the theorem of § 9.51. For

T
1l tim L J' f(8)[2 de < >
iy

for every o > «; and making o — a the result follows.

If we assume that f(s) is bounded, the analysis of § 9.51 can,
of course, be very much simplified.

9.54. Another consequence of these theorems is that a strip
in which f(s) is bounded, but in which the Dirichlet series is not
absolutely convergent, can be at most of breadtH 3.

9.55. The Dirichlet series converges in the half-plane in which
f(8) @8 regular and of finite order, and

T
.1 .
Jim o | o2
-T

exists. That 13, oy < 0,

We have first to deduce an ‘order’ result for f(s) from the
given mean-value result.

We have f(8) = O(|t|}) uniformly in any strip a < o < B, where
o> 0,

Let 8 be a point of the strip («,B), R a number less than 1 and
less than a—o,,, independent of t. Then, if 0<p< R,

i | B ——j"f(s+pef¢) n

lc-al=p
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Hence, by Schwarz’s inequality,

SR < gra [ 46, [ atpet)ds =5 [ 1fta+pet)2dg.

Multiplying by p, and integrating with respect to p from 0 to
R, we have R 2m

VRSO < [ [ 1+ pehip dpds

o+R I+R 1 o+ R 1t+1
<5 j f fa+ipldedy <5 [ do | |ftin)dy.
o—R a—R —lt—1
1t+1
Now [ 1f@+iy)Edy =0

—li-1
uniformly in 2; hence
$R?|f(3)]*= 0(t),

which gives the required result.
We use the same contour integral as in § 9.44, s and 0—38
now being in the half-plane o > o,,. Then

—3+iT - |f(3+w)(2 T v i
z* -5 e
fis+w) p” dw <z [ J(82+v2) f\/(b‘z—}—v’)} .
—§—iT -7
Let $(v) = [ |f(o+utiy) dy = O(v).
Then °
f If1? _ 1) n J‘ vé(v)
«/(52+v2) VTP (8”+v‘)‘

_0(?)
— o)+ f 5oy 40 = OUog 7).
Similarly the integral over (—7',0) is O(log T'). Hence
=3+4iT
f(8+w) %w dw = O(z-3log T).
=811
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Also, by the lemma,

ct+HiT c
f fo+w) S dw= f O(VT)gdu= O@eT),
—8+iT -8

with a similar result for the integral over (c—i7", —8—1iT). As
in § 9.44, the remaining integrals are O(z*T-!). Hence

Z Z_:»_ f(8) = O(x-31log T')+ O(a=T-4),

n<zx
and, taking 7' = z%+1, this tends to 0 as z - o, so that the
result follows.

9.6. The uniqueness theorem. A function f(s) can have
at most one representation as a Dirichlet series. More pre-
cisely, if

in any region of values of s, then a, =b, for all values of n.

For the series Y (@,—b,)n* is uniformly convergent in a
region including part of the given region and extending arbi-
trarily far to the right; and so its sum is the same analytic
function, viz. 0, in the whole region. But, if m is the first value
of n for which a, #b,,

lz (an_bn)n—al 2 Iam_bm|m—a_n§llan—'bn‘n—o’

and, as in § 9.41, this is positive if o is large enough. This leads
to a contradiction, and so proves the theorem.

9.61. The zeros of f(s). The above argument shows that
f(8) always has a half-plane free from zeros.

The problem of the distribution of the zeros of any given f(s)
is usually a very difficult one, and the results for different func-
tions may be very different. For example, it is supposed that
all the complex zeros of the function

1 1 1

l—.——2;+§—.—-... = (1—21-%){(3)
lie on the lines o = 1 (zeros of 1—21-%) and o = } (zeros of (s) );
the zeros on o = 1 are easily identified, but the remaining state-
ment has never been proved.

On the other hand, it is known that the function {’(s)/((s),
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which is represented by an absolutely convergent Dirichlet
series for ¢ > 1, has no zeros in a certain half-plane ¢ > K
(E > 1), and zeros on lines ¢ = ¢’ which are dense everywhere
in the interval 1 <o < E.

It is interesting to compare the general problem with the
particular case where a, = 0 except when n is a power of 2.
Then the function is of the form

o0 b ©
fe)= s2= 3 b,
n=0 n=0
where z = 2-2. The series is a power series as well as a Dirichlet
series. To each zero z, of the power series corresponds a sequence

of zeros .
log z,+ 2um
Sy = —- g loﬁL (=0, +1, +2,.)

of f(s). If 2, is the zero of smallest modulus (other than 0), f(s)
has no zero to the right of the line
o — log 1/|z,|
log 2
there being an infinity of zeros on this line.

9.62. The function N(o,7T). Let t, be a positive number
such that f(s) is regular for ¢ >> ¢, and o sufficiently large, and
let N(o,7T) be the number of zeros o’'+it’ of f(s) such that
o' >o0,ty<t'<T. Then we have the following theorems:

9.621. If f(8) v of finite order for o = o, then

N(o,T)=0(TlogT) (o > ).

We can find a number 8 so large that |f(s)| has positive lower
and upper bounds on the line o =B. Let 0 <8 < §(f—a). We
apply Jensen’s theorem to the circle with centre B-+vnd and
radius B—a. If n(r) is the number of zeros of f(s) in the circle
|s—(B+11nd)| < r, Jensen’s theorem gives

ﬁ—a 2w
f ’lii) dr =% f log| f{B+ind+(B—a)eit}| d8 —log| f(B+ind)|.
(1] (1]

Now f(8) = O(t4) for ¢ > «, and so
log] f{B+ind+ (B—a)e}| = log|O{(n8+B—a)4}| < K logn,
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where K depends on a, 8, §,... only. Also log|f(B-+ind)| == O(1);
hence

f n(r) dr < Klogn.

.
0
But
B—a B—a
f ?‘ir’) dr > n(B—oa—3) f ‘frf > Kn(B—a—3),
0 B—a-8

and n(8—a—238) is, if § is small enough, greater than the number
of zeros in the strip

o = o+t 28, (n—3)8 <t < (n-+13)d.
Denoting this number by v,, we have therefore
v, < Klogn.
Hence N@a+2, TV ¥ v, <KTlogT,

1,/ 8<n<T/8
and the theorem follows.

9.622. If f(s) is bounded for ¢ > a,
N(o.T)=0(T) (o0 > a).

The proof is similar to the previous one, but here the factor
log T obviously does not occur. The example at the end of
§ 9.61 shows that we may have N(o, T) > AT.

9.623. If f(3) has a mean value for o = a, and 1s of finite order
foroZa then  x Ty _OT) (0> a)

We use the following lemma:

If ¢(t) is a positive continuous function in (a,b),

h b
1 7 1
o J log $(¢) d < log {6__a f (0) dt}.
a a

Divide the interval (a,b) into » equal parts by the points
a =z, .., x,=b. We have

BB S < () + S+ + @ n.
1 . 1
Hence L logd(a,) < log {;qu(x,)},

X
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i.e.

i D, s logn) <log [ 1S (o=, )

Making n — oo, the result follows.

The theorem may be deduced from Jensen’s theorem by an
elaboration of the argument of § 9.621, but it is more con-
venient to use the theorem of § 3.8. Applying it to the function
f(s) and the rectangle («, B;¢,, 7'), we have, on taking real parts,

B T
zﬂjN(o, T) dazfloglf(a—|—it)| dt —
@ o

T B B
— f log| f(B+it)| dt + f arg f(o4-iT) do — j arg f(o-+ity) do.
I a

’ (1)
Applying the lemma to the first term on the right of (1),

we have
T T

1 . 1 1 i .
Tr——:’zo f log|fa+ut)| di = 3 T‘——to J log| f(a+1t)|2 dt

(23 ty

by hypothesis. Thus the term in question is less than AT

Secondly, as in § 9.621, log| f(B--1t)| is bounded if B is large
enough. Hence, if B is suitably chosen, the second term on the
right of (1) is O(T).

To deal with the third term, suppose first that f(s) is real for
real s. We can take B so large that R{f(s)} does not vanish on
o = f. Then, as in § 3.56, arg f(s) is bounded on ¢ =g, and, on
t=1T, argf(s) = O(q), where ¢ is the number of times R{f(s)}
vanishesont=7,a<<o<B. Nowont="1T

R{f(8)} = }{f(e+iT)+f(e—iT)} = g(0),

say, and ¢ is the number of zeros of g(z) on the real z-axis such
that « <z<B. Since g(z) = O(T4), it follows from Jensen’s
theorem as in § 9.621 that ¢ = O(log T'). Hence the third term
on the right of (1) is O(log T').
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If f(s) is not real on the real axis, we can consider instead

the function
8) Z n" Z S)J

and apply the same proof to this.
Finally, the last term on the right of (1) is a constant. Hence

B
fN(o, T)do = O(T).

B a+d
But f N(o,T)do > f N(o,T)do >SN (at8, T),

and the result now follows.

9.7. Representation of functions by Dirichlet series.
What sort of function can be represented by a Dirichlet series ?

It would take us much too far to give anything like an
adequate answer to this question, but we can give some indica-
tions. It is not difficult to sce that a Dirichlet series can only
represent functions of a very special kind.

If f(s) is representable by a Dirichlet series, it must, in the
first place, be regular and bounded in a certain half-plane (viz.

= 6+¢€). Further, it must have a mean-value

ln)r:0 ’1'f | flo-+1t)|2 dt
_p
for all sufficiently large values of o, and the value of the limit
must decrcase steadily as o increases.
Again, if f(s) =3 a,n~%, and x is real, then for ¢ > &
.

sy [y [ (S e 3 S5 o)
-7

-T
a, 2sin(7'log x/n)

— - a
=0y ne  2Tlogz/n

n#T
the term @, occurring if x is a positive integer only. The last
series, being uniformly convergent in 7', tends to zero as 7' — oo.
Hence
(x a positive integer),

Tereo (otherwise).

T
. 1 _a,
lim ngf(s)ﬁ dt-—o
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This, therefore, is a necessary condition for f(s) to have the form
> a,n~* (the formulae are due to Hadamard). It is, however,
not sufficient. But it shows what special properties a function
representable by a Dirichlet series must have.

If the Dirichlet series reduces to a single term, say f(s) = ak -2,
then f(s) is periodic, with period 2miflog k. The general Dirichlet

series with period 2ni/logk is z b,k—m8. If we insert other terms,

the property of periodicity dlsappears but f(s) always retains
a certain more general property, which resembles that of
periodicity, and any such function is said to be ‘almost periodic’.
Tt is in the study of almost periodic functions that answers to
the question which we have raised are to be found. We have
no space to go into this question further. But we may say
roughly that, if an almost periodic function takes a certain
value, it repeats this value, not exactly, but approximately, an
infinity of times; and the points where it does this are distri-
buted in much the same way as the periods (a, 2a, 3a,...) of a
periodic function.

The theory of almost periodic functions is due to H. Bohr

(1), (2), (3)-

MISCELLANEOUS EXAMPLES

[ ]
1. Prove that, if ¢(x) = 3 a,e ", then
n=1

1
(s) = - -1h(x) dx
16) = 5 | = 9@
0
(i) for ¢ > 0, @ >- 0, (ii) for o > 0, o > a,.
2. If 0 < 0 < 27, the function f(s), detined for o :> 0 by the equation

o
eind
fE) = ) —o
n=1
is an integral function.
[Use ex. 1 and proceed as in the case of {(s).]
3. The functions defined for o >> 1 by the series

o goind o goillog e

Z__ @>0,0<b<l) 2**“ (@ > 0),
n* n*

n=1 n=1

are both integral functions. [Hardy (7), (10).]
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4. A function represented by a Dirichlet series cannot tend to a limit
(in the half-plane of absolute convergence) as ¢ — o, unless it is a
constant.

[If f(8) = §‘a.n“‘, then for ¢ > o

lim o7 fj(s) dt = a,, llm f |f(®)|2dt =3 a3

Hence, if f(8) — a, a, —a, > la.2= ]a|‘.
Hence lag|®+ |ag|?+-... =0,
i.6. g = 0, ag = 0,.... Hence f(s) = al.]

5. Show that
1 ;L(n)
— o>1),
o~ w 7D

n=1
where u(1) = 1, u(n) = (—1) f n is the product of 7 different primes,
and otherwise pu(n) = 0. Show also that

Us) [n(n)]
L(23) Z T

n=1

[The infinite product for {(s) is given in § 1.44, ex. 1.]
6. Verify the formulae*

dn) LW dn?) LN (dn)
{L(s)? = 2 o U2s) Z T sy L

n=1 n=1 n=1
where d(n) denotes the number of divisors of n, and ¢ > 1.

[If the expression of n in prime factors is ’
n = phipls...pr,
then d(n) = (m;+41)(my+1)...(m,+1).
2
Hence Zd(n) Z(2m+l)
p m-=

and z{d(n)}' nz(mﬂ) ]

7. Verify the formulae

n

{(s)(s—a) = E'(—,”z (6>1,0>a+l),

* A number of other formulae of this kind are given by Pélya and Szegs,
Aufgaben, VIII. Abschn., nos. 49-64.
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and*

U\ (s—a)(s—b){(s—a—b) _ i au(n)ay(n)
{(2s—a—b) n

n=1
(c>1l,c>a+l,0>b+1,0>at+b+1),
where g (n) denotes the sum of the ath powers of the divisors of n.
[The second formula follows from the identity
1 —pors-
(I=p=*)(1—=p**)(1—p* *)(1—p*+*~)

_ - 1 L “—,-* (]T_p(mi l)a)(l,_p(ma})l)
(1-p)(1 ~p°>"% P ]

8. Let d,(n), where k = 2, 3...., denote the number of ways of ex-
pressing n as a product of & factors, the order of the factors bemg taken
into account. Then

D

SE gy o>

nt
n-=1

A 14p* -
Z gy ]—[{I’H(lﬂp‘,)} (o> 1),
n=1 b

where p runs through all priine numbers, and P,(z) is the Legendre
polynomial of degree n. [Titchmarsh (8).]

9. Show that. if f(s) hax the period 2ni/logk, Hadamard's formulae
for the coefficients a, (§ 9.7) are equivalent to Laurent’s formulae for
the coefficients in a power series.

10. A necessary and sufficient condition that a function f(s) should

be of the form ©
2%
kne
n=0

is that f(s) should be regular and bounded for sufficiently large values
of 0. and have the period 27i/logk.

and

11. If a, = 0 unless n is a power of k, then

Oy = G =0, = G,

0
12. The function f(s) = X 2-™* has the line o =0 as a natural

m=0
boundary. [See § 4.71.]
13. The function f(s) = 3 p-* where p runs through all prime num-
bers, has the line o = 0 as a natural boundary.

[This is & more recondite example than the previous one} see Landau
and Walfisz (1).]

* Ramanujan (1). B. M. Wilson (1).
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(8) = z {ii&;’fz},.'
n=1

is meromorphic if r == 1, or if r = 2, k = 2; for other values of r and
k it has the line o ~ 0 as a natural boundary. [Estermann (1).]
15. Show that, for the function {(s),

o) =0 (o= 1), =1-20 (o0 < 0),
and that u(o) < 1—a for 0 << o < 1.
[The result for o < 0 follows from the functional equation for {(s)

The actual value of u(o) for 0 < o < 1 is not known.]
16. Calculate the mean value

14. The function

T
Elif [f(8)[2dt  (e>1)
=T

for the functions f(s) = {(s), 1/{(8), {{(s)}%.

17. Show that. if f(s) is unbounded on any line ¢ = « in the half-
plane where it is of finite order, it is also unbounded on every line
¢ = f <<« in tho same half-plane.

18. Show that the function f(s) = (1 —2'-*){(s) is unbounded on every
line 0 = << 1; and that tv~*f(s) is unbounded on every lino o = «,
where 0 < o <C 4.

[The theorem of § 9.32 shows that {(s), and so also (1—2!-%){(s), is
unbounded for ¢ :> 1, |t| > 1. The theorem of § 9.41 then gives the first
result, and the second result then follows from the functional equation
for {(s), § 4.44, and the asymptotic formula for the I'-function, § 4.42.]

19. 1f s, = i a, i8 bounded, then f(s) = ¥ a,n* is regular for ¢ > 0;
v=1

and, if f(s) ha,s‘a pole on ¢ = 0, it is at most of the first, order.
[If #(u) = 3, a,, we have

rsu

oo
qS(u) du .
fs) =8 u‘“ = wo+l
1
20. Tf s, ~ n, then f(s) ~ 1/(s—1) as 8 > 1 by real values greater
than 1.
If s, ~ nlog*n, where k is a positive integer, then

k!
J@) ~



CHAPTER X

THE THEORY OF MEASURE AND THE
LEBESGUE INTEGRAL

10.1. Riemann integration. In the theory of analytic
functions w> have used the familiar definition of an integral
due to Riemann. In the theory of functions of a real variable,
however, Riemann’s definition has been almost entirely super-
seded by a more general one, due to Lebesgue.

Lebesgue’s definition enables us to integrate functions for
which Riemann’s method fails; but this is only one of its
advantages. The new theory gives us a command over the
whole subject which was previously lacking. It deals, so to
speak, automatically with many of the limiting processes which
present difficulties in the Riemann theory. At this early stage
it is difficult to say anything more precise.

Let us begin by recalling the definition of the Riemann
integral of a bounded function. Suppose that f(x) is bounded
in the interval (a,b); we subdivide this interval by means of the
points x,, x,,..., z,, so that

=0y < Xy < ...<Z,_,<x,=b.
Let m,, M, be the lower and upper bounds of f(z) in the interval
z, <x <, and let

n—1 n—1
8= zomv(xv+l—xv)’ S= Eon(xv+1—xv)'
v= v=

When the number of division-points is increased indefinitely so
that the greatest interval z,,,—z, tends to zero, each of the
sums 8 and S tends to a limit. If the limits are the same, their
common value is the Riemann integral

b
J‘ f(z) dz.

In certain cases, e.g. if f(z) is continuous, we can say definitely
that this integral exists.

Suppose in particular that f(x) takes the values 0 and 1 only,
say f(xr) =1 in a set £, and f(z) = 0 elsewhere. Then it is easily
seen that s is equal to the sum of the lengths of those intervals
throughout which f(z) = 1, i.e. intervals consisting entirely of
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points of E; while S is the sum of lengths of intervals which
include any point of K. If the set E consists of a finite number
of intervals, there is no difficulty in proving that s and S tend
to the same limit, viz. the sum of the lengths of the intervals
of K.

The Riemann integral of such a function (f(z)=1 in E,
0 elsewhere) may be called the extent of the set E. Extent is
thus a generalization of the length of an interval. The extent
of K, if it exists, is written e(£), so that

b
e(E) = f f(x) dz.

Whether the extent exists or not, the limits of ¢ and S exist.
These limits are called the interior and exterior extents* of £,
and are written e,(E), e, (E).

The function f(z) is called the characteristic function of the
set K.

"It is easy to define a set which has no extent. Let £ be the
set of all rational values of z in (a,b). Since every interval con-
tains both rational and irrational numbers, we have m,= 0,
M, =1, for all modes of division and all values of v. Hence
8 ==0, § = b—a, and consequently

e (F)=0, e(E)=b—a.
The extent of this set is therefore undefined, and the charac-
teristic function f(z) has no Riemann integral. ,

In the general case we may say that the definition of the
extent of £ depends on the consideration of certain sets of
intervals related to K, the number of such intervals being
always finite.

Lebesgue’s generalization is in the first place a generalization
of extent; and it consists fundamentally in removing the restric-
tion that our sets of intervals must be finite. Before we can
introduce it formally we must make some further remarks about
sets of points.

10.2. Sets of points. For the fundamental ideas concerning
sets of points we refer to Hardy’s Pure Mathematics, Chapter 1.
We usually denote sets of points by E, E,,... and suppose

* The exterior extent is sometimes called the content.
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them all to lie within a finite interval (a,b). We denote by CE
the complement of K, i.e. the set of all points of the interval
(a,b) which do not belong to E.

If E, and E, are two sets, we denote by E,+ E, the set of
all points belonging to E, or E,, and by E,E, the set of all
points belonging to both £, and E,. The notation is suggested
by the fact that, if f,(x), fo(x) are the characteristic functions
of E, and E,, then f,(r)f,(x) is the characteristic function of
E,E,; while, if £, and E, have no common points, Si(@)+f(x)
is the characteristic function of E,+ E,.

Note that C(E,+E,)=CE,.CE,.

The notation extends in an obvious way to any finite number
of sets; also, if there are an infinity of given sets &, I,,..., then
Ey+E,--... denotes the set of points belonging to any of the
given sets, and K, k... denotes the set of points belonging to
each of the given sets.

By E, < E, we mean that every point of E, is a point of E,.
Two sets are said to ‘overlap’ if they have common points.

An infinite set of pointsa s said to be enumerable if it is possible
to define a one-to-one correspondence between the pomts of the
seétand the integers 1, 2, 3,...; that is, we must be able to arrange
the points in a sequence z,, Ty %g,... such that every point
occupies a definite place in the sequence. For example, the set

of numbers T, |, T, I,/ 18 enumerable; so is the set ! 1, 1

L.
The set of all proper rational tractions is enumerable; for we

can arrange them as follows:

‘5’ .15’ §’ 1}’ f}»--'
taking the denominators in order of magnitude, then the
numerators.
The ‘sum’ of two enumerable sets is enumerable; for if £,
consists of the points x, z,,..., and E, of £, §,,..., then all points
of K,+ E, are given by the sequence

xl’ fls 1112, fz:-“ .

A similar argument applies to any finite number of enumer-
able sets. Further,the sum of an enumerable infinity of enumerable
sets 18 enumerable; for let the sets be £, K,,..., and let E,, consist

of the points
p Ty, s Lo, moeees Ly pyese »
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We can arrange the double infinity of points z,,, as a single
infinity in various ways, e.g. by taking together points for which
m+n=4k (k=2,3,...), and in cach such group taking m in-
creasing; thus

21,10 T1, 2 Lo, 10 T1,3 T, T3,15 Tp, 45000 -
This proves the theorem.
Finally a sub-set of an enumerable set is enumerable. For any
sub-set of x,, x,, x;,... clearly has a first member, a second

member, a third member, and so on, and this gives the required
enumeration.

10.201. The reader might begin to suspect that all sets were
enumerable; but this is not the case. 7'he set of all numbers
between 0 and 1 is not enumerable.

To prove this, suppose on the contrary it were possible to
arrange all such numbers in a sequence z,, a,,.... Suppose each
such number expressed as an infinite decimal (‘terminating’
decimals end with an infinity of 0’s; we exclude a recurring 9).
We then form a new decimal &, such that, for every value of n,
the nth term in the decimal for ¢ excecds by 1 the nth term in
the decimal for x,, if it is 0, 1,...,7, and is 0 if it is 8 or 9. This
rule defines ¢ completely, and ¢ does not end with a recurring
9. But £ is a number between 0 and 1, and is different from
any of the numbers x,. This contradicts the assumption that
the sequence x, contains all the numbers between 0 and 1.

A similar argument applies to any interval. We call all the
points of an interval a continuum. Our result is that a continuum
18 not enumerable.

10.202. A point ¢ is called a ‘limit-point’ of a set ¥ if, how-
ever small 3 may be, there are points of E, other than ¢, in the
interval (£—8,£+38). (See P.M., p. 30, where a limit-point is
called a ‘point of accumulation’.)

A set which contains all its limit-points is called a closed set.
Thus an interval together with its end-points is a closed set.
Such an interval is called a closed interval.

An open interval is an interval without its end-points. An
open set is the complement of a closed set with respect to an
open interval.

An open set consists of an enumerable set of non-overlapping
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open intervals. For let E be an open set, and let « be a point
of E. Then, for sufficiently small values of 3, the interval (x,x+3)
consists entirely of points of E; for otherwise x would be a limit-
point of CE, so that CE would not be closed. Let 3, be the
upper bound of values of § with this property. Then ¢ belongs
to E for x <¢ < x-+48,; but z+3, is not a point of K, since, if
it were, the interval of points of £ would extend beyond it, by
the above argument.

Similarly there is a number §, such that ¢ is in E for
x—8, < ¢ <z, while z—3, is not in K.

Thus z is a point of an open interval (x—38,,2+8,) of points
of K.

Similarly all points of K fall into open intervals. To arrange
these intervals as an enumerable sequence, take first the inter-
val, if there is one, greater than }(b—a); next, in the order in
which they occur on the line, those whose length is < }(b—a)
and > }(b—a); and so on. Every interval of E has a definite
place in this enumeration.

The ‘sum’ of two open sets i3 an open set. For if E = E,+E,,
and E, and E, are open, every point of £ is an interior point
of an interval of points of E.

The same argument shows that the sum of any finite number,
or of an enumerable infinity, of open sets is open. In particular
(the converse of the above theorem), the sum of an infinity of
open intervals 18 an open set.

Also if E, and E, are open sets, then E,E; is open. For a
point of E,E, is an interior point of intervals both of E, and
of E,; and so it is not a limit-point of C(E,E,), which consists
of points of either CE, or CE,.

This argument cannot be extended to an infinity of sets;
e.g. if E, is the open interval —1/n <z < 1/n, then E,E,... is
the single point z = 0.

10.21. The measure of a set of points. We are now in a
position to define a new generalization of ‘length’. Instead of
starting from a finite number of intervals, we start from an
open set, which may contain an infinity of intervals.

The measure of an open set is defined to be the sum of the
lengths of its intervals. This sum is, in general, the sum of an
infinite series. It is always convergent, since the sum of any
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finite number of terms is the sum of the lengths of a finite
number of non-overlapping intervals, all contained in an interval
(@,b), and so is not greater than b—a. Hence the measure of
any open set contained in (a,b) does not exceed b—a.

The exterior measure of a set E is the lower bound of the measures
of all open sets which contain E. It is denoted by m,(E). It is

clear that 0 < m(E) < b—a,
and that, if E, < E,, then m (E,) < m(E,).
The interior measure, m,(E), 15 defined by the formula
my(E) =b—a—m (CE).

If my(E)=m(E), then the set E i3 said to be measurable, and
the common value of m,(E) and m (E) 18 called its measure, and i3
denoted by m(E).

We have also m;(CE) = b—a--myE).

If E is measurable, so that m,(E)=m(E), it follows that
my(CE)=m (CFE). Hence CE is measurable, and
- m(E)+m(CE) = b—a.

Notice that we have given two definitions of the measure of
an open set, one direct and one indirect. It will appear before
long that they are equivalent. Meanwhile, in arguments in-
volving open sets, we use the direct definition.

10.22. For any set E we have

my(E) < my(E).

For, by the definition of exterior measure, there are open sets

0 and O’, including E and CE respectively, and such that

m(0) <m(E)+e,

m(0') << m,(CE)+e.
If € > 0, every point of the interval (a4-¢,b—¢) is an interior
point of an interval of O or of O’; and so, by the Heine-Borel
theorem,* we can select from these intervals a finite set, say @,
which together include (a+¢,b—e). Then plainly

m(Q) = b—a—2¢
and m(Q) < m(0)+m(0’).

* P.M.§105. In the proof there given we start with an interval ending at
a, whereas here there is an interval including a. This does not affect the proof.
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Combining these inequalities we have
b—a <m (E)+m (CE)+4e.
Making € - 0, it follows that
b—a < my(E)+m,(CE),
which is equivalent to the result stated.

