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PRELIMINARY 0I1APTEP. 

A. 

To shew that if  

Let each of the given fractions we shall have 

( i ) 

and, mult iplying these equations by ly m, n, respectively, and 
adding, we get 

Examples of the theorem here proved occur in Arts . 20, 23, 25, 
31, 34, 54, etc. 
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Mult ip ly ing equations ( i ) two and two together, we get 

(») 

and mult iplying these by I, m, n respectively, and adding, we have 

Therefore 

The reader w i l l find instances of the application of this theorem 
in Arts . 40, 45, etc. 

0. 

Squaring equations ( i ) , we have 

(iii 

and mul t ip ly ing these respectively by I, m, n, and adding, we get 

To shew that if 
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Hence, 

This theorem is employed in Ar t . 45. 

D. 

The discriminant of the quadric 

[denoted hereafter by or the condition that it should 
be resolvable into linear factors, is obtained ( A r t . 147) by the 
elimination of between the equations 

i .e.: between 

(iv) 

The determinant which forms the left-hand member of equation 
(iv) occurs frequently in the course of the present work. It is 
convenient, therefore, to have some abbreviation for i t . Yfe 
shall denote it by A, and wherever this symbol is employed (see 
Arts. 138, 144, 146, 162, etc.) the above .meaning is to be 
attached to i t . t 

The abbreviation (A,B, C) in which only the diagonal consti-

I t is, therefore, 
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The value of A may be expressed in terms of these minors as 
follows : — 

A n instance of the use of this notation w i l l be seta in A i t . 138. 

If a determinant be of the form 

or , each constituent being the sum of 
two others, the determinant is equal to the sum of a l l the deter­
minants which can be formed by taking for each column one of 
the partial columns of the corresponding column of the original 
determinant; that is to say, 
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E, 

It becomes, on expansion, 

or, if we emplov the notation explained in (D), 

An application of this property w i l l be found in A r t . 1G7. 
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TRILINEAR CO-ORDINATES. 

CHAPTER I . 

EXPLANATION OF THE METHOD. THE STRAIGHT LINE. 

1. T i n : position of a point in Trilinear Co-ordinates is given by 
means of its perpendicular distances from thiee fixed straight lines 
which do not meet in a point. In accordance w i t h the usual T r i ­
gonometrical notation, A, B, Care employed to denote the angles 
of this triangle of reference, and a, b, c the sides which respectively 
subtend them ; the area of the triangle being represented by 8. 

The perpendicular distances of any point from the three sides 
are called the co-ordinates of the point, and are denoted by the 
Gieek letters a, ß} y; and the point itself, for the sake of brevity, 

sent respectively the three vertices of the triangle of reference, 
and the middle points of the opposite sides. 

2. Tt is necessary, as in the Cartesian system, to lay down some 
rule for the interpretation of signs ; the position of a point depend­
ing upon the sign, no less than upon the numerical value of its 
co-ordinates. The direction of a perpendicular is indicated by the 
one, as its absolute length is by the other. Thus, a and —a refer 
to points which are equidistant from the side BC, but which lie 
on opposite sides of that l ine. 

It is customary to regard the a- co-ordinate of any point P as 
positive or negative, according as the vertex A and the point P lie 

B 
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on the same or on opposite tides of BC the sign of the ß~ and 
y- co-ordinates being determined in a similar manner. If the 

Fig. 1. 

point lie on the side BC, it is obvious that i*s a- co-ordinate w i l l 
be = 0. And similarly for points which l ie on either of the other 
two sides. 

Thus then the co-ordinates of any point P tcithin 
the triangle of reference, are all positive; whilst in the figure 
has one {Y'IZ. the j3- co-ordinate), and 

co-ordinates) negative. 

3. Bearing in mind this convention w i th regard to oign^, the 
student w i l l have no difficulty in proving for himself that the co­
ordinates of any point ) satisfy the relation 

0) 
For if the point whatever its position, be joined to 

the vertices of the triangle of reference, i t w i l l be seen at once 
that the algebraical sum of the triangular areas represented by 

, is always equal to the area of the triangle ABC. 

4. By means of the relation (1) any trilinear expression may be 
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rendered homogeneous, or raised to any required order, For, since 

the quantity is equal to unity, we can, without alter­

ing the value of the expression, mult iply any term by such a power 
of it as may be necessary to raise it to the given dimensions. 

Thus the equation  

may be wri t ten in the homogeneous form 

and the linear expression 

replaced by the equivalent quadric 

5. The relation of Ar t . 3 is. also useful if it is required to deter­
mine the co-ordinates of a point, when their ratios only are given. 
Instances of its being so employed w i l l be met w i th i n the present 
chapter (Arts . 20, 23, 25). 

6. The forpgoing account of the method w i l l suffice for the i n ­
terpretation of the following simple forms of trilinear equations. 

( i . ) a = 0 represents the locus of points the perpendicular 
distances of which from BC are = 0. This being true only op 

points which lie on that line of reference, a = 0 must be the 
equation of BC. Similarly , are the equatir.is of 
the sides CA and AB respectively. ' 
Hence the three lines of reference are sometimes conveniently 

denoted by the letters a, ; and their points of intersection by 

( i i . ) Again a=k (a constant) is the equation of a straight 
line parallel to BC, at a distance h from i t ; for it is true only 
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of points which lie on such a line. In the same way /3= a con­
stant, y= a constant, represent straight lines parallel to CA.AB 
respectively. 

( i i i . ) The equation ~ ~ ~ is true only for points 
which are equidistant from CA, AB, the perpendiculars upon 
those sides being either both positive or both negative; whereas 

is the equation of the loous of points whose distances 
from the same two sides are equal but of opposite sign. Hence 

are resnectively the equations of the in­
ternal and external bisectors of the angle at A ; and the equa­
tion / represents this pair of bisectors. 
Similarly represent the internal and ex­

ternal bisectors of the angles at B and C. 
(iv.) is the equation of the locus of points such 

that the squares of their perpendicular distances from one of 
the sides of the triangle of reference are equal to the pro­
ducts of their distances from the other two sides. The nature 
of this locus wi l l be determined hereafter (Ar t . 216. (#) . ) • 

7. On the general equation of a straight Vine. 

Let PQR be any straight line, passing through the fixed point 
Fig. 2.' 
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Take any other point on the line and let the perpen­
diculars a, a0 be drawn. Then, if r be the distance between the 
two points, we shall have 

and, therefore, 

In the same way, we get 

Hence,  

(2) 

is the equation of the straight line in terms of the co-ordinates of 
a fixed point on it, and the acute angles which it makes with the sides 
of the triangle of reference. 

The lower sign must be taken w i t h r if be on the other 
side of F, as at F. 

8. It w i l l be observed that the denominators of (2) have not all 
the same sign: the reader w i i l do well to remember the following 
rule w i th respect to them. 

One of the segments QR, JRP, PQ of the line always subtends 
(as does OR in the above figure) the supplement of the correspond­
ing vertical angle, instead of the angle itself; and it w i l l be found 
that in all cases those members of the equation have their deno­
minators of the same sign which correspond to segments that an 
in this respect similar. 

Thus the lines marked (1), (2) in the annexed figure have their 
equations respectively of the forms •* 

and  
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We have given this form of the equation of the r igh t line, be­
cause, owing to the simplicity of the angles involved, it is more 
easily wri t ten down in particular cases than the form which we 
now proceed to give, and which, on account of its greater sym­
metry, we shall hereafter employ. 

9. Le t E, F, as before, be the points ) respec­
tively, and EF= r. 

Fig-4. 
C 
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being measured in one and the sam 3 direction (namely in that in 
which we pass from a0 to 0O, from /30 »to y0, and from y0 to a0), as 
indicated by the dotted lines in the figure, 

"We shall then have 

and the equation of the last Article becomes, on changing the r ;gn» 
of the whole 

(3) 

which is therefore the equation of the straight line in terms of the 
co-ordinates of a fixed point on it and what we shall in future call 
the direction-cosines of the line. 

These direction-cosines we shall occasionally denote 
and the straight line itself by (  

10. The student would do well , by employing a variety of 
figures, to satisfy himself that the forms of the equation given in 
the preceding Articles hold in all cases, whatever be the position 
chosen for the line itself, or for the points  

11 . To shew that the equation of the right line may be written in 
the form  

Let the dii ?ction-cosines of the r igh t line be X, /x, v; and its 
equa^ioir  

From these we get 

which give 

whence, mult iplying out, d i v ! i i n g by », and arranging the terms, 
we get 
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12. To sheiv conversely that every equation of the form 

represents a straight line. 

Take any point (a0. ß,, yQ) as pole, and let the equations of the 
radius vector from it to any point (a, ß, y) en the locus of the 

which can give only one value of r for each separate value of 

(ao> Ah To)* o r °*" (X^ /l> 0-
Hence, no straight line can meet the locus in more than one 

point ; the locus of (6) is therefore a straight l ine a . 

13. Polar form of the general equation of the second degree. 

The method of the preceding Article may be applied to the 
general equation of the second degree 

(6) 

(7) 

a It w i l l be observed, moreover, that if be taken on the locus, 
since in that case w i l l always — 0, except when l\ + mfx 

also, (which, as wi l l shortly be seen, is the condition that the radius 
vector should coincide in direction wi th the locus), and then it is indeter­
minate. 
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which is the polar form of the general equation of the second 
degree; ( being the pole, and the direction-cosines, 
of the radius vector. 

14. As it w ; l l be necessary sometimes to distinguish between 
the Wo f— of the equation of the straight line which have been 
investigated in Ar ts . 8—11, we propose to call the former the 
symmetrical and the latter the homogeneous form. The latter form 
w i l l be denoted by (/, m, n) = 0, or simply by (l,m,n); the former 
as has been already stated, by ) or (cos a, cosh, cost?). 
Examples w i l l be found at the end of the work which w i l l fami­
liarize the reader w i t h the method of forming the symmetrica* 
equations of a r ight line in particular cases. 

15. To construct geometrically the straight line whose equation is 
given in the homogeneous form. 

Suppose the given equation to be 
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and, in order to find the co-ordinates of the points P, Q, P, (see 
fig. A r t . 7) in which the locus intersects the sides of the triangle 
of reference, make successively. "We get 
(Prelim, chap. (A).) for P, Q and R respectively 

Hence these points may be obtained geometrically by drawing 
parallels to the sides of the triangle of reference at distances 
determined by the preceding equations. And, when any two of 
the three points P, Q, P, are found, the position of the straight 
line is known. 

1C. Jf a straight line pass through the intersection of two other 
straight lines ivhose equations are 

its equation will be of the form 

k being an arbitrary constant. 

For the equation ( A r t 1oN mrs t re­
present some straight l ine; also, it is satisfied by those values of 
a, /3, y, which satisfy the equations 
simultaneously. It therefore represents a straight line which passes 
through the point of intersection of the lines  

17. If the equations of three straight lines  
be such that the sum cf the left-hand members, ivhen multi­

plied each bg some constant, vanishes identically, these three straight 
lines meet in a point. 

For suppose L1 L2, L3 to be certain multipliers, such that 

Then it is ntardfest that the co-ordinates of the intersection of any 
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two of the three straight lines (since they satisfy simultaneously 
the equations of that pair of straight lines,) w i l l , by virtue of this 
relation, also satisfy the equation of the th i rd . 

Hence any one of the three given straight lines passes through 
the intersection of the other two. 

18. In the following examples the given triangle is taker,as t]ie 
triangle of reference, so that the equations of its sides are a = 0, 

19. To find the equations of the bisectors of the angles of a triangle, 
and to show that they meet in a point. 

The straight line which bisects the of the triangle ABC 
may be regarded as the locus of points which are equidistant from 
the two sides i ; its equation, therefore, w i l l 
be, , or 

Similai ly, (9) 

are the equations of the bisectors of the angles B and C respect­
ively. 

Also, since the left-hand members of (9), when added together, 
are identically equal to zero, the condition of A r t . 17 is satisfied, 
and the three bisectors meet in a point. 

20. If be the co-ordinates of this point, ve shall have, 
by equations (9)  

2s being the perimeter of the triangle. 

21 . By Ar t . 16, the equation of a straight line which passes 
through the vertex A of the triangle of reference must be of the 
form 
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for it passes through the intersection of the lines whose equations 
are This is otherwise evident, since its equation 

must be satisfied by the co-ordinates of A,  

Similarly, straight lines through 7? and C w i l l be represented by 
equations of the forms 

respectively. 

22. To find the equations of the bisectors of sides of the triangle 
ABC, and to sheiv that they meet in a point. 

Let D be the middle point of BC, The equation of AD, since 

Fig. 5. 

it passes through the intersection of must (Ar t . 21) 
be of the form 

( i i ) 

Also, since is a point on the line, we have 

from (11) 

and therefore and, substituting this value for le in (11), 
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we get for the equation of AD 

Similarly, we find(12) 

and  
•> 

for those of the other bisectors. 
Also, since the sum of tfye left-hand members of these eqhatirns *' 

identically, the three biseetois of the sides of a triangle meet 
in a point. (Art . 17.) 

23. This point, which we shall denote by , is evidently 
such that its co-ordinates satisfy the relations 

(13) 

or 

whence, since 

(14) 

24. To find the equations of the perpendiculars let fall from the 
vertices of the triangle ABC upon the opposite sides, and to shew that 
they meet in a point. 

Fig. 6. 

Le t represent the length of AD, the perpendicular from JX' 
on DC. The equation of AD must (Ar t . 21) be of the form 

(15) 



14 XRILINEAR CO-ORDINATES. 

w i l l be found to be the equations of the other perpendiculars. 
Also, since the left-hand members of these equations, when added 

together, vanish identically, it follows that the three perpendiculars 
from the vertices of any triangle upon its opposite sides meet in 
a point. ( A r t . 17.) 

25. If ) be the co-ordinates of this point, we shall have, 
as i n A r t . 23, 

(17) 

and therefore, (Prelim, chap. {A).) 

(18) 

26. In the above instances the actual values of the co-ordinates 
( have been deduced; but it is to be observed that these 
are rarely required in practice. For, as the trilinear equations, 
when not homogeneous, may ( A r t . 4) be easily rendered so, it is, 
in general, sufficient for us to know the proportional values of the 
co-ordinates of a point. 

Thus,  

see Eqq. 13, 17) may be used respectively for the co-ordinates 
of the point of intersection of the bisectors of sides, and of that 
of tl-3 perpendiculars from the vertices upon the sides which 
subtend them. 

So again,  

may be taken instead of the co-ordinates of the inscribed and 
circumscribed circles respectively. 
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27. The equations of Arts . 22 and 24 arc perhaps mo~e easily 
obtained by the following geometrical \nethod. 

For the bisectors of sides:—Let P be any point on the 
bisector AD. 

Fig. 7. 
A. 

Draw DB\ DB" perpendicular to CA, and DC, DC" perpen­
dicular to AB. 

Then, by similar triangles, 

be any point on the perpendicular AD, and let the perpendiculars 
DB, DC, PB\ BE' be drawn as before. We have 

and 

file:///nethod


lb" 

CHAPTER I I . 

T H E STRATCHT L I N E CONTINUED. RELATIONS BETWEEN 

T H E CONSTANTS. 

28. I t f the foregoing chapter (Arts . 9—12) we have arrived at 
two forms of the equation of a r ight line which have been named 
respectively the symmetrical and the homogeneous. We proceed 
now to investigate certain important relations which connect the 
constants in these two forms wi th each other and wi th the elements 
of the triangle of reference. 

29. First, however, that needless repetition may be avoided, let 
it be remarked, once for al l , that the equations 

(19) 

and (20) 

or, more briefly, a n d , w i l l invariably 
be employed to represent the same straight line. When the inves­
tigation requires the introduction of another straight line, this 
second line w i l l be represented by ( ) or (/2, m^ n2), 
or by both, according as it may be convenient to use either or both 
of the two forms of the equation. Hence, wherever a straight line 
is represented by it is assumed that its direction-
cosines are and so conversely. 

(22) 

between the direction-angles of any right line and the angles of the 
triangle of reference, follow at once from the equations 
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(23) 

the t ruth of which appears from an inspection ol^tiie figure given 
in A r t . 9. 

i * l . To prove the relations 

Equations (24) and (25) are easily obtained by projecting the 
triangle of reference upon the line ( ' and upon 
any other straight line cutting it at r ight angles.  

To prove the last, take the equations (19) and (20), (Ar t . 29). 
From the first of the^e we have 

But the numerator of the right-hand member vanishes by reason 
of (20). Hence we must have also 

a relation which always holds between the direction-cosines of a riuhf 
line and the co-efficients of its homogeneous equation, 

32. To find the equation of the straight line which passes through 
the point i and makes an angle with the straight line 

Let (1) in the figure represent the given straight line, whose 
c 
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direction-angles are and let (2) be the straight line 
whose equation is required. 

Suppose the direction-angles of (2) to be then, since it 
passes through the given point, its equation w i l l be 

(27) 

Draw the co-ordinates of the point oi intersection of (1) and (2) ; 
then, from the geometry, we have 

Similarly 

and 

Hence (27) becomes 

which is the required equation. 

(28) 

(29) 



and, since the numerator vanishes, we must have always 

The relation  

follows in a similar manner from equation (31) of the preceding 
Art ic le . 

34. To 'prove the formulce 

(32) 

and  

In other words, the direction-cosines of two perpendicular right line 
are of the form ( ). 

34. The result of the last Article affords us another proof of the 
relations (24) and (25) of A r t . 31. For, remembering that 

we have from equation (30) 

The relation 

follows in a similar manner from equation (31) of the preceding 
Art ic le . 

34. To prove the formulae 

and 
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36. The results of the last Art icle are of use when it is required 
to find a symmetrical expression for the distance between two 
given points (Ar t . 44). They also give us the following symme­
trical expressions for the sines of the angles of the triangle of 
reference; 

37. It is to be observed that, since ( A r t . 33) s i n ^ , sin 5^ sine,, 
are the direction-cosines of some line, viz. of some line perpen­
dicular to I ) the results of the preceding Articles 
remain true, if for the cosines of the direction-angles we substitute 
the corresponding sines. For obvious reasons this remark does 
not apply to formulae which involve  

Hence, besides 

we have the following relations in which , may be replaced 
either by cos or by the sines of the same angles; 
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which is sometimes useful, and may assist the student in remem­
bering the more important formulae from which it is derived8. 

39. To write down the homogeneous equation of a straight line 

whose symmetrical equations are given. 

