TEXT FLY WITHIN
THE BOOK ONLY



UNIVERSAL
LIBRARY

OU_162022

AdVddl T
1VSHIAINN






OSMANIA UNIVERSITY LIBRARY
Call No. 51>%3 I E3uF Accession No. Glol2s
Author El\\QT\‘.rQY% ' S Q“‘L S*QQ-T\'VO& , N.

Title Fpunka Hor s 4 A\%P-LYML &o?o\o%\.q. (452

This book should be returned on or before the date last marked below.







FOUNDATIONS OF ALGEBRAIC TOPOLOGY



10.
11.

12.

13.
14.
15.

16.

17.

18

19.

20

21

PRINCETON MATHEMATICAL SERIES

Editors: MarstoN Morst and A. W. Tucker

. The Classical Groups, Their Invariants and Representatives. By Hermany Wevi.,

. Topological Groups. By L. PonTayacixy. Translated by Emma Lenmer,

An Introduction to Differential Geometry with Use of the Tensor Calculus. By
LurHER PFAHLER EISENHART.

. Dimension Theory. By Wirorp Hurewicz and Hexry WALLMAN.

. The Analytical Foundations of Celestial Mechanics. By Avrer WiINTNER.
. The Laplace Transform. By Davip VerNxoNn Winper.

. Integration. By Epwarp James McSnane,

. Theory of Lie Groups: I. By CLaupe CHEVALLEY.

. Mathematical Methods of Statistics. By HaraLp CraMEr.

Several Complex Variables. By Savcomox BocunNer and WitLiaM Tep Martiw.
Introduction to Topology. By Soromox LuirscHETz.

Algebraic Geometry and Topology. Edited by R. H. Fox, D. C. SreNcer, and
A. W. Tuckee.

Algebraic Curves. By Roert J. WALKER.
The Topology of Fibre Bundles. By NorMAN SreeNRob.

Foundations of Algebraic Topology. By SamueL EiLexsere and NoRMAN STEEN-
ROD.

Functionals of Finite Riemann Surfaces. By MExaneM Scuirrer and DoNarp
C. Seexce,

Introduction to Mathematical Logic, Vol. I. By Aronxzo Cuurcu.
Algebraic Geometry. By SoromoN LerscuErz.

Homological Algebra. By Hener CArtax and SaMueL EirLexsrre.
The Convolution Transform. By I. I. HiescumaN and D. V. Wibper.

Geometric Integration Theory. By HassLer Warrney.



FOUNDATIONS
OF
ALGEBRAIC
TOPOLOGY

BY SAMUEL EILENBERG
AND
NORMAN STEENROD

PRINCETON, NEW JERSEY
PRINCETON UNIVERSITY PRESS
1952



Copyright © 1952, by Princeton University Press
L. C. Card 52581
Loxpon: Oxrorp UNIVERSITY Prrss

ArL Ricurs Reserven

SECOND PRINTING 1957

PRINTED IN THE UNITED STATES OF AMERICA



TO SOLOMON LEFSCHETZ
IN ADMIRATION AND GRATITUDE






Preface

1. PREAMBLE

The principal contribution of this book is an axiomatic approach to
the part of algebraic topology called homology theory. It is the oldest
and most extensively developed portion of algebraic topology, and may
be regarded as the main body of the subject. The present axiomatization
is the first which has been given. The dual theory of cohomology is
likewise axiomatized.

It is assumed that the reader is familiar with the basic concepts of
algebra and of point set topology. No attempt is made to axiomatize
these subjects. This has been done extensively in the literature. Our
achievement is different in kind. Homology theory is a transition (or
function) from topology to algebra. It is this transition which is
axiomatized.

Speaking roughly, a homology theory assigns groups to topological
spaces and homomorphisms to continuous maps of one space into
another. To each array of spaces and maps is assigned an array of
groups and homomorphisms. In this way, a homology theory is an
algebraic tmage of topology. The domain of a homology theory is the
topologist’s field of study. Its range is the field of study of the algebraist.
Topological problems are converted into algebraic problems.

In this respect, homology theory parallels analytic geometry. How-
ever, unlike analytic geometry, it is not reversible. The derived algebraic
system represents only an aspect of the given topological system, and
is usually much simpler. This has the advantage that the geometric
problem is stripped of inessential features and replaced by a familiar type
of problem which one can hope to solve. It has the disadvantage that
some essential feature may be lost. In spite of this, the subject has
proved its value by a great varicty of successful applications.

Our axioms are statements of the fundamental properties of this
assignment of an algebraic system to a topological system. The axioms
are calegorical in the sense that two such assignments give isomorphic
algebraic systems.

2. THE NEED FOR AXIOMATIZATION

The construction of a homology theory is exceedingly complicated.
It is true that the definitions and necessary lemmas can be compressed
vii
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within ten pages, and the main properties established within a hundred.
But this is achieved by disregarding numerous problems raised by the
construction, and ignoring the problem of computing illustrative exam-
ples. These are serious problems, as is well known to anyone who has
taught the subject. There is need for a perspective, and a pattern into
which the student can fit the numerous parts.

Part of the complexity of the subject is that numerous variants of
the basic definitions have appeared, e.g. the singular homology groups
of Veblen, Alexander, and Lefschetz, the relative homology groups of
Lefschetz, the Vietoris homology groups, the Cech homology groups, the
Alexander cohomology groups, etc. The objective of each variant was to
extend the validity of some basic theorems, and thereby increase their
range of applicability.

In spite of this confusion, a picture has gradually evolved of what is
and should be a homology theory. Heretofore this has been an imprecise
picture which the expert could use in his thinking but not in his exposi-
tion. A precise picture is needed. It is at just this stage in the develop-
ment of other fields of mathematics that an axiomatic treatment ap-
peared and cleared the air.

The discussion will be advanced by a rough outline of the construc-
tion of the homology groups of a space. There are four main steps as
follows:

1) space — complex

(2) complex — oriented complex
3) oriented complex — groups of chains
4) groups of chains — homology groups

In the first form of (1) it was necessary to place on a space the struc-
ture of a complex by decomposing it into subsets called cells, each cell
being a homeomorph of a euclidean cube of some dimension, and any
two cells meeting, if at all, in common faces. It was recognized that
only certain spaces, called triangulable, admit such a decomposition.
There arose the problem of characterizing triangulable spaces by other
properties. This is still unsolved. Special classes of spaces (e.g. differ-
entiable manifolds) have been proved triangulable and these suffice for
many applications.

The assumption of triangulability was eliminated in three different
ways by the works of Vietoris, Lefschetz, and Cech. In each case, the
relation that the complex be a triangulation of the space was replaced
by another more complicated relation, and the complex had to be
infinite. The gain was made at the cost of effective computability.

Step (2) has also been a source of trouble. The problem is to assign
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integers (incidence numbers) to each pair consisting of a cell and a face
(of one lower dimension) so as to satisfy the condition that the boundary
of a cell be a cycle. This is always possible, but the general proof
requires the existence of a homology theory. To avoid circularity, it
was necessary to restrict the class of complexes to those for which
orientability could be proved directly. The simplicial complexes form
such a class. This feature and several others combined to make simplicial
complexes the dominant type. Their sole defect is that computations
which use them are excessively long, so much so that they are impractical
for the computation of the homology groups of a space as simple as a
torus.

Steps (3) and (4) have not caused trouble. They are purely alge-
braic and unique. The only difficulty a student faces is the absence of
motivation.

The final major problem is the proof of the topological invariance of
the composite assignment of homology groups to a space. Equivalently,
one must show that the homology groups are independent of the choices
made in steps (1) and (2). Some thirty years were required for the de-
velopment of a fully satisfactory proof of invariance. Several problems
arising along the way have not yet been solved, e.g. Do homeomorphic
complexes have isomorphic subdivisions?

The origin of the present axiomatic treatment was an effort, on the
part of the authors, to write a textbook on algebraic topology. We were
faced with the problem of presenting two parallel lines of thought. One
was the rigorous and abstract development of the homology groups of a
space in the manner of Lefschetz or Cech, a procedure which lacks ap-
parent motivation, and is noneffective so far as calculation is concerned.
The other was the nonrigorous, partly intuitive, and computable method
of assigning homology groups which marked the early historical develop-
ment of the subject. In addition the two lines had to be merged eventu-
ally so as to justify the various computations. These difficulties made
clear the need of an axiomatic approach.

The axioms which we use meet this need in every respect. Their
statement requires only the concepts of point set topology and of
algebra. The concepts of complex, orientation, and chain do not appear
here. However, the axioms lead one to introduce complexes in order to
calculate the homology groups of various spaces. Furthermore, each
of the steps (2), (3), and (4) is derived from the axioms. These deriva-
tions are an essential part of the proof of the categorical nature of the
axioms.

Summarizing, the construction of homology groups is a long and
diverse story, with a fairly obscure motivation. In contrast, the axioms,
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which are given in a few pages, state precisely the ultimate goal, and
motivate every step of the construction.

No motivation is offered for the axioms themselves. The beginning
student is asked to take these on faith until the completion of the first
three chapters. This should not be difficult, for most of the axioms are
quite natural, and their totality possesses sufficient internal beauty to
inspire trust in the least credulous.

3. COMPARISON WITH OTHER AXIOMATIC SYSTEMS

The need for an axiomatic treatment has been felt by topologists for
many years. This has resulted in the axiomatization of certain stages in
the construction of homology groups. W. Mayer isolated the step (4).
He defined the abstract and purely algebraic concept of chain complex,
and showed that it was adequate for the completion of step (4). He also
demonstrated that a number of mixed geometric-algebraic concepts and
arguments could be handled with algebra alone.

A. W. Tucker axiomatized the notion of an abstract cell complex,
i.e. the initial point of step (2), and showed that steps (2), (3), and (4)
could be carried through starting with such an object. This had the
effect of relegating the geometry to step (1) alone where, of course, it is
essential.

Recently H. Cartan and J. Leray have axiomatized the concept of a
grating (carapace) on a space. In essence, it replaces the notion of com-
plex in the four-step construction outlined in §2. Their associated
invariance theorem has several advantages. Most important is the
inclusion of the de Rham theorem which relates the exterior differential
forms in a manifold to the cohomology groups of the manifold.

It is to be noted that these various systems are axiomatizations of
stages in the construction of homology groups. None of them axiomatize
a transition from one stage to another. Thus they differ both in scope
and in nature from the axioms we shall give. The latter axiomatize the
full transition from spaces to homology groups.

4. NEW METHODS

The great gain of an axiomatic treatment lies in the simplification
obtained in proofs of theorems. Proofs based directly on the axioms are
usually simple and conceptual. It is no longer necessary for a proof to
be burdened with the heavy machinery used to define the homology
groups. Nor is one faced at the end of a proof by the question, Does the
proof still hold if another homology theory replaces the one used? When
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a homology theory has been shown to satisfy the axioms, the machinery
of its construction may be dropped.

Successful axiomatizations in the past have led invariably to new
techniques of proof and a corresponding new language. The present
system is no exception. The reader will observe the presence of numerous
diagrams in the text. Each diagram is a network or linear graph in
which each vertex represents a group, and each oriented edge represents
a homomorphism connecting the groups at its two ends.

A directed path in the network represents the homomorphism which
is the composition of the homomorphisms assigned to its edges. Two
paths connecting the same pair of vertices usually give the same homo-
morphism. This is called a commutativity relation. The combinatorially
minded individual can regard it as a homology relation due to the pre-
sence of 2-dimensional cells adjoined to the graph.

If, at some vertex of the graph, two abutting edges are in line, one
oriented toward the vertex and the other away, it is frequently the case
that the tmage of the incoming homomorphism coincides with the kernel
of the outgoing homomorphism. This property is called exactness. It
asserts that the group at the vertex is determined, up to a group exten-
sion, by the two neighboring groups, the kernel of the incoming homo-
morphism, and the image of the outgoing homomorphism. Exact
sequences of groups and homomorphisms occur throughout. Their
algebraic properties are readily established, and are very convenient.

The reader will note that there is a vague analogy between the
commutativity-exactness relations in a diagram and the two Kirchhoff
laws for an electrical network.

Certain diagrams occur repeatedly in whole or as parts of others.
Once the abstract properties of such a diagram have been established,
they apply each time it recurs.

The diagrams incorporate a large amount of information. Their use
provides extensive éa.vings in space and in mental effort. In the case of
many theorems, the setting up of the correct diagram is the major part
of the proof. We therefore urge that the reader stop at the end of each
theorem and attempt to construct for himself the relevant diagram before
examining the one which is given in the text. Once this is done, the
subsequent demonstration can be followed more readily; in fact, the
reader can usually supply it himself.

5. STRUCTURE OF THE BOOK

Chapter 1 presents the axioms for a homology theory, and a body of
general theorems deducible from them. Simplicial complexes and trian-
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gulable spaces are treated in Chapter 11. This chapter is entirely
geometric. In Chapter 111, 2 homology theory is assumed to be given on
triangulable spaces. We then derive from the axioms the classical
algorithms for computing the homology groups of a complex. Using
these, we show that the axioms are categorical for homology theories on
triangulable spaces.

The first three chapters form a closed unit, but one which is based
on the assumption that a homology theory exists, i.e. the axioms are
consistent in a nontrivial manner. In Chapters 1v through x, the exis-
tence is established in four different ways. The singular homology the-
ory is given in Chapter vii, the Cech homology theory in 1x, and two
others in x.

The intervening chapters are preparatory. As noted above, the con-
struction of a homology theory is complicated. Not only do we have the
four steps outlined in §2 for the construction of homology groups, but
also corresponding constructions of homomorphisms. Then the axioms
must be verified. Finally the dual cohomology theory must be given in
each case. With a total of eight theories to present, the tendency to
repeat constructions and parallel others is nearly irresistible. We avoid
most of this by presenting a number of steps on a sufficiently abstract
level to make them usable in all cases. These are given in Chaps. 1v, v.

Chapter 1v presents the ideas and language of category and funclor.
These concepts formalize a point of view which has dominated the devel-
opment of the entire book. We axiomatize here the notion of a homology
theory on an abstract category, and formulate a pattern which the sub-
sequent constructions must fulfill. In Chapter v, the step from chain
complexes to homology groups is treated. The chapter is entirely
algebraic. Chapter vi presents the classical homology theory of simpli-
cial complexes. In Chapter vir, the singular homology theory is defined
and proved to satisfy the axioms. This chapter is independent of vi
except possibly for motivation. A reader interested in the shortest
existence proof need only read Chapter 1v, the first four articles of v,
and then Chapter vir.

Chapter v treats direct and inverse systems of groups and their
limit groups. This is the algebraic machinery needed for the develop-
ment of the Cech homology theory given in 1x. Chapter x presents
additional properties of the Cech theory. It is shown that the addition
of a single new axiom characterizes the Cech theory on compact spaces.
Two additional homology theories are constructed which are extensions
of the Cech theory on compact spaces. The first is defined on locally
compact spaces, and the second on normal spaces. Both are obtained by
processes of compactification.
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Chapter x1, which completes this volume, gives a number of the
classical applications of homology theory such as the Brouwer fixed-point
theorem, invariance of domain, and the fundamental theorem of algebra.

Homology theory and cohomology theory are dual to one another.
We treat them in parallel. Throughout Chapters 1 and 111, each section
which treats of homology is accompanied by a section on cohomology.
The latter contains no proofs. It contains just the list of definitions and
theorems dual to those given for homology, and are numbered corre-
spondingly, e.g. Definition 4.1c is the cohomology form of Definition 4.1.
The duality between the two theories has only a semiformal status. It
is true that, by the use of special “coefficient groups,” Pontrjagin has
given a strictly formal duality based on his theory of character groups.
However, the duality appears to persist without such restrictions. The
reader is urged to supply the proofs for the cohomology sections. In
addition to constituting useful exercises, such proofs will familiarize the
reader with the language of cohomology.

The device of dual sections occurs rarely in later chapters. The greater
parts of the constructions of homology theories and their corresponding
cohomology theories deal with mechanisms in which the two aspects are
not differentiated. In the remaining parts, the two dual theories are
treated in equal detail.

At the end of each chapter is a list of exercises. These cover material
which might well have been incorporated in the text but was omitted as
not essential to the main line of thought.

There are no footnotes. Instead, comments on the historical develop-
ment and on the connections with other subjects are gathered together
in the form of notes at the ends of various chapters.

A cross reference gives the chapter number first, then the section,
and, lastly, the numbered proposition, e.g. x,2.6 refers to Proposition 6
of Section 2 of Chapter x. The chapter number is omitted in the case
where it is the one containing the reference. A reference of the form (3)
means the displayed formula number 3 of the section at hand.

We acknowledge with pleasure our indebtedness to Professors S.
MacLane, T. Rado, and P. Reichelderfer who read large portions of the
manuscript and whose suggestions and criticisms resulted in substantial
improvements.

S. EILENBERG AND N. STEENROD
August, 1951
Columbia University
Princeton University
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CHAPTER 1

Axioms and general theorems

1. TOPOLOGICAL PRELIMINARIES

The axioms for a homology theory are given in §3. In §§1 and 2,
we review the language and notation of topology and algebra, and we
introduce a number of definitions and conventions which, as will be
seen, are virtually enforced by the nature of our axiomatic system.

We define a pair of sets (X,A) to be a set X and a subset 4 of X.
In case A = O is the vacuous subset, the symbol (X,0) is usually ab-
breviated by (X) or, simply, X.

A map f of (X,A4) into (Y,B), in symbols

i (X4) = (Y,B),

is a single-valued function from X to Y such that f(4) C B. If also
g: (Y,B) — (Z,C), then the composition of the two functions is a
map gf: (X,4) — (Z, C) given by (¢f)z = g(fx).

The relation (X’,A’) C (X,A) means X’ C X and A’ C A. The
map 7: (X’,4") — (X,A) defined by iz = z for each r ¢ X’ is called
the inclusion map and is denoted by

it (X,A4") C (X,A).

If (X',A") = (X,A), then the inclusion map 7 is called the identity
map of (X,4).

It will be important for us to distinguish a function from those
obtained from it by seemingly trivial modifications of the domain or
range. lLet f: (X,4) — (Y,B) be given, and let (X’,4"), (Y",B’) be
pairs such that X’ C X, Y' C Y, f(X’) C Y’, and f(4") C B’. Then
the unique map f: (X', A") — (Y',B’) such that f'z = fz for each
z ¢ X' is called the map defined by f, and f is said to define f’. For
example any inclusion map is defined by the identity map of its range.
If f: (X,A) — (Y,B), the map of A into B defined by f is denoted by

flA: A — B.
3
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The lattice of a pair (X,A) consists of the pairs
(X,0)

/N

0,0) — (4,0 (X,4) — (X,X)

N/

(4,4)

all their identity maps, the inclusion maps indicated by arrows, and
all their compositions. If f: (X,4) — (Y,B), then f defines a map
of every pair of the lattice of (X,A) into the corresponding pair of the
lattice of (Y,B). In particular f|A is one of these maps.

A topological space X is a set X together with a family of subsets of
X, called open sets, subject to the following conditions:

(1) the set X and the empty set 0 are open,

(2) the union of any family of open sets is open,

(3) the intersection of a finite family of open sets is open.

The family of open sets of X is called the topology of X. The com-
plement X — U of an open set U is called closed.

If A is a subset of X, then the union of all the open sets contained
in A is called the interior of A and is denoted by Int A. The inter-
section, of all the closed sets containing A is called the closure of A and
is denoted by 4. A topology, called the relative topology, is defined in
A by the family of intersections A M U for all open sets U of X. With
this topology, A is called a subspace and (X,A) is called a pair of
topological spaces or, briefly, a pair. If X,X’ are spaces, the relation
X’ C X means that X’ is a subspace of X.

A map f: X — Y of one topological space into another is said to
be continuous if, for every open set V of Y, the set f™'(V) is open in X.
A map of pairs f: (X.4) — (¥,B) is continuous if the map X — Y
defined by f is continuous. The terms map, mapping, and transforma-
tion when applied to topological spaces or pairs will always mean
continuous maps. Identity and inclusion maps are continuous.

A space X is a Hausdorff space if, for each pair of distinct points
Z,,%5 ¢ X, there exist disjoint open sets U,,U, in X with z, ¢ U,, 2, ¢ U, .
A space is called compact if it is a Hausdorff space, and if each covering
of the space by open sets contains a finite covering. A pair (X,4) is
called compact if X is compact and A is a closed (and therefore compact)
subset of X.

The foregoing is intended as a review of some basic definitions. We
shall assume a knowledge of the elementary properties of spaces and
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maps such as can be found, for instance, in the book of Alexandroff and
Hopf (Topologie, J. Springer, Berlin 1935) Chapters 1 and 2, or in the
book of Lefschetz (Algebraic Topology, Colloq. Pub. Amer. Math. Soc.
1942) Chapter 1.

DeFiNITION. A family @ of pairs of spaces and maps of such pairs
which satisfies the conditions (1) to (5) below is called an admissible
category for homology theory. The pairs and maps of @ are called ad-
missible.

(1) If (X,A) e @, then all pairs and inclusion maps of the lattice
of (X,A) are in Q.

@) If f: (X,A) — (Y,B) is in @, then (X,4) and (Y,B) are in @
together with all maps that f defines of members of the lattice of (X,4)
into corresponding members of the lattice of (Y,B).

(3) If f, and f, are in @, and their composition f,f, is defined,
then f,f, e Q.

(4) If I = [0,1] is the closed unit interval, and (X,A) ¢ @, then the
cartesian product

X,A) X I =(XXI,AXI
is in @ and the maps

gogr: (X,4) —» (X,4) X I
given by
QO(x) = (17,0), gl(x) = (I’l)

are in Q.
(5) There is in @ a space P, consisting of a single point. If X,P
arein @, if f: P — X, and if P is a single point, then f ¢ Q.

The following are examples of admissible categories for homology
theory:

@, = the set of all pairs (X,4) and all maps of such pairs, This is
the largest admissible category.

Q¢ = the set of all compact pairs and all maps of such pairs.

@.c = the set of pairs (X,A4) where X is a locally compact Hausdorft
space, A is closed in X, and all maps of such pairs having the property
that the inverse images of compact sets are compact sets.

This last example of an admissible category has the property that
both X and X’ can be admissible, X’ C X, and yet the inclusion map
X’ — X may not be admissible. This is the case if X is compact and
X' is an open but not closed subset of X.
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DeriNiTION. Two maps fo,f1: (X, A) — (Y,B) in the admissible
category @ are said to be homolopic in @ if there is a map

h: (X,A) X I — (Y,B)
in @ such that
Jo = hgo, f1 = hg
or, explicitly,
fol@) = h(z,0),  fi(x) = h(z,1).
The map A is called a homotopy.

2. ALGEBRAIC PRELIMINARIES

Let R be a ring with a unit element. An abelian group G is called
an R-module if for each r ¢ R and each ¢ ¢ G an element g € G is defined
such that

gy + g2) =1g +1g., (1 + 1)g = 1ig + 12,
ri(rg) = (rr2)g, g = ¢.

A subgroup H of G such that rh ¢ H whenever r ¢ R, h ¢ H is called a
linear subspace of G. A homomorphism ¢ of G into another R-module
@ is called linear if ¢(rg) = r¢(g) holds forallr e R, g ¢ G.

Only two special cases are of importance to us. In the first, R = F
is a field. Then G is a vector space over F. In the second, R = J is
the ring of integers. In this case G is an ordinary abelian group (without
additional structure). The unifying concept of module saves repetition.

In addition to R-modules, we shall also wish to consider compact
abelian groups. To avoid a complete duplication of the discussion, we
adopt the following convention:

Unless otherwise stated the word ‘“group” will be used to mean
either one of the following two objects:

1°. An R-module (over some ring R with a unit element), or

2°. A compact topological abelian group.

Whenever, in a discussion, several ‘‘groups’’ appear, the word “group”
is to be interpreted in a fixed manner. In particular, in case 1°, the
ring R is the same for all groups. All groups are written additively. If
@ is a group, G = 0 means that G consists of the zero element alone.

The word ‘‘subgroup’’ will mean correspondingly

1°. A linear subspace, or

2°. A closed subgroup. .



§2] ALGEBRAIC PRELIMINARIES 7

The word “homomorphism” will mean
1°, A linear map, or

2°. A continuous homomorphism.

If G and H are groups, the notation

¢: G - H

means that ¢ maps G homomorphically into H. The kernel of ¢ is the
subgroup of elements of G mapped into the zero element of H. The
tmage of ¢ is the subgroup ¢(@) C H. The statement “¢ maps G onto
H” means ¢(G) = H. We sometimes abbreviate “¢ maps G onto H”
by “¢ is onto.”” The symbolism ¢ = 0 is used to indicate that the
kernel of ¢ is all of G, or equally well that ¢(G) = 0. The expression
“¢ has kernel zero” means that the kernel of ¢ contains only the zero
element. The symbolism

¢: G=H

means that the map ¢: G — H maps G isomorphically onto H, and ¢
is called an 7somorphism. Observe that ¢: G = H implies ¢ ': H = Q.
In case 1°, this is obvious. In case 2° it follows from the theorem that
the inverse of a continuous 1-1 map between compact spaces is con-
tinuous. It is precisely the failure of ¢™' to be continuous in the non-
compact case which prevents our unifying the concepts of R-module
and compact group by the use of topological R-modules.

If L is a subgroup of G, G/L denotes the factor (or difference) group,
i.e. the group whose elements are the cosets of L in G. The natural
homomorphism

7. G — G/L

is the function which attaches to each element of G the coset of L which
contains it: 9(g) = ¢ + L. In case 1° we define r(¢g + L) = r¢ + L so
that G/L is an R-module and 7 is linear. In case 2°, we introduce a
topology into G/L as follows: a subset U of G/L is open if and only if
7 '(U) is open in G. It can then be seen clearly that G/L is a compact
abelian group and that 7 is continuous.

If¢: G— G and L C G, L' C G are subgroups such that ¢(L) C L/,
then the homomorphism ¢: G/L — G’/L’ induced by ¢ attaches to each
coset of L in G the cosct of L’ in G’ which contains its image under ¢.
The natural maps 5,7 and the homomorphisms ¢,¢ satisfy the com-
mutativity relation

én = 1'd.
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It asserts that two homomorphisms of G into G’/L’ coincide. As shown
in the diagram

¢
G — &
bl
é

G/L — @'/L’

the first is obtained by moving down and then over, the second, by
moving over and then down.

If {G.},a =1, - - - , m, are groups, their (external) direct sum Y _n., G,
is defined, in the usual way, as the set of n-tuples {g.}, g. ¢ G., with

r{ge} = {rga},  {9a} + {gd} = {9 + gd}.

In case 2°, ) @G, is given the product topology.

A set of homomorphisms 7,: G, — G, a = 1, --- | n, determine a
homomorphism 5: Y _a.; G, — G by therule i({g.}) = D> na1%a(ga). If
i is an isomorphism of > G, onto G, then the set {7,} is called an
injective representation of G as a direct sum, and each component 7, is
called an injection. If, in addition, G, C G and each 7, is an inclusion,
G is said to decompose into the (internal) direct sum G = Y, G,.

A set of homomorphisms j,: G — G,, a = 1, -+, n, determine a
homomorphism j: G — D %., G, by the rule j(g) = {j.g}. Ifjisan
isomorphism of G onto D G., then the set {j,} is called a projective
representation of G as a direct sum, and each component j, is called a
projection.

Given an injective representation {7,} as a direct sum, one constructs
a projective representation {j,} by defining j.g to be the a-coordinate of
i"'g. Similarly a projective representation determines an injective
representation. The advantage of having the two types is that they are
dual and one can state the dual of a direct sum theorem by interchanging
injection and projection. In Chapter v where we deal with infinite
direct sums, the distinction between the two types will be more than
formal.

DEFINITION. A lower sequence of groups is a collection {G,¢,}
where, for each integer g (positive, negative, or zero), G, is a group,
and ¢,: G, — G,_, is a homomorphism. A lower sequence is said to
be exact if, for each integer g, the image of ¢,., in G, coincides with
the kernel of ¢,.

DEFINITION. An upper sequence of groups is a collection {G°4¢°}
where, for each integer g (positive, negative, or zero), G° is a group and
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¢ @ — G*'' is a homomorphism. An upper sequence is ezact if, for
each integer g, the image of ™" in G° coincides with the kernel of ¢°.

If {G.¢.} is a lower sequence, and we set G° = G_,, ¢° = ¢_, for
each g, then {G°¢°} is an upper sequence. This transformation sets up
a 1-1 correspondence between the set of all lower sequences and the
set of all upper sequences. In the sequel, definitions are made only for
lower sequences. The corresponding definitions for upper sequences are
to be obtained using this transformation.

DErFINITION. A lower sequence G = {G}¢.} is said to be a subse-
quence of the lower sequence G = {G.¢,.}, written G’ C G, if, for each
g, G; C G, and ¢, = ¢,/G,. A subsequence is determined by any set
of subgroups {G}} provided ¢,(G}) C G-, for each q.

ReEMArk. The word subsequence is used here in a sense different
from the usual one—no terms of the original sequence are discarded. It
is not to be expected that a subsequence of an exact sequence should be
exact. For example, the subsequence K, = kernel ¢, is usually not
exact.

DeriniTION. If G,G’ are two lower sequences, a homomorphism y:
G — @' is a sequence of homomorphisms {y,} such that, for each integer
e, ¥.: G, — G, and the following commutativity relations hold:

b¥e = Vo1,

The subgroups {kernel ¢,} form a subsequence of G called the kernel
of ¥, and kernel y = 0 means kernel ¢, = 0 for each ¢q. Likewise image
v = {image ¢,.} is a subsequence of G’; and when G’ = image ¥, we
say that ¢ is onto. If each ¢, is an isomorphism, then ¢ is said to be
an isomorphism.

The commutativity relations assert that, in the following diagram
of homomorphisms

ba
Gq—l e Gc
l¢q—l l'ﬁo
%:

G, — @,

the two composite homomorphisms from G, to G-, coincide.
DEriNiTION. If L is a subsequence of the lower sequence G, the
Jactor sequence G/L of G by L is the lower sequence composed of the
factor groups G./L, and the homomorphisms ¢,; G./L, = Go_1/Ler
induced by the ¢,. Let 3,: G, — G,./L, be the natural homomorphism.
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Since ¢.m, = 7e-1dq, it follows that n = {n,}: G — G/L. It is called
the natural homomorphism of G onto G/L.

DerFinttion. If G7,G” are lower sequences, their (external) direct
sum G’ 4+ @ is the lower sequence whose groups are G, = G, + G,
and whose homomorphisms are defined by ¢,(g.,92) = (d4(g.) 2 (g0).

DeriniTioN. If G/, are subsequences of the lower sequence G,
then G is said to decompose into the (internal) direct sum of G’ and G’
if, for each ¢, G, decomposes into the direct sum of G, and GZ'.

The conventions and notations introduced for pairs of sets (X,4)
and their maps will also be used for pairs of groups, pairs of sequences,
and their homomorphisms.

8. AXIOMS FOR HOMOLOGY

A homology theory H on an admissible categorv @ is a collection
of three functions as follows: The first is a function H,(X,4) defined
for each pair (X,A4) in @ and each integer q (positive, negative, or zero).
The value of the function is an abelian group. It is called the ¢-dimen-
stonal relative homology group of X modulo A.

The second function is defined for each map

fr (X,4) - (¥,B)
in @ and each integer ¢, and attaches to such a pair a homomorphism
(1) feat Ho(X,A4) — H,(Y,B).

It is called the homomorphism nduced by f.
The third function 3(¢,X,A) is defined for each (X,4) in @ and
each integer ¢. Its value is a homomorphism

) 8(¢,X,4): H,(X,A) — H,,(4)

called the boundary operator.

Since, in (2), the symbol (¢,X,A) is redundant, it will be omitted
in the future. Likewise the index ¢ on f,, in (1) will be omitted.

According to the convention of the preceding section, H,(X,4) is
either always an R-module, or always a compact abelian group. The
corresponding conventions govern the homomorphisms 9 and f,.

In addition, the three functions are required to have the following
properties:

Axiom 1. If f = identity, then f, = identity.

Explicitly, if f is the identity map of (X,A) ¢ @ on itself, then,
for each g, f, is the identity map of H,(X,A4) on itself.
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Axiom 2. (gf), = g,f,.

Explicitly, if f: (X,4) — (V,B) and g: (Y,B) — (Z,C) arc ad-
missible, then the composition of the induced homomorphisms f,:
H,(X,A) — H,(Y,B) and ¢g,: H,(Y,B) —» H,/(Z,C) is the induced
homomorphism (gf),: H.(X,A) = H(Z,C).

Axiom 3. df, = (f|4),9.

oxplicitly, if f: (X,A) — (Y,B) is admissible and fl|[4: A — Bis
the map defined by f, then there are two ways of mapping H,(X,A)
into H,_,(B). As shown in the diagram,

Ia
HG(X)A) -_— Ha( Y,B)

i (f14), ’

H, (A —— H,(B)

the composition df, is obtained by moving over and then down, the
composition (f|4),0 by moving down and over. The axiom requires

that the two homomorphisms have the same value on each element of
H,(X,A).

Axiom 4 (Exacrness axiom). If (X,A) s admissible and <:
A— X, ;. X — (X,A) are inclusion maps, then the lower sequence of
groups and homomorphisms

Ty 9 Tx Ty 9
c = Ho(4) « H(X,A) — H(X) — H(A) « ---

s exact. This lower sequence is called the homology sequence of (X,A)
(abbreviated: H.S. of (X,A)).

To make the above statement precise, the groups and homo-
morphisms of the lower sequence must be indexed by integers. We
choose H,(X,A) as the 0*" group, i.e. (3, = H(X,A), ¢s, = 9, Gaos1 =
H (X), etc.

Axiom 5 (Homoropy axiom). If the admissible maps fo, fi:
(X,A) — (Y,B) are homotopic in Q, then, for each q, the homomorphisms
SourS14 of H(X,A) into H,(Y,B) coincide.

Axiom 6 (ExcisioN axiom). If U is an open subset of X whose
closure U 1s contained in the interior of A (i.e. U C V C A for some open
set V of X), and if the inclusion map (X — U, A — U) — (X,A4) is
admassible, then it induces isomorphisms H, (X — U, A — U) = H(X,A)
Jor each q.
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An inclusion map ©: (X — U, A — U) C (X,A) where U is open
in X and U is in the interior of A, will be called an excision map or
just an excision.

Axiom 7 (DiMENSION AXioM). If P is an admissible space con-
sisting of a single point, then H (P) = 0 for all ¢ < 0.

This concludes the list of axioms for a homology theory. In proofs
of theorems, use will be made of Axioms 1, 2, and 3 without comment
or explicit reference. The remaining axioms will be referred to by name.

The reasons for the names of Axioms 4, 5, and 6 are apparent. The
reason for calling Axiom 7 the Dimension axiom is not so apparent.
Suppose H,(X,A),9,f, is a homology theory satisfying Axioms 1 through
7. Define Hy(X,A) = H,.,(X,A). Define 9’ and f,, in the natural
way. Then the new homology theory satisfies Axioms 1 through 6.
This is also true of the homology theory H[(X,A) = H/(X,A) +
H, ,(X,A). Thus, Axiom 7 tends to insure that the dimensional index
¢ shall have a geometric meaning.

The consistency of the axioms is easily verified by choosing each
H,(X,A) = 0. The interest, naturally, lies in the existence of non-
trivial homology theories. The existence of such will be proved in
Chapters vir and 1X.

The Homotopy axiom can be put in the following form, which is
sometimes more convenient:

Axiom 5’. If (X,A) is admissible and go,g,: (X,4) — (X,4) X I
are defined by go(z) = (x,0), g:(z) = (z,1), then go, = G-

Indeed Axiom 5 implies Axiom 5’ since g, and g, are homotopic with
the identity map of (X,A) X I as homotopy. On the other hand, if
h is a homotopy of maps f,f;: (X,4) — (Y,B), then f, = hg, and
f1 = hg, and by Axioms 2 and 5’

fou = hygox = hyfiy = fige
The Excision axiom may be reformulated as follows:

Axiom 6’. Let X, and X, be subsets of a space X such that X, s
closedand X = Int X, U Int X,. Ifi: (X,X,.NX,) C (X, X,,X,)
18 admyissible, then it induces tsomorphisms i,: H (X,X, N X,) =
H (X, VU X,,X,) for each q.

The equivalence of this axiom with the original formulation is easily
seen by setting A = X, and U = X — X,. The new formulation of
the Excision axiom closely resembles the following theorem of group
theory: If G and G, are subgroups of a group @, then the inclusion
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map (G,,G, N G;) = (G, Y G,,G,) induces an isomorphism of the factor
groups (,/G, N\ G, = G, U G,/G,. Here G, U G, denotes the least
subgroup of G containing both G, and G,.

In all the homology theories that will be constructed in the sequel
it will be true that H,(X,A) = 0 for ¢ < 0. Because of the various
uniqueness theorems that will be established later, this is also true for
any homology theory provided that the pair (X,4) is triangulable (see
11,5). Because of these facts one could, without limiting the theory in
any essential fashion, incorporate the requirement that H,(X,4) = 0
for ¢ < O into the axioms. One could go a step farther and assume
that the groups H,(X,A) are defined only for ¢ = 0 and that 9:
H (X,A) - H,_,(A) is defined only for ¢ = 1. The Exactness axiom
would be the only one that would require modification. Indeed the
homology sequence is then no longer infinite in both directions, but
terminates on the left with

Jx iy
Hy(X,A) «— Ho(X) « ---
The modified Exactness axiom would assert, in addition to the kernel =
image property, that j, maps H,(X) onto H,(X,A). This is the precise
condition that the sequence remain exact when it is completed to a
nonterminating sequence by adjoining trivial groups and homomor-
phisms. This modification of the basic definition is mathematically
trivial since by defining H,(X,4) = 0 for ¢ < 0 one obtains a homology
theory in the unmodified sense.

The remainder of Chapter 1 is devoted to general theorems con-
cerning a homology theory on an admissible category. This hypothesis
will be omitted from the statement of each theorem. In addition, the
assumption that the pairs and maps occurring in theorems are admissible
will be omitted unless there is a special reason for calling attention to
this fact.

8c. AXIOMS FOR COHOMOLOGY

A cohomology theory on an admissible category @ is a collection of
three functions as follows: The first is a function H*(X,A4) defined for
each (X,A) in @ and each integer ¢. In each case the value of the
function is an abelian group. It is called the g-dimensional relative
cohomology group of X mod A.

The second function, f*, is defined for each admissible map

fr (X,4) — (Y,B)
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and each integer ¢, and its value is a homomorphism
f* HYY,B) —» H'(X,A)

called the homomorphism induced by f.
The third function, 8(¢,X,A), is defined for (X,4) ¢ @ and an integer
g. Its value is a homomorphism

5 HT'(A) — HYX,A)

called the coboundary operator.

Nore: f, and f* have reverse directions, likewise @ and 8. The
index distinction between homology and cohomology groups is easily
remembered by the following rule: H, means homology since the index
below suggests that the corresponding operator (boundary) lowers the
dimension, H® means cohomology since the index above suggests that
the corresponding operator (coboundary) increases the dimension.

These three functions have the following properties (the statements
are abbreviated since they parallel the corresponding homology axioms,
in particular, conditions that the appropriate pairs and maps be ad-
missible are omitted):

Axiom 1c. If f = identity, then * = identity.
Axiom 2c. (gf)* = f*g*.
Axiom 3c. §(f|A)* = f*s.

Axiom 4c. Ifi: A —> X, 5: X — (X,A) are inclusion maps, then
the upper sequence of groups and homomorphisms

i* ) J* * b)
-vo — H"'(A) —» H'(X,A) - HY(X) » H(A) — ---
1s exact. This upper sequence is called the cohomology sequence of (X,A)
(abbreviated: C.S. of (X,A)).
Axiom Sc. If the maps f,9: (X,A) — (Y,B) are homotopic, then
f* = g*
Axiom 6¢. If U is open in X, and U is contained in the interior of

A, then the inclusion map: (X — U, A — U) — (X,A), if admssible,
induces isomorphisms: H°(X,A) = H(X — U, A — U).

Axiom 7c. If P is a point, then H*(P) = 0 for q¢ % 0.

There is a duality relating homology and cohomology. It is based on
the Pontrjagin theory of character groups. Precisely, let H(X,4),f*,6
be a cohomology theory satisfying Axioms lc through 7¢; and suppose
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H°(X,A) is always a discrete abelian group (R = the ring of integers)
or always a compact abelian group. Let H,X,A) be the character
group of HY(X,A), and let f,,0 be the homomorphisms dual to f*,s.
Then it is readily shown, by the use of standard properties of character
groups, that H (X,A4),f,,0 satisfy Axioms 1 through 7. It follows that
the dual of each theorem about {H,,f,,d} is a true theorem about
{H° f*,6}. When passing from a theorem to its dual, arrows are re-
versed, subgroups are replaced by factor groups and vice versa.

In case the values of H(X,A) are R-modules, with R unrestricted,
the duality has only a semiformal status. A partial duality is obtained
by treating H°(X,A) as a discrete abelian group, and ignoring the
operations of R. Then the strict duality above shows that the dual of
each theorem of homology is a true theorem of cohomology at least in
so far as the additive structures of the groups H°(X,A) are involved.

Because of this duality, theorems on cohomology will not be proved,
and will be left to the reader as exercises. At the end of each section
on homology in Chapters 1 and 111, the dual definitions and theorems
for cohomology will he stated.

4. HOMOMORPHISMS OF HOMOLOGY SEQUENCES
A map f: (X,A) — (Y,B) defines maps
fii XY, fai A — B.

The map f, is simply the map f|A considered before.

TuroreM 4.1. The collection of homomorphisms f,, fi,, and fa,
forms a homomorphism of the homology sequence of (X,A) into that of
(Y,B). It will be denoted by f,,.

Proor. Consider the diagram

Je i, ]
— H(X,A) —— H(X) —— H,(A) «—— H_ (X,A) e—

lft lfl* J'f'*’* P’*
7 i, 9

* *

—— H(Y,B) «—— H(Y) e—— H(B) «—— Ho:(Y,B) «——
where ¢, j, ¢, j/ are appropriate inclusions. We must verify the com-
mutativity relations

f*j* = j;fl*) fl*i4 = i::f2*7 fha = af*'

The first two relations follow from Axiom 2 since fj = j'f, and f,t =
©'fa. The third relation is a restatement of Axiom 3.
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Treorem 4.2. If f: (X,A) — (Y,B) and f,,: H.(X) = H/(Y),
Jou: H(A) = HB) for all dimensions q, then f,: H(X,A) =
H,(Y,B) for all dimensions q, and f,, is an tsomorphism.

This theorem is a consequence of the following group theoretic
lemma;

LeEmMA 4.3 (THE “FIVE” LEMMA). Let {¢,} be a homomorphism of
an eract lower sequence {G.,¢,} tnto an exact lower sequence {GL¢L}. If
for some index q, Yor2, Yar1, Va1, aNd Yo-o are all tsomorphisms, then
¥, s also an isomorphism.

This lemma is a consequence of the following two lemmas:

LeEMMA 4.4. If the kernel of Y., s zero, and Y., ts onlo, then

kernel ¢, = ¢,.1(kernel ¥,,,).
LEMMA 4.5. If Y41 is onto, and the kernel of .-, ts zero, then
ima‘ge ‘Pa = ¢1’1_1(image '/’q—l)'

Proors. Both lemmas are proved by chasing around the following
diagram:

¢q-1 d’c ¢q+l ¢a+2
Gu—-z A Ga—l — Ga ¢ Go+l €« Ga+2
V lw lw lw V
$o-1 éq b+ bo+2
G{:—z ¢ Gz'z—l — G « G;+l N G;+2

Since Y do+1 = Dhs1¥es, it follows that
¢q.+1(kernel ¥,,,) C kernel ¢,.

To prove the inverse inclusion, assume that the hypotheses of 4.4 are
satisfied and consider an element g ¢ G, with y,g = 0. Then ¢¥.g = 0,
80 Y._19.g = 0. Since the kernel ¢,_, is zero, it follows that ¢,(g) = 0.
By exactness, there is a g, ¢ G-, such that ¢,,.9; = g. Then ¢}, Y101 =
Vabarih = ¥ = 0, and, by exactness, there is a g5 ¢ G.,, such that
@liags = Vel Since Y. is onto, there is a g, ¢ G, such that
Ve+202 = g2 Then, on the one hand, ¥.41(g1 — ¢4202) = Yerrgh —
bestVasafz = Ve — @a2gz = 0, while, on the other” hand,
Gas1(g1 — Pos202) = dos1gr = ¢g. Thus g ¢ ¢o41(kernel Y,..1).

The proof of 4.5 is similar.

TrEOREM 4.1c. The collection of homomorphisms f*,f%,f% forms a
homomorphism of the C.8S. of (Y,B) into that of (X,A). It will be denoted
by f**.

Tarorem 4.2¢. If f: (X,A) — (Y,B) and f%: H'(Y) = H‘(X),
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% I{"(B) = H(A) for all dimensions q, then f*: H'(Y,B) =
H*(X,A) for all q, and f** 1s an isomorphism.

5. INVARIANCE OF THE HOMOLOGY GROUPS

Two admissible pairs (X,A4),(Y,B) are homeomorphic if there exist
admissible maps f: (X,4) — (Y,B) and g: (Y,B) — (X,A) such that
both fg and gf are identity maps. The map f is then called a homeo-
morphism, and ¢ = f™' is the inverse of f.

THEOREM 5.1. A homeomorphism f of (X,A) onto (Y,B) induces
tsomorphisms f,: H (X,A) = H(Y,B).

Proor. Since f7'f = identity, (f7'f), = (f7").f, = identity.
Similarly f,(f™"), = identity. Therefore f, has an inverse (f,)™" =
),

THEOREM 5.2. A homeomorphism f of (X,A) onto (Y,B) induces an
1somorphism of the H.S. of (X,A) onto that of (Y,B).

Proor. Since f defines homeomorphisms f,: X — Y and f,:
A — B, the theorem follows from 4.1 and 5.1.

THEOREM 5.1c. A homeomorphism f of (X,A) onto (Y,B) induces
isomorphisms f*: HY(Y,B) = H%(X,A).

THEOREM 5.2¢c. A homeomorphism f of (X,A) onto (Y,B) induces an
tsomorphism of the C.S. of (Y,B) onio that of (X,A).

6. THE BASE POINT P, AND THE COEFFICIENT GROUP G

DEriNITION 6.1. Let P, denote a fixed reference point and also the
(admissible) space consisting of this single point. The group H,(P,) is
called the coeffictent group of the homology theory and is denoted by G.
Its elements are denoted by g,9’, etc.

One can construct the coefficient group without choosing a base
point by the following process: Let M be a set, and, for each a ¢ M,
let G, be a group, and, for every ordered pair a,8 ¢ M, let % be an
isomorphism @, = G5 such that (1) =2 is the identity map of G, for
each o, and (2) if &,8,y ¢ M, then =275 = =3. Such a collection will
be called a transitive system of groups. To such a system we assign a
single group G as follows: An element g ¢ G is a function assigning to
each @ ¢ M an element g, ¢ G, such that «,8 ¢ M implies 739, = gs.
Addition is defined by adding functional values (g + ¢')a = g« + g2.
Then G is a group uniquely isomorphic to each G, under the projection
g Ja-.

If M is the collection of all spaces in @ each consisting of a single
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point, the @, are the 0** homology groups of these spaces, and the =/
are the isomorphisms induced by the unique maps of one such space
into another, then the above conditions are satisfied and the associated
group G could be taken as the coefficient group.

DEerFiNITION 6.1c. The group H°(P,) is called the coefficient group
of the cohomology theory and is denoted by G; its elements by g,g’, etc.

7. THE REDUCED 0-DIMENSIONAL HOMOLOGY GROUP

DeriniTION 7.1. If 2 ¢ X and ¢ € G, let (9x)x denote the image of
g in Hy(X) under the homomorphism induced by the map f: P, — X
defined by f(P,) = z. The image of G in H,(X) under f, is denoted
by (Gz)x.

Tueorem 7.2. If f: X > Y,z e X,y = f(z), and g ¢ G, then
fu(92)x = (gy)y. Thus f, maps (Gz)x onto (Gy)y.

The proof is trivial.

DEerFiNiTION 7.3. If the unique map f: X — P, is admissible, the
space X is said to be collapsible. In such a case the kernel of the homo-
morphism f,: Hy(X) — G is defined. It is called the reduced O-
dimensional homology group of X, and is denoted by H,(X).

LemMa 7.4. If f: X — Y is admissible and Y 1is collapsible, then
X 1s collapstble. If (X,A) is admissible, and X 1s collapsible, then A
18 collapsible and the map (X,A) — (P,,P,) is admissible.

The first statement is a trivial consequence of property (3) of an
admissible category. If (X,A) is admissible, the inclusion map A — X
is admissible. If, in addition, X is collapsible, the composite map
A — X — P, is admissible; so A is collapsible. Since X — P, is ad-
missible, so also is (X,X) — (Py,P,). Therefore (X,4) — (X,X) —
(P,,P,) is admissible.

ReEMARK. For each of the first two examples of admissible cate-
gories given in §1, it is true that each admissible space is collapsible.
However in the third example G.¢ of locally compact spaces, the only
collapsible spaces are the compact spaces.

THEOREM 7.5. If P 1is a space consisting of a single point, then
A,(P) = 0 and Hy(P) = (GP)p.

This follows from 5.1 since P — P, is a homeomorphism.

TaEOREM 7.6. If X s collapsible and x ¢ X, then Hy(X) decomposes
into the. direct sum

Hy(X) = HO(X) + (Gx)x

and the correspondence g — (gx)x maps G isomorphically onto (Gz)y.
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Proor. Let fi: P, — X be defined by f,(P,) = z, and let fat
X — P, Since f,f, is the identity map of P,, the composition of
the homomorphisms f,,: G — Hy(X) and f,,: H,(X) — G is the
identity. Therefore f,, maps @ isomorphically onto (Gz)x and fon
maps (Gz)x isomorphically onto G. Since H,(X) = kernel foqr it
follows that A o(X) and (Gz)x have only zero in common. If & ¢ H, o(X),
let ¥ = f,,f:,(h) and B = kL — K. It follows immediately that
B e (G)x, k" ¢ Hy(X), and h = 1’ + R".

THEOREM 7.7. If f: X — Y, Y is collapsible, z ¢ X, and y = f(z),
then X is collapsible and f, maps Hy(X) into Hy(Y) and maps (Gz)x
isomorphically onto (Gy)y.

Proor. Let fi: P, — X be defined by f,(P,) = z and let f,:
Y — P,. Then f,ff, is the identity map of P,. Therefore the compo-
sition G — (Gr)x — (Gy)y — G is the identity. By definition and 7.2,
each homomorphism is onto; therefore each is an isomorphism. Since
fof collapses X into P, Ho(X) = kernel (fof), = f;'(kernel f,,) =
£ @L(YY).

DeFiNiTiON 7.8. If f: X — Y and Y is collapsible, the map of
Ay(X) into Hy(Y), defined by f, (see 7.7), is denoted by ¥,.

CoroLLARY 7.9. Kernel f, = kernel f,.

DEriNITION 7.1¢. If 2 ¢ X, h ¢ H*(X), and f: P, — X is defined
by f(P,) = z, let f*(h) ¢ G be denoted by h(zx), and let the kernel of
f*: H°(X) — G be denoted by H(X).

Treorem 7.2c. If f: X > Y, ze X,y = f(z), and h ¢ H'(Y),
then (f*h)(z) = h(y). Thus f* maps Hy(Y) into HY(X), and H(Y)
contains the kernel of f*.

DerintTioN 7.3¢. If f: X — P, is admissible (i.e. X is collapsible),
the image of @ in H°(X) under f* is denoted by Gx. The factor group
H°(X) = H°(X)/Gx is called the reduced O-dimensional cohomology group
of X.

TrEOREM 7.5¢. If P 1is a space consisting of a single point, then
H°(P) = Gpand H°(P) = 0.

TueoreM 7.6c. If X is collapsible and z e. X, then H°(X) decomposes
into the direct sum HYX) + Gy, and the map X — P, induces an iso-
morphism G = Gy.

TrEorEM 7.7c. If f: X — Y, Y iscollapsible, z ¢ X, and y = f(x),
then X 1s collapsible and f* maps Hy(Y) into H AX) and maps Gy iso-
morphically onto Gx.

DerFiniTION 7.8¢c. If f: X —> Yand Y is collapsible, the map of
A°(Y) into A°(X) induced by f* is denoted by F*.

CoroLLARY 7.9¢. Under the natural map H°(Y) — H(Y) the kernel
of f* is mapped isomorphically onto the kernel of f*.
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8. THE REDUCED HOMOLOGY SEQUENCE

Lemma 8.1. For each space X and each integer q, H (X,X) = 0.

Proor. Leti: X — X and j: X — (X,X) be inclusions. Con-
sider the section of the H.S. of (X,X) around H,(X,X):
i* a j * i*
Ho ((X) « Hoa(X) — Hy(X,X) « H(X) « H(X).
Since each 7, is an isomorphism onto, it follows by exactness that
0 = kernel 7,,_, = image 9. Therefore H,(X,X) = kernel 9. Similarly
H,(X) = image ¢,, = kernel j,,. Therefore, image j, = 0. Since,
by exactness, image j, = kernel 9, it follows that H,(X,X) = 0.

We shall give a second proof of 8.1 which uses the Excision axiom,
and uses only the part of the Exactness axiom which asserts that
J«ix = 0. This proof will be of importance later when the full Exactness
axiom is not available.

The inclusion map (0,00 C (X,X) is an excision and therefore
H (X,X) = H,0). In the homology sequence of (0,0) we have the
homomorphisms

Jx Uy
H0) « H,0) « H,(0).
Since 7 and j are identity maps, we have ¢, = j, = identity. Since
Juls = 0, it follows that H,(0) = 0.

TueoreM 8.2. If X is collapsible, then 8 maps H,(X,A) into Hy(A).

Proor. By 7.4, the map f: (X,A) — (P,,P,) is admissible. If
heH,(X,A), then f (k) e H,(P,,P,) = 0by8.1. Therefore (f|4),3(h) =
df,(h) = 0. Hence, by definition, a(k) ¢ H,(4).

DeriniTiON 8.3. If f: (X,4) — (P,,P,) is admissible (i.e. X is
collapsible), the kernel of f,, is called the reduced homology sequence
of (X,A).

TaEOREM 8.4. The reduced homology sequence of (X,A) differs from
the homology sequence of (X,A) only in that the section

Je Ty ]
Hy(X,A) « Hy(X) « H,(A) « H,\(X,A)
of the latter has been replaced by

A Ty F]
Hy(X,A) « HO(X) “— HO(A) «— H\(X,A)

where j,,i‘,,v? are the maps defined by j,,1,,0 respectively.



§ 8] REDUCED HOMOLOGY SEQUENCE 21

CoroLLARY 8.5. If f: (X,A) — (Y,B), then f«x maps the reduced
homology sequence of (X,A) into that of (Y,B).

Proor. By 8.1 and the Dimension axiom, the H.S. of (P,,P,) has
just two nonzero terms: H,(P,) = Hy(P,). Therefore the kernel of
f s coincides with the H.S. of (X,A4) except for the two corresponding
terms which, by 7.3, are Ho(X) and H,(4). The corollary follows from
7.9.

THEOREM 8.6. If the unique map f: (X,A) — (Po,P,) is admissible
(i.e. X s collapsible, see 7.4), A 1s nonvacuous and x ¢ A, then the H.S.
of (X,A) decomposes into the direct sum of two exact subsequences: (1)
the reduced H.S. of (X,A) (t.e. the kernel of f,,), and (2) the isomorphic
tmage of the H.S. of (P,P,) under g,, where g: (Po,P,) — (X,A) is
defined by g(P,) = .

Observe that g is admissible since (P,,P,) — (4,4) — (X,A) are
admissible.

Since fg is the identity map of (P,,P,), this theorem is a special
case of the following one.

Tueorem 8.7. Let f: (X,A) —» (Y,B) and g: (Y,B) — (X,A) be
admissible and such that fg is the identity map of (Y,B). Then the
homology sequence of (X,A) decomposes inlo the direct sum of two exact
subsequences: (1) the kernel of f,,, and (2) the tsomorphic tmage of the
homology sequence of (Y,B) under g,,.

This theorem in turn is a consequence of a purely algebraic proposi-
tion:

Lemma 8.8. If C,C’ are two lower sequences and ¢: C — (',
V': C' — C are homomorphisms such that y§': C' — C' is the identity,
then C decomposes into the direct sum of two subsequences: (1) the kernel
of ¥, and (2) the isomorphic image of C’ under ¥'. If C s exact, then
C' and the subsequences (1) and (2) are exact.

Proor. Let K = kernel ¢, and L = image ¢’. Since Yy’ is the
identity, ¥’ maps C’ isomorphically onto L. For convenience, suppose
C,C’ are so indexed that y,; C, — C% and therefore y.: C. — C,.
If 1 ¢ L, there exists a ¢’ ¢ C/ such that ¢i(c') = 1. If ¢ () = 0,
then y¥i(¢’) = ¢/ = 0, and therefore | = 0. Thus K, N\ L, = 0.
Suppose c ¢ C,. Let !l = Y'Y, (¢). Thenle L, and ¢,(I) = ¥ (c) =
¥.(c). Therefore k = ¢ — lisin K,, and ¢ = k + [. This proves that
C, = K, + L,. Suppose now that C is exact. This implies that
b1 = 0 (ie. ¢° = 0); hence (¢|K)* = 0 = (¢|L)*. Suppose that
ke K,and ¢(k) = 0. Since C is exact, there exists a ¢ ¢ C,,, such that
¢(c) =k Letc =k, + I, where k, e K,,, and I, € L,,,. Then k =
o(k)) + ¢(l). Thus ¢(l,)) = k — ¢(k,) lies in both K, and L,. There-
fore ¢(I,) = 0, and k = ¢(k,). A similar argument shows that, if I ¢ L,
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and ¢(l) = 0, then there is an [, ¢ L,,, such that ¢(!,) = I. Thus K
and L are exact. Since L = (’, it follows that C’ is exact.

Lemma 8.1c.  For each space X and each inleger ¢, H'(X,X) = 0.

THEOREM 8.2¢. If X s collapsible, then G, lies in the kernel of
8 H°(A) — H'(X,A). Therefore & induces a homomorphism 3:
A°(A) — H'(X,A).

DeriniTION 8.3¢. If f: (X,A) — (P.,P,) is admissible (i.e. X is
collapsible), the factor sequence (see definition §2) of the C.S. of (X,4)
by the image of f** is called the reduced C.S. of (X,A).

THEOREM 8.4c. The reduced C.S. of (X,A) differs from the C.S. of
(X,4) only in that the section

* i* 5
H(X,A) — H'(X) — H(4) — H'(X,A)

of the laiter has been replaced by

7* 7* 5
H(X,A) —» B(X) - H(A) » H'(X,A)

where 7*,7*,3 are the coset mappings induced by j*,1* 8 respectively.
CoroLLARY 8.5¢. If f: (X,A) — (Y,B), then f** induces a homo-
morphism of the reduced C.S. of (Y,B) into that of (X,A).

THEOREM 8.6¢. If f: (X,A) — (Po,P,) is admissible, and z ¢ A,
then the C.S. of (X,A) decomposes into the direct sum of two exact subse-
quences: (1) the tsomorphic tmage of the C.8S. of (Po,P,) under f**, and
(2) the kernel of g** where g: (Po,P,) — (X,A) s defined by g(P,) = z.
Furthermore the second maps isomorphically onto the reduced C.S. of (X,A)
under factorization of the C.S. of (X,A) by the first subsequence. Thus
the reduced C.S. of (X,A) is exact.

TueoreMm 8.7c. Let f: (X,A) — (Y,B) and g: (Y,B) — (X,A)
be admassible and such that fg is the identity map of (Y,B). Then the
C.8. of (X,A) decomposes inlo the direct sum of two exact subsequences:
(1) the kernel of g**, and (2) the tsomorphic tmage of the C.S. of (Y,B)
under f**.

LeMMa 8.8c. (Replace “lower” by “upper’” in 8.8).

9. HOMOLOGICALLY TRIVIAL SPACES

All spaces in this section are assumed to be collapsible (see 7.3).
However, the results stated hold for noncollapsible spaces except
possibly in the dimensions 0 and 1.

DerFINITION 9.1. A space X is said to be homologically trivial if
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H,(X) = 0for q # 0 and H,(X) = 0. If A is not vacuous, (X,4) is
said to be homologically trivial if H,(X,A) = 0 for all q.

The reason for the exception ¢ = 0 in the definition is found in 7.6.
If the coefficient group is not zero, Hy(X) cannot be zero for a nonempty
space X.

TaEOREM 9.2. If (X,A) s homologically trivial and A s nonvacuous,
then the inclusion map i: (A,0) — (X,0) induces isomorphisms

H,(X) for all g,
A,(X).

Conversely, if these relations hold, (X,A) is homologically trivial.

THEOREM 9.3. If A is homologically trivial and is a nonvacuous
subset of X, then the inclusion map j: (X,0) — (X,A) induces iso-
morphisms

iy: Hy(A)
i,: Ho(A)

|

dar H(X) = H(X,4) forq =0,
7t HoX) = Hy(X,A). ‘

Conversely, if these relations hold, A 1s homologically trivial.

THEOREM 9.4. If X s homologically trivial and A 7s a monvacuous
subset, then the boundary operator of (X,A) is an isomorphism in each
dimension

d: H(X,A) = H,_,(A) forq =1,
d: H,(X,A) = H,(A).

Conversely, if these relations hold, X is homologically trivial.
CoroLLARY 9.5. If both X and A are homologically trivial, so also 78
(X,4).

These results depend on two algebraic propositions.

Lemma 9.6. If C = {C,¢.} ts an exact lower sequence, and, for some
q, C, = 0and Cpiy = 0, then ¢ess: Cosz = Coun.

Proor. Since C,,; = 0, image ¢,.- = kernel ¢,.., = 0. Since
C, = 0, image ¢,., = 0. Therefore C,,, = kernel ¢,., = image ¢,.,.

Lemma 9.7. If C = {C,¢.} 7s an exact lower sequence, and, for some
G, @avz: Coiz = Couvand ¢ooy: Cooy = Coy, then C, = 0.

Proor. Since kernel ¢,_, = 0, it follows that image ¢, = 0. There-
fore C, = kernel ¢, = image ¢,.;. But image ¢..2 = C,., implies
kernel ¢,,; = C,.y. Therefore C, = image ¢,.1 = 0.

Proors oF 9.2, 3, AND 4. The hypothesis of 9.2 is that every third
term of the H.S. of (X,A4) is zero (i.e. [ (X,4) = 0). By exactness
and 9.6, this implies that the remaining adjacent pairs are isomorphic
under the mappings of the sequence. The converse of 9.2 is obtained
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from 9.7. Theorems 9.3 and 4 are proved in a similar way using the
reduced H.S. of (X,A4) instead of the H.S. of (X,4). The exactness of
the reduced H.S. was proved in 8.6.

DEeFINITION 9.1c. A space X is said to be cohomologically trivial if
HX) = 0 for ¢ > 0 and H°(X) = 0. If 4 is nonvacuous, (X,4) is
said to be cohomologically trivial if H(X,A) = 0 for all q.

THEOREM 9.2¢. If (X,A) is cohomologically trivial and A s non-
vacuous, then t*: H°(X) = H°(A) for all q. Conversely, if these relations
hold, (X,A) ©s cohomologically trivial.

TueoreEM 9.3c. If A is cohomologically trivial and is a nonvacuous
subset of X, then

i*: H(X,A) = H'(X) for g # 0,
j*: H'X,A) = A (X).

Conversely, if these relations hold, A is cohomologically trivial.
THEOREM 9.4c. If X 1s cohomologically trivial and A is a nonvacuous
subset, then

5: H'(A) = HY(X,A) forq 1,
3: H(A) = H'(X,A).

