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PREFACE

THE principal object of this book is the determination
of the invariant curvature radius of spacetime, and
thus also of space considered as its normal section.
In an introductory part the fundamental concepts
associated with amorphous and, later on, metricized
spacetime are explained and the clements of the
tensor calculus are recalled. It is hoped that this will
enable even those readers who are not skilled in
Tensors and Relativity theory to follow freely the
deductions. In the next place the two sdlutions of
Einstein’s amplified (cosmological) field-cquations,
one due to Einstein himself and the other diie to de
Sitter, are discussed. These are commonly referred
to as the cylindrical and the pseudo-spherical or iso-
tropic spacetime. Ample reasons are given for reject-
ing the cosmology based upon the former and for
concentrating one’s attention upon that based on
the latter solution. Accordingly, after a digression
about Dr. Hubble’s investigation of extra-galactic
nebulae in connexion with the cylindrical world, the
remainder of the book is exclusively devoted to iso-
tropic spacetime. Its main properties are treated
with considerable detail. More especially, the Dop-
pler-effect formula, for a light-source and an observer
in inertial motion, is derived from the line-element
of this spacetime. Unlike de Sitter’s red-shift due
to distance (a second-order effect), the influence of
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distance upon the radial, spectroscopic velocity of a
star is shown to be a first-order effect, leading to an
observable correlation between radial velocity, re-
gardless of its sign, and distance. This formula holds
for any, generally, oblique motion of the star. A
statistical method of application of the formula is
developed, by which the two unknown star-constants
can, under certain assumptions, be eliminated, lead-
ing to a formula for the curvature radius in terms of
distances and radial velocities of two groups of stars.
This is applied to eighteen globular clusters and the
Magellanic Clouds, and the preliminary value of the
curvature radius, of the order of 7.10'%2 astronomical
units, thus obtained is discussed in some detail.
Some general implications of a finite curvature radius
are then developed and illustrated on numerical
examples based on the value just mentioned. The
most remarkable among these implications is the
existence of a certain critical distance or ‘critical
radius’ associated with every mass or system of
masses, say galaxy of stars. It is proportional to the
cube-root of the mass and to the power £ of the curva-
ture radius of spacetime. At this ‘critical’ distance
the gravitation is just balanced by a quasi-centrifugal
action. The latter can be represented as if due to
a spin about the mass-centre, the period of this spin,
a universal constant called the ‘cosmic day’, being
equal to twice the total length of a straight line
divided by the light velocity. In the case of a
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spherical galaxy of stars the critical radius of its
total mass is the upper limit to its semi-diameter:
when this exceeds the critical radius, the galaxy
ceases to be permanent, its members deserting it on
quasi-hyperbolic orbits. Equivalently the criterion
of permanency is reducible to a ‘critical density’ of
mass distribution (discrete or continuous), which is
a universal constant. The criterion applied to our
own galaxy, the Milky Way, shows that it is much
too inflated to be permanent.

The main text is followed by Miscellaneous Notes.
In five of these some special points are treated. In
the three remaining ones, Note 3, Note 4, and Note 8,
the chief object of the book, viz. the determination
of the curvature radius, is again taken up. The stars
here consulted are much nearer than the clusters
considered in the text. At the same time they are
far more numerous and offer also the additional
advantage that, besides the radial velociﬁes, their
proper motions or transversal velocities are known.
Owing to this circumstance one of the two star-
constants (the perihelion distance) can be eliminated
without any arbitrary assumption. This, together
with the greater number of data, gives to the results
here obtained a much higher degree of reliability.
Moreover, the three batches of stars, 24 Cepheids,
35 stars of the O type, and 459 mixed stars, treated
in these Notes independently of each other, lead
materially to the same value of the radius, viz. 3 to
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4.10" astronomical units. For the present at least,
the weighted mean of these three determinations can
be accepted as the actual value of the curvature
radius. The value derived from the clusters and
the Clouds is some eighteen times greater, but, for
reasons explained in the book, it is certainly less
reliable. Moreover, the distances of the clusters and
the Clouds are now being thoroughly revised by Prof.
Shapley, and one can expect with confidence that,
when they are corrected, these very distant celestial
objects will materially corroborate the last-quoted
result. -

In spite of the many deficiencies of this mono-
graph it is hoped that it will succeed in stimulating
the reader’s interest in a fundamental cosmological
problem.

I gladly take the opportunity of expressing my
gratitude to the officials and staff of the Clarendon
Press for the care they have bestowed on this book.

L. S.
RocuHESTER, N.Y .,
November 1929.
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PART T
INTRODUCTORY

TrE title of this book is a somewhat popularized, non-
technical equivalent of ‘the Curvature Radius of the
Universe’, the latter denomination being again a
compromise abbreviation for the four-dimensional
manifold known to modern physicists, astronomers,
and mathematicians as Spacetimne or ‘world’.

The best approach to the subject to be discussed
in this volume is to explain the meaning and the
essential fecatures of the concept of spacetime* itself.
This, then, will be our first task.

Let P be a point (a ~place’) in three-dimensional
space. Imagine an event, say an explosion, a flash
of light, happening at the point P at a given instant
of time. T'he event thus localized in space, say by threc
coordinates

Xy, Xy, Ty
(any three mutually independent numerical data,
relative to some conventional framework of refer-
ence), and in time, by the single number
=,

(time, that is, reckoned from an arbitrarily chosen
initial instant), is called a worldpoint. The world
or spacetime is the class or the manifold, of which
the worldpoints are the elements.

* Usually written ‘space-time’.
3637 B



2 THE SIZE OF THE UNIVERSE

We have, in passing, illustrated the worldpoint by
a lightflash. A more useful illustration of a world-
point is the presence of a particle (of matter) at a given
place (z, z, z;) at a given instant of time (x,). Let
us imagine a particle in continuous motion. This will
give us a continuous* succession of worldpoints, i.e.
of tetrads of numerical values of x, x, z,x,. Thiscon-
tinuous, one-dimensional sequence of tetrads x, x, 252,
or of cvents is called a worldline—the particle’s own
worldline, that is—it being assumed, of course, that
it is possible to follow this speck of matter through
its history. In the case of a body of finite dimensions
we may think of a three-dimensional manifold of its
constituent ‘particles’. In the time-history of the
body each of these points will describe a worldline,
and the ensemble of these lincs will form what is
called a worldtube, a tube, that is, with a sense to it,
viz. stretching, from past to future, which may be
marked by an arrow. The shape of the (varying)
cross-sections of such a four-dimensional tube will
represent the complete history of the body under
consideration.

To begin with, we may think of spacetime as a
non-metrical, amorphoust manifold.

Later on metrics will be impressed upon it, the choice
of the so-called fundamental or metrical fensor] being

* Or at least belioeved to be continuous, or better, assumed, for
mathematical convenience, to be so.

1 A name used by H. Weyl.

% This concept will be explained presently.
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guided by considerations of a physical nature, viz. the
peculiaritics of the motion of free particles and of the
propagation of light in ‘empty * space.

To have a short and convenient symbol, let this
non-metrical but, as we assume, continuous mani-
fold be denoted by 8,, the suffix reminding us of the
number of its dimensions (8, = four-space).

It goes without saying that to an (amorphous) S,
thus conceived the very idea of ‘distance’ of points
(worldpoints, events) as well as that of ‘angle’, say
between two worldlines, or of ‘volume’ of a picce
of a worldtube, is entirely foreign.

It is a remarkable fact that in spite of this a good
number of interesting, relevant, properties of the
manifold S,, the amorphous spacetime, can be de-
rived.

To familiarize ourselves with these properties it will
be well to recapitulate here briefly the fundamentals
of the Tensor Calculus, with which my readers are
supposed to be acquainted.*

Let us imagine that we pass from the coordinates
x, &y %5 ¢, (any coordinate system) to a system of new
coordinates x| x; x3 x;, some functions of x, x, x5 x,,
continuous with (for the present) their first deriva-

* Readers who have had no opportunity of acquiring the knowledge
of this comparatively modern (1900) and powerful branch of mathe-
matics may be referred to the Knglish version of Prof. Levi-Civita's
excellent book, Lezioni sul calcolo differenziale assoluto. A more con-
densed but sufficiently illuminating presentation is given in my article
on Tensor Analysis in the 14th ed. of Ency. Britannica, 1929.



4 THE SIZE OF THE UNIVERSE

tives. Then the differentials di, belonging to a pair
of worldpoints, P (x) and @ (x+dx), are, as is well
known, transformed into

,  0x ox;
dej = Vo, +...+ 2 duy,
ox, ox,

and similarly for dxj, dxj, and dz;. With the now
generally adopted convention that each term in
which an index occurs fwice is to be summed over all
the four values (1, 2, 3, 4) of the index, this set of
elementary but very important transformation for-
mulae can be written briefly

’

ox
lx! = dre,. . . . . (1
dx, axktwk (1)

where ¢ = 1, 2, 3, 4 (while the right-hand member
has to be summed over « = 1, 2, 3, 4). Vice versa,
assuming that the Jacobian

oxy
ox| . 023
ox,
differs from 0 and co, we have
ox
de, = ‘dxg, . . . . (U
L ax, as ( )

a
these four equations being the solution of (1) with
respect to the du,.
Now, every tetrad of magnitudes 4 (where . is
just an index, not ‘power’) which—in general—
may be functions of all four coordinates, and which
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are transformed according to the same rule as dz,,
i.e. into
7
oy =%y @)
0x,
is called a contravariant vector or tensor of rank one.
On the other hand, a tetrad of magnitudes B,
which are transformed like the derivators 0/0x,,i.c.

by the rule
o
B, = "B, . . . . (3
o,
is called a covariant vector, lower indices being used
for such vectors and, more generally, tensors of any
rank.
By an obvious extension of this concept, an array
of 42 = 16 magnitudes C,, transformed into
0ikq O
\4 ra 1
= Bl . . .. (4)
adx, 0x,
will be a covariant, and one obeying the transforma-
tion rule
ow, X,
o P ()
0xq 0k

D=

a contravariant tensor of rank fwo. If, in particular,
C.. = Oy, the tensor is called symanetrical, and if
C.x = —Cy, (so that C,, = 0), we speak of an anti-
symmetrical or skew tensor, or ‘six-vector’ (since it
has only six non-vanishing, mutually independent
components). Similarly for the contravariant second-
rank tensor. It is important to notice that symmetry,
or skewness, is an invariant property ; that is to say,
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if C, = Cy., then also, in any new system of coor-
dinates, C}, = Cy%,. In much the same way tensors,
covariant or contravariant, of the third and higher
rank can be defined.

A maxed tensor of, say, rank two is characterized
by the transformation rule

e 0%, 0y .
Ar= ax;Ag' B ()
Similarly, one of the third rank, say, with e.g. one
contravariant and two covariant indices, obeys the
transformation rule
A 0% Qg 0T')

7 o ow, om, o8 0 0 (D)
and so on.* Needless to say, a third-rank tensor
consists, in general, of 4* = 64 components.

