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PRELIMINARY OI1APTEP.

To shew that if “;=E’.=ZZ; then

B_y _ltuBtuy

it
¥y oz ledwmytoas

Let each of the given fractions =A; we shall have

a = A,
B=1y, (i)
¥ = Az;

and, multiplying these equations by |, m, n, respectively, and
adding, we get

a4 mpB 4 ny = Mz 4+ my + hnz
=alz 4+ my 4 nz);

X — fa 4+ mB 4 ny
T e+ my+oas

Examples of the theorem here proved occur in Arts. 20, 23, 25,
31, 34, 54, etc.

whengce,

To shew that if ; then

Y _ By 4+ mya + nafl

8 ( )*.
Ty oz N\ s 4onsy

LA



XVI PRELIMINARY CHATTER.

Multiplying equations (i) two and two together, we get

By =N
ya = Nz, (»)
aB = Alry;

and multiplying these by I, m, n respectively, and adding, we have
{By + mya 4 naf = A%lyz 4+ Nmzr 4+ XNy

= *{Iys + mzx 4 nxy).
Therefore

Y = (fﬁy-l— m-ya-l—?m.ﬂ)
s fys A mze ~+ wey

The reader will find instances of the application of this theorem
in Arts. 40, 45, etc.

0.
To shew that if ¢ B oY fhen
z ¥y =
E—-‘_EEW-Z—) (la +mﬁ"'+aay’)
x  y 5 4 myt + nd

Squaring equations (i), we have

@ = N,
g = Ny, (i
7'2 = l%zi ;

and multiplying these respectively by I, m, n, and adding, we get
la® 4+ #if® 4 0y’ = NIt 4+ Nang® 4+ Nos?
= W(Iz* 4 my® 4 na").,



PRELIMINARY CHAPTER. XVII

Hence,

X

=1t

=7 %= fe® 4+ mp® 4 ﬂye)i-
B (d':c" + mff 4 ry’

This theorem is employed in Art. 45.

D.

The discriminant of the quadric
A+ HEF 4 O 4+ 2D8y 4 2 Eya+ 2 Fap

[denoted hereafter by ¢{e, 8,),] or the condition that it should
be resolvable into linear factors, is obtained (Art. 147) by the
elimination of «, 8, y between the equations

dep dg d
=1 =10, Ly =0, T =0
(@) =" @) =" &)
i.e.. between
Aot Fg 4 By = 0,

Fat P4+ Dy=10,
Fat D4 Oy =0,

It is, therefore,
‘ A, I, E
¥ B D ‘ = 0, (iv)
| E D C|

The determinant which forms the left-hand member of equation
(iv) occurs frequently in the course of the present work. It is
convenient, therefore, to have some abbreviation for it. Yfe
shall denote it by A, and wherever this symbol is employed (see
Arts. 138, 144, 146, 162, etc.) the above .meaning is to be
attached to it. t

The abbreviation (AB, C) in which only the diagonal consti-



XViii PRELIMINARY CHAPTER.

A, K F B ‘
]a’ JC fd C‘_[ - E3 — B', ]‘. !}r = 1,"1)_ ];13‘ = 1_‘,‘
1B 7D

gy =A== = = DE— CF =1

The value of A may be expressed in terms of these minors as
follows : —

A= AL+ FF 3 ER,
A = FF' + BB + DIV,
A= KE 4+ DD+ CC.

An instance of the use of this notation will be seta in Ait. 138.

If a determinant be of the form
a4, b, o4+ m
ay -+ by By om0+ ma
ay iy b 4wy o+ ng
or {#, 4 I, by sy, e; -+ n;), each constituent being the sum of
two others, the determinant is equal to the sum of all the deter-
minants which can be formed by taking for each column one of

the partial columns of the corresponding column of the original
determinant; that is to say,



PRELIMINARY CHAPTER. XIX
(@t D By e € ) = (a by e) - (aumaeg) 4 (ay8;)
+ (@men)+ (1 B 4 G e
+ (B 4 Chomony).

An application of this property will be found in Art. 1G7.

E,
The bordered deteruinant
A, ¥ FE 1 .! 0, F ow, s
B Do or LA, MK
ED ¢, al o, FOBD
I AT | I n, &, D,
will be denoted by ’e‘".
It becomes, on expansion,
L, m n . f wy, n Lm0l
—LE B D +md, FE —ufi‘-l, FFE,
\E, D, €] YED VKB D,
that 1s,
j ILFE| A I | 4, .4, F
— L, By D om| m, B D —n I mo B, 0,
{ n, D, '] Con, O [ w B, 1|
BJ) ﬂ,(' . A 1"3 2|- | , ot
o) LE i 4FB B D Imz c. ..

or, if we emplov the notation explained in (D),

— (A Bt 4 0200 4 2R 0+ 2F D).
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¢, B, 7) ¢(l, m, n);
A, FLE 1
r :: b o === gl
L,y n.0 |
.

If $(a, B, y) represent the general quadrie, as in section (D) of
this chapter ; then

(o)t (gt (&= {221+ (G )o+ Gl

For,

( ) L+ (dﬂ, (d—f)?F (4a + FB + Ey)a
+(Fa & BB + Dy
+{Za + DB + Cyly,

= (da+ F8 + Fy)a
+ (Lo & BB+ Dy)8
+(Za 4 DB+ Cyly.

= (@) + (@)e+ Gop



TRILINEAR CO-ORDINATES

CHAPTER 1.
EXPLANATION OF THE METHOD. THE STRAIGHT LINE.

1. Tin: position of apoint in Trilinear Co-ordinatesis given by
means of its perpendicular distances from thiee fixed straight lines
which do not meet in a point. In accordance with the usual Tri-
gonometrical notation, A, B, Care employed to denote the angles
of this triangle of reference, and a, b, ¢ the sides which respectively
subtend them ; the area of the triangle being represented by 8.

The perpendicular distances of any point from the three sides
are called the co-ordinates of the point, and are denoted by the
Gieek letters a, 3y y; and the point itself, for the sake of brevity,

258 28 28
by (a, B, y). Thus (‘ﬁ‘. » 0, O)a :\os T U), (0: 0, c_)i and (0,
Ysin €, % sin B\', (b sin C, @, b sinA), (E sin 73, “sin A, 0), repre-
g 27 P 2 2 2

sent respectively the three vertices of the triangle of reference,
and the middle points of the opposite sides.

2. Ttis necessary, as in the Cartesian system, to lay down some
rule for the interpretation of signs; the position of a point depend-
ing upon the sign, no less than upon the numerical value of its
co-ordinates. The direction of a perpendicular is indicated by the
one, as its absolute length is by the other. Thus, a and —a refer
to points which are equidistant from the side BC, but which lie
on opposite sides of that line.

It is customary to regard the a- co-ordinate of any point P as
positive or negative, according as the vertex A and the point Plie

B



2 TRIIINEARCO-ORDINATES.

on the same or on opposite tides of BC the sign of the R~ and
y- co-ordinates being determined in a similar manner. If the

Fg 1

P, (d:n {3:,'?':)-
/

C\E?a @B, 75
A

point lie on the side BC, it is obvious that i*s a- co-ordinate will
be =0. And similarly for points which lie on either of the other
two sides.

Thus then the co-ordinates {a,, 8;,9,) Of any point P tcithin
the triangle of reference, are all positive; whilst in the figure
has one {YIZ the j3- co-ordinate), and P, fwe (viz. the 8- and -
co-ordinates) negative.

3. Bearing in mind this convention with regard to oign®, the
student will have no difficulty in proving for himself that the co-
ordinates of any point {a, 8, ¥)) satisfy the relation

ga+ b8 4 oy = 28, 0)

For if the point (a, 8, ¥}, Whatever its position, be joined to
the vertices of the triangle of reference, it will be seen at once
that the algebraical sum of the triangular areas represented by
1 1
2% 3

4. By means of the relation (1) any trilinear expression may be

1
&3, 3% is always equal to the area of the triangle ABC.
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rendered homogeneous, or raised to any required order, For, since
aa -+ BB 4 ey
25
ing the value of the expression, multiply any term by such a power
of it as may be necessary to raise it to the given dimensions.
Thus the equation

the quantity is equal to unity, we can, without alter-

&4 Bty F=0

may be written in the homogeneous form

187 4 28h(aa 4 38 4 ey)(B + ¥) + B (aa + 38 + ) =0,

and the linear expression
la - mB + ny

replaced by tt o o
g% {ea+ 88 + ey)(la+ mB + ny),

or{Lb,T{ ald*+ b’ + eny* & (bnt-em) By (el an)ya+-(am+- bl)af } .
é. he relation of Art. 3 is. also useful if it isrequired to detér-
mine the co-ordinates of a point, when their ratios only are given.
Instances of its being so employed will be met with in the present
chapter (Arts. 20, 23, 25).

6. The forpgoing account of the method will suffice for the in-
terpretation of the following simple forms of trilinear equations.
(i.) a=0 represents the locus of points the perpendicular
distances of which from BC are = 0. This being true only o
points which lie on that line of reference, a=0 must be the
equation of BC. Similarly 8 =0, y =0, are the equatir.is of
the sides CA and AB respectively. '
Hence the three lines of reference are sometimes conveniently
denoted by the lettersa, 8, y; and their points of intersection by
(87): (ya), (aB).
(ii.) Again a=k (a constant) is the equation of a straight
line parallel to BC, at a distance h from it; for it is true only
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of points which lie on such aline. In the same way /3= acon-
stant, y= a constant, represent straight lines parallel to CA.AB
respectively.

(iii.) The equation g—y =, or =1+, is true only for points
which are equidistant from CA, AB, the perpendiculars upon
those sides being either both positive or both negative; whereas
8 - = 0 is the equation of the loous of points whose distances
from the same two sides are equal but of opposite sign. Hence
B—y—20,8 4 =0 are resnectively the equations of the in-
ternal and external bisectors of the angle at A ; and the equa-
tion /3*—+* = 0 represents this pair of bisectors.
Similarlyy*—a? = 0, a*—8" = 0 represent the internal and ex-

ternal bisectors of the angles at B and C.

(iv.) gy—at =0 is the equation of the locus of points such
that the squares of their perpendicular distances from one of
the sides of the triangle of reference are equal to the pro-
ducts of their distances from the other two sides. The nature
of thislocus will be determined hereafter (Art. 216. (#).)e

7. On the general equation of a straight Vine.

Let PQR be any straight line, passing through the fixed point
Fg 2."

B

Flag: B, v0). ond making with the sides of the triangle of reference
the asute angler 8, ¢, 4.
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Take #(a, 8,y) any other point on the line and let the perpen-
diculars a, ag be drawn. Then, if r be the distance between the
two points, we shall have

a— a=NM&
= rsin d,
and, therefore,
n-— g, =—reind,

In the same way, we get
B—8, =rsing,
¥ — Yo == rsin .
Hence,
a ~— dy 23—30___7'—711
- sin § sin ¢ sin ¥

=zir 6

is the equation of the straight line in terms of the co-ordinates of
a fixed point on it, and the acute angles which it makes with the sides
of the triangle of reference.

The lower sign must be taken with r if {a, 8, ¥} be on the other
side of F, as at F.

8. It will be observed that the denominators of (2) have not all
the same sign: the reader wiil do well to remember the following
rule with respect to them.

One of the segments QR, JRP, PQ of the line always subtends
(as does OR in the above figure) the supplement of the correspond-
ing vertical angle, instead of the angle itself; and it will be found
that in all cases those members of the equation have their deno-
minators of the same sign which correspond to segments that an
in this respect similar.

Thus the lines marked (1), (2) in the annexed figure have their
equations respectively of the forms o*

a—m B—F5 — YT
siImd  —eang sy

1

ﬂ—ﬂoz_l_s_—ﬁo’z?’—?a.

and L S (4
sin ¢ Bt ¢ — sy
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Fig. 3,
A

>\
"N

We have given this form of the equation of the right line, be-
cause, owing to the simplicity of the angles involved, it is more
easily written down in particular cases than the form which we
now proceed to give, and which, on account of its greater sym-
metry, we shall hereafter employ.

9. Let E, F, as before, be the points {a,, By o), {a, 8, ¥,) respec-
tively, and EF= r.

Fig-4.

Let a,, by, ¢, be the angles whica the line EF makes witls the
perpendiculars from any internal point, a8 (ay, B, ¥} ; the angles
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being measured in one and the sam3 direction (namely in that in
which we pass from g, to Op, from /3, »0 yo, and from y, to &), as
indicated by the dotted lines in the figure,

"We shall then have

sin d = cod ay, Bin ¢ = ¢03(<, —) = —c08 b, Bin'y =—cos ¢, ;

and the equation of the last Article becomes, on changing the rgn»
of the whole

a—-ao_'ﬂ-ﬂn___‘y—‘vo___;_r
o8 ¢, cos b, cose T @)

which is therefore the equation of the straight line in terms of the
co-ordinates of a fixed point on it and what we shall in future call
the direction-cosines of the line.

These direction-cosines we shall occasionally denote by A, p, v,
and the straight line itself by (X, g, #}, or by (cos a,, cos &, cos ¢;).

10. The student would do well, by employing a variety of
figures, to satisfy himself that the forms of the equation given in
the preceding Articles hold in all cases, whatever be the position
chosen for the line itself, or for the points {ag. Bas ¥o)s (o, B ¥}

11. To shew that the equation of the right line may be written in
the form
la-l- mB + ny =0,
Let the dii ction-cosines of the right line be X, /x, v; and its
equarioir
a— “nzﬁ_.&fJ:Y—?’ll_
A K v

From these we get
py — v = you — Bom
va =~ Ay == agv — yoh,
which give
(yor — aw)(wy — 98) = (yu — Buw)(Ay — va);
whence, multiplying out, div'iing by », and arranging the terms,
we get
(B — o) @+ (yoh — o) B -+ (e — BA )y =0,
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I " N Lt i
o et I le Rl =0 ®
J“} 8, Tr
s Bos Yo =0
oy ov

12. To sheiv conversely that every equation of theform
lormB4+ay=0
represents a straight line.

Take any point (a. i3, o) as pole, and let the equations of the
radius vector from it to any point (g B,y) en the locus of the
equation

latmBdny=0 (6)
G""l‘l‘u_ﬁ_ﬁn_?_%l_‘
be | T s o= (7)
We have from (7)
a = ap + A
=84 ur
y=r+

and, substituting these values of a, 8, y in (6), we get

(P =+ mp & me)r = (Tag 4 1B+ 1) = 0,
which can give only one value of r for each separate value of
@ Ah ToF °" " (*» /> 0-
Hence, no straight line can meet the locus in more than one
point; the locus of (6) is therefore a straight line?,

13. Polar form of the general equation of the second degree.

The method of the preceding Article may be applied to the
general equation of the second degree

¢la, B, v} = Ad* 4 BE 4+ O 4 2D8y - 2Eya 4 2Fuf = (.

2 1t will be observed, moreover, that if (&, B, s be taken on the locus,
since in that cese ley+ mf, + wy,=0, » will always — 0, except when I\ + mfx
+ar=0 aso, (which, as will shortly be seen, is the condition that the radius
vector should coincide in direction with the locus), and then it is indeter-
minate.
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For putling, as before,

“=aﬁ+lr|‘
ﬁ:ﬁu'}"#rt
Y = v F v

we get, by Taylor’s Theorem, ’
et (D () (2

ia () (G (G042 ()
2 (g +2(a;‘i—;‘?-ﬁ;)*»}f*=°'

(ié (dﬁo ((;?) =20

(d"qs) (fp ‘_(faq,):m
\dﬁ‘, ‘JYU d}ru dal, d?u ‘{ﬂu ¥

st (1 (B (4] o0,
(8}

which is the polar form of the general equation of the second
degree; (e, By ya) being the pole, and X, g, », the direction-cosines,
of the radius vector.

or, since

N

H

14. As it w'll be necessary sometimes to distinguish between
the Wo f— of the equation of the straight line which have been
investigated in Arts. 8—11, we propose to call the former the
symmetrical and the latter the homogeneous form. The latter form
will be denoted by (/, m, n) =0, or simply by (I,mn); the former
as has been already stated, by (A, u, ») Or (cosa, cosh, cost?).
Examples will be found at the end of the work which will fami-
liarize the reader with the method of forming the symmetrica*
equations of a right line in particular cases.

15. To construct geometrically the straight line whose equation is
given in the homogeneous form.
Suppose the given equation to be

la m8 4 ny = 0,
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and, in order to find the co-ordinates of the points P, Q, P, (see
fig. Art. 7) in which the locus intersects the sides of the triangle
of reference, makea=0, 8 =10, y = 0, successively. "We get
(Prelim, chap. (A).) for P, Q and R respectively

a — % _ 2N
0 T a “wm bui—em
a _ f . 28
ZaT 0 T 1 T i an’
a B _ ¥ __ 28
m =17 0 T am—

Hence these points may be obtained geometrically by drawing
parallels to the sides of the triangle of reference at distances
determined by the preceding equations. And, when any two of
the three points P, Q, P, are found, the position of the straight
lineis known.

1C. Jf a draight line pass through the intersection of two other
straight lines ivhose equations are

a4 mB+uy=0,
La4 mB <4 ngy =0,
its equation will be of theform
(a4 w8 + nyy) — Ml 4+ mB 4 2y) =0,
k being an arbitrary constant.

For the equation (%, m, 7Y — (%, g ned = 0 (Art ™ mrst re-
present some straight line; aso, it is satisfied by those values of
a /3y, which satisfy the equations {Z,, m,, #,) = 0, (&, s, 2y} = 0,
simultaneously. It therefore represents a straight line which passes
through the point of intersection of the lines{{,,m;,n,), (f, ma.n;).

17. If the equations of three straight lines (4, e, #7,), (% ms, #12),
(I, mg, n,) be such that the sum cf the left-hand members, ivhen multi-
plied each bg some constant, vanishes identically, these three straight
lines meet in a point.

For suppose L; L,, Ls; to be certain multipliers, such that
Li(hetmBrnry)+ Lo latmoB+ngy}+ Lo lat-myf+nigy) == 0.

Then it is ntardfest that the co-ordinates of the intersection of any
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two of the three straight lines (since they satisfy simultaneously
the equations of that pair of straight lines,) will, by virtue of this
relation, aso satisfy the equation of the third.

Hence any one of the three given straight lines passes through
the intersection of the other two.

18. In the following examples the given triangle is taker,as t]ie
triangle of reference, so that the equations of its sides are a = 0,
B=0,v=0

19. To find the equations of the bisectors of the angles of a triangle,
and to show that they meet in a point.

The straight line which bisects the / A of the triangle ABC
may be regarded as the locus of points which are equidistant from
thetwosidesit.i (8 = 0), A B{y =0); its equation, therefore, will
beg — y,or

g—y= 0.
Similaily, y—a=10, (9
a—§fB=0,

are the equations of the bisectors of the angles B and C respect-
ively.

Also, since the left-hand members of (9), when added together,
are identically equal to zero, the condition of Art. 17 is satisfied,
and the three bisectors meet in a point.

20. If Jup r0¥0) be the co-ordinates of this point, ve shall have,
by equations (9)

28 .
= 8= = e (Prelim, chap. (4).), ,

=5, .(10)
4 !

2s being the perimeter of the triangle.

21. By Art. 16, the equation of a straight line which passes
through the vertex A of the triangle of reference must be of the
form

,B-I-k,y’:C;
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for it passes through the intersection of the lines whose equations
ae g=0,y=0. This is otherwise evident, since its equation

must be satisfied by the co-ordinates of A, (gg, 4, 0)-

Similarly, straight lines through 7?2 and C will be represented by
equations of the forms

7+k2“=0’
g 4 of = 0,

respectively.

22. To find the equations of the bisectors of sides of the triangle
ABC, and to sheiv that they meet in a point.

Let D be the middle point of BC, The equation of AD, since

Fig. 5.

it passes through the intersection of 8 =0, y == 0, must (Art. 21)
be of the form

g—iy=0. (ii)
Also, since D, (‘Lgsin C,gsim'}) is a point on the line, we have
from (11)
gin ' — kein F =0,

and therefore & = zz—-—ﬁ, and, substituting this value for lein (11),
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we get for the equation of AD
gin B 8 — sin ()y.,= 0.
Similarly, gin 'y —sinda=20, find(12)
and smAa—~sinHhg=0

for those of the other bisectors.’>

Also, since the sum of tfye left-hand members of these eghatirns *'
= 0 identically, the three biseetois of the sides of a triangle meet
inapoint. (Art. 17.)

23. This point, which we shall denote by {ay, B, o)., iSevidently
such that its co-ordinates satisfy the relations

sin g, = sin 3, = sin Oy, (13)
or dag = BBy =ty
whence, since deg + 0By + oy, =2 25(Art. 3),

28
aan..—;?sﬁuzc%:—g—- (14)

24. To find the equations of the perpendiculars let fall from the
vertices of the triangle ABC upon the opposite sides, and to shew that
they meet in apoint.

Let p, represent the length of AD, the perpendicular from JX'
on DC. The equation of AD must (Art. 21) be of the form

B—ky=0; (15)
and, sinee J(0, p, cos €, p, cos B) is a point on the line, we have
cos 0 —keos B =0
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whenee, substiluting for % in {15), we get for the equation of 4D
cos BB —cos Cy=10. »

Similarly, cos Oy —cosda=10, (16)
cos.da—cosBE—=10,

will be found to be the equations of the other perpendiculars.

Also, since the left-hand members of these equations, when added
together, vanish identically, it follows that the three perpendiculars
from the vertices of any triangle upon its opposite sides meet in
apoint. (Art. 17)

25. If (ay, By, ve) be the co-ordinates of this point, we shall have,
asinArt. 23,

cos da; = cos BB, = cos Oy, (a7)

and therefore, (Prelim, chap. {A).)

secd  secH  secC  asec i + bseel 4+ esec €

iy ﬁn Yo 2 jq ( 1 8)

26. In the above instances the actual values of the co-ordinates
(g, By vo) have been deduced; but it is to be observed that these
are rarely required in practice. For, as the trilinear equations,
when not homogeneous, may (Art. 4) be easily rendered <o, it is,
in general, sufficient for us to know the proportional values of the
co-ordinates of a point.

Thus, (cosec A, cosee B, cosee ),
(sec 4, sec B, see()

e Eqq. 13, 17) may be used respectively for the co-ordinates
of the point of intersection of the bisectors of sides, and of that
of tI-3 perpendiculars from the vertices upon the sides which
subtend them.

So again, (1, 1, 1)
{cos.d, cos B, cos O

may be taken instead of the co-ordinates of the inscribed and
circumscribed circlesrespectively.
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27. The equations of Arts. 22 and 24 arc perhaps mo~e easily
obtained by the following geometrical \nethod.

For the bisectors of sides—Let P(a,’R,y) be any point on the
bisector AD.

Fig. 7.

Draw DB\ DB"
dicular to AB.

Then, by similar triangles,

perpendicular to CA, and DC, DC" perpen-

B_ PR _ DB _ DCsinC _sinC
y  PC"T DC T DOsmB T sin B’
whenee sin 8 — sin €y =0; ete.
For the perpendiculars from the angular points :—Let Pla, 8, )
Fig. 8.

be any point on the perpendicular AD, and let the perpendiculars
DB, DC, PB\ BE' be drawn as before.

We have
B_ P8 DB _ ADeosC _ eosC,
y PC"T DG ADcosB cosB’

and c0s .0 8 — ¢os g-y‘_- 0; etc,


file:///nethod

"

CHAPTERI I .

THE STRATCHT LINE CONTINUED. RELATIONS BETWEEN
THE CONSTANTS.

28. Itf the foregoing chapter (Arts. 9—12) we have arrived at
two forms of the equation of aright line which have been named
respectively the symmetrical and the homogeneous. We proceed
now to investigate certain important relations which connect the
constants in these two forms with each other and with the elements
of the triangle of reference.

29. First, however, that needless repetition may be avoided, let
it be remarked, once for all, that the equations

a—m o ﬁ"}ﬁl — T_'y[ = (19)
cosa,  cosh cus ¢
and e + B4 my=20, (20)

or, more briefly, {cos a,, cos &, cose) &, mpmy), will invariably
be employed to represent the same straight line.  When the inves-
tigation requires the introduction of another straight line, this
second line will be represented by ((cosa;, cos by, cose,) or (/o, m* ny),
or by both, according as it may be convenient to use either or both
of the two forms of the equation. Hence, wherever a straight line
is represented by (%, m;, m,) = 0, it is assumed that its direction-
cosines are cos ay, cos b, cos ¢;, and so conversely.

30, Z%e relations

sin (5, —e ) ==sin d, cos (8, —ey) = —e¢os A,
sin{e, —a,) = sin &, (21) cos(e—a)= —cos B, (22)
8in (¢, —&,) = sin O cos (@, —b) = —cos (

between the direction-angles of any right line and the angles of the
triangle of reference, follow at once from the equations
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180" — 4 = 33— €1e
180" — B= ¢+, (23)
180°4+ C = —(@ — &),
the truth of which appears from an inspection ol”*tiie figure given
inArt. 9.

i*|. Toprove therelations

acosa, + deosd, + ccoae, =0, N
asing, 4+ bsin ¥, + esine, = 0, (25)
Lcosa, 4+ m cosd 4, cose, = 0. {26)

Equations (24) and (25) are easily obtained by projecting the
triangle of reference upon the line (cos «,, cos &y, cos ¢, ). and upon
any other straight line cutting it at right angles. (See Art. 34).
To prove the last, take the equations (19) and (20), (Art. 29).
From the first of the*e we have
_e=—a_ B—8 y—n
T oeosdy T ocosd T ocose

(fla+m18-|-sr.1ﬂ (:"lul+m131+ﬁly1} . (Prelim. chap (A).)

4, COS iyt #iy COS by 1, COS €,

But the numerator of the right-hand member vanishes by reason
of (20). Hence we must have aso

lieosa, + nyeond, + # cosep==0;

a relation which always holds between the direction-cosines of a riuhf
line and the co-efficients of its homogeneous equation,

32. To find the equation of the straight line which passes through
the point i{a, 8.4) and makes an angle with the straight line
(cos a,, cos by, cos o))

Let (1) in the figure represent the given straight line, whose
Cc
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Fig- 9.

direction-angles are @, b, 13 and let (2) be the straight line
whose equation is required.
Suppose the direction-angles of (2) to be #s & €;; then, since it
passes through the given point, its equation will be
a—a =B ym—n_ . 27

cosey . cosbe T cosey

Draw the co-ordinates of the point oi intersection of (1) and (2);
then, from the geometry, we have

a: = a4,
Similarly bhh=wdl,. (28)
and £ =@ .
Hence (27) becomes
a = ag ﬂ—ﬁ* TN (29)

cos(ata) cos{wtb,) — cos (wtry) ="

which is the required equation.

33, o= g, the straight lines (1) and (2) intersect each other



(ﬂn nal! 7;),

“—'“1__13:“131___7""71_

cosa,  dosh, T cose T

""‘“1,_13“‘191_'!—")’1_
sing, — sind, — eine

In other words, the direction-cosines of two perpendicular right line
are of theform (cos a, cos &,, cos ), (sin ay, sin &y, sin ¢,).

34. The result of the last Article affords us another proof of the
relations (24) and (25) of Art. 31. For, remembering that
aa-+ 084 ¢y = 28 always,
we have from equation (30)

_a—o_ B—B _y—n
cosy — cosdh T cosg

(aa4-884-cy) — (am+-881+on) :
= T acosa,+beosdtecose (Prelim. chap. (A).)

25— 28 .
= g 0or @46 cos b4 e Cos 6

r

and, since the numerator vanishes, we must have always

peosa 4 beosd +ecose, =0,
The relation
asing, -+ bsin b, + ¢sine == 0
follows in a similar manner from equation (31) of the preceding
Article.
34. To jpraxe theformulae
gin 34 = cos *b, 4+ ¢ 5%, -+ 2 cos by cos o, cos A,
sin*B = cos *, 4 cos’s, { 2008 ¢y cos g, cos B, (32)
and _8in*C' = cos *ay + cos b, + 2,cos ¢;c08 b, dos C.
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It was shown [Art. 30) tlat sin 4 =sin(h—¢). We have
ther: fore

sin 4 == sin *(b,—¢),

= (1-~cos?8;) cos e, - (1 — cos’r) cos®h,
— 2cosh, connsin dy sing

= cos®h, + cos’e;—2cosd cos e, (— cos 4
— 208 b, o8 ¢;) — 2 cos b, cos ¥

¥ince (Art, 80), cos.d=-—cos(ty — q);
gin 4 = cos*}; 4 cos’s <+ 2 cos b cos ¢ cos A.

The others follow by symmetry.

35. To prove the following symmelrical expressions for the area of
the triangle of veference.

48

why = @cos A cos®a, + beos B cos b, 4 ¢ cos Ceos ey, (33)

48 s
— 3 =008 b, eos ¢, + 5 cos ¢y 008 a4y + ¢ e0s ay cos by, (54)

By Art. 34 we have
4 8= Psin’d = ¥c* {cos b + cos e+ 2 cos by cos ey cos .}
= B*¢*(cos "B, 4-coa *e;) + e cos A {(deos by, + ceos )’
—Feos ™ —Feos e };
or, singe {Art. 31, (24).) bcosbHecose, = —acosa,

4 8 = beeos A{a*eos®a;) + c{c — boeos A) (5 cos®h))
4 B(b— ¢ cos .A) (¢ cos %ey)

= abe {n cos A cos*a;+5 cos B cos *h+-¢ cos C cos*r }.
Again
4 8 = B uin 14 =1 cos 2B, 1 B cos?e, + 2H%¢P cosh, cos ¢, vos. ! ;
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or, since beosh, = —{(ccose,+-acosa,),
ccose, = —(acosa,4-bcoad,},
and Qbceon 4 = P48 —dh
4 8= —be*cos 3,(c cos e, 4 aeos a,)—b% cos ci{acos 2,4+ Boos b,

+be{i*4-c*—a®) cos b, cos &

= —abefacos b cos o+ bcos e cosa,+eocosm cosh |

36. The results of the last Article are of use when it is required
to find a symmetrical expression for the distance between two
given points (Art. 44). They dso give us the following symme-
trical expressions for the sines of the angles of the triangle of
reference;

sin?4d  sin?B  ain?€  weosdeosir, 4 deos Beos®h, 4 ecosleos’e, (35)
PEREN SR abe )

"
acos,cose - bcose cosa, {- ccosm cosh, (36)
- abeo )

also, =

37. Itisto be observed that, since (Art. 33) sin”, sin5”" sine,,
are the direction-cosines of some line, viz. of some line perpen-
diculartol(cos 4, cos by, cos ¢,,) the results of the preceding Articles
remain true, if for the cosines of the direction-angles we substitute
the corresponding sines. For obvious reasons this remark does
not apply to formulae whichinvolve Z, m,, »,

Hence, besides
Lieosa, 4 nr cosd, 4 n cose, =0,

we have the following relations inwhich &, g, », may be replaced
either by cose,, cos b;, eos ey, Or by the sines of the same angles;

an A+ byt eov=10,
4 2uveos d =sintd,
¥ 4+ A2+ 2k cos B =sinB,
Al ul A 2Aucos C=6inC,
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sin’d4  siniB  siniC 48 acos AN+ beos Bpt 4 ceos OV

& — ¥ T & T de abc )
C qetintow

- abe ’

alsp,

38, By adding the two expressions involved in
15 2 2
= cos AN + b eos Bu® + ccos OF,

since, sinfe, + cos%, =1, te. = ete.; or those involved in

45
- @21’{#&-5- b + ok,

since {Art. 30. (22).), cos (b, —e,) = —cos 4, ete. = cte.; we get
in each case the expression

882 .
m:acosdﬁ-bcosBﬁ—ccosC, (37)

which is sometimes useful, and may assist the student in remem-
bering the more important formulae from which it is derived®.