Let the given equations be 

(38) 

and suppose 
(39) 

to be the homogeneous form of the equation of the same straight 
line 

Since ( is a point on the line, we shall have 

* This formula is easily proved independ nMy; for the right-hand member 
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(10) , 

(11) 

40. To find the direction-cosines of a straight line uhose equation 
is given in the homogeneous form. 

Let  

he the given equation: then, since (Ar t . 31 . (24), (26).) 

and  

we have, by cross-multiplication, 

if we denote by \ the function of for which it 
has been substituted b. 

b In the same way the expression 

will be represented by  



24 T R I L I N E A R CO-ORDINATES. 

41 . Tire direction-cosines of (^, mu ?ix) may obviously be wri t ten 
in the somewhat more convenient form 

the same abbreviation being made. 

42. To find the sines of the direction-angles of a straight line, when 
its equation is given in the homogeneous form. 

By equation (43) of the last Art icle, we have 
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by the result of the last Article. 
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(48) 

(47) and (40) following by reason of equations (33) ana (34), 
(Art. 35). 

46. It is sometimes more convenient to write the results of the 
last Article in the following form: 

CHAPTER I I I . 

THE STRAIGHT LINE CONTINUED. LINE AT INFINITY. 

45. To find the distance between two points. 

Let be the given points, and r the distance 
between them. Then, if _ are the direction-cosines of the 
joining line, we have (Art . 9.) 
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47. To find the length of the perpendicular from the point ') 
upon the straight line {  

The direction-cosines of the perpendicular w i l l be (Ar{ . 33) sin a 
sin blf sin cv 

Fig. 10. 

If therefore p be the required length, and the co-ordi­
nates of the foot of the perpendicular, we shall have 
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48. Hence also, if a straight line be drawn from to 
meet the line (l1 m1, n1) so as to make an angle w i th i t , its 

49. But this result may be arrived at independently; for the 
equation of the line which meets ) at the given angle w i l l 
be ( A r t . 32) 

50. To find the angle included between the two straight lines 

Let o) be the angle between the two given straight lines. 
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and the following values for tan , sin , cos , respectively, 
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CHAPTER IV. 

PROBLEMS ON THE STRAIGHT L I N E . 

54. To find the co-ordinates of the poirt of intersection of the 
straight lines  

L e t be the co-ordinates of the point of intersection of 
the given straight lines, then we shall have 

(59) 

55. To find the condition that the three straight lines  
) may meet in a point. 

Suppose the point to be common to the three given 
straight lines. .Then we must have simultaneously 

and the condition that these equations should co-exist is 

(60) 
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.56. To find the condition that the three points (  
1 ' ) may lie in the same straight line. 

Suppose the .three given points to lie on the r ight line whose 
equation is 

we shall then have 

and  
and these equations cannot exist together, unless 

0, 

which is therefore the required condition. 

(61) 

57. To find the symmetrical equations of the straight line which 
passes through the two given points  

The equations of a straight line through i must be of 
the form 

Also since ' is a point upon the line, we have 

Hence, eliminating between (62) and (63) we get 

which are the equations required. 

(62) 

(63) 

(01) 
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58. To find the homogeneous equation of the straight line which 
passes through the two given points  

Suppose the equation of the joining line to be 

(65> 

then, since the given points lie on the line, we shall have, to 
determine 7, m, n, 

(66) 

and (67) 

From these, by cross-multiplication, we get 

whence, substituting in (05), we have for the required equation 

(68) 

or, more briefly, 

In the latter form the equation might have been written down 
at once as the eliminant of the three equations (65), (66) and 
(67). 

59. To find the homogeneous equation of the straight line which 
passes through the point ' , and whose direction-cosines are 

Let the equation be 

then, since ( is a point on the line, 



34 T R I L I N E A R CO-ORDINATES. 

And, eliminating ~ "between, these three equations, we have 
for the required Equation 

(70) 

This equation may also be wri t ten thus: 

(71) 

60. If the equations of the two preceding Articles be compared, 
i t w i l l be seen that the homogeneous equation of a right line may 
be formed w i th equal ease, whether the co-ordinates of two points 
on the line, or the co-ordinates of one such point and the direction-
cosines of the line, be given. 

61. To find the equation of the straight line ivhich joins the point 
( " w ] to the point of intersection of the st,aight lines ), 

The required equation must ( A r t . 16) be of the form 

(72) 

because it passes through the intersection of the given straight 
lines. 

Also, since it passes through ( , we have, to determine k, 

and (72) becomes, when this value is substituted for k, 

(73) 

62. To find the equation of the straight line which passes through 
the point of intersection of the straight lines ( 
and bisects the angle between them. 
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The bisector is the locus of points the perpendicular distances of 

Fig. 12. 

which from the two given straight lines are equal; its equation 
therefore (Ar t . 47. (51).) w i l l be 

(74) 

the upper sign belonging to the internal, and the lower to the 
external bisector. 

63. If the direction-angles of the two lines be given, and 
(a0, ft,70) be *heir point of intersection, the bisectors w i l l be re­
spect' ?ly represented (Ar t . 33) by the symmetrical equations 

(75) 

and (7J) 

For the direction-angles of the internal bisector are the Arithmetic 
means between and respectively; and the 
external bisector cuts the former at r ight angles. 
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64. Tofnd the condition that two given straight lines " 
should be parallel to each other. 

The two given lines must, if they are parallel, have the same 
direction-cosines $ hence (Ar t . 31), we must have, not only 

and 

but also  

whence, eliminating we get for the required 
condition 

(77) 

65. To find the equation of the straight line which passes through the 
point ), and is parallel to the straight line i. 

This straight line may be regarded as the locus of points the 
perpendicular distances of which from > ^. are equal to that 
of ) from the same r ight line. This ( A r t . 47) w i l l be 
expressed as follows : 

(78) 

66. Or we may proceed as follows : 

Since the straight line passes through the point ( and 
is parallel to I its direction-cosines (Ar t . 40) are respec-
* ;vely proportional to 

and its equation (Ar t . 59. (70).) is 

(79) 
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This equation is ia the homogeneous form, and, being identical 
w i t h 

(  
is equivalent to (78) of the last Article, since 

67. From (78) it appears that the general equation of a straight line 
parallel to i  

(81) 

a?id, conversely, two straight lines are parallel when their equations 
differ only by a constant term. 

Equation (81) becomes (Ar t . 4), when rendered homogeneous, 

and is therefore of the form 

(82) 

the meaning of which (Arts. 16. 52) is that every straight line which 
is parallel to i ) passes through the intersection of(/l} mun{) with 
the straight line at infinity. 

This follows also from the condition of paiallelism(Art. 64. (77).), 
which expresses ( A r t . 55. (60).) that the given straight lines must 
intersect on the straight line at infini ty. Indeed we might have 
assurL. I this property of parallel straight lines, and deduced from 
it the condition of parallelism by the method of A r t . 55. For the 
convenience of the student this form of proof is given in the 
next Article. 

68. To find the condition that the straight lines I, 

If the given lines be parallel they w i l l intersect on the r ight line 
at infinity. Let be their point of intersection ; we shall 

have  



38 

and 
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and, eliminating from these equations, we get for the re­
quired condition  

69. It was shewn in Art. 33 that the straight lines  
l ivill intersect at right angles, if 

Hence also, since (Art. 31) 

the condition that should be perpendicular to i  
i is 

(83) 

70. To find the condition that the straight line  
should he perpendicular to the straight line  

By Art. 33, we must have also, (Art. 
42. (44).), 

Therefore the required condition is 

71. To find the condition that the straight lines <  
should be mutually perpendicular. 

We have seen (Art . 33) that if the given straight lines intersect 
at right angles, m ., . Hence the relation 



which is the required condition, another and somewhat more in­
dependent proof of which is given in the next Article. 

72. Let the equation of the pair of lines be 

The polar form of this equation, any point (a0, ft, y0) being taken 
as pole, is (Art. 13. (8).) 

Hence the radius vector is infinite, and therefore parallel to 
, when the direction-cosines satisfy the equation 

or 

But (Art. 33) the values which correspond to a pair of 
perpendicular lines, mrst le of the, form and 
( „ * ' . , • ' respectively. 
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of Art. 31 becomes 
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We have therefore, by (86), both 

which is the condition sought. 

73. It may be remarked that, since 

always, any straight line whatever is to be regarded as 
perpendicular to the straight line at infinity (Art. 52). 

7<f. It is only necessary to remind the reader that the conditions 
of the immediately preceding Articles, as wejl as the condition 
for the parallelism of two given straight lines, follow-at once as 
corollaries from the results of Arts. 50, 51, of the last chapter. 

75. To find the symmetrical equations of the straight line which 
passes through the point [ ,and is perpendicular to the straight 
lineC 

The required equation is, (Art. 33,) 

that is, (Art. 42,) 

76. To find the homogeneous equation of the straight line which 
passes through the point ( ' and is perpendicular to the straight 
line  
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Suppose (80) 

to be the equation of the perpendicular. 

Since it passes through ( , ve have 

(90) 

Also, since it is perpendicular to ), we have (Ar t . 69.{83\) 

(91) 

Hence, eliminating '_ _ _, between equations (89), (90) and (91), 
we obtain for the required equation 

(93) 

77. To find the homogeneous equation of the straight line which passes 
through the point , and makes an angle with the straight 
line  

Assuming (94) 

for the equation of this straight line, we have, since ( lies 
upon i t , 

(95) 

< 

Therefore, eliminating between (94), (95) and (96), we 
have kor the required equation 
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CHAPTER V. 

ANHARMONIC RATIOS. HARMONIC POINTS AND,PENCILS. 

HOMOGRAPH1C SYSTEMS. INVOLUTION. 

78. I n the present Chapter a short account w i l l be given of the 
theory of Anharmonic and Harmonic section, so far as it relates to 
the properties of the point and line. For a more complete i n ­
vestigation of the subject the reader is referred to geometrical 
treatises a. 

79. When a pencil of rays, originating at a centre 0, is cut by 
a transversal in points are 

Vig. 13. 

conveniently employed to represent not only the corresponding 
segments of the transversal, but likewise the angles which those 
segments subtend at the centre of the pencil. In the same way ~ 
shall occasionally use to denote the rays  

W i t h reference to the range of points the trans­
versal is sometimes called the axis of the system. 

a I may mention Townser A'S " Modern Geometry," Hodges, Smith, and Co., 
Dublin, 1863—5. 
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80. 'Definition of Anlarmonic ratio. Let the segment (or angle) 
P1P3 be divided, as in the figure of the last Art ic le , by the two 

points (or lines) P2, P4 ; end let the two ratios  

b e denoted b y i 1 , respectively. 

Then the ratio and its reciprocal  
are the two (inharmonic ratios which are due to the division 

of the segment (or angle) .  
Wr i t t en at full length this pair of Anharmonic ratios w i l l be 

and its reciprocal, 

but the following abbreviations are often used ; viz. 

(99) 

to express the pair of ratios for the system of points, and 

(100) 

to represent the corresponding ratios for the pencil. 

81. But when four points on a common axis ( r rays through 
a common vertex), are given, any one out of the six 
segments (or angles) may be re­
garded as the divided segment (or angle), and we shall have ac­
cordingly twelve anharmonic ratios; viz. the following six, 

and their six reciprocals 

(or the corresponding ratios of sine°>). Their number, however, is 
only half of that stated above; for i t v i l l be found that the ratios 
of the segments (or sines of the segments) o f .  
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are the same in sign and magnitude as thc^e of the segmfMts (or 
sines of the segments) of made by so that  

and so on. Hence for a system of four 
points (or lines) there are but six different Anliarmonic ratios, ivhereof 
three are the reciprocals of the remaining three: viz. 

82. These six Anharmoi.ic ratios may he represented briefly by 
X, Y,Z, and their reciprocals; and from an inspection of their 
actual values it appears that 

(101) 

The student w i l l have no difficulty in proving that they are also 
connected by the following relations; 

(105) 

83. If a pencil of four concurrent lines be cut by a transversal, the 
anharmonic ratios of the four points of intersection arc equal to the 
corresponding ratios of the pencil, and are therefore the same for any 
position of the transversal. 

Let a pencil, having its centre at 0, be cut by a transversal in 
the points . 

Fig. 14. 
O 
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And the same may be proved with, respect to the remaining live 
anharmonic ratios of the range. 

84. It follows from the thcoiem of the preceding Article that // 
two pencils originating at 0 and 0\ are such that their rags intersect, 

Fig. 15. 
o 

two and two, in points which lie in the same straight line, they will 
have the same anharmonic ratios. 

For, if . be the points of infyarscction of the two 
pencils, then, since their annarmonii r a o s are equal to the cor­
responding ratios of each of the pencils, we have 
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and the pencils are therefore equi-anharmonie*. 

85. Any two pencils which arc so mutually related thaPtheir 
corresponding rays intersect in pairs collinearly are said to be in 
perspective, or in homology w i th each other; and the line on which 
their common points lie is called 'he axis of perspective, or the axis 
of homology, 

86. Definition of harmonic section. Any segment (or angle) is said 
to be harmonically divided by two points (or lines) when each of its 
two anharmonic ratios i . Thus the line (or angle) 

w i l l be divided harmonically by the points (or lines)  

provided that or its recipro-

; and then the points (or lines' are said to be 
harmonic conjugates w i th respect to . form 
a harmonic range (or pencil). 

87. The equation of harmomcism 

(105) 

may be wri t ten in the form 

(106) 

Hence we conclude that a segment which is harmonically divided is 
divided internally and externally in the same ratio. This is some­
times taken as a definition of harmonic section. 

b Equi-anharmonic syster s of points Oi'lines are said to be homographic. 
The t w > pencils in fig. 15 r—e boil i homographic and perspective, (Art . 85). 



48 T R I L I N E A R CO-ORDINATES. 

88. Another definition is afforded by the following property, 
which is v asily deduced from (105). If the segment. le har­
monically divided by . } and C be the point which bisects 
then 

(107) 

89. The condition of harmonic section may also be wri t ten in 
tl.e form 

(108) 

(109) 

for the only case in which the two reciprocal ratios of a divided 
segment (or angle) are equal to each other is that in which the 
dividing points (or rays) are harmonic conjugates of the two points 
(or rays) by which the divided segment (or angle) is terminated c. 

90. To find the anharmonic ratios of a pencil of four concurrent 
lines whose direction-angles are given. 

Fig. 16. 
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) be the co-ordinates of 0, the equations of the rays 
w i l l be 

Also, as in A r t . 32, 

wi th similar values for the other angles of the figure. 
Hence, to take only one of the six anharmenic ratios ( A r t . 81), 

viz. 

we have for its equivalent in terms of the direction-angles 

(110) 

or either of the expressions derivable from this by the substitution 
o f ( and ( > successively for (  

The remaining five ratios may be formed in the same manner. 

91 . To find the condition that four concurrent straight lines, whose 
direction-angles are given, should form a harmonic pencil. 

Recurring to the figure and notation of the lust Ar t ic le , we 
have, as the equivalent of the relation 

(111 

in which, as before, may be replaced by ) or by 
f 

If the condition (111) be satisfied, the pencil w i l l be harmonic, 
and i andl will be harmonic 
conjugates w i th respect to " and  

E 
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92. To find the anhawnonic ratios of a pencil of four rigid lines 
which ptcs through the intersection of the given lines  

Fig. 17. 

respectively. 
Draw any transversal, parallel to '/ ), meeting the succes­

sive rays o f the pencil i n and ( i n L . Then, 
( A r t . 83. (103).), 

(113) 

and the other five ratios may be formt i in a similar manner. 

etc. are proportional to the lengths of the perpendiculars 
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93. From (113) it appears that the rnharmonic ratify of the 
system of rays are independent of the constants in the equations 
of the given pair of lines  

Hence, if there be another pencil of lines having for their 
equations 

(114) 

this pencil w i l l have the same anharmonic ratios as that of the last 
Ar t i c le ; in other words, the equations (112) and (114) represent 
homographic systems. 

94. To find the condition that four straight lines which pass through 
the intersection of the pair of lines i should form 
a harmonic pencil. J 

Let us employ the same notation as in A r t . 92. The equation 
of harmonicism 

( A r t . 87. (105).), becomes, by reason of (113), 

and, if this condition hold, the second and fourth lines of (114) 
w i l l be harmonic conjugates w i t h respect to the first and th i rd . 

from , etc. u p o n , and therefore, as will now be shewn, to 
etc. respectively. 

Suppose 5 to be the length of the perpendicular upon ) from an, 
point on the transversal. Then (Art. 46) the perpendicular from  

C is a constant for all points on the transversal. 
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95. To find the form »/ the equations of any pair of straight lines 
which are ^wmonic conjugates with respect to the given pair  

L e t ( 1 1 6 ) 

(117) 

be the equations of the pair of conjugates. 

Applying the condition (115) to the equations 

we find that (116) and (117) w i l l represent harmonic conjugates 
with respect to the given lines provided that 

Hence four straight lines whose equations are of the form 

(118) 

(119) 

form a harmonic pencil, (118) and (119) being conjugate pairs. 

96. COR. Since the equations  
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( A r t . 62. (74).), are of the required form, we see that thenternal 
and external bisectors of the angle include^ by any pair of < ight lines 
are harmonic conjugates with respect to them. 

97. In the preceding Articles we have taken th,e most general 
case. I t w i l l be at once seen that the harmonic pencil formed by 
the lines affords an instance of 
the theorem of A r t . 96 : also that the pencil 

is nomographic w i t h (112) and (114). 

(120) 

98. To prove the harmonic properties of a complete quadrilateral. 

Let be the sides of the tetragram ; »and 

Fig. 18. 
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let be the pairs of intersections of opposite 
sides ; als., let X, F, Z bq the points of intersection of the three 
diagonals. 

Take for the triangle of reference, and let the equations 
of its sides, taken in order, be , respectively. 

Assume for the equations of the two diagonals XY, ZX 

respectively. The equation of . the fourth side of the quadri­
lateral, w i l l be of the form ; also of the form 

, (Ar t . 1G): and, identifying these two equations, 

we get > , . from either of which we find 

to be the equation required. Also, since the line AXX passes 
through the intersections of /3 = 0 w i th y = 0, and of  

its equation wi?l be of the form 

and identifying, as be-

therefore the equation of 

Again, since YZ passes through the intersectiom of w i th 
with we obtain, by 

a similar process, for its equation, 

Hence  

(Ar t . 95,) form a harmonic pencil, anc are four har­
monic points. • 
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Ia the same way it may be shewn that 

are harmonic pencils, and, consequently, 

harmonic ranges. 
The triangle XYZ is sometimes called the harmonic triangle, 

since its sides are harmonically divided by, the pairs of points 
respectively. 

99. The reader will observe that the harmonic properties of the 
quadrangle (or tetrastigm) are also established by the proof just 
given in the case of the quadrilateral. We have, therefore, as the 
result of Art . 98, the two following reciprocal theorems. 