Conversely, i these relations held, X is cohomologically trivial.
CoOROLLARY 9.5¢c. If both X and A are cohomologically trivial, so also
is (X,A).

10. THE HOMOLOGY SEQUENCE OF A TRIPLE (X,A4,B)

Suppose that X D A D B and that the inclusions
i: (4,B)C (X,B), j: (X,B)C (X,4)

are admissible. Then (X,A,B) is called an admissible triple. The
inclusion maps and boundary operators associated with the pairs
(X,4),(X,B),(4,B) are denoted by

i A > X, it X = (X,A), a: H(X,4) — H,.\(4),
i1 B> X, j: X— (X,B), 3": H(X,B) — H,.(B),
i": B —> A, j”: A — (A,B), 8': H(A,B) — H,.(B).

A comparison of these maps with 7 and j suggests

DeFINITION 10.1. 0 = J'»9 is called the boundary operator of the
triple (X,A,B):

8: H(X,A) — H,,(4,B).
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The lower sequence of groups

d Jx Ty
cr & Ho-l(A)B) — Ila(X’A) - HG(X)B) « Hc(A)B) e o

is called the homology sequence of the triple (X,4,B). It is indexed so
that Hy(X,A) is the 0* group.

TuHEOREM 10.2. The homology sequence of a triple is exact.

The proof of this theorem is a lengthy and tricky exercise in the
use of axioms 1, 2, 3, and 4. The reader may save himself the effort
of following the proof if he is willing to replace the Exactness axiom
by the stronger proposition 10.2. It reduces to the former when B = 0.

Proor. Reference to the diagram below will assist the reader in
following the proof.

i*
H(4) —— H X)

lj',.' lj;
i, Ju
H(A,B) —— H(X,B) —— H/(X,A)

", r

7y o
H, (B —— H,_(4) —— H,(X)

1]';' : lj;
iy
H, ,(A,B) —— H,,(X,B)

Commutativity relations hold in each square of the diagram. In

addition to the homomorphisms displayed in the diagram, we have:
T = Jadl =10, 9 =0d%, d=jl0.

The proof breaks up into the proofs of six propositions:

) ji,=0 (2 8j,=0 () 7,0=0.

(4) If 2 ¢ H(X,B) and j,x = 0, there exists an z’ ¢ H,(4,B) such
that 7,2’ = z. 3

(5) If y ¢ H,(X,A) and 9y = O, there exists a y’ ¢ H,(X,B) such
that Ly' = y. )

(6) 1f z = H,_,(A,B) and 7,z = 0, there exists a 2’ ¢ H,(X,A4) such
that 9z’ = 2.

Proor oF (1). The map ji: (4,B) — (X,A) can be expressed as
the composition of the inclusion maps k: (4,B) C (4,4) and I:
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(4,4) C (X,4). By38.1], H.(A A) = 0. Therefore k, = 0. It follows
that .7* (Ji)* = (lk)* 0.
PROOF oF (2). 83* = 6]* Ji'ie’. Since the H.S. of (4,B)
is exact, jyi’y = 0.
Proor or (3). 1,0
exact, 7,0 = 0. .
Proor oF (4). Since j,x = 0, it follows that

"0’z = 9j,x = 0.

1,710 = jli,8. Since the H.S. of (X,A4) is

By the exactness of the H.S. of (4,B), the element 0’z of the kernel
of 4’, is the image of an element

z, ¢ H,(A,B), 'z, = d'x.
Then
3 ~ i) = 8’z — 31,2, = 3z — 3'x, = 0.

By the exactness of the H.S. of (X,B), the element z — g*x, of the
the kernel of 9’ is the image of an element

ue H(X), jlu=z—iz.
Then
Jath = Juda¥ = Jul@ — i, 2) = Jux — jyiym = 0

by (1) and hypothesis. By exactness of the H.S. of (X,4), the element
u of the kernel of j, is the image of an element

ve H,(A), 10 = U.

Define
=z +
Then
1, = ;'*x, + z*]*v =1 A S RO
= ;‘*x, + jau = z*:v, +z— z,,,x, = Z.

Proor oF (5). Since

748y = dy = 0,

by the exactness of the H.S. of (A,B), the element 9y of the kernel
of j'} is the image of an element

ueH, (B), t'yu = dy.
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Then, by exactness of the H.S. of (X,4),¢,d = 0. So
tu = t,4'u = 1,0y = 0.

By exactness of the H.S. of (X,B), the element u of the kernel of i/
is the image of an element

Y e Ha(X)B)’ a,yl =U.
Then
Ay — Jyy) = Oy — G,y = Ay — 70"y, = dy — 'lu = 0.

By exactness of the H.S. of (X,A4), the element y — 3*y, of the kernel
of 9 is the image of an element

vEHe(X)r j*v = y—.;.*yh
Define
v =+ 70
Then
j*y, = j‘yl +]*];U = j*yl +j*!) = j*yl + Yy — j*yl =Y.
Proor or (6). Since 2*2 = 0, it follows that
3’2 = 8%,z = 0.

By exactness of the H.S. of (4,B), the element z of the kernel of 3" is
the image of an element

ue H,_,(A), Jou = z.
Then
jliu =i, =iz = 0.

By exactness of the H.S. of (X,B), the element ,u of the kernel of j,
is the image of an element

ve H,_,(B), v = iu.
Since 7,y = 1, it follows that
L *®!
. SIN e e an
T, — Ty) = tu— 10 =1u—1i0v=0.

By exactness of the H.S. of (X,A4), the element u — 7’[v of the kernel
of 7, is the image of an element

2 e Hy(X,A), 3 =u— .
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Then

8 = j'loz = j'lu — ') = j'u — jU = jlu = z.
This completes the proof.
A map f: (X,,4,,B,) — (X,A,B) of one triple into another is a
map of X, into X which carries A, into 4, and B, into B. The map f
defines maps

fir (Xy,4,) — (X,4), f,@ (4,B) — (4,B),
fi: (X1,B) — (X,B).

The map f is admissible if f,, f,, and f; are admissible. In this case,
the induced homomorphisms f,,, f.,, and fs, map the groups of the
H.S. of (X,,4,,B,) into those of the H.S. of (X,4,B).

TueoreMm 10.3. A map f: (X,,A,,B)) — (X,A,B) induces a homo-
morphism of the homology sequence of (X,,A,,B)) into the homology
sequence of (X,A,B).

The proof requires only the verification of three commutativity
relations and is left as an exercise for the reader.

TueoreM 10.4. If B is nonvacuous, and any one of the three pairs
(X,A),(X,B),(A,B) s homologically trivial, then the homology groups of
the remaining two pairs are isomorphic under the maps of the H.S. of
(X,A,B). Ezxplicitly:

(1) If H(X,A) = 0 foreach q, then 2:: H(A,B) = H(X,B) for each q.
2 IfH(X,B) = 0foreach q, then 9: H,(X,A) = H,_,(A,B) for each q.
(3) IfH,(A,B) =O0foreach q, thenj,: H,(X,B) = H,(X,A) for each q.

Conversely, any one of the three conclusions implies the corresponding
hypothests.

The proof is the same as that of 9.2 except for notation.

TrEOREM 10.5. Let (X,A,B) be an admissible triple. If B C A
tnduces isomorphisms H,(B) = H,(A) for all values of q, then (X,B) C
(X,A) also induces isomorphisms H,(X,B) = H,(X,A) for all . Simi-
larly, if A C X induces H,(A) = H(X) for all q, then (A,B) C (X,B)
tnduces H,(A,B) = H,(X,B) for all q.

Proor. For the first assertion, the hypothesis and the exactness of
the H.S. of (4,B) imply that H,(A,B) = 0 for all g. The result follows
now from 10.4.

Another proof is obtained by applying 4.2 to the inclusion map
(X,B) C (X,4).

The proof of the second part of the theorem is similar to that of the
first part.
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DeFINITION 10.1c. 8 = 5;”* is called the coboundary operator of the
triple (X,A,B):

8: H"Y(A,B) — HYX,A).

The upper sequence of groups

K ;* i*
-+ — H(4,B) - H'(X,A) — H(X,B) — H(4,B) — ---

is called the cohomology sequence of the triple (X,A,B).

TrEOREM 10.2¢. The cohomology sequence of a triple is ezact.

TrEOREM 10.3c. A mapping f: (X,,4,,B,) — (X,A,B) induces a
homomorphism of the C.S. of (X,A,B) into that of (X,,A,,B,).

THEOREM 10.4c¢. If B s nonvacuous and any one of the pairs
(X,A4),(X,B),(A,B) is cohomologically trivial, then the cohomology groups
of the remaining two pairs are isomorphic under the maps of the C.S. of
(X,A,B).

TraeOREM 10.5¢. Let (X,A,B) be an admissible triple. If B C A
induces tsomorphisms H(A) = H®(B) for all q, then (X,B) C (X,A)
induces isomorphisms H°(X,A) = H°(X,B) for all q. Similarly, if
A C X induces isomorphisms H(X) = H®(A) for all q, then (A,B) C
(X,B) induces isomorphisms H*(X,B) = H°(A,B).

11. HOMOTOPY EQUIVALENCE AND CONTRACTIBILITY

In this article use will be made for the first time of the Homotopy
axiom. It isassumed here that all pairs, maps, and homotopies are in Q.

DEeriniTiON 11.1. Two pairs (X,4) and (Y,B) are said to be homo-
topically equivalent (in @) if there exist maps

fi (X,4) - (Y,B), ¢ (Y,B) = (X,4)

such that gf is homotopic to the identity map of (X,4), and fg is
homotopic to the identity map of (Y,B). The pair of maps f,g is called
a homotopy equivalence. Frequently each of the maps f,g separately
will be referred to as a homotopy equivalence.

TueorEM 11.2. A homotopy equivalence induces tisomorphisms
fui H(X,A) = H,Y,B), and (f,)™" = g,, for all q.

Proor. Since gf is homotopic to the identity, it follows from the
Homotopy axiom that (¢f), = ¢,f, = identity. Similarly f,g, =
identity. Therefore f, has the inverse g,.

THEOREM 11.3. A homotopy equivalence induces isomorphisms of the
ordinary and reduced homology sequences of (X,A) with the corresponding
sequences of (Y,B).
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Proor. A homotopy equivalence f,g of (X,4) and (Y,B) defines
homotopy equivalences of X and Y, and of A and B. Hence 11.2
implies that f induces an isomorphism of the H.S. of (X,A), and that
g induces the inverse isomorphism. The proposition for the reduced
H.S. now follows from 7.7.

LemMA 11.4. If a space X is coniractible on itself to a point, then
X 1s homotopically equivalent to a point.

Proor. Let h(z,t) be a homotopy h: X X I — X such that
h(z,0) = z, and h(z,1) = z, for each z ¢ X. Let f: X — (), and
define g: (x,) — X by g(xo) = z,. Then fg = identity map of (z,)
and k is a homotopy connecting gf and the identity map of X. Therefore
f,g form a homotopy equivalence.

THEOREM 11.5. Every space coniractible to a point over itself s
homologically trivial.

Proor. 11.4 and 11.3 show that it suffices to prove that a space
consisting of a single point P is homologically trivial. By 7.5, Ho(P) = 0
and by the Dimension axiom H,(P) = 0 for ¢ > 0; hence P is homo-
logically trivial.

DEeriniTION 11.6. A pair (X’,A’), contained in a pair (X,4), is
called a retract of (X,A) if there exists a map f: (X,4) — (X’,A") such
that f(x) = z for each z ¢ X’. It is called a deformation retract if there
is a retraction f and the composition of f and the inclusion map
(X', A’y C (X,A4) is homotopic to the identity map of (X,4). It is
called a strong deformation retract if the latter homotopy can be chosen
to leave fixed each point of X', i.e. h(z,t) = xzforxz e X’ and all . (These
definitions depend on the category @ since all maps must belong to @).

Lemma 11.7. If (X',A") is a deformation retract of (X,A), the in-
clusion map ¢g: (X', A") C (X,4) and the retraction f form a homotopy
equivalence of (X,A) and (X',A").

By the definition of a deformation retract, gf is homotopic to the
identity, and fg is the identity.

Tueorem 11.8. If (X',A’) is a deformation retract of (X,A), then
the inclusion map (X',A’) C (X,A) induces an isomorphism of the H.S.
of (X',A") onto that of (X,A).

This follows immediately from 11.7 and 11.3.

TueoreM 11.2c. A homotopy equivalence induces isomorphisms
f* H'(Y,B) = H'(X,A), and (f*)™" = g*, for all q.

THEOREM 11.3c. A homotopy equivalence induces isomorphisms of
the ordinary and reduced cohomology sequences of (Y,B) with the corre-
sponding sequences of (X,A).

TreoREM 11.5¢. Every space contractible lo a point over itself is
cohomologically trivial.
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THEOREM 11.8¢c. If (X',A’) is a deformation retract of (X,A), then
the inclusion map (X',A’) C (X,4) induces an tsomorphism of the C.S.
of (X,A) onto the C.8. of (X',A").

12. EXCISION

The Excision axiom asserts that an excision map induces isomor-
phisms of the homology groups. If the condition U C Int A on an
excision map is relaxed to U C A, then the conclusion is not generally
valid. However, it does hold in certain useful cases. We shall give
two such here. A full discussion of the various ways of strengthening
the Excision axiom will be given in Xx,5.

THEOREM 12.1. Let (X,A) be a pair, and let U,V be open subsets of
X such that V C U C A, the inclusion maps

! g
X-UA-U) »X=V,A-V) > (X,A)

are admissible, and (X — U, A — U) is a deformation retract of
(X — V, A — V). Then the inclusion map gf induces isomorphisms of
the homology groups in all dimensions.

Proor. Since ¢ is an excision map, g, is isomorphic. By 11.8, f,
is likewise isomorphic. Hence (¢f), = ¢,f, i8 isomorphic.

THEOREM 12.2. Let (X,A) be a pair and let U be an open subset of
X with U C A. If there exists a subset B of X containing A such that
(2) the inclusion maps

f
X -UA4-0) — (X,4)

i i
m
X -UB-U) — (X,B)

are admissible, (17) U C Int B, (iii) A is a deformation retract of B, and
(v) A — U is a deformation retract of B — U, then f induces isomorphisms
in all dimensions.

Proor. The Excision axiom and (ii) imply that m, is an iso-
morphism. From (iii), (iv), and 11.8 it follows that the inclusion maps
induce isomorphisms H,(4) = H,(B) and H,(A — U) = H(B — U).
From 10.5, it now follows that I/, and k, are isomorphisms. This
implies that f, = k,'m,l, is an isomorphism.

It is to be noted that if A — U is a strong deformation retract of
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B — U, the homotopy k: (B — U) X I — A — U can be extended to
a homotopy B X I — A by defining h(x,) = z for x ¢ U. 1If the ex-
tended homotopy is admissible, then A is a strong deformation retract
of B. This is the case for the main applications of 12.2.

The theorems of this section hold as stated with cohomology in place
of homology.

13. THE DIRECT SUM THEOREM

LemMa 13.1.  In the diagram
GI

\/
/\

of groups and homomorphisms, assume that commutativity holds in each
triangle, image 7, = kernel j, (¢ = 1,2), and k,k, are isomorphisms.
Then 1,,i, are the components of an injective direct sum representation
1. Gy 4+ G, = @G, and 7,,j, are the components of a projective direct sum
representation j: G = G{ + G.

Proor. Since j,4, = k, is an isomorphism, it follows that j, maps
the image of 7, isomorphically. Thus (kernel 7,) M (image 7,) =
Since image ¢, = kernel j,, it follows that

[

@) (kernel 7,) N (kernel j,) = 0

If ge G let § = 4,ki'jog + ki'sig. Then j,g = jitki'jg =
kki'jig = jig and similarly j,g = j.g. Thus § = ¢ by (i). This
proves that g has a representation ¢ = 7,9, 4+ 4,9,. For any such
representation, we have j.g = jaiigy + Jotag: = kagy, thus g, = k3 jg.
Similarly g, = ki'j,9, hence the representation is unique.

To prove the second part, consider g{ ¢ G, 94 ¢ G, and ¢ = 7,k 'gl +
tikz'gs. Then jig = 5itki'gl = kiki'gi = ¢i and similarly j,g = gi.
This exhibits an element ¢ ¢ G with j.g = ¢4 (@ = 1,2). The unique-
ness of g follows from (i).

REMARK. The proof as given remains valid if the hypothesis image
7, = kernel j, is weakened to image 7, C kernel j,. The relation
image 7, = kernel j, is a consequence.
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TrEOoREM 13.2. Let X = X, U ... U X, be the union of disjoint
sets each of which is closed (and therefore open) in X. Let A, C X, and
A=A, ... UA, Assume that all pairs formed of the sets X, A,
and their unions are admisstble and all inclusion maps of such pairs are
admissible. Let 1, (X.,Ad,) C (X,A) (@ = 1, --- , n). Then the
homomorphisms i.,: H,(X,,A,) — H,(X,A) yield an injective repre-
sentation of H,(X,A) as a direct sum, i.e. each u in H(X,A) can be
expressed uniquely as u = Z, Tayta, Where u, e H (X ,, A,).

Proor. The theorem is trivial for n = 1. Assume the validity of
the theorem forn — 1. Let X' = X, U --- UX,,,let A’ = 4, U
-+ \U A,_,, and consider the diagram of inclusion maps

X,X. U A) / (X.X"U 4,)
’\'{ J’
]k' (X,4) ]k,
1 \
(X' A, A4) (X.\U A4,4)
]h' Ih,
(X’;A’) (XnyAn)

The maps h,, k.h,, h', k’h’ are excisions, and therefore h,,, k,,, h,, k] are

isomorphisms. Further, the exactness of the homology sequences of
the triples (X,X’ U 4,,4) and (X,X, U A,A) implies

kernel j; = image I, kernel j,, = image [,,.

Thus the conditions of 13.1 are fulfilled and {] and ,, yield an injective
direct sum representation of H,(X,A4). It follows that 7  and 7,,, where
7: (X,A") C (X,A), also yield a representation of H,(X,4) as a
direct sum. By the inductive hypothesis, the maps 74,: H,(X,,4.)

— H(X',A’) where ig: (Xade) C (XA, @ =1, -+, n — 1,
yield an injective representation of H,(X’,A’) as a direct sum. Since
Tay = tgtay fori =1, .-+, n — 1, it follows that 7o, (2 = 1, --+ , n)

form an injective direct sum representation.

TaEOREM 13.2¢c. Under the conditions of 13.2 the homomorphisms
1% H'(X,A) —» HY(X,,A.) yield a projective representation of H*(X,A)
as a direct sum, i.e. for each sequence u, ¢ H*(X,,4,.), a = 1, --- | n,
there is a unique element u ¢ H'(X,A) with i%u = gy, a =1, -+ , m.
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14. TRIADS

DeriniTion 14.1. A triad (X;X,,X,) consists of a space X and two
subsets X,,X, of X such that X, X,, X,, X, U X,, X; N\ X, and all
pairs formed from these are admissible, and all their inclusion maps are
admissible. The triad (X;X,,X,) is called proper if the inclusion maps
ke (XX, N X,) C (X, VU Xp,X0), kit (XX, N X)) C
(X, U X,,X,) induce isomorphisms of the homology groups in all
dimensions. Note that (X;X,,X,) is a triad distinct from (X;X,,X,)
unless X, = X,.

A triad may be proper with respect to one homology theory and not
another; but certain triads are proper for all theories. For example, if

X, =}1, X2=—)Ez, X, - XiNX,)yNX,—(X,.NX, =0,

where closure is taken in X, \U X, then k, and k, are excision maps,
and, by the Excision axiom, the triad is proper relative to any homology
theory. Still weaker conditions for independence of the homology
theory can be based on the results of §12.

Observe that, if (X;X,,X,) is a proper triad, then (X, U X,;X,,X;)
is also proper.

THeoREM 14.2. A triad (X;X,,X,) is proper if and only if the in-
clusion maps 1.: (Xo,Xs N X,) —» (X, U X, X, N X,) yield, for
each g, an injective representation of H (X, U X,, X, N X,) as a direct
sum, t.e. if and only if every u e H (X, \J X,, X, N X,) can be expressed
uniquely as u = U + o, Us for ue ¢ H(X 0, X, M X,), a = 1,2,

Proor. Consider the diagram

X,V X, X)) (X, YV X, X))
X Jz
]k, \ X, VX, X NXy / 11‘:2
¥ N
(X2,X, N X)) X, X, N\ X,)

The relation kernel j,, = image 7., follows from the exactness of the
H.S. of the triple (X, U X,, X,, X, N X,). If the triad is proper, then
k., and k,, are isomorphisms, and 13.1 implies the direct sum conclusion.
Conversely assume that the direct sum decomposition holds.
Then 1,, has kernel zero. Thus, in the H.S. of the triple (X, U X,, X,
X, N X,), we have 9 = 0, and therefore, by exactness, J1, 18 onto.
Now let u ¢ H (X, U X3,X1)). Then u = j,v for some v e
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H(X, Y X,, Xy N\ X,). By the direct sum assumption, we have
v = il*ul + iz*ug 80 that

u = jl*il*ul + jl*iz,uz = kltu,,

and k,, is onto.

Assume u ¢ H,(X,,X, N X,) and k,,u = 0. Then ji,i,u = 0.
Thus by exactness, there is a v ¢ H (X, X, N X,) with Tl = T U
Then ¢,,(—=v) + 1;,u = 0. By the direct sum assumption, this implies
u = 0. Therefore k,, is an isomorphism. By symmetry, the same holds
for k,,. Thus the triad (X;X,,X,) is proper.

DeriniTioN 14.3. Let (X;X,,X,) be a proper triad. The composi-
tion of the homomorphisms

d L, ¥y
HX,X, VX, 5 H_(X,VX,) - H_ ,(X,U X,,X;) - H_(X,,X, N X))

where k,,l, are inclusion maps, is called the boundary operator of the
proper triad and is denoted, ambiguously, by 4. (Note that this new
boundary operator is just the boundary operator of the triple

(X, X, U X,, X,) followed by an excision.) The lower sequence

d j* i*
- H«—I(XI’XX m X?) — Ha(Xle U XZ) At Ha(X:X'z) A Hc(Xl)Xl m X!) —

where 4,7 are inclusions, is called the homology sequence of the proper
triad.

THEOREM 14.4.  The homology sequence of a proper triad is ezact.
Proor. As shown by the following diagram

i L
H(X X)) « H(X,UX,,X;) « H.(X,X,UX,) « H..(X,X,)
S A
H(X,X,NX,)

the H.S. of (X;X,,X,) is obtained from that of (X, X, U X,, X,) by
replacing the group H, (X, U X,;X,) by the isomorphic group
H,(X,,X, N X,) under k,,, and defining 8 so that k,, 0 = &’. Thus
the H.S. of (X;X,,X;) is isomorphic to the H.S. of (X, X, U X,, X,).
Since the latter is exact, so is the former.

Note that, if (X;X,,X;) is a triad with X, D X,, then (X;X,,X,) is
a proper triad and its homology sequence reduces to the homology
sequence of the triple (X,X,,X,).

TueoreM 14.5. If (X;X,,X,) and (Y;Y,,Y,) are proper triads, and
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i (X;X,,X,) — (Y;Y,,Y,), then f induces a homomorphism f,, of the
homology sequence of (X;X,,X;) into that of (Y;Y,,Y,). In particular, the
boundary operator for proper triads commutes with induced homomorphisms.

Proor. Since ¢, j,, t,, J, are induced by inclusion maps, com-
mutativity obviously holds in the squares not involving 8. The latter
square extends into

k;‘ 9’
H(X,,X,NX,) —— H(X,U X,,X,) «—— H . (X,X, U X))

lf,* lfz* V”
kot d’

*
H(Y,Y, N YV, e— H (Y, Y Y,,Y,) e— IIaH(Y:Yl VY,

where f,,f.,f; are defined by f. By 10.3, commutativity holds on the
right. Since k,k’ are inclusions, we have k/f,, = f2,k,. Since k,k,
are isomorphisms, this yields f, k;' = k4 ' fa,.

TueoreEM 14.6. Let (X;X,,X,) be a proper triad with X = X, U X,,
A =X, N X,. Let f,fof be maps (X,A) — (Y,B) such that

fl‘Xl = f|X17 fl(Xz) C Br
fZIXz = f|Xzy f(X,) C B.

Then f, = fi, + [y
Proor. Consider the diagram

(X1,4) (X5, 4)

N

lkz (X,4) lk,

YN

(X, X)) l

N8

(Y,B)

(X,X))

where f/ is defined by f,. Observe that commutativity does not hold
in the lower two triangles; however we have

fl "—'fx,jz, fz =f2’.7.1, fil =f;k2; f’iz =f'.”k1-
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If we pass to the induced homomorphisms on the homology groups, we
observe that the part of the diagram not involving the group H,(Y,B)
is a diagram of the type considered in 13.1. Thus, for each u ¢ H,(X,4),
we have

. -1 . -1
(A P PRV S P o MR

Then

f*u = f#iltk;;jhu + f*iztkl-:jltu = ff*kukz_ijz*“ + f;*k‘*kl_ljl*u
= fl,*jﬂtu + f;*jl*u = fltu + f2*u’

and the proof is complete.

The definitions of a triad and a proper triad relative to a cohomology
theory is an obvious analog of 14.1.

THEoREM 14.2¢. A triad (X;X,,X,) is proper if and only if, for each
q, the homomorphisms 7%: H'(X, U X, X, N X,) » H' (X, X, N X,)
yield a projective representation of H(X, U X,, X, N X,) as a direct sum.

DerinitioN 14.3c. The coboundary operalor of a proper triad
(X;X,,X,) is the composition

k! ¥ 8
H'X,X,NX,) - HT'(X,VX,X,) - H'(X,V X, - H(X, X,V X)),

and is also denoted by 8. The cohomology sequence of the proper triad
is the upper sequence
6 j* i*
- H7'(X,X,NX,) » H'X X, U X)) -» I'X,X,) » H'(X,X,N X,) =

THEOREM 14.4c. The cohomology sequence of a proper lriad is exact.

Tueorem 14.5¢. If 1 (X;X,,X,) — (V;Y,,Y,) s a map of one
proper triad inio another, then f induces a homomorphism f** of the
cohomology sequence of the second into that of the first.

TurorREM 14.6¢. Under the conditions of 14.6, f* = f% + f4.

15. THE MAYER-VIETORIS SEQUENCE OF A TRIAD

Let (X;X,,X,) denote a proper triad such that

(1) X=X1UX2, A=X1an.
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The appellation ‘“Mayer-Vietoris” is usually applied to a formula re-
lating the Betti numbers (ranks of the homology groups) of X,X,,X,,4.
It provides a method of calculating the Betti numbers of a space ob-
tained by assembling two spaces. A purely group theoretic generaliza-
tion of this formula has been given by several authors. It is shown
below that this group theoretic formulation can be simplified to the
statement that a certain lower sequence is exact. The purely algebraic
part of the construction is based on the following lemma, which we
refer to as the ‘“hexagonal lemma.”

LemMma 15.1. If, in the following diagram of groups and homomor-
phisms,

L, G
v N
Gl lz’o G
A
k,[ G ? Il,,
A0
1 v
Gz ljo Gl
}‘ o <t

commutativity holds in each triangle, k, and k, are isomorphisms onlo,
image ¢, = kernel j, for a = 1,2, and jyi, = 0, then the two homomorph-
isms of G, into G obtained by skiriing the sides of the hexagon differ in sign
only. Explicitly

hlkn-lllg = _h2k2_llzg for each g € G,.

Proor. By 13.1, G decomposes into a direct sum of the isomorphic
images of G, and G,; and for any g ¢ G,,

log = izk;)jxiog + ilk;ljziog
= izk;lllg + ilkgﬁllzg.

Applying j, to both sides, and using j,Z, = 0 and commutativity rela-
tions, we obtain the desired result.

The construction and proof of exactness of the Mayer-Vietoris
sequence is based on the diagram below, in which all homomorphisms
other than 9 are induced by inclusion maps. We assume that relations
(1) hold. Observe that the lower hexagon satisfies the hypotheses of 15.1.
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H.(A)
ha b,
H (X)) / li. H(X)
H(X)
H,(X,X) l]. H(X,X,)
k,,] H(X,A) ]k,,
H.(X,,A) 10 H,/(X,,A)
H,..(A)

DEFINITION 15.2. The Mayer-Vietoris sequence of a proper triad
(X; X, X,)with X = X, U X,and A = X, N X, is the lower sequence

A ¢ ¥
© = Hoy(4) « HyX) « H(X) + Hf(X;)  Hf(A) « ---

where A,¢,¢ are defined as follows

yu = (hiu,—hyu), u e H,(4),
o) = My + My, vy € Ho(X)), v2 ¢ H(X,),
Aw = —d kil w, we H (X),
= 5k, ls, W, by 15.1.

THEOREM 15.3. The Mayer-Vietoris sequence of a proper lriad
(X;X,,X,) with X = X, U X, s exact.

Proor. We must prove the usual six propositions.

(1) If w e H(A), then

eYu = ¢(hiu,—hyyu) = my by u — my by u =i u—t,u=0.
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(2) If v = (vi,02) e H (X)) + H,(X,), then, by exactness, I, ,m; v, =
0. This implies

Amy g, = —0diki Lm0 = 0.
By 15.1, A = 62k;,:l2*. Therefore Am,,v: = 0. Thus
Agv = A(m 0 + my0,) = Amy 0, + Amyw, = 0.
3) If w e H,(X), then
hoAw = —hy 3k L, w =0

since h.,d, = 0 by exactness. Using 15.1, we obtain similarly that
hi,A = 0. Hence yA = 0.
4) If we H(X) and Aw = 0, then

3k la,w =0, a=1,2.
By cexactness, there exists v/ ¢ H,(X,) such that
nWl = koW, Nays = kigl W

where n,: X, C (X.,4). By 13.1, j,w splits into a sum which now
becomes

JeW = TNy 01+ T2 N0, 0;
= J,mi 01+ J Ma V5.
By ‘exactness of the H.S. of (X,4), there is a u ¢ H,(A4) such that
TU = W — M0 — My 05
If we let v, = v{ 4+ h,, ,u and v, = v3, it follows that ¢(v,,v,) = w.
5) If o = (v,,0,) e H(X,) + H,(X,), and ¢» = 0, then
JRdV = J .m0+ G ma 0 = 1,M,00 + t2,Me 0 = 0.

By 13.1, the images of 4,, and %,, have only the zero in common.
Therefore 7oy na,ve = 0 (¢ = 1,2). Again by 13.1, 7,, has kernel
zero. Therefore n,,v. = 0 (@ = 1,2). By exactness, there exists a
uq ¢ H,(A) such that h, u, = v, (a = 1,2). Therefore

dv = my b+ meghe e = 2, (U ug).

Since ¢v = 0, by exactness there is an x ¢ H,,,(X,A) such that 9z =
u, + u,. By 13.1, there exists z, ¢ H,.,(X,,4) (@ = 1,2) such that
T = i,*x, + '1:2*12. ']‘hen

ax = agxl + 0,1‘2 = U + Us.

Let v = u;, — 9,z,. Then u = —(u, — 8,2,). It follows now that



§ 15] MAYER-VIETORIS SEQUENCE 41

hiu = hyuy — hy 3.2, = hi,u, = v,. Similarly h:yu = —v,. There-
fore yu = v.

(6) If w e H,(A) and ¢(u) = O, then k,,u = 0 and he,u = 0. By
exactness, there exists 2, ¢ H,.,(X,,4) (@ = 1,2) such that

01T, = u, 02, = —u.
This implies
01,2, + 012,22 = (21, %, + 12,2,) = 0.
By exactness, there is a w ¢ H,,,(X) such that
T = —12,,% — T2, %2.

Then

Aw —alkf;l,*w = _alk;:jx*j*w
alkn—,:jx*(il*xn + 12,2,)

0+ alkl—,;jl*‘iz*xz =0z, =u

I

Il

since k,, = Jji,%,. This completes the proof of 15.3.

Tureorem 154. If (X;X,,X,),(Y;Y,,Y,) are proper iriads with
X=XVUX, Y=Y, UY,and f: (X;X,,X,) = (V;Y,,Y,), then f
induces a homomorphism of the Mayer-Vietoris sequence of (X;X,,X,) into
that of (Y;Y,,Y,).

If one observes that f induces a map of the diagram preceding 15.2
into the analogous diagram for (Y;Y,,Y,), it is seen that the desired
commutativity relations follow from standard relations. The proofs
are left to the reader.

Lemma 15.5. If (X;X,,X,) is a proper triad, then commulativity holds
in the diagram

a
H (X, X,V X,) — H(X,,X, N X))

" [*
A
HX,VX,) — H_ (X NX,)

where 9 is the boundary operator of the H.S. of the triad (X;X,,X,) and
A is the boundary operator of the Mayer-Vieloris sequence of the triad
X, U X,;;X,,X,).
Proor. Consider the diagram
9 Loy

H,...(X,X,UX, > H(X,UX,;) - H(Z,U X,,X),)

k2* az

«— Hc(Xlle N Xz) i H¢_1(X1 N X,)
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where [, and k, are inclusion maps. Then, by 14.3 and 15.2,
626 = azk;:‘lg*al = Aal,

which is the desired result.

We now proceed to define the relative Mayer-Vietoris sequence of a
proper triad (X;X,,X,), (it is not assumed that X = X, U X,). The
definition and proof of exactness are based on the diagram below,
analogous to the one preceding 15.2. We note that 9, j, are two con-
secutive homomorphisms in the H.S. of the triple (X, X, U X,;,X, N X,),
and therefore the lower hexagon satisfies the hypotheses of 15.1.

H{(X X, N X;)

.
y

H(X,X,) li. H(X,X))

:7

H{X,X, U X))
H..(X,V X,,X,) la H (X, X,,X,)
d.,‘\ /dlzc
k..] Ho (X, YV X5, Xo N Xo) lkz.
124 k
Ho o (X3,X, N X)) lj. Ho (X0, X N X))

Hu-l(Xle m X:)

DeriNITION 15.6. The relative Mayer-Vietoris sequence of the proper
triad (X;X,,X,) is the lower sequence

¢ ¥
« HG(X)XI) + Hc(X)X2) «— HO(X)X‘ sz) & -

A
vir = Ho(X,X, N X,) « H(X,X, U X))
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where A,¢,¢ are defined as follows:

#’u = (hl*u,_hZ*u)) Ue IIQ(X!XI N X‘z)y
¢,0) = my 0 + My, v, e H(X,X)), v, e H(X,X,),
Aw = n,y,k;,0,w, we H(X,X, U X)),
= —n, ki, 0w, by 15.1.

THEOREM 15.7.  The relative Mayer-Vietoris sequence of a proper triad
18 exact.

The proof is analogous to that of 15.3 and is left to the reader.
The same applies to

Tueorem 158. If f: (X;X,X,) — (V;Y,Y,) is a mapping of
proper triads, then f induces a homomorphism of the relative Mayer-
Vietoris sequence of (X;X,,X,) into that of (Y;Y,,Y,).

DerinNiTION 15.2¢. The Mayer-Vietoris cohomology sequence of a
proper triad (X;X,,X,) with X = X, U X,, A = X, N X, is the upper
sequence

A ¢ ¥
ceo = HY(A) - HY(X) - H(X)) + H(X,) = H(A) — .-

where

Au = —UDk¥ 'S, ue H'(A),
= I%k¥ '5.u, by 15.1,*
ow = (miw,miw), we H'(X),
Y(@,,0;) = h%v, — h%v,, v, e H'(X), v, e H'(X)).

THEOREM 15.3¢c. The Mayer-Vietoris cohomology sequence of a proper
triad (X;X,,X,) with X = X, U X, is ezact.

TreoreEM 15.4c. If f: (X;X,,X,) — (V;Y,,Y,) is a map of one
proper triad into another, and X = X, U X,, Y =Y, U Y,, then f
induces a homomorphism of the Mayer-Vietoris cohomology sequence of the
second triad into that of the first.

Lemma 15.5¢. If (X;X,,X;) is a proper triad, then commulativity
holds in the diagram

0
H'(X,X,U X,) — H'X,,X, "\ X,)

" "
A
HY X, VX,) «—— H7'X/, NX,

where § is from the C.S. of the triad (X;X,,X,) and A is from the Mayer-
Vietoris sequence of the triad (X, U X,; X,,X,).
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DEeriniTION 15.6¢. The relative Mayer-Vietoris cohomology sequence
of the proper triad (X;X,,X,) is the upper sequence
A
e —> Hq‘l(X,Xl N Xg) had H”(X,X] U .Xz)

¢ 2
- H'X,X,) + H'(X,X,) » H'X, X, N X;) — -

where (using the diagram preceding 15.6)

Au = 8,k¥ 'nku, ue H'(X, X, N X,),
= —§,k¥ 'ntu,
ow = (miw,,miw), we H'(X,X, Y X)),
4’(”1,02) = h’.ltvl - h*'lv‘b vl € HG(XJXI)) vz € HG(X)X2)’

THEOREM 15.7¢. The relative Mayer-Vietoris cohomology sequence of
a proper triad is exact.

TueorEM 15.8¢c. If f: (X;X,,X,) — (V;Y,Y,) is a mapping of
proper lriads, then f induces a homomorphism of the relative Mayer-
Vietoris cohomology sequence of (Y;Y,,Y,) into that of (X;X,,X,).

16. CELLS AND SPHERES

Let R" be the euclidean n-space. Coordinates (z, , --- , z,) will
sometimes be abbreviated by the vector symbol z, and the norm of z is
defined to be ||z|| = (31 z%)!. Each of the following six symbols will
denote the subset of R" defined by the algebraic condition to its right:

n-cell E : |z|| £ 1,
(n — 1)-sphere 8"': ||z]| = 1,
upper cap EV': x|l =1, z. 20,
lower cap E7: x|l =1, =z, =0,
(n — 2)-sphere §"*: |lz|| =1, =z. = 0,
(n — -cell E*": |lz|| £1, 2,=0.

Clearly, ' = E5' U E~ " and 8" = EY' N EYL

S° consists of two points, one of which is E and the other E2. We
also define S™* to be the vacuous set. R° and E° are single points.

Let R** be the euclidean subspace of R" defined by z, = 0, and
let f be the projection of R" into R"™":

f(xh oy I..) = (xh c0ty Taeyy O)'
The function f defines maps
foo EV'— B, foi BN o B

It is easy to verify that f, and f_ are homeomorphisms.
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We shall assume throughout this section that all the pairs and maps
employed are admissible. In particular all spaces will be assumed to be
collapsible. This is the case for all the admissible categories that we
shall have occasion to consider in the sequel.

Lemma 16.1. E", E¥7', and (E", E~™") are homologically trivial.

Proor. Let z ¢ E°, 0 = ¢ = 1. Using vector notation, define
h(z,t) = (1 — t)x. Then h(z,0) = z, h(z,1) = 0. Therefore E” is con-
tractible on itself to a point. Thus, by 11.5, E" is homologically trivial.
Since E> is homeomorphic to E"™', it is also homologically trivial.
Finally (E", E~™") is homologically trivial by virtue of 9.5.

LemMa 16.2. The triads (E*;EV', E~™) and (S*™'; EY,E*™") are
proper.

Proor. We must show that the inclusion maps

ky: (BEV,87%) C(SLETY), ke (BT,87) C(SLEYY
induce isomorphisms of the homology groups in all dimensions. Because

of symmetry, it suffices to consider k&, only.
Let V be the subset of R” determined by the conditions

lell = 1, @ < -3

Clearly V is an open subset of S and V lies in the interior of E*™*
relative to S"~'. The homotopy

F(z,t) = reEV,05t=<1

Q=+ tf-® n-l _

F(z,t) = 0= 0z + ¢ @] zeE” V,0=st=s1

shows that (K7 ',8""%) is a strong deformation retract of (S*™*' —

V,E*' —V). Nowapply 12.1 with X = 8", 4 = E¥', U = E~' —

S""? to obtain that k, induces isomorphisms in all dimensions.
THEOREM 16.3. The homology sequence of the triad (E™;E7',E*™")

reduces to the isomorphism

9 HJ(E"S™Y) = H, ,(ET,S™?

All other groups in the sequence are trivial. The above isomorphism ts

called the incidence isomorphism and is denoted by [E™E%™']. The iso-

morphism [E™:  E*') is defined similarly using the triad (E™;E~*,E3™).
THEOREM 16.4. The homology groups of (E",S*"") are as follows:

H(E"S™ = @,
H(E,S"") =0 for q ¥ n.

Proor oF 16.3 anp 16.4. By 16.1, (E™,E~™") is homologically trivial,
thus H(E",E~") = 0; and, by the exactness of the H.S, of the triad
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(E“EV'E~"), we have 8: H,(E"S"") = H,,(EY'S8?. Since
the pairs (E3',8*%) and (E*',S*"®) are homeomorphic, we have
H(E"SY) = H,,(E"',8"%. [Iterating this result yields
H,(ES"") = H,_.(E°,S™") = H,_.(E°. Since E° is a single point,
16.4 follows from the Dimension axiom and the definition of the co-
efficient group G. This also establishes 16.3.

TuEOREM 16.5. Commutativity holds in the diagram

(E"ET")
Hn(E"’S'l'i) _— Hu—l(E’:»—l’Sn—'z)

la, 162
A
Ho (87 ——  H.o(87%)
where A 1s the boundary operator in the Mayer-Vieloris sequence of the
triad (S GEV,E*™"). For n > 2 all four homomorphisms are isomor-

phisms. For n = 2 the same holds provided H,_,(S* %) = H,(S") is
replaced by H,(S°). In particular

A: H(S) = Hn—l(S"-l)r n> 1,
Ar HA(SY) = Ay

THEOREM 16.6. The homology groups of S" are as follows:

Hy(S") = G, (S =0, n >0,
Ho(So) = ( + G, HO(SO) = G,

H,(S") = G, n > 0,
H,(S) =0, p # n,0.

Proor. The commutativity relation of 16.5 is a consequence of
15.5. Since E" and E}™' are homologically trivial, it follows from 9.4
that

9;: H,(E",Sﬁ—’) = Ha—l(‘sm_‘)) q>1,
a: H(E"S") = H(S™),

dy: H(EY',87%) = H, (87, g>1,
d;: Hi(E:»_I;S"—z) = Ho(sn—z)-

These give all the conclusions of 16.5. Combining these isomorphisms
with 16.4 yields all the results of 16.6 except those concerning H,(S").
Since S is nonempty for n = 0, it follows from 7.6 that Hy(S") =
H,(S") + G. This concludes the proof.

The formulations and proofs of analogous results for cohomology
are left to the reader.
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NOTES

The origins of the basic concepts. The basic machinery for con-
structing homology groups (namely: complexes and incidence numbers)
is due to Poincaré [Analysis Situs, Jour. de ’'Ec. Polyt. (2) 1 (1895),
1-123]. Using these he defined directly the Betti numbers and torsion
numbers. They are the numerical invariants which characterize the
homology groups based on the coefficient group of integers. For many
years, they were the primary source of interest. It was during the
period 1925-1935 that attention shifted from the numerical invariants
to the groups themselves. This shift was due in part to the influence
of E. Noether. It was also enforced by two directions of generalization:
(1) from complexes to more general spaces where the homology groups
are not characterized by numerical invariants, and (2) from integer
coefficients to arbitrary coefficients where, again, numerical invariants
are inadequate. Thus, although Poincaré did not speak of the homology
groups themselves, he is to be credited with the origin of the concept.

The concept of relative homology (modulo a subcomplex) is due to
Lefschetz [Proc. Nat. Acad. 13 (1927), 614-622]. The operator  was
used by Lefschetz. It is not clear who first gave it formal recognition.
The origin of the induced homomorphism f, is likewise obscure. It
has been used, in a sense, since the time of Poincaré, but for at least
thirty-five years it had no name nor any formal status. This lack of
formal recognition of d and f, is a natural consequence of the failure
to accord the homology groups a formal status.

Each of our axioms is a theorem of classical homology theory. In
most cases it is not clear who first stated and proved them. The
Axioms 1, 2, 3, and 7 are, perhaps, too basic and too well understood to
warrant such explicit treatment. One must be interested in an axiomatic
development before one thinks of writing them down.

The first formal recognition of the homology sequence and its exact-
ness is due to Hurewicz [Bull. Amer. Math. Soc. 47 (1941), 562]. It
was subsequently exploited by Kelley and Pitcher [Annals of Math.
48 (1947), 682-709]. It should be noted though that the six parts of
exactness were well known and had occurred frequently in the proofs
of other less obvious propositions.

The excision property was implicit in Lefschetz’s construction of
the relative groups. He often used the expression ‘“the homology
groups of X — A’ instead of ‘“the homology groups of X mod A.”

The homotopy axiom has had no more formal recognition than f,.
However the proposition ‘“homotopic cycles are homologous” has been
known and used for many years.
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The origin of the cohomology groups is thoroughly confused. The
“co” terminology is due to Whitney [Duke Math. Jour. 3(1937), 35-
45]. The existence of cohomology groups was implicit in the duality
theorem of Alexander [Trans. Amer. Math. Soc. 23 (1922), 333-349].
The complete group invariant form of the duality theorem was proved
by Pontrjagin [Annals of Math. 35 (1934), 904-914]. Cocycles made
their first formal appearance under the name pseudocycles in the hook
of Lefschetz [Collog. Publ. Amer. Math. Soc., vol. 12, 1930]. The first
intrinsic definition of the cohomology groups was given by Alexander
at the Moscow conference in 1936.

Homotopy groups. The homotopy groups of Hurewicz are quite
similar to homology groups in that there are concepts analogous to
those of homology theory and they obey similar axioms. The ¢*
homotopy group depends not only on a pair (X,4) but also on a refer-
ence point z, ¢ A and is denoted by w.(X,A,x,). It is defined when
g = 2. If A is a single point, it is also defined for ¢ = 1 and is called
the fundamental group. The groups are abelian for ¢ = 3, and 7,(X,z,)
is also abelian. A boundary operator d: =, (X,A,2,) — =,-1(4,%)
exists for g = 2. If f: (X,A,x,) — (Y,B,y,), there are induced homo-
morphisms f,: 7,(X,A4,2,) — 7,(Y,B,y,).

When suitably modified, all of our Axioms 1 through 7 hold for
homotopy groups with the sole exception of the Excision axiom. This
is the fundamental property distinguishing homology from homotopy.
It accounts for the computability of homology groups as contrasted
with our meager knowledge of homotopy groups.

As a simple example, let the n-sphere S” be divided into upper and
lower hemispheres, E;,E2, by an equator S*~'. Using a fixed reference
point z, ¢ §"* for all groups, we obtain the diagram

i#
Ta(E::Sn—l) — 7(S"E])

P,
Tea(§7) —— 7w (8

where 7 and j are inclusion maps. All homotopy groups of a cell are
zero. This and exactness imply that d and j, are isomorphisms onto.
Then we define E by E = j,'1,07".

Now ¢ is an excision map, and we wish to state properties of ¢,.
We have introduced the equivalent homomorphism E since it can be
proved to coincide with the suspension (Einhingung) homomorphism
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introduced by Freudenthal [Composito Math. 5 (1937), 299-314]. Since
72(8") = 0 and »,(S” is infinite cyclic, it follows that E, and therefore
%,, 18 not always an isomorphism onto. Hence the Excision axiom fails
for homotopy groups in a very simple case. Freudenthal has shown
[ibid] that E is an isomorphism for each ¢ < 2n — 1. We may in-
terpret his results as asserting that the excision property does hold in
certain restricted cases. Most of the little we know about 7, (S") is
based on the results of Freudenthal concerning E.

The problem of axiomatizing the homotopy groups has not been
solved.* One would naturally seek a substitute for the Excision axiom.
There is a reasonable candidate. Let B be a fibre bundle over the base
space X with projection p: B — X, let 2, ¢ X, Y, = p '(z,), and
Yo ¢ Y. Then, for ¢ = 2, p, maps #,(B,Y,,y,) isomorphically onto
wo(X,x,). This is proved using the covering homotopy theorem for
bundles. If =, is replaced by H,, then p, is usually not an isomorphism
onto. We have therefore a simple and useful property of homotopy
groups which may serve as a substitute for the excision property.

In axiomatizing the homotopy groups one would need an additional
basic concept, namely: the isomorphisms 7. (X,4,z,) = =.(X,A,z,)
assigned to a homotopy class of paths in A from z, to x,. One would
deal not with single groups but with systems of groups connected by
isomorphisms assigned to the fundamental groupoid of A. The latter
would include the operations of =,(A4,z,) on 7 (X,4,z,).

Cohomotopy groups. The Borsuk-Spanier cohomotopy groups [An-
nals of Math. 50 (1949), 203-245] are similar to cohomology groups.
If (X,A) is a compact pair of finite dimension 7, then the ¢*” cohomotopy
group 7°(X,A) is defined for each integer ¢ > (n + 1)/2 and is an
abelian group. The elements of 7°(X,4) are homotopy classes of maps
of (X,4) into (S%y,) where S’ is a g-sphere and y, is a point. The set
x*(X,A) is defined for ¢ = 0; but the addition is only defined for ¢ >
(n 4+ 1)/2. A mapping §: #° '(4) — 7°(X,A) is defined for ¢ > 0
and is homomorphic when both sides are groups. If f: (X,4) — (Y,B),
then f*: #°(Y,B) — »°(X,A) is defined for all ¢ and is homomorphic
when both sides are groups. Spanier has shown [ibid] that the co-
homotopy groups satisfy the analogs of all the cohomology axioms—
insofar as they are meaningful.

The axiomatization of the cohomotopy groups has not been at-
tempted. The chief distinction between cohomology and cohomotopy
is the absence of a group structure in »(X,4) for ¢ = (n + 1)/2. This
makes it impossible to compute cohomotopy groups by an induction
starting with ¢ = 0. Our knowledge of cohomotopy groups is as meager
as that of homotopy groups.

*An axiomatization has subsequently been given by J. Milnor {Annals of
Math. 63(1956), 272-284)].
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EXERCISES

A. ELEMENTARY PROPERTIES OF EXACT SEQUENCES.

Establish the following propositions for an exact lower sequence
{Gudo}:

1. ¢.41 = 0if and only if kernel ¢, = 0.

2. ¢o-1 = 0if and only if ¢,(G,) = G-,

3. ¢¢+1 = 0and ¢,_, = 0if and only if ¢,: G, = G,_,.

4. G, = 0if and only if ¢,,, = 0 and ¢, = 0.

5. G, = 01if and only if ¢,44(Ges2) = Go41 and kernel ¢,_, = 0.

B. THE Ax1oms.

1. Show that Axiom 1 is a consequence of Axioms 2, 3, and 4.

2. Show that Axiom 1 is a consequence of Axioms 2 and 6.

3. Assume that, for every admissible pair (X,A), the map p:
(X,A) X I — (X,A) defined by p(z,f) = z is admissible. Show, using
Axioms 1 and 2, that the Homotopy axiom is equivalent to either of
the following if suitable maps are admissible:

Axiom 5. p, is an isomorphism.

Axiom 5. The kernel of p, is zero.

In the following problems, assume that the homology theory is
defined on the category of all pairs and maps.

C. RETRACTS.
1. If¢: G— H,y: H— G, and y¢ = identity, then ¢ has kernel
zero and H decomposes into a direct sum

H = image ¢ + kernel ¢.

2. If » X — A is a retraction, and ©: A — X is the inclusion,
then H,(X) decomposes into the direct sum

H,(X) = image 7,, + kernel r,,
and
H,(X) = H,(A) + H.(X,A).

D. THB 0-DIMENSIONAL GROUPS.

1. If z e X, then H,(X,z) = Hy(X).

2. Hy(X) = 0 if and only if H,(X,A) = 0 for each nonvacuous
subset A of X. Assume that H_,(4) = 0.

3. If X is an arcwise connected space, 2,2’ ¢ X, and g ¢ G, then
(92)x = (92')x and (Gz)x = (Gz')x.

4. If X is a Hausdorff space consisting of just two points, then
A,(X) = G.

5. If @  0and H,(X) = 0, then X is connected.
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E. TRIvIAL MAPs.

L If f: (X,4) — (Y,B) is such that f(X) C B, then f,, = 0
for each q.

2. If f: X — (Y,B) is such that f(X) is a point of Y, then f,, = 0
for g % O and f,, = 0.

F. DirEcr sum.

1. Prove 13.2 with the condition that the sets X, are disjoint re-
placed by the following conditions: (1) X isnormal, (2) X, VA4 = 4,,
and (3) the sets X, — A, have disjoint closures.

G. MAYER-VIETORIS SEQUENCES,
1. Let (X;X,,X,) be a proper triad. Show that in the diagram

0,
H,.H(X,X) u X?) —_— Hw(Xl’Xl m XZ)

- r
2
Ha(Xth m X2) E— Hq—l(Xl m X2)

where 9, and 9, are the boundary operators of the triads (X;X,,X,) and
(X;X,,X,) the anticommutativity relation

90, + 99, = 0

holds.

2. Let (X;X,,X,) be a proper triad; prove that d maps the relative
Mayer-Vietoris sequence into the Mayer-Vietoris sequence of the triad
X,V X;;X,,X,).

3. For any space X, show that the Mayer-Vietoris relative boundary
operator A (defined in 15.6) for the triad (X X I; X X 0, X X 1)
is an isomorphism, thercby establishing an isomorphism H (X X I,
X X0UX X1 = H,,(X). Prove this last result without explicit
use of the Mayer-Vietoris sequence.

4. Let (X;X,,X,) be a proper triad such that X = X, U X,, let
A =X NX,I =1/[0,1], and let

V=X X0)VAXDHVYU(X, X1
B=(X,X0)V(X; X1

be the indicated subsets of X X I. Show, using the isomorphism of
problem 3, that the Mayer-Vietoris sequence of (X;X,,X,) is isomorphic
to the H.S. of (Y,B).

5. Show that the relative Mayer-Vietoris sequence of (X;X,,X,) is
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isomorphic to the homology sequence of a triple consisting of X X I
and suitable subspaces.

6. Examine the Mayer-Vietoris sequence of the triad (X;X,X).

7. Consider a proper triad (X;X,,X,) with X = X, U X,, A =
X, N\ X; # 0. Define the reduced Mayer-Vietoris sequence and prove
its exactness.

H. Ranks or GRouUPs.

It will be assumed that all groups considered are D-modules over a
domain of integrity D (i.e. a commutative ring D with a unit element,
and such that d, » 0, d; # 0 imply d,d, = 0).

DEeriNiTION. The elements g,, --- , g, of a D-module G are called
linearly independent, provided any relation d,g, + --- + d,g, = 0
where d,, -+ , d, ¢ D implies d, = :--- = d, = 0. The maximum

number of linearly independent elements in G is called the rank of G
and is denoted by r(G) (or rp(G) if we wish to indicate D). If this
maximum does not exist, we set (@) ==. If D is a field, then r(G)
is the dimension of G over D.

1. If H is a submodule of G, show that »(G) = r(H) + r(G/H).

2. Let {G,¢.} be an exact lower sequence of D-modules such that
each r(G@,) is finite. Let m, = r(kernel ¢,). Then form =< n

> (=G = (=1)'m = (=" mey.

I. BETTI NUMBERS.

DerFINITION. Assume in this section that a homology theory is
given such that H,(X,4) are all D-modules and f,,d are linear over D.
The rank r[H,(X,A)] is then denoted by R,(X,A) and is called the r**
Betti number of (X,4).

1. Let (X,4) be a pair. Consider the three sequences {R,(4)},
{R(X)},{R.,(X,A)}. Show that, if two of these sequences contain
only finite numbers, then so does the third one. Show that, if in two
of these sequences only a finite number of terms are different from zero,
then the same holds in the third sequence.

2. Show that (assuming all numbers involved are finite)

> (DR = T (~DR(A) = 2 (~DR(X,4)
= (1w, — (D).

where w, is the rank of the kernel of the homomorphism H,(4) — H(X)
induced by the inclusion A C X.
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DEeriniTION. If the integers {R,(X,A)} are all finite and only a
finite number of them are different from zero then the integer

X(X,4) = T (= DR(X,4)

is called the Euler characteristic of (X,A4).
3. If (X,A) is a pair and two of the Euler characteristics x(4),
x(X), x(X,4) are defined, then so is the third, and

x(X) = x(4) + x(X,4).

4. Let (X;X,,X;) be a proper triad with X = X, U X,, 4 = X, N\ X,.
Let N, be the intersection of the kernels of the homomorphisms

H,(4) — Hy(X)), H,(4) — H(X3)

induced by inclusion maps A C X,, A C X,. Prove the Mayer-
Vietoris formula

R(X, U X)) + R(Xi N\ X;) = Ry(X)) + Ro(X3) + r(No) + r(Nq-r)
and derive from it the formula
x(X, U X,) + x(Xi N Xy) = x(X) + x(X3)

provided all four Euler characteristics involved are defined.
5. Formulate the Mayer-Vietoris formula for cohomology. Formu-
late relative Mayer-Vietoris formulas for homology and cohomology.



CHAPTER 11
Simplicial complexes

i, INTRODUCTION

This chapter develops the analytical geometric tools needed in sub-
sequent chapters. These are: simplex, complex, subcomplex, simplicial
map, triangulation, and simplicial approximation. Homology theory
is not mentioned; its study is resumed in Chapter 111. The reason for
this hiatus is the necessity of singling out a class of spaces (triangulable
spaces) sufficiently simple that an algorithm can be given for com-
puting their homology groups. The nature of this class is nearly pre-
dictable on the basis of the results of Chapter 1. Knowing the groups
of a point, the groups of a contractible space are determined. We
choose a class of contractible spaces (i.e. simplexes) and form more
complicated spaces (i.e. complexes) by assembling these in a smooth
fashion. Then the groups of the latter spaces can be computed by the
use of Mayer-Vietoris sequences or similar devices.

It is not enough to be able to compute groups: it is also necessary
to compute homomorphisms. This requires singling out a simple class
of maps—simplicial maps. Although these are quite restricted, it is
shown that any map of one triangulable space in another is homotopic
to one such: indeed, simplicial maps are dense in the function space
of all maps. This is achieved by barycentric subdivision and the
simplicial approximation theorem.

Although triangulable spaces appear to form a rather narrow class,
a major portion of the spaces occurring in applications of topology to
geometry and analysis are of this type. Furthermore, it is shown in
Chapter x that any compact space can be expressed as a limit of
triangulable spaces in a reasonable sense. In this sense, triangulable
spaces are dense in the family of compact spaces.

2. SIMPLEXES

DEeFiNITION 2.1. An n-stmplex s is a set of n + 1 objects called
vertices, usually denoted by {4}, together with the set of all real-valued
functions « defined on {A} satisfying

(1) AZa(A) =1, a(4) z 0.
54
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A single function a is called a point of s. The values of « on the vertices
of s are called the barycentric coordinates of the point a. The distance
p(a,B8) of two points a,8 of s is defined by

pa,B) = [; (a(4) — B(A)".

The topological space thus defined is denoted by |s| and is called the
space of s. Clearly the barycentric coordinates are continuous functions
on |s|.

The use of the term ‘“barycenter” stems from the fact that, if the
vertices {A} of s are points of a euclidean space, then the point «
corresponds to the center of gravity of the system of masses obtained
by assigning to each vertex A the mass a(4).

DEerFINITION 2.2. A simplex s together with a simple ordering
A® < -+ < A" of its vertices is called an ordered simplex. Let R**
be the cartesian space of all coordinates (z,, --- , z,). The corre-
spondence a — (a(A°®), - - -, a(A™)) is then an isometric map s — R**',
called the canonical imbedding of s in R™*'. The image of s in R**' is
denoted by A" and is called the unit simplex of R**'. Clearly A" is the
intersection of the plane Z;‘ z, = 1 with the sector z, = 0 for ¢ = 1,

-, n.

Since A" is closed and bounded in R™*', it is compact. Hence |s| is
compact for any simplex s. Clearly, the dimension of |s|, in the eu-
clidean sense, is n. Observe that an unordered n-simplex has (n + 1)!
canonical imbeddings in R™*' corresponding to the various orderings of
its vertices.

DerinNiTION 2.3. A ¢-face s’ of an n-simplex s is a g-simplex whose
vertices form a subset of the vertices of s.

A point o’ of ' is a function defined over a subset of the vertices
of s. It can be extended to a function « on all vertices by setting
a(d) = o’(A) if Aisin ', and a(A) = 0 otherwise. Then « is clearly
a point of s. In view of the conditions (1) on a,a’, the extension « of
o' is unique. The map o/ — « imbeds |s'| isometrically in |s|. Fol-
lowing the custom, we identify o’ with a so that |s’| is a subset of |s!.
It is surely a closed subset of |s|. It is defined by the equations a(4) = 0
for A not in §'.

A 0-simplex has just one vertex A, and just one point a(4) = 1.
It is customary to identify the vertex with the point and to denote
either by A. With this convention the vertices A of s are the O-faces
of s, and are points of s. As a result, A(B) is defined for any two
vertices, and A(B) = 0if A4 = B, and A(A) = 1 for each A. In the
unit simplex A" in R™*' the vertices appear as the unit points on the
coordinate axes. In addition A" is the smallest convex set in R**'
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containing these unit points. For this reason the simplex is said to
span its vertices.

DerFINiTION 2.4. The potnt set boundary of s, denoted by |$], is the
set of points of s having at least one coordinate equal to zero. Clearly

|3] is a closed subset of |s|. The open set |s| — |$| is called the interior
of s and is also referred to as the open simplex.
If «° -+, a® are points of an n-simplex s, and w,, - -+ , w, are non-

negative real numbers such that w, + -+ 4+ w, = 1, then the function
a defined by

a=wa'+ - + wa'
is again a point of s. For clearly a(4) = 0 for each vertex A of s, and

;a(A) = ; Zw.a‘(A) = z‘:w; ;a'(A) = Z'w. = 1.
LemMa 2.5. If o -+, a® are points of a simplex s, and if w, - -+ ,
w, are positive numbers of sum 1 such that the point Y, w.a' is a vertex
A of s, then each o* = A.
Proor. For any vertex B A of s, we have »_ w,a*(B) = A(B) =
0. Since each w; > 0, each «'(B) = 0. As this holds for each B
different from A, it follows that o' = A.

3. SIMPLICIAL COMPLEXES

DerFiNiTION 3.1. A stmplictal complex K is a collection of faces of
a simplex s satisfying the condition that every face of a simplex in the
collection is likewise in the collection. The space |K| of K is the subset
of |s| consisting of those points which belong to simplexes of K.

The same simplicial complex K may lie in two different simplexes
s; and s,. In such a case K also lies in the simplex s spanning the
vertices common to s, and s,. Since the topology of s is the subspace
topology of both |s,| and |s,|, it follows that the topology of K is inde-
pendent of the particular simplex s in terms of which it is defined.

The collection of all faces of s including s itself is a simplicial com-
plex. This complex is also denoted by s. The collection of all faces
of s, excluding s itself, is a simplicial complex and is denoted by &

DEeFINITION 3.2. A simplicial complex K is said to be n-dimensional
(briefly: an n-complex) provided K contains an n-simplex but no
(n + 1)-simplex (and, therefore, no simplex of dimension >n).

DerinNiTION 3.3. If K is a simplicial complex, a subcomplex L of K
is a subcollection of the simplexes of K such that each face of a simplex
in L is also in L. Clearly, L is a simplicial complex.

LemMa 34. If o°, --- , " are points of K, where K is a simplicial
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complex, and w,, --- , w, are positive numbers such that w, + -+ +
w, = 1, then the point & = we® + -+ + w,a" is in K if and only if
the points a°, - -+ , " are in a simplex of K.

Proor. Let s be the simplex containing K and let s’ be the lowest
dimensional face of s containing the points a°, --- , a". Then « ¢ §'.

If «° -+, " are in a simplex of K, then s’ is in K and a ¢ |K|.
Thus the condition is sufficient.

Suppose now that a ¢ |K|. If A% ---, A% are the vertices of s’, then

a=a(AA° + - + a(AYAY,
where

a(4) = T wa'(4).

