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PREFACE.

IT will be generally acknowledged, I think, that there is no
subject of Natural Philosophy, equal in importance to that
familiarly known as Rigid Dynamics, of which the study is
so exclusively restricted togthe more*advanced students of
Mathematics. Yet thi_s’estriction cannot be said to be
necessary, for the* &eatment of the subject involves none
of the higher mathematical methods; and it must be allowed
to be unfortunate, for the science of motion is the basis of
Mechanical T ™+ ™ . and furnishes the explanation of
many interesting terrcstrial and cosmical phenomena.

This restriction of the study is chiefly due to the fact
that, while the conceptions and reasoning peculiar to the
subject are somewhat difficult, the explanations of its lead-
ing principles, given in the books commonly used by stu-
dents, are for the most part very bricf, and often, through
brevity, obscure.

" It is this deficiency of explanation which I have at-
tempted to supply in the following little book. It is not
my purpose to acquaint the stu¥nt with the splendid gene-
ralizations of Lagrange and of more recent philosophers.
For that the books in present use leave nothing to be
desired. My aim is to render more general the study of
this interesting science, by presenting as simple a view of
its principles as is consistent with scientific aceuracy, and
to give a sound foundation to the student who is to proceed
higher, :
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It is my hope that the book may be useful not only to
students of Natural Philosophy, but also to engineers.
Most of them possess a knowledge of the principleg of Me-
chanics, of the method of Co-ordinate Geometry, and of
the Integral Calculus; and that is all that is here required.

The principle on which this scicnce is based has been
so long connected with the namoc of D’Alembert that it
would hardly be recognised under any other. Nevertheless
there is nc doubt that Euler has more claim to its author-
ship, inasmuch as he first used it. D’Alembert admits this,
but says that Euler gave no proof. I believe D’Alembert’s
real merit to be, that his explanation was exactly suited
to clear away the difficulties which were perplexing men’s
minds.

The works to which I am principally indebted are:—
Thomson and Tait’s Natural I’h:7.<.phu; Routh’s Rigid
Dynamics ; Resal's Cinématique Pure; Rankine’s Machinery
and Millwork; Walton’s Mechanical Problems; Whewell’s
History of the Inductive Sciences; Willis’ Principles of Me-
chanism; Miiller's Lehrbuch der kosmischen Physik; Mon-
tucla’s Hustoire des Mathématiques; D’Alembert’s Traité de
Dynawiyue, and Euler's Mechanik.

My thanks are due to Dr Campion, of Qucens* College,
for many valuable suggestions which he has made; and to
several of my pupils for their frank statement of their
difficulties.

G. PIRIE.

QuUEENS’ COLLEGE, CAMBRIDGE.
December, 1874,
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GEOMETRY OF MOTION.

1. A niGip body is an assemblage of particles such
that the distance between cach pair is unchan able
The movements of such a body arc very different from
those of a sct of independent points. Its fixed connec-
tions introducc a common movement. Any straight line or
any plane of particles in the body must remain always a
straight line or plane. If all such planes remain parallel to
themselves, the motion is one of translation. But if any
such plane makes an angle with its former position the
motion is rotational. And the velocity of rotation—angular
velocity—is measured by the rate at which the plane is de-
scribing angles.

Thus the connecting rod of the driving wheels of a goods’
locomotive has only a translational motion;—so also (ap-
proximately) the axis of the earth in its yearly motion round
the sun. In a well-thrown quoit the motions are combined.

2. From this definition of rotation it follows that a
point cannot rotate. It may revolve about another point,
but it contains no lines nor planes which can describe angles.
For rotation there must be an extended system. A point in
motion may be said to be revolving about any point whatever
situated in the line through it at right angles to its direc-
tion of motion, for it is moving at the moment in a circle
with the point as centre. But the body of which this is a
point may not be rotating. For rotation it is necessary that
the different points of the body should be at the moment
revolving about the same axis,

P. G, 1



4 ROTALTION AND REVOLUTION.

Suppose a man to move round a column viewing its parts,
in succession, In this case he is also rotating. Were he
to move without rotation, he must work round the column
sometimes forwards, somectimes sidewards, sometimes back-
wards, but always facing the same point of the compass,

3. From the definition it follows also that rotation is di-
rectional, i.c. it takes place not so much about an axis or point

-A.I

as about a direction or in a plane. The body 473 has rotated
in passing to the position A'L"; but the amount of the rota-
tion is measured by the angle between the straight lines A8
and A’Z". It matters not to the angular velocity of a car-
riage-wheel whether it is rolling along a level road or up a
hill, or whether the wheel, being raised from the ground, is
whirled round its own axle. Or on a larger scale, whether a
ship rounds a promontory or swings with her anchor fixed
through the samc angle is indifferent to the amount and
direction of the rotation performed. There is indeed in
gencral an axis round which the body may, in a stricter sense,
be said to rotate, for every point of the body moves in a
circle about it. This rotation is the more easily imagined,
but it ought not to be allowed to expel the idea of the other.
It is a pity there are not scparate words to distinguish them.
We will in future speak of them as rotation round a point or
u.xis, and rotation round a diréction or in a plane.
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4. The method which mathematicians adopt in treating
of simultaneous motions is to consider them one after the
other. A velocity is the describing of a certain length or
angle in a certain time. Properties of small linear and
angular displacements are properties of linear and angular
velocities. If, therefore, a body is subject to two inde-
pendent motions, as rotations about two axes or a rotation
and a translation, it is considered to obey them in turn each
for a very short time. A rifle bullet moving towards the
target and rotating all the time is supposed to approach the
target without turning, through an infinitely small space, and
then to turn round through an infinitely small angle, much
like a man descending a spiral staircase. This is not the
actual motion, any more than a polygon is a curve, but it
differs as little as we please from the real motion, and it
clears our ideas and cunables us to apply mathematical
methods to the problems.

If a body is solicited to two different motions by two
simultancous causcs, it will in reality foilow ncither; but it
may be supposed to have followed both.

Thus the very extravagant idea of some of the carliest
writers on projectiles that a cannon-ball went straight until
it had exhausted the force of projection and then fell down
straight under gravity, had m it, notwithstanding its
gricvous confusion of force with velocity, a gerin of truth,
(viz.) that the causes of motion must be considered
separately.

A skater describing circles, the nut of a screw, a crank
rod one end of which moves in a straight line while the
other describes a circle, the arms of a common form of
reaping machine which rotate about an inclined axis while
carried forwards by the machine, and hundreds of other
familiar cases, supply examples of translation combined with
rotation.

Examples of combined rotations are seen in the screw or
paddles of a steamer, which are rotating about a horizontal
axis while the stcamer- may be moving round a curve

1-2



4 PARALLEL AXES.

and thus rotating about the vertical; or in the common
gyroscopic toy, where a metal ring rotates about a diameter
of a circle, and is borne along also by the rotation of this
circle about the vertical ; or in the sails of a windmill, which
may have rotations about their own axis, about the vertical
(if the wind veers) and with the whole body of the windmill
round the polar axis of the earth.

5. Motions tn one plane and in parallel planes.

Let A be a point of a rigid body which is moved to A"
Biscet 44’ perpendicularly by the straight line ¥X. On

x

B B’

NX take any point 3. We may supposc that the point 4
has been moved to 4’ by the body having been caused to ro-
tate about an axis through B at right angles to the plane of
the paper. In this case the line of particles AB has taken
up the position 4’B. Now cause the body to rotate about an
axis through A4’ perpendicular to the plane of the paper
through an equal and opposite angle. The line 4'B takes
up the position A'B’ parallel to 4B, whence we infer that a
displacement of translation is equivalent to two equal and
opposite displacements of rotation about two parallel axes.
If these displacements are small, 44" is at right angles to
AB, and the proposition becomes that two equal and opposite
angular velocities about two parallel axes are equivalent to a
translational velocity in a direction at right angles to the
plane of the axes,
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It will be convenient to denote such axes perpendicular
to the plane of the paper by the point where they cut this
plane.. Thus we might have spoken of 4’ and B as axes.

This important proposition may be reduced to the paral-
lelogram of linear velocities.

Let P be any point of a body which has simultancous equal
and opposite rotations round 4 and B. The velocities of I’

due to these arc represented by Pa and Pb perpendicular and
proportional to PA and PB respectively. The resultant
velocity is represented by the diagonal PR of the parallelo-
gram on Pu, Pb. But this parallelogram is similar to that
whose sides are P4, PB. Hence the velocity of P is propor-
tional and perpendicular to AB. As this holds for every
point of the body, the whole is being translated at right
angles to 4D, and with velocity proportional to it.

6. From the definition of rotation it is clear that two
equal and opposite rotations cannot produce a rotation; for
they turn a straight line in the body through equal but
opposite angles.

For the same rcason the angular velocity of a body
rotating about two parallel axes is the sum or difference of
their separate angular velocitics,

Let P be any point of a body which has angular velocities
in the same direction round 4 and B. And take on PBa
point C such that PB and PC are proportional to the angu-
lar velocities round 4 and B regpectively. Then the lingar
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velocities of P will be at right angles to P4 and PB, and
proportional to P4 . B and PB. I’C respectively, i. e. to Pl

’

and PC. Hence, joining 4C and bisccting it in IV, the result-
ant velocity of Pis at right angles to PN and is measured
by twice PN. P may therefore be taken to be revolving about
any point in PN. Let PN produced cut ABin Il; we can
shew that R is the same point wherever P is, and therefore
the whole body is rotating about R. The angular velocity
has been settled independently.

Produce CP to (', making PC’ equal to PC. Join 4C".
PNR is parallel to A", and therefore

AR :RB:: C'P: PB;

or R divides A B inversely as the angular velocities round A4
and B.

7. Any displacement whatever may be given to a body
by a translation and a rotation about an axis.

B’
‘A, /
A Fi

For to bring AB to A’B' it is only necessary to translate
the body till a point A4 reaches its new position 4’, and then
to rotate the body about 4’s
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Thus in general any motion of a body may be composed
of a rotation round an arbitrary point and a translation.

An/] this point may generally be so chosen that the move-
ment of translation shall not be required. In other words,
there is one point which is unaffected by the change of posi-
tion. To find this point. Bisect 44" and BB’ perpendicu-
larly, and let the bisectors meet in V.

Join N4, NA', NB, NB..

Then VA is equal to NA" and NB to NB'.

If, then, we can shew that the angle ANA’ is equal to
the angle BNB', we shall have proved that when the body is
rotated about XV, so as to move 4 to 4', B is brought to B,
and so for any other point. For N is a point of the body,
since the triangles ANDB and A'NB are equal in all respects.

Now the triangles ANB, A’NB', have all their sides equal
cach to cach; therefore the angles ANB and A'NB' are equal.
Take away the common angle A'NB, and the remainder
ANA'" is equal to the remainder BNB'

Hence any motion of a rigid body, except one of transla-
tion, is one of rotation round some axis; and this is called
the instantaneous axis.

If the body be a plane one, and be moving in its plane,
this axis cuts the plane in the instantaneous centre. To find
its position it is only necessary to take two points whose
directions of motion are known, and to draw perpendiculars
from them to these directions, Their intersection gives the
centre required.



8 ROLLING.

8. For the illustration of these principles consider the
motion of a circular hoop C, rolling on another cylinder O,
wkich is fixed. The rolling of the hoop from positiop (1) to

(o)

an infinitely near position (2) may be considered as taking
place in one of three principal ways.

First, by two rotations.
The whole hoop may rotate through a small angle round

0, thus coming into position (3), and then a rotation round ¢
will bring the hoop into position (2).

@)
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Secondly :

The hoop may be translated into position (4), and then
brought by a rotation round C to position (2).

Thirdly :

By onc rotation round the instantancous centre. This
point must lie in OC; for OC is at right angles to the
dircction of motion of €. To get another line on which it
lics, consider the motions of points very near to N. These
are moving away from or towards 0. Hence N must be the
instantancous centre. That the body is at the moment
rotating round N will be better seen by looking on the
circles as many-sided polygons of equal sides. Each angular
point becomes in turn the centre of rotation. But the
axis is continually changing, and if the question considered
be onc of change of velocity, the motion must not be con-
sidered as if it were round a fixed point at N.

If O be the angular velocity of revolution of C' about O,
measured by the angle at 0, the velocity of rotation of the
hoop round C in the first method will be measured by the
angle at C'; and since the arcs of the two circles which
have been in contact arc equal, it will be

ON
QZ’—N'
If we combine these by Art. 6, they give a rcsultant
rotation round N. . )
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In the second method the linear velocity is measured by
the distance the centre has moved, i.e, by 0C.Q, and the
angular velocity by the angle between CN (fig. ) and CN
(fig. 2), i.c. by (¢ O+ < C) (fig. 2).
ox
UAT ’

oc
" ON
To reduce this to cither of the others, consider the lincar

velocity OC.Q as the resultant of two equal and opposite
angular velocities.

It is therefore Q4.

or 0

The single angular vclocity in the third method is the
same as 1n the second, but it is about N. For the whole
rotation must be measured by the same angle whatever be
the axis. Or we may sce it thus. Calling it @, the lincar
velocity of C duc to it is @ CN, and this must be the same
as that found by the last method, viz. Q.0C.

EXAMPLES.

1. If two points are rigidly connected, their velocities in
the direction of the straight line joining them are equal.

2. A mirror rotates about a vertical axis with an angular
velocity w, and a ray of light falls on it from a distant fixed
point on the horizon. What is the angular velocity of the
reflected ray ?

3. Express a velocity of 100 revolutions a minute in
units of angular velocity.

4. Compare the velocity of rotation of the earth with
the mean angular velocity of revolution of its centre.

5. If v be the linear velocity in Art. 5, which is equiva-
lent to the angular velocities w, — w about 4 and B, shew
that v=4B. w.

6. Where is the instantaneous centre when a ladder
is slipping down in a vertical plane between a wall and the
ground ?
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[

7. The paddle-wheel of a stcamboat is rotating with
velocity w, and the vessel is moving with velocity v; where
1s the 1nstantancous axis of the paddle-wheel ?

8. Prove that any motion of a rigid body of which the
points move in parallel planes may be represented by sup-
posing a right cylinder fixed in the body to roll on a right
cylinder fixed in space.

9. What are these cylinders in the case of question 7%

10. 1f a straight rod be moving in any manner in a
plane, the directions of wotion of all its points will in gcneral
touch a parabola.

11. AP, BQ are two arms moveable round the fixed
centres A, B; and the points P> and @ are connccted by a
link (rod) PQ; shew that the angular velocities of the arms
AD, B() are inversely proportional to the segments into
which the link, or its dircction produced, divides A5,



II.
GEOMETRY OF MOTION.

1. WE now come to the case of simultaneous rotations
about axesinclined to one another. The motions of points are
no longer in one plane or in parallel planes. It will be neces-
sary to represent the axes themsclves. The way in which
an angular velocity is geometrically represented is as follows:
take the axis @2’ ; on it ftake a point O; let Oz be the di-
rection which is considered positive. Place a watch at O
with its faco towards #. A rotation whose direction coincides
with the direction of motion of its hands is considered positive.
It is measured by the line 04, which contains as many units

%7 0 A @

of length as the angular velocity contains units of angular
velocity. An angular velocity in the opposite direction is
represented by a straight line measured along Oz’

With this convention a positive angular velocity round
Oxz—one of a rectangular system of axes as usually drawn—
will tend from Oy to Oz; one round Oy from Oz to O«;
one round Oz from Oz to Oy.

The basis of this subject is the proposition called the
parallelogram of angular velocities, which is :

If a body have simultaneous angular velocities about two
inclined . *" : awes, and if these be represented by the
adjacent sides of a ye1r:"i? arv-.. then shall the resultant
angular velocity be about the diagonal which passes through
their intersection and proportional to it 1n magnitude.
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Let a body be rotating simultaneously about O4 and OB
with velocities proportional to 04 and OB,

<€ 0 A

e
\ .

i3 J

Then, first, the points on OC arc at rest. For, taking
such a point P and drawing PM, PN at right angles to 04
and OB, P’s linear velocity duc to its rotation round 04 is
upwards from the planc of the paper, and proportional to
04 .M ; while that due to rotation round O/ is downwards
and proportional to OB. PN. As these products are twice
the areas of the triangles OPA, OPB respectively, they are
equal. As they are opposite the point Pis at rest. The body
is therefore rotating about OC.

To secttle its angular velocity about OC; draw a perpen-

Q

B ¢

dicular to the plane A0B through O, and on this take a
point Q.
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The angular velocities of the body round 04, OB will
be proportional to the lincar velocities of ) perpendicular to
these, 1.e. Oa, Ob, which arc drawn in the plane of A0B,
at right angles to 04, 01 and proportional to them respec-
tively.

The resultant angular velocity about OC will be repre-
sented by the resultant lincar velocity of @, i.c. by Oc, the
diagonal of the parallelogram Oa, 0b. But the parallclograms
04, 0B and Oa, Ob are similar, the latter being turned
round through a right angle. Therefore the diagonal Oc is
proportional and perpendicular to OC. And the resultant
angular velocity of the body is proportional to OC.

2. Angular velocities, then, are quantities which obey
the parallelogram law, and all its consequences will hold good
for them. A body rotating with velocity @ about any axis
may be considered to have a component angular velocity
 cos a about any other axis inclined to the former at an
angle a. There will be a parallclopiped of angular veloeities:
and in general the analogy between angular velocities and
forces in Statics is complete.

We will take for the illustration of this the pendulum
experiment by Foucault, by which the rotation of the carth
is rendered visible.

Draw a circle representing a section of the carth through
its polar axis NS. Let O be the centre, and .1 any place on
its surface.

In this experiment, a pendulum is set swinging in any
vertical plane at 4. We assume that wherever the point of
suspension may be, the plane in which the penduluin swings
will remain parallel to itself. If the earth were rotating
about 04, the cffect of this would be that the plane of the
pendulum would be left behind by the earth, and would
appear to an obscrver, unconscious of the earth’s motion, to
follow the sun. Now this is in part what happens. The
carth docs mot indeed rotate about 04 ; its rotation is
about NS; but this is equivalent to one about OA pro-
portional to cos NOA, and one about a perpendicular to 04
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proportional to sin NOA. This latter is what carries the
building and the whole apparatus eastward. It docs not
atfect the present question. But the other rotation—that
about O4—causes the plane of the pendulum to follow that
of the sun with an angular velocity, which is to that of the
carth as cos NOA to 1.

This experiment requires the greatest care for its exhibi-
tion. If the pendulum move in even the most elongated
oval, instead of swinging in a plane, the axis of this oval will
rotate from a very different cause, viz. the resistance of the
air.  When Foucault exhibited his experiment in Paris to
the French ‘savants,’ he used a heavy ball hung from the
roof of the Obscrvatory, and set it off by burning a thread
which held the ball out of the position of rest.

3. If arigid body has onc point fixed, there is at any
moment a straight line of points at rest. In other words, any
displacement of a rigid body, one point of which is fixed, may
be cffected by a single rotation about some axis through that
point. The proof is the same as that by which we shewed
that any displaceient of a plane body in its plane can be
given by a rotation round one point ; if instcad of a plane we
consider a sphere in the body with the fixed point as centre,
The points, then, represent straight lines through the centre;
the straight lines in the figure becomne arces of great cireles
and represent planes passing through the centre ; but the
reasoning is preciscly the same.

Any displacement may therefore be given to a rigid body
by translating it so that a chosen point comes into its new posi-
tion, and then making it rotate round some axis through that
point. - The direction of this axis and the angular displace-
ment remain the same whatever point be chosen. The
direction and amount of translation may change, but the
translation cannot affect the angular movement.

The point may be chosen so that the dircction of transla-
tion is that round which the rotation takes place. For let
C' be the new position of C,and let C'X be the axis of rota-
tion. Let 4B represent a plane in the body perpendicular
to this axis. Let 4"B” be its final position, This is parallel
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to AB; for neither the translation nor the rotation about C'X
affects its direction.

A7
| *
B'
’ i
’ [44
B B’

If, then, we first translate the whole body along a parallel
to C'X until AB comes to A'B’ in the same plane with
A"B", we shall be able by one rotation about a parallel to
C'X to bring 4'B to A”B", i.e. the direction of translation
will be the axis of rotation.

Hence every small motion is reducible to that of a screw
in its nut. And all points of any rigid body are at the same
moment moving in coaxial helices. If the pitch of the screw
be zero the motion will be one of rotation simply, if it be
infinite it will be a translation.

It is of course not always equally easy to see what these axes
and directions are. In the case of a rifle bullet, for example,
the motion is already reduced. In the general case the first
point is to find out the series of planes which remain parallel,
or—what is the same thing—to find the direction of rotation.
Thus suppose we are considering the motion of the earth at
any instant. Tlis consists of a rotation round its polar axis
and a revolution of its centre in the plane of the ecliptic
round the sun. And suppose we wish to reduce it to the
screw motion. We observe that the planes which remain
parallel are those parallel to the equator. Hence the axis
of the screw is per;l):ir;dicular to the equator. To find the
actual position of this axis we must consider all velocities
projected on a plane parallel to the equator. Then the
motion is similar to that of the hoop in Lesson 1. Art. 8,
which rotates about its centre while the centre revolves
about a fixed point. )
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Let Q be the velocity of rotation of the earth, V the
component velocity of its centre in the plane of the equator,
R the distance between two axes each perpendicular to the
equatorythrough the centres of the sun and earth respec-
tively. By Lesson 1. Art. 8, V and () are equivalent to two

Ay

angular velocities, 14 about the axis through the sun, and
g B g

Q -%g about the axis through the centre of the earth. And

these are equivalent to an angular velocity round a parallel
axis in the plane of the others, distant R—g from that

through the sun. This last is therefore the axis of rotation.

4. An extremely elegant geometrical conception of the
motion of a body round a fixed point was introduced by
Poinsot. Any such motion may be completely represented
by imnining a cone fixed in the moving body to roll on a
cone fixed in space. For every body with one point fixed is
rotating about a certain axis. As the motion changes, this
axis takes up different positions, and describes a cone whose
vertex is the fixed point. Now by r -on‘ny exactly similar
to that of Lesson 1. Art. 8, any cone rolling on another with
the same vertex has for its instantaneous axis its line of
contact with the other. This axis therefore describes a cone
whose vertex is the fixed point. But this is precisely.the
motion to be represented. The rate of rotation will depend
on the dimensions of the rolling cone.

As an example of this take the case of a top «pinning
with angular velocity  about its axis OC, while that axis is
rotating with angular velocity Q about the vertical OV, to -
which it is inclined at an angle a. By the v.'uil.™ 21ath of

lar velocities the resultant axis is OR—between OC and
O V—inclined to OC at an angle given by

_sinB00C _Q
sin(a—R0O0) o
. Hence the motion is the same as if an imaginary right
circular cone in the top, whose axis was the axis of the top,
end whose semivertical angle was R0OC, were to roll on the
P.G - c2
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cone in space whose axis was OV and semivertical angle ROV.
As , the angular velocity of the top about OC, is in general
large compared with Q, the angular velocity of OC about OV,
the angle ROC will be small. If a series of cencentric
coloured circles round C be drawn on the head of the top,
that which corresponds to B will be the only pure colour
seen as the top spins.

EXAMPLES.

1. Prove that the proposition (Art. 1) holds for angular
accelerations.

2. 1If a ship is rolling and pitching with equal angular
velocities, what is her actual motion ?

3. Two circular discs can turn about fixed perpendicular
intersecting axes. If the axes be so placed that the circum-
ference of one of the discs (which is rough) presses against
the plane of the other, and if the former disc be caused to
rotate about its axis with given angular velocity, find the
angular velocity of the other.

4. A heavy cylindrical crushing stone rolls on a hori-
zontal table round a vertical axis. Represent its motion
(1) as two rotations, (2) as a single rotation.

5. Two bevil-wheels, with fixed axes, roll together ;
prove that the ratio of their angular velocitics is that of the
cosecants of their semivertical angles.

6. Prove that if a motion be reduced, as in Art. 3, to that
of ascrew in its nut, the translational velocity will be less
than if it had been reduced in any other manner.

7. Prove that the rotation is not altered however the
motion is reduced.



III.
D'ALEMBERT'S PRINCIPLE.

1. THE ideas of force and matter would seem to be
equally fundamental. One cannot be conceived except as
acting on or being acted on by the other. Force is ‘that
which changes or teuds to change the state of rest or motion
of matter;’ or as Newton’s first law of motion might be ex-
pressed, ‘without force a body can experience no change
either in the quantity or direction of its velocity.’

The second law is that the force in any direction is
proportional to the quantity of motion it produces in that
direction,

Two lumps of matter (masses) are defined to be equal,
when the same force acting during equal times on both
generates in them equal velocities. Two forces are defined
to be equal, when acting on the same mass for equal times
they generate in it equal velocities. Then it is jfound by
expervment, that double forces acting on the same mass for
equal times generate double velocities; and in general that
the whole force in any time is proportional to the product
of the mass moved and the velocity generated. And this
product is called the quantity of motion or momentum. The
force a¢ any moment is measured by the rate of change of
quantity of motion, i.e. by the product of the mass and the
rate of change of the velocity.

2. Such are the laws by which the motions of a single
particle are determined. Newton's third law, promulgated
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in 1687,—that action and reaction between connected bodies
whether at rest or in motion are equal and opposite—gives
the means of determining the motion of a system of particles.
But this was not at first appreciated. The studentwill find
in the second volume of Whewell's History of the Inductive
Sciences, or in Walton’s Mechanical Problems, an intcresting
sketch of the errors into which mathematicians fell, and the
difficultics they overcame before arriving at that principle
first correctly stated by D’Alembert in 1742.

The first Rigid Dynamics problem which was solved on
correct principles had been proposed by Mersenne in 1646,
It was ‘to find the centre of oscillation, or the length of
the simple pendulum which swings in the same time as any
given rigid body swinging about a horizontal axis. This
was solved by TTuveh: n< in 1673 by the help of the correct
principle, that if a pendulum in the shape of a rigid rod
loaded with any weights make part of an oscillation, and if
then the weights be disengaged from the constraining rod
and reflected upwards with the velocities acquired, the centre
of gravity will rise to the same height as it came from. But
the main difficulty in the transition from a particle to a
system still remained, viz. what effect motion impressed
on one part of a rigid body has on another part.

In 1686 James Bernoulli gave expression to this difficulty
by proposing to physicists the following query : © Given m, m’
two equal bodies attached to an inflexible straight rod, which
is capable of motion in a vertical plane about one end which
is fixed; let 7, ' denote the distances of m, m' from this
end; v, v' their velocities for any position of the straight
line in-its descent from an assigned position; u, « the
velocities they would have acquired in descending the same
arcs unconunectedly. Then through the connection m has
lost w—wv, and m’ has gained ¢'— %', (Query) Whether the
relation (similar to that of forces and arms in a lever)
u—v: v —u 1 :r be the correct expression of the circum-
stances of the motion %”

The nearness of this to the true expression—which is,
‘that %, v, o, v, must be the velocities acquired in an infinitely
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small time—illustrates strikingly the groping of mathema-
ticians for the principle which was to be the pillar supporting
this scicince.

Bernoulli’'s query was shortly afterwards correctly an-
swered by the Marquis de I'Hopital.

In 1716 a solution of Merscnne’s problem was given by
Hermann, founded, (says Whewell), “on the statical equi-
valence of the solicitations of gravity and the vicarious
solicitations which correspond to the actual motion of each
part, or, as it has been expressed by more modern writers,
the equilibrium of the impressed and effective forces.”

In 1736 Euler published his Mechanics, in which, while
recognizing the correctness of the solutions of individual
problems by other philosophers, he complains that a new
geometrical solution is required for each separate problem,
and therefore tries to reduce their methods to analysis.
Thereafter the impulse given by D’Alembert in 1742 caused
this science to spring almost at once into the maturity of the
present day. Before the death of Euler the solution of the
problems of the subject was pushed as far as the knowledge
of differential equations would allow.

