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CHAPTER L

HYDROKINEMATICS.

1. THE science of Hydrodynamics may be divided into two
separate branches, viz. the motion of liquids and the motion of
gases. The chief interest arising from the latter branch of the
subject is due to the fact that air is the vehicle by means of
which sound is transmitted, and consequently the discussion of
special problems relating to the motion of gases belongs to the
theory of sound rather than to hydrodynamics; it must also be
recollected that in order to deal satisfactorily with many problems
connected with the motion of gases, it is necessary to take into
account changes of temperaturc and other matters which properly
belong to the science of thermodynamics. In the earlier chapters
of the present treatise the general theory of the motion of fluids
is discussed, including those peculiarities of motion which are
alike common to liquids and gases; but the subsequent chapters
are limited almost entirely to the consideration of special problems
relating to the motion of liquids.

In ancient times very little advance in hydrodynamics appears
to have been made. In modern times the earlicst pioneers were
Torricelli and Bernoulli, whose investigations were due to the
hydraulic requirements of Italian ornamental landscape gardening;
but the first great step was taken by D’Alembert and Euler, who
in the last century successfully applied dynamical principles to
the subject, and thereby discovered the general equations of
motion of a perfect fluid, and placed the subject on a satisfactory
basis. The discovery of the general equations of motion was
followed up by the investigations of the great French mathe-
maticians Laplace, Lagrange and Poisson, the first of whom has
left us a splendid memorial of his genius in his celebrated Theory
of the Tides.

B. 1



2 HYDROKINEMATICS.

The next advance was made by Poisson® "and Green®; the
former of whom in 1831 discovered the velocity potential due
to the motion of a sphere in an unlimited liquid, and the latter
of whom in 1833, without a knowledge of Poisson’s work, discovered
the velocity potential due to the motion of translation of an
ellipsoid in an unlimited liquid. Green’s investigation was com-
pleted for the case of rotation by Clebsch® in 1856.

The velocity potential due to the motion of a variety of cylin-
drical surfaces has also been discovered during the last fifteen
years; but a similar advance has not been made as regards the
motion of two or more solids. The kinetic energy of a liquid due
to the motion of two cylinders whose cross sections are circular,
has been obtained by Hicks* and Greenhill®. The former has also
written several valuable papers on the motion of two spheres®,
which have placed this problem in a perfectly satisfactory con-
dition. A complete discussion of the motion of two oblate or
prolate spheroids whose excentricities are nearly equal to zero or
unity, would be an attractive subject for investigation, and would
throw light on the motion of two ships sailing alongside one
another.

In 1845 Professor Stokes’ published his well-known theory of
the motion of a viscous liquid, in which he endeavoured to account
for the frictional action which exists in all known liquids, and
which causes the motion to gradually subside by converting the
kinetic energy into heat. This paper was followed up in 1850 by
another®, in which he solved various problems relating to the
motion of spheres and cylinders in a viscous liquid. Previously to
this paper no problem relating to the motion of a solid body in a
liquid had ever been solved, in which the viscosity bad been taken
into account.

Since the time of Lagrange the essential difference between
the motion of a fluid when a velocity potential exists and when it
does not exist had been recognised ; and an opinion very generally

1 Mém. de I’Acad. des Sciences. Paris, vol. x1. p. §21.

* Trans. Roy. Soc. Edinburgh, vol. xur. p. 54,

8 QOrelle, vol. v11. p. 119,

4 Quart. Journ,, vol. xvi. pp. 118 and 198,

8 Ibid. vol. xvi1, pp. 866—362,

¢ Proc. Camb. Phil. Soc., vol. mx. p. 276, vol. 1v. p. 29, and Phil. Trans., 1880,
7 Trans. Cambd. Phil. Soc., vol. vim. p. 287.

8 Ibid. vol, 1x, part . p, 8.



INTRODUCTION. 3

prevailed that if at any particular instant some particular portion
of the fluid were moving in such a manner that a velocity poten-
tial existed, the subsequent motion of this same portion of fluid
would always be such that the component velocities of its ele-
ments would be derivable from a velocity potential. The first
rigorous proof of this important proposition was given by Cauchy,
and a different one was subsequently given by Stokes’, but until
the year 1858 no complete investigation respecting the peculiari-
ties of rotational motion had ever been made. This was effected
by Helmholtz® in his celebrated memoir on Vortex Motion, which
may perhaps be considered the most important step in hydro-
dynamics which has been made during the present century. The
same subject was subsequently taken up by Sir W. Thomson® and
the theory of polycyclic velocity potentials fully investigated.
During the last six years important additional investigations on
the theory of vortex rings have been made by Hicks* and J. J.
Thomson®.

The last twenty years have witnessed a great advance in
hydrodynamics, and numerous important papers have been written
by many eminent mathematicians both British and foreign,
which will be considered in detail in the present work.

We shall now proceed to consider the definitions and principles
of the subject.

2. A fluid may be defined to be an aggregation of molecules,
which yield to the slightest effort made to separate them from
each other, if it be continued long enough. All fluids with which
we are acquainted may be divided into liquids and gases; the
former are so slightly compressible that they are usually regarded
as incompressible fluids, whilst the latter are very highly com-
pressible.

A perfect fluid is one which is incapable of sustaining any
tangential stress or action in the nature of a shear; and it will be
shown in the next chapter that the consequence of this property
is, that the pressure at every point of a perfect fluid is equal
in all directions, whether the fluid be at rest or in motion. A

1 Trans. Camb. Phil. Soc., vol. vimr. p. 805.

3 Crelle, vol. Lv. p. 26 ; translated by Tait, Phil. Mag. (4) xxxur. p. 485.
3 Trans. Roy. Soc. Edin., vol. xxv. p. 217.

¢ Phil. Trans., 1881, 1884 and 1885.

5 Adams’ Prize Essay, 1882,

1—2



4 HYDROKINEMATICS.

perfect fluid is however an entirely ideal substanc# since all fluids
with which we are acquainted are capable of offering resistance to
tangential stresses. This property, which is known as viscosity,
gives rise to an action in the nature of friction, by which the
kinetic energy is gradually converted into heat.

In the case of gases, water and many other liquids, the effects
of viscosity are small; such fluids may therefore be approximately
regarded as perfect fluids. It will therefore be desirable to com-
mence with the study of the motion of perfect fluids, reserving
the consideration of viscous fluids for the second volume.

There are certain kinematical propositions which are true for
all fluids, and which it will be convenient to investigate before
entering upon the dynamical portion of the subject. These
propositions form the subject of the present chapter.

3. The motion of a fluid may be investigated by two different
methods, the first of which is called the Lagrangian method, and
the second the Eulerian or flux method, although both are due to
Euler.

In the Lagrangian method, we fix our attention upon an
element of fluid, and follow its motion throughout its history.
The variables in this case are the initial coordinates a, b, ¢ of the
particular element upon which we fix our attention, and the time.
This method has been successfully employed in the solution of
very few problems.

In the Eulerian or flux method, we fix our attention upon a
particular point of the space occupied by the fluid, and observe
what is going on there. The variables in this case are the
coordinates z, y, z of the particular point of space upon which we
fix our attention, and the time.

Velocity and Acceleration.

4. In forming expressions for the velocity and acceleration of
a fluid, it is necessary to carefully distinguish between the
Langrangian and the flux method.

1. The Langrangian Method.

Let u, v, w be the component velocities parallel to fixed axes,
of an element of fluid whose coordinates are z, y, z and « + 3z,
y + 8y, z+ 8z at times ¢ and ¢ + 8t respectively, then

D u=dafdt=d, v=1, W=F.crrerr e, (1),
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where in formidg 4, g, # we must suppose , g, z to be expressed in
terms of the initial coordinates a, b, ¢ and the time.

If the axes, instead of being fixed, were moving with angular
velocities 6,, 6,, 6, about themselves, the component velocities
would be given by the equations,

u=2a— Y0, + 26, v=9 — 20, + 20, w =2 — 26, + y0,...(2).
It should be noticed that 4, ¥, 2 are the velocities of the fluid
relative to the moving axes.

The expressions for the component accelerations are

Se=U=8 =4, f,=Z iririiinnninns 3),
when the axes are fixed, and
Se=10—v0, +wl,, f,=9—wl,+ ub,, f,=w —ub, +0,...(4)

when the axes are in motion. Here %, », w must be supposed to
be expressed in terms of a, b, ¢ and ¢.

II. The Flux Method.

5. Let 8Q be the quantity of fluid which in time 8¢ flows across
any small area A, which passes through a fixed point P in the
fluid ; let p be the density of the fluid, ¢ its resultant velocity, and
¢ the angle which the direction of ¢ makes with the normal to 4,
drawn towards the direction in which the fluid flows. Then
8Q = pq Adt cos e,

_ 1 dQ
9= ;A cose dt-

Now Acose is the projection of A upon a plane passing
through P perpendicular to the direction of motion of the fluid;
hence 8Q is the independent of the direction of the area, and is
the same for all areas whose projections upon the above-mentioned
plane are equal. Hence the velocity is equal to the rate per unit
of area divided by the density, at which liquid flows across a plane
perpendicular to its direction of motion.

therefore

The velocity is therefore a function of the position of P and
the time.

6. We may therefore put u=F (z, y, 2, t); whence if the axes
are fixed, and if u + 8u be the velocity parallel to # at time ¢+ &
of the element of fluid which at time ¢ was situated at the point
(w) 3/, Z),

Su = F(z + ubt, y + vdt, 2 + wdt, t + ) — F(=z, y, 2, ¢t).



6 HYDROKINEMATICS.

Therefore the acceleration,
ou du du du du
Ak T TRl Ml e P
Hence if 9/0t denotes the operator
d/dt + ud/dz + vd/dy + wd/dz,
the component accelerations will be given by the equations

Bt » Ju= t,f. Bt .................. (5).

When the axes are in motion let u + du be the component
velocity at time ¢+ 8, parallel to the new position of the axis of ,
of the element which at time ¢ was situated at the point z, y, 2;
then if U, V, W be the component velocities relative to the axes,

=F(z+ Udt, y + Vot, z+ Wét, t +8t)— F(z, 9, 2, t).
Therefore

Su__du du du du

s att VaetVayt Wa
where the values of U, V, W are given by (2). Hence if 0/0¢
denote the operator d/dt+ Ud/dz + Vd/dy + Wd/dz, the com-

ponent accelerations parallel to the moving axes are given by the
equations

0 ov ow
_ﬁ=-£ — v, + wé,, fv=§t—fw91+u08, L= —a?—uﬁ, + v6,...(6).

Similarly it can be shown that if @, 6, z be cylindrical coordi-
nates, and %, v, w be the component velocities measured in the
directions in which the former quantities increase,

o o >
fo=%— ”,fa N @,

where
o d d v d d
=@t e Tan Y &
If (r, 6, $) be polar coordinates and u, v, w be the velocities
measured in the directions in which these quantities increase,

ou v+t o w?
fo= 5= f =5 + -—cot 0,
ow  uw wy
fo== e + = - +—- cot O......... (8),
where
0o d d vd w d
a- @t art frd0+rsm€d¢
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" The Egquation of Continusty.

7. Before proceeding further, it will be convenient to intro-
duce the following lemma, which is a particular case of Green’s
Theorem, which will be considered more fully in Chapter IV.

Let & n, & be any functions of =, y, 2, which are finite and
continuous at all points within closed surface 8, then

[[[ G+ 3+ ) dwdyas= [[ e+ mn+ at) as...o)

where the triple integral extends throughout the volume enclosed
by 8, and the double integral is taken over the surface of S, and
I, m, n and the direction cosines of the normal at any point of
S drawn outwards.

Integrating the left-hand side of (9) by parts we obtain

fff%dwdydz= U gdydz],

where the brackets refer to the limits of integration. Now since
the surface S is closed, it follows that any line parallel to # which *
enters the surface a given number of times must issue from it the
same number of times, hence if I is positive at the point of
entrance, it must be negative at the corresponding point of exit;

hence

L€ dydz] = [[1£dS,
where the integration with respect to S extends over the whole
surface. Treating the other two terms in a similar manner we
obtain the theorem in question.

8. If the motion of a fluid be continuous, it is evident that
the increase in the amount of fluid within a fixed space, which
takes place during any given interval, must be equal to the amount
which flows in across the boundaries of that space.

Let p be the denmty of the fluid at time ¢, then the increment
during an interval 8¢ in the mass of the fluid bounded by any

fixed surface S,
=fff%€ 8t dzdyda.

The amount of fluid which flows into S across the boundary,
= — [fp (lu + mv + nw) & dS,

f f f {d(pu) d(pv) d(Pﬂ)} Stdwdydz,
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by (9). Equating these two values of the increment, we obtain
dp , d(pw) , dpm) , d(eu) _

T dr dy —dg =0 e (10).
This equation is usually called the equation of continuity.
In the case of a liquid p is constant, whence
du  dv  dw
ot ay s =0 (11)

9. The same result is often obtained in a different manner,
which we shall illustrate by finding the equation of continuity of a
liquid referred to polar coordinates.

Let u, v, w be the velocities in the r, 6, ¢ directions, and let
7" 5in §8r808¢ be a small element of volume. The quantity of
liquid which in unit of time flows in across the face r*sin §868¢

= pur® sin 686 8¢.
The quantity which flows out across the opposite face
— pur® sin 8865¢ + p sin 8 gd; (r°u) 8r505.
Hence the total loss
. e ad ()
=psin 6 ar 3ré0de.

Equating the total loss due to the flow across all the faces of
the element to zero, we obtain
d () d(vsin6)
. smo———r tr e d¢
If cylindrical coordinates are employed, the equation is
d(wu)  dv dw
do Tt T & ) (13).
10. In a large and important number of problems the quan-
tity ude + vdy + wdz is a perfect differential d¢, whence
u=d¢/dx, v=dp/dy, w=dp/dz;
hence if ds be a linear element drawn in any direction, and g be
the velocity in the same direction ¢=d¢/ds. The function ¢
is called the velocity potential.

Substituting the above values of u, v, w in (11), we obtain
d¢ d'¢ d'¢_
das F T g = O (14),
Vip = 0.
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This equation is usually known as Laplace’s equation, and the
operator V* as Laplace’s operator.

The values of V* in polar and cylindrical coordinates are re-
spectively,
a’ 2 d 1d cotfd 1

2 5
V=@t rnteg® d€+r‘s1n’0d¢ ~(18),
¢  1d ¢ d
and Vg_dwz-{-;dj'—-i-‘;jgp-’-l-dz, .................... (16).

These results may be readily obtained by substituting the
values of , v, w in terms of ¢ in (12) and (13).

11. The preceding forms of the equation of continuity are not
convenient when the Lagrangian method is employed. To find an
appropriate form, consider a small rectangular parallclopiped
whose diagonal is PQ. Let a, b, ¢, a +8a, b+ &b, ¢ +3c be the
coordinates of P and  respectively. At the end of a time ¢, the
fluid of which the parallelopiped is composed will form a dif-
ferently situated oblique-angled parallelopiped. The volume of

the latter =J3adbdc,
where J is the Jacobian of z, y, z and is equal to
do dy de
da’ da’ da
dz dy d
db’ db’ db
de dy ds
de’ dec’ dc

Hence if p, be the initial density, and p the density at time ¢,
the required equation is

e P 1.
In the case of a liquid p = p, and therefore
) TSRS (18).

The Bounding Surface.

12. Besides the equations which must be satisfied within the
interior of a fluid, it is necessary that certain other conditions
should be satisfied at the boundary, which depend upon the
special problem under consideration.

If the fluid is bounded by a surface whose equation referred to
axes fixed in space is F (=, y, 2, £) =0, the normal velocity of the
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fluid at the surface must be equal to the normal velocity of the
surface, hence the sheet of fluid of which the boundary is com-
posed must always consist of the same elements of fluid.
Hence
F(x+ udt, y +vt, 2+ wdt, t + 6t) =0,
and therefore
dF dF dF  dF

m+u%—+0@+w%=o ............ (19).
If the boundary is fixed, the condition becomes
l+my+nw=0....ccceeuninnnnn.. (20).
If the axes be in motion, the condition is
dF dF dF dF .
EZ+UEE+Vd_y+WEE_O' ............ (21),

where U, V, W are the velocities of an element of fluid relative to
the axes.

It should be noticed that (19) or (21) must be satisfied by
every surface which is composed of the same elements of fluid.

Lines of Flow and Stream Lines.

13. DEr. A line of flowis a line whose direction coincides
with the direction of the resultant velocity of the fluid.

The differential equations of a line of flow are
do _dy_dz

u v w

Hence if x,(z, v, 2, t)=a, x,(x, y, 2,t) =a, be any two in-
dependent integrals, the equations y, =const., y, = const., are the
equations of two families of surfaces whose intersections determine
the lines of flow.

DEer. A stream line, or a line of motion, is a line whose
direction coincides with the direction of the actual paths of the
elements of fluid.

The equations of a stream line are determined by the simul-
taneous differential equations,
E=u, y=v, Z=w,
where #, ¥, z must be regarded as unknown functions of . The

integration of these equations will determine 2, y, 2z in terms
of the initial coordinates and the time.
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14. If through every point of a small closed curve lines
of flow be drawn, they will enclose a mass of fluid which may be
called a tube of flow.

Let us apply the lemma of § 7 to a portion of liquid bounded
by a tube of flow and two planes perpendicular to it. Putting
u=§ v=mn, w={ and taking account of (11), we obtain

0= fff(f;; g; dz)dmdydz [[ (1t 30+ 0)

At every point of the curved surface of the tube of flow,
lu + mv+nw=0; at the two ends this quantity is respectively
equal to g, and —g,, where g, and g, are the velocities of the
liquid at the ends. Hence the surface integral = ¢,dS, — ¢,dS,=0;
whence the product of the velocity of a liquid and the cross
section of a tube of flow s constant throughout the length of
the latter.

