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INTRODUCTION

An algebraic function y of a complex variable z is a function which satisfies
an equation of the form F(z, y) = 0, where F is a polynomial with complex
coefficients; i.e., y is a root of an algebraic equation whose coefficients are rational
functions of z. This very definition exhibits a strong similarity between the
notions of algebraic function and algebraic number, the rational functions of »
playing a role similar to that played by the rational numbers. On the other hand,
the equation F(z, y) = 0 may be construed to represent a curve in a plane in
which z and y are the coordinates, and this establishes an intimate link between
the theory of algebraic functions of one variable and algebraic geometry.

Whoever wants to give an exposition of the theory of algebraic functions of one
variable is more or less bound to lay more emphasis either on the algebraico-
arithmetic aspect of this branch of mathematics or on its geometric aspect. Both
points of view are acceptable and have been in fact held by various mathe-
maticians. The algebraic attitude was first distinctly asserted in the paper
Theorie der algebraischen Funktionen einer Verdnderlichen, by R. Dedekind and
H. Weber (Journ. fiir Math., 92, 1882, pp. 181-290), and inspires the book
Theorte der algebraischen Funktionen einer Variabeln, by Hensel and Landsberg
(Leipzig, 1902). The geometric approach was followed by Max Noether, Clebsch,
Gordan, and, after them, by the geometers of the Italian school (cf. in particular
the book Lezione di Geometria algebrica, by F. Severi, Padova, 1908). Whichever
method is adopted, the main results to be established are of course essentially the
same; but this common material is made to reflect a different light when treated
by differently minded mathematicians. Familiar as we are with the idea that
the pair “observed fact—observer” is probably a more real being than the
inert fact or theorem by itself, we shall not neglect the diversity of these various
angles under which a theory may be photographed. Such a neglect should be
particularly avoided in the case of the theory of algebraic functions, as either
mode of approach seems liable to provoke strong emotional reactions in mathe-
matical minds, ranging from devout enthusiasm to unconditional rejection.
However, this does not mean that the ideal should consist in a mixture or synthe-
sis of the two attitudes in the writing of any one book: the only result of trying to
obtain two interesting photographs of the same object on the same plate is a
blurred and dull image. Thus, without attacking in any way the validity per se of
the geometric approach, we have not tried to hide our partiality to the algebraic
attitude, which has been ours in writing this book.

The main difference between the present treatment of the theory and the one
to be found in Dedekind-Weber or in Hensel-Landsberg lies in the fact that the
constants of the fields of algebraic functions to be considered are not necessarily
the complex numbers, but the elements of a completely arbitrary field. There
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vi INTRODUCTION

are several reasons which make such a generalization necessary. First, the
analogy between algebraic functions and algebraic numbers becomes even closer
if one considers algebraic functions over finite fields of constants. In that case,
on the one hand class field theory has been extended to the case of fields of
functions, and, on the other hand, the transcendental theory (zeta function,
L-series) may also be generalized (cf. the paper of F. K. Schmidt, Analytische
Zahlentheorie in Korpern der Charakteristik p, Math. Zeits., 33, 1931). Moreover,
A. Weil has succeeded in proving the Riemann hypothesis for fields of algebraic
functions over finite fields, thereby throwing an entirely new light on the classical,
i.e., number theoretic, case (cf. the book of A. Weil, Sur les courbes algébriques et
les variétés qui ’en déduisent, Paris, Hermann, 1948; this book contains an
exposition of the theory from a geometric point of view, although this point of
view is rather different from that of the Italian geometers). Secondly, if S is an
algebraic surface, and R the field of rational functions on S, then R is a field of
algebraic functions of one variable over K(z), where K is the basic field and z a
non constant element of R. E. Picard, among others, has very successfully used
the method of investigation of S which amounts to studying the relationship
between R and various fields of the form K(z) (cf. E. Picard and G. Simart,
Théorie des fonctions algébriques de deux variables independantes, Paris, Gauthier-
Villars, 1897). Now, even when K is the field of complex numbers, K(z) is not
algebraically closed, which makes it necessary to have a theory of fields of
algebraic functions of one variable over fields which are not algebraically closed.

The theory of algebraic functions of one variable over non algebraically closed
fields of arbitrary characteristic has been first developed by H. Hasse, who
defined for these fields the notion of a differential (H. Hasse, Theorie der Differ-
entiale in algebraischen Funktionenkirpern mit volkommenen Konstantenkorper,
Journ. fiir Math., 172, 1934, pp. 55-64), and by ¥. K. Schmidt, who proved the
Riemann-Roch theorem (F. K. Schmidt, Zur arithmetischen Theorie der alge-
braischen Funktionen, I, Math. Zeits., 41, 1936, p. 415). In this book, we have
used the definition of differentials and the proof of the Riemann-Roch theorem
which were given by A. Weil (A. Weil, Zur algebraischen Theorie der algcbraischen
Funktionen, Journ. fiir Math., 179, 1938, pp. 129-133).

As for contents, we have included only the elementary part of the theory,
leaving out the more advanced parts such as class field theory or the theory of
correspondences. However, we have been guided by the desire of furnishing a
suitable base of knowledge for the study of these more advanced chapters.
This is why we have placed much emphasis on the theory of extensions of fields of
algebraic functions of one variable, and in particular of those extensions which
are obtained by adjoining new constants, which may even be transcendental
over the field of constants of the original field of functions. That the consideration
of such extensions is desirable is evidenced by the paper of M. Deuring, Arithme-
tische Theorie der Korrespondenzen algebraischen Funktionenkérper, Journ. fiir
Math., 177, 1937. The theory of differentials of the second kind has been given
only in the case where the field under consideration is of characteristic 0. The
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reason for this restriction is that it is not yet clear what the “good” definition of
the notion should be in the general case: should one demand only that the
residues be all zero, or should one insist that the differential may be approximated
as closely as one wants at any given place by exact differentials (or a suitable
generalization of these)? Here is a net of problems which, it seems, would deserve
some original research. The last chapter of the book is concerned with the theory
of fields of algebraic functions of one variable-over the field of complex numbers
and their Riemann surfaces. The scissor and glue method of approach to the
idea of a Riemann surface has been replaced by a more abstract definition,
inspired by the one given by H. Weyl in his book on Riemann surfaces, which
does not necessitate the artificial selecting of a particular generation of the field
by means of an independant variable and a function of this variable. We have
also avoided the cumbersome decomposition of the Riemann surface into
triangles, this by making use of the singular homology theory, as developed by
S. Eilenberg.

I have been greatly helped in the writing of this book by frequent conversations
with E. Artin and O. Goldman; I wish to thank both of them sincerely for their
valuable contribution in the form of advice and suggestions.
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NOTATIONS FREQUENTLY USED

Con g/g: conorm from R to S (IV, 7).

Cosp r/g: cotrace from R to S (for repartitions, IV, 7; for differentials, VI, 2 and VI, 6).

d(a): degree of a divisor a (I, 7).

b(z): divisor of an element z (I, 8).

b(w): divisor of a differential w (II, 6).

&(a): dimension of the space of differentials which are multiple of a divisor a (II, 5).

d: boundary (VII, 3).

H,(X, Y): n-dimensional homology group of X modulo ¥ (VII, 3).

2(v, ¥’): intersection numbers of the 1-chains ¥ and v’ (VII, 6).

Jjlw, '): (VII, 5).

K(-+-): field obtained by adjunction to the field K of the element or elements or set of
elements whose symbols are between the sign ( and the sign ); special meaning for
fields of algebraic functions of one variable defined in V, 4.

1(a): dimension of the space of elements which are multiples of a divisor a (II, 1).

vp: order function at a place p (for elements, I, 5 and III, 1; for repartitions, II, 4; for
differentials, II, 6).

Ng/p: Norm from S to R (IV, 7).

Ng/g: (IV, 5).

«®:p-component of a differential w (II, 7).

res yw: residue of a differential w at a place p (III, 5).

Spg/r: Trace from S to R (for repartitions, IV, 7; for differentials, VI, 2).

Sps/r: (IV, 5).

| v |: set of points of a chain v (VII, 3).

xi






CHAPTER 1
PLACES AND DIVISORS

§1. FIELDS OF ALGEBRAIC FUNCTIONS OF ONE VARIABLE

Let K be a field. By a field of algebraic functions of one variable over K we
mean a field R containing K as a subfield and which satisfies the following
condition: R contains an element x which is transcendental over K, and R is
algebraic of finite degree over K(r).

The element z is of course not uniquely determined. If z’ is any element of R
which is transcendental over K, then R is algebraic of finite degree over K(z’).
In fact, the degree of transcendency of R over K being one, R is algebraic over
K(z’). In particular, z is algebraic over K(z'), and K{z, z’) is of finite degree over
K(z’). Since R is of finite degree over K(x), it is a fortiori of finite degree over
K({z, z’), which proves that it is of finite degree over K{z').

Those elements of R which are algebraic over K are called constants. They
form a certain subfield K’ of R, the field of constants. The field R is also a field of
algebraic functions of one variable over K’. In fact, any element x of R which is
transcendental over K is also transcendental over K’, and R, which is algebraic of
finite degree over K(z), is also algebraic of finite degree over K'(x).

It is important to keep in mind that, when discussing properties of a field R of
algebraic functions of one variable, we shall consider in fact not properties of the
field R alone but properties of the pair formed by K and R. For instance, let Z be
any field, and set R = Z(z, y, z), where z and y are algebraically independent
over Z and z is algebraic over Z(z, y). Set K; = Z(z), K, = Z{y). Then R is a
field of algebraic functions of one variable over either one of the fields K; or Ks;
but its properties as a field of algebraic functions of one variable over K; may be
quite different from its properties as a field of algebraic functions of one variable
over K, .

However, when considering a field R of algebraic functions of one variable
over a field K, the field of constants of B will appear more and more to be the
essential object instead of K itself, which will gradually fade into the background.

§2. Praces

Let R be a field and K a subfield of R. By a V-ring in R (over K) is meant a
subring o of R which satisfies the following conditions:

1. o contains K;;

2. o is not identical with R;

3. If z is an element of R not in o, then 2" is in o.
Let o be a V-ring. Those elements in o which are not units in o (we call them
“non-units’’) form an ideal p in o. In fact, if x is a non-unit and z ¢ o, then zz

1



2 PLACES AND DIVISORS

is & non-unit, because, if xz had an inverse » in o, zu would be in o and inverse
of z. Now, let = and y be non-units in o. If either z or y is 0, x — y is clearly a
non-unit. If z and y are both 5 0, one at least of the pair of inverse elements z/y
and y/risin 0. If z/y €0, thenz — y = y(z/y — 1) is a non-unit; if y/x ¢ o, then
z — y = z(1 — y/x) is a non-unit. Thus the non-units of o form an ideal p. Any
ideal in o containing p but # p contains a unit and therefore coincides with o.

Now, let R be a field of algebraic functions of one variable over a field K.
By a place in R we mean a subset p of R which is the ideal of non-units of some
V-ring o of R (over K). This V-ring is uniquely determined when p is given. In
fact, it is the set of all z € R such that zp C p (we mean by zp the set of products
of z by elements of p). To show this, we observe first that any x ¢ o has the
required property; on the other hand, if x ¢ o, then z ' is in 0 and is not a unit,
whence z ' ep and 1 ezxp, zp & p. The ring o is called the ring of the place p.
The elements of o are said to be integral at the place ).

Since every element of o not in p is a unit in o, we see immediately that the
residue ring o/p is a field. This field is called the residue field of the place p.

The ring o is integrally closed in R, i.e., every element x of R which satisfies
an equation of the form z" 4+ > 7o ax™* = 0, with a,, ---, a. in o, itself
belongs to 0. For, were this not the case, then z~* would belong to p, and we
would have 1 = — > 7, a;(z™")* e p, which is impossible. It follows in particular
that the ring of any place contains the field of constants K’ of R. This shows
that the notion of place in R is the same whether we consider R as a field of
algebraic functions over K or over K’. On the other hand, we have K’ N p = {0},
which proves that the natural homomorphism of o onto the residue field = = o/p
of p maps K’ isomorphically upon a subfield of =. We shall allow ourselves,
whenever convenient, to speak of £ as of an overfield of K’; this amounts to
not distinguishing between the elements of K’ and their residue classes modulo j.

§3. PracEs oF THE FIELD K(z)

Let us consider the special case where R = K(z), with, of course, z tran-
scendental over K. Let f = f(x) be an irreducible polynomial in  with coefficients
in K. Any element  of R may be written in the form w = g/h, with g and &
in the ring K[z]. Let o, be the set of elements u of the form g/h, with h not divisible
by f. Since f is irreducible, it cannot divide a product of polynomials without
dividing one of them. Thus the formulas

B _ 92 _ gihe — golu 19 _ 010

b hy bty Rkl
show that o, is a subring of R. It is clear that this subring contains K. Moreover,
1/f is not in o, , because, if we write 1/f = g/h, where g and A are polynomials
in z, h = gf is divisible by f; this shows that o, > R. Now, let 4 be any element
of R not in o, . We may write u in the form g/h, where g and h are polynomials
in z without common factor. Since u ¢ os , f divides A, and therefore f does not
divide g, whence ™ = h/g e o, . Thus o, is a V-ring; we shall denote by p, the
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corresponding place. It is clear that p; consists of all elements of the form fg/h,
where g and h are polynomials in z, and A is not divisible by f.

Thus, to every irreducible polynomial f in z with coefficients in K we have
associated a place p; of K(x). If f and f” are essentially distinct irreducible poly-
nomials (i.e., f’/f not in K), the places p; and y, are distinct because f~ belongs
to 0y but not to oy .

Now, observe that, if we set 2 = z™", we have K(z') = K(x). It follows that to
every irreducible polynomial in z’ with coefficients in K, there is associated a
place of K(z). This applies in particular to the irreducible polynomial z’; we
shall denote by py,, the place defined by 2’ and by 9/, the ring of this place.
The place py/, is distinct from all the places p; defined above, because, if f is
any irreducible polynomial in x, we have x ¢ o, , while z clearly does not belong
to 01z «

Now we assert that the places p; (for all irreducible polynomials f in z with
coeflicients in K) and p;,, exhaust all the places of R. Let p be any place in R,
and let o be its ring. Assume first that x e 0. Since o is a ring and contains K,
it follows that o contains the entire ring K[z]. Since p is obviously a prime ideal
in 0, p N K[z] is a prime ideal in K[z]. Thus p N K[x] either is the zero ideal or is
formed of all multiples of some irreducible polynomial f. The first case is impos-
sible because every element = 0 of K[x] would then be a unit in o, from which it
follows immediately that every element of R would belong to 0. Thus p N K[z]
consists of the multiples of some irreducible f. If g and k are in K[z], and & is not
divisible by f, then & is not in p and is therefore a unit in o, whence gh™" e o,
which proves that o contains o, . Let w be an element of R not in o, ; then we
may write v = g/h, where g and h are in K[z), have no common factor, and 4 is
divisible by f. If u were in o, the same would be true of A~ = g 'u; but this is
impossible because h, being in p, is not a unit in 0. We have therefore proved
that, if « € 0, then p is one of the places p; . If z is not in o, then 2’ = 27" is, and
we see that p 1 K[z'] consists of all elements of K[z’] which are divisible (in
K[z’]) by some irreducible polynomial f’(x’) in 2’ with coefficients in K. Since z’
is not a unit in o, it is in p N K[2'] and is therefore divisible by f’(z’) in K[z'].
Thus we may assume that f* = z’; p is then the place py. .

It is clear that, if f is an irreducible polynomial in x with coefficients in K,
then p; is the principal ideal generated in oy by f: p; = fo, . Similarly, py/. is
(1/ x) Oy/z -

Let p be any place of R = K(z). Denote by o the ring of p and by ¢ a generator
of p (i.e.,, p = to0). Then no element £ 0 of o can belong to t"o for every n > 0.
In fact, assume first that o = o, for some irreducible polynomial f in z. Let
u = g/h be an element of o which belongs to ¢"o for every n (g and h arein
K|[z], and h is not divisible by f). Since p = fo = fo, we see easily that "0 = f"o.
We have by assumption, for each =, an equality of the form g/h = f"gn/hn with
g» and h, in K[z] and h, not divisible by f. Thus gh. = f"g.h; since f is irreducible
and does not divide h, , it follows easily that f* divides g. This being true for every
n, we have g = 0, whence v = 0. A similar argument applies if 0 = o0y. .
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Now, abandon for a moment the assumption that R is of the form K(z).
Assuming only that R is a field of algebraic functions of one variable over K,
let p be a place of R which satisfies the following condition:

The ring o of p contains an element t such that p = to and N3=1 t"0 = {0}.
(We shall see later that every place of R satisfies this condition.) If z ¢ R, there
exists at least one integer n (which may be negative) such that z e t"0. In fact,
if z e 0, we may take n = 0. If not, then z ™" is in 0 and is > 0; therefore there
exists an m > 0 such that 27" et™, ™" ¢¢™ "o, which means that ™z is in o
but not in fo = p;ie., £ "z is a unitin o, and z = (¢ "2 ) " is in £ ™.
If z # 0, there is by assumption a largest integer n such that z € t"0; denote by
v, (x) this integer. If z and y are elements % 0 in o, then

1 v () + »(y) = r(zy)
and,if z + y = 0,
@ - »(@ 4+ y) 2 min {r(2), »@)}.

In fact, zy clearly belongs to £*©**%y whence »,(zy) = » () + »). In

particular, 0 = »,(1) = »,) + » ™), ie., ™) £ —»(x). Now, if we write
z = Py, u belongs too but not to to = p,i.e., uisaunitino and z' = 1y @y~
whence »,(z™") = —»,(z), and therefore »,(z™') = —w,(z). We conclude that
() = vy (zyz™") = v,(xy) — »,(x), and, comparing with the inequality obtained
above, »,(zy) = v,(z) + »,(y). On the other hand, if p = min {»,(z), »,(y)}, we
have z ¢ t*0, y € 0, whence = + y ¢ t*0 and therefore »,(x + y) = u.

To complete the definition of the function », (which has not been defined for 0),
we make the convention to write »,(0) = o, where « is a symbol with which we
compute according to the following rules: © > n for every integer n; © = o;
w 4+ n = o for every integer n; ©» -+ «© = . Taking these conventions into
account, the formulas (1) and (2) are valid in every case.

It should be observed that the equality »,(z + y) = min {»,(z), »(y)} holds
whenever »,(z)  »,(y). In fact, assume that »,(z) < »,(y). We have »,(z) =
v(* + y — y) = min {»(z + y), v,(—y)}; but it is easily seen that »,(—y) =
v,(—1) + »,(y) = »,(y); thus it is impossible that v,(z + y) > »,(2).

More generally, we see easily by induction on m that, if z;, -+ , = are any
elements of R, then

v(z1+ -+ + Zm) = min {vp(@r), -+, ”u(xm)}

and that the equality prevails if there is only one index ¢ such that »,(z:) =
min {r(21), -, vp(@m)}.

The definition of the function », involves the choice of an element ¢ such that
p = to; but actually the function », depends only on the place p. In fact, assume
that ¢’ is any element of p such that p = t’0. Then ¢ = t'u with u ¢ 0, and, since
1" e to, w ' e 0. It follows immediately that t"o C ¢'"0 and ¢'"0 C t"o for every n,
which proves our assertion. The function v, is called the order function at the
place p; if x ¢ R, v,(x) is called the order of x at p. The knowledge of the order
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function at a place p determines this place completely, because the ring o of the
place consists of all elements z for which »,(z) 2 0. The elements of p are the
elements whose orders are >0, and the units of o are the elements of order 0.
The elements ¢ for which p = {o are the elements of order 1; they are also called
uniformizing variables at p.

Now, let us return to the case where R is of the form K(x), with the supple-
mentary assumption that K is the field of complex numbers. If a ¢ K, x — a is an
irreducible polynomial and every irreducible polynomial in z with coefficients
in K is of the form A(x — a), A e K, A & 0. Denote by p, the place which cor-
responds to the irreducible polynomial x — a. The polynomials % in z which are
divisible by £ — a are those for which h(a) = 0. Thus the elements of the ring
0, of p, are the rational fractions which do not admit a as a pole, while the
elements of p, are the rational fractions which admit a as a zero. Furthermore,
if v, is the order function at p, , any rational fraction © s 0 may be written in
the form (z — a)”*™, where » admits a neither as a zero nor as a pole. It follows
that, if v,(u) > 0, then u admits a as a zero of order »,(u), while, if v,(u) < 0, u
admits @ as a pole of order — »,(u).

Generalizing this terminology, we set up the following definitions (where R
is a field of algebraic functions of one variable over a field K):

Let p be a place of R. If an element x ¢ R belongs to p, then we say that p
is a zero of x; if 27 e p, then we say that p is a pole of x. Furthermore, if there
exists an order function v, at p, and v,(z) > 0, then we say that p is a zero of
order v,(x) of z, while, if »,(x) < 0, we say that p is a pole of order —v,(z) of z.

Consider in particular the case where B = K(r) and p = /.. Let g = apz" +
ax”™ + .-+ + a, be a polynomial of degree n in z with coefficients in K. If
z' =z, we can write

9 =2a"(a+ ax’ + -+ + ax’").

Now, @ + iz’ + --- + a.z’" belongs to the ring o of p and is not in p because
ap # 0. It follows that a polynomial of degree n in z admits py,; as a pole of order
n. If w = g/h e R (where g and h are polynomials in z), the order of u at p is
clearly the difference between the degrees of h and g.

Still assuming that B = K(z), let f be any irreducible polynomial in z with
coefficients in K; we propose to investigate the residue field = of the place p;,
i.e., the ring o;/p;. Set ¢ = p; N K[x]; then those residue classes modulo p;
which are represented by elements of K[x] form a subring =, of = which is clearly
isomorphic with K[z]/q. But q is the set of multiples of f in K[z]; it follows that
Klz]/q is a field which can be obtained from K by adjunction of an element ¢
which satisfies the equation f({) = 0. Now, every element w of o; can be written
in the form g/h, with g and & in K[z] and h not in q. Let §, k, and @ be the residue
classes of g, h, and u respectively; then § = @h, h # 0, whence @ =gh™". But §
and F are in 2, which is a field; therefore i ¢ =; and T = Z,. Thus, the residue
field T of p; can be obtained from K by adjunction of an element ¢ such that
f(¢) = 0. In particular, we see that = ¢s algebraic over K, of finite degree equal
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to the degree of the polynomial f. In the case where f = x, we have £ = K; this
shows that the field of constants of K{x), which contains K and is contained
in Z, must be K itself. Replacing the consideration of x by that of 1/z, we see
that the residue field of py,, is K.

If K is algebraically closed, every irreducible polynomial in x with coefficients
in K is of degree 1, and therefore the residue field of any place coincides with K.
Let then p, be the place which corresponds to £ — a, and let u be an element of
K(z) which does not have a as a pole. Write u = g¢/h, with g and & in K[z] and
h(a) = 0. We have

_ 9@)h(a) — h(z)g(a)
h(a)h(zx)

and g(z)h(a) — h(x)g(a) is divisible by « — a. Thus, the value u(a) taken by u
at a is also the residue class of u modulo b, .

More generally, let R be a field of algebraic functions of one variable over an
arbitrary field K, and let p be a place of R. Let z be an element of R for which p
is not a pole. Then the residue class of x modulo p (which is an element of the
residue field of p) will be called the value taken by x at p. It should be observed
that, if K is not algebraically closed, the value taken by z at p is not in general
an element of K. The value taken by z at p is denoted by x(p); it is clear that, if
neither z nor y has p as a pole, then (z + y)(p) = z(p) + y(»), (xy) (b)) = x(p)y(v).
The elements which admit p as a zero are those which take the value 0 at p.

It is often convenient to say that an element of B which has p as a pole takes
the value « at p; « is here a symbol which has no intrinsic connection with the
symbol « which was used to complete the definition of the order function
at a place.

u — u(a)

§4. EXISTENCE OF PLACES

We shall prove in this section a theorem which implies that any field of alge-
braic functions of one variable admits infinitely many places.

THEOREM 1. Let R be a ficld of algebraic functions of one variable over a field K.
Assume that we are given a subring o of R containing K and an tdeal v in o not
containing 1 but £ {0}. Then there exists a place B of R whose ring O contains o
and which is such that p < P N o.

If o’ is any subring of R containing o, we shall denote by po’ the ideal generated
in 0o’ by the elements of p. We denote by  the family of all subrings o’ of R
containing o which are such that po’ 5 o’; in particular, o itself belongs to &F.
We shall prove that I contains at least one maximal element (i.e., there is a
ring in & which is not properly contained in any other ring of the family &),
and that any such maximal element is a V-ring.

To prove the first assertion, it is sufficient, in virtue of Zorn’s Lemma, to
prove that the family ¥ is inductive, i.e., that if F’ is a non empty subfamily of F
such that, of any two rings in F’, one contains the other, then & contains a ring
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which contains all rings of the family . To do this, denote by o, the set-theoretic
union of all rings of ¥’. If x and y are in 0, , then z e 0/, y € 0”/, where 0o’ and o”’
are in f’; one of the rings o', o’ contains the other. If for instance o’ contains o”,
then z and y are both in o', whence x — y € 0/, xy € 0o/, which shows that z — y
and zy are in 0, . The same conclusion subsists if o’ C o’’; therefore, o, is a ring.
Since every ring belonging to & contains o, 0; contains 0. We assert that po, o, .
In fact, were this not the case, then we could represent 1 in the form 1 =
Th + o 4 Tays, With z,e P, yie0, (1 £ ¢ £ h). Each y: would belong to
some ring 0 ¢ F'. For each pair (z, j), one of the rings o(f), 0 would contain
the other; since there are only a finite number of rings o, it follows easily that.
they would all be contained in one of them, say in o*. But then we would have
1 = D iaizysepo™, whence po¥ = 0("), which is impossible since 0 ¢ .
Thus we have po; # 0, , whence o; ¢ ', which proves that ¥ is inductive.

Let © be a maximal ring in &; we shall prove that © is a V-ring. First we
show that any element in O which is =1 (mod p©O) has an inverse in O. Let Q
be the set of these clements; it is clear that products of elements in @ are in Q.

Let ' be the set of elements of the form zq ", with = ¢ , q ¢ @; then the formulas

show that ©' is a ring. Since 1¢Q, O contains ©. We assert that 1 ¢ pD'.
In fact, assume for a moment that

Zx.y' zie), yied, qieQ 1=i=h).
1=l
h r 7 . ’ ’
Set g = ¢1 --- g ; then ge @, whenee ¢ = 1 + D ohexiyi, with z; e p, yi e D,
and we have

h ar
= ; x; (’I,‘I Qi)Y — Z; Ty e p,

which is impossible. Thus, £’ belongs to f; since O is maximal, we have ' = D,
whence, if g € Q, ¢ ¢ O. Now, let u be any element of R not in ; then Ofu] = O,
whence O[u] ¢ F and pO[u] = Ofu]. It follows that we may represent 1 in the
form 1 = Z?—o zw', with z;e pO (1 £ 7 < n). Since 1 — ¢ Q, we may also
write 1 = i ziu' with i = z:(1 — %) ¢ pO. We may furthermore assume
that, among all representations of 1 in this form, we have selected the one w1th the
lowest n; 10 it is impossible to represent 1 in the form 1 = Z,-, ziu' with
W o< n,xie pD (1 £ 1 £ n'). Now, assume for a moment that u~ ¢§3 Then
we see in the same way that we can represent 1 in the form I yiu™ with
y, epO (I £ i £ m); furthermore, we assume that, among all representations
of 1 in this second form, we have selected the one with the smallest possible m.
If n = m, we may writc " = Y e yiu" "', whence

n—1
=, ziut + xn (Z 1/fu"“) ,

1] =1
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which is impossible in virtue of our choice of n. Exchanging the roles played by u
and u ™", we see in the same way that the assumption that n < m likewise leads to
an impossibility. Thus the assumption that «™ ¢ O leads to a contradiction,
and we have ' ¢ O. Since pO # O, we have O # R; therefore O is a V-ring.

Let P be the ideal of non-units of . Then P is a place of R; since pO ## O,
an element of p cannot be a unit in O, whence p € B N o. Theorem 1 is thereby
proved.

ReEMARK 1. Neither the definition of a V-ring in R nor the proof of Theorem 1
makes any use of the fact that R is a field of algebraic functions of one variable.
It follows that our proof of Theorem 1 yields a result which is valid for any
pair of fields (K, R) such that K is a subfield of R.

REMARK 2. When R is a field of algebraic functions of one variable over K,
and when p is a prime ideal in o, it can be proved that the intersection P Nois
necessarily equal to p; however, we shall not have to make use of this more
refined result.

CoRroLLARY 1. Let R be a field of algebraic functions of one variable over a field K,
andletx,, -+ , x, be elements of R which are not all in K. Let a be the set of polyno-
mials F(Xy, - -+ , X,) in r letters with coefficients in K such that F(xy, - -+ , ;) = 0.
Let &, -+ , £ be elements of K such that F(¢,, --- , &) = O for all F e a. Then
there exists a place of R which vs a common zero of &, — &, -+ , %r — & .

Set o = K[x,, -+, z.]; an element y of o can be represented in the form
P(xy, - -+, x,) where P is a polynomial in coefficients in K, and, if P(zy, - - -, 2,) =
P'(zx;, -+, ), then P — P isin a. It follows that P(%, - - - , &) has the same
value for all polynomials P such that y = P(z1, -+, ). Let p be the set of
elements y in o for which this value is 0. Then p is clearly an ideal in o; it is >0
because it has only 0 in common with K. If B is a place of R such that p C B,
then P is a common zero of ; — &, -+, x, — & .

COROLLARY 2. Let R be a field of algebraic functions of one variable over a field K,
and let x, y be elements of R, not both constants. Let F be an irreducible polynomial
with coefficients in K such that F(z, y) = 0. If £, n are elements of K such that
F(§, 7) = 0, then there exists a place of R which is a common zeroof x — § and y — 1.

Assume for instance that z is not constant; then y is algebraic over K(z).
Let Y 4+ ;@Y™ 4+ --- + p.(x) be a polynomial in ¥ with coefficients in
K(z), irreducible in K(z)[Y¥], which admits y as a zero. We may write pi(z) =
P.(z)/Qi(x), where P, and Q; are polynomials with coefficients in K, relatively
prime to each other. Let Q be a least common multiple of @1, - - - , @ ; then it is
well known that Fi(X, V) = QX)Y" + 21 (QX)/Q«X)P.(X)Y"" is
irreducible in K[X, Y]. Let F’ be any polynomial in K[X, Y] such that F'(z,y) =
0; then I(z, Y) is divisible by Fy(z, ¥) in K(z)[Y]; from this and from the
irreducibility of F, it follows that F’ is divisible by Fi . In particular, we have
F = aF,, ae K, whence Fi(§, 7) = 0 and F'(¢, n) = 0. Corollary 2 therefore
follows from Corollary 1.
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CoroLLARY 3. Let R be a field of algebraic functions of one variable over a field K,
and let x be a non constant element of R. Then x admits at least one zero and one
pole in R.

The existence of a zero follows immediately from Corollary 2 (take F = X,
y = 0). Since 2" is not constant, it has at least one zero, and = has at least
one pole.

CoROLLARY 4. A field of algebraic functions of one variable admits infinitely
many places.

Let R be the field in question, and let K be the field of constants in R. Let.
z be a non constant element of R; then K[x] is the ring of polynomials in x with
coefficients in K. This ring contains infinitely many essentially different irre-
ducible polynomials. In fact, if K is infinite, we may take the polynomials
z — a, ae K; if K is finite, it is well known that, for every integer n > 0, there
is an irreducible polynomial of degree n. If f is any irreducible element of K[z],
the ideal generated by f in K[z] is not the unit ideal. Therefore, it follows from
Theorem 1 that there exists a place p; of B which is a zero of f and #hose ring
contains K[z]. If f and g are essentially distinct irreducible polynomials in z,
they are relatively prime to each other, and there exist elements u and v of K[z}
such that uf 4+ vg = 1; it follows immediately that p; > p, .

§5. THE ORDER FUNCTION. THE DEGREE OF A PLACE

Let p be a place of a field R of algebraic functions of one variable over a field
K. We propose to prove that p satisfies the condition stated in §3, which guaran-
tees the existence of an order function; we shall also prove that the residue field =
of p is algebraic of finite degree over K.

Let z be an element # 0 of p. Assume that we have a finite sequence (4, - - -,
to41) of elements of the ring o of p which satisfy the following conditions: & = z;
ifl1 ¢ = e ti/tipnisin ;e = 1. Let also (w1, - -+, ua) be a finite sequence
of elements of o whose residue classes 1, , --- , #g modulo p are linearly inde-
pendent over K. We propose to prove that the ed elements tiu; (2 S ¢ S e+ 1,
1 £ j = d) of R are linearly independent over the field K(z). Assume for a
moment that there is a linear relation of the form

o+l d

‘Z_:’ ’;1 pii(T)tiu; = 0
with p;,(z) € K{(z), the pij’s being not all zero. Multiplying this relation by a
common denominator of all rational fractions p,;(z), we obtain a relation of the
same form where the p;;’s are polynomials. Dividing if necessary this relation

by some power of x, we obtain a relation
e+l d

(1) 2 2 i@t =0

{m2 jm]

where the f;,(z) are polynomials which are not all divisible by x. Set f;,(0) = ai; ;
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then fij(x) — aij = 2g:j(z) e zo (where g;; is a polynomial). Let k be the index
> 2 which is determined by the following conditions: there existsanl (1 S I < d)
such that ax 5 0, but,if k <1 < e+ 1,thena;; = 0for1 < j < d. The equality
(1) gives

k d

2 2 aitiug = zw

g2 ju=l
withw = —Z?ﬁi "}_1 gij(x)tu; € 0. We write this in the form

k=1

d d ¢

S oanui = w s — 2 6 .

=1 [ PR S S 1
Since k = 2, z/t belongs to p; if i < k, t:/t belongs to p. It follows that the
right side of our last formula represents an element of p, whence 351 a.s3; = 0.
But this is impossible since ax » 0 and %, - - , % are linearly independent
over K. Thus our assertion that the elements tau; 2 S i Se+ 1,1 S5 = d)
are linearly independent over K(z) is proved.

Since ‘e p, « is not constant (cf. §2); the field R is therefore finite algebraic
over K(z). Set n = [R: K(z)]; then we see that de = n.

Taking first e = 1,4 = z, & = 1, we conclude that d =< n. Therefore Z cannot
contain more than n elements linearly independent over K. This proves that Z is
algebraic of finite degree over K.

Next, taking d = 1, uy = 1, we see that the number of terms in a sequence

(t, -+, ter) which satisfies the conditions specified above is bounded by
n + 1. Among all sequences which satisfy these conditions, take one, say
(i, -+, tey) With the largest possible number of terms, and set ¢ = ¢, . Let 2

be any element of p; we shall prove that z ¢ o. Were this not the case, z/t would
not be in o, and therefore ¢/z would be a non-unit in o, ie. ¢/z would be in p.
But then (i, -+, L, te/2, t.s1) would be a sequence of e 4 2 terms satisfying
our requirements, which is impossible. This proves that p = o is a principal
ideal. Let y be an clement > 0 of p; if y e "0, set wy = y, Usa = y/t (1 21 =
m — 1), umss = 1. Then we have u;/uinep (1 £ = m); therefore, it follows
from what we have proved above that m < [R: K(y)]. This proves that no
clement > 0 can belong to ™o for every m. Thus we have now proved

TuEOREM 2. Let p be a place of a field of algebraic functions of one variable over a
field K. Then there exists an order function at p, and the residue field of v is algebraic
of finite degree over K.

CoroLLARY. Let R be a field of algebraic functions of one variable over a field K.
Then the field of constants of R is of finite degree over K.

This follows immediately from the fact that the field of constants is contained

in the residue field of any place of E.
We see also that the residue field of a place p is of finite degree over the field of
constants. This degrec is called the degree of the place p.
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REMARK. Throughout this book, we shall use (without defining it anew) the
notation », to represent the order function at a place p.

§6. THE THEOREM OF INDEPENDENCE

Consider the field R of rational functions of a complex variable with complex
coefficients. If a is any complex number, there exists one and only one place p,
at which z takes the value a. If u ¢ R, we may represent « in a neighbourhood of a
by its Laurent series

u = kZ alz — a)t,

the ¢i’s being complex numbers. If ¢, # 0, then (x — a) "u has no zero or pole
at p,, from which it follows that the order of w at p, is . Now, if we require
more information on the behavior of u in the neighbourhood of a, we may give
the values of a certain number of the coefficients ¢, appearing at the beginning
of our series, say of those for which r £ k < m, where m is an integer >r.
If wesetv = Z’,Z‘:,l c(x — a)*, the requirement that u should have the given
coefficients ¢, , - - - , c»—1 may be expressed by the condition that »,, (4 — v) = m.
We shall then say that u behaves as v up to the order m — 1 at p, . Now, we
consider the following problem. Let there be given a finite number of distinet
complex numbers a;, -+, a4 and, for each a;, a certain rational function v;
and an integer m; ; does there exist a rational function w which satisfies simul-
taneously the A conditions v;(u — v;) = m, , where », is the order function at p,, ?
In other words, is there any necessary relation between the modes of behavior
of a rational function at several distinct places (behavior meaning of course
behavior up to a certain order)? We shall prove in the general case of an arbitrary
field of algebraic functions of one variable that there is no such necessary relation.
More precisely, we shall prove

TuroreMm 3. Let R be a field of algebraic functions of one variable, and let
D1, -+, P be h distinct places of R. Assign to each p, some element v, of R and
some integer m; . Then there exists an element u of R which satisfies the h conditions
vitu — v) = m; (1 £ ¢ £ h) (where v, represents the order function at p.).

We proceed by induction on k. There is nothing to prove if A = 1. Assume
that & > 1 and that Theorem 3 holds for systems of h — 1 places. Then, given
h — 1 integers e, - -- , er1, there always exists an element u of R such that
v,(u) = e; (1 £ 1 £ h — 1). For, there exist elements »; such that »;(»,) = e;
(1 €14 = h — 1), and there exists an element u such that vi(u — v;) = ¢; 4+ 1.
Since 4 = (w. — v;) + vi, we then have v;(w) = v;(v.) = e; (cf. §3).

We shall prove that it is impossible that there should exist rational numbers
p1, **+, pam1 such that w(z) = "1 pu(2) for every z 5 0. Assume for a
moment that such numbers exist, and consider first the case where at least one
of them is <0. There exist elements z and 2’ of R such that

vi() =1,  w@) =0 if p 20,
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V"(z) = 0, v;(z’) =1 if pi < 0.

Then, clearly, »(z) = 0, w(’) < 0. On the other hand, since »;(z) # »i(?'),
we have v;(z + 2/) = min {»,(2), »i(Z)} =0(1 £ 7= h— 1), whence vi(z + ') =
0; this is however impossible, since »(2’) < »4(2), whence ».(z + 2') = w(2') <O0.
Assume now that the numbers p; are all 0. They can obviously not all be 0;
assume that pr > 0.If ps, - - - , pas are all = 0, then the conditions »:(z) > 0 and
n(z) > 0 are equivalent to each other, whence p, = p;, which is not the case.
If one at least of po, -+, pay 18 # 0, then we write our equality in the form
n(z) = pr'wa(z) — 2i=s pr pivi(2), and we are brought back to the case studied
before. Our assertion is thereby proved.

It follows that there does not exist any system of & rational numbers py, * -, s
not all zero such that > i1 piwi(z) = 0 for all z > 0. From this we can conclude
that there exist h elements z; , - - - , 2 of B, all 0, such that det (vi(25))s,; # 0.
To show this, we shall construct these elements step by step. For z; we take
any element 5 0 such that »(21) 0. Then the set of rational linear combinations
of the functions »,, -+ , v which vanish at 2, is of dimension & — 1 over the
field Q of rational numbers. Assume that we have already determined z;, - - - , z&
(where & < h) in such a way that no more than h — k linearly independent
rational linear combinations of » , - - - , v, vanish simultaneously at z;, - - -, 2 .
We take one of these, which is 3 0, say 241 pi: , and we determine 24y # 0
in such a way that Dt pivi(2k41) ¥ 0. Then no more than b — (k + 1) linearly
independent rational linear combinations of », -+, vy vanishat z;, -~ , Zk41 .
At the end of our construction, we have h elements # 0, z;, - - , 2, of R, such
that no non trivial rational linear combination of v, , - - - , s vanishesat z;, - - -,
21 . The numbers »(z;) being rational, it follows that det (vi(z;))i.; # 0.

The equations Y 1 oaviz;) = —1 for 4 = k, D jm1 ok wm(z;) = +1 for
i # k (where k is any index from 1 to k) have a solution (e1,k, -+, onk) in
rational numbers. Let d be a positive integer such that the numbers doix
(1 £¢=2h 1=k =< h)are all integral. If we set {» = "1 27 we have
w(tr) = —d, vi(te) = +dfori # k. Set & = (1 + GO 7L If 4§ # k, we have
vi(¢7)) < 0 = »i(1), whence vi(l + &) = vi(tx") = —d, and »;(t;) = d. On the
other hand, & — 1 = —¢{¢'(1 + &)™ and v(&x') = d, whence wi(f — 1) = d.
Now, we observe that the number d may be selected as large as we please. We
choose it in such a way that d + v,(v;) 2 max {my, ---,m} (1 S ¢, 7 S h)
and we set u = Z'E-l tw,. Then u — v; = (& — 1)vi + D iwi tits ; We have
vi((t; — i) = d + vi(v:) = mq, and, if £ # <, vi(ten) = d + vi(op) = m;,
from which it follows that »;(u — v;) = m; (1 £ ¢ £ h). Theorem 3 is thereby
proved.

In the course of the proof of the above theorem, we have established the
following

CoROLLARY. Let py , - -+ , 1 be h distinct places of a field R of algebraic functions
of one variable. Assign to each p; some integer m; . Then there exists an element u
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of R which satisfies the h conditions v,(u) = m, (1 = ¢ £ h) (where v; 18 the order
Sfunction at p;).

§7. Divisors

Let R be a field of algebraic functions of one variable over a field K. If we
assign to every place p of R an integer c¢(p) in such a way that e(p) = 0 for
only a finite number of places p, we obtain what is called a divisor in R; this
divisor is denoted symbolically by J],5*®. The integer ¢(p) is called the exponent
with which p enters in the divisor; if this exponent is 0, we also say that p does
not enter (or occur) in the divisor.

Divisors are multiplied with cach other according to the formal rule

(IL»®”) AL »'®) = TLpe®* @,

It is clear that they form an abelian group. The unit element of this group is
I1, »°, which is called the unit divisor.

If p is a place, we shall identify p with the divisor which assigns 1 to p and 0
to every other place. Thus, if p1, ---, p. are places and e;, --- , e, integers,
pit - -+ pir represents a divisor;if p1, - - - , P, are distinct, p; enters in this divisor
with the exponent e, .

A divisor ], v°® is called integral if all exponents e(p) are 20. Products of
integral divisors are clearly integral. If a and b are divisors, we say that b is a
multiple of a, or that a divides b, if ba™' is an integral divisor. It is clear that,
if a divides b and b divides ¢, then a divides c.

If a = [, v and b = ], »’® are divisors, there always exist divisors
which divide both a and b, and they are all the divisors which divide ¢ = T, »°®,
where g(p) = min {e(p), f(p)}. For this rcason, ¢ is called the highest common
divisor of a and 0. The highest common divisor of two integral divisors is integral.
Similarly, the divisors which are multiples of a and of b are all the multiples of
m = [, »*®, where h(p) = max {e(p), f(p)}. The divisor m is called the least
common multiple of a and b. It is easily seen that the least common multiple of
a”' and b7 is the inverse of the highest common divisor of a and b.

Denote by d(p) the degree of a place p. If a = J], p® is any divisor, the
number Y, e(p)d(p) (this sum has a meaning since only a finite number of
exponents e(p) are = 0) is called the degree of a and is denoted by d(a) (we see
immediately that, if @ = p is a place, then the degree of a as a divisor is equal to
the degree of the place p). If a and b are divisors, we have

d(ab) = d(a) + d(b); d@™") = —d(a).

The degree of an integral divisor is 20; therefore, if a divisor a divides a
divisor b, we have d(a) =< d(b).

Let a = [, p°® be a divisor, and let 2, y be elements of R. Then we say
that x is congruent to y modulo a, and we write

z =y (moda)
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if the condition v,(x — y) = e(p) is satisfied for every place p. Let z, y, &', ¥’ be
elements of R and let A, A" be elements of the field of constants K’ of R; then it is
clear that the congruences ¢ = y (mod a) and 2’ = 3’ (mod a) imply Az + Nz’ =
Ay 4+ Ny (mod a). In particular, the elements of R which are =0 modulo a
form a vector space D over K’, and the condition for z and y to be congruent to
each other modulo a is equivalent to the condition that x and y should be in the
same coset modulo D.

Ifa= Df’ p;omq{l q{l" is a divisor (where Pry -y Pm, Qu,y -+, Gn arE
distinct places and ¢, > 0, --- , e > 0,1 <0, .-+, f, < 0), the condition
for an element = of R to be = 0 (mod a) can be analyzed in the following way: z
should have p; as a zero of order = ¢; (1 £ 7+ £ m); z should not have any pole
outside the set {aq;, ---, .}, and, if it has a pole at q;, the order of this pole
should be £ —f,. We see that this implies infinitely many conditions on z,
one for each place.

It will be convenient to introduce a new type of congruence which involves
only conditions bearing on the behavior of the element under consideration
at a finite number of places. Let S be any finite set of places. Let z and y be
elements of R and let a = ], v be a divisor. Then we shall write

z=g4y (moda)

when the conditions v,(x — y) = e(p) are satisfied for all places p e S. It is clear
that the elements x which are =4 0 (mod a) form a vector space over K'; we
shall denote this space by £ (a, S). The condition £ =4 y (mod a) is equivalent
toz — y e K(a, S).

Lemma 1. Leta = ], p" and b = ], v’ be divisors such that b is multiple
of a, and let S be a finite set of places. Then K(b, S) is contained in K(a, S), and
the vector space K(a, S)/8(b, S) (over the field of constants) is of finite dimension

equal to 3.5 (f(D) — e(p))d(p).

The inclusion 8(b, 8) C R(a, S) is obvious. Set as = [, »*'®, where e'(p)
is e(p) when p € S and 0 otherwise, and define similarly bs. Then (b, S) =
K(bs, S), K(a, 8) = K(as, S) and bg is a multiple of ag . On the other hand we
have D _,.s (f(p) — e(p))d(p) = d(bs) — d(as). Now, we can find a finite sequence
(@, a1, -+, as) of divisors which satisfy the following conditions: a; = as;
if 1 < 7 = h,a;is of the form a,,p, where p is a place belonging to S;as = bg.
We have §i(as, S) = K@, 8) D K@, 8) D -+ D K(ax, N) = K(bs, S).
If we can prove that each f(a;_1, S)/R(a;, S) is of finite dimension equal to
d(a;) — d(a;-y), it will follow that R(as, S)/R(bs, S) is of finite dimension
equal to Y iey (d(a:) — d(ai)) = d(bs) — d(as). Thus we see that it will be
sufficient to prove Lemma 1 in the case where b = bs = agp = ap, with pe S.
Let p;, - - -, b be the distinct places belonging to S, with, say, » = p. Making
use of the Corollary to Theorem 3, §6, we determine an element e R such that
vy, (u) = e(p;) (1 = i £ n). Let d be the degree of p, . We wish to prove that
R(a, S)/R(b, S) is of dimension d over the field of constants K’ of R. The residue
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field of p has a base {&;, ---, @1} with respect to K’ which is composed of d
elements. Let w;, be an element of the ring of p which belongs to the residue
class @, modulo p (1 £ k < d). By Theorem 3, §6, we can find elementsw; , -+ - , wq
of R such that »,(wr — wi) = 1, v, (i) = 0 (2 < ¢ < m). It is clear that w still
belongs to the residue class @ . Any element of the residue field of p can be
expressed in the form Z‘l_l Mar (e K', 1 S k = d); therefore, every element z
of the ring of p may be expressed in the form z = D i1 M + 2/, with A e K’
l=k=sdand? ep.

The elements uwi (1 < k& = d) belong to £(a, S). If w is any element of f(a, S),
then v,(w/u) = 0 and w/u can be expressed in the form Z‘l_; Newr + 2/, with
Zep, Mee K. If ¢ > 1, we have v, (w/u) 2 0, vy, (wx) = 0 whence »,,(2') = 0;
if ¢ = 1, the fact that 2’ ¢ p implies that »,,(z’u) = e(p1) + 1. It follows that
2'u belongs to (b, S) and therefore that every element of &(a, S) is congruent
modulo ®(b, S) to some linear combination of uw; , - -+ , uwa with coeflicients in
K’. This proves already that £ (a, S)/R(b, S) is of finite dimension = d. To prove
that this dimension is d, it is sufficient to show that, A;, - -+, A\q being elements
not all zero of K’, w = D ta1 Mxt cannot lie in 8 (b, S). Now, the residue class
of w/u modulo p is Z‘,f_l Mar # 0, whence v, (w/u) = 0, and v, (w) = v,(u) = e(p),
which proves our assertion since f(p) = e(p) + 1. Lemma 1 is thereby proved.

§8. THE DIVISOR OF A FUNCTION

Let K be the field of complex numbers, and let v = f(z)/g(x) be a rational

function # 0 of a complex variable z, f and g being polynomials with coefficients
in K with no common factor. Set R = K(z); if a ¢ K, denote by p. the place of R
at which z takes the value a, and denote by p,, the unique pole of z (p,, is therefore
the same place which was denoted by Py, in §3). The numbers a for which p,
is a zero of u are the roots of the equation f(z) = 0. Let a,, - - - , as be the distinct
roots of this equation, and assume that a; is a root of multiplicity e; (1 = ¢ £ h);
P, is then a zero of order e; of u. On the other hand, f(x) = « i (& — a,)
a ¢ K, which proves that the sum > %1 ei is equal to the degree & of f(x).
Similarly, the numbexs a’ for whlch Par is a pole of u are the roots of the
equation g(z) = 0;if a ) , an are these roots, and e; , -, exr their multi-
plicities, the sum Z.-; e; is equal to the degree &' of g(x). As for the place p,, ,
we have seen that the order of w at this place is ' — §. Now, we have

h h’
¥ -8+ 2 e—2 ei=0
=1 =1
which can be expressed in the form

Zv vy(u) =0

the sum being extended over all places p of the field K(z). Thus the sum of the
orders of a rational function 0 with complex coefficients at all places of
K(zx)is 0.

We shall try to generalize this result. Let us first consider the case where K
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is the field of real numbers and R = K(z), x transcendental over K. Consider
the polynomial u = z* + px + ¢, where p and q are real numbers. The only
pole of u is yy/. , and it is a pole of order 2. As for the zeros of u, we must dis-
tinguish several cases.

a) If p» — 4¢ > 0,thenu = (x — 1) (x — ), where x; and z, are distinct
real numbers; this means that « has two zeros both of order 1, viz. the places
m and p, which correspond to the irreducible polynomials x — z; and z — =z,
(cf. §3).

b) If p* — 4¢ = 0, then u = (z — z,)°, with 2; = —p/2. This means that
admits a single zero of order 2, which is the place p; which corresponds to the
irreducible polynomial z — z;.

¢) If p* — 4q < 0, then u is irreducible, and admits therefore a single zero of
order 1, which is the place p; which corresponds to the irreducible polynomial u.

Thus the statement that the sum of the orders of u at all places is 0 is still
true in cases a) and b), but is false in case ¢). However, we make the following
observation. In the case where K was the field of complex numbers, every place
was of course of degree 1. In the present case, the places p; and p, in case a)
and the place p; in case b) are of degree 1, while the place p; in case ¢) is of
degree 2 (because u is of degree 2; cf. §3). Thus we sec that, in all cases con-
sidered thus far, it is true that Z,v,(u)d(p) = 0; in other terms if we set a =
I »»®, then a is a divisor of degree 0. It is this last statement which we shall
prove to be true in the most general case.

Let then from now on R be a field of algebraie functions of one variable over
an arbitrary field, and let = be a non zero element of K. In order for the sum
> d(p)»,(x) to have a meaning, it is necessary that only a finite number of the
numbers v,(z) be # 0, which means that x has only a finite number of zeros
and poles. We shall prove that this is actually the case.

LemMma 1. Let R be a field of algebraic functions of one variable, and let x be a
non constant element of R. Then x has only a finite number of zeros; if p1, -+ -, Pa
are the distinct zeros of x, we have Z'}_l d(p)vy,(x) £ [R : K{z)], where K is the
field of constants of R.

Let py, ---, pr be distinct zeros of  (not necessarily all of them). Set b =
H'S..d p¥, where b; = »,,(2), and denote by e the unit divisor. Let S be the set com-
posed of p;, - - -, px . Then, according to Lemma 1, §7, the space (e, S)/(b, S)
is of finite dimension & equal to Z’{.,l d(p.)vy,(x). Let 21, - - - , 25 be § elements of
K¢, S) whose residue classes modulo (b, S) are linearly independent over K.
Then we shall prove that z;, : -+, z themselves are linearly independent over
K(z). Assume for a moment that they are not, i.e. that there exists a relation

L)
(1) 2_,‘ usz; = 0

where u; , -+ - , us are elements not all zero in K(z). Every u; may be written as a
quotient of polynomials in z with coefficients in K. Multiplying by a common
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denominator, we see that there exists a relation of the form (1) in which the
u;’s are polynomials in 2 not all zero. Dividing if necessary by some power of z,
we may furthermore assume that w,, - -, us are not all divisible by z. erte
u; = u;(0) + 2av;, with v; e K[x]; then (1) takes the form Do u;(0)z, =
-z 21-1 vz; 11 £ 1 Sk, we have v, (v;) = 0 because v,;(z) > 0and v; e K[z];
we have also v,,(z,) = 0 because z;¢ (e, S) and p; ¢ S. Therefore we have
vy (—x Z,_; v;2;) = vy;(x) which means that —z Z,_l v,2; € (b, S), whence
E,-l u;(0)z; e R (b, S). But this conclusion is inadmissible, because the elements

u;(0) of K are not all zero and the residue classes of z;, - - -, 2z modulo &(b, S)
are linearly independent over K. Thus we have proved that 21, ---, 2 are
linearly independent over K(z). It follows that

k
(@) § = Z{ d(pi)vy () < [R:K(z)).

Since each v, () is =1, we have & < [R:K(x)]. This proves that  cannot
have more than [R:K(z)] zeros. Taking & = h, (2) becomes the inequality
stated in Lemma 1.

Our next step will be to prove that the number Z'.’_l d(p;) vy, (x) of Lemma 1 is
actually equal to [R : K(z)].

In order to do this, we introduce the subring K[z™"] of K(x) We remind the
reader that an element w of R is said to be integral over K[z '] if it satisfies an
equation of the form w™ + fw™ ' + .-+ 4+ f. = O where fi, - - -, f» belong to
K[z "]. If this is the case, w cannot have any pole outside the set {p1, -+, pa}.
For, if p is a place which is not a zero of z, then the ring o of the place p contains
K[z7'] and is integrally closed (cf. §2), whence w € o.

Let n be the number [R:K(z)]. We shall see that we can find a base
{wy, +++ wa} of R w1th respect to K(xr) whose elements are integral over
K[x 1. Let{w; , ---, wn} be any base of R with 1espect to K{z). Then each
w, satisfies an equation of the form w + Zx.l @, a0, = 0 with o € K().
Wc can write each ¢,, x in the form I, x/g, , with f, and ¢» In A[x . Set w, =

g,w, : then we have w;, + Zx-l groyaw” ™ = 0, and g,¢, = g, v, e K[z~ 1,
which proves that w, is integral over K[z™']. On the other hand, since w, is the
product of w, by an element £ 0 of K(z), it is clear that wy , - -+, w, form a

base of R with respect to K(z).

Let ¢ be an integer =0 such that »,;(w,) 2 —c (1 £ 4= h, 1 = v = n),
and let u be an arbitrarily large integer (in particular, we assume that p > o).
We consider the products 2w, , with0 < p £ p — 0,1 = » = n. We have

vy, (z7°w,) 2 —pvp,(2) — 0 Z —un,(T)

since »,;(z) = 1. On the other hand, if p is a place distinct from py, - -+, pa, We
have »,(z™") = 0, »,(w,) = 0 (1 = » = n), whence vp(z"w,) = 0. This means
that

0 (mod b™)

vy, (@).

x_”w,

where b is the divisor H1=l p¥,
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We shall denote by &, the vector space over K composed of all elements of R
which are =0 (mod ™) and by 8,: the subspace of &, spanned by the elements
2w, (0 S pSu— o, 1= v S n). The elements w, being linearly independent
over K(z) and the elements ™ of K(z) being linearly independent over K, it
follows that the n(u — ¢ + 1) elements z "w, are linearly independent over K
and that &, is of dimension n(x — ¢ + 1). On the other hand, we have &, C (67,
S), where S = {p:, ---, p.}. We know that, if e is the unit divisor, the space
O7*, S)/RKE, S) is of dimension pd(6) (Lemma 1, §7), from which it follows
that £,/(&, N K, S)) is of dimension Sud(b). Now, an element of 2, N K(e, S)
cannot have any pole outside S (because it is in &,) or in S (because it is in
R, 8)); such an element is therefore a constant (Corollary 3 to Theorem 1, §4),
which shows that €, N R(e, S) is of dimension < 1 and therefore that &, is of
dimension =ud(b) + 1. Since &, € ¢,, we have n(p — ¢ + 1) £ ud(b) + 1,
whence

(c—Dn+1
—

dd) =z n ~

This being true for every sufficiently large u, we have d(b) = n. We had already
proved in Lemma 1 that d(b) < n; thus we see that d(b) = n. Moreover, we see
that the dimension of ¥,, the dimension of €, , and the number ud(b) = nu
are integers whose mutual differences remain bounded as p increases indefinitely.

If py, - -+, prareall the distinet zeros of an element x % 0 of R, and b, = »,,(z),
the divisor b = JJ%= p¥ is called the divisor of zeros of x. We have proved

THEOREM 4. Let R be a field of algebraic functions of one variable and let K
be the field of constants of R. Then the degree of the divisor of zeros of an element
z of R not in K s [R:K(x)].

If we apply our results to ™" instead of z, we see that x can have only a finite
number of poles. If ¢;, -+, q are the distinct poles of z, and ¢; = —y;(x),
the integral divisor ¢ = [Jia; %* is called the divisor of poles of z. Since K(x) =
K(z™), we have the following result:

CoROLLARY. T'he notation being as in Theorem 4, the degree of the divisor of poles
of = is [R:K(x)].

The divisor b¢™" can also be written in the form b¢™ = ], p»®. This divisor
is called the divisor of z, and is denoted by b(zx). It is of course defined only if
z # 0; if 2 is a constant, d(z) is the unit divisor. It is clear that, if z and y are
elements # 0 of R, then

day) = d@)d(y), BT = (b))
Our results establish the truth of

THEOREM 5. The divisor of an clement # 0 of a field of algebraic functions of
one variable is of degree 0.
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Let D be the group of all divisors of a field R of algebraic functions of one
variable, and let ©y be the group of divisors of elements of R. The cosets of
modulo D, are called classes of divisors; two divisors which are in the same class
are said to be equivalent to each other. It follows immediately from Theorem 5
that all divisors in a class are of the same degree; this degree is called the degree
of the class.

To conclude this section, we state in the form of lemmas two results which
have been established in the course of the proof of Theorem 4 and which will
be useful later.

LemMma 2. Let the notation be as in Theorem 4, and let b be the divisor of zeros of z.
Then the dimension over K of the space of elements of R which are = 0 (mod t7*)
(where p is an integer >0) 7s =pud(b) — 7, where 7 s an integer which does not

depend on p.

LemMma 3. Let the notation be as tn Theorem 4, and let N be the ring of elements of
R which do not have any pole outside the set of zeros of x. Then there exists a finite
subset {wy, -+, wy} of R, which contains a base of R with respect to K{z), and
which ts such that every element of N is a linear combination of wy, - -+ , wy with
coefficients in K[z ™).

For, the notation being as in the proof of Theorem 4, it is clear that R is the
union of the spaces & (1 = p < ®). We have seen that the difference between
the dimensions of €, and €, remains bounded; let m be the largest value of this
difference. Let 21, -+, 2z, be elements of i whose residue classes modulo the
space Z:’.l K[z '|w, arc linearly independent over K. Then there exists a p > 0
such that z;, - - -, #» all belong to L, ; since no linear combination of 2, , -- - , 2,
with coefficients in K can be in 8,: , we have » < m. This shows that we can find a
finite number of elements wa41, -+ -, wy of N such that every element of R
is the sum of an element of the space D .= K[z "|w, and of a linear combination
of Wny1, - - , wy with coeflicients in K. Lemma 3 is thereby proved.



CHAPTER 1II
THE THEOREM OF RIEMANN-ROCH

§1. THE GENUS

Let R be a field of algebraic functions of one variable, and let K be the field of
constants of R. We have seen that, being given a finite number of places of R,
it is impossible to establish any necessary relation between the modes of behavior
of an element of R at these places (c¢f. Theorem 3, I, §6). The situation is quite
different if we consider infinitely many places instead of a finite number of
them. In this case, relations can be found between the behaviors of an element
of R at these places; for instance, we know that an element of R admits as zeros
either all places (and this only in the case where the element is 0) or only a
finite number of them. The investigation of these relations will be the main
object of this chapter. The problem can also be formulated as follows: given
for each place p an element z, of R and an integer m, , does there exist an x ¢ B
which satisfies all the conditions

1) nE —x,) = m,,

and, if so, what is the structure of the set of elements x which satisfy these
conditions?

If all z,’s are 0, the elements which satisfy the conditions (1) clearly form a
vector space over K. We shall refer to this case as to the ‘“homogeneous case”.
In the general case, if x is a solution of (1), the other solutions of the same
problem are obtained by adding to x the solutions y of the homogeneous problem
defined by the conditions »,(y) = m, . Thus, as usual in linear problems, the
study of the system (1) can be decomposed into two parts: 1) does there exist
at least one solution?; 2) what are the solutions of the associated homogeneous

problem?
Let us first consider the homogeneous problem defined by the conditions
2) v(x) = my .

If infinitely many of the integers m, are >0, the only solution of this problem is
the constant 0 (by Lemma 1, I, §8). We shall be primarily interested in the case
where all integers m, except a finite number are equal to 0; in this case, the
conditions (2) are equivalent to the unique condition z = 0 (mod a), where a is
the divisor ][], p™. The main interest of this case is that, as we shall see, the
solutions then form a vector space of finite dimension over K.

If a is any divisor, we shall denote by 2(a) the space of elements x ¢ B which
are =0 (mod a).

Let b be a multiple of the divisor a; then 2(b) is clearly contained in ¥(a). We

20
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shall first prove that 2(a)/2(b) is a vector space of finite dimension, and we shall
find an upper bound for the dimension of this space.

Let S be the set of places which occur with exponents # 0 in either a or b; S is
therefore a finite set of places. We define the spaces f(a, S) and (b, S) as in I,
§7. It is clear that 2(a) C R(a, S) and &(b) < K(b, S). Moreover, we have

3) 2(b) = L) N K, S).

In fact, the inclusion £(6) < 2(a) N K(b, S) is obvious. Conversely, if = € 2(a) N
(b, S), we have v,(x) = 0 for all places p not in S because these places occur in
a with the exponent 0; since z e (b, S), it follows that z e ¥(b), which completes
the proof of (3).

The space %(a)/2(b) is therefore equal to £(a)/(2(a) N K(6, S)). According to
the first homomorphism theorem, this is isomorphic to (%(a) 4+ £(b, S))/R(b, S),
which is a subspace of R(a, S)/f(, S). The latter space being of finite
dimension (Lemma 1, I, §7), it follows that {(a)/R(b) is of finite dimension. Since
S contains all places which occur with exponents 0 in either a or b, it follows
immediately from Lemma 1, I, §7 that the dimension of ®(a, S)/R(b, S) is
d(b) — d(a). Thus we see that the dimension of ®(a)/®(b) is at most d(b) — d(a).

Now we shall prove that 2(a) is of finite dimension. In view of what we just
proved, it is sufficient to prove that &(b) is of finite dimension for some multiple
b of a. We shall take for b an integral divisor which is multiple of a and which is
different from the unit divisor (it is easily seen that there exists such a divisor).
If z € 2(b), then x has at least one zero (because b is not the unit divisor) but has
no pole (because b is integral). Were = 0, then 1/x would have no zero and
would therefore be a constant %0 (by Corollary 3 to Theorem 1, I §4) which is
impossible since z admits a zero. Thus we see that 2(b) contains only 0.

If a is any divisor, we shall denote by l(a) the dimension of the space (a).
If b is a multiple of a, then the dimension of £(a)/2(b) is I(a) — I(b); therefore,
we obtain the inequality I(a) — 1(b) = d(b) — d(a), or

(4) l(a) + d(a) = U(b) + d(b).

On the other hand, Lemma 2, I, §8 gives us some information about the
number I(a) for certain divisors a. Let 2 be any non constant element of R, and let
t be the divisor of zeros of z. Then we have I(z™) Z pd(z) — 7 for all sufficiently
large integers u, where 7 is an integer which depends only on z. This inequality
may be written in the form I(r™) + d(r™) z —r. Taking (4) into account,
we see that

6)) 1(b) + d(b) = —r

whenever b is a multiple of some ™. From this we shall be able to deduce that
the numbers {(a) + d(a) for all divisors a have a finite lower bound.

LemMa 1. If b and b’ are equivalent divisors, we have d(b) = d(b') and I(b) =1(b').

The first assertion follows immediately from Theorem 5, I, §8. In order to
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prove the second, denote by z an element of R such that b’ = d(z)b. Then the
conditions » = 0 (mod b) and zu = 0 (mod b’) are clearly equivalent to each
other. Thus, if u e %(b), we have zu e (') ; conversely, if u’ e ('), then 2w’ e 2(b).
The mapping 4 — zu induces a one-to-one linear mapping of 2(b) onto (b’).
from which we conclude that I(b) = I(b').

It follows that (5) is still valid for any divisor b Whlch is equivalent to some
multiple of some ™. But we shall prove that this is the case for every divisor
b of R.

Let p be any place which is not a zero of z; then p is not a pole of 2. The
value £ taken by ™" at p is an element of the residue field of p, which is algebraic
over K (Theorem 2, I, §5). It follows that there exists a polynomial f, with
coefficients in K such that f,(£) = 0, whence »,(f, (z™")) = 1. Let b = [[, ™
be any divisor. Then only a finite number of the exponents b(p) are <0. We set

2 = Hrfp-b(v)(x—l)
where the product J] is extended to those places p which are not zeros of z and
for which b(p) < 0 (if there are no such places, set z = 1). For these places, we
clearly have »,(2) =2 —b(p), and any such place occurs in b = d(2)b with an
exponent =0. On the other hand, the only poles of f,(z™") are among the zeros
of z. It follows that z has no pole outside the set of zeros of z, and therefore that
any place which is not a zero of z occurs in b’ with an exponent = 0. Now, let
a1, -, qn be the distinct zeros of z, and let u be an integer such that —u is
smaller than the exponents with which a;, - - - , g, enter in . Then, since each g,
occurs in ¢ with an exponent =1, it is clear that b’ is a multiple of ™. Thus
our statement that every divisor is equivalent to a multiple of some ™ is
proved. It follows that I(b) 4+ d(b) = — 7 for every divisor of R.
We can define an integer g by the formula

—g + 1 = min {I(b) + d(b)},

b running over all divisors of the field. This number g, which plays a prominent.
role in the study of the structure of R, is called the genus of R.

The genus of R is always =0. For, if e is the unit divisor, we have d(¢) =
and the only elements of £(¢) are the constants (as follows from Corollary 3 to
Theorem 1, I, §4), whence I(¢) = 1 and l(e) + d() =

Observing that d(a™") = —d(a), we obtain

THEOREM 1 (RIEMANN’S THEOREM). Let R be a field of algebraic functions of
one variable, and let g be the genus of R. Let a be any divisor of R; denote by l(a)
the dimension of the space of elements x of R which are = 0 (mod a). Then we have
I(a) = d@™") — g + 1; the equality I(a) = d(a™") — g + 1 holds for at least one
divisor a, and, if tt holds for aq, then it holds also for any divisor a of which ay
s a multiple.