39. To write down the homogeneous equation of a straight line
whose symmetrical equations are given.
Let the given equations be
a—ap B—F _ ¥
AT o T o’

(38)
and suppose
la - +ny=0 (39)
to be the homogeneous form of the equation of the same straight
line
Since (e, Bas 30) IS @ point on the line, we shall have

lay 4 mBy 4 ny, = 0;

* This formula is easily proved independ nMy; for the right-hand member
24%% + B¢%° + 2a¥— ot — W' —4  Ba(s—a) (s—B) (s—e) BEF
o Babo - abe = abe
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alse, (Art. 31, (26).Y I ¥ mp 4 ;? = 0;

whetice, I m_ B
I-Sm Yo Tor @ - g Ay |y (10)1
¥ v A |" A
and (39) becomes 1
Bos 'yn t)’o o ‘%. B 11
e ¥ |ﬂ+ =0. (11)

40. To find the direction-cosines of a straight line uhose equation
is given in the homogeneousform.

Let ha +mB+ny=0
he the given equation: then, since (Art. 31. (24), (26).)
gcosd, + beosd 4+ ecose, =0
and lcosa, -t s coud 4 n cose = 0,

we have, by cross-multiplication,

cosa, __ eoARd, _ cosg
b, ¢ c, & q, & |
My, Ry A fomy

acosh cose, + beose cosa; -+ ccosa cosd,

= e, @ b a,blb ih, e |le, a|

‘/ﬂlﬂn gIl| b, my “nml “ m1§ﬂ]|+ s th i“luh'
(Pre]m_:l. chap. (B).)

28

T abe of (5 i — 2w, 008 A — 2w, ] cos B— 26m, cos C)

(Al‘t. 3-’)5
28

= abe {h, wam} ,(52)1

if we denote by \[4, m,,#,} the function of &, m, n,, for which it
has been substituted”.

® In the same way the expression
(/ (a2 + B + o —2bccos 4 = Zew cos B - 2al cos O).

will be represented by {a, 3, ¢.}
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41. Tire direction-cosines of (*, m, ?iy) may obviously be written
in the somewhat more convenient form

cos d, _ ' cosh _ cos ¢ _ 1
‘s Byaim € 4sin €, sin £ sind,sinB|  {{,m.m} (1)
wy B L A L, m

the same abbreviation being made.

42. To find the sines of the direction-angles of a straight line, when
its equation is given in the homogeneousform.

By equation (43) of the last Article, we have

Tymyny —(#, sin B—amysin CO°
14, my, n )t -

- -
sin’e, =

1
7 [7F+ mieos’C 4 #cos*B—2m,n, (cos 4

= § by
—sin Bsin €)— 2r,J, cos B—20m, cos C

{I,—m, cos C—mn, e08 BY,

- ‘”u mm.ﬂl}”

!, —wm, cos C—x, cos B
$om, b

Therefore sing, = +

the values of sin b, sin ¢, follewng by symmetry. Hence

sin a Bin &, sin ¢
L —meosC—n 0088 ™ wy—n cosd —LoosC ™ ny—icosB—m cosd

1
- {'{n Hy,y ﬂl}

(41}
2 To shew that
Lisina, + »ysind, + wsine = §4, m,n }.
Hince I, cos e, 4 my cosd, 4 n, cose, = 0 (Art. 31.(24).), we have

(/isina, +nnsind +mysine, P = (I sina, +m, sind, 4 n, sin ¢,y

+ (1, cosa, +my cosd, +n,cosc),
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= B4 mi 4 i 2ogn, cos (B, ~¢))
+ 2n 4 co8(e,— a,) + 2Lim, cos(a, — &)

== I ptd - — 2, o8 A— 2], cos B
hand 2;1?}!‘] coa C

= {1, m, n'}, (Art, 40.)
Hence

1, sine, 4, sind,4-n sine, = {h, my, u} (45)

44, To shew that
f,cos (o)t o, 008 (@ by ) 7y 008 (0f-y) = — {1, oy, 1, } Bin .
Expanding, we get
{,cos(wda) )+ mcos(ot+-8)+meos(wtc) = (I cosa,d-mycosh,
+meosc)cose
— (I, sina; + m5ind,
4+ 8ing ) sikw
= — ({;singq, + m sindy
+ny8ine ) sinw,
(by Art. 31. (24).),

= {EI? my, ﬂ.]} Siﬂw, (46)
by the result of the last Article.
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CHAPTER I I'1.
THE STRAIGHT LINE CONTINUED. LINE AT INFINITY.

45. To find the distance between two points.

Let (ay; By 1), (mey B v2) De the given points, and r the distance
between them. Then, if A u, v are the direction-cosines of the
joiningline, wehave (Art. 9.)

ﬂl*'ﬂz_ﬂl—.&z_')'l —Ye.
AT g T ?

r =

whence, (Prelim. chap. (€).),

. #co8 d{a;—ay)’ + beos B(B,— B e cos Oy —y)
= 2cos AN? + D coaBu® 4 ceos CF

. .
= T {0 cosdm—anf-+ beos BB~ ocosCln =y} (47)

or, (Prelim, chap. {#).}
T “(-31‘"'132) (7’1_72)+b':?1—72) (ﬂl_“2}+c(“1 _ﬂﬂ) (B1bﬁc:‘
= apv + boA + g
b
=- % {“(ﬁl""l&?:'(')’l"i'i)‘i‘ b(?’l_'}‘i)\“:-’ﬂz)+C(ﬂl*‘ﬂz}(.&|_§=}; H
(48)

(47) and (40) following by reason of equations (33) ana (34),
(Art. 35).

46. It is sometimes more convenient to write the results of the
last Article in the following form:

o {ay—ay)" 8in 244 (8, —B,)° sin 2B {— v, 8in 20 "
- 251 .4 s Ksin - (19

alnd
3= [B;*Bz]('h‘“?ﬁsmlj +(’V1—'}'2)(‘ .t 'ﬁz}“i“]f+(ﬂj—ﬂ&\l(&-‘ﬁf)»“inc
- s Asiu Han O .

(59)
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47. To find the length of the perpendicular from the point {a) Bo vu)
upon the straight line {Z, #, #,).

The direction-cosines of the perpendicular will be (Ar{. 33) sina

sin by sin ¢,
Fig. 10.

&, ﬁ;‘:/.')

(Qm’r"p' '

t“‘u) JB oo )

If therefore p be the required length, and a, 8,y the co-ordi-
nates of the foot of the perpendicular, we shall have

a—day B—A8, I .

sina, ~ smd,  sineg P
whenee a=a, teinap
B=§*sin b p

y =7y rsinop
and, substituting these valuer, for a, 8, ¥, in the equation
o -+ a8 4y = 0,
we get :
hag 4 8y 4 myo + (Gsina, 4 mysin g, + mysine)p =0,

and therefore

I Ly + 908y 4 miye
p= ~fsing + msnd, 4 sing

zlﬂu + w8+ Yo =t
=+— W’ (Art. 43,) (51,

where, ag before,
flymy a} = (G mid-ni—2mm, co.sA—lei cos B--21m, 005 0,
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48. Hence also, if a straight line be drawn from (g, 85, %) to
meet the line (I; m;, n;) so as to make an angle with it, its

Hg. 11.

fon, ﬁ 2 }’1)

%]

@,B.Y) 7

Gy )

Iength p iz knownj since, from the geometry of the figure,

.
,Pq_ﬁinm
Thus
Lag 4 1, By 4 2y,
1 o 1 1 l'l.
== {1, sine (52)

49. But this result may be arrived at independently; for the
equation of the line which meets (/,, #,, #,) at the given angle will
be (Art. 32)

a—dp _ B—58 ¥Y—%
cos{w+a,)  cos{w+b)  cos(w+e)
and, proceeding as in Art. 46, wo shall get finally
fiay + mB, + e
J cos (@4-a8,)+m, cos (w4d-§))+ #, cos (wd-¢,)

Liag 4+ m By - My
~ {4, mym}sine

, by Art, 44.

50. Tofind the angle included between the two straight lines
(eos @y, cos &,, €05 ), (zir Hig, ).

Let o) be the angle between the two given straight lines.
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Then, the direction-angles of the firstybeing a,, by, ¢;, those® of the
second will be (w44}, (@ 4+ &), (3¢, ‘Art 82. (28).).
Hence, (Art. 81. (26).), we have the relation
I:cos (w44} + mzcos (m+ ) -’,-n-. cos{w+e)=0;
wherefore
Lcose, + mycos by 4-nsc08¢ =’ tan w{l;sin a4, J- ;810 d;+ nys8in é),

__byens.gmgcosd 4-mpe0se (53)

and tan @
T hyng, dmasind 4506

We have also the following values for sin @ and cos o

lyeor g +mycond4-nycon e

Sihe = W/ {{&eose, 4 nt,0086, 4 nocose, Y4 ( hsing, + ssind, 4aasine )"'}
Leosa, + mocos b, 4+ nicose, .
= y 62))
{"2! Hitay ﬂ!}
Laina sind, 1+ a.8ne -x
oot = = m )+ mgsn iy - 2. 8in 3 (55)
AT

5L, To determine the angle included between the fue straight Hnes
(g, ), (T gy ).
Using the vesulis of the last Article, and remembering (Arts, 41,
12) that

cos @ " cos b _ [LEN — 1
Vsin f1, gi-ﬁ_(?l " ysin €, s A] - lsin Aysm B by memt
|y n, 4 I, ‘
and
gin g, sin &y sin ¢
§ ZmcoaC—ncos m—mcosd—{,cos U m—igosH— e wf

1
- {J}’ Mty N‘l},
we hiave for the tangent of the included angle
Ix \8in &, sin C} e [sin CosinAd ‘ +n smA sin &
5 T

[ m, m m, I, oy i

{ibydm lm..+len. —{ oty ) gos A {u,éﬁ- tody 1008 B8 — (Lpitg -y, Jeos €
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and the following vaues for tan , sin , respectively,

:::g‘|sxm{+’ "Z“smB+[ Y ‘lsmO

Hy gt nlnﬂ—t (g + mgnJeos A —(w],4-nal, Jeos B—(lmy+ T Jeos O
(56)

1y 7% I Z
‘:: :; sm.A+|” an]i’-i-
. {!1, My, ”1} {321 Mg, ’32}

Ll gt oy — (mynytan o eosd — (md, 4 nod Yeos B—(Fm 4+ Lo Jeos €
Yoy mgy w4y gy 20}
(58)

ho 1y r gin ¢
ity

gat+ B +ey=0.

(ﬁl + bf‘ + Gv)‘?’ + (‘mﬂ + 8+ 070) =0

(ﬂo: Bay '}'n) (A s v)'

o+ t+a=0
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CHAPTER V.

PROBLEMS ON THE STRAIGHT LINE.

54. To find the co-ordinates of the poirt of intersection of the
straight lines {4y, a1, #.), (o, 1o 2,).

L et (a4, Bor ) be the co-ordinates of the point of intersection of
the given straight lines, then we shall have

hao 4 .8y + miyo = 0,
Liag + moBy + 1oy = 03

oy By Yo 28

My gl. - :31, Wy
Mgy by i fay 12y

Wy,
gy My |

g (Pt | + 3l f ¢ &, m :
My Ha | | g, &y &gy iz

(59)

55. Tofind the condition that the three straight lines (4, #e,, #,)
) may meet in a point.
(l mgy 1), (&oy Mgy 1y
Suppose the point {ay, By 70) t0 be common to the three given
straight lines. .Then we must have simultaneously

hag+ b +1y,=10,
by + a8+ My = 0,
o 4 Moy + nyyy = 0

and the condition that these equations should co-exist is

I: by 1y, 1y
! Is‘ Mg, iy
i la, ity By

=0. (60)
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56. To find the condition that the three points (ay. Bi» ¥1)s (day By 1),
! Cag, By, vs) May lie in the same straight line.

Suppose the .three given points to lie on the right line whose
equation is
lat mB4 ny=0:

we shall then have
Ioy + mB + 0oy = 0,

and these equations caf‘fﬁot gfﬁé:t"'t&'@’étﬁér ’unless

and la, 4 an Brs 3,

s BQ! ¥u
[ @35 Bas Y3l

=0, (61)

which is therefore the required condition.

57. To find the symmetrical equations of the straight line which
passes through the two given points {m, 8, 1}y (a5, 8, ).

The equations of a straight line through i{a,, 8,, y.) must be of
the form

a—a ﬂ____Ez_'}’_'J’x
x - = (62)

Also since {m, 81, 11} is a point upon the line, we have

a; == ﬂz B —5 ¥ Y
A s = (63)
Hence, eliminating &, u, » between (62) and (63) we get

a~a B—FK_y-uw
o dy o — 13» - ‘n

(01)

which are the equations required.
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58. To find the homogeneous equation of the straight line which
passes through the two given points (ay, By, v1}, {as. By v2)-
Suppose the equation of the joining line to be
lo 4+ mB+4 ny=0: (65>

then, since the given points lie on the line, we shall have, to
determine 7, m, n,

la, 4+ mB, + ny =0, (66)
and la, + mB; + ny, = C. (67)
From these, by cross-multiplication, we get
) mo o onm
‘31 " vea|  |an B
24 ¥a Far g Az, ﬁ% ]
whence, substituting in (05), we have for the required equation
B, | Y @ ap, .Bl =0, 68
ﬁgv'}zi a-+ Yo 0 A+ ﬂzsﬂn ( )
or, more briefly,
a, 8, Y
ap Bup|=0.
oy By 12

In the latter form the equation might have been written down
at once as the eliminant of the three equations (65), (66) and
(67).

59. To find the homogeneous equation of the straight line which
passes through the point {ay, &, y,), and whose direction-cosines are

A, gy v,

L et the equation be
lo +mB 4+ ny=0;

then, since (ay By, yo) 1S @ point on the line,
lag+ mfy 4 ny, =0
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also, (Art. 31. (26).), I +mp w0 =0,

And, eliminating &, %, "between, these three equations, we have
for the required Equation
;1’ B! ¥

o Isl}t Ye = 0' (70)
A, py ow

This equation may also be written thus:

.Bn- Yo g 180

oy

s |y =0 (71)

e+

60. If the equations of the two preceding Articles be compared,
it will be seen that the homogeneous equation of a right line may
be formed with equal ease, whether the co-ordinates of two points
on the line, or the co-ordinates of one such point and the direction-
cosines of the line, be given.

61. To find the equation of the straight line ivhich joins the point
{as s )] t0 thepoint of intersection of the staight lines (&, m,, n,),

U‘xn g, ”3)’
The required equation must (Art. 16) be of the form
ho <+ mB 4wy + Kl 4 maS 4 ngy) =0, (72)

because it passes through the intersection of the given straight
lines.
Also, since it passes through (aq, 8y y,}, We have, to determine Kk,

Loy + mBo + mye A E(Lug + mafy + nayg) = 0
and (72) becomes, when this value is substituted for k,

Uz%"l'maso'{'”ﬂo)(lﬂ+mlﬁ+?317)2(Jlﬂﬂ+musu'}'”;Tu)(lzﬂ"l‘”’?ﬂ'l'”ﬂ)
(73)
62. To find the equation of the straight line which passes through

the point of intersection of the straight lines (&, #, 1), (%, 3, #2),
and bisects the angle between them.



PROBLEMS ON THE STRAIGHT LINE. 35"

The bisector is the locus of points the perpendicular distances of
Fg 12

leuﬂ/ . -

(Ip?ﬂ‘vﬂ-.)

which from the two given straight lines are equal; its equation
therefore (Art. 47. (51).) will be

:’ﬁ-l- mB + ny . o -+ .8 + ey (74)
L0, ey Ry } =y g 1}

the upper sign belonging to the internal, and the lower to the
external bisector.

63. If the direction-angles of the two lines be given, and
(20, ft,70) be *heir point of intersection, the bisectors will be re-
spect’ 2y represented (Art. 33) by the symmetrical equations

e—a __ B—8 N i -
cos a_'-t.f? cos ff_'.:i.__f’_? coRs fl_+ 2 ( )
2 2
a-—a, _ B-—8, . ¥V
and - - 7J
sin™t % gin b+ b sin . to (79)
2 2 2

For the direction-angles of the internal bisector are the Arithmetic
means between ¢, and i, & and &, ¢, and ¢, respectively; and the
external bisector cuts the former at right angles.
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64. Tofnd the condition that two given straight lines (4, #, »,),
should be parallel to each other.
(fay g, 2y,
The two given lines must, if they are parallel, have the same
direction- COSIHGQ“‘R hnnr:ﬁ (A rt ’2 1 we mqu hn\/d: not Qn|y

and lhcosa, 4 meosd + n 2056, =0,
but also Leosa -+ mycosh -+ nyeose, = 0.

whence, eliminating eos a,, coz ¥, cose,, we get for the required
condition
a b e i
omn =10, (77)
Jn, gy Mg

65. To find the eguation of the straight line which passes through the
point (e, By y0), and is parallel to the straight line {4, m, ).

This straight line may be regarded as the locus of points the
perpendicular distances of which from ¢, » Y are equal to that
of (m, By v) from the same right line. This (Art. 47) will be
expressed as follows :

lat+m3+ fyy fing - 50,8, 4 My
{ym ) 1y, oy, }

ha+ mB+ nyy = hay+ mBy + H1¥o- (78)

¥

66. Or we may proceed as follows :

Since the straight line passes through the point (ay 8 %) and
is parallel tolf,. =, #,), its direction-cosines (Art. 40) are respec-
*'vely proportional to

R I i :
[y, )’ 'nl, A Zl, ml +
and its equation (Art. 59. (70).) is
a, .Br ¥ I
g, B =0. (79)
by, —omsy, ehy—an,, aml—HJ
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This equation is ia the homogeneous form, and, being identical
with

(:ﬁﬂa+6ﬁa+"}’n)(zlﬂ+mlﬁ+ ”1)’)=(€lﬂofm:ﬁo+”1?u)(““+5:8+07): (EO:
is equivalent to (78) of the last Article, since

aag+ U8yt oy = ta-t-b+t ey, (Art. 3).

67. From (78) it appears that the general equation of a straight line
parallel toi(Z, m,n,) w

Lo 4 a8 4 ny = k (n constant), (81)

a?id, conversely, two straight lines are parallel when their eguations
differ only by a constant term.
Equation (81) becomes (Art. 4), when rendered homogeneous,

k
hat w4 my= 25 (2a 4 83+ ¢y),
and is therefore of the form
lay -+ mB, 4 0y, = k' (aa 4+ B3 + ey}, (82)

the meaning of which (Arts. 16. 52) is that every straight line which
is parallel toif,m,,»,) passes through the intersection of(/y myny) with
the straight line at infinity.

Thisfollows aso from the condition of paiallelism(Art. 64. (77).),
which expresses (Art. 55. (60).) that the given straight lines must
intersect on the straight line at infinity. Indeed we might have
assurL. | this property of parallel straight lines, and deduced from
it the condition of parallelism by the method of Art. 55. For the
convenience of the student this form of proof is given in the
next Article.

68. To find the condition that the straight lines (4, #,, #,),
(%, g, my) smay be parallel,

If the given lines be parallel they will intersect on the right line
atinfinity. Let (a8 yo) be their point of intersection; we shall

have Ca+ W + on =0,
Lay 4 mB, 4+ =0,
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and lyy - M8y + Reyo = 0:

and, eliminating a,, 8,, y, from these equations, we get for the re-
quired condition
a b e
A 9:11 =0,
[ Ig #iig, g

69. It was shewn in Art. 33 that the straight lines {cos ¢, cos &,
cose,), {eosay, cosh,, case,)l iVill intersect at right angles, if

Cos 4y, = Sin a,,
cos b, = sin b,
€03 &3 == 8it £y,

Hencealso, since (Art. 31)
Lcosas 4 mrcosh, 4 nyeo50, =0,

the condition that (7,, iy, #5) should be perpendicular to i{cos a;, cos b,
cos ¢)i IS
Iysina, 4 wysin b, 4 ngsine, = €, (83)

70. To find the condition that the straight line{cosa,, cosdy, cos ey’
should he perpendicular to the straight line {#,, u#,, n,).
By Art. 33, we must have cos a; = sin a,, ete. = efe. glso, (Art.
42. (44).),

§in a4 fin &, gin e,
§ —nneos U—neoadd — o —neusd —lcosC ™ ny—feosBB—mcos.d,

Therefore the required condition is

eas _ cos iy _ COR
reosl—meosli T o —meosd—deos ('™ n—lLeos B —ncosd

(84)

71. To find the condition that the straight lines <&, sy, #,), (%, #g, 723
should be mutually perpendicular.

We have seen (Art. 33) that if the given straight lines intersect
at right angles, ¢cos a,= sin @, etc. = ete. Hence the relation
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I, c09 @ + mycos by 4 nyc086 = 0
of Art. 31 becomes
Lsina 4+ weain b + neeineg = 0,
or, since (Art. 42. (44).)

win 2, sin b, sing
L —meos C—noondd ™ m, —ncusd —lcos 0= - lwsﬂ—mlcus.a‘

Iy, —tireos C—mcos BY iy my—m o8 A — Leos j+?r,in1 -1, cos B—mycos.4)=0,
that 1s,
bt momyt mip— (gt mgn Y cos A — (n -+ mgd Y cos B— (L4 Ty, Yeoa €=0,
(85)
which is the required condition, another and somewhat more in-
dependent proof of which is giveninthe next Article.

72. Let the equation of the pair of lines be
(2,8, )=t mB-1-ny) (et my8-4ngy) = 0
=1’ + ming S+ gy + (muns + mmgn) By + (13 - 1)y
+{fmgt-lym)aB =0,

The polar form of this equation, any point (&, ft, yo) being taken
aspole is(Art. 13.(8).)

90w} + {(""’)H(gg:) +(“’¢'\ br ks =o.

Hence the radius vector is infinite, and therefore paralel to
(f omymy), (g iy, 25),, When the direction-cosines satisfy the equation

or
bEN 4 myma® b g’ (i gty v (o dy gl Yok (g fom g =0,

But (Art. 33) the values &, s,», Which correspond to a pair of
perpendicular lines, mrst le of the form (cos 4, cos ,, cos &) and
(vinr, gD beBine  respectively.
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We have therefore, by (86), both
L]
¢ (coad,cos b, cos0) =190,
and ¢ (sin ap sin by, sine) = 0:

adding these, and remembering tlat cos (b, — &) = — cos .,
cte. = ete., (Aut. 30,(22).}, we gt

Wit mnig-b sty —(n ety 1, Yoo — (ndo-b mod, Yoos B — (Damg + Ly Yeos €=0;
(87)
which is the condition sought.
73. It may be remarked that, since
al+-bmn+ en— (bin+ em) cos A — (el +en) cos B—{am4-bl) coa A=0

adways, any straight line {I, m, ») whatever is to be regarded as
perpendicular to the straight line at infinity (Art. 52).

7<. It is only necessary to remind the reader that the conditions
of the immediately preceding Articles, as wejl as the condition
for the parallelism of two given straight lines, follow-at once as
corollaries from the results of Arts. 50, 51, of the last chapter.

75. To find the symmetrical equations of the straight line which
passes through the point {ag, 84, ¥;),and is perpendicular to the straight
lineC

:‘.‘u iy, ﬂl)'

The required ¢ s BB yey

ging °

slug, — sind,

. a—a = 8- —- Y%
e-mpeosC—measdt  m—mequd —leosC T g, —leos B—arcos.d’

(88)

76. To find the homogeneous equation of the straight line which

passes through the pgy, Be, w)and is perpendicular to the straight
line(h, my, m).
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Suppose T4 mg8 4 gy =0 (80)
to be the equation of the perpendicular.
Since it passes through (o By ), Ve have
Tyto -+ ma®, 4 tigye = 0. (90)
Also, since it is perpendicular to (Z, my,#,), wehave (Art.69.{83\)
fysin g, + mysind, + mysing == 0, (92)

Hence, eliminating /. #, #¢., between equations (89), (90) and (91),
we obtain for the required equation

{ Oy 61 Y |
} Ay B, Y = 0, (92)
‘sin ¢, sin b, sin ¢ !

Or, (Art. 42,)

o, B, Y
™)) By Yo = 0.
f—mcos C'—ne08 B, vy, —m cos.d—lcos (", »,—1,co8 I} —m,cos.4

(93)

77. To find the homogeneous equation of the straight line which passes
through the point {a,, 8, y.), and makes an angle with the straight
line (7,, any, ).

Assuming fn+ mg3 4 ngy = 0, (94)

for the equation of this straight line, we have, since (ag, 8y, o) lies
upon it,
bay -+ maBy 4 myyy = 0. (95)

Also, since its direction-cosines {Art, 32} are cos (v + @)
208 {& 4 b,), o8 (@ 4 ¢,), the relation (26) of Art. 31 becomes

heos{o 4 )+ mcos (04 b) L nye08(e + 6) = 0. (96)

¢

Therefore, eliminating 7, m.. %, between (94), (95) and (96), we
have kor the required equation
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ay .81 Y
iy, Bu Yo =0 (97)
cos{w4-a,), cos(o+8,), cos{otc)!

But {Arts. 41, 42) cos (@ + ) = 08 w.c08 2, ~— 8in w.5in 7,

sinf, sin(

cos @
I N

= —cin w{l,—m, cos O—n cos B }
7 {ll!mlaﬂl} h 1 1 )

_ m sin (o4 B) 4 mysin (w— ) =4 sinn
- {h; o1, 1} !
with similar values for cos {w + &), cos (o + ).

Hence (97) may be written

o, ap, & sinw—m, sin(w— ) —n, sin (w4 B)
8, By, v simw—x, sin {w—.1)—1, sin(ot O)
Yo Yo # sina—I{ sin (@— &) —msin{eo-t.4)

= 0.

(98)
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CHAPTER V.

ANHARMONIC RATIOS. HARMONIC POINTS AND,PENCILS.
HOMOGRAPH1C SYSTEMS. INVOLUTION.

78. I'n the present Chapter a short account will be given of the
theory of Anharmonic and Harmonic section, so far as it relates to
the properties of the point and line. For a more complete in-
vestigation of the subject the reader is referred to geometrical
treatises®.

79. When a pencil of rays, originating at a centre 0, is cut by

a transversal in points I, £, Py . L P PP, PP L., are
Vig. 13
[+]
Pl
P
+ 183 5y

conveniently employed to represent not only the corresponding
segments of the transversal, but likewise the angles which those
segments subtend at the centre of the pencil. In the same way ~
shall occasionally use P, Py, P, . . . . to denote the rays O.F,, OF,
or, ....

With reference to the range of points Py, Py, Py, . ... the trans-
versal is sometimes called the axis of the system.

2] mention Townsar AS " Modern Geometry," Hodges, Smith, and Co.,
Dubliﬂ%S—S. fy:" Hodg
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80. 'Definition of Anlarmonic ratio.  Let the segment (or angle)
PiP; be divided, as in the figure of the last Article, by the two
PP BB ( .

I PR O O

points (or lines) P, P4; end let the two ratios

sin P, I sin 4% P.)
sin 2, 2, sin P, .P‘}

b edenotedb y

1 , respectively.
Dy 4 (Or T 0’4)

Then the ratio p; ! py (or o, : ¢} and its reciprocal py 3 py {or
&, : oy) ae the two (inharmonic ratios which are due to the division
of the segment (or angle) 4.

Written at full length this pair of Anharmonic ratios will be

P] -P2 . ])1 Pl

»r DA

(or sin P, Py sin D P

sinds £ sin Py P

but the following abbreviations are often used ; viz.

{ Py, P} and { PP, P}, (99)

, and its reciprocal,

and its reciprocni) :

to express the pair of ratios for the system of points, and
{O.I)]P‘\" Pgl)‘} and {O-Plpa, P‘PQ} (100)

to represent the corresponding ratios for the pencil.

81. But when four points on a common axis ( r rays through
a common vertex), I3, Py, Py, I, ae given, any one out of the six
segments (or angles) P8, PPy, AP, WD, P, 1%, may bere-
garded as the divided segment (or angle), and we shall have ac-
cordingly twelve anharmonic ratios; viz. the following six,

{P.F;, PP}, { s, PPy, { PP, PP, ete.,
and their six reciprocals
{ PPy, P 1%}, { P, PP}, { PP, P P}, ete.
(or the corresponding ratios of dne®>).  Their number, however, is

only half of that stated above; for it vill be found that the ratios
of the segments (or sines of the segments) of P, P;, made by PP,
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)

are the same in sign and magnitude as thc"e of the segmfMts (or
sines of the segments) of 7, made by }7,, Py; so that {pr,
PP} = {pr, PP}, and so on. Hence for a system of four
points (or lines) there are but six different Anliarmonic ratios, ivhereof
three are the reciprocals of the remaining three: viz

{PIPS ]’,I"}. {I’,I’a, PJ"}, {PIJ’,,, Pzpa}l

{Plps- P-J’s}» {i,lpa‘ PiI’Z}! {P1P4, ]);Ps}-

82. These six Anharmoi.ic ratios may he represented briefly by
X, Y,Z, and their reciprocals; and from an inspection of their
actual values it appears that
LU
Xy z—

The student will have no difficulty in proving that they are aso
connected by the following relations;

X¥YZ= —1, and — L (101)

1 1 1
X-l"_‘(_r:__l’ Y+F/“=1; Z+ T=l' (105)

83. If a pencil of four concurrent lines be cut by a transversal, the
anharmonic ratios of the four points of intersection arc equal to the
corresponding ratios of the pencil, and are therefore the same for any
position of the transversal.

Let a pencil, having its centre at 0, be cut by a transversal in
the points 1%, 1%, L. 1.

