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SEMINAR ON TRANSFORMATION GROUPS






INTRODUCTION

In this book, a transformation group is a compact Lie group G
acting on a topological, usually locally compact, space X. Transforma-
tion groups are discussed mainly from the point of vlew of algebrailc
topology, and the problems most often center around relatlons between
topological properties of G, X, the fixed polnt set, the orbits, and
the space of orbits X/G. A typical topic along these lines, and chrono-
logically one of the first ones, is P. A. Smith's theory of prime period
maps of homology spheres.

Apart from some modifications and additions, this book consists
of the Notes of a Seminar held at the Institute for Advanced Study in
1958-59. Famlliarity with the basic notions in the theory of transforma-
tion grdups and with algebraic topology is assumed. As to the latter, the
results concerning sheaves, spectral sequences and fibre bundles, for which
references to the expositions of Cartan, Godement, Steenrod or the under-
signed can be made, are usually taken for granted. However, certain toplcs
for which this 1s not possible are given an independent discussion. As a
result, five chapters (I, II, X, XI, XVI) are concerned with questlons of
algebralc topology and meke no mention of transformation groups. We first
briefly summarize those.

Chapter I 1s devoted to cohomology manifolds. These are spaces
which have the local cohomological properties of manifolds. The definition
adopted here is equivalent to that of a locally orientable generallzed
manifold in the sense of Wilder. Chapter II introduces a homology theory
for locally compact spaces and uses 1t in order to derive a Poincaré
duality theorem for cohomology manifolds. Chapter X 1s purely algebraic,
and 1is concerned with the spectral sequences attached to a differential
module endowed with two filtrations. The discussion is carried only as
far as is needed to supply a convenient algebraic framework for the dis-
cussion of Fary's modification of the spectral sequence of a map (XI). It
is obtained by combining Leray's filtration with a filtration stemming
from a decreasing sequence of closed subspaces. To Chapter XVI we have
relegated some remarks about the spectral sequence of a map, including a

1



2 INTRODUCTION

brief summary of its definition, a procedure for putting on it a module
structure over the cohomology of the base, a discussion of families of
supports, a sufficient condition under which the stalk of the Leray sheaf
in a fibre bundle is the cohomology of the fibre, and an application to
the cohomology of certailn products.

As to Chapters I and II, the undersigned would like to point
out that cohomology manifolds are emphasized for technical convenience
rather than for the sake of generality. When it comes to manifolds,
genuine ones are of the course the most important ones, and differentiable
transformation groups already form a very interesting speclal case. How-
ever, if one does not wish to assume that all group actions (including
those on the one point compactification of a euclidean space) are differ-
entiable, then assumptions of a cohomological character are much more
tractable with the methods used in this seminar and have a more "hereditary"
character (e.g., Theorem 4.10 (b) of I, or 3.2 of V are false for mani-
folds).

The discussion of transformation groups starts with Chapter III,
vhere Floyd glves a sheaf-theoretic intorpretation of Smith's theory of
prime period maps and applies the transfer homomorphism to the discussion
of the orbit space of a finite group.

Prime period maps are also studied in Chapters IV and V, to-
gether with the action of the circle group ! , from a different point of
view. It consists of a systematic use of the twisted product X; =
X xGEG of X with a universal bundle for G. This space on one hand 1s a
fibre bundle over the classifying space B, of G, with fibre X, and
on the other hand it has a projection %, on X/G, such that the lnverse
image of a point Y of X/G can be identified with the classifying space
of the stabllity group of any point in this orbit. It allows us to tie
together the cohomology groups of X, X/G, and the fixed point set F,
with those of the classifying spaces of the stability groups and of G.
After a few general remarks about XG, Chapter IV proves various, mostly
known, results about prime period maps on homology spheres and their
analogues for the circle group. Chapter V is devoted to the local theorems
for these two cases, stating mainly that F and X/G are cohomologically
locally connected if X 1s, and that F 1s a cohomology manifold if
X 1s.

The discussion of elementary abelian p-groups (by which we mean
direct products of cyclic groups Zp of order p if p 1is prime, of
circle groups if p = 0) 1s resumed in Chapters XII, XIII, with the help
of Fary's spectral sequence. In Chapter XII, it is shown that if X 1s
totally non-homologous to zero in XG, then G has fixed points. In



INTRODUCTION 3

Chapter XIII a relation is obtalned between the dimensions of X, F, and
the fixed point sets of the subgroups of index p if p 1s prime, or of
the closed connected subgroups of codimension 1 if p = 0, when X is
a cohomology sphere or a cohomology manifold. In contrast with the re-
sults of Chapters IV, V, those of Chapters XII, XIII do not seem to follow
by induction from the case G = Zp, !,

Chapters V to IX are devoted to some known basic theorems: the
local finiteness of the number of orbit types in a cohomology manifold,
first vhen G 1s a torus (VI), and then in the general case (VII); the
existence of equivariant embeddings in euclidean spaces and of a slice
(VIII); various results concerning the orbits of the highest dimension
in a cohomology manifold (IX).

In Chapter XIV it is shown that if a compact Lie group G acts
effectively on a sphere with one class of orbits and is not transitive,
then G = T', SU(2) and G acts freely, and that if G acts on
euclidean space with two classes of orbits, then 1t has a fixed point.

Chapter XV presents new results of' Bredon pertaining to the
action of a compact Lie group acting on a cohomnlogy n-manifold when the
fixed point set F has the greatest possible dimension allowed by the
results of Chapter IX, namely n - k - 1 where k 1s the highest
dimension of the orbits. The highest dimensional orblts are then in-
tegral cohomology spheres, the orbit Bpace around a fixed point x is a
cohomology manifold with boundary F and there 1s a local cross-section
around x for the orbits.

In short, these Notes give an exposition of some basic theorems
and of results obtalned by cohomological methods in the theory of compact
Iie groups of transformations. They make no clalm at completeness, al-
though 1t has been tried to give a falrly comprehensive discussion of the
topics chosen, and do not cover all aspocts of the theory of transforma-
tion groups. It should also be pointed out that purely cohomologlcal
methods, while forming a major part of the subject at present, have their
limitations, as 1s shown by well known counter examples; and that in view
of this, it would certainly be very desirable to make more effective use
of differentiabllity assumptions than has been possible so far.

As to references, each chapter carrles its own biblliography.
The numbering of lemmas, theorems, remarks, etc. in each chapter 1s
cumulative. For example 2.1 means Section 2.1 in the same chapter;
(IV, 2.1) means Section 2.1 in Chapter IV; 3.2(1) refers to formula (1) or
assertion (1) in 3.2, as the case may be.

Finally, I would like to thank G. Bredon for his help in checking
the final version of these Notes.

The Institute for Advanced Study Armand Borel






I: COHOMOLOGY MANIFOLDS
A. Borel

§1. Preliminaries

1.1. L will always denote & principal ideal domain, Z the

ring of integers, Kp a field of characteristic p (p prime or zero),

the prime field of characteristic p. All topological spaces will be
Hausdorff and, unless otherwise stated, locally compact. A denotes the
closure of a subset A of a topological space.

Hi'(x; L), (respectively Hi(x; 1,)) 1s the i-th cchomology
group of X, 1n the sense of [4], with coefficlents in I, and compact
(respectively closed) supports. H;(x; L) (respectively H*(X; L)) 1is
the direct sum of the groups Hé'(x; L) (respectively Hi(x; L)). Thus
H;(x; L) (respectively H*(X; L)) is the Alexander-Spanier cohomology
ring of X, coefficients in I, with compact (respectively closed)
supports (respectively when X 1s paracompact).

X ~;, Y will mean H;(x; L) = Hy(Y; L). If L = K, Wwe also

write X ~p Y.

Glven an open subset U of X the standard homomorphism
H;(U' L) —> H;(x; L) will be denoted by J;EU and its restriction to

»*
}é(Ui L) by jJim. If V 1s open in U, then Jy = J;U J;v- We
have trivially

(1), Hi‘(x; L) = ind 1im (Hi‘(U; L), Jtijv) (U, V open relatively compact).

If A 1s a closed subspace of X, the natural homomorphlsm
H*(X; L) —> H' (A; L) (respectively Hy(X; L) —> Hy(A; L)) 1s denoted
by rga  (respectively rgy,) and its restriction to elements of degree
1 by r;EA (respectively r%XA). We recall the exact cohomology sequence

1 1
(2) —> Hy(U; L) Ixu, w1y 228wl L) —> B (U 1) —>
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for U openin X and A =X - U.

Fi.na.lly the homomorphism H*(Y, L) —> H*(x, L) (respectively
Hc(Y, L) —> Hc(x- L)) induced by a continuous (respectively and proper)
map £ : X—> Y 1s denoted by £* (respectively f ).

1.2. Dimension. By dimL(X) is meant the value on X of the
dimension function over L introduced by H. Cohen [3], namely

(3) dim X ¢ n <==> HY''(U; L) = 0 for all open UC X .

If L = Kp, we write dimpx for dimX. The condition on the right hand
side 1s equivalent to: SXA is surjective for all closed subsets A of
X (cf. [3], 1t 1s proved there for X compact, but the proof‘ extends
easily to the locally compact case). It also implies that HC(U L) =
Hg(X-U;L)=0 forall jyn+1 and U open in X. Also dimX
is » the dimension over L of any locally compact subspace, and 1s the
upper 1limit of the dimension over L of the compact subspaces of X.

H. Cartan [2] has introduced the following notion of dimension
in ®-cohomology where ¢ 1s a "paracompactifylng family" of closed sub-
sets (see §5):

(4) dimg X g <> E*1(U; A) = 0 (U open 1in X, A sheaf of L-modules).

This implies HJ(U; A) =0 for J2n+ 1. By results of (4] and of
Floyd (see §5) these two dimension functions are equal.

1.3. Cohomological local connectedness. X 1s k - clc over L
or - cle, at x if given a neighborhood U of x there exlsts a
neighborhood V of x inside U such that Im rUV =0 (if kx = 0, one
has to take reduced cohomology groups). The space 1s cch (at x) 1if
1t is k - cle;, for all k ¢ n, cley If 1t is clef for all n, and
cch if 1t 1s cch and if given U there exists V such that
Im rW = 0, The space X 1s k - cch, cch, cch or cch if it
is so at every point. The property cch is equivalent to local connect-
edness. If L = Kp, we replace the subscript L by p.

These definitions are valid for an arbiltrary space. If X 1s
locally paracompact at x then, as is well known [4, p. 193], given
ce Ker rﬁx, there exists a neighborhood V of x in U such that
ce Ker rﬁv. Therefore, in this case, X 1is k - clc at x if and only
glven a neighborhood U of x there exlists a neighborhood V of x 1in
U such that Im r{{,v is a f:l.nitgly generated L-module. It 1s clc 1f
there exists V such that Im ry, 1s finitely generated.

We recall that if X is compact and cle over L, then
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l-l"(X; L) is a finitely generated lL-module for each integer 1. This is
proved in Wilder [6]. For more recent proofs, see Floyd, Trans. A. M. 8.

84(1957), 319-337, E. Dyer, Annals of Math., 67(1958), 119-149.

Iet Y be another space. The projection of X x Y onto one
of the factors induces an injective map in cohomology with closed supports.
This and the Klnneth rule applied to compact subsets of X and Y show
at once that X x Y has any one of the above properties at (x, y) 1if
and only if X and Y have this property at x and y respectively.

In the sequel we deal almost exclusively wlth spaces of finite
cohomological dimension. In that case, the properties c¢lc and cle”
are of course equivalent.

§2. local Betti Numbers Around a Polnt

2.1. DEFINITION. The space X has the i-th local Betti number
k around x (over L), in writing pi(x; L) = k, 1if glven an open
neighborhood U of x, there oxist open neighborhoods W( V( U of x
with WC V, V( U, such that for any open neighborhood W!'( W of x,
I $op = In J%, end 1s a free L-module of rark k. We write
P (x, L) < o(pi(x; L) 1s at most :anrea.si.tmly infinite) if given U
there exists V( U such that Im JUV is finitely generated.

The local Bettl numbers around a point (a notion introduced by
Alexandroff (Ann. of Math. 36(1035), 1-35)) are traditionally defined with
respect to fields of coefficlents, and in this case our definition 1s
equivalent to the usual one. When L 1s not a fleld, 2.1 will cover our
needs, but will probably not be the final definition. It 1s likely that
one will also have to introduce local torsion coefficlents, which in our
case would be zero. The condition Im J‘j,'w. = Im J%W 1s not necessary
to state a meaningful definition, but seems to be needed wherever one
wants to put this notion to use. It would also be desiruble to introduce
local groups at a point. This 1s easily done in homology, where these
groups form in fact a sheaf in a natural fashion (see [1] and Chapter II).
One may of course consider the projective limit of the groups }r;l'(U, L)
with respect to the maps J\jfU' If 1L 1is a fleld, and if p 1(x; 1) < o,
the dimension of this limit is in fact equel to p (x, L). When L 1is
not a field, these groups have been introduced and studled by COmmr and
Floyd (Michigan M. J. 6(1959), 33-43) under the assumption Im JW' = Im va
made in 2.1 and one further axiom expressing an analogous stabllity of
kernels.

2.2. THEOREM. lLet X be finlte dimenslonal over L.
Then the three following conditions are equivalent.
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(1) X 1s oley; (11) pl(x; L) g forall 1
and all x ¢ X; (111) For any palr P(C Q of open
subspaces of X with P compact, contained in Q,
Im j;Q is finitely generated.

This theorem 1s due to Wilder [6] when L 1s a fleld. It
follows from 6.2, 6.4 in [1], whose proofs are essentially a translation
in another framework of those of Wilder. (1i1) is Wilder's property (P, Q).

2.3. THEOREM. Let X be finite dimensional over L.
Then dimX ¢ n if and only if pi(x; L) = 0 for
all xe¢X and 13 n+ 1.

The only if part follows from the definitions. To prove the con-
verse, let Ak,L be the property:

(A1) ¢ for each open pair V, U with VC U, JEAE(V; L) =0 .

By 1(1), 1f A ; 1s true, then HS(U; L) = 0 for each open U. Since
dimLx < o, Ak L i1s true for k bilg enough, hence the theorem will follow
by descending 1nduction from the

2.4, PROPOSITION. If Ak+1 1 1s true on X and 1if

p¥(x, L) = 0 for all x e X, then Ay, 1s true on X.

Iet VC U be open in X, with VC U. We have to show that
Im JUV = 0 and, in view of 1(1), it 1s enough to consider the case in
vhich V 1s compact. By the assumption on pk we can therefore find a
finite number of open sets_ U (1 <1< m) with UiC U, Im JU U, 0,
and whose union contains V. We can then construct open sets Ui such
that U =UJ Uij( Uj_] )3 and U11 u "'kUU:Lm )V(lgi, jgm);
it 1s then clearly enough to show that Im JU,Ui TR, = 0 for

1 LA N}

1 =1, 2, ¢es, me By induction, this is reduced to the following lemma:

2.5. LEMMA. Assume that Ak+1 ,L is true on X.
et V;C Uy (1 =1, 2) be open subspa.ces with
Vi(Ui and let V = V,UV IfImJXUiuo
(1 = 1’ 2)’ tl’wn Im Jxv = 0.

PROOF. We consider the following commutative dlagram, where the
horizontal homomorphisms are the natural maps Jj induced by inclusion and
where the vertical maps are parts of exact sequences of the Mayer-Vietoris
type (see [1], §8 for more detalls) (and the coefficients L are omitted)
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(V) + Bi(Vp) —> Ej(U,) + K{(U,) &
l \|, _a H‘g(x)
Bw) —> H(U, vy,
! |

v, nv) Lo B0

The lemma follows then by simple diagram chasing from the nullity of Im f
and Im g.

REMARK. This proof 1s almost ldentical to that of Property 6.2
in [1]. The difference 1s tha.t the condition of being zero imposed on
images by A, ; and on p ¥(x; L) must be replaced by "being finitely
genera.ted" One would get similar results in the same way by replacing

"zero" in those conditions by "congruent zero mod C" where C 1is a class
of L-modules in the sense of Serre.

§3. The Notion of Cohomology Manifold

3.1. DEFINITION. Iet n be a positive integer, and L a
principal ideal doma.:l.n The space X 1s a Wilder n-manifold if d:l.mLX
is finite and if p(x,L)=o,p(x, L)=1 (L4 n; xeX).

ILet X be a Wilder n-manifold. Then by 2.2 it is c¢lc over
L, 1in particular it 1s locally connected, and by 2.3 we have dimLx = n.

3.2. DEFINITION. A connected Wilder n-manifold is orientable
if HJ(X; L) contains a free L-module A of rank 1 such that x ¢ X
has a fundamental system of connected open neighborhoods U for which
A = Im gy A Wilder n-manifold is orientable if all of its connected
components are orientable. It is locally orientable if each point has
an open orilentable neilghborhood.

Thus, 1f X 1s orientable, and connected, the intersection of
all the images Im jnm, wvhere U runs through the non-empty open subsets
of X, 1s a free submodule of rank 1. It can be seen without diffi-
culty and will in any case follow from 4.3 that in a locally orientable
Wilder n-manifold, each point has a fundamental system of orientable open
neighborhoods. It is not known whether a Wilder n-manifold is always
loceally orientable. In thls seminar we shall always assume local
orientabllity, and in order to abbreviate, we introduce the following:

3.3. DEFINITION. A cohomology n-manifold over L (an n - cm
over L oran n - cmL) i1s a locally orientable Wilder n-manifold over L.
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REMARK. Wilder n-manifolds over flelds are the maln toplc of
[6], which sums up all results concerning them known at that time. Smith,
in his work on periodic transformations, has introduced a notion of
homology manifold over a prime fleld Zp, which has turned out to be
equivalent to that of an n - om over zp (see Yang [7]). In [T], Yang
introduces and studies homology manifolds over the reals mod 1, which
correspond to our n - cm over Z. He proves there (in the language of
homology) the results 4.2 to 4.5 below, as well as a lemma similar to
2.4k, although stated in a more speclal case.

3.4. Remark on the orientebility of Wilder Manifolds. Iet X

be a Wilder n-manifold over the principal ideal domain L, and let x e X.
The definition of local Betti mumbers shows the existence of a subgroup
H(x) C H:(x, L) and of & ba.sio system U, of open neighborhoods of X
for which Im JXII = H(x), Im JXU =0 (1 4 n), for U ¢ U,. With this
notation, we have the following assertion:

Iet X be a Wilder n manifold over L. Then X
is orientable if and only 1f the following 1s true:
H(x) ¥ 1L for every x ¢ X and if H(y)C H(x),
then H(y) = H(x), (y, x ¢ X).

The necessity of the condition follows from the definition of
orientability. Assume now this condition to be true. Iet H be a sub-
group of }Q(x; L) isomorphic to L and x ¢ X such that H(x) = H.

If UelU and y e U, then H(y)( H(x), hence H(y) = H(x) = H.
Therefore X(H) = {x, H(x) = H) 1is open in X. Orientability follows
now since X 1s locally connected and X(H) n X(H') is empty if H ¥ H'.

If L 1is a field, then the condition may be stated slightly
more simply in the following way:

Iet X be a Wilder n-manifold over a fleld L. Then
X 1s orientable if and only for every non-empty open
subset U the homomorphism Jnm has a non-zero image.