The reader will see for himself that the sum of two
tensors of same rank and kind, as e.g. Ay + By, or
C.c+D,,, is again a tensor of the same rank and
kind; while complexes of heterogeneous materials
(misalliances, soto speak),ase.g. 4.+ B“or 4, +C*,
have no tensorial character at all. To use a current
though somewhat sanguine phrase, they are, from
the tensor analyst’s point of view, monsters. But
never mind the name. The important thing is that

* [t strikes me that this and similar transformation rules can,
with a good economy of the «'s (writing or print), without ambiguity
be written much more briefly and transparently thus :

. faBX
Aie = (L’;{"y) AZB’
showing the placing of the indices at the 2’s at a glance.
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an equation written in terms of such non-tensorial
concoctions would not, while one composed entircly
of tensors (viz. 7' = 8) does always retain its validity
when we pass from one to another system of co-
ordinates (giving 7"= §’, that is). That this is for
the physicist, or astronomer, nay philosopher, of the
greatest importance need scarcely be insisted upon
by many words. (General covariance of natural
laws.)

A powerful means of building up |or rather ‘down ]
new tensors from given ones is the so-called contrac-
tion, an operation of wellnigh magical efficiency
especially in the hands of a skilled contractor who
has spent some time in the handling of this precious
tensorial material. To ‘contract’ a tensor is to equate
any pair of its indices, one upper and one lower, and
to sum over all values (four, in our case) of that
index. Thus Oﬁ‘ gives rise to

Cix = C’}K +C§K +C§K +01K = D, (say),

a covariant first-rank tensor. By its very definition
this process can be applied only to miaxed tensors.
In other words, pure, non-mixed tensors are not con-
tractible, and if you do formally contract them they
yield monsters. Thus,e.g., B = By + .. . + Byisnot
a scalar, i.e. not a zero-rank tensor. Nor has (.,
derived from a tensor C, ), tensorial character. These
and similar structures do not deserve a moment’s
attention.

In the case of higher-rank tensors we may have
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two or more contractions. Thus a five-rank tensor
Aty gives rise, after one contraction, to A;xx = Bra
(say), a third-rank tensor, and this can in its turn be
contracted to By = C), a covariant first-rank tensor
or vector. If a tensor is, so to speak, half-bred, that
is, having as many covariant as contravariant in-
dices, it can ultimately be boiled down to a single
magnitude (zero-rank tensor), retaining its value in
all coordinate systems; in fine, an invariant. Thus
the tensor AY has the invariant A; = 4 (say), such
that A’= A. On the other hand, a purely covariant
or contravariant tensor or a mixed one with pre-
ponderance of covariancy over contravariancy, or
vice versa, has no tnvariant of its own (i.e. when
unaided by other tensors).

To complete these rudiments of tensor algebra it
will be enough to say a few words about the multi-
plication of tensors.

Consider any two tensors: say, both covariant
vectors, A, and B,. Thenthe 4 x 4 =- 16 products of
their several constituents (components), 4, B, can
readily be proved to form a tensor, covariant of
rank two,

A, By = C,.
This is called the (outer) product of the tensors A,
B,, and the process of obtaining it is termed (outer)
multiplication. Similarly for tensor factors of any
rank and kind. Thus
4,Ba =Cua, A B? =07
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and so on, the nature and rank of the product being
in each case unambiguously indicated by the position
of the indices.

The inner product is the outer product just defined
contracted, once or more, with respect to pairs con-
sisting cach of a lower and an upper index. Thus
A, B" gives rise to

A B =C0i=Ci+...+0 = C, say,
an invariant. Similarly 4, B** leads to the important,
products
A, B = ?
and
A, B == D*, say,
both contravariant vectors (and differing from each
other unless B2 happens to be symmetrical). Again,
A, B gives rise to the inner product 4,, B'* = C4,
a mixed second-rank tensor, and this in its turn
yields Cg = C, say, a zero-rank tensor or invariant,
and so on. The concept of tensor multiplication
and its handling offers no difficulty whatever, and
does not call for any further explanations.

We will now turn, therefore, to the differentiation
of tensors (with respect to a4, &c.), especially with
a view to new tensors which may by such a process
be generated or derived from given tensors, while
we shall yet keep always aloof from any metrical
concepts. (In fine, we arc still lingering in a non-
metrical manifold, an amorphous spacetime. We will

metricize it presently.)
3637 C
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If f be a scalar or invariant function of z,,...%,
or what is commonly called a scalar field,

A""aT:, N )]
is, as we already know, a covariant tensor of rank
one, or a vector field, the gradient of f, written grad f.

Other tensors, however, are not easily found by
differentiation. Thus, 02f/0x, 0%, is by no means a
tensor. More gencrally, if 7' be any tensor of the
first or any higher rank, 0 7'/0x, is not a tensor; for,
although this is the limit of the difference of two
tensors,

T(x+dx)-T (x),

divided by dz, yet these two tensors being taken at
different worldpoints, where the coefficients d.x, /0
may have different values, their difference need
not transform as a whole, but is disjointed, as it
were, and has therefore no tensor character. What,
however, is a tensor is the antisymmetric combina-
tion

Zi‘ - %‘%" =B (say) - . . (9)
which is called the rotation of the vector field 4,. This
consists, obviously, of but six independent com-
ponents and is therefore sometimes referred to as
a six-vector. A notable example is the ‘rotation’
(briefly ‘rot’)of the four-potential* which represents

* A four-dimensional union of Maxwell’s vector-potential and the
(scalar) electrostatic potential of a field.
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the electromagnetic six-vector, comprising the three
components of the electric and as many of the
magnetic field of force. One more tensor derivable
from a given tensor by differentiation is, for any

skew tensor, 4, == —A,.,
6ALK 3AK)( 3A)u.
— + -+ = OL P . 10
ax,\ ’dx, axl( A ( )

which is called the expansion of A,,.

I do not know of any other tensors thus derivable,
i.e. by differentiation unaided by metrics, and I
doubt whether they exist. So far as my knowledge
goes, nobody has ever tried to prove that the
gradient of a scalar ficld, the rotation of a vector field,
and the expansion of a skew tensor field of rank two,
(8), (9), and (10) respectively, do indeed exhaust the
class of tensor fields thus derivable. Perhaps some of
my readers will take up this interesting question.

1t is time, however, to proceed with the subject
and to metricize our fourfold #; x, 25 x,, or to endow
the hitherto amorphous world, the spacetime, with
melrical properties. This business is, especially for
the physicist, the astronomer, and the cosmologist, of
such vital importance that it will be well to treat it
at some length and with the greatest possible care,
the more so, as usually the conceptual side of the
process of metricizing our world is treated with a
good deal of obscurity and, even in-the case of some
prominent relativists, with a sprinkle of a very un-
desirable mysticism.
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A good approach to this question can be made with
the aid of ordinary, three-dimensional, space as an
analogy. Let us therefore forget for the present
the fourth variable (x,), the time, that is, and let us
think of space (x, x, x,) itself. In other words, let
us imagine the world at a given instant of time; in
figurative language: a section of the world. Let this
three-space be, at first, quite amorphous, i.e. just
a threefold continuum of points. Any triple system
of surfaces, each bearing three numbers, taken
merely as labels, viz. x,, z, variable, x, constant;
%y, %3 variable, z, constant, &c., can be imagined
drawn so as to divide the space into cells, each of
these limited by six walls, as it were, clements of
threc pairs of those surfaces. Such is the meaning
of the variables z,, x,, 2; appearing in all our preced-
ing considerations. They are what are called gencral
or, more commonly, Gausstan coordinates. None of
them has anything to do with lengths, or distances,
or angles as measurable quantities. A triple of labels
x,, %,, Z; fixes a point or a place (relative to some
framework), another triple characterizes another
place, and so on, the only essential requirement in
choosing these coordinates or numerical labels being
that to every two distinct points should correspond
two different triples of labels. The converse need by no
means be true. That is to say, a given point may
have, say, a unique label 2, but an infinity of , and x4
labels, as e.g. z, = b, b+ 27, b+47, &c., and z, = ¢,
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c+m, c+2m, c+3m, &c. (Just think of the common
polar coordinates, forgetting, however, their metrical
significance.)

In the space thus conceived we may have various
topological propertics, where such concepts as ‘in-
side’ and ‘outside’, ‘one- or two-sidedness’ of a sur-
face, ‘simple or multiple connectivity' of a region
play a role, but where shape and size of lines and
segments, surfaces, or solids find no place. This will
be the purely qualitative space, as it were, of Analysis
Situs.

Nothing more can profitably be said, for our pre-
sent purpose, that is,* about the space thus con-
ceived.

In the next stage let us enrich somewhat this
concept by introducing the concept of ‘straight lines’
or, briefly, straights. Of course, we are not going to
definc them (as was the casc in older text-books
which speak of these lines as ‘lying evenly’, being
‘the shortest paths’ between any two of their points,
and what not), but simply accept ‘straight’ as a
primitive or undefined concept, although my readers
will find it hard (at first) to divest it from the

‘familiar, visual or tactual image, appearance, or
‘feel’ of such a line. Naturally the ‘straight’ thus
introduced would be a merc word and thus utterly

* Theoretically, abstractedly, a good deal more could, of course,
be said about the amorphous space. Nay, some modern mathemati-
cians have found it possible and profitable to fill out quite bulky
volumes with Analysis-situs topics and their hair-splitting scrutiny.
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barven of consequences or implications, unless we
enounce about it some ‘axioms’ or, less obscurely,
some wunproved propositions. (Every mathematical
science is, logically, erected upon a set of undefined
concepts and unproved propositions. Arithmetic, for
instance, is no better, and no worse, in this respect
than geometry.) Thus, we will say: ¢ A pair of distinct
points A4, B lies, in general, on one straight only’, or
‘A straight is uniquely determined by any two of its
points’, with a possible exception of some pairs
(antipodes). And so forth, as the reader will find in
any modern list of axioms of what is often called
geometry of position. A mere handful (five or six)
of such unproved propositions about the ‘straight’,
with the obvious definition of the ‘plane’ as generated
by straights, is sufficient to erect the whole of that
marvellous, rich, and unspeakably beautiful monu-
ment, Projective Geomelry, the science* of the pro-
Jjective space.

It would, naturally, not answer the main purpose
of this book, and occupy too many pages, to expound
here all, or only all prominent, properties of projec-
tive space. It will be enough to state some of these
beautiful properties, especially such as are likely to
pave the way (if only by analogy) to what is to
follow.