In the next place, a line of flow cannot begin or end in any
portion of a liquid throughout which the velocity s finite, but must
either form a closed curve or have its extremities in the boundaries
of the portion of liquid.

For if a line of flow ended the liquid, it would be possible to
draw a closed surface cutting a tube of flow once only. Hence
lu + mv +nw would be zero at every point of the closed surface
excepting where it cuts the tube of flow, and therefore the surface
integral would not be zero.

15. When a velocity potential exists, the equation
udz + vdy + wdz =0
is the equation of a family of surfaces, at cvery point of which the
velocity potential has a definite constant value, and which may be
called surfaces of equi-velocity potential.

If P be any point on the surface, ¢ = const., and dn be an
element of the normal at P which meets the neighbouring surface
¢ + 8¢ at Q, the velocity at P along PQ will be equal to d¢/dn;
hence d¢ must be positive, and therefore a fluid always flows
from places of lower to places of higher velocity potential.

The lines of flow evidently cut the surfaces of equi-velocity
potential at right angles.

16. The solution of hydrodynamical problems is much sim-
plified by the use of the velocity potential (whenever one exists),
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since it enables us to express the velocities in terms of a single
function ¢. But when a velocity potential does not exist, this
cannot in general be done, unless the motion either takes place
in two dimensions, or is symmetrical with respect to an axis.

In the case of a liquid, if the motion takes place in planes
parallel to the plane of #y, the equation of the lines of flow is

UdY —vdz =0...ccoevirvrneninnaninnnn .. (22).
The equation of continuity is
du dv -0,
dz dy

which shows that the left-hand side of (22) is a perfect differ-
ential dvyr, whence

The function 4 is called Earnshaw’s current function.

When the motion takes place in planes passing through the
axis of 2, the equation of the lines of flow may be written

w(wde —udz) =0..cccevvevennnnnn, (24).
The equation of continuity is
d( wu) _
i+ G =

which shows that the left-hand side of (24) is a perfect differential
dvr, whence
_ldy v — 1 dyr

T o dw’ = dz

where + is Stokes’ current function.

17. The existence of a velocity potential function involves
the conditions that each of the three quantities,

dw/dy — dv/dz, du/dz — dw/dz, dv/dz— du/dy,

should be everywhere zero; when such is not the case we
shall denote the above quantities by 2§, 29, 2. The quantities
€ 7, ¢ for reasons which will be explained in the following
chapter, are called the components of molecular rotation. They
evidently satisfy the equation

d¢  dn  di
int Iy &y T =0 (26).
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Formulae of Transformation’.

18. The equations connecting the components of molecular
relation with the velocities are,

_dw dv _du dw _dv  du
ZE._-@-—&—;, 2"—'@—%, _l_i:i—@ ....... (27).

In order to obtain the equivalent equations when polar
coordinates are employed, let =, 6, ¢
be the coordinates of P, and let
u, v, w and u + du, v+ dv, w + dw be
the velocities at the points 7, 6, ¢
and r+8r, 6+ 080, ¢+d¢ respec-
tively, measured in the directions
in which these quantities increase; )
also let u+ 8w, v+ &, w+ dw' be ¢
the velocities at the last mentioned
point parallel to the directions of ,

x
u, v, w. \U\K

Let us choose the axes of z, y, z —
s0 as to coincide with the directions of r, 6, and ¢ respectively, then
dz =dr, dy=1rdf, dz=r1rsin0d¢,

and therefore we at once obtain

du du dv dv dw dw
3—5=E-’ E;.:E’r’ —d"’;:a?’ ..................(28)-

Let Q be a point whose coordinates are 7, 6+ 86, ¢ ; then
s (4580 cos 30 — (v-+ 32 80) sin 30—

T

dy 750

- ; % PO, (29),
Y (v + g% d19> cos 60 + (u + g—; 86) sin 80 —v
dy 760

_ % % B s (30),
‘%' - ;— %’—g ................................................... (31)

1 Besant, Mess. of Math., vol. x1. p. 63.
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Let R be a point whose coordinates are r, 6, ¢ + 8¢; and let
POR =28y, PTR=238y'; then

dx = sin 08¢, &y’ = cos 03¢.

Hence
du dw, .
v ("+0T¢ Sgb)cos dx - <w+d—¢6¢> sin &y — %
dz 7 8in 60¢
1 du w
SEERO dg T T (32),
’ dw . ,
& (”"‘(E&P)COSSX —(w+% 8¢> sin &y’ — v
dz 7 sin 6o¢
1 dv w
_’;‘En_é E——;cot@ .......................................... (33),

du’ <w+gz8¢>cos8¢+<u+d¢ ¢)sm8x+ <v+ -Sgb)sme w

dz rsin 066
mln s Z’q‘; F 22000 e (34).
Hence
25“%_% 1?{1: ot 6 - rsilnﬂgc%
v~ = e %‘ - e (38)

d du dv v 1ldu

W " dy ~drTrrde
19. If cylindrical coordinates =, 6, z are employed ; let u, v, w
and u + du, v + &v, w + dw be the velocities at the points =, 6, z

and = + 8w, 6 4 86, z+ 82 respectively; and let u + du', v+ dv’
be the velocities at the last mentioned point parallel to » and ».

Then dz = dw, dy = wdf,
df du dY dY dw  dw
a'nd d—w"zg: ﬁ'=a'_w‘, ‘d;=d—w ............... (36),
d dv
G (u+% 80) cos 80— (v + o so) sin 80 —u
dy wob
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i (Hggso)cosse+(u+§?se)sinsa_u

av _ dé
Y wob
= ;1; %g F 2 e, (38),
Z’;’ %}, s (39),
and %':%’ %=g—z ........................ (40).
Therefore
9 = %‘ _ 'C’llg .................. (41)
2= g:r = %33 J
EXAMPLES.

1. Find the equation of continuity in a form suitable for air
in a tube, and prove that if the density be f(at — ) when ¢ is the
time and « the distance from one end of a uniform tube, the
velocity is

af (at — z) + (V —a) f (at)
F(at—2) '
where V is the velocity at that end of the tube.

2. If the motion of a liquid be in two dimensions, prove that

if at any instant the velocity be everywhere the same in magni-
tude, it is so in direction.

3. If every particle of a fluid move in the surface of a sphere,
prove that the equation of continuity is

dp d d , _
a7 C08 0+@(pwcos 9)+¢_7l¢_1>(Pw cos 0) = 0,

where p is the density, 6 and ¢ the latitude and longitude of any
element, and w, »’ the angular velocities of the element in latitude
and longitude respectively.
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4. In the last example prove that if the motion is irrotational
the velocity potential is equal to

f (log tan 360 + «@) + F (log tan}f — ¢gb),
where ¢ =,/ —1 and fand F are arbitrary functions.

5. An infinite mass of liquid is bounded by the plane 2z, on
which are small corrugations given by y = ¢ («). The velocity of
the liquid at an infinite distance from the plane is parallel to «
and equal to V. Prove that the velocity potential is
V[ (@x=\)¢d(\)dr
m) oo yP+@-ay -

6. In the general motion of a fluid, prove that if F is the
normal acceleration at any point on a closed surface described in a
fluid, @ the expansion, » the molecular rotation, and 3 the strain
invariant

Jo + gh + hf— o — b* — &, where f=du/dz, 2a = dw/dy + dv/dz,
then fdeS=fff(%‘—:+ 6* + 2w’—22>dmdydz.

Va +

7. Fluid is moving in a fine tube of variable section «, prove
that the equation of continuity is

d d
dt ("P) + ds (’CPU) =0,
where v is the velocity at the point s.

8. If F (v, 2 t) is the equation of a moving surface the
velocity of the surface normal to itself is

- Ilz (flt: where E' = (dF/dz)" + (dF/dy)’ + (dF/dz)"
Hence deduce equation (19).

9. If x, y and 2 are given functions of @, b, ¢ and ¢, where q,
b and ¢ are coustants for any particular element of fluid, and if
u, v and w are the values of #, 3, Z when a, b, ¢ are eliminated,
prove analytically that

d’z  du du du du
F=%+u%+va‘1—/+w&;.

. 10. Liquid which is moving irrotationally in three dimen-
sions is bounded by the ellipsoid (z/a)*+ (y/b)* + (2/c)* =1, where
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a, b, ¢ are functions of the time, such that the volume of the
ellipsoid remains constant. Prove that if the ellipsoid is rotating
with angular velocities w,, @,, o, about its principal axes, and
u, v, w are the component velocities of the liquid parallel to the

principal axes, the equation of continuity and the boundary con-
ditions are satisfied if .

we aw_l_m,(a, —I:’)y o, (¢* —a,)z’
a a?+b c+a

with similar expressions for v and w.

11. If the lines of flow of a fluid lie on the surfaces of coaxial
cones having the same vertex, prove that the equation of con-

tinuity is Z +ro. (up) + 2pu +cosec€ (p'v) 0.

12. Show that
o*/(akt’)* + kt* {(y/b)" + (2/c)'} =

i8 a possible form of the bounding surface at time ¢ of a liquid.

13. The position of a point in a plane is determined by the
length r of the tangent from it to a fixed circle of radius a, and
the inclination @ of the tangent to a fixed line. Show that the
equation of continuity for a liquid moving irrotationally in the
plane will be

Py, 1dg  1d% g(d=¢ 1d¢)+ (2d‘¢ 1d¢) o

dr* Trdr P de dr®* rdr drdd” r do

Hence indicate a method of finding the motion of a liquid
in the developable surface whose edge of regression is a right
helix, pointing out any peculiarities of the motion.

14. If the velocity potential of a liquid is of the form
¢=f(w) F(0) x (2), where =, 6, z are cylindrical coordinates,
prove that the equation of continuity is satisfied if f£ F, x satisfy
the three equations

d‘f f —0 TF  pop—0, TX_ 0=
+( -n")f=0, d0,+n'F—0, a3 Kx=0,
where n and « are constants; and hence show that
¢ =S A cosh k(2 — c) cosn (6 —a)f'cos(xrsin » —nw) do.
[
B. 2
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15. In the motion of a liquid in two dimensions, the velocity
at any point is given by two components v, " along the directions
which pass through two fixed points distant a from one another.
Show that the equation of continuity is

dv dv  r+r7—a’ dv)

dr d—r+—27r’—(dr+d_ +rtp=0
where 7, 7’ are the distances of any point of the liquid from the
fixed points.



CHAPTER 1L

ON THE GENERAL EQUATIONS OF MOTION OF A PERFECT
FLUID.

20. It was stated in the preceding chapter, that the pressure
at every point of a perfect fluid is equal in all directions, whether
the fluid be at rest or in motion. It will now be shown that this
property is the consequence of such a fluid being incapable of
offering resistance to a tangential stress.

Let ABCD be a small tetrahedron of fluid, and let p, p” be the
pressures per unit of area upon
the faces ABC and BCD. B

By D’Alembert’s Principle,
the reversed effective forces and
the impressed forces which act

. T D

upon the volume of fluid, together
with the pressures upon its faces, \//
constitute a system in statical ¢
equilibrium. The first two vary
as the volume, and the last vary as the areas of the faces of the
tetrahedron ; and therefore if the tetrahedron be made to diminish
indefinitely, the former will vanish in comparison with the latter.

Hence the tetrahedron will ultimately be in equilibrium under the
action of the pressures upon its faces.

Resolve the pressures upon the faces ABC and BCD parallel
to AD. Since the projections of the two faces upon a plane
perpendicular to AD are equal, the conditions of equilibrium
require that p = p’, which proves the proposition.

1 This proposition is true even in the case of viscous fluids, provided they are at
rest.

2—2
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The Equations of Motion'.

21. Let X, Y, Z be the components per unit of mass of the
impressed forces which act on the fluid; p its density, and q its
resultant velocity. Describe any imaginary closed surface S in the
fluid, and let e be the angle which the direction of g makes with
the normal to S drawn outwards.

The rate at which momentum flows into S, parallel to z,
together with the rate of increase of the component of momentum
parallel to z, of the fluid contained within 8, must be equal to the
component parallel to z of the impressed forces which act on the
fluid within S, together with the component parallel to # of the
pressure upon the boundary of S.

The rate at which momentum flows into S, parallel to «, is
Il pq’l cos edS = [f pu (lu + mv + nw) dS

f f f {d (pu?) d(Puv) d (Puw) } dedyds
by § 7.

The rate of increase of the component of momentum parallel
to « of the fluid contained within 8

- f f f % (pu) dadyds.

The component parallel to « of the impressed forces
= [[[pX dzdyda.

The component parallel to # of the pressure upon the boundary
of 8, is

— [[pldS= -fffjl; dodyds.
‘Whence

R R e

which requires that

dp _ d(pu) , d(pw’) d(P'w) d(puw)
pX — de  dit + dz + dy dz °

1 This method of obtaining the equations of motion is due to Prof. Greenhill.
BSee Encyc. Brit., Art. Hydrodynamics.
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Taking account of the equation of continuity § 8, (10) the
right hand side of the last equation becomes equal to pou/dé,
dp_ ou
da~ P
Two other symmetrical equations can be obtained, by consider-

ing the rate of change of momentum parallel to the other two
axes, whence the equations of motion are

ldp _du, du, du du)

NPT AL AL LA

1dp dv dv  dv dv

Y—;—)c—lg}_dt da;+vdy+wd ST ).

ldp _dw, 6 dw 6 dw _dw
Z_Eii;_?i?-i. dw+vdy+wdz‘

These equations together with the equation of continuity

furnish four relations between the five quantities w, v, w, p, p-

whence pX -

22. If the fluid be an incompressible liquid, p is constant,
and the above mentioned equations together with the boundary
conditions are sufficient to determine the motion; but in the
.case of a gas another equation is required, which is furnished
by means of a relation which exists between p and p.

When the motion of the gas is such that the temperature
remains constant, we have by Boyle’s Law the equation

where k is a constant.

But when the motion is such as to cause a sudden compression
or dilatation, an increase or decrease of temperature will be
produced ; and if it is assumed (as is the case with sound waves),
that the compression is so sudden that loss or gain of heat by
radiation may be neglected, the required relation is

P=kp" et ®3),
where « is the ratio of the specific heat at constant pressure to
the specific heat at constant volume' This quantity for all
gases has the approximately constant value 1-408.

23. The expressions on the right hand of (1) are the ex-
pressions for the component accelerations of an element of fluid;
it therefore follows that if ' and f be the component force and

1 This equation will be proved in the Appendix,



22 EQUATIONS OF MOTION.

acceleration in ‘any direction, and dp/dh be the space variation of
the pressure, the equations of motion are of the form

_ldp_

T pdh =/

Hence if the axes instead of being fixed are moving with
angular velocities @,, 6,, 6, about themselves, the equations of
motion will be obtained by employing the expressions for the
accelerations given in § 6, (6), and are therefore,

ldp du du du du

X";Ji:?ﬁ'*'ljd dJ+Wd v€s+w6’g
ldp _dv dv dv dv

Y- ody™ dt+wa+de WZi_ —wl 4+ ub,) ...(4).
ldp _dw dw dw dw

Z -~ o ds dt+wa+de+Wd u6’,+v€l’

24. Let us now suppose that the forces arise from a con-
servative system whose potential is V. Since p is a function of

P, We may put
—— [ _
Q=-[7

and the left-hand sides of (1), will be respectively equal to
dQ/dx, dQ/dy, dQ/dz. If therefore we climinate @ by diffe-
rentiating the second equation with respect to z and the third
with respect to y, we shall obtain

?)E dv dw

where £, 75, & arc the components of molecular rotation and
0 = du/dz + dv/dy + dw/dz. Eliminating by means of the equa-
tion of continuity 0p/ot + pfd =0, and taking account of the two
other equations which may be written down from symmetry, we
shall obtain

0 (8 _Edu ndv Fdw
8t<P>—p w+pdw+pdx
o\ Edu ndv ¢dw
~1)=2 "I +2 =\ 5
at(p) pdy pdy pdy %)
5;5) Edu qdv  [dw
Bt( T pdz pdz pdz

25. It was stated in Chapter I, that in many important
problems the motion is such that a velocity potential exists.
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The condition that such should be the case is, that £ , ¢ should
each vanish. We shall now prove, that when the fluid is under
the action of a conservative system of forces, a velocity potential
will always exist whenever it exists at any particular instant.

Let us choose the particular instant at which a velocity poten-
tial exists as the origin of the time; then by hypotheses £, 7, &
vanish when £=0; also the coefficients of these quantities in (5),
will not become infinite at any point of the interior of the fluid;
it will therefore be possible to determine a quantity L, which shall
be a superior limit to the numerical values of these coefficients.
Hence £, 7, { cannot increase faster than if they satisfied the

. 0 E) L
£ 2(&8) ==
equations 5 (p > &+ 1+ ), &e. &e.
But if £+ 9+ &= Qp, we obtain by adding the above equations
0Q
= =3LQ,
whence Q=A™

Now Q=0 when ¢ =0, therefore A =0; and since Q is the
sum of three quantities each of which is essentially positive, it
follows that £, , £ must always remain zero, if they are so at any
particular instant. The above proof is due to Prof. Stokes'.

26. There is, as was first shown by Prof. Stokes, an important
physical distinction in the character of the motion which takes
place, according as a velocity potential does or does not exist.

Conceive an indefinitely small spherical element of a fluid
in motion to become suddenly solidified, and the fluid about it
to be suddenly destroyed. By the instantaneous solidification
velocities will be suddenly generated or destroyed in the different
portions of the element, and a sct of mutual impulsive forces will
be called into action.