We also remark that the cond:ltion "Im J“ 4 0 for all non-
empty open U" is equivalent to "Im J 40 for all non-empty open U",
and that above, we may also define H(x) as Im un(U €U ).

§4. Some Properties of Cohomology Manifolds

he1. We recall first the so called "minimality principle" for
(Alexander-Spanier) cchomology with compact carriers: Given ¢ e n‘:(x; L),
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c 4 0, the set of closed subspaces for which r;xp(c) 4 0, ordered by
inclusion, has a minimal element.

PROOF. Let (Fi)ieI be a totally ordered set of closed subsets
on which ¢ :l.nduces a non-zero element, and let F = n1 IF:I.' We want to
show that r' (c) 4 0. Assume it is not true, and let K be a fine
cover (couverture fine), in the sense of lLeray, for cohomology with
compact carriers. Its section by a closed subset A, 1l.e., the quotlient
of K by elements with supports in X - A, endowed with the supports,
S(c) n A, 1s then a fine cover for A. Therefore, if r;F(c) = 0, there
exlists a representative cocycle c¢' of ¢ In K and k ¢ K such that
S(c!' - dk) does not meet F. Since 1t 1s compact there exists an 1 e I
for which 8(c' - dk) N Fy = ¢, whence er (c) = 0. The minimality
principle follows from Zorn's lemma.

4.2. LEMMA. 1et X bean n-cm and F be a
closed subspace of X. Assume that for any rela-
tively open non-empty subset C of F, Im jg, % -
Then F 1s open in X.

It 1s enough to show that UN F is open in U when U be-
longs to some open covering of X; since our assumption on F 1is a
fortiori fulfilled for U N F, we may assume X to be orlentable and
connected. let Y be an open subset of X meeting F such that
Im j)réy = Ny Im ;]riv (V running through the non-empty open subsets of X).
We want to prove that Y ( F. We consider the following commutative dia-
gram where the horizontal lines are parts of cohomology sequences 1(2),
and the coefficients L are omltted.

H(X - F) —> HJ(X) —> Hj(F) —> 0
N N

n n
Ixy I, YnF

Ho(Y - Y N F) —> H(Y) —> H}(YnF)—>0 .

By 2.4, Hg” (Y) = H‘;‘”(X) = 0, hence the horizontal lines are exact. If
YnF+4Y then by our choice of Y, Im ny = Im Jx yynps the nullity of
Im JF YnF follows then by diagram chasing, whence a contradiction.

4.3. THEOREM. let X be a connected n - cm over L.
Then
(1) For every non-empty open subset U, the
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homomorphism JXU is surjective, hence
Hg(A, L) = 0 for every proper closed sub-
set A of X.

(2) X 1s orientable if and only if H(X; L) = L.
If X 1s orientable and U 1s an open sub-
set, then U 1is orientable and, if U 1s
moreover connected, Jy; 18 an isomorphism.
If X is non-orientable and I 1s a field,
then H(X; L) = o.

Ir JXU is not surject:lve, there exists a ¢ ¢ Hg(x' L) and a
proper closed subset A for which r (c) + 0. By 4.1 we can find a
minimal proper closed subset F such that rcn,(c) 4 0. Consider the
commtative dlagram, where the two columns are exact by 2.3 and where L
1s omitted.

Hy(U) —> H{,‘(xl)
l

(U F) —> PIS(F) —> H}F - Fn0)

l l
0 0

the maps belng either restriction maps r; or inclusion maps J * o1
FNU :I.s non-empty, then I‘cx F- FnU(c) = 0 by the minimality of F,
hence rcxp(") belongs to the image of JF pay? &nd F 1s open by k.2.
Since it is closed, non-empty, proper and X 1s connected, this 1s a con-
tradiction. The second part of (1) follows then from the first part by
the cohomology sequence and 2.3, and (2) is an obvious consequence of (1)
and the definitions.

hoho DEFINITIONe ILet X be an n-om, and U be an open
connected orientable subspace of X. An open connected subset V of U
1s sald to be adapted to U if J7; 1s an isomorphism and Ji; = o for
14 n.

By 4.3, each point x ¢ U has a fundamental system of neighbor-
hoods which are adapted to U.

4.5. COROLLARY. Let X be an (orientable) n - cm
over Z. Then X 1s an (orientable) n - cm over
any principal ideal domain L.

This follows from 2.4, 4.2 and the universal coefficient formula
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o —> HS(X; 2) @L —> HS(X; L) —> Tor(H*1(x; 2), L) —> 0

4,6, COROLLARY. let X be a connected n - cm
and F be a proper closed subset. If F 1s an
m-cm then m< ne.

let X be a point of F which 1s not an interior point. Then
FnU 1s a proper closed subset of U for any open connected U con-
taining x, and therefore HL(F N U; L) = 0 by 4.3. Thus the n-th local
Bettl number of F around x must then a fortiori be zero, and 4.6
follows from the definitions and 2.3.

4,7. COROLLARY. let X be a connected n - cm and
A Dbe a closed subset such that dim; A ¢ n - 2. Then
X - A 1s connected.

It 1s enough to show that if U 1s a connected open neighbor-
hood of an arbitrary point a e A, then U - UNn A 1is connected. Hence
we may assume X to be orientable. Since, by the cohomology sequence,
Hg(x - A; L) ¥ H}(X; L), our assertion follows from 4.3.

4.8. PROPOSITION. Iet X be a connected n - cm
over L. If L = Z2 then X 1s orientable. If
L=2 and X 1is not orientable, then H’g(x; 2) = Zy,
hence X considered as an n - cm over a field of
characteristic % 2 1s not orientable.

Assume L = Z,. Since X 1s locally connected, H)(X; Z,) is
the inductive 1imit of the vector spaces Hg(U; Z,), vhere U runs
through the relatively compact open connected subsets of X. Each one of
those 1s contained in a finite union of connected orientable open sub-
sets. Therefore it will be enough to show that i1f U, V are open connected
orientable, then U UV 1is orientable, i.e., H (U U V; Z,) = Z,. To this
end we consider the Mayer-Vietoris sequence

(1) Bwn v) L5 B + Bw) A5 Buuv) — o .

For each connected component W of UN V, JII}H and J%w are 1somorphilsms
by 4.3, hence the image of f 1s the subgroup generated by (a, b) where
a and b are the generators of Hg(U; Z,) and Hg(v; Z,) respectively.
Therefore Im g 1s 1-dimensional.

Let now L = Z. From 4.3 we know that 1f X 1s not orientable,
Hg(x; Z) 1s a proper quotient of Z, and since X 1is an n - cm mod 2,
it follows from what has Just been proved that Hg(x, Z) 1is not zero, of
finite order divisible by 2. It remailns to show that its order 1s ¢ 2.
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Since H’c’(x; Z) 1s inductive 1limit of the IQ(U; Z) with U open
connected relatively compact, and 1s not isomorphic to Z, there must
exist, glven an orientable connected open U, an open connected rela-

tively compact U' containing U such that ker JE'U 4 0. Since U!
is contained in a finite union of connected orlentable relatively compact

sets, a trivial induction shows that there must exist a U' of the form
UUV with V connected orientable, for sultable U. We consider agaln
4.8(1), but for integral cohomology; let a, b be generators of Hg(U; Z)
and H‘;(V; Z), and W be a connected component of Un V. Since
JnUW and sz are isomorphisms, f(Hg(W; Z)) 1s either the subgroup A,
generated by (a, b) or the subgroup A, generated by (a, - b). Since
Img = H‘::(U UV; Z) 4 2, both A, and A, must ocour as images for
different connected components of U N V, and then H (U UV; 2) = Z,.
But then H‘c‘(x; Z) has at most order 2 since JI’E,UUV 1s surjective
by 4.3.

4.9. let L be a principal ideal domain. By the Klinneth rule
and 1.2, it is clear that dim,X ¢ n —> dim X ¢ n.

PROPOSITION. Iet X be an n -cm over I, and

F be a closed subset of X. Then:

(a) dim F = n if and only if F has an interior point;
(b) dimF = n - 1 1f and only 1f F has no interior point
and separates X 1locally around one of 1ts points.

COROLLARY. let X bean n - cm over Z and F

be a closed subset of X. Then di.mZF = n (respective-
ly dimyF = n - 1, respectively dim,F ¢ n - 2) 1f

and only if dimF =n (respectively dimF = n - 1,
respectively dimF ¢ n - 2).

(F 1s sald to separate X locally around x 1if it has a basic
system of connected neighborhoods U 1in X such that U - F 1s not
connected. )

PROOF of (a): If F has an interior point x, then the local
Betti numbers of x in F and in X are the same, and since p°(x; L) = 1,
we have dimF > n. If F has no interlor point, then for every x e F
and open connected neighborhood U of x in X, we have Hg(F NU; L) =0
by 4.3(a) hence dimF ¢ n -1 by 2.3. .

PROOF of (b): Iet U DV be open connected orientable subsets
of X, such that j;' = 0. Consider the commtative diagrem
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') — B7N(U 0 F) — KU - F) —> H(U) —> o
l I I I
B(W) —> BV 0 F) 2 BV - F) —> (V) —> 0

where the rows are parts of exact cohomology sequences, the vertical maps
are J maps and cohomology 1s with respect to L. By k.3, H:(U) =

Hg(V) =L, J%V is an isomorphism, and Hg(V - F) 1s a free L-module
whose rank is equal to the number of connected components of V - F.
Therefore, & 1s not zero if and only if V - F 1is not connected. More-
over, since Jii' = 0, 1t follows that if J%r_ul-,vnp 40, then V-F 1is
not connected. Let now d:LmLF‘ =n-1. Then F has no interior point by
(a). Also, by 2.3 there is an x ¢ F such that the n-1-th local Bettl
number of F at x 1s not zero. This, together with the fact that in X,
pn-1 (x) = 0, 1implies that we can find an open connected orientable U
containing x, and a baslc system of open connected orientable neighbor-
hoods V of x in U such that Jju' =0 and J%ﬁ%‘,vm? 4 0. Then by
the remark just made, V - F 1s not connected.

If now F separates X 1locally around X, then for suitable
V, 8 1s not zero, hence Hy '(VNF)# 0 and dimF 3y n - 1; if, more-
over, F has no interior point, then dimF =n - 1 by {(a).

4,10 THEOREM. (a) let X bean s -cm and Y
bea t-cm over L. Then X XY lsan (s + t) -
cm over L, and 1s orientable if and only if X

and Y are orientable.
(b) Let L= Z, Kp. Iet X XY be a connected

n - cmy. Then X 1s an s - cmp, and Y a.t-cmL
(s + t = n), both orientable if and only if X xY
1s orientable.

The first part 1s an elementary consequence of the definitions
and the Klinneth rule, and is left to the reader. We use implicitly the
fact that dim (X x Y) is finite. More generally, it is known that
dimy (X xY)g dim, X + dimL Y for arbitrary locally compact spaces X,
Y. This follows for instance from Proposition 4 in [2, XXI].

Let nov X xY bean n - cm: Then (see end of 1.3) X and
Y are cch. Let first L = « Then, for subspaces U and V of X
and Y respectively, we have H}(U x V; L) = H¥(U; L)®Hg(v; L) and
this isomorphism commutes with maps. Our assertion follows in this case
easily from %.3.

Ilet now L =2Z2. Then X xY 1s an orientable n - cm over l(p
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1f 1t is orientable over 2Z (4.5). Therefore, by the above, there exists
for each p (prime or zero) integers sy tp (sp + = n) such that X
is an sp-cma.ndYa.t - cm mod p, both orientable if X xY 1s.
Iet UC X, VC Y be open connected, such that Ux V 1is orientable. By
the Kunneth theorem, there ls an exact sequence

(1) 0 £ H(U;2) @ HI8(V;2) » KX x Y;2) - 5, Tor(H3* (0;2), By 2(V;2)) > 0 .

Since the middle term is isomorphic to Z by 4.3, 1t follows that there
exists an integer s(U, V) such that

H(U;2) @ By (v;2) = 0 (a ¢ s(U,V)), Hy(U;2) @E;™(V;2) = Z (a = s(T,V)) .

let U'C U, V' ( V be open and connected. The exact sequence (1) being
natural with respect to maps, 4.3(2) shows that s(U', V') = s(U, V).
Since X x Y 1s connected, it follows at once that s8(U, V) 1s inde-
pendent of U, Vo Call it s and put t =n - 8. Thus we have

H(U; 2) @Hy™3(V; 2) = 2

whenever UC X, VC Y are open, connected, and such that Ux V 1s
orientable. For U'( U, V' ( V open connected and small enough, U' x V'
1s adapted to Ux V (k.4) and Im Jgiyes Im j;,v are finitely generated
(2.2). Applying 4.3 to the case L = K, we see that these groups, modulo
torsion, have rank one. Therefore, 1f U"CU' and V"(C V' are open
oonnected, Im JU gr and Im jv y" have finite indices in Im JU m

and Im JV W respectively. However, we have already proved that the
omposition of the maps

Im JI'I,U"®Im J-;’vll—) Im JI';,U' ® Im J\'I,V' - H:(U; Z) @Hg(v; Z2) = 2

is surjective. Since the four groups occurring in the two first termws,
modulo torsion, have rank one, it follows that the finite :I.ndioes mentioned
above are bounded from above. In other words, there exist U' such
that for any UC u', 7C V', open connected, Im JW = Im JUU"

Im JVT = Im JW" Our contention will then be a consequence of the follow-
ing lemma:

k,11. LEMMA. Let M be a connected space which 1s
finite dimensional and c¢lc over 2Z. For every p
(prime or zero) there exists an integer ny, such that
M is an orientable np - cm over Kp' For every
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open connected U in M and x ¢ U, there exists
a subgroup A(x) of Hc(U, Z), 1isomorphic to 2,
which is contained in Im JUV for every open V( U
containing x. Then M 1s an orientable n- cm
over Z and n = n, for all p.

JUV 1, Will denote JU y for cohomology with coefficlents in
L. If ¥ is compact in U, then by property (P, Q), (2.2), Im jUV 7
is finitely generated. If V is small enough, then V is adapted to
U over Kp, therefore Im JU v,K has dimension 1 and Im JU v,z is
the direct sumof Z and a finite group; it contalns then A(x) as a
subgroup of finite index; consequently, if W runs through a basic
system of open neighborhoods of x 1in V, then the index of Im jU,W Z
in Im jU v,z is bounded from above, and there exists a nelghborhood
W of x, such that H = Im Juw 7 = ¥Z+8S, where S 1s finite, and

that Im JU W,z " = Im JU, ,2 f‘or every open neighborhood of x in W.
We clalm that’ S = (e). If S 4 (e), let p be a prime divisor of ord
S. Then H® considered as vector space over has at least

dimension two. Since Im JU W',2 is also equal to H (and the tensor
product is right exact!), it follows that the image of the natural map

By 2) @2, —> Hy(W; 2) ©2,

has at least dimension two; the universal coefficient formula and naturality
*
imply then that Im jW,W',' has dimension 2. This, being valid when

W, W' describe basic systems of neighborhoods of x, shows that the sum
of the local Betti numbers mod p of M at x 1is at least two, in con-
tradiction with the fact that M 1s a cm over . Therefore S = (e)
and we have shown the existence of a subgroup B(:]; 22 of H (U; L)
which is contained in Im JU v,Z for every open neighborhood V of x
in U, and is equal to this image 1f V 1is small enough. Let n(x) be
the integer such that B(x) ( H: x)(U; Z). From the universal coefficient
formula, n(x) = s for all p, thus n = n(x) 1is independent of x,
and all are equal to n. This shows already that M 1s a Wilder
n-manifold over 2 (3.1). By 3.4, local orientability will follow if we
prove that B(y)(C B(x) (y, x € U) implies B(y) = B(x). Suppose it 1s
not so, and let p be a divisor of the index of B(y) in B(x). Then
we would have Im Jg’w’ = 0 for a sufficlently small open neighborhood

W of y; however, U being orilentable mod p, this contradicts 4.3.

REMARK. An extension of 4.10 to generalized manlfolds with

boundary will be found in a forthcoming paper of F. Raymond, "Separation
and uniqueness theorems for generalized manifolds with boundary" to appear
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in Michigan J. Math.

§5. Appendix on Cohomological Dimension

This section is mainly devoted to the proof of 5.3. This theo-
rem is due to Grothendieck for the case L = Z, X paracompact [5, §3. 6a;
4, p. 1971, and to Floyd (unpublished) in the general case.

5.1. LEMMA (Floyd). lLet S be a class of sheaves
on the (not necessarily locally compact) space X
satisfying the following conditions:

(1) If AeS and A' A, then A' e S.

(11) If 0- A"-> A- A' > 0 1s exact, then
A, A" ¢ S implies A' € S and A', A" ¢S im-
plies A € S.

(111) If A = U;A; where (Ay) 1s a directed
upward family of subsheaves of A belonging to
S, then A ¢ S.

(iv) For each open U(C X, the subsheaf
Ly=(UxL)U (X x 0) of the constant sheaf
L=XxL 1s in 8.

Then S consists of all sheaves on X.

PROOF. Every sheaf A 1s a homomorphic image of a direct sum
@151%1 (4, p. 142]; here 1 ranges over all sections U; —» A and the

homomorphism ¢ 1s defined naturally from the sections. If

"(@Liel'.I:U ) € S for each finite family I'(C I, then A € 8 by (iii).
Hence it i1s~enough to prove that A € 8 when I 1s finite. By (11), it
is then sufficient to prove that every homomorphic image A of a sheaf
Ly belongs to S; by (11) and (iv) it is therefore enough to show that
every subsheaf of L belongs to 3.

L, being a principal ideal domain, is a unique factorization
domain. We denote by N(I), (I proper ideal in L), the mumber of prime
ideals of which I is the product. Thus I' DI, dimplies n(I') ¢ n(I).

The stalk of A at x € X 1s an ideal of L, and we have
clearly # DA, for y sufficlently near x; therefore if U; 1is the
subspace of points x for which n(A,) ¢ 1, then the Uy form an in-
creasing sequence of open subsets whose union is U= (x, A, + 0), and A
1s the union of the increasing sequence of subsheaves Ay = _e_.ui- By (111),

it 1s enough to show that the A; belong to S. We have A, =Ly € 3,
o
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hence, using (ii) and induction on 1, it suffices to show that A,;/A, ; e S.
This last sheaf 1s concentrated on U; - U;_,; moreover Uy - U, , is the
union of disjoint relatively open subsets vj wvhere j rums through the
ideals I; of L which are products of exactly 1 prime factors and

vhere A, 1s equal to Ij on Vj' Since I, = L. as an L-module, it
follows that there exlst open sets HJ, Wj with VJ - WJ - Wj such that

(A /8, )vJ = I""j/L"‘j

(1v), (11) and (1i1) imply then that A,/A;_, € S.

5.2. A paracompactifying family ¢ on a (not necessarily locally
compact) space X 18 a family of closed subsets of X satlsfylng the

following conditions:

(a) The elements of ¢ are closed and paracompact.

(b) ® 1is closed under finite unions.

(¢) Every closed subset of an element of ¢ belongs to ©.
(d) Every element of ¢ has a neighborhood in @.

