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PREFACE

Mathematical physicists are thoroughly familiar with Hamilton’s
dynamical method, but his optical method seems to be almost
unknown except by those interested in the theory of optical in-
struments and electron microscopes, particularly the theory of
aberrations. Certainly, although I had been familiar with the
optical method for over twenty years, I had hardly thought of it
outside that technical setting until quite recently I put this question
to myself: ‘Hamilton based his theory of rays and waves on a
variational principle (Fermat’s) in space, all three coordinates being
treated on an equal footing; what sort of a theory would one get by
applying Hamilton’s method to such a variational principle in
space-time, treating the four coordinates on an equal footing?’

To my surprise there emerged a general and completely relati-
vistic theory of de Broglie waves—relativistic geometrical mechanics
—with an attractive simplicity of form, lending itself readily to
visualization in space-time, the rays appearing as curves in space-
time (the histories of particles) and the waves as 3-spaces. It is the
primary purpose of this book to develop this theory systematically,
supplementing the theory which flows naturally from Hamilton’s
method with a process of ‘primitive quantization’ in order to be
able to deal with the interference of material waves. I have tried to
dilute the abstractness of the general theory by working out some
particular examples in detail. In the Introduction I have set out
what I conceive to be the status in physics of the subject as here
developed.

I wish to thank Professor E. Schrédinger, and also the Scholars
in the School of Theoretical Physics at the Dublin Institute for
Advanced Studies, for stimulating discussions of great assistance
to me.

J.L.S.
DUBLIN
9 December 1952
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CHAPTER I
INTRODUCTION

This book is intended as a contribution to ‘mathematical’ physics
rather than to ‘naturalistic’ physics, as I have elsewhere interpreted
those words (Synge, 1952).* Briefly this means that the creation of
a coherent mathematical theory, with assumptions clearly set forth,
is the primary object, physical interpretation in terms of experiment
being relegated to a secondary position. Nevertheless, the theory
has a close connexion with physical reality, and its scope and purpose
are best explained by comparing optics and mechanics.

In optics there exist two, and I think only two, coherent mathe-
matical theories; these we may conveniently call Hamilton’s theory
and Maxwell’s theory, although it might be better to say the
d’Alembert-Maxwell theory, since the useful and coherent theory
based on the scalar wave equation should of course be included
(cf. Baker and Copson, 1950).

Hamilton’s theory starts from a variational principle & |vds=o0,

where v is a medium-function or index of refraction, depending on
position and direction; and from this principle the theory constructs
the properties of systems of rays and of the waves associated with
them (extremals and transversals, in the language of the calculus of
variations). We need not think of anything as moving; the theory
may be regarded as a statical one, the rays being fixed curves in
space and the waves fixed surfaces. Neither wave-length nor
frequency is involved; the waves form a continuous set of surfaces,
not distinguished as crests and troughs. This theory, whether in the
form preferred by Hamilton or otherwise, has been the subject of
many books under the general title ‘geometrical optics’ and is the
basic theory used in the design of optical instruments, even if the
designer should use no more than the law of refraction for a ray,
since that law may be regarded as a deduction from the theory.
Maxwell’s theory starts from a set of partial differential equations,
and the solution of any optical problem involves the solution of these
* See references at the end of the book, p. 164.

SGM I



2 GEOMETRICAL MECHANICS

equations with assigned boundary conditions. Once the problem
has been clearly stated in these terms, the difficulties of solution are
purely mathematical. But these difficulties are great, and so the
number of exact solutions of Maxwell’s equations remains
comparatively small.

The great body of optics (we may call it ‘physical optics’) lies
between the theories of Hamilton and Maxwell. Hamilton’s theory
fails physically when the wave-lengths involved cannot be neglected,
whereas Maxwell’s theory is too elaborate and difficult in its exact
form. Physical optics takes Hamilton’s theory and extends it by
adding the concepts of wave-length, secondary waves and inter-
ference, justifying this procedure by semi-intuitive appeals to
Maxwell’s theory; by this I mean that complete boundary-value
problems are rarely solved—no one would think of doing so in
investigating the diffraction pattern at the focus of a telescope.
Physical optics, so understood, is essential to physics, being used all
the time by physicists who can find out what they want only by
means of it. It is not a coherent mathematical structure, and it
would be useless to try to make it one.

Thus we have in optics two coherent mathematical theories and,
in between them, a semi-coherent but very useful body of extensions
and approximations, and (one might add) outside them a semi-
coherent body of theory dealing with the photon.

As for mechanics, we see in the Newtonian theory of the motion
of a particle the analogue of geometrical optics and in Schrédinger’s
wave mechanics the analogue of Maxwell’s theory. All these are
coherent mathematical theories. But the analogy between New-
tonian mechanics and geometrical optics is completed only when
we supplement the former by thinking of waves in association with
the paths of particles. This completion was actually present in
Hamilton’s theory, since he made it so wide as to include both
corpuscular and wave theories of light, and in the former interpreta-
tion his surfaces of constant action are the waves in question. Thus,
since the time of Hamilton we have actually had what might be called
‘Newtonian geometrical mechanics’, based on the principle of

Maupertuis, § |vds=o0, where v is given in terms of energy by

4mv*=E—V. Furthermore, since the ray-wave relationship is
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merely part of the mathematical calculus of variations, it is avail-
able as soon as we write down a variational principle of this form.
This can be done for a limited but important class of relativistic
problems in which there is an integral of energy, and so we
recognize (subject to this limitation) the existence of ‘relativistic
geometrical mechanics’.

In making his great contribution to physics, de Broglie (de Broglie
and Brillouin, 1928, p. 55) was not concerned to analyse his work
on these lines; he preferred a more suggestive physical approach.
But when we look back at it, we see that the de Broglie waves had
been in (mathematical) existence since the time of Hamilton. What
de Broglie did was to add those things that change geometrical optics
into physical optics, namely, wave-length, secondary waves and
interference, so creating what we may call ‘physical mechanics’,
bearing to Schrédinger’s wave mechanics the relationship that
physical optics bears to Maxwell’s theory. Pursuing the analogy, we
may expect the de Broglie waves to constitute a permanent part of
the physics of the future, offering easy solutions of problems in cases
where the Schrédinger wave equation is too difficult to apply.

If that is so, we should try to make the underlying coherent
mathematical theory as simple and general as possible. ‘Geo-
metrical mechanics’ (the term is de Broglie’s) should be as mathe-
matically precise as geometrical optics. As indicated above,
Hamilton completed that task for Newtonian mechanics, but the
theory of ‘relativistic geometrical mechanics’ remains incomplete.
The purpose of this book is to complete it, at least as regards
essentials.

The task is very much easier than might be supposed, for all we
have to do is to apply Hamilton’s formal methods of geometrical
optics in the space-time of Minkowski, making allowance for its
four-dimensionality and the indefinite character of its metric.
Where Hamilton saw a source of light emitting rays, we see an event
in space-time with world lines drawn from it into the future. These
we may interpret physically as the possible histories of a particle in
whose history one event is accurately known, and whose velocity is
therefore quite unknown, according to the Heisenberg uncertainty
principle. Where Hamilton saw a wave (fixed two-dimensional
surface), we see a three-dimensional surface in space-time; this

I-2



4 GEOMETRICAL MECHANICS

represents the history of a two-dimensional surface moving in the
observer’s space—it is, in fact, a de Broglie wave moving with a
velocity which we can calculate from the velocity of the ray. The
group velocity of the waves is the particle (or ray) velocity, and this
is not a question of the interference of waves with different fre-
quencies, for the theory here does not include the concept of
frequency; it is a consequence of the primitive definition of group
velocity as the velocity of a region of disturbance on the boundaries
of which waves disappear and are created.

Chapters 11and 111 are devoted to this pure geometrical mechanics.
To pass to physical mechanics, we must add frequency and wave-
length (or some relativistically invariant equivalent), and this
addition is to be regarded essentially as a process of quantization.
This is discussed in Chapter 1v, where, after some preliminary work
with the second-order wave equation, a primitive quantization is
defined: adjacent 3-waves of equal phase are separated by a quantum
h of action, measured along the rays in space-time. It is rather
surprising that when we discuss the quantization of a hydrogenic
atom according to this simple plan we obtain precisely the usual
fine-structure formula; the simple Zeeman effect also comes out.

But one should realize that Chapters 11 and 111 constitute in
themselves a coherent theory of the geometrical mechanics of
a particle, quite independent of the quantization of Chapter 1v,
being in fact no more than the systematic development of certain
mathematical properties of sets of extremals and transversals in
Minkowskian space-time.

The whole theory may be regarded as a synthesis of the ideas of
Hamilton, Minkowski and de Broglie. The method used is that of
Hamilton’s optics (Hamilton, 1931, in particular pp. 168-71) and
not his much better known dynamical method (Hamilton, 1941, in
particular pp. 164-8). The essential difference is that in the optical
method the coordinates are given equal rights (the three coordinates
of space for Hamilton, the four coordinates of space-time for us),
whereas in the dynamical method the time ¢ is privileged over the
other coordinates. That is of course natural and proper in New-
tonian physics, but to a relativitist the dynamical method cannot
but be something of a monstrosity, offering a clumsy approach to
space-time problems, as unsatisfying as an approach to the geo-
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metry of surfaces through an equation of the form z=f(x, y) rather
than F(x,y,2)=o0. There is a good analogy here, the difference
between the dynamical and optical methods being as trivial or as
important as the difference between z=f(x,y) and F(x,y,2)=o0;
in the dynamical method we express the energy in terms of the
other variables, obtaining a Hamiltonian H, whereas in the optical
method (applied to mechanics) we let the energy take its place
beside the other variables in a slowness equation Q=o. It is true
that we have only to solve F(x, y, 2) = o for zin order to get 2 =f{(x, y),
but there would be little beauty or power in the theory of quadric
surfaces, for example, if we had to use the equation

z=cY—gu—fy £ [(gx+fy)? - c(ax+ 2hxy + by* — 1)]}}
instead of
ax®+by?+ c22+ 2fyz + 2gzx + 2hxy — 1 =o0.
The connexion between the two methods is discussed in § 5-5.

Inorder to understand the present theory properly, itis absolutely
essential to use both geometrical representation (pictures of space-
time in the style of Minkowski) and the more ordinary kinematical
representation in which one sees points and surfaces moving in the
space of a Galilean observer.

In Chapter v the Hamiltonian method is exhibited in a more
general form and the theory applied to problems involving two
particles.

To illustrate the rather abstract theory of Chapter 11, simple
examples are inserted without regard to their possible physical
meaning. These examples are distinguished from the main body of
the argument by the fact that the equations for the examples are not
numbered.



CHAPTER II

GENERAL THEORY OF RAYS AND
WAVES IN SPACE-TIME

2.1. Rays in space-time

We think of flat Minkowskian space-time with rectangular
Cartesian coordinates x,, X,, ¥3 and an imaginary time coordinate
x,=Ict, ¢ being the velocity of light. We denote these coordinates
briefly by «,, small Latin suffixes having here and throughout the
book the range of values 1, 2, 3, 4, with summation understood for
a repeated suffix. Later we shall use Greek suffixes for the range
1, 2, 3, again with the summation convention.

Consider an event x, and all time-like directions there, pointing
into the future; any such direction corresponds to a unit 4-vector

o, such that o, =—1, a,/i>o. (2.1.1)

Let f(x,2) be an invariant function of position and direction in
space-time. Following Hamilton (1931, p. 169) we shall call f the
medium-function, but we shall use the symbol finstead of Hamilton’s
o, since the latter will be needed for velocity. We shall take f to be
positive. We require f to be defined only for time-like directions «,;
we are not interested in space-like directions or null directions.

By virtue of (2.1.1) we can make f positive homogeneous of degree
unity in the &’s, and this we shall always suppose done when we
have occasion to take partial derivatives. Then

f(x, ka)=kf(x,c) (k>0), a,%=f. (2.1.2)

Thus, for example, if we were given f=1, we would secure the

required homogeneity by writing f= (- a,,)}; similarly, we would
modify f=g,(x) &, by writing it f=g,,(x) ot cts( — anan)’—%'

Rays in space-time are curves satisfying the variational principle

g 3ff(x,a)ds=o (2.1.3)

for fixed end-events, ds being the Minkowskian element, so that
ds?= —dx,dx,, the minus sign occurring since we confine our
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attention to time-like curves. Here o, = d«,/ds the velocity 4-vector.
By (2.1.3) rays satisfy the Euler-Lagrange equations

&a—a;~E—x-= . (2.1.4)
In general, a ray is determined by an initial event and initial
direction in space-time, or by two events P'(x’), P(x) onit. Following
the notation of Hamilton, we shall always use P’ for the initial event
and P for the final event, so that the direction of P’P points into the
future.
We define the action along any time-like world line to be

Jf (2, cx)ds

taken along it, and so the variational principle (2.1.3) may be called
the law of stationary action. We define the characteristic function
V(x',x) or V(P’, P) to be the action along the ray joining P’(x") and

P(x), that is, P
V(x', x) =J‘P'f(x, o) ds, (2.1.5)

the integral being taken along the ray.
On varying the end-events, we find

ov_of oV of’

vy v__¥ (2.1.6)

ox, oOa,’ Ox) oa,
where f'=f(x",&'). Since 0f/0a, is homogeneous of degree zero in
the a’s, it is a function only of their three ratios (and, of course, of
the x’s). These three ratios can be eliminated from the four equations
standing on the left in (2.1.6), and a similar elimination may be
performed on the other four equations. Hence we get Hamilton’s
two partial differential equations

ov ov

Q(—'—a";',x)=o, Q(W,x)=0. (2.1-7)

We may call the first of these the Hamalton-Jacobi equation (but not
the second, since Jacobi spurned its analogue in dynamics as a mere
nuisance!). If we differentiate the Hamilton-Jacobi equation with
respect to x; and then eliminate the derivatives of Q, we obtain

Hamilton’s determinantal equation

2
det—a—%'-,=o. (2.1.8)
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As an illustrative example, take f(x,a)=(—a,a,)}. It follows
from (2.1.4) that the rays are straight lines in space-time, and hence

by (2.1. , ’ ,
YRR pwa) = [ ) -
To obtain the Hamilton-Jacobi equation, we have by (2.1.6)
v
5; =- r( "anan)—*’
ov ov ov ov
andso a;gg':—l, Q—'a-k:gx—.r“-I:O.

We have further
oV x-—x, OV «x —x,

ox, V ' o V.
PV b,y X L —x, 0V 8,8 (%, —x7) (%, xs)
ox,0x, V' V? ox, v &
o2V n_ X=X (x,—x) V2
Hence T (%, —x5)= s =0

and so we verify (2.1.8).
We define the slowness 4-vector o, by

o,=—z—.
r oa,

(2.1.9)
Hence we have by (2.1.2) the important relation
o.o,=—f. (2.1.10)

By (2.1.6) the variation of V(«’, x), resulting from varying the end-
events, may be expressed in terms of the slowness 4-vectors at the
initial and final events in the form

0V = —0,0x,+ 0, 0x]. (2.1.11)
ov oV,
We note that =T By Emd =0;. (2.1.12)

r

In writing the definition (2.1.9), I have inserted a minus sign
where Hamilton used a plus sign in his optics. It is convenient to
make this change for a relativistic theory. Since f is positive,
(2.1.10) makes 0,2, negative. Since «, is time-like and points into
the future, this makes o, and &, lie on the same side (the future side)
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of the 3-plane Il(¢) normal to «,, and this is the most convenient
way to have it. Three different cases may arise:

() o, time-like: o,0,.<0,
(0) o, null: 0,0,=0, (2.1.13)
(¢) o, space-like: o,0,.>0.

(a) o, time-like

‘!/

4

(b) o, null

/4

o, (¢c) o, space-like
v/

Fig. 2.1. Space-time diagrams showing the null-cone and three possible
positions of the slowness 4-vector o,: (a) o, time-like, (b) o, null, (¢) o, space-
like.

These three cases are shown in fig. 2.1. We note that in cases (a)
and (b) every Galilean observer finds o0,/i positive; in case (c) he
may find o7,/i positive or negative according to his choice of frame
of reference, i.e. he may find the vector o, pointing into his future or
into his past.

In the example cited above, f=(—a,a,)}, we have

0',.=oc,(—ana,,)‘*=ac,, 0,0,=—1,

and so this is case ().
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If we eliminate the a’s from (2.1.9), we get the slowness equation
Q(o,x)=o0, (2.1.14)
the same functional form as in (2.1.7). This relationship between
the o’s and the &’s may be written in a variety of forms, just as in
ordinary geometry the equation of a surface F(x,y,2)=0 may be
written in a variety of forms. Following Hamilton, except for a
change of sign, we may use a normalized form of Q, say Q', such that
(2.1.14) is equivalent to Q" =0 and Q' —1 is positive homogeneous
of degree unity in the ¢’s. Then we have
- o’
"o,

This device produces some simplifications in the abstract theory,
but it tends to create complication when we come to applications;
it will not be used in this book, i.e. we shall work with any form of
the function Q, obtained by elimination from (2.1.9).

As an example of the above procedure, take f=(—a,c,)t. Then

Q'(o,x)=0, =¢r,a—z_—(Q’—1)=Q’-1=-—1. (2.1.15)

Qo,x)=0,0,+1=0,
and we get the normalized form by writing
Q(o,2)=—(~0,0) +1=0.
On account of (2.r.10) and (2.1.14), the variational equation
(2.1.3) may be written

8fcrrdx, =0, Q(o,x)=o0, (2.1.16)

the vector field o, being regarded as arbitrary except for the last
condition. Since dx,=o0 at the end-events, we have then

o= f (80, dx, + 0, 8dx,) = f (30, dx, — 0%, dor)

for all variations subject to

—626‘0' +2£—2
. oo, T Ox,

Hence on a ray we have

0x,=o.

dx =dw~a—g—, do,= —dwgg—),
T oo o,

r r
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where dw is an infinitesimal multiplier. Thus we have the Hamil-
tonian form of the equations of a ray

dr, _0Q do, 0Q (2.1.17)
dw 0o, dw ox,” o

Here w is a parameter which, as we see by making use of (2.1.10),
is related to the Minkowskian arc length s by

ds 0Q
fa?a= —-G’r'-a?r. (2.1.18)

If we use the normalized Q’, we get dw=dV =fds.

Thus, for the example f=(—a,a,)}, we have the slowness
equation Q(o,x)=0,0,+1=0;
the Hamiltonian equations (2.1.17) read

4% e, dor_
dw =2 du=
and (2.1.18) gives

ds
faz_v= —20,0,=2, dw=4fds.

The unit 3-wave and the j3-surface of slowness. The function
f(x, ) and the equation Q(o, x) =0 can be interpreted geometrically
in space-time, and there is an important relation between them.
Let P(x) be any event and let y, be the coordinates of any other event
relative to P. Consider two 3-spaces S and W defined by the

equations S:  f(xy)=1, (2.1.19)
W: Q(y,x)=o. (2.1.20)

Note that in these equations x stands for fixed numbers x, and y for
current coordinates y,. We call S the unit 3-wave at P and W the
3-surface of slowness at P (cf. Hamilton, 1931, p. 291).

To explore the relationship between S and W, consider the two
unit pseudospheres U(e) with centre P; their equations are y,y,=¢€
(6= £ 1). The polar 3-planes of an event y; with respect to them are

respectively ¥,y =¢. (2.1.21)

If we let y; range over S, the polar reciprocal of .S with respect to
U(e) is the envelope of the 3-planes (2.1.21), and the event of
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contact y, of the 3-plane (2.1.21) with this envelope is to be found
by solving (2.1.21) and the four equations
_fxy)

0""—8;2‘ , (2.1.22)
6 being a factor of proportionality. Multiplying this by y; and using
(2.1.21) and the homogeneity of f, we get 8 =¢f(x,y’) =¢, since y;
lies on S. Elimination of y; from (2.1.22) then gives

Q(—ey,x)=0 (2.1.23)

(cf. (2.1.14)). But this is the equation (2.1.20) of W, provided that
€= —1; and so we have this result: the 3-surface of slowness W is the

-

w U(-1)

P

Fig. 2.2. Space-time diagram showing the reciprocal relationship between the
unit 3-wave S and the 3-surface of slowness W, drawn for the case where o,
is time-like.

polar reciprocal of the unit 3-wave S (and of course conversely) with
respect to the unit pseudosphere y,y, = — 1, that s, the unit pseudosphere
lying inside the null-cone. Fig. 2.2 shows the relationship.

For the example f(x,&)=(—a,a,)}, the unit 3-wave S is
(=y,yt=1 or y,y,= —1, or explicitly

Yi+yi+yi+yi= -1

This is itself the unit pseudosphere. The 3-surface of slowness W
is ¥,9,+1=o0, the same unit pseudosphere. So we get the very
simple case in which .S and W both coincide with the unit pseudo-
sphere and each is its own reciprocal.

If we take the slightly more general example,

’ f(x’ a) = k( - ar“r)*’

where & is a constant, we have for S the equation y,y,= —k~2 and
for W the equation y,y,= —k% Now we have two concentric
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pseudospheres and the product of their radii is unity, just as the
product of the radii of two concentric spheres is unity if one is the
polar reciprocal of the other with respect to the unit sphere
concentric with them.

This reciprocal relationship between S and Wis well known in its
general form in the calculus of variations. It is of fundamental
importance in the present theory because it contains the relationship
between the ray and wave velocities in the de Broglie theory,
although when we come to that we shall use a direct method. It
might also be used to throw geometrical light on the analytic
argument which follows immediately.

Determination of f from Q. Usually we suppose the medium-
function f(x,«) given, and from it we derive by elimination the
equation Q(o, x) =o. Now let us see how to obtain f from a given
slowness equation Q(o, x)=o. (2.1.24)

We regard o,, , as eight variables bound only by this equation.
We think then of four more variables «, connected by

o= —1I. (2.1.25)

We seek to define the ’s as functions of the o’s and x’s and also to
define a positive function f(x, «), positive homogeneous of degree
unity in the a’s and satisfying the relation (2.1.10):

oo, = —f(x,a). (2.1.26)

Regarding the twelve variables (o, x,a) as arbitrary and inde-
pendent except for the three equations written above, we get, on

taking variations, 39 5ot @3 . (1.27)
80‘, r axr xr“‘ ’ At 7
a,ba,=o, (2.1.28)

Y dx,=o0. (2.1.29)

o, 0o, +o,00,+ A Set, +
oo, ox,

Now (2.1.29) is to hold whenever (2.1.27) and (2.1.28) hold, and so
we have (with Lagrange multipliers  and ¢)

2Q af e e

ac,=0-a;_—', ax (2.1.30)
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If we multiply the second of these by ¢, and use (2.1.26) and the
required homogeneity of f, we get ¢ =0 and hence

o= —=—, (2.1.31)

as in (2.1.9), where it was a definition, but now (starting from
Q=0) a deduction. If we multiply the first of (2.1.30) by — o, we

get
=—o0,a,= 00, gQ (2.1.32)
Let us now collect together (2 1.24), the first of (2.1.30), and
(2.1.32):
Q(o‘,x)=o, %= 0 % f=- af: (2133)

Here are six equations. From them we can eliminate the five
quantities o,, 6, obtaining a relation between f, «,, x,. Solving this
for f, we get the required f(x, ). That it is homogeneous of degree
unity in the &’s is indicated by the form of the equations, since if they
are satisfied by f, «,, 6, they are also satisfied by kf, ka,, k6. However,
on carrying out the algebraic calculations, we may find the function
f(#», &) to be many-valued, and the effect of multiplying by a negative
kmay be toswitch the branches. Allwe need is positive homogeneity,
and that is assured by the form of (2.1.33) if we pick the appropriate
branch.

For example, if Q(c, x) =}(0, 0, + 1) =0, then (2.1.33) will read

o,0,+1=0, a,=00, f=-0o,0,
and so we get
f=0, a,0,=0%,0,=-6% 6O=+(-aa)l

Thus f(x,a)= +(—a,c,)}. We select the positive root, and this is
positive homogeneous, but not homogeneous with respect to a
negative multiplier.

Let us consider two further examples of the transitions from f to

Q and from Q to f. These are of some interest in connexion with the
general theory of relativity.

Consider first S(x, a) = [ —gpo(%) o, 0,2,
where g,,=g,. Then

0'r=: -—a—-—=

9 ag
fr gra’f’-
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Let g™ be the conjugate of g,,,, defined by gg,, =6%. Then we have
g o, =a,ff,
' J= —8pg0p 0= —€p, 87" 0,8 0, f2= —g" 0,0, f%,
and so we get Q(o,x)=g"(x)0,0,+1=0.
As a second example, take the slowness equation
o, ) =4g(x) [0, — A®)] [0 — A#)] + 3 =o.

Then g—i= "(og— Ay), O',aa—f—r =2Q—1+g74,(0,—A4,)
. =g°4,(o,—A) -1,
and (2.1.33) gives
Q=0, a,= 0grs(0-s —4,), f=- 0[3”‘41'(0'3 —4,)-1].
Hence o,—A,=0"g.a,
20 =0"2g"g, 0, g.,0,+1=0"%, a,0,+1=0,
0% = — g %y
and so the medium-function is
f(x’ “) = rsArgsp‘xp +0= '—Ar“r + ( —8pe%p aq)i'.

Hamulton’s dynamical method. 1f frequent appeals to the geometry
of Minkowskian space-time and the symmetric treatment of the
four coordinates x, are to anyone a hindrance rather than a help, it is
still open to him to follow Hamilton’s dynamical method. For the
invariant element of action may be written in terms of a Lagrangian
function as*

f(xb Xy, Xy Xg, Oy, Cay g, Og) AS = — L(y, Xy, X3, 8, &y, &3, X5) dt,
(2.1.34)

where %, = dx,/d¢, Greek suffixes having the range 1, 2, 3. Then the
variational principle (2.1.3) is equivalent to

ﬂl@g@m=q (2.1.35)

the terminal values of x, and ¢ being held fixed. Hence we obtain for
the rays the usual Lagrangian equations

d oL 9oL
d—ié-;;,—-a—.‘;';—-o’ (2.1.36)

equivalent, of course, to (2.1.4).

* The minus sign is unimportant, but convenient in application to (3.3.1.).
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If we introduce p, by p,=0L/0%,, we can write a Hamiltonian

H(p,x,t)=2%,p,—L(x,t, %), (2.1.37)
and express the equations of the rays in the form
., _oH .  oH
xl’_@;’ pp-———a?p, (2.1.38)
instead of (2.1.17). The Hamilton-Jacobi equation is
04 04
-—8?+H(5-;,x,t)=o (2.1.39)

instead of (2.1.7), where A= f Ldt=— f fds=~V.

To mix the two methods would be confusing, and, while it would
be interesting to carry through the argument in dynamical form,
the mathematical structure of the optical method is simpler and
it will be used throughout. A further discussion of the connexion
between the two methods will be found in §5.5.

2.2. Waves in space-time

From an event P’(x’), which we shall call a source-event, let us
draw all possible rays into the future. Then the locus in space-time
obtained by taking on these rays those events P(x) for which the

P
actionf fds has a constant value is a 3-space X; we shall call it
P

a 3-wave. Thus the source-event P’ determines a singly infinite set
of 3-waves (fig. 2.3) with equations

V(P', P)=const., ’ (2.2.1)

V being the characteristic function.
For example, if f=(—a,a,)}, then

V(P', P)=[~ (% —x]) (%, — )1},

and the 3-waves consist of the pseudospheres of all radii having P’
for centre and lying in the future null-cone with vertex at P’.
The above definition of a 3-wave is included in the following more
general definition. We take a 3-space Z,, arbitrary except for the
limitation that its normal must lie in the domain of possible direc-
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tions of o, satisfying Q=o0. Thus, for example, if the function

f(x, ) is such that of of
. 3. <O (2.2.2)
o, oct,
then by (2.1.9) o, is time-like, and so we must restrict ourselves in
this case to 3-spaces I, with time-like normals.

Rays

Null-cone — Null-cone

/'t fds=const.

PI
Fig. 2.3. Space-time diagram of 3-waves from a source-event P,

With this understanding, then, there exists a o, at P’ (say o})
which is normal to Z, and satisfies

Q(o’,x')=o. (2.2.3)
. of’
The relations i oy (2.2.4)

then determine a direction «;, at P’. Taking these directions at all
events on X, and drawing the rays in these directions (by solving the
differential equations (2.1.4), or equivalently (2.1.17)), we generate
a congruence of rays. If we measure off any constant value of the

P
actionj fds along these rays, the events P so obtained generate
P
a 3-space X which we shall call a 3-wave (fig. 2.4). If we take
P
fds=o0, Z collapses on X,
P

To cite the simplest possible example, take f=(—a,a,)}. Then
(2.2.4) gives o7 =ay, and so the ray direction a; is normal to Z,,
since o7 is normal to Z,,. In this case each 3-wave is obtained from

SGM 2
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3, by measuring off equal Minkowskian distances along the normals
of X, Let it be noted, however, that these properties are not
general. In general, the rays are not normal to the 3-waves, nor
are two 3-waves separated by constant Minkowskian distances
measured along the rays.

For reasons which will appear later, we may refer to the 3-waves
as de Broglie 3-waves. Each of them may be regarded as the history
of a de Broglie 2-wave, obtained by cutting the 3-wave by the
hyperplane ¢=const.

Rays

S 7 fds= const.

Initial 3-wave £,
P ’

Fig. 2.4. Space-time diagram of 3-wave Z generated by initial 3-wave Z,.

The more general definition of a 3-wave (fig. 2.4) includes as
a special case the previous definition (fig. 2.3), the initial 3-wave X,
degenerating to a single source-event. In the more general defini-
tion, the 3-waves are again given in terms of the characteristic
function by the equation

V(P', P)=const., (2.2.5)
but now P’ is not fixed; it ranges over X, being always connected
with P by the condition that the ray P'P has at P’ a slowness
4-vector normal to X,. Thus in (2.2.5) V is to be regarded as
depending on P only.

The set of 3-waves generated in this way from a 3-space X, has
an impbttant group property, the same set of 3-waves being gen-
erated from any one of them. To see this, we recall (2.1.11), which
tells us that, for any variations of the end-events of a ray,

8V = —0,0x,+ 0] 0x. (2.2.6)
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Now if we vary P’ on X, and P on X, we have 8V =0 and o,0x,=0;
hence o, 0x, =0, showing that the slowness 4-vector at P is normal
to Z, and consequently the ray P’P has the correct direction for
carrying on the process, starting from X.

2.3. Gauge transformations
If we are given a medium-function f(x,«), this function deter-

mines the rays by 6‘f fds=o0, and everything else may be worked out

in terms of it.

If we change from a medium-function f(x, &) to a new medium-
function f*(x,«), then in general the rays become completely
different. But consider the case where

*(x, 00) = o
frem a)=fw, @) =5 o, (2:3.1)
where ¢ is some given function of the coordinates x,. Then, for any
curve in space-time,

P P P
f Frds= f fds— [T 22 gy
. o

P ax,
P ’
=fP'fds+ H(x") — P(x). (2.3.2)
On varying the curve, keeping the end-events fixed, we get
P P
of "rras=of  fas (233)
r P

and so the variational equation 8 | f*(x, a) ds=o gives precisely the

same rays as does 8jf(x, a)ds=o.

We call (2.3.1) a gauge transformation of the medium-function.
Then we know that rays are invariant under a gauge transformation.
The important thing is that the rest of the theory is not gauge-
invariant. This means, for example, that if we take the rays from
a source-event, the 3-waves associated with them are changed by
a gauge transformation. Or if we start from a given initial 3-wave
2, the directions of the rays coming from it will be changed by
a gauge transformation.

Let us put down here for reference the changes induced by a

2-2
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gauge transtormation, the unstarred symbols referring to theory
based on f(x,a) and the starred symbols to that based on f*(x, @),
connected with f(x, a) by (2.3.1):

Medium-function

o
fiw,) P2 =fl,2) 22,
Characteristic function
V(' x) V', x)=V(x', x)+ (") — p(x)

_31/_ of ov* of* of o¢

ox, oa, ox, oa, oa, o,
ov_of ov* Bf "% of  0¢
ox, Oy x| ool oy Oxy

Hamilton-Jacobi equation

v o\ o _OV* \_ ov* o \_
Q(—-a‘;, }—O Q (—*ax—,x)—ﬂ( "‘3;""8;:9")—0

Slowness 4-vector and slowness equation

__ w_ _I* 8¢
7= T, 7= "%, TV,
o¢

Qo,x)=0 Q*(o*, x)=Q (a* —= ,x) =0

Here are a few remarks about gauge-invariant properties.