(a) In every tetragram the three pairs of opposite intersections 
divide harmonically the three sides of the triangle determined by their 
three lines of connection, 

(/3) In every tetrastigm the three pairs of opposite connectors 
divide harmonically the three angles of the triangle determined by 
their three points of intersection. (Townsend's " Modern Geo­
metry," Art. 236.) 

HOMOGRAPHIC SYSTEMS OF POINTS AND LINES. 

100. Definition of homography\—Two rows of point? on any axes 
(or pencils of rays from any centres), 
are said to be homographic when they correspond in such a manner 
that the anharmonic ratios of any four points (or rays) of the one 
are equal to those of their four correspondents in the othe^. 
(Art . 84, note.) 

The homography of the two systems is expressed by the equation 

but il the following Articles, for the sake ^f brevity, the former 



56 T R I L I N E A R CO-ORDINATES. 

notation only w i l l be used; the student w i l l have no difficulty in 
seeing where the latter is implied, and the ratios of segments may 
be replaced by the corresponding ratios of sines. 

101. Three piirs of corresponding points (or rays) are sufficient to 
determine two homographic systems; for if we suppose the three 
pairs to be given, the correspondent q4 of any 
fourth point (or ray) j»4 (taken in the first system) is known from 
the nomographic N a t i o n 

(121) 

102. Point on either axis which corresponds to the point at infinity 
on the other. Let /, J" be those points of two nomographic systems 

which correspond respectively to 
the points at infinity on the two axes. 

We have, by the condition of ho lography (Ar t . 100), 

that is, 

Similarly,  

103. From (122) and (123) it appears that if the correspondent 
of the point at infinity on either axis, and two pairs of corresponding 
points, be given, the correspondent of any third point, taken on either 
oris, is known. 

104. If the points at infinity m the two axes correspond, the systems 
\vill be similar: for then 

whence  

file:///vill


DOUBLE POINTS AND LINES. 57 

or,  

Similarly, 

Therefore  

And , conversely, the points at infinity on the axes of two similar 
homographic systems correspond. 

COAXAL (OR CONCENTRIC) HOMOGRAPHIC SYSTEMS. 

105. Double points and lines.—In every system of two homographic 
rows on the same axis {or pencils of rays from a common centre) there 
exist two points (or rays), called double points (or rays), which are their 
own correspondents. For suppos'e the two coaxal systems to be 

, Since they are homographic, we have 

(124) 

Le t /, J ( A r t . 102) be the points which correspond to the points 
a t infinity p , y x , and suppose x to be a point which belongs to 
both systems and is its own correspondent; we have by (124) 

or, 

therefore  

(by introducing an origin j , whence we get 

(125) 

a quadratic which determines two positions of x, its distance being 
measn ;ed from p1. 
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If C he the middle point of the segment IJ, we have 

and (125) becomes 

(126) 

There are therefore two double points (which we shall call 
P and Q), real or imaginary. They w i l l manifestly be on opposite 
sides of the origin if that is, if the origin be at C the 
middle point of IJ\ since their position w i l l then (126) be given 
by the equation 

(127) 

in which C' is the correspondent of C. 

106. Hence the segments IJ and PQ are concentric. Also from 
(127) it appears that if C 6 " = 0, P and Q coincide in the point C. 

107. Any pair of correspondents divide PQ into seg­
ments whose anharmonie ratios are constant. For since, by their 
definition, P and Q are their own correspondents, we have (124), 
from the homography of the systems, p2i q2 being any other pair 
of correspondents, 

or,  

in other words, the ratio 

(is constant.  

108. From the theorem of the lasj Article it follows that, if one 

of the double points (Q suppose) be at infinity*, the ratio for any 
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pair of correspondents , is constant: t i iat is to say, the systems 
are similar. 

ON INVOLUTION. 

109. Definition of involution.— When two homographic coaxal rows 
. (or concentric pencils) are such that every point {or ray) has the same 
correspondent, to whichever sysLm it be regarded as belonging, the two 
rows {or pencils) are said to form a system in involution, and the cor­
responding constituents are called conjugates. 

110. Two pairs of conjugates are sufficient to determine a system in 
involution. For, if two points p1p2 and their conjugates qlt q2, be 
given, the conjugate of any fifth point p3, is known (121) from the 
equation 

(128) 

111. It follows at once from (128) and the other similar equa­
tions that any three pairs of conjugates of two homographic rotes {or 
pencils) in involution a^e connected by the following relation, 

(129) 

and co, versely, when two homographic rows (or concentric pencils) are 
such that these relations hold between any three pairs of corresponding 
constituents, (lie rows (or pencils) are in involution. 

112. Any pair of conjugates are harmonic conjugates with respect to 
the double points of the involution. For, since P, Q (Ar t . 105) are 
self-conjugates, we have, supposing to be any pair of conju­
gate points, 

which shews (Ar t . 89. (108).) that p1qx are harmonic conjugates 
w i t h r spect to P and Q. 
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113. (Hence (Ar t . 88. (107).), if C be the point of bisection of 
PQ, we l ave 

C is called the centre of the involution, and evidently, if circles be 
described on the segments _ as diameters, they w i l l . 

Fig. 19. 

all pass through the same two points, and C w i l l be that point on 
the line of centres through which the radical axis of the system 
passes. 

114. The results of Arts. 112, 113, afford definitions of involu­
tion which are more convenient than the one given in Ar t . 109, 
since they admit of a simple geometrical interpretation by refer­
ence to the well-known properties (i.) of harmonic points, ( i i . ) of 
a system of circles having a common radical axis. Thus any one 
of the following definitions might have bten given. 

115. When three or nore pairs of collinear points {or concurrent 
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lines) are harmonic conjugates with respect lo a fixed pair, they are 
said to form a roiv (or pencil) in involution, and the fixed pair are 
called the double points (or lines) of the system, 

116. Or, when three or more pairs of collinear points', pY, qx; p2, q2; 
Pz> az; • • «i are so situated with reference to a fixed piint C on their 
common axis that 

(130) 

the points are said to he in involution, and the point C is called the 
centre of the system, the involution being said to be positive or nega­
tive according as le1 is affected by the upper or lower sign. The 
double points P, Q, since they are given by the equation 

C** + £2 = 0 (131) 
t 

(130), are equidistant from C and on opposite sides of i t , and w i l l 
be real or imaginary according as the involution is of the positive 
or negative kind. 

117. Or again; if a system of three or more pairs of collinear points 
. . be such that the circles described about the 

segments • . as diameters have a common radical axis, 
the system is saul to be in involution. The point 0, in ivhich the 
radical axis meets the axis of the collinear system, is called the centre 
of the involution, and the involution is said to be positive or negative 
according as the points p\,p»,pA, . . . and their conjugates 
lie on the same or on opposite sides of this central point. In the former* 
ease there are two points, P and Q,—viz. the l imi t ing points of the 
system of circles (being, in fact, circles w i t h infinitesimal radi i )— 
equidistant from C and on opposite sides of i t , which, when con- J 

sidered with reference to the collinear system, are their own conjugates,^, 
and are therefore called the double points of the involution. They are 
the points in which the axis of \ the involution is met by the circle, of 
radius k (131), which cuts the above system of circles orthogonally. In 
the laUer case such douM points do not exist there being no points 
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belonging to the system which, possess the property of being self-
conjugate. 

In both cases the centre C is the conjugate of the point at infinity. 

118. It w i l l be observed that the definitions of Arts . 116, 117, 
do not apply to a system of linns in involution, which may be 
defined as in Arts . 109, 115. It is obvious, however, that any 
pencil of rays through an involution of points forms a system of 
lines in involution, of which the corresponding rays are those 
which pass through coniugate points. Also the rays which pass 
through the double points w i l l be the double lines of the involu-
t ion. Similarly, a pencil of lines in involution is cut by any 
transversal in points which are also in involution. 

119. In a pencil of lines in involution there exist always two eon-
jugate rays which are at right angles to each other: for suppose  

to be pairs of conjugates of the involution in which 
the pencil is cut by any transversal, and let circles be described on 
the segments these circles (Ar t . 113) w i l l have 
a common radical axis. Le t now that ciiele of the system be 
described which passes through the vertex 0 of the pencil, and let 
pq be its intercept on the transversal: p, q are evidently conjugates 
of the involution of points, and Op, Oq, consequently, conjugate 
rays of the given pencil. Also Op, Oq are rectangular, since pq is 
a diameter. 

120. If more than one pair of conjugates of a pencil in involution le 
rectangular, every pair will le so ; for then the vertex of the pencil 
is evidently one of the two common points of the system of circles 

'described as explained in the last Ar t ic le . 

121. From the definition given of involution in Ar t . 115 it ap-
pears that straight lines whose• equations are of the form 

, • (132) 
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form a pencil which is in involution with t le concentric tomographic 
pencil {Art, 93) represented by the following equations, 

(133) 

the straight lines 

(134) 

being the double lines of the system. For we have seen (Ar t . 95) 
that (132) and (133), taken in pairs, are harmonic conjugates w i th 
respect to (134). 

122. Similarly the straight lines 

(135) 

form a system in involution of which 

(136) 

are the double lines, since each pair of (135) forms wi th (136) 
a harmonic pencil. 
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CHAPTER VI. 

THE GENERAL EQUATION OF THE SECOND DEGREE. 

123. We now proceed to discuss the trilinear equation of the 
second degree, the most general form of which ( A r t . 13) is 

(137) 

and whenever, in this chapter, the equation <£(a,/3, y) = 0, or the 
curve , is spoken of, the reader w i l l understand that 
the complete equation (137), or its locus, is intended. An investi­
gation of various modified forms of the equation of the second 
degree w i l l be found i n the next chapter. 

124. To shew that the general equation of the second degree always 
represents a conic section. 

It was shewn (Ar t . 13) that the general equation of the second 
degree, $(a, |3, y) = 0, may be thrown into the polar form 

(138) 

Now, since (a0, /30, yQ) may be any point and the direction-cosines 
, ,. . , may have any values whatever, this quadratic shews that 
A a straight line be drawn through a point , in any direc­
tion, it w i l l meet the locus of ) = 0 in two points, which are 
either real, coincident, or imaginary. 

Hence the locus of the general equation is a curve of the second 
degree, that is to say, a conic section. 

125. To find the conditions that the general equation of the 
second degree should represent a Ilypei bola, a Paraboia, or an 
Ellipse. 
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Prom the equation (138) it appears that the directions of the 
asymptotes are given by the equation 

(139) 

or  

whence, eliminating v by means of the relation 

we get, to determine the ratio  

which, on arranging the terms, becomes 

Now the roots of this equation are real and unequal, coincident, 
or imaginary, according as 

This condition may be put into another form, for, multiplying 
out and dividing by c2, we get, after arranging the terms, 

that is (Prelim, chap. (D).) 

or, according to the notation explained in Preliminary chap, (i?), 

(141) 
i 

F 
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or, (142) 

Hence the equation ( v ,, t it represents a Hyperbola, Parabola, 
or Ellipse, according as 

negative, zero, or positive, 

or as positive, zero, or negative. 

126. Equation of the chord joining the two points I , 
on the conic == 0. 

The equation 

is evidently satisfied by the co-ordinates of boLh the given points; 
and is linear, since the higher terms disappear on expansion. 

It therefore represents the straight line on which the given 
points lie, and is the required equation of the chord of the conic. 

To find the equation of the tangent to the conic at 
the point  

127. First method.—Writing f o r r e s p e c t i v e l y in 
(143) (since this is the same as making the two points on the 
curve, through which the chord passes, coincident), we get for the 
equation of the tangent at  
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Also, by Euler's Theorem of homogeneous functions, 

and, from the equation of the conic, 

But the left-hand member of this equation vanishes, since ( ~ ) 
is on the curve; we have therefore 

which may be wri t ten in the abbreviated form 

or again (Prelim, chap. (F).) thus, 

the expressions which form the left-hand members of these two 
last equations being identically the same. Other methods of find­
ing the equation of the tangent w i l l now be given. 

128. Second method.—Suppose 

to be the equation of the tangent. 
Since it passes through the points 

, we have the two equations 
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whence, as before, 

(149) 

(150) 

129. Third method.—Taking the point ( as pole, we 
have ( A r t . 124) to determine r, 

But, since the point ( ) is on the curve, 

and, if the radius vector be a tangent, both values of r w i l l = 0 at 
the po in t ; we must have, therefore, 

(151) 

Hence, since ( A r t . 12. (7).) are proportional to  
respectively, 

(152) 
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(153) 

or, by Euler's Theorem of homogeneous functions, 

which is the equation of the tangent at  

and the relation 

whence 

and the symmetrical equations of the tangent may be formed 
at once. 

131. To find the condition that the straight line ( should 
touch the conic  

Let ) be the point of contact. We must have ( A r t . 
127. (145).) 

Therefore 

Also 

130. To determine the direction-cosines of the tangent, wr^have 
( A r t . 129. (151)0 
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from the equation of the tangent. Whence, eliminating 
and k, we get for the required condition 

that is (Prelim, chap. (-E),) 

(155) 

(156) 

(157) 

COB. Hence it appears ( A r t . 125) that every parabola touches the 
straight line at infinity. 

132. To find the equation of the normal to the conic = 0 
at the point  

The equation of the tangent at the given point (Ar t . 127) is 

Hence the equations of the normal, which is a perpendicular to the 
tangent through the point, are ( A r t . 75. (88).) 

133. Hence also ( A r t . 76. (93).) the equation of the normal at 
) in the homogeneous form is 
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134. To find the equation of the polar of the point ) with 
respect to the conic  

Let I . be the points of contact of tangents to 
the curve through ( 

The equations of the tangents at the points  
( A r t . 127) are 

/ *+(?)»=^ 

and, since the point i lies on both tangents, we have 

and 

which shew that 

( ic) 

is the equation of the line on which the two points of contact l ie, 
and therefore represents the polar of the point i ' ) . ) 

135. If the polar be defined as the locus of points whose dis­
tances from i ) are harmonic means between the radi i vec-
tores drawn i rom that point, in the same direction, to the curve, 
the following method may be employed. 
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The equation of the conic referred to the given point as pole is 

and if R be the Harmonic mean between the roots of this equation, 
we shall have 

136. To find the pole of the straight line ) with respect 
to the conic  

If be the co-ordinates of the pole we must have, by 
equation (160) 

(161) 

that is, 

(162) 

these, with the equation 

completely determine the values of (See Art . 137.) 

137. To find the co-ordinates of the centre of the conic  
Let be the co-ordinates of the centre ; the polar equa­

tion of the conic, referre 1 to this point, wi l l (Art. 13) be 
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Hence, as the two values of r must be, for any direction, equal in 
magnitude but of opposite sign, we must have 

where are not independent but cornected by the relation 

Now (164) and (165) are true simultaneously for all values of 
; they give therefore 

Equations (166) may be wri t ten 

(Prelim, chap. (A\ and Euler's Theorem). 
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138. Equations (168) of the last Art ic le may be put into the 
form 

(169) 

or, if we expand the determinants in terms of their first minors 
and write A for the denominator of the last member of (169), 

whence 

(172) 

139. A comparison of (166) wi th the equations (-61) of A - t . 136 
shews that in every conic the centre is the pole of the straight line at 
infinity (Ar t . 52). And in finding the co-ordinates of the centre 
oi the conic the student may, if he please, start w i t h 
this property of the centre, and, deducing the equations (167) as 
in A r t . 136, proceed as in the last Art ic le . 

Again, since when the conic is a 

^arabola, it appears from (171) that the centre of a parabola lies on 
the straight line at infinity. 

140. To find the equation of the pair of tangents which may be 
drawn to the conic , through the point  
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The equation 

gives the length of the radius vector drawn to the curve in any 
direction from the given point. It w i l l have equal roots, and the 
radius vector, whose equation is 

w i l l touch the curve, provided that 

(173) 

Hence, substituting for from (173), we get for the equa­
tion of the pair of tangents through  

(175) 

which becomes, since, by Euler's Theorem, 

The form of (176) shews (Ar t . 170. (C) . ) that its locus is a curve 
of the second order having double contact w i t h the conic  

the points where it :s met by the p >lar of  
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141. Equation (176) of the last Article may be written in the 
form 

142. To find the locus of the point of intersection of tangents to the 
which cat each other at right angles. 

Equation (174) of Art . 140 gives a relation between the direc-
tion-cosines of the pair of tangents which can be drawn to the 
curve through the point • _ . . . . , : but these, if the tangents inter-

sect at right angles, must (Art. 33) be of the form  
; hence we shall have 

adding (Art. 30. (22).), and omitting the suffixes, we get for the 
equation of the locus 

( 

143. The equation of the, last Article may also be written in 
the form 
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) 

This, therefore, is the equation of the director of the conic 
, and w i l l bo found to satisfy the condition for 

a circle. (See A r t . 149.) 

144. To find the equation of the asymptotes of the conic  

The asymptotes being a pair of tangents which have the line 
at infinity for their chord of contact, their equation must be of 
the form 

Since they pass through the centre of the curve, we have, 

and consequently their equation is 

(180) 

This equatior may be wri t ten in the homogeneous form 

(181) 

or, again ( A r t . 138. (172).), 

(182) 

145. Equation (180) of the last Art icle may of course be ob­
tained directly from the polar equation of the conic. For, as i n ; 

A r t . 125, we have the directions of the asymptotes given by the 
equation 
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hence their equation is 

or 

(183) 

But, since is the centre, we have ( A r t . 137. (164).) 

em ; 

146. To find the condition that the equation < may 
represent a pair of right lines. 

Let i be the point of intersection of the two. lines. This 
fuint being the centre of the conic, and therefore the pole of the 
line at infinity, we have, as in A r t . 136. (161), 

- . - - .— -- (184) 
a b c JS 

But, in this case, the centre lies on the conic; so that 
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(•186) 

or, (Prelim, chap. (D),) 

(187) 

(188) 

147. The condition of the last Art ic le may be otherwise ob­
tained, as follows. If represents a pair of right 
Hues, must be the product of two linear factors u and v 
(suppose): so that 

and we shall have 

whence it appears that any values of which satisfy ' 
simultaneously, w i l l also make 

DISCRIMINANT OF T H E EQUATION. 

and we must have simultaneously 

(185) 

that is to say, 

and the condition that these should co-exist is 
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and we obtain, as before, 

148. To find the condition that the equation should 
represent a parabola. 

If the conic be a parabola, the straight line at infinity 

(189) 

is a tangent to it ( A r t . 131. Cor.). Le t (alt ft, yj) be the point of 
contact. We shall have ( A r t . 131. (154).) 

whence 

also by (189)  

and eliminating between these equations we have for the 
required condition 

(190) 

which (Prelim, chap. {E).) may also be written in the form 

. . . . ' (191) 

149. To find the conditions that the equation 
may represent a circle. 

The polar equation of the conic, referred to the centre, since the 
co-efficient of r vanishes, gives 

(192) 

= a constant., 
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Hence, if be the lengths of the semi-diameters respec­
tively parallel to the three sides of the triangle of reference, we 
shall have 

i 

But, in the case of the circle, 

hence we have for the required conditions, 

Or, if we write them at full length, 

150. To find the cojxdition that the equation should 

represent a rectangular hyperbola. 