Since w, > 0 and s’ is the least simplex containing o, - - - , o, it follows
that a(4') > 0 and « is in the interior of s’. Hence « ¢ |K| implies
that &' is in K and thus &°, - -+ , o are in a simplex of K.

CoRrOLLARY 3.5. Ifa’ ---, a" ¢ |K|, then all the points

a=we + - + wa"

where wo + -+ 4+ w, = 1, w, > O are in K if and only if a°, -+ , a"
are in a stmplex of K.

DEerFiniTION 3.6. For each vertex A of K, the open star of A is the
subset st(A) of K defined by the condition a(A) > 0.

An equivalent definition is that st(A4) is the union of all open sim-
plexes of K having A as a vertex.

LEmMA 3.7. If A° ... , A" are distinct vertices of the simplicial
complex K, then their open stars have a nonempty intersection if and only
if A°, -, A" are the vertices of a simplex of K.

Proor. If A° --. , A" are the vertices of a simplex s, then the
interior of s is in st(4') for each 7, so that MNst(4') » 0. Conversely,
suppose that a ¢ N st(4'). Then a(4') > 0 for7 =0, --- , n, and
therefore A°, - .-, A™ are the vertices of a simplex of K by virtue of 3.4.

4, LINEAR AND SIMPLICIAL MAPS

DeriniTION 4.1, If K, K’ are simplicial complexes and f: |K| — |K’|
is a map, then we say that f is linear (Notation f: K — K') if f is
linear in terms of the barycentric coordinates. Precisely, if a,a’, -+ ,
a" are points of |K| and

a=wa' + - + wa', Sw =1 w20,
0
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then
f@) = wof(@®) + -+ + w.f(a”).

A linear map which carries vertices into vertices is called stmplicial.

Let L,L’' be subcomplexes of K,K' respectively. By a linear [sim-
plicial] map f: (K,L) — (K',L’) is meant a map of (|K|,|L|) into
(IK’|,L’|) which defines a linear [simplicial] map of K into K’.

Two trivial consequences are

THEOREM 4.2. The identity map (K,L) — (K,L) s simplicial.

Tueorem 4.3. If f: (K,L) — (K',L’) and g: (K',L') — (K",L")
are both linear [stmplicial], then gf: (K,L) — (K" ,L") is linear [sim-
plicial).

The following theorem expresses a fundamental property of simpli-
cial complexes, namely: linear maps are described by their behavior on
vertices.

THEOREM 4.4. A linear map f: (K,L) — (K’,L') ts uniquely de-
termined by its values on the vertices. A map ¢ of the vertices of K into
points of K' can be extended to a linear map f: (K,L) — (K',L') if
and only if the ¢-image of the set of vertices of any simplex of K or L s
contained in a simplex of K' or L' respectively. If ¢ maps vertices into
vertices, then f is sstmplicial.

Proor. If f: (K,L) — (K’,I') is linear, and « is in a simplex 8
of K, then

= a(AA’ + -+ + a(A™A",
where A%, ..., A" are the vertices of s. Then

f(@) = a(A)f(4°) + -+ + «(A")f(47),

so that f(a) is determined by its values on vertices. Further, if « is

an interior point of s, then a(A*) > 0 forz = 0, --- , n; and by 3.4,
f(A%, +--, f(A™) are in a simplex of K’. Similarly, if s is a simplex
of L, then f(A°), ---, f(A") are in a simplex of L’. This proves that

the condition stated in 4.4 is necessary for the extension of a vertex
map ¢.

To prove that the condition on ¢ is also sufficient, consider the
simplexes s and s’ spanning the vertices of K and K’ respectively.
Let A% ---, A" be the vertices of s. Given a vertex map ¢ satisfying
the conditions of 4.4, for each « in s, define f(a) by

f(@) = a(A”$(A%) + --+ + a(A")$(4").

It is readily seen that f(e) is in §’, and f is a linear map s — ¢'.
Now let a ¢ |K| (or a ¢ |L|) and let B®, --- , B® be the subsequence
of A%, --- , A" consisting of those vertices with a(4‘) > 0. Then
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a = a(B°)B’ + --- + a(B*)B® with a(B') > 0, and by 3.4, the vertices
B° ---, B® are those of a simplex of K (or of L). Hence the points
#(B°), -+, ¢(B are all in a simplex of K’ (or of L’), so that

fla) = a(B°)¢(B°) + -+ + a(BY¢(B%)

is in K’ (or in L'). Thus f defines a linear map f: (K,L) — (K',L’),
and the proof is complete.

A trivial consequence of Definition 4.1 is

Tueorem 4.5. If f: (K,L) — (K',L’) is linear [simplicial], and if
(K, L) (K’ L') are subcomplezes of (K,L),(K',L"), respectively, such that
f maps |K| into |K'| and |L| into |L'|, then the map of (K,L) into (K',L)
defined by f is linear [simplicial).

Lemma 4.6. If f: K — K’ is linear and maps |K| onto |K’|, then
each vertex of K’ vs the image of at least one vertex of K.

Proor. Let B be a vertex of K. Then B = f(a) where a is a
point on K. Since a = Z a(A*)A' where A® are the vertices of K, it
follows that B = f(a) = D_ a(A')f(A"). Thisimplies that, if a(4") > 0,
then B = f(A") by 2.5.

THEOREM 4.7. If a simplicial map f: K — K’ is a homeomorphism,
then f' is simplicial.

Proor. It follows from the preceding lemma that f establishes a
1-1 correspondence between the vertices of K and K’. Let ¢ be the
vertex map of the vertices of K’ onto those of K given by f~'. Consider
the vertices B% --- , B" of a simplex of K’ and let 8 be a point in the
interior of that simplex. Then

B =B+ - + 0B
where D v, = land v, > 0. Also f7'(8) is a point of K, and
SO = wd® + o waA”

where A°, --- , A™ are distinct vertices of K, D_ w, = 1, and w, > 0.
It follows that

B = wof(A°) + -+ + waf(4A7).

This implies that m = n and f(4°, --- , f(A") is a permutation of
B° ..., B". Since A° ---, A" are the vertices of a simplex of K, it
follows that ¢(B°), - - - , ¢(B") are the vertices of a simplex of K. Hence,
by 4.4, ¢ extends to a simplicial map g: K’ — K. Clearly g = .
Tueorem 4.8. If f: K — K’ is a homeomorphism, and both f and
J7! are linear, then f is simplicial.
Proor. Let A be a vertex of K. Then

f(A) = v,B° + --- + v,B",
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where B, - -, B" are the vertices of a simplex of K/, D_ », = 1, and
v; > 0. Applying f~* we find

A = vf'(B°) + -+ + vfT(BY).

Hence, by 2.5, 4 = f'(B°) = --- = f7(B"), and therefore B° =
«++ = B" and f(A4) is a vertex of K'.

5. TRIANGULATED SPACES

DEerFINITION 5.1. Given a pair (X,A), a triangulation T = {t,(K,L)}
of (X,A) consists of a simplicial pair (K,L) and a homeomorphic map

. (KLIL) — (X,4).

The pair (X,A) together with a triangulation T is called a triangulated
pair. If a triangulation of a pair (X,A) exists, the pair is called tri-
angulable.

Let (X,A),(X’,A’) have triangulations T = {¢{,(K,L)}, T' =
{t/,(K',L")} respectively. A map

fi (X4 - (X,4)

is called linear [or simplicial], with respect to T,T”, if the map ¢™'f¢’ is
a linear [or simplicial] map of (K’,L’) into (K,L).

The definition of triangulated triples and their maps is similar.

As a direct consequence of the definition we have

LEMMA 5.2. The identity map of a triangulated pair is simplicial.
The composition of two linear or two stmplicial maps s linear or simplicial.

As consequences of 4.7 and 4.8 we have

LeMMA 5.3.  The inverse of a simplicial homeomorphism is simplicial.

LEmMMA 5.4. A linear homeomorphism, whose tnverse is linear, ts
simplicial.

If T = {t(K,L)} is a triangulation of (X,A), then the various
simplicial concepts in K can be carried over into X by means of the
map ¢{. Thus a simplex of the triangulation T will mean the {-image of
a simplex of K, etc.

DEriniTION 5.5. The mesh of a triangulation T = {¢,K} of a metric
space X is the maximum of the diameters of the simplexes of T. Pre-
cisely,

mesh T = max [diam ¢(|s])],
where s is any simplex of K.

DeriniTION 5.6. Let T = {¢,K} be a triangulation of a space X.
A function f: X — R", mapping X homeomorphically onto a subset of
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euclidean space R" is called a linear imbedding of X into R™ (relative to
T) provided the map f&: K — R"is linear, i.e. provided the cartesian
coordinates of the point fi(a) are linear functions of the barycentric
coordinates of the point « on K. If f is a linear imbedding, then the
distance function in X defined by

p(z,y) = lf(x) - f(y)‘) T,y e X

is called a linear metric in X (relative to T).

Lemma 5.7. Every space X with a triangulation T = {¢t,K} has a
linear 1mbedding.

Proor. The complex K is a subcomplex of a ¢-simplex s. Let
l: |s] > R**" be a canonical imbedding as defined in 2.2. Then f =
It"! is a linear imbedding of X in R°*".

CoOROLLARY 5.8. Every triangulated space has a linear metric.

6. BARYCENTRIC SUBDIVISION

Let K be a simplicial complex, and let s be a simplex of K with
vertices A% --- , A". The barycenter b, of s is the point defined by

1 0 1 »
b= A T4
In particular, if A is a vertex, then b, = A.

We assign to K a second complex, denoted by Sd K, defined as
follows: Its vertices are the barycenters of the simplexes of K. For each
sequence $,, $;, - -+ , S, of simplexes of K such that s, is a face of s,.,
(z=0,---,q— 1), the sequence of corresponding barycenters is the set
of vertices of a simplex of Sd K. Only simplexes obtained in this manner
are in Sd K.

With the notation as above, the vertices b,,, --- , b,, of a simplex
of Sd K lie in the simplex s, of K. Therefore the identity map of the
vertices of Sd K into K has, by 4.4, a unique linear extension to a map

lg: SdK — K

DerFinITION 6.1. The pair consisting of the complex Sd K and the
linear map Iy is called the barycentric subdivision of K.

If L is a subcomplex of K, then Sd L is a subcomplex of Sd K and
l. = I|Sd L. The pair consisting of the pair (Sd K, Sd L) and the
linear map

lx.: (SdK,SdL) — (K,L)
defined by Ix, is called the barycentric subdivision of (K,L).
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LEMMA 6.2. The map lx is 1-1. Therefore Sd K s (linearly) homeo-
morphic to K.
Proor. Let

(1) a = wb,, + -+ + wb.,

be a point in the simplex of Sd K with vertices b,,, --- , b,,. Since
b.,, *+- , b,, are in a simplex of K, the same symbol (1) represents a
point of |K|. Thus, in this symbolism, lx becomes an identity map.
Without loss of generality we may assume that each s, is an ¢-simplex

and a face of s,,,. Let then A°, sy A° be the vertices of s, ordered
in such a fashion that A° --- , A are the verticesof 5,,72 = 0, - - , q.
Then, by definition of the barycenter,

1

0 1 ‘
= A A

Substituting this in (1) we find that
a=alA)A’ 4+ -+ 4+ a(49A°

b,

where
N B S

are the barycentric coordinates of « in K. From (2) we deduce
3) a(A®) Z -+ 2 (49,
and that
(4) w, = (7’ + 1)[‘1(‘4') - a(A‘H)] fors = 0,---, q—1,

w, = (¢ + De(49).
These formulas show that lx maps the simplex of Sd K with vertices
b,y --+ , b, in a 1:1 fashion onto the portion of the simplex with
vertices A°, --- , A? determined by conditions (3). Any point a of
A° ... A% lies in some set defined by (3) for some order of the A’s.

If it lies in two such sets, then a(A') = a(4'"") for one such order.
In this case w, = 0, so the transformation defined by (4) is uniquely
defined. It is obviously the inverse of Ix.

The following lemma is an immediate consequence of the definition
of Sd K.

LemMA 6.3. If K is an n-complezx, then Sd K 1s an n-complex.

DerinNiTION 6.4. Let T = {¢,(K,L)} be a triangulation of (X,A4).
Consider the barycentric subdivision (Sd K, Sd L) and its linear homeo-
morphism [k, 1, onto (K,L). The triangulation

Sd T = {tlk..),(Sd K, Sd L)}
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is called the barycentric subdivision of T. The ¢*" barycentric subdivision
of T is defined inductively by

=1, T=8d("T), i=1,2 ---.

LemMmA 6.5.  For every triangulation T = {t,K} of a metric space X,
we have

lim mesh 'T = 0

Since X is compact, the limit in question (if equal to zero) is inde-
pendent of the choice of the metric. Hence, by 5.8, we may assume
that the metric in X is linear. Suppose that K is an n-complex; then,
by 6.3, the successive barycentric subdivisions of K also are n-com-
plexes. Lemma 6.5 is thus a consequence of the following stronger
lemma.

LEMMA 6.6. Let X be a space with a metric linear relative to a tri-
angulation T = {t,K}, where K is an n-complex. Then

mesh Sd T = ;L——_?_T mesh T.
This lemma follows readily from the following succession of ele-
mentary lemmas concerning points in a euclidean space.
Let po, - -+ , p. be a sequence of points of a euclidean space R°.
Consider the set C(py, - - - , p,) of all points z ¢ R° of the form (in vector
notation)

T = wePpo + -+ + WPy
where w, = 0 and D w, = 1. Observe that, if z,y ¢ C, then

1 ly —z| = |y — . forsome¢ =0, --- , n,

because

IZ (w.y - w-P-)I = E w, ‘y - pll

ly — 2| =
< (max Jy — p.|) 2w, = max |y — pi|.

Applying (1) again, we find that |y — z| < |p, — p.| for some p, and
p,. Hence

LemMa 6.7. diam C(po, - , p.) = diam (p,, * - , Pa).

LemMma 6.8. If

1 .
n_*l_l(po+---+p..), b’=i+1(po+---+p.), i =2,

then

b=

n .
o 1dw,m (Poy *** 5 Pn)-

b— b =<
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Indeed by (1) we have |b — b'| < |b — p,| for some j =0, --- , n.
Hence
[b—b'| = [b~—pl

1
—n+1(p0+"'+pﬂ)— , n+1

= i) |

Sn_HZIm pl s n+1d1am«>o,---,p~)-

Lemmas 6.7 and 6.8 imply that, if s’ is a simplex of the barycentric
subdivision of an n-simplex s of T, then, in the linear metric, diam
8’ S n/(n + 1) diam s. This implies 6.6.

7. SIMPLICIAL APPROXIMATION

DeriNtTioN 7.1. Let X and X’ be spaces with triangulations
T = {t,K} and T = {¢,K’} respectively, and let a map f: X — X’
be given. A simplicial map g: X — X’ (with respect to T,T") is called
a simplicial approximation to f if, for each x ¢ X, g(x) lies on the closed
simplex whose interior contains f(x).

LEMMA 7.2. A necessary and sufficient condition for a simplicial map
g: X — X' to be a symplicial approximation to f s that, for every vertex
A of X,

f(st(4)) C st(g(4)).

Proor. Suppose ¢ is a simplicial approximation to f. Let z e st(4),
i.e. z has a positive barycentric coordinate relative to A. It follows
that g(z) has a positive barycentric coordinate relative to g(4). Since
g(z) lies in the closure of the open simplex containing f(z), it follows
that f(x) has a positive barycentric coordinate relative to g(4), i.e.
f(x) est(g(4)).

Conversely, suppose that the condition of 7.2 is fulfilled. Let
2z ¢ X and let s be a simplex of X (relative to T) containing z in its
interior. Similarly let s’ be a simplex of X’ (relative to 7") containing
f(z) in its interior. For every vertex A of s we have z e st(4), so that
f(z) e st(g(4)). Thus g(A) is a vertex of s’ and g maps s onto a face
of s’. Thus g(x) lies in the closed simplex s'.

The main result of this section is the following existence theorem:

TueoREM 7.3. Let X be a triangulable metric space, X' a triangulated
space with triangulation T' = {t',K'}, and let a map f: X — X' be
given. There 1s a number ¢ > 0 such that, for any triangulation T of X
of mesh <e, there exists a stmplicial map g: X — X' relative to T,T"
which is a stmplicial approximation to f.
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This theorem and 6.5 yield

CoroLLARY 7.4. Let X, X' be topological spaces with triangulations
T,T' and let a map f: X — X’ be given. There 18 an integer ho such
that for every h = h, there exists a simplicial map g: X — X’ relative
to *T,T’ which is a simplicial approximation to f.

The proof of 7.3 will be preceded by the following lemma:

LemMA 7.5. If X i3 a compact metric space and ¢ a collection of open
sets covering X, then there exists a positive number e such that each subset
of X of diameter <e 18 contained in at least one set of the family ¢. The
least upper bound of all such numbers e v8 called the Lebesgue number of
the covering ¢.

Proor. Suppose this is false. Then, for each positive integer =,
there exists a subset 4. of X of diameter < 1/n not contained in any
set of ¢. Let xz, ¢ A,. By the compactness of X, there is a point z ¢ X
such that each neighborhood of z contains infinitely many points of
{z.}. Let U be an open set of ¢ containing z, and let d be the distance
from z to X — U. Select n so that n > 2/d and p(z,z,) < d/2. Then,
for each y ¢ A4,,

p(y,7) = p(y,2.) + p(z,7.) S 71‘ + g < d.

Hence y ¢ U and A, C U, a contradiction.

Proor oF 7.3. Let B', --- , B™ be the vertices of the triangulation
T’, let U, = st(B') (in 7”), and let V; = f~'(U,). Since {U;} is an
open covering of X', {V,} is an open covering of X. Let 5 be the
Lebesgue number of {V.}, let ¢ = /2, and let T = {¢,K} be a tri-
angulation of X with mesh <e. Then, for every vertex A of the tri-
angulation 7', the set st(4) has diameter <p, so that st(4) C V; for
some ¢ = 1, --- , m. Choose such an 7 and define g(4) = B*'. Then

1) st(4) C 7' (st(g(4))),

where st(4) isin T and st(g(4)) isin 7. If A°, - .-, A" are the vertices
of a simplex of T, then, by 3.7, M st(4*) # 0. This and (1) imply
N st(g(A*)) = 0. Hence by 3.7 the vertices g(4°), --- , g(4") are in
a simplex of T’. Therefore by 4.4 the vertex map g extends to a map
g: X — X'’ which is simplicial relative to T,7'. To be precise, the
vertex map ¢ defines a vertex map (') 'g¢t of the vertices of K into
those of K’. This vertex map extends to a simplicial map g: K — K’,
and g: X — X' is defined by ¢ = ¢gt”'. The inclusion (1) implies
f(st(A4)) C st(g(A4)); so, by 7.2, g is a simplicial approximation to f.
THEOREM 7.6. Let (X,4),(X’,A’) be pairs with triangulations T =
{t,(K,L)}, T" = {¢',(K'"\L')}. Consider a map f: (X,4) — (X',4")
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and the maps f;: X — X', f,: A — A’ defined by f. If g, is any
simplicial approximation to f,, (relative to T,T1"), then g,(A) C A’ and
g1 defines maps

g2 (X,4) —» (X",4), g= A — 4

The map g is simplicial on T to T'. The map g, is a sstmplicial approxi-
mation to f, relative to the induced triangulations of A and A’. Finally,
and most tmportant, the maps f and g are homotopic in such a way that,
during the homotopy, the image of a point x e X stays in the stmplex whose
inierior contains f(x).

Proor. If x ¢ A, then f,(z) ¢ A’, and f,(x) is in a simplex of A’.
Hence g,(z) ¢ A’. For each x ¢ X, the points f(z) and g(z) lie in the
same simplex of X’, hence the corresponding points f(z),g(z) of K’ lie
in the same simplex of K’. Then the required homotopy is given by

h(zy) = UIrf(@) + 1 — Ng)), 0sr=l.

8. PRODUCTS OF SIMPLICIAL COMPLEXES

The cartesian product of two simplicial complexes is not directly a
simplicial complex. This fact introduces a difficulty in the study of
the cartesian product of triangulable spaces. The difficulty is eir-
cumvented by the introduction of a simplicial product. This type of
product arises naturally in connection with cartesian products of spaces
and their coverings by open sets.

DEerINITION 8.1. Given two simplexes s, and s, of dimension p and ¢
respectively, the simplicial product s, A s, is the simplex of dimension
(p + 1)(g + 1) — 1 whose vertices are the pairs (4,B) where A4 is a
vertex of s, and B is a vertex of s,. If K, and K, are subcomplexes of
s, and s;, then the simplicial product K, A K, is the subcomplex of
8, A s, consisting of all simplexes s A s; with s{ C K,, s C K,, and of
all faces of such simplexes.

This last addition is due to the fact that a face of s, A s, need not
be the simplicial product of faces of s, and s,, because the vertices of
$; A s, are the cartesian product of the vertices of s; and s,, and a subset
of the product need not be a product of subsets.

The following five lemmas are obvious consequences of these defini-
tions.

Lemma 8.2. A simplex of s, A s, with vertices (A°,B°), --- , (A",B")
is in K, A K, if and only if A°, --- , A" are the vertices of a simplex of
K, with repe*itions allowed, and B, - - , B" are the vertices of a simplex
of K, with repetitions allowed.
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Lemma 8.3. If L, and L, are subcomplezes of K, and K, respectively,
then Ly A L, is a subcomplez of K, A K,. The simplicial product of the
pairs (K,,L,) and (K,,L,) s defined then as

(Ky,Ly) A (K,,L,) = (K, AK,, L, AK,U K, A L,).

In reading this formula it is understood that the operations A precede the
operation \J.

Lemma 84. If fi: (K,,L,) — (K{,L!) and fo: (K, L,) — (K3,L3)
are smplicial maps, then the vertex map (A,B) — (f,(A),f2(B)) defines
a stmplicial map

frAfer (Ky L) A (K, L) — (Ki,L) A (K3, L).

Lemma 8.5. The vertex maps (A,B) — A and (A,B) — B define
sitmplicial maps

Ty Kl A Kg i K” Mo K1 A K2 - K;,

which will be referred to as the projections of the simplicial product onto
its factors.
Lemma 8.6.  The vertex map A — (A,A) defines a simplicial map

A: (KyL) - (K)L) a (K:L)1

called the diagonal map.

DEeriniTiON 8.7. A simplicial complex K is ordered if, for each
simplex, a simple order of its vertices is given such that the order of
each simplex agrees with the orders of its faces. The order in a sub-
complex will always be assumed to be the order induced by the order
in K.

Every complex K can be ordered by selecting a simple order of its
vertices (i.e. ordering the least simplex containing K).

Clearly an order in a complex K is equivalent to a binary relation
A = A’ for the vertices of K subject to three conditions: (i) A < B
and B £ A imply A = B, (ii) A and B are vertices of a simplex of K
ifand onlyif A < Bor B £ A, and (iii) if A4,B,C are vertices of a simplex
of K;and A < Band B £ C,then 4 = C.

DeriniTioN 8.8. Let K, and K, be ordered simplicial complexes.
Define a partial order in the set of vertices of K, A K, by (4,B) =
(A",B") if A £ A’ and B £ B’. (In general this is not an order in
K, A K,). The cartesian product K, X K, is the complex consisting
of those simplexes of K, A K, whose vertices are simply ordered by this
relation. If L, and L, are subcomplexes of K, and K,, then (K,,L,) X
(K,,L,) is defined as (K, X K,, L, X K; U K, X L,).

We proceed now to compare the cartesian product K, X K, of
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ordered complexes K, and K, with the cartesian product |K,| X |K,| of
the spaces |K,| and |K,|. Let z be any point of K, A K,. Then the
projections m,(z) and ,(x) are points of K, and K, respectivély. Thus
x(x) = (m(x),7.(2)) yields a map

T IKl A K2| — |K|l X leI.
If K, and K, are ordered, the map = defines a map
7 |Ki X K| — |Ky| X |K,).

LemMma 8.9. The map n is a homeomorphism, and {n,K, X K,} is
a triangulation of |\K,| X |K,|. If L, and L, are subcomplezes of K, and
K,, then n carries |L, X L,| onto |L,| X |L,|. Furthermore, this tri-
angulation has the property that, for each vertex B of K,, say, the corre-
spondence z — (z,B) is a simplicial map of K, into |K,| X |K,|.

Proor. We shall define a map n: |K,| X |K,| — |K, X K,| that
will be inverse to n. Let a ¢ |K,|, 8 ¢ |K,|. We can express a and 8
uniquely in the form

a=a(A)A’ + -+ 4+ a(4A")A®

8 = B(B)B° + - + B(B)B’
where A° < -.- < A%, B° < .- < B% a(4*) > 0, B(B) > 0,
a(A®) = D B(B) = 1. Let

m

"= YAy, b= >: 8(B")

=0
where0 S m < pand 0 < n =< ¢q. Now let

co < ... _S_c’” = cp+a+l (___1)

be a single sequence obtained by rearranging the symbols a°, --- ,
a’,b’ -+, b in order of magnitude. Foreachr =0, ---, p + ¢ let
C" = (A',B’) where 7 and j are the numbers of a’sand b’s, respectively,
inc’,---,¢™*. Theni+ j = rand C"* iseither (4'**,B’) or (4°,B"*"),
depending on whether ¢" is a* or b’. It follows that C° < --- < C”*9,
and they are therefore the vertices of a simplex of K, X K,. Now set

y= 2 -,
=0
where ¢! = 0. Since D 228 (' — ¢'™") = ¢ — ¢! = 1, y is a well-
defined point of K, A K,. .
In the definition of C™ the following ambiguity may occur: If a' =
b’, then C**'*' could be either (4'*',B’) or (4',B’*"), depending on
whether a* or b’ was labeled as ¢'*’. In either case ¢'*'*' — ¢'*' = 0,
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so that the choice of C**'*' has no effect on v, which is thus defined
without ambiguity. We define 7 by setting 7(e,8) = 7.

To prove that % is the inverse of 5, it suffices to establish the fol-
lowing two propositions:

(1) 7 maps |K,| X |K;| onto |K, X K,
(2) 77 i8 the identity map of |K,| X |K,|.

To prove (1), consider any point v in K, X K,. Theny = D oo
d.D" where D" < D'*'. Let A° < .- < AP’ be the distinct first co-
ordinates of D, --- , D* and similarly let B® < --- < B? be the second
coordinates. By adjoining extra D’s with coefficient zero when neces-
sary, it can be arranged that, if D" = (4*,B’), then D"*' = (4°,B'*")
or D' = (A'*',B"). Define ¢’ = 35d.. Let C" = (A°,B'), if C"** =
4**',B"), then set a' = c , if C"*' = (A',B'*"), then sét b’ = ¢".
This definesa® £ -+ < a” = 1and b’ < .-+ £ b* = 1. Finally set

=>5@ —a A and B = D¢ (b’ b'"")B’. It is then easy
to verlfy that %(a,8) = v.

To prove (2) it suffices to show that if v = %(a,8), then m,(y) =
a and m(y) = B. Let C", ---, C"™** be all the vertices in C°, --- ,
C**°® with A' as first coordinate. Then C"*' = (4',B'*') where r =
i+ jand 0 £ I S k,whileC"™' = (A'"',B’) and C"***' = (4**,B*"),
Then from the definitions of =, and of v,

1I’1(‘Y)(A') — g (crH _ r+l 1) — c +k cr—l
=a —a'" = a(4d).

Since this holds for every 7, it follows that m,(y) = «. Similarly
m2(y) = B. This concludes the proof.

CoroLLARY 8.10. If (X,A) and (Y,B) are triangulable pairs, then
soare (X X Y,A X B)and (X,A) X (¥Y,B) = (X XY, A XYV
X X B).

The previous discussion shows that the simplicial product K, A K,
contains as subcomplexes the cartesian products K, X K, for the
various orderings of K, and K,. The next lemma implies that |K, A K,|
and |K, X K,| are homotopically equivalent.

LemMma 8.11. |K, X K,| is a deformation retract of |K, A K,|.

Proor. Consider the maps 7 and » introduced above. Then r =
7 'm is a retraction of |K, A K,| into |K, X K,|. Further, for each
z in K, A K,, the points z and r(z) lie in a simplex of K, A K;. There-
fore (1 — t)x + tr(z) yields the desired homotopy.

Both the retraction » and the homotopy remain valid for sub-
complexes L, and L, of K, and K;. This implies that (K, X K,
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L, X L,) is a deformation retract of (K, A K,, L, A L,) and that
(K.,L,) X (K,,L,) is a deformation retract of (K,,L;) A (K,,L,).

The closed unit interval I = [0,1] may be regarded as an ordered
1-simplex with vertices 0 < 1. Thus the above discussion yields the
definition of K X I for any ordered simplicial complex K. If we write

4, = (4)0), A, = (4,1)
where A is any vertex of K, then each simplex of K X I has vertices

o . .
A3, e, AL AL e AT
(/] < i+1 ;
or 01"';A0)A1 y " :7 (O§1’§Q)

where A° < ... < A® and are vertices of a simplex of K.

9. REGULAR NEIGHBORHOODS

We show in this section that, if L is a subcomplex of K, then |L|
is smoothly imbedded in |K]| in the sense that |L| is a strong deformation
retract (see 1,11.6) of a closed triangulable neighborhood of |L| in |K|.

DeriniTION 9.1. Let L be a subcomplex of K. The open set

N(L) = Ust(A)

where the union is extended over all the vertices A of L, is called the
regular neighborhood of L in K.

It should be observed that, in general, L is not a deformation retract
of N(L). For example, let K = sbe a 1-simplex and L = § its boundary,
then N(L) = |s|; and the fact that |s| is connected, and || is not, shows
that |3| is not a deformation retract of |s|. Consideration of this example
leads to the following definition:

DEeFiNITION 9.2. L is called a full subcomplex of K, if L contains
each simplex of K whose vertices are all in L.

Clearly, in the above example L is not a full subcomplex.

LemMma 9.3. Let L be a full subcomplex of K. For each a ¢ N(L),
define

@) = T a(d),
f@) = T o5 ald)A.

In each case, the sum 1is taken over the vertices of L. Then f(a) ¢ |L|, and
f 18 a retraction of N(L) into |L|. Moreover, the homotopy h: N(L) X
I — N(L), defined by

h(eyt) = tf(a) + (1 — Do,
18 a strong deformation retraction of N(L) into |L|. Finally, the bary-
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cenlric coordinate of h(a,t) with respect to a vertex A is a nondecreasing
Sunction of t if A is in L, and is a nonincreasing function if A is not tn L.

Proor. First note that f(a) is a point of the least simplex s con-
taining «. Furthermore its barycentric coordinates are zero for vertices
not in L. Thus f(a) belongs to a face s’ of s, all of whose vertices are
in L. Since L is full, f(a) is in L. If « is in L, then v(a) = 1 and
f(a) = a, so that f is a retraction. Since « and f(«) are in the same
simplex s, the point h(e,t) also lies in s. The last statement of the
lemma is a direct consequence of the formulas for f and h. It follows
that A(e,t) isin N(L) forall e e N(L) and t e I. This completes the proof.

The following lemma shows that the assumption of 9.3 that L is
full is not a severe restriction from the topological point of view.

Lemma 9.4. If L is a subcomplex of K, then, in the barycentric sub-
division, Sd L is a full subcomplex of Sd K.

Proor. A simplex § of Sd K has vertices b,,, --- , b,, where s;
are simplexes of K and s, is a face of s,,,. If all the vertices of § are
in Sd L, then the last vertex b, of 51is in Sd L. Then s, is also in L.
Hence 5 1s in Sd s,, and thus in Sd L.

Note that the deformation of 9.3 is not defined on the closure of
N(L). To obtain a closed neighborhood of which L is a deformation
retract we resort to further subdivision.

DEerFiniTION 9.5. If L is a subcomplex of K, the k*" regular neigh-
borhood N*(L) is the image in K of the regular neighborhood N (Sd* L)
under the natural map Sd* K — K. In particular N{L) = N°(L).

LemMa 9.6. If L 1s a full subcomplex of K, then a point a of K s in
NY(L) if and only if there is a vertex A of L such that a(A) > a(B) for
each vertex B of K not in L.

ProoF. Let a ¢ K. Then «a is in a simplex s whose vertices 4°
-+, A" may be labeled so that a(4%) = -+ = a(A%. Let s, be the
simplex spanning the vertices A°, --- , A*. The point o’ = l;'() in
Sd K, which corresponds to a (see proof of 6.2), is given by

o = wb, + o Fwb,  wo= @+ De(4) = 4],
Let j be the least index such that w, > 0.

If now « ¢ N'(L), that is, if ' ¢ N(Sd L), then, for some index 1,
we must have b,, e Sd L and w, > 0. Then s, isin L and A°, --- , A®

are in L. Since ¢ = j, it follows that A° ---, A’ are in L, and the
condition of 9.6 is satisfied. _
Conversely, if the condition of 9.6 is satisfied, then A°, --- | A" are

in L and, since L is full, the simplex s, is in L. Thus b,, is in Sd L
and, since w, > 0, it follows that o’ ¢ N(Sd L). Thus « ¢ N'(L) and
the lemma is proved.
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Lemma 9.7. If L is a subcomplex of K, then the closure of N***(L)
isin N*(L) fork = 0,1, - --.

Proor. It suffices to prove that the closure of N'(L) is in N(L).
If L is full, this follows from 9.6 since, in passing to closure, the in-
equality a(4) > a(B) becomes a(4) = a(B). If L is not full, let L’
be the subcomplex of all simplexes of K with vertices in L. Then L'
is full, and N(L)-= N(L’) and N'(L) C N'(L').

As observed in 9.3, the homotopy h does not disturb the relation
a(A) > a(B) for A in L and B not in L. Consequently, if « ¢ N'(L)
and L is full, then h(a,t) ¢ N'(L) for each £. Since the closure of N'(L)
is in N(L), we have

Lemma 9.8. If L is a full subcomplex of K, the homotopy h of 9.3
defines a strong deformation retraction of N'(L) into |L|.

Combining this with 9.4 we obtain the main objective of this
section:

TrEOREM 9.9. If L is a subcomplex of K, then |L| is a strong deforma-
tion retract of the closure of the second regular neighborhood N*(L).

EXERCISES

A. SIMPLEXES.

1. If a,8 are distinet points of a simplex s, show that f: I — s
defined by f(£) = (1 — f)a + 18 is a 1-1 linear map of I into s. It is
called the line segment from « to 8 in s, and f(¢) is said to divide this
segment in the ratio &: (1 — ). Show that each point of s other than
its barycenter lies on a unique line segment from the barycenter to a
point of [$].

2. If s is an n-simplex, and s’ is an (n — 1)-face of s, show that the
two triples (s,$,s') and (E",S""!, EV') are homeomorphic.

B. EUCLIDEAN COMPLEXES.

DeriniTioN. The points A% --- , A? of euclidean n-space R" are
called linearly independent if they are not contained in a hyperplane of
dimension <gq.

1. Show that A° --- , A% are linearly independent if and only if
the matrix
aj, , ag,1

aj, -+, ayl

where ai, - -+ , a} are the coordinates of A°, has rank ¢ + 1.
2. Show that, if A% --- , A® are linearly independent, then every
subset of A° ---, A% is also linearly independent.
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3. Let s° be a ¢g-simplex with vertices A°, --- , A% Let f: s°*— R"
be a linear mapping. Show that f is a linear imbedding if and only if
the points f(4°), - - , f(4° are linearly independent.

4. Show that R" contains an infinite sequence of points each n + 1
of which are linearly independent.

52. I‘Jsing 4, prove that each n-complex K admits a linear imbedding
in R***%,

DeriNITION. Let A° --- , A°® be linearly independent points of
R". The least convex set o containing A° --- , A® is called the eu-
clidean g-simplex with vertices A°, --- , A% The faces of o are the
euclidean simplexes whose vertices form a subset of 4°, --- , A% A
finite set £ = {o} of euclidean simplexes in R" is called a euclidean
complex if the intersection of any two simplexes of T is either vacuous
or is a common face of both of them.

6. Show that if f: K — R" is a linear imbedding of a complex into
R", then the images of the simplexes of K form a euclidean complex in
R". Conversely, if £ is a euclidean complex in R", then there is a
simplicial complex K and a linear imbedding f: K — R" such that
the simplexes of = coincide with the images of the simplexes of K.

C. SPACES WITH OPERATORS.

DEFINITION. A group W (not necessarily abelian, and written
multiplicatively) is said to operate on the space X if, for every w e W
and z ¢ X, an element wx ¢ X is defined such that w,(w,z) = (w,w,)z,
lr = 2z, and that £ — wz is a continuous map w: X —- X. U W
operates on X and Y, then a map f: X — Y is called equivariant if
fwz) = wf(z) forallwe W, z ¢ X.

W is said to operate on the simplicial complex K if, for each w ¢ W,
a simplicial map w: K — K is given such that the fixed points of w
form a subcomplex of K and w,(w,z) = (w,w,)z, 1x = z for each z
e |K|.

If W operates on X, and T = {{,K} is a triangulation of X, then T
is said to be invariant if, for every w ¢ W, the map ¢ 'wt: K — K is
simplicial and its fixed points form a subcomplex of K.

1. If W operates on X, and an invariant triangulation of X exists,
then W contains an invariant subgroup W, such that W/W, is finite,
and w,x = z for all w, e Wy, z ¢ X.

2. If the triangulation T of X is invariant, then so is the barycentric
subdivision of 7.

3. In theorem 7.3 assume that W operates on both X and X’, that
the triangulations T and 7" are invariant, and that f: X — X’ is
equivariant. Show that the simplicial approximation g can be chosen
equivariant.
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D. JoINS OF COMPLEXES.

DEerINITION. The join K o M of two disjoint complexes is the com-
plex whose vertices form the union of A, --- A",B', --- , B* of the
vertices of K and M, respectively. A set of vertices are those of a
simplex of the join if its subsets in K and M, if not vacuous, span
simplexes there.

1. K and M are subcomplexes of K o M.

2. If s, is a p-simplex and s, a g-simplex, then s, os,isa (p + ¢ + 1)-
simplex, and its boundary is (§; 0 s,) \U (s; 0 §,).

3. |K| is a deformation retract of |K o M| — |M]|.

4. Let L be the subset of points a of K o M such that 2 a(4*) =
> «(B") = 1/2. Show that L is homeomorphic to |K| X |M|. Show
that |K o M| — |K| — |M| is homeomorphic to the product of L with
an open interval.

5. let 0 = p < dim K. In Sd K, let L(resp. M) be the subcom-
plex of simplexes whose vertices are barycenters of simplexes of dimen-
sions £ p(resp. > p). Show that Sd K is isomorphic to a subcomplex
of L o M.

6. Define the join X o Y of two spaces; and show that |K| o |M| is
homeomorphic to |K o M|.

7. If X is contractible on itself to a point, show that the same is
trueof X o Y.

8. Show that the join of a p-cell and a ¢-sphere is a (p + ¢ + 1)-cell.
Show that the join of a p-sphere and a ¢-sphere is a (p + ¢ + 1)-sphere.

E. ELEMENTARY SUBDIVISION OF A COMPLEX.

DeriniTioN. If s is a simplex of K, the complement K — s is the
subcomplex consisting of all simplexes of K that do not have s as a
face. The boundary of K — s, written Bd(s), is the closed subcomplex
consisting of simplexes in K — s which are faces of simplexes not in
K = s. The elementary subdivision of K with respect to s, written
8d.(K), is the complex (K = s) \JU (b, o Bd(s)), where b, is the bary-
center of s.

1. Show that the linear map of Sd,(K) — K defined by the identity
transformation of the vertices is a homeomorphism.

2. If the simplexes of K are ordered s;,s;, :-: , s so that dim
8; = dim s;,, for each j, show that the barycentric subdivision of K
is the result of the succession of elementary subdivisions

8d,, (8d.,-, (-+- 8d,, (K) ---)).

F. INFINITE COMPLEXES.

DeriniTION. Let W be an infinite set of objects called vertices. An
infinite complex K with vertices in W is an infinite collection of (finite
dimensional) simplexes whose vertices are in W, subject to the condition
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that a face of a simplex in the collection is also in the collection. Each
point & of K is described by barycentric coordinates a(4d) = 0 for
A ¢ W, where a(4) > 0 only for a finite number of elements of W,
and D4 a(4) = 1. The complex K is said to be locally finite if each
vertex of K is a vertex of at most a finite number of simplexes of K.

If o and B are points of K, then p(a,8) = {D_4 [a(4) — BA)]*}} is
a distance function in K, and defines the metric topology.

The weak topology in K is obtained by considering as open all sets
whose intersection with every (closed) simplex s of K is an open subset
of |s].

Thus to the infinite complex correspond two topological spaces
|K|. and |K]|,.

1. The identity map |K|, — |K|. is continuous.

2. The weak and the metric topologies coincide if and only if K
is locally finite.

3. Linear and simplicial maps (defined as in the finite case) are
continuous in both topologies. In particular, for any vertex A, the
barycentric coordinate a(A4) is continuous in « for both topologies. A
subcomplex is closed in either topology. For every vertex A of K,
the set st(4) is open in either topology.

DerFiNITION. A subdivision (K’,l) of an infinite complex K is a pair
consisting of an infinite complex K’ and a linear map I: K’ — K which
is a homeomorphism in the weak topology.

4. If (K')l) is a subdivision of K, and L is any finite subcomplex
of K, then I"'(L) is a finite subcomplex of K’.

5. Given a family {U} of open sets covering the space |K|., there
is a subdivision (K’,l) of K such that, for every vertex A’ of K’, the
set I(st(4’)) is in one of the sets of the family {U}.

DEFINITION. An infinste triangulation of a space X is a pair
T = {t,K} where K is an infinite complex and ¢: |K|, — X is a homeo-
morphic mapping of |K|, onto X.

DeriniTioN. If T = {¢,K} is a triangulation of X, and {U} is a
family of open sets covering X such that, for every vertex A of K,
the set {(st(4)) is in one of the sets of {U}, then the triangulation T'
is said to be finer than the covering {U}.

6. (Simplicial approximation theorem). Let X be a space which is
triangulable as an infinite complex, X’ a space with (infinite) triangu-
lation 7", and let a map f: X — X’ be given. There is a covering {U}
of X by open sets such that, for every triangulation 7' of X which is
finer than {U}, there is a map g: X — X’ which is a simplicial ap-
proximation (relative to 7,7") to f.

7. If K and M are nonempty complexes one of which is infinite,
then the join K o M is not locally finite.



CHAPTER 111
Homology theory of simplicial complexes

1. INTRODUCTION

In this chapter it is assumed that a homology theory is given such
that the groups H,(X,A) are defined for all triangulable pairs and that
f. is defined for every map f: (X,4) — (Y,B) of one triangulable
pair into another. In other words, let 3 denote the category of tri-
angulable pairs and maps of one such pair into another. It follows from
11,8.10 that J is an admissible category for homology theory as defined
in 1,1. It is assumed in this chapter that the homology (cohomology)
theory considered is defined on an admissible category @ which con-
tains 3.

The first main objective of this chapter is the derivation from our
axioms of the classical algorithm used to define and compute the
homology groups of a simplicial complex. This motivates our use of
this algorithm in the existence proofs in later chapters.

The second objective of this chapter is a uniqueness theorem which
asserts that any two homology theories, with isomorphic coefficient
groups, are isomorphic on the category 3 of triangulable pairs. This
asserts, to a certain extent, that the axioms are categorical, i.e. ad-
mitting an interpretation unique up to isomorphisms. This result will
be extended later (Chapter x11) to a larger class of spaces.

As in Chapter 1 the statements concerning cohomology are listed at
the end of each section, without proof.

2. EXCISION AND DIRECT SUM THEOREMS

It will be shown here that, for triangulable pairs, excision and
direct sum theorems are valid in more general situations than those
encountered in Chapter 1.

TreoreEM 2.1. If K, and K, are subcomplexes of a complex K, then
the inclusion map

7 (K),Kl N Ka) C (Kl \ K2)K2)

induces isomorphisms in each dimension. Consequently (|K|;|K,|,|Ka|)
18 a proper triad (see 1,14.1).
76
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Proor. Without loss_of generality we may assume that
K = K, U K,. Let X = N*(K,) be the closure of the second regular
neighborhood of K, and let A = X N |K,|. Then (X,4) is a tri-
angulable pair, since both X and A correspond to subcomplexes of the
second barycentric subdivision of K. The map ¢ may be factored into
inclusions

1‘1 7:2
(IK:|,|Ks N K,|) = (X,4) — (IK|,|K).
Since |K| = N*(K,) U (|K| — |K,|) C Int X U Int |K,|, it follows that:
K| =XU|K, A4=XNIKJ|, K| =IntXVU Int |K,].

Thus, by the Excision axiom, the map %, induces isomorphisms in all
dimensions.

By 11,9.9, |K,| is a strong deformation retract of X. Throughout
this deformation each point of |K,| remains in |K,|. Thus the pair
(IK.},|Ky M K,)) is a deformation retract of (X,4). Hence, by 1,11.8,
the homomorphisms induced by %, are isomorphisms.

THEOREM 2.2. Let (X,A) be a triangulable pair, and let U be an
open subset of X such that U C A. If (X — U, A — U) 1s a triangulable
pair, then the inclusion map f: (X — U, A — U) C (X,A) induces
an isomorphism in each dimension.

Proor. Let T be a triangulation of (X,4) (see 11,5.1) and let V
be the interior of A (relative to X). Then X — Vand A — V are
subcomplexes of X relative to the triangulation 7', so that by 2.1 the
inclusion map 7: (X — V, A — V) C (X,4) induces isomorphisms.
Set X' =X — U, A’ = A — U, and let V' be the interior of A’ relative
to X’. Then, by the same token, the map 7’: (X' — V', A’ — V') C
(X’,A’) induces isomorphisms. Since the pairs (X’ — V’/, A’ — V') and
(X — V, A — V) coincide, and since ' = fi, it follows that f, =
144," is an isomorphism.

THEOREM 2.3. Let K be a simplictal complex with subcomplexes
K, ---, K,,L such that

K=K\VU.-UKVUL KNK,CL, foris j.
Let L.‘ = K¢ N L, and let
k: (KL, C (K,L).

Then, the homomorphisms k.,: H,(K:|,|L;]) — H(K|,|L]) (¢ = 1,
-, 1) form an injective representation of H,(|K|,|L|) as a direct sum.
Proor. The case r = 1 is covered by 2.1 since K = K, U L and

L, = K, N\ L. Assume, inductively, that the theorem has been proved
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forr = n = 1, and suppose that r = n + 1. Set K’ = K, U --- U
K, \U L and consider the inclusion maps
k; J
(Ki;Li) - (K’rL) - (K;L) (i = 1; ce ’n)y

kl ]'I
(Kn+l,Ln+l) g (Kn+l U L;L) i (K)L)'

Clearly k;, = j ki, for< =1, ---  n, and k,.,, = j k.. Further, by
2.1, k, is an isomorphism. Since (|K|;|K’|,|K,+, \JU LJ) is a proper triad
with

KV (K,. VL) =K, KN (K, VL) =L,

it follows, from 1.14.2, that j, and j] yield an injective representation
of H,(|K|,|L|) as a direct sum. By the inductive hypothesis, the maps
ki, (@ = 1, --- , n) yield an injective representation of H,(|K’|,|L|) as
a direct sum. This implies the conclusion of 2.3.

THEOREM 2.3c. The maps k* of 2.3 yield a projective representation
of H*(|K|,|L|) as a direct sum.

3. THE INCIDENCE ISOMORPHISM

Let s° be a g-simplex, §° its boundary, and s a (¢ — 1)-face of s°
Let A be the vertex of s° opposite s°”!, and ¢*"' the closed star of A
in &% i.e. ¢ ' is the subcomplex of s* consisting of all faces of s* ex-
cepting s° and s*"'. Thus

sa — sa—l U ca—l’ s-a—l = sq—l N ca~l.
For each « ¢ 5% the function

(I = a + 4, 0

IIA

t=s1

is a homotopy contracting the pair (|s°],|c*”"|) into the point pair (4,4).
Hence, by 1,11.5 and 1,9.5

Lemma 3.1, |s%,|c*| end (|s%,|c"™"|) are homologically trivial.

Next we turn to the discussion of the triad (|s°|;|s* *|.lc*"]). By
2.1, this is a proper triad.

TuroreM 3.2. The homology sequence of the triad (|s°;|s*™"|,|c*™"])
reduces 1o the tsomorphism

8: H(Is|,18°) = Hoa(ls™ |, 15°7")).

All other groups tn the sequence are zero.
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THEOREM 3.3. The homology groups of (|s°|,|$°|) are as follows:

H/(|s'],[s°) = @
Hy(|s°],15°]) = 0 forp # q.

Pkoors. By 3.1, H,(|s°,|c*™"|) = O for all ¢, and therefore, by
the exactness of the H.S. of the triad, we have 8: H,(|s°],|5°]) =
H,_,(|s"7"|,1s*7"]). Iterating this isomorphism yields H,(|s°|,|&]) =
H,_(|s°),15°]) = H,_,(|s°]). Since |s°| is a single point, the assertion of
3.3 follows. This also establishes 3.2.

DErFINITION 3.4. If s° 'isa (¢ — 1)-face of the g-simplex s°(g > 0),
the incidence isomorphism

[s:5"7]: Ho(ls"],[8°) = Hoa(ls™ 1,187

is defined to be the isomorphism 9 of 3.2. Explicitly, [s%s°"'] may be
defined from the diagram

0 iy s ,
H{S LIS = Hons) = Hon(50 160D ' (i)

where 7, are inclusions; by setting

[s:s"7'] = 5,'4,9.

Lemma 3.5. If ¢ > 0, end f: (|s°,15°]) — (|si],|si]) s such that
[s°7Y] and |c*'| are mapped into |si”'| and |ci”'|, respectively, then com-
mutativily holds in the diagram

[s“:s""‘]_
Ila(’sq’rls'q)) — IIc—l(lsq_l!!l‘éq—ID
o T
[s7:s17"]

Ho(|si], [55]) —— Ho-s(Isi7'], 1857

where f, is the map defined by f.

Proor. The incidence isomorphism is the boundary operator of the
triad (|s%;]s*""|,c*"']), and the commutativity of this boundary operator
with induced homomorphisms is contained in the statement of Theorem
1,14.5.

DeriNITION 3.6. If A is a O-simplex (i.e. a vertex) and g € G, let g4
denote the element of Hy,(A) mapped on ¢ by the isomorphism in-
duced by the map A4 — P,. (In the notation of 1,7.1, g4 = (gA),.)
Let s® be an ordered g-simplex with vertices A° < A' < ... < A°
Define s* (k = 0,1, --- , ¢ — 1) to be the ordered simplex with vertices
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A" < AT < ... < A° For each g ¢ G, the element gs* of
H (|s°|,|5°]) is defined inductively by

(1) gst = [sh:s¥ 71 1gs*
Thus
gs® = [s%s" 7t .- [$hA T gAN

THEOREM 3.7. For every ordered g-simplex s°, the correspondence
g — gs° 18 an tsomorphic mapping of G onto the group H,(|s°],|s°]).

Proor. The proposition follows from the fact that the incidence
isomorphisms are isomorphisms, and ¢ — gA°® maps G isomorphically
onto H,(A%) (See 1,7.2).

THaeoREM 3.8. If s, and s, are ordered g-stimplexes, and f ts a stm-
plicial map (8,,8,) — (85,8;) preserving the order, then f,(gs,)) = gs..

Proor. Consider the simplexes s; (¢ = 1, 2;n = 1, --+ , q) as
defined in 3.6. Since f is order-preserving, it defines maps

far (81,81) — (53,8).

Consider the diagram

Hc(ls:l’lérl) _— Hc—l(ls:—l()(‘é‘l’—ll) > oo Hc(A‘l')
lfc* lfq—l* lfo*
H(|s3],183)) —— Ho-(ls37"],187']) > oo - H(43)

where the horizontal arrows are the incidence isomorphisms. By 3.5,
commutativity holds in each square of the diagram. Since f,, maps
gAil into gA; (see 1,7.2), it follows that f,, maps gsi into gs2.
THEOREM 3.2¢c. The cohomology sequence of the triad (|s°],[s**|,lc*™"])
reduces to the isomorphism &: H*'(|s*7*|,18° 7)) = H*(|s"],|s%)).
TaeOREM 3.3c. H(|s|,|$°]) = G, H*(|s|,|s*]) = O for p = q.
DerFiniTION 3.4¢c. If 8! is a (¢ — 1)-face of a g-simplex s°, the
tncidence tsomorphism
(") H'(|s* 7,187 = H(s°],18°])
is defined as the isomorphism & of 3.2¢ or equivalently as
[s"7':s°] = au**.
LemMA 3.5¢. Under the conditions of 3.5

Frsi™ ] = [ st
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DEeFiNITION 3.6¢. If A is a vertex and g ¢ G, let g4 ¢ H°(A) be the
image of g under the isomorphism induced by the map A — P,. (In
the notation of 1,7.1¢c, g4 = g,(A).) If s°is an ordered g-simplex with
vertices A° < A' < .- < A% and g ¢ G, define gs® ¢ H°(|s|,|s°]) in-
ductively by

(1e) gs"t = [s¥ 7 is"]gst .
Thus
gs® = [s¥7":s% - [A%s'|gAC.

THEOREM 3.7c. The correspondence g — gs° is an isomorphism of G
onto H*(|s°|,|s°)).

THEOREM 3.8¢c. If s,,s, are ordered g-simplexes, and f: (8,8, —
(82,8;) ts simplicial and order preserving, then f*(gs,) = gs;.

4. AUTOMORPHISMS OF A SIMPLEX

In the preceding section we introduced the symbol gs® ¢ H,(|s°|,|5°]),
which is a function of g ¢ G and of the order of the vertices of the ¢-
simplex s°. Our immediate objective is to determine the extent of the
dependence on the order. The result obtained (4.3) is fundamental in
connecting our axiomatic system with the classical homology theory, in
particular, with that part dealing with orientation. As a preliminary,
we study the group H, of a space consisting of two points (the 0-
dimensional sphere) in greater detail.

THEOREM 4.1. Let A and B be the vertices of the 1-simplex s'. We
shall use the simplified notation: S° = |§'| (the O-sphere). Using the
notation of 1,7.1, every element h ¢ Ho(S°) can be writlen uniquely as

h = (gd)se + (¢'B)so 9,9 €G.
The element h is in H,(S°) if and only if g + ¢’ = 0, or, equivalently,
kb = (gA)s. — (gB)se.

Proor. The first part of the theorem is a direct consequence of 1,7.1,
and of the direct sum theorem 1,13.1. To prove the second part, con-
sider the map f: S° — P, where P, is the space consisting of a single
point that was used to define the coefficient group G (1,6.1). Then, by
1,7.2,

Sh=g+4d
so that f,h = 0 if and only if g + ¢’ = 0.
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DEeFINITION 4.2.  An automorphism of a simplex is any 1-1 simplicial
map of the simplex on itself.

By 11,4.4, the automorphisms of a simplex are in 1-1 correspondence
with the elements of the group of permutations of its vertices. Any
permutation is a product of simple permutations, each of which inter-
changes two vertices and leaves all others fixed. In general, a permu-
tation can be expressed in many ways as a product of simple permuta-
tions; but the number of such factors is either always even or always
odd. Accordingly the permutation is said to be even or odd. The same
adjective is used to describe the corresponding automorphism.

Tueorem 4.3. Let f: (s,8) — (s,8) be an automorphism of the g¢-
stmplex s, and h ¢ H,(|s|,|3]). Then

h if f iseven,

—h if fis odd.
Proor. For q = 0, the theorem is trivial. Consider the case ¢ = 1.
Let S° = |§'| consist of the points A and B, and let fo: S° — S° be
defined by f. If f = identity, the result is trivial; thus we may assume

that f(A) = B and f(B) = A. Then commutativity holds in the
diagram (see 1,8.4):

Fuh) =

I
H(s'],8") —— H.(|s'[,8")

¥ ¥
- 0% -
Hy(8) —— Hy(S)
Let h ¢ H,(Js'|,8%): then, by 4.1,
ah = (gA)s. — (gB)s:
for some ¢ ¢ G, and, by 1,7.2,

3fh = fo,9h = (gf(A))s. — (gf(B))s: = (gB)se — (9A)ss = —h.

Since H,(|s']) = 0, the kernel of 3 is zero; hence f,h = —h.

Suppose, inductively, that the theorem is true for the integer ¢ — 1,
g = 2. Since every permutation is a product of simple permutations,
it is sufficient to consider the case of a simple permutation f on the
vertices of s. Since s has more than two vertices, there is a vertex
A, such that f(4,) = A,. Let ¢’ be the (¢ — 1)-face of s opposite the
vertex Ao. Then f maps s’ onto itself and defines an automorphism

v (8) - (5,8)
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Moreover, by 3.5, the commutativity relation [s:s']f, = f/[s:s’] holds.
Let h ¢ H.(|s|,|$]). Since f’ is a simple permutation of the vertices of
¢', and 4.3 is assumed for the dimension ¢ — 1, we have

fols:s’h = —[s:8']h.
This implies

[s:81f b = [s:8'](—h),
and, since [s:s] is an isomorphism, f,h = —h.

THEOREM 4.4. Let s, and s, be two ordered simplexes both carried by
the same unordered g-simplex s. Then

981 = =98,
according as the order of s, differs by an even or an odd permutation from
the order of s,.

Proor. Let f be an automorphism of (s,§) which maps s, onto s, in
an order preserving fashion. Then, on one hand, 3.8 yields

Fu(gs2) = gsi.
On the other hand, 4.3 implies
fm(gsZ) = :thg.

Consequently gs, = =gs.,.

THEOREM 4.5. Let s be an ordered simplex with vertices A®° < -+ <
A®, and let s, be the face obtained by omitting the vertex A* and not changing
the order of the others. Then

[s:sdgs = (—1)"gs,.

Proor. If k = 0, this is formula (1) of 3.6. The general case can
be reduced to the case £ = 0 as follows: Let s be the new ordered
simplex obtained from s by moving the vertex A* in front of all the
others. Then s, = 5, and gs, = gs,, while, by 4.4, gs = (—1)*¢5. Hence

[8:8:]g8 = [8:5](—1)*gs = (—=1)*gs, = (—1)*gs;.

THEOREM 4.lc. Every element h ¢ H°(S®) is uniquely described by
the elements h(A) = g and h(B) = ¢’ of G (see 1,7.1c), and every patr
g,9 may thus be obtained. The element h 18 in the subgroup Gg. (see
1,7.3¢c) if and only if g = ¢'.

TueoreM 4.3c. If f is an aulomorphism of the g-simplex s, and
h e H°(|s|,|3]), then

20 = h if f iseven,
—h if fis odd.
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THEOREM 4.4c. If s,,8, are ordered g-simplexes on the same un-
ordered g-simplex s, then gs, = =tgs, according as the orders differ by an
even or odd permutation.

THEOREM 4.5¢. If s,s, are as in 4.5, then

[se:slgs = (—1)*gs.

6. CHAINS IN A COMPLEX

DeriniTION 5.1. If K is a simplicial complex, the g-dimensional
skeleton K° of K is the subcomplex of K consisting of all the simplexes
of K of dimensions < q.

In this and the subsequent sections, (K,L) will stand for a pair
consisting of a simplicial complex K and a subcomplex L.

LeEmma 5.2. If p # q, then H,(|K*\J L|, |[K** U L|) = 0.

Proor. Lets, -, s, be the g-simplexes of K which are not in L.
Then K*'UL =5\ .- Us, UK“'U Land §, = s, (K 'U L)
(m =1, --- , r). Thus the direct sum theorem 2.3 can be applied.
Since, by 3.3, H,(|s.|,|$=]) = 0 for p # ¢, the proposition follows.

DerFiniTION 5.3. The group of g¢-chains of (K,L), denoted by
C.(K,L), is defined by

C.(K,L) = H(|[K*V L|, |K*' U LJ).
If f: (K,L) — (K,,L,) is simplicial, the map
(K*ULK™ UL — (KU L,K{™ U Ly,
that f defines, induces homomorphisms
Joo CoK,L) — C(K,,L,).

They are called the chain homomorphisms induced by f.

TaEOREM 5.4. C,(K,L) = 0 for ¢ < 0 and for ¢ > dim K.

Proor. If ¢ < 0, then C(K,L) = H,(|L|,|L|), while, if ¢ > dim K,
then C(K,L) = H,(|K|,|K|). In either case C,(K,L) = 0 by 1,8.1.

DEerFInITION 5.5. Let A% --- , A® be a finite sequence of vertices
of some simplex of K (with possible repetitions). For each g ¢ G define
the element gA° --- A° of C,(K,L) as follows: Let s be a simplex with
ordered vertices B’ < --- < B%. Let f: (58 — (K°UL,K“'U L)
be the simplicial map such that f(B') = A'. Then

gA® -+ A* = f (gs).

It follows from 3.8 that the definition of gA° --- A° is independent
of the choice of s.



§ 5] CHAINS IN A COMPLEX 85

THEOREM 5.6. The assignment of g to gA® --- A° defines a homo-
morphism G — C(K,L), z.e.

(gl+g2)A°...Aq=glA°...A"+ng°...A°.
If 4y, -+, ©4 ts @ permutation of the array O, - - - , q, then
gA_'° e A"' = :’:ng e Aq

according as the permutalion is even or odd. If some vertex occurs at least
twice in A°, +-- , A, then gA°® --- A° = 0. IfA° ---,A%arein a
simplex of L, then gA® --- A® = 0.

Proor. The first and the second part follow respectively from 3.7
and 4.4. If A% ---, A® involve a repetition or are in a simplex of L,
then the map f: (s,8) — (K*\J L, K*' U L) carries s into K*' \U L.
Thus f may be factored into maps (s,§) — (K*'\U L, K“' U L) —
(K*U L, K" UL). Since H(K*'UL,K*'UL) = 0 (see 1,8.1),
it follows that g4° --- A? = 0.

THEOREM 5.7. Let s, - -+ , Sa, be the g-simplexes of K which are not
in L. Suppose that for each simplex s,, an order of its vertices A2 <

+ < A has been chosen. Then each g-chain ¢ of (K,L) can be written
uniquely in the form

c=25g,.A,2---A,‘{, gmeG.

m=1
Proor. Let i,: (8m,8m) C (K°\U L, K*' U L). Since K* U
L=s\U- ---Us, JUK7TULands, =s,N (KU L), the
direct sum theorem 2.3 can be applied to yield a unique representation

c= 3 inhm R & Ho([8ml,180)-

n=1

By 3.7, each h,, can be written uniquely as h,, = gn.s.. Since ¢, gmnsSn =
gnAs - -+ A2 by Definition 5.5, the conclusion of 5.7 follows.

One of the consequences of 5.7 is that the symbols gA°® --- A°
generate the group C,(K,L). Observe further that, using 5.6, any linear
combination (with integer coefficients) of such symbols can be brought
to the normal form given in 5.7. Thus the group C,(K,L) may be
regarded as the group generated by symbols gA® --- A where g ¢ G
and A° ---, A% are in a simplex of K, with relations given in 5.6.