(e) The elements of ¢ cover X.

Except for (e), which is added here fur convenience, these are
the usual conditions of H. Cartan [2, Exp. XVII; 4 p. 150]. When X 1is
locally éompa.ct, as again will be tacitly assumed from now on, any ¢ con-
tains the family of compact subsets of X.

5.3. THEOREM. Let ¢ be a paracompactifying family on
X. Then, in the notation of 1.2, we have dimLx = dim LX.

PROOF. For U open in X, we have

(1) Ho(U; L) = Hy(X; Ly)

where the left hand side means the cohomology of U with respect to the
family of elements of ¢ contained in U [4, p. 190]. If moreover U

is relatively compact, then ¢ | U 1is the family of compact subsets of U,
hence

(2) H}(U; L) = {(U; L) (U compact).

Therefore, by 1(1), dimX ¢ dim, Lx. We now prove that dimX 3 dim ,X
when vy 1s the family of compe.ct subsets of X. We have then to show that
1f I-lg(U, L) =0 for each open U (for a given n), then the class S
of sheaves for which n'(x, A) = 0 (J 3 n) consists of all sheaves, and
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for this it is enough to show that S satisfies the conditions (i), (ii),
(111), (iv) of 5.1. (1) 1s clear, (1i) follows from the exact cohomology
sequence [%, p. 174], (111) from the equallity

B (X; A) = ind 1im BJ(X; 4y)

(4, p. 194], and (iv) from the equality H';(U; L) = H';(X; Ly), (U open
in X).
In case X 1s paracompact and ¢ 1s the famlly of closed sub-
sets of X, then dim.’Lx = dimth is proved in [4, p. 196], (for
L = Z, but the proof given there is seen also to hold for a general L).
Consider finally the general case. By a lemma of H. Cartan
[2, XVII p. 6], we have

dimo’LX = max dimGIM,LM

where M runs through the elements of ¢ and ¢ | M consists of the
elements of ¢ contalned in M, that 1s, of all closed subsets of M.

Hence
dimo’Lx = max dimo IM,LM = max dimhLM = dimv’Lx = dimLx .

5.4 COROLLARY. Let ¢ be a paracompactifylng famlily
on X. Then dimX g n if and only if Hy'' (U3 L) = ©
for all open U in X.

1(1) and 5.3(1), (2) show that the condition
(Ap,,) = BV (U; L) = 0

for all open U implies dtmLx < n. The converse follows from 5.3 and
5.3(1).

A particular case: ILet X be paracompact and ¢ {be the family
of closed subsets. Then Hg(U; L) may be identified with the relative
Sech or Alexander-Spanier cohomology group H'1 (X mod A; L), where
A= X -U. Therefore dimX ¢ n if and only if H™'(Xmod A; L) = 0
for every closed subset A.
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II: HOMOLOGY AND DUALITY IN GENERALIZED MANIFOLDS
A. Borel

Our main purpose here 1s to obtailn a Poincaré duality theorem
in cohomology manifolds. Even 1f one 1s Interested mainly 1n a state-
ment involving only cohomology, one has to use in the proof groups which
play the role of homology groups, and therefore this presupposes some
homology theory. The approach of [2] led to satlsfactory results only
when the coefficlents form a fleld. We shall give here another one,
which will allow us to make use of universal coefficlent formulas in the
general case. The present paper, which differs considerably from the
oral lecture, represents jolnt work of J. C. Moore and the author.

The notation 1s that of I. We assume famlllarity with sheaf
theory. [3, 5] In particular the following notion and notation of (5]
will be used: A famlly of supports ¢ i1in the space X 1s a collection
of closed subsets such that the unlon of two elements of ¢ belongs to
¢, and that every closed subset of an element of ¢ 1s In ¢. Glven a
sheaf F on X, T(F), Ty (F), F(A) (AC X) denote respectively the
sections of F, those with support in ¢, and the sections over the
subspace A. "Section" will always mean "continuous section". A sheaf
F 1s called flabby (respectively soft) if the restriction map
r(F)—» F(A) 1s surjective for every open (respectively closed) subspace
A of X. Thus flabby (respectively soft) sheaf 1s the translation of
faisceau flasque (respectively mou) of [5]. If K 1is a grating on X,
Ky will denote the subgrating of elements with supports in the subspace
U. L 1s a principal ideal domain given once for all and Hom, Ext
willl be taken over L. Unless otherwise stated, all topological spaces
are locally compact and Hausdorff.

§1. Homology groups for locally compact spaces

1.1« DEFINITION. A sheaf C of L-modules on X 1is a funda-
mental sheaf for homology with coefficients in 1 (and supports in a
glven family ¢ of supports) if

23
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(1) C 1is graded, and has a boundary operator lowering degrees
by 1.
(11) C 1is flabby (or ¢-soft, or ¢-fine, if ¢ 1s a para-

compactifying family, see I, §5).
(111) For each open U 1in X we have a split exact sequence

(1) o Ext(E*'(U; L), L) > B (C(U) » Hom(H(U; L), L) - o

and 1f V is open in U, the sequences (1) for U, V are compatible with
*
the maps induced from Jy,y and the restriction C (U) - c(v).

If L 1s a field, and X 1s paracompact, then for any funda-
mental grating for the cohomology with compact carrlers K, for ilnstance
the Alexander-Spanier cochains with compact supports, the sheaf assoclated
to the grating Hom(K, L) is fundamental for homology [2].

1.2. Let C- be a fundamental L-sheaf, and let ¢ be a family
of supports on X. Then for U )V open we denote by j?,V the homo-
morphism H,(C(U))- H,(C(V)) induced by the restriction, and by jgv
its restriction to H,;(C(U)). We put

Hy(X; L) = H(r(C)); H}(X; L) = Hy(Ty(C)); H(X; L) = Hy(Cy) (x e X)
(2)
He(X; L) = =H (X; L); Hy(X; L) = zH{(X; L); Hy(X; L) = sHj(X; L) .

Here _qx denotes of course the stalk of C at x; the group
H (C,) 1s the i-th local homology group at x, and, in case say it is
finitely generated, the rank of H,(C,) modulo its torsion subgroup
corresponds to Alexandroff'!s local Bettl number 1ln x (see [2] for some
remarks on the relation between the local Bettl numbers in x and those
around x, as defined in I). The groups H;(X; L) .are then the stalks
of the homology sheaf gi(g), and H(C) will be called the local homology
sheaf .

By 1.1(111), H,(C(U)) 1is independent of the particular funda-
mental sheaf considered, and this legitimizes the notation H,(U; L). We
shall allow ourself to use 1t for the local groups, although we do not
know whether the axioms are sufficient to insure uniqueness, because this
will be the case anyway for cohomology manifolds. We shall come back to
this in 2.5 and 5.1.

1.3. THEOREM. Any locally compact space, has fundamental
sheaves for homology with degrees 3 - 1. For any such
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sheaf C and any X € X we have an exact sequence
(3) 0o Dir lim Ext(€*'(U; L), L) - H(C,) - Dir 1im Hom(H:(U; L), L) o

U running through a fundaemental system of neighbor-
hoods of x, and the 1limit being taken with respect
to the maps induced by the homomorphisms Jyy-

For the proof, see Section 3. Another construction, valid for
closed subsets of euclidean spaces, will be given in Section k.

REMARK. The homology groups defined by N. Steenrod (Annals 41)
by means of regular cycles for a compact metric space X are known to
be related to the Gech cohomology by a split oxact sequence (1) with
U = X) (Eilenberg-MacLane, Annals 43, p. 825). In this case our groups
coincide therefore with the Steenrod groups (except however for a shifting
of the degrees by 1). Note that with our convention for the degree we
have by (1), H;(X; L) =0 for 1¢ -2, but H_,(X; L) = Ext(d43(X; L), L)
may be nonzero 1f the space 1s not locally connected.

§2. Duality in generalized manifolds

2.1. DEFINITION. The space X 1s an L - n space if dim (X)
13 finite and if for any x € X, we have I{I(X; L)=0(14n) and
H.ﬁ(x; L) =L. An L - n space 1s locally orientable (respectively
orientable' if the local homology sheaf 1s locally simple (respectively
simple).

In the locally orilentable case, the sheaf _1-_[1‘,‘1()[, L) of the local
groups will be called the orientation sheaf. A locally orientable L - n
space which 1s cch will also be called a homology n-manifold over L

(a n-th).

2.2. THEOREM. Iet X be an L - n space, C a funda-
mental sheaf for homology over L, and ¢ a family of
supports in X. Then

(1) B 1) ¥ B g e) .

Let us denote by A the sheaf C with the modifled grading
Ab=c ;. Then HMA) =0 (140), F(A) =L, ana H7r (a) -
Hy(r,(C)). By [5, Chap. II, Theor. 4.6.1] there is a spectral sequence
in which
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EE’% - 0 (q 4 0), ER*° ¥ B (x, E°(A,)) ¥ ED(X; K (C))

and E_, 1s the graded module assoclated to some filtration of H(ro(é));
the dim X being finite, this filtration may be assumed to be regular
or even defined by a finite number of submodules [5, p. 193]. Since we
have here E£’q =0 (q+% 0) Eg’o = Eg’o, the theorem follows.

REMARK. Let us denote by ¢ the isomorphism of 2.2 as obtalned
in the above proof, and let U D)V be open. Then we have a commutative
diagram

Hy(Pyny (C)) > Hong(Us By (Gy))

*
jEV r
v

A\
By (" oy (Gy)) —> Hyr(Vs By (Gy))

where r“L 1s the restriction map in cohomology, and ¢ N U, @ N V de-
note the familles of intersections of the elements of ¢ by U and V
respectively. This follows from the fact that the proof of the baslc
result of [5] quoted above 1s obtalned by examining the two spectral se-
quences of a double complex, namely the sections of a flabby resolution
of C and that the restriction of such a grating on U or V has the
same properties with respect to U or V.

2.3. COROLLARY. et X be an L - n space. Then
there is a split exact sequence

(3) o- Ext(H*'(X; L), L) HL(X; B (C)) - Hom(H(X; 1), L) o
where C 1s a fundamental sheaf for homology on X.

We refer to [2] for some consequences of 2.3 when L 1s a fleld,
in particular for the fact that if X 1s connected orientable, then the
i1somorphism ni(x; L)- Hom(Hg"i(x; L), L) 1is induced by the cup product
pairing; and for remarks on the relatlon between 2.3 and the results of
Wilder ([6].

2.4, PROPOSITION. (a) Let L be a fleld. Then a
Wilder n-manifold over L (respectively a n - cm over
L, respectively an orientable n - cm over L) is an
(respectively a locally orientable, respectively an
orientable) L - n space which is clc over L, and
conversely.
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(b). Let X be an (orientable) n -cm over L. Then X 1is
an (orientable) n - hmy .

Let X bhe a Wilder n-manifold over L. It i1s c¢lc over L
(I, 2.2). If L 1is a fleld, then for any open U, Hl(U L) 1s the dual
vector space to Hé'(U- L) and J* (V open in U) 1is the transpose of
Jgy+ Then 1t follows without difficulty from 1.3 that X 1san L -n
space. Assume now that X 1s clc over L and satisfles condition
L -n, L belng agaln a fleld. Then for any open neighborhood U of x
there exists an open neighborhood V of X in U such that Im Jiy 1s
finite dimensional. Under the latter condition it 1s easlly seen that
dim Hj(X; L) dis equal to the i-th Betti mmber of X around x. There-
fore X 1s a Willder n-manifold. Iet now U be a connected orientable
open subset of an n - cm over L. Then (I, 4.3) Hg(U, L)L and
JUV 1s an isomorphism for every connected open subset V of U. Also,
each point x € X has neighborhoods for which Im JUV =0 for 14 n.
This, together with 1.3 shows that X satlisfies condition L - n at each
point of U, and moreover that over U, the orientation sheaf Hn(c) is
isomorphic to the simple sheaf U x HQ(U, L). This proves (b) and the
remalning direct part of (a).

Let now X be an n-l‘lnL, where L 1s a field, and U be a
connected orientable open subset. Then by 2.2, H (X; L) = H(X, L) ¥ L.
Using the diagram (2), for 1 =n, it follows that if V 1is open
connected in U, then is an 1somorphism. But here H,(U; L) =
Hommg(u- L), L) and .106 is transpose of Jiy- Therefore Ho(U; L) ¥
H;‘(v, L)L and JUV is an l1somorphism. Thus U 1is an orientable
Wilder n-manifold, and this ends the proof of (a).

2.5, Since 1t 1s not clear that the conditions put on a funda-
nental sheaf for homology insure uniqueness of the derlived sheaf, there
1s some amblgulity in 2.1, because it 1s not sald whether the condition
L - n 1s required for some or for all fundamental sheaves for homology.
The simplest 1s probably to require it Just for the restricted fundamental
sheaves 1n the sense of 5.1. We also note that the proof of 2.4 shows
the following: if X 1s an (orientable) n - cm then it is an (orientable)
3 - n space for any fundemental sheaf; 1f L 1s a fleld, and X 1s an
(locally orientable, orientable) L - n space for some fundamental sheaf,
shen it 1s for all fundamental sheaves.

§3. Existence of fundamental sheaves for homology

3.1. LEMMA. ILet ¥ be the famlily of compact subsets
of X, K be a y-fine grating [3b, XVIII-9] with compact
supports, and A be an L-module. Let C' be the
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presheaf over X defined by C'(U) = Hom(Ky, A),

the restriction map sy, (V open in U) belng the
transpose to the inclusion Ky —> Kye Then the natural
map of C' 1nto the presheaf defined by the cross
sections of the sheaf C assoclated to C' 1s an
isomorphism, hence [5, p. 111], C'(U) = C(U). If

A 1is Injective, then C is flabby.

By (5, Chap. II, 1] our first assertion 1s equlvalent to the
following one:

Let (Ui):!.eI be a famlly of open subsets of X, and U be
their union. Then (a) If t, t' e C'(U) have equal restriction on each
Uy, then t =t'. (b) Let there be given t, e C'(U;) in such a way
that for all 1, jJ e I, t; and tj have equal restrictions on Ui n Uj.
Then there exists a t e C'(U) whose restriction to Uy 1is t, for
every 1 ¢ I.

PROOF of (a): Let ¢ e K; and I' be a finite subset of I
such that the U; with 1 ¢ I' cover the support S(c) of c. Let ¥
be an open covering of X formed by set V, v_rhose closure does not meet
S(c) and by elements V;(i e I') such that V,C U,(1 e I'). Let (rj)
be a partition of K subordinated to this covering. Then c = zieI,rjc
and ryc e KUi. By assumption t(ric) = t'(ric) for all 1 ¢ I', hence

t(c) = t'(c) by linearity.

PROOF of (b): Ilet ¢, I' and V be as before. We tentatively
define t by t(c) = Lyt ti(r1°)' In order to legitimize this, we have
to prove that t(c) 1s independent of the different choices made. Let
then J be another finite subset of I such that the Uj( j € J) cover
¢ and let us construct as before endomorphisms s, of K such that
sj(K)C Ky, and that ¢ = ieg®Ce We have to show that t'(c) = ztj(sjc)

is equal to t(c).
We have sjtic € KU;]nU:L hence

tj(sjtic) = ti(sjtic) (Jedy1e1")
and also ryc = Ejsjric’ sjc = z:isjric. Therefore
ti(ric) = z:Jti(eric) = zjtj(sjric)

hence
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t(c) = }:iti(ric) = zi,j tj(sjric) = zjtj(sjc)) = t'(c)

and (b) follows.

Let now A be injective. The restriction map sy, (U DV, open)
is then surjective, hence C 1s flabby.

3.2. PROOF of Theorem 1.3. lLet D be a fundamental L-sheaf
(for cohomology) which i1s y-fine, + being the family of compact subsets
of X, for instance the sheaf of germs of Alexander-Spanier cochalns, and
let X = r,(D). Then H'(K) = Hj(X; L). Let A, be an injective module
containing L and A, = A /L. Since L 1s hereditary, A, 1s also
Injective. We view A = Ao + A] as an augmented complex over L via
the exact sequence

(1) O—)L—)Ao—)AI—)O ,
hence ‘
(2) Hy(A) ¥ L, H(A) =0 (13 1) .

let C = Hom(K, A) be endowed with the grading
¢y = Hom(k:, A)).+ Hom(k'*', a))

(thus G, = 01¢ -2, C_; = Hom(K°, A;)), and the differential

af(x) = d(e(k)) + (-)M*'e(ak) (Fecy, ke K)

Then U —> I-Iom(KU, A) 1s the presheaf of cross sections of a flabby sheaf
C by 3.1. By [4, Cor. 5.2, p. 373] or [5, Théor. 5.4.2, p. 101] and (2)
above, we have then an exact sequence

(3) oo Ext(H*'(xy), L) H (Hom(Ky, A))- Hom(H!(ky), L)> o .

Moreover, if F = F, + Fo is a projective resolution of KU’ the sequence
(3) 1s canonically isomorphic to the corresponding exact sequence for F
by [, pp. 373-4], hence it splits, by (4, Theor. 3.2a, p. 114]. Also,
this exact sequence 1s compatible with homomorphisms, therefore C has
all the properties required in 1.1.

Since C 1s flabby, its stalk C, at x is equal to the
quotient of r(C)= Hom(K, A) by the submodule of sections vanishing at
x, and also to Dir lim (Hom(Ky, A), Syy), U running through the open
neighborhoods of x. Therefore
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H(C,) = Dir 1im H(U; L)

and the exact sequence 1.3 follows then from 1.1(1ii) and the fact that
direct 1imits and exact sequences commute.
3.3. REMARK. Since A 1is an injective resolution of L, the

homology of Hom(K, A) represents the "hyperhomology invariants" of
Hom(K, L) in the sense of [4, Chapt. XVII], which may differ from

H(Hom(K, L)). .One could also compute them as H(Hom(F, L)), F being a
projective resolution of K.

§4. Closed subsets of euclidean spaces.

In this section we describe briefly another construction of
fundamental sheaves for homology valid for separable metric spaces of
finite covering dimension, which makes use of basic gratings.

k.1. A basic L-grating (carapace basique, cf. |3b, XVIII-6])
is a grating, which is a free L-module and has moreover a basis (xi )1 eI
such that the support of a finite linear combination of the Xy 1s ex-
actly the union of the supports of the Xy which have a non-zero co-
efficient. For instance the singular chains with coefficlents in L
alvays form a basic L-grating.

4.,2. LEMMA. Let X be a separable metric space of
finite covering dimension. Then’

(a) X has a fundamental sheaf for cohomology
which is homotopically fine and whose sectlons with
compact carriers form a basic grating with degrees
bounded from above.

(b) X has a fundamental L-sheaf for homology
with degrees bounded from above.

We recall first the operation of section of a grating K on a
space X by a subspace Y in the sense of Leray (see e.g., [1, Exp. II]):
as a module it 1s K/Ky y, the support of c¢ e K/Ky y being defined as
the intersection of Y by the support of any element of the Kx_rcoset
represented by c. This section 1s clearly fine (respectively homo-
topically fine) if K is. Moreover if K 1s basic with basis (x,),
then K/Ky y 1s also basic, with a basis represented by the x; whose
support meets Y. Therefore, if X has a homotoplically fine basic
grating with compact supports, so does every closed subset Y of X.
Moreover, a basic grating with compact supports K can always be identifie
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with the sections with compact supports of its assoclated sheaf F. Since
the assoclated sheaf of the section of K by Y 1s clearly the sheaf

Fy induced by F on Y, and since Fy 1s a fundamental sheaf for
cohomology on Y if F is on X, we see that if (a) is true for X,

it is true for every closed subspace of X.