If we start with a given initial 3-wave X with equation F(x)=o,
then, as remarked above, the directions of the rays are quite different
according as we use f or f*, and there appear to be no interesting
gauge-invariant properties in this case. But if we start with a source-
event, then the characteristic functions related by the gauge
transformation satisfy

V¥ (', 2)=V(x', x) + $(x) — $(), (23-4)
in which x; are fixed quantities. Suppose that two rays, R; and
R,, starting from P’ in different directions, meet at an event P(x).
The chafacteristic function is then two-valued, depending on the
path, and we have (using suffixes 1 and 2 to distinguish the paths)

Vi, x)=V(x', %)+ ¢(x") - ¢(x),} (23.5)
VI, %) =Vils', 5) + 9() - $(2). 33



THEORY OF RAYS AND WAVES IN SPACE-TIME 21
Thus Vi, x)= Vi, x)=V(x', x) —Vy(«', x), (2.3.6)

and so the action-difference is gauge-invariant. This is important in
connexion with the interference of waves, as discussed by the
method of primitive quantization described in Chapter 1v.

For the slowness 4-vectors at P we have

0 0
01(1)=0'1<1>+53%, 0"'r'(2)=0',<2)+§3%- (23-7)

Thus, though the slowness 4-vectors are not separately gauge-
invariant, their difference is, because we have

T = T = O — Opa)- (2-3.8)

Singularities on 3-waves are gauge-invariant; for such singulari-
ties (corresponding to foci in optics) occur when two rays intersect
to the first order, and rays are gauge-invariant.

If our only purpose is to carry over into space-time Hamilton’s
theory based on a given medium-function f(x, «), then we need not
bother about gauge transformations. But when we come to apply
the theory to a charged particle in an electromagnetic field, gauge
transformations force themselves on our attention, because the
appropriate medium-function contains the electromagnetic 4-
potential, and that is not completely defined by the field. Now a
gauge transformation (in the ordinary sense) of the 4-potential
induces in the medium-function a gauge transformation in the sense
of (2.3.1), and so, though the rays are definite (gauge-invariant),
the waves associated with them are not. Therefore we can get no
definite theory of de Broglie waves for a particle in an electro-
magnetic field until we have decided how to normalize the 4-
potential.

It seems best, however, not to mix the Hamiltonian theory based
on an assigned f{, &), which has the inevitability of simplicity, with
the question of normalization on which varying opinions may be
entertained. Thus though there is a standard way of normalizing
the 4-potential (making its divergence vanish), Dirac (1951) has
recently proposed another. In so far as de Broglie waves correspond
to physical reality, the present theory may be used to test the
physical validity of any plan of normalization proposed.

With that, let us drop the question of gauge transformations and
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proceed on the assumption that the medium-function f(x,a) is
given. In the particular applications to electromagnetic fields, the
usual simple 4-potentials will be used.

2.4. Geometrical and kinematical descriptions of the unit
3-wave

In Hamilton’s optics the structure of all systems of rays possible
in a given medium depends solely on the medium-function v(x, o),
x denoting position and « the direction cosines of a ray in space.
This function is in fact proportional to the refractive index, but
depends in general on direction as well as on position. The unit
wave in Hamilton’s theory is a surface associated with each point,
with equation (¥, y)=1 in a notation analogous to that used in
(2.1.19). Its interpretation is very simple: the unit wave is the locus
after unit time of a light-pulse emitted from the point «, travelling
not in the actual medium but in a fictitious homogeneous medium
with medium-function v(x,&) with x held fixed. This fictitious
homogeneous medium (in general anisotropic) is, so to speak,
tangent to the real medium at the source ¥. In a homogeneous
medium the distinction between the real medium and the fictitious
one disappears. For an isotropic medium such as air the unit waves
are spheres, and for a crystal they are Fresnel wave-surfaces.

We have now to carry over this interpretation into space-time,
where the medium-function f(x, «) determines the structure of all
possible systems of rays. On account of the four-dimensionality of
space-time, it is not as easy to do this as one might suppose, and we
shall consider two interpretations, the first in terms of Minkowskian
geometry and the second by means of a surface moving in the space
of a Galilean observer.

Let P(x) be the event with respect to which the unit 3-wave S is
taken, S having the equation (2.1.19) in which y, are coordinates
relative to P. Let Q be any event on S (fig. 2.5), so that y,=PQa,,
PQ being Minkowskian distance and «, the unit 4-vector along
PQ. Then (2.1.19) gives

’ 1=f(x,y)=f(x, PQa) = PQf(x, ), (2:4.1)

on account of the homogeneity of f, and so

PQ=)-,(—£E3. (2.4.2)
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This gives us a very simple construction in space-time for the unit
3-wave S': draw time-like vectors «, from P into the future and proceed
along each through a Minkowskian distance 1/f(x, x); the set of events
so determined forms the unit 3-wave S at P.

Thus, for example, if f(x,a)=@(x)(—a,a,)t, we get the unit
3-wave at the event x, by measuring off a Minkowskian distance
1/¢(x) along all the straight lines in space-time drawn into the
future from x,, the unit 3-wave being thus a pseudosphere with that
radius. Note that we use straight lines, not the actual rays, which
are curved; this corresponds to the use of the fictitious homogeneous
medium in Hamilton’s optics.

Null-cone

PQ=1/f(x,x)

Null-cone

P(x)

Fig. 2.5. Space-time construction for the unit 3-wave S at the event P.

Let us now describe the unit 3-wave kinematically, using at first
Fig. 2.5 as a guide. Let us write its equation more explicitly as

(%331 Y2 Y3, Ya) =1 (2.4-3)
Here y,, ¥,, ¥; are the spatial coordinates of the event Q relative to
the event P, and ya=icr, (2.4-4)

where ¢ is the time at P and ¢+7 the time at Q; thus we may also
write (24:3) 85 flx; yr, g0 ywier) =1 (2.4-5)

Here x belongs to the fixed event P; ¥,, ¥,, ¥s and 7 vary as we range
over the unit 3-wave, satisfying the equation (2.4.5). This equation
is naturally interpreted as the history of a unit 2-wave, a surface
moving in the observer’s space, the instantaneous positions of which
are obtained by putting 7 =const. The history of this unit 2-wave is
the kinematical description of the unit 3-wave.
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For example, if f(x, &) = ¢(x) (—,a,)}, then (2.4.5) reads
P(x) (2= =1,

wherer2=y2+ y2 + y3. Werecognize the unit 2-wave as an expanding
sphere, the radius r increasing according to

r’=clr?— g2
¢ being a constant depending on the event P with respect to which
the unit wave is taken.

Fig. 2.6. Kinematical description of the unit 3-wave at P as a moving surface
of flashes: the lamp of the particle travelling with velocity v, flashes at Q at
time 7 given by the equation (2.4.10).

There is, however, another kinematical description of the unit
3-wave. A unit vector a, may be regarded as the velocity 4-vector
of a particle moving with velocity v,, where

a,=yv,le, ay=iy, y=(1-v¥c)t, o*=v,0, (2.4.6)
We recall that Greek suffixes have the range 1, 2, 3, with the
summation convention. Thus the construction of fig. 2.5 may be
interpreted kinematically by thinking of particles shot out from
a point P in space (fig. 2.6), all at the same time ¢, in all directions
and with all speeds less than ¢. Each particle travels with constant
velocity. The history of any one of these particles is represented by
a straight line in space-time, and on this line just one event Q
belongs to the unit 3-wave. We may imagine (to make the picture
striking) that each particle carries a lamp which is dark all the time
except for a flash at the event Q. The 3-wave, or history of the
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moving 2-wave, is thus represented as a moving surface of flashes.
It is of fundamental importance that the velocity of propagation of
this surface of flashes is 7ot the same as the velocity of the particle
carrying the lamp. (The former is the phase velocity and the latter
the particle or group velocity in the de Broglie theory.)

To complete this kinematical description of the unit 3-wave in
terms of flashing lamps, we have from (2.4.2)

POf(a; 001, 05, 3, 2g) = 1, (2.47)
or, by (2.4.6) and the homogeneity of f,
Y(Ar2 =2 f(x; vy, vy, vg ic) =c, (2-4-8)
where r=y,y,=v72 (2.4.9)
The equation (2.4.8) may be simplified to
Tf(%; vy, Uy, Vg, i€) =1. (2.4.10)

This equation describes the moving unit 2-wave in the sense that it
gives the flashing time 7 for the lamp carried by the particle which
has the velocity v,,.

Returning to the example f{x, )= ¢(x) (—,,)}, we note that
for this case (2.4.10) reads

7P(x) (2 -2t =1. (2.4-11)
We observe that if the particle has zero velocity, its lamp flashes at
T=1/c¢, and that for a particle with velocity close to ¢ the time to
flashing is very long.

2.5. Wave velocity and ray velocity
Consider a 3-wave Z; with space-time equation
F(x)=o. (2.5.1)
This is not the (artificial) unit 3-wave we have been discussing. It
is any 3-space, subject only to the general restriction mentioned in
§2.2.

The above equation represents the history of a moving 2-wave
%,, the instantaneous positions of which are found by putting
x,=const. We have then two pictures: a static picture (fig. 2.7) of
3, in space-time, and a moving picture (fig. 2.8) of Z, in the
observer’s space. There is not much to be said about the former
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except to remember that the slowness 4-vector o, is normal to Z;.
It is the latter that requires discussion.

In fig. 2.8 let X, be the position of the 2-wave at time # and X its
position at time ¢+ dt. Let 7, be the unit normal to Z,, pointing
in the sense of propagation, and let u, be the wave velocity 3-vector,
defined by the equation

u,dt=ABn,, (2.5.2)

agr b3 ,
B
A
Fig. 2.7. Fig. 2.8.

Fig. 2.7. Space-time diagram of 3-wave X; and the slowness 4-vector o, normal
to it: the events 4 and B appear also in fig. 2.8.
Fig. 2.8. Kinematical picture of the 2-wave Z, advancing in space with velocity ,,.

where AB is the length of the normal displacement from %, to X,
this infinitesimal vector being
dx,=ABn,. (2.5.3)

We seek to calculate u, in terms of the partial derivatives of the
function F. Since 7, are proportional to F, (we shall use commas
to indicate partial derivatives), we have

u,=¢F,, (2.5-4)
where ¢ is a factor of proportionality. But the space-time displace-
ment from the event at 4 to the event at B lies in =3, and so

Division.by dt gives F,u,+icF,=o, (2.5.6)

and hence, on substitution from (2.5.4),

__. F,
o= - ICF,',,F,,' (2.5.7)
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Putting this value into (2.5.4), we get the following expression for
the velocity of the 3-wave F(x)=o0:

u,= —ic "’E“. (2.5.8)

For example, for a plane wave proceeding along the x,-axis, we
have F(x)=a,%,+a,x,+a=o,
the a’s being constants; we verify by (2.5.8)
u, = —ica,/a;,, u,=0, wuz=o.
For a spherical 2-wave expanding uniformly, we have
2F(x)=ax,x,+b%j=o.
Then F,=a%, F,=b, F,F,=a',x,=—a"b%j,

and (2.5.8) gives

Cbax,  x, b x
u,= —ic—Lt=icL="_"" 7
ax,x, % a(x,x,)

This example serves to remind us that in the case of a single
3-wave F(x) =o there is of course no unique formal expression for
u, in terms of the space-time coordinates, because u, exists only on
the 3-wave F(x)=o.

To find the slowness 4-vector corresponding to the 3-wave(2.5.1),
we have, since it is normal to the 3-wave,

O'r=0F:r, (259)
where 6 is a factor of proportionality, determined by the slowness
equation oF

Q) =0 (03 ) =o. (2.5.10)
In view of (2.5.8) and (2.5.9), an observer can calculate the wave
velocity in terms of the slowness 4-vector by the formula

0,0,

. O,0
u,= —ic£— 2.5.11)
¢ o, 0, (
. o2
the square is = —ct——. (2.5.12)
O'”U"

As an example, consider f(x,a)=¢(x)(—a,a,)t, which gives
Q(o, x)=0,0,+ ¢*=o0, and so 0,0, =¢?—o}. Then (2.5.12) gives
ol

W=c®——4.
g9
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This example illustrates a fact to be discussed below. A knowledge
of f(x, «) does not suffice to find the speed of wave propagation; in
this particular example f determines u to within one adjustable
parameter, 0,. To find that parameter, we must be told about the
3-wave (2.5.1) in order to use (2.5.9).

Suppose now that we no longer think of some given 3-wave, but
rather ask the sort of question we might ask in optics: what is the
wave velocity for a wave propagated along a given line L in space?
To answer this question, we specify a position on L and a time (that
is, we assign x,), and we denote by 7, a unit vector pointing along L
in the sense in which we wish the propagation to take place. We wish
to see a moving 2-wave with normal 7, i.e. with u, pointing in that
direction, and we note from (2.5.11) that the appropriate slowness

4-vector must satisfy o,=yn (2.5.13)
P P> .5.

where ¢ is a factor of proportionality. Now we have the slowness
equation (o, x) =0, or more explicitly

Q(0y, 03, 03, 045 %) =0, (2.5.14)
and when we substitute in this from (2.5.13) we get
Q(Yny, Yrng, Yrmg, 045 x) =o0. (2.5.15)

"This is one equation for two unknowns, ¥ and o, and in the resulting
indeterminacy lies an essential property of de Broglie waves. Space
is a dispersive medium, in the sense that there is not a unique wave
velocity in a given direction, but a range of wave velocities corre-
sponding to arbitrary choice of o7, This is the fourth component of
a 4-vector and so is the analogue of frequency or energy, in the sense
that it transforms in the same way under a Lorentz transformation,
but the concepts of frequency and energy have not so far appeared
in this mathematical theory.

Recognizing then that o, is arbitrary, we answer the question
raised above by using (2.5.11) and (2.5.13); the wave velocity along

L is the 3-vector u,= —icn, o /Y, (2.5.16)

where ¥.is to be found to satisfy (2.5.15), n, being the direction
cosines of L.

Connexions between wave and ray velocities. Returning to (2.5.11),
we note that it can be used to give the wave velocity %, in terms of
the ray velocity ,, the latter being the velocity of a particle having
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a ray for world line, and so being given in terms of «, by (2.4.6).
For o,= —0f/0a,, a known function of «,, &, and hence a known
function of x,, v,. The relation between u, and v,, is to be regarded
as a generalized form of the de Broglie relationship between phase
velocity and particle velocity, for if we think of the present mathe-
matical theory in physical terms, the waves are phase waves and the
rays possible histories of particles.
To pursue the connexion further, by (2.1.33) we have

% _ 0Q/ oo,
asz/aa4 (2.5.17)
andsoby(2.4.6) theray veloc1ty is expressed in terms of the slowness
4-vector by 20/,
v,=ic 8(2/80'4 (2.5.18)

The whole question of the connexion between the wave velocity u,
and the ray velocity v,, is thus contained in the seven equations

. 0,0 8(2/80-
up=-1co_”o_“ v,= 6&2/84 Q(o,x)=0. (2.5.19)

By elimination of o, we get three equations connecting u, and v,
(and of course x,), and these may be solved so as to express u, in
terms of v, or vice versa. But of course we cannot carry out these
algebraic processes explicitly in the general case; we shall do so
in Chapter 11 for the case of a particle which is free or moves in
a given electromagnetic field.

There is another way of getting the connexion between the two
velocities. By virtue of (2.1.9) and (2.1.33) we may also write

(2.5.19) in the form of o
Dot o,y . a
u,= —ic 7 8f4 v,,:nca_:’. (2.5.20)
oa,, 0at,,

Only the ratios of the a’s appear here, and the elimination of these
three ratios from the six equations (2.5.20) leaves us with three
equations connecting %, and v,.

As an example consider f(x, oc) P(x) (— o, )}, giving

Q(o,x)=0,0,+ ¢*=o0.
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Then (2.5.19) gives

. 0,0, N
u,=—ic£—, v,=ic-L.
nOn Ty

Hence ico,=v,0,, and so Q=o gives
Vol —ctol—c2gt=0, o,=iyg, y=(1—-?c?);
therefore o,=v,y@/c and hence
. U, YP _11?0_2 v,

Y= T T T T
so that u2=c#/v? or uv =c?, the well-known de Broglie relationship
between the two velocities. It is an accidental feature of the
example considered that #, and v, have the same direction in
space; in general they do not. The result comes out as simply by
applying (2.5.20), which read

a,a . a

u,=—ic—L—2, v, =ic-L.

r 4
m an a4

2.6. Wave packets and group velocity

The concepts of wave packet and group velocity appear in
current physical thought to be bound up with the interference of
waves and Fourier transforms. In the present discussion we go
back to much more primitive ideas.

Consider the rays and waves from a source-event, or more
generally the rays and waves from a given initial 3-wave Z; (§2.2).
Let us pick out a small bundle of rays (as we so often do in optics) by
marking off on X, a small three-dimensional region and omitting
all the rays except those that come from this small region. The ray-
bundle fills a thin tube in space-time, and the portions of the 3-waves
contained in this tube we call a wave packet. Fig. 2.9 shows a portion
of the tube and the 3-waves inside it.

Let us now look at this kinematically. Each ray appears to a
Galilean observer as a moving point, and so the ray-bundle appears
as a small cloud of points, all moving with approximately the same
velocity v,."Let us denote by R(#) the small region in space occupied
by this cloud at time ¢; it is given by cutting the space-time ray-
bundle by the hyperplane #=const., as shown in fig. 2.9 for t=¢,
and t=t,.
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At time ¢ there are 2-waves in R(¢) but none outside it, for we have
cut off the 3-waves at the boundary of the ray-bundle. The 2-waves
are sections of the 3-waves by ¢=const., and they move with the
velocity u, given by (2.5.11). This is of course different from the

3-waves a

b
c

d
a~b"¢c 4 t=t,

il .

Fig. 2.9. Space-time diagram of a ray-bundle and the associated
wave packet, including the 3-waves q, b, ¢, d, ¢, f.

ray velocity v,. On the boundary of R(f) (a moving surface in the
observer’s space) 2-waves are constantly disappearing and new
ones appearing.

This is illustrated in fig. 2.10, in which for graphical purposes the
region R(t) is cut into two parts by a plane containing the ray
velocity v, one half being pictured at time ¢, and the other at time
t,. Each half is filled with a continuum of 2-waves from which we
pick out a few at time ¢, in order to follow their motion. They are
labelled a, b, c, d, e, f, these labels belonging to certain 3-waves as
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shown in fig. 2.9. At time #, the 2-waves e and f have disappeared
and two new waves have appeared.

Lord Rayleigh (1877) once wrote: ‘It has often been remarked
that, when a group of waves advances into still water, the velocity of
the group is less than that of the individual waves of which it is
composed; the waves appear to advance through the group, dying
away as they approach its anterior limit.’

Now this is precisely the phenomenon occurring in our kine-
matical picture (fig. 2.10), and so it is nothing but a reversion to the

Fig. 2.10. Kinematical diagram of a ray-bundle and wave packet (cut in two
for graphic purposes), showing 2-waves a, b, ¢, d, e, f at time t=¢, and a, b, ¢,
d at time ¢=1,: u, is the wave velocity and v, the ray velocity, or group velocity,
or particle velocity.

original use of the words by Rayleigh if we say that the group
velocity is (by definition) the velocity of the wave packet, which is
itself the ray velocity. If we read particle velocity for ray velocity,
then the de Broglie relationship

group velocity of waves = particle velocity

becomes a mere truism in the present theory.
But it is interesting to see how the familiar formula for group
velocity fits into the theory. This formula reads

", 1 0 (v
1—0 =_51_1 (a) , (2.6.1)
where wis the group velocity, u the wave velocity and v the frequency,
u being regarded as a function of v in a dispersive medium.
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We turn to (2.5.16) which gives the wave velocity in the direction
n, in terms of o, and obtain the magnitude u of this 3-vector as

u=—icoy Y, o Ju=iyjc. (2.6.2)

Now 7, being given, (2.5.15) defines  as a function of ¢, and so
differentiation of (2.6.2) gives

o (o i,
32 () =two, (2:6.3)
0Q , 0Q
where, by (2.5.15), 37;”/7‘0 (0-4)+a—0_4=o. (2.6.4)
P

But, by (2.1.33), 0Q/90, are proportional to a,, and if we make use
of (2.4.6) we get from (2.6.4)
ic

v, Y (o) +ic=o, Y'(dy)=— et (2.6.5)
Substitution in (2.6.3) then gives o
1 0 (o,
‘zg;; = 5}; (;) . (2.6.6)

Comparing this with (2.6.1), we see that the component v,n, of ray
velocity in the direction of propagation of a 2-wave (i.e. normal to it)
is given by the usual formula for group velocity, provided that o, is
interpreted as being proportional to frequency.

The appearance of the formula (2.6.6), formally the same as
(2.6.1), in a theory in which there is no interference (because there
is no phase in it—that will not come until Chapter 1v) makes one
wonder whether the whole question of group velocity has not been
unduly complicated in the usual treatment by thinking in terms of
kinematics in space rather than in terms of the geometry of space-
time.

To illustrate the meaning of (2.6.6), let us again take as an
example f(x,a)=¢(x)(—a,2,)}, Q(o,x)=0,0,+¢*=0. Now

BSIDEVS yaroprgroo, yo=(-ot-goh
and so by (2.5.16) wi=-——F=——"2

Ta_1_ oo
Hence . c( o - 937,

8GM . 3



34 GEOMETRICAL MECHANICS

and (2.6.6) gives
1.0 (o\  —io, u
v,n, 00 (7) Co—oi-gt &
This checks with the result established for this particular example

at the end of §2.5.

2.7. Laws of reflexion and refraction

The variational principle (2.1.3) provides us not only with the
Euler-Lagrange equations (2.1.4) for a ray, but also with the abrupt
change occurring when a ray meets a 3-space across which the

N ™M P(x)

N,

Q)

p'(x)

Fig. 2.11. Refraction at a 3-space of discontinuity N: the 4-vector
o,— 0} is parallel to the normal to N at Q.
medium-function f(»,) is discontinuous. Such changes corre-
spond to reflexion and refraction, reflexion occurring if the ray turns
back and does not cross the 3-space of discontinuity, and refraction

if it does cross it.
To discuss these phenomena, let NV be the 3-space of discon-
tinuity, with equation N(x)=o. Let us put
*. N,=%—Z, (2.7.1)
so that N, is a 4-vector normal to NV (fig. 2.11). N divides space-
time into two regions, M’ (the initial region) and M (the final
region), with medium-functions f'(x',a") and f(, &) respectively.
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Consider a ray proceeding from P’(x’) in M’ to P(x) in M,
crossing NV at Q(y). Now by (2.1.3) we have

6J: fds=o, (2.7.2)

P’ and P being held fixed. Let us apply a particular variation in
which Q is shifted on IV from y, to y,+ dy,, the two parts of the
varied curve being rays in M’ and in M respectively. Then (2.7.2)

gives Q P
5 f S @a)d e J fesa)ds=o, (27.3)

and so by (2.1.6), since Q is the final event for the first integral and
the initial event for the second,

Zf/ . Y by

or (o, — ar) 6y,=o~ (2.7-4)

This holds for all variations 8y, in NV, i.e. for all dy, satisfying
N,dy,=o, (2.7-5)

and so we have o,—0,=kN,, (2.7.6)

where % is a factor of proportionality. This equation (2.7.6) is the
general law of reflexion and refraction.

Let us see how this law is to be used to obtain the reflected or
refracted ray. We regard the incident ray and the event of incidence
as given, and so o, and y, are given. From these values we obtain the
incident slowness 4-vector o} by means of o,= —9f’/oa,. N, is
given by (2.7.1), evaluated at y,. Then in (2.7.6) and the equation

Q(o,y)=o0, (2.7.7)
characterizing the final medium M, we have five equations for the
five unknowns o,, k. When o, has been found, we get the final ray

by (2.1.33): oQ
oc,=0%_-, o,o,=—1, (2.7.8)
these being five equations for «,, 6.
That is the programme for refraction. For reflexion, we must use
Q'(0,y)=o0, characterizing the initial medium, since the rays go
back into it, instead of (2.7.7).

3-2
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A complete discussion of reflexion and refraction is facilitated by
using space-time diagrams. The geometrical meaning of the law
(2.7.6) is very simple. It tells that if we draw from Q the 4-vectors o,
and o, the line joining their extremities is parallel to the normal to
N at Q, ie. parallel to N,. We may also say that the tangential
components of these 4-vectors are unchanged by reflexion or
refraction.

To find out whether reflexion or refraction (or both or neither)
occur, we make a space-time diagram as in fig. 2.12, showing the
event of incidence Q and the normal NV,, and also the 3-surfaces of
slowness relative to Q, these being as in (2.1.20),

W' for M': Q'(0',y)=0; W for M: Q(o,y)=0. (2.7.9)

wl
w

Q

Fig. 2.12. The 3-surfaces of slowness for reflexion and refraction, W’ being
that for the initial region M’ and W that for the final region M.

We draw from Q the incident slowness 4-vector o7. Its extremity
must lie on W’; let it be at B’. To get the final slowness 4-vector
o,, we are to draw through B’ a line parallel to N, and, in the case
of refraction, seek its intersection with W.

It is not feasible to deal with all the possibilities depending on
the forms of W’ and W. Fig. 2.12 will serve as an illustration. In
the case shown there is no such intersection, and so refraction is
impossible.

But the line in question does cut ¥’ at B”, and so QB” gives us
a final slowness 4-vector suited to a ray in M’. Thus we have
reflexion, and in fact total reflexion, since refraction has been ruled
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out. But before we can be sure that this reflexion is valid, we must
make sure of two things:

(i) the reflected ray must carry us back into M’ and not on into
M;

(ii) the reflected ray must point into the future and not into the
past.

If the ray obtained from QB” should violate either of these
conditions, then all we can say is that both reflexion and refraction
are impossible.

Consider now the case where the incident slowness 4-vector is
QC' infig. 2.12. Now the line drawn through C’ parallel to N, cuts
W at D and D, and it also cuts W’ at C". We have now two possibili-
ties for refracted rays, corresponding to the slowness 4-vectors QD
and QD,, and one possibility for a reflected ray, corresponding to
the slowness QC”. The reflected ray must be examined relative to
the conditions (i) and (ii) above, and the refracted rays for similar
conditions, viz.

(i) the refracted ray must carry us on into M and not back into
M,

(ii) the refracted ray must point into the future and not into the
past. ‘

It will be clear from the above discussion that the general law
(2.7.6) may give us invalid or extraneous solutions; these must be
eliminated by examining each problem separately.

Types of 3-spaces of discontinuity. The normal N, of the 3-space
N may be time-like, space-like or null.

A time-like [V, means that IV is the history of a 2-space moving
faster than light. For the speed of propagation  is, by (2.5.8), such

that 2
= —c? NN]:/' , (2.7.10)

u? N, N,
and so PR it Vi Vbl (2.7.11)

provided N, is time-like.

"This does not violate the relativistic limitation of velocities to lie
below ¢, because the velocity in question is not the velocity of a
particle or of a signal. We can give an optical analogy to illustrate
a time-like IV, : suppose light is passing through a lake of water, and
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that the water freezes suddenly throughout its whole volume. The
history of the water before freezing gives a region M’ in space-time
and after freezing a region M, the optical properties changing
suddenly across a 3-space N with equation ¢ = const. Itis notso easy
to think of a case of time-like IV, applicable to geometrical mechanics,
but it is well to keep the possibility of a time-like IV, in the general
theory.

A space-like IV, occurs when N is the history of a 2-space (surface)
moving with a speed less than ¢. This is a natural case to consider,
particularly if the 2-space is fixed in the space of some Galilean
observer. A potential-jump, to be considered later, provides an
example.

A null N, means that N is the history of a 2-space travelling with
the speed of light. This would occur if a particle passed into an
electromagnetic shock wave.

Example. Asanillustrative example, consider regions specified by

M': f(,a)=¢' @) (~ s,
Q(o",&")=0707+ ¢"*=o0;

M: f(x» a)= ¢(x) ( ‘ar“r)%’
Q(o,x)=0,0,+ ¢%=o0.

Let us first take for N the hyperplane x, =0, so that N ,=o, Ny=1.
We have x/i <oin M’ and x,/i >0in M. Then (2.7.6) gives 0, =07,

and o, is found from 03=— 0,0, — g2

We have a, = 0,/¢, and so the refracted ray is

a,=04/¢, ag=i(c} 0+ g%/
This satisfies the requirements (i) and (ii) above. If we seek a
reflected slowness 4-vector o,, we get o,=0,, but this is not
admissible because we get a ray either pointing on into M or
pointing into the past. Indeed, it is clear that we can never have
reflexion from a 3-space of discontinuity if NV, is time-like.

Let us now change N, taking for N, a space-like 4-vector. We can
then make N,=0 by choice of frame of reference. Then (2.7.6)
gives o,—0,=kN, 0,=0}.
Hence Q=0 gives

(0,+kN,) (0, +kN,)+ 08+ ¢?=0,
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and we get for k the quadratic equation
kKN,N,+2kN,0),+ ¢$*—$"?=o.
If this has real roots, we get a unique refracted ray, the second
solution being extraneous (it gives a ray passing back into M"). If
the roots are imaginary, there is no refraction. For reflexion we
have o,—0,=kN, o,=0,
and Q' (o, y)=o0 gives
(0, +kN,) (0, +kN,)+ 02+ ¢"%2=0,
or, since 0,0, + o+ ¢'2=o0,
! 2 —
2kN,0,+kN,N, =o.

Rejecting k=0 as extraneous for reflexion, we get a reflected ray by

takin /
& b= —2 N,
N,N,’
and the unit 4-vector along this ray is
o,+kN, , kN oy,
ap::”'p ¢I ”_pzaﬂ"_'—g/g’ a4=_4=a4'

¢l

Refraction through a hole. In the preceding theory we have taken
N to be a 3-space. But there are other cases of interest. Suppose
that all space is divided into two parts by a wall. The histories of
these two parts give us two space-time regions, M’ and M, and there
is no communication between them on account of the wall.

But now let a small hole be made in the wall. The history of this
hole is a curve in space-time, and this curve establishes a one-
dimensional connexion between M’ and M. Similarly, if we make
aslit in the wall, we get a two-dimensional region through which we
can pass from M’ to M.

We can explore refraction through a hole or a slit by means of the
variational principle (2.1.3). Let us take the case of a hole. Its
history may be represented by four equations

Yr=3®), (2.7.12)
where w is a parameter, and this curve has a tangent 4-vector
_ 4

r— dw . (2713)
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Now by the variational principle we are again led to (2.7.4), to be
satisfied for variation of y, on (2.7.12), but instead of (2.7.6) we

now get (0,—07) 4,=o. (2.7.14)

In order to find the refracted slowness 4-vector o, (and hence the
refracted ray direction «,), we have now only fwo equations, viz.

(2.7.14) and Q(o, x)=o. (2.7.15)

Thus, for the passage of a ray through a hole, there is a twofold
arbitrariness in the emergent slowness 4-vector, and hence a twofold
arbitrariness in the space-time direction of the emergent ray. In the case
of a slit, there is a onefold arbitrariness.

For example, suppose that there is the same medium-function
for M’ and M: f(x,o)=(—0,a,)}. Suppose that the history of the
hole is parallel to the #-axis, i.e. the hole is at rest. Then 4,=0 and
(2.7.14) gives oy — oy=0. Hence 0, are arbitrary except for

= —1—0"2
0,0,=—1—0¢.
Thus, since a,= o,, we have
— ’2
o,0,=—1—af,

and so by (2.4.6) the velocity v, of the emergent ray is conditioned

only by 0,9,7ct= -1+,

which leads at once to v=1". In fact, for this example, rays emerge
from the hole in all spatial directions, with a speed equal to that of
the incident ray.

2.8. Hamilton’s T-function

Hamilton’s method was long regarded as useless in practical
optics on account of the difficulty of calculating his characteristic
function V. His other characteristic function T was overlooked
until rediscovered by Bruns, but now (often under the name of
‘angle eikonal’) provides the most systematic method for the
discussion of the aberrations of optical instruments. Let us now
introduce the T-function into the relativistic theory of rays.

Let space-time be divided into three parts, M’, N and M, as in
fig. 2.13, and let rays pass from M’ through N into M. Although
the T-function exists under quite general conditions, it is most
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useful in the case of homogeneity, and so we shall suppose that M’
and M (but not necessarily V) are homogeneous in the sense that in
each of them the medium-function f(x,«) is independent of x,.
Then the Euler-Lagrange equations (2.1.4) tell us at once that the
rays in M’ and in M are straight.