Tueorem 58. If f: (K,L) — (K,,L,) is simplicial and gA® - -+ A®
18 a g-chain of (K,L), then

fagd® -+ A7) = gf(4°) --- £(49.
Proor. Let s be an ordered g-simplex with vertices B®, --- , BY,
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and let h: (s5,8) — (KU L, K' U L) be a simplicial map with
h(B') = A'. By Definition 5.5, gA° --- A* = h_(gs). Let
J: K*ULK'UL) — (KIUL,K{' U L)
be the map defined by f. Then f, = .f, and
Fulgd® - A%) = fihy(g9) = of hulg9
= (P (99 = 9f(A°) --- f(A").
Consider the inclusion maps
Tt J
L - K — (K,L).
The symbol gA® - -- A® then represents an element of the group C,(K)
as well as of the group C,(K,L). If in addition A° ---, A® are in a
simplex of L, then gA° --- A° may also represent an element of C,(L).
To avoid all ambiguity we may write (gA° --- A%)gor (gA° -+ A k.1,

or (gA° --- A%, to indicate in which group the symbol gA° --- A%is
to be taken. From 5.7 follows

i(gA° -+ AL = (gA° -+ A%,
ja(!]Ao s A%k = (.‘IAO o A kp-

As an immediate consequence of 5.6-5.8 we have
THEOREM 5.9. The sequence

iﬂ jﬂ
0 — Co(L) — C(K) — C(K,L) = 0

1s exact and the tmage of 1, ts a direct summand of C(K).
LeEmMA 5.2c. If p # q, then H*(|K*\J L|, |[K** U L|) = 0.
DeriniTION 5.3¢c. The group of g¢-cochains of K is denoted by
C°(K,L) and is defined by

CY(K,L) = H'(|K* U L|, |K*' U L)).
If f: (K,L) — (K,,L,) is simplicial, the map
(K*ULK'UL) — (KiJUL,K{""'U L),
that f defines, induces homomorphisms
f CYK,,L,) — C*(K,L).

They are called the cochain homomorphisms induced by f.
THEOREM 5.4c. C*(K,L) = 0 for ¢ < 0 or ¢ > dim K.
DeriNiTION 5.5¢. Let ¢ ¢ C°(K) be a g¢-cochain of (K,L), and
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A° ---, A" a finite sequence of vertices of some simplex of K (with
possible repetitions). Define
c(4°% -+ ,AY) =geG
as follows: Let s be a simplex with ordered vertices B’° < --- < B9,
and let f: (s,8) — (K* U L, K%' U L) be the simplicial map such
that f(B') = A'. Then g ¢ G is the unique element satisfying
f*c = gs.

By 3.8¢, g is independent of the choice of s.
THEOREM 5.6c¢.

(C! + 62)(A°; ] Aa) = CI(AO’ ) Au) + CZ(AO, ) Aq)'

If 4o, -++ , 1, is a permulation of O, --- , q, then c(A**, --- , A*) =
+c(A° -+, A% according as the permutation is even or odd. If some
vertex occurs at least twice in A°, --- , A% then c(4° --- , A% = 0.
If A° .., A% are in a simplex of L, then c(A°, --- , A%) = 0.
THEOREM 5.7c. Let sy, --- , S., be the g-simplexes of K which are
not in L. Suppose that for each s, an order of its vertices An < +-+ <
A has been chosen. Then, if g, e G form = 1, -+ | a,, there exists a
unique g-cochain ¢ ¢ C°(K,L) such that
C(A:;"';Av:)=gmy m=17"')aa'

In view of 5.7¢c and 5.6¢ the group C°(K,L) may be described as
the group of functions with values in G defined for arrays of vertices
A° -+, A® which are in a simplex of K and subject to the conditions
listed in 5.6¢c. In view of 5.7¢c, we may also use the linear form notation
for cochains; i.e. the symbol

Eg,..A,ﬂ e Al

can be interpreted to mean the cochain ¢ which has the value ¢, on
AS, -+, Al for each m. As the next theorem shows, the functional
notation for cochains is much more convenient.

TueoreM 5.8¢. If f: (K,L) — (K,,L,) ts simplicial, ¢ ¢ C*(K,,L,)
and A° ---, A are vertices lying in a simplex of K, then

(f(A° ---, AY) = c(fA°, -+, fA?).
THEOREM 5.9c. The sequence

~q ,L'q

0— C(K,L) » C°(K) > C(L) » 0

18 exact and the tmage of j° is a direct summand of C*(K).
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6. THE BOUNDARY OPERATOR
Derinition 6.1, The boundary operator for chains
8. C(K,L)— C,,(KL)

is defined to be the boundary operator of the triple (|K*\U L|, |[K*' U L|,
|K**\U L|). Explicitly 9, is the composition of the homomorphisms

9 k
HK*U L, [K* U L) - oK™ U L) S Heo(K™ U L K72V L)

where £ is the indicated inclusion map.

THEOREM 6.2. 9,9,., = 0.

Proor. If 8, = k1,0 and 8,4, = k,,0', then 8,8,11 = ko-1,0k,9".
Here 9 and k,, are the homomorphisms

k, 9
H(|K*V L) S H(K'J L], K" U L|) —» H([K*" U L)).

Since these are two consecutive homomorphisms in the H.S. of the pair
(IK*\J L|, [K*" U LJ), we have ok,, = 0 and thus 9,d.;, = 0.

Tueorem 6.3. If f: (K.L) — (K,,L,) is sitmplicial, then f,_,9, =
aef (Y

This is a consequence of corresponding commutativity theorem
(1,10.3) for triples.

In order to give an explicit form to the boundary operator 9, for
chains, we introduce the following notational convention.

If A° .-+ A" is an ordered array of vertices, the same series of vertices
with a circumflex over one or more vertices means the ordered array obtained
from the first array by deleting those vertices with circumflexes, e.g.

AOAI-'-£k~'-A"=AOAz---Ak_lAk”'-'A".

TreoREM 6.4. The boundary operator for g-chains 9, satisfies

0gA° - A = Y (~1)'gd - AP A

k=0
Proor. Assume first that the complex K coincides with the ordered
g-simplex s with vertices A° < .-+ < A° and that L = 0. Then
K=K = sand K' = 5. Let s, denote the ordered simplex with
vertices A° < --- A* ... < A% Define c, as the subcomplex of s

consisting of all faces of s except for s and s,. The proof is based on
the diagram
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Ho_,(18, 18D

H([s],|8]) —— H-\(8])

SN
llk‘ Hn-l(lsk|rlék|)

BN A
c-l(lélylckl)

where all maps that occur are either 9 or are induced by inclusions.
Now 9,(gs) is in H,_,(|$,|s*"*|). By theorem 5.8,

m 9,(gs) = E gA® o AT At = Zqojf.(g.s.-)

1=0

for some elements g, e G. Now apply /., to both sides of (1). If 7 = k,
then s; C ¢, and the map 1, ji may be factored into inclusion maps

(S.,é‘) _— (chck) i (3,0,‘).

Since, by 1,8.1, Ho_i(lci],|c]) = 0, it follows that (I.5!), = 0. Therefore
(1) gives

2 Liga(99) = Ly Jin(99) = Jus(gesy).
Now factor 9, into /9, and use [,s’ = 7,. Then (2) reduces to
3) ik*a(gs) = j,,,,(g,,s.).
Now j,, is an isomorphism, and by 3.4,
Tralrgd® = [s:8:)
is the incidence isomorphism. Hence (3) gives
[s,8:](gs) = gasn.

If this is compared with 4.5 and 3.6, we obtain immediately that g, =
(—1)*g. Since this holds for each k, (1) reduces to the required formula
for a simplex.

Returning to the general case, let gA° .-+ A° be a g-chain in an
arbitrary pair (K,L). Let s be an ordered g¢-simplex with vertices
B° < ... < B°and let f: s — (K,L) be a simplicial map such that
f(B') = A*,¢ =0, ---,q Then by 5.8,

fogB® - B“) gA® --- AY,
f..(gB° B ... B) = 9A° At ... A
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Since f,-,0, = 9,f,, we have

3u(gA® -+ A) = 3.f(gB° -+ BY) = f,19,(¢gB° --- B
= fo-s(Z (=1)gB° --- B* .- BY) = L (~1gd" --- A" .- A"
This completes the proof.

ReEMARK. Since the excision map (K,K*' U L% C (K° VY L,
K U L) induces isomorphisms, an isomorphic theory could be ob-
tained by defining C(K,L) = H,(|K°,|K*' \U L°|). This alternative
definition has the advantage of employing only skeletons of dimension
Sq and thus yielding C,(K,L) = C,(K%L"). On the other hand the
boundary operator 9, for chains would have to be defined as the com-
posite of three homomorphisms, one of which is the inverse of an iso-
morphism induced by an excision.

DeriNITION 6.1¢.  The coboundary operator.

8 CYK,L) — C**'(K,L)

is the. coboundary operator of the triple ([K**' U L|, |[K* U LJ,
K= U L)).

THEOREM 6.2c. 6°*'8° = 0.

THeOREM 6.3.c. If f: (K,L) — (K,,L,) is simplicial, then f**'8° =
8.

THEOREM 6.4c. If ¢ ¢ C°(K,L), then

q+1

506(‘40) ftty AGH) = "E (_1)"0(‘40: ) Ak; ] Aaﬂ)*
-0

7. CYCLES AND HOMOLOGY GROUPS

DeriniTioN 7.1. Let (K,L) be a pair consisting of a simplicial
complex K and a subcomplex L. The kernel of d,: C.(K,L) —
C._1(K,L) is called the group of g-cycles of (K,L) and is denoted by
Z,(K,L). The image of 9,,,: C,..(K,L) — C,(K,L) is called the group
of g-boundaries of (K,L) and is denoted by B,(K,L). Since 3,0,.: = 0,
B.K,L) is a subgroup of Z,(K,L); the factor group H (K,L) =
Z,K,L)/B,(K,L) is called the g-dimensional homology group of (K,L).
If f: (K,L) — (K,,L,) is simplicial, then f, carries Z,(K,L) into
Z,(K,L,) and B,(K,L) into B,(K,,L,), thereby inducing homomor-
phisms.

f’: HO(K’L) - HG(KUL\)‘

REMARK. The group H,(K,L) is not to be confused with the group
H,(|K|,|L|) given by the axioms. An isomorphism of these two groups
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will be established in the next section, and is the main step in our
uniqueness proof.
According to 5.9, the inclusion maps
g
L - K — (K,L)

induce exact sequences

i Jo
0 — C(L) — C(K) — C(K,L) — 0.

We shall explore this fact to define homomorphisms d,: H,(K,L) —
Hoo(L). _ _

Lemma 7.2. If we define Z,(K,L) = j;'(Z.K,L)], B(K,L) =
jo'(Bo(K,L)), and Hy(K,L) = Z(K,L)/Bo(K,L), then

Ec(K)L) = a;l[ia—lcw-l(L)]; EG(K)L) = Ba(K) U ia[Cc(L)]

where \J 1s the operation of forming the smallest subgroup of C.(K) con-
taining the two groups. Further, the homomorphism j, tnduces iso-
morphisms

7: H(K,L) = H,(K,L).

Proor. Let ¢ ¢ C,(K). Then ¢ ¢ Z,(K,L) if and only if j.c e
Z(K,L), i.e. if and only if d,7,c = 0. This is equivalent to j,_,d.,c = 0,
and since kernel j,_, = image 7,_,, this is equivalent to 8¢ € 7,,[C.-:(L))].

Suppose ¢ ¢ B,(K,L). Then j,c ¢ B(K,L) and j.¢ = 8,.,b for
some b e C,,,(K,L). Let d ¢ C,,(K) be such that j,..d = b. Then

ja(c - aa+ld) = jac - aaﬂjlﬁ'ld = jvc - 6u+1b = 0,

so that there is an e e C,(L) with i,e = ¢ — d,.,d. Thusc = 9...d +
1.¢, and therefore ¢ ¢ B,(K) \U 7,[C,(L)]. Conversely, if ¢ = 8,..d + .¢,
then jic = jidend + Ji = 0er1Jend and jc ¢ Bo(K,L). Thus
ceB,(K,L).

The last part of 7.2 is now a direct consequence of the Noether
isomorphism theorem.

LemMA 7.3.  The boundary homomorphism 8,: C.(K) — C.-,(K) de-
Jines homomorphisms

Zq(K)L) - iq—l[Za—l(L)]}
B(K,L) = t[Boa(D)].
Since the kernel of i,-, is zero, the composition i;1,9, defines homomor-
phisms
Z(K,L) = Z-(L), B(K,L) — B(D),
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and thereby induces a homomorphism
A: H(K,L) - Ho (D).

Proor. Let ¢ ¢ Z(K,L). By 7.2, we then have d.c = 7,.,d for
some d ¢ C,_;(L). Then ¢,30,.,d = 3,1%¢-1d = 9,0, = 0, and
therefore d,-,d = O since the kernel of 7., is zero. Thus d ¢ Z,_,(L)
and d.¢ € 14-4(Z,-,(L)).

If ¢ e B,(K,L), then, by 7.2, ¢ = 8,..d + 1.e for some d ¢ C ., (K),
eeC,(L). Then 8, = 3,041 + 3,88 = 141048, and 9. € 14-4[B.-,(L)].

DEFINITION 7.4. The homomorphism

ds: HK,L) — H,_\(L)

is defined to be the composition 3, = Aj™".
THaEOREM 7.5. Consider the diagram

v n Ja
HG(K)L) A Zc(KyL) — CG(K!L) - CG(K)

laa
141 M ic—l

Hes(L) e—— Zos(L) — Cors(l) —— Coi(K)

in which n,9, are inclusions and vy, are natural homomorphisms. Let
zeH,(K,L),yeH,_,(L). Theny = dux if and only if for any c ¢ Z,(K,L)
and any d e C,(K) such that x = vc, nc = jd, there is an e ¢ Z,_,(L) with

aﬂd = 1:,_11]18, Ve = Y.

The proof follows by inspection of the definitions of 3’, A, and 9.
DEerFINITION 7.1¢.  The kernel of 6% C*(K,L) — C**'(K,L) is called
the group of g-cocycles, and is denoted by Z‘(K,L). The image of
8°"', denoted by B*(K,L), is called the group of g-coboundaries. The
factor group H(K,L) = Z°(K,L)/B‘(K,L) is called the ¢-dimensional
cohomology group of (K,L). If f: (K,L) — (K,,L,) is simplicial, then
f*: H'K,L,) - H%(K,L) is the homomorphism induced by f*°
LeEMMA 7.2¢c. In the sequence

N ,iq

0 — CK,L) — CYK) — C*(L) — 0,

define Z°(L) = ()7'Z°(L), BL) = (7'BYL), and H'(L) =
Z*(L)/B*(L). Then

ZY(L) = (3'[*'C (K, L)), BY(L) = BYK)\J j[CYK,L)),
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and 1° induces isomorphisms
i HYL) = H(L).

LemMa 7.3c. Under 8% C'(K) — C**'(K), Z%(L) is carried into
J*"'Z*Y(K,L) and B*(L) is carried into j**'B***(K,L). Since the kernel
of j°** is zero, the composition (j°**)™'8° induces a homomorphism

A: HY(L) > H*'(K,L).

DErFINITION 7.4¢. The homomorphism

8 HY(L) —» H**'(K,L)
is defined to be the composition 8* = A7 ™"

THEOREM 7.5¢. Consider the diagram

v n J
HYK,L) «——— ZK,L) —— CYK,L) — C°(K)

"
‘a1

14 Uit 1

H(D) —— Z2"(L) — C7'() —— C"Y(K)

and let x ¢ H* (L), y ¢ H*(K,L). Then 8"y = z if and only if, for any
ceZ (L) and any d ¢ C* (K) such that x = v,c, ;¢ = i°'d, there
tsan e ¢ Z°(K,L) with

87'd = j'ne, ve=uy.

8. THE MAIN ISOMORPHISM

Let (X,A) be a pair with a triangulation T = {¢{,(K,L)}. In this
section we establish the basic result that H,(X,4) and H,(K,L) are
isomorphic.

Lemma 8.1.  In the diagram

j* l‘
H(|K|,|L|) « H(K*\J L|,|L|) = H(K"\J L|,|K*" U L)
where j: (K*U L, L) C (K,L) and I: (K*°\J L,L) C (K* U L,
K* ' \U L) are inclusion maps, the following relations hold:

(a) the kernel of 1, is zero,

(b) the image of I, is Z,(K,L),

(c) J, ts onto,

(d) the kernel of j, is I,'(B.(K,L)).

As an immediate consequence of this lemma we have
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THEOREM 8.2. (MAIN 180MORPHISM). In the diagram

t J l 7 v
H,(X,4) — H(K),|L) — H(K*U LLIL) — C(K,L) — ZJK,L) - H(K,D)

where 9 18 an inclusion and v the natural map, the homomorphisms t, j,
and vy 'l, are onto and their kernels in H (K* U L|,|L|) are equal.
Therefore 07 = vn 'l j,'t," is single valued and is an isomorphism

6 H,(X,A) = H,(K,L).

Explicitly, if z ¢ H,(X,4) and y ¢ H,(K,L), then y = 6,z if and only
if there exist elements ¢ ¢ Z,(K,L) and d ¢ H,(|K* \J L|,|L]) with

r=1t4,d ld=q =y

The properties of this isomorphism will be established in the next
section. We proceed now with the proof of 8.1. The following simpli-
fied notation will be used:

X=|K|, X=|KVUL, 4=X'=|L.

Of the theorems of this chapter, the proof uses only the following
proposition, which is a restatement of 5.2:

Lemma 8.3. If p 5 g, then H (X" X*™") = 0.

Two lemmas will be needed.

LemMa 8.4. The homomorphism

HX?,4) —» HX,4)

induced by the inclusion map (X”,4) — (X", 4) is (1) onloif g % p + 1,
(2) of kernel zero if ¢ # p, and (3) an isomorphism if ¢ # p,p + 1.
Proor. Consider the section

Hoo(X*X7) - H(X?,4) - H(X""4) - HX %)

of the homology sequence of the triple (X**' X*.4). By 8.3, the left
term vanishes if ¢ # p and the right term vanishes if ¢ # p + 1. Thus
(1) and (2) follow from the exactness of the H.S. of the triple (see
1,10.2). Statement (3) follows from (1) and (2).

Lemma 8.5, H, (X' 4) = 0. R

Proor. From 8.4 it follows by induction that H(X'"'4) =
H,(J?’“',A) forr=2 +-,q+ 1 Since H(X"4) = H(4,4) =0
by 1,8.1, the proposition follows.

Proor o 8.1. The homomorphism j,: H (X'4) — H,(X.4)
may be factored into homomorphisms
' .7'2. ju

N R N
H(X,4) = H(X""4) = -+« = HX"",4) = H(X,4)
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where ¢ + r = dim K, and where j,,7,, --- are inclusion maps. By
8.4, ji, is onto, while j,,,j,,, --- are isomorphisms. This implies
that j, is onto, thus proving part (c) of 8.1. It also follows that

1) kernel j, = kernel j,,.

The proof of the remaining three parts of 8.1 is based on the fol
lowing diagram:

HG*I(XGH:XG)

4'5 \t?aﬂ '
A A l, o 3, X
H (X 4) — H(X,4) — HX°X"") — H. (X" A)
) 3,
l]lm N llt
H (X' A) H. (X', X?

The commutativity conditions in the two triangles are obvious conse-
quences of the definitions of the appropriate boundary operators.

The middle row is a portion of the H.S. of the triple (X,X%,4).
Since H,(X"',4) = 0 by 8.5, it follows that the kernel of I, is zero,
thus proving part (a) of 8.1. Furthermore image I, = kernel 8,, and
since the kernel of I, is zero, we have

kernel 3, = kernel 1,9, = kernel 8, = Z(K,L).

Thus image !, = Z,(K,L), and part (b) of 8.1 is proved. R
The vertical column is a portion of the H.S. of the triple (X**',X°,A);
therefore, by (1) and exactness,

kernel j, = kernel j,, = image a.
Thus
I*(kemnel j,] = I*[image 3] = image [* = image d,., = B(K,L)

and therefore, since the kernel of I, is zero, kernel j, = I['[B.(K,L)].
This proves (d) and concludes the proof of 8.1.

THEOREM 8.6. If (X,A) s a triangulable pair, then H,(X,A) = 0
for ¢ < 0.

Proor. In view of the main isomorphism, it suffices to show that
H(K,L) = 0 for ¢ < 0. By 5.4, we have C(K,L) = 0 for ¢ < 0.
This implies Z,(K,L) = 0, and thus also H(K,L) = 0.

LEmwMmA 8.1c. In the diagram

j* l*
H°(|K|,|L)) — H'(|K*\J L|,|L|) « H*(|K*\J L|,|K*" U LJ)
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where j and l are inclusions, the following relations hold:
(a) I* 15 onlo,
(b) the kernel of I* is B°(K,L)
(c) the kernel of j* is zero,
(d) the image of j* is I*Z°(K,L).
THEOREM 8.2¢. In the diagram
t* j‘ l*
H'(X,4) — H'(|K|,|L|) — H'(|K*\Y L|,|L|) « C*(K,L)
7 v
«— Z(K,L) —» HK,L)
t* is an isomorphism, the kernel of j* is zero, the images of j* and l*y

coincide, and the kernels of I*n and v coincide. Therefore 87 = vy~ 'I*7" j*¢*
18 a single-valued isomorphism

6r: H'X,A) = H(K,L).

Explicitly, if x ¢ H*(X,A) and y ¢ H*(K,L), then y = 6.z if and

only if there is a ¢ ¢ Z°(K,L) such that
J*t*z = l*qc, vc = y.

Lemma 8.3c. If p = g, then H“(f(’,f(’:') = 0. )

LeEmMA 8.4c. The homomorphism H'(X**',A) — H%(X”,A) induced
by the inclusion map s (1) of kernel zero tf ¢ # p + 1, (2) a homomorphism
onto if ¢ # p, and (3) an isomorphism if ¢ # p,p + 1.

LemMma 8.5¢. H*(X*'A) = 0.

THaeoREM 8.6. If (X,A4) s triangulable, then H*(X,A) = 0 for ¢ < 0.

9. PROPERTIES OF THE MAIN ISOMORPHISM

The following three important properties of the isomorphism 6, of
the last section will now be established.
THEOREM Q.1. In the diagram

br
H(X,A) — H/(K,L)

S

H, ,(A) —— H,.(L)

where T’ = {t/,L} s the triangulation of A defined by T, the commutativity
relation 3,60 = 01.9 holds.
TaeorEM 9.2, If (X,4),(X,,A,) are pairs with triangulations T =
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{t,(K,L)}, T, = {t.,,(K,,L,)} respectively, and if f: (X,A) — (X,,4))
1s stmplicial, then, in the diagram

Or
HG(‘X}A) — Ha(K7L)

V,. N 19.

Ha(XhAl) — Ha(Kl:Ll)

where g: (K,L) — (K,,L,) is the simplicial map g = (;'ft, the com-
mulativity relation gy8r = 07,f, holds.

Let P, be the space consisting of the single reference point. Re-
garding P, as a simplicial complex K,, we have Z,(K,) = Co(K,) = G
and B,(P,) = 0 so that H,(K,) = G.

TraeoreM 9.3. 6: Ho(P,) — Hy(K,) is the identity map G — G.

The last proposition is an immediate consequence of the definition
of 6. Theorem 9.2 follows from standard commutativity relations in
each square of the following diagram

H(X,4) < H(K|IL) « H(K'[IL""]) — Z(K,L) — H(K,L)

lf* lg* lh* lga lg‘
H(X,,A) « H(K\|,|L|) « H(K|,|ILI™) — Z(K\,L) — H(K,,L)
where # is defined by g.

The proof of 9.1 requires some preparation
LemMa 9.4. The homomorphism

kgt Ho(K°LIL)) — H (K \J L|,|L)

induced by inclusion, is a homomorphism onto.
Proor. The homomorphism k, may be factored into homomor-
phisms
kl* k2*
H (K|, IL7Y) — H(K|,|L%)) — H(K*\J L}|,|L))

induced by appropriate inclusion maps. Since L° = K° M L, the
homomorphism k., is an isomorphism by the excision theorem 2.1.
To examine k,, consider the portion

kyy
H(|K|,|IL7Y) = H{IK*LIL*) — Ho-oIL*],IL7)

of the H.S. of the triple (K°L%L*"). By 8.3, the end term is zero.
It follows from exactness that k,, is onto. Thus £, is onto.
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Proor or 9.1. Consider the following diagram

H(K,L)

Tv

Z(K,L)

T Ly In

1" — H(K'VLLIL) — C(K,L)

t* g* Tk* f* Tja

H(X,4) < H(K|IL) < H(KIL') — C(K)
lo & 10" Ju 1o Sia 19,
Hoy(4) <« Ho (L) < Ho (L) —  Cou(K)
l Tia-l

™, C(D

T"Il

Z (L)

In

H,.(L)

In this diagram 75,7, are inclusions, »,», are natural homomorphisms,
and all other homomorphisms are either boundary operators, or are
induced by ¢ and ¢, or by appropriate inclusion maps. The com-
mutativity relations in each square are easy to verify.

Let z ¢ H,(X,A). By definition of 6 there exist elements

ceZ,(K,L), beH(K*\U L|,|L))
with
x =17, I,b = 7, vc = 67z,

By 9.4, k, is onto, and therefore there is an a ¢ H (|[K*|,|L*""|) with
kya = b. Defined = f,a. Then

Jd = lka=10b= nc
Thus, by 7.5, there is an e ¢ Z,_,(L) with
0, d = To1me, vie = 04072,
Since

tedigdha = ot g.a = dt,j,b = oz,
iq-lll*ala = aqf*a = aad = iq-lnle}

and since the kernel of 7,_, is zero, it follows that
Jr = t;jx,ala, ll*ala = Mme.

Thus, by the definition of 6., it follows that 6,.02 = v,e = 9,0.x.
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THEOREM 9.1c. In the diagram

01
HY(X,4) —— H'(K,L)

I |
07

H ' (A) —— H*'(L)
the commutativity relation 676 = 8 67, holds.

TaEOREM 9.2¢. If f: (X,A) — (X,,A,) s simplicial relative to tri-
angulations T = {t,(K,L)}, T, = {t,,(K,,L,)}, then in the diagram

07
HY(X,A) —— HYK,L)

I |
0r,
H(X,,A,) — H'(K,,L,)

the commutativity relation ¢*0r, = 6rf* holds, where g = t'ft.
TueoreMm 9.3c. 6: H,(P,) — Hy(K,) is the identity map G — G,

where K, is the simplicial complex consisting of the single vertex P,.
LEMMA 9.4c. The homomorphism

k¥ HY(|K°U L||L) — H'(IK°LIL),
induced by the inclusion map, has kernel zero.

The proof of 9.1c is not quite dual to that of 9.1, and will therefore
be given here. Consider the diagram

H'(K,L)

Ty

Z%K,L)

J* * I

T H(K'VLLIL) < C(KI)

t* g* Lk ~oolg

H'(X,A) — H'(K|IL) — HY(K'|,ILT) < CY(K)
1o > T8 g T4 ¥oore
H(4) — HT(L) - HO(LT) o« C"'l‘(K)
* Zq

. ll Cq—l(L)

T’h

Zq—l(L)

57
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Let ¢ H*"'(4). By the definition of 6., there exists a ¢ ¢ Z**(L) with
A = e, vic = Or.x.

Since ¢° is onto, we may select d ¢ C*~'(K) so that °d = n,c. Then, by
7.5¢, there is an e ¢ Z°(K,L) satisfying

8d = j'ne, ve = §"0p.z.
Then
k*j*t*sx = 8,5%t"*x = 8,l%nc = §,1%i°d = f*8'd
= f*g%ne = k*[*ne.
Since, by 9.4¢, the kernel of k* is zero, it follows that
J¥t*éx = I*qe.

Thus the definition of 6, implies 876z = ve = 6*07.z.

10. THE UNIQUENESS THEOREM

Let H and H be two homology theories defined on admissible cate-
gories containing all triangulable pairs and their maps. The main
result of this chapter is that every isomorphism of the coefficient groups
@ and @ yields an isomorphism of the theories H and H over the class
of triangulable spaces and their maps.

THEOREM 10.1 (UNIQUENESS THEOREM). (Given two homology theories,
H and H, and given a homomorphism

he: G — G
of their coefficient groups, there exists a unique set of homomorphisms
h(g,X,A): H,(X,A) — H,(X,A)
defined for each triangulable pair (X,A) and each integer q, such that
(1) h(0,P) = ho

(@) if f: (X,4) - (X,,A)) ts a map, and (X,A) and (X,,A,) are tri-
angulable, then the commutativity relation f_h(q,X,A) = h(q,X,,A))f,
holds in the diagram

h
HQ(X!A) — ﬁq(XyA)

lf, h 1?,.

H(X,,A,) —— H(X,,A))
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(3) the commutativity relation 5h(q,X ,A) = h(q — 1,A)d holds in the
diagram

h
H(X,4) — H/(X,A)

la h 15
H, () —— H,,(A)

If hy: G = G is an isomorphism, then each h(q,X,A) s also an
isomorphism.
Proor. We shall construct homomorphisms

t(¢,K,L): H (K,L) - H/(K,L)

for each simplicial pair (K,L) and each integer ¢ satisfying the following
conditions:

(4) I(O)PO) = ho,

(5) if f: (K,L) — (K,,L,) is simplicial, then the commutativity rela-
tion fuf(¢,K,L) = {(q,K,,L,)fs holds in the diagram

& _
HO(K’L) _— II@(KJL)

FT
¢
IIn(KlyLl) I Hq(Kl;Ll)

(6) the commutativity relation 5.;‘((1,1\',14) = {(q9 — 1,L)34 holds in the
diagram

¢
H(K,L) — H(K,L)

b
§
Ho (L) —— H,\(D)
Let g ¢ G and let gA° - -+ A° be a g-chain of K. Define
1(gA° -+ A%) = ho(@)A° - -+ A
It follows from 5.4-5.7 that 5 yields a homomorphism

1. C(K) — Cy(K).
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From 5.8 and 6.4 it follows that » commutes properly with f, and ..
Consequently n defines homomorphisms

Z(K,L) — Z,(K,L), BK,L) — B(K,D),
and thus induces homomorphisms of their quotient groups
t: H(K,L) » H(K,L)

satisfying (4)-(6).
Now, given a pair (X,4) with a triangulation T = {({,(K,L)}, con-
sider the diagram

Or [ 07 _
HG(X’A) - HG(K7L) - Ha(KyL) «— IIa(X)A)

where 6, and 6, are defined for H and H in 8.2. Define

hT(Q:XyA) = BT{BT}
then
he(g,X,4): H (X,A) — H(X,A).

We will show that hy is independent of the triangulation T and satisfies
(1)-(3). o

Observe that, if (X,4) = P,, then §;: G = G and 8, G = G
are identity maps, so that h-(0,P,) = £(0,P,) = h, as desired.

Now let (X,4),(X,,4,) be pairs with triangulations T = {¢,(K,L)},
T, = {t,(K,,L)}, and let f: (X,A) — (X,,4,) be a map (not neces-
sarily simplicial). In addition, we consider the identity map z:
(X,A) — (X,A). Theorems 11,8.4 and 11,8.6 imply the existence of an
integer n and of maps

fn: (XyA) - (leAl)’ in: (X)A) - (X)A)

with the following properties: f, is simplicial relative to the tri-
angulations "7 = {"t,"K,"L)}, T, = {i,,(K,,L,)}, and is homotopic to
f, while 7, is simplicial relative to the triangulations "T = {"¢,("K,"L)},
T = {t,(K,L)}, and is homotopic to z. Define the simplicial maps

g: (CK'L) — (K,,L,), k: ('K,"L) — (K,L)
by
g =1, k=t
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We now have the diagram

6 ¢ & _
HO(X)A) —_— HQ(K,L) I— HG(K’L) A a— Ho(XyA)
“2’,.* 1 kﬂ 15! ];‘n*

0 ¢ 6
H,(X,4) — H,(K,"L) — H.,(K,"L) —— H/(X,A)
fvt* g 6‘ }?n*
L ) | ¢ B } 6 B
}Iq(XhAl) E— Hc(KlyLl) -_— Hq(KlyLl) — HG(XI)AI)

The commutativity relations involving ¢ follow from (5) since k and ¢
are simplicial. The commutativity relations involving 6 and 8 follow
from 9.2 since 7, and f, are simplicial. Since 7, is homotopic to 7, it
follows that ¢,, and 7,, are identity maps. Since f, is homotopic to f,
it follows that f,, = f, and f,, = f,. Thus we obtain

©) foh(q,X,4) = hr(g,X,,40)f,.

Applying this relation to the special case (X,4) = (X,,4,), and
J = identity, we find h+(¢,X,4) = hs,(q,X,A) so that indeed hr(¢,X,A)
is independent of the triangulation T, and may be written as h(q,X,A4).
Consequently (7) yields (2).

To prove (3) consider (X,A) with a triangulation T = {t,(K,L)}
and denote by T’ the induced triangulation of A. 1In the diagram

6 ¢ 0
H(X,4) — H,(K,L) — H(K,L) «—— H,(X,4)

la la. 15. P
) ¢ 0
H, ,(A) — H, (L) — H,.,(L) —— H,.,(4)

commutativity in the center square is asserted by (6) while commu-
tativity in the outside squares follows from 9.1. Thus 0h(q,X,4) =
h(g — 1,A)0 as desired.

We now prove that the homomorphisms 2(¢,X,4) satisfying (1)-(3)
are unique. Two auxiliary propositions will be established first.

If s* is an ordered g-simplex and g ¢ G, then

(® h(g,|s°],15°)) (gs%) = ho(g)s".

If ¢ = 0, the proposition is an immediate consequence of (1).
Assume then that ¢ > 0 and that (8) holds with ¢ — 1 in place of g.
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Tet A° < --+ <~A° be the vertices of s° and let s*~* be the face of s°
with vertices A' < --- < A% Then, by 3.7,

[aql -1

lgs* = gs°
Since [s%:s*7"] = j;'7,9, it follows from (2) and (3) that

h(g — 1, [s"7'], |87 [s%:s* "] = [s*:s" " JR(g, |s°],[8°).
This implies

[s:s" " h(g, 571, 18° ) (g5°)

h(g — L[|, 1" (g™
= hl(@)s* =[5 Thg)s*
Since [s"_"—'j is an isomorphism, the proposition follows.
Let gA° --- A% ¢ C(K,L). Then
©  h@IK*U L] K" U LD@A® -+ A% = ho(g)4® --- A%,

By 5.5, we have gA° - -+ A* = f_(g) where s is an ordered g-simplex,
and f is a suitable map f: (s,8) —» (K°\U L, K*' U L). Then, by
(2) and (8),

h(gd® -+ A = R(f(9) = fh(g9) = [uho(g)s = ho(g)4° - - A

as required.
Now let k and ' be two families of homomorphisms satisfying (1)-
(3). Let (K,L) be a simplicial pair. We introduce abbreviations:

hl = h(qiqu U LI:[Kq_l U Ll)y h2 = h(erKq U LI’ILI)y

and similarly define h{ and h;. By (9) we have h, = h{. Let
I: (K°UL,L)— (K°U L, KU L) be the inclusion map. Then
by (2)

Lh, = b1, = hil, = 1,h.

Since, by 8.1, the kernel of I, is zero, it follows that h, = hj. Now
consider the inclusion map j: (K°\JU L,L) — (K,L). Then

kg, |K],ILDjy = jyhs = jui = W(q,|K],|LDj,-
Since, by 8.1, j, is onto, it follows that h(q,|K|,|L|) = h'(¢,|K|,|L]).
Let (X,A) be a triangulable pair and T = {¢,(K,L)} a triangulation
of (X,4). Then
2*h((I;‘X”A) = h(quK[!ILl)t* = h,(Q;|K|7|LI)t* = 2*h,(q"X;A)'
Since 2,, is an isomorphism, it follows that h(q,X,A) = h'(¢,X,A4).
Thus A = h’ and uniqueness has been proved. -
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Now let hy: G = G be an isomorphism, and let ho G = G be
the inverse isomorphism. Let h(q,X A): H,(X,A) — H,(X,A) be the
homomorphisms satisfying (1)-(3) relative to h,. Then

h(g,X,A)h(q,X,A): H(X,A) — H(X,A)

are homomorphisms satisfying (1)-(3) relative to the identity map G —
G. Therefore, by the uniqueness property, we have (g, X, A)h(q,X,A) =
identity. Similarly h(q,X,A4)h(q,X,A) = identity. Thus k(¢,X,A) is
an isomorphism with h(q,X,A) as inverse. This concludes the proof of
the theorem. .

TaHEOREM 10.1c. Given two cohomology theories H and H and a
homomorphism

het G — G
of their coefficient groups, there exists a unique set of homomorphisms
Mg, X,A): H(X,A) — HYX,A)
defined for each triangulable pair (X,A) and each integer q, such that

(1) _ hOP) = h,
@ sh(g,4) = h(g + 1,X,4)s.
@ Iff: (X,A) — (Xy,A), then *h(q,X1,4,) = h(g, X, A)f*.

If he: G = G, then each h(q,X,A) is an isomorphism.

EXERCISES

A. INCIDENCE ISOMORPHISMS.
1. Let s7',st" be (¢ — 1)-faces of a ¢-simplex s and let s*~* be
their common (¢ — 2)-face. Verify that

(171 ) [s%s1 "] = —[s57":s" ") [s%:s57" ).
Hint: use 4.5.

B. CELLS AND SPHERES.

1. Using the notations of 1,16, consider the map h;: (E",S*™') —
(E™, 8" ") defined by h(x1, -+« , Tiy =+ + , X)) = (g, ===y —Zy, ** 5 Tn).
Prove that h,,z = —zfor z e H,(E",S"").

2. Consider the map f,: S"' — S"! defined by h; in problem 1.
Prove that f;,z = —zforz e H..,(8"7").

3. Consider the map h: (E",S"') — (E",S*') defined in vector
notation by h(z) = —z. Prove that h,z = (—1)"z for z ¢ H,(E",8*7").
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4. Consider the map f: S*' — S"' defined by h in problem 3.
Prove that f,z = (—1)"z for z e H,_,(S"7").

C. THE EULER CHARACTERISTIC.

Assume that the values of the homology theory are D-modules (see
exercises 1,H and 1,I), and assume that the coefficient group has rank 1.

1. Let (X,A) be a pair with a triangulation T = {t,(K,L)}. Let
a, be the number of ¢-simplexes of K which are not in L. Show that
the Euler characteristic x(X,A4) exists and satisfies

X(X,4) = 3 (1)

=0
where n = dim K. (Hint: prove r[C(K,L)] = a,)

D. n-Circurrs.

DeriNiTION. A simplicial pair (K,L) is called a simple n-circust if
(1) each point of K is a point of some n-simplex of K, (2) each (n — 1)-
simplex of K — L is a face of two n-simplexes of K — L, and (3) if
o and 7 are two n-simplexes of K — L, there exists an ordered set

O = 01y 02y **° 4,0 = T

of alternately n and (n — 1)-simplexes of K — L such that each (n — 1)-
simplex is a face of the neighboring n-simplexes.

1. Assume that the coefficient group @ of the cohomology theory is
infinite cyclic (i.e. isomorphic to the integers). Let A° --- , A" be
the vertices of an n-simplex of K — L where (K,L) is a simple n-circuit.
If g ¢ G, show that gA4° --- A" is an n-cocycle of K mod L (sce Remark
after 5.8¢c), and show that any n-cocycle of K mod L is cohomologous
to one of this form. Show that H"(K,L) is either infinite cyclic or
cyclic of order 2. In the first case (K,L) is called an orientable n-circuit,
in the second case, nonorientable.

2. Let (K,L) be a simple n-circuit and let the coefficient group be
infinite cyclic. If (K,L) is orientable, show that H,(K,L) is infinite
cyclic, and H,_,(K,L) has no elements of finite order. If (K,L) is
nonorientable, show that H,(K,L) = 0, and the subgroup of H,_,(K,L)
of elements of finite order is cyclic of order 2.

3. Define real projective n-space P" to be the space obtained from
an n-sphere by identifying each point with its antipode. Show that
P" is triangulable as an n-circuit which is orientable or not according
as n is odd or even.

4. Show that the cartesian product of any finite number of spheres
can be triangulated so as to be an orientable simple n-circuit.
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5. Let K be a 2-circuit. Show that the numbers ay, a,, a; of sim-
plexes of dimensions 0, 1, and 2 satisfy the conditions

3(12 = 2(11)
a, 3((10 - X(Kﬁ)_h__

a 2 % (7 + V49 — 24x(K)).
6. Show that 2-sphere S°, projective plane P?, and the torus T” can
be triangulated as simple 2-circuits. Their Euler characteristics are

respectively 2, 1, and 0. Show that, for any such triangulation, the
following inequalities hold:

S o = 4, o = 6, a, = 4.
P =6, o =15 o = 10.
T2: [ 7)) g 7, ) g 21, Qo g 14.

Find triangulations in which the minimal values are attained.



CHAPTER IV

Categories and functors

1. INTRODUCTION

The first objective of this chapter is to introduce and illustrate the
concepts of category, functor, and related notions. These are needed in
subsequent chapters to facilitate the statements of uniqueness and
existence theorems. Only as much of the subject is included as is used
in the sequel. A thorough treatment can be found in a paper of Eilen-
berg and MacLane [Trans. Amer. Math. Soc. 58 (1945), 231-294].

The ideas of category and functor inspired in part the axiomatic
treatment of homology theory given in this book. In addition, the point
of view that these ideas engender has controlled its development at
every stage.

The second part of the chapter is devoted to homology theories de-
fined on abstract h-categories. An admissible category for homology
theory, as defined in 1,1, has much more structure than is needed for
the statement of the axioms for a homology theory. Abstracting the
essential elements leads to the notion of an h-category. There is a
corresponding concept of h-functor. It is shown that the composition
of an h-functor and a homology theory, when defined, is again a ho-
mology theory. We thereby obtain a rule for deriving one homology
theory from another. It is used frequently in subsequent chapters.

2. CATEGORIES

The definitions below arise from the consideration of the common
properties of collections such as (1) topological spaces and their con-
tinuous mappings, (2) groups and their homomorphisms, and (3) sim-
plicial complexes and their simplicial maps. An examination of the
properties of continuous maps, homomorphisms, and simplicial maps
leads to the following definition:

DEerFINITION 2.1. A set @ of elements {y} is called a multiplicative
system if, for some pairs v,,y, ¢ @, a product v;y, e C is defined. An
element ¢ ¢ @ is called an identity (or a unit) if ey, = v, and y2e = v,
whenever ey, and v.¢ are defined. The multiplicative system is called
an abstract category if the following axioms are satisfied:

108
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(1) The triple product v;(y,y:) is defined if and only if (vsvs)y: i8
defined. When either is defined the associative law

Ya(v211) = (vav2Im

holds. This triple product will be written as y;ysv;.

(2) The triple product vs;v,v: is defined whenever both products
vs72 and v,v, are defined.

(3) For each v e @ there exist identities ¢,,e, ¢ @ such that ve and
€,y are defined.

LeEMMA 2.2. For each v ¢ @, the identities ¢, and e, such that ve, and
ey are defined, are unique.

Proor. Suppose ve, and ve{ are both defined with ¢,,¢] both identi-
ties. Then (ye)el = ve is defined. Hence ¢ ¢! is defined and ¢, =
61 = ¢. Similarly e, is unique.

DerINITION 2.3. A calegory € consists of a collection {C} of elements
called objects and a collection {y} of elements called mappings. The
mappings form an abstract category in the sense of 2.1. The objects
are in a 1-1 correspondence C — 7. with the set of identities of the ab-
stract category. Thus to each mapping v there correspond unique
objects C, and C, such that vyi., and 7.,y are defined. The objects C,,C,
are called the domain and the range of v respectively; notations C, =
D(v), C; = R(v),v: Ci—C,.

LrmMma 2.4.  The product v.y, ts defined if and only if R(y,) = D(v,).
If YaY1 18 deﬁ"wd, then R(‘Y:‘Yl) = R('Yz)v D(’Yz'Y:) = D(‘Yl)-

In other words the lemma states that, if v,: C; — C,, v, C;— C,,
then 7.y, is defined if and only if C, = C§ and then v,v,: C, — C,.

Proor. Let ¢ = ig¢y,. If vy, is defined, then v;(ey)) = vim
is defined. Thus v.¢ is defined and R(y,) = D(y,). Conversely, if
R(y:) = D(y,), then v,¢ and ey, are both defined for ¢ = ig(,,, and
therefore (y:€)Y: = 7271 is defined. If vy, is defined and ¢ = ip(,,,
then v,¢ is defined. Hence v,v:¢ = (v27:1)¢ is defined so that D(y,) =
D(vzvy). Similarly R(v2v1) = R(y2).

DErFINITION 2.5. A mapy: C, — C, in @ is called an equivalence
if there exists a map y": C, — C, in € such that vy = ?¢,, vy’ = tc,.

LeMMA 2.6. The map v’ of 2.5 is unique and is called the inverse of
v, notation: ~~'. 7' is also an equivalence with (y™)7' = . If
v1i: Cy = Cyy 722 Cy — C, are equivalences, then vyv, is an equivalence
with (y2y:)™" = vi'va'. Each identity e is an equivalence with ¢ ' = e.

Proor. Suppose that 4’ and " satisfy vy = ¥y = e,
' = vy" = €c,. Then

"

,Yl = 'Y'fc. _ 'YIW" — fc.‘Y" =~".



110 CATEGORIES AND FUNCTORS [CHaP. IV

The fact that v~" is an equivalence and that (y™')™" = v follows directly
from the definition. If v,,v, are equivalences and 7.y, is defined, then
(v2v1) (Yi'ys?) is defined and equal to e.,, similarly (vi'ys")(y271) = €.
Thus (y2v:))™' = v7'v:'. If e is an identity and ¢ = ep(.,, then &€
is defined and ¢ = ¢ = e. Thus ¢ = ee s0 that ¢ = ip() = g and
-1

€ = e

DEeriNITION 2.7. A subcategory @, of @ is a subaggregate of € such
that

1° if C ¢ @, then 7, ¢ C,,

2°, if 5,71 € @, and v,Y, is defined, then v,v, ¢ Gy, and

3°. if vy € @,, then D(y) and R(y) are in @,.

A subcategory @, of € is called full if, for each 4 ¢ @, conditions
D(v) ¢ @y, R(y) € €, imply v ¢ C,.

It is easy to see that a subcategory is itself a category. However a
map v & G, may be an equivalence in € without being an equivalence
in C,.

The process of obtaining a subcategory may be broken up in two
steps. First select a subset of the objects of € and consider the full
subcategory determined by these objects. Then without further limiting
the objects select a subaggregate of maps satisfying 1° and 2°.

3. EXAMPLES OF CATEGORIES

The first example of a category is composed of topological spaces
and continuous maps. The objects are topological spaces, the maps are
continuous maps of one topological space into another. The composi-
tion (product) of two maps is the usual function of a function. The
equivalences in this category are the homeomorphic maps of one space
onto another.

The category of prime importance in our axiomatic treatment has,
as its objects, pairs (X,4) where X is a topological space and A C X;
and has, as its mappings, continuous maps f: (X,4) — (Y,B). This
category will be denoted by ®@,. The admissible categories discussed
in 1,1 are all subcategories of @;. In an admissible category @ the
equivalences are precisely the homeomorphisms as defined in 1,5.

In 1,2 we encountered the categories G and Gx; the objects in these
categories are, respectively, compact abelian groups, and modules over
a ring R. The mappings in these categories are the continuous homo-
morphisms in the first case, and linear maps in the second. When R
is the ring of integers, G, is just the category G of ordinary abelian
groups and their homomorphisms.

For the categories G¢,Gr we may consider the categories $,G¢,8:Gr
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whose objects are lower sequences of groups in G¢ or Gz. The mappings
are the homomorphisms of one such lower sequence into another. The
exact lower sequences form subcategories &,G¢,8,Gx. The similarly
defined categories of upper sequences and exact upper sequences will
be denoted by 8.G¢,8.G¢, ete.

The categories studied in Chapter 11 are denoted by X,,X,; the
objects in both these categories are pairs (K,L) where K is a simplicial
complex and L is a subcomplex. The mappings in X, are linear map-
pings, while in X, they are simplicial. Clearly X, is a subcategory of
X;. Theorem 11,4.8 states that every equivalence in X, is in X,.

In 111,1 the important category 3 of triangulable pairs is introduced.
The objects are triangulable pairs (X,A), the mappings are continucus
maps of one such pair into another. Clearly 3 is a full subcategory of @,
and is an admissible category for homology theory.

4. FUNCTORS

Let € and D be categories and let T be a function which maps the
objects of € into the objects of D and, in addition, assigns to each map
feCamap T(f) e ®. The map T is called a covariant functor (from @
to D) if it satisfies the following conditions:

1°. If f: C, — C,, then T'(f): T(C,) — T(C,).

2°. T'(ic) = ircey-

3°. If f.f, is defined, then T'(f.f,) = T(f.)T(f)).

The map T is called a contravariant functor if these conditions are re-
placed by:

. If f: C, — C,, then T(f): T(C;) — T(C,).

2’ T(ic) = irco)-

3'. If f,f, is defined, then T'(f.f,) = T(f\)T(f,).

The condition 1° can be rewritten: T(Df) = DT(f) and T(Rf) =
RT(f). Thus T is a covariant functor if it commutes with the opera-
tions of the category.

In view of condition 2° a functor T is completely determined by the
function T(f) defined for maps f only. Thus a covariant functor T is
essentially a homomorphism of the abstract category associated with
@ into the abstract category of D subject.to the condition that identities
be mapped into identities. A contravariant functor yields an anti-
homomorphism of the abstract categories.

If T is a functor from @ to O, and T” is a functor from D to §, they
can be composed in the obvious way to form a functor 7T from @€ to &.
If TT' have the same (opposite) variance, then 7”7 is covariant (contra-
variant).
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5. EXAMPLES OF FUNCTORS

Let @ be an admissible category on which a homology theory is
given. Let ¢ be a fixed integer, and define for an admissible map
f: (X,4) - (Y,B)

H(f) = fo: Ho(X,4) > Hy(Y,B).

Then Axioms 1 and 2 for a homology theory assert that the pair of
functions H,(X,A),H,(f) is a covariant functor H, on the category @
with values in the category G or Gec.

Instead of using the category Gr we may use the category §,Gr of
exact lower sequences in G,. We then define H(X,A) to be the ho-
mology sequence of (X,4), and H(f) to be the homomorphism f,, of
the H.S. of (X,A) into that of (Y,B) induced by f (see 1,4.1). Then
Axioms 1, 2, 3, and 4 insure that H is a covariant functor on @ to §,Gx
or §;G¢. This functor is referred to briefly as the homology functor.

In a similar way, the cohomology functor is a contravariant functor
on @ to 8“93 or 8.‘90.

Another covariant functor on @, this time with values also in @, is
obtained by setting

TX,4) =4, T() =/flA

where f|A4 is the map A — B defined by a map f: (X,4) — (Y,B).
A covariant functor on X, to @ (compact pairs) is obtained by
setting

T(K,L) = (IKLIL),  T() = 1.

6. TRANSFORMATIONS OF FUNCTORS

Let T and S be two covariant functors from € to ». A function T'
which assigns to each object C ¢ € a map I'(C) ¢ D such that

1°. T(C): T(C) — S(0),

2°.if f: €y — C,, then T(C))T(f) = S(f)T(CY),
is called a natural transformation of the functor T into the functor S.
In case T and S are contravariant functors, the condition 2° on T is
replaced by

2. if f: C,— C,, then T'(C,))T(f) = S(f)T(Cy).
If the map T'(C) is an equivalence for each C ¢ @, then T is called a
natural equivalence of the functors T and S (notation: T': T = 8).
In this case, 2° can be written

L(CTT(C)™ = 8(f).
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The condition 1° is equivalent to the condition that the composi-
tions in 2° are always defined. Condition 2° asserts that commutativity
holds in the following diagram:

T(f)
T(C,) — T(C,)

lr(co lr(ca

S(f)
S(Cy) — 8(C)

It is easily verified that the composition of two natural transforma-
tions is also natural. If I: T — S is a natural equivalence, then
I''": S — T defined by I''(C) = [I'(C)]™" is also a natural equivalence,
and Ty = I'T™' = I'"'T has the property I'ov(C) = irc,. Thus
I'yv: T &= T. It follows that the concept of natural equivalence is
reflexive, symmetric, and transitive.

7. EXAMPLES OF TRANSFORMATIONS OF FUNCTORS

Let @ be an admissible category on which a homology functor H
is given, and let T be the functor from @ to G defined by

T(X,A) = 4, T() = flA.

Let q be a positive integer and let H,H,_, be the homology functors
from @ to the category Gr (or G¢). Then Axiom 3: df, = (f|4),9is
precisely the condition 2° that the homomorphism

9: H,(X,A) - H,.,(4) = H,_((T(X,4))

shall be a natural transformation of the functor H, into the composite
functor H,_,T.

In Chapter 111 it was proved that 9 is an equivalence d: H, = H,,T
over the subcategory of pairs (|s|,|$]) where s is a simplex and § is its
boundary.

The group of g-chains C,(K) is a covariant functor on X, to Gz (or
Ge), provided we define C,(f) = f, for each simplicial map f: (K,L) —
(K,,L,). In the same fashion the groups Z,(K,L) of the g-cycles mod
L and B,(K,L) of the bounding g¢-cycles mod L are functors on X, to
Gr (or G¢). Since B (K,L) C Z,K,L), the former is called a sub-
Sunctor of the latter. The quotient functor H,(K,L) = Z,(K,L)/B.(K,L)
has the same domain and range. The map »,(K,L): Z,(K,L) —
H.(K,L) which assigns to each cycle its homology class is a natural
transformation of Z, into H,.
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In order to distinguish this g-functor from the ¢** homology functor
defined on @ to Gz we shall write H, for the ¢** homology functor on X,.

For each simplicial pair (K,L) we may regard (|K|,|L|) as a tri-
angulated pair with the triangulation T = {¢,(K,L)} where ¢ is the
identity map of (|K|,|L|). The isomorphisms 8 = 6,: H.(|K|,|L|) —
H,(K,L), defined in 111,8, yield a natural equivalence of two functors

9: HT=H,

where T is the covariant functor on X, to @ defined by T(K,L) =

(|K|,|L]), T(f) = f. Theorem 11,8.4 is the statement of the naturality
of 6.

8. c-CATEGORIES AND 3-FUNCTORS

In order to achieve uniformity and avoid repetition in the chapters
ahead, it is useful to introduce concepts similar to the homology and
cohomology theories of Chapter 1 but defined on more general cate-
gories than admissible categories for homology. The analogy with
homology and cohomology theories is complete as far as the first four
axioms are concerned.

DEeriNiTION 8.1. A category with couples (briefly: a c-category) is a
category € in which certain pairs (a,8) of maps, called couples, are
distinguished, subject to the sole condition that the composition B« is
defined. If a: A — B, 8: B — C is such a couple, we write

(¢,8): A —> B—>C.

A covariant [contravariant] functor T: @ — D of a c-category into
a c-category, is called a c-functor if for each couple (a,8) in @, the pair
of maps (Te,TB) [(TB8,Tc)] is a couple in D.

As an example of a c-category consider an admissible category @ in
the sense of 1,1. For each pair (X,4) in @ consider the inclusion maps
it ACX, j. X C (X,A) as forming a couple

G,5): 4A- X - (X,A).

The same admissible category @ gives rise to another c-category in
which the couples

(,9): (4,B) — (X,B) — (X,4)

are the appropriate inclusion maps of an admissible triple (X,4,B).
Another example of a c-category is obtained from the category Qg
(or G¢) of groups by defining couples

(¢;‘p): G, -G, — Ga
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whenever ¢: G, — G, has kernel zero, ¥: G, — G, is onto, and kernel
¥ = image ¢, i.e. whenever the sequence

¢ ¥
050G -G -G —-0

is exact.

DeriniTiON 8.2. Let (¢,8): A — B — C and (,8,): 4, —
B, — C, be couples in a c-category €. We define a map (o,8) — (ay,8:)
to be a triple of maps

T A—> A4, v:: B — B, vi: C—>C,
in @ such that commutativity holds in the two squares of the diagram

a B

A— B — C

l‘h 172 l‘Ya
o o

Al——"Bl——’Cl

It is easy to verify that, with the maps thus defined, the couples
(a,8) in C form a category of their own. A c-functor T: € — D in-
duces a functor on the category of couples of € into that of D.

We now come to the main objective of this section. Let € be a
c-category. We shall consider systems H = {H,(A),a,,8..5} Where
(1) for each object A ¢ € and each integer q, H,(A) is a group, (2) for
each map a: A — B in @ and each integer ¢, a,: H.,(A4) — H,(B) is
a homomorphism, (3) for each couple («,8): A — B — C and each
integer q, 9(a.5: H(C) — H,_,(A) is a homomorphism. The groups
and homomorphisms belong to just one of the categories Gz or Ge.

Such a system H will be called a covariant d-functor on the c-category
€ provided the following four axioms hold:

Axiom 1. If a = identity, then a, = identity.

Axiom 2. (Ba), = B,a,.

Axiom 3. If v,,v.,v; form a map of the couple (a,8): A > B —C
into the couple (a;,8,): A, — B, — C,, then commutativity holds in
the diagram

REM
Ho(C) e Ho(Cl)

la(anﬂ) la(al.ﬂl)

'Yl*
H, ((A) — H,,(4)
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Axiom 4. For every couple (a,8): A — B — C the sequence

0 By %y
o e H(d)  H(C) < H(B) < H(4) « -

is exact.

These four axioms are precise replicas of the first four axioms for
a homology theory.

In an analogous fashion we define a contravariant é-functor H =
{H*(A),a*,8(s.50} where o*: H'(B) — H°(A) for : A — B and
dca.py: HY(A) — H*'(C) for (a,8): A — B — C. The axioms are
replicas of the first four axioms of cohomology.

Let H be a covariant d-functor on a c-category D andlet T: € — D
be a covariant c-functor. The composition

HT = {HG(TA))(TC‘)*aa(Ta-Tﬁ)}

is then clearly a covariant d-functor on €. Similarly if H is a contra-
variant é-functor on ® and T: € — D is covariant, then

HT = {HY(TA),(To)*ba.8)}

still is a contravariant é-functor on €. Thus the composition HT is
well defined whenever 7 is covariant.

If T is contravariant, HT may still be defined formally as above
but the result is neither a covariant d-functor nor a contravariant &-
functor. This suggests the definition of two additional “mixed” types
of functors, namely of covariant §-functors and of contravariant 9-
functors. In a covariant d-functor H = {H‘(A),x,,0(a.sy} We have
a,: H'(A) — H'(B) for a: A — B and §.4: H(C) — H*"'(A)
for (e,8): A —» B — C. In a contravariant d-functor H =
{H,(A), a*0(q.5} We have o*: H,(B) — H,(A) for a: A — B and
a.p: H,(A) — H,,(C) for (a,8): A — B — C. The axioms re-
quired are the obvious reformulations of the four axioms listed above.

With the mixed theories at hand, the composition HT is always
defined. The situation is summarized in the following theorem, the
proof of which is immediate.

TueEOREM 8.3. Let T: € — D be a c-functor and H a d-functor
[8-functor] on ©. The composition HT s then a d-functor [5-functor] on
@. Further HT 1s covariant of H and T have the same variance, and HT
s contravariant if H and T have opposite variances.

Each homology theory on an admissible category @ furnishes an
example of a covariant d-functor on either of the c-categories associated
with @. Similarly each cohomology theory on @ furnishes an example
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of a contravariant é-functor. Examples of mixed functors will occur
in Chapter v.

The connection between the mixed functors and the unmixed ones
can be further illuminated by a procedure that will be referred to as
“the sign-changing trick.” Given a covariant d-functor H =

{H(A),0,,0(a.5}, define a covariant é-functor H = {H(A),a,,8(a.5}
as follows:

EG(A) = H—a(A)y a* = ay, S(a.ﬂ) = 0(a.p

(precisely, a,: H*(A) — H'(B) is defined as a,: H_,(A) = H_.(B)
etc.). Conversely applying the sign-changing trick to H we obtain H.
Thus the correspondence H — H establishes a 1-1 correspondence be-
tween covariant d-functors and covariant é-functors. A similar dis-
cussion applies to contravariant functors.

9. h-CATEGORIES AND h-FUNCTORS

The introduction of the concept of a c-category was a step toward
the consideration of homology theories defined on categories more
general and abstract than on admissible categories of spaces. We saw
that the first four axioms can be formulated with ease in this more
general setting. As for the remaining axioms, it is clear that they can-
not be stated since, in a c-category, we lack the concepts of “homotopy,”
“excision,” and “point.”” To complete the picture, we make the fol-
lowing definition:

DEerINITION 9.1. An h-category € is a c-category in which (i) a
binary relation a =~ g8(a homotopic to g8) is given for maps o,8: A — B
in €, (ii) certain maps a: 4 — B in @ are singled out and are called
excisions, and (iii) certain objects of € are singled out and are called
poinls. A covariant d-functor [contravariant é-functor] on € which
satisfies the analogs of the Homotopy, Excision, and Dimension axioms
will be called a homology [cohomology] theory on the h-category €.

It should be noted that since no properties of homotopies, excisions,
and points are required, the above definition has a purely formal char-
acter, and is made only to supply a language convenient for later uses.

DeriNiTION 9.2. Let a: A — B, 8: B — A be two maps in an
h-category €. If Ba: A — A and af: B — B are both homotopic
to identity maps, then a and 8 are both called homotopy equivalences, B
is called a homotopy inverse of a and vice versa. A map a: A — B
in € which is a composition of a finite number of excisions and homotopy
equivalences is called a generalized excision.
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TueoreMm 9.3. If H is a homology [cohomology] theory on an h-
category C and a: A — B 1s a generalized excision, then

ay: H(A) = H(B) [o*: H'(B) = H'(A)].
Proor. Leta = o' --- a" be a representation of « as a composition
of excisions and homotopy equivalences. Since a, = a, --- ay, it

suffices to show that each «, is an isomorphism. If a' is an excision,
this follows from the Excision axiom. If o' is a homotopy equivalence
with 8° as homotopy inverse, then «j8; = (a‘8’), = identity and
similarly 8 a, = identity. Thus a, is an isomorphism.

DerFINITION9.4. A covariant c-functor T: @ — D on the h-category
€ with values in the h-category D is called an h-functor if T preserves
homotopies, generalized excisions, and points. Explicitly: if a >~ 8
in @, then Ta ~ T8 in D; if a is a generalized excision in €, then Ta
is a generalized excision in D; and if A is a point in €, then TA is a
point in D.

THEOREM 9.5. Let T: @ — D be a covariant h-functor and H a
homology [cohomology] theory on ©. Then the composition HT is a
homology [cohomology] theory on €.

Proor. By 8.3, HT is a covariant od-functor [contravariant
d-functor]. There remains to prove that HT satisfies the Homotopy,
Excision, and Dimension axioms. This however is an immediate conse-
quence of 9.4 and 9.3.

As in 8.3, Definition 9.4 and Theorem 9.5 could also be formulated
for contravariant functors T provided we consider theories H of a mixed
character, i.e. covariant é-functors and contravariant d-functors satisfy-
ing the analogs of the last three axioms. These mixed theories do not
have any geometric analog, but will arise occasionally in later chapters.
In particular the following theorem will be used in v,12.

THEOREM 9.5¢c. Let T: € — D be a contravariant h-functor and H
a covariant &~funclor [contravariant d-functor] on D satisfying the Ho-
motopy, Excision, and Dimension axioms. Then the composition HT s a
cohomology [homology) theory on @.

ReEmARk. In proving that a c-functor T is an h-functor, it suffices to
show that T preserves homotopies and points and carries excisions into
generalized excisions. Then it follows immediately that T carries gener-
alized excisions into generalized excisions.

10. COMPARISON OF 3-FUNCTORS AND OF HOMOLOGY THEORIES

In this section the discussion will be limited to covariant d-functors
with values in the category Gg, but all that will be said applies equally
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well to the contravariant case as well as to é-functors with values in
Sr or Ge. — —

DEeriniTION 10.1. Let H = {H(A),0,,0(a.50} and H = {H,(A),
a,,9..sm} be two covariant d-functors on the c-category € with values
in Gg. A homomorphism

h: H— H
is a family of homomorphisms
hg,A): H,(A) — H,(4)

defined for cach A ¢ @ and each integer ¢, subject to the following two
conditions. If a: A — B is a mapping in €, then the commutativity
relation a,h(q,A) = h(g,B)a, holds in the diagram

h —_—
H(A) —— H,(A)

R
h P—
H,(B) —— H/(B)
If (¢,8): A — B — Cisacouplein €, then the commutativity relation

9(a.80h(q,C) = h(qg — 1,A)d(a.p holds in the diagram

h —
H(C) —— H,(C)

la P
ho
Ho (A) —— H,_(A)

If each h(g,4) is an isomorphism H,(A) = H,(A), then we say that
h is an isomorphism and write h: H = H.