3. The following is a translation of D’Alembert’s own
statement of his principle. It will be better understood, if
it be borne in mind that forces may be measured by the
quantities of motion they give or would give were they
allowed ; in fact, that for purposes of reasoning force and
motion produced are convertible. Also that a principle
proved for any number of rigidly connected particles is proved
for a rigid body.

“Given a system of bodies related to one another in any
manner whatever ; and suppose that on each of these bodies
a particular motion s vmpressed, which it cannot follow on
account %f .the constraint of the other bodies; to jfind the
motion which each body will take. -
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“ Solution. Let 4, B, C, &c. be the bodies which compose
the system, and suppose that the movements* a, b, ¢, &c. have
become impressed on them, which they are forced by their
mutual actions to change into the movements o, ¥ ¢/, &e.
1t is clear that we can regard the movement a impressed on
A as composed of the movement @’ which it has taken, and
of another a; that in the same way we may consider the
movements b, ¢, &c. as composed of the movements 0/, 8;
¢, ry, &c.; whence it follows that the movements of the
bodies A4, B, O, &c., among one another would have been
the same if, instead of giving them the impulses a, b, ¢, &c.,
we had given them the double impulses o, a; ¥, B; ¢, v; &e.

“Now by the supposition the bodies 4, B, C, &c., have of
themselves taken the movements o', b, ¢, &c., hence the
movements a, ‘B, v, &c., must be such that they do not
derange anything in the movements o/, ¥/, ¢/, &c., that is to
say, that had the bodies only received the movements
a, B, v, &c., these movements must have destroyed one
another and the system have remained at rest.

“Whence results the following principle for finding the
motion of several bodies which act on onc another. Decom-
pose the movements a, b, ¢, &c., impressed on each body, each
into two others a', a; &', B; ¢, vy, &c., which are such that,
had the bodies only received the movements o', ¥, ¢, &c.,
they might have kept these movements without interfering
with one another; and had they only been subject to the
movements a, B, vy, &c., the system would have remained
at rest. It is clear that o, ¥, ¢, &c. will be the motions
which these bodies will take.”

4. Thus if the impressed forces are such as would make
a certain body acquire the velocity represented by Aa, while

AL a

4
its actual velocity is 44’, 4’a represents a velocity which the

*aon 4, b-on B, ¢ on C,-&o,
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hody is invited to take but does not. Aa being proportional
to the impressed force, 44’ is proportional to that part of it
which is effective in producing motion, while A'a is propor-
tional t& the force of constraint which that body exercises on
those around it, and a4’ is proportional to the force of con-
straint which they excrcise on it.

‘We may look on this triangle in three ways: (1) that the
impressed force is the resultant of the part which has gone
to cause motion, and of the part gone to balance the force of
constraint; (2) that the impressed forces and the force of
constraint on the body have as their result the motion pro-
duced ; or (3) that the force of constraint on the body balances
the impressed force and gives the motion.

Any one of these forces is the resultant of the other two,
or any one reversed is in equilibrium with the other two.

So much for one body or element of mass. When the rigid
system is considered, of which this body is a part, the forces
of constraint are in equilibrium among themselves, and there-
fore the remaining two sets, the impressed and reversed
effective forces, are in equilibrium.

5. The first problem to which D'Alembert applies his
principle is—to find the velocity of a rod CR, fixed at C, and

R .
loaded with any number* of bodies 4, B, B; supposing that
these bodies, if the rod did not hinder them, would have

_* 4, B, R here and elsewhere denote not only the positions but the masses,
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described in equal times the infinitely short lines 40, BQ,
RT perpendicular to the rod.

The whole difficulty consists in finding the lexgth BS
traversed by one of the bodies B in the time in which it
would, unconstrained, have traversed RZ7; for then the
velocities BG, AM of the other bodies will be known. Now
consider the impressed velocities BT, B@), 40 as composed
of the velocities RS, ST; BG,— QG ; AM,— OM. By our
principle the lever CAR would have remained at rest if the
bodies R, B, 4 had only received the velocities S7, — QG,
— OM. Hence

A.M0.AC+B.GQ.BC=R.ST.CR

(since 4 . MO is proportional to the force which produces the
motion MO in the body 4); that is

A.AC(AM-A40)+B.BC(BG—-BQ)=R.CR (RT-RS).
Now AM: RS :: AC : CR,
and BG : BES :: BC: CR.

Substituting these values of AM and B@, there results a
simple equation for BS.

D’Alembert’s solution, given above, is geometrical. The
analytical expressions and methods (introduced by Euler) are
so much more convenient and powerful, that they have been
universally adopted. Our future proceedings will consist in
finding convenient expressions for the effective forces, and
then solving problems by any statical method.

The reasoning by which D’Alembert’s principle is esta-
blished is obviously applicable to any system of bodies how-
ever connected ; as, for instance, to fluids. The science of
fluid motion does not branch off until we come to introduce
the condition of rigidity in finding expressions for the re-
sultant of the effective forces.

. 6. The impressed or external forces are the cause of the
motion and of all the other forces. Which are the impressed
forces will appear by the particular system which happens to
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be under consideration. The same force may be external to
one system and internal to another.

Therconstraining force on A (Art. 5) is internal when the
whole system CABR is under consideration; but did we
wish to find this force of constraint, C4 would be considered
as a system in motion, and the action of BR on A would be
one of the external forces, The pressurc between the foot
of a man and the deck of a ship on which he is, is external
to the ship and also to him, and is the cause of his own
forward motion and of a slight backward motion of the ship;
but if the man and ship be looked on as parts of one system
the pressure is internal, and the man may dash himself as
violently as he pleases against any part of the vessel without
quickening the voyage for himself and his fellow-passengers.

It is most important that the student should have in
every problom a clear idea as to the system which he is con-
sidering.

7. Before the time of Poinsot (early in the present
century), mechanicians had no bettor idea of the effect of a
system of forces than that it could be reduced to two or
more forces acting at separate points. The action of a door
on its hinges was taken as consisting of forces acting at the
different hinges. This has disadvantages. When the hinges
are more than two, the forces cannot be found by the-
formule for rigid bodies. And when problems of motion are.
considered, it becomes very inconvenient to have no cause
for rotation other than the moment of a force, which is
different round different axes.

This defect is supplied by Poinsot’s theory of couples,
He was led to it by considering what could be the resultant
of two parallel and equal forces acting in opposite directions.
In this theory the force P acting at A is equivalent to the
parallel force P at any point O and to the couple (PP),
which is reducible to no single resultant. The effect of the.
force P at 4 on a given body must be the same whatever
point O we may choose, for it will not be altered by our,.
looking at it; but in certain cases, the most conve-
nient position of O will be suggested. Thus O might be
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a fixed point round which the body could turn. In that
case, P at O will be a pressure, and the couple will make

Q
»

bl

the body rotate. If it be objected that the couple, to
cause rotation about O, should be (%), %)), with an arm

double 04 ; the answer is, that rotation is not about a line
or point, but about a direction or in a plane; and that these
two couples are in fact exactly equivalent. Of course a single
force need not always be resolved into a force and a couple.
If A were such a point that a force acting there trans-
lated the whole body, it would not simplify our conceptions,
but the reverse, to look on it as a force causing partly trans-
lation, partly rotation. In this theory the united actions of
all the hinges of a door would be a single force and a
single couple. The couple is the same with respect to all

allel axes, but varies in magnitude as the line of action
of the force changes.

Couples exist uncombined in nature in the case of mag--
nets. There is no pressure on the point of support of a
magnet due to the earth’s magnetic action ; for that consists
of two equal and opposite forces acting on the North and
South poles respectively.

8. Forces are also divided in Kinetics into impulsive and
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accelerating forces, i.e. into blows and finite forces. The
impulse, generating a finite momentum instantaneously, is the
simpler in theory. Time is no element in the calculation.
The other forces require time to develop a finite quantity of
motion, and their effect in an infinitely small time is as
nothing compared with that of the class of blows. They
are called finite forces. Attractions, tensions of elastic
strings, pressures of gases, are examples of this class,
There is probably in nature no perfect impulse which takes
absolutely no time in its action; but it is usual to consider
as such all forces which produce an appreciable change of
motion in an inappreciable time, as cxplosions and impacts.

A blow is measured by the momentum or quantity of
motion it generates. A constant finite force is measured by
the momentum it generates in a unit of time ; a variable one
by the quantity of motion it would generate in the unit of
time if it had throughout that time the same magnitude as
at the moment of consideration, or, in other words, by the
rate of generation of momentum, or the momentum generated
in an infinitely short time (during which it may be supposed
constant) divided by this time. 'I'he total force during a
finite time, or the force af a moment, is comparable in effect
with a blow ; but not the force during an infinitely small time.

The same laws of motion apply to both classes. Mo-
mentum generated is the measure of both. Hence the figures
and reasoning of D’Alembert are applicable to both.

The dynamics of impulses introduces only algebraical
equations ; that of finite forces depends on differential equa-
tions. The equations of either can be deduced from those of
the other. A finite force may be looked on as the limit of a
series of small impulses ; an impulse as the limit of the total
of a very large finite force acting during a very short time,

The student must be cautioned against regarding a sudden
change or apnihilation of a finite force as an impulse. If
a cricket-ball is struck by a bat, it moves off with a
measurable velocity. If it is let fall, it begins to move
with an infinitely small velocity, What is finite is the .ac-
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celeration. Again, if it is moving in one direction and is
struck by a bat, it is sent off at once in a different direction ;
but a ball rolling off a table moves at first horjzontally.
But although the direction of motion experiences no imme-
diate change, the curvature of the path does; for there is
a sudden accession of downward force, and therefore of
downward acceleration. If a body be supported by two
strings, and if one be cut, the tension of the other will be
instantaneously but not impulsively changed. No finite
change of a finite force can convert it into an impulse.

9. The effective force is that component of the impressed
force which is effective in causing motion. It is found, not
from the impressed force, but from its being the force neces-
sary to produce the actual motion, for the same motion must
always be caused by the same force. It is the force which is
required for producing the deviation from the straight line
and the change of velocity. If a particle is revolving with
constant velocity round a fixed axis, the effective force is the
centipetal force. If a heavy body falls without rotation, the
whole force of gravity is effective. But if it is swinging
about a horizontal axis, the weight goes partly to balance the
pressure on the axis.

If the motion is known, the force requisite to produce
it is easily found. But the problem of this science is in-
verse. It is: “Given the forces, find the motion.” Now the
method of treating any inverse problem is to solve it as if
it were a direct problem, and thus get equations for the un-
known quantities. If the question is one of an impulse,
we suppose an element ém to have the components of its
velocity along the axes changed from u, v, w to ', ¥, w'.
The change of momentum is then &m (v’ — w), ém (v —v),
&m (w' — w), and these are the measures of the components
of the effective force.

If the motion is accelerated, the rate of increase of
du dv dw

L BmEt-, 8m7ﬁ" and these are 1'The

measures of the components.

. If the co-ordinates of the.element &m be g, y, 2, the velo-

momentum is dm
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- de dy dz .
cifies u, v, w are T A & and the accelerations are
2 2 2
(—(Zl—tf , ‘fh{/, %—; . We will in general work with the velocities,
because the connection between impulsive and accelerating
forces is brought out; but if in any problem the position
of the system be required, it will be necessary to use the
co-ordinates. (It will be as well to mention here that for
purposes of abbreviation we will use the fluxional nota-

2,
‘tion. Thus ‘g: =g, %:f=w, so that u=a and 4=&. Astis

always the independent variable, this can cause no am-
biguity.)

There may be effective forces when there are no im-
pressed forces, as in the case of a circular ring set rotating
about a vertical axis and then left to itself. The effectives
are then in equilibrium among themselves. They are in
that case the centripetal forces.

It is convenient to suppose the velocity and acceleration
to increase, and therefore to suppose that the effective forces
act in the direction towards which the co-ordinates or angles
are positive. The result shews by its sign whether the
velocity is in that direction or the other, and whether the
acceleration is a retardation or not.

Example. A v inere-nlo el whose radius s a, s rolling
with constant velocity v along a road. What s the force
which gives its motion to a particle (Sm) of mud on t just
passing the top of the wheel ?

The question is: What is the acceleration of this particle ?
Now this in any direction is equal to its value relatively to
any point, (say) the centre, together with the absolute ac-
celeration of this point. The acceleration of the centre is
zero. And the only acceleration of &m relatively to it is
the ceuntripetal one w'a (w being the angular velocity).

Since the point of contact with the road is at rest, ==§ .

Therefz'ore the effective force acts towards the centre and is

v
Sm'E'
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If the particle were now to leave the wheel and to move
freely with an acceleration 8 which would be vertically down-
wards, the force necessary to give this would be &m.gB.
Whence we may infer that the force of adhesi¢ch to the

wheel is dm (% - B) downwards.

10. The internal forces, or forces of constraint, or the
lost forces,—as some have: called them, in contrast to the
effective forces—which are in equilibrium among them-
selves, can exist only in a system of particles. They are
stresses, or couples which we call tendencies to break, or any
molecular forces in a rigid body ; or they may be pressures,
tensions, attractions between the bodies of a system. They
vanish not collectively only, but separately, when the im-
pressed forces on the particles of the system are entircly
effective in producing motion. Thus there are no internal
pressures between a number of bricks falling in a block with-

out rotation.

To find these forces at any point, we must consider a
system to which they are external, i.e. we must reduce the
system to one bounded by the point at which they act.

11. If then a system be acted on by impressed forces
XY, Z, X,Y,Z,, &c. acting at various points, and if §;m,
8,m, &c. be elements of mass at points whose co-ordinates are
xY,2,, B2, &c. and whose velocities are w,vw,, uvw, &e.;
the system of forces X,Y 7, X, Y, Z, &c., and the system

du, dv dw
—hmgs —dmg, —dmg

du dv dw
—mg s —dmgy, —dmp,

$000000000000000000000 0000 0000800000000 0 00000

acting ab @y,2,, %Y., ... all taken together are in equi-
librium. T
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If the impressed forces are impulsive, they are in equi-
librium with

- Sem (w/ —u), -8m@, —v), —8&m(w —w),
-om (u —u,), —8&m(v,—v), —&m(w,/ —w,).

...............................................................

12. Tt will illustrate the application of D’Alembert’s
principle if we solve the following problem.

A and B are two masses connected by a rigid massless
framework. They receive impulses which would, if they were
unconnected, generate in them given velocities Aa, Bb.  What
velocities and directions will they take?

The force of constraint must act along 4B, for an impulse
along that line is that which neither body can obey. If then
we measure from the points ¢ and &, ad’ and 0B, to
represent the velocities caused by the constraint, they will
be parallel to 4B and opposite in direction, and

" A.ad=B.bD e ),
for these represent the forces of constraint. If, further,
AB=AB ..ccevvvvinrrinnnngenns (2),

AA' and BB represent the velocities of A and B.

The process above indicated is a reverse one, and although
in the above case the positions of 4" and B’ can be found by
a geometrical construction, in general an equation is required.

Such is the geometrical solution.

The analytical one is derived from the condition—which
is equivalent to (1)—that the forces

A.Aa, B.Bb, —A.44', — B.BB
are in equilibrium.

Writing down the statical equations to which this gives
rise, and the geometrical equation that the components of
AA’ and BB’ along AB are equal—equivalent to (2)—we
can determine A4', BB, and their directions.
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13. Let us suppose that the lever in ID’Alembert’s example
(Art. 5) is supported at an angle a with the vertical and then
let go, and that it is required to find the #nitial accelerations
of 4, B, R. o

The accelerations will afterwards be partly along the rod
and partly at right angles to it, but as each body begins to
move in a perpendicular to the rod, the initial acceleration
will be in that direction. If the angular velocity be called
w, the accelerations will be

40, pe®, ped

dt’ dt’ dt *
The forces causing these must be
do do do
4.4C ar’ B'BOZE , B.RC q°

acting at A4, B, R perpendicularly to CABR. These reversed
are in equilibrium with the weights 4g, By, Rg, and the
pressure on the axis C.

Taking moments about C,
(4.4C'+ B.BC" + R.RCY 52

=g.sina.(4.40+B.BC+ R.RC(),
which determines the initial angular acceleration,

This solution should be carefully compared with that in
Art. 5.

14. To illustrate this subject farther we will answer the
following question.

In the case of the compound pendulum (a rigid body
swinging about a horizontal axis), find the force which acts
on any infinttesimal part of the whole mass to balance its
weight and to give it its acceleration. Hence shew that if
an wnfinitely emall mass be hung by an infinitely short cord
Jrom a pownt (x,y) of the pendulum, the inclination of the
cord, to x will be

a—gsinf—dz+ o'y
gcosf+ vy + w'z
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the axis of x being the line through the point of support
wnd a fized ’poz'nt in the pendulum, and ©, ® being used to
denote g, %f oo

It will save repetition if we mention that we shall in
future adhere to these meanings of the symbols and also use
dm for an element of mass, so that 38m is the mass of the
whole body, r for the distance of 8m from an axis of rotation,
0 for the angle between a fixed line in the body and a fixed

line in space.

That % is the same for all lines fixed in the body may
be seen by considering one whose vectorial angle is 6 + a.
This angle a is quite independent of the time or motion,
being the angle between two lines or planes of particles.
And 2 is therefore equal to 2@+ 90 5o i gt 1
And — is therefore equ de ¢ 7 18 in fact the
angular velocity of the body.

We are here asked to find the constraining force on any
clement dm situated at a point x, y, for that is the resultant

of the reversed impressed forces and the effective forces; in
other words, it balances the weight and gives the acceleration.

Let O be the point of intersection of the plane of the
0

P.G. 3
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paper by the axis of suspension, OV the vertical, Ox a
convenient line fixed in the pendulum; P the position of
8m on the positive side of Oz from OV; PN a perpendicular
on Or. Then ONisz; PN, . ‘

The impressed force is &m . g, parallel to OV. Reversing
this it is equivalent to
~&m g cos @ parallel to Oz,
dmgsind , , Oy

The accelerations of P are o’r from P to O; and ar at
right angles to OP and away from OV. These are resolvable
into — w'x along and — ’y perpendicular to Ow,

- wy » 9 wr ” » O

Hence the effective forces on P are
dm (— o’z — wy) along and }
Sm (— o’y + o) perpendicular to

The required constraining force is' then the resultant of
om (— g cos § — v’z — wy) along and &m (g sin 8 — o'y + wx)
perpendicular to Oz,

In answer to the second part, we observe that if the ele-
ment be connected with its neighbours only by a short cord,
the tension of that cord is the constraining force whose valuc
we have just found. The direction of the cord will therefore
be the direction of the resultant found above, or will be
inclined to Oz at an angle whose tangent is

—gsinf + o’y — oz

geosf+w'z+ oy

EXAMPLES.

1. 4 and B are two masses connected rigidly, If A4
receives a blow which is fitted to impress a velocity AC,
and if it actually takes the velocity 4C’; shew that CC’ is
parallel to 4B,
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2. A ball 4 is in motion. A blow is given which would
(were it at rest) impress a velocity 4B on it. It moves
instead yith velocity AB. With what velocity and in what
direction was it moving before ?

3. A cricket-ball is rotating with velocity @ round the
direction of the line of wickets; on touching the ground
it is acted on by an impulsive couple, which would have
given it if at rest an angular velocity o' about a horizontal
line perpendicular to this direction. Round what direction
will it actually rotate 2

4. Does the grooving of a rifle increase or diminish the
force of recoil ?

5. A blow and a constant finite force acting for half
a second produce in the same mass the same velocity. Prove
that the measure of the force is double that of the hlow.

6. If F be a finite forcc which acting during a time =
causes the same momentum as a blow 7, prove that

. p= f:th‘

7. Ilow must a particle move that the effective forces
may vanish ?

8. A carriage-wheel is rolling with given velocity and
acceleration along a road. Find the force which gives its
motion to a particle of mud passing the top of the wheel.’

9. A circular ring of mass m and radius r is rotating
with constant velocity about its centre. It can bear without
breaking a stretching force T'; prove that the angular velocity

. 23
must not exceed { pou } .

r




Iv.

REDUCTION OF THE EXPRESSIONS FOR THE EFFECTIVE
FORCES,

1. Any system of forces is equivalent to a single re-
sultant force acting at any point and to a resultant couple.
This must be the case with the effective forces of any moving
system. These consist, if the change of motion be sudden,
of a force on each element of mass &m whose components are

m (W —u), dm (v'—v), dm (W' —w);
if the change be gradual, of
du dv dw

Smm, d’ln‘—it, dm;iz .
If @, y, z be the co-ordinates of om, referred to any origin,

and 3 denote summation over the whole system, the resul-
tant force will be the resultant of

3 8m (W —u), Zdm (v —v), 3&m (w —w)
acting at the origin. If the motion be accelerated, of
B i
de’ dt’
and the couple will be the resultant of
2om {y (W —w)—2 (v —v)}, Zdm [z (& — w) - (W —w)},
Sdm iz (W =) —y (W -uw)};

zam%-;, som® ., Sdm
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or, if the motion be accelerated, of

s -8 00 =) ()

round the directions Ox, Oy, Oz.

The symbol % introduced above has clearly the fullwin_
Pproperties : .

(1) that if @ be a quantity which is the same for every
point,
Sm.a)=a.2dm;

(2)that Z@mU)+Z@mV)=Zm (U V),

in which Uand V are any functions of z, , # or their differ-
cntial coefficients;
A d av
(3) that & S(m¥)=3 (sm 75) .
We proceed to put the above expressions into forms more

suitable for practical purposes.

2. Let m,, m,... be any masses; x,, «, ... their distances
from a fixed plane.

If ma, + ma, + ... =(m, + m,+...)z, & may be said to be
the average distance from the plane of all the masses. The
point determined by this and similar equations for ¥ and z is
called the Centre of Mass; a name which was first used
by Daniel Bernoulli. As masses are proportional to their
weights at the same locality, this point coincides with the
centre of gravity.

If we differentiate the above equation with respect to the
time, we have mu, +mu, + ... = (m, +m,+...) %, whence the
proposition ; that the sum of the linear momenta of any
masses in a given direction is equal to the momentum in
that direction of their united masses moving with the velocity
of the centre of mass. From this property the point is called
the Centre of Inertia.
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Differentiating once more we have
* du, du,
Mde T ™ g

and so for the other component accelerations.

du
.= ('m,+m,+ ...)-[it y

Hence the single resultant of the effective forces is that
force which would be necessary to move the whole mass
collected at the centre of inertia with the motion of the

centre of inertia.
These equations may be written
3, (ma) =z Im,
3, (mu) = u Zm,
duw\ _ du
s
- (m dt) pri

This point will in future be denoted by the letter ¢
It is obvious that if ¢ lie on the plane yz,

ma, +mx, + ......=0.
If it be moving in or parallel to the plane of yz,
m, +m, + ... =0,
and so for higher differentials.

3. Let any fixed point O be taken as origin of coordinates.
Let the co-ordinates of any point P referred to O be z, y, 2 ;
while those of P referred to parallel axes through G are
& 0, & and those of G with respect to O are z, y, 2.

Then e=z+§ y=y+n, 2=2+¢
If my+m,+ ... = M
we have by definition
ma, +ma, + ... = Mgz,
and meE +mE, +...... =0,
whence m, :iii +my df’ +o =0,

and so for higher dlfferentlals and for the other co-ordmates.
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2
Now consider terms of the form my %’;—’ , Le.my Etf‘ .

d’ d: d
m,y, —‘T;l+m,y,7‘§§+ ...... =m, (y +m,) (dt’ + dt;’;)
di
+ m, (y + '72) ( dta —d—g’-')
Froerrtiecriinnntinieiiiaees
2
=Ygz mtm+ . )
a 2
+ 1”;"’1 "‘itgl + m{'],a‘%‘ + ............
+y (m,afg' + m, —2 df;’ +ovenns )
d’z
+ g (a Emy e ).
The last two expressions vanish and there remains
dg 2/'1 d’ Zg d‘z
”’:%“Jg+m2y2m—, ...... = Jda
d di¢,
+ "21’71 dtg +m3"72 dt‘ + ......
dz _d% d’{‘
S fd
or Sm'/dt*-My dt"+28m 2

By similar reasonmg
om z —Mz t,+28m ;’
Hence
dy  d'% dy -d=z
o (= g~y o) =4 (5 -9Gz)

' +28m( Z:? C)
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The left-hand expression is the moment of all the effec-
tive forces about Ox, whence we have the important result:
the moment of the effective forces on a system alyut any
axis is equal to their moment about a parallel axis through
the centre of inertia taken as if this axis were fixed, together
with the moment of the effective force on the whole mass
supposed collected at the centre of inertia and moving with
it, about the original axis.

Now suppose that ¢ is passing through O at the moment
whose circumstances we are considering,
Then y=0, 2=0,
dy d'z\_ dn _d
and . 3om (z—dt;- i Zl—tg) =3m ({th,— 148)-

The interpretation of this is that the moment of the effec-
tive forces about an axis through the centre of inertia is the
same as if that point were fixed.

Precisely similar results hold in the ease of the following
functions; (all of them of the greatest importance).

S8myz, 28m 2z, Zdmxy,
thus S8m ay = Micy + Z8m En;
Som (42, Zom (2 + &), Zom (& +3°),

thus
Som (yf +27) = M (3 +2°) +23m (v + §);

Som (‘—fz”f)’, Sdm (%%) Zém (gf)”
or their sums,
thus 38m {(%zt) + (%a;) } =M {(%) + (%) 2}
+S8m {(%)'+ (%)’} ;
dy dw) ,

Sl (o) (o
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. d, dx _dy _dr
s &Y _ ) = oY _ 5%
thus ...Sm( 2=y dt) M (a: el dt)
d d
+ Zdm (E‘—ig -9 ;15) ;
d’x d’y d’z
di? S&m P EBmd2 ,
d’z d’z a’E
S U i z
thus Sdm 7 M an t 2dm e
We leave the working out of these to the student.

Som

These equalities must be carefully distinguished from the
somewhat similar equations which arise from the properties
of relative velocities and accelerations. If G were any point
whatever it would be true that

alac__gg_'_o’f
dt dt " dt’
d’z d't d

& dF @

But these are purely geometrical. There is in them no

mention of mass. Now the equations which we have proved

above are physical. They are true only when @ is the centre
of inertia.

4. Tt will be unoticed that the effective forces would
reduce to a force acting at any point and a couple ; but the
centre of inertia is that point at which the resultant effec-
tive force would produce the actual motion of the point on
the whole mass collected there; and it is also the point
which may be taken as fixed while we consider the ro-
tation.

It will, therefore, in general be convenient to choose our
origin, so that the centre of inertia is just passing through
it. But—it may be objected—our co-ordinate axes are fixed ;
velocities and accelerations must be measured by reference
to fixed points and lines. How then can we choose our
origin to be coincident with a moving point? The answer
is: Our origin is fixed, and the centre of inertis is passing
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through it at the moment under consideration. The equa-
tions are found from the consideration of the motion at an
instant chosen to embrace its most general conditipns: and
provided we find the acceleration or velocity rightly at the
moment we consider, it matters not where the origin may be,
after or before. If, however, the mind of the student insists
on contemplating the motion in successive intervals, the pro-
ceedings of the origin (as we must imagine them) can easily
be represented. Suppose the centre of mass a material visi-
ble point, and suppose it illuminated by a series of electric
sparks (which do not remain on the eye, and therefore shew
a moving body as if it were fixed), then the centre of mass
will be seen by the light of the successive sparks standing
still in its different positions. The student has already come
across the same difficulty in the case of the accclerations
i)'f a point measured along and perpendicular to a revolving
ine.

5. So far our conclusions are true for any system of con-
stant mass; for systems of free particles, for strings, for
fluids. There remains to introduce the condition of rigidity,
1. e. to reduce for one rigid body the couples

Zom {E (v —v) ~ (' ~u)},
dv  du
b a2
and om (E 7 dt) ,
to a form directly connected with rotation.