Let V(x’,x) be the characteristic
function (2.1.5) for a ray which goes
from P'(x") in M’ to P(x) in M. We
define T by writing

P(X)

T=V(' x)+0,x,—ox;, (2.8.1)

where o] and o, are the slowness
4-vectors at P’ and P respectively.
These vectors satisfy
of’ ) "
0';=_5£7» a'r=_a—f’ (2'8'2) Px)
%r r Fig. 2.13. Homogeneous regions
M’, M of space-time, separated

and they are therefore constant along by a region .

the parts of the ray in M’ and M,
respectively, since o, and o, are constant, the parts being
straight.

Let us now vary from the ray P'P to a neighbouring ray with
slightly different end-events. Remembering that

oV, oV
a—xz=¢7,, Fr -0, (2.8.3)
we get 0T =x,00,—x,060,. (2.8.4)

Thus the value of T is unchanged if we slide P’ and P along the ray,
for then the slowness 4-vectors are unchanged. In fact, T is a
‘function of the ray’, not involving actually the choice of the initial
and final events on it, and so, since a ray is in general determined by
its initial and final slowness 4-vectors, we may write

T=1T(0oy, 03, 03, 04, Oy, Oy, Ty, Ty)- (2.8.5)

But these eight arguments are not independent. Since f(x,a) is
independent of x, in M, so also is the function Q(o, x) of (2.1.14),
and hence the slowness equations for M’ and M read

Q'(0q, 03, 03, 05) =0, Q(0, 0y, 05, T4) =0. (2.8.6)
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It is convenient to solve these equations for 0 and o; since these
are the fourth components of 4-vectors, they are pure imaginaries,
and so we shall write the solutions of (2.8.6) in the form

A =iH’(0'i’ Ué! O‘é), (74=iH(0'1) O ‘78)’ (2'8'7)
where H' and H are real.

Let us substitute these in (2.8.5), using an umbral notation

(o', o) to denote the six quantities o, o,. Thus we have

T=T(o',0), o3=iH'(c"), o,=iH(0). (2.8.8)
If we omit, for simplicity, certain exceptional cases, the six
quantities (o”, o) are independent, and so (2.8.4) gives

oT , .,0H" oT

==X —1X =, =—
/ P 4 7
do7, a0, 80',,

Supposing the T-function known, and constant values being
assigned to o}, and o, we have in the first set of (2.8.9) three
linear equations for the initial portion of the ray and in the second
set three linear equations for the final portion of the ray.

It is important to note that (2.8.9) holds only if the six quantities
o), o, are independent. We shall presently discuss cases where this
is not so, and give the modified form of (2.8.9).

Example. We shall later consider how T(0”, ) is to be calculated.
For the moment it may be regarded as an arbitrary given function
of its six arguments, and H'(c”’), H(o) may be regarded also as
arbitrary functions. To illustrate the meaning of (2.8.9), let us take

I(o', o) =40, = ,) ()= 7)),
Qr(a_!)=o-;o-;+k'2_—_o, 0';—_—1(0-; 0-"’+k’2)§=iHl(o_/)’
Q(0)=0,0,+ k=0, oy=i(c,0,+k)=iH(0).

. ©oH
=x,+1%x, 3, (2.8.9)

Then (2.8.9) gives for the rays
o,—0,=—x,—ixyo,/H, o,—-0,=x,+ix0,/H.
Suppose now that we take an initial ray passing through the two

events (x,=o0) and (x, =0, x3=1). Then by the first of the above
equations; the o, o, for the ray satisfy

o,—0,=0, 0,—0,=0,/H'.
Thus ¢}, =0,=0. The second set of (2.8.9) then tells us that the
final ray has the equations x,=o.
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We see that any initial ray through x; = o satisfies o/, = 0", and so

the equations of the final ray are
x,+ix,0,[H=o.

But, for arbitrary o, this represents the totality of all straight rays
through x, =0, and so, for this example, the intermediate region N
has the effect of transforming the congruence of initial rays through
the space-time origin into a congruence of final rays through this
origin. This does not mean that the rays are unchanged by N, for the
initial ray has the equations

), +ixy ol (0, 05+ k%) t=o0,
and the corresponding final ray the equations

x,+ix,0(07, 0+ k2t =0,

This example brings out a matter which might be a source of
confusion. We have initial rays and final rays passing through a
common event, viz. the space-time origin. Does this origin lie in
M’ orin M? It does not matter, because, since the rays are straight,
we may conveniently produce them outside the domain to which
they properly belong, just as in optics we produce rays behind a
mirror in order to discuss a virtual image. This device is possible
only for homogeneous media, since otherwise the rays are curved
and there is no simple way of producing them outside their proper
region.

Interpretation of T as action. In Hamilton’s optics, T has a simple
meaning in terms of optical length (cf. Synge, 1937, p. 29). The
same sort of interpretation may be made in space-time.

Fig. 2.14 shows a ray proceeding from P’ in M’ to Pin M. O'is
the origin in space-time. Since we restrict ourselves to homo-
geneous M’ and M, the initial and final rays are straight, and o, are
constants along the initial ray, and o, constants along the final ray.

Let us consider the hyperplanes through O with the equations

II': o7y,=0; Il:o,y,=o0, (2.8.10)
where y, are current coordinates. Let Q' and Q be the events at
which IT’ and IT cut the initial and final rays respectively, these rays
being produced if necessary. Now we have seen that T'is unchanged

if we slide P’ along the initial ray and P along the final ray, and we
may even slide the events along the rays produced out of their proper
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regions, provided we make due allowance when doing so. Let us
slide P’ to Q" and P to Q. Then on account of (2.8.10) we may put
0,%x,=0, o,x;=0, and so obtain
from(2.8.1) V(Q’,Q)=T.Thuswe

can express T as the action from Q'
toQ:
Q
T=J’ fds=[Q'0], (2.8.11)
o

if we use the square brackets to
indicate action. Inthe case of rays
produced outside their proper
region, the integral must be
correctly interpreted. Thus, for
fig. 2.14, we have

T=f;fds—f:fds, (2.8.12)

where in the first integral we use
the ‘natural’ medium-function
along the actual ray from Q' to
P, but in the second we use the
medium-function for M all along
the straight (and partly artificial)
ray from Q to P. Fig. 2.14. Interpretation of T as

Calculation of T. Let us now action; T=[Q’'Q].
see how T may be calculated. We
consider only homogeneous regions, in each of which, as stated
above, the medium-function is independent of position in space-
time.

Consider a pair of regions, M’, M, as in fig. 2.13, but let the
intermediate region NV shrink to a 3-space across which the medium-
function f is discontinuous, so that we are back at the situation
shown in fig. 2.11. Let y, as before denote the coordinates of the
event at which the ray from P’ to P cuts N.

Now we have the expression (2.8.1) for T, and we know that the
value of T is unchanged if we slide P’ along the initial ray and P
along the final ray. Let us slide them into coincidence at Q. Then

P

Xp=x,=y, V(& ,x)=o0,
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and so (2.8.1) gives T'=(o,—0y)y, (2.8.13)
Now N, being normal to N at Q, we have from the law of refraction
(2.7.6) o —-o. N

£ PP 8.
o,—0; N, (28.14)

and if we write the equation of N in the form

N(y)=1ys+S(y1,92 y3) =0, (2.8.15)
then Np=-§—§=SP (say), N,=i, (2.8.16)
Ve
o,—0, )
and (2.8.14) becomes 0_: — O'Z =-iS,. (2.8.17)

Then using the medium equations (2.8.7) and rewriting (2.8.13),
vehave  T—(o,—0})y,~ [H(o)-H (] SK),
o,—0, (2.8.18)
Hio)—H (o) /)

Here o, ¢’, y in the functional symbols stand for o, 77, ¥,. There-
fore the function T(o', o) for the pair of regions M', M, separated by
the 3-space of discontinuity N, is to be found by eliminating the three
quantities y , from the four equations (2.8.18). That is as far as we can
carry the explicit calculations unless we are given the two medium-
functions and the form of V.

The method can be extended to give T for any number of
homogeneous regions, separated by 3-spaces of discontinuity, but
as in the case of optics, the algebra of elimination becomes
formidable. To deal with three regions, we turn back to fig. 2.13 and
suppose that M’, N and M are all homogeneous, with discontinuities
on passing from M’ into N and from NN into M. The plan is to find
the T-function by the preceding method, first for the pair of
regions M’, N and then for the pair N, M. Let these be respectively
T(M', N) and T(N, M). Then we follow the optical procedure
(cf. Synge, 1937, p. 35), writing for the T-function of the complete
system (M’ and M separated by N)

(M, M)=T(M', N)+ T(N, M), (28.19)

and eliminating the three slowness components of N by the condi-
tion that the expression on the right-hand side of (2.8.19) shall be
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stationary with respect to arbitrary variations of them. The justi-
fication for this is the same as in the optical theory.
Example. Let M’ and M be characterized by

Q(d)=0,0,+k%=0, oi=i(0,0,+kt=iH'(c"),
Q(o)=o0,0,+k=0, o,=i(0,0,+k)t=iH(s),
and let the 3-space N separating them be the pseudoparaboloid
yy+ialy,y,=o,
a being a constant. Then
S(y) = %a_lypyp) Sp = a-lyp’
and the lagt of (2.8.18) gives
_ o,— 0
yp_aH(a.)_H/(a,/)’
(0,~0) (9,~ 7))
[H(o)-H'(o")]
Then by the first of (2.8.18) we have

and hence S(y)=1%a

oc,—0,)(0,—0,
1o, 0)=ta %7 a0
Note that o, 07, are six independent quantities here, and so we can
use (2.8.9) for the rays if we wish to investigate them. This inde-
pendence is due to the fact that the normals to a pseudoparaboloid
have co® directions in space-time, and so, given o7, we have three
degrees of freedom in o,, corresponding to the three degrees of
freedom in the position of the initial ray.

T for refraction at a fixed surface. There is a case of some import-
ance which cannot be handled by the general method given above,
viz. when the 3-space of discontinuity N is the history of a surface fixed
in the space of the Galilean observer. We cannot then solve N(y)=o0
for y, asin (2.8.15); in fact, the equation of N is of the form

. S(y1, Y2 ys)=o- (2.8.20)

To treat this case, we go back to (2.8.13), which is always valid.
The law of refraction (2.7.6) gives

o,—0,=0S, o,—0;=0, (2.8.21)
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0 being undetermined. Hence we can write the set of five equations
T=(o,-0,)y,, 0,—0,=08, S(y)=o, (2.8.22)

and so obtain T by eliminating the four quantities y,, 6.

Note that now o, 0/, are not independent, for they are connected
by H(o)=H'(c"), and so only five of them are independent. Thus
we cannot use (2.8.9) for the rays; let us see what the correct
equations for the rays are.

We go back to (2.8.4), which reads

0T=x,00,+x,00,—x,80,—xyd07y,
or 0T =(x,+ix H,)dc ,— (%, +ixy H,) b0, (2.8.23)
where H,=0H/[00,, H,=0H'[d0",. The differentials in (2.8.23) are
independent except for
H,é0,-H,b0,=0, (2.8.24)

and so, no matter how T'is expressed in terms of o), o, (and it can,
of course, be expressed in an infinite number of ways, since these
quantities are not independent), we have

oT PR ’

5—;;=—xp—1x4Hp—‘¢Hp,

T . 8.

a_a'p=_—.acp+1x4Hp-i-¢HI,, (2.8.25)
H'(0")=H(0),

where ¢ is an undetermined multiplier.

These seven equations are the equations of the rays. Suppose we
are given the slowness of the initial ray (¢7,) and also an event on it
(%), so that the initial ray is completely known. Then we can solve
the first and last of (2.8.25) for o, ¢, and when theseare put in the
second of (2.8.25) we have the three equations of the final ray
corresponding to the given initial ray. Or, of course, we can use the
equations in other ways.

T for refraction through a fixed hole. As a final case, let us calculate
T for refraction through a hole fixed in the observer’s space. Let us
take the equations of the history of the hole to be

y,=a, (2.8.26)
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so that a, are the spatial coordinates of the hole. The formula
(2.8.13) is a valid deduction from (2.8.1), and it now reads

T=(a'p" 0';)) ap+(a'4— 0'3):}'4, (2.8.27)

where y,=ict on the hole. The appropriate form of the law of
refraction is (2.7.14), and it gives

04— 03=0. (2.8.28)
Hence (o', 0)=(0,~0))a, (2.8.29)

a very simple expression.

But here again o, o, are connected by (2.8.28), which gives
H'(0")=H(0), and we cannot use (2.8.9) for the rays. Actually they
have the same form as (2.8.25), viz.

—a,= —x,—ixyH,— ¢H,,
a,=x,+ix H,+$H, (2.8.30)
H'(c")=H(0o).

We verify that the first line gives a straight line in space-time passing
through the event &, = a,, ¥y =i¢ in the history of the hole, and the
second line of (2.8.30) gives a straight line also passing through the
same event.

2.9. Focal properties
The equations (2.8.9) are useful for the discussion of focal
properties. Let us for simplicity assume that we are dealing with
a congruence of rays in which the initial rays are parallel, i.e. the
initial waves are plane. Then o7, are constants, and we work with
oT oH

—a—aj;=x/,+1x4—3;p, (2.9.1)

in which o7, occur only as constants in the left-hand side. Here are
three equations connecting the seven variables x,, o,

Apart from this restriction, the argument is general. The situation
is as pictured in fig. 2.13, homogeneous regions, M’, M, being
separated by a region N which need not be homogeneous.

We now ask whether any final ray o, is approached to within the
second order by any neighbouring ray, i.e. a ray with slowness
o,+00,. Any such point of approach we call a focal event (fig. 2.15).
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We investigate the existence of focal events by applying a varia-
tion to (2.9.1) with dx, = o; this gives

1,,00,=ixH,,0, (2.9.2)

where the subscripts to 7'and H denote differentiation with respect
to the o’s. These equations are con-
sistent if, and only if,

det (Ty,+ ctH,,)=o0, (2.9.3)
where we have put x,=ict, so that
everything is real. To find focal events
on an assigned final ray, we regard o,
as known and solve (2.9.3) for ¢; when
t has been found, we get the other
coordinates of the focal event from
(2.9.1).

Since (2.9.3) is a cubic equation, it
must have one real root, and hence
every final ray has at least one focal
event on it and not more than three.
However, it must be noted that we are Fig. 2.15. Focal event F in
considering the general case, for which space-time.

(2.8.9) gives the rays, ie. o, o,

are independent quantities. The case where they are not inde-
pendent (refraction at a fixed surface) will be discussed later in this
section.

If the three roots of (2.9.3) are distinct, we speak of each of the
focal events given by it as a focal event of the first class; if two roots
coincide, we have a focal event of the second class; and if all three roots
coincide, we have a focal event of the third class, or principal focus.

If at least one of the two quadratic forms ‘

T,,X,X, H,X,X,
is known to be positive-definite (or negative-definite), then the
three roots of (2.9.3) are all equal if, and only if,
T,,=¢H,, (2-9-4)

where ¢ is a factor of proportionality. Thus if we seek the principal
foci, not on one particular final ray, but in the whole congruence of

SGM 4
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final rays resulting from a given parallel initial congruence defined
by o, we have to solve six equations (2.9.4) for four unknowns,
o, and ¢. Hence, in general, we are not to expect the existence of
principal foci. This is different from what holds in ordinary optics;
there principal foci do in general exist, in the sense that we have
three equations of the form (2.9.4) (with suffixes in the range 1, 2) to
be solved for three unknowns.

Example. Consider the congruence of rays formed from a parallel
congruence of initial rays by refraction at a pseudoparaboloid, as
discussed following (2.8.19). As the algebra is rather heavy in

general, let us take for the initial rays o/, =0, so that
9%

H(o)—H'(0)’

Then, putting a=1 for simplicity and writing

G(o0)=H(o)—H'(0),

T=}%a

we get
1,=G1%,-G*o,H,+0,H)+G30,0,HH,~}0,0,H,.
Let us take H(0')= (0, 0, +k?)}, as earlier. Then
H,=H'¢, H,=H",—0,0,H>?,
and so T,=46,,+Bo,o,,
where 4 and B are easily calculated. Then (2.9.3) reads
det[d,,(4+ctH™)+0,0,(B—ctH3)]=o0.
This is a cubic equation to determine the three possible focal points

on the final ray o,. If we take in particular the final ray to be o, =0,
then H =k, and this determinantal equation becomes

(A +ctk1p=o,

which has a triple root. Thus we get a principal focus at cz= — 4k,
the other coordinates being x,=0, as is easily seen.

Focal events for refraction at a fixed surface. In the case of
refraction at a fixed surface, as in (2.8.20), we have to proceed more
circumspectly, because we can no longer use (2.8.9) for the rays; we
must use (2.8.25) instead.

Let us again take the initial rays parallel (o7, =const.); we have
then

6%7";=xf’+(ix4+¢)Hm H(o)=H'(c"). (2.9.5)
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To get a focal event, we hold «, fixed and vary o, and ¢. Thus

T,,00,=(ix,+$)H, 00,+H,0¢,
Ii,(?o',,:f). A, g ¢} (2.9.6)
Elimination of dc, and &¢ gives the fourth-order determinantal
equation _
Tyt $) e By, @9)

Here o, are supposed given if we are investigating focal events on
agiven final ray. When (2.9.7) has been solved for cz — ¢ (or ix, + @),
substitution in (2.9.5) gives the coordinates x, at the focal event.
The value of ¢ at the focal event remains undetermined, because
there is a line of focal events parallel to the ¢-axis, occurring on
parallel final rays which have all the same o, but different positions
in space-time.
The above method is applied in § 3.3.

2.10. Special types of medium-functions

In Chapter 111 we shall consider those medium-functions f{x, c)
which appear to be of chief physical interest. Here, without taking
physical significance into account, we shall discuss some types of
medium-functions which deserve attention by virtue of special
symmetries which they impart to regions of space-time.

The properties of a region with respect to rays and waves are
summed up geometrically in the 3-spaces S and W of (2.1.19) and
(2.1.20), S being the unit 3-wave and W the 3-surface of slowness.
They are equivalent to one another on account of the relationship of
polar reciprocity, and so it suffices to consider .S only.

Isotropic regions. A region of space-time is ésotropic at an event in
it if the unit 3-wave S relative to that event looks the same to all
Galilean observers (i.e. is invariant under Lorentz transformations).
It is clear then that an isotropic region has a medium-function of the

form Faw, )= p(x) (- oyt )b (2.10.1)

It is homogeneous isotropic if ¢ is a mere constant, and heterogeneous
isotropic if ¢ varies with position in space-time.

We have already used this as an illustrative example. Let us sum
up the properties of an isotropic region, these properties having
already been established incidentally or being easy to prove.

42
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The variational principle (2.1.3) now reads

8f¢(x) ds=o, (2.10.2)
and the equations (2.1.4) for the rays are
d
d—(¢“r)+¢r=°’ (2'10'3)
where ¢,=0¢/0x,. We have
of
o= ‘_8—07,.— ¢“r’ (2'10'4)
and so Qo,x)=14(0,0,+ ¢?)=o0, (2.10.5)
the factor } being merely a matter of convenience. The Hamilton-
Jacobi equation is oV oV
2
B, 3, +¢?= (2.10.6)
The Hamiltonian equations of a ray are, as in (2.1.17),
dx, d0'
dw =0y, - ¢, (2.10.7)
the parameter w being related to s by
s o s _fds_ds
fa—z;- - a',—a-a»_r- o,0,=¢% dw= proirt (2.10.8)
If we use w as parameter, the equations of a ray have the particular
first integral dx, dx,
2 = . .
T du Tt o. (2.10.9)
The unit 3-wave is the pseudosphere
S yy,=—¢72 (2.10.10)
and the 3-surface of slowness W the reciprocal pseudosphere
W: y.y,=—¢% (2.10.11)
As already shown in § 2.5, the wave velocity u, is related to the ray
velocity v, by 2
) Uy =0, uv=c=2, (2.10.12)

Homogeneous regions. A homogeneous region of space-time is one
for which f(x,«), and hence Q(o, x), is independent of x,, so that

we may write f=fa). (2.10.13)
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Now the equations (2.1.4) for the rays give

d of of _
ds 3, 2 -a?“—r—const., a,=const., (2.10.14)

and so the rays are straight lines in space-time. This is the great
simplification due to homogeneity; the integration of the equations
of the rays is, in other cases, usually a matter of considerable
difficulty.

If the region is both homogeneous and isotropic, then

f=k(—ar“r)%’ (2.10.15)

where £ is a constant. Everything is then comparatively simple.
Details will be worked out in § 3.1 when we deal with the geometrical
mechanics of a free particle.

We shall now consider some cases where the region is isotropic
and possesses special symmetries so that the equations of the rays
can be integrated.

Cases where the rays can be found easily. Consider, as a particular

case of (2.10.1), f(x, o) = () (— o, ), (2.10.16)

so that the unit 3-waves are pseudospheres with radii depending
only on time for some Galilean observer. Then by (2.10.7) the rays

satisfy dx do do

= —f = 4 _

=" =% du PPy (2.10.17)
Thus o,=const. and  x,=0,w+a, (2.10.18)

where a , are constants. Further

dx4- e 2*
5—04-1(0',, o, + %3, (2.10.19)

and so the integration of the equations of the rays is completed by
iw= f(o’,, o, +¢%)tdx, (2.10.20)

Another case in which the equations of the rays can be integrated
explicitly to within a quadrature is

flw,0)=g(R) (-}, RP=-ux,%,  (2.10.21)

this expression being available only inside the null-cone having the
origin for vertex, since R is imaginary outside that cone. The unit
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3-waves are pseudospheres, with radii depending only on R, and
the theory is analogous to that of an isotropic optical medium with
refractive index distributed with spherical symmetry. By (2.10.7)
the equations of the rays are

((11_’:;=a-” %=xr9§, (2.10.22)
where ¢’=d@/dR. Hence
g:f;'-—-x,ig—,, (2.10.23)
and so we get ‘angular momentum’ integrals
xr%%_xs%=cw (2.10.24)

where C,, are constants for the ray (C,,= —C,).

To study any particular ray, we may use a special Galilean frame
of reference, thus simplifying the skew-symmetric tensor C,,. Let
us in fact choose axes so that the x,-axis passes through the initial
event on the ray, and then choose the x;-axis so that the initial
direction is included in the 2-space of ¥, and x,. This means that
initially we have

Xy =xy=x3=0, x,=1R, —=-—"=0. (2.10.25)

Now it is clear from (2.10.23) that if any coordinate and its first
derivative both vanish initially, then that coordinate is permanently
zero. Hence x,=x;=0 along the ray, and we have from (2.10.24)

xl%—x4%= —iC, R?= —x2—u}, (2.10.26)
where C'is a real constant. Let us now define 6 by

x,=Rsinh@, x,=iRcoshf, (2.10.27)
so that §=o initially. Then (2.10.26) gives

‘ de
i
R o C. (2.10.28)
Our problem is analogous to that of the Newtonian motion of a

particle in a central field, and this equation is the analogue of the
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integral of angular momentum. The analogue of the equation of
energy is (2.10.9), which becomes, by (2.10.27),

() () =- ( r(2)<

Putting u#=1/R, this equation, with (2.10.28), yields

du\ 2 2
(d—z) —u2=%2, (2.10.30)

which gives the relation between # and 6 by a quadrature, and so
gives us the ray. We verify easily that, if ¢ =const., then the ray is
a straight line in space-time.

An interesting special choice of ¢ is

¢(R)=£, f(x,a):-ll—;(—a,ar)&, R2= —x,x,, (2.10.31)

where k is a constant. Then (2.10.30) becomes

‘du\ 2 k2\
(39 = 1+-C,—2) u?, (2.10.32)
I &6 k2 i
and so -12=R=Roe , K=+ +7a) (2.10.33)

where R, is the initial value of R. By (2.10.27) the ray has the
equations

%, =R, eK%sinh 0, xy,=x3=0, x,/i=ct=R,eX%cosh,
(2.10.34)
0 being a parameter on the ray. Let us choose the positive sense of
the x,-axis in the direction of motion at f§=o0; then K >o. Since
ct
R?=c? — x3 = R2e?K0, = cothd,

1
and the ray velocity is

dy; Ktanhf+1
dt ~“K¥tanhd (2-10.35)

(which is always less than ¢ numerically), we have the following
table of values for the ray:

8 x ¢ R ctlx, v,

vl——"

o o R, R, o ¢/K
o0 cO o oo 1 4

e X Ardrvd 7]
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The space-time diagram of the ray corresponding to f(x, ) as in
(2.10.31) is shown in fig. 2.16. It starts from the origin with
velocity —c, travelling first in the negative direction of x,, reverses
its direction of motion and arrives at the spatial origin again at time
t=Ry/c with velocity ¢/K and then goes off to x; =co with a velocity
increasing up to ¢ as the limit.

Statical regions. Let us now consider a case of considerable
interest, namely, the statical case in which f(x, «) is independent of

< Null-cone Null-cone

0 %
Fig. 2.16. Ray for f(x, a)=k(—a,,)}/R.

time (i.e. independent of x,) for some Galilean observer. Then
(0, x) also is independent of x,, and the equations (2.1.17) for

the rays read dx. 9Q do 2Q
___8=—, ___P=___, (2'10’37)
dw 0do,” dw ox,,
dx, 0Q _
@ "o 0, = const. (2.10.38)

We note that (2.10.37) involve only six dependent variables, x,, o,
since x, does not appear and o, is a constant by (2.10.38). Thus in
this case the problem of finding the rays with given o, as curves in
space is precisely a problem in Hamiltonian optics in Euclidean
3-space based on the relation

- Q(0y, 0y, 0, Oy, %1, X, %3) =0, (2.10.39)

with o, an assigned constant, corresponding to the colour of the
light. This means that if we were interested only in statical regions,
separated by fixed surfaces of discontinuity (and, indeed, the cases
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of most obvious physical interest are of this type), then we might
scrap the space-time mode of thought and fall back on the classical
optics of Hamilton. If we did this, however, we would lose the
simple interpretation of de Broglie
waves as 3-waves in space-time, andso  § <
it seems better to keep the wider view
which embraces non-statical cases.
We shall now establish Fermat’s
principle, or a principle equivalent to
his, for a statical region. Consider a
ray P'P in space-time (fig. 2.17), and
let us vary this to an arbitrary neigh- Q
bouring curve Q’Q, the terminal in- *0 f
finitesimal displacements P'Q’, PQ F
being parallel to the t-axis. Let us Fig. 2.17. Statical case;

associate with the events on Q’Q values % /0xy=o. )

faful Space-time diagram of varia-
of o, satisfying tion of rayin Fermat’s principle
(8oy=0; dx,=o0 at ends).

P

Q(o,x)=0, o0,=b, (2.10.40)

the values of o, on Q’Q being close to those on P’P, and b, being the
constant value of o, on P'P. In this variation we have

d|o,.dx,= f(&o’, dx,+ o,ddx,)

P
- [cr,, 8x4:|P + f (30,dx,—0x,d0).  (2.10.41)

Since PP is a ray, it follows from (2.1.17) that the last integral is

f&Q dw, and this vanishes by (2.10.40). Further
Jfoz, dx,=0,0 f dx,= [0'46x4:l: (2.10.42)
Then, subtracting (2.10.42) from (2.10.41), we have
8fap dx,=o, (2.10.43)

where (2.10.40) is satisfied on the varied curve and at the ends
dx,=0. All trace of time has disappeared from (2.10.43), and so we
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have a variational principle which we can apply in space, o, being
of course assigned. To pass to a principle of Fermat’s form

8fg(x1’ Xgy X3y /91’ 132, ﬂa) d‘o =0, (2°l°'44)

where S, are direction cosines of a space curve (f,6,=1) and ds,
the spatial element of length (dsj=dx,dx,), we proceed in the
manner of (2.1.33). We write the five equations

oQ 0Q
Q(o'l) 09, O3, Ty, X1, Xy, x3)=°1 ﬂp=0%—p! &= +00’p5}’;)
(2.10.45)

and, by eliminating o, and 6, obtain g, the refractive index in
Fermat’s principle. Note that the last sign in (2.10.45) is positive,
and not negative as in (2.1.33); this is because we are dealing with
space instead of space-time, and the line element is positive-definite.

The analogue of the optical instrument of revolution. The instru-
ment of revolution plays such an important part in geometrical
optics that it is natural to ask what its analogue in geometrical
mechanics might be. The most obvious analogue is a set of space-
time regions, each homogeneous and isotropic, separated by
3-spaces of discontinuity each of which has an equation involving
only x, and x,x,, just as the surfaces in an instrument of revolution
have equations involving only z and x%2+ 2. Any such 3-space is
then the history of an expanding or contracting sphere with centre
at the origin of space. The z-axis takes over the role of the axis of
symmetry of the instrument of revolution. The paraxial rays of
optics become rays with small velocities.

Such a system is specified by writing down a set of equations for
3-surfaces of slowness of the form

Q(o,x)=0,0,+k*=0, (2.10.46)

the constant k taking different values in the different regions, and
a set of equations for the separating 3-spaces, in general of the form

f. (2.8.1 .
(et 28.15)) iye+S(3,9,) =0, (2.10.47)
or, if the 3-space is fixed in the observer’s space (cf. (2.8.20)),

¥,¥,=const. (2.10.48)
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This last would correspond in the optical instrument to a circular
cylinder having for axis the axis of the instrument.

Before making any calculations at all, it is clear from symmetry
that the T-function of the complete system, considered as a function
of the three initial slowness components o7, and the three final
slowness components o, can contain these variables only in the
forms 0,05, 0,0, 0,0, (2.10.49)
these being the only invariants under those Lorentz transformations
which leave the ¢-axis unchanged.

As regards the calculation of T(¢”, o), in the work following
(2.8.19) we have as an example calculated T for refraction across
a pseudoparaboloid. This work will serve, in general, for the
calculation of T up to the second order inclusive for small o, Op
since then the rays will be near the ¢-axis and (2.10.47) will have as

leading terms iys+iaYy,y,=0, (2.10.50)

if we choose the origin of space-time on the 3-space. Such results
can be combined in the manner of (2.8.19) to obtain the T-function
for the complete system. To this order of accuracy it would give
the ‘ Gaussian geometrical mechanics’ of the set of regions.
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CHAPTER III

GEOMETRICAL MECHANICS FOR A
PARTICLE, FREE OR IN A GIVEN FIELD

3.1. Basic formulae for a free particle

Just as in optics we first study the simplest type of medium
(homogeneous and isotropic), so we should first study the geo-
metrical mechanics of a free particle.

Fora free particle of proper mass m, we take the medium-function

f(x,a) =me(—a,e,)b, (3.1.1)
which will be recognized as homogeneous and isotropic. The con-
stant factor mc gives the integral (2.1.5) the dimensions of action.

The rays satisfy
c?ff(x,a)ds=mc8fds=o,

and so are straight lines in space-time, the rays through an event
4 . .
x, having the equations X=X+,

where a, are constants for the ray (¢, a, = — 1) and s the Minkowskian
distance measured from x,. This corresponds to uniform motion
with velocity v, given by

a,=yv,lc, ay=iy, y=(1—*c})}, o*=v,0, (3.1.2)

as in (2.4.6); a, is the velocity 4-vector of the particle.
The characteristic function is

V(x,, x) = mc[ - (xr - ;‘) (xr - x;')]%
=mec(c2r? —r2)3, (3.1.3)

where 7 is the interval of time and r the spatial distance between
the events x; and x,. The slowness 4-vector is, by (2.1.9),

. o= -——a%cf— =meo,( —a,a,) F =mea,, (3-1.4)
so that, by (3.1.2), o,=myv, oy=imyc. (3.1.5)

Thus for a free particle the slowness 4-vector is, in fact, the usual
momentum-energy 4-vector.
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The coincidence in space-time direction of the slowness 4-vector
o, and the tangent vector to the ray a, is a property peculiar to
isotropic medium-functions; it holds, as we have just seen, for a
free particle, but it does not hold in general for a particle moving
in an electromagnetic field. The congruence of space-time curves
defined by the directions of o, for a system of waves is always a
normal congruence, cutting the 3-waves normally, but in general
the congruence of rays is not a normal congruence, i.e. there are no
3-spaces cut normally by the rays. But in the case of a free particle
the rays do form a normal congruence, on account of (3.1.4).