Let , y, 2 be the coordinates of the centre of inertia G of the
element at the instant of solidification, z + ', y + ¥/, 2z + 2 those
of any other point P in it; let u, v, w be the velocities of G along
the three axes just before solidification, u' ¢/, w’ the velocities of P
relative to G; also let @, 7, @ be the velocities of @, u,, v,, w, the
relative velocities of P, and & %, { the angular velocities just

1 « On the friction of fluids in motion,” Section 1I. Trams. Camb. Phil. Soc.
vol. vii,
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after solidification. Since all the impulsive forces are internal,
we have
U=y V=v, W=

We have also, by the principle of conservation of angular mo-
mentun, Sm {y' (w,— w') =2 (v,— )} =0, &c.
m denoting an element of the mass of the element considered.

But u, =72’ — &y, and ' is ultimately equal to
du z + du, 4
dz dy A Pl
and similar expressions hold good for the other quantities. Sub-
stituting in the above equation, and observing that

Smy's’ =3m'7's =3ma’y' =0, and Zma" = Imy? = Sm2”,
dw dv
we have E—‘}(@—E—z)’&c'

We see then that an indefinitely small spherical element of
the fluid if suddenly solidified and detached from the rest of the
fluid will begin to move with a motion of translation alone, or
a motion of translation combined with one rotation, according as
udx + vdy + wdz is, or is not, an exact differential, and in the latter
case the angular velocities will be determined by the equations

dw dv du dw dv du

25—337—%, = " dm’ 2§=d70_3;—y'
On account of the physical meaning of the quantities &, #, ¢,
they are called the components of molecular rotation, and motion

which is such that they do not vanish is called rotational or vortex
motion; when they vanish, the motion is called irrotational.

In the foregoing investigations, it has been assumed that the
pressure is a function of the density and also that the fluid is
under the action of a conservative system of forces; it therefore
follows that vortex motion cannot be produced, and consequently,
if once set up, cannot be destroyed by such a system of forces. We
shall presently show that the theorem is not true if the pressure
is not a function of the density. If therefore by reason of any
chemical action the pressure should cease to be a function of the
density during any interval of time however short, vortex motion
might be produced, or if in existence might be destroyed.
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Lajrange's Equations.

27. In Lagrange’s method the initial coordinates a, b, ¢ and
the time are the independent variables, hence the equations of
motion are i a0 a0

% =u, -a—y— =17, EZ =w.

Multiplying the preceding equations by #,, ¥,, 2,, where the

suffixes denote partial differentiation with respect to a, b, ¢, we obtain
Q, = ux, + vy, + wz,
Q, = U, + vy, + "j’zo}
Q, = Uz, + 9y, + we,

These equations together with the equation of continuity
pJ = p,, are Lagrange’s hydrodynamical equations of motion.

Weber's Transformation.

28. Integrating the right hand side of the first of (6) between
the limits ¢ and 0, the first term becomes

f i, dt = f i, dt = (dz,), — f i, dt
] o 0

1d[t,
= Uz, U~ 5 7 oudt,

where wu, is the initial value of u. If we treat each of the other
two terms in a similar manner and put

t
x=f @ +3g) dt,
0
where ¢ is the resultant velocity of the liquid, we obtain

dxw
Wu+vya+wza—u0=%

ux, + vy,,+wz,,-vo=(% TTTTTITTITTIRUIN (7).

dx
ux, + vy, + wz, —w,= de

These equations together with the equation of continuity and
dy/dt = @ + }q*, give five equations for determining 2, y, 2, p, X ;
p being supposed to have been eliminated by means of (2) or (3).

The above equations may be expressed in a different form, for
multiplying by dJ/dz,, dJ/dz,, dJ/dz, and adding, we obtain
u=}(uo%+v°£+wog)+% ............ (8),

with two similar equations.
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29. Multiply (7) by da, db, dc and a.d, and we obtain
wde + vdy + wdz — uda — v,db --wde =dy......... 9).

If at any particular instant which we shall choose for the
origin of the time a velocity potential exists, uda + v,db + wdec
will be a perfect differential ; hence if p be a function of p, dy will
also be a perfect differential, which proves that if a velocity
potential once exists, it will always exist; but if p is not a function
of p we cannot put Q@ =— V — [p™ dp, but must write

] ar-na-[1%a

for dy/da, in which case the right hand side of (9) becomes
' d;
df (g - V)dt — j (2 p)dt

where d denotes space differentiation. The right hand side of (9)
is no longer a perfect differential; hence udz + vdy + wdz is not a
perfect differential.

If therefore the pressure b€ not a function of the density, vortex
motion can be gencrated of destroyed in a perfect fluid moving
under the action of natural forces.

Cauchy's Integrals.

30. Eliminating @ from thfw obtain

W, — U, + 0, ~ Uy + W2, — W2y =0.
Intcgrate this equation with respect to ¢, and let u,, v,, w, be
the initial values of u, v, w; then
d
Uy — ULy + VY, — VoY, + W2, — W, = ;;)o - %%’ .

du du du

But ua=d—ww,,+@y,, 2z 2 &c. &e.
Substituting these values of u,, u,, &c., we obtain the equations
dJ
Edw i O =k
aJ
Ed—; +7)@+ Cd'—z‘=%,
dJ

Edz +n dy +cdz =L
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Multiplying these equations by ,, z,, @, and adding, and
remembering that Jp = p,, we obtain

PF;LE = onn + "70"”'1: + gowc

‘-':—” =Yt 0o F Efl eereeeerreranns (10).

P;f: = Eoza + N2, + goze

These equations show that &, #, ¢ are always zero, if they are
initially so.

31. The equations of motion can be integrated whenever
a force and a velocity potential exist; for putting

Q--[%-
and multiplying (1) by dz, dy, dz respectively and adding, we
obtain
dQ— 5 Y da + dy+ * de.
Now in the present case

ou _du du dv dw
ot ~dt T de T 'Y du

dw((tiif_i-% )

where ¢ is the resultant velocity. Integrating, we obtain

dp dd’ 3 _
f?“”‘ﬁt’ﬁ" S 0 PR 11),

where F is an arbitrary function.

82. DEF. A vortex line is a line whose direction coincides
with the direction of the instantaneous axis of molecular ro-
tation.

The differential equations of a vortex line are thus
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Clebsck’s Transformation'.

83. When a velocity potential does not exist, a first integral
of the general equations of motion can be obtained by means of a
method which depends upon the analytical theorem, that if u, v, w
are any given functions of z, y, 7 it is always possible to determine
three quantities ¢, A, , such that

udz +vdy + wdz =dp + Ady ....-cevvunnes (12).

In order to prove the theorem,let %', v/, w', ¢ be four quantities,

such that
u=u'+¢, v=0"+¢, w=w+¢,

These equations involve three relations between the four
quantities u', v/, ', ¢ and are therefore insufficient to determine
them as functions of u, v, w ; we may therefore assume any relation
between ', v, w’ which may be convenient. Let us therefore
suppose that

uw' Wy =) +v (W, —w,)+w (v, —u))=0.

This is the condition that «'dz + v'dy + w'dz should have an
integrating factor, we may therefore put this quantity equal to
Ady which proves the proposition. It therefore follows that,

_de ., dx dé . dy do dy
Tt oy "agtiay U=t (13).

The components of molecula.r rotation are given by the

equations

2f Xy
29 =X, — MX, } ..................... (14).
28=N%y = MXe
The form of these equations shows that the vortex lines are
the intersections of the surfaces A = const., x = const.

d_u d¢ dx dn dx
Now dt dw(dt+xdt)+dt G M
Therefore
ot _dw(dt F) g gty
67» ox
o X gy e e (15).

! Crelle, vol. Lvi. p. 1. See also Hill, Quart. Journ. vol. xvir; Trans. Camb.

Phil. Soc. vol. x1v. p. 1; Phil. Trans. 1884, p. 868; Proc. Lond. Math. Soc.
vol. xv1. p. 171,
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Putting =—-Q+ —i’ +A o2 dx 30 (16),

and substituting the values of au/at and dQ/da: from (15) and (16)
in (1), we obtain

dH o\ oy
%‘*‘ﬁ x’ —_— at A.——‘o ............... (17))

with two similar equations.

Multiplying by &, #, ¢ and adding, we obtain

H
Em +7 ‘ily +gdz ............... (18).

If ds be an element of a vortex line, and w be the resultant
molecular rotation, the operator is equal to wd/ds, whence in-
tegrating along a vortex line, we obtain

fdp+ V+fl‘tf’ +§q =F &N %) (19).

Writing for a moment P = ax/at, R =0x/0t and eliminating H
from (17), we obtain

Py,— BN, — Py, + B =
Py, — R,)», Px.+ BAr =0
Py, —RA, —P,x.+ R\, =0.
Multiplying these equations in order by A,, A,, A, and adding
and taking account of (14), we obtain

EP,+ P, + (P, =0 ..ccocevvennnnnnn. (20).

If z, y, z be any point on the surface A = 4, where 4 is an
absolute constant, and if &/w, n/w, ¢/o be the direction cosines of
the vortex line at this point ; equations (14) and (20) show that this
vortex line lies on the surfaces A = 4 and A + 0A/0¢. dt = 4, which
is impossible unless OA/ot=0. Similarly 0y/0t =0; whence the
surfaces A and y and therefore the vortex lines are always composed
of the same elements of fluid. This important theorem was first
established by Helmholtz.

Hence it follows from (17) that H,, H,, H, are each equal to
zero, and therefore H is a function of the time alone; whence the
pressure is determined by the equation

fdp+V+d¢+x +3q =F () errrrrrennnn (21).

1 Crelle, vol, Lv. and Phil. Mag. (4) vol. xxxur. p. 485.
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34. We can now show that in the case of a liquid, the

integral
f f f f (1,1: +V ) dtdedydz................. (22),

is a maximum or minimum, where the value of p/p+ Vor —Q is
given by (21), and the time remains invariable.

dd¢ dx ddy
For 0Q = udu + vdv + wdw + @ T d S+ A T
_ d8¢ dx d8x
and Su= + 9 4+ A2 T

Therefore
J[fudu dtdzdydz = [{fu (3¢ + N8x) dtdydz

+[[f {uxzb‘h - oy oy - 2 SqS} dedwdydz.

Omitting the triple integrals which refer to the boundary we
see that the first three terms of 8@ give rise to the terms

JI(Cuxe + vy + wxa) O — (u, + v\, +wh,) 8x

— 0 (3¢ + \8y)} dtdwdyde,
which
ox _d N _dn
-ffff {( ;- X>8)‘ (Bt dt) Sx -0 (3¢+>~8x)} dtdzdydz,
du dv  dw
where e=%+d—y+37'
Also the last three terms of 8Q (omitting triple mtegrals) give
rise to
[[][Gon- 5 ox} atdadyas.
Whence

| [ [[s@atasdyds - [l {ax 25y — 0 (56 + xax)} dtdzdyds
+ triple mtegra,ls,

In order that the quadruple integral should vanish, we must
have 8 = 0, 9x/0t = 0, o\/ot = 0, which by virtue of the equation of
continuity and § 33 is obviously the case.
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On the Application of the Principles of Energy and Least Action.

35. Let S be any imaginary closed surface, which is fixed in
the fluid. The work done during a small interval &8 upon the
liquid contained within S, by the impressed forces which act
upon its mass, together with the work done by the pressure upon
the boundary of S, must be equal to the increase during the
interval 8 of the kinetic energy of the liquid contained within S,
together with the kinetic energy which, during the same interval,
flows into S across the boundary.

The work done by the impressed forces

= -fff ( +vdv+wiliv> 8t dzdydz.

The work done by the pressurc upon the boundary
= — [p (lu + mv + nw) 3t dS

d; d
= —fff(u p+v (iz) St dzdydz,

by § 7. Hence the total work done

=[[[+ ( 4w ?) st dedya.

Let T be the kinetic energy per unit of mass, so that
T = }(v* +v* + w°).

The increase in the kinetic energy of the liquid contained

within 8
=fffd—%p—) ot dedyda.

The amount of kinetic energy which flows into S
= [fpT (lu + mv + nw) &t dS

-[|f { & (our) + (-% (poT) + & (pr)} st dwdyds.

Taking account of the equation of continuity § 9 (10) the total
increase in the kinetic energy

-[[fe % stddyde.
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Whence .[.UP e %—Q - 'w‘fiQ) Stdzdydz =
which requires that
—.%9 Q dQ
—32 uge t FW s (23).

If we substitute the values of u, v, w from (13), we find that

@-(Etgted) (Z?HZ’S

+ (ux +vx, + wx,) —d? — (uh, + OA, + wA,) ‘%

The last two terms vanish by § 33, whence (23) becomes

d d dé ‘LZX _
( G PR Rl r )(Q r-F-2%)=o.
Now if ds be an elementary arc of a stream line u = gdz/ds, &c.,

and the operator is therefore equal to gd/ds. Integrating along a
stream line, and restoring the values of @ and 7', we obtain

p+ V+ig +d¢+xdx = F(f).

36. The equatlons of motion may be deduced, as Mr Larmor
has shown, by means of the Principle of Least Action combined
with the Lagrangian method.

Let @, y, z be the coordinates at time ¢ of an element of fluid
whose initial coordinates are a, b, ¢; the Principle of Least Action
requires that

JIIT {2p (& +9° + &) — Vp} dt dzdydz

should be a maximum or minimum subject to the condition that

d(z, y,2)_ po
I=Ta@bo

where the time of the motion is constant.

Hence if A represent an undetermined function of #, y, and 2
we must have

Sffff{b(m b=V = xd((””’y'z;}dtdadbdc 0.

Taking the variation of the first two terms, we obtain

fff/{(«:&: + Y8y + #82) — (-—— Sz + 8 + C(liV 8z>} dt dadbde.
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Integrating by parts and omitting the triple integrals, this

__fm{(ﬂ 7 )sm+(y+‘g) y+(5+ %) Sz}dtdadbdc.

If M,, M, M, be the minors of da/da, dz/db, dz/dc in J

d®z,y,2) _, ddz ddz ddx
q@ b0 Mg tM g +MUor,

whence, omitting triple integrals,

>3 s) adnae== [[[[ [ (' + G+ 25)

(2D m, ‘fl")] 52 dt dadbde.

The first term in brackets vanishes, and the second term is
equal to Jd\/dz,

whence f f f Ad Z ((a:, % zi dtdadbde

- [[[[{G0e +—8 -+ &a} Jaedadbde

Hence the conditions of the problem require that

. dV  p d\r
w+dm-;—)-35_
dvV  p,dN _
e R — (24).
. AV p, A
PR

Now &, §j, # are the component accelerations of the element
whose coordinates are z, vy, z, and are therefore equal to Ou/of,
vfot, and Qw/dt respectively; and when we interpret — Ap, which
must represent the pressure, equations (24) are the equations of
motion in the ordinary form.

On Steady Motion.
37. When the motion is steady du/dt, dv/dt and dw/dt are

each zero. In this case the general equations of motion can be
integrated without having recourse to Clebsch’s transformation.
Tt will however be necessary to distinguish between irrotational and
rotational motion.
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The general equations of motion may be written,

au dq‘ _dQ
ou _ _dQ
8t dt + % 2w5+ 21&;’— —dg ......... (25).
ou_dw dQ

3 dt+% 2m7+2vf=a;
When the motion is steady and irrotational 4, v, w, £, 0, ¢ are

each zero; whence, multiplying by dz, dy, dz, adding and inte-
grating, we obtain
Q=13¢4"-C,

or f%—p +V+4*=0C i (26).

In this case the quantity C is evidently an absolute constant.

When the motion is rotational, let ds be an element of a stream
line, then
do dy dz
U=9gs VS99 YT 9gse

Multiplying the general equatlons by u, v, w and adding,

we obtain ilg . ds R
whence [ @pﬁ VAP = Aeeeseeerrese, @).

This is Bernoulli’s Theorem.

Since we have integrated along a stream line, the quantity 4
is not an absolute constant, but a function of the parameter of a
stream line: in other words if {» = const., ¥ = const. be two surfaces
whose intersections determine the stream lines, 4 is a function

of 4 and .

38. Let us now consider the steady motion of a liquid* which
is symmetrical with respect to the axis of z. The vortex lines
will evidently be perpendicular to every plane through the axis
of z,hence by § 19 (41) the molecular rotation & will be determined

by the equation
9 du dw
*Zde " da

1 Stokes, “On the steady motion of incompressible fluids,” Trans, Camb. Phil,
Soc. vol. viv. p. 439,
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Substituting for 4 and w their values in terms of Stokes’
current function v, § 16 (25), we obtain

Iy &y 1d
.d‘;l: + Jg: "’ Y 2m0=0 e (28).

The equations of motion are

dQ _ Wit 42

dQ_ dw  dw d(q’)
& de Vg g 2

Eliminating @ — 34¢*, we obtain

dm do dv | dw
= +wdz+w(dw+dz)=0 ............ (29).
The equation of continuity § 9 (13) is
du dw
de T dz to = =0,
whence (29) becomes
do do uw
u% +w d; - ; = 0,
or (u dd jz ) D0 e, (30).

Substituting the values of 4, w and w in terms of Y, (30)
becomes

dy d dy d dy  dy ld\}r}_
(dz de  dw dZ>{ (dz’+d‘w @ d ) =0...(31).
A first integral of this equation is evidently
d*
i S (32),

d?  do’ wdw
whence by (28)
20 + T (Y) = Orerrerrrrerrererereines (33).

When the motion takes place in two dimensions, we shall, in
exactly the same way, arrive at the equations

u%+v %: 0,
and d"” d’;+2g Ourerereeerreeerereens (34),
dyr d d\[r d d’\[r "y
whence (Eg—/ = dm @) ( + dy’) =0..cceenenen (35),
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a first integral of which is
%’;’; + %’,’- T S (36),
whence by (34)
26+ F () =0 rrvrrrirnirinnniinnnnes @37).