In the general case this is beyond the limits proposed in
these introductory Lessons. Whatever problems involving
three dimensions we attempt shall be considered with the
help of the unreduced expressions.

We suppose then henceforth that the rotation is alto-
gether about the direction of Oz.

The following Lemma will be of service. If @, y be the
reciangular, and #, 6 the polar co-ordinates of a point,

dy _do_ ,df
w‘—“«—y%—r’m.
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. dy dx .2 d (y
For T a4 =" ilt(:}:)

=r’cos’d a (tan 6)

di
,df

= *Jt- .

Now let 7 and @ be the radius vector and the vectorial
angle of an element of mass of a rigid body, which can only
rotate round a fixed axis. %—t- is the rate of changé of the
angle between a line of particles in the body and a line fixed
. dg . d'0
in space. Thercfore o and 7@ 2Te the same for every element,

being in fact the angular velocity and angular acceleration of
the body. Denote the former by w. Also during the motion
and for the same element &m, » does not change.

LAy de_
Hence T =Y =T

. " ) &’z de
differentiating e dt(‘ ~y = P e

dt— 7 dt
If the change of motion be sudden,
Im {w (W —v)—y W —u)} = (o'~ ) 2dn .

Thesc are the moments of the effective forces round the
fixed axis. The single resultant through the axis is the same
as through any other point, and is therefore the resultant
effective force of the whole mass collected at the centre of
inertia.

If there is no fixed axis the centre of inertia is taken
as the point, the motion of which and the motion round
which determine the circumstances,r The resultant effective

Hence Zém (w dv y du) = %l;;’« 2dmr’.
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force is that of the whole mass collected there and moving
with its motion. And the motion round it is the same as
if it were a fixed point. The forces therefore reducss to

M —u), M@ —2)
acting at the centre of inertia, and a couple (o' — ) Z8mr?;
or, if the motion be accelerated, to
du ¢
Wy MY,
and a couple ‘fg 3.8m 1%, (r being the distance of &m from the
centre of inertia).

If the system consists of rigid bodies not rigidly connected
these forces may be reduced to one at the common centre of
mass, but the couples must be taken for the separate bodies.

6. The expression Zdm (v — yu) or Zoém (1" %—f) is called

the angular momentum about the origin. It has sometimes
been called the moment of the momentum. These names
might with advantage be kept separate.

If there is a fixed axis of rotation,

Som (r’ %g) =0 Sdm 1
/

If not,
Z8m (v — yu) = M (Tv — i) + 0 3dm 1?,

in which 7 is the distance of the element &m from the axis
through the centre of inertia. Let the term “moment of
momentum” be kept for the whole mass collected at the
centre of inertia, i.e. for the expression M (v — yu), and let
the term w2dm r* be called the “quantity of rotational motion.”
Round a fixed axis or round the centre of inertia, angular
momentum is then the same as quantity of rotation.

It is important to notice that the quantity of rotational
motion of an element is measured by the square of the
distance from the axis. When Newton attacked the problem
of precession, he proved that if a rotating ring communi-
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cated motion to a mass attached to it, the whole quantity
of motion would remain the same. This is right; but
Newton . measured the quantity of motion by the sum of
the linear motions of the elements, which is wrong. In
Rigid Dynamics we introduce a new kind of motion—
rotation—caused by another kind of force (viz. a couple).
Now a couple is measured by the moment of a simple
force; quantity of rotation therefore is measured by the
moment of a momentum.

Imagine a fly-wheel whose mass is m and radius @, rotating
about its centre with velocity o, Every point is moving
with linear velocity aw. And therefore in one sense (ex-
cluding the idea of direction) the whole quantity of linear
momentum is maw. The impulse which applied at a point
on the wheel will stop the motion is maw. There is some-
times an advantage in considering the motion thus; but our
knowledge of the Geometry of motion indicates distinctly that
the only complete way of treating problems of motion will be
to consider a body as animated by a directional translation
and a rotation. The whole linear momentum, in any direc-
tion, of the wheel mentioned above is zero; the angular
momentum is ma’ew. In this view the force which stops
the motion is a couple, and there is also a single force,—a
pressure on the axle.

7. Our present results applied to those of Lesson III.
enable us to assert that the impressed forces are in equi-

librum with the forces M % and M (% acting at the centre

of inertia, reversed, and the couple fz—(‘; Z8mr* reversed. If

the forces are impulsive they are in equilibrium with
M (u' ~u), M (' —v) and (o' — ») Zm 7* all reversed.

8. The reduction of the expressions for the effective
forces is now theoretically complete. They have been shewn
to be equivalent, w_hen the motion is continuous, to a resultant
force M %—f, M ‘% acting at the centre of inertia and to a
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resultant couple. But practically the solutions of problems
may be much simplified by a proper choice of co-ordinates.
Thus if we use the above expressions or those in z, y when
the motion is referable to a fixed point, it is obvious that we
shall have for each problem to work through thosc differenti-

2
ations which shew that d—gg and %‘!{ parallel to the axes are

2
cquivalent to (5; - r(%t) along and )1 C%(r’%g) at right
angles to the radius vector.

It might be convenient to employ the expressions for the
accelerations along the tangent and normal to the path of the
centre of inertia. Or, yet again, if the motion of G is best
defined by reference to a point 4 which is itself moving, we
can use the proposition that the acceleration (or velocity)
of @ in any direction is equal to that of @ relatively to 4
(supposing A fixed) in that direction, together with the
accelcration (or velocity) resolved in the same direction.

In general in every analytical solution of a motion of a
rigid system equations are required connecting the velocities
of different parts. These are called the geometrical equa-
tions, and may often be simplified or reduced in number by
a proper choice of variables.

9. A system consisting of two masses A and B rigidly
connected by a straight massless wire 1s moving without rota-
tion with velocity V. A point O of the wire between A and
the centre of inertia suddenly becomes fized, and the system
proceeds to rotate about O with angular velocity o. It is
required to find the resultant tmpulsive forces which must
have caused this change of motion.

The momentum of translation has suffered a change,
B.OB.wo—4.04.0—(A+DB) V.

This therefore is the measure of the force which acting at @
at right angles to 4B would cause the change,
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The angular momentum about G- has been changed from

zero to
4. A@*+ B.BG) o.

This expression is therefore the mcasure of the couple
which must have caused the change. ‘

10. Given that a circular hoop of radius a is rolling with
untform velocity v along a road. What are the resultant
effective forces (1) on the whole, (2) on a given part 2

(1) As the centre of inertia is moving uniformly in a
straight line, the resultant force is zero.

To find the angular velocity (w), consider the motion of
the point in contact with the ground.

This is carried forwards with velocity v by the motion of
translation. It is carried backwards by the rotation round
the centre with velocity aw, and its resultant velocity is
zero ; for it is the instantaneous centre. Hence v =aw, or
the rotation is also uniform. Hence the couple effective in
producing rotation is zero also.

(2) Let m be the mass and ¢ the centre of inertia of
the part 4B, the effective forces on which are to be found.

P

The acceleration of @ in any direction is equal to that of
C in that direction, together with that of & relatively to ¢
measured in the same direction. Now C moves uniformly
and G moves uniformly about C. Hence the only accelera-
tion of G is towards (' and is 0*. CG. The resultant effec-
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tive force on AB is therefore mw’OG@, and acts at G to-
wards C.

The moment of the effective couple is %‘;’ 33mr’¢ where »
is the distance of 8m from G. As e is constant this vanishes.

EXAMPLES.

1. Prove that the centres of mass and inertia necessarily
coincide ; but that the centre of gravity does not coincide
with these unless the weights of the different parts of the
body may be supposed to act in parallel lines.

2. A grindstone is rotating about its axle. Shew that
its angular momentum is the same round all axes parallel
to this,

3. A cannon-ball whose mass is 30 1bs. is fired with a
velocity of 1000 feet per second. What is its momentum at
the moment of discharge ?

What is the moment of its momentum about a point
10 feet immediately above the mouth of the gun ?

4. How is the centre of inertia of a rigid body moving
when the resultant effective force is zero %

5. Find a gencral expression for all functions of co-ordi-
nates and differential coefficients for which the properties of
Art. (3) are truc.

6. Find the effective forces for the systems in Art. 10,
supposing the hoop to be rolling with given acceleration .

7. Two uniform rods O4, 4B, of lengths 2a, 2b are
hinged at A— O being fixed—and they rotate in one plane
with angular velocities w, ®’. Prove that the force which
causes the motion of translation of 4B is the resultant of the
following : 4

@

mass 4B. (w”..b +2w’acos p — 2 7@ sin ¢) along BA,

and mass AB ‘—z—?—.b+2@acos +20’asin¢), at right
di d 8

gnglc(els to B4 ; ¢ being the angle between 4B and 04 pro-
uced. :



V.
FIRST APPLICATIONS.

1. 'WE have now proved that the forces on each element
of a rigid body, which are effective in causing the motion,
are together equivalent to that force which, acting on the
whole mass collected at the centre of inertia, would cause the
actual motion of that point; and, to a couple which, were
the centre of inertia fixed, would cause the actual motion of
rotation of the body. The impressed forces are also reducible
to a single force at a point and to a couple. The reversed
effective forces are in equilibrium with the impressed forces.
Putting these together, we infer (1) that the motion of the
centre of inertia 1s the same as if the whole mass were col-
lected there, and the impressed forces acted at that point each
in its own dircction; (2) that the effect of the impressed
forces to cause rotation 1s the same as if the centre of inertia
were fixed.

* These principles are fruitful of important consequences.
From (1):

If there be no impressed force or no resultant impressed
force, the centre of inertia must either remain at rest or move
on with velocity unchanged in magnitude or direction.
When a shell explodes in the air before striking, the forces
of explosion are all internal ; and the centre of inertia of all
the fragments moves on in the same curve as if nothing had
occurred. A plank sliding on smooth ice will move so that
its centre of inertia will describe a straight line with con-
stant velocity. Supposing the solar system to be go far from
the stars that their attraction may be neglected ; the centre

P. G, 4
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of inertia of the sun and planets must be at rest or moving
uniformly in a straight line. If there are no external forces
in a particular direction, or if their resultant is ,at right
angles to that direction, then the velocity of the centre of
inertia or the linear momentum of the system in that direc-
tion remains constant. The impressed forces acting on a
chain-shot are vertical. Hence tge horizontal velocity of its
centre of inertia is constant.

In an old and instructive problem it is supposed that a
man is placed upon a perfectly smooth hard sheet of ice, so
that skates avail him nothing. How is he to get off ? The
only external forces are his weight and the support of the
surface. These acting down and up cannot help him along.
His centre of mass will not move by any action internal to
his person. He must get external force. Let him throw
away something that he has about him. This becomes a
body external to himself, and its reaction gives him an im-
pulse backwards. Or the projected body may be looked on
as still part of his system ; in which view the common centre
of mass remains at rest, but as the body moves in one
direction, his centre of mass must move in the other.

The resistance of water is very small to a boat moving
slowly through it; and, accordingly, every one has noticed
that on his moving to the end of a boat, in order to get out,
the boat, if not previously fastened to the shore, moves back.
The common centre of mass, however, of himself and the
boat has not moved. Nor will it move although he springs
out, until by the pressure of his feet on the land he intro-
duces an external force.

Again, whatever the impressed forces may be, or wher-
ever they may act, they produce the same effect on the
motion of the centre of inertia as if they acted there.

If a ship be pulled to shore by a rope of given tension,
it matters nothing to the motion of the centre of inertia at
what point. the rope is attached. A billiard-ball struck
horizontally will move off equally quickly wherever it isstruck,
provided the force of the blow be the same. Every one has
noticed how a table-napkin ring, squirred out between the
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finger and the table, keeps rotating, but soon stops moving
away and comes back. The only impressed force is the
friction bf the table. And this, though acting at the rim,
first stops the velocity of the centre and then causes it
to acquire a velocity in the opposite direction. And this
effect of the force is the same as if it acted at the centre,

2. From (2):

If a body at rest, or moving without rotation, be acted.on by
a blow or force whose line of action passes through the ceutre
of inertia, it will move on without rotation : if in such a case
the motion of the centre of inertia be stopped, the whole
motion will be stopped.

To pull a boat to land without making it rotate, pull it
by this point. A sportsman once told the author that a certain
salmon he hooked gave him much trouble. He tried as
usual to get the fish’s head down stream, but could not.
‘When at last the fish was landed, he found that he had
hooked it by the belly. The scientific expression of this is,
that he had been pulling at the centre of inertia, and con-
sequently had been unable to turn the fish round.

Ezample.
AB s a smooth fized inclined straight wire. CO 1s @
rod furnished with a ring O at one end by which it hangs
A
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Jrom the wire. CO 13 taken, and being held at right angles
to AB s then let go. What will be the motion ?

There are only two impressed forces, the weight and the
ressure. Both these act through the centre of inertia.
ence they have no moment about it, and there will be

no rotation. Thus the rod CO will slide down, keeping
always perpendicular to 4B.

8. The resultant effective couple

dv  du

Zom (wdt —Y dt)

is the rate of change of the angular momentum Z8m (zv—yu).
This couple reversed is equal to the moment of the impressed
forces about the point taken as origin. Hence angular mo-
mentum plays the same part in rotation that linear momentum
doesin translation. Ifthere are noimpressed forces, the angu-
lar momentum about any axis is constant. If the resultant
of the impressed forces has no moment about a certain axis, as
by passing through it or acting parallel to it, the whole
angular momentum of the system about that axis remains
constant.

In the gencral case, the angular momentum of any body
about any axis is equal to the moment of the momentum of
the mass collected at the centre of inertia about that axis, viz.
m (zv —yu), together with the angular momentum about a
parallel axis through the centre of inertia, o . Z8mr*.

In the solar system—there being no external force—the
sum of the moments of the momenta of the sun and planets
about any axis, together with the sum of their angular
momenta about parallel axes through their centres,is constant.
When an iceberg becomes detached from near the pole
where its motion round the polar axis of the earth is small,
and floats to near the equator where its motion is large, the
angular momentum of the earth must have diminished as
much as the moment of the momentum of the iceberg has
increased. (The angular momentum of the iceberg about an
axis in itself is neglected.) When Don Quixote was lifted up
by the windmill and became a part of its system, the only
impressed force external to boti being an impulse on the
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axle of the mill, the angular momentum of the sails about
the axle must have diminished as much as his increased.

If a*number of particles moving freely becomes rigidly
connected, this does not change their united angular mo-
nmentum. If a rotating body contains liquid, and this liquid
solidifies, the angular momentum remains unchanged.

It has been mentioned that rotation takes place not so
much about a point as about a direction. If a watch that is
going be finely enough poised horizontally on a point, it
will be seen to make small oscillations. Thesc are due to
the oscillations of the balance-wheel inside it. The angular
momentum of the whole watch is at every moment zero.
Hence the angular momentum of the balance-wheel, together
with its moment of momentum, is equal and opposite to the,
angular momentum of the rest of the watch. Spin a top on
a plate, and float the plate in water. When the top has come
to rest, its angular momentum must have becn communi-
cated to the floating system.

The angular momentum about a fixed axis or one through
the centre of inertia of a rigid body is

w3 0mr’,

Hence we are enabled to assert that if a body is rotatin
about a fixed direction under the action of no impress
forces, or of impressed forces whose resultant passes through
the fixed axis or through the centre of inertia, the angular
velocity remains constant.

A grindstone set rotating and left to itself, or any heavy
body thrown up into the air and rotating in the plane of
projection, or an awkward man upon a slide, arc examples of
this.

4. Tt has been stated before, that the tendencies of forces
and couples are to cause translation and rotation respectively.
‘We now see that it would be more correct to say that they
cause translation of the centre of inertia and rotation round
it. A couple does not necessarily cause rotation about the
direction of its own axis. We shall soon see when this is the
case. All we can at present say is that the impressed couple
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is in equilibrium with the reversed effective couples neces<
sary to produce the motion. We have previously seen the
complete analogies which subsist between the theory of
forces and that of rotations. This analogy must not be con-
fused with the physical connection mentioned above, which
i8 between couples and rotations.

In 1777, shortly after our science had been established
on its present basis, an English mathematician of some emi-
nence, called Landen, wrote a treatise, in which he professed
himself dissatisfied with the principles and conclusions of
Euler and D’Alembert ; and in which he gave a new theory
of motion of his own. This theory gave rise to a good deal
of discussion in England. When carefully examined it
is found to depend on the principle, that any force whose
effect in causing rotation in a body is the same as that of a

iven force may be substituted for it. This is fallacious; for
1t takes no account of the action of a force in causing trans-
lation. Since that time there has been no doubt thrown on
the accuracy of our principles.

5. A body 1s rotating with no vmpressed forces and with
constant angular velocity @ about the axis Oz, which is fixed.

z -

0Q

/ ’
M, $2)

8§l
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What pressures has the axis to sustain in consequence of the
motion ?

Supbose the axis acted on by forces X, ¥ at O (there
will evidently be none along O2), and by a couple whose
components are @,, G, about the directions Oz, Oy.

Consider the motion of an element of mass &m at P.
PMQL is a plane parallel to ®y. PM, PL, PN are the co-
ordinates of P,

The acceleration of P is w'.PQ along PQ. This is
equivalent to —*. PM along Orx; — o*. PL along Oy.

The effective force at P is therefore
— dm 0’ PM along Oz,
and — dm o* PL along Oy.

These reversed and taken all over the body are in equi-
librium with X, ¥ and G, G,.

Hence X +o*Z8mPM =0,
Y+ o*30m PL=0,
G,—0'2dmPL.PN=0,
G, + 0*38m PM. PN =0.
It must be remembered that rotation is positive from z
to y, from y to z, and from z to .
These equations give the pressures on the axis.

Suppose the whole of Oz set free except the point O,
and that we wished to know whether the forces of y
motion would permit the body to continue rotating about
This will be the case if @, and @, are zero. Hence

38m PL . PM and 38mPM.PN
must both be zero.

If these conditions hold, Oz is called an axis g gerganens
rotation, or a principal axis of the body..
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If the whole axis be set free, and the body still continue
to rotate about it, X and Y must be zero.

Hence
3ém PM and Z&6m PL

must be zero. This means that the axis Oz must pass
through the centre of mass,

It is easy to see how the axis may suffer a breaking couple,
but no single pressure. Take a rod and attach it rigidly to a
fixed axis at its centre of mass. Let this axis be inclined to
it. If it be now made to rotate it will endeavour to get into
a position perpendicular to the axis, but if it were set free
the centre of mass would not move.

6. A raft of any form, whose mass is M and whose
centre of inertin 1s C, is at rest on the surface of still water.
A man whose mass 1s m, who ts standing at a given point
P of the raft, commences to move with velocity v relatively
to the raft in a direction at right angles to CP. ~ What motion
of the raft will this cause ?

We take the man to be a moving point, and the water
not to hinder the motion of the raft.

The common centre of mass of the raft and man remains
at rest: in other words, there is no resultant linear mo-
mentum.

The velocity of € must then be in a direction opposite
to that of the man. Let V be this velocity of C. Let Q
be the angular velocity with which the raft begins to move.
‘Then the absolute velocity of the man isv— V— CP.,Q;
the momenta are MV and m (v— V—CP. ), and

—=MV+m(v—V-CP.Q)=0.
Secondly; as there are mno horizontal external forces,

the whole ahgular momentum about any vertical axis re-
mains unchanged. -. . K
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Consider the angular momentum round C. The angular
momentum of the raft is

Q3SM 7,
in which r is the distance of an element M from C.

The moment 'of momentum of the man round C is
m(V+Q.CP) CP due to the motion of the raft, and
—~mv . CP due to his own on the raft.

Hence
m(V—v+Q.CP) CP+ Q38 Mr*=0,

which gives Q in terms of known quantities.

These two equations give V and © in terms of v and
known quantitics.

It is indifferent whether the unknown quantities 7 and
Q are assumed to be in the direction in which from previous
considerations we know them to be, or in some assumed
positive dircction.

7. 'We can now write down the equations of motion for
any system moving under any forces in one plane or in
parallel planes, '

Let there be ono rigid body acted on by impressed forces
reducible to forces X, Y along the axes, and whose moment
is L round the centre of inertia ; then (1v. 6) if the forces are
impulsive,

Mu-uw=X, MW-%)=Y,
(0" - ©)2dmr*= L.
If they are finite,
7 dv

MG =X, MG=Y,

do .
"‘—it" E&nr = L.
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If we desire to take moments about another point than
the centre of inertia; let the co-ordinates of the centre of
inertia with respect to it be z, y, and let the moment of the
forces about it be L' ; then, the other quantities remaining
as before, the third equation will become

(@ — ) Somrt + M{Z(@ — ) —7 (' — D)} =L,

d(t_) 2 d’!‘} —@ I 4
or R Stmr +M(waz—ydt)—1}.

If there arc a number of bodies in the system similar
cquations hold for each or for any number taken together.

EXAMPLES.

1. A person, who has been standing on smooth ice, falls
down. In what line does his centre of inertia move ?

2. The earth in cooling contracts. Does this make the
day longer or shorter ?

3. A man walks across the deck of a small yacht. Has
the yacht rotated ? Has its centre moved ?

4, Two smooth spheres rest one above another on a
smooth horizontal plane. If the equilibrium be disturbed,
in what line will their common centre of gravity move ?

5. A straight uniform rod can slide with its ends on two
smooth fixed straight wires placed at right angles to one
another in a horizontal plane. It is set moving. Prove
that its angular velocity will remain constant.

6. How does it appear that linear and angular momenta
obey the parallelogram law ? '

7. A rigid body attached to a string is allowed to fall
until the string becomes tight. Shew that if it fall so that
there is no immediate rotation, there will be no subsequent
rotation.
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8. A man is being weighed in one scale of a large balance.
If he jump straight up, what will be the effect on the
machine ? and what will be the result when he meets the
scale again ?

9. Explain how it is that a boy in a swing can increase
his arc of swing by crouching when at the lowest point.

10. If a rigid body previously at rest be set in motion
by a single blow ; prove that after moving for any time it can
be again reduced to rest by an equal and opposite blow acting
in the same line.

11. The centre of gyration of a rigid body capable of
revolving about a fixed axis is the point at which the whole
mass must be collected, that the angular velocity communi-
cated by a given couple may be the same as before. If k& be
the distance of this point from the axis, prove that

mk* = Zdmr’,
12. A man is placed in a canoe without a paddle or any

means of touching the water. Can he work round the head
of the canoc?



VI
MOMENTS AND PRODUCTS OF INERTIA.

1. WE have had occasion to remark that the quantity
Xom 7% in which 7 is the distance of an elcment dm from an
axis, and the summation extends over the whole of a rigid
body, will be of constant occurrence in problems of rotation.
It is called the moment of inertia of the body about the axis.
‘We have also found that expressions of the form

Zom yz, Zm 2z, Zoémuxy,

are of common though less frequent occurrence. These have
been called products of inertia.

It will save us much repetition if we investigatc once for
all some of the properties of these moments and products,
and their values for the most common axes of the most com-
mon bodies.

The values of moments and products of inertia must de-
pend ultimately on summation or integration for the various
elements of the body; but after this has been accomplished
for the simplest axes possible, they can be found without
summation for any other axes.

2. The moment of inertia of @ umform rod of mass
m and length 2a about an axis through vts middle point at
right angles to it.

Suppose the rod a line of particles. Let the distance of
one of these from the middle point be r, and its mass udr, so
that u2a is m.
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The moment of inertia is Zudr. +°. Supposing &r to dimi-
nish indefinitely this becomes ufr® dr, the limits of  being —a
9,8
:;l. But x.2a=m,
3

. . . . a
hence the required moment of inertia is m. 3

It is clear from the naturc of the expression Z8msr* that
every moment of inertia will be the product of the mass and a
square. It is usually written mk®. £ is called the “radius
of gyration.” It is the distance of the centre of gyration
from the axis, (Sec Less. v. Ex, 11.) The value of 4 in the

.
above cxample is -;-.

V3

The product of inertia of the rod about two axes z, y
through the middle point and in the same plane with it, of
which 2 makes an angle a with the rod, is

and +a. The value of this integral is [l

Zudr.ay, i.e. Sudr.rsina.rcosa.

+a
In the limit psinacosa f 7 dr,

. 2a°
or psinacosa. ==,

but g . 2a =m, therefore the product of inertia is

. a
ﬁb.SlDa.COSd.‘g.

3. The moment of inertia of a uniform circular plate of
mass m and radius a about an axis through its cenire per-
pendicular to its plane.

Imagine the circle composed of narrow concentric rings.
Let the radius of one be #, its breadth &r, its mass w . 27rror,
so that p.ma’ =m.

The moment of inertia of this ring is u 2mwrér.+% for all
points are equidistant from the centre. Therefore the mo-
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a

ment of the whole is f p2mwrtdr, ie. pir. 5;—. Now pmra*=m;
1]

a2

5 and the radius of

therefore the moment of inertia is m
..
gyration 18 75"

The product of inertia of the circle about this perpen-
dicular and a diameter is plainly zero; for the co-ordinate
perpendicular to the circle of every element vanishes.

The product of inertia about any two axes in its plane is
also zero. For each of the axes divides the body symmetri-
cally. Hence for every element ém at #, ¥ whose product is
Om .y, there is an element dm at —z, y for which the pro-
duct is — 8m oy ; and the sum will consequently vanish.

4. The moments of inertia of any body about the axes
of co-ordinates are
23m (v +2%), 2om (*+ %), Zom (2 + y).

In the case of a body altogether in onc planc (=, y), one
co-ordinate (2) is always zero. Hence the moment of inertia
of such a body about an axis perpendicular to its plane is
equal to the sum of the moments of inertia about two axes
at right angles to one another in its plane. Hence we can

infer that the moment of inertia of a circular plate about a
diameter is m % .

The products of inertia of such a body about axes, one of
which is perpendicular to it, are zero.

5. The moment of inertia of a uniform right circular
cone bounded by a plane perpendicular to the axis about its
axwis.

Imagine the cone made up of a great number of equall
thin circular disks. P & ey

) Let the.distance of one of these from the vertex be z, its
thickness 0z, If the semivertical angle be g, its radius will be
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xtana. Let its mass be umwa® tan*e . 8z. Its moment of in-
2

. . . P/
ertia about the axis of the cone is mass X 5 tan® a,

or pa’ tan® amdz . %’ tan® «.
The moment of inertia of the whole cone will be the sum
of all these, each indefinitely diminished, or
p.tan‘avr]" ., _pmrtan‘e 4
3 K do = 0 kS,
where % is the cone’s height.

h
Now the mass of the cone is J pma® tan® adx=; wtan® amh®,
[}

3

Whence k=htanan/ 15-

6. The product of inertia of an isosceles triangular plate

ABC about the base BC, and a line through B at right angles to
BC.

Take BC as the axis of # and the perpendicular as that
of y. Draw AD to the middle point of BC. Let AD=h.
Imagine the triangle made up of infinitely narrow strips
parallel to BC, of thickness 8y, one of which is PQ, cutting
ADin L. From P, @ draw PM, QM at right angles to BC.

Y
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Consider an element of mass udx .8y at R a point on
PQ. Its product of inertia is uéx.dy.2z.y. That of PQ is
u8y .y [z dz, the limits being BM and BN.

It is therefore
5oy .y (BN BY?)
=L8y.y (BN +BM).PQ
=2udy.y.BD.PL.
Now PL=(h-y) tan%, BD =" tan‘-;l—;

therefore the whole product of inertia

=2/4.kta,n’§z4—[:y(k—y) ay

=P ptamd
3k tan® 5.
. 2, A
But the mass of the triangular plate = uh® tan o
therefore the product of inertia

A
' ——
o A tan 5

— . 3 \ .

This is easily seen to be the same as the product of inertia
about the same axes of two masses, each equal to%" , placed

at the middle points of 4B, 4C.