Fig. 3.1. Unit 3-wave S of radius (mc)~* and 3-surface of slowness W
of radius mc, for a free particle.

Elimination of the «’s from (3.1.4) by the relation a,a,=—1
gives immediately the slowness equation (2.1.14) in the form

Q(o,x)=0,0,+m3i%=0, (3.1.6)
and the Hamilton-Jacobi equation is

oV ov
FPy 37+m262=o. (3.1.7)

The unit 3-wave of (2.1.19) and the 3-surface of slowness (2.1.20)
are now

S: me(—y,y)t=1,
W y,y,+m2c2=o.} (3.1.8)

Thus S is a pseudosphere of radius (mc)™* and W a pseudosphere
of radius mc (fig. 3.1). The kinematical interpretation of S given
in (2.4.10) now shows us an expanding sphere of flashing lamps
carried by particles emitted simultaneously from a point, in all
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directions and with all speeds up to ¢, the flashing time 7 of the lamp
carried by a particle with speed v being given by

mer(c2—o?)t=1. (3.1.9)

Since the medium-function is independent of x, the unit 3-wave
is a member of the family of 3-waves from a source-event; this
family will be discussed below (cf. (3.1.13)).

’ Xo

Fig. 3.2. Space-time diagram of straight rays and plane 3-waves for a free
particle. The rays are normal to the 3-waves (in the Minkowskian sense).

The general relationship (2.5.11), expressing wave velocity in

terms of the slowness 4-vector, gives, by (3.1.4),
. 0,0, .o, . vic  c?
u,= —ic £ 2= —icL 2= —ic-L—=—9,. (3.1.10)

O Ay, V0, O
Thus for a free particle the directions of the wave velocity u, and the
ray (or particle) velocity v, coincide, and their magnitudes are
connected by the de Broglie relationship

uv=c2, (3.1.11)

.

Plane waves and waves from a source-event. Of all the manifold
systems of waves which can be associated with the motion of a free
particle, two are particularly simple and interesting : (a) plane waves,
(b) waves from a source-event.
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Let us start from an initial plane 3-wave Z,. On it o, lies along the
normal (general property), and (3.1.4) tells us that o, does so too
(special property for free particle). Thus we get a congruence in
space-time of straight parallel rays, the orthogonal trajectories of
asystem of parallel plane 3-waves (fig. 3.2). The kinematical picture,
obtained by slicing across the space-time diagram by hyperplanes
t=const., shows us parallel plane 2-waves advancing with velocity
u,; the particle velocity v, is normal to the 2-waves and the
relationship uv =¢? is satisfied (fig. 3.3).

The characteristic function for this set of plane waves is (cf.

fig. 3.2) V(P)=mcP'P= —mca,(x,—x,)= — 0,x,+ const., (3.1.12)

Fig. 3.3. Kinematical picture in space of plane 2-waves advancing with
velocity u, in the direction of the ray (or particle) velocity v, (uv=c?).

since a,.x, is a constant for any choice of P’ on Z,. V is a function of
the coordinates of P only, as is always the case when we are dealing
with the congruence of rays generated by an initial 3-wave. In
(3.1.12) 0, are the constant components of the slowness 4-vector,
which, as we have seen, is also the momentum-energy 4-vector.
Consider now the waves from a source-event P’(x"). The 3-waves
are found by putting V' =const. in (3.1.3), and so their equations

are c*r? — r? = (V [mc)? = const. (3.1.13)

These are pseudospheres as shown in fig. 3.4. The corresponding
2-waves are expanding spheres, the wave velocity being

u=g = (3.1.14)

Fig. 3.5 shows a selection of such 2-waves at time 7, namely, those
with velocities ¢, 2¢, 3¢, 4¢, 5¢. The first of these is a sphere with
radius c7; it bounds the waves at time 7, and strictly speaking does
not belong to the system, since it corresponds to a particle velocity c.
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It must be remembered that there is no wave-length or frequency
in this geometrical mechanics, and if certain waves are picked out in
the diagrams, they are to be regarded as samples picked out in an
arbitrary way. There are no crests or troughs.or loci of equal phase,

L

7

#Null-cone

>

Null-con

r

P'(x")
Fig. 3.4. Space-time diagram of rays and 3-waves from a source-event P’(x")
for a free particle. L is the world line of a fixed observer.

) ¢
HG

Fig. 3.5. Kinematical picture of 2-waves from a source-event P’ (at time 7
after that event), showing the 2-waves with velocities ¢, 2¢, 3¢, 4¢, 5¢c, the first
being the bounding 2-wave with radius r=c7. The velocity is inversely
proportional to the radius.

because the theory contains no phase. Phase is a matter of quantiza-
tion and will not be introduced until Chapter 1v.

Focal mirrors in space-time. In ordinary optics it is easy to bring
to a real focus P all the rays emerging from a source P’. All we have
to do is to construct a mirror of the form 7’ +r=const., where 7', »
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are distances from P, P respectively. The mirror is an ellipsoid of
revolution having P’, P for foci, the two meanings of the word focus
(geometrical and optical) coinciding in this case.

What is the analogue of this focal mirror in the geometrical
mechanics of a free particle? Given two events, P’ and P, is it
possible to construct a mirror in space-time so that all the rays from

P’ (a source-event) will pass through P after reflexion, the rays
ct

cT

re=071cr

P (circular history)

r= 050 ¢t

r,=026ct

p
Fig. 3.6. Space-time histories of expanding and contracting spherical mirrors
reflecting a source-event P’ into an event P. (Ellipsoidal 3-mirror.)

corresponding to the motions of free particles and reflexion taking
place according to the law of stationary action?

It is obvious that it cannot be done if the space-time displacement
P'P is space-like or null. Let us consider the case where P'P is
time-like.

We may apply a Lorentz transformation so as to make P'P the
time-axis, and then we can choose the origin of space-time half-way
between these events, so that the times at P’ and P are —7 and 7
respectively (fig. 3.6).

SGM 5



66 GEOMETRICAL MECHANICS

Let O be an event with coordinates 7, ct, where 7 is the spatial
distance of Q from the origin, i.e. from the common position of P’
and P. (In space-time diagrams it is convenient to plot c instead of
¢, so that the null lines make angles of 45° with the axes.) We choose
O so that P’Q and QP are both time-like and point into the future.
Let us write R’, R for the Minkowskian distances P'Q, QP, so that

R =[e@t+12 -]}, R=[(t-12-r}  (3.1.15)

Since the action for the path P'QP is mc(R'+ R), the variational
principle (2.1.3) tells us any ray from P’ will pass through P after
reflexion in a 3-space (let us call it a 3-mirror) with equation

R +R=2K, (3.1.16)

where K is a positive constant. To get the equation of this 3-mirror
in convenient form, we note that by (3.1.15)

—RZ=4ct . cT, (3.1.17)
and hence R —R= zc‘t,én,
’ ct.cr _ ct.cr
R —K+———K , R= 7z (3.1.18)

Therefore 2 ( r)2
4 c*r?—r?=3(R*+ R'?) =K2+gc—t‘)K-(:1)- »  (3-1.19)

and so the equation of the focal 3-mirror takes the simple form

% At
+K2 I, (3.1.20)
where 7o=(c22 - K}, (3.1.21)

We choose K in the range o< K <cT.

According to (3.1.20) the 3-mirror is, in a sense, an ellipsoid of
revolution in space-time, but that geometrical description is
appropriate only to the Euclidean metric of the paper on which the
space-time diagram is drawn. For a given pair of events, P’ and P,
there is a'single infinity of focal 3-mirrors depending on the choice
of K, the semi-axes being 7y and K.

The null-cone drawn into the past from P has the equation

r=c(t-1), (3.1.22)
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and the intersection of this cone with the 3-mirror (3.1.20) is given
by

(rer—r§)*=0; (3-1.23)
this shows that the 3-mirror touches the null-cone at
_n .k
r=_l d=—. (3.1.24)

Fig. 3.6 shows a selection of focal 3-mirrors drawn for various
values of 7, (equivalently, various values of K). These are repre-
sented by the elliptical arcs A;B;A,,..., AsB;A;, these arcs
touching the null lines P'N, NP. Only the arcs between the events
of tangency are shown, because only these parts are operative; if the
other parts of the ellipses were used as mirrors, the reflected rays
would go into the past, which is not allowed.

In ordinary optics we can trap all the rays from a point-source
and bring them to a point-focus. But in space-time some of the rays
-are bound to escape, e.g. the rays drawn from P’ to 4, P in the case
of the 3-mirror A;B; A,. To trap as many rays as possible, we
should make 7, as small as possible, but we trap them all only in the
limit ry=o.

Viewed kinematically, the focal 3-mirror is the history of a sphere
which expands and contracts. The smallest radius is 73/c7, and then
the points of the sphere are moving with velocity ¢. The radius
expands from this minimum to a maximum 7,, and then contracts
again to the minimum radius, with velocity ¢ inwards. What it does
after that is of no importance, provided its velocity does not exceed
¢, for it is no longer acting as a focal mirror; it is only catching the
lost rays.

As regards the acceleration of the mirror, we have by (3.1.20)

oot (1S A st
n=n(i-g) T@T TR
(3.1.25)
() e
rEt\@) T TR
d?r crd
= b .1.26
and hence i Ko (3.1.26)

Thus the radial acceleration varies as the inverse cube of the radius.

Just as we may use a small piece of an ellipsoidal mirror to reflect

to a focus a small bundle of light rays from a point-source, so we
5-2
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may use a small portion of a focal 3-mirror to reflect to P a wave
packet from a source-event P’. If we wish to catch in this way the
packet containing the ray P'B, (fig. 3.6), all we need is to provide at
time ¢=o0 (and a little before and after) a spherical mirror of radius
7o, instantaneously at rest, but with a radial acceleration

dzr c?r,

T —————Cm_"r%. (3-1.27)

Since the ray velocity is v =7,/T, we may say that a wave packet from
a source-event, with ray (or group) velocity v, will be brought to
simultaneous focus again at the position of the source if reflected in
a spherical mirror of any radius r,, provided that the mirror, when
struck by the packet, is instantaneously at rest and has an acceleration
of radial contraction of amount
d» 1 o2
BTt (3.1.28)

The paraboloidal 3-mirror. The same plan is also available to
reflect rays from a source-event into a parallel beam, or to reflect
a parallel beam so as to make it pass through a single event. This is
the analogue of the paraboloidal mirror of optics.

Consider a source-event P’. We wish to set up a 3-mirror which
will reflect all the rays from P’ into a parallel beam, with an assigned
space-time direction. Choose P’ for origin and the assigned direc-
tion of the reflected beam for that of the time-axis (fig. 3.7). Then,
if 7 is spatial distance from P’, the action along a path P'QP is

me[(c22—r?)t + c(T—1)], (3-1.29)

where (7, ct) are the coordinates of Q and 7 is the time at P. If we
are to get a set of rays parallel to the time-axis (equivalently,
3-waves 7 =const.) as a result of reflexion in a mirror at Q, then (by
the variational principle) the 3-mirror must satisfy

(2=t —ct= —aq, (3.1.30)

where a is,a constant. Thus the equation of the paraboloidal 3-mirror
i r—2act+a?=o. (3-1.31)
This touches the null-cone P'N at

r=ct=a. (3.1.32)
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The paraboloidal 3-mirror is shown as AQB in fig. 3.7. It traps
all the rays from the source-event P’ and makes them parallel to the
time-axis; in other words, it reduces to rest all particles shot out
simultaneously from P’ in all directions and with all velocities less than
¢. The parameter a may have any positive value.

ct

%“Null-cone

r

0=F

Fig. 3.7. Space-time history AQB of expanding spherical mirror, reflecting
rays from the source-event P’ into a set of parallel rays, i.e. reducing particles
to rest. (Paraboloidal 3-mirror.)

Kinematically, the paraboloidal 3-mirror is the history of an
expanding sphere, the radius at time ¢ being given by (3.1.31). The

velocity of expansion is dr a
w=y (3-1.33)
. d2r c%a?
and the acceleration P Rl o (3.1.34)

Suppose now that we wish to catch only a wave packet with
velocity v, using an expanding sphere which at the instant of
reflexion has a radius 7. We have v=r/t, and so (3.1.31) gives a in
terms of 7 by the equation

r*—2acrjv+a®=o, (3.1.35)

2 \?
so that LA, (—c——- 1) , . (3.1.36)
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the positive sign being chosen to make 7 > a. We get for the velocity
and acceleration of expansion of the mirror at the instant of

reflexion 4, c oy 1
dt ¢ (c” )*=1+'y’
v \v
4 . .
@ o . e (3-1.37)
de r[£+(c_:_l)i]2“ r (1+7p)*
v \v )

If the mirror satisfies these requirements, the wave packet is reduced to
rest, in the sense that the ray (or group) velocity becomes zero and the
wave velocity infinite. 1f v/c is small, (3.1.37) gives approximately

dr dzr 10%
—d—t=§v, et (3.1.38)
and if v/c is nearly unity it gives approximately
dr_ d¥_ ¢
©=° E= (3-1.39)

3.2. Refraction through a hole

In §2.7 we had a general discussion of refraction through a hole
in a screen, and in (2.8.29) an expression was given for T(o”, o) in
the case where the two regions separated by the screen were homo-
geneous. We shall now give a direct determination of the charac-
teristic function ¥ for the refraction of a free particle through a fixed
hole.

In fig. 3.8 the straight line H parallel to the time-axis represents
the history of the hole, and M’ and M are the regions of space-time
separated by the history of the screen. Let P'(x) and P(x) be events
in M’ and M respectively, and let the ray from P’ to P meet H at
O(y). Then the characteristic function is

V(P',P)=mc(R'+R), (3.2.1)
where - R2=P'Q*= —(x,~,) (%r =¥,
Ro=PQ? = —(x,-3) (5,7, (3:2:2)

The quantities y, are to be eliminated from the expression (3.2.1)
by the condition (principle of stationary action) that its value shall
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be stationary with respect to variation of y, on H. Differentiation
with respect to y, gives the condition

Xy—Yy | ¥4—
———-4R,y4 +——-———4Ry“=o. (3-2.3)

Let us choose the origin of space-time on H, so that y,=o0, and
let us write

ri=xlx,, 1i=x,x, y,=icr, (3.2.4)
so that 7" and 7 are the spatial distances of P’ and P respectively
from the hole and 7 is the time H

at Q. We have in this notation

R2=c¥1—-t')2 17,
R2= czﬁt —7)%—1% } (3-2:5)

Now (3.2.3) gives

eo(r—t') =0R’,>
2.6
d(t—r)=6R,| 329 W)

where 6 is a factor of propor-
tionality, and when we substitute
in (3.2.5) we get
R¥2—1)=r"%, 0
Rz(gz_ I)=1‘2. (3'2'7) Fig. 3.8. Space-time diagram of the

refraction of a ray from a source-event
Elimination of 7 from (3.2.6) P'(x") through a hole H

—— P(x)

P'(x') r

gives c(t—t')=0(R'+ R)=(r +7)0(0—1)-4, (3.2.8)
and so @ is expressed in terms of the end variables By
O=c(t—t')[cA(t—t')2—(r' +7)2] L (3-2.9)

Hence by (3.2.8)

R +R=[c(t—t)2—(r +7)2}, (3.2.10)
and so (3.2.1) gives as the characteristic function for the refraction of
a free particle through a fixed hole

V(P', P)=mc[c}(t—t'2—(r +7)?]}, (3.2.11)

where t' and t are the times of the initial and final events and r’, r their
distances from the hole. This may be checked by considering the
particular ray which goes straight through the hole, in which case
7' +7 is the spatial distance from P’ to P; indeed it would not be



72 GEOMETRICAL MECHANICS

hard to construct a proof of (3.2.11) in general by starting with this
particular case.
By (3.2.11) the 3-waves in M due to the source-event P’(x") in

M’ are given by (r+7r)2=c(t—t)2—(V/mc)?, (3.2.12)

where V, 7', t’ are constants. The 2-waves are given by putting
t=const., so that each 2-wave is a sphere with centre at the hole;
the wave velocity is Cdr_t-t)

U= (32.13)

and the ray (or particle) velocity in M is then given by the general
relationship (3.1.10), so that its magnitude is

’

r+r
‘U—?_—t—,'. (3.2.14)

This may of course be verified directly by differentiating (3.2.11),
for we have by (3.1.5)

ov . ov iV
mygp:g’,,:——a—;p, 1m'yc=0'4=—gx;=z'5t-- (3-2.15)

If we watch the waves coming out of the hole (r=0), they first
appear at time t=t'+17'/c, the wave velocity and the particle
velocity being then both ¢. The wave velocity at the hole then
increases linearly to infinity, the particle velocity decreasing to zero.

Refraction of plane 3-waves incident on a hole. Consider the
refraction through a fixed hole with world line H (fig. 3.9) of plane
incident 3-waves with constant slowness 4-vector o;. The charac-
teristic function is as in (3.2.11), but from that expression we have
to eliminate " and ¢’ by the condition that it shall be stationary with
respect to variations of &} subject to

oyX, = const., (3.2.16)

this being the equation of some initial 3-wave X,
It is convenient to work with real quantities, and so we write

(3.2.16) as (cf. (3.2.15)) v, — ' =C, (3.2.17)
v, being”the incident ray velocity. Then, varying x, and ¢’ in
(3.2.11) and (3.2.17), we get
t—t)ot' +(r+7)0r' = o,}
v, 0x), — c20t' =o,

(3.2.18)
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the former to hold for all variations which satisfy the latter. Taking
the hole at y,=a,, we have

r=(x,—a,)(x,— a,), r'ér'=(x,— a,) 0x,,
and so we get from (3.2.18)
(r+7)(x,—a,)= - ¢v), (3-2.19)
rit—t)=4¢, (3.2.20)
H

——P(x)

Fig. 3.9. Space-time diagram for refraction of plane 3-waves
incidenton a hole H,

where ¢ is a factor of proportionality. We have now in (3.2.17),
(3-2.19) and (3.2.20) five equations for the determination of x5, ¢’
and ¢.

By (3.2.19) ' %
p
and so , v

02 (3.2.21)
; ;1 :0 p*¢m
=v,a,—v'7.
Thus by (3.2.17), (3.2.20) we have the following two equations for
r and ¢: , v’(t - t') o

’ 1ot 24/ __
—o'r—c'=C
Vpd Tor+r

) (3.2.22)
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Solving, we find

'e2

, Ve .,
r+r =—I—_;,—%—2(C+c2t-—v r—v,a,). (3.2.23)
Now by (3.2.11)
: NI (A
V(P)=mc(r+7') (r—+r7)—§-—l , (3.2.24)
c v'2\#
orby (3222)  V(P)=melr+7)5 (1——65) , (3.2.25)

and so finally by (3.2.23) we see that the characteristic function
V(P) for the refraction of plane incident 3-waves (3.2.17) through
a fixed hole at y,=a, is
B , ' va,
V(P)=mety (t— - +~g) } (3.2.26)
¥ =(x vt
Here 7 is the spatial distance of P from the hole and ¢ the time of P;
v}, is the velocity of the incident particles.
The 2-waves from the hole form a system of spheres centred at
the hole, and the wave velocity is

=25 (3.2.27)

where v is the magnitude of the final particle velocity, unchanged
by passage through the hole (conservation of energy).

The effect of replacing a source-event by plane incident waves is
this: for the source-event the magnitude of the wave velocity behind
the screen varies with position and time according to (3.2.13),
whereas, as for plane incident waves, it is a constant, being in fact
that of the incident waves.

3.3. Refraction at a potential-jump
Consider a medium-function
Sz, @) =me( oot —iUsyc, (3-3-1)
where U= U(x,, %;, %3). Since x, is absent from f(x, «), we have the

statical case, and the Euler-Lagrange equations (2.1.4) have the
first integral

iU i E
S - ——— =X —_—— 2 =.—
oy e, meaty +— C(myc +U) i, (3.3.2)
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where E is a constant which we recognize as the constant of energy.
The other Euler-Lagrange equations give

d of e 0U_
ag&;'i*-c— o, (33-3)
Since a, =iy, a,=yv,/c, these may be written
8U
ds(mwp) +I =0, (3:3-4)
p
or, since yds=cdt, T, (myvp) BU. (3-3-5)
p

We recognize U as potential energy.

Suppose now that space-time is divided into two regions, M’
and M, by a 3-space N, as in fig. 2.11. Let us assign to these regions
the medium-functions

M': f(x,&")=mc(—apo)t —iU'oy/c, (3.3.6)
M:  flx,0)=mc(—a,a,) —iUax,/c, 3-3-
where U’ and U are constants. Then N is a 3-space which represents

the history of a potential-jump ; we are going to investigate refraction
across it.

We have o,= aaf =meo,, oy=mecoy+ilU’lc,
af (3’3'7)
o,= —5&—”=maxl,, oy=mca,+1UJc,

and so the slowness equations Q' =0, Q=0 of (2.1.14) read

Q'(o")=0';,0';,+(o:i—iU’/c)2+m2c2=o,} (3.3.8)
Qo)=0,0,+(0y—1U/c)? +m*c?=o. 33
Thus, as in (2.8.8),
P aqp oon U ., E
=il (o), H(o)=L +mict + o, 0= |
U (3-3.9)
o,=1H(0), H(O')=7+(m2c2+o'pa-p)§‘=_c_,

where E’ is energy before, and E the energy after, crossing the
potential-jump.

Note that each of the equations (3.3.8) represents a complete
pseudosphere of two sheets, the radius in each case being mc and
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the centres being (o, 0, 0, iU’/c) and (o, o, o, iU/c). But only the
sheets given by (3.3.9) are admissible, positive values of the square
roots being understood here and throughout. We see this from
(3-3-7), in view of the fact that the 4-vectors a, and «, must point
into the future, so that a/i and «,/i must be positive.

Let us now suppose the potential-jump to be fixed in the
observer’s space, so that the equation of N is

S(¥1 Y2 ¥s) =0-
Then the law of refraction (2.8.21) may be written
o0,—0,=6n, o,—04=0, (3.3.10)
where 6 is an undetermined factor and 7, is the unit normal to N,
drawn in the sense of incidence, so that » ,0,>0. We note that by
(3-3.7) —icoy=my'c*+ U'=E', —icoy=myc*+U=E; (3.3.11)
thus the last of (3.3.10) expresses conservation of energy:
E=myc2+U=my'c*+ U’ =E'. (3.3.12)
The conditions (3.3.10) may be stated in this form:
(i) the change in momentum is normal to the surface of the
potential-jump;
(ii) energy is conserved.

To find the refracted slowness o, corresponding to given

incident slowness o7, we have to find o, and 6 from the four
equations o,=0,+0n, H(o)=H(dc). (3.3.13)

Substitution for o, from the first in the last gives the following
equation for 6:

-g+ [m2cz+(a';,+0np) (0';,+0np)]’}=H’(a"), (3-3-14)
in which, as always, the positive square root is understood. It is
convenient to introduce the notation

W' =(m%2+ o), 0 )k =my'e,
., W=(m*?+ 0,0,k =myc, (3-3-15)
I= [(O'p - O':o) (0',, - 0';’0)]*’
so that, by (3.3.9),
E'=cH(0)=U'+cW’, E=cH(o)=U+cW. (3.3.16)
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Then (3.3.14) may be written

[m?c+ (), +On,) (07 + On )t =cYcW' + U’ - U).
(3-3.17)
The left-hand side is not less than mc, and so a necessary condition
for refraction to take place is

E=U+cW'2U+mc (3.3.18)

Thus, for refraction to be possible, the incident particle must have more
energy than a particle of the same proper mass at rest on the other side of
the potential-jump.

We now square both sides of (3.3.17) and obtain for 6 the
quadratic equation

02 +2n,0,0—c2(U' - U)(2cW'+ U’ - U)=0. (3.3.19)
The condition for reality of roots is
(n, 0,2 +c*(U' = U) (2cW'+ U’ - U) >o0. (3.3-20)

Conditions (3.3.18) and (3.3.20) are certainly necessary for refrac-
tion. We shall now show that they are sufficient. Suppose them
satisfied. Then (3.3.19) has two real roots, 6, and 6,, which satisfy
(3.3-17), and so refracted rays are given by

oP=0,+0in, o0P=0,+0;n,
satisfying (3.3.13). Then
n,09+n,09=2n,0,+0,+6,=o, (3.3.21)

since the sum of the roots of (3.3.19) is —27,07,. Now, to pass into
M, the refracted ray must satisfy n,0,>0. We see from (3.3.21)
that one ray satisfies this and the other does not;. the ray that
satisfies it corresponds to the greater root of (3.3.19); the other ray
must be rejected as an extraneous solution.

We see then that (3.3.18) and (3.3.20) are necessary and sufficient
conditions for refraction to take place and that, when it does take
place, there is a unique refracted ray.

We note that if U< U’, then (3.3.18) and (3.3.20) are both
satisfied; refraction always takes place if there is lower potential
energy on the far side of the jump (potential hole).
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If U> U’, then (3.3.18) sets a lower bound for the magnitude of
o, if refraction is to take place; in fact we must have

c?0,0,2(U-U")z+2mcU-U"). (3.3-22)

Assuming that some value has been assigned to o7/, ¢, satisfying
this, (3.3.20) tells us that the incident ray cannot deviate too far
from the normal to the surface of the jump if refraction is to take
place; in fact, if 7 is the angle of incidence, we must have

cosziZ(U-—U)(f:,VZ,-*U _U). (3-3-23)
eYp

Fig. 3.10. Space diagram for refraction at a fixed potential-jump.

To consider refraction more intuitively, we may use a space
diagram (fig. 3.10). Here M’ and M are the two regions of space and
N the potential-jump separating them. We have by (3.3.7) and

(3.1.2)

/7 ’ r_7 ’ '0,2 _*
O,=mea,=my'v,, Y= (1 ——cg) )
g (3-3-24)
o2\ -}
O, =M, =mYV,, V= (1 __c—”) ,

where v}, is the incident velocity and v, the final velocity. Now
0, — 0, is normal to N, and so the angle of incidence 7 and the angle
of refraction r satisfy

gn—r—m—w, (3-3-25)

or, since v?/c?=1-7y72, v¥y2=cY(y2—1),

.

sini (y2—1)t
E:m. (3.3.26)
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Thus yv/c or (y%— 1)} plays the role of refractive index (more of this
later). The relationship between ¥’ and 7 is, as in (3.3.12),

myct+ U=my'c2+ U’.
To study reflexion, we have instead of (3.3.13)
0,=0,+0n, H'(0)=H'(0), (3-3-27)

since the final ray goes back into M’. Thus we are to write U’ for
U in (3.3.19), and so we get, as equation for 6,

0%+ 2n,0,0=o0. (3.3-28)

The solution @=o0 is to be rejected as extraneous because it
gives 0, = 0, and so makes the final ray go on into M. We have then

7
0= —2n,0),

and so by (3.3.27) the reflected slowness 4-vector is
o,=0,—2n,0,n, 04=0 (3.3-29)

Reflexion is in fact very simple. The particle bounces with un-
changed speed in a direction which satisfies the usual law of
reflexion, viz. coplanarity of lines of incidence and reflexion with
the normal and equality of the angles of incidence and reflexion.

Refraction at a fixed potential-jump may also be studied by means
of a space-time diagram as in fig. 2.12. In fig. 3.11 the straight line
N represents the history of the point on the surface at which the
ray strikes, and Q is the event of striking. C is the simultaneous
event in the history of the space-origin, so that CQ=y,. The
incident slowness 4-vector is QA= o07}. Q is the 3-space Q=o0, or
rather the sheet o, =1H(o) of (3.3.9). Itis a pseudosphere of radius
mc with centre at D where QD= Ulc.

The condition o, = o of (3.3.10) tells us that we are to pass from
the end of o} to the end of o, (these 4-vectors being drawn from Q)
by moving in a space-time direction which is orthogonal to the
time-axis; the other three conditions in (3.3.10) tell us the precise
direction in which we are to go. It is clear then, from the hyper-
boloidal character of the pseudosphere when drawn on Euclidean
paper, that when we pass from A’ (the end of ¢7) in the assigned
direction, we shall get two intersections with Q or none (we omit
the exceptional case of one intersection). A necessary condition for
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intersection with Q (and therefore for refraction, since the end of o,
must lie on Q) is evidently

o4/i>me+ e
or equivalently by (3.3.11)
my'2+ U >mc?+ U, (3-3-30)

N
M M

Fig. 3.11. Space-time diagram for refraction at a fixed potential-jump N,
showing the slowness 4-vectors for the case U> U’.

which is the same as (3.3.18). Total reflexion occurs if
my'ct+ U’ <mc?+ U. (3.3.31)

If the energy of the incident particle satisfies this inequality, it
cannot cross the potential-jump, no matter what its direction of
motion may be. We must remember that (3.3.30) is only a necessary
condition for refraction; even though the particle has enough
energy, it may not happen to cross the jump because (3.3.20) is not
satisfied..

Fig. 3.11 shows two intersections, 4 and B, with the line drawn
through A’ in the appropriate direction. In order to cross NV, o,n,
must be positive, and it appears from the figure that B is extraneous,
o,= 04 giving the unique refracted slowness 4-vector.
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The fact that A’ has been drawn outside Q means that U> U".
If U< U’, A’ would lie inside Q and there would necessarily be two
intersections, one giving an extraneous solution.

Fermat’s principle. At this point it is interesting to go back to the
medium-function (3.3.1), in which U is not a constant but some
function of x,, x,, 3. We have then a statical case, as considered
at (2.10.39), and we can obtain a Fermat principle (2.10.44), using
(2.10.45); in the present case (2.10.45) reads, if we put 36 for 6,

o,0,+ (o‘ -£)2+m2c2=o
pret Tt e ’ (33-32)
ﬂp=60'p, g=0o, o
Here g is the ‘refractive index’ of (2.10.44) and g, are direction
cosines, so that £, 8,=1, and we obtain

0= (o-p O'p)—*,
&= (o'p O‘l,)*

[

= [ —m?c® — m2c2a3]}

2]% [ (3-3-33)

=me(y2—1)t.
Now for a particle in a statical region with
J(x, &) =me( — o)t —1U(xy, %5, x3) 2gfe,  (3-3.34)
a ray possesses the integral (cf. (3.3.2))
myct+ U=E. (3-3-35)
Any ray in space, when compared with adjacent curves traversed
with that y (or equivalently that v) determined by (3.3.35), satisfies

Fermat’s principle in the form 6fg ds,=o0 or

6f (y2— 1)k dsy=o, (33.36)

where ds, is the spatial line element (ds§=dx,dx,). Thus the
refractive index is (y2— 1)}, as we already saw at (3.3.26).

For slow motions y? — 1 =v?/c? approximately, and the variational
principle (3.3.36) becomes approximately the principle of

Maupertuis,
fods=o, (3.3:37)

SGM 6
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where, by (3.3.35) to the same approximation, v is determined by
4mv?+ U=const. (3.3-38)
T for refraction at a fixed spherical potential-jump. Let us now
return to the case of two homogeneous regions, M’ and M, as in
(3.3.6), separated by a potential-jump N, and discuss the calculation
of T(d’, o) for refraction across the jump. The plan for this is
already laid down in (2.8.22); we have to eliminate y, and 6 from

the five equations

T=(o,-0,)y, o0,—0,=0S, S(y)=o. (3.3.39)

We cannot proceed further without choosing the shape of the
potential-jump. Let us take it to be spherical with radius a, so that

S(»)=%(3,5,—a* =o. (3-3-40)
Equations (3.3.39) now read
T=(o'p_0';)yp’ 0',,—0';,=0yp, ypyp=a2’ (334‘1)
and we find at once

ab = 6[(O'p - 0-;) (0',, - g';))]i, (3342)
where e= + 1, the sign to be determined later. It follows that
(o', 0)=¢ea[(0,— ) (0, — o)) (33-43)

this is the T-function for refraction across a fixed spherical potential-
Jump with equation (3.3.40).

The sign of € is determined as follows. We note that e has the
same sign as 7" and therefore the same sign as (07, —07)y,. Now
define €, and ¢, as follows:

eg=+1if U>U',

e=—1if U<U,
e,= + 1 if the incident ray strikes a convex surface of the sphere,
¢, = — 1 if the incident ray strikes a concave surface of the sphere.
A change in sign of ¢, changes the signs of the following:

U-U0,

’ ¥~ by (3.3.12),

i—7r by (3.3.26),
(o,—0%)y, by fig. 3.10,
€
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On the other hand, a change in the sign of ¢, leaves fig. 3.10 un-
changed except for the form of IV, but it changes the sign of y, and
so changes the sign of . Hence €= + ¢, €,, and it is easily seen that
in fig. 3.10 we have

i>r, y>v, U<U, ¢=-1, €=+1,
/
(0,—0p)y,<0, e=-—1,
and so the correct formula for the determination of ¢ is

€=616y, (3-3-44)
where €, and ¢, are defined as above.