Fig. 14
(0]
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Usir 1 the notation o” Art, 80, we have
_np, PP,
=nr, P

_ AOPP, AOP P,
T AU, A0, P,
__ 0P, Olysin P4y OP. OP, sin P D,

T OOl e PP O, OF, sin PP,

_ 111"[1_{’_7_’, sin P\ P,

“em 0, sin P

={o.rnr, nel. (103)

And the same may be proved with, respect to the remaining live
anharmonic ratios of the range.

{PIPSr PEPd}

, (Fue. ¥i. 1))

84. It follows from the thcoiem of the preceding Article that //
two pencils originating at 0 and O\ are such that their rags intersect,
Fig. 15.

0

two and two, in points which lie in the same straight line, they will
have the same anharmonic ratios.

For, if .p, P, P, P, be the points of infyarscction of the two
pencils, then, since their annarmonii raos are equal to the cor-
responding ratios of each of the pencils, we have
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{0.2.2, PP} = {PLyP.LY
== {O‘. II)S:I' Igp,'} (10‘1)
ete. = ctr.,

and the pencils are therefore equi-anharmonie*.

85. Any two pencils which arc so mutually related thaPtheir
corresponding rays intersect in pairs collinearly are said to be in
perspective, or in homology with each other; and the line on which
their common points lie is called 'he axis of perspective, or the axis
of homology,

86. Definition of harmonic section. Any segment (or angle) is said
to be harmonically divided by two points (or lines) when each of its
two anharmonic ratiosi{Art. 80y = — 1. Thus the line (or angle)
£ Py will be divided harmonically by the points (or lines) #,, 7,

nr, Pr (01_ sin P, sin PP,

0 . P, s 0% " sin 1,31,). or its recipro-

provided that -

cal, == — 1; and then the points (or linest /%, I, are said to be
harmonic conjugates with respect to .2, Fy; and Py, I, Py P, form
a harmonic range (or pencil).

87. The equation of harmomcism
»e P
13‘ P 1) I') =1 (105)

may be written in the form

PP, D2,
1) 1” = — :ﬁ:l_’; (m

Hence we conclude that a segment which is harmonically divided is
divided internally and externally in the same ratio. This is some-
times taken as a definition of harmonic section.

b Eqw -anharmonic syster s of points Oi'lines are said to be homographic.
The tw” pencils in fig. 15 e boili homographic and perspective, (Art. 85).
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88. Another definition is afforded by the following property,
which is v asily deduced from (105). If the segment.’,P; le har-
monically divided by .7, #; and C be the point which bisects .7, ;
then

OP2= OP*= OF,. CF,. (107)

89. The condition of harmonic section may also be written in

tl.e form
{PlP_,,I’gP‘} ={P:P3' P-ip?}) (108)

(or {O.PP, PP}=10.PP,PP}); (109)
for the only case in which the two reciprocal ratios of a divided
segment (or angle) are equal to each other is that in which the

dividing points (or rays) are harmonic conjugates of the two points
(or rays) by which the divided segment (or angle) is terminated®.

90. To find the anharmonic ratios of a pencil of four concurrent
lines whose direction-angles are given.

Fig. 16.
0
\ P4
Fs
Fa
P1

Let the direction-angles of the four rays OF,, OF,, OF, OP,
‘ay, by 07), (82, byy €2), (@0, by, 63}, (4, By ;) respeetively.  Then if
For (108) gives G:—:j:: : i:i: j:;;:: j—::—% +

and, neglecting the positive sign, since it makes the points 7, P,, coincident,
‘Pl P! : Pl P4
!)BI)S P!P‘

)’ = 1. Therefore

we have

= —1, the conditicn of barmenie sectiongs (Art. 87.

(106).).
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fog 50 o) Dbe the co-ordinates of 0, the equations of the rays
will be

a=—ay — B—8. — ')‘—‘}'n, ete

COS &y cos 8, . .c080
Also, as in Art. 32,

LPPi=agy—ay=b—b = c;—e,

with similar values for the other angles of the figure.
Hence, to take only one of the six anharmenic ratios (Art. 81),
viz.
sin PP,  sinP P,
siw 12,7, | sm PP,

we have for its equivalent in terms of the direction-angles

sin (ay—aq} | sin {m—a,)
* »
g {wy—ay) S (e —ay)

(110)

or either of the expressions derivable from this by the substitution
of (&, &y 8,y and ey, €, £, successively for (e, a., o).
The remaining five ratios may be formed in the same manner.

91. To find the condition that four concurrent straight lines, whose
direction-angles are given, should form a harmonic pencil.

Recurring to the figure and notation of the lust Article, we
have, as the equivalent of the relation

sind) Py sinP, P,

CITT L LTIV LY

— 1 (Art. 87},

s _
sin (v, ay)  win{m rr,,_)__ 1. (111

s (o, —a,) sin{ag—edy}

inwhich, as before, (a,, @, 73y may be replaced by (&, k.. 5;) or by
f
[6‘1, €z Cﬂ)‘

If the condition (111) be satisfied, the pencil will be harmonic,
and (cos dg, co8 by, €8 6 (dos a,, eos d,, cos ¢,)ndl will beharmonic
conjugates with respect toKecosae,, cos by, ege ) and (cos ay, cos by,
CO8 £5).

E
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92. To find the anhawnonic ratios of a pencil of four rigid lines
which ptcs through the intersection of the given lines (4, m, n),

(Zu» s 130}

Fig. 17.
L

P

Let the equations of the four rays OP, 0P, OP, OF, {Art.
16} be

(I, gy 1y) — Ky (Z: mn, n) =0,

(Lo w29, 1) — Ky (£, 1, 2) =0,

(lﬂ’ g, ”0) - '{"3 (J) ", ﬂ’) = 0!

(o g, 100) — Bu{fymym) =10,

(112)

respectively.

Draw any transversal, parallel to (£, m,n), meeting the succes-
siverays of the pencilin g, #4, #s, 24, and I, 22, 53 NL. Then,
(Art. 83. (103).),

{0.2,P, P,P.} = {pps i}
_ P b
= Puda Papy
_onl—pL pl—plL
»l—pl pl—pL
- k:“’“‘ﬂ . kl_;‘id
Tk ek
and the other five ratios may be formti in a similar manner.

(113)

® For p, X, p, L, eic. ae proportiona to the lengths of the perpendiculars
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93. From (113) it appears that the rnharmonic ratify of the
system of rays are independent of the constants in the equations
of the given pair of lines (Z, mq, 1), (2, m, n).

Hence, if there be another pencil of lines having for their
equations

(J’o, "'y, ﬂ'u) — & (7, w, ?8') =0,
(Toy gy o) —ha(f,m,a)=0,

114
(Foy My 1) = iy (I w0, ) =0, (114)
(‘,’bﬂ? #'y, ﬂ'u) -k (r, n, '?3') =0,

this pencil will have the same anharmonic ratios as that of the last
Article; in other words, the equations (112) and (114) represent
homographic systems.

94. To find the condition that four straight lines which pass through
the intersection of the pair of lines (%, #s, ), (£, #2, n)i should form
a harmonic pencil. ’

Let us employ the same notation as in Art. 92. The equation
of harmonicism
PPy PP,
PP, PP,

1,

(Art. 87. (105).), becomes, by reason of (113),
b=k RB—k

ka'—kse ) ks""k.a—

and, if this condition hold, the second and fourth lines of (114)
will be harmonic conjugates with respect to the first and third.

—1; (115)

fromp,, g, €C. U (1, mq, n,), and therefore, as will now be shewn, to
k,, k,, €C. respectively. )

$ 5 to be the length of the perpendicular upon (2, =, #) from an.
point on the transversal. Then (Art. 46) the perpendicular from g, [{a, &, ¥)
gt tmaB4nyy  lan+mB+ ay
{bos gy 80 } B {lor Mo ag}
= {I) n, “} la+ mB +ay b = {l, m. u}

{lor oy mp} {1 mut T T T my, n,d

Cis acongant for all points on the transversal.

&y [(112) first eq.]

4
say] upon {7, my, m,) =

. 8k, (Art. 47) = Ck,, where
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95. To find the form »/ the equations of any pair of straight lines
which are “wmonic conjugates with respect to the given pair (&, 7, #4),
{1, m, n).

L € (zﬂs ", ﬁ!;)_kﬂ (Jt m, ”) =0 6 )
Ty gy ) —ks (C, e, m) =0 (117)
be the equations of the pair of conjugates.

Applying the condition (115) to the equations

(Toy gy 1) == 0
(ED! My, ”n)"‘"vg (l, ., ﬂ):_“'o
(& m,n)y=0

(zou Moy ”o)"'k.‘ (l, m, n ) = 0,

we find that (116) and (117) will represent harmonic conjugates
with respect to the given lines provided that

F'l _ie . & _kij’
f-’a"‘""? ks—;‘»: i‘
a

k; = — %, = x(suppose).

o=~ 1
[ <]

Hence four straight lines whose equations are of the form
(zoa o ﬂn) =0
(I, m n)=0

(Lo, gy 1) + 2 (1, m, »Y=10
(o meng) —x{l, m, n)}=0

(118)
(119)

form a harmonic pencil, (118) and (119) being conjugate pairs.

96. COR. Since the equations
(Zu "y, ”1) =0
(‘12, o, ”2) =0

f1ﬂ+m13+'n1? + Z,a-{-m;.,t +-n,v =0
{tls ml){ "'.I.} - {32! My ”ﬁ} =
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(Art. 62. (74).), are of the required form, we see that thenternal
and external bisectors of the angle include® by any pair of < ight lines
are harmonic conjugates with respect to them.

97. In the preceding Articles we have taken the most general
case. It will be at once seen that the harmonic pencil formed by
the linesg =0, y=090, 84+ y=10, 83—y = 0, affords an instance of
the theorem of Art. 96 : also that the pencil

B—lhy=0

— k=0
Py (20
g—ry=0

is nomographic with (112) and (114).

98. To prove the harmonic properties of a complete quadrilateral.

Let B¢, OB, B, C;B,, be the sides of the tetragram; »and
Fig. 18.

.

.,
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let A, £+; By By; €, &, be the pairs of intersections of opposite
sides; as., let X, F, Z bq the points of intersection of the three
diagonals.
Take A4, B, €, for the triangle of reference, and let the equations
of its sides, taken in order, be a = 0, 8 = 0, ¥ = 0, respectively.
Assume for the equations of the two diagonals XY, ZX

la ~mg=0... XF)
ay—la =0,.,(Z7X)
respectively. The equation of .b.{%, the fourth side of the quadri-
lateral, will be of the form ay — la+4 28=0, dso of the form
, (Art. 1G): and, identifying these two equations,
la—mB 3+ kv=20.

we get >f = 2, M= —u-: from either of which we find
lu—ﬂiﬂ—nyzo.. -( 2Ll2

to be the equation required. Also, since the line AxX passes
through the intersections of /3=0 withy = 0, and of X¥ ({e— g
=0) with ZX (ny—Zla=10), its equation wi?l be of the form
834 bye=0, or la—mB + & (ny—In) == 0; and identifying, as be-

. i ) .
fore, weget =1, k= ——= — ol therefore the equation of

A X is
m3—ny=0...,.4X)

Again, since YZ passes through the intersectiom of 8= 0 with
y=0, and ol a=0 with #;¢% {Ia — mf—ny = 0}, we obtain, by
a similar process, for its equation,

mBtuy=0...(YZ).
Hence A4,¢(g=10),
4,6 (v=0),

A X (m@ — ny = 0),

4, ¥ (mB 4 ny=0),

(Art.95,) form a harmonic pencil, anc &, Cp, X, ¥ are four har-
monic points.
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la the same way it may be shewn that
{By. 4,4, YZ}%, {C,. BB, XI"}

are harmonic pencils, and, consequently,
{4,4, Y2}, {88, XY}
harmonic ranges.
The triangle XYZ is sometimes called the harmonic triangle,
since its ddes are harmonically divided by, the pairs of points
Ay, Adg; By, By O, O, respectively.

99. The reader will observe that the harmonic properties of the
quadrangle (or tetrastigm) are also established by the proof just
given in the cax of the quadrilateral. We have, therefore, as the
result of Art. 98, the two following reciprocal theorems.

(& In every tetragram the three pairs of opposite intersections
divide harmonically the three sides of the triangle determined by their
three lines of connection,

(/3) In every tetrastigm the three pairs of opposite connectors
divide harmonically the three angles of the triangle determined by
their three points of intersection. (Townsend's " Modern Geo-
metry," Art. 236.)

HOMOGRAPHIC SYSTEMS OF POINTS AND LINES.

100. Definition of homography\—Two rows of point? on any axes
(or pencils of rays from any centres), gy, Pa 2 v + . 20 G35 Goy G4y« - -
are said to be homographic when they correspond in such a manner
that the anharmonic ratios of any four points (or rays) of the one
are equal to those of their four correspondents in the othe".
(Art. 84, note)

The homography of the two systems is expressed by the equation

{231152153- cr={0ee. .}
(or {O.pipops.  }={0.01gags. .} )

but il the following Articles, for the sake ~f brevity, the former



56 TRILINEAR CO-ORDINATES.

notation only will be used; the student will have no difficulty in
seeing where the latter is implied, and the ratios of segments may
be replaced by the corresponding ratios of sines.

101. Three piirs of corresponding points (or rays) are sufficient to
determine two homographic systems;, for if we suppose the three
pairs g, ¢:; P gz Par @ t0o be given, the correspondent g4 of any
fourth point (or ray) j», (taken in the first system) is known from
the nomographic Nation

{mppapet = {0 0:mei } (121)

102. Point on either axis which corresponds to the point at infinity
on the other. Let /, J' be those points of two nomographic systems
{Popops.. .} {40 24 -+ .}, Which correspond respectively to
Tos P o, the points at infinity on the two axes.

We have, by th £, p. s I} = {0, 92950 }»
P ool 0, fifn

that is, 2o T B e
N qs
= 2.0, 122
g2 (122)
Similarly, i ds . ﬁ_'!._}_’_l_?i!_ 123)

103. From (122) and (123) it appears that if the correspondent
of the point at infinity on either axis, and two pairs of corresponding
points, be given, the correspondent of any third point, taken on either
oris, is known.

104. If the points at infinitym the two axes correspond, the systems
\Will be similar: for then

{mppret={at:tstah
L

whence Pbs LIVES
Py T f20s


file:///vill
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nn_ 60
PP Bh

Similarly, — paps _ @s8s  ap oo BB B0

T Gh np Qe

Therefore P i =00 Gt 19

And, conversely, the points at infinity on the axes of two similar
homographic systemscorrespond.

COAXAL (OR CONCENTRIC) HOMOGRAPHIC SYSTEMS.

105. Double points and lines—In every system of two homographic
rows on the same axis {or pencils of rays from a common centre) there
exist two points (or rays), called double points (or rays), which are their
own correspondents. For suppose the two coaxal systems to be
{pimps. b 1t . - o3 Since they are homographic, we have

{pops. y={0gne. -} (124)

Let/, J(Art. 102) be the points which correspond to the points
at infinity p, y«, and suppose x to be a point which belongs to
both systems and is its own correspondent; we have by (124)

{Preo de} = {91 S92}
or, pld pez Nfn . 0¥

therefore [ X It
pnd T Jx

BT — P

pr—pd

(by introducing an origin;s), whence we get

paf — (pd+ pd Vpa| + pd . pg = 0, (125)

a quadratic which determines two positions of x, its distance being
measn ;ed from p;.
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If C he the middle point of the segment 1J, we have

I+pF
nl= B Th -2'-}’1 4
and (125) becomes
paf* — p,C. pia| 4 pl pigi = 0. (126)

There are therefore two double points (which we shall call
P and Q), real or imaginary. They will manifestly be on opposite
sides of the origin if 3,7 =40, that is, if the origin be at Cthe
middle point of I\ since their position will then (126) be given
by the equation

Gt 000 =0, (127)

in which C' is the correspondent of C.

106. Hence the segments 1J and PQ are concentric. Also from
(127) it appears that if C6"= 0, P and Q coincide in the point C.

107. Any pair of correspondents (sty p,, ¢,) divide PQ into seg-
ments whose anharmonie ratios are constant. For since, by their
definition, P and Q are their own correspondents, we have (124),
from the homography of the systems, px g, being any other pair
of correspondents,

{Pp.PQ ={qgnlR},

or P pl_of 9@
' sz'?SQ_‘YZP'ﬁQ’
in other words, the ratio
2P pQ -
ﬁ'l-P 71 €
(s constant. ‘

108. From the theorem of the lasj Article it follows that, if one

of the doublepoints (Q suppose) be at infinity*, the ratio%‘%or any
i
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pair of correspondents g, ¢, iS constant: tiiat is to say, the systems
are similar.

ON INVOLUTION.

109. Definition of involution.— When two homographic coaxal rows
. (or concentric pencils) are such that every point {or ray) has the same
correspondent, to whichever sysLm it be regarded as belonging, the two
rows {or pencils) are said to form a system in involution, and the cor-
responding constituents are called conjugates.

110. Two pairs of conjugates are sufficient to determine a system in
involution.  For, if two points pip, and their conjugates ¢ ¢, be
given, the conjugate of any fifth point ps, is known (121) from the
equation

{nape} ={npan} (128)

111. It follows at once from (128) and the other similar equa-
tions that any three pairs of conjugates of two homographic rotes {or
pencils) in involution &% connected by thefollowing relation,

P Pslr nGs
Pty P19 Pags

J

(129)

. sinp.q, sinpyqgs sinpigy 1.
sulpyg Sinp g. Binp g~

and co, versely, when two homographic rows (or concentric pencils) are
such that these relations hold between any three pairs of corresponding
constituents, (lie rows (or pencils) are in involution.

112. Any pair of conjugates are harmonic conjugates with respect to
the double points of the involution. For, since P, Q (Art. 105) are
self-conjugates, we have, supposing #, ¢, to be any pair of conju-
gate points,

{nePQ} = {g.2.P G},

which shews (Art. 89. (108).) that p,gx are harmonic conjugates
with r spect to P and Q.
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113. (Hence (Art. 88. (107).), if Cbe the point of bisection of
PQ, we lave
OF = 0@=Cp,. Cqy=0Cp,. Op=...=....

Cis called the centre of the involution, and evidently, if circles be
described on the segments p,4,, .., s, - 7. & diameters, they will .

Fig. 19.

all pass through the same two points, and Cwill be that point on
the line of centres through which the radical axis of the system

passes.

114. The results of Arts. 112, 113, afford definitions of involu-
tion which are more convenient than the one given in Art. 109,
since they admit of a simple geometrical interpretation by refer-
ence to the well-known properties (i.) of harmonic points, (ii.) of
a system of circles having a common radical axis. Thus any one
of the following definitions might have bten given.

115. When three or nore pairs of collinear points {or concurrent
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lines) are harmonic conjugates with respect lo a fixed pair, they are
said to form a roiv (or pencil) in involution, and the fixed pair are
called the double points (or lines) of the system,

116. Or, when three or more pairs of collinear points, py, Gx; P2 Oz
Pz %z « « «i ¥ % dtuated with reference to a fixed piint C on their
common axis that

Cpy . Cpn=Cpy. Ugs= Cpy. Oy = ...
= a constant
=+ (ay),  (130)

the points are said to he in involution, and the point Cis called the
centre of the system, the involution being said to be positive or nega-
tive according as le' is affected by the upper or lower sign. The
double points P, Q, since they are given by the equation

C*+£=0 (131)
t

(130), are equidistant from C and on opposite sides of it, and will
be real or imaginary according as the involution is of the positive
or negative kind.

117. Or again; if a system of three or more pairs of collinear points
Pu i Puides Pugas .. . be such that the circles described about the
SEgMENtS 14+ P=g2: Pags - - - S diameters have a common radical axis,
the system is saul to be in involution. The point O, in ivhich the
radical axis meets the axis of the collinear system, is called the centre
of the involution, and the involution is said to be positive or negative
according as the points p\,p»,pa, ... and their conjugates g;, 4z, g3, «
lie on the same or on opposite sides of this central point. In the former*
ease there are two points, P and Q,—viz. the limiting points of the
system of circles (being, in fact, circles with infinitesimal radii)—
equidistant from Cand on opposite sides of it, which, when con-’
sidered with reference to the collinear system, are their own conjugates,”,
and are therefore called the double points of the involution.  They are
the points in which the axis of \ the involution is met by the circle, of
radius k (131), which cuts the above system of circles orthogonally. In
the laUer case such douM points do not exist there being no points
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belonging to the system which, possess the property of being self-
conjugate.
In both cases the centre Cis the conjugate of thepoint at infinity.

118. It will be observed that the definitions of Arts. 116, 117,
do not apply to a system of lin"s in involution, which may be
defined as in Arts. 109, 115. It is obvious, however, that any
pencil of rays through an involution of points forms a system of
lines in involution, of which the corresponding rays are those
which pass through coniugate points. Also the rays which pass
through the double pointswill be the double lines of the involu-
tion. Similarly, a pencil of lines in involution is cut by any
transversal in points which are also in involution.

119. In apencil of lines in involution there exist always two eon-
jugate rays which are at right angles to each other: for suppose p,. ¢;
P 023 Pe g 10 bE pairs of conjugates of the involution inwhich
the pencil is cut by any transversal, and let circles be described on
the segments p; i, #2492 Paga; these circles (Art. 113) will have
a common radical axis. Let now that ciiele of the system be
described which passes through the vertex 0 of the pencil, and let
pg be its intercept on the transversal: p, q are evidently conjugates
of the involution of points, and Op, Oqg, consequently, conjugate
rays of the given pencil. Also Op, Oq are rectangular, sincepq is
a diameter.

120. If more than onepair of conjugates of a pencil in involution le
rectangular, every pair will le so; for then the vertex of the pencil
is evidently one of the two common points of the system of circles
'described as explained in the last Article.

121. From the definition given of involution in Art. 115 it ap-
pears that straight lines whoses equations are of theform

(Iu- oy ﬂn} + k (I, m, ﬂ) =10
(Ias oy ”0) + ““J (;, m, u) = {}
(loy 0, 10) + &5 (f, my m) = 0 . (132

« b s . ~.—|0
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form a pencil which is in involution with tle concentric tomographic
pencil {Art, 93) represented by the following equations,

(zus Mgy ”0) - kl (Z, m, n) =0,
{Toy s 1) — Ry (l, ey 1) = 0,
(L, gy 11y) =~ 2y (L, m,m) = 0,

=0

(133)

the straight lines
(gcn My 0y} =0
(L, m, n}=0
being the double lines of the system. For we have seen (Art. 95)

that (132) and (133), taken in pairs, are harmonic conjugates with
respect to (134).

(134)

122. Similarly the straight lines
Riy=0
Bihy=10
Bthy=0
ce =0

(135)

form a system in involution of which

p=0 (136)

7:0

are the double lines, since each pair of (135) forms with (136)
a harmonic pencil.



64

CHAPTER VI .
THE GENERAL EQUATI ON OF THE SECOND DEGREE.

123. We now proceed to discuss the trilinear equation of the
second degree, the most general form of which (Art. 13) is

¢(aBy)=da>+ Ba*+ O 4 218y 4 2Bya + 2FaB=10; (137

and whenever, in this chapter, the equation <£(@/3, y) = 0, or the
curve ¢fa, B,¥) = 0, is spoken of, the reader will understand that
the complete equation (137), or its locus, is intended. An investi-
gation of various modified forms of the equation of the second
degree will be found in the next chapter.

124. To shew that the general equation of the second degree always
represents a conic section.

It was shewn (Art. 13) that the general equation of the second
degree, $(a, [3,y) = 0, may be thrown into the polar form

P )t 4 { (jz))\ + (E;EU)F + (:igu)" } 7+ Plao Bo yo) == 0.
(138)

Now, since (ao, /3, Yo) may be any point and the direction-cosines
(A, u,#), May have any values whatever, this quadratic shews that
A astraight line be drawn through a point {aq By, o), in any direc-
tion, it will meet the locus of ¢(a, 8,+) = 0 intwo points, which are
either real, coincident, or imaginary.

Hence the locus of the general equation is a curve of the second
degree, that is to say, a conic section.

125. To find the conditions that the general equation of the
second degree should represent a llypei bola, a Paraboia, or an
Ellipse.
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Prom the equation (138) it gppears that the directions of the
asymptotes are given by the equation

¢ py9) =0, (139)
or AN+ By 4 O + 2D + 2Eh + 2F o= 0;
whence, eliminating v by means of the relation
At o =0,
we get, to determine the ratio X : g,

a4 by
¢

bt
AN+ Bt c(‘“t #) 2D 4 )

+ 2“}" =0,

which, on arranging the terms, becomes

(A4 Ca*—2 oo\ 2 Fi?— Ebo— Deat Cabut (CF4 B — 2 Dbt =0),
(140)

Now the roots of this equation are real and unequal, coincident,
or imaginary, according as

(Fé— Ebo— Dea+ 0«6)*%— (A + Ca'—2 Foa) ( C¥+ B —2Dhe).

This condition may be put into another form, for, multiplying
out and dividing by ¢ we get, after arranging the terms,

(DP—BOYW + (B~ CAW 4 (F'~AB)¢
+ Y AD—EF)bs + % BE—FDja 4 2 CF~DE)ab % 0,

that is (Prelim, chap. (D).)
(L d 4 BB+ 0P+ 2D bo+ 2F a4 2 ab) % 0;

or, according to the notation explained in Preliminary chap, (i?),
s

-l b ey =0 (141)
f <

F
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or, o % 0. (142)

Hence the equation ¢é(a.8: i = Orepresents a Hyperbola, Parabola,
or Ellipse, according as

¢{a, b, ¢’ g negative, zero, or positive,

or as “9° tg positive, zero, or negative.

126. Equation of the chord joining the two points Ia;, 8y, 17,
{ag Bay ye) ON the conic $(e, B,+) ==0.
The equation
A(a—a)) (a—ap)+ B(B—B) (B—B)+ Cly—y) (y~—3)
+ D{(B—B )y —y )+ (y=n)B—B) }+-Ef(y—nila—ar)
+a—a)(y—v) 1+ Fl{a—a)(B—8:)+ (B—Bi}a—a) } =Ad"+ 18,
+ Oy 42 DBy 42 Eyat-2Faf, (143)
is evidently satisfied by the co-ordinates of boLh the given points;
and is linear, since the higher terms disappear on expansion.

It therefore represents the straight line on which the given
points lie, and is the required equation of the chord of the conic.

To find the equation of the tangent to the conic ¢{a, 8, ¥} = 0 at
the point {ay, &, y:)-

127. First  method.—Writing a;, 8y, 12 f Cas, By e €Ctivelyin
(143) (since this is the same as making the two points on the
curve, through which the chord passes, coincident), we get for the
equation of the tangent at {a,, 81, y»)

A(“""al)a + B(ﬂ—ﬁi)g + 0(7_71)2 -+ 2D(|8_.81) (7“"71)
+ 2E(y~y) (a—a) + 2 F(a—a,) (8—B,) = 4o’ + B8 + C¥
+ 2DBy + 2Bya + 2Fo8;
or,
Aa,’+3,31’+ 071=+2—Dn8171+2E1'1a1+2FG131 = 2{(11-1"'}:31‘1‘%1)“
+(Fart L34 Dy )B4+ (E 1+ D8+ Cyv} {144)
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But the left-hand member of this equation vanishes, since (a,s,y,)
is on the curve; we have therefore

(Aar+ FBi+ By Ja+ (Fay+ BB + Dy 18 -+ (Eay + Dy + Oy = 0,

which may be written in the abbreviated form

(?‘?1) (gg)ﬁ + (ﬁ)v= 0,

or again (Prelim, chap. (F).) thus,

(jf) (Zg)a, ( ?)y‘_o

the expressions which form the left-hand members of these two
last equations being identically the same. Other methods of find-
ing the equation of the tangent will now be given.

128. Second method.—Suppose
la 4+ mp + ny =0
to be the equation of the tangent.
Since it passes through the points (a), 8;, ), (a4 du,, 8,-+d8),
w4y, we have the two equations
loy + mBy 4 np =0,
ldﬂl + mdﬁl + “&yl = 0,

i _ m _ . »
{ f " - Y+ @ an B
d.en d?l ‘5}’1! d“: day, d-al

Also, by Euler's Theorem of homogeneous functions,

@)+ (oo + (@) =0

and, from th (d(p)dai + (%jdﬂx " (g@i)d’ﬂ =0;
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whence, as before,

¢ 3 4
B(lt‘fmzl |= ' Efﬁlz —_ a(j?"zl i (149)
4, dy dy, d day, df;
From (148) and (148) it follows that
fb ¢ d?;) (150)
(dal) (RB:) (&yl)

and (147) becomes

(e (B)o+ (h=o

which is the required equation.

129. Third method.—Taking the point (m, %, 91} as pole, we
have (Art. 124) to determiner,

a0+ { (F)at ()0 ("m Vet by v =0.

But, since the point (e, B1,7.) is on the curve,

PlenByy)=0;

and, if the radius vector be a tangent, both values of r will =0 at
the point; we must have, therefore,

dep A do

()2 + (@) 0+ (&)= (1)

Hence, since (Art. 12. (7).) A, m, » are proportional to g—uay,
#—py, y—v., respectively,
(2) @=ay+ () -8+ () -mi=0, (152
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or, by Euler's Theorem of homogeneous functions,

)=+ (g3)e+ () r=0+ (153)

t osines tangent, wrhave
\(\/AhJF B gﬂw(glsq%%% BeAl setigareosings, & US.

@)+ (@)r+ () =0

and the relation

ak 4 bpten=0:
whence
A — " - v
G o) |G Go)] (@) ()]
5 ¢ 6 @ a, b

and the symmetrical equations of the tangent may be formed
at once.

131. To find the condition that the straight line (Z, =, n) should
touch the conic ¢(e, 8,v) =

Let (o, 3.y,) be the point of contact. We must have (Art.
127. (145).)

) _w)_G)_

{ m

— k (suppose). (154)

Therefore
Aﬂl+Fﬁ1+E71+ =0,
Fal+Bﬁl+D)’1+mk=0|
Lo~ DB+ 07,}-]— nk = 0.
Also fe, + 948 4 ny, =0,
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from the equation of the tangent. Whence, eliminating a;, 81, %
and k, we get for the required condition

A, E, 1
£ B, Dym| _
ED Gl "0 (159)
I m a0
that is (Prelim, chap. (-E),)
a4 =0, (156)
or, ¢{l,m,ny =0. (157)

COB. Henceit appears (Art. 125) that every parabola touches the
straight line at infinity.