The directions of the asymptotes (Ar t . 125) are given by the 

equation 

But if these are mutually perpendicular, the two sets of values 
for X, p, v, given by this equation, w i l l be (Ar t . 33) of the form 
(cos au cos bu cos c^) and (sin av, sin blt sin Ci). 

Hence  

adding and remembering the relations (22) of A r t . 30, we get, as 
i n A r t . 72, 

(196) 

for the required condition. 
G 
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151. To find the conditions that two conies whose equations are 
should be similar and similarly 

situated. 

Let " be the central radii vectores of the 

two conies, drawn parallel to the si^es of the triangle of reference: 
we have, as in (193) Art. 149, 

But, if the two conies are similar and similarly situated, we must 
have 

hence the required condition is 

in other words, the quantities 

and  

must be to each other in a constant ratio. 

152. To find the direction of the axis of the parahola whose 

The equation c 

(Art. 125. (140).) gives the value of the ratio for the direc­
tions of the asymptotes. • 
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If be a parabola, the asymptotes wi l l be co-incident 
and in the direction of the principal, diameter, and the above 
equation wi l l give 

the last member following by symmetry. 
These equations, therefore, determine the direction of the axis of 

the parabola. 

153. To find the equation of the circle, of radius p, uhose 

centre is at the point 

Let (a, ß, y) be any point on the curve; then, since its dis­

tance from the centre is constant and , we have 

(Art. 45. (48).) 

which is the required equation. 

154. To find the radius of the circle whose equation is  

The length of the central radius vector of a conic, in any direc­
tion is given (102), (172), by the equation 

If therefore r , . r 2 be the lengths of any two radii 

.,, which are at right angles to each other, 

we shall have 
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whence, adding, we get 

(201) 

a relation which holds for any pair of rectangular central radii of 
a coirc. 

But, in the case of a circle, 

Hence the radius of the circle is given by the 
equation 

(202) 

155. From equation (201) the condition for a rectangular hyper­
bola (Ar t . 150. (196).) may be easily deduced. Making 
(since one pair of the principal semi-axes is imaginary), we get 

156. To find the area of the circle whose equation is 

Using the value of the radius given in (202), we have;— 

Area of  

(204) 

157. To find the equation of the diameter which bisects all chords 
whose direction cosines are  

If ( be any point, its distance from the curve in any 
direction is determined by the quadratic 
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If therefore m I be the middle point of a chord of the given 
system, we must have 

Hence (a0, ß0) lies on the r igh t line whose equation is 

(205) 

this therefore is the equation of the diameter or locus of middle 
points. 

COR. I . Hence 

(206) 

is the equation of the diameter which is conjugate to 

(20?) 

COE. I I . Its direction-cosines being formed as in A r t . 40, we 
may write the equation of the diameter which is conjugate to 

(208) 

(209) 

COR. I I I . Again, i t follows from A r t . 157, that two straight 
lines, whose equations are of the form 

(219) 
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(211) 

are parallel to conjugate diameters. 

158. To find the condition that the straight lines < , 
may le parallel to conjugate diameters of the conic 

It was shewn in the last Article that the straight line 

is conjugate to . Hence we have 

(Art . 29,) 

and the relation 

becomes 

(Ar t . 31. (26).) 

(212) 

which is the required condition, and may be written 

(213) 

159. To find the condition that the straight lines 
n ay he parallel to conjugate diameters of the conic  

• .Let i b e the direction-cosines o f ( : then, i f  

/ be conjugate to i t , its equation (Ar t . 157. (205).) must be 
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We must have, therefore, 

87 

(suppose). 

Hence, 

we also have  

And, eliminating and k between these equations, we get 
for the required condition 

(214) 

If this determinant be expanded it wi l l be found to be 

(215; 

160. To find the equation of the principal axes of the 
conic  

The principal axes may be regarded as the locus of points whose 
polars are perpendicular to the lines joining those points to the 
centre. 

Let be a point on the axes. The polar of  
has for its equation (Art. 134) 

and the equation of the right line joinings 1 to the centre is 
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and the condition that these should be perpendicular is ( A r t . 
71 . (85).) 

whence, suppressing the suffixes and using the determinant form, 
we have for the equation of the locus 

: 0 . (217) 

161. The equation of the axes may be obtained directly in the 
form of a determinant, as follows. 

Let ( be an axis and let be a point on i t ; then, 

since the centre also lies upon i t , we have 

(218) 

and (219) 

If be perpendicular to the polar of , whose 
equation is 
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we must have (Arts. 69. 42) 

89 

(220) 

and, eliminating I, m, n between (218), (219), and (220), and sup­
pressing the suffixes, we get for the equation of the locus 

= 0. (221) 

162. To find the lengths of the semi-axes of the conic  

The length of the central radius, in any direction < is 
given (Art. 149. (192).) by the equation 

and we have to make a maximum or minimum; being 

connected by the relations (Ar t . 37), 

(223) 

(224^ 



where P and Q are indeterminate multipliers; differentiating we 
have 

and therefore, simultaneously, 

(225) 

Multiplying the equations (22.5) by respectively and adding, 
we get, by means of (223) and (224), 

(226) 

Hence, by (222), (227) 

and, substituting this value for P and eliminating and Q 

from (225) and (224), we get 

0, 

(228) 
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Let then 
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a quadratic in which gives the lengths of the principal semi-

diameters. 

163. To find the area of the conic  

M r . Ferrers has deduced the area of the conic from the equation 
(228) of the last Article. If we expand the determinant, and, for 
convenience, write (A), (B), (C), 0 for its diagonal elements, this 
quadratic becomes 

{A) 

(229) 

(230) 

or, if we collect only the constant terms and those which involve 

and make the necessary reductions, 

Hence if be the roots of this quadratic, we have;— 
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CHAPTER V I I . 

INTERPRETATION OF PARTICULAR FORMS OF T H E EQUATION 

OF T H E SECOND DEGREE. 

164. The present chapter w i l l be devoted to the consideration 
of particular forms of the trihnear equation of the second order. 
We commence wi th those which occur in the subjoined l i s t : 

In these, k is any constant and represent any 
two conies; are the abridged forms of 
the homogeneous equations of four straight lines , 

in which the co-efficients may have any possible 
values. 

165. Of the above forms, which w i l l be examined in order, the 
second, th i rd , fourth and fifth are successively derivable from the 
first, and the remainder from these, i n a manner which w i l l be 
understood as we proceed. 
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(A). 

is evidently satisfied by any values of which satisfy  
and simultaneously. It therefore 
represents a conic (or, if h varies, a system 
of conies) passing through the Tour points 
of intersection, whether real, coincident, or 
imaginary, of S1 and S2. Such a curve is 
indicated by the dotted line in the figure. 

166. If the conditions of the last Chapter 
( A r t . 125) be applied to this equation, it 
w i l l appear that i t represents a hyperbola, an ellipse, or a parabola, 
according as 

is positive, zero, or negative. I t s locus w i l l be a pair of r ight lines 
( A r t . 146) i f 

In l ike manner the condition for a circular locus (Ait 149) is 
easily applied. 

167. The cubic (231), when the determinant is expanded 
(Prelim, chap. (D),) becomes 
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Let be the roots of this equation; then it is manifest 
that 

(233) 

are the equations of the three pairs of chords of intersection of 
the conies and, therefore, of the whole system 
represented by the equation 

168. Now all this w i l l be true if either S1, or S2, or both, be 
resolvable into linear factors ; that is to say, if one or both of the 
conies degenerate into a pair of I ight lines. Should a factor be of 
the form , or, which is the same thing (Art . 3. (1).), 
a constant quantity, one of the right lines w i l l be at an infinite 
distance (Art . 52). If the factors be identical, the pair of lines 
w i l l be coincident. 

169. First suppose the conic S2 to consist of two right lines 
, whose equations in their abridged forms are 

the above equation becomes 

which, therefore, represents a system 
of conic passing through the four 
points of intersection of these two right 
lines wi th the conic SL (fig. 21). In 
this case t and u are two of the common 
chords ; one root, therefore, of the 
cubic (232) w i l l be infinite, and, as we 
should expect (Ar t . 146),  

170. Next let the two right lines, of 
which S2 is composed, coincide, Making 
tz=. u, we have 

Fig. 21. 
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(C). 

Fig. 22. whose locus is, therefore, a system of conies 
passing the two pairs of coincident points 
in which u meets the conic Si} and, there­
fore, having double contact w i t h Sx at the 
extremities of the chord u = 0 (fig. 22). 

171. It is obvious, from an inspection 
of the figure, that two out of the three pairs of chords common 
to Si, S2 ( A r t . 167. (233).) have now cone into coincidence w i t h 
the chord of contact w, and the remaining pair become tangents at 
its extremities. The cubic (232) w i l l have two infinite roots, and 
therefore both and i  
= 0 : the latter being true independently of the values of -
etc. . . ., we must have the first minors of the determinant 
al l = 0 ; that is  

etc. . . . (whereof the three latter relations are 
involved in the three former), or 
conditions which are evidently satisfied when S2 is the square of 
a linear expression. 

( D ) . 

is of a form such as we should derive from (I?) if we were to 
Fig 23. 
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replace t by a constant quantity. I ts locus, therefore, (fig. 23) 
is a system of conies which meet S1 where it is cut by u and the 
line at infinity. ; This system w i l l be similar and similarly situated 
w i t h respect to S1 and the asymptotes of the conies of the system, 
whether real or imaginary, w i l l be parallel. 

If the curves be parabolas, since the two points at infinity in 
this case coincide, they w i l l have contact w i t h each other at 
infini ty. 

172. The equation 

(E).  

again, is obviously a particular case of ((7), from which it is de­
rivable by the substitution of a constant for u. Hence it denotes 
a conic (or system of conies) having double contact w i t h S1 where 
that curve is met by the straight line at infinity. This system of 
conies w i l l not only pass through two common points at infinity, 
but w i l l have common tangents at those points. A l l the curves of 
the system, therefore, have the same asymptotes, and are not only 

Fig. 24. 

similar and similarly situated, but likewise concentric (fig. 24). 
If the curves be parabolas, they wi l l be equal and have w i t h each 
other a contact of the th i rd order at infinity. 

173. Now let us suppose the conic S1 also to degenerate into 
a pair of straight l ines; (J?) w i l l become of the form 
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(F). vw — htu = 0, Fig. 25. 

which therefore represents a system of 
conies circumscrihing the quadrilateral 
of which t = 0, u = 0, and v = 0, w = 0, 
are the pairs of opposite sides. The truth 
of this, however, may be seen without 
reference to the preceding equations, since 
(F) is evidently satisfied by any one of 
the suppositions, 

or,  

174. Similarly, from a comparison of the next equation wi th 
(6 r), it appears that 

(G). 

represents a system of conies which 
have contact at two fixed points ; u = 0 
(fig. 2G) being their chord of contact, 
and v = 0, w = 0 the tangents at its 
extremities. 

Fig. 26. 

175. Again, by a reference to Ar t . 171. (D), i t w i l l be seen that 

( i i ) .  

has for its locu. a system of conies having that portion of n which 
is intercepted between v and w for a common chord, and passing 
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through the two fixed points at infini ty in which the line at 
infinity is met by These conies are therefore similar 

Fig. 27. 

and similarly situated hyperbolas having their asymptotes parallel 
to (fig. 27). 

176. The locus of 

(J).  

is a system of concentric, similar, and similarly situated hyper-

Fig. 28. 

bolas, having v = 0, w = 0 for their common asymptotes and the 
intersection of those lines for a common centre, (fig. 28). 

177. It is obvious that in the four last cases taken 
together, form one of the family c* cm yes, just a* did in 
the preceding instances. 
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178. The meaning of the equations 

(M).  

follows at once from the interpretation just given of equations 
(B),(C), and (J)); the two sides, a = 0, ,3 = 0, of the fundamental 
triangle taking the place of the two straight lines t = 0 and w = 0, 
or  

179. We now proceed to consider some of the more special 
forms of the equation which we employed in the 
last chapter, and to indicate the nature of their loci and the rela­
t ion in which they stand to the triangle of reference. A number 
of typical forms are collected here for the sake of reference, and 
w i l l be discussed in the order in which they occur. 

180. The first equation 

(N) 
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is satisfied by any one of the three following suppositions, 

c 

or,  

The conicf therefore, winch it represents passes through the three 
angular points of the triangle of reference. 

181. The equation may be wri t ten in the form 

hence ( A r t . 173. (F).) are 
the four sides of an inscribed quadrilateral; and, therefore, since 

intersect on the conic (Ar t . 180) the fourth side is 
evidently a tangent to the curve at A. 

Hence 

(234) 

are the equations of the tangents to the circumscribing conic at A, By 

C respectively. These tangents evidently meet the stales of the triangle 
which respectively subtend their points of contact in points which lie 
on the same right line 

(235) 

For this r ight line, since the equa­
tion may be wr i t t en in the form 

, must pass through 

the point of intersection of the tan- B' 

Fig. 29. 
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gent at A w i t h the side BO; and similarly for the other two 
tangents. , 

182. If A'B'C'be the triangle formed by the three tangents at 
the angular points of the triangle of reference, the equations of 
AA', BB, CC are easily shewn to be respectively 

(236) 

and since these equations when added together vanish identically 
we conclude (Ar t . 17) that AA\ BB', CC' meet in a point. 

183. If be the co-ordinates of this point of intersec­
t ion, we shall have 

(237) 

184. From the form of equations (234) and (236) it appears 
(Ar t . 95) that my side of the triangle A'B'C, and the straight line 
which joins its point of contact to the opposite vertex, are harmonic 
conjugates ivith respect to the two sides of the triangle of reference 
which meet m that point of contact. 

185. W i t h regard to the nature of the curve whose equation we 
are considering it is to be observed, that, since in this case 

and, consequently, 
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the locus of(N) will be ( A r t . 125) a hyperbola, a parabola, or an 
ellipse, according (is 

is positive, zero, or negative. 

186. 

(0).  

The various possible combinations of signs in this equation give 
us eight distinct forms; four of these, viz., 

may be written 

and  

respectively, and therefore represent pairs of coincident right lines. 

The remaining four, viz., 

. (0.) 
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( » r ) 

((h) 

may also be respectively written in the forms 

and represent, respectively, a conic which is inscribed in the triangle 
of reference, and three other aonics which touch one side and the other 
two sides produced. 

187. For the firbt equation of the last four, viz. , 

may be wri t ten in the form 

hence (Ar t . 174. (# ) . ) , and 

are tangents to the conic, and 

is their chord of contact. Also, since this chord of contact evi­
dently passes through the vertex A (Ar t . l 6 ) , i t appears that, if the 
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points of contact A\ B', C, of 
the inscribed conic he joined to the 
opposite vertices of the triangle of 
reference, the equations of the 

joining lines Alt', BB, CC' will 
'be 

(238) 

they therefore meet in a point 

i such that 

(289) 

188. Also the tangents at A", B", C", where the chords meet the 
conic again have for their equations, respectively, 

(240) 

From the form of these equations it appears that 

(241) 

are the equations of the straight lilies which join the vertices of the 
triangle of reference to A"', B"'. C'" the points in which the opposite 
sides are met by the tangents (240). 

Fig.30 . 
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189. Also, the points A", //", C" lie 1)1 the same straight line 

(242) 

for the straight line represented by this equation manifestly passes 
through the intersections of (241) w i t h  
respectively. 

190. It w i l l he observed moreover that A J', A A"' are harmonic 
conjugates ivith respect to A //, A (f (Ar t . 95); and that B and C 
are the centres of similar harmonic pencils. 

191. Again, since the equation (0 5 ) may be thrown into the 
form 

we see ( A r t . 174. (GQ.) that the equation of B' C\ which is the 
polar of A, is 

s i m i l a r l y , ( 2 4 3 ) 

and  

are the equations of C'A', A'B\ respectively: and from the form 
of their equations we conclude that these polars, the sides of the 
triangle A'B' C\ pass through the points A"B"' C,"' respectively. 

192. A n d further, since the first equations of (241) and (243) 
may be wri t ien in the form 

and  

respectively, it follows (Ar t . 95) that is a har­
monic pencil. In l ike manner, B", C" are respectively the 
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centres of the harmonic pencils and t , 

193. When 

therefore (Ar t . 125) the inscribed conic represented by the equation 
( Ob) will be an ellipse, a parabola, or hyperbola, according as 

or  

is positive, zero, or negative. 

The equations of the escribed conies (0 6 ) , (0 7 ) , (0 8 ) ( A r t . 186) 
may be discussed in a similar manner. 

194. 

This equation, since the terms are al l essentially positive, can be 
satisfied by no real and possible values of the variables, and there­
fore represents only an imaginary locus. 

I f , however, two of the terms only have l ike signs, the equation 
is of the form 

(Q) .  

and the conic which it represents stands in an important relation 
to the triangle of reference. This equation we shall now discuss, 
and whenever hereafter, for the sake of symmetry, the equation 
( P ) is employed, it must be understood that one of the three 
quantities L, M, N is to be regarded as imaginary. 
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195. The equation (Q) may be wri t ten in either of the forms 

and therefore (Ar t . 174. (G) represents Fig. 31. 
a conic which is so situated that 

is the chord of contact of 

the pair of tangents through B, and 
that of 

the pair through C (fig. 31). 

In other words, B and 0 are the poles of CA and AB respec­
tively, and, consequently, A is the pole of BC. So that the 
equation (Q) represents a conic with respect to which the triangle of 
reference is self conjugate, 

196. W r i t i n g the equation in the form 

we see ( A r t . 174. ( # ) . ) that, although A is the pole of the opposite 
sides, the pair of tangents through A are imaginary. 

197. It w i l l be observed that the pair of tangents through any 
vertex of the conjugate triangle form a harmonic pencil with the sides 
which meet in that vertex. 

Fig . 31 , which shews the position of the conic (Q) w i t h regard 
to the triangle of reference, w i l l , if the letters be twice inter­
changed in a circular order, represent successively the loci of the 
equations 
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198. L e t 
(244) 

mid (245) 

be the equations of two conies w i t h regard to which the triangle 
of reference is self-conjugate. El iminat ing a, ß, y successively, 
we get 

(246) 

for the equations of the common Fig 32 
chords of (244) and (245) ; these 
therefore (fig. 32) pass two and two 
through the three vertices of the 
triangle. 