The above definition applies automatically to homology theories
since a homology theory is a d-functor defined on an admissible category
(or an h-category) and satisfying additional axioms. Theorems 111,10.1
and 10.1c may now be restated as follows:

TuroreM 10.2. Let H and H be two homology [cohomology) theories
defined on the category 3 of triangulable pairs. Every homomorphism

he: G — G
of their coefficient groups admits a unique extension to a homomorphism

h: H — Hon 3.

If ho is an isomorphism, then so is h,
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DEeriniTION 10.3. An admissible category @ is called a uniqueness
category for homology [cohomology] if, for any two homology [coho-
mology] theories defined over @, each homomorphism of the coefficient
groups

het G— @G
can be extended uniquely to a homomorphism,
h: H— Hona.

Whenever h, is an isomorphism, so also is h. This is shown by extend-
ing he' to k', and observing that h’h and hh’ are extensions of identities
G — G, G — G. Then uniqueness insures that hh’ and h’h are identities.

In this terminology 10.2 may be restated as

THEOREM 10.4. The category 3 of triangulable pairs and their maps
18 a uniqueness category both for homology and cohomology.

In Chapter Xi1 a considerably larger uniqueness category U will be
constructed.

With the uniqueness theorem at hand, one can see why the mixed
types of homology theories are not considered for categories of spaces.
Suppose, for example, that H is a covariant é-functor defined on the
category J satisfying the Homotopy, Excision, and Dimension axioms.
Apply the sign-changing trick of §8 to H. There results a homology
theory H on 3. By the uniqueness theorem, H,(X,4) = 0 for ¢ < 0.
It follows that H,(X,4) = 0 for ¢ > 0. Thus, for mixed theories, the
positive dimensional groups are trivial.

NOTES

Logical foundations. The categories of ‘“‘all topological spaces” and
“all groups,” if not handled carefully, lead to the antinomies usually
associated with a ‘“‘set of all sets.” To avoid these, one must either
restrict the notion of a category and not speak of ‘“the category of all
groups,” or else place oneself in an axiomatic system in which the
“category of all groups” is a legitimate object not leading to antinomies.
Best suited for the latter purpose seems to be the system of von Neu-
mann-Bernays-Gédel [P. Bernays, A system of axiomatic set theory,
Journal of Symbolic Logic 2 (1937), 65-77; 6 (1941), 1-17; 7 (1942),
65-89, 133-145; 8 (1943), 89-106; 13 (1948) 65-79: K. Godel, The
consistency of the continuum hypothesis, Annals of Math. Studies 3,
Princeton 1940]. This system contains the notions of “class” and ‘‘set,”
each set being also a class, but not vice versa. Then the various cate-
gories introduced in Chapters 1 and 1v can be proved to exist as classes.
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One must take care not to perform on these categories certain operations
(such as forming the set of all subsets) which can be performed on sets
but not on classes.

The transitivity of homotopies. In 9.1, no conditions were imposed
on the binary relation o ~ 8 (« is homotopic to 8). In most of the
h-categories that will be considered this relation will be reflexive, sym-
metric, and transitive. It will also be compositive in the sense that,
ifa8:4 > B,a',8: B—> C, a >~ 8, and o’ >~ #’, then a’a ~ B'8.

One may always expand the relation of homotopy in an h-category
© so as to obtain these properties. This is done as follows: As a first
step, define a; ~' a, if @y = Biv1, @z = Byy, with 8, >~ 8, and v, >~ v,.
The next step is to define a« ~'" B if there exists a finite sequence a =
ay,ay, -+, a, = B (n > 0) such that, for each 7 < n, either a, >~ a, 4,
or a;,; ~'«,. The newrelation ~"' isreflexive, symmetric, transitive and
compositive. For any homology theory on @, it is easy to prove that
a =~'" B implies a, = B,. Thus we may always replace the relation
=~ by the relation ~",

If we use this broadened concept of homotopy, the relation of
homotopy equivalence defined in 9.2 becomes reflexive, symmetric, and
transitive.

EXERCISES

A. FUNCTORS OF SEVERAL VARIABLES.

1. Given categories €, - -+, €, D, , -+, D, §, define the concept
of a functor T covariant in @€,, --- , @, contravariant in ©,, - , D,
with values in §&. Generalize the concepts of natural transformation and
natural equivalence to such functors.

2. Exhibit the commutativity and associativity laws of the (external)
direct sum

GI+G2=G2+GI
G1+(02+Gs)=(01+02)+G3

as natural equivalences of functors.

B. FuNCTORS OF GROUPS.

1. Consider the category of all groups (including nonabelian groups)
and homomorphisms. Consider the functions which assign to each
group (1) its commutator subgroup, (2) its center, and (3) its group of
automorphisms. Convert these into functors on appropriate subcate-
gories.
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DeriniTION. A functor 7 on one of the categories Gz, G¢ Wwith
values in the same or another of these categories is said to be additive
if T(¢, + ¢) = Té, + T¢, whenever ¢,,¢.: G — G’. The functor
T is said to preserve exactness if it transforms each exact sequence into
an exact sequence.

2. Let T be additive. If ¢ = 0, then T¢p = 0. If G = O, then
TG = 0.

3. Let T be a covariant additive functor. If 7,: G, = G (« = 1,

-+, n) is an injective representation of G as a direct sum, then T%,:
TG, — TG is an injective representation of T'G as a direct sum.
4. Let T be a covariant additive functor. If

¢ ¥
0-G—->G—->G,—>0

is exact, and the image of ¢ is a direct summand of G, then the same
is true of

Te Ty
0—“_’TG|_‘—’TG 7TGQ 4’0-

5. Prove that a functor preserves exactness if and only if it carries
each exact sequence of the form 0 — G’ - G — G"" — 0 into another
such exact sequence.

C. 0-FUNCTORS AS FUNCTORS.

1. Given a covariant [contravariant] d or §-functor H on a c-cate-
gory @, assign to each couple («,8) of C the exact sequence given by
Axiom 4. Show that if (v,,7.,vs) maps (a,8) into another couple (a,,8,),
then (vi,,72573x) [(Y%7%7%)] yields a homomorphism of the corre-
sponding exact sequences. Show that one obtains thus a new co-
variant [contravariant] functor H* defined on the category of pairs of €
with values in the category of exact lower or upper sequences. Formu-
late the Axioms 1-4 in terms of the functor H*. If H and H are two
d-functors and h: H — H is a homomorphism, then k induces a natural
transformation h*: H* — H* What conditions must a natural trans-
formation T': H* — H* satisfy in order that it be of the form I' = h*?

2. Show that the operation of replacing superscripts by subscripts
and changing their sign at the same time carries a é-functor into a
d-functor of the same variance.

3. If H is a covariant d-functor and T is a covariant [contravariant]
functor on groups to groups which preserves exactness, then TH is a
covariant d-functor [contravariant §-functor]. Examine the situation
for the remaining three cases for H. Show that the result also applies



EXERCISES 123

to homology and cohomology theories on an admissible category, or
on an h-category.

D. MODULES AND VECTOR SPACES.

Let G be a module over an integral domain D (see 1,Exer. H).
Consider pairs (d,g), d e D, d £ 0, g ¢ G and define equivalence (d,,3,) ~
(d,g.) to mean that d'd,g, = d'd,g, for some d’ # 0.

1. Show that this is a proper equivalence relation. Denote the
equivalence class of (d,9) by [d,g] and the set of all these equivalence
classes by G.

2. Show that G becomes a D-module under the operations

[dig] + [d.,9:] = [didaydogy + digl],  d'[d,g] = [d,d'g].

3. Show that the map g — [1,¢] is a linear homomorphism G — é,
and examine its kernel.

4. Consider the case D = G (i.e. D regarded as a D-module with
the obvious composition law). Show that D is a field, namely the field
of quotients of D.

5. Show that G is a vector space over D under the operation
[dy,ds){d,g) = [d.d,dzg).

6. Show that the rank of G over D is the same as the rank of G
over D.

7. Given a homomorphism ¢: G, — G, of the D-modules G, and
G,, define ¢{d,g] = [d,¢g] and show that ¢: @, — @, is linear over D.
Show that the pair of operations G,¢ is a covariant functor on the cate-
gory Gp of D-modules with values in the category Gp of vector spaces
over D. Show that this functor preserves exactness.

8. Given a homology [cohomology] theory H with values in the
category G, of D-modules, define H as the composition of H with the
functor of 7. Show that H again is a homology [cohomology] theory
with values in Gp. Show that the Betti numbers are the same in H
and H.



CHAPTER V

Chain complexes

1. INTRODUCTION

The primary aim of this and the next four chapters is the construc-
tion of homology theories with prescribed coefficient groups. The con-
struction divides roughly into three steps, namely: (i) space — com-
plex (ii) complex — chain complex, and (iii) chain complex — homology
groups. This chapter is devoted to the third step and is purely algebraic
in character.

A chain complex (called a group system by W. Mayer) is a lower
sequence of groups in which the composition of any two successive
homomorphisms is zero. The constructions on chain complexes leading
to their homology groups are suggested by the results of Chapter
1i. Analogs of the Axioms of Chapter 1 are proved for these derived
groups. In this way we obtain a “Ifomology theory” for chain com-
plexes.

Cochain complexes are also defined. However, they bear only a
formal difference from chain complexes.

In order to introduce homology groups over a general coefficient
group, two methods of constructing groups out of groups are discussed.
These are the tensor product, C ® G, of two groups, and the group of
homomorphisms Hom(C,G) of C into G. Using these, we assign a new
chain complex and a new cochain complex to any given chain complex
and a coefficient group G; and we obtain thereby the homology and
cohomology groups of the chain complex over G.

2. CHAIN COMPLEXES

DEerFINITION 2.1. A chain complex K is a lower sequence {C,(K),d,}
of groups and homomorphisms 9, C.(K) — C,.,(K) such that
3,19, = O for each integer q. C,(K) is called the group of g-chains of
K, and 9, is called the boundary homomorphism. A map f: K — K’
of one chain complex into another is (as in 1,2) a sequence of homo-
morphisms f,: C.(K) — C,K’) defined for each ¢ and such that
fq—lau = a;fu'

DeriniTiON 2.2, Let K = {C,(K),d,} be a chain complex. The

124
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kernel, Z,(K), of 9, is called the group of ¢-cycles of K. The image,
B,(K) of 8,,, is called the group of g-boundaries of K. Since 3,3,., = 0,
B,(K) is a subgroup of Z,K), and the factor group H, (K) =
Z(K)/B.(K) is called the ¢-dimensional homology group of K. If
f+ K — K’ is a map, then f, sends Z,(K) into Z,(K’) and B,(K) into
B,(K"), thereby inducing homomorphisms f,: H,(K) — H,(K').

The following theorem is an immediate consequence of the defini-
tions:

Turorem 2.3. If f: K — K s the identity map, then f, s the
identity homomorphism. If f: K — K'andg: K’ — K", then (gf), =
9uf x:

Chain complexes K and their maps f constitute a category denoted
by dGr or 3G¢ according as the groups C,(K) are in the category Ge
or G¢c. Then 2.3 asserts that the pair H,(K),f, is a covariant functor
from 3Gy to Gx [or from 8G. to G¢l.

The concept of a cochain complex K = {C%K),s} differs from a
chain complex in that §: C‘(K) — C**'(K) and that the dimension
is written as a superscript. Thus an application of the “sign-changing
trick” (1v,8) converts a chain complex into a cochain complex and vice
versa. The discussion of cochain complexes therefore differs from the
discussion of chain complexes in terminology alone. &° is called the
coboundary operator, Z‘(K) is the group of g¢-cocycles, H(K) is the
g-dimensional cohomology group, etec. The pair H(K),f* constitutes
a covariant functor on the category 6G, [or §Gc¢] of cochain complexes
with values in the category G [or Gel.

3. COUPLES

In this section we shall convert the categories of chain complexes
into c-categories (1v,8) and we shall extend H,(K),f, to a covariant
d-functor.

We begin with the observation that if K is a chain complex and L
is a subsequence of K (in the sense of 1,2), then both L and K/L are
again chain complexes called the subcomplex and factor complex re-
spectively. Moreover the inclusion map ¢ L — K, and the natural
map 7: K — K/L yield an exact sequence

i n
6] 0—->L—>K—> K/L—O0.
This suggests the following definition:
DeriniTioN 3.1. Let L,K,M be chain complexes. The maps
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¢: Lo K,¢y: K — M are said to form a couple (¢,¢): L— K — M,
provided the sequence

¢ 12
(i1) 0—->L—->K->M->0

is exact, i.e. if the kernel of ¢ is zero, ¥ is onto, and kernel ¢ = image ¢.

If, further, the image of ¢ is a direct summand of K (i.e. if ¢(C (L))
is a direct summand of C,(K) for all ¢), then the couple (¢,¢) is called
direct.

It is clear that, with couples defined as above, the categories dGg
and dG¢ become c-categories. One obtains different c-categories by
taking direct couples only. Circumstances under which it is necessary
to consider direct couples rather than all couples will appear in §§11
and 12.

In the subsequent lemmas and definitions, we assume that an exact
sequence (ii) is given. _

_ Lemma 3.2, Let Z,(M) = ¥ (Z,(M)), B(M) = ¢ (B(M)), and
H,(M) = Z,(M)/B,(M). Then
Z (M) = 87'(¢Cor(L)),  BoM) = B(K) U ¢(C(L)),
and Y induces isomorphisms
y: H(M) = H(M).

Proor. Let ¢ ¢ C,(K). Then c ¢ Z,(M) if and only if yc ¢ Z,(8]),
i.e. if and only if ayc = 0. This is equivalent to Ydc = 0, and since
kernel ¥ = image ¢, this is equivalent to dc ¢ ¢(C,-,(L)).

Suppose ¢ ¢ B,(M). Then yc ¢ B,(M) and yc = 3b for some b ¢
C,in(M). Let d e C,. (K) be such that yd = b. Then y(c — dd) =
Yc — dyd = Yc — db = 0, so that thereis an ¢ ¢ C,(L) with¢e = ¢ — ad.
Thus ¢ = dd + ¢e, and therefore ¢ ¢ B,(K) \J ¢(C,(L)). Conversely,
if ¢ = 3d + ¢e, then yc = ¢ad + Y¢e = dYd, and yc ¢ B,(M). Thus
¢ ¢ B,(M).

The last part of 3.2 is a direct consequence of the Noether iso-
morphism theorem.

LemMma 3.3. The boundary homomorphism of the chain complex K
defines homomorphisms

_Z_G(M) - ¢[Zq—l(L)]:
B,(M) — ¢[B.-«(L)].

Since the kernel of ¢ is zero, ¢~ '8 defines homomorphisms
ZM) = Zoo(L),  BfM) = Boi(D),
and induces a homomorphism

A: H(M) — H,_\(L).
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Proor. Let ¢ ¢ Z,(M). By 3.1, we have dc = ¢d for some d ¢
C..1i(L). Then ¢3d = d¢d = 3¢ = 0, and therefore dd = 0. Thus
deZ,,(L) and dc ¢ ¢[Z,_,(L)].

If ¢ € B,(M), then, by 3.2, ¢ = dd + ¢e for some d ¢ C,,,(K) and
ee C,(L). Then dc = ddd + d¢e = ¢de, and dc € $pB,_,(L).

DeriNiTION 3.4. The homomorphism

8,: H (M) — H,\(L)
defined as the composition 8, = Ay~' is called the boundary homomor-
phism of the couple (¢,¢): L —- K — M.

It will be useful to have a more direct description of the homo-
morphism d,. Suppose h ¢ H,(M). Choose z ¢ Z,(M) belonging to the
coset h, and choose ¢ ¢ C,(K) with y¢ = 2. Then dc is in the image of
¢ and ¢ 'dc ¢ Z,_,(L) is a cycle in the coset d,h. Another description
of 9, is obtained by stating the analog of 111,7.5.

The star in 9, has been inserted to distinguish it from the boundary
operator within the chain complexes. However, in later uses we shall
omit the star.

THEOREM 3.5. The system H = {H/(K),f,,d,} is a covariant 9-
functor on the c-category 3G [0Gc] of chain complexes with values in the
category Gx [Gcl-

Axioms 1 and 2 of 1v,8 are contained in 2.3, while Axioms 3 and 4
correspond to Theorems 3.6 and 3.7 that follow.

TaeorEM 3.6. Let (g,f,h): (é,¢) — (¢'¥’) be a map of the couple
(¢,¢): L — K — M into the couple (¢'¥'): L' — K' — M’, then
commutativity holds in the diagram

a*
H (M) —— H,.(L)

b, b
d

*
H (M) — H,.,(L)

Proor. This is a consequence of the commutativity relations in the
diagram

v A
Ha(M) — HG(M) — Hu-l(L)

lh* l}t lgt
v A
H(M') «—— H(M') —— H,_,(L)

where ?* is induced by f. The commutativity relations in this diagram
are immediate consequences of the definition of ¥ and A.
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THEOREM 3.7. If (p,¢): L — K — M is a couple, then the sequence

6* \P* Py
oo~ Hy (L) « H(M) « H(K) «— H(L) « ---

is bzact.
Proor. By definition, we must prove three propositions:

(1) kernel ¥, = image ¢,,
(2 ) kernel 8, = image ¥,
(3) kernel ¢, = image 9,.

Suppose that h ¢ H (L) and z ¢ Z,(L) lies in the coset h. Then
Yoz = 0, and therefore ¥, ¢, = 0. Thus, image ¢, C kernel ¢,.
Suppose now that k ¢ H,(K) and ¢ ,h = 0. Then, if z ¢ Z,(K) lies in
the coset h, it follows that Yz ¢ B,(M), i.e. yz = dc for some ¢ ¢ C,.,(M).
Let b ¢ C,,1(K) be such that yb = ¢. Then ¢(z — db) = Yz — b =
dc — dc = 0, and therefore there is an a ¢ C (L) with ¢a = 2z — ab.
Since ¢pda = dpa = 3z — 33b = 0, it follows that da = 0 and a € Z (L).
If #’ ¢ H (L) is the coset of a, then, since ¢a and 2 are in the same coset,
it follows that ¢ A" = h.

To prove (2) suppose that h ¢ H,(K) and let z ¢ Z,(K) be in the
coset h. Then yz is in the coset ¥ h of H,(M). Since dz = 0, it follows
from the definition of 9, that d,¢,h = 0. Thercfore image y, C kernel
d,. Suppose now that h e H,(M) and that d,h = 0. Let z ¢ Z,(M) be
in the coset h, and let ¢ ¢ C (K) be such that y¢ = z. Then ¢ 'dc is in
Z.-(L), and is in the coset @, k. Since 8,h = 0, there is a b ¢ Co(L)
such that b = ¢ 'dc or ¢ab = dc. Then d(c — ¢b) = dc — ¢db = 0,
so that ¢ — ¢b ¢ Z,(K), and ¢(c — ¢b) = ¢Yc = 2. Thus if A is the
coset of ¢ — ¢b in H (K), it follows that ¥, h' = h.

To prove (3) suppose that h ¢ H, (M), and let z ¢ Z,(M) lie in the
coset h. Select ¢ e C (K) with y¢ = z. Then thereisa b ¢ Z,_,(L) with
¢b = dc, and b lies in the coset 9, h of H,_ ,(L). Since ¢b ¢ B, ,(K),
it follows that ¢,9,h = 0. Thus image 9, C kernel ¢,. Suppose now
that h ¢ H (L) and ¢ ,h = 0. Let z ¢ Z,(L) be in the coset k. Then
¢z ¢ B,(K), and ¢z = 9dc for some ¢ ¢ Cy,,(K). Then dyc =-¢ydc =
Yoz = 0. Thus yc ¢ Z,.,(M). If b’ ¢ H,,,(M) is the coset of yc, then
it follows from the definition of 4, that 8, A" = h. This completes the
proof of 3.7.

The definitions and theorems for cochain complexes are quite
similar and are obtainable by the sign-changing trick. The analog of
3.51is

THEOREM 3.5¢. The system H = {H'(K),f,,8*} ¥s a covariant -
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functor on the c-category 8Gg [8Gc] of cochain complexes with values in the
category Gr [Gcl.

We return to the remarks made at the beginning of this section
and observe that whenever possible we use the operation of factorization
in groups and chain complexes to pass from pairs to single objects.
Thus instead of the pair (K,L) where L is a subcomplex of K we consider
the exact sequence 0 —» I, — K — K/L — 0. Similarly instead of the
triple (K,L,N) we consider the exact sequence 0 — L/N — K/N —

K/L — 0. This point of view will be followed systematically in the
future.

4. HOMOTOPIES, EXCISIONS, POINTS

In this section we define homotopies, excisions, and points in the
c-categories 8Gr and 98Gc, thereby converting them into h-categories.
The system H = {H,(K),f,,d,} becomes then a homology theory. The
particular definitions of “homotopy,” “excision,” and ‘“point”’ adopted
are motivated by the applications of the next two chapters.

DeriniTiON 4.1. Let K and K’ be chain complexes and let f,g be
two maps of K into K. A chain homotopy D of f into g (notation:
D: f ~ g) is a sequence of homomorphisms

D, C (K)— C,(K")
such that

6q+11)q + Da—laa = 0¢ — fa'

If such a homotopy D exists, f and g are called homotopic and we write
f>~g. If ceCy(K), then D is called the deformation chain of c.

LemMma 4.2, The relation [ ~ g is reflexive, symmetric, and transitive.

Proor. If D = 0, then D: f ~ f. If D: f ~ g, then —D:
g~f. IfD: f~gand D': go~h,then D + D': f~h.

Lemma 43. If fig: K—> L, g Lo M, {f~gand f >~ ¢,
then 'f ~ ¢'g.

Proor. Let D: f~gand D": [’ ~g'. Define D): C(K)—
Coni(M) by D = fiuD, + Dlg,; then a short computation gives
DII: flf ~ g!g'

Turorem 44. If fig: K — K’ are chain homotopic, then their in-
duced homomorphisms

fugx: Ho(K) — H(K")
coincide: f, = g,.

Proor. Let D: fo~<g, and let z ¢ Z,(K). Then Dz = gz — f.
Thus gz — fz e B(K’) and f, = g,.
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DEeriniTION 4.5. A map f: K — L is called an excision if and only if
‘maps K isomorphically onto L.

Turorem 4.6. If f: K — L is an excision, then f, maps H,(K)
tsomorphically onto H (L).

The proof of this “Excision axiom” is of course trivial due to the
very narrow definition of excision that has been adopted.

DEriniTION 4.7. A chain complex K = {C,(K),d} is called pointlske
if 3.2 Co(K) — C,-,(K) is an isomorphism for ¢ even and >0, and
also for ¢ odd and <0.

TueOREM 4.8. If K is pointlike, then H (K) = 0 for q 5 0, and
Ho(K) = Co(K).

Proor. Let q be even and >0. Since 9,: C(K) = C,_(K), it
follows that Z,(K) = 0 and B,,(K) = C,,(K). Thus H,(K) = 0
and H,_,(K) = 0. Similarly H,(K) = 0, H,_,(K) = 0 for q odd and
<0. Since 3,0, = 0 and 3.,8, = 0 and 8, and d_, are isomorphisms, it
follows that 3, = 0, 8, = 0. Thus Zy(K) = Co(K) and B,(K) = 0.
Hence Hy(K) = Co(K).

Theorems 4.4, 4.6, and 4.8 combined with 3.5 yield

TueoREM 4.9. The system H = {H,(K),f,,0,} is a homology theory
on the h-category 8Gr [0Gc] of chain complexes, with values in the category
SGr [Gcl

It should be kept in mind that actually G, [dGc] represents two
h-categories, one with all couples and the other with direct couples only.
Theorem 4.9 holds with either meaning for G, [3G¢].

In the h-category 9Gr [0Gc], we have the concepts of homotopy
equivalence and generalized excision as defined in 1v,9.2. Since every
excision in 4G, [dG¢] is also a homotopy equivalence, and since the
composition of homotopy equivalences is, by 4.3, again a homotopy
equivalence, it follows that in the category 8Gz [0G¢] homotopy equiva-
lences and generalized excisions coincide.

The definitions of homotopies, excisions, and points in the c-categories
0Gr,0Gc of cochain complexes are quite similar and are obtainable from
those for chain complexes by the sign-changing trick. The results for
cochain complexes may be summed up in the following analog of 4.9:

THEOREM 4.9c. The system H = {H'(K),f,,6*} is a covariant §-
functor on the category §Gr [8Gc] of cochain complexes, satisfying the
Homotopy, Excision, and Dimension axioms.

6. DIRECT SUMS AND PRODUCTS

This section reviews the definitions and basic properties of the
cartesian product of spaces, and the direct sum and direct product of
groups.
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DEeriniTiON 5.1. Let {X,} be a collection of sets indexed by a set
M, i.e. for each a ¢ M, X, is a set of the collection. The product
1) [T X.

acM

of the collection is the totality of functions z = {z,} defined for a ¢ M
and such that z,—the value of x on a—is an element of X,. The
element z, is called the a-coordinate of z. For each 8 ¢ M, define the
projection
(2) Ds* I_an — Xp by  ps(@) = z5.
In case the sets X, all coincide with a set X, then the product (1) is
denoted by X™, and is simply the set of all functions from M to X.

DerFiniTioN 5.2. If each X, is a topological space, a topology is
introduced in (1) as follows: If a finite number of X,’s are replaced
by open subsets U, C X,, the product of the resulting collection is a
subset of (1) and is called a rectangular open set of (1). Any union of
rectangular open sets is called an open set of the product. The product
with this topology is called the cartesian product. It is immediate that
the projections (2) are continuous.

LemMma 5.3. A function

f: Y- ]I X.
aeM

defined on a space Y with values in a cartesian product is conlinuous if
and only if, for each a ¢ M, the function

pof: Y > X,
18 continuous.

The proof is left as an exercise to the reader.

The following classical result is due to Tychonoff. For a proof, see
Lefschetz [Algebraic Topology, Colloq. Pub. Amer. Math. Soc., 1942,
p- 19].

THEOREM 5.4. The cartesian product of a collection of compact spaces
18 compact.

We recall that the term ‘‘compact space’ is used here to denote a
Hausdorff space in which the Borel covering theorem holds.

DEerinNITION 5.5. If each X, is an abelian group, then an addition
is defined in (1) by the usual method of adding functional values:

3) 4+ 2)e = 2. + x4,

In this way (1) becomes an abelian group and is called the direct product
of the groups {X.}. If each X, is a compact abelian group, then the
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product with the topology of 5.2 and the group operation just defined
is a compact abelian group called the direct product.

If each X, is an R-module over the same ring R, define addition in
(1) by means of (3) and multiplication by a scalar r ¢ R by

4) (rx), = r-z,.

Then (1) becomes an R-module called the direct product.

In all cases the projections (2) are homomorphisms,

The direct product is thus defined for a collection of groups from
either of the categories Gg,G¢, and the product belongs to the same
category. The same symbolism (1) will be used to denote each of these
products; the particular product in question can always be determined
from the nature of the X.’s.

In case all the groups X,,a ¢ M coincide with a single group G, the
direct product (1) is denoted by G* and is simply the group of functions
on M with values in G.

DEeriniTION 5.6. Let {G.} be an indexed collection of R-modules.
Their direct sum

> G

asM
is the subgroup of their direct product [ | G, consisting of those elements
having all but a finite number of coordinates equal to zero, i.e. g, =
0 ¢ G, for all but a finite number of @ ¢ M. ForeachBe M , define the
injection

. . g for a =8,

(5) 4 Gy — 2 G by  (is(9)a =
0 for a # .

It is clear that 7, is an isomorphism of G5 onto a subgroup of »_G,.

In case M is a finite collection, then of course the direct sum and
direct product coincide.

In case each G, is a compact group, 2 G., as a subset of H G., has
a topology which makes of it a topological group. In addition, each p;
is continuous. As a subspace of the direct product, Y. G, is not a
closed subspace (indeed, it is everywhere dense), and is therefore not
compact, It is for this reason that the direct sum is not a useful opera-
tion to apply to compact groups.

DEFINITION 5.7. A projective representation of a group G as a direct
product consists of a family of groups {G.} indexed by a set M, and a
homomorphism 7, of G onto G, for each «, such that the homomorphism
n:. G — ][] G, defined by (ng). = n.g is an isomorphism. If, in addi-
tion, each G, is given as a factor group of G by a subgroup, and 1, is the
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natural homomorphism, then G is said to decompose into the direct
product of the factor groups {G,}.

DeriniTiON 5.8. Let G be an R-module. An tnjective representation
of G as a direct sum consists of a family of R-modules {G,} indexed by
a set M, and a homomorphism £, of G, into G for each «, such that
the homomorphism ¢ Y G, — G, defined by assigning to each element
of X G, the sum > £,g, of the images of its nonzero coordinates in
G, is an isomorphism. If, in addition, each @, is a subgroup of G and
£, is the inclusion map, then G is said to decompose into the direct sum
of the subgroups {G,}. This is the case if and only if each ¢ ¢ G can
be expressed uniquely in the form

g=ga;+"'+ga-’ ga-EGn

where a,, - -- , @, are distinct elements of M.

If {G.} is any collection of groups, it is clear that [ ]G, and 3 G,
are represented as the direct product and sum, respectively, of the
groups {G,} by means of {p.} and {7.}.

6. FREE MODULES AND THEIR FACTOR GROUPS

DeriniTION 6.1. Let G be an R-module and X a subset of G. The
set X is said to be linearly independent if, for any distinct elements
Zy, +-- , z, of X, the relation r,z, + --- + r.x, = 0, r, ¢ R, implies
ry = +-» =71, = 0. The set X is said to generate G if no proper sub-
module of G contains X. If X is linearly independent and generates
@, then X is said to be a base of G and G is called free. In this case
every element g ¢ G can be represented uniquely as g = rz, + -+ +
r.x, where r, e R, z, ¢ X, and z,, - - - , x, are distinct.

If X is a base of G and ' is any R-module, then it is clear that
every function ¢: X — G’ can be extended uniquely to a homo-
morphism ¢: G — @'

It is well known that, if R = F is a field, then every vector space
@G over F is free.

Lemma 6.2. If G,G' and H are R-modules, ¢: G — G’ and y¢:
H — @' are homomorphisms, ¢ is onto and H 1s free, then there exists a
homomorphism 6: H — G such that ¢80 = .

Proor. Let X be a base of H. For each z ¢ X select 8(z) ¢ G so
that ¢0(x) = ¢(x). This is possible since ¢ is onto. The function
6: X — @ extends to a homomorphism 6: H — G which then satisfies
90 = .

LemMa 6.3. If H is a submodule of G and G/H is free, then H is a
direct summand of G.
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Proor. Consider the natural homomorphism : G — G/H and the
identity map : G/H — G/H. By 6.2 there is a 6: G/H — G such
that #6 = 7. This implies that G decomposes into the direct sum of
the image of 6 and the kernel of 4 which is H.

Since every vector space is free, we have

CoROLLARY 6.4. Every subspace of a vector space is a direct summand.

DerinrTioN 6.5. For any set X, let Rx be the set of all functions
f: X — R such that fz # 0 for at most a finite number of z ¢ X.
With addition and multiplication defined by

(fi + fx = fiz + for,  (tf)z = r(f2),

Ry is an R-module. As is customary, we identify each = ¢ X with the
function which is 1 on z and zero elsewhere. Then, if f has the nonzero
values 7, --- , r, on x,, --+ , z, respectively, and is zero elsewhere,
we have f = D 1 raz,. It follows that Ry is a free R-module having X
as a base. It is called the free R-module generated by X.

If X’ is a subset of X, the inclusion map X’ C X extends uniquely
to an isomorphism of Rx. with a submodule of Rx. If X is represented
as a union \UX, of disjoint subsets, the inclusion maps X, C X induce
an injective representation of Ry as a direct sum: Ry = Z, Ry..

DEerFINITION 6.6. Let G be an BR-module and X C G a set generating
@G. The inclusion map X — G can then be extended to a homomorphism
0: Rx — G which maps Ry onto G. Let Y be any set generating the
kernel of 6. Then we say that G is represenied by generators X and
relations Y. Note that each element of ¥ can be written as a formal
finite linear combination of elements of X with coefficients in R, and,
when evaluated in G, this linear combination yields zero.

LEMMA 6.7. Let G be the R-module given by generators X and rela-
tions Y and let G’ be given by generators X’ and relations Y'. A function
f: X — X’ can be extended to a homomorphism ¢: G — @' if and only
if for every element riz, + -+ + rux, e Y, v, e R, x;, ¢ X, the element
rnf(x) + --- + r.f(z,) € Rx., is a linear combination of elemenis of Y’.
If this condition is satisfied, the homomorphism ¢ extending f is unique.

Proor: Lety: Rx — Ry. be the homomorphism extending f and
let N and N’ be the kernels of the natural maps Ry — G, Rx. — G'.
Then Y and Y’ generate N and N’ and the condition of the lemma is
equivalent to ¢(N) C N’. The homomorphism ¢ is then induced by .

LemMA 6.8. If R is a principal ideal ring (i.e. a domain of integrity
in which each ideal has the form Rr for some r ¢ R), then every submodule
of a free R-module is also a free R-module.

Proor. Let G be a free R-module, let X be a base for G, and let H
be a submodule of G. We assume the choice axiom, and may therefore
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suppose the elements of X are well ordered: z,z;, <+ , z,, *--
For each ordinal «, let A, be the submodule of those elements of H
which are linear combinations of the z; with 3 < «, and let B, be the
submodule of those elements of H which are linear combinations of the
x5 with 8 < a. Then each a ¢ A, is of the form a = b + rz, where
beB,. The coefficient r is a function of a and provides a homomorphism
of A, onto an ideal I, of R. The hypothesis on R implies that I, is
a free R-module. By 6.3, A, is the direct sum of B, and a submodule
C, isomorphic with I,. We will show that H is the direct sum of the
submodules C,. If « < 8, then C, C A, C Bg; hence C, N\ Cs = 0
Let a, ¢ H; then a, ¢ A,, for some «,. Thus a, = a, + ¢, where ¢, ¢ C.,
and a, ¢ B,,. Then a, ¢ A,, for some a;, < «a, Iterating this pro-
cedure, we obtain a sequence a, < a,., < --- < ap and elements
¢, eC,, fori =01, ---, nsuch that ay = a,,, + ¢, + --- + ¢, where
a,,, € B,,. Since each decreasing sequence of ordinals is finite, it
follows that a,., = 0 for sufficiently large n. Thus H is the direct sum
of the modules C,. Since each C, is free, it follows that H is free.

When R is the ring of integers, an R-module is an ordinary abelian
group. Hence 6.8 implies

CoroLLARY 6.9. Any subgroup of a free abelian group is free.

7. FINITELY GENERATED GROUPS

In a great many of the applications of homology theory the spaces
involved are triangulable and the coefficient group is the group of
integers. In such a case, the homology groups encountered are gene-
rated by a finite number of elements. The structure of such a group
is easily described: it is a direct sum of cyclic groups. Its structure
can be characterized by numerical invariants. Moreover, starting with
any finite set of generators and relations, there is an algorithm for
obtaining a second set of generators which gives the direct sum de-
composition, and, at the same time, the numerical invariants. Conse-
quently the finitely generated groups are of the utmost importance in
applications of homology theory.

The object of this section is to review this algebraic material and
state the applications to chain complexes.

We recall that a matrix A = (a,,) with integer elements is said to
be unimodular if it has the same number of rows as columns, and its
determinant is 41 or —1. In this case the inverse of A, denoted by
A7' = (a,,), has integer elements and is unimodular. Under ordinary
matrix multiplication, the unimodular matrices, of a fixed order, form
a group.
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Let F be a free group with a finite base z,, --- , z,, and let (a,;)
be a unimodular matrix of integers of order n. Then the elements
Yo = 2 7m au%; (¢ = 1, -+, n) also form a base for F. To prove

this, observe, first, that the y’s generate F; for z; = D, @,y In addi-
tion, the y’s are independent. For suppose Y ie; ¢y, = 0. Then

¢.i 6,a,;x; = 0. Since the #’s are independent, this implies D, ¢,a;; =
0 for each j. Therefore 0 = Y., €.8:,8, = 2 €0, = Ce.

Suppose now that F,F’ are free groups with finite bases z,, -+ , %
and zj, - -+, z,, respectively (see 6.1 with B = integers). If f: F— F’
is a homomorphism, then, for each %, f(z,) = 2.y b,;x, for some in-
tegers b,, and f is completely determined by the matrix B = (b,,).
Conversely, any m X n-matrix B corresponds to a homomorphism. If
the bases (z),(z') are transformed into bases (y),(y’) by unimodular
matrices of integers A and A’, then the matrix of f in terms of (¥),(y’)
becomes ABA’™'. Thus, to the homomorphism f corresponds an
equivalence class of matrices of integers. At this point we state for
future reference the classical theorem on the reduction of such matrices
to canonical form by an equivalence.

TueOREM 7.1. If B is an m X m-mairiz of integers, then there exist
unimodular matrices-of integers A and A’ of orders n and m, respectively,
such that (1) the matrix C = ABA’™" is in diagonal form, and (2) if
dy,d,, --- are the diagonal elements of C, then each d, = 0 and d, s a
divisor of d,4y fori = 1, --- , Min (m,n) — 1. Furthermore C is unique
in the sense that the array of diagonal elements is the same for all equivalent
diagonal matrices satsifying (2).

In terms of the homomorphism f: F — F’, the theorem asserts
that there exist bases (y),(y") of F,F’ such that

(1) f(?/.) = d.y:, ('L = l’ ) P)'

The number p is the rank of B and is the number of nonzero diagonal
elements of C. This result has many consequences.

Suppose, for example, that f is an isomorphism. Then each d, =
and m = n. Therefore C is unimodular, and B = A™'A4’ is also uni-
modular. Thus, in terms of any bases (z),(z), an isomorphism corre-
sponds to a unimodular matrix.

If this last result is applied to the case F = F’ and f = identity,
we obtain that any two bases for F are related by a unimodular matrix.
The number n of elements in any base is the same for all bases. It is
easily seen that n is the rank of F (see Exercise 1,H for definition of
rank).

TraEOREM 7.2. Suppose the group G ts tsomorphic to the factor group
of a free group F’ of finile rank m by the homomorphic image of a free
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group F of finite rank. Then G can be decomposed into the direct sum of
r = minfinite cyclic groups and 1 = m — 1 finite cyclic groups of orders
6,, - -+, 0, where each 6, > 1 and 0, divides 6;,, fori = 1, --- , r — 1.
The numbers r,6,, - -+ , 6, are invariants of G. Precisely, if G is decom-
posed in two ways as a direct sum of cyclic groups in which the orders
of the finite cyclic groups divide one another successively, then the numbers
7,0y, - -+, 0, are the same for the two decompositions.

Proor. As shown above we may choose bases (y), (') in F,F’ so
that the homomorphism f: F — F’ has the form (1). Let
Ji (¢ =1, -+, m) be the subgroup of F’ generated by 4/, and J, (: = 1,

-, p) the subgroup generated by d,y.. Then F’ decomposes into the
direct sum .7 J/, and the image of f decomposes into > % J.. This
yields

[ J[. m
G=> T+ > Jh.
1 * p+1
If we define 6,, -- - , 8, to be those d’s which exceed 1, then the asserted
decomposition has been demonstrated.

Since r is just the rank of G, its invariance is obvious. Let G’ be
the subgroup of elements of finite order in G. For any integer n,
g — ng defines a homomorphism G’ — G’; let nG’ denote the image
group, and ¢(n) the number of elements in nG’. Given any decompo-
sition of ¢ as described above, the numbers 8, are easily shown to satisfy

6, 6, 0

n) = L EE I
¥ = G G o)
where (6,n) denotes the greatest common divisor of 8 and n. For any
o =1, ..., 7, the equation

b6 6 _
(ol)n) (0,,71)

holds if we set n = 6,, and is false for any positive n less than 6,. This
follows since 6, divides 6,,,. Therefore 0, is the least positive value
of n satisfying ¢(n) = 1; and 6, (¢ < 7) is the least positive value of n
satisfying

1

ov+l 07
n) = “ o .
A O R )
This provides an inductive definition of 6,,8,_,, --- , 6, in terms of the

function ¢. Since ¢ is invariantly defined, the 6's are likewise in-
variants. This completes the proof.

THEOREM 7.3. The conclusions of the preceding theorem hold for any
group G having a finite number m of generators.
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Let x,, -+ , z,. be a set of generators of G, and let F’ be the free
group they generate (apply 6.5 with R = the integers). Then the
inclusion {z,} C @ extends to a unique homomorphism % of F’ onto G.
It follows that @ is isomorphic to F'/F where F is the kernel of k. By
6.9, F is a free group. As the rank of F cannot exceed that of F’, it
follows that F has a finite base. Let f be the inclusion map F C F'.
Then we have shown that G satisfies the hypotheses of 7.2, and the
proof is complete.

REMARK. An analysis of the proof of 7.3 reveals several nonconstruc-
tive steps. One is the nonconstructive nature of the proof that the
integers form a principal ideal ring (see 6.8), and another is the use of
the choice axiom in the proof of 6.2. In contrast, the proof of 7.2
(including the reduction of the matrix to diagonal form) is entirely con-
structive; the decomposition of G can be found in a finite number of
steps starting with bases in F,F’ and the matrix for f. In applications
of this section to finite chain complexes, we shall use 7.2 rather than
7.3, and thereby remain within the realm of effective procedures.

8. CANONICAL BASES IN A FINITE COMPLEX

DeriniTioN 8.1. A chain complex K is said to be finite, if, for each
g, C(K) is a free group on a finite base. Then H,(K) also has a finite
set of generators. The rank R, of H,(K) is called the ¢** Belti number
of K. The invariants 6%, --- , 67, of H,(K), described in 7.2, are called
the ¢*® torsion numbers of K. The ranks of C,(K) and B,(K) are denoted
by «, and 8,.

TueEoreM 8.2. If K is a finite chain complezx, then

Ra = ay — ﬁa - Ba—l-

Furthermore, there exisls a set of bases, one for each C(K), with the fol-
lowing properties: For each q, the base for C,(K) is composed of five
types of elements,

Qg t=1,-, 8, — 7o
b;; J=1 -, 7

C:, k=1, -, Ry,

doln [ = I, o0y Tamny

€% m=1, -, Beu1 — Te1.

For each q, the homomorphism 9, is given by

da; = 0, a.bi = 0, 9.0 =0
dds = 697'b_,, deh = ap,.
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Such a set of bases is called canonical, and the boundary operator is said
to be in diagonal form.

Proor. Since C..,(K) is free, we have, by 6.3, that Z (K), the
kernel of d,, is a direct summand of C,(K). For each ¢, we choose a
decomposition of C,(K) into a direct sum C(K) = Z,(K) + W (K).
Then 3, defines an isomorphism of W (K) into Z,_,(K). Since both
are free groups on finite bases, there exist bases (y),(y’) in these groups
(see 7.1) such that 9, has the form

.y, = d.yl, i=1, -, Be.

Since the kernel of 8, is Z,(K), no d, is zero. Those y,, for which d,, = 1
are relabeled ¢%, the corresponding y,. are denoted by a;.,. The re-
maining y’s are denoted by d., and the corresponding »"’s by b._,. The
remaining y'’s are denoted by ci_,. With these choices of base elements
for each ¢, the boundary operator has diagonal form. Then H (K)
decomposes into the direct sum of cyclic groups generated by the cosets
of the base elements b, and ¢;. This decomposition has the form de-
scribed in 7.2. Therefore the number of generators ¢ is R,. Since the
torsion numbers are invariants, the d’s associated with the b,’s must
be the torsion numbers of H,(K). This establishes the canonical form
of the boundary operator and the ranges of the indices j, k, and I
Since the elements a, and 6%. form a base for B,(K) of rank B, the
range of 7, and therefore of m, must be as indicated. The relation on
R, follows from the fact that the number of generators of all five types
is a,.

It is important from the computational standpoint to observe that
the reduction to the canonical form of 8.2 can be carried out in a finite
number of steps, for any finite number of ¢’s, starting with bases in
each group and the matrix of integers describing each 8, in terms of
these bases. This follows from the fact that the reduction to diagonal
form described in 7.1 is a finite process. One would begin with the least
¢ and reduce 9, to some diagonal form. This provides a new base for
C, including a base for Z,, and a new form for the matrix of d,., which
now involves only the base elements of Z,. The matrix of 9,4, Covr —
Z, is then reduced to diagonal form. This provides a new base for C,.,
including a base for Z,.,, and a new matrix for d,.2: Cqos2 — Z,.1, ete.

The analogs of 8.1 and 8.2 for finite cochain complexes are left to
the reader.
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9. THE TENSOR PRODUCT

DEerINITION 9.1.*  The tensor product C ) G of two R-modules C and
G is the R-module generated by the set of all pairs (c,g), ¢ £ C, g ¢ G with
relations

1 (c1 + €3,9) — (c1,9) — (c29) = O,
(e,gr + g2) — (c,g0) — (c,92) = O,
(2) (TC;g) - r(c,g) = 0; (C;Tg) - T(C,g) = 0.

Following 6.5, C ® G is obtained then as follows: Let R(C,G) be
the free R-module generated by the set of pairs (c,9) and let Y(C,Q@)
be the least subgroup of R(C,G) containing all the elements of the form

(cl + c?)g) - (cl)g) - (chg)) (crgl + g2) - (c,gl) - (cyg2)7
(re,g) — r(cg),  (erg) — r(c9),
then
C®G=RCH/Y(CGH.

The element of C ® G which is the image of the generator (c,g) of
R(C,G@) will be denoted by ¢ ® g. These elements generate the group
C ® @ and the relations are

(1) (Cx+cz)®g=cl®g+cz®g;
cR®+9)=cR®q +¢c® g,
) () ®g=rc®g) =c® (rg).

If g is a fixed element of G, the correspondence ¢ — ¢ ® g is a homo-
morphism ¢ — C ® G. Similarly, if ¢ is fixed, g — ¢ ® ¢ is a homo-
morphism @ — C ® G. Thus (1’) implies

B (X®g=2R9) cc®2Lg=2(C®4),
@) 0®g=0, c®O0=0.

Lemma 9.2. If G is an R-module, the correspondence f: RQ G — @G
defined by f(r @ g) = rg is an isomorphism. Similarly, G @ R = G.
In the sequel both B @ G and G @ R will be identified with G by these
isomorphisms.

Proor. Consider first the map f': R(R,G) — G defined by
f'(r,9) = 7g. Since R(R,G) is free, and the pairs (r,g) form a base,
f’ is a homomorphism. It is easily seen that f’ has the value 0 on each
of the four relations of (1) and (2). Therefore f’ maps Y(R,3) into 0,
and thereby induces a homomorphism f of the factor group B ® G into

*Assume throughout that R is commutative. Tensor products over non-com-

mutative rings are treated in the book of H. Cartan and S. Eilenberg: Homological
Algebra (Princeton Press) 1956.
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G such that f(r ® g) = 7g. Since f(1 ® g) = g, f is onto. Applying
(2’) and (3), we have

2= 21Qng =10 2 ..

f=1 1=1 s=1

Therefore each element of B @ G can be written in the form 1 ® g.
If fl®g) =0, then g = 0. This implies1 ® g = 0. Hence f is an
isomorphism.

DerFiniTION 9.3. Iff: C—C’andh: G — G’ are homomorphisms,
the correspondence ¢ ® g — (fc) ® (hg) defines a homomorphism

fRM CRG-HCREF

called the homomorphism of the tensor produet induced by the homo-
morphisms f and h. Precisely, the map (c,g) — (fc,hg) defines a
homomorphism R(C,G) — R(C’,G") which carries Y (C,@) into Y (C'®),
and thus induces a homomorphism f ® h of the tensor products.

In case @ = G’ and h is the identity, we shall speak of f ® h as
the homomorphism C ® G — C’' ® G induced by f and will denote it
by a symbol such as f”.

The proof of the following proposition is immediate:

TeEOREM 9.4. If 7. C — C, 2 G — @ are identity maps, then
1®J CRG—-CQQG isthe identity. If f: C—-C', f: C' — (",
h: GG,k G — G then (f'f) @ (W'h) = (f' @K )(f ®h).

This theorem states that & is a covariant functor of two variables,
in the category G with values in Gg.

THEOREM 9.5. Let C and G be represented as the direct sums (see
5.8)

C=2C, G=2G,

aM BV
by means of the injections
ta: Co—C, Je: Gg— G
Then, for « ¢ M and B8 ¢ N, the homomorphisms
w®Js Ca®G—-CQRC

have zero kernels, and they provide a direct sum representation

CRG= Y, C.® G,
(a,p)
Proor. Let p,: C — C,, r5: G — G be maps such that p.i, =
identity, p..ta = 0 for o’ # a, r5j; = identity, and 7575 = 0 for
B’ #= B. It follows that (p. ® 75)(ta ® js) = identity and (p.. ® 7s)
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(ia ® js) = O for (a,8) # (¢/,8"). Any element h of 3 C, ® G5 can
be written uniquely as a finite sum h = ) h,s of its nonzero com-
ponents. Define

i 2C.®G —>C®G by [ = % (Ga®jhas

Then (p. ® 75)f projects k into its component h.s. It follows that f
has kernel zero. Let ¢ ® ¢ be any generator of C ® G. Then ¢ =
> iaca and g = D jsgs, and f(O ca ® g5) = ¢ ® g. Therefore f is
onto, and the proof is complete.

LEMMA 9.6. If C is a free R-module with base X, then C ® G 1is
generated by elements x @ g with relations x ® (g1 + ¢g2) = 2 @ ¢» +
TR g andr(x®g) = @ rg. If G is also a free R-module with base Y,
then C ® G is a free R-module with base {r @ y},ze X, ye Y.

This is an easy consequence of 9.5 and 9.2.

LemMmAa 9.7. If f 7s a homomorphism of B onto C, then the induced
homomorphism B ® G — C ® G s also onto.

ProoF. An element of C ® @ is a finite sum 2 ¢, ® g.. For each
c, select a b, ¢ B such that f(b;) = ¢,. Then fO_b,®g.) = 2. ®g..

Lemma 9.8, If

f h
0> A —->B—->C—-0

18 an exact sequence of R-modules and homomorphisms, then the induced
sequence
fl hl
ARG —>BRG—-CRGE—-0

s also exact. (Note: no statement is made about the kernel of f'.) If,
further, the image of f is a direct summand of B, then the sequence
f’ hl
0> ARG —->BRG—-CRG—0

s exact, and the image of f' is a direct summand of B ® G.

Proor. The second part of the lemma follows from the first and
from 9.5. By 9.7, A’ is onto. It therefore remains to show that image
f' = kernel k. Let T denote the image of f'. If a ¢ A, g ¢ G, then
Kf'la®g) = (hfa) ® g = 0® g = 0. Therefore T is contained in the
kernel of h’. Hence h’ induces a homomorphism A"”: B ® G/T —
C ® G such that the composition of the natural map @ B ® G —
B ® G/T followed by A is I'.

Since h is onto, there is a function ¢: C — B (not necessarily a
homomorphism) such that h¢ is the identity. Define

¢: R(C,G)— B @ G/T by ¢'(c,g) = n((¢c) ® 9)-
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Since R(C,G) is free, ¢’ is a homomorphism. It js obvious that ¢’ maps
(c,9: + g2) — (c,9) — (¢,92), 7(c,9) — (c,rg), and r(c,g) — (rc,g) into
zero. Suppose ¢,,¢; € C and g ¢ G. Since

h(gle, + ;) — ¢, — ¢c,) = he(c, + c;) — hee, — hoc,

=(cl+cz)—cl_62=0,

exactness implies there is an @ ¢ A such that f(a) = ¢(c, + ¢,) —
¢c; — ¢c,. Hence

¢'((cy + ¢2,9) — (¢1,9) — (c2,9))
n(plc, + c) ® g — (¢cy) ®g — (¢Cz) ® 9)
(@l +¢) —dar —d¢) ®9) = 21(f(@) ® 9) = nf'(a® g) = 0.

Thus ¢’ maps Y (C,G) into zero. Therefore ¢’ induces a homomorphism
¢: C®G— B®G/T. Furthermore

o"h""(b®g) = ¢"M'(b® g) =¢'(hd) ® 9) = n(($hd) ® g).

But ¢hdb — b is in f(A); hence n((¢phd) @ g) 7(b ® ¢). This implies
¢’k = identity, and, therefore, kernel A’/ = 0. Since b’ = h''y, it
follows that T is the kernel of k’. This proves 9.8.

Let G be an ordinary abelian group, or equivalently, a J-module
where J is the ring of integers. If p is an integer, the operation g — pg
is a homomorphism of G into G whose image is denoted by pG.

LeMMA 9.9. Let G be an abelian group, p an integer, and let n: G —
G/pG be the natural homomorphism. Then the correspondence n @ g —
n(ng) defines an isomorphism

(J/pJ) ® G = G/pG.

Proor. Define f: J — J by f(n) = pn; and let h: J — J/pJ be
the natural homomorphism. Then f,h satisfy the hypothesis of 9.8.
Therefore

I

fl hl
JRG—->JRG— (J/p))®G — 0
is exact. By 9.2, we may identify J ® G with G. Then f’ becomes the
homomorphism g — pg; hence kernel A’ = image f/* = pG. Since b’ is
onto, the stated isomorphism is proved.

LemmA 9.10. If p and q are integers, and r is their greatest common
divisor, then

J/pd) @ (J/qJ) = J/rJ.

This follows from 9.9 in view of the well-known proposition

(J/qD)/p(J /) = J/rJ.
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As an example, let G be a cyclic group of order 4, and let f: J — J
be defined by f(n) = 2n. Then J ® G is cyclic of order 4, and f’:
J®G—J®Gisgiven by f'(n ® g) = 2(n ® ¢g). Thus the kernel
of f is zero, while that of f” isnot. This example shows that the concept
“subgroup’’ is not preserved in general under tensor products. This
means that the symbol ¢ ® ¢ is ambiguous in a situation where ¢ ¢
CCCorgeGCQd@.

So far we have considered ® as a functor (of two variables) defined
on G and G with values in G;. However we may also consider ® as
a functor defined on § (= the category of ordinary abelian groups) and
Gr with values in Gz. Indeed let C be an abelian group and G an R-
module. Define ¢ ® G by regarding G as an abelian group. Then
convert C ® G into an R-module by setting

rc®g) = c®rg.

We must verify that, if f: C — C’, h: G — G’ are homomorphisms,
then f ® h is a homomorphism of R-modules. Indeed we have

r(f @ W ® g) = rl(fo) @ (hg)] = (fo) @ r(hg)
= (fo) @ h(rg) = (f @ W(c @ r9)
=[f@nNrC®y9).
With this verified all the previously stated results remain valid for this
modified ® product. '
We shall also generalize the tensor product to a functor on G’ and
Q¢ with values in G¢, where G’ is the subcategory of G consisting of
finitely generated abelian groups and their homomorphisms. This re-
quires some preliminaries.
LEmMmA 9.11.  Let C be a free group on a finite base ¢y, - -+ , c,. Each
element of C ® G can be written uniquely in the form Y : ¢, @ g.. The
SFunction defined by

f(f;:ﬁ@g-) = (g1, gn)

18 an tsomorphism of C @ G with the direct sum G, (= the direct product
G™) of n-factors equal to G.

Proor. If C, is the subgroup generated by c,, then C decomposes
into ), C:. Applying 9.5, we obtain an isomorphism C® ¢ = 3_ C, ®
G. Then 9.2 provides an isomorphism C, ® G = G. Combining these
yields the isomorphism f.

DEeriNITION 9.12. Let G be a compact group and C a free group on
the base ¢,, - - - , ¢.. The direct product G* of n-factors G is a compact
group. The isomorphism f: C ® G = G” of 9.11 is now used to carry
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over the topology of G" into a fopology for C ® G. Then C ® G is a
compact group and f is continuous.

Lemma 9.13.  The topology of C ® G s independent of the choice of
the base in C.

Lemma 9.14.  Let C,D be free groups on finite bases, and f: C — D
a homomorphism. Let G,H be compact groups and h: G — H a homo-
morphism. Then f @ h: C® G — D ® H s continuous.

Proor. We shall prove 9.13 and 9.14 simultaneously. Lete,, ---,c,
and d,, --- , d,. be bases in C and D used to define the topologies in
C®Gand D@ H. Then fisgivenby f(c,) = 2 rya,d,G=1,---,n)
where (a,;) is a matrix of integers. It follows that

Gon( Leon)=2( T a)on

Z_:, d, ® ( ; a,,hg.).

Using the isomorphisms C ® G = G", D ® H = H™ of 9.11, we see
that f ® h corresponds to a map ¢: G" — H™ given by

¢(gl; Tty gn) = < Zallhgu Tty Zla'"‘hg‘).

1=1

Since h is continuous and the a’s are integers, it follows that ¢ is con-
tinuous. Hence f @ h is continuous; and 9.14 is proved. Now let
C = D and G = @, and let f,h be the identities. Then f ® h is the
identity and is continuous. This proves 9.13.

DeriniTiON 9.15. Let C be a group with finite set of generators,
and let

7 n
R—-F—>C

be a representation of C as a factor group of a free group F on a finite

base (7 is the inclusion map, and 7 is the natural homomorphism). Let
G be a compact group. In the induced diagram

4 ’

1 n
RRG-FRG-CREG

R ® G and F ® G are compact, ¢’ is continuous, and by 9.8, 5’ is onto
and kernel n' = image 7. In this way C ® G is isomorphic to the
compact group F @ G/image 7’. Using this isomorphism we carry over
the topology of the factor group to provide a fopology in C ® G. This
is equivalent to defining a set U C C ® G to be open if n'~'(U) is open
in F®G.
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LEMMA 9.16. If C has a finite set of generators and G is compact, the
topology of C ® G is independent of the representation C = F/R.

Lemma 9.17. If C,D have finite sets of generators, and G,H are
compact, and f: C — D, h: G — H are homomorphisms, then f ® h:
C® G — D ® H is conlinuous.

Proor. The two lemmas are proved simultaneously. Let

) n o M
R—-F —C, R, - F, - D
be the representations used in defining the topologies of C @ G and
D ® H. By 6.2, there is a homomorphism f,: F — F, such that
fn = mfi. Therefore commutativity holds in the diagram

nl

FRGCG — C®G
lﬁ®h V®h

’

m

By 9.15, »’ and #{ are continuous. By 9.14, f; ® A is continuous.
Then %{(f, ® h) is continuous. This implies that (f ® h)%n’ is con-
tinuous. Thus, if U is open in D ® H, it follows that 7' (f ® k)™ (U)
is open in F ® G. By the remark at the end of 9.15, this last implies
that (f ® h)"}(U) is open. Hence f ® & is continuous, and 9.17 holds.
If we specialize f and & to be identities, we obtain 9.16.

It is necessary to review previous results under the assumption that
C ® G has a topology and observe the effect on the conclusions. In
9.2, the function f is continuous since it is the one used in defining the
topology. The same remark applies to the function f of 9.11, and to
the isomorphism of 9.9. If the hypotheses of 9.4,7,8 are strengthened
by assuming the continuity of the appropriate functions, the corre-
sponding functions in the conclusions are also continuous by 9.16. In
9.5, if G is to be compact and C to be finitely generated, the index
ranges M and N must be finite, each C, must be finitely generated,
and each G compact. Assuming each js to be continuous, then 7, ® 7
is continuous and the final isomorphism likewise.

Summarizing we have

TreEOREM 9.18. Let G denote the calegory of ordinary abelian groups
and their homomorphisms, and let G’ denote the subcategory of groups
having finite bases. Then the tensor product is defined in the following cases:

1 C e Gg, Ge Gr, . then C®Ge G,
(2) CIS 9, GE gp,, then C®GE gg,
3) Ceg, Ge G, then C®Ge Q.
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All the preceding results of this section are valid in cases 1 and 2. The
same ts {rue in case 3 except for the direct sum Theorem 9.5 which is valid
when restricted to finite sums.

10. GROUPS OF HOMOMORPHISMS

DEeriniTION 10.1. Given two R-modules C and G, denote by
Hom(C,G) the R-module of all homomorphisms

¢: C - @
with addition ¢, + ¢, defined by

(@1 + ¢2)(c) = é:1(c) + ¢:(c),
and with the product r¢ defined by

(r¢)(c) = r(@(c)) = ¢(rc).

In a sense, Hom(C,®@) is dual to C ® G. This duality becomes
apparent if the results of this section are compared with the similarly
numbered results of §9.

LemMa 10.2.  If G is an R-module, the correspondence f: Hom(R,G)
— G defined by f(¢) = ¢(1) 7s an isomorphism.

Proor. Since (¢, + ¢.)(1) = ¢,(1) + ¢.(1), f is a homomorphism.
Since 1 generates R, f(¢p) = O implies ¢ = 0. Since R is free, there
is a ¢ having any prescribed ¢(1).

Derinirion 103. If f: C' — C and h: G — @ are homomor-
phisms, the correspondence ¢ — h¢f defines a homomorphism

Hom(f,h): Hom(C,G) — Hom((C',G’).

The proof of the following proposition is immediate:

Tueorem 104. Ifi: C — C and j: G — G are identity maps,
then Hom(z,7) s the identity map of Hom(C,G). If f: C' — C, f":
" —- C, M: G - G, K: G — G', then Hom(ff,h'h) =
Hom(f’,h’YHom(f,h).

Briefly, the theorem asserts that Hom is a functor contravariant in
the first variable in Gz, covariant in the second variable in G, and with
values in Gg.

TrEOREM 10.5. Let C be represented as a direct sum C = Z,, uCa
by means of the injections i,: C, — C. Let G be represented as a direct
product G = [ s Gs by means of the projections py: G — Gp. Then
the projections

Hom(z,,p5): Hom(C,G) — Hom(C,,Gp)
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represent Hom(C,G) as a direct product
Hom(C,@) = H Hom(C,GY), (a,8) e M X N..

Proor. The Hom (¢,,ps) are the components of a homomorphism
f: Hom(C,G) — [] Hom(C,,Gs). Suppose ¢ ¢ Hom(C,R) is not zero.
Then for some « and ¢, ¢ C,, we have ¢i,c, ¥ 0. Then there is a 8
such that pgpi.c, ¥ 0. Thus Hom(7.,ps) applied to ¢ is not zero.
Hence f¢ £ 0 and the kernel of f is zero. Suppose ¢.s ¢ Hom(C,,Gs)
is given for each (a,8) e M X N. For any c ¢ C, write ¢ as a finite
sum ¢ = 2 1,6, and define ¢sc = 2 ¢asca. Then ¢4 ¢ Hom(C,Gs)
for each 8 ¢ M. These are the components of a ¢’ ¢ Hom(C, H Gs).
The corresponding ¢ ¢ Hom(C,&) has the property Hom(i.,p5)¢ = dbas.
Thus f is an isomorphism.

Lemma 10.6. If C is a free R-module with base X, then Hom(C,G) is
isomorphic with the module G* of all functions X — G, the isomorphism
being obtained by assigning to each ¢: C — @G the function X — G defined
by ¢.

The proof is obvious.

LemMA 10.7. If f is a homomorphism of B onto C, then the kernel
of the induced homomorphism f': Hom(C,G) — Hom(B,Q) s zero.

Proor. If ¢ e Hom(C,Q) is not zero, choose ¢ e C such that ¢(c) = 0.
Then choose b ¢ B such that f(b) = ¢. Then (f'¢)b = ¢f(b) #= O.
Hence f'¢ is not zero.