132. To find the equation of the normal to the conic ¢{a,8,¥) = 0
at the point {ay, By, y1).

The equation of the tangent at the given point (Art. 127) is

()4 (B0 ()=

Hence the equations of the normal, which is a perpendicular to the
tangent through the point, are (Art. 75. (88).)

t-—ity - B—8,

(dm) (dﬂl) cos ¢— (ﬁ%) cos (%) (;3)008‘4 (df)cos(;'
_ h

= (‘i,'f,) (dcp)cosﬂ_(ﬁ,mu (158)

133. Hence dso (Art. 76. (93).) the eguation of the normal at
(a5, B1vy1) in the homogeneousform is
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a4, ap, (;{i) (::;) oaC-—(&t)cosB

8, Bu (g-gl) (::)1) os.4— (ﬁi)coso‘ =0. (159)

7,.71, (:;i) (ﬁ:) o8 B— (ﬂ%)cosd

134. To find the equation of the polar of the point {a;, 8y, ¥,) With
respect to the conic ¢{a, 8, ¥} == O.

Letl{ag B va) (s Buys) b® the points of contact of tangents to

the curve through (
s By y1)-

The equations of the tangents at the points {ag, 8, ay, B,
(Art. 192q7) - g p (a5, By, y2)s (au By s}
(@)t (@) *4(?)»="

(@) (B (Y=o

and, since the point {ay, 8;, %1 lies on both tangents, we have

() () + () =0

w0 (e (G (o

which shew that

@r@es @

is the equation of the line on which the two points of contact lie,
and therefore represents the polar of the pointia. By, ¥1). )

135. If the polar be defined as the locus of points whose dis-
tances from i{a;, &,. y,) are harmonic means between the radii vec-
tores drawn irom that point, in the same direction, to the curve,
the following method may be employed.
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The equation of the conic referred to the given point as pole is

sovn?+ { P+ (e (B} r+ stamm =05

and if R be the Harmonic mean between the roots of this equation,
we shall have

NI -
or, since A = a—ay, Bu =p—f,, v o= y—y, (Art. 12, (7}.),

(i.il:il)a.{_ (%)34.(%)7 = [(%;)d; + (5—:) B +(%:)71 ]—2¢(a1,ﬁm)

= 0, by Euler’s Theorem.

136. To find thepole of the straight line (7, #,, #,) with respect
totheconic ¢fa, 8, ¥) = 0.

If (ay, B4y 1) e the co-ordinates of the pole we must have, by
equation (160)

@

@ @)

IR = — f(suppose):
Lo

that is,
Aoy + P+ By + Hh=0,
Fa, + B8, + Dy + k=0, (162)
Ea, + DB, + Oy 4 mk=0;

these, with the equation
aay + 88, + oy, = 28,

completely determine the values of (a;, 8, 11). (See Art. 137.)

137. Tofindthe co-ordinates of the centre of the conic ¢{a, 8,4) =0.
Let {a, 8, y) be the co-ordinates of the centre ; the polar equa-
tion of the conic, referre 1 to this point, will (Art. 13) be
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a0y + | (:—%)R+ (%)M- (j?—i)j v+ 63, 8, 7)= 0.

Hence, as the two values of r must be, for any direction, equal in
magnitude but of opposite sign, we must have

() () (o

da a8 dy

where X, u, » are not independent but cornected by the relation
ax + b + v = 0.

Now (164) and (165) are true simultaneously for all values of
A, m, »3 they give therefore

B @) B B+ (EF

a b e Ga 4 b8 + oy
$(a, B, y)
= B2, (166)

(Prelim, chap. (A\ and Euler's Theorem).
Equations (166) may be written

Aa+ FE+E§—a¢'(“ég"’)=o;

o paa po pHeB Y
Fa-i--Bﬁ“‘-DT""b-*—“é—g—- =0,

E;+.D}§+ 0;—c¢(a,8’7)$0;

a8
_ _ _ __‘f’(“ols'?)
¢ B _ ¥ - 28
B Eal & A,E,ﬁ!— A K el A,I",E]
B D& ~FDE FoB b — A BD
need B0 D |EDC
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138. Equations (168) of the last Article may be put into the
form

_ _ _ Pla, &, 7)
e 8 ¥ _ 28
W F| " [ La k|~ [Afe [LEE %
b, B,D F b Dl F Db |FBD
e, D, C E e C D¢ E D, ¢l

or, if we expand the determinants in terms of their first minors
and write A for the denominator of the last member of (169),

a — 8 _ y _ ¢(aB.y)
ad’ R bF e B T aF R el T aE LA+ T ALS
(Prelim. chap, (4}.); {170)

also — ﬂ;+ ?)E+c; _ 25‘
T A E B P A 2D b 2F a2 ab T B, )
= 25 (Prelim. chap. (E).), 1)
whence
A

Pla, By y) = — 45* (172)

in H
a relation which will be usoful hereafter.

139. A comparison of (166) with the equations (-61) of A-t. 136
shews that in every conic the centre is the pole of the straight line at
infinity (Art. 52). And in finding the co-ordinates of the centre
oi the conic ¢{a, B, ¥) = 0, the student may, if he please, start with
this property of the centre, and, deducing the equations (167) as
in Art. 136, proceed asin the last Article.

Again, since (Art. 125. (142}.) ‘;3" = 0 when the conic is a
Narabola, it appears from (171) that the centre of a parabola lies on
the straight line at infinity.

140. To find the equation of the pair of tangents which may be
drawn to the conic ¢{e, 8, ¥) = 0,, through the point {m, 8 ¥s)-
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The equation

e d dep =
B, 1, ")r + { (dﬁu) A4 (dﬁ)“ + (dy) }‘?"+ ‘Pl(ﬂo-ﬂm?n) =0
gives the length of the radius vector drawn to the curve in any
direction from the given point. It will have equal roots, and the
radius vector, whose equation is

a—a B—F8 y—wm
T =TT == (173)

will touch the curve, provided that

[@:) A (dﬁ ) Bt (aa,,) ] = 4(ag; B yo) Py s v).  (174)

Hence, substituting for A, u,» from (173), we get for the equa-
tion of the pair of tangents through {ua, 8 ¥}

[+ ()01 o]
= 4 B 2) 0 BB Y 17)
= 19(aw o 10 [ 90081 9)— { (2 o
B @]

which becomes, since, by Euler's Theorem,

kdau)“o + (dq) )3u + (ii)?u = 2¢(ag, Bos yo)s

[(g) e+ (ﬁg,) B+ (ijf) :I 2= 4y B w0) Plas By y)- (176)

The form of (176) shews (Art. 170. (C).) that its locus is a curve
of the second order having double contact with the conic ${a, 8, ¥}
= 0 a. the points where it ‘s met by the p >lar of {ug B ¥e)-
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141. Equation (176) of the last Article may be written in the
form
(OB BY—2D 8o+ (4 C =2 E g+ (Bt 48—~ 2F aflo)y’
—2(Dafd A'Boye— Frysag— E'aiy)By— 2 E'Bi+ Brywo— T 0By— F'BuyoJye
—2(Fyi+ Cufy—E'Byys—D'yeao)ad = 0, (un

142. To find the locus of the point of intersection of tangentsto the
conie ¢{a, B, ¥) == 0 which cat each other at right angles.

Equation (174) of Art. 140 gives a relation between the direc-
tion-cosines of the pair of tangents which can be drawn to the
curve through the point »_....,: but these if the tangents inter-

fal]s .sus Tll]
st at right angles, must (Art. 33) be of the form {cosa,, cos §,,
¢os o). (sin . 6in b, sin e} : hence we shall have

(5o (38 ot (4 ose ' = 20 Lo

4 Beos®h, 4 Ceas’e, 4 2Deos b cose, + &e. . ],
and

d d d ot
KEE)“ a+ (d%u)sin &, +(d~3)sin "IJ = 4 ¢h(ay, s 7o) [A 6in %0,
4 Bain® 4 Csin’e -+ 2Dsin b sing 4- &e. . .];

adding (Art. 30. (22).), and omitting the suffixes, we get for the
equation of the locus

(78T st ()

a8/ " \dy dg/ \dy %y
d
-2(2)(‘33)0050 4¢(a,B, yAd+B+C0—2Dc0sd
—2 EBeos B2 Feos 0], (178)

(
143. The equation of the, last Article may dso be written in

the form
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(B + 0 4 20 cos A)a® +( 0" + A 4 2F cos BIS? - (A'+ I
+2F cos Oy —2(T —~ A" con A4 F cos B+ E cos C)fy—2(F
—Z' ¢08 B4-I cos O+ F cos A)ya—2(F'— (" cos O+ E’ cos 4
+Deos o =0, N {(179)

This, therefore, is the equation of the director of the conic
¢(a, 8, y) =10, and will bo found to satisfy the condition for
acircle. (SeeArt. 149.)

144. To find the equation of the asymptotes of the conic ¢(a,B,+)==0.

The asymptotes being a pair of tangents which have the line
at infinity for their chord of contact, their equation must be of
the form

Pla, B, v} = k{aa 4+ 88 4 oy
= 4k8°
Since they pass through the centre of the curve, we have,
¢(;; -.Ié: ;) = 4} 8? H
and consequently their equation is

$(a B, 7)== $la, B, 7). (180)
This equatior mav he written in the hamnneneniis farm
45% ¢pla, B, y) = Pla, B, v) (Ga 4 B + oy)';  (181)
or, again (Art. 138. (172).),
P ¢lar B,7) + A (90 + B8+ oy =0. (182)

145. Equation (180) of the last Article may of course be ob-
tained directly from the polar equation of the conic. For, as in’
Art. 125, we have the directions of the asymptotes given by the
equation

O pv) =03
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hence their equation is
$la--a, BB, y—7) =0,
or

#otp- | (2)e +(d§)ﬁ+(£) }oan=0.

(183)
But. since (a. 8. v} is the centre we have (Art. 137. (164).)

(e (e e

or {a—a)+ B—B+(=) (y—1) =0;
(@) o) a5
that is,
@)+ G@)e+ b= (D) @+ (57
2 (153) b = 2 ¢(a, 8, v)» by Euler’s Theorem ;
an ecomnes,

¢(a: B, 7) = ¢(;3 E' -7_’)‘

146. To find the condition that the equation <p(a, 8,¥) =0 may
represent a pair of right lines.

Let {a, 8 ¥) be the point of intersection of the two. lines. This
fuint being the centre of the conic, and therefore the pole of the
line at infinity, we have, asin Art. 136. (161),

d¢ dfﬁ
) (ﬂ'ﬂ _ $(a, B y)

JS
But, in this case, the centre lies on the conic; so that

L ¢(;J E: ;) = p’

(184)
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and we must have simultaneously
(g) =0, (‘-;-%) =0, G:‘—;) =0 (185)
that is to say,
Aa+ Fg+ Ey=0,
Fa L B3+ Dy =10, (+186)
Ead D+ Cy=0;

and the condition that these should co-exist is

4, F,E
F, B, D=0, (187)
E D C
or, (Prelim, chap. (D),)
A=0, (188)

147. The condition of the last Article may be otherwise ob-
tained, as follows. If ¢{a,8,y) =0 represents a pair of right
Hues, ¢{a, B,4) must be the product of two linear factors u and v
(suppose): so that

dla, B y)=ur =290,

and we shall have

()= () (5

a9\ _ (Y
(&) =*(@&)+ (&)

whence it appears that any values of a, 8, ¥ which satisfy # = ¢; '

» = § simultaneously, will also make

(@)=(2)= (&)=



80 TRILINEAR CO-ORDINATES,

and we obtain, as before,
A=0.
148. To find the condition that the equation ¢{a, 8, ¥} = © should
represent a parabola.
If the conic be a parabola, the straight line at infinity
te+ 3+ oy=0 (189)

is a tangent to it (Art. 131. Cor.). Let (a: ft, yj) be the point of
contact. We shall have (Art. 131. (154).)

‘¢ gy (d¢
:-%!L) = (—gf—l) = %&) =—k (say),
whence Aoy 4 FB 4+ Fyy + ak = 0,

Fay+ B, + Dy, + b =0,
Ea,+ DB+ Op + ok =0,
aso by (189) a@a, -+ 88, -+ om = 0:

andeliminating a, 8,7y, between these equations we have for the
required condition

“2}": 0, (190)
which (Prelim, chap. {E).) may also bewritten in the form

(e, b,e) = 0. ' (191)

149. To find the conditions that the equation ¢u, # ¢) = 0
may represent a circle.

The polar equation of the conic, referred to the centre, since the
co-efficient of r vanishes, gives

$, py ")r,l = ‘}’3(;, E? ;) (192)
= a constant.,
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Hence, if p,, pg, p, De the lengths of the semi-diameters respec-
tively parallel to the three sides of the triangle of reference, we
shall have
$(0, —sin €, sinB)p? = §(sin (', 0, —sinA)p; = ¢{—sinB, Sill.A.,O)p:.

(193}
But, in the case of the circle,

pn=pﬂ=py:

¢(0, —sin  sinB) = ¢{sin ¢, 0,—sin 4) = ¢{ —sin B, sin 4, 0).
(194)

Bsin?C+ Csin®B—2Dsin Bsin € = Csin®4 4 4s5in? C—2Esin Csin.4
= Asin?B+4 Bsin’4 —2Fsin Asin B, (195)
150. To find the cojxdition that the equation ¢(a, 8, ¥} == 0 should
represent a rectangular hyperbola.

The directions of the asymptotes (Art. 125) are given by the

equation
Ph s, ") =0.

But if these are mutually perpendicular, the two sets of values
for X,p, v, given by this equation, will be (Art. 33) of the form
(cos a, cos by, coscY) and (sin a,, sin by sin Ci).

Hence ¢{cos @, oos &y, cose) =0,
$isin @y, sin by, sing) =0

adding and remembering the relations (22) of Art. 30, we get, as
inArt. 72,

A4+ P4 C—2F0cos {1—2Fcos B—2Feos C=10 (196)

for the required condition.
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151. To find the conditions that two conies whose equations are
¢dla, By) =0, fla, 8, y) =0, should be similar and similarly
Situated.

Let p,, pg. p, and 7, rg, 7, be the central radii vectores of the
two conies, drawn parallel to the s”es of the triangle of reference:
we have, asin (193) Art. 149,

$(0, ~sinC} sin k)] = ¢{sinC, 0, —sind )p; = ¢{ —sinB,sind, 0)7;
(0, —sinCsin B} = f(s'nC, 0, —sin.{ g = f(~sin B, sin A, Op3.

But, if the two conies are similar and similarly situated, we must
have
P _ o _ Py,

¥y ¥, 8 ?'Y

hence the required condition is

¢{0, —sin Csin B)  ¢plsin (,0,—sinJ) _ ¢{—sin B,sind, G]

S0, —sm U siu ) ~ flsin €0, ~sind) = ¥ < Byaind, 0)
(197)

in other words, the quantities
Bsin*C4 Usin®B — 2Dsin Bsin C,
Ceintd 4+ Asin®*¢ — 2Esin Csin A,
and Asin’B 4 Bsin?d — 2Fsin {sin B,

must be to each other in a constant ratio.

152. Tofind the direction of the axis of the parahola whose
equalion @& ¢la, 8,y) = 0,

(4é4 Ca —-QEca)X"+2(Fc’ Fbo— Dea— Calj-+( (¥ B —2 D=0,

(Art. 125. (140).) gives the value of the ratio Az u for the direc-
tions of the asymptotes. ¢
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b

If ¢{a, B,¥) =0 be aparabola, the asymptotes will be co-incident
and in the direction of the principal, diameter, and the above
equation will give

A _ B _ ¥ )
VICPYBE—=2Dbe} — {34 Cé—28ee} — B 18— 2FadY
(198

Ll

the last member following by symmetry.
These equations, therefore, determine the direction of the axis of

the parabola.

153. To find the equation of the circle, of radiusp, uhose
centre is at the point (a, 8, ¥).
Let (a 13, y) be any point on the curve; then, since its dis-
tance from the centre (a,B,y) is constant and = p, we have

(Art. 45. (48).)
— - - — N AN
8—8) (r—7)HHly—7) (a—a)e(a—d) (B—B) + g0 = U;

which is the required equation.

154. To find the radius of the circle whose equation is ¢{e, 8,41 =10.
The length of the central radius vector of a conic, in any direc-
tion (&, u, »} is given (102), (172), by the equation
B0 ) = — B B, 1)
= 48"‘ ‘—%.

If therefore r,.r, be the lengths of any two radii
Teosa,, cos b,
.., Which are at right angles to each other,

48°A 1

and P(sin a,, sin by, sin g/ = —



84 TRILINEAK CO-ORDINATES.
whence, adding, we get

48® 1
A+ B4 0—2.Dcos. A—2Ecos B—2Fcos (= —Eé [ + ?]-
3 l 2

(201)

a relation which holds for any pair of rectangular central radii of
a coirc.

But, in the case of acircle,
r, = #, = p (supposc).
Hence the radius of the circle ¢{a,8,y} =0 is given by the
equation

1 ®
— = m [A+ B+ C—2 Dcos A—2 E cos B~2 Feos C].

]
(202)

155. From equation (201) the condition for a rectangular hyper-
bola (Art. 150. (196).) may be easily deduced. Making +j= —¢?
(since one pair of the principal semi-axes is imaginary), we get

A4+B4+ C—2Dcosd=2Fcos B —2Fcos C=0. (208)

156. To find the area of the circle whose equation is ¢{e, 8,v) = 0.
Using the value of the radius given in (202), we have,—

Areaof @ = mp?

= 8” S 834 [A+B+C—2Deosd—2EcosB—2FcosC]™?

(204)

157. To find the equation of the diameter which bisects all chords
whosedirection cosinesare x, p, ».

If (ag 8oy ¥o) be any point, its distance from the curve in any
direction is determined by the quadratic

000+ { Bt ()5 ()] 1 =0
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If therefore {ea 8wl be the middle point of a chord of the given
system, we must have

Bt ()t (Ehnme.

Hence (a), Ro) lies on the right line whose equation is

@B @er @y @

this therefore is the equation of the diameter or locus of middle
points.

COR.|.Hence
ap de g _
d)\)“+(dp)ﬁ+(du) =0 (206)
is the equation of the diameter which is conjugate to
a—a _BB_vy—v_, (20?)
A u ¥
COE. I I . Its direction-cosines being formed as in Art. 40, we

may write the equation of the diameter which is conjugate to

aze BB _vv_, (208)
A i v
a—; _ 5—5 _ 1"”“';
3, P e, a I a, b (209)
Gy @ 1G&) 1@ 6
du av dy I dr/ \dp
COR. I 1l. Again, it follows from Art. 157, that two straight

lines, whose equations are of the form

lad mg 4+ _u-, =% (219)
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JE)+]23/)+ 2l =

|#hy R {, m! \dy
are parallel to conjugate diameters.

and

158. To find the condition that the straight lines <lx,, pi. ),
(A, pn v;) may le parallel to conjugate diameters of the conic

‘i’(“; B, 7) =0
It was shewn in the last Article that the straight line

(j'%) + (df.)‘a'"( @)=

is conjugate to {A;, ;1o 1), Hence we have

L om ™
@@
dt\: d}.l.l dpl
and the relation
LA: 4 mgey = 1 (Art. 31.(26).)

becomes

( )"’ (dp )f‘z (33)2—0 (212)

which isthe required condition, and may be written

AMM“'BH.%'!' CV1V3+ -D(P-:"H' F2V1)+—E(h7‘s+ "27‘1)+HR1P2+ ?\?Jl:)=0
(213)

159. To find the condition that the straight [ines {ey,my, ) (F, gtie)
nay heparallel to conjugate diameters of the conic ¢{a, 3, y) = 0.

o .Leti{h, m.») be the direction-cosines of 1§, m;, #,): then,if
(,mq, 120} be conjugate to it, its equation (Art. 157. (205).) must be

(:f) t(d¢)ﬁ+( )yho
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We must have, therefore,

AN G AN L
G}_TJ"%L:):(“%)'_— % (suppose).

Hence, A+ Fu + By + LE=0,
Fyx + By + v, + mk =10,
Eyv+ Dy 4 Ok ak =0
wedso have L\ + myp + 2y =0, (Art. 31, (26).).
And, eliming,, p, v, and k between these equations, we get
for therequired condition

A! E Ey z!
F B, Doy _
E D C -

by, o, O

(214)

If this determinant be expanded it will be found to be
AL+ By + Oy + I (mang +mgt)) + E (w4l )+ F (- Tymy ) = 0,
(215;
160. Tofind the equation of the principal axesof the

conice(a, 8, y) = 0

The principal axes may be regarded as the locus of points whose
polars are perpendicular to the lines joining those points to the
centre.

Let (ay, B, 1} be a point on the axes. The polar of {ay, B, 1)
hes for its equation (Art. 134)

(M) + (dﬁl)ﬂ+ (ﬁ)y:@,

and the equation of the right line joiningsta;, 81,71)1 to the centreis
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»81.71

B,y

ad ‘)_'_1- -‘_'1 b Bl

Y. a

At - y=0;

and the condition that these should be perpendicular is (Art.
71.(85).)

{Go)- () oo e~ (3) emon} 52|+ { ()

B,y
Eons- o] 2 () Lo
(;gl)cosz.{} Z_l" ’;1 =0; (216)

whence, suppressing the suffixes and using the determinant form,
we have for the equation of the locus

) (Ben- Sues,
(dqb) (ﬁ\] A—(g%)cosﬂ, g B |=0.(217)

@)~ (@) —(G)ows .

161. The equation of the axes may be obtained directly in the
form of a determinant, as follows.

Al

b

Let (4, m,n) be an axis and let {a;, 81, y,) be apointonit; then,
since the centre (g, 8, ¥) aso lies upon it, we have

la; +mB) + 2y =0, (218)
and la +mB +ny = 0. (219)

If (I, m, ) be perpendicular to the polar of [a, B, 1), Whose

equation is
(:_2)” ( )8+ (dy)"—"
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we must have (Arts. 69. 42)
H(EE)-(38) oo (@) { ()~ v

__(%ﬁ)cos(}} +n { (%) (jf:) osB—(g%‘)cosA} =0;
(220)

and, eliminating I, m, n between (218), (219), and (220), and sup-
pressing the suffixes, we get for the equation of the locus

a, _c;, (g) — (Z—z ) cos C— (j—is) cozs BB
8 B, ( ) ) ( ) eos ¢ (=0 (221)
Y ™ (d¢) (i—f) cos B— ( ) cos A4 |

162. To find the lengths of the semi-axes of the conic ¢{a, 8,) = .

The length of the central radius, in any direction <(A, g, ¥}, is
given (Art. 149. (192).) by the equation

HoB 2 4 g, py) =0,
— 3
or, since (Art. 138. {(172).)  ¢(e, B y) = — me,,A’
A 4§87
by = dm) (@)

1 . - .
and we have to make;—.,. a maximum or minimum; A, s, » being

connected by the relations (Art. 37),

]
o8 4A* + beos Bu® + ceos O = %, (223)

O\ + By + o = 0. (2247
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Let then
U= (A" + Bd + 042D + 280 4 2F)«p)—P(alcos AN
4 beos Bp? 4 ccos OF) 4+ 20Q(ak + b + o),
where P and Q are indeterminate multipliers; differentiating we
have
;—,DU:—.. 0 = {{A—Pacosd I+ Fp+ Evt-a Q@3- { (B — Pheos Blp
+ Dv+ F)+8Q du+ {(O— Peeos OYvde EX Y Du+0Qldy;
and therefore, simultaneously,
(d—PacosA\+ Fu+ Er+a@d == 0,
Frd-(B—Pheos Bp-+ Dy + 5Q =0, (225)
Ex4 Dp+ (C—PecosClp 4 e = 0.

Multiplying the equations (22.5) by A, ., » respectively and adding,
we get, by means of (223) and (224),

4 P8y
abe = (A, py ¥) (226)
A abe
Hence, by (222), P= ;,‘? E (227)

and, substituting this value for P and eliminating X, g,» and Q
from (225) and (224), we get

A— %, “ff weos A, F, E, a
_ A abe
F, - :‘X‘ 7 beos B, D, L/ 0
A abe
E, D, C_FE'}TMOS C, ¢
a, & s 0

(228)
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1
a quadratic in 2 which gives the lengths of the principal semi-

diameters.

163. To find the area of the conic ¢{a, 8, ¥} = 0.

Mr. Ferrers has deduced the area of the conic from the equation
(228) of the last Article. If we expand the determinant, and, for
convenience, write (A), (B), (C), 0 for its diagonal elements, this
quadratic becomes

{M, D, 6] FE a F, E, aj F E a
{A) | D (€) c‘—F L(Ch e+ E(B), D} --a|(B), D, k=0,
b, ¢ 0 b, ¢ 0 b, ¢ 0 D, (O, ¢

(A ~ (Bt 2Dbe—(CVF°} — F{ —Fé+ Dea + Ebe—( (' )ab}
+ B{ —Fbe -+ (B)eat EF — Dab}—~a{ FDe—( C)Fb
+(BY Ca— () Ee+ DEb— TPat = 0;
or, if we collect only the constant terms and those which involve

}r_‘-’ and make the necessary reductions,
—( AP BB CE2D be3-2E cat-2F ab) 4 ote. .

A abey2 16 82
-(F )= =0
that is (Prelim. chap. (E).),

A

21
‘2}”4— ete, «+ - — (2@55‘@) = =0 (229)

Hence if 1?. 1 be the roots of this quadratic, we have,—
Mo
= whfs

2ra n‘?b:? s A- (230)
L]



CHAPTER VI1.

INTERPRETATION OF PARTICULAR FORMS OF THE EQUATION
OF THE SECOND DEGREE.

164. The present chapter will be devoted to the consideration
of particular forms of the trihnear equation of the second order.
We commence with those which occur in the subjoined list:

8 —k8; =0, (4)
8, —Mu=0, (B
8 —khi=0, (O
8 — k=0, (D)
S—F =0 (B
vw — Liu=0, (F)
vw— kf =0, (&)
vw— b =0, (I
vie — B =0. (J)

In these, k is any constant and 8, == 0, §;=0 represent any
two conies; §=0, ¥ =0, v=0, w=—= 0 are the abridged forms of
the homogeneous equations of four straight lines (Z;, ey, »,}.
(T4 My 15), . o .. in which the co-efficients may have any possible
values.

165. Of the above forms, which will be examined in order, the
second, third, fourth and fifth are successively derivable from the
first, and the remainder from these, in a manner which will be
understood as we proceed.
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is evidently satisfied by any values of a, 8,y which satisfy & =0
and 8,=0 simultaneously. It therefore
represents a conic (or, if h varies, a system
of conies) passing through the Tour points
of intersection, whether real, coincident, or
imaginary, of §; and S Such a curve is
indicated by the dotted line in the figure.

Fig. 20.

166. If the conditions of the last Chapter
(Art. 125) be applied to this equation, it
will appear that it represents a hyperbola, an ellipse, or a parabola,
according as

Ay — b4, F,—LF, E,—IE, @
P— kP, B — 1By, D,—kD,, b
.E] - z:Eg, ])1 - J{:.Dg, 01 - A:C;, ¢
a, b, 2 0
ispositive, zero, or negative. Itslocus will be a pair of right lines
(Art. 146) i f
Ay — kdy, K —1LF, B\ —LE,
Fl - kF‘g. -Bl e kBg. J)I "‘"‘sz =0
E - kEg, -Dl - ;‘{:Dg‘ Cl _&Cg
In like manner the condition for a circular locus (Ait 149) is
easily applied.
167. The cubic (231), when the determinant is expanded
(Prelim, chap. (D)) becomes
(4{131 Cl) - { (AzBl 01)"‘ (4'11}?2 01) +4,8, 02) }'{“I' {(“113202)
(oD Oy (s By O YR — (A3 B, O = 0, (232

¢ It i aegumed that
8, =d4.a% + B A%+ C v + 2D, Ay + 2F va + 2F,a8 =0,
and 8, = d,a? + B8 + Cyy® + 2D,87 + 23K, ye + 2F,08 = 0.
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Let &, &y & be the roots of this equation; then it is manifest
that

SI. - L‘ISg = 0,
8 — 8 =0, (233)
S]. - ksbg = 0’

are the equations of the three pairs of chords of intersection of
the conies &, =10, §;=0, and, therefore, of the whole system

represented by the equation
& — k8, ==0.

168. Now all this will be true if either S;,or S, or both, be
resolvable into linear factors ; that is to say, if one or both of the
conies degenerate into a pair of light lines. Should a factor be of
the form wa 4 58 + ¢y, or, which is the same thing (Art. 3. (1).),
a constant quantity, one of the right lines will be at an infinite
distance (Art. 52). If the factors be identical, the pair of lines
will be coincident.

169. First suppose the conic S, to consist of two right lines
by oy, m )y (£ mg, ), Whose equations in their abridged forms are
£ =0, ¢ =10; the above equation becomes

8 —Fu=0,

which, therefore, represents a system
of conic passing through the four
points of intersection of these two right
lines with the conic S (fig. 21). In
this cae t and u are two of the common
chords ; one root, therefore, of the
cubic (232) will be infinite, and, as we
should expect (Art. 146), {.d2H5C5)=0,

170. Next let the two right lines, of
which S, is composed, coincide, Making
tz=. u, we have




SIMILAR AND SIMILARLY PLACED CONICS. 95

(C). 8 —kt=0,

whose locus is, therefore, a system of conies Fig. 22.
passing the two pairs of coincident points g,

in which u meets the conic §; and, there- _ﬁ““\/l
fore, having double contact with S, at the \//)
extremities of the chord u = 0 (fig. 22). / —

171. It is obvious, from an inspection
of the figure, that two out of the three pairs of chords common
to 9, S, (Art. 167. (233).) have now cone into coincidence with
the chord of contact w, and the remaining pair become tangents at
its extremities. The cubic (232) will have two infinite roots, and
therefore both (4.7,€%) = 0 andil. £, 8: (%) 4 (AP, Co) + (A1 0))
= 0: the latter being true independently of the values of -4,,.%, €4,

etc. . . ., we must have the first minors of the determinant (., 8.C.)
all = 0; that is £aC—IE = 0, Cod,—Fi= 0, AFy—F; =0,
Wy—A.Dy, =0, etc. . . . (whereof the three latter relations are

involved in the three former), or = RB,(", Ei= (huls, Fi== 1.1},
conditions which are evidently satisfied when S, is the sguare of
a linear expression.

S k=20

(o)

is of a form such as we should derive from (1?) if we were to
Fig 23.
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replace t by a constant quantity. Its locus, therefore, (fig. 23)
is a system of conies which meet S; where it is cut by u and the
line at infinity. * This system will be similar and similarly situated
with respect to S; and the asymptotes of the conies of the system,
whether real or imaginary, will be parallel.

If the curves be parabolas, since the two points at infinity in
this case coincide, they will have contact with each other at
infinity.

172. The equation
(E) Sl - 31'2 - 0,

again, isobviously a particular case of ((7), from which it is de-
rivable by the substitution of a constant for u. Hence it denotes
a conic (or system of conies) having double contact with S; where
that curve is met by the straight line at infinity. This system of
conies will not only pass through two common points at infinity,
but will have common tangents at those points. Al the curves of
the system, therefore, have the same asymptotes, and are not only

Fig. 24.

similar and similarly situated, but likewise concentric (fig. 24).
If the curves be parabolas, they will be equal and have with each
other a contact of the third order at infinity.