* Started by the great French geometers and masterly completed
by von Staudt. The reader not fully conversant with the subject will
find much solace and instruction in Halsted’s condensed and Young
and Veblen’s masterly developed book on Projective Geometry.
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Let any three points, marked with the labels
0, 1, 0,* be chosen on a straight [ (Fig. 1), and let,
for the sake of the argument, our attention be con-
centrated entircly upon this straight, as a particular

»
N

€ 7 2 374 °°V\'

Fra. 1.

one-dimensional manifold, a sub-manifold of the
projective space in hand. Then the remarkable thing
is that these three points determine uniquely a fourth
point on the same line, known as the fourth harmonic
(conjugate to 0, say). To find this new point draw
through oo any straight m, and through 0 and 1
any two straights 0}, 1N intersecting in P. Next,

* Needless to say, there is, thus far at least, nothing infinite about
the label co, nor anything nihilistic about 0, nor yet anything uni-
tarian about 1. They are just three labels, as good as 4, B, C, or

a, B, v, and chosen above with arithmetical connotations merely for
future convenience.
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trace the straight joins Poo and M1. Let these cross
in C. Then the straight NC produced will find on !
the required ‘fourth harmonic’, to which we may
conveniently attach the label 2. (This is v. Staudt’s
construction.) It is true that this perfectly definite
new point of the I-world was arrived at by an extra-
mundane (extra-l) construction, viz. by drawing a
straight m and a number of other auxiliary straights,
all of course distinct from /. Yet the position of the
new point ‘2’ is wholly independent of these auxi-
liaries,* and is thus a property of the I-world itself,
i.e. an intrinsic property: the three points 0, 1, oo
on ! co-determine a fourth point, 2, of the same
straight. Is not this admirable? Just imagine you
were in some desert, say Sahara. Around you all is
uniform sand, and nothing by which to discriminate
one ‘place’ from another, except three palms, just
collinear, or perhaps three such columns erected by
man. Let these be marked 0, 1, co. Then, in spite of

* That is to say, if you drew, instead of m, another straight m’,
and so on, you would always find the same point, 2. Of course, the
process of “drawing’ is meant to be performed with the means of a
common straight-edge, which is a concrete representation of the
originally abstract ‘straight line’, and but one of an infinity of
possible ‘representations’. And the remarkable thing is that the
theorem (uniqueness of fourth harmonie, conjugate to 0) holds, with
any desirable precision (when drawn with a sharply pointed pencil,
say) for this concrete representation. I cannot help confessing here
that 1 have repeated innumerable times this multiple construction
and experienced cach time a genuine thrill of pleasure at finding thus
the theorem ‘experimentally’ verified. And I can warmly recommend
this instructive and stimulating pastime to the reader.
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the hopeless wasteness and dreary monotony (uni-
formity) of that sandplane, you can give your friend
an appointment in Staudtian code (‘Meet you at 2°)
and are sure not to miss him or her—apart from time
considerations, of course. For both parties can draw
in the sand the requisite auxiliary lines. Your own
construction may soon be oblitcrated by wind or
mischievous intruders. This, however, will matter
but little. For, whatever your friend’s particular
sand drawing, which is to be made all afresh, he is
sure to reach the same place.

It goes without saying that the same process can
be repeated (finding fourth harmonic to 1, 2, o,
conjugate to 1), leading to yet another uniquely
determined point, which we will call 3, and so on
(cf. Fig. 1). The point 3 will lic beyond 2 and this
side of oo, similarly 4 will fall between 3 and oo,
and so forth, the points thus consccutively arrived at
crowding towards but never reaching the terminal.
In mathematical phraseology, to reach this point an
infinity of Staudtian constructions, viz. passages such
as from 1 to 2, from 2 to 3, &c., or briefly an infinity
of Staudtian steps, arc required. And that is the
reason why this point was given the label co. It
may now be said that by threc given collinear points,
0, 1, oo, an infinite (but denumerable) plurality of
other points, 2, 3, 4, &c., is entirely co-determined.
All these will be placed on the segment 0100 of the

line /, to be distinguished from the remaining part,
3637 D
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or complementary segment, of this line. To cover
also this segment with points uniquely co-determined
by the same triad 0, 1, oo, it is enough to construct
the fourth harmonic conjugate to 1 (instecad of the
previous 0). This will, in the case of our figure, fall
to the left of 0. It may consistently be labelled — 1.
Similarly the points —2, —3, &ec., will be obtained,
the first few of these being placed beyond 0, and the
following ones beyond (to the right of) co. Thus
the terminal point (c0) receives also the label — co.
This, however, does not, obviously, give rise to any
ambiguity. Distinct points have throughout dis-
tinct labels. Nay, the correspondence of points and
labels (positive and negative integers) is bi-univocal
or a one-to-one correspondence, except the singular
point which has two labels, co and — co.

The process just described can readily be extended
to points intermediate between 0 and 1, 1 and 2, &c.,
and similarly the negatively labelled ones. These will
receive fractional labels, , %, &c., %, &c. Their con-
struction, though easy enough, will however not be
described here. It can readily be looked up in a good
text-book of projective geometry (as, e.g., Young
and Veblen’s, cited above). Suffice it to say that to
svery rational number, positive or negative, corre-
monds a point of the segment 0100 and of the com-
pleXpentary segment, respectively, and that the
sequinoe of these points is the same as that of their
numerycal labels. The extension to irrational num-
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bers, and the corresponding points of the straight 7,
which is based upon the Archimedean postulate (con-
tinuity, projectively generalized), does not offer any
difficulty. In fine, to every real number n corre-
sponds a definite (unique) point of the line and vice
versa, with the exception of the singular point of
the Staudtian scale, which receives the two labels co
and — co. There is, of course, no actual (geometrical)
singularity about this point; for, clearly, any point
on the line / can be picked out as such a ‘terminal’
point, in much the same way as any point can be
made the zero, or the unity, of the scale.

The ordered point-pair (n)—>(n + 1), where n is an
integer or not, can appropriately be called a projec-
tiwe unit step or, as proposed elsewhere,* a Staudiian,
and any two points 4, B of the line [ can be said to
be a certain number of Staudtians apart, or, also, the
latter may be referred to as the measure of their
‘distance’. If, by any processcs of projection and
section, the line [ is ultimately projected into some
other straight I’ of the projective space, the Staudtian
distance of the point-pair 4’, B’ corresponding to
A, B is the same as for the latter pair. In brief, it is
a projective invariant, and this makes it the more
worthy of notice. It will be kept in mind that to
make this Staudtian distance AB unambiguous, it
is necessary to specify the path taken from A4 to B,

* L. Silberstein, Projective Vector Algebra, Bell & Sons, London,
1919,



20 THE SIZE OF THE UNIVERSE
e.g. by requiring that the singular point ( + w) of the
scale should not be crossed.

The same precaution, of course, is indispensable with
regard to ordinary metrical distance as measured by a
‘rigid’ rod, unless the straight is declared to be open,
i.c. stretching on both sides to ‘infinitely distant’ points
which arc not conceived as coinciding, and thus in either
Luclidean or Lobatchevskyan metrical space; while in
Riemannian, spherical or elliptic, antipodal or polar, the
straight lines are re-entrant, their total length heing
finite. From the projective point of view it was a long
time ago found convenient to consider even the Eucli-
dean straight as closed. i.e. the two points at infinity as
coalescent. With the Staudtian scheme such is auto-
matically the case, the ‘terminal’ point (which, of
course, may be any point of /) bearing hoth labels, - w
and —o.

Such a numbering of points can readily be ex-
tended to any plane, by choosing in this plane two
arbitrary straights, [,, [, taking their cross as the
zero of the seales, any two points, one on each, as
the unitpoints, and any two more points as the ter-
minals, say « == 0 and y == co. Finally, adding a
third axis /, non-coplanar with /,, [, and marking on
it an arbitrary unitpoint and an equally arbitrary
terminal, any point of the space can be numerically
labelled. (See, for instance, Young and Veblen’s
Proj. Geom., vol. i.) The Staudtian numbers, z, y, z
thus obtained are commonly termed the (non-homo-
geneous) projective coordinates of a point of the
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space. The correspondence of points and number
triads is again bi-univocal, apart from the singular
plane which is that passing through the three terminal
points selected upon the axes, ¥ = | w, y 1o,
z = + 0. The important thing, however, is that
without making use of the common concept of
metrical distance (implying measurement by “rigid’
rods, or ‘inextensible * chains, or what not) the points
of space can be numerically labelled in such a way
that the knowledge of only the origin (zero), the
terminal (singular) plane, and the three unitpoints
cnables us to arrive without failure, with the aid of
a straight-edge, to the point of space designated to
us by any (real) number triple x, y, 2.

Before leaving the projective space, let us still
recall certain features of conic curves and quadric
surfaces. Both of these, or at least any desited
number of points lying on a conic or a quadrie, can
be constructed projectively, i.c. with the aid of a
straight-edge (and a ‘plane-layer’) only.

Both of these constructions can be read up in any
text-book of projective geometry. Yet it will be
useful to give here at some length a projective con-
struction at least of the conics, viz. point-conics, in
a given projective plane. This, given some time ago
in a little book (Projective Vector Algebra), differs in
its procedure from the usual construction, but is, of
course, essentially equivalent to it. Our method of
generating the point-conic has, perhaps, the addi-
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tional advantage of being expressible algebraically in
a remarkably simple form.

Let O, A, B be three (of the five freely prescribable)
points of a conic and P a fixed point, say outside
the triangle OADB, as in Fig. 2. Through P draw any
straight #,. Let this cross 04, OB in T, and T,.
Then the cross AT, . BT ;, marked in the figure by 1,

Fia. 2.

will be a point of the required conic. If the vectors
or ordered point-pairs 04 , 073,, are denoted by A, B,
then the vector BT will, with ¢ as line of termini, be
the projective sum of A and B, which may be written
01 = (A +B),.
Similarly (cf. Fig. 2), 02 = (A +B),, and so on.
Generally, for any ¢-line passing through P we may
write for the vector sum R of A and B taken with
respect to this line,
R = (A+B)p.
The endpoints of the generic vector R, always with
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O as origin, are readily proved to lic all on a conic.*
This, then, is the equation of a conic,t passing
obviously through O, A4, B. Nay, it can be shown
that every conic can thus be constructed. In fact, it
is well known that any conic is determined by five,
and just five, arbitrarily chosen points. Now, three
of these arc 0, A, B, which can be sclected at our
pleasure. Let ¢ and D be the remaining two points,

again chosen at will. Then also 0 - (A By

0D = (A +B),,, where f., t, arc the positions of
the t-line corresponding to these points. Whence
follows casily the construction of the centre I of the
pencil of ¢-lines, namely as the cross of ¢, t,,, and this
construction is shown in Fig. 2. This, however,
proves the statement: Every conic can be written
R = (A +B),,. Needless to say, the projection of a
conic upon another plane and, say, its re-projection
on the original one is again a conic.

The otherwise familiar distinction between ellipse,
parabola, and hyperbola (including a pair of straights)
is, from our present projective point of view, entircly
irrclevant, nay meaningless, in spite of the appar-
ently striking difference between ‘open’ (infinite)
and ‘closed’ (finite) curves. For none of these pro-
perties is projectively invariant; a hyperbola or

* Whose projective definition runs thus:

If two coplanar flat pencils are projective but not perspective, the
crosses of correlated straights form a conic range.

T A point-conic, that is, since it is generated by points, crosses of
pairs of lines.
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parabola may be changed by projection into an
ellipse, and vice versa. Still less can one ‘ellipse’ be
distinguished from another (the ‘lengths of axes’ and
the ‘cceentricity ’ being metrical concepts, foreign to
our present circle of ideas. Nor is there any signi-
ficant sense in speaking of a ‘circle’ as an ellipse of
a particular shape (zero ‘eccentricity ).

In fact, a circle is defined as the locus of points
‘equadistant’ from a given point O, called the centre
of the circle. Thus, if P be any point of the circle
and if we write OP for its distance from O, the
equation of the circle is

OP = const.

This “constancy of distance’, however, is meant to
be something which is stated in terms of ‘rigidity’,*
and this, of course, is physics (not a pure space-
theory), implying constancy of temperature of the
material generating this curve, and possibly a host of
other conditions under which the actual construction
has to be performed.

But these remarks need scarcely be dwelled upon.
For, have we not stipulated insistently that no in-
struments other than a straight-edge are to be used
in this, the projective, stage of our thinking of space ?