The last assertion follows immediately from (4).
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§2. FIELDS OF GENUS ZERO

Let K be any field, and let B = K(z), where z is transcendental over K.
Then R is a field of algebraic functions of one variable with K as its field of
constants (I, §3). We shall see that the genus of R is zero. The element z has a
single zero ¢ which is of degree 1, and the divisor of zeros of z is r. We have
seen in the course of the proof of Theorem 1, §1 that any divisor b of R is equiva-
lent to a multiple b’ of some ™, whence I(b) + d(b) = I(b') + d(V') = I(z™*) +
d(r™). Since d(r™) = —u, we see that the genus g of R can be defined by the
formula

—g+1= min {I(r™) — u}.
[F 2]

We shall compute I(r™). An element u of R may be written f(z™)/h(z™),
where f and h are polynomials with coefficients in K with no common
factor. Let us find at which condition u will be =0 (mod ™). If ¢ is any irre-
ducible polynomial with coefficients in K, ¢(z™") is not a constant and therefore
there exists a place p, of R which contains ¢(z™") (Theorem 1, I, §4); moreover,
we have seen (I, §3) that p, N K[z™'| consists of the elements of K ("] which are
divisible by ¢(z™") in this ring. Since p, is not to be a pole of u, k(z™) cannot be
divisible by o(z™"). This being true for every irreducible ¢, h must be a constant,
and we may assume that h = 1. If f is of degree m, then ¢ is a pole of degree m of
&™) (1, §3), and we must have m < u. Thus the elements of B which are =0
(mod ™) are the linear combinations with coefficients in K of 1,7, -+, 27,
whence I(r™) = u+ 1, and therefore g = 0. Thus we see that any field of algebraic
Junctions of one variable which is a purely transcendental extension of its field of -
constants 1s of genus 0.

Conversely, let B be a ficld of algebraic functions of one variable which
is of genus 0. We shall see that, if I has at least one place p of degree 1, then
R is a purely transcendental extension of its field of constants. We have, by
Riemann’s theorem, I(p™") = d(p) + 1 = 2, from which it follows that there
exists at least one element x of R not contained in the field of constants K
which is = 0 (mod p™"). The divisor of zeros of z™* is then p, which is of degree 1,
and [R:K(z™")] = 1 by Theorem 4, I, §8, whence R = K{(z ).

The condition that R should have a place of degree 1 is certainly satisfied
if K is algebraically closed, because then every place is of degree 1. However,
this condition is not always satisfied if K is not algebraically closed. Let for
instance K be the field of real numbers; set R = K(z, y), where x is transcendental
over K and #* + y2 4+ 1 = 0. Then the following facts can be established without
difficulty: K is the field of constants of RB; every place of R is of degree 2; R is of
genus 0. Since R has no place of degree 1, it is not purely transcendental over K.

We shall prove a little later that a field of genus 0 has always a place of degree
either 1 or 2 (cf. end of §6 of this chapter).
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§3. FIELDS OF GENUS ONE

Let R be a field of algebraic functions of one variable of genus one. We shall
denote by K the field of constants of R, and we shall assume that R admits atleast
one place p of degree 1 (this condition is certainly satisfied if K is algebraically
closed). We have, by Riemann’s theorem, I(p™%) = d(»*) = 2, from which it
follows that there exists an element x ¢ B not contained in K which is =0
(mod p~2). The divisor of zeros of ™ is either p or p, i.e., it is of degree 1 or 2.
If it were of degree 1, we would have R = K{(z™') by Theorem 4, I, §8, and R
would be of genus zero and not one. We conclude that the divisor of zeros of 27" is
p’, and therefore that R is of degree 2 with respect to K(z) = K(z ™).

We have I(p™%) = d(p*) = 3. It follows that there exists an element y ¢ R which
is =0 (mod p~°) and which is such that 1, z, y are linearly independent over K. We
shall see that the divisor of poles of y is actually p°. Let ¢ be a uniformizing
variable at p. Then »,(zf*) = 0 and 2f* takes a value o 0 at p; since p is of
degree 1, we have a ¢ K. Were the divisor of poles of y either p or p*, we would
have »,(yt) = 0 and y#* would take some finite value 8 at p. Then (y — o '82)¢
would take the value 0 at p, whence »,(y — a*Bz) = —1. The element z =
y — o '8z would be =0 (mod p~*) but would not belong to K because 1, x, i are
linearly independent over K; the.divisor of poles of z would therefore be p™" and
we would have [R:K(z"")] = 1, which is impossible.

Since the divisor of poles of y is p°, of degree 3, we have [R: K{y)] = 3. It follows
that ¥ does not belong to K(z), since otherwise [R:K(y)] would be divisible by
[R:K(z)]. Since R is quadratic over K(z), we conclude that R = K(z, y). The
element y satisfies an equation of the form

C(z)y* + A(z)y + B(z) = 0

where A, B, C are polynomials with coefficients in K which we may assume to
have no common factor. Since y is not in K(z), B and C are both # 0; further-
more, the polynomial C(z)Y* + A(x)Y 4+ B(z) in a letter Y with coefficients
in K(z) is irreducible. Since A, B, C have no common factor, the polynomial
C(X)Y? + A(X)Y 4 B(X) in the letters X and Y with coefficients in K is
irreducible in K[X, Y]. It follows that C(X)y* + A(X)y + B(X), considered
as a polynomial in X with coefficients in K(y), is irreducible. But K{z, y) is of
degree 3 over K(y); it follows that the degrees of A, B, C are at most 3, one of
them being 3.

Now, if M(X) = aX™ + a.X™' + -+ + a., is a polynomial of degree m
with coefficients in K, we may write M(z) = z"(@ + aix " + -+ + ant ™);
since »,(z™") = 2, it follows that »,(M(2)) = —2m. In particular, we see that
v (B(x)) is even; if 4 # 0, then v,(A(z)y) = —3 + »,(A(x)) is odd, and is
therefore different from »,(B(z)). It follows that

n(—A@)y — B(z)) = min {»(4(2)y), »(B())}

(cf. I, §3). Since »,(C(z)y®) is even, we have »,(C(z)y®) = v, (B(x)) < v,(A(2)y).
Let 8 and v be the degrees of B and C respectively; then —2y — 6 = —28,
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whence 8 = v + 3. Since 8 < 3,y < 3, we havey = 0, 8 = 3. Sincey = 0,
we may assume that C' = 1. If A > 0, let « be its degree; then —6 < —2a — 3,
whence a < 1.

Now, assume that the characteristic of R is not 2. Set then y, = y 4+ 4/2;
we have y} = By(z), where B, = A’/4 — Bis of degree 3. We may add that the
equation B;(X) = 0 cannot have a double root. In fact, were this the case, we
could write B, = BIB, , with B; and B; of degree 1 with coefficients in K, whence
(y1/B2(z))* = Bs(z). Since Bj is of degree 1, z would be contained in K(yl/Bg(:c))
the same would be true of y, = By(z)-y/Bx(z) and of y = y; — (1/2)A(z), and
we would have B = K(y,/Bs(z)), which is impossible.

Conversely, it can be proved that, if K is a field of characteristic #2 and
R = K(z, y), where z is transcendental over K and 3 = B(z), B being a poly-
nomial of degree 3 with no multiple factor, then R is of genus one. We shall not
give the proof here.

§4. REPARTITIONS

Let R be a field of algebraic functions of one variable, and let K be the field of
constants of R. The problem stated in §1 was the following: given for each
place p of R an element z, of R and an integer m, , find the conditions which
must be satisfied in order that there should exist an z ¢ R such that

(0)) nE —z) 2 m,

for all places p.

In order to treat this problem, it will be convenient to introduce the following
notion: a mapping r which assigns to every place p of B an element r(p) of R
will be called a repartition if the following condition is satisfied: there are only a
finite number of places p for which »,(x(p)) < 0.

The set ¥ of all repartitions is a subset of the set ¥, of all mappings p — ro(p)
of the set S of all places into R. Since R is a ring, %, is itself a ring, in which the
laws of composition are defined by

(8 + 2)(®) = ) + 2op),
(2o20)(P) = To(p)2o(p)

for all places p. If ¢ and ¢’ are repartitions, there are only a finite number of
places p for which v,(z(p)) and »,(z'(p)) are not both =0; it follows immediately
that r — 1’ and 1y’ are also repartitions. This means that the set ¥ of repartitions
is a subring of %, .

If z ¢ R we may associate with z the repartition r, which maps every place p
upon the element z. It is clear that the mapping x — ¢ is an isomorphism of the
field R with a subring of the ring of repartitions. We shall allow ourselves,
whenever convenient, to denote by x the repartition r. which corresponds to the
element z of B. However, one should not confuse the value taken by the element
z at p (which is an element of the residue field of p) with the value taken at p
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by the repartition . (which is z itself). In order to avoid this confusion, we shall
call the value assigned to a place p by a repartition r the p-component of z.

The unit element of R is also the unit element of X. Since we have mapped R
isomorphically into %, it follows that we may consider ¥ as a vector space over R,
and, a fortiori, as a vector space over K, which is a subfield of R. Whenever we
shall speak of X as of a veclor space, it is s structure of vector space over K (and
not over R!) which we shall have in mind.

Let 1 be a repartition, and let p be a place of R; then we set

(1) = »(x(p)

(it should be observed that, if r = x € R, then this definition gives to the symbol
v,(z) the same meaning it had already); »,(x) is called the order of the repartition ¢
at p. It is clear that, if r and v are repartitions, then

(1) Z min {50, nM}; %@ = %@ + »O).

Moreover, if v,(r) < »,(9), we have »,(r £ 1) = »,(1).

Let a = ], p™ be a divisor. We shall say that the repartitions ¢ and y are
congruent to each other modulo a, and we shall write ¢ = Y (mod a), if the
conditions »,(r — Y) = m, are satisfied for all places p (this definition agrees
with the definition of congruence for elements of R if ¢ and y are in R).

Now, let us return to the problem defined by the conditions (1) above. We
shall make two further assumptions: 1) we shall assume that »,(z,) = 0 for
almost all places p, i.e., that the mapping p — =z, is a repartition r; 2) we shall
assume that the integers m, are almost all zero, i.e., that the symbol 1L v™
represents a divisor a. Under these conditions, our problem can be formulated as
follows: does there exist an x ¢ R which is =t (mod a)?

Denote by ¥(a) the set of all repartitions which are = 0 (mod a); it is clear that
¥(a) is a vector subspace of X. Then our problem amounts to the following: does
there exist an z ¢ R which can be written in the form ¢ + y with y ¢ ¥(a)? Now, if
r = 1+ Y, then £ = x — Y belongs to the space X¥(a) + R composed of the sums
of elements of ¥(a) and R; and conversely, if t belongs to X(a) 4 R, then our
problem is possible. Now, we shall prove that the vector space X/(X(a) + R) is of
finite dimension.

Let o’ be a divisor which divides a. Then ¥(a’) clearly contains X(a). Moreover,
given any r € X, we can always find a divisor a’ which divides a and which is such
that reX(a’). For, set u(p) = min {0, »,(x)}; since »,(r) = O for almost all
p’s, we have u(p) = 0 for almost all p’s; moreover, if a = H, p*®, we have
t = 0 (mod a;). If a’ is the highest common divisor of a and a; , then o’ divides a
and t belongs to X(a’). Thus, every element of ¥/(¥(a) + R) belongs to some
(X(0") + R)/(%(a) + R); we shall prove that (¥(a’) + R)/(X(a) + R) is of
finite dimension, and that its dimension does not exceed a certain number
which depends on a only.

Lemma 1. If o’ divides a, the space X(a')/%(a) 2s of finite dimenston equal to
d(a) — d(a’).
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Let S, be a finite set of places which contains all the places which occur with
exponents 0 in either a or a’. Let u be any element of the space R(a’, So)
(cf. I, §7); we associate to w the repartition 3. defined by 3.(p) = u if pe Sy,
3.(p) = 0 if p ¢So. It is clear that 3, belongs to the space ¥(a’) and that the
mapping u — 3, of f(a’, So) into X(a’) is linear. If u belongs to £(a, So), then 3.
belongs to %(a), and conversely. It follows that the mapping u — 3. defines an
isomorphic linear mapping of K(a’, S,)/R(a, So) into ¥(a’)/X(a). We shall see
that this mapping is onto. Let 3 be any element of ¥(a’). If p € So, let m, be the
exponent with which p enters in a. Making use of Theorem 3, I, §6, we see that
there exists an element u e B such that »,(u — 3(p)) = m, for all places pe S, .
If m, is the exponent with which p enters in a’, we have »,(3(p)) = m, (because
3 is in X(a’)) and m, = m, (because o’ divides a). Since u = (v — 3(»)) + 3(p),
we have »,(u) = m, , which proves that u is in 8(a’, Ss). For the places p in Sy,
we have 3.(p) = u, whence »,(3.(p) — 3(p)) = m, . If qis a place not in Sy , we
have 3.(q) = 0 and therefore »,(3.(q) — §(q)) = »,(3(q)) = O because 3 ¢ X(a’).
Since the places g not in S; occur with exponent 0 in a, we have 3, = 3 (mod a).
This proves that our mapping of ®(a’, So)/R(a, So) into X(a’)/%(a) is onto.
Lemma 1 therefore follows from Lemma 1, I, §7.

Now, we have to estimate the dimension of (¥(a’) + R)/(¥(a) + R). According
to the first Noether homomorphism theorem, our vector space is isomorphic to
the space ¥(a’)/(¥(a’) N (¥(a) + R)). The elements u of R such that u + ¥(a) C
¥(a’) are obviously those of X(¢), i.e., those which are =0 (mod a’). The set of
these elements has been denoted in §1 by 2(a’); thus we see that X(a’) N (¥(a) +R)
= ¥(a) + R(a’). Making use of the second Noether homomorphism theorem, we
see that (¥(a) + 2(a’))/%(a) is isomorphic with £(a’)/((a’) N X%(a)). Now,
2(’) N X(a) is obviously identical with 2(a). We have seen (Theorem 1, §1) that
2(a) is of finite dimension I(a); €(a’)/(a) is therefore of dimension I(a) — I(a).
Making use of Lemma 1, we see that the space (¥(a’) + R)/(X(a) + R) is of
dimension

(@) — d@) — (@) — Ua)) = (d@) + ¥a)) — (d(&') + U")).

The sum d(a) + I(a) depends only on a; the sum d(a") + (a’) is always = —g +1,
where g is the genus of R (Theorem 1, §1). It follows that (¥(a’) + R)/ (%(a) + R)
is of dimension =d(a) + I(a) + g — 1, and this bound depends only on a. Set

Ma) = d(a) + I(a) +9 — L

We can now prove that ¥/(¥(a) + R) is of finite dimension =X(a). Assume for a
moment that there would exist & > A(a) elements 11, - - -, rx of ¥ which would
be linearly independent modulo ¥(a) + R. For each ¢ (1 = 7 = k) we could
find a divisor a; which divides a such that 1; e ?€(a£). There would exist a divisor a’
which would divide aj , - - - , ax and the elements r; would all be in ¥(a’), which is
impossible.

We may even assert that the dimension of X/(¥(a) + R) is exactly Na). In
fact, we know that there exists a divisor a such that Uap) + d(ag) = —g + 1,
and that the equality I(a’) + d(a’) = —g + 1 holds for any divisor @’ which
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divides ao (Theorem 1, §1). Thus we see that, if o’ is the highest common divisor
of a and a, then (¥(a’) + R)/(%(a) + R) is of dimension A(a), which proves our
agsertion. Thus we have proved

LeEMMA 2. Let a be a divisor, and let ¥(a) be the space of repartitions which are
=0 (mod a). If X is the space of all repartitions, the space ¥/(¥(a) + R) s of
dimension \(a) = 1(a) + d(a) + g — 1, where I(a) is the dimension of the space of
elements of R which are =0 (mod a), while g i3 the genus.

This being said, we have seen that the problem proposed at the beginning of
this section is equivalent to the following: determine whether a given repartition
t belongs to the space ¥(a) + R. Let 7 be the residue class of ¢ modulo %(a) + R.
Since X/(%(a) + R) is a vector space, in order for T to be 0, it is necessary and
sufficient that &(z) = O for every linear function & on ¥/(¥X(a) + R). This can
also be expressed in the form that we must have w(z) = 0 for every linear function
» on X which vanishes everywhere on ¥(a) + R. Thus we see that the condition
of possibility of our problem can be expressed by a system of A(a) linearly inde-
pendent linear conditions on .

In order for this result to be useful, we have to learn more about the linear
functions w which were introduced above. In the next section, we shall determine
the nature of these functions in the case where B = K(z), K being the field of
complex numbers.

§5. DIFFERENTIALS

Let K be the field of complex numbers, and let B = K(z) be the field of rational
functions of x with complex coeflicients.

If u is any element of R, we may consider the symbol udx as an element of
integral: if v is any path which does not go through any pole of u, the symbol
[ udz has a meaning. We shall say that udz is a differential of the field R.

Let a be any complex number, and let p(a) be the place at which z takes the
value a. We shall call the number »,)(u) the order of udz at p(a). Denote by
p() the unique pole of z. If we set 2’ = 2" and consider u as a rational function
of z’, then the element of integral udz is the same as —ux'*dz’; it is therefore
natural to call the number v,y () — 2 the order of udz at p().

If a is any complex number, and if v is a simple closed curve including a, but
no other pole of u than perhaps a itself, in its inside, then the number

1
(=D ‘/; udz

is called the residue of udx at p(a); it is clear that this residue is 0 if p(a) is not a
pole of u. The residue of udx at p(e=) is defined to be the number

1
27(—;'1)—172 ./; ude

where T is a simple closed curve including in its inside all the poles of u at a
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finite distance. Let a; , - - - , a, be these poles; for each ¢, let v, be a simple closed
curve contained in the mterlor of T and 1ncludmg a; (but not any a; with j » 1)
in its inside. Then Cauchy’s integral theorem gives

fud:c-l—zf wdr = 0,
t==1 Joyg
which shows that the sum of all residues of a differential is 0.

Let r be any repartition of the field R. If p is any place of R, set

0] w’(z) = residue at p of r(p)udz.
Then, clearly, »’(r) = 0 for almost all p’s. Set

w(p) = 2 o' (2),

the sum being extended over all places. The function w defined by this formula
is a linear function on the space X of all repartitions. If t = ; ¢ B, then w(z)
is the sum of the residues of the differential zjudz, and is therefore 0. Thus, w
vanishes on the subspace R of X.

Let a = ], »™® be a divisor. We shall say that the differential udz is =0
(mod a) if, for every place p, the order of udzx at p is =m(p). Assume that this
is the case, and let X(a™") be the space of repartitions which arc =0 (mod a™).
If reX(a™"), and p is any place, then we have »,(z(p)) = —m(p). The order of
udzx at p being = m(p), we see that the order of the differential g(p)udx at pis
=0, whence '(t) = 0 This means that » vanishes on the set ¥(a™") + R.

Replacing a by a™', we see that any differential udz which is =0 (mod a™%)
gives rise to a linear function w on the space of repartitions which vanishes on
¥(a) + R: this is precisely the type of lincar functions to the consideration of
which we were led at the end of the last section.

Now let us count how many linearly independent differentials udx we have
which are =0 (mod o). Write a = J], p™®. If udz is to be =0 (mod a™"),
we must first have, for any complex number a, v,y(u) = —m(p(a)). Set h =
Il 2 = @)"®’; then we must have »,y(hu) = 0 for every aeK, which
means that hu = f must be a polynomial in 2. On the other hand, we must have
V() — 2 Z —m(p(e)), iec, nw(f) 2 2 — mp(x)) + (k). The
number v,y (k) is equal to —Y . m(p(@)), and —D_, m(p(a)) — m(p(x)) is
—d(a). Thus we find the condition vy (f) = 2 — d(a). If d(a) = 2, then f may
be an arbitrary polynomial of degree <d(a) — 2;if d(a) < 2, then f must be 0.
In the first case, we see that there are exactly d(a) — 1 lincarly independent
differentials which are =0 (mod a™").

Now, we observe that the function w which corresponds to a differential udz
is 0 if u # 0. For, let a be a number which is neither a zero nor a pole of u,
and let g be the repartition defined by r(p(a)) = (x — @)™, () = 0if p = p(a).
Then o*@(r) = u(a) 0, while w"(x) 0 if p  p(a), and therefore w(};) =
u(a) # 0. Thus we see that the differentials udx which are =0 (mod o~ Y yield
exactly max {0, d(a) — 1} lincarly independent linear functions on the space X
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of representations which vanish on ¥(a) + R. On the other hand, the genus of B
being 0, the maximum number of such linear functions is N(a) = d(a) + I(a) — 1
(cf. §4). Let us compute /(a). In the computation which was made above, the
functions u were submitted to the condition u = 0 (mod a *(p())*), and we
therefore have I(a ' (p(«))?) = max {0, d(a) — 1}. This being true for every
divisor a, we have l(a) = max {0, d@™’) + 1}, whence d(a) + l(a) — 1 =
max {d(a) — 1, 0}. We conclude that every linear function on the space of repar-
titions which vanishes on X(a) + R 1is generated by some differential udx which
is =0 (mod a™%).

In view of this result, it is natural to set up the following definition. Let R
be any field of algebraic functions of one variable, let K be the field of constants
of R and let X be the space of repartitions. By a differential of the field R is
meant a linear function w on X which has the following property: there exists a
divisor a such that  vanishes identically on ¥(a™") + R (where X(a™") is the
space of repartitions which are =0 (mod a™%)). If a is any divisor which has the
stated property, then we say that the differential w is multiple of a, and we write
» = 0 (mod a).

It is clear that, if a divisor o’ divides a, a differential which is multiple of a is
also multiple of a’. If w and «’ are differentials and X, N’ elements of K, then
Ao + Mo’ is a differential; if w is multiple of a and o’ of a’, then Aw + N’ is
multiple of the highest common divisor of a and a’. The differentials of R clearly
form a vector space over K; those differentials which are multiples of a given
divisor a form a subspace of the space of all differentials.

We can now formulate as follows the result which was obtained in §4:

TuEOREM 2. Let R be a field of algebraic functions of one variable. Let a be a
divisor of R.and let ¢ be a repartition in R. In order that there should exist an element
z of R such that x = ¢ (mod a), it is necessary and sufficient that w(x) = 0 for
every differential w which s multiple of a™".

From now on, we shall denote by §(a) the dimension of the space of differentials
which are =0 (mod a). From what we have seen in §4, it follows that é(a) =
I(@™") + d(@™") 4+ g — 1, where g is the genus of the field. Thus we have proved

THEOREM 3 (THEOREM OF RIEMANN-RocCH). Let R be a field of algebraic functions
of one variable of genus g, and let a be a divisor of R. Denote by l(a) the dimension
of the space of elemenis of R which are =0 (mod a) and by 8(a”") the dimension
of the space of differentials which are =0 (mod a™). Then we have

(o) =d@™) — g+ 14+ 80,

A differential w is said to be of the first kind when it is a multiple of the unit
divisor e. We have I(¢) = 1, d(¢) = 0, which proves

THEOREM 4. The space of differentials of the first kind of a field of algebraic func-
tions of one variable is of dimension equal to the genus of the field.
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§6. THE CANONICAL CLASS

Let R be a field of algebraic functions of one variable and let K be the field of
constants of B. Denote by w a differential of R. Let also X be the space of reparti-
tions of R, and z an element 30 of R. Then the mapping ¢t — w(zx) of X into K
is linear and assigns 0 to every element of R. If a is a divisor such that w = 0
(mod a), we have w(zr) = 0 whenever zx = 0 (mod a™"), i.e., whenever ¢ = 0
(mod a~*b7(x)). It follows that our mapping is a differential and is a multiple of
ab(z); we shall denote this differential by zw; if £ = 0 we denote of course by
0-w the zero differential. It is clear that

x4+ 2w = 20 + 2'w; 2w + ') = 20 + 20";
(zx")ow = z(2'w); llw=uw
(where z, 2’ are in R and w, o’ differentials of R).

THEOREM 5. Let w be any differential 20 of a field R of algebraic functions of one
variable. Then every differential of R s of the form zw, with x € R.

Let o’ be any differential of R, and let a and a’ be divisors such that w = 0
(mod a) and &' = 0 (mod a’). Denote by ¢ the genus of R; let b be an integral
divisor whose degree satisfies the following conditions: d(b) > g — 1 — d(a),
db) > g —1—d@),dd) > 3¢g — 2 — d(a) — d(a’) (we may take b = p",
where p is a place and m is sufficiently large). Weset a = I(a”'b ™), a’ = I(a’'b7");
by Riemann’s theorem, we have ¢ = d(ab) — g + 1 > 0 and similarly o’ > 0.
Let 21, -+, s be a linearly independent elements of 2 which are =0 (mod
a”'b7"); let z;, -+, % be a' linearly independent elements of R which are
=0 (mod o' 'b7"). Then the differentials z.w, T (1SiSae15j<a)are
all =0 (mod b™"). Now we have, by Riemann-Roch’s theorem, §(b7") = I(b) +
d(b) + g — 1, and I(b) < 1, because b is integral, whence §(b™") < d(b) + g.
On the other hand, we have a + &’ = d(a) 4 d(a’) + 2d(b) — 2¢g + 2. Since
d(®) > 3g — 2 — d(a) — d(a"), we have a + a' > §(b7"). It follows that the
differentials z.w, zjo' are linearly dependent. Therefore, we have a relation
of the form

(Z‘; x,-x.-) w + (Z: xgx}) W =0
L =
where M, -+, Aa AL, -+, Aar are clements not all zero of the field of constants
of R.Sety = 2 tmiAiti, ¥ = >eliAjz; ; then y and ' are not both zero and
yo + y'o’ = 0.If y’ were 0, y would be 7% 0 but yw would be 0, which is impossible
sincew = y yw # 0. Thus ' # 0and o’ = (yy'w, which proves Theorem 5.

Let w be any differential #0 of R. We shall prove that the degree of a divisor a
such that @ = 0 (mod a) cannot exceed 29 — 2, where g is the genus of R.
If &, - -+ , x5 are linearly independent elements of R which are = 0 (mod a™"),
Zw, -+ ,Zw are linearly independent differentials of the first kind, whence
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h = g by Theorem 4. Thus we have I(a™) £ g. On the other hand, we have
(@) = d(a) — g + 1 + 8(a), and 8(a) = 1 since w = 0 (mod a). It follows
that d(a) < 1(@™") + ¢ — 2 = 29 — 2, which proves our assertion.

Next we observe that, if a differential  is multiple of both the divisors a
and o/, then it is multiple of the least common multiple b of a and a’. To prove
this, it will be sufficient to show that ¥(b™") € @) + ¥@™). Let m, and m,
be the exponents with which an arbitrary place p enters in a and o’ respectively;
then p enters in b with the exponent n, = max {m,, my}. If ¢ is any repartition
in X(b7"), we set y(p) = r(p) if n, = m, ,y(p) = 0if n, = m; > m, ; we set also
¥'(p) = r(p) — u(p). It is clear that the mappings p — y(p) and p — y'(p) are
repartitions y and ¥, that ¥ = y + Y, that yis in X(a™ ) and v in X(a’ 7).

In view of what we proved before, among all divisors a such that w = 0 (mod a),
we can select one, say ay, of largest possible degree. If a is any divisor such that

= 0 (mod a), then w is also multiple of the least common multiple of a and @ .
This least common multiple cannot be of higher degree than a, and must therefore
coincide with a, . Thus we see that to every differential @ ¥ 0 we can associate a
divisor d(w) of which w is a multiple and which is a multiple of every divisor
of which w is a multiple. The divisor d(w) is obviously uniquely determined by
these properties. It is called the divisor of the differential w. If p is any place, the
exponent with which p enters in d(w) is called the order of w at p and is denoted
by vy(w). If »,(w) > 0, then p is said to be a zero (of order »,(w)) of w; if »,(w) <0
then p is said to be a pole (of order —,(w)) of w. If z is an element 7 0 of R,
it is clear that the divisor of the differential zw is d(z)d(w).

It follows from Theorem 5 that the divisors of all differentials 0 of E are in
the same class; this class is called the canonical class of the field R. (It should be
observed that there always exists at least one differential 0 of the field E.
In fact, let a be any integral divisor of degree >1; then, by the Riemann-Roch
theorem, we have 8(a™) = I(a) 4+ d(a) + g — 1 > 0).

THEOREM 6. The degree of the canonical class of a field R of algebraic functions
of one variable is 2g — 2, where g is the genus of R.

Let w be any differential 0 of R; then, of course, §(d(w)) = 1. We shall
prove that this number is equal to 1. If «’ is any differential 0 which is = 0
(mod d(w)), then d(w’) is a multiple of b(w). Since d(w’) has the same degree as
b(w), we have d(w’) = d(w). If we write o’ = 2w, T ¢ R, then d(xr) must be the
unit divisor, whence z ¢ K, and this proves that §(b(w)) = 1. On the other
hand, the differentials of the first kind are the differentials zw for which z is
= 0 (mod (d(w))™"), whence 1((d(w))™") = g, by Theorem 4, §5. By the Riemann-
Roch theorem, we have I((0())™) = d(d(w)) — ¢ + 1 + 8(b(w)), whence
d(d(w)) = 29 — 2.

CoRrOLLARY. Let R be a field of algebraic functions of one variable of genus g.
If a is a divisor of R of degree >2g — 2, then we have (@) = d@) — g+ 1.

In fact, no divisor of the canonical class can be a multiple of a, from which it
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follows that no differential 20 can be multiple of a. The corollary follows
therefore immediately from the theorem of Riemann-Roch.

We may now give an equivalent formulation of the theorem of Riemann-Roch
(this new formulation was actually the original one):

THEOREM 7. Let a be a divisor of a field R of algebraic functions of one variable,
and let o’ be a divisor such that aa’ belongs to the canonical class. Then we have

™) =d@) —g+ 1+ 1.

For, let w be any differential 0. The differentials which are = 0 (mod a)
are the differentials zw for which z = 0 (mod a(d(w))™). Thus we have 8(a) =
Ua(®)™). But (a(d(w))™'a = d(w) belongs to the canonical class, which
proves that a(b(w)) ™ is equivalent to a’~* and therefore that I(a(d(w)) ™) = I(a’™).
Theorem 7 therefore follows immediately from the theorem of Riemann-Roch.

As an application of Theorem 6, we shall prove that a field B of algebraic
functions of one variable which is of genus zero admits a place which is of degree
either 1 or 2. Denote by K the field of constants of R and by d the smallest of
the degrees of the places of R. Then we shall see that the degree of any divisor a
of R is divisible by d. Let n = d(a), and assume for a moment that n # 0 (mod d);
then we may write n = kd — n’, with 0 < n’ < d. Let p be a place of degree d.
Making use of the theorem of Riemann-Roch, we have I(p”*a) = kd — n = n/.
Since n’ > 0, there exists an clement y # 0 of R which is multiple of p™*a. If we
write b(y) = p~*ab, b is an integral divisor of degree n’. Since n’ > 0, there
exists a place q which occurs with an exponent 3 0 in b; but this is impossible,
since it would imply d(q) = n’ < d. Thus we see that the degrees of all divisors
of R are multiples of d. But, since R is of genus 0, every divisor of the canonical
class of R 1s of degree —2; therefore d is either 1 or 2.

If R has a place of degree 1, then it is a purely transcendental extension of K
(cf. §2). If not, let p be a placeof degree2; then, by Riemann’s theorem, I(p™") 2 3,
and R contains a non constant element z which is = 0 (mod p™"). The divisor of
poles of z is clearly p. Making use of the corollary to Theorem 4, I, §8, we see
that R is quadratic over K(z).

§7. THE LOCAL COMPONENTS OF A DIFFERENTIAL

Let us return for a moment to the notation of the beginning of §5, where we
had introduced directly the differentials w of a field of the form K(x), K being
the field of complex numbers and z transcendental over K. To any u e K(z)
we have associated a differential w = udz which was defined by the formula

() o) = X o'(@),
14
the summation being extended over all places p; w’(z) was a function which
depended only on the p-component r(p) of r.
Now, let R be any field of algebraic functions of one variable and let w be a
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differential of R. It will sometimes be convenient to have a representation of w
by a formula of the type (1) above. We shall now derive such a representation.

Let p be any place of R. We define the p-component of w by the following
formula:

W*(2) = w(¥)

where, ¢ being any repartition, z* is the repartition which assigns r(p) to p
and 0 to every other place. It is clear that «’ is a linear function on the space of
repartitions and that «’(r) depends only on the p-component of r; we may
therefore consider «® as a function on R. This function is called the p-component
of w.

LeMMA 1. Let w be a differential of R, and let, for each place p, o be the p-compo-
nent of w. Then, if t is any repartition, there are only a finite number of places p
Jor which *(z) 0, and we have w(x) = X o’ (2).

Let a = ]I, »*® be a divisor of which w is a multiple. There are only a finite
number of places g which fail to satisfy at the same time the two conditions
a(q) = 0 and »,(r) = 0;let qi, ---, ax be these places. If a place p does not
occur among them, then the repartition which assigns g(p) to p and 0 to every
other place is a multiple of a!, whence w’(xr) = 0. Let r; be the repartition
which assigns r(q;) to q; and 0 to every other place; set ¢’ =>".,1.. Then
t — ¢’ is a multiple of 0", whence w(z) = w(¥') = Xmw(t) = 2" (¥).
Lemma 1 is thereby proved.

LeMMA 2. The exponent with which a place p occurs in the divisor d(w) of a
differential 5 0 of R is the largest integer m for which it is true that o’ (z) = 0
for every x € R such that v,(z) = —m.

Set d(w) = H, q*@. Let z be an element of R such that »,(z) = — a(p), and
let =" be the repartition which assigns z to p and 0 to every other place. Then z’
is clearly a multiple of (d(w))™", whence w(z”) = «’(z) = 0. On the other hand,
there exists a repartition ¢ which is a multiple of p~'(d(w))™ but for which
w(r) #0.If qis a place 5 p, theny,(z(q)) = —a(q), whence v*(z) = »'(x(q)) = 0.
It follows that w(r) = w’(r) = «’(x(p)) # 0; on the other hand, we have
»,(2(p)) = —a(p)— 1. This proves that a(p) = m.

COROLLARY. If w is a differential 5 0, we have o® 7 0 for every place p.

§8. FIELDS OF ELLIPTIC FUNCTIONS

Let ¢ and ¢’ be two complex numbers > 0 whose ratio {’/{ is not a real number.
We shall consider the elliptic functions f(z) with the periods ¢, ¢, i.e., the functions
f(z) which are meromorphic in the whole z-plane and which admit ¢ and ¢’
as periods. If f and ¢ are elliptic functions, then the functions f + g, f — g,
fg and (if ¢ % 0) f/g are likewise elliptic. It follows that the elliptic functions
form a field R. Every constant function is elliptic; identifying any constant
function with its constant value, we see that R contains the field K of complex
numbers.
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We shall prove that there exists at least one non constant elliptic function.
If m and n are integers, we set {n. = m{ + n¢’. By the sign D, . we shall
understand a summation extended to all integral values of m and n except
m = n = 0. We first show that the series

(1) —

m.n l g‘m»fl |3

is convergent. Denote by P the parallelogram of vertices 0, ¢, ¢/, ¢ + ¢/; P is
therefore the set of complex numbers of the form & + ¢'t/, where ¢, ' are real
numbers from the closed interval [0, 1]. Let P... be the parallelogram deduced
from P by the translation of the complex plane which brings 0 at {m... It is
clear that no two of the sets P, . have an interior point in common. Denote
by d the diameter and by A the area of P. Let I'(R) be the closed circular disc of
center 0 and radius R, and let »(R) be the number of points ¢, which lie in T'(R).
It is clear that ¢m., € T'(R) implies P, < T'(R + d); it follows that Av(R) <
7(R + d)’, whence »(R) < (4n/A)R*if R = d. Let (Ry, --+, Re, -) be an
increasing sequence of numbers, all =d, such that the series Z,T., R:“/R,f
is convergent (for instance, R, = dk*). The number of combinations (m, n) such
that Ry < | fmn | < Reyais £ »(Rep1), whence

1 41!' Rk+1
!
DI —“+Z AR <°
where « is the sum of the finite number of terms of the series which are >R

Now we consider the series

@ S ey -2t

men (Z - g‘m.n)z fm.n

Let & be a number <d/2; we surround each ¢.,» # 0 by an open circular disc of
center {..» and radius €, and we denote by D the set which remains after exclusion
of all these discs from the plane. We shall sec that our series converges uniformly
on every bounded subset E of D. We have

1 1 _ 22 — 22min
(z - §'m.n)2 {fn.n - ffum(z - g.m.ﬂ)2 :

Let p be an upper bound for the absolute values of the points of . If | {m,» | = 2p,
zeE,wehave |2 — {mwn| = (1/2) | {m.n |, Whence

1 1 4p? 8p
- | = .
Pt I LR

There are only a finite number of combinations (m, n) for which | fmn| < 2p.
On the other hand, the convergence of the series (1) implies that of the series
Z,ﬁ.,,. | Emon I_‘; this proves the uniform convergence of (2) on E.
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It follows that the formula

CEEED {<z- tmn) :Tl}

defines a function f(z) which is meromorphic on the whole plane except perhaps
at the points ¢{.... , and which has 0 as a pole of order 2. Furthermore, it follows
from general theorems on analytic functions that the derivative f’(z) of f(2) is
given by the formula

f'2) = -2 Z' PR s‘m 5

If we replace z by z + ¢ or z + {’, the terms of the series on the right side of this
formula are permuted with each other. It follows that f’(z) admits the periods
¢ and {’, and therefore that the functions f(z + ¢) — f(2) and f(z + ¢') — f(2)
are constants. On the other hand, it is clear from the expression of f(z) by a series
that f(z) is an even function (i.e., that f(—z) = f(2)). Since f(z + {) — f(2) =
f(&/2) — f(—=¢/2), we have f(z + ¢) = f(z), and we would see in the same way
that f(z + ¢') = f(z). It follows that f(z + ¢m..) = f(2) for each (m, n) and
therefore that ¢, is a pole of order 2 of f(z). This proves that f(z) is an elliptic
function, which is not constant since it has poles.

Now we wish to prove that R is a field of algebraic functions over K. Since K
is algebraically closed, f(z) is transcendental over K; it will therefore be sufficient
to show that R is algebraic of finite degree over K(f(2)); in fact, we shall prove
that [R:K{f(2))] =

LemMa 1. An elliptic function h(z) which has no pole ts constant.

For, h(z) is obviously an entire function. It is bounded on the parallelogram P.
On the other hand, if z is any complex number, we can find integers m and n
such that z 4+ ¢m.. € P. Since h(z) is elliptic, we have h(z + {m.») = h(2). It
follows that h(z) is bounded in the whole plane and is therefore a constant.

Now, we prove that any even elliptic function g(z) belongs to K(f(z)). Since
g(z) is meromorphic in the whole plane, it has only a finite number of poles in P.
From this finite number, we select a maximal subsystem {ai, ---, @} with
the following properties: no two of them differ from each other by either ¢ or {;
none of them is either 0, ¢, ¢/, or ¢ + ¢’. Let e, be the order of the pole a; . The
only poles of f(z) in P being 0, ¢, ¢’, and ¢ + ¢/, none of the numbers a, is a pole
of f(z). We construct the function gi(z) = g@) ] [1(f(2) — f(a))*: Then none.
of the points a1, ---, ay is a pole of ¢1(z). If @’ is a pole of g(z) in P which is
distinet from 0, ¢, ¢’, and ¢ -+ ¢’, then a’ is either of the form a; & ¢ or a; = {;
since ¢;(z) is elliptic, a’ is not a pole of g1(z). Thus we see that the only possible
poles of ¢1(2) in P are 0, ¢, ¢, and ¢ + {’. On the other hand, gi(2) is even. It
follows that the Laurent expansion of ¢:(2) around 0 is of the form

r c L)
ak) = 2 &+ 2 d
kw1 & k=0
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We shall prove that g;(z) can be written in the form vof "(2) + v/ ' (@) + - + 7¥»,
with constant yo,v1, -+ ,¥-.Set vo = ¢, ; then, clearly, g1(2) — vof () admits O
as a pole of order < 2r. Suppose that, for some A < r — 1, constants vo, -+ ,v4
have already been determined such that gy(2) — D im0 v.f" " '(2) admits 0 as a
pole of order <2(r — h). Since this function is even, its Laurent expansion
around 0 is of the form

= Ck,h - 2k
== d
’g e + kZ_% kA
and, if we set yaiq1 = ¢,_u-1,1 , the function g,(z) — yaks vif ’"‘(z) admits O as a
pole of order <2(r — h — 1). By this process, we eventually get a function
of the form gi(2) — D 5" v:f *(z) which admits 0 as a pole of order <2. This

function, being even, has no pole at all at 0. Being elliptic, it does not have any
of the points ¢ . as a pole. On the other hand, this function has no pole in P
outside of 0, ¢, ¢, or ¢ + ¢’. Therefore it has no pole at all, and it is a constant
v . This proves that our original function g(z) can be expressed as a rational
function of f(2).

Now, if ¢(2) is any element of B, so is ¢(—2), and the mapping o: ¢(z)— o(—2)
is obviously an automorphism of order 2 of R. It follows from what was proved
above that the field of elements left fixed by ¢ is K{f(2)); we conclude that R is
algebraic of degree 2 over K(f(2)).

Let a be a complex number. The set o, of elliptic functions which do not admit a
as a pole is clearly a subring of R. This ring is = R. For, if a is not one of the
points ¢m.» , then (f(z) — f(a))™" does not belong to o, , while if @ = .., then
f(2) ¢0,.On the other hand, it is obvious that the inverse of an elliptic function
which does not belong to o, is in o, . Thus we sce that o, is a V-ring in R (over
K); we shall denote by p, the corresponding place of R. The places which cor-
respond in this manner to @ and to @ 4+ {.,. are obviously identical; on the
other hand, if a, o’ are complex numbers whose difference is not one of the
numbers {m,» , the places p, and p,s are distinct, because f(z — a) belongs to 04
but not to o, .

Now we shall prove that every place p of R is of the form p, for some a. Let m
be an integer greater than the genus of R; since d(p™) = m, it follows from
Riemann’s theorem that I(p™™") = 2. Thus, there exists a function u(z) ¢ R
which is not constant and whose order at every place ¢ p is 20. If p were
distinet from all places p,, the elliptic function %(z) would not have any pole,
which is impossible in virtue of Lemma 1. If a is any complex number, there
exists an elliptic function p.(z) which has a simple zero at a, viz. f(z — a)/f'(z — a).
If h(2) is any elliptic function, and » the order at a of the meromorphic function
h(2), then h(z2) = (pa(2))’h'(2), where h'(2) is an elliptic function which has a
neither as a zero nor a pole, and which is therefore a unit in the ring of the
place v, . It follows immediately that v,,(h(2)) is equal to the order of the function
h(z) at a.

Now, we shall determine the genus g of the field £. If po is the place which
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corresponds to the number O it is clear that f(z), considered as an element of R,
is multiple of the divisor pg’, and that f’(z) is multiple of the d1v1sor po°. Thus,
if @ and b are integers 20, (f(z))°f’(2) is multiple of py** 8 while (f(2))° is multiple
of po”. Let m be an integer which we shall choose larger than the smallest of
the numbers 2, 2g — 2. Denote by m, the largest integer which is <(m — 3)/2
and by m; the largest integer which is Sm/2 If a,bare such that 0 S a = my,
0 < b < mq, then (f(2))*f'(2) and (f(2))" are multiples of p; ™. The m; + my + 2 =
m functions obtained in this way are linearly independent over K. For, let
P and Q be polynomials with complex coefficients such that P(f(2))f'(z) +
Q(f(z)) = 0. Replacing z by —z in this identity and observing that f'(z) is an
odd function, we get —P(f(2))f'(z) + Q(f(2)) = 0; since f'(z) # 0 and f(z) is
transcendental over K, this implies P = @ = 0, which proves our assertion.
Thus we see that I(pp ™) = m. On the other hand, it follows from the corollary
to Theorem 6, §6 that I(pp™) = d(ps) — g + 1 = m — g + 1; therefore we
have g £ 1. We shall prove that g cannot be 0. In order to do this, it w1ll be
sufficient to prove that an elliptic function h(z) which is multiple of po’ is a
constant. The Laurent expansion of h(z) around 0 is of the form A(z) = a/z +
3 ko a2, It follows that 0 is not a pole of the elliptic function h(z) + h(—2),
and therefore that this function has no pole whatsoever and is a constant C.
If we set hy(2) = h(z) — C/2, then ky(2) is an odd elliptic function and is multiple
of po". We have hy(—¢/2) = —h(¢/2); on the other hand, since —¢/2 = ¢/2 — ¢,
we have also hy(—¢/2) = hi(¢/2), whence h({/2) = 0. In the same way we
would see that hy(¢’/2) = 0. Since pg2 7 Pyrj2, We see that hy(z) is multiple of
the divisor Do 'Pr/abs2 , which is of degree 1. It follows immediately that hi(z) = 0,
whence h(z) = C/2. Thus we have proved that a field of elliptic functions is of
genus one.

Since f'(2) is an odd function, it does not belong to K(f(z)); since R is quadratxc
over K(f(2)), we have R = K(f(2), J'(2)). On the other hand, the function (f'(z))*
is even and admits 0 as a pole of order 6. It follows that (f'(z))* is of the form
P(f(2)), where P is a polynomial of degree 3. We rediscover in this way the
generation of fields of genus one which was indicated in §3. In our case, it can
be seen without difficulty that the polynomial P(Z) is of the form 47 + aZ + .



CHAPTER III
THE y-ADIC COMPLETIONS

§1. DEFINITION OF THE pP-ADIC COMPLETION

Let K be the field of complex numbers and let z be transcendental over K.
If u(z) is a rational function of = and @ ¢ K, then u(x) can be represented on
a neighbourhood of a by its Laurent series

(1) u(z) = kz; a(z — a)~.

However, not every function representable around a by a series of this type is
rational. In some arguments, it is convenient to consider the set of all functions
of z which are meromorphic at a, i.e., Which are representable by a Laurent
series around a. The existence of this set depends of course strongly on
the topological properties of the field K, since a series like the one which occurs
on the right side of (1) will only represent a function when it is convergent on
some neighbourhood of a. However, for all algebraic purposes, only the sequence
of coefficients of such series matters, not the fact that they converge in some re-
gion. This leads one to consider, instead of the set of meromorphic functions at
a, the totality of all series of the form

@) 2 alz — ab,
whether such series are convergent or not. The generalization of this set of
formal power series to the abstract case of an arbitrary field B of algebraic
functions of one variable (instead of the field K(z) considered above) is what we
shall call a completion of the field R.

Let then p be a place of the field B. We shall say that a sequence (z,) of ele-
ments of R converges at p to an element x of R if the condition

7n~»00

3) lim v,(x — 2,) = o

is satisfied. If this is the case, we have, obviously,

(4) lil'_I.l”l"(x._,.l _ x,‘) = o0,

However, a sequence (z,) may satisfy the condition (4) without satisfying (3).
Whenever a sequence (r,) satisfies the condition (4), we shall say that it is a
Cauchy sequence at .
Let X be the set of all sequences (T.)15n<. Of elements of R. We make X into
a ring by defining addition and multiplication in the following way:
39
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() + (yn) (0 + Yn),
(@) (Yn) = (TnYn)-

We shall see that the Cauchy sequences at p form a subring of X. That the
difference of two Cauchy sequences is again a Cauchy sequence follows imme-
diately from the formula

V(@1 — Y1 — (xn — ¥n)) Z min {”»(xn+1 = Zn), p(Ynt1 — yn)}

In order to treat the case of the product, we establish first

LrmMA 1. Let (x,) be a Cauchy sequence at p. Then either vy(x.) tncreases in-
definitely with n (and then (x.) converges to 0 at p), or the numbers v,(x,) are all
equal to each other from a certain value of n on.

In fact, assume that »,(x,) does not increase indefinitely with n. Then there
exists an integer N such that »,(z,) < N for infinitely many values of n. On the
other hand, there exists an index 7, such that v,(za11 — 2.) = N for all n 2 no;
we may assume that n, is one of the indices n for which »,(xr,) < N. Then we
assert that vy (x,) = v,(s,) for all n = ny . This is true for n = no . Assume that
it is true for some n = 7o . Then we have T4 = To + (a4 — %) and

Vp(il',..u it xn) =N > Vn(xno) = Va(xﬂ)v

from which it follows that vy (£a41) = v,(Ta) = v,(2a,) (cf. I, §3).
This being said, let (x.) and (y.) be Cauchy sequences. We write

TniYnit — Tnlfn = Yn(@as1 — Tn) + TataYnyr — Yn)-
It follows from Lemma 1 that there exist integers A and B such that
v(ra) = A. w(y.) 2 B
for all n’s. Therefore we have
Vp(Tns1¥nit — TaYn) = Mmin {B + (Tas1 — Tn), A + v, Yns1 — Ya)}

which proves that »,(¥.u¥a41 — 2.¥x) increases indefinitely with n and that
(x.y») is a Cauchy sequence.

We shall denote by X, the ring of all Cauchy sequences at p, and by X the
set of all sequences which converge to 0 at p. Then X is clearly a subset of X, ;
we shall see that it is an ideal in X, . It is clear that the conditions (z.) € %,
(yn) € X imply (£, — ¥.) € X. Let (z.) be a sequence belonging to X and (z,) a
sequence belonging to X, . It follows from Lemma 1 that there exists an integer
C such that »,(z,) = C for all n, whence v,(x.2,) = C + »,(2,), which shows
that »,(rn2z.) increases indefinitely with n, and that (r.z.) ¢ X. We shall denote
by R, the ring X,/¥, and we shall investigate the properties of this ring.

Toevery a ¢ R we can associate the sequence (z,) defined by z, = x for every
n. We obtain in this way an isomorphic mapping of the field R into the ring
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of sequences of elements of R. If the sequence (x,) corresponds to an element
of R, then it is clear that it is a Cauchy sequence, and that it converges to 0 only
in the case where = = 0. It follows that the set of sequences which correspond
to elements of R is in X, and is mapped isomorphically under the mapping of X,
onto B, = Xo/X. This means that we have an isomorphic mapping of R onto a
subfield of R, . We shall allow ourselves not to distinguish between the elements
of R and the corresponding elements of R, ; in other words, we shall speak as if
R were a subring of R, . Moreover, if an element & € R, is the residue class modulo
X of a Cauchy sequence (x.), we shall indicate this fact by writing

Z = liMpogs .

If x, = x for every z, we clearly have x = lim,_. 2, .

Now we shall prove that B, is itself a field. Let # be an clement 0 of R, ;
set £ = lim,_.oT» , T» € R. Since the sequence (x.) does not converge to 0, but
is a Cauchy sequence, it follows from Lemma 1 that x, > 0 provided = is suffi-
cently large. Define x,, to be 23" if #. 0 and to be 0 if z, = 0. Then, for n
sufficiently large, we have zn41 — Zn = Tni&n (&n — Tnp1). On the other hand,
vy(ZnZn41) remains constant for n large enough (by Lemma 1), while », (a1 — 2,)
increases indefinitely with n. It follows that »,(xn41 — ) increases indefinitely
with n, and that (z,) is a Cauchy sequence. Set Z’ = lim,_...2,; we shall see that
&' is the inverse of # in R, . Set u, = 1 for all n; then 2,2, = u, for n large
cnough, whence &% = liMpowtnn = limuaotn = 1; but 1 is clearly the unit
element of R, , and we see that i is the inverse of #. Thus we have proved that
R, is a field.

Now, we shall extend the domain of definition of the function », from R to
R, . Let Z be an element 5 0 of B, , and set £ = lim,.,%s , T, ¢ R. Then the
sequence (z,) does not converge to 0; by Lemma 1, »,(z,) is constant from a
certain value of n on, and this constant value is not . If (z3) is any other
Cauchy sequence such that lim, ety = &, we have limery(tn — z,) = w,
whence, from a certain value of 7 on, v,(xy — r,) > v,(x,), and therefore, v,(z,)
= vy(Tn — Tn + Tn) = v, (xn). We shall denote by »,(Z) the constant value as-
sumed for n large enough by »,(z,) when (z,) is a Cauchy sequence such that
limpe2, = & If & =0, wesety,(T) = . This definition does not lead to a contra-
diction in the case where T = r ¢ B, because we may then take x, = z for every n.

It follows immediately from the definition that

»(Z + ) Z min{ry(3), v},
v,(i‘{l]) = (%) + Vv(?])

whenever Z and § are in B, . Moreover, we sec as in I, §3 that the first inequality
may be replaced by an equality if u,(j:) #= (7).

Denote by 5 the set of elements & ¢ R, such that », (£) = 0. Then 5 is clearly
a ring and 5 N R is the ring o of the place p. We have 5 > R,, and, if Z is an
element of R, not in 9, then £~ is in 5, because v, (& ) = —y,(#). This means
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that 5 is a V-ring in B, . The elements of 3 will be called the integral elements
of B, . The ideal p of non-units in 5 is the set of elements # of R, for which
v(Z) > 0; it is clear that PN R = .

Let Z = lim,—..z, be an element of B, , (z,) being a Cauchy sequence of ele-
ments of R. Considering the elements of R as elements of £, , we shall sec that
liMpary(T — o) = ©. We have & — Zm = limpog @myn — Tm) a0d Tmpn —
Tm =Zi‘.l(xm+k — Tmik-1), Whenee vy(Tmpn — Zwm) = Miligpgn Vs @mipe —
Tmik—r). Since (z,) is a Cauchy sequence, »,(r,,1 — z,) increases indefinitely
with ¢. It follows that, given any integer M, there exists an mo such that ¢ = my
implies vy(Tq41 — x,) > M. Therefore the condition m = mg implies vy(Xmtn — Tm)
> M forall n > 0. It follows that »,(t — z,) > M for all m = m, ,which proves
our assertion.

From this, we can first conclude that, if a Cauchy sequence (x,) converges
to an element z of R (i.e., if v,(x — x,) increases indefinitely with n), then we
have z = lim,_.o7, . In fact, set & = lim,_,Z, ; then v,(T — x) = min {v,(Z — x.),
vo(x — 7.)}. Since v)(Z — z,) and vy(x — x.) both increase indefinitely with
n, we see that v,(Z — ) = «, whence & = z.

Next we see that, # being any element of R, and a any integer, we can
always find an z e R such that »,(£ — z) = a. If we take zin 8 and a > 0, then
vo(r) = min {a, vy(£)} = 0. It follows immediately that the elements of o are
those which can be represented as limits of Cauchy sequences of elements of o.
Taking a = 1, we see that every element of  is congruent modulo p to some
element of 0. This means that the residue field 5/b may be identified with the
residue field o/p of the place p. If & € d, the residue class of  modulo p will also
sometimes (although improperly) be called the residue class of Z modulo .

Tt is natural to say that a sequence (i,) of elements of R, is a Cauchy sequence
if vp(F41 — F.) increases indefinitely with n, and that (&,) converges to an
element % of R, if v,(f — &,) increases indefinitely with n. We shall see that
every Cauchy sequence of elements of R, converges to some element of R, . In fact,
let (Z.) be a Cauchy sequence. For each n we can find an element z, of I such
that »y(f, — 2.) = n. We have 2oy — 2w = (@agr — Tng1) + (Far — Tn) +
(£, — ), whence v,(Zay1 — ®.) 2 min {n, vy(Ffa4a — &.)}. This proves that
vo(Tas1 — Z.) increases indefinitely with n, i.e., that (z.) is a Cauchy sequence of
elements of R. Set £ = lim,_x,,then & — &, = (£ — 2.) + (€, — &), and v, (% —
£,) = min {»,(£ — x.), n}. We have seen that v,(f — z.) increases indefi-
nitely with n. The same is therefore true of »,(£ — &), which proves that the
sequence (£.) converges to .

We shall express the property which we have just proved by saying that R,
is a complete field; we shall also say that R, is the p-adic completion of the field R.

If a sequence (f,) of elements of R, converges to the element &, we shall
write £ = limu—w®s . It is easily seen that the conditions & = lim,,oZn , § =
lim, s imply & £ § = limuw(Fs £ Fn), Tafn = liMuo(ExFn), and if § # 0,
Gn % 0foralln, §' = lima.wfy.
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§2. HenseL’s LEMMa

Let R, be the p-adic completion of a field R of algebraic functions of one
variable, p being a place of R. We denote by & the ring of integral clements
of Ry, by p the ideal of non-units of 3, and by 2 the field 5/p. If Ze 5, we denote
by £* the residue class of & modulo . We shall consider polynomials f(X) in a
letter X with coefficients in R, ; if f is such a polynomial, we denote by »,(f)
the smallest of the values assumed by the order function v, (extended to E,)
on the set of coefficients of f. It is easy to see that, f and g being polynomials in
X with coefficients in R, , we have

v(f £ ¢) 2 min{r,(f), v(9)}; »e(fg) = »(f) + »(g).

If f is a polynomial with coefficients in 5, we denote by f* the polynomial with
coefficients in = which is obtained from f by replacing its coefficients by their
residue classes modulo §; the mapping f — f* is a homomorphism of 5[X] onto
X,

Lemma 1 (HenseL’s LemMma). Let f be a polynomial with coefficients in B.
Assume that f* = ¢ = 0, where ¢ and Y are polynomials with coefficients in T
with no common factor. Then we may write f = gh, where g and h are polynomials
with coefficients in b which satisfy the following conditions: g* = ¢, h* = y, the
degree of g is equal 1o the degree of ¢.

We shall denote by 8°¢ the degree of a polynomial 8 # 0. We can find poly-
nomials ¢, i with coefficients in § which satisfy the following conditions:
g1 = o, ht =, 3% = 8%, vo(f — gihs) = 1; for it is obviously possible to find
polynomials ¢; , h; which satisfy the three first conditions, and the last condition
is then satisfied because f* = ¢y. Assume that, for some integer n > 0, we have
already determined polynomials ¢;, -+ ,¢a, 1, --- , hn With cocflicients in
b which satisfy the following conditions:

a) gn=9¢, hn=4y;

b) 8°¢. = 8%; 3%h, £ 0°f — 9% ;

c) vo(f — guhn) 2= 1n;

d) volgenn — gu) 2 k; ooy — ) 2k (1 =k Sa-—1).

Let t be an element of 5 such that »,(t) = 1. Then ¢{ = {7 *(f — ¢.hx) is a poly-
nomial with coefficients in 8. Since ¢ and ¥ have no common factor, it is well
known that there exist polynomials A(X) and w(X) with coefficients in = such
that {* = A + uy. The polynomials A and u are not uniquely determined by this
condition: they can be replaced by A — xy and g + x¢ respectively, where x
is an arbitrary polynomial with coefficients in =. We may dispose of this x so
as to make the degree of u smaller than the degree of ¢, (or, perhaps, to make
p = 0). The polynomials X and p having been so selected, we determine poly-

nomials I(X) and m(X) with coefficients in 5 such that I* = \, m* = pu; we
may furthermore assume that m is either 0 or of degree < 9° and that [ is
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either 0 or of degree equal to that of \. We set gni1 = gn + t"m, hnpy = hn +
t"l. Tt is clear that ghy = o, hag = ¥, %ann = %, v(gann — gn) = 7,
Vo(hnsr — ha) = n. We have f — guithnn = t"(¢ — (lgn + mha) — t"lm). Since
t* = Ap + wp, we have vy(¢ — (Iga + mha)) Z 1, whence »y(f — gusihnsr) 2
n + 1. It remains to check that 8° hny < 8°f — 9°¢a41 . Since 3°h, = 9°f —
8%, , we have 3°¢ < 9°f. On the other hand, the equality ¢¢ = f* shows that
% = 3°%* — 3% < 3% — 9%, whence (if p # 0) 3°%wyp = 9°f. It follows that
Gf N # 0) 8°\p < 0°f, whence 8°A < 9°f — 0% and 9°l < 9°f — 3% = 93°f —
3°g. . Now we have h,p1 = h, + t"l and h, and I are both of degrees < 9°f —
9°gs ; therefore, hay1 is of degree £ 9°f — 0°gn = 9°f — 0°gn41 -

Thus, our process can be continued indefinitely, and we obtain two sequences
(gn), (hn) of polynomials for which the conditions a), b), ¢), d) are satisfied for
all n.

Let a and b be the respective degrees of f and ¢. Then we may write g, =
D e vinX, by = %25 5,..X’, where v... and §; ., are elements of 5, and we
have vy(Yims1 — Yim) = 7 and vp(8;.a41 — 8;.») = n. This means that the se-
quences (Ys,»), 8;) (for 1 £ ¢ b, 1 £ j £ a — b) are Cauchy sequences.
Since R, is complete, these sequences converge to elements v; , §; which clearly
belong to 8. Set g = 2 0w v.X', h = 2. %m0 8,Xi. Since vy(yvi — via) = 1,
v(8; — 8;1) = 1, we have g* = ¢, h* = . Since b is the degree of ¢ and g is
of degree < b, the equality g* = ¢ implies 0°9 = 3°%. We have f — gh = f —
guhn + gh — guhn . We see easily that v,(gh — gaha) increases indefinitely with
n; on the other hand, we have v,(f — gahs) = n. It follows that v, (f — gh) = o,
whence f = gh. Hensel’s lemma is thereby proved.

§3. STRUCTURE OF P-ADIC COMPLETIONS

Let R be a field of algebraic functions of one variable. We denote by p a place
of R, by R the p-adic completion of R, by = the residue field of p, by K the
field of constants of R, by & the ring of integral elements of E, by § the ideal
of non-units of 5. We know that the field 5/p may be identified with =. If 2’
is any subset of 2, we shall say that a subset £’ of B is a system of representatives
for 2" if £’ is in § and is mapped in a one-to-one way onto X’ by the natural
homomorphism of 8 onto = = /p.

THEOREM 1. The notation being as explained above, denote also by =, the field
of elements of T which are separable over K. Then R has a subfield Z, which con-
tains K and which is a system of representatives for the elements of Z, . The field
2. 1s uniquely determined by these two conditions.

Since =, is separable of finite degree over K, we may write =, = K(a*), where
a* is some element of Z, . This element satisfies an irreducible equation of the
form f(X) = 0, where f is a polynomial with coefficients in K. We have f(X) =
(X — a®)g(X), where g is a polynomial with coefficients in Z, . Since 2, is
separable over K, we have g(a*) 0, which means that X — a* and g(X)
have no common factor of degree >0.
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We may consider f as a polynomial with coeflicients in 5. Applying Hensel’s
lemma, we see that f admits a factor of the first degree, say aX + b, with coeffi-
cients in d such that the residue classes of ¢ and b modulo  are 1 and —a*
respectively. It follows that « = —b/a is integral and belongs to the residue
class o*. Since f(a) = 0, « is algebraic over K and every element of K{a) is
a linear combination of 1, a, +--, o™ with coefficients in K (where d is the
degree of f). Since 1, a*, -+, ()" are linearly independent over K, we see
that K(a) is a system of representatives for the elements of Z, . Let conversely
. be any subfield B containing K which is a system of representatives for the
elements of =, . Let o be the element of Z; which belongs to the residue class
o*. Since T, = K[o*], it is clear that £, = K[o/] = K{(a'). The element f(a’)
belongs to the residue class f(e*) = 0, whence f(a’) = 0. Write f(X) =
(aX + b)§(X), where § is a polynomial with coefficients in 5. Then we have
(ae’ + b)j(e’) = 0. But §(a’) belongs to the residue class g(«*) which is =0,
whence §(a’) # 0 and therefore aa’ + b = 0, whence & = o' and £, = K{a).
Theorem 1 is thereby proved.

This being said, let = be any element 70 of R such that »,(x) > 0. Let there
be given a sequence (ci)rgi<w Of elements of Z, starting with a term ¢, whose
index r may be negative, null, or positive. If we set u, = Y_i. e;z*, the sequence
(un) is obviously a Cauchy sequence in R. The limit of this sequence is repre-
sented by Y.m ciz’. An equality of the form D jsmr ciz® = 2 in ciz* implies
cr = cx for every k 2 r. In fact, assume for a moment that this were not the case.
Then there would exist a least index, say m, for which ¢ ¢n , and we would
have

lim ((c"n — cm)z” + Z.; (Cmik — Mk)xm+k) = 0.

n—+00

But we have vy((cn — cm)z™) = mw,(z), While
v <k¥1 (Cmtt — Cwo-k)xm+k> 2z (m + )y, (2),

which proves that the equality written above cannot take place.
Any element of the form . c;z* can also be written in the form 3 i, ciz®
if s < r, by simply defining ¢ to be 0 if s = &k < r. It is clear that

d ’ - ’
Z cka:"' — Ckxk = z (ck - Ck)xkr

0
kwr ke=r kw=r

-] 0 o0
(z )(z c,zxk) -3 (z ckc;,)xl.
kmr Pry Lomptrr \k+k =l

This means that the elements of the form Y g ciz® form a subfield of R, iso-
morphic with the field of formal power series in z with coefficients in 5.

Consider now the special case where the residue field = of p is separable over
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K (i.e. 2 = Z,). Let then £ be the subfield of B containing K which is a system
of representatives for the elements of Z. Select a uniformizing variable z at p.
Then every element y of B can be represented in the form > b iz, We may of
course assume that y # 0. Set then r = »,(y). We shall define a sequence
(ck)rgk<w Of elements of £. To define ¢, , we observe that yz™ € B; ¢, will then
be the representative in £ of the residue class of yz™" modulo p. It is then clear
that »,(y — ¢’) > r. Suppose that ¢, , - -+, ¢» have already been defined and
that vy — 2i=rcz’) > n. Then 27" 7'(y — iy ciz’) is integral and we
define c,41 to be the element of £ which is congruent to z 7" (y — D i ciz")
modulo §. It is then clear that »,(y — Xty cix®) > n + 1. The sequence (cx)
being defined in this way, it is clear that we have y = D ter cix®. The formula
y = Z)'f., ax® Oy = D e ca with s < r, ¢ = 0 for s £ k < r) is said
to represent the expansion of y in terms of x in the p-adic completion of R.

ReMark. Even in the case where T is not separable over K, it can be proved
that there always exists a subfield Z of B which is a system of representatives
for the elements of Z. We shall not prove this result here. Besides the fact that
the proof is rather difficult, the usefulness of the result is rather seriously im-
paired by the following circumstances: a) the field £ is in general not unique;
b) it is not always possible to take for Z a field which contains the field of con-
stants K or R, as we shall prove by an example.

Let K be a field of characteristic p > 0 which is not perfect, and let a be an
element of K which is not a pth powerin K. Set R = K(z), where z is transcen-
dental over K. Then 2”—a is irreducible in K[z]; this polynomial determines a
place p of K{z), and the residue field = of p is of the form K(£), where { is such
that £ = a. We shall prove that a is not a pth power in the p-adic completion
R of R. In fact, assume for a moment that ¢ = y?, y ¢ R. Then we
have (y — x)’ = a — 2", whence pv,(y — z) = 1, which is not possible. It
follows immediately from this that no subfield of E containing K can be a
system of representatives for the elements of Z.

§4. (FENERALIZATION OF THE NOTION OF REPARTITION

Let R be a field of algebraic functions of one variable, and let K be the field
of constants of R. For each place p of R we have a p-adic completion R, of R.
We have defined a repartition of R to be a mapping r which assigns to every
place p of R an element r(p) of R in such a way that »,(x(p)) = 0 for almost
all places p. For technical reasons, it is convenient to generalize this notion by
allowing each z(p) to lie in the p-adic completion E, of R. We shall therefore,
from now on, call repartition a mapping r which assigns to every place p of B
an element z(p) of E, in such a way that v»,(x(p)) = O for almost all p (v, being
now the extension to B, of the order function at p). The element g(p) is called
the p-component of the repartition r; we set »,(r) = vy(z(D)).

The repartitions in the new sense still form a ring, in which the operations
are defined by: (r + 9)(p) = z(p) + 1(p), (m)(p) = z(P)n(p). This ring con-
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tains the set of repartitions in the old sense as a subring. In particular, it con-
tains R as a subring, and it may be considered as a vector space over K.

Leta = J],p™® be a divisor. The notion of congruence (mod a) can be ex-
tended to our new repartitions: the repartitions ¢ and y are said to be congruent
to each other (mod a) if we have »,(r — v) = m(p) for every place p.

If 1 is any repartition in our new sense and & any divisor, there always exrists
a repartition t' in the old sense such that ¢ = t’' (mod a). For, set @ = I,p™®.
For each place p we can find an clement z(p) of R such that »,(z(p) — z(p)) =
m(p). It follows that v,(x(p)) = min {»,(z(p)), m(p)}, whence »,(x(p)) = O for
almost all p’s. This means that the mapping p — x(p) is a repartition ¢’ in the
old sense, and it is clear that ¢ = ¢’ (mod a).

Let a and o’ be divisors such that a’ divides a. Denote by X(a) and X(a’) the
spaces of repartitions in the old sense which are =0 modulo a and modulo o
respectively, and by X*(a) and X*(a’) the spaces of repartitions in the new sense
satisfying respectively the same conditions. If t* e X*(a’), then we can find a
repartition g in the old sense such that r = r* (mod a). Since a’ divides a, it is
clear that r e X(a’); this means that X¥*(a’) = X(a’) 4+ X*(a). By Noether’s
homomorphism theorem, ¥*(a’)/%*(a) is isomorphic with X(a’)/(X(a’) N ¥*(a)) =
X(a’)/¥%(a). From this and from Lemma 1, II, §4, we conclude that X*(a’)/%*(a)
ts of finile dimension equal to d(a) — d(a’) over the field K. In other words, we
see that the result quoted just above remains valid for repartitions in the new
sense.