39. The subject of the steady motion of a liquid has been
treated in the following manner by Clebsch®.

Let b and ¢ be any functions of #, y, z and ¢; then if the
suffixes denote differentiation with respect to z, ¥ and z, we may
evidently put

u=be,—bec,, v=>bc,—be,, w=be, —be,...... (38),

for these values of u, v and w satisfy the equation of continuity.
From (38) we deduce

ub, + vb, + wb, =0
uc, + ve, +we, =0

hence the stream lines are the intersections of the surfaces
b =const., ¢ = const.

Putting 2T =u? + v* + w',

and multiplying equations (25) by dz, dy, dz respectively and
adding, we obtain

dQ—dT=Mdz+ Mdy + Mdz ............ (40),
where M, =-—v(v,—u,)+w (¥, — w,) =— 20 + 2w,

with similar expressions for M, and M,. From the values of M,,
M,, M, it follows that

Mu+Mp+Mw=0 ........... (41).
Eliminating u, v, w from (39) and (41), we obtain

MI’ bz! c: =0'
Mﬂ’ b” c’
M, b, c

Hence we may put

M, = Bb, + Ce,
M,=Bb,+Ce, } ..................... (42),
M, = Bb, + Ce,

where B and C are quantities whose values we shall hereafter
determine ; (40) may now be written

1 Crelle, vol. L1v. p. 293,
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dQ—dT =B (bdz + b,dy + b dz) + C(cdz + c,dy + c.dz),
or dQ —dT =Bdb+ Cdc..................... (43).

Since the left-hand side of (43) is a perfect differential, the
right-hand side must be so also, whence if F be a function of b and
¢, we must have

dF dF
B_db’ 0=d_c ..................... (44),
and therefore Q—T=F(,c) ceoevrvenennnrnnnnen. (45)

is an integral of the equations of motion.

When the motion is irrotational, M,, M, M, and therefore B
and C are each zero, and therefore F is an absolute constant.

40. We must now find the values of B and C. If we sub-
stitute the values of u, v and w from (38) in the expression for T'
and differentiate partially, we shall obtain

or _ —ve, +

db, = = v+ ey

ar _

E_gy == wcz + ucx)

ar__ ..

d'—b‘ = — UC, + VC,,

d (dT d dT d (dT
whence 2 () * dy (d_b> + g2 (ab)

=—c, (wy - ’U,) —C, (u'z - wz) —C, (’U: - uy)
=-= 2 (sz + cyn + czg)'

From the first two of equations (42), we obtain
Bw=Mc,— Mg,
=26, (= vE+ won) — 20, (— wE+ud)
— 2w (0.t + o +08)
by (89). Therefore

d(4), & (dT), d ()=~ B==GF - 40)

dz\db,) " dy\db,) " dz\db, db
Similarly
T d (dT dFr
L (D) () () -0
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41. By means of the preceding equations it can be shown
hat the conditions of steady motion make

[[[(T— F)dzdydz

maximum or minimum.

For 8T = gbg &b, + &c.,

»nd fff%Sb,dxdydz:_Ud Sbdydz md ( )Bbdwd dz.

Whence, omitting the double integrals which refer to the
boundary, we obtain

[[[o7aadyas =~ ] {dx( %)+ dy(aolzf)““zdg(fz—z)}abdwdydz
120D
_ff” 8+ Bc}dwdydz

by (46) and (47); whence
[[f8(T—F)dzdydz =0,
which proves the proposition.

Impulswe Motion.

42. Let u,v, w and o/, v, w’ be the velocities of a fluid, just
before, and just after the impulse ; p the impulsive pressure. Then
if S be any closed surface, the change of momentum parallel to
z, of the fluid contained within S, must be equal to the component
parallel to @ of the impulsive pressure upon the surface of S.

Hence [Ifp (W —u)dzdydz = — [[pldS

f f f %P indydsz.

Therefore p(W —u)y=— _(E:
Similarly p (W —v)=— %’ .................. (48).
, d
pw'—w)=— d—p

Multiplying by dz, dy, dz and adding, we obtain
—%E=(u'—u)dw+(v'—v)dy+('w’—w)dz ...... (49).
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In the case of a liquid p is constant, whence differentiating
(48) with respect to z, y, 2 respectively, and taking account of the
equation of continuity, we obtain

Vip=0.

If the liquid were originally at rest it is clear that the motion
produced by the impulse must be irrotational, whence if ¢ be its
velocity potential, we must have

P=—=PP cevrrrirrruiiiiniiieninnnns (50).

EXAMPLES AND APPLICATIONS.

48. A mass of liquid whose external surface 1s a sphere of
radius a, and which 1s subject to a constant pressure II, surrounds a
solid sphere of radius b. The solid sphere is annihilated, it is
required to determine the motion of the liquid.

It is evident that the only possible motion which can take
place is one in which each element of liquid moves towards the
centre, whence the free surfaces will remain spherical. Let R, R
be their external and internal radii at any subsequent time, » the
distance of any point of the liquid from the centre. The
equation of continuity is

4 =0,
whence rv=F(). v ‘

The equation for the pressure is

__FO_, "
7 “dr
whence Poay Fo_ 37,
p r

when r=R', p=1I, and when r=R, p=0, whence if V, V" be
the velocities of the internal and external surfaces

D=F0)(g-F) 1077

Since the volume of the liquid is constant,
RP—R=a"—b=¢,

also F®=5®7),
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whence

I d 1 1 R

O_yd R*V{ } V’{ 1}.

o=V ap®" (B +e)} E : B+

Putting z= R'V?, multiplying by 2R’ and integrating, we

: (R -V) _ 1 1
obtain S e HE

which determines the velocity of the inner surface.

If the liquid had extended to infinity, we must put ¢ =0, and
21} 3 8 s (AR
3p (- F)=R (dt)

whence if ¢ be the time of filling up the cavity

we obtain

&/ » RYdR
b= Jbs—Rs

The preceding example may be solved at once by the Principle
of Energy.

The kinetic energy of the liquid is
® ® dr
2mp f R r™dr =27p V'R j -
=2mpV’R! { 1! }
.R ( Ra + cs)i
The work done by the external pressure is

4TI f;r’dr = 41l (* — R")

— 4TI (b= ),
3 8\ 4 1
whence §TT (= BY) = V'R'p { x (Rs“a)i}

44. The determination of the motion of a liquid in a vessel of
any given shape is one of great difficulty, and the solution has
been effected in only a comparatively few number of cases. If,
however, liquid is allowed to flow out of a vessel, the inclinations
of whose sides to the vertical are small, an approximate solution
may be obtained by neglecting the horizontal velocity of the
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liquid. This method of dealing with the problem is called the
hypothesis of parallel sections.

Let us suppose that the vessel is
kept full, and the liquid is allowed to
escape by a small orifice at P. Let h
be the distance of P below the free
surface, and z that of any element of

l
liquid. Since the motion is steady, L
the equation for the pressure will be \_/\\
1’—? —-gz+ 3= C.
Now if the orifice be small in comparison with the area of the
top of the vessel, the velocity at the free surface will be so small
that it may be neglected ; hence if IT be the atmospheric pressure,

when 2=0, p=1II, v=0 and therefore C=1I/p. At the orifice
p=1II, z=h, whence the velocity of eflux is

v=4/2gk,
and is therefore the same as that acquired by a body falling from
rest through a height equal to the depth of the orifice below the
upper surface of the liquid. This result is called Torricells’s
Theorem.

|

45. Let us in the next place suppose that the vessel is a
surface of revolution, which has a finite horizontal aperture, and
which is kept full'. '

Let A be the area of the top AB of the vessel, U the velocity
of the liquid there; let K, u; Z, v be similar quantities for the
aperture CD, and a section ab whose depth below AB is 2:
also let h be the depth of CD below 4 B.

The conditions of continuity require that A 8

AU =Ku=2v,
and since the horizontal motion is neglected, the
equation for the pressure is
1dp dv dv

P Al AT P ) b
Now U and u are functions of ¢ alone, whilst Z w

is a function of z only, whence

1 Besant’'s Hydromechanics.
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dU*dz .
T 07—50,
when 2 =0, p =1II, v= U, therefore

11
> = F® -3

whence %:F(t)+gz—A

when z=h, p=1I, v=u, whence if a=fZ" dz,
[

%=F(t)+gh — Aol -,

whence AaU=gh + 3 (T* —u)
=gh+307 (1 -%;).

Putting (4/K)*—1=2m, 2.ghm =aa, and integrating, we
obtain
gh C — e
m C+ e’
where Cis the constant of integration. Now initially U =0 since
the motion is supposed to begin from rest, therefore C' =1, and we

obtain
U= ,\/ gh tanh jat
m

= \/%L tanh ¢./ghm/a.
The velocity of efflux is

u =\/(1 + 2m)fr? tanh ¢ /ghm/a.

After a very long time has elapsed tanh tVghm/a becomes
equal to unity, and if K be very small compared with 4, m =,
and we obtain Torricelli’s Theorem

u = /2gh.

U=



EXAMPLES, 43

EXAMPLES.

1. A FINE tube whose section % is a function of its length s, in
the form of a closed plane curve of area A4, filled with ice is moved
in any manner. When the component angular velocity of the
tube about a normal to its planc is Q, the ice melts without change
of volume. Prove that the velocity of the liquid relatively to the
tube at a point where the section is K at any subsequent time
when o is the angular velocity is

24c¢
i (@-o)

where 1/c = f/'k7'ds, the integral being taken once round the tube.

2. A centre of force attracting inversely as the square of the
distance is at the centre of a spherical cavity within an infinite
mass of liquid, the pressure on which at an infinite distance is =,
and is such that the work done by this pressure on a unit of area
through a unit of length, is one half the work done by the attractive
force on a unit of volume of the liquid from infinity to the initial
boundary of the cavity ; prove that the time of filling up the cavity

will be ) .
3
wa\/—£{2—(—2)},
a being the initial radius of the cavity, and p the density of the
liquid.

3. In the case of the steady motion of a gas issuing symmet-
rically and subject to no forces, neglecting changes of temperature ;
prove the following relation between the velocity v and the
distance r from the centre;

4rvr® = Q exp (v* — u*)/ 2k,
where @ is the quantity of gas that issues per unit of time, k is

the constant ratio of the pressure to the density, and u is the
velocity at points where the pressure is £.

4. In the steady motion in one plane of a liquid under the
action of natural forces, prove that

Wy — uViy =0,
where V? = d*/dz* + &*/dy".
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5. Jets of water escape horizontally from orifices along a
generating line of a vertical cylinder kept always full. Show that
(to axes inclined at an angle 7 to the vertical) the equation of the
lines of equal action for unit mass of water is of the form

wg + y! = ag.

Show also that the line of equal time for particles of water
issuing simultaneously from the orifices, is the free path of the
water which leaves the vessel by an orifice at a depth below the
surface equal to that time.

6. A cistern discharges water into the atmosphere through a
vertical pipe of uniform section. Show that air would be sucked
in through a small hole in the upper part of the pipe, and explain
how this result is consistent with an atmospheric pressure in the
cistern.

7. A mass of liquid is moving so that the velocity at any point
is proportional to the time, and the pressure is given by

plp=payz — 3¢ (y's" + 2'0* + 2%°) ;
prove that this motion may have been generated from rest by finite
natural forces independent of the time, with suitable boundary
conditions: and show that if the direction of motion at every point
coincides with the direction of the impressed force, each particle of

liquid describes a curve which is the intersection of two hyperbolic
cylinders.

8. Water is revolving with angular velocity » in a smooth
fine circular tube of radius @ which it completely fills, and which
rests on a horizontal plane. If the tube be made to revolve with
uniform angular velocity o’ about a pivot O in its plane, show that
the absolute angular velocity of the water round the centre C' of
the tube is unaltered. Also if = be the average pressure of the
water throughout the tube, show that the mean pressure of the
water for a section through any point P of the tube is = + pacw™cos 6,
and that the resultant pressure on the tube at P per unit of length
is mw/ua + mao® + 2mco” cos 6, where 6 is the angle between OP
and OC produced, ¢=0C, m is the mass of water which would
fill a unit length of the tube, and x that of a unit volume of
water.



EXAMPLES. 45

9. Prove that the equations of motion of a fluid referred
to moving axes may be expressed in the form

1_@ du du du du
> dz X+dt+ d+ dy+wd - 2v0, 4+ 2wo,

- (ws + “’s.) T — ("’a - wl“’z) y+ (wa + wswl) z= 0’
and two similar equations: where u, v, w are the component
velocities of the fluid relative to the moving axes whose component
angular velocities are w,, o,, ,.

10. A solid sphere of radius a is surrounded by a mass of
liquid whose volume is 47¢%/3, and its centre is a centre of attractive
force varying directly as the square of the distance. If the solid
sphere be suddenly annihilated, show that the velocity of the inner
surface when its radius is #, is given by

8081 B\ _ 2_H ) %
&'z’ (@4 )’ — o} = (3p+9yc o) (¢ + 2°)°,
where p is the density, IT the external pressure and x the absolute
force.

L
11. Prove that if = be the impulsive pressure, ¢, ¢’ the
velocity potentials immediately before and after an impulse acts, V'
the potential of the impulses,

@w+pV +p (¢’ — ¢)=const.

12. A mass of compressible fluid is arranged in concentric
spherical layers round a point under its own gravitation. Show
that if radial vibrations be set up, the displacement z of an element
is given by

1 d*2 d'z2 (ydp 2\dz 2—qdp 1\ 2

byp?™ d* a;s'*(; aﬁﬁ) dr-2(7 dr'*’) r

the pressure and density being connected by the equation p = kp?,

and p in the differential equation being the density of the element
when at rest.

b

13. If p denote the pressure at any point of a liquid moving
irrotationally in two dimensions, under the action of a conservative
system of forces, prove that

VilogVip=0.
14. The surface of a vessel consists of two equal right cones,

height 2¢, with coincident bases; it is fixed with its axis vertical
and filled with water to half way up the axis of the upper cone, the
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air above this level being initially at atmospheric pressure and the
vessel closed. The water flows out of the vessel from a ring of
apertures on the level of bisection of the axis of the lower cone.
On the hypothesis of parallel sections, obtain a differential equation
for the velocity of efflux, while the free surface is above the
midway point, and show that one equation to find its maximum
value in this stage is

W [1 — {o/(20 — 2)}] — 29 (o+2) = 2 [{e/(20 — )} 1] 6™,
where 2 = height of surface above midway point.

15. If the motion of a homogeneous liquid be given by a
single valued velocity potential, prove that the angular momentum
of any spherical portion of the liquid about its centre is always zero.

16. Homogeneous liquid is moving so that
u=yz+ay, v=LRBx—vyy, w=0,

and a long cylindrical portion whose section is small and whose axis
is parallel to the axis of zis solidified and the rest of the liquid
destroyed. Prove that the initial angular velocity of %e cylinder is

BB — Az — 2Fy

—A+B
where A4, B, F' are the moments and products of inertia of the
section of the cylinder about the axes.

17. Liquid is contained between two parallel planes; the free
surface is an elliptic cylinder whose axis is perpendicular to the
planes, and the semi-axes of whose section are a,, b, All the
liquid within a confocal elliptic cylinder, the semi-axes of whose
section are a,, b,, is suddenly annihilated; prove that if II be the
pressure at the outer surface, the initial pressure at any point of
the liquid is

log (@ +b)—log (a,+D,)

log (a’1 + bl) - log (a: + ba) ’
where a and b are the semi-axes of a confocal cylinder through the
point.

18. Fluid is contained within a sphere of small radius; prove
that the momentum of the mass in the direction of the axis of  is
greater than it would be if the whole were moving with the

velocity at the centre by

Ma?

B {p,,u, + pyu, + pouy + %pV’u} .
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19. Obtain by means of Clebsch’s transformation, § 89, the
equations (33) and (37) of § 38.

20. Prove that when the motion of a liquid is steady, it is
possible to draw a series of surfaces P = const. each of which shall
be covered with a network of stream lines and vortex lines. Prove
also that at every point of such a surface

% = qw sin €,

where g and @ are the resultant velocity and molecular rotation,
and e is the angle between their directions.

21. A cylindrical vessel of any form which is rotating about its
axis, is filled with liquid which is rotating as a rigid body. Prove
that if the cylinder be reduced to rest, the resulting motion of the
liquid will be steady.

22. If the motion of a liquid be referred to axes moving with
angular velocities 6,, 8,, 6, about themselves, prove that the com-
ponents of Mplecular rotation are determined by the equation

de At o dE  df ,du, du  du
Ziz—n63+§0,+U%+V@+W&;—de+ndy+faz,

with two similar equations; where u, v, w are the component
velocities of the liquid parallel to the moving axes, and U, V, W
are its component velocities relative to these axes.



CHAPTER IIL
ON SOURCES, DOUBLETS AND IMAGES.

46. WHEN the motion of a liquid is irrotational and symmet-
rical with respect to a fixed point, which we shall choose as the
origin, the value of ¢ at any other point P is a function of the
distance alone of P from the origin; and Laplage’s equation
becomes

Py 2dd_
dr "rdr
Therefore ¢=—"7",
dp m
and e

The origin is therefore a singular point, from or to which the
stream lines either diverge or converge, according as m is positive
or negative. In the former case the singular point is called a
source, in the latter case a sink.

The flux across any closed surface surrounding the origin is

(s[5 a5

= 4mm,

where dQ is the solid angle subtended by dS at the origin, and e
is the angle which the direction of motion makes with the normal
to S drawn outwards.