By the Menger-Nobeling theorem, a locally compact separable
metric space of finite covering dimension i1s homeomorphic to a closed
subset of some euclidean space R%. It 1s therefore enough to prove (a)
for RY. 1In this case we take the sheaf S of germs of singular chains
with coefficients in L, giving the degree n - 1 to the l-dimensional
chains. It is well known to be a fundamental sheaf for cohomology. Its
sections with compact supports are then the singular chains with co-
efficients in L. This proves (a).

Let K be the grating thus obtalned. Its degrees are therefore
bounded from above by n. Let C' be the presheaf defined by
U —> Hom(Ky, L), graded by C}(U) = Hom(Kj, L), and with differential
the transpose of that of K let C be the assoclated sheaf, and
£ : C'(U) —> C(U) the natural map. It 1s always surjective; this
follows from the fact that K 1s basic in exactly the same way as the
corresponding statement for singular cochains (5, p. 160]. Since K 1s
basic, Ky 1s a direct summand in Ky(VC U) hence the restrictlon map
Hom(Ky, L) —> Hom(Ky, L) 1s surjective; thus C 1s flabby.

Here KU is free, therefore we have a split exact sequence
0 Ext(E*'(x,), L) - H (Hom(Ky L)) - Hom(Hl(Ky), L) - o

(see the reference glven below 3.2(3)), which is cowpatible with the re-
striction maps. In order to obtain the property 1.1 (1ii), it is enough
then to show that f : C'(U) —> C(U) induces an isomorphism for homology,
or in other words that H(ker f) = 0. This can also be expressed by

saying that the elements of Hom(Ky, L) which vanish on all elements of

KU with sufficiently small supports have zero homology. This assertion

is proved by using the fact that KU i1s homotopically fine, in the same
way as in the case of singular cochains [3a, Exp. VIII, p. 4].

§5. Complements

5.1« let C, C' be fundamental sheaves for homology. We have
H,(c(U)) = H,(C'(U)) by 1.1 (1i1) but since the splitting of the exact
sequence 1s not natural in general, it is not certain that this isomorphism
can be so chosen as to commute with restriction maps. It 1s therefore
conceivable that the derived sheaves H(C) and H(C') might not be



32 BOREL CHAPTER II

1somorphic. Nevertheless one can insure uniqueness by taking a narrower
class of fundamental sheaves, which will be, however, big enough so that
one can define £, in the usual way (see below), namely essentially those
which have been constructed in §§3, k.

Lot us remark first that the isomorphisms of homological algebra
mentioned in §3 are sufficiently "canonical" as to insure that H, (C(U))
does not depend, up to canonical iscmorphisms, on the particular injective
resolution A of L, which in any case could be normalized by requiring

to be the quotient field of L; also in §4, we could as well consider
Hom(K, A) instead of Hom(K, L). It i1s also clear that if K, K' fulfill
the conditions of §3, or §4, and if there is a homomorphism f : K —> K!'
inducing an isomorphism of H(K;) onto H(K{,) for each open subset U,
then H(Hom(xl',, A)) and H(Hom(Ky, A)) will be related by an isomorphism
commuting with restrictions.

Let F be a fundamental sheaf for cohomology on X. This im-
plies in particular that HI(F) = 0 (1 4 0) and that there is an iso-
morphism ¢ of H°(F) onto the simple sheaf L x X. Let us say that F
has local units if gilven any compact subset Y ( X, there exists a cross
section s with compact support of g° such that for x ¢ Y, s(x) is a
cocycle of the element of H(F,) mapped into 1 by ¢. The Alexander-
Spanier sheaf, or the sheaves contructed in §4, or the canonlcal flabby
resolution of L in [5] all have local units.

If F!' 1is another such grating, and if Te denotes sections
with compact supports, then by the fundamental construction of Leray, as

modified by Fary [see 1, Exp. II], there are natural embeddings
To(F) —> T (F®EF') <— 1, (F)

which induce the i1somorphism of the uniqueness theorem [1, Exp. III]. Let
us then define a restricted fundamental sheaf for homology as one assocl-
ated to a presheaf U ——> Hom(Ky, A) where A 1s an injective resolution
of L, and K = r,(F), F being a fundamental sheaf for cohomology having
local units. We have then the

PROPOSITION. let C, C' be two restricted fundamental
sheaves for homology. Then there are canonical l1somorphisms
ty ¢t H(C(U)) —> H (C'(U)) which commte with the re-
striction maps J; (UC V open). Consequently the de-
rived sheaves H(C) and H(C') are canonically isomorphic.

5.2, The map f, and the exact homology sequence. Let
f : X—>Y be a contimuous proper msp, F, (respectively G) be a

fundamental sheaf with local units on X (respectively Y), and let
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£'(G) be the sheaf induced by G on X. Then F&f'(G) 1is a funda-
mental cohomology sheaf on X with local units and there is a natural
homomorphism f : T (G) —> ' (£'(G) ®F) which defines

f; : H;(Y; L) —> H:;(x; L). If X 1is a closed subset of Y, this map
can be identified with the one induced by the natural map T,(G) —>
ro(@)/r,(@))y_y (011, Exp. VIL, [2] 5, p. 199). We define then

f, : Hy(X; L) —> H,(Y; L) as the map induced by the homomorphism
Hom(r,(f'(G) ®F), A) —> Hom(T,(G), L), the transpose of f

PROPOSITION. Iet U be an open subset of X and
Y = X - U. Then there is an exact sequence

£y v

Let K be the grating of sections with compact supports of a
fundamental sheaf for cohomology on X having local units. Then KU
and K/KU have the same property with respect to U and X - U. Since
A 1s Injectlive, the exact sequence 0 —> KU -—> K —> K/KU —> 0
ylelds an exact sequence

(2) 0 —> Hom(K/KU, A) —> Hom(K, A) —> Hom(KU, A) —> 0

and (1) will be the derived homology sequence of (2).

5.3. We finally remark that it 1s also possible to define
homology with coefficients in a sheaf, but we shall not enter into detalls
here, since this would require some modifications of the constructions made
in §3, for instance, in order to get a torsion free fundamental sheaf for
homology (a property which the sheaf obtained in §4 clearly has). If this
1s so, then the condition L - n implies H (r(C®B)) = B1(x; 1 (C)®B),
for any sheaf B by the same proof as for 2.2. Also, using injective
sheaves, one can dispense with the local units in 5.1. For all this, see
a forthcoming joint paper of J. C. Moore and the author.
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III: PERIODIC MAPS VIA SMITH THEORY
E. E. Floyd

§1. The Leray spectral sequence

It willl be supposed throughout that X 1s a locally compact
Hausdorff space and that G 1is a finite group acting on X. There 1is
then the space of orbits X/G and the orbit map = : X —> X/G. The
map = 1s open and proper 1 'nx 1s the orbit Gx for x e X. The
main purpose here is to put the Smith theory of periodic maps [12] 1n the

framework of sheaf theory.

Fix a paracompactifying family ¢ (see I-5.2) which also has
U8 €GSM‘€ ® whenever M e ¢. For example, ¢ may be the famlly of compaci
subsets of X; 1f X 1s paracompact, ¢ may be the famlly of closed sub-
sets of X. There results a family " for X/G, where N ¢ " 1if
N e o, It may be verified that o 1s a paracompactifying family for
X/G. 'i‘o simplify notation, we use H*(x; A) for H;(x; A) and H*(X/G; 1
for H,.(X/G; A), where A 1s a sheaf on X or X/G.

There 1s the leray spectral sequence for = [2, XXI], which has
as Ea-term

Ep’d = ¥ (x/6, Hl(«""y; L))

and whose E_-term 1s assoclated with H'(X; L). Since Eg’q = 0 for
a4 0 (since ="'y is finite), then ER’C ¥ ER’® - HP(X; L). That is,
denoting by A the sheaf uyn°(n"y; L), H(x/a; A) ¥ HP(X; L).

We need an explicit form for the isomorphism HP(X/G; A) ¥ HP(X;
There 1s =« : X — X/G; there 1s also a sheaf homomorphism from
A = UH(«"'y; L) to the constant sheaf X x L ¥ Uy H(x; L) which s
compatible with = 1n the sense of Cartan [2, XIV T]. This 1s the
collection ¢ = {9,)} of homomorphisms H(x 'ax; L) —> H(x; L) in-
duced by inclusion. The lsomorphism 1s induced by the palr «, o.

Each HO( n"y; L) contains in a natural way the ring L; that

35



36 FLOYD CHAPTER III

is, the constant sheaf X/G x L may be considered as embedded in A. The

tnelusion X/G x LC A induces a homomorphism HP(X/G; L) —> HP(X/G; A);
commutativity holds in

H(X/G; L)

7\

BP(X/G; A) = H(X; L) .

We may consider A as given by the presheaf U —> A(U) =
Hp(n'IU; L) for compact neighborhoods U. Since G operates on U,
C also operates on A(U), and hence on the sheaf A. On the stalk
Ay = (" 'y; L), g ¢ A, —> A_ 1s just the homomorphism
(g | ~1y)* : B(x"y; L) —> H(x-1y; L). We regard G as operating
on the right, so that (7g)g' = 7(gg') for 7 e A.

There are the commutative dlagrams

x -85 x Xx L<& XxL
A\
n In Icp lcp
\V4 v
X/G —> X/G A B a2

of maps and compatible sheaf homomorphisms, where on given stalks, the
sheaf homomorphisms are

*
H(x; L) <&— Ho(gx; L)
N A
Py Px
Ho(x—‘nx; L) <— HD(:t_Inx; L) .
8

Hence there 1s the commutative diagram

*
BP(X; L) <&— HP(X; L)
A\ A

(1.1)
HP(X/G; A) <—— HP(X/G; A)

where the bottom homomorphism is induced by g : A —> A.
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§2. Transfer homomo: sms

We prove some results speclal cases of which have been given by
Eckmann [4] and Liao [9], and the general case by Conner [3].

2.1. THEOREM. Suppose the finite group G operates
on the locally compact Hausdorff space X. There 1s
a homomorphism u : HP(X; L) —> HP(X/G; L) such
that 1n the diagram

"
. > .
H(X; L) < H(X/G; L)

*
we have =« u(y) = zgeGg*r, ux*(y) = (order G)y.

PROOF. Consider the embedding of the constant sheaf X/G x L
in A. If we denote by AG the subset of A consisting of elements fixed
under all operations of G on A, 1t 1s seen that X/G x L = A . Hence
HY(X/G; A ) = HY(X/G; L). The homomorphisms

8 s

= <——

A

where j 1s inclusion and ¢ = zg, induce

*

> HMX; L) .

m

HY(X/G; L)

The conclusions follow readily.

Note also that p 1s canonical. That 1s, suppose X5 Gy L
and xa, G, 02 consist of locally compact spaces xi, actions of G on
xi, and admissible paracompactifying families 01. Suppose f : x —_— X2
is equivariant (that is, fg = gf for all g ¢ G) and that N ¢ 0
implies £ 'N ¢ ®,. There is an induced map f : X,/6 —> X,/G with
£(Gx,) = G(fx,). Then commtativity holds in

B (X5 L) 2> HP(X,/6; L)

* -

(2.2) £ f
v

v
ﬂP(x,; L) £ Hp(x1/e; L) .
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commtativity follows from a commutative dlagram of maps and sheaf homo-
morphisms.

A proof of a general form of the followlng corollary may be
found in Grothendieck [7, 202].

2.3. COROLLARY. Suppose that L 1s a field of

characteristic 0 or of characteristic prime to

order G. Then

H'(x/6; L) = [H“(x, )¢ .

PROOF. Consider the element r = order G e L. By m'pothesis,
r 4 0. Let w" = »~'u. Then, in 2.1, u" - rlsg” and u " - 1dent1ty.
Sj.nce p"xt - 14, x :I.s an isomorphism onto. S:Lnoe g *(x"(7)) = (xg)"7 =
X7 Image *c (B*x; L)1% Since 7'e¢ [E(X; L)% implies = k"(7') = 7',
Image D) (H (X3 L)]G. The corollary follows.

In a later section, we use a slight modification of 2.1, a form
of the transfer [6]. Suppose K 1s a subgroup of G. Then K acts on
X and there is the orbit map =x, : X —> X/K. There is also the unique
map %, : X/K —> X/@¢ with =x,x, = x; x, maps an orbit Kx of X/
into the orbit Gx of X/G.

2.4. PROPOSITION. There is a homomorphism
u' ¢ H (X/K; L) —> H (X/@; L) such that M
is multiplication by order @/order K.

PROOF. From the Leray sequence for the fi.nite-to-one map
%o ¢+ X/K —> X/0, we have E *(x/a, B(x3'y; L)) ¥ H (X/K; L). Note now
that «, y - x, 'y - x 'y/K. 'I'here is the sheaf homomorphism
e: (3 y. L) —> A= («"'y; L) defined on each stalk by the
hmomorphism I'l°(:r2 ¥; L) —> H(x"'y; L) 1induced by 1 oy —> N y.
We must compute the image of this homomorphiam. Since n y and 151 are
finite, the wap (x;'y; L) —> (<" ¥; L) may be 1dentified with the
cochain map =xy @ c°(x-‘ L) —> cO(x"" y; L), where c® denctes the
usual 0-dimensional oochain group. It is seen that this 1s an 1somorphism
into, and has inage (H(x"'y; L)X Hence U H(x'y; L) ¥ A% end
K (x/a; A ) ¥ B (X/K; L).

We define now o' : .I_L,K _— AG. For this, it 1s sufficlent to
consider any sheaf A upon which G operates (say, on the right).
Suppose gy» +e+s 8y (k = order G/order K) is a complete set of repre-
sentatives of right cosets of K in G. Define o' AK —> A by
a'(7) = 78, + +++ + 78+ It 18 clear that o' 1s j.ndependent of the

choice of g;» +++» 8+ Moreover,

(o'y)g = 7818 *+ soe + IELE o
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Since g8, -+, B8 i1s also a complete set of representatives of right
cosets of K, (¢'y)g = o 7. Hence Image o' ( _AG. There are then the
diagrams

G .41—)

= & =

and the induced diagram
g P L
B(x/a; 1) = B x/o; &% ___ #x/e; &) = B/K; L)
ylelds the stated property.

§3. An Euler characteristic formula

Consider now a homeomorphism g : X —> X with gp = identity,
p prime. Then the cyclic group Zp = (1, g eooy gp"l acts on X.
Since Zp has no nontrivial subgroups, the isotropy subgroups are elther
1 or Zp Denoting by F the set of fixed points of g, then
operates freely on X - F. We first consider the case in which F 1s

empty.

3.1. LEMMA. Supposc that G = Zp, P prime, operates
freely on the space X, and that the coefficlent ring
L 1is Zp Suppose that A 1s the sheaf on X/G of
Section 1. If g 1s a generator of Zp and 1T =1-¢g
is the opcrator of A, then the sequence

AdA DA ). DA do

has A/<A, -ré/-raé, ceny ,‘p-1é all isomorphic to the
constant sheaf X/G x Zp

PROOF. The proof of this lemma is obtalned by the techniques of
Smith and Richardson [11]. Noto that ' = (1 - g)P™l a1 4 g+ oo s
gp" =oc and P = 0. Now Kernel « = QG, since g generates Zp.
Since Zp operates freely, this is also seen to be Image ¢ : A —> A.
Hence Kernel « = Image P1, Suppose 1t has been shown that Kernel 1.
Image 1p'1. and consider the proposition Kernel 4 . Image P11,
Since 1P = 0, Image P11 ¢ Kornel +!*'. Suppose +i*'(r) = 0. Then
xi(rr) = 0 and 1r = P 1p1, Hence «(r - P 1-'p) a0 and
r - P10 0 PN pence rom PLTN(pt «ir"). Hence for
141¢<p-1, Kernel «! = Image *P~1; in particular, Kernel +P~' = Image o.
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Consider now the homomorphism L -riA onto P~ lll. Ir
«ir 1s in the kernel, then 'tp-i-i(fi.l‘.‘) = P 'p = 0 sothat r = tr'.
Hence the kernel 1s +*'A and <la/v™*'A~ A~ A%~ x/0 x 2,

A slightly different proof of the following may be found in [5].

3.2. THEOREM. Suppose the cyclic group G = Zp, P
prime, operates freely on X, where dimzx < » and
H'(X; Z.) 1s finite dimensional. Then H (X/G; Z,)
is finite dimensional and x(X; Z ) = p - X(X/G; Zp)
vhere X(Y; Zp) denotes £(-1)"dim H*(X; Z.p).

PROOF. Let Al = A, 0 1 ¢ p- 1. There is the filtration
A=A DA d... D4 Do

of the sheaf A. Gilven such a finite riltra.t:l.on of the sheaf A, there
is a spectral sequence (Er' t) witn E 8t pott (X/G' As/As"") and with
E, assoclated with a filtration of " (x/G, A) = H (X; Zp). By 3.1,
Ess - B®**%(x/0; z.) for 0¢ 8 p- 1. OF course, E$»t = 0 for
8<0 or s3p. If H"(X/6; Zp) is finite dimensiona.l then we have

X(E,) = X(Ey) = «.c = X(E,) = X(X; Z;)

and x(E,) = £(-1)**%aim E>® - p . x(x/0; Z,)-

Hence 1t is sufficlent to prove H*(X/G; Zp) finite dimensional.
Now x : X —> X/G 1is a local homeomorphism. Since dim, X < » and since

dimension is a local property (see 1-2.3), dim, X/G < w. Suppose now that

1t has been shovn that dim HJ(X/G; Z,) <= forall J>n. Then
dimEs’ o for s+ t>n and dimEI.t<n for s +t > n. Now

+111 is Kernel d°' H o,n _ g »D=T+1 . sance E:'n'r'l is finite

dimensional, then dim E:'n <= 1f dim EQ’" < =. Since dim EQ’"
1t follows that dim EQ»D = dim H(X/G; Z,) < =. The induction follows.

It should be noted that the finite dimensionality of HN(X/G;
follows more generally from the Cartan-Leray spectral sequence [1]; 1t has
been included here for completeness.

§4. The Smith s nces

Here we confine ourselves to the action of a cyclic group G = Zp,
P prime, on a locally compact Hausdorff space X. Denote by A the sheaf
of Section 1, by g a generator of Zp, and by 1, ¢ the endomorphisms
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1 =g 1+ 8+ eoo # g of A. If one of these 1s denoted by p, the
other will be denoted by p. The coefficient ring L 1s assumed to be

« Denote by F the set of stationary points of Zp; F 1s also the set
of fixed points of g. If f : A —> X/@ 1is the natural map of the sheaf,
then Ay (U open in X/G) denotes £-'U U (oy :y eX/G) and Ay (M
closed) denotes _@/_ex_n-

We develop a cohomology form of the specilal homology groups of

P. A. Smith. These were originally defined by Smith (for references, see
{12]) and used by Smith, Richardson [10], Liao [9], and the author [5] to
develop a theory of periodic maps. We confine ourselves here to a brief
global treatment, as the toples wlll be dealt with later using the spectral
sequences of Cartan-Leray and Borel [1].