We might invoke the aid of Staudtian steps
and distances which, as we just saw, are certainly

* Nay, a sharp point (peneil) tixed in a bar of steel describing the

‘cirele” in question, while the bar is turned about some other point O
fixed in the bar and on the drawing-paper.
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independent of the use of rigid bodies. Quite so.
But if P;, P, be two distinct points (not antipodal)
of the conic in question, the choice of a unit step or
Staudtian upon the line 0P, is entirely independent

ta
%

SY
N

’

/ 7;' Fre. 3.

of that upon OP,, so that there is no definite sense
in ‘comparing’ the numbers of Staudtians contained
in OP, and OP,. For this to become definite a
further convention is necessary. In fact, we can
draw around O any curve (not self-intersecting) and,
if Py, P,, &c., be points upon it, declarc OP,, OP,, &c.,
to be unit steps or Staudtians on the straight lines
I, 1, and so on (Fig. 3). But, to be at all able to speak
of such steps, of their multiples, sub-multiples, &c.,

we must introduce some (arbitrary) straight as line
3637 E
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of termini. Well, let this be the straight ¢ "This
being, once and for all, selected, the nature of the
curve which is to play the role of a gange or standard
curve will no longer be arbitrary. In fact, if ] be the
antipode of P, i.e. the curvepoint collinear with
0, Py, and similarly for P;, &c., the Staudtian number
to be attached to Py will be — 1. In other words, 7',
being the terminus of I, (T, = OP,.t), Py, O, P;, T
will be a harmonic range with O, 7', and P{, P, as
conjugate pairs, and the same thing will be true of
the four points P’, O, P, T corresponding to any
straight passing through O. But this property is
well known to belong to a conic, and no other curve,
namely, one whose centre (0) is the pole of the
line ¢.

Thus the desired gauging curve must be a conic
and the corresponding ¢-line must be the polar of its
centre O, supposed to be given at the outset.

The standard or unit conic (r = 1) being thus
fixed, all homologous and concentric conics

r = n = const.,
where » is any positive number (number of Staud-
tians contained in semi-diameter), can at once be
constructed, point by point. Thus, the label of P,
being 1, it is enough to construct on OPT the point
having the label » on the Staudtian scale, and
~ similarly for any other point of the standard conic.
Again, abandoning O as the origin of all vectors,

—
if O’ be any other point of the plane, a vector O'P’
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equal to OP can be drawn by a simple construction
(cf. Proj. Vect. Algebra), the definition of equality
implying that the lines of the two vectors intersect
on the ¢-line, and that the passage from O’ to P’ is
again accomplished by a single (unit) Staudtian step.
Thus also the number of Staudtians contained in any
segment A B whatever or the projective *distance’
of any two points 4, B of the plane can at once be
evaluated. A number of other implications of the
introduction of a standard conic (which may well be
called a ‘circle’) will be found in a sequel to my
Projective Vector Algebra.* For our present purposes
the preceding considerations will suffice.

Before leaving the projective plane (and space) one
more interesting application of the Staudtian scale,
of points, that is, labelled by positive and negative
numbers, may here be mentioned. If O, U, T bhe the
initial, the unit, and the terminal points on a straight
l, then, as we alrcady know, each point on the seg-
ment OUT has a definite positive numerical label n,
and vice versa, to cvery positive n corresponds one
and only one point of this segment. The points hav-
ing negative Staudtian numbers for their labels lie all
on the complementary segment of the line /, beyond
O and beyond 7. Now, all the axioms of projective
geometry being supposed to hold, three different
cases present themselves as to the intersectional pro-

* ‘Further Contributions to Non-Metrical Vector Algebra’, Phil,
Mag., vol. 38, July 1919.
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perties of coplanar straights. Let ! be a straight, P an
external point, and s = s(P) a plane pencil of straights
with centre P and coplanar with . Then the three
possible cases are: first, a part of the pencil of s-lines
do not intersect ! in actual points,* and this class of
non-intersecting lines is divided from that of inter-
secting ones by two distinct straights (Lobatchevskyan

‘

C D C
o + : O- : o]
Z A B 7
Fia. 4.

parallels), or second, there is but one non-intersecting
line (Euclidean parallel ), or third, every line s has
an actual intersection point with ! (no parallels).
The first case is that of the Lobaichevskyan, the
second of the Huclidean, and the third of the Rie-
mannian plane, with which usually also the names
hyperbolic, parabolic, and elliptic (or spherical) are
associated. Now, z = n (Staudtians) being, for n
positive, a point X of the segment OUT, the point
z = —n is the fourth harmonic to OXT, conjugate
to X, and, taking account of its well-known construc-
tion, this fourth harmonic does not exist as an
actual point, if X falls within a certain segment 4B,
contained within OT (Fig. 4), and does exist, if X

* Though they always have in common with I what is called an
‘ideal point’, i.e. determining a definite plane pencil of lines. (Cf.
Proj. Vect. Algebra, p. 34.)

t It goes without saying that these parallels have not the property
of projective invariance.
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lies in the remaining part of OT. Thus,e.g., C or ¢’
have, while D has not, an actual fourth harmonic.
Now, in hyperbolic space A and B are distinct points,
in parabolic (Euclidean) they coalesce, forming a
single point, and in elliptic space therc are no such
points at all, the whole segment OT consisting of
points having an actual fourth harmonic. In com-
mon phraseology these three cases may be charac-
terized by saying that A and B, when distinct, are
the points conjugate to cither of the fwo ‘points at
infinity’ of the Lobatchevskyan straight, that when
they coalesce into one point, this is the conjugate of
the unique point at infinity of the Euclidean straight,
while there is no ‘point at infinity’ on the Rie-
mannian straight which is actually re-entrant and,
in the usual, metrical sense of the word, of finite
total length.

After this lengthy but, perhaps, not superfluous
digression, let us return to our four-dimensional
world or spacetime. This is, thus far, quite amor-
phous. Let us now inquire into the procedure of
metricizing it and into the physical significance of
this procedure.

Let us, first, try to do it by imitating projective
three-space geometry. As a matter of fact the exten-
sion from three- to four- or more-dimensional spaces
offers no difficulty and has been actually accom-
plished by projective geometers years ago. (See,e.g.,
Young and Veblen’s vol. ii, where sets of axioms for
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polydimensional projective spaces are given and
treated with much care.) Yet, since in our case one
of the ‘dimensions’ (that which later on will be
associated with z,, say) is, psychologically at least,
of a very different nature from the remaining three,
it will be better not to rush over this new situation
by spatial (visual or tactile) imagery and correspond-
ing language, geometrical, that is, but to be more
explicit and abstain, at first at least, from mecta-
phorical language. Let us, in fine, look the situation
stfaight in the eyes, so to speak.

A particle of matter, relatively small enough to be
confounded with a material point, as it is called by
continental writers, occupics at a certain instant «
a point or ‘place’ A4, and at some later instant b is
found to be at another point B. (The letters a, b
do not at this stage, of course, denote magnitudes,
‘time intervals’, elapsed from a certain origin of
time reckoning, but just mere labels of time instants,
exactly as A, B have nothing to do with distances
or angles but are labels ofg places related to some
frame of reference.) Then A4, a is a worldpoint; call
it a; and B = B, b is another worldpoint. There is
clearly no sense in asking how ‘distant’ these two
worldpoints are from each other, or what is the
‘interval’ separating them. To be able to attach
a meaning to such a question the world has first
to be metricized.

Between o and 8 there are other worldpoints be-
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longing to the particle which can be ascertained by
observation. We may say at once, having in mind
a moving particle, that from a to 8 stretches a whole
continuity of worldpoints or a continuous picce of the
particle’s worldline. The (geometrical) path of the
particle, stretching from A to B, does not, of course,

¢ o
A c

Fra. 5.

characterize by itself the worldline. To complete it
one would have, e.g., to attach time labels, marking
individual instants, viz. affixing @ to 4, b to B, and ¢
to soma intermediate point C of the path, and so
on (Fig. 5).

In fact, such a procedure is applied in certain railway
time-tables, where a, b, ¢ assume some such shape as
190 p.m., 130, 200 with, however, the additional impli-
cation that the time intervals 1 to 130 and 190 to 200
are ‘equal’, which in the present stage of our considera-
tions is, of course, superabundant.

The task of placing such time marks all along
the path would, naturally, soon become awkward,
especially if we wished to insert between any two
instants other instants, and so on. And the scheme
would entirely collapse if we claimed to thus repre-
sent the whole continuous history of the particle, in
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fine, its full (not dotted) worldline. To remedy this
the relativists commonly imagine (or say that they
imagine) a ‘fourth dimension’, a fourth axis, the
time-axis, as they say, along which a continuous
succession of time labels is supposed to be placed.
Then, the particle’s worldline ¢s a line, some curve,
in that four-dimensional space. But these, of course,
are mere words. Geometrical language applied to
partly non-spatial relations is, no doubt, helpful in
many cases, yet it is at the same time often mis-
leading, and before we succumb to the general trend
and plunge into its use (if only for the sake of
brevity), it is better to abstain from it, and from the
corresponding diagrams (e.g. with but one space-
axis for abscissae, and time-axis for the ordinates of
worldpoints). A good proposal in this direction has
been made by Timmerding some fifteen ycars ago.
This, although implying the metrical notion of
spheres and the size of their radii, is worthy of notice
and may profitably be given here.

Let us then imagine, after Timmerding, that our
particle is luminous and that it emits spherical
waves, but in a rather artful way, viz. so that it
always remains the centre of the wave originally
emitted (starting at 4, say) and continuously expand-
ing.* In this way the points of the path 4B will all

* This would, in part, harmonize with the *ballistic’ behaviour of
light emission (defended of late by De La Rosa), which, however, is
in clashing discordance with observed facts.
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be surrounded by spheres of increasing radii, centred
at these points, and the worldline of the particle
will be represented by the envelope of all these
spheres, an cver broader and broader tubular surface
with the path as axis, which in general will be a
tortuous curve. This is not a bad representation of
a worldline, but not much is gained by it in further

Fra. 6.

developments relating to the physical spacetime or
actual world. We will, thercfore, not dwell upon this
or any other graphic representation any longer. In
order to imitate, in spite of these difficulties of
visualization, the scheme which has led to projcctive
space theory, we may proceed as follows.

Let us introduce, as an undefined concept, that of
free motion or, in the limit, light propagation, and,
just to have a distinct name, call the corresponding
worldline a natural worldline. (Later on, when our
world is metricized, this name will be replaced by
‘geodesic’.) This is to play in the world a role
analogous to the straight line of projective geometry,

spacepoints being now replaced by worldpoints,
3637 ¥ ,
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such as o = 4,a; B = B, b. If we now enounce
about the natural worldlines the same unproved pro-
positions (axioms) as were formulated in projective
geometry, our amorphous world will become what
may be called a projective world. 1f no further clauses
were introduced, this would not be distinguishable
from a four-dimensional projective space, and would
scarcely serve any physical purpose. The supple-
mentary, distinctive features are not hard to per-
ceive. In fact, while every pair of spacepoints is
(projectively) as good as any other, this cannot, in
view of certain physical facts, be claimed for pairs
of worldpoints. To be more explicit, while a straight
can be drawn through any two points of space, a
natural worldline cannot be laid through every pair
(a5 B = A, a; B, b) of worldpoints.