The constant m is called the strength of the source.
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47. A doublet is formed by the coalescence of an equal source
and sink. To find its velocity potential ; let there P
be a source and sink at S and H respectively, and

let O be the middle point of SH, then
m ., m
$=-8p*Hp
_ _mSH cos SOP
h or:

H 0 8
Now let SH diminish and m increase indefinitely, but so that
the product m . SH remains finite and equal to g, then

_ pmcosSOP
p=-r"u—
pz

=—1|-——'s y

if the axis of z coincides with OS.

Hence the velocity potential due to a doublet is equal to the
magnetic potential of a small magnet whose axis coincides with
the axis of the doublet, and whose negative pole corresponds to
the source end of the doublet.

48. The velocity potential due to a sheet of doublets of
strength m per unit of surface, which is such that the axis of each
doublet coincides with the direction of the normal to the sheet at
the point at which it is situated, is

m Ccos €
¢=—_[[ 908 a9
= — [fmdQ.
If m be constant, ¢ =—mQ.

Hence the velocity potential due to a doublet sheet is equal to
the magnetic potential of a simple magnetic shell of strength — m.

49. When the motion is in two dimensions, and is sym-
metrical with respect to the axis of z, Laplace’s equation becomes

Therefore ¢=mlognr,
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where 7 is the distance of any point from the axis. This value of
¢ represents a line source of infinite length, whose strength per
unit of length is equal to m.

If 4 be the current function,

m_ldy
r rdf’
Therefore ¥ =mb
=mtan™ .
&

The velocity potential due to a doublet in two dimensional
motion is

¢ =mlog SP —mlog HP

=—m ?)I;; cos SOP =% cos;S'_O_Ij
uz

]

[
i

Theory of Images.

50. Let H,, H, be any two hydrodynamical systems situated
in an infinite liquid. Since the lines of flow cither form closed
curves or have their extremities in the singular points or bound-
aries of the liquid, it will be possible to draw a surface S, which is
not cut by any of the lines of flow, and over which there is there-
fore no flux, such that the two systems H,, H, are completely shut
off from one another.

The surface S may be either a closed surface such as an ellip-
soid, or an infinite surface such as a paraboloid.

If therefore we remove one of the systems (say H,) and sub-
stitute for it such a surface as S, everything will remain unaltered
on the side of 8 on which H, is situated; hence the velocity of
the liquid due to the combined effect of H, and H, will be the
same as the velocity due to the system H, in a liquid which is
bounded by the surface S.

The system H, is called the image of H, with respect to the
surface S, and is such that if H, were introduced and S removed,
there would be no flux across S.

The method of images was invented by Sir William Thomson,
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and has been developed by Helmholtz, Maxwell and other writers®;
it affords a powerful method of solving many important physical
problems.

51. We shall now give some examples,

Let §, 8 be two sources whose strengths £
are m. Through A the middle point of S§
draw a plane at right angles to SS. The
normal component of the velocity of the
liquid at any point P on this plane is § A 8
- Is% cos PSA + S”;, cos PS'A =0.

_ Hence there is no flux across AP. If therefore @ be any
point on the right-hand side of AP, the velocity potential due to
a source at S, in a liquid which is bounded by the fixed plane AP,
is

Hence the image of a source S with respect to a plane is an
equal source, situated at a point H on the other side of the plane,
whose distance from it is equal to that of S.

52. To find the image of a source placed outside a sphere®.
<

P

OHM s

Let S be the source, O the centre of the sphere, a its radius,
08 =f, POS=6, p=cosé.

Then, if ® be the velocity potential due to the source,

H=_"___ ™
SP (2 _ofrpu+ )Y

1 Helmholtz, Crelle, vol. Lv. 1858; Thomson, Reprint of papers on Electricity
and Magnetism, p. 52; Maxwell, Proc. Roy. Soc., 18 Feb. 1872; Electricity and
Magnetism, vol. 11. ¢. 12,

3 'W. M. Hicks, “On the Motion of Two Spheres in a Liquid,” Pkil. Trans. 1880.

4—2
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Now at all points in the neighbourhood of the sphere, r < f;
hence @ can be expanded in a convergent series of the form

=-2 257 (%) B,
-2 2w
where P, () is the zonal harmonic of degree n.

At all points outside the sphere, the velocity potential of the
image of S can be expanded in a series of the form

¢'=}ETA,<§)"P

Since the sphere is at rest, the surface condition is

dd do’
at =0
when r=a,

® na"”

Therefore  m2, T P +3 A, (n+l) P =0;

whence A4,=0,

mn a ntl
==
therefore .
, © n g™t
D' =—m3, n+1(ﬂ)ﬂ“P
ma o c ma e ¢ P,
_——7—2‘ F‘T,P”+—f—21 "“n+1 ............. (I),

where c=a’/f. Nowifc<r,

dx _io 9n+l-£)l‘—
f:(r*-—zxmn*)* °(T) n+1°

Hence, adding and subtracting ma/fr from (1), the value of @’
may be written

d)'=—1_n_g' .—1__+2.1'f__ﬂ_._
S G —-2'r'c/.«.+c’)é (r —2)»rp.+)»")"

The first term represents a source of strength ma/f, situated at
a point H such that OH =c=a'/f,'and which therefore coincides
with the electrical image of S with respect to the sphere: the
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second term represents a line sink of strength m/a per unit of

length, extending from the inverse point H to the centre of the
sphere.

53. To find the image in a sphere of a doublet whose axis
passes through the centre of the sphere.

0
0 H H s 8

Let O be the centre of the sphere, a its radius, S a source of
strength u, 8 an equal sink, and let H, H' be the inverse points
of 8, §'; also let OS=/f, HP=r, PHS=0. Then, if ¢ be the
velocity potential of the image,

4,_._’1?‘ L_{_ pa 1 _pHH
=~ F HPTF-R§ TP aHP"

But OH. OS = OH'. O8' =da’, therefore

HH = OH' — OH =a* (-1— -1 )

08~ 08
_ a*SS’
St
also HP=HP—~ HH cosé.
Therefore
__ ke pa SS' a’8S _ paSS
b= f'r+ﬁ(1 + 7) (1 + For cos9) o
= E;—‘BS;—S cos 6.

Now uSS’ = m, where m is the strength of the original doublet,
hence

o (552

This is the velocity potential of a doublet situated at the
inverse point H, whose strength =—m (a/f)".
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54. To find the image of a doublet whose axis s perpendicular
to the line joining it with the centre of the sphere.

o . R H 8

Let S be a source, 8’ an equal sink ; H, H’ the inverse points
S, 8. The image of S is a source of strength wa/f at H, and a
line sink of strength u/a per unit of length from O to H.
SS'a®
72__ ’
whence the source and sink at H, H’ coalesce into a doublet at H
of strength

Now HH =

uSS'a®  ma®
T
where m is the strength of the original doublet.
Let B, R’ be any points on OH, OH’, such that
OR.0O8=O0R'.08;
SS'. OR'
f H
and the two sink and source elements at R, R' coalesce into a
doublet of strength

then RR =

Hence the image of S is a positive doublet at H of strength
ma’/f*, together with a negative line doublet of strength —m OR/af
per unit of length, extending from O to H.

55. In the next place, let there be a source of strength m at
a point P outside a sphere whose centre is O and radius a; and a
line sink from P to @, (where @ is a point on OP which lies on
the side of P remote from 0), of strength —m/P@Q per unit of
length'. Let R be any point between P and Q; P, R',  the
inverse points of P, R, Q. Also let OR=a, OR =y.

1 W. M. Hicks, “On the Problem of Two Pulsating Spheres in a Fluid,” Proc.
Camb. Phil. Soc. vol. 111. p, 276,
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The image of P consists of
(1) a source at P of strength ma/OP,

(2) a line sink from O to P’ of strength —m/a per unit of
length.

The image of the line sink element dz at R produces
(3) asink at R, of strength

and

(4) a line source from O to R’ of strength mdz/PQ.a per
unit of length.

In order to calculate the image of the line sink between P and
@, it will be convenient to consider first the portion of the image
between O and ', and secondly the portion between @ and P'.

Since every element of PQ produces an elementary line source
of strength mdz/PQ.a between O and @', the resultant is a line
source between O and @ whose strength per unit of length is

% mdz _m
wPQ.a a
This line source cancels the portion of (2) which lies between

0 and Q.

Only those elements of PQ which lie between P and R con-
tribute anything to the density at ', hence, adding the effects of
(2), (8) and (4), the total strength at R'is

__mdy mady < mPRdy (m mOP
Ply==="""pg.ort aPq ~ " (E E.“PQ) 4y.
Therefore p=—= (1 + gg) Z"_gg
a'P’ PQ.0P.0
But PQ=0Q~ OP=55- gQ Q. = Q
Therefore p=- (‘)Tm—aﬁ"ér .

Hence the image consists of a single source at P’ of strength
ma/OP, and a line sink from P’ to @ of strength —ma/OP. P'Q’
per unit of length; that is, the image is an arrangement of the
same form as the object.
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56. To find the image of a source in a cylinder, the motion
being in two dimensions.

Let 8 be a source situated outside a cylinder, H the inverse
point. Then, if an equal source be placed at H, the normal velocity
g due to the combined effect of both is

m

m
g=—gpcos 0PY+FPCOS OPH.

But since OH .08 =O0P? the triangles OSP and OPH are
similar, therefore

q= —%cos OPY +

m
3 P, 08 (SP+ OP cos OPY)

_m
=0p"

Hence the image of a source at S is an equal source at the
inverse point H, together with an equal sink at O the centre of
the cylinder.

Similarly the image of a doublet is an equal doublet, but of
opposite strength, situated at H.

57. We shall conclude this chapter by applying the method
of images to determine the velocity potential due to a source
situated between two infinite parallel planes’.

-0
1©
7o

<o

1 W. M. Hicks, Quarterly Journal, vol, xv. p. 274.
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Let P be the source, and let the origin be the middle point O,
of a line through P perpendicular to the two planes.

The image of P in the plane B will be another source P,, such
that BP, = BP; the image of P, in the plane A will be another
source P, such that AP,= AP, and so on for an infinite series.
Similarly the image of P in the plane 4 will be a source P’,, such
that AP, = AP, and the image of P, in B will be a source P,
such that BP’,=BPF’, and so on. The velocity potential of the
motion of the liquid contained between the two planes due to the
source P, will be equal to the velocity potential of P together
with the velocity potential of the two infinite trails of images.

Let AB=2a, OP=§,
then OP,=a+ BP =2a-§,
OP,=a+ AP, =4a-§,
OP,=a+ BP,=6a—£,
OP,=2na — &
Similarly OP ,=2na+ &

(i) Let the motion be in three dimensions, and let 2, = be
the coordinates of any point @ of the liquid ; then

1 o 1
LA (P gy o [«/{(Z+ £— 20— dna)’ + =}

1
+ V{(Z+ E+2a +4na)* + W'}]

@ 1 1
+E‘ L/{(z “Etdnay+ o) T Ve —E—dnay + m’}] °

Therefore

@ 1 1
¢=2.. |:~/{(z+ £ — 2a + 4na)’ + @°) + Viz— &+ 4na)‘+w’}] ’

Each of these expressions is of the form F (z, @), where

» 1
P = =20 STty v o)
We proceed to find a finite expression for this series. If a is
positive,
1 2 f L dé )
NE@+8) 7w, a?+ b cos’d’
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therefore
1 _ 9w [ d
Vie+4na)l+ @} w ), (z+4na)cos't + =

1 (i 1 _ 1 }do
T, {(z+4na) cosd —me (2 + 4na) cos 6 + we
. wp _mh (. ¢
Also sin —c———(l_i’)"'(l —,),

¢ n*c

therefore, taking logarithms and differentiating, we obtain

Teot™oLl s 20 5= 1
G oot 2 —-¢+2, F—n¢ e g e’
Therefore F (2, =)
1 fire 1 _ ] "
T, T |2cos 0 —m +4nacos@  zcos + w4 4nacos O

P L
=4-:1—2f° {cot;% (z—msece)—-cot%z (z+msec€)} sec 0 df

_ 1 [ “sec@sinh (7= sec 6/2a) dd
" 2a), cosh (7w sec 6/2a) — cos (mz/2a)

iw
= % Zl‘i : log {cosh (7@ sec /2a) — cos (mz/2a)} d6.

The first integral becomes infinite at the upper limit, but since
the variable part of potential functions is the only part which it is

. im . .
necessary to consider, we may subtract 21(—1’ j sec 6 d, which will
0
make the integral finite, and we shall obtain

_ 1 [mexp (—mwsec 6/2a) — cos (mz/2a)
Flom)==9 o cosh (mw sec 8/2a) — cos (mz/2a)
And since ¢="F {(z +&—2a), w} + F {z— £, =}, we finally obtain

1 [exp (= 7w sec 0/2a) + cos 7 (2 + £)/2a
¢= 2al,

sec 0 d.

‘cosh (e sec 6/2a) + cos 7 (z + )/2a

exp (— m= sec 6/2a) — cos w (2 — £)/2a
‘cosh (7w sec 6/2a) — cos 7 (z — £)/2a

] secddf.

(ii) Let the motion be in two dimensions: writing « and y
for z and = respectively, we obtain

¢ =127 log{(@+E—2a+ 4na) + )
+337 log {(z - £+ 4na) + ).
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Let @ y)=logI” _ {(z+ 4na)* + 7},

where the symbol II denotes the infinite product for all positive
and negative integral values of » including zero.

2:
Now sinw—0='£0(1—g) ...... (1—%)
c c n*c
="_”.9H'°f (1 + ﬁ) ,
c © ne
where IT' denotes that the value n = 0 is excluded. Now

o °',{(w+na)’—y°}=H°_°°‘,(av+3/+na)(av—3/+nab)
=(e+y)@-y) - n (1+ +y)( +x'—~‘7>,

na
therefore
f(@ y)=log I""_a'n'a* + log( . Ly) i (1 + %:?y)
PlogP (14 29)
4na

The first term which is constant may be omitted; we therefore
obtain

. T . T
S (x, y) =log sin o (x+ ) sin 2~ (z— ey)
= log (cosh my/2a — cos wz/2a) —log 2 ;
whence, omitting constant terms, the value of ¢ may be written

¢ =14 log {cosh wy/2a — cos 7 (z — £)/2a}
+ } log {cosh 7y/2a + cos 7 (z + £)/2a}.

EXAMPLES.

1. Prove that when the motion of a liquid is irrotational
and symmetrical with respect to an axis, Stokes’ current function
satisfies the equation

d sinf d dr
W-I_ - de(cosecHde)

and thence show that the current function due to a source of
strength m is
¥ = —mcos @ + const.
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2. When the motion is in two dimensions, prove that the
current function due to a source is mf, and apply this result to
find the image of a source in a circular cylinder.

3. The motion of a liquid is in two dimensions, and there is
a constant source at one point 4 in the liquid and an equal sink
at another point B; find the form of the stream lines, and prove
that the velocity at a point P varies as (AP. BP)™, the plane
of the motion being unlimited.

If the liquid is bounded by the planes #=0,z2=a,y=0,y=a,
and if the source is at the point (0, ¢) and the sink at (a, 0), find
an expression for the velocity potential.

4. The motion of a liquid in two dimensions is steady, and is
due to the presence of any number of sources and sinks. If the
mass of any source or sink be supposed equal to that of the liquid
which it would generate per unit of time (the masses of the sinks
being negative), show that any source has a tendency to move
with an acceleration made up of accelerations from every other
source and towards every sink, and proportional in each case to
the numerical strength of the source and sink, and the inverse of
its distance.

5. Liquid is bounded by two perpendicular planes 0X, OY.
A source is situated at a point whose distances from the planes
are @ and b respectively. Find the pressure at any point of either
of the planes, (i) when the motion is in two dimensions, and (ii)
when in three dimensions.

6. The boundary of a liquid consists of an infinite plane
having a hemispherical boss, whose radius is a and centre 0. A
doublet of unit strength is situated at a point S, whose axis
coincides with OS, where O is perpendicular to the plane. P is
any point on the plane, OP = w, 0S =f. Prove that the velocity
of the liquid at P is

6 { @ 1 }
: @+t (Fre)t)
7. Prove that
&=L + " — 2a2) 3+ (" + a® + 2a2)F — "} + Y (2)
is the velocity potential of a liquid, and interpret it. Find the

surfaces of equal pressure if gravity in the negative direction of
the axis of z be the only force acting.
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8. Liquid enters a right circular cylindrical vessel by a supply
pipe at the centre O and escapes by a pipe at a point A in the
circumference ; show that the velocity at any point P is pro-
portional to PB/PA . PO, where B is the other end of the diameter
AO. The vessel is supposed so shallow that the motion is in two
dimensions.

9. A source is placed midway between two planes whose
distance from one another is 2a. Find the equation of the stream
lines when the motion is in two dimensions; and show that those
particles which at an infinite distance are distant }a from one of
the boundaries, issued from the source in a direction making an
angle m/4 with it.

10. The boundaries of a liquid are given by 6 = + 7/2n, and
a source of strength m exists at the point 6 =0, r=a. Prove
that the current function for two dimensional motion is

M ont 7" sin 2n0
2 7*"* cos 2n0 — ™’

11. A quantity of liquid moves in that quadrant of the plane
of zy in which # and y are both positive, and which is bounded by
the planes yz, zz: at the point (g, 0) is a semicircular source of
liquid, and at the origin a quadrantal sink. Assuming that the
amount of liquid flowing out of the source per unit of time is equal
to the amount which flows into the sink, and that the motion is in
two dimensions; find the velocity potential, and prove that the
general equation of the stream lines is

(& + y*)? —a* (& — y°) = Na’zy.



CHAPTER IV.

VORTEX MOTION AND CYCLIC IRROTATIONAL MOTION.