4.1. LEMMA. The sequence

p@®n

04—> pA—> A > pPA@Ap —> 0

1s exact, where A —> A 1is inclusion and where
1 : A—> Ap 1s the quotient homomorphism.

PROOF. It is sufficlent to verify exactness on each stalk. For
Y ¢ X/G - F, this reduces to exactness of

0 —> BAy—>5y—> pA; —> ©

vhich has been shown in the proof of 3.1. For y € F, 1t 1s seen that
55‘, = pAy = 0, sO that exactness reduces to exactness of

0 —> °—>;A_y—-—>§y—> o .
k.2. DEFINITION. The groups H'(X/G; pA) will be called the
Smith speclal cohomology groups. When no confusion results, denote them
simply by H'(p). The exact cohomology sequence
oo HNX/G; A) » EN(X/G; A) » H(X/G; pA) @ HMX/G; Ag) > «o.
of (4.1) becomes

cee = HY(F) » HMX; Z,) - H'(p) @ HM(F; Z,) B (E) > .

and will be called a Smith sequence.
Note that o¢A 1s the constant sheaf (X/G x Z.p)x /g-F B0 that
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H*(o) = I'I;I.,(X/G - F; Zp).
Theorems of the following type have been proved in [5], and by
Heller [8].

4.3. THEOREM. If G = Zp, p prime, acts on X,
where d:l.mZp < o, then

atm HMX/G - F5 Zp) + Eyop dim 1 (F; Zp) < Zgyp dim HL(X; Z,)
for any integer n.
PROOF. Consider the Smlth sequences
(n) H(X; Z,) —> H'(o) + H'(F; 7)) —> H* ()
(m+ 1) B Z)) —> B (1)« BUR 2,) —> HYE(0)
(n+2) BR(X 7)) —> B (0) + B3 (F; 7)) —> H'3(q)
(n + 21) E¥2(x; 7)) —> H™*h(a) + #*BL(R; 2,) —> HMRL(0)

Since A—> B —> C exact implies dim B » dim A + dim C,
we obtaln
(n] dim H'(o) + dim H'(F; Z,) < dim HU(X; Z,) + dim (1)

(n + 1] dim B (x) + atm B (F; 2,) < dim X 7)) + dim H*2(0)
dim H**2 (o) + dim H*2(F; Z,) g dim B™2(X; 2,) + dim H*3(q)
(n + 21] dim B*?1(0) + atm ©*34(F; 2) < dim B*21(x; z,) + dim i

If dim E*21%1(1) ¢ », 1t 1s seen by going backwards step by
step that all terms are finite. If n + 21 > dim, X, then all terms of
fn+21] are 0. The terms H*21(0) are o since dim , (X/G - F)

dim (X - F) and since pA 1s essentially a sheaf on X/G - F. The con-
clusion follows by addition and cancellation.

4,4 THEOREM. Suppose that Zp, p primg, acts on
X, where dim;, X< » and where dim H (X; Zp)<co.

Then dim H' (F; 7)) < = and X(X; Zp) = X(F; z,) mod p.

PROOF. Tt follows from k.3 that dim H*(F; zp) < ». From the
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cohomology sequence
(1) Hy(F; 2) —> B (X - F5 2,) —> BTG %)

we see that H™'(X - F; Z,) is finite dimensional for all n. Hence, by
Now from the cohomology sequence (1),
X, (X3 Zp) = X, (F; Zp) + Xy (X - F; Zp)
= Xo(F; Zp) mod p .

We obtain now the well-known Smith theorems [12], as well as a
dimensional parity result [5].

4.5. COROLLARY. Suppose that Zp, p prime, acts on

X, where dim, X < = and where H,(X; z,) ¥ H"(s%; Zy)-
’ b

There exists an - 1 ¢ r ¢ n such that H;(F; Zp) =

H*(Sr; Zp), where the (-1)-sphere is interpreted as
the empty set. If p 1s odd, then n - r 1s even.

4.6. COROLLARY. Suppoze that Zp, p prime, acts on
X, where dimsz< o and where Hi(x; Zp) = 0 for

1>0, HO(X; 2.) ¥Z. Then F 1is not empty and
H'(F; 2,) = 0 for 1> 0, H(F; Z,) ~ Z.

Both of the corollaries follow easily from (k.3) and (4.4).

§5. Orbit spaces of finite groups

5.1 PROPOSITION. If the finite group G operates on
the locally compact Hausdorff space X, then

d:LmLX/G = dimy X.

PROOF. Note first that if A 1s a closed subset of a space X,
then dimX = max (aim A, dimL(X - A)). For if U is open In X we have
the exact sequence

s ——> Hg(U -ANU) —> H’c‘(U) —_> H‘;‘(A NU) =D eee

where coefficients are in L. Hence the equality holds.

Iet n = order G, and let Ai denote the set of all x € X with
order G, 2 1, where G, denotes the isotropy subgroup. Then
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x-A] )A2 )o-o )An)An_”-O

is a sequence of closed subsets of X; each Ai 1s G-invariant, since
ng = ngg". Moreover, Ai - = UHBH wvhere the summation is over
all subgroups H of order 1 and where By = (x : Gy = H). The

are pairwise disjoint and open in Ay - A1+13 also the orbit map

n: X —-—> X/G 1is a local homeomorphism on each By and hence of

Ay - Aj_+1 onto nAy - "A1+1 « Hence, since dimension 1s a local property,
dlmp (A; - Ay,,) = dim (xA; - =A; ). Moreover = 1s a homeomorphism of
% onto "An' Inductively, suppose dj.mLA1 = dj.anAj_”. Then

atmchy = max (Almcy,, dlmp(xhy - by, )]
= max [dimLA:LH' d:"mL(A:L - Ay N
- atmp

For 1 =1 we recelve dimX = dim X/G. References to similar
theorems for compact Lie groups G of transformations may be found in

Yang [13].

5.2. THEOREM. Suppose that a finite group G acts
on X, where dimX < » and H'(X; L) 1s finitely
generated (respectively trivial) for all 1 ) N, where
L 1s elther the ring of integers 7 or a fileld

of characteristic p. Then HL(X/G; L) 1s finitely
generated (respectively trivial) for all 1 ) N.

PROOF. We prove the theorem first in the case G = Zp (p prime).
If L= Kq (q ¥ p), then the assertions follow from 2.3. If L = Kp,
they follow from 4.3. Consider now the case L = Z.

From the sequence 0 —> Z —-E-> Z —> ZP ——> 0, p prime, we
obtain

oo —> BUX; 2) —> HUX; Z) —> YUK 2) —> ...

Hence H™MX; 2) and H*'(X; 2) finitely generated [trivial] implies
HY(X; Z.) 1s finitely generated [trivial]. By 4.3, H™X/G - F; Z;)
and HY(F; ) are finitely generated [trivial], and hence so 1s
HM(X/G; Zp). Consider the exact sequence
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e —> HMX/G; 2) B> H(X/6; 2) S HY(X/G; Z,)

*\ "
x \ I"
HYX; 2)

of cohomology O —> Z —> Z —> —> 0, to which the maps of 2.1
have been added. Since HY(X; Z) is finitely generated [trivial], so 1is
Image p. Since HY(X/G; Zp) is finitely generated [trivial], so 1is
Imege q. Since Kernel q and Image q are finltely generated (triviel],
so 1s H*(X/G; Z). Hence the theorem is true for G = Zy P prime.

Suppose now that G 1s finite solvable of non-prime order r,
and that the theorem has been proved for all solvable groups of order < r.
Then G contalns a non-trivial normal subgroup K, which is solvable
since G 1s. Moreover, G/K 1s solvable, and K and G/K are of order
< r. Now K acts on X and there is the orbit mep =, : X —> X/K. A
point Kx of X/K 1is acted upon by G, since g(Kx) = Kgx € X/K. Under
this action of G on X/K, K acts trivially on X/K. Hence G/K acts
on X/K. It may be seen that we can identify X/G¢ with (X/K)/(G/K).
let =, : X/K —> X/G be the natural map. By induction hypothesis,
Hi(x/K; L) 1s finitely generated [trivial] for 1 2 N as then also is
ni(x/q; L). Hence the theorem follows for solvable finite groups G.

Suppose now that G 1s an arbitrary finite group, with order
G = p?’ cee p;k. There are then Sylow subgroups K,, coey Kk of G with
order Ky = pjj. Since K; is solvsble, Hi(x/KJ; Z) 1s finitely
generated [trivial] for 1 > N. We now use a device due to C. N. Lee
(unpublished). There are the maps

X ﬂ:.i_> X/K 12.1..1_> X/G

whose composition 1s =x. Hence there is

Kg = Wp,q * eee + %y 8 H(X/G; L) —> H (X/K;5 L) + eee + B (X/Kys L) .
Note for future reference that Ty is canonical. That 1s, if f : X —> X
wvhere X' 1s locally compact, where G operates on X' and f 1is
equlvariant, and where f 1s appropriately related to the support families
for X and X', then commutatlivity holds in

(X /65 L) —%> =H' (X' /K5 L)

v *V
> £H (X/Ky; L)
g

H'(X/G; L)

g
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vhere the vertical homomorphisms are induced by f : X —> X'.

We show now that =, 1s injective. If 7 e H*(X/G; L) 1is in

kernel =, then 12’1(7)=o (all 1). Hence by 2.3

n n
(order G/order K1)7 = <p11 e p:i";’pii';’ ces pknk >7 =0

for all 1. It follows that y = 0. Hence = . 1s injective for an
arbitrary coefficient group. Since for 1 3 N, each H:L(X/K:l 3 L) 1s

finitely generated [trivial], so 1s Hi(x/G; L).

53« COROLLARY. Suppose that a finite solvable
group *G operates freely on X, where dimyX <
and H (X; Z) is finitely generated. Then
H'(X/G; Z) 1s finitely generated, and X(X/G),
X(X) are independent of the field used to define
them. Moreover X(X) = (order G)x(X/G). .

PROOF. That H (X/G; Z) 1s finitely generated follows from
5.2. That x(X), x(X/G) 1s independent of the fleld follows from the
universal coefficient theorem. For G = Zp, p prime, the theorem has
been proved 1n 3.2. It follows in the general case by inductlion just as
in 5.2.
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IV: THE ACTION OF Zp OR T': GLOBAL THEOREMS
A. Borel

§1. Transformation groups

We collect here for future reference some elementary facts and
notation.

ILet G, be a topological group. A G-space 1s a space on which
G operates (continuously of course). Then Grx = {(geG, g« Xx=Xx}) de-
notes the stebllity or lsotropy group of x € X, and for a subset A of
X, G+*A=1{(g+8a, geG, a € A] 1s the unlon of the orbits G . a of
the points of A. It 1s open 1f A 1s. The space of orbits 1s denoted
by X/G, or when G 1is fixed once and for all, by X', and
ny }f—> X' 1s the natural map assigning to x e¢ X 1ts orbit. X'
1s assumed to be endowed with the quotient topology, and ny 1s open and
continuous. The fixed point set of a subgroup H 1n an H-lnvariant sub-

space will be denoted F(H; A).

Two orbits are sald to be of the same type if thelr stability
groups are conjugate (by inner automorphisms) in G. We say that the
orbit structure is finite (respectively locally finite) if the stability
groups belong to a finite number of conjugacy classes (respectively if
each point has an invariant neighborhood with finite orbit structure).

When G 1s compact, the followlng facts are easlily proved:
X/G 1is Hausdorff (respectively locally compact) if X 1s. The natural
map G/G, —> G * x 1s an isomorphism. If A 1s closed in X, G - A
is closed, hence =y 1s closed, and therefore also proper (since the
orbits are compact).

1.2, let N be a closed invariant subgroup of G. Then X/N
is in an obvious way a (G/N)-space. let a : G —> G/N and
B : X—> X/N be the natural maps. Then, clearly, a(Gx) = (G/N)p(x)
for any x € X« In particular: if N contains all isotropy groups, G/N
acts freely on X/N; if G 1s connected and N 1s finite, then B 1is
a homeomorphism of F(G; X) onto F(G/N; X/N).

k9
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1.3. Assume that G also operates on a space Y. We denote
by XxgY the orbit space of X x Y under the "diagonal action"
g(x, y) = (g * x, g - y). In other words, it is the quotient of X x Y
by the equivalence relation (x, y) =~ (g * x, g * y). The canonical pro-
jections of X x Y onto its two factors induce projections LI of
X%;Y onto X/G and Y/G respectively. Let y e Y and y' be 1its
orbit. Then 1t is easily seen that = (y') may be identified with
x/Gy. Moreover, if Y is a locally trivial principal G-bundle, then
x, 1s the projection of a locelly trivial fibre bundle, with typical
fibre X and structural group G. If G acts trlvially on X, then
%Y = X*(Y/G) and =, n, are the natural projections. There are of
course analogous statements with X and Y Interchanged. Here we have
assume G to operate on the left on X, Y. If we are given a space E on
which G operates on the right, we consider instead the left operatlons
defined by g * X =X » g ' (x ¢ E, g ¢ G).

Let G be another topological group, A : G —> G* a homo-
morphism, and X* be a G*-spa.ce. A A-equivariant mep f :. X —> x* 1s
a continuous map such that f(g « x) = A(g) * £(x). It induces a map
Fix/g—>X"/6". If G=G" and A is the identity, then f is
said to be equivariant. Let Y* be another G'-space and h : Y —> Y"
be a r-equivariant map. Then f xh : X XY —> X* X Y* 1s a r-equi-

varlant; it induces a map u @ XXGY —_— x*xG*Y* and we have a commutative
diagram

1!1 1!2
X/G < XXoY > Y/G
f -
v x " V x \/g
X#/6" <t X%G, Y —E> YT .

§2. Some remarks on the cohomology of B;

A module 3 graded by submodules 3y 1s sald to be of finite
type if each Si 1s finitely generated.

2.1. Cohomology of finite groups. Let G be a finite group,
A a module an which it operates. AG denotes the set of elements fixed
under G, and H*(G; A) 1s the cohomology group of G with coefficlents
in A (see, e.g., [4] Chap. XII for this and the results mentloned below).

(1) H°(G; A) = A%; for 13 1, we have nH'(G; A) = 0 o
(n = OIdl G’)n
(2) Let G = Z,, generated by an element g. Let NA, yA, IA

be respectively the subgroup generated by the norms g - a + ga * 8 4+ eee +
gm + a, by the elements of norm zero, and by the elements g « a - a.
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Then
ml(a; A) = A%/NA (L even, 4 0); H'(a; A) = \A/TA (1 odd) .

(3) Let p prime, m = p°, and A = Z,. Then, clearly, G
acts trivially on A. We have

H'(Zy; 4,) = Zyla) (@% = 1)
H (7 Z)) = Ala] ®Z,b]  (@% =1, d% = 2; m= 5, mt2).

Thus, if m % 2, the multiplication by a 1is injectlve on Hai(Zm; Zp)
and annihilates H21™! (Zys Zp), 1>1).

2.2. We also recall that if G = T¥, the k-dimensional torus,
H*(BG5 L) 1is a ring of polynomials in k variables of degree two.

2.3, If G 1s a compact Lie group, H (Bg; L) 1is of finite
type. For G connected this follows from the fact that in the universal
fibering, the cohomology of the total space and the fibre are of finite
type and the sheaf of the cohomology groups H'(G; L) 1s constant. In
the general case we use the fact that BG° (G° 1dentity component of G)

is a regular covering of BG wlth group G/G° and that the cohomology of
a finite group with respect to a finltely generated module is of finite

type, since i1t can be computed by means of a chaln complex of finite type.
2.4. PROPOSITION. ILet L = Kp, A, and G 4 (E).

. (a) If G 1s finite, and L = with p not dividing ord G,
then H'(By; L) is trivial (l.e., H'(Bys L) =0 for 13 1).

(b) In all other cases, there are arbitrary large 1 such
that Hi(BG; L) 4 0, and contains a non-zero free L-module when G 1s
Infinite.

PROOF (patterned after an unpublished remark of Serre about
finite groups). lLet M be a compact comnected orientable manifold on
which G acts freely, and on the cohomology of which G acts trivially.
This always exists, take for instance a group S0(n) in which G 1s
embedded by means of a falthful representation. Let n = dim M. 3ince M
is a principal bundle, there 1s a spectral sequence leading from
E, = H(By; H (M; L)) to H (M/G; L), as vill be recalled in 3.k.

Assume first H (By; L) to be trivial. It follows from the
spectral sequence that <" : H(M/G; L) —> H'(M; L) 1s an isomorphism,
hence dim M/G = dim M, and G 1s finite; moreover, since the Brouwer
degree of =x 1s then equal to ord G, x" can be an isomorphism only if
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L= with p not dividing ord G. Conversely it is known that in this
case H'(By; L) 1s trivial (2.1). This proves (a) and shows that in
case (b), there exists a J 3 1 such that HJ(BG; L) 4 0. In the spectral
sequence mentioned above, we have Eg’n = Hp(BG; L) since HYM; L) = L
and is acted upon trivially by G. Therefore if the 1's for which
lli(BG; L) 4 0 were bounded from above, the maximum cocycle argument would
show the existence of somé m > n for which H'(M/G; L) 4 0 in contra-
diction with the fact that M/G 1s a compact manifold of dimension ¢ n.
There are therefore arbitrarily large 1 for which Hi(BG; L) 4 0; this
erds the proof of (b) if L 1is a field, or if L =2 and G 1s finite.
If now G 1s infinite, and L = Z, the last part of (b) follows from
the fact that H.(By; Z) 1s finitely generated and from the first part
of (b) applied to the case L = K.

§3. The space XG

3.1. Let G be a topologlcal group. EG and BG denote
respectively a universal G-burxile and a classifying space for G. Thus
E; isa principal G-bundle with trivial cohomology in all dlmensions,
and lj; 1s its b%se space (cf. for iastance [1], [9]). If G 1s
dilscrete, then H (BG' A) 1s the cohomology group of *G in the sense
montioned in 2.1 and will accordingly be denoted by H (G; A).

DEFINITION. Let X be a space on which G operates. Then we
denote by X; the space XxGEG (see 1.3) and by =x,, =, the natural
mups of X; on X/¢ and B, respectively.

From the remarks made in 1.3, it follows that =, 1s a fibre
map, in a fibration with typical fibre X and structural group G, and
that 1f x e X, X' = x(x), then =« (x') = Egy/G,, therefore = (x')
muy be identified with a classifying space for G,.

In this book we are interested only in the case in which G 1s
a compuct Ide group and X 1s locally compact, and in order to avoid some
technical and irrelevant complications we shall assume that ¥, 1s compact
but then N-universal (1i.e., H"(EG) =0 for 1< 1< N) for some integer
N. It is then understood that in all statements below, 1 > dim X or
1 > n should, strictly speaking, be replaced by dim X< 1 N or
n¢ 1< N. Since N can be chosen to be arbitrarily large, this conventlo
will not lead to any confusion. For finlte G, 1t could be avoided al-
togethor by taking as E; a G-free and acyclic complex, finitely generated
in all dimonsions, and by replacing X by some fundamental grating on
which G operates.