173. Now let us suppose the conic S, aso to degenerate into
a pair of straight lines; (J? will become of the form
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(F). wv — htu = 0, Fig. 25
Fd Ia’fu
which therefore represents a system of ‘///,/

conies circumscrihing the quadrilateral /),,/
of whicht=0, u=0 andv=0 w=0 -7 v
are the pairs of opposite sides. The truth /

of this, however, may be seen without '
reference to the preceding equations, since v

(F) is evidently satisfied by any one of '

the suppositions,

#=20,and £t =0;
v =0, and u=0;
w=10, and { = 0;

or, w=0, and 4 = 0.

174. Similarly, from a comparison of the next equation with
(6"), it appears that

Fig. 26.

(G). tw — =0

represents a system of conies which
have contact at two fixed points; u=0
(fig. 2G) being their chord of contact,
and v=0, w=0 the tangents at its
extremities.

175. Again, by areference to Art. 171. (D), it will be seen that
(i1). rw—Fi =0

has for its locu. a system of conies having that portion of n which
is intercepted between v and w for a common chord, and passing
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through the two fixed points at infinity in which the line at
infinity ismet by » = 0, w == . These conies are therefore similar

Fig. 27.

and similarly situated hyperbolas having their asymptotes parallel
to v = 0, w = 0(fig. 27).

176. The locus of
). v — =0

is a system of concentric, similar, and similarly situated hyper-

Fig. 28.

bolas, having v= 0, w = 0 for their common asymptotes and the
intersection of those lines for a common centre, (fig. 28).

177. 1t is obvious that in the four last cases # = 0, # = 0, taken
together, form one of the family c* cmyes just a* &, = 0 did in
the preceding instances.
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178. The meaning of the equations

Sl + kﬂﬁ = 0,
S;+ kﬂg - 0,
(M). 84 ka =0,

follows at once from the interpretation just given of equations
(B),(C), and (J)); the two sides, a= 0, ,3 =0, of the fundamental
triangle taking the place of the two straight lines t = 0 and w = 0,
orleg+mB+ny=0andlat+mB+ny=0

179. We now proceed to consider some of the more specia
forms of the equation ¢{a, 8, ¥} = 0 which we employed in the
last chapter, and to indicate the nature of their loci and the rela-
tion in which they stand to the triangle of reference. A number
of typical forms are collected here for the sake of reference, and
will be discussed in the order in which they occur.

LBy + Mya -+ Nafp = 0, ()
Dl b AP N+ O MNBy + 2 NLa + 2L = 0, (0)
L+ Arst + A% =0, €3
L — g - Ny =90, (@
By — k=0, (R}
By—ba=0, (8)
By— =0, (T)
g —ka=0. () ’
180. The first equation

N, gy + Mya+ NaB = 0,
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is satisfied by any one of the three following suppositions,
B=0and y=10;

y="90and a=1;

or, a=0and 8=0.

The conic; therefore, winch it represents passes through the three
angular points of the triangle of reference.

181. The equation may be written in the form
L8y + (My + Mg)a =0,

hence(Art.173. (F).) a=0, 8 =10,y =10, and My -+ A¢B=0, are
the four sides of an inscribed quadrilateral; and, therefore, since
8=10,y=20 intersect on the conic (Art. 180) the fourth side is
evidently a tangent to the curve at A.

Hence
B Y
7+t w=0
L =0 234
B
T+ a=

are the equations of the tangents to the circumscribing conic at A, By
C respectively.  These tangents evidently meet the stales of the triangle
which respectively subtend their points of contact in points which lie
on the same right line

Fg. 2.

a A Y _
”E“+F+F—0 (235)

For this right line, since the equa-
tion may be written in the form

8 B, Yy\_
I_+(]?+ "l\_")_ 0, must pass through

the point of intersection of the tan- B’ ‘
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gent at A with the side BO; and similarly for the other two
tangents. ,

182. If AB'C'be the triangle formed by the three tangents at
the angular points of the triangle of reference, the equations of
AA', BB, CC are easily shewn to be respectively

8 Y

v =%
;’ _.E_=o, (236)
a ﬂ___ .
- a="%

and since these equations when added together vanish identically
we conclude (Art. 17) that AA\ BB, CC' meet in apoint.

183. If {ay By o) be the co-ordinates of this point of intersec-
tion, we shall have
»en o ‘_}‘n . 28

)7 A iy AN . (237)

an
L

184. From the form of equations (234) and (236) it appears
(Art. 95) that my side of the triangle AB'C, and the straight line
which joins its point of contact to the opposite vertex, are harmonic
conjugates ivith respect to the two sides of the triangle of reference
which meet m that point of contact.

185. With regard to the nature of the curve whose equation we
are considering it is to be observed, that, since in this case
la, B,y) = 0a® 4 087 0y + 218y + 2Mya + 2Nag = 0,
and, consequently,

$(ay 0, 6) = — Ll I8 — N + 2N be + 2NLea + 2Lab,
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the locus of(N) will be (Art. 125) a hyperbola, a parabola, or an
ellipse, according (is

L'g* - MB o N —2MNbe—2NLca—2LMab

is positive, zero, or negative.

186.
0. a4 M8 4 Ny + 22 [NBy+ 9N Lya + 2LMB = 0,

The various possible combinations of signs in this equation give
us eight distinct forms; four of these, viz,

La® 4 M8+ N2 + 2UNBy + 2NLya - 2L =0, ()
La* 4 M8+ N + QM NGy — 2NLya — 2LMaB = 0, (0y)
Ll M Ny — 2MNBy 4 2NLya — 2LMaB =0, (0y)
D+ I8+ Ny?— QMNBy — 2NLya -+ 2LMaB =0, (0)

may be written
(La + AU+ NyP =0,
(—La+ MB+ Ny =0,
(La —MB4 Ny =0,
and (La 4 MB— Nypf =0,
respectively, and therefore represent pairs of coincident right lines.

The remaining four, viz,
I3 Mg NP QM NBy—AINL ja—2LMoR = 0,

D A3 Ny — 2 NBy+ 2N Lya+ 2 LA08 = 0, (0.
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L34 I3+ NP+ 20N3y~2NLya+2LMaB = 0, (,p
L4 WG+ N+ 2HNBy+ 2NLya—2LMaB = 3, ((h)
may also be respectively written in theforms
(Tt + (M) + (y)F =0,
(Lo + (M) + (M)t =0,
(Lol + (—28) + (Bt =0,
(L)t + (MR +(—Mph=o,

and represent, respectively, a conic which is inscribed in the triangle
of reference, and three other aonics which touch one side and the other
two sides produced.

187. For the firbt equation of the last four, viz.,
(0.}, LA+ 4+ N2 MNBy—2NLya—-2 LB =0,
or, (La)t + (UB) + (M)t =0,
may be written in the form
(M3—N7) + La(La—2M3—2Ny) =0}
hence (Art. 174. (#).), a =20 and
La—2MB—2Ny=0
are tangents to the conic, and
UG-~ Ny=10

is their chord of contact. Also, since this chord of contact evi-
dently passes through the vertex A (Art. 16),it appears that, if the
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points of contact A\ B, C, of
the inscribed conic he joined to the
opposite vertices of the triangle of
reference, the equations of the
joining lines Alt, BB, CC' will
'be

Fig.30.

IH3—Ny=0,
Ny—TLa=0, (238)

La—-1g=10;

they therefore meet in a point
(“ﬂ! Jsﬂg 70). such that

28
FLay= JB,= Ny, = AR R

b e (289)
ztaty

188. Also the tangents at A", B", C", where the chords meet the
conic again havefor their equations, respectively,

Ta — 23— 2Ny =0,
B — 28Xy —2La =0, (240)
Ty — 2L a — 233=0.
From the form of these equations it appears that
M3+ Ny =0,
Ny + La =0, (241)
fa +AUB=0,

are the equations of the straight lilies which join the vertices of the
triangle of reference to A", B"'. C" thepoints in which the opposite
sides are met by the tangents (240).
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189. Also, thepoints A", //", C" lie 1)1 the same straight line
Lo+ M4+ Ny=0; (242)

for the straight line represented by this equation manifestly passes
through the intersections of (241) with e =0, g==0, y=1,
respectively.

190. It will he observed moreover that A J', A A" are harmonic
conjugates ivith respect to A//, A (" (Art. 95); and that B and C
are the centres of similar harmonic pencils.

191. Again, since the equation (0s) may be thrown into the
form

(—Ta -+ I8+ NyP—4MNpy = 0,

we se (Art. 174. (GQ.) that the equation of B'C\ which is the
polar of A, is

— Lo+ M4 ANy=0;
s i m i La— M4+ Ny=0, ( 2 4 3 )
and Lat M3 — Ny=0,

are the equations of C'A', AB\ respectively: and from the form
of their equations we conclude that these polars, the sides of the
triangle AB' C\ pass through the points A"B"™ C," respectively.

192. And further, since the first equations of (241) and (243)
may be writien in the form
— Lu+ (La— 2AR — 2Ny =0
and —La— (La—~2M8 ~2Ny)=0

respectively, it follows (Art. 95) that {A™. 4%, 474’} is a har-
monic pencil.  In like manner, B", C" are respectively the
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centres of the harmonic pencils {&” . B4', B'R'} and {C”. CF,
c'C'}.
193. When
#(a, B, y)=La’ 4 M8 4 N2y — 2 M NGy—2NLya— 2L Mal = 0
¢(a, B, ¢y =0a*+ 08+ 0244 L* W Nbe+ 4 LI *Noa+4LAUN*ab ;

therefore (Art. 125) the inscribed conic represented by the equation
(Op) will be an elipse, a parabola, or hyperbola, according as

Lbe 4 Mea 4+ Nabd
or = 4 .3._;__‘

is positive, zero, or negative.

The equations of the escribed conies (0¢), (07), (0g) (Art. 186)
may be discussed in a similar manner.

194,
La® + M08 + N =0,

This equation, since the terms are all essentially positive, can be
satisfied by no real and possible values of the variables, and there-
fore represents only an imaginary locus.

If, however, two of the terms only have like signs, the equation
is of the form

Q). Lla® - M3 — N3 = 04

and the conic which it represents stands in an important relation
to the triangle of reference. This equation we shall now discuss,
and whenever hereafter, for the sake of symmetry, the equation
(P) is employed, it must be understood that one of the three
quantities L, M, N is to be regarded as imaginary.
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195. The equation (Q) may be written in either of the forms
(La + MB)(La — MB)— N*? =0,
(Za + Ny)(La— Ny) = M3 =0,

and therefore (Art. 174. (G) represents Fig. 3L

a conic which is so situated that

C.4{g = 0) is the chord of contact of
NYW — L% = 0,

the pair of tangents through B, and
A By =0} that of

L't — g =0,
the pair through C (fig. 31).

In other words, B and 0 are the poles of CA and AB respec-
tively, and, consequently, A is the pole of BC. So that the
equation (Q) represents a conic with respect to which the triangle of
reference is self conjugate,

196. Writing the equation in the form
LI’ —(IPF + Ny =0,

we se (Art. 174. (#).) that, although A is the pole of the opposite
sides, the pair of tangents through A are imaginary.

197. It will be observed that the pair of tangents through any
vertex of the conjugate triangle form a harmonic pencil with the sides
which meet in that vertex.

Fig. 31, which shews the position of the conic (Q) with regard
to the triangle of reference, will, if the letters be twice inter-
changed in a circular order, represent successively the loci of the
equations

— I M NYW =0,
— I’ — M@ NHf =0,
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198. Let
Lié - Mg~ Nif = 0 (244)

mid Ll — 38— N3 = 0, (245)

be the equations of two conies with regard to which the triangle
of reference is self-conjugate. Eliminating a, B, y successively,
we get

(LM — IR — (NI — V3L = 0,
(IEN3—IGNDy + (B30~ IMBa = 0, (246)
(NIL3 — NIL)a® 4 (AN — IGNDE =0,

for the equations of the common Fig 32
chords of (244) and (245) ; these
therefore (fig. 32) pass two and two
through the three vertices of the
triangle.

199. Hence dso, if a system of
conies be described through four
fixed points, the points in which the
three pairs of opposite connectors intersect form a conjugate triad
with respect to each curve of the system, and the triangle formed
by joining them is a self-conjugate triangle.

200. In this case
Pla, B,y) = L’a*— M8 — N + 08y + Oya + 0ud == 0;
¢(a, b, ¢Y = M*N%" — N L — LPA.

Wherefore, (Q) will represent an ellipse, a parabola, or hyperbola,
according as

ispositive, zero, or negative.
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201.

(R). By — ka"= 0.
Fig. 83,
By reference to (Art. 174. (G)) it will A
be seen that the equation (E) represents A
a conic section to which CA {8 = 0y and
AB{ y = 0) are tangents, while BC (a=0)
is their chord of contact. B . \

202. Here
ola, B,y = 2l + 05" 4- U‘ye — 28y 4+ Oya 4 028 =0;
ola, byeY= —& + dlbe:

and the locus of (R) will le an ellipse, a parabola, or hyperbola, ac-
cording as

> a
b
203.
(9. By — k=0,

The locus of this equation (Art. 175. (JT).) is a system of similar
Fig. 34
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and similarly-placed hyperbolas (fig. 34), having the side BC of the
triangle of reference for i common chord, and passing through the
points at infinity on the other two sides. Each curve of the system,
therefore, has its asymptotes parallel to CA, AB.

204. Equation (S), as we should expect, satisfies the condition for
a hyperbola; for we have

2
$la, B, ) = 20a* + 08!+ 0 — 2(%)3-, + 2eya 4 2bag = 0,

and therefore
2

48 4a8 25/ 208
e, b, f=——r & — B -4 2(bo+ -%-)&0—2(—16— e6—2 (—%—)afa

202
4(;;3 » essentially a negative quantity.

205. Again the equation
(M. By —B=0
gives us
Pla, B, y)= a'a® + ¥8*+ ' + 2{5;.- - 3§JBY+ Qeaya 4 2abaf = O

whence we shall find that

44° 84
o

and that (Arts. 176. 125) (T) represents a system of concentric,

$(6,4,0)= —

Fig. 35,
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smilar, and similarly situated hyperbolas, having the two sides CA,
AB, of the triangle of referencefor their common asymptotes (fig. 35).

206. Lastly, the equation
(27). B —ka=0
has for its locus a system of conies (Art. 175. (I1).) to wliich

a=0 and the line at infinity are tangents at the extremities of
the common chord /3 = 0. We shall now ha\e

#(a, B, 7) = 2¢a’ — 4‘_;»8! 4 0y + 08y 4 20ya - 28R = 0 ;
$(0, b= — 8 — (22 1 ) 4 aee + 2(10 )
=0;

t
and (Z7) represents a system of similar and similarly placed parabolas
Fig. 36.

of which8= 19 is a diameter, and a = 0 the tangent at its extremity
(fig. 36).



CHAPTER VIII.

EQUATIONS OF THE SECOND ORDER CONTINUED.

207. Instances will now be set before the reader of the mode
of application to particular equations of tbe general results of
Chapter V | ; the proof being, however, given in an independent
form where the case appears to deserve a separate investigation.
For the convenience of the student some of the most important
forms of the equation of the second order are collected in the next
Article.

208.
(N). LBy + Mya4- Na = 0,
or L + el + Ny _ 0,
« 8 ¥

which represents a conic circumscribing the triangle of reference
(Art. 180).

(0p). LW+ M+ N —2MNBy—2NLya—2LMaf = 0,
or (Lat + (MBY 4 (Ny)h =0,

which represents a conic inscribed in the triangle of reference
(Art. 187).

) L 4 M 4 Ny = 0,

which is the equation of a conic with respect to which the triangle of
reference is self-conjugate (see Art. 194. (P). (Q).).
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By - b = 0,
which is the equation of a conic touching the sides CA, AB, of the
triangle of reference at thejoints C and B respectively (Art. 201).

(*)e By —ka=10,

which represents a hyperbola passing through B and C and having its
asymptotes parallel to CA, AB (Art. 203).

M. By —E=0,

which is the equation of a hyberbola ivhose centre is at A, and to which
the sides CA, AB are asymptotes (Art. 205).

8 —~ka=0,

which represents a parabola of which CA is a diameter and BC the
tangent at its extremity (Art. 206).

To these may be added the equation

in oy — M3 =0,

which represents a conic circumscribing a quadrilateral whose sides
ae a=190,8=0,y=0,8=70, and, though not strictly speaking
trilinear, may be regarded as a particular case of (Art. 173. (F)-)-

209. Equation of the chord joining the two points (a B, ),
("s- 8z ‘}’n)-

(N). ‘—E-+%+Jj 0.
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The equation of the straight line joining the two given points
(Art.58. (68).)"is

(5172 = Bmla + (yia — y)8 + (@B —aBily = 0;  (247)

But, since in this case the points Te on the conic (N), we have

L M N
R
a B "
and LMy CL 0;
€z B Yz
L _ ar _ N
whence, 1 1 — 1 1 1 i’

Birs B:y1 Y192 _'}; a)8q a8,

or 31)’3 - ﬁﬂ'l — Yila = Yal; — a8 — ﬂsﬂz : (248)

L M N

P BiBs ¥

and (247) may be written

yA M N

which is the required equation. ¢
FAR T L NN LY O
Since (a;; By %), (@ By 12} e points on the curve, we have

ot Mgt + W} =,

and Irek 4 migh - NhE =0,
whence, A4 _ at _ Nt .
- Iy 3!
s =gt vl —odel olol — et
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or,

31?2 —Bn _ Yiftz — 7201 _ B — axfdy ;
LEehd + b G + k)T el wlah
(250)

and (247) becomes

Li(ﬁu Y: 271 a+t M,}(}’l““ + T“E B+ N%(RI%BE + “‘z}ﬁh'f =",

(251)
the equation of the chord.
Lﬂas + M?ﬁﬂ + N!,rﬂ J—
Since the given points are on the curve, we have
Lo + M8l + N = 0,
and a4 ML+ NYyi= 0,
which give
I* M N?
B — Bl T Fad— el T el —dlsl
1311"2—13271 A ﬂ]»es'l' e .
Hence, 7 == 17 = N H (252)
51} + 8B Yty + oy s+ af,
and we have for the equation of the chord,
L Mg Niy
= 0. 253
By + ) + Y19z 1 yam + oy + 2B ( )

By — ka®=10.
We have, since the given points are on the curve,

Bﬁ: = k“f: ! (254)
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Bays = Rk (255)

Hence, multiplying (254) and (255) by y: and ¥ respectively, sub-
tracting, and dividing by {y.a 4 v, we get

;3172 - ﬁn‘}‘l —_ Yz — 7201. (256)
— k(yas + o) Yy

Similarly, if we multiply (254) and (255) by # and &% and sub-
tract, we get

19-1‘?2 - ﬁe}'z — ﬂ;ﬂs — afdy ; (257)
——I’ﬂ(a,ﬁz -+ ‘12131) - By

and (256) and (257) give

;3172 - .82?1 Y10z — Yty af; — e
= - H 258
—k Yi¥e BBs ( )
nes + yem afs - e

whence substituting in (247), we have for the required equation

I palid 882 -
ka + 718z -+ Y At a3 4 “2317 =0 (259)

Second method.—The equation of the chord may, however, be
more easily formed, in the present instance, after the manner of
Art. 126, asfollows. The equation

(B=-8)(y—7) + (B—8)(y—n)—2k(a—a)(a—e;} = 2By—2ka®
(260)

must represent aright line, since it islinear; aso it is satisfied by
the co-ordinates of each of the given points ; it must therefore be
the equation, of the chord.

Equation (260) may be written

2k(ay 4 ag)a—{(7,+ )8 (B, 4 Ba)y—eayay -+ Biys+ By = 0, (261)
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which- may be readily thrown into the homogeneous form (Art.
4).

(S). By —ka=0,
Here the chord will be represented by the equation
(B—BXy—12) + (B—B)y—:) == 28y —2a, (262)
or, 2ke—(n +y)B—(Bi+ By + B+ By) =0, (263
for (262) is evidently linear and is satisfied by (a8, ) or by

{as. B2,42). The equation just found may be rendered homogeneous
by the method of Art. 4.

(M. By~#¥=0

As in the last section, the equation of the chord of (T) is easily
seen to be

(»3—131)(1’—72) + (3"‘182)(7_'}‘:) =28y— 247, (264)

which is aso not in the homogeneous form.
(). g —ta=10.

In this case the linear equation
B—8)8—B)=8—1la (265)

is satisfied by the co-ordinates of the given points on the conic
( ET), and therefore represents the chord which joins them. It may
be written

ka — (8 + BB # §fa = 0. (266)
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210. Eqvation of the tangent at the point {a;, 8;, y,)-

The equation of the tangent may either be deduced from that of
the chord (Art. 209) by making a; = a,, 2= By, 42 = 3 5 Or befoi med

after eqg. (152), (153). If the latter method be adopted, it must
be remembered that the form (153) may only be used when the
equation of the conic is homogeneous, and that in other cases
(152), the general equation of the tangent, must be employed.

(|V) Ly 4+ My + Nug= 0.

Putting ey = &y, 83 = By, y3== 7 in (249) the equation of the chord,
we have

- — ey = 0, 267
asa+ .8+_ﬁ7 ( )

which is the equation of the tangent at {a;, B;, ¥,)-
Second method.—The equation of the tangent is (Art. 129. (153).)

@) (Bt

and, in the present case,

o
((;i') Myl + Nﬁl)
T

(jg’) Nay + Ly, (269)
()= 04

hence,

(Mys + NBa + (Nay + Ly)B + (LB + Mo 3y=0  (270)

is the required equation.
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It is obvious that (267) and (270) may be derived tbe one from
the other by means of (N).

(0. Lid 4 arigh g MR o,
Makinge;= a. By = B ya= 71, iN (251) we get for the equation
of the tangent at {ay, 81, 11}

Li M‘} nt ,
Ta-l-—kﬁ-l—‘—**y:{]. (271)
f=h h

i

The second method will give the same result, since

(gc%) = ;TJT: (:%) = %;’ (%) = %*- (272)

If the equation of the conic be taken in the form
a4 M8+ N 2MNBy—2NLya—2LMaf =0
(153) gives the equation of the tangent in the form

L{Lay—MB,— Ny )a-- M(MB, ~ Ny, Loy )8+ N(Nyy— La ~ MB, }y=0

(273
OP). L’ + M8 - Ny =0,
The equation of the tannant nhtainad hv aithar mgthod, is
L+ MB8 + Noyy=0. (274)

(R). By — ka* =0,

The equation of the tangent, derived from (259) Art. (209), is
2)(7&13 - -ylﬂ - ﬂly =0. (275)
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Also, since

(::"3%) = — 2, (‘% ) = (ﬁf} = f; (276)

the equation (268) gives exactly the same result. If the equation
(261) be employed, the equation of the tangent will be obtained
in the non-homogeneous form

2'{"11B - ?LB - -817 - I’a? + ﬁﬂ’l =0,
which, however, reduces to the form (275) by reason of (JK).
(S) 67 - ka _— 00
The equation of the chord (Art. 209. (263).) gives for the equa-
tion of the tangent at {a;, 81, 1)
¢
ka —nf— B+ Bn=10;
or, since by Bry, = kay, 7 7 )
k(ﬂ + “1) - 'Vhe — By = 0, (278)

which (Art. 4) may be rendered homogeneous, if necessary.

Second method.—The equation of the tangent at (a, ft, y1), (Art.
129. (152).) is

(d) —a) + ( )(ﬁ Bl)+( )(‘y —n)=0; (279)
tiy
therefore, since

(%l) =k (::; ) = (% ) =8, (280)

the required equation is

}(a —ay) - '}'1(1a - Bl) — By — '71) =0, (281)
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which, when By, is replaced byke 77), is identical with

(278).
IN gy—F= 0.
In this case (d¢)_0, (—?_71, (M) == g4, and the equation
of the tangent (Art1 129. (1%82 ) is 4l
nB—8) + Buy—y) =10, (282)
or, since, by (T}, Bip = 17,
nf + By = 245, (283)
B —lka=0.
dp\ _ _ ;. (de dp .
H L= — — )= ZE ) =0;
ore (dul) B (dﬁl) 2B (dyl) %
and (152) becomes
- ‘e(“_“l) + 28, (8—8) =0, (284)
or, by (U), klata)—288=0 (285)

211. Equation of the polar of the point {ay, S 1)+

From the results of Arts. 134 and 135 it appears that the equa-
tion of the polar of the curve (¢{a, 8, y) = 0, when the equation is
homogeneous and of the second degree, is

B @ Eme

identical with the equation of the tangent at the pointifay, S 1) ;
and is
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(287)
when the equation of the curve, though not homogeneous, is of the
second degree.

Hence the equation of the polar may be readily formed in the
case of any of the curves we are considering. It may aso be
deduced from the equation of the tangent by the method which
was applied in the general case (Art. 134). Examples of each
method are subjoined.

(N). I8y + Mya - Na = Q.

Substituting'in (286) the values of (g—?) (3%)’ (%:) given in

@)

(269), we have, for the equation of the polar,
(My, + NBa + (Nay + Ly)B + (L8, + Alg)y = 0. (288)

Second method.—Suppose (as, 8, va)s {3 Bs, ) t0 be the points

of contact of tangents drawn through (ay, 8, 9}t 0 the conic. The
equations of the tangents (Art. 210. (270).), since (ay, B, 9} lies
on each, give

(My: + Ngoa + (Nog + Ly)B + (Lgs + M)y =0,
and  (Mys+ Ngs)a + (Nay + Lys)8 + (L8 + May)y = 0.
Hence the points of contact both lie on the line
(My + N8 Yay+(Na + Ty )8+ (L8 + Ma)y,=0
or  (My+ Ngja + (Ney + Ly)8 + (L6 + Ma)y = 0, (289)
and (289) is, therefore, the equation, of the polar.

It may be shewn, in a similar manner, that the equations of the
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polars of the given point with respect to (Oj), (P) and (P) are
identical with (273), (274) and (275), respectively.

Again, if we take the non-homogentous equation
By —ke=0,

—Ha—a) + n(8—8.) + Bilv—m) + WBiy—2ha, = 0;
' (290)

we he

or, ke + o)~y B8y = 0;
the same as (278) the equation of the tangent at {ay, 81, 4.

Second method.—If (az. Ba va)s {(as By, 4i) De the points of contact
of tangents through the given point, we have (Art. 210. (278).),
since (as ftyi) lies on each tangent,

k(ﬂs + ﬂl)"?ﬁl“ﬁs?l = 0,
and k(“s + “1)"7:431"‘133‘}‘1 = 0.

Hence,
k(“ +at—p8 —8y =0

is the equation of a straight line on which both points of contact
lie, and therefore represents the polar of (
.(ﬂu B 1‘1)-
In the same way the equations of the polars of the point with
respect to (T) and (77) may be shewn to be (283) and (285)
respectively.

212. Condition that the straight line (7, m, n) should touch the conic.

The required condition may be obtained either, as in Art. 131,
by comparing the equation of the given line with that of the
tangent (Art. 210), or by the direct application of the results of
Art. lul (Eqq. 155, 157); or, again, by combining the equations
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of the straight line and curve (the latter in the homogeneous
form,) and expressing the condition that their points of intersection
should be coincident. The following are examples.

LBy + Mya 4 Nof = 0.

Eliminating a between (N) and the equation

la 4 m8 4y = 0, (291)
we get
Nmﬂ*-—(Ll—Mm—Nn),&-y -+ ﬂfﬂ-y” =10;
which will give coincident values for E if
Y

(L!—Mm—Nn}-—4MNmn = 0,

This, therefore, is the required condition; It may be written in
either of the forms,

I+ M%® 4 N —2MNnn—2NLal—2LMIm =0, (292)
or (DY 4 (M)t + (Nt = 0. (293)

Second method.—Identifying (291) with the equation of the tan-
gent at (ay, By, 1) (Art. 210. (270).), we get

-MYI <+ lei — Nﬂ1 + II)’:
H] - i

—_ Lﬂl ‘:; J][al - — ) (Eﬂ.y):

therefore,
Np + My + 0 =0,
Na, 4+ Ly +mx=0,
Ma, 4 LB, 4+ =0
Also, lay 4 mB + B =0;
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and from these, by the elimination of a;, 8y,9, and &, we get for
the condition of tangency,

o, N, M I,
N, 0, L,m
ML o= (294)
A , 0

If the determinant be expanded and the sign of the whole
changed, it may be seen that this result agrees with that before

obtained (Eqq. (292), (293).), and might nave been written down
at once as " =0, or ¢(J, m, n)’ == 0 (Art. 131. (155), (157).).

0.). L}ai +M%ﬁi+N§?§ —

A comparison of the equation of the tangent (Art. 210. (271).)
with (291) gives

o 8 _ o
LISTINS TN
4 #e "

and substituting these values for a, 13, y1 in the equation
loy + mBy + 0y =0,

we get for the required condition,

r M N
T+-ﬂ:+?=0. (295)
(p)- L 4+ M3 + N3 =0,
The condition of tangency may be at once written down from
(155) Art. 131 inthe form *
o, 0,7
0, M2 0, m
=0 296
0, 0, Nn 0; (296)
L m, o8, V|
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or obtained, from (274), asin the last case, in the form

22 2 k4§
B it o o
(R)s By — ka®= 0.

Identifying (291) with the equation of the tangent Art. 210. (275),
we get

-2 B wm,

1 m n

whence, since By, == kaf, we have for the condition sought

I — 4hmn=0. (298)

(9. By ~ ka=0.

The equation of the tangent to (S at the point (a,. 8, y,}, written
in the homogeneous form (Art. 210. (278).) is

28 28
(aa, + 28)a + (ba. -3 y,)as + (ml - —; Bl)y == 0. (299)

Replacing 2Sin the coefficient of a by an, 4 88,4 ¢y, (Art.3.(1).),
and comparing (299) with (291), we have

ba 28 28
Zoa + b8 F ey _ M T AN T T A

] . " = —x (suppose).

Whence, eliminating a; 8 ¥, A, we get, asin (N) of thisArticle,

2a, . e 1

3 0, —-%S,m
=0, (300)
28
c,—H;—;-, 0. =
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If we make use of (157), and remember that, in this casg
¢, B,y) = ad® + 087 + 07’—2%?1 + 2%7(: + ngﬁ =0,
we shdl have
, 8¢ & be  Sa Sb 8
(L, my n) =5 Zz—zﬂa’—?n?+2(4 +- 7 )mn 2(2‘{)%!—2(?5)3!”,

(302)
s0 that the condition is

S’J’ 48In {24 & ¢
ST e ()

=0; (302
a result which will be found to agree with (300).