Lemma 10.8. If

f h
0->A—>B—->C-—-0

18 an exact sequence of R-modules and homomorphisms, then the induced
sequence
h’ f’
0 — Hom(C,&) — Hom(B,G) — Hom(4,0)

is exact. If, further, the image of f is a direct summand of B, then the
sequence
hl f/
0 — Hom(C,G) —» Hom(B,G) —» Hom(4,G) — 0

18 exact and the 1mage of I’ is a direct summand of Hom(B,G).

Proor. The second part of the lemma follows from the first and
from 10.5. By 10.7, the kernel of h’ is zero. It therefore remains to
prove that image b’ = kernel f’. If ¢ ¢ Hom(C,@), then (f'h'¢)(a) =
¢hf(a) = 0 since hf = 0. Therefore image ' C kernel f’. Suppose
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¢ ¢ kernel f’. Then ¢f(a) = 0 for a ¢ A, and ¢(b) = O for b ¢ kernel h.
Hence ¢ ‘induces a homomorphism ¢’ of B/kernel k into G. Since h
is onto, B/kernel h is naturally isomorphic to C, and ¢’ can be regarded
as an element of Hom(C,G). Clearly h'¢’ = ¢; and we have image
k' = kernel f’.

LemMaA 10.9.  If p is an integer, the correspondence f: Hom(J/pJ,@)
— @ defined by f(¢) = ¢(1) is an isomorphism of Hom(J/pJ,G) onto
the subgroup of G of elements of order p.

The proof is immediate (compare with 10.2).

Lemma 10.10.  If p and q are tntegers, and r s their greatest common
diwvisor, then

Hom(J/pJ,J/qJ) = J/rJ.

This follows from 10.9 and the isomorphism
g(J/qJ) = J/rl.

So far we have regarded Hom as a functor on Gz and G with values
in Gg. As in the case of ®, we shall also consider Hom as a functor
on G (= the category of ordinary abelian groups) and G, with values
in Ge. Indeed, let C be an abelian group and G an R-module. Define
Hom(C,@) regarding G as an abelian group. Then convert Hom(C,Q)
into an R-module by setting for¢: C — G and r ¢ R,

(r¢)(c) = r(gc).

If f: ¢’ —>Candh: G — G, then Hom(f,g) is a homomorphism of
R-modules. Indeed,

[r Hom(f,h)]l¢ = r(héf) = h(r¢f) = Hom(f,h)(r¢).

We shall also consider Hom as a functor on G and G¢ with values
in G¢. Indeed, let C be an ordinary abelian group and let G be a com-
pact abelian group. Define Hom(C,G) regarding G as an abelian group
(without topology). Then convert Hom(C,G) into a topological abelian
group by treating it as a subgroup of the compact group G° of all
functions y: C — G. Since the projections of a cartesian product are
oontinuous, ¥(c) is a continuous function of ¥ in G° and therefore the
condition y(¢; + ¢;) — y¥(c,) — ¢(c.) = 0, for fixed ¢,,c; € C, defines a
closed subset of G°. Thus Hom(C,G), as an intersection of closed sub-
sets of G°, is a closed subgroup and hence is compact.

It must be checked that Hom(f,h) is continuous for f: C’' — C
and h: G — @' with G,G’ compact and h continuous. Let U be a
rectangular open set in Hom(C’,G’) defined by the conditions ¢c; e V.
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where ¢; ¢ C’, V,isopen in @ fori = 1, --- , n. The set Hom(f,h)'U
is then a rectangular open set defined by yfc, e h”'(V,), ¢ = 1, --- , n).
Summarizing we have
TreorEM 10.11. The group Hom(C,G) is defined in the following
cases:

1) C e Gp, G ¢ Gg, then Hom(C,@) ¢ Gp,
)] Ceg, G e G, then Hom(C,G) ¢ Gg,
®3) Ceg, G Ge, then Hom(C,G) ¢ Ge.

The preceding results of this section hold in all these cases.

11. HOMOLOGY GROUPS OF A CHAIN COMPLEX OVER A
COEFFICIENT GROUP

The tensor product operation extends to chain complexes as follows:

DeriniTioN 11.1. If K = {C(K),d,} is a chain complex and G is a
group, define K @ G to be the chain complex {C,(K) ® G,3.} where
d; is induced by d,, i.e. 3, = 9, ® 7 where ¢ is the identity map of G.
If f: K — K'’is a map of chain complexes, let f: KQ G- K ® G
be the map induced by f, i.e. fi = f, ® 7. The resulting functor from
chain complexes to chain complexes is denoted by ®G. By 9.18 there
are three cases:

(1) G e Gp, then ®G: 0Gr — 9Gx,
(2) G € 93, tfwn ® G: 09‘ b 693,
(3) Ge gc, then ®G: 69' 4 agc.

Naturally one must show that K ® G is a chain complex. This is
proved by tensoring 9,.,0, = 0 with 7, and applying 9.4 to obtain
9;-19; = 0. Similarly f,_.,0, = 8.f, implies f}_,0, = 9.f.; hence f’ is
a map.

THrOREM 11.2. If 8GR,0G,8G’ are regarded as h-categories in the sense
of direct couples (see 3.1), then, in all three cases, ®G is a covariant h-
SJunctor.

Proor. If (¢¥): L — K — M is a direct couple, then by definition

¢ 12
0-L—>K->M->0

is exact and the image of ¢ is a direct summand of K. By 9.8 the same
is true of the induced sequence

¢' 'pl
0o LRGE->KRQGF->MRG - 0,
so that (¢',¢’) is again a direct couple. Thus ®G is a c-functor.
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Since the functor @G carries an isomorphism into an isomorphism,
it follows immediately that ®G carries excisions into excisions and
points into points. It remains to show that it carries homotopies into
homotopies. Let f,g: K — L, and let D: f ~ g. By definition D
is a sequence of homomorphisms D,: C,(K) — C,,,(L) such that

(4) aaHDo + Da—laq = o — fn'

Let D; = D, ® i where 7 is the identity map of G. If we tensor (4)
with 7 and apply the relations of 9.4, we obtain (4) with primes on each
homomorphism. Therefore D': f’ =~ ¢’, and the proof is complete.

DeriNiTION 11.3. According to 1v,9.5, the composition of the
h-functor ®G with the homology theory H on 3G, [or 8Gc] (see 4.9) is
a new homology theory defined on the domain of ®G. 1t is called the
homology theory with coefficient group G. Tor any chain complex K,
the group H,(K ® G) is customarily written H,(K;G) and is called the
q-dimensional homology group of K with coefficients in G, or the q'* ho-
mology group of K over G. As in 11.1, there are three cases:

)] G ¢ G, K € 3Gg, then H(K;Q®) € G,
2 G e G, K ¢ 9g, then H(K;Q) € Gg,
3) G e Ge, K edg’, then H,(K;Q) ¢ Ge.

CONVENTIONS AND INTERPRETATIONS 11.4. The group of chains,
cycles, and boundaries of K with coeflicients in G are written C (K;G),
Z,(K;@), and B,(K;G) rather than C,(K ® @), ete. In keeping with
this notation the chain ¢ ® g, where ¢ ¢ C,(K) and g ¢ G, will be written
gc. Then, by 9.1, any element of (',(K;G) is a linear combination 2, g.c.
of elements of C,(K) with coefficients in G, and any relation is a conse-
quence of relations of the form

(91 + g2)e = gic + gac, gler + ¢;) = ge, + geo,

and (rg)c = r(gc) = g(rc) in case 1, or (rg)c = r(gc) in case 2. Like-
wise the boundary operator of K ® G is given by

3, 2 g0 = 25 9.9.0),
and, if f: K — K’,then f/': K® G — K’ ® G is given by

Je 2 90 = 20 g.(fe)-

REMARK. Inthe case when G = J is the group of integers, we agreed
in §9 to identify C ® J with C for any group C. Consequently K ® J =
K and H,(K;J) = H,(K). Thus we shall regard the ordinary homology
groups as being those based on integer coefficients.

An analogous discussion for cochain complexes may be obtained by
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a simple application of the sign-changing trick. If K is a cochain com-
plex, then H = {H'(K ® G),f,,6*} is a mixed theory, i.e. a covariant
s-functor satisfying the Homotopy, Excision, and Dimension axioms.

12, COHOMOLOGY GROUPS OF A CHAIN COMPLEX OVER A
COEFFICIENT GROUP

The operation Hom of §10 extends to chain complexes as follows:

DEerinNiTION 12.1. If K = {C,(K),d,} is a chain complex and G is
a group, define Hom (K@) to be the cochain complex {Hom(C,(K),G),8°}
where

. Hom(C,(K),G) —» Hom(C,.,(K),@

is induced by 3¢.1: Co1(K) — C(K), i.e. §° = Hom(dy.1,7) where 7 is
the identity map of G. If f: K — K’ is map of chain complexes, let

f'* Hom(K’,G) — Hom(K,®)

be the map of cochain complexes induced by f, i.e. f'* = Hom(f,,7).
The resulting contravariant functor from chain complexes to cochain
complexes is denoted by Hom( ,G). By 10.11, there are three cases:

(1) G ¢ Gg, then Hom( ,G): 9Gr — 6Gs,
2 G ¢ Gg, then Hom( ,G): G — 4G,
3) G ¢ G, then Hom( ,&: 0§ — 6Gec.

If we apply Hom( ,z) to the relation 9,,,3,.2 = 0 and use 10.4,
we obtain 6°*'6° = 0; hence Hom(K,Q@) is a cochain complex. Similarly
fac18e = 3.f, implies 6°7'f'*"' = f'%6°"!; hence f’ is a map.

THEOREM 12.2. If dGr, G are regarded as h-categories in the sense
of direct couples (see 3.1), then, in all three cases, Hom( ,Q@) is a contra-
variant h-functor.

Proor. If (¢,¢): L — K — M is adirect couple, then by definition

¢ 14
0-L—>K->M->2O0

is exact and the image of ¢ is a direct summand of K. By 10.8, the
induced sequence
‘pl ¢I
0 - Hom(M,® — Hom(K,G) — Hom(L,G) — 0
is likewise exact and the image of ¢/ is a direct summand. Hence

(¢',¢’) is a direct couple. This proves that Hom( ,G) is a contra-
variant c-functor.
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Since Hom(f,,?) is an isomorphism whenever f,,7 are isomorphisms,
it follows that Hom( ,&) carries excisions into excisions.

If the chain complex K is pointlike, i.e. 3,: C(K) = C,_,(K) for
g even and >0, and for g odd and <0, then §°7! is likewise an isomor-
phism under the same conditions. Therefore Hom(K,®) is a pointlike
cochain complex since, after application of the sign-changing trick, we
obtain a pointlike chain complex.

It remains to show that Hom( ,G) carries homotopies into homo-
topies. Let f,g: K — L, and let D: f ~ g. Then D is a sequence
D,: C.(K) — C,. (L) such that

4) 9.41D¢ + Do1d; = go — fo-
Let D'* = Hom(D,_,,z) where 7 is the identity map of G. Then
D’*: Hom(C,(L),G) —» Hom(C,_,(K),®).
Applying Hom( ,7) to (4) and using 10.4, we obtain
D' + 67D = g’ — f'°.

Therefore D’:  f’ ~ ¢’, and the proof is complete.

DeriniTION 12.3. According to 9.5¢, the composition of the contra-
variant h-functor Hom( ,G) with the covariant é-functor H on G,
[or 8G¢] (see 4.9¢) is a cohomology theory defined on the domain of
Hom( ,G). 1t is called the cohomology theory of chain complexes with
coefficient group G. For any chain complex K, the group H*(Hom(K,G))
is customarily written H°(K;G) and is called the g-dimensional co-
homology group of K with coefficient group G, or the ¢** cohomology group
of K over G. As in 12.1, there are three cases:

1) G ¢ Gg, K ¢ 3G, then H(K;G) ¢ G,
2 G & Gy, K ¢9dg, then H(K;G) € Gp,
3) G ¢ G, K e4g, then H' (K@) ¢ Gc.

CONVENTIONS AND INTERPRETATIONS 12.4. The group of cochains,
cocycles, and coboundaries of Hom(K,G) are written C*(K;G), Z°(K;®),
and B(K;G@) rather than C°(Hom(K;@)), etc. By definition, a g-cochain
of K is a homomorphism ¢: C,(K) — G. Its coboundary §° is the
(¢ + 1)-cochain ¢d,,,: C,.y(K) — G. 1t follows that ¢ is a g-cocycle
(i.e. 8% = 0) if and only if ¢ maps B,(K) into zero. It also follows
that a ¢-coboundary maps Z,(K) into zero; however, in general, this
property is not sufficient to characterize a coboundary. If f: K — K’
is a map of chain complexes, then the induced f’: Hom(K',G) —
Hom(X,@) is given by

¢z = ¢'fex, ¢ e CK'@), xeCy(K).



154 CHAIN COMPLEXES [CHAP. V

An analogous discussion for cochain complexes may be obtained by
a simple application of the sign-changing trick. If K is a cochain
complex, then H = {H,(Hom(K,®)),f*,} is a contravariant d-functor
satisfying the Homotopy, Excision, and Dimension axioms.

13. COMPARISON OF VARIOUS COEFFICIENT GROUPS

In this section we shall establish various results bearing on the
homology and cohomology groups of a chain complex for various co-
efficient groups. The so-called “universal coefficient theorem' has not
been included since its statement requires new group operations, besides
® and Hom, which are not of sufficient importance in the sequel to be
studied here (see Exercises v,G).

LemMma 13.1.  If K is a chain complex composed of free abelian groups
[or of vector spaces over a field F), then Z ,(K) is a direct summand of C,(K).

Proor. As a subgroup of a free group, the group B,_,(K) is free
(see 6.8). Since 9, maps C,(K) onto B,_,(K) with Z,(K) as kernel, it
follows from 6.3 that Z,(K) is a direct summand of C,(K).

Lemma 13.2. If K is a chain complex such that Z,(K) is a direct
summand of C.(K) and such that H,(K) = 0 for all q, then there exist
homomorphisms D,: C(K) — C,,,(K) such that

9, Dx+ D,_ 0,z =<z

Jor all x ¢ C(K).

Proor. Let C(K) = Z(K) + W, be a direct sum decomposition.
Then 9, maps W, isomorphically onto B,_,(K). Since H,_,(K) = 0,
we have B,_,(K) = Z,.,(K). Letd,: W,— Z,_,(K) denote the map
defined by 9,. Define D,: C(K) — C,,,(K) as follows:

Dz =0 forxze W,
Dx = d;}\x for z ¢ Z,(K).

For & ¢ W, we have 8Dz + Daz = 87’9z = z, while for z ¢ Z, we have
dDx + Ddx = 89 'z = z. Thus the relation Dz + Doz = z holds
for all z ¢ C(K).

THEOREM 13.3. Let K and L be chain complexes composed of free
abelian groups [or of vector spaces over a field Fl and let f: K — L be a
map. In order that f be a homotopy equivalence (1v,9.2), it is necessary
and sufficient that

fei H(K) = H/(L)

for all dimensions q.
Proor. The necessity of the condition is an immediate consequence
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of 44. In order to prove the sufficiency we construct a new chain
complex f as follows:

Coff) = Cors(K) + C(L)  (direct sum),

aa(x)y) = (_aa—lxyaoy + fc-lx)’ Te Ca-l(K)v Yye Ca(L)
Since 3d(z,y) = 9(—0dz,8y + fz) = (00z,00y + dfz — foz) = O, this
definition indeed yields a chain complex f. R

Next we show that the condition of the theorem implies H,(f) = 0

for all . Indeed, let (z,y) ¢ Z,(f). Then dz = 0 and —9dy = fz. Then
x ¢ Z,.(K) and fz ¢ B,_,(L). Since the kernel of f, is zero, it follows
that z ¢ B,_;(K). Thus there exists an ' ¢ C,(K) with 4z’ = z. Then
Iy + f2') = 3y + fox’ = 9y + fr = O, so that y + fr' ¢ Z,(L).
Since f, maps H,(K) onto H,(L), there exist 2’ ¢ Z,(K) and y’ ¢ C,..,(L)
such that f2’’ + 9y’ = y + f2’. Then

(@ — 2'\y) = (32" — 92", 0y’ + f2" — f2) = (zp),
and H,(f) = 0. A .
In view of 13.1, the groups Z,(f) are direct summands of C,(f), and

therefore 13.2 implies the existence of homomorphisms D,: C,(}‘) —
C.1(f) such that

(l) aa+1Da(x>y) + Dq—laq(zyy) = (I,y).
Each of the homomorphisms D, yields four homomorphisms
Di-y: Coa(K) = C(K),  D'i: Cy(L) — Con(L),
ha: CG(L) - CO(K)} Ea-l: CG—I(K) = CGH(L))
such that
Da(x;y) = (Da,—lx + hqy) Ea—lx + Dély)
Upon computation, condition (i) yields
(i) = —D'dx + hdy + hfz — dD’x — dhy,
(iii) y = —Edéx + D"’9y + D"’ fr + dEx + aD"’y + fD’z + fhy.
Substituting £ = 0 in (ii) yields hdy = ohy so that h: L — K is a
map. Substituting y = 0 in (ii) and z = 0 in (iii) yields
oD’z + D'0x = hfz — z, aD"y + D"dy = y — fhy.
Thus D’: hf ~ 1, and —D"": fh ~ 1, where ¢, and ¢, are the identity
maps of K and L respectively, so that f is a homotopy equivalence.
TuEOREM 13.4. Let K and L be chain complexes composed of free

abelian groups [or of vector spaces over a field F), and let f: K — L be
a map such that

foi H(K) = H(L)
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for all q. Then
for H (K@) = H(L;G), f* HY(L;G) = HY(K,G)

Jor any coefficient group G [or any vector space G over F).

Proor. By 13.3, f is a homotopy equivalence. Since the func-
tors ®G and Hom( ,&) carry homotopies into homotopies, it follows
that they carry homotopy equivalences into homotopy equivalences.
Thus the maps

" KGC@—-LQ®G, f"": Hom(L,G) — Hom(K,®)

are homotopy equivalences. Therefore the induced homomorphisms f,
and f* are isomorphisms.

NOTE

Abstract cell complexes. One often encounters chain complexes K in
which each group C,(K) is a free abelian group with a given base {o{}.
In defining such an “‘abstract cell complex,” it suffices to indicate the
cells in each dimension and the boundary

30t = 2 [o%u0i ]}
i
of each “cell” ¢?. The coefficients [¢:0%""] are called “incidence num-

bers”’; for a fixed 7, only a finite number of them are different from zero.
The condition 83 = 0 is equivalent to

M Z,: [o5:0§ 7" [0 0k ™*] = O

for any pair ¢f,01?
Let A° denote the matrix whose (¢,7)** element is [¢%:6?"']. Then
each row of A corresponds to a g¢-cell and each column of A° corre-

sponds to a (¢ — 1)-cell. Condition (1) becomes
A°AT = 0.

If K and L are two such complexes with cells ¢ and 7 respectively,
then a map f: K — L is determined by the coefficients ¢{; in fof =
Z, c;;r;. If we denote by C° the matrix of the integers c{;, we find
that the condition f = fo is equivalent to

Cch = Accc—l

where {B°} are the incidence matrices of the complex L.



EXERCISES 157

EXERCISES

A. HOMOMORPHISMS OF EXACT SEQUENCES.

Let f: K — K’ be a map of the exact lower sequence K into another
such sequence K’. Regard both K and K’ as chain complexes and
denote their homomorphisms by 8 and 4’. The kernel of f is a sub~

complex L of K, and the image of f is a subcomplex L’ of K’. This
gives couples

0—-L—> K-> K/L -0, 0->L —- K- K'/L' - 0.
1. For each index g, the various subgroups of C,(K) form a lattice
as follows:
C(K)
Z(K/L)
B(K/L)

Z(K) = B(K) C(L)

Z(L)
B(L)

2. Show that Exercise 1 holds with K’,L’ in place of K,L.

3. Show that the above lattices of subgroups of C,(K), C(K’) form
a closed family under the six operations 8, 7%, &', '}, f, and f'.

4. For each index ¢, we have the isomorphisms

o' ()7 d
Hoo(K'/L') = H(L') = HJ(K/L) = H,-(L)

where g: K/L — L’ is induced by f.
5. Derive from 4 the following proposition due to R. H. Fox: If

{f.} is a homomorphism of the exact sequence {C,¢,} into another
exact sequence {C},¢.}, then

¢.1(image f,)/(image f,+1) \J (image ¢/.5)
= (kernel f,-,) N (kernel ¢,_,)/¢.(kernel f,).
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B. CHAIN HOMOTOPIES.
1. Let f: K — K’ be a map of chain complexes, and let D = {D,}
be a sequence of homomorphisms D, C (K) — C,..(K’). Show that

o = fu + aaHDc + Dc—lau

defines a map g: K — K’ and that D: f~yg.

2. Let f,f'* K — K', g,9': K’ — K be maps of chain complexes.
Suppose that g is the homotopy inverse of f and that f ~ f’. Prove
that ¢’ is a homotopy inverse of f’ if and only if ¢’ ~ g.

3. Letf: K—K',g: K — K". If any two of the three maps f,
g, and gf are homotopy equivalences, so is the third.

C. FREE GROUPS AND COMPLEXES.

1. Show that, for abelian groups, a group H is free if and only if
6.2 holds.

2. If Fisfreeand 0 - G’ — G — G’,— 0 is exact, then the same is
true in the induced sequences

0> FRGF - FRG—->FRG —0,
0 —» Hom(F,G') —» Hom(F,G) — Hom(F,G"’) — 0.

3. Let K be a chain complex composed of free abelian groups, and
0> G — G— @ — 0 an exact sequence of groups. Show that the
induced sequences

0 K®RGFT-KRGCG—-KRG" -0,
0 —» Hom(K,G”") — Hom(K,@) — Hom(K,G') — 0.

are exact and write down the exact sequences of the couples that they
represent. Give an explicit definition of the homomorphisms

H(KG") » H.(KG),  HY(KG') — H'(K,G")

and examine their properties.

4. Let 0 > L - K — M — 0 be an exact sequence of complexes
composed of free abelian groups and 0 —» ¢’ — G — G" — 0 an exact
sequence of coefficient groups. There arise six homology sequences.
Arrange these sequences in a single diagram. Carry out a similar dis-
cussion of the cohomology sequences.

5. Let K and M be chain complexes composed of free abelian groups
and let f: K — M be a map of K onto M. Establish the equivalence
of the following conditions:

(a) [0 H(K) = H,(M) for all q.

(b) If L is the kernel of f, then H,(L) = O for all q.

(¢) There exists a map g: M — K such that fh = 4g, and there is
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a chain homotopy D: hf ~ 7, such that fD = 0 (i.e. the values of
D are in N). Here 7x and 7, denote appropriate identity maps.

D. HomMOLOGY GROUPS OF MAPS.

DEFINITION. GiAven amap f: K — L of chain complexes, consider
the chain complex f defined in the proof of 13.3. The groups H,.(f)
may be called the homology groups of the map f and denoted by H(f).

1. Condider the maps k: C (L) — C.(f) and I: C,(f) — C,-i(K)
defined by ky = (0,y), l(z,y) = —=z. Show that kisamap k: L — f,
and that ! lowers the dimension by 1 and commutes with 8. Establish
the exactness of the sequence

f* k# - l*
o = H(K) = H(L) —» H(f) = Hi((K) — -+

where [, is induced by ! in the obvious manner.

E. PROPERTIES OF .
In all the subsequent exercises it is assumed that all groups are in

the category G. The restatements for other categories are left to the
reader.

1. Establish the natural isomorphisms

AB=B®A4, ARBRKC=A4AQBC()

for ordinary abelian groups A,B,C.
2. If ¢’ C C and G’ C @G, then the natural homomorphisms

C'® G

l
CRGE - C ® G- CRIG/G)
l l
€/ @ G — (€C/C) R (G/a)

arise. Show that C ® G — (C/C’) ® (G/G’) is onto, and its kernel is
the group

image (C' ® G) U image (C ® G).

3. If all elements of C or of G are of finite order, the same is true of
C®Aa.

DErFINITION. A group G is tnfinitely divistble if, for every g e G and
every integer n # 0, there is a ¢’ ¢ G such that ng’ = g.

4. If C or @G is infinitely divisible, then so is C ® G.

5. If all elements of C are of finite order and G is infinitely divisible,
then C ® G = 0.

6. Let @ = [] G, be a direct product and ps: G — G5 the pro-
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jection. The induced homomorphisms pf: C ® G — C ® G5 are the
components of a homomorphism p": C ® G — [] C ® Gs. Show that
p’ has kernel zero, and show, by an example, that p’ nced not be onto.
If C is finitely generated, then p’ is an isomorphism. If, further, the
G, are compact groups, then p’ is continuous.

7. State and prove the analogs of 9.5 and 10.5 for direct products
instead of direct sums assuming that M is finite, and each C, is finitely
generated. Include the case of compact groups Gj.

F. RELATIONS BETWEEN ® AND Hom.
DEFINITION. A bthomomorphism ¢ of the groups C, and C, with
values in a group @ is a function ¢(c,,¢,) € G, ¢, ¢ Cy, ¢, ¢ C, such that

d(c, + clie)) = ¢(e,6:) + ¢(ci,ca), dley,e: + ¢3) = ¢en,c) + o(cic3).

Let Hom(C,,C,;&) denote the group of all such bihomomorphisms. We
assume that €, and C, are in the category G while both G and
Hom(C,,C,;@) are in one of the categories G or G.

1. Establish the following natural isomorphisms:

Hom(C,,C:;¢) = Hom(C, ® C,,G)
= Hom(C,, Hom(C,,@))
= Hom(C,, Hom(C,,®).

2. If K is a chain complex, then H°(K, Hom(C,G)) = H*(K ® C,G).
3. Let J be the group of integers, and define a homomorphism

6: C® G— Hom(Hom(C,J),q)
by setting for eachc ® g e C ® G and each¢: C — J
0c®ﬂ(¢) = ¢(c)g'

Prove that 6 is a natural transformation of the appropriate functors.
Prove that, if C is a free group on a finite base, then 6 is an isomorphism.

4. Let K be a chain complex such that each of the groups C,(K) is
a free group on a finite base. Define a cochain complex K ="Hom(K,J).
Prove that K ® @ = Hom(K,G) and Hom(K,@) = K ® G, where @ is
a group in G, G¢, or Gr. Consequently the homology [cohomology]
groups of K over any coefficient group coincide with those homology
[cohomology] groups of K.

G. UNIVERSAL COEFFICIENT THEOREMS.
1. Let F be a free group, R a subgroup of F, and G any group. Con-
sider the homomorphisms

V: RG-F®AQG, i’: Hom(F,G) — Hom(R,G)
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induced by the inclusion 2: R C F. Show that the groups
kernel 7/, Hom(R,G)/image 7"’

are essentially functions of the groups H = F/R and G. Denote these
new groups by Tor(H,G) and Ext(H,F) and examine their properties.

2. Let K be a chain complex composed of free groups. Iistablish
exact sequences

—-B,®GC—-Z,K®G—->H(K,@) >B,_.,®G—

— Hom(Z*',G) —» Hom(B*',G) — H*(K,&) — Hom(Z*,G) —
(Hint: Consider the exact sequence 0 —» Z — K — K/Z — 0 where
Z = {Z,(K),0}.)

3. Using the results of 2 establish exact sequences

a B
0—-HK)®G— H(K;,G) — Tor(H,_,(K),G) — 0

B a
0 — Ext(H,_.,(K),G) —» H'(K;G) - Hom(H (K),G) — 0
and show that the images of « and E are direct summands. Ixamine
the behavior of these exact sequences under maps f: K — K'.

The above results yield the following isomorphisms for the chain
complex K:

H(K;G) = H(K) ® G + Tor(H,.,(K),G),
HYK;G) = Hom(H ,(K),G) + Ext(H,.,(K),Q).

These are known as the “Universal Coefficient Theorems’ since they
express H,(K;G) and H*(K;G) over any coeflicients in terms of H,(K)
and H,._,(K) with integral coefficients. For more details see S. Eilenberg
and S. MacLane, [Group ertensions and homology, Annals of Math. 43
(1942), 757-831]; see also H. Cartan and S. EKilenberg, Homological
Algebra (Princeton University Press) 1956.

4. Using the above results show that, if f: K — K’is a map of a
free chain complex into another such complex, and if f,: H,(K) =
H,(K') and f,: H,(K) = H,,(K’), then f: H/(K;G) = H,(K;G)
and f*: HYK;G) = H°(K',G) for any coeflicient domain G.



CHAPTER VI
Formal homology theory of simplicial complexes

1. INTRODUCTION

In this chapter we develop the formal homology and cohomology
theories of simplicial complexes. This is achieved by associating a chain
complex with each simplicial complex and then using the definitions and
results of Chapter v. The formalism leading from simplicial to chain
complexes is strongly influenced by the results of Chapter 1v. These
definitions point the way to the existence proofs of Chapters vir and 1x.

The homology theory of simplicial complexes is constructed in two
ways. The classical procedure attaches to each simplicial complex K
a chain complex K, which we call the alternating chain complex of K.
The definition of K, is completely motivated by the results of Chapter
1. The other procedure attaches to each K the ordered chain complex
K,. There is a natural mapping K, — K, which induces isomorphisms
of their homology groups. The use of K, is advantageous in proofs of
general theorems. It is formally simpler since one does not need to
worry about relations in groups and possible degeneracy. On the other
hand, the groups C,(K,) are unnccessarily large. Consequently, the
chain complex K, is used whenever it is necessary to compute the groups
of a complex.

Since this chapter deals almost exclusively with the formal relations
in a complex K, and the underlying space [K| is not utilized, the as-
sumption that the complex is finite may be dropped. To this end we
reproduce a definition already made in the Exercises of Chapter 11.

DerFiniTION 1.1. Let W be an infinite set of objects called vertices.
A complex K with vertices in W is a collection of (finite dimensional)
simplexes whose vertices are in W, subject to the condition that a face
of simplex in the collection is also in the collection.

The concepts of ““subcomplex’”’ and “simplicial map’’ are introduced
in the obvious way. The category of pairs of infinite complexes and
simplicial maps will be denoted by X,. The term “infinite’”’ is always
used in the sense of “finite or infinite,”” so that the finite complexes
form a subcategory X, of X,.

2. THE ORDERED CHAIN COMPLEX OF A SIMPLICIAL COMPLEX

DerinitioN 2.1. If K is a simplicial complex, an array A° --- A°

(g = 0) of vertices of K, included among the vertices of some simplex
162
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of K, is called an elementary g-chain of K. Precisely an elementary ¢-
chain is a function which, to each integer 7 = 0, - - -, ¢, assigns a vertex
A’ of K such that A°, --- , A% all lie in a simplex of K. The free group
generated by this set of elementary g¢-chains of K (see v,6.5) will be
denoted by C,(K,). By definition, C,(K,) = 0for ¢ < 0.

For each elementary ¢-chain A° --- A? (¢ > 0), define

q
(A% -+ A = D2 (—1)'A" .- A ... A°
3=0
where the circumflex over a vertex indicates that the vertex is omitted.
Having defined 9, for the generators of C,(K,), a homomorphism

9, C (K, — C,i(K,)

is uniquely determined. If ¢ < 0, then 4, = 0, by definition.

LemMma 2.2. 9,.,0, = 0.

Proor. If ¢ < 1, then 9,., = 0, by definition. Suppose therefore
that ¢ = 2. It is sufficient to verify that 8,.,8,(A° --- A% = 0 for
gz 2 Let0=k<1l=Zgq Since

3018, (A -+ A% = D5 (=1)'9,,(4° -+ A* -+ A9,

the symbol A° ---A/Ai" ... A" - A% will oceur in the expression for
(=1)%8,.,(A4° -+ A* ... A% with the coefficient (—1)*(—1)""" and in
the expression for (—1)'9,.,(4° --- A' --- A% with the sign

(=1)'(=1)*. Hence the two terms cancel, which proves the proposi-
tion.

It follows from 2.2 that {C,(K,),d,} is a chain complex. This chain
complex will be denoted by K,. If L is a subcomplex of K, then C,(L,)
is generated by a subset of the set generating C.(K,), and 8, on L,
agrees with 8, on K,. Therefore L, is a subcomplex of K, and is a direct
summand of K,. Given ¢ ¢ C,(K,) we shall write ¢ C L to denote that
ce C(L,).

DeriniTION 2.3. For each simplicial pair (K,L), the chain complex
K,/L, is called the ordered chain complex of the pair (K,L). The groups
C.(K,/L,) are free groups, and if K is finite, K,/L, is a finite chain
complex in the sense of v,8.1.

Lemma 2.4. Iff: (K,L)— (K',L') is stmplicial, the homomorphisms
foi Co(K,) = Co(K7) and fo: Co(Lo) — Co(L:) defined by

Ja(A® oo A9) = f(A°) -+- f(AY)
define a map

for Ko/L. = Ki/L;.
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Moreover, if f: (K,L) — (K,L) is the identity, then f, is the identity,
and, of f: (K,L) — (K'.L'), g: (K'.L') — (K",L"), then (gf)e = gof

The proof only requires the verification of the commutativity rela-
tion 8,f, = f,-19, which is an immediate consequence of the definitions.

The lemma states that K,/L, and f, form a covariant functor O
on the category X, of simplicial pairs and simplicial maps with values
in the category G of chain complexes (recall that G is the category of
ordinary abelian groups, i.e. G = G, where R = the integers). We
now convert X, into a c-category by defining couples (¢,7) to consist
of the inclusion maps : L — K, j: K — (K,L) for each pair (K,L)
in X,. Since 1, is the inclusion map L, — K,, it follows that the sequence

ia jo
0—->L —-K,—K,/L, >0

is exact, thus (7,,7,) is a couple on the category 3G. Since, as was
observed earlier, L, is a direct summand of K,, it follows that the
couple (%,,7,) is direet in the sense of v,3.1.

Summarizing we have

TaeoreM 2.5. The pair K,/L,,f, forms a covariant c-functor O on
the category X, of simplicial complexes and simplicial maps with values in
the c-calegory 9G of chain complexes (with only direct couples considered).

8. HOMOTOPIES, EXCISIONS, POINTS

DerintmioN 3.1, Two simplicial maps f,g: (K,L) — (K',L") are
called contiguous if, for every simplex s of K [of L], the simplexes f(|s])
and g(|s|) are faces of a single simplex of K’ [of L’]. This relation will
play the role of homotopy in the category X..

We use the term ‘‘contiguity” instead of homotopy to avoid con-
fusion with the homotopy of the maps f,9: (|K|,|L]) — (|K'|,|L|) of
the associated topological spaces (when K and K’ are finite complexes).
Indeed if f and ¢ are contiguous, then they are also homotopic, and
hlayt) = (1 — 0)f(e) + tg(e) for @ ¢ |K|, 0 < ¢t < 1 is a homotopy.
The converse is generally false: f and g may be homotopic without
being contiguous.

Turorem 3.2. If the simplicial maps f,9: (K,L) — (K',L') are
contiguous, then the tnduced chain maps fo,g,: K./L, — K|/L{ are chain
homotopic.

Proor. Given an elementary chainc = A° --- A% in K, define

D= 2 (=1)fA" -+ fA'gA" - gA",

+=0
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This defines homomorphisms D,: C.(K,/L,) — C,..,(K,/L}). 1t re-
mains to verify that

0D, = g.c — f.c — D,_,0c.

For simplicity, let B* = fA*, C* = gA'. Then

Q -1 . )
aDc = E(-—l)'[ > (-1)B*.--B' -..BC'--- C°
=0 1=0
+ (_1);30 . B.‘—IC- e Ca + (_l)iﬂBO - BiCNA e Cc

L] -~
+ 3 (—1'*MB°...BC' .- C - C.
jmi4l
The terms on the middle line, when summed on 7, cancel in pairs except
for the initial and end terms:

.. = g, —B° ... B = —f..

If the order of summation of the terms on the first and third lines are
interchanged, one obtains —D,_,dc.
A second and more conceptual proof of 3.2 will be given at the end
of §5.
DeriNiTION 3.3.  If K’ and K" are subcomplexes of a chain complex
K, we denote by K’ M\ K" and K’ \U K"’ the subcomplexes of K defined
by
C (K" N K"”) = C(K') M C(K”),
C(K'\JU K') = C(K')\J C(K")

where the last group is the least subgroup of C,(K) containing C,(K’)
and C,(K") (sometimes written as C (K’) + C.(K")).
The following lemma is an immediate consequence of the definitions:
Lemma 3.4. If K',K'" are subcomplexes of the stmplicial complex K,
then

(K"YNK"), = K, K/, (K" UK"), = K,U K.

DeriniTION 3.5. Let K’ and K’ be subcomplexes of a simplicial

complex K. The inclusion map
i (K'\K'"YK") - (K'\UK",K")

is called an excision.

Tueorem 3.6. If i: (K',K' N K") - (K' U K",K") is an ex-
cision, then

.. K{/(K""N\K"), - (K'Y K"),/KY

18 an isomorphism.
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Proor. In view of 3.4, the map 7, consists of the homomorphisms
et CK')/CK) N C(K') — Cy(K")\J C(K"")/C(K'")

induced by the inclusion homomorphism C,(K’) C C,(K’) \U C(K").
By the Noether isomorphism theorem 7, is an isomorphism. This proves
3.6.

TueoreMm 3.7. If P is a simplicial complex consisting of a single
vertex, then the chain complex P, is pointlike in the sense of v,4.7.

Proor. The only elementary g-chain of P,is¢c, = A° -+ A® where
A® = ... = A" = P. Torgeven and >0, we have d,c, = ¢,, so that
3. C(P,) = C,1(P,). For ¢ < 0 we have C(P,) = 0. Thus the
conditions of v,4.7 are fulfilled.

Having defined the concepts of homotopy, excision, and point in
the c-category XK,, it becomes an h-category in the sense of 1v,9.1.
Then, by 1v,9.4, Theorems 2.5, 3.2, 3.6, and 3.7 are summarized by

THEOREM 3.8. If 9G is regarded as an h-category in the sense of direct
couples, then O: X, — 933G s a covariant h-functor.

DEeriNITION 3.9. According to 1v,9.5, the composition of the h-
functor O with the homology theory of dG with coefficient group G (see
v,11.3) yields an homology theory on K, called the homology theory of
X, with coefficient group G. Likewise the composition of O with the
cohomology theory of 4G with coefficient group G (see v,12.3) yields
a cohomology theory on X, called the cohomology theory of X, with
coeffictent group G. For any simplicial pair (K,L) the homology and
cohomology groups H,(K,/L,;@), H(K,/L,;G) (see v,11.4, 12.4) will be
written H (K,L;G) and H*(K,L;G), respectively, and are called the ¢'"
homology and cohomology groups of (K,L) with coefficient group G. Ac-
cording to v,11.3 and 12.3, we have the following cases:

1) GeGr, (K\DeX, then  H(K,LG) e G,
©) GeGr, (K,L)eX., then HK,LG) e Gs,
®@) GeGe, (K,L)eX, then  H'K,LG) e Ge.

When K is a finite complex, i.e. (K,L) ¢ X/, we have observed in 2.3
that K,/L, is a finite chain complex; hence K,/L, ¢ 8G'. Thus, by
v,11.3, we have a fourth case:

(CY)] Ge Qe, (K,L) ¢ X!, then H/(K,L,G) & Ge.

4. DIRECT DESCRIPTION OF THE BASIC CONCEPTS

The customary procedure for defining the groups H,(K,L;R) is to
give a direct definition of the chain groups C,(K,L;G) = C(K,/L, ® G)
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and of the boundary operator, and then to set H, equal to the g-cycles
reduced by the ¢g-boundaries. The procedure we have followed presents
H, as the result of composing three functors: O, ® G, and the homology
group of a chain complex. The advantages of our procedure are two-
fold: it provides an analysis of the construction, and it enables us to
handle a variety of cases with a minimum of repetition. The disad-
vantage is that the direct definition has been obscured. The objective
of this section is to rectify this situation by presenting the direct de-
scriptions. The statements to be made hardly require any proof since
they are the results of assembling definitions.

The group C(K,L;G) is by definition the tensor product
C.(K,/L,) ®G. By?2.1,a base for C,(K,) is provided by the elementary
chainsc = A° --. A°. By 2.3, a hase for C,(K,/L,) is provided by those
c¢’snot on L. By v,9.6, C,(K,L;G) is generated by the elements ¢ ® ¢
which will be written gc in accordance with the convention v,11.4.
Thus we have

THEOREM 4.1. The group C.(K,L;G) is generaled by the elements
gA°® - -+ A® where g ¢ G, and A°, --- , A® are vertices of K, all contained
in a simplex of K, with the relations

(g + g)A® -+ A" = g A° -+ A° 4+ gA° -+ A°
and
gA® <o AT =0

whenever A°, -+ | A° are contained in a simplex of L. The boundary is
given by the formula

B (gA° -+ A = D (—1)'gA" - A4
1=0
For a sstmplicial map f: (K,L) — (K',L') the chain transformation f,:
C.(K,L;G) — C,(K',L';G) 1is given by

SolgA® <o AY) = gf(A%) -+ J(A°).

If this theorem were adopted as a definition, it would be necessary
to verify that f, and 4, are compatible with the relations and commute.

The remainder of the description is a strict paraphrase of what was
done in 111, and v.2. The group Z,(K,L;G) of cycles mod L, consists of
chains ¢ ¢ C, with' d,c = 0, and the group B,(K,L;G) of boundaries
mod L, consists of the boundaries of elements of C,,,. Finally
H,(K,L,G) = Z,/B,., The homomorphisms f, associated with f:
(K,L) — (K'\L') carry Z,(K,L;G) and B, (K,L;G) into Z,(K',L";G) and
B, (K',L',G) respectively, and thereby induce the homomorphism
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foi H(K,L;) — H(K'\L',G). The direct interpretation of a:
H(K,L;G) —» H,(L;G) is as follows: If h ¢ H,(K,L;R), choose z ¢
Z,(K,L;®) in the coset (= homology class) A. Write z as a formal sum
and interpret the resulting expression as an element z of C,(K;G).
Then 8, is in Z,_,(L;@) and is in the coset dh.

If G = J is the group of integers, then we write C,(K,L), etc., in
stead of C,(K,L;@), ctc.

Passing to cohomology we begin with the group C*(K,L;G) =
C*(K./L,;@) of cochains of K mod L over G. This group is by definition
the group Hom(C,(K,/L,),G), and therefore v,10.6 and v,12 imply

THEOREM 4.1c. The group C*(K,L;QR) is the group of functions ¢
defined for each array of vertices A°, --- , A® all of which are on some
simplex of K, the value ¢(A°, -+ , A®) is in G, and is zero if A°, -+, A°
are in a simplex of L. The coboundary 8°¢ is defined by

q+1

(F°$)(A°, -+, 4™ = T (=1)'¢(4”, -, ATy oo, AT,
1=0
For a simplicial map f: (K,L) — (K',L’), the cochain transformation f*
C°(K',L";G) — C°(K,L;G) 1is given for ¢ ¢ C*(K',L";G) by the formula

(f'9)(A°%, -+, AY) = ¢(f(A%), -+, [(AD).

Continuing in the classical vein, the group Z°(K,L;G) of cocycles
mod L consists of cochains ¢ ¢ C*(K,L;G) such that 8% = 0; and the
group B‘(K,L;(G) of coboundaries mod L consists of coboundaries of
elements of C*7'(K,L;®). Then H*(K,L;G) = Z°/B°. The direct in-
terpretation of §: H°(L;G) — H°*'(K,L;Q) is the following: If u isin
H*(L;@), choose ¢ in Z°(L;@) belonging to the coset u. Extend ¢ to a
function ¢’ ¢ C*(K;G) by defining ¢'(A° --- , A% arbitrarily when
A ..., A% are not on a simplex of L. Then 8%’ is zero on L, and is
in Z**Y(K,L;®). Its cohomology class is éu.

The reason for adopting the linear form notation for chains and the
functional notation for cochains appears here for the first time: the
formulas for 9, 8, f,, f* have closed forms. For example, if we were to
use the functional notation for chains, then 9 is given by

-1

(ad’)(Ao: ftty Aq_x) Z E ( 1) ¢(A0 ) A"—I’A’A‘, Ctty Aq—l)

1=0

where the sum on A extends over all vertices of all simplexes which
include A°, --- | A%,

Followmg 1n7 2 and v,3.2, we could also consider the groups
Z «(K,L;G) and B,,(K L;@) which are the counterimages of Z, and B,
under the natural mapping C,(K;G) — C.(K.L;G). Thus, by v,3.2, Z,
consists of all chains ¢ ¢ C(K;G) with dc ¢ C,.,(L;G), while B, =
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B.(K;G) U C.(L;G). The group H, = Z,/B, is isomorphic with
H,(K,L;G). This alternative description of the relative homology
groups is very common, and has the advantage of allowing a much
simpler definition of the operator 3: H,(K,L;G) — H,_,(L;G).

Most of the time we shall write @ and & for 9, and &% and f for f,
and f°.

If P is a simplicial complex consisting of a single vertex, then by
4.1 and 4.1¢

Co(P;6) = G, C°(P;G) = G,
and 9, = 0, 3, = 0. Thus H, and C, and H° = C°. Consequently
H(P;®) = G, H(PG)=QG.

This shows that the homology [cohomology] theory on simplicial com-
plexes constructed over a group G actually has the group G as a coefficient
group in the sense of 1,6.1.

5. REDUCED GROUPS, ACYCLICITY, ALGEBRAIC MAPPINGS

With the homology and cohomology theories for simplicial complexes
fully established, we turn to the discussion of some special features of
these groups. First we discuss the question of reduced homology and
cohomology groups. These could be defined exactly as in 1,7; however
a more direct and explicit definition is useful for the applications.

Since the space consisting of a single point P is a simplicial complex
and for every simplicial complex K the map f: K — P is simplicial,
it would be in accord with 1,7.3 to define the reduced 0*" homology
group H,(K;G) as the kernel of the induced homomorphism f .
Hy(K;G) — Ho(P;@). If ¢ = 2 g, A" is any O-chain in Co(K;G), then
f(¢) = (O g.)P. This suggests the following definitions:

DeriniTION 5.1. For each element ¢ = D g,A° of Co(K;@), the
tndex In(c) is

In(c) = J_ g. e G.
Clearly In: Co(K,G) — G is a homomorphism, and Ind = 0. _
DerINITION 5.2. The augmented ordered chain complex K, of the

simplicial complex K is defined as follows. If K = 0, then K, = K, = 0.
If K # 0, then

C(K,) = C(K,) for ¢ % —1,

CL(K,)=J (= additive group of integers),
3, = 9, _ for ¢ = 0,—1,

5o = In: CyK) — J,

3., =0.
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The reduced 0*" homology and cohomology groups of K are defined as
A(K;G) = H(K,;®), H(K;®) = H(K.,;G).
Clearly
H(K,;0) = H(K.;G) = H(K;®) for ¢ > 0.

In the dimension 0, Z,(K;G) = Zo(K;@) is a subgroup of Zo(K,;@) =
Co(K,;() and consists of the O-chains ¢ with In(¢) = 0. Hence, by the
argument preceding 5.1, we have

THEOREM 5.3. The 1cduccd 0** homology group Hy(K;G) is the kernel
of the homomorphism f,: H,(K;G) — Hy(P;G) where f: K — P and
P consist of one point.

For cohomology we find that

H(K,:G) = H(K,;6) = H'(K;0) for ¢ #= 0

while A°(K;G) = Z°(K;G)/B°(K;(), where B°(K;G) consists of those co-
chains ¢ € C°(K;(?) which are constant on the vertices of K. This implies

TueoREM 5.3¢c. The reduced 0 cohomology group H°(K,G) is the
Jactor group of H°(K;G) by the image of the homomorphism f*. H°(P,G) —
H°(K,G) where f: K — P and P consists of one point.

So far we have considered only those maps f: K, — K, which
were induced by a simplicial f: K — K’. Such maps satisfy the
condition In(fc) = In(c) for every ¢ ¢ Co(K). In the sequel we shall
have occasion to consider maps which are not necessarily induced by
simplicial maps (e.g. the subdivision operator for chains in §7 below).

DeriNiTION 5.4. Let K,K' be simplicial complexes. An algebraic

map f: K — K'isa chainmap f: K, — K| such that In(f¢) = In(c)
for each ¢ e Co(K). A chain homotopy D between algebraic maps will
be called an algebraic homotopy.
_ Clearly an algebraic map f: K — K’ can be extended to a map
I K, — K. of the augmented ordered chain complexes by defining
f-. to be the identity map of J = C_,(K,) = C_,(K!). Similarly an
algebraic homotopy D) can be extended by setting D_, = 0.

DeriNITION 5.5. A function C which to each simplex s of a simplicial
complex K assigns a nonempty subcomplex C(s) of a simplicial complex
K’ is called a carrier function if, for every face s’ of s, C(s’) is a sub-
complex of C(s). If f: K — K’is an algebraic map such that ¢ ¢ C,(K)
and ¢ C s imply fe C C(s), then C is called a carrier of f. Similarly,
if D: f ~ g is an algebraic homotopy such that ¢ ¢ C,(K) and ¢ C s
imply D¢ C C(s), then C is called a carrier of D.

DerFiniTION 5.6. A simplicial complex K is called acyclic if
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H,(K) = 0 for ¢ # 0 and A,(K) = 0. A carrier function C is called
acyclic if, for each simplex s, the complex ('(s) is acyclic.

THEOREM 5.7. Let K and K’ be simplicial complexes, let C be an
acyclic carrier function defined on K with values in K’, and let L be a
subcomplex of K. Any algebraic map L — K' with carrier C can be
extended to an algebraic map K — K' with carrier C. If f9: K — K’
are algebraic maps with carrier C, then any algebraic homolopy between
JIL and g|L with carrier C can be extended to an algebraic homotopy
between f and g with carrier C.

Proor. Suppose f: L — K’ is an algebraic map. For each vertex
A of K which is not in L we select a vertex f(A) of C(A). This extends
f to an algebraic map f: K°\U L — K’. Let A°A' be an elementary
I-chain of K and let s be the least simplex containing A°A'. If sis in
L, then f(A°A") is already defined. If sis not in L, then

In(f3(A°A4") = In(fA") — In(fA° = 0.

Thus f3(A°AY) e Z,(C(s)). Since Ho(C(s)) = 0, there is a chain
f(A°AY) e C,(C(s)) such that af(A°A') = fa(A°A"). This extends f
to an algebraic map f: K'\UL — K'.

From here we proceed by induction and assume that an algebraic
map f: K°\U L — K’ with carrier C is already given (¢ > 0). Let
¢ be an clementary (¢ 4 1)-chain of K and let s be the least smplex
of K containing c. If s C L, then fc is already defined. If s is not in
L, then afdc = fadc = 0, so that fac ¢ Z,(C(s)). Since H ,(C(s)) = 0
we may choose fc ¢ C,,1(C(s)) so that dfc = foc. This extends f to
an algebraic map f: K**'\U L — K’ with carrier C.

Let f,g: K — K’ be algebraic maps with carrier C, and let D:
JIL ~ g|L be an algebraic homotopy with carrier C. For each vertex
A of K which is not in L, we have In(¢g4 — fA) = 0. Thus g4 —
fA ¢ Z,(C(4)), and since Ho(C(4)) = 0, we may choose Dy(A4) ¢
C,(C(A)) so that aDA = g4 — fA. This extends D to an algebraic
homotopy D: f|K°\U L ~ g|K° U L with carrier C.

From here we proceed by induction and assume that an algebraic
homotopy D: f|K*'\U L~ g|K*"\U L with carrier C is already given
(g > 0). Let c be an elementary ¢-chain of K, and let s be the least
simplex of K containing ¢. If s C L, then Dc is already defined. If
s is not in L, then define z = gc — fc — Ddc. Clearly 2 C C(s) and

dz = dgc — dfc — aDAc = gdc — fdc — (gdc — fac + Daac) = 0.

Thus z ¢ Z,(C(s)). Since H,(C(s)) = 0, there is a chain Dc ¢ C,.,(C(s))
such that D¢ = 2. Then dDc + Ddc = gc — fc and we find that D is
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extended to an algebraic homotopy D: f|K*\U L =~ g|K*\U L with
carrier C.

TaeoREM 5.8. Let f,g: K — K’ be algebraic maps with an acyclic
carrier C. Let L,L' be subcomplexes of K,K' respectively such that s C L
implies C(s) C L'. Then the maps f,g induce chain maps fo,go: K./L.—
K:/L, which are chain homotopic. In particular, f., = g., and f% = g%
or homology and cohomology groups over any coeffictent group.

Proor. By 5.7 there exists an algebraic homotopy D: f =~ g with
carrier C. Each homomorphism D,: C (K) — C,..:(K’) carries C (L)
into Cg4y(L’) thus inducing a homomorphism D,;: C(K)/C(L) —
Cos1(K")/Cesr(L’). The homomorphisms D,, yield the desired ho-
motopy D,.

DEeriNiTION 5.9. Given a vertex A of a simplicial complex K, the
star St(A4) of A in K is the subcomplex of K consisting of the simplexes
which have 4 as a vertex, and all their faces. (This is to be distin-
guished from the open star st(4) defined in 11,3.6 which is an open
subset of |K|)

DerFinTION 5.10. Given a chain ¢ ¢ C (K) such that ¢ C St(4),
define a (¢ + 1)-chain Ac ¢ C,,,(K), called the join of A with ¢, as
follows: If

c= 2 a4} - 45
then
Ac = > a,AA} .-+ AL
LemMA 5.11. Ifc e C(K) and ¢ C St(A), then

d(Ac) = ¢ — A(dc) if ¢ >0,
3(4c) = ¢ — In(©4 if g =0.

Proor. Because of linearity, we may assume thatc = A° --- A%is
an elementary ¢g-chain. Then, for ¢ > 0,
9dc = J(AA +or A = A oo A" = 3D (=1 AA° oo AF . AT
=c¢ — Adc, e
and, for ¢ = 0,
0Ac = 0AA° = A° — A = ¢ — In(0)A.

THEOREM 5.12. For any vertex A of a simplicial complex K, the sub-
complex St(A) is acyclic.
Proor. Let z ¢ Z,(St(4)) for ¢ > 0. Then, by 5.11, 3(4z2) = z;
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hence z ¢ B,(St(4)) and H,(St(4)) = 0. If z e Z,(St(4)), then In(z) =
0, s0 that 34z = z and 2z ¢ B,(St(4)). Thus H,(St(4)) = 0.

TaeOREM 5.13. A simplex is acyclic.

This follows from 5.12 and the fact that, if A is any vertex of the
simplex s, then s = St(4).

Using 5.8 and 5.13 we can give a second and less computational proof
of 3.2. Let fg: (K,L) — (K',L') be contiguous simplicial maps.
For each simplex s of K, let C(s) be the least simplex of K’ containing
both fs and gs. By 5.13, C(s) is acyclic. Further if s is in L then C(s)
is in L’. Then C is an acyclic carrier for the algebraic maps f,,g..
Thus, by 5.8, f, =~ g..

6. THE ALTERNATING CHAIN COMPLEX OF A SIMPLICIAL COMPLEX

DeriniTION 6.1.  Let K be a simplicial complex. A chain ¢ e C(K,)
will be called an elementary degenerate chain if it has either of the two
following forms: ¢ = A°A' -.- A where A° = A', orc = v + ¢
where v = A° --- A%is an elementary chain, and v’ is the elementary
chain obtained from v by interchanging two neighboring vertices
A',A** forsomes = 0,1, --- , ¢ — 1. A chain which is a linear combi-
nation of elementary degenerate chains will be called degenerate. The
subgroup of degenerate chains is denoted by D,(K,).

LeEmMMA 6.2. 9,[D.(K,)] C D,..(K,).

LeEmMmA 6.3. If L is a subcomplex of K, then

Dy(L,) = Dy(K,) M C,(L,).
Lemma 6.4. If f: K — K’ is simplicial, then
FdDo(Ko)] C Do(K5).

These lemmas are direct consequences of the definitions. The fol-
lowing three lemmas follow directly from the fact that every permuta-
tion is a product of transpositions (i.e. permutations interchanging two
adjacent elements).

LemMa 6.5. If 4, - -+ , 2, ts @ permulation of the integers 0, - -+ , q
and ¢ = =1 according as this permutation is even or odd, then the chain

A% ooi AT — AN e A

18 degenerale.

LEMMA 6.6. If some vertex occurs at least twice in ¢ = A° -+ A,
then c is degenerate.

LeMMA 6.7. If the vertices of each g-simplex s, of K have been ordered
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in a definite way A? < --- < AY, then for each g-chain c ¢ C,(K,) there
1s a unique g-chain ¢’ ¢ C,(K,) of the form

¢ = D adl--- Al
L]

such that ¢ — ¢’ ¢ D,(K,). Moreover ¢’ = 0 if and only if ¢ ¢ D (K,).
If ¢ C L, where L is a subcomplezx, then ¢’ C L.

The analogy of the last three lemmas with 111,5.5, 5.6, and 5.8 sug-
gests the consideration of the groups

Co(Ka) = Co(Ko)/D(K.,).

In view of 6.2 the homomorphisms d,; C.(K,) — C,.,(K,) induces a
homomorphism 9,: C.(K,) — C._,(K,) so that K, = {C(K,),3,} is a
chain complex. If L is a subcomplex of K, then L, may be regarded, in
a natural fashion, as a subcomplex of K, and is then a direct summand
of K..

DeriniTION 6.8. For each simplicial pair (K,L) the chain complex
K./L, is called the alternating chain complex of the pair (K,L).

All the statements made in §2 can now be repeated with the ordered
complexes K,/L, replaced by the alternating complexes K./L, through-
out. The functor K,/L,,f. is denoted by A. Theorem 2.5 and the
subsequent discussion apply with the functor O replaced by the functor
A.

There are almost no changes to be made in §3. The proof of 3.2 as
given in §3 remains valid provided the vertices of K are simply ordered
and the elementary (alternating) chains of K are always written with
the vertices in order. The second proof given in §5 carries over without
modification. The proof of 3.7 is even easier; for, if P is the simplicial
complex consisting of a single vertex, then C,(P,) = 0 for ¢ # 0.

The discussion of §4 carries over to the alternating language with
the following two modifications:

In 4.1 the set of relations that the symbols g4° - - - A° satisfy should
be augmented by the following two kinds of relations:

gA® .- A7 = 0
if A°, .-+, A% are not all distinct, and
gA® - AT = At - A

if 4,, -+, %, is a permutation of 0, -+ , g and e is the sign of this per-
mutation.
The corresponding additions in 4.1c are: ¢(4°% ---, A% = 0 if
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A° -+, A% are not all distinct and ¢(A°, -+, A9 = ep(A*, ---, A")
if 70, -+, g is a permutation of 0, - -- | q of sign e.

The above remarks show that a second collection of homology and
cohomology theories on the h-category X, is obtained by replacing the
functor O by the functor A. It will be shown below (see 6.9) that
these two approaches yield isomorphic theories, so that the use of one
or the other is entirely a matter of convenience. The alternating ap-
proach is closer to the geometry as is indicated by the alternating char-
acter of the chains and cochains obtained in 1r,5. The alternating
approach is also more convenient for the actual computation of the
homology groups, since the groups C,(K,L;G) are “smaller.”” The
ordered approach is closer to the singular homology theory of Chapter
viI and is also useful in many problems connected with abstract algebra.
In the sequel, unless specific mention is made, cither of the two ap-
proaches could be used.

To compare the ordered and the alternating theories, for each sim-
plicial pair (K,L), define a map

(1) a: K,/LL,— K,/L,
as follows: Let
ag: Co(K,) = Cy(K,) = C(K,)/D,(K,)

be the natural homomorphism. By 6.2, o, and d commute, thus yielding
a map a: K, — K, This map carries L, into L,, and thus induces
the map (1).

THroreM 6.9. The map o induces rsomorphisms

a,: H(K,/L,;G) = H(K./L.;G),
o*: HYK./L.G) = H(K,/L,;G)

for any coefficient group G. These isomorphisms yield an isomorphism
between the homology (or cohomology) theories derived from the ordered
and the alternating approach.

Proor: We first verify that a, is a homomorphism of the ordered
homology theory into the alternating one. This requires the verification
of commutativity relations in the diagrams

a, a,

H(K,/L,;G) — H/(K,/L.;G) H(K,/L,;G) —— H(K,/L.;&

1/’* a lf* la ] 18

*
H(K:/L;;G) — s H(K/L0) Ho ((Lo;G) ——  Ho(LajG)
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where f: (K,L) — (K’,L') is simplicial. These commutativity relations
are consequences of commutativity relations in the diagrams
a io jo
Ko/Lo _— Ka/La Lo — Ko —_— Ko/Lo
L b, T
a ia je
K!/L, — K!/L, L, — K, — K,/L,

where i: L C Kand j: K C (K,L).

A similar argument shows that o* yields a homomorphism of co-
homology theories.

The fact that o, and o* are isomorphisms is a consequence of the
following theorem:

THEOREM 6.10. The map a: K,/L, — K,/L, is a homotopy equiva-
lence (see 1v,9.2).

Proor. Select a partial order for the vertices of K such that the
vertices of any simplex of K are simply ordered. A ¢-chain of K, will
be called normal if it is a linear combination of chains A° - -+ A° with
A’ < .-+ < A% Clearly, if ¢ is normal, so is 9.c.

Given a g¢-chain ¢ ¢ C (K,), there exists in view of 6.7 a unique
normal chain a. ¢ C,(K,) such that aa,c = ¢. Since 9,2, is normal,
and ag-,0,a, = 9,2, = 9.¢, it follows that d,a,c = @,.,9,c. Further,
if ¢ C L (i.e. if ¢ € C,(L,)), then, by 6.7, a,c C L. Hence the homo-
morphisms a,: C.(K,) — C,(K,) define a map

a: K,/L, - K,/L,

and aa = identity.

Now consider the map aa: K, — K,. If ce C,(K) and ¢ C s where
s is a simplex of K, then aac C s. Thus, setting C(s) = s, we find that
C is a common carrier for aa and the identity map :: K, — K,. Since
the carrier C is acyclic by 5.13, and since both @« and < are algebraic
maps, it follows from 5.8 that the map aa: K,/L, — K,/L, is ho-
motopic to the identity. Thus @ is a homotopy inverse of a, proving
that o K,/L, — K,/L, is a homotopy equivalence.

Note that, in the above proof, the construction of @ depended on
the ordering of the vertices of K. However the induced homomorphisms

@, (or a*) are independent of this ordering since they are the inverses
of a, (or a*).
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7. EFFECT OF BARYCENTRIC SUBDIVISION

In this section we shall assume that the complexes are finite. Let
K be a finite simplicial complex and (I, Sd K) its barycentric sub-
division (11,6).

We begin with the construction of an algebraic map

Sd: K, — (8d K),

called the subdivision operator for chains and satisfying the following
properties for ¢ ¢ C (K):

(1) If ¢ C s, where s is a simplex of K, then Sd ¢ C Sd s.
(2) dSd ¢ = Sd de.

Define Sd ¢ = 0 for ¢ < 0. Since every vertex of K is also a vertex
of Sd K, the group Co(K) is a subgroup of Cy(Sd K). Define Sd: Co(K) —
Co (Sd K) to be the inclusion homomorphism. From here proceed by
induction and assume that Sd has been defined for dimensions ¢ < gq
(¢ = 1) so that (1) and (2) hold. Let ¢ be an elementary ¢-chain of K,
and let s be the least simplex of A such that ¢ C s. Then dc C s and
therefore Sd dc C Sd s. Since b, is a vertex of Sd s, and Sd s C St b,,
the join operation of 5.10 may be used to define

Sd ¢ = b,-Sd (dc).
Clearly Sd ¢ C Sd s. Further, by 5.11

dSdc = Sd (d¢) — b,-9 Sd (dc)
Sd (8¢) — b,-Sd (dde¢) = Sd (de).

Having defined Sd for the generators of C,(K) so that (1) and (2) hold,
the homomorphism 8d: C (K) — C,(Sd K) is well defined and satisfies
(1) and (2). If L is a subcomplex of K, then Sd carries L, into (Sd L),.
There results a proper map

Sd: K,/L, — (8d K),/(Sd L)..