It is a usual thing to find an ambiguity of sign occurring in the
calculation of a T-function, and then the ambiguity has to be
removed by the consideration of special cases, as above.

Having now got 7', we seek the equations for the rays. On account
of H(o0)=H'(c"), the quantities o, 0/, are not independent, and
we have to use (2.8.25) for the rays instead of (2.8.9). Thus the
equations of the rays are

ea(0),— 0,)|E= —x,+(ct' — @) o,/ W',

ea(0,— 0,)[Z=x,~(ct— @) 7,/ W, (3-3-45)
U+ cW=U'+cW',

in the notation of (3.3.15).

Foci for refraction at a fixed spherical potential-jump. It seems
a good practice to apply general methods to particular problems for
which the solution can be obtained, perhaps more easily, in other
ways; by such applications we come to understand what the general
methods mean. Hamilton left the simple applications of his optical
method unpublished, and to that fact we must attribute the long
neglect which his method suffered. It would be unwise to repeat
this mistake in carrying over his method into relativistic geometrical
mechanics.

In this spirit let us study, by means of the 7T-function, the focal
properties of the rays formed from a system of parallel rays by
refraction at a fixed spherical potential-jump, recognizing that if we
wished we could at once translate this problem into the terms of
ordinary optics by means of the law of refraction in the form
(3.3.26), or equivalently by the Fermat principle (3.3.36). Viewed in
space-time, our problem is analogous to that of finding the caustic

6-2
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surfaces formed by refraction in a cylindrical rod of glass, for
although the potential-jump is spherical in space, its history in
space-time is cylindrical.

For the determination of foci we have, as in (2.9.6),

T, 00,=(¢—ct)H,,d0,+H,0¢p,
where, as in (3.3.9),
U
H-_——C- + (m2c2+ g, o‘p)i. (3-3:47)

We substitute for T from (3.3.43) and get, in the notation of (3.3. 1 5),
€a €a , ,
-fc?trp —53 (0p,—0))(0,—07) 80,
0o, o,0,00,\ O (3-3-48)
=(d — —Ph_p T ML P
’"(¢ Ct) ( W Wa ) +W6¢’
o,00,=o0.
The caustic 3-surfaces (loci of focal events) are to be found by

eliminating o and d¢ from these four homogeneous equations, and
so obtaining the determinantal equation

€a , o
B —(0,- o) (0, — o+ L B, W= 0,0,], T

Wi=o.
0',,, [e]
(3-3-49)

With this we associate four equations from (3.3.45), viz.

fzg(ap— oj,):xl,,-—fil;,—q5 o, U+cW=U+cW'. (3.3.50)

Elimination of o, and ct— ¢ from (3.3.49) and (3.3.50) leaves us
with an equation involving x, and o}, But we are dealing with
parallel incident rays and so o/, are given constants. Thus the
equation in question gives us a 3-space, which is in fact the caustic
3-surface; it is a cylinder with generators parallel to the time-axis.
Needless to say, eliminations of this sort are easier to speak of than
to carry out!

Let us now look for focal events on that particular final ray for
which o, are proportional to o7, so that

o,=pa, (3-3-51)
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where £ is a factor of proportionality. We find its value from the last
of (3.3.50), which gives

'—?+(m2(:2+ﬂ2 )‘}———+W’ (3.3-52)

- 3
and so /S’=(a':,a';,)*i[(U . U+ W’) —m2c2] . (3-3-53)

Let us now choose, as of course we may, the x;-axis in the direction
of 0, so that 0} >0, 03 =0, o3 =0. Then the four equations (3.3.48)
read

€a

. 2 /2 ’
5 00155 (B— 101280, = (¢—ct)(fw-%)aal+%a¢,

ea, ¢—ct ea, P—ct
Eﬁaz——VV———ﬁo’z, "2—80'3-— 774

b0, 0180;,=0.

(3-3-54)
These are satisfied by do; =0, 8¢ =0 and arbitrary values of do,
and do;,, provided that we have

€a

p—ct=5W. (3-3-55)
We have then a focal event of the second class; to locate it, we go

back to (3.3.50) and note that, by (3.3.15),

=(1-p)Ro,0,=(1- P20}, W=(m2+ f0,o )t
_ (3-3-56)
Thus the focal event is at
, €a . , ea ,

X *“"(IB )O'P——Z—ﬁO'P= '—"fo'p' (3'357)

Now by (3.3.52) we see that U~ U’ has the same sign as 1 — f.
But €, in (3.3.44) has the same sign as U~ U’, and hence ¢,(1 — f) is
positive. Since X and o7 are positive, we get from (3.3.56)

T=¢(1-p) oy, (3-3:58)
and so the focal event lies at
iy =k (3:3:59)

the value of ¢ remaining undetermined. We have, in fact, as indeed
we must expect, a line of focal events in space-time, parallel to the
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t-axis, this line cutting ¢=const. in the position given by (3.3.59).
We recall that ¢;= + 1 or —1 according as the incident ray strikes
a convex or concave surface of the sphere.

Let us now analyse the possible occurrences when parallel
incident rays strike a fixed spherical potential-jump of radius a,
with potential energy U’ outside and U inside. The rays strike a
convex surface and so ;=1 in preceding formulae.

Fig. 3.12. Parallel rays incident on a fixed spherical potential-jump.
Case U< U’ (potential hole). Focal point at F.

Suppose first that U< U’ (potential hole). Then every incident
ray is refracted into the sphere, and as in (3.3.59) we get a focal
point of the second class, as shown in fig. 3.12, at a distance

CF=?—- (3.3.60)

beyond the centre of the sphere; here f is, by (3.3.53),

_ 1 U-u B L GRS oL
ﬂ_my"v'[( c +m'yc) —mc] __——(’}1'2—-1)*.

(3.3.61)
We note that £ is the ratio of refractive indices as in (3.3.26), and
so we recognize in (3.3.60) a familiar formula of optics. We note that
if o' —c, then y’—oc0 and f— 1; the focal point moves off to infinity
on the right, and becomes only a virtual focus as soon as the rays
meet outside the sphere; in this limit the rays pass undisturbed
through the potential-jump. If we let »'—>o0, then y'—1 and
B—0; the focal point moves to the centre of the sphere.

Suppose now that U> U’. If ¢ is so small as to satisfy

my'ct+ U <mc?+ U, ' (3.3.62)
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then every ray is reflected (fig. 3.13). Butif ¢’ is so large as to satisfy
my'c?+ U >mc2+ U, (3.3.63)
then refraction takes place for rays making sufficiently small angles
with the normal, and there is a focal point as in (3.3.60). Since

my'ct+ U =myc®+ U, (3.3-64)
M N

Fig. 3.13. Parallel rays incident on a fixed spherical potential-jump.
Case U>U’, my’c?+ U’ <mc*+ U. All rays reflected.

Fig. 3.14. Parallel rays incident on a fixed spherical potential-jump.
Case U>U’, my’c®*+ U’>mc*+ U. Focal point at F.

as in (3.3.12), we have y <7y’, and so by (3.3.61) #<1. Thus the
focal point F lies in front of the centre of the sphere (fig. 3.14); it
is of course a virtual focus. If we let ¢’ ¢, then ' o0 and f—>1,
so that the focal point moves off to infinity on the left; in this limit
the rays are undisturbed by the potential-jump. We cannot let
v’ -0, because that would violate (3.3.63); this inequality defines
a lower bound for v’ (say v,) given by

myyct+ U =me2+ U, (3.3.65)

vy (U=UW(U=U+2m)
?0-_.( (}_( o i (3.3.66)

so that



88 ‘ GEOMETRICAL MECHANICS

If o'=1v;, then (by comparison of (3.3.64) and (3.3.65)) v=1,
v=0, and so the particles are reduced to rest after refraction. The
corresponding £ is zero, and so the limiting focal point is at the
point of incidence of the central ray.

Should we wish to speak of waves instead of rays, we note that
by (2.5.11) the incident wave velocity is

o’ oy

"= —jc 274, 3.6
up lcO’;O’; (33 7)

By (3.3.11) and (3.3.24) this becomes

- my'c2+ U’

Uy =0, ————.
PP my'y?

(3.3.68)
Here the question of gauge transformation (§2.3) becomes im-
portant. For if potential energy is regarded as undefined to within
an additive constant, then the numerator in (3.3.68) can take any
value. By (3.3.68) the wave and ray velocities have the same line in
space, but they will be opposed in direction if my’c?+ U’ is negative.
For the magnitude of the wave velocity, (3.3.68) gives
,_|my' 2+ U’ |
u= m‘y'v' . (3'3'69)
From this we can obtain a quadratic equation to give ¢’ in terms
of u’; but the ambiguous sign in the solution must be fixed by
special considerations.

3-4- Rays and waves for a charged particle in a given electro-
magnetic field

Let us accept the usual equations of motion for a charged particle
in a given electromagnetic field:

d*x, e, dx,
mge = atmg (3-4-1)

Here m is the proper mass, e the charge, and F,, the skew-symmetric
tensor specifying the field, connected with the electric vector E,
and the magnetic vector H, by

E1=iF14» E2=in4: E3=iEa4,}

4.2
H, =Fy, H2=Ex1» Hy=F,. (3-42)
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Assuming that F,, satisfies one half of Maxwell’s equations,
E3,1+Fsl,r+Er.s=° (343)

(the comma denoting partial differentiation), then there exists a
potential 4-vector 4, such that

e
ZF;'s =As,r_Ar,s' (344)

It is convenient for notational purposes to insert the factor e/c
here. Note that the other half of Maxwell’s equations are not
required.

Then the equations of motion (3.4.1) may be written

d2x,

dx
mc_d"s‘g' =(Am,r"'Ar,m)T:!’ (345)

which, as one can verify at once, are the Euler-Lagrange equations
(2.1.4) corresponding to the variational equation

8 f A a)ds=o0, fix,0)=me(~a,at—A,a, (3.4.6)

where a, = dx,/ds. Thus the motion of a charged particle in a given
electromagnetic field presents itself as a particular case of the general
theory of Chapter 11 with the medium-function (3.4.6.), and so the
whole subject of electron optics is covered by this general theory in
a completely relativistic way, i.e. without any approximations based
on the smallness of v/c.

Since the 4-potential 4, is not determined by the field F,,, but
may be subjected to the gauge transformation

o
k __
A —A,+—axr (3-4-7)

(where ¢ is arbitrary), we recognize that the waves derived from
(3.4.6) are not gauge-invariant (cf. §2.3). Since it is not desirable
to tie the theory down to any particular normalization of A4,, we
shall proceed on the assumption that 4, is any 4-vector consistent
with (3.4.4).

The basic formulae are given by substituting in the formulae of
Chapter 11 the particular expression (3.4.6) for f(x, «). The slowness
4-vector is, by (2.1.9),

__o_
o,= e, =mca,+ 4,. (3.4.8)
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Introducing the particle velocity v,, we have

a,=vv,le, ag=iy, y=(1-v*c?)3, (3-4.9)
and so the slowness 4-vector is related to the particle velocity by
o,=myv,+ A4, o,=imyc+A,. (3.4.10)

Elimination of a, from (3.4.8) by means of a,a,= —1 gives the
slowness equation (2.1.14) in the form

Qo,x)=(0,—4,)(0,—4,)+m2?=o0. (3.4.11)
The Hamilton-Jacobi equation is
(ZV+A) (2V+A) m2ct=o. (3-4.12)

We note that the 4-vectors «, and o, do not have the same direc-
tion; they are related geometrically as shown
in fig. 3.135.
By (2.1.19) the unit 3-wave has the equa- A
ton S: me(—y,y)t-4,3,=1. (3.4.13)
It is a quadric 3-space with equation
(m?c®5,, + ArAs)yrys +24,y,+1=o0.
(3-4.14)
The 3-surface of slowness is, by (2.1.20),
We (3,—4)(3,—4) +md=o. (3.4.15)
It is a pseudosphere with centre at 4, and

radius mc. We recall that S and W are polar

reciprocals with respect to the unit pseudo- )

sphere Fig. 3.15. Space-time

P T . . diagram of the relation-
Equation (2.5.11) gives us the following ship between the 4-vectors

expression for the wave velocity u, in terms 7 7% and4, in electro-
X . magnetic field.
of the particle velocity v,
“, 707 . (myv,+A4,) (imyc+ A,) (
= - =— . (3.4.16)
Tn 07 (myv, +A,) (myv,+ 4,)
The direction of u, is thus in general different from the direction of v,
But in ‘one rather important case these vectors have the same
direction, viz. the case of an electrostatic field specified by

mca,

4,=o0, A4=l'f Uy, x,, x3), (3-4.17)
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U being the electostatic potential. By (3.4.2) and (3.4.4) the field is

E,=-U, H,=o. (3-4.18)

By (3.4.16) the wave velocity is
v

up =myp,vz

(myc®+eU), (3-4-19)

so that u, and v, have the same direction, as stated above; further
umyv=myct+eU, (3-4.20)

in which we recognize the left-hand side as the product of wave

velocity and momentum, and the right-hand side as energy.

For a magnetostatic field we take 4,=o0 and 4, independent of
%,. In this case (3.4.16) simplifies only slightly, by the omission of
A,. The vectors u,, and v, have different directions.

In the general static case, for which 4, is independent of x,, the
Euler-Lagrange equations of motion (2.1.4) possess the first
integral

o= —%:mca4+A4=iK/c, (3-4.21)
4

where K is a real constant for the ray. Thus in the electrostatic
case, we have the integral of energy
myc®+eU=K, (3.4.22)
and in the magnetostatic case
myc*=K. (3-4.23)
Note that these results are consequences of the absence of x, from
f(®,0); it is in fact an ignorable coordinate. If x; were ignorable
instead of x,, we would have a different first integral, viz. o', = const.
The statical case lends itself particularly well to treatment by
Hamilton’s dynamical method as described at the end of §2.1. It
may be said that this method has acquired its popularity largely
through the accident that is so often absent from physical problems,
in the sense that it does not occur in f(x, a); it was for these cases
that Hamilton designed his dynamical method, although of course
it works even if ¢ is not ignorable. However, in a problem in which
%, was ignorable instead of ¢, it would be better to define the
Lagrangian, not as in (2.1.34), but by

S, %3, %4, 0y, Ay, g, ) ds = L(5, X3, %y, Xy, &g, &) dxy, (3-4-24)
in which the dot means d/dx,.
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The refractive index in a statical electromagnetic field. However,
at (2.10.44) we had another way of looking at statical cases, a way
more in accord with our general approach. This was further
pursued in the work at (3.3.32), where we found the refractive
index for a particle in a statical potential field. Let us now be more
general and ask: what is the refractive index g of (2.10.44) for a
particle in a statical electromagnetic field ?

Note that statical here means that 4, is independent of x, (i.e.
independent of #). This implies that the tensor F,, is also indepen-
dent of ¢, since £, is obtained from A, by differentiation. However,
if we are given F,; independent of ¢ we can surely find an appropriate
A, independent of ¢ connected with F,, by (3.4.4), and so we may
regard the independence of # as applying to both F,, and 4,.

To find the refractive index g, we have then as in (2.10.45)

(0,—-4,) (ap—A,,)+(0'4——A4)2+m202=o,} (3.4.25)
B,=6(c,—A,), g=00,(0,~A,). 4
Here f3, are the direction cosines of the ray in space (8,4,=1)
Then 6=[(,~4,)(c,~ 41 =[~ (04— A —mc]H,
0'p=/1p+/3’p0—1,
g=0p8,0"Y4,+p,0)=p,4,+67,
o ) (3.4.26)
and so the refractive index is

g(xb Xg, X3, ﬂl’ 132’ 133) = ﬁpAp + (ﬂpﬁp)*[ - (04 - A4)2 - m2¢-2]‘},

(3-4-27)
the factor (8,4 )} being inserted to make g positive homogeneous
of degree unity in f,, as required in Hamiltonian optics. This means
that the rays in space (i.e. the tracks of charged particles), in the case
when A, is independent of t, satisfy the variational principle

af ([~ (04— Ay —m2cds,+ A,dx} =0,  (3.4.28)

the end-points being fixed under the variation and o, being an assigned
and unvaried constant; ds, is the line element of space (ds§=dx,dx,).

If we use (3.4.10) and write 4, as in (3.4.17) (but with 4, now
not vanishing), then the variational principle reads

s f {mo(y?— 1)t dsy + 4, dx,} =0, (3.4.29)
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where 7 is given by  myc®+eU=const. (3-4-30)

(Cf. (3.3.36) for the case 4,=o0; there we had U instead of eU to
represent potential energy.)

Wave velocity and ray (or particle) velocity in a general electro-
magnetic field. Let us now return to the case of a general electro-
magnetic field and complete the discussion of the connexion between
the wave velocity u, and the ray velocity v, ray velocity being of
course only an alternative expression for particle velocity. We have
already expressed u, in terms of v, in (3.4.16). It is well to draw
the reader’s attention to the fact that that formula and those which
follow are obtained without any reference to wave-length or frequency,
neither of which concepts appear in the theory of de Broglie waves as
developed in this book before Chapter 1v.

As was pointed out earlier, the whole question of the connexion
between wave velocity u, and particle velocity v, is contained in the
seven equations (2.5.19); in the present case of a particle in an

electromagnetic field, these read
0,0 . 0,—4,
v,=ic£t—£,
oa—4, (3-4-31)

o,0, F
Qo,x)=(0,—A,)(0,—A,)+ (04— Ay)*+m3c:=o0.

up= —1C

Elimination of o, from these equations leads to (3.4.16), expressing
u, in terms of v,. But should we wish to obtain v, in terms of u,,
we may proceed as follows.

4

The first of (3.4.31) gives
o2 0,0 c?
ul= -t T =% (3-4-32)
non
0,0 .U
and hence o,= —iup—%_;—”= —w;ﬁ o4 (3-4-33)

Substituting this in the last of (3.4.31), we get

' (ica',,,%g +A,,) (ico:,:i—; + A,,) +(oy—A)*+mit=0, (3.4.34)
or, expressed as a quadratic equation for oy,

2 A u
0'2(1 —5-2) +20'4(1cAp—u—’;-—A4) FAA +m o, (3.435)
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The roots are

1 u

i p
oy= icd,—5+A4
4 I_CZ/uZ{ P2 e

2 2 ¥
+ [(icA,,-’;—g—A4) - (x - 25) (A,A,+m2c2)] }

(3-4-36)
Apparently the only criterion to determine the sign here is the fact
that (0, —A,)/i=myc>o, but this may not suffice. Leaving this
ambiguity unresolved, we see that the second of (3.4.31) with
(3.4-33) gives the following expression for particle velocity v, in
terms of wave velocity u,:
o icu, o /ut+ 4,
v = 1c -—(J—_-F;q—;-‘ .

(3-4-37)

In this expression o, is to be replaced by the expression (3.4.36).

3.5. De Broglie waves from a source-event in a uniform
electrostatic field
Let us.now investigate the de Broglie waves from a source-event
in a uniform electrostatic field, which we shall define by the
4-potential A,=0, Ay=—ipmcx, (3.5.1)
where p is a constant. The field is given by (3.4.2) and (3.4.4); all
components vanish except
. ic mc?
Ea=LF34=;A4,s=£‘;_ . (3-5-2)
We shall take p positive, which amounts only to a proper choice of
the direction of the xs-axis.
The equations of motion (3.4.1) may be written
de, e
'd—sr=;t'géFrm“m’ (3:5-3)
and so we get

day day da,

do
b —= -—-—3 = - i ———4= i
v d.\‘ o, dS o, dS 1P“4’ ds IPaS' (3‘5'4‘)

Integration gives a,=4, a,=5B,
oy =C cosh ps+ D sinh ps, (3.5-5)
oy =1Csinh ps + 1D cosh ps.
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These constants of integration are not independent; on account of
the identity a, &, = — 1 and the fact that a,/i > o (since «, points into
the future), we have

A2+ B2+ C*—D?= —1, 'D>o. (3.5.6)

Let us take x; =0 as the source-event and measure s from it along
all the rays. Then integration of (3.5.5) gives

y1=24q, y,=2By,
ys=Csinh 2¢+ D (cosh 2g — 1),
y4=C(cosh2g—1)+ Dsinh 2q,

(3-57)

in terms of dimensionless real coordinates y, and a dimensionless
parameter g, defined by

yp=.pxp’ J’4=Px4/i=PCt, q=%P5~ (358)
We can find the value of ¢ (or equivalently s) corresponding to
any event y, reached by the rays by solving (3.5.7) for 4, B, C, D,
in terms of ¢ and substituting the result in (3.5.6). The solution of
(3:57) is A=1ylg, B=iylq, }
C=4(yscosh g—7y,sinhg)/sinhg,
D =1}(y,cosh g—yssinhg)/sinhg.

(3:5.9)

Then substitution in (3.5.6) gives

P+IR V-,
o +sinh2q+4—o' (3.5.10)

To obtain ¢ in terms of y,, we would have to solve this equation.
The characteristic function is

P
|4 =f (mc +ipmexgony) ds
P

P
=mcs+ipmcf x3dx,
P
_2me
> (9 ——f Ys 3’4)
2me

= { f [Csinh 2g+ D(cosh 2g —1)]
x [C'sinh 2¢ + D cosh 24] dq}

(3.5.11)
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This gives
14
2" — glx +3(C2~ DY) - §(C*+ D)sinh 49
+ $D?sinh 29 — CD cosh 2¢sinh?g. (3.5.12)
In this we substitute for C and D from (3.5.9) and obtain

j.14

B =a+i(cothg— L) 0139 -brre (351)

If we eliminate ¢ from (3.5.10) and (3.5.13), we get a relation of

the form F(91 Y0 Yoy V) =o0. (3.5-14)

The de Broglie 3-waves from a given source-event for a charged
particle in a uniform electrostatic field are given by putting V = const.
in this equation. To get the de Broglie 2-waves at time ¢, we solve
(3.5.13) for y;, obtaining, say,

¥5=G(ys V,9). (3-5.15)
By (3.5.10) we have then

yi+3i=¢ Smhz 4] (3-5.10)

On putting V=const. and y,(=pct)=const. in (3.5.15) and
(3.5.16), we have in parametric form (the parameter being q) the
equation of a de Broglie 2-wave at time t. It is of course a surface of
revolution.

In this way the 2-waves can be plotted. But we can go further
explicitly if we confine our attention to events on the x-axis. For
then, by (3.5.10),

g=log H{(yi—s9)t+ (i —28+ ),
cothg=(y -3+ 4}/ (3 -5k,
and so (3.5.13) reads

. 2V }log {3338t + (s~ + o)1

2mc
+33 -2 (-2 + Ot —1yeye (3.5.18)

This gives the history of the intersections of the de Broglie 2-waves
with the xg-axis.

yi—yi=4sinh%q, zsinhg=(y}—y3)},
(3-5.17)
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If y§ -y} is large, we may write (3.5.18) in the approximate form
vV
2 —40i-3i-29090). (3.5.19)

The two places where the 3-wave V'=const. cuts the xj-axis at
time ¢ (y,=pct) are thus given by

¥
N S B

The velocity « of the wave along the x,-axis is obtained by differen-
tiating (3.5.18) with V fixed; if we use the approximation (3.5.19)
instead of (3.5.18), we get

u=cd—y3=c3—]‘3—j—‘-’=cu’, (3-5.21)
dys  yatys ct+x

this formula being an approximation, good for p?(c%2— x2) large.
Thus if we take up a station at position x, and wait for a long time,
the waves are ultimately passing with velocity ¢ in that direction in
which the particle would move from rest under the action of the
field. It is interesting that a reversal of the sign of x5 inverts the
fraction in (3.5.21). Thus, if # and %’ are the wave velocities at the
same time ¢ at points x; = + 4, then

uu' =c2 (3.5.22)

3.6. De Broglie waves for a particle in a central field of force
Let us take again the medium-function as in (3.3.1):

fx,0) =me(— o, )t —iUofc, U=U(x,, %y, %5). (3.6.1)

In (3.3.5) we recognized U as potential energy. In the theory which

follows, we take U to be a function of r only, where 72=x,x,. We
shall later make the special choice

U=ec'|r, (3.6.2)
and then our problem will be that of the motion of a particle of
proper mass m and charge e in the electrostatic field of a charge ¢’,
fixed at the origin. But for the present we shall work with a general
function U(7).

For the slowness 4-vector we have
o,=mca, oy=mcog+iUlc, (3.6.3)

SGM 7
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and hence, eliminating e, by e, a, = —1, the slowness equation
2Q(o,x)=0,0,+(0,—iU/c)* +m3c?=o0. (3.6.4)

The Hamiltonian equations of the rays are then, as in (2.1.17),

dw=77'_p=0"” o~ 30~ iU/c,
do, 20 ix,dU[_ iU\ do, oa |38
W d () e
These yield the integral of energy
oy=imc4, (3.6.6)

where 4 is a dimensionless constant, and the integral of angular
momentum x,0,—x,0,=mcC,,, (3.6.%)
where C,, (= —C,,) are constants with the dimensions of a length.

Consider now the set of rays in space-time for which 4 and C,,
have assigned values. We must note that a set of rays, selected
arbitrarily, does not necessarily form a system of rays with 3-waves
associated with it. In order that it may form a system in this sense,
it is necessary (and sufficient) that there exists some 3-space X, such
that at each event on X the normal has the direction of the slowness
4-vector o, obtained from the ray by the formula o,= —0f/oa,
(cf. §2.2). By (2.2.6) this is equivalent to the condition that

o, dx,= —dV, (3.6.8)
an exact differential.

We shall now show that the set of rays with assigned 4 and C,,
is in fact a system of rays in this sense, but with a dimensional
degeneracy. We simplify the algebra by making a special choice of
axes in space. The skew-symmetric matrix C,, defines a direction
in space, and if we take that direction for x-axis, we get

Cy=Cy =0, C=*o. (3.6.9)
From these and (3.6.7) we obtain
- x3C3=0, 03Cp,=0, (3.6.10)
and hence X3=0, 03=0, (3-6.11)

thus formally deriving the otherwise well-known fact that the orbits
lie in a single plane.
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The expression which we have to prove to be an exact differential
now reads o,dx, =0 dx,; + oy dxy + 0y dx,. (3.6.12)

Collecting together (3.6.4), (3.6.6), (3.6.7), (3.6.11), we have

2
o?+ o=m¥? A—-—q— -1,
mc?

oy=imcA, (3-6.13)
xl 0'2 - xz 0'1 = mcclz.
Squaring the last of these, we have

(01 + %) — (%104 + 2, 05)2 =m?cC},, (3.6.14)
and so
(%, 01 + %5 079)% = 1r2m2c2 I:(A - %) g I:I —m2c2C%,.  (3.6.15)
L s o
et us define  F(r)= [(A —%) —1-— | (3.6.16)
then xy 0+ x,03=emer F(r), e=t1. (3.6.17)

Combining this with the last of (3.6.13), we solve for o, and o,:

o= eme ™ F(r) mc 2Cia)
(3.6.18)
X2 X1
Ty=eme—> FE(r)+mc s Cis.
By (3.6.11) we have r2=x2+ 2, and so
oy d%y + oAy = eme F(r) dr + '1;; C oy oty — x5 doey)
=emc F(r)dr +mcC,ydg, (3.6.19)
where ¢ is the polar angle such that
X, =7C0S @, X,=rsing.
Thus the form (3.6.12) is an exact differential:
—dV=o0,dx, =emc F(r)dr + mcC,3d¢p —mc2Adt. (3.6.20)

We recognize then that the selected set of rays (degenerate since
contained in x,=0) has associated with it a set of waves given by

where V(r, ¢,t)=const., xz=o, (3.6.21)

—V =emc|F(r)dr+mcCyy ¢ —mc2 At + K(€) (€= £1), (3.6.22)

7-2
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K(e) being arbitrary constants. The equations (3.6.21) define a set
of 2-spaces in space-time, and we may speak of these as de Broglie
2-waves. But we are to remember that these are a degenerate form
of the de Broglie 3-waves which occur in the general case. Each
2-wave is the history of a 1-wave, obtained by putting #=const.
Thus a 1-wave has the equations

b= f F(r) dr + (mc2 At — V — K(€))/(mcCy),
12
x3=o0, t=const.,, (3.6.23)
V being a constant. From this equation we can draw the pattern of

1-waves in the plane x3=o0. As ¢ increases this pattern rotates
rigidly about the origin with angular velocity

w=cA/C,,. (3.6.24)

Since F(r) must be real, the rays and waves are confined to that
portion of the plane x;=o0 for which

U2 C3,
(A—'—n—c—z) —1———r—;—‘>o. (3.6.25)
The constants 4 and C,, may be such that this inequality is satisfied
for all values of 7. But let us consider the oscillatory case for which
this inequality is satisfied only for r, <7<7,, the expression in
(3.6.25) vanishing at the ends of this range, so that

F(r)=o0, F(ry)=o. (3.6.26)

The rays then touch the two circles =7, and r=r,. Let us make
the expressions (3.6.22) and (3.6.23) more precise by writing a
definite integral:

—V=eme f "F(r)dr+mcCpyp—mcr At + K(6), (3.6.27)

= f "F(r)dr+L(e), (3.6.28)
where e= + 1 and
L(e) =(mc2At — V — K(¢))/(mcC,,). (3.6.29)

If we i)roceed along a 1-wave as given by (3.6.28) (V and ¢, and
hence L, being constants), we have

%?: —C-—fl—aF(r); (3.6.30)



GEOMETRICAL MECHANICS FOR A PARTICLE 101

hence, by (3.6.26), d¢/dr=o0 for r=r, and for r=r, Thus the
de Broglie 1-waves meet the bounding circles r=r, and r=r at right
angles.

Equation (3.6.28) gives two 1-waves, one for €= + 1 and the other
fore= — 1. Theseare of the forms PP’ and QQ"” as shown in fig. 3.16,
which is drawn for positive C,, the sense of ¢ increasing being
counter-clockwise. These curves are symmetric in the sense that

Fig. 3.16. Space picture of de Broglie 1-waves PP’, QQ" for
oscillatory motion in a central field of force.

QQ" may be obtained from PP’ by first rotating the latter rigidly
about O until P coincides with Q and then reflecting in the ling of
the radius OQ. We have

HP)=L@, )=~ [ FO)dr+ L,
”r‘ " (3.6.31)
HO=L(-1). QY=g [ FO)dr+L(-1).

The angle P’'OP is equal to QOQ" and the common value is

p=g- "F(r)dr. (3.6.32)

2J 7
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The whole pattern of de Broglie 1-waves at time ¢ (for arbitrary
values of V) is obtained from the two curves of fig. 3.16 by rotating
rigidly about O through all angles. As ¢ changes, this pattern
rotates with the angular velocity given by (3.6.24).