199. Hence also, if a system of 
conies be described through four 
fixed points, the points in which the 
three pairs of opposite connectors intersect form a conjugate triad 
with respect to each curve of the system, and the triangle formed 
by jo in ing them is a self-conjugate triangle. 

200. In this case 

Wherefore, (Q) will represent an ellipse, a parabola, or hyperbola, 
according as 

is positive, zero, or negative. 
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201. 

(R). 

By reference to (Art . 174. (G).) it w i l l 
be seen that the equation (E) represents 
a conic section to which CA and 
AB{ ) are tangents, while BC (a = 0) 
is their chord of contact. 

202. Here 

and the locus of (R) will le an ellipse, a parabola, or hyperbola, ac­
cording as 

203. 

(S).  

The locus of this equation (Ar t . 175. (JT).) is a system of similar 
Fig. 34. 
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and similarly-placed hyperbolas (fig. 34), having the side BC of the 
triangle of reference for i common chord, and passing through the 
points at infinity on the other two sides. Each curve of the system, 
therefore, has its asymptotes parallel to CA, AB. 

204. Equation (S), as we should expect, satisfies the condition for 
a hyperbola; for we have 

and therefore 

essentially a negative quantity. 

205. Again the equation 

(T). 

gives us 

whence we shall find that 

and that (Arts. 176. 125) (T) represents a system of concentric, 

Fig. 35, 
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similar, and similarly situated hyperbolas, having the two sides CA, 
AB, of the triangle of reference for their common asymptotes (fig. 35). 

206. Lastly, the equation 

(Z7).  

has for its locus a system of conies ( A r t . 175. (II).) to wli ich 
a = 0 and the line at infinity are tangents at the extremities of 
the common chord /3 = 0. We shall now ha\e 

t 

and (Z7) represents a system of similar and similarly placed parabolas 
Fig. 36. 

of which . is a diameter, and a = 0 the tangent at its extremity 
(fig. 36). 
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CHAPTER V I I I . 

EQUATIONS OF T H E SECOND ORDER CONTINUED. 

207. Instances w i l l now be set before the reader of the mode 
of application to particular equations of tbe general results of 
Chapter V I ; the proof being, however, given in an independent 
form where the case appears to deserve a separate investigation. 
For the convenience of the student some of the most important 
forms of the equation of the second order are collected in the next 
Article. 

208. 

(N). 

or  

which represents a conic circumscribing the triangle of reference 
( A r t . 180). 

which represents a conic inscribed in the triangle of reference 
(Ar t . 187). 

(P)•  

which is the equation of a conic with respect to which the triangle of 
reference is self-conjugate (see A r t . 194. ( P ) . (Q).). 
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which is the equation of a conic touching the sides CA, AB, of the 
triangle of reference at the joints C and B respectively (Ar t . 201). 

(*)•  

which represents a hyperbola passing through B and C and having its 
asymptotes parallel to CA, AB ( A r t . 203). 

(T).  

which is the equation of a hyberbola ivhose centre is at A, and to which 
the sides CA, AB are asymptotes (Ar t . 205). 

which represents a parabola of which CA is a diameter and BC the 

tangent at its extremity (Ar t . 206). 

To these may be added the equation 

in  
which represents a conic circumscribing a quadrilateral whose sides 
are and, though not strictly speaking 
trilinear, may be regarded as a particular case of (Ar t . 173. (F)-) -

209. Equation of the chord joining the two points (a1 ß, y), 

(N).  
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The equation of the straight line jo in ing the two given points 
(Ar t . 58. (68).) ' is 

(247) 

But, since in this case the points Te on the conic ( N ) , we have 

and  

whence, 

or (248) 

and (247) may be wri t ten 

(249) 

which is the required equation. • 

Since are points on the curve, we have 

and 

whence,  
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or, 

(250) 

and (247) becomes 

(251) 

the equation of the chord. 

Since the given points are on the curve, we have 

and 

which give 

and we have for the equation of the chord, 

We have, since the given points are on the curve, 

(254) 

(253) 

Hence, (252) 
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(255) 

Hence, mult iplying (254) and (255) by and respectively, sub­
tracting, and dividing by I, we get 

(256) 

Similarly, if we mult ip ly (254) and (255) by and and sub­
tract, we get 

(257) 

and (256) and (257) give 

(258) 

whence substituting in (247), we have for the required equation 

(259) 

Second method.—The equation of the chord may, however, be 
more easily formed, in the present instance, after the manner of 
A r t . 126, as follows. The equation 

(260) 

must represent a r ight l ine, since it is l inear; also it is satisfied by 
the co-ordinates of each of the given points ; it must therefore be 
the equation, of the chord. 

Equation (260) may be writ ten 

;261) 
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which- may be readily thrown into the homogeneous form (Ar t . 

4) . 

(S).  

Here the chord w i l l be represented by the equation 

(262) 

or, , (263) 

for (262) is evidently linear and is satisfied by or by 
The equation just found may be rendered homogeneous 

by the method of A r t . 4. 

(T).  

As in the last section, the equation of the chord of (T) is easily 
seen to be 

(264) 

which is also not in the homogeneous form. 

(U).  

In this case the linear equation 

(265) 

is satisfied by the co-ordinates of the given points on the conic 
( ET), and therefore represents the chord which joins them. It may 
be wri t ten 

(266) 
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210. Equation of the tangent at the point 
\ 

The equation of the tangent may either be deduced from that of 
the chord (Ar t . 209) by making ; or be foi med 
after eqq. (152), (153). If the latter method be adopted, it must 
be remembered that the form (153) may only be used when the 
equation of the conic is homogeneous, and that in other cases 
(152), the general equation of the tangent, must be employed. 

(iV).  

Putt ing in (249) the equation of the chord, 
we have 

(267) 

which is the equation of the tangent at  

Second method.—The equation of the tangent is ( A r t . 129. (153).) 

(268) 

and, in the present case, 

(269) 

hence, 

(270) 

is the required equation. 
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It is obvious that (267) and (270) may be derived tbe one from 
the other by means of (N). 

Making in (251) we get for the equation 
of the tangent at  

(271) 

The second method wi l l give the same result, since 

(272) 

If the equation of the conic be taken in the form 

(153) gives the equation of the tangent in the form 

(273 

OP).  

The equation of the tangent, obtained by either method, is 
(274) 

(R) .  

The equation of the tangent, derived from (259) Ar t . (209), is 

(275) 
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Also, since 

(276) 

the equation (268) gives exactly the same result. If the equation 
(261) be employed, the equation of the tangent w i l l be obtained 
in the non-homogeneous form 

which, however, reduces to the form (275) by reason of (JK). 

(S).  

The equation of the chord (Ar t . 209. (263).) gives for the equa­
t ion of the tangent at  

< 

or, since b y ( s ) ( 2 7 7 ) 

(278) 

which ( A r t . 4) may be rendered homogeneous, if necessary. 

Second method.—The equation of the tangent at (ax, ft, y1), ( A r t . 
129. (152).) is 

(279) 

therefore, since 

(280) 

the required equation is 

(281) 
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which, when i s replaced b y ( 2 7 7 ) , i s identical w i t h 

(278). 

in  
In this case , and the equation 

of the tangent (Ar t . 129. (152).) is 

(282) 

or, since, by ( 

(283) 

Here ; 

and (152) becomes 

(284) 

or, by ( U ) , (285) 

211. Equation of the polar of the point  

From the results of Arts . 134 and 135 it appears that the equa­
t ion of the polar of the curve ( when the equation is 
homogeneous and of the second degree, is 

(286) 

identical w i t h the equation of the tangent at the point i ; 
and is 
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(287) 

when the equation of the curve, though not homogeneous, is of the 
second degree. 

Hence the equation of the polar may be readily formed in the 
case of any of the curves we are considering. It may also be 
deduced from the equation of the tangent by the method which 
was applied in the general case ( A r t . 134). Examples of each 
method are subjoined. 

(N).  

Substituting'in (286) the values of given in 

(269), we have, for the equation of the polar, 

(288) 

Second method.—Suppose ) to be the points 

of contact of tangents drawn through ( ' t o the conic. The 
equations of the tangents ( A r t . 210. (270).), since ( lies 
on each, give 

and  

Hence the points of contact both lie on the line 

or (289) 

and (289) is, therefore, the equation, of the polar. 

It may be shewn, in a similar manner, that the equations of the 
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polars of the given point w i t h respect to (Oj), (P) and (P) are 
identical w i th (273), (274) and (275), respectively. 

Again, if we take the non-homogentous equation 

we have, by (287), 

J 
or, (290) 
the same as (278) the equation of the tangent at  

Second method.—If ( j be the points of contact 
of tangents through the given point, we have ( A r t . 210. (278).), 
since (al5 ft,yi) lies on each tangent, 

and 

Hence,  

is the equation of a straight line on which both points of contact 
l ie, and therefore represents the polar of ( 

In the same way the equations of the polars of the point w i t h 
respect to (T) and (77) may be shewn to be (283) and (285) 
respectively. 

212. Condition that the straight line (7, m, n) should touch the conic. 

The required condition may be obtained either, as in A r t . 131, 
by comparing the equation of the given line w i th that of the 
tangent (Ar t . 210), or by the direct application of the results of 
A r t . l u l (Eqq. 155, 157); or, again, by combining the equations 
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of the straight line and curve (the latter in the homogeneous 
form,) and expressing the condition that their points of intersection 
should be coincident. The following are examples. 

Eliminating a between (N) and the equation 

(291) 

we get 

which w i l l give coincident values for if 

This, therefore, is the required condition; It may be wri t ten in 
either of the forms, 

(292) 

or (293) 

Second method.—Identifying (291) w i t h the equation of the tan­
gent at ( ( A r t . 210. (270).), we get 
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(294) 

If the determinant be expanded and the sign of the whole 
changed, it may be seen that this result agrees w i th that before 
obtained (Eqq. (292), (293).), and might nave been wri t ten down 
at once as ( A r t . 131. (155), (157).). 

(0.). 

A comparison of the equation of the tangent (Ar t . 210. (271).) 
w i th (291) gives  

and substituting these values for a1, ß1, y1 in the equation 

we get for the required condition, 

(295) 

(p)-

The condition of tangency may be at once wri t ten down from 
(155) A r t . 131 in the form * 

(296) 

and from these, by the elimination of and we get for 
the condition of tangency, 
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or obtained, from (274), as in the last case, in the form 

(297) 

(R)• 

Identifying (291) wi th the equation of the tangent A r t . 210. (275), 
we get  

whence, since we have for the condition sought 

(298) 

(S). 

The equation of the tangent to (S) at the point , wr i t ten 
in the homogeneous form ( A r t . 210. (278).) is 

(299) 

Replacing 2S in the coefficient of a by (Ar t . 3. (1).), 
and comparing (299) w i t h (291), we have 

(300) 

Whence, eliminating we get, as in (N) of this Art ic le , 
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If we make use of (157), and remember that, in this case, 

we shall have 

(301) 

so that the condition is 

(302) 

a result which will be found to agree with (300). 

(7). 

Here 

and the condition of tangency (157) becomes 

(303) 

(U). 

In this case 

(304) 

and the conditio i is that this quantity should equal zero. 
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213. To find the co-ordinates of the centre. 

Let, be the co-ordinates of the centre. This point ( A r t . 
139) is the pole of the straight line at infini ty whose equation is 

(305) 

(N). 

The equation of the polar of w i t h respect to this conic 
( A r t . 211. (289).) is 

Identifying this equation wi th (305), we get 

(say); 

whence, proceeding as in A r t . 137, we find 

(306) 

that is, 

equations which completely determine the centre. 
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Comparing the equation of the polar ( A r t . 210. (273).) wi th (30o), 
we get 

whence, proceeding as in the last example, we have finally 

(309) 

(310) 

the homogeneous equation of the polar, wi th (305), we find 

(311) 

gives, in a similar way, 
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Similarly, in the two next examples, the subjoined results are 
obtained. 

(312) 

(U). 

(313) 

214. Condition that the conic should he a parabola. 

Since (Ar t . 131. Cor.) the stiaight line at inf ini ty is a tangent 
to every parabola; and, again, ( A r t . 139) the centre of every 
parabola lies on this l i n e ; the required conditions may be deduced 
from the results of either A r t . 212 or A r t . 213. They are seen 
below and w i l l be found to agree w i t h those given i n Arts. 
185—206. 

( N ) . 

(0.). 

(P)•  

(S) . Impossible {the curve being always hyperbolic). 

( T ) . Impossible {the locus ocing always a hyperbola). 

(T) 
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( U). The condition is satisfied for every value of k {and the curve is 
always a parabola). 

215. It appears also from A r t . 213 that the vertex A of the 
triangle of reference is the centre of the conic (T) (see A r t . 205). 

216. Conditions that the conic should be a circle. 

Applying the conditions (194) of A r t . 149 we obtain the fol­
lowing results. 

( .V).  

The conditions are 

whence we easily deduce 

Hence 

(314) 

is the equation of the circle described about the triangle of reference. 

In this case the condition becomes 

or, 
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whence we shall get 

(317) 

and the equation of the inscribed circle will le 

(318) 

(-P).  

The conditions of A r t . 149 become, in this case, 

and give 

(319) 

and the equation of the self-conjugate circle is 

(320) 

or, (321) 

which will not, however, represent a real locus ( A r t . 194) unless one 
of the coefficients be negative, that is, unless the triangle of reference 
le oltuse-angled. 

{it).  

Here, the conditions (Art. 149) are 

whence, , and the triangle of reference is isosceles. (322) 
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EQUATION OF A CONIC REFERRED TO TWO TANGENTS AND 

T H E I R CHORD OF CONTACT. 

Fig. 37. 

be the equation of any chord PQ, through the intersection of the 
fixed tangents, we get, by combining (323) and (324), the 
equations 

to determine its points of intersection w i t h the conic; the upper 
and lower signs referring respectively to the points P and Q, which 
lie on opposite sides of P = 0. 

218. The chord PO may be denoted briefly by , and the 
points P and Q (after D r . Salmon's notation) by and 
respectively. 

219. The reader w i l l observe that the equations 

represent the pairs of lines which j o i n {LE) and {MR) respectively 
to P and Q. 

Similarly, any pair of straight lies through {LR) and {MR) 
whose equations are of the form 

(325) 

217. Let the equation of a conic 
referred to a pair of tangents and 
their chord of contact ( A r t . 174. 
(G).) be 

(323) 

Then, i f 

(324) 
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wi l l intersect on the curve. 

220. Any point which does not lie on the curve may be denoted 
by a pair of equations of the form 

221. To find the equation of the chord which joins two given 
points on tlte conic .  

Let (Art . 218) be the two points. At these points, as in 
Art . 217. (325), we have, respectively, 

(326) 

and (327) 

Suppose the equation of the chord to be 

(328) 

Since both lie on this line, we have, by (326) and (327), 

(329) 

(330) 

Hence, eliminating I, m and r between (328), (329) and (330), 
we get for the equation of the chord / x j ^ 

(331) 

which, when expanded and divided through by becomes 

(332) 
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222. To find the equation of the tangent at any point on 
the conic .  

Making in the result of the last Art ic le , we see that the 
equation of the tangent at is 

(333) 

223. Similarly the equation of the tangent at — ( A r t . 218), 
the other extremity of the chord is  

(334) 

224. To find the polar of a given point with respect to the 
conic  

Suppose the given point (Ar t . 220) to be the intersection of 
the pair of lines ' 

(335) 

and let be the point of contact of one of the tangents through 
this point. The equation of the tangent (Ar t . 222. (333).) is 

Since therefore the point (335) lies on this line, we have, by 
substitution 

(336) 

But at the point of contact we have (Ar t . 221. (326).) 

(337) 

and, eliminating between (336) and (337), we find for the equa­
t ion of the polar at the given point 

(338) 
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225. If from a given point 0 two straight lines le dracn cutting 
a conic in the points P1 and Q1 P2 and Q2, respectively; the two 
'pairs of chords which join, directly and transversely, these four points, 
tvill intersect on the polar of 0. 

Let L = 0, M = 0 be the equations of the pair of tangents 
which can be drawn to the conic through the given point : and 

Fig. 38. 

let R = 0 represent the polar of 0. The equation of the conic 
referred to these three lines w i l l be 

(339) 

and, if the straight lines be represented by (  

respectively (Ar t . 218), the points P1 Q l w i l l be denoted by 
and by respectively. Hence ( A r t 221. (332).) the 
chords . w i l l be represented by 

and the transverse pair, by 

(340) 

(341) 

http://dra.cn
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From the form of these equations it follows that the two pairs 
have their points of intersection on R — 0, the polar of O. For 
(340) shews ( A r t . 16) that both pass through S, the 
point of intersection of w i t h and from (341) 
it appears t ha t . both pass through T, the point of inter­
section of  

226. Hence also it follows that the equations of OS, OT are 
respectively 

(342) 

(343) 

227. Therefore also OS, OT form wi th a harmonic 
pencil (Ar t . 95) ; for the equations of these four lines are 

228. Again, from the form of the equations (340) it appears that 
the four lines SO, ST, Sl\, SQX form a harmonic pencil. There­
fore the chords . , _ _ are cut harmonically by the point 0 and 
its polar; and we have the well-known Theorem;— 

Every chord of a conic is harmonically divided by any point on it 
and the polar of that point. 

This is also evident from the form of the equations 

(344) 

(345) 

representing (Ar t . 219) the pairs of lines which j o i n the point of 
contact of one of the fixed tangents to the extremities of the 
chords . respectively. For (344) and (345) each form 
a harmonic pencil w i t h L -=± 0, and, consequently, the 
transversals are harmonically divided. 
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229. The poles, with reference to a given conic, of straight lines 
which pass through a fixed point, lie on a fixed right line. 

Let the conic be referred to any pair of tangents and their chord 
of contact, and le t its equation be 

(346) 

Also let the straight line the locus of whose pole w i t h respect to 
(346) is to be found be represented by the equation 

(347) 

in which p is indeterminate ( A r t . 16). 

Suppose 

(348) 

(Ar t . 224. (335).), to be the pole of (347); then (Ar t . 224. (338).) 
the equation 

(349) 

must be identical w i th (347). Comparing them, we get 

But at the pole we have, by (348), 

hence, substituting for h, le, from (350) in (351), we get 

and the locus of the pole of (348) is a straight line whose equa­
tion is 

(352) 

(350) 

(351) 
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230. "We shall conclude this Chapter by calling the attention of 
the reader to a few geometrical theorems, which are involved in 
the forms of equations investigated in the preceding Articles. 

Thus from the forms of (P), ( s ) , (T) and (U) respectively we 
deduce the following;— <» 

The product of the distances of any point on a conic from a pair of 
tangents bears a constant ratio to the square of its distance from their 
chord of contact. 