It should be noted that, although the subdivision operator for chains
was defined by induction, the procedure is quite definite and could be
replaced by a closed formula.

In addition to the linear map lx: Sd K — K, we shall define sim-
plicial maps

. SdK —» K

called projections, as follows: For every vertex b, of Sd K, let =(b,)
be one of the vertices of the simplex s of K. If b,,, -+, b,, are vertices
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of a simplex of Sd K, with s, a face of s,,,,72 = 0, -+, ¢ — 1, then
x(b,.), --- , w(b,,) are contained in the set of vertices of the simplex
s Thus, by 11,4.4, the vertex map = of vertices of Sd K into the vertices
of K extends in a unique fashion to a simplicial map =: Sd K — K.
If L is a subcomplex of K, then = carries Sd L into L so that

m (S8d K,S8d L) — (K,L).

THEOREM 7.1. For every (finite) simplicial pair (K,L) the subdivision
operator
8d: K,/L, — (8d K),/(Sd L),

18 a homotopy equivalence. The map
.. (Sd K),/(8d L), — K,/L,

induced by any projection m: (Sd K, Sd L) — (K,L) 7s a homotopy
1nverse of Sd.
Proor. We shall establish chain homotopies

3 T, Sd =~ 1,,

4 Sd 7w, ~j,

where ¢, and j, are the identity chain maps of K,/L, and
(8d K),/(8d L), respectively.

First observe that, if ¢ ¢ C,(K) and ¢ C s, then Sd ¢ C Sd s and
m,Sd ¢ C s. Hence C(s) = s defines a carrier C for both =, Sd and 4,.
Since the carrier is acyeclic, (3) follows from 5.11.

For every simplex s of Sd K, let 5§ denote the least simplex of K
containing all the vertices of s, and let C(s) = Sds. 1f ¢ e C(Sd K)
and ¢ C s, then m,c C 5 and Sd 7,c C C(s). Since s C C(s), it follows
that C(s) is a common carrier for Sd 7 and j. Since C(s) = Sd 5 = St (§)
(the star is taken in the complex Sd §), it follows from 5.12 that C(s)
is acyclic. Thus (4) is a consequence of 5.8.

REMARK. It is easily seen that ¢ — = Sd ¢ is a degenerate chain.
Hence = Sd ¢ induces the identity map on the alternating chain complex
K,. However this is not true of the operation which Sd = induces in
(8d K)..

As an immediate consequence of 7.1 we have

COROLLARY 7.2. A projection

m: (SdK,SdL) — (K,L)
induces isomorphisms

T

.. H(Sd K, Sd L;G) = H,(K,L;®),
. HYK,L:G) = H'(Sd K, Sd L:).

These isomorphisms are independent of the choice of the projection.
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8. UNIQUENESS OF SIMPLICIAL HOMOLOGY THEORIES

Let H be a homology theory defined on the h-category X, of finite
simplicial complexes. It will be shown how a uniqueness theorem
analogous to 111,10.1 may be established for such simplicial homology
theories.

First we observe that all the results of Chapter 1 with the exception
of those of §11 carry over to simplicial homology theories with the
obvious modifications in formulation. Proposition 1,11.5 that a con-
tractible space is homologically trivial has the following analog:

If the complex K 1s the star (see 5.9) of one of its vertices, then K is
homologically trivial.

Indeed, let K = St A. Consider themap f: K — A and the identity
map g: A — K. Then fg: A — A is the identity while gf: K — K
is contiguous to the identity. Hence f, is an isomorphism H (K) =
H,(A), and since A is homologically trivial, so is K.

With this done, all the propositions of 111,2 through 111,9 carry over
to simplicial homology theories without any change except in notation.
The first part of the proof of the Uniqueness theorem 111,10.1 (the con-
struction of the homomorphism ¢) vields the following

TueoreM 8.1.  (Uniqueness theorem for simplicial homology theories).
Gliven two simplicial homology theories H and H on the h-category X. of
finite simplicial complexes, and given a homomorphism

hy: G— G
of their coefficient groups, there exists a unique homomorphism
h: H—-H on X

which is an extension of h,. When ho is an isomorphism, so also s h.

Thus, as far as simplicial homology theories are concerned, the theory
is complete: both existence and uniqueness are established.

This theorem casts light on the structure of the proof of the Unique-
ness theorem of 111,10.1. Each homology theory H (in the sense of
Chapter 1) defined on an admissible category @ containing the category
3 of triangulable pairs, leads to a simplicial homology theory H, (defined
on X!) by setting H, (K,L) = H,(|K|,|L|). The axioms for H, follow
directly from the corresponding axioms for IT except for the Excision
axiom which is the Theorem 111,2.2. _

If 11,H are two homology theories (defined on 3) and st G — G is
a homomorphism of their coefficient groups, then 8.1 yields a unique
extension of A, to a homomorphism of the associated simplicial theories:

h,: H —>H, on X
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The second part of the proof of 111,10.1 then shows how one can pass
from the homomorphism A, to a homomorphism

h: H—>H on 3.

This is the only stage in the proof of the Uniqueness theorem which
makes use of the Simplicial approximation theorem (11,7).

An analogous discussion can be given for cohomology; the details
are left to the reader.

NOTES

The classical invariance theorem. We shall give here a modernized
version of the classical invariance theorem.

Let (X,4) be a triangulable pair. If 7,7’ are triangulations of
(X,4), we shall write T’ < T if, for each vertex B’ of X (or of A) in the
triangulation 7", there is a vertex B of X {or of A) in the triangulation
T such that

st(B') C st(B).

We note the following formal properties:

QD) I"<Tand T < T imply 7" < T.

(2) "T < T where "T is the n*" barycentric subdivision of T (n = 0).

(3) For any T and 7", there exists an integer n such that "7 < T’
(follows from 11,6.5).

(4) For any T,,T,, thereisa T with T < T,, T < T, (follows from
(2) and (3)).

Suppuse T” < T. If, for each vertex B’ of T’, we select a vertex
p(B’) = B as above, we obtain a simplicial map p: T’ — T called a
projection. Any two projections are contiguous, and therefore, by
3.2 and v,4.4, they induce the same homomorphism

a(T,T"): H(T') — H/(T).

Here H,(T), where T = {t,(K,L)} is a triangulation of (X,A4), denotes
the homology group H,(K,L) in either the ordered or the alternating
approach.

KT <T <Tandp: T"—> T, p: T — T are projections,
then pp’: T'" — T is also a projection. This yields:

6) fT”" < T < T, then a(T, T)a(T",T"") = a(T,T").

The crucial fact is the following:

(6) a(T,T") is an isomorphism for any 77 < T.

In the special case when 7" = 'T is the barycentric subdivision of T,
(6) follows from 7.2. Thus (5) implies that (6) is valid for 77 = "T.



NOTES 181

For any T" < T, choose n so that "T' < T’ < T. Then «(T,T") =
a(T,T")a(T',T") is an isomorphism. It follows that «(T,T") is onto.
Therefore a(7",T") is also onto. This implies that «(7T,T") is an iso-
morphism as desired.

Let now T,,T, be any two triangulations of (X,4). Choose T with
T <T,T < T,and define

Br(T2,T\) = (T, T)a” (T\,T): H(T,) = H(T.).
If 7" < T, then

Br(Ty,T)) = a(Ty,T")a” (T, T")
= o(Ty, T)a(T,T")a” (T, T")a” (T, T\) = B(T>,T).

This fact, together with (4), implies that 8(T,,T,) is independent of
the choice of 7. We thus obtain unique isomorphisms

(7) B(T,,T)): H(T\) = H(T»).

In particular g(7,,T,) = «T,,T,) if T, < T,. 1f T,,T,,T, are three
triangulations, then, choosing T' with T < T, (i = 1,2,3), we find

(8) B(Ts,Ty) = B(Ts,T,)B(T,,T)).

It follows that the groups H,(T') together with the isomorphisms (7)
form a transitive system of groups as defined in 1,6. In this sense, the
groups H,(T) are independent of the triangulation T, and may be
denoted by H, (X, A4).

The classical invariance proof limited itself to showing that H (T,)
and H,(T;) were isomorphic. It did not exhibit a ‘“unique” isomorphism
(7) satisfying (8).

Having constructed a group H,(X,4), we could continue in the same
vein and construct d and f,, and then verify the axioms. This would
provide a proof of the existence of a homology theory on the category
of triangulable spaces. It is not worthwhile to do this in view of sub-
sequent existence proofs for much larger categories.

The development of the invariance theorem. Much of the development
of homology theory during the period 1895-1925 centered around the
question of the topological invariance of the homology groups. The
first fully satisfactory solution was achieved by Alexander near the end
of this period through the development of simplicial complexes and
their techniques [Trans. Amer. Math. Soc. 28 (1926), 301-329].

Prior to this a broader concept of cell complex was used (see Chapter
x111 of the second volume). Homology groups were defined by choosing
a cellular decomposition of the space, orienting the cells (i.e. selecting
incidence numbers—the coefficients in the boundary relations), and
taking the homology groups of the resulting chain complex. This pro-



182 NOTES

cedure gave rise to a series of problems: (1) a clear-cut definition of
cell complex was needed; (2) the orientability must be proved (i.e. show
that 80 = 0); (3) the independence of the homology groups on the
choice of orientation must be shown; and (4) the homology groups must
be proved independent of the choice of the cellular decomposition. The
last is the invariance problem.

By using too broad a definition of complex, the second problem be-
came too difficult. Problems (1), (2), and (3) were solved by using
polyhedra for complexes. A polyhedron is a collection of cells in a
euclidean space, each cell is defined by a system of linear equalities and
inequalities. A step in solving (4) was the proof of invariance under
subdivision. This led to the Hauptvermutung: If two polyhedra are
homeomorphic then they have isomorphic subdivisions. This plus in-
variance under subdivision would imply topological invariance. But it
remains unproved to this day.

The wording of the invariance problem is such that one feels con-
strained to use only topological maps in its solution. However the
homology groups are invariant under homotopy equivalences. It was
perhaps the realization of this fact which led Alexander to abandon the
refined techniques of topological equivalence, and to replace them by the
rough techniques of simplicial approximation and deformation, and
thereby achieve a satisfactory solution.

Although simplicial complexes appear to eliminate most theoretical
difficulties, they are highly inefficient for the computation of homology
groups of simple spaces. A triangulation of a space usually demands a
large number of simplexes. As noted in 111, Exer. D6, a triangulation
of a torus requires at least 42 simplexes. The n-simplex has 2" — 1
faces. Polyhedral and cellular decompositions are far more efficient
(see Chapters xm1 and x1v of the second volume).

The Mayer homology groups. let K be a simplicial complex. Con-
sider the free abelian group M,(K) whose generators are sequences
(A° ---, A™) of vertices of K, such that A° ---, A" are in a simplex
of K. Two such sequences are regarded as equal if they differ only by
a permutation of coordinates. Define the homomorphism F: M, (K) —
M, ,(K) by setting

F(AO) Tt An) = Z(An; ) /‘i‘) ) An)'
1=0
Let p be a prime and G an abelian group with pG = 0 (i.e. pg = 0 for
all g € G). Define M, (K;G) = M, (K) ® G and consider the homo-
morphism F: M, (K;G) — M,_,(K;R) induced by the operator F above.
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Then the iteration F” of F is zero. Thus for each integer 0 < ¢ < p
the composition
Fll"‘q Fﬂ

M.,y —— M, —— M,_,

is zero. The Mayer homology group H, ,(K;®) is defined to be (kernel
F?%)/(image F*"%. These groups were defined by W. Mayer [A new
homology theory 1, 11, Annals of Math. 43 (1942) 370-380, 594-605]. He
established a large number of their properties, but was unable to de-
termine their relation with the ordinary homology groups. This was
done by E. Spanier [The Mayer homology theory, Bulletin A.M.S. 55
(1949) 102-112], making essential use of our Uniqueness theorem v1,8.1.
In this order, Spanier defines (1°) relative groups I, (K,L;7) where
L is a subcomplex of K, (2°) a homomorphism f,: H, (K,L;G) —
H, (K'L'@) for cach simplicial map f: (K,L) — (K',I’), and (3°) a
boundary operator F°: H, (K,L;G) — H,_, ,_.(L;G). He then shows
that the groups I, ,, suitably reindexed, provide several homology
theories on the h-category of simplicial complexes. The coefficient
group of each theory is shown to be either 0 or G depending on arith-
metic properties of the indices involved. Thus the Uniqueness theorem
implies that I{, (N,L;(7) is either O or isomorphic with the ordinary
homology group H,(K,L;G) for a suitable r. The precise result is that
H, (K, LG) = H,(K,L;,G) in the following two cases:

n 4+ 1= q (mod p), and r=2n+1- ¢/p,
n+ 1= 0 (modp), and  r=2n+1/p—1.

In all other cases I, , is zero.

EXERCISES

A. SIMPLICIAL APPROXIMATIONS.

1. If g1,9.: K — K, arc both simplicial approximations to a map
f: |K| — |K,|, then g, and ¢, are contiguous.

2. Show that a projection m: Sd K — K (in the sense of §7) is a
simplicial approximation to the linear map lx: Sd K — K involved in
the definition of subdivision.

B. LOCALLY FINITE COMPLEXES.

DerinitioN. Let K be a (possibly infinite) simplicial complex.
Given an elementary chain A° -+ A in C(K,), define an integral co-
chain ¢ ¢ C'(N,;J) so that ¢(A°, -+, A% = 1 and ¢(c) = 0 for all
other elementary chains in (', (K,). The cochains ¢ thus obtained
generate a free subgroup of C(K,;J) denoted by C*(K) and called the
group of finite integral cochains of K.
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1. Show that K is locally finite if and only if the coboundary of
every finite cochain is again a finite cochain. Denote the resulting
cochain complex by K°.

2. A simplicial map f: K — K, of a locally finite complex K into
another such complex K, is called locally finite if, for every finite sub-
complex L of K,, f~'(L) is a finite subcomplex of K. Show that a locally
finite simplicial map induces a map f°: Kj — K°.

3. Let L be a subcomplex of the locally finite complex K, and let
i: L — K, j: K — (K,L) be inclusion maps. Denote by K° — L°
the kernel of the map 7*: K° — L°. Show that a locally finite sim-
plicial map f: (K,L) — (K,,L,) induces a map f°: K; — L; —
K® — L°. Show that with suitable definitions the category of pairs of
locally finite complexes and locally finite maps constitutes an h-category
£ and that the pair K° — L° f° then yields a contravariant h-functor O’
on £ with values in the category of G of cochain complexes (direct
couples).

4. Use the h-functor O’ to define homology and cohomology theories
3 (K,L;,@), 3¢°(K,L;G). Give a detailed description of these theories
analogous to that of §3. What are the limitations on the coefficient
group G?

5. Adopt the alternating approach and define a functor A’ analogous
to O’. Show that the homology and cohomology theories obtained using
O’ and A’ are isomorphic.

6. Compare the H and 3C theories on finite complexes. Correlate
the result with v, Exer. F4.

7. Show that, in the 3C theories, the reduced groups are defined only
for finite complexes.

REMARKS CONCERNING TERMINOLOGY. The homology groups H, of
an infinite complex based on the chain complexes K, (or K,) will be
called the direct homology groups, while the corresponding cohomology
groups H° will be called the inverse cohomology groups. In a locally
finite complex the cohomology groups J¢° based on the chain complexes
K’ (or K®) will be called the direct cohomology groups while the corre-
sponding homology groups 3¢, will be called the inverse homology groups.
The reasons for this terminology will become clear in Exercises vii,F,
The direct homology and cohomology groups are not defined for com-
pact coefficients. If the linear form notation were used for all chains and
cochains, then the direct groups would be based on finite linear forms
while the inverse groups would utilize infinite linear forms. For reasons
explained in the remark following 4.1¢, it is convenient to use the linear
form notation for chains and the functional notation for cochains, re-
gardless of whether the chain or cochain is finite or infinite.



CHAPTER VII

The singular homology theory

1. INTRODUCTION

The objective of this chapter is to establish the existence of ho-
mology and cohomology theories on the largest admissible category,
namely: the category @, of all pairs (X,4) and all maps of such pairs.
For homology [cohomology] theory, the existence is established for any
prescribed coefficient group in any of the categories Gg [Gr or G¢l, and
the theory has values in the same category. A singular homology
theory with values in G is not constructed.

The method is the following: Using mappings of ordered simplexes
into the space X, a chain complex S(X) is obtained, called the singular
complex of the space X. Then the homology and cohomology groups
of a pair (X,A) over any coefficient group are defined as the appropriate
groups of the complex S(X)/S(A), using the methods of Chapter v.

The verifications of all the axioms, save for Homotopy and Excision,
are trivial consequences of the corresponding theorems about chain
complexes. To prove the Homotopy axiom, it is necessary to construct
a chain homotopy from the given homotopy. The proof of the Excision
axiom requires some preliminary construction.

2. THE SINGULAR COMPLEX OF A SPACE

In the euclidean R®*' space with coordinates (z,, -+ , z,) consider

the unit simplex A, (see 11,2.2). The vertices d°, --- , d° are the unit
points on the coordinate axes of R**'. If we regard R as the subset
of R®*' given by x, = 0, then A,_, is a face of A, and has vertices d°,
-«-,d'. In A, the barycentric coordinates of a point coincide with
its cartesian coordinates.

Consider the simplicial maps
eg: Ay — Ay, i=0,--,4q,
given by the following vertex assignments:

a@) = d if j < i,
) = d'* if i < j.
185
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Thus e,”maps A,-, simplicially onto the (¢ — 1)-face of A, not con-
taining d' and preserves the order of the vertices.
LEmMMA 2.1, ele)_, = ele,”) for0 <j<i=q.
The proof is obvious.
DErinNITION 2.2. A continuous mapping

T: A, & X

of the unit g-simplex 4, into a topological space X is called a singular
g-simplex in X. The singular (¢ — 1)-simplex

TO = Tel: Apy — X

is called the *" face of T, fori = 0, --- , q.
By 2.1, we have
LemMma 2.3. (T*) = (T9)0"P for0 2 j<i=q

DeriniTiON 2.4. The free abelian group generated by the singular
g-simplexes in X is denoted by C,(X) and is called the group of singular
(infegral) g-chains of X. If ¢ < 0, there are no g¢-simplexes and
C(X) = 0.

The boundary homomorphism

aa: C(J(X) - Cq‘l(X)
is defined as follows: If ¢ < 0, thend, = 0. If ¢ > O and T is a

singular ¢-simplex in X, then

a
9. = 2 (=1)'T™.
=0
Lrmma 2.5. 9,-,9, = 0.
Proor. If ¢ < 1, then d,., = 0 by definition. Assume therefore
that ¢ = 2. Tt is sufficient to verify 2.5 for each generator 7" of C(X).
By definition

80rdT = 3 (=1)'8, T = 3 5 (=1 (=1 (@)

1=0 1=0 3=0

T (DT T (=),

0s1<13¢q 0s51351<¢

In view of 2.3, the first sum equals

Z (_I)H;(TH))(-—I).

051<13¢q

Replacing ¢ — 1 by j and j by ¢ gives
— Z (_1)|+I(T(l))(l).

0s151<¢

Thus the two sums cancel, and the lemma is proved.
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It follows from 2.5 that {C,(X),d,} is a chain complex. This chain
complex will be denoted by S(X). If 4 is a subspace of X, then C,(4)
is generated by a subsct of the set generating C,(X) and 9, on C,(A)
agrees with 9, on C,(X). Thercfore S(A) is a subcomplex of S(X) and
it is a direct summand of S(X). Given ¢ ¢ C(X) we shall write ¢c C A4
to indicate ¢ ¢ C,(4).

DeriniTION 2.6. For each pair (X,4) consisting of a topological
space X and a subsct A, the chain complex S(X)/S(A4) is called the
singular complex of the pair (X,A). The groups C.(S(X)/S(4)) =
C.(X)/C,(A) are free groups.

REMARK. Strictly speaking S(A) is not a subcomplex of S(X), be-
cause a generator of S(A) isamap T: A, — A and not a map A, — X.
The inclusion map : A C X induces an isomorphism of S(A4) with a
direct summand of S(X), and S(X)/S(A) should be written S(X)/7S(4).

Lemma 2.7. If f: (X,A) — (Y,B), the homomorphisms f,:
C(X) > Cu(Y)and f,: C,(A) — C,(B) defined by

J«T) = fT
forT: A, — X (or T: A, — A), yields a map
fs: S(X)/S(A) — S(Y)/S(B).

Moreover, if f: (X,A) — (X,4) is the identity, then fs is the identily,
and, if f: (X,4) - (Y,B), g: (Y,B) = (Z,0), then (9f)s = gsfs.

The proof requires only the verification of the commutativity rela-
tion 8,f, = f,-18, which is an immediate consequence of the relation
(1) = [Teg = [(T).

The lemma states that S(X)/S(A4) and fs form a covariant functor
S on the category @, of pairs of topological spaces with values in the
category 9SG of chain complexes (recall that G is the category of ordinary
abelian groups, i.e. G = G where R = the integers). We now convert
@, into a c-category by defining couples (7,5) to consist of the inclusion
maps i: A — X, ;: X — (X,4) for each pair (X,4) in @,. Since
15 is the inclusion map S(A4) — S(X), it follows that the sequence

is Js
0 — 8(4) — 8(X) — S(X)/8(4) — 0

is exact, thus (i5,7s) is a couple in the category dG. Since, as was
observed earlier, S(A4) is a direct summand of S(X), it follows that the
couple (is,js) is direct in the sense of v,3.1. Thus S is a c-functor.

We now go a step further. The c-category 9§ has been converted
in v,4 into an h-category. We shall do the same with the category @,.
To this end we define homotopies and points in @, to be actual homo-
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topies and actual points, while excisions in @, are defined as follows: A
map f: (X',A’) — (X,A) is called an excision if (1) f is an inclusion
map, (2) X — A = X’ — A’, and (3) the closure of X — X’ lies in the
interior of A. The last two conditions may be replaced by the more
symmetric conditions

A"'=X"NA, X = Int (X) U Int (4).

Note that this concept of excision is broader than that of 1,3 in that
U = X — X’ is not required to be open.

With these definitions @, becomes an h-category, and we can state
the main result of this chapter.

THEOREM 2.8. If 6G is treated as an h-category in the sense of direct
couples, then the functor S: @, — 3G is a covariant h-functor (see 1v,9.4).

It has already been shown that S is a c-functor. To prove the
theorem we must show that S preserves homotopies, generalized exci-
sions, and points. This will be done in Theorems 4.7, 7.1, and 9.1.
Granting that this has been done, we apply 1v,9.5 to obtain our chief
objective:

DErFiNiTION 2.9. The composition of the h-functor S with the
homology theory of G with coeflicient group G (see v,11.3) yields a
homology theory on @&, called the singular homology theory of @, with
coefficient group G. The composition of S with the cohomology theory
of 3G with coefficient group G (see v,12.3) yields a cohomology theory
on @, called the singular cohomology theory of @, with coefficient group G.
For any given pair (X,4) ¢ @,, the homology and cohomology groups
H,(S8(X)/S(A);G), H'(S(X)/S(A);G) (see v,11.4, 12.4) will be written
H,(X,A;G), H'(X,A;Q), respectively, and are called the ¢*" singular
homology and cohomology groups of (X,A) with coefficient group G. Ac-
cording to v,11.3 and 12.3 we have the following cases:

(1) Ge glh then Ha(X)A;(;) € SR;
(2 GeGr, then  H'(X,A;G)e G,
3) G ¢ Ge, then H(X,A;G) ¢ Ge.

Observe that singular homology groups H,(X,A4;() are not defined
when @G is compact. The reason for this is that C,(X) usually does not
have a finite base (see v,11.3).

We note here the following alternative definition of the singular

simplexes. Let s be an ordered ¢-simplex with vertices A° < --- < A4°.
A map T: |s| » X will be called a singular ¢-simplex in X (in the
new sense). If s’ has vertices B® < --- < B“and T": |s'| — X, then

we say that T and T’ are equivalent if 7 = T'B where B: s — &' is
the simplicial map with B(A') = B',7 = 0, -+, q. In this definition,
the group C,(X) is generated not by the individual singular g-simplexes,
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but by the equivalence classes of such ¢g-simplexes. Clearly every such

equivalence class contains precisely one singular g-simplex in the sense
of 2.2

3. DIRECT DESCRIPTION OF THE BASIC CONCEPTS

This section serves the same purpose as Section 4 of Chapter vi.
A direct description of the singular homology and cohomology theories
will be given. The opening remarks of v1,4 apply equally well here.

The group C,(X,4;G) of singular g-chains of X mod 4 is by defini-
tion the tensor product [C,(X)/C.(4)] ® G. By 2.4, the singular
simplexes T: A, — X form a base for C,(X). By v,9.6, C.(X,A;G) is
generated by the elements T' ® g which will be written ¢T in accordance
with the convention v,11.4. Thus we have

TurEOREM 3.1. The group C,(X,A;G) 1s generated by the elements gT,
wheregeGand T: A, — X is a singular g-simplex in X. These generators
are subject to the relations

(01 + gz)T = ng + ng

and
gT =0  for T(a,) C A.
The boundary 1s given by the formula

algT) = 2 (=1gT™.

For any map f: (X,A) — (Y,B), the chain transformation f,.:
C.(X,A;G) — C(Y,B;@) s given by

TogT) = g(fT).

If this theorem were adopted as a definition, it would be necessary
to verify that f, and 8, are compatible with the relations and commute.

The descriptions of Z,(X,4;G), B,(X,A;G), H(X,A;&0),f,, and 9,
are as in vi,4 with (K,L) replaced by (X,A).

Passing to cohomology we begin with the group C%(X,4;G) =
C°(S(X)/S(A);@) of cochains of X mod A over G. This group is by
definition the group Hom(C,(X)/C,(4),d), and therefore v,10 and v,12
imply

THeoreEM 3.1c. The group C°(X,A;G) is the group of functions ¢
defined on singular g-simplexes T in X, the value ¢(T) s in G, and s
zero if T is in A. The coboundary 8¢ is defined by

g+l

(6°)(T) = Z (—1)'s(T™).
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For any map f: (X,A) — (Y,B), the cochain transformation
I CYY,B;@) — CYX,A;G) is given for ¢ ¢ C°(Y,B;R) by the formula

(F'e)(T) = ¢(fT).

The descriptions of Z°(X,4;G), B*(X,4;R), H'(X,A;(), f* and
o* are as in vi,4 with (K,L) replaced by (X,A).

4. PRESERVATION OF POINTS, REDUCED GROUPS

TuaeOREM 4.1. If P s a space consisting of a single point, then the
chain complex S(P) is pointlike in the sense of v,4.7.

Proor. For each ¢ = 0 there is only one singular g-simplex
T.,: A, —» P. For ¢ even and > 0, we have 9T, = T,_, so that
9y Co(X) = Coy(X). For g < 0, we have C(X) = 0. Thus condi-
tions of v,4.7 are fulfilled.

Observe further that by 3.1 and 3.1¢ we have

Co(P;®) = @, C'(P;,o) = @,
and 9, = 0,9, = 0. Thus H, = C, and H° = C°. Consequently
H,P,&) = G, H°(PG) = G.

This shows that the singular homology and cohomology theories con-
structed over a group G actually have the group G as coefficient group
in the sense of 1,6.1.

Observe that, for any space X, a singular O-simplex 7: A, — X
is completely determined by the image point z = T(4,). If we agree
to write z instead of T, then every 0-chain ¢ ¢ Co(X,G) will have the
form of a finite formal sum

c =2 ga.

where ¢g; ¢ G, z, ¢ X. Every cochain ¢ ¢ C°(X,G) will be a unction
¢: X — @ (with no continuity assumption).

In analogy with vi,5.1 and v1,5.2, we introduce the following
definitions:

DerFINITION 4.2. For each element ¢ = 2 gz, of Co(X,G), the
indez In(c) is

In(c) = Z g: € Q.

Clearly In: Co(X;&) — G. _
DEeriniTION 4.3. The augmented singular complex S(X) of the space
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X is defined as follows: If X = 0, then S(X) = S(X) = 0. If X =0,
then

C(S5(X)) = C,(X) for ¢ # —1,

C.(8X) =J (= additive group of integers),
4, = 9, for ¢ = 0,—1,

3 = In: C(8(X)) — J,

d_, = 0.

The reduced 0™ homology and cohomology groups of X over G are
defined as

A,.X;6) = H(S(X);0), A°(X;6) = H(S(X);6).

Clearly HC,(S'(A:) @) = H(X;G) for ¢ # 0. In the dimension 0,
ZO(X;G) = Z,(S(X);G) is a subgroup of Z,(X;G) = C,(X;G) and con-
sists of O-chains ¢ with In(¢) = 0. This implies

TuroreM 4.4.  The reduced 0** homology group Ho(X;G) is the kernel
of the homomorphism f.: H,(X;G) — H,(P;G) where f: X — P and
P is a space consisting of one point.

Therefore the concept of reduced group coincides with that defined
in 1,7 for any homology theory.

For cohomology, we find that H(S(X);¢) = HY(X;G) for ¢ # 0,
and that A°(X;0) = Z2°(X;0)/B°(X;G), where B(X;G) = B°(8(X);G)
consists of those cochains ¢ ¢ C°(X;7) which are constant on the singular
O-simplexes (i.e. the points) of X. This implies

THEOREM 4.4c. The reduced 0 cohomology group H°(X;G) is the
factor group of H°(X;(7) by the image of the homomorphism f*: H°(P.G) —
H°(X:G) where f: X — P and P 1s a space consisting of one point.

The definition of “acyclic space” and ‘“algebraic map f: S(X) —
S(Y)” are as in v1,5.6 and v1,5.4. A carrier of f is a function C which
to each singular simplex T in X assigns a subset C(T') in Y such that
f(T) C C(T) and C(T') C C(T'). The statement and proof of v1,5.7
carry over with only formal changes.

6. THE LINEAR COMPLEX OF A CONVEX SET

We proceed to develop the tools to be used in the proofs that the
functor S preserves homotopies and generalized excisions (given in

§§7 and 9).

DeriniTION 5.1. Let V be a convex set in a euclidean space. A
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singular simplex T: A, — V is said to be linear, if a;,a;, € Ay, N, = 0,
A; = 0and A\, + X, = 1 imply
T\ + )\2‘12) = )\1T(a1) + >\2T(a2)'
The linear simplexes form a subcomplex Q(V) of S(V).
The linear simplex T is completely determined by the points

v = T'), 7 = 0, ---, ¢, and we shall therefore use the symbol
v° -+ - v to designate the linear simplex 7. With this notation we have

aa(vn ...vq) = Z(——l)'vo ...0' ...ve.

1=0
DeriNiTION 5.2. Ifve Vand T = v° - - - v is a linear g-simplex, the
join vT is the linear (¢ + 1)-simplex »° - - - v°. With v fixed, this opera-
tion on generators extends uniquely to a homomorphism ¢ — vc of

C(Q(V)) into C,.,(Q(V)).
Lemma 53. Ifve Vand c e C,(Q(V)), then

dwe) = ¢ — v(dc) if ¢ >0,
dlwc) = ¢ — In(c) if ¢ =0.

The proof is the same as that of vi,5.11.

6. PRISMS

The unit ¢-prism (¢ > 0) is the cartesian product
me =1 X Ay
where A,_, is the unit (¢ — 1)-simplex in R’ and I is the closed interval
0 <t =< 1inR"' The prism =, is a convex subset of R* X R = R*".
Consider the maps
Tel ey — T, i=0,--,qg—1
defined for (¢,v) & m,-, by
ro(tw) = (tea-1 @)
and the maps
lgt Apey — mg Ug: Doy — T,
defined for v ¢ A, by
I, = (0,v), u, () = (1,9).
As an immediate consequence of these definitions we have

. i .
LEMMA 6.1. rireo, = 1) for0 =j<i1=g¢qg-1,
Teleor = l€omr,  Tilamr = Ueon, fori =0, ---,¢q— 1.
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DEFINITION 6.2. A continuous mapping
P. 7, - X

of the unit ¢-prism =, into the topological space X is called a singular
g-prism in X (g > 0). The singular (¢ — 1)-prism

(1) i,
P =Pry: 7oy > X

is called the ¢** face of P fori = 0, --- , ¢ — 1. A singular 1-prism
has no faces. The singular (¢ — 1)-simplexes

P, =Pl A_, - X, P, = Pu,;: A, > X

are called the lower and the upper base of P, respectively.
By 6.1, we have

Lemma 6.3. (P“) = (P)@V for0 £j<i=Zq-—1,
(P(-))l — (Pl)(:)’ (P(‘))u = (Pu)(-)’ fOI“I: — 0, cee,q — 1’

and we may write P{",P{*’ without ambiguity.

DEeriNITION 6.4. The free group generated by the singular g-sim-
plexes and the singular g-prisms in X is denoted by C,(SP(X)) and is
called the group of singular (integral) prismatic g-chains in X. If ¢ < 0,
then C,(SP(X)) = 0. If ¢ = 0, there are no singular O-prisms so
Co(SP(X) = Co(X).

The boundary homomorphism

d;: Co(SP(X)) — Coi(SP(X))

is defined as follows: If ¢ <0, thend, = 0. If ¢ > 0and P is a singular
g-prism, then
q-1
9P =P, — P, — > (—1)P"Y,

1=0

For a singular ¢g-simplex 7'

a.T = 2 (=1)'T™,
=0
LEmMMmA 6.5. 9,.,9, = 0.
Proor. Clearly it is sufficient to verify that d.-,0,P = 0 for every
singular ¢-prism P. Since d, = 0, we may assume that ¢ > 1. By
definition

q—-1
9g19,P = aq-,(P, - P, - > (—1)‘P“’)

1=0

Sype - ¥ (-

+=0 1=0

=2

-5 (—1)'{P,ﬂ" S SR> (—1)’(P“’)"’}.

+=0 1=0



194 SINGULAR HOMOLOGY THEORY [CHuAP. VII

The single sums cancel because of the second part of 6.3. The double
sum is zero by the same calculation as in the proof of 2.5, using the
first part of 6.3.

DEriNITION 6.6. The chain complex

SP(X) = {Co(P8(X)),d.}

is called the singular prismatic complex of the space X.

Clearly S(X) is a subcomplex of SP(X). If A is a subset of X,
then SP(A) is a subcomplex of SP(X) and S(4) = S(X) N SP(A).
Hence the inclusions S(A) C S(X) and SP(A) C SP(X) induce a
homomorphism

7. S(X)/S(4A) — SP(X)/SP(4)

whose kernel is zero by virtue of the Noether isomorphism theorem.
It will be convenient to regard S(X)/S(A) as a subcomplex of
SP(X)/SP(A) so that » is an inclusion map.

THEOREM 6.7. There exists a map

r: (SP(X),SP(4)) — (5(X),5(4))

which s the identity on S(X). In other words the pair of chain complexes
(8(X),S(A)) is a retract of the pair (SP(X),SP(A)).

Proor. For any linear n-simplex »° --- v of A,_,, define a linear
(n + 1)-chain in =, by

1) Dy - 0") = 2 (=1)'12) - (1)) - wd?).
1=0
Then D; extends uniquely to a homomorphism
D:: C,.(Q(Aq—))) - ("n+1(Q(1rll))‘
The same calculation as in the proof v1,3.2 shows that
2 dDjec = u,c — le — D;j_,dc, forceC(Q(A,)).

If we use the second set of relations of 6.1 with (1), we obtain immedi-
ately

3) riDY7 ¢ = Diey_c, for c e C.(Q(A,-)).
Define the homomorphism
re: C(SP(X)) — C.(X)

as follows. If T is a singular ¢g-simplex, then r,7 = T'. If P is a singular
g-prism, then

“ r,P = PgDi (d ---d*"),
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where Py is defined by 2.7. Clearly r, is the identity on C,(X), and it
maps C,(SP(A)) into C,(4). It remains to prove that r and d commute.
This is obvious when applied to a singular simplex. Hence it suffices to
prove that

or,P = r,_,0P.
Apply 8 to both sides of (4), use 9Ps = Pgd and then use (1) to obtain
(5) or,P = (Psu, — Psl, — PsD3_,9)(d --+ d*7").
By definition
(6) Pau,d ---d") = P, Psl(d® --- d") = P
Since P,,P, are singular simplexes,
(7 P, =r_P, P, =r,,P,.

Using (3) we obtain

Do - A = Doy S (=)@ e e d)

1=0

Dy S (— 1@ - d Y

1=0

S (DI - a7,

=0

Since, by 6.2, Pgry = P§’, we have

q-1
PsD_ad -+ dY) = D (=1)'PYDIA -+ d7Y)

1=0

= i (-‘1)‘7'0_1P(‘).

1=0

Combining (5), (6), (7), and (8) gives

®

q—1
orP =r, P, — 1Py — 2 (=D P = r,_,P.

1=0

This completes the proof.

7. PRESERVATION OF HOMOTOPIES
TuEOREM 7.1. Two homotopic maps
g (X,4) — (Y,B)
induce chain homotopic maps

Fsigst 8(X)/8(4) — S(Y)/S(B).
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Proor. Let
h: (X XI,A XI) — (Y,B)
be a map such that for each z ¢ X
h(z,0) = f(x),  h(xz,1) = g(x).

For every singular ¢g-simplex T: A, — X, consider the singular (¢ + 1)-
prism

DT: Ta+1 hd Y
defined by

(DT)(x,t) = (T (), for zeA,

=]
IIA
IIA
[

This defines homomorphisms
D: C(X) — C... (SP(Y))

which carries C,(4) into C,.,(SP(B)). Thus D: C/(X)/C,(4A) —
Coit(SP(Y))/Ceui(SP(B)). Clearly

(DT), = fT, (DT). = ¢T,
(DT = D(T*") fort =0, ---, q.
Hence

aDT = (DT), — (DT), — 3 (—=1)(DT)®

T — T — 3 (=1)'D(T")
= gT — fT — DaT.

Let now r: SP(Y)/SP(B) — S(Y)/S(B) be a retraction as asserted
by 6.7. Then

rD: Cy(X)/C(A) = Coir(Y)/Coii(B)

I

with

orDT = rdDT = rgT — rfT — rDAT
= g7 — fT — rDaT.

Thus the operator 7D establishes the desired chain homotopy.

8. A COVERING THEOREM

DeriniTION 8.1. Let F be a family of subsets of the space X. A
singular simplex 7: A, — X will be said to belong to F if the set
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T(A,) is contained in at least one of the sets of the family F. Clearly
then the faces of T also belong to F. The singular simplexes of X
that belong to F make up a subcomplex S(X,F) of the singular complex
S(X). If A is a subset of X, then S(A,F) is the subcomplex of S(X,F)
made up of the singular simplexes of A that belong to F, i.e.

S(A.F) = S(A) N S(X,F).
The inclusions S(X,F) C S(X), S(4,F) C S(A) define a homomorphism
7t S(X,F)/S(A,F) — S8(X)/S(4)

which, in view of the Noether isomorphism theorem, has kernel zero.
It will be convenient to regard S(X,F)/S(A,F) as a subgroup of
S(X)/S(A) so that 7 is an inclusion map.

THrEorREM 8.2. If F is a family of subsets of the space X such that
every point of X 1is in the interior of at least one set of F, then, for every
A C X, the inclusion map

n S(X,F)/S(A,F) — S(X)/S(4)

is a homotopy equivalence (see 1v,9.2).

The proof requires several preliminary constructions.

Given a linear r-simplex ¢ = ©” --- v in A, the barycenter b, of ¢
is the point

1,
b= g+

We define two sequences of homomorphisms

Sd: C.(Q(A)) — C.(Q(Ay)
R: C.(Q(A)) — C...(Q(A))

by recurrence as follows: If r = 0, then Sd is the identity map and R = 0.
For every linear r-simplex ¢ in A, with » > 0, we define using the join
operation of 5.2

(1) Sd ¢ = b, Sd d0,
2 Ro = b,(¢ — Sd ¢ — Rdo).

We shall prove by induction with respect to r that

3) 9 Sdc = Sd o,
4 dRc = ¢ — Sdc¢ — Rac.

for every linear r-chain ¢ in A,. If ¢ < 0, the propositions are obvious.
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Assuming that (3) and (4) hold for linear ¢-chains with 7 < r (r > 0),
consider a linear r-simplex ¢ in A,. From 5.4 we deduce

dSde = db, 8d 3¢ = Sd dc — 1,9 Sd do

Sd d¢ — b, Sd 39¢ = Sd 9o,

db,(¢ — Sd ¢ — Rao)

¢ — Sd ¢ — Rds — b,(dc — 3 Sd ¢ — 3RI0)

6 — Sdo — Rds — b,(0c — Sd ¢ — 3¢ + Sd d¢ + RId0)
¢ — Sd e — Réo.

Formula (3) asserts that Sd is a map Q(A,) — Q(A,), and (4) asserts
that R is a chain homotopy of Sd into the identity map.

Now let T: A, — X be a singular ¢-simplex in X. Define singular
chains Sd T and RT by

SdT =TsSd (@ --- d9, RT = TsR(d" --- d%,

where Ts is defined by 2.7. The operations Sd and R defined on the
base elements extend uniquely to homomorphisms

0Ro

Sd: C(X) — C.(X), R: Cy(X) — Co(X).

It is easy to see that formulas (3) and (4) are still valid for every
singular g-chain ¢ in X. As before we define the iterates Sd" of Sd by
setting Sd° ¢ = ¢, Sd" ¢ = Sd Sd""! ¢ for » > 0. Formulas (3) and (4)
then yield

®) 5 8d"c = Sd" ac,
n—1 n—1
(6) d 2 RSd'c=c— Sd"c — > R 8d° ac.

+=0 1=0

If F is any family of subsets of X and ¢ is a singular chain in the
complex S(X,F), then Sd ¢ and Rc are both in the complex S(X,F).

Let now F be a family of subsets of X having the property stated
in 8.2. We shall prove that for every singular simplex 7' in X there
is an integer n such that Sd” T is in the complex S(X,F).

Let T: A, — X and let F; be the family of subsets of A, of the
form T7'(B) for B ¢ F. Since every point z ¢ X is in the interior of
one of the sets in F, it follows that every point » ¢ A, in the interior of
one of the sets of Fr. Since the set A, is compact, it follows from
11,7.5 that there exists a number ¢ > 0 such that every subset of A,
of diameter <e is in one of the sets of Fr.

The argument just concluded shows that it suffices to construct an
integer n such that Sd* (d°, --- , d° is a linear combination of linear
simplexes of diameter <e. To verify this observe that, if ¢ = v° - - - v9,
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then Sd o has the form D + r where r = b,, - - - b,,, with ¢4 = ¢, and
o.+1 18 a face of ¢,. By 11,6.8,

diam r £ —q_ diam o.

Tq+1

Hence Sd” (" --- d°) is a linear combination of linear simplexes of

diameter <(q/(q 4+ 1))" diam (d° - - - d°), and this is < for n sufficiently
large.

We are now ready to prove 8.2. Since the complexes S(X)/S(A)
and S(X,F)/S(A,F) are composed of free groups, it suffices in view of
v,13.3 to prove that

ne: M (S(X,F)/S(AF)) = H,(S(X)/S(4))

for integer coefficients and for all dimensions ¢. Since 7, is one of the
maps in the mapping of the homology sequence of the couple

0 — S(A,F) — S(X,F) — S(X,F)/S(A,F) — 0

into the homology sequence of (X,A4), it follows from the five lemma
(1,4.3) that it suffices to prove that

n H(S(X,F)) = H(S(X))
for all q. By exactness this is equivalent to showing that
) H,(S(X)/S(X,F)) =0

for all dimensions q. T.et ¢ ¢ C,(S(X)) be a singular chain such that
dc = 0 mod S(X,F). By the result previously established there is an
integer n such that Sd" ¢ is in S(X,F). Since dc is in S(X,F), the chains
R Sd* dc are also in S(X,F). Thus formula (6) yields

n—1
d Y RSd'c=c mod S(X,F)

=0

so that c is a bounding cycle mod S(X,F). This proves (7) and con-
cludes the proof of 8.2.

9. INVARIANCE UNDER EXCISION
THaEoRrEM 9.1.  Let the inclusion map
. (X-=-U,A4-1U)C (XA
be given where U C Int A. Then the induced map
is: S(X — U)/S(A = U) — S(X)/S(A)

ts a homotopy equivalence.
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Proor. Consider the family F consisting of the two sets A and
X — U. Condition U C Int (4) implies Int (X — U) U Int (4) = X.
Thus 8.2 applies. Observe that

S(4 —U) = S(X —U)N S(4),
S(X,F) = S(X — U) U 8(4), S(A,F) = S(A).

Thus the map 75 may be factored into two maps

j: 8(X — U)/8(4 — U) — S(X,F)/S(A,F)
n: S(X,F)/8(4,F) — 8(X)/8(4)

both of which are induced by inclusions. The map 7 is a homotopy
equivalence by 8.2. The map j may be written as

jr S(X — U)/S(X — U) N S(4) — S(X — U) U S(4)/S(A)

which, by the Noether isomorphism theorem, is an isomorphism. Con-
sequently j also is a homotopy equivalence. Since, in the category 9g
of chain complexes, the composition of homotopy equivalences is again
a homotopy equivalence, it follows that is = 7j is a homotopy equiva-
lence.

Theorem 9.1 together with 4.1 and 7.1 conclude the proof of the
statement of 2.8 that S: (X,4) — S(X)/S(A) is an h-functor. This
concludes the construction of the singular homology and cohomology
theories.

It should be pointed out that the excision axiom that has been
obtained for the singular theories is stronger than that required in 1,3,
namely, the assumption that U be an open subset of X was not made.

10. SINGULAR THEORY OF TRIANGULATED SPACES

Now that the axioms for the singular homology and cohomology
theories have been verified, it follows from the results of Chapter 1rt
that, in a triangulated space, the singular groups are isomorphic with
the simplicial groups computed from the triangulation using one of the
two procedures of Chapter vi. Nevertheless, it is useful to have a
direct definition of an isomorphism between the singular and the
simplicial groups. In this section such an isomorphism is exhibited.

Consider a triangulated pair (X,4A) with a triangulation T =
{t,(K,L)}. We define a map

B: K,/L, — S(X)/S(A)

as follows: Given an elementary g-chain ¢ = A° --- A%in K,, consider
the linear map

L: A, — K
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defined by L.(d") = A*, ¢ =0, --- , q. Then (L: A, » X is a
singular ¢g-simplex. We define

Bc = tL..
This defines homomorphisms
B: C.(K) — Ci(X)

carrying C.(L) into C,(A4). To prove that 8 and 8 commute, consider
¢ =A% A" ... A°. Then g = Bee; = (Bc). Thus

e = 2 (=B = 2 (=1)'8c” = pac.
1=0
The main result of this section is the following
TaroreM 10.1.  The map

B: K,/L, - S(X)/S(A)
induces 1somorphisms
Byt HJ(K,LiG) = H(X,A;(), B*: H'K,L;G) = H'(X,A,G)

over any coefficient group G. The groups of (K,L) are the groups of the
chain complex K,/L, of Chapter vi while the groups of (X,A) are the
singular homology and cohomology groups.

In view of the “five lemma’’ 1,4.3, it suffices to prove the case A = 0.

The proof leans heavily on the concepts introduced in 11,9. For
every simplex s of K we shall consider the first regular neighborhood
N'(s). In view of 11,9.6 a point a of K is in N'(s) if and only if there
is a vertex A of s such that a(A) > «(B) for each vertex B of K not
in s. This implies the following properties of N'(s):

(1) N'(s) is an open set containing |s|.

(2) Every vertex of K that is in N'(s) is a vertex of s.

(3) N'(s)) N N'(s2) = N'(s: M 52).

Let F be the family of open sets {N'(s) C X for all simplexes s of
K. This family satisfies the condition stated in 8.2, and therefore the
inclusion map

7 S(X,F) C S(X)

induces homomorphisms 5, and n* which are isomorphisms. Observe
further that in virtue of (1), for each chain ¢ of K,, the singular chain
Bc is in S(X,F). Thus 8 may be factored 3 = 5y where

v 1
K, —» S8(X,F) — 8(X)
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with v¢ = Bec. It suffices therefore to show that vy, and v* are iso-
morphisms.

For each point a of K select a vertex n(a) of K which is nearest in
the sense that a(n(a)) = a(B) for any vertex B of K. We note the
following properties of n(a):

(4) If « is a vertex, then n(a) = a.

(5) If @ e N'(s), then n(a) is a vertex of s.

Proposition (4) is obvious while (5) follows from the characterization
of N'(s) quoted above.

Given a singular simplex 7: A, — X, consider the vertices

A‘. = n(t-le'), i = 0’ ey q

of K. If T(a,) C tN'(s), then ¢7'Td" ¢ N'(s) and A° is a vertex of s
by (5). Thus, if T is a singular simplex in S(X,F), then

3T = A° .-+ A"

is an elementary g¢-chain in K,  This yields homomorphisms #:
C(S(X,F)) — C,(K,) which clearly commute with 9. Thus we have
a map

¥: SX,F) — K,.

We examine the composed map yy. Let B® - -+ B® be an elementary
g-chain of K,, and let yyT = A° --- A°. Then by definition of 8 we
have Td' = tB*and A® = n(t"'Td') = n(B'). Thus, by (4), A* = B*
so that v is the identity map of K,. Consequently

(6) ¥,v4 = identity, y*¥* = identity.

We now turn our attention {o the map vy. lTet T: A, — X be a
singular simplex of S(X,F), and let s be the least simplex of K such
that 7(A,) C tN'(s). Such a simplex s exists and is unique by virtue
of (3). Denote

C(T) = tN'(s).

We shall establish the following properties of the sets C(7) for T in
S(X,F):

(7) C(T) C C(T).

(8) T and 4T are singular simplexes in C(T').

(9) C(T) is acyclic, i.e. Hy(C(T)) = 0 and H,(C(T)) = 0 for q > 0.

Proposition (7) is obvious and so is the first half of (8). Let C(T) =
IN'(s). It follows that ¢ '7'd" ¢ N'(s), and, by (5), n(t”"'Td") is a vertex
of s. Thus 3T is in s and ¥3T is in t(|s]). Since [s| C N'(s), it follows
that ((|s|) C C(T). Thus 77 is in C(T).
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To prove (9) observe first that, in view of 11,9.8, |s| is a deformation
retract of N'(s), and, since |s| is contractible to point, N'(s) also is
contractible to a point. Thus C(T) is contractible to a point and there-
fore homologically trivial by 1,11.5.

With (7)-(9) established, an exact replica of the proof of v1,5.7 yields
a chain homotopy of the map v¥ with the identity map of S(X,F).
Consequently

7.0, = identity,  ¥*%* = identity,

which, combined with (6), shows that v, and v* are isomorphisms with
v, and ¥* as inverses.

11. TRIADS

Let (X;X,,X,) be a triad, i.e. X is a topological space and X, X,
are subspaces of X. The homology sequence of a triad was defined in
1,14 for proper triads only. Within the setting of the singular homology,
we shall define new homology groups H,(X;X,,X,) called the homology
groups of the triad. We shall imbed these groups in an exact sequence
called the friadic homology sequence. Whenever the triad is proper,
the sequence reduces to the homology sequence of the triad.

DEeriNiTIiON 11.1. The homology and cohomology groups
H,(X;X,,X,;6G) and H(X;X,,X,;G) of the triad (X;X,,X,) are defined
as the appropriate homology and cohomology groups of the free chain
complex S(X)/S(X,) U S(X,). Amap f: (X;X,,X,) — (V;Y,Y,) of
triads induces a map f: S(X)/S(X,) U S(X,) — S(Y)/S(Y,)) U S(Y,)
which in turn induces homomorphisms f,: H,(X;X,,X,;¢) —
H,(Y;Y,Y,;(0) and f* H'(Y;Y,,Vy;6) — H(X;X,,X.:0).

Note that the analogs of Axioms 1 and 2 are satisfied: (identity), =
identity, (¢f), = ¢,f,-

Now consider the homomorphisms

il jl
— S8(X,)/8(X,) N 8(X,) = S(X)/8(X,) — S(X)/S(X) U S(X,) = 0
induced by inclusions. Since ¢ may be factored into

i{ 'iQ

S(X)/8(X) N 8(Xs) — S(Xy) U S(X,)/S(X,) — 8(X)/S(X,)

where ¢ is the Noether isomorphism, and since the maps 7,7’ form a
direct couple, it follows that (2/,5") form a direct couple.



204 SINGULAR HOMOLOGY THEORY [Cuap. VII

DEeFInNITION 11.2. The triadic homology and cohomology sequences
of (X;X,,X,) over G

i, 3
S HG(X;XZ;G) A HG(XUXI m XZ;G) (__HaH(X;XUXﬁG)
T
— H (X, X,;G) « ---
i'* b}
- — HY(X;X,;G) - H'X,, X, N\ X,;) —» H''(X;X,,X,;G)

Vi

— H'(X,X050) — -

are defined as the appropriate sequences of the couple (¢/,7").

A map f: (X;X,,X,) — (V;Y,,Y,) induces a map f: (,j)x —
(#',5')y of the appropriate couples. Therefore the homomorphisms
fo [f*] yield a map f,, [/**] of the triadic homology [cohomology]
sequences.

It should be noted that, although the homology groups of the triads
(X;X,,X,) and (X;X,,X,) are the same, their triadic homology sequences
are distinct.

If, in the triad (X;X,,X,), we have X, D X,, then the triadic ho-
mology sequence of (X;X,,X,) is easily seen to coincide with the ho-
mology sequence of the triple (X,X,,X,).

Tueorem 11.3. For each triad (X;X,,X,) and each coefficient group
G the following conditions are equivalent:

(1) The triad (X;X,,X,) ts proper in the singular homology theory with
G as coefficient group.

(i1) The inclusion map k,: (X, X, N X,) — (X, Y X,,X,) induces
tsomorphisms k,,: H (X, X, N X,;,6) = H,(X, U X,,X,;G) for all q.

(iii) The homomorphism S(X)/S(X,) U S(X.) — S(X)/S(X, U X,)
induced by inclusion induces isomorphisms H (X;X,,X,;@) =
H(X,X, U X,;;G) for all q.

(iv) H (X, Y X;X,,X,;,G) = 0 for all q.

(v) The inclusion map S(X,) U S(X,) — S(X. Y X,) induces
tsomorphisms of all the homology groups over G.

A similar statement holds for the cohomology groups over G.

Proor. Throughout this proof we shall omit the symbol G in all
formulas.

(ii) & (iii). Consider the inclusion map 6: (X;X,,X,) — (X;X, Y
X,,X,). The triadic homology sequence of the second triad coincides
with the homology sequence of the triple (X,X, \U X;,X,). This yields
the diagram
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i}
H{(X,, Xi N\ X;) —— H.u(X;X,,X))
e N e
Hu(XyXQ) lk2* 10* Ho+I(X7X2)
N ad Ve N

HG(XI U Xg,XQ) [ mnd Hq+](X;X1 U Xg)

where the upper edge is the triadic homology sequence of (X;X,,X,)
and the lower one is the H.S. of the triple (X,X,\U X,,X,). An applica-
tion of the “five lemma’ (1,4.3) yields the equivalence of (ii) and (iii).

(i) « (ii). The condition that the triad (X;X,,X,) be proper con-
sists of (i) and the condition (ii)’ obtained from (ii) by interchanging
the indices 1 and 2. Therefore (i) — (ii). On the other hand (ii) is
equivalent to (iii) which is symmetric in the indices 1 and 2. Thus
(i) — (iii) — (i))’. Hence (ii) — ().

(ili) & (iv). Consider the direct couple

0 - S(X,VU X,)/8(X,)) Y 8(X,) — S(X)/8(X,) Y S(X,)
- S8(X)/S(X, U X,;) -0
induced by inclusions. The H.S. of this couple is
- — H (X, U X,;;X,,X,) « H(X,X, U X,) « H(X;X,,X,)
— H(X, U X;;X,,X,) « -+

Thus (iii)) < (iv) by exactness.
(iv) & (v). The proof is the same as the preceding using the direct
couple

0— S(X,) U 8(X5) — 8(X, U X,) — 8(X, Y X,)/8(X,) U §(X5) —0.

We return for a moment to the diagram used in the proof of (ii) <
(i), and assume that (X;X,,X,) is a proper triad. Then both k,,
and 8, are isomorphisms. Using either k;, or 6,' we may insert the
homomorphism H,,,(X;X, U X,) — H(X,,X, N X,) in the diagram.
In this way the above diagram contains also the homology sequence of
the proper triad (X;X,,X;) as defined in 1,14.3.

The fact that a given triad (X;X,,X,) is proper in the singular
theory may depend on the coefficient group and whether homology or
cohomology is employed. The following theorem shows that, in a sense,
homology groups with integer coefficients are universal:

THEOREM 11.4. If the triad (X;X,,X;) is proper in the singular
homology theory with integer coefficients, then it is also proper in the singular
homology and cohomology theory for arbitrary coefficients.
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Proor. By 11.3 (i) and (iv), the triad (X;X,,X,) is proper for
homology with integer coefficients if and only if the chain complex
S(X, U X,)/S8(X,) U S8(X,) has vanishing integral homology groups.
Since the complex in question is a free chain complex, it follows from
v,13.5 that all the homology and cohomology groups H,., (X, U Xj;;
X,,X;;G) and H'(X, U X;;X,,X,;G@) vanish. Thus, again by 11.3, the
triad (X;X,,X;) is proper for singular homology and cohomology with
any coefficients.

For the use of triads in homotopy theory, see note below.

NOTES

The development of the singular theory. Perhaps the basic idea of
the singular theory is that a singular chain on X is a collection con-
sisting of a complex K, a map K — X, and an ordinary chain on K.
This can be found in the book of Veblen [Analysis Situs, Colloq. Pub.
Amer. Math. Soc. v (1921)]. Elaborations of this approach have been
given (Hurewicz, Dowker, and Dugundji, Annals of Math. 49 (1948),
391-406); but they have the defect that the homology groups are not
obtained from chain complexes; for the chains do not form groups.

It was Lefschetz [Bull. Amer. Math. Soc. 39 (1933), 124-129] who
first defined a group of singular chains. He considered only the maps
of oriented simplexes into X. Two maps f: s, —» X, g: s, — X were
called equivalent if there exists a barycentric equivalence h: s, — s,
preserving orientation such that gh = f. An equivalence class is called
a singular oriented simplex. Each such has a negative obtained by re-
versing the orientation of the original simplex. Generators for the chain
groups are found by choosing one of the two orientations of each singular
simplex.

It was Cech who pointed out a difficulty in this approach: the two
orientations of a singular stimplex could coincide. An example is obtained
by folding a 1-simplex about its midpoint and then mapping it into X.
This meant that the groups of chains contained elements of order 2,
and so were not free abelian. As we have seen, the free abelian char-
acter of the chain groups is very useful in proving that the functor S
is an h-functor. We defined homomorphisms of S(X) by prescribing
their values on the generators, namely, the singular simplexes. If S(X)
were not free abelian, one would have to verify that each such assign-
ment could be extended to a homomorphism.

The final step in the development was the substitution of the ordered
simplex for the oriented simplex [S. Kilenberg, Annals of Math. 45
(1944), 407-447]. The intuitive justification is contained in the theorem
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(v1,6.10) that the ordered chain complex and the alternating chain
complex assigned to a simplicial complex are chain equivalent.

Homotopy groups of triads. 'The groups and sequences of §11 have
a natural counterpart in homotopy theory. Given a triad (X;X,,X,)
with base point z,. Blakers and Massey [The homotopy groups of a
triad I, Annals of Math. 53 (1951), 161-205] introduce homotopy groups
7,(X;A,B) based upon the consideration of maps (E“:EY ' E*') —
(X;X,.X,). The groups are defined for n > 2 and are abelian for n > 3.
In analogy with the triadic sequences of 11.2, they construct an exact
sequence

e« WG(X)X’Z) — Wa(Xl)Xl m XZ) - 1rq+l(X;Xl,X2) (—”q+l(X;X2) —

In particular, if X = X, U X,, it follows that the “excision’”” homomor-
phism

T(X, X0 N X,) — 7 (X, U X, X0)

belongs to an exact sequence in which it is preceded by .., (X, U
X2;X1,X,) and followed by = (X, \J X,;X,,X,). Thus the latter groups
measure the extent by which the Excision axiom fails for homotopy
groups. Using the homotopy groups of a triad, Blakers and Massey
have proved the suspension theorems of Freudenthal (see Note to

Chapter 1 on homotopy groups) and various other results of the same
general nature.

Proof of theorem 8.2. The proof given in the text uses v,13.3 to
deduce the fact that 5 is a chain equivalence from the fact that », is
an isomorphism (for integral homology groups). We shall give here a
somewhat longer but more direct proof, not using v,13.3. The ad-
vantage of this proof is that it applies in some situations (e.g. for local
coefficients) in which the proof of the text breaks down.

For a given singular simplex 7' in X, let {T,} be the family of
singular simplexes consisting of T, its faces, their faces, and so on. Let
n(T) be the least integer such that Sd*™ (7T',) is in S(X,F) for every
T,.in {T,}. This integer exists and has the following properties:

n(T) £ n(T).

Sd*™ T isin S(X,F).

If T isin S(X,F), then n(T) = 0,

If Tisin A, then Sd*" T isin S(A,F).
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Now define for every singular ¢g-simplex 7" in X

[ n(T)-1
(1) +T = Sdn(T) T + Z (__1)- E R de (T(‘)),
1=0 jen(T(0))
n(7T)-1
®) DT = > RSd'T.

1=0

We observe that 77T is a ¢-chain in S(X,F) and DT is a (¢ + 1)-chain
in S(X). Thus homomorphisms

11 C(X) » C(S(X,F)), D: CiX) — Cou(S(XF))
are obtained. Further
7[C(A)] T C(S(4,F)),  D[C(A)] C Con(S(4,F)).

From (2) we deduce

q n(T)-1
DT =T — SA"" T — Y (=1 Y, RS T,
1=0 1=0
q n(T())
DT = . (=1) > R Sd' T“.
+=0 1=0

Adding these two formulas and comparing with (1), we find
oDT + DOT = T — +T.

Hence for every singular g-chain ¢ in X

3) dDc = ¢ — ¢ — Dac.

This implies

d(c — dDc — Doc) = oc — 3dDc — dDac
dc — dc + 79c 4+ Dddc = tdc,

which proves that 7 is a map S(X) — S(X,F). Since 7 carries S(4)
into S(A,F), it defines a map

. S(X)/8(4) — S(X,F)/S(A,F),

arc

and the composition 77 is the identity map of S(X,F)/S(4,F). On the
other hand 57¢c = 7¢, so that formula (3) may be rewritten as dDc +
Dac = ¢ — gre. Thus g7 is homotopic to the identity map of S(X)/S(4).
Hence 7 is a homotopy inverse of 1.

Spaces with operators. Let X be a topological space operated on by a
group W (see 11, Exer. C for a definition). Since each w ¢ W yields a
homeomorphism w: X — X, it induces an isomorphism wg: S(X) —
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S(X) so that the chain complex has W as a group of (left) operators.
If A is a subspace of X such that the operators of W carry A into A,
then we say that W operates on the pair (X,4). Then W operates also
on S(X)/S(A).

Let G be an abelian group with W as a group of right operators. We
define the tensor product G @wS(X)/S(A4) as the factor group of G ®
S(X)/S(A) obtained by identifying gw ® ¢ with ¢ ® we. The homology
groups of this tensor product over W are called the equivartant homology
groups H. (X,A;G).

If G is an abelian group with W as left operators we consider the
cochain complex Homy(S(X)/S(A),G) which is the subcomplex of
Hom(S(X)/S(A),G) consisting of ecquivariant homomorphisms (i.e.
operator homomorphisms). The cohomology groups of this subcomplex
are called the equivariant cohomology groups H%(X,4;G).