Now, let w be a differential of the field B. We shall see that w may be extended
in a natural way to a linear function on the space of repartitions in the new
sense. If w = 0, we extend it of course by the null function. If not, let ¢ be any
repartition in the new sense. Then we can find a repartition ¢’ in the old sense
such that ¢ = ¢’ (mod (b(w))™); and, if ¢’ and ¢ are repartitions in the old
sense satisfying this condition, we have ' = ¢ (mod (0(w))™), whence
(1) = w(z”’). We may therefore define w(z) to be w(z’). The function w, ex-
tended in this way to the space of repartitions in the new sense, is obviously
linear. It is clear that Theorem 2, II, §5 remains true if r is taken to represent
a repartition in the new scnse.

If p is a place of R, we define (as we did in II, §7) the p-component ® of a
differential w by the formula

@' (1) = (@)

where ¢* is the repartition which assigns r(p) to p and O to every other place.
The function «° defined in this way is an extension to the space of repartitions in
the new sense of the p-component of w, as defined in II, §7. On the other hand,
it may also be considered as a lincar function on R,. We see immediately that
Lemmas 1 and 2, I, §7 remain true; in the statement of the second one of these
lemmas, we may even replace the words “for every x ¢ R” by “for every z ¢ R,.”
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§5. RESIDUES OF A DIFFERENTIAL

Let R be a field of algebraic functions of one variable, and let K be the field
of constants of R. We denote by w a differential of R, by p a place of R, by
the residue field of p, by Z, the field of elements of = which are separable over K,
by R the p-adic completion of R, and by Z, the subfield of R containing K which
is a system of representatives for the elements of X, (Theorem 1, §3). The
p-component «® of w may be considered as a function on B with values in K;
it induces a certain function on E,. If £ ¢ =, , denote by £ the representative
of £in Z,, and by w*(¢) the element »’(£). Thus we attach to «° a function
on Z, with values in K. This function is obviously linear when Z, is regarded
as a vector space over K.

Lemma 1. Let K be a field and let L be an overfield of K which is of finile degree
and separable over K. Then every linear function on L (considered as a vector space
over K) can be represented in the form & — Spyxtp, where p is a uniquely deter-
mined element of L.

If p ¢ L, denote by ), the linear function defined by \,(¢) = Spr/xtp. Then
the mapping p — ), is a linear mapping of L into the space L* of linear func-
tions on L. Since L is separable over K, there exists a v ¢ L such that Sprxy = 0;
if p % 0, then we have \,(yp ') # 0, whence A\, ¢ 0. This means that the map-
ping p — ), is one-to-one. The spaces L and L* having the same dimension,
every element of L* can be written in one and only one way in the form },,
which proves Lemma 1.

Returning to the notation introduced above, we see that there exists a uniquely
determined element p of Z, such that o’(§) = Spz,/xép for every £ ¢ Z,. This
element is called the residue of the differential w at the place p, and is denoted
by res,w.

It is clear that the mapping w — res,w is a linear mapping of the space of
differentials (regarded as a vector space over K) into the field =, . It follows
immediately from the definition that we have

6)) @’(1) = Spz,/x(res,w).

In particular, if the residue field of p is purely unseparable over K, we have
res,w = w'(1).

THEOREM 2. Let w be a differential of the field R of algebraic functions of one
variable. If v is a place of R which is not a pole of w, then resw = 0. If we know
of a place p that s residue field vs separable over the field of constants of R, that
resw = 0, and that vy(w) = —1, then we may conclude that p is not a pole of w.

If p is not a pole of w, then we have «’(z) = 0 for every integral element
of R and, in particular, for every element of Z,, from which it follows that
resw = 0. If resyw = 0, then we have w’(§) = 0 for every element § ¢ Z, . Now,
if = is separable over K, then every integral element of B is congruent modulo
P to an element of Z, . If »,(w) = —1, we have w’(y) = 0 for every y ¢ R such
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that »,(y) > 0, which means that »°(z) = «’(z’) whenever z and 2’ are integral
elements of B which are congruent to each other modulo §. It follows that,
under the assumptions made in the second part of Theorem 2, we have v*(z) = 0
for every integral element x of E, whence »,(w) = 0.

It follows in particular from Theorem 2 that any given differential has only a
finite number of residues 0.

THEOREM 3. Let w be a differential of a field R of algebraic functions of one
variable and let K be the field of constants of R. For each place b of R, denote by
Z.(p) the field of elements of the residue field of » which are separable over K. Then
we have = Sps, my/x resyw = 0.

Wehave 0 = w(l) = 2ow’(1) , and Theorem 3 follows immediately from For-
mula (1) above.

CoROLLARY. If R s a field of algebraic functions of one variable over an alge-
braically closed field of constants, then the sum of the residues of a differential of
R is 0.

This follows immediately from Theorem 3.

LeEMMA 2. Let by, - -+, s be a finite number of distinct places of a field R of
algebraic functions of one variable. For each t (1 = ¢ £ h) let there be given a linear
mapping u; of the residue field =; of v, into the field of constants K of R. Assume
that Z',Ll (1) = 0. Then there exists a differential w of R which salisfies the
following conditions: a) w is multiple of (py -+ p)™'; b) if an element x; of R
is integral al p; , we have o**(x,) = pi(£:), where &; is the value taken by x, at v, .

Let D be the space of differentials which are =0 (mod (p; - - - o) D). IR 21
(which we assume), then no element 0 of £ is multiple of p; --- p», and
it follows from the theorem of Riemann-Roch that © is of dimension
Z,..l d(p;) + g — 1, where g is the genus of R. If w ¢ © and v,,'(x,) 2 0, then

" (x,) depends onlv on the value £; taken by x, at p; ; for, if V,,'(l, —x) >0,
then we have o (&, — @,) = 0. Set w**(2,) = A, o(&). Then )\,,(,, is a linear func-
tion on Z; (regarded as a vector space over K). Denote by =¥ the set of lincar
functions on ¥, , and form the vector space ][ =¥, pwdmt of the vector
spaces =¥ (1 £ ¢ = h). If we assign to every w € © the element A(w) =

(M, " * 5 M) of this direet product, we obtain a linear mapping A of D into
h L ZE. If w e, we have 0 = w(l) = Z':_,l W) = D N u(1); thus A
maps D into the subspace P of [[2¥ composed of the clements (A, =+, )

such that ZLl (1) = 0.If A;, = 0, then we have o”*(x,) = O for every z; e
which is integral at p;, i.e., p; is not a pole of w. It follows immediately that the
kernel of the mapping A is the space of differentials of the first kind of R. This
kernel is of dimension ¢, and A(D) is therefore of dimension

(Z’:-l d(p.) + g — 1) —g= Z’:—l d(p,) — 1.
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But J]%., =¥ is of dimension Z’:'-l d(p;), and therefore P of dimension
b d(p;) — 1. It follows that A(D) = P, which proves Lemma 1.

THEOREM 4. Let p,, -+, ps be a finite number of distinct places of a field R
of algebraic functions of one variable. Let there be given for each 1 (1 S 1 £ k)
an elemen p; belonging to the field Z;, of elements of the residue field of p; which are
separable over the field of constants K of R. Assume that Y imy Spz;. . xpi = O.
Then there exists a differential w of R which is =0 (mod (p, - -+ pu)™) such that
res,,0 = p,(l S 7 S h).

For each 7 we can construct a linear mapping u; of the residue field Z; of p;
into K which extends the mapping & — Sps; ,/xéip: of Z;, into K. Then we have
D i1 #i(1) = 0. Let w be a differential which satisfies the conditions of Lemma, 1
relative to these linear functions u; . If £ € £,;,, denote by 2; an element of R
which takes the value £ at p; and by ; the element of the p,-adic completion
of R which belongs to the residue class ¢; modulo p; and which is algebraic over K.
Then »,,(; — z;) > 0, whence, since »,,(w) 2 —1, v**(&; — z,) = 0 and there-
fore sz‘.,/xsi(l'es,‘w) = w""(?,-) = w"(x.-) = ﬂi(Ei) = sz;_,/xfipi . This being
true for every £, ¢ Z,,, , we have res,.w = p; by Lemma 1.

A differential w of a field of algebraic functions of one variable of character-
istic 0 is said to be of the second kind if its residues are all equal to 0. It is clear
that any differential of the first kind is also of the second kind.

LemMA 3. Let R be a field of algebraic functions of one variable of characteristic
0, and let a = T,0°™ be an integral divisor of R. Set a*(p) = max {0, a(p) —
1}. Then the differentials of the second kind of R which are =0 (mod a™) form a
vector space over the field of constants K of R, and the dimension of this space is
Da*(p) d(p) + g, where g is the genus of R.

This is obvious if a is the unit divisor. Assume from now on that a is not
the unit divisor. Then no element 0 of R is =0 (mod a), and it follows from
the theorem of Riemann-Roch that the dimension of the space D of differentials
which are =0 (mod a™*) is d(a) + ¢ — 1. Let py, -+, s be the distinct places
for which a(p) = 0, and let Z; be the residue field of p;. If we assign to every

w ¢ D the element (res,, w, -+, res,, ) of the product [[}— =i, we obtain
a linear mapping P of D into [ =:. It follows from Theorem 4 that P(D)
is the space of elements (py , - - - , p) of [[?=1 =: such that > it Spzyx pi = 0;

this space is clearly of dimension Z'J..l d(p.) — 1. The space of differentials of
the second kind which are multiples of a™ is the kernel of the mapping P; the
dimension of this space is therefore d(a) + ¢ — 1 — (Q_taid(p:) — 1), and
this is easily seen to be equal to () d(p) + ¢.



CHAPTER IV

EXTENSIONS OF FIELDS OF ALGEBRAIC FUNCTIONS
OF ONE VARIABLE

§1. THE RELATIVE DEGREE AND THE RAMIFICATION INDEX

We shall consider in this chapter pairs (R, S) of fields of algebraic functions of
one variable such that R is a subfield of S. We shall always tacitly assume that
the field of constants K of R is contained in the field of constants L of S and that
any element of R which s transcendental over K s also transcendcntal over L.
This can also be expressed by saying that K = L N R.

Let B be a place of S, and let O be the ring of the place R. If O contains R,
then we say that P is a variable place (with respect to R); if not, then we say
that P is a fixed place (with respect to R). In the latter case, the intersection
O N R = o is obviously a V-ring in R which contains K; it determines a place
p of R, of which we say that it lies below P, or that P lies above it. If S is alge-
braic over R, then every place of S is fixed with respect to R. For, in this case,
every element of S is algebraic and therefore also (since R is a field) integral
over R;if R would be contained in £, then every element of S would be integral
over L, which is impossible since O is integrally closed in S (c¢f. I, §2). On the
contrary, if S is transcendental over R (which can happen only if L is tran-
scendental over K), then it is easily seen that there always exist places of S
which are variable with respect to E.

Assume that the place P of S lies above the place p of R. The values taken by
the order function vg at P on the multiplicative group of elements 0 in £ form
a subgroup of the additive group of integers, and this subgroup contains num-
bers 0. It follows that the subgroup in question consists of all multiples of
some integer ¢ > 0, which is uniquely determined by this condition. The num-
ber ¢ is called the ramification index of P with respect to p (or with respect to R);
if g > 1, then we say that P is ramefied with respect to R, if not that it is un-
ramified. If no place of S lying above p is ramified with respeet to R, then we
say that p is unramified in S.

In the general case, it is clear that

ve(r) = evy(x) for every x # 0 in R.

On the other hand, since the intersection of P with the ring o of the place p is p,
we may identify the residue field =, = o/p of p with a subfield of the residue
field =g = O/P of P. If Z¢ is algebraic of finite degree over =, , then we say
that [Zg:3,] is the relative degree of P with respect to p (or with respect to E);
if not, then we say that P is of infinite relative degree with respect to R.

51
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TuEOREM 1. Let R and S be fields of algebraic functions of one variable such that
S contains R as a subfield. If p is a place of R, then there exists at least one place
of S which lies above p, and there exist only a finite number of such places, say
PBi, -, Bu. If S is of finite degree over R, the relative degrees dy, -~ , di of
B, -+, Pu are finite, and we have [S:R] = Z’.’_x d.e; , where e; is the ramification
index of PB; with respect to R.

First we prove

Lemma 1. If p is o place of R, there exisls an element x of R which has p as
its only zero.

Denote by g the genus of R and by d the degree of p. Then we have, by Rie-
mann’s theorem, I(p™*) = d(g + 1) — g + 1.2 2, which means that there
exists a non constant element y of R which is = 0 (mod p°"); the element
z = y " then has p as its only zero.

Lemma 2. Let K, L, and T be subfields of some field; assume that K 1is contained
in L and T and that L is of finite degree over K. Let {\, -+ -, An} be a base of
L over K; then every element of T(L) can be expressed as a linear combination of
M, -, Am with coefficients in T, whence [T(L):T] < [L:K].

Let U be the set of linear combinations of A; , - -+ , Am With coefficients in T'.
It is clear that the products A\; (1 S 4,7 S m) belong to U and therefore that
U is a ring. We have L C U, whence 1 ¢ U, and T C U. If w is an element 50
in U, the mapping u — wu of U into itself is linear (when U is considered as
a vector space over T') and does not map any » » 0 upon 0. Since U is of finite
dimension over T, our mapping maps U onto itself; since 1 ¢ U, we have uteU,
and U is a-field. Since U contains T and L, we have U = T{L).

LemMa 3. Let L be an overfield of a field K, and let x be an element of an over-
field of L which is transcendental over L. In order for L{x) to be of finite degree
over K(), it is necessary and sufficient that L be of finite degree over K of this
condition is satisfied, we have [L(x): K(z)] = [L:K].

If L is of finite degree over K, then it follows from Lemma 2 that L{z) is of
finite degree over K(x) and that [L(z):K(z)] S [L:K]. Now, assume that L{x)
is of finite degree over K{(z). Let \;, -+ , A» be elements of L which are linearly
independent over K; then they are also linearly independent over K(z). In
fact, assume that Y mq N, = 0, r; ¢ K(z). We can find a ¢ # 0 in K[z] such
that the elements p; = ¢r(1 < 7 < m) are in K[r]. Writing that the coefficients
of the polynomial Y . A.p; are all zero, and remembering that A, -~ , An
are linearly independent over K, we see immediately that p; = 0 (1 = ¢ = m),
which proves our assertion. It follows that [L:K] is finite and at most equal to
[L{z): K(z)]. Lemma 3 is thereby proved.

We can now prove Theorem 1. We denote by K and L the fields of constants
of B and S respectively, and we take an element z ¢ R which has p as its only



THE CASE OF NORMAL ALGEBRAIC EXTENSIONS 33

zero. Then z, which is in R and transcendental over K, is not in L, which proves
that 2 has at least one zero P in S. If O is the ring of P, then O does not con-
tain z7'; it follows that © N R is the ring of a place of R which contains z.
This place must be p, and P lies above p. Conversely, any place of S which
lies above p is a zero of x, which proves that there are only a finite number of
such places. Assume now that S is of finite degree over R. Since S is of finite
degree over L{z) and R over K(z), it follows easily that L(z) is of finite degree
over K(x), and therefore that L is of finite degree over K and that [I{z): K(x)] =
[L:K]. If @ = vy(x), the divisor of zeros of x in S is P - - Pp™*. Making use
of Theorem 4, I, §8, we have [S:L(z)] = D tu1 ac,[O./B.:L], where O; is the
ring of P;. Since [L(x):K(zx)] = [L:K], it follows that [S:K(x)] =
aZ?-l e/ Bi:K|. Since D;/P. is of finite degree over K, it is also of finite
degree f; over o/p, and we have [S:R][R:K(x)] = alo/p:K]D i1 eifi . Applying
the theorem quoted above to R instead of S, we obtain [R:K(z)] = a[o/p:K].
Theorem 1 is thereby proved.

LeMMA 4. Let R, S, and T be fields of algebraic functions of one variable; assume
that R is a subfield of S and S of T. Let B be a place of T which vs fired with respect
to R; then P is fixed with respect to S. If p is the place of S which lies below P,
p s fized with respect to R and the ramification index of P with respect to R s the
product of its ramification index with respect to S by the ramification index of p
with respect to R. If T 1is of finite degree over R, the relative degree of B with respect
to R s the product of its relative degree with respect to S by the relative degree of p
with respect to R.

It is obvious that P is fixed with respect to S and that p is fixed with respect
to R. Let g be the place of R which lies below P, and let « be a uniformizing
variable at q in R. Then ey = »,(x) is the ramification degree of p with respect
to R, while the ramification index of P with respect to R is »g(x) = eny(x),
where e is the ramification index of P with respect to S. Let Z(q), Z(p), and
=(PB) be the residue fields of g, p, and P respectively. Then we have Z(q) C
Z(p) C Z(PB), and, if T is of finite degree over R, we may write [Z(PB):Z(a)] =
[Z(B):=(0)][Z(p):Z(q)]. Lemma 4 is thereby proved.

§2. THE CASE OF NORMAL ALGEBRAIC EXTENSIONS

Let R and S be fields of algebraic functions of one variable such that S con-
tains R as a subfield. If ¢ is an isomorphism of S with a field " which maps
every element of R upon itself, S’ may be considered as a field of algebraic func-
tions of one variable, whose field of constants is the image under o of the field
of constants of S. It is clear that, if B is a place of S, then o is a place of §’,
and that ¢ defines an isomorphism of the residue field of PB with the residue field
of ¢, and also an isomorphism of the P-adic completion of S with the ¢$-adic
completion of §’. If z is an element of S, we have vop(ox) = wy(x). If P is fixed
with respect to R, the same is true of ¢, and ¢ lies above the same place of
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R as P; the ramification index of ¢ with respect to R is the same as that of
PB. If S is of finite degree over R, then the relative degree of ¢ with respect
to R is equal to that of P.

When places P and ¢B lie in the relation described above, then we say that
oP is conjugate to P with respect to R. In particular, the places of the ficld S
itself which are conjugate to P are those deduced from P by the automorphisms
of S which leave the elements of R fixed.

THEOREM 2. Let R and S be fields of algebraic functions of one variable such that
S contains R as a subfield and is algebraic and normal over R. Then the places of
S which lie above a given place p of R are all conjugate to each other.

Let PB1, -+, Br be these places. Then we can find an element z of S such
that vg,(z2) > 0, vg,(z) = 0 for ¢ > 1 (Theorem 3, I, §6). Let S’ be the field
generated by adjunction to R of z and of its conjugates with respect to R; then
S’ is algebraic, normal, and of finite degree over R. Let o1, - - - , o1, be the dis-
tinet automorphisms of S’ over R; then it is well known that each oy can be
extended to an automorphism ¢; of 8. On the other hand, we know that the
relative norm Ns//zz of z from S’ to R can be written in the form z = [[i; (o:2)¢
where ¢ is some exponent >0. We have v,,g,(0s2) > 0, but g, (02) = 0
if B; # 01 Py . This shows that vg,(s42) = 0 for all k’s; since z is one of the ele-
ments o2, we have vg, (z) > 0, whence v,(x) > 0 and vy, () > Ofor1 £ ¢ < h.
From this and from what we have seen above, it follows immediately that each
P must occur among the places oxB; . Theorem 2 is thereby proved.

§3. INTEGRAL BASES

Let R and S be fields of algebraic functions of one variable, of which we assume
that S contains B as a subfield and is of finite degree over R. Let p be a place
of B, and let Py, - - -, Bu be the places of S which lic above p. We shall consider
the following rings: 1) o, the ring of the place p; 2) t, the ring of elements of R
which do not have any pole outside {p}; 3) O, the intersection of the rings of
the places By, -+, Pa; O is therefore the ring of elements of S which do not
have any of the places Bi, ---, Bu as a pole; 4) N, the ring of clements of S
which do not have any pole outside the set {P;, - -+, Pu}. It is clear that o N ¢
is the field of constants of R, while © N N is the field of constants of S. Morcover,
wehave DN R =p0and RN R = .

Let {y1, ---, yn} be a base of S with respect to R. Then any y ¢ S can be
expressed in the form Z?—x r.y:, 2 ¢ . We propose to investigate the proper-
ties of the coefficients ay, - - - , ¥, when y is assumed to belong to either 3 or O.

LemMA 1. There cxists an element w = 0 in R, which depends only on p and
on the base {y1, -~ -, ya}, which has the following property: if y = D iu Ziys
(with x; e R, 1 < ¢ < n) ts any element of N, then uzx, e t (1 £ 7 < n).

Let K and L be the fields of constants of R and S respectively, and let z be an
element of I which admits p as its only zero (Lemma 1, §1). Then it follows from
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Lemma 3, I, §8 that there exists a finite subset {w;, ---, wy} of R such that
R = D2, Lz "lw, . Since S is of finite degree over R, I(x) is of finite degree
over K(z) and L is of finite degree over K (Lemma 3, §1). If {A;, -+, A} is
a base of L over K, every element of L[z™] can be expressed as a linear combina-
tionof Ay, - - -, A, with coefficients in K[z"], whence ¢ = > ‘i >0, K[z ' \w, .
Set hw, = D n @niYf. , Qi € B, and let qu, -+, q. be all places of R which
are poles of at least one of the coefficients a,,;. Set miy = min, , ;v (an:); the
degree of the divisor p"]]f.. ¢i* increasing indefinitely with m, it follows from
Riemann’s theorem that, for m large enough, there exists an element u = 0
of R which is =0 (mod p™"]Iii gi™). We then have uan,: e t (1 < 7 < ¢
1 v = N,1 =15 n);since K[z7'] C 1, it follows immediately that u has
the property required in Lemma 1.

Lemma 2. There exists an element v % 0 in R, which depends only on p and
on the base {yi,---, yn}, which has the following property: if y =
Doiazy: (xieR, 1 < i < n)is any element of O, then vx; € o 1 =7 =5n).

Let p* be a place of R different from p; let t* and R* be the rings constructed
with respect to p* in the same way as r and 3R have been constructed with respect
to p. Let y be an element of ©; we shall prove the existence of a unit ¢ in o such
that ty e R*. Let T, ---, O, be those poles of y which lie above places of R
distinet from p* (if any), and let g, be the place of R below Q, . We can find
for each p an integer m, Z 0 such that the conditions £ € R, v,,(£) = m, imply
vg,(8y) = 0. Tet u be an integer >0; if £ is an element of R which
is = 0 (mod p**] ;- aJ'*), then it is clear that fy € R*. Now, we shall take u
to be so large that d(p*] ;=1 a;™) = 29 — 2 + d(p), where g is the genus of R.
Then the dimension I, of the space = of elements of R which are =0 (mod
p* [ [om a0 is d*[];-10,™) — ¢ + 1, while the dimension l,: of the
space = of elements of R which are =0 (mod pp* *[[;=: a7) is L, — d(p).
It follows that = then contains an element £ not contained in =’. We have ¢y ¢ R*;
on the other hand, since y € O, the places q, are =y, and, since £ ¢ Z’, we have
vy(£) = 0, and £ is a unit in o.

Now we determine an element u* £ 0 of R which satisfics with respect to p*
(and to the base {y1, - -+, y»}) the same condition as the element u of Lemma 1
with respect to p. If y = D iz, € O (with x; ¢ R, 1 < 7 < n), then we have
fu*z; e t¥ (1 = 17 £ n), and, a fortiori, Eu*x; € 0. Since £ is a unit in o, we see
that v = u* satisfies the condition of Lemma 2.

Morcover, we see that, the base {y1, -- -, y»] and the place p* being kept
fixed, the element » may be taken the same for all places p # p*. Now, there
are only a finite number of places p of R which fail to satisfy simultaneously
all the following conditions: 1) p # p*; 2) va(y:) = 0(1 £ ¢ = n) for all places
P of S which lie above p; 3) v,(u*) = 0. Let us say that the base {y1, -+, ¥}
is an integral base at the place p if the following conditions are satisfied: 1) each
. belongs to the intersection O of the rings of the places of S which lie above p;
2)ify = Dfi2y. (v eR, 1 £ ¢ = n)is any element of O, then 2, --- , xa
belong to the ring of the place p. Then we see that we have proved
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LemMa 3. Any base of S with respect to R vs an integral base at almost all places
of R.

Now we prove

THEOREM 3. Let R and S be fields of algebraic functions of one variable such that
S is an overfield of finite degree of R. If p vs any place of R, then there exists a
base of S with respect to R which is integral at p.

Denote by o the ring of p, by O the intersection of the rings of the places of S
which lie above p, and by {yl' y y:,} any base of S with respectto B. If 1 =
m =< n, let M,, be the set of elements of O which are linear combinations
of yi,--+, yn with coefficients in R. If y € Mn, set y = D i,
ui e R (1 £ 7 < m); then it follows immediately from Lemma 2 that the numbers
v,(1y) for all y € M, have a finite lower bound. If ¢ is any element of R such that
vo(t) > 0, then ¢ y,',. ¢ Mn for u large enough, which shows that there exist ele-
ments y € M, for which um # 0. Let — gm be the smallest of the numbers V()
for all y € Mn, and let ym = D 1= Ui myi be an element of M, such that

v,(u,’,.,m) = —@m . Since U 7 0, it is clear that the elements 3, - -+ , y» form
a base of § with respect to R. Since yn € Mm, ¥1, -+, Y belong to O, and
the same is true of the linear combinations of 3, , - - - , y. With coefficients in o.

Let conversely y = 7= uy: be any element of O, with u, e R (1 S ¢ < n).
We shall see that u; e 0 (1 < ¢ < n). In fact, assume for a moment that u, ¢ o
for ¢ > m, but that um ¢ 0. Set ¥’ = y — J_i>m uy;: ; then y’ belongs to O,
and therefore also to My , sincey; , - - - , ym are linear combinations of 1 , - - - , Y
with coefficients in R. If we set y = D 7 uiy: , we have Up = Unmlis.m , Whence
vy (Um) = —gm + vp(Um) < —gm, which is impossible. Theorem 3 is thereby
proved.

Let {#, ---, ¥} be a base of S with respect to R which is integral at a place
p of R. Let O be the intersection of the rings of the places of S which lie above p,
and let y be any element of ©. Since yy; € O, we have yy, = _ j=1 a.;y,, Where
the elements a;; belong to the ring o of p. The characteristic polynomial F(X)
of y with respect to R is the determinant of the matrix XE — (a;;), where E
is the unit matrix of degree n; the coefficients of F(X) belong therefore to o.
In particular, we see that the trace and the norm of y, taken from S to R, belong
to o, and that y is integral with respect to o. Conversely, any element of S
which is integral with respect to o belongs to O, as follows from the fact that
the ring of any place is integrally closed (I, §2). Thus we have proved

LEMMA 4. Let p be a place of a field R of algebraic functions of one variable, and
let S be an overfield of R which is of finite degree over R. Then the ring O, inter-
section of the rings of the places of S which lie above v, s also the ring of elements
of S which are integral over the ring o of p. If y € O, the coefficients of the char-
acteristic polynomial of y with respect to R belong to o.

Now we prove



KRONECKER PRODUCTS OF COMMUTATIVE ALGEBRAS 57

Lemma 5. Let the nolation be as in Lemma 4, and let {y,, -+ - , y.} be a base
of S with respect to R which is intcgral at y. Let B be a place of S which lies above p,
and let 1/, be the residue class of y; modulo P (1 £ 7 £ n). Then every element of
the residue field of B can be written as a linear combination of yY | - , y¥ with
coefficients in the residue field of p.

Let #* be an element of the residue field of P, and let n, be an element of S
belonging to the class #*. Let B = B, Ba, -+ -, B be all the distinet places of S
lying above p. Making use of Theorem 3, I, §6, we sce that there exists an 7 ¢ S
such that ve(n — n0) > 0, vy, (n) Z 0 (2 = ¢ = h). Then 4 belongs to O, whence
n = Z‘-l 2.y, with x, e 0 (1 £ 7 £ n). If 27 is the value taken by z; at p, we
have n* = 3 ialyl.

§4. KRONECKER PRODUCTS OF COMMUTATIVE ALGEBRAS

Let € and M be commutative algebras (of finite or infinite dimensions) over
a flield K. We shall associate with ¥ and ¢ a commutative algebra € ® M over
K which will have the following properties:

1) to every pair (z, y) formed of an x € & and a y ¢ IN there is associated an
element 2y €  ® M, and we have (z + 2")y = 2y + 2y, 2y + ¥') = zy + ay/,
(xz")(yy') = (zy)@'y'), (ax)y = z(ay) = a(zy) (where z, ' are any elements
of & y, ¥y’ are any elements of M, and « is any element of K);

2) every element of & ® I can be written as a finite sum of elements of the
form a2y, v € &, y ¢ M;

3) if @1, ---, xm are elements of & which are linearly independent over K,
and y1, - -+, ya elements of M which are linearly independent over K, then the
elements xy; (1 =1 = m,1 < j < n) are linearly independent over K.

To prove that there exists an algebra with these properties, we select bases
(£a)aes and (ns)ses of € and M respectively (A and B being sets of indices which
may be finite or infinite). We introduce a sct of symbols {. s indexed by means
of the pairs (a, 8) € A X B, and we form the vector space of all formal linear
combinations Z.sl.s«s Of these symbols with coefficients a.s ¢ K (it being
understood that, in any such linear combination, there are only a finite number
of pairs (a, B8) for which aus # 0). If £ = Zaeucaba e L and y = Zgepdams ¢ M,
we define zy to be ZqgCadstas ; then the conditions stated under 1) and 2)
are satisfied, except the condition (x2')(yy’) = (xy)(x'y’), which involves the
multiplication in € ® I, which has not been defined yet. Let us now check
that 3) is satisfied. We can express 2;, - -+, Z. as linear combinations of a
finite number of the £.'s, say of &4, , - -+, £a, . We have p = m and, by adjoin-
ingtox;, -+, Zm p — m suitably selected elements £,, , we obtain p elements
Z, -+, xp, which span the same subspace of € as £, , -+, £, . Similarly,
we can adjoin to 1, -, Y & certain number of elements ynr1, -+, y, of
the base (ns)jes such that ui, -+, y, form a base of a subspace of MM which
has also a base composed of ¢ elements ns, , - -, n3, of the base (n3)ges . The
elements z,; (1 £ ¢ < p, 1 £ £ ¢) are linear combinations of the elements
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$aip; (1 £ 7 £ p,1 £ 5 £ ¢ and conversely, from which it follows that these
elements are linearly independent over K.

To define a bilinear multiplication in our vector space, it is sufficient to define
the products of the basic elements {os. We set {aparsr = (Eakar)(mmpr); it is
easy to see that the multiplication defined in this way is associative and com-
mutative, and that it defines a structure of algebra on our vector space. The
formula (zz')(yy’) = (xy)(z’y’) holds whenever z and z’ are among the &.’s
and y and y’ among the 74’s; by making use of the linearity, it is easy to check
that our formula is generally valid.

Thus we have proved the existence of an algebra & ® I with the required
properties. Furthermore, the structure of @ ® M is uniquely determined by the
conditions 1), 2), and 3). In fact, using the bases (£4)acs and (n3)ses , it follows
from 1) and 2) that every element of § ® I is a linear combination of the
products £.7ms ; making use of 3), we see that these products form a base of
L ® M. In virtue of 1), we see that (§ans)(£arns’) = (§atar)(nsms-), which shows
that the multiplication in € ® M is uniquely determined.

The algebra € ® M is called the Kronecker product of € and M. It is clear
that, if € and I’ are subalgebras of € and M respectively, then ¢ ® N is
a subalgebra of § @ M.

From now on, we shall assume that € and IR have unit elements 1g and 1p
respectively. Then it is clear that l¢lg is the unit element of  ® IN. Moreover
the elements x1m (z ¢ ) form a subalgebra of € ® I isomorphic with €; we
shall identify this subalgebra with  itself. Similarly, we shall treat M as a
subalgebra of & ® .

If € = L is a field, then the fact that L is a subalgebra of L ® I (and that
the unit element of L is also the unit element of L ® M) shows that we may
consider the elements of L ® I as forming an algebra over L. This algebra will
be denoted by M. , and we shall say that it is the algebra deduced from I by
extending the basic field from K to L. Any base (n3)ses of I with respect to K
is also a base of M, with respect to L. For, first it is clear that every element of
My can be written as a linear combination of the elements s with coefficients
in L. On the other hand, assume that Zg.p25m5 = 0, the x5’s being elements of L
of which only a finite number are 0. If (£4)ae4 is a base of L with respect to K,
we may write each x5 in the form Z...Caste , Cap € K, and we have Z,sCa5am5 = 0,
whence cos = 0 for all o’s and §’s, and therefore 3 = 0 for every 3.

If L’ is a subfield of L containing K, M, is an algebra over L/, and it follows
immediately from what was said above that I, = (M ..) . is the algebra deduced
from M. by extending the basic field from L’ to L.

We shall be mainly interested in the case where § = L and It = M are both
fields. It may then happen that L and M are both subfields of some field Q.
In that case, there arises a difficulty in the notation, because expressions such
as ¥ 4+ y or zy (where x ¢ L, y ¢ M) do not have the same meaning according
as to whether we consider the operations of addition and multiplication as per-
formed in L ® M or in Q. Whenever confusions are possible, we shall endeavour
to clarify the situation by giving supplementary indications in the context.
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Lemma 1. Let L and M be overfields of a field K. Assume that we are gtven iso-
morphisms \ and u of L and M respectively with subfields of an overfield Q of K,
and that each of N and u maps every element of K upon itself. Then there cxists a
homomorphism ¢ of L ® M into Q@ which coincides with X on L and with u on M ;
o(L ® M) 1is the subring of Q generated by N(L) and u(M).

Let (£a)aca and (ms)ses be bases of L and M respectively with respect to K.
Then the products £ans form a base of L ® M. We can detine a lincar mapping
¢ of L ® M into @ which assigns Lo £.ns the element A(£a)u(ns) of 2. We may
assume that the unit element of L is one of the elements ., say £.,, and that
the unit element of A is onc of the elements 54, say 73, . Since £, = Ealig »
18 = g3, We see that ¢ coincides with A on L and with x on M. It follows
immediately from our definition of the multiplication in L ® M that ¢ is a
homomorphism of the structure of algebra of L ® M into that of Q. The image
e(L ® M) is therefore a subring of Q; it is obviously the ring generated by
ML) and p(D1).

§5. EXTENSION OF THE P-ADIC COMPLETION

Let R and S be fields of algebraic functions of one variable such that S is an
overfield of R (with the usual assumptions on the fields of constants; cf. §1).
Denote by v a place of B and by P a place of S which lies above p. Let B be
the p-adic completion of R and S the P-adic completion of S. If an element
@ e R is the limit of a sequence (u.) of elements of R, then the sequence (),
considered as a sequence of elements of S, converges to an element of §. For,
if e is the ramification index of P with respect to R, the number vg(tp1y — u,) =
evy(Uny1 — U,) increases indefinitely with n. Moreover, if 4% is the limit of an-
other sequence (u,) of elements of R, then vg(un — u,) = evy(Un — u,) increases
indefinitely with n, which proves that the sequences (u,) and (u,) have the
same limit in S. If we assign this limit to @, we obtain a mapping of & into S
which maps every element of R upon itself. We see immediately that this map-
ping is a ring homomorphism. Since R is a field, our mapping is actually an
isomorphism. We shall often identify R with its image under the isomorphism
which we have just defined; i.e. we shall treat R as a subfield of S.

From now on, we shall assume that S is of finite degree over R. We shall denote
by B, - -+, Bx the distinet places of S which lie above p, and by Sy the Pr-adic
completion of S (1 £ N = h). We construct the product [%: S ; this is an al-
gebra over B whose elements are the h-uples (51, - - - , ya) withyx e S\ (1 S X S h)
and in which the operations are defined by the formulas

‘(yly ,yh)+(21,"' :zh) = (y1+21, "',yh+zh),
Wy ooy, ey 2m) = (zr, =+, yn2a),
x(yl’ e ’y’l) = (xy17 s )xy’l)

(whereyr , 2 e S\, 1 S A< h,andz ¢ R).
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THEOREM 4. Let R and S be fields of algebraic functions of one variable such that
8 s an overfield of finite degree of R. Let p be a place of R, R the y-adic completion
of R, and B, --- , B the distinct places of S which lie above p. Then the product
of the Pr-adic completions of S (1 = N = h) is an algebra over B which is tsomorphic
with the algebra Sg deduced from S (considered as an algebra over R) by extending
the basic field from R to R.

We shall construct a homomorphism ® of Sz into Hﬁ_l S\ and a mapping
¥ of J]i=: S into Sz, and we shall prove that ®¥ is the identity mapping of
ITa: S) into itself, while ¥® is the identity mapping of Sz into itself.

Each S, contains the fields S and R; it follows from Lemma 1, §4 that there
exists a homomorphism &, of Sg into S, which maps every element of either S

or R upon itself. If we set ®(u) = (®,(u), e , ®n(w)) (for u e Sg), we clearly
obtain a homomorphism @ of Sz into [} Sy .
Let (41, --- , ys) be any element of [Jiuy Sy. If m is any integer > 0, we

can find for each A (1 £ X =< h) an element y,',._)\ ¢ S such that
v, (I — Yma) = mex

(where ey is the ramification index of P, with respect to R). By Theorem 3, I, §6,
we can find a yn € S such that ve,(ym — ymn) = men (1 £ X = k). It follows
that

¢9) o (h — Ym) Z mer (1 =xEh),
whence '
@) v9, (Yms1 — Ym) 2 mer (1 =X\ =h).

Now we introduce a base {z;, --- , z,} of S with respect to R which we assume
to be integral at p. Let ¢ be a uniformizing variable at p in R. Write

n
’
Ym = D TimZi,  Tim € R;

=]
it follows from (2) that vg, ("™ (yms1 — ¥-)) = 0, whence, since the base

{21, e ,2’,.}

—m

is integral at p, v,(( " (@1, m41 — Zom)) = 0 and therefore vy(T, mi1 — Tim) = m.
We conclude that each of the sequences (2.m)1gm<w converges to an z; in R.
Moreover, these elements @, do not depend on the way in which we sclect the ap-
proximating elements y,, , provided the conditions (2) are satisfied. For, if
(y») is another sequence of elements of S such that ve,(n — ) Z me (1 =
A = h), then we have vy, (ys — ym) = mor, and, if we set ym = D omy Tin2i s
then the same argument as above shows that v,(xfm — Zwm) = m, whence
lim,wr*,,, = r,. Thus we can define a mapping ¥ of [[1a Ss into Sz by the
formula Wy, , -, 4n) = D imi X2 .

The image of an element Y7 .2, of Sg (2; ¢ R, 1 < % < n) by the homo-
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morphism & of Sg into S, is the element of Sy which is represented by the same
expression /= Z:z; , but in which the operations of addition and multiplication
are now assumed to be performed in S, .

Since vy, (z: — Tim) Z Mmer, v,(2:) 2 0, We have vg, BT (Y1, -+, yn) — yo) =
mex . Comparing with (1), we see that &:¥(y1, -+ , ya) = » (1 £ X\ S h), which
means that the mapping ¥ is the identity mapping of ]Jr.; S onto itself.

. Let z;, -+ -, , be any elements of R. For each integer m > 0, let

xlm, s Tam

be elements of R such that v,(z; — 2i») = m (1 £ ¢ < n), and set

Ym = Zl Tom?i .
Then, for each \, we have vq, (y,',,+1 — ym) = mor, which shows that the sequence
(y,',.) converges in S, to some %, , and that Y = DI z,2;, the operations being
performed in Sy. If u = D 7, 2:2; (operations performed in Sg), then ®(u) =
(y1, -+, yn), and ¥®(u) = u. This proves that ¥® is the identity mapping of
Sz onto itself.

It follows that ® is a one to one mapping of Sg onto [ [r-1 Sx . Since we know
already that @ is a homomorphism, we see that @ is actually an isomorphism.
Theorem 4 is thereby proved.

Remarxk. Call dntegral an element (1, --- , ys) of Hi‘_l S\ when, for each
X, t is integral in S, . Using the notation of the proof of Theorem 4, we see that
the elements y,, of S are then integral at each place P ; the coefficients x;n are
therefore integral at p, and so are their limits x, . Thus we see that the iso-
morphism which we have established between Sg and | [r-1 Sy has the property that
the inlegral elements of [ [n1 S are those which correspond to the linear combina-
tions of the clements of a base of S with respect to R which is integral at p with co-
efficients which are integral in R.

It follows in particular from Theorem 4 that each S, is of finite degree n\ over
R, and that Z;‘_l nm = n = [S:R]. Let ex and f\ be the ramification index and
the relative degree of P, with respect to R. Then we know (Theorem 1, §1) that
> rxaafh = n. We shall prove that n is in fact equal to ef .

Tueorem 5. Let R and S be fields of algebraic functions of one variable; assume
that S is an overfield of finite degree of R. Denote by v a place of R, by B a place of S
which lies above v, by R the p-adic completion of R, by S the P-adic completion of S,
by ¢ and f respectively the ramification index and the relative degree of B with respect
to R, by Z(p) and =(P) the residue fields of p and P respectively. Let vy, -+ -, vy be
inlegral elements of S whose residuc classes modulo B form a base of (P) with
respect to =(p), and let u be an element of S such that vg(u) = 1. Then the cf elements
u; (02ise—1,12 j = 1) form a basc of S with respect to R, and every in-
tegral clement of S can be written in the form Y _ig O ey Xou'v, with coefficients
x;, which are integral clements of It.
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We shall prove that, if the z;;’s are elements of E such that

e—1 f .
m(Z > xff“'”i) Z em,

=0 j=1

smallest of the numbers »,(x.;); we may assume that my = v,(zi,;) and that
() > moif 1 < 4,1 £ j = f. Let t be a uniformizing variable at p in
R. Then the elements ¢t ™x,,; (1 < j < f) are integral in R. Let £, be the
residue class of ™™z;,; modulo p; since the residue classes vy , - -+ , vy of v, -+ - ,
vs form a base of Z(P) with respect to =(p), and £;, # 0, we have D _fu, £ = 0,
whence vo(D o ™2, 0,) = 0 and

il .
3) vp (Z Tipi u'° v,-) = 7 + moe.
=1

where m is an integer = 0, then wy(z:;) = m for all 7 and j. Let mg be the

If i <4, we have

4) (@iu'n;) = i+ evy(@iy) Z 1+ elmo + 1) > 1o + mge
because i + e = ¢ > 4. If ¢ > 4, we have

() w(Tu'y) Z 5+ mee > G + moe.

Comparing (3), (4), and (5), we obtain »g(D_ims >ia :c;,u‘v,—) = 1y + mee = me.
Since 7y < e, it follows that me = m.

In particular, if 35:25 D2/ @i,u'v; = 0, wemust have z;; =0 (0 < < e — 1,
1 = j = f). This proves that the ef elements u'v; are linearly independent over
R, whence [S:R] 2 ¢f. Now let B, = P, - -+, Bs be all the distinct places of S
which lie above p, and let ex and f, be respectively the ramification index and
the relative degree of Py with respect to R. If Sy is the Pr-adic completion of S,
we have just proved that [S\:R] = exfs . On the other hand, we know from Theo-
rem 4 that D a [S:R] = [S:R] = > a1 afs (Theorem 1, §1); it follows that
[S\:R] = afi for 1 £ N £ h, and, in particular, [S:R] = ef. The ¢f elements
u'v; , which are linearly independent over R, form a base of S with respect to &.
Applying the result which was established at the beginning of this proof to the
case where m = 0, we see that our base has the property stated at the end of
Theorem 5.

CoroLLARY 1. The notation being as in Theorem 5, the characteristic polynomial
with respect to R of an integral element of S has its coefficients in the ring of integral
elements of R.

Let y be an integral element of S, and let z;, - - , z; be the elements wiv;
arranged in some order (with 7 = ef). Then we have yz; = E}_‘.1 ni;2; with ele-
ments n;, which are integral in R. The characteristic polynomial F(X) of y with
respect to K being the determinant of the matrix XE — (n:;), where E is the
unit matrix of degree n, the corollary 1 is established.
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CoROLLARY 2. If y is an element %0 of S, then we have vo(Ngry) = fra(y).

It follows from Corollary 1 that the norm (from S to R) of an integral element
of 8 is integral in B, from which we conclude that the norm of any unit in the
ring of integral elements of S is a unit in the ring of integral elements of E.
Now, we may write y = wu”, where w is a unit in the ring of integral elements
of S and m = w(y). It follows that »,(Ngsy) = ave(y), where a = vy(Ng/ru)
does not depend on y. Take for y an element ¢ of R such that »,(f) = 1; then
Nyt = 1/, whence ef = avg(t) = ae, and therefore a = I

CoroLLARY 3. The notation being as in Theorem 4, we have S = R(S).

This follows immediately from the fact that the elements u, v,, --- , v, of §
may be taken in S.

This being said, let us return to the notation of Theorem 4. Let y be any
element of Sz ; then the mapping z — yz is an endomorphism of the structure of
vector space of Sz over R. Let us for a moment identify the algebra Sz with
the algebra ] [3—1 S\ by means of the isomorphism which was constructed in the
proof of Theorem 4. For each X, let {zin, - -+ , z.a} be a base of S, with respect
to R; denote by zi, the element of Sg which, considered as element of [ Sy,
has its Ath coordinate equal to za and its other coordinates equal to 0. Then all
the elements zi (1 < ¢ < m, 1 < A\ < &) taken together form a base of Sz with
respect to R. If we denote by y the Ath coordinate of y, considered as an element
of JI3-1 5,, then we have pza = 2.2 zipzn With zin e B, whence yzin =
Z}'&l zipzp . Denote by E, the matrix (Tip)1giigm ; then we see that the
characteristic polynomial of the endomorphism z — yz is the product of the
characteristic polynomials of the matrices =, and that the characteristic poly-
nomial of E is the characteristic polynomial of 3 with respect to R. In partic-
ular, if y € S, the elements y» are all equal to y, and the characteristic polynomial
of the endomorphism z — yz of Sz is clearly the characteristic polynomial of y
with respect to R. Thus we obtain

THEOREM 6. Let R and S be fields of algebraic functions of one variable, S being
an overfield of finite degree of R. Let p be a place of R; denote by Py, --- , Px the
distinct places of S which lic above v, by R the p-adic completion of R, and by Sy
the Pr-adic completion of 8 (1 = X\ £ h). If y € S, then the characteristic polynomial
of y with respect to R is the product of the characteristic polynomials with respect
to R of y, considered successively as element of Sy, -, 8.

If P is any one of the places Py, and S the corresponding completion of S,
we shall denote (for y ¢ S) by Sp”y and Ngy relatively the relative trace and
the relative norm of y from S to R. Then the following corollary follows imme-
diately from Theorem 6:
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COROLLARY 1. The notation being as in Theorem 6, we have Ny = [ 1t N Y,
Sps/ry = Zx-l SI) y.

CoRroLLARY 2. The notation being as in Theorem 6, we have
h
vo(Ng/ry) = izlfw%(ll),
where f 13 the relative degree of P with respect to R.

This follows immediately from Corollary 1 and from Corollary 2 to Theorem 5.

§6. THE PUISEUX EXPANSIONS

Let R be a field of algebraic functions of one variable over an algebraically
closed field of constants K, and let S be an overfield of finite degree of R. Denote
by p a place of R and by P a place of S which lies above p. Since K is algebraically
closed, p and P are of degree 1. Let ¢ be a uniformizing variable at p; then the
p-adic completion & of R may be identified with the field of formal power series
in t with coefficients in K (III, §3).

Let ¢ be the ramification index of P with respect to . We shall assume that
e 1s not divistble by the characteristic p of K. This being the case, we shall prove
that ¢ is the e-th power of some element of the B-adic completion S of S. Let u
be a uniformizing variable at P in S. We know that vg(t) = e; it follows that
t = u'v, with »3(») = 0. Since K is algebraically closed, there exists an a ¢ K such
that »g(v — @) > 0, and we may write a in the form b°, b ¢ K. Consider the poly-
nomial W* — v = f(IV) in a letter W. Its coefficients are in the ring of integral
elements of S; if we replace these coefficients by their residue classes modulo B,
we obtain a polynomial f*(W) = W*® — b°, which admits a linear factor W — b:
f*(W) = (W — b)h*(W). Moreover, b is a simple zero of f*(W); in fact, we have
(df*(W)/dW)(b) = eb"™ 5 0, because b = 0 and e is not divisible by p. Making
use of Hensel’s lemma (III, §2), we conclude that f(W) has a linear factor with
coefficients in §; this means that v = w°, w ¢ S, whence ¢ = (uw)°.

Denote by ¢ ‘ any one of the e-th roots of ¢ in S; then it is clear that

() = 1.

It follows that S may be considered to be the field of formal power series in
1"/ with coefficients in K. The power series expansions in terms of #'/° of the
elements of S are called the Puiseux expansions.

If we consider now a place P of S whose ramification index e is divisible by
the characteristic p of K, then it is not true in general that ¢ has an e-th root in
S. Consider for instance the case where R = K(x) (z transcendental over K)
and S = R(xz, y) where y satisfies the equation y* — y — 2" = 0. Let p be the
zero of x in R, and let P be a place of S which lies above p. We have vg(1/2) =
—e, where e is the ramification index of P with respect to R. It follows that
ve(y) < 0, whenee vo(y") < »y(y) and vy(y”) = »(y® — y) = — ¢, which proves
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that e is divisible by p. On the other hand, we have ¢ < [S:R] < p; it follows
that e = [S:R] = p, and that ¥* — ¥ — ! = 0 is an irreducible equation in
R.Wehave [S:F] = ¢ = p, which proves that ¥” — ¥ — v remains irreducible
in R. Now, y + 1 is also a root of the equation Y? — ¥ — x™" = 0. It follows
easily that S has an automorphism of order p which leaves the clements of B
fixed, and therefore that S is separable over 2. Since ¢ is obviously not a p-th

power in R, it is also not a p-th power in S.

§7. NORM AND CONORM; TRACE AND COTRACE

Let R and S be fields of algebraic functions of one variable of which we assume
that R is a subfield of S, with the usual assumptions about the ficlds of constants
(cf. §1). We propose to set up certain correspondences between divisors and
repartitions in R and in S.

If z is an element 0 of R, we denote by dx(x) and ds(z) the divisors of =z
in R and S respectively. Let p be any place of 2 and let P be a place of S which
lies above p; the exponent a(p) of p in dbe(x) is »y(z), while the exponent of P in
ps(z) is ve(@) = e(P)r,(x) = e(B)a(p), where ¢(P) is the ramification index of
P with respect to . On the other hand, if P is a variable place of S with respect
to R, then clearly rp(xr) = 0. This leads to the following generalization. Let
a = JL»*® be any divisor in B. If P is a place of S which lies above a place p
of R, we set A(R) = ¢(P)a(p), where e(B) is the ramification index of P with
respect to R; if P is a variable place of S, we set A(PB) = 0. Since above any
given place of R there lie only a finite number of places of S, there are only a
finite number of places P of S for which A(P) £ 0, and the symbol Hg‘B‘“%)
represents a divisor of S. We shall call this divisor the conorm of a (from R to
S), and we shall denote it by Congssa. It is clear that, if a and b are divisors of
R, then

Congysab = (Congssa)(Cong,sb)

and that, if z is an element 0 in R, then
COIIR/sb}z(.’U) = bs(fl?)

LemMA 1. Assume that S is of finite degree over R, and denote by K and L the
fields of constants of R and S respectively. Then, if a is any divisor of R, we have

[S:R]
d(ConR/.ga) = ["L—'—i&;_] d(a)
It will be sufficient to consider the case where a is a place p of R. Let then
Pi, -+, Ba be the distinct places of S which lie above p, whence Cong/sh =
P3¢ - -+ Pt where ¢; is the ramification index of B, with respect to E. Let =

be the residue field of p, and Z, that of R, ; then d(Congsh) = Zf,l eZ. L.
Now, we have
[Ei:K] _ [E,':E [E'K]

e 7 S 7
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The number [Z:K] is equal to d(p), while [£;:Z] is the relative degree f; of B;
with respect to R. By Theorem 1, §1, we have S haeifi = [S:R]; Lemma 1 is
thereby proved.

Now, assuming S to be of finite degree over R, we shall generalize to divisors
the notion of the norm from S to R of an element of S. Let y be any element
#0 in S. Let p be a place of R, and let P, - -+, Bx be the places of S which
lie above p. Then we have Ngzy = p?‘l N‘s'y (Corollary 1 to Theorem 6,
§5). On the other hand, we have »,(N*'y) = fivg,(y) (Corollary 2 to Theorem
5, §5). It follows that v,(Ng/zy) = 241 five;(%). This beingsaid, let A = Hq;‘B“(‘B)
be any divisor of S. If p is any place of R, set a(p) = D i-1f.A(B:), where
PBi, ---, Pa are the distinct places of S which lie above p, while f; is the degree
of P; with respect to R. Then it is clear that there are only a finite number of
places p of R for which a(p) 0, and therefore that the symbol TT:0°® represents
a divisor of R. We shall call this divisor the norm of A (from S to R) and we shall
denote it by Ng/z%. It is clear that, if 9 and B are divisors of S, then

Ng/eAB = (Ng/zA)(Ns/zB)
and that, if ¥ is an element 0 of S, then
Ny/z(bs(y)) = da(Ng/zy).

The operations of norm and conorm are related to each other by the formula

Ns/n(CODR/sa) = QIS:R]

in which a stands for an arbitrary divisor of R. It will be sufficient to prove this
formula in the case where a is a place p. Let then P;, --- , Ba be the distinct
places of S which lie above p; denote by e; the ramification index of P; with
respect to R and by f; its relative degree. Then

h h h
NS/R(CODR/.SD) — N.s/n IIl gB:‘ = :[I1 pe;f.' —_ ng_mf.'

and our formula follows from Theorem 1, §1.

LeMMA 2. Assume that S is of finite degree over R, and let K and L be the fields
of constants of R and S respectively. Then we have, for any divisor N of S, d(N gz ) =
[L:K}d(X).

It will be sufficient to prove this formula in the case where ¥ is a place P.
Denote by p the place of R which lies below B, by =(R®) and Z(p) the residue
fields of P and p respectively, and by f the relative degree of P with respect to
R. Then we have

d(NgzB) = d(v) = fIZ(p):K] = [E(P):Z(M][Z(p):K] = [Z(B):K]
= [Z(P):L)IL:K] = [L:K] d(B)

and Lemma 2 is proved.
Now, assuming that S is algebraic over R, we propose to associate with every
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repartition in R a repartition in S in such a way that to the principal reparti-
tion attached to an element x of R be associated the principal repartition at-
tached to z in S.

Let P be any place of S. Since S is algebraic over R, P lies above some place
p of R. The P-adic completion S of S may therefore be assumed to contain the
p-adic completion £ of R as a subfield. Let ¢ be a repartition in R; if we assign
to every place B of S the element r(p) ¢ B C S, we obtain a repartition of S.
For, since only a finite number of places of S lie above any given place of R, it
is clear that there are only a finite number of places B of S for which vg(z(p)) < 0.
The repartition of S defined in this way is called the cotrace of t, taken from E to
8; we shall denote this repartition by the symbol Cospg/st. It is clear that, if
r and ¢’ are repartitions in R and \, A’ constants in B (and therefore also in
S), then

Cospr/s(Ar + N't’) = A Cospryst + N Cospayst’.

If z ¢ R, then we can attach to x a repartition in R and a repartition in S.
Until now, we have used notations which did not differentiate between z and
the repartitions attached to it; however, this convention would lead to ambigui-
ties now that we have two fields to deal with simultaneously. For this reason,
we shall denote by % the repartition attached to z in R, while, if y € S, we shall
denote by ys the repartition attached to y in S. This being said, it is clear that,
if z ¢ R, then

Cospg/str = Tg.

Now, assume that S is of finite degree over R. In this case, we shall generalize
to repartitions the notion of the trace of an element of S with respect to R.
Denote by y an element of S, by p a place of R, and by B1, ---, Ps the dis-
tinct places of S which lie above p. Then we know that Spgy = > Sp™y
(by Corollary 1 to Theorem 6, §5). Now, let y be any repartition in S; for each
place p of R, set r(p) = D Sp%'n(‘B;). Then the mapping p — r(p) is a re-
partition in R. For, there are only a finite number of places P of S for which
ye((PB)) < 0, and, if p is a place of R which does not lie below any of these, then
,(x(0)) = 0 (Corollary 1 to Theorem 5, §5). The repartition ¢ defined in this
way is called the trace of v, from S to R, and is denoted by the symbol Sps/zl.
It is clear that, if y and v’ are repartitions in S and A, X" constants in R, then

Sps/r(\y + Ny’') = X Sps/ay) + N Sps/av’.
On the other hand, if y ¢ S, then
Sps/rys = (Sps/ay)z -

REMARK. Even if we are dealing in S with a repartition y such that y(B) ¢ S
for every place R, it will not be true in general that (Sps/x)(b) € I for every place
p of R. This shows that the definition of the trace could not have been given in
terms of our old definition of repartitions; the generalization which was accom-
plished in III, §4 is here necessary.
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If the field S is not scparable over R, then Sps;sy) = 0 for every repartition y in 8.
To show this, it will be sufficient to prove that, if we denote by P a place of S,
by p the place of R which lies below ¥, by E and S respectively the p-adic
completion of R and the PB-adic completion of S, then S is not separable over R.
Let R’ be the subfield of S composed of the elements of S which are separable
with respect to R. Denote by p’ the place of R’ which lies below P and by R’ the
p’-adic completion of R'. If p is the characteristic of S, there exists an exponent
m such that y”" ¢ R’ for every y ¢ S. It is clear that the conditions vg(y) > 0
and »y(y*") > O are equivalent to each other, which proves that ¥ is the only
place of S to lie above p'. It follows that [S:R’] = [S:R’'] > 1 (Theorem 4, §5).
On the other hand, we have § = R'(S) (Corollary 3 to Theorem 5, §5), which
proves that S is purely unseparable over R’; our assertion is thereby proved.

Let ¢ be a repartition in R and z an element of S. We shall prove the formula

)] Sps/r(z Cospr/st) = (Spg/re)t.
Denote by p a place of R and by B,, --- , B the dxqtmct places of S above p.
Then we have (Spsnx(z Cospg/sg))(p) = 2% Sp¥(z Cospast)(Bs). Since

(Cospar/sr) (B:) = r(p) is in the p-adic completion of R, this is equal to

(Zha8p™2)x(p) = (Spsn2)z(v),
which proves our formula.

LemMa 3. Let R, S, and T be ficlds of algebraic functions of one variable such
that R is a subfield of S and S of T. If a is any divisor of R, then we have Cong ra =
Cong/ r (Congsa). If T is algebraic over R, and if ¢ is any repartition in R, then
we have Cospr/r t = Cospgir (Cosprsxr). Assume now that T is of finite degree
over R. Then, if A is any divisor in T, we have N r/pd = Ng/r(N1/s20), and, if y is
any repartition in T', we have Spr/zY) = Sps/r (Sprysh).

1. It will be sufficient to prove the first formula in the case where a is a place
po . In this case, the only places of T' which actually occur in either one of the
divisors Cong,ra or Cong 7(Cong/sa) are those which lie above po. If P is any
one of these, then P occurs with the same exponent in our two divisors in virtue
of Lemma 4, §1.

2. If T is algebraic over R, the formula Cospgrr = Cospg r(Cospr/st) is
obvious.

3. Assume from now on that 7' is of finite degree over R. It will be sufficient
to prove the formula N7/ = Ng£(N7,59) in the case where ¥ is a place of T'.
In this case, the formula follows immediately from the last assertion of Lemma
4, §1.

4. We shall now prove the formula %pmfl) = Sps;r (SprsYy). Let po be any
place of R: then (Sprymy)(po) = D.ve1 Spria)(R.), where By, -+, B are the
distinct places of T which lie above po , while Sp?/n represents the trace from the
B.-adic completion of T to the po-adic ('omplehon of R. If p; is the place of S
which lies below R, , then Qprmn(% ) = %ps/” (SpT/SI)(T 3.)), where Sps,g is the
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tra(e from the p,-adic completion of S to the pe-adic completion of R, while
Sprln is the trace from the §,-adic completion of T to the p,-adic completion of
S. Let p be any one of the places of S which lie above o . If we denote by U, the
sum of the terms “,pmul)(‘B ) which are relative to the indices ¢ for which p, = p,
then U, is equal to (Spz)(p), and (Spray)(pe) is equal to the sum of the
quantities Sps/rU, for the distinct places p of S which lie above p, (where Spl/g
is the trace from the p-adic completion of S to the pp-adic completion of R).
Our formula is thereby proved.

§8. THE DIFFERENT

In this section, we shall assume that R and S are fields of algebraic functions of
one variable such that S is a separable overfield of finite degree of R. Let P be
any place of S, and let p be the place of R which lies below P. Then the P-adic
completion S of S is separable over the p-adic completion R of R, as follows
immediately from Corollary 3 to Theorem 5, 8. If y ¢ S, we l\now that the
condition »¢(y) = 0 implies u,(Sp y) = 0 (Corollary 1 to Theorem 5, §5). But
the converse is in general not true: we may have elements y € S such that ve(y) <
0, but v,(Sp y) = 0. However, we cannot have »,(Sp y) = 0 for every yedS.
For, since S is separable over R, there exists an element 1 € Ssuch that Sp 1 # 0.
If x is an element of I such that »,(z) < —»,(Sp J;) then we have v,(Sp*zy) <
0. It follows that there exists a largest integer m = m(%P) with the followmg
property: if y is any element of S such that vg(y) = —m(P), then »,(Sp y) = 0.
The integer m(P), which is of course = 0, is called the differential exponent of P
(with respect to R).

Turorem 7. Let R and S be fields of algebraic functions of onevariable; assume that
R is a subfield of S and that S is of finite degrec and separable over R. Let P be
a place of S. Thenthedifferential cxponent m(P) of B with respect to I isat leastequal
to e — 1, where e is the ramification index of B. In order for m(P) to be equal to
e — 1, it 1s necessary and sufficient that the following conditions be satisfied: 1) the
residue field of P is separable over the residue field of the place p of R which lics
below PB; 2) e is not divisible by the characteristic of R.

Let Z(P) and =(p) be the residue fields of P and p respectively. If 2z is any
integral element of the P-adic completion S of S, we shall denote by 2* its
residue class modulo B. We shall prove the formula

(1 (Sp*2)* = ¢ Spzrayzm 2%
Let u be a uniformizing variable at PBin S, and let 6; , - -+, 6, be elements of the
ring of P whose residue classes or , - 0, modulo P form a base of Z(P) over

=(p). Then we know that the e]ements W, 0ige—1,155=f)forma
base of S with respect to the p-adic completion R of R, and th at, if we set

. ot S ~
(2) zu’ 0; = Z Z L2378 ukoz, Qi € I,

k=0 1=]
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the elements a,j; of B are integral (Theorem 5, §5). We have Sp% = 2o
Z{—l a.;:; . Multiplying the formulas (2) relative to the case ¢ = 0 by u', we
obtain

. e—1 i
(3) ' = 2 i a0 w0y
k=0 l=1

Let ¢ be a uniformizing variable at p in R, whence vp(t) = e. If L 4+ 7 = ¢, we
have u**0, = tvu; with v 1ntegral in S. We may express each v;; as a linear
combination of the products v*'6; (0 S ' < e — 1,1 £ I' £ f) with coefficients
which are integral in R. Substituting thebe expressions in (3) and grouping like
terms, we must find the expressions (2). From this, we conclude easily that
v,(a,]u) > 0if b < 1, vyl@ijr — @jns) > 0if ¢ S k = ¢ — 1. This implies
that af;;; = bF does not depend on ¢ and that (Sp P = ¢ > 4 b7 . On the
other hand, the formulas (2) forz = 0 glve 2%07 = D i1 agjubi ; since by =
agij , we find that Spx @) zmz* = Z:=l b} . Formula (1) is thereby proved.

Now, let y be an element of § such that Vg(y) = —(e — 1) Since pg(t) = e,
we have v«u(ty) > 0, whence, by (1), »,(Sp Pa) = 1 4+ »,(Sp y) = 1and there-
fore v.(Sp y) 2 0. This proves that m(P) = ¢ — 1. If either one of the condltlons
stated in Theorem 7 fails to be satisfied, then it follows from (1) that v,(Sp z) >0
for every integral element z of § (we know that, if £(P) is not separable over
2(p), then the relative trace with respect to Z(p) of every element of 2(B) is 0).
Applying the same argument as above to an element y such that »g(y) = —e, we
see that m(PB) = e. If, however, the two conditions of Theorem 7 are satisfied,
then =(PB) contains an element z* whose trace with respect to =(B) is ;éO If 2
is an integral element of S belonging to the class z*, then we see that »,(Sp z) =0,
whence u,(Sp t'2) = —1, which shows that m(P) < ¢, whence m(P) = e — 1.

Now, we shall connect the differential exponent with the discriminant of a
base. Let U be a field, and let V be an algebraic extension of U which is separable
and of finite degree over U. If {v,, -+ - , v,} is any base of V with respect to U,
the determinant of the matrix (Spy/vvwi)i1g:.j<a 1 called the discriminant of the
base {v;, ---, r.}; we shall denote this element by D(, , -+, v.). We have
D@, , -+ ,v,) # 0. In fact, the matrix (Spy,pv.v;) is the representative matrix
(with respect to the base {#1, --+, v,}) of the bilinear function B defined by
B(», v') = Spv,ctr’. Since V is separable over U, there exists a vy € V such that
Spyute # 0; if v is any clement = 0 of V, then Spy, (v '0y) # 0, which proves
that the bilinear form B is non degenerate.

LuMmMA 1. The notation being as in Theorem 7, let also {y1 , + -+ , Ya} be @ base of
the PB-adic completion S of S with respect to the p-adic completion R of R whose
elements are integral in S. Then we have vy(D(yy , -+ , Yn)) = fm(B), where f is
the relative degree of B with respect to R. A necessary and suffictent condition for the
equality vi(D@pr, -+, Yn)) = Sm(B) to hold is that our base be an integral base
(i.c., that every integral element of S be expressible as a linear combination of y, ,

, Y With integral coefficients in R).
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We know that there exists an integral base {2z, - , z,} of S with respect to
R (Theorem 5, §5). We can then write

2= 2 byyi,  yi= 2 ciz
=1 st
with coefficients b;; and c¢;; in R; furthermore, the elements c;; are integral, and
the matrices (b;;) and (c;;) are inverse to each other. We see immediately that
D, ,ys) =%'D(z, -+, 2,), where vy = det(c;;). The elements ¢;; being
integral, we have »,(y) = 0, whence »,(D(y1, - , ¥n)) 2 vs(D(z1, * - , 2a)).
If »y(y) = 0, then v™" is integral, from which it follows easily that the elements
b:; of the inverse matrix of (ci;) are integral. In this case, every integral element
of S, being expressible as a linear combination of z , --- , z, with integral
coefficients in R, is also expressible as a linear combination of 4, , - - - , y, with
integral coefficients, which shows that {y:, -, ¥.} is an integral base. Con-
versely, if the base {y1, - - - , ]} is integral, then the coefficients b;; are integral,
and v, which is det(b;;), is integral, whence »,(y) = 0. Thus we see that a
necessary and suflicient condition for the base {y1, --- , y.} to be integral is
that »,(D(W1, -+, ¥Yn)) = »e(D(21, ---, 2.)). Now, we have to compute
vo(D(21, -+ - , 2a)). Let U be the set of elements ¢ e S such that Spwg‘y is integral
whenever %/) is integral. If u is a uniformizing variable at P in S, we clearly have

A = w"PO, where O is the ring of integral elements in S. We shall determine
the set A in another manner. Since D(z1, -+ , 2,) ¥ 0, we can find elements
21, -+, 2n of §such that Spgz.«z',- is1if 7 = j and O otherwise. If z1 , - - - , z,, are

in R, then Sp*(X M zizi)z; = x;, whence Spo(Xi zizi)z = 3t zjzy if
z = > rizz2;, ;e R It follows that a necessary and sufficient condition for
> P zizi to be in I is that z7, -+ - , 2 be integral. This shows in particular
that {21, - -+ , 2} is a base, and that {u"®z] , --- , u™®2,} is an integral base.
Write w™®z; = > ki aij 27, with ay; € B. Then it is clear that det(a;;) =
N®%"®_ whence », (det(as;)) = fm(PB) (Corollary 2 to Theorem 5, §5). On the
other hand, if we set z; = D5 B:u™®2;  we know that det (s;) is a unit. If
we denote by (y;;) the product of the matrices (a;;) and (8;;), then we have z; =
Z?_; vi2; , whence vi; = Sp”z;z,- . It follows that vy(D(z1, - -- ,2s)) = vy(det
(8:5)) + vy(det (aij)) = fm(PB). Lemma 1 is thereby proved.