If m(E) = 0, it follows that my(E) = 0. Hence k' is measurable,
and its measure 18 zero.

10.23. We now come to the two fundamental theorems in
the theory of measure.

First fundamental theorem. If E,, E,.., E, .. are
measurable sets, then the set B = E |+ E,+ E;+... is measurable,
and m(B) < m(Ey)+m(Ey)+...

If E,, E,.... do not overlap. then the equality holds. (Otherwise the
series may diverge.)

Second fundamental theorem. If E,, E,,... are measurable
sets, then the set E,E,E,... is measurable.

That is, the set of points belonging to any of the scts E,, B,,...
is measurable, and so is the set of points belonging to all of them.

We shall begin by proving two lemmas on open sets, the first
of which is the first fundamental theorem for open sets. We
next prove a general theorem on exterior measure, and deduce
from it the first fundamental theorem for the case where the
gets do not overlap. Then we obtain the second theorem for
two sets, and use it to complete the first theorem. Finally we
use this result to complete the second theorem.

10.24. If O, O,,... are open sets (overlapping or not), and

0 = 0,4+0,+03+...,
then m(0) < m(0,)+m(0,)+.... (1)

We assume the convergence of the series on the right, since
otherwise the theorem is meaningless.

Let the intervals of O, be (@, n bm.) (m=1,2,.), and
let those of O be (A, B;) (k=1,2,...). Let ¢ be a positive
number less than 3(B,—4,). Then every point of the interval
(Ay+e, B,—e) is an interior point of one of the intervals
(@, ns O, ») Which make up (4, By). If 3, denotes a summa-
tion over these intervals, it follows from the Heine-Borel
theorem, as in the previous proof, that
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Bk'——Ak—2€ < Zk (bm.n._a“m.n)'
Making € - 0, we obtain

'Bk_Ak < zk (bm,'n—am,n): (2)
and, summing with respect to k,
m(O) < k:zl zk (bm,n"am,n)' (3)

Since a convergent double series of positive terms can be
summed in any manner, the right-hand side of (3) can be re-
arranged in the form

i il (bm,n_am, n) = g:l'm“(on)'

n=1m= n=
This proves the theorem.

If none of the sets overlap, each interval (4,, B,) coincides
with one interval (a,, ,, b,, ,), and the inequalities (2) and (3),
and so also (1), become equalities.

An enumeralble set s measurable, and its mea~ure is zero. For
let the set be a, x,,.... Include ir; in an open interval of length «.
If this does not include 2,, we can include x, in an interval of
length le; and so generally », in an interval of length €/27. Thus
the given set can be included in an open set of measure not greater
than 2e. Since ¢ may be as small as we please. the exterior
measure of the set is zero. Hence its measure is zero.

10.241. If O and O’ are open sets which together include all
points of the interval (a,b), then

m(00") < m(0)+m(0")—(b —a).
By the Heine-Borel theorem we can select finite sets of the
intervals of O and O’, say @ from O and @’ from O’, such that

Q and @’ together include the whole interval (a+e¢,b—¢); and
we may, by adding further intervals if necessary, suppose that

0=Q+R O'=Q+R,
where m(R) <e, m(R') <e. Now
00" < Q@'+ R+ R,
so that by the previous lemma
m(00") < m(QQ')+m(R)+m(R') <m(QQ')+2e.
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But m(Q)+m(Q')—m(QQ’) = b—a—2¢, from elementary con-
siderations, and m(0) = m(Q), m(0’) = m(Q’). Making e - 0,
the result follows.*

10.25. If E,, E,,... are any sels, and
E=E+E+..,

then m(E) < m (E))+m(E,)+....

We can enclose £, in an open set O, such that

m(0,) < my(Ey) 45
Summing with respect to n, and using the result of § 10.24,
m(0) <m(0) +m(0p)+... < m(E))+m(E,)+... +e.
But O is an open set which includes E. Hence
m(E) <m(0).

Hence m(F) <m () +m(E,)+. . .¢,
and, making € — 0, the result follows.

10.26. If E,, E,,... are non-overlapping measurable sets, and

E=FE+E,+..,
then E is measurable, and
m(E) = m(E)4+m(E,) +....

We may suppose that all the sets are included in (a, b).

(1) Consider first the case of two sets, £ = K|+ E,. We know
already that

m(E) <. m,(B))+mi(Hs) = m(E,) -+ m(E,).
Hence it is sufficient to prove that
my(E) =m(E,)+m(E,),
i.e. that m(CE) < m(CE,)+m(CE,)—(b—a).
Now we can include CE,, CE,, in open sets O,, O,, such that
m(0,) < m(CEy)+e, m(0g) < m(CEy)+-e.
Since ¥, and E, have no common points, CE, and CE, together
include the whole interval, and hence so do O, and 0,. Hence
m(0,0,) < m(0,)+m(0,)—(b—a).

* Actuslly the two sides are equal. This follows in due course from the
firet fundamental theorem.



MEASURE 327
But 0,0, includes CE. Hence
my(CE) < m(0,0,) < m(0,)+m(0,)—(b—a)
< m(CE,)+m(CE,)+2¢—(b—a),
and, making € — 0, the result follows.

(i1) The theorem for any finite number of sets follows by
repeated application of (i).

(iii) In the case of an infinity of sets, we have, for all values
of n,

m(E,)+m(B,)+...4+m(E,) = m(E;+...+E,) < b—a.

Hence > m(¥,) is convergent.

Let S, = E,+...+E,. Then CE < CS8,, so that

m,(CE) < m,(C8,) = m(CS,) = b—a—m(E,)—...—m(E,).
Making n - co we obtain

m,(CE) < b—a— 3 m(E,),

ie. my(E) =3 m(E,).
Combining this with §10.25, the result follows.

In particular, taking K, E,,... to be open intervals, it follows
that any open set is measurable in the general sense, and that
the two definitions of the measure of an open set agree. Also
any closed set, as the complement of an open set, is measurable.

If E, and E, are measurable sets, E, being included in E,, then
E,— E, 13 measurable.

For C(E,—E,) = E,+CE,. .

10.27. If E and F are measurable sets, so 1s EF.

Let both sets be included in (a, b), and suppose first that F is
an interval (x,8). Let E, be the part of E in («,8), E, the
remainder. Similarly, if O is an open set containing E, let
0= 0,+0,. 0, and 0, are open sets containing respectively
E, and E,, if we neglect the points « and g, as we obviously
may; and clearly

m(0) = m(0,)+m(0,).

Taking lower bounds,

Similarly, if e = CE = ¢,+e,,
me(e) = m(e;)+m(ey)- )

Y
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But, since £ is measurable,

m,(E)+mye) = b—a, 3)
and by § 10.25

my(Ep)+m(e;) = m(Ey+e;) = b—a—(B—aq). (4)

From (1), (2), (3) and (4) it follows that

me(E1)+m¢(el) < :3—0‘:
and hence E, is measurable.

The result is therefore proved if F is an interval, and so, by
the previous theorem, if F is an open set. In the general case
we can include F in an open set O, and CF in 0’, so that
m(0)+m(0') < b—a+e. Then

EF < EO, C(EF)=CF+F.CE< O'+0.CE,
so that
m EF)+m{C(EF)} < m(EO)+m(0')+m(0.CE)
= m(0)+m(0') < b—a+e.
Making € — 0, m(EF)+m,{C(EF)} < b—a, whence the result.

If E, and E, are measurable, the set E of points belonging to
E, but not to E, s measurable.

For E=E,.CE,.

10.28. We can now complete the proofs of the fundamental
theorems. Let E,, E,,... be any sets, overlapping or not, and
let £ be their sum. Let

E,=E, CE, E,= E,;.C(E,+E)),
E, = E,.C(E\+E;+ E),
and so on. Then E,, E), E,... are non-overlapping measurable
sets, and £ = E,+E,+E,+.... Hence E is measurable, by
§ 10.26, and the proof of the first fundamental theorem is com-
pleted, the inequality then stated following from § 10.25.
Again, if F = E,E,E,..., then
CF = CE+CEy+....
Hence, by what has just been proved, CF' is measurable, and so
F is measurable. This proves the second fundamental theorem.

10.29. Limiting sets. If E,, E,,... are measurable sets, each
contained in the following one, and E 18 their sum, then
limm(E,) =m(E).
N—>0
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For the sets E,—E,, E;—E,,... are measurable and non-
overlapping, and
E=E+(E,—E,)+(E;,—E)+...,
so that
m(E) =m(E,)+m(E,—E,)+...
=lim{m(E,)+m(E,—E,)+...+m(E,—E, _,)} = limm(E,).
The set E is called the outer limiting set of the sets E,, E,,....
If each of the sets E,, E,,... contains the next, and E = E E,...,
then limm(E,) = m(E).
n—0
This follows by complementary sets from the previous
theorem. In this case the set ¥ is called the inner limiting set.
Unlike most of the theorems on the measure of sets, the first of
these results holds if ‘measure’ is replaced by ‘exterior measure’,
whether the sets are measurable or not. This remark will be
useful in the next chapter, where it happens to be inconvenient
to verify that certain sets are measurable.
If E 13 the outer limiting set of a sequence E,,, then

lim me(En) = me(E)'

Let E, be included in an open set O, such that
m(0,) <m,(E,)+e.
Let §,=0,0,,,0,,,..., and let 8= 8,+8,+.... Then
E,<8,<0,, E<S8,and S, < S,,;, so that S is the outer
limiting set of the sets S, (this is not necessarily true for O,
which is why we introduce S,). Hence

m(E) < m(S)=limm(S,) <limm,(E,)+te,
and, making € - 0, m (E) <limm,(E,). But since a set which

includes ¥ also includes E,, m (E) > m,(E,) for every n. This
proves the theorem.

10.291. Cantor’s ternary set. The following set of points,
defined by Cantor, has many interesting properties.

Divide the interval (0,1) into three equal parts, and remove
the interior of the middle part. Next subdivide each of the two
remaining parts into three equal parts, and remove the interiors
of the middle parts of each of them; and repeat this process
indefinitely. Thus at the pth step we remove 27-! intervals.
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We denote these intervals, from left to right, by §, ,, where
k runs from 1 to 2P-1. For each k the length of 5, , is 3-7.

Let E be the set of points which remain. Then E is the set

of points represented by the infinite decimals

Ayy...y...(3)
in the scale of 3 (indicated by the final figure), where the
numbers a,, a,,... take the values 0 or 2 only, never the value 1;
for example, E includes 2= -200..., and also }, which can be
represented as -0222.... In fact the first step described above
removes from the interval all points for which the first figure
is a 1 (except -100... = -022...); the second step removes all
remaining points for which the second figure is a 1 (except
-010... = -0022..., and -210... = -2022...); and so on. Notice also
that the end-points of the intervals §, ; consist of all decimals
-a,a,...(3), where the digits after a certain point are all 0’s or
all 2’s. This is obviously true for §, ,; then 3, ,, 8, , are obtained
by taking the first decimal as 0 or 2 and then the rest as the
decimals corresponding to the ends of 3, ;; and so on. Thus the
general form of the end-points of a 3, ;. is
‘a,...a,,0222...(3), ‘a,...a,,2000...(3).

The set E is not enumerable; this may be proved in the same
way that it was proved that the continuum was not enumerable.
On the other hand, the measure of £ is zero; for

-1
m(E)=1— 3 m(3,)=1— > %;,.. —o.
p=1
We shall refer to this set again in § 11.72.

Example. Prove that the measure of the set of points in the interval
(0, 1) representing numbers whose expressions as infinite decimals do
n:)/, contain some particular digit (say 7) is zero.

10.3. Measurable functions. Let f(z) be a bounded func-
tion of z in the interval a <« <<b. We denote by E(f > c) the
set of points in (a,b) where f(z) > ¢; and similarly with other
inequalities.

The function f(x) is said to be measurable if any one of the sets

B(f=c), E(f<c), E(f>ec), E(f<co)
18 measurable for all values of c.
Any one of these four conditions implies the other three.

o0
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Suppose, for example, that the first holds. The second follows
by complementary sets. Hence also the sets

B, = E<f< c+;l-b) (n=1,2,.)

are all measurable. Hence the set
(El”Ez)+(E2_E3)+--- == E(C <f< c+1)
is measurable. Hence
E(f=c)=E(f>c)~E(f>c+1)—E(c<f<c+1)
is measurable, and the result clearly follows from this.
10.31. General properties of measurable functions.
(i) Let f be a measurable function, k a constant. Then k-+f, kf

and in particular —f, are measurable.
This is obvious.

(i) If f and ¢ are measurable functions, the set E(f>¢) s
measurable.

If f> ¢, there is a rational number r such that f>r > ¢.
Hence E(f>¢)=3E(f>r).E(p<r)
where 7 runs through all rational numbers. Hence the result.
(iii) If f and ¢ are measurable, so are f+¢ and f—¢.
For E(f+$>0) = E(f>c—9)
and the result follows from (ii). Similarly for f—¢.
(iv) If f and ¢ are measurable, so is f.
The function {f(x)}? is measurable, for, if ¢ > 0,
B(f*> c)= E(f > Ve)+ B (f < —~e).
The general theorem then follows from the fact that
Jo=1/+¢)—Hf—¢)%

(v) If f,(x) s @ sequence of measurable functions, then

limf,(x), lmf,(2),

>0 n—>o

supposed finite, are measurable. In particular, if the sequence
tends to a lymit, the limit 18 measurable.

Let f(z) =limf,(z). Let ¢ be any real number, let
) 1 1
B, n= E(fn > C+E)+ E(fn+1 > c‘f‘;‘ﬂ) +...
and let £,,= E,, \E, ,E, ;... By the fundamental theorems



332 THEORY OF MEASURE AND LEBESGUE INTEGRATION
E,, , and E, are measurable. Now E,, the set of points com-
mon to all the sets E,, ,, is the set where f,>c+1/m for
arbitrarily large values of v. Hence

_— 1
f=lmf, >c+—>c

in E,. Let E = E,+E,+ E;+.... Then E is measurable, and

f>c at all points of E. Conversely, if f(z) > c, then there is

an integer m such that f,(x) > c+-1/m for arbitrarily large values

of v, and so x belongs to one of the sets £,,. Hence E = E(f > c),

which proves the theorem.

(vi) A continuous function is measurable. For if f(x) is con-
tinuous, it is easily seen that E(f < c)is closed. Hence E(f > c)
is open, and so measurable.

All the ordinary functions of analysis may be obtained
by limiting processes from continuous functions, and so are
measurable. The same thing is true of some of the more arti-
ficial functions. For example,

lim{cos m!mx}?»
n—-0

is the limit of a continuous function, and is equal to 1 if m!x is
an integer, and otherwise is zero. If z is rational, m!z is an
integer if m is large enough. Hence
f(x) =1lim lim{cos m!mx}?*
m—»0 n—>0

is equal to 1 if z is rational, and to 0 otherwise. The fact that
this function is measurable has, of course, been proved more
directly (§10.22).

10.4. The Lebesgue integral of a bounded function. We
are now in a position to define the Lebesgue integral of any
bounded measurable function.

If f(x) is the characteristic function of a set E, ie. f(x) =1
in E and 0 elsewhere, a natural definition of the integral is

b
j f(z) dz = m(E).
If f(z) = k in E and O elsewhere, then we take

b
_[ f(x) dx = km(E).
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In the general case, let « and B be the lower and upper bounds

of f(x). As in the case of Riemann integration, the integral is

defined as the limit of the sum; but this time the sum is obtained

by dividing up the interval of variation of f(z). We take
numbers ¥, ¥y,-.-, Y41 Such that

a=y <Y <Y< <Yo1<Yo=4
Let e, be the set where y, < f(z) <¥,4;(v=0,...,n—1), and e,
the set where f(z) = B. Since f(z) is measurable, all the sets e, are
measurable. Putting y,,, =B, let

8= Z()yvm(ev)’ S: Zoyv+1m(ev)‘

The Lebesgue integral of f(x) over (a,b) i8 the common limit of the
sums s and S when the number of division-points y, s increased
indefinitely, so that the greatest value of y,.,—y, tends to zero.

To justify the definition we have to prove that the two limits
exist and are equal.

Suppose the interval («,B) divided up in two different ways,
each difference y,,,—, in each way being less than e. Let the
sums formed in these two ways be s, S and s, §’. Then

S—s=3 n—vmie) <e 3 mie,) = c(o—a),

v=0
and similarly 8'—s" < e(b—a).

We now divide up the interval (a, 8) by taking all the division-
points of the first two ways at once. This gives two more sums,
8" and 8”. Now the insertion of a new division-point does not
decrease a lower sum or increase an upper sum; for example, if
we insert a point 7 between y, and y,., we have

yom(e,) < y,m{E(y, < f < ni+nm{En <f <y}
s0 that the lower sum is not decreased. Applying this principle
repeatedly, we obtain
s, s s,
and similarly S" <8, S" < 8.

It follows that the intervals (s, S) and (s’, 8") have points in
common, e.g. all points of the interval (s”,S"). Hence the
numbers 8, 8’, S, S’ all lie within an interval of length 2¢(b—a).
The existence and equality of the limits then follow from the
general principle of convergence.
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10.41. Comparison with Riemann’s definition. Perhaps
the most obvious difference to the beginner is that, in Lebesgue’s
definition, we divide up the interval of variation of the function
instead of the interval of integration. This, however, is com-
paratively unimportant. What is essential is that we use the
general theory of ‘measure’ of sets instead of the more limited
theory of ‘extent’. It would be possible to build up an integral
from integrals of characteristic functions, but using extent
instead of measure. This would be substantially equivalent to
Riemann’s definition. On the other hand, it is possible to define
an integral equivalent to Lebesgue’s by dividing up the interval
of integration in a suitable way.

In both Riemann’s and Lebesgue’s definitions we have
upper and lower sums which tend to limits. In the Riemann
case the two limits are not necessarily the same, and the func-
tion is only integrable if they are the same. In the Lebesgue
case the two limits are necessarily the same, their equality
being a consequence of the assumption that the function is
measurable.

Lebesgue’s definition is more general than Riemann’s. For
the characteristic function of the set of rational points has a
Lebesgue integral, but not a Riemann integral; and we shall see
later that, if a function has a Riemann integral, then it also has
a Lebesgue integral, and the two are equal.

We use the same notation

b
[ f@) dz

for a Lebesgue integral as we have done for a Riemann integral.
When it is necessary to distinguish a Riemann integral from
a Lebesgue integral, we shall denote the former by

Rff(;v) dx.

10.42. Integral over any measurable set. Let £ be any
measurable set contained in an interval (a,b). The integral of
f(x) over E may be defined in the same way as the integral
over an interval. The sets e, of § 10.4 are now the sub-sets of
E where y, <f(x) <y,,;; the proof of the existence of the
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integral is practically unchanged. The integral is written

f , (@) dz.

Any integral over a set of measure zero 18 zero. For all the sets
e, are of measure zero, and so the sums s and § are always 0.

We might also define the integral by putting f(x) =0 in CE,
and then using the definition of the integral over an interval.
It is easily seen that the two definitions are equivalent.

10.43. Henceforward we shall assume that all sets and func-
tions introduced are measurable, without always saying so
explicitly.

10.44. Elementary properties of the integral of a
bounded function.

(i) The mean-value theorem. If o <f(x) <P, then

am(E) < [ f(z) dz < pm(E).

For it is easily seen that am(E)<<s < pm(K), and the result
follows in the limit.

(ii) The integral is additive for a finite number or for an
enumerable infinity of non-overlapping sets included in a finite
interval. That is, if

E = E,+E,+...,
then fE fx) dxe = JE‘f(x) dx + J.E’f(x) dx +....

Suppose first that there are two sets, K, and E,. Inserting
division-points y,, the sets E, E,, K, are divided into sub-sets
e,, e}, ¢2, such that

v v Ty

m(e,) == m(el)+m(el).
Hence L“ + f o lim 3 y,m(el)+lim 3 y,m(e2)
=lim Y y,m(e,) = L‘.

Similarly for any finite number of sets.
If there are an infinity of sets, let S, be the sum of the first
n, R, the remainder. Then

fE=J"“+ R

But, by the mean-value theorem, if |f(z)| < M, then
[, fl@) dz| < Mm(R,),
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and this tends to zero as » — oo, since the series Y m(E,) is con-
vergent. Hence

.[E = lim fs.. - fEl + E, T
(iii) If, in a set B, f(x) < (), then
[, f@dz< [ $() da.

Take division-points y,, and define the sets e, by means of
f(x). Then, in e,, ¢(x) = f(x) >y,. Hence

[pt@dz=3 [ $(x)dz> 3 y,mle,).
The right-hand side tends to J.F f(x) dx, whence the result follows.

(iv) The integral of the sum of a finite number of bounded
measurable functions is the sum of the integrals of the separate
Sfunctions.

In the first place, if k£ is a constant,

fE (f+kyde=, fdz+ fEkdx:fE-fdx +km(E).

For calculate the sum s relative to f(x) with the scale y,, ¥,,...,
and the sum 8’ relative to f(x)-+k with the scale y,+k, y,+k,....

Then ¢ =3 (y,+km(e,) = s+km(E),
and the result follows in the limit.
Now consider any two functions f(x) and ¢(x). We have

[ @ +é@}de=3 [ (f+4)dz
>3 [, @A¢)de
= 8-} f . ¢ dx
by what has just been proved. Similarly, replacing y, by y,,,,

we obtain
[, (f+d de <8+ [ bdo.

The result now follows in the limit.
The result for any finite number of functions is obtained by
repeated application of the result for two functions.

(v) If k vs a constant,

fEkf(x) dx =k fﬁ f(z) da.
This is obvious if £ = 0. If £ > 0, calculate the second integral
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with the scale y,, and the first with the scale ky,. Then the sets
e, are the same in each case, and s = ks’, whence the result.

(vi) We have

U f() dx’< )| da.
Let E, be the set where f(x) > 0, E2 the set where f(z) <0
Then L fdx:jElfdx— jE If | da,

[p\f1da=[, fax+ [, |f1dz,
and the result is obvious.

(vii) A relation which holds except in a set of measure zero
is said to hold almost everywhere.

Two functions which are equal almost everywhere have the same
integral.

Let f(x) = ¢(x) at all points of E, except in a set e of measure
zero. Then

J.E (f—¢)dz = L (f—¢) dx + fE‘ce (f—¢) dz.

The first term is zero because m(e) = 0, and the second because
the integrand is everywhere zero. Hence

fE fda::qude.

(viii) If f(x)>0 and fE f(x)dx =0, then f(x)=0 almost
everywhere in E.
Let E, = E(f = 0), and

B, = EM[n+1)<f<M/n), n=12,.,
where M is the upper bound of f. Then K = Ey+4-K,+E,+...;

and
‘777’(En \n+l f fd 7l+lffd'v::0'
M E

Thus m(k,) = 0 for n =1, 2,..., and the result follows.

10.5. Lebesgue’s convergence theorem (theorem of
bounded convergence). Let f,(x) be a sequence of measurable
Sunctions such that |f,(x)l < M for all values of n, when x is in

a set E, and let hm fn(x) = f(x)
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Jor all values of x in E. Then

lim [ f,(e) dz= [, fle) dz.

Since sets of measure zero can be omitted from the integrals,
it is sufficient that the conditions should hold almost everywhere.

Since |f,(z)] < M for each n, |f(z)] < M. Hence f(z) is
integrable, and we have to prove that

lim [ {f(@)—fu@)} dz =0,
Let g, = |f—f,|, let € be any positive number, and let
E,= E(¢>¢,,95--), E,= E(g, > €> g5 95---),
Ey=E(g; = € > g3, 94--);

and so on. Then the sets E, are measurable; they are non-
overlapping, since g, > ¢ in E,,,, but not in E,,..., K}, so that
E, ., has no point in common with E,,..., E;; and every point
of E belongs to some E,; for g,(x) —> 0 for every z, so that to
every z corresponds a first number k such that g;, g;,,,... are
all less than €, and then z belongs to £,.

It follows that
fE g, dx = fEl g, dx + J‘E’ gpdx +....
Now g, <ein E,,..., E,, and g, < 2M everywhere. Hence
fE g, dz < efm(Ey)+...+m(E,)}+2M{m(E, )+ ..}.
Making n — oo, it follows that
lim fE g, dz < em(E).
Hence, making e — 0, it follows that
lim fza g, dx =0,

and the theorem follows.

The theorem is not true for Riemann integrals, because the
function f(z) is not necessarily integrable in Riemann’s sense,
even if each f,(x) is. For example, let 7, 7,,... be the rational
pointsin (0, 1), and let f,(x) = 1 if x =7, ry,... or7,,, and f, (x) == 0
elsewhere. Then

R ffu(x) dz=0
0
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for every n; but f(z) =1 for every rational z, and f(x) =0 for
irrational z, so that f(x) is not integrable in Riemann’s sense.

10.51. The theorem of bounded convergence may be stated
as a theorem on term-by-term integration of series. If the series

Uy () ug(2)+ ...

converges in a set E to s(x), and its partial sums
8”(2?) = ul(x)++un(x)

are bounded for all values of n, when x 1s in E, then
JEs(x) dx = I'Eul(x) dx + fEu2(x) dx +....

This is the final form of the theorem of bounded convergence
proved for Riemann integrals in § 1.76.

10.52. Egoroff’s theorem.* If a sequence of functions con-
verges to a finite limit almost everywhere in a set E, then, given 3,
we can find a set of measure greater than m(E)—8 in which the
sequence converges uniformly.

Let f,(x) be the sequence, let E’ be the set where f,(x) con-
verges, say to f(x), and let g, = | f—f,|.

Let ¢,,..., €,,... be a sequence of positive numbers tending to
zero. Let S, , be the sub-set of E’ where g, <e, for v>n.
Then each of the sets S, ,, S, ,.... is contained in the next, and
their outer limiting set (§ 10.29) is E’, since g, - 0 everywhere
in E’. Hence we can determine n¢r) so that

, 3
m(E _Sn(r),r) < §;
Let S= Sn(l), 1Sn(2).2"'Sn(r),r“' .
Then, in S, g, <e, (n>=n(r)) for all values of 7, ie. g, >0
uniformly in S; and

m(B—8)=m(E'—8) < 3 m(E—Syp,) <D 2.=3.
r=1 r=1 2

This proves the theorem.

Example. Use Egoroff's theorem to prove Lebesgue’s convergence
theorem.

10.6. If f(x) has a Riemann integral over (a,b), then it has
a Lebesgue integral over the same interval, and the two are equal.
The result is easily proved if we assume that f(x) is measurable;

* Egoroff (1).
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for then it certainly has a Lebesgue integral. Dividing up
the interval (a,b) by the points z,, ,,..., &,, and denoting by
m,, M, the lower and upper bounds of f(x) in z, <% < ,,, We
have

Zot1

n—1 n—1 n—1
vzomv(xw#l-_xv) < vz=0 f f(x) dx < zon(le-l—_xv)‘

The middle term is the Lebesgue integral, while each of the
extreme terms tends to the Riemann integral. Hence they are
equal.