There will be found in the first chapter of Routh’s Rigid
Dynamics an instructive. proof that the moments and pro-
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ducts of inertia of a {riangular plate about any axes whatever
are the same as those of three particles, each of mass equal
to one-third of the mass of the plate, placed at the middle
points of the sides.

7. When 3dmzz=0 and Zdm yz =0, the axis of z is a
principal axis (Lesson V. Art. 5). When all three products of
nertia vanish we have a set of three principal axes. But
28m «z and 38m yz may vanish without Z&m xy vanishing ;
and any one, as 26m xy, may vanish without either = or y
being a_principalaxiz. Il indced the body is altogether in
the plane of zy, two axes for which Zémay vanishes are
principal axes, for we know that Z8m 2z =0 and Zdm yz =0.

In many cases the position of a principal axis can be scen
at once. Thus at every point in a plane body one principal
axis is the perpendicular to the plane. Again, if in any uni-
form body a straight line can be drawn with respect to which
the body is exactly symmetrical, this must be a principal
axis at every point in its length. Any diameter of a uniform
circle or sphere is a principal axis at any point in its line;
but the diagonal of a rectangular plate is not for this
reason a principal axis at its middle point ; for every straight
line drawn perpendicular to it is not equally divided by it.

8. Table of the squares of the radii of gyration for seve~
ral bodies (supposed uniform) of frequent occurrence.

1. For arod of length 2a about a perpendicular through
a’
the centre of mass, k= 3

2. For a rectangular plate, one of whose sides is of
length 2q, al)out a line through the centre parallel to the

other, &* = % .

3, For an elliptie plate about either axis,
12 = Bquare of other semiaxis
* »
PG, b
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4. For an ellipsoid about any of the three axes,

= Sum of squares of the other semiaxes
= 3 .

These include as particular cases squares, circles, and
spheres.

‘ EXAMPLES.
1. Prove that

(a) For a straight rod of length 2a about an axis passing
through one end and making an angle 8 with the rod

k= 1.asin;9.

V3

(B) For any arc of a circle of radius a about an axis
through the centre perpendicular to its plane k=a.

(y) For a right circular cylinder of radius @ about its
axis k=

V2

(8) For a straight rod about an axis parallel to itself
at distance ¢, k=c.

2. The moments of inertia of a uniform elliptic plate of
semiaxes a, b about its major and minor axes are

nZ,
.4, 'm-z.

That about a perpendiculf,r tgo its plane through its centre
a’+b

18 yamp

3. The moment of inertia of & sphére of radius @ about
a diameter is gma!.
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4. The moment of inertia of a uniform r.‘unzi'a
4

plate whose sides are @ and b about the side a is ml:;- .

~ 7
. 5. For what bodies and for what axes is the moment of
inertia zero ?

6. The moment of inertia of a uniform c¢ube whose
length of edge is 2a about. a line through the centre parallel
2

. 2a
to an edge is Mo /

7. What are the principal axes of a uniform rectangular
plate at the middle point of one side 23—~

8. Investigate the product of inertia of a:"1¢w» .l 1
triangle about the sides containing the right angle.

9. What is the moment of inertia of a shell, whose mass
is m and which is bounded by concentric spherical surfaces
whose radii are @ and 4, about an axis through its centre ?

10. The centre of a uniform parallelopiped is fixed.
About what axes will it rotate permanently when no forces
act on it but those whose resultant passes through the
centre ?

11. Prove that the moment of inertia of a uniform
ellipsoid whose semiaxes are a, b, ¢ about the axis a is

¥+
m. —5——-,
12 The density of a cylinder of mass m and radius a

varies as the n® power of the distance from the axis. Prove
that the moment of inertia about the axis is

. n+2
‘n4+4°
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13. Prove that the quantity of rotation in a cylinder
of radius @ rotating with velocity w about its axis is
aﬁ

w.m—z—.

14. Prove that the quantity of rotation in a rotating

sphere of radius @ is w.m. 3 @

15. A uniform rectangular plate is rotating with con-
stant velocity about an axis in its plane through the centre.
If the centre be set free and the plate keep rotating about
the same axis, which is that axis?

16. A grindstone of mass m and radius a is rotating
with velocity w, and is stopped at a constant rate in ¢ seconds,
What is the rate of loss of angular momentum ?



VIL
MOMENTS AND PRODUCTS OF INERTIA.

1. WHEN the moments and products have been found
about any axes through the centre of mass of a body, we can
find them at once about any other parallel axes by the theo-
rem of Lesson 1v. Art. 2.

The following is a geometrical proof that the moment of
inertia about any axis is equal to that about a parallel axis
through the centre of mass, together with the moment of
inertia of the whole mass at the centre of mass about the

former axis.

Let Az and G’ be parallel axes, the latter through the
centre of mass. And let P denote any element of the body.

P

G /H =

a N L

Let a Nplane through P at right angles to the axes cut
thj}n in N and M; join these and draw PL perpendicular to
NM.
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The moment of inertia about 4z is =8m PN®. Now by
Eue. 11, 12, .
PN?*=PM*+ MN*+2MN.ML.
Hence  30m PN*=38m PM*+m.MN*
+ 2MN . S8m ML,

since MN is the same for all elements, being the distance be-
tween the parallel axes.

Also 38m ML is zero, since Gz passes through the
centre of mass;

o 20m PN*=38m PM?+m . MN®

2. If then k is the radius of gyration about an axis
through the centre of mass, and a the distance of a parallel
axis, the moment of inertia about this latter is m (& + o).
Call this 4. If there be another axis in the same plane at a
distance b from the centre of mass, the moment of inertia
about it is m (k*+0%). Call this B. Then

A ~ma® =B —mb,

and thus knowing the positions of two parallel axes relatively
to the centre of mass, and the moment of inertia about elther,
we can find that about the other.

3. If a, b, ¢ are the co-ordinates of the centre of mass, and
&, #, ¢ the co-ordinates of any element &m relatively to it,

2.0m &y =Zdm En + mab,
and 28maz = Zdm E¢ + mac.

If the centre of mass lies on the axis of ,
b=0, ¢c=0; ... 20m ay =33m £n, and Zdm xz = Zdm L.
If this line is a principal axis at the centre of mass,
38m En =0, and Zdm E{=0
therefore 38m zy =0, and Zdm xz=0,

or it is a principal axis at every point in its length,
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4. The moment of inertia of a sphere of radius a about

a diameter has been found to be %m .a

Hence about a tangent it is

2 2 2_7 2
gma + ma —gma.

5. To find the product of tnertia of a rectwanlar plate
about two sides.

The straight lines drawn through the centre parallel to
the sides are clearly principal axes. Hence the required pro-
duct is equal to the product of inertia of the whole mass
collected at the centre about the sides. It is the product of
the mass and one-fourth the area of the rectangle.

EXAMPLES.

1. The radius of gyration of a circular arc about a
line through its middle point at right angles to its plane is

radius x v2.
2. That of a circular plate about a tangent is

radius x ﬂ .

3. Find the moment of inertia of a right cone about a
line through the vertex perpendicular to the axis.

4. The moment of inertia of a parallelogram whose sides
are 2a and 2b in length about an axis through the centre at

right angles to its plane is %z (a*+ 7).

5. What are the principal axes at a corner of a square ?
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6. Prove that for an elliptic area about a line through a
focus parallel to the minor axis
5a" — 41

4 .

=

7. Prove that for a circular arc of radius 7, which sub-
tends an angle 2a at the centre about an axis through its
centre of gravity perpendicular to its plane,’




VIII.
MOMENTS AND PRODUCTS OF INERTIA.

1. HaviNe now found the moments and products of in-
ertia of a body about all axes parallel to a given set about
which they are known, we proceed to complete the subject by
finding them about sets of axes inclined to these. We will
take first the case of axes in one plane.

2. At any point of a given rigid body and in any plane
there are always two axes at right angles, such that the pro-
duct of inertia about them s zero.

Let O be the point, Oz, Oy any perpendicular axes in the
plane. Let the moments of inertia about Ox, Oy be denoted
by @, b, and the product Zdmzy by f. Let Ox', Oy’ be an-
other set of axes in the plane inclined to the others at an
angle a. ie. 220z =:y0y =a.

We will endeavour to choose a so that S8m a’y’' =0.
If the polar co-ordinates of 8m be r, 6,
x=rcosf, y=rsind,

& =rcos (@ —a), y =rsin (6 —a),
3m w'y'=}§28m r*sin 2 (0 — a)
=cos 2z Zdm * sin O cos 6

- Sii;% 23m +* (cos® @ —sin* 6).
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If this vanishes
tan 2= _ 238mr*sinfcosf
. 30m (r* cos* 6 — 1 sin* )
_ 23%muay
= S -g
If the distance of &m from the plane 2Oy be 2z,
a=3m (y* +2%),
b=30m (2" +a*),
2
b—a’
As this equation has always a solution, there is always a
set of axes having the required property.

3. Farther, for each awis of that set, the moment of inertia
18 @ MALVIMUM OT TRANTIMUM.

For let a be variable and find the value for which
28m (y* +2%), or Zdmy” is greatest or least,
Z0m y'* =20m r*sin® (6 — a).
Differentiating with respect to a;
238m* . sin (6 — o) cos (0 —a) =0,
but we have seen that this is equivalent to
2dmay =0. _
4. TFarther, the moment of inertia about any line Ox’ in-
clined at an angle a to Ox 1s
acos'a+ bsin® a — 2f sina cos a.
For Z0m (y*+2°)
= 20m 7 sin® (0 — a) + 20m 2*
= cos® a 35m r*sin* 6 — 2 cos & sin & Zdm 7* sin 0 cos 0
+ sin® & 28m r* cos® 8 + (cos® a+ sin® a) Zdm 2*
=cos® a 3dm (y* + 2*) + sin’ a Zdm (2 + 2°)
— 2 cos asin a Zdm zy

and tan 22 =

=acos’a+b.sin*a — 2fsin a cos a.
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If f=0, or if Oz, Oy are principal axes and the moments
of inertia about them are 4 and B, this becomes

. A cos’a+ Bsin'a,
5. The moment of inertia of a rectangular plate about a
diagonal,

If the lengths of the sides are 2a, 25, the moments of inertia
about two 1 - ii v <.} the centre parallel to the sides are

v
'm3, m‘3.

And tana=é,
a

. b
whence sinf o= ———,
a’'+ b

2
ik
thercfore the moment required is
¥ a ad b
NN i S
_2m ot
3 a®+ 0

cos’q=

6. To find the position of the principal azes of a uni-
Jorm rectangular plate ABCD at the point A.

The moment-of inertia about 4B is m ‘-“%D- , that about
. .
4Dism2r

" The product about 4B, 4D is % AB.AD.
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Hence, substituting in Art. 2, if « be the angle which one
of the required axes makes with 4B,

: %.AB.AD
tan 2= 75

38
_3 AB.AD
S AF AT

7. There are at every point of a rigid body three axes
at right angles to one andther, for which the products of inertia

vanish.

We might apply the same method as before, but an
indirect method is here more simple.

(Given the moments of inertia a, b, ¢ about three axes
Oz, Oy, Oz at right angles; and the products d, ¢, f; (26m yz,
28m 2z, Zdm xy respectively) let us find the moment of inertia
ahout a line O« inclined at angles @, B, ¢ to Oz, Oy, Oz.

Let OL, LM, MP be the co-ordinates z, y, 2z of an ele-

z
r a/
X
0 [/L 3
f M
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ment of mass ¥m at a point P. From Plet fall PN perpens
dicular to Oz,

Projecting OLMP on OM,
ON = OL cosa+ LM cos B+ MPcosy,
and PN?*=0P*—-0N?;
o PN*=a*+ 3 +2* —(x cosa+y cos B + 2z cos )’
=a' (1 —cos’a) + 3* (1 — cos’ B) +2° (1 — cos’vy)
~ 2yzcos B cos y — 2z cos y cos a — 2zy cos g cos B,

But cos’a 4 cos’ B+ cos’y=1;
.~ PN? =4 (cos’ B+ cos* o) + y* (cos’ oy + cos’a)
+ 2* (cos® a + cos’3)

— 2y2z cos B cos ry — 2zx cos ¢y cos & — 2xy cos « cos B
= co8’ a (3° + 2°) + cos’B (& + 2°) + cos’y (2" + )
— 2y cos B cos .~ 2zx cos 1y cos a — 2y cos a cos B;
» 38m PN*=qcos’a+ b cos’ B +ccos’y
— 2d cos B cosy — 2e cos iy cosa — 2f cos & cos B.
To represent this geometrically take a point @ on ON.
Let its distance from O be p, and its co-ordinates &, 7, {;
then E=pcosa, n=pcos B, {=pcosy,
and

SomPN?® = af* + by’ + cf’ - 2?’7§— 28&—2f¥7].
p
Now the equation
af + bn* + of* — 2dnf— 2elt — 2fEn=1
denotes an ellipsoid whose centre is at O; for a, §, ¢ are
necessarily positive, If then Q is a point on this

S5mPN* = /%’
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or the moment of inertia about any line through O, is mea-
sured by the square of the reciprocal of the radius vector of
this ellipsoid which coincides with the line.

This is called the momental ellipsoid. It has no physical
existence, but is an artifice to bring under the methods of
geometry the properties of moments of inertia. The mo-
mental ellipsoid has a definite form for every point of a
rigid body.

If this ellipsoid be referred to another set of axes, and its
equation become

aEB+Vn +c8—2dnt—2e'E—2fEn=1,

the coefficients a’, ¥, ¢ will be the moments of inertia about
the new axes, and d, ¢, f* will be the products.

Now every ellipsoid has three axes, to which if it is
referred its equation takes the form

AE + By'+ CF*=1.
With respect to these axes, the products of inertia vanish.

8. Hence we see that the moment of inertia about one of
the principal axes is the greatest, and about another the
least possible. It was from this property that Euler, who
first '@ :''v investigated the subject, gave them the
name.

It is now clear, that for all questions depending only on
moments and products of inertia, any body may be replaced
by its momental ellipsoid. And farther, that any two
systems which have the same momental ellipsoid at a point,
are about that point kinetically identical.

If the moments of inertia of a body about three axes at
right angles through a point are equal, the ellipsoid becomes
a sphere. They are therefore equal about all axes, and
every axis is a principal axis. The body is then said to be
kinetically symmetrical with respect to that point, Thus a
cube is kinetically symmetrical a%zut its centre,
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The following question is of some interest.

9. Under what circumstances is there a point in a body
such that the moments of inertia about all axes through it are
equal ?

If there is such a point, all sets of axes through it are
principal axes.

Let the co-ordinates of the point referred to the principal
axes at the centre of mass be @, b, ¢. Then the products of
inertia of the body about the parallel axes through the
point are

m.be, m.ca, m.abd,

for those about the axes through the centre of mass are
zero.

If all axes at the point are to be principal axes, these
must be s0;

S be=0, ca=0, ab=0,
equations which require that two of a, b, ¢ should be zero.

Let b=0, ¢ =0, then the point required lies on the axis
of x,—one of the set of principal axes at the centre of mass.

But further, it is necessary that the moments of inertia
about these axes should be equal. Let 4, B, C be the
moments of inertia about the axes through the centre of
mass. Then those about the parallel axes through the point
required are

A, B+ma’, C+ma’
If these are to be equal, we have
B=C and 4—B=ma"

Hence our condition is, that two of the principal mo-
ments at the centre of mass should be equal. In other
words, the momental ellipsoid at the centre of mass must be
a spheroid. And then the point lies on the unequal axis at
a distance from the centre equal to

!



80

EXAMPLES.

1. Given 4, B the moments of inertia of a body about
two principal axes O, Oy, prove that the product of inertia
about axes Oz', Oy in the same plane, inclined to the
former set at an angle @, is

sin 2a
5 (4 - B).

2. Prove that any two of the principal moments of
inertia are together greater than the third.

3. No ellipsoid except a sphere can be its own mo-
mental ellipsoid at its centre.

4. Every elliptic plate is similar to the section of its
momental ellipsoid made by its own plane.

5. If a, b, c are the semiaxes of the momental ellipsoid
of a rigid body in order of magnitude, shew that

¢ is greater than —-ﬂ.’—’—«

RN
6. Given the angular velocity of a body which is ro-

tating about a fixed point; about what axis must it be
rotating, so that the angular momentum shall be greatest?

7. Two systems of equal mass have the same principal
axes, and .the same moments of inertia about them at
some one point; prove that they have the same principal
axes at any point, and the same moments of inertia about
any axis,

8. Prove that there can always be found three points,
one on each of the three principal axes of any system at any
point, such that the moments gnd products of inertia of
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three suitable equal masses collected at them, are cqual to
the moments and products of inertia of the system about
any axes whatever through that point.

9. If these equal masses be each one-third of the mass
of the system (m), shew that the distances of the three points
along the axes are

3(B+C—A)} (3(C+A4-D) {3 4+ B- O)}‘i
{2 T ;ﬁ*—_} ’ {—Z T m } > 2 m ’

10. In a triangular plate ABC, D is the middle point
of BC, and I the foot of the perpendicular let fall from 4 on
BC. Shew that the middle point of DE is the point at
which BC is a principal axis.

11. Shew that the difference of the moments of inertia
of a body round two axes in a given plane which are equally
inclined to a fixed line in the same plane, is proportional to
the sine of the angle between thosc axes.

P. G . 6



IX.

CASES OF MOTION WITHOUT ROTATION.

1. THE complete solution of a problem of motion wouid
involve the finding of the position of the systein at a given
time, of the velocities at a given time or in a given position,
and of the valunes of any previously unknown forces, such as
pressures or frictions which may act on the system. If the
forces are impulsive, only velocities and forces can be re-
quired ; for the position is unaltered during the impulse, and
to follow the subsequent changes belongs to a separate pro-
blem of the other kind. Questions of impulsive motion can
then always be solved, for the changes of velocity and the
forces appear as unknown quantities in equations which are
in general simple algebraical equations. But if the forces are
of the kind called finite, the equations of motion are differen-
tial equations of the second order as regards co-ordinates of
position. In some simple cases these can be completely
solved and the requirements of the above solution satisfied ;
but in more complicated cases we can get no farther than a
first integral, that is, an algebraical equation giving the velo-
cities. In such a case to find the position at a given time is
impossible. Our demands must be limited by what we can
get; and the words “to find the motion” have come to
mean, “to find the velocities of the system in any position.”

We will therefore in general use velocities and their first
differential coefficients in the expressions for the effective
forces; but if, in any case, the co-ordinates of position must
enter, we can use their first and second differential coeffi-
cients to express velocities and accelerations,
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The unknown external forces can usually be found, for
they depend on accclerations and velocities which by the
solution have been made to depend on the co-ordinates of
position.

An important class of problems has to do with finding
the stresses or internal forces at a given point of a body.
The action of one part of a body on another is threefold. It
may consist of a longitudinal stress, normal to the plane of
scparation, a transverse or shearing stress, tangential to the
plane of scparation, and a bending or breaking couple. These
arc found by considering them as forces cxternal to one part
of the body. As in the case of the external pressures, the
motion of the whole must first have been investigated.

The first difficulty of a problem in Rigid Dynamics is
overcome when by the reversing of the effective forces the
whole is reduced to a system in equilibrium. Any method
which is available to find the forces or the position of equili-
brium of a system is cqually available here to find the un-
known forces or the state of motion of a system.

In a problem of any complexity it is an assistance to
draw two diagrams; one kinematical, representing the
changes in the velocities or the accelerations; and the other
dynamical, representing the resultant reversed effective forces,
and the impressed forces. This is done in Art. 4 of the pre-
sent Lesson.

2. A uniform rod AB of mass m and length 2a s let
Jall in a horizontal position. ~After falling through a height
h 4t 4s brought to rest by its ends striking two fived sup-
ports at the same level. What will be the breaking couple
at a point P?

The stress couple or, as we may call it, the bending or
breaking couple in a system in equilibrium is equal and
opposite to the moment of all the other forces acting on
either of the parts of the body which are separated at the
point under consideration,

The rod in falling through A acquireé a velocity ¥2gk.
6—2
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This is stopped suddenly by two equal pressures. Hence each

of these is m—ﬂ;z—gl-z .

Consider the part AP. It is in equilibrium under the
action of BP, the stopping blow %z V29l acting upwards at 4,
and the reversed effective force acting at the middle point of
AP. This is the force which has changed the momentum
from mass AP x ¥2gh to zero. It is therefore

AP

—m g ¥2gh, acting downwards.

Reversed it becomes m :—i—i,) x ¥'2gh, acting downwards.

The action of BP on 4” may be composed of a force and
a couple. Taking moments about P we shall avoid the force,

and the couple =2 vZgh. AP —m 47 vaii 2F

= —2— ‘\/ Zgh . _—;J.—E- .

3. A straight rod AB of mass m hangs from a fixed
potnt O by an elustic string (natural length a, modulus of
elasticity N), which is fustened to the end A. It is pulled
down and then let go. Iind the longitudinal stress at any
point P, when the point A is at a distance x below O.

The part BP is in equilibrium under the stress of 4P
upwards, its own weight downwards and the reversed effec-
tive force at its centre of inertia. To know the effective
force we must first know the acceleration. Thus we must
first consider the whole rod 4B,

. This is in equilibrium under the tension, its own weight
and its own resultant effective force reversed.

Let the downward velocity of the centre of inertia be v.
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The effective force is then m Z—;’ or mv % acting down-

wards, Then the forces mg downwards and my & and T

da

(the tension) acting upwards are in equilibrium ;

dv : r—a
. mv(ﬂ=—T+mg, and T'=2 R
dv z2—a
=Tty

Were the velocity required we should integrate this. As
it is we can return to the consideration of BP. The accele-
ration of every point on the rod is the same. Hence the
effective force on BP is

mass BPx v. dv downwards,
dr

m Bp 'v-d “ acting downwards
or > P g .
BP is in equilibrium under this reversed and the stress,

BpP .
and m. g9 acting downwards.

Henee the stress is

B8P _ B I
M. R =M Yo,

but mv dv has been found above. Substituting ;

do
x—a BP
stress at P—K.T.ZE.

4. A wedge B whose angle 18 @ and whose faces are
smooth, rests with one of them in confact with a horizontal
table. A rigid body A with a plane face s placed on the
other with the plane face in contact withit. What will be the
velocity of edch at any subsequent time ?
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Taking both bodies as one system, the impressed forces
are all vertical. Hence the common centre of inertia will
have no horizontal velocity; or—what is equivalent—there
will be no horizontal momentum of the system.

If w be the velocity of the wedge, and » be that of 4
relatively to the wedge, i.c. down tho incline, the horizontal
velocity of 4 is u ~ v cos a.

Hence Aw—vcosa)+Bu=0......couuv.ue. (1.
Next consider 4. Its effective forces are

4 % horizontally, 4 %’ down the incline,

and its impressed forces are its weight and the pressure
which acts at right angles to the incline. Therefore re-
versing the effectives and resolving along the incline,

. Adv

du .
a-t—AJEcosa=Ag.sma ......... (2).

These two equations suffice to determine » and v at any
time.

The investigation may be continued by finding the pres-
sure between B and 4, also by finding the actual positions
of 4 and B in terms of the time,
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EXAMPLES.

1. A railway train is going along a lével with constant
velocity. The friction of the rails is for each carriage one-
hundredth part of the pressure. 'What is the tension of the
couplings of the last carriage if its mass is 2 tons?

2. Find this tension ; supposing the mass of the carriage
to be m, the coefficient of friction u, and the train to be
running down an incline of one in %, with an aceecleration 8.

3. Prove that the transverse stress at P, in the system

of Art. 2, is
m j— AB-2.AP
— ) S
- J 2gh 1B .

4. A man is placed on a long boat which rests on the
surface of still water. Shew that if he could walk with
absolutely constant velocity along it, there would be mno
horizontal force between his feet and the boat except when
starting and stopping.

5. A system consisting of two uniform rods AC, CB,
rigidly connected at right angles at C, falls without rotation
in a vertical plane, and strikes a smooth horizontal plane at
B; if there is no rotation produced by the impact, shew that
the inclination of BC to the horizon 1s

BC(2. AC+ BO)
AC

Find in that case the impulsive breaking couple at C.

tan™

6. Two small balls each of mass m, are placed at the
ends of a diameter within a circular tube of mass 4m lying
on a smooth horizontal table, and the balls are connected by
elastic strings within the tube which are stretched to twice
their natural length. One of the strings suddenly breaks.
Prove that when the other resumes its natural length, the
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. . . . 3
centre of the tube is moving with a velocity (&‘:—;) , Where @

denotes the radius of the circle, and e the original tension of
the string.

Find all the circumstances of the problem when the balls
meet,

7. A wedge B, whose angle is 8, is laid on an inclined
plane whose inclination is a+ 3, with its edge toward the
upper part of the plane. The wedge being at rest on the
plane, a body M is 11« - «¢. | along its upper surface from
the base with a velocity due to a height a tan 8, where @ is
the length of the upper side of the wedge; the coefficient of
friction for either surface of the wedge is tan B, and the
motion takes place in one vertical plane. Shew that during
the motion of the body on the wedge, the wedge will not
slip provided the ratio of M to B is greater than that of

tan « to tan 5.

Shew also that the body comes to rest before reaching
the edge of the wedge, and that the wedge will immediately
begin to slide down the incline, but that the body will not

slide on the wedge.



X.
FIXED CENTRES.

1. Ir will be remembered that the effective forces on a
rigid body of mass m, whose centre of inertia is &, rotating
about a fixed axis O, and having a radius of gyration & about
an axis through G parallel to the fixed axis, were reduced, if
the change of motion was sudden, to a force mOG (0" - w)
acting at G at right angles to 0@, and a couple mk* (o' — w),
or, which is equivalent, to a force mOG (0" — w) at O and a
couple m (*+ OG?) (o' —w) ; if the motion was accelerated
they were reduced to forces at G, mOGw* along (GO and
mOGiZlc; at right angles to G'0, and to a couple mk’% , or,
what is the same thing, to a force at G, m 0@ o along GO,

dw do
a force mOG 7 0, and a couple m (¥* +0GY) &

In our diagrams we will represent couples by arcs of
circles. The positions of these may be any whatever, for the
effect of a couple is absolute. mA* will always be employed
to denotc the moment of inertia about the centre of inertia.

2. The problem of determining the law under which
a heavy body swings about a horizontal axis is one of the
most important in the history of science.

A simple pendulum is a thing of theory; our accurate
knowledge of the acceleration of gravity depends therefore
on our understanding the rigid (or compound) pendulum.
We have seen that it was the first problem to which D’Alem-
bert applied his principle.
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The nanie of the problem in those days was the ‘centre
of oscillation,” It was required to find if there were a point
at which the whole mass of the body might be concentrated,
50 as to form a simple pendulum whose law of oscillation
was the same.

Let the plane of the paper be that in which & the centre
of inertia swings. Lot O be the intersection of the axis with
that plane. Take OG as the linc in the pendulum by which
its rotation is measurcd. Let € be the angle which OG
makes with the vertical. Let & be the radius of gyration
about an axis through G parallel to the fixed axis; let OG
be called %, and let m be the mass of the body.

O
g

'In,(k9+7l.")0

The only impressed force which has a moment about O is
mg, the weight acting at G. The angular acceleration is

dF’ and the rate of increase of the angular momentum

2
m (I + &%) %g is the measure of the effective couple.
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Reversing this, it must be equal and opposite to the mo-
ment of mg round O.

2
Therefore m (&’ + A*) C—Zg +mghsin @ =0,

o__ _gh
Py h

Multiplying by 2 %g and integrating

do\? 2gh.
(Z[t*) = 0+ ‘};"‘;‘E‘ Ccos 0.

If the pendulum began to move when 8 was equal to ¢,

=— —.‘)ih— cos ¢
s ’

do\* _ 2gh
and (-d t—) = (cos @—cos@) .cuuvrnvnnen ).