(7). By~ K =0
Here

pla, B, y) = &’ + B + & + 2(50 ———)B‘y + 2eaya + 2408,

and the condition of tangency (157) becomes

( + 50)3“' + almn (? -——— 5:) =0 (303)
(V). g —le=0.
Inthis cae
$(lmn) = ‘%’ m— (2fa+ ) '+2( )mn—2(.§, )mf
(304)

and the conditio i is that this quantity should equd zero.
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213. To find the co-ordinates of the centre.

Let, g, 8,y be the co-ordinates of the centre. This point (Art.
139) is the pole of the straight line at infinity whose equation is

dgat B3+ ey =0. (305)

(N) I8y + Mya 4 Nep = 0,

The equation of the polar of {a, 8, y) with respect to this conic
(Art.211.(289).)is

(My+ NB)o + (Na+ Ly)a + (18 + Moy = 0.

Identifying this equation with (305), we get

My+ N8 _ Na+ Iy IB+Ma__
== T

- ~ X (say);
whence, proceeding asin Art. 137, we find
a B oy A (30
NMa 0, Ma 0, N a 0, N M
0,Lb | I NLD N LD ._N,O,L\
L0, ¢ M0, ML ML O
that is,
5 il ¥
L M N

—Zat Mo+ Ne  La—Mb+ No  La+ Hb—DNe

—28
= R T N = SHNb — 5N — 2L 07

(Prelim. chap (4).),

equations which completely determine the centre.
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(O0). L% 4 IPE o N — 2MUNBy — 2N Lya — 2LMaf = 0.

Comparing the equation of the polar (Art. 210. (273).) with (300),
we get

Li—Ta+ M3+ Ny) _ MEIMZ3+ XYY N(La+ U=y
2 - b - ¢ ’

whence, proceeding as in the last example, we have finally

£ 4 — B — y — * iq
Me+ N6™ Na+Le  Lbo Me™ Lbe 4 Mew L+ Nab
(308}
2. L+ B4+ N =0
gives, in a similar way,
a B _ v _ 28 )
« b e I n b P (309)
T i ¥ Ftmety
(Jf). and B‘y — fa¥ = ,'
«a _ B 3_ 8
= ey Al (310)
2 ET Al
(8). By —la=0.

Here, comparing
- - - - 28 - 28_
(2aa 4 b3 4 ~yla 4+ (fm-—- i 7) g-+ (f‘u——g 13)7= i,
the homogeneous equation of the polar, with (305), we find

n _ a8 _ y __ k£

282~ - ew . —ab &
F 2

(311)
2be +

K
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Similarly, in the two next examples, the subjoined results are
obtained.

(T) By— =0,

o _B_v_
58— 0—0= 1. (312)
&
(). B —fa=
_“:—E—_;._?:S: 313
e 07 wg 0 (313)

214. Condition that the conic should he a parabola.

Since (Art. 131. Cor.) the stiaight line at infinity is a tangent
to every parabola; and, again, (Art. 139) the centre of every
parabola lies on this line; the required conditions may be deduced
from the results of either Art. 212 or Art. 213. They are seen
below and will be found to agree with those given in Arts.
185—206.

(). Lt W 4 N*¢ 2 MNbo—2NLoa—2LMab = 0.

L &N
(0.). st 70
a‘} b? 2
(P it g+ =0
a%
L_‘ﬁ}}'

(S). Impossible {the curve being always hyperboalic).

(T). Impossible {the locus ocing always a hyperbola).
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(U). The condition is satisfied for every value of k {and the curve is
always a parabola).

215. It appears aso from Art. 213 that the vertex A of the
triangle of reference is the centre of the conic (T) (see Art. 205).
216. Conditions that the conic should be a circle.

Applying the conditions (194) of Art. 149 we obtain the fol-
lowing results.

R

(V). L i Ny
" B ¥

The conditions are

M N N L L M

and  sind sind sl smod  siud’

whence we easily deduce

.L — ‘Jl[ — N ) (314)
sin.d = sinH T s’

Hence
sind | sinft  sin{'_ 0
a o) ¥ !
a & a
or, — —_ — =0
-t 8 + ¥

is the equation of the circle described about the triangle of reference.

(0p). L&4-MF+ Ny —2HUNBy—2NLya—2L2oB = 0.

In this case the condition becomes
2sin O+ Nsin B = Nsin A+ Lsn U= Lsin B4 MHein 4;
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whence we shall get

L M N
i = 7 = c 3 (317)
2 : T LA
COS 3 COE 2 coy 3

and the equation of the inscribed circle will le

- B o
cos —é— o + cos —2—3% + 003771} = 0. (318)

(-P). L' 4 M + N =,

The conditions of Art. 149 become, in this case,

Msin? O+ Nosin?B=N"sin 244 Lsin 20 == L¥sin B4 M ?sin .,

and give
2 2 2
sif 24 siﬁ[uﬁ = sirf\; g’ (319)
and the equation of the self-conjugate circle is
gin2d¢’ + 8N 2B/ 4 sin 2042 =0; (320)
or, acos da®+beos B 4 ceos 27 =0 (321)

which will not, however, represent a real locus (Art. 194) unless one
of the coefficients be negative, that is, unless the triangle of reference
le oltuse-angled.

{|t) By — ko® = 0.

Here, the conditions (Art. 149) are
sin Bsin O = ksin*C' = ksin 25 ;

whence, ¥ = 1, and the triangle of reference is isosceles. (322)
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EQUATION OF A CONIC REFERRED TO TWO TANGENTS AND
THEIR CHORD OF CONTACT.

217. Let the equation of a conic Fig. 37.
referred to a pair of tangents and
their chord of contact (Art. 174.
(G).) be

LM =R, (323)
Then, if
L N

be the equation of any chord PQ, through the intersection of the
fixed tangents, we get, by combining (323) and (324), the
equations
R _ X

= -'j-:? = ‘;‘é—! (325)
to determine its points of intersection with the conic; the upper
and lower signs referring respectively to the points P and Q, which
lie on opposite sides of P = 0.

218. The chord PO may be denoted briefly by g, and the
points P and Q (after Dr. Salmon's notation) by 4 s and — a
respectively.

219. The reader will observe that the equations
R=tpl,
= tpR,

represent the pairs of lines which join {LE) and {MR) respectively
to Pand Q.

Similarly, any pair of straight lies through {LR) and {MR)
whose equations are of the form
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R=1LL
M=1LR

will intersect on the curve.

220. Any point which does not lie on the curve may be denoted
by a pair of equations of the form

(R AL, M="1FLER).

221. To find the equation of the chord which joins two given
points on tlte conic L¥# = E=.

Let py, po (Art. 218) be the two points. At these points, as in
Art. 217. (325), we have, respectively,

Lk @29
and L _ £ _N (327)
1w
Suppose the equation of the chord to be
IL+ »B 4+ nlf=0. (328)
Since py, pg both lie on thisline, we have, by (326) and (327),
I 3+ rpy 4 mpf =0, (329)
I % rug 4+ ol =0, (330)

Hence, eliminating I, m and r between (328), (329) and (330),
we get for the equation of the chord /xj"

L, R M
Lo, s [=0; (331)
| PR

which, when expanded and divided through by g, - ps, becomes

pisl — (o + p) B+ H = 0. (332)
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222. To find the equation of the tangent at any point g, on
the conic LM = R,

Making ua = p;, in the result of the last Article, we see that the
equation of the tangent at g, is

WL —2u R+ =0 (333)

223. Similarly the equation of the tangent at — p; (Art. 218),
the other extremity of the chord uf, is

_u'fL + 2#113 + =0, (334)

224. To find the polar of a given point with respect to the
conic LA == R

Suppose the given point (Art. 220) to be the intersection of
the pair of lines '

(R=*hL, R = k), (335)

and let  be the point of contact of one of the tangents through
this point. The equation of the tangent (Art. 222. (333).) is

WL —2u R+ H=0.

Since therefore the point (335) lies on this line, we have, by
substitution

Fp}— 2Wp + b= 0. (336)

But at the point of contact  we have (Art. 221. (326).)
L_2_X

; (337)
i mooM

and, eliminating u, between (336) and (337), we find for the equa-
tion of the polar at the given point

AL — 2RER + k32 =0, (338)
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225. If from a given point 0 two straight lines le dracn cutting
a conic in the points P; and Q; P, and Q,, respectively; the two
'‘pairs of chords which join, directly and transversely, thesefour points,
tvill intersect on the polar of O.

Let L=0, M = 0 be the equations of the pair of tangents
which can be drawn to the conic through the given point: and

Fg 3

let R= 0 represent the polar of 0. The equation of the conic
referred to these three lines will be

LM — B =0 (339)

and, if the straight lines OP,Q,, OF,Q; be represented by (i, i,
respectively (Art. 218), the points P; Q, will be denoted by * g,
and P, @Q; by *p, respectively. Hence (Art 221. (332).) the
chords PP, @ @; will be represented by

pipal + (4 p) B 4 M = 0, (340)
and the transverse pair, 7,Q,, P, Q,, by

—psL* (g — p) B+ M= 0, (341)
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From the form of these equations it follows that the two pairs
have their points of intersection on R — 0, the polar of O. For
(340) shews (Art. 16) that P, I%Q., both pass through S, the
point of intersection of 2 = ¢ with M4 e = 0; and from (341)
it appears that.P &, P,Q, both pass through T, the point of inter-
section of =0 and M-gpu,L = 0.

226. Hence daso it follows that the equations of OS OT are
respectively

¥ el =0, (342)

A — ol = 0. (343)

227. Therefore dso OS OT form with O, 0 a harmonic
pencil (Art. 95); for the equations of these four lines are

L=0, M=0, H+ppLl=0.

228. Again, from the form of the equations (340) it appears that
the four lines SO, ST, S\, N« form a harmonic pencil. There-
fore the chords.?, @,, -}, are cut harmonically by the point 0 and
its polar; and we have the well-known Theorem;—

Every chord of a conic is harmonically divided by any point on it
and the polar of that point.

This is also evident from the form of the equations

R=+pl, (344)
R=+ulL, (345)

representing (Art. 219) the pairs of lines which join the point of
contact of one of the fixed tangents to the extremities of the
chords .P, 6, P @ respectively. For (344) and (345) each form
a harmonic pencil with L-=x0, E=19, and, consequently, the
transversals 0.2, @,, OF,@, are harmonically divided.



138 TRILINEAR CO-ORDINATES.

229. The poles, with reference to a given conic, of straight lines
which pass through afixed point, lie on afixed right line.

Let the conic be referred to any pair of tangents and their chord
of contact, and let its equation be

LM = I (346)

Also let the straight line the locus of whose pole with respect to
(346) is to be found be represented by the equation

IL— 200 } mA =0, (347)
in which p isindeterminate (Art. 16).
Suppose
(R=AL, B=FkI) (348)

(Art. 224. (335).), to be the pole of (347); then (Art. 224. (338).)
the equation

AL — 2R 4 FM =0 (349)

must be identical with (347). Comparing them, we get

h hE k

TES = (350)
But at the pole we have, by (348),

L R

I= = 351

k hi A (352)

hence, substituting for h, le, from (350) in (351), we get
L_R_M
m

= ‘F —_ z H
and the locus of the pole of (348) is a straight line whose equa-
tion is

1L — mM =0, (352)
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230. "We shall conclude this Chapter by calling the attention of
the reader to a few geometrical theorems, which are involved in
the forms of equations investigated in the preceding Articles.

Thus from the forms of (P), (s), (T) and (U) respectively we
deduce the following;— <»

The product of the distances of any point on a conic from a pair of
tangents bears a constant ratio to the square of its distance from their
chord of contact.

If at the extremities of any chord of a hyperbola parallels be drawn
to the asymptotes, the distance of any point on the curve from this
chord is in a constant ratio to the product of its distances from these
two dtraight lines.

The rectangle under the distances of any point on a hyperbola from
the asymptotes is constant.

The square of the distance of any point on a parabola from a
diameter is proportional to its distance from the tangent at its
extremity. .

Again, (316) may be written in the form

8y 4 bya + caB = 0;

and, if P be any point on the circumscribed circle and Q, R, S the
feet of the perpendiculars from P upon the sides of the triangle,
this equation asserts that the algebraical sum of the triangular
areas PRS, PSQ and PQRis— 0. Hence Q, R, Sare in the same
straight line; and we ha’e the following theorem ;—

If from a poirt on the circumference of a circle perpendiculars be
drawn to the sides of any inscribed triangle, the feet of these perpen-
diculars will lie in one and the same dtraight line.

Also from (322) it appears that if a circle be described touching
the sides of an isosceles triangle at the extremities of the base the
rectangle under the distances of any point on the circumference from
the two sides is equal to the square of its distance from the base.
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CHAPTER I X.
THE CIRCLE.

231. To find the equation of the circle described about the
triangle  ABC.
We may assume the equation

(Art. 180. (iV).) to be of the form
LBy + Ju—'ya + NGB =0
(353)

The equation of the tangent at C

(Art. 181. (234).) gives for any
point P upon it

L_._=¢
r— 8

Therefore (Euc. iii. 32), when (353) represents a circle,
L ___a_ PR _DPCsind_sind,
MT BT PR T PCsmBT sir ki’

and we have, by symmetry,

L _ M _ N
sind snB  snC

Hence (353) becomes

sin 4 8y + sin Bya + sin (a8 = 0,

or, a8, 4 bya 4+ ceB =0,
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232. To find the equations of the inscribed and escribed circles.
The equation must (Art. 187. (0s).) be of the form

(Za)* + (MBYE + (Fp)¥ =0, (356)
and the equation of the straight line whichjoins C to the point of
Fig. 40.
C
/‘ . .
g \
0
[ . e !
// ~ i F \\! \IQ
e . ~A
Lo e o - = PP e —
A Iy B

contact of the opposite side (Art. 187. (238).) gives, for any point
upon it and therefore for the point of contact D,

A . .
L s DR DAsind _ 0D cot5-sin 4 oSy
H = DO DHsm B

B . T
O])cot-z—bmﬁ cos-—2-

Hence, by symmetry,

z M _ N
AT R

2 [ Rads
087 R
o ) CO& 2 oo 7

and the required equation is, by (356),

4 B ¢
cos ?ﬁ-{- cos-é-ai + ,cos@yi =0. (357),

233. Similarly the equations of the escribed circles may be
shewn to be

cos—— (—a)* + sm-}iﬁ} LAn ¢ 'y} =90,



142 TRILINEAR CO-ORDINATES.

. A B A
sin ot + cos 5 (—B) 4 sin 2 4 =0, (359)
sin%p-a! - sin 28 +con o (—p)t = 0.

234. |t will be seen that the equations just obtained for the
circumscribed and inscribed circles pre the same as those given
in Art. 216. A full discussion of them here would be superfluous,
since all that was said with regard to the conies (N) and (Os) in
the two preceding Chapters applies, mutatis mutandis, to these
circles. A few, however, of the more important results there ob-
tained will be given in the present Chapter under their modified
forms. For the sake of clearness we commence by explaining the
notation employed.

235.

R Op; 4, B, ¢

¥ =0, the etreymecribed .
r, O.; 4.8, 8. =0, .. wmseribed
toy Ouy Ay By, € S, =0, .. eseribed(sn BLY . .

ry Oy A, B, €, 8, =0, .. escribed(on CA) . .

r, 0,; 4,08, (. 8, =0, .. esoribed(on AR) . .

8, =0, .. relf-conjugate

ry 0,;

4, By, ()

e, Oy 8, =0, . . néne-point

_A!a Bm ;

and points of intersection (or contact) with
the sides of the triangle of reference, of

represent respectively the radius, centre,

Similarly Sue Sipe Sare &, arc the circles deseribed through
On' Oh 00; On 05, 0,_-; Om oﬂ On; OG! Ob, or! resPec‘?i"eIY-

Also, Ay By, O
Ait Bn- 02_

middle points of the sides,
are the

feet of .1." from the vertices;
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and n the.L.** at the yniddle points,
A the L™ from the vertices.
&, Ay, BB, CO.
¢ iste 4 pp cc.
inteisec-

G, tion of |Ad, BB, CC.

e, Ay, By, 0C,
G, AL BE, CC.
e Ad, BB, CC.
236.
(8a). aBy + bya + caB = 0.

Suppose a triangle ABC"' to be formed by drawing tangents to
the circumscribed circle at the points A,B, C. Then it will ap-
pear, asin Art. 181, that its sides, whose equations are

B Y ..
T+—o-_0’
¥ 48 = 359
=0 (359)
a 8 _

and .;_}._3_...0,

meet the opposite sides of the original triangle in points which
lie on the straight line

o 8 Y _g.
2ot L=0; (360)

¢

aso Art. 182. (236).) AA', BB', CC are represented by the
equations
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B ¥

T8

'y T

4 ' = 361

L -2 =0, (361)
and a _ 8 _

a b %

and (Art. 183. (237).) meet in apoint {ay, Se vs) Such that

_‘EE.:_BL-— 7“.— 2;?

@ b T e T A4 &

237, For the equation of the chord joining the points (a,, 81, y1),
(ap. 13, y2)> we shall have (Art. 209. (249).)

fe B8 o
AT 83, Fiy:

=0,
and the equation of the tangent at {a;, AW be

is e
wmT =Y

while (Art. 212. (293).), for the condition of tangency of (I,m,n),
we have

i{H]
+

—F
a

(et 4 (m) + ()t = 0.

238. The centre O of the circumscribed circle is given (Art. 213.
(307).) by the equations

a _ B v _ 28

cosd ~ cost T cosCT acosd 4+ beosh 4 ecos
_a
T 48
=

and therefore, as may easily be shewn, coincides with P;.
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2309.

T

A B {
cos—2-a*+ o8 - B*-}- cos—-y% =0,

It may be shewn, as in Aft. 187, that the equations of AA,
BB, CC, are

Wi [
cos” —B——cos _2-7_0

¢ A
,cos"’?y - 0052—2“‘{1 =0, (367)

A
coss?a - cos"'-‘z—ﬂ = 0,

respectively, and that G,, their point of intersection, is given by
the equations '

A B &
cosg'Tz-aU = cos? o Bh= cos“?y,,, (368)
or, a(s—ala, = d{v—0)8, = e(s— Iy, (369)

240. The equation of the tangent at any point i{a,, B v1> (Art.
210. (271).) is

1
_1I Aa+ cos£ﬁ+ 100357_0 (370)
1

and the condition of tangency for (I, m, n) (Art. 212. (295).) is

1 . A4 B 1 20 __ ..
T _5+§cos'§'+'a?c°b"§"'—0’ (371
a{s —a) | b(s -8)  els—e) __

or, : | — + — =0. (372

L
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241. Again, O, the centre of the inscribed circle (Art. 2%3. (308).)
is given by the equations
;=§=;=§=n (373)
and therefore (Art. 20. (10).) coincides, as we know from the
geometry to be the case, with the point of intersection of the
bisectors of the angles of the triangle

242. The centre O, of the circle escribed on BC (since it is the in-
tersection of the lines 8 — y =0, y + a =10, e 4+ B=10) is given
by the equations

- = - 28
TeEREYS
S
L
== (37-1)

243.

wcos da® 4 b cos BS®: <+ ceos Oy =0,

The equation of the tangent at any point (a, 8, 3,) on the self-
conjugate circle (Art. 210. (274).) is

acos Ama + beos BB,8 4 ecos Cyyy = 0, (375)
and the condition of tangency for (I, m, n) (Art. 212. (297).) is

Fa m? n?

acosd  beosd ' ccos O

(376)

244, Also (Art. 213. (309).) 0, the centre of the self-conjugate
circle, is such that

a8
asec.d + bsee B + esce O

= 2R cos.{cos B cos (377)

cos Aazz c0s BE = cos Oy =

and therefore (Art. 25. (18,.) coincides with 7,
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THE NINE-POINT CIRCLE.

245. Theorem—In any triangle ABC, the feet of the perpendiculars
from the vertices (tchich meet in P,), the bisections of the segments
AP,, PP,, CP, and the middle points of the sides, are nine points
which lie on the same circle; and this circle touches the inscribed and
the three escribed circles of the triangle.  (Nouvelles Annales de

MNathematiques, 1842). .
The following general form of this Theorem is given by
M. Terquem in the same paper. t e

If through the vertices of any triangle ABC, inscribed in a conic,
three straight lines be drawn conjugate to the opposite sides? these
three lines intersect in apoint P; and the three points in which they
meet the opposite sides of the triangle, the bisections of the segments
AP, BP, CP, and the middle points of the sides, are nine points
which lie on a second similar and similarly situated conic : also this
conic touches an inscribed conic which is similar to the given oneyand
similarly placed.

The equation of the nine-point circle will be found hereafter
(Arts. 253, 254).

246. To shew that the equation of a circle may always be written
in theform

By + bya + ca = (aa + B8 + oy) (le + mg + ny);
I, m, n being arbitrary constants*

The general equation of the second degree
$la,B.y) = Ac* + BE'+ Oy + 208y + 2Fiya + 2Faf = 0

may, since #a -+ &8 -t ¢y = 2.8, be written in the form

Abe(8 + ey—28)a + Beou(ey + 0a—28)8 + Cublaa+83—28 )y
—2abe( D3y 4+ Fya 4+ Fag) =0,

2 Straight lines are said to be conjugateswhich respect to a conic when they
are parallel to conjugate diameters.
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or,

a{ Bé+ O¥ —2Dbe)By+-b( Ca* 4 Ac*— 2 Fea)yat o( AF 4 Ba*— 2 Fab)eft
—2abc8( +—§~+-E )=0. (378)

But, if ¢{a, 8, y) = 0 represent a circle we have (Art. 149. (195).)

Bé 4+ OF — 2Dbe = O + A — 2Fca = AW 4 Ba* — 2Fub

=i (say); (379)
and (378) becomes
28 A i 4
ﬁﬁy+5‘rﬂ+caﬁ-—— abc(“ n+78+—;7) (380)
¢y
(aa+ba+ey) (-ma + 84—y,
(381)
which is of the required form, the values of I, m and n being

Abe Bea Cab
R respectively.

For examples of this form of equation to the circle the reader is
referred to Arts. 252 et sqq.

247. The form of the equation arrived at in the last Article
shews (Art. 169. (-5).) that every circle meets the circle

a8y =-bya+t caB =0 (382)

in four points, two of which are imaginary, the straight line at
infinity (Art. 52) being aways one of the chords of intersection.

Hence all circles pass through the same tuco imaginary points at
infinity.
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If this-property be assumed, it follows at once from Art. 169
that the equation of a circle may be written in the form

oy -+ dya 4 caff = (da+ 38 4 cy) (la 4 mB + ny), (383)
or  aBy+bya+ caf = 28Va + m8 + ny). (384)

248. The equation of thfe other chord of intersection is evidently

la-tmB+ny=0; (385)
this therefore is the equation of the radical axis of (383) and the
circumscribed circle (382).

249. To find the equation of the radical axis of two circles.

Let the equations of the circles, when thrown into the form
which has just been investigated, be

aBy -+ bya +- caf = (aa 4 58 4 cy) (ha + 18 + nyy),
and @y + bye 4 caf = (sa -t 53 + oy} (ha + meB 4 may).

Subtracting, we get

(a2 4= 38 b ey} {(h—DYa & (my — m)8 4 (1 —ny)y} = 0: (386)

hence, one of the chaitfls of intersection (Art. 167) is imaginary
and at an infiVte distance (see dso Art. 247); the other is real
[except in the case of concentric circles (Art. 251),] and is repre-
sented by

(4 = Lya 4 (m — m)B + (v, — np)y =0, (387)

which is therefore the equation of the radical axis.

250. If the equations of the two circles be given in the genera
form

A+ 248+ On + Dy & 2Eyya+ 2Faff = 0,
A+ BE + O + 2D,y + 2Eaya+ 2Fpo = 0, (389) -
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the equation of their radical axis (Art. 246. (381).) will be

14_44_11) 1}3’1_%) 1(&_93) o
E(i‘t— ky ﬂ+3(—ﬁ‘x &y Bty h & y=0; (389

the values of K1 K;being similar to that which le has in the Article
referred to.

251. Suppose the given equations to differ only by a constant
term, or, which is the same thing, by a multiple of aa + 38 + ¢v.
The circles, in this case, are concentric®, and we get on sub-
traction

(aa + B8 -+ ey =0

which shews (Art. 249. (386).) that both chords of intersection arc
imaginary and coincide with the straight line at infinity. Hence
it is to be inferred that concentric circles touch each other in two
imaginary points at infinity,

252. To find the equation of the circle inscribed in the
triangle  ABC.

Let it be assumed (Art. 247. (383).) to be

aBy + bya + a8 = (e + B8+ o) (la 4 mB+ ny),  (390)

® For the centre of the conic
¢|(¢y 8,'}') + 2k(““ + 68 + 0'1"} =0

IS (Art 13 . 122\ mivimn g dha Acn ik Ans

(5&\ + 2k (‘I—‘f-‘-) + 2%B (d_";_l) + 2o
da / a8 ay
o = A = "
d 1 1 tf 1
Therefore, (% (%) (ﬁ)
d = ] = e

and the conic is concentric with the conic ¢, (a, 8,7) = 0.
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Since the circle passes through A, {0, {(s—¢)sin ig, (s—B)sin B),

or (Art. 26), () 1 \ the point of contact of the side
BC, we have gﬁ"bsn?utléﬁ h 2390)

@

boli—bYa—e) (s—-b = e)(b(s’i b) + cisiv))'

" __ 1
Hoe N eyt )
P om ') 5
Sobom {s—ec) ' als—u) abe’ 9 2 )
and 4 m__ e (393)

als—a) + $(s—b)  ube
Therefore, subtracting (391) from the sum of (392) and (893),
we get
ul!' b4 e—a _ 2s—a)
as—a) " abe T abe

and therefore, by symmetry,

[ « " =L’ (394)
a(a—a)t b(.‘;—i!a)2 els—ey  abe

and (390) becomes
iy + byat caB = o {a(s—aYa+ Bs—b8 + cla=ofy},  (395)
which is the required equation.

253. To find the equation of the circle which passes through the
middle points of the sides of the triangle ABC.

Suppose the equation fo be

By + byat B = (aa+ 38+ oy) (la+ mB 4+ ny).  (396)
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Since the circle passes through the middle point A;

(ox £ sin , % ¢in B) or (0, l, 1\), (396) gives
2 3 e

2
a? m "
35“2(r+7)

Therefore,(397) " n_ &
T T e

Similarly,(398) # i ¥

o T T 2akbe

! " I

Subtracting (397) from the sum of (398) and (399), we have

2! P4o—a® _ cosd,
/) 2abe ~ T

therefore, by symmetry,

P _ m _ n 1
cosd cosB cosC 2

. (400)
and, substituting these values of I, m, n in (396), we have

@By + bya + caf = % (aa + 88 + ey) (cos 4 « - cos BB -+ cos C'y).
(401)
254. To find the equation cf the circle which passes through the

feet of the perpendiculars from the vertices of the triangle ABC upon
the opposite sides.

Assuming the equation to be

a8y + bya & cof = (ta + BB 4 ey)(la + mB + my),  (402)
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we have,since it passes through A, (see Art. 235) (0, P;,cos C,
1 1
pacos B) or (0, —s —~—-)

cosdl cos LY’

a b e e \( A )
(cosb’ + cus O/ \cos f + eos £/’

cos Heos O
that is, since beos 4 ceos = u,
o st n =
EE:—U + coz.»l =1,
l + "

cos A cos B T

Hence, subtracting (403) from the sum of (404) and (405), we
find

27
cosd =1,
and therefore, by symmetry,
! _m _ w1
cosd  cosD cost 2 (406)

values which give for the required equation

a8y + bya + cap:}z(ﬂ'a + 08 +ey)(cosda+ cos I8 + cos 'y} (407)

255. The resulting equations of the last two Articles, it will te
observed, are identical, and M. Terquem's Theorem (Art. 245) is
proved so far as the six points As B, Oy A, B,, C, are concerned.
With regard to the three remaining pointsit is only necessary to
remark that the circle which passes through A,, B, C, must like-
wise, 'bj what precedes, (since these points are also the feet of the
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perpendiculars upon the sides of the triangle A4 #2% from the ver-
tices which subtend them,) pass through the middle points of .45,
IiP,, and/ for a similar reason, must also bisect (7.

256. Thus it appears that (407) is the equation of the nine-point
circle S.  That part of the Theorem of Art. 245 which refers to
the contact of this circle with the inscribed and escribed circles of
the triangle ABC may be verified by applying the condition of
tangency (Art. 131. (155).) to the equation of the radical axis (see
Art. 262) of §with &, S, & and 8, successively.

257. Fig. 41 exhibits the relations in which these circles stand
to one another, and the position with respect to them of certain
important points connected with the triangle of reference. Thus
O, ¢\, 0, and 1\ are collinear, 0y being the bisection of 1\Or. and
Py =2G,0,. Again O, G and @, are collinear, and &,y =
26G,0,. Hence dso G, is parallel to 0,0k, and P, =
20,0;.

258. The centre of the nine-point circle is manifestly the intersec-
tion of perpendiculars to the segments A,.A4., BB, €\ €%, at their
middle points.

If therefore a, 8,y be the co-ordinates of 0y, we shall have
(Art. 238. (366).) and (Art. 244. (377).),

1

a=7

(Reos.d + 2Rcos Beos = %cos (B—0C),

(3]

and therefore, by symmetry,

a a8 £

¥ —
R (B=0) = oos(0—D) = A=)~ &

259. Tofind the equation of the circle which passes through
0, Oy, O, (Art. 235).

Let the equation be assumed to be

aBy + bya + caB—~(aa + 38 + oy) (I + mB + ny) = 0. (409)
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At O, we have
—amfmy ="t

T h e ae~b—e—{a—b—c)(I-m—u)=1by (409);

whence, l—m—n=1.
Similarly, —Yrm—n=1,
and —l—m+un=1,

These equations give
I=m=n=-—1,
and, substituting these values for /, m, n in (409), we get
By + byat e+ (ga+ 38+ ry) (a4 B+ y) =0

for theequation of Sy.

260. To find the equation of the circle which passes
through 0,, G,, 0..

(410)

.(411)

Proceeding as in the last example, and substituting in (409) the
values of e, B,y at the points 0, 0, @, successively, we get to

determine /, m, n,
J!

I+m4dn=1,
—l4m~n=1,
and —l—m4a=1:

whence,

—l=m=n=1,
and we have for the equation of 8.

afy + byat caB & (aa+ 88 +'¢y) (a—B—y) = 0.

(412)

(413)
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261.. The equations of some of the more important circles arc
collected in the subjoined list. For the sake of shortness 2S has
been substituted for aa<4 884 ¢y. For an explanation of the
notation employed the reader is again referred to Art. 235.

(Su). afy+tPyatcaf=0.