To prove that f(z) is necessarily measurable if it has a Rie-
mann integral, let

¢($) = mv (xy <z < xv+1)’ q)(x) = Mv (‘zy <z < xv+1)'
Then

n— b et b

Consider now an enumerable infinity of modes of division of
the interval (a,b) such that max(z,,;,—x,) —> 0; and let each
set of division-points contain the previous set. Let E be the
set of all the division-points. E is enumerable and so of measure
zero, and so may be neglected in integration. At any point z not
in E, ¢(x) does not decrease, and ®(z) does not increase, as we
insert division points. Hence ¢(z) - m(z), ®(x) - M(x), where
m(z) and M(x) are the ‘lower and upper bounds of f(z) at 2’,
i.e. the limits of the lower and upper bounds in indefinitely
small intervals containing . Also ¢(z) and ®(x) are measurable,
and hence so are m(r) and M(z); and, by Lebesgue’s con-
vergence theorem,

h'mf d(x) de = fhm(x) dz, limf@(x) dx = fbM(x) dzx.

But if f(z) has a Riemann integral, each of these limits is equal
to it. Hence 5

[ (M(@)—m(z)} dz = 0.

a

Since M(z) > m(z) it follows by § 10.44 (viii) that M(x) = m(z)
almost everywhere; and since M(z) = f(z) > m(z) it follows that
f(x) = m(z) almost everywhere. Hence f(x) is measurable.
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10.7. The Lebesgue integral of an unbounded function.
Let f(x) be an unbounded measurable function, and suppose
first that f(x) > 0. Let {f(x)},, or simply (f),, denote f(x) at
points where f(x) <=, but n where f(z) >n. Then {f(z)}, is
bounded and measurable, and so integrable. We define the
integral of f(x) over the set K to be the limit, if it exists, of the
integral of {f(z)},,

[ @) de =lim [ (f(a), da.

For a positive function f(z) to be integrable over E, it is
clearly necessary and sufficient that

[ (@) de

should be bounded.

The integral of a negative function may be defined in a similar
way. In the general case, let f(x) >0 in E,, f(x) <0 in E,.
Then we define the integral of f(x) by the equation

[ @ dz= [ j@)dz+ [, f@) da.

A function which is integrable in this sense is ‘absolutely
integrable’, i.e. |f(z)] is also integrable. In fact it is clear that

fE |f(=)] dx:fExf(x) dx — fE,f(x) dz.

It would of course be possible to define integralg which are not
absolutely convergent; but we shall see that integrals of the
above kind preserve all the characteristic properties of integrals
of bounded functions, whereas this would not be true of non-
absolutely convergent integrals.

We shall henceforth use the word ‘integrable’ to describe any
function, bounded or unbounded, which has an integral in the
above sense.

The use of the expression ‘infinity’, introduced in § 5.701, is
also very convenient here. For example, if

[ S @) da

tends to infinity with n, we write

fE f(z) d = co.
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1
Examples. (i) Show that fx-' dx exists as a Lebesgue integral, and
0

is equal to 1/(1—a), if 0 < @ < 1; but is infinite if & > 1.
[The Lebesgue definition of the integral is
n-1/e 1

lim{ fnd.r + J. x-‘dz},

n—0
n-lla

and the results are the same as in the elementary theory.]
(ii) More generally, let f(x) be positive, and bounded in (e, 1) for every
positive e. Then 1 1

of J@)dz = lim j () de

in the sense that both sides are finite and equal, or both infinite.

(iii) The function
d .1 ) D |
= — |22 =) = SN — — —COS —,
f(x) —dx<x sin 2.1:511112 20055

is not integrable in Lebesgue’s sense over (0, 1).

1
[The function is continuous over (e, 1), and lim Jf(x) dx exists. But
€0
€

1
flf(x)] dr = w;
0

1
-2x>;}~2.r

2 1
for |f(@)] = Z|cos

in each of the intervals {(2n+ )7}t — = — {(2n— })m} -}, and it is easily

seen from this that
1

f {|f(x)[}s dx > Alogn.]
0
(iv) Let f(x) be any measurable function in E, and let e, be the sub-set
of E where n—1 < f(x) < n. Then the necessary and sufficient con-
-]
dition that f(x) should be integrable over E is that ¥ [n|m(e,) should

n=-—aew
be convergent.

(v) We might define the integral of a positive unbounded function
f(z) by taking {f(z)}* = f(z) if f(x) < n, and otherwise {f(z)}" =0, and
substituting {f(x)}* for {f(2)}, in Lebesgue’s definition. Show that this
definition is equivalent to that of Lebesgue.

(vi) If |f(x)| < (=), and $(x) is integrable over E, then f(z) is in-
tegrable over E.

(vii) If f(x) is integrable over E, and E, is the part of E where
|f(z)] = n, then m(E,) = o (1/n).
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(vii1) If f(x) = 0 at every point of Cantor’s ternary set, and f(x) = p
in each of the complementary intervals of length 3-7, then

Jl‘f(:r,) dx
0

exists in Lebesgue’s sense and is equal to 3.

10.71. Elementary properties of integrals. The integral
8 additive, i.e. if E,, E,... are non-overlupping sets, and
E=FE+E,+.., then

fE fdx-- J'E‘fd:v + J.E'fdx N

We may suppose without loss of generality that f > 0; for if
the result is true for positive functions it is true similarly for
negative functions, and so by addition in the general case. This
remark simplifies many of our proofs.

We define (f), as before. The integral of (f), is additive,

S0 that o »n
[etnar=3 [, (Nudz<3 [, fix

Now make n — oo. If there are only a finitc number of sets,
the result follows (from the equality). If there are an infinity
of sets we obtain (from the inequality)

fE fde<S fEkfdx.
But for any value of A

[e@niz=3 [ Dtz

Making n - oo first, and then A — oo, we obtain

[ fdz>3 JF fdz.

Hence the result. (Notice the analogy with the proof given in
§ 1.62 that a double series of positive terms may be summed
by rows or by columns to the same sum.)

10.72. The sum of a finite number of integrable functions is
integrable, and the integral of the sum is the sum of the integrals
of the separate functions.

It is sufficient to consider two functions, say f(z) and g(z).
Suppose first that they are both positive, and let ¢ = f+g. Then

(¢)n < (f)n+(g)n < (¢)Sn'

z
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Hence

[(@nde<[ (Nndz + [ @ndz< [ ($h dz,

and making n —» o0
JE¢dx<fEfdx+ ngdngE?de'

which gives the required result.
If f >0, g <0, consider the set where ¢ > 0. Here

and the result follows from the previous case. Similarly where

¢ < 0 we consider —g = f4-(—¢).
Having proved the result for the sum and difference of
positive functions, the general result now follows.

10.73. The following results can easily be deduced from the
corresponding results for bounded functions:
() If k is a constant,

fEkfdx:kafdx.
(i) lefdxlS;J‘Elfldx'

(iii) Two functions which are equal almost everywhere have the
same integral.

(iv) If f(xz) >0, fE fx) =0, then f(x) =0 almost everywhere
i H.

(v) If f(x) 18 vntegrable over E, and E,, E,,... i3 a sequence of
sets contained in E such that m(E,) - 0, then ng f(x) dx — 0, and

indeed uniformly for all such sequences of sets.
For, supposing, as we may, that f(x) > 0, choose = so that

[ @) —{f@ha] dz <.
Having fixed », we have
[, (@ dz<nm(By<e (k> k).
Hence

Jef@ da= [, (f@} dz + [, [f@)—{f@)] dz

< [, el de + [ [fz)—{f(x)},] dz

< 2€ (k > kO)’
and the result follows.
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Example. Let f(x) be integrable, and ¢(z) integrable in Riemann’s
sense, over (a, b). Dividing up the interval (a, b) by points z, as in
§ 10.1, prove that, as max(x, ,,—z,) — 0,

Tvpa

lim z '$(z,) f f(x)dz = f $()f(z) dz.

[Titchmarsh (1).]

10.8. The general convergence theorem of Lebesgue.
If f,.(x) is a sequence of functions such that |f,(x)| < F(x), where
F(x) 18 integrable over E, for all values of n and all values of x in

B, and hmfn(x) :‘f(z)

n-»o

for all values of x in E, then
lim f fo(@) do = f f(x) dx.

As usual, it is sufficient that the conditions should hold almost
everywhere. The proof is almost the same as that of the theorem
of bounded convergence. We define the sets E, as before; by

§ 10.71 the series
> . Fl) d

is convergent, and we have
[ 9n 4z < efm(By)+..4-m(B,)}-+
+2f F(z) dx +2f Fex)dx ...

Making »n —> oo it follows that
lim fE g, dx < em(E),

and the result now follows as before.

The above theorem enables us to prove a new theorem on
term-by-term integration of series. We may multiply a boundedly
convergent series by any integrable function, and integrate term by
term. For if s,(x) is the nth partial sum of the series, and
[$,(x)| < M, and ¢(x) is the integrable function, we have

()8, ()| < M |b()],

which is integrable, and may be taken as the F(x) of the above
proof.



346 THEORY OF MEASURE AND LEBESGUE INTEGRATION

10.81. The following theorem is often useful. Its original
form is due to Fatou.*

If f,(x) =0 for all values of n, and x in E, and f,(x) - f(x)
as n — o0, then

[ fo) da <lim [ 1, (@) d.

The statement implies that, if the right-hand side is finite,
then f(r) is finite almost everywhere and integrable; while, if
f(z) is not integrable, or is infinite in a set of positive measure,

then
lim J.F fu(x) dx = co.

n—>xo

It is easily seen that, with the usual notation,
lim {fn(x)}k = {f(z)}k
n—»x
Hence, by the theorem of bounded convergence,

lim [ {fu@)e dz = [, {f@he dz.
But [ @b de < [ ful@) dz,
and hence lim JF fulx)dx > L_ {f(2)} dx.

Making k& — oo, the result follows at once if f(x) is finite almost
everywhere, the set where f(z) is infinite being omitted from the
integral. If f(x) = o0 in a set e of positive measure, then

[ {f@ dz > km(e)
for all values of k, and the result follows.

10.82. A convergence theorem for monotonic sequences.
Let f,(z), fa(2),... be a sequence of positive integrable functions,
non-decreasing for every value of x in E. Let f(x) be the limit,
finite or infinite, of the sequence. Then
lim fE fal®) dx=fE flz) dx

n—»0
in the following sense:
(i) if the left-hand side 1s finile, then f(x) is finite almost every-
where and integrable, and the equality holds;

* Fatou (1), p. 375.
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(ii) if the right-hand side is finite, so is the left-hand side, and
equality holds;

(iii) of the left-hand side is infinite, then f(x) is mot integrable
or 18 infinite in a set of positive measure;

(iv) the converse of (iii) holds.

If the left-hand side is finite, so is the right-hand side, by
Fatou’s theorem; and equality in cases (i) and (ii) follows from
Lebesgue’s convergence theorem, since f, (r) < f(x). Then (iii)
follows from (ii) and (iv) from (i).

10.83. We can now put the theorem of § 1.77 on integration
of series into a more satisfactory form.
If u,(x) = 0 for all values of n and x, then

b b
[(Zu@)de=3 [ u,@) dz,

provided that either side vs convergent.

For the partial sum s,(x) = u,(z)-+...+u,(z) is positive, and
non-decreasing for every value of .

In particular, the convergence of the right-hand side implies
the convergence of > u,(r) for almost all values of .

We have still to consider the case where the range of integra-
tion is infinite; but as we have not yet discussed infinite
Lebesgue integrals of this kind, we must postpone the complete
result until the end of the next section.

10.9. Integrals over an infinite range. Let f(x) be a fune-
tion which is integrable over the interval (a,b), for all finite
values of b. Let f,(x) == f(x) where f(z) >0, and f,(x) = 0 else-
where; and let fy(x)= —f(x) where f(x) <0, and fy(x)=0
elsewhere. Then

b b b
[ 1@) do = [ fufa) dz — [ fofx) d.
a a a
Each integral on the right is a non-decreasing function of b, and

8o tends to a finite limit or to positive infinity as b - 0. We
write

o 0 b
af fy(@) dz = lim f filw) da, f fo(e) do =lim j folx) de,
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if both the limits are finite; and we then define the integral of
f(x) over (a,0) by the equation

Jre) & =] ey a - [ fe e

It is clear from the definition that a convergent integral of
this kind is absolutely convergent; for

T |f(@)| dz = Tfl(x) dx + f fo(x) dz.

0

Thus f sinx dz
x
0

is not, in the strict sense, a Lebesgue integral, because it is not
absolutely convergent.

Naturally many of the properties of finite integrals can be
extended to infinite integrals. It is usually quite easy to see
when this can be done, and we leave the details to the reader.

The theorem of §10.83 has an immediate extension: if
U,(x) =0, then »

[(Swe)de=73 [ u,@) dz,

provided that either side is convergent.

The convergence of either side implies the convergence of the
corresponding expression in which the upper limit is replaced
by a finite . Hence, by § 10.83, the equation with upper limit
b on both sides holds; and the required result now follows as
in § 1.77.

It may be well to remark finally that the examples given in
§ 1.75 and § 1.78, where

S[#[3

are just as cogent with the Lebesgue as with the Riemann
integral. The same sort of restrictions still have to be made,
though the theorem as a whole takes a simpler form.



CHAPTER XI
DIFFERENTIATION AND INTEGRATION

11.1. Introduction. The ‘fundamental theorem of the integral
calculus’ is that differentiation and integration are inverse pro-
cesses. This general principle may be interpreted in two dif-
ferent ways. If f(z) is integrable, the function

F(z)= [ fe) dt (1)

a

is called the indefinite integral of f(x); and the principle asserts
that a0
¥ F'(2) =f@). (2)

On the other hand, if F(x) is a given function, and f(z) is
defined by (2), the principle asserts that

[ 7@ dt= F(z)—F(a). 3)

The main object of this chapter is to consider in what sense
these theorems are true.

As in elementary theory, (2) follows from (1) for every value
of z for which f(x) is continuous. For we can choose %, so small
that |f(t)—f(x)| < e for |t—x| < hy; and then

x+h

AR

w

F(z+h)—F(z) _ <e (bl <hy),

) fw)|=

by the mean-value theorem. This proves (2).

However, in the Lebesgue theory we consider functions which
are in general discontinuous, so that the above argument does
not apply to them. Actually the interesting question is, not
whether (2) holds at particular points, but whether it is true in
general; and to this we can give a satisfactory answer.

If f(x) 18 any integrable function, its indefinite integral F(x) has
almost everywhere a finite differential coefficient equal to f(x).

The problem of deducing (3) from (2) is much more difficult.
We require in the first place that F’(z) should exist at any rate
almost everywhere, and, as we shall see in § 11.22, this is not
necessarily sc. Secondly, if F’(x) exists we require that it should
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be integrable. If we were relying on the Riemann theory, we
should find a fundamental difficulty here; for Volterra has
shown by an example* that F’(x) may exist everywhere and
be bounded, and yet not be integrable in Riemann’s sense. In
the Lebesgue theory, a differential coefficient is measurable, and
so integrable if it is bounded. But, if it is unbounded, it is not
necessarily integrable in the Lebesgue sense. The problem has
received a satisfactory answer, but it requires a more general
process, known as totalization, or Denjoy integration, which we
have not space to consider here. The result is that if #'(r) is
finite everywhere, then (3) follows from (2) if the integral is
taken in the Denjoy sense.

11.2. Differentiation throughout an interval. The
ordinary functions of analysis are ditferentiable in general, i.c.
for most values of the variable, though there may be special
points at which they are not differentiable. The exceptional
points arc usually isolated. This secems to have created the
impression at one time that a continuous function necessarily
has a differential coefficient in general. It was, however, shown
by Weierstrass that this is quite untrue. There is a continuous
function which has no differential coefficient anywhere.

Nevertheless, the idea that an ‘ordinary function’ has a dif-
ferential coefficient in general is correct, if we attach this vague
expression to a different class of functions. We shall see that
it is true in the sense that a monotonic function has a finite
differential coefficient almost everywhere.

We shall first consider non-differentiable functions, and then
proceed to the constructive side of the theory.

11.21. Continuous non-differentiable functions. There
are many simple examples of continuous functions which are
not differentiable at particular points; for example, if f(x) = |x|,

the ratio f(R)—f(0)
h

tends to different limits, 1 and —1, as 2 — 0 by positive or
negative values; and if f(z) = 2sin 1/x (z # 0), f(0) = 0, the ratio
does not tend to any definite limit.

We can next, by a method known as the condensation of

* Hobson, vol. i, p. 461.
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singularities, construct continuous functions which are not dif-
ferentiable in a set which is everywhere dense, for example in
the set of rational points. Let r,, 7,,... denote the rational
numbers between 0 and 1, and let

= ni;lanf(x —'rn)’

where f(x) has an assigned singularity at x = 0, and the coeffi-
cients a, tend to zero sufficiently rapidly. Then F(x) will have
the assigned singularity at every rational point. For example,

n=1
is continuous, since the series is uniformly convergent; but it
is not differentiable at any rational point; for

F("k+k) -F(ry) _ z reth— h - J]’kw__fnu_hlhslk_’_
[rk+h_rn|_[rk~rn|.
+z - h.3» ’

k+1
and as A -> 0 the first term tends to a limit, the second term
tends to +1/3% according as A > 0 or h < 0, and, if |k| < 1, the
third term does not exceed

&1‘ 3"
k+1

in absolute value. Hence F'(r,) does not exist.

To obtain functions which are everywhere non-differentiable
we have to use quite different methods. The first example of
such a function was given by Weierstrass.

11.22. Weierstrass’s non-differentiable function. This
function is defined by the series

f(:[l:) = i b cos(am™mzx),

where 0 <b < 1, and a is an odd positive integer. The series
is uniformly convergent in any interval, so that f(r) is every-
where continuous. On the other hand, if ab > 1, the series
obtained by term-by-term differentiation is divergent. This in
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itself does not prove that f(x) is not differentiable, but it sug-
gests possibilities in this direction. We shall prove that if
ab > 1-+im, the function has no finite differential coefficient for
any value of x.

We have

f(x+h)—f(x) Z bncos a"1r x+h)} -cos(a”nx)

say. Now
|cos{arm(x+h)}—cos(arnz)| = |a"mhsin{an(x+6R)}| < amir),

so that m—1 m
= ampm—1 amhm
< () P —
1S,,] < ngo'rra br = py | <"ab——l

We next obtain a lower limit for R, giving k a particular
value. We can write
amz = o, +E€p,

where «,, is an integer, and —3} <¢, <1. Let

h= l—f"‘.
am
Th O<h< 3
en < S5g =

Also  arm(x+h) =ar-".amn(z+h) = a""r(x,+1).
Since a is odd, it follows that
cos{arm(z+h)} = (— 1)@ @) = (—1)mi1,
Again
cos(annr) = cos{a™ (o, +£,)} = cos(a™mmay,)eos(@™ "t )
= (—1)*cos(a™™n¢,,).

—1)om+
Hence R, = 1) z b™{1+cos(a™™mn,,)}.
All the terms of this series are positive, and hence, taking the
first term only, 2
Byl >0 > Zamim.

lhl
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Hence

fiz+h)—f(z) 2w\
M2 R =180 > (5 o
If ab> 143, the factor in brackets is positive; and when
m — o0, b —> 0, and the expression on the right tends to infinity.
Hence {f(.c4-h)—f(x)}/h takes arbitrarily large values, so that
f'(x) does not exist or is not finite.

The graph of the function may be said to consist of an infinity
of infinitesimal crinkles; but it is almost impossible to form any
definite picture of it which does not obscure its essential feature.*

11.23. The following example of a continuous non-differen-
tiable function is due to van der Waerden.t The function is
similar to Weierstrass’s, but the result is obtained in quite a
different way.

Let f,(x) denote the distance between x and the nearest number
of the form m/[10", where m is an integer. Then the function

f@)= 3 fu(@)

18 @ continuous non-differentiable function.

Each f,(z) is continuous; and |f, (x)] < 10", so that the
series is uniformly convergent. Hence f(z) is continuous.

Let z be any number in the interval (0,1), and suppose
it expressed as a decimal. If the gth figure is 4 or 9, let
&’ == x—107%; otherwise let ' =2z+410-9. Then if n <g¢, the
nearest number m/10" is the same for z and z’, and z and 2z’ lie
on the same side of it; while if n > ¢, the numbers m/10™ and
m'[10" corresponding to x and a2’ differ by x—=x’. These rules
may be verified by considering simple examples, such as g = 2,
z =326, -346, or 396,

It follows that

fn(x')_‘fu(x) = :t(x'_x) (n < q)
=0 (n=q).

Honco  f)—flz)='3 +('~a) = pl&'—a),

* For further properties of this function see Hardy (7), where the same result
is obtained for ab > 1. A general method of constructing continuous non-
differentiable functions is given by Knopp (2).

t Van der Waerden (1).



3564 DIFFERENTIATION AND INTEGRATION
where p is an integer, and is odd or even with ¢—1. Hence
{f(«")—[(x)}/(x’ —x) cannot tend to a finite limit as 2’ — .

11.3. The four derivates of a function. Whether the dif-
ferential coefficient

, . h)—f(x)
z) = lim &M =/
f'(z) = lim A
exists or not, the four expressions

m fEHR @) g, f (i”_ﬂ%:f @)

h—>+0 h—>+0
i fEEfD) L kD f)
h—0 h S0 h

always have a meaning, being either finite, or positive or negative
infinity. They are called the upper and lower derivates on the
right, and the upper and lower derivates on the left, respectively.
We shall denote them by

Dif(x),  D.f(x), Df(x), D_f(x)
respectively, the sign referring to that of » in the above ratio,
and its position corresponding to the ‘lower’ or ‘upper’ limit.
If D+f= D_ f, the function is said to have a right-hand deri-
vative, if D-f= D_f, a left-hand derivative. The necessary and
sufficient condition for the existence of the ordinary differential
coefficient is that all the derivates should be equal.

We denote the left-hand and right-hand derivatives, when
they exist, by f”(x) and f'.(x).

Examples. (i) The function ~z2, where the positive value of the
square root is always taken, has different left-hand and right-hand
derivatives at x = 0.

(ii) Let f(r) = zsinl/x (x5 0), 0 (x = 0). Thenatx =0

D.f=—1, D*f=1, D_f=-—1, D-f-1.

(iii) Let f(x) = ax sin?1/z+bx cos?l [z (x > 0)
0 (x = 0)
a’zsin®l /x4 b’z cos?l [z (z < 0),

where a < b,a’ < b’. Thenatx =0
D.f =a, D+f = b, D_f=d, D-f =¥
(iv) If f(x) is continuous in (a, b), and one of its derivates is non-
negative in the interval, then f(a) < f(b).
[Let D*f > 0, for example. Suppose that f(b)—f(a) < —e(b—a), and
let §(z) = f(x)—f(a)+e(x—a). Then ¢(b) < 0. Also $(x) > 0 for some
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sufficiently small values of x—a, since D*f(a) > 0. Hence ¢(z) = 0 for
some values of £ between a and b. Let ¢ be the greatest such value.
Then D*$(€) << 0, D*f(€)+e€ < 0, contrary to hypothesis. Hence
f(0)—f(a) > —e(b—a) for every positive €, and the result follows.]

(v) The derivates and incrementary ratios of a continuous function
have the same bounds in any interval; i.e. if any one of the derivates
satisfies o < Df < B, then o < {f(x,)—f(x,)}/(x,—%,) < B, and con-
versely.

[Consider ¢(x) = f{x)—ax, and use the previous example.]

(vi) If one of the derivates ot a continuous function f(x) is continuous
at a certain point, then f(x) has a differential coefficient at the point.

11.4. Functions of bounded variation. We say that f(x)
is of bounded variation in (a,b) if, in this interval, it can be
expressed in the form ¢(x)—y(x), where ¢ and ¢ are non-
decreasing bounded functions.

1t is easily scen that the sum, difference, or product of two
functions of bounded variation is also of bounded variation.

An alternative definition is obtained by assuming that, if the
interval (a,b) is divided up by pointsa =2y <z, <...<=z,=b,
then

2 1 fl@, ) —f(=,)]

v=0
is less than a constant independent of the mode of division.
The upper bound of these sums is called the total variation.
It is easily scen that, if the first condition holds, then so does
the second. For

lf(xv+l)_f(xv)| (\< ¢(xv+l)_¢(xv)+¢'(‘tv+l‘)_¢‘(xv))

n-—

so that 1
|, 2)—f(,)] < $(b)—d(@)+4(b) —¢(a).

v=0
To prove the converse, let p be the sum of those differences
f(x,41)~—f(x,) which are positive, —n the sum of those which are
negative. Then, if v is the sum Y |f(z,.,)—f(z,)|, we have
v=p+n,  f(b)—f(@)=p—n,
andso  v=2p+f@)—fb),  v=2n+f(b)—f(a).
Hence, if v is bounded for all modes of division, so are p and n.
Let V, P, and N be the upper bounds of », p, and n. Then
V == 2P+ f(a)—f(b), V =2N+f(b)—f(a).
Let V(x). P(x), and N(z) be the corresponding numbers for
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the interval (a,z). They are obviously bounded non-decreasing
functions of x; and
V(x) = 2P@)+fl@)—f),  V(r)=2N()+f(x)—f(a),

so that flx) = f(a)-+ P(x)—N(x).
This is the required expression for f(z).

The functions V(x), P(x), and N(x) are called the total varia-
tion and the positive and negative variations of f(x) in (a, x).

If f(x) is continuous and of bounded variation, its variation
V(x) 18 continuous. We can find a mode of division of the interval
(a,x), with a point of division z as near x as we please, such that

v>V(x)—e
and also | fx)—f(x')] <e.
Let v’ =v— | f(x)—f@a")].

Then v’ is a sum corresponding to the interval («,2’), and so
V(z') =0 > V(x) —2e.

Since V(x') is non-decreasing, it follows that V(a’) -> V(x) as
x’ — z from below. Similarly V(z’) -~ V(x) as 2’ -> z from above.
Hence V(z) is continuous.

A continuous function of bounded variation is the difference
between two continuous non-decreasing funciions. For if f(x) is
continuous, so are P(z) and N(x).

11.41. The differential coefficient of a function of
bounded variation. The object of the next three sections is
to prove that a function of bounded variation has a finite dif-
ferential coefficient almost everywhere.

Our proof depends on the following lemmas, due to Sier-
pinski.* They are of the same type as the Heine-Borel theorem,
but apply to sets which need not even be measurable.

Lemma 1. Suppose that each point x of a set K in (a,b) is
the left-hand end-point of ome or more intervals (x, z-+h,) of a
family H. Then there i3 a finite non-overlapping set S of intervals
of H which includes a sub-set E’ of E such that m(E') > m(E)—e.

Let E,, be the set of points of Ewhich are associated with some
h,>1/n. Then E is the outer limiting set of the sets £,, we
have limm,(E,) = m,(E) (§ 10.29), and we can take n so large
that m(E,) > m(E)— }e.

* Sierpinski (1). A similar lemma is given by W. H. and G. C. Young (1).
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Let a, be the lower bound of E,, b, its upper bound, and let
l=0b,—a,. Let y=14¢/(nl+1). Then there is a point z, of E,
such that a, <z, <a,+7. Let (z,,z,+k,) be an associated
interval for which &, > 1/n.

If there are points of ¥, to the right of z,+-h,, let a, be their
lower bound. Then there is a point 2, of £, in (a,, a,+7). Let
(%3, 3+ hy) be an associated interval with A, > 1/n.