Let, at the instant a, a light signal be started at a
point 4, and let it reach the point B at some definite
later instant b*. (The worldline, ‘lightline’, stretch-
ing from 4, a to B, b* is, by assumption, a natural
one.) Then, if

b (b* (read: b earlier than b*),
we will declare that through the worldpoints 4, a
and B, b no natural worldline can be drawn. This is
equivalent to saying that no particle in free motion*
can overtake light. But if b ) b*, a natural line (and
one only) can always be laid through 4, a and B, b.

* And, as may readily be deduced, no particle at all, i. e. moving in
any physically admissible manner.
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These ‘natural worldlines’, any one of which may
actually be the worldline of a particle, we consider,
abstractedly, as a sub-class of what we may pro-
visionally call four-dimensional straights or, more
briefly, four-straights, and of these we may require
unrestrictedly to obey all the projective axioms.

Thus, a four-straight, and only one, will pass
through every pair of worldpoints, but only some four-
straights will be natural worldlines, as explained
above.

Rest being but a special case of free motion, the
worldline of a particle at rest will be a four-straight,
the lower limit—as it were—of all natural world-
lines. This can be spoken of as the time axis. A triad
of other four-straights, not natural worldlines, can be
chosen as space axes (these will also be ordinary or
three-space straights). All fundamental theorems of
projective gecometry being valid for this projective
world, Staudtian scales and the corresponding pro-
jective coordinates z,, ,, x;, and z,, to be reckoned
along these three space axes and the time axis just
mentioned, can at once be introduced. This coor-
dinate system will then be a special, concrete, case of
the Gaussian coordinates mentioned at the outset.

In this way, without yet introducing metrics
proper, i.e. without ever appealing to ‘rigid’ bodies
or to any quantitative feature of light propagation,
we can characterizec any worldpoint by four real
numbers, x, Z, 3 &,, which (the origin, the unit, and
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the terminal points being chosen) have a perfectly
definite meaning.*

One might think, however, of a possible objection,
namely, that such a procedure is perhaps not general
enough for the physical world, that is, for that space-
time with which the physicist and the astronomer
has actually to deal. In fact, a projective space has
been proved by Schurt to be equivalent to a (metri-
cal) space of (isotropic and therefore also) constant
curvature, positive, zero, or negative. This means
that a manifold in which the whole set of axioms of
projective geometry holds can have only such metrics
impressed upon it, as converts it into a manifold
of isotropic and herewith homogencous or, briefly,
constant Riemannian curvature.}

Now such a manifold is certainly too narrow to
cover the actual world of ours, the physical space-
time, filled as it is, here and there at least, with
matter, whether of the palpable kind, consisting of
atoms or only naked protons or free electrons, or of
radiant, electromagnetic energy. For this spacetime
is, demonstrably, not homogeneous as to its curva-
ture properties, very much as the surface of an egg
or, better, that of an orange, roughly spherical but
full of corrugations, dimples, and warts. This world,

* For details sce my paper in Phil. Mag., vol. 50, 1925, p. 681.

1 F. Schur, Mathematische Annalen, vol. 27, 1886, p. 537.

1 For a brief explanation of this fundamental concept of differential

geometry, sec art. ‘Tensor Analysis’ in the new edition of the
Encyclopedia Britannica.



PROJECTIVE SPACETIME 37
then, cannot be faithfully covered by a projective
spacetime. Yet, if we either imagine for the moment
that all matter has heen removed, or are content to
consider regions far away from the more conspicuous
lumps of matter (plancts and stars), the projective
manifold can render us good services. In fine, we
may accept such a spacetime as representing the
actual world o7 the whole or, if the reader so wills,
the world at large.

This amounts, in plain English, to assuming that
our world, spacetime, as the arena of events, has,
on the whole, cverywhere and always the same pro-
perties and, therefore also, the same curvature, mean
curvature, as it is technically called, and accordingly,
the same curvature radius N, say.

This secms, so far at least as our present know-
ledge goes, quite plausible. 1 mean that we do not,
thus far, have any serious reason to suspect that
there is or was somewhere in intergalactic regions
a place or a region which within the limits of some
long time-interval behaves in a way significantly dis-
tinct from other places and instants, or portions of
spacetime.

It may be well to point out that the much-extolled
relativity of position (place, and time-date as well)
holds good only in such a world, a homogeneous
one on the whole, that is. If it were not so, we
might have absolute positions and instants (dates) in
very much the same way as there is, in a perfectly
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significant sense of the word, absolute position on
the surface of a bird’s egg or, say, a three-axial
ellipsoid (with its greatest curvature on the ends of
the longest axis, &c.), while there is none upon a
spherical surface, each considered as the abode of
some intelligent bi-dimensional beings. This obvious
state of things was, to my knowledge, first pointed
out by Clifford.*

Let us then contemplate our spacctime as a four-
fold of constant curvature (K), having throughout
the same curvature radius R, that is,

R=+/K1 if K>0,
or

R=+-K1, if K<O,
and, of course, R = oo, if K = 0.

Whether this world-curvature K is at all sensibly
different from zero, and if so, how big it is (in positive
or negative reciprocal acres or square miles, or
square parsecs), is not a question to be decided by
the mathematician alone, sitting at his writing-desk,
but by (him jointly with) the observing astronomer,
and to a certain extent, also the experimenting
physicist.

It is exactly the purpose of this book to find out
whether there are reasons weighty enough to dis-

criminate between K % 0 and to place the value of

the world-curvature between certain numerical limits.

* W. K. Clifford, The Common Sense of the Exact Sciences, 5th ed.,
London, 1907, p. 222.
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It is this problem which in the title is briefly referred
to as the determination of the Size of the Universe.

In approaching it, our next task will now be to
put the projectivity or, equivalently, the constancy
of the curvature of our spacetime on the whole, into
a form indicated by the use of those generally co-
variant mathematical entities, the tensors, which
were explained in the preceding pages.

Imagine a (three-dimensional) pencil of infinitesi-
mal, co-initial vectors or point-pairs, say with O ()
as common origin and P (z +dx) as endpoints, where
z is written, summarily, for x,, x,, 5, 2,. As alrcady
stated, the first-rank contravariant tensor or vector
dx, (¢ = 1, 2, 3,4) has no invariant of his own, no
‘size’ or ‘length’, and this continues to be true even
if we agree to consider it as the (directed) element of
a projective straight line in a projective four-space.

The various vectors issuing from O, say ()Fl, OP,,
&c., have nothing (but the origin) in common with
each other. We may say of them only that they
differ in ‘direction’, while there is nothing like ‘size’
or ‘length’, with respect to which they could be
compared with cach other as to equality or non-
equality.

Let us, using a figurative language, imagine the
worldpoint O surrounded by an infinitesimal projec-
tively constructed quadric, of course a three- not
two-dimensional locus of worldpoints, as standard
hypersurface, very much as in the case of a projec-
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tive threc-space.* The equation of such a hyper-
surface, very much as that of a conic, in z,, &ec.,
considered as projective coordinates, say, is of the
sccond degree, and, if gy, ¢5,, &c., be some functions
of the coordinates z of the origin alone, it can be
written

Ii1 A2} -+ 29 da duy + ... + gy da] = const.,
or briefly, using the previously explained summation
convention,

Gure d, dx,e -~ const. == ds?, say.

All infinitesimal vectors drx, drawn from O to this
hypersurface will now be declared cqual to cach
other as to size or length, their squared size or norm
being denoted by ds*. This, unlike ordinary geo-
metry, need not necessarily be positive, but may as
well vanish or have a negative value. If it vanishes,
cach of the corresponding vectors (all vectors of the
pencil under consideration) is an element of a singular
or a light line, representing light propagation, that is;
and if positive (with certain clauses as to the sign
of gy, &c.), an element of a possible world-line of a
particle or a time-like vector; finally, if negative, a
space-like vector.

The coefficients ¢, themselves, clearly subject to
the condition g, =g «., may, thus far, be any func-
tions of the coordinates, in general that is, ten

* For details of such a treatment concerning, explicitly, space-
time itself, sce my paper quoted on p. 36.
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mutually independent functions of all the four .
Yet, cven at this stage a certain limitation of these
ten coefficients can be noted. In fact, we will
naturally claim for the equation of this gauging
hypersurface the general invariance, i.e. indepen-
dence of the choice of coordinates in which it is
written down. In other words, the quadratic form
ds® =g, de,de, . . . . (10)
is to be a general invariant, a scalar or zero-rank
tensor.

Now, dx, being a contravariant first-rank tensor,
this requirement can be satisfied only if g, is a
covariant second-rank tensor. In fact, it can readily
be proved, that if the inner product A,.B'B“ is a
scalar for any contravariant vector B*, 4,, must be
a tensor, covariant of rank two. And such, exactly,
is the situation in our case.

Thus ¢, in the quadratic form (10), called also most
commonly the (squared) line-element, is a symmetrical
covariant tensor of rank two.

We can invert the order of this reasoning and, in-
stead of claiming at the outset the invariance of that,
i.e. of some quadratic form which is to represent the
size of the vector dz, or the distance or interval be-
tween its origin and endpoint, we may say that a
certain symmetrical second-rank tensor g.. is being
impressed upon the spacetime as a ‘fundamental’ or
metrical tensor (field), converting it into a metrical

world, very much like we speak of an electromagnetic
3637 G
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six-vector impressed on a space and convertihg it
into an electromagnetic field. Then g,.dxz, dz, will
be an invariant.

At the same time, of course, all other contravariant
vectors, say 4*, which hitherto had no invariant, will,
with the aid of g,., acquire one, viz. g, 4'A", the
normor squared size of 4°. Similarly,any symmetrical
second-rank tensor B'“ will now have the metrical
invariant g, B**, the inner product (twice contracted)
of the two tensors.* Again, any tensor of second or
higher rank will lead to other tensors metrically
associated with it, as c.g. g“(B‘)‘ == Bﬁ, a mixed
tensor associated with the purely contravariant B
Similarly g, B* = B, is a covariant vector, the con-
jugate of the contravariant vector B*, and so on.

In what follows the determinant of the g¢,, will
be denoted by g, and the minors of g divided by ¢
itself will be written ¢**. These, as can readily be
proved, form again a tensor, contravariant, of rank
two and, of course, again symmetrical. This may
be called the associated metrical tensor. It goes
without saying that ¢*“ fixes the metrics of the world
quite as well as g,.. The associated tensor can again
be used to derive from a given tensor other, metrically
associated, tensors. Thus ¢'“ B, = B‘ is a contra-
variant vector, conjugate to B,. The conjugate of

* The clause "symmetrical’ has been inserted, for if Bt happened
to be a skew tensor, g;, B'2 = —¢,, B%, so that all terms in the com-
plete product would cancel in pairs, giving the uninteresting in-
variant g, B = 0.
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the conjugate can at once be shown to be identical
with the original vector. Again, ¢ A4,, will be the
metrical invariant of the tensor A4,,, and so on.
It will be well to recall here the important property
.(]LagLB :82, - e (1)
where 8% is the Kronecker symbol (usually written
84p), i.c. 1 or 0 according as a =B ora#f. It is
itself a tensor, mixed, of rank two, and may as well
be denoted by g8, 1tis the only tensor (of rank two)
having in all coordinates the same components 0, 1,
apart, of course, from a common scalar factor. The
angle § between two comitial infinitesimal vectors
dir,, dy, is defined by the invariant
_ G da, dy
cos 6 = du.dv > = 7 (12)
where du? = ¢, dx,dx, , dv?® = g,,.dy.dy, are the norms
or squared sizes of these vectors. Thus, orthogonality
is expressed by g..dx,dy,. = 0. 1f J is the Jacobian
ox,
?390,;
from the x to the &’ coordinates, the determinant g
is easily shown to be transformed into
g =J¥, . . . . . (13)
whence it follows, by a known theorem on trans-
formation of integration variables that the (quad-
ruple) integral
[V/gdx (where dx stands for da, dx, dx, dx,) (14)
extended over any world region is an invariant of,
or metrically impressed upon, that region. This,

(determinant) l corresponding to the passage
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apart from a numerical factor such as 4/ —1 (to
ensure reality), is called the volume of the region or
portion of the world.