58. THE most gencral kind of motion of which a fluid is
capable is one which is a combination of rotational and irrotational
motion ; that is to say, the component velocities may be regarded
as consisting of two parts, %, v,, w, and u,, v,, w,, where the former
quantities are derivable from a velocity potential, whilst the latter,
which depend upon the molecular rotation, cannot be so derived.
The peculiarities of the motion specified by the latter quantities,
and which depend upon the molecular rotation, were first investi-
gated by Helmholtz* and will now be considered.

59. We have defined a vortex line to be a line whose direction
coincides with the direction of the instantaneous axis of molecular
rotation. If through every point of a small closed curve a series of
vortex lines be drawn, they will enclose a mass of fluid which
may be called a vortex filament, or shortly a vortex.

We have shown that if the forces which act on the fluid have a
potential, and the density is a function of the pressure, the motion
of the fluid constituting the vortex can never become irrotational.
It will now be shown that every vortex possesses the following
three fundamental properties :

(i) Every vortex is always composed of the same elements of
Sluad.

(ii) The product of the angular velocity of any vortex into its
cross_section—is—comstaut with respect to the time, and s

throughout its length.

1 Crelle, vol. Lv. p. 25; translated by Tait, Phil. Mag. (4) xxx1r. p. 485.
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(iii) Ewery vortex must either form a closed curve or have sts

extrematies in the boundari e fluid.

Let a, b, ¢ be the initial coordinates of an element of fluid

whose coordinates at time ¢ are @, y, 2. Then .
da _db_dec _ds, _
& go
dz dz
But d.z:—d da +dbdb+
x (& x ¢ 'r)
= (°d&,+”°db+ " o
_ p&ds,
pw,
by §30 (10); hence BP0 P L. ).

0

Let u, v, w be the component velocities at z, y, z; and let
u+du, v+dv, w+dw be the velocities at a neighbouring point
«+dz, y+ dy, z +dz on the same vortex line. Since

de_dy _dz_ds_e
E 7 ¢ o p’
€/, du du _du
therefore d“=b(5@+”a§+§a})

by § 24 (5).

The quantity du is the rate at which the projection of the
element ds on the axis of z is increasing in length; and since this
projection is equal to €d(p™'£)/ot, the line ds still forms part of a
vortex line.

This proves the first theorem.

To prove (ii) let o be the area of the cross section at time ¢,
then, since the mass of the element remains unchanged,

PoT 08, = pads.
Therefore by (1) oW, = o,
which proves that ow is independent of the time.
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Also, by § 7 and § 17 (26),

31 G-+ mn-+n8) @S = [[[ (S -+ F1-+ 5 )dadyde o,

or ffw cos edS = 0,

where ¢ is the angle between the axis of rotation and the normal
to S drawn outwards.

Now if we choose S s0 as to coincide with the surface of any
finite portion of a vortex of small section, together with its two
ends, cos e vanishes except at the two ends; and is equal to +1 at
one end, and — 1 at the other; hence

©,dS, — 0, dS, =0,
which proves the second part of (ii).

To prove the third theorem, we observe that if a vortex did
not form a closed curve or have its extremities in the boundary, it
would be possible to draw a closed surface cutting the vortex once
only, and the surface integral would not vanish.

The first theorem and the first part of the second theorem
depend on dynamical considerations; the second part of this
theorem and the third theorem are kinematical.

60. Since every kind of motion may be regarded as a combi-
nation of rotational and irrotational motion, we may put

_d¢ 498 dN _dM
Tdr ' dy  dz’
_d$  dL_a¥
T dy  dz dz’
_d¢ + dM dL
Tdz " dz T dy’

where ¢ is the velocity potential of that part of the motion which
does not depend on the molecular rotation.

Hence in the case of a gas, -

v=¢___ dv dw_ 10p

but in the case of a liquid V’¢=0: in addition to the above
equations which ¢ must satisfy at every point of the fluid, ¢ must
also be determined so as to satisfy the boundary conditions.

J= dL dM dN

If we put izt du &y +-s
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we obtain =" ——=— —VL,

with two similar equations. Hence if
J =0 or a constant
we have V'L +2£=0, V’M+29=0, VN +2¢{=0......... (2).

It follows from (2) that if J =0 or a constant, the quantities
L, M, N are the potentials of distributions of matter whose densities
are respectively equal to £/2m, n/2r, {/27 ; hence if @, ¥/, 2/ be any
point where molecular rotation exists, #, y, z any other point, and f
the reciprocal of the distance between these two points, then

L= _—fﬂgfdwdydz
- f f | L — @),
N_—mgfdx'dy'dz |

where &, %, ¢’ are the values of the components of molecular
rotation at («, ¥/, 2') and the integrations extend throughout those
portions of fluid where there is vortex motion.

We have now to prove that the above values of Z, M, N make
J =0 or a constant.

Since g; ;Z: ,
we have J=——— ﬁ(g & on d/_|_§ df) de! dyf d

=— o [[ 7 @€ 4 mat +nt) a8

df d'l] dc ’ 3.0 3.0
+5 U( +dj Py )pdxdydz.
The volume integral vanishes by § 17 (26), and if the vortices
form closed rings the surface integral vanishes, since at the
surface of each vortex lE' +mgy +ng =0.

Also, if the fluid extends to infinity and is at rest there, the
surface integral will either vanish or be equal to a constant, since
E, 7, ¢ and f all vanish at infinity. But if the fluid is bounded
either externally or internally, and some of the vortices extend to
this boundary and then break off, we must suppose the boundaries
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removed and a hydrodynamical system substituted for them, such
that the velocity at points occupied by the boundary remains un-
changed. This hydrodynamical system will necessarily consist, in
part, of the continuations of these vortices, which must either
extend to infinity or form closed curves, and in either case the
surface integral taken throughout the vortices included in this
larger region, as well as throughout those included in the original
region, will vanish or be constant.

61. If du, dv, w be the component velocities at a point , y, 2
of a fluid due to an element dz'dy’'dz’ whose rotations are £, 7', {’;

then
— 1 df rdf / ' ’
_%(C@_n Jg) d/ dy dz,
whence if » = f, we obtain
1 r 4 ! ! 4 4 lT
8’“""‘2_'3{"7 (¢ =)= (y—y)} dedy'ds,

&= G {§ (z—a)—E(—2)dddy’d?, | ...... 4).

2,,,. (€ (Y- 9)— 7' (z—2)} da'dy d7,

Hence, if g is the resultant velocity due to the element,

wSlIlE

q= de'dy’dz ..ccvevvnnnnenne. (5),

where ¢ is the angle which » makes with the direction of the axis of
rotation of the vortex element. It also appears from (4), that this
velocity is perpendicular to the plane containing the direction of
r and the vortex element, and that its direction is that in which
the point (2, y, z) would move if it were rigidly attached to a body
moving with the vortex element.

62. At all points external to a vortex the motion is irrota-
tional, and a velocity potential consequently exists. We shall
now show that the velocmy potential at any point, due to a vortex
of small cross section, is proportional to the solid angle subtended
by the vortex at that point.

Let «, y, z be the given point, ', ¥, 7 any point on the vortex,
r the distance between (z, ¥, z) and (2, ¥/, /). Using polar co-
ordinates 7, 6, x referred to («, ¥, #) as origin, we have

z—a' =rsinf@cosy, y—y =rsinfsiny, z-—2 =rcosb.
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Now if Q be the solid angle subtended at (2, y, 2) by the

vortex,
Q = [[sin 6dbdy

= [(1 —cosf)dy

= [dy — dx
—fdx fcos@zgds,

where the integration with respect to s extends once round the
vortex.

Now v w: = cot y.
y—y X
N NOY . g pdy
Therefore (y—y)-&;—(x—w) Js =7 sin 933'
Therefore

—fdx {y y)ds @ x)dy}(w—w’)’is(y—y’)"

The first term is equal to 27 or zero according as the vortex
does or does not embrace the axis of z; also

--fo-n%-e-n%l%.

Now by (4) if w be the z-component of the velocity due to a
vortex of small cross section g,

de _ wo A dz dy’| ds
v flo-nG-e-0YS.
dp  wadQ
Hence %——E;'d—z,
wo
or ¢=—2;_Q ........................... (6).

If the section of the vortex be of finite area, the velocity
potential will be

where the double integral extends over the cross section.

Since the solid angle Q diminishes by 4ar, whenever the point
@, y, z describes a closed curve in the positive direction, which
embraces the vortex once, ¢ is a many valued or cyclic function.

The prod i cross section of a
vortex filament, is called the strength of the filament.
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Vortex Sheets.

63. If we have a sheet of thickness h, consisting of rotation-
ally moving liquid, and if o increase and h diminish indefinitely
but so that the product wh remains finite, equal to o', we ultimately
obtain an indefinitely thin film of rotationally moving liquid
whose molecular rotation is . Such a film is called a Vortex
Sheet.

By (8), if £, 7, ¢ be the components of o', the quantities L, M, N
which determine the velocities are given by the equations

where R is the distance between any point on the vortex sheet
and the point (z, y, 2), and the integration extends over the
vortex sheet.

64. It was first pointed out by Helmholtz', that the equations
of motion and the equation of continuity of a perfect fluid do not
exclude the possibility of slipping taking place along a surface;
for the only conditions to which the velocity must be subject are,
that it must be finite at all points of the fluid, other than points
where sources or sinks exist, and also that its normal component
at all points of any surface drawn in the fluid must be continuous.
The above conditions obviously do not require that the tangential
component should be the same on both sides of such a surface,
and hence the conditions to which the velocity must be subject
will not be violated if slipping takes place.

65. We shall now show that every surface of discontinuity
over which slipping takes place has the properties of a vortex
sheet.

Let I, m, n be the direction cosines of the normal at any point
P of such a surface of discontinuity; u, v, w; %, ¢, w’ the compo-
nent velocities on the positive and negative sides of the surface.
It is evident that it will be possible to draw a line in the tangent
plane at P such that the tangential components along this line of
the velocities on both sides of the surface shall be equal. Let
N, ¢, v’ be the direction cosines of this line; and let A, u, » be those

1 Phil, Mag. Nov, 1868.
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of the line through P perpendicular to I/, m,n and X/, &/, v/, and
which is therefore the line along which slipping must take place.

Then lu—u)+m@—-2)+n(w—-w)=0,
Nu—uw)+p (v—2)+v(w—w)=0;
also let Au—uw)+p vW=2)+v (w—-w)=0.

From these equations we easily obtain

u—u’ v—2 _w—w

x 0 i, 9).

Let =1 f ..................... (10),

the integration extending over the positive side of the sheet only;
then

L=$ff(um-,m)%ds

=11;U{m(w—w')—-n(v—v’)}%-s

Now the surface S may be regarded as the limit of the surface
of a solid bounded by 8 and another surface indefinitely near S
whose distance from it is A; we may therefore write

1o ffme-was- L [ o F)ar

where the surface integral extends over the surfa,ce S and the
surface indefinitely near it, and the volume integral extends
throughout the volume enclosed by the two surfaces. The latter
integral evidently vanishes in the limit. Integrating by parts we

obtain
dw dv
47rf,UR (@7 ~ ) dadyds
1
_~-fffRdhds

- f 15 E 08 oo (11),
ultimately.

Comparing (10) and (11), we obtain
E=3}aN, 9 =4ou, =40/, o'=1}o.
It therefore follows that the effect of the surface of discon-
tinuity is the same as that of a vortex sheet whose molecular

rotation is 3o, and that the direction of the vortex lines is perpen-
dicular to that of slipping.
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Circulation.

66. We have shown that the motion of a fluid may be
separated into two kinds, rotational and irrotational motion; and
it appears from § 62 that irrotational motion may be subdivided
into two classes according as ¢ is a single valued or a many valued
function. In the former case the motion is called acyclic, and in
the latter case cyclic irrotational motion.

67. The line integral [(udz + vdy + wdz) taken along any
curve joining a fixed point A4, with a variable point P, is called
the flow from 4 to P.

If the points A and P coincide, so that the curve along which
the integration takes place is a closed curve, this line integral
is called the circulation round the closed curve.

If any surface which is bounded by a closed curve be divided

into elementary areas by a series of

<~ lines drawn upon it, the circulation
l T round the bounding curve is equal to
— the sum of the circulations round each
-—

of the elementary areas; for the flow
l Tl T along the sides of all the elements,
— except those sides which form part of
the boundary, is taken twice over and
in opposite directions.

In the same way it can be shown
that the circulation round any closed
curve is equal to the sum of the circulations round its projections
on the coordinate planes.

68. Let us now determine the circulation for an elementary
z rectangle ABCD, whose sides are dy,

c dz, the positive direction being from
8 the axis of y to that of 2.
0 y Let «, y, z be the coordinates of O,
y) the centre of inertia of the rectangle;
u, v, w the velocities at O.

The portion of the circulation due to the two sides B and D is

(w + {w, dy) dz — (w — }w, dy) dz = w, dydz

and that due to the two sides C and 4 = — v, dydz.
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Hence the circulation
= (w, —v,) dyda.
Hence, if dS be an element of a surface § whose projection on

the plane yz is the rectangle ABCD, the circulation round the
boundary of 8

= [[[(w, — v,) dydz + (v, —w,) dzdz + (v, — u,) dzdy].

Hence we obtain the following important analytical theorem,
which is due to Prof. Stokes’, viz.
dv du
(%)} o8

(G -@) +m (@ -2) +»
= [(udz + vdy + wdz) ....cooevnnennn.. (12),

where the surface integral is taken over any surface bounded by a
given curve, and the line integral is taken once round the curve.

Substituting the quantities £, %,  we obtain
2 [[(I€ + mn + n8) dS = [(udz +vdy + wdz) ...... (13).

69. Several important consequences can be deduced from this
theorem.

If there are no vortices in the fluid, &, 7, & are everywhere zero,
and the circulation vanishes. Hence in this case ¢ must be a
single valued function.

Since every vortex must either form a closed curve, or have its
extremities in the boundaries of the fluid, it follows that if the cir-
culation be taken round a closed curve which embraces a vortex
once only, the surface S must cut the vortex an odd number of
times. Hence in this case the circulation will not vanish, but will
be equal to twice the surface integral on the left-hand side of (13).
Since &, n, ¢ are zero at all points of S, except those which lie
in the vortex, the value of the circulation is 2[fw cos edo where do
is an element of that portion of S which is cut off by the vortex, »
the molecular rotation, and e the angle which its direction makes
with the normal to o drawn outwards.

Hence the value of ¢ at any point P of a closed curve which
embraces a vortex experiences a constant augmentation every time
P travels round the curve to its original position, which is equal to
twice the above-mentioned surface integral. This constant aug-
mentation is called the cyclic constant of ¢.

1 Smith’s Prize Examination, 1854,
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If the line integral is taken round a closed curve which does not
embrace a vortex, S can be drawn so as not to cut any of the
vortices ; if S cut any vortex once, it must cut it again, and by § 59
the two portions of the surface integral cancel one another ; hence
the surface integral and therefore the circulation round such a
curve will be zero.

Since the circulation taken round any indefinitely thin vortex
filament is equal to twice the product of its angular velocity and its
cross section, it follows from § 59 that the circulation is inde-
pendent of the time; and since every vortex of finite section can
be divided into indefinitely thin vortex filaments, it follows that
the circulation round a vortex of finite section is also independent
of the time.

70. Tt thus appears that whenever there is circulation the
velocity potential is such as would be due to some distribution of
vortices in the fluid. These vortices need not however have an
actual existence, since in the case of a liquid it is possible for hollow
spaces to exist in the liquid round which circulation takes place;
or the vortices of which ¢ is the velocity potential may lie beyond
the boundaries of the fluid. For example, if ¢ =tan™ y/z=40,
¢ is a two dimensional many valued velocity potential whose cyclic
constant is 27 for all circuits which embrace the origin, and zero
for all other circuits: and it will be shown in the second volume,
that if the pressure at a distance from the origin be properly adjusted
by mecans of suitable boundary conditions, it is possible for the
cylinder 7 =a to be a free surface, which forms the inner boundary
of a liguid, and the space within which is devoid of liquid. It is
also possible to have circulation round a fixed rigid cylinder, in
which case ¢ will be the velocity potential of one of the possible
motions of the liquid which may take place.

71. Since a fluid always flows from places of lower to places of
higher velocity potential, it follows that when the motion is acyclic
the stream lines cannot form closed curves but must begin or end
in the boundaries or singular points of the fluid ; but when the
motion is cyclic some of the stream lines may be closed curves,
whilst others begin and end in the boundaries of the fluid.

72. The circulation round any closed circuit may be shown
not to alter with the time as follows'.

1 Sir W. Thomson, * Vortex Motion,” Trans. Roy. Soc. Edin., vol. xxv.
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Let A B be a curve joining two points A and B of a fluid which
always passes through the same elements of fluid; also let f be
the tangential velocity of the fluid at any point P of AB; then

Sds =udz +vdy + wdz;
0 _Ou d (dz)
therefore 5 (fds) = 5% de +u 3t &e.

Let pg be the projection of ds on the axis of z; u, u+ du the

component velocities of p» and ¢ parallel to z; then
u =daz/dt, u+du=d (z +dz)/dt;

hence du = d . d.z/dt, therefore

0 ou 0 0
5 (udz + vdy + wdz) = §2dw+ %dy+a—7:-dz+udu+vdv+wdw,
=d(Q+1g)

Therefore 8% f j (wdz +vdy + wd2) = [Q + $¢"]s — [Q + 14" 4

Since @ and g are always single valued functions, the right-
hand side vanishes when the integration is taken round a closed
curve, which proves the proposition.

78. If at some particular instant, which we shall choose as the
origin of the time, the motion is irrotational and acyclic, the cir-
culation will be zero round every closed circuit, and the preceding
proposition shows that it will always remain zero.