The case of a Coulomb field. Let us now turn to the particular case
of a Coulomb field, with U as in (3.6.2). We shall take ee’ negative
and introduce the length ,

ee
k= e’ (3.6.33)
U k

so that = (3.6.34)

Let us write the angular momentum constant C,, in the form

Ci2=kB, (3:6.35)

B being dimensionless, and define the dimensionless quantity p by
k

p=r. (3.6.36)

Then by (3.6.16) F(r)=[(4+p)— 1~ B%?] . (36.37)

For oscillatory motion we have p, <p <p,, where p, and p, are
the roots of the quadratic equation

(B2—1)p*—24p+1—A%=o. (3.6.38)
There are two basic constants, and we may use either the pair
(4, B) or the pair (py, p,); they are connected by the relations

2 A 1—A2
P1 +Pz=ﬁ’ P1Pe=pa - (3.6.39)

Since p,, p, are to be positive and F(r) real for p,<p<p,, the
constants 4 and B satisfy the inequalities

A>o, A%<1, B?>1, A°B*-B:+120. (3.6.40)

To express one pair of constants in terms of the other pair, we have
’ I

pr= g [A+ (4282~ B2+ )],

(3.6.41)
pr=ga—; [A— (4B~ B+ 1)),
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nd
: ——+—— [=p1p2+{P1P3 + (o1 +p2) 3],
Pyt (3.6.42)
B =l pt 2 (plod+ (or+ o]
We may write (3.6.37) in the form
F(r)=(B*~1)}{(p,—p) (0 —po)}}, (3-6.43)

and the integral which occurs in (3.6.27) and (3.6.28) is
r P d
[[Foyar=kE -0t [ "= 0~ %

=k(B*—1)} [—; {(r—P) (P —po)}t

+2 11+p)2 Gr—y) - 7r+20:| (3-6.44)

where 6 and i are acute angles defined by

tanf= (’p)l Pz) (pz) (p ,02) . (3.6.45)

With the above value of the integral, the characteristic function V'
is given by

vV [ K(e) ,
_;’_C_eJ‘rlF(r)dr+kB¢—cAt+—% (6= +1), (3.6.46)
and the 1-waves may be plotted from the equation
€ I
b=~ 5B =0} 2 (=) (o-pa

o e ¢>—n+20]+L<e> (3:6.47)

We note that

-0 [Py ar=k [ “{oi-p) - pl %

ak (PrtPe_ ). 6.
=i ((plpz)* 2) (3:648)
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The angle £ of (3.6.32) is

F=15 f :F(r) dr

n prt+p
_—— B2_I }(__1___2__2)
ZB( ) (P1Pz)}

m A
=E(B2—- x)i[{(l Yo (BZ——I)}‘}_I]'

(3-6.49)

These formulae will be used in the quantization of the hydrogenic
atom in Chapter 1v. It should be noted that so far we have proceeded
without introducing wave-length or frequency; the de Broglie
1-waves form a continuum of moving curves in the plane of the

rays.
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CHAPTER IV
PRIMITIVE QUANTIZATION

4-1. Quantization for plane waves for a free particle

So far the theory has been confined to the domain of geometrical
mechanics. The de Broglie waves have had no phase, no frequency,
no wave-length. It is by guantization that these things are intro-
duced, in much the same way as they are introduced in the transition
from geometrical optics to physical optics.

Rays and waves for a free particle were discussed in §3.1, and in
particular the rays and waves corresponding to an initial plane
3-wave Z. Then, as in fig. 3.2, we have a system of parallel rays in
space-time (x,=const.) and a system of parallel plane 3-waves,
the rays being orthogonal to the 3-waves. If we choose T, to pass
through the origin, then, as in (3.1.12), the characteristic function is

V(P)= —o,x, (4.1.1)

where o, is constant, and the de Broglie 3-waves have the equations
o,%,=const. (4.1.2)

To carry out the quantization, we introduce the scalar wave
equation

m2c?

QI/I,rr_”h_z ¢'=°: (41‘3)

where % =h/2m, h being Planck’s constant, and

1 %Y
V= =y 5 28,

We ask: are there solutions ¥ of (4.1.3) such that ¢ = const. on each
of the de Broglie 3-waves (4.1.2) ? To answer this question, we put

¥ =F(o,z,). (41.4)

Then, o, being constant,
¢,r=0rF,’ 'ﬁ,rr= 0,0, F". (4.1.5)
But, by (3.1.6) we have o,0,=—m?c? (4.1.6)
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and so (4.1.4) satisfies (4.1.3) provided F satisfies
" I
F +ﬁ—2F=o. (4.1.7)

The required solution is therefore
Yr=1,cos (o,x,/k+ €)=y, cos (V/li—e), (4.1.8)
where ¥, and € are constants.

Ray

/ 3-wave

ct

-

Fig. 4.1. Space-time diagram of quantization of plane de Broglie 3-waves for
a free particle.

Vg—Vp=Vp—Ve=Ve—Ve=Vp—V4=h,
AB=BC=CD=DE=h/mc=absolute de Broglie wave-length,
v=1/r=relative de Broglie frequency =myc?/h,
A =relative de Broglie wave-length =h/myv.

An important property of this solution is to be noted. If we pass
along a ray from any event A to the next event B with the same
phase, the increment in ¥ is such that

B
Vo=Vl =2m, VB-I{,,=f fds=mcAB=h, (4.1.9)
A

where f is the medium-function and AB is the Minkowskian
interval. Thus the action along a ray between events of the same phase
is precisely Planck’s constant h.

The events of equal phase, 4, B, C, D, E, ... (fig. 4.1) laid off on
a ray in space-time, are spaced at Minkowskian intervals A/mc.
Thus A/mc might be called the absolute de Broglie wave-length.
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But in discussing de Broglie waves one usually considers the
relative wave-length A and the relative frequency v (v=1/r, where
7 is the relative period). These quantities are of course not Lorentz-
invariant. In the present simple case of plane 3-waves, they can be
found accurately in the familiar forms, and we shall carry out the
work here in detail in order to make the theory complete. It should
be noted that the derivation involves the simple character of the
waves and could be carried through only in an approximate form
(for short wave-length) if we were dealing with curved waves.

To find 7 we draw the 3-waves X4, Zp through consecutive
events A, B of equal phase (fig. 4.1). We draw through B a straight
line parallel to the -axis, meeting £, at 4’, say. Then cr=A4'B
(the Minkowskian separation). Now in an obvious notation

AB,=A4;+A'B,. (4.1.10)

Since the rays are orthogonal to the 3-waves, we have AB,AA; =o,
and since A’B, is parallel to the z-axis, only its fourth component
survives. On multiplying (4.1.10) by AB,, we get therefore

—AB*=AB,AB,=AB,A'B,=AB,A’'B;=AB,ict. (4.1.11)
But AB,=ABo,= ABiy, (4.1.12)
where y—2=1-—9%/c%, v being the particle velocity. Then, by
(4.1.9) and (4.1.11),
cry=AB=(Vy~V,)/(mc) = hime. (4-1.13)
Thus the de Broglie relative period and frequency are

h _mc%y

T=—‘c‘2’;’, = h . (4‘1’14)
By (3.1.11) the de Broglie 2-waves have velocity
u=c%fv, (4-1.15)
and so the relative de Broglie wave-length is
h
A=u1=W. (4.1.16)

This relative wave-length is indicated as BA” in fig. 4.1.
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4.2. Quantization for waves from a source-event

Again we consider a free particle as in § 3.1, but now, instead of
a system of parallel rays, we take the system of rays emanating from
a source-event P’. Taking P’ at the origin, the de Broglie 3-waves

are, as in (3.1.13), ;22 _y2= (V/mc)? = const. (4.2.1)

To quantize these waves, we seek a solution of the wave equation
(4.1.3) which is constant on each of the pseudospheres (4.2.1). So

Weput  y_F(R), Ri=—uxux,=c—r2=(V/mc) (4.2.2)

X _ 4 d (F
Then  ¥,=-%F, Vn=-4F-Rip(%). @23
and so the satisfaction of (4.1.3) demands
d (F' +hpm %
RdR (R) RF N F=o, (4-2-4)
or F”+I—§F'+—’72—F o. (4-2.5)

The domain of the rays is the interior of the future null-cone drawn
from the origin, and we seek a solution without singularity in that
domain. The solution is (Watson, 1944, p. 97)

Ju(meR/%)
where ¥, is an arbitrary constant and J, the Bessel function of the
first order. This solution may also be written

v, (427

The de Broglie 3-waves for the rays from a source-event were

shown in fig. 3.4. That diagram is still valid, but the 3-waves have

now been provided with phase by virtue of (4.2.7). If we proceed

along a ray, we start with a maximum of ¥ at P’; ¥ oscillates,
becoming zero at the zeros of J,, that is, for

e VI|k=3-8317, 70156, 101735, ... (4.2.8)
(Watson, 1944, p. 748). The asymptotic form for large V is

o (;)i(%)i[sin (%__i.,,) glhfsm( +1}1r):| (4.2.9)
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(Watson, 1944, p. 195). Thus for large values of V, consecutive
events A, B on a ray with equal phases are such that

B
VB-—IQ-—-f fds=mcAB=nh, (4.2.10)
4

approximately. Note that this is only approximate, whereas (4.1.9)
was exact. Near the source-event P’, events of equal phase are
slightly further separated from one another. Thus if 4 refers to the
first of (4.2.8) and B to the third, we have

B
Vg-l{d:f fds=mcAB=6-3418% =1-0093h. (4.2.11)
A

Since 1-0093 differs from unity by less than 1%, (and if we used
higher zeros of J, we would get a number still closer to unity), we
may say that for de Broglie 3-waves from a source-event the Min-
kowskian separation between adjacent events of equal phase on a ray
is approximately h/mc, and approaches this value as a limit as we pass
out along the ray. This separation was accurately h/mc in the case
of plane waves (§ 4.1). These considerations suggest the primitive
quantization based on an absolute action quantum 4, proposed in
the next section.

On account of the curvature of the 3-waves from a source-event,
the relative de Broglie frequency and wave-length no longer admit
accurate expressions as in (4.1.14) and (4.1.16). Approximate
expressions can be found, but these will be covered by the discussion
in the next section.

Since the source-event appears to be a rather fundamental
concept, it is interesting to construct some kinematical pictures of
the corresponding de Broglie 2-waves.

We note that by (4.2.1) we have V' =0 on the null-cone, and hence
by (4.2.7) ¥ has the constant value ¥, over the null-cone. We may
call the null-cone the leading 3-wave; the corresponding leading
2-wave is a spherical wave advancing with velocity ¢, its radius
being ct.

For purposes of graphical representation, the deviation from
unity of the factor in (4.2.11) is not significant, and we may in fair
approximation obtain events of equal phase by measuring off the
absolute de Broglie wave-length /4/mc along the rays in space-time.
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This means (cf. (4.2.1)) that we get the set of 3-waves with the same
phase as the leading wave by writing
At —r¥=(nhjmc)® (n=o0,1,2,...). (4.2.12)
Thus the set of 2-waves at time ¢ are to be plotted from the formula
r2=c2%—(nhjmc)> (n=o0,1,2,...); (4.2.13)
the velocities of these 2-waves are given by
u_dr_czt__ < (n=o0,1,2,...) (4.2.14)
5= = —3 (P=onz.). 4.2.14
T meee
Here n=o0 corresponds to the leading wave.
It is not easy to visualize the rather complicated kinematics of
these 2-waves; figs. 4.2—4.7 illustrate some representative cases.
In fig. 4.2, where t="h/mc?, the leading wave n=0 has a radius
h/mc and velocity c¢; the wave n=1 is just starting, with infinite

velocity. In fig. 4.3, where t=g§h/mc?, the radii and velocities of
the waves are as follows:

Number of wave 1 Radius = _h_ %
mc

[nin (4.2.13), (4.2.14) Velocity =¢ X
o 5 1
I 4899 1'021
2 4583 1'091
3 4 1'25
4 3 1‘667
5 o o

For t=10%%/mc? the region of disturbance is a sphere of radius
10%h/mc (fig. 4.4). To get an idea of the pattern of the 2-waves of
equal phase, we pick out three sample regions at P’ (the centre),
O (half-way out) and R (on the boundary). The patterns in these
neighbourhoods are shown in figs. 4.5, 4.6, 4.7.

Near P’ we have (fig. 4.5)

T Radius ="
Number of wave adius =--- X Velocity =¢ x

10%20—3 2°449 X 1010 4'082 % 10°
1020 —2 2 X 1010 5 X 10°
1030 —1 1°414 X 1010 7071 X 10°

1020 o 0



Fig. 4.2. Fig. 4.3.
2
(e
o ;\“‘V N
v~
(\;\0
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(\*\Q

=[10%h/(mc)

Scale
—_
hl(mec)x 10 cm.

Fig. 4.4. Fig. 4.5.

Fig. 4.2. De Broglie 2-waves of equal phase from a source-event P’'(x") observed
at time t=Fh/me?. The leading wave n=o is advancing with speed ¢: the next
wave n=1 is starting from the point P’ with infinite velocity.

Fig. 4.3. De Broglie 2-waves of equal phase from a source-event P’(x") observed
at time ¢=sh/mc*.

Fig. 4.4. Region of disturbance caused by de Broglie waves from a source-
event P’(x) observed at time t=10% h/mc®. For the wave-patterns at P, Q
and R, see the following figures.

Fig. 4.5. Pattern of de Broglie 2-waves of equal phase in the neighbourhood of
the source-event P’ (see fig. 4.4), at time t=10% h/mc?,
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Near Q we have (fig. 4.6)

Radius= —h- X
me

Number of wave Velocity =c¢ x
866 x 10V 5% 10'? 2
866 X 10V +1 - sx101%—1732 2+6-928 x 10720
866 x 10V +2 5 X 10'°— 3464 2+1°386 X 10710
866 x 1017 + 3 5% 10 —5196 242078 X 10710
™ o~ - -
* + o+ R 1
e o 2 2 e
x X x < h
0 N d 4
3 2 3 3 2
I d Ll 2 10
-
—_—
Scale Scale,
h/(me) cm. hf(mc) x 107 cm,
Fig. 4.6. Fig. 4.7.

Fig. 4.6. Pattern of de Broglie 2-waves of equal phase in the neighbourhood of
Q (see fig. 4.4), at time t=10% k/mc?. The wave-lengths are approximately
1732 h/mc and the velocities approximately 2c.

Fig. 4.7. Pattern of de Broglie 2-waves of equal phase in the neighbourhood of
R (see fig. 4.4), at time ¢=10%® h/mc®. The velocities are approximately c.

Near R we have (fig. 4.7)

Radius = l’— X
mc

Number of wave Velocity =¢ x
o 1020 I
1 10%—35 Xx107H 1+5 X104
2 1020—2 X 10720 1+2 X 1074
3 1020 — 45 X 1020 1+4'5X 1074

4.3- Primitive quantization

Suppose we are given a medium-function f(x, «). Taking some
source-event or some initial 3-wave, we obtain a system of rays with
de Broglie 3-waves associated with them. This system will have
a characteristic function V(x).

We have quantized such systems in §§ 4.1 and 4.2. The cases there
considered were very simple, because the medium-function had
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the simple form f(x, &) =mc(—a,a,)}, since we were dealing with
a free particle, and the systems of rays selected were very simple.
Thus, we did not consider the case where there is an initial 3-wave
which is an arbitrary 3-space. The question now before us is this:
how are we to quantize in the general case described in the preceding
paragraph?

It is not proposed to lay down here any general prescription for
quantization based on a wave equation, but rather to define clearly
a process which we shall call primitive quantization. This definition
is suggested partly by the results of §§ 4.1 and 4.2 and partly by the
way in which, in physical optics, one makes calculations about
simple interference patterns.

Primitive quantization consists in assigning throughout the
space-time domain occupied by the waves a phase factor

cos (V/hi+1), (4-3.1)

where 7 is a constant. This means that adjacent events A and B of
equal phase on a ray satisfy

B
ViV, = j fds=2mfi=h. (4.3.2)
A

This agrees with the formula (4.1.9) for plane waves, but with
B

one difference: we cannot now writef fds=mc AB because we
4

are no longer dealing with a free particle and f is not constant along
aray. If we compare (4.3.2) with the formulae (4.2.10) and (4.2.11)
for the case of a free particle with given initial source-event, we note
a disagreement of the order of 19, in the neighbourhood of the
source-event but agreement at great (Minkowskian) distances from
it.

It would seem therefore that from a physical point of view (4.3.2)
should be regarded as a pis aller, to be used (as similar rules are used
in physical optics) whenever exact quantization by means of a wave
equation cannot be performed, perhaps because we do not know
what wave equation to use or perhaps because we want to reach
results quickly. But possibly this primitive quantization has
greater physical validity than that, for we shall find in the next
section that it gives the usual fine-structure formula for the hydro-

SGM 8
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genic atom. Whatever its physical importance, it is a good thing to
make the theory of primitive quantization mathematically clear.

Note that in (4.3.2) it is a definite amount of action that separates
events of equal phase. The Minkowskian element ds is contained
under the sign of integration, and it can be brought out only when
we use approximations based on the smallness of 4. The rest of the
present section is devoted to such approximations.

If £ is small, then (4.3.2) gives for the Minkowskian separation
AB between adjacent events of equal phase, if we use (2.1.10),

A=t _ %

;oo
This may be regarded as the absolute de Broglie wave-length. To
get the relative de Broglie frequency and wave-length, we proceed
as in fig. 4.1, in which the elements are now to be regarded as
infinitesimal on account of the smallness of 4. Thus, although 4B
and AA' are now curves, their curvatures do not matter because
the triangle is infinitesimal. We have then, as in (4.1.10),

AB,=AA,+A'B,. (4-3-4)

(4-3:3)

The reasoning following (4.1.10) cannot be used now, because in
the present general case the rays are not orthogonal to the 3-waves.
Instead we write, by (4.3.3),

h

n“n

AB,= —

% (4-3-5)

We multiply (4.3.4) by o, and remember that o, is orthogonal to
the 3-wave, so that A4, 0,=o0: thus

—h=A'B,o,. (4.3.6)
Only the fourth component of A’'B, survives and it is A’'B,=icr,
where 7 is the relative de Broglie period. Hence

_ih _ icoy
T—za, yv= T. (43.7)
These are the general approximate expressions (for h small) for the
relative de Broglie period and frequency.
To get the relative de Broglie wave-length we refer to (2.5.19);
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for wave propagation in the direction of the unit 3-vector 7, we
have 7 =n T, o), (4-3.8)
n,o ik h

and so A=u,n, 7= —ic 0_’;0_’; 0423;:(—0_;—;;);. (4.3-9)

This is the approximate expression ( for small h) of the relative de Broglie
wave-length.

4-4. Primitive quantization for a central field of force and
for the hydrogenic atom

In §3.6 we discussed rays and waves for a particle in a central
field of force, specializing at (3.6.33) to the case of a Coulomb field,
that is, to a hydrogenic atom treated as a Kepler problem. We shall
now apply the process of primitive quantization to such systems,
treating first the case of a general central field and then specializing
for the hydrogenic atom.

Fig. 3.16 shows de Broglie 1-waves travelling round in the
annular region bounded by the circles r=7r, and r=7,. The
characteristic function V is as in (3.6.27):

—V=emcfrF(r)dr+mcC12¢-—mc2At+K(e) (e=+1), (4.4.1)

7, ¢ being polar coordinates in the plane of the rays. To approach
the problem of quantization, we consider as in fig. 4.8 two 1-waves,
PP’ and QQ’, both corresponding to €= + 1 and both drawn for
the same value of ¢. On each of them ¥V is a constant (by the
definition of a wave), and by (4.4.1) we have
—Vo+Vp=~Vo+Vp=mcCyy($g— ¢p) =mcCyy(pq — Pp)-

(4-4-2)
The wave QQ’ is obtained from PP’ by a rigid body rotation about
the centre through an angle ¢, — ¢p.

Introducing the phase factor (4.3.1), the condition that PP’ and
QQ' shall be adjacent waves of equal phase is

mcCro(pg—pp)= th. (4-4-3)
The same phase must be restored when we increase ¢ by 27, and
so we get as first quantum condition

2mmecCyp=jh (j=11, +2, +3,...). (4-4-4)
8-2
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The same condition applies to the waves with e= — 1. We may also
write this first quantum condition in the geometrical form

$o—9p=27lj (=11, %2, £3,...). (4-4-5)

A second quantum condition is obtained by comparing the waves

for €= 4 1 with those for = — 1. On the inner circle =7, we have,

by (4.4.1), ~V =mcCyy ¢ —mc2 At + K(e), (4-4.6)

Fig. 4.8. Space picture of two de Broglie 1-waves of equal phase for a central
field (not drawn to scale).

—Vo+Vp=—=Vo+Vp=mcCydg—odp)=h.

and on the outer circle r=7,
—V=emc 1r’F(r) dr+mcCiyp—mc® At + K(€).  (4.4.7)

These formulae give two distributions of phase on each circle, one
distribution for €= + 1 and the other distribution for e= —1. We
now make the demand that there shall be a unique distribution of phase
on each circle. This demand, for r =7, requires that K(1)— K(—1)
shall be a multiple of 4; then, for r=r,, this demand gives us the
second quantum condition

2me f "Fr)dr=z2mnfi=nh (n=0,1,2,...).  (4-4.8)
Lg

The value n =0 corresponds to r, =7y, that is, to the case of a circular
orbit—a further degeneracy.
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This second quantum condition may be interpreted geometrically
as follows. In fig. 4.9 P is any point on the inner circle r=r7,.
PP’ and PP” are 1-waves through P, with é=+1 for PP’ and
€= —1 for PP". Then since Vp=Vp =Vp., we have by (4.4.6) and

(#47) me f "F(r) dr +mcCoy( @1 — $p) =0,
" (4-4-9)

—me f " F(r) dr +mcCig( pr — bp) =o0.

Fig. 4.9. De Broglie 1-waves for ¢=+1 and €= —1
(not drawn to scale).

But by symmetry ¢p.— ¢p=dp—dp, and so

meCulpr— $p) =2me [ F(r) . (4-4.10)
nh

meCyy’

and so, by (4.4.3),  $p-—Gp=n(Po—¢r) S (4412)
Q referring to the next wave of the same phase, as in fig. 4.8.
The geometrical meaning of the quantum numbers j and 7 may
be described as follows. There are j points of equal phase on the
inner circle r =r, and j points of equal phase on the outer circle also,
the angle subtended at the centre by two adjacent points of equal
phase being 27/j. As for n, if we draw the 1-waves for €= +1 and
for e= — 1 from any point on the inner circle, these waves cut the

Hence, by (4.4.8), Pp-—Pp= (4.4.11)
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outer circle at two points which subtend at the centre an angle
27nfj, i.e. n times the angle 27/j mentioned above, or twice the
angle £ of fig. 3.16, viz. f=nnjj. (4.4.13)
The type of pattern formed by the 1-waves of equal phase may best
be understood by looking at fig. 4.10, which is drawn for the values
j=7,n=2.

Fig. 4.10. Space picture of de Broglie 1-waves of equal phase for a
central field; j=7, n=2 (not drawn to scale).

To summarize: For a central field of force (not necessarily a
Coulomb field) the geometrical quantum conditions (see figs. 4.8, 4.9,
4.10) are $o—dp=27)j, Pp-—Pp=1(do—Pp) (4-4.14)
and the equivalent analytical conditions are

mcCl“!:jﬁ (j= + I, + 2, + 39 '-’))

s (4-4-15)
ch~ F(rydr=mnfi (n=o,1,2,...),

where C,, is the constant of angular momentum, as in (3.6.7), and
F(r) is as in (3.6.16).

The hydrogenic atom. We turn now to the hydrogenic atom. By
(3-6.35) and (3.6.48) the quantum conditions (4.4.15) become

' mckB=jf (j=%*1,+2,+3,...), }

mck(B2— 1)t [(I —-A2);4(B“‘-- I)*—-I]=nﬁ (n=0,1,2,...).

(4.4.16)
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These are two equations, to be solved for the dimensionless
numbers 4 and B. It is convenient to introduce the fine-structure
constant and associated notation:

e mck mcee’
a=x‘c, e == "‘Ze, _—ﬁ,_= -W=Za. (4.4..17)
Then B=ﬁ (J=4%1, %2, +3,...), (4-4-18)

and so, by (3.6.7) and (3.6.35), the quantization of angular momen-
tum is (since o, =mca,=myv,)
my(xl'vg—xzvl)=mcC12=mckB=]Z% (G==+1, +2, +3,...).

. (4419)
As for energy, we have to solve (4.4.16) for 4: we obtain

R ]’*
{n+(j2 -2ty
(j=%1, %2, +3,...;m=0,1,2,...). (4.4.20)
By (3.6.13) and (3.6.34)
imcA=oy=mcoy+iU/c=imyc+iU/c,
mc*A=myc*+ U=mc*+E,
E=mc¥(y—-1)+U,
Us=ee'[r,
where U is the potential energy and E the total energy (kinetic + po-
tential, and so by (4.4.20) the quantized energies are
722 -3
“grg-zam] )
(J=+1,%2, +3,...;#=0,1,2,...). (4.4.22)

(4.4.21)

E=mc2(A-1)=mc2{ I

This is the usual fine-structure formula, as obtained from Dirac’s
equations (Dirac, 1930, p. 254) or by direct application of the rules
of quantization (Sommerfeld, 1934, pp. 102, 256). From a formal
point of view, Sommerfeld’s derivation has a great similarity to the
derivation given above. However, the present method seems to
offer some advantages: it is part of a consistent and comprehensive
theory of de Broglie waves and it offers a fuller intuitive grasp of
the situation, for we can visualize the rotating pattern of the
de Broglie waves and the quantum conditions as required here are
very simple. This may be of general interest as creating some doubt
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of the assertion sometimes made that quantum theory removes
physics from the domain of direct intuitive perception derived from
kinematical pictures.

We can draw diagrams of the de Broglie waves to scale, and this
is done in figs. 4.11-4.14. The case n=0 does not deserve a diagram,
since then we have a circular orbit, and all we could show on it
would bej equally spaced point-waves of equal phase. The patterns
for n#o are rather interesting.

The diagrams are drawn for cases where Za is small, relative
errors of the order (Ze)? being neglected. Since & =1}, this means
that for Z < 13 the errors are less that one per cent or of that order.

Expansion of (4.4.20) in powers of Zx gives

_, 1 _(Zap® (Za)t n
A1 T s e () + 01
PR L0 ML N L. W (/90 )

Ser T T

epr_pry M2l mlj 2 s
A?B®— B2 41 CEaTiiG (n+|].|)4(Zoc) + O[(Z2)4],

) g

Bz’_I=(Zj“) +&X s oz,
m F(B—Dh=1- (i‘”) +O[(Ze)"]. |
We have then from (3.6.41) (4-4-23)
" (Zj(:)z (I ’ [n(?f]% m*) FoEd (4-4-24)
p =(Z]-f)z( ["("n“:_zlyll)]*) +O[(Ze)],

and by (3.6.36) the radii of the bounding circles are approximately

2
"y J

AN
n+|7|
e 7 i [ (4-4-25)
Z 2 DR
n+l|j|
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Fig. 4.11. De Broglie 1-waves of equal phase for hydrogen atom (Z=1) in
state n=1,|j|=1. Scale: r,="%?/me*=radius of fundamental Bohr orbit. Inner
circle: r=7;=0-537,. Outer circle: r=r,=757, For atomic number Z, reduce
diagram in the ratio 1/Z (provided Za is small): this applies also to figs. 4.12,
4.13, and 4.14.

@ ~mc*[2h

-

Sca
b

e

+

Fig. 4.12. De Broglie 1-waves of equal phase for hydrogen atom (Z=1) in
state n=1, | j | =2. Scale: r,=radius of fundamental Bohr orbit. Inner circle:

r=r,=2'37, Outer circle: r=ry=157,.
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Fig. 4.13. De Broglie 1-waves of equal phase for hydrogen atom (Z=1) in
state n=2, | j | =1. Scale: r,=radius of fundamental Bohr orbit. Inner circle:
r=r,=0'57r, Outer circle: r=r;=1757,.
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Fig. 4.14. De Broglie 1-waves of equal phase for hydrogen atom (Z=1) in
state n=2, | j | =2. Scale: r,=radius of fundamental Bohr orbit. Inner circle:
r=r,=217,. Outer circle: r=r,=29:87,.
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where 7, is the radius of the fundamental Bohr orbit,

Tp=— —=—0. (4.4-26)
(Note that if Z=1, n=o0, |j| =1, then (4.4.25) give r,=7,=7,.)

We have approximately

Prtpe_ ( ”)
=2{1+—], 4.2
(oapp A\ AT (4-4:27)

and so for purposes of plotting we take (3.6.47) in the form

=L, — oW .
8=24ps=p) o=+ z¢(x+|j,)+ze. (4.4:28)

This is for the branch €= —1; the branch ¢= +1 is given by
reflexion.
By (3.6.24) the angular velocity with which the pattern rotates is

w=54_c4 (4.4.20)
~Cn kB’ +4-29
or approximately, since 4 ~ 1, k=Zafi/mc, B=j|Za,
mc? .
w=— (j=11,£2, £3,...). (4-4.30)
J
The angular velocity of an electron in the fundamental Bohr orbit
is o2mc?
Wy =—3—, (4-4.31)
and so we may write (4.4.30) in the form
)
0= ]7”2 . (4-4-32)

But © may also be expressed in terms of a fundamental angular
velocity o, associated with the electronic mass. Let v, be the
fundamental frequency of the electron, defined by

hv,=mc?, (4-4.33)
and let w, be defined by
w,=2mv,=mc2/h. (4-4.34)
Then (4.4.30) may be written
O=0ff (j=+%1,%2,%3,...). (4.4.35)

This simple relation is rather striking.
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For plotting the de Broglie 1-waves, the following formulae,
equivalent to (4.4.28), will be found useful. Here p and ¢ are
expressed as functions of the parametric angle 6 of (3.6.45), which
ranges from o to 47, The formulae are

p 1y 1 (I_[ﬂwcoszﬁ),

(Za) 1Z n+(7]
_ sin 20 LA W o
T _C0820+(+|i|)( W)= (m=20).1

[n(n+2]5 )}

tan¢=(1 7l ["(nﬁzlijl)])tanO (ogs¥r<im).

(4-4-36)
These formulae are obtained by using p=p, sin? ¢+ p, cos? 6.

It should be noted that the relationship between ¢ (the azimuthal
angle) and 6 (the parametric angle) involves only the ratio n/||.
All the 1-wave forms corresponding to a given ratio n/|j | are of the
same shape but of different sizes, the size varying as j?, according to
the first of (4.4.36); the size varies also inversely as Z. It must, of
course, be remembered that (4.4.36) are approximate formulae,
valid only when Za is small.

4.5. The Zeeman effect
Consider the medium-function

f(x, ) =me(—a,a, )t — Ay, — Ay, — Ay, (4.5.1)
where eH _eH iU

Ay=——x5, HAy=—uxy, A“__c_’
(4-5.2)
U k Ze?
==, k=22
me r mc

This corresponds to the case of a hydrogenic atom of atomic
number Z in a constant magnetic field H which points in the x,
direction.

To discuss de Broglie waves, we proceed much as in §3.6. The
components of slowness are

oy=mca,+A,, oy=mcoy+ A, ocy=mcay, oy=mca,+A,,
(4:5:3)
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and from these equations we obtain the slowness equation
2Q(0,x)= (0, — A4,)* + (03— A + 03+ (0, — Ay + micE=o0.
(4.5-4)

The Hamiltonian equations of the rays are

de, _0Q doy _ 0Q 04, 04,
i P S Ul Priiat sl O i el CTR e
dx, 0Q do,  0Q 04, 04,
EJ—%.;—U2_A2’ dw - —5—302—(0'1—A1)—3E+(0'4*A4)5;2‘, L
dxg  0Q doy_ 0Q 04,
@—803_0'3’ dw_—BT_(o-“‘A‘)a ’
dx, 0Q doy,  0Q
dw ", 0 G a0 J
(4-5-5)
These equations possess integrals of energy and angular momentum:
oy=imcA, (4.5.6)
xl 0’2 _x2 0’1=ka3, (4.5.7)

where A4 and B are dimensionless constants. Of these the first is
obvious and the second is easily verified.

Consider orbits lying in the plane x;3 =0 with assigned values of
A and B. Then o3=0 and (4.5.4) becomes

H 2 k\2?
0'§+0'§—fc~(x10'2—x20'1)+(e—2]%’) 7% —m?3c? (A+_r) +m2?=o0.

| (4:5.8)
Squaring (4.5.7), we have

(o1 + 03 %p)? =7%(0} + 0F) — (mckBY?, (4-59)

and so, by (4.5.8), 0%, + 0yx,=e€mer F(r), (4.5.10)

where €= + 1 and

F(r)=|:(A +5)2_ ' —kif2+erB—( e );rz]%. (4.5.11)

r mc? 2mc?

We now solve (4.5.7), (4.5.10) for o,, 0,, obtaining

0'1=€mcﬁ F(r) —mckBaig,
§ f (4-5-12)

. %
oy=emc 72 F(r)+mckB ;% .
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For the characteristic function ¥ we have then the exact differential
—dV=0,dx; + oydxy+ 0y dx,
=emc F(r)dr + mckB d¢ —mc2Adt, (4-5.13)

¢ being the azimuthal angle. This is the same as in (3.6.20), the only
difference being in the form of the function F(r), which now includes
two additional terms in H. If we put p=*k/r, we have

2714
F(r)=|:(A+p)2—-1—B2p2+DB——42p2] , (4.5-14)
where D is the dimensionless constant

D_er

T me?”