LeMMA 2. Let R and S be fields of algebraic functions of one variable such that S
1s a separable overfield of finite degree of R. Let p be a place of R,and let B, , -+, P
be the distinct places of S which lie above p. Denote by f the relative degree of P
wtth respect to R and by my its differential exponent. Let {y, , - - - , Yo} be a base of
S with respect to R whose elements are integral over the ring of . Then we have
w(DWr, 5 Yn)) 2 Dores Mafr ; and a necessary and sufficient condition for the
equality to take place is for {y1, -+ , ya} lo be integral at p.

Let R be the p-adic completion of R. We construct the algebra Sz deduced from
S by extending the basic field from R to R, and we identify (by means of the
isomorphism constructed in the proof of Theorem 4, §5) the algebra Sg with the
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product [ Sy of the Br-adic completlons Syof S(1 £\ £ h). For each A
we determine an integral base {z1 , - , Zwn} of Sy with respect to R, and we
denote by z. the element of Sz whose >\ th coordinate is zix , while its other
coordinates arc 0. Then the elements zo (1 < 7 £ m, 1 £ A £ h) form a base
of Sz, and the integral elements of Sg are expressible as linear combinations of
the clements za with coefficients which are integral in B. Let ¢, -+ - , {» be the
elements z,, arranged in some order. Arguing as in the proof of Lemma 2, we see
immediately that, if {z;, -+, 2,} is any integral base at p of S with respect
to R, and if z; = E:-=1 a,¢;i, then vy(det(a;;)) = O (cf. the remark which follows
the proof of Theorem 4, §5). Now, if u € S, we have Sps/ett = 3 pe Sp%*u (Corol-
lary 1 to Theorem 6, §5); it is therefore natural to define for every uw = (uy , - -
un) € Sp (with ux € Sy, 1 S N = h) the element Sps;/zt to be Zx-l Sp‘””u Then
we have

D@, oy zn) = (det(ai))® (det(Spsgznts)))-

Now we have zazia = 0 if A % N and zaz.n is the element of [[i- S
whose \-coordinate is zizin , the other coordinates being zero. It follows im-
mediately that

h
det(Spsg/p §i8i) = 7111 D(zin, - -+ Zn)

whence, by Lemma 2, (D@1, -+ , 22) = 2 nerfuma . Now, We may write
Y= 2 i bijz, , b.j€ B;the elements b,, are in the ring of p whence v,(D(y: , - - -,
¥n) = vo(D(z1, -+ , 22)), and we see as in the proof of Lemma 2 that a neces-
sary and sufficient condition for {y,, - -- , y.} to be an integral base at p is that
Vb(det/(bii)) = Oy i.C., that VD(D(yl y T yn)) = Vp(D(Z]_ y T Zn)).

LemMA 3. Let R and S be fields of algebraic functions of one variable; assume that
S is an overfield of R and is of finite degree and separable over R. Then there are only
a finite number of places P of S which fail to satisfy simultaneously the following two
conditions: B is unramified with respect to R; the residue field of B is separable over
the residue field of the place p of R which lies below .

Let {y1, -+, y.} be any base of S with respect to B. Then we'know that
{y1, -+, Ya} Is integral at almost every place of R (Lemma 3, §3). Since
Dy, -+, yn) #= 0, we have v,(D(n, --- , y.)) = 0 for almost every place
p of R.If pis a place of R at which the base {y;, --- , y.} is integral and for
which », (D(y1, -+ ya)) = 0, then it follows from Lemma 2 that the ditferential
exponent of every place of S which lies above p is 0. Making use of Theorem 7,
we see that any such place is unramified with respect to R and that its residue
ficld is separable over the residue field of p. Lemma 3 is thereby proved.

The situation being as described in Lemma 3, let, for any place B of S, m(B)
be the differential exponent of P with respect to R. Then we have m(P) = 0
for almost all places P of S, from which it follows that the symbol II‘B‘B"‘(%
represents an integral divisor of 8. This divisor is called the different of S with
respect to I.
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LemMma 4. Let R and 8 be fields of algebraic functions of one variable; assume
that R is a subfield of S and that S is of finite degree and separable over R. Let F
be a finite set of places of R, and let F* be the sel of places of S which lie above the
places of F; let there be given for each p € F an integer a(p). Then the following two
conditions on an arbitrary element y of S are equivalent to each other: 1) we have
va(y) = —m(P) + a()e(B) for every B e I'*, where ¢(PB) and m(P) are respec-
tively the ramification index and the differential exponent of B with respect to R,
while p s the place of R below P; 2) if 2z is any clement of S such that vy(z) = 0 for
all B e F*, then vy(Sps/ryz) = a(p) for all p ¢ F.

Let ¢ be an element of R such that »,(t) = —a(p) for all p ¢ F (Corollary to
Theorem 3, I, §6). Then we have, for P e F*, vo(ly) = ve(y) — a(p)e(P), where
p is the place of R below PB. On the other hand, we have Spg/rtyz = t-Sps/ryz,
whence v,(Sps/rtyz) = vy(Sps/ryz) — a(p) for p e F. It follows that it will be
sufficient to prove Lemma 4 in the case where the integers a(p) are 0. We shall
assume from now on that this is the case.

Assume first that 1) is satistied. Denote by p a place in F, and by By, --- , T
the dlstmct places of S which lie above p. Then we have, for any z € S, Spg/ryz =
p Sp yz (Corollary 1 to Theorem 6, §5). If ch(z) = 0 for all P e F*,
the vg,(yz) =2 —m(B,) (1 £ 7 = h), whence un(Sp ‘yz) 2 0, and therefore
vo(Sps/ryz) = 0.

Now, assume that condition 2) is satisfied and that y ¢ 0. Let P, be any place
in F* and let Z be any integral element of the Po-adic completion S of S. Let z
be an element of S which satisfies the following conditions: vg,(z — 2) =
max{0, —vg,(y)}, ve(2) = max{0, —vg(y)} for every place R of F* other than
Bo (cf. Theorem 3, I, §6). Then it is clear that z is integral at every place in F*,
whence v,(Sps/ryz) = 0 for every p e F. Let po be the place of R which lies below
PBo, and let P, = ‘Bo , Bz, -+, Bu be the distinet places of S above po . Then
Sps/ryz = Z.,,] Sp yz If 7 > 1, we have vg,(yz) = 0, whence v,,,,(Sp ‘yz) = 0;
it follows that u,,,(Sp Yyz) = 0 Since vg,(yz — y2) = 0, this implies that
v,,a(gp %z) = 0. Every element § of S which is such that vg,(7) = vg,(y) can
be written in the form 2, with z integral in §; thus, for any such ¢, we have
y,o(Sp‘B"g) = 0. From this, it follows that vg,(§7) = —m(Po); Lemma 4 is thereby
proved.

Trrorem 8. Let R, S, and T be fields of algebraic functions of one variable.
Assume that R is a subfield of T, that T is of finite degree and separable over R, and
that S is an intermediary field between R and T. Denote by Dk, Dws, and
Dg,r respectively the differents of T with respect to R, of T with respect to S, and of S
with respect to R. Then we have Dy = Drys + Cong/ rDgyr .

Denote by p a place of R, by F the set of places of S which lie above p, and
by F* the set of places of 7" which lie above p. If Q e I'*, denote by m(Q), u(Q),
and e(Q) respectively the differential exponent of QO with respect to R, the dif-
ferential exponent of 2 with respect to S, and the ramification index of 0 with
respect to S. If q ¢ F, denote by m(a) the differential exponent of g with respect
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to R. We have to prove that m(Q) = u(Q) + ¢(Q)m(q), where q is the place of
S which lies below 1. We denote by m’(Q) the right side of this formula. Let y
be an element of 1" such that va(y) = —m(Q) for all Q ¢ F* (cf. Corollary to
Theorem 3, I, §6). Then, by Lemma 4, we have »,(Spr/zyz) = Oforallz e T
such that »a(z) = 0for all Q ¢ F*. We know that Sprryz = Sps/z(Spr/syz).
Let 2, be an element of Ssuch that v,(z) = 0forall q ¢ F. Then v,(Sps/r2:Sp 1/sy2) =
vy(Sprixyzz) = 0 since v(221) = 0 for all Q ¢ F* . Making use of Lemma 4,
we conclude first that va(Sprsyz) = —m(q) for all q € F, and then that va(y) =
—m/(Q) for all T e F*, whence m(Q) < m'(Q). Now, let ' be any element of T
such that va(y’) = —m/(Q) for allQ e F* (cf. Corollary to Theorem 3, I, §6).
Making use of Lemma 4, we see first that »,(Sprsy’z) = —m(q) for all z ¢ T
such that »o(2) = 0 for all Q ¢ F*, and then that »,(Sprxy’z) = 0, whence
va(y) =2 —m(Q)forallQ e F* . This proves that m'(Q) < m(Q). Theorem 8is
thereby proved.

§9. STRUCTURE OF HYPERELLIPTIC FIELDS

Let R be a field of algebraic functions of one variable, and let w be a differential
#0 in R. Then any differential o’ of R may be written in the form uw, where u is
an element of R which is uniquely determined when w and ' are given. The
element w is called the ratio of the differentials o’ and w, and is often denoted by
w'/w.

Let us assume that R is of genus ¢ > 0. Then it is clear that every constant can
be represented as a ratio of differentials of the first kind. If g = 1, then conversely
every ratio of differentials of the first kind is a constant. However, if ¢ > 1, then
there are non constant elements which may be represented as ratios of differentials
of the first kind. The field R is said to be hyperelliptic if the subfield of R generated
by the ratios of differentials of the first kind is different from R itself. We propose
to prove the following result:

THEOREM 9. Let R be a field of algebraic functions of one variable which is assumed
to be of genus > 1. Then a necessary and sufficient condition for R to be hyperelliptic
is for R to have a subfield S of genus 0, containing the field of constants of R and
over which R is of degree 2. If this condition is satisfied, then S 7s unique and s the
field generated by the ratios of differentials of the first kind of R.

We shall first prove that the condition is necessary.

LEemMA 1. Let p be a place of a field R of algebraic functions of one variable of genus
g > 0. Then there exists a differential of the first kind of R which does not have p
as a zero.

Assume for a moment that this were not the case. If a is any divisor, we denote
by 8(a) (as we did in II) the dimension of the space of differentials which are
=0 (mod a). Then we would have 5(p) = g, whence, by the theorem of Riemann-
Roch, I(p™") = d(») — ¢+ 1 + g = d(p) + 1, and there would exist a non
constant z e 2 which is multiple of p~'; we would obviously have »,(x) = —1.
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Let  be any differential #0 of the first kind; then 27**’w would be of the first
kind but would not have p as a zero.

CoroLLARY. Let a be an integral divisor of a field R of algebraic functions of one
variable. If we have I(a™") = d(a) + 1, d(a) > 0, then R is of genus 0.

For the equality I(a™") = d(a) + 1 implies, in virtue of the theorem of Rie-
mann-Roch, §(a) = g, where ¢ is the genus of R, and this means that every
differential of the first kind of R is = 0 (mod a).

This being said, assume that R is of genus ¢ > 1 and hyperelliptic, and denote
by S the field generated by the ratios of differentials of the first kind of R. Since
29 — 2 > 0, we can find a place p of R which is a zero of some differential of the
first kind of R (i.e., we have (p) > 0). We shall denote by p, the place of S
below p, and by 8 the divisor Cong/zbo . Let wo be a differential of the first kind of
R of which p is not a zero. If w is a differential which is =0 (mod p), then w =
wwo , With u € R, and, since w and wy are of the first kind, u ¢ S. It is clear that
p is a zero of u in R; therefore, po is a zero of u in S, which implies that the
divisor of zeros of u in R is divisible by 8. Thus we see that every differential
which is multiple of p is also multiple of 8.

Lemma 2. Let p be a place of a field R of algebraic functions of one variable.
Assume that every differential of R which is multiple of p is also multiple of an integral
divisor § which is divisible by p, and that there exists at least one such differential
which s 0. Then we have I(87") = I(p™") + d(8p™") and d(8p™") =< d(p).

We have by assumption 8(8) = 8(p). On the other hand, we have I(p™}) =
d(p) — g+ 1+ 8(p), where g is the genus of B, and I(87") = d(8) — g + 1 + §(8).
The first assertion of Lemma 2 follows immediately from these formulas. Let u
be any element of B which is multiple of 8 *p. Then, if w is any differential which
is multiple of p, and therefore also of 8, uw is again multiple of p. We shall see that
u must be a constant. If not, u would have a pole g; let then m be the smallest
value assumed by v(w) when w runs over the set of differentials which are
multiples of p; then v(w) # o since our set contains at least one differential
#0. There would exist a differential w; , multiple of p, for which v,(w;) = m; but
then we would have vi(uw;) < m, which brings a contradiction. Thus we have
I(37'p) = 1. Making use of Formula (4), II, §1, we see that I(87") — I(87'p) <
d(p), whence, in virtue of the formula proved above, I(§ 'p) = I(p™") + d(8p™") —
d(p) = 1 4+ d(8p™") — d(p); it follows that d(8p”™") = d(p).

This being said, let us return to the proof of Theorem 9 and to the notation
ntroduced above. Among all places of R which lie above p, , let p’ be one of
smallest relative degree with respect to R. Then §(p’) > 0 and every differential
which is multiple of p’ is multiple of 8. Thus we have d(8p’™") = d(p’); it follows
that either 8 = p = p’ or 8 is the product of two places (distinct or not) which
have the same relative degree f with respect to R. Assume that we are in the
second case. Observe that any element of R which is multiple of 7 is in S
(because, if y is such an element, and w a differential 0 which is multiple of 8,
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then yw is of the first kind). It follows immediately that I(87") = U(ps') whence,
by Lemma 2, I(po") = 1 + d(p) = 1 + fd(po). But it is clear that we have
I(po") £ 1 + d(po) (because 5(po) is at most equal to the genus of S). Thus we
have f = 1 and I(p;") = 1 + d(po). Making use of Theorem 1, §1, the equality
f = 1 implies that [R:S] = 2. Making use of the corollary to Lemma 1, we see
that S is of genus 0.

Now, we have to consider the case where 8 = p. Let f = [E:.S] be the relative
degree of p with respect to S. Denote by d the divisor of some differential wy # 0
of the first kind which is not multiple of p, and by =(p) and =(po) the residue fields
of p and p, respec tlvely Let £ be any element of Z(p) and n a differential of R
which is multiple of p~'d. Let £ be a repartition of R which assigns to p some
element of R which takes the value £ at p and 0 to every other place. Then
7(r) depends only on £ and 9, for, if ¢ and 1’ are two I‘epa.ltltl()nb which satlsfy
our conditions, then ' — ¢ = 0 (mod p) and, a fortiors, ' — ¢ = 0 (mod b~ n).
Set Ly (¢) = 7(x). Then g — L, is a linear mapping of the space D of differentials
=0 (mod p~’d) into the space of linear functions on Z(p) (considered as a vector
space over the field of constants K of R). The differential w is of the first kind
and contained in D; we have L,, = 0, which shows that the dimension of the
space formed by the functions L, is = dim ® — 1. Thus the subspace X of
Z(p) formed by the elements £ such that L,(£) = 0 for every n ¢ D is of dimension
2d(p) — dim D + 1. The differentials n ¢ D are those which can be written in
the form ywo , with y ¢ R, y = 0 (mod p~ !). Thus we have dim ® = I(p™"), and
this is equal (by an argument used above) to I(po ). On the other hand, let ¢
be an element of X, and let the repartition ¢ be defined as above. Making use of
Theorem 2, I1, §5, we see that there exists an element u e R such that u — ¢ =0

*nod pd™"). Then u is multiple of 9! and takes the value £ at p. The differential
1. being of the first kind, we have u € S, whence £ ¢ Z(po). Thus we have dim
X = d(po), whence d(po) Z d(») — Up ") +1 = fa(p) — I(ps") + 1,and U(ps") =
(f — 1) d(po) + 1. But we know that I(po ) = d(p) + 1; thus, we have [R:S] =
f = 2and l(ps") = d(po) + 1, which implies that S is of genus 0 (Corollary to
Lemma 1). This concludes the proof of the fact that any hyperelliptic field of
genus g > 1 is quadratic over a field of genus 0, viz. the field generated by the
ratios of the differentials of the first kind.

Let conversely R be a field of algebraic functions of one variable which has a
subfield S, containing the field of constants K of R, and which has the following
properties: S is of genus 0 and [R: 8] is equal to 2. Assume furthermore that B
is of genus ¢ > 1. Let qo be a place of S of smallest possible degree; then we
know that d(qo) is either 1 or 2 (II, §6). Let us first consider the case where
either d(q) = 1 or d(q) = 2, ¢ = 1 (mod 2). In that case, we set ap = 5 vif
d(q) = 1lora = a5 Y124t d(qo) = 2; thus we have d(ag) = g — 1. Set a =
Cong/z0 , whence d(a) = 29 — 2 (Lemma 1, §7). Since S is of genus 0, we have
l(ag") = d(ap) + 1 = g. Denote by € the space of elements z ¢ S which are
multiples of ap’, whence dim € = g. We have g = I(ay Y £ e = d(a) —
g+ 1+ 8() =g — 1+ 6(a), whence 8(a) > 0. This means that there ¢xists
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a differential w = 0 of R which is multiple of a. If z ¢ €, then zw is of the first
kind. Since dim & = ¢, we see that every differential of the first kind of R is of
the form zw, z € S, from which it follows that R is hyperelliptic and that the
field 8’ generated by the ratios of dfferentials of the first kind of R is contained
in 8. But we know from the first part of the proof that [R:S'] = 2; it follows
that 8" = 8.

Consider now the case where d(q) = 2, ¢ = 0 (mod 2). We then set ay =
" a4 = Cong/zty . By arguments similar to the ones which were used above,
we see that [(a;") = g — 1, 8(a) > 0. Let w be a differential 50 which is multiple
of a; then the divisor d(w) of w is of the form ab, where b is an integral divisor
of degree 2. Since d(qo) = 2, every place of S is of degree =2, and the same is
true a fortiort of every place of . Thus b is a place p. If z is an element of S
which is multiple of a;”, then zw is a multiple of p, whence 8(p) = g — 1. We
have I(p™") = d(p) — g + 1 + 8(p) = 2. If w is a non constant element of R
which is multiple of p~*, then the divisor of poles of w is p, whence [R:K (w )] =
2 by the corollary to Theorem 4, I, §8. Using instead of S the field W =
K ( w ), which has a place of degree 1, we are in the case considered above, and
we see that W is the field generated by the ratios of differentials of the first
kind of R. We have I(q5") = d(q) + 1 = 3;let {1, u, v} be a base for the space
of elements of S which are multiples of q;'. Then g, is the divisor of poles of
win 8, whence [S:K (u)] = 2. If qo is the place of K (u) below g , then I(q;) =
2, from which it follows immediately that » ¢ K ( w ), whence S =K (u, v ). If
g > 2, then u and v are multiples of a5, which implies that uw and vw are of
the first kind, and therefore that « and v are in W, whence S C W; but this is
impossible, since S has no place of degree 1, while W has one. If g = 2, de-
note by Yo the place of S below p, and by ¢ the divisor Cong/zpe. Since d(p) = 2
and d(po) = 2, we have d(py) = 2 and d(c) = 4 (Lemma 1, §7). Since 29 — 2 = 2,
we have 8(c) = 0, whence I(c™") = d(¢) — 2 + 1 = 3. On the other hand, we
have I(p;?) = d(po) + 1 = 3, and every element of S which is multiple of pg" is
multiple of ¢ in R. Since I(c™") = I(ps "), we conclude that every element of R
which is multiple of ¢ is in S. This applies in particular to w, since p divides c.
Thus we see that S contains K { w ). Since [R:8] = [R:K (w )] = 2, we have
S = K { w ). But this is impossible for the same reason as above. Thus we see
that the second case cannot occur. Theorem 9 is now completely proved.

The field S of Theorem 9, being of genus 0, has a place of degree =2, from
which it follows that a hyperelliptic field of genus ¢ > 1 has a place of degree
<4. Moreover, the last part of the proof shows that, ¢f g s even, then R has a
place of degree <2. If R is separable over S (which certainly happens if R is of
characteristic 2), then it can be proved that at least one place of R is ramified
with respect to S (cf. Corollary to Theorem 2, VI, §2) from which it follows that
R has a place of degrec =<2 and has a place of degree 1 if g is even.

TreorEM 10. Let R be a field of algebraic functions of one variable of genus g > 1.
Assume that R has a place b of degree 1 and is not hyperelliptic. Then, given any
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place q # p of R, there exists a differential w of the first kind of R such that vy(w) = 1,
vo(w) = 0.

Wehave 1 S U(p™") =d(®) —g+ 1+ 8(p) =2 — g+ &(p); sinceg 2 2,
it follows that 8(p) > 0; there exists at least one differential 0 which is multiple
of p. Let 8 be the integral divisor of largest degree of which every differential
which is a multiple of p is a multiple. Then it follows from Lemma 2 that d(8p™") <
d(p) = 1, whence d(8) £ 2. If we had d(8) = 2, then it would follow from
Lemma 2 that I(8™) = I(p™") + 1 = 2, and there would exist a non constant
z ¢ R such that z = 0 (mod 87*). The divisor of poles of z would be either p or 8,
and we would have, by the corollary to Theorem 4, I, §8, [R:K ( x )] = either 1
or 2; but then R would be either of genus 0 or 1 or hyperelliptic, which is impos-
sible. Thus we have 8 = p. It follows that there exist differentials w, , w; of R
which are multiples of p and such that v,(w1) = 1, v,(w2) = 0. If either v4(w;) =
0 or »y(wz) = 1, then either w = w; or w = w; satisfies our conditions; if v (w;) >
0 and »y(wg) > 1, then we may take w = w; + wy. Theorem 10 is thereby
proved.

From the point of view of algebraic geometry, Theorem 10 allows one to
construct the “normal model” of R, a curve in g-dimensional projective space
which has no singularity, and whose field of rational functions is R.



CHAPTER V
EXTENSIONS OF THE FIELD OF CONSTANTS

§1. SEPARABLE TRANSCENDENTAL EXTENSIONS

We propose to generalize for arbitrary extensions the notion of separability,
which is usually only defined for algebraic extensions. To do so, we shall make
use of the notion of Kronecker product of commutative algebras, introduced
in IV, §4.

LemMma 1. Let K be a field, and let M be an overfield of K which is algebraic
over K. If M is separable over K, then, if L is any overfield of K, the algebra L ® M
has no nilpotent element 0. If M is not separable over K, then there exisls an
overfield L of K such that L ® M contains a nilpotent element #£0; L may be taken
to be of finite degree over K and such that L C K, where p is the characteristic of K.

Assume first that M is separable over K, and let © = >t ws be a nilpotent
element of L ® M (ur e L,v; e M, 1 < k < h). Then the field M, = K1, - -+ ,o)
is separable and of finite degree over K, and x ¢ L ® M, . We may write M, =

K({v), where v is some element of M; ; let F(X) be an irreducible polynomial with
coefficients in K such that F(v) = 0. If F is of degree n, then 1, v, - -+, "™
form a base of M; with respect to K, and therefore also of L ® M, with respect
to L. It follows immediately that L ® M, is isomorphic (as a ring) with the
ring L[X]/f, where { is the ideal generated in L[X] by F(X). We may write
z = G(v), where G is a polynomial with coefficients in L. If z° = 0, then G*
must be divisible by F. Now, since » is separable over K, F is not divisible by
the square of any irreducible polynomial with coefficients in L, and it follows
that not only G* but G itself is divisible by F, whence z = 0.

Now, assume that } is not separable over K Then M contains an element v
which is not separable over K. Let again F(X) be an irreducible polynomial with
coefficients in K such that F(») = 0. Then we know that F = Fi(X?), where
F, is a polynomial with coefficients in K. Let L be an overfield of K in which
the coefficients of I are all p-th powers; we see that we may take for L an over-
field of finite degree of K such that L* < K. Then F(X) = (G(X))", where G
is a polynomial with coefficients in L. Since G is of lower degree than F, it is
clear that the element G(2) of I, ® M is #0; but we have (G(v))” = 0. Lemma 1
is thereby proved.

If K is a field of characteristic p > 0, we shall say that an overfield L of K
is a radical extension of K if L? < K;if K is of characteristic 0, then we say that
L is a radical extension of K if and only if L = K. A radical extension will be
called finite if it is of finite degree. An overfield M of K will be called separable
over K if the following condition is satisfied: L being any finite radical extension

79
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of K, the algebra L ® M has no nilpotent element 0. It follows immedately
that every extension of a field of characteristic 0 is separable, and that our new
notion of separability coincides with the classical one for algebraic extensions.

Lemma 2. Let L and M be overfields of a field K. If L is purely unseparable
over K, then every zero divisor in L ® M 1s nilpotent.

Let z = Z;,-I wive (ux € L, v ¢ M) be a zero divisor in L ® M. Since L is
purely unseparable over K, we can find an exponent a > 0 such that
eK(1 =k <h), whence 2 = D haulvl® e M. Were 2®° # 0, it would
have an inverse in M, which is obviously impossible since z is a zero divisor.
Lemma 2 is thereby proved.

COROLLARY. Let M be an overfield of a field K which is separable over K, and
let L be a finite radical extension of K. Then L ® M is a field and is a finite radical
extension of M; we have [L ® M:M] = [L:K].

1t follows from the definition and from Lemma 2 that L ® M has no zero
divisor #0. If L = Klw, -+, u], wehave L ® M = M[u,, ---, w] and
uf e KC M (1 £k = r), which proves that L @ M is a field and a finite radical
extension of M. The last assertion of the corollary follows from the very definition
of Kronecker products.

LemMma 3. Let M be an overfield of a field K, and let M, be an intermediary field
between K and M. If M is separable over K, then the same is true of M, . If M,
is separable over K and M over M, , then M <s separable over K.

Let L be a finite radical extension of K. The first assertion follows immediately
from the fact that L ® M, C L ® M. Now, assume that M, is separable over
K and M over M, . Then we have (L y) = (L x,) » . By the corollary to Lemma
2, L u, is a field and a finite radical extension of M, . Since 3 is separable over
M, , Ly has no nilpotent element 0.

LemMA 4. Let L and M be overfields of a field K. Assume that M is purcly tran-
scendental over K; then L ® M has no zero divisor %0, and the field of quotients
U of this ring is purely transcendental over L. If M = K(xir, the x's being
algebrascally independent over K, then U = I{z:)ia , and the elements x; are alge-
braically independent over L.

The elements xi! - -- x* (where %1, - - , t» are any distinct elements of I,
ande , --- ,e,exponents = 0) are linearly independent over K in M, and there-
fore also over L in L ® M. It follows immediately that the ling L[z):er has no
zero divisor 0. Let u, u’ be elements of L ® M such that uu’ = 0; then we
may write u = Zk—l Yizi, W = Zk-l y;,z,, , with i, yk in L and z, % 1n M.
We can find a» # 0 in K[z.):s such that the elements vz, (1 = k £ h), var (1=
k £ k') all liein K[x,];c; . Then we have vu € L[z.)ier , v’ € L[2)ier , and (vu) (vu’) =
0. It follows that one at least of vu, vu’ is 0. Since v has an inverse in M and
therefore also in L ® M, it follows that one of u, «’ is 0. The field of quotients
of L[z ]:r , containing L and M, contains U, which proves Lemma 4.
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We shall say that an overfield M of a field K is separably generated over K
if there exists an intermediary field T between K and M which is purely tran-
scendental over K and over which M is algebraic and separable. A field R of
algebraic functions of one variable is said to be separably generated if it is sep-
arably generated over its field of constants K; if this is the case, any element
z of R such that R is algebraic and separable over K(x) is called a separating
vartable in R. It follows immediately from Lemmas 3 and 4 that an overfield
M of K which is separably generated over K is scparable over K. The converse
of this statement is not true in general. However, we have the following partial
converse:

LemMa 5. Let M be an overfield of a field K which vs separable over K and which
can be obtained from K by adjunction of a finite number of elements. Then M is
separably generated over K.

Write M = K{y,, -+, y.), where 41, - -+ , y, are elements of M. Denote by
p the characteristic of K, which we may assume to be >0, and by P the field
K(MP) obtained by adjunction to K of the p-th powers of elements of M. Then
we have M = P(y,, --- , y»). Let s be the smallest integer such that M can be
obtained from P by adjunction of s of the elements y, ; assume that M =
Ply,, -+, ys). We shall prove that ., --- , ¥, are algebraically independent
over K. Assuming for a moment that this is not the case, then there exists an
irreducible polynomial F(Y,, --- , Y,) with coefficients in K such that

F(yly"' ,ya) = 0.

We may assume that F is a polynomial of the smallest possible degree with
these properties; let then d be this degree. If 1 < ¢ < s, we can write
p—1

F = EGI:(XI, ,X,)X’:,
k=0

where Gx(X,, - -- , X,) is a polynomial with coefficients in K in which X; occurs
only with exponents which are = 0 (mod p). Thus, Gi(y1, - - , ys) belongs to
the field P; obtained by adjunction to P of the elements y; for j # 7 (because
y? € P). Since y? € P, but y; ¢ P;, y: cannot satisfy any equation of degree <p
with coefficients in P; ; it follows that Gi(yr, -+ , %) =00 =L = p — 1).
The polynomial F having been selected of smallest possible degree, it follows
that F = Gy, Gy, = 0 for k > 0. This being true for every 7 (1 < ¢ < s), we see
that we can write F(Yy, -+, Y,) = H(Y{, ---, Y?7), where H is a polynomial
with coefficients in K. Let L be the field which is generated by adjunction to
K of the p-th roots of the coefficients of H; then

F(Yy, -, Y,) = (Y, -, Y7
where J is a polynomial with coefficients in L of degree p~'d. In virtue of our
choice of F as of smallest possible degree, the monomials in i, -+, y, of

degrees <d are lincarly independent over K in M and therefore also over L
in L ® M. It follows that J(y1, --+ ,9s) # 0, while (J(y, -~ ,4.))" = 0,
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in contradiction to the assumption that M is separable over K. Our assertion
that 1, - -+ , y, are algebraically independent over K is thereby proved. Let T,
be the field obtained by adjunction of 31, -+ , y, to K; then To(M?) contains
Py, -+ ,ys) = M, whence T(M?) = M. If M is algebraic over T, (which,
actually, necessarily happens, although we do not prove it here), then it is also
separable over T, . For, let N be the field of elements of M which are separable
over T, . Then we know that N D M** for some @ > 0; on the other hand, since
M = T{M?), we see easily that M = To{(M?) = T(M*") = --- = To{(M™),
whence M = N. Were M not algebraic over T, we could extract from the set
{Yas1, -+, Y-} a transcendence base of M over T, . Adjoining the elements of
this transcendence base to T, we would obtain a field T, purely transcendental
over K and such that M is algebraic over T. Since 7y, C T, we would have
M = T(M”), and the same argument as above would show that M is separable
over T.

CoRoLLARY 1. A necessary and sufficient condition for a field R of algebraic func-
tions of onc variable to be separable over its field of constants is for R to be separably
generaled.

CoroLLARY 2. Let L and M be overfields of a field K. If M is separable over K,
the algebra L ® M does not have any nilpotent element 0.

For,let z = heywsvx (ur e L, v e M, 1 S k < h) be a nilpotent element of
L ® M. Then z belongs to L ® M’, where M’ = K(v1, --- , vs). Since M’ is
separable over K (Lemma 3), it is algebraic and separable over a field 7' con-
taining K and purely transcendental over K (Lemma 5). We have L, =
(Lt)u ,and Ly is contained in a field U (Lemma 4), whence L 5+ C U y+ (where
U is considered as an algebra over T). Since M’ is algebraic and separable over
T, U x has no nilpotent element 0 (Lemma 1), whence 2 = 0.

§2. RELATIVELY ALGEBRAICALLY CLOSED SUBFIELDS

A subfield K of a field L is called relatively algebraically closed in L if every
element of L which is algebraic over K is already contained in K.

LeMMA 1. Let K be a relatively algebraically closed subfield of a field L. If a poly-
nomial F(X,, -+, X,) in n letters with coefficients in K is irreducible in

KXy, -, X5,
then it 18 also irreducible in L[X,, --- , X,].

1) Let us first consider the case where n = 1. Let G(X;) be a factor of F(X;)
in L[X,]; assume that G is of degree >0 and has leading cocfficient 1. In a suit-
able extension L’ of L, @ factors into polynomials of the first degree, say

a(xy) = I_I (X; — ).
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We have F(z;) = 0 (1 £ ¢ < r), which proves that the elements z, are algebraic
over K. It follows immediately that the coefficients of G are themselves algebraic
over K. But these coefficients are in L; they are therefore in K. Since F is ir-
reducible in K[X;], G can differ from F only by a constant factor, which proves
Lemma 1 if n = 1.

2) In the general case, we shall make use of an artifice due to Kronecker.
Let D be the degree of F;seta; = (D 4+ 1) - il (1 S i< n). T HX,, -, X
is any polynomial in Xy, --- , X, , denote by H* the polynomial deduced from
H by the substitution X; — T% (1 < 7 £ n), where T is a new letter. If M, =
X --- X7 and M, = X{* --- X/ are monomials of degrees <D, then the
equality MY = M7 implies M; = M, . For, assume that > i, e.a, = 3 iy fia,
and that e, = f;fori > r (where 1 < r < n). Then

a(fr — &) = =D icrai(fi — e).

But | f. — ¢;| £ D for every ¢, whence
| 2icrai(fi — €) | = rD(D + 1) (r — DI< D+ 17r!=a,,
and therefore e, = f,. It follows that, if H is any polynomial of degree < D,

then the coefficients of H* are those of H. Call leading coefficient of a polynomial
H of degree £D the leading coefficient of H*. We may then write

F =aG, -+ G,

where Gy , - -+, G are irreducible polynomials with coefficients in L with leading
coefficient 1; a is the leading coefficient of F. We have F* = aGY --- G¥ , from
which it follows that each GY is a product of irreducible factors of F* in L[7)
with leading coefficient 1. Now, it follows immediately from the first part of the
proof that the irreducible factors of F* in L[T] with leading coefficient 1 are the
irreducible factors of F* in K[T] with leading coefficient 1. Thus the coefficients
of each Gf are in K, and the same is true of the coefficients of each G, since
G; is of degree =D. This shows that F is irreducible in L[X,, --- , X,].

CoROLLARY. Let K be a subfield of a field L and let F(X,, -+ - , X.) be a poly-
nomial in n letlers with coefficients in K. We may then factor F in irreductble poly-
nomzals in L[X,, --- , X.] whose coefficients are algebraic over K.

The elements of L which are algebraic over K form a field K’; we may then
take the irreducible factors of F in K'[X;, --- , X,].

LeMMA 2. Let K be a relatively algebraically closed subfield of a field L. Let
M = I{x:}ia be an overfield of L which can be obtained from L by adjunction of
elements 2, which are algebraically independent over L. Then K{(x:). 1s relatively
algebraically closed in M.

Let y be an clement of M which is algebraic over K{(r ) . It is clear that we
can find a finite number of indices ¢;, - -- , ¢m in I with the following properties:
y is algebraic over the field K{x;,, ---,x,,) and is in L{x,,, -+, z,,). Let
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F(Xy,++,Xm,Y) be an irreducible polynomial in m + 1 letters with co-
efficients in K such that F(z;, , - , i, , ¥) = 0. Then it follows from Lemma 1
that F is also irreducible in L(X;, - -+ , Xm, Y]; it follows that

F(xin Crt Ty, Y)

is irreducible in L{x; , -+ - , x;,)[Y]. Since y € L{zi, , - - , Ts,), F is of degree
1in Y, whence y ¢ K{x,,, **+ , Tip).

LeEmMaA 3. Let L and R be overfields of a field K. If every element of R which is
algebraic over K is purely unseparable over K, then every zero divisor in L ® R 1is
nilpotent.

Any zero divisor in I, ® R is already a zero divisor in an algebra of the form
L' ® R’, where L’ and R’ are subfields of L and R respectively each of which
can be obtained from K by adjunction of a finite number of elements. We may
therefore assume without loss of generality that L and R can both be obtained
from K by adjunction of a finite number of elements. Let R; be the field formed
by the elements of R which are algebraic over K. Then, if K is of characteristic
p > 0, there is an exponent e such that RY* C K. For, R is algebraic of finite
degree over a field R, which is purely transcendental over K, from which it fol-
lows that there exists an ¢ > 0 such that R«(RP") is separable over Ry . It fol-
lows from Lemmas 3 and 4, §1 that R(R"’) is separable over K. In particular,
K(R?") is separable over K; being also purely unseparable over K, it is identical
with K. Let B be a transcendence base of L with respect to K, and set T = K(B).
Then we know that T ® R has no zero divisor 0, and that, if S is the field of
quotients of this ring, then S = R(B), the elements of B being algebraically inde-
pendent over R in S (Lemma 4, §1). Let S; be the subfield T(Ry) of S; then it
follows from Lemma 2 that S, is relatively algebraically closed in S. On the
other hand, we have S?° C T. Thus we see that every element of S which is
algebraic over T is purely unseparable over 7. The algebra R, is (Rr). and is
therefore contained in S, (S and L being considered as algebras over T'). Since
L is of finite degree over T, we see that it will be sufficient to prove Lemma 3
in the case where L is of finite degree over K.

The field L is then purely unseparable and of finite degree over a field Lo of the
form K(y), where y is separable over K. Let F(¥) = 0 be an irreducible equation
with coefficients in K which is satisfied by y. If n is the degree of F, then 1,4, -- -,
y"" form a base of L, over K and therefore also of (Lo)z over R. It follows that
(Lo)r is isomorphic with R[Y]/f, where f is the ideal generated by F(Y) in the
polynomial ring R[Y]. Let Fi(Y) be an irreducible factor of F(Y) in Ri[Y]. If
K is of characteristic p > 0, then F?*(Y) ¢ K[Y], and is therefore divisible by
F(Y), which proves that F is (except for a constant factor) a power of F;.
If K is of characteristic 0 we have R, = K, F; = F (except for a constant factor).
On the other hand, it follows from Lemma 1 that Fy(Y) remains irreducible in
R[Y]. Let * = G(y) be any element of (Lo)z, G being a polynomial with co-
efficients in R. If G is divisible by F,, then x is nilpotent. If not, G is relatively
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prime to F;, and therefore also to F, and there exist polynomials U and V with
coeflicients in R such that GU + FV = 1, whence zU(y) = 1. Thus we see
that every element of (Lo)z either is nilpotent or has an inverse. This completes
the proof of Lemma 3 in the case where the characteristic p of K is 0. Assume now
that p > 0. If 2’ is a zero divisor in R, , we may write ' = Zﬁ-l uwy , With
ur e L,v e R (1 <k < h). Since L is purely unseparable over R, , there exists
an exponent ¢ > 0 such that 4" ¢ Ly (1 < k < k), whence 2'?° = 3 hoy uf‘v]" e
(Lo)x . Since 2’ is a zero divisor, 2’?° cannot have an inverse, and is therefore nil-
potent; Lemma 3 is thereby proved.

LEMMA 4. Let R be an overfield of a field K which contains an element y which
18 algebraic but not purely unseparable over K. Then there exists an overfield L of K
which is of finile degree and separable over K such that L ® R contains a zero
divisor which is not nilpotent.

It is well known that some power z of y is separable over K but not contained
in K; we take L = K(z). Since L C R, the identification of L with a subfield of
L ® R would create confusions in this case. Let us therefore denote by 2’ the
element z ® 1 of L ® R. The element z is a root of an irreducible equation
F(Z) = 0 with coefficients in K. If n is the degree of F, then 1, 2/, --+, 2™}
form a base of L with respect to R. We have

0=F(z) — F@) = (z — 2)G(z72),

where G(Z, Z') is a polynomial with coefficients in K whose degree with respect
to Z'is n — 1. It follows that G(z, 2’) £ 0 and that z — 2’ is a zero divisor. On
the other hand, z is a simple root of the equation ¥(Z) = 0 which is of degree >1.
It follows that no power of Z — z is divisible by F(Z) in R[Z], which proves that
2/ — zis not nilpotent.

§3. COMMUTATIVE ALGEBRAS

Let A be a commutative algebra over a field K. Denote by 1 the set of nilpotent
elements of A. Then n 7s an ideal in A. Yor, it is first clear that the conditions
zen, aekK,zeimply ax €1, 22 e n. On the other hand, let x and y be elements
of n. Then there exist exponents a and b such that z* = 0, 3" = 0; expanding
(x — 3)**" by the binomial formula (which is permissible in a commutative ring),
we see that each term of the expansion either involves x with an exponent
2a or y with an exponent =b, whence (z — )™ = 0 and x — y en, which
completes the proof of the fact that n is an ideal. The ideal n is called the radical
of the algebra .

Since the radical n of the algebra A is an ideal in A, we may construct the
factor algebra A/n.

Lemma 1. Let 1t be the radical of an algebra . Then the radical of A/n is {0}.
If every zero divisor in 3 is nilpotent, then A/ has no zero divisor #0.
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Let z* and y* be elements of 2A/n, and let « and y be elements of A which
belong to the residue classes «* and y* respectively modulo n. If z* is nilpotent,
let a be an exponent such that (z*)* = 0. Then z° ¢ 11, and there exists an expo-
nent ¢’ such that (x*)* = 0; it follows that = ¢ n, whence * = 0. Now, assume
that z*y* = 0 and that every zero divisor in ¥ is nilpotent. Then there exists an
exponent m such that 2™y™ = 0. If y" = 0, then y is nilpotent, whence y* = 0.
If y ## 0, then either z = 0 or ™ is a zero divisor and therefore nilpotent,
which implies that z is nilpotent, whence =* = 0.

Lemma 2. If the algebra A is the direct sum of a certain number of its ideals, say
of Wy, -+, Wn, then any product of an element of A; by an element of A; s O #f
7 # j, and the radical of A is the direct sum of the radicals of A, , - - - s .

The product of an element of ¥; by an element of ¥; is in both %; and ¥, , and
is therefore 0 if 7 # j. It follows that, if x; and y; are elements of A; (1 < 7 < h),
then we have (D%~ ) (3ta1ys) =2 im1 Zay: . In particular, we have, for any
exponent a > 0, (D i1 2,)® = X 1.1 4%, which proves that ., x; is nilpotent
if and only if each z; is nilpotent.

Remark. The formula (3 %1 z:) (i y) = Y iei zy: means that, under
the assumption of Lemma 2, ¥ is isomorphic with the (cartesian) product of the
algebras Ay, -+, A .

We now turn to the consideration of commutative algebras which are of finite
dimension over their basic field. An algebra of finite dimension is called sems-
stmple if its radical is {0}. If ¥ is any algebra of finite dimension, the factor
algebra A/n is clearly semi-simple.

An ideal a of an algebra ¥ is called minimal if it is 5 {0} but does not properly
contain any other ideal of A than {0}.

Lemma 3. A commutative semi-stmple algebra of finite dimension ts the direct sum
of tts minimal ideals, and these minimal ideals are all fields.

If A is an algebra of finite dimension over a field K, then, among all ideals
# {0} of A, we can select one of smallest possible dimension (over K); such an
ideal is clearly minimal, which shows that, if f = {0}, then A has at least one
minimal ideal. Assuming ¥ to be semi-simple, let a be a minimal ideal in 9.
Let z be an element %0 of a; then the set az of elements of the form yz, y € a, is
clearly an ideal contained in a, and is not {0} because z* 3 0 (since x would then
be nilpotent). It follows that ax = a. This being true for every z = 0 in a, we
see that ais a field. Let a;, -+ - , ax be distinct minimal ideals of 9. Then the sum
ay + +-+ + axis direct. For, if 1 # j, then the ideal a; N a; , which is in a;,
can only be either {0} or q; ; similarly, a; N a; iseither {0} or a; , whence a, N a; =
{0}. This implies that x.x; = 0if x; € a; , xj € a, . Assume then that Z?_l z, =0
with z; e a; (1 £ ¢ £ h); multiplying by z, , we obtain 2} = 0, whence z; = 0,
which proves that the sum a; + - - - + a, is direct. The dimension of each a; being
21, we see that h is at most equal to the dimension of ; this proves that A
has only a finite number of minimal ideals. Assume now that a,, --- , ax are
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all the minimal ideals of A. Each a;, being a field, has a unit element e, ; set
e =Z'$_1 e; . Let a’ be the set of elements x € A such that xe = 0. Then a’ is
clearly an ideal in %. Were o’ # {0}, among all ideals of ¥ contained in o', we
could find one of smallest possible dimension. This ideal would be minimal and

would therefore be one of a;, «--, ay. But this is impossible, because, since
eie; = 0 for i % j, we have e;e = ei = ¢; # 0. Thus we see that a’ = {0}. If
is any element of %, we have z = ze + (z — z¢), and, since & = (3 i e.)e = e,
(x — ze)e = 0, whence z — we = 0. Since ze = D ju Te; e a + -+ + a4, we

have A = a; + .-+ + ax . Lemma 3 is thereby proved.

LrmMa 4. Let A be a commutative algebra of finite dimension over a field K. De-
note by n the radical of N, and represent A/n as the direct sum of fields Z, , - - - ,
Zy which are ideals in A/n. Then there exists for each t (1 < © = h) a homomorphism
wi of A onto Z, . Conversely, if ¢ s a homomorphism of N into any field Z (con-
taining K as a subfield) and if o(N) == {0}, then there exists a uniquely determined
endex © such that ¢ can be written in the form Yo, , where  is an isomorphism of Z;
into Z.

REMARK. The homomorphisms which are considered in this statement are not
only ring homomorphisms, but homomorphisms of algebras; i.e., if 6 is any one
of them, we have 6(axr) = af(x) whenever a ¢ K.

Let z be any element of A. Denote by z* the residue class of £ modulo n; we
may then write z* = Y 1 2;, with 2, € Z; (1 S 7 < h). If we assign to = the
element z, , we clearly obtain a homomorphism ¢; of % onto Z; . Let conversely
« be a homomorphism of A into a field Z containing K. If u e n, we have (o(u))™ =
0 for some exponent m > 0, whence ¢(u) = 0, since Z is a field. Thus, ¢ maps
n upon {0} and defines in a natural way a homomorphism ¢* of %/u into Z. If
o(A) = {0}, there exists an index 7 and an element z; € Z; such that ¢*(z;) = 0.
Ifz;eZ; ,j # 17, then z;z, = 0, whence ¢*(z;) = 0 since Z is a field. On the other
hand, the restriction of ¢* to Z, is a homomorphism of Z; into Z, and therefore an
isomorphism since Z, is a field. Lemma 4 is thereby proved.

LemMma 5. Let L and M be overfields of a field K, M being of finite degree over
K. Considering M as an algebra over K, construct the algebra M |, over L, deduced
from M by extending the basic field from K to L. Assume that the factor algebra of
My, by s radical n s the sum of h minimal ideals. Then there exists a subfield L’
of L, which is of finite degree and separable over K which has the property that M .
18 already the sum of h minimal ideals.

Let L, be the set of elements of L which are algebraic and separable over K.
Then L, is a field and is algebraic and separable over K. It follows that M., is
semi-simple (Lemma 1, §1). Let Ty, --- , T4, be the distinct minimal ideals of
M., . Then M, is the direct sum of Ty , - - - , T, , from which it follows immedi-
ately that M, = (M) is the direct sum of the algebras (T1)z, -+, (Tho)x
which are ideals in it. Every element of L which is algebraic over Lo is clearly
purely unseparable over Ly ; it follows that every zero divisor in (7). is nilpotent
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(Lemma 3, §2) and therefore that the factor algebra of (7'.). by its radical n; has
no zero divisor (Lemma 1). It follows immediately from Lemma 3 that this factor
algebra is a field Z; . Making use of Lemma 2, we see that n = m + -+ + m,,
and therefore that (M.)/n is the direct sum of Z,, --- , Zs, which are clearly
ideals in it. It follows that h = ho . Let ¢; be the unit element of T'; . Then it is
clear that there exists a subfield L’ of Ly, containing K and obtainable from K
“by adjunction of a finite number of elements which is such that the h elements
e; (1 £ 1 £ h) already belong to M ® L’. The principal ideal generated by e; in
M. is contained in T; and has therefore no zero divisor. It follows immediately
from Lemma 3 that this ideal is a field T; . Since e.e; = 0 for i 5 7, the fields
Ty, -+~ , Th are distinct. Since Yt e; is the unit element of M., , we have,
forevery x e My, z = z(-‘_l ze; e T1+ -+ + T, which proves that My, is
the sum of A minimal ideals.

§4. DEFINITION OF THE EXTENDED FIELD

Let R be a field of algebraic functions of one variable, and let K be the field
of constants of R. Let L be an overtield of K; we propose to associate to the pair
(R, L) a field S of algebraic functions of one variable over L. In order to do this,
we first construct the algebra R, deduced from R (regarded as an algebra over
K) by extending the basic field from K to L. Denote by & the factor ring of R,
by its radical n. Since K is relatively algebraically closed in R, it follows from
Lemma 3, §2 and Lemma 1, §3 that & has no zero divisor #0. Let S be the
field of quotients of &. The field R may be considered as a subalgebra of B ® L;
being a field, it is mapped isomorphically onto a subfield R* of © under the
natural homomorphism of R, onto & = R./n. It is clear that every element of
& can be written as a linear combination of elements of B* with coefficients in
L; it follows that S = R* (L). Let = be an clement of R not in K, and let z*
be its residue class modulo n. Then R* is of finite degree over K(x*), from
which it follows that S is of finite degree over L(z*). We shall see that z*
is transcendental over L. Were this not the case, there would exist a polynomial
F 5 0 with coefficients in L such that F(z*) = 0; there would therefore exist an
exponent m > 0 such that (F(z))™ = F"(x) = 0. But this is impossible, hecause
the elements 1, z, -+, 2%, -+, being linearly independent over K in R, are
linearly independent over L in R, . Thus we have proved that S is a field of
algebraic functions over L.

From now on, we shall identify R with the subficld R* of S, and we shall
therefore write S = L(R) = R(L); we shall say that S ¢s the field deduced
from R by adjoining the elements of L to its ficld of constants. It should be observed
that the notation R(L) may be misleading in the case where R and I are
given a priori as subficlds of some common field @, since in that case, R(L)
already represents the subfield S, of @ generated by R and L. However, we shall
prove that, if S; is not algebraic over L, then there exists an isomorphism of S
with S, which maps upon itself every element of R and every element of L.
More generally, we shall prove the following result:
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LemMa 1. Let R be a field of algebraic functions of one variable, and let L be an
overfield of the field of constants K of R. Let @ be a field containing K as a subficld.
Assume that we are given an tsomorphism p of R into @ and an isomorphism \ of
L into Q, and that p and \ coincide with the identity on K. Then, if the subfield S, of
Q generated by p(R) and N(L) is not algebraic over N(L), there exists an isomorphism
o of R(L) with S, which coincides with p on R and with X on L.

It follows from Lemma 1, 1V, §4 that there exists a homomorphism ¢ of
R ® L into S; which coincides with p on R and with X on L. Since S; has no
zero divisor #0, ¢ maps the radical n of R ® L upon {0} and defines in a natural
way a homomorphism ¢* of @ = (R ® L)/ninto 8, ; in view of our identification
of R with a subring of R/n, we can say that ¢* coincides with p on B and with
A on L. We shall see that ¢* is actually an isomorphism. Set R1 = p(R) and
L1 = ML). Let x be an element of R not in K; then R, is algebraic over K(zy),
where x, = p(z), and S, is algebraic over Li(z;). Since S, is not algebraic over
L., z, is transcendental over L, . Let y be an element 20 of &; then y satis-
fies an equation of the form >ty Fi(z)y™™ = 0, where each F; is a polynomial
with coefficients in L and F, # 0. Denote by @, the polynomial deduced from
F, by submitting its coefficients to the operation \. Then, if y, = ¢*(y), we have
Z?,o Gi(z)yi ™" = 0. Since G, > 0 and z; is transcendental over L, , we have
Gn(z1) # 0, whence y; > 0. This proves that ¢* is an isomorphism. We may there-
fore extend ¢* to an isomorphism ¢ of the field of quotients R(L) of & into S, ;
the image of R(L), containing R, and L, and being a field, is the whole of S, .
Lemma 1 is thereby proved.

CoroLLARY 1. Let R be a field of algebraic functions of one variable, and let L
be an overfield of the field of constants K of R. Then cvery automorphism of L over
K can be extended in a unique way to an automorphism of R(L) over R.

This follows immediately from Lemma 1.

COROLLARY 2. Let R be a field of algebraic functions of one variable, and let
L = K(B) be a purely transcendental extension of K, the elements of B being alge-
braically independent over K. Then we have R(L) = R(B) and the clements of B are
algebraically independent over K.

We may construct an overfield € of R of the form R(By), the elements of By
being in a one-to-one correspondence with those of B and being algebraically
independent over R. Since © is not algebraic over K(By), it follows from Lemma
1 that R(L) is isomorphic with @ under an isomorphism which maps B onto Bj.

LiMmMma 2. Let R be a separably generated field of algebraic functions of one
variable, and let L be an overfield of the ficld of constants K of R. Then R(L) 1s
separably generated.

We can find an = ¢ R such that R is algebraic and separable over K(x), whence
R = K{z, y), with y separable over K(z). We have R(LY = Lz, y), and y is
obviously algebraic and separable over L(z).
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THEOREM 1. Let R be a field of algebraic functions of one variable and let L be an
overfield of the field of constants K of R. Assume that one at least of the fields L or R
18 separable over K. Then any set of elements of R which are linearly independent
over K remain linearly independent over L in R(L); any set of elements of L which
are linearly independent over K remain linearly independent over R in R(L).

It follows from our assumption that R ® L has no nilpotent element =0
(Corollary 2 to Lemma 5, §1). Therefore R(L) is the ficld of quotients of R ® L,
and Theorem 1 follows immediately from the definition of a Kronecker product.

CoRrOLLARY 1. The assumptions being as in Theorem 1, if L is algebraic over K,
then any base of L over K i3 also a base of R(L) over R. If L isof finite degree over K,
then [R(L):R] = [L:K], and we have, for any a € L, Spx(1)/xa@ = Sp1/xa@, Nr(1)/a0 =
N L/ kQ.

The elements of a base of L over K are linearly independent over R in virtue
of Theorem 1. Any element y of R(L) belongs to a field of the form R(L’), where
L' can be obtained from K by adjunction of a finite number of elements of L.
Since L is algebraic over K, L' is of finite degree over K, and it follows from
Lemma 2, IV, §1 that y can be written as a linear combination of elements of
L’ (and therefore also of L) with coefficients in K. It follows immediately that
any base of L over K is also a base of R(L) over R. The other assertions of
Corollary 1 follow immediately.

CoROLLARY 2. The assumptions being as in Theorem 1, let also S be a subfield
of R containing K and over which R is algebraic. Then any base of R over S is also
a base of R(L) over S(L). We have [R(L): S(L)] = [R: S|, and, if x 1s any element of
R, Spauy/sinyT = Spayst, Ne(uys(® = Ng/sz.

If u is an element of S not in K, then R is of finite degree over K(u) and a
fortiori, over S. Let {y,, - - , ¥»} be a base of R over S. Since, obviously, R{(L) =
(S(L)){R) and R is of finite degree over S, it follows from Lemma 2, IV, §1 that
every element of R(L) can be written as a linear combination of y; , - - - , ¥ with
coefficients in S(L). We shall prove thaty, , - -+ , y. are linearly independent over
S(L). Assume that D ry u,y: = 0 with u; e S(L) (1 < ¢ < n). Since S is a sub-
field of R, one at least of the fields S or L is separable over K (Lemma 3, §1)
and S(L) is therefore the field of quotients of S ® L (cf. proof of Theorem 1).
It follows that we can find an element v = 0 in S(L) such that vu; ¢ S ® L
(1 £ 7 = n). Let {sj}je be a base of S with respect to K (J being some infinite
set of indices). Then the elements y;s; (1 < 7 < n, j ¢ J) are linearly independent
over K in R; for if D fi D jsaiys;i = 0, ay ¢ K, then we have
Z?-l (Zm aijs;)y: = 0, whence Zm a;;8; = 0 for every ¢ (becausey1, *+ , Yn
are linearly independent over S) and therefore a;; = 0 for every 7 and j. It
follows that the elements y,s; are linearly independent over L in R ® L. On the
other hand, we may write u@ = ;o bis, with b; e L (1 4 < n,j e J), whence
i 2w biys; = 0 and therefore b; = 0 for every ¢ and j, and vu; = 0,
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u; = 0 (1 = 7 = n). This shows that any base of R over S is also a base of
R(L) over S(L). The other assertions follow immediately.

Let R be a field of algebraic functions of one variable, and let L be an overfield
of the field of constants K of R. Then, although S = R(L) is a field of algebraic
functions over L, it is not always true that L is the ficld of constants of S. Assume
for instance that K = P(a, b), where P is any field of characteristic p > 0,
while @ and b are algebraically independent over P. Let R be of the form K(z, ),
where z is transcendental over K, while y satisfies the equation y* = a2’ + b.
Then it is not difficult to see that K is the field of constants of R. Now, set
L = K(a'"®) ; then b is a p-th power in R(L), because b = (y — a'’”x)”, but not
in L = P{a'’”, by; it follows that L is not the whole field of constants of R(L).
However, we have the following result:

TureoreEM 2. Let R be a field of algebraic functions of one variable, and let L be
an overfield of the field of constants K of R. Then the field of constants of R(L) is
purely unseparable over L. If cither one of the fields R or L s separable over K,
then L is the field of constants of R(L).

If ¢ is a constant of R(L), then there exists a subfield L’ of L which may be
obtained from K by adjunction of a finite number of elements and which is
such that ¢ belongs to R(L’) and is algebraic over L’. Furthermore, if L is sepa-
rable over K, then sois L’ (Lemma 3, §1). It will therefore be sufficient te prove
Theorem 2 in the case where L can be obtained from K by adjunction of a finite
number of elements. Let then B be a transcendence base of L over K such that,
if L is separable over K, then it is also separable over K(B) (Lemma 5, §1).
Construct the field R, = R(K(B)) deduced from R by extending the field of
constants from K to K(B). Making use of the Corollary 2 to Lemma 1 and of
Lemma 2, §2, we see that the field of constants of Ry is K(B). Moreover, it
follows from Lemma 2 that, if B is separable over K, then R, is separable over
K(B). It is clear that R(L) is the field Ry(L) deduced from R; by adjoining the
elements of L to its field of constants. Thus we see that it will be sufficient to
consider the case where L is algebraic of finite degree over K. Then L is purely
unseparable over a field Ly of the form K(a), with a separable over K. If n is
the degree of a over K, then 1, a, - -+, a™* form a base of L, over K, and there-
fore also of R(Ly) over R (Corollary 1 to Theorem 1). Let ¢ = 2% ria' be a
constant of R{Lo). Denote by a, = a, - - - , a. the conjugates of a with respect to K
(in a suitable normal extension L’ of K containing Lo). For each j (1= j= n)
there exists an automorphism ¢; of L’ over K which maps a upon a; . It follows
from Corollary 1 to Lemma 1 that ¢; may be extended to an automorphism
(also denoted by o) of R(L) over R.Set ¢; = o;(c); then we have

n—1

¢)) ¢ = Z r.a'} .

=0

Since c¢ is algebraic over Lo , it is algebraic over K, and the same is true of each
¢; . On the other hand, since a is separable over K, the determinant of the system
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(1) (considered as a system of equationsinr,, « -+ , r,1) is #0. The coefficients
and the left sides of the equations (1) being algebraic over K, it follows that
To, *++ , ra_1 are algebraic over K, and therefore contained in K, whence ¢ € Lo .
Thus we see that Ly is the field of constants of R(Ly). Since L is purely unseparable
over L, , R(L) is purely unseparable over R(Ly). If ¢’ is a constant of R(L), then
there exists an exponent e > 0 such that ¢’** ¢ R(L,) (where p is the characteristic
of K, which we may assume here to be #0). Since ¢’** is algebraic over Ly , it is
in L, , which proves that ¢’ is purely unseparable over L. If R is separable over
K, then R(L) is separable over L (Lemma 2), and so is its field of constants
(Lemma 3, §1). This field of constants, being at the same time separable and
purely unseparable over L, coincides with L. Theorem 2 is thereby proved.

CoroLLARY. Let R be a field of algebraic functions of one variable, and let L
be an overfield of the field of constants K of R. Assume that one at least of the fields
R or L s separable over K. Then, if a ts any divisor of R, we have d(Cong/r(rya) =
d(a).

It is sufficient to prove it in the case where a is a place p. Let then « be an
element of R which has p as its only zero (Lemma 1, IV, §1). If p" is the divisor
of zeros of z in R, then we have hd(p) = [R:K(x)] (Theorem 4, I, §8). The divisor
of zeros of z in R(L) is (Cong/z(zy)", whence, since L is the field of constants of
R(L), hd(Cong/r(ya) = [R(L):L(x)]. Making use of Corollary 2 to Theorem 1,
this number is seen to be equal to [R: K{(z)], which proves our assertion.

§ 5. THE EFFECT ON A PLACE

Let R be a field of algebraic functions of one variable, and let L be an over-
field of its field of constants. We propose to study the places of the field R(L)
which lie above a given place of R.

TueoreM 3. Let p be a place of a field R of algebraic functions of one variable
and let L be an overfield of the jield of constants K of K. Denote by = the residue
field of v, and form the algebra Z ., deduced from = (regarded as an algebra over K)
by extending the basic field from K to L. Let n be the radical of X, , and
let Zy, -+, Zy be the distinct minimal ideals of =./n. Then there is a one-to-one
correspondence between the fields Z; and the places B, of R(L) above p. I1f Z; cor-
responds to the place B, , then there exists an isomorphism ¢, of Z; with a subfield
of the residue field Z; of B:, and Z; is purely unseparable over oi(Z;). If £ ¢ Z,
let £* be the residue class of £ modulo n, and set£* = Y i ti, toeZ: (1 <4 £ h);
then ¢:i(¢:) s the image of § under the natural isomorphism of Z inlo Z;. If Z,
18 semi-simple, thenoi(Z;) = Z; (1 £ © £ h), and none of the places B, is ramified
with respect to R. Moreover, in this case, B ® L has no zero divisor #0.

Let o be the ring of . We denote by O the subring 0 ® L of R ® L. To
every element Y f. z:a; (2; € 0, a; ¢ L) of © let us assign the element 2., £:a,
of T, , where & is the residue class of z; modulo p. Then we clearly obtain a
homomorphism ¢ of O onto 2, . Foreachs (1 = ¢ < h), there is a homomorphism
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0; of . onto Z; (Lemma 4, §3); then 64 is a homomorphism of O onto Z;.
Let N be the radical of R ® L; then we know that R(L) is the field of quotients
of (R ® L)/N. The image of O under the natural homomorphism of R ® L
onto (R ® L)/N is the subring O’ of R(L) generated by o and L, and O’ is the
factor ring O/(D N N). Every element of O N N, being nilpotent, is mapped
upon 0 by 84 (because Z; is a field). It follows that 6,¢ defines in a natural way
a homomorphism x; of O’ onto Z; . Let Q0 be the kernel of this homomorphism;
since Z; is a field, Q; is a prime ideal. Making use of Theorem 1, I, §4, we see
that there is a place P; of R(L) such that P; N O’ D Q. It is clear that x;
maps upon 0 every linear combination of elements of p with coefficients in L;
it follows that p C Q, C P, and that P, lies above p. Since Z; is a field, Q;
is a maximal prime ideal of ©’, whence Q; = £’ N P, . It follows that O'/Q;
is isomorphic in a natural way with a subring of the residue field Z, of P ;
since £/ is isomorphic with Z,, we obtain an isomorphism ¢; of Z, with a
subfield of Z;. Using the notation of the statement of Theorem 3, denote by u
an element of R which takes the value ¢ at p. Then 6,0 maps the element -1
of 0 ® L upon ¢, and it follows that ¢,(¢:) is the residue class of w modulo P; ;
this is also the image of £ under the natural isomorphism of X into Z;. We
have not yet proved however that the place P, is uniquely determined when
Z, is given, nor that =, is purely unseparable over ¢,(Z;). Before we establish
these points, let us consider first the case where X, is semi-simple.

Let z be an element of R which admits p as its only zero (Lemma 1, IV, §1).
Then we have [R:K(x)] = »,(x)[Z:K] (Theorem 4, I, §8). Since Z, is semi-
simple, we have [2:K] = [S.:L] = Dt [Z::L) (Lemma 3, §3). On the other
hand, since R is of finite degree over K(z), it follows from Lemma 2, IV, §1
that [R:K(x)] = [R(L):L{x)]. This we write in the form [R(L): M(x)][M(z): L(z)),
where M stands for the field of constants of R(L). We have [M{x): L{x)] = [M:L]
(Lemma 3, IV, §1). On the otherhand, if B, , - - -, Ps- are all the places of R(L)
above p (with A’ = h), and if ¢; is the ramification index of P, with rospect to R,
then we have, by Theorem 4, I, §8, [R(L):M(x)] = vy(x)- Dt €,[S;0 M ], and
therefore 3 1 [Z.:L] = Yilie(ZiL). If j < h, we have [Z;:L] =
[Z;:0,(Z)] [Z,: L]. Therefore, we may conclude from our inequality that h’ = h,
that e, = 1 (1 = j < h) and that £; = ¢,(Z,) (1 £ j £ h). Let furthermore
D i-1 tia be a nilpotent element of R ® L (vi € R, ax € L); we may assume the
elements a; to be lincarly independent over K. Were the clements v not all 0,
then we could find an element w of R such that the elements wuv; should all be
in o, but not all in p. Then Y. wriar would be in O, and its image under 6.9
would be a nilpotent clement of =, , and therefore 0. On the other hand, it is
clear that the kernel of 8. consists of all linear combinations of clements of p
with coefficients in L. Including the elements a; in a base of L over K, we see
that D w1 wryay could be written in the form Y iciza,, with z e p,
a,eL(1 =Lk £ +)and a, -+, a linearly independent over K. This would
imply wox = 2, (1 £ k = r), which is impossible since one at least of the ele-
ments wr, is not in p. This proves that, if £, is semi-simple, then B ® L has
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no nilpotent element 0. Making use of Lemma 3, §2, we conclude that R ® L
has no zero divisor 0.

Let us now return to the general case. The field L is algebraic over a field T
which contains K and which is purely transcendental over K. Let L’ be the
field of elements of L which are separable over T. Then L’ is separable over T
and T over K (Lemma 4, §1), from which it follows that L’ is separable over K
(Lemma, 3, §1). On the other hand, L is purely unseparable over L’ and there-
fore R(L) is purely unseparable over R(L’). Now we prove

LEmMA 1. Let R and S be fields of algebraic functions of one variable. Assume
that R 18 a subfield of S and that ‘S is purely unseparable over R. Then above any
place p of R there lies only one place B of S, and the residue field of B is purcly
unseparable over that of p.

If u is any element of S, then there is an exponent a such that u*° ¢ R, where
p is the characteristic of R, which we may assume to be >0. A necessary and
sufficient condition for u to be in some place of S above p is for 4** to be in p,
which proves that there lies only one place P of S above p. On the other hand,
the p“-th power of the value taken by u at B (assuming that « is in the ring of P)
is in the residue field of p, which proves that the residue ficld of P is purely
unseparable over that of p.

This being said, we see that the number of places of R(L) above p is equal to
the number of places of R(L’) above p. But, L’ being separable over K, ..
is semi-simple (Corollary 2 to Lemma 5, §1), and our number is therefore equal
to the number of minimal prime ideals in ... Now, we know (LLemma 5, §3)
that there is a subfield L” of L which is algebraic and separable over K with
the property that £, is already the sum of 2 minimal prime ideals. Since I is
purely unseparable over L', we have L'(L") = L', L' < L', and we see that
the numbers of minimal prime ideals in 2./, =.//, and /1 are all equal to &,
which proves that there are & places of R(L) above p and that the correspond-
ence Z; — P, is a one-to-one correspondence between the fields Z; and all the
places of R(L) above p. On the other hand, if B; is the place of R(L’) below .,
then, since T,/ is semi-simple, the residue field =; of P is generated by adjunc-
tion of the elements of L to the image of £ undel the natural mmnmphlsm of =
into =; . The residue field of P being purely unseparable over 2; (Lemma 1)
is also purely unseparable over ¢,(Z,). Theorem 3 is thereby proved.

CoroLrLary 1. The notation being as in Theorem 3, assume furthermore that
every element of I which is algebraic over K is purely unseparable over K. Then
above any place of R there lies only one place of R(L).

For, in that case, every zero divisor in Z, is nilpotent (Lemma 3, §2) and
=./n has no zero divisor #0 (Lemma 1, §3), from which it follows that Z./n
is a field.
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CoroLLARY 2. The nolation being as in Theorem 3, assume furthermore that L
18 purely transcendental over K. Then there is only one place B of R(L) above p;
P is unramified with respect to R; ils residuc ficld is obtained by adjunction of the
elements of L to the residue field of p, and d(P) = d(p).