If at the extremities of any chord of a hyperbola parallels be drawn 
to the asymptotes, the distance of any point on the curve from this 
chord is in a constant ratio to the product of its distances from these 
two straight lines. 

The rectangle under the distances of any point on a hyperbola from 
the asymptotes is constant. 

The square of the distance of any point on a parabola from a 
diameter is proportional to its distance from the tangent at its 
extremity. • 

Again, (316) may be written in the form 

and, if P be any point on the circumscribed circle and Q, R, S the 
feet of the perpendiculars from P upon the sides of the triangle, 
this equation asserts that the algebraical sum of the triangular 
areas PRS, PSQ and PQR is — 0. Hence Q, R, S are in the same 
straight l ine; and we have the following theorem ;— 

If from a poir* on the circumference of a circle perpendiculars be 
drawn to the sides of any inscribed triangle, the feet of these perpen­
diculars w i l l lie in one and the same straight line. 

Also from (322) it appears t ha t if a circle be described touching 
the sides of an isosceles triangle at the extremities of the base, the 
rectangle under the distances of any point on the circumference from 
the two sides is equal to the square of its distance from the base. 
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CHAPTER IX. 

T H E CIRCLE. 

231. To find the equation of the circle described about the 
triangle ABC. 

We may assume the equation Fig. 39. 
(Ar t . 180. ( iV) . ) to be of the form 

(353) 

The equation of the tangent at C 
(Ar t . 181. (234).) gives for any 
point P upon it 

Therefore (Euc. i i i . 32), when (353) represents a circle, 

and we have, by symmetry, 

Hence (353) becomes 

or, 
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232. To find the equations of the inscribed and escribed circles. 

The equation must (Ar t . 187. (05).) be of the form 

(356) 

and the equation of the straight line which joins C to the point of 

contact of the opposite side (Ar t . 187. (238).) gives, for any point 
upon it and therefore for the point of contact D, 

Hence, by symmetry, 

and the required equation is, by (356), 

233. Similarly the equations of the escribed circles may be 
shewn to be 

(357), 
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(358) 

234. I t w i l l be seen that the equations just obtained for the 
circumscribed and inscribed circles pre the same as those given 
in A r t . 216. A full discussion of them here would be superfluous, 
since al l that was said wi th regard to the conies (N) and (Os) in 
the two preceding Chapters applies, mutatis mutandis, to these 
circles. A few, however, of the more important results there ob­
tained w i l l be given in the present Chapter under their modified 
forms. For the sake of clearness we commence by explaining the 
notation employed. 

Also, 
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and 

236. 

is the 
inteisec­

tion of 

the . at the yniddle points, 

the from the vertices. 

Suppose a triangle A B C ' to be formed by drawing tangents to 
the circumscribed circle at the points A,B, C. Then it w i l l ap­
pear, as in A r t . 181, that its sides, whose equations are 

(359) 

and 

meet the opposite sides of the original triangle in points which 
lie on the straight line 

(360) 

also A r t . 182. (236).) AA', BB', CC are represented by the 
equations 
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and therefore, as may easily be shewn, coincides w i th P1. 

(361) 

and 

and (Ar t . 183. (237).) meet in a point such that 

237, For the equation of the chord jo in ing the points 
(a2. ß2, y2)> we shall have ( A r t . 209. (249).) 

and the equation of the tangent at w i l l be 

while (Ar t . 212. (293).), for the condition of tangency of ( l ,m,n) ,  
we have 

238. The centre 0R of the circumscribed circle is given (Art. 213. 
(307).) by the equations 
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239. 

It may be shewn, as in A f t . 187, that the equations of AAt, 
BB„ CC, are 

(367) 

respectively, and that Gr, their point of intersection, is given by 
the equations ' 

(368) 

or, (369) 

240. The equation of the tangent at any point i > (Ar t . 
210. (271).) is 

and the condition of tangency for (l, m, n) ( A r t . 212. (295).) is 

(371) 

or, (372) 

(370) 
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241. Again, Or the centre of the inscribed circle ( A r t . 21«3. (308).) 
is given by the equations 

(373) 

and therefore ( A r t . 20. (10).) coincides, as we know from the 
geometry to be the case, w i t h the point of intersection of the 
bisectors of the angles of the triangle 

242. The centre Oa of the circle escribed on BC (since it is the in ­
tersection of the lines is given 
by the equations 

(37-1) 

243. 

The equation of the tangent at any point on the self-
conjugate circle ( A r t . 210. (274).) is 

(375) 

and the condition of tangency for (I, m, n) ( A r t . 212. (297).) is 

(376) 

244. Also ( A r t . 213. (309).) 0„ the centre of the self-conjugate 
circle, is such that 

and therefore (Ar t . 25. (18,.) coincides w i t h 

(377) 
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T H E NINE-POINT CIRCLE. 

245. Theorem.—In any triangle ABC, the feet of the perpendiculars 
from the vertices (tchich meet in P2), the bisections of the segments 
AP2, PP2, CP, and the middle points of the sides, are nine points 
which lie on the same circle ; and this circle touches the inscribed and 
the three escribed circles of the triangle. (Nouvelles Annales de 
^lathematiques, 1842). • • 

The following general form of this Theorem is given by 
M. Terquem in the same paper. t • 

If through the vertices of any triangle ABC, inscribed in a conic, 
three straight lines be drawn conjugate to the opposite sides a, these 
three lines intersect in a point P; and the three points in which they 
meet the opposite sides of the triangle, the bisections of the segments 
AP, BP, CP, and the middle points of the sides, are nine points 
which lie on a second similar and similarly situated conic : also this 
conic touches an inscribed conic which is similar to the given onemand 
similarly placed. 

The equation of the nine-point circle w i l l be found hereafter 
(Arts. 253, 254). 

246. To shew that the equation of a circle may always be written 
in the form 

l, m, n being arbitrary constants* 

The general equation of the second degree 

may, since be wri t ten in the form 

a Straight lines are said to be conjugates which respect to a conic when they 
are parallel to conjugate diameters. 
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or, 

But, if represent a circle we have (Ar t . 149. (195).) 

and (378) becomes 

(380) 

(381) 

which is of the required form, the values of I, m and n being 

respectively. 

For examples of this form of equation to the circle the reader is 
referred to Arts. 252 et sqq. 

247. The form of the equation arrived at in the last Article 
shews (Ar t . 169. (-5).) that every circle meets the circle 

(382) 

in four points, two of which are imaginary, the straight line at 
infinity (Ar t . 52) being always one of the chords of intersection. 
Hence all circles pass through the same tuco imaginary points at 
infinity. 
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If this-property be assumed, it follows at once from A r t . 169 
that the equation of a circle may be wri t ten in the form 

, (383) 

or (384) 

248. The equation of thfe other chord of intersection is evidently 

(385) 

this therefore is the equation of the radical axis of (383) and the 
circumscribed circle (382). 

249. To find the equation of the radical axis of two circles. 

Let the equations of the circles, when thrown into the form 
which has just been investigated, be 

and  

Subtracting, we get 

(386) 

hence, one of the choitfls of intersection ( A r t . 167) is imaginary 
and at an inf iVte distance (see also A r t . 247); the other is real 
[except in the case of concentric circles ( A r t . 251),] and is repre­
sented by 

(387) 

which is therefore the equation of the radical axis. 

250. If the equations of the two circles be given in the general 
form 

(388) -
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the equation of their radical axis ( A r t . 246. (381).) w i l l be 

(389) 

the values of K1,K2 being similar to that which le has in the Art ic le 
referred to. 

251. Suppose the given equations to differ only by a constant 
term, or, which is the same thing, by a multiple of 
The circles, in this case, are concentricb, and we get on sub­
traction 

which shews (Ar t . 249. (386).) that both chords of intersection arc 
imaginary and coincide wi th the straight line at inf ini ty . Hence 
it is to be inferred that concentric circles touch each other in two 
imaginary points at infinity, 

252. To find the equation of the circle inscribed in the 
triangle ABC. 

Let it be assumed (Ar t . 247. (383).) to be 

, (390) 

b For the centre of the conic 

is (Art. 137. (166).) given by the equations 

Therefore,  

and the conic is concentric with the conic  
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Since the circle passes through Ar, ) sin i 

or (Ar t . 26), \, the point of contact of the side 
BCt we have by substitution in (390) 

H e n c e , ( 3 9 1 ) 

S i m i l a r l y , ( 3 9 2 ) 

and (393) 

Therefore, subtracting (391) from the sum of (392) and (893), 
we get 

and therefore, by symmetry, 

and (390) becomes 

(394) 

(395) 

which is the required equation. 

253. To find the equation of the circle which passes through the 
middle points of the sides of the triangle ABC. 

Suppose the equation fo be 

(396) 
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Since the circle passes through the middle point A1 

), (396) gives 

Therefore,(397) 

Similarly,(398) 

and (399) 

Subtracting (397) from the sum of (398) and (399), we have 

(400) 

and, substituting these values of I, m, n in (396), we have 

(401) 

254. To find the equation cf the circle which passes through the 
feet of the perpendiculars from the vertices of the triangle ABC upon 
the opposite sides. 

Assuming the equation to be 

(402) 
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we have,since it passes through A2 (see A r t . 235) (0, P;acos C, 

that is, since 

(403) 

Hence, subtracting (403) from the sum of (404) and (405), we 
find 

and therefore, by symmetry, 

values which give for the required equation 

(406) 

255. The resulting equations of the last two Articles, it w i l l te 
observed, are identical, and M. Terquem's Theorem (Ar t . 245) is 
proved so far as the six points Alf Bu Ou A2, B2, C2 are concerned. 
W i t h regard to the three remaining points it is only necessary to 
remark that the circle which passes through A2, B2 C2 must l ike­
wise, 'bj what precedes, (since these points are also the feet of the 
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perpendiculars upon the sides of the triangle from the ver­
tices which subtend them,) pass through the middle points of . , 

and/ for a similar reason, must also bisect  

256. Thus it appears that (407) is the equation of the nine-point 
circle S9. That part of the Theorem of A r t . 245 which refers to 
the contact of this circle wi th the inscribed and escribed circles of 
the triangle ABC may be verified by applying the condition of 
tangency ( A r t . 131. (155).) to the equation of the radical axis (see 
Ar t . 262) of w i th and successively. 

257. Fig . 41 exhibits the relations in which these circles stand 
to one another, and the position wi th respect to them of certain 
important points connected w i th the triangle of reference. Thus 

_ and 1\ are collinear, 09 being the bisection of 1\0R. and 
. Again Or, Gx and are collinear, and 

Hence also is parallel to , and .  

258. The centre of the nine-point circle is manifestly the intersec­
tion of perpendiculars to the segments at their 
middle points. 

If therefore be the co-ordinates of 09, we shall have 
(Ar t . 238. (366).) and (Ar t . 244. (377).), 

and therefore, by symmetry, 

(408) 

259. To find the equation of the circle which passes through 

Let the equation be assumed to be 

(409) 



Fig. 41. 
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At Oa we have 

T h e r e f o r e 0 , b y (409); 

whence, 

Similarly, 

and  

These equations give 

(410) 

and, substituting these values for /, m, n in (409), we get 

.(411) 

for the equation of Sabc. 

260. To find the equation of the circle which passes 
through  

Proceeding as in the last example, and substituting in (409) the 
values of at the points successively, we get to 
determine /, m, n, 

J! 

and 

whence, 
(412) 

and we have for the equation of 8rbc 

(413) 
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261.. The equations of some of the more important circles arc 
collected in the subjoined list . For the sake of shortness 2S has 
been substituted for " For an explanation of the 
notation employed the reader is again referred to A r t . 235. 

262. The radical axes of these circles taken in pairs, are repre­
sented ( A r t . 249) by the following equations:— 
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From the above it appears that SRt Sa, and S9 are coaxal circles, 
a conclusion to which we are also led Dy a comparison of th# 
equation of S9 which may be wri t ten in the form 

(414) 
with those of SR and S, (Eqq. 315, 320). 
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263. The co-ordinates of some of the principal points referred 
to in A r t . 235 w i l l be found below :— 
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CHAPTER X. 

GENERAL THEOREMS A N D PROBLEMS. 

264. A conic is completely determined when five points upon 
it are given. 

For the most general form of the equation of a conic, viz. : 

(415) 

involves six constants, and the five equations which we obtain by 
successively substituting in (415) the co-ordinates of the given 
points are sufficient to determine their proportional values. 

265. A conic is completely determined when five tangents to it 
are given. 

The condition that any line (I, m, n) should touch the conic 
(415) is ( A r t . 131. (157).)* 

(416) 

and, if five tangents be given, we shall 
have five such equations, whence the proportional values of 
A', B', C', . . . may be determined. These being known, the pro­
portional values L.f the coefficients in (416)—the constituents of 
the determinant A, are also known. This* proves the proposition^ 

266. If from a point 0 two chords _ he drawn in 
given directions, to a curve of the second degree, the ratio of the 
rectangles under the segments of the chords is the same for every 
position of 0. 

M 
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For (Ar t . 13. (8).) the distance of 0 \ from the curve, 
in any direction, is given by the equation 

Hence, if are the two fixed directions, we 

have 

an expression which is independent of and is, therefore, 
constant for every position of 0. 

267. To prove that the anharmonic ratio of the pencil formed by 
joining four points on a conic to any fifth point on it is constant. 

L e t . be the four given points, and A,B, C any other 
points on the conic. 

Fig. 42. 

Take the inscribed triangle ABC for the triangle of refer­
ence; then the equation of the conic ( A r t . 180. (N).) w i l l be of 
the form 
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Let us assume 

(418) 

(419) 

and 

for the equations of the successive rays of the pencils 

, respectively. 

The point of intersection of the first pair of corresponding rays 
in (418) and (419) is given by the equations 

therefore, since P1 is on the conic (417), 

Hence  
and we should get similar values for , in terms of  
respectively. 
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Taking, therefore, one of the anharmonic ratios ( A r t . 92. (113).) 
of the first pencil, since 

etc. = etc., 

we get  

The equality of the other ratios ma)' be shewn in a similar 
manner. "We have therefore 

and the t ru th of the proposition is established. 

268. If the centres of the two pencils be made the opposite 
vertices of an inscribed quadrilateral, the proof of the Theorem 
of the last Art ic le w i l l be somewhat simplified. 

Fig. 43. 

Thus; let A, B be the centres of the two pencils, ABC the 
triangle of reference, and 8 = 0 the equation of the fourth side 
BB' of the quadrilateral. The conic w i l l be represented (Ar t . 
208. ( V).) by an equation of the form 

(420) 
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Let us assume for the equations of the corresponding rays of the 
two pencils 

and 

(422) 

(421) 

etc, = etc.; 

then, since they intersect on the conic, we get by substituting for 
a and in (420), 

and the second pencil is represented by the equations 

and is therefore ( A r t . 93) nomographic w i t h (421). 
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269. Four fixed tangents to a conic are cut by any variable tangent in 
points whose anharmonic ratios are constant. 

Let A B C, the triangle formed by any three of the fixed tan­
gents, be taken as the triangle of reference. 

The equation of the conic ( A r t . 187. (05 ) . ) w i l l be of the form 

(424) 

Suppose the equation of the fourth fixed tuigent to be 

(425) 

and let 

(426) 

represent any variable cange..t meeting the four fixed ones in 

The condition of tangency (Ar t . 212. (295).) gives 

. (427) 
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and (428) 

Now the successive rays of the pencil may be 
readily shewn to have for their equations 

and respectively. 

Hence ( A r t . 92. (113).), the ratio 

a constant quant i ty; 

the last step following by reason of (42ft) and (428), which give 
by cross-multiplication 
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270. Pascal's Theorem.— The three pairs of opposite sides of a 
hexagon inscribed in a conic intersect in points which lie in the same 
straight line. 

Let AFCDBF be anyvinscribed hexagon, and let ABC be 
taken as the triangle of reference. 

Fig. 46. 

The equation of the conic w i l l be (Ar t . 180. ( iV).) of the form 

(429) 

F. 

Since D,E, F, Flie on the conic, we have from (429) 

and, therefore, 

(430) 

Suppose 

to be the equations of the two 
sides which intersect in 
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But the condition that the opposite sides should intersect on the 
same straight line, 

(431) 

(432) 

For the intersection on (431) of 

But the conditions (430) and (432) are identical ; hence the 
theorem is proved a. 

271 • Brianchon's Theorem.—The diagonals which connect the three 
pairs of opposite angles of a hexagon described about a conic meet in 
a point. 

Fig. 46. 

Le t the circumscribed triangle ABC he taken as the triangle of 

* This proof of Pascal's Theorem is given by Mr. Ferrers in his treatise on 
Trilinea. Co-ordinates. 



1 7 0 T R I L I N F A R CO-ORDINATES. 

reference; then the equation of the conic ( A r t . 187. {05).) w i l l be 
of the form 

(433) 

Let the other three sides of the hexagon, have 
for their equations 

(434) 

and 

respectively. 

It may be proved by the usual method (e.g see A r t . 98) that 
the equations of the three diagonals are, re­
spectively, 

(435) 

Also, since (434) are tangents to the conic (433), we have 
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and, therefore, 

(-136) 

but this may be wri t ten in the form 

or, 

which ( A r t . 55. (60).) is the condition that (435) should meet in 
a point. This proves the theorem. 

272. To find the locus of the centye of * conic which touches three 
given straight lines and passes through the given point  

Let the given tangents be taken as the triangle of reference, and 
suppose the equation of the conic to be 
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The centre (Ar t . 213. (308).) is given by the equations 

whence, 

and 

which give 

or, 

But, since always lies on the curve, 

(438) 

and, substituting in (438) for Z, M, N from (437) and wr i t i ng 

we get for the equation of the lo^us 

(439) 

Now, 
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and 

represent the sides of the triangle A1 Bl C1 whose vertices are the 
middle points of the sides of the triangle of reference. The re­
quired locus, therefore, is a conic section which touches the three 
sides of the triangle A1B1C1. 

273. To find the equation of thejpolar reciprocal of the conic 
t 

and the condition that it should be a tangent to is, 
therefore (Ar t . 131. (155).), 

Hence, suppressing the acce its, we have for the equation of the 
polar reciprocal 
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EXAMPLES. 

Throughout the following examples, except when the contrary is 

stated ABC is used to denote the triatfgle of reference. 

I . 

F I N D the proportional values ( A r t . 26) of the co-ordinates of the follow­
ing points; ABC being the triangle of reference. 