Again, and this is especially important, with the
aid of the metrical tensor, g, or ¢**, an unlimited
number of new tensors can be derived from given
ones by appropriate differentiations. Here it will be
enough to quote some of the most useful differential
tensors without stopping to prove their tensorial
character. This the reader can supply from any
text-book on general relativity or of abstract tensor
analysis.

Thus, the most simple (though not the oldest-
known), and nowadays perhaps the most funda-
mental, metrically differential tensor is that dis-
covered (in 1869) by Christoffel, the precursor of
modern Tensor Analysis. This is the covariant deriva-
tive of a covariant vector 4,, which is again a co-
variant tensor, of rank two, and can briefly be
written

Aw=220-tan . .. (9)
where the coefficients of the A, are Christoffel sym-
bols of the second kind defined by

=g l=0 . . . (18
the square brackets being Christoffel symbols of the
first kind, viz.

og, p 0F.i
k] 1 e 17 o I 7% 17
IR ) B AR ()
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Notice that both symbols are symmetrical in the two
upper indices. Also that neither symbol is a tensor.
Similarly,

7]
is the contravariant derivative of the contravariant
vector B‘.

There is an intimate relation between these co-
variant and contravariant differentiations and the
‘parallel shift’ of a vector, a concept and a process
discovered by Levi-Civita. This is also extremely
interesting and beantiful on its own account. Yet
in view of space limitations (and in order not to
deviate too much the reader’s attention from the
main subject) it will not be dwelt upon in this
book. ,

Similar differentiations of tensors of the second and
higher orders offer no serious difficultics. It will be
enough to mention that if 4,, be any covariant
second-rank tensor,

2 L
BM:¢AFf+mﬂBﬂ L .o8)

Oie oM Ao (N A . . (19)
ox)

is again a tensor, covariant, of rank three, the co-
variant derivative of A,,. 1t may be well to memorize
in this connexion that the covariant derivative of
the metrical tensor itself vanishes identically,

Gua=0.. . . . . (20
Two more differential tensors, always implying
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gue or its determinant, are: the divergence of a six-
vector (skew tensor) A4'*,

A = Div (4*) = \/ o (\/g . (21
which is a contravariant vector, and the scalar diver-
gence of a vector B,

. Ky __ 1 0 . Rk
dw(B)~;/g"6xK(\/gB)’ .. (22)

an invariant, of course.

It is useful to introduce for the covariant dif-

ferentiation a brief symbol. Let this be

0 b
D = oz, dxe’

where 8 is the symbol of variation of a component
due to an infinitesimal parallel shift in Levi-Civita’s
sense of the word. (Cf., for instance, my Theory
of Relativity, 2nd ed., p. 352, where the awkward
‘divisor’ dz, is fully explained.) Such being our con-
vention, D) D, will, of course, stand for an iteration
of this operation. And it is important to notice
that covariant differentiations are, generally, non-
commulalive.

After this preamble we may explain here in a few
lines the structure and the significance of a very
important metrically differential tensor, in fact the
oldest, historically (viz. of 1861, when it was dis-
covered by Riemann in connexion with investiga-
tions on heat conduction). This is the now commonly
so-called Riemann-Christoffel tensor, which, however,
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may more briefly be called the curvature tensor of the
manifold, in our case of spacetime or, better, of the
metrical field g,, impressed upon it. It is a mixed
fourth-rank tensor, say R%\, and can be most briefly
defined by writing down the equation

PaAD—D D)4, = REa 4., . (23)
which is to hold good for any (arbitrary) covariant
vector 4,. This, when fully developed, in terms of
Christoffel symbols, gives for the curvature tensor
the expression
Rip = o (B0 18 v ofy - (5120
It can be shown that this mixed tensor is antisym-
metrical in its lower indices a, 8. Bernhard Riemann’s
own system of so-called four-index symbols (yu, Ax)
is a purely covariant tensor, metrically associated
with the last-written one, viz.

(‘P: AK) = RL;:,)\K = Jpa Ricx, .. (25)
whence follows R%) = g** (e, Ac). The latter ten-
sor, denoted by {.a, Ac}, was also known, and used in
pure geometry, a good many years, viz. by Bianchi,
and others. Riemann’s symbols, (25), are antisym-
metric in «, A, that is, (, xd) = — (i, Ax); three
more identical relations hold, (i, xkA) = —(ut, «A),
(s kA) = (KA, ), and (i, kA) + (A, prc) + (ue, Ap) = 0.
Such being the case, it can be shown that there
are, in an n-fold, § n*(n?-1), and thus, in our
world, only

d

L4423 1) = 20
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essentially different Riemann symbols left. This,
therefore, is also the number of independent com-
ponents of the curvature tensor Rf.. Notice in
passing that as urface (twofold) has but one, and a
three-space siz such curvature components, and that,
in the former case, the essentially unique component,

divided by g, say
k=021 gy
/)
is the Gaussian curvature of the surface, familiar from
differential geometry. Needless to say, this ‘curva-
ture’ (originally defined as the reciprocal product of
the two principal curvature radii) is an ntrinsic
property of the twofold itself and does by no means
require us to imagine that that surface is ‘curved in
some three- or more dimensional space’.* In fact,
K can be evaluated by purely intrinsic, bi-dimen-
sional observations or measurements, as, e.g., by
measuring the excess of the angle sum in a com-
paratively small geodesic triangle and dividing it by
its arca. As to the invariance of the curvaturc of
a surface (with respect to any transformations of the
coordinates), as given by (26), this follows at once
by noticing that (26) is proportional to
g g (u, Ae) = g*# g™ Riuae = R, say,
* This trivial remark has seemed worth making here. In fact,
1 well remember that some five years ago a university professor of
theoretical physics asked me, after a lecture on these and allied

questions: ‘If, as you said, space is curved, in what is it curved ?’ I
retorted, of course, that it need not have anything to be curved in.
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and this is the invariant of the curvature tensor, for
any number of dimensions.

But to return from this bi-dimensional example to
our fourfold, the spacetime. In this case, as we saw,
the curvature properties can no longer be expressed
by a single magnitude but require for their complete
description the whole curvature tensor R/p or the
associated system of Ricmann symbols; in either case
twenty independent magnitudes. The familiar con-
cept of Gaussian curvature must now be replaced by
that of Riemannian curvature. Even this has been
introduced, for manifolds of any dimensionality, quite
a long time ago. Here, therefore, it will be enough to
give a terse explanation of Riemann’s concept.

Consider two fixed vectors du,, dv, and the pencil
of vectors

dx, = adu, +bdv, ,

all co-initial at O (x), an arbitrary worldpoint. With
each of these as initial (directed) element, draw a
geodesic line (defined by & [ds = 0; cf. infra). Thus
a geodesic surface will be generated, determined by
O itself, one of its points, and by its orientation,
which can be taken as given through the oriented
surface element

P dugdvg — dugdv,
or, equivalently, through the local surface normal to
be marked by v. The metrical tensor, say

bk (hu, hlz = hzl ’ hzz)

of this surface as sub-manifold of the world will be
3637 H



50 THE SIZE OF THE UNIVERSE

determined by the tensor g,. of the latter. Now,
with that tensor, %, , imagine the Christoffel symbols,
of both kinds, and the Riecmann symbols constructed,
distinguishing them by the subscript A. Then the
ordinary, Gaussian, curvature of the geodesic surface
at the point O will be, as in (26),
K, = (%h—m—)", b= |huc| = hyyhoy — 135
Well, it is cxactly this perfectly familiar entity which
is defined by Riemann as the curvature of the manifold
(in our case, the world) for the orientation v of the
geodesic surface at O, or of its infinitesimal portion
(element) ¢*f. In other words, Riemannian curva-
ture is the totality of Gaussian curvatures K, at the
point under consideration. To complete the inquiry
it is enough to express (12, 12), and the determinant
h in terms of g,, and the pair of vectors du,, dv, fixing
the orientation v. The result is

K, = — (‘_&K’_"_)_"‘,ALK’L_ .. .21

(9exIrp — Gepgark) 0** o™

to be summed only over « << A and « < . Whence we
see that the vanishing of all symbols (:A, xu), and
therefore also of all components of R4, is the suffi-
cient condition for homaloidal (Euclidean) behaviour
of the manifold, the curvature K, vanishing for all
orientations, and all geodesic surfaces being Euclidean
planes or developable upon these. This is equivalent
to a famous theorem due to Lipschitz. That the
vanishing of all Riemann symbols (e, «u), twenty in
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our case, is also the necessary condition for a homa-
loidal manifold, is obvious.

In general, a manifold, e.g. our spacetime, espe-
cially in the presence of matter, may be anisotropic
as well as non-homogeneous with respect to its curva-
ture properties, i.e. K, a function of position and
of v. If, however, K, happens to be isotropic at
every point, then the curvature has also, as has been
shown by F. Schur, the same numerical value K
throughout the manifold. Thus, by (27), the necces-
sary and sufficient condition for isotropy as well as
constancy of Riemannian curvature becomes

(A kp) = K (G Jap — Gopgir)s - - (28)
which amounts to ;n? (n? — 1),and in our case twenty,
independent equations. In terms of the mixed curva-
ture tensor, by (25), this condition is

Rl =K (Sﬁgm “Sggm)’ .. (28(1)
K being a given constant.

To close these lengthy sections on curvature, we
may note that the tensor Rf.), being mixed, can be
contracted, say with respect to a, A, giving the (sym-
metrical) second-rank tensor

BR,.=Rl, . . . . (29
which, together with its invariant R = ¢'“ R, ., iden-
tical with the aforesaid g*#¢** (y, Ax), is of consider-
able utility in connexion with (relativistic) world-
questions.

Before returning to our main subject (and espe-
cially to our next task, that of determining the
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properties of the world on the whole) we must rapidly
recall that all this world-geometry as developed in
the preceding sections would be a mere abstract
mathematical (logical) science, of considerable beauty,
no doubt, but without any interest to the physicist
or the astronomer, were it not for the two bridges
(built by Einstein) connecting it, as it were, with
physics or transforming it into what the logicians
call a ‘concrete representation’ of that lofty, abstract
geometry. These bridges, or physical interpretations
of the geometrical properties of our manifold, are the
two (fundamental) laws or postulates of General
Relativity:

(I ds = 0 to express light propagation,

and

(II) 8fds = 0 to be the law of motion of a free particle.
In words: (I) The minimal (or singular) lines of space-
tvme are lightlines, and (I1) The geodesics, in general,*
are worldlines of free particles. All further explana-
tions as to the meaning of these postulates and their
implications can be read up in any good text-book
on general relativity.