We know that L is then scparable over K (LLemma 4, §1). The assertions of
Corollary 2 then follow from Theorem 3, from Corollary 1, and from the Corol-
lary to Theorem 2, §4.

CoroLLARY 3. The notation being as in Theorem 3, denote also by =, the field
of elements of Z which are separable over K. Then the subalgebra (Z,), of 2. is
the direct sum of h fields Z; (1 < © < h) such that, for each i, 27 = (Zi + n)/n

18 the field of elements of Z; which are separable over L. The field ¢i(Z7) is then
the field of elements of Z; which are separable over L.

We may assume K to be of characteristic p > 0. Since X, is separable over K,
(=,) L is semi-simple (I.emma, 1, §1) and has therefore only 0 in common with n.
It follows that the natural homomorphism of =, onto T./n maps (Z,). iso-
morphically onto a subalgebra % of =./n. There exists an integer m > 0
such that the p™-th power of any clement of T lies in Z,. If n =
DimatieZ (@jel, £e2, 1 < j S 7), then n" =X fy a2t isin (2,),,
and it follows that the p™-th power of every element of Z./n is in A. Let ¢,
be the unit element of Z, (1 < 7 < h); since ¢ = ¢;, we have ¢; € A. If ¢ =
Diatiisin A, with ;€ Z; (1 < ¢ = h), wehave {, = {¢; € 9, from which it
follows immediately that % is the direct sum of the algebras Ne; (1 < 7 £ h).
Since e, is a subalgebra of the field Z, and Z, is of finite degree over L, e,
is itself a field Z7, and it is clear that the p™-th power of any element of Z; is
in Z7 , which proves that Z; is purely unseparable over Z; . Every element of Z7
can be written as a linear combination with coefficients in L of products by ¢;
of elements of the field (2, + 1)/n, which is separable over the subfield K of
L; it follows that Z is separable over I, and is therefore the field of elements
of Z; which are separable over L. The last assertion of Corollary 3 follows imme-
diately from the others and from Theorem 3.

CoRroLLARY 4. The notation being as in Theorem 3, assume furthermore that L s
algebraically closed. Then the natural isomorphisms of Z inlo the residue fields
of the places of R(L) above p are all the distinct isomorphisms of 2 inio L which
coincide with the identity on K. The number of places of R(L) above p is cqual
to [Z,: K], where X, 18 the field of elements of S which are separable over K.

Since L is algebraically closed, the fields Z, and the fields Z, (which are of
finite degree over L) are of degree 1 over L, and the first assertion of Corollary 4
follows from Lemma 4, §3. The second assertion follows from the first and from
a well-known theorem in Galois theory.

REMARK. In the case where X, is not semi-simple, two phenomena may
a priori take place: either some places of R(L) lying above p are ramificd with
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respect to R, or we may have Z, # ¢,(Z;) for some of the places PB;. We shall
show by examples that these two possibilities can actually be realized even
when R is separable over K. Let K be a field of characteristic p > 0 which con-
tains two elements @ and b such that [K{a'/”, b'"):K] = p’. Set R, = K(z),
where z is transcendental over K, and let p be the unique zero of z° — ain R; .
Since 2* — a is irreducible in K[z], we have »,(z° — a) = 1. Set L = K(a'/?);

then z° — a is in Ri(L) the p-th power of z — a'/®. If P is the place of Ri(L)
above p, vp(2” — a) is divisible by p, which shows that P is ramified with respect
to K(x). Now, set R, = Ri(y), where y satisfies the equationy” = (b + y)(2* — a).
Then y is separable over R, which proves that R, is separable over K. Let g
be a place of R; above p; then it is easily seen that q is a zero of y, whence
v(x” — a) = 0 (mod p). This means that the ramification index of q with
respect to Ry is = p; since R, is of degree <p over R, , we see that the ramifica-
tion index of q with respect to R, is p, whence »,(y) = 1, and that the residue
field of q is the same as that of p; this residue ficld is therefore isomorphic to
the field L introduced above. If Q is the place of Rx(1.) above g, then the formula
(yx — a'™™” = b + y shows that b is a p-th power in the residue field of Q.
We conclude that the residue field of Q cannot be obtained from that of q by
adjunction of the elements of L. We observe also that, if we adjoin a p-th root
of b to RxL), the place of the ficld we obtain which lies above L is ramified
with respect to Ry(L). We shall see later that this is a general phenomenon: if
it happens (in the notation of Theorem 3) that some field Z; is different from
e.(Z,), then there exist extensions M of the field . with the property that some
place of R(M) above P, is ramified with respect to R(L).

§6. THE EFFECT ON THE GENUS

THEOREM 4. Let R be a field of algebraic functions of one variable. Denole by
K the field of constants of R and by L an overfield of K which we assume to be sepa-
rable over K. Let a be any divisor of R. If y is an element of R(L) which is =0
(mod Con g/x(1ya), then y can be written as a lincar combination with coefficients
in L of elements of R which are =0 (mod a).

The element y belongs to some field of the form R(L,), where L, is a subfield
of L which results from the adjunction of a finite number of elements to K.
The field L, is separable over K (Lemma 3, §1). On the other hand, we have
Con wrya = Con zeryr(ry (Con grirpa) (Lemma 3, IV, §7). Set o =
Con k(1 a; since y is in R(Ly) and is =0 (mod Con g(1,,/r(1y01) When it is consid-
ered as an element of R(L), we sce immediately thaty is =0 (mod a,) in R(L,).
This shows that it will be sufficient to prove Theorem 5 in the case where I
can be obtained from K by adjunction of a finite number of elements. We shall
assume from now on that this is the case.

There exists an intermediary field M between K and L which is purely tran-
scendental over K and over which L is of finite degree and separable (Lemma
5, 8§1). Let {by, -+, b} be a base of L over M. Then b,, ---, b, are linearly
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independent over R(M) (cf. Corollary 1 to Theorem 1, §4), and they form
& base of R(L) over R(M). We write y = D.iq bz, with z; ¢ R(M)
(1 £ 7 = r), and we shall prove that z; = 0 (mod b), where b is the divisor
Con g/r(amya. Let g be any place of R(M), and let ¢ be the exponent with
which ¢ enters in b; let » be a uniformizing variable at q. Since y = 0
(mod Con r(ay/r¢1yD), it follows immediately that « ™y is integral at every place
of R(L) which lies above q. On the other hand, the discriminant of the base
{bi, -+, b,} is an element 20 of M, from which it follows that this base is
integral at q (Lemma 2, IV, §8). It follows that v,(u %) =2 0 (1 < 7 S r). This
being true for every place q of R(M), we conclude that the elements z; are
=0 (mod b). Theorem 5 will be proved if we can show that each z; is a linear
combination with coefficients in A/ of elements of R which are =0 (mod a).
In other words, it will be sufficient to prove Theorem 5 in the case
where L = K(t,,---, t.), with ¢, -+, t, algebraically independent over K.
In this case, we proceed by induction on 7. There is nothing to prove if n = 0.
Assume that n > 0 and that the theorem is true for n — 1. We set
N=K{, -, ta),S = R(N), and we write y = P({,)/Q(ts), where P and Q
are polynomials with coefficients in S, relatively prime to each other, and where
Q has leading coefficient 1. We shall see that all coefficients of @ are in N. As-
sume for a moment that this is not the case. If we decompose @ into linear fac-
tors in a suitable algebraic extension of R(L), we see that one at least, say s, of the
zeros of @ in this extension is transcendental over N (since, otherwise, the coeffi-
cients of Q would all be algebraic over N, and therefore contained in N in virtue
of Lemma 2, §2). We set U = (R(L))(s). The element s is algebraic over S
but not over N; since the degree of transcendency of S over N is 1, it follows
that S(s) is algebraic over N(s) and that U is algebraic over L(s). Considering
U as a field of algebraic functions of one variable over L, we see that s — ¢,
has at least one zero Q in U. The value ¢, taken by s at Q is transcendental
over N, which is the field of constants of S; it follows that the residue field of Q
is transcendental over N, and therefore that £ is a variable place with respect
to the subfield S(s) of U. In particular, no element of S can have a pole at Q.
Since P and @ have their coefficients in S and »o(t, — s) > 0, we see that
va(Q(ty)) > 0 and that »va(P(t,) — P(s)) > 0. Since P and ( are relatively
prime to each other, we have P(s) 5 0; but P(s) belongs to S(s), with respect
to which Q is variable. Therefore we have vo(I’(s)) = 0, whence va(P(t,)) = 0.
This shows that Q is a pole of y. Let q be the place of R(L) which lies below Q;
then q is a pole of y in R(L}), and is obviously a variable place with respect to
R(N) = S and therefore also with respect to R. It follows that q does not occur
in the divisor Con g1y, and we obtain a contradiction with the assumption
that y is congruent to 0 modulo this divisor. Thus we have proved that Q(¢.) e L.
Write P(t,) = 3 w0 l5ys, ys € R(N), whence y = 2 i (tn/Q(t))y: . We shall
prove that ¥, = 0 (mod Con g/rwa) (0 £ k& = d). Let p be any place of R,
and let v be a uniformizing variable at p. Then we know that there exists exactly
one place B of R(L) above p, and that vg(v) = 1 (Corollary 2 to Theorem 3, §5).
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Let a be an integer such that »g(v™"yx) = 0 for all &, but vs(v™"y) = 0 for at
least one k. If we denote by 7 the value taken at B by v “y:, then the value
taken at P by vy is Dt (t5/Q(t.))m . Now, each m: belongs to the residue
field of the place of R(N) which lies above p, and £, is clearly transcendental
over this residue field. It follows that »9(v™"y) = 0, whence v¢(y) = a. Since
ve(y) is at least equal to the exponent @’ with which p enters in a, we see that
a = o, and this proves that each y; is =0 (mod Con g/z(vya). In virtue of our
induction assumption, we may conclude that each y; is representable as a linear
combination with coefficients in N of elements of B which are =0 (mod a).
Since t%/Q(t,) ¢ L, we see that y is representable as a linear combination with
coefficients in L of elements of R which are =0 (mod a). Theorem 5 is thereby
proved.

CoroLLARY 1. The assumptions being as tn Theorem 4, we have
U(Con g/r(rya) = I(a).

Set l(a) = I, and let a;, - -- , x; be | elements of R which are linearly inde-
pendent over K and which are =0 (mod a). Considered as elements of R(L),
Zy, -+, 2y are =0 (mod Con g/r(rya) and are linearly independent over L
(Theorem 1, §4). It follows from Theorem 5 that every element of R(L) which
is =0 (mod Con g/r(rya) is a linear combination of x;, - - - , 2; with coefficients
in L. Since L is the field of constants of R(L) (Theorem 2, §4), the corollary is
proved.

CoROLLARY 2. The assumpiions being as in Theorem 4, a necessary and suffi-
cient condition for an element y ¢ R(L) to be expressible as a linear combination
of elements of R with coefficients in L is for y not to have any variable pole with
respect to R.

The condition is clearly necessary. Conversely, assume that it is satisfied.
Let Py, - -+, Ba be the poles of y. Then each P, lies above some place ; of R, and
it is clear that, for n large enough, we have y = 0 (mod Con z/z(ry(py - - - pu) ™ ").
It then follows from Theorem 5 that y is expressible as a linear combination of
elements of R with coefficients in L.

ReMARK. The conclusion of Corollary 2 remains true if, without making any
assumption on L, we suppose that the field R is separably generated.

In order to prove this, we proceed as follows. Let z be a separating variable
in R, and let (a:):r be a base of L with respect to K, I being some set of indices.
If z is any element of R, we construct the element u, = Sp g1y Lmyz of L{x).
If Po is a place of L(z) which is variable with respect to K(z), then any place
P of R(L) above P, is variable with respect to R; for, were this not the case,
then B N R would be a place of R and therefore $ N K(z) = B, N K(z) would
be a place of K(z), which is not the case. Thus we see that no place of R(L)
above B, is a pole of yz, from which it follows that P, is not a pole of %, ; in
other words, u, has no variable pole with respect to K(z). The divisor of poles
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of u, consequently divides a divisor of the form Con gz, (z)l1. , Where 1, is an in-
tegral divisor of K(z). We can find a polynomial V, s 0 with coefficients in K
whose divisor is of the form u,Go™, where g is the pole of z in K(z) and m,
some integer =0. Then the only pole of V,(z)u, in L(z) is the pole of z, and
we may therefore write V.(z)u, = U.(z), where U, is a polynomial with co-
efficients in L. Since V, has its coefficients in K, we have an expression of the
form u, = .0 aip.(2), With ¢i(2) ¢ K(z). It is clear that 0.(v2) = vpi(z) for
every i e I and v ¢ K(z). If {21, -+, 2.} is a base of R with respect to K(z),
we may express every z ¢ R in the form D7 v;z;, whence ¢;(2) = Do r vipi(z)).
For each j there are only a finite number of indices ¢ for which ¢,(2;)  0; it
follows that there are only a finite number of indices ¢ for which the function
¢: is not identically 0. Making use of Lemma 1, III, §5, we see that there exists
for each ¢ ¢ I an element y; ¢ R such that ¢:(z) = Sp #/x(=y.z for every z ¢ R,
and this is equal (in virtue of the Corollary 2 to Theorem 1, §4) to Sp (. Lie):2.
There are only a finite number of indices ¢ for which y; £ 0; set ' = D _.ra.y, .
Then we have Sp r(1y/2)(y — ¥')z = 0 for every z ¢ R. This formula applies in
particular to 21, - -+, 2., which form a base of R(L) with respect to I{z) (by
the result quoted above), from which it follows that our formula is still valid
for any z e R(L). Since R(L) is separable over L(x), it follows from Lemma 1,
II1, §5 that y = y’, which proves our assertion.

TaEOREM 5. Let R be a field of algebraic functions of one variable, and let L be
an overfield of the ficld of constants K of R. Then the genus g' of R(L) is at most
equal to the genus g of R, and the equality g = ¢’ is true whenever L 1s separable
over K.

We first consider the case where L is separable over K. Let a be a divisor of
R such that d(a™) > 29 — 2 and d(Con g/z(nya”") > 2¢’ — 2. Then we have, by
Riemann-Roch’s theorem, I(a) = —d(a) — ¢ + 1, W(Con gpya) =
—d(Con ryya”) — ¢’ + 1. The left sides of these two equalities are equal to
each other in virtue of the Corollary 1 to Theorem 5. On the other hand, we have
d(a) = d(Con g/r(nya) in virtue of the corollary to Theorem 2, §4. It follows
that g = ¢'.

Let us now consider the general case. The field L is algebraic over a field M,
which is purely transcendental over K. Let M be the field of elements of L
which are separable over 3/, . Then M is separable over M, and M, over K
(Lemma 4, §1), from which it follows that 37 is separable over K (Lemma 3, §1).
On the other hand, L is purely unseparable over 1. The genus of R{}) is equal
to g, as was already proved. This shows that it will be sufficient to prove The-
orem 6 under the supplementary assumption that L is algebraic and purely
unseparable over K. Let then I’ be the field of constants of R(L), and let {a;} .«
be a base of L' over K, I being a set of indices which may be finite or infinite.
Let @, - -+, Q- be ¢’ linearly independent differentials of the first kind of R(L).
If ¢ is any repartition in R, then Cosp x/r(1y¢ is a repartition in R(L), and we
may write Q(Cosp mr(nl) = i wa(t)a,, with w.(x) € K. It is clear that
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each wy is a linear function on the vector space of repartitions in R. Let ¢ be
the unit divisor of R; if t = 0 (mod e), then Cosp z/z(1)t is congruent to 0 modulo
the unit divisor of B(L), whence wx(x) = 0 for all ¢ and k. On the other hand,
if ¢ is the repartition x» attached to an element z of R, then Cosp z/z(1) £ is the
repartition zz(z) attached to x in R(L), whence again w;(z) = O for all ¢ and k.
This shows that each wy; is a differential of the first kind in . We shall see that
only a finite number of these differentials are 0. Let b be an integral divisor
of R of degree d > 2g — 2; then it follows from Theorem 2, II, §5 that every
repartition ¢ of R is congruent modulo b™' to a repartition of the form zs,
r ¢ B. Making use of Lemma 1, II, §4, we see that we can find d repartitions
i, -, ta which are =0 (mod b™") such that every repartition ¢’ which is
=0 (mod b™") can be written in the form Y % c;z; + ¢”, with ¢’ = 0 (mod ¢)
and ¢; e K. It follows that every repartition ¢ of R can be written in the form
tr + 2 aaciti + r’, with ¥’ = 0 (mod e), whence 2 (Cosp wr(nyt) =
>4 1 ci%(Cosp r/a(1y1). We can find a finite subset Ip of 7 such that the quan-
tities Qu(Cosp &/z(1)2;) can all be expressed as linear combinations of the ele-
ments a; for ¢ € Iy with coefficients in K; it is then clear that wy = 0 if 7 ¢ I, .
This being said, if we had ¢’ > g, then we could find a differential Q of the first
kind of R(L) such that @ = 0, @(Cosp r/r(1yz) = O for every repartition r of R.
We shall derive a contradiction from the existence of such a differential. Since
Q # 0, there exists a repartition y of R(L) such that Q(y) 0, and we may even
assume that 1(B) e R(L) for all places P of R(L) (i.e., we take a repartition y
in the sense of the first definition of this concept, as given in II, §4). For each
place P of R(L), denote by yg the repartition which assigns n(B) to P and 0
to every other place. Then only a finite number of the elements Q(ys) are 0,
and ©(y) = X 3 Q(yy). Let P be a place such that Q(yg) = 0. Since L is algebraic
over K, it follows easily from Lemma 2, IV, §1 that y(PB) can be written in the
form D _.ra.r;, with z; € R. Let p be the place of R below P, and let z; be the
repartition of B which assigns x; to p and 0 to every other place. Since P is the
only place of R(L) above p (Corollary 1 to Theorem 3, §4), we have yy =
Z,-.; a; Cosp r/r(yli, Whence Q(yg) = 0 which brings the desired contradiction.
Theorem 6 is thereby proved.

It will be observed that the strict inequality ¢’ < g may be true even in the
case where R is separably generated over K.



CHAPTER VI
EXACT DIFFERENTIALS

§1. THE DIFFERENTIAL dZ IN K{x)

Let R be a field of algebraic functions of one variable. Our purpose in this
chapter is to associate to every element z of K a differential dz of the field R and
to show that the differentials obtained in this manner have the formal properties
of the differentials one is used to handling in the calculus.

We shall first consider the case where the field R is of the form K(z), K being
any field and z transcendental over K; in that case, we shall define in this section
the differential of the particular element . We shall pass to the general case
later by making use of the notion of the cotrace of a differential.

In II, §5, we have determined the differentials of K(z) when K is the field of
complex numbers. They were the expressions udz, where u was an arbitrary
element of K(x). Taking « = 1, we obtain what we shall call the differential of z.
For any u, udz is obviously the product of « by the differential dz. We have seen
that the ordér of udr at a place p which is not the pole of x is v,(u), while the
order of udz at the pole p( =) of x is vy (u) — 2. Moreover, if t is the repartition
which assigns 27 to p(=) and 0 to every other.place, then it is easily seen that
(dz) (r) = — 1. It follows immediately from this that the divisor of dx is (p(®)) ™"

Now, let K be an arbitrary field, and set R = K(x), where z is transcendental
over K. Then x has a single pole p( =) in R, and p(«) is of degree 1. Applying the
theorem of Riemann-Roch and remembering that K(z) is of genus 0, we obtain
Wp(*)H) = dp(=)™ + 1 + 8((p(»)™) = 8((p(«))™) — 1, where
3((p())™*) is the dimension of the space of differentials which are multiples of
(p())~% Thus we see that there exists a differential w, # 0 of R which is multiple
of (p())™% The degree of d(w) being —2 = d((p())™*), we have d(w) =
(p())~*. Let 1 be the repartition which assigns 27" to p( ) and 0 to every other
place; if a is any divisor, let X(a) be the space of repartitions which are multiples
of a. Then it follows from Lemma 1, IT, §4 that X(p())/%((p(0))?) is of dimen-
sion 1 over K. The repartition r is in X(p(e0)) but not in X((p())*); it follows
that every y in X¥(p(e)) may be written in one and only one way in the form
ar + v, witha e K and v’ e X((p(=))*). We have wi(y’) = 0; were wi(r) = 0,
then w;(y) would be 0 for every multiple y of p(« ), and w, would be a multiple of
(p())7}, which is not the case. If b = wy(z), we set w = —h 'w; ; w is then a dif-
ferential of R which is a multiple of (p())™* and for which w(gr) = —1. The dif-
ferential w is uniquely determined by these two conditions. For, if a differential o’
satisfies the same conditions, then o’ — w is a multiple of (p())™* and (v’ — w)
(r) = 0. It follows immediately that («° — w) (») = O for every repartition y
€ X(p()), i.e., d(w’ — w) is a multiple of (p(=))™". The degree of the divisor of a
differential 50 of R being —2, which is < d((p())™"), we see that o’ — w = 0.

101
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We shall denote by dz the differential w whose existence and uniqueness we
have just established. We shall determine more explicitly dz by computing its
p-components (dx)” for the various places p of R (cf. II, §7). It will be sufficient
to compute (dz)’(u) for every u ¢ R.

Let first p be a place 5 p( ). Then there is an irreducible polynomial f ¢ K{x]
which admits p as a zero of order 1; we may assume that the leading coefficient
of fis 1, and f is then uniquely determined. It is well known that every u ¢ R
may be represented in the form

(1) u=2 4+ .. +B 4y

I f
where v is a rational fraction in which the denominator is not divisible by f>
whence »,(v) = 0;¢1, -+ , gr are in K[z], and each is either 0 or of degree <d

if d is the degree of f. Since p does not occur in d(dr), we have (dz)’(») = 0
(Lemma 2, II, §7). Similarly, if q is a place distinct from p and p(«), then
vo(gif ™) 2 0, and therefore (dz)*(g;f*) = 0. We have (by Lemma 1, II, §7) 0 =
dz) (gf~%) = D_.(dx)"(g:f "), the summation being extended over all places t.
Therefore, (dx)’(gif"i) = —(dz)"* (g5 %). Let v: be the degree of g; (if g. = 0);
then vy (g:f~") = %d — v . Since v; < d, this number is =2 if ¢ > 1, whence
then (dz)°(g:f %) = 0.Set gy = 2 im0 axz’; then xg; — aq_.f is either O or of degree
<d — 1, whence vyo,(gf ' — aaaz™) = 2. It follows that (dr)’(gf”") =
—(dx)** (ag1z™") = aa_1 . Thus we have obtained the following result:

LemMA 1. Let f be an irreducible element of Kz, of degree d with leading coefficient
1, and let p be the zero of f in K(x). Let u be an element of K{z), represented in the
form (1) above, where vy(v) = 0and g1, - - , g, are clements of K[x] of degrees <d.
Then (dx)”(u) is the coefficient of ™" in gy .

The simplest case is the one in whichd = 1,1e.,f = 2 — @, a ¢ K. In that
case, the p-adic completion of K(z) may be identified with the field of formal
power series in © — a with coefficients in K(III, §3). Our result can then be
formulated as follows.

LeMMA 2. Let a be an element of K, and let p be the zcro of  — a in K(z). If
Y= D i — o) (cr e K,r £ I < ) is any element of the v-adic completion
of K(z), then (dx)*(y) = c-1 -

Let us also consider the case where p, without necessarily being of degree 1,
nevertheless has a residue field £ which is separable over K. In this case, we shall
consider a repartition t for which »,(z) = —1, and we shall give another expres-
sion for the value of (dr)*(z). If { is the value taken by x at p, we have Z =
K(&), and £ is a root of the equation f(X) = 0. Since £ is separable over K, we
have f/(£) 0 (where f’ stands for the derivative of the polynomial f). On the
other hand, since »,(r) = —1, we have »,(fr(p)) = 0; we shall denote by ¢ the
residue class of fr(p) modulo p. With this notation, we shall prove that

") = e
@ (dx)* (1) = Spz/x 7o
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Write £(p) = g(x)/f(z) + v, where g is a polynomial of degrce <d, while »,(v) =
0. Then ¢ is equal to g(£). On the other hand, we know by Lemma 1 that (dz)*(r)
is the coefficient of 2° in g(x). Formula (2) will therefore follow immediately
from

LemMa 3. Let Z be a field which is obtatned from a field K by adjunction of an
element £ = 0 which is algebraic and separable over K. Denote by f(X) the charac-
teristic polynomial of & with respect to K and by d the degree of f. Then we have

-1

¢ éj
S S —0for0 <k — 1 s 1
Pz/x 7® or0 =k <d 1; Spz/x @) 1

In a suitable extension field of =, the equation f(X) = 0 has d distinct roots
L=¢& - ,& .Set

f(X) .
(X —.—————-———- 1=2+=54d).
g.(X) = X = 6/ (&) 1=si=<d
Then g¢; is a polynomial of degree d — 1, and we have g, (S,) = 1,¢9:(%) = 0 for
j# 1.0k =d— 1| the polynomlal (X)) = D 4 & g.(X) is of degree

< d — 1, and we have h(&) = £ for 1 £ ¢ < d, from which it follows immedi-
ately that hy(X) = X*.Setting X = 0, we obtain

g -1 if k=0,
O Spzie s = {0 Al S
I f(X) = X° + 242 aX**, we have f(0) = as and £7' = i at !

whence Sps, x‘;’d Yf'(€) = 1. Lemma 1, and therefore also Formula (2), are
thereby proved.

In order to make our investigation of dz complete, we still have to consider the
p()-component (dx)®" of dr. We may write any element u of K(z) in the form

3) u =kz:0a;,x‘+a_1x'1+v (with a_y, a0, -+, @, in K)

where v is such that Vo) (v) = 2. If k = 0, then we shall see that (dz)** (z*) =
0. We have (dz)" (") = —Z, (dx)* ("), the summation being extended to all
places b < p(0). None of these places being a pole of either z or dx, we have, for
each of them, (dz)’(z') = 0, which proves our assertion. Remembering that
(dx)**(z ™) = —1and that d(dx) = (p(=))7%, we obtain

LeMMa 4. An element w of K{(x) being represented in the form (3), with vy () =
2, we have (dz)* (1) = —a_y .

§2. TRACE AND COTRACE OF DIFFERENTIALS

Let R be a field of algebraic functions of one variable, and let S be an overfield
of finite degree of R; then we may also consider S as a field of algebraic functions
of one variable. We propose to associate to every differential @ of S a differential
w of R. Denote by K and L the fields of constants of R and S respectively. If ¢
is any repartition in R, set w(z) = Sp/xQ(Cosp r/st); it is clear that the function
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w defined in this way is linear. If ¢ = 2z, with z ¢ R, then Cospx;st = zs,
whence w(x) = 0 (cf. IV, §7; the reader is reminded that xz and x5 are the reparti-
tions attached to 2 in R and S respectively). If @ = 0, then v = 0 is a differ-
ential. If not, let A be the divisor of @, and set U = H«B‘B"(%. Denote by p a place
of 8, by P1, - - -, P the distinet places of S above p, and by e; the ramification
index of P; with respect to R (1 < 7 = h). Let a'(p) be the largest integer such
that e.a’(p) < a(PB.) (1 S 7 S k). Then a’(p) = 0 except for a finite number of
places p, and a = [[,p”'® is a divisor of R. Let r be any repartition of R which
is =0 (mod a™"). Then, for every place p of R, we have v,(r(p)) = —a’(p), whence,
if P is a place of S lying above p, vp((Cospr/st)(P)) = —ea’(p) = —a(P),
where e is the ramification index of P with respect to R. It follows that
Q(Cospryst) = 0, whence w(r) = 0. This proves that w is a differential of E. The
differential w will be called the trace (from S to R) of €, and will be denoted by

Sps/nﬂ.
It is clear that, if @ and @’ are differentials of S, then
(1) Sps/z(Q + 2) = Spe/aQ + Spa/at’.
On the other hand, if z ¢ R, we have
(2) Sps/n:cﬂ =2 Sps/ﬂQ.

For, let 1 be any repartition in R. Then, (Sps/x2Q)(r) = Spr/x((z2)(Cosper/st)) =
Sp L/ x(@(Cospr/szr)) = (SpsrR)(x¥), which proves our assertion.
If T is an intermediary field between R and S, we have
3) Sps/r® = Spr/z(Sps/ ).
For, let M be the field of constants of T, and let ¢ be any repartition in K. Mak-
ing use of Lemma 3, IV, §7, we have
(Spr/a(Sps/r))(x) = Spasx((Sps/r2)(Cospr, r¥))
= Spu/x(Q(Cospz/s(Cospr, r¥)))

= Spa/x(Q(Cospr/sx)) = (Sps/z)(x),

and this proves our formula.

THEOREM 1. Let R and S be fields of algebraic functions of one variable. Assume
that S is an overfield of finite degree of R. Denote by Q@ a differential of S, by p a
place of R, and by Py, - -, Ba the distinct places of S above p, by K and L the
fields of constants of R and S respectively, by Z.(p) the field of elements of the residue
field of p which are separable over K, by =,(B;) the field of elements of the residue
field of B, which are separable over L (1 = ¢ £ h). Then we have

h
res, Sps/zQ = Zl Spz, /2. TeSB, 2
-

ReMARK. In this theorem we assume as usual (cf. IV, §1) that L contains K;
it follows immediately that =,(p) is a subfield of Z,(B.).
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Let v be any element of Z,(p), and let 4 be the element of the p-adic comple-
tion of R which is algebraic over K and which belongs to the residue class v
modulo p (cf. Theorem 1, III, §3). Denote also by « and 8 the two sides of the
formula to be proved. We have Spz,/xey = (Sps/zQ)(c), where ¢ is the reparti-
tion of R which assigns ¥ to p and 0 to every other place. By definition of the
trace, this is equal to Sp. x(Q2(Cospg/st)) = ZLl sz,/x(ﬂwi(’?)). Since ¥ is
algebraic over L and belongs to the residue class ¥ modulo B; , we have Q”"(—y) =
Spz, @z Tesy,Q, whence

Spx@%(¥) = Spr,@a/xy 1esy, @ = Spr, i x(y Spz,@az,o TeSs,Q).

Thus we see that Spz,y/xay = Spz,)/x8y. This being true for every v ¢ Z,(),
it follows from Lemma 1, III, §5 that we have a = B. Theorem 1 is thereby
proved.

To the operation of cotrace for repartitions we have just associated an opera-
tion of trace for differentials. Conversely, to the operation of trace for reparti-
tions, we shall associate an operation of cotrace for differentials. However, in
so doing, we shall limit ourselves to the case of pairs of fields of algebraic func-
tions of one variable which have the same field of constants. It is only later
(after we have defined the exact differentials in arbitrary fields of algebraic
functions of one variable) that we shall be able to define the operation of co-
trace in the case where the fields of constants are distinct.

Let then R and S be fields of algebraic functions of one variable which satisfy
the following conditions: S is an overfield of R, R and S have the same field of
constants K. The field S is then of finite degree over K. Let » be any differential
in R. If we set

Q) = «(Sps/ay),

we clearly obtain a linear function € on the space of repartitions y of S. We shall
prove that @ is a differential. If y is the repartition ys attached to an element y
of S, then Sps/a) = (Sps/xy)r , whence Q(ys) = 0. If S is not separable over R,
then we have seen in IV, §7 that Sps/z) = 0 for every repartition y in .S, whence
Q = 0. Now, assume that S is separable over R and that »  0; we denote as
usual by d(w) the divisor of w. Let P be any place of S; we denote by p the
place of R below B, by a(p) the exponent of p in d(w), by ¢(B) the ramification
index of P with respect to B and by m(P) its differential exponent. If u is any
element of the B-adic completion S of S, we have @¥(u) = &’ (Spg/pu), where B
represents the p-adic completion of R. Let ¢ be a uniformizing variable at p
in R. If vg(uw) = —e(Bla(p) — m(P), then mg(t“(’)u) = —m(P), whence
5(Spgat®®w) = 0, and therefore »,(Spgru) = —a(p), and Qw(u) = 0. On the
other hand, there exists an element z of S such that »g(2) = —m(P) — 1,
v(Spyrz) < 0. Since »g(tz) = —m(P), we have »y(t Spgrz) = 0, whence
vo(Sps/az) = —1. The exponent of p in b(w) being a(p), we can find an element
w of R such that vy(w) = —a(p) — 1, «"(w) = 0. We then see easily that
ve(w2(Spyaz) ™) = —e(Ba(p) — m(B) — 1 and that Q*(wz(Spgrez)™) =
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w’(w) # 0. Let D be the different of S with respect to R; then the number
e(P)a(p) + m(P) is the exponent of P in D Congsdb(w). Thus we see that,
whether S is separable over R or not, @ is a differential of S, and that, if S is
separable over R, the divisor of € is D Congsb(w).

The differential Q is called the cotrace of w, from R to 8, and is denoted by
Cospgs w. We have proved the following result:

THEOREM 2. Let R and S be fields of algebraic functions of one variable; assume
that S is an overfield of R and has the same field of constanis as R. Let w be a dif-
ferential #0 in R. If S is not separable over R, then Cospgr/sw = 0. If S is sepa-
rable over R, then Cospg/sw 18 a differential 50 of S, whose divisor is © Congsd(w),
where D represents the different of S with respect to R.

CoroLLARY 1. The notation being as in Theorem 2, the cotrace from R to S of
any differential of the first kind of R is a differential of the first kind of S.

COROLLARY 2. Let the notation be as in Theorem 2, and assume that S is separable
over R. Denote by g and G the genera of R and S respectively. Then we have G — 1 =
[S:Rl(g — 1) + (1/2) d(D).

We have (Theorem 6, II, §6)
2G — 2 = d(d(Cospg/sw)) = d(Congssd(w)) + d(D),
and this is equal, in virtue of Lemma 1, IV, §7 to [S:R](2¢g — 2) + d(D).

CoroLLARY 3 (THEOREM OF LUROTH). Let R be a field of the form K{z), where
K 1s a field and x transcendental over K, and let T be an intermediary field between
K and R, distinct from K itself. Then T contains an element t such that T = K(1).

It is clear that R is algebraic over T. Let U be the field of elements of R
which are separable over T. If U = R, then R is of characteristic p > 0, and
the degree of x over U is a power p” of p. Since z is purely unseparable over U,
we have 2”" ¢ U. On the other hand, the divisor of poles of 2" in R is of degree
p", whence, by the corollary to Theorem 4, I, §8, [R:K(2™)] = p". Since
[R:U] 2 p” and K(z"") C U, we have U = K(2*"), and U is of genus 0. Apply-
ing Corollary 2 to T and U (instead of R and S) and observing that the dif-
ferent of U with respect to T is integral, we have —1 = [U:T|(g — 1), where g
is the genus of T'. It follows that ¢ = 0. Since R has a place of degree 1, the
same is true of T and T is a purely transcendental extension of K (cf. II, §2).

Let R and S be fields of algebraic functions of one variable such that S is an
overfield of R and has the same field of constants as R. It is clear that, if »
and o' are differentials of R, then we have

4) Cosprs (w + ') = Cospr/sw + Cosprysw’.
If z is any element of R, we have

6)) Cospgstw = x Cospg/sw.
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For, let y be any repartition in S. Then (Cospg/stw)(®) = (xw)(Sps/s)) =
»(z Spy/al) = w(Sps/ray) = (Cospr/sw)(@y) = (x Cosper/sw)(y), which proves
our assertion. On the other hand, if 7' is an intermediary field between R and S,
then we have

(6) Cospg/sw = Cospr/s(Cospr, rw).

For if y is any repartition in S, we have (Cospgsw)®) = w(Spss) =
w(Spr/a(Spsim)) = (Cosprrw) Sps/1y) = (Cospr;s(Cospe,w)) (v), which proves
our assertion,

If w is a differential of B and z ¢ S, then we have

) Sps/rz Cosprsw = (Sps/zz)w.

For, let ¢ be a repartition of R. Then (Sps/zz Cospr/sw)(r) = (2 Cospr/sw)
-(Cospr;st) = (Cosprrsw)(z Cospr/st) = w(Sps/z(z Cospest)), and this is
equal (by Formula (1), IV, §7), to w((Sps/x2)t) = ((Sps/rz)w)(1r), which proves
our formula.

THEOREM 3. Let R and S be fields of algebraic functions of one variable;
assume that R is a subfield of S and that R and S have the same field of constants.
Denote by w a differential of R, by p a place of R, and by B a place of S above p.
Let e be the ramification index of P with respect to R. If the residue field of P is
not separable over that of v, then resy Cospzisw = 0. If the residue field of P is
separable over that of p, then we have resy Cospr/sw = e res, w.

Denote by Z(p) and Z(P) the residue fields of p and P respectively, by Z.(p)
and Z,(P) the largest subfields of Z(p) and Z(B) respectively which are sepa-
rable over the common field of constants K of B and S. We form the p-adic
completion R of R and the P-adic completion S of S; we may consider Rasa
subfield of S. Let Z,(p) and ,(B) be the subfields of & and S respectively which
contain K and which are systems of rcpresentatives for Z,(p) and Z,(P) (cf.
Theorem 1, 111, §3). Denote by @ the differential Cospm w, and let u be any
element of Z,(P). If @ is the representative of u in Z,(P), we have o®@ =
Sps,@/x u resy®. By definition of the cotrace of a differential, this is also
equal to «’(Spyri). Now, @ is algebraic over K, and therefore also over R.
The conjugates of @ with respect to R (in a suitable normal extension of )
are also conjugates of @ with respect to K, and are therefore algebraic and sepa-
rable over K. It follows that Spgzi is algebraic and scparable over K, and there-
fore contained in Z,(p). We know that the residue class of Spgzi is e Sprw/zmu
(cf. Formula (1), IV, §8). This residue class is 0 if Z(P) is not separable over
2(p), whence, in that case, Spgrd = O, o® (@) = 0, and, this being true for
every u ¢ Z,(P), resy € = 0. Assume now that Z(P) is separable over Z(p). Let f
be the degree of Z(B) over Z(p), and let K be an algebraically closed overfield
of K containing =(PB). Then there are f distinct isomorphisms of Z(P) into
K which coincide with the identity on Z(p). Since Z(P) is purely unsepa-
rable over Z,(P), these isomorphisms induce f distinct isomorphisms of Z,(B)
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into K which coincide with the identity on Z,(p). Conversely, any isomorphism
of Z,(B) into K which coincides with the identity on Z,(p) can be extended
to an isomorphism of Z(PB), and, since Z(p) is purely unseparable over Z,(p),
the extended isomorphism coincides with the identity on Z(p). It follows that,
in the case under consideration, we have [Z(P):Z(p)] = [Z.(P):Z.(p)] and
Sprwzmt = Spr,wmz.m¥% We conclude that Spr gy xu ress @ = ew’(D),
where # is the representative of Spr,@z,mu in S.(p). But () =
Spz,n/x((SPs, @z, w) Tesw) = Spr,/xu res, w. Thus we see that Q°(@) =
Spz, @)/ xu(e res, ), which proves that ress @ = e resyw. Theorem 3 is thereby
proved.

§3. THE DIFFERENTIAL dr IN AN ARBITRARY FIELD

We are now able to accomplish our purpose of associating to every element x
of a field R of algebraic functions of one variable a differential of the field R.
This differential will be denoted by (dz)z , or, if no confusion is possible, by dz.

Let K be the field of constants of R. If x is not in K, it is transcendental over
K, and the differential (dz)x(z has been defined in §1. We set in this case

(d2)r = Cospx(z)/r (d2) ki) -

This definition clearly does not conflict with the previous one in the case where
R = K{(z). If z is an element of K, we define (dz)- to be the zero differential.
Any differential of R which is of the form (dx)r, for some z ¢ R, is called an
exact differential.

THEOREM 4. Let R be a field of algebraic functions of one variable, and let K be
the field of constants of R. If R is not separably generated, then every exact differential
in R is zero. If R s separably generated, and x € R, a necessary and sufficient con-
dition for (dx)g to be 0 is for x to be a separating variable in R.

Let x be any element of R. If R is not algebraic over K(x), then z is in K
and (dz)z = 0. If R is algebraic over K(z), it follows immediately from Theo-
rem 2 that (dz)z is #0 if and only if R is separable over K(z).

THEOREM 5. Anexact differential of a field R of algebraic functions of one variable
has no residue #0. If R s of characteristic p > 0 and x ¢ R, then, for any integer
m > 0, the residues of x*"(dx)x are all equal to 0. Let K be the field of constants
of R, and let p be a place of R. Then, if x s 0, res, x *(dz)r is equal to O if the
restdue field of p is not separable over K and is equal to v,(x) if the residue field of p
18 separable over K.

We may assume that z is not in K. Making use of Formula (5), §2, we have
2*(dz)r = Cospx(sy/ar’(dx) iz . Let p(0) and p() be respectively the zero and
the pole of z in K(z); then 2"(dr) x(»y has no pole outside p(0) and p(=). On the
other hand, p(0) and p(w) are of degree 1. If ¢ ¢ K, then (2" (dz) x)"*(c) =
((dz) ()" (cz*); making use of Lemma 4, §1, we see that this is equal to C
if h % —1and to —cif h = —1. It follows that res, e = () gy is 0if b = —1
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and —1if h = —1. It follows from Theorem 3, III, §5 that res,q z*(dz)x( is
O0if h  —1andis 1 if h = —1. Theorem 5 follows immediately from this
and from Theorem 3, §2.

Lemma 1. Let R be a field of algebraic functions of one variable; denote by K
the field of constants of R and by x an element of R not in K. If R is separable
over K(z), then there are infinitely many places of R whose residue fields are sepa-
rable over K and which are not ramified with respect to K(x).

First we observe that there are infinitely many essentially distinct irreducible
polynomials f(X) with coefficients in K such that f'(X) £ 0. For, if K is infinite,
we may take the polynomials f(X) = X — a, a ¢ K, while, if K is finite, it is
well known that there exists for each integer n > 0 an irreducible polynomial
of degree n with coefficients in K, and the derivative of this polynomial is %0
because K is perfect. This proves that there are infinitely many places of K(z)
whose residue fields are separable over K. Only for a finite number of these
places po can there exist a place p of R above p, which either is ramified with
respect to K(x) or has a residue field which is not separable over that of p,
(Lemma 3, IV, §8). Lemma 1 is thereby proved.

This being said, let p be a place of B which is not ramified with respect to
K{x), whose residue field is separable over K, and which is not a pole of z. Let
f(x) be the irreducible element of K[z] with leading coefficient 1 which admits
p as a zero. Since p is not ramified with respect to K{(x), we have »,(f) = 1.
Let ¢ be a repartition of R such that »,(z(p)) = —1. Then »,(ft(p)) = 0; denote
by ¢ the residue class of fz(p) modulo p. We shall prove the formula

) (@)% = Sp/x J%

where = is the residue field of p and ¢ the residue class of z modulo p.

Let £’ be the repartition which assigns z(p) to p and O to every other place.
Then (dz)k(r) = (d2)a(z") = (dz)x(») (SPr/x=t’). Let po be the place of K(x)
below p; then it is clear that the p-component of Spr/x(»t’ is Sp’z(p), where
Sp® denotes the trace from the p-adic completion of R to the p-adic completion
of K(z). Let Z, be the residue field of p, , and let ¢, be the residue class of f Spz(p)
modulo p . Then it follows from Formula (2), §1 that (dz)xw) (Spr/xs) ') =
Spzy/x ¢o/f'(£). On the other hand, since p is not ramified with respect to K(z)
and fSp°t(p) = Sp’fr(p), it follows immediately from Formula (1), IV, §8
that g0 = Spzz, . Since f/(¢) ¢ =, we have

(d2)(z) = Spzyx (sz/zo }'—?—E‘)) = Spz/x j% )

which proves Formula (1).

Let us consider more specifically the case where p is of degree one. Then
f =z — a, with a ¢ K, and the p-adic completion R of R may be identified with
the field of formal power series in * — a with coefficients in K; on the other
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hand, R coincides with the p,-adic completion of K(z), whence Sp’y = y for
every y ¢ R. Making use of Lemmg 2, §1, we obtain

THEOREM 6. Let R be a field of algebraic functions of one variable and let K be the
field of constants of K. Assume that R is algebraic and separable over K(x), where x
18 some element of R. Let p be a place of degree 1 of R which vs not ramified with
respect to K(x) and which 7s not a pole of x. Let uw = S — a) (e € K,
r Sk < o;r <0;aisthe value taken by x at p) be an element of the p-adic com-
pletion of R. Then we have (dz)°’(u) = c_; .

CoROLLARY. Let the notation be as in Theorem 6, and let y be any element of RR.
Lety = D pmebi( — @) (i e K, 8 £ k < w; 8 < 0) be the expansion of y in
the p-adic completion of R. Then we have res, y de = b_; .

Let ¢ be any element of K. Then we have (y d2)’(c) = (dz)*(cy) = cb_,
which proves our assertion.

Still assuming R to be separable over K(z), the divisor of the differential
(dz)& can easily be determined. Let t be the pole of z in K(z); then the divisor
of (dr)x(y is t™°. Making use of Theorem 2, §2, we see that d((dz)z) = bd.n7
where b, is the different of R with respect to K(z), while n = Congy/rt. It
is clear that nis the divisor of poles of x. Thus we obtain

THEOREM 7. Let R be a field of algebraic functions of one variable and let K be
the field of constants of R. Assume that R s algebraic and separable over K{x),
where x s some element of R. Then the divisor of the differential dx in R is bzn‘z,
where b, ts the different of R with respect to K(x), while n is the divisor of poles of x,

CoroLLARY. The notation being as in Theorem 7, the poles of dx are to be found
among the poles of x.

The assumptions being the same as in the previous theorem, the fact that
dx # 0 allows us to represent every differential w of R in the form u dz, with
u ¢ R. On the other hand, since R is separable over K(x), we may write
R = K(x, y1), with some y; ¢ R. The characteristic polynomial of 7 with respect
to K(z) is of the form Y" 4 D % a:i(x)(a0(z)) Y™ where ao, - , a, are
polynomials with coefficients in K. It follows easily that the characteristic
polynomial F(Y) of y = ay(x)y, has its coefficients in K[z], i.c., that y is integral
over K(x]. Now, assume furthermore that the only poles of w (if any) occur
among the poles of 2 in E. Then we shall see that u is of the form
u = G(z, y)/F'(y), where G is a polynomial in two letters with coefficients in K,
while F’ is the derivative dF/dY of F. It is clear that y is integral over the ring
of any place p, of K(x) which is not a pole of z; it follows that the only poles of
y in R occur among the poles of x. If k is any exponent =0, the poles of fw
are among the poles of z, from which it follows immediately that the only
pole (if any) of Spa/x(x ¥'w is the pole p,, of z in K(x). Now we have (dz)z =
Cospr(x/x (dr) x(zy, and it follows from Formula (7), §2 that Spgx(n ¥ =
(Spr/xia Y1) (dx)xxy . Since (dr) x(» has no zero, we conclude that Spexey 3*u
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has no pole outside p,, and therefore lies in K[z]. Our result will therefore follow
from

LeMMA 2. Let S be a field, o a subring of S containing 1, and R an overfield of S
which is obtained from S by adjunction of an element y which s algebraic and
separable over S and whose characteristic polynomial F(Y) with respect to S has
its coefficients in o. Then, if u ¢ R, a necessary and sufficient condition for the
elements Spr;s Y1 (0 £ k < ) to all be in o is for u to be expressible in the form
v/F'(y), with v € ofy).

If n is the degree of F, the elements 1, y, - -+, y™ ' form a base of R with
respect to S, and we may write uF'(y) = i ay’ witha; e S(0 S ¢ <n —1).
If0 <k =n — 1, we have, by Lemma 3, §1,

(2) _ S ik E S yi+n—1--k

ax = DPr/sY U —k<‘_§"_l @; SPr/s W .

Now, we prove by induction on ! that Spe/s y'/F'(y) € o for all I = 0. This is
true for I £ n — 1 in virtue of the result quoted above. Assume that it is true
for some | = n — 1. If F(Y) = Y™ 4+ D22, b;Y"7 we have y'*' =
~ > raby') from which it follows immediately (since b; e o) that our
assertion is true for { 4+ 1. From this, we conclude immediately that the condi-
tionsa, e 0 (0 < 7 < n — 1) imply Sprisy*u e 0(0 = k < o). Conversely, as-
sume these last conditions to be satisfied. Then any = Spg/s % € o, and for-
mula (2) shows that the conditions a; € o for ¢ < & = n — 1 imply a; e o, which
shows that a, , - - - , @,y all belong to 0. Lemma 2 is thereby proved.

We have established

TrrorEM 8. Let R be a field of algebraic functions of one variable of the form
K{x, y), where K 1is the field of constants of R, x is transcendental over K, and y
algebraic and separable over K(x). Assume furthermore that the characteristic
polynomial F(Y) of y with respect to K(x) has its coefficients in K[z]. Let w be a
differential of R which has no pole outside the sct of poles of x. Then w can be ex-
pressed in the form

_ G,y
F'(y)

where G is a polynomial with coefficients in K.

§4. DERIVATIONS OF FIELDS

Let R be a separably generated field of algebraic functions of one variable,
and let z be a separating variable in R. Since dx # 0, every diffcrential in B
can be expressed in the form u dx, with u ¢ R. This applies in particular to the
differential dy of an element y ¢ R; we propose to find out how it is possible to
compute u in terms of z and y. In order to do this, we have first to study the
notion of derivation of a field.
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Let R be a field and S an overfield of R. By a derivation of R into S is meant
a mapping D of R into S which satisfies the following conditions:

(1) Dy, + yz) = Dy1 + Dy,

2 D(yy:) = (Dyr)y2 + y:1(Dys)

The first condition means that D is a homomorphism of the additive group
of R into that of S. It follows immediately that we have

3) D@y — y2) = Dyr — Dy2 (1, y2 € R); D(0) = 0.

We have D(1) = D(1-1) = 2D(1), whence D(1) = 0. By induction on %, we
deduce easily from (2) that D(y*) = ky* Dy for all & = 0. Assuming that y; , y»
are in R and y, # 0, we shall see that

@ D (gl) _ (Dy)y: — y1(Dy)
Yo, y§ )

for 41, y2 € R.

For, if z = gz, we have y; = 2y, , whence Dy, = (D2)y. + 2(Dy,); solving
for Dz and replacing z by its value, we obtain the desired formula.

If D is a derivation of R into S, and u € S, then we see immediately that the
mapping uD of R into S defined by (uD)(y) = u(Dy) is again a derivation.
From this we conclude that the derivations of R into S form a vector space
over S.

A derivation of a field R into itself is called simply a derivation of R. Let
D, and D, be derivations of R; then the operation D = [D,, D,] defined by
Dy = Dy(Dyy) — Dyi(D.y) is again a derivation of R. It is obvious that D satisfies
condition (1) above. On the other hand, we have

D(yys) = Do((Dyyr)ye + 11(Dwyn)) — Di((Dayn)y: + y1(Deye))
= (D:(Dwy1))y: + y1(D2(Dry2)) — (Du(Dayr))y2 — y1(Di(Deys))
= (Dy1)y: + yi(Dy2),
which proves our assertion.

LemMA 1. Let D and D’ be deriwations of a field R into an overfield S. Assume
that D and D’ coincide on some subset E of R. Then they coincide on the subfield F
of R generated by the elements of E.

For it follows immediately from Formulas (1), (2), (3), (4) that the set of
elements y ¢ R such that Dy = D'y is a field.

LEmMa 2. Let D be a derivation of a field R into an overfield S, and let z be an
element of S which is algebraic and separable over R. Then 1t i3 possible in one and
only way to extend D to a derivation of R(z) into S.

Introduce an indeterminate Z. Let G(Z) = D i csZ" be any polynomial with
coefficients in R; then we set (DQ)(Z) = Y mo (Dci)Z*. It is easy to see that,
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if @ and G’ are polynomials with coefficients in R, then D(G + ¢') = DG + D@,
D(G®) = (D@)G + G(DG’). Assume that it is possible to extend D to a deriva-
tion D’ of R(z) into S. Then we have, for ¢ ¢ R, D'(cZ") = (D¢)?* + ke D'z,
whence D'(G(2)) = (DG)(z) + G'(2)D'z, where G is the derivative of G. Apply
this to the characteristic polynomial F(Z) of z with respect to R; since F(z) = 0,
we find 0 = (DF)(z) + F’'(2)D’z. Since z is separable over R, F'(z) is 0, and
the preceding formula determines complete D'z. Making use of Lemma 1, we
see that, if the extension D’ exists, it is unique.

To prove the existence of D’, we observe that any w e R(z) may be written
in one and only one way in the form u = G(z) where G is a polynomial with
coefficients in R of degree smaller than the degree n of F. We then define D'u
by the formula

(DF) ()
F'(2)
and we have to prove that D’ is a derivation which extends D. First, if u ¢ R,
then G = u is of degree 0, and D'u = Du, which shows that the mapping D’
coincides with D on R. Now, let u; and u, be elements of R(z), with w; = Gy(2),

us = G4(2), G1 and G being polynomials of degrees <n with coefficients in R.
Then w; + up = (G1 + G2)(2), and G, + G- is of degree < n. Since

DG + Gy) = DGy + DG, (Gi+ G = G1 + G,

we see that D'(w; + w2) = D'w; + D'u, . Now, if we consider the product wu, ,
it is equal to (G1G:)(2), but GhG, may be of degree = n. To find the correct repre-
sentation of wu, , we divide GiG. by F:Gi(. = FQ + G, where G; is of degree
<n, and we write wus = G5(2). Since F(z) = 0, we have

(DG5)(2) = (DG)(2) us + u-(DG2)(2) — ((DF)(2))Q(z),
G3(2) = Gi(Dw + wG5(Z) — F'(2)Q(2)

and it is easy to verify that

D'u = (D@)(2) — G'(2)

(DF)()
I"I ( Z)

is equal to (D'w)us + u(D'u,). Lemma 2 is thereby proved.

D'(uus) = (DG3)(2) — G;(z)

LrmMa 3. Assume that a derivation D of a field S maps a subfield R of S inlo
itself,.and that S is of finite degree over R. Then we have, for any y € S,

Sps/eDy = D(Sps/zy).

We may assume that S is separable over R, since the formula is trivial if this
is not the case. We can then find an overfield $* of S which is normal, separable,
and of finite degree over R. Let ji, (1 = k =< n) be the distinet isomorphisms of
S with subfields of S* which coincide with the identity on R. Then we have
Spsay = 2 et x(y), Sps/eDy = > raj(Dy). We can extend D to a derivation
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(which we also denote by D) of S*. From the fact that j; is an isomorphism, it
follows immediately that the mappings ji:D and Dji are derivations of S into
S*. Since ji coincides with the identity on R, jiD and Dy, coincide with each
other on R, and therefore also on 8 by Lemma 2. Thus

SpsrDy = ’;1 D(jy) = D(Sps/zy).

LeMMA 4. Let R be a field of algebraic functions of one variable. Let v be a place
of R and let D be a derivation of R which maps into itself the field of constants K of
R. Then there exists an integer s such that vy(Dy) = vy(y) — s for all y € R.

Let z be a uniformizing variable at p. Set s, = max {0, —»,(Dx)} (with the
convention that s; = 0if Dz = 0). If f(z) = X i a;2’ is an element of K[x],
then D(f(z)) = Zi"_o (Dane® + Qi kaxz* ) Dx, whence

n(D(f(@) 2 =% .

If y is any element #0 of K(x), we may write y = 2"®)f(x)/g(z), where f and
¢ are polynomials with coefficients in K, and g(0) 0. Observing that the for-
mula Dz” = vx’ ‘Dz is true even if v < 0, we have

D(f(z))g(x) — f(2)D(g(x))
g*(x)

whence »,(Dy) Z »(y) — so — 1if y e K(z). Now, let p, be the zero of z in K(x),
and let {z1, --+ , 2.} be a base of R with respect to K(z) which is integral at
po . Denote by pi, - -+, pa the places of R different from p which lie above g .
Then we can find an element « of R such that v,(u) = 0, v,,(u) > 0 (1 =7 = h)
(Corollary to Theorem 3, I, §6). Any element y 0 of R may be written in the
form y = 2”®u’y’, where r is some integer and

= -"()—lf_(fz "p(w)
Dy = vy (y)a"w e Dz + 2w

) =0, »(@) 20 (I £¢=h).
We have
. !
Dy gy 22 g By DY
y x u y
whence v,(Dy) = v,(y) + min {vy(Da/x), vo(Du/n), vy(Dy')}. We may write
y = Domiyaz, with gy, -+« , y.in K(2); then we have
ve(ys) 2 0 1 =750

Thus Dy’ = 2 i (Dydzi + > i y.(Dz). We have »,(Dy;)
whence

(1%
|
&
|
—
<

vo(DY') 2 minigign {—8 — 1 4 y(2.), ve(D2)}.
Lemma 4 is thereby proved.

Lemma 5. The assumptions being as in Lemma 4, denote also by R the p-adic
completion of K. Then D can be extended to a derivation D of R which is continuous
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(i.e., if z € R is the limit of a sequence (z.) of elements of R, then Dz = lim,.,Dzy).
This extension is unique.

If a sequence (z.) of elements of R converges to an element z ¢ R, then the
sequence (Dzx,) is also convergent. In fact, vy(xny1 — @.) increases indefinitely
with 7, and the same is therefore true, in virtue of Lemma 4, of v,(Dx,41 — Dz,).
Morcover, the limit lim,., Dz, depends only on 2, not on the sequence (z,),
for, if z = liMpoe Tn = limuoe z, , then »,(x, — x,) increases indefinitely with
n, and the same is true by Lemma 4 of vo(Dzw — Dz,), whence lim., Dz =
limpo Dz, . If we set Dz = lim,_, Dz, , then D is a mapping of R into itself.
If (z,) and (y.) are convergent sequences of elements of R, then we have

liMpsee (Tn + Yn) = liMpoe T + liMpseo Yn

and a similar formula for the product; it follows immediately from this that D
is a derivation. Using the same notation as above, we have (by Lemma 4),
vp(D2) = limpes »p(Dx;) = liMasy vp(xs) — s = vy(2) — s where s is an integer
which does not depend on z. If z is the limit of a sequence (z.) of elements of
R, we have lim,., »,(z — 2,) = o, whence limn—» v,(Dz — Dz,) = o, and
Dz = limpae Dz, . It is clear that D is the only continuous mapping of E into
itself which extends D.

Let us consider in particular the case where the residue field = of p is separable
over K. Let then = be a uniformizing variable at p. We know (III, §3) that B
contains a subfield T, isomorphic with £ (under an isomorphism which maps
upon themselves the clements of K) and that R may be identified with the field
of formal power series in # with coefficients in Z; . Since X is separable over K,
the restriction of D to K may be extended to a derivation D, of =, , and it follows
from the uniqueness assertion in Lemma 3 that Dy is the restriction of D to 3, ,
which shows that D maps I, into itself. From this and from the continuity of
D, we deduce immediately the formula

(5) D (kf: ckx") = kz‘o: (Diex)z® + (kf: kew* ™! )Dx.

Conversely, let there be given any field Z; and a derivation D; of this field.
Construct the field £ of formal power series in a symbol x with coefficients in
=, , and let u be any given element of R. Then the formula

D (i Cr x") = i (Dier)z* + (g; kck:ck—‘) u

k=r ket

(where the ¢;’s are arbitrary elements of =) defines a derivation D of R. For,
lety = Y prcid’and y’ = > . ez’ be elements of R. It is first obvious that

Dy +y') = Dy + Dy'.
On the other hand, we have yy’ = ZT_,+,'ele, where ¢; is given by

’
€ = Zk+k'-lckck’ .
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We have Dier = D ipirmt (Drci)cir + 2 okstrmt ci(Dycer) and
le;, = Zk+k'-l (kck)cllc’ + Ek-}-k'—l Ck(k,cllc')y

from which it follows that D(yy') = (Dy)y’ + y(Dy'). It is clear that the deriva-
tion D extends D; and maps z upon u.

LEMMA 6. Let R be a separably generated field of algebraic functions of one varia-
ble. If x is a separating variable in R, there exists a unique derivation of R which
maps every constant upon 0 and x upon 1.

Let K be the field of constants of . We may consider the field K{z) as a sub-
field of the field S of formal power series in z with coefficients in K. We have
just seen that there exists a derivation D of S which maps every element of
K upon 0 and z upon 1. Making use of Formula (4) above, we see that D maps
K{(x) into itself. Since R is separable over K(x), the restriction of D to K(r) may
be extended to a derivation D of R with the required properties. The uniqueness
of D follows immediately from Lemmas 1 and 2.

The derivation whose existence and uniqueness are asserted in Lemma 6 is
called the derivation with respect {o x in R.

LeMMA 7. Let R be a separably generated field of algebraic functions of one varia-
ble, and let D be a derivation of the field of constants K of R. If x is a separating
variable tn R, then D can be extended to a derivation of R which maps x upon 0,
and this extension s unique.

We use the notation of the proof of Lemma 6. From what we saw above, it
follows that D may be extended to a derivation D of S which maps = upon 0.
As in the proof of Lemma 6, we see that D maps K(z) into itself and that the
restriction of D to K(z) may be extended to a derivation of R. Here again, the
extension is unique in virtue of Lemmas 1 and 2.

§5. DERIVATIONS AND DIFFERENTIALS

We are now able to solve the problem which was proposed at the beginning
of §4. The solution will be provided by

TueoreM 9. Let R be a separably generated field of algebraic functions of one
variable, and let x be a separating variable in K. Then, if y is any element of R, we
have dy = (D.y) dx, where D, is the derivation with respect lo x in R.

If y is not a separating variable in R, then we know that dy = 0. Let in that
case F(X, Y) be an irreducible polynomial with coefficients in K such that
F(z, y) = 0. Then F(x, Y) is an irreducible polynomial with coefficients in
K({x). Since y is separable over K(z), we have (3F/38Y)(z, y) # 0. On the other
hand, z is| not separable over K(y), for, were this the case, R, which is separable
over K(z), and, a fortiori, over K{z, y), would be separable over K(y); it follows
that (0F/0X)(x, y) = 0. Now, it is easily seen that 0 = D,F(z, y) =
(0F /X)) (x, y)D.x + (8F/8Y)(x, y)D.,y; we therefore have D,y = 0, whence
dy = (D.y) dz.
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Let us assume from now on that z and y are separating variables. Making use
of Lemma 3, IV, §8 and Lemma 1, §3, we see that there exist infinitely many
places p of R which satisfy the following conditions:

1) the residue field of p is separable over K;

2) p is not ramified with respect to either one of the fields K{x) or K(y);

3) pisnot a pole of either x or y.

We shall prove that, if p is any one of these places and ¢ a repartition such that
vp(2) = —1, then (dy — (D.y) dz)°(z) = 0. When this will be done, Theorem 15
will follow immediately. For, were the differential dy — (D.y) dx = 0, then it
would follow from Lemma 2, IT, §7 that each place p which satisfies the condi-
tions 1), 2), 3) would occur with anexponent >0 in the divisor of this differential,
which is clearly impossible.

Let then p be a place which satisfies conditions 1), 2), 3). Denote by Z the
residue field of p, by £ and 4 the residue classes of z and y respectively modulo
p, and by f and ¢ the irreducible polynomials with coefficients in the field of
constants K of R and leading cocfficient 1 such that f(¢) = 0, g(n) = 0. Since
p is not ramified with respect to either K{x) or K(y), we have

»(f(2)) = »(g¥) = 1.

Let R be the p-adic completion of R. Since T is separable over K, R contains
a field Z; containing K and isomorphic with Z, and B may be identified with
the ficld of formal power series in f(x) with coefficients in Z; (ITI, §3). Moreover,
D, may be extended to a derivation D of B which is defined by the formula
Dt su(f@))F) = (Daof (@) (2imr ksi(f())* ™) (where s € 21, 7 < k < o).
On the other hand, it is clear that D.f(x) = f'(x), where f’ is the derivative of
the polynomial f. If we cxpand g(y) in R, the expansion will be of the form
0W) = 2f@) + Dpma su(f(@))* (21, 8t € =1), with 2z > 0. It follows that p is not
a pole of D.g(y), and that the residue class of D.g(y) is {f'(£), where ¢ is the
residue class of z; modulo p. But we have D.g(y) = ¢'(y)D.y, and, since 7 is
separable over K, ¢'(n) # 0; it follows that »,(¢’(¥)) = 0, whence »,(D.y) = 0.
Moreover, the residue class of D.y modulo p is {f'(¢£)/g’'(n). This being said, let
t be a repartition such that »,(x) = —1, whence »,(f(z)2(p)) = 0, v,(g(¥)z(p)) =
0. Let ¢ and ¢ be the residue classes of f(z)t(p) and g(y) £(p) respectively modulo
p; then we have, by Formula (1), §3

(@) = Spaix gy (@0)'(8) = Spix 5%;5

We have ((D.y) dx)’(x) = (dx)’((D.y)r), and the residue class modulo p of
J@)(D.y) () is tef (£)/g'(n), whence

(1) = Spee S
((D.y)dz)* () = Spz/x ok

On the other hand, we have g(y)t(v) = (9(y)/f(@)f(x)x(p), and g(y)/f(x) be-
longs to the residue class ¢ modulo p. It follows that ¢ = ¢y, whence

((Dy)dx)*(r) = Wdw)’(x).
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Theorem 9 is thereby proved.

CoROLLARY. The notation being as in Theorem 15, let y1, -+ , Ym be elements
of R, and let F be a polynomial with coefficients in the field of constants Kof R
in m letters Yy, + -+, Y. Then we have

dF(ys, =+ , Ym) = El (OF/aY )1, *++ , Ym) AYs

It is easily seen by direct computation that
D:Fly, -+ yym) = 25 OF/3Y)(y1, -+ , ym)Dzys;

the corollary follows immediately.
In particular, we have the formulas

dyr + y2) = dyr + dys,
dyyz) = dy)y: + n(dys).

§6. EXTENSION OF THE NOTION OF COTRACE

Let R and S be fields of algebraic functions of one variable such that I is a
subfield of S. We denote by K and L the ficlds of constants of R and S respec-
tively, and we assume as usual that K = L N R. In the case where K = L, we
have defined in §2 an operation of cotrace which assigns to every differential
w in R a differential Cospg/sw in S. We propose now to do the same thing in
the case where K # L; however, in that case, we shall have to assume that E is
separably generated. Let then u be a separating variable in R. Every differential
w of R can then be written in the form x(du)g, with some z ¢ R. Set Q(w) =
x(du)s . It is clear that Q(yw) = y2(w) for every y ¢ R. We shall prove that we
have Q(w) = Cospg/sw in the case where K = L, and that, in the general case,
the differential Q(w) does not depend on the choice of the separating variable w.

Assuming that K = L, we have, in virtue of Formula (6), §2, Cospr/s(du)e =
Cosprss (Cospruyr(di) ki) = Cospriuys(du)xw = (du)s. From this and
from Formula (5), §2, it follows that Q(w) = Cospe/sw if K = L.

Now we shall prove that, in the general case, Q((dv)x) = (dv)s for every ele-
ment v of R. Let F(U, V) be an irreducible polynomial with coefficients in K such
that F(u, v) = 0. Then we have (Corollary to Theorem 9, §5),

(0F /3U) (u, v)(du)sx + (3F/3V)(u, v)(dv)r = 0

and (8F/0U)(u, v)(du)s + (8F/aV)(u, v)(dv)s = 0. On the other hand, since
v is separable over K(u), we have (8F/8V)(u, v) # 0. Thus we have

oF
5T (u, v)

9((dl’)n) = - (du)s = (dv)s .
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Considering in particular the case where v is itself a separating variable in R,
we see that the operation w — Q(w) does not depend on the choice of the separat-
ing variable w.

The differential Q(w) will be called the cotrace of w, taken from R to S, and will
be denoted by Cospg;s w.

If T is an intermediary field between R and S and is itself a separably generated
field of algebraie functions of one variable (with L N T as its field of constants),
we have, for every differential w in R, Cospz/sw = Cospr/s(Cospr/rw). It is
clearly sufficient to check the validity of this formula when v = (du). , v being
a separating variable in R. In that case, the right side is equal to

Cospr/s(du)r = (du)s = Cosprys(du)s .

It follows in particular from our formula that, if u is a separating variable in
S, it is also a separating variable in T
We have proved

TarorEM 10. Let R and S be fields of algebraic functions of one vartable. Assume
that R is separably generated, that S is an overfield of R, and that the field of con-
stants of R is the intersection of R with the field of constants L of S. Then there exists
a mapping w — Cosprss w of the set of differentials of R into the set of differentials
of S which satisfies the following conditions: 1) if v € R, we have Cospg/s(dv)r =
(dv)s; 2) the formulae (4), (5), (6) of §2 arevalid (in (6), T is taken to be an inter-
mediary field between R and S which is a separably generated field of algebraic
functions of one variable whose field of constants is L N T).