1. The middle point of the angle-bisector . 

If I be the length of AA0, the actual values of the co-ordinates wi l l be 

and their proportional values  

2. The middle point of the side-bisector AA\. 

Tbe actual co-ordinates are sin B, and the point may be repre­

sented by j  

3. The middle point of flic perpendicular AA«. 

4. The point of intersection of the side-bisector BB1 w i t h the angle-
bisector  

The equations of these lines are, respectively, and  
Hence the actual values of the co-ordinates of their intersection are  

5. The intersection of the external bisectors of the angles B and C. 
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IL 
6. Shew that the three perpendiculars drawn to the sides of an equi­

lateral triangle, from any point w i t h i n i t , are together equal to the altitude 
of the triangle. 

7. Prove that 

where are the areas of the triangles formed by jo in ing the ver­
tices of the triangle ABC to the centres of the inscribed and escribed 
circles. 

8. Shew that the sum of the reciprocals of the distances of G1 ( A r t . 203) 
from the sides of the triangle of reference is equal to three times the radius 
of the inscribed circle. 

For the notation employed in the following examples the reader is 
referred to A r t . 235 and fig. 4 1 . 

9. Prove that is the middle point of .  

and the same is true, by symmetry, for the a - an'5 $ - co-ordinates. 

12. The sides of the triangle of reference being 5, 12, 1 3 ; construct 
( A r t . 15) the line whose equation is 

I II I 
W r i t e down, in their symmetrical forms, the equations of the following 

r ight lines (Ar ts . 7, 8, 9) :— 



13. The straight line through A which biscots the LB AC of the triangle 
of reference. 

direction-cosines, therefore, (since, by A r t . 8 *, they are equal to 
sin \£) are 

> 

Also it passes through Hence the required equations are 

14. The straight line through A perpendicular to BC. 

15. The straight line perpendicular to AB through its middle point-

I ts direction-cosines are cos B, cos A, — sin and its equations, therefore, 

* When the di ection-cosines of a straight line through one of the vertices 
are sought, the signs of the denominators (Art . 8) are best determined by con­
sidering the segments of some straight line parallel to the given one. 

N 
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16. The straight line through C parallel to AB. 

The direction-cosines are — sin B, sin A, sin 0, and its equations, there­
fore, are 

17. The straight line through B at r ight angles to AB. 

I V , 

F ind, in the homogeneous form, the equations of the following right 
l ines:— 

18. The straight line through C parallel to AB. 

The equation must be capable of expression in either of the forms 
identifying 

these, we get k2 = c, and for the equation required, = 0. 

19. The sides of the triangle DBF, formed by jo ining the points in which 
the angle-bisectors meet the opposite sides of the A of reference. 

Similarly, 

and 

are the equations of FD, DE, respectively. 

Second method.—The co-ordinates of D, T, F are, respect.vely, proportional 
to (0,1,1) , (1 , 0,1), ( 1 , 1 , 0). HeiiCe the equations of the joining lines may be 
written down at once from eq. 58. A r t . 68. 
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20. The straight line which joins the intersection of 

with that of  

21. The straight line through A at right angles to AB. 

First method.—Take any point P on this line, and draw PQ perpendicular 
to CA. Then, from the geometry, 

Therefore 

which is the required equation. 

Second method.—Its direction-cosines are 

and it passes through the point A, whose co-ordinates are proportional to 

hence, Art . 59. (71) gives for the required equation 

22. The straight line which joins B2, C2 the feet of the perpendiculars 
from b and C upon the opposite sides. 

or 
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The co-ordinates of . are proportional to 

and 

hence Ar t . 58 gives for the required equation 

23. The straight line which joins the middle points of the sides CA, AB. 
Also shew that it is parallel to BC. 

and the required equation is 

or  

Also, since it may be writ ten in the form  

it appears (Ar t . 67) that the straight line which it represents is parallel to 
BC(a = 0). 

24. The three perpendiculars to the sides at their middle points. Also 
shew that they meet in a point. 

First meihod.—Let A1 be the middle point of BC and D the point in which 
ine perpendicular at D meets the second side (CA suppose) of the A. Join DB. 
Then evidently DB — DC = I (say), and the co-ordinates of D are sin C, 
/s in (B — C). Hence the points Ax and D may be represented by 

[0 , sin C, sin J?] 

and respectively. » 
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The equation of the is therefore, by Ar t . 58, 

or, dividing by sin C, 

Similarly for the other two perpendiculars we have 

These equations, when multiplied by s in 2^, s in 2 B , sin2C, respectively, and 
added together, vanish. The lines, therefore, meet in a point (Art . 17). 

Second Method.—The first passes through the point (0, sin C, sin B), 
and its diiection-cosines are hence, by A r t . 59, we have for 
its equation 

v. 

For the notation and method employed in this set of examples, the student 
is referred to Ar t s . 2G, 58, 263, and to Pig. 41 . 

25. Find the equation of the straight line which joins 0R and 0r. 

20. Shew that the equation of the straight line which joins P2 and 
OR is 
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27- Find the equation of  

which is easily reduced to the form of the result of the last example; hence it 
appears that OR, G1 09 and P2 are collinear (Ar t . 257). 

28. F ind the equation of OrOQ. 

29. Shew that the equation of GyOr is 

82. F ind the equation of the straight line which joins the centres of 
the circumscribed and self-conjugate circles. 

J53. Shew that the straight line which joins the centre of the inscribed 
circle w i th that of an escribed circle passes through a vertex of the triangle. 

Ans. The equation of which is also the, equation of the 
bisector of the angle at A, 
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VI. 

34. I l l any triangle ABC, the internal bisector of one angle and the 
external bisector of the two other angles, meet in a point. 

Their equations are and if the last be sub­
tracted from the sum of the other two the result is = 0. Hence (Art . 17), 
the proposition is true. 

35. F ind the equation of the line through A which is perpendicular to 

It must be of the form by Ar t . 16, and the condition of Ar t . 72 

gives w h e n c e , and the required 

equation is 

(  

36 Find the equation of the straight line through the centre of the 
inscribed circle and perpendicular to AB. 

Its direction-cosines* a r e a n d the co-ordinates 

of the centre are proportional to  

The required equation is, therefore, by A r t . 59, 

37. Straight lines are drawn through the vertices of ABC, the triangle 
of reference, and cut t ing the straight lines 

at right angles. E'"ud their equations and bhew that they meet in a point. 

First Method.—The direction-cosines of a perpendicular tc are, 

by Eq. 84 of Ar t . 70, 

or,  
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Also it passes through A (1 ,1 ,1) . Hence A r t . 59 gives for its equation 

And the equations of the other two perpendi ulars, viz. 

and  

may he wri t ten down by symmetry. These three equations vanish identically 
when added together. The lines, therefore, meet in a point. 

Second Method.—The equation of a straight line through A must be of the 

38. F i n d the equation of the straight line passing through the two 
points defined by the equations 

39. W i t h i n a triangle two points are taken. The distance of the first 
from any side is proportional to that side. The distance of the second from 
any side is proportional to the sum of the other two sides. Shew that the 
straight line jo ining these two points passes through the centre of the 
circle inscribed in the triangle. 
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41 . Prove that perpendiculars drawn to the sides of a triangle from the 
centres of tne escribed circles meet in a point. 

42. If through the vertices of any triangle there be drawn three straight 
lines meeting in a point, the t l r ee lines drawn through the same vertices 
and equally inclined to the bisectors of the angles w i l l also meet in 
a point. 

43. Two straight lines are drawn from the vertex A; one through the 
middle point of BB\ (one of the bisectors of sides), the other parallel to 
BB\. F ind their equations and shew that they ate Harmonic conjugates 
w i th respect to the sides AB, AC. 

(Art . 58) is = 0: and the condition of Ar t . 95 is satisfied. 

i 4 . Two trianglos ABC, XYZ, have their sides parallel; viz. YZ to BC, 
etc. .. .: shew that AX, BY, CZ meet in a point. 

= ; and the equation becomes 

Similarly, we get  

for the equations of BY, CZ, respectively, and these three equations when 
added together vanish identically. 

45. Two triangles ABC, A T T , are homologous, i.e. are such that their 
corresponding sides intersect on the same straight line (called the axis of 
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homology); shew that the straight lines which j o i n corresponding vertices 
meet in a point. 

Let  

represent the axis of homology. We may a ,sume 

for the equations of YZ, ZX and XY, respectively,* and the equations of 
AXt BY, CZ w i l l be, respectively, 

and these when added together vanish identically. 

The student w i l l observe that the last example is a particular esse of the 
present, the line at infinity being in that case the axis of homology. The 
centre of homology in Ex . 44 is given by the equations 

in this example by the equations 

46. From the angles J> B} C of a triangle, straight lines are drawn, 
through a point 0, to meet the opposite sides in E, F, G, respectively. 
FG, GE, EF are produced to meet BC, CA,AB, respectively, in P, Q, R. 
Prove that P, Q, R lie in one line. , 

Taking ABC for the A of reference and assuming for the 
co-ordinates of 0, we shall have 
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for the equations of the three lines through the vertices, and it wi l l be easily 
shewn that T, Q, R lie on the right line whose equation is 

47. If three straight lines, drawn through the vertices of a triangle, meet 
in a point, their respective parallels, drawn through the middle points of 
the opposite sides, also meet m a point. 

48. A triangle LMNis formed by drawing, through each vertex of the 
triangle of reference, a straight line which makes an angle 0 w i th the 
bisector of the angle at, that vertex. F ind the equations of the sides. 

The direction-cosines of the bisector of the _ are 

hence, by A r t . 32, those of MN are 

Therefore the equation of MN is, by A r t . 59, since the co-ordinates of A are 
proportional to 1, 0, 0, J 

Similarly, 

and  

are the equations of the sides NL, LM, 

49. Equilateral triangles are described on the sides of the triangle ABC, 
and their vertices Joined to the 03posite sides of the triangle. F i n d the 
equations of the jo ining lines and shew that they meet in a point. 
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The co-ordinates of the vertex of the described on JBC are proportional to 

therefore, by A r t . 58, the equation of the 

straight line which joins this vertex to A (1 , 0, 0) is 

are the equations of the other two lines. The three, therefore, meet in 
a point 

VIL 

50. Through the vertex A of the triangle ABC pairs of lines are drawn 
equally inclined to the sides A B , A C : shew that they form a pencil in 
involution of which the internal and external bisectors of the angle A aie 
the double lines. 

Such a pair of lines may be represented by equations of the form 

these may also be writ ten in the form 

Hence (Ar t . 95), they are harmonic conjugates with respect to the two bisectors, 
and the rest follows from A r t . 121. 

51 . The equation of a conic being prc:e that if the point 
be joined to the points where any tangent meets the curve and the 

Similarly, 
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line a = 0, the jo in ing lines form w i t h the lines a harmonic 
pencil. 

See Ar t . 210. (R). 

52. Chords drawn to a conic t] rough a fixed point 0 without the curve 
meet the curve in the points P1 Q1; P2, Q2; Q3 ; etc. . . Shew that the 
pencil formed by jo in ing these points to the point of contact of one of the 
tangents that may be drawn through 0 forms a system in involution of 
which that tangent and the polar of 0 are the double lines. 

(See A r t . 225.) 

53. F ind the locus of the pole of a fixed r ight line w i t h respect to the 
system of conies represented by .  

54. Shew that any pair of conjugate diameters of a hyperbola are har­
monic conjugates w i t h respect to the asymptotes of the curve. 

Let the equation of the hyperbola (Art . 205) be , and let 

be the equations of a chord. The diameter parallel to this is evidently 

is the equation of the conjugate diameter, This (Art . 95) proves the pro­
position. 

55. The bisectors of the angles of the triangle ABC meet the conic 

in the points D,E,F; find the equations of BD, CD, DE. 
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56. A conic is described touching the sides of the triangle ABC in 
D, E, F; if P, Q, Il are the points in which Uie straight lines AD, BE, CF, 
respectively, meet the conic, shew that BE and CQ intersect on AD, CP 
and AR on BE, and AQ and BP on CF. 

• Vide Art. 187 et sqq. 
57. Find the condition that the equation 

may represent a rectangular hyperbola, and hence prove that every rectan­
gular hyperbola described about a given triangle passes through the point 
of intersection of the peipendiculars from the veitices of the triangle upon 
the opposite sides. 

Ans. The condition required is 

and the co-ordinates of the point P3 (Art . 263) evidently satisfy the equation 
of the conic. 

58. Eind the equation of the conic which touches the sides of the triangle 
of reference ABC at their middle points. 

50. Shew that the equation of the fourth common tangent to the in­
scribed circle of the triangle ABC and that escribed on BC is 

60. A conic is inscribed in a triangle ABC, the vertices of which are 
joined to a given point 0 by straight lines AO, BO, CO cutting the opposite 
sides in a, b, c, respectively: find the equations of the tangents (other than 
the sides of the triangle) which ran be drawn to the conic from the points 
a, b, c. 
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6 1 . F ind the equation of the ellipse which touches the sides of the 
triangle of reference where they are met by the bisectors of the opposite 
angles. 

Comparing eqq. 238 (Ar t . 187) w i th the equations of A r t . 19 we find, 
L = M = N; the required equation, therefore, is 

62. If three conies have a common chord, the other three common 
chords meet in a point. 

<  

lines represented by these equations evidently meet in a point. 

63 The asymptotes of a hyperbola are tangents to an ellipse ; shew 
that the chords which jo in the points of intersection of the two curves are 
parallel. 

Take the asymptotes of the hypeihola and the chord of contact of the ellipse 
for the sides of the triangle of reference. Then (Art . 208) the equations of the 
two curves w i l l be of the forms 

The equation therefore represents chords of intersection, and 
from its form it appears (Art . 67) that these chords aro parallel to one another 
and to the chord of contact  

64. If the angle A of the triangle of reference be a r ight angle, the 
equation 

represents a conic which has a = 0 for its directrix and A for its focus. 

For represents the square of the distance of any point on the lovus 
from A, and the equation expresses that the distance of any point on the locus 
from A is in a constant ratio to its distance from BC. 
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65. The tangents at the extremities of any focal chord meet in the 
corresponding directrix. 

Assume the equation of the conic in the form given in the last example, 
taking the given focal chord for one side of the triangle of 
reference. It appears as in Ar t . 195 that 

are tangents at the extremities of this chord, and the form of their equations 
shews that they intersect on  

66. F ind the locus of the pole of the line 

wi th respect to a conic which passes through the four fixed points 

67. F ind the locus of the centre of a conic which passes through the 
same four points. 

Ans.  

68. F ind the locus of the pole of the straight line 

w i t h respect to a conic passing through three points and touching the 
fixed line 

69. Obtain the equation of the chord which joins the two points 
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70. If a quadrilateral be inscribed in a circle, the product of the per­
pendicular distances of any point on the circumference from two opposii c 
sides wi l l be equal to the product of its perpendicular distances from the 
other two sides. 

Let '  

and (Ar t . 47) the proposition is proved. 

7 1 . Tf three conies luwc each double contact w i t h a fourth, their six: 
chords of intersection w i l l pass, three by three, through the same points. 
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The student will observe that the above theorem includes that of Brianchon, 
of which an independent proof was given in Art . 271. 

72. In any triangle the bisector of any angle and the straight line which 
is peipendicular to the opposite side at its middle point, intersect on the 
circumference of the oircumscribing circle. 

whence we may easily shew that 

73. Shew that if the tangents to a circumscribed ellipse at the vertices 
of the triangle of reference are parallel to the opposite sides the equation 
of the conic is 

74. The two pairs of tangents at the extremities of the diagonals of 
a quadrilateral inscribed in a conic, and the pairs of opposite sides intersect 
on the same straight line. 

This Theorem is easily deduced from that of Pascal which was proved in 
Art. 270. 

75. Shew that if a conic cut two sides of a triangle in points equidistant 
from their middle points it will cut the third side in the r ame way. 

Let the sides -BC, CA of t'tie tria: gle of reference be cut in this manner; 
then if = 0 be the equation of the c o n i c , t h e middle point 
of BC, and the direction-cosines of that side, we shall have by equation 
(8) of Art. 13, since the roots are equal and of opposite sign 
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Similarly, since CA is cut in the s<ame way, we have 

These give also 

but this is the condition that the middle point of the side AB should be the 
bisection of the intercept on that side. 

be the equations 

of two conies described about the triangle of reference, find the equations 
of the several lines joining the centre of the inscribed circle w i th the four 
points of intersection of the two conies. 

77. W i t h the angular points of a triangle ABC as centres, and the sides 
as asymptotes, three hyperbolas are described, having P, Q, R for their 
respective vertices ; prove that if 

the intersection of each pair of hyperbolas lies on the axis of the th i rd . 

The given condition may evidently be otated otherwise; thus,—the perpen­
dicular distance of the vertex of each hyperbola from its asymptotes is the 
same. 
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The three equations are, therefore, 

and, since the first may be wri t ten in the form 

it is clear that it passes through the intersection of the second wi th the axis 
of the th i rd . 

78. F ind the polar reciprocal of the conic 

w i t h respect to the conic 

79. F ind the polar reciprocal of the conic 

80. An equilateral hyperbola is described w i t h regard to which a given 
triangle is self-conjugate. Shew that the curve passes through the centres 
oi the inscribed and escribed circles of the triangle. 

The co-ordinates of the four centres (Ar t . 263) wi l l satisfy the equation 

provided that  
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but this (Art. 150) is the conditk n that the curve should be a rectangular 
hyperbola. 

81. Three circles mutually touching each other are described about the 
vertices of the triangle of reference. Shew that the three straight lines 
winch join the centre of one circle to the point of contact of the other two 
meet in a point. 

Let x, yt z be the radii of the circles described about A, B, C, respectively. 
The point of contact of the circles about B and C is (0, zsin C, y sin B), and. 
the equations of the three lines are 

which vanish identically when added together. 

82. Supposing that a, &, y are the perpendiculars from any point m the 
plane of the triangle ABC upon the straight lines which join its vertices to 
the centre of the inscribed circle, prove that 

83. Shew that the radius of the nine-point circle of any triangle is one-
half that of thr circumscribed circle. 

84. The circle which passes through the extremities of any side of 
a triangle and through the centre of the inscribed circle, passes also 
through the centre of the circle escribed on that side ; and its centre lies 
on the circumference of the circumscrioed circle. 

85. In any triangle the centres Ob, 0C and the vertices B, C He on the 
circumference of the same circle; and the centre of this circle lies on the 
circumference of the circumscribed circle. 
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86. If x, y, z be the distances of the centre of the nine-point circle from 
the vertices of the triangle of reference, its distance from the intersection 
of perpendiculars from the vertices, and R the radius of the circumscribed 
circle, shew that 

T H E E N D . 
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toralis Liber, ad J O H A N N K M , Epia-
eopum Civitatis Ravennce. "With 
an English Translation. By the 
Rev. H . R. B R A M L R Y , M . A . , Fe l ­
low ot Magdalen College, Oxford . 
Fesp. 8vo., cloth, 6s. 