We are now ready to proceed with our subject, i.c.
to fix the metrical tensor g,, for the world- or space-
time at large. This will occupy our attention in the
next part of the book.

* Since it can be shown that a minimal line is but the limit of a
free particle’s worldline, viz. when its speed tends to that of light.



PART II

SPACETIME AT LARGE. EINSTEIN’S AND
DE SITTER’S SOLUTIONS

WE were trying, in Part I, with the least possible
bias, to impress upon the amorphous world a tensor
converting it, on the whole, into a metrical space-
time, viz. giving size or norm,

ds? = g dxdre, . . . . (10)

to any vector, and herewith also to other higher
tensors. The situation, thus far developed, is this:
We have, with good reason, made up our mind to
accept the homogeneity of spacetime on the whole or
‘at large’, that is to say, in regions remote from
massive bodies, and the question as it now stands
is: What is the tensor g,, which will ensure this
behaviour ?

Now, if we knew, or had good reasons to assume,
that spacetime is not only homogeneous but isotropic
as well, the answer would—so to speak—jump into
the eyes. For then, in fact, would we know, by
Schur’s theorem, that spacetime is a fourfold of con-
stant curvature. But this we do not know. For,
according to that theorem an everywhere isotropic
manifold is also homogeneous as to curvature, but
a homogeneous one need not necessarily be isotropic.
In fact, the curvature invariant R = ¢g** R, may well
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have the same value throughout the manifold, and
yet can the Riemannian curvature K, depend,
everywhere, on orientation.

Now, of space (three-space) alone, and always at
large, we certainly have good reasons to assume that
it is not only homogeneous but isotropic as well.
But to assert the same thing of that modern ‘union’
of Space and Time, the world or spacetime, we
scarccly have any physical reason at all, except the
longing for ‘symmetry’—which, however, is a purely
mathematical or, if one so prefers, aesthetical require-
ment. This, however, is not meant to be a book
on Aesthetics but one on Cosmology or the actual
Universe as a whole.

In fine, we do not know that spacetime, even ‘on
the whole’, is isotropic. On the contrary, for the
unbiased mind there is scarcely a pair of things
more different than the (or a) space-axis and the
time-axis,* considered as two ‘orientations’ v im-
plied in K,. Yet, what primitively (psychologically)
differs may, by drill and education, become com-
parable, nay equivalent, coordinated to each other.
And we will thercfore leave an open mind as to
the isotropy of spacetime as a possibility, that is to
say, as an assumption whose consequences may per-
haps be found not to clash with experiment and
observation.

* Just think of (1) passing ‘in no time’ from here to Andromeda
(nebula); (2) waiting for the coming of a friend an aeon, where you are.
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As a matter of fact, there are in our days but two
serious rival theories abroad, of spacetime at large,
that is, and of these one (de Sitter’s) s, and the
other (Einstein’s) is not isotropic. We will come to
know both in some detail presently.

To sum up the remarks thus far advanced, we
may say that the problem consists in determining
g.« 80 as to make the world homogeneous, at any rate,
and possibly also isotropic. This, then, will be our
requirement to be imposed upon the metrical tensor,
and will have to be used for fixing it.

Here, however, my readers, those at least who are
conversant with Einstein’s general relativity theory,
might object, claiming that the determination of the
guc at large should be such as to satisfy Einstein’s
differential equations of the gravitational field,i.e. with
the (1916) cosmological amplification and with 7',
written for the tensor of matter,*

Ry-Ague= -k (Tue—%guT).. . (29)
For, in accordance with the spirit of that powerful
theory, the ‘world on the whole’, or a region devoid
(approximately) of gravitational pulls, should be
treated just as a particular case of the general
gravitational field. And if so, our g, would have to
be determined so as to satisfy these equations (ten
in number).

* For details see, e.g., my Theory of Relativity, 2nd ed., p. 478.
In (29) the coefficient A of ‘the cosmological term’, as Einstein calls
this 1916-innovation, is meant to be a conmstant (independent of
1y Loy Ty &,), but so far left undetermined as to its numerical value.
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The rejoinder to such an objection, however, is
that we are so confident in the world’s homogeneity
and, to a lesser extent, in its isotropy, that we
prefer to build up the desired tensor g,, in conformity
with this property and then only find out whether
and how * the gravitational field equations can be
satisfied by this tensor.

Now, if homogeneity only is assumed, without yet
prejudicing the question of isotropy, we could claim
only the constancy (in a certain coordinate system)
of the twenty independent components of the full
curvature tensor R}, as given by (24) or, less
stringently (say, with the excuse that these are not
separately observable), of the ten components of the
contracted curvature tensor, which can be written
(Theory of Relativity, pp. 386 et seq.), say, in or-
thogonal geodesic coordinates, ‘

-R“( — La} - _ {LK}

1 O"Qaa O0Fxa d.]l.a d (]uc , (30)
=1 e _ -
| ox,0x, ()xa ox, 6xK
to be summed over a, of course. Thus we %hould have,
for the determination of g,,,
é)2gtza 0 391«; d(/aa o> s
- +- 2 = Cuks
O, 0xc O\ Oz, O T ooat T O
where ¢, arc (ten independent) constants or, sub-
jecting (without any loss to generality) the expres-

* Say, for what value of the parameter A which, thus far, is at our
disposal.
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sions Gxq = gxa — %% gv» to the four conditions
09:a /0% = 0,

%2—1‘3" = ¢« (in imaginary coordinates, see loc. cit.)
@
or, in real coordinates,

o2
(V2 - aﬁ) ik =Ck, - o . (31)
1

where V2 is the usual symbol of the Laplacean
02/0a% +0%[0xs +9%[0x%, so that [ = V2-02/0x}
is the Dalembertian, familiar from the wave equation.
We might reduce even this apparently simple system
of (ten) equations, viz. by putting ¢, = 0 for ¢«
(again without actual loss to generality), which
would leave us with only four, mutually independent,
equations

Og.=c¢, . . . . (3la)
with four constants ¢, =c¢,., ¢ =1, 2, 3, 4, for the
four tensor components g, = g,,. Each of these is the
well-known wave equation (made non-homogeneous
by the accession of the constants c,), which has been
completely integrated a long time ago, so that the
desired solution would seem to be ready for use.
Unfortunately, however, that system of equations is
only apparently simple, for the geodesic coordinates
x;, &c., used in this investigation are, ultimately,
local coordinates (cf. loc. cit., p. 387, and Chapter XI),
performing their duty just only at the contemplated

worldpoint, their origin, and are, in general, to be
3637 I
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replaced by others and others when one passes to
distant regions of the manifold.

This result, based on the assumption of homo-
geneity alone, could not carry us very far in our
quest, and the corresponding determination of the
9. can be more easily accomplished by solving the
gravitational equations (as, historically, has been
the case). This will be explained presently.

If, on the other hand, isofropy (implying also
homogencity) of the four-dimensional world at large
is assumed, the solution sought for follows almost
at a glance. In fact, as we saw, cvery isotropic
manifold of Riemannian curvature K, = K = const.
is characterized by the differential equations (28) or
(28 a) as necessary and sufficient conditions, twenty
in number, for the ten unknowns ¢,,. If we contract
(28 @), writing Ri, = R, the result will, clearly,
still represent a necessary but in general not a suffi-
cient condition of isotropy. Keeping this well in
mind, contract (28 @) putting A = a and noticing that
83 = 1+14+1+1 = 4, while 8%g,, is just g,,. Then
the result will be, for all combinations of , «,

Ry= -3K¢ue, . . . . (32)
which reads: the contracted curvature tensor of an
isotropic world is proportional to its metrical tensor.
Now, apply to (32) the magic process of contraction
once more. Since ¢'*g,, = 4, this will give, for the
curvature invariant (R = ¢'“ R,,),

R=-12K; . . . . (33)
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the curvature invariant is thus seen to be twelve
times the negatived Gaussian curvature (K) of any
geodesic surface laid through the isotropic world, and
the necessary condition of its isotropy, implying also
homogencity, becomes

uc = 4Rgu<, R = const., . . (34)
or, yet more simply,
R =}3(R
which reads, explicitly,
Ri=R}=R}=R{=1R,. . (34a)
all other components of this mixed tensor
(B = g"* R.a)
being nil. The more stringent, sufficient condition of
isotropy, (28 @), can now be written

R a .
Rl = 13 (8?\ Gur — Ok gth)- .. (35)

Taking first the necessary condition, introduce the
values (34) of R, into the general equations (29) of
the gravitational field without yet prejudicing the
question whether the tensor of matter 7., = Ty
does or does not vanish at large, or outside of lumps
of condensed matter. Then

(AR-2= T gue = — T

whence, multiplying both sides by g¢'“, contracting,
and recalling that ¢'“g,. = 4,

R—-4)X=«T°, -

* The factor « is the gravitation constant multiplied by 87 and

divided by the square of the ‘light velocity’, 3.10'° em./sec., say
= 8wkl
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and if this be introduced into the last equation,
G = 410, /T0.

Notice that, B and A being constant, so also must, at
any rate, be 70, the scalar of the material tensor
which (apart from niceties) is simply proportional
to the density of matter, or of energy. This con-
stancy of 7' might, of course, be predicted from the
assumed homogeneity of the world at large.

To sum up the last results, we have, as the neces-
sary conditions of isotropy,

4R, 4T}
Jue = R £ = “TOK (36)
and
A=1(R-xkpy), . . . . (37)
where p,, the density at large, has been written
for T'°. ,

Thus, if the tensor of matter, and therefore also its
scalar p,, vanish at large, Einstein’s gravitational
equations are fully satisfied by taking

A=1R, . . . . (389
while the last term in (36) is and remains indeter-
minate (0/0), and we are left for the determination
of the g,, with the equations

1;;’(' = %gcx-
These are ten differential equations, of the second
order, for as many g,.. Without any loss to generality
we can choose the coordinates so as to annihilate all
but the diagonal g’s, which can be written briefly
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gu = 91, &c., gu = go. Such also will then be the
case of the R,,, and the system will be reduced to
the four equations

R
R‘_Zg"' B 1))

To satisfy these, it will be found sufficiently general
to put (in quasi-polar coordinates z, ¢, 6, and ct as
Ty, Xy, Xy, %)
g =1 (), g = — 2%, g3 = —a®sin® ¢, g, = g, (%), (40)
where g,, g, are functions of x alone, whose form is to
be determined. This is equivalent to writing, for the
line-element,

ds? = g, dx® — 2% (dd? +sin® ¢d 62) + g, c2dt®.  (40")
With these values, and the abbreviations A, = log g,,
hy = log g,, the components of the contracted curva-
ture tensor become

L h , , b
R, :-é- + f(hr'hl)—;l,
— 'R3 — _1_ 1 &€ r_h
R =-’£*{Rl+hi+—hi}, . (41)
91 z
where b = dh,/dx, &c. The equations (39), with
12
R=-12K=+g%. . . (4

now assume the form
h/r hr , , hl 3
(@) '% + ;‘f(h«t—hl) - —591 = 9—1-2!]1,

* This by (33), and with R written for the curvature radius.
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1 x,, .. _ 3a°
®) 1+§;{1+2»(h4—h1)} =
(By = ggs says the same thing),

1, .. 3
(c) R1+:;:(hl+h’4)=;ﬁ§gl'

From (a), (c), follows at once Aj+h; =0 and
¢:1 94 = const., and since a constant factor can always
be thrown upon the time unit, one may as well write

9190 = — 1.
Thus (b) becomes
d 1 3z .
— (g, =D+ =(g,—-1 — = .
. (ga— 1)+ x(g4 )+ %2 0, (43)

which is of the well-known form of Euler’s equation
and has for its most gencral or complete solution

G=l-gm-—> - - . (49
where 2L is an arbitrary constant. This general in-
tegral is of interest in connexion with a mass-centre,
giving in fact the gravitational field around such a
centre or say a spherical body, outside the body itself.
It has, accordingly, a singularity at 2 = 0; the origin
of the space coordinates. It may be useful in the
sequel. At the present moment, however, we require
the (metrical, or gravitational) field at large, and are
thus concerned only with the particular solution
for L = 0.