(4-5-15)

We confine our attention to oscillatory motion in which 7, <7< 7,,
where 7, and 7, are zeros of F(r). If p, and p, are the corresponding
values of p, they are solutions of

2
(A+p)2—1—sz2+DB—4%2=o, (4.5.16)

D\2
or (A+p)2_l—(Bp—Zo) =o. (4.5.17)
So far there is no quantization. But by (4.5.13) we have
- V=emcfr F(r)dr+mckB¢ —mc? At + K(€), (4.5.18)
et

and then the same argument as in § 4.4 provides the two quantum

conditions ,,
2mmckB=jh, 2mc f F(r)dr=mnh, (4.5.19)
™

or, equivalently, since mck =Zafi,

_J (" =2
B_Zoc’ mk ,,F(r)dr_Za

(J==%1,%2,%3,...; =0,1,2,...). (4.5.20)

-

To compute the energy levels we would need to solve the
biquadratic equation (4.5.16). This prevents us from obtaining
a general exact formula, and we shall confine ourselves to the case
where D is small in the sense that the term D?/(40%) in (4.5.14) and
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(4.5.16) is negligible. This means that we take, instead of the
accurate expression (4.5.14), the approximation

F(r)=(B= 1)t [(p;—p) (0 —po)1}, (4.5:21)
where p, and p, are the roots of the quadratic equation
(B*—1)p*—24p+1—-A%*-BD=o. (4-5.22)

Then, using (3.6.48), we get from (4.5.20)

_J 0t (L PrEpe )=1
B T2 (B? )(2(/?1;02)* )=5p. (4-5-23)

Hence, by (4.5.22),

A n
(I_Az_BD)%—(Bz—I)%::?a’ (4'5‘24)

4 —i[n+('2—
(1—A2—jDjZa)t Za'' "V

or

ZaH]. (4.5.25)

On solving for 4 and then using E=mc*(4—1) as in (4.4.22), we
find for the energy levels of a hydrogenic atom in a weak magnetic

field H _E_mc2|:1—(1—-2)%{1+ 7202 }-i:'
- Z2) " ¥ (- 2P

(j=+1,%2,%3,...; n=0,1,2,...) (4.5.26)

_ZeH D e*Hchi  eHA
Tm’ Zo mice: micS

So far we have not assumed Za small. If we now make that
assumption, and at the same time assume D/(Ze) small, we get on
expanding (4.5.26) the approximation

7R G de e ) ) 45

where R is the Rydberg constant

he = e (4528)

In this expression T g (4-5.29)



128 GEOMETRICAL MECHANICS

In (4.5.27) the first term is the principal part, the second gives the
Zeeman triplet, and the third gives the relativistic fine structure.*

Let us now consider the validity of the approximation used,
assuming that Za is small. Equation (4.4.24) tells us that p is of the
order (Za)? and other orders are indicated in (4.4.23). Let us write
out the square of (4.5.14), indicating below the orders of the terms:

[FO=~(B*=1)p*+24p— (1~ 49+ DB~ (4530)

(Za)  (Za)p (Za)* D(Za)~t DXZa).

It is clear then that our approximation based on the neglect of the
last term is valid provided the quantity (4.5.29) is small compared
with unity. The following special cases are of interest:

(1) If D is of the order (Zu)® or higher power, then the Zeeman
termin (4.5.27) is small compared with the relativistic fine structure.

(i) If D is of the order (Za)3, then the two terms are of the same
order.

(iii) If D is of the order (Za), then the Zeeman term pre-
dominates.

(iv) If D is of the order (Ze)® or a lower power, then the method
of approximation used above is not valid.

If we define N=n+|j|, we may write (4.5.27) in the form

_Eenezrl L _Zf__az(ﬂ_g)] eHH
E thRI:N2+ e\ s i e

(N=1,2,3,...; j=+1, 2, £3,...). (4.5.31)
Thus the energy differs from that in the absence of the magnetic

field by .eHti .
f;% (J=%1,%2,%3,...), (4-5-32)

and a transition from N to N — 1 gives the Zeeman effect, a double
line if j changes by — 1 or + 1 and a triple line if j changes by —1, 0
or +1 (cf. Sommerfeld, 1934, p. 321).

Remark. In Chapters 11 and 111 the object has been to develop
a mathematical theory of rays and waves in space-time (relativistic

* Cf. Sommerfeld (1934., p. 259) for the relativistic fine structure term. The
sign before this term is given incorrectly as minus by Bacher and Goudsmit

(1932, pp. 218, 219).
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geometrical mechanics) with emphasis on mathematical clarity
rather than on physical meaning. In view of the optical analogy,
it seems unlikely that we should get precisely correct physical
results in all cases merely by imposing frequency and wave-length
on top of this relativistic geometrical mechanics. We would expect
correct results only when the wave-length was very small, in some
appropriate relative sense. Nevertheless, as we have seen in §§ 4.4
and 4.5, the primitive quantization defined in § 4.3 does give the
correct fine-structure energy formula and the simple Zeeman effect.
Probably this is in the nature of a lucky chance. But we do get out
of this the patterns of de Broglie waves in the hydrogenic atom,
revealing symmetries which are not otherwise apparent. One might
go on to discuss the Stark effect and also the Zeeman effect when the
rays are not confined to a plane, as they are in the above treatment.
These problems seem interesting mathematically, concerning as
they do group properties of 3-waves associated with certain
congruences of extremal world lines.

4.6. Interference for a single free particle and two holes

The most interesting ideal experiment illustrating the inter-
ference of material waves is that in which electrons pass through
two holes or slits in a screen. We shall here discuss such interference
patterns for two holes, treating first the case of a source-event and
secondly the case of incident plane waves. Here, as in all the
preceding theory, we are dealing with one moving particle, a
system of rays representing possible histories of that particle. In
Chapter v we shall deal with the problem of two particles.

Interference due to a source-event. Consider a screen fixed
relative to a Galilean observer, dividing space into two regions. If
we now open two holes in the screen, we have two regions of
space-time, M’ and M, representing the histories of these spatial
regions, and between them the only connexion consists of two
straight lines, H; and H,, representing the histories of the holes
(fig. 4.15).

A free particle of proper mass m can pass from M’ to M through
either of the holes. The appropriate medium-function is

f(x, a)=me(~a,a, )t

SGM 9
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as in (3.1.1), and there are two characteristic functions, one for
refraction through each hole. By (3.2.11) they read
V(P', P)=mc[c(t—t')*~(ry +7)"IH, 6
WP P omdote—ty—Giirg) 46D
Here ¢’ is the time of the initial event P’ and 7y, r; are its distances
from the holes; ¢, r,, 7, have the same
meanings for the final event P. P
We now take P’(x’) to be a given, m M
source-event and investigate the in-
terference pattern behind the screen.
An increment 4 in ¥ corresponds
to an increment of 277 in phase angle,
and so we get waves augmenting one
another if 1, — V;=nh and destroying
one another if V~V,=(n+3)h, n
being an integer. We are thus led to
consider a continuous family of 3- p

spaces with equations Fig. 4.15. Space-time diagram
for refraction through two holes.
V-Vi=k,  (46.2)

where % is a constant changing from 3-space to 3-space; these
3-spaces we shall call interference 3-waves. 1f we may use the
convenient words bright and dark (of course without optical
significance !) to indicate augmenting interference and destructive
interference respectively, then we have

H H,

for bright 3-waves, k=nh, 6
_ 3 (4.6-3)
for dark 3-waves, k=(n+1%)h
Explicitly, the equations of the interference 3-waves are

me[c¥(t—1')2 — (v, + 1) —me[c2(t — )2 — (ry+7a)? )t =k (4.6.4)
Here 7,, 7, and ¢ are running coordinates in space-time and 73,
7y and ¢’ are fixed, since they belong to the source-event P’. This
equation may be regarded as defining the histories of moving
interference 2-waves, the instantaneous form of any one of these
being obtained by putting #=const. in (4.6.4). The continuous set
of interference 2-waves include a certain discrete set of bright
2-waves and a certain discrete set of dark 2-waves, obtained by
giving k the values in (4.6.3).
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The ‘zero’ or ‘central’ bright 3-wave, corresponding to equal
actions along the rays through the two holes, is given by putting
n=0; hence for it k=0. Thus by (4.6.4) this central bright 3-wave
is a fixed hyperboloidal surface making r;+7,=7;+7,, or equi-
valently To—r =1} —75 (4.6.5)
"This hyperboloid is bright for all values of ¢. It appears in fig. 4.16

as the hyperbola I having the holes for foci. For illustration we take
r1>75. |

H Ha

Fig. 4.16. Space picture of bright 2-waves produced from
a source-event P’ by two holes.

We consider % to be small. Then the bright 2-waves for n= + 1,

+ 2, ... (but not too great) make 7y +r, nearly equal to r;+7,, since
the right-hand side of (4.6.4) is small. Let us define p and € by

p—€=ri+r]y, pte=ry+ry (4.6.6)

sothat  p=3(r+7r+ri+r), e=§(r,—r +ry—1)). (4.6.7)

Then p and € form a system of coordinates in space (an azimuthal

angle is not required on account of symmetry). The equation of I

is €=0, and the bright 2-waves are to be found near 7, i.e. for small

values of €. Accordingly we expand (4.6.4) in powers of € and get

2p€ _k
[e2(t—t)2—p2Jt " me’ (4-6.8)
kE [cx(t—-t) 3
or 6= —(-;é——z- - 1] , (4.6.9)
_ c(t—t")
or P—m. (4.6.10)

9-2



132 GEOMETRICAL MECHANICS

Of these forms, (4.6.9) is the most useful. To plot an interference
2-wave, we fix k and ¢. Now p =const. is an ellipsoid of revolution
having the holes for foci, and, if we assign p, then (4.6.9) tells us the
value of ¢, i.e. it tells us how far to go away from I (for which e =0)
on the ellipsoid p=const., which of course cuts I orthogonally.
Thus the bright 2-waves (k= + &, +2h, ...) form a set of surfaces
of revolution lying close to, and on both sides of, the hyperboloid 1.

For example, the bright 2-waves for n=1 and #= —1 have the
equations

_ h [E(-t)? k[t 3

—‘2% —?_——I] , 6—-—5;12 T—I] . (4.6.11)

The bright 2-waves do not remain fixed in space, except for the
hyperboloid I which does remain fixed. The others move away
from it with a speed which can be calculated from

de & c(t—t") (kR \2t=t
d: 2mp? [e(t—t)[pe— I]% = (_) e (4.6.12)

2mp
this equation being obtained by differentiating (4.6.9), holding p
constant on account of the orthogonality of the confocal ellipsoid
p=const. and hyperboloid €= const.

Interference for plane waves incident on two holes. The case of
incident plane waves is easier than that of a source-event. Let us
take the holes at positions with coordinates a, and 4,. Then, as in
(3.2.26), we have the two characteristic functions

I/I(P)=m027'(t—’:-1_;)-__vpap+c)

c e )
o (4.6.13)
, 7,0 U
V2(P)=mcz’y (t'—“—zc—z—— 22P+2(’_;)’

where 7, and 7, are the distances of the final event P from the two
holes, ), is the incident ray (or particle) velocity, and C'is a constant
depending on the choice of the particular incident 3-wave from
which V is measured.

The interference 3-waves have the equations

i—Vi=my'[o'(ro—r) +v)(b,—a) =k,  (4.6.14)

and the bright and dark 3-waves are given by taking the values
(4.6.3) for k.
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We note that, whereas ¢ was present in (4.6.4) and so gave us
a moving pattern of interference 2-waves in the case of a source-
event, ¢t has disappeared from (4.6.14), and so we get for the
interference 2-waves a fixed set of hyperboloids of revolution with
the holes for foci: ,
vy(b,—a,) + k

To— T = — 7 pwE (4'6'15)
v my'v
X3
Po
y Receiving
[} screen
|
|
|
|
!
|
¢
|
|
g 1€ )
1
H, 0 H;

Incident rays

Fig. 4.17. Space picture for plane waves incident on two holes.

The bright 2-waves form the discrete set of confocal hyperboloids,
, nh
ro—r=—fy(b,~a,) +m (n=o, t1, t 2, ...)y (4.6.16)

where £, are the direction cosines of the incident rays.

To derive the simplest possible practical result, let us take the
holes at (£, o, 0) and (—§, o, 0) and make the incident rays travel
parallel to the positive sense of the xj-axis (fig. 4.17). Then
B,(b,—a,)=o0. Let a receiving screen be set up at x3={. Then on
this screen we have

=[x+ 62+ 23+ 8%, r=[(x—E)*+23+ L2 (4.6.17)
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For points adjacent to Py({,0,0), x, and #, are small, and we have

approximately
=@ op (egt),
=@ 0 (1) | (4:6.18)
2%

ry—7 ,
T o
and so, by (4.6.16), the bright waves show on the receiving screen

as the lines (g2+§2)i _nh
M= (4.6.19)

In a further approximation, when the distance of the receiving
screen is much greater than the distance between the holes, we
have {/£ large, and then the bright lines are

1:%#},‘”, fgm\' (n=0, +1, £2,..), (4.6.20)
where A’ is the de Broglie wave-length of the incident waves
(cf. (4.1.16)). This is the usual elementary formula for optical
interference.

The formula (4.6.20) is a deduction from the following assump-
tions:

(i) The behaviour of rays is governed by the law of stationary
action (2.1.3).

(i) the appropriate medium-function for a free particle is as in
(3.1.1).

(iii) The interference of 3-waves is governed by the law of
primitive quantization contained in (4.3.1).

"The formula gives us the loci on the receiving screen where waves
from the two holes are in phase. We have called these lines bright,
but that was only for dramatic effect, to make the loci easier to
think about, since there is of course no question of optical brightness.
Rather, in terms of current physical thought, we should interpret
bright and dark loci in terms of probability. But since in primitive
quantization we have made no attempt to follow the amplitude of
a wave, we are in no position to make quantitative estimates of
probability in general, alth}ough in the case of (4.6.20) it would be
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easy to make such an estimate, the amplitudes of the two interfering
waves being regarded as constant in the small region of interference
considered. But, taking the more cautious attitude and avoiding
reference to amplitudes, we may conveniently change our language
and say very probable where we said bright, and very improbable
where we said dark. Thus if a particle arrives with velocity o’
normal to the screen containing the holes, it is very probable that
after passing through one or other of the two holes it will be found
on one of the lines (4.6.20), and very improbable that it will be
found on one of the lines midway between them.



CHAPTER V
SOME GENERALIZATIONS

5.1. Rays and waves in a Hamiltonian space

The theory so far developed in this book has had as its background
the flat four-dimensional space-time of Minkowski with funda-
mental form dx,dx,. The most natural generalization would seem
to be to the curved space-time of general relativity with fundamental
form g, (x) dx"dx®. But it is wiser to go further in the direction of
generalization and work in a manifold of N dimensions in which
metric is not the basic concept. This is what we shall now do; the
theory is, from a mathematical standpoint, a geometrization of the
calculus of variations (cf. Hadamard, 1910; Carathéodory, 1935;
Synge, 1951).

Consider a space of N dimensions with coordinates x4; we shall
use capital Latin suffixes for the range 1, 2, ..., N, with summation
understood for repeated suffixes. The coordinates are real or purely
imaginary, like Minkowskian time. But the reader who is troubled
by the use of imaginary coordinates may think of the coordinates as
real throughout this section, and later satisfy himself that it is
permissible to use some purely imaginary coordinates, as is done
in §5.2.

But whether we use real or imaginary coordinates, we must
distinguish now between covariant and contravariant tensors, since
we shall not restrict ourselves here to a limited group of trans-
formations like the Lorentz transformations.

Let o, be the components of a covariant vector, and let an
invariant relationship be assigned of the form

Q(o, x)=o0. (5.1.1)

This means that at any point x4 the components o, are not com-
pletely arbitrary; they must satisfy (5.1.1). We call o, the slowness
vector and (5.1.1) the slowness equation.

The assignment of (5.1.1) makes our N-space a Hamiltonian
space (Hy). The geometry of Hy consists in the properties of rays
and waves in it, as defined below.
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Take two points P’, P in Hy and join them by a curve with

equations x4 = 4(u), (5.1.2)
u being a parameter. Let o, be assigned along the curve, so that
we have 04=04(u), (5-1.3)

the assignment being made to satisfy (5.1.1) at each point of the
curve. Then the integral

P
I= ——f o, dx4 (5.1.4)
P

has some value, depending on the choice of the points P’, P, of the
curve joining them, and of the way in which o, has been assigned.

We define a ray in Hy as a curve which gives a stationary value to
I, the end points being held fixed and (5.1.1) being satisfied for all
the curves considered. Thus a ray is defined by

afo-AdxA=o, Q(o,x)=o0. (5.1.5)

By the same reasoning as that following (2.1.16), we obtain the
differential equations of a ray in Hamiltonian form:

de4  0Q  do,  Q
T " Fe, dw - axd’ (5.1.6)

w being some particular parameter along the ray. Itis related to the
increments in the coordinates by
aAdxA=aAaa—de. (5.1.7)
04
We have thus set up in Hy the elements of a geometry, if we
regard the rays as ‘straight lines’ and the integral I, taken along
aray, as a measure of ‘distance’. However, the word ‘ distance’ may
be needed in other physical senses and it is better to avoid it in this
connexion. We shall use the word action instead, defining the action
from P’ to P along the ray joining them to be

P
V(P',P)= — f o 4 dad. (5.1.8)
.

We also call V' the characteristic function of Hy. 'The insertion of the
minus sign in (5.1.4) and (5.1.8) is convenient in relativistic theory.
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We note that a ray is determined by assigning either (@) two
points on it (by the stationary principle), or () initial values of x4
and o4, subject to Q(o, x) =o (by the differential equations (5.1.6)).

Determination of the action element or medium-function. In
accordance with (5.1.8) the element of action on a ray is

dl= -0 dx4, (5.1.9)

the vector o, being determined along the ray by the equations
(5.1.6). Suppose, however, that we wish to define an action element
on a curve C which is not a ray, the definition being such that it
reduces to (5.1.9) when C is a ray. As it stands, (5.1.9) does not
suffice as a definition, because we do not know what values to insert
for o,. Even if we impose the condition Q(o, x) =0, we are left with
a wide liberty of choice in o ,.

To make the element of action (5.1.9) meaningful for any curve C,
we impose on o4 the conditions

dxA=§a%dw’ Q(o,x)=o0. (5.1.10)

(Note that the first of these is one half of the Hamiltonian equations
(5.1.6).) Now, given dx<, an infinitesimal displacement on C, we
have in (5.1.10) N+ 1 equations which suffice to determine the
N+ 1 quantities o 4, dw. In this way we associate a definite vector
o 4 with each point of any curve C, at the same time determining
a parametric element dw. Thus the action element is determined by
x4 and dx4, and we may write for it

f(x,dx)=—0'AdxA=—a'A—a£dw. (5.1.11)
004

Now if instead of taking the element dx4 on the curve C, we take
dx4 =kdx4 where & is a positive factor, then the equations (5.1.10)
give us dw=kdw and the same values of o as before. Hence

f(x,dx)= — o ,dx4,
f(x, kdx)=Fkf(x,dx) (k>o0),
and so the function f(x, dx) is positive homogeneous of degree unity
in the differentials.

If, along any curve C, we attach vectors o 4 in accordance with
(5.1.10), we shall call C a curve with attached slowness.
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"To sum up (and this process is fundamental) the action element
f(x,dx) is determined from the function Q(o,x) by eliminating the
N + 1 quantities o 4, dw from the N+ 2 equations

oQ oQ
A = — T =
dx —ao_Adw, f O'Bao_Bdw, Q(o,x)=0, (5.1.12)

and solving for f the resulting equation connecting f, x4, dx4.

There is no necessity to use infinitesimal notation. The same
Sfunction f(x, X) (we shall call it the medium-function) is obtained by
eliminating o4, 6 from the equations

] 20

4 = —fo, 2%
X _060A’ f 00—380'3

y Qo,x)=0, (5.1.13)
and solving for f. The resulting function is positive homogeneous of
degree unity in X4:

f, kX)=kf(x, X) (k>o0). (5-1.14)

Rays in terms of f(x, dx). Consider a ray joining P’ to P. Consider
all curves with attached slowness adjacent to the ray and passing
through the same end points. Then along each of these curves there

is an integral P P
I= —j o*AdxA=f Sf(x, dx). (5.1.15)
P P’

Now, by definition, the ray satisfies /=0 when on the varied
curves o4 is arbitrary except for Q(o, x) =0. Hence 61 =o for the
more restricted choice of o4, viz. that satisfying (5.1.10). Therefore
a ray satisfies the variational principle

6J:f(x,dx)=o, (5.1.16)
or 6f;f(x, X)dw=o, C (s119)
where X4=dx4/dw. Hence the rays satisfy the Euler-Lagrange
equations d ¥w X)_ ofx, X)=o, (s.0.18)

dw o0X4 ox4

In these equations w is any monotonically increasing parameter,
and not necessarily the special parameter of the Hamiltonian
equations (5.1.6).
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The slowness equation Q( 0, x) = o derived from the function f(x, X).
Consider any curve C with attached slowness o4, obtained from
(5.1.10). Now C may be drawn through any point in any direction,
and moreover it may be parametrized arbitrarily. Although the
special parameter @ was present in (5.1.10), we now deliberately
choose an arbitrary parameter u. We can then declare that the 2V

quantities dacA
xA, XA:EZT’ (5.1.19)

are arbitrary and independent.
On account of the homogeneity of f, we have from (5.1.11)

fx, X)= — 0, X4, (5.1.20)
and we have also Q(o,x)=o0. (5.1.21)

Further, by (5.1.10), allowing for the change of parameter by the
undetermined factor 6, we have
oQ
49 2%
X Hao-A' (5.1.22)
We recognize in (5.1.20), (5.1.21) and (5.1.22) N+2 equations
involving the quantities

O_A) 0’ xA’ XA’

and of these the 2N quantities (5.1.19) are arbitrary and inde-
pendent.

Varying these independent quantities, and consequently o4,
we get from (5.1.20), with use of (5.1.22),

U sxay spa 4_ x4
5—)(—ABX +5x—A8xA-——crA8X -X 30’A
oQ
=—-0,0X4—-0—0d0, (5.1.23)
00 4
But by variation of (5.1.21) we have
oQ Q.
E80'4+w8x =0, (5.1.24)

.

and so (5.1.23) may be written

2 9 0Q
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.

Here, by (5.1.19), the variations are arbitrary and independent, and
so we have the important relations between the slowness vector and
the derivatives of the medium-function

oy = —ggxy’?, (5.1.26)

and the less important relations

o5 X)_20ors) .

Since f is homogeneous of degree unity in the X’s, the right-hand
side of (5.1.26) is homogeneous of degree zero; hence it is inde-
pendent of the parametrization # employed, since the effect of
changing the parametrization is simply to multiply the X’s by a
common factor.

The equation (5.1.26) enables us to calculate the slowness vector
at once when we are given the medium-function. But it does more.
Since the right-hand sides are homogeneous of degree zero in the
X’s, they are functions only of their N — 1 ratios; thus these N—1
quantities can be eliminated from the IV equations, and the result is
a relation between o, and x4, which is precisely the equation
Q(o,x)=o0. Thus by eliminating X4 from (5.1.26) we obtain the
slowness equation Q(o,x)=o0, assuming that the medium-function
f(x, X) is given.

Invariance under coordinate transformations. We think of general
transformations of the coordinates x4 in Hy. We have already
stipulated that o, is a covariant vector and (¢, x) an invariant.
Then at a fixed point of Hy, the variation do is a covariant vector
and the variation 0Q is an invariant. But (since dx4=0)

89:%803, . (5.1.28)
and hence, by the well-known test for tensor character, we see that
0Q/do, is a contravariant vector. Then by the first of (5.1.12)
dx4/dw is a contravariant vector; but dx4 is itself a contravariant
vector, and so dw is an invariant. Then the second of (5.1.12) tells
us that the action element f{x, dx) is an invariant. The medium-
function f(x, X), where X4 =dx4/du, is then obviously an invariant
also.
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Thus, starting from an equation Q(o, ¥)=o0 in which Q is in-
variant, we can obtain an invariant differential form f(x, dx),
positive homogeneous of degree unity in the differentials. A geo-
metry based on such a differential form is called a Finsler geometry,
Finsler geometries including Riemannian geometry as a special case
and Euclidean geometry as a still more special case. What we have
done above may be described by saying that we have established the
equivalence of Hamiltonian geometry and Finsler geometry; a
Hamiltonian space is a Finsler space, and conversely, and we have
given a procedure for passing from one way of looking at the space
to the other (Q=0—f and f—>Q=0).

Summary. To sum up, a Hamiltonian space is characterized by
a slowness equation Q(o, x)=o, (5.1.29)

where Q is an invariant function of a covariant slowness vector o,
and the coordinates x4. Rays satisfy

6faAdxA=o, Q(o,x)=o0, (5.1.30)

and have the equations
ded _0Q  doy, 0Q

T " do, dw -’ (5.1.31)
for a special parameter w. An invariant action element (or equi-
valently medium-function) f(x, dx) is defined by

oQ oQ
4 P2 = — Oy =
dad = 5o, dw, f(x,dx) Og 30, dw, Q(o,x)=o0, (5.1.32)
and the rays satisfy 6J‘f(x, dx)=o. (5.1.33)
The element of action may be written
f(x, dx)= — o, dx4, (5-1.34)
and the characteristic function, or action along a ray, is
P P
V(P',P)= —-j oAdxAr-f S, dx). (5.1.35)
P P
For variation of the end points of a ray,
OV =—o0,0x4+ 0! 0x'4, (5.1.36)
ov ov
so that A= 04 Fga=%a (5.1.37)



SOME GENERALIZATIONS 143

and V satisfies the Hamilton-Jacobi equation

ov
Q(—g,x)=o. (5.1.38)

Waves in Hy. To define waves in Hy, we start from an initial
wave, say X, a subspace of N—1 dimensions with equation
F(x)=0. Now, in an N-space without metric, an (/N — 1)-space has
no contravariant normal, but it has a covariant normal; for any
displacement dx4 in F(x) =0 we have

F dx4=o, (5-1.39)

where F,=0F/ox4, and so we call the covariant vector F, the
normal to F(x)=o. Choose then a slowness vector ¢’y on X,
according to o7y =6F, and find 6 so that Q(d¢”, x') =0 is satisfied;
thus we have for 0 the equation

Q(OF,x')=o, (5.1.40)

where in this brief notation F stands for its partial derivatives and
x’ is a point on X;. Draw through the points of Z, rays, as given by
(5.1.31), using the values of ¢’ and x’ just considered as initial
values, the rays starting with directions in Hy given by

dx, 0Q(o’,x)
dw= o, (5.1.41)

Then measure off on these rays an action C, the same for all of
them, thus generating an (N — 1)-wave X with the equation

P
V(P',P)= — j _oadwi=C, (5.1.42)

where P’is on Z,and Pon 2. By varying C we get a single infinity of
waves. It is easy to see that these waves have the group property:
the same set of waves is constructed by starting from any one of
them.

Having so defined (N — 1)-waves in Hy (they are transversals in
the language of the calculus of variations), we can carry over into
H), the primitive quantization of Chapter 1v. This means that two
adjacent (N — 1)-waves with the same phase have between them an
action separation

P
V(P',P)= — f adsd=h, (5.1.43)
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where £ is Planck’s constant, the integral being taken along a ray
from wave to wave.

Enough has now been said about a Hamiltonian N-space to
enable the reader to translate into these more general terms ideas
developed in previous chapters against the background of Min-
kowskian space-time, but not actually dependent on that back-
ground. We shall now proceed with specific applications.

5.2. The two-body problem

onsider two Euclidean planes, II and II, with rectangular
(ﬁtesian coordinates (x, ) in I and (%,7) in II. An ordered pair
of poin}s, P in I and P in TI, provides us with four numbers
(%,iy, % ) These four numbers may be regarded as defining a
“point’ in a 4-space, which is in fact the * product’ of the planes IT
and IT in a topological sense.

Let us carry over this plan into relativity. Consider two particles
in the flat space-time of Minkowski; let x, be an event in the history
of one particle and ¥, an event in the history of the other. We shall
use the same space-time axes for both the particles. Then the
product of space-time by itself is an 8-space, a point of the 8-space
having the eight coordinates (x,, X,) or briefly (x, ¥). We recall that
small Latin suffixes have the range 1, 2, 3, 4 and x,=ict, ¥y =icl.

Our purpose is to develop a Hamiltonian geometry in this
8-space, and this is done, as in § 5.1, by writing down an invariant

slowness equation Q(a, 7, x,%)=0, (5.2.1)

where o, & stand for a set of eight quantities o,, T, (slowness
components). For relativistic invariance, we demand that Q shall
be invariant in form under the application of the same Lorentz
transformation to x, and ¥,, 0, and G, transforming as two 4-vectors.

In order to visualize the discussion, we may think in three
different ways:

(i) We may visualize in Hy, a ray appearing as a curve and a wave
as a space of seven dimensions.

(i) We may visualize in space-time, a point of H, appearing as
a pair of events (one for each particle) and a ray appearing as a pair
of world lines, with their events put in correspondence by the
parameter @ of (5.1.31).
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(iii) We may form kinematical pictures in the space of a Galilean
observer, but this is apt to be confusing because corresponding
events will in general have different times.

Let us now make the following special choice of slowness
equation for the case of two particles subject to no external field:

I 1 _ _ _ _
==2—mcr,a-,+Z—W—U,U,+F(x,x)+%(m+m)c2=o. (5.2.2)

Here m and 7 are the proper masses of the two particles and
F(x,x) some function of their eight coordinates, representing an
interaction potential.

From a mathematical standpoint we are at liberty to take any
slowness equation and see what comes out of it, for the physical
justification of any such formula is to be found in the success of
physical predictions based on it, if they are successful. But if we
decide to investigate two-body problems along these lines, it is
hard to see what equation to adopt other than (5.2.2). For (3.1.6)
seems to be the proper slowness equation for a single free particle,
and (5.2.2) is the immediate and natural generalization for the case
of two particles. If we drop the interaction term from (5.2.2) by
putting F'=o0, and then regard o, and @, as the momentum-energy
4-vectors of the two particles, we have by (3.1.6)

0,0,= —m¥*? G,0,=—m%?
and so (5.2.2) is satisfied. This does not of course prove that (5.2.2)
is the proper formula to take, but it does give it sufficient standing
to make it worth investigating.

To find the element of action corresponding to (5.2.2), we use
(5.1.32) with appropriate change of notation. We have

o, _ 0,
de,=—"dw, dx,==Ldw,
m m

f= _(o- o, +0' U)dw] (5-2.3)
m m
=[2F + (m+m) c?] dw.
Hence o-,,=m3—2, E,:‘%,
' - (5-2-4)
1 mdx,dx, 1 _ _ wmdx,.dx,
mr T T dE 0w  dud

SGM I0
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and so (5.2.2) gives for dw the equation

mdx,dx, +md%,d%, + [2F + (m+ ) c*]dw?=0. (5.2.5)
Thus dw=[2F+(m+m)c?-[—mdx,dx, —md%,dx%,]t, (5.2.6)
and the required action element is, by (5.2.3),
f(x, &, dx, d¥) = [2F + (m +m) 2} [ —m dx, dx, — A d%, d%, . (5.2.7)

This represents the transformation of the Hamiltonian space
defined by (5.2.2) into a Finsler space.
The equations of the rays are, by (5.1.31),

d, o, do, oF

dw zz dio ox, (5.2.8)
d%, v, do,__OF
dw m’ dw  0x,’

We note that, from its definition in terms of a variational principle,
a ray is determined when we are given a pair of initial events P’, P’
(one for each particle) and a pair of final events P, P (one for each
particle). Also it is clear from the form of (5.2.8) that a ray is
determined by initial values of x,, X,, 0,, 7,, i.e. by a pair of initial
events with slowness 4-vectors associated with them, these sixteen
quantities being arbitrary except for the single condition Q=o.
These initial data determine the initial velocities of the two particles,
for we have , . o, o, d%, @,
PR e (5:2:9)
where v, and 7, are the velocities in question.

But a pair of initial events with initial velocities do not suffice to
determine a ray, for they give only the ratios o,/0 and 7 ,/7,, and
there is still one degree of freedom after making use of Q=o0. In
fact, if we are given the initial velocities, we may regard o, and 7,
as known in terms of o, and @, these last being free except for the
equation

1 o? 2 I v a2 X ) 2 =
i (1-5) ot o (1= %) 7+ P )+ ) =,

2m 2
(5.2.10)

It is interesting to compare and contrast the general conclusions
of Newtonian mechanics and of Hamiltonian geometrical mechanics
as developed here. In both, the history of a pair of particles is

.



SOME GENERALIZATIONS 147

determined if we know a pair of initial events and a pair of final
events. But whereas initial events and velocities determine the
motion of a pair of particles in Newtonian mechanics, in the present
theory they do not; there is one undetermined parameter.