T h e B o o k o r R a t r a m n 
The Priest and M o n k of Corbey 

commonly called Bertram, on 
the Bony and Blood of the Lord . 
(La t in and English.) To wh ich 
is added A N A P P E N D I X , contain­
i n g the Saxon Homi ly of -Ælfric 
Fcap. 8vo. (ln the Press. 
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2 vols., 8vo., 10s. r D 
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The Catechist's Manual; 
By E D W . M . HOTMBS, Rector of Marsh Gibbon, Bicester. With, 

an Introduction by the late SAMUEL WILBEKFOBCE, LORD 
BISHOP OP WINCHESTER. 6th Thousand. Cr. 8vo., limp cl., 5s. 

The Confirmation Class-book: 
Notes for Lessons, with APPENDIX, containing Questions and 

Summaries for the Use of the Candidates. By EDWARD 
M . HOLMES, LL .B . , Author of the " Catechist's Manual/' 
Fcap. 8vo., limp clcJi, 2s. 6d. 

T H E QUESTIONS, separate, '4 sets, in wrapper, Is. 
T H E STJMMABIES, separate, 4 sets, in wrapper, Is, 

Catechetical Lessons on the Book of Common Prayer. 
Illustrating the Prayer-book, from its Title-page to the end of 

the Collects, Epistles, and Gospels. Designed to aid tbe 
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HESSEY, Incumbent of St. Barnabas, Kensington, Fcap. 8vo.t 
cloth, 6s. 
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carres. Second Edit., revised and enlarged. Cr 8vo., cl. 3s. 6d. 
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By R . F . W I L S O N , M.A., Prebendary of Snruni, and Examining 

Chaplain to the Bishop of Salisbury. Fcap. 8vo., cloth, 4s. 

A Manual of Pastoral Visitation, 
Intended for the Use of the Clergy in their Visitation of the 

Sick and Afllicted. By A PARISH PBIEST. Dedicated by 
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Edition, Crown 8vo. limp cloth, 3s. 6d.; roan, 4s, 

The Cure of Souls. 
By the Rev. G. AEDEN, M.A., Rector of Winterhorne-Came, and 

Author of " Breviates from Holy Scripture/' &c. Fcap. 
8vo., cloth, 2s. 6d. 
Questions on the Collects, Epistles, and Jospels, 

Throughout the Year. Edited by the Rev. T. L . CLAUGHTON, 
Vicar of Kidderminster. For the Use of Teachers in Sunday 
Schools. Fifth Edition, 18mo., cl. In two Parts, each 2s.6d. 

Pleas for the Faith. 
Especially designed for the use of Missionaries at Home and 

Abroad. By the Rev. W. SOMERVILLE LACH SZY-IMA, M.A. 
St. Augustine's College, Canterbury. Fcap. 8vo., cl., 2s. 6d. 
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cially on the Life and Teaching of our Lord Jesus Christ, for 
Every Day in the Year. Fiftieth Thousand. 32mo., roan, 
gilt edges, 2s. 6d. ; morocco, 5s. 

L A R G E - T Y P E E D I T I O N . Crown 8vo., cloth antique, 5s. 

T H E H O U R S : 
Being Prayers for the Third, Sixth, and Ninth Hours; with 

a Preface and Heads of Devotion for the Day. By the 
Author of " Daily Steps Towards Heaven. Seventh Edition. 
32mo., Is . , 

A N N U S D O M I N I . 
A Prayer for each Day of the Year, founded on a Text of Holy 

Scripture. By C H R I S T I N A G. K O S S E T T I . 32mo., cloth, 3s. 6dl 

M E D I T A T I O N S F O R T H E F O R T Y D A Y S 
O F L E N T . 

By the Author of " Charles Lowder." With a Prefatory Notice 
by the A R C H B I S H O P OF D U B L I N . 18mo., cloth, 2s. 6d. 

P R I V A T E P R A Y E R S F O R A W E E K . 
Compiled by W I L L I A M B R I G H T , D . D , Cnnon of Christ Church, 

Oxford. 96 pp. Fcap. 8vo., limp cloth, ls .6d. 

P R A Y E R S F O R U S E I N C O L L E G E . 
Collected and arranged by A C O L L E G E C H A P L A I N . 21mo., 

Jimp cloth. I s . 
O F T H E I M I T A T I O N O F C H R I S T . 

Four Books. By T H O M A S A K E M P J S . Small 4to., printed on 
thick toned paper, with red border-lines, mediaeval title-pages, 
ornamental initials, &c. Cloth, 12s. 

P R A Y E R S F O R M A R R I E D P E R S O N S . 
From Various Sources, chiefly from the Anciens Liturgies. Se­

lected and Edited by C H A R L E S W A R D , M.A. , Hector of 
Maulden. Third Edition, Revised. 24mo., cloth, 4s. 6d«; 
Cheap Edition, 2s 6d. 

F O R T H E L O R D ' S S U P P E R . 
D E V O T I O N S BEFORE A N D A F T E R H O L T C O M M U N I O N . W i t h 

Preface by J . K E B L E . Sixth hldition. 32mo., cloth, 2s. 
With the Office, cloth, 2s. 6&. 

O F F I C I U M E U C H A R I S T I C T T M . B y E D W A R D L A K E , D . D . New 
Edition, 32mo.t cloth, Is. 6d. 

A S H O R T A N D P L A I . ; I N S T R U C T I O N "FOR T H E B E T T E R U N D E B -
BTANDING OF THE LORD'S SUPPER. By BlSHOP WlLSON. 
32mo., 2s., 8d., and 6d. * 24mo., Is . 
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of the Fathers by S. T H O M A S A Q U I N A S . Uniform with the 
Library of tbe Fathers, A Re-issue, complete in 6 vols., 
cloth, £2 2s. 

c 

A Plain Commentary on the Four H o l y 
Gospels, 

Intended chiefly for Devotional Reading. By the Very Rev. 
J . W , B U B G O N , B.D. , Dean of Chichester, New Edition. 
4 vols., Fcap. 8vo., limp cloth, £1 I s . 

T h e Last Twe lve Verses of the Gospel 
according to S. M a r k 

Vindicated against Recent Critical Objectors and Established, 
by the Very Rev. J . W . B U R G O N , B.D., Dean of Chichester. 
W i t h Facsimiles of Codex S and Codex L. 8vo., cloth, 6s. 

The Gospels from a Rabbinical Point 
of V i e w , 

Shewing the perfect Harmony of the Four Evangelists on the 
subject of oar Lord's Last Supper, and the Bearing of the 
Laws and Customs of the Jews at the time of our Lord's 
coming on the Language of the Gospels. By the R e v . G . 
W I L D O N P I E B I T Z , M . A . Crown 8vo., limp cloth, 3s. 

Christianity as Taught by S. Paul . 
By W I L L I A M J . I R O N S , D . D . , of Queen's College, Oxford; Pre­

bendary of S. Paul's; being the B A M P T O N L E C T U R E S for 
the Year 1870, with an Appendix of the C O N T I N U O U S S B N S B 
of S. Paul's Epistles; with Notes and Metalegomera, bvo., 
with Map, Second Edition, with New Preface, cloth, 9s. 

S. Paul's Epistles to the Ephesians and 
Philippians. 

A Practical and Exegptical Commentary. Edited by the late 
Bev. H E N R Y N E W L A N D . 8vo., cloth, 7s. 6d. 

T h e Explanation of the Apocalypse. 
By V E N E R A B L E B E D A , Translated by the Rev. E D W . M A R S H A L L , 

M . A . , F.S.A., formerly Fellow of Corpus Christ* College, 
Oxford. 180 pp. Fcap. 8vo., cloth, 3s. 6d. 
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THE AUTHORIZED EDITIONS OF 

T H E C H R I S T I A N Y E A R 
With the Author's latest Corrections and Additions. 

NOTICE.—Messrs. P A R K K R are the sole Publishers of the Editions of the 
" Christian Year" issued with the sanction and under the direction of 
the Author's representatives; All Editions without their imprint are 
unauthorized. 

S M A L L 4to. E D I T I O N . S. d. 
Handsomely printed on toned 

paper, with red border lines 
and initial letters. CI. extra 10 6 

D E M Y 8VO. E D I T I O N . 
Cloth 6 0 

FOOLSCAP 8vo. E D I T I O N . 
Cloth 3 6 

24mo. E D I T I O N . 
With red lines, cloth , . 2 6 

32mo. E D I T I O N . S. d. 
Cloth, limp . . . 1 0 
Cloth boards, gilt edges • 16 

48mo. E D I T I O N . 
Cloth, limp . . . 0 6 
Roan . . . . I 6 
F A C S I M I L K O F T H E 1ST E D I ­

T I O N , with a list of the 
variations from the Origi­
nal Text which the Author 
made in later Editions, 
2 vols., 12mo., boards . 7 6 

The above Editions {except the Facsimtle of the First Edition) are kept 
in a variety of bindings, the chief of which are Morocco plain, Morocco 
Antique, Calf Antique, and Vellum, 

By the same Author* 
L Y R A I N N O C E N T I U M . Thoughts in Verse on 

Chris t ian Chi ldren . Thirteenth Edition. Fcap. 8vo., cl . , 5s. 
48mo. edit ion, l i m p cloth, 6 d . ; cloth boards, I s . 

MISCELLANEOUS POEMS BY T H E REV. J O H N 
KEBLE, M.A., Vicar of Hurley. Third Edition. Fcap., 
do 'h, 6s. 

T H E PSALTER, OR PSALMS OF D A V I D : In 
English Verse. Fourth Edition. Fcap., cloth, 6s. 

The above may also be had in various bindings. 

By the late Rev. ISAAC W I L L I A M S . 
T H E CATHEDRAL; or, The Catholic and Apostolic Church 

in England. 32mo., cloth, 2s. 6d. 
T H E BAPTISTERY ; or, The Way of Eternal Life, with Plates 

by BOETIUS A BOLSWEBT. Fcap. 8vo., cloth, 7s. 6df; 32mo., 
cloth, 2s. 6d. 

HYMNS translated from the PARISIAN BREVIARY. 32mo., 
cloth, 2s. 6d. 

THE CHRISTIAN SCHOLAR. Fcap. 8vo., cl., 5s.; 32mo., 
cloth, 2s. 6d. 

THOUGHTS IN PAST YEARS. 32mo., cloth, 2s. 6d. 
T H E SEVEN DAYS; or, The Old and New Creation- Fcap, 

8vo.. cloth.3s. 6d. ' 



14 SERMONS. 

T H E A R C H B I S H O P O F C A N T E R B U R Y . 
SINGKLEHEABT. By Dr. E D W A E D W H I T E B E N S O N , Archbishop 

of Canterbury, late Bishop of Truro, &c. A D V E N T S B B M O N ? , 
1876, preached in Lincoln Cathedral. Second Edition. 
Crown 8vo., cloth, 2s. 6d. 

T H E L A T E B I S H O P W J L B E R F O R C E . 
S E B M O N S preached before the University of Oxford t Second 

Series, from 1847 to 1862. By the late S A M U E L W I L B E B -
FOBOE, L O B D B I S H O P OP W I N C H E S T E R . 8VO., cloth, 10s. 6d. 

Third Series, from 1863 to 1870. 8vo., cloth, 7s. 6d. 
S E B M O N S preached on Various Occasions. W i t h a Preface by 

the Lord Bishop of Ely. 8vo., cloth, 7s. 6d. 

T H E B I S H O P O F N E W C A S T L E . 
T H E A W A K I N G : S O U L . AS sketched in the 130th Psahn. Ad­

dresses delivered at St. Peter's, E^ton-square, on the Tues­
days in Lent, 1877, by E. R. W I L B E B E O B C E , M.A. [the R t . 
Rev. the Lord Bishop of Newcastle]. Crown 8vo., limp 
cloth, 2s. 6d. 

T H E L O R D B I S H O P O F S A L I S B U R Y . 
S E B M O N S O N T H E B E A T I T U D E S , with others mostly preached 

before the University of Oxford; to which is added a Preface 
relating to the volume of " Essays and Reviews." New 
Edition. Crown 8vo., cloth, 7s. 6d. 

T H E B I S H O P O F B A R B A D O S . 
S E B M O N S P B E A O H E D O N S P E C I A L OCCASIONS. B y J O H N M I T C H -

I N S O N , D .D . , late Bishop of Barbados. Crown 8vo,9 cloth, 5s. 

T H E R E V . C A N O N W O R D S W O R T H . 
U N I V B B S I T Y S E B M O N S O N G O S P E L S U B J E C T S . B y J O H N 

W O R D S W O E T H , M . A . , Canon of Rochester. Fcap. 8vo., cloth, 
2s. 6d. 

V E R Y R E V . T H E D E A N O F C H I C H E S T E R . 
S H O B T S E B M O N S F O B F A M I L Y R E A D I N G , following the Course 

of the"Christian Seasons. By the Very Rev. J . W . B U B G O N , 
B .D. , Dean of Chichester. First Series. 2 vols., Fcap. 8s  
cloth, 8s. v. 

• - S E C O N D S E R I E S . 2 vols., Fcap. 8vo. cloth, 8s. 

R E V . J . K E B L E . 
S E B M O N S , O C C A S I O N A L A N D P A R O C H I A L . By the late Rev. 

J O H N K E B L E , M.A. , Vicar of Hurdcy. 8vo., cloth 12s. 
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C H A R A C T E R I S T I C S , O F C H R I S T I A N 
M O R A L I T Y . 

T H E B A M P T O N L E C T U R E S F O R 1873. B y the Rev. I . 
G R E G O R Y S M I T H , M.A. , late Fellow of Brasenose College; 
Vicar of Malvern. Second Edition, Crown 8vo., cloth, 3s. 6d. 

R E V . E . M O N R O . 
I L L U S T R A T I O N S OP F A I C H . Eight Plain Sermons. Fcap., 2s. 6d. 
Plain Sermons on the Book of Common Prayer. Fcap., 5s. 
Historical and Practical Sermons on the Sufferings and Resur­

rection of our Lord. 2 vols., Fcap. 8vo.J c&th, 10s. 
Sermons on New Testament Characters. Fcap. 8vo., 4s. 

L E N T E N S E R M O N S A T O X F O R D . 
Re-issue of the Series of Sermons preached at St. Mary's, &c. 

Uniform, Demy 8vo., cloth, at 6s. each Volume. 
Vor 1857, 1858, 1859, I860 , 1863, 1865, 1866, 1867, 1868, 

,1869, 1870-1. 

R E V . W . E . S H O R T . 
C H R I S T ' S S O L D I E R S . Sermons preached at the Gan ison Church, 

Woolwich. By the Rev. W . F . S H O R T , M.A. , Fellow of New 
College. Post 8vo,, cloth, 5s. 

A L L E G O R I C A L S E R M O N S . 
T W E N T Y S H O R T A L L E G O R I C A L S E R M O N S . B y B . W . K . P E A R S E , 

M . A , aud W . A. G R A Y , M.A Sixth Edition. Fcap. 8vo., 
sewed, Is . 

R T . R E V . J . A R M S T R O N G , D-D. 
P A B O O H I A I I S E R M O N S . • By the late Lord Bishop of Grahams-

town. Fifth Edition. Fcap. 8vo„ cloth, 6s. 
SERMONS on the Fasts and Festivals. Third Edition. Fcap* 

8vc , cloth, 5s. 

S E R M O N S F O R T H E C H R I S T I A N S E A S O N S . 
First Series. Edited by J O H N ARMSTRONG-, D . D . , late Bishop 

of Grahamstown. 4 vols., Fcap. 8vo., cloth, 10s. 
Second Series. Edited 

by the Rf v. ,JOHN B A E B O W , D.D. , late Principal of St. Edmund 
IJall, Oxford. 4 vols., Fcap. 8vo.» cloth, 10s. 

T H E L A T E D E A N S T A N L E Y . 
S E R M O N S A N D ESSAYS O N T H E A P O S T O L I C A L A G E . B y the 

late Very Rev. A R T H U R P E N R H Y N S T A N L E Y , D . D . Third 
Edition, revised. Crown 8vo. cloth, 7s. 6d. 



16 MISCELLANEOUS. 

CHEAPER ISSUE OF TALES FOR YOUNG MEN 
AND WOMEN. 

In Six Half-crown Vols. in handsome and attractive cloth 
bindings,,suitable For School Prizes and Presents. 

V o l . I . contains Mother apdVSon, Wanted a Wife, and Hobson'a 
Choice1, by the Rev. F. E. P A G E T 

Vol. I I . Wyndecote H a l l , Squitch, Tenants a t T i n k e r s ' E n d , 
by the Rev. F. E. P A G E T . , 

J o l . I I I . Two Cottages, The Sisters, and Old Jarvis's W i l l , 
by'the Rev. W . E . H E Y G A T E . 

V o l . I V . James B r i g h t the Shopman, The Polit ician, I r r e ­
vocable, by the Rev. W . E . H B Y G A T E . 

V o l . V . The Strike, and Jonas Clint , by the Rev. R. K I N G ; 
Two to One, and FaUe Honeur, by the Rev. N . B R O W N . 

V o l . V I ' . Railway Accident, by the Rev. J . M. N E A L E ; The 
Recruit, Susan, Servants' Influence, Mary Thomas, or Dissent at 
Evenly, by the Rev. E. M O N R O ; Caroline El ton , or Vanity and 
Jealousy, by the Rev, H . H A Y M A N . 

Each Volubie is bound as a distinct work, and sold separately. 

C r o w n 8vo., in roan, 12s.; calf l i m p antique, 16s.f; morocco, 16s. 

. of England. 
In this New Edi t ion the Lessons appointed for the Immove­

able festivals are printed entire in the course of the Da i l y Lessons 
where they occur. For the Sundays and Moveable Festivals, 
and for the days dependent on them, a table containing fuller 
references, w i t h the in i t ia l words and ample directions where 
the Lesson may be found, is given. Where the Lesson for the 
Moveable Feast is not included entire amongst the Da i ly Les­
sons, i t is printed in fu l l in its proper place. Also in the part 
containing Dai ly Lessons, greater facilities have been p ro . ided 
for verifying the references. 

There are also many modifications in the arrangement, 
wherein this Service-book differs from the Prayer-book : the 
Order for the Adminis trat ion of the H o l y Communion te printed 
as a distinct service, w i t h the Collects, Epistles, and Gospels, 
wh ich belong to the same : the Psalms immediately fol low D a i l y 
Morn ing and Evening Prayer o t h e Morn ing and Evening Les­
sons also are by this arrangement brought nearer to the Service 
to which they belong, while the Occasional Offices are trans­
ferred to the end of the book. 

OXFORD A N D L O N D O N : PARKER AND CO. 
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