Now we prove

THEOREM 11. Let R be a separably generated field of algebraic functions of one
variable, and let L be an overfield of the field of constants K of R; set S = R(L).
Let w be a differential of R, and denote by Q the differential Cospr;s w of S. Then we
have, for any repartition ¥ in R, w(r) = Q(Cospsss t). Let p be a place of R and
P a place of S above p; if we identify the residue field of p with a subfield of that of
P, we have resg @ = res, w. If w 5 0, the divisor d(Q) of @ divides Cong/sd(w), and
is equal to it in the case where R and S have the same genus.

We have o(f) = 2, »'(z), the sum being extended over all places g of R,
and Q (Cospr/st) = 2,0 Q" (Cospgst), the sum being extended over all places
Q of S. In order to prove the first assertion of Theorem 11, it will therefore be
sufficient to prove that *(r) = X ix Q%* (Cospryst), where q is an arbitrary
place of R and Qi , -+ , Qs the distinct places of S above g. Let (zn) be a se-
quence of elements of I which converges to r(q) in the g-adic completion of
R. Then this sequence converges to (Cospr/s £)(Q4) in the Qu-adic completion
of S (1 £k < h); from a certain n on, we have w'(r) = '(z,), Q% (Cospgst) =
Q’O"(z,,) (1 £ k = h), and it will be sufficient to prove that, for every z ¢ R,
0'(2) = Qi Q%% (z). We first establish
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LemMma 1. Let q be a place of a separably generated field R of algebraic functions
of one variable. Then there exists tn R a separating variable which has g as its unique
pole.

Let t be any separating variable in R, and let n be the divisor of poles of t.
If g is the genus of R, select an integer m > 0 such that md(q) — d(n) is greater
than both 29 — 2 and g — 1. Then no differential #0 of R is multiple of ¢™n"",
whence, by the theorem of Riemann-Roch, I(G™™n) = md(q) — d(n) —g+ 1 > 0.
This means that R contains an element x; ¥ 0 which is =0 (mod ¢"™n). The
place q is the unique pole of either one of the elements z; and ¢z, . Since

d(tr)) = tdry + x dt

and dt » 0, one at least of x; and ¢r; has a differential 20 and is therefore a
separating variable (cf. Theorem 4, §3).
This being said, we may return to the proof of the formula

w'(z) = kz_‘{ Q% (z).

Let x be a separating variable in R which has g as its unique pole; then we may
write w = y(dx)z, ¥ € R, whence @ = y(dr)s, and we have to prove that

(o)) (w2) = 2 ((d2)s)(y2).

Let go be the pole of z in K(x); since q is the only place of R above ¢, the left
side of our formula is equal to ((dz)x(»))*°(Spr/r()yz). Let Qo be the pole of z
in L(x); then Q) is the place of L{x) above g, and Qy, - -- , Qs are the places
of S aboveQy . Let 8 be the repartition of S which assigns yz to each of the places
LQu, -+, Qs and 0 to every other place. Then the right side of the formula to
be proved is (dz)s(8) = (d%) (s (SPs/1(»8) = ((d%) 1) °(SPsuay2), in virtue
of the Corollary 1 to Theorem 6, IV, §5. By Corollary 2 to Theorem 1, V, §4, we
have Sps/ (x¥2 = SPr/x(»Yy2, and we are reduced to prove that ((dz)x)*(uw) =
((dx) L(,))Q"(u) for every u ¢ K(z). We may expand u in a power series in ' in
the go-adic completion of K{(z):u = 21>, c.a ’. Then it follows from Lemma 4,
§1 that both sides of the formula to be proved are equal to —¢; . This completes
the proof of the first assertion of Theorem 11.

Denote by Z,(p) the field of elements of the residue field of p which are
separable over K, by P, = B, - -- , B the distinet places of S above p, and by
=:(B.,) the field of elements of the residue field of B; which are separable over L
(1 £ 7 S h). We know (Corollary 3 to Theorem 3, V, §5) that the algebra

(Z4(p)) 1 is the direct sum of h fields Z{, ceey Z» which are respectively iso-
morphic to the fields Z,(By), -+, Z.(Bs); moreover there is an isomorphism

¢: of Z7 with Z,(B,) which induces on Z,(p) the natural isomorphism of this
field into Z,(B.). Let v be an arbitrary element of Z,(P,), and let ¢ be the element
of Z1 which is mapped on y by ¢1 . We may represent { in the form

2%@&.

k=1
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with ax € L, & € Z,(p) (1 = k = r; the sign ® represents the multiplication in
(Z4(p)) ). Denote by =,(p) the system of representatives of Z,(p) in the p-adic
completion R of R which is a field containing K (Theorem 1, III, §3) and by
Z.(P;) the system of representatives of Z,(B:) in the P:-adic completion S; of
S which is a field containing L. ] It is clear that, if we identify R with a subfield
of 8;, Z,(p) is a subfield of 2,(513.) Let & be the representative of £, in X, (p), and
denote by 7. the element  tm1 axki, the operatlons being perfoxmed in 8, ;
then ¥; belongs to E.(‘B,) It i is clear that ¥, is the representatwe of v in X,(P,).

On the other hand, since { € Z; , the element > s aipi(E) of Z,(PB)is0if 4 > 1,

from which it follows that ¥; = 0 if ¢ > 1. Denote by cx the repartition of R
which assigns & to p and O to every other place, and by c¢ the repartition of 8
which assigns 7; to P and 0 to every other place. Then it follows from what we
have said that ¢ = Zk._l ar Cospgys ¢ . Thus we have, in virtue of the first as-
sertion of Theorem 11, Q¥ F) = Qc) = X pm w(c) = Zk-l @ Spz, (w/x & TESy .
The element Spz,y,x £ res, o is the trace of the endomorphism of Z,(p) (con-
sidered as a vector space over K) produced by the multiplication by & res, w;
this is obviously equal to the trace of the endomorphism of (Z,(p)). (considered
as a vector space over L) produced by the multiplication by & res, w. It follows
that ©2(31) is equal to the trace 6 of the endomorphism of (Z,(p)). produced
by the multiplication by ¢ res, w. The space (Z.(y)). is the direct sum of

' ’
Zl,“',Zh,

and the multiplication by ¢ maps 7 " upon 0if ¢ > 1. It follows that 6 = Spz),. ¢
-Tes, w = Sps, @,/ Y res, w. Since Q%(f/l) = Sps, @,y res, w for every v € Z,(Py),
we have resg @ = res, w, which proves the second assertion of Theorem 11.

Next, we wish to prove that 5(Q) divides Cong/s d(w). Write w in the form
y(dx)r , where x is any separating variable in R, and y ¢ R; then

b(w) = be(®)d((dx)r),  B(Q) = bs(y)d((dx)s)

(b=(y) and ds(y) represent the divisors of y in B and S respectively). We know
that ds(y) = Cong/sde(y) (cf. IV, §7); this shows that we may assume without
loss of generality that w = (dz)z . Denote by D the different of R with respect
to K(z) and by @ the different of S with respect to L(z). Then we have, by
Theorem 7, §3, d(w) = Tuz , d(Q) = &3’ , where nz and ng are the divisors of
poles of z in B and S respectively. It follows immediately from the definitions
that ng = Congs 11z . Thus we have to prove that € divides Congs .
Let g be any place of K(z); denote by E the set of places of R above g and
by F the set of places of S above qo. If Q e F, denote by m(QY) the ramification
index of Q with respect to L{x). Let y be an element of S such that

ray) = —mE)

for all Q € F (cf. Corollary to Theorem 3, I, §6) and let z be any element of R
such that v,(2) = 0 for all q ¢ E. Then we havealso va(z) = Oforall Q ¢ F; mak-
ing use of Lemma 4, IV, §8, we see that Spg/.(x ¥z is integral at all places of
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L{x) which lie above g, . We also observe that, if ' is an element of R, we have
SpPs/ iz ¥'2 = Spa/xix) ¥’z in virtue of the Corollary 2 to Theorem 1, V, §4. This
being said, consider first the case where L is purely transcendental over K. In
this case, above any place q ¢ E there lies only one place Q e F, which is un-
ramified with respect to B (Corollary 2 to Theorem 3, V, §5); we may then take
for y an element of R. Making use again of Lemma 4, IV, §8, we see that

va(y) 2 —m(q)
for every q ¢ E, where m(q) is the differential exponent of q with respect to
K(z); it follows that m(Q) = m(q), and therefore that € divides Cong/sD.
This shows that, in order to prove our assertion in the general case, it will be
sufficient to consider the case where L is algebraic over K. This being the case,
y belongs to a field which can be obtained from R by adjunction of a finite num-
ber of elements of L and may therefore be represented in the form

Yy = Z?-l aiys

withy; e R(1 27 =n),a, -, a, being elements of I, which we may assume
to be linearly independent over K (cf. Lemma 2, IV, §1). We have Sps/ayz =
> 74 a; Spr/x(ayyiz. This element is integral at every place { of L(z) which lies
above g, . From this, we shall deduce that the elements u; = Spg/x»yiz are all
integral at qo . Replacing if necessary x by 1/z, we may assume that »,,(z) = 0.
Let G be an irreducible polynomial with coefficients in K such that »,,(G(z)) > 0.
Write u; in the form (P;(x))/(Q(x)), where Py, ---, P,, @ are polynomials
with coefficients in K and have no common factor of degree >0. We wish to
prove that Q is not divisible by G. Write G = ¢Gi* --- Gi*, where ¢ ¢ L and
Gy, -+, Gy are distinct irreducible polynomials with coefficients in L and lead-
ing coefficient.1. T'o each Gy there corresponds a place & of L(z) above g for
which g, (G1(x)) = 1, whence vg,(G(x)) = e.. Were @ divisible by ¢, then we
would have v, (3 7 a:P:) = e (1 S k < k), and D% a.P; would be divisible
by each Gi¥ , and therefore also by G. But, a,, - - - , @, being linearly independent
over K, it is easily seen that this would imply that Py, - -+ , P, are all divisible
by @, which is impossible. Thus we see that whenever z ¢ B is integral at all
places q € E, the elements Spg/x(.) ¥z are integral at qo . This means that

ve(y:) = —m(q) 1=2¢=n)

for all places q ¢ E. If ¢(Q) is the ramification index with respect to R of a place
Q ¢ F, we haveva(y:) = —e(Q)m(q), whence —m(Q) = va(y) = —e(Q)m(q),
which proves that € divides Cong/s D.

If R and S have the same genus g, then d(Q) and d(w) have the same degree
2g — 2. Making use of the Corollary to Theorem 2, V, §3, we see that Cong,s d(w)
is of degree 29 — 2 equal to the degree of d(Q). It follows immediately that we
then have d(Q) = Congs d(w). Theorem 11 is now completely proved.

CoroLLARY 1. The notation being as in Theorem 11, the genus of S is at most
equal to the genus of R.
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Let g and G be the genera of R and S respectively, and let w be a differential 0
of RB. Then we have seen at the end of the proof of Theorem 11 that Congsd(w)
is of degree 29 — 2, while d(®2) is of degree 2G — 2; Corollary 1 therefore
follows immediately from the third assertion of Theorem 11. Thus we see that
Theorem 11 yields a new proof of the first assertion of Theorem 5, V, §5.

CoroLLARY 2. The notation being as in Theorem 11, every differential of the
first kind of S is a linear combination with coefficients in S of cotraces (from R to
S) of differentials of the first kind of R.

Let Q be a differential of the first kind of S. If x is a separating variable in R,
we may write @ = y(dx)s, with y € S. Since d((dz)s) divides Cong,sd((dx)r),(dx)s
has no variable zero with respect to R, from which it follows that y has no
variable pole with respect to R. Let (a:)ia be a base of L with respect to K (I
being some set of indices) ; then we may write y in the form Q. a:y, , with y; ¢ R
(cf. the remark which follows the Corollary 2 to Theorem 5, V, §5). Set w; =
yi(dx)g ; then we have @ = D ;s a; Cosprsw, . Let © be any repartition of R
which hagno pole; then Cospg/st hasno polein S, and we have 0 = Q(Cospg,st) =
> ier @iwi(L). Since wi(xr) € K for all 7 ¢ I, we conclude that w,(zx) = 0 for all
1 ¢ I. This means that each w, is a differential of the first kind.

CoRroLLARY 3. Let the notation be as in Theorem 11, and assume that the field
L is perfect. If a place P of S is not ramified with respect to R, then the residue
field of the place p of R which lies below B 7s separable over K.

Let x be a uniformizing variable at p in B, and therefore also at P in S. Since
L is perfect, the residue field of P is separable over L; making use of Theorem 5,
§3 and of Theorem 11, we have res,z ' (dx)z = resy 2 '(dx)s = 1 # 0, and our
assertion follows from Theorem 5, §3.

CoROLLARY 4. Let p be a place of a separably gencrated field R of algebraic func-
tions of one variable. Then there exists an overfield of L the field of constants K of R
which s algebraic of finite degree and purely unseparable over K and which has the
property that the residue field of the place B of R(L) which lies above p is separable
over L.

Let K be an algebraically closed overfield of K, and let L; be the smallest
perfect subfield of K containing K. Then L is purely unseparable over K; denote
by P. the place of R(L;) above p and by 2 a uniformizing variable at %, in
R{Ly). Then z belongs to a field which can be obtained by adjunction to R of a
finite number of elements a; , - -+ , an of L, . It follows easily from Corollary 3
that the field L = K{a;, - -+ , a») has the required properties.

REeEMARK. Using the notation of the proof of the third assertion of Theorem 11,
we see that d(Q)(Cong/sd(w))™ = d((dx)s)(Cong/sd(dx)s)". The fields R and S
being given, the left side depends only on w, while the right side depends only on
. Tt follows that the divisor M = d(Q) (Cong,sd(w))™" depends only on R and S.
The formula 5(Q) = M Cong,sd(w) shows that M plays a role analogous to that of
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the different of a separable extension of finite degree (cf. Theorem 2, §2); how-
ever, while the different is an integral divisor, ¢ is the inverse of an integral
divisor.

TaEOREM 12. Let R be a separably generated field of algebraic functions of one
variable and let S be an overfield of R which s of finite degree over R. Denote by w
a differential of R and by z an element of S. Then we have Sps/r(z Cospr/sw) =
(Sps/r2)w.

Let x be a separating variable in R. Write w = y(dx)z , with y ¢ K, whence
Cospr/sw = y(dz)s . Since Spg/ryz = y Sps/rz, We see that it will be sufficient to
prove Theorem 12 in the case where w = (dz)z .

Let rbe any repartitionin R. Then (Sps/z(2(dz)s))(t) = Spu/x((dz)s(2Cospa/st)),
where K and L are the fields of constants of R and S respectively. Since (dzx)s =
Cosp 1(z)/s(dx) L(zy , We have

(1) (dz)s(2Cospr/st) = (dx) 1(z (Sps/u(=2Cospa,st)

(we make use here of the first definition of the cotrace; cf. §2). We set y =
Sps/i(z (2 Cospr/st). Thenwe have (Sps/z2(dz)s)(r) = Sprx((dr) Ly (). We shall
prove that the right side of this last formula is equal to (dx)x()(SPLy/x(h)-
Denote by p the pole of z in K(x), and by P its pole in I.(x). It follows immediately
from Theorem 2, II, §5 that there exists an element u e L(z) such that
va( — u) = 0 for all places Q = P of L(x) (we denote here by the same symbol
u an element of L{z) and the repartition of I(x) which is associated with this
element). If ¥ = y — u, we have (dz)i(»(®) = d2) L ®). Set vy (P) =
D ki ¥+ ;v"zw, where w is an integral element of the P-adic completion of
L(z). Then we have (dz) (s (') = —ci (Lemma 4, §1), whence Spryx((dz) s () =
—Spu/xc1 . On the other hand, we have Sp.(s)/x9) = Sprzy/x@V + Spiiz/x=,
whence (dz) k() (Speiay/x(ah) = (02)x() (SPriay/me’). If g is any place = p of K(x),
then »a(y’) = 0 for every place Q of L(z) above g, whence »,(Sp n(z)/x(=)’) = 0 (cf.
Corollary 1to Theorem 5,1V, §5). Therefore, (dz) k() (Sprizy/aay’) = (d2)xn)" @),
where v is the p-component of Sp (s, k(=Y. Denote byK(z) the p-adic completion
of K(x) and by L(z) the p-adic completion of I.{z). Since P is the only place of
L(z) above p, we have

1
v =kZ S r@e)s™ + 27 Spity/xHw.
-——m

We know that Spiis/xmw is integral in K(z). On the other hand, any base
of L with respect to K is also a base of L(x) with respect to K(r) (Lemmas 2
and 3, IV, §1) and therefore also of L{x) with respect to K(z) (cf. Theorem 4,
IV, §5); it follows immediately that Spiy/xmer = Spuxck. Making use
again of Lemma 4, §1, we have ((dz)x()"(t) = —Spyxci. The formula
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Spr/e((dz) i ®) = (d2)x» (SPrizy/xh) is thereby proved. Coming chk to
formula (1), and making use of Lemma 3, IV, §7, we conclude that

(dz)s(z Cospr/st) = ((dr)x(z)) (Sps/xizyz Cospgsst)
= (d7) xo) (Spn/x<z) (Sps/rzCospayst)).

Since (dz)r = Cospe/x(:)(dr)x(s , this is equal to (dx)z(Sps/az (Cospe/st)) =
(dz)r ((Spsizz)t) = ((Sps/zz)(dx)r(r). The left side of (1) being equal to
(Sps/rz(dz)s)(z), Theorem 12 is proved.

§7. DERIVATIONS OF THE FIELD OF CONSTANTS

Let R be a field of algebraic functions of one variable which is separable over
its field of constants K, and let D be a derivation of the field K. Then we can
(in infinitely many ways) extend D to a derivation of R. For, if 2 is any separating
variable in R, there exists a unique derivation (which we shall denote by D*) of
R which coincides with D on K and which maps & upon 0 (Lemma 7, §4).
Let w be any differential in R; then we may represent w in the form y dz, with
y € R. We shall define D"w to be the differential

D*w = (D%) dx.

We obtain in this way a certain mapping D® (which is not linear) of the space of
differentials of R into itself. If z is any element of R, we have

D (2w) = (D"2) w + 2(D%w).

In fact, the left side is (D"(zy)) dx = ((D%2)y + 2(Dy)) dx, which is equal to the
right side.

LemMma 1. Let R be a separably generated field of algebraic functions of one variable
and let D be a derivation of the field of the field of constants K of R. Denote by x a
separating vartable in R and by D" the derivation of R which extends D and which
maps x upon 0. Then D* commutes with the dertvation with respect to « in R (i.e.,
with the derivation D, which maps every element of K upon 0 and x upon 1).

The operation A = D°D, — D,D is a derivation of R (§4). We see immediately
that A maps upon 0 the elements of K and the element z, and therefore all ele-
ments of K(x) (Lemma 1, §4). Making use of the uniqueness assertion in Lemma,
2, §4, we conclude that A = 0.

LeEMMA 2. The notation being as in Lemma 1, let z be any element of R. Then
we have D*(dz) = d(D%).

We have dz = (D.z) dr (Theorem 9, §5), whence, by Lemma 1, D(dz) =
(D*D2) dz = (D.D%z) dz = d(D%2).

LemMma 3. The notation being as in Lemma 1, let ' be any other separating
variable in R. Then, if w is any differential of R, D*w — D*'w is an exact differential.
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Write w = ydz = y'dz’, withy and y’ in R. The operation D*' — D" — (D*'z)D,
is a derivation of R which maps z and every element of K upon O and
which is therefore the zero derivation (cf. proof of Lemma2); thus D*'y’ = D%’ +
(D*'z)Dy’ and 0 = D*'x’ = D'z’ + (D*'z)Dx’. We have D*'w = (D*'y’)dz’, and
dz’ = (D,x')dx (Theorem 9, §5), whence D*'w = (D*y’)(D,z") dx — (D°2')(D.y’) dx.
On the other hand, we have y = y'(D.x’), whence D*w = (DY) dz = (D*y")(D:x")
dz + y'(D°D.2’) dz = (D*y')(D.x') dx + y'(D.D"z') dz, by Lemma 1. It follows
that D’'0 — D¥'w = y'(D.D°z") dx + (D°2')(Dsy’)dz = (D.(y"-D°z’)) dx, which
proves Lemma 3..

LemMa 4. The notation being as tn Lemma 1, let also w be a differential of R, pa
place of R, and u an element of the p-adic completion R of R. Then we have D(w"(w)) =
(D*w)*(u) + w*(D"w).

In this statement, D*u represents the effect on u of the continuous derivation
of R which extends D* (cf. Lemma 5, §4).

Setw = y dx, withy € R. Then the formula to be proved becomes D((dx)*(yu)) =
@)’ (D*y)u + y(D™w)), or, if we set yu = v, D((dx)’(v)) = (dz)"(D%). Let
po be the place of K(z) below p, and let w be the trace of v, taken from R to
the po-adic completion of K{x). Making use of Lemma 3, §4, our formula becomes
D(((dz) k)W) = ((dz) x(z)**(D*w). Assume first that p, is the pole ¢o of z in
K(z). Then we may expand w in the formw = > {Z . ciz™", with ¢, ¢ K. Making
use of Formula (5), §4, we have D'w = D ie . (Dcx)x™, and we see that both
sides of the formula to be proved are equal to —Dc; . Assume now that p, #
o . Then we can find an element z ¢ K{z) which has no other poles than possibly
po and go and which is such that v,,(w — 2) = 0. Then we have ((dz) x(»)"*(w) =
((dz) x(2)™(2) = —((dz) x(=))*°(2). On the other hand, if 1, is any place g, of
K(x), then D® maps into itself the ring o of ¥, . In fact, the elements of o are the
fractions P(z)/Q(z) where P and @ are polynomials with coefficients in K and
v:0(Q(x)) = 0. Since D*(P(x)/Q(x)) is the quotient of a polynomial in z by
Q*(z), we see that D*(0) C o. It follows that D"z has no other poles than possibly
po and ¢ and that D*w — D% is integral in the pe-adic completion of K(z). We
conclude that ((dz)xw)) (D'w) = —((dx)x(»)'°(D2). Since we know already
that D(((dx) x(»)*°(2)) = ((dz) x(»y)*°(D"2), our formula is completely proved.

TueoreM 13. Let R be a separably generaled field of algcbraic functions of one
variable, and let D be a derivation of the field of constants K of R. Denote by z a
separating variable in R and by D* the derivation of R which extends D and which
maps z upon 0. Let w be a differential of B and p a place of R. Let Z, be the field
of elements of the residue field of p which are separable over K, and denote again by
D the dertvation of =, which extends the derivation D of K. Then we have res,D'w =
D(res,w).

We form the p-adic completion R of R, and we denote by Z, the system of
representatives of =, in R which is a field containing K (Theorem 1, ITI, §3). The
derivation D” may be extended to a continuous derivation of B, which we denote



DIFFERENTIALS OF THE SECOND KIND 127

again by D* (Lemma 5, §4). The derivation D of K may be extended to a deriva-
tion of £, and it follows from Lemma 2, §4 that this derivation is the restriction
of D™ to £, . It is clear that, if £ is the representative in £, of an element £ ¢ =, ,
then D’ is the representative of Dt. This being said, let ¥ be any element of =, ,
and let 7 be its representative in £, . If we denote by p the residue of w at p, we
have D(«’(¥)) = D(Spz,/xvp). The right side of this formula is equal, in virtue
of Lemma 3, §4, to Spz, xD(yp) = Spz,x(Dv)p + Spz,xv(Dp) = &’(Dy) +
Spz,/xY(Dp). On the other hand, we have, by Lemma 4, D(«’(¥)) = (D"w)*(¥) +
«"(D%). We conclude that (D*w)"(3) = Sps,/xy(Dp). This being true for every
element v of =, , we have res,D’w = Dp.

§8. DIFFERENTIALS OF THE SECOND KIND

In this section, we shall limit ourselves to the consideration of fields of characteristic
0.

We have defined a differential of a field of algebraic functions of one variable
to be of the second kind if its residues are all equal to 0; in particular, every
differential of the first kind is of the second kind. It follows from Theorem 5,
§3 that every exact differential is of the second kind. It is clear that the differen-
tials of the second kind form a vector space over the field of constants of the field
under consideration; one of the main results of this chapter will consist in the
evaluation of the dimension of the factor space of this space by the subspace of
exact differentials.

Let R and S be fields of algebraic functions of one variable of characteristic 0;
we assume that R is a subfield of S and that the field of constants K of R is
the intersection of R with the field of constants L of S. Then, if w is a differen-
tial of the second kind of R, Cospg/sw is of the second kind in S. For, let T be the
field R(L); then § = Cospx, rw is of the second kind in virtue of Theorem 11, §6
and Cospr/sw = Cosprsf is of the second kind in virtue of Theorem 3, §2. On
the other hand, if S is of finite degree over R, and if  is a differential of the
second kind in S, then Sps/ is of the second kind in R, as follows from Theo-
rem 1, §2.

TuroreM 14. Let R be a field of algebraic functions of one variable of charac-
teristic 0, and let w be a differential of R. If v is a place of R, there exists an x ¢ R
such that vy(w — dx) = —1. In order that there should exist an x ¢ R such that
volw — dz) = 0, it is necessary and sufficient that resyw = 0. If this condition is
satisfied, then there exists for every integer n an element x, ¢ R such that

vy(w — dz,) Z n.

Write @ = y dt, where ¢ is a uniformizing variable at p, and y ¢ R. Denote
by = the residue field of p, by R the p-adic completion of R, and by T the system
of representatives of = in R which is a field containing the field of constants of
R (Theorem 1, III, §3). Then R may be identified with the field of formal power
series in ¢ with coefficients in £ (III, §3), and we may expand y in the form
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> imm it* (Where m is some integer > 0). If n is in integer = —m, we can find
an 2, ¢ R whose expansion is of the form Y mu_m it with ¢ ¢ £ and ke, =
ciaforl —m 2k £n+ 1,k 5 0. If D,is the derivation with respect to ¢ in R,
we have, by formula (5), §4, Dixn = 2 pei—m ket . Thus we have »,(y —
Dyxn — cit™") 2 n, whence, since obviously vy(dt) Z 0, v,(w — dz, — cat"'dt) =
n. In particular, we have »,(w — dz—;) =2 —1. Taking now n to be = 0, we sce
that resy(w — dz. — c_it"'dt) = 0, whence, since res, dz, = 0, resyw = ¢
.res, £ 'dt = c_; , by Theorem 5, §3. Thus, if res,» = 0, we have vy(w — dz.) = n.
Conversely, if there exists an z ¢ R such that v,(w — dz) = 0, we have resyw =
res, dr = 0. Theorem 14 is thereby proved.

LeMMA 1. Let p be a place of a field R of algebraic functions of one variable of
characteristic 0, and let x be an element of R. If vy(z) = 0, we have vy,(dx) = 0. If
vy(x) # 0, we have vy(dz) = wy(x) — 1.

The first assertion, which is true independently of any assumption on the
characteristic of R, follows immediately from Theorem 7, §3. If »,(2) # 0, then
the ramification index of p with respect to K(z) is | »,(z) | , and it follows from
Theorem 7, IV, §8 that the differential exponent of p with respect to K(z) is
| »p(z) | — 1. The exponent of p in the divisor of poles of x is 0 if »,(z) > 0 and
—wy(x) if »(z) < 0; in any case, this exponent is (1/2)(] »p(z) | — vs(x)). The
second assertion of Lemma 1 then follows immediately from Theorem 7, §3.

LeEMMA 2. Let py, - -+ , Pm be distinct places of a field R of algebraic functions of
one variable of characteristic 0. Let I be a vector space (over the field of constants
K of R) of differentials of R, and let N be the subspace of M composed of those
differentials in M whose residues at Py, + -+ , Pm are equal to 0. Assume that M
contains every differential which is a multiple of (py - - - pm) "' Then M/N is a
vector space of finite dimension equal to max{0, (3 7 d(b:)) — 1}.

Denote by =; the residue field of p; (1 < ¢ £ m), and form the vector space
IT%1 Z: over K. To every w e It we assign the element ®(w) of I17 =i whose
3.-coordinate is, for each 7, res,,w. We obtain in this way a linear mapping ¢ of
M into [[71 =: whose kernel is obviously R. 1t follows immediately from Theo-
rem 4, III, §5 that-®(M) is the subspace of []7 = composed of the elements
(pr, -+~ , pm) Which satisfy the condition )7 Spr,xp. = 0. The mapping
(o1, **+ » Pm) — D im1 Spzixpi is a linear function on IT%: =: which is not
identically 0 if m # 0. It follows immediately that dim (/M) = dim &(M) =
max {0, (3Tm1 d(p)) — 1}

THEOREM 15. Let R be a field of algebraic functions of one variable of charac-
teristic 0 and let P and Q be two disjoint finite sets of places of R. Denote by D the
space of diffcrentials of R having no pole in the set P and whose residues at all places
not in Q are 0, and let € be the space of differentials of elements of R which have the
places of P as zeros. Then the factor space D/€ s of finite dimension equal to
29 + p + g, where g is the genus of R, p = max{0, (D rerd(p)) — 1}, and q =
max {0, (cho d(Q)) - 1}
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Denote by D’ the space of differentials belonging to © and whose residues at
all places q ¢ Q are 0 (i.e., D’ is the space of differentials of the second kind in
®) and by € the space of exact differentials having no pole in the set P. Then
it follows from Lemma 2 that £/’ is of finite dimension equal to g.

In order to evaluate the dimension of ©’/E’, we introduce the following notion.
An integral divisor a of a field R of algebraic functions of one variable is called
special or non special according as to whether or not there exists a differential
0 of R which is multiple of a. If g is the genus of R, any integral divisor of
degree >2g — 2 is clearly non special.

LemMa 3. Let a be any non spectal integral divisor of a field R of algebraic func-
tions of one variable of characteristic 0, and let » be a differential of the second kind
in R. Then there exists in R an cxact differential dx such that w — dz = 0 (mod a™°).

Let 1., --- , t, be the distinet poles of w. Since w is of the second kind, it
follows from Theorem 14 that we can find for each ¢ (1 £ ¢ = s) an element
z; € R such that u,,(w — dz;) = 0. Let ¢ be the repartition of B which assigns
z;tor; (1 £ ¢ £ s) and O to every other place. Making use of Theorem 2, 11,
§5, we see that there exists an = ¢ R such that  — ¢ = 0 (mod a” . Set a =
TTp*®. We have vi;(x — 2:) = —a(r:), whence v, (dz — dx:;) 2 —2a(ry) (for,
if a(r;) > 0, then, by Lemma 1, v, (dz — dz;) = —a(r)) — 1 2 —2a(r:), while,
if a(t;) = 0, ».;(dx — dz;) = 0); if p does not occur among 11, -+ , T, , then
vy(z) = —a(p), whence, as above, vy(dz) = —2a(p). It follows immediately that
we have in any case »y(w — dz) 2 —2a(p), and Lemma 4 is proved.

This being said, let us return to the proof of Theorem 15. Since E has infinitely
many places, we can find a finite number of distinct places 8, , - - - , 8, of K, none
of which belongs to P, such that the divisor a = & --- 8; is non special. Let
D" be the space of differentials belonging to ®’ which are = 0 (mod a”?). If
w ¢ D', we can find an z € R such that w — dz = 0 (mod a~ %), A place p € P, not
being a pole of w and not occurring in a, cannot be a pole of dz, which proves that
dz ¢ & and that w — dz ¢ D”. This means that we have © = ¢ + D”, and
therefore that ©'/E is isomorphic with ©”/E”, where ¢” = €' N D”. Now, let
M be the space of all differentials which are = 0 (mod a” %). Then ©” is the
space of differentials of the second kind belonging to I, and, for a differential
belonging to Mt to be in D”, it is sufficient that its residues at &, , 8 be equal
to 0. We may assume that ¢ > 0; making use of Lemma 2, we see that N/ D"
of dimension (a1 d(8;)) — 1 = d(a) — 1. On the other hand, the theorem of
Riemann-Roch gives 0 = I(a®) = —2d(a) — g + 1 + dim M, whence dim M =
2d(a) + g — 1. Thus we see that D” is a vector space of finite dimension cqual to
2d(a) + g — 1 — (d(a) — 1) = d(a) + g. We have now to evaluate the dimen-
sion of G”. It follows immediately from Lemma 1 that, in order for an clement y
of R to be such that dy = 0 (mod a”?), it is necessary and sufficient that y =
0 (mod a™"). Since a is non special, it follows from the theorem of Riemann-Roch
that the dimension of the space § of elements of R which are = 0 (mod a” Y is
d(a) — g + 1. The mapping y — dy maps § linearly onto €”, and the kernel of
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this mapping is the space of constants, which is of dimension 1. Thus we have
dim ¢” = dim § — 1 = d(a) — g. We see that we have proved that D’/¢ is a
vector space of finite dimension equal to (d(a) + g) — (d(a) — ¢) = 2g.

Finally, we have to estimate the dimension of &'/E. Let &’ be the space of all
elements of R which have no pole in the set P, and let ® be the space of elements
which admit the places of P as zeros. The mapping z — dz maps &' linearly onto
€', and ® onto €. Let € be the space of constants; then € is the kernel of our
mapping, from which it follows easily that &'/ is isomorphic with ®'/(® + §).
Denote by Z,, - -+, Z, the residue fields of the places p; , - - - , . belonging to
P, and form the vector space H?_l Z; over K. To every z ¢ & associate the
element ©(z) ¢ []7- =: whose Z,-coordinate is, for each 7, the value taken by
z at p; . Then it follows from Theorem 3, I, §6 that ® maps &’ onto [[ % = .
The kernel of © being ®, we see that &’/® is a vector space of finite dimension
equal to dim H?—l Zi = Qe d(p). If P is not empty, then € has only 0 in
common with @, whence, sincedim € = 1, dim /G = (2, d(»)) — 1 = p;
if P is empty, then @ = G, whencedim G’/ = 0 = p. Theorem 15 is now com -
pletely proved.

CoroLLARY 1. Let R be a field of algebraic functions of one variable of charac-
teristic O and of genus g. Then the factor space of the space of differentials of the
second kind of R by the space of exact differentials is of finite dimension equal to 2g.

This follows immediately from Theorem 15 by taking P and Q to be empty.

COROLLARY 2. Let R be a field of algebraic functions of one variable of charac-
teristic 0, and let L be an overfield of the field of constants K of R. Then every dif-
ferential of the second kind of R(L) can be written as the sum of an exact differential
and a linear combination with coefficients in L of cotraces of differentials of the
second kind of R.

Let g be the genus of R. Then it follows from Corollary 1 that we can find 2¢
differentials w; , - -+ , wy, of the second kind of R which are linearly independent
(over K) modulo the space of exact differentials of R. Set Q; = Cospa/a(yyw:
(1 £ 7 £ 2g). Then we know that the differentials Q; are of the second kind in
R(L). We shall see that they are linearly independent (over L) modulo the space
of exact differentials of R(L). We let a;, --- , ay, be elements of L such that

¥.aQ, = dr, with z ¢ R(L). The differential on the left side of this formula
has no variable pole with respect to R, as follows from Theorem 11, §6, if we
observe that B(L) has the same genus as R (Theorem 5, V, §6); making use of
Lemma 1, we conclude that & has no variable pole with respect to R and can
therefore be written in the form of a linear combination with coefficients in L of
elements of R (Corollary 2 to Theorem 4, V, §6). Let {b;} ;s be a base of L with
respect to K; then = = Z:‘d bjxv;, ;¢ R. Write a; = ZN ¢iibi, and set 9; =
> %, cijwi. Then we have X ier bi((dx;) ey — Cospr/r(yn;) = 0. Let ¢ be a
non constant element of R, and set (dr;))z — 7; = u;(df)z, with u; ¢ R.
Then Y ;o ub; = 0, whence u; = 0 for every j, by Theorem 1, V, §4. Since
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D%, cijwi = (dz;)z , we have cij = 0 for every ¢ and j, whencea; = 0 (1 <
¢ £ 2g), which proves our assertion. The field R(L) being of the same genus g
as R, it follows from Corollary 1 that every differential of the second kind in
R(L) is congruent modulo the space of exact differentials to a linear combination
of @, .-, Qy , which proves Corollary 2.

RemARK. It follows from Corollary 2 and from the corollary 2 to Theorem 4,
§6 that every differential of the second kind of R(L) which has no variable pole
with respect to R is a linear combination with coefficients in L of cotraces of
differentials of the second kind of R.

We shall now consider fields of algebraic functions of one variable over alge-
braically closed fields of characteristic 0.

LeMMA 1. Let R be a field of algebraic functions of one variable over an alge-
braically closed field K, and let E be any infinite set of places of R. Then, if g is
the genus of R, we can find g places py , - - , pp in E such that the divisor p, - -+ p, s
non spectal.

We may assume that ¢ > 0. Let w; be any differential of the first kind 0 in
R; then we can find a place p; ¢ E which is not a zero of w; , and it is clear that
the space of differentials which are =0 (mod p,) is of dimension < g — 1. Let
h be any integer such that 1 £ h = ¢g. Assume that we have already found & — 1
places p1, -+ -, pr1 in E such that the space of differentials which are =
O(mod p; -+ pr—) 1s of dimension £ ¢ — h + 1. If this spaceis {0}, take a
differential o # 0 in it, and let p, be a place in E which is not a zero of w; if this
space is {0}, let p» be any place of E distinct from p;, - -, pa—y . In the first
case, the space of differentials of R which are multiples of p; - - - ps has a dimen-
sion less than the space of differentials which are =0 (mod p, - - - bs_y1), and this
dimension is therefore < g — h; this conclusion is also true in the second case.
At the end of this procedure, we obtain a set of g places of E with the required
property.

The notation being as in Lemma 4, set a = p, -+ - p, . Then it follows from
Lemma 3 that every differential of the second kind is congruent modulo the
space of exact differentials to a differential which is =0 (mod a~%). For each ¢
(1 =21 £ ¢), let x, be a uniformizing variable at p, . If » is a differential of the
second kind which is =0 (mod a™*), write w = wu, d.r, , with u, € R. Making usc
of the Corollary to Theorem 6, §3, we sce that the coefficient of the term in
z7" in the expansion of u; in a power series in x; in the p-adic completion of R
is 0. We may therefore write

o = (a:(w)27’ + bi(w) + zw:)dx;

with v, integral at p, . Let T be the space of differentials of the sccond kind which
are =0 (mod a*). Thenay, -++ ,a,, by, -+, b, are 2¢ linear functions on .
If a.(w) = b,(w) = 0 (1 £ 17 = g) for some w e D, then w admits p,, -+ -, P, 85

zeros and is therefore =0 (mod a), whence w = 0. On the other hand, © cannot
contain any exact differential #0; for, if x € R is such that dz € D, then it follows



132 EXACT DIFFERENTIALS

from Lemma 1 that = 0 (mod a™"), and the theorem of Riemann-Roch gives
I(a™") = d(a) — g + 1 = 1, which proves that the only multiples of a™ are the
constants. This being the case, it follows immediately from the Corollary 1 to
Theorem 15 that D is of dimension 2g. The functions a;(w), bi(w) are therefore
linearly independent. Thus we have proved

THEOREM 16. Let R be a field of algebraic functions of one variable over an alge-
braically closed field Kof characteristic 0, and let g be the genus of R. Let p,, + - - , 9,
be g distinct places of R such that the divisor a = p; - - - p, 18 non special; for each
1 let x; be a uniformizing variable at p; . Being given 2g elements a; , b;of K (1 S
1 S @), there exists a uniquely determined differential w of the second kind of R which
18 such that vy, (w — (aix;’ + b)dz:) >0(1 S < g).



CHAPTER VII
THE RIEMANN SURFACE

Throughout this chapter, C will denote the field of complex numbers and R a field
of algebraic functions of one variable over C. We shall denote by T the Riemann
sphere, obtained by adjunction of a point « to C; Z is therefore a compact topological
space, homeomorphic to a 2-dimensional sphere in euclidean 3-space.

§1. DEFINITION OF THE RIEMANN SURFACE

Let S be the set of all places of the field R. If z ¢ R and if pis a place of R,
then either p is a pole of z, in which case we say that = takes the value » at p,
or this is not the case, and then, since C is algebraically closed, the value z(p)
taken by z at p is some complex number. Thus we can associate to every z ¢ R
a mapping p — x(p) of S into =, If x and 2’ are distinct elements of R, there
exists a place p which is neither a zero nor a pole of ' — «, and which is not
a pole of x, which proves that the mappings p — z(p) and p — 2’(p) of S into =
are distinct. We shall henceforth use the same symbol x to denote an element of
R and the mapping of S into = which is associated with it.

We shall introduce a topology in S with respect to which the mappings z (z ¢ R)
shall be continuous. It is well known that, being given a set of mappings of a
set X into a topological space E, there is a weakest topology on X which makes
these mappings continuous. We shall henceforth consider S as a topological space
whose topology is the weakest with respect to which all mappings z (z ¢ R) are
continuous. The open sets of S are those which can be represented as unions of
sets of the form

® 2 (U) Nz’ (Un) N -+ N i (Un)

where z, , -+ , 2 arc in R, while Uy, - -+ , Uy are open subsets of = (z™'(U) de-
notes the set of places p such that z(p) € U).

This topology can be defined in an alternative manner. Let us form, for each
z ¢ R, a copy Z. of the space =, and let P be the Cartesian product of the spaces
2. for all z € B. If we assign to every p e S the point ®(p) of P whose =,-coordinate
is, for every z, x(p), we obtain a mapping ® of S onto a subset S’ of P. This map-
ping is one-to-one. For, if p and q are distinet places of R, there exists an z ¢ R
which takes distinct values at » and q (by Theorem 3, I, §G), whence ®(p) ==
®(q). The set (1) is the inverse image under ® of the set Vi(xy, Uy -+ ; 2, Us)
composed of those points of P whose =;,-coordinate is in U; (1 = 7 £ k). The
set V(xy, Uy; -+ ; 2, Us) is open in P, and every open set of P is a union of
sets of this form. It follows immediately that ® is a homeomorphism of S with
the subspace of P carried by §’. In particular, since the Hausdorff separation
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axiom holds in P, and therefore in S’, this axiom holds in 8, that is, S is a Haus-
dorff space.

Now, we shall prove that S 7s compact. Since P is a product of compact spaces,
it is compact; it will therefore be sufficent to prove that S’ is closed in P. Let
1 = (Us)z«x be a point of P which is adherent to S’. We shall denote by o the
set of elements z ¢ R such that u, # «. We shall prove that o is a V-ring in
and that u = ¢(p), where p is the place which corresponds to o.

If ¢ is a constant, then ¢(p) = c¢ for every place p. This means that all points
of 8’ have the same Z.-coordinate, viz. ¢. Since u is adherent to §’, it follows
immediately that u, = c; in particular, we see that C C 0. Let a be a point of 2
and ¢ a real number >0. If a # «, denote by &(a, ¢) the set of points @’ = «
of Z such that |a’ — a| < ¢; by §(=, £) we shall represent the set composed of
« and of the points a’ # w of Z such that |a’| > ¢ . In any case, §(a, ¢) is
an open subset of 2. Let z and y be elements of R. Denote by V., the set of points
b = (v.):er of P such that the inclusion v, € 6(u,, €) holds whenever z is one of the
elements z, ¥, ¢ — y or xy. Then V, is an open subset of P and contains u; it
follows that V, contains a point b, = (v;,.)zer of S'. Set v, = ®(p,), p. ¢ S. If
z and y are in o, then u, and u, are  «, and therefore also v, and u,,. . Since
v: = ¢(pc), we have vz, = z(9:), vy.e = Y(Ve)y Voyee = (T — YI(Pe) = V20 — vy
and, similarly, vz, = vy, . On the other hand, it is clear that v, = lim, g, .,
whenever z is one of the elements z, y,  — y or xy. We conclude that u._, and
Uqy are respectively equal to u, — uy, and to u., . Thus we see that o is a ring and
that the mapping 2 — . (z € 0) is a homomorphism of o into C which maps the
elements of C upon themselves. Now, assume that x ¢ o and that y = 27%. If
vz, = o, then p, is a pole of # and therefore a zero of y, whence v, = 0; if
vz # o, then v, = v7s and | ;. | > ¢ " whence |2, | < ¢. In any case, we
have | v,,. | < ¢. This being true for every ¢ > 0, u, = 0, whence 27" ¢ 0. Finally,
we have o # R. For, if r is an element of o not in €' and 2’ = xr — u,, then
uy = 0,but 2’ £ 0, and #'!is an element of 12 which cannot be in o since other-
wise we would have uz—1u,» = 1. Thus we have proved that o is a V-ring. lLet
p be the corresponding place. The elements of p are clearly the elements z of
o such that «, = 0; if x is any element of o, we have 2 — . ¢ b, whence u, =
z(p). It follows that u = ®(p), and our assertion that S’ is closed is now proved.

We shall prove that, if p is any place of S, then any uniformizing variable x
at p maps some neighbourhood of p in S topologically onto a neighbourhood of

the point 0 in =. Denote by p; = v, - -+, pu the distinet zeros of z, and set ¢, =
vp,(x) (1 £ ¢ = h). Then we have ¢, = 1 and 2 e 0; = [R:C{x)] (Thecorem 4,
1, §8); we shall denote this last number by n. Let @, , - - - , ax be h distinet com-

plex numbers; we know (by the corollary to Theorem 3, I, §6) that there exists
an element y ¢ R such that », (y — a,) =1 (1 £7 2 h). Let F(X, Y) be an ir-
reducible polynomial with complex coefficients such that F(z, y) = 0. Since
F(x, Y) is irreducible in the ring C{x)[Y], F is of degree <n in Y. Since y(p,) =
a; (1 £7¢ £ k), we have F(0, a;) = 0. We assert that a; is a root of multiplicity
e, of the equation F(0, Y) = 0. For, write F(0, Y) = (Y — a;)™G.(Y), where G,
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is a polynomial which is not divisible by ¥ — a;, whence »,,(F(0, ) = m,.
We can write F(X, Y) — F(0,Y) = XH(X, Y), where H is a polynomial, whence
F(0,y) = —zH(x,y) and therefore m; = vp;(z) = e;. On the other hand, Sk m.
is at most equal to the degree of F(0, ¥), which is itself <n = > % e;. It fol-
lows that m; = e¢; (1 £ ¢ < h); moreover we see that F is of degree nin Y, whence
R = C(z, y). This being said, we shall make use of the continuity of the roots
of an algebraic equation. Let s be a positive real number smaller than all the
quantities (1/2) |a; — a;|, for 1 £ 7 £ j = h. Then we can find a number
r > 0 with the following properties: if ¢ is any complex number 0 such that
| €] = r, then, foreachi (1 S ¢ < h) the equation F(§ Y) = 0 has exactly e,
distinet roots ni (1 £ k £ e,) such that | 94 — a;| £ s. Since [ a; — a;| > 2s
for z # j, we see that the numbers 5., are all distinct; there are n of these num-
bers. It follows from Corollary 2 to Theorem 1, I, §4 that there exists for each
7 a place qi of B which is a common zero of * — £ and ¥ — 74 . The n places
qq are mutually distinet; since [R:C{x — §)] = [R:C(x)] = n, it follows from
Theorem 4, I, §8 that the places qi are all the zeros of x — ¢ in R, and that these
zeros are of order 1. Let V be the set of all places g such that |z(q) | = r, | y(q) —
a;| = s. Then it is clear that NV is a closed neighbourhood of p in the space S.
Since ¢; = 1, it follows from what we have proved above that, for every & = 0
such that | ¢| = r, N contains exactly one zero of x — £ (it is the place which
was denoted above by qi;). This shows that x maps N in a one-to-one way onto
the closed circular disc of = composed of the points £ ¢ Z such that |£| < .
‘This mapping is continuous; since N is closed in S, it is compact, which proves
that our mapping is topological.

Thus we see that every point of S has a neighbourhood which is homeomorphic
to a neighbourhood of a point in the plane. It is therefore appropriate to call
S a surface. We shall say that S is the Riemann surface of the field R. We have
proved the following results:

TaEOREM 1. Let S be the Riemann surface of the field R. Then every element x
of R induces a continuous mapping p — x(p) of S into the Riemann sphere, and the
topology of S is the weakest with respect to which all these mappings are continuous.
If z is a uniformizing variable at a point p € S, then there exists a neighbourhood
of v in S which is mapped topologically by x onto a neighbourhood of 0 in the Rie-
mann sphere.

Let A be a subset of S which has the following property: there exist an open
subset U of S containing A and an element x ¢ R such that £ maps U topologically
onto a neighbourhood of 0 in = and A onto a closed circular disc of center 0 in
> (of radius r > 0). Then we say that A is a closed disc ‘n S, or, if more precision is
needed, a closed x-disc. An open subset V of S is called an open disc (or an open
z-disc) if its adherence in S is a closed disc. The point of an z-disc (open or closed)
which is mapped by z upon 0 is called the z-center of the disc. The radius of the
image of the disc under x is called the x-radius of the disc. The boundary of an
z-disc (open or closed) is mapped by x upon a circumference in =; this boundary
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is called the circumference of the disc. It follows easily from Theorem 1 that, if
z is a uniformizing variable at a point p of S, then the closed z-discs of z-center
p form a fundamental system of neighbourhoods of p; the same is of course true
of the open z-discs of z-center p. On the other hand, any closed z-disc of z-center
p is contained in an open z-disc of z-center p, and every open z-disc of z-center
p in a closed z-disc of z-center p.

EXAMPLES OF RIEMANN SURFACES,

1) Assume that R = C(x), with x transcendental over C. Foreacha e C,z — a
has a single zero p, ; on the other hand, x has a unique pole p,, . We know that
there are no other places than p, and the places p, (¢ ¢ C). We conclude that,
in this case, £ maps S in a one-to-one way upon =. This mapping being continu-
ous and S being compact, we see that S is homeomorphic with X,

2) Assume that R is the field of elliptic functions of one variable with the
periods ¢ and ¢’ (cf. 11, §8). Then we have seen that to every complex number a
there corresponds a place p, of R, which is the set of elliptic functions in the
field which have a as a zero; moreover, all places of R are of the form p,, and
a necessary and sufficent condition for p, and p,s to be identical is for a and o’
to belong to the same coset of the additive group G of complex numbers modulo
the subgroup H generated by ¢ and ¢’. Thus we see that S is in this case in a
one-to-one correspondence with the group G/H. If p(3) is the place which corre-
sponds to a 3 € G/H, then, for every z ¢ R, (p(3)) = z(z), where z is a complex
number belonging to the coset 3 modulo H. Now, the function z(2) is meromorphic
and therefore continuous (as a mapping of C into X). It follows easily that the
mapping 3 — x(p()) of G/H into Z is continuous. This being true for every
2 ¢ R, and the topology of S being the weakest to make the mappings p — z(p)
continuous, we conclude that the mapping 3 — p() of G/H into S is continuous.
Since G/H is compact, our mapping is a homeomorphism. Thus we see that S
is in this case homeomorphic with a 2-dimensional torus.

In the first example given above, the field R was of genus 0 and its Riemann
surface was homeomorphic with a sphere, which is a surface of topological genus
0. In the second example, R was of genus 1 and its Riemann surface was homeo-
morphic with a torus, i.e., with a surface of topological genus 1. We shall prove
later that the topological genus of the Riemann surface of R is always equal to
the genus of R.

§2. MEROMORPHIC FUNCTIONS ON THE RIEMANN SURFACE

Let S be the Riemann surface of R, and let p be a point of S. Let z be a uni-
formizing variable at p and N an open z-disc of z-center p; set D = x(N). If
£ e D, let p; be the point of N which is mapped by z upon ¢. Let y be any element
of R. If we set f(£) = y(pe), we obtain a mapping f of D into Z. We shall prove
that this mapping is a meromorphic function on D.

Let F(X, Y) be an irreducible polynomial with complex coefficients such that
F(z, y) = 0. Then we have (3F/8Y)(x, y) # 0, and the element (8F/8Y)(z, y)
has only a finite number of zeros. On the other hand, since y has only a finite
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number of poles, there are only a finite number of £ ¢ D for which f(§) = «. Thus
we see that there exists a subset D; of D, which can be obtained from D by re-
moving a finite number of points and which has the following property: if ¢ ¢ D, ,
we have f(¢) = =, F(t f(§)) = 0, (3F/3Y)(¢, f(§)) = 0. Making use of the
theorem on implicit functions, we conclude that f is holomorphic at every point
of D;. On the other hand, f is clearly continuous on D; since D, differs from D
only by a finite number of points (which are therefore isolated points in D), it
follows from a well known theorem in the theory of functions of complex varia-
bles that f is meromorphic on D.

We can find in D an open disc D’ of center 0 and radius »* > 0 in which f
has no pole except perhaps at 0; inside D’, we may represent f by a Laurent
series .

00

@ = Enaké‘k

which converges everywhere on D’ except perhaps at 0. On the other hand, the
p-adic completion B of R may be identified with the field of formal power series
inz W1th complex coefficients (III, §3), and y admits the representation y =

> e arz’ in B. A:asumlng that y > 0 and that a, 0, a,» > 0, we shall prove
that m = m’ and a; = ay for every k = m.

When the element y ¢ R and the meromorphic function f are in the relation
described above, we shall say that f is the representing function of y in D’. If
f and ¢ are representing functions in D’ of elements y and z of R, it is clear that
f — g and fg are representing functions in D’ of y — 2 and yz respectively (by
f — g we mean the unique meromorphic function on D’ whose value at any
point & € D’ which is not a pole of either f or g is f(§) — g(£); similar deﬁmtxon
for fg). On the other hand, if % is any integer, the representing function of z
in D’ is obviously £. This being said, the integer m is characterized by the fact
that the function £ "f(£) takes a finite value #0 at 0, viz. am . It follows that
Y — Om has p as a zero, whence m’ = m, ans = Gm . Assume that it is true
that a; = ax for m £ k < n, where n is an integer > m. The representing func-
tion of 27" (y — > mskcn ak:c) is the function ¢~ "(f(e) — E,,.SK,. a:£"). But the
element z "(y — fmgk<nﬂkx) takes the value a, at p, while the functlon
£ — Zmékn a:t’) takes the value a, at 0; it follows that a, = ay. Our
assertion is thereby proved.

Thus we have proved

TurorEM 2. Let v be a place of R and = a uniformizing variable at p. Let y be
an element of R, and let y = > o @iz be the formal power series in x which repre-
sents y in the p-adic completion of R. Then there exists a neighbourhood N of p in
S on which z has no pole and such that, for any q € N except perhaps 0, the series

Y oam ax(x(q))* converges to y(q).

We can make use of Theorem 2 to study the local nature of the mapping of
S into 2 given by an arbitrary element of R.
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THuEOREM 3. Let x be a non constant element of R and let p be a place of R. Denote
by e the ramification index of p with respect to C(x). Then every neighbourhood of
p on the Riemann surface of R contains an open neighbourhood N of » which has
the following properties: x maps N onto an open subset x(N) of Z; p is the only
point of N which is mapped upon z(p) by z; if & is any point of x(N) other than
z(p), then there are exactly e points of N which are mapped upon & by x.

If z(p) = o, wesety = x — x(p);if z(p) = o, wesety = . In any case,
we have v,(y) = e. Let ¢ be a uniformizing variable at p, and let N, be any given
neighbourhood of p. Then it follows from Theorem 2 that there exists a neigh-
bourhood N; of p which has the following properties: N, is contained in Ny ; ¢
maps N; topologically onto a disc 4, of center 0 in the complex plane;if g ¢ Ny,
then y(q) = f(t®™)), where f is a holomorphic function on A; having 0 as a zero
of order ¢. From the elementary theory of functions of a complex variable, it
follows that there exist open neighbourhoods U7 and A, of 0 in the complex
plane with the following properties: As is contained in 4, ; O is the only zero of
fin A, ; if £ is any point #0 in U, then there are exactly e points of A, which
are mapped upon ¢ by f. If N is the set of points q € N; such that y(q) € U, then
N is an open neighbourhood of p contained in Ny and has the properties stated
in Theorem 3.

We shall now define the notion of meromorphic function at a point p of the
Riemann surface S of R. Let f be a mapping into £ of some neighbourhood of
pin S, and let z be a uniformizing variable at p. It follows from Theorem 2 that
there exists a mapping f. into = of some neighbourhood of the origin in the com-
plex plane and a neighbourhood N of p in S which satisfy the following condi-
tions: f is defined on N; f, is defined on z(N); we have f(q) = fz(z(q)) forall q e N.
We shall say that f belongs to the class OM(p, 2) if, for a suitable choice of N,
fz is meromorphic on x(N). Although the function f, clearly depends on the
choice of the uniformizing variable .r, we shall see that the class YN (p, ) does
not. Let 2’ be any other uniformizing variable at p, and let the neighbourhood
N’ and the function f,- have, wit‘h' respect to a’, the same properties as N and f;
with respect to 2. On the other hand, replacing the consideration of f by that
of the function r, we obtain a function ;- defined on a neighbourhood of 0 in
the complex planc. It is clear that the equality f/ (') = f.(x.-(¢')) has a meaning
and is true whenever | ¢ | is sufficently small. Since r € R, the function x, is
meromorphic on some neighbourhood of 0, and, since x(p) = 0, z,-(0) = 0. Thus
we see that, if f, is meromorphic on some neighbourhood of 0, then the same is
true of f,r , i.e., we have OM(p, ) C Ni(p, 2’). We would prove in the same way
that D (p, 2') C M(p, x). Our assertion that the class M (p, ) does not depend
on the choice of the uniformizing variable x is thereby proved. We shall set
M(p) = ON(p, x); any mapping helonging to the class DN(p) is said to be a
meromorphic function at p. If f is a mapping of an open subset U7 of S into =
which is meromorphic at every point of U, then f is said to be meromorphic on
U. If furthermore f(U') does not contain the point «, then fis said to be holo-
morphic on U. It is clear that any meromorphic mapping of U7 is also a continu-
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ous mapping. Every z ¢ R provides a meromorphic mapping into Z of the
whole Riemann surface S; we shall see that these are the only meromorphic map-
pings of S.

TraroreM 4. The Riemann surface S of the field R vs connected, and every mero-
morphic mapping of S into 2 is produced by some element of R.

Let f be a meromorphic mapping of some open subset U of S. Then a place
pis called a zero of fif f(p) = 0, a pole of fif f(p) = ». The poles of f are isolated,
and, if U is connected, the same is true of the zeros of f unless f(U) = {0}.
For, let p be a point of U, and let z be a uniformizing variable at p. Then there
exists a neighbourhood N of p, contained in U, which is mapped topologically
by x onto a circular disc A of center 0 in Z, and we have, for g e N, f(q) = f*(z(q)),
where f* is a function defined on A and meromorphic on some neighbourhood of
0. If p is a pole of f, then 0 is a pole of f*, and there is a neighbourhood of 0 in A
in which f* has no other pole than 0, which proves that p is an isolated pole of f.
On the other hand, if every neighbourhood of p contains a zero of f distinet from
p, then every neighbourhood of 0 in A contains a zero of f* distinct from 0, from
which it follows that f* is constant and equal to 0 on some neighbourhood of 0,
i.e., that f maps some neighbourhood of p in U upon {0}. This shows first that
the set of zeros of f in U is relatively closed in U and secondly that the set of
non isolated zeros of fin U is open. If U is connected, the set of non isolated
zeros of fin U, which is relatively closed and open in U, coincides with the whole
of U, which proves our assertion.

Now, let f and g be meromorphic mappings of the same open connected sub-
set U of 8. If g(U) = {0}, then we set f — g = f. Assume now that g(U)> {0},
and denote by U, the set of points of U which are poles of neither f nor g and
which are not zeros of g; U, is therefore an open set. If p ¢ U;, then we set
w(p) = f») — g(v), v(p) = f(P)(g(®)™". It follows easily from the definitions
that 4 and » are meromorphic mappings of U, . Let now p be a point of U not
in U, ; we select a uniformizing variable z at p and a neighbourhood N of p in
U which has the following property: p is the only point of N not in U, ; £ maps
N topologically onto an open disc A of center 0 in Z. If q ¢ N, we set f(q) =
*(z(a)), g(q) = g*(x(q)); the functions f* and g* are then meromorphic on some
neighbourhood of 0 in A. We may therefore write, for £ 5 0in A, f*(¢) = £7(£),
g*(§) = £g1(£), where h and k are integral exponents, while f ¥ and ¢¥ are func-
tions defined on A which are holomorphic on some neighbourhood of 0 and take
values # 0 at 0. Let A’ be a dise of center 0 in which f¥ and g7 are everywhere
holomorphic and 0. If £ is any point =0 of A’, we set

uiE) = f*E) — ¢*®) = FETHE - F®),
0T = FE@E)T = ETREEIE)™

where | = max {h, k}. We see immediately that the functions ui , ¢{ defined in
this way can be extended to functions u*, v* defined on A’ and meromorphic on
some neighbourhood of 0. We set & = u*(0), 8 = v*(0) (with « and 8 in Z), and
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we extend the domain of definition of the functions u and v, previously defined
on U, by setting u(p) = a, v(p) = B. It is clear that the extended functions
defined in this way are meromorphic at p. Doing the same thing for all points of
U — U,, we extend u and v to meromorphic mappings of U. The meromorphic
mappings of U which extend u and v are uniquely determined, as follows imme-
diately from the continuity of a meromorphic mapping and from the fact that
U, is everywhere dense in U. We shall denote our extended mappings by f — ¢
and f/g respectively. If Oy denotes the mapping which associates 0 to every
point of U and 1y the mapping which associates 1 to every point of U, then we
define —g by —g = Oy — g and (if g  Oy) ¢ ' by (1v)/g. We define f + ¢
to bef — (—g) and fgto be f(g7") ' if ¢ # Oy and Oy if g = Oy . Thus we have
two laws of composition, addition and multiplication, in the set 91(U) of mero-
morphic functions on U. It is easy to see that these laws of composition satisfy
the axioms for fields. Let us for instance check the associativity of addition.
Let f1, f2, and f; be elements of OM(U). It is easy to check on the base of our
definitions that (fi + f2)(p) = fi(p) + fo(p) for any p ¢ U which is not a pole
of either f; or f2. Thus (fy + f2) + fs and fi + (f2 + f5) coincide on the set U, of
points of U which are not poles of any of f1, f., or fs. The set U, being every-
where dense in U, it follows from the continuity of meromorphic mappings that
(fi + f2) + fs = f + (f2 + f3). The other axioms would be verified in a similar
manner.

It follows that the set 91(U) has the structure of a field; if we identify any ¢ e C
with the constant mapping which assigns ¢ to every point of U, we see that C'
is a subfield of 9N(U). On the other hand, every element z of R defines a func-
tion p — z(p) belonging to YN(U), and we obtain in this way an isomorphism of
R with a subfield of 9(U) which coincides with the identity on C.

From now on, we shall denote by U a component of S. Since S is clearly
locally connected, U is open. On the other hand, since U is closed in S, it is
compact. We shall see that a meromorphic mapping f of U which has no pole is
necessarily a constant mapping. For, since U is compact, the continuous real
valued function | f | must reach its maximum at some point p ¢ U. Let 2o be a
uniformizing variable at po, and let N, be an open z-disc of xo-center po. If
p € No , we may write f(p) = f*(z(p)), where f* is holomorphic on a neighbourhood
of 0 in z¢(No). The function | f* | has a maximum at the point 0; it follows that
f* has a constant value ¢ on some neighbourhood of 0. The point y, is a non iso-
lated zero of f — ¢, from which it follows that f — ¢ maps the whole of U upon
{0}.

Let = be a non constant element of R of which we shall furthermore assume
that, if § — U is not empty, x has at least one pole on this set. Let f be any
meromorphic function on U. We denote by p, -- -, pa the distinct points of
U which are poles of either x or f. For each ¢ let ¢, be a uniformizing variable at
p; (1 £ 7 < h). We can find integral exponents a, and b; such that (¢z)(p;) and
(t%f)(p;) are both different from 0 and «. If k and I are arbitrary non negative
integers, then (5" z*")(p.) is = . Let p and ¢ be positive integers, and let
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Mi (0 =k =p,0 =1 = q) be arbitrary complex numbers; we set

? [
z = Z Z)\“:c"f' .
k=0 1m0
For p in a suitable neighbourhood of p;, we may write 2(p) = 2} (t:(p)), where
2T is a meromorphic function on a neighbourhood of 0. Moerover, it is clear that
the Laurent expansion of z} around 0 will be of the form

Z?(E) = Z Lt'r(' *t Akl y " )E'
r—ﬂa;+qb=
where af = min {0, a;}, b¥ = min {0, b,}, and where each L, is a lincar form
n (p + 1)(¢ + 1) variables. From now on, we shall take ¢ to be the number
— 2 h.1a¥ (this number is >0 because z is not constant on U and must there-
fore have at least one pole on U) and we shall take for p a positive integer which is
> ,-1 b + 1). Under these conditions, we have (p + 1)(g + 1) >
— pﬁ haat — g b. , from which it follows that the system of homogeneous
linear equations L.y(- -+ ,Air, ) = 0 (1 £ ¢ < h, paf + b < r < 0) has
a non trivial solution. Assume that the numbers A;; represent a solution of this
system. Then it is clear that the function z has no pole on U. This function is
therefore a constant, which proves that f is algebraic of degree < ¢ over C(x).
Thus we see that every element of 9N (U) is algebraic over C{z), and the degree
of an element of ON(U) over C{x) is bounded by the number ¢ which depends
only on z. Let n be the degree of R over C{(z); then we know (Corollary to Theo-
rem 4, I, §8) that n is the degree of the divisor of poles 1 of z. Now, it is clear that
n = J[i- p7n’, where 1’ is an integral divisor, whence ¢ < n; moreover, if
U = S, then zx has at least one pole not in U, whence ¢ < n. Since R is of
characteristic 0, there exists an element u of R such that R = C(z, u), and u
is clearly of degree n over C{z). On the other hand, considering u as an ele-
ment of IM(U), we see that it is of degree < ¢ over C(z). Therefore we have
g = n, whence ¢ = n, which proves that U = S. On the other hand, would
9M(U) contain an element f which is not in R, then R(f) would be algebraic of
finite degree > n over C(x), and would therefore contain some element of
degree >n over C{z), which is impossible. Theorem 4 is thereby proved.
ReMARK. The connectedness of S could be proved in a shorter way as fol-
lows. Assume for a moment that S would have a component U » S, and let
q be-a point of S not in U. Making use of Lemma 1, IV, §1, we see that there
would exist an x ¢ R which admits q as its only pole. Then = would induce on U a
meromorphic function with no pole, and would therefore be constant on U.
But thisis impossible, because, « not being in the field of constants of R, for any
¢ ¢ C, z — c has only a finite number of zeros.

§3. ON SINGULAR HOMOLOGY THEORY

We shall give in this section a brief statement of the main definitions and re-
sults of singular homology theory. For more details and for the proofs of theo-
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rems, we refer the reader to the book of S. Eilenberg and N. Steenrod on homol-
ogy theory, to be published shortly (cf. also the paper by S. Eilenberg, Stngular
homology theory, Ann. of Math., 1944, vol. 45, p. 407).

We denote by R" the n-dimensional Cartesian space. By T" we mean the
smallest convex subset of R"* containing the points e;., = (1,0, -++ , 0), ey.n =
0,1, ---,0), -+, €x41,n = (0,0, --- , 1); thus T" is the set of points

(try oo+ s tag)

of R""suchthat 0 £ £, <1 (1 S:i<n+ 1)and 2 = 1.

Let X be a topological space. By an n-stmplex in S is meant a continuous map-
ping o of 7" into X. If we take all n-simplices in S as free generators of a free
abelian group, then the elements of the group obtained in this way are called
the n-chains on X. Any n-chain v may be written in the form s~ ao% , where
o1, +++, on are distinct n-simplices, and a;, « - , as are integers 0 (if y is
the zero n-chain, then we set h = 0). We then say that o;, --- , ¢4 are the sim-
plices which occur in v, and that o}, occurs with the coefficient ay, ; a simplex which
does not occur in v is also said to occur with coefficient 0 in v. The union of the
sets of points a,(T™) (1 £ k = h) is called the set of points of v, and is denoted by
| v |; this set is empty if v = 0. The set of points of any n-chain is clearly a com-
pact set. If | v | is contained on some subset ¥ of X, then we say that the chain
yison Y.

The set T° consists of a single point. Thus, a 0-simplex ¢ is uniquely deter-
mined by giving the point p = ¢(T°) of X. We shall therefore identify the 0-
simplices with the points of X.