This equation cannot in general be integrated farther.
It is therefore not possible to find the position in terms of the
time. Kquation (2) enables us, what is very important, to
find how far the pendulum will go with a given initial angu-
lar velocity ; for a gives the position of instantaneous rest.
If then the angular velocity is Q when 6 is zero,

Q= ]?2%7%’ . (1 —cosa).

_ _ gh
If a=m, Q=24/5005,

this is the least angular velocity at the lowest point which
will send the body right round.

If Q is less than this, the motion will be one of oscillation
about the lowest position,
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3. The most important case is when the angle of oscillation
is very small. Then s_uelg differs infinitely little from unity,
and the equation (1) becomes

gl’ﬁ__ gh 0
VA Y

The solution of this (Lesson XV.) is

_ __gl/z__ \
0= A cos (4/]‘.,+/‘;3.t+B},

and indicates an oscillation, called a simple harmonic

2
motion, whosc complete period is 27 «/ o+ k

If 7 be the length of a simple pendulum its equatlon of
motion is
A

=17

If the times of oscillation of these are equal,

If a length O0' equal to this be measured along OG, O/
is the centre of oscillation. It is clear that OG.0'G =F.
Hence O and 0’ are convertible. If the pendulum be hung
up by O', O will be the centre of oscillation.

In the above work the assumption has been made that
the solution of
’ .
O a3 4o + ..
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differs infinitely little from that of
d'é
dt’
when @ becomes infinitely small.

= ab,

The time of oscillation of a compound pendulum depends
on A +Z;:-. In calculating the value of ¢ from pendulum

experiments, the main advantage is that the time of one
oscillation can be very accurately measured. The difficulties
are the determination of 4 and & The point G cannot be
got at, and as every body is more or less irregular and
variable in density, & cannot be calculated with sufficient
accuracy. These quantities must therefore be determined
from experiments. Bessel observed the times of oscillation
about different axes, the distances between which were very
accurately known. Captain Kater employed the property of
convertibility.

4. Anotherinteresting application of the present problem
is the old way of measuring the velocity of a bullet or cannon-
ball. The ball was fired into a mass ealled Robins’ ballistic
pendulum ; which was thereby set off with a certain angular
velocity about its axis. The angle through which the mass
ascended was found by the length of a piece of tape which
was fastened to a point in the pendulum, and came through
a slit immediately below the dxis.

Hence by equation (2) the initial angular velocity was
calculated. But, the mass of the cannon-ball being m, its
velocity ¥, the common initial angular velocity of it and the
mass (M) o, the distance of its passage below the axis p, the
angular momentum of the bullet about the axis before im-
pact was mVp, and after it sticks in the mass, mp’w. Now
the angular momentum gained by the mass must be equal to
the moment of the momentum about the axis lost by the
bullet. For, considering the two as parts of one system, there
is no external force that has any moment round the axis.

Hence mVp —mp'w =M (i + 1) w.
From this ¥ can be found.
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Hutton used to suspend his cannon as a pendulum, and
measure the angle through which it was raised by the dis-
charge.

5. A plane body at rest has a fixed point init. It 1s
struck by a blow in s own plane. How must this act that
there may be no pressure on the fixed point?

Let O be the fixed point, G the centre of inertia, mA? the
moment of inertia about G, @ the angular velocity produced,
P the blow, p the distance of its linc of action from O.

The velocity of ¢ is changed from zero to OG ., which
requires a force mOG .w at (. And the angular momentum
about @ has been changed from zero to mA’w, which requires

a corresponding couple.

If there is no action on the fixed point, P is in equilibrinum
with a force —m . OG . w, and the couple — mh*w. Hence P
must act at right angles to O¢, and

P=m.0G.0, P(p— 0G)=mk,

k2
whence p=0G+ 06

The name ‘centre of percussion’ has been given to the
point of action of I> when therc is no pressure on the
axis, If there be no fixed point and if the blow act at
this point, the point O will be the centre of spontaneous

rotation.

6. A body is moveable about a fized point O. It begins

°? about the line Oz.

to miove with given angular acceleration It

-What couple has produced this motion ?

Let the magnitude of the couple be @, and let its axis
make angles a, B, v with the axes Oz, Oy, Oz.

The impressed forces are the couple @, and the action of
0. We will take moments about axes through O, and so
avoid this latter,



EFFECT OF A COUPLE, 95

If z, y, z are the co-ordinates of an element 8m, and r its
distance from Oz; its accelerations are ’. r towards Oz and

%’% r parallel to the plane «y, and perpendicular to ». Now
in the very beginning of the motion w is infinitely small, but
%}’ is finite. Therefore the latter is the only acceleration
that requires’ an effective force.  This effective force
dm(zti' r is equivalent to two, viz. — dm (z‘; y parallel to Oaz,

dt
and dm %(:— z parallel to Oy. (See fig. v. 5.)

Reversing these for all the elements, and taking moments
about the axes,

dw
G.cosa—~- ., Sdmxz=0,

dt

G cosB— (_l‘g Sdmyz =0,

G cos y — %‘g Zémr® =0,

Whence the cosines of the angles which the axis of the re-
quired couple makes with the axes are proportional to the
products and moment of inertia e, d, ¢ (Lesson vIIL); and
the moment of the couple is

do @4 a4,

The student of solid geometry will have no difficulty in
proving that this axis is the radius of the momental ellipsoid
of the body at O, diametral to the plane of the couple.

Similar reasoning holds in the case of an impulsive
couple. So that in general a couple will tend to cause
rotation round its own axis only when this is parallel to one -
of a set of principal axes,
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7. A uniform triangular plate ACB right-angled at C,
s rotating about CA as a fized horizontal axis. Find the
wrench couple tn the vertical plane through the axis when the
plate comes to be horizontal in its descent.

D

v

14 o

my-maly G
B

Let the angular velocity in that position be . Let @
be the centre of gravity, GN a perpendicular to 4, Let
m be the mass, and let @ and b be the lengths of CB, CA4.

2

The moment of inertia about CA is, by Lesson vi, m% .
Hence the value of the angular acceleration Z‘;’ in this

pésition is, by Art. 2, ?g .

The impressed forces are the weight and the actions of
the axis. We are only concerned with that one of them
which is a couple in the plane VC4. Callit L. The effec-

tive forces are mo’ NG along GN at G, and m%’NG vér-
tically downwards at @, of which only the latter has a



COMPONENTS OF STRESS. 97

moment about BC; and a couple round an axis through ¢
parallel to C4, which has no moment about BC.

Reversing these and taking moments about CB,
L+mg.CN—m. NG oN=o,

and 0N=§,

whence =——,

8. A unigform rod OA, of mass m and length 2a, swings
as a pendulum about O. Find the components of stress at a
potnt P distant 2b from A, when the rod has reached a position
inclined at an angle 8 to the vertical.
We know from Art. 2 that the angular acceleration —(—f;g
is equal to
_3gsind
4a

and that the squarc of the angular velocity (Zlff) is
g‘g (cos 8 — cos a),

in which a is the value of @ when the velocity is exhausted.

Let us consider the part PA. The impressed forces are

mg. g acting at G, its centre of inertia; and the required

action of OP, which we will take to be (1) a longitudinal
stress 7' along PO, (2) a transverse stress S at right angles
to PA; and a couple L.

2
The accelerations of G are OCG. (%g) along GO, and

a0
0@G. a
tive forces are

at right angles to GO. Hence the reversed effec-

mg.(za-.b)(’?’g)........; ...... (1),
P. G, ' 7
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and m z-. (20—10) fl;g ..................... 2,
acting at @ along and perpendicular to OG; and a couple
b b'd

m a . § -d~t; .

Resolving for P4 along and perpendicular to P4,
b mb do\*
T-—magcosﬁ- -a—(2a-b) (?i—t) =0,

b . mb ae
S- magsme - (2a‘- b) 75 0.
Taking moments about P,
» . mb® d'0  mb* do _
L-m Egsm&-——— 7 R (2a-—-b)a?—0.

Substituting the values of

a6 d6\'
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we have
=m0 {cos g+22-8 ? (cos 68— cos a)} '
a 2
_:m_b . _(2a-—b)3
S= a gsan{ ~da }

L=—1g—‘l:—’gsin€(2—l).

EXAMPLES.

1. Explain why it is easier to support a long rod in a
vertical position on the tip of the finger than a short one.

2. A uniform rod of length 2¢ can rotate about one end.
It is allowed to fall from its position of unstable equilibrium.
Prove that its angular velocity when it is horizontal is
3g
2a°
3. A bar magnet is suspended in such a manner that it
can oscillate in a horizontal plane. Shew that its moment
of inertia about the line of suspension can be determined by

observing the times of oscillation with and without small
pieces of lead attached to it.

4. A perfectly rough cube is placed on a horizontal
plate. Determine the initial motion of the cube if the plate
1s made to begin to move with a given velocity, in a direc-
tion at right angles to one of the faces of the cube.

5. A rectangular uniform plate, moveable in every
direction about its centre which 1s supported, rests horizon-
tally ; if a heavy adhesive particle be placed at one corner,
prove that the rectangle will begin to move about that
diagonal which does not pass through that corner.

72



100 FIXED AXES.

6. Mersenne and others, in secking for the centre of
oscillation, assumed that it was the same as the centre of
percussion. Why is this guess right ?

7. A slender circular ring is cracked at one point, and
is made to revolve in its own plane about the opposite point,
with a constant angular velocity @ ; shew that the tendency
to break when greatest is measured by a couple whose
moment is

ma’e® sin’d
2r " cos¢’
where m is the mass, @ the radius of the ring, and a¢ is the
arc contained between the fixed point and the point where
the tendency to break is greatest.

8. A uniform semicircular arc of mass m and radius @
is fixed at its ends to two points in the same vertical line,
and is rotating with constant angular velocity w. Prove
that the horizontal pressure on the upper end is

o (9~ w'a).

9. If the semicircle in the previous question had an
angular acceleration @, shew that there would be another
horizontal pressurc at the upper support at right angles
to its plane and of magnitude

mad
D

10. A uniform rod of length 2a is suspended by a
point in its length distant A from the centre of gravity.
Prove that the time of oscillation is & minimum when

aQ
h=1\7§.

11. A uniform rod of mass m makes small oscillations in
a vertical ‘plane inside of a smooth right circular cylinder of
radius 7, which is fixed with its axis horizontal. If the rod
subtend an angle 2z at the centre of the cylinder, prove that
the length of the simple equivalent pendulum is ’
1+ 2 cos’a
3cosz
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12. A physical line fixed perpendicularly to an axis
in its own plane revolves about that axis with a given
velocity ; find the pressure on the axis. Supposing the axis
to be set free, about what axis will the line now move ?

13. If a uniform rod capable of turning about one fixed
extremity be struck by a given impulse at any point, find
the point at which the tendency to snap in two is greatest.

14. A straight hcavy rod oscillates about one end in a
vertical plane, coming to rest in a horizontal position ; shew
that if ¢ be the angle included between the direction of the
rod and the direction of the pressure upon the axis at any
time, and & be the inclination of the rod to the horizon at

the same time, tan ¢ tan 6 = 110 .



XI.
MOTION OF ONE BODY,

1. WHEN the forces have been found which are in
equilibiium with one another, we employ any statical
method to obtain the equations of motion. Thus we resolve
the forces along two directions at right angles, and take
moments about a point. The resolutions present no diffi-
culty. Taking moments round an axis means that we ex-
press the condition that the forces shall have no effect in
producing rotation round this axis. The effect of a couple
18 the same about whatever point in its plane the motion be
considered ; in other words, a couple has always a certain
absolute rotational effect. The effect of a force not passing
through the axis is the moment of the force about the axis,

Now in the problems which are about to engage our
attention, we shall find couples and moments mixed up.
There will be effective forces at the centre of inertia, and an
effective couple, There will be impressed forces acting at
various points, and occasionally an impressed couple—for
example, a tendency to break, Taking moments about
any point will be expressing the condition that the alge-
braical sum of the couples together with the algebraical
sum of the moments about the point of the unreduced forces
is zero,

Or, if it seems convenient, each impressed force may be
reduced to a parallel force acting at the point round which
moments are to be taken and a couple. Taking moments
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will then be equating to zero the algebraical sum of all the
couples.

Forces may be resolved in any convenient direction, and
moments may be taken, not only about the centre of inertia,
but about any convenient point. This direction and this
point are fixed. There is no such thing in Dynamics as
re<olving along a moving direction, or as taking moments
round a moving point. Force is absolute in its action. The
point round which we take moments may be defined by a
certain point of the moving system passing through it at
the time, but it is itself fixed.

(mk* will always be used to denote the moment of in-
ertia about an axis through the centre of inertia.)

2. A sphere of mass m, and radius a, is set rotating
with velocity Q about a horizontal axis. It is then laid gently
down on a horizontal plane whose coefficient of roughness is p,
and at the same time let go. Find the motion.

N

s

The first question is, Will it roll or slide? Let v be the
velocity of the centre, and w the angular velocity. '
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The effective force is 'm?lg

i parallel to the planc. The

. 2 ,dw
couple is m 59

The impressed forces are the friction F horizontally, the
weight mg downwards, and the pressure of the plane R
upwards. Reversing the effective forces, the equations of
equilibrium become

mgh-;r—F, mg—~R=0,

di
2 , do _
M'ga .'d‘t = Fa.

F ss it tends to prevent the motion of the point of contact
acts onwards. Hence it increases v and diminishes o. Now
v is at first zero, and w is {, thercfore v is at first less than
aw, and there is slipping. During this motion,

F=uR = pmg.
Hence v _ my, v =pugt
dae =" UMY
2
and the distance travelled in time £ is ﬁ'f—;i .
do  bpug.
Also BT840
_ S gt
N—0= '2‘ _a, .

When v becomes equal to aw, the problem changes.
Complete rolling begins. F is no longer equal to uR, but
instead, we have a geometrical equation » = aw,

dv  do
whence ' =%

The dynamical equations are the same,
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dv 2 dw
From them =50 g

Hence % and %‘g are both zero. F is also zero; and the

sphere rolls on with constant velocity. The above reasoning
holds good for all circular bodies like wheels or barrels, for
the only difference would be in the moment of inertia.
That the constant velocity is ncver in practice attained, is
due to the imperfect rigidity of the body, and to imperfect
flatness and roughness of the plane.

It should be observed that, to determine the rolling
motion, only one dynamical equation is necessary. For
taking moments about N,

2 ,do dv
m5a Ez+ma—t.a—(),

an equation which results from the elimination of F' from
the former two.

3. A untform rigid circular hoop (mass m, radius a),
cracked compleiely at one point C, s rolling on a rough hori-
zontal plane. Find the Lrv :/v.1 couple at the point A opposite
C, when the diameter through C is inclined to the horizon at
an angle a. ’

The angular velocity is (by the last example) constant.
Let this be . Consider the upper part of the hoop from C
to 4. Let G be its centre of inertia. Join G to O the
centre of the circle. The part which we are considering is
in equilibrium under its weight at @, the action of the other
part at 4, and the reversed effectives. The action at 4 is
composite. Let the couple be called L. The effective forces
are equivalent to a single force g ®'. 0@ from G to 0, and

a couple gk’%‘g, in which % is the radius of gyration about
G (Lesson 1v,, Art. 10). The couple vanishes because o is
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constant. Reversing the force and taking moments about 4,
L+¥g.(acosa+ OG@ sin a)—’—gw“. 0G.a=0,
an equation for L,

4. A square board whose mass is m, and whose length of
side is 2a, 18 rotating freely about one diagonal with angular
velocity w. One end of the other diagonal is suddenly fized.
What will be the subsequent motion ?

It will clearly be a rotation about an axis through the
fixed point parallel to the former axis of rotation. Lct the
new angular velocity be w'. As the only impressed force is
the impulse at the point which becomes fixed, the angular
momentum about that point remains unchanged. Now the
moment of inertia about a line through the centre parallel

2
to either side is m ‘;— . This therefore is also the moment of
2
inertia about the diagonal. Hence m %— w was the quantity
of rotation, and was the angular momentum about any
axis parallel to the diagonal. The angular momentum has
become

(a’ ,) ,
m(3 +2a’ jw.
. 4 o 1
Equating these, 57

Consider the question another way.

Let o' be the velocity of. the centre after the impact. Let P
be the force of the blow. The momentum of translation has
been changed from zero to me’. And the angular momen-
tum about the centre of inertia has been changed by

2
m% (0 — w).
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Hence P at the fixed point, —mv’ at the centre, and the
2

couple — m% (0’ — ), are in equilibrium ;
whence my =P,
aﬁ
mg (0 = @)+ Pay2=0.

Also since the centre moves round the end of a diagonal,
'=ay2.0.

T'iaina'ins o and P we have the same result as be-
fore, '

5. A rough imperfectly elastic hoop s projected horizon-
tally straight forwards from a man's hand, an underhand
tuist being given it so as to make it rotate about a horizontal
az1s. Prove that on striking the ground it will rebound verti-
cally into the air, if the coefficient e of frictional elasticity be
given by the equation -lr-l_——z =£%) ; a being the radius of the
hoop, and v, @ the linear and angulur velocities of pro-
jectron.

Prove that if the hoop be perfectly elastic and the coefficient
of frictional elasticity be :1;_, the hoop will rebound into the
thrower's hand if aw = 2v.

In this problem the vertical velocity does not come under
consideration until the second part. The horizontal velocity
and the angular velocity remain constant until the ground is
touched. Then the point i nuci.iny the ground gets stopped
by friction. When its velocity is zero the friction has ex-
hausted its force, but the friction of restitution begins, and
inally, when the contact with the ground ceases, the hori-
rontal velocity of the centre is known to be destroyed.
There are therefore two periods and two motions,
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At the end of the first period v is changed into an un-
known velocity 7, and o into an unknown velocity Q. But
the velocity of IV is zero;

If F be the friction, the reversed effective forces m (V —v)
and mk* (Q — o) in equilibrium with this give

Fem((V=v)=0.uceiiiiinnnninnen. (2),
Futmh (Q=@) =0 .covrrrrerrennn (3).

In the second period the friction is Fe; the velocity 77 is
changed to zero, and Q to an unknown velocity ”.

The equations will therefore be

Te4+m(O=V)=0.eueeiiiinininnnnn, ),
Te.a+mh (@ —0)=0.ccceuviiiiininn. (3).

No. (5) is for our purpose uéeless; but from (1), (2), (3),
(4) we deduce
1+e

v .
= —, since k =a.
l—¢ aow

The rule for elimination in all such cases is: by means of
the geometrical relations find the value of / or other un-
known quantities; then substitute these values and find the
final motion,

In the second part the hoop is supposed perfectly elastic ;
its centre will then rebound with ‘the vertical velocity with
which it came down. If the horizontal velocity be exactly
reversed, it will bound back the same way as it came.
Hence equations (4) and (5) become

Fed+m(—v—=V)=0 .ccccvvrrnnnnnnns (6), -
Fe.a+mk (0 - Q)=0.

Putting e=1, k=a, and using (1), (2) (3), (6) wo havo
the required result.
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6. A sphere of mass m and radius a, whose centre of in-
ertia G is distant b from its centre of figure C, is placed upon
u perfectly rough table. Find the time of an oscillation when
the oscillations are very small.

Here Cis geometrically, G kinetically important.

Let the angle between C* and the vertical be 6. Then
6 measures the angular velocity, 6 the angular acceleration
of the body. Let v be the velocity of C. This is horizontal.
Let it be measured in the direction corresponding to an in-
crease of 8. Let mk® be the moment of inertia of the sphere
about a horizontal axis through G.

The impressed forces are the weight, friction, and
pressure.
To get the effective forces. The acceleration of @ is com-

posed (1) of that relative to C, i.e. 6% towards C, and 6b at
right angles to CG, and (2) of that of C, i.e. v horizontally.

The effective forces are therefore reducible to
méb, mdb, mv at G,

and a couple mk’ 6.

Reversed they form with the impressed forces the system
in the figure.

Now as the motion is always very small, § may be
neglected. :
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. Taking moments about IV to avoid F and R, we have
mv (@ — b cos 6) +mbé (b — a cos 6) + mi*6 + mgb sin 6 = 0.

Also since there is perfect rolling,
v=af and v=ab.
And ultimately cos@=1,sinfd=0
Hence  (a®+4* +3"~ 2ab) 6 = — by,
an equation which gives the time of a small oscillation.

7. We have seen that in cases of motion whose differen-
tial equations do not admit of complete solution, the time of
oscillation can be found when the motion is small. In the
same way when the motion does not remain small, initial
circumstances of motion can be found ; such as the values of
unknown forces, the direction of motion of a point, or the
curvature of its path at the commencement of the motion.
Such problems are not of much physical interest. They are
valuable as giving examples of successive approximation,

To find the initial value of a force is usually very simple.

A uniform rod AB, of mass m, and length 2a, rests hori-
zontally, being partly supported by a smooth peg O. On all
support but that of O being withdrawn, find the pressure at
O and approzimate to the initial motion.

Let OG' =, and let 0 be the angle 4B makes with the
horizon. Let B be the pressure.

(43
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The general equations of motion are

2 ]
m{%—r(tg) }-—-mgsinO, |

1—:?. ‘%(r’%t€)=mgcos O—R,! ............ (D).
o d'0
my . m =R.r

On eliminating R, an equation preseuts itself which is
once integrable and leads to

(%ll_g)’ + (%Z), (f,# +%.> = 2gr sin 6,

But no other equation involving velocities only can be got,
and therefore R cannot in the general case be found since it
depends on

dr and dé
dt dt *
But the initial value of R can be found. Putting for 6,

‘% , %g zero, and for r its initial value r,, we have initially

-

d*r

="

- d'0

mro-Jt;=mg—R, TN 2):
a*d*o

. m —3— -EZ', =R. 7,
from which
R= mga’ and &0 _ _3gm,_

a + 3r, o’ ‘Jii - 7;'"-1-_37'0 ’

Tt is probably needless to remark that equations (2) are
not differential equations, and cannot be integrated.
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Let us now endeavour to find the initial radius of curva-
ture of the path of ¢. This involves a closer approximation
to the initial motion than was necessary in finding R.
Quantities which were neglected in that operation must not
be neglected.

G begins to move downwards. Hence the normal is
horizontal. If ON, GN are x and y, the radius of curva-
2

ture is initially é{; . As this assumes the form 9 it must be

0
cvaluated. Differentiating numerator and denominator and
putting z, ¥ dz and fly Zero
°T T dt ¢ ’
CEDY
3 (@)
P Tz

dtt

Now either by differentiating
z=rcosf, y=rsinb,

or from the properties of relative accelerations,

a’y {d’r r (ﬂlg)!} sin 0 + 1d (7" (]—0) cos 8,

de = de ™" \dt rdi\ dt

dz_ (dr d\? 1d/, dH) .

B {W—r (-dg)}cos 0-;%(1- ) &in 0,
whence (z;’;’ =7, %’%’ .

In differentiating to find %‘;", we may in the last differ-

entiation neglect all vanishing terms, and in the next-last
all squares and products of vanishing terms,
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dz P de 40
i = °°59(EF“2"JE'EZ*)

d’& de . a0
T gp " 08 0 Pt 6 (r ?E*) ,

@ =a (@)
ot (3

- P= d'r, 3r d*0, )
dtt ( dt*

a8, 3q.7,
Now at T @+ 3
and differentiating the equation

dt’ dé?) =gsin6,

fl—nf dG i cos 0 éf
& Tade I at’

dry o (d’f)) i)

att ac) =9 ap
8 B 9
P"' g-—r a2+3r“s—r'- i
6,77 "8, °
ag

To find the initial radius of curvature of a point when
the system is set off with a finite velocity is simple enough ;

for
sq. of velocity of point

P = "hormal acceleration

>

and the normal acceleration is known when the impressed
forces are known,

P. G, 8



114 PROBLEMS FOR SOLUTION,

If, however, as in the above problem, the system starts
from rest, the value of p assumes the form 0’ and when the

direction of the normal is not known the evaluation is tedious.

PROBLEMS FOR SOLUTION.

1. A uniform rod 4B is whirled away on the surface of
smooth ice. Prove that the longitudinal stress at a given
point P is constant throughout the motion, and proportional
to AP, PD.

2. A uniform rod has a ring at one end, by which it
slides on a smooth straight horizontal wire, If it starts from
rest in any position in the vertical plane with the wire,
find the motion and the supporting pressure of the wire, and
prove that the other end of the rod moves in an ellipse.

3. A wheel in the form of a cylinder of radius 2 and
thickness 4 has an axle of radius » and length & cut out of
the same piece, the axes and centres of gravity being coinci-
dent. The whole is suspended with the axis horizontal by
three vertical strings, one of which is coiled round the wheel
and the other two round the axle at equal distances on either
side of the wheel ; prove that if the first string be drawn up
or let down in any way the tensions of the other two will not
be altered provided

a_R'(BR-2r)
4 P 2R—-v)
4. A cylinder unrolls itself from a vertical string, the

other end of which is fixed. Prove that the motion is uni-
formly accelerated.

+1

5. A cube is rotating with angular velocity o about a
dinconal. when one of its edges which does not meet that
diagonal suddenly becomes fixed; shew that the angular

relocity about this ed is will be —2—,
velocity about this edge as axis wi e‘l“/3
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6. The ends of a rod of length 2a are constrained to
move on the smooth arc of a vertical circle of radius ¢. If
the rod be displaced from its position of unstable equi~
librium, find the breaking couple at any point in airy
position,

- 7. A uniform rigid bar, suspended at one end by a
thread, rests on a perfectly smooth horizontal plane at a
given angle with it; if the thread be cut, shew that the con-
tact with the plane will be unbroken during the motion,

8. A circular ring hangs in a vertical plane on two pegs.
If one be removed, prove that, P, P, being the instantaneous
pressures on the other peg calculated on the supposition that
the ring is (1) smooth, (2) rough,

2
P?:Pr::1: 1+ta2 a’
where a is the angle which the line drawn from the centre to
the peg makes with the vertical.

9. A uniform inelastic rod falls without rotation inclined
at any angle to the horizon, and hits a smooth fixed peg at a
distance from its upper end equal to one-third of its length.
Prove that the lower end begins to descend vertically.

10. A rod of length 22 has a ring at one end which
slides upon a smooth fixed horizontal rod. The former being
initially vertical, an angular velocity @ is impressed upon it
about the ring in the vertical plane containing the fixed rod ;
prove that the greatest angle it will make with the vertical is

it/ 9
2 sin \/ 125"
11. A uniform inelastic rod, inclined at an angle 8 with
the vertical, falls without rotation and strikes a smooth hard

horizontal plane. Shew that its centre of gravity imme-
diately moves with a velocity

y.. 3ein'é
"1+ 3sin*0’
V being its previous velocity.
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12. Aninelastic ball of given radius is dropped from the
window of a carriage travelling uniformly along a level road
upon the wheel, which it hits at the highest point; deter-
mine the subsequent motion of the ball relatively to the car-
riage, the rim of the wheel being perfectly rough.

13. The end of a uniform rod of weight W can slide by
a smooth ring on a vertical rod ; the other end sliding on a
smooth horizontal plane. The rod descends from a position
inclined B to the horizon. Shew that the rod does not leave
the plane during the descent, and that its minimum pressure

- 2
on it is 3 o8 B

14. A triangular lamina ABC is suspended horizontally
by vertical strings attached to its angular points. If the
strings at B and C be simultaneously cut, shew that there
will be no instantaneous change of tension in the string at
4, plé)vided AD=CD.cos ADC, D being the middle point
of BC,

15. An imperfectly elastic sphere descending vertically
comes in contact with a fixed rough point, the impact taking
place at a point angularly distant a from the lowest point,
and the coefficient of elasticity being e. Shew that it will
commence moving off horizontally after the impact if

Te
"}E‘J\2 a=-—-,
b}
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PROBLEMS.
A system of rigid bodies.