28

(8).  aBy+byat-caf — 3 {a(s-—aYatBa—b)B+e(s—e)y} = 0.
28 2 4 T 2

(8., Byt lyatcaB — abe {aa“a + e —cP34e(s—bPy} =0,
28 .

(Ss).  aBy+byat-cap — ;b_-c{ﬁ(s — Va4 bR 4 (s — afy} = 0.
28 .

(8. aBy+byad-caf — pr {a(s — 8Ya+ b(s — af’B 4 ey} = 0.

(S;). aBytbyatcef— 8§ {cosda 4 cosBE 4 cosCy} =0,
0.

il

(8,). aBy+byatcad — 28 {cosda + cosBE + cosCy}
(Su). aBy+byateaBt 28 (a4 84 y) = 0.
(84.). afy-tbyatcaB+ 28(a—B~y)=0.
(Sue) aBy+byat-caB 4 28 (8 ~ y —a) = O.
(Sur)e @By+bya-teaB 4 28 (y —a—B)=0.

262. The radical axes of these circles taken in pairs, are repre-
sented (Art. 249) by the following equations:—
(8z) and (8,), a(s—a)a+ He—80°R + ¢(s—e)y== 0.
{8e) «..(8)- #5% 4 B(8B)*B 4 o(s—c)y == 0,
{8g) «..(8). cosdat cos B4 cwCy=0.
{(8z) ...(8.) wsdaet+ cos B4 cosOy=0.
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(8z) and (Su)-

(82) + -« (Su)-
(&) ... (&)
(8) ... (S »
CAR G
(8) <. (8)-
(5c) -+ v - (8)
(8,
(Suc) - o+ (Bne)-
(Sabc) L. (Sarc)‘
(Suc) - -« (Sun)-
(Srm:) e (Snbr"
(Sair} + - + (8-
(Sabc) o (Sun)'

at+ B4 y=0.

a—B—y=0.

b

b‘i‘c+cb—ﬁa+a?é:0'
5_-?; c-‘f;‘:aszo'
;+Mc+cb—sa+ac+yb:0'
6Tc_cTw+a?b=&

(&), cosdatcos BB+ cos Oy =10,
B+ y=0
y+a==0.

ad-g=0.
ﬁ-—-,,:(].
y—az=0,

a— =0

b_caa-l-aﬂ-—-(.‘yzo.

159

From the above it appears that Sy S, and S are coaxal circles,
a conclusion to which we are aso led Dy a comparison of th#
equation of S which may be written in the form

a*sin 2.4 4 fPsin2 B4y sin 2 O'—2( By sin.d + yasin B-+-afsin ) = 0,

with those of Sg and S, (Eqq. 315, 320).

(414)
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263. The co-ordinates of some of the principal points referred
to in Art. 235 will be found below :—

(P) or (Og).

(0.)-

I( 0.)-

"(O).

(0.

(o).
(By) or (0,)-

(6y).

(G).

(P o)

W
-~

Eo_:E T wsB T s .
a = 8 = y =r
— = g = 5y =n
« = - = ¥y =n
e = B = —y =r,.
s _ B __ vy _R
cos{ #—C) 7 cos( C—.1) " cos{A-~B)T 2

cosda = co8 B3 = cos (y = 2Rcos.4cos Deos (.

a{s—)a = b(5—b)B = e(s—c)y.

w _ B

a % g
s—a  g—b = sg—- r
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CHAPTER X.
GENERAL THEOREMS AND PROBLEMS.

264. A conic is completely determined when five points upon
it are given.

For the most general form of the equation of a conic, viz. :
A+ BE + OF + 208y + 2Fya + 2Fu == 0, (415)

involves six constants, and the five equations which we obtain by
successively substituting in (415) the co-ordinates of the given
points are sufficient to determine their proportional values.

265. A conic is completely determined when five tangents to it
are given.

The condition that any line (I, m, n) should touch the conic
(415) is (Art. 131. (157).)*

AP+ B O 20rmn + 285l 4+ 2FPIm=0: (416)

and, if five tangents (¥, #e, %), (%o m2, 1), - . . DE given, we shall
have five such equations, whence the proportional values of
A, B, C, ... may be determined. These being known, the pro-

portional values Lf the coefficients in (416)—the constituents of
the determinant A, are also known. This* proves the proposition”®

266. |If from a point O two chords OR,R, 08,8, he drawn in
given directions, to a curve of the second degree, the ratio of the
rectangles under the segments of the chords is the same for every
position of O.

M
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For (Art. 13. (8).) the distance of O (aq, By, ¥\ from the curve,
in any direction, is given by the equation

¥ o oo+ Plag Boye) =0
Hence, if (&), pi, #), (A2 2y #9) are the two fixed directions, we
have

OR,. OB, _ d{ay, Bo o) . $law Bo o)
081 . ()Sg - ¢£R], (3T 1’1} ) ¢(h2! fhos "'?)

= ‘?5(12' Haoy l’e)‘
‘#’(7\1: [t 1’1)

an expression which is independent of uy 8, y. and is, therefore,
constant for every position of 0.

267. To prove that the anharmonic ratio of the pencil formed by
joining four points on a conic to anyfifth point on it is constant.

Let.l%, P, I, P; be the four given points, and AB, Cany other
points on the conic.

Fig. 42.

Take the inscribed triangle ABC for the triangle of refer-
ence; then the equation of the conic (Art. 180. (N).) will be of
the form

L

a

M N
"1'?+;—=0.
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L et us assume

v ;JI“ = 09

Y — ﬁgﬂ, = 0,
* (418)

Y — ]33“ = 01

; —ha=0,

and

8- kl“ =0,

B8 — k!“ = {,
(419)

88— la=0,

B~ '{'i“ = 0,

for the equations of the successive rays of the pencils
{B. P\P,P,I} and {C. PLP.DIT,}, respectively.

The point of intersection of the first pair of corresponding rays
in (418) and (419) is given by the equations

therefore, since P; is on the eonic (417)
L+ o
+ 'k_] -+ A:I. = ¥

and we should get similar values ml?zg. Ay, By, in terms of Xy, &, £,
redBeBESely. h=— e
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Taking, therefore, one of the anharmonic ratios (Art. 92. (113).)
of the first pencil, since

N
heh=—mr i ah I h T

etc. = etc.,

we get
;tl_k?_bl_}}-l _'_'&l_‘-ﬂ'kl_ki.
}l_g—l!-z'ﬁn—;h - ‘h"‘kﬂ. k.t_kq\

The equality of the other ratios ma)' be shewn in a similar
manner. "We have therefore

{B.P,P,P,P} = {C.P.PI,T},

and the truth of the proposition is established.

268. If the centres of the two pencils be made the opposite
vertices of an inscribed quadrilateral, the proof of the Theorem
of the last Article will be somewhat simplified.

Fig. 43
n BI{‘E,

Thus; let A, B be the centres of the two pencils, ABC the
triangle of reference, and 8 =0 the equation of the fourth side
BB' of the quadrilateral. The conic will be represented (Art.
208. (V).) by an equation of the form

ya = kB4 (420)
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Let us assume for the equations of the corresponding rays of the
two pencils

ﬁ - zl1'}"’ = 0:
8 _.327 = 0,
(421)
ﬂ - z.‘l? = 0:
g—ly=0;
and )
a — mla = 0,
0 — a8 = 0,
(422)

a—md=0,

a —n,8= 0;

then, since they intersect on the conic, we get by substituting for
aand g in (420),

etc, = etc.:

and the second pencil is represented by the equations

a— k3 =0,
u—K:ZgB:"O,
a— kg8=040,
a— k=010,

and is therefore (Art. 93) nomographic with (421).



166 TRILINEAR CO-ORDINATES.

269. Four fixed tangents to a conic are cut by any variable tangent in
points whose anharmonic ratios are constant.

Let ABC, the triangle formed by any three of the fixed tan-
gents, be taken as the triangle of reference.

Tig. 4.

The equation of the conic (Art. 187. (0s).) will be of the form
(Za)t + (atB)} + (M)t =0, (424)
Suppose the equation of the fourth fixed tuigent to be

ladt mB + ny =0, (425)
and let

At pf 4+ vy =0 (426)

represent any variable cange.t meeting the four fixed ones in
s Py Pas o
The condition of tangency (Art. 212. (295).) gives

L ¥ X
T+t =0 . (427)
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and T+ + =0 (428)

Now the successive rays of the pencil {4 .p p:p,2,} may be
readily shewn to have for their equations

,320,
(X — I B+ (mX ~— b)y = 0,
y=20,

and R4y =0, respectively.

Hence (Art. 92. (113).), the ratio

A — Iy

B PP _ b~k k=4
mx — i

PaP: PuPu “‘-i"_'{" g by
K',:uo,k,:-l;-]
B

: [when =0, k=

n(4- =)
,u.{?i]\ —h) _ T o
T o= lu) (}_ 1

" In mJ\)

M .
- _E%' a constant quantity;

the last step following by reason of (42ft) and (428), which give
by cross-multiplication
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270. Pascal's Theorem— The three pairs of opposite sides of a
hexagon inscribed in a conic intersect in points which lie in the same
straight line.

Let AFCDBF be any,inscribed hexagon, and let ABC be
taken as the triangle of reference.
Fig. 46.

The equation of the conic will be (Art. 180. (iV).) of the form
L M KN

—a—'i‘?'l‘—?*.,—_ﬂ. (429)
Suppose
(BD). a=ly } to be the equations of the two
(CD). a=Ikp sides which intersect in
(CEY). B=riu
(A4EY. B=rly }
(4F). y=k8 }
(BF). y=lkea F.
Since D,E, F, Flie on the conic, we have from (429)
L 4+ M4+ Nh=0,
Ly M Nk =0,
Lis+ M+ N =0,
L, By by
b b, &y | &= 0. (430)
ks kg 1

and, therefore,
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But the condition that the opposite sides should intersect on the
same straight line,

la + m8 + ny == 0 (suppose), (431)
L, ky &
o 1, ks =0, (432)
1: ]‘73’ k&

For the intersection on (431) of
CFE and BF gives I -+ mk; + nky = 0
thatof 4F ... CD ... 0 4+ m +uly = 05
. BD.. AE ... Wk +mk 4w = 0.

But the conditions (430) and (432) are identical ; hence the
theorem is proved?.

271+« Brianchon's Theorem.—The diagonals which connect the three
pairs of opposite angles of a hexagon described about a conic meet in
a point.

Fig. 46.

L et the circumscribed triangle ABC he taken as the triangle of

* This proof of Pascd's Theorem is given by Mr. Ferrers in his tregtise on
Trilinea. Co-ordinates.
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reference; then the equation of the conic (Art. 187. {0s).) will be
of the form

(Za)t + (2B)} + (M)t = 0. (433)

Let 4,4, RD,, O,y the other three sides of the hexagon, have
for their equations

has mB 4 ny =0,
b 4 mB + nyy = 0, (434)
and bo - mB - nyy = 0,

respectively.

It may be proved by the usual method (e.g see Art. 98) that
the equations of the three diagonals B.¢,, 4,0y, 4,1, are, re-
spectively,

e} "5
a +'Z.B +z_“j’ =0,
Dah g4 2y=y, (435)
ity

J] My
Ha+;'3+ y=20.
1 2

Also, since (434) are tangents to the conic (433), we have

I M N
il =0,
ll iy [

L M N
Ttmtan="
M —!‘-

Lo XiZo
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and, therefore,

11 1
L owmy om,
1 L 1
T w w | 0; (-136)
1,11
L’ wy’

but this may be written in the form

1 1 1
A AN
RIS
M’ wy oy | T 0.
111
ﬂ]’ ﬂg, Ry
or,
My, g
1, 2 2
R S
.{‘_, 1, e =0,
7. ity
b om
LI

which (Art. 55. (60).) is the condition that (435) should meet in
apoint. This proves the theorem.

272. To find the locus of the centye of * conic which touches three
given straight lines and passes through the given point (&, £, %1)-

Let the given tangents be taken as the triangle of reference, and
suppose the equation of the conic to be

(Za)t + ()t + (At = o



172 TRILINEAR CO-ORDINATES.

The centre (Art. 213. (308).) is given by the eguations

a _ 8 — ¥ __,___1_ .
T Al 7R ity a7 e A OB
whence,
Mo Nb+ ch=0,
Le + Na+Bk=0,
and Zb + Ma + k=0,
which give
L _ ar _ ¥
It', 5,;1|_IO,5,; - 0,6,;
10, 8,8 —|e a B e 0, 8
e, 0,3 1505 (bhoay
or,
L ar N . (487)

(—da+ DB+ cy)  Baa—bB 4 o) e(wa-t BB—iy)
But, since {a;, 8), 3,) always lies on the curve,

(Za)t + (B + (Hy)t = 0; (438)
and, substituting in (438) for Z, M, N from (437) and writing
a, B,y for a, 8, y, we get for the equation of the lo*us

Vi{ea(—aa 38+ e} + V{BBi(9a — 88+ oy}
+ W {eyi (aa+ 88 — o)} = 0. (439)

Now,
—da+ 084 ey=0,
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aa — 38 + ey =0,

and ae+ 83 —cy=10,
represent the sides of the triangle A; B, C; whose vertices are the
middle points of the sides of the triangle of reference. The re-

quired locus, therefore, is a conic section which touches the three
sides of the triangle A;B;C;.

273. Tofind the equation of thejpolar reciprocal of the conic
Bila By y) = Aid’ t‘l‘ B+ O + 208y + 2Eya + 2Faf =0,
with respect to the conic
¢:(a, B, y) = A’ + BB 4 C + 2D:8y + 2Esya + 2108 =0.

Let (a, #, ¥ ) be a point on the reciprocal curve. Its polar with
regard to ¢.{a, 8,4 = 0 has for its equation (Art, 134)

(8)er () (2)r=.

and the condition that it should be a tangent to ¢(a, 8, y) = 0 is,
therefore (Art. 131. (155).),

o n o ()
. 5 o (%)

B b oo |
@) @) @) o

Hence, suppressing the acceits, we have for the equation of the
polar reciprocal
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4. FE, E (g%)

¥, B, D (5%’1) —o, (440)

FoR D, G (gﬁ)
() @ @) o

or, to usc the ngtation hitherto rmployed,

wllae) @) @)]=e am



EXAMPLES.

Throughout the following examples, except when the contrary is
stated ABC is used to denote the triatfgle of reference.

FIND the proportional values (Art. 26) of the co-ordinates of the follow-
ing points; ABC being the triangle of reference.

1. The middle point of the angle-bisector A.4.

If | be the length of AA, the actual values of the co-ordinates will be

b+e), A4 1, 4 1. 4 . .
T sin -, 5 #in -, 5 sin o, and their proportional values (4 + ¢, o, a).

2. The middle point of the side-bisector AA\.

Thbeactual co-ordinates are g, %sin 44 E sin B, and the point may be repre-

e’ b’e

sented by jf% 1 1).
A\
3. The middle point of flic perpendicular AA«.

Ans. (1, cos €, cos B),

4. The point of intersection of the side-bisector BB; with the angle-
bisector €€

The equations of these lines are, respectively, ¢y - ae =0 and & — 8 = 0
Hence the actual values of the co-ordinates of their intersection are ¢aa = #8

2a8
2a + &

=gy =

. . 111
and their proporticasr! values (;, e 0_) .

5. The intersection of the external bisectors of the angles B and C.

Ang, (~1,1,1)
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IL

6. Shew that the three perpendiculars drawn to the sides of an equi-
lateral triangle, from any point within it, are together equal to the altitude
of the triangle.

7. Prove that
Asind + BysinB + Cain =0,

where 41, By, (4 are the areas of the triangles formed by joining the ver-
tices of the triangle ABC to the centres of the inscribed and escribed
circles.

8. Shew that the sum of the reciprocals of the distances of G; (Art. 203)
from the sides of the triangle of reference is equal to three times the radius
of the inscribed circle.

For the notation employed in the following examples the reader is
referred to Art. 235 andfig. 41.

9. Prove that @ is the middle point of Pys (Art. 257).

Let @y, a,, oz be, respectively, the a— co-ordinates of the threc given
points, Then, by Arl. 263,

ap + a, = Reosd + 2Bcos Beoa
= Reoa(B — C)
= 2a,;

and the same is true, by symmetry, for the a- an® $- co-ordinates.
10. Prove that G\ P; = 26405 (Art. 257).
11. Shew that &Ga = 26310,

12. The sides of the triangle of reference being 5, 12, 13; construct
(Art. 15) the line whose equation is

Qa— 3B + 4y = 0.

Write down, in their symmetrical forms, the equations of the following
right lines (Arts. 7, 8, 9) :—



13. The straight line through A which biscots the LB AC of the triangle
of reference.

The 8, ¢ and | of this linc are, respectively, %- + 6',%, and %—; its

direction-cosines, therefore, (since, by Art. 8*, they are equal to — sin 8, sin ¢,
sin \f) are
A A A
- = = p
sm(z +0) mrt&,smz

28 . .
Also it pesss through A (—- 0, 0). Hence the required equations are

28
&= - 8 y
T a A
- gin ( 5+ C) siu S sit o

14. The straight line through A perpendicular to BC.

Its 8, ¢ and ¢ ure, respectively, ; .y, E — B; its direction.cosines,

]
therefore, are — sin o kU sin (-- — ) gin (;_r B) 5 and, since it passes through

the point (2‘?, a, 0), its equntiona are

15. The straight line perpendicular to AB through its middle point-

I'ts direction-cosines are cos B, cosA, —sin &, and its equations, therefore,

)

& — ZsinR A—- 0 sind
AN TR &
cos B cos .4 -1

* When the di ection-cosines of a straight line through one of the vertices
are sought, the signs of the denominators(Art. 8) are best determined by con-
sidering the segments of some straight line parallel to the given one.

N
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16. The straight line through C parallel to AB.

The direction-cosines are — sin B, sinA, sin 0, and its equations, there-
fore, are

. S . S
—sn B sind v

17. The straight line through B at right angles to AB.

Ans, L T

*
cos B [ 1

v,

Find, in the homogeneous form, the equations of the following right
lines:—

18. The straight line through C parallel to AB.

The equation must be capable of expression in either of the forms
a+ E f=0 (Art. 18) and (@a + B + oy) — &,y = 0 (Art. 67): identifying
these, we get k, = ¢, and for the equationrequired, ¢z + &3 = 0.

19. The sides of the triangle DBF, formed by joining the points in which
the angle-bisectors meet the opposite sides of the A of reference.

First method.—The biscctors (Art. I are 8 - y =0,y ~a=0,a— B =0.
The equation of EF, since it passes through the interscetion of ¢ — a = and
B=0,must be of the form y - a+ %,8=0; alsoof the forma — B+ &, y=0,
since it passes throngh the intersection of & — = G und v = 0. Identifying
these, we have &, = 1, &, = — 1, and, for the equation of EF

—a4+ B+ y=0
Similarly, a— B+ =0
and ek B—7y=0,
are the equations of FD, DE, respectively.
Second method.—The co-ordinates of D, T, F are, respect.vely, proportional

to(0,1,1), (1,0,1), (1,1,0). HeiiCethe equations of thejoining lines may be
written down at once from eqg. 58. Art. 68.
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20. The straight line which joins the intersection of
Qe+ BB+ ey=0und b —ey =0
with that of

ba s uf +cp=0and af — ey = 0.

Ans.

b
a-;— b{u—ﬂ)i—c)fa;!o.
21. The straight line through A at right angles to AB.

First method.—Take any point P on this line, and draw PQ perpendicular
to CA. Then, from the geometry,

A _ - I’Q — P sin PAQ _
5= P 2] = — o,
Therefore B+ cosdy = 0;

which is the required equation.

Second method.—Its direction-cosines are
coa B, cos.4, — 1;

and it passes through the point A, whose co-ordinates are proportional to

1,0, 0;
cos.d, -1 -1, cow B cos I, cond
J a + i 8+ f 0,
hence, / 0, O ! 1 0l
or B+ cosdy = 0.

Third method,—The equrtion must be of the form 8 + &y = 0, since the
line passes through 4. And, since it 38 1" {0y =0, we have by Arb, 74,
k—coad =90,

o B+ cosdy =0.

22. The straight line which joins B,, C, the feet of the perpendiculars
from b and C upon the opposite sides.
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The co-ordinates of By, €, are proportional to
cealy, 0, cond,
and cos B, cos 4, 0;

hence Art. 58 gives for the required equation

0, cos A cos.d, eos eos (7, 0 -0
cos .4, 1] \ 0, cos BB cos B, coa d Y ’
or, cos.de — cos B —cos Oy = 0,

23. The straight line which joins the middle points of the sides CA, AB.
Also shew that it is parallel to BC.

Let the cqnation be fa + mB8 + #y = 0: since (Art, 1) it paeses through the

points :\2— pin C, 0, gsin.i) and (% sin B, zga'm A, 0), we have

Iein €+ maind = 0,

and Isin B + meind = 0;

and the required equation is
—sinda + 5in BB + sin Oy = 0,

or — gz + &g + ey =0.

s

Also, since it may be written in the form 2za = za + 58 + ey, or a = =

it appears (Art. 67) that the straight line which it represents is parallel to
BC(a = 0).

24. The three perpendiculars to the sides at their middle points. Also

shew that they meet in a point.

First meihod—Let A; be the middle point of BC and D the point in which
ine perpendicular at D meets the second side (CA suppose) of the A.  Join DB.
Then evidently DB — DC = | (say), and the co-ordinates of D are ¢ sinC, @,
/sin (B — C). Hence the points A, and D may be represented by

[0, sin C, sin J7

and [binC, 0, #in{B— )] respectively. »



EXAMPLES. 181

The equation of the | * istherefore, by Art. 58,

gin¢, sinB

pin A, 0,amn
o4
0, sin(B-C)

0
+ =0
sin {B~C), sin ¢ ‘ A } snC, © !

or, dividing by sin C,
gin{B — C)a + em BB —sin Oy = 0.
Similarly for the other two perpendiculars we have
gin (€ — 4)8 + si‘n Cy—snda=0,
¥in(d — B)y + sin da — sin B8 = 0.

These equations, when multiplied by sin®?, sin?®, sin’C, respectively, and
added together, vanish. The lines, therefore, meet in a point (Art. 17).

Second Method—The  firs_J_r passes through the point (0, sinC, sinB),
and its diiection-cosines are {— 1, eos C, cos B): hence, by Art. 59, we have for
its equation

sin H,
cos B, —

sin C, sin_B a
cos & cos B

0, 50 C

=0,
—1,e08( Y ’

O‘B+

or, sin(f — CYu + sin BF —sinCy = 0.

V.

For the notation and method employed in this set of examples, the student
is referred to Arts. 2G, 58, 263, and to Pig. 41.

25. Find the equation of the straight line which joins Og and 0.
It passes thr'oug‘h {cosd, conB, cos C) and (1, 1, 1}, and its equation is

(cos B - cos O} + (208 U~ cos4)8 + (vosd — cos B)y = 0.

20. Shew that the equation of the straight line which joins P2 and
OR is

&in 24 5in (B —~ C)a + sin 3B sin (C~)B + sin2Csin (4 — B)y = 0.
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27- Find the equation of Osfs.

Ang, cns(._{ —B) - cm(.C— 4) e+ &e. .. ..o =0,
sin B sin O

which is easily reduced to the form of the result of the last example; hence it
appears that OR, G; 0y and P, are collinear (Art. 257).

28. Find the equation of O,Oq.
Ans, feoe{d - By —cos(C—A)Y]a + &&o v oy . 0. =0

40. Find the cquation of G, and shew that 0, & and o are
eollinear (Axt. 257).

Ana.  The result is the same us that of the last exnmple,

31. Find the equation of &, Gue.
A, @b ~cj(s—a)a+ Bl -a)(s -8B+ Fla=8(s—-y=0,

of, a*(cos. B — cosC)a + B°(c0a '~ cos A} B + r*(cosd — cos By = 0.

82. Find the equation of the straight line which joins the centres of
the circumscribed and self-conjugate circles.

Ans, #inZ24sin(B ~ Ca + sin2Bsin(C'— 4)8 + sin2C%inl4 — By =0,

B3 Shew that the straight line which joins the centre of the inscribed
circlewith that of an escribed circle passes through avertex of the triangle.

Ans. The equation of @, 0, is B— = 0, which is aso the, equation of the
bisector of the angle at A,
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VI.

34. 111 any triangle ABC, the internal bisector of one angle and the
external bisector of the two other angles, meet in a point.

Their equations aref—¥ =0, % +& = 0, a + A = 0, and if the last be sub-
tracted from the sum of the other two the result is =0. Hence (Art. 17),
the proposition is true.

35. Find the equation of the line through A which is perpendicular to
B — &y =10

It must be of the form A + Ay = 0 by Art. 16, and the condition of Art. 72

YT —koeosd

F—ond ® and the I’eqwred

gives k — kA — (b — Adeasd = 0; w ot
equation is
(& — cos.A)B + (1~ Reosd)yy = 0,

36 Find the equation of the straight line through the centre of the
inscribed circle and perpendicular to AB.

Its direction-cosines* a 1cos B, cos 4, -1, d the co-ordinates
of the centre are proportional to 1, 1, L

The required equation is, therefore, by Art. 59,

(1 + cosd)a — (L + cos BB + (cos B — cosd)y = 0.

37. Straight lines are drawn through the vertices of ABC, the triangle
of reference, and cutting the straight lines

at right angles. E"ud their equations and bhew that they meet in a point.
First Method.—The direction-cosines of a perpendicular to—g + g- =g, are,
by Eq. 84 of Art. 70,
—ocoal(l ~ beon B, e —beosd, barpcosd;

or, —ocoal—beoa B, acos A, aeos C.



184 TRILINEAR CO-ORDINATES.
Also it passes through A (1,1,1). Hence Art. 59 gives for its equation

8 ¥

£ _ Y _9

cos B cosC

And the equations of the other two perpendi ulars, viz.

X % o
eos € cosd
B
and S F
cosd  cosB 0,

may he written down by symmetry. These three equations vanish identically
when added together. The lines, therefore, meet in a point.

Second Method.—The equation of a straight line through A must be of the
form A — ky = 0, and if it be perpendiculnr tog + } = 0, we shall have by
k (1 £

the condition of Art. 72 1_k_(1_% ‘eon.d = 0; whence
[ e e b J

—beosd  acos B
k=t = .
?—comd aoosC’ and the equation is

B ki

m - m = 0, as hefore,

38. Find the equation of the straight line passing through the two
points defined by the equations
La=m8 = nyy,
La = a8 = nyy.
Ang, Ll (mp, —mn e+ mm,(n,l, —a )8 +nn, ({imy—lam Jy=0.

39. Within atriangle two points are taken. The distance of the first
from any side is proportional to that side. The distance of the second from
any side is proportional to the sum of the other two sides. Shew that the
straight line joining these two points passes through the centre of the
circle inscribed in the triangle.

=0. If the straight line fx + m8 + ny = 0 be perpendicular to & =10,
prove that / = mcos & + mcos A,
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41. Prove that perpendiculars drawn to the sides of a triangle from the
centres of tne escribed circles meet in a point.

42. If through the vertices of any triangle there be drawn three straight
lines meeting in a point, the tlree lines drawn through the same vertices
and equally inclined to the bisectors of the angles will also meet in
a point.

43. Two straight lines are drawn from the vertex A; one through the
middle point of BB\ (one of the bisectors of sides), the other parallel to
BB\. Find their equations and shew that they ate Harmonic conjugates
with respect to the sides AB, AC.

The equation of BE, (Art.22) is ey —aa = 0. Hence the equation of the
parallel through 4 (1, 0,0)is 58 4+ 2ey = 0. The middle point of BE, ia

[ &b, 121 . .
(Z ain C, 7L suui), ot (;. P ;). Therefore the equation of the first line

(Art.58)is &8 —2ey = 0: and the condition of Art. 95 is satisfied.

i4. Two trianglos ABC, XYZ, have their sides parallel; viz. YZto BC,
etc. .. .. shew that AX, BY, CZ meet in a point.

Lot the equations of the eides of X¥Zbea — %, =0, — &, =0, v — Kk, =0
respeetively (Art. 87). The equation of AX must be of the form 8 — Ay =0,
and also of the form g — %, — u(y—k,) = 0. ldentifying these we get p = A

= _;:“— ; and the equation becomes
E]
8 Y
ky &, 0
Similarly, \ - _£.
y ana % %, 0

for the equations of BY, CZ, respectively, and these three equations when
added together vanish identically.

45. Two triangles ABC, ATT, are homologous, i.e. are such that their
corresponding sides intersect on the same straight line (called the axis of
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homology); shew that the straight lines which join corresponding vertices
meet in a point.

Let fa + mB + ay =10
represent the axis of homology. We may a ,sume
Az + mB + ny = 0,

o + ug + 8oy =0,

e + mB + vy =0,

for the equations of Yz, ZX and XY, respectively,* and the equations of
AX BY, CZ will be respectively,

m—wB—(»—y=0

I

(n— ¥y = (I ~2)a=0,

(2 = Na — (m — )8

]

0;

and these when added together vanish identically.

The student will observe that the last example is a particular esse of the
present, the line at infinity being in that case the axis of homology. The
centre of homology in Ex. 44 is given by the equations

PAY .
aky + bk 4 chy’

e _A_7
A‘l kg k.,

in this example by the equations
(~Na=(m—pu8= (2~

46. From the angles J> B, C of a triangle, straight lines are drawn,
through a point O, to meet the opposite sides in E, F, G, respectively.
FG, GE, EF are produced to meet BC, CAAB, respectively, in P, Q, R.
Prove that P, Q, Rlie in one line. ,

Taking ABC for the A of reference and assuming (a,, Ay, ¥, for the
co-ordinates of 0, we shall have

L

1]
B

¥ 1]
Bg 70, to “o, L

B|e



EXAMPLES. 187

for the equations of the three lines through the vertices, and it will be easily
shewn that T, Q, Rlie on the right line whose equation is

LB LY Lo

L 8 o Yo

47. If three straight lines, drawn through the vertices of a triangle, meet
in a point, their respective parallels, drawn through the middle points of
the opposite sides, also meet m a point.

48. A triangle LMNis formed by drawing, through each vertex of the
triangle of reference, a straight line which makes an angle 0 with the

bisector of the angle at, that vertex. Find the equations of the sides.

The direction-cosines of the bisector of the / .4 are

cos-r—--i-—A—+B o8 -f-—f— 03 _31_r_+_11_
72 : 2 g )" (2 z )’

hence, by Art. 32, those of MN are

» A A ax A
——— —— B ——— — [
cos( +6+2+ ),cos(2+ﬂ a)cos(2+9+2)

. A . AN A
oF, —sm(\‘? + -2—+ B), —sm(e— ?), Em(ﬂ + —é—-)-

Therefore the equation of MNis, by Art. 59, since the co-ordinates of A are
proportional to 1, 0, 0, J

. d A _
sm(ﬁ T)B + sm(&— —-2—-)7-—0.