3.2. Let G* be a compact Lie group, A : G —> G* a continuou
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homomorphism, Y a G*-spa.ce, and f : X —> Y a A-equivariant map. To

» there 1s assoclated an equivariant map u of EG into FG* for
sultable Eg, Egue This follows directly from Milnor's construction using
joins, and can also be seen as follows: Let EG’ EG* be universal

bundles. Then E; X E!}* considered as G-space under the action

glu, v) = (g * u, Mg) + v)) is also a principal G-bundle and 1s clearly
acyclic, hence may be viewed as a universal G-bundle. We then define u

as the projection on the second factor. It induces a map p(r) : By —> Bgye
Then £ xu: XX B —>Y¥x Eg+ is i-equivariant, hence defines a map

£, 2 Xg —> YG* and we have clearly a commutative dlagram

2
By < X
p(h)l If‘,t lf'
v vy v

By <—2— Yg, ——> X/a* .

it
> X/G

If G 1is an invariant subgroup of G, A the incluslon map, X = Y and
£ *the identity, then £ and p(r) are the projection maps of principal
(G /G)"bundles-

3.3. X5 is a bundle over BHg;, with fibre X, structural group
G, projection map =,. Assume that there 1s at least one fixed point a.
Since 1t is invariant under the structural group, the fibre over y e BG
has a well defined point corresponding to a under any of the allow-
able homoomorphisms of x; (y) over X, and y—> &y 1s then clearly
a continuous cross section. Consequently: if there 1s a fixed point,
then =y : H'(By; L) —> H'(Xgs L) 1s injective and Im x, 1s & direct
summand for any coefficlent ring L.

If a 1is viewed as a point of X/G, then the above cross
section may be identified with x?' (a), therefore the natural restriction
map H'(XG; L) —> l-I“(::';1 (a); L) 1s surjective. It follows that
Im 2" p contains the image of Im r&@ﬂ*(BG; L) under the canonical

map of H'(F; L)@H (By; L) into H'(F x By; L)
3.k. Applications. Assume that Hi(BG 5 L)=0 for 1 (1N
X

and all x ¢ X. Then by the Vietoris mapping theorem K (X;; L) = B (x/6; L)
for 1§ 1¢ N; the same is true in cohomology with compact supports if

X 1s locally compact. There is then a spectral sequence (that of '2)
leading to the cohomology of X/G (up to N), and in which

E, = H'(BG; H'(X; L)) (or E, = H*(BG; H:(x; L)) as the case may be).

We mention three cases to which this remark applies:

(a) X 1s a principal G-bundle. See [1] for numerous applications.
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If G 1s finite, we get in this way the Leray-Cartan spectral sequence
for regular coverings.

(b) G 1s a circle, without fixed points in X, and 1L 1s a
rield of characteristic zero. In that case G, is finite, hence
H (BGx; L) 1is trivial by 2.1.

(¢) G 1s finite, L 1s a field of characteristic zero or
prime to ord G. In this case, moreover, 2.1 implies that in the above
spectral sequence of =, we have E;’l =0 for p 4 o0, and
EQ’? » HUX; L)% Hence we have H'(X/8; L) ¥ H'(X; L)%, as was already
proved in III, 2.3; it would also be easy to check here that the iso-
morphism is induced by y.

3.5 lLet Y bDe another space acted uponby G and f : X —> Y
a continuous equivariant map. Then (3.2), f Iinduces a map fG t X > Y,
compatible with the projections LTI and inducing the ldentity on n&;
it will therefore also yield homomorphisms of the corresponding spectral
sequences. This applies in particular if Y 1is a G-invariant subspace of
X, hence Y, may then be identified wlth a subspace of XG. If ¥Y=PF
1s the set of fixed points of G 1in X, then we have a natural inclusion
of FG = F X BG into XG and the restrictions of Ry % to FG- are
the canonical projections on the two factors.

3.6. PROPOSITION. ILet G be a compact Lie group acting
on the locally compact space X, and let F be a closed
invariant subspace. Assume that for x ¢ F, Hi(BG ; L)=0
for 1< 1¢M and that HL(X' - F'; L) =0 for

n< 1 < M. Then the restriction map }I%(XG; L) —>

Hi(Fg; L) 1s an isomorphism for n< 1< M.

Jet U=X-F and U! = X' ~ F' be its image in X'. Then we
can apply 3.b to x, : Uy —> U', which implies that Ki(Ug; L) =
Hi(U'; L) for 1gL1gM, hence Hi(Ugs L) =0 for n<igM. Clearly
IIG =% - F and the proposition now follows by use of the cohomology se-
quence with compact carriers for X, mod FG'

3.7« Applications. The assumptions of 3.6 are fulfilled in

each of the following cases:
(a) dimX = n, G acts freely outside F (because

dmLx' -F' < dim X - Feo This follows here simply from the faot that each
point y ¢ X! - F' has a closed neighborhood homeomorphic to a closed
subset of X. For a more general result see [10] or (VIII, 3.16).)
(b)G-L-Zp(p prime), d:l.mpx-n, and F the fixed
point set; because then G acts freely outside F, and we are in case

(a)e
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(c) F 1s a circle, L a field of characteristic zero,
dim X = n, and F the fixed point set. The assumption on i (BG L)

follows from 3.4 (b). The other one from the fact that dim X' ¢ d:LmLx
[10].

3.8. Proposition 3.6 1s also valid for a not necessarily
locally compact space in ¢-cohomology, where ¢ 1s a paracompactifying
family contailning the saturation of its elements. The proof uses the
Vietoris mapping theorem for ¢-cohomology and proper maps, and the co-
homology sequence in @-cohomology, but is otherwise the same. The
assumption on H*(X' - F) must then be made for y-cohomology where ¥
is the image of ¢ (which is paracompactifying under the assumption made
on @).

3.9. REMARK. All our discussion will center around the space
Xg» and the remarks 3.6, 3.7 will be basic. Similar arguments have been
used by Conner [5] when G 1s a circle, in rational cohomology. For an
algebralc analogue when G 1s discrete, see [7, Chap. V]. The space X,
and the embedding F(X; G) x By C Xz were also mentioned to the author by
A. Shapiro. The proof of Smith's theorem 4.3 1s also related to that of

(21.

§4. The fixed point set of a prime period map in
a_cohomology sphere

The present section is concerned with results already proved in
III, except for 4.5, 4.7, and 1s meant mainly as an illustration of the
method underlying this lecture. In this paragraph, p 1s a fixed prime.
Unless otherwise stated, cohomology is taken with respect to Zp and
coefficlents are omitted. We also write H (G; A) for H'(By; A) when
G 1is finite. Except in 4.5, 4.6, G 1is a cyclic group of prime order p
acting effectively on a space X, F 1its fixed point set and (Er) the
spectral sequence of the fibering =x, : Xz —> BG'

1. Let dim, X = n. Then dim H'(X) 3 dim H'(F) = dim H(X3)
(1 xn+ 1)e (The first inequality is contained in III, 4. 3). By 3.7 (b)
B (xg) ¥ HA(F X By) for 12 n+ 1. But, by 2.1 and the Kinneth ruls,
#(F x By) = E'(F) for 13 n, whence the equality of k.1. On the other
hand

(1) atm BH(Xy) = Zydim E-®® ¢ & atm EI-%® = £ ain B5(6; B(X))

and tl:e :Lnequa.lit:; follows from 2.1. The proof also shows that
dim H (X) = dim H (F) if and only if E, = E, and G acts trivially on
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H"(X).

If G acts trivially on H'(X), then dim H'(X) = dim H'(F) 1f
and only if E, = E_. The if part follows from the preceding proof and
2.1. Conversely, if E, f E,, then, using 2.1 (3), 1t is easily seen
that there are elements of arbitrary high degrees on which some differ-
entlal is non-zero; therefore dim EL%'% ¢ dim EL™%/® for suitable
i>n and s ) 0, and we have a strict inequality in (1).

k.2. If X dis acyclic over Z,, then in (Ei) we have only the
fibre degree zero; therefore Hd'(xG) = E:r° = E;--O = H-(G; Zp) a Zp, hence
dim H' (F) = 1, and F 1s non-empty and acyclic (III, 4.6).

4.3. Assume now that X 1s a homology n-sphere over Zp’ We
want to show that F 1s a homology r-sphere (- 1 { r < n) over Zp'
where (-1)-sphere stands for the empty set.

First let n = 0. Then X consists of two acyclic connected
components, x, » x2 If these are permuted (which is possible only if
p=2 of course), then F 1s empty. If not, 4.2 shows that F 1s a
homology O-sphere.

From now on assume n » 1. Then, by 2.1 (3), E, - H*(Zp)&)l{'(x).
We distinguish three cases.

(1) If B, = E, then (4.1) dim H'(F) = dim H'(X), thus F is
a non-empty homology sphere.

(11) If n isevenand p odd, then E, = E,. This 1s the
well known argument for sphere fiberings: Iet z be a generator of

* *
H'(X). Since H (X) = H (S)), we have E, =E . and K, =E, and
E, = E, if and only if d,,,(1®z) = 0. (This 1s of course for arbitrary
P, ns) If now n is even and p odd, then d (1 ®z2) = 2 dm_lz®z = 0
since z° = 0 hence dnH(I X z) = 0.

(111) If E, # E,, then F 1s empty. In fact, since H (X) is

genera.Eed by transgressive elements, our assumption implies that
x; : H (By) —> H*(XG) is not injective and our contentlon follows from
3.3.

This shows that F 1s a homology r-sphere. That r {( n was
proved in III. A proof within the present framework may be found in (121,

3.6) and will not be repeated here.

b4, Under the assumptions of 4.3, if p 1is odd, then n-r
is even (III, %.5). If n = 0, see the beginning of the proof of 4.3.
If F 1is empty (1.€., if r = - 1), then n must be odd by (1), (11)
above. Now let F be non-empty and n > 1. The rings H'(XG) and
H'(F‘G) are modules over H'(Zp) and these operations commte with the
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restriction mep H' (X3) —> H (Fg) (xvI, 51 ) lLet a be the operation
defined by the generator of degree 1 of g (Zp) (see 2.1), on these
rings or on (Er). Iet 1 be even. If r 1s odd (respectively even),
then o annihilates H-~T( Zp) ® H'(F), (respectively is injective on
H'(Fy). Since F is assumed to be non-empty, we have (k.3 (111))

E, = E,, hence on E, we see similarly that if n 1s odd, (respectively
even) then o annihilates E:L LR (respectively 1s injective on the
terms of total degree n). This implies easily that o : HL( (Xg) —> B (x5)
is not injective (respectively is injective) for n odd (respectively
even). The fact that n and r have the same parity follows now because
the restriction H*(XG) —_— H*(FG) commutes with o and is an iso-
morphism in degrees 1 3 n + 1.

4.5. By a trivial induction, the inequality dim H (X) 3 dim H' (F)
and 4.2, 4.3, 4.4 remain true if G is a finite p-group. Also, (in view
of 2.1), 4.1 to 4.k and their proofs are valld as they stand if G = Z,
(m=p% s3 1) and 1s assumed to act freely outside F. The statement
4.4 1s of course not generally true for p = 2. However we have the
following result:

Let us keep the notation of k.3, but assume that G = zin

with m = 2%, s 3 2 and that G acts freely outside

F. Then n -r 1s even.

Assume first F to be empty, n > 1. We want to show that the

assumption n even leads to a contradiction. Since F 1s empty, we must
have E, ¥ E, by k.1, hence, in the notation of 2.1 and k.3 (11)

(1 ®z) = ab® @1 (t = nje) .

It follows readlly that

drl+-| ﬁk,n k+n+1,0 d>n.+1 k+1'n) = 0

and consequently that

2k,n k+1+n,0 . K+1,n 2k+n, o0
2GR . B 10 2 05  ESEHIOR L g2NO L 7,

hence
1-1:"0!0)--22 (12n+1) ,

but this contradicts 4.1 and L.3.
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If F 1s not empty and n 3 1, the proof of 4.5 1s identical to
that of 4.4. Finally if n = 0, then the square of a generator of G
must necessarily leave each component of X invariant, hence (4.3, 4.5)
1ts fixed point set 1s a homology O-sphere. Since by assumption it is
equal to F, we have that n - r = 0 1s also even in this case.

4.6. In k.7 the following properties of Steenrod's operation
sq' + BX; 2,) —> H*'(X; Z,) will be used: it commtes with maps,
it is zero on the reduction mod 2 of integral cohomology classes; if

1*‘(x, Z) 1s a group of type (2, 2, «ss, 2), then Sq' defines a
homomorphism of Hi(x, Z,) onto H*!(X; 2) ®Z,, hence in particular
Sq1 1s zero on Hi (Z,; Za) if and only ir 1 1is even (see 2.1); 1if
X=AxB and c=a@®b with a ¢ H (A; Z,), b € H (B; Z,), then
sq'(c) = 3q'a®b + a ®3q'b.

4.7« We assume here that X 1s a compact cohomology n-sphere
mod 2, whose integral cohomology group is finltely generated, and that
p=2. let T, be the torsion subgroup of HY(X; 2) ,and T the sum of the
Ty« The universal coefficient formula implies that ord T is odd,
H(X; 2) =Ty (140, n), H(X; 2)/1, = 2, B(X; 2) = 2. Oon HYX; 2)/T,,
the involution g acts elther trivia.lly orby = ——> - 2. We say
accordingly that g proserves or reverses the orientation. By 4.3, F
is a cohomology r-sphere mod 2(~ 1 ¢ r ¢ n).

THEOREM (Liao [8]) n - 1s even if and only if g
preserves the orientation of X(n > 1).

Let F be non-empty. Then H (Fg; Z,) = H'(Z,5 2%,) ®H (S, 2,).
Sq1 is zero on Ht'(s 5 Z,), since it increases degree by 1, a.nd on
H(S,; Z,), which 1s “the reduction mod 2 of H°(S,; Z). It follows
(h6)thatfor 1 even 5q' iszeroon l-l‘i(F, Zz) if and only if r is
even. Since Sq' commtes with H (XG) —_ H (Fg) 1t will then be
enough to show

(*) Let F be non-empty. Then Sq1 1s zero on Hai(xc; Z,,_,) ir
and only if elther n 1s even and G preserves the orlentation or n 1s
odd and G reverses the orientation. If F 1s empty, then n 1s even
if and only if G reverses the orientation.

Since T has odd order, we have 1 (2,5 ) = 0 for j31 by
2.1, hence the natural mep HI(Z,; H'(X; 2)) —> HI(Zy; H'(X; 2)/T) s
an 1somorphism for Je2 by the exact cohomology sequence assoclated to
0 —> T —> H'(X; 2) —> H'(X; 2)/T —> 0. Using 2.1, we easily ob-
tain for the spectral sequence (EI‘) of =x, over the integers:



§4 CHAPTER IV: THE ACTION OF Zp OR T': GLOBAL THEOREMS 59

230z, BRI .gIKoo gy 1g4Kkgn-1);
(1)
Eht -0 (Fyn+)

i1f G preserves the orientation then

(2) E2|2J,n = ZQ’ Eéaj-hn =0 (j > 1)

e

1f G reverses the orientation then

(3) Ef2IR oy AR L g (5 1)

Assume now that G preserves the orlentation. If n 1s even, then
Hai”(xc_; Z) = 0 (21 3 n) since E! has no non-zero term of total degree
21 + 1, therefore Héi(XG; Z,) = B1(X;; 2) ®Zy(21 3 n + 1) and 1s
annihilated by Sq_‘. If n 1s odd, then Hi(XG; Z) 1is 4, or o0

(12 n+ 1) because by (1) and (2) the terms of total degree 1 in E}
form a group isomorphlc to Z,. If moreover F 1s non-empty, then

Hi(xG; Z2) = Hi(FG; Za) is two dimensional. The unlversal coefficient
formule implies then that H.(Xy; 2) = 2, forall 13 n + 1, conse-
quently 8q' does not annihilate Hi‘(xG; Z,). This proves (*) for F
non-empty and G preserving the orientation. If G reverses the orienta-
tlon the proof is quite similar and is left to the reader.

Assume now F to be empty. We then have H‘"(XG; Z,) = 0 for
1yn+ 1. But in E} all groups EJ™? with p+qyn+ 1 are finite
2 groups, therefore, in order to have HJ'(XG; Z,) = 0, we must have
E;p,q =0 for p+q2n+ 1. If G preserves the orientatlon then
E,fj'o = Z, must be a boundary for some differential. Since for 2j 3 n + 1,
the only possible non-zero elements of total degree 2j - 1 have the
fibre degree n, we must then have Eéaj-n-l,n* 0 and hence, by (2),
2j -n-1 1s even, that 1s, n 1s odd. If G reverses the orlentation,
one sees in the same way that n must be even, and this ends the proof
of (*).

4.8, REMARK. In 4.1 to k.4 1t is not necessary to assume X to
be locally compact. This is clear from the purely algebraic approach of
[T], as is mentioned there. It could also be seen here using 3.8 and the
fact that Kinneth's rule 1is valid for F x By, because BG may be assumed
to be a compact manifold (see XVI, §5).
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§5. The action of the circle group

The identity component of the compact Lie group G wlll be de-
noted by G°.

5610 LEMMA If lIc(X., L) 1s of finite type, then

so 1s HG(XG L)

G° acts trivially on H;(x; L), therefore the term E, of the
spectral sequence of X , —> BG is glven by the Kinneth rule. Since

AXB and Tor(A, B) are finitely generated 1f A, B are, it follows,
using 2.3, that E, 1s of finite type, hence a fortiorli Hc(x ; L) 1s
of finite type.

let N = G/G° It is a finlte group. By 3.3, xGo is a prin-

cipal Il-bundlo ovor X;. There is then (3ek (a)) a spectral sequence
leadlng to H. o(¥y3 L) in vhich E, = = H"(N; H (x o’ L))« Since the cohomology

of a finlte group with coefficients in & finitoly gonerated module 1s of
finite type our result follows.

REMARK. Taking the results of XVI, §§4, 5 Into account, one sees
easily that 5.1 and its proof remain valid in cohomology with closed
supports, for a non-necessarily locally compact space X.

5 2. LEMMA Let dJ.mLx be finlte. Assume that
il (Bc_ L) 1s trivial for x ¢ F and that nc(x L)

is finitely generated (respectively vanishes in
degrees 3 N). Then

(a) tho same 1s truo for H:(X'; L);

(b) thoe same i1s true for II;(F; L) if G 1s
infinite.

In the proof, the coefficients I are omlitted. If G is finite
see III, 5.2. From now on G will be infinite, hence (2.4), i (Bg)
contalns non-zero free submodules in arbitrary high dimensions. We show
first that Hc(F) and Hc(X') are finitely generated if Hc(x) is. By
5.1, I(X;) 1s of finite type, honce (3.6) Hl(F;) 1s finitely generated
for 1> dimX. By 2.4 and the Kinneth rule, each Hj(F) 1s embedded in
some 1[1(1.' ) for suitably large 1, therefore Hc(F) is finitely
genara.ted, 1t also follows tha.t Hc(F ) 1s of finite type, hence, by
the cohomology  Sequence, Hc((x F);) 1s of finite type. Using the
isomorphism Hc((x F)G) = Hc(X' - F) of 3.4 and d!.mLX' < d:LmLX, it
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follows that Hc(x‘ -F) 1is ﬁ.nitely generated; finally, the cohomology
sequence of X' mod F shows that Hc(X') is also finitely generated.