1. IN these problems the expressions for the effective
forces are written' down for each body of the system sepa-
rately. The equations of motion are always easily written
down in whatever co-ordinates the changes of velocity are
expressed. But their solution and the geometrical equa-
tions are much simplified by a judicious choice of variables,

As a general rule it is best to take co-ordinates which
are all independent of one another. We get by this means
the least possible number of variables, and so avoid having
to differentiate geometrical equations. :

Suppose for example that two spheres, 4 and B, were
placed 4 above Bon a plane and were disturbed, and that
1t was required to find the motion so long as they were in
contact. We might take the co-ordinates of the centre of B
as ,, ¥,, those of 4 as x,, y,, and deriote their angles of
rotation by other symbols. But it is clear that x,, y, are
not independent of x,, y,, but connected by the relation that
the distance between the.centres is constant. Hence it would
be better to denote the co-ordinates of A’s centre relatively
to B's by r, 6. Then » is constant and no other geome-
trical equation is needed. The properties of relative accele-
rations enable us to express at once the absolute acceleration
of A’s centre in any direction. :

It is not necessary nor éven expedient, in drawing the
necessary . .* -and finding the effective forces, to con-
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sider in what direction velocities actually are or actually
increase. Measure them in the positive direction of the
co-ordinates, and the result will shew by its sign in which
direction they are, and in which they increase.

Forces of connection which are independent of one an-
other and also of the position of the system (as rolling
frictions and normal pressures, but not sliding frictions nor
tensions of elastic strings), may be avoided when the motion
oniK is required by grouping the various systems, so as to
make these forces internal, and by resolving and taking
moments in suitable ways. The equation arrived at by con-
sidering a whole system, is just the equation which would
have been arrived at, had each body been separately con-
sidered and the mutual actions eliminated.

2. A bullet of mass m, moving with velocity V, strikes

endicularly at the centre a uniform rectura-lar door of
mass M and breadth 2a. If the bullet sticks, find the angular
velocity of the door.

Let this be w, and let the measure of the blow on the
door be P. Then the blow suffered by the bullet is — P.

Consider (1) the bullet. This has its velocity changed
from ¥ to aw. The force necessary to do this is m (aw — V).
This reversed is in equilibrium with — P;

s Pimaw—V)=0.
Coansider (2) the door.

" The moment of P round the line of hinges generates a

quantity of angular momentum M % o. Hence the couples

4a’ . ey s
Po and - M 5 @ arein equilibrium ;

U p_yle
.‘.P Mso)—().
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Eliminating P, we have
3m (aw — V) +4aMo =0;
3mV
= Bmy Al

For example, m =1 ounce, M = 200 lbs,, 2a =3 feet,
V=500 feet per second,

_ 1500 _ 1000
=3 (®+4.200.16) 12803

(0]

=078 nearly.

As the unit of angular velocity is, when the unit of
circular measure is described in one second, the door de-
scribes

078 of 57°. 29,

or about 44° per second.
(a) Solve the problem by the principle that the whole

angular momentum about the line of hinges is not changed
by the impact.

(B) Find the resultant impulsive pressure on the line of
hinges, by taking moments for the door about the centre,
and then substituting the value of w.

'mMV)
3m +4M)°

(y) Find this pressure by considering the two together,
and resolving at right angles to the plane of the door.

(Answer

3. A uniform cylinder of mass M and radius a, has a
hollow of any form in st filled with fluid of the same density
and of mass m. The cylinder being allowed to roll down a
perfectly rough plane inclined at an angle a to the horizon
with its axis horvzontal, find the motion.

Here the fluid is supposed not to rotate. As far as trans-
lation is concerned the whole is one, but the moment of
inertia must be calculated for the solid part alome.
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Take a section of the cylinder at right angles to its axis.
Let O be the centre, which is also the common centre of
inertia of the solid and fluid. Let v be the velocity of C,
and w the angular velocity of the cylinder. Then v =aw and

dv_,do

dt di’

The effective forces of translation are reducible to one,
d

(M + m) ‘(_l% )
acting at C parallel to the incline. The couple is due to the
motion of the solid part alone, and is therefore equivalent to
MK? de
& 2
of inertia of the solid.

MK?* being the moment of inertia about the centre

. To calculate this, call this point G'; and suppose the whole
cylinder solid. Its moment of inertia round C would be

% (M +m) a*. But this is made up of MK*round @, and of

the moment of inertia of the part which in our problem is
replaced by fluid. Let its centre of gravity be G, and its
moment of inertia about it mk®. Then

3 (M 4 m)a= M(K*+ OG) +m (¥ + CG").
Suppose MK found from this equation.

The impressed forces are the weight (M + m)g at C, and
the friction and pressure at the point of contact.

Reversing the effectives and taking moments about this
point ;

(M+m)a%§+MK“%— (M+m)ga.sina=0.

Since %%: ac-:l‘: , the motion is uniformly accelerated.
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(@) Prove that the cylinder will roll down faster than if
it had been solid.

(B) Calculate MK® supposing the hollow a concentric
cylinder of radius &.
al + b!

ADS. M.—z——‘.

(v) Prove that the friction acts up the plane and is
constant,

dv

{It is (M+m) (_q sina —7)} .

(8) Prove that the normal pressure is constant. Sup-
posing the liquid to be in an excentric cavity, would it tend
to cause the cylinder to jump off the plane ?

‘Would it have this tendency if it were of different density
from the solid ?

4. A smooth circular tube (mass M) has a particle (mass
m) inside of it, and s set in motion in any manner with every
point touching a smooth inclined plane. Prove that the parti-
cle will move with constant velocity round the centre of the
tube, and that if o be this angular velocity and a the radius
of the tube, the pressure of the particle on the tube is constant
and equal to

Mmaw®
M+m*

The impressed forces on the tube are its own weight and
the normal pressure of the particle. These have no moment
round the centre, and therefore the angular velocity of the
tube remains constant. Let o be the angular velocity of
the particle round the centre of (not relatively to) the tube.
Let u, © be the accelerations of the centre in and at right
angles to the direction of the particle at any moment. Also
let Ag, pg be the component accelerations in these directions,
of the force of gravity on a unit mass. . .
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Then the accelerations of the particle are
% —ao’ and v+ ao.

Let B be the normal pressure, inwards on the particle,
outwards on the tube. Then the tube would be in equi-

librium under
Mxg, R and Mu reversed,
and Mug, and Mv ......
The particle would be in equilibrium under
mAg, — R and m (4 — aw®) reversed,

and mpug, and m (9 + aw) ......

Resolving pg—-v=0,

pg—v—aw=0;

whence & =0, or the particle moves round the tube with
constant velocity.

Resolving again, Mrg+ R— Mu=0,

and mrg — R —m (4 —aw’) =0,
Whence, R (zl—[+ %) = qw’,

(«) Supposing Q the angular velocity of the tube, what
will be the time in which the particle will come round to the
same point of the tube again ?

(B) Shew from first principles that gravity has no effect
in altering the relative motion of the tube and particle, or
the mutual pressure.

(v) In what path does the common centre of inertia
move ?

(8) About what point is the whole angular momentum
constant ?

() Prove by means of this principle that the angular
velocity of the particle is constant, assuming that the angular
velocity of the tube is constant,
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5. Two uniform rods AB, BC, of masses m, m’, and
lengths 2a, 2a’, are connected by a joint at B, and are lying
in a straight line. A blow P 1s struck at C, in a direction
perpendicular to ABC, With what velocities will the system
begin to move ?

The immediate effect of P upon BC will be to make its
centre move off in a direction parallel to that of P, and to
make it rotate. Hence the point B must begin to move at
right angles to BC. Hence the action at B between the rods
will at first be in this direction, and in general there will be
no motion nor force at first along ABC.

Let v, o' be the velocities with which the centres of
inertia of A B, BC move off. Let o,  be the initial angular
velocities measured in any but the same direction. The im-
pressed forces are P and the action at B. This latter we will

avoid. The effective forces are mv and m'v’ at the centres
2 ”2

of inertia, and couples m%w, m’%—w' on ADB, BC res'pec-

tively. Reversing these, as in the figure, and resolving for
the whole system :

MY +mMY —P=0 ..ccceerrinienneen 1.
m§’w i
Vol
% C
Ay ) +P
my i
Taking moments for 4B round B,
3
mo a—m;-m=o .................. ()

'Taking moments for BC round B,
'3

P.2d - m'v'.d — ' % =0 (3).
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Also, since B is common to AB and BC,

4

V—d'0' =v+ao. i 4.

These are four simple equations to determine the un-
known quantities v, v, , @’

These are probably the most convenient equations. There
are many others equivalent to the above, which might have
been chosen. Thus, taking moments for the whole about C,

a a® "y
mg-w—mv(2a'+a)+m’—3—w'—-mva=0.

Supposing the action of BC on AC to be a force X at
right angles to AB; we have, on resolving for AB at right
angles to 4B,

X—-mv=0.

Considering BC, and resolving,
P—X-m=0,

which two are equivalent to (1).

Taking moments for 4B about its centre of inertia,
a9

X—m3

o =0,

and so on.

(@) Justify, by writing down equations of motion, the
assumption that there is no force nor motion along A BC.

(8) i Prove that AB begins to turn about a point one-
third of its length from 4,

(y) Solve this problem by the statical method of virtual
velocities. (See Art. 7.)

6. A little squirrel clings to a thin rough hoop, the plane
of which 18 vertical, and whick s rolling along a perfectly
rough horizontal plane. The slt{uiwel makes a point of keep-
ing at a constant height above the plane, and selects his place
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on the hoop so as to travel from a position of instantaneons
rest the greatest possible distance in o given time. Prove that,
m being the mass of the squirrel and M that of the hoop, the
wnclination of the squirrel’s distance from the centre of the
hoop to the vertical is equal to
4 m
cos™ o

Here the impressed forces are the weights, the friction,
and the pressure of the ground. There are also the forces by
which the squirrel clings to the hoop ; but we will take both
as one system, and so these will be internal.

The linear accelerations of the squirrel and hoop are the
same. Let this be 9. If the angular acceleration of the
hoop be o, the effective forces are '

mv at S, Mo at C,
and a couple Mo’,
(@ being the radius of the hoop).

Reversing these, and taking moments for «the whole
system about XV,

mg a sin C —my (@ —acos C) — Mia— Ma’e = 0.

Also, since there is perfect rolling,
v=a0;

s v{m(1—cos C) + 2} =mg sin C.
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Hence the acceleration is constant while the squirrel
keeps to the same place. And therefore the greatest possible
distance will correspond to the greatest possible acceleration.

Now 9 is to be made a maximum by the variation of C.
Hence, differentiating
_ 8n0
2M +m —mcos C
with respect to C, and equating the result to zero, we have
_m_
m+2M’
We will write down some equations of motion by which
the Froblem might have been solved. Suppose F and B
the friction and pressure at N. Let 7" and @ be the tan-

gential and normal forces of the hoop on the squirrel, and
reversed of the squirrel on the hoop.

Ccos C=

Considering the squirrel, we have, by resolving along the
radius CS and perpendicular to it,

mg cos C— @ — mvsin C=0,
—mgsin C + T'—mv cos C=0.

Consider the hoop. Resolving horizontally and vertically,
and taking moments about C,

F+Qsin C—~Tcos C—My=0,
- Mg — QcosC—Tsin C=0,
Fo—Ta+ Md'e=0.

It is evident that on eliminating F from the last and first
of this last set we shall have the equation of moments for
the hoop alone about N'; and that on liminatir.: £, @, T' we
shall have the single equation in the former solution.

Tt is also clear that F, B, T’ and Q can be found in terms
of the accelerations from the above equations. .
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In general, by writing down the equations of motion for
each body and the connecting equations, we obtain sufficient
equations to determine the motion and the forces of con-
nection.

7. A rectangle is formed of four untform rods of lengths
2a and 2b, which are connected by hinges at their ends. The
rectangle is revolving about its centre on a smooth horizontal
plane with an angular velocity n, when a point in one of the
sides of length 2a suddenly becomes fized. Shew that the
angular velocity of the side of length 2b becomes {mmediutely

3a+h
Ga+4b" ™

It was mentioned that any convenient statical method
might be applied to the solution of problems on motion.
We shall for this problem use the method of virtual velocities.
The virtual moment of a force is the force multiplied by the
displacement in its direction of the point of application.
The virtual moment of a couple is the sum of the virtual
moments of the two parallel forces which compose it. This
is easily seen to be the product of the measure of the
couple and the angular displacement of the body on which
it acts.

The rectangle has been revolving about the centre with
velocity #»; hence the middle points of the rods have been
moving with velocities dn, an, and the rods have been
rotating about their centres with angular velocity n. The
point O becomes fixed. Opposite sides, as 4B and CD, will
still remain parallel; and, since they must make equal angles
with any direction, their angular velocities must be equal.
Let them be w. Let the angular velocity of BC and 4.D be
@’. Then the velocities may be all expressed in terms of
and w. For let M, N, M', N' be the middle points of the
sides, and let OM be called p. Then the velocity of B is
(e +p) o. That of N is the same as that of B in the direc-
tion of BN, and is bw' in the perpendicular direction, And
80 on, as represented.
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4

W .
\ (a+p) w
o<1 ! ~IN
(@-p) w bo ]
pw
T 8

A 0 M / B

Now subtracting from these the previous velocities, we
have the changes in the velocities. These will be:

for AB, pw, —=bn, o —n;

for BC, (@+p) w—an, bo', o —n;
for OD, po, 2bo'—bn, 0 —n;

for DA, (a—p)w—an, bo', o —n.

If we multiply the changes in the linear velocities by
the masses, which are pgoportiona;l to 2a; 2, and the changes

in the angular velocities by 2a. %, 2b. 37 and reverse them,

we shall have a system in equilibrium with the one im-
pressed force, the impulse at O.

These reversed forces will then be (as to magnitude):
on 4B,
2apw, 2abn, at M and a couple, 2a. fg. (0—m);
on BC,
2 (a +p) bw — 2adn, 2b°’, at N and a couple, 25 %’ NCEIOR
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on CD, .
2apw, 4abw’ — 2abn, at M’ and a couple, 2a % (w—m);
on DA, \
2 (a — p) bo — 2abn, 2%, at N’ and a couple, 2. g— (0" —n);
and will act in the directions indicated.

n b/ c

= \l T m-.',
C i
{ {
| ,’C I
i C f
A 0 \lM B

Now the problem proposed is to find ’. Let us suppose
a small angular displaccment 86 given to the system in its
own plane, keeping AB fixed. The angular displacement of
DC will be zero. The displacements of N and N’ will be
066, and that of M’ will be 2066, The virtual moments of the
couples on 4B and D vanish.

The virtual moment of the forces at Al also vanish, and
that of the forces parallel to CB. And the equation of virtual
moments becomes

20 . 80 + (4abe’ — 2aln) 2030 + 25 . 556
a0, 45,
+ —.-;—(w —n) 80 + —3—(0: —n)80 =0;

whence ) 1 1 ;
(o (b+4«a+b+§b+§b) =n(2a,+§b+§b);
or @' (85 + 12a) = n (6a + 2b),
o' =n 3a+b
oF : "6a+4b°
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(a) What displacement must be given to obtain an
equation involving only w ?

(B) Write down the equation obtained by keeping the
point O and a point on DC opposite to O fixed, and giving
an angular displacement about these.

(y) Prove by giving the whole a displacement parallel
to AD, that the component of the impulse at O along 4B is

4b(a+0) o'

8. A pendulum consists of a uniform rod AB, of mass
m and length 2a, attached by a string of length 1 at A to
a fized point O. It makes small oscillations n one plane.
Find their low.

Let @ be the centre of inertia of 4B ; and denote by 6
and ¢ the angles which 04 and 4B make with the vertical.

0

v v

The accelerations of 4 are
d6\*
! (zﬁ) along 40,

and l%g perpendicular to 04 ;
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therefore the accelerations of @ are those in these directions,
together with the accelerations relatively to 4, which are

2 2
a (%g) along G4, and a ‘2—;’,’ perpendicular to AB.

The angular acceleration is %Z;E .

The impressed forces are the weight mg at G, and the
tension of OA. The reversed effective forces will act as in
the figure. We can get two equations without the unknown
tension.

1st. Take moments about 4,
a0 . AL
m. Z(dt) .a.sin (¢ —6) +ml—— acos (¢ —6)
6y 4 s TS
de’ dt*
2nd. Resolve perpendicular to 04,
d’0

ml-—

o ma( )sm(qS -6)

+ma ;5. a +mk? = + mgasin¢=0.

+ma‘f;f cos (¢ —0) + mgsin 6= 0.

We can solve these equations if we assume that the
oscillations are small, so that the velocities vanish while the

accelerations do not. Making %%S , %g zero; and putting for

cos ¢, cos 0 the value 1, for sin ¢, sin 6 the values ¢,0,

ao cl’¢> N
ldt’ dt*( +k) ag¢, L ‘
&, de_
l ata e = - g6. J
A solution of these is clearly (Lesson XV.)
0 = A4 sin (nt + B),

¢ = A’sin (nt + B).
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To find n we have
—aln’d— (@’ + F)n’d =- agA'}
-4 —an’d'=—g4d )
Whence  o’ln'= {ag — (a’ + %) n’}(g — In®).
If the roots of this be n, and »?, and the values of the

ratlo-j corresponding to these be w, and g, the solution

will be
0=A, sin(ngt+B)+4,sin(nt + B,),
¢ =p A, sin (nt+ B)) + p,4,sin (nt + B,).
B, B, are to be determined by the circumstances of the
motion.
These equations indicate a double oscillation. The two
parts are independent and co-existent.

(x) Obtain these differential equations by taking z, y as
the vertical and horizontal co-ordinates of G, and ; x, Y as
its accelerations, and then (il ririinting the geometrlcal
equations.

(B) Obtain them by the method of virtual velocities.

9. A cylinder of mass M and radius a can rotate about
its awis which is horizontal and fixed. A rough sphere of
mass m and radius b 18 placed on its top and disturbed from
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its position of unstable equilibrium. Find in what position
1t will leave the cylinder.
Let 6 be the angle the line of centres makes with the

vertical. Let o and Q denote the angular velocities of the
sphere and cylinder respectively. The accelerations of C are

(@+5) ¢ and (a+0)8,
along and perpendicular to CO respectively. The angular
accelerations will be @ and () respectively. Thus the effec-
tive forces reversed will form a system as 1n the figure.

The impressed forces are the weights at C and O, the
pressure of the axle at 0, and the mutual friction and normal
pressure (R) at M. We will avoid the action at O and the
friction. The pressure R is necessary; for the instant when
it vanishes is the instant of separation.

Considering the sphere and resolving along OC,
m (a+ D) 6+ R —mg cos §=0............ (D
taking moments about N,

m (@+0) 8 +m 256 —mgbsin0=0 ......(2)

Considering both the sphere and cylinder, and taking
moments about O,
aﬂ
2
We have also a geometrical equation since there is no

sliding and the points of the two bodies at N are moving
together; .

m(a+ 8 H4moBo+ M O —mglath)sin=0...(3).

(@+5)0—bo=a0uccuernnnnn. (4).
From the last three equations @ has to be found, and R
may then be found by the first. Differentiating (4), and sub-
siituiing for Q in (3), we have

9{m (@+0)*+ %(a + b)} +o g mb* —g%ﬂ—{}=m(a+b)sin6;
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eliminating o between this and (2),
6 (a+1b) (TM 4 4m) = g sin 0 (4m + 510),
whence multiplying by 20 and integrating,
6 (a +b) (TM + 4m) = C— 2g cos O (3M + 4m).

Now at the beginning of the motion § was zero, and cos 8
was 1;

= C =29 (5M + 4m),
= 29 (1—cosd) 5M+4m
T (a+b)  TTM+4m’

Substituting this in (1) and making R zero, the cqnation
which gives 6 when the bodics separate is

SM + 4m

29(1 —cos6) T+ dm = 9 €% A
whene cos 6= 0+ 8m
nee UM v 12m

(2) Calling F' the friction at N, acting at right angles
to OC, but upwards on the sphere and downwards on the
cylinder; prove that

Ma ,
I="5-9,

F—mgsinf+m.(a+5)0=0,
2m -
F——g"bw.

(B) What forces would be introduced if we resolved for
the whole system at right angles to 0C?

‘What forces would be introduced if we resolved for
the cylinder along ON?

10. A string without weight s cotled round a rough
horizontal solid cylinder, of which the mass vs M and radius
a, and which 13 capable of turning about its axis. To the
free end of the string is attached a chain of mass m and
length 1; if the chain begathered up close and then let go, prove
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that, if 6 be the angle through which the cylinder has turned
after a time t, before the chain is fully stretched,

2 2
Ma9 =" (9;’ _ ae) .

This problem illustrates the fact that an infinite number
of infinitely small blows has the cffect of a continuous force.
The uncoiled part of the chain and the cylinder are moving
with finite acceleration, and the coil is falling like a free
heavy body. But at every instant a link passes from the
coil to the straight part, and so has its velocity instantane-
ously changed by a finite amount. There is therefore an
impulsive tension on the uncoiled part as often as a link,
is added to it. This impulsive tension is the opposite of
that which changes the motion of the link, and if the whole
be taken as onc system it will be internal and disappear.

The wholc increase of angular momentum about the
axis of the cylinder is caused by the weight mg.

But the rate of change of angular momentum is the
measure of the rotational effect of a force. The statement of
this is what is meant by taking moments about a certain
axis. Hence the rate of increase of angular momentum
about the axis is mga.

The rate of increasc of the angular momentum of the
cylinder is

M’ d
2 " dt’

Let 2z be the length of the uncoiled part of the chain at
any time. Then its velocity is a%g, and the rate of increase
of the moment of its momentum about the axis is

d (mz ,(ZO)
— —— a —
at( {7 dt/’

for z is variable as well as 0.
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The coil moves with velocity g¢, and its mass is m l———}f .

Hence the rate of change of its moment of momentum is

‘%(mz_Tz . gta’) .

The sum of all these is mga,

Ma® d*9 'mad d + (%(ZZZ;):mga.

oart T dt
T-* .t . once
d0 Ma ma cl0 m my .t
sy T l(l z) g gr="" e ).

Now since the coil is moving with velocity g¢, and the

straight part with velocity @ —: , the rate of uncoiling, 31:, is

df

dt’
do 1 ., .

equal to gt —a 4’ and therefore z= 5 gt* — ab, since z, § and

¢ all begin from zero together,
From (1), (i()_@l[g_l____z (gt— aii) ,

dt 2m
o _dz
but gt—a a=d
d6 Mal dz
dt m dt
Integrating Maf = g_z .25

(2) Shew that the 1mpuls1ve tension caused by the un-
coiling of a link &z i is 222 gt d3>

(8) Shew that the finite tension due to the weight of
mMzg

the straight part is MIFoma

(y) Compare these.
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PROBLEMS.

1. Two infinitely rough wheels revolving uniformly in
the same plane are suddenly brought into contact and their
axes are kept fixed; determine what changes are made in
the angular velocities.

2. Two particles of any elasticitics and of masses m and
m/, joined by an elastic string, are placed in a vertical line;
the string is stretched and they are simultaneously let go.
Prove that whenever m comes to rest, m’ is moving with a

. m+m'
velocity gt o

3. A string has two particles m and m’ attached to its
ends. The mass w’ lies on a smooth horizontal table, and m
is held so that the string is horizontal with a length a beyond
the cdge of the table. If m be let drop, prove that the initial
radius of curvature of its path will be & (1 + %) '

4. A little animal, the mass of which is m, is resting on
the middle point of a thin uniform bar, the mass of which is
m’ and the length 2a, the ends of the bar being attached by
small rings to two smooth fixed rods at right angles to each
other in a horizontal plane. Supposing the animal to start off
along the bar with a relative velocity V, prove that, 6 being
the inclination of the bar to either rod, the angular velocity
initially impressed upon the bar will be

3m ¥V sin 20
3m + 4m’ * e

5. A thin hollow smooth ring (mass M and radius @), of
which the plane is vertical, and which contains a bead of
mass m, is placed upon a smooth horizontal plane. Prove
that the bead, having been placed near the lowest point of the
ring, will oscillate synchronously with a pendulum, the length

... Ma
of which is m.
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6. Two equal heavy spheres, one solid, the other hollow,
and the hollow filled with fluid, are rotating with the same
angular velocity about a horizontal axis, and are laid side by
side on a rough horizontal plane, the coefficient of friction for
both being w; if the interior radius of the sphere be one-half
of the exterior, and the density of the fluid be equal to that
of the solid, find the distance between them at any time,
supposing that they move in parallel lincs. (JZlesult. Let
be the initial angular velocity, @ the radius of each. Then

the distance which the solid sphere has covered is ﬁ"qﬁ

before perfect rolling begins, and ugt, (t-—ﬁ) afterwards,

2
e Z‘? . The same results hold for the other, only
_1t a0
8L g

where ¢, =

7. A cylinder rolls down the rough upper face of a
wedge which is capable of moving on a smooth horizontal
table ; prove that the accelerations are uniform.

8. An iceberg floats without change of volume from
latitude A, to latitude A,. Shew that the angular velocity of
the earth 1s diminished (very nearly) by the fraction

g ;} (cos®n, — cos’A,)

of itself, m and M being the masses, and the earth supposed
spherical and homogeneous.

9. A heavy circular disk is rotating in a horizontal
plane about its centre, which is fixed. An insect walks from
the centre with constant velocity along a certain radius, and
then flies away. Determine the whole motion.

10. A loaded cannon is suspended from a fixed horizontal
axis, and rests with its axis horizontal and perpendicular to
the fixed axis, the supporting ropes being equally inclined to
the vertical ; if » be the initial velocity of the ball, whose



FOR SOLUTION, 139

mass is 71_1,th of the mass of the caunon, and % the distance

between the axis of the cannon and the axis of support,
shew that when it is fired off, the tension of each rope 1s im-
mediately changed in the ratio

v+ n’gh : n (n+1) gh.
(The moment of inertia of the cannon about its centre is

neglected.) If a cannon be supported in a gun-boat in the
manner described, what would be the effect of firing it off ?

11. A rod whose centre is fixed is rotating uniformly in
a vertical plane. A perfectly elastic ball of equal mass is
dropped from a height equal to one-fourth of the circum-
ference of the circle described by the end of the rod, and
strikes it when horizontal at one extremity. After eight
revolutions of the rod the ball again strikes it ; prove that
the rod was horizontal when the ball was dropped.

+ 12, An imperfectly elastic ball is let fall upon a smooth
hoop, of which the mass is equal to that of the ball, and
which is suspended from a point in its circumference about
which it is capable of moving freely in a vertical plane ; prove
that, if e be the modulus of elasticity, and a the inclination
to the vertical of the radius passing through the point at
which the ball must strike the hoop in order that it may re-

bound horizontally, tan®a= %3 .

13. A squarc formed of equal and similar uniform rods,
jointed freely at the ends, is revolving with constant velocity
about its middle point. Shew that if one of the angular
points suddenly becomes fixed while the four joints remain
free, the angular velocity of each rod will be at once di-
minished in the ratio 5: 2.

14. Four equal uniform rods, jointed at their ends, when
falling freely as a square with one diagonal vertical, are
caught by means of a light hook at the middle point of one
of the lower rods. Prove that that rod will be brought to
rest by the impact, and will remain at rest during the rest of
the motion.
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15. ABCD is a uniform heavy chain whose length
equals 3/, which is fastened to a peg at 4, hangs down to a
distance /, and passes over a smooth peg at C, which is very
near 4. If the chain be slightly disturbed so that its end D
descends, prove that the impulsive pressures at 4 and C at
the moment when it has run entirely down are m.~2lg and

2m #/2lg, m being the mass of the chain.