This is : z2
9s = 1- 5%'5 ’
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and gives also at once the remaining unknown
g, = - 1/g,. (That all three equations, (a), (b), (c), are
satisfied by these g,, g,, can readily be verified.) It
is convenient to put

. r
z = Rsino, T =5

both, R and r, having the dimensions of a length,
the latter of which will play the role of the radial
distance from the origin. With this new variable
we have

2 1
= COS* y = - . .
0 5o 0 cos? o
Ultimately, therefore, the required metrical tensor
is, by (40),
1
= - = —R2gin? = g, sin?
N coso’ J2 sin%o, gy = gy8in® ¢,

gs = cos®a, (45')
or, equivalently, the line-element, since g,dz? = —dr2,
ds? = cos? 0. ¢ di? — {dr2 + R?sin® o (dp* + sin® $d6?)},

T
o= (45)
or
ds? = cos?o. c2di? - di2,

where di? = dr? + R? sinzz% (de? +sin® d 62) is the well-
known line-element of a three-space of constant posi-
tive curvature R~2 or, in technical language, of an

elliptic space of curvature radius R.
This metrical tensor, or line-clement (45), is de
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Sitter’s solution, obtained by him,* as an integral
of FEinstein’s gravitational equations, by another
method.

The reader will remember that (45) was so con-
structed as to satisfy only the mecessary condition
for world isotropy, viz. the contracted equations (34).
But it so happens that it satisfics also the sufficient
condition, that is to say, the original set of equations
(28 a), re-written in (35). In fact, taking again an
orthogonal system of coordinates in which, that is,
only g, = gy, &c., survive, those equations split into
four groups,

R = E(Sﬁgk 5%g.) =0 (for ¢ = x = \),
Roey = ff P 40x (foru =k £,

T L (5290 -8%g,) =0 (for 1 x = ),

Rl =0 (for ¢, , A all different).
Thus the only surviving components of the curvature
tensor belonging to an isotrapic world are

r, R
-Rmu\ = 12!]«, K#:A;

not to be summed over the equal indices. Since the
right-hand member does not contain the A, these
equations mean simply that

R
qu = Rlcxz = -Rmc‘; = Rlluq = l—zgx

* W. de Sitter, Monthly Notices Roy. Astr, Soc. for Nov. 1917.
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and, since « # A, the values of « in the first term are
2, 3, 4 only, in the second 3, 4, 1, and so on. Ulti-
mately, therefore, the necessary and sufficient con-
ditions of isotropy are

Rlyi, Ry, Blyy = (92 95 94) R

R3sy, Rise, Rito = (93, s .‘h)m—z

R}ys, Rz, By = (90, 015 92) ER-*

Riyy, Risy, Riz = (1, 92 ga)iR"
It will be enough to show explicitly that two or three
of these twelve equations are satisfied by (45), let us
say the first and the last. Now, substituting the
tensor (45'), with z, ¢, 0, ct as z,, z,, x, x4, one finds

d 9 a‘g
- -y =29
Rhy = - 2 (%) enien - o = 50

— P _ T _ 9
- %xgli - = g“z - Eﬁé ’
so that the first equation is satisfied. Again,
P 22 sin?
Rz = - {3 {P = giosin?d = - w2 ¢ gg:

which is the last equation. Finally, and this has
seemed particularly instructive,

Rl = — { S+ -0

=} [+ 3Ry (hy = Ry)],
and since g¢,¢,= —1, and therefore, h; = -hy,
3637 K
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hy' +h? = g4'|g,, the tenth of our array of equations
becomes
g9 = — 2[R

its complete solution is g, = A + Bx — 2?/R?, and since
gy = lforx =0,

gy = 1 —2*/R2+ Be,
where the integration constant B remains arbitrary.
If we put B =0, then g, =1—a?/R?, as above.

The verification of the remaining ten equations
may be left to the reader, though it is scarcely neces-
sary. In fact, a much simpler proof of the complete
isotropy of the tensor under discussion can be given
by showing that the corresponding line-element, (45),
is identical with

—ds? = da} +da} +dad +dad +daf, . (457)
where the fifth coordinate is only an auxiliary,*
bound to the remaining four by the relation

x?+ad +ad+al+a? = R,
which is simply the equation of a (hyper) sphere in
a Euclidean or homaloidal five-dimensional space,
ds being the line-element of this spherical fourfold
(Kugelraum, as called by W. Killing). And that such
a fourfold is perfectly isotropic is seen without

* The reader will do well to drop it from his mind the moment it
has done its analytic service. This fifth coordinate is, to use a Slavie
proverb, as superfluous as * the fifth wheel of a car’. Five-dimensional
aspirations at physical or cosmological successes, in which some
modern writers, as Th. Kaluza, nay even Einstein, indulge, strike one
as naive. As a matter of fact, these modern excursions into the fifth
dimension never bore any substantial fruit.
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formal proof. (Details concerning the passage from
the form (45) to (45”), or vice versa, will be found on
p. 504 of my Relativity book.)

In fine, then, de Sitter’s world at large, characterized
by the metrical lensor
g, = —sec®o, ¢, =gs/sin®¢d = —Rsin?o,

g, = cos?co, (45)
or the line-element
ds* = cos?g.c?di®-dl2, . . (45)
1mpressed upon the primitive spacelime, is perfectly
1sotropic, as well as homogeneous.

The rival solution, Einstein’s world, which we will
now go on to consider, does not possess this (mathe-
matically) precious property. It is no more isotropic,
as a fourfold, than is a cylinder, as a twofold. In
fact, most writers refer to it as the cylindrical world
(while de Sitter’s may convenicntly be termed a
spherical world, in spite of the fact that in (45")
three terms only are positive, and the remaining two
negative).

Einstein himself has arrived at his world, or its
line-element, in the following way.

Having originally claimed for the world at large
the special-relativistic behaviour or the Euclidean
line-element
ds? = c?d? + (da} + dad +dad), ), %y, %3 =1(2, ¥, 2),
i.e. the metrical tensor g, = 87, he has about 1916 *

* (juided, in part, by Ernst Mach’s principle of Relativity of
Inertia.
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worked himself up into aradical dislike of this infinite,
homaloidal manifold, and not being able to dictate
to us satisfactory conditions ‘at infinity’, cut the
matter short by declaring space to be finite, Rie-
mannian, or spherical. Thus did he, at first, simply
replace the Euclidean (space-) linc-element
dr? +7% (d¢? +sin® ¢d6?) = da? +dy? +dz*
= —(dx}+...)
by the spherical, more appropriately, elliptic line-
element
dl? = dr?+ R%sin? o (d$? +sin? $d62), o =71/[R,

with R as the curvature radius of that three-space,
and wrote down accordingly, in his Kosmologische
Betrachtungen of 1916,

ds? =cxdi*-dI?, . . . . (46)
to hold for the world at large, that is. The procedure
was a bare subtraction of an eclliptic spacc-element
(squared) from the squared time-element. Having
constructed this ds? or the equivalent tensor g,., he
then hastened to support it by, and to harmonize it
with, his original gravitational field equations,

-Ruc = —K (TLK - % 9ok 1’)

And since (46) would not fit these, he amplified them
by inserting ‘the cosmological term’ —Ag.,, with A
a ‘universal constant’, thus arriving at the equations
quoted above, under (29). This change, necessary to
suit a finite, closed space, was actually suggested to
him by the modified Newtonian potential Q = e~"v4/r
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used by Carl Neumann and discussed (1896) by
Seeliger in connexion with the olden difficulties of
an infinitely extended distribution of matter, the
correspondingly modified Laplace-Poisson equation
being

V2R -AQ = —4nkp.
But let us proceed with the subject. Einstein’s
amplified equations (29) give at once B —-4A = «T,
and they can therefore be written

Riu-3B-20gu = —«Tuc.. . (29)
Now, Einstein assumed that the tensor 7', at large,

i.e. outside of condensed matter, is reducible in a
certain system, viz. that in which (46) holds, to

Ty=pyp=-const.. . . . (47)

as the only surviving component. But substituting
in (29°) this tensor for 7', and the values of K,

and R corresponding to (46), i.c.
2 ey Ru=0, R=05 (i=1223)

R, = ;jt'“ggii’ 52

onc finds the four equations

A-R"2g, =0, (3/R*=A)gsy = kpy, . (48)
where the ¢’s are as in (46). Now, the first three of
these equations are all satisfied by A = 1/R?, and
since g,, = 1, the last equation leads to 2/R? = «p,,.
Thus, Einstein’s new equations (29’) assume the form

2
Ruc“%<R" ;ﬁ)gm = —KTLK’
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and the curvature of the world at large (which, apart
from the sign, is also that of the elliptic space) be-
comes proportional to the uniform density of matter
prevailing on the whole (which Einstein considers as
the actual mean density substituted in a kind of
approximation for the granular mass distribution,
the ‘grains’ being stars or even nebulae or galaxies),

to wit
47k

9%53%"!’02 2 Por o (49)
Notice that the absence of matter at large or, from
Finstein’s approximate macroscopic point of view,
a vanishing mean density, p, = 0, would imply
RN = oo or an infinite, Euclidean space. Einstein in-
sists, however, on p, > 0.* Since the volume of the
elliptic space (of the polar, not the antipodal kind as
imagined by Einstein) is #2R3, the total mass of the
universe will be, in astronomical units, M = kpym?R3,
and therefore, by formula (49),

M:’_;f_'m, .. .. (50)

which reads: mass of universe proportional to its
radius and, of course, vice versa—a quaint relation
which Eddington delights to express by exclaiming:
‘The more matter the more room!’ This slogan
seems to have been picked up by the U.S.A. street-

* He scarcely has any convincing reason for this tendency. In his
Princeton Lectures, for instance, he says of py = 0, that ‘although

such an assumption is logically possible, it is less probable’ than that
of a finite p;.
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car conductors (at least those of Rochester, N.Y.),
who please their directors by adopting the principle:
The more passengers, the more room—in which they
are stoutly supported by the clasticity of American
ribs and the general docility of the public.

Apart from jokes, there is of course nothing absurd
in this striking relation (50). Another question is,
of course, whether it actually holds or whether it
can at all be proved or disproved. We will soon find
good reasons for believing that the answer is in the
negative. Mecanwhile let us notice that the elimina-
tion of the curva