There remains to prove that if Hc(x) vanishes in degrees 3 N,
so do Hc(F) and I-[c(X' )¢ We assume first that G is connected. The
diagram

B — g2Em — 2@ -n — B —

*

N N N »
x I lx n

B — BE — B - F) — £ ) —

of cohomology sequences, together with Hé‘(x) =0 for 12 N, shows
readily that it is enough to prove that H.(X' - F) = 0 for 13 N; for
this, we consider the spectral sequence (Er) of x:X-F—>X'-F.
If y = x(x), then < (y) = G/G,. By the assmnption and 2.4, G, 18
finite and L 1s a fleld of order prime to ord G,. Since G acts
triviaelly on its own cohomology, it follows (111, 2 3) that the projection
G —> G/G, ylelds an isomorphism : H (' (y)) —> H'(G) which is
mdependent of the cholce of x in = '(y). Moreover, tho existence of
a slice at x (see VII) implies that there 1s an equivariant retractlon
of a saturated neighborhood of x (y) onto «V(y). It follows immediate-
1y that for any a e H(G), themap y —> a_(a) is a conti.nuous cross
section of the sheaf dofined over X' - F by the groups Hc(" 1(y)) (see
also XII, §2); hence this sheaf 1s constant, and we have ordinary co-
efficients in E,. If kx=dim G and s 1s the highest dimension for
which }li'(x‘ - F) 4 0, then the maximum cocycle argument gives

Hi(x‘ -F) = }lg+ (X - F). However, the above dilagram shows that « 1s
surjective in dimensions » N, hence we must have s < N - k.

If now G is not connected, combine the result Just obtained for
G° with 2.4 and III, 3.k.

5.3. THEOREM. Let dimX be finite and Hi(X; L) be
finitely generated (respectively vanishing in degrees
2 N). Then the same is true

(a) for X/G and for F if L =K, G = T5

(b) for X/G if L = Kp, Z, G 1s a finite extension
of a toral group, and the orbit structure is finite;

(c) for F, elther if L = Kp and G 1s a finite
p-group, or if L = Kp, Z, G = 'I’k, and the orbit
structure is finite.
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If any of these assertions, for a glven L, 1s true for a closed
invariant subgroup N of G and for G/N, then 1t 1s true for G
since F(G; X) = F(G/N; F(N; X)) and X/G = (X/N)/(G/N). It is there-
fore enough to prove the various assertlons of 5.3 in the two cases G
finite and G = T'. The former one being taken care of by (III, k.3,
5.2), we assume from now on that T = 7', Then G, 1s finite for x ¢ F.
If L=XK, (a), (b), (c) follow from 2.1, 5.2. In the remaining cases,
there are a finite number of distinct 1sotropy groups. ILet N be a
finite subgroup of G containing all G, (x ¢ F). By III, 5.2,
H;(X/N; L) 1is finitely generated (respectively vanishes in degrees 3 N).
Now, G/N 1s a circle group which operates on X/N freely outside the
fixed point set (1.2), therefore the cohomology groups of (X/N)/(G/N)
and F(G/N; X/N) are finitely generated (respectlvely vanish in degrees
> N) by 5.2. Since these two spaces are homeomorphic to X/G and
F(G; X) (see (1.2)), this concludes the proof.

5.4, Let G =T' and dimX be finite. Then, for a = 0, 1,
1 =amod 2 and i>dimoX, we have

(1) Sgap(p) Mm H3(K; K)) 2 Zgaq(p) im H3(F; K,) = dim Ho(Xgs Ky)

and there 1s equality if and only if the spectral sequence over K, of
XG —_— BG i1s trivial.

The first inequality is due to Conner [5]. For 1 > n, we have
H%(XG; K,) = Hé(F x By; Ky) by 3.7 (c), and the equality of the second
and third terms in (1) follow from 2.2 and the Kinneth rule. In the
spectral sequence (E,) of X, —> B; over K, we have

(2) dim HA(X;) = = EF%% ¢ s E1™%% - 5 #l"8(m;; X)) @ H}(X; K,)

whence the inequality of (1), and the equality if E, = E . Now if there

1s a non-zero differential in (Er)’ it is easily seen, using the multi-
plicative structure of H'(By; L), that there are elements of arbitrarily
high degree on which some differential 1s non-zero, hence dim E:;"s's <

dim E;.-s,s for suitable 1> n and s 3 0, and therefore we have a strict
inequality in (1).

5.5 Let G =T, and dim X be finite. Then
Tyza(e) G1m Ho(X; Ky) 2 Zgaq(p) dim HY(F; Kj) (a =0, 1) .
This follows from 5.4 by induction on k. It will be proved in a later

Chapter (XII), together with a similar result mod p, that if, under the
present assumptions, the spectral sequence of xG —_— BG is trivial, and
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dim H3(X, K,) 1s finite, then dim Hy(X; K,) = dim Hy(F; K;).

5.6. It follows in particular from 5.5 that if X 1s acyclic
over Q, so is F.

5.7« Let X be compact and finite dlmensionai over Ko, X ~o Sn
and G = TX. Then F 1is a cohomology r-sphere (- 1 ¢ r ¢ n) over K,
and n-r 1s even [5].

The proof 1s entirely analogous to that of the Smith's theorem
(4.3), with r ¢ n following now from 5.3, and the dimensional parity
from 5.5.

5.8. LEMMA. Let G =T', dimX < », H'(X; Z,) = H'(S; %,),
F = F(Z2 ; X), where Z, 1s the subgroup of order two of

G, and r be the integer such that F ~, Sr. Then

n-r 1is even.

For x ¢ Fy» Gy 1s finite of odd order, therefore, by 2.1, 3.6
r* : H'(X;; Z,) —> H (Fig; Z,) 1s an isomorphism in sufficlently high
dimensions. By use of 2.2 we deduce immedlatecly that the spectral se-
quences mod 2 of Xz —> BG and F,; —> BG are simultaneously
trivial or not trivial, and the lemma follows.

5.9. THEORRM. Let G = T%,'L = 2, K,» X be compact,
X ~, Sy dim X < . Assume moreover that G has only a
finite number of distinct isotropy groups on X. Then
F"'Lsr and n-r 1s even.

By induction, it is enough to consider the case k = 1. For a
given prime p, there exists an integer s such that F is the fixed
point set of the subgroup of order ps of G. Thus for L = Kp’ (p # 0),
our assertion follows from 4.4 if p # 2, from 5.8 if p =2. For p = 0,
we may apply 5.7T.

In the case L = Z, the theorem is a consequence of the above,
5.3 (c) and the universal coefficient theorem.

§6. The quotient of a cohomology sphere by Zp or 7!

The topic named in the title of this section can be studied con-
veniently in the present framework. We content ourselves by glving some
examples, without aiming at completeness.

6.1. THEOREM [6, 8]. Iet p be a prime (respectively,
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p=20). Let G = Zp (respectively, G = = b X ~n Sn
and dim X < =« Let r be such that F~Sr- Then
1 (xe; Kp l-l""]:'”(laG Kp) (r+2¢ig¢n

ml(x'; Kp)'= 0 otherwise for 1 # O.

If F 1is empty we are essentlally in the principal bundle case
a.nd our statement 1s well known. From now on F 1s not empty. Then
? : H (83) —> H (xG) 1s injective (3.3). Since X ~p S,» the spectral
sequence of this fibering is then trivial and

(1) B (X;) = HM(Bg) + H™(Ry) .

COnsidir now the spectral sequence of the map =, : XG —> X'. There
E, = H (X'; F) where F 1is the Leray sheaf of =x,, whose stalk at
yeY' 1is H (x™! (y)) (See XVI, §§1, 2). Here «~1(y) may be identi-
fled with BG (x e rtx (y)) by 3.1. For y ¢ F, 1t cohomology 1s

trivial (2. 1), hence F? (q # 0) 1s concentrated on x| “1(F). But
(F) = Fg = F x By, therefore F? 1s constant over F, and ve get

EYC = H'(X') (s 3 0)
B - W B(Bg)) = HE(Bg)  (t 4 0)
gt - 1O HO(4)) = HY(BG) (% 4 0)

E:’t=o (s#0, 7; t#0) .

(2)

On the other hand, we assert that
(3) xy(H(X1)) = 0 (13 1)

In fact, if (3) is wrong, then Im n: contalns some power of the polynomial
genemtor of H (Bg); (this is clear for p = 0, 2; for p odd, it follows
from H1( ) = e (% ; Zp) where B 1s the Bockstein homomorphism)
hence HJ(X' ) § 0 for arbltrarily high j. However it must be zero for

j 2 n; this last assertlion follows from III, 4.3 or [2] if p # 0; and

the argument of [2] is also valid for p = 0. Using (1), (2), (3) and 3.4,
it is then seen without difficulty that the differentlal d; (2 ¢ 1¢n - r)
induces an lsomorphism of Ei" = E‘; »1-1 onto Eg'_ﬂ" Ei+r’° and that
otherwise, the differentials are zero. This proves the theorem In
writing (2) we tacitly assumed r # 0. If r = 0 we have E°' =

H (BG) + H° (Bg), E3’" = 0 (s, t # 0) and the rest of the proof is the same.

6.2. LEMMA. Let G =T', p be a prime or zero,
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d X ¢ w, X compact, X ~p Sn, and r be the in-

teger such that F, = F(Z; X) 1s a cohomology r-sphere
mod p. Then (4.3, 5.8) n - r 1s even and Hi(X' - F{; Kp)
isequa.ltol(pfor l=r+1, 72+ 3, eee, n -1 and

1s zero otherwlse.

We leave the case n = r to the reader and assume n - r 3 2.
Then

() BT (X - Fps K)) = H)X - Pps K) = K5 Hy(X-F3K)=0(Lér+1,n

by the cohomology sequence of X mod F,. For x ¢ F,, G, 1s of finite
*
order prime to p, therefore H (BG 3 Kp) is trivial (2.1) and
X

(5) H'((X - Fy)gs K,) = K (X' - Ff; K)

by 3.4. Thus the spectral sequence of (X - F,); —> B; leads from
H' (B )® H,(X - F,) to H'(X' - F]). Since the latter vanishes ln high
dimensions, our assertion follows from (4) by an casy spectral sequence
argument.

6.3. THEOREM [6]. Let G = T' have a finite number
of distinct isotropy groups on the compact space X.
let L = 2, Kp Assume d:LmLX<oo and x"‘LSn' Let
r be the integer, congruent to n mod 2, such that
F o, S, (see 5.9). Then H'(X'; L) =1L for 1 =0
and 1 =2+ 3, P+ 5, eee, n -1 and 1s zero other-

wise.

If L =K, see 6.1« If L= Kp (p primec) and, in the notation of 6.2,

F = F1’ then use 6.2 and the cohomology sequence of X' mod F. If P # F1,
proceed by induction on n, apply the hypothesis to F1 and use agaln 6.2
and the cohomology sequence. If L = Z, the result follows from this

and from 5.3 (b).
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V: THE ACTION OF Z, OR 7': LOCAL THEOREMS
A. Borel

§1. Conservation of cohomological local connectedness

1.1. The following elementary remark will be used in the sequel.

A .}_1.1> A"
vt \|, v!
B —> B! —> B"

o
Lok
c Y3 C!

be a commutative dlagram of modules and homomorphisms, with exact middle
rOW. If v! o u' and v . u have zero (respectively, finltely generated)

images, then so does g » f.

1.2. LEMMA. Let U=1U, DU, DU, =V be closed

Invariant subsets of X such that Im r*

cUiuj.ﬂ

(L =0, 1) 1s of finite type. Then Im I';U v, 1s
G'G

of finite type.

Let G° be the identity component of G. We prove first that

Im r;U v is of finite type. let (1Er) be the spectral sequence over
a° @°
L of U ,—> GGO, and Ty g4 the homomorphism (1Er) —_— (1+1Er)

defined by inclusion. Since ° 1s connected, we have ordinary coefficient
in 1E2' hence there are exact sequences

0- Hr(BGo;L) @ H3(Uy3L) » 4B S o ‘I'or(HrH(BGo;L), H3(Uy5L)) - 0

67
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*
compatible with the maps Ty 4,,¢ Since H (BGO; L) 1s of finite type,

the maps of the % and Tor terms have finitely generated images, hence
JER?® —> 4, ,F3’® bas a finitely generated lmege (1.1). It 1is then true
a fortiori for the E_ terms, and our contention follows.

U , 1s a regular covering of Uys;s with group N = a/c° (1v,

G
3.2). In the Cartan-lLeray spectral sequence of thls covering, 1E2 =
" (N; H;(Umo; L)), and there 1s again a natural map (4E.) —> (4, E,).

lnce the cohomology of a finite group with respect to a finitely generated
module 1s of finite type, H'(N; ug(uGo; L)) —> HO(N; H:(VGO; L)) has

a finitely genorated image, and the lemma follows as above.

1.3. LEMMA. Let U = U, )U )UE=V be invariant
open subsets of X. If Im JU.L Uy, i1s of finito type
+

(1 =0, 1) then Im Iy 1s of finite t§pe.
V,
G G
The proof 1s the same as that of 1.2, except for a reversing of
the arrows, and is left to the reader.

14+ PROPOSITION. Let X be a G-space, which 1s
f!m.te dimensional and clc over L. Assume that
H (BG L) is trivial for all x outside the fixed
point set F. Let L= Kp Z and G be infinite
if L = Z. Then

(a) X/ 1s olep .

(b) if moreover H' (Bg; L) 4s not trivial, F

is cch.

Coefficients L are omitted in the proof. We show first that
if H'(BG) 1s also trivial or if F s empty, then X/@ 1is clep,
using Wilder's property (P, Q) (see I, 2.2). Let Q', P' be open in
X', with Q' compact and in P!'; there cloarly exists R' open in X',
with Q' in R' and R' compact in P'. Let P, Q, R Dbe their inverse
images in X. Then Q and R arecompactandcontadnedin R and P
respectively. Since X haspropei'ty (P, Q), Im JRQ and ImJPR are
finitely generated. By 1.3, Im JPGQG i1s then of finite type. However,

since H(Bc_) is trivial for all x, x, : Fg —> P' and Q; —> Q'

induce :Lsomorphisms for cohomology (IV, 3.%), hence Im JP' ,q! 1s finitely
genera.ted, and X' has property (P, Q). This proves (a) for the case in
which K" (B;) 1s triviel and also proves, in case (b) that X' - F is
cley. Assume now that o (By) 41s non-trivial that F 1is not empty, and
that G 1s infinite if L = Z. It remains to show that F is ech and
that X! 1is clc; around a point of F.
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Let x ¢ F. Since it has arbitrarily small invariant neighbor-
hoods, we can find by 1.3 closed compact invariant neighborhoods U )V
of x such that Im r;v and Im r;; v. are of finite type. Consider now
the commtative diagram GG

1w (Ug) —> H'((U n F)g)

| |
\%4 Vr

H(vg) —> BV n F)g)

where the maps are the natural restrictions. The horlzontal ones are
1somorphisms for 1 > dim X by (IV, 3.6), therefore Im rt 1s finitely
generated. Now (UnF)G= (Un F)xBG, (vn F)G= (vnF) xBG and the
inclusion is the product of the ldentity on By and of the inclusion
VNF—~—>TUNJF. Given an integer s, there exists 1> d:uan such
that H-S (B;) contains a non-zero free L-module (Iv, 2.4). It follows,
using Kinneth's rule, that H>(V N F) and H'(U N F) may be identified
respectively with direct summands of H%((V N F)g) and Hi‘((U n F)G) on
which ri induces tho map rIsInF,VnF' Therefore, Im r?lnF,VnF is
finitely generated, andi F 1s cch around X. It remains to show that
X' 1s cle; around x. For this it is enough to prove:

(*) Given an invariant neighborhood U in X of x ¢ F, there
oxists an invariant neighborhood V of x in U such that Im r;; /G,V/G
1s finitely generatod.

If W 1s a neighborhood of x in U, then the intersection T
of W and 1ts transforms 1s an invariant neighborhood of x, and if
rﬁw i1s trivial or finitely generated, so is rli;'.[" Using the above we can
then find invariant closed neighborhoods U )V DW of x such that
r;;v, r;w, rI;nF,vnF, r;nF,WnF have finitely generated lmages. If we then
write down the threc rows dlagram whose rows are the exact cohomology
sequences of Umod UNF, vmod VNF and Wmod Wn F, and whose
vertical maps are the natural restriction maps we see then, by 1.1 that
the image of Im r;U-F,W-F is finitely gonerated. Similarly, there ex-
i1sts a closed invariant neighborhood S of x 1in W such that
Im I';w-p,s-p 1s finitely generated. By 1.2, T, : Hy((U - F)g) —>
H ((8 - F)g) l*'m.s a finitely generated image. It follows then from IV,
3.4 that Im TeU!-F,8'-F 1s finitely generated.

From what has been proved so far, we deduce the existence of
compact neighborhoods V, W (U DV DW) of x in X, invarlant under
* *

G, such that rOU'nF,V'nF and rOV'-F,W'-F(U' = UG, V' = V/G, W' = W/G)
have finitely generated images. We then consider the commutative dlagram
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—> B - F) — B(@') — H(Fn ) —

A4 A4 A4
—> B - — B — BHFov) —

v v A\
—> H(W' - F) —> B (W) —> BM(F 0 W) —>

where the rows are exact cohomology sequences and the vertical maps are
restriction maps. 1.1 then shows that ra,’w. has a finitely generated

image, and this proves (*).

1.5 THEOREM (Floyd [4]). Let X be a locally compact
space which 1s finite dimensional and clc over Z,

and let G be a finite group operating on X. Then
X/G 1s clc over Z (and finite dimensiomal over %

by III, 5.1).

First we consider the case where G = Zp. If y ¢F, then X'
1s clearly clc around y. Let now y ¢ F. By the universal coefficlent
formula, X 1is also c¢lc over » hence there exists by 1.4 compact

invariant neighborhoods U DV DW of y in X such that H'(v; 2) —>
H*(W; 2) and H'(U/G; Z,) —> H" (V/G; Z,) have finitely genorated imeges.