Similarly, sin(s %—)7+3m(8———-)a—0

and sin(9+-g—-)u+nin(9—--g~)ﬂa0,
3 . 2,

are the equations of the sides NL, LM,

49. Equilateral triangles are described on the sides of the triangle ABC,
and their vertices Joined to the 03posite sides of the triangle. Find the
equations of the joining lines and shew that they meet in a point.
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The co-ordinates of the vertex of the a4 described on JBC are proportional to

3 3

straight line which joins this vertex to A (1, 0, 0) is
siu(; + B)B —sin(g + C')-y =0

Similarly, sin G + C)-y — gin (g— + A_)a =0,

sin(g +A)¢ —sin(g +B)B=D,

are the equations of the other two lines. The three, therefore, meet in

a point
s'm(;—- + A)u = gin (; + B)B = gin (g + C)-,_

VIL

At !r-. sin (I + 0), ain (;—r + B), therefore, by Art. 58, the equation of the

50. Through the vertex A of the triangle ABC pairs of lines are drawn
equally inclined to the sides AB,AC: shew that they form a pencil in
involution of which the internal and external bisectors of the angle A aie
the double lines.

Such a pair of lines may be represented by equations of the form
B"'k;?=os k18“7=05

1+k%
these may aso be writt{B + 7} + 1—-—:—k(ﬁ-7) =40,

1L+%
(B+9) - (B=7) =0,

Hence (Art. 95), they are harmonic conjugates with respect to the two bisectors,
and the rest follows from Art. 121.

51. The equation of a conic being By - #a? =0 prc:e that if the point
(87} be joined to the points where any tangent meets the curve and the
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line a = 0, the joining lines form with the lines 8 = 0, » = 0 a harmonic
pencil.
See Art. 210. (R).

52. Chords drawn to a conic t] rough afixed point 0 without the curve
meet the curve in the points P; Qi P2, Q2; Qs ; etc. . . Shew that the
pencil formed by joining these points to the point of contact of one of the
tangents that may be drawn through 0 forms a system in involution of
which that tangent and the polar of 0 are the double lines.

(See Art. 225)

53. Find the locus of the pole of afixed right line with respect to the
system of conies represented by LM = iRE

54. Shew that any pair of conjugate diameters of a hyperbola are har-
monic conjugates with respect to the asymptotes of the curve.

L et the equation of the hyperbola (Art. 205) be By = A2, and let

e—t _B—8 _r1-7
A B v

=

be the equations of a chord. The diameter parallel to this is evidently

E = }, m'f‘E - ::— = 0. Putting A= 8, + pr, v =, + »r in the equation

of the curve, we get

pred (B + g + Byy, ~ k=0,

Henre, for the locus of m.ddle points we get

By + yp = 0;
and LA N
M ¥

is the equation of the conjugate diameter, This (Art. 95) proves the pro-
position.

55. The bisectors of the angles of the triangle ABC meet the conic

M N
+?+7 ¢

nih

in the points D,E,F; find the equations of BD, CD, DE.
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M+ N

Aus. 7+ e = 0,
M+ Na+8=0,

(M + Na+ (¥N+ L)B—mny=0.

56. A conic is described touching the sdes of the triangle ABC in
D, E, F; if P, Q, Il are the points in which Uie straight lines AD, BE, CF,
respectively, megt the conic, shew that BE and CQ intersect on AD, CP
and AR on BE, and AQ and BP on CF.

. Vide Art. 187 et 999,

57. Find the condition that the equation
IBy + Mya + Neg =0

may represent a rectangular hyperbola, and hence prove that every rectan-
gular hyperbola described about a given triangle passes through the point
of intersection of the peipendiculars from the veitices of the triangle upon

the opposite Sdes.
Ans. The condition required is
ZLcosd + AMcos B + NcosC = 0;

and the co-ordinates of the point P; (Art. 263) evidently satisfy the equation
of the conic.

58. Eind the equation of the conic which touches the sdes of the triangle
of reference ABC at their middle points.

Ans, (aa)t + @) + ent =0

50. Shew that the equation of the fourth common tangent to the in-
scribed circle of the triangle ABC and that escribed on BC is

cos-ff;¢+smB_C

2 2

(a—1 =0

60. A conic is inscribed in a triangle ABC, the vertices of which are
joined to a given point 0 by straight lines AO, BO, CO cutting the opposite
sdesin a, b, c, respectively: find the equations of the tangents (other than
the sdes of the triangle) which ran be drawn to the conic from the points
a,b,c.
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Ams. If (-La)% + (Mﬂ}* + (l\v":,f)?f = 0 bo the equation of the conic, the
equation of the second tangent from « will be

Loutna + (Nm — M)mB + {(Mn — Nimjwy = 0.

61. Find the equation of the ellipse which touches the sides of the
triangle of reference where they are met by the bisectors of the opposite
angles.

Comparing eqq. 238 (Art. 187) with the equations of Art. 19 we find,
L = M = N; the required equation, therefore, is

Ve B NSy =0

62. If three conies have a common chord, the other three common
chords meet in a point.

Let S—in=0, §—to =0, & — {w = 0 (Art. 169) represent the three
conies; £ = O buing their common chord.  The eqnations of their otlier three
shords of inberscetion nre v — w =0, 0 — w = 0, # — v = 0; aud Lhe straight
lines represented by these equations evidently meet in a point.

63 The asymptotes of a hyperbola are tangents to an ellipse; shew
that the chords which join the points of intersection of the two curves are
parallel.

Take the asymptotes of the hypeihola and the chord of contact of the ellipse
for the sides of the triangle of reference. Then (Art. 208) the equations of the
two curves will be of the forms

By = %2, fy = wl.

Theequation I # - m? = 0, therefore represents chords of intersection, and
from its form it appears (Art. 67) that these chords aro parallel to one another
and to the chord of contact & = 0.

64. If the angle A of the triangle of reference be a right angle, the
equation
87 4 92 = Fla?

represents a conic which has a = 0 for its directrix and A for its focus.

For A2 + =* represents the square of the distance of any point on the lovus
from A, and the equation expresses that the distance of any point on the locus
from A is in a constant ratio to its distance from BC.
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65. The tangents at the extremities of any focal chord meet in the
corresponding directrix.

Assume the equation of the conic in the form given in the last example,
taking the given foca chord for one sde {y = @, say) of the triangle of
reference. It appears as in Art. 195 that

y+ka=0,9y—ka=0

are tangents at the extremities of this chord, and the form of their equations
shews that they intersect ona = 0.

66. Find the locus of the pole of the line
la + wB + wy =10

“lt:BuiTl'
Ans, %{ + E:?_ ' 0_7-1:; =0, its

67. Find the locus of the centre of a conic which passes through the

same four points.

Ans. e 8B, o
a ;| ¥

68. Find the locus of the pole of the straight line
la+mB+ay=0

with respect to a conic passing through three points and touching the

fixed line
Ae + B8 + Oy =0,

Avs. N/ {A(mB + ny — la)a} + /{B{uy + la — mB) B}
+ \/{C(Zu + mp —n'y)'y} =0,

69. Obtain the equation of the chord which joins the two points
a1, B, i)y (&, Ba 72} on the conie gy — s = 0 in the form

¢-1—+—1—— .L+-1_)... Lid 1+1 ko 1+L)Xm
I: B, Hn)(?l Ys T;Ts(ﬁl -Bﬂ (71 Tsj

=[a(i+_1§‘+3£‘315+[ ) "‘b]wzo
8, Ba/ BnﬂsJ \71 Ta F1¥a
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70. If a quadrilateral be inscribed in a circle, the product of the per-
pendicular distances of any point on the circumference from two opposii ¢
sides will be equal to the product of its perpendicular distances from the
other two sides.

Let ' ya = Mla + m8 + ay)

[Art. 208, (v).] be the equation of a conic circnmseribed about a quadrilataral
whose sidesaroa =0, 8 =0,y =0, mud {a + mB + sy = O.

Ifit be o circle, wo shall have (Art, 119)
ofme — nb) = t—;i = al{ma — 1h)

or, _ .:‘l._ - B — mer _ ﬁfd\n —rl) .
a 4 - o= — al

1 alan — eDy (B — am) + B{bl — am) {rm — én) + e{em — bn) {ar — o])

- %&—({P— @} - abe + Ebfi(c‘—‘— a%)

=P+ m4+ 0t —%mncoed —Hacn B — 2mens O
n‘ndl= {l . f;}
k td L .

L
Henee the equation of the circumseribed circle is ye = (o + mb + ny)f,
{l, m, ﬂ}

and (Art. 47) the proposition is proved.
71. Tf three conies luwc each double contact with a fourth, their six:
chords of intersection will pass, three by three, through the same points.

We may assume the equations of the three comies to be 8 — =0,
§ -’ =0, 8~ w?=0 (Art. 169). Their chords of intersection will be repre-
sented by the equations

P -t =0, 0 — =0, a — 97 =0,

Thus we have four groups of three equations cach representing chords which
meet in a point : viz.—

p+uw=0 w-—u=0 u+v=0

t—-w=0 w+u=0x+v=10
0
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v+w=0 wisru=0 —-v=0
v—w=0,1w0—u=0 v—2=0

The student will observe that the above theorem includes that of Brianchon,
of which an independent proof was givenin Art. 271.

72. In any triangle the bisector of any angle and the straight line which
is peipendicular to the opposite side at its middle point, intersect on the
circumference of the oircumscribing circle.

For the point of intersection of & — B = 0 and sinde — sin BB + sin(4d — B)y
= 0, ia given by the equations

_ sin{d — B)
v B Y A T B

whence we may easily shew that

pind enB sind
+ + =
[ -3 Y

0.

73. Shew that if the tangents to a circumscribed ellipse at the vertices
of the triangle of reference are parallel to the opposite sides the equation
of the coniciis

By . ® _ 0.
] b ¢
74. The two pairs of tangents at the extremities of the diagonals of
aquadrilateral inscribed in a conic, and the pairs of opposite Sdes intersect
on the same straight line.

This Theorem is eesly deduced from that of Pascd which was proved in
Art. 270.

75. Shew that if a conic cut two sdes of atriangle in points equidistant
from their middle points it will cut the third sde in the r ame way.

Let the sdes -BC, CA of ttietria: gle of reference be cut in this manner;
then if ¢(a,8,%) = O be the equation of the ¢ 0 {a,, 8. y,3h € middlepoint
of BC, and A, s, » the direction-cosines of that Sde, we shall have by equation
(8) of Art. 13, snce the roots are equa and of oppasite sign

2¢ dé da
@) (@)e « (&)=
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which, sine, the value of , B, 7, are 0, gsin [ %sin &, and those of A, u, v
ave 0, — gin €, sin B, gives
(BsinC + Dsn B) sinia-— (Dsin O]+ Cein B) sin B = 0;
B (4

Sin'B  eniC
L ]

that is, Q.

Similarly, since CA is cut in the s<are way, we have

_C __4 _
ginf¢ anid

A4 B _ 0
These give aso sinid  sinif 7
but this is the condition that the middle point of the side AB should be the

bisection of the intercept on that side.

4 i
75, If—al+%1- +%’-=0and-—z + 2 4 22 _ ) be the equations
-]

of two conies described about the triangle of reference, find the equations
of the several linesjoining the centre of the inscribed circle with the four
points of intersection of the two conies.

77. With the angular points of atriangle ABC as centres, and the sides
as asymptotes, three hyperbolas are described, having P, Q, R for their
respective vertices; prove that if

4Psnd - BosnZ - cpsin 2,

the intersection of each pair of hyperbolas lies on the axis of the third.

The given condition may evidently be otated otherwise; thus,—the perpen-
dicular distance of the vertex of each hyperbola from its asymptotes is the
same.

If we uwssume for the equations of the threc curves fy = P, ya = wf
aff = %%, o0 that wueir axea are § —y =0,y —a = 0, a — B = 0; the nuovn,
condifion gives I = m = a. '
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The three equations are, therefore,

BTEF:
yo = B,
af = P;

and, since the first may be written in the form
ya—F —{(a—8)y=0

it is clear that it passss through the intersection of the second with the axis
of the third.

78. Find the polar reciprocal of the conic
L+ M8+ NiP =0

with respect to the conic

Pa® + Ha?  migt  ply®
Ans, 7= " iE + w5 =0,
79. Find the polar reciprocal of the conic
Adt + B+ O + DBy + $Bva + a8 = 0
with r speet to the conic
o + B+ 42 =10,
0; e B, ¥
Ans. 4 4, B E = Q.
8, F B D
vw B D C

80. An equilateral hyperbola is described with regard to which a given
triangle is self-conjugate.  Shew that the curve passes through the centres
oi the inscribed and escribed circles of the triangle.

The co-ordinates of the four centres (Art. 263) will satisfy the equation

Il + M2+ NP =0
provided that
L+ M + N =0;
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but this (Art. 150) is the conditk n that the curve should be a rectangular
hyperbola

81. Three circles mutually touching esch other are described about the
vertices of the triangle of reference.  Shew that the three straight lines
winch join the centre of one circle to the point of contact of the other two
meet in a point.

Let x, y; z be the radii of the circles described about A, B, C, respectively.
The point of contact of the circles about B and C is (0, zsin C, y sin B), and.
the equations of the three lines are

ysinBA—zsinCy =0,
zsin Oy — 2 sinda =0,
xginda — yein B8 = 0;

which vanish identically when added together.

82. Supposing that a, &, y are the perpendiculars from any point m the
plane of the triangle ABC upon the straight lines which join its vertices to
the centre of the inscribed circle, prove that

T

acnsi 8 £+ E-—-0
g+ Boos 5 yoos 5 = 0.

83. Shew that the radius of the nine-point circle of any triangle is one-
half that of thr circumscribed circle.

84. The circle which pases through the extremities of any sde of
a triangle and through the centre of the inscribed circle, peses dso
through the centre of the circle escribed on that sde; and its centre lies
on the circumference of the circumscrioed circle.

85. In any triangle the centres Ob, Oc and the vertices B, C He on the
circumference of the same circle; and the centre of this circle lies on the
circumference of the circumscribed circle.
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86. If x, y, z be the distances of the centre of the nine-point circle from
the vertices of the triangle of reference, its distance from the intersection
of perpendiculars from the vertices, and R the radius of the circumscribed
circle, shew that

:r-'+y°'+z”=glf-p"‘.

THEEND.
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Clergy in Public Catechising. By the Rev. Dr. FBANOIS
HIE%rS]Eg, Incumbent of St. Barnabas, Kensington, Fcap. 8vo.
cloth, 6s.

The Church's Work in our Large Towns.
By GEOEGE HUNTINGTON, M.A., Rector of Tenby, and Domes-
tic Chaplain of the Rt. Hon, the Earl of Crawford and Bal-
carres. nd Edit., revised and enlarged. Cr 8vo., cl. 3s. 6d.

Notes of Seven Years Work in a Country Parish.
By R.F.WILSON, M.A., Prebendary of Snruni, and Examining
Chaplain to the Bishop of Salisbury. Fcap. 8vo., cloth, 4s.

A Manual of Pastoral Visitation,

Intended for the Use of the Clergy in their Visitation of the
Sick and Afllicted. By A PARISH PBIEST. Dedicated by
Eer_mjsson, to His Grace the Archbishop tf Dublin. Second

dition, Crown 8vo. limp cloth, 3s. 6d.; roan, 4s,

The Cure of Souls.
By the Rev. G. AEDEN, M.A., Rector of Winterhorne-Came, and
Author of " Breviates from Holy Scripture/' &c. Fcap.
8vo., cloth, 2s. 6d.

Questions on the Coallects, Epistles, and Jospels,
Throughout the Year. Edited by the Rev. T. L. CLAUGHTON,
Vicar of Kidderminster. For "the Use of Teachers in Sund

Schools. Fifth Edition, 18mo., cl. Intwo Parts, each 2s.6d.

Pleas for the Faith.
Especially designed for the use of Missionaries at Home and
Abroad. By the Rev. W. SOMERVILLE LACH SzZY-IMA, M.A.
St. Augustine's College, Canterbury. Fcap. 8vo., cl., 2s. 6d.



DEVOTIONAL WORKS. 1

DAILY STEPS TOWARDS HEAVEN ;

Or, PBAOTICAII THOUGHTS on the GOSPEL HISTORY, and espe-
cially on the Life and Teaching of our Lord Jesus Christ, for
Every Day in the Year. Fiftieth Thousand. 32mo., roan,
gilt edges, 2s. 6d. ; morocco, 5s.

LARGE-TYPE EDITION. Crown 8vo., cloth antique, 5s.

THE HOURS:

Being Prayers for the Third, Sixth, and Ninth Hours; with
a Preface and Heads of Devotion for the Day. By the
Author of " Daily Steps Towards Heaven. Seventh Edition.
32mo., Is. ,

ANNUS DOMINI.

A Prayer for each Day of the Year, founded on a Text of Holy

Scripture. By CHRISTINA G. KOSSETTI. 32mo., cloth, 3s. 6dI

MEDITATIONS FOR THE FORTY DAYS
OF LENT.
By the Author of " Charles Lowder." With a Prefatory Notice
by the ARCHBISHOP OF DUBLIN. 18mo., cloth, 2s. 6d.

PRIVATE PRAYERS FOR A WEEK.
Compiled by WILLIAM BRIGHT, D.D, Cnnon of Christ Church,
Oxford. 96 pp. Fcap. 8vo., limp cloth, Is.6d.

PRAYERS FOR USE IN COLLEGE.
Collected and arranged by A COLLEGE CHAPLAIN. 21mo.,
Jimp cloth. Is

OF THE IMITATION OF CHRIST.
Four Books. By THOMAS A KEMPJS. Small 4to., printed on
thick toned paper, with red border-lines, mediaeval title-pages,
ornamental initials, &c. Cloth, 12s.

PRAYERSFORMARRIEDPERSONS.
From Various Sources, chiefly from the Anciens Liturgies. Se
lected and Edited by CHARLES WARD, M.A., Hector of
Maulden. Third Edition, Revised. 24mo., cloth, 4s. 6d«;
Cheap Edition, 2s 6d.

FOR THE LORD'S SUPPER.
DEVOTIONS BEFORE AND AFTER HOLT COMMUNION. With
Preface by J. KEBLE. Sixth hidition. 32mo., cloth, 2s.
With the Office, cloth, 2s. 6&.

OFFICIUM EUCHARISTICTTM. By EDWARD LAKE, D.D. New
Edition, 32mo. cloth, Is. 6d.

A SHORT AND PLAI.; INSTRUCTION "FOR THE BETTER UNDEB-
BTANDING OF THE LORD'S SUPPER. By BISHOP WIL SON.
32mo., 2s, 8d., and 6d. * 24mo., Is.



12 SCRIPTURE COMMENTARIES, &c.

Catena Aurea.

A Commentary on the Four Gospels, collected out of the Works
of the Fathers by S. THOMAS AQUINAS. Uniform with the
Library of tbe Fathers, A Reissue, complete in 6 vals,

cloth, £2 2s.

A Plain Commentary on the Four Holy
Gospels,

Intended chiefly for Devotional Reading. By the Very Rev.
J. W, BUBGON, B.D., Dean of Chichester, New Edition.

4 vols,, Fcap. 8vo., limp cloth, £1 Is.

The Last Twelve Verses of the Gospel
according to S. Mark

Vindicated against Recent Critical Objectors and Established,
by theVery Rev.J. W. BURGON, B.D., Dean of Chichester.
With Facsimiles of Codex S and Codex L. 8vo., cloth, 6s.

The Gospels from a Rabbinical Point
of View,

Shewing the perfect Harmony of the Four Evangelists on the
subject of oar Lord's Last Supper, and the Bearing of the
Laws and Customs of the Jews at the time of our Lord's
coming on the Language of the Gospes. By the Rev.G.
WILDONPIEBITZ,M.A. Crown 8vo., limp cloth, 3s.

Christianity as Taught by S. Paul.

By WILLIAM J.IRONS, D.D., of Queen's College, Oxford; Pre-
bendary of S. Paul's; beingthe BAMPTON LECTURES for
the Year 1870, with an Appendix of the CONTINUOUS SBNSB
of S. Paul's Epistles; with Notes and Metalegomera, bvo.,
with Map, Second Edition, with New Preface, cloth, 9s.

S. Paul's Epistlesto the Ephesians and
Philippians.

A Practical and Exegptical Commentary. Edited by the late
Bev. HENRY NEWLAND. 8vo., cloth, 7s. 6d.

The Explanation of the Apocalypse.

By VENERABLE BEDA, Translated by the Rev. EDW. MARSHALL,
M.A., F.S.A., formerly Fellow of Corpus Christ* College,
Oxford. 180 pp. Fcap. 8vo., cloth, 3s. 6d.



POETRY, &ec. 13

THE AUTHORIZED EDITIONS OF

THE CHRISTIAN Y EAR

With the Author's latest Corrections and Additions.

NOTICE.—Messrs. PARKKR are the sole Publishers of the Editions of the
" Christian Year" issued with the sanction and under the direction of
the Athhor'%representatlves; All Editions without their imprint are
unauthorized.

SMALL 4to. EDITION. S d. Cloth. Ii 32mo. EDITION. ls. d()
Handsomely printed on toned oth, limp . . . .
paper, With rod border lines Cloth boards, gilt edges - 16
andinitial letters. Cl.extra 10 6 . 48mo. EDITION.
DEMY 8VO. EDITION. gloth,llmp C | g
Cloth. . . . 6 o noan SR
FOOLSCAP 8vo. EDITION. FATCF(')N'L_'\(,W% TaHEnstlSTof E_ch'_é
Cloth. . . . 3 6 variations from the Origi-
24 EDITION nal Text which the Author
. ~4Mo. : made in_later Editions,
Withred lines, cloth , . 2 6 2 vols., 12mo., boards . 7 6

The above Editions {except the Facsimtle of the First Edition) are kept
in a variety of bindings, the chief of which are Morocco plain, Morocco
Antique, Calf Antique,” and Vellum,

By the same Author*

LYRA INNOCENTIUM. Thoughts in Verse on
Christian Children. Thirteenth Edition.  Fcap. 8vo., cl., 5s.
48mo. edition, limp cloth, 6d. ; cloth boards, Is.

MISCELLANEOUS POEMS BY THE REV. JOHN
KEBLE, M.A., Vicar of Hurley. Third Edition. Fcap.,
do'h, 6s.

THE PSALTER, OR PSALMS OF DAVID: In
English Verse. Fourth Edition. Fcap., cloth, 6s.

The above may dso be had in various bindings.

By the late Rev. ISAAC WILLIAMS.

THE CATHEDRAL; or, The Catholic and Apostolic Church
in Eng\land. 32mo., ‘cloth, 2s 6d. o

THE BAPTISTERY ; or, The Way of Eternal Life, with Plates
b?/ BOETIUS A BOLSWEBT. Fcap. 8vo., cloth, 7s. 6df; 32mo.,
cloth, 2s. 6d.

HY M NS translated from the PARISIAN BREVIARY . 32mo.,
cloth, 2s. 6d.

THE CHRISTIAN SCHOLAR. Fcap. 8vo., cl., 5s.; 32mo.,
cloth, 2s. 6d.

THOUGHTS IN PAST YEARS. 32mo., cloth, 2s, 6d.

THE SEVEN DAYS; or, The Old and New Creation- Fcap,
8vo.. cloth.3s. 6d. '



14 SERMONS.

THE ARCHBISHOP OF CANTERBURY.

SINGKLEHEABT. By Dr. EDWAED WHITE BENSON, Archbishop
of Canterbury, late Bishop of Truro, &c. ADVENT SBBMON?,
1876, preached in Lincoln Cathedral. Second Edition.
Crown 8vo., cloth, 2s. 6d.

THE LATE BISHOP WJIJLBERFORCE.
SEBMONS preached before the University of Oxfordt Second
Series, from 1847 to 1862. By the late SAMUEL WILBEB-
FOBOE, LOBD BISHOP OP WINCHESTER. 8VO., cloth, 10s. 6d.
Third Series, from 1863 to 1870. 8vo., cloth, 7s. 6d.

SEBMONS preached on Various Occasions. With a Preface by
the Lord Bishop of Ely. 8vo., cloth, 7s. 6d.

THE BISHOP OF NEWCASTLE.

THE AWAKING: SOUL. AS sketched in the 130th Psahn. Ad-
dresses delivered at St. Peter's, E“ton-square, on the Tues-
daysin Lent, 1877, by E. R. WILBEBEOBCE, M.A. [the Rt.
Rev. the Lord Bishop of Newcastle]. Crown 8vo., limp
cloth, 2s. 6d.

THE LORD BISHOP OF SALISBURY.
SEBMONS ON THE BEATITUDES, with others mostly preached
before the University of Oxford; to which is added a Preface
relating to the volume of " Essays and Reviews." New
Edition. Crown 8vo., cloth, 7s. 6d.

THE BISHOP OF BARBADOS.

SEBMONS PBEAOHED ON SPECIAL OCCASIONS. By JOHN MITCH-
INSON, D.D., late Bishop of Barbados. Crown 8vo,g cloth, 5s.

THE REV. CANON WORDSWORTH.
UNIVBBSITY SEBMONS ON GOSPEL SUBJECTS. By JOHN
WORDSWOETH, M.A., Canon of Rochester. Fcap. 8vo., cloth,
2s. 6d.

VERY REV. THE DEAN OF CHICHESTER.

SHOBT SEBMONS FOB FAMILY READING, following the Course
of the" Christian Seasons. By the Very Rev. J. W. BUBGON,
B.D., Dean of Chichester. First Series. 2 vols., Fcap. 8s
cloth, 8s. \2

e - SECOND SERIES. 2 vols., Fcap. 8vo. cloth, 8s.

REV. J. KEBLE.
SEBMONS, OCCASIONAL AND PAROCHIAL. By the late Rev.
JOHN KEBLE, M.A., Vicar of Hurdcy. 8vo., cloth 12s.



SERMONS. 15

CHARACTERISTICS, OF CHRISTIAN
MORALITY

THE BAMPTON LECTURES FOR 1873. By the Rev. I.
GREGORY SMITH, M.A., late Fellow of Brasenose College;
Vicar of Malvern. Second Edition, Crown 8vo., cloth, 3s. 6d.

REV. E. MONRO.
ILLUSTRATIONS OP FAICH. Eight Plain Sermons. Fcap., 2s.6d.
Plain Sermons on the Book of Common Prayer. Fcap., 5s.
Historical and Practical Sermons on the Sufferings and Resur-
rection of our Lord. 2 vols, Fcap. 8voJ c&th, 10s.
Sermons on New Testament Characters. Fcap. 8vo., 4s.

LENTEN SERMONS AT OXFORD.
Re-issue of the Series of Sermons preached at St. Mary's, &c.
Uniform, Demy 8vo., cloth, at 6s. each Volume.
Vor 1857, 1858, 1859, 1860, 1863, 1865, 1866, 1867, 1868,
,1869, 1870-1.

REV. W. E. SHORT.
CHRIST'S SOLDIERS. Sermons preached at the Ganison Church,
Woolwich. By the Rev. W. F. SHORT, M.A., Fellow of New
College. Post 8vo,, cloth, 5s.

ALLEGORICAL SERMONS.
TWENTY SHORT ALLEGORICAL SERMONS. By B. W. K. PEARSE,
M.A, aud W. A. GRAY, M.A Sixth Edition. Fcap. 8vo.,
sewed, | s.

RT. REV. J. ARMSTRONG, D-D.
PABOOHIAIl SERMONS.+ By the late Lord Bishop of Grahams-
town. Fifth Edition. Fcap. 8vo, cloth, 6s.

SERMONS on the Fasts and Festivals. Third Edition. Fcap*
8vc, cloth, 5s.

SERMONSFORTHECHRISTIANSEASONS.

First Series. Edited by JOHN ARMSTRONG-, D.D., late Bishop
of Grahamstown. 4 vols,, Fcap. 8vo., cloth, 10s.

Second Series. Edited

by the Rf v. JOHN BAEBOW, D.D., late Principal of St. Edmund

IJall, Oxford. 4vals., Fcap. 8vo» cloth, 10s.

THE LATE DEAN STANLEY.
SERMONS AND ESSAYS ON THE APOSTOLICAL AGE. By the
late Very Rev. ARTHUR PENRHYN STANLEY, D.D. Third
Edition, revised. Crown 8vo. cloth, 7s. 6d.




16 MISCELLANEOUS.

CHEAPER ISSUE OF TALES FOR YOUNG MEN
AND WOMEN.

In Six Half-crown Vols. in handsome and attractive cloth
bindings,,suitable For School Prizes and Presents.

Vol. |. contains Mother apdVSon, Wanted a Wife, and Hobson'a
Choice', by the Rev. F. E. PAGET

Vol. 1| . Wyndecote Hall, Squitch, Tenants at Tinkers'End,
by the Rev. F. E. PAGET.
Jol.I'I'l. Two Cottages, The Sisters, and Old Jarvis's Will,

by'the Rev. W. E. HEYGATE.

Vol. V. James Bright the Shopman, The Politician, Irre-
vocable, by the Rev. W. E. HBYGATE.

Vol.V. The Strike, and Jonas Clint, by the Rev. R. KING;
Two to One, and FaUe Honeur, by the Rev. N. BROWN.

Vol. VI'. Railway Accident, by the Rev. J. M. NEALE; The
Recruit, Susan, Servants' Influence, Mary Thomas, or Dissent at
Evenly, by the Rev. E. MONRO ; Caroline Elton, or Vanity and
Jealousy, by the Rev, H. HAYMAN.

Each Volubie is bound as a distinct work, and sold separately.

Crown 8vo., in roan, 12s,; calf limp antique, 16s.;; morocco, 16s.

. of England.

In this New Edition the Lessons appointed for the Immove-
able festivals are printed entire in the course of the Daily Lessons
where they occur. For the Sundays and Moveable Festivals,
and for the days dependent on them, a table containing fuller
references, with the initial words and ample directions where
the Lesson may be found, is given. Where the Lesson for the
Moveable Feast is not included entire amongst the Daily Les-
sons, it is printedin full in its proper place. Also inthe part
containing Daily Lessons, greater facilities have been pro.ided
for verifying the references.

There are also many modifications in the arrangement,
wherein this Service-book differs from the Prayer-book : the
Order for the Administration of the Holy Communion te printed
as a distinct service, with the Collects, Epistles, and Gospels,
which belong to the same : the Psalms immediatelyfollow Daily
Morning and Evening Prayer othe Morning and Evening Les-
sons also are by this arrangement brought nearer to the Service
to which they belong, while the Occasional Offices are trans-
ferred to the end of the book.

OXFORD ANDLONDON:PARKERAND CO.
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