Continuing the process, we reach b, in a finite number of
steps, since each step takes us at least 1/n nearer to it. In fact,
if there are N steps, then (N—1)/n <!, i.e. N <nl+1.

Let § denote the set of intervals (z,,2,4-k,) 80 constructed,
and T the set of intervals (x,—7,z,). Then E, < S+7', and
m(T) < Nn < 3e. Hence

me(E)—Ye <my(E,) <my(E,S)+m(E,T)<m(E,S)+}e,
and the set £’ = E, 8 has the required property.

Lemma 2. Suppose in addition that for every x there are
arbitrarily small intervals (x,x+h,). Then we may conclude in

addition that m(8S) << m,(E)+e.

The additional condition is necessary; we might, for example,
take E to be a single point x, and associate with it the interval
(z,z-+1). Then Lemma 1 would hold, but not Lemma 2.

Let O be an open set containing ¥, such that

m(0) < m(E)+e.
Let H, be the sub-class of the family of intervals H consisting
of those intervals that lie in (. In view of the additional
condition imposed in Lemma 2, every point of K is the left-
hand end-point of one or more intervals of H,. We can now
apply Lemma 1 with /1 replaced by H,. We obtain a new set
of intervals S which has the same property as that constructed

in the proof of Lemma 1. But now S is a set of non-overlapping
intervals included in 0. Hence

m(S) < m(0) < m(E)+e.
This proves the lemma.
In these lemmas the intervals of which S consists may be
regarded as either open or closed, whichever is most convenient

in any particular case. For if the result has been obtained with
8 consisting of closed intervals, we can replace them by open
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intervals by removing a finite number of points, i.e. a set of
measure zero. This clearly does not affect the result.

Lemma 3. We may suppose S in the above construction fo be
included in any given set of intervals G which contains E.

For we may replace O by OG in the construction.

11.42. If* f(x) is non-decreasing in (a,b), it has almost every-
where in (a,b) a differential coefficient f'(x).

Let E be the set where D, f < D+f. We shall first prove that
my(E) = 0.

Now E is the sum of the sets E(u,v) where

D, f<u<v<Df,

% and v running through all rational numbers (z < v). Hence
it is sufficient to prove that m {F(u,v)} == 0 for every pair of
such numbers.

Suppose on the contrary that one of these sets E(u,v) has
a positive exterior measure, say u. Every point z of it iv the
left-hand end-point of arbitrarily small intervals (x,z+h) for

which f +h)—f@) < hu.

Hence by Lemma 2 there is a finite set S of such intervals,
containing a part £’ of E(u,v) such that m, (E’) >pu—e, and
such that 3 % <p-e, where 3| denotes a summation over S.

Henee s (eth)—f@) <3, h<ulpte).
Again, every point of £’ is the left-hand end-point of intervals
(%, z+ k) such that
fx+k)—flx) > kv,
and by Lemma 3 there is a finite set of these intervals, included
in 8 and of measure greater than m.(K')—e > p—2e. If 3,
denotes a summation over these intervals,

2 flat+k)—f@)} >v X, k > v(u—2e).
But since f(z) is non-decreasing, and the k-intervals are included
in the A-intervals,

3, (f@+k)—fle)} < 3, {f@+h)—fx)}.

Hence v(p—2¢) < w(p+¢€), which is false if € is small enough.
Hence f, (x) (and similarly f_(x)) exists almost everywhere.

* This proof is due to Rajchman and Saks (1).
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Further, we can argue in the above way with D+ replaced
by D-; every point of E’ is then the right-hand end-point of
arbitrarily small intervals (x—¥, ) such that f@)—fla—k) > kv,
and the conclusion follows as before. Hence almost everywhere
D, f > D-f, i.e. almost everywhere f', (x) > f_ (). Similarly we
can prove the reversed inequality, and the result follows.
11.43. There is a more general theorem on the possible sets

where f_(x) 5 f' (), and the result has nothing to do with
monotony.

T'he set of points where the right-hand and left-hand derivatives
of any function exist and are different is enumerable.

Let E be the set where f’ () <f/(x), and let all rational
numbers be arranged in a sequence 7,, 7,,.... Thenif z is a point
of K, there is a smallest integer k& such that

i) <m <f ().
There is then a smallest integer m such that r,, < x, and such

that
{fE)—f@}/(E—2) <7,
for r,, < £ < x; and a smallest integer n such that », > x, and
{{O)—f@}/(E—x) >,
for x <¢ < r,. The two inequalities together give
fE)—fx) > §—x)  (rp<é<r,, £ F#a). (1)

Thus to every z corresponds a unique triad of numbers
(k,m,n); and no two values of 2 correspond to the same triad;
for if x, and z, correspond to the same triad, we have, on putting
x =2, § =2, in (1), f(x;)—f(x,) >ri(x,—2x,), and, on putting
x =2, £ = 2,, the same inequality reversed.

Since the set of triads (k,m, n) is enumerable, it follows that
E is enumerable or finite. This is the required result. Since
the measure of an enumerable set is zero, this theorem can be
used to give an alternative ending to the proof of the theorem
of the previous section.

11.5. Integrals. A function which is the Lebesgue indefinite
integral of another function is called an integral.

An integral is continuous. For if F(x) is the integral of f(z),
then Z+h

F+h)—F@)= [ fo)de,

which tends to 0 with %, by § 10.73 (v).
AA
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The tntegral of a positive function is a non-decreasing function.
For if f(x) >0, h >0,
T+h

F(z+-h)—F(z) = f f(t)dt >o.
An integral is a function of bounded variation. For let
F)=F@)+ [ fu)d,

and let f,(z) = f(x) where f(x) > 0, and f,(x) = 0 elsewhere, and
—fa(x) = f(x)—fi(x). Then fi(x) >0, fy(x) >0, and

F@)=F@)+ [ fy(0)dt — [ fy(t) dt

= F(a)+F,(x)—F,(z),
where F\(z) and F,y(x) are bounded non-decreasing functions.

11.51. Differentiation of the indefinite integral. Let
f(x) be integrable over (a,b), and let

F(z) = j f(t) dt.

Since F(x) is a function of bounded variation, it has a finite
differential coefficient F'(z) almost everywhere. Our next object
is to prove that F'(x) = f(x) almost everywhere.

11.52. The proof depends on the following lemma.
z
If ¢(x) ts integrable, and f &(t) dt =0 for all values of x in

a
(a,b), then $(x) = O for almost all values of x in (a,b).

If this is not so, then either ¢(xz) >0 in a set of positive
measure, or ¢(z) < 0 in a set of positive measure—suppose, for
example, the former. Any set of positive measure contains a
closed set of positive measure, since its complement can be
included in an open set less than the whole interval. Hence
é(x) > 0 in a closed set of positive measure—say E.

Now the integral of ¢ over any interval is zero; hence, by
§ 10.71, the integral over any open set is zero. Hence the integral
over any closed set is zero, and in particular

f , $@ dz=0.
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Hence, by § 10.73, ¢(x) = 0 almost everywhere in E, contrary
to hypothesis. This proves the lemma.

11.53. If f(x) is bounded, and F(x) is its integral, then
F'(x) = f(x) almost everywhere.
Let |f(x)] <M. Then

F(x+h)—
Flath)—] f f) dil< M,
and lim Feth=F@ _ F(x)

h-—>0 k

almost everywhere. Hence, by the theorem of bounded con-
vergence,* as b — 0,

xr

[ F(h)— F(t) y
f ) H dt~>J-ﬁ (t) dt

a
But the left-hand side is equal to

xih xrth ath

ﬁiFmﬂ Jﬂtm“ﬁJFmM«E!me,
which tends to F(x)— F(a), since F is continuous. Hence
[ ') dt = Fz)—F(a), (1)
ie. f{F(n_fanduzo, @)

for all values of a. The result now follows from the lemma.
11.54. To extend the theorem to unbounded functions, we
require another lemma.
If ¢(x) i3 continuous and non-decreasing in (a,b), then ¢'(x) is
integrable, and

b
[ #'(@) dz < $(6)— (@)

For {¢(x+h)—$@)}/h=>0, and {$(z+h)—¢(x)}/k tends to

* To apply the theorem as given in § 10.5, we make h — 0 through an
enumerable sequonce; 8o also in the next section.
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¢'(x) almost everywhere as & — 0. Hence, by Fatou’s theorem

§ 10.81),
lxmfwd >f¢(z)dx

Also, since ¢ is continuous, the left hand side is equal to
¢(b)—¢(a), as in the above proof. Hence the result.

11.55. If f(x) s any integrable function, F'(x) = f(x) almost
everywhere.

We may as usual suppose that f(xz) > 0. We define {f(x)}, as
in410.7. Since f(t)—{f(¢)}, = 0, the function

[ ro-o,

is non-decreasing, so that its differential coefficient is never

negative. Hence
{ f 1 dt} >——{ f O} dt}

a
wherever these differential coefficients exist. Hence, by the
theorem for bounded functions, F’'(z) > {f(x)}, almost every-
where. Making n - c0 we see that F'(x) > f(x) almost every-
where. Hence b

J. F'(z) dx >fbf(x) dzx.

The above lemma, however, gives this inequality reversed.
Hence in fact the two sides are equal, i.e.

b
[ (F'@)—f(z)} dx = 0.

Since the integrand is never negative, it must be zero almost
everywhere. This is the required result.

11.6. The Lebesgue set. The theorem that F'(z)= f(x)
almost everywhere was extended by Lebesgue as follows.
If f(x) is integrable,
z+h

.1
lim - f fO—al dt = | f@)—al
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for all values of «, except when x belongs to a set of measure zero;
that vs, |f(x)—a| is the derivative of its indefinite integral for all
values of o and almost all values of x.

If o« were fixed there would be nothing to prove, since

| f(x)—«f is integrable, and the result follows from the above
fundamental theorem.

Consider next all rational values of «, say «;, a,.... The sets
in which the theorem is false for «,, a,,... are all of measure zero,
and so their aggregate is of measure zero. Hence |f(x)—«] is
the derivative of its integral for all rational values of «, except
when x belongs to a set E of measure zero.

Now let x be a point not in E, « an irrational number, and
B a rational number near to «. Since

[1f&)—el—1ft)—BI| < IB—a-

we have

| x+h z+h

i [ 1ro—aia—g | lf(t)—Bldt‘< B—al.

x+h

But 7 | o-pia —If(x)—ﬂlj<e

if || < hy(B, €). Hence
x+h

1
7 | -l at —1f@)—a)

lz+h lx+h
<i [ wo—sia— [ 1ro-pial+
x+h

+

i | 1ro-pia —|f<x>—ﬁ|,+i1f<z)—ﬁl—|f(x)~—an

< |B—al+e+|B—al,

which may be made as small as we please, by choice first of
B and then of e. Hence |f(x)—«| is also the derivative of its
indefinite integral for all irrational «, if 2 is not a point of X.
This proves the theorem.
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We may, in particular, take a = f(x). Hence

h
[ 1f+t—f@) de=o ()
0

as b — 0, for almost all values of . The set where this holds is
called the Lebesgue set.

All points of continuity are of course included in the Lebesgue
set.

The interest of the Lebesgue set lies in the fact that many
theorems which hold at all points of continuity are also found
to hold at all points of the Lebesgue set, and so almost every-
where. We shall have examples of this in the chapter cn Fourier
series.

We note finally that if the modulus sign is omitted from the
formula, the « disappears, and the result reduces to the previous
theorem.

11.7. Absolutely continuous functions. A function f(x) s
said to be absolutely continuous in an interval (a,b) if, given e,
we can find & such that

PATCREAEE CHES

for every set of mon-overlapping intervals (x,,x,~+h,) such that
>h, <.

An absolutely continuous function 18 continuous, since we can
take the above sum to consist of one term only.

An absolutely continuous function is of bounded variation,
since its total variation over an interval of length & is at most
e, and consequently its total variation over (z,b) is at most
(b—a)e/s.

On the other hand, there are continuous functions of bounded
variation which are not absolutely continuous. An example of
such a function will be given in § 11.72.

11.71. A necessary and sufficient condition that a function
should be an integral is that it should be absolutely continuous.
If F(z) is the integral of f(z),
n z,+hy

SIF@Ah)-Fa) <3 [ f@lde=[ /@)

v=1
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where ¥ denotes the set of intervals (z,, z,+%,). The right-hand
side tends to zero with 3 k,, in the sense of the above definition,
by § 10.73 (v). Hence F(x) is absolutely continuous.

To prove the converse we require the following lemma.

If ¢(x) 18 absolutely continuous in (a,b), and ¢'(x) = 0 almost
everywhere, then ¢(x) is a constant.

Let E be the set where ¢’'(x) = 0. Every point x of E is the
left-hand end-point of arbitrarily small intervals (x, z+A), such

that $(z+h)—d(z)] < <h.

By the lemmas of § 11.41, we can select a finite set S of these
intervals which do not overlap, and which contain all E except
a set of measure 8, and so all (a,b) except a set of measure 3.

Let x,, x,,... be the end-points of the intervals of S, and let
>, denote a summation over the intervals of S, and ¥, over
the complementary intervals. Then

l¢(b)—¢(a)l < 21 l¢(xv+l)—'¢(xv)|+ zg |¢(xv+l)_¢(xv)l
Now 3 [18@,11)—¢(,)| <€, (@,41—2,) <e(b—a)
Also 3, (#,4;—%,) <8, and so, by the property of absolute

continuity,
Y 3, 6@, ) —$(@,)]
tends to zero with 8. Hence, making & - 0,

|$(b)—¢(a)| < e(b—a).
Making €-> 0, it follows that ¢(b)=¢(a); "and similarly
¢(z) = ¢(a) for every value of z.
Suppose now that F(z) is any absolutely continuous function.
Then it is continuous and of bounded variation, and we may
e F(e) = Fy(a)— Fy@),

where F, and F, are continuous non-decreasing functions. By
the lemma of § 11.54, F(x) and F,(x) are integrable, and hence
8o is F'(x). Hence

f F(t) dt
is absolutely continuous, and so also is

d(x) = F(x)— f F'(t) dt.
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But ¢'(z) = 0 almost everywhere. Hence, by the lemma, ¢() is
a constant, i.e. '

F(x)— f F'(t) dt = F(a).

Thus F(z) is the integral of F'(x).

11.72. A continuous increasing function which is not
an integral.* We can define a function of this type by means
of Cantor’s ternary set (§ 10.291).

Let a, always take the values 0 or 2, and let b, = }a,, so
that b, is always O or 1. If

z = -a,a,a;...(3)
is a point of Cantor’s set K, we define

. J(@) = b,bybs...(2)
(in the scale of 2).

At the ends of an interval 3, f(x) therefore has the values
by..b,0111...(2),  -b,...b,,1000...(2),

and these are equal. We define f(z) throughout the interval 3,
to be equal to its value at the end-points.

The function f(x) 18 non-decreasing. In proving this it is
sufficient to consider points z of E, since f(x) is constant in the
intervals of CE. Let

z' = -a;a;..(3), 2" =-aja;...(3)
be points of E, " >z'. Then there is a suffix » such that
a,, =a,, (m<n), a, <a,. Hence
F@') = bbb (2) < bbb (2) = fl2).

The function f(x) 18 continuous. We have to prove that
f(z') > f(z) as ' - z, and again it is sufficient to consider points
z, 2 of E. Let

x = -a,a,...(3), z' = -aja,...(3).
If now 2’ - z, there will be a value of n, which tends to infinity
as 2’ —> z, such that a,, = a;, (m <n). Hence
f@)—f(z') =-00...0b,,...—+00...0b;,... > 0.
On the other hand,

[ £/@) dz # f(1)—£(0).
; )

* A detailed discussion of this function is given by Hille and Tamarkin (1),
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For the right-hand side is 1, since f(1) = -111...(2) = 1, f(0) = 0;
but f(x) is constant in the intervals §,,, so that f'(z) = 0 in the
interior of any of these intervals. Hence f'(z) = 0 almost every-
where, and the left-hand side is 0.
It follows that f(z) is not the integral of its differential
coefficient, and so is not absolutely continuous. It is easy to
see this directly. Consider the sum

2 1 f(Br)—flou)]
taken over the intervals («, 8;) which remain after the pth step
of removing intervals 8 ;. It is equal to

2 {f(Be)—fle)} =f(1)—f(0) = 1.

1 2 2p-1 2\p
But D (Bi—a) = 1—5—5—...—_3_1)_=(§) ,

which tends to zero as p —»c0. Hence f(z) is not absolutely
continuous.

11.8. Integration of a differential coefficient. If f(z) has
a differential coefficient almost everywhere, or even everywhere,
in an interval (a,b), the formula

[Fodi=fe)—f@) (@<z<b) (1)

is not necessarily true. It may fail in one or other of two ways.
Consider, for example, the function

flx) =a? sinxl2 (x>0), f(0)=0,
already referred to in § 10.7. Here
! .1 2 1 ,
f(a:)=2xsm;§——;:cos;é (x> 0), f(0)=0o,

so that f'(x) exists everywhere; but, as we saw in § 10.7, it is
not integrable in the Lebesgue sense, so that (1), on the Lebesgue
theory, has no meaning.

If we can imagine a function with this kind of singularity
distributed everywhere in an interval, we shall obtain some idea
of the nature of the problem of integrating a differential coeffi-
cient. The problem has been solved by means of the Denjoy
integral. This is a highly general type of non-absolutely con-
vergent integral, and it would take us too far to discuss its
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properties here. The result is that, if f'(x) exists everywhere, the
formula (1) s true,-the integral being a Denjoy inteyral.

If we do not assume that f'(x) exists everywhere, but merely
almost everywhere, the formula (1) may break down still more
completely. The integral on the left may exist as a Lebesgue
integral, but be unequal to the right-hand side. We have
already had an example of this in § 11.72—in fact an example
where f'(x) = 0 almost everywhere, without f(x) being a con-
stant.

In order to obtain the formula (1), the integral being a
Lebesgue integral, we have therefore to impose further condi-
tions on f(zx) or on f'(x). There are several theorems, varying
in difficulty according to what is assumed. Their common
feature is that we suppose that f'(x) exists everywhere. The
example of § 11.72 shows that no set of conditions which is
merely given almost everywhere is sufficient.

11.81. If f'(x) exists everywhere and is bounded, then 11.8 (1)
18 true.

If | f'(z)| < M, then (P.M.§ 125) there is a number 6 between
0 and 1 such that

RO o <, (1)
Hence {f(x+h)—f(x)}/k converges boundedly to f’(x), and the
proof is now the same as that of 11.53 (1) (with f(x) instead
of F(z)).
Alternatively, we may observe that it follows from (1) that

St =f) < i S,

Hence f(x) is absolutely continuous, and the required result
follows from § 11.71.

11.83. If f(x) is any function such that f'(x) i3 finite every-
where and is integrable, then 11.8 (1) is true.

This evidently shows in particular that 11.8 (1) holds if f(r)
is of bounded variation and f’(x) is finite everywhere; for if
f(r) is of bounded variation. f’(x) is integrable (see § 11.54 and
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example 12 below).

The following proof is substantially that given by Schlesinger
and Plessner.t It depends on the two following lemmas.

Lemma 1. Let E be any set in (a,b) of measure zero, € a given
positive number. Then there is a non-decreasing absolutely
continuous function x(r) such that x'(x)==+w» in E, and
x(b)—x(a) <e.

We can include £ in a sequence of open sets O, > 0, >

such that m(0,) < e¢,, e,+e,+... = €. Let f,(2) be the charac-
teristic function of the set 0,. T hen

t [ dt=m(0,) <e,.

Let 4’..(1) =L@ +Lo(0)+ S, ().
Then ¢,(t) is non-decreasing as n — o for every ¢, and

J‘ ¢n(’) dt < € t+e+t...+e, <e.

a

Hence by § 10.82 ¢, (1) tends to a finite limit $(¢) almost every-
where, and

T

llm J é,(t) dt = | $(1) dt == x(x),

say.
This function y(x) has the required properties. Since it is the
integral of a non-negative function it is non-decreasing and

absolutely continuous. and
"

x(0)— x( ’ b(t) dt <e.

a

Also 4 ' FAt)dt-=1
de

in 0, and so. if x,(v) — [ ,(1) dt.

n

Xulw) = > (—1‘2 f £ dt—n

t Lebesyuesche Integrale, pp. 166-74.
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in O,. Hence

X@HH) —x@) S xal@+h)—xal®) _ s
h = h

for |h| < hy(d) and = in O,,. Hence Dy >n for each of the four
derivates and z in O,. Since a point of £ belongs to O, for
every n, it follows that x'(x) = +o0 in E.

LemMma 2. If f(z) is continuous in (a,b), and D+f > 0 almost
everywhere in the interval, and D+f is nowhere —oo, then f(x) is
a non-decreasing function.

It is sufficient to prove that f(b) > f(a), since the general
result then follows by a similar argument.

Let E be the set of measure zero where D+f < 0. By Lemma 1
there is an absolutely continuous function x(z) such that
x'(x) = +oo in E, and x(b)—x(a) <e.

Let 9(z) = f(x)+ x(z)-

Then in E, D*g = +oo, since D,y = +co and D+f is finite,
and D+g > D, x+D+f. Alsoin CE
Dtg>=DH>0
since y is non-decreasing. Hence D+g > 0 everywhere, and so,
by § 11.3, ex. (iv), g(b) > g(a). Hence
f0)—f@) = —{x(b)—x(a)} > —e,
and, making € - 0, the result follows.

11.84. We can now prove the theorem stated in § 11.83. Let

n be any positive number, and let

gn() = mm{f (), n} Gn(x) = max{f’(x), —n}
Then g, (z) < f'(x) < G, (), and, since f’'(x) is integrable, so are
g.(z) and Q, (). Let

f@) =[gutrdt,  Fy@)=| @,

Then lim f,(z) = lim F(2) = [ f'(t) dt = $(x),

say. Now D+H{F,(x)—f(x)} = D+F,,— D+f.
This is almost everywhere equal to Q,(x)—f'(z), i.e.
DH{F,(z)—f(z)} =0
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almost everywhere. Also

z+h
F(x+h)—F (x) 1 _
e . >Ef (—n)dt = —n,

so that D+F, > —n, and so D+(F,—f) is nowhere —co0. Hence,
by Lemma 2, F, (x)—f(z) is non-decreasing, i.e.

Fn(x)'—f(x) = Fn(a')_f(a) = —f(a’)'

Making n — o0, we obtain

$(@) = f(x)—f(a).
A similar argument with f,(x) gives the reversed inequality,
and this proves the theorem.

MISCELLANEOUS EXAMPLES

1. For x = } the function f(z) of § 11.23 has the derivative + co.
2. The density of a set E at a point  may be defined as
. m(EH)
lim o

where H is the interval (x—h, z+h).

Prove that the density of a set is 1 almost everywhere in the set, and
0 almost everywhere outside it.

[Consider the integral of the characteristic function of E.]

3. A set E in (0, 1) is such that, if (a, 8) is any interval, then

m{E(x, B} > 5(B—a)

where § > 0. Show that m(E) = 1. ’

4. If, as h —> 0, b

[ 1@ +m—s@) o = o(h,
a
then f(x) is almost everywhere equal to a constant.
Ty
[Consider j {f(x+h)—f(x)} dx. See Titchmarsh (7), where, however,
Ty
the proof is unnecessarily complicated.]

6. Let « and B be positive numbers, f(z) = 2% sinz-8 (0 <z < 1),
and f(0) = 0. Then f(x) is of bounded variation in (0, 1) if « > 8, but
not if a < B.

8. A function f(z), defined for 0 < 2 < 1, is absolutely continuous in
every interval (0, £), where ¢ < 1, and its total variation in (0, §) is
bounded as £ — 1. Show that f(x) tends to a limit as £ — 1, and that,
if we define f(1) to be equal to this limit, then f(z) is absolutely con-
tinuous in the whole interval (0, 1).
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[The point of this example is that the difference between ‘continuity
plus bounded variation’ and absolute continuity is a property of a whole
interval, and cannot be traced to the behaviour of the function in the
neighbourhood of any one point.]

7. The theorem of § 11.83 remains true if f(x) = - 00 in an enumer-
able set.

8. A necessary and sufficient condition that a function should be
convex in an interval (a, b), in the sense of § 5.31, is that it should be
the integral of a bounded increasing function over any interval interior
to (a, b).

9. If f(x) is absolutely continuous, so is | f(x)|?, where p > 1

10. A necessary and sufficient condition that f(x) should be almost

everywhere equal to a function of bounded variation in (a, b) is that
ash —> 0

b
J' |f(x+h)—f(2)] dx = O(R)
[where f(x) = 0, say, outside (a, b)].*
[If f(z) is of bounded variation, we have f(z) = ¢(x)—y(x), where

¢ and ¢ are positive, non-decreasing and bounded in (a, b). Then, if
h >0,

b b b
[ 1+ @) d= < f ($ath) —d@) dz + [ Gt 0 —fiz) d=

b+h +h a+th
= f¢(t) dt — '[ b(2) dt + f Y(e) dt — J Y(t) dt = O(h),
b a a

so that the condition is necessary.
Suppose now that the condition is satisfied. Let

z+1/n

i) =n [ joa.

x

Then
b b xz+h+1/n  z+1/n
[ty dz =n [ o ~ | swa
a a z+h x

b
n f dx
b 1/n

nfdzf [f(@+t-+h)—f(z+0)| de
0

1/n

f @+ e+ —f@+0) d

i

N
|
o

1/n

nJ. dt f | f(x+t+h)—f(x+t)| dz = O(h).
* Hardy and thtlewood (6), pp. 599-601, and (8), p. 619.
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If (x,, 2, +h,) is any set of non-overlapping intervals,

xv+hy
2z I¢n(zv+hv)_¢'n(xv)l =2 $(x) dz
zv+hy b
<3 [ b@lde < [ i) da,

and, by Fatou’s lemma and the above result,

b b
f I$.(x)] dz < lim f

Hence 2 '¢,.(l‘y+hy) —¢n(xv), = O( 1 )

But ¢,(x) — f(x) almost everywhere. Hence

2 [ f@y+hy)—f(x,)] < 4

if none of the points x,, x,+h, belong to a certain set E of measure zero. 1f
a does not belong to K, it follows as in § 11.4 that f(x) = f(a)+ P(z)— N(z)
in CE, where P(x) and N(x) are bounded and non-decreasing in CE. In
E we can define P(z) as lim P(z’), where z’— z from below through CE.
The result follows without difficulty from this.]

11. In § 11.4 the existence of f’(z) at a point does not imply that
of V'(x).

[Consider f(z) = z?cosz™* (0 < z < 1),f(0) =0, 1 < x < 2.]

12. In § 11.54 the condition that ¢(x) is continuous can be omitted.

[The proof shows that if « and B are any two points of continuity

B
[ #@ dz < B (. :

But for any non-decreasing function points of continuity are everywhere
dense. Hence, making a — a+0, 8 — b—0, through such points, we
obtain

f#aiﬁh’%‘ﬂl dz = 0(1).

b
[ #@ de < $6—0)—g(a+0)]

1

.. . 1 )
. o 3o I = 1, &yeeny h;
13. The set consisting of the intervals (2” 1’ 2n . n 1, 2 as

density } at x = 0.

14. A canvergent series of non-decreasing functions can be differen-
tiated term by term almost everywhere.
Fubini: see Rajchman and Saks (1).