Ifnz1land 1 £ ¢ = n 4+ 1, we denote by f; the barycentric mapping of
T" into T"*! which maps e, ._, upon e;,, ifj < ¢ and upon ej1.» if j = 7. Thus
we have f,(ty, -~ ,t,) = EK; tiejn + Z;g;tje,u,l,,, . If ¢ is an n-simplex, each
of the mappings of; (1 £ 7 = n + 1) is an (n — 1)-simplex. We set

n41

90 = '2_:1 (=1)*Yafd)

and we extend @ to a homomorphism, also denoted by 9, of the group of n-chains
into the group of (n — 1)-chains. If v is an n-chain, then v is called the boundary
of v. If v is a O-chain, we make the convention that 8y is the number 0.

It can be proved easily that 9(dy) = 0for any n-chainy (if » = 1). Any n-chain
whose boundary is 0 is called an n-cycle. If Y is a subset of X, an n-chain is said
to be an n-cycle modulo Y if its boundary is on Y. The n-cycles are the same
thing as the n-cycles modulo the empty set 8.

An n-chain v is said to bound on X if there exists an (n + 1)-chain ¢ such that
3¢ = v. If Y is a subset of X, then v is said to bound modulo Y if v is of the form
d¢ + 71, where ¢ is an (n 4+ 1)-chain while v, is an n-chain on Y. Any n-chain
which bounds modulo Y is an n-cycle modulo Y, but not conversely in general.
To bound is the same thing as to bound modulo @.
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Let Z be the group of n-cycles modulo Y, and let B be the group of n-chains
which bound modulo Y. Then the factor group Z/B is called the n-dimensional
homology group of X modulo Y, and is denoted by Ha(X, V). The group H.(X,
@) is called the n-dimensional homology group of X and is denoted by H.(X).
The elements of H,(X, Y) are called the homology classes of X modulo Y (homo-
logy classes of X if Y = @). Two cycles modulo Y which belong to the same
homology class modulo Y are said to be homologous to each other modulo Y (ho-
mologous to each other f Y = @).

Ify = Zﬁ-l aih: is a 0-cycle on X (each p; being a point of X), then a neces-
sary condition for y to bound is for the number . a; to be 0. This condition is
also sufficent if X is arcwise connected. It follows that, if X is not empty and
arcwise connected, then Hy(X) is an infinite eyelic group. It follows from Theorem
1, §1 that any connected open subset of the Riemann surface of a field of alge-
braic funetions of one variable over (' is arcwise connected.

Let X and X’ be topological spaces, and let ¥ and Y’ be subsets of X and X’
respectively. Assume that we have a continuous mapping f of X into X’ which
maps Y into Y’; then we say that f is a continuous mapping of the pair (X, Y)
into the pair (X’, Y’). Let ¢ be an n-simplex on X ; then fo is an n-simplex on
X’. The mapping ¢ — fo can be extended to a homomorphism of the group of
n-chains of X into that of X’; we shall also denote by f this homomorphism.
Then f maps any cyele modulo ¥V in X upon a cyele modulo ¥’ in X', and, if
the given cycle bounds modulo Y, then its image bounds modulo Y’. It follows
that f defines in a natural way a homomorphism (also denoted by f) of H,(X, Y)
into H.(X’, Y').

Let g be a continuous mapping of X’ into a space X”, and assume that ¢
maps Y’ into a subset ¥” of X”. Then the homomorphism of H,.(X, Y) into
H,(X”, Y”) which corresponds to the mapping ¢f can be obtained by first ap-
plying the homomorphism of H,.(X, Y) into H.(X’, Y’) which corresponds to
f, and then the homomorphism of H,(X’, Y’) into If,,(X”, Y”) which corresponds
to g.

Two continuous mappings f and f’ of the pair (X, Y) into the pair (X', Y”) are
said to be homotopic to each other if there exists a continuous mapping F of the
pair (X X [0, 1], ¥ X [0, 1]) into the pair (X', Y’) such that F(z, 0) = f(x),
F(x, 1) = f'(z) for all ¢ X. If this is the case, then the homomorphisms of
H.(X, Y)into H.(X', Y') which correspond to f and f” are identical with cach
other.

A subset Y of a space X is called a deformation retract of X if there exists a
continuous mapping f of X into itself with the following properties: f is homotopic
to the identity mapping (which maps every point upon itself); f coincides with
the identity on Y'; f maps X into Y. If this is the case, then the homomorphism
of H.(Y) into H,(X) which corresponds to the identity mapping of } into X
is an isomorphism of H.(Y) onto H.(X). In particular, every n-cycle on X is
homologous to an n-cycle on Y.

Tet Y be a subset of a space X. Assume that ¥ contains an open subset U of X
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such that U C V C Y, where V is itself an open set (U denotes the adherence
of U). Then the homomorphism of H,(X — U, Y — U) into H.(X, Y) which
corresponds to the identity mapping is an isomorphism of the first of these
groups onto the second. This statement is called the excision theorem.

Let Y be a subset of X, and let ¢ be an element of H,(X, Y), withn > 0;
if 4 is an n-chain of the class ¢, then dy is an (n — 1)-cycle on ¥ whose homology
class dc in H,_1(Y) depends only on ¢. The mapping ¢ — d¢ is a homomorphism
of Hi(X, Y) into H,—1(Y) which is called the boundary homomorphism. If n = 0,
then we set dc = 0 for any ¢ ¢ Hy(X, V).

Let Y and Z be subsets of a space X, such that Z C Y. We consider the fol-
lowing sequence of groups:

{0}1 HO(X! Y): Tty Hn—l(X’ Y)) Hn—l(X; Z)7 Hﬂ—l(Yy Z)r Hn(X’ Y)r e

Then we have a series of homomorphisms, each mapping a group of the sequence
(except the first one) on the previous one. These homomorphisms are defined as
follows: a) the boundary homomorphism 8 of H.(X, Y) into H,_i(Y, Z), ob-
tained by first applying the boundary homomorphism of H,(X, Y) into H,_;(Y)
and then the homomorphism of H,_,(Y) into H,_;(Y, Z) which corresponds to
the identity mapping of (Y, #) into (¥, Z); b) the homomorphism of H,_,(Y, Z)
into H._1(X, Z) which corresponds to the identity mapping of (¥, Z) into
(X, Z); ¢) the homomorphism of H, (X, Z) into H,_;(X, Y) which corresponds
to the identity mapping of (X, Z) into (X, Y). The composite object formed by
our sequence of groups and by the homomorphisms defined above is called the
homology sequence of the triplet (X, Y, Z). The exactness theorem asserts that this
sequence is exact, i.e., that, if A, B, C are three consecutive terms of the se-
quence, then the kernel of the homomorphism of B into A coincides with the
image of C under the homomorphism of C into B.

If Z = @, then we speak of the homology sequence of the pair (X, Y); the
groups of this sequence are

{0}7 IIO(X7 Y)r R} Hn—l(X, Y)) Hn—l(X)) Hn—l(Y)) Hn(X, Y); Tt

Assume that the space X is the union of a finite number of mutually disjoint
opensets X1, -+, Xn.Let Y beasubset of X;set Vi = YNX; (1 <7 < m).
If 1 £ ¢ = m, the identity mapping of the pair (X;, Y.) into (X, Y) defines a
homomorphism 5; of H.(X;, Y,) into H.(X, Y). It can be proved that the homo-
morphisms 5; are isomorphisms, and that H,(X, ¥) is the direct sum of the
groups n,(H.(X;,Y.)) (1 = ¢ = m). Thus we see that, in that case, H,(X, Y) may
be identified with the product [ [T H.(X;, V5).

To every n-chain vy on a space X it is possible to associate a new n-chain, the
barycentric subdivision of v, denoted by subd v. We shall not give the definition
of subd v, but we shall give the main properties of the operation y — subd .

a) This operation is a homomorphism into itself of the group of n-chains;

b) if v is a O-chain, then subd v = v;

¢) if y is a 1-simplex and 3y = b — a (where a and b are points), then subd vy
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is the sum of two 1l-simplices, whose respective boundaries are b, — a and
b — by, by being a point of | v | which is called the barycenter of v;

d) for any n-chain v, we have 8 (subd v) = subd dy;

e) if vy lies on some subset ¥ of X, then subd ¥ lies on Y and is the same
whether we consider y as a chain on X oron Y

f) if 8 v lies on some subset Y of X, then subd v is homologous to v modulo Y;
in particular, we see that subd v is homologous to v on |y | modulo | 3y |;

g) if p is an integer 20, define subd” ¥ by induction by means of the formulas
subd’y = v, subd” y = subd (subd” y); then, if X is covered by a family & of
open sets, given any chain v, there is an integer p = 0 such that every simplex
occurring on subd® v lies on some set of the family &.

Let A be a closed disc in the complex plane, and let a be the center of A.
Then {a} is clearly a deformation retract of A, from which it follows easily that
H,(a) = {0} for every n > 0. Assume that A > {a}, and let I' be the circum-
ference of A. Then it can be proved that Hy(T') and H,(T) are both infinite cyclic,
while H,(I') = {0} if n» > 1. The groups H,(A, T), H,(A, T), and H.(A, T') for
n > 2, consist each of its zero element only, while H,(A, T) is infinite cyclic.
Since T is a deformation retract of A — {a}, we see that H.(4, A — {a}) = {0}
if n s 2, while H(A, A — {a}) is infinite cyclic.

If I is an interval, either open or closed, then H,(I) = {0} for every n > 0.

§4. PERIODS OF DIFFERENTIALS

We have learned in Chapter VI how to associate to every element = of R a
differential dz of the field R; moreover, we know that, provided « is not constant,
every differential of R may be written in the form y dx, with y ¢ R. If  and 2’
are non constant elements of K, then

(1) ydr = (y Dyx) dz’

where D, is the derivation with respect to 2" in R.

Let U be an open set of the Riemann surface S of R. To every pair (f, )
formed by a meromorphic function f on U and a non constant element z of R, we
shall associate a new object which we shall call a meromorphic differential on U,
with the convention that the meromorphic differentials attached to the pairs
(f, ) and (f’, ') will be held identical to each other if and only if f = f'D.’,
where D, is the derivation with respect to x in R. If U = S, then f is an element
of R (Theorem 4, §2), and we shall then identify the meromorphic differential
attached to the pair (f, 2) with the differential fdx of R, which is permissible
in view of Formula (1) above. In the case where U is an arbitrary open set, we
shall still denote by fdx the meromorphic differential attached to the pair
(f, ©). If @ = fdr and o’ = f’dx are meromorphic differentials on U, and if ¢
is any meromorphic function on U, we set go = (gf) dx, 0 + o' = (f + f') dx;
it can be verified without difficulty that these definitions are coherent with our
convention of identification.

Let f dr be a meromorphic differential on U, and let p be a point of U. Let
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¢ be a uniformizing variable at p. Then we may write fdr = (fDx) dt. If f D, x
has no pole at p, then we say that f dzx is holomorphic at p. In order to legitimate
this definition, we have to show that the fact that f D has no pole at p does not
depend on which uniformizing variable ¢ we select. Let ¢ be any other uni-
formizing variable at p; then fdx = (f Dix) dt = (f Dy Dyt) dt’. If we represent
t by a power series in ¢’ in the p-adic completion of R, its expansion is of the
form ¢ = D_m axt™, whence Dyt = 2 gy kat”™ ™, which proves that D, has
no pole at p, and therefore that, if f Dix has no pole at p, then the same is true
of f Dyx = f D D,t. A meromorphic differential which is holomorphic at every
point of U is said to be holomorphic on U.

Let g be a meromorphic function on the open subset U of S, and let z be a
non constant element of R. Let p be any point of U; denote by ¢ a uniformizing
variable at p and by V an open {-disc of t-center p. Then we have, for q ¢ V,
g(a) = G(t(g)), where G is a meromorphic function on the dise ¢(V). The deriva-
tive ' of @ is likewise meromorphic on {(V); set, for q € V, ¢'(q) = G'(t(q)).
Then D.t ¢’ is a meromorphic function on V, whose value at p we shall denote
hy fy . The point f, ¢ Z does not depend on the choice of the uniformizing variable
t at p or of the set V. For, let ¢, be any uniformizing variable at p, and let V,
be any open {,-dise of #-center p. Set g(q) = G1(ti(q)), where Gy is meromorphic
on t,(Vy). If 7 e t(V N V,), we have G(7) = G1(8(r)), where 6(r) is defined by the
condition that 6(¢(q)) = t,(q) for q ¢ VNV, . It follows that &/ (r) = G1(8(+))0' (1),
where 6’ is the derivative of the holomorphic function 6. Set g1(q) = G1(4:(q)) for
q € V1 ; then, since 8'(i(q)) = (D:))(q) (as follows easily from Theorem 2, §2), we
have ¢’(q) = (g1 Dit1)(a) for q ¢ V NV, whence (¢’ D.t)(q) = (g1 D.4)(q), which
proves our assertion. It is easily seen that the mapping p — f, is a meromorphic
function f on U; we shall denote this function by dg/dz (it is easily seen that, if
g € R, then dg/dx, as defined here, coincides with the ratio of the differentials
dg and dx, i.e. is equal to D.g). We see immediately that, if 2’ is any other non
constant clement of R, then dg/dx’ = (dg/dx) Dyx. It follows that the dif-
ferential (dg/dx)dx does not depend on the choice of x. We shall denote this
meromorphic differential by dg. We sece easily that, if g is holomorphic on U, then
the same is true of dg.

Let f dx be a meromorphic differential on an open set, U, and let Uy be an open
subset of U, If there exists a meromorphic function ¢ on U7y such that dg/dx = f
on 7y, then we say that ¢ is a primitive of fdr on Uy . If Uy is connected, then
two primitives g, ¢ of [de on Uy can differ from cach other only by a constant.
For, we ean find a point py of U7y at which ¢ and ¢’ are both holomorphic and which
is such that w(p)) % = and that * — 2(p) is uniformizing at po . Using 2 — x(py)
for the t of the definition given above, and observing that D,(¢’ — g) = 0, we
see easily that ¢’ — ¢ coincides with a constant a on some neighbourhood of
po . The function ¢’ — ¢ — a being meromorphic on U; and having a non isolated
zero, it follows that this function is identically zero on U, , which proves our
assertion.

Now, let w he a differential which is holomorphic on some open set U. We pro-
pose to define the integral [,w of @ on any 1-chain vy on U.



PERIODS OF DIFFERENTIALS 147

LemMa 1. Let  be a differential which is holomorphic on an open disc V. Then
w has a primitive on V.

Assume that V is an a-dise, with z in R. Then it follows immediately from
Theorem 3, §2 that 2 — z(p) is uniformizing at p for every p ¢ V. Write w = fdx,
and, for p e V, f(») = F(x(p)), where F is holomorphic on z(V). Then it is well
known that there exists a holomorphic function @ on z(V) whose derivative is
F. If we set g(p) = G(x(p)) (for p e V), then g is a primitive of w.

This being said, we shall first define [yw in the case where v is a 1-simplex on
some open disc V contained in U. The 0-chain 8y is of the form b — a, where
a and b are points of V. Let g be a primitive of » on V. We shall prove that the
number g(b) — g(a) does not depend on the choices of either V org. Let V' be
any open disc contained in U and containing | v |, and let ¢’ be a primitive of
w on V’. Since |v | is obviously connected, it is contained in some component
W of V N V', and we have seen above that ¢ — ¢ is constant on W, whence
7' (6) — ¢'(a) = g(b) — g(a), which proves our assertion. In this case we set

f.,w = g(b) — g(a).

Let b; be the barycenter of the 1-simplex y. Then subd v is of the form 1 + 72,
where v, and . are 1-simplices such that 8y, = by — @, 8y2 = b — by . It follows
that we have [y 0 = [y, @ + f4, .

Now, let v be a I-chain such that every 1-simplex occurring in v lies on some
open disc. If v = > aio. , where a1, -+ , oy are the simplices occuring in v,

we set,
h
f w = Z (223 f w.
k4 k=1 Tk

It follows immediately from the definitions that we have

[o=]
kg subdy

Finally, let v be an arbitrary 1-chain on U. The open discs contained in U form
a covering of U by open sets; it follows that, for p large enough, every simplex
occurring in subd” v lies on some open disc contained in U. Since we have, for
p’ > p,subd”’y = subd” ~? (subd”y), the number Joubary w docs not depend on
the choice of the integer p satisfying the condition stated above. It is this num-
ber which we call the ntegral on v of w, and which we denote by Jy o

It is clear that the mapping ¥ — J, ® is a homomorphism of the group of 1-
chains on U into the additive group of complex numbers, and that, for y fixed,
the mapping w — [ w is a linear function on the vector space (over C) of holo-
morphic differentials on U. Moreover, we have [y @ = fsunswry @ for any 1-chain
v on U and any integer p = 0.
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LeEmMa 2. Let w be a holomorphic differential on an open set U of the Riemann
surface, and let v be a 1-chatn on U. Set 3y = Dok i axp , where py , ¢+ , D are
points of U. Assume that w admits a primitive g on U. Then we have

h
f © = 2 arg(pe).
¥ kw1

We select an integer p 2 0 such that every simplex occurring in subd”«y
lies on some open disc contained in U, and we set subd” v = Z’i’.l bioy ,
where o1, -+ , g, are the simplices occurring in subd® v. If 8g; = b; — a1, we
have [y @ = fyupary @ = D71 bi(g(6) — g(a)). On the other hand we have
Z'{'..; bi(by — @) = 8 (subd®y) = @y = Zi‘_l arpr ; Lemma 2 follows immedi-
ately from this.

THEOREM 5 (CAaucHY’S THEOREM). Let w be a holomorphic differential on an
open set U of the Riemann surface of the field R, and let v be a 1-cycle which bounds
on U. Then we have [, w = 0.

Set v = ¢, where ¢ is a 2-chain on U. There exists an integer p = 0 such that
every 2-simplex occurring in subd” ¢ lies on some open disc contained in U. We
have [, w = foubary @ and subd”y = d(subd? ¢). It follows immediately that
it is sufficient to prove Theorem 5 in the case where v is the boundary of a 2-
simplex ¢ contained in some open disc V contained in U. Since » admits a prim-
itive on V (by Lemma 1) and dy = 0, the result follows immediately from
Lemma 2 in that case.

LEmMMA 3. Let U be an open subset of the Riemann surface of R, and let Q be a
Jinite subset of U. Let v and v’ be 1-cycles on U modulo Q which represent the same
element of H\(U, Q). Then~' — « s a cycle homologous to 0 on U.

We consider the following four terms of the homology sequence attached to the
pair (U, Q):
Hi(Q) — Hy(U) — Hy(U, Q) — Ho(Q).

Since y and v’ represent the same element of H,(U, @), 8y and dv’ represent the
same element of Hy(Q), whence 3y = 97’ since @ is a finite set. It follows that
7' — v is a cycle whose homology class in II;(U) belongs to the kernel of the
homomorphism of H,(U) into Hi(U, Q). By the exactness theorem, this kernel
is the image of H1(Q), which is easily seen to contain only its zero element, since
Q is finite. Lemma 3 is thereby proved.

The notation being as in Lemma 3, let w be a holomorphic differential on U,
and let ¢ be an element of H,(U, Q). Let v be a 1-chain belonging to ¢. Then it
follows from Cauchy’s theorem and from Lemma 3 that J, w depends only onc
and w. This number is called the integral of w on ¢ and is denoted by [, w. If Q
is empty, i.e. if ¢ ¢ Hy(U), then [, w is also called the period of w relative to c.
If w and Q are kept fixed, the mapping ¢ — J. « is a homomorphism of Hy(U, Q)
into the additive group of complex numbers. If ¢ is fixed, the mapping w — [, wisa
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linear function on the vector space (over C) of holomorphic differentials on U.
Let U, be an open subset of U and @, a subset of @ N U, ; denote by ¢; an element
of H,(U,, @) and by c the element of H;(U, Q) which corresponds to ¢, by the
identity mapping of (Ui, @) into (U, Q). Then it is clear that [, » = J; w.

Now, let us consider the case of a differential w which is meromorphic but not
holomorphic on U. Any point p e U at which w is not holomorphic will be called
a pole of w. To simplify, we shall consider only the case where w has only a finite
number of poles; this is certainly the case when w is a differential of the field
R. Let then P be the set of poles of w (or any finite set containing it), and
set Uy = U — P. Let Q be a finite subset of U, . Then [, » is defined for every
¢ e Hi(U,, Q). Now, the identity mapping of U, into U defines a certain homo-
morphism of Hy(U,, Q) into H,(U, @); we propose to study more closely this
homomorphism.

In what follows, I’ is to denote an arbitrary finite subset of the open set U
and @ an arbitrary subset of U — P. We consider the following four terms of the
homology sequence attached to the triplet (U, U — P, @):

HyU, U = P) - Hy(U — P, Q) = Hi(U, Q) » Hy(U, U — P)
nn 1 n2

(the letters =1, 7, 72 denoting the homomorphisms of the homology sequence).
We know that »(H,(U — P, Q)) is the kernel of 7, and that the kernel of 75 is
m(Hx(U, U — P)).

Since P is finite, it is easily seen by induction on the number of elements of P
that we can assign to every p € P a closed disc D, containing p in its interior,
contained in U, in such a way that D, N D, = @ for p = q. Let W be the union
of the sets D,, p ¢ P. Then the adherence of U — W in U is contained in an
open set contained in U — DP; therefore, it follows from the excision theorem
that H,(U, U — P) is isomorphic with Hy(W, W — P) and Hy(U, U — P) to
H,(W, W — P). The sets D, being mutually disjoint, H,(W, W — P) is isomor-
phic with the product [[,rHe(Dy, Dy — {p}), and Hy(W, W — P) with
I1L..» Hi(D,, D, — {p}). Now, we consider the following seven terms of the homol-
ogy sequence attached to the pair (D, , D, — {p}):

Hy(Dy) — HyDy , Dy — {p}) ’;’Hl(Dn = {»]) -’Hl(Dv):Hl(Dv:Db — {n})
;:Ho(l)» — {p}) = Ho(Dy)

(the greek letters denoting the homomorphisms of the homology sequence).
We know that H,(D,) = {0}, I,(D,) = {0}; the exactness theorem then shows
that ¢ is an isomorphism of Hy(D, , D, — {p}) with H,(D, — {p}). Let C', be the
circumference of D, ; we know that H,(C,) is infinite cyclic. Let v, be a 1-cycle
on C, whose homology class generates H,(C}). It is clear that C, is a deformation
retract of D, — {p}; therefore, H;(D, — {p}) is infinite cyclic and generated by
the homology class of v, in Hi(D, — {p}). It follows that H.(D,, D, — {p}) is
infinite cyeclic; furthermore, since ¢ is the boundary homomorphism, H.(D, ,
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D, — {p}) is generated by the homology class of a 2-chain &, on D, such that
38y = v, . This means that Hy(W, W — P) is generated by the homology classes
of the chains §, for all p ¢ P; the same can therefore be said of H.(U, U — P).
The mapping 7 being the boundary homomorphism, we see that the kernel of 5
in H(U — P, Q) is generated by the homology classes in this group of the chains
Yo -

Now, let g be any point % p in D, . Since D, and D, — {p} are arcwise con-
nected, the homology groups Ho(D,) and H,(D, — {p}) are generated by
the homology classes of q in these groups. It follows that the image of
H\(D,, Dy — {p}) under ¢, is {0} and therefore that H.(D,, D, — {p}) =
$1(H1(Dy)) = {0}. This proves H(U, U — P) = {0}, and therefore that n maps
H,(U — P, Q) onto H,(U, Q). Thus we have proved

Lemma 4. Let U be an open subset of the Riemann surface of R, P a finite subset
of U, and Q a subset of U — P. Assign to each p e P a closed disc D, C U containing
p in its interior in such a way that D,N D, = Bif p # q. Denote by C,, the circumference
of D, and by v, a 1-cycle on C, whose homology class generates H,(C,). Then the
dentity mapping of (U — P, Q) into (U, Q) defines a homomorphism of Hy\(U — P, Q)
onto H(U, Q) whose kernel is gencrated by the homology classes of the cycles v, in
H\((U — P, Q). Let 5, be a 2-chain on D, such that 88, = v, , and let d, be the
homology class of 8, tn Hy(U, U — P). Then Hy(U, U — P) 1s a free abelian group
tn which the elements d, form a system of free generators.

CororrLArY. The notation being as in Lemma 4, let v be a 1-chain on U such
that | 3y | N P = @ then there is a 1-chain v on U — P such thaty’ — v is a cycle
homologous to 0 on U.

Set Q = | dy | ; then it follows from Lemma 4 that the homology class ¢ of
v in H,(U, Q) can be represented by a 1-chain v’ on U — P. Since Q is finite,
v’ — v is a cycle homologous to 0 on U in virtue of Lemma, 3.

This being said, let us return to the study of the meromorphic differential w
and to the notation introduced above. If 2, is any element of H,(U — P) which
is mapped upon 0 by the homomorphism of H;(U — P) into H;(U) which cor-
responds to the identity mapping, then [, w is called a logarithmic period of w.
The eycles v, being defined as in Lemma 4, we see that every logarithmie period of
w is a linear combination with integral coefficients of the numbers [y, w. We shall
show how these numbers may be computed.

Let then p be any point of P, and let D be a closed dise containing p in its
interior and such that D N P = {p}. We can find a uniformizing variable z at
p such that D is an z-disc of x-center p. If we write w = f dx, there will exist an
open a-dise 17 of x-center p on which f is defined and meromorphic with no pole
except perhaps at p. It follows that, for qe 17, g # p, f(q) may be represented in
the form f(a) = D=, e.(x(e))* (with » > 0). Denote by f; the meromorphic
function defined on V by fi(q) = f(@) — c_1(x(@))™" (for q eV, q 5 p). Then
1 dx has a primitive on V. For it is known that Z_,g,@,,,,‘_l(i + 1) 7'ei(x(q))
converges for every q # p in V; if we denote its sum by ¢(q), the mapping
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g — ¢g(q) of V —{p} into = can be extended to a meromorphic function (also
denoted by g) on V, and we have dg = fi dz. We may assume that D C V. Let C
be the circumference of D, and let v be a 1-cycle on C whose homology class gener-
ates H1(C). Then we have [, fi dz = 0 by Lemma 2, whence

fw=c_1fx'ldx.
b v

Incidentally, we observe that, if ¢y = 0, there exists an open disc containing p
on which w has a primitive.

Now, let a; , 05, a3 be three distinet points of C. Denote by V', the set of points
q € V such that z(g) is not of the form p x(a;), with p real 20. Then rde
admits on each V; a primitive. For, if q ¢ V;, 2(q) may be written in the form
z(a)r(q) exp((—1)'"%6,(q)), where r(q) and 6,(q) are continuous real functions on
V., with 7(q) > 0,0 < 6.(q) < 2; the function A; defined on V; by A:(g) =
log »(q) + (—1)'%6,(q) is then a primitive of 2 dz on V;. If ¢ and j are two
distinct indices between 1 and 3, we can find a 1-simplex o;; on C such that
d0;; = a; — a;and a; ¢ | oy; | , where k is the number between 1 and 3 which is
distinct from 7 and j. Theny, = 613 + o2 + onis a cycle on C, and we have

(—:)1/2_/; ™ dr = (6ala) — 0s(a)) + (01(as) — 6:(a2)) + (6a@)) — Baas)).

If 7 > j, we have x(q;)/2(a,) = exp ((— 1)'%6;(a;)); since 0;(a;) and 6,(a;) are both
between 0 and 2, their sum is 27, whence

(—"7 [ a7 ds = br = 20(a) + Be) + 0(a).
1

Since (z(a2)/z(a))(@(s)/2(az) ((a1)/2(as) = 1, the sum 63(az) + 62(a) + 63(cn)
is a multiple of 2. Since 0 < 6,(a;) < 2, the value of this sum is either 27
or 4x, which proves that [,, ' dz = +2r(—1)""% The chain oy + o3 + o1
is also a eycle 71, and we sec immediately that f,; 27 dz = — [y, 2 dz.

We can find an integer p = 0 such that every simplex occurring in subd®y lies
on one of the sets V; ; let then 71, - - - , 4 be these simplices, and set subd™y =
Z'i_l ar; . If 87, = b, — o, we see immediately that

exp (L ! dx) = x(b;)/x(c;).

Since v is a cycle, we have Z'}_l ai(d; — ¢) = 0, whence exp(f, xhdr) = 1,
which prove that [, 27" dz is a multiple of 27 (— 1)'2. Since the homology class of
~ is a generator of Hy(C), 1 is homologous on €' 1o ry, r being an integer, whence
2x(— 1) = r [,a " dr. Tt follows immediately that » = 1. Replacing if
necessary v by —v, we shall assume from now on that v has been selected in such
away that [, a7 dx = 2x(—1)""%. Thisconditiondeterminesentirely the homology
class z of v in Hi(C) when D and 2 are given. We shall sce that z actually does not
depend on the choice of 2, x being such that D is an x-dise. In fact, let 2" be any
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element of R such that D is an a’-disc. Then 2’ is uniformizing at some interior
point p’ of D. Set 2(p’) = a; if @ = 0, then we have (by Schwarz’s lemma)
2’ = bz, where b is a constant, whence [, 2" d2’ = [,z " dz. If a % 0, denote by
1 the set of points g ¢ D such that 2(q) is of the form ta, with trealand 0 < ¢ < 1.
Then it is easily seen that 7 dz — (z — @)™ dz has aprimitiveon V — I, whence
Jyz 7 dz = [, (t — a)”'dz by Lemma 2. On the other hand, there exists an open
set containing D on which (z — a)™"z’ is holomorphic and has no zero. If we de-
note by u this function, we have 0 = [, u ™ du = [,2’ " dz’ — [, (z — a)dz,
whence [, 2™ d2’ = [, 27" dz. Thus we see that we may attach to any closed
disc D a definite generator z of H;(C), where C is the circumference of D. We
shall say that z is the positive generator of H,(C). It is characterized by the con-
dition that [, 27 dx = 2r(—1)"* whenever D is an z-disc.

In the case where w is a differential of the field R, the number which we have
denoted above by c_y is the residue of w at p (cf. corollary to Theorem 6, VI, §3);
this number does not depend on the choice of x. We shall see that this is still
true in the present case. Using the same notation as above, we observe that
w — (27i, ¢’ dr) has no pole at p. Let ' be any other uniformizing variable
at p, and write w = f’ dz’; thenf’ —(D_ 72, cz’)D.2’ has no pole at », from
which our assertion follows immediately if we observe that (E..._, cix') dr =

Z.__, ca’)Da'de’ is a differential of R. The number c_; is called the residue
of wat p. Thus we have proved

THEOREM 6. Let w be a meromorphic differential on an open set U of the Riemann
surface of the field R. Let p bea point of U and let D be a closed disc containing p in its
interior and on which w has no pole except perhaps at p. Denote by C the circumference
of D and by z the positive generator of Hy(C). Then we have f; w = 2w(—1)""p,
where p 18 the residue of w at p.

Moreover, using the same notation as above, we see that the homology classes
of the cycles v; and 1 in Hy(C) do not depend on the choice of the simplices
oij , and that one and only one of these homology classes is the positive generator
of Hy(C). If v, belongs to the positive generator, then we say that a; , a;, and
a3 , in this order, determine the positive orientation on C'; if not, then we say that
a1, a2, and a; determine the negative orientation on C. In the first case, we set
e(ay, az, a3) = 1, in the second case e(a; , as , a3) = — 1. The following properties
of this symbol are easily established: e(a, , az, a3) does not change if we per-
form an even permutation of a, , a:, a3, but changes its sign if we perform an
odd permutation; if C’ and C” are the two components of C —({a;} U {ap}),
then £(a; , az , ) is constant on each of the sets €' and C”, but does not have the
same value on these two sets.

Let w be a meromorphic differential on an open set U; assume that o has only
a finite number of poles on U. Then it follows immediately from Lemma 4 and
Theorem 6 that the logarithmic periods of w are the linear combinations with
integral coefficients of the numbers 2x(—1)"%p, p running over the residues of .
If the residues of w are all 0, then the same is true of its logarithmic periods.
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Assume that this is the case, and let P be the set of poles of w on U. Let Q be a
finite subset of U — P. If ¢ e H,(U, Q), then c is the image of some ¢, e H,(U — P,
Q) under the homomorphism which corresponds to the identity mapping of the
pair (U — P, Q) into (U, Q) (this by Lemma 4), and, since the logarithmic periods
of w are 0, the number [,  depends only on ¢, not on the choice of ¢;. We shall
denote this number by f. w.

THEOREM 7. Let w be a meromorphic differential on an open set U of the Riemann
surface of the field R. We assume that w has only a finite number of poles on U and
that the residues of w at these poles are all 0. Then a necessary and sufficient condi-
tion for the existence of a primitive of w on U isthat [, w = 0 for every z ¢ Hy(U).

We may obviously assume without loss of generality that U is connected. The
necessity of the condition follows immediately from Lemma 2. Now, assume
that the condition is satisfied. Let P be the set of poles of w on U. Then U — P
is open and is easily seen to be connected, and therefore also arcwise connected.
Let po be any fixed point of U — P. Then, for any p e U — P, we can select a
1-chain v, on U — P such that dy, = p — p . Set g(») = Jy, . We shall sce that
g is holomorphic on U — P. Let p be any point of U — P, and let V be an open
disc contained in U — P and containing p. Then » admits a primitive ¢; on V.
If qis any point of V, we can find a 1-chain v, on V such that dv,, = q — p.
Then vy + vy — ¥qis a 1-cycle on U — P, and it follows from our assumption
on w that the integral of w on this cycle is 0, whence g(q)= g¢(p) + J.‘qu w =
g(») + g1(a) — ¢1(p). This formula shows that g — ¢; is constant on V, and there-
fore that ¢ is a primitive of w on V. Now, let a be a pole of w. Then, the residue
of w at a being 0, we have seen that there exists an open disc W C U containing
a on which w admits a primitive g, . The set W — W [ P being obviously con-
nected, g2 — ¢ is constant on this set, from which it follows that g can be ex-
tended to a function which is meromorphic on W. This being true for every pole
of w, we see that g can be extended to a meromorphic function on U, which is
obviously a primitive of w.

§5. THE BILINEAR FUNCTION j(w, «')

Let w and o’ be differentials of the field R, and let p be a place of R on which
we shall assume that, if it is a pole of one of the differentials w or ', then the
residue of the other at this place is 0. Under this condition we shall attach to the
pair «(w, »’) and to the place p a number j,(w, »’).

We first consider the case where res, @ = 0. Then we know that, for any in-
teger m, we can find an f e R such that v,(w — df) = m (Theorem 14, VI, §8).
We take f ¢ R such that »,(w — df) 2 —»,(0’) — 1, with the further specification
that, if »y(w) = 0, then v,(f) > 0 (this is obviously always possible). Then we
shall see that the number res, fo’ does not depend on the choice of f. For, let f’
be any element of R which satisfies the same conditions as f. Then we have
d(f — ) = —vy(e) — 1 and »,(f' — f) > 0in case »,(w) = 0. Set g =
f' = f;if v, (g) # 0, we have v,(dg) = »,(9) — 1 (Lemma 1, VI, §8), whence
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vy(gw’) = 0 and res, go’ = 0. If »,(g) = 0, then »,(dg) = v,(g — g(p)) — 1 and
res, ((g — g(p))w’) = 0 whence res, go’ = g(p) res, »’; but, if res, »’ # 0, then
vo(w) = 0, whence g(p) = 0. Thus we have res, go’ = 0 in every case, which
proves our assertion. We shall define (if res, @ = 0) the number j,(», »’) to be
res, fw’. It will be observed that it follows from our discussion that, if vy(w) = 0,
res, o = 0, then the condition »,(f) > 0 is unnecessary.

Before defining j,(w, «’) in the case where res, w # 0, we shall first prove that
Jo(w’, w) = —jp(w, w’) in the case where res, w = res, o’ = 0. We can select ele-
ments f and f/ in R such that v,(0 — df) 2 max {—»,(0’) — 1, »,(w) + 1},
vo(w — df) 2 max {—v,(w) — 1, vy(w’) + 1}. Then we have j,(w, o’) = res, fu'=

“resy fdff + res, f(w' — df’). Since vy(w — df) = v,(w) + 1, we have v,(df) =
vy(w). If this number is <0, we have v,(f) = »,(w) + 1, whence »,(f(0" — df’)) =
0 and res, f(w’ — df’) = 0. If vy(w) = 0, we have »,(f) = 0, vy(0’ — df') = —1;
but we have res, (o’ — df') = 0, and a differential which is of order = —1 at a
place where its residue is 0 has no pole at this place; it follows that (0" — df’) 2
0, whence res, f(o’ — df’) = 0. Thus we have in any case j,(w, ') = res, f df’;
similarly, we have j,(o’, w) = res, f’df, and the sum of these numbers is

res, (f df’ + f'df) = res, d(ff') = 0,

which proves our assertion.

Thus, it is natural to define j,(w, ') in the case where res, » ¥ 0 (whence
vy(0’) = 0) by the formula j,(w, 0') = —j,(o, w).

It is clear that j,(w, ') = 0if pis a pole of neither w nor w’. On the other hand,
if f ¢ R, we have j,(df, o) = res, fo' if res, o' = 0 and j,(df, ') = res, fo’ —
f(p) res, o’ if res, w’ # 0 (whence »,(f) = 0 if j,(df, ') is defined).

Now, let w and «’ be differentials of R which are such that the residues of
either one of them at the poles of the other are 0. Then j,(w, »') is defined for all
places p of R, and is 20 for only a finite number of places. In this case, we shall
define a number j(w, ') by the formula j(w, o) = 2., jy(w, '), the summation
being extended to all places of R. 'The following properties of the function
J(w, w') are obvious:

a) if j(w, ') is defined, so is j(w’, @) and we have j(o', @) = —j(w, w’);

b) let o’ be a fixed differential of R; denote by P the set of poles of »’ and by
P’ the set of those poles of &' at which the residue of «’ is £0; then the dif-
ferentials w having no pole in the set P’ and whose residues at all places of the
set P are 0 form a vector space over the field of complex numbers; the function
w — j(w, ') is defined and linear on this space;

¢) if f € R is such that j(df, «’) is defined, then we have

](df) w,) = = be(p) resy w’7

the sum being extended to all places p which are not poles of f (this follows im-
mediately from the fact that Y, res, fo’ = 0; cf. Theorem 3, III, §5).

In what follows we shall denote by:

€ the space of differentials of the second kind of R;
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T the space of exact differentials of R;

P and @ two mutually disjoint finite sets of places of R;

G€», o the set of differentials of B which have no pole in the set Q and whose
residues at all places not in P are 0;

T o the set of differentials of elements of R which admit the places of Q as zeros.

Then it is clear that j(w, ) is defined whenever w € €p,q, o' € Eq,r ; We pro-
pose to study the properties of this function.

Consider first the case when P and @ are empty, whence €p,q = Cq.» =
G Fr=Fo= T Ifwe,itisclear that j(w, o) = 0 whenever o’ ¢ F. We shall
prove that, conversely, if «’ is an element of € such that j(w, ) = 0 for all
w € €, then o' ¢ §. Let g be the genus of R. Then we can find ¢ distinet places
P, -, P, of B such that the divisor a = p; -+ p, is non special (Lemma 4,
VI, §8). Making use of Lemma 3, VI, §8, we see that o’ is congruent modulo §
to a differential which is multiple of a~*; we may therefore assume without loss
of generality that o’ is itself a multiple of a~*. We shall then prove that o’ = 0.
Let w be any differential of the second kind which is multiple of a™*. Using the
notation of Theorem 16, VI, §8, we denote by a,(w) and b,(w) the numbers such
that vy (w — (@:(w)z7” 4 bi(w))dz;) > 0 (1 £ 7 < ¢). Then we have

vps(@ + d(@w)z7’ — bu(w)z) 2 1 2 —wy(w) — 1,

from which it follows that j,,(», ') is equal to res,; (—a.(w)z7' + biw)z)w’ =
b.(w)a,(w') — b,(w)a,(w). Thus we have, for any w ¢ @ which is multiple of a™*,
0 = jlw, o) = Z",'_l B (wa, (@) — b(w)a.(w)). Making use of Theorem 16,
VI, §8, it follows immediately that a;(w’) = b,(w’) = 0, whence o’ = 0.

“onsider now the general casc. If w € €p ¢ and if f is an element of R which
has no pole on P, then we have j(w, df) = X per f() res, w; this is 0 if df e Fo.
Let conversely o’ be an element of g, » such that j(w, o) = Ofor all w e Cr,q.
Take first @ = dg, where ¢ is an clement of B which has no pole in Q. Then
0 = j(dg, @) = — 2 eeg(q) res, . But we know that there exists an clement
g of IR which takes arbitrarily preassigned values at all places of @; it follows
that res, o = 0 for all q € Q, whenee o € €. If w is any differential of the second
kind, then there exists an & e R such that o — dh has no pole in @ (this follows
for instance easily from Lemma 3, VI, §8 and Lemma 4, VI, §8). The quantity
j(w, ') is defined and equal to j(dh, ') + j(w — dh, o) = 0 (the first term is 0
because dh e § and o' e €, the second because w — dh € €r o). Making use of
what we have proved above, we see that o’ e §, whence o = df, where f is an
element of B which has no pole on P. If w ¢ € o, we have 0 = j(w, o) =
e f(p) Tes, w. Making use of Theorem 3, ITI, §4, we see that we have

Zverf(p)P(p) = 0

whenever the numbers p(p)(p e P) are such that D_,.» p(p) = 0. It follows that
the numbers f(p) are all equal to each other; if f; is their common value, we
have o = d(f - fn) € yr.

The function j defines in a natural way a bilinear function on the product
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(€r.o/Ta) X (€q.r/Fr), and it follows from what we have just proved that this
bilinear function is non degenerate. The space €p, o/F¢ is of finite dimension in
virtue of Theorem 15, VI, §8. Making use of the properties of non degenerate
bilinear forms, we obtain the following result:

TaEOREM 8. Let P and Q be mutually disjoint finite subsets of the Riemann sur-
Jace of the field R. Let \ be a linear function on the space of differentials of R which
have no pole in the set Q and whose residues at all places not in P are 0; assume
that X(df) = O for every f ¢ R which admits the places of Q as zeros. Then there exists
a differential ' of R which has no zero in the set P and whose residues at all places
outside Q are 0 which is such that N(w) = j(w, ') for all w of the domain of defini-
tion of N, and the coset of w’ modulo the space of differentials of elements of R having
the places of P as zeros is uniquely determined.

§6. DEFINITION OF THE INTERSECTION NUMBERS

Let P and Q be mutually disjoint finite subsets of the Riemann surface S of
the field R, and let ¢ be any element of H,(S — P, Q). Define the space €p,q as
in §5; then [, w is defined for every w ¢ &p,¢ and the mapping w — J, w is a linear
function on p,q. Set dc = Y oo a(q)q; then, if the element f ¢ R has no pole
on Q, we have [, df = D_..o a(a)f(q) (llemma 2, §4); this quantity is 0 if f admits
the places of @ as zeros. Making use of Theorem 8, §5, we see that there exists
a differential w. € €q, p such that

/;w = fwe,w)

for all w € €p,q . Furthermore, the space §» being defined as in §5, the coset of
w. modulo §» is uniquely determined; we shall denote this coset by 2(c).

Let generally @ be any coset of the space of differentials modulo §r . Then it
is clear that, for any place p, the differentials belonging to @ all have the same
residue at p; this number will be called the residue of @ at p and denoted by
res, Q. We shall determine the residues of the coset @(¢) introduced above. Since
w. € €, , the residues of 2(c) at all places not in Q are 0. If an element f ¢ B ha.s
no pole on the set @, then we have

Teaa@f@ = [ df = o, df) = Tueo (res, wf(@):

Since we can find an element f ¢ R taking arbitrarily preassigned values at the
places of Q, we see that res, 2(c) = a(q). Thus we have proved

THEOREM 9. Let P and Q be mutually disjoint finite sets of places of the field R,
and let ¢ be an element of H\(S — P, Q). Then there exists a uniquely determined
coset Q(c) of the space of differentials having no pole on P and whose residues at all
places not tn Q are 0 modulo the space of differentials of elements of R having the
elements of P as zeros such that the formula [, = j(w. , w) holds for any w. € (c)
and for any differenttal w having no pole on @ and whose residues at all places not
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in P are 0. If q € Q, the residue at q of a differential of the class Q(c) ts equal to
the coefficient of q in dc.

It follows immediately that the logarithmic periods of any differential of the
class 9(c) are integral multiples of 2r(—1)'"".

The mapping ¢ — Q(c) is clearly a homomorphism of Hy(S — P, Q) into the
additive group of Gq,»/T». Furthermore, we see easily that the following is
true: let P, and Q; be mutually disjoint finite subsets of S such that @ <@, and
P D Py, and let ¢; be the element of H,(S — Py, Q) which corresponds to an
element ¢ ¢ Hi(S — P, Q) by the identity mapping of the pair (S — P, Q) into
(S — P;, Q); then F» C §», and Q(cy) is the coset modulo Fr, which contains
Q(c).

If P is any finite subset of S and v a 1-chain on § — P, we shall set

Qly, P) = 2(c)

where ¢ is the element of H,(S — P, | 8y |) which is represented by v. Then, for
a fixed P, the mapping ¥ — Q(y, P) is easily seen to be a homomorphism of the
group of 1-chains on S — P into D/Fr, where D is the space of all differentials.
Moreover, we have @ (subd v, P) = Q(v, P).

If © is any coset of differentials modulo §» and if the elements of 2 belong to
Gq.r (where Q is a finite set with no element in common with P), then [e w is
defined for every ¢/ ¢ Hy(S — Q, P) and for every » e Q, and the value of this
integral depends only on ¢’ and €; for, if f is an element of B which admits the
places of P as zeros, then [o- df = 0 by Lemma 2, §4. The number Jer w is called
the integral of @ on ¢’ and is denoted by fo Q.

Now, let ¢ and ¢’ be elements of H,(S — P, Q) and H. (S — Q, P) respectively.
Then J, @(c’) is defined. The number

ie, ) = -27(:11—)13 f (c)

is called the intersection number of ¢ and c'.

TuroreM 10. Let P and Q be mutually disjoint finile subsets of the Riemann
surface S of the field R, and let ¢ and ¢’ be elements of Hy\(S — P, Q) and Hy(S — Q,
P) respectively. Then the intersection number i(c, ¢') s an integer, and we have (¢, ¢)
= —i(c, ¢'). If ¢ and ¢’ can be represented by l-chains v and v’ respectively such
that [y | N |v'| = 8, then i(c, ¢) = 0.

Let » and ' be differentials belonging to the cosets Q(c) and Q(c’) respectively.
Then we have [, Q(c') = j(w, ), whence i(c, ¢) = (2r(—1)""")7j(w, «’). This

proves the formula i(c, ¢') = —i(¢/, ¢).
If v and 4’ are 1-chains such that
1) [y N oy =8, [+IN]ar| =14,

then we denote by 7(y, v*) the number i(c, ¢’), where c is the homology class of
vin Hi(S — | &' |, | 8y |) while ¢’ is the homology class of v’ in Hi(S — | av |,
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| 8y" ). Then, clearly, i(v’,v) = —i(y, ') and i(subd v, v") = i(y, ¥'). Moreover,
if v’ is fixed, it is easily seen that the mapping ¥ — (v, v’) is a homomorphism
of the additive group of 1-chains satisfying the conditions (1) into the additive
group of complex numbers.

We shall first consider the following special case:y and 4’ are 1-simplices which
lie on open discs V and V' respectively such that V 1 V’ = @; under these condi-
tions, we shall prove that i(y, v') = 0. We may of course assume that S —
(V U V') contains infinitely many points. We set 8y = b — a, 8y = 0’ — o’
(with a, bin V, a’, b’ in V’). We can find elements x and 2’ of R such that V'
is an z-dise, V' an z’-disc, and z(a) = 2'(a’) = 0. If £ € 2(V), we denote by p(¢)
the point of V which is mapped on £ by «, and we construct a 1-simplex y: on V
such that 8v: = p(£) — a. Since H,(V) = 0 and o’ and b’ are not in V, it is clear
that all simplices v; satisfying our conditions represent the same element of
Hi(S — ({a’} U {0}, {a} U {p®)}) and therefore that the differential class
Qve, {0’} U {b'}) depends only on £; we shall denote this class by Q. Then
i(ye,v") = —i(y, ve) is equal to the product by — (2r(—1)'"®)™" of the integral
on v’ of any differential of the class Q; .

If gis the genus of R, we can find g distinct points m, , - - - , myof S — (VU V')
such that the divisor ¥y = m; --- m, is non special (Lemma 4, VI, §8). By the
theorem of Riemann-Roch, we have I(v;") = ¢ — g + 1 + 8(n) = 1 (since
b is non special), and I(a’b'vs") = g — 2 — g + 1 + 8(a’ "0 ') = —1 +
8(a’""b""vo). The first formula shows that the only multiples of v5" in R are the
constants, whence I(a’b’v;") = 0, and the second formula then shows that
5(a"'6"ve) = 1. Let o be a basic element of the space of differentials which are
=0 (mod a’'6" "), and let my be a place contained in § — (V U V') and which
is not a zero of o, We set b = myob, ; then we assert that there exists in Q; a dif-
ferential w; which is =0 (mod v *a~*(p(£))™"), and that this differential is uniquely
determined if ¢ 0. Let wf be any differential of the class @ . For each place
p of R, we can find an element f, e IZ such that v,(wf — df,) = —1 (Theorem
14, VI, §8). Let us try to find an f ¢ R which satisfies the following conditions:
if p is different from o', o', mg, my, --- , m,, then »,(f/ — f,) = 0; the numbers
vor(f), vor(f) are > 0; wehave vn;(f — fu;) = —1 (0 = j = ¢). Makinguse of The-
orem 2, I1, §5, wesee that this is certainly possible provided there exists no differ-
rential of R which is =0 (mod a’~'6’"v). Such a differential would then be a mul-
tiple of a’~*b' "1 and would therefore be a constant scalar multiple of ¢ ; it would
also have ny as a zero, which is impossible since m, is not a zero of ¢, . The éxist-
ence of an element f ¢ R satisfying our conditions is therefore established. The
points o’ and b’ being zeros of f, wf — df = w; is in the class @ . Since neither
o’ nor b’ is a pole of wf , we have »y(w;) = —1 whenever p is a place distinct
from mo, my, - -+, My, while vu,(wy) = —2;if pis distinct from a, p(¢), mo, - -+,
m, , then the residue of w; at p is 0 (because w; € ), and the inequality vy(wg) =
—1 implies »,(w;) = 0. This proves that w; is multiple of v 2a ™ (p(£)) ™ If w;
is any differential of the class ©; which is multiple of va (p(£)) ", then wg — w;
is of the form dy, where ¢ is an element of R which admits a’ and b’ as zeros.
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If £ = 0, ie., p(k) # a, then a and p(), which are poles of order <1 of w; — e,
cannot be poles of d¢, which shows that ¢ is multiple of a’b’v™ (this argument
assumes that @’ # b’; if we had o’ = b, then v’ would be a cycle on V’, and
therefore homologous to 0 on V”, and the equality i(y, ') = 0 would be obvious).
We have I(a’0’v™") = g — 1 — g+ 1 + 87’0’ "v) = 0, whence ¢ = 0, and
our assertion is established. The class Qy obviously contains the zero differential;
we shall set wy = 0.

Now, we propose to compute the value of the clement w;/dr’ of R at a point
q’ € V' distinct from o’ and b’. It is clear that I(q’a’b'v™") = 1(q”a’b’v™") = 0,
whence, by the Riemann-Roch theorem, (¢’ o’ 0’ 'v) = 1 and 8(q" o’ 6’ 'v) =
2. Let ¢, be a differential 0 which is multiple of ¢ "a’~'b’ 'v; since

8(a’'" M) = 0,

q’ is a pole of order 1 of {,-, whence resy ¢, ¥ 0; multiplying ¢, by a suitable
constant, we may assume that resy ¢» = 1. Take a differential which is multiple
of ¢ %a’'0"'p and which is linearly independent of {,- ; subtracting from this
differential a suitable constant multiple of ¢, , we obtain a differential 5,» which
is multiple of ' *a’7'’*v and which admits g’ as a pole of order 2 and residue
0; multiplying this differential by a suitable constant, we may assume that
ve(ne — (@ — z'(¢'))dx’) = 0. It follows immediately from the definition
of the class Q; that we have

Hne) = [ ner.

TE

Now we prove

LEMMA 1. Let » and o' be differentials of R and m a place of R. If va(w) +
vu(w) = —1, then the number ju(w, «') ts defined and equal to 0.

It is clear that m cannot be a pole of both w and «’, which proves that ju(w,
w’) is defined. Since ju(w, o) = —jn(w’, w), we may assume that vy(w) = 0.
Let then y be an element of R such that vu(w — dy) 2 — wn(w) — 1 and
vu(y) > 0; then we have vn(y) = vu(dy) + 1 (Lemma 1, VI, §8) and vu(dy) =
min {vp(w), ra(e — dy)} = —va(w’) — 1, whence vu(yo’) = 0 and ju(e, o) =
resy yo' = 0.

It follows from Lemma 1 that q’ is the only place p for which jy(we, 7o)
may be 0. Since vy (ny + d((@’ — 2/(@))™) 2 0 and j(we, 7)) = —J(na , we),
we have

; it ’ 7
Jwi, mqr) = Tesq: 5757(—() = (we/dz’)(q)
by the corollary to Theorem 6, VI, §3. Therefore, we have

(we/da) () = f e
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Leaving ¢’ fixed, this formula shows that (w;/dz’)(q’), considered as a function
of p(§), is a primitive of 5, in V; thus we see that, for any fixed ¢, (w:/dz')(q’)
is a holomorphic function of £ in (V) whose derivative is

d%((we/dx')(Cl')) = (n¢:/d2)(D(®).

We shall now prove that (w:/dz’)(q’) may be expressed as a holomorphic func-
tion of the pair (£, z'(q")) € (V) X 2/(V’). To do this, we observe that v; =
wg/dz’ is an element of R whose divisor of poles is of bounded degree; it follows
that the number of points ¢’ ¢ ¥V’ at which »; takes any given value is bounded
independently of £ If g’ is any point of V', v¢(¢’), which is a holomorphic func-
tion in z(V), remains bounded when ¢ remains in any closed disc D < z(V).
Making use of a theorem of P. Montel (Legons sur les familles normales de func-
tions analytiques, Paris, Gauthier-Villars, 1927, pp. 67 and 70), we conclude
that the functions v;, £ ¢ D, form a “normal family”, i.e., a relatively compact
set of functions in the topology of the uniform convergence on every compact
subset of V’. It follows that, if £, &, -+ , £, -+ - are points of z(V) such that
£ = limu—w £n , then v, converges to v; uniformly on every compact subset of V',
This means that v¢(q’) is a continuous function of the pair

(& 2'(0) ex(V) X 2'(V').

This function, being a holomorphic function of either one of its arguments when
the other is fixed, is a holomorphic function of the pair (¢, '(q")). Write v;(q’) =
6(k, 2'(q')), and let ©(¢, =) be the holomorphic function of £ and 2’ defined by
the conditions

80/ax' (£, ') = 6(¢, 2'), O 0) = 0.
Then it is clear that

[, e = 0 2 @.

This is the number which we want to prove to be 0. Now, 80/8¢ is, for £ fixed,
a primitive (with respect to z’) of 86/9%(¢, 2’), whence

0°0/0802' (£, ') = (me'/d)peey-

We shall give another expression of this number. The degree of the divisor
(p(E)'a’b'v is —g; it follows immediately from the theorem of Riemann-Roch
that there exists a u; » 0 in R which is multiple of this divisor. Since I(a’b'v7") =
0, u; admits p(¢) as a pole of order 1; multiplying u; by a suitable constant, we
may assume that (x — £)u; takes the value 1 at p(£). The sum of the residues of
ugnyr is 0 (Theorem 3, III, §5); we see immediately that the only residues of
ugny» which may be 0 are those at p(¢) and ¢’. We have

TeSp) Ugnyr = T€Sppy (T — £) T mgr = (n¢:/dz)(p(E)).
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Remembering that vy (9 — (2’ — 2/(¢")) "dz’) = 0, we see easily that
resy wmer = (dug/dr’)(@).

Thus we obtain the formula

Ry

9% oz’

This formula has been established for the case where q’ is different from a’ and

b’; but it is also true when ¢’ is o’ or I’ because both sides are continuous func-
tions of ¢’. Now, we have 0 = w;(b') — wu(a’) = [, (dus/dx’) dz’ whence

(& 2'(0)) = —(duy/dz)(a").

d 1! _ a 137 —
2% O, 2'(t)) — ©(0) = 3% (O, (8)) =0

and this proves that [, w; does not depend on £. Since wy = 0, we have [, w; = 0
for all £, whence i(y, ') = 0.

Now, assume that v and 4’ are arbitrary 1-chains such that |v | 0 |y | = 6.
Since |v | and | v’ | are closed sets in the space S, which is compact and there-
fore normal, we can find open sets U and U’ such that |y | C U, |y | € U’, and
UN U’ = @. The sets U and U’ can be covered by the open discs which are con-
tained in them; it follows that we can find an integer p = O which has the fol-
lowing properties: every simplex occurring in subd” v lies on some open disc
contained in U, and every simplex occurring in subd” 4’ lies on some open disc
contained in U’. If subd® vy = D w1 axo% , the simplices o, (1 < k < h) being
those which occur in subd” v, and similarly subd”y’ = D_ie; aio , then we have
iy, ¥) = ket 2kcn asgivi(o , ox) = 0.

Finally, we have to prove that i(y, v’) is an integer whenever it is defined.
Every point of |v | is then interior to some closed disc which does not meet
| 8y’ |; it follows that there exists an integer p = 0 such that every simplex
occurring in subd” y lies on the interior of some closed disc which does not meet
| 8y’ |. Set subd” ¥y = D_tu) asox, where a1, -+ - , oy are the simplices occurring
in subd” v. Then the set | 8oy | U -+ - U | 804 | is finite and does not meet | 3y’ |;
it follows that there exists a chain~y; which is homologous to ¥* on S — | 3y |
modulo |3y’ | and which ison S — Uj., | 80, | (cf. Corollary to Lemma4, §4).
We have i(y, v') = i(y, v1), i(subd® v, ¥1) = ka1 @&i(ox , ¥1). Thus we see that
it is sufficient to prove thati(y, v’) is an integer in the case where | v | is contained
in the interior of a closed disc D which does not meet | 3y’ |. Let then w be a
differential of the class Q(y, |8y’ |). We have i(y, v') = —@nr(=1)"")" [.. o,
where ¢’ is the homology class of ' in Hy(S — | dv |, | 8¥" |). Let ¢ be an interior
point of D; then ¢’ contains a chainyz on S — (| 8y | U {c}) (Corollary to Lemma
4, §4). On the other hand, it is clear that, if V is the interior of D, then S — V
is a deformation retract of S — {c}. It follows that the homology class ¢'* of
vz in Hy(S, | 8y’ |) contains a chain v” on S — V. Let ¢” be the homology class
of v” in Hy(S — | 8y |, | 8y |). Then, since |y | N |7” | = @, we have i(v,+") =
0,i.e., forw = 0. On the other hand, ¢’ — ¢” can be represented by a cycle e — "
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which is homologous to 0 on S. It follows that [,/_.w is a logarithmic period of
w. The residues of w being integral numbers, in virtue of Theorem 9, we see that
Jeow = fo_ewisan integral multiple of 2w(—1)"%. Theorem 10 is thereby proved.

§7. GEOMETRIC LEMMAS

Lemma 1. Let D be a closed disc on the Riemann surface S of the field R, and
let C be the circumference of D; let ¢ be a 1-cycle on C whose homology class is the
positive generator of H,(C). Let P be a finite subset of S which has no element on C,
and let ¢ be an element of H,\(8S, P). Denote by z the homology class of ¢ in H,(S — P)
and set 3c = D_,era(p)p; then we have i(z, ¢) = Z,.ana(p).

Let v be a 1-chain of the class c. Select a fixed point p, ¢ D — C, and, for each
p e DN P, let o(p) be a 1-chain on D — C such that do(p) = p, — p. Then we
have, for pe DN P, i(¢, o(p)) = 0, whence (¢, v) = i(¢, v + Lseonra(p)a(p)).
The only point of D occurring in 8(y =+ 2 ,onera(p)a(p)) is po, and po
occurs with the coefficient Y ,conra(p). Let w be a differential of the class
Q(y + Z,.ana(p)cr(p)) (cf. §6); then we have, by Theorem 9, §6, res,,w =
Z,.an a(p) and res,w = O for all ¢ = po in D. It follows by Theorem 6, §4
that f, 0w = 2x(—1)" Z,.an a(p), and Lemma 1 follows directly from the
definition of intersection numbers.

If a and b are distinct points of the circumference C' of a disc D, then one
and only one of the two components of C — ({a} U {b}) has the property that
e(a, ¢, b) = 1 for all points ¢ of this component (cf. end of §4); the adherence of
this component is called the positive arc determined by a and b on C.

LeMMA 2. Let D be a closed disc on the Riemann surface S of the field R and let
C be the circumference of D. Let v be a 1-chain on D such that | @y | C C; write
v = D _pec a(p)p. Let a and b be distinct points of C not on |v |, and let T be the
positive arc determined by a and b on C. Let N be a 1-chain on D such that N =
b—a, [N N|dy| = 0. Then we havei(y,\) = Dy a(p).

We can find an element x of R for which D is an z-disc. Submitting if necessary
z to a homographic transformation, we may assume that z(a) = —(—1)"%,
z(b) = (—1)". Let V be an open z-disc containing D; denote by U, the set of
points p e V at which z(p) is not real = 0 and by U, the set of points pe V at
which z(p) is not real £ 0. Then it is easily seen that 2™ dz admits a primitive
fion U: (@ = 1, 2) such that fi(a) = (3/2)x(—=1)", fi(b) = (1/2)x(—1)"",
f2(0) = —(1/2)x(= D", f2(b) = (1/2)w(—1)"*. We shall see that T < U,.
Let ¢ be the point of C at which = takes the value 1. Let o, be a 1-simplex on
C N U, such that 8y = ¢ — q, 2 a 1-simplex on C' N U, such that do; = b — ¢,
and ¢; a 1-simplex on C N U; such that ds; = a — b. Then

f 2V de = (=) (/2 4 /2 + =) = 2r(~1)'",
o1+ostoy

whence £(a, ¢, ) = land T C U,.
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It is easily seen that there exists a real number o between 0 and 1 which has
the following property : those points q € U for which | 2(q) — a| S | (=1)"? — &
form a disc D’ and D’ N C = T. Then, if ¢’ is the circumference of D', a and b
belong to €’ and D N C’ is one of the arcs determined by a and b on C’; moreover,
we have D N ¢" C U, . Let X be a 1-simplex on D N €’ such that 9\’ = b — qa.
Then we assert that i(y, ) = #(y, ). For each p ¢ | 3y | we can find a 1-simplex
1(p) such that a) u(p) lieson V; b) [ u(p) | N D = {p};c) du(p) = p — p, where
i is a point of V' — D. Then neither | A | nor | A’ | has any point in common with
any of the sets | u(p) | , whence i(y, \) = i(y 4 2 sy a(p) u(p), \) and i(y, \)
= i(y + Zvela‘rl a(p) u(p), N'). The set I 3(’7 + Zntlavl a(p) #(D))l has no
point in common with D. The chain M — X is a cycle on D, and therefore homol-
ogous to 0 on D, since Hi (D) = 0. It follows that (v + > etavi a(p) u(p),
N — A) = 0, which proves our assertion. We can find a 1-simplex A” on ¢’ such
that 8\” = a — b, | A" |N D = {a} U {b}. Then | \” | has no point in common
with |v |, and i(y, N") = {(—(N 4+ A”), v). The chain —(\" 4 \”) is a 1-cycle
on C’;since [N | C Uy, |\ | € Uy, we have [y 27 dzx = (=D, [ g de =
x(—1)"2, whence [—granrry 27 dzx = 2x(—1)"% which proves that —(\ + A”)
belongs to the positive generator of H;(C”). The points of | dy | which are in
D’ are those which are in TI'; Lemma 2 follows therefore immediately from
Lemma 1.

LemMA 3. Let D be a closed disc on the Riemann surface S of the field R and
let E be a closed arcwise connected subset of R. Let V be an open subset of S conlain-
ing D. Let n be an integer. Assume that a 1-cycle { on S — E has the property that
2(¢,\) = 0 (mod n) for cvery l-cycle N on S. Then ¢ may be written in the form
ne + &2 + 97, where & s a 1-cycle on S, {2 a 1-cycle on S — (D U E), and 7
a2-chainon VU |¢|.If s a 2-cycleon S — E, and if DN E > @, then ¢ is
homologous on S to a 2-cycle on S — (D U E).

Let 2 be an clement of R such that D is an z-dise, and let ¢ be the z-center of
D. Let D’ be a closed a-disc of z-center ¢, containing D in its interior and contained
in V, and let C’ be the circumference of D'. If gy € (', the set of points q € D’
such that z(q) = ftx(q), t real, 0 < ¢ £ 1, will be called the radial set of qo .

We shall first prove the existence of a closed z-disc D”, of x-center ¢, with the
following properties: D” is in the interior of 1)’ and D in the interior of D”; if
F denotes the union of the radial sets of D’ which contain points of the set
D" = D" N E (where the bar means the adherence), then F has no point in
common with D" — D” N (¢ | U |¢ ). Assume for a moment that no such
disc D” exists. Let »’ be the z-radius of I)’. Then, for each integer m > 0, there
exist points pn ¢ D’ N E and g, e D' N (| ¢ | U | ¢ | ) which both lie on the same
radial set of D’ and which are such that | a(ps) | = ' — m™, |a(qm) | 2 ¥/ —
m™", whence | z(pm) — 2(am) | = m™'. Since D’ N E is compact, some subse-
quence of the sequence (pn) converges to a point po € D’ N E. Then p, is also
the limit of a subsequence of the sequence (qm), whence qo ¢ | ¢ |U | ¢ |, since
| ¢ U |¢|is compact. But this is impossible since | { |U o | C S — E.
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The disc D” having been selected so as to satisfy the prescribed conditions,
it is clear that we can find an integer p = 0 such that every simplex occurring in
either one of the chains {* = subd” ¢ or ¢* = subd” ¢ and whose set of points
meets D” lies on D’. Let then v, and ¢, be the chains formed with those simplices
occurring in ¢* and ¢* respectively and which lie on D’, these simplices receiving
in 11 and ¢4 the same coefficients which they have in {* and ¢* respectively. Then
¢* — y1and ¢* — ¢y are chainson S — (DU E).

If we map an arbitrary point p e D' — D" — (D" — D" N F) upon the point
of C’ which lies on the same radial set as p, we obtain a continuous mapping of
D" = D" — (D’ = D" N F) which is clearly homotopic to the identity mapping
and which coincides with the identity mapping on ¢! — C’ N F. The cycles
31, oy lie on D' = D" — (D" — D” N F); they are therefore homologous
on this set to cycles on ¢’ — C’ N F. This means that there exist a 1-chain
72 and a 2-chain ¢, on D' — D" — (D" — D” N F) such that | a(vi + v2) | € C’,
Ja(¥r + ) | ©C".

Write 8(y1 + ¥2) = 2 kw1 @ies , Where ¢, « -+ , ¢, are points of C’ and a; = 0
(1 £ k £ h). The points ¢ lie on ¢’ — C’' N E. We assert that, A being any
connected component of ¢/ — €’ N E, we have D ..caa: = 0 (mod n). This is
clear if ¢’ N E either is empty or consists of a single point, since Y i @ = 0.
If ¢’ N E has at least two points, then the relative boundary of A on C’ consists
of two points a and b of E; we may assume that these points have been named in
such a way that A is the positive arc determined by a and b. It is clear that we
can find a 1-chain A\, on F such that 8\, = b — a. Then we have | y1 + 72 | N | 9\1 |
= @,and |\, | N | 3(y1 + v2) | = @ and it follows from Lemma 2 that Doenea G =
i + 72, M). Now, | v* — v1 — ¥2 | does not meet F; i(y1 + v: , A1) is therefore
equal to 7(v*, \) = (v, \1). Since E is arcwise connected, there exists a 1-chain
A: on E such that d\. = a — b; \; + Az is a cycle and #(y, A1) = ¢(y, A + Ao)
(because | v | € S — E, whence |y | N | A2 | = @). This number is by assumption
= 0 (mod n).