If f: (X,4) — (Y,B) is an equivariant map of pairs each having W
as operator group, then the map fs: S(X)/S(4) — S(Y)/S(B) is
equivariant and induces homomorphisms f, and f* of the equivariant
homology and cohomology groups. The operators

a,: HJ(X,A;,G) » H \(A4;6), &*: HW(A;,Q) — HY'(X,A4,6)

can also be defined in the usual fashion.

With the basic concepts defined, it is possible to prove that one ob-
tains in this way homology and cohomology theories on the category @ 5
defined as follows: the objects are pairs (X,4) with W as operators;
maps are equivariant mappings; couples are 7,j: 4 — X — (X,4);
homotopies are provided by maps F': (X X I, A X I) — (Y,B) which
are equivariant, i.e. satisfy F(wx,t) = wF(x,t); excisions are inclusions
(X=-U,A-U)— (X,A) where U C Int A and w(U) =UforallweW;
a point is a discrete space X on which W operates transitively and with-
out fixed points (in particular, W itself is a point). Of course, the result-
ing category @ is not an admissible category in the sense of 1,1.

If W operates simplicially on the simplicial pair (K, L) (see 11,Exer. C),
then equivariant homology and cohomology groups may be defined
using either the complexes G ®w K,/L,, Homw(K,/L,,G) or the com-
plexes G ®w K./L., Homy(K,./L, (). The resulting groups are iso-
morphic with the equivariant homology and cohomology groups of the
pair (|K|,|L|) defined using the singular theory.

EXERCISES

A. PATHWISE CONNECTEDNESS.
DeriNiTION. Let 2,,z, ¢ X. A mappingf: I — X of the closed unit
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interval I into X such that f(0) = z, and f(1) = z,, is called a path
in X joining x, and z,.

1. Show that each space X decomposes into disjoint pathwise con-
nected sets {X,}, called the pathwise connected components of X, such
that two points belonging to distinct components cannot be joined by
a path in X,

2. Establish the isomorphisms

H(X;G) = X H(X.G), H(Xe) =][J[H(X.;0)

where {X.} are the pathwise connected components of X.
3. Compute the groups Ho(X;G), H\(X;G), H*(X,(), and °(X;G).
4. Carry out an analogous discussion for the groups of a pair (X,A).

B. INFINITE COMPLEXES.
1. Let K be an infinite complex. In analogy with the transforma-
tion 8 of §10, define chain transformations

Bw: Kﬂ - S([KIW)v Bm: Ko - ‘S(|K1m)

where |K|,, and |K]|,, have the weak and the metric topology respectively
(see 11, Exer. ). Show that both 8, and 8, induce isomorphisms of
the homology and of the cohomology groups.

2. Consider the map ¢: |K|, — |K]|, induced by the identity map
K — K. Show that this map defines S(JK|,) as a subcomplex of
S(|K|n), and that the inclusion map S(|K|.,) C S(|K|,) induces iso-
morphisms of the homology and the cohomology groups. Show by
examples that S(|K|,) may be a proper subcomplex of S(|K|,).

C. THE MAPPING CYLINDER.

DEerINITION. Let f: X — Y be a continuous map. In the join
X o Y (see 11, Exer. D6) consider the set C consisting of X, ¥, and all
intervals joining z ¢ X with f(z) ¢ Y. The set C is called the mapping
cylinder of f.

1. Establish the exactness of the sequence

Ju Ts ]
c o HyX) — Hy(Y) » H(C,X) > Heo(X) — ---

where j: Y — (C,X) is the inclusion map.

2. Show the existence of homomorphisms D,: C(X) — C..,(C)
such that dDx + Doz = fr — z for z ¢ C(X).

3. Consider the map fs: S(X) — S(Y) induced by f: X — Y,
and consider the complex f s as introduced in v,13.3. The groups H,(Js)
will be called the homology groups of f and will be denoted by H(f).
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Usin‘g a homotopy operator D: S(X) — S(C) as in 2, define a map
¢: fs — S(C)/S(X) by setting

¢(z,y) = Dz + y mod S(X) for z e Coni(X), y e C(Y).

Show that ¢,: H,(f) = H,(C,X) is an isomorphism. Hint: use the
diagram

ft k* l‘
» H (X) yH(Y) — H(f) — H, (X)) —— .-
ST
1 Jx 3

s HY(X) — s H(C) — o Hy(C,X) —— Ho (X)) —s -+

where the upper row is the exact sequence of v, Exer. D1, the lower
row is the homology sequence of (C,X), the map m is the identity, and
n: Y C C is the inclusion map.

4. Carry out a similar discussion for a map f: (X,4) — (V,B).



CHAPTER VIII

Systems of groups and their limats

1. INTRODUCTION

The material of this chapter is preparatory for the second existence
proof of Chapter 1x. It is concerned almost entirely with the algebraic
aspects of the limiting process used in that proof. The notions of direct
and inverse systems of groups are due to Pontrjagin. In Cech’s original
construction of his homology theory, these ideas appeared only in
implicit form. There are several advantages to their explicit use. First,
the algebraic and geometric difficulties are separated. Secondly, the
reasons for the various limitations on the Cech theory become apparent.
Finally, direct and inverse systems are of use in other connections, so
that an independent treatment is not amiss.

2. DIRECT AND INVERSE SYSTEMS

DEerFinITION 2.1. A relation « < 8 in a set M is called a quasi-order
if it is reflexive and transitive. In general « < 8 and 8 < « does not
imply @ = 8. A directed set M is a quasi-ordered set such that for each
pair «,8 ¢ M, there exists ay ¢ M for which ¢ < yand 8 <. A directed
set M’ is a subset of M (M’ C M) if « ¢ M’ implies a e M and a < 8
in M’ implies @ < B in M. A subset M’ is cofinal in M if, for each
a ¢ M, there exists a 8 ¢ M’ such that o« < 8. If M and N are directed
sets, a map ¢: M — N is an order-preserving function from M to N
(i.e. « < Bin M implies pa < @B in N).

DEFINITION 2.2. A direct system of sets {X,n} over a directed set M
is a function which attaches to each o ¢ M a set X°, and, to each pair
a,8 such that o < 8in M, a map

. X* - X*°
such that, for each a ¢ M,

a

7o = identity,

and fora < 8 < yin M,
i =72,
212
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An tnverse system of sets { X,n} over a directed set M is a function which
attaches to each a ¢ M a set X,, and to each pair «,8 such that « <
in M, a map

1rf: XB i Xa
such that
me = identity, aeM,
wlrl = 7w, a<fB<~vyinM.

For both inverse and direct systems, the maps =2 arc called pro-
jections of the system. If each X [X,] is a topological space, or an
R-module, or a topological group, and each projection is, respectively,
continuous, or an R-homomorphism, or a continuous homomorphism,
then {X,r} is called a direct [inverse] system of, respectively, spaces,
R-modules, or topological groups.

A directed set M becomes a category if cach relation a < 8 is re-
garded as a map « — 8. Then a direct [inverse] system over A is
simply a covariant [contravariant] functor from 3 to the category of
sets and maps, or to the category of R-modules and homomorphisms,
etc.

DeriniTION 2.3. Let {X,r},{X’,x'} be direct systems over M and
M’ respectively. Then a map

¢ {X,r} — (X'}
consists of a map ¢: M — ', and, for each « ¢ M, a map
" X° — X"
such that, if @ < 8in M, then commutativity holds in the diagram

™

Xe -8

PoLr

Xma X/&B

Now let {X,r},|X’,x’} be inverse systems over M, M’ respectively.
Then a map

& {(X,x] - {X',7'}
consists of a map ¢: A’ — M, and, for each o’ ¢ M’, a map

bar: Xpar — X4
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such that, if o’ < g’ in M’, then commutativity holds in the diagram

us
Xpar —— Xopr
Pl
1rl
X{,l — Xé:

Whenever both of the direct [inverse] systems are systems of topological
spaces, or groups, ete., the components ¢* [¢,.] of the map & are re-
quired to be continuous, or homomorphie, ete. In case

@ {X,r] - (X'}, @@ (X'} - (X'}
are two maps of direct [inverse] systems, their composition
&P: {(X,xr}] > {X",x"}

is defined to consist of the compositions ¢’¢ and ¢*“¢°*, « ¢ M [¢p¢’ and
¢;”¢¢'u”’ o e M”].

It is a simple exercise to verify that direct or inverse systems of any
specified typé and their maps form a category. The category of direct
[inverse] systems of R-modules is denoted by DirG; [InvGg]. Similar
notations are used for the other categories (e.g. InvG, = category of
inverse systems of compact groups).

It is to be noted that the identity map & of {X,r} is composed of
the identities¢: M — M and ¢*: X* — X“.

DerFintTiON 2.4.  If M,M’ are directed sets, M’ C M (see 2.1), and
{X,r} is a direct [inverse] system over M, then the sets and maps of
{X,n} which correspond to clements and relations in M’ form a direct
[inverse] system {X’,x'} over M’, and is called the subsystem of {X,r}
over M'. If M’ is cofinal in M, the subsystem is called cofinal. The
identity map ¢: M’ — M and identity maps

¢: X' — X°, 9o Xo — X2, aeM’

form a map
& (X'} — (X}, [P (X7} - {X'7'}]

called the injection of the subsystem into the system [system into the
subsystem)].

It is clear that the identity map of {X,n} is an injection. Also the
composition of two injections is itself an injection.

It is to be observed that, if the indexing set M reduces to a single
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element, the inverse or direct system indexed by M reduces to a single
set or group. Conversely, every set or group may be regarded as an
inverse or direct system indexed by a set M consisting of a single

element. In particular, if in 2.3 we select M’ to reduce to one element,
we see that a mapping

& (X7} — X'

of a direct system {X,r} indexed by sct JM into the set X’ is a family
of maps ¢”: X — X’ such that

¢'ra = ¢".
Similarly, if in 2.3 A/ reduces to a point, we obtain a mapping
& X - {X'n'}.

If {X',x’} is an inverse system, then @ is a family of maps¢,: X — X/
such that

¢n7rf = ¢5'

We could also consider maps {X,#} — X’ with {X 7} an inverse system,
and maps X — {X'7’} where {X',7'} is a direct system. However,
these two types of maps are not of much interest to us.

3. INVERSE LIMITS

Derinition 3.1, Let {X,r} be an inverse system of sets over the
directed set M. The nverse mit X. (briefly: limit) of {X,x] is the
subset of the product [] X. (sce v,5.1) consisting of those functions
x = {x,} such that, for each relation « < 8in M,

) W.f(-ru) = T,

Define the projection
(2) m: Xo = X by m(@) = 4

so that w4 is the same as the function p; of v,5.1 restricted to the subset
X.. If {X,x] is an inverse svstem of spaces, then X, is assigned the
topology it has as a subspace of H X.. If {X,r}] is an inverse system
of R-modules, it is easily seen that X is a subgroup of H X,.; and
X. is assigned this structure of an R-module. Similarly, an inverse
limit of topological groups is a topological group.

[.LkmMA 3.2. Ifa < 3, then mo, = 1rf1r5.

Proor. By (2), me(x) = x5. By (1), 78(rs) = .. Hence nims(z) =
T, = m.(x) by (2).

Lemma 3.3. If {X,n} is an inverse system of spaces {R-modules or
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topological groups], then each =, is continuous [homomorphic or con-
tinuously homomorphic).

These follow from the corresponding properties of the projection p,
(see v,5.2,5.4).

REmark. If the directed set M is enlarged to a directed set M’ by
adjoining an element « greater than each « ¢ 3, then the inverse
system {X,r} together with X. and the projections v, form an inverse
system of M’. The inverse limit of this enlarged system is in a natural
1-1 correspondence with X..

ExampLE. As it stands the notion of inverse limit is derived from
that of product. Conversely, the product of an infinite number of sets
can be represented as an inverse limit of finite products. Let {X,} be
a collection of sets, indexed by an infinite set J. Let M be the collection
of finite subsets of J ordered by inclusion. For each a ¢ 3 define
Y. = [1,ea X,. If y ¢ Y5 then y is a function defined over 8. If
a < B, the function y defines a function on a, denoted by =2(y), and
the latter is in Y,. Thus #%: Y; — Y,. It is easily seen that the
inverse limit Y., of {¥,r} coincides with [] X,.

TueoreEM 3.4. If {X,x} 1is an inverse system over M and, for each
relation a < Bin M, =2 is a 1-1 map of X, into (onto) X, then, for each
aeM, r,1s a 1-1 map of X . into (onto) X,.

Proor. Suppose z,y ¢ X., and, for some a, , = y,. Since r2 is
a 1-1 into, it follows, for every 8 > «, that 25 = y,. Since M is a di-
rected set, for any vy ¢ M, there is a 8 > v,0. Then zz = y; implies
z, = y,. Thus z = y, and =, is 1-1 into. Suppose now that each
w2 is 1-1 onto, and for a fixed a, z, ¢ X.. For B8 > a, define z, =
(x8) *(x,). For any v ¢ M, choose a 8 > a,y and define r, = 7.-:(.1-,),
It remains to prove that x = {z,} lies in X.. Suppose v, < v,. Let
81 > a,v and B, > «,v; be the elements used in defining z,,,z,,.
Choose B > B1,8;. Then 2, = 78(x5) = nimh.(25), and z, = #°2(xp,)
(¢ = 1,2). Since 7" is 1-1, it follows that =5 (xs) = z5,. Therefore
m5.(55) = 77 (@p) = v.. Finally, 77i(z,,) = 77175, (55) = 75.(2) =
z,,, and the proof is complete.

REmARkK. If the hypothesis of 3.4 is weakened by requiring that
each projection be only a mapping onto, one might hope to prove that
each 7, is a mapping onto. If M is a countable set, or if M has a
countable cofinal subset, this can be proved. It is also proved for
inverse systems of compact Hausdorff spaces in 3.9. That the result
does not hold in the general case is shown by an example found by
L. Henkin [Proc. Amer. Math. Soc. 1 (1950), 224-225].

LemMma 3.5. If {X,x} is an inverse system of Hausdorff spaces, then
the limit space X .. is a closed subspace of [ | X..
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Proor. Suppose z ¢ [| X, is not in X.. Then for some relation
a < Bin M, 7":(1?5) # z,. Since X, is a Hausdorff space, there are
disjoint open sets U,,V, containing z, and =£(zs) respectively. Let
Us = (x)7'V,. Replace X,,X; by U.,Us in the collection {X}.
The product of the resulting collection is a rectangular neighborhood
in H X . (see v,5.2). This open set contains x, but no point of X..
Thus X, is closed since its complement is open.

THEOREM 3.6.  The limit space of an inverse system of compact spaces
18 a compact space. If each space of the inverse system is nonvacuous,
then the limit space is nonvacuous.

Proor. Since X. is closed in H X. (3.5), and H X, is a compact
space (v,5.4), it follows immediately that X. is a compact space.
(Recall that “‘compact’ includes “Hausdorfi”’). For the second part,
define, for each 8 ¢ M, the subset Y5 of [ X, to consist of those ele-
ments z such that =2(x;) = z, for ally < 8. Now Y, is nonvacuous;
for x5 can be specified arbitrarily in X}, then set z, = x2(z5) fory < 8,
and finally use the choice axiom to extend z over all other sets of the
system. Next, Y, is closed. The proof of this is similar to that of 3.5,
and is omitted. If « < B, then Y, D Y, This follows immediately
from 78 = 7%x2 wherey < a < 8. Since M is a directed set, it follows
now that {Y,} is a collection of closed sets in a compact space and
any finite number of them have a nonvacuous intersection. It follows
that their intersection is nonvacuous. Clearly, any point of this inter-
section belongs to X., and the proof is complete.

TueorEM 3.7. If {X,x}] is an inverse system of compact spaces over
M, a e M, and U is an open set of X, containing x,(X.), then there
exists a 8 > a such that »2(X,) C U.

Proor. For each B8 > a, let Y5 = X3 — (x2)"'(U). Otherwise,
Y= X5 IfB <~vletph Y, — Y,bethe map defined by »3. Then
{Ys,0%) is an inverse system of compact spaces. If the conclusion of
3.7 were false, each Y, would be nonvacuous. Hence Y., C X. would
be nonvacuous (3.6). If y ¢ Yo, then y, = p.(y) = wa(y) would lie
in both Y, and U. As this is a contradiction, 3.7 is proved.

CoroLLARY 3.8.  Under the hypotheses of 3.7,

ro(Xo) = N 75(Xy).
a<f

Proor. If z, ¢ X, is not in r,(X.), then its complement U con-
tains 7 2(X,) for some 8. Therefore z, is not in the intersection. This
shows that the left side contains the right side. By 3.2, 7,(X.) C
wf(X,) for each 8 > a. This proves that the left side is included in
the right.
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CoOROLLARY 3.9. If, to the hypothesis of 3.7, we adjoin the condition
that each = is a mapping onto, then each =, is a mapping onto.

This follows immediately from 3.8.

DerintTion 3.10. Let ®: {X,nr} — {X',7'} be a map of one inverse
system into another (see 2.3). The inverse limit ¢., of ® is a map

bo: Xo — XJ

defined as follows: If z ¢ X. and a e M/, set 2. = ¢o(To(er). fa < B
in M’, it follows from the commutativity condition of 2.3 that ' B(zh) =
zd. Therefore o’ = {z.} is an element of X2. Define ¢o(x) = z'.

Lemma 3.11. If &: {X,x} — {X',7n"} and o ¢ M’, then commutalivity
holds in the diagram

T
X¢(a) ¢ Xoo
ld»,, lm
7rl

X, — X/

This follows immediately from the definition.

Lemma 3.12. If {X,xr} is an inwerse system of spaces, then the sets
{2 (U)}, where U runs over all open sets of X, and a over M, form a
base for the open sels of X .

Proor. Let W be open in X, and z ¢ V. By v,5.2, there exists a
rectangular neighborhood V of z in [] X, such that V. N\ X, C W.

Now V is determined by specifying open sets V, C X,, ¢ =1, --- , n),
and consists of all y ¢ [ | X, such that y., ¢ V.. Since M is a directed
set, there exists a 8 > a; (1 = 1, -+ , n). Since %, is continuous,

and 7%, (z) ¢ V,, it follows that
U=nN @) (V)
t=1

is an open set of X; containing rs. lence z ¢ w5'(U). Suppose
y e w3 (U). Then ys e U. This implies y,, ¢ V, (¢ = 1, --- , n); and
this in turn implies y ¢ VN X. C W. Thus z e m'(U) C W, and
the lemma is proved.

TraroreMm 3.13. If ®: {X,x} — {X',7'} and {X,x},{X’,x"} are both
tnverse systems of spaces [R-modules or topological groups], then the limat
¢ of ® 1s continuous (homomorphic or continuously homomorphic).

Proor. To prove continuity it suffices to show that ¢=' maps each
open set of a base for the open sets of X into an open set of X... By
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3.12, the sets x4 '(U), where « ¢ M’, and U is open in X/, form such a
base. By 3.11,

¢;‘W;_‘(U) = ”;(‘a)‘t’;,(U)-
Since ¢, and 7, ., are continuous, this is an open set. The proof that,
in the case of R-modules, ¢, is homomorphic is left to the reader.

TrHEOREM 3.14. Let @ be any one of the following categories: sets
and maps, spaces and continuous maps, compact spaces and conlinuous
maps, B-modules and homomorphisms, or compact groups and continuous
homomorphisms. Let Inv(Q) denote the category of inverse systems and
maps of such all of whose elements belong to @. Then the operations of
assigning an inverse limit X . lo each inverse system {X,r} and an inverse
limit ¢ to each map ®: {X,r} — {X' 7'} form a covariant functor from
Inv(Q) to Q.

Proor. The fact that X, ¢ @ is trivial in all cases except those
involving compactness, and this was proved in 3.8. That ¢. ¢ @ is 3.13.
Condition 1° of 1v,4 for a covariant functor requires that ¢.: Xo — X4,
and this follows from its definition. Condition 2° reads: If &:
{X,7] — {X,r} is the identity, so also is ¢.. But & is composed of
identity maps, so this is immediate. The final condition 3° requires
that the limit of a composition of maps ®,®’ shall be the composition
of their limits. This follows readily from the fact that ¢.(z) is defined
by mapping the coordinates of £ by means of the coordinate functions
¢4, and the fact that the composition ®'® was defined by composing
coordinate functions.

Propositions 3.10, 3.11, and 3.13 can be applied in the special case
when the system {X,r] = X is a system indexed by a set consisting of
a single point. The limit of a system consisting of a single set being the
set itself, we see that a mapping ®: X — {X’,x’} induces a mapping
¢e: X — X such that ri¢. = ¢a.

Tueorem 3.15. Let | X,n},{X',x'} be inverse systems over directed
sels M M', and let ®: {X,x} — {X' '} be a map. If there exists a
directed subset N of M’ such that (1°) N s cofinal in M’ (see 2.1), (2°)
o(N) s cofinal in M, and (3°) ¢ is a 1-1 map of X, onto Xj for each
B e N, then ¢ is a 1-1 map of X., onto Xa.

Proor. If 8 ¢ M’, abbreviate ¢(8) by 8. Suppose z,y ¢ X. are
distinct. Then, for some a ¢ M, z, # y,. By 2° thereisa 8 e N such
that @« < 8. Then x5 = y;.; and by 3°, ¢s(zs) = ¢p(ys-). But these
are the g-coordinates of ¢.(z) and ¢.(y). Thus ¢ is 1-1 into. It re-
mains to prove that ¢. is onto. Suppose z’ ¢ XJ. For each a ¢ M,
choose a 8 ¢ N such that « < #’, and define

3) To = wadp'(x5).
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If 8 < v in N, commutativity in the diagram

™
Xy — X,
l«m lm
1rl

X} — X!

and the 1-1 properties of ¢s,¢, yield #5.¢;'(z]) = ¢5 (zz). It follows
that (3) with v in place of 8 yields the same value of z,. Since N is
directed, it follows that (3) is independent of the choice of 3. We must
show that x = {z,} lies in X.. Suppose @ < v in M. Choose 8 ¢ N
such that y < 8’. As just shown

T. = w0 (x), T, = 7hyep (a5).

Since 7, = nlx%, it follows that rX(z,) = z.. Finally, ¢.(z) = 2.
To prove this it suffices to show that they have the same B-coordinate
for each 8 ¢ M’. By 1° it suffices to prove this for each g8 ¢ N. By
definition, (¢«(r))s = ¢s(xs:). As shown above, z, = nhds (1)) =
¢s ' (z}). Therefore ¢s(xs.) = x4, and the proof is complete.

COROLLARY 3.16. Let M’ be a cofinal subset of the directed set M.
Let {X,x} be an inverse system over M, {X' x'} the subsystem over M’
(see 2.4), and ® the injection of {X,x} into {X',x’}. Then, the inverse
limit ¢ of ® is a 1-1 map of X. onto X .

This follows from 3.15 with N = A",

CoRrOLLARY 3.17.  Let M’ be cofinal in M, and let {X,n} be an inverse
system over M. Then two elements x,y € X .. cotncide if and only if x, = Ya
Jor each o ¢ M.

LeMMA 3.18. Let ® and V¥ be maps {X,x} — {X',x'} such that, for
each a ¢ M', we have ¢(a) < ¥(a), and Yo = ¢or'iia). Then ¢o = Y.

Proor. By 3.11 and 3.2, we have

_ _ via _ —
TiPo = Pals(a) = PaTg(a)Ty(a) = VaTy(a) = Ta¥a.

Since this holds for each a ¢ M’, we have ¢ = Y.

4. DIRECT LIMITS

DeriniTION 4.1.  Let {G,r} be a direct system over the directed set
M where each G° is an R-module, and each »? is homomorphic. Let
3" G denote the direct sum (v,5.5) of the R-modules of {G,x}. If
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g € G, we shall agree to identify g with its image in D G under the map
i, of v,5.6. For each ¢ < Bin M and each g ¢ G the element

¢y Tt — ¢

of 3 G is called a relation. Let Q be the subgroup of >~ G generated
by all relations. The direct limit of {G,r} is the factor group

G = (2 6)/Q.
The natural map D G — G~ defines homomorphisms
*e: G > G°

called projections.

Since each relation (1) is mapped into zero, we have

Lemma 4.2. If a < B, then mgnl? = r,.

LLEMMA 4.3. If u € G, then there exists an a and a ¢° ¢ G* such that
Tag" = U

Proor. This is the first place where the directedness of M is needed.
Now u is an image of v € D_ G, and v = 2 g°* where ¢g°* ¢ G**. Since
M is directed, there exists an @ > o, for k = 1, -+ , n. Let g, =
72,0, andlet v’ = Y 1g,. Sinceg, — g°* ¢ Q, it follows that v’ — v e Q.
Hence ¢’ also maps on u. But v’ ¢ G°.

Lemma 4.4, If g e G and n,9 = 0, then there is a & > v such that
xig = 0.

ProOF. By hypothesis the element g of D G is a linear combination
of elements of the form (1). Since a multiple of (1) also has the same
form, g is a sum of elements of the form (1). Choose a § > v and all
a,B entering such a sum. Then

mg=(mg—9+g¢
is also such a sum and § exceeds all ,8 entering the sum. Since
mag" — g% = (mag" — ¢%) + (ma(—7dg") — (—7dg"),

it follows that =g is a sum of terms (1) where each 8 = 8. All terms
with a common « can be lumped into a single term. Thus

mg = 2 (rag” — g°).

Since Z (7 is a direct sum, any relation is a consequence of relations in
the individual summands. 1t follows then that ¢ = 0 for each a 5 6.
Clearly 7' — ¢ = 0,50 7,9 = 0.

LEMMA 4.5. 7.9° = msg® if and only if there exists a v > a,8 such
that x2g° = =g’
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Proor. If such a v exists, then #2g° — ¢g° and =%¢° — ¢’ are in Q.
Hence their difference ¢° — ¢° is also in Q. But this implies 7.g* =
ms9°. Conversely, if 7,9° = mp¢°, choose ay > a,8 and let g = xlg" —
7. By 4.2, x,g = 0. Then by 4.4 there exists a § > + such that

79 = g — mg’ = 0.

It is to be observed that the directedness of M is not used in the
definition of the direct limit. As a consequence of 4.3 and 4.5, we have
the following theorem, which provides an alternative definition of G*
using the directedness of M.

TureoreM 4.6. Let {G,x} be a direct system of R-modules. We shall
say that g* € G* is equivalent to g° ¢ G® if there exists a v > a,8 such that
x29® = w%®. This relation divides the elements g° ¢ G°, for all a, into
disjoint equivalence classes. The sum g, + g, = ¢ of two equivalence
classes is obtained by choosing a G in which ¢,,g. have representatives
95,95 and defining g to be the class of g5 + 95 The product g is defined
to be the class of rg® where ¢° is in the class g. Then the equiralence classes
form an R-module isomorphic to G° wunder the correspondence which
attaches to each class the tmage in G* of its representatives.

Tueorem 4.7 If {G,x} is a direct system over M, and, for each
a < Bin M, xl: G — G° has kernel zero [is a homomorphism onto)
then, for each a, w,: G® — G~ has kernel zero [vs a homomorphism onto].

Proor. The first half is an immediate consequence of 4.4. Suppose
ueG”, and a e M. By 4.3, there exists a 8 and a ¢° such that m,(¢°) = u.
Choose ay > «,8. Since 7, is onto, there exists a g” such that =(g") =
7%(g%). It follows that w.(¢®) = u; hence =, is onto.

COROLLARY 4.8. If each n£ is an isomorphism, so also is each ..

The results of 4.7 should be compared with the corresponding ones
for inverse systems (see 3.4 and the subsequent remark; also 3.9).

ExaMpLE 4.9. Let G be a group and M the collection of all finite
subsets of G. For each a ¢ M, let G* be the subgroup of G generated
by the elements of «. Define @ < B8 to mean that G* C G*, and let
7. G — G’ be the inclusion. It is easily proved that M is directed,
{G,r} is a direct system, and G° = G. Thus, any group s the direct
limit of its subgroups on finite bases.

ExampLE 4.10. Let {H,} be a family of groups indexed by a set J,
and let H be their direct sum. Let M be the collection of finite subsets
of J ordered by inclusion. If a e M, define G* = >, .. H,. If a C B,
define 7£: G* — G* in the obvious way (the coordinates of x2(g) are
those of g for j € « and are zero for je 3 — a). It follows quickly that
@ = H. Thus, a direct sum 1s a direct limit of finite direct sums.

DeriniTION 4.11. Let & {G,7} — {G',x’} be a map of one direct
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system of KE-modules into another. The homomorphisms ¢°:
G* — G"*'” are the components of a homomorphism ®: 3 G — 3 G".
Because of the commutativity condition of 3.3, ® maps each relation of

> G into a relation of Y_ G’. Hence & induces a homomorphism (linear
map) of the factor group

called the direct limit of ®. It satisfies

¢w7ra = ‘"é(a)'ﬁa, aeM.

Referring to the alternative definition of 4.6, note that g* ~ ¢*
implies ¢°g* ~ ¢°°. Ilence ® maps an equivalence class in {G,r}
into one in {G’,x’'}. This mapping of classes is precisely ¢ .

Definition 4.11 may be applied in the special case of a map &:
{G,r} — G’ of a direct system {(G,r} into a single R-module G'.

The proof of the following theorem is straightforward and is left
to the reader.

Turorem 4.12.  Let Dir(Gr) be the category of direct systems and
maps all of whose elements belong to Gg. Then the operations of assigning
a direct Limut to each direct system and a direct limut to each map of one
such into another 1s a corarant functor from Dir(Gp) to Gg.

ReEmark. It is to be noted that we do not attempt to assign a
topology to a direct limit of topological groups. This can be done in a
natural way using the topology of the product space. However the
group Q of relations is usually not closed in 2 G even in the case of
compact groups. As a consequence the topology induced in G¥ is not
a Hausdorff topology. This means that no analog of 4.12 would hold
for any reasonable category of topological groups.

THrorEM -1.13. Let {G |G, m'} be direct systems over M M’ re-
spectwely, and let ®: {G' 7'} — {G,x} be a map. If there exists a
directed subset N of M’ \u(‘h that (1°) N is cofinal in M’, (2°) ¢(N) is
cofinal in M, and (3°) ¢*: G = G** forcachBe N, then¢™: G~ = G".

Proor. If B & M’, abbreviate ¢(3) by B’. Suppose g e G’ and
¢ (9) = 0. Since N is cofinal, there exists a 8 ¢ N and a ¢ ¢ G” such
that ms® = ¢ (see 4.3). By 4.11, m.¢°(¢") = ¢"(9) = 0. By 44,
there exists a 8 > @ in M such that =5.¢"(¢®) = 0. Since ¢(N) is cofinal,
there exists a v ¢ N such that 4/ > 8. Then 73¢°(¢®) = 0. By the
commutativity condition of 2.3, we have ¢« 47(¢°) = 0. Since ¢”
is isomorphic, 74" (¢°) = 0. Hence g = 4" = wiwh"(¢°) = 0. This
proves that ¢~ has kernel zero. Suppose now that g e G”. Since ¢(N)
is coﬁnal there exists a 8 ¢ N and a ¢* ¢ G*" such that m5.(¢*) = g.
Since ¢° is onto, there exists a g’ ¢ G” such that ¢°(¢"”") = ¢*". Let
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*y. Then ¢’ ¢ G'", and by the commutativity condition of

g' = ms(g
4.11,¢"(¢") =

COROLLARY 4.14. Let M’ be cofinal in M, {G,r} a direct system over

M, {G'x'} the sub.system over M', and ®: {G',x'} — {G,x} the in-

jection (see 2.4). Then¢™: G° = G".

This follows from 4.13 with N = M’.

LEMMA 4.15. Let ®,¥ be maps {G,x} — {G',x’'} such that, for each
a e M, we have ¢(a) < ¢Y(a) and y* = wif‘f)‘”d» Then ¢~ = ¢".

Proor. If g ¢ G°, choose an & and a ¢’ ¢ G® such that =g’ = g.
By 4.11, we have

¥ (a)

7 = ¢ Tg = 1r¢(.,)¢ g = ‘W(aﬂfﬂm ¢°g’
= w‘;(a)"‘ g ‘l’ Wag ‘l’ g.

6. SYSTEMS OF EXACT SEQUENCES

DEeFINITION 5.1.  An tnverse system of lower sequences {S,r} over the
directed set M is a function which attaches to each « ¢ M a lower
sequence

Sa = {Ga.a;¢a.a}
B,

(see 1,2), and to each relation « < B in M, a homomorphism =.:
Ss — 8. such that =% = identity, and, if « < 8 < v, winx} = =L
Then, for any fixed ¢, the groups and homomorphisms {G, .5 .}
form an inverse system of groups over M. Its limit group is denoted
by G.... Again, for a fixed ¢, the homomorphism {¢, .} together with
the identity map of M form a map ®,: {Ga.o7l ) = {Garerymlooi]).
The limit of ®, is denoted by ¢, o: Gu.i — Gw..-;- The lower sequence
Se = {Ga. oP=.c] S0 obtained is called the inverse limit of the system
{S,x}. A direct system of upper sequences and its limil sequence are
defined in an analogous manner.

In the above definition it is to be understood that all groups and
homomorphisms in an inverse system of lower sequences belong to a
fixed one of the standard categories Gg,Ge. That the limit sequence is
of the same type is proved in the preceding sections. In the case of a
direct system of upper sequences we shall use only the categories Gz.

DerinITION 5.2. A lower [upper] sequence is said to be of order 2
if the composition of any two successive homomorphisms of the sequence
is zero: i.e. kernel D image. Although this notion coincides with that
of chain [cochain] complex (v,2), we shall prefer the “order 2"’ language
whenever the sequences are not to be treated as chain complexes.

THEOREM 5.3. If each sequence of an inverse [direct] system of lower
[upper] sequences is of order 2, then the limit sequence is also of order 2.
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Proor. The composition &,_,®, mapping {G, 72 .} into {Ga ._a
78 . 2} consists of the identity map of M and the maps ¢q. o-10a.c = O.
Hence the inverse limit of &,_,d, is zero. By 3.14, this is the composi-
tion @w, - 10=... The corresponding proof for a direct system of upper
sequences is left to the reader.

THeoreM 5.4. If each sequence of a direct system of upper sequences
18 exact, then the limit sequence is also exact.

Proor. One half of exactness follows from 5.3. Suppose u ¢ G**°
and ¢ “(u) = 0in "', By 4.3, there exists an a and a u* ¢ G**°
such that =J(u”) = u. By 4.9,

w2l () = ¢” w(u®) = 0.
By 4.4, there exists a 8 > « such that
e () = 0.

Let «* = #%%u"). It follows from the commutativity of = and ¢ that
¢’ °(u®) = 0. By exactness of S, there exists a v® ¢ 7' such
W) = W’ Leto=a'0") e G, Then ¢™* ') = u. This
proves the other half of exactness.
ExamprLe 5.5. The limit sequence of an inverse system of exact
lower sequences need not be exact as the following example shows.
Consider the diagram

T n
J — J — J2J
A
T n
J — J — J/2J

where J is the group of integers, 7(n) = 2n, y(n) = 3n, e is the identity
map, and 5 is the natural map. [t is easy to see that

T n
S: 0—>J—>»J—-J/2] -0

is an exact sequence, and that the homomorphisms v,y,e together yield
a homomorphism ¢: S — S.

Let M be the set of positive integers with the usual order. For
each a ¢ M define S, = Sand n%,, = ¢. Define all other =& for 8 < «
by composition: x5 = ()’ °. Then {S.,m8} is an inverse system of
exact lower sequences. Let

Se: 0-G@—>G—>H-—->0
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be the limit sequence of this inverse system. Since e is the identity
map, it follows that H = J/2J. An element of G is a sequence {n,},
a € M of integers such that n, = 3n,,,. It follows that n, is divisible
by arbitrarily high powers of 3; i.e. n, = 0 and G@ = 0. Thus S. is
the sequence 0 — 0 — 0 — J/2J — 0 which is not exact.

THEOREM 5.6. Let {S,7} be an tnverse system of exact lower sequences
over M where all groups and homomorphisms of {S,x} belong to the calegory
G¢ of compact groups. Then the limit sequence S of {S,w} s also exact.

Proor. One-half of exactness follows from 5.3. Suppose g ¢ Ga,,
and ¢...(9) = 0. Let g, = m,..(9) be the coordinate of g in G, ,.
Since ¢a..(g) = 0, it follows that ¢, .(¢9.) = O for each a. Since S, is
exact, Xo = (da.cs1) '(go) is a closed nonvacuous subset of (g oer-
From the relation ¢u. 7l ce1 = 75 bs.041, it follows that 7f .., maps
Xsinto X,. Let pf be the map so defined. Then {X,,pf} is an inverse
systemn of compact spaces. Since each space is nonvacuous, it follows
from 3.6 that the limit space X. is nonvacuous. It is easily seen that
Xe C Ga i1 and ¢o, 41 maps X, into g. This proves the other half
of exactness.

THEOREM 5.7. Let { S 7} be an inverse system of exact lower sequences
over M where all terms of {S,x} belong to the category of finite dimensional
vector spaces over a fized field F. Then the limit sequence S. of {S,m} is
also exact.

Proor. If G is a vector space over F, a variety V in G means a coset
of some linear subspace /I of GG. The dimension of 1 is that of H. It
is easily seen that, under a linear map, the image (inverse image) of a
variety is a variety. It is also clear that the intersection of a collection
of varieties, if not vacuous, is also a variety. We interrupt the proof
for a basic lemma.

LemMa 5.8. If G is a finile dimensional vector space over F, and {V,}
s a collection of varieties in G (j € J) such that any finite number have a
nonvacuous inlersection, then M, ., V, # 0.

Since G has finite dimension, any subspace has a finite dimension,
and therefore the same holds for any variety. 1By hypothesis, any finite
subcollection of {V;} has an intersection of dimension = 0. Since all
such dimensions are integers, there is a smallest such integer k, and a
corresponding V.= M., V,, with dim V = k. Forany jeJ, VN
V; # 0 by hypothesis. Alsodim ¥V M\ V, = k by the minimal property
of k. Thus dim V = dim V M\ V, which implies V = V N\ V,, and
this in turn implies V' C V,. This proves the lemma.

We return now to the proof proper of 5.7. As before, one-half of
exactness follows from 5.3. Suppose g € Go,, and ¢s..(9) = 0. If
go is the coordinate of g in G, ,, then ¢, .(gs) = 0. Define V, =
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(ba.a+1) '(ga). Since S, is exact, V0 is not vacuous. As a coset of the
kernel of ¢,.q.1, Va4 is a variety. Consider now the family ¥ of all
functions v = {V,} defined for a ¢ M such that V, is a variety in
Garosr, Vo C VS and, if @ < 8, #2(Vy) C V,. Clearly v° = {V ]}
belongs to ¥. If u,v ¢ ¥, the relation v C v means U, C V, for each
a e M. This defines a partial order in ¥. By Zorn’s lemma, the partially
ordered set ¥ contains a maximal simply ordered subset ¥’. For each
a, define V to be the intersection of all V, for V ¢ ¥'. Since ¥’ is
simply ordered, any finite subset has a smallest element. Hence, by
5.8 and the assumption that G, .., has finite dimension, V, is not
vacuous. It is easily proved that =f(V3) C V. whenever a < 8.
Therefore v' = {V .} lies in ¥. Since »' C v for each v ¢ ¥’ and ¥’ is
maximal, it follows that »' ¢ ¥. Thus we have found an element
v' ¢ ¥ such that v C »' in ¥ implies ¥ = »'. It remains to show that
each V. is a single element of G, ,,,. Consider any fixed element
a e M. The collection {#f(V5)} for all 8 > « has the property that
any finite subcollection has a nonvacuous intersection (M is a directed
set). Hence by 5.8 there is an element g/ in their intersection. For
any v ¢ M, choose a 8 > «a,y and define
V, = ViN @@ (g2).

The choice made of g/ insures that 17, is not vacuous. Clearly V, is
independent of the choice of 8. From this it follows that V., C V3,
Vo =gl and m7(Vy) C V,ify < 6. Thusv = {V,} belongs to ¥
and » C »'. By the minimal property of v', we have v = »'; hence
gl = Va Thus g = {g!} is an element of G« (41 and ¢ o4:(¢") = g.
This completes the proof of 5.7.

ReMARk. The failure of exactness under inverse limits can be
described with greater precision. Let ®: {G.x} — {G',x'] be a map
of one inverse system of groups into another. Then the following rela-
tions always hold:

kernel ¢, = lim {kernel ¢,},
image ¢. C lim {image ¢.}.

In the second case equality holds if all groups are compact or finite
dimensional vector spaces over a field. The example 5.5 shows that
equality does not hold in general. In the case of direct systems equality
holds in both cases.

6. COMMUTATIVITY OF THE OPERATIONS OF LIMIT AND FACTOR GROUP

DreriniTION 6.1.  Let {G,r} be an inverse system of groups over M.
Suppose, for each « ¢ A, that H, is a subgroup of G, and suppose,
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for each a < B in M, that =2 maps H, into H,. Let p2: Hs— H, be
the map defined by =2 Clearly {H,p} is an inverse system over M.
It is called a system of subgroups of {G,x}. For each a ¢ M, define
K. = G,/H,, and, for each a < 8 in M, define ¢2: K, — K, to be
the map induced by #£. Then {K,s} is an inverse system over M called
the system of factor groups of {G,x} by {H,p}. The inclusion map
®: {H,p} — {G,r} and the natural map ¥: {G,r} — {K,s} are defined
in the obvious way. By definition, each element of the limit group H,
of {H p} is an element of G, and ¢.: H. — (. is the inclusion. The
corresponding definitions for direct systems are left to the reader.

TueorewM 6.2. Let {G,x},{H,p},{K, 0} be an inverse system of groups,
subgroups, and faclor groups over M where all terms belong to the category
Gc of compact groups or to the category of finite dimensional vector spaces
over a fixed field F; then y»: (o — K. tnduces an tsomorphism G./H. =
K..

Proor. For each e, adjoin an infinite set of trivial groups and
maps to

¢ '
H, - G, > K,

80 as to obtain a lower sequence S,

¢ ¥

-—~)0—>Ha—>G’a—+Ka——>O—+.-u

It is clear that S, is an exact sequence. For each @ < 8 in M, adjoin
to wf,pf,af an infinite set of trivial maps so as to obtain a map 75
Sg — S.. Then {S,7} is an inverse system of exact sequences. It is

also clear that the limit sequence S. consists of

¢ 12

v 50> H, >G> Ko—>0—> -

By 5.6 and 5.7, S. is an exact sequence. It follows that ¥. must be
onto and its kernel is H.. This completes the proof.

It is to be observed that example 5.5 shows that 6.2 does not hold
if it is merely required that all terms belong to the category G.

TueoreM 6.3. Let {G,x},{H,p},{K,0} be a direct system of groups,
subgroups, and faclor groups over M where all terms belong to the category
Cg; then ¥o: G — K, induces an tsomorphism Go/Ho = K.

The proof is analogous to that of 6.2 and uses 5.4 in place of 5.6
and 5.7.
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EXERCISES

A. INVERSE LIMITS OF SPACES.

1. Prove that every countable directed set contains a cofinal sub-
sequence (sequence = directed set isomorphic with the set of positive
integers).

2. Show that, if each X,,a ¢ M, has a countable base for its open
sets, and if M is countable, then Ha. » X . has a countable base.

3. If {X,,7} is an inverse system indexed by M, each X, has a
countable base and M has a cofinal subsequence, then the limit X, has
a countable base.

4. An inverse limit of compact connected spaces is connected. KEx-
hibit an inverse sequence of connected spaces with a disconnected limit.

B. LimiTs oF GROUPS.

1. Let G be a group and {G*} a system of subgroups such that
U G* = @ and for any G*,G® there is a G” with G¢* C ", ¢° C Q.
Show that G is naturally isomorphic with the limit of the direct system
{G* 72} where the = are inclusions.

2. Let ¢ be a compact group and {G,} a system of (closed) sub-
groups such that M G, is the identity and for any (,,G;5 there is G,
with ¢, C G, N G5 Let H, = G/G,, and for each G, C G; let
w3 H, — H, be the natural map. Show that G is naturally iso-
morphic to the limit of the inverse system {H ,,7%}.

3. Show that the above results remain valid for nonabelian groups,
provided the definitions of Chapter viir are suitably interpreted.

C. DIRECT SUMS AND PRODUCTS.

1. Let {G,x},{"G,"x}, v ¢ I" be direct systems of groups over the
same dirccted set. M. Let "¢: {"G,"w} — {G,r} be maps such that,
for each a ¢ M, the maps "¢*: "G — (* form an injective representa-
tion of " as a direct sum. Show the same holds for the limiting maps
KRR CHEES G

2. In the above assume that "p: {G,r} — {G,"x} and that the
maps "¢": (" — G° yield a projective representation of G* as a
direct product. Show that the same holds for ¢”: G~ — *G".

3. Iistablish propositions similar to 1 and 2 for inverse systems.

D. SPLIT EXACT SEQUENCES.
DEFINITION. An exact lower sequence {G.¢.} and a sequence of
homomorphisms

ZYPR Gaver = Gavay, 1= O,il,:!:2, Tty
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such that ¥i,,.¢s... is the identity map of Gs, .. for each i, is called a
split exact lower sequence. The homomorphisms ¢, (defined only for
n = 1 mod 3) arc called the splitting homomorphisms of the exact
sequence. A map of a split exact sequence into another one is defined
in the obvious fashion.

1. Show that {¢.}] and {¢s..,} yield a split exact lower sequence
if and only if the following conditions hold (for all 7):

(8) ¢3 = 0,

(b) O30c1®3.42 = 0,

(¢) Y103+ = identity,

(d) ¢ass1: Gsusr — G5, and ¥5,41: Gs,hy — G, .2 yield a projective
representation of (s, ., as a direct sum.

2. Let {8,r} be a direct [inverse] system in which each S is a split
exact sequence. Show that the limit is also a split exact sequence.

3. Reformulate the above results for upper sequences.

4, Let (X,A) be a pair and r: X — A a retraction. Show that
the homology sequence of (X,A) together with the homomorphisms r,
form a split exact sequence.

E. p-ApIC GROUPS AND SOLENOIDS.
1. Let G, be a cyclic group of order p* with generator g,. Consider
the inverse system

b 2 ®n

G = Gy Gy e oov = Gy = Gy = oo

where ¢,,(g,.:,) = g,. The inverse limit G. is called the p-adic greup.
Show that G. is compact, totally disconnected, and perfect. Show that
it has a countable base for its open sets, and, therefore, is homeomorphic
with the Cantor set. Show that for each integer n the subgroup p"G.
is open and closed and yields a fundamental sequence of neighborhoods
of zero.

DeriniTION. Let S' be the multiplicative group of all complex

numbers z with |z = 1. Consider the inverse sequence
¢ ¢
S-S e— i = 8- 8~ ..

where ¢(z) = z°. The inverse limit I, is called the p-adic solenoid.

2. Show that there is a continuous homomorphism y: R — Z, of
the addive group R of real numbers into Z, such that the kernel of y is
zero, and the image of ¢ is dense in Z,.

3. Show that the p-adic solenoid contains a subgroup isomorphic
with the p-adic group.

4, In euclidean 3-space R® consider the disc D = {(z, + 2)* +
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z; £ 1, z, = 0} and the solid torus T obtained by revolving D around
the z,-axis. In D consider the disc

2
D, = {(zx + g) + I: =< cz’ I3 = 0} where ¢ < lsm%

2
and the discs D, obtained from D, by revolving D around its center
by the angle (2x7)/p ({ = 1, -+, p — 1). The choice of ¢ insures the
disjointness of the dises Do,D,, --- , D,_,. Now assume that as D

revolves around the z,-axis it also revolves around its own center in
such a fashion that, as one revolution around the .,-axis is complete,
D, becomes D,, D, becomes D, etc. Then the dises Do,D,, --- , D,_,
sweep out a torus T" which runs p times around the inside of the torus T.
To describe the situation arithmetically, represent T by means of pairs
of complex numbers (z,3),[z} < 1, |s| = 1 (z describes a point on D
and s describes the angle of revolution around the z,-axis). Then
define a mapping 6: T — T by

= ()

where 0 < ¢ < 3 sin /p. Then T' = 6(T). Show that the p-adic
solenoid is homeomorphic with the inverse limit of the sequence

0 0 0
T —Te— ++o T T .

which in turn is homeomorphic with the intersection M., 8T
where 6°T = T, 6°T = 6(6"'T).

F. LIMITING GROUPS FOR INFINITE COMPLEXES.

1. Let K be a (possibly infinite) simplicial complex and L a sub-
complex. Let {K,} be the family of all finite subcomplexes of K
ordered by inclusion. Show that the groups H. (K. K. N L;G)
[H'(K.,K. N L;G)] together with the homomorphisms of these groups
induced by inclusions form a direct [inverse] system of groups. The
resulting limit groups are denoted by H (K,L;G) [H(K,L;(7)] and are
called the direct limit homology [inverse limit cohomology) groups of (K,L)
(cf. v1, Exer. B). .

2. Show that H,(K,L;G) and H,(K,L;G) are isomorphic. Show that
H‘(K,L;G) and ﬁ"(K.L; 7) are isomorphic if G is compact or a vector
space over a field.

3. Let K be a locally finite simplicial complex, and L a subcomplex.
A subcomplex K, of K is called counterfinite if K, contains all but a
finite number of simplexes of K. Show that with a suitable ordering
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of the counterfinite subcomplexes K., the groups 3, (K,L U K.;G)
[3¢(K,L \J K ;@] (see vi, Exer. B) with suitable homomorphisms in-
duced by inclusions, form an inverse [c_lirect] system of groups. The
resulting limit groups are denoted by 3C,(K,L;G) [3¢°(K,L;@)] and are
called the inverse limit homology [direct limit cohomology] groups of (K,L).

4. Show that 3¢*(K,L;G) and 3(3"(1\ L;G) are isomorphic. Show that
3¢, (K,L;G) and 3 «(K,L;@) are isomorphic if G is compact or a vector
space over a field.



CHAPTER IX

The Cech homology theory

1. INTRODUCTION

In this chapter the Cech homology and cohomology theories are
defined and the axioms for such are verified. The degree of generality
of the results has been greatly increased by the use of modifications
introduced by Dowker [Annals of Math. 51 (1950), 278-292].

The Cech cohomology theory is defined on the category @, of ar-
bitrary pairs (X,A) and their maps. The coefficient group G is taken
to be an R-module for any ring R, and the resulting H°(X,AA) are in .
The axioms are verified without exception. Cech cohomology groups
with compact coefficients are not defined.

The Cech homology groups are defined under the same circumstances
as the Cech cohomology groups. Further, if (X,4) is a compact pair,
then the homology group H,(X,A) is also defined for G ¢ G¢, and is
itself in G.. The axioms are valid without restrictions except for the
Exactness axiom, which is valid only after drastic restrictions. The
homology sequence of any pair is defined, and it is proved that the
composition of any two homomorphisms is zero. To obtain the full
Exactness axiom, we must restrict (X,4) to be a compact pair and G
must be either compact or a vector space over a field. In case (X,4) is
triangulable, exactness is proved without this restriction on G. This is
accomplished by showing direcetly that IH,(X,A) is isomorphic in a
natural way to the group based on the chains of a simplicial division.

The failure of the Cech homology theory to satisfy the Exactness
axiom is directly traceable to the facts established in vii,6 concerning
the interchangeability of factorization and inverse limits.

2. COVERINGS, NERVES, AND PROJECTIONS

DerFINITION 2.1.  An tndexed family of sets in a space X is a function

a defined on a set V. of indices such that, for each v ¢ V,, a, (the value

of @ on v) is a subset of X. If X = U a,, then «a is called a covering

of X. It is called an open (closed) covering of X if each «, is open

(closed) in X. The set of all open coverings of X is denoted by Cov(X),
238
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If A is a subset of X, and V% is a subset of V, such that A C U a,
for v ¢ V4, then we say that « is a covering of the pair (X,4) with
(V. V%) as indexing pair. The set of all open coverings of (X,4) is
denoted by Cov(X,A).

One should be careful not to confuse the sets Cov(X) and Cov(X,0).
However one may regard Cov(X) as the subset of Cov(X,0) consisting
of coverings « indexed by (V,,0).

DeriniTiOoN 2.2. Let a be an indexed family of sets in a space X.
Let s, be the simplicial complex consisting of all simplexes whose
vertices are elements of V, (if V, is finite, then s, is itself a simplex).
If s is a simplex of s,, the carrier of s, denoted by Car,(s), is the in-
tersection of those sets @, which correspond to vertices v of s. The
nerve of a, denoted by X,, is the subcomplex of s, consisting of all
simplexes with nonvacuous carriers. If « is a covering of the pair
(X,4) indexed by (V,,V4), then we denote by A, the subcomplex of
X . consisting of all simplexes s with vertices in V% such that 4 N
Car.(s) # 0. The pair (X,,4.) is then called the nerve of a.

Note that «, is the carrier of the vertex v.

LemMA 2.3. If §' is a face of s, then Car.(s") D Car,(s).

Proor. Since each vertex of s' is one of s, it follows that each term
of the intersection defining Car,(s’) is a term of that defining Car,(s).

It follows from 2.3 that each face of a simplex of the nerve X, is
also a simplex of X,. Therefore X, is a simplicial complex.

DeriniTiON 2.4. If /1 (X,A) — (V,B) and 8 is a covering of {Y,B),
then f7'8 is the covering a of (X,A) with the same indexing pair,
(Va, V&) = (Vs V%), and defined by a, = f7'(8,) for each v ¢ V,. It
follows from the continuity of f that, if 8 is an open (closed) covering,
s0 also is f7'B.

Lemma 2.5. If f: (X,A) — (V,B) and a = f7'8, then the nerve
X, s a subcomplex of Y and A, is a subcomplex of Bs. The tnclusion
map (X a,4.) — (Yg,B;) s denoted by f.

This follows from the fact that f(Car.(s)) C Cars(s) for each
simplex s of s, = s,.

LemMma 2.6. If f: (X,A) — (X,A) is the idenlity, and a ts a covering
of (X,A), then f'a = a and f, is the identity map of (X .,4 ).

Lemma 27. If f: (X,A) - (V,B), g (Y,B) — (Z,C), v is a
covering of (Z,C), and B8 = g™'y, then f'g™'y = (9f) "'y and (9f), = g+ fs.

DEFINITION 2.8. Let o and B8 be two coverings of (X,4). The
covering B8 is called a refinement of @ (notation: @ < @) if every set of
8 is contained in some set of «, and every set of 8 indexed by an element
of V% is contained in some set of « indexed by V4. If a < 8, a function
p: (Ve Vi) — (Vo,V3a) is called a projection if a,, D 8, for each
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v e Vs The vertex mapping p extends uniquely to a simplicial map
8s — 8, which is also denoted by p.

Limma 2.9.  The relation < s a quasi-order, 1.e. a < a, and a <
B < v implies a < .

This follows from the corresponding properties of the relation C.

Note that « < g and 8 < « do not imply « = 8. For example
a <pBand B < aholdsif A = V4 = V4 = 0 and both « and 8 have
aset = X.

Lrmma 2.10. The set Cov(X,A) of open coverings of (X,A) s a
directed set with respect to the relation <.

Proor. By 2.9 and vii,2.1 it is sufficient to prove that, for any
a, B ¢ Cov(X,A), there exists a v ¢ Cov(X,A) such that « < ¥ and
B <v. DefineV, =V, X Vgand V) = Vi X V4 IfveV,, then
v = (v,,0,) where v, € V,, v, ¢ V5. Define

Yo = a,, M B,

It is clear that v has the desired properties.

Note that the covering v is a “‘smallest” common refinement of a,8.
That is, if § i1s any common refinement of «,8, then v < 4.

Liemma 2.11. For any «, the identity map s, — s, ts a projeclion.
If p: sy — 8. Pt s, — 83 are projeclions, lthen their composilion
pp’s s, — S LS a Projeclion.

The first statement follows from a, D «,. For the second it suffices
to note that a,,., D B,:» O v, implies a,,,/, D 7,.

LemMma 2,12, If a« < B are coverings of (X,A), then a projection
p: sy — S, maps (Xg,Ap) inlo (X,.,A.). This stimplicial map of the
nerve of 3 wnto that of a is also called a projection and is denoted by the
same symbol p.

Proor. Since a«,, D B,, any intersection of B8,’s is contained in
the intersection of the corresponding sets of . Hence, for any face s
of s, Carg(s) C Car.(p(s)). Consequently if the Carg(s) is nonvacuous
(meets A), so also Car.(p(s)).

Turorem 2.13. If a < B are two coverings of (X,A), then any two
projections p,p’: (XsAs) — (XaAd.) are contiguous simplicial maps
(see v1,3.1).

Proor. Let s be a simplex of Xj, and let x ¢ Carg(s). Then, for any
vertex v of s, we have 2 ¢ 8,. Since 8, C «,, and 8, C a,,, = lies
in both «,, and «,.,. Hence the simplex s’ of s, spanned by the
two images of the vertices of s has a nonvacuous carrier. Thus, p(s)
and p’(s) are faces of s’ in X,. If sisin Ag choose z ¢ A M Carg(s').
The same argument shows that s’ isin A,.

CoroLLARY 2.14. Using homology and cohomology groups of com=
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plexes in the sense of v1,3.9, we have, for any coefficient group G, that the
homomorphisms

Hc(XﬁyAﬁ;G) - H«(Xa)Aa;G)) Hq(Xa;Aa;G) - Ha(Xﬂ;Aﬂ;G)

induced by a projection (X;,A5) — (Xa,A.) are independent of the choice
of the projection and are therefore uniquely associaled with the relation
a < B.

LemMma 2.15. If f: (X,A) — (Y,B), and a < B are coverings of
(Y,B), then, if o' = f'a, 8 = '8, we have o’ < 8. Ifp: (Y,Bs) —
(Y.,B.) is a projection, then p maps (Xg.,Ag.) into (Xa,As). If p' is
the map so defined by p, then p’ is a projection and commulativity holds
in the diagram

4

P
(Xa’yAa') — (Xﬂ’rAﬂ’)

1fa lfa
14
(YayBu) - (Yﬂ)Bﬂ)

Proor. By definition, V4 = Vg and, for each v ¢ Vy, p(v) = p'(v).
Therefore a,, D B, implies f 'a,, D f7'8,, i.e. o}, D B.. Thus, p' is a
projection. It follows from now 2.14, that p’ maps (Xs.,44.) into
(X.,A,). Commutativity in the diagram follows from the fact
that f,,fs are inclusion maps (2.5), and p defines p’. This completes
the proof.

Beginning with 2.4 the discussion of this chapter was limited to
coverings of pairs. However the definitions and results may be dupli-
cated for coverings of spaces (without a distinguished subset) and to
indexed families of sets which are not necessarily coverings.

8. THE CECH GROUPS

We are now prepared to define the Cech homology and cohomology
groups of an arbitrary pair (X,4) over any coefficient group G in Gg.
The homology groups of complexes, used in the definition, are those
defined in v1,3.9.

DeriniTION 3.1.  Let Cov(X,A) be the directed set of all open cover-
ings of (X,A4) (see 2.10). For each a ¢ Cov(X,4), let (X.,A.) be its
nerve (2.2), and let

Hc.a = Ha(XmAu;G)7 H: = HG(XMA&;G)'
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For each relation « < 8 in Cov(X,A), let
xl: H,;, —» H,,, rs: Hi — Hj

be the homomorphisms induced by any projection (Xp,45) — (Xa,44)
(see 2.14). The collections {H, .,r2},{HZx%) are called the ¢** Cech
homology and cohomology systems of (X,A) over G.

THEOREM 3.2. The ¢** Cech homology [cohomology] system of (X,A)
over G 1s an tnverse [direct] system of groups defined on the directed set
Cov(X,A).

Proor. By 2.11, the identity map of (X,.,4.) is a projection; hence
meo is the identity map of H, ,. Again, by 2.11, if « < 8 < 7, the
projection (X,,4,) — (X,,4.) can be chosen as the composition of
prescribed projections (X,,A4,) — (X545 — (X.,A.). From this it
follows that wfr% = =2 for homology, and #2r% = =2 for cohomology.

DerIniTION 3.3.  The inverse [direct] limit of the ¢** Cech homology
[cohomology] system of (X,4) over G is denoted by H,(X,A;G)
[H*(X,A;0)] and is called the q*® Cech homology [cohomology) group of
(X,A) over G. The group G may belong to any one of the categories
Gr, and by vi,3.14 and viir,4.12, the groups H,(X,4;G) and H*(X,A ;&)
are in the same category as G.

For G ¢ G¢ the situation is as follows: Iach of the cohomology
groups H(X,.,A.;@) is in G and the groups form a direct system.
Since the limit of a direct system of compact groups is not defined (see
Remark viir,4), the cohomology groups for G € G are not defined. For
homology, the Cech system is an inverse system and the passage to the
limit is permissible. However the groups H,(X,,A,;G) themselves are
not defined for @ ¢ G¢ since in general the complex X, is infinite. One
could try to avoid this difficulty by replacing the directed set Cov(X,4)
by its subset Cov’(X,A) consisting only of finite coverings (i.e. cover-
ings « with V, finite). The definitions and results of the preceding
section remain valid for the directed set Cov’(X,4) so that 3.1-3.3
could be repeated with Cov(X,A4) replaced by Cov’/(X,4). Of course,
the resulting limiting group H(X,A;G) may not be isomorphic with
H,(X,A;G) (see x,9). However, if the pair (X,4) is compact, then (see
below) Cov’/(X,4) is a cofinal subset of Cov(X,4) and therefore by
v1i1,3.16 the limits H, and H, are isomorphic. Thus, for compact pairs,
we may limit our attention to finite coverings, and thereby define the
homology groups H,(X,4;G) with G ¢ G¢c. Then the group H,(X,4;&)
is also in Ge. The situation resembles the one of Chapter vi where the
group H,(K,L;G) for G & G¢ was defined only when K is finite,

To justify the above discussion we need
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Lemma 3.4. If the pair (X,A) is compact, then the set Cov’'(X,A)
consisting of finite coverings is a cofinal subset of Cov(X,A).

Proor. Let o ¢ Cov(X,4) be a covering indexed by the pair
(Vo V4a). Since both X and A are compact, there exist finite subsets
U C V,, W C V% such that

Ua =X, U o D 4.

U veW

Then the covering a defines a covering g with indexing set (U \JU W,W).
Since 8 is finite and @ < g, the proposition follows.

In the definition of Cov(X,4), the indexing pair (V,,V3) for a
covering « is any pair of sets. Since the set of “all’”’ sets involves one
of the usual logical difficulties, the same is true of Cov(X,4). We shall
now show how this difficulty can be avoided.

Let M be any infinite set. Consider the subset Covy(X,A) of
Cov(X,4) consisting of all coverings « with V, C M. We now observe
that the set M X M has the same cardinal as M, and therefore, as in
2.10, we can prove that Covy(X,A) is a directed set.

LeMMA 3.5. Let w(X) be the least cardinal such that the space X has
a base for open sets of cardinal power w(X). If M C N and M has power
at least w(X), then the set Covy(X,A) is cofinal in Covy(X,A).

Proor. Let a ¢ Covy(X,4), and let 8 be a family of sets in X,
indexed by the set M, and such that 8,,, m ¢ M, runs through a base for
the open sets of X. Let V., (V%) be the subset of M consisting of all
m ¢ M such that 8,, C a, for some v e V, (v ¢ V4). Then the indexed
family 8 defines a covering y with (V,,V?%) as indexing pair and a < 7.
Since v ¢ Covy(X,A), it follows that the latter set is cofinal in
Covy(X,A).

The homology and cohomology groups of (X,4) may now be defined
a8 limits of appropriate directed systems defined on Cov, (X,A4) where M
is a set of cardinal power at least w(X). This definition seems to depend
on the choice of M. However, if N is another such set, then by 3.5
both sets Covy and Covy are cofinal in the set Covyuy. This yields
an isomorphism of the limit groups defined using M and those defined
using the set N. It is easy to see that these isomorphisms define a
transitive system of groups as defined in 1,6. Consequently the limit
groups may be regarded as independent of the choice of the set M.

We have carried out the discussion for a single pa