[Let @)+ ug(@) oo up(x) = 8,(2) > 8(z) (@ < @ < b).

Then s(x) is non-decreasing; and

© N
s(z+h)—s(x) uy(z+h)—u,(x) U, (T +h)—u,(x)
R z S S < Z A

n=1 n=1
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for every N. Making h— 0, it follows that

N
8'(x) = X un(x)
n=1

almost everywhere. Hence Y u,(x) converges almost everywhere, to
¢(x) say, and ¢(x) < 8'(x).

Suppose that the set E(u,v), where ¢(z) < u < v < 8’(x), has positive
measure . Almost everywhere in E(u,v)

si(x) < u < v <d(x)
so that s (x+h)—s.(x) < hu < hv < s(x+h)—s(x)
for sufficiently small 2. This holds over a finite non-overlapping set of
intervals of total length I > $u > 0. Summing over these intervals
l(v—u) < 3 {8(x+h)—s.(x+h)}—{s(x)—s,(r)}
< {s(b)—s.(b)} —{s(a) —s.(a)}

since 8(x)—a,(x) is non-decreasing. Making n— o, | < 0, a contradic-
tion. Hence ¢(r) = 8’(x) almost everywhere.]

15. If f’(x) is finite everywhere, and equal to a continuous function
almost everywhere, it is equal to it everywhere.

1
16. Show that lim f fett)—f==1) ,
8—0 t
)

exists for every z if f(x) is Weierstrass’s non-differentiable function.
Show that the limit does not exist at = 0 if f(x) is the continuous
function 0 (z < 0), 1/log(1l/x) (x > 0).
[This limit exists almost everywhere if f(z) is any integrable function.
See Titchmarsh, Fourier Integrals, Theorem 105.]



CHAPTER XII
FURTHER THEOREMS ON LEBESGUE INTEGRATION

12.1. In this chapter we adopt a slightly more practical point
of view than in the two preceding ones. We have carried the
general theory of definite and indefinite integrals as far as we
shall require it, and we shall now prove a number of theorems
which are useful in the manipulation of integrals.

12.11. Integration by parts. The formula of integration
by parts in the Lebesgue theory is, of course, the same as the
ordinary one: if G(x) is an indefinite integral of g(x), then

b b
[ i@ 9@ dz = [f@)6@))— [ f'@)6@) da.

The formula holds if g(x) is any integrable function, and flz)
18 an integral.

The proof depends on the fact that the product of two absolutely
continuous functions is absolutely continuous. For let é(z) and
Y(x) be absolutely continuous in (a, b), and let M and M’ be the
upper bounds of |¢(x)| and |yi(z)|. Let (x,,z,4h,) be a set of
non-overlapping intervals in (a,b). Then

2 1$(@,+h)p(x,+h,)—plz(z,)|
=2 @ +R) b, +h,)—d(x,)} (@)@, +h,)— $(,)}]

<M 3 [, +h)— )+ M 3 |$(z,+h,)—d(,)].

The last two sums tend to zero with ¥ %,, and so $(x)(z) is
absolutely continuous.

In the given formula, f(x) and G(z) are absolutely continuous,
and hence so is f(z)G(x); and

)
[ ZUE66) & = @eE]:

But & {12)0@) = F @0+

wherever f'(x) and @'(z) exist, and @'(z) =g(x). Since this is
true almost everywhere the result follows.
BB
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12.2. Approximation to an integrable function. The
following theorem is often useful.

If f(x) is measurable over a finite interval, then, given two positive
numbers 8 and €, we can define an absolutely continuous function
B(x) such that | f—p| < & except in a set of measure less than e.

Suppose first that f(z) is bounded. We may suppose without
loss of generality that f(x) > 0. Divide up the interval of varia-
tion of f(x) by the scale

0, 8, 23,..., nd.
Let e, be the set where v8 < f(x) < (v+1)8. Let ¢,(¥) =18 in e,
and zero elsewhere. Then the function

¢($) = '/JO(x)+"-+"lln—l(x)
differs from f(x) by less than 8.

Let E, be an open set, including e,. of measure less than
m(e,)+¢/3n. Let S, be the sum of a finite number of the
intervals of K, such that m(E,—S,) < ¢/3n. Let ¢,(x)==13 in
S,, and zero elsewhere. Then ¢, = i, except in a set of measure
less than 2¢/3n; also ¢, is discontinuous at a finite number of
points, viz. the ends of the intervals of S,. To remove these
discontinuities, we join the graph of the function to zero at the
end of each interval by a straight line inclined so that the
modifications all occur in a set of measure less than ¢/3n. Thus
if ¢ is the modified function, ¢, is absolutely continuous, and
é., =, except in a set of measure ¢/n.

Let $(@) = o+ + - dnr
Then ¢(x) is absolutely continuous, and ¢(x) = yi(x) except in
a set of measure e. Hence ¢(z) has the required property.

Tf f(x) is not bounded, let {f(x)};, = f(x) where |f(x)| <k, and
{f(x)}; = O elsewhere. We can take k so large that {f(x)}, = f(x)
except in a set of measure }e. By the first part, we can deter-
mine $(x) so that |{f(z)},—¢(x)| < 8 except in a set of measure
le. Then ¢(x) has the required property.

Notice that, if f(x) is bounded, ¢(x) can be constructed to lie
between the same bounds as f(x).

If f(x) is integrable, we can construct ¢(x) so that, in addition to
the above properties,

[ 1@ —4@)| dz <, (1)

a
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where 7 18 arbitrarily small. If f(x) is bounded, say |f(z)| < M,
then |¢(x)| < M, and

b
[ 1f@)—$(2)| dz < 8(b—a)+2¢M,

giving the required result. If f(x) is unbounded, we define {f(x)},
as above, and then determine ¢(x) so that |{f(x)},—d(x)| <3
except in a set of measure 3e/k. Then

b b b
[ 1f@—¢@) de < [ 1/@) (@}l dz + [ |{f@)h—b()| dz.

The first term tends to zero as k — oo, and the second term does
not exceed 3(b—a)+e. Hence the result.

Example. If f(x) is integrable over (a—¢, b+-¢€), then
b
lim J‘ |flx+h)—f(x)] dz = 0.
h—0
a

12.21. Change of the independent variable. Here again
the formula is familiar, but the conditions under which it holds
are novel.

If f(x) and g(x) are integrable, g(x) >0, and G(x) s an in-
definite integral of g(x). a — G(x). b = G(B). then

b B
[f0dt= [ f{6a)e@) dz, .

where f{G(x)}g(x) 1s defined as 0 {f g(x) = 0.

The inverse function of { = G/(x), of which « and B are values,
is not necessarily one-valued, since G(r) may be constant in
some intervals. But if more than one value of  corresponds to
a given value of ¢, these values of z form a closed interval, and
we can make the inverse function one-valued by taking z to be,
say, the left-hand end-point of the interval.

We next observe that if F(x) and G(x) are absolutely continuous
Sfunctions, and Q(x) ts monotonic, then F{G(x)} i3 absolutely con-
tinuous. For, since F is absolutely continuous,

3 |F{G(z,+h)}—F{G(z,)}|
tends to zero with 3 |G(x,+h,)—G(,)],



378 FURTHER THEOREMS ON LEBESGUE INTEGRATION
and, since G(z) is absolutely continuous, this tends to zero with
> h,. :

It follows that, if F(x) and G(x) are integrals of f(z) and g(x),
then F{G(x)} has a finite differential coefficient for almost all
values of x, and

B b
| £Fw@N dx = FE@)—FiE@) = [ 10 &
The result will now follow if
o [P = 0 ()

for almost all values of x. But this is not obviously true. For

F{G@+h)}—F{G(x)} _ F{G(z+h)}—F{G(z)} G(x+h)——0(x)
T h G(x+h)—G(x) h

and the second factor on the right tends to g(x) for almost all
values of z, while the first factor tends to f{G(x)} for almost
all values of G(x); and the difficulty is that the exceptional set
of values of G(z), of measure zero, does not necessarily corre-
spond to a set of values of x of measure zero.

Let f(x) be bounded, say |f(x)| < M. Divide the interval
(o, B) into sets E,,..., E, as follows. In E,, G'(x) = g(x) > 0,
and the first factor on the right tends to f{G(z)}; in E,,

G'(x) = g(x) >0

but the other condition is negatived; in K;, ('(x) = g(x)=0;
in E;, G'(z) # g(x). Clearly (1) holds in E;; and it holds in
E,, since there

lF{G(x—}—k) — F{G(2))

G(x+h)

1
ik f 1) de
G(x)

ol (x+h)——G(x)

<M=
|

and each side of (1) is zero; m(E,) = 0; and we have to prove
that m(K,) = 0.
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Let E, , be the part of E, in which G’(z) > 1/n. Enclose the

corresponding ¢-set in an open set O of measure less than a given

e. With each x of E, , associate an interval (x,z+A,) such that

G(x+h,)—G(x) > h,/n, and such that the interval G(z),

G(z+h,) is in O. By Lemma 1 of § 11.41, there is a finite non-
overlapping set S of the intervals (x,z+A,) such that

Mo(By ) < m(S)+e = S, h,te.

This is less than
n 3 AG@+h,)—G(x)}+e < nm(0)+e < (n+1)e.

Hence m(E, ,) = 0, and, since E, is the outer limiting set of
the sets K, ,, m(£,) = 0.

Lastly let f(x) be any integrable function. We may suppose
without loss of generality that it is positive. Defining {f(z)},
in the usual way, the theorem holds for {f(z)},, and it is suffi-
cient to prove that

B B
lim [ [f{G(@)}],9) dz = [ f{0)}g(z) dz.

B b b
But [ [AG@}9@) de= [ (fOhdt< [f0)dt

The result therefore follows from the convergence theorem of
§10.82 (regarding f{G(x)}g(x) as 0 if f{G(z)} = o0, g(x) = 0).

12.3. The second mean-value theorem. If f(x) is in-
tegrable over (a,b), and $(x) 13 positive, bounded, and non-
tncreasing, then

b £
[ f@)$(@) dz = $(a-+0) [ f@) dz,

where ¢ 18 some number between a and b.
Let € be a positive number less than ¢(a+0)—¢(b—0). Then
there is a point z, such that

$a+0)—g(x)<e (@<z<z)
=€ (x> x,).
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Similarly there are points x, Zg,... such that
$t,t0)—p(@) <e @ <z<2,)
=€ (x>z,),

so long as ¢(x,_,+0)—$(b—0) > e. Otherwise we take z, =b.
The point b is thus reached in a finite number of steps, since
the variation of ¢(x) in each interval (z,_;,,) is at least e.

Let (z) = $(x,+0) in each interval x, <z <z,,,. Then
0 < P(x)—h(x) < e except possibly at the points a =z, =,

Zy,..., b, and
Tyl

b
[ da="3 dte,+0) [ sy

Let F(x) = ff(t) dt; then, if m and M are the lower and upper

bounds of F(x), it follows from Abel’s lemma (§ 1.131) that

b
me(a+0) < f P(z)f(x) dx < M(a+0).

But b b
} [ $@f) de — [ $(2)f() da

b
<e [ @) de,
a
which tends to zero with e. Hence, making € - 0, it follows that

b
me(a+0) < f $(x)f(x) dx < Md(a+0).

Since F(x) is continuous, it takes every value between m and
M, and so, at x = ¢ say, the value

1

b
S0 t0) f $)f(@) da.

This proves the theorem.
If ¢(x) is positive and non-decreasing, the corresponding
formula is

b b
[ f@)p(a) dz = $(6—0) [ f(@) da,
a 3

where a < £ <b.
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If ¢(x) is any monotonic function, there is a number £ between
a and b such that

b b
[ f@)$(@) dz = $(a+0) f j@) dz +$(6—0) [ f(z) da.
a a ¢

This is obtained from the previous results by considering

$(x)—$(a+0) or $(x)—¢(b—0).

12.4. The Lebesgue class* L». We denote by L?(a,b) the
class of functions f(z) such that f(z) is measurable, and |f(x)|?,
where p > 0, is integrable over (a,b). If it is not necessary to
specify the interval, we denote the class by L? simply. The
class L! is the class of functions integrable over (a,b), and is
denoted simply by L.

We may classify functions defined over any set, or over an
infinite interval, in the same way; for example, the function
(1-}x)-* belongs to L?(0,00) if p > 2.

If f(x) belongs to LP, and |g(z)| < |f(z)|, then clearly g(x)
also belongs to Lr.

Examples. (i) A bounded function belongs to L#(a, b), where (a, b)
is a finite interval, for all values of p.

(ii) If f(x) belongs to L#(a, b), where (a, b) is a finite interval, then it
also belongs to L#(a, b) for ¢ < p.

(iii) If f(x) belongs to L*(0, ) and to L0, o), where p < g, then it
also belongs to L7(0, o) if p < r < q.

[Consider separately the sets where | f(z)] < 1 and | f(z)| > 1.]

(iv) The sum of two functions of L? also belongs to L*.

[For | f(z)+g(z)|> < max{2?| f(z)|7, 2#lg(z)|"}.]

(v) The function {xlog®l/x}-! belongs to L(0, §), but not to any
L»0, ) forp > 1.

(vi) The function {z¥(1+ |log z|)}-! belongs to L%(0, «), but not to
L*»(0, o) for any other value of p.

12.41. Schwarz’s inequality. If f(z) and g(x) belong to L3,
then f(z)g(x) belongs to L, and

| [ f@() de| < {[ 1f@)12d= [ lg(a)2 da)t.
The interval of integration may be finite or infinite.

* See in particular F. Riesz (2).



382 FURTHER THEOREMS ON LEBESGUE INTEGRATION
Since 2|fg] < f*+g¢3 fg belongs to L. Hence the integral

[ @) +pg@) de
=X [ {f@))? dw+ 20 [ fl2)g(a) da-tu? [ {g(@)} do

~xists for all values of A and p. It is evidently never negative.
But the necessary and sufficient condition that aA2+2hAu+bu?
should be never negative is that A2 < ab,a >0, > 0; and this
gives the inequality stated.

Examples. (i) The case of equality in the above theorem occurs only
if f(x)/g(x) is almost everywhere equal to & constant.

(ii) If f(x) and g(x) belong to L?, where p > 2, then f(x)g(z) belongs
to Lirs,

12.42. Holder’s inequality. This is a generalization of
Schwarz’s inequality.

If f(x) belongs to LP, and g(x) to LP®-V, where p > 1, then
f(z)g(x) belongs to L, and

|[ f@u@) dz| < ([ 1f@)I> d=}**( [ g()pio-n da) . (1)

The interval of integration may be finite or infinite.

Let E be the set where |g(z)| < |f(z)|?P~2. Then

[[@)g@)| < |flx)[?

in E; hence f(z)g(z) is integrable over E. In the complementary
set CE, |f(z)| < |g(z)|¥®-D. Hence

|f@)g(z)| < lg(x)[Po-V
in CE; hence f(x)g(x) is integrable over CE, and so over the
whole interval considereds
This argument can be used to obtain an inequality similar to
(1), but with a factor 2 on the right-hand side. Let

b >
I=[lf@Wdz, J=] lgz)Po-Ddz.
Then ¢ a

f fods|< [, ol do + [, 1fol ds

<[ \fPde+ | lgPe-vdz<I+J. (2)
If we replace f(x) and g(x) in this inequality by
(J DY f(x),  (I]J)0-DPg(z),
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respectively, the left-hand side is unchanged, and each term on
the right-hand side is replaced by 7¥»J1-1U», Hence

|[ fg deo| << 2101, 3)
The inequality (1) can be deduced from the well-known
inequality
am—1<m(z—1) (z>1,0<m<]1). (4)
Putting = = a/b (a > b), and multiplying by b,
ambl-m < b+m(a—b).
Putting m =a, 1—m =P8, 8o that «+B=1, this takes the
form abf < aa+bp, (5)

and since this is symmetrical it holds if @ and b are any unequal
positive numbers. If a = b it becomes an equality.
Using (5), we have, if F(z) >0, G(z) >0,

b F) \a; Gx) \p b «F(x) B6(z)
b
j(IF ) (fG ) J(th)dt fG(t)dt)

ie. fb{F(x)}“{G(x)}ﬁ dr < {f F(x) dx}a{f G(x) dx}p.

Finally, putting o« = 1/p, P(z) = | /(z)/?, and G(z) = lg(z)"> -,
the result (1) follows.*

Example. The case of equality occurs only if | f(x)|?/|g(x)|?/*-1 is
almost everywhere equal to a constant.

12.421. Holder’s inequality for sums. This is

|2 @bl <X 1an[P)VP(Z [by [PI-D)1-Nr,
The proof is similar to that of the integral inequality. We have

SN 5)) <2 (55 5%)

=atf=1,
ie. 3 A3Bl < (T 4,43 B,
and writing a=1/p, 4, = |a,|?, B,= |b,|Pl*-V, the result
follows.

* This proof is given by Hardy (20).
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12.43. Minkowski’s inequality. If f(x) and g(x) belong to
L?, where p > 1, then

([ V@+9@)P dz)™ <{] 1f@)» d=}" +{ ] lg(x)l? d=)™. (1)
For
[1f+gp dz< [ If 1. 1f+gP- dz + [ lgl. 1 f+glP~t do
<{[ 171w ax ([ 11 +op da)

I -
+{[ lole de ([ 1/ +giv da) ™
by Holder’s inequality. Dividing each side by
-1
([ 1£+gle de]™,

the result follows.
The corresponding inequality for sums

(3 la,+b, 7)< (3 (@, |P)Ve+ (3 |b, [2)Ue @)

can be proved in a similar way.

12.44. The integral of a function of L?. We have seen in
the previous chapter that a necessary and sufficient condition
that a function should be an integral is that it should be abso-
lutely continuous. There is a corresponding condition that a
function should be an integral of a function of the class L».

A necessary and sufficient condition that a function F(x) should
be the integral of a function of the class LP, where p > 1, 18 that

the sum S |F(@,+h,)—F(z,)[#hi-?,

taken over any system of nmon-overlapping intervals (x,,z,+h,),
should be bounded.

If instead of ‘should be bounded’ we say ‘should be bounded
and tend to zero with Y h,’, the theorem is still true, and in
this form it is true for p = 1 also, and so includes the theorem
on absolute continuity as a particular case. For p > 1 the two
conditions, one of which appears to be more restrictive than the
other, turn out to be equivalent.

To prove that the condition is necessary, suppose that

F@)=F@)+ [ f0)dt,
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where f(t) belongs to L?. Then

z,+h,

|F(x,+h,)—F)|=| [ @) dté
Hence ] g " , b

3 P Ah)—Fa)B?<3 [ 1fopd< [ Iford,

so that the condition is necessary. Since

Io-+’ly

S [ 1w

tends to zero with 3 h, the alternative condition is also
necessary.

Suppose now that the condition is satisfied, and let M be the
upper bound of the given sums. Then, by Holder’s inequality
for sums,

z lF(rv-{_hu)_F(xv)l = z lF(Iv'{"hv)—F(xv)|h$!p_1‘hlli_llp
A2 |F(a,4-h,)— F(x,)|Phy -2 PR (3, by )42 < MYUP(S R, )-VP,

which tends to zero with Y &,. Hence F(x) i3 absolutely con-
tinuous, and so is an integral, say

F(z)=F@)+ [ fo) dt.

It remains to prove that f(t) belongs to L?. Consider a
sequence of finite sets of points in the interval, the mth set

being x,, ,, Z,, 3,.., ¥, 5, Such that

lim max(z,, ,+1—%pm,,) = 0.

m—>0 1 4

For example, if the interval is (0,1) we may take x,, , =v/2™.

Let fl@) = F(z,,y41)—F(Xm,)

T, v+1 " %m, v

in each interval z,, , < * <, ,+;. If = is not one of the points
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z, ,, and F’'(x) exists, and z,, , <z <=z,, ,4;, then
f (x) — F(xm.v+l)—F(x) T, y11 T +
" Lo, p+1— % Ty, v+1 " T, v

+F@mJ—F@) LT,y

Z —x Z,

m, v m, v+1—_xm,v

= (F'(@)+8) men= HE@ )
m, v+1l™ ‘m, m v+l a':m,v
= F'(x)+38s,
where |35 < 18,/4-15;|, and 8, and §, tend to zero as

Lo, v+1 T, p ™ 0.

Hence lim f, () = F'(z) = f(z)

m—>

almost everywhere. Also

b
-[ lf"'(x)lp dx = z lI1(xm, vﬁ»l)—F(xm, v)ip’xm, v+1—xm, vll_p < M-

a

Hence, by Fatou’s theorem (§ 10.81), f(x) belongs to L7, and
b b
J 1@ de <lim [ |£, (@) de < M.

12.5. Mean convergence. If we are given a sequence of
numbers, say s,, we have usually to consider the behaviour of
the difference s, —s between s, and a given number s. In dealing
with a sequence of functions, say f,(z), and a given function
flx), it is often not the difference but the mean or average value
of the difference which is important. This can be defined in
various ways. If the functions belong to the class L?, where
p > 1, we consider the integral

b
[ @ —f@)P de. (1)

If this integral tends to zero as n — oo, we say that f,(r) con-
verges in mean (en moyenne, im Mittel), to f(z), with index p.

b
If | [ 1fn@)~fu@) 1P do (2)

tends to zero as m and » tend independently to infinity, we say
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that the sequence f,(x) converges in mean, with index p. Here
the function f(x) is not involved explicitly.

The fundamental theorem* of the subject is that if the
sequence f,(x) converges in mean, with index p, then there is a
function f(x) of the class LP, defined uniquely apart from sets of
measure zero, to which f,(x) converges in mean.

The theorem is analogous to the ‘general principle of con-
vergence’, that if 8,,—s, — 0, then there is a number 8 to which
8, tends.

A word of explanation is necessary with regard to the ‘unique-
ness’ of the limit-function f(z). Suppose that we have found
a function f(z) which satisfies the given conditions. Then
obviously any other function g(x) which is equal to f(z) almost
everywhere also satisfies the conditions. So at any particular
point the value of f(x) is undetermined, though its general
aggregate of values is in a sense determined. The function f(x)
should be regarded as a representative of a class of functions,
any two of which are equal almost everywhere, and so all of
which behave in the same way in integration.

The theorem for a finite interval and p > 1 may be proved
as follows. To every integer v corresponds a smallest positive
integer n, such that

b
f lfm(x)—fn(x)lp dx < 31‘, (m 2"’9’ n >nv)

In particular,

b
[Vn @ —fa@Pdi<g  ¢=123,.).

If E, is the set where |f, . (x)—f, (¥)| > 2-"/7, it follows that
m(E,) < (%)*. Hence the series

pATANCE A

is convergent, by comparison with 3 2-*/, if, for some value
of N, x does not belong to the set Ey ., + Ey.o+.... Since the
measure of this set tends to 0 as N — oo, it follows that the

* Fischer (1), F. Riesz (1), (2); W. H. and G. C. Young (2), where several
alternative proofs are given; and Hobson (1).
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above series is convergent for almost all values of «; hence so is

3 @)=L @,
i.e. there is a function f(x) (defined almost everywhere) such that

almost everywhere.

This function f(x) has the required property. For by Fatou’s
theorem

b

b
lim [ | @) —fo @ dz > [ 1ful)—f @) dz;

b
but [ @) =faf@)P dz < e (m > mg, v > vp).
b
Hence [ fu@—f@)1Pdz <e  (m>my),
b
ie. lim [ | fu(@)—f (2)IP dz = 0,

i.e. the sequence f,,(x) converges in mean to f ().
Finally, suppose that f,(x) converges in mean to f (z) and also
to g(x). Then, by Minkowski’s inequality,

(j f—glP dx)”p < (J{' [f—fa.? dx)l"p_}_ (f g—f. ¥ dx)m 0.

Hence the left-hand side is 0, and so f(z) = g(z) almost every-
where.

If p = 1 the proof is simpler, since it is not necessary to use
Minkowski’s inequality. We have

‘f—gl = If—fn—g“l"fnl < If_fnl'i“ lg—fnl;

and hence

fi—atas < [ 11=g,i a0+ [ o=, 2z

The same result therefore follows.
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12.51. The proof applies almost unchanged to an infinite
interval. We find that the above series are convergent almost
everywhere in (a, b) for every b, i.e. almost everywhere in (a, );
and Fatou’s theorem holds for an infinite interval; for, taking
the set K of § 10.81 to be the interval (a,b),

b b )
[ @) de <lim [ f,(@) dz <lim [ £,(z) d,

a

and, making b - oo, we obtain the required extension of Fatou’s
theorem. The proof for an infinite interval now follows.

12.52. We have also (for a finite or infinite interval)
lim [ |, (@)lP dz = [ |f(z) ? da.
For by Minkowski's inequality
([ 1a@) daf™ <{ [ 1f @) de)™ +{ [ 1 f@)—Fu(a) ® da)™,

and also

([1f@P =) <[ [15.@)P d2) +{ [ 1f)—f@) 1P da)"™.
Hence litn{ j [ fu(x)1® dx}up = { f | flx)P dx}llp.

and the result follows.

12.53. If f,(x) converges in mean to f(x) with index p, and

g(x) belongs to LPI»=1) then .
lim [ f,(x)g(x) dz = [ f(x)g(x) dx. (1)
For

[ (o) feote) de|
< U | falx)—fx) P dx}llp“‘ lg(x) Pl@-D dx]l—llp’

which tends to zero.
In particular

tim 1,0 at= 0 a @)

for all values of x in the interval considered.
For the function g(t) =1 (a <t < x), =0 (¢ > z), belongs to
Lriw-D,
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Examples. (i) If f,(x) — f(z) boundedly over a finite interval, then
J.(x) converges in mean to f(x) with any index.

(ii) Consider the closed intervals (0, §), (4, 1), (0, §), (%, &), (%, 1),
(0, }), etc. Let f,(x) =1 in the nth interval, and f,(x) = 0 in the re-
mainder of the interval (0, 1). Then f,(xr) converges in mean to zero
in (0, 1), with any index ; but f,(=) does not tend to zero for any value
of z.

(iii) If f,(x) converges in mean to f(x), and f,(x) — g(x) almost every-
where, then f(r) = g(x) almost everywhere. [Use Egoroft’s theorem.]

(iv) If f,(z) converges in mean to f(x) with index p, and g,(x) to g(x)
with index p/(p—1), then | f,g, dz — [ fg d=.

12.6. Repeated integrals. As in the elementary cases con-
sidered in § 1.8, the equation

b B B b
[ de [ fz.y) dy = [ dy [ fw,y) dz (1)

is in general true in the Lebesgue theory. The general discussion
of this, however, depends on the theory of the double integral

| [ 1@.y) dady,

which in turn depends on the theory of two-dimensional sets
of points. It would take us too far to carry this out in detail.

There is, however, a particular kind of repeated integral which
includes many cases of interest, and which can be dealt with
by the theory already developed.

Let f(x) be integrable in the Lebesgue sense over (a,b), and g(y)
over (a, B), and let k(x,y) be a continuous function of both variables,
or, if it has discontinuities, let them be of the type described in
§1.82. Then

b 8 B b
[f@) dz [ gw)k(z.y) dy = [ 9@) dy [ f@lk(z,y) dz.  (2)

Suppose first that f(x) and g(y) are bounded, say |f(z)| < M,
l9(y)l < M. Let |k(z,y)! < K.