For each component A of ¢! — €’ N E which meets | 8(y1 + 72) | , select a
point f4 € A and denote by b, the integer n™" 3 ,ca ax (forn 5 0;if n = 0, we set
bs = 0). Then it is clear that 7 . bsfs — 8(y1 + 72) bounds a 1l-chain v; on
¢’ — C' N E; thus 8(y; + v2 + v3) = n2_a bafa . It follows that Duba =0
and therefore that Y _4b4f. bounds a chain —v,on C’. Write {* = 71+ 72 + v +
nye +@* — v1 — v2 — v3 — nv4). The chain v, + 72 + v + nys is a 1-cycleon
D’; since H,(D’) = {0}, this cycle bounds a 2-chain 7, on D’, whence {* =
ar + (¢* — v1 — v2 — ¥3 — n74). Since {* is a cycle, the same is true of ¢* —
y1 — 72 — 73 — N4 . The chains {* — ) — y2 — vs lieon S — (D U E) ; thus we see
that ndys = 8(¢* — v1 — ¥2 — 73) bounds a 1-chain on S — (D U E). Now, it is
easily seen that, for any space X, Hy(X) never contains any element #0 of finite
order. We conclude that vy bounds a 1-chainy; on S — (D U E). We set {, =
6 — Y4, 82 = ¢* — 71 — 72 — vs — nys . Then ¢ is a 1-cycle, {2 a 1-cycle on
S — (DUE),and wehave{ = ({ — ¢*) + 87, + nf1 + &2 . Since ¢* = subd” ¢,
¢* is homologous to ¢ on | { |, and we have { — {* = 87, where = is a 2-chain
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on|¢|.8Since | n| D CV,wehave |rn+ = | C|¢|UV; the first asser-
tion of Lemma 3 is thereby proved.

Assume from now on that D N E = @. We have | d(y1 + ¢2) | CC’ — C' N E.
If ¢’ N E is not empty, then ¢’ — €’ N E is a union of mutually disjoint sets each
of which is relatively open in C’ — ¢’ N E and is homeomorphic to an open inter-
val of the real axis. Any 1-cycle on ¢’ — €’ N E lies on the union of a finite number
of these sets, from which it follows immediately that H,(C' — ¢’ N E) = {0}
in this case, and therefore that (1 + y¥») bounds a 2-chain — y; onC’ — C' N E.
The same conclusion is still true if C’ N E is empty. For, let a be a point of D N E,
whence a ¢ | 1 + ¥ | . Since a is interior to D’, C’ is a deformation retract of
D’ — {a}.The chain (1 + ¢2), which lies on €’ and which bounds on D’ — {a},
therefore bounds on ¢’ = ¢’ — C' N E.

Thus, in any case, d(y1 + ¥») = —dys , where Y5 is a 2-chainon ¢’ — C'N E.
We write ¢* = ¢4 + ¢» + s + (¢* — 1 — ¥ — ¥3). The chain ¢y + ¥ + ¢5
is a 2-cycle on D', and therefore homologous to 0 on D’, since Hy(D’) = {0}.
On the other hand, wehave |¢* — ¢y, | €S — (DUE), |¢.| €S — (DUE),
|¢s| €8S — (DU E). Since ¢* is homologous to ¢ on S, we see that ¢ is homol-
ogous to a 2-cycle on S — (D U E). Lemma 3 is thereby proved.

LeEmMa 4. Let p be a point of the Riemann surfaces S of the field R and let ¢
be a l-cycle on S — {p} which is such that i(¢, N) = 0 (mod n) for every 1-cycle X on
S, n being some fixed integer. Then ¢ is homologous on S — {p} to a cycle of the
form niy , &1 being some cycle. If ¢ is a 2-chain on 8 — {p}, then ¢ 7s homologous
toOon S.

For each q € S select an open disc V, containing q in such a way that the follow-
ing conditions are satisfied: the set V, has no point in common with | § |U | ¢ | ;
if g = p, then p ¢ V. Let D, be a closed disc contained in V, and to which q is
interior, and let U, be the interior of D, . The space S is compact and is covered
by the sets U, , q € S; therefore, S may be covered by a finite number of sets
U, , say those relative to the points q of some finite subset @ of S. Let a be the
number of points in . We shall index these points by means of the integers
from 1 to a. Since p ¢ V, for ¢ > p, we may assume that q, = p. Assume that
qi, -+ , q: have already been defined, where 7 is some integer <a. If Do, U ---
U D,, = 8, then g;4, will be any one of the points of Q distinct from ¢, , - -+ , q: .
If not, then, since S is connected, the set D, U --- U Dg, has at least one
boundary point r; on S, and g.41 will be a point of @ such that v, e Uy, , . This
implies that g.4: is different from ¢, -+, q: .

Set E; = D, U --- U D,, ; then each E; is closed and arcwise connected.
This is true for 7 = 1, and, if it is true for some ¢z < @, then it is true for 7 4 1
because Eiy1 = E, U Dy, ,,, and Dy,,, has the point v; in common with E; (if
E; = S;if E, = S, then E;;; = 8). Furthermore, we have E, = S.

The cycles {; = ¢, ¢1 = ¢ lieon S — E, . Assume that, for some ¢ < a, we have
already proved that { is homologous on S — {p} to a cycle of the form n6, + 6.,
where 6, is a cycle on S and 6, a cycle on S — E;. If A is any cycle on S,
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then (62, \) = #(¢, \) — ni(6; , \) = 0 (mod n). Making use of Lemma 3, we con-
clude that 6, is homologous on | 8| U V,,,, to a cycle of the form né; + 6z,
where 6] is a cycle on S and 6; a cycle on S — (Dy,,, U E,) = 8 — Ei41. Since
|6 | € 8 — {p} V..,+1 C 8 — {p}, we see that { is homologous on 8§ — {p} to
n(6y + 61) + 02 , 65 being a cycle on S — E;y;: . Since S — E; = @, the first
assertion of Lemma 4 follows immediately from this inductive process.

Similarly, assume that, for some 7 < a, ¢ is homologous to a 2-cycle ¢; on S —
E;. We know that D,;,, N E, is not empty. Therefore, it follows from Lemma 3
that ¢, is homologous to a 2-cycle ¢;4s 0on S — (Dy.,, U E;) = S — Ei4. Since

— E, is empty and ¢ is homologous to a 2-cycle on S — E,, we see that ¢
is homologous to 0. Lemma 4 is now completely proved.

§8. THE HOMOLOGY GROUPS OF THE RIEMANN SURFACE

TueOREM 11. Let P and Q be mutually disjoint finite subsets of the Riemann sur-
Sace S of the field R. Denole by g the genus of R and by p and q the numbers of ele-
ments of P and Q respectively; set p* = max{p — 1, 0}, ¢* = max{q — 1, 0}.
Then H,(S — P, Q) is a free abelian group on 2g + p* + ¢* generators. If ¢ — 5(c)
18 any homomorphism of this group into the additive group of integers, then there
exists a unique element ¢’ € Hi(S — @, P) such that n(c) = i(c, ¢’) for every c e
Hy\(S — P, Q). If ¢ — =(c) ts any homomorphism of H\(8 — P, Q) tnto the additive
group of complex numbers, then there exists a differential w having no pole in the
set Q and whose residues at all places not in P are O such that w(c) = [. w for all
¢ e Hi(S — P, Q); the differential w vs delermined by this condition to within an
additive differential of the form df, where f is an element of & which admits the
places of the set Q as zeros.

For every point t ¢ P U Q, we select a closed disc D, containing t in its interior
but having no other point in common with P U Q. We denote by C. the circum-
ference of D. and by ¢(r) a cycle on C: which belongs to the positive generator
of Hy(C:). The set S — @ is easily seen to be connected and therefore arcwise
connected; if p and p’ are distinct points of P, we denote by v(p, p’) a 1-chain
on 8 — Q such that dy(p, p’) = p’ — p. We shall first prove that > yept(p) is
homologous to 0 on § — P. We may of course assume that P is not empty; let
p be any point of P. If X is any cycle on S, we have #({(p), \) = 0 because {(p) is
homologous to 0 on D, and therefore on S. Making use of Lemma 4, §7 (where
we take n = 0), we see that {(p) is homologous to 0 on S — {p}. If P = {p},
then it follows from Lemma 4, §4, applied to the sets U = S — {p} and P — {p},
that ¢(p) is homologous on S — P to a cycle of the form 2, cpprpp a(d’) £(0').
Since y(p, ') is a cycle modulo P, we have

i) = 2 a®) (), (0, ) =
D’ eP,p’ykp
for every v’ ¢ P — {p}. Now, it follows from Lemma 1, §7 that

i, v(p, 90) = —1; GO, (v, ) =
i(€(”), v(p, ¥)) = 0if p” ¢ P, p" = p, y'.
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Thus we have —1 — a(p’) = Ofor all p’ ¢ P — {p}, which proves that Y _,.r {(p)
is homologous toO on S — P.

Let n be an integer, and let ¢ be an element of H,(S — P, Q) such that i(c, , ¢’)
= 0 (mod n) for every ¢’ ¢ H,(S — @, P). Then we shall prove that ¢, is of the
form ne, ¢ e Hy (S — P, Q). Set dcy = Zq.q a(q)q, and take ¢’ to be the homology
class in Hy(S — @, P) of {(q); then it follows from Lemma 1, §7 that i(cy , ¢’) =
—a(q). Thus we have a(q) = nb(q), where b(q) is an integer, which we select to
be 0 if n = 0. Since D _qa(q) = 0, we have D qob(q) = 0. The space S — P
being arcwise connected, any two points of @ are homologous to each other on
S — P. Since Eq.q b(q) = 0, the chain Do b(q)q may be written as a linear
combination with integral coefficients of chains of the form q' — ¢”, with ¢’ and q”
in Q. It follows that dc, = ndc; , where ¢, is an element of H,(S — P, Q). Replac-
ing ¢ by co — ney , we see that we may assume that dc, =

Let then v be a cycle of the class ¢, . Every 1-cycle X on S is homologous+on
S to a cycle on S — @ (Corollary to Lemma 4, §4). It follows that i(y, \) = 0
{mod n). Making use of Lemma 4, §7, we see that v is homologous on S to a
cycle of the form ny, , . being a cycle on S which may even be assumed to be on
S — P (Corollary to Lemma 4, §4). Let ¢; be the homology class of v, in H,(S —
P, Q). Then ¢y — nc; belongs to the kernel of the homomorphism of H:(S — P, @)
into H,(S, @) which corresponds to the identity mapping of the pair (S — P, Q)
into (S, @). Making use of Lemma 4, §4, we see that co — ncs = 2_,er e(p)z(p),
where z(p) is the homology class of ¢(p) in H,(S — P, Q). If p and p’ are distinct
points of P, let ¢’(p, p’) be the homology class of v(p, ) in Hy (S — Q, P).
Making use of the formulas above, we see that i(co — nc: , ¢'(p, b)) = e(p’) —
e(p). This is by assumption =0 (mod n). Thus, all numbers ¢(p) are congruent to
each other modulo z. On the other hand, we have proved above that _,.r2(p) =
0. Thus we see that we may assume that all numbers e(p) are =0 (mod n),
which completes the proof of the fact that ¢, is of the form nc, ¢ e Hi(S — P, Q).
Taking in particularn = 0, we see that i(c, ¢’) = 0 for every ¢’ ¢ H\(S — @, P)
implies ¢ = 0. From this we may conclude that H,(S — P, Q) has no element
%0 of finite order. For, if uc = 0 where u is an integer #0, then we have, for
¢ e Hy(S — @, P), ui(c, ¢’) = (uc, ¢’) = 0, whence (¢, ¢’) = Oand ¢ = 0.

Let the spaces Gp o, §r be defined as in §5, and, for ¢ ¢ H,(S — P, Q), let
the element Q(c) of Cq,»/Fr be defined as in Theorem 9, §6. If ¢’ ¢ H,(S — Q, P),
then i(c, ¢’) = —@2r(—=1)""" [..Q(c). Therefore, it follows immediately from
what we have proved above that the homomorphism ¢ — Q(c) of H(S — P, Q)
into G¢,»/Fp is an isomorphism. Let M be the subspace of €¢,»/Fe which is
spanned by the elements Q(c), ¢ ¢ H:(S — P, @). We have observed in §5 that the
function j(w, «’) defines in a natural way a non degenerate bilinear function on
(@Q p/r) X (€p o/Fq); we shall still denote by j this bilinear functlon Let
Q be an element of Gp,o/Fe such that j@, ) =0 for every Qe M. If wy is a
differential belongmg to the coset @ , then we have [, wo = Oforeveryc e H /(S —
P, Q). Since [y wo = 0 for every pe P, we have resywo = 0 by Theorem 6, §4.
Since wg ¢ Gp,q , this means that wo is of the second kind. Any homology class on
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S may be represented by a cycle on S — P; therefore the integral of wo on any
homology class in H;(8) is 0, and it follows that w, admits a primitive f on S
(Theorem 7, §4). Since f is everywhere meromorphic, it is an element of R by
Theorem 4, §2. Since wo € 5. ¢ , f has no pole on the set Q. If g and q’ are distinct
points of @, let v(q, q’) be a 1-chain on S — P such that dvy(q,q’) = ¢’ — q. Then
we have 0 = [y df = f(q') — f(q) by Lemma 2, §4. It follows that the num-
bers f(q), q ¢ @, are all equal to each other. If f; is their common value, we have
wp = d(f — fo) € §o , whence @, = 0. The bilinear function j being non degenerate,
we conclude that 9t is the wholespace €q,r/Fr . Set m = 2g 4+ p* + ¢*; then it
follows from Theorem 15, VI, §8 that €q,r/Fe is of dimension m. Since M is of
dimension m, we can find m elements d, , - -- , dm of Hi(S — P, Q) such that
Q(dy), *++ , (dn) are linearly independent in Eq,»/F» . Similarly, we can find
m’ elements di, -, dn of Hi(S — Q, P) such that Q(dy), --- , dw) are
lingarly independent in €p,q/Fq. Since j is non degenerate, the determinant of
the matrix (j(Q(d,), Q(d ;')))15., jgm 18 320, from which it follows that the determi-
nant D of the matrix (¢(d, , d;‘))ls"'jsm is an integer 0.

Let d be any element of Hi(S — P, @). Then Q(d) is a linear combination
2'.5'_1 aQ(d;) of Qdy), --- , Udn) with complex coefficients a;, -+, an . We
have i(d, d}) = —(@n(—1")" [ 2@) = —@r(=D")™ T ai o 2d) =
37,y aui(di , d7). Thus, we obtain a system of m linear equations in oy, --- ,
a, with integral coefficients and right sides, and we know that the determinant
D of this system is #0. It follows that a; , - - - , am are themselves rational num-
bers, which may be written with D as their common denominator. Therefore,
for any d e Hy(S — P, @), Dd is a linear combination of dy , - - - , d.. with integral
coefficients. Knowing that H,(S — P, @) has no element 0 of finite order, this
implies (by well known theorems on abelian groups) that H.(S — P, Q) is a
free abelian group on m generators. We shall assume from now on thatd; , --- ,
d.,, form a base of H,(S — P, Q), and, similarly, that di y Tt d,, form a base of
H,(8 — @, P). Then we shall see that the number D is equal to 1. For, were
this not the case, then D would have a prime divisor n, and the system of linear
homogeneous congruences 2 m a:i(d:i , d;) = 0 (mod n) (1 £ j < m) would
have a non trivial solution (a;, - -+ , am). If d = D> mi ad;, then we would
have (since dy, --- , d,, form a base of Hy(S — @, P)) i(d, ¢’) = 0 (mod n)
for every ¢’ ¢ Hi(S — @, P). But this would imply that d = nc with some ¢ in

H,(S — P,Q),which is impossible sincea, , - -+ , anm are not all = 0 (mod n) and
dy, -+ ,dnform a base of H,(S — P, Q).
Since D = =+1, it is well known that, the base {d;, - - , dw} of Hi(S - P, Q)

being given, the base (dy, -+, dm) of Hi(S — Q, P) may be selected in such a
way that #(d, , d;) = 1if i = jand 0if 7  j. This being the case, let there be
given a homomorphism 7 of Hi(S — P, Q) into the additive group of integers.
If weset ¢ = Z'?.l n(d.)d; , we have n(d:) = i(d;, ¢’) (1 £ ¢ S m), whence
n(c) = (e, ') for every ¢ ¢ Hi(S — P, Q). Conversely, if ¢ is an element
of Hi(S — Q, P) such that q(c) = i(c, c1) for every ¢ ¢ Hi(S — P, @), then
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¢ can be written in the form Y 7, aid;, and we have a; = i(d;, 1) = 5(d)
(1 £ ¢ = m),whencec; = ¢.

Let 7 be a homomorphism of H,(S — P, Q) into the additive group of complex
numbers. If w is any differential of the coset (2r(—1)"*)"" 37, #(d)Q(d?),
then we have [, 0 = n(d:)(1 < ¢ < m), whence [,w = =(c) for every c e H,(S —
P, Q). This condition clearly determines w to within an element of ¢ . Theorem
11 is thereby proved.

Let us consider the special case where P and @ are empty. Then H,(S — P, Q)
and H,(S — @, P) are both identical with H,(8). Thus we see that H,(S) is a
free abelian group on 2g generators. This means that the Riemann surface of a
field of genus g s of topological genus g. Moreover, if (2F, -+, 23,) is any base
of Hy(8S), then the determinant of the matrix (¢(z} , 27)) is #1. This matrix
being skew-symmetric, it follows that there exists an integral matrix L of deter-
minant 1 such that

ok dyy ¢ 0 I,
m et = (0 §)

(where ‘L denotes the transposed matrix of L, and I, is the unit matrix of degree
¢). The matrix L allows us to pass from the base (2f , -+, 25,) of Hy(S) to a
new base (21, *** , %), and (1) implies that

Oift £g,j=¢+ g,
lifisg,j=1+y,

(2) iz ,2) = e S
0ife >g,j#=17—g,

—1ife>¢g,j=17—g.
Thus we have proved

TuEOREM 12. Let g be the genus of the field R. Then the first homology group H1(S)
of the Riemann surface S of R s a free abelian group on 2g generators, and this
group has a base formed by 2g elements z;, - - - , 22, whose mutual intersection
numbers are given by the formulas (2) above.

Any such base is called a canonical base of the group Hi(S).

Let us now return to the consideration of the groups H,(S — P, Q) and H,(S —
Q, P). Let {z1, - -+, 23} be a canonical base of H,(S). In the homology class
2(1'S k < 2g), we can find a cycle {xon S — (P U Q) (Corollary to Lemma 4,
§4). Denote by w and u, the homology classes of ¢ in Hy(S — P, Q) and H,(S —
Q, P) respectively. If p € P, let the cycle {(p) be defined as in the proof of Theorem
11, and let z(p) be the homology class of {(p) in Hi(S — P, Q). We have seen that
S perz(p) = 0. If Q = B, let qo be a point of Q; if q is any point #qo in Q, let
¢*(q) be an element of H,(S — P, Q) such that ac*(q) = q — o . Set

c(q) = ¢*(q) — Zo; i(c*(Q), Ukro)ue + g 1(c*(), k) Uksg -

kom
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Then we still have d¢(q) = q — qo, and furthermore i(c(q), ux) = 0 for 1 <
k=2

If P s @, let po be any point of P. Then we assert that the 2g + p* 4 ¢* ele-
ments

6)] w(l=ks29); zpforpeP,p>%p; c(q)forqe@,qaq,

form a base of H;(S — P, Q). For, if we interchange the roles played by P and @,
t;len we find in a similar manner m elements u; (1=k=29),20) (qeQ,q = q);
cu(p) (p € P, p # o) of Hi(S — @, P) such that 1(u:, a(p) =0(1 Sk <2,
peP,p =), 0c1(p) = p — Po. Set, for pe P, p = po,

c¢'(p) = exlp) + Z i(c(), c1(9))2'(a);

qeQ.a%q0

then we still have 7(u , ¢’(p)) = 0 (because i(u; , 2'(q)) = 0, since 2’'(q) may be
represented by a cycle which is homologous to 0 on S) and ac’'(p) = p — po .
Furthermore, we have, by Lemma 1, §7, ¢(c(q), 2'(q)) = —1, i(c(q), 2'(q")) = O
(where g and ¢’ are points of Q, distinct from go and from each other). It follows
that (c(q), ¢’(p)) = Oforpe P, p = P, q €@, q = qo . We arrange the elements
(8) of H\(S — P, @) in a sequence (d;, - , dw) and the elements

(4) w(1sSks2); 2, forqe@,q=aq; c(pforpelP,p = m

of Hi(S — @, P) in a sequence (di, -+, dm). Then it is easily seen that, for
each index 7 (1 £ 7 = m), there exists only one index j; for which z(d,, di,) =
0, and that i(d:, dj;) = =1. The determinant of the matrix (i(d,, d)isu, ism
is therefore =1, from which we conclude that dy, --- ,dn and di, --- , dn
are bases of H,(S — P, Q) and H,(S — @, P) respective]y These bases are said
to constitute a pair of associated canonical bases for our two groups.

Denote by w any differential of the set €q,». Then the coset 2 of » modulo
&» may be written in the form

Z o Ouw) + Z B0G) + 2 Z v, 2(c'(0))

where the a;, 8,, v, are complex numbers. Similarly, if o’ ¢ €p,q, then the
coset ' of ' modulo ¢ may be written in the form

Z wQ) + X 0@ + 2 %o ®)
qeQ.aréqg
where the ax , 8: , v» are complex numbers. It follows that

g 29
jlw, w’) = j(@, @) = 2a(—1)'" (kz:l Uk dhry — 2 akai-,,)

ke=g+1

+ 2= 2 By — 20(=D'* X vBs.

DeP,byépo a€eQ.aéqo

On the other hand, we have
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%(W%rnmme=—f 12ksg),

Yk+o

or(— 1)y = —(Q, Quiby)) = f @ (+1=ks2,

Yk—yg

and similarly

2w(~1)"ai=— [ @ (Lsksg),
Ukt

(- = [ @ (G+1<ks2).
Uk—g

Also
2(~1'"8, = j@, 2N =~ [ @

2r (=), = —j(@,2C'(0) = f o & = (=1 rese o,

%' (q
and similar formulas for B; , vv. Thus we obtain the formula

o = i S (e [ = [ L)

Yk+g

- X (f w) res, o + 2 (f w') res, w
PeP,prpo e’ (p) qeQ.q%q0 c(q)

Let us apply this to the special case where w and ' are differentials of the
first kind. Then, clearly, j(w «') = res, o = res, @ = 0 and we obtain

(5)

TaEOREM 13. Let {21, - -+ , 235} be a canonical base of the first homology group
of the Riemann surface of the field R, and lef w and « be differentials of the first
kind of R. Then we have

S L)

These relations are called the bilinear equalities of Riemann.
To conclude this section, we prove

TuroreM 14. The two-dimensional homology group of the Riemann surface of
R is infinite cyclic.

Let p be any point of the Riemann surface S. Denote by D a closed disc con-
taining p in its interior and by C the circumference of D. Let ¥ be a 1-cycle on C
belonging to the positive generator of H,(C). Since Hy(D) = {0}, v bounds a
92-chain & on D. On the other hand, it follows from Lemma 4, §7 that v bounds
a 2-chain 8’ on § — {p} (because, clearly, i(y, ) = 0 for every 1-cycle X on S).
The chain ¢ = § — & is a 2-cycle on S. Let m be an integer #0; then me is
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homologous to mé modulo 8 — {p}, and ms is not homologous to 0 modulo

— {p} by Lemma 4, §4. It follows that the homology class of ¢ in Hx(S) is
of infinite order. Let ¢’ be any 2-cycle on S. Then ¢’ is homologous modulo
S — {p} to a chain of the form k8, where k is an integer (Lemma 4, §4), and
therefore also to ke. This means that ¢’ — ke is homologous on S to a 2-cycle on
S — {p}. But it follows from Lemma 4, §7 that every 2-cycle on S — {p}
bounds on S, and therefore that ¢’ is homologous to k¢ on S. Theorem 14 is
thereby proved.

§9. THE THEOREM OF ABEL

The group of divisors of the field R has beeu defined to be the free abelian group
generated by the places of R. But the places of R are the same thing as the points
of the Riemann surface S. Thus we see that the notions of divisor on R and of
0-chain on S are equivalent to each other. The only difference between divisors
and O-chains is a difference of notation, the group of divisors being written multi-
plicatively, while the group of 0-chains is written additively. We shall neverthe-
less make the convention to represent by the same symbol a 0-chain and the
divisor which is associated with it.

Since S is arcwise connected, Ho(S) is infinite cyclic, and a 0-chain 2 _ray aibs
bounds on § if and only if Y _#.; @, = 0. Thus we see that the 0-chains which
bound are the divisors of degree 0.

TuareoreEM 15 (THEOREM OF ABEL). Let d be a divisor of the field R. Then a
necessary and sufficient condition for b to be the divisor of an element of R s that
there should exist a 1-chain vy on the Riemann surface S of R such that 3y = b and
[y n = 0 for every differential 4 of the first kind of R.

The proof will be based on the following lemma.

LemMa 1. In order for a differential w of R to be of the form x~'dx, with some
z € R, it is necessary and sufficient that the following conditions be satisfied: a) w
has no pole of order > 1;b) every period of w is an integral multiple of 2w (— 1),

We first prove that the conditions are necessary. For the condition a), this
follows 1mmed1ately from Lemma 1, VI, §8. Now, let V be an open disc contain-
ing no pole of z 'dx, and let f be a primitive of z7'dz on V. Since z has no zero
onV,z7' is holomorphw on V; we have d(z™'¢') = —z7% dz + z7'¢' df = 0.
This shows that ¢/ = Cz, where C is a constant. If ¢ is any 1-simplex on V, and
3¢ = b — a, then we see that exp (foz 'dx) = x(b) (x(a))™". If v is a 1-chain
such that every simplex occurring m v lies on an open disc on which ™' dz has
no pole, then we see that exp (f, 7" dz) = JJia (x(p))™ if 87 Sk i .
Now, let { be a cycle such that | ¢ | does not contain any pole of ™' dx. Then there
exists an integer p = 0 such that every simplex occurring in subd”;' lies on an
open disc on which x ! dz has no pole. It follows that exp (J; #™ dx) = 1 and
therefore that ,[; 2" dz is an integral multiple of 2r(—1)"%. This proves that
condition b) is necessary.
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Now, assume that conditions a) and b) are satisfied. Let P be the set of poles of
w and let po be a fixed point of S — P. For any point p ¢ S — P, select a 1-chain
v(p) on S — P such that 3v(p) = p — 1o, and set g(p) = exp (Jy» w). We shall
see that the function g is holomorphic on 8 — P. Let p be a point of § — P, and
V an open disc contained in S — P and containing p. Then w admits a primitive
fon V. Foreach q ¢ V, let ¢(q) be a 1-simplex on V such that do(q) = q — p.
Then v(q) — (v(p) + o(q)) is a cycle on 8 — P, whence [ypw = [ymo +
(f(@) — f(»)) + 2kx (—1)"2, where k is an integer, and therefore g(q) = g(n)
-exp (f(q) — f(p)), which proves that g is holomorphic on V.

Now, let a be a point of P, whence »,(w) = —1. The logarithmic period of w
relative to a being an integral multiple of 2w (—1)"? the residue of  at a is an
integer m. Let y be an element of R such that v,(y) = 1, »,,(y¥) = 0. Then we
have v.(y "dy™) = —1, res,(y" "dy™) = m, which proves that w — " "dy™ has
no pole at a. We may assume that the chains v(p) which were used in defining
the function g are such that | v(p) | never contains a zero or a pole of y unless p
is one. There exists a neighbourhood of a in which y has no zero or pole except at a
itself; if p is a point not equal to a in this neighbourhood, then (3" "g) (p) =
Cexp (J;m(w — y "dy™) where C is a constant. Since w — y~ "dy™ is holo-
morphic at a, we see that g may be extended to a function which is meromorphic
at a. This being true for every a ¢ P, ¢ may be extended to a meromorphic func-
tion on the whole of 8. This function is an element of R by Theorem 4, §2, and it
is clear that w = ¢~ dg.

We are now in a position to prove the theorem of Abel. Let first d be the divisor
of an element = of R. Then the mappingu — (2r(—1)")™" [, 2™ dz is a homo-
morphism of H;(S — | b | ) into the additive group of integers. By Theorem 11,
§8, there exists an element ¢ ¢ Hy(S, | b | ) such that i(u, ¢) = 2x(—1)"")""
Ju2™" dzx for every u e Hy(S — | d| ). Making use of Theorem 9, §6, we associate
to ¢ a coset Q(c) of the space of differentials whose residues at all places not occur-
ring in d are 0 modulo the space of exact differentials; it is clearfrom the definition
of Q(c) that it contains ™" dz. If p is a place occurring in b, then the residue of
z~" drx at p is easily seen to be v,(x), while the residue of @(c) at p is the coefficient
with which p occurs in ¢ (Theorem 9, §6); it follows that ac = b. Let n be a
differential of the first kind; then [, n = j(z™" dx, 5). Since 2 dz hasno pole
of order > 1 and 7 has no pole, j(z™' dr, ) = 0 in virtue of Lemma 1, §6.

Conversely, let d be a divisor of B such that there exists a ¢ ¢ H1(& | d])
such that oc = b and [, n = O for every differential » of the first kind. Let w be a
differential of the class Q(c). For each pole p of w let us select an f, € R such that
vo(w — dfy) = —1 (Theorem 14, VI, §8). If 5 is any differential of the first kind,
then the definition of the function j, gives j,(w, 1) = res,f,n. Thus we have 0 =
fon = j(w, n) = 2, res,fn, the sum being extended to the poles of w. If fis the
repartition of R which assigns f, to every pole p of w and 0 to the other places of
R, then X, res,fon = 2 ()’ (1) = #(f). Thus, it follows from Theorem 2,
11, §5 that there exists an element f of R such that v,(f — f;) = 0 for every pole
p of wand »,(f) = 0for every other place q. Then w, = »w — df is still a representa-
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tive of the class Q(c) and has no pole of order > 1. If u is an element of H,(S —
[5]), then fuw = 2m(—1)"%(c, u) is an integral multiple of 2x(—1)"". By
Lemma 1, it follows that w, is of the form z™* dz, with some z ¢ R. Since dc = b,
the residue of ™ dr at a place p is the exponent with which p occurs in b; on
the other hand, this residue is easily seen to be equal to »,(z). This proves that b is
the divisor of x. The theorem of Abel is thereby proved.

Let g be the genus of R, and let {n, --- , n,} be a base of the space of dif-
ferentials of the first kind of R. If z e I1,(S), we set Pi(2) = [o7:(1 < ¢ < ¢); then
the mapping z — (Pi(2), - - - , Py(2)) is a homomorphism of H,(S) into the addi-
tive group of the g-dimensional complex Cartesian space C’; let P be the image
of H,(8) under this mapping.

Let a be any divisor of degree 0 in B. Then we can find a 1-chain v such that
9y = a.Set Bi(y) = [ym: (1 7 < g), and denote by A(y) the residue class of
the point B(y) = (Bi(y), -+ , By(v)) € C° modulo PB. Then A(y) depends only
on a. For, if ¥’ is any other 1-chain such that 8y’ = a, theny’ — v is a cycle. Since
B:(y') — B.(y) = f[y'—yn:, we see that B(y’) — B(y) e B, which proves our
assertion. We shall define 4 (a) to be 4 (y).

If a, , a; are divisors of degree 0 and 71 , v2 chains such that 8y, = a; ,9v: = @z,
then d(y; + v2) = aa, , whence A (aa2) = A(a; ) + A(az). This shows that A
is a homomorphism of the group of divisors of degree 0 into the group C’/B.
Let ©, be the group of principal divisors (i.e. of divisors of elements of E). Then
it follows immediately from the theorem of Abel that A(a) = O for all a ¢ Do .
Conversely, let a be a divisor of degree 0 such that A(a) = 0. Let ¥ be a 1-chain
such that 8y = a; then we have B(y) ¢ B, and there exists a cycle { on S such
that Bi(y) = Jymn: (1 S i < g). It follows that [4—tn = 0 for every differential 5
of the first kind; since 8(y — ¢) = q, it follows from the theorem of Abel that a
is a principal divisor.

We see that 4(a) depends only on the residue class & of a modulo D, ; if we
set A(@) = A(a), A is an isomorphism of D/D, (where D is the group of all
divisors of degree 0) with a subgroup of C°/B. We shall prove that AD/Dy) =
C°/P.

Denote by I' the subgroup of C° containing P which is such that I'/P =
A(®/Do). In order to prove our assertion, it will clearly be sufficient to prove that
T contains a neighbourhood of the origin in C’, because this implies that I' = C*.

Selexct g distinct places by, - -+, v, of R such that the divisor b, --- v, is non
special (Lemma 4, VI, §8). Let z; be a uniformizing variable at v; (1 < ¢ < 9).
We map every differential n of the first kind of & upon the point ((1/dz1)(v), - - -,
(n/dzx,) (v,)) € C°. Since v; - -+ b, is non special, no differential » > 0 is mapped
upon 0, and we obtain an isomorphism of the space of differentials of the first
kind of R into C°. The space of differentials of the first kind being of dimension
g, our isomorphism is actually onto. Set (9:/dz;) (v;) = hi; (1 £ 4, S ¢g); then
the matrix (h;;) obviously has a determinant 0.

For eachj (1 < j < g), let V; be an open z;-disc of x,-center v; , and let f;, be
a primitive of ; on V7, such that fi(v,) = 0. If p; e V; ,weset C.(py, -+, b)) =
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#=11ii(p;) 1 = ¢ = ¢) and we denote by G(p:, -+, p,) the point (Ci(py,
ey P)y oy Gbry o0, 1)) € C°L Let also o;(p;) be a 1-simplex on V; such
that do;(p;) = p; — v;,and set y(p1, --- , p,) = Z‘}.l oi(p;). Then we have
¥(Pr,c- %) = (m--- %) (- v)7, and, since Gilpr, - ,p) =
I,(,,_...,,,)n. , €p1, ¢+, 0) = Bly(p, -+-, ). Thus our assertion that T
contains a neighbourhood of the origin in C° will be proved if we show that §
maps ][5 V; onto a neighbourhood of the origin in C°. Now, G:(py, -« , ¥,)
may be written in the form @?(xl(pl), v, 2,(p,)), where GT is a holomorphic
function of its g arguments on the polycylinder ][4 z;(V ;). Making use of the
theorem on implicit functions, we see that our assertion will be proved if we show
that the functional determinant of G, ---, G is # 0 at the origin. Since
fi; is a primitive of 5;, we have (df.;/dz;) (v;) = (n:/dx;) (v;) = h.;, whence
(0€%/0z;) (0, --- ,0) = h;; and we know that the determinant of the matrix
(hi;) is # 0.

Thus we have proved that the group of classes of divisors of degree 0 of C°
is isomorphic with C°/P. Now, we shall consider more closely the structure of the
group B.

Using the same notation as above, we observe that the determinant of the
matrix ((n:;/dx;) (p;)) remains > 0 when (p;, --- , §,) remains on some neigh-
bourhood N of (vy, -+, v,) in [[%1 V; . This means that, if (p;, ---, p,) € N,
then no linear combination of 7, --- , 7, with constant coefficients not all 0
can have 1, --- , b, as zeros, i.e. the divisor p; - -+ p, is non special. Making
use of the Riemann-Roch theorem, we see that I((py -+- p,)™") = 1, i.e. only
the constants are multiples of (p, --- p,)”", which proves that (o, --- b,)
(py - -+ p,)"" is not a principal divisor unless vy -+ b, = P - -+ p,. Since € maps
N upon a neighbourhood of the origin in C?, we see that there is a neighbourhood
of the origin in C’ which contains no point # 0 of B. This proves that P is a dis-
crete subgroup of C°, and is therefore a free abelian group on a certain number
m =< 2g of generators. We shall see that m is equal to 2g.

Let {z1, -+, 25} be a base of H1(S). Then the points P(z:) = (Pizk), -~ -,
P,(z)) (1 £ k = 2g) form a set of generators of B, and our assertion will be
proved if we show that D_i% a;P(z) = 0, wherca; , - - - , @y are integers, implies
a =01 =k = 2. Setz = 2 1% aiz ; then we have [, 7 = 0 for every dif-
ferential n of the first kind. Our assertion will therefore follow from

LemMA 2. Let z be a homology class on the Riemann surface S of the field R.
Assume that [, 7 = 0 for every differential of the first kind n. Then z = 0.

Denote by D the space of differentials of the second kind of R, by ¥ the
space of differentials of the first kind, and by § the space of exact differentials.
Let Q(z) be the clement of ©/§ which is associated to z by means of the result of
Theorem 9, §6, and let w be a differential belonging to the coset Q(z). Then we
have j(w, n) = [. 7 = 0 for every differential n of the first kind. On the other
hand, we have ©; N § = {0}, since, if ¢ R, cvery pole of x is also a pole of dx;
it follows that (2, + )/ is of dimension g. We know that the function j defines
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& non degenerate bilinear function on (D/F) X (D/F). It follows that the dif-
ferentials 9 ¢ D such that j(8, y) = 0 for every 5 ¢D; form a subspace D, of D
such that dim (D./F) = dim (D/F) — dim D; = 29 — ¢ = g. But D, clearly
contains D; , whence D, = D; + §. It follows that the differential w selected
above may be assumed to lie in 9, . Since w ¢ Q(z), the periods of w are all
integral multiples of 2x(—1)"?; since w is of the first kind, it follows from Lemma
1 that w is of the form z7'dz, z ¢« R. But then z can have no zero or pole, and
is therefore a constant, whence w = 0 and z = 0.

Thus we have proved that P is a discrete subgroup of C* with 2g independent
generators. This being the case, it is well known that C°/9 is isomorphic with the
2g-dimensional torus group. Thus we have proved

THEOREM 16. If g is the genus of the field R, then the group of divisor classes of
degree 0 of R is isomorphic with the 2g-dimensional torus group.

CoRroLLARY. The notation being as in Theorem 16, the number of divisor classes
of degree 0 which are of finite order and whose orders divide a given integer n > 0
. 2
isn”.

§10. FIELDS OF GENUS ONE

In this section, we shall assume that our field R is of genus 1.

Let D be the group of divisors of degree 0 of R and let ®, be the group of
principal divisors. We shall see that the elements of /¥, are in a one-to-one
correspondence with the points of the Riemann surface S of R. Let p, be any
fixed point of S; if p e S, denote by A(p) the coset of pps* modulo D, . We shall
see that h(p) # h(q) if p #= g. The divisor of a differential of R being of degree
2-1 — 2 = 0, no differential > 0 is multiple of p, and it follows from the theorem
of Riemann-Roch that {(p™") = 1. The only elements of R which are = 0 (mod
p') are the constants, which proves that, if ¢ = p, then qp" is not a principal
divisor and h(q) = h(p). Moreover, any class of divisors of degree 0 contains an
element of the form h(p). For, let a be any divisor of the class under considera-
tion. We have, since d(a) = 0, I(a”'ps") = 1; let x be an element of R which is
multiple of a~'ps". Since the divisor d(z) of z is of degree 0, we have d(r) =
a”'po'p, where p is a place of R, which proves that the class of a is pp; .

Denote by 7 a basic element of the space of differentials of the first kind of R,
and by {21, 22} a base of Hi(S). Set f;, » = a1, f: 7 = a2. Then we know that
a; and o generate a discrete subgroup P of the additive group C of complex
numbers (cf. §9). Assign to every place p ¢ S a 1-chain 4(p) on S such that
dv(p) = » — Yo, and let A(p) be the residue class of the number [, n modulo
P (we have seen in §9 that this residue class depends only on p). Then it follows
from what was said just above and from the results of §9 that the mapping
p — A(p) maps S in a one-to-one way onto C/B. Now, the group C/P carries a
natural topology as a factor group of C. We shall see that the mapping p — A(p)
is continuous. Let p be a point of S, and let V be an open disc containing p; denote
by f the primitive of 5 on V which is such that f(p) = 0. If g ¢ V, let o(q) be a
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1-simplex on V such that dc(q) = q — p. Then v(p) + o(q) differs from y(q) by
a cycle ¢, and we have [; 7 ¢ B. It follows that A(q) is the sum of A(p) and of
the residue class modulo B of [,y 7 = f(q), which proves the continuity of 4 on
V. Since S is compact, it follows that S is homeomorphic with C/9, i.e., with a
2-dimensional torus.

Now, let = be an element of E. Define a function 2* on C by the condition that
z*(u) = z(p(u)) (u e C), where p(u) is the point of .S which is mapped by A upon
the residue class of u modulo B. We shall prove that z* is a meromorphic function.
Let u be any complex number; set p = p(u), and define V and f as above. We
can find a uniformizing variable y at p such that V is a y-disc. If q ¢ V, we may
write f(q) = f*(y(q)), where f* is a holomorphic function on y(V). Since 5 hag
no zero on S and df = 5, we see that the derivative of f* is everywhere < O on V.
We conclude that y(q) may be represented as a holomorphic function of f(q) for
q in a suitable neighbourhood of p. Since f(p(»)) = v — u whenever | v — u | is
sufficiently small, we see that y(p(»)) is a holomorphic function of v on some
neighbourhood of . Since z(q) can be represented (for q € V) as a meromorphic
function of y(q), it follows that =* is meromorphic at u.

Now, it is clear that z* admits the periods oy and a. . Therefore, z* is an
elliptic function with these periods (cf. II, §8). Conversely, let g* be any elliptic
function with the periods a1 and a; . Then, if u ¢ C, g*(u) depends only on the
residue class of v modulo P. It follows that there exists a function g, defined on
S, such that g(p(u)) = g*(u) for every u ¢ C. We see easily by the same kind of
argument which was used above that g is everywhere meromorphic. Therefore,
g is an element of R (Theorem 4, §2). Thus we have proved

THEOREM 17. If the field R is of genus 1, there exist two complex numbers ay and
as such that R is isomorphic with the field of elliptic functions with the periods oy
and ag .

Conversely, let a; and a; be complex numbers whose ratio is not real, and let
R be the field of elliptic functions with the periods a; and as . Then we know
(I1, §8) that R = C(f, f’), where f is an elliptic function admitting as only poles
the points of the group P generated by e and a and such that u’f(u) takes the
value 1 at v = 0, while f” is the derivative of f. Then it is easily seen that n = '™
df is a differential of the first kind of f. The Riemann surface S of R may be
identified with C/P. If « € C, let ¥*(u) be a 1-chain on C such that 9y*(u) =
{u} — {0}, and let y(u) be the image of v*(u) in S under the natural mapping
of C onto 8. Sincedf = f’du, we see immediately that (., 7 = w. It follows that
the group of periods of 7 is the group generated by a; and a; . The differentials
of the first kind of R which are £ 0 are of the form ¢n, ¢ € C, ¢ = 0, and the
group of periods of cn is generated by ca; and ca; . We conclude that the field of
elliptic functions with the periods 8 and B, is isomorphic with the field of elliptic
functions with the periods a; and a. if and only if there exists a complex number
¢ such that the group generated by 8; and f. is identical with the group generated
by cay and ca, . This implies that 8, = c(kay + las), B2 = c(may + naz), where
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k, 1, m, n are integers such that kn — Im = +1. We may also say that r =as/a;
and 7’ = B./B: must be related by an equation of the form

r o m T
k+1r

where k, I, m, n are integers such that kn — Im = 1. This explains the relation-
ship which exists between the theory of elliptic functions and that of modular
functions.

T

§11. THE RIEMANN SURFACE AS AN ANALYTIC MANIFOLD

For the definition and elementary properties of analytic manifolds, we refer the
reader to the author’s book Theory of Lie groups, I, Chapters III and V.

We propose to define on the Riemann surface S of the field R a structure of
analytic manifold. Let p be any point of S and let z be a uniformizing variable at
p. If q is not a pole of S, we denote by z1(q) and x:(q) the real and the imaginary
parts of 2(q). Then x, and z; are real valued functions defined on a neighbourhood
of p. Call (.(p) the class of real valued functions defined on neighbourhoods of p
in S and which depend analytically on 2, and x; around p. The class @.(p) does
not depend on the choice of z. For, let ¥ be any uniformizing variable at p, and
let y; and . be the real and the imaginary part of y. On some neighbourhood
of p, ¥ may be expressed in the form F(x), where F is a function which is defined
and holomorphic on a neighbourhood of 0 in the complex plane. It follows
immediately that y, and y; are in (;(p), whence (t,(p) < (.(p). We would see in
the same way that @.(p) < ({A,(p), whence (.(p) = @,(p). The class @.(p) will
henceforth be denoted by (G(p).

Let V be an open z-disc of z-center p. Then V contains a set V; which is
mapped topologically by the mapping q — (2:(q), z2(q)) onto a square of center
origin in the 2-dimensional real Cartesian space. If g ¢ V; , then x — x(q) is uni-
formizing at q. If we set a; = z:(q) (¢ = 1, 2), then ((q) is the class of functions
f defined on neighbourhoods of q and which depend analytically on z; — a; and
z; — ag around ¢. This last condition is equivalent to the condition that f should
depend analytically on x; and x, around q. It follows that the assignment p — (®(p)
defines a structure of analytic manifold of dimension 2 on S.

We shall say that a complex valued function f, defined on a neighbourhood of a
point p € S is analytic at p if its real and imaginary part are analytic at p; and we
shall say that f is analytic on an open subset U of S on which it is defined if it
is analytic at every point of U. This notion must be carefully distinguished from
the notion of holomorphic function on U, as defined in §2: a holomorphic function
on U is also analytic, but the converse is not true.

Let L(p) be the tangent vector space to S at a point p. In Theory of Lie groups,
I, we have defined a differential w, at p to be a real valued linear function on the
space L(p), and we have shown that the differentials at p form a vector space of
dimension 2 over the field of real numbers. If z is a uniformizing variable at p, then
the differentials at p of the real and imaginary parts x; and z, of x form a base of
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the space of differentials at p. We shall generalize this notion by calling differential
at p any complex valued linear function on L(p). Thus the differentials at p now
form a vector space of dimension 2 over the field of complex numbers, which has
a base consisting of the differentials at p of the functions a, and z. . If fis a
complex valued function which is analytic at p, then we call differential of f at p
the differential (dfi), + (—1)"* (dfz), , where f and f; are the real and imaginary
parts of f.

Let U be an open subset of S. By a differential form of degree 1 on U we mean
a mapping p — w, which, to every p e U, assigns an element w, of the space of
differentials at p. This notion is distinct from, but related to, the notion of
holomorphic differential which was defined in §2. Let « be a holomorphic
differential on U. Let p be a point of U, and z a uniformizing variable at p. Then
we may write w = f dz, where f is holomorphic at p. Denote by z, and z, the real
and imaginary parts of z; then the expression f(p) ((dz1), + (— 1)"*(dz.),) repre-
sents an element w, of the space of differentials at p. This element does not depend
on z. For, let y be any uniformizing variable at p. Then there is a neighbourhood
of p on which ¥ may be expressed in the form F(z), where F is a function which
is defined and holomorphic on some neighbourhood of 0 in the complex plane.
Let a be the value at O of the derivative of F; then we have (dy/dzx) (p) = a. If
11 and ¥, are the real and imaginary partsof y, then we have (dy1), + (— 1) (dy,),
= a((dx))y, + (=1)'"* (dra),). If w = g dy, then we have f = g(dy/dz), whence
F() ((da)y + (—1)"(dz2)) = g(b) a((@dx)s + (=1)"(dx2)s) = g(0)((dyn), +
(—1)"*(dys),), which proves our assertion. The mapping p — w, is a differential
form on U, which we shall denote by the same symbol w as the given holomorphic
differential. In particular, if h is any holomorphic function on U, then dh may be
considered either as a holomorphic differential on U or as a differential form of
degree 1 on U.

In Theory of Lie groups, I, we have defined the exterior product w O ' of
two differential forms of degree 1 on an open set U; this notion may be ex-
tended without difﬁculty to the case of complex differential forms. It is note-
worthy that [0 o’ = 0 whenever w and w" are holomorphic (because, at every
p e U, we may write w, = a(dr),, wy = o’(dz), , where a and o’ are complex
numbers, while z is a uniformizing variable at p; it follows that w, O wy =
ao (dz), O (dz), = 0).

Denote by w a differential form of degree 1 on an open set U, by p a point of
U, by z a uniformizing variable at p, and by x; and z, the real and imaginary
parts of x. Then there exists a neighbourhood N of p such that we have, for
qeN,w, = fi(z:(q), 22(0))(d21)s + fo(21(a), 72(a))(dx2)q , Where fi and f; are com-
plex valued functions defined on a neighbourhood of the origin in the plane. If
f1and fy are of class Cy at the origin (i.e., admit continuous partial derivatives up
to order & on a neighbourhood of the origin), then w is said to be of class Ci at
p; if f; and f» are analytic functions of the real variables x; and z; on a neighbour-
hood of the origin, then w is said to be analytic at p. It is easily seen that these
definitions do not depend on the choice of the uniformizing variable z (for,
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if z is replaced by some other uniformizing variable at p, then f; and f; are re-
placed by functions which are linear combinations of f; and f. with coefficients
which are themselves analytic functions of z; and z; on a neighbourhood of the
origin). If w is of class C; (or analytic) at all points p of U, then w is said to be
of class C; (or analytic) on U.

In Theory of Lie groups, 1, we have defined the differential dw of a real analytie
differential form w. The definition may be extended without difficulty to the case
of a complex differential form which is of class C1 . If f is a function of class C;
and w a differential form of class C;, then we have d(fw) = df O v + f dw. If
w is a differential form of class Cy , then dw is of class C; and ddw = 0. If wisa
holomorphic differential on an open set U, then dw = 0. For, let p be a point of
U and let V be an open disc containing p and contained in U. Then v admits a
primitive f on V, and we have, on V, do = ddf = 0.

A 1-simplex ¢ on S is said to be differentiable if the mapping ¢t — (1 — ¢, t)
of the interval [0, 1] into S may be extended to a mapping ¢ — o*(t) of some
open interval ] — «, 1 + B[ (with @ > 0, 8 > 0) into S which is everywhere of
class C; (i.e., if f is any analytic function at ¢*(%), where —a < & < 1 4+ 8,
then the function f(o*(t)) admits a continuous derivative on some neighbourhood
of &5). This being the case, the mapping f — (df(c*(?))/dt)i=t, of the class of
analytic functions at o*(f,) into the field of real numbers is a tangent vector L,
at o*(fy), and this tangent vector depends only on ¢ and # (not on the extension
o*); Ly, is called the tangent vector to o at the point of parameter t,. If w is a
holomorphic differential on an open set U containing | ¢ | and if w admits a
primitive f on U, then we know thatfw = f(¢*(1)) — f(¢*(0)) (Lemma 2, §4);
this is equal to fo ((df(c*(2))/dt) dt = [; weeqty(Le) dt. It is therefore natural to
set up the following definition: if w isa differential form of class Cy on some open
set containing | o |, then we call integral of w on o the number [§ we¢y(Le) dt.

A 1-chain v on S is said to be differentiable if every simplex occurring in ¥
is differentiable. Let then ¥ = 41 Gxox , Where o1, -+ , ox are the simplices
oceurring in v, and let w be a differential form which is defined and of class C
on some open set containing | v | . Then we define the integral of w on ¥ to be the
number [, @ = Y tm1 @i f,, w. It is easily seen that, if v is a differentiable chain,
then so is subd v, and that fupa y @ = [y w.

Now, we shall prove that S is orientable as an analytic manifold (cf. Theory
of Lie groups, 1), and we shall fix a definite orientation of S. Denote by D, the
space of complex differentials at a point p of S; generalizing what we did for the
case of real differentials, we introduce the Grassman algebra &, over the space
D, . This is an algebra over the field of complex numbers, and the homogeneous
elements of @, of degree 2 are the skew-symmetric complex valued bilinear
functions on the tangent space L(p). They form a vector space ®; of dimension 1
over the field of complex numbers, and to every pair (w,w’) of elements of D,
there corresponds an element w [0 w’ of D}, their exterior product. Those ele-
ments of D? which are real valued bilinear functions on L(p) will be called real;
they are the homogeneous elements of degree 2 of the Grassman algebra over the
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space of real differentials. Now, let x be a uniformizing variable at b, and let
x; and x; be the real and imaginary parts of z. Then we know that (dz,), and
(dy), form a base of D, , and that (dx,), O (dx.), is a basic element of the space
of real elements of D; . Let Z be the imaginary conjugate function of x. Since
(dz)y = (d11)s + (—1)"(daz), and (dE), = (dz1), — (—1)""(dx2)s, (), and (dE),
form a base of ©,, and we have (dz), O (&), = —2(—1)"*(dzy), O (dxs), .
This shows that (—1)"*(dz), O (d&), is a real basic element of D} . Now, let y
be any other uniformizing variable at p. Then we have (dy), = a(dr), , where
« is the value of dy/dx at p, whence (—1)"*(dy), O (%), = aa((—1)"*(dz), O
(d%),), and the coefficient aa is > 0. This shows that we may define a real element
¢ of D to be positive if ¢ = B(—1)"*(dz), O (d%), with.8 > 0: this definition
does not depend on the choice of the uniformizing variable zx.

Since r — z(q) is uniformizing at every point q of some neighbourhood of p,
we see immediately that the differential form of degree 2, (—1)"*(dz) O (dZ), is
positive at all points of some neighbourhood of p. This form being obviously
continuous, we see that our definition of positivity for real elements of D yields
an orientation of S.

Having oriented the manifold 8, we may integrate on S any continuous real
differential form of degree 2. This definition can be extended without any diffi-
culty to the casc of continuous complex valued differential forms of degree 2.

Now, let ¢ be a differential form of degree 2 which is defined and continuous
only on some open subset U of S. We wish to define the integral (when it exists)
of ¢ on U. To do this, introduce the class F of continuous functions f on S which
have the following properties: a) we have | f(p) | < 1 for all p ¢ S; b) there exists
a compact subset K of U (depending on f) such that f(p) = 0 for all p¢ K. If
f € F, then fo may be extended to a continuous differential form (also denoted
by fe) on S, which is everywhere 0 outside U, and the integral s fo is defined.
If K is any compact subset of U, we denote by ¥ x the set of functions f ¢ F which
are equal to 1 on K. Then F is never empty (Theory of Lie groups, I, Lemma 1,
Chapter V, §VII). Moreover, if K and K’ are compact subsets of U, then so is
K U K’, and Fxyxr = Fx N Fx. . Following the terminology of N. Bourbaki
(Eléments de M athématique, Livre 111, Topologie Générale, Chapitre I), this implies
that the sets Fx form a base of a filter ® on the set F. We shall say that ¢ is
integrable on U if the mapping f — [s fe of F into the space of complex numbers
tends to a limit I relatively to the filter ®; I is then called the integral of oon U
and is denoted by [y ¢. It is clear that, if U = S, then any continuous differential
form ¢ of degree 2 on S is integrable in the sense of this definition, and that its
integral is the already defined fse.

In order for ¢ to be integrable on U, it is sufficient that the numbers Js fe for
all f ¢ F form a bounded set. For, assume that this condition is satisfied. Since
C is complete, in order to prove the existence of the limit 7, it will be sufficient
to prove that, for any ¢ > 0, there exists a compact subset K. of U such that
| Jafo — Jsf'¢ | < ¢ whenever f and f” belong to Fx. Assume for a moment that
no such set exists. Then to every compact subset K of U we can associate a
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function gx e F which is 0 in K and such that | [sgxe | = £/2 (we take gx =
(1/2) (f — f"), where f and f” are elements of Fx such that | fsfeo — [sf'e | > €).
We define inductively a sequence (K,) of compact subsets of U as follows:
K, is the empty set; K, , - -+ , K, being defined, K, is a compact subset of U
outside which gx, , - - , gx, are all equal to 0. Let {, be a number of absolute
value 1 such that [s {ngx,¢ is real and > 0 (and therefore > ¢/2). Then it is
clear that h, = {igx, + **+ + {agx, i8in F and that [s h.e > £n/2, in contradic-
tion with the assumption that |fs fe | is bounded for all f ¢ F.

If ¢ can be extended to a differential form ¢; which is defined and continuous
on some open set U; containing the adherence U of U, then ¢ is integrable on U.
For we can find a continuous function A on S which is equal to 1 on U and to
0 outside U, ; then kg, can be extended to a continous differential form ¢, on S,
and ¢. coincides with ¢ on U.

§12. THE BILINEAR INEQUALITIES OF RIEMANN

Let P = {p;, - -+, ps} be a finite subset of the Riemann surface S of the field
R, and let w be a differential form of degree 1 which is defined and of class C; on
the set S — P; then dw is a continuous differential form of degree 2 on S — P.

For each i (1 = 7 £ h), let x; be a uniformizing variable at p; and let D; be
a closed z;-disc of x;-center p; ; assume furthermore that D; N D; = @if ¢ = j.
Denote by r; the z;-radius of D; and by C, its circumference. If 8 is a real number,
denote by g:(6) the point of C; such that z:(q:(0)) = r, exp (2r(—1)"?8). Then
the mapping (1 — 6, 6) — q.:(8) (where 0 varies from 0 to 1) is a differentiable
1-simplex v; on C; . It is easily seen that v, is a cycle and belongs to the positive
generator of H,(C,). Denote by U the open set S —U%., D; ; then we wish to
prove the formula

(@)) ‘/;]dw+z’:.1];iw=0

(which is a special case of the general Stokes formula).

Let U be the adherence of U. If q ¢ U, we select a uniformizing variable y,
at g and a closed neighbourhood N (g) of g in U which is mapped topologically by
y, upon a closed square of center origin in the plane. If g ¢ U — U, then q belongs
to one and only one of the sets C; . In that case, there is a neighbourhood of q
on which z7'dx, admits a primitive y, , which we normalize by the condition that
yo(a) = 0. It is easily seen that g has a closed neighbourhood N(g) on which
Y, is defined and which is mapped topologically by y, onto a closed square of
center origin in the planc. We may furthermore assume that N (q) does not meet
any of the sets D, for j # 7.

Let N'(q) be a ('loscd neighbourhood of q contained in the interior of N(q).
The compact set U is covered by the sets N’(q) for all q € U; it is therefore also
covered by a finite number of these sets, say by those for which q ¢ @, where @
is a finite subset of U.

It is well known that we can assign to every q € Q a function f, of class C,
on S which is everywhere 0 outside N(q) in such a way that Eq.q fo(x) = 1 for
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every t e U. Since w coincides on U with Z“Q fow, we see that it is sufficient
to prove formula (1) under the assumption that w is everywhere 0 outside some
set N(q).

Assume first that w is everywhere 0 outside a set N(q) corresponding to a point
qeU. Thenwehave [,,w = 0 (1 <7 < h), and we have to prove that [, dw = 0.
Let y; and y. be the real and imaginary parts of y, . If v ¢ N(q), we may write

@ we = A1(y1(1), ¥2(1) ([dyn)e + As(y1(r), y2(r)) (dy2):

where A; and A, are continuously differentiable functions on the set y,(N(q))
of the plane. We have

3 do = (gg (0, 1) = 222 00, yz(’f))) @) O [y

Since dw, is 0 outside N(q) and dy; O dy. is a positive differential form of degree
2 on N(q), we have

34, aA,)
dw = f — — =} dy1 dys.
o v @) \OY1 0 v o

Let 2a be the side of the square y,(N(q)). Then

84, f+( ** 94, )
Z22 dwn dus = dyr ) di
ju.,(w(q» oy T Lo \Le oy )

“+a
= (Ax(a, !/2) - Az(—d, ?/2)) dy, =

because A, and A, vanish on the boundary of y,(N(q)), as follows from the
fact that « vanishes outside N(g). In the same way we would prove that
Joyovan (941/3ys) dy dyz = 0, whence [y dw = 0.

Consider now the case where q ¢ C; for some ¢. Then we have to prove that
fodw + [4; @ = 0. Let y; and y. be the real and imaginary parts of y,. Then, if
t e N(q), (dy1): and (dys): form a base of the space of differentials at r, because
dy, = z7'dz;, and it is easily seen that dy; O dy, is positive at every point of
N(q). If r e N(q), we still express w: and dw, by the formulas (2) and (3) above.
On the other hand, we have z(r) = z(q) exp (y(r)) from which it follows that
U N N(q) is the set of points r of N(q) at which y1(r) > 0. We assert that

L[ (34 aA1> )
(4) LW—[‘, ([o (5&?'—@2— d?]l dyz,

where 2a is the side of the square y(N(q)). Set B = 04,/3y: — 04.:/0y.. Let f
be any continuous function on S which is 0 outside a compact subset K of U.
Then it is clear that [y f dw = fyq wan S*(, y2)Bdydy, where f*(yi, y2) is the
value taken by f at the point t of N(q) at which y(t) = %1 + (—1)"*y. . Since
f is everywhere 0 outside U, we have f*(y1 , y2) = 0if y; = 0, whence

fl,fd“’ = f_jﬂ (foa ¥, o) Bd!h) dys.
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Let ¢ be a positive number. If f(t) = 1 at every point t ¢ N(q) at which y,(r) = &,

and | f(r) | < 1forall t ¢S, then
+a e
gL (fo IBIdyl)dyz

Lrae= L ([ )

and this quantity tends to 0 with &, which proves formula (4). We have

j_‘:a (foa gyi: dyl) dy: = — [:ﬂ A0, y2) dys

because Az(a, yz) = 0 as follows from the fact that » vanishes outside N(g). We
shall prove that the right side of this formula is equal to — [, w.

The point ¢(8) being defined as above, we observe that, ¢ being any real num-
ber, and ((g:(¢)) the class of analytic functions at g:(¢) on S, the mapping ¢ —
(dg(q:(6))/d6)s—: isa tangent vector L, to S at q;(¢); if 0 = ¢ = 1, then L, is the
tangent vector to y; at the point of parameter ¢, whence [, @ = [o' wq;(L:) dt.
On the other hand, we have L, = L;, whence also [,; @ = [ wq. (L) dt for
any real number b. Let ¢ be a real number such that q:(t) = q. We know that
we have, for t e N(q), z.(r) = 2:(q) exp (y.(r)). It follows that, if q:(t) ¢ N(q),
then ¢ — (1/2n)y.(0.(t)) — ¢ is an integer. We see easily that @ < = and that
6.(t) e N(q) for | t — & | £ a/2x. Thus we have

to+l/2 tota/2x
f W = f W (t) (Lt) dt = / w.,.(,)(Lg) dt
7 to—1/2 /2

to—a/2r

because w vanishes outside N(g). On the other hand, we have (dyq)e;my(Le) =
(@Yo(0:(0))/d8)o—: = 2x(—1)"", because y4(a:(8)) = 2r(—1)"*(6 — t) if | 0 —
to| S a/2r. Thus we,«)(Le) = 27Ax(0, y2(q:(t)), whence [5; @ = [ A2(0, y2)dy: .
On the other hand, we have

+a aaAl ) a( +aaA1 )
[ S an)an = (L 552 )
= fo (Al(yl, a) — Al(?/l, —a)) dyr =0

because w vanishes outside N(q). Formula (1) is now completely proved. We shall
make use of this formula in the proof of

TrneoreM 18 (BILINEAR INEQUALITIES OF RIEMANN). Let w be a differential
of the first kind 0 of the field R, and let {2, - -+ , 23} be a canonical base of the
first-dimensional homology group of the Riemann surface of R. Denote by m; the
period of w relative to 2, (1 £ k £ 29). Then we have

9

(27(—1)”2)—1 Z (Wk+a T — Tk 7~rk+a) > 0.

k=1

Making use of Theorem 11, §8, we see that there exists a differential » of the
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second kind of R such that [, 17 = # (1 S k £ 2¢). It follows from formula (5,
§8 that

1 :
m Z.:l (Tego B — TaTrre) = jn, w).
Let p;, --- , ;s be the distinct poles of 7. Foreach i (1 £ 1 £ h) let x;bea
uniformizing variable at p; . Denote by D, a closed z.-disc of z,-center p; and
z,-radius r; ; assume that D; N D; = @ for ¢ 5 j. Let C; be the circumference of
D; and c; the positive generator of H;(C;). For each ¢ we can find an element
fie B such that n — df; has no pole at p; (Theorem 14, VI, §8). We may further-
more assume that 7; is so small that p; is the only pole of f: in D, . Then we have

i, @) = Thaaresy fro = Tha @n(=1")" [ fra.

Now, we introduce the imaginary conjugate @ of the form w; @ is defined by the
formula &,(L) = wy(L) whenever p ¢ S and L is a tangent vector to S at p. If
w = u dx, where z is a non constant element of R and « ¢ R, then it is easily seen
that @, = w(p) (di), , provided p is not a zero or a pole of dz. It follows that
@, is everywhere analytic on S. If V is any open disc on S and A a primitive of
w on V, then we have (dA), = &, for every pe V.

We shall prove that the differential form 5 — &, which is analytic on U =
S— {p, - -, m}, is the differential of an analytic function on U. Let { be
any differentiable 1-cycle on U. Then [; (n — &) = [; # — [; &; the second term
is obviously the imaginary conjugate of f; w. If ¢ belongs to the homology class
310, axzion S, then frq = D ili ax fuun, Sy = 2i%i ai Ji, whence f; (n — @) =
0 since f,,n = # . This being said, let po be any fixed point of U. Since U is
connected, it is easily seen that, for each p e U, there exists a differentiable chain
v(p) such that 3y(p) = p — o . In view of what we have proved a few lines
above, the number ¢(p) = [, (n — @) depends only on p, not on the choice of
v(p). We shall see that the function ¢ defined in this way is analytic on U and
that dp = » — &. Let V be an open disc contained in U. Since 9 and » admit
primitives on V, there exists an analytic function ¢y on V such that dpy =
n — @ on V. Let p and q be points of V, and let 7 be a differentiable 1-simplex
on V such that ar = q — p. Then it follows immediately from the fact that
f,& is the imaginary conjugate of J,w that [, (1 — @) = ¢v(q) — ¢v(p). On the
other hand, 7 4+ v(p) — ~(q) is a differentiable cycle, whence [, (n — &) =
Sy (0 — @) — Jym (1 — @) = o(q) — ¢(p). Thuswe see that ¢ — ¢y is constant
on V, which proves that ¢ is analytic on V and that de¢ = 9 — &.

Now we write

it e) = @e-0"7 X [ fio

fem]

h h
= @=L [ (= de+ @D [ e
tem]l Vg gl Joyg
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where v; is defined as in the proof of formula (1). Denote by U’ the complement
of the set U, D. . Then we have, by formula (1), 3. [y, 00 = — Jur d(pw),
Sincedw = 0,w OO0 7 = 0, wehaved(gow) d¢Dw— (n—@)Odw=—00w
whence (2r(—1)"*)™ 34 fys o0 = @r(— 1)”2) Jv,e O w.

Consider now the quantity f,; (fi — ¢)w. Let V' be an open z,-disc of x;-center
p; which contains D; but which does not contain any pole of f; other than
p; or any of the points p; for j # ¢."Then n — df; is holomorphic on Vi and has
therefore a primitive g; on this set. Let also A\; be a primitive of » on V. Then
d\i — dgi =dfi — 1+ 71— (9 — &) = df, de. This means that f; — ¢
differs only by a constant from \; — g; on Vi — {p.}, from which it follows
that | f, — ¢ | remains bounded on Vi— {ps}. Let Ti and z,: be the real and
1mag1nary parts of z: ; then we can write, for q € Vi,aq = v, ((fi — @)w)e =

Aia(@ia(0), Zi2 (0))(d2in)e + Aia(2:2(0), £:,2(0))(d2:2)e , Where A;, and A, are
bounded analytic functions on x; (Vi — {p:}). Thus we have

2x
f (fi — Qo = r.-f (—A;(r; cos 6, r; sin 6) sin 6
vs 0

4+ A;o(rs cos 6, r; sin 8) cos ) df

which proves that [y: (fi = @)w tends to 0 when r; tends to 0.

Let ¢ be a number >0 and <1. Denote by D,,. the closed disc of z,-center
p: and z,-radius 7;¢, and by U . the complement of the set U, D;, . Then we
have

j(n, w) = lim ———l-—v » O w.
’ e—=0 Ju, 2m(— 1)”2

Now, let p be any point of U and let « be a uniformizing variable at p Ifw=
u dz, u € B, we have 2x(—1)"") 7%, O w, = Cr(—D")7 | u(p) | * (d%), O
(dx), = @m! | u(p) | *(— 1)”2(dx), c1 (di),. Thus we see that (2r(—1)"")"
& O w is positive at p provided u(p) = 0, i.c. provided p is not a zero of w. Since
« has only a finite number of zeros, we see that (2x(—1)"")™ [,/ @ O w is a pos-
tive real number, and that this number increases when ¢ decreases. We conclude
that j(9, w) is a positive real number. Theorem 18 is thereby proved.

CoROLLARY 1. The notation being as in Theorem 18, the numbers wy , -+ - ,
cannot all be 0.

CoOROLLARY 2. The notation being as in Theorem 18, let furthermore a,, - -, a,
be any g complex numbers. Then there exists a uniquely determined differential
w of the first kind such that [,, 0 = ax (1 S k S g).

Let {m , - - , o} be a base of the space of differentials of the first kind of E;
set fo, m = mu(l £ k, 1 = g). Then it follows from Corollary 1 that the system
of equations Zl—l zymy = 0 (1 S k = g¢) has no non trivial solution. Therefore,
the system of equations YU xmmu = a, (1 £k < g) has a unique solution,
which proves Corollary 2.
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