16. A mass M attached to the end 4 of a chain 40, is
placed (with the chain) on a horizontal plane in such wise
that a portion 4B of the chain forms a straight line, the re-
maining portion BC being heaped up at B: the mass M is
then set in motion” in the direction B to 4 with a given
velocity, and so moves in a straight line, . :_i: : the chain;
determine the motion.

17. Two uniform rods 04, AB, of lengths 2a, 25, and of
masses proportional to their lengths, arc jointed together at
A, and are rotating round the fixed hinge O in the same
straight line, and with equal angular velocities, when the
outer 4B comes against a fixed obstacle P. If the position of
this be such as to reduce both rods to rest, prove that

oy, et2
AP=2 o o Gab 1+ 3

18. Three equal particles, each repelling with a force
varying as the distance, are at rest at the corners of an equi-
lateral triangle, being connected by three fine inextensible
strings, which form the sides. If one of the strings be cut,
shew that the tension of each of the other two is instan-
taneously increased by one-fifth of its previous amount.

19. COP, AP are two equal uniform heavy beams, con-
nected by a free hinge at P. The beam CP turns freely in a
vertical plane about a fixed horizontal axis through C, while
A slides freely on a vertical groove of which C is the highest
point; prove that if the system make small oscillations
about its position of equilibrium, the length of the simple

isochronous pendulum is %— .



FOR SOLUTION. 141

20. A uniform string hangs at rest over a smooth peg.
Half the string on one side is cut off. Shew that the pressurc
on the peg is instantaneously reduced by one-third.

21. A smooth sphere M is on a horizontal plane, and
another sphere m resting on it is just disturbed from its
position of unstable equilibrium. The spheres being sup-
posed homogeneous, shew that, whatever their radii or
weights, the upper sphere will leave the lower before the

ine of centres is cos™ 3 from the vertical.
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ENERGY.

1. Wk have now to consider a method into which the
element of ‘time’ does not dircctly enter; in which force is
considered not as generating a certain acceleration, but as
pulling through a certain space; in which position and
velocity are thercfore the® + .. .., but never time nor ac-
celeration.

The question which of these two was the proper ex-
pression of the cffect of force caused a controversy very
memorable in the annals of mathematics. We can now see
that both sides were right. All our methods hitherto have
been based on the former. We now turn to the latter.

2. When a force P drags its point of application through
a small space, of which 8p is the measure in the direction of
the force, it is said to have done work P8p. And if the
point has been forced back dp against P, work Pép has been
done against the force. Thus in this system the effect of
a force is work, in the other it was momentum.

The work of a couple L, which moves a body through
an angle 80, is Ld6.

The accumulated work of a force P is clearly [Pdp, the
limits being the values of p in the extreme positions. Thus
the work done by gravity on a stone of mass m, moving from
a height h, to a height h, is mg (h,—h,); and this 1s the
same by whatever path, constrained or free, the stone has
reached the lower level. v

The work done by a radial force R, in pulling a body
from a distance , from the centre of force to a distance ,, is

7y
Rdr.

]
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And in gencral the work done by any force, whose com-
ponents are X, Y, Z, in bringing its point of application
trom x,, y,, 2, to @,, ¥,, 2,, 1s

J(Xdz+ Ydy + Zdz),

the limits being given by these points. For if P be the
force of which X, Y, Z are components, and if Q@' be an
element of the arc (8s) traversed by the point of application,

N _Q
_})
L/
o
P.ép=P.QN=P cos NQQ'. QQ".

But the sum of the components of any forces in any
direction is equal to the component of their resultant in
that dircction ; thercfore

' d$ d’/ dz
P cos NQQ —le—s+ Yds +Zd.§’

whence, in the limit,
Pdp = Xdz + Ydy + Zdz.

To measure work we must have some constant and easily
accessible force. Take the force of gravity acting on a pound
of matter at a given locality. Then the work expended in
raising this pound to the height of one foot will be the
unit of work. And any quantity of work will be measured
by the number of feet to which it would suffice to raise the
pound.

3. The work done by an imPulse 1, which causes the
velocity of its point of application to change from w to #', is

g (u +u').

For suppose I the limit of a very great constant finite
force P, acting during a very short time 7. Let a be the
acceleration of the point of action of P resolved in its own
direction, The space described by a point moving with
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. . . V= . .
finite acceleration a is 9y where v — % is the incrcasc of

velocity.

This holds good also in the beginning of every accelerated
motion whatever be its law.

Hence the work done, P8p,

u—a?
=P, o
But v—u=a.7;
thercfore work done = Pr. 1—&——2-!-—” .

And when 7 is infinitely small,
I= Pr,
whence the formula.

A very general proof of this is to be found in the 308th
section of the first volume of Thomson and Tait's Natural
Plalosophy.

From this we see that if a ball strikes perpendicularly
a fixed hard surface and rebounds with equal velocity there
is no work done.

4. When a body or system possesses the power of doing
work it is said to bave energy. Thus a moving cannon-ball
could force back a resisting body through a certain space
before exhausting its own motion; this energy is called
kinetic. Or the water in a mill-dam could do work before
falling to a lower level ; it has energy which is called poten-
tial, and which is due to a position of advantage relatively
to a force. A mass of gunpowder has in it a store of the
energy of chemical affinity. Steam in the boiler of an engine
has the energy of heat ; a man not utterly prostrate possesses
a certain amount of another form of energy; and so on.

It is not often that the whole of any form of energy
possessed by a body can be made available for work. A
stone at the top of a tower has energy due to its height
above the bottom. At the bottom its available poten-
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tial energy is exhausted, but it is clear that if there were
a pit at hand the stone could do additional work before
getting to the bottom of that. Its total energy due to the
attraction of the earth would never be exhausted till it
had reached the centre.

The amount which cannot be made available was called
by Clausius the Entropy. It has been proposed to give
this name to the amount which can be made available.
As the usage in English works has come to be different from
that in foreign works, we will avoid the word altogether.

5. Therc are two general principles to which this method
has led.

Imagine a system A which possesses a certain store of
energy, and which can be completely isolated so that no
energy can pass out or in. Let 1t be connected in an{ way
with a system B possessing similar properties, and let no
energy pass except between these. Then the total energy of
all the different forms in 4 and B remains the same as
before. This is the law of the conservation of energy.

But the available energy is now less than when the
systems were separate. For that depends on the excess of
energy which one possessed over the other; and by the
passage of energy between them the amount possessed by
the one is lessened and by the other increased. The two
systems are in fact brought more nearly to a level. Now,
as no system in nature can be completely isolated and
made energy-tight, every such system as 4 is always com-
municating its energy to those around it, as B, which pos-
sess less. And the available energy of all is being lessened.
This is the law of the dissipation of energy.

These laws are proved by experiment; it is found that
energy which disappears in one form reappears in some other,
and to an equal amount. But for those forms of which we
can take cognizance in this science (viz.), the energy of
motion and of position, the conservation law can be deduced
from the laws of motion.

6. The potential energy of a system relatively to a force
is measured by the work which it can do against the force,

P. G, 10
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or by minus the work which the force can do upon it before
it reaches the position of zero force. It is therefore for one

force
— [(Xdz + Ydy + Zdz2),

the limits being given by the actual position and the position
of zero force ; for a number of forces it is .

— 3, [(Xde + Ydy + Zd2).

Tt is almost needless to remark that the origin from which
these co-ordinates are measured is a matter of convenience.

The kinetic energy of a particle of mass m, moving with
velocity v, is the work it can do before being stopped. This
may be measured against any force. Let us choose gravity.
A particle of mass m plOJcctcd upwards with velocity v will

move through a space 5= before stopping. It has thus pushed
back the point of apphcatlon of the force mg through a space
_v_ Hence the work it has done is mg X o 35 or ”——Q;v— This

.,
Z -

may of course be expressed in any co-ordinatcs, as
dx dy dz
{(dt) + (dt) + (dt)}
or iz one plane % {(gg) + 7 (Z?) }

The kinetic encrgy of a moving rigid body is
1a dx\* (dy\? dz)’
=3 ol peci -

g >dm {(dt) + (dt) + (dt }

7. To establish the law of the conservation of energy,
we have then to shew that the gain or loss of kinetic energy
while the system passes from one configuration to another is
equal to the loss or gain of potential energy.

Let =, , z be the co-ordinates of an element 8m of the
system; u, v, w its component velocities; X, Y, Z the com-



ENERGY. 147

ponents of the impressed forces. Then these are in equi-
librium with the reversed effective forces. These last are

du dv dw
-8m—~, Smdt —8m~d-t~.
N du _du dl} du _la
ow dt =~ dx Yde =2 dz

Thus the reversed eﬁ'cctlve forces may be expressed
_dmd(w)  dm d(v’) _ om d(w)
2 de’ 2 dy’ 2 dz
Hence, by the principle of virtual velocities, if the point
x, 1y, # receive a displacement whose projections parallel to
the axcs are dx, 8y, oz,
dm d (u?) . Sm do* )
“{(-‘"Ji‘"“)s +(2 ay~Y)%

-

Now supposc (1) that the displacements &z, 8y, 8z are
consistent with the gcometrical relations of the system;
for example, that they involve no breaking of connections.
Then in this equation X, Y, Z come to represent the im-
pressed forces whose virtual moments do not vanish.

Of all possible displacements one must be the displace-
ment due to the actual motion. If we suppose this to be the
one given to the system,

Sz, 8y, 8z are 3-‘;.83, dy . Os, Z:

in which 8s is the element of are described by z, y, 2
Whence the equation

Sn/du® dw?
s b it
% ( Pt v+ d "5y + Sz)
=3 (Xsac + Y8y + Z82)
becomes

1 du? dw dy dz
228nz<c{s-+d ) = z(x 2+ YW 2F).
10—2
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Now suppose (2) that the forces X, Y, Z are functions
of the co-ordinates alone. Then this equation is integrable,
and gives rise to

3 Som (& o4 w) = O+ S [(Xda + Ydy + 2.

But the left-hand side of this is the kinetic energy, and
3 [(Xdw + Ydy + Zdz)

is the work done by the forces on the system, (1 e.) the loss
of potential energy. The equation may thercfore be ex-
pressed :

the sum of the kinetic and potential energies is constant.

On the above supposition as to the forces,
J(Xdx + Ydy + Zdz)

will be a function of the limiting values of the co-ordinates.
Hence the work done by these forces is independent of the
paths pursued by the points of the body: such a system of
torces is called “Conservative.”

8. The supposition (2) which we have made as to the
nature of the impressed forces limits the cases of motion
to which the principle, as expressed by the above equation,
can be applied. It excludes all cases into which sliding
friction enters, for this, depending on the direction of motion,
is'not a conservative force. All effects of animal force, such
as a constraint of one part of the system to move according
to some given law, and all explosions or impacts of imper-
fectly elastic bodies, are excluded.

The nature of the forces thus excluded is easily seen
from the energy stand-point. The only forms of energy
which our present science can deal with, are the kinetic
energy of motion, and the potential energy of position.
That energy is conserved must mean to us that the sum
of the energies in these two forms is constant. If then,
in any case of motion, energy passes into or comes from
any other form, as when heat is generated by sliding friction,
or when energy is imported into- the system through an
animal or an explosion; or when sound or other vibrations
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are produced; in such cases, although the conservation
principle still holds true, the energy passes into forms which
do not come within the scope of Rigid Dynamics, and we
can only use the principle when we can make allowance
for the amount of the energy which has thus changed form.

The student who is familiar with the application of
virtual velocities to the theory of equilibriura, knows that
the forces which do not appear in that equation when the
displaccment given is consistent with the geometrical re-
lations of the system, are (1) all internal pressures and
tensions between rigidly connected parts, (2) external forces
(as normal pressures) whose point of application experiences
no displacement in the direction of the force. There is to
be added to these rolling friction, whose point of application
being the instantaneous centre experiences no displacement.

9. The expression for the kinetic energy of a body
.. .1 dx\' | (dy\?
or systcm moving in one plane, viz. -2—28m {(35) +( dt>}
falls under the rule of Lesson IV, Art. 3. 'The kinctic
energy of a rigid body is therefore equal to that of the
whole mass supposed collected at its centre of inertia, and
moving with it, together with the similar function relative
to that point; i.e. to the kinetic energy of translation to-
gether with that of rotation.

Now the velocity of every point relatively to the centre
of incrtia is rw, where  is the angular velocity, and » the
distance of the point from the centre of inertia. If then
V is the velocity of the centre of inertia, the kinetic encrgy
of the body is

o1 ] 1 AN
2— ][V +2w~3m7’,
1 M
or 5 MV + 3 Fo'.
If the motion is round a fixed axis about which the radius
of gyration is K, the kinetic energy is clearly

1 s
‘2MK2(0.
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10. A rough sphere of mass m and radius a, rolls in a
vertical plane inside of a fixed horizontal cylinder of radiug b.
Find the motion.

Let the velocity of the centre be v; the angular velocity
w; the angle which the radius to the point of contact makes
with the vertical . Then if the centre be at a height y
above its lowest point,its potential energy may be measured by

T e . m 2
mgy ; its kinetic energy is 5 ('v” + ; a”w’) , whence

v+ § @'’ + 2gy = constant.
Now the velocity of the point of contact is zero;

S v—aw=0,

dé
also v=(b—a)7t,y=(b—a)(1—-cos0);
therefore the equation of energy becomes

2
% (6= a) (%lg) + 29 (b— a) (1 — cos §) = constant.

To determine the constant, suppose the sphere projected
from the lowest point with velocity 7. Then when =10,

do
(b-a) &= V;

whence the constant is g V?; therefore the motion is given by
(i(’)’ = V105 1-cosf
dt/) (b—-a} 7T b—a °
To find the time of a small oscillation, differentiate; then
40 5 sind '
d¢="795=a’

whence the period of oscillation is 27 'L(bsj-_a_)_
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11. A4 uniform ladder of mass m, slips down between
a smooth wall and a smooth horizontal plane always keeping
in a vertical plane perpendicular to thewr intersection. Find
the motion.

Let the planes be those of y and , and let 6 be the
angle which the ladder makes with the vertical at any time.

¥

Z A o
.. do . .
Then the angular velocity is T and the linear velocity of

the centre of inertia is OG .%—g, since ( keeps at a constant

distance from O.

Hence the kinetic energy is
m N N
3 (06 +%)(3,)

The potential energy is due to the height of G above.
Oz, and is therefore

mg . 0G cos 8;
therefore

2
%(OG"H"") (%lg) +g. OG cos 8 = constant.

If the motion began when 4B was vertical, this constant
isg.0G.
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d6\' _2g.0G.(1—cos¥)
Whence (E—t) = OF I ,

D9 _ o [TOT 0
. or :Z’Z = i‘ 2 —()T}g“ﬁi. smé ,

which can be again integrated, and 6 found in terms of £

12. If the object of our investigation is to find, not the
whole motion, but the motion in some particular position
or the position of instantancous rest, this method has a
great advantage over earlier methods. In these, integration
15 almost always necessary. The general problem is worked
out and the particular case deduced. Here the particular
case is the easier. Thus, suppose that in the above problem
it were required to find the angular velocity of the ladder just
before it reaches the ground. The kinetic energy is zero at
first, and the potential energy at last. Therefore the kinetic

energy at last, %m (0G* + &*) o*, must be equal to the po-

tential energy at first, (viz.) myg. ;E AB.

13. A particle is attached fo the circumference of a
massive cylinder, and starting from the end of a horizontal
diameter pulls up another particle hanging at the end of «
string wound round the cylinder, by maling the cylinder
rotate about its axis, which is horizontal. Prove that if the
Jormer particle first reaches the lowest point the ratio of the
masses of the particles 1s —g '

Here, both at first and at last the kinetic energy is zero.
Hence the potential energy gained by one particle is equal
to that lost by the other. But the cylinder turns through
a right angle ; therefore the particle attached to it descends
a depth equal to the radius; while the other ascends a
height equal to one-fourth of the circumference. And these
spaces are inversely as the masses of the particles. Therefore
the masses are in the ratio of the arc of the quadrant to
the radius.
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14. A uniform tube in the form of a common heliz
(screw) of mass M can move round a vertical axis coincident
with one of the generating lines of its own cylinder. A par-
ticle of mass m ts dropped in at the top. Find its velocity
and the angular velocity of the tube when it has reached any
position.

There are two principles which will give two equations
of motion. 1st, That the angular momentum of the whole
about the axis of rotation must rcmain zero; and, 2nd,
That the kinetic energy at the end must be equal to the
potential encrgy lost by the descent. Let the radius of the
cylinder be a. Let the inclination of the curve of the
screw to the vertical be a; let @ be the angular velocity
of the tube at any moment, v the velocity of the particle
relatively to the tube. Then its vertical velocity is v cos a,
and its horizontal velocity is compounded of the velocity of
the point of the helix at which it is, which is OP.w at
right angles to OP; and of v sin a relatively to the helix at
right angles to CP.

or ({
i

vsin'y,

0 rod

The figure represents a horizontal section of the cylinder
of the screw, through the particle. O is the axis of revolu-
tion, C that of the screw, P the particle.

Let <POC be called 6. Then <OPC= ;—t - g, and

0P=2a.sing.

The moment of the momentum of P about the vertical
axis through O is mvsina (@ —acos6) +m. OF. o.
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That of the tube is M 2d°w.
Hence, by the first principle,
mv sin a. & (1 — cos 6) +m4:a’sin’§.w+M2a’w =0,
for initially the system was at rest.
Again, the square of the velocity of P is
v cos’a+ v*sin*a+ OP%»’+ 2vsina. OPow . sing.
The moment of inertia of the tube about the axis through
0 is 2Md®. 1ts kinetic energy is therefore Ma'w®.
The total kinctic energy is

2 2
This must be equal to the loss of potential energy, which if
the height fallen through by the particle be A, will be mgh.
These two equations suffice to give » and w.

15. A square formed of four similar uniform rods
Jointed freely at their ends, is lavd upon a smooth horizontal
table, one of its angular points being fired ; if angular veloci-
ties Q, Q' be communicated to the two sides containing this
angle, shew that the greatest value of the angle (2¢) between
them 1s given by the equation

5(0 -0
cos 2p=-— a(amz')f-

n
(VAN

Moo’ + %"(@’ + 4a® sin® f-’ «® + 4a sin’ 4 vsina. co) .

-

A AT

Let O be the fixed point. The angular velocities of 04
and BC will be equal since these must remain I)ara,llel. Let
this be w. And let that of 00 and 4B be o’
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We will use for the solution of this the facts that the
whole angular momentum round O remains unchanged and
that the kinetic energy remains constant.

The masses of the rods are equal, and will divide out of
each term in the equation. We may therefore take each as
unity. Let the length of each be 2a.

2
The angular momentum of 04 is 4; - .

The angular momentum of 4B about O is equal to the

angular momentum about its centre of inertia ¢, which
2

is (3 ', together with the moment of momentum of its mass,
concentrated at G, about 0. Draw GM and GN perpen-
dicular to 40 and AB. Now the velocity of ¢ 1s com-
pounded of the velocity of 4, 2aw along MG, and of its own
relative velocity, e’ along GN. And the moment of the
resultant momentum about any point is equal to the sum of
the moments of the separate momenta. It is therefore

20w . OM +aw’. ON,
or 2aw (2¢ + a cos 2¢) + aw' (@ + 2a cos 2¢).
Hence the whole angular momentum about O is

4(12 ’ a, 2 ’ 9
3 (0 + o)+ 3~(w+w)+(w+w)2a (2+ cos 2¢),

+ (0 + o) a’(1 + 2 cos 2¢).

Now this is always equal to its initial value. But initi-
ally  was , o’ was Q' and 2¢ was a right angle. In the
final circumstances which the question contemplates, the
angle 2¢ has a maximum or minimum value. Hence » and
o’ are equal.

T.; ..0i- . the values of the angular momentum in these
states
5a* 9 9 ’ 5a’ 2
2w(—3— + 5a° 4+ 4a’ cos 2¢ =(Q,+.Q)(T3—+ 5a) )

50+ Q)
or ﬁ)—m ..... sssesscnssncanee (1).
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Consider next the kinetic energy.

2
That of 04 is ‘3’3‘”— o*; that of AB s
2
%—w” +4d'0’ + d’0” + 4d’wo’ cos 2p.
The whole will be

(@° +co'*){ +5a}+8aww cos 2.

The initial and final values of these also arc equal.
Whence

. 20 . 2 A 20
20,7, + 8w’ cos 2¢ = (Q°+ Q%) 3"

3
' 0 e ®.
" 10 + 6 cos ‘)qs .................

Eliminating o from (1) and (2) we have the required
result.

Whence

16. The following general proposition*, which is due to
Clausius, is of such simple demonstration and of such value
in molecular theories, that it ought to be better known in
England than it is.

Let z, y, 2 be the coordinates of an element dm of a
system not nccessarily rigid.

d o ox's, AT
Then o Soma’ = 230max — Z’
d’z d.c\*
< 9 L
and dt" -8m:n =25, Sma: +.....8 (dt) .
2
Now ZSln:co(ll = 3dm ‘i ;j x,

2
and dm ‘flt‘f is the component in the dircctign of the axis of «,

of the whole force, whether external or constraining, which
acts on dm. Call this X,

b. I am indebted to Professor Maxwell for my introduction to this
subject,
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2 2
Then % SSma® = 238m Xz + 238m (%:) ,

50 g; 38my? =233m Yy + 228m (%) ,
d? dz\?
and S 3bmat = 958mZz + 258m (EZ ).

Now let 4, B, C be the moments of inertia of the system
about the axes.

Then 28m(x’+y’+z’)=%(A+B+ 0).
Adding the above equations we have
2
igzg(A + B+ 0)=S8m (Xo+ Yy+2)

dz\*  (dy\* = (dz\?
< :

+Zom {(dt) + (dt) + (dt) }
Now supposc the system to be such that 4 + B+ Cdoes
not vary during the interval of time &. This will be the
case if the system be at rest: and 1st, if the system be a rigid
body rotating about certain fixed axes; 2nd, if the system be
a homogencous fluid whose particles are in motion but
which always occupies the same portion of space, for then
any element &m which moves away from a point is replaced
by another equal element ; 3rd, if the system consist of a
number of molecules each moving with a periodic motion
whose period is much smaller than 8¢ ; for then the different
values of z, y, z for any molecule will recur many times in

the course of &t; and in various other cases of motion.

All these kinds of motion are called “stationary.” For

such we have a .
2 d,
-3 (X = ax 24 ad
3 (Xx+ Yy + Z2) ESm{(dt) +(dt> + (dt)'} .
The right-hand expression is twice the kinetic energy of the
system ; that on the left hand Clausius proposes to call the
virial function. The virial equation holds whenever

d
a—ti(A'l-B+ C)=0.
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If the system is at rest, then the virial function vanishes
because X, Y, Z separately vanish for cvery particle. -

The above equation expresses that the virial function
is equal to twice the kinetic energy. The part of this
function which depends on internal forces admits of being
simplified.

17. Suppose the forces between any two particles at
a distance » to be RB. Let it be considered positive when
it is rcpulsive. Then there are two terms in the above
sum which arise from the action between two particles at
z, 9., 2,, and z,, ¥,, 7, respectively. These terms are

> >
X, — X,

2
x,— T, -2 r,—a
or —R~“«;—--‘.xl+R—2—;,‘-‘ z, or I L‘»r» ) .

Now =(r,—x)+(y,—y) + (2, —2)"
Whence 2 (Xo+ Yy+ Zz) =+ XRr.
If then the forces in any system are partly external, sym-

bolized by X, Y, Z; and partly internal actions symbolized
by R, the equation becomes

L5 (Xa+ ¥y + Z2) + 5 SRr=kinetic cnergy.

The proposition will hold good for any dircction and
for any number of particles. If the action B between the
particles is attractive the term 3 Rr is negative.

18, This equation is evidently of very general applica-
tion. It gives, through X Rr, a measure of the internal
forces in bodies, whatever the nature of these forces may
be, and whether the particles of the body are at rest or in
motion. Its most important application hitherto has been
to the kinetic theory of gases. This is beyond our limits;
but we will shew how to apply it in one or two very simple
cases.

Suppose a thin ring of mass m and radius @, composed
of a number of partieles, to be rotating with angular velocity
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o in its plane about its centre. Let I be the tension. Let
s bg the arc between two adjacent particles. Then by the

equation -
3 R8s = ma’e’.

But 2 is the same for all points of the ring,

and 388 = 2arr;
2
ma.w
S R=—r.
2w

These cquations can casily be verified by other methods.

Again, suppose a network of light cords in equilibrium
under any external forces X, Y, Z acting at points =, ¥, 2,
and let 7' be the tension along a cord of length r, then

S (Xz+ Yy + Zz) =31,

EXAMPLES.

1. Prove that a flywheel of radius @ rotating with
velocity @ has in it energy enough to raise a mass equal
2 2

to its own to a height %—w— .
29

2. A cannon-ball of mass M raises by its recoil a mass M
to a height of A feet. If the mass of the cannon-ball is m,
shew that its velocity of projcction is

' 5
00 o)

3. A weight is attached to an clastic string which .is
fastened to a point. Apply the principle of energy to de-
termine its motion when it falls from rest, the string being
initially vertical and unstretched. .

4. A nut slides smoothly on its screw. If this be
placed in a vertical position and the nut be allowed to



160 ' EXAMPLES.

run down, prove that its angular velocity when it has
descended a space h, will be .

...251’1__}‘
k' +a*tan’a) ’
in which a is the radius of the screw-cylinder, « is the in-

clination of its tangent to the horizon, and % is the radius of
gyration of the nut about the axis.

5. A thin uniform smooth tube of length 2a is balancing
horizontally about its middle point which is fixed; a uniform .

rod whose mass is " th of that of the tube and whose

length is 24/, is placed end to end in a line with the tube,
and then shot into it with such a horizontal velocity that
its middle point shall only just reach that of the tube; prove
that if v is the velocity of projection of the rod, the an-
gular velocity of the tube and rod when their middle points

coincide is
LURE
&+ naty ’

6. A circular ring is frec to move on a smooth hori-
zontal plane on which it lies; and a uniform rod has its
extremities connected with and moveable on the smooth
arc of the ring; the system being set in motion on the
plane, shew that the angular velocity of the rod is constant ;
and describe the paths of the centres of the rod and ring.

7. A narrow smooth semicircular tube is fixed in a
vertical plane with its vertex upwards, and a heavy flexible
string passing through it hangs at rest; shew that if the
string be cut at one of the ends of the tube, the velocity
which the longer portion of the string will have attained
when it is just leaving the tube will be

(ag)¥ {% ~7 (- 4)}&;

I teing the length of the longer portion, and a the radius
of the tube. :

-
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8. A particle is suspended so as to. oscillate in a cycloid
whage vertex is at the lowest point; if it begin to move
from a point distant a from the lowest point measured along
the curve, and the medium in which it moves give a small
resistance kv® to the acceleration, prove that before it next
comes.to rest energy will have been dissipated, which is

i’g_‘f of its original value.

9. A fine circular tube carrying within it a.heavy par-
ticle is set revolving about. a. vertical diameter. Shew: that
the difference of the squares of the absolute velocities of
the particle at any two given points of the tube, equidistant
from the axis, is the same for all initial velocities of the
particle and the tube.

10. A rough cylinder of radius @ loaded so that its
centre of gravity is at a distance A from its axis is placed on
a board of n times its mass which can move on a smooth
horizontal plane. Find the time of a small oscillation, and
prove that if ! be the length of the simple equivalent
pendulum

= " =)
=R+ 2 (a =1,

where % is the radius of gyration of the cylinder about a
horizontal axis through its centre of gravity.

11. A mass M of fluid is running round a circular
channel of radius @, with velocity «; another equal mass
is running round a channel of radius &, with velocity v; the
radius of the one channel is made to increase and the other
to diminish till each has the original value of the other.
Shew that the work required to produce the change is

1530

12. A smooth thin tube in the shape of a quadrant of
a circle, of radius @, is fixed in a vertical plane with its
lowest radius horizontal. A heavy uniform inextensible

P. G, . 11
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string, of length %‘-, is held wholly within the tube and then
let go. Find the velocity during the subsequent motion.