Let ¢(x) be a continuous function satisfying 12.2 (1); and let
[¢()] <M. Let y(y) be a continuous function related in the
same way to g(y).

Call the left-hand side of (2) I, and let

b B
I'= [ $(x) de [ p(y)k(z,y) dy.
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Then b

B
I-I'= [ {f@)—$@)} dz | g)k(,y) dy +

[0

b B
+ [ $@) d= [ {g@)— )k, y) dy,
and hence “ *

b
(I—I'| < [ |f@)—$(@)|(B—o) MK dz +(b—a)Mn

< ME(B—a+b—a)n.
Similarly, if the right-hand side of (2) is J, and

B b
J' = [ $ty) dy [ $@)k(z, y) da,

then |J—J'| tends to 0 with ».

But, by the theorem of § 1.81, I’ = J’, since d(x)p(y)k(x,y)
is continuous, or has discontinuities of the restricted type.

Hence |I—J| tends to 0 with 5, and so I = J.

The extension to unbounded functions may be left to the
reader; we suppose first that f(z) and g(z) are positive, and argue
with {f(x)}, and {g(z)}, in the usual manner.

12.61. If f(x) is integrable over (0,1), and g(x) over (0, 2), then
the integral .
[ f@@+ do
[\]

exists for almost all values of ¢t in (0,1), and represents an in-
tegrable function of t.

It is sufficient to consider the case where f and g are positive.
Define {f(x)}, as usual, and let

F, () = [ {f@}g(x+1) dx.

This integral exists for all values of ¢, and, for a given 2, F,(t)

is bounded, and for cach value of ¢ it is a non-decreasing func-
tion of n. Also

[ P de= @t | (featato do= [ (g, d [ oo at,

if we may invert the order of integration, (1)
cc
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To justify this, approximate to g by a continuous function
, as in the previous proof, and let

x(®) = [ {f@)}bla+1) de.

1 1 1
Then [ x® dt= [ {f@} dz [ Yzt dt, )
o 0 0
this inversion being justified by the above theorem. Now
B0 —x0] < [ {f@hlg@+)—h(a+1)] dz <nn,
0

so that the left-hand side of (1) differs from that of (2) by less
than n». Similarly the right-hand sides differ by less than n1.
Hence, making n — 0, we obtain (1).

1 1 2
Hence [ Bwdt< [ f@ dz [ gty) dy.

0 0 [V}
Hence, as n — o0, F,(t) tends to a finite limit for almost all
values of ¢ (§ 10.82). The result now follows from the theorem
of § 10.82.

12.62. Repeated infinite integrals. If f(z), g(y), and k(z,y)
are positive, and the conditions of § 12.6 are satisfied for all values
of b>a and B> «a, then

[ 1@) do [ gkt y) dy = [ 9w) dy [ fklz,y) dz (1)

provided that either side 18 convergent.

The theorem is similar to that of § 1.85, but the supplementary
conditions which appear there are now a consequence of the
main hypothesis.

Suppose that the right-hand side of (1) is convergent. Since

X ©
[ f@)k(z,y) dz < [ f)k(z,y) d, @)

and the left-hand side of (2) is a measurable (in fact a con-
tinuous) function of y, it follows that

© X
[ 9w) dy [ f)k(z,y) da
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is convergent. Hence

n X X n
lim [g(y) dy [ f@)k(z,y) dz = lim [ () dz [ g(y)k(z,y) dy

is finite. Also m
F(2) = f() [ gy)k(x,y) dy

is a non-decreasing function of » for each value of z. It there-
fore follows from § 10.82 that F,(z) tends to a finite limit, as
n — oo, for almost all values of x in (a, X); i.e

[ 9@k(z,y) dy

is convergent for almost all values of z in (a, X); and by § 10.82

‘{
ff(x)dxfg(y i) dy = lim | x)drf.q k(z,) dy

X
_,I.Tij de—f Ye(, y) d :f @) dy [ f@)k(x,y) dz. (3)

a

By (2), the right- hand side of (3) is bounded as X —> c0; hence
80 is the left-hand side, and therefore the left-hand side of (1) is
convergent.

We can now prove in a similar way that the order of integra-
tion in Y o«
f 9(y) dy ff(x)k(x, y) dx
may be inverted. The final result then follows as in § 1.85.

MISCELLANEOUS EXAMPLES.

1. If f(x) is integrable over (a, b), and a = xy < r; < xry < ... < x, = b,
then

Ty 41

j Sty dt

> f |f0)] dt

as the greatest partial mtorval tends to zero.

[The proof is elementary for continuous functions; and then the
general result may be deduced by means of the theorem of § 12.2.]

2. If F(x) is absolutely continuous in (a, b), its total variation in the
interval is

b
f |F'(x)| de.

[Use the result of the previous example.]



394 FURTHER THEOREMS ON LEBESGUE INTEGRATION
3. Show that, if f(x) and g(x) belong to L3,

[ @i ds [ gy dz —{ [ s o)’

=t [ ay [ U@9)~fwr dz,

and hence obtain another proof of Schwarz’s inequality.

4. We use log’z to denote logz if x > e, and log’'r =1 if x <ee.
Show that if {f(x)}?log’f(x) and {g(x)}?/log’g(x) are integrable over
(a, b), then f(z)g(x) is integrable over (a, b).

[Let E be the set where f < g/log’g. Then

{g(x)y?
dz < DI gz,
f,.;fg < | logig@ ¥

In CE, g < flog’g. If g < e this gives
g < f<flogf.

If g>e, Ag< Ag/log’g < Af, logg < Alogf, and hence again,
g < Aflog’f. Hence

98 < [ @ og ) dr]

5. If fr(log’f)* and g#/*-? (log’g)-*/*~1 are integrable, then f(x)g(x) is
integrable.

8. Prove that uv < ulogu-+e*-1! (u>1,v> 1)

Deduce that if f(x)log’f(x) and ef® are integrable, so is f(x)g(x).
[W. H. Young (4). The inequality may be verified by putting u = e*,

v =y+1.]
7. Ifa>0,>0,y>0 a+B+y =1,

l j Joh dx‘ < f | e ) J’ lgle dx)’ ( f It da'.

8. If A>0, u>0, Au<1, and f(x) and g(z) belong to suitable
L-classes, then

Ujg dx
< J’ If ll“‘[g“'“‘ dx (J‘ I_f !I+A dx),.(u A)/(l-.\u)(J' lng“ d.'c)“l b /(= Apy

[W. H. Young (2); the result may be obtained by suitable sub-
stitutions in ex. 7.]

9. If F(x) is the integral of a function of the class L?, where p > 1,
then as h — 0 F(z+h)—F(z) = o (W*-115).

'(l +AXL 4 p) /1~ Ap)
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[If F(x) is the integral of f(z),
x+h

J' F(t) de

T

|F(x+h)—F(x)| =

z+-h z+h z+h

<{J |f<z>|vdt}”'{ [ dz}"”lh*-*/»{ f lfmvde}m"
r z

T
and the last factor tends to zero with h.]
10. If f(x) belongs to L?(0, ), where p > 1, the integral

x

jf(z) sinzy dz
0

is uniformly convergent in any finite interval.
11. If f(x) belongs to L?, where p > 1, and ¢(y) is the integral defined

in the previous example, then as h — 0

$ly+h)—¢ly) = o (k')

[For ¢(y+h)—-¢(y) = f Ig) [sin{z(y + D)} — sin 2y] dz
0

—9 ff_'g) sin §xh cosz(y + }h) dr.
0

Hence
v+ —d(y)] < 2 f ey S 424
0

sin 3xh
x

h lip r pip—-1) 1-1/p
< 2[ J | flx)]? d.t} ( —[ ‘ d.t}
(1] 1]

The first factor is a constant, and the second factor, on putting x = £/h,
is seen to be a multiple of A'». This gives the required result with O
instead of 0. If, however, we apply the above argument to the integrals
over (0,38) and (A, o), where 3 is arbitrarily small and A arbitrarily
large, and notice that

a
f%ﬂ sin jxh cosa(y + $h) dx
3

a
< f mgl‘ |sin §xk| dx = O(h)
]

for fixed & and A, the required result follows.]
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12. Show that the integral

_ sinzy
$(y) = f f@) =2 da
0

is absolutely convergent if f(x) belongs to L?, where 1 <p < 2; and
that, as y — 0, S(y) = o (ytie-¥).

13. If f(x) is uniformly continuous over (0, «), and belongs to a class
L?(0, w), then f(x) — 0 as x — .

14. If f(x) belongs to L*(0, ), where p > 1, so do the functions

o0

T
1 t
$(z) = - f Sdy, (=) = f f(—t’ dt.
V] x
[Hardy (17) and (19). Consider ¢(x), for example. It is bounded except
as x — Q0 or x —> . Hence b

J @ ax

exists for 0 < a < b < o; and it is sufficient to prove that this integral
remains bounded as a — 0 and b — .
We may suppose without loss of generality that f(¢) > 0. Let

@) = [ fe) .
0

Then x'-?{f,(x)}? tends to zero, both as x — 0 and as x — «; for
z z \,1 x
ey < [ oy dt( | d:) — ot gy a,
0 0 0

whence the result for x = 0 follows. Again, if z > ¢, a similar argument
shows that

E z 1/p
S < [so e+ {xrl [y dt} :
0 ¢

and we can choose ¢ so large that the last factor is arbitrarily small,
for all z > £. This gives the result for z — co.
b b
We write f Py dz = f (f@)Pz-? dz,
a a

and integrate by parts, obtaining

b
[{‘f“(’*—*ﬁ;ﬂ:”r 5 f (H(@r-f@-r de

b
—om+;2, f $Nf(@) da.
a
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Hence

b . 1-1/p( b

e <om ;| [wepal ([ vepras)

a a a

and dividing by the factor
b 1-1/p
{ | ey dz} ,

a
and making a — 0, b — «, we obtain

r » ‘/p/ 4 T P t
{ ! $e) dx} <0 { ! @) dw} :

We leave the corresponding process for )(z) to the reader.]

15. Prove that, with the hypotheses of the previous example, the
integrals

1/p
’

[B@pasran, [ jese ax
0 0

are convergent for q > p.
16. If f(x) belongs to L?(0, o), where p > 1, and

00
$) = [ o= f(y) dy,
then y'~2/? §(y) belongs to L.

1/x ©
[For [(x)] < f [f()] dy + f l{c—(g—)i dy,
0 1/x

and the result follows from ex. 14.

17. If f(x) belongs to L?(a,b), there is a continuous function g(x)
such that b
j | flx)—g(x)}]p dx < e.
a

[The result for bounded f(z) follows at once from § 12.2, and the
general result may then be deduced from this.]

18. If f(x) belongs to L? over an interval including (a, b), then
b
lim f | f(x4-R)—f(z)P dex = o.
h—0
a

[The result is itnmediate for continuous functions. For the general
result use the previous example.]

19. If f(x) belongs to LP(— o, ), then

lim _L | f@+h)~f(@)]r dz = o.
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20. If f(x) belongs to L?(— o, o), and g(x) to LP/*-1(— oo, ), then

P = [ fla+0g@) dz

is a continuous function of ¢.

[For |F(¢+Rh)—F(2)|
°° 1jp ® 1-1/p
< { f | f(e+t+h)—f(r+0)]? d.r} { f |g(x)[2/- D d.z:} ]

21. The function F(t) of the previous example tends to zero at infinity.

[\Vrite—j: - _L + { t ]

22. If f(x) belongs to L?(— cc, ), then

-

) S

—o0
is continuous, and belongs to LP(—oc, o).
[Use the inequality
o0 a0 ’—l
F(z)p _lf@rde L .
@l < | @ @—oge| | G @=gyme-s
—o —00

23. If f(x) is integrable, the integral
x
1 -
fu(x) = 7 f (x—t)-Yf()dt (x> 0)
0

exists almost everywhere, and f,(x) is integrable.

[The function f,(x) is the integral of f(x) of order a; for some pro-
perties of such integrals see Hardy (12) and Hardy and Littlewood (5).]

24. If f(z) belongs to L*(p > 1), show by the method of ex. 20 that
£.(x) is continuous if « > 1/p.

25. If fa, p(x) denotes the integral of order B of fa(x), then

Ja,8(x) = farp(x) (a =~ 0,8 >0),

wherever the right-hand side exists.
[We have to invert the repeated integral

x t
f (x—t)B-1dt f (t—u)*~1f(u) du
0

0
zt-§
and use Ch. I, ex. 18. The integral g { may be inverted by § 12.6.
o
We can then make § — 0 and use the theorem of § 10.82.]



CHAPTER XIII
FOURIER SERIES

13.1. Trigonometrical series and Fourier series. A
trigonometrical series is a series of the form

3a,+ f (@, cos nx +b, sin nx), (1)
n-=1

where the coefficients a,, a,, b,,... are independent of 2. The
problem of representing a given function f(z) by a series of this
form was first encountered by Fourier in a problem of the con-
duction of heat. Subsequently it was found that these series
play an important part in the theory of functions of a real
variable, and it is from this point of view that we shall consider
them here.

We naturally begin by trying to find formulae for the coeffi-
cients a,, b,, in terms of the given function f(x). Suppose that
the series converges uniformly, or even boundedly, to f(x); we
may then multiply by cos mx, where m is a positive integer, and
integrate term by term over the interval (0, 27). Since

2m
J. cosmxcosnr dxr = m (n = m), =0 (n #m)

0
o

and f cosmx sinnx dx = 0
(1]
for all values of n, we obtain the result

2w
a,, ! ff(;t)cos mx dx. (2)
m™
0

The same formula also gives a,; and similarly, multiplying by
sinmx and integrating term by term,

b,, = ! ff(x)sin mx dx. (3)
ks
0

The formulae (2) and (3) are known as the Euler-Fourier
formulae for the coefficients.

There is, however, no a prior: reason for supposing that a
given function can be expanded in a boundedly convergent
trigonometrical series. The above process is therefore not a
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proof that the coefficients necessarily have the above form.
What it really suggests is that we should adopt a different point
of view. Instead of starting with the series, and assuming that
it has a certain property, we start from the function, and define
the coefficients by the above formulac. We then consider the
properties of the series so formed.

Suppose, then, that we are given a function f(x), integrable
in the sense of Lebesgue over the interval (0,27). Then the
integrals (2) and (3) exist, and the numbers a,, b,, defined by
them are called the Fourier coefficients of f(x). The trigono-
metrical series of the form (1), with these coefficients, is called
the Fourier series of f(x).

The scheme of the chapter is as follows. We first try to
determine conditions under which the Fourier series converges
to f(x). A number of these conditions are found, but they are
all rather special ones (§§ 13.11-13.25). We next consider a
generalized kind of convergence (summability (C, 1)), and find
that it enables us to put the theory into a more systematic
form (§§ 13.3-13.35). In the following sections we consider some
problems of term-by-term integration; and this leads us to con-
sider properties of the Fourier coefficients themselves, apart
from the Fourier series. In § 13.8-13.86 we return to the
question of the relation between Fourier series in particular and
trigonometrical series in general. Lastly we give some of the
corresponding theory of Fourier integrals.

13.11. The convergence problem. The first problem which
we have to consider is whether the series formed in the above
manner converges, and, if it does, whether its sum is f(z).

At the time when Fourier series first came into use, there
seemed to many mathematicians to be something paradoxical
in saying that an ‘arbitrary’ function could be represented by
a series of functions, each of which is continuous and periodic.
The reader who has examined the peculiarities of some of the
series in Chapter I is perhaps prepared to believe that even this
is possible; and we shall show that the series does, substantially,
do what is required of it. We mustnot, however, expect too much.

In the first place, every term of the series has the period 27;
hence the sum of the series, if there is one, also has the period
27. We therefore define the function f(z) first in the interval



FOURIER SERIES AND LAURENT SERIES 401
0 <z < 27; outside this interval we define it by periodicity,
i.e. by the equation
fle+2m) = f(z).

Secondly, it is impossible that, whatever f(z) is, the series
should converge to the sum f(x) for every value of z. Con-
sider, for example, two functions f(z) and g(z) which differ at
one point only. They have the same Fourier series, so that it
cannot represent both functions at cvery point. More generally,
two ‘equivalent’ functions, i.e. functions which are equal almost
everywhere, have the same Fourier series, which therefore can-
not represent them both if they differ anywhere.

Actually we shall see that the series does represent the func-
tion, provided that the function is not too complicated; and
even in the most complicated cases, the series still represents
in some sense the main features of the function.

13.12. Fourier series and Laurent series. There is a
close formal connexion between a Fourier series and a Laurent

series. Let F(z) be a one-valued analytic function, regular for
R’ < |z]| < R. Then

Fe)= 3 can,

n-—=—wo

where c, = ! f Fz) dz (R'<r< R).

2m zn+l
|z|=7r
Putting z = re¥, we have

F(re) = i A, eind,

where A, = 1 f F(reit)e-in$ dg.
27
o
The expansion may also be written

Fre) = 4,4+ § {(4,+4_,)cos nb+i(4,—A_,)sinnb)},
where m

2w 2w
AO = E!‘; f F(‘l‘e"‘f’) d¢a An+A—ﬂ :.:;r J F'(‘reﬂ#)coS n¢ d¢'
0 []

2w
WA, —A_,) :.—.;l; f F(re®)sin nd dg.
0
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We have thus expressed the Laurent series in the form of
a Fourier series. The fact that in this case the series represents
the function, and indeed converges uniformly to it, follows from
the theory of analytic functions. In general we assume much
less about the function than that it is analytic, and the problem
requires quite different methods.

13.2. Dirichlet’s integral. Let 0 <<z << 2, and let
8, =8,(r)=4a,+ i (a,, cosmz + b, sinmzx). (1)
m=1

This partial sum can be represented as a definite integral. We
have

2T
s,.=~‘-ff<t)dt +
2m
0

)

m=1

2m 2m
{cos mx ff(t)cos mt dt 4 sinmx J.f(t)sinmt dt}
0 V]

sin }(x—

21 2n .
_lf b+ 3 cosm@z—0) ) dez‘if*““("H @0 ¢4y .
T me1 27
0 Q
Putting ¢ = 2+ wu, this becomes

8

_ L2T8in(n+é)u fou) du,

" 2n sin $u
-z

or, since the integrand has the period 27, and so takes the same

values in (27r—z, 27) as in (—z, 0),

tn=gr | Tt fatu) du. (2)

sin du

This formula is known as Dirichlet’s integral. It may also be
written in the form

8, = ?‘l‘_(_?‘ii)“ {f@+u)+fle—u)} du. A3)

21r sin $u

This is obtained by writing 4 = —w in the range (=, 27), so that
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this part of (2) becomes

sin(n+4)v sin(n+41)u
J‘ sinfv fle—v)dv= f sinfu " fo—u) du
—2m 0

by periodicity.

Suppose, in particular, that f(2) = 1 for all values of . Then
a, =2, and all the rest of the Fourier coefficients are zero, so
that s, = 1 for n > 0. In this case the above formula becomes

. sm(n—}—%)u
1= 2ﬂJ. L2779 du.

sin du
0

Multiplying this by s, and subtracting from (3), we have

s —s— L 1 J‘sm nﬁ—%)u

sin 3u

{fx+u)+flz—u) 2a}du (4)

A necessary and sufficient condition that the series should
converge to the sum s is, therefore, that this integral should tend
to zero. The ‘convergence problem’ is the problem of deter-
mining under what conditions the integral tends to zero, and,
when it does so, whether s = f(x). We may consider the con-
vergence problem for one particular value of z, for all values of
z, or for almost all values of z; or for some other set of values
of z. We begin by considering one particular value of x.

13.21. The Riemann-Lebesgue theorem. The following
theorem is fundamental in the theory.
If f(x) 8 integrable over (a,b), then as A > c©

b b
ff(x)cos)\x dx - 0, ff(x)sin,\x dx — 0.

Consider, for example, the cosine integral.” If f(x) is an
integral, we may integrate by parts, and obtain

sin /\x]

ff( Jeos Ax dx = [f( %) ——— ff (z)sin Az dx.

The last integral is bounded, so that the whole is O(1/A).
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In the general case, given €, we can (§ 12.2) define an abso-
lutely continuous function ¢(x) such that

b
[ 11@) =) dz <.

b b
Then f {f(z)—¢(x)}cos Az dz| < f | f(x)—d(z)] dx < €

for all values of A; and, by the first part,

<e (A>Ag).

b
f d(x)cos Ax dx

Hence <2 A>2),

f f(x)cos Az dx

the required result. A similar proof applies to the sine integral.
There is an alternative proof on the lines of § 13.72, using
the example of § 12.2.

13.22. The Riemann-Lebesgue theorem has the following
important consequences:

The Fourier coefficients of any integrable function tend to zero.

This is the particular case of the theorem where A =n, and
the limits are 0 and 27.

The behaviour of the Fourier series for a particular value of x
depends on the behaviour of the function in the tmmediate neigh-
bourhood of this point only.

Let & be a positive number less than =, and let g(¢) = f(¢) in
the interval x—8 <t < z-+38, and ¢g(¢!) =0 in the rest of the
interval (x—m,z+m). Let the partial sums of the Fourier series
of g(¢) be denoted by S,. Then

Sn= 2m f S_l*ns(::l:;l_f_)?—‘ {g(x+u)+g(x—u)} du
0

8
1 J’sm(n—{-,})u

T 2n sin }u

{f@+u)+fle—u)} du.

Hence

ey L [(SROED ey i,

211' sin $u
)
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Now the function

cosec yu{ f(x+u)+flx—u)}

is integrable over (8,n) if 8 > 0; and hence, by the Riemann-
Lebesgue theorem, 8,—8, > 0.
Hence, however small § may be, the behaviour of s, depends
on the nature of f(t) in the interval (z—8§,z48) only, and
is not affected by the values which it takes outside this
interval.

It is this property which makes it possible for the series to
represent an arbitrary function; but the series only represents
the function at the point  as a sort of limit of its average value
over the interval (x—8, x+38), and this will be equal to f(z) only
if the behaviour of the function is sufficiently simple. As we
have already remarked in § 13.1, the value of f(f) at the point
t = x itself does not determine or affect in any way the sum of
the series.

13.23. Convergence tests. We first put the ‘necessary and
sufficient condition for convergence to the sum s’ into a more
convenient form. Let

$(u) = flx+u)+flx—u)—2s.
Then the condition, by § 13.2 (4), is

o

. sin(n+3)u _
lim J' g ) du=0. (1)

We may replace this by

8 .
lim f sin(n - })u é(u) du =0, (2)

v sin }u

where 0 <& <{#; for, by the Riemann-Lebesgue theorem, the
difference between the integrals in (1) and (2) tends to zero.
Next we may replace (2) by

8 .
lim f ?.‘.9.(.’_‘3_%)1‘ $(u) du = 0; 3)

n—-

0
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for (cosec ju—2/u)p(u) is integrable over (0,8), and so, by the
Riemann-Lebesgue theorem,
. . 1 2
lim | sin(n+ 3)u {~“-.— — —} é(u) du = 0.
n—o
0

We are now in a position to state some tests for convergence.

13.231. Dini’s test. If (u)/u is integrable over (0,8), then
the series converges to the sum s.

This theorem is at once obvious from the above formula (3)
and the Riemann-Lebesgue theorem. It should of course be
remembered that the integrability of ¢(u)/w in the Lebesgue
sense implies ‘absolute integrability’. The existence of

)
lim f $(v) du
€0 2

€
is not a sufficient condition for convergence.

Examples. (i) At any point where f(z) is differentiable, the series
converges to the sum f(z).

[At such a point, ¢(u)/u is bounded.]

(ii) More generally, if f(x) satisfies the ‘Lipschitz condition’ of order

a, 1.e. f(l‘—l'*h)‘—f(r) i O(I’lla) (0 < a7 ])’

then the series converges to the sum f(x).

13.232. Jordan'’s test. If f(t) is of bounded variation in the
neighbourhood of t = x, then the series converges to the sum

Hf(x+0)+-f(z—0)}.

Since ‘bounded variation’ means ‘bounded variation over an
interval’, this condition is really one for convergence over an
interval.

We know that, if f(z) is of bounded variation, the limits
fl@+0) and f(x—0) exist. Hence

$(u) = f(x+u)+flx—u)—f(x+0)—f(x—0)

is of bounded variation in an interval to the right of « = 0, and
¢(u) > 0 as u —> 0. Hence we may write

$(u) = ¢y (u)—s(u),
where ¢, and ¢, are positive increasing functions of u; each of
these functions tends to the same limit as « - 0; and we may,
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by subtracting a constant from each function, arrange that this
limit shall be zero.

Suppose that 8 is so small that ¢(u) is of bounded variation
in the interval (0,8). Then

8 .
J ?.‘E.(’?;%_)?{' $(w) du

0

8 ]
sin(n sin(n %
= [ FROEA gy au — [ RO ) g
0 0
== ']’._']2’
say. Consider the integral J;. Given €, choose 5 so small that
é.(n) < e. Then, by the second mean-value theorem,
n

.'] .
[ D gy du— gy [T a0 <<

0 ¢
. (n+t)y |
== ¢1(n) f S—I%B dv.
(n+4)é
The last integral is bounded for all values of n, ¢, and %, so that
P
fsi‘}ﬁ"j%)“ é(u) du| < Ae.
0
Having fixed », by the Riemann-Lebesgue theorem
8
f S_"L";J)_“ bW dul<e  (n>ny)
n

Hence J, -> 0; and similarly J, - 0. This proves the theorem.
In particular if f(x) has only a finite number of mazxima and
minima and a finite number of discontinuities in the interval
(0, 27), its Fourier series i3 convergent for all values of x to the
sum 3{f(x+0)+f(x—0)}. For such a function is of bounded
variation in the whole interval. These conditions are known as
Dirichlet’s conditions. They are, of course, satisfied in many
cases; but they have the disadvantage that the sum of two
functions which satisfy them does not itself necessarily satisfy
them.
pD
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In connexion with Jordan’s test, it is interesting to note that
if f(x) is a function of bounded variation over (0, 2), its Fourier
series 18 boundedly convergent.

For let 0 <z <, and write Dirichlet's integral for s,(z) in

the form
sin(n+1)(x
27 f sin §(z— f(t) di.
_*”
Since 1 1

sﬁﬁﬂﬁ(xéiv)“:}(x—t)

is bounded for —jm <x—f <}, this differs by a bounded
function from i

1 “51n(n+l)(x )f(t) di.

T —t

— g
Let f(¢) = f,(t)—f,(t), where f, and f, are positive non-decreasing
in (—1m,3n). Then, b) the second mean-value theorem,

"sm(n—i—% fx(‘ ) dt — f,(i )jsm (nt-4)(e—1) o

xr— —t
_’iﬂ'

(—dm <& <im),
which is bounded for all » and z, as in the above proof. A
similar result holds for f,. Hence the series is boundedly con-
vergent over (0, ), and similarly over (=, 2m).

13.233. de la Vallée-Poussin’s test.* If the function

¢
t) ::% J d(u) du

i8 of bounded variation in an interval to the right of ¢t =0, then
the series is convergent. If s is so chosen that §i(t) - 0 as t > 0,
the sum of the series s s.