The hydrogenic atom. In a recent paper (Synge, 1953) the above
method has been applied to the hydrogenic atom, using (5.2.2) with
the interaction potential

F(x, &) =ee[(x,~ %,) (.~ %,)] 4, (5-2.11)
e, € being the electric charges on the particles and the space-time
displacement x,—X, between corresponding events (i.e. events
having the same parametric value w) being assumed space-like.
The proper mass M of the system of two particles is suitably
defined, and the quantized levels for its square are found to be
(accurately in terms of the method of primitive quantization)

e mm

2 e £e _mm_ = C i
M?=(m+m) i (n4g) (n=o0,1,2,...; j=1,2,...). (5.2.12)

If Za is small, this gives the following approximate levels for the
proper energy of the system:
1 mm Z%aic?

2 - —— LT
Mc2=(m+m)c 2 M7 () (5.2.13)
2
where é=—Ze, oc=:;ﬁ. (5.2.14)

Thus the mass correction factor comes out correctly, no approxima-
tion being made with regard to the ratio m/7 of the masses.
For further details the reader is referred to the paper cited.

5.3. Two free particles in empty space-time

To deal with two free particles, we put F=o0 in (5.2.2) and obtain
I I _ —
Q=27n0',.0',+—2%0',0',+%(m+m)c2=o. (5.3.1)
By (5.2.7) the action element is then
f(dx, d%) = c(m+m)t (—mdx,dx, — 7 dx,dx%,)E.  (5.3.2)
By (5.2.8) we get for a ray
dx,

=Ir const
dw m "

Ql

r

=const. (5.3-3)

10-2

3|

X,
dw



14.8 GEOMETRICAL MECHANICS

Thus a ray gives us two straight lines in space-time, the velocities
on them being constants:
a —

. p .
‘vp-w;;, 7,=ic

ﬁl. | S

(5.3-4)

We have the equation (5.2.10) with F=o.

We may refer to (x,, &,) or briefly (x, %) as an event-pair (P, P).
Now if we take an initial event-pair (P’, P’) and a final event-pair
(P, P), they determine a ray in Hy, and the action along it is

— ~ 7.7\}
V(P',P';P,P)= f fdx, dF)=we(m + m) ( -5'—‘1'_5’_:%) ,
(5:3-5)

where w=fdw. But by (5.3.3)

_ , 0,
X, — Xy = w7n~ X —H=w—L,

(5-3-6)
(74 TT2) <t ) (5, ) (5, ) (5, ),

and so
=¢(m+ ‘m)% [ - m(xr - x;) (xr - x;) - m(fr - 50_1’") (Er - "?1{)]*’ (537)
as indeed is also easily seen from (5.3.2). This is the characteristic
[function for a pair of free particles in empty space-time.
If we assign only an initial event-pair (P’, P’) and consider the
totality of rays in Hy coming from this point, we have the analogue

of the source-event for a single particle. We may call it a source-
event-pair. A source-event-pair fills Hy with 7-waves, with the

equations V(x', .i'"; x, .7?) — C, (5.38)
wherein ], ¥, are constants (pertaining to the source-event-pair)

and x,, ¥, are current coordinates.
By (5.3.7) the 7-waves may also be exhibited in the form

m(%, = x7) (%, — %;) = ~ (%, — ) (%, — X7) — (7_{%5 » (5:3-9)

V being a constant for each of them. This enables us to get some
sort of a picture in space-time of the 7-waves. If we assign values
to # and V, and treat x as running coordinates, (5.3.9) gives a
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pseudosphere in space-time with centre at x’. If we change ¥
and/or V, we get a new pseudosphere with the same centre and in
general a different radius. But the representation is imperfect since
we get the same pseudosphere by changing # and V in such a way
as to leave the right-hand side of (5.3.9) unchanged.

Plane 7-waves. To generate a system of plane 7-waves, we start
with a 7-dimensional plane %, in Hy with equation

A,x,+ A,%,=C, (5.3.10)

A,, 4, and C being any constants. The appropriate values of the
initial components of slowness are

o,=04, 7,=04, (5.3.11)
(cf. (5.1.39)), where 6 is to be found by substituting in Q=0 (5.3.1).
This gives 6 =const. (the value is of no importance), and so, since

o, and 7, are constants along the rays, we may write the equations
of any set of plane 7-waves in the form

o,%,+0,X,=const., (5.3.12)
the corresponding rays being given by

der_0Q_o, dx_0Q_7,
dw 90, m’ dw o5, m’ (5-3-13)

Here o, and @, are constants of the system. The characteristic
function of the system is

V(P, P)= —o,x,—G,X,+ const., (5.3.14)

the value of the constant depending on which of the 7-waves we
choose to be V' =o.

The totality of rays corresponding to these plane 7-waves form
an oo” set of parallel straight lines in Hy. In the space-time picture
each such ray gives us a pair of straight world lines traversed with

constant velocities
v,=ic—f, T,=icl (5-3.15)
=1c—, =1C=. 3.
To appreciate an indeterminacy present in the case of two
particles, let us return for a moment to the case of a single free

particle, for which we have, as in (3.1.5),

. o2\ -t
o,=myv,, o4=imyc, y=(1 _"c—“)
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If we are told that the single particle has a certain constant velocity
v,, but have no knowledge of its position, we think naturally of
a system of plane 3-waves in space-time with equations
0, X,=const.,
the values of 7, being known in terms of v, as above. But if we have
two free particles, and are told that their velocities are constant
with values v,, 7,, we cannot obtain ¢,, 7, from (5.3.15) and Q=o,
which, as in (5.2.10), reads
2 72
55"—1 (1 —%) UE+§I—Tn_‘ (1 _'0?2) o2+3(m+m)ct=o0. (5.3.16)

We are one equation short, and so there
is still a degree of freedom in the choice
of o,, 0,, as has been remarked earlier
in a different connexion. This means
that the picture of two free particles
moving with constant velocities v,, 7,,
but with positions unspecified, cannot
summon up in our minds the picture of
a definite system of plane 7-waves in
Hg. Something more must be added.

Now, as we have seen already, an
initial event-pair (P’, P’) together with
a final event-pair (P, P) provide us
with a definite characteristic function
V. This suggests that we may get o
definite plane 7-waves by allowing P’ ff‘g’df:'restia;?;zmzfdmiﬁ‘;’i‘;;
and P’ to recede to infinity in a definite events P’, P’ into the remote
way, just as in. optics we get plane f:;:; . :: ’tPa i:;‘ if Eef°g°the"
waves by removing the light-source to
infinity. Let us then (fig. 5.1) hold P, P fixed and let P’, P’ recede
into the remote past by moving them in space-time in the following
manner. Taking two time-like unit 4-vectors, £, £,, both pointing
into the future, we choose as initial events

- P xtl'z _kgr’ P': ‘771,"': -kzr’ (5317)
where &, k are any positive numbers, being in fact the Minkowskian
distances P'O, P'O, where O is the origin of space-time. We let &
and k tend to infinity in such a way that the ratio k/k tends to a finite

3
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limit p. Then, by (5.3.7), the characteristic function is (since
—§&=1-Ef=1)

V(P', P'; P, P)=c(m +m)t (mk? + mk2 — 2mkE, x, — 2mkE, &, + ... )},

(5.3.18)
the terms not written explicitly being finite for large k. Hence,
expanding the radical, we have approximately

V(P', P'; P, P)=c(m+m)t (mk? + mk2)t

~o(mE ) Onkt s, B %), (539
the omitted terms being small, of order 1/k.

If we hold &, & constant, then ¥ = const. gives us the family of
7-waves from the source-event-pair (5.3.17). If we now regard this
family as the family generated from the 7-wave X, which passes
through the origin of Hg, the characteristic function V(P, P) of
this family differs from (5.3.19) only by a constant, viz. the action
from (P’, P') to &,. Thus we have, approximately for large &,

m+m \*} — TP -
V(P,P)=—c (m) (mkE,x,+mRE,%,). (5.3.20)
In the limit £ 0, in which P’, P’ have receded to infinity in space-
time in directions opposed to £,, £, respectively, we have accurately

VP, P)= (s ) (mE, %, + T, (5.3:21)

or V(P, P)= - 0,x,— G, %, (5.3.22)
m+m \} __ (m+m\b

where U,—C(m) mé,, o,—c(m) pmg,. (5.3.23)

Here p=limk/k. We thus obtain in the limit the set of plane
-waves = o
7 o,%,+ 0, X, =const. (5-3.24)
Since in the limit the straight world line P'P has the direction
of £,and P’ P has that of £,, we recognize that £,, £, are the 4-velocities
of the two particles, and so

E,=vyv,lc, £4=1v, = =(1—v¥/c?) 4,
E” 'yqf/c, Z,=iy, y=(1-2%c?) L (5-3.25)
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Hence (5.3.23) gives the slowness 4-vectors in terms of the velocities
as follows:

a___(m+ﬁ)ﬁm 0 __(m+ﬁ L8

P \m+mp?, ACEERC m +ip? mye,

- _( m+m)% e (MmN (5:3-26)
P \m+mp? PIYCp  Ta= m+mp? prmye.

The presence of p corresponds to the indeterminacy mentioned
earlier. Itis, however, now fixed as the limit of the ratio

P'O/P'O =Fk/k.

As a particular case (the most interesting one), let us make P’ and
P’ go off into the remote past in the same space-time direction,
remaining at a finite space-time distance from one another. As we
are concerned only with the limit 2— 0o, this is the same as making
P', P’ coincide and go off to infinity together. We have then

&=%, p=1, (5.3-27)
and so, by (5.3.25), v,=7,: the particles have the same velocity.
Further, we have by (5.3.26)

o,=myv, oy=Iimyc,
6":=Tn'7'v:,), T, =imyc, (5-3.28)
so that the slowness 4-vectors are in fact the usual momentum-energy
4-vectors of the two particles.

Let us sum up this result: Given that the two particles had in their
histories a common event (or, more generally, events at finite Min-
kowskian distance from one another), situated far from the origin of
space and in the remote past, then they travel through the finite portion
of space during a finite range of time with a common velocity v,, and
these data determine a system of plane 7-waves with characteristic

function V(P,P)= — 0,x,—0,%,, (5.3-29)

where o, and G, are the momentum-energy 4-vectors of the particles,
as shown in (5.3.28).

5.4. Interfetence of two particles passing through two holes

We do not get interference for two free particles in empty space-
time because two event-pairs are connected by a single ray, and so
there are not two wave systems to interfere with one another. Let
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us now consider the case where there is a screen with two holes in it.
Two particles approach the screen from one side and pass through
the holes. The space-time diagram is shown in fig. 5.2, where H,, H,
are the histories of the two holes, (P’, P’) the initial event-pair and
(P, P) the final event-pair. 5

The history of the pair of holes H  H,
is given by six equations, and so
this history is a 2-space (say S) P
in Hg. To construct the ray from /
(P, P) to (P, P), we take a point / Q
in S, i.e. an event-pair (Q, 0),
withone event on H; and the other /
on H,, and draw the rays in Hy Q

(P, P) 10 (0,0),

(9,0) to (P, P).
Each of these rays has an action P.
of the form (5.3.7), and the action P’
for tlle actual ray from (P’, P') to Fig. 5.2. Space-time diagram for the
(P, P) through the holes is found passage of two particles through two
by making the sum of these ac- holes.
tions stationary with respect to variations of Q and Q on the world
lines of the holes. Thus ¥ can be calculated.

But there are actually four characteristic functions, corresponding
to the different ways in which the particles can go through the holes.
Fig. 5.2 shows only one case, viz. that in which the particle which
has P’, P in its history goes through H, and the other particle goes
through H,. The four possibilities are

(i) both particles through H;,

(if) both particles through H,,

(ili) P’P through H, and P’'P through H,,

(iv) P’P through H, and P’'P through H,.

When we apply primitive quantization to the corresponding
7-waves, there will be interference.

The case of waves from a source-event-pair is rather complicated,
and so we shall consider only the case of incident plane 7-waves
generated from X, with equation

O X, + 0%y =0. (5-4.1)
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Denoting by y,, 7, the coordinates of Q, Q, we note that y,, 7, are
constants determined by the positions of the holes, which we take
to be at rest in the observer’s frame of reference. Then, by (5.3.7),
the action along the broken line in Hj

(P, P') to (Q,0) to (P,P)
is V=c(m+m} (W + W), (5-4-2)
here W= (om0, ms -0 ()
W=[—m(x, =¥.) (% —y,) —m(%x, — ;) (%, _y—r)]*'
From (5.4.2) we have to eliminate x; and &, by the condition that
V shall be stationary with respect to variation of P’ and P’ on the
incident wave (5.4.1), and then we have to eliminate y, and ¥, by
the condition that ¥ shall be stationary with respect to variations of

these two quantities.
From variations on the incident wave we get

m(y,—x;) =00y, W(y,—%)=07,, (5.4-4)

where 6 is a positive undetermined factor. We substitute these
values of o7, G, in Q =0, which as in (5.3.1) reads
1

! / I U4 —
2 0r Or =0, T+ H(m+ ) P =o, (5-4-5)

and so obtain, in the notation of (5.4.3),

— W2+ (m+77) c*0?=o. (5.4.6)
Substitution for ¥}, &, from (5.4.4) in (5.4.1) gives
7 (50-013) +71(5-15) =0, (5-47)
m m
or by (5.4.5) 0, Y, + G J,+0(m+m)c®=o0. (5-4.8)
With the value of # so determined, (5.4.6) gives
W’=0c(m+'ﬁ)*=%z, (5-4.9)

and when we substitute this in (5.4.2) we get

V=—0,y,—G5,+c(m+m}W. (5.4.10)
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We have now eliminated P’, P'. It remains to make V stationary
with respect to y,, ¥,, and the conditions for this are

-—.0'1+c(m+r’n‘)i'-”—(f“p—l}y—é‘)=o,

o (5-4.11)
——E;+c(m+m)*——i‘w—z4— =0
Wo, o Wo,
Thus  y,—x,= _W’ Vo= %= “W’ (5-4.12)
and so by (5.4.3) - T
-—2— 04, 04
Wi=-U c¥(m + ) ( m T ﬁ)’ (5-4-13)

where  U=[m(x,~y,) (%, ~3,) +7(®,~F,) & ~F ). (5.4.14)

I o T2\ P
Hence W= U[_I_m( L4 m‘)] . (5-4-15)

Now by (5.4.10) and (5.4.12)

V——__o-' _ﬁ' v _._g-'( ___.g.;__.
=% YT %0 Y, Tal " cm(m +m)}
_ We, —
-l —— 74 s
0-4(% cm*(m+m)*) em+m)

4 —I—— / ——t e
= —0,Y,—0pY,— 04Xy — 0y Xy

+ We(m +m)t I:I +c2(m+m) (0{‘2 %:’2)],' (5.4.16)

and so by (5.4.15) we finally have the characteristic function for the
refraction of plane 7-waves through two holes,

V(P,P)=—0,y,-5,7,— 04%,—04%,— KU, (5.4.17)

where o2 I
K= |: (m+m)c2———_. z] [a'p Ly ‘7] }(5418)

U= [m(xp -yp) (xp —yp) + m(xp "'yp) (xp yp)]i
V is a function of the eight variables x,, X,, the coordinates of the
final events, all else in (5.4.17) being known constants.
The interference pattern. Let the spatial coordinates of the holes
be a, for H, and b, for H,. In (5.4.17) y, are the coordinates of the
hole used by P’P and J, the coordinates of the hole used by P'P.
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The four cases mentioned earlier then give the four characteristic
functions as follows:
(i) both particles through H,:

Via= —0ha,—~F,a,— 046, — 4 %, — K(mr} + mid)k;

(ii) both particles through H,:

’ — ’ —r = —=—o\k,
Vo= —0,b,~T,b,— 040, — T, %, — K(mr§+ mrd)t;

H, H,

Fig. 5.3. Space diagram for interference of two particles
passing through two holes.

(iii) P’P through H, and PP through H,:

Vp=— o';,ap—ﬁ’;bp - o';x4—6f,o?4—K(mr§+ﬁf§)‘};

(iv) P'P through H, and P’P through H,:

Voa=— b, —Tpa,— 0yx,— Ty %, — K(mr}+ mr3)t.

In these formulae

"= [(xp - ap) (xp - ap)]i’
To= [(xp - bp) (xp - bp)]i’
= [("_c'p - ap) ("?p - ap)]*’
Ta= [("’—C-p - bp) (‘fp - bp)]t’

(5-4.19)

these being the spatial distances of the final events P, P from the
two holes, as shown in fig. 5.3.

We now introduce primitive quantization, adjacent 7-waves of
equal phase satisfying the condition that the action between them
is h (Planck’s constant). A ‘bright point’ in Hy occurs where all
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four waves are in phase, i.e. where the differences between the four
quantltles Vaw V;b’ Vaba I{)a
are integer multiples of . Accordingly we have for bright points
the three equations

Via—Vip=0(b,—a,) +T,(b, —a,) + K(mr} + mr3)t
— K(mr} + mi?)} = nh,
Vie—Vp= E';,(bp —a,)+ K(mr}+ %’%)*lr
— K(mrt+midt =n'h, [ (5:420)
o, (b,—a,)+ K(mr}+mri)t
—K(mr}+midt =n"h,
where n, n’, n" =0, +1, +2, ...
Let us for simplicity suppose that the incident waves satisfy
o,(b,—a,)=0, T,(b,—a,)=o. (5.4.21)
We shall interpret these conditions later in a special case. Then
(5-4.20) simplify to
(mr}+ mrd)t — (mr3 + mr2)t =nh/K,
(mr3+mrd)t — (mr3 + mi2t=n'h/K, (5.4.22)
(mr}+ w2yt — (mr2 4+ mi2)t =n"h/K.

I{w— I/Iv;va

We note that x, and &, do not appear in (5.4.20) or (5.4.22). That
means that the interference pattern is fixed, as indeed we are to
expect for plane incident waves. Thus a bright point of Hy becomes
a pair of points in the space of the observer. For assigned integer
values of n, n’, n”, (5.4.22) are three equations for the four distances
71, ¥gy Tqy Ty

Let us now approximate, taking & small. If A=o, then (5.4.22)
imply r\=7y =Ty (5-4-23)
and so, if we define 7, 7, €, € by
Ty=7,+€ T =7,—F¢,
Fy=7y+E, f1=r‘0—é,} (5-4-24)
then, for small 4, € and € will be small. Accordingly (5.4.22) gives
approximately

mry €+ mr, g-iﬁ}i’ mr, F:——I-Zl—'h—L mr, 6—11—1%
(1] 0 _.2 ’ 0 ——2 K ’ 0 -2 K y (5.4.25)
L=(mr§+ﬁr‘§)*.
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Hence, in the approximation, the quantum integers are not
independent, for (5.4.25) implies

n=n"+n", (5.4.26)
and so, instead of three conditions we now have only two:
my, e-i-“n”hL TP = whL (5.4.27)
O—ZK’ 0“2K' 5'4'7
X3
P_P

e ReCEIVING
screen

H, 0 H, -

Fig. 5.4. Reception of two particles on a screen.

We recall that K is, as in (5.4.18), a constant defined by the incident
7-waves.

The interference pattern has symmetry of rotation about the line
joining the holes, and so we can study the pattern by confining
ourselves to a plane containing the holes. We take the holes at
(§,0,0) and (—§£,0,0) and study the plane x,=o0 (fig. 5.4). Since
€, € are small, we confine our attention to the neighbourhood of the
Xg-axis. ’

Now approximately

e=Ex\[ry, €=Em/T, (5-4.28)
and so the conditions (5.4.27) read
JIwL L awhL g
xlT; K 173 Enk’ L=(mri+mrg)*.  (5.4.29)

If we now set a receiving screen at x3 = ¢ and make {/£ large, we
have approximately

re=fa=t, L={(m+m}, (5-4.30)
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and so (5.4.29) gives
n"h(m+mE "h(m +m)k
"‘1=§g‘ Aoussdd ”1=5§‘gu;—nff<l”‘)“- (5-4-31)

We see that the patterns are independent: there are two sets of
bright points on the linear screen (parallel lines on a plane screen
in three dimensions), one set for each particle. However, each
distribution is influenced by the other, in the sense that x, depends
on 7 and ¥; depends on m.

Finally let us take the situation described at (5.3.29), in which the
two particles had a common event in their history and arrive at the
screen with the same velocity v,. Then, by (5.3.28) and (5.4.18),

we have por =
_(%6%p 0,0, i_ i
K= (——m +—= ) =(m+m)? yo, (5-4-32)
and consequently (5.4.31) become
_Enh _ L nh
xl—zg myo’ xl*zg Yo (54:33)

Each of these is precisely the formula (4.6.20) for a single particle
refracted through two holes, and so the effects due to the two particles
have been completely separated. Since o, and &, now have the spatial
direction of v,, the special simplifying conditions (5.4.21) mean that
the common velocity of the two particles is perpendicular to the line
joining the holes, as in the case of normal incidence.

Let us sum up: when plane]7-waves corresponding to two free
particles fall on a screen containing two holes, under the simplifying
condition (§5.4.21), the interference pattern on a receiving screen is
given by (5.4.31) under appropriate approximations. There are two
sets of bright lines (more properly, lines of high probability), one
set for each particle, the spacing of the lines of one set being
influenced by the presence of the other particle in general. But if
the two particles had a common event far off in the remote past, and
so arrive with a common velocity, this mutual influence disappears,
and we get the individual patterns as in (5.4.33), one for each
particle as if it were alone.



160 GEOMETRICAL MECHANICS

5.5. The optical method and dynamical method

The purpose of this section is to describe, more fully than has
been done on pp. 15, 16, the connexion between the optical and
dynamical methods of Hamilton, asapplied torelativistic mechanics.
(Note that we are concerned solely with mechanics; relativistic
optics is not touched on in this book.) The dynamical method is
actually only a particular application of the optical method, and
so the clearest way to see the connexion between them is to start
from the optical method and trace the specialization by which the
dynamical method is derived.

Let us take the general point of view as developed in §5.1, and
start from the slowness equation (5.1.1):

Q(o, x)=o0. (5:5.1)
The rays satisfy (5.1.6):

de4 0Q do,  0Q (5.5.2)
dw 90, dw ol 55

where A=1,2,...,N. These equations (5.5.1), (5.5.2) may be said
to summarize the optical method.

The essence of the dynamical method lies in solving (5.5.1) for
one of the ¢’s, say gy ; let us write the solution as

on=K(0y, ... on_q; 2L, ... V). (5-5-3)
Now (5.5.2) always gives the rays, no matter in which of the
infinitely many equivalent forms the slowness equation (5.5.1) is
written, the only difference being a change in the parameter w.
Let us then write (5.5.1) in the equivalent form

Q¥(o,x)=kK(0y, ... On_y; &1, ... &8N)—koy=0, (5.5.4)

the constant factor k being introduced merely for later notational
convenience. The rays satisfy (5.5.2) with Q changed to Q* and
the parameter w changed to some new parameter w*. Greek
capitals taking the range 1,2,... N—1, the equations of the rays

now read . daT oK dop oK

d* 6_5;’ T~ " Ram (5-5-5)
dxN do oK
@k R e (55:6)
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Thus, with omission of an immaterial additive constant, the co-
ordinate x¥ is connected with the parameter w* by

N = — k. (5:5.7)
We now define a (Hamiltonian) function H by

H(oy, ... 0n_q; &%, ... 2N 1 0*)=kK(0y, ... oy_1; &%, ... &V),

(5-5-8)

and the equations (5.5.5) read
de* oH dop_ °oH (55.9)
dw* dop dw* | oat 5:5:9

The dynamical method is summarized by the prescription of the
Hamiltonian function H and the equations (5.5.9) for the rays. To
get complete formal agreement between (5.5.8), (5.5.9) and the
usual presentation of Hamiltonian dynamics, we may put o.=pn
(components of momentum) and w* =¢ (the time), although this
last would be confusing in applications to problems involving
several particles, since each has its own time.

The equations (5.5.1), (5.5.2) on the one hand, and the equations
(5-5.8), (5.5.9) on the other, represent two equivalent ways of
looking at the same mathematical situation. The former constitute
the optical method and the latter the dynamical method. The
difference is rather trivial mathematically: in the optical method we
leave the slowness equation (5.5.1) unsolved, whereas in the
dynamical method we solve it as in (5.5.3).

We might say that the optical method consists in using the
slowness equation in the general form

Q(oy,...ox; &1, ... xN)=0, (5.5.10)
while the dynamical method consists in using it in the special form
on—0(0y, ... On_y; &Y, .. xN)=o0. (5.5.11)

Viewed in this way, the optical method includes the dynamical
method as a special case. We may prefer on occasion to use (5.5.11),
just as in geometry we may prefer to describe a surface by
2 —f(x,y)=o0 rather than by F(x,y,2)=0; but the latter includes
the former.

SGM IL
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To avoid falsifying history, I should remark that Hamilton did
not give to his optical method the full power of generality, for he
imposed on Q in (5.5.10) the condition of homogeneity mentioned
on p. 10. Thus what is called ‘Hamilton’s optical method’ in this
book is a slight generalization of the method he actually employed.
Slight as it is, it seems important for the following reasons: first,
it permits us to avoid normalizing Q by the condition of homo-
geneity, and, secondly, it enables us to view the dynamical method
as a particular case of the optical method. The form (5.5.11),
essential in the dynamical method, is not in general consistent with
the homogeneity condition imposed by Hamilton.

Let us now illustrate the connexion between the two methods in
the case of a charged particle in an electromagnetic field, as dis-
cussed in §3.4. We have the slowness equation (3.4.11), which we
shall write

o, x)=}o,~ 4)) (6,— A) +Im*=0.  (5.5.12)
This is the equation (5.5.1) for this case. As in (5.5.2), we have for
the rays

dx, 0Q do,  9Q_

04,

8—15_%;_ 0',.-—14,., dw _'g&;“(gn'—An)%° (5513)
These equations (5.5.12), (5.5.13) belong to the optical method.
To use the dyanmical method, we solve (5.5.12) for o, obtaining
as in (5.5.3)

04=K(0y, 0y, 55 %y, %, X3, %)

=Ayt(20,4,~0,0,—A4,4,—mc?t.  (5.5.14)
Let us choose k= —ic, so that (5.5.7) gives ict =icw*, w*=¢. Then
the Hamiltonian H of (5.5.8) is (with p, written for o))
H(py, Pas Pa; %1, %o, X35 £) = —iC0,y

= —icd, t c(m*c*+0,0,—20,4,+4,4,)}, (5.5.15)
and the equations of motion (5.5.9) read
dx, oH dp, oH

. & op, At o, (5-5.16)

The obligation to solve (5.5.12) for o,, imposed by the dynamical
method, forces us to use the complicated expression (5.5.15) for
H instead of dealing with (5.5.12) in its original simple form.
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With regard to Lorentz invariance, essential in relativistic
discussions, the optical method assures it by the choice of an in-
variant medium-function f(x, ) or an invariant function Q(o, x).
Note the obvious invariance of (5.5.12). In the dynamical method
the requirement is a little more subtle; / must transform like the
fourth component of a 4-vector. We note that in (5.5.15) we have
H = —ico, fulfilling this requirement.
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waves, 130

invariance under coordinate trans-
formations, 141, 163

isotropic regions, 51, 53

Kepler problem, 115
kinetic energy, 119

Lagrangian equations, 15
Lagrangian function, 13, 91
Latin suffixes, 6, 136
leading waves, 109

Lorentz invariance, 163

Magnetostatic field, 91, 124
mass correction factor, 147
Maupertuis, principle of, 2, 81
Maxwell’s theory, 1, 2, 3
medium-function f, 6, 20
determined from slowness equation,
13, 138
for free particle, 6o
in Hamilfonian space,
142
for particle in central field, 97
for particle in electromagnetic field,
89

138, 139,

INDEX

for particle with potential energy,

74

special types of, 51ff.
medium-function in optics, 1, 22
Minkowski, H., 4
Minkowskian space-time, 3, 4, 6
mirror, see focal mirror, reflexion
momentum, 76, 91, 161
momentum-energy 4-vector, 60, 152

Normalized form of Q, 10, 162
null-cone, 9, 66, 67, 108

Optics, geometrical, 1ff., 58, 64, 68,
86; see also Hamilton, Sir W. R.
physical, 2, 3
oscillatory motion, 100, 102, 126

Paraboloidal 3-mirror, 68, 69
particle,
charged in electromagnetic field,
88ff., 162
in central field of force, 97ff., 1151l
free, 60ff., 105, 129
with potential energy, 75
velocity, 4, 25, 29, 32, 62, 74, 90,
93
particles, two, 144 fI.
period, relative, 107
phase, 4, 33, 64, 113
velocity, 25, 29
physical mechanics, 4
physical optics, 2, 3
Planck’s constant A, 4, 105, 144, 156
plane waves, 62, 63, 72, 74, 105ff,,
132, 149
4-potential, see potential 4-vector
potential energy, see energy
potential hole, 77, 86
potential-jump, 38, 74 ff., 82 ff.
potential 4-vector, 21 fI., 89
primitive quantization, see quantiza-
tion
principal focus, 49
probability, 134
pseudoparaboloid, 46, 50

Quantization
for plane waves, 105
primitive, 4, 1121, 143, 153
for waves from source-event, 108
quantum of action, 4, 114
quantum conditions, 115, 116, 118,
126



INDEX

Ray
in Hamiltonian space, 137, 139, 142,
160
in space-time, 6; for charged
particle, 88; determination of, 53;
produced outside proper domain,
43 ; see also Hamiltonian equations
for two particles, 146, 147
ray velocity, 4, 13, 251F, 32, 52, 62, 93
Rayleigh, Lord, 32
rays, condition for existence of as-
sociated waves, 98
reflexion, 34ff., 65, 79
total, 36, 8o, 87
refraction, 34fF.
at fixed surface, 46, 50
at hole, 39, 47, 70ff., 129
at potential-jump, 74 fT., 82ff.
refractive index, 1, 22, 58, 79, 81, 92
revolution, instrument of, 58
rotation of wave pattern, 100, 123
Rydberg constant, 127

Schrédinger, E., vii, 2, 3
secondary waves, 3
slowness, 3-surface of, 11, 36, 52, 61,
90
slowness equation, 5, 10, 27
effect of gauge transformation on,
20
for free particle, 61
in Hamiltonian space, 136, 140, 160
for hydrogenic atom, 98, 125, 145
for particle in electromagnetic field,
90, 162
for particle with potential energy,

75
in two-body problem, 144, 145
for two free particles, 147
slowness vector in Hamiltonian space,
136, 144
attached to a curve, 138
slowness 4-vector, 8, 20, 27, 60, 89,
97, 152
Sommerfeld, A., 119, 128
source-event, 16, 19, 62ff., 71, 94,
108ff., 129
source-event-pair, 148
8-space, 144
Stark effect, 129
statical electromagnetic field, 91, 92

167

statical regions, 56, 81

stationary action, 7

summation convention, 6, 136
3-surface of slowness, see slowness

Synge, J. L., 1, 43, 45, 136, 147

Transversals, 1, 4, 143
two-body problem, 144

Uncertainty principle, 3
unit 2-wave, 23
unit 3-wave, 11, 221F., 52,61, 90

Variational principle, 1, 6, 15, 89, 92,
139; see also Fermat’s principle

vector, See momentum-energy 4-
vector, potential 4-vector, velo-
city 4-vector

velocity, see group velocity, particle
velocity, phase velocity, ray velo-
city, wave velocity

velocity 4-vector, 7, 24, 60

virtual image, 43

Watson, G. N., 108, 109
1-wave, 100, 104, 115ff., 121, 122, 124
2-wave, 18, 26, 74, 96, 100, 109, 110,
111, 112, 130
3-wave, 16, 26, 96, 100, 109, 130; see
also de Broglie waves, plane
waves, unit 3-wave, waves
7-wave, 148 fI.
wave equation, I, 3, 105, 108, 113
wave-length, 3, 4, 64, 106, 107, 114,
115, 134
wave mechanics, 2, 3
wave packet, 3off.
wave velocity, 4, 13, 25f., 32, 52, 62,
74, 90, 93, 1101
3-vector, 26
waves
for charged particle, 88
condition for existence of, 98
in Hamiltonian space, 143
for particle in central field, 99
from source-event, 17, 62, 64, 108ff.
see also de Broglie waves, plane
waves, I-wave, 2-wave, 3-wave

Zeeman effect, 4, 124 I
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