13. A uniform imperfectly elastic beam, of length 2a
moving parallel to itself impinges on a fixed obstacle.
Prove that the kinetic energy after will be to that before
impact as 3¢’ +¢€’a’ to 3¢’ +a*; ¢ being the distance from
the middle point to the point of impact, and e the modulus
of elasticity.

14. A plane body is struck by a blow in its own plane.
Prove that the work done by the blow will be greater if
the body be free than if a point of the body were fixed.

15. Which of the systems described in the Problems at
the end of Lessons XI. and XII. are conservative ?

16. If A, B, C be the moments of inertia round three
axes at right angles of a uniform cylinder rolling with
constant velocity along a plane ; prove that

g; (4 + B+ C) is constant.

17. Verify the virial equation in the case of a uniform
chain hanging in the common catenary.



XIV.
PRECESSIONAL MOTION.

1. WE have, in these introductory Lessons, avoided the
more complicated phenomena of motion. But there is one
class of motions of such paradoxical appearance and such im-
portant nature that we will state the phenomena and give a
general explanation of their cause.

Every one knows that a rapidly spinning top not only
rotates about its axis but with its axis about the vertical.

The explanation of the seasons depends on the fact that
the earth, while rotating and revolving, keeps its axis always
parallel to itself. But when its directions in successive years
are compared with one another, they are found not to remain
parallel but to move in a cone, pointing to different fixed
stars in the course of ages, and to take nearly 26,000 years to
return to the same direction. This is called the precession of
the equinoxes.

2. The whole of these phenomena can be illustrated by
one piece of apparatus, called Fessel’s.

Let R be a metal disc or ring which can rotate freely
about the rod BAC at the point A4, but cannot move along
it. O is a point at which the rod is supported either by a
pivot or by a long cord. Let there be means for suspending
from the other side a weight W, of such size that it can
balance R or overbalance it, or be overbalanced by it. Now
let B be set rapidly spinning in the direction of the arrow
head, and the system afterwards left to itself. And (1) let
W be so placed that it exactly balanced B when all was at

11—-2
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rest. Then it is found that the axis OB continues to point
constantly in the same direction. In fact, if the worknmn-
ship is so good that R will spin for some considerable time,
the apparatus may be used, like Foucoult’s pendulum, to
give a visible proof of the earth’s daily rotation. For, as
the earth rotates, the axis COB whose direction is *abso-
lutely fixed in space appears to rotate slowly backwards.

=

W

This is the case of a coin thrown up into the air and
made to rotate in its own plane. The only force is that of
gravity which acts through its centre of inertia. Hence it
will continue to rotate about the same direction unless it is
disturbed. (2) Let R overbalance W, as in the case of the
common top or the gyroscopic toy, in which indeed every-
thing on the left of O is wanting. Then it is found that
the axis COB rotates about the vertical, so that B approaches
and C recedes from us. (3) Let W overbalance R when
at rest. Then it is found that in the motion COB rotates
about the vertical, so that B recedes and C approaches.

From this experiment it is clear that the motion of the
axis is caused by the couple due to gravity acting round
a horizontal axis,

In the case of the earth the couple is the attraction
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of the sun on the protuberant parts of the earth. Were the
earth a sphere there would be no precession.

The explanation of these phenomena, which we will now
give, is confessedly imperfect, but on its own suppositions it
1s satisfactory. It is applied to the complete explanation of
precession and to accurate calculation in Airy’s Mathemati-
cal Tracts.

3. TImagine a sphere rotating freely about a diameter
AO0A' with angular velocity Q, and struck by an impulsive

couple which would, if the sphere were at rest, generate an
angular velocity » about a perpendicular axis OB. Then the

resultant angular velocity will be 4/Q'+ o®, and the sphere
will rotate about OD where tan 40D = %

Now suppose that  is small compared with £, i.e. cither
that the sphere is rota,tin% rapidly or that the impulsive
couple is small. Then (%) may be neglected in comparison

with ?—";, and thus we may say that the velocity of rotation
will not be altered by the blow, whereas the axis will

(That OD will lie on the same side of 04 as OB will be
seen by considering the resultant velocity of C.)

Now let another impulsive couple act on the sphere tend-
ing to cause rotation about an axis at right angles to O.D,not.
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in the plane 4 OB, but so that the planes of both the couples
pass through one line ON. Then the body will begift to

A

D

rotate about the direction OD', DD’ being at right angles to
the plane ODN; and the angular velocity will be unchanged.
And if a number of such impulses act one after the other,
their planes all containing OXN, the axis will proceed to
describe a pyramid (not necessarily re-entering) in space with
O as vertex. But if the couples be equal and at equal
intervals, the pyramid will be regular and re-entering. And
again, if these impulses are numerous and small, so as to
approach the case of an accelerating couple, the pyramid
becomes a right circular cone, with O as vertex and ON
as axis.

Suppose that the impulse takes place at intervals of
time &t 'Then in each interval the axis describes an angle
equal to 40D, i.e. to %
it must cover the whole cone. Let the semivertical angle
be a. To complete a revolution the axis must describe
27sina. And this it will do in time

2m sin a'gs—t.
)]

Now to complete a revolution

4. Such are the proceedings of the axis of rotation in
space. If the end of each axis on the sphere were marked
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with chalk, how would the successive marks appear when
thessphere was stopped ?

Suppose the sphere to be beginning to rotate about 4.
Let D, D' be the positions in space of the ends of the next

L] A D

two axes; and let R, ' be the points of the sphere which
are to coincide with them when they become axes. Let the
lines in the figure represent planes through the centre of
the sphere. Then RAD is the angle through which the
spherc must turn while it rotates about 4; and B'Ra’ must
be equal to RAD and D'Da together. Now AD, DD, &c.
form an equiangular pyramid. Hence, as the sphere rotates
with constant velocity, and the impulses take place at equal
intervals of time, the locus of R—the successive chalk marks
—will be the angular points of an equiangular polygon.
If the impulses be all equal the polygon will also be equi-
lateral. In the limiting case the marks will trace out a
circle on the sphere.

Let its radius be p. Then AD=AR.

And AR=p. . RRd in the limit
=p (2 + w)dt.
And sinceg—’ ultimately vanishes
AR =pQat.
Again, AD (fig. Art. 3)=40:40D=R >~

Q7
in which R denotes the radius of the sphere;
()

therefore pQt=R —3 and p=R o5
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The time in which the instantaneous axis passes through
2%
’(_z' H
complete revolution of the sphere. This latter circle is there-
fore a very small one, and very quickly deseribed com.parcd
with that which its centre describes in space.

all these positions in the sphere is i.e. the same as one

5. We have considered a sphere, in order that every axis
might be a permanent axis of rotation. Xor if an axis of
rotation is not a principal one the forces introduced by the
motion tend themselves to alter the axis. Happily in the
important case of motion this supposition is not far wrong.
The earth is itself very nearly a sphere, and  is so large
compared with o that the circle described on the surface by the
locus of the end of the real axis of rotation is exceedingly small
(a few feet in radius), and may for all purposes be neglected.
The momental ellipsoid of a top is not so nearly a sphere.
It is an oblate spheroid. But here again the rotation is so
fast that the true axis is never far from the axis of figure,
and the centrifugal or other effective forces of motion have
never any effect that would interfere with the above reason-
ing. If the rotation is not fast the wobbling which sets in
shews that the axis of rotation is far from the axis of figure.

We see, then, that a top or the sphere described above is
not in general rotating about its axis of figure, but about a
not principal axis very close to it. This goes through its
various positions in the course of a single revolution of the
body, and the axis which is the mean of all these describes
in space a cone of finite size.

EXAMPLES.

1. A perfectly balanced gyroscope is rotating with given
angular velocity ; supposing it to be acted on by a small
constant couple in a vertical plane through its axis, find the
precession,
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2. Prove that the finite couple corresponding to o in

Art 3 1s‘§

about an axis through the centre.

A being the moment of inertia of the sphere

3.* Assuming that the polar axis of the earth changes
its direction by 205" every year, and that the angle (a)
hetween the poles of the ecliptic and equator is 23} degrees;
find the time which the polar axis takes to complete a revo-
lution in space.

4. Find the radius of the circle in which the axis of
rotation cuts the surface of the earth. (Radius of earth is
nearly 4000 miles.)

5. What time does 1t take to describe this circle ?

6. A top of mass m, whose centre of gravity is distant A
from its vertex, and whose radius of gyration about an axis
through the vertex at right angles to its axis of figure is k, is
rotating with its axis inclined at & to the vertical. Prove
that

_ghsina

8& B

7. Asmmm« that the rotation will be always about an
axis very near the axis of figure, prove that if the axis of the
top is observed to make a complete revolution about the ver-
tical in time 7, the angular velocity of the top is

ghT
2k’



XV.
DIFFERENTIAL EQUATIONS.

1. THE complete analytical solution of a physical pro-
blem depends in general on that of a differential equation.
And each physical science depends in general on equations
of a particular type. It is therefore necessary for the student
of a department like the present to have a working ac-
quaintance with the class of equations peculiar to it. Hap-
pily this is easily acquired. A little practice, without
systematic study of a treatise on Differential Equations, is
all that is necessary. The solution of Differential Equations
being a reverse process is to some extent guess work. A
knowledge of the nature of the result seldom fails to suggest
its form.

In the following brief notes on differential equations,
which have been put together chiefly for reference, the
student must not expect a regular exposition, of the subject,
but must be content to assume some of the principles and
solutions.

2. Many of the differential equations which present
themselves to the student of Rigid Dynamics are not capable
of complete solution. Those which are soluble, are mostly
of the class called “linear with constant coefficients ™
i.e. in which the differential coefficients and the dependent
variable appear only in the first power, and with constant
coefficients. Here are some of the most common.

m Eiw=tro.

&r | d
(@) Zi+el +ba=cf(0).
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F N
(3) a?+a-a—7£+b:c—0
dy . dx .,
Tﬁ;+a~—~dt+by—0

TRe order of a differential equation is the order of the
highest differential coefficient which occurs in it.

The complete solution of a differential equation must
contain as many arbitrary constants as the number which
expresses the order of the equation. For a differential
equation is formed by eliminating the constants in an ordi-
nary equation from the results of successive differentiations.

We can see that the solution of a physical problem
requires such constants; for, taking the case of pendulum
motion, all such bodies move after one law, but the velocity
or position of any one at any time will depend on the velocity
and position at starting. Hence in physical problems the
arbitrary constants are determined from the circumstances
of the motion being known in some one position or at some
one time.

Thus equations of the form (1) contain one constant, of
(2) two constants, and of (3) two each. Linear differential
equations have farther these properties.

(1) If the order is m, the addition of » independent
values of #, each with an arbitrary constant, gives the com-
plete solution. For it satisfies all the conditions of a complete
solution.

(2) That part of the solution which contains the arbi-
trary constants is the same for all equations having the
same terms involving the dependent variable and its dif-
ferential coefficients. Thus the solution of (2) is found from

that of
a
ai:f*“%“’““’

by adding any particular value of @ (without arbitrary
constants) which makes
&z dx

-d—t;,+ a H?"'b‘” equal to qf_’(t).
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Lastly, every particular solution of a differential equa-
tion corresponds to a possible motion or other phySical
condition.

3. First form.
g

% Tee= bA(t).
Multiplying by e“

e«t @d'__;_’ + aeat 2= beatf(t).
Integrating

@6 = A+ e f OB e e, (1).

. The following are important cases :
dz
(a) zz‘tl-i‘aw =0,
The solution is z = Ade™,

dz .
(3) 7 + ax = b sin at.

The part of the solution involving the constant is = Ae™.
For the second part we remark that x=p sinnt + ¢ cos nt
will satisfy the equation provided p and ¢ be properly
d}:}termined. To sccure this, differentiate and substitute;
then

(pn + qa) cos nt + (pa — gn) sin nt = b sin nt.
If these are identical,

m+w=%.
pa—gn=2>%)’
whence the solution is

=A™ +

pe i & (asin nt — n cos nt).
The solution might have been obtained from (1) by
remembering that fe* sin nt dt is of the form
" ¢* (psin nt+ g cos ni).
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The first part (4e™) of the solution indicates a gradually
diminishing or (if @ be negative) increasing motion; the
sccond indicates a motion of oscillation superimposed on
this.

4., Second form.

dz dr

‘d—t.‘ + ac—lz+bx=cf(t).
Consider first
(dpt‘f +a %-: +bzr=0;

it is clear that z = 4™ will satisfy it if m* +am +0=0. Let
i, m, be the roots of this quadratic. Then the solution is

x = Aem™* + Bems,
If the roots of the quadratic arc impossible, and of the
form a+BNV—1,
the solution is & = ¢* (A4 cos Bt + Bsin B¢).

For the particular value that must be added when qf(t? is
not zero, we must in general depend on happy thoughts,
The rules are too long to be given here for all the cases.

The following are important :

(@) id—gw - 'z =0,

de*
Solution, «=Ade" + Be™,
de o
(,8) 'Zt*t; + n’x = 0.
Solution, @ =4 cos (nt +B) or A sinnt-+ Bcosnt.
d'z

) it n’z = a can be expressed

-;—i:,v(w—-%) +n’(w—-7%>=0.

) %:—g + 'z = a sinmt.
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The solution of
d2
dt,-{-nw 0 is o= 4e™+ Be™.

And it is clear that @ = p sin m¢ will make

dz o .
~d—t,+n:v-—-asmmt,

if p have the right value. To determine p, dlﬂ‘erentxate
psinmt twice and substitute. Then —pm’+n'p=a;

whence p = ;{‘_a;;,," , and the complete solution is

x=Ae" + Be™ +

" sin mt.

The equation (B) indicates a motion of oscillation whose
central point is the origin, and whose period is %:—T; (y) indi-
cates a similar motion with the central point at a distance
a ..

o3 from the origin.
5. Equations of the form (3) are in general the ex-

pression of co-existent oscillations, and the coefficients will be
such as give a solution in sines and cosines.

‘(Z,+aig+bw 0
dy ,dx
dt"+a dt+by 0
Assume x = A sin (nt + D),
y=A'cos (nt+ B).

It is evident that these will satisfy the equations, if 4, 4’
be suitably determined. To do this, differentiate and sub—
stitute

- An*—~ A'na 4+ b4 =0}
~Anttand +04'=0)"
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Frogx these the ratio j' is found, and also a quadratic for »®.
Let the values of n’ be n n. Suppose them positive.
And suppose 4’ = p 4.
Then «= A, sin(nt+ B)+ A, sin (nt+ B),
y=pd, cos (nt+ B,) + pd, cos (nt + B,).

In this n,, n, and w have definite values; 4,, 4,, B,, B,
depend on the initial circumstances. As there are here
four constants no extension of generality is gained by taking
the roots —n,, —n, of the biquadratic for n. The solution
indicates that there are two independent oscillations going
on together in @, and two also in . If the values of n* are
not positive,  and y will involve exponentials.

6. When the Differential Equations, at which we arrive
by eliminating unknown forces, are not completely in-
tegrable, they can frequently be integrated once.

The equation
1@ (%) =4

is of constant occurrence, especially in problems of sliding

. do\*
friction. Assume (Zﬁ) =2z;
dg d*0 _dz
then a—t . Ezé = zi—t- )
d ard_ dz
an ._dt“ “- “_[9 .
The equation may therefore be written
dz
o+ (0)2=3(0).

Multiplying by e%7®4, both sides become perfect in-
tegrals.

Integrating, 2e2/Wd= 4 + [¢(f)e¥/ 4, do.
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EXAMPLES.

1. What kind of motion is indicated by the equation
x=ctsinnt?

2. Of what differential equation is x=at + 4¢™ the
solution ?

Solve the following equations :

3. ?ti:+ax be'.

4, %’f ‘jlt+4x 0.

5. fl,t? ‘:;w+4w—t

6. ‘3::+n’x a cos mi.

(8 ‘it+ay 0~|>
Z%/-I'aac—Oj

8. §”+ay=o 1

dy
A + ax =csin mtJ

Prove that the equations

dr_ dy
9. —a,»t,—a:i--() ]
dy d

represent an oscillatory motion.
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MISCELLANEOUS PROBLEMS.

~ 1. A rigid bodyin which 4, B, C are three points, moves
so that these come into the positions @, b, c. Aa, Bb, Ce
being very small spaces given in magnitude and direction,
find the motion of translation and of rotation of the body.

2. A flywheel is driven by a piston acting on a crank
alternately up and down with a force P; find the limits
between which the velocity varies.

8. If a mass is animated by simultaneous velocities, its
moment of momentum about any axis is equal to the sum of
the moments of the separate momenta about that axis. How
does this appear ?

4. A lamina rotating in its plane about its centre of
inertia is suddenly brought to rest by sticking a two-pronged
fork into it. Shew (1) that the impulses on the prongs are
equal, (2) that they are of the same magnitude wherever the
fork is stuck in.

5. A wheel of which an axle projecting on each side
forms a part, is supported in a vertical plane by having the
axle on each side resting on a pair of friction wheels each
of which is just like the first wheel and is similarly sup-
ported, and so on indefinitely; compare the inertia of the
whole system in relation to a rotation of the first wheel
with that of the first wheel alone.

6. A pendulum performs small oscillations in a medium
of which the resistance varies as the square of the velocity ;
given the number of oscillations in which the arc of oscilla-
tion is reduced one half, compare the original resistance
with the weight of the pendulum.

L

P. G. 12
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7. Shew that when the centre of gravity of any system
of material particles in motion passes through a point of
contrary flexure, the momentum of the system is in general
a maximum or minimum, and the resultant of the effective

forces is zero,

8. Two points B, C of a circular ring moveable In its
own plane about its centre are connected with a fixed point
A by elastic strings the natural length of each of which
is equal to the shortest distance ¢, between 4 and the ring.
Supposing the ring turned through any angle and let go,
calculate the motion and shew that the time of a small

3
oscillation is 7 1;——;) , where m is the mass of the ring, and A

the modulus of elasticity of the string.

9. A uniform bar of length 2¢ is suspended hori-
zontally by two parallel strings each of length [ attached at
distances ¢ from the middle point. It receives a small
angular disturbance so that it oscillates about a vertical
axis. Prove that it makes small oscillations in the same

time as a simple pendulum of length %g .

10. Prove that if any straight line (taken to be the
axis of z) is a principal axis at some point (not necessarily
Sdmyz _ Zdmaz

&

the origin)

11. A uniform rod of length 2¢ has its ends on two
straight lines meeting at right angles in a point O, and
makes an angle @ with one of them. Every point of the

. <, . M
rod is attracted to the point O with a force distancey "

Prove that if p be the distance of an clement of mass »8p
from the middle point of the rod
p sin 20d6dp

+a
2 [(Xdz + Ydy + Zdz) = 2/"”“[_“ f(p’+w'—2ap cos 26)¢°

12. A uniform revolving rod the centre of gravity of
which is initially at rest, moves in a plane under the action
of a constant force in the direction of its length; prove that
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the square of the radius of curvature of the path of the rod's
cerltre of gravity varies as the versed-sine of the angle
through which the rod has revolved at the end of any time

from the beginning of the motion.

13. A particle is attached by a string to the end of
a rod n times as long as the string, which rotates in a given
manner about the other end; the whole motion’ taking place
in a horizontal plane. If @ be the inclination of the rod
and string, and o the angular velocity of the rod at the time
¢, prove that
a0 do  /do
PTANT +"(dt
14. A uniform circular disc, whose upper surface is im-
perfectly rough, rests on a smooth horizontal table. A par-
ticle is tied by a stretched inextensible string to the centre
and then projected along the disc at right angles to the
string. Prove that the particle will come to rest on the
disc before the string becomes slack.

c030+w*sin0)=0.

15. A Catharine wheel is constructed by rolling a thin
casing of powder several times round the circumference of
a circular disc of radius @. If the wheel burn for a time 7'
and the powder be fired off with relative velocity V" along
the circumference, shew that the angle turned through by
the wheel will be

?{l—clog(1+%)},

where 2¢ is the ratio of the masses of the disc and powder.
The casing is supposed so thin that the distance of all the
powder from the centre of the disc is a.
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SUGGESTIONS AND RESULTS FOR THE
EXAMPLES AND PROBLEMS.

I. Page 10.

(3) The unit of angular velocity is when the unit of cir-
cular measure is described in one second.

(4) The earth rotates once in 23 hours 56 minutes
(nearly).

(7) At a distance % from the axis of the paddle-wheel.

(8) The reasoning is given in Lesson I1. Art. 4.
(9) The cylinder fixed in space becomes a plane.
(10) The focus is at the instantaneous centre.

(11) The velocities of Pand @ are proportional to their
distance from the intersection of AP and I Q.

II. Page 18.

(3) The points of contact are moving with the same
velocity.

(4) It has one rotation round the vertical axis and
another round the line of contact with the table.

(6) and (7) These appear from the identity of the laws
for the composition of forces, and those for the composition
of angular velocities.
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IIT. Page 34.
(2) With a velocity represented by BB,
(3), Round a horizontal axis inclined to the line of

wickets at tan™ 9—(; .

(4) Diminishes.

(8) If v, @ be the acceleration of the centre and the
angular acceleration, the force required will be that found in
the Example Art. 9, and also a horizontal force dm (v + aw).

IV. Page 48,
(2) The centre of inertia is fixed.
(3) 30,000; 300,000.
(4) With constant velocity in a straight line.

(3) Any function of the forms

d*z dx\?

P Pl =8m (ZF) , 28myd”m

or the sum of such terms.

(6) On the whole hoop; the effective force is horizontal,
and is mass of hoop X #; the couple is mass.a".®. On the
part AB; the force acts at G, and is compounded of m . CG. »*
along G0, my horizontally, and m. CG. & at right angles to
GC. The couple is & (moment of inertia about &) and
V= aw.

(7) Calling the centre of inertia of 4B, G; the accelera-
tion of G relatively to 4 along G4 is w®.b, That of 4 is
compounded of «*. 24 along 40 and ‘i—‘: 2a at right angles

to 40. Hence the accelergtion of A measured along B4 'is
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. 2a cos ¢ — %Z 2a sin¢. The whole accelcration of G
along B4 is

@”b + ©’2a cos ¢ — d . 2a sin ¢.

V. Page 58.

(2) The angular momentum remains constant while the
moment of inertia diminishes.

(4) Vertically downwards.

(3) The angular momentum about the instantaneous
centre remains constant. ,

(7) The direction of the string must pass through the
centre of inertia.

(8) (Second part). There has been no external force,
and therefore all will come to rest again.

(9) He increases the angular momentum of projection.

(10) The angular and linear momenta do not alter in the
interval between the blows.

(12) Yes. By swinging his arm round in a horizontal
plane,

VI. Page 66.

~ (3) The only two bodies are a particle and a straight
rod.

(7) The side, its perpendicular bisector and the normal
to the plane.

(8) See Art. 6.

2A—
@ .45
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(10) An axis parallel to an edge.

mam

(16)
v VII. Page 71.
3) ’2”0 (4 + tan® a).
VIII. Page 80.
(6) The moment of inertia must be greatest,

IX. Page 87.

(1) A force equal to the weight of 44 = Ibs.
J

(2) Neglecting the square of the tension i3

W
m(/3~gi#9)~

(5) If V be the velocity just before striking, and the °
angle just found be called a, the couple will be

mass AC x ng: AG
X, Page 99.

(1) Because the long rod takes longer to fall.

(4) Let V be the velocity of the plate, and 2a the edge
of the cube. Then the cube will begin to rise up about its

adge with angular velocity 38—:;.
(5) See Art. 6.

(6) The distance of each from the fixed axis depends on
;he moment of the resultant effective couple.
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(18) If O be the fixed point, OA4 the rod, P the point
where the blow is struck, @ the required point, G the middle

point of @4,
04*=3.0P.A4Q.04G.

XI. Page 114.

(2) The length of the rod being 2a, and the angle it
makes with the vertical at first being a; the angular ve%ocit.y
when the angle with the vertical becomes @ is the square root
¢ 6g cos @—cosa
R T
cal straight line.

The centre of gravity moves in a verti-

(5) The angular momentum about that edge is un-
changed.

(6) Firstfind the value of the pressure at one end. The
motion is the same as that of a compound pendulum.

(7) Prove that the pressure never vanishes.

(12) The ball starts forwards with four-sevenths of the
velocity of the centre of the wheel. It remains in contact
with the rim and rolls off backwards, leaving the wheel when

its direction from the centre makes an angle with the vertical

whose cosine is 1 10 +l§- ——ZL—} V being the velocit
17 7 g(r+ R))’ ® Y

of the wheel and 7, R the radii of the ball and wheel.
XII. Page 137.

(1) Consider each as acted on by an impulsive friction,
and take moments for each about its centre.

(8) Tb= external force is (m + m)g.

(4) The angular momentum about the instantaneous
centre of the bar remains zero,

(12) At the moment of greatest compression the velocity
of the ball and of the point it touches resolved along the nor-
mal are equal.
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(17) Displace the system, keeping O and P fixed. Or
take moments for AB about 4 and for the whole system
about O.

(19) Use the method of virtual velocities and give the
naturg] displacement.

(22) There is no rotation.

XITI. Page 159.

(8) Supposing m the mass, a the unstretched length
of the string, a the distance from the point of suspension,
and taking the point of suspension as the origin, the potential

energy due to the tension is f Tdz, and that due to gravity is
— mgz.
| @ —a .
Whence g mv A 7 dz — mgx = — mga, \ being the
modulus of elasticity.

. (6), The common centre of inertia will move in a straight
line with uniform velocity ; and the centres of the ring and
rod will describe circles relatively to it.

(11) The angular momentum of each remains constant,
and the work goes to increase or diminish the kinetic energy.

(12) Observe that the velocities of all points of the
string are at any moment equal.

XIV. Page 168.

(1) If L be the couple and 4 the moment of inertia;

the axis will rotate about the vertical in time 2m SIEGQA .

b ‘(13) The true time is 25,868 years. Take sin23}° to
e 41, ‘

(4) Nearly four feet.

(5) One day.
P.G. 13
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XV. Page 176.
. (1) Oscillations of an increasing magnitude and constant
period about the same central point.

@ F_mz=al-mi.

(3) z=de™+ (b—a)é
(4) z=4dé+ Be*
(5) The additional terms must be of the form p + ¢t.

. a
(6) « =Asinnt+Bcos nt+m cos mt.

(8) Differentiating the second and substituting for %3;
from the first, we find

%{ -u'%% =csinmt,
the solution of which is y =4 + Be™ + p sin mt + g cosmi,
in which 4 and B are arbitrary while p and ¢ can be found
by differentiating and substituting.

(9) Solve as in Art. 5.

MISCELLANEOUS PROBLEMS.

(1) If a direction can be found along which the com-
ponents of Aa, Bb, Cc are all equal this will be the direction
of translation. To this end, from any point O draw Oa’, OV,
Oc' parallel and proportional to them, and on these as diame-
ters describe spheres. If these intersect in p, Op is the re-
quired direction. \

(2) The variation of kinetic energy is equal to the
variation of the potential energy.

(3) It follows from the parallelogram law.
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(5) The angular velocities diminish in geometrical pro-
gression.

(10) Suppose it is a principal axis at a distance ¢ from
the origin. Using the symbols of Lesson vImL Art. 2, we
must have

Sidmer cos ( —a) =0, Zdmersin (6 —a)=0.

(11) X8z + Y8y +Zdz for one element is ’;; .&r; and the
variation of r is due to the displacement of the whole body.

(13) Resolve at right angles to the string, and introduce
the expressions for relative acceleration.

(15) The whole angular momentum is constant,

THE END.

CAMBRIDGE: PRINTED BY C.JCLAY, M.A. AT THE UNIVERSITY PRESS.
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