For B0 = 2 tp0) = )15 0

Since i(t) is of bounded variation and tends to zero, the part
of the integral § 13.23 (3) involving it tends to zero, as in
Jordan’s test; and since y’(t) is integrable (§ 11.54), the part
involving ¢y/(¢) tends to zero, as in Dini’s test.

* The same test was given previously by du Bois-Reymond, but of course
with Riemann integrals.
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13.24. Relations between the above tests.* Consider the
function |
1
This function is bounded and monotonic in the neighbourhood
of x =0, so that Jordan’s condition is satisfied, and the series
converges. But Dini’s condition is not satisfied, since the

integral 5
f ot
tlog 1/t
0
is divergent. Thus Dint’s condition does not include Jordan's.

On the other hand, Jordan’s condition does not include Dini’s.
For consider the function

flx)==z>sinljz (0 <z <), =0 (<< 2m),

where 0 <a-Z1. Then Dini's condition for convergence at
x == 0 is obviously satisfied. But the function is not of bounded
variation (Ch. XI, ex. 5), i.e. Jordan’s condition is not satisfied.

Lastly, de la Vallée- Poussin’s test includes both Dini’s and
Jordan’s, i.e. if either Dini’s or Jordan’s condition is fulfilled,
then so is de la Vallée-Poussin’s.

We first remark that if g(x) is of bounded variation in (0,8$),
then so 1s

l T
Gx)== | g(t) dt.
Jl

For g(x) = g,(x)—g,(x), where g,(x) and g,(x) are positive, non-
decreasing, and bounded; and

x T

0@) = [ o) dx — [ 0,0) dz = G,(o)— O,
[\] 0
say, and it is easily seen that G,(x) and G,(r) are both positive,
non-decreasing, and bounded. Hence G(z) is of bounded varia-
tion.
The relation between Jordan’s test and de la Vallée-Poussin’s
test follows at once; if ¢(t) is of bounded variation, so is ¥(t).

* For a detailed discussion of this question see Hardy (13).
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Now consider Dini’s test. If ¢(u)/u is integrable,

¢
$()
x@t)= | "~=du
%

is a function of bounded variation; and
t

¢
1 d 1
4= [ v g0 o) du=xo—; [ xw du
0 0
which is also of bounded variation, by the above remark.
Hence de la Vallée-Poussin’s condition is satisfied.

13.25. Convergence throughout an interval. If one of
the above conditions is fulfilled at all points of an interval, of
course the series converges throughout the interval; and if the
condition is fulfilled uniformly, the convergence is uniform. The
simplest case is as follows.

The Fourier series of f(x) converges uniformly to f(x) in any
interval interior to an interval where f(x) is continuous and of
bounded variation.

For in such an interval we can write f(z) = f,(x)—f,(z), where
#.(x) and f,(z) are continuous and non-decreasing. Then, by the
property of uniform continuity, we can find 7 so that

Ifi@+h)—file) <e  (Jh] <m),

the choice of 7 depending only on e and not on the value of
z in the interval. It will be seen on referring to the proof of
Jordan’s test that this implies the uniform convergence of the
integral dealt with in proving the test. We have also to show
that the parts of Dirichlet’s integral which have been shown to
tend to 0, actually tend uniformly to 0; the reader should have
no difficulty in verifying this.

The property of uniform convergence is, however, not so
important as might be expected in the case of Fourier series,
because questions of term-by-term integration can be dealt with
under much more general conditions (§ 13.5).

No simple restriction on f(z) which ensures that the Fourier
geries shall be convergent almost everywhere, without obviously
proving more than this, appears to be known. It might, for
example, be conjectured that continuity would be such a con-
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dition; but no result of the kind suggested has been proved.
On the other hand, a condition bearing not on the function
itself, but on the Fourier coefficients, has been given: the Fourier
series 18 convergent almost everywhere if the series

| " 3 (@3+b3)logn
18 convergent.

13.3. Summation of series by arithmetic means. If a
series %,~+u,+ ... i8 not convergent, i.e. if s, = u;+...4-u,, does
not tend to a limit, it is sometimes possible to associate with
the series a ‘sum’ in a less direct way. The simplest such
method is ‘summation by arithmetic means’. We take the
arithmetic mean . s1t 8yt +s,

n
of the partial sums of the given series. If s, —>s, then also
o, - s; for if 8, = 843, then
g, = 3+§_1.j:_8~2:_*_—__.j_._8_n,
n
and the last term tends to zero if §,, - 0, by the lemmz of § 1.23.

But o, may tend to a limit even though s, does not. Con-
sider, for example, the series

1—14+1—1+....
Here the partial sums s, are alternately 1 and 0, and it is easily
seen that o, - 4. T
A scries for which o, tends to a limit is said to be summable
by arithmetic means, or by Cesaro’s means of the first order,
or (C,1).

Examples. (i) The series 1+0—1+41-0—1+ ... is summable (C, 1)
to the sum %.

(ii) The series sin z -+ sin 2x + sin 3x +-... is summable (C, 1) for all
values of 2; the sum is } cot }x if = is not an even multiple of 7, and
otherwise is 0.

(iii) The series } +- cos x + cos 2z - cos 3x +... is summable (C, 1) to
the sum zero if x is not an even multiple of 7.

(iv) If ¥ u, is summable (C, 1), s, = o(n).

{For 8, = no,—(n—1)o,_,.]

(v) Let t, = u,+2uq+...+nu, If ¥ u,is summable (C, 1), a neces-
sary and sufficient condition that it should be convergent is ¢, = o(n).

[For t, = (n+-1)s,—na,.]

* Plessner (2).
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(vi) If 3 u, is summable (C, 1), and u, = o(1/n), then ¥ u, is con-
vergent.

[For ¢, = o(n), by the lemma of § 1.23. The result is analogous to
Tauber’s theorem.]

(vii) A necessary and sufficient condition that 3 w, should be sum-
mable (C, 1) is that '
L]
Z n(n-1)
should be convergent.

N
l:Fol‘ z t N ]
nin-+ I) N-f 1?
n=1
(viii) If ¥ w, is summable (C, 1), and u, = O(1/n). then ¥ u, is con-
vergent.
[Hardy; this is analogous to Littlewood’s extension of Tauber’s
theorem. If 3 u,is not convergent, then ty > AN, orty < — A,N, for
an infinity of values of N—=say e.g. the former. Since

iy = Lt (4 u, > t,— A4,

we have tysv > AN (0 < v < iNA,/A4,).
N+§NA A4, )
Hence Tt A,
n(n+-1)
n=.\

and by (vii) the series is not summable (C, 1).]

(ix) A series of positive terms is summable (C, 1) only if it is con-
vergent.

[If s, -»> o, then o, — «.]

13.31. Summability of Fourier series. It was discovered
by Fejér* that the method of summation by arithmetic means
applies particularly well to Fourier series. We write
_Sot8+. 8,

n — n ?
where s, is given by § 13.21 (3). Hence

1 fsinéu-f—siqu—}—...—}—sin(n—},_)y (f@+u) +flz—u} du

g, ===

"= onm sin §u
1 sin?}nu
= 2nn J sinZju et u)Hfe—u) du. M

This formula is known as Fejér’s integral. Its importance is due
to the fact that the factor sin?}nu/sin%}u is positive. This makes

* Fejér (1).
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it much easier to deal with Fejér’s integral than with Dirichlet’s,
in which the corresponding factor, sin(n-+3)u/sin Yu, oscillates
between positive and negative values.

In the particular case where f(z) = 1, the formula becomes

m
in2
_ 8in inu 9 du
2nw | sin?}u
0
since now o, == 1 for » > 0. Hence, multiplying by s and sub-
tracting,

)

1 [ sin sin®{nu

2nm sin?}u
0

A necessary and sufficient condition that the series should be
summable (C,1) to the sum s is, therefore, that the integral
(2) should tend to zero.

As in the convergence problem, we can simplify the condition.

We write (u) = f(x+u)+flx—u)— 28

as before. Then, if 8 is any positive number less than =, a
necessary and sufficient condition that the series should be
summable (C, 1) to s is

0,8 =

{fx+u)+flx—u)—2s} du. (2)

8
.1 [ sin?{nu
nllr:;bf sin?ju $l) 3)
1 [ sin? &nu ]¢(u
for ﬁj sin%}u (w) dul < n sm?{m
8 3
which plainly tends to zero. Finally, the condition may be put
in the form s
.1 [ sin?}nu .
0
for
]
1 [ ine
d
a ] st G 00
0

8

1 1
<5 | g 1001
which tends to zero. °
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13.32. Fejér’s theorem. The Fourier series of f(x) is sum-
mable (C, 1) to the sum

Hf(@+0)+f(z—0)}
for every value of x for which this expression has a meaning. In
particular, the series is summable (C, 1) to the sum f(x) at every
potnt where f(x) is continuous.
We now put s = {f(z+0)+f(x—0)} in the above formulae.
Then ¢(u) - 0 with u, and we have to prove that 13.31 (4) is
true. Suppose that |$(u)| < € for w < 9. Then

]
%J‘sngnu () ' J‘sm inu cdut fsm {enu S(w)| du
J I
< J’81n2Anud 41 J‘[qS u)ld
:-11‘{‘ 2>
say. Now
1 nsinz%nu l}m,sin% 1
2 —_ | 2 = Eﬁ‘_”
[t P, 3 o,
0 0 0

which is a constant. Hence I, < 4e. Having fixed 7, it is clear
that I, > 0 as n > o0. This proves the theorem.

13.33. Summability throughout an interval. The fol-
lowing theorem is an almost immediate consequence of Fejér’s
theorem.

The Fourier series of f(x) i8 uniformly summable in any interval
included in an interval where f(x) 18 continuous.

For f(z) is uniformly continuous in any such interval, and so,
in the above proof, the choice of n depends only on ¢ and not
on z. The result follows at once from this.

Weierstrass’s approximation theorem. If f(z) 8 con-
tinuous in (a,b), and € 18 a given positive number, there s a poly-
nomial p(x) such that

lf@)—p@)| <e (a<z<b)

We can make a preliminary transformation so that the
interval considered lies within (0,2#). Then, by the above
theorem, there is a ‘trigonometrical polynomial’ o,(x) such that
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|f(x)—o,(x)| < }e throughout the interval. If we replace each
sine and cosine in ¢,(r) by a sufficiently large number of terms
in its power series, we obtain a polynomial p(z) such that

lon(z)—p(z)| < le throughout the interval. This proves the
theorem.

13.34. Almost everywhere summability. As long as we
restrict ourselves to ordinary convergence, we cannot show that
the Fourier series of a function represents the function in
general, without imposing some rather heavy restriction on the
function. The theory of summability removes this defect.

‘T'he Fejér-Lebesgue theorem. The Fourier series of f(x)
18 summable (C, 1) to the sum f(x), for every value of x for which

t
[ 1fatu)—f@) du=o). (1)
0

In particular, it i3 summable (C,1) to f(x) almost everywhere.
We have shown in § 11.6 that the condition (1) is satisfied for
almost all values of x, for any integrable function. The second
part of the theorem therefore follows at once from the first.
Let x be a point where (1) is satisfied, and take s = f(z) in
the formulae of § 13.31. Then

¢ t
[ 1@ du= [ |f@-+u)+flz—u)—2f()| du

£

< [ 1f@+u)—f@)| du + [ |fe—u)—f@)| du =0 ().

Let o) = [ Ip)] du,

and, given e, choose 7 so that ®(t) < et for ¢t < 7. We suppose
that » > 1/, and write

1

3 1/n )
fsm:‘%nu‘ﬁ(u) du = f + { + f =Jy+Jp+J;.
[\] 1] Y n

1/n
Then, since sin%§ < 62,
1/n

Wil < (3n)? [ 19(w)] du < }en,
0
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|Jz|<f|¢$)ldu=®1§;7) ()+2f 2 4,

1/n 1/n

7
<f+2£f%<e/n—i—2en<3en,
7 I
1/n

and obviously |J5] < f—lz
1

Hence

)
1 J‘ sin?inu

i ) du < ie+3e+ —

0

and the required result follows on choosing first ¢, then 7, and
then n.

13.35. An immediate corollary is that a trigonometrical series
cannot be the Fourier series of two functions which differ in'a set
of positive measure. For if it is the Fourier series of f(x) and of
g(x), it is summable (C, 1) both to f(x) and to g(x) almost every-
where. Hence f(x) = g(x) almost everywhere.

13.4. A continuous function with a divergent Fourier
series. While we have seen that the continuity of a function
is a sufficient condition for its Fourier series to be summable
(C, 1), for convergence we have had to assume other conditions.
That this is really in accordance with the facts is shown by the
following example, due to Fejér,* of a Fourier series which is
divergent at a point, although the function which gives rise to
it is continuous.

13.41. We first require a lemma.

The sum
__cos(r+1)z | cos(r+2)x cos(r+n)x
$(n,r,x) = on—1 op—3 Tt
__cos(r+n+ L)z cos(r+n+2)x cos(r+2n)x
1 3 T Tom—1

18 bounded for all values of n, r, and z.

* Fejér (2), (3), (4).
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We have
= s(r+n—v+1)x cos(r-+n--v)
#(n..2) Z 7 Z Tl
o > sin(v—})z
= 2sin(r+n+41)x VZI 51
2n . n .
= 2sin(r+n+ §):c[z SB%:}'\—Z——;— smp:f}’
A=1 n=1 ®

and each of the sums in the bracket is bounded (§ 1.76).

13.42. Let ¢, denote the group of 2» numbers
ELER S WP W
2n—1" 20—3"773" 7’ TR om0

Let A, A,,... denote an increasing sequence of integers. Take the
numbers of the groups Gy, G),... in order, and multiply each
of the numbers of the group G, by v-2. We obtain the sequence
1 1 1 1 1 1
122, 17777 122a —17 23(20,— 1) 22(22,—3)"
Say o, Kgyene

Now consider the series

i a,, COS NX. (1)

n=1
Suppose first that the terms corresponding to'each group G,
are bracketed together. The bracketed series is

z ¢(An’ 2A1+2A2+ +2An 1’x) (2)
n=1
which is absolutely and umformly convergent, by the lemma.
The sum of the series (2), say f(z), is therefore a continuous
function.
We next observe that the series (1) is the Fourier series of
f(x). For since (2) is uniformly convergent, we may multiply it
by cosmz or sinmz and integrate term by term. The integral

of each term is zero, except that of the one containing the term
a,, cosmz; and from this we obtain

Tf(x)cosm dx = ma,.
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The numbers «,, are therefore the Fourier cosine coefficients
of f(x).

We show finally that the numbers A, can be chosen so that
the series (1) is divergent at the point x = 0, i.e. that the scries
ay+ag+-... is divergent. Let s, be its nth partial sum. Then

1 1 1 1 log A

8od +2 + B FA T ;1(2‘/\,‘—__—1 + 5/\—”:‘:; + .. +'§ + 1) ~ "‘le;z!'
If the numbers ), tend to infinity sufficiently rapidly, c.g. if
A, =", it follows that s, >0 as » — oo through a certain
sequence of values. Hence the series is divergent.

13.43. Fejér’s example, together with a simple argument
depending on Dirichlet’s integral, enables us to say how large
the partial sums s, of a Fourier series of a continuous function
can be.

If f(x) is continuous, then

8, = o (logn);
and no more 8 true, since, if Y(n) is a function which decreases
steadily to zero, however slowly, there is a Fourier series of a con-
tinuous function for which

8, > y(n)logn

for arbitrarily large values of n.
For the first part, we have to prove that

8
f El-x“—n;ﬁlﬂu) du = o (logn)
1]
if ¢(u)—> 0 as u->0. Suppose that |$(u)| <e for u <7; and,
if n4+3 > 1/n, put

3 1/(n+1) 7 3
[t ywman= [ 4 [ 4 [=Ltltls
0 “ 0 1/(n+¥) 19
1/(nt+1)
Then LIS (4D [ Ipe)du<e
0

IARS f = du < elog(n-+1),
1/(n+d)
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] b
and 1, <2 f b(u)] du.
n

The result clearly follows from these inequalities.
The second part is obtained by taking A, sufficiently large in
Fejér’s example. Suppose that A, > 2v, and let
no= 20420+ +2X,_ A,
Then A, <m< 20, < A
Now s, > i(n)logn for sufficiently large values of v, if
log)\ > y(n)log n;
and since $i(n)logn < 4: log A2, this is true if
1
PO <
and this will be so if the numbers A, tend to infinity rapidly
enough.

13.5. Integration of Fourier series. Any Fourier series,
whether convergent or not, may be integrated term by term between
any limits; that s, the sum of the integrals of the separate terms

ts the integral of the function of which the series is the Fourier
series.

Let f(x) have the Fourier coefficients a,, b,, and let
T
)= | {f()—1ac} dt.
0

Then F(x) is periodic, continuous, and of bounded variation.
Hence it can be expanded in a Fourier series, say

F(x) = 34,4+ il(A,1 cosnx + B, sinnx),

convergent for all values of 2. Here

2

A4, = 1 f F(x)cos nx dx
™

o

- |F@ 74] T2 jﬂ{fm——&ao}sinnx dz



420 FOURIER SERIES
b

n.
]

2w
1 .
=— ff(z)sm nx de = —
0

2w
and B,= 1 f F(z)sinnx dx
™
0

COS nr

=1[ F(x)- #] +_..f{f — lagjeus nx dx

3

2m
= i ff(x)cosnx de = -2
nm
1]

the integrated terms vanishing since F(27) == F(0) = 0. Hence
a, sin nx — b, cos ne
F(2) = $dg+ Z SR

Putting x = 0, we obtain

oc

o= >0,

n=1

and, adding,

Flz) = i a, sinnx + b, (1—cos n.z:).

n
n=1

This proves the theorem.

13.51. An interesting particular case is that the series
3t
Lt M
n=1

18 convergent. This remark cnables us to write down convergent
trigonometrical series which are not Fourier series. A simple

example is CYTI

1 logn
This is convergent for all values of 2, but it cannot be the
Fourier series of its sum, since the series

> 1
nlogn
is divergent. Actually the sum of this trigonometrical series is
not integrable in the sense of Lebesgue, and it is easy to prove
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directly that the sum of the integrated series 3 cosnxz/nlogn
tends to infinity as z - 0.

13.52. The following alternative proof of the above integra-
tion theorem is also interesting. We know that the series

sm(.7;-t) sin 2(;—t) o = (8)
is boundedly convergent. Hence we may multiply by f(¢)/7 and

integrate term by term over (0, 27). On the left we obtain

) 1 27 " ) [

2 f sinn(e—)f(() dt = > TnSME 0 COSNE,
nw 2

r=l n=1

n

the integrated series. On the right we get

L I UL

! j s de=" f (S dt =

:51; [(ﬂ—x+z)F(¢)]j“_,ﬂ_% J Ft) 4It.~:.F(x)-—§1;T- J F(t) dt,

L--2m

since F(x—27) == F(x). The result now follows as before.

13.53. A similar method leads to the following more general
integration thcorem.

A Fourier series may be multiplied by any function of bounded
variation and integrated term by tcrm between any finite limits.

Let g(x) = lag+ Y (a,cosnx + B, sinnx)
? =1

be a function of bounded variation. The series being boundedly
convergent (§ 13.232), we may multiply by any integrable func-
tion f(r) and integrate term by term over (U, 27). We obtain

2m
;l'r f f(x)g(r) (lx = iaoao‘*‘ ngl (a’uan"*'bn Bn)’ (l)
0

where a,, b,, are the Fourier coefficients of f(x). This is the
same result as we should have obtained by multiplying the
Fourier series for f(x) by ¢g(x) and integrating term by term over
(0, 27).
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A similar result may be obtained for other ranges of integra-
tion by replacing g(x) by 0 outside the required range.

13.54. Parseval’s theorem. If f(z) is of bounded varia-
tion, we may put g(x) = f(x) in 13.53 (1), and obtain

ff }dr—la+za2+b;
0

This is known as Parseval’s theorem. We shall show in § 13.63
that it is true under much more general conditions than those
we have so far assumed.

13.6. Functions of the class L?: Bessel's inequality. Let
f(x) be a function of the class L%(0, 27), with Fourier coefficients
a,, b,. Then

(@) = f(x)— lag— > (a,,cosmz 4 b, sinmx)

m=1
also belongs to L?; and

f B de =1 f (s +3a+ 8 (a2 462)—

m=1

ff (x) dr —= Z f a,, cosmx + b, sinmx)f(x) dzx
m 1

f e dr —ja— 3 (@63

m—=1

by the Euler-Founer formulae. Since the left-hand side is not
negative, it follows that

@i+ 3 (@485 < f {f@))? do (1)

m=

for all values of n. This result is known as Bessel’s inequality.
Since the right-hand side of (1) is independent of =, it follows
that the series

ai+ 3 (@h+b3) 2)
18 convergent. Also

éa3+m§(as,.+bf,.)<1{ f (@) da. @)
0
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13.61. Parseval’s theorem for continuous functions.
We have seen that, for functions of bounded variation, the
above inequality becomes an equality, viz. Parseval’s theorem.
The same result for continuous functions may be proved as

follows. If f(x) is continuous, ¢,(z) tends uniformly to f(z),
and hence

n—»®o

lim > [ {f@)—o,(@)f(e) dz = 0.

n—1
Now  o,(z)= da,+ z (a,, cosmx + b, sin mz) (l—— %) ,
m=1

and, evaluating the integral as in the previous section, we obtain
1 2m n—1 m
L e s —joi— S @to(1-2) o
o m=1

Parseval’s formula therefore holds if the series is summed (C, 1).
Since by § 13.6 the series is convergent, it follows from § 13.3
that it holds in the ordinary sense.*

There is no difficulty in extending this proof to functions
which have simple discontinuities. Actually Parseval’s theorem
holds for all functions of the class L?. We shall prove this as
a corollary of the theorem of the next section.

13.62. The Riesz-Fischer theorem. Let
la,+ i (a, cosnx + b, sin nx) (1)
n=1

be any trigonometrical series with coefficients such that the
series 13.6 (2) is convergent. Nothing that we have proved so
far in this chapter enables us to decide whether such a series
is a Fourier series. The problem is solved by means of the
theory of mean convergence (§ 12.5). This theory was in fact
originally constructed to deal with this very problem.

The following theorem was proved almost simultaneously by
F. Riesz and Fischer.t

If the numbers a,, b, are such that the series 13.6 (2) is con-
vergent, then the series (1) 18 the Fourier series of a function f(z)

* A number of different proofs under various conditions are given by Julia,
Ezxercices d'ana’yse, 180-6.

t F. Riesz (1), Fischer (1).

EE
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of the class L2 The partial sums of the series converge in mean
to f(x).

Denoting the nth partial sum of (1) by s,(x), we have

2m

_‘fﬂr{sn(af,)—-.9,,‘(31')}2 dx = f {vzg-{-l (a,cosvx + b, sin wr:)}2 dx

n

=x E (a3+b3)’

v=m+1
all the product terms disappearing on integration. The right-
hand side tends to zero when m and »n tend independently to
infinity. Hence s,(z) converges in mean to a function, f(¢) say,
of the class L2.
Also, by § 12.53,

2w 2m
lim f s, (z)cosvx dr = f f(x)cosvz dz.
n—»o0
[ 0

But the integral on the left is equal to =a,, if » >>v. Hence
l 2m
a,=— ff(x)cos v dz,
T
[\]

i.e. a, is the vth Fourier cosine coefficient of f(x). Similarly b,
i¢ the vth sine coefficient. Hence the given trigonometrical series
is the Fourier series of the function f(z).

It is important to observe that it is here that the Lebesgue
irtegral first plays an indispensable part in the theory. Most
of the previous analysis is true for Riemann integrals and
elementary generalized absolutely convergent integrals. Here
the result shows that the extension to Lebesgue integrals is
really necessary.

13.63. Parseval’s theorem for functions of the class L2.
Let f(x) be any function belonging to L?*(O0,2n), and let its
Fourier series have the usual form. Then the series 13.6 (2) is
convergent. Hence, by the Riesz-Fischer theorem, the partial
sums 8,(x) converge in mean to a function g(z), of which the
Ziven series is the Fourier series. Hence, by § 13.35, g(x) = f(x)
elmost everywhere. Also, by § 12.52,

lim }" {8, ()} dx = Tﬂ{ f(x)}? de,
n=e 0
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and on evaluating the integral on the left-hand side we obtain
Parseval’s formula.

The more general formula 13.53 (1) also holds if f(x) and g(x)
are any two functions of the class L?. For Parseval’s formula
holds for the functions f(z)-+g(z) and f(x)—g(z), and the result
stated follows on subtraction.

13.7. Properties of Fourier coefficients. Originally the
Fourier coefficients were merely the material out of which the
Fourier series was constructed. But the coefficients have some
interesting properties of their own. In fact Bessel’s inequality,
and the theorems of Parseval and Riesz-Fischer call attention
to the problem of the behaviour of the Fourier coefficients of
given classes of functions and give some important information
about it.

The first theorem of this kind (§ 13.22) is that the Fourier
coefficients of any integrable function tend to zero. On the other
hand, they do not tend to zero in any definite order; that is,
any theorem such as ‘a, = O(1/logn) for all integrable func-
tions’ is certainly false. For consider the series
< cos k,x
See

n=1
where k, denotes a sequence of positive integers which tends to
infinity rapidly as n — oo. The series is uniformly convergent,
and so is the Fourier series of its sum; and

1

ak. = 172,

which falsifies any theorem of the kind suggested, if %, tends
to infinity rapidly enough.

13.71. Suppose next that f(x) belongs to the class L2. This
does not enable us to prove any more about the order of the
coefficients; in fact the function defined by the above series is
clearly continuous, and so belongs to L2. But we do obtain
a definite result about the average order, viz. that

2 (@+53)
is convergent (§ 13.6).
This result has been generalized so as to apply to other
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Lebesgue classes; if f(x) belongs to LP, where 1 < p < 2, then the

series z (@, |P@-D b, |Pir-D)

18 convergent.
The proof of this theorem is, however, too long to be given

here.*
There is also a corresponding extension of the Riesz-Fischer

theorem: if the series S (la, [P+ 16,17),

where 1 < p < 2, 18 convergent, then the numbers a,, b, are the
Fourier coefficients of a function of the class Lr(»-D,

Both these theorems cease to be true if p > 2, so that they
are not converses of each other unless p = 2.

13.72. If we make still more special assumptions about the
function, we obtain new results about the coefficients. Suppose
that f(x) satisfies a Lipschitz condition of order «, i.e. ash — 0

fe+h)—f@)=O0(h]*)  (0<ax)
uniformly with respect to x. Then
a, = 0(n*), b,= 0(n-).

FOI‘ o em—m/n
a, = 1 Jf(x)cos nx dr = ! f f(‘f+t)cos nt dt
m™ ™ n
0 —m/n
1 2m
== ff(1'+t)cosnt dt,
™ n

(1]
and hence also

Y (TR -
— ofo(ni) dx=0(nia);

and similarly for b,,.

13.73. The next result of this kind is that if f(x) 18 of bounded
variation, then a, = O(1/n), b, = O(1/n).

* W. H. Young (2), (3), (5), (6), Hauadorft (1), F. Riesz (4).
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For f(x) = fi(x)—f,(x), where f,(x) and f,(z) are positive and
non-decreasing. Hence, by the second mean-value theorem,

ffl(x)cosnx dx = f,(27) 2frcos nx dx (0<€é<2m)

— —fy(2m )smn/f 0(1)’

n

and a similar result holds for the other integral.