Hence we obtain another proof of the proposition that motion
which is once irrotational is always so; and also that irrotational
motion which at any particular instant is acyclic, always remains so.

Simply and Multiply-Connected Regions.

74. Whenever the motion is cyclic, the flow between two
points will not have the same value for two different lines joining
them, unless the lines arec such as are capable of being made
to coincide, without cutting through any of the vortices or passing
through the boundaries of the fluid. The latter class of lines are
called reconcileable lines, the former irreconcileable lines.

75. We are thus led to consider the properties of simply and
multiply-connected regions, which are defined as follows.
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A simply-connected region, is one in which any two lines join-
ing two given points, may be made to coincide with one another,
without passing out of the region in question.

The spaces inside or outside an ellipsoid or paraboloid are simply
connected regions.

A multiply-connected region, is one in which two or more lines
can be drawn connecting two points, which cannot be made to
coincide with each other without passing out of the region in
question.

The space inside or outside an anchor ring, is an example of a
doubly-connected region.

A region in which # irreconcileable lines can be drawn, is called
an n-ply connected region.

Hence in a simply-connected region, every closed circuit is
capable of being contracted to a point without passing out of
the region. In an n-ply connected region, it is possible to draw
n —1 different circuits, which cannot be contracted to a point
or be made to coincide with one another without passing out of
the region.

Any circuit drawn in a multiply-connected region, which is
capable of being contracted to a point without passing out of the
region, is called an evanescible circuit; and any two circuits which
can be made to coincide with each other without passing out of the
region, are called mutually reconcileable.

76. Every n-ply connected region, may be reduced to a simply
connected region, by drawing n— 1 barriers or diaphragms, such that
each diaphragm meets every simple non-evanescible circuit once
only. For example, the space outside two circles which do not cut
one another, is a triply-connected region in two dimensions; but
if from a point on each of the circles, we draw two lines to infinity
which do not cut one another, the region becomes simply-con-
nected.

77. If ¢ be a polycyclic velocity potential, the circulation round
any closed curve, which does not cut any of the barriers is conse-
quently zero: if the circuit cuts all of the barriers once only, the
circulation is &, + x, + &c. where «,, , are the cyclic constants
corresponding to each barrier. The number of barriers which
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must be drawn, in order to make the circulation round every
closed curve vanish, is equal to the number of cyclic constants

of ¢.

78. Every polycyclic function may be expressed as the sum
of the same number of monocyclic functions, as the function has
cyclic constants. For if the number of cyclic constants be n there

will be n simple non-evanescible circuits round which the circulation
does not vanish ; hence if

d=rQ +rQ +...... +x,Q,

where O, Q,...... are monocyclic functions, whose cyclic constants
are unity ; and which are such that the line integral

f dQ,dz dQ,dy  dQ,dz d

(—dz dstdy ds T dz a;) %

taken round any closed circuit is zero, except when the circuit cuts
the barrier corresponding to «,, it follows that the circulations
round each of the simple n non-evanescible circuits, are respectively
equal to x,, K,...... , hence the circulation round a circuit which
cuts each barrier once only is equal to «, + «, +

Vorticity.

79. Let a mass of rotationally moving fluid be divided up into
clementary vortex filaments; and let P be any point on the axis
of one of these filaments, dm the mass of the filament which
contains P, ® and dS the molecular rotation and cross section of
the filament at P at time ¢. Then the quantity wdS/dm is called
the wvorticity of the fluid at the point P.

This quantity has the same valuc at all points of the filament
which contains P, and is constant with respect to the time, for if
the suffixes denote the initial values of the quantities (or their
values at some given epoch) and ds is an element of the axis
of the vortex element, the vorticity

_wdS _ odS, o,
~dm LpdS, Loy
by § 59, (1); where [, is the initial length of the filament.

The aggregate vorticity of a mass M of rotationally moving
fluid is equal to the sum of the vorticities of every filament, and
therefore .

= Zizg%= iﬂ.w cos ed S,
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where dS is an element of any surface which cuts all the vortex
filaments once only, and e is the angle between the direction of
and the normal to 8 drawn outwards.

If the rotationally moving fluid is surrounded by irrotationally
moving fluid, and consists of an arrangement such as a circular
vortex ring, which is resolvable into elementary circular filaments
which are perpendicular to the meridian sections of the ring, the
aggregate vorticity is equal to ix/M, where « is the circulation
round any closed circuit which embraces the ring once. But if
the rotationally moving fluid consisted of the arrangement above
described, together with an outer sheet which is resolvable into
filaments lying in planes passing through the meridian sections of
the ring, the circulation will remain unaltered, but the aggregate

vorticity will be
K 1
oW, [wds,
where M, is the mass of the inner ring, M, that of the sheet, and
w, dS are the molecular rotation and cross section at any point of

one of the elementary filaments of the sheet. Hence the aggregate
vorticity is not necessarily proportional to the circulation.

Green’s Theorem.
80. The following theorem, which is of great importance in
Electricity and various branches of physics, is due to Green'.

Let ¢ and r be any two functions, which throughout the interior
of a closed surface S are single valued, and which together with
thesr first and second derivatives are finite and continuous at every
point within S ; then

[[[(@ a3 o+ &) dstues

- [[¢ Bas- [[[ sy dodyd .14,

=ff¢%d$—fff«pv"¢dwdydz o (15),

where the triple integrals extend throughout the volume of S, and the
surface integrals over the surface of S, and dn denotes an element of
the normal to S drawn outwards.

1 Mathematical Papers, p. 24.
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Integrating the left-hand side by parts, we obtain
f f fd"b W Godyde = [ [ f g dydz] ~[[[ MY dndyds(16),

where the brackets denote that the double integral is to be taken
within proper limits. Now since the surface is a closed surface, any
line parallel to #, which enters the surface a given number of times,
must issue from it the same number of times; also the z-direction
cosine of the normal at the point of entrance, will be of contrary

sign to the same direction cosine at the corresponding point of
exit; hence the surface integral

=[[ ¢ P1as

Treating each of the other terms in a similar manner, we find

that the left-hand side of (16)

- f f é ‘gds— ﬂ f $v*y dadyde.

The second equation (15) is obtained by interchanging ¢
and .

81. We may deduce several important corollaries.

(i) Let ¢ be the velocity potential of a liquid, and let Y»=1;
then y°¢ = 0, and we obtain

o=[[[v dwdydz:ffg—i S o, an.

The right-hand side is the analytical expression for the fact
that the total flux across the closed surface is zero; in other words
as much liquid enters the surface as issues from it.

(i) Let ¢ and ¢ be both velocity potentials, then

[[¢ % as=[[+2as oo (18).

(iii) Let ¢ =+, where ¢ is the velocity potential of a
liquid ; then

JIINGE) + (%) + (22} aedvas= [[ ¢ Ghas..ao

If we multiply both sides of (19) by ip, the left-hand side is
equal to the kinetic energy of a liquid, and the equation shows
that the kinetic energy of a liquid whose motion is acyclic and
irrotational, which is contained within a closed surface, depends
solely upon the motion of the surface.
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82. Let us now suppose that liquid contained within such a
surface is originally at rest, and let the liquid be set in motion by
means of an impulsive pressure p applied to every point of the
surface. The motion produced must be necessarily irrotational, and
acyclic ; also if ¢ be its velocity potential, it follows from § 42 (50)
that p =—pp. Now the work done by an impulse, is equal to the
product of the impulse into half the components in the direction
of the impulse, of the initial and final velocities of the point to
which it is applied ; hence the work done,

i[5y [ 30as

and equation (19) asserts that the work done by the impulse is
equal to the kinetic energy of the motion produced by it, which is
a particular case of the Principle of Energy.

83. Let usin the next place suppose that liquid is contained
within a closed surface which is in motion; and let the motion of
the liquid be irrotational and acyclic; also let the surface be
suddenly reduced to rest. Then if ¢ be the new velocity potential,
d¢/dn =0, and therefore

d¢ 2 (i_¢ 2 d¢ k3 _
1) + (&) + (&)} sdvac=o
whence do¢/dz, dp/dy, and d¢/dz are each zero, and therefore the
liquid is reduced to rest.

84. In proving Green’s Theorem, we have supposed that the
region through which we integrate, is contained within a single
closed surface, but if the region were bounded externally and
internally by two or more closed surfaces, the theorem would still
be true, provided we take the surfacc integral with the positive
sign over the external boundary, and with the negative sign over
each of the internal boundaries. |

85. Let us suppose that the liquid extends to infinity and is
at rest there, and is bounded internally by.one or more closed
surfaces S, S, &c., and let us calculate the value of T for the space
bounded by 8,, S, &c., and a very large sphere S whose centre is
the origin. Then

r=1p[[¢ Eas—1p[[[ 4 5E as].

where the square brackets indicate that the integral is to be taken
over each of the internal boundaries.
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Now at the surface of 8, ¢ will be of the order m/r, where m
is a constant, and d¢/dn =d¢/dr =— m/r*; also if dQ be the solid
angle subtended by dS at the origin, dS =7°d(} ; therefore

[fo%as--2 [fin- -2

which vanishes when r=oc. Hence the kinetic energy of an
infinite liquid which is at rest at infinity, and which is bounded
internally by closed surfaces is

T=—}p qubd"‘ds] ............... (20),

where the surface integral is to be taken over each of the internal
boundaries.

The preceding expressions for the kinetic cnergy show that
if the motion is acyclic and the internal boundaries of the liquid
be suddenly reduced to rest, the whole liquid will be reduced to
rest.

86. When the motion takes place in two dimensions, Green’s
Theorem may be established in a similar manner. Let the liquid
be bounded externally by a closed surface S, and internally by one
or more surfaces S, S,.... Then

8 o (20180
B [f‘k(zg dy+g§ d‘”)] —[[¥ V' ¢ dzdy,

where y* = d*/dz* + d’/dy* and the square brackets denote that the
line integral is to be taken once round the circumferences of each
of the internal boundaries. Now if we integrate round the
boundary of the liquid in the contrary directions of the hands of
a watch, the integration with respect to y will be in the same
direction and that with respect to # in the opposite direction
to s, whence the first integral becomes

[v(@a-aa)

also if dn be an element of the normal drawn outwards,
dz/ds = — dy/dn, dy/ds = dz/dn,
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whence f f (Zi’ (25 3; 3‘:)

f\}rd¢ ds — U\pd"’ ds] ffqrv"qb dedy ...(21),

f¢d"'d - Uqb‘fl‘f: ds:l -f ¢ vy dady ...(22).

This is Green’s Theorem for two-dimensional space.

Hence the kinetic energy of the liquid is

T= J,;pf(ﬁ ¢ds—%p[f¢dn :l ......... (23).

In this equation ¢ may be either the velocity potential or the
current function.

If the liquid extends to infinity and is at rest there, the value
of ¢ if single valued, at a great distance from the origin, must
be of the form

Alogr+ 77" (Bcosf+ Csinf),

and therefore when r is very large the first integral becomes equal
to 2mp A” log r which becomes infinitc when 7= o0 unless 4 =0;
when this is the case, since all the other terms vanish, we obtain

-~ [[ 49 pi [p— (24),

the integrations being taken round the internal boundaries only.

87. All the results of the last article may be also obtained by
means of Stokes’ theorem § 68 (12), and they may be extended
to the case of polycyclic velocity potentials in the same way as in
the next article. It should however be noticed that if ¢ be a
polycyclic function, it will contain terms of the form A6, and
hence 4 will contain terms of the form 4 log » and will therefore
be single valued. We may therefore, in the case of cyclic motion,
employ the single valued current function, instead of the velocity
potential ; but when there is circulation it follows from the
last article that the kinetic energy will be infinite if the liquid
extends to infinity. We shall show how the difficulty thus intro-
duced may be evaded in Chapter VIIL
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Thomson's Extension of Green’s Theorem.

88. The proof of Green’s Theorem given in § 80 holds good
only when ¢ and + are single valued functions. If they are poly-
cyclic functions, the surface and volume integrals on the right
hand side of (14) and (15) become indeterminate. The extension

of this theorem when ¢ and 4 are polycyclic functions is due to
Sir W. Thomson'.

Let us suppose that the region is multiply-connected, and that
¢ is a polycyclic function whose cyclic constants are «,, «,... Let
the region be made simply connected by drawing the requisite
number of barriers. Since we are not allowed to cross any barrier
during the integration, we must include the surface on both sides
of the barrier in the surface integrals. Hence if dg,, do,...be
elements of the different barriers corresponding to the quantities
K,, K, ... respectively

d [ d d
.qud—\f:dS=_U $Fas+|[[¢ K do ...
where on the right-hand side, the integration with respect to S

extends over the boundaries, and that with respect to o, over both
sides of the barrier o,.

Now the values of dyr/dn are equal in magnitude and of
contrary sign at two contiguous points situated on different sides
of the barrier, also the value of ¢ on the negative side exceeds
that on the positive side by «,, therefore

= —xlff%da'l,

where the integration on the left-hand side extends over both
sides of the barriers, and that on the right over the positive side
only.

Hence instead of [f¢pdyr/dn. dS, we must write
dy &y W 4o, —
ffc,b %ds-x,ffdﬁ da‘_x'ffdndd’ ......

1 «On Vortex Motion,” Trans. Roy. Soc. Edin., vol. xxv. p. 217.
B. 6
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Similarly if 4 were a polycyclic function whose cyclic constants
are K, Kguuenes we must write instead of [[yrd¢p/dn.dS,

[[4%as v, [[2 ao, -, [[2 - ...

Hence when ¢ and y are polycyclic functions and the region
is a multiply-connected one, Green’s Theorem becomes

[ + %% + ot ) dsavas

~[[s % as- qubd"’ dS] o [ do, 4k, [P o+ ...

~ [[fpv* ¥ dedyda............ (25),
~[[+ 3 as- Uf«p“dS] ¢ [[B ds, +, f[ ? oyt e
- [[Hv'pdzdyde............ (26),

where the first integrals on the right hand side are to be taken
over the outer boundary, and the square brackets denote that the
second integrals are to be taken over each of the internal bound-
aries.

89. Putting ¢ =+, it follows that if the liquid extends to
infinity and is at rest there,

=_§p[ﬂ¢ dé dS] +1}/¢lpff ? 4o +,1;x,pff do,+...27).

The first term represents the work done by the impulsive
pressure which must be applied to the boundaries S in order to
produce the actual motion from rest. The second term represents
the work done by a uniform impulsive pressure «,p, applied in
the positive direction to every point of the barrier corresponding
to x, Hence cyclic irrotational motion may be artificially gene-
rated by means of a proper impulsive pressure applied to every
point of the boundaries, together with uniform impulsive pressures
K,p, Kp......, applied respectively to every point of the barriers,
which must be drawn in order to make the region occupied by
the liquid simply connected. We may therefore generalise the
theorem of § 85, by asserting that if irrotationally moving liquid
occupying a multiply-connected space, 1s bounded by moving surfaces,
which are suddenly brought to rest, the whole liquid will be reduced
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to rest unless it motion 1s cyclic; and that in the latter case, the
cyclic motion which could have been generated in the manner above
described will not be destroyed.

90. The foregoing arguments show that if the boundmg sznface
of a liquid which was originally at rest, be made to vary in a given
arbitrary manner, the kinetic energy of the liquid at each instant,
will be less than it would be if the liquid had any other motion con-
sistent with the given motion of the bounding surface.

Since the liquid is originally at rest, the motion which is
caused by the variation of the bounding surface will be acyclic
irrotational motion. But the most general kind of motion which
is possible within the surface is a combination of acyclic, cyclic
irrotational motion, and vortex motion. The first can be destroyed
by means of a suitable impulsive pressure applied to every point
of the boundary, but the two latter cannot be destroyed by any
operations performed on the boundary alone. Hence the kinetic
energy of the acyclic motion alone, must always be less than the
kinetic energy of the most general possible motion,

This theorem is due to Sir W, Thomson'.

91. When the motion is rotational the kinetic energy cannot
be obtained by Green’s Theorem, since within a vortex there is no
velocity potential. In this case

T=14p [I] W+ + w') dzdydz,
=te [[[n G+ G~ a) o (B o)
+w(‘jlf+”fllf ZL)}d.zd_/dz,

by § 60. Integrating by parts, the terms involving ¢

=4p [[ ¢ (lu + mv + nw) dS,

since the volume integral vanishes by virtue of the equation of °
continuity. The other terms

=4p [[{L (mv —mw) + M (lw — nu) + N (mu — lv)} dS,
e[y~ 0 (- ) v

1 «Notes on Hydrodynamics,” Camb. and Dubl. Math. Journ., vol. 1v. p. 90.
6—2
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If the liquid extends to infinity and is at rest there, and all the
vortices are within a finite distance of the origin, the surface
integrals will vanish and we obtain

T = p [If (LE + My + NY) dedyde............ (28).

92. Let us now suppose that we have two closed vortices of
small cross sections o, o, Let ds,, ds, be elements of their lengths ;
K,, K, the circulations due to them ; then

T=1}x‘pf(Lg;—f+ 2 +Ng:>d

1

dx d d
+ 3xp (Ld_sg+ df+Ndz>d

where the line integrals extend round each respective vortex. Now

dw 1 dx
L=T ds + ag-,ds,,&c &e.
Therefore T= é (Ax?+ 2Br e, + Ck})

dz dz dydy dz dz '
where 4= H (dsds' ds, @’ T @, ds)dsd

o[l e 8 4

and C'is obtained from 4 by changmg 8, 8, into s, 8. If e be the

angle between the two elements ds,, ds these expressions may be
written

A= |2 dsds!, B=|["Cdsds, 0=[|ZFdsds.