An alternative proof of Jordan’s theorem (§ 13.232) can be
deduced from this result. If f(z) is of bounded variation, its
Fourier series is summable (C, 1) to the sum {f(x-0)4f(z—0)},
by § 13.32. Since a, = O(1/n), b, = O(1/n), the series actually
converges to this sum (§ 13.3, ex. (viii)).

If f(x) is an integral, and has the period 2w, then

an:o(l/n), anO(l/n)'

For if f(x).=f(0)+f pt)dt  (@>0),

then ma, = [f(x) smnnz] —= f ¢(x)sinnx dz,
b, = [—f cosln] +- f ¢(x)cos nx dx.

The integrated terms are zero, since f(27) = f(0) and the in-
tegrals on the right tend to zero, by the Riemann-Lebesgue
theorem. This proves the theorem.

If f'(x) satisfies special conditions, such as a Lipschitz con-
dition, still further results of the same kind can, of course, be
obtained.

13.8. Uniqueness of trigonometrical series. At the be-
ginning of the chapter we associated with an integrable function
a particular trigonometrical series, viz. the Fourier series of the
function; and we have shown that the Fourier series does, in
various ways, represent the function. The reader might, how-
ever, still contend that we had attached undue importance to
Fourier series, and that there might be other types of trigono-
metrical series in which a given function could be expanded.
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It is difficult to give a complete solution of this problem. If,
however, we assume enough about the set of points where the
series converge, we can show that, if a trigonometrical series
converges to a given function, it is the only such series which
does so; and therefore that, if the function can be expanded in
a convergent Iourier series, it cannot be expanded in a con-
vergent trigonometrical series of any other form.

The theory is due to Riemann, du Bois-Reymond, and Cantor.
The theorem which we shall prove is as follows.

If two trigonometrical series converge to the same summ in the
interval (0,2m), with the possible exception of a finite number of
points, then corresponding coefficients tn the two series are equal,
1.e. the sertes are identical.

This is not all that is known, and more general theorems will
be found, e.g., in Hobson’s T"heory of Functions, § 420-50. But
some extensions which might naturally be suggested are not
true; if we say ‘are summable (C, 1)’ instead of ‘converge’, the
theorem becomes false, as is shown by § 13.3, ex. (iii).

The question whether a given trigonometrical series is a
Fourier series is really a problem of integral equations. We are
given numbers a,, a,, b,..., and it is required to determine
whether there is an integrable function f(z) such that the Euler-
Fourier formulae § 13.1 (2), (3), are true. The question is not
settled by mere convergence, since a trigonometrical series may
be everywhere convergent without being a Fourier series
(§ 13.51). But if it converges uniformly, or boundedly, or in
mean with index p (p > 1), then it is a Fourier series; and the
theorems of § 13.62--13.71 enable us to state conditions for
mean convergence, with p > 2.

Another theorem which would naturally suggest itself is that
if a trigonometrical series converges almost everywhere to an
integrable function, then it is the Fourier series of the function;
but this is not necessarily true, and the state of affairs is rather
complicated.

The proof of the theorem stated above depends on a number
of lemmas.

13.81. Cantor’s lemma. If a,cos nx + b, sinnx tends to 0
for all values of x in an interval, then a, and b, tend to 0.
Suppose that a,cosnx + b,sinnz - 0 in the interval («,pg).
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If the lemma is false, there is a constant A and a sequence of
values of n for which a%+4b% > A. Hence, as n — oo through
this sequence, the function

(@, cosnx + b, sin nx)?
f n(x) = a?‘ T b?y

converges boundedly to 0 in (o, 8). Hence, by the theorem of
bounded convergence,

8
f fol@) dz - 0.

But, evaluating the integral, we find that

fﬁfnm dz = %(B—-a)+0(;b),

and this gives a contradiction. This proves the lemma.

13.82. Suppose now that the series
da,+ f: (@, cos nx + b, sin nx) (1)
n=1

converges to the sum f(x) in (0, 27), except possibly at a finite
number of points. Let

F(z) = }agat— Z a,cosnx +b, sinnx @)

)
n? .

n=1
Since by Cantor’s lemma a, and b, tend to zero, this series is
uniformly convergent, and F(z) is continuous, for all values of
z. If we could differentiate twice term by term, we should have

F"(x) = f(x). We cannot necessarily do this, and instead have
to proceed as follows.

Riemann'’s First Theorem. If

F(x+2h)+ F(x—2h)—2F(x)

Gla,h) = e : 3)

then G(x,h) — f(x) as h — 0, for all values of = for which the series
(1) converges to f(x).
We have
cos n(x+2h)-+ cos n(x—2h)— 2 cos nx = —4 cos nx sinnh.
sin n(x+ 2h)+ sin n(x— 2h)—2 sin nw = — 4 sin nx sinnh.
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and hence

Gz, h) = ba,+ Z (@, cosnx + b, si nnx) sznh

4)

The nth term of (4) tends to the nth term of (1) as A > 0. Hence
it is sufficient to prove that the series (4) converges uniformly
with respect to h. Let r, denote the remainder of the series (1)
after the term in sinnx. Then r, > 0, say |r,| <e for n > N.
Hence

sin*nh m sinnh\?
Z(a cosnx + b, sinnx) — - T ;v(rn—rnn)( nh )

n=N
sin Nh)2 < [(sin nh) {sm(n—{— 1)k } ]
= Vvl —— — rn —_— —
“( Nk NZ:I nh (n+1)h
and the modulus of this does not exceed
a0 . 2
dt<e+e”§-t(si;—t)
0

the last integral being convergent. Hence (4) is uniformly con-
vergent, and the result follows.

o0

n+1)h d 2
sm
> [ a(%)
nh

N+1

dt,

13.83. Riemann’s Second Theorem. If a, and b, tend to

zero, then iyt o)t F(a—2h)—2F(x)
lim = 0.
h—0 2h

for all values of x.

We have to prove that
ah+2 z (@, cosnx + b, sin nx)iﬂz—n—’—b
n=1

tends to zero. Given ¢, we have

la,cosnx + b, sinnx| <e (n > N).

Since sin?nh < n%h? for n < 1/h, the modulus of the sum does
not exceed

N
AR +2 S Ah|+2 ht-2
H+£IHM£;+§Wh
<AN|h|+2e+?ff B AN+ Ae
h ) (u—1)3 ’
1/h
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and the result follows by choosing first € and then % sufficiently
small.

13.84. Schwarz’s theorem. If F(x) is continuous in an
interval (a,b), and
i P&+ + Flz—h)—2F (z)

=0
h—0 h?

for all values of x in the interval, then F(x) is a linear function.
The expression on the left is called the generalized second
derivative of F(z). If F(x) has an ordinary second derivative,
the generalized second derivative is equal to it, and the result
follows at once.
To prove the theorem, consider the function

$(@) = F(x)— Fla)— —{F(b)— F(a).

We have ¢(a) = 0 and ¢(b) = 0. If ¢(x) = 0 for all values of z,
the result follows. Otherwise it takes values different from zero,
say, for example, positive values. Suppose that ¢(c) > 0. Let

$(x) = $(x)—te(x—a)(b—2),
where ¢ is positive and so small that {(c) > 0. Then y(z) has
a positive upper bound, say at x = ¢, which it attains, since it
is continuous. Hence

PE+h)+PE—h)—24(€) < 0.
But ’

pE+h)+E—h)—24¢) _ FE+Rh)+F(E—h)—2F ()
gy = A2 +e,

and the right-hand side tends to € as 2 — 0. This gives a con-
tradiction. Similarly the supposition that ¢(x) takes negative
values leads to a contradiction. Hence ¢(x) = 0 for all values
of x, which is the desired result.

13.85. The proof of the main theorem now follows from
Schwarz’s theorem. It is sufficient to prove that, if a trigono-
metrical series converges to zero except at a finite number of
points, then it must vanish identically. If the series 13.82 (1)
has this property, the function F(z) is continuous, and its
generalized second derivative is zero except at a finite number
of points. Hence F(x) is linear in the interval between any two
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exceptional points, and the straight lines which form the graph
join at the exceptional points. Now, taking z in Riemann’s
second theorem to be an exceptional point, it follows from the
lemma that the slopes of the lines on the two sides of the
exceptional point must be the same. Hence F(x) is linear
throughout the whole interval (0, 2x), say

F(z) = ax+b.
Hence Z a, cos nxnt b,sinnz _ lag?—az—b.

n=1

Since the sum of the series is periodic, a, and @ must be zero.
Then, the series being uniformly convergent, we may multiply
by cosmx or sinmaz and integrate term by term; and we obtain
ma,,

.-,_A= —b f cosmx dx = 0,
m2

féz, —b f sin mx dx =
m
for m > 0. Thls completes the proof.

13.9. Fourier series for any range. All our series so far
have represented functions with the period 27. A series of the
form

f(x) = da,+ Z (a cosi——*-b smn/\)

represents a function w1th the period 27A. Formulae for the
coefficients may be calculated as before; we obtain

A
a, 1 f f(t)cosﬁt dt, f S t)sm — dt
mA N A
Naturally the whole theory can be applied to series of this kind.

13.91. Fourier’s integral formula. The above expansion
may be written

f )—-2 - ff(t)dt-{-z fft)cos”.(x )

Suppose now that ,\ — 0. Then the series on the right behaves
very much like one of the sums by which a Riemann integral
is defined. In fact, if we write u, = n/, it is

3 na—ud),
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7A
where d(u) 1 j f(t)cosu(z—t) dt.
ku
—mA
If, therefore, we make A — o0, and ignore such difficulties as the
fact that ¢(u) depends on A, and that the approximating sum
is an infinite series, we obtain

f(x) =% f du f cos u(x—1t)f(t) dt.

This is Fourier’s integral formula. It represents a function
defined over (—o0,00) in the same way that a Fourier series
represents a function with a finite period.

The difficulty of justifying a proof on these lines would be
considerable. A direct consideration of the formula suggested
is comparatively easy.

13.92. Suppose that f(x) is integrable in the Lebesgue sense
over (—o0,00). Then the integral

0

f cosu(x—t)f(t) dt

converges uniformly with respect to « over any finite range.
We may therefore integrate with respect to u over (0,U), and
invert the order of integration. Thus

[ &4 ©
fdu f cosu(x—t) f(t) dt = f sin UEJ) f(t) dt.
Given €, we can choose 7' so large that
-7 o
Jiforde<e,  [ifo1di<e,
= ;

and we may suppose that 7' > |x|+ 1, 2 being supposed fixed.
Then
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tend to zero as U —> oo, by the Riemann-Lebesgue lemma.
Hence

U % z+8
1 1 sin U(x—t)

8 .
_ 1 (sin Uf{f(x-}-t)—i—f(x—‘)} dt +o(1).
- t

V]
The value of the limit, as U — oo, therefore depends only on
the behaviour of f(t) in the immediate neighbourhood of ¢t = ;
and the problem has been reduced to the discussion of an
integral similar to Dirichlet’s. Any of the convergence criteria
of § 13.231-3 apply equally well to this problem. In particular
U ©
1

lim - du j cosu(x—t)f(t) dt = ¥{ f(x+0)+f(x—0)}

U—x
if f(t) 18 integrable over (—o0,0), and of bounded variation in an
interval including t = x.

13.93. Fourier transforms. If f(z) is an even function,
Fourier’s integral becomes

o0 o0

flx) = 2 f coszxu du J cosutf(t) dt, (1)
i 0 0
the term involving sin u¢ vanishing identically. This is Fourier’s
cosine formula. Similarly for an odd function we obtain
Fourier’s sine formula

flx)= 12—7 ~Fsin zu du fsin ut f(¢) dt. (2)
If we write g(x) = N/(%) fcosxtf(t) dt, (3)
. e f .
then (1) gives flx) = J (7-,) of cosxtg(t) dt (4)

There is therefore a reciprocal relation between the functions
f(x) and g(z); a pair of functions connected in one sense or
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another by these formulae are known as Fourier cosine trans-
Jorms of one another. Thus, for example, if f(z) belongs to
L(0,c0), and is of bounded variation in any finite interval, then
(3) is absolutely convergent, and (4) holds in the sense that the
integral converges (not necessarily absolutely) to

Hf(z+0)+fz—0)}.

Similarly from (2) we obtain the reciprocal formulae

o0

h(z) = J(%) f sinztf) dt,  fz)= J(z) f sinat h(t) dt, (5)

and f(x) and h(x) are Fourier sine transforms.

13.94. Integration of Fourier integrals. It is convenient
to notice at this point a theorem similar to that of § 13.5: the
formula obtained by integrating 13.93 (1),

ff(x) dx = f sin{u du f cosutf(t) dt
0 0
holds for any function f(t) integrable over (0, 00).

For

U o0

U
f snr;fu du f cosut f(t) dt = ff(t ) dt f ‘wuc—osﬂ du
1] ] 0 !

by uniform convergence; and the inner integral on the right is
bounded for all U and ¢; for it is equal to

U U
j ?H}Eﬂ)f du 1 [ Sn€=t g,

2 u

(V] [1]
U£+1) Ui

4 e,
0

l@lr—

the sign being that of {—¢, and
v

f?‘_“_’_’d
v

0
is a bounded function of V. Hence, by Lebesgue’s convergence
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theorem, we may make U — co under the integral sign. Since

J’E‘@‘Tuﬂ)_s_"‘_tdu=érr t<g, =0 (t>§),
0

the result now follows.
A similar result may be obtained from Fourier’s sine formula.

13.95. Fourier transforms of the class L2 The analysis
of § 13.93 gives conditions under which the reciprocal formulae
connecting Fourier transforms hold; but they suffer from the
defect that, while the formulae are symmetrical in f(r) and g(x),
the conditions which these functions satisfy are quite different.
An alternative set of conditions, which has perfect symmetry,
can be obtained by considering functions of the class L?, and
using the theory of mean convergence.*

Let f(x) belong to the class L*(0,00). Then the formulae for
cosine transforms hold in the sense that, as a — o, the integral

ga(x)_—_A/(%) fcosxtf(t) dt (1)

converges in mean to a function g(x) of the class L*(0,c0); and

fa(x)=~/(?r)fcosxtg(t) dt (2)
0

converges in mean to f(x).
We prove this by a method suggested by the formal process

of §13.92. Let .

t,= [ foyde (n=12..).
n/A
Then, as A — o0, the sum
vx
D, . _v;Ha,, cos_/\_
tends to the integral
fcosuxf(u) du,

a

fo0<a<b, and m=[Aa], n= [j\b]— 1; for the difference is

* Plancherel (1), (2), (3); Titchmarsh (1), (3); Hardy (12); Pollard (1).
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n DA
COS UX — COS l;-:) f(w) du +
v=m+1 viA
(m+1)/A b
+ J cosux f(u) du + f cos ux f(u) du,
a (n+1)/A
' ve| |z
and Co8 uUx — COS — | < —,
| <3

so that the sum is O(1/A), while the last two integrals plainly
tend to zero. Further, the convergence is clearly uniform with
respect to = for 0 <z < X.

Now we can apply to ®,, , an argument similar to that used
in proving the Riesz-Fischer theorem. We have

(n+1)/A (n+1)/A 1(n+1)//\
a < f (@) do f dr=1 [ (e
n/A n/A n/A
and hence
nA n (n+1)/A b
[or de=4m S @<in | (foPde<in[{f@)d,
0 v=m+l (m+1)/A a

X b
and a fortiori j 0z, de <} [ {f@)) d=
0 a

if A > X. Keeping X fixed and making A - co, we obtain
X b .

| 9@ — @) dz < | {f@))? da,

0

and then, making X — oo,

o b
[ 9@)—gu@))? dz < [ (@) de. 3)

Since the right-hand side tends to zero as @ - 00, b - o0, so does
the left-hand side; that is, g,(z) converges in mean to a function,
g(x) say, of the class L%0,0).

The same argument now shows that the integral (2) converges
in mean, to a function ¢(x), say. We have to prove that
$(x) = f(z) almost everywhere, and for this it is sufficient to
show that

¢ £
[ (@) de = [ f(z) da 4)
0 0
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for all values of £, Now

£ £ £ a
=1 =1 g.
! é(x) dx —alilg 6{ falx) de =lim (w) f dx J‘ cosxtg(t) di

a—®o

-t ) [ ) [

On the other hand, for 0 < ¢ < a,

ff(x) dr = - f sm§u du f cosutf(t) dt —A/( ) f sinfu ga(u) du,

by § 13.94, f(z) being mtegrable over (0,a). Makmg a — 00, and
observing that sin ¢ufu belongs to L2, we obtain, by § 12.53,

fraw ) oo

This proves (4), and completes the proof of the theorem.
There is, of course, a similar theorem for Fourier sine trans-
forms.

13.96. We can also obtain a formula corresponding to Par-
seval’s theorem. Putting a = 0 in 13.95 (3), we have

Ld b ©
[Hos@)y de < [ {f@)) dz < [ {f(@)}2 dx,
(1] (1] 0
and making b - oo, by § 12.51
[ o dz < [ {(f2)) de.
0 0

But since the relation between f(x) and g(z) is reciprocal, the
opposite inequality also holds. Hence in fact

[ oy do = [ (e ()

Finally, if ¢(x) also belongs to L2, and () is its transform,
then g(x)+i(z) is the transform of f(x)4-$(xr). Hence

[ 9@ +4@) da = [ {f)+p@) dx,
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and, subtracting (l) and the corresponding formula for ¢ and
Y, we obtain

o

[ gtem@) &z = [ fawpio) da. (2)

MISCELLANEOUS EXAMPLES

1. If f(x) is first defined in (0, 7), then in (—m, 0) by the equation

J(—=x) = f(z), and elsewhere by periodicity, show that f(z) has the
Fourier cosine series

o0
$a,+ I a,cosnz,
n=1

m
where a, = 2 ff(t)cos nt dt.
T

Similarly, if f(—x) = —f(x), then f(x) has the Fourier sine series

o0
> b,sinnz,
n=1

m
where b, = 2 ff(t)sin nt dt.
™
2. Show that

o0
2ne ___ —
e — ¥ — l {21 n zq_ggsig.bﬁ _nnslnn.t} (0 < z < 2r),
Fod a

n=1

e = e_'."',,,, +2 Z {(— 1)mesm — 1}“%:?:35 (0 <z<m),

. nsmnz ;
__Z{l—~(——1)c} rog (0<@<m).

Find the sums nf the series when z = 0.

3. Sum the scries

0 o
acosnr < NSl nn.r 3
—, Z — (0 <& < 27).
a’
=1

a®+-n? 24-n?
n-1
4. Expand in Fourier series valid over (0, 27), and also in Fourier
cosine and sine series valid over (0, 7), the functions
1, x, x2, 3, cosax, sinar, coshax, sinh ax,
e** cos ba, e**sin bx, [x/n], [2x/n).
Consider the values of x for which the series converge to a value different
from the value of the function expanded.
FF
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5. Prove that, if —1 <r <1,
R b S WS 9
1—2rcosf@+7r* + 'Exr cosm

for all values of 6.
6. If a,, b, denote the Fourier coefficients of f(x), then for —1 <r < 1

2m

1 1—
Ya,+ E (a, cos nx + b, sinnx)r* = o f 1__21_003(; t)+r’f(t) dt.
7. Prove that 0
2
. 1 1—92
27 = 0
;l-l—inl21r f 1—2rcos(z—t)+r zf(t)d‘ #H f(x40)+4f(x—0)}
0

for all values of x for which the right-hand side exists.
[The discussion is similar to that of Fejér’s integral.]
8. Show that, if f(x) is bounded, then

8, = O(logn).
9. Show that, if m < f(xr) < M, then
m < a(r) <M

for all values of n and .
10. Show that, if m < f(x) < M, and

jad <21, <2,
n n
then m—A,—d, <8, < M+A,+ A,

[Use the formula

n
8,y = Opi1— 7741——1 Z v(a,cosvr + b,sinv:r).]

v=1
11. Show that

Z:mfﬂsfp_"zzf p“"% . (0 <z < 2m),
2 1
and deduce that
'zi%af pm‘é’u +E,n_x < jm41

for all values of n and z.
[Compare §1.76. The actual upper bound of the partial sums is

fﬂ;ﬁ dx == 1.85...; see Gronwall (1).]
12. Use Parseval’s theorem to sum the series

Zw ! Zw ! E* .
n?’ (a*4n?)?’ (a*+n?)?’
n=1 n=1

n=1
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13. A nccessary and sufficient condition that
a, = O(e~%-m), b, = O(e~"&-m),
whore k > 0, for all positive values of ¢, is that f(x) should be almost
everywhere equal to the value on the real axis of an analytic function
f(z), which is regular for —k < y < k, and has the period 2.
14. Construct a Fourier series for which

for arbitrarily large values of n.

15. Show that if, in the Fourier series of § 13.42, we substitute v'x
for x in the terns corresponding to the group of numbers G, we obtain
a seriox which 18 also the Fourier series of a continuous function, and
which diverges for all values of x such that z/m is a rational number.

16. Show that, if the series

o
Y a,cos(2™r)
m-=0

is a Fourier series, it is convergent for almost all values of a.
|In this caso the formula used in example 10 becomes
k-1
Ok — Sk = —)l-i 2™y cos(2mr),
- m-1
and since w, -> 0 the right-hand side tends to 0 for all values of .
Hence 8,c tends to a limit wherever o, does, i.e. almost everywhere.
See Kolmogoroff (1).]
17. If f(x) -- &% where 0 < a <1, for 0 < x 27, show that, as

no> e, ne- 1t nt
~

a ey by~
" 2T(«)cos ra * 2@(a)sin jma
Show that f(z) belongs to L? if p < l/a, and that 3 (|a,|*+[b,l0) is
divergent if ¢ < 1/(1 —a).

[See Bromwich, Infinite Neries (2nd ed.), § 174, Ex. 5, and Haslam-
Jones (1). The result should be compared with the extended Riesz-
Fischer theoremn referred to in § 13.71. It shows that the exponent of
convergence of the series of coefficients is the ‘best possible’.]

18. A function f(x) is equal to »*cos(v?r) in the intervals

g ™
JUSGRR— T o—y = 1, 2,...,
(v+ l)B <z by v
where 0 <C & -2 B <2 1, and is defined in (—m, 0) by the relation
f(—=a) = ~f(x).
Show that f(x) is integrable in tho Lebesgue sense, and that its Fourier
sino coeflicients satisfy b, = O(nt~Hogn).

By taking a small enough and B/« near enough to 1, show that the
convergence of ¥ [b,|¢, where ¢ > 2, is not suflicient to ensure that f(x)
shall belong to L?, where p = p(g) > 1.
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[The point of the example is that if ¢ = 2 the convergence of ¥ |b,|¢
does imply that f(x) belongs to L?, and there is an abrupt change in the
state of affairs when g becomes greater than 2.

We have /B

©
b, =;—r 2 ve {sin(n+v2)x 4 sin(n —v?)x} dx.
VEL aiv+1)8
The terms for which vn—2 < v < ¥n+2 are
O(Va—ﬂ—l) = O(nl(a—p'l));

the terms for which v < Yn—2 are
in—1

o 3 Z5)-o( [ %)

y<vn—2 0

- O(n“*' f ri’%z) = O(n¥*~tlogn),

and a similar result holds for the remaining terms. See also Titch-
marsh (2).]
19. Show that the function

x

fx) = —x+4 lim (1-4-cost)(1+4-cos4t)...(1 +cos4m-1t) dt

m—»w
0

is continuous and of bounded variation, and has the period 27; but
that, if b, is its nth Fourier sine coefficient, nb, does not tend to zero
8o that f(z) is not an integral.

[This example is due to F. Riesz (3). Let 7,(x) denote the integrand.
It is a cosine polynomial of order

144-...+4m1 = }(4m—1).
On multiplying by 14-cos 4™z, the first new term involves
cos{4™— }(4™—1)}x = cos §(2.4"+ 1)z,

which is of higher order than any of the terms in 7,(z). Hence 7, ,(r)
is obtained by adding new terms to ,(x) without altering the existing
ones. Also it is easily seen that all the coefficients lie between 0 and 1.

Let o, be the number of non-vanishing terms in 7,. The recurrence
relation a,,.; = 3a,,— 1 is easily verified. Hence oy —cty = 3(n—0p_1)s
0,1 —0p = 3™ Hence, if 0 < z < 2m,

x
~ 3”‘ .
! {Tmoa(t) —Tal(t)} dt| < 2 §@ 4 )

x
Hence | 7,,(¢) d¢ tends uniformly to a limit, i.e. f(z) is continuous. Also
0
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7,.(Z) i8 non-decreasing, and so is its limit. Hence f(x) is of bounded
variation. Finally bgm = 1/4™.]
20. Show that, if a,cosnx 4 b,sinnx — 0 in a set of positive measure,
then a,— 0 and b, — 0.
21. Show that the reciprocal formulae

Flx) ~ f = f(e) dt, f(x)=;z—i-7 j e-etF(2) dt,

hold under the same conditions as Fourier’s integral.
22. Show that Mellin's inversion formulae

o c+iw

d(8) = f < Wf(x) de, Y(r) = :2—:?‘ f d(s)xr—* ds,

] c—1i®
may, with ruitable conditions, be deduced from the formulae of the
previous example.

23. Show that the functions

z- b, e—14, sech z\/(47)
are their own Fourier cosine transforms, and that
- Y P
Fh T e Ty T (2
aro their own sine transforms.

24. Express e **, where a >- 0, as a Fourier mtegral. Verify the
formula 13 96 (2) 1n the case where f(&) = e~%, $(c) = e -4,

25. Evaluate the integral

o
f sinazsinbz ;.
zt
[
by means of the formula 13.96 (2).

26. Let f(x) belong to L(0, «), and be continuous and steadily de-
creasing to zero as x— oo (or be the difference between two functions
of this type). Let a > 0, o8 = 27, and let g(x) be the Fourier cosine
transform of f(z). Then

b+ F fona)) = “Blig)+ 3 otnd).

[This is known as Poisson’s formula. It is easily verified that

Vﬁ{&g(O)-{— m)'é 1g(mﬁ)’

T o (2m+1)w

t\sin(n+§)¢ ot t\sin(n+ )t
f( )”'**' ‘”%:Z f f(’ﬁ) g
=1 (om—1)n
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This differs from the left-hand side of Poisson’s formula by

Vo J sin(n+ })¢
2 e
0

, @ @m+1)m
o t 2mmr) | sin(n-+ %)t
52 [Pl )
Mm=1(am—1)7r
The given conditions ensure that this series converges uniformly with
respect to n; in fact, it is easily seen from the second mean-value
theoremn that the general term is O[f{(2m— 1)7/B}] independently of »;
and each torm tends to zero as n —- w (as in the proof of Jordan's tes:),
and the result follows.
For other conditions for the formula see Linfoot (1), Mordell (2).]
. Verify Poisson’s formula for the function f(«) - 1/(14-.%). [The
result is equivalent to that of § 3.22, ex. (iii).]
28. Deduce from Poisson’s formula thet if £ > 0

= ac
SRR
n=--» z

n=—o

0
29. Sum the series 3 n-'J, (nf), where B:- 0, v > }, by means of
n-1

Poisson’s formula and the first result of Ch. 1, ex. &.
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