The quantities A and C are evidently the coefficients of
self-induction of two electric currents of unit strengths which
coincide with the vortices «, and «, respectively, and the quantity
B is the coefficient of mutual induction of two such currents.
Hence the kinetic energy of the hydrodynamical system is equal

to the electro-kinetic energy of two currents of strengths }«, (p/vr)*

and %, (p/'rr)gf respectively, which oecupy the positions of the

vortices. This proposition may easily be extended to any number
of vortices,
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93. Another expression for 7' may be obtained in the form

T'=2p [[f{u (y&—2m) +v (2& — @) +w (21 — y§)}dadyde...(29).
For the first term

=0 [[[odo (- 55)-+ (- &)} dsayae

= pfff{(vy+ wz) % - u'} dzdydz,

since the surface integral vanishes. Transforming the other terms
in the same way, adding, and making use of the equation of
continuity, we obtain

2. %, .2 du dv dw
pfff(u +o*' +w +au—r +yv dy-i—zw P )dxdydz

Integrating the last three terms by parts, the right hand side
of (29)
=4 p [[f (W + v* + v*) dedyda.

94. When the motion is symmetrical with respect to the axis
of 2, an expression for I' may be obtained in terms of Stokes’
current function ; for

AN

Therefore

f"’(d"’d + 2 4 - U"’(d"’dz+ AR )]
AL o

= dw

where the first integral refers to the external, and the second
integral to the internal boundaries of the liquid.

Now in order that this kind of motion may be possible, it is
necessary that the boundaries should be surfaces of revolution
whose axes coincide with the axis of z. Let s be an element of
the meridian curve of one of the boundaries, and let the inte-
gration with respect to s be taken from z to =. Since the
integration with respect to = will be in the same direction, and
that with respect to z in the opposite direction to s, the first
integral becomes

- trdu- e
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where dn is an element of the normal drawn outwards. The
volume integral is equal to '

- 2[rwdwdz,

where o is the molecular rotation : whence

T=wpf§ Z‘: ds — wp[flﬁt—fl\—z ds] +2ff\lrwdwdz.....(30).

If the motion is irrotational and the liquid extends to infinity,
and is at rest there,

T=- '71';)[ %%ds] ...................... @31),

where the integration is taken once round the meridian curves of
each of the internal boundaries.

On the Connection between Vortex Motion and Electromagnetism.

95. In § 60, we have shown that the velocity potential at P
due to a single closed vortex filament of strength m, is

¢ =—m/2m,
where Q is the solid angle subtended by the vortex at P.

This is the magnetic potential of an electric current of strength
—m/2m, which flows round a closed circuit coinciding with the
vortex (Maxwell, Electricity and Magnetism, vol. 11. §§ 410 and
484). Now the magnetic potential due to such a current is the
same as that due to a simple magnetic shell of strength —m/2m
which is bounded by the current; also by § 48, ¢ is the velocity
potential due to a doublet sheet of strength m/27 bounded by the
vortex. Hence a vortex filament and a doublet sheet respectively
correspond to an electric current and a magnetic shell, and a
vortex sheet may be replaced by a doublet sheet in the same
manner as an electric current may be replaced by a magnetic
shell.

The action of a vortex filament upon the surrounding liquid is
determined by the quantities L, M, N, whence it follows from (3)
that the molecular relation corresponds to an electric current: the
quantities L, M, N to the components F, @, H of electromagnetic
momentum ; and the velocities u, v, w to the components a, B,
of magnetic force (see Mazwell, § 616).
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Also the magnetic potential of a magnetic shell, and the
velocity potential due to a doublet sheet are essentially single
valued functions, since the line integral of magnetic force and
the circulation are zero for all circuits which do not cut the shell
or doublet sheet, and which it is not permissible to cross; on the
other hand the magnetic potential due to an electric current, and
the velocity potential due to a vortex, although represented by
the same quantities, are cyclic functions, the cyclic constant being
equal to 2m, where m is the strength of the vortex. This cyclic
constant is equal to the line integral fd¢/ds . ds taken once round
a closed circuit embracing the vortex or current once; and in the
former case it represents the circulation, and in the latter case
the work which would have to be done in moving a magnetic
pole once round the current in opposition to the magnetic force
exercised by the current (Mazwell, § 480).

The potential energy of a magnetic shell of strength —1,
placed in a magnetic field, the components of whose vector
potential are F, G, H is (Mazwell, § 423)

f(Fg” G%+H3—§)ds

The flux through a closed vortex ring is,
I (luw + mv + nw) dS

[ ) m (22-2)

f(L -‘Z“'—"+M°dl§/+Ndz>ds

and this corresponds to the potential energy of the magnetic
shell.

(% - @)}

The following table shows the connection between the two
subjects :



88 VORTEX MOTION AND CYCLIC IRROTATIONAL MOTION.

Hydrodynamical Quantities Electromagnetic Quantities

Name Symbol Name Symbol

Velocity of Liquid u, v, w Magnetic Force a B vy

Molecular Rotation | § 7, ¢ Electric Current u, v, W
L, M, N Electromagnetic I, e H
Momentum
Velocity Potential ¢ Magnetic Potential Q
due to Vortex of Current
Vortex Filament Electric Current
Doublet Sheet Magnetic Shell
Circulation K ‘Work done in

moving a Magnetic
Pole once round
Current

Flux through Vortex Potential Energy
of Magnetic Shell

In addition to the papers cited in the preceding chapter, we
may refer to the following by Sir W. Thomson : “ Vortex Atoms,”
Phal. Mag. (4) XXX1v.; “Vortex Statics,” Proc. Roy. Soc. Edin.
1876 ; “On Maximum and Minimum Energy in Vortex Motion,”
Phil. Mag. (5) XX11. p. 529.

The theory of rectilinear and circular vortices will be discussed
in the second volume.
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EXAMPLES.

1. Liquid is contained in a simply-connected surface §; if o
is the impulsive pressure at any point of the liquid due to any
arbitrary deformation of S subject to the condition that the
enclosed volume is not changed, and =’ the impulsive pressure for
a different deformation, show that

[ a5 4 as

‘2. If a sphere \be immersed in a liquid, prove that the
kinetic energy of the liquid due to a given deformation of its sur-
face, will be greater when the sphere is fixed than when it is free.

8. If V be thc attraction potential of a uniform circular
lamina of unit density, in the plane of xy, prove that wdV/dz will
be the velocity potential of a circular vortex filament coinciding
with the boundary of the lamina. '

4. The boundaries of a liquid are two fixed concentric cylinders
of radii @ and ¢. Prove that if the motion of the liquid is irrotational
and in two dimensions, the velocity potential must be equal to
x0/2m, where « is the circulation round any closed circuit which
embraces the inner cylinder once only; and that the kinetic
energy is equal to «* (47)™ log a/c.

5. Apply the equations of impulsive motion, to show that if
liquid be contained within a closed surface, the circulation and the
molecular rotation cannot be altered by any impulse applied to
the boundary.

6. A mass of ice is contained within an ellipsoidal case which
is rotating in any manner about its centre: prove that if the ice
be melted and the boundary be deformed in such a manner that
it remains ellipsoidal, the resultant molecular rotation at any
point is proportional to the diameter of the ellipsoid which is
parallel to the tangent to the vortex line at that point.



CHAPTER V.

ON THE MOTION OF A LIQUID IN TWO DIMENSIONS.

96. THE solution of questions relating to the motion of a
liquid in two dimension8, can be most conveniently effected by
means of Earnshaw’s current function 4». This function when the
motion is irrotational, which will be the case in most of the
problems discussed in the present chapter, satisfies the equation

¥ ¥ _o

P a:“ dy' ....................... 1),
the solution of which is
=f@+)+F@—0y) eccvennvnnnnnn.. 2)
_  dy
Also U= a—y , V= EE ..................... (3)

If the liquid is bounded by fizxed surfaces, the normal component
of the velocity must vanish at the boundaries. This condition
requires that yr = const. at all points of boundaries which are fixed.

97. When the cylindrical boundary is in motion, the following
conditions must be satisfied at its surface.

(i) Let the cylinder be moving with velocity U parallel to the
axis of z, and let @ be the angle which the normal to the cylinder
makes with this axis; then at the surface

ucos@ +vsin @ = Ucos b.
Now cos § =dy/ds; sin § =— dz/ds; therefore by (3)

dy _ rdy
F-v
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Integrating along the boundary, we obtain

where 4 is a constant.

(ii) If the cylinder be moving with velocity ¥ parallel to the
axis of y, the surface condition in the same manner can be shewn
to be

Y=—=TVZ+Beeeooeeeraeieerran, (5).

(iii) Let the cylinder be rotating with angular velocity w;
then at the surface

%cos § +vsin 6 = — wy cos 6 + wxsin §

dyr dr
or % =—r E's
Therefore PY=—20r'+C .ccvvevenininnnnnn, (6),

where r =2 + Y.

When there are any number of moving cylinders in the liquid,
conditions (4), (5) and (6) must be satisfied at the surfaces of each
of the moving cylinders.

In addition to the surface conditions, y» must satisfy the
following conditions at every point of space occupied by the
liquid ; viz. ¥ must be a function which is a solution of Laplace’s
Equation (1), and which together with its first derivatives must be
finite and continuous at every point of the liquid. If the liquid
extends to infinity and is at rest therc, the first derivatives must

vanish at infinity.

Conjugate Functions.

98. DEF. If § and n are functions of z and y such that

E+m=f@+ey)cceeriiiriannannnnnn. )
then & and 7 are called conjugate functions of = and y.

Differentiate (7) with respect to # and y respectively, eliminate
the function f, and equate the real and imaginary parts in the
resulting equation, and we shall obtain

df _dy dE_ _dn )
=y dg= g e :
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Now, if ¢ and y be the velocity potential and current function
of a liquid, it follows that if ¢ and 4 are written for £ and 9
respectively, equations (8) are satisfied; hence ¢ and 4 are
conjugate functions of # and y.

99. Again
d€ dny , dE dn_
dw'dw+d_;§'@_o ..................... (9),
dE\* | (dE\' _ rdn\' | (dn\' _
( dﬁ) +(d_y> "(Ez‘x) +(&z‘y) =T . (10),
VE=0, V=0 ..oocvverennnnnn... (11),
where V= dYda* + d¥/dy’.

Equation (9) shows that the curves £ = const., # = const. form
an orthogonal system. Equations (2), (7) and (11) show that

2 =f(x+ )+ F (& —uy)
9 =f (@ + i) — F (& — ty)} ............... (12),
whence E—um=F(x—w).

Hence if ¢ (2, y,¢)=0 be the equation of any family of
curves which can be expressed in the form

2x () =26=f(z+uw) +F(z—uw)
the equation of the orthogonal system of curves will be
2 =f(z+ ) — F(z—w),
where 7 is constant along each curve of the orthogonal system.
Again we have

dg =% 4z % gy,

dz dy
= dn
d‘l)—d.—de'l'@dy.

Therefore if ds be the distance between two adjacent points,
Jds* = dE* + dn'.
Hence if dsg, ds, be small arcs of the curves £ and 7 respec-

tively .
J dSe = (b)
st" - d E} ........................ (13),

100. If ¢ and +are conjugate functions of £ and 7, then ¢ and
+ are conjugate functions of # and y.
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For ¢+ ="F(§+m)
and E+um=f(x+wy),
therefore b+ =y (= + )

101. Let p and g be the velocities perpendicular to £ and 9
in the directions in which these quantities increase, then

d‘f’ de _ d‘l"
p=5-=J J
gy | (14).
. ¢ sy
d§

If we consider a small curvilinear rectangle bounded by the
curves £, n; £+ 8, 1 + 87, the difference between the fluxes over
the faces & + 6€ and 7 + 87, and those over the faces £ and 7 is

¢  d'¢ _p (% 49
(a + ) =T (go+ 1) dod
but if we choose the two tangents to the curves £ and % at their

point of intersection as the axes of z and y, the difference between
these fluxes will be

Vigdzdy.
Hence Vi =J* (‘Zl}# (gd’) ..................... (15).

In the case of an irrotationally moving liquid, both sides of
this equation must be zero; hence Laplace’s equation when trans-
formed into any variables £ 7 which are conjugate functions of
« and y, becomes

d¢ d"¢

d‘g” L (16).
If we assume as the value of 4 any solution of (1) or (16)

and substitute this value in any of the three equations (4), (5)

or (6), we shall obtain a system of curves, any one of which would,

by its motion in the prescribed manner, produce lines of flow

determined by the equation y» = const.

102. We shall now give some examples.

@) Let y=— Ve (o + )
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When r=a, ¥=— Vz; also the velocity is finite and con-
tinuous at all points outside the cylinder » =a, and vanishes at
infinity ; hence 4 is the current function when a circular cylinder
of radius @ is moving in an infinite liquid with velocity V parallel
to y.

The velocity potentxa,l is

2up = Va' (w:iy a:-l-cy)

V“ g (18).

---------------------------------

or

The paths of individual particles of liquid due to the motion
of a cylinder along a straight line, have been calculated and traced
by Clerk-Maxwell®.

@ii) If the liquid instead of extending to infinity is bounded
by a fixed concentric cylinder of radius ¢, the wnitéal motion of the
liquid can be obtained as follows.

Since (« £ «y)" is a solution of Laplace’s equation, it follows
that 7" (4 cos nf + B sin nd) is also a solution, where n is any
quantity positive, negative, real or complex.

Hence if the inner cylinder be moved along the axisgf z with
initial velocity U, we may put

d= (Ar +§> cos 6.

When r=a, d¢/dr = U cos 6, whence
B

4--,=U.
) a
When r=¢, d¢/dr =0, whence
4-3-o0

2
Therefore ¢ == —Uﬁ— ('r + f) cos 6.
—a’ r
This is the expression for the initial value of the velocity
potential. The motion at any subsequent time after the cylinders
have ceased to be concentric will be determined in § 122.

1 «On the Displacement in a oase of Fluid Motion,” Proc, Lond, Math, Soc.
vol, 1. p. 82,
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(iii) Let v=34 {(z+ ) + (z— w)*}
= A(a® — 3zy*) = Ar* cos 36.
Substituting in (6) the equation of the boundary becomes,
A =30y") + }o (@ +y) = O .. (19).

If we choose the constants so that the straight line z = a, may
form part of the boundary, we find

o 2wa’
A=%3 O=3
Hence (19) splits up into the factors
(x—a); z+yy3+2a; z—yv3 + 2a.

The boundary therefore consists of three straight lines forming
an equilateral triangle, whose centre is the origin.

Hence v is the current function due to liquid contained in an
equilateral prism, which is rotating with angular velocity @ about
an axis through the centre of inertia of its cross section. The values
of 4 and ¢, when cleared of imaginaries, are

(1] ® L
\]r-az'f’ cos 36, ¢--6;‘r’sm 36.

(iv) Let v=34{(z+ )"+ (& —wy)
=4 (" —y").
Substituting in (6) we find
A@@-y)+io@+y)=C....co........ (20).
o+24 1 o-24_1
20 4’ 20 W

the equation of the boundary becomes

Putting

@ ¥ _
2T ) P (21),

2 _p?
and ¢=_“§’ZTb,(m--y=) .................. (22),

4 is therefore the current function due to the motion of liquid
contained in an elliptic cylinder, which is rotating about its axis.

The preceding value of +f is also the current function, when
the liquid is bounded by two concentric, similar and similarly
situated elliptic cylinders,



6 MOTION IN TWO DIMENSIONS.

103. To find the current function when liquid 18 contained in a
‘ectangular prism which is rotating with angular velocity o about
s axis’,

If 2a, 2¢ be the sides of the cross section of the prism, the
osoundary conditions are

dyr

u=d—y=—my, when x=+a,

'v=-7‘l;=ww, when y=+tec.

Also v =0.
Let S x—te(@+y)=1;
then %X =0, z=+a
dy .................. (23),
X = =
dz 0, y=+%c¢
and ViX—20=0.....cccceeriiiiininin (24).
Let X =2 (6 cos Az + { sin Az),

where 6 and { are functions of y alone. Substituting in the first
of (23) we obtain,
b (30 cos \a + dg sin M) =0,
Y Y
therefore =0,

7\=(2n+1)—2?;.

Hence x =20,,,,cos(2n + 1) g .................... (25).
Substituting this value of i in (24), we obtain

a s T
E{d—y-,—(%+l) ﬁ;}ﬁ,ﬂ“ cos (2n+1)7—;2— 20=0 ...(26).

Now fi“cos (2n+ 1) %':dac=z2(7—_¥1é)%,

¢ X g
and f-acos (2m +1) 5 008 (2n+1) % dx=0 or q,
according as m is unequal or equal to 7.

1 Stokes, *“On some cases of Fluid Motion,” Trans. Camb. Phil. Soc. vol. viir.
p. 105. Ferrers, “ Solution of certain questions in Potentials and Motion of
Liquids,” Quart. Journ. vol. xv. p, 83, For the expressions for the component

velocities of the liquid in terms of elliptic functions, see Greenhill, Quart. Journ.
vol, xv. p. 144,



RECTANGULAR PRISM.

97
Multiplying (26) by cos (2 + 1) 7a/2a, and integrating between
the limits @ and — a, we obtain
dseznn (2" +1)'7* _ (=)"8w ~0
dy* 4a’ mit o 2n+ )7

therefore
Opnis=Aynycosh (2n+1) 7Y i Ty _(-)'32d%
snas €05 (21 ) +B2"“Smh (n+1) 2¢ (2n+1)°7*"

If we substitute this value of 6,,,, in (25), and then substitute
the resulting value of y in the second of (23), we obtain

an+1 =0,

(-)"320%»
(2n + 1)°7° cosh (2n + 1) we/2a’

2n+l

whence

3 “o (99 1 L (97 -

32a ® g 