We form the following commutative dlagram in which the rows arc the exact
sequences defined by means of the exact coefficlent sequence

o—>zE5z2—2 —o0
and the vertical maps are the restrictlion maps:

—> H; 2) 25 B 2) — B ) —
| l l
— H(v'; 2) 25 H(v'; 2) —> H (V' Zy) —>
v
A !
— Hhw; z) B mlow; z) — Bl Z,) —>

(U' = U/G. etc.) We want to show that Hi(U'; Z) —> Hd'(W'; Z) has a
finltely generated lmage. Since we already know this to be true for
Hi(U'; Zp) —_— Hi(V'; Zp) 1t 1s enough (1.1) to show it for the composite
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map a=poy : Hi(V'; Z) —> Hi(W'; Z). To this effect we consider the
following diagram

B (v'; z), —DB 5 vy z)

\; w(v; z) /I
1

1
rV',W' v I rW VrVI,W‘I
v
H(w; 2)

N

HW'; 2) —i———> H W' z)

\::*

Here the maps x"  are transposes of the projections V —> V' and
W—> W', and p 1s the transfer map. We have = u o *° by (III,
2.1), and the commutativity in the remaining parts of the dlagram is clear.
Since Hi(V; Z) —> Hi(w; Z) has finltely generated image by construction,
the same 1s then true for o« : H-(V'; Z) —> HY(W'; 2), and this ends
the proof in the case G = Zp. If G 1is a finite p-group, the theorem
follows then by induction on ord G.,

Ilet now G be a finlte group of order n = p:l‘ ese p;:k (p1
prr;ime, py # P; for 14 j) and let K; be a Sylow subgroup of order
pii (1 ¢ 1< k). let U' DV' bLe open In X/G, with V' compact and
contained in U', and U, V thclr lnverse images in X. Then V
(respectively V/Ki) and U (respectively, U/Ki) are open in X
(respectively X/K;) and ¥ (respectively V7'K1) is compact and con-
tained in U (respectively U/K,), (1*g 1< k). In view of I, 2.2 and
what has been proved previously, Im j;, and Im jU/Ki /K, (1 <1< k) are
finitely generated and 1t 1s enough to show that Im JU',V' is finitely
generated (integral cohomology). This follows from the existence of a
commutative diagram

Hy(U'; 2) —2—> = H(U/Ky; 2)
N

N
»
juc,vn 3

Hy (V15 2) —2—> = H(V/Ky; Z)

*

where j' =z J;/Ki,v /Kj.’ x, 1s the sum of the transposes of the projection
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maps (see III, proof of 5.2), and from the fact that =x, 1s injective
(III, 5.2).

1.6, THEOREM. Let X be clc and finite dimensional
over L. Then
(a) If L=K, and G=T% then X/G and
F are cch.
(b) If L= Kp or Z, G 1is a finite extension
of a toral group and the orbit structure is
locally finite, then X/G is cle; .
(¢) If L= K G 1s a finite p-group, or if
L-X, or Z, G = T and the orbit
structure 1s locally finite, then F 1s

cch.

If any of these assertions is true for a given L, for a closed
invariant subgroup N of G and G/N, then it is true for G, since
F(G; X) = F(G/N; F(N; X)) and X/G = (X/N/(G/N). It is therefore enough
to prove the assertions of 1.6 in the cases G = T and G finite, and
more specifically (a) for G =T', (b) for G finite or G = T' and

(c) for G=Zp or G=1.

If G 1s finite, (b) follows from 1.5; if G = Zp, (c) follows
from 1.4. From now on G = 7. Then G, 1s finite for x ¢ Fo. If
L = K, (a), (b), (c) follows then from 1.4 and IV, 2.1. In the remaining
cases, the orblt structure 1s assumed to be locally finite; since clc 1s
a local property, we may assume that G has only a finite number of dis-
tinct isotropy groups on X. Iet N be a finite subgroup of G con-
talning all G, for x ¢ F. The space X/N 1is cle;, by 1.5. The group
G/N = ! operates on X/N, freely outside its fixed point set, therefore
F(G/N; X/N) and (X/N)/(G/N) are cle; by 1.h. Since these spaces are
homeomorphic to F(G; X) and X/G respectively, this concludes the proof.

REMARK. When L = Lp and G 1s a p-group, the fact that F
1s cch i1s due to Smith [5, Theorem 6.15], and that fact that X' 1is
cch 1s due to Floyd (3, Theorem 1'].

1¢Te The following lemma will be needed in VI. It could easily
be stated in a slightly more general form, so as to embody an analogous
result of Conner [2] for the case G = '1‘1, L= Ko, and be used above to
prove the cohomological local connectedness of F.

Glven a space A and a subspace B the map ry, is sald to be
trivial if there exists a point b ¢ B such that Ker ry, = Ker ry.
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LEMMA. Let X be a locally compact space which
is of finite dimension n and clc over Zp
let G = operate on X, F be its fixed point
set, and U= Aj; DA; D.«ee DA, =V be ade-
creasing sequence of invariant compa.ct subsets,
with V connected, such that rj 1, = A

.1-1’ J
is trivial for J =0, eeey, n = 1 Then

*
dim Im TUNF, VnF g 1.

Let ( jEr) be the spectral sequence of the projection of KJG
onto B; and r} 1 the homomorphism of (; -1Ep) into ( Er)’ or of
*
H (A G) into H*'ZAJG) » the transpose of the inclusion map. In

parbicula.r

i1,y ¢ jeaFe ¥ H (Zgs H(Ag_ ) —> H(Z; H(Ag)) ¥ 4B,

1s the coefficlent map defined by r;_h j° Since the latter ls trivial,
we have

(1) r;-h.‘](.i-'l(E?"t) =0 (621;820,r22; jJ<n) .

Let j.ri"“"s be the submodules defining the filtration of HI(A.;)
assoclated to the fibering over BG We have then (since the fibre degree
is bounded by n):

Hi(AjG) - on,i - jJi-n,n )JJi-nn,n-l Yeee D
(2)
jJi-1,1 )jJ-i’O )jJ1+1,—1 = 0
with

S,t _ 8,t S+1,t-1
(3) _‘]Eeo = jJ /jJ

We have of course

r)o1, 309" C gt

and r;—b.‘l is compatible with the isomorphism (3). Therefore (1) implies

(1) r}_,'J(J_,Ji'S'B)c JJi"SH’B" (s 13 Jgn-1;130) .
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» *
Since rUG'VG 1s the composition of the maps rJ-h i i1t follows that

Im r‘i,och I .

But nJ1'° = n;(H*(BG)), since we use closed supports and V 1s connected,
hence (using IV, 2.1)

(5) dim Im :-;GVG g1 .

We consider now the diagram

(Uy) > HL((F 1 U) x By)
r‘i’e"c ri ,

¥ v
1 (Vg) > BL((F 0 V) x By)

where the horlizontal maps are given by IV, 3.5 and r1 = r%FnU)G, (an)G .
The horizontal maps are isomorphisms for 1 3 n + 1 by IV, 3.6, hence
the lemma follows readily from (5).

We leave 1t as an exerclse to the reader to show, using the
spectral sequences ( JEr” that under the assumptions of the lemma (with-
out requiring V to be connected), then U N F 1s not empty if no KJ
1s empty.

§2. The fixed point set of a prime perlod map
in a cohomology manifold

2.1« LEMMA. lIet X be an n-cm over L. Let

U, dU; Deee D U,, be connected open orientable in-
variant subsets of X with U; adapted to U;_;, in
the sense of I, 4.4 (1 ¢ 1 ¢ 2n), and let U =T,
Ve Vie Then for all 1, Im JUGVG 1s a direct

sumnand and is isomorphic to Hi"n(BG; ;llg(U; L)),
hence to Hi'n(BG; L) 1f G preserves the orlenta-
tion of U.

Here H“(By; K3(U; L)) means the k-th cohomology group of B,
with coefficients in the locally constant sheaf formed by the s-th co-
homology groups of the fibres in the fibering of UG over BG For 8 = n,
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this sheaf 1s locally isomorphic to L x BG and there are essentially two
cases, depending on whether G preserves or reverses the orientatlon.

Ttxeproofvillbeenalogoustothatoflaman?- Let (EI.)
be the spectral sequence of UJG —_— BG and f;] 31 be the homo-
morphism defined by the inclusion of UJ in Uj . The Inclusion
UJG —_— UJ-1 g 8also defines a homomorphism k HO(U L) —> Ho(U -1 L)
and on the E, level f.‘l 3-1 is the cohomology map a.ssociated to this
coefficlent homomorphism. Since UJ 1s adapted to Uj-l' the map k.1
is zero in degrees ¥ n and 1s an isomorphism in degree n. Therefore

(1) £3, 31048 %) = 0 (6fm ry2; J31)
(actually first for r = 2, but then a fortiori for r 3} 2), and
(2) f;’1_1 is an isomorphism of JEg'n onto j_1E:’n (3, s 1) .

We now want to prove:

(*) For J¢n, ng,n (s 3 1) consists of permanent cocycles,
so that E:’n"' Es'n(an,ng) The map £} ,3-1 is zero on
jE:’t (t j n) and is an isomorphism on JEs,n (Jgn; s 0).

The top fibre degree in ( Er) is n, hence no non-zero ele-
ment of E:n (Jgon, 820, r32 ; can be a coboundary. Thus the
assert:!.ons in (*) are consequences of the first one and (1) and (2). As
to the former, it will follow by induction from:

(#+), Assume that for some J 3 1 and k 3 2 the elements of
JE;'n are d,-cocycles for 2 r ¢ k - 1. Then J_lEg'n consists of
d,-cocycles for 2 ¢ r ¢ k.

Since n 1is the top fibre degree, we have an isomorphism of
JEg’ onto Ei 0 (defined by the map x2 in the notation of Leray).
Since rJ 3-1 1s an isomorphism, the same wi]J. be true with J replaced
by J -1 and we get a commtative diagram, in which all maps are iso-

morphisms

JE:,n > 41 8,n
! |
= > jiB

Now



7 BOREL CHAPTER V
dk(J_1E§in) = dk(f;,j-1(JE§’n) = f;,j-1(dk(jE;’n0 C f3'5_1(E;+k,nrk+l)

and (1) implies that dk(J_1E§'n) = 0. This proves (**), hence also (*).
E, 1s the "graded module associated to H, (Uyz) sultably

filtered". This means that we have a decreasing sequence of submodules
. - 191 1,1-1 1,0 1+1,-1 _
}r;‘;(UjG, L) = @&t 5 @b oy gbe ) gt 0

with

stg S,%t s+1,t-1
(3) e L o

and jJ°’1 = jJi-n,n since the top fibre degree 1is n. The filtration
considered here comes fi'om the fibering =, hence fj 1047 8%y ¢

and the homomorphism £ 5 , 1s compa.tible with (3): Therefore (1
implies

() £], 3oy (I € 4 gtk (321 k#n) .

*

* *
Since jUGvG = fl,o ° 1"2,1 o ses o f nr? (3), (4), (*) yleld

(5) ker ji Vo Ji-n+"n-

Since in the commutative diagram
1

J
K (Vg3 oo , i (s L)

(6) J,hj . .

v O
l-n,n 1-n,n
an » — oEm »

the bottom map 1s an isomorphism by (*) and the Kernel of hJ is
_].Ji"“*"n" the lemma follows.
2.2. THEOREM (Smith [5, Theorem 1]). let D be a
prime number, X a cohomology manifold over Zp, G
a finite p-group acting on X, and F the fixed
point set of G. Then F 1s a cohomology manifold
over Zp, and 1s orientable if X 1is.

If N is invariant in G, then the fixed point set of N 1s
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invariant under G. Hence, by a trivial induction, it is enough to consider
the case where @ = Zp Assume F non-empty (otherwise there is nothing
to prove) and let x ¢ F. ILet U be an orientable connected neighborhood
of x in X. Replacing 1t by the component of x in the intersection

of U wilth its transforms under G, we may assume i1t to be invariant
under G. Now if a neighborhood W of y e FN U 1s adapted to U, then
every neighborhood of y in W 1s also adapted to U hence by the same
construction, we see that there exists a sequence U = Uo Deee D) Uan of
invariant open connected nelghborhoods of y, with U‘1 adapted to UJ_‘ .
Putting V = U, we have a commutative dlagram

B (Uy) ———> B((F 0 U)y) = HA((F 0 ) x By)
N\

N

1 1. 41
(7) Jugv, I7 = I (pav)g, (rou),

H (V) ———> H((F n V)y) = BL((F 0 V) x By)

where the horizontal maps are given by IV, 3.4. From IV, 2.1 and the
Kinneth rule we have for 13 n, HL((F n U)y) = Hy(F n U) and clearly,

this i1somorphlsm carries ji over to j;nU,an For 1> n+ 1, the
horizontal maps are isomorphisms by IV, 3.5 and jU VG has a 1-dimensional

image by 2.1. Hence Im anU Fay 18 1-d:l.mensional This shows first

(for x = y) that the sum of the local Bettl numbers of F at x 1s 1.
Therefore (I, 2.2), F 1s clc; let k(x) be the dimension in which F
has local Bettl number 1 at x. Then it 1s easily seen that the set of

X ¢ F for which k(x) = k 1s open. Since F 1s locally connected, it
follows that it is a Wilder manifold. Also, since the above discussion is
valid for any y ¢ Fn U, we see by I, 3.4 that F 1s locally orientable.
If now a given connected component F, of F 1s contained in an orientable
component of X, we may assume U N F = Fo’ hence, again by I, 3.4, Fo
1s orientable.

2.3, THEOREM. We keep the assumptions of 2.2. Let
= dj.xnp Fo, n-= dj.mp xo, where Fo is a connected
component F, of F, and xo the connected component
of X containing F,. Then n - k 1s even in
each of the following cases:

(a) (Bredon [1]), p 1s odd.
(b) p=2,G=2, and G acts freely outside

F, in X,.
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By induction again, 1t 1s enough to prove (a) for G = Zp. In
the following we discuss simultaneously the case (b) and the case G = Zp,
p odd. We have then (IV, 2.1):

(8) H"(G; Zy) = ra ® 2, [b] (@ = 1, d% = 2) .

The operator defined by a on the cohomology of a fibering over
B; (se2e XVI, §1) will be denoted by a.

Let x ¢ F,, U an open connected orientable neighborhood of x
in X such that UNn F 1s connected, hence equal to UnN Fo, and
orientable. We then can easlly find a sequence (Uj) of neighborhoods of
x satisfying the assumptions of 2.1, such that VN F 1s connected. As
was seen in the proof of 2.2 VN F 1s then adapted to U N F, therefore
the image of Ji : H";((F nv) — H%((F N U);) 1s equal to
H(F n U) @ 7(G). Then (8) implies that «o annihilates Im j' 1f and
only if 1 - r 1s odd. On the other hand, in the notation of the proof
of 2.1

nEi-n;n - n%-n’ n Hi—n(G) ® I'Q(V)

hence a(,EL™™) = 0 if and only if 1 - n 1s odd. 2.3 follows now from
2.2 (7) and from the fact that in the dlagram (7), all maps commute with
o, and the horizontal homomorphisms are bijective.

2.4, Theorem 2.3 corresponds to (TV, 4.4). We now want to dis-
cuss an analoguo for cohomology manifolds of IV, 4.7 when F 1s not empty.
The proof parallels that of 2.3, with a replaced by $ql e« Since 1t does
not involve new ldeas, it will be dealt with more briefly.

Iet X bean n - cm over Z, operated upon effectively by
G = Z,, vith a non-empty set of fixed points F. Let X ¢ F and U DV
be Invariant orientable connected neighborhoods of x 1in X. Then if G
acts trivially (non-trivially) on H:(U; Z) = 2, @ acts in the same way
on I-lg(v; Z) since the isomorphism J{}V commutes with G. We say that
G preserves (respectively reverses) the local orientation of X around
x 1f 1t acts trivially (respectively non-trivially) on Hg(U; Z) = 2.
Here X 1is alsoa n -cm over Z,, hence by 2.2 F 1s a generalized
manifold over Z,, 1in particular it is locally connected. In the follow-
ing, j'; Wwill stand for the msp J°, 1n cohomology with coefficients
in L.

LEMMA. Let U, D U; D ... D U,, be a sequence of
Invariant connected open subsets of X, orientable
over Z, with Uj+1 adapted to UJ(J 21) and
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2k+n

let : U’V‘U- Then IijV,Z Za,

2 +1+n
Im Jy Va2 = 0 (respectively Im jﬁlérﬂ 7= 0

2k+1+n

jUGVG’ 7z = 2,), if G preserves (respectively
reverses) the orientation of U. The operation
Sq' 1s zero on Im J%:\;;,Z (respectively
D

Imdtajk{;lﬂzl ) if G preserves (respectively re-

verses the orlentation.

The first assertion follows from 2.1 and IV, 2.1.

To prove the second assertion, let us consider the diagram
0 —> (Vs 2)®Z, —> Hi(Va; 2,) —> Tor(H* (Vs 2),2,) —> 0
(Ve 2 Hy (Vs 2, e \Vgi 4n4 >

\|,31 \Ilja \I/j3
0 —> Hi(Uy; 2) @2, —> HL(Ugs Z,) —> Tor(H:*'(Uy; 2),2,) —> o

in which the rows are the exact universal coefficient sequences and the
Ji's are defined by J* « Assume the G preserves the orlentatlion

and let 1 = 2k + n. Then the first assertlon implies that j3 = 0, hence
Im -12 consists of reduction mod 2 of integral classes and 1s therefore
annihilated by Sq One argues In the same way 1f G reverses the
orientation.

2.5. THEOREM (Bredon [1]. let G be a group of
order 2 operating effectively on an n - cm over
Z, with fixed points. Iet F, be a connected
component of the fixed point set of G, and

r = dim,F . Then n - r 1s even (respectively
odd) if and only if G preserves (respectively
reverses) the local orientation around some point
of F,.

COROLLARY. If G preserves the local orientation
around one point of Fo’ then it does so around

every point of Fo.

Iet x e F,. Using 2.1, 2.2 and the lemma, we first find
orientable connected neighborhoods U D)V of x in X with V adapted
to U over Z, hence also over Za, and UnF, VnF connected,
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orienta.ble mod Ze, VNF adapted to UNF over Z,. Then the image
of 3t m(wn Ry z) — B (W n Pl Z,) e B (z,; 2,) ®
H:(FnU, Z,). Therefore Sq is zeroon Im j! if andomly 1f 1 -1
is odd. The theorem follows now from the lemma by using the d:l.agram (1)
in cohomology mod 2, noting that all maps commute with Sq and that
the horizontal ones are isomorphisms for 12 n + 1, by IV, 3.7.

2.6. The following result is due to C. T. Yang [6, Theorem 1]
and will be used in a later lecture.

THEOREM. Iet X be a connected n - cm over 2,
G be a finite group acting effectively on X and
F the fixed point set. If G 4 (e), then

dim,F ¢ n - 1, and if the equality holds, then

G = Zye

In this proof, F(H) denotes the fixed point set of a subgroup
H of G If H 1s a cyclic group of prime order q, then dimpF(H) <
n-1 (by 2.2 and I, 4.6) hence dimZF(H) $n-1 byI, 4.9 and
dim,F ¢ n - 1 since F 1s closed in F(H). In order to prove the second
assertion, 1t suffices by I, 4.9 to show that 1f G + Za’ there exlsts a
prime q and a subgroup H for which d:l.qu(lI) § n - 2. If the order of
G 1s divisible by an odd prime, this follows from 2.4. Let now G be
of order 2% (s 3 2), and let x ¢ F. The subgroup N of G which
leaves the local orientation around x invariant is clearly of index .1
or 2, hence of order 3 2, and contalns therefore a subgroup of G of

order 2; for the latter we have then dim,F(H) ¢ n -2 by 2.5,

§3. The fixed point set of a toral group
in a cohomology manifold

3.1. PROPOSITION. let G =T', X bean n - cm over

Zy Y a connected component of the fixed point set of

the subgroup H of order 2 of G, and r the dimension
of Y over Z,. If Y contains a point fixed under

G, then n -r 1s even.

By Smith's theorem (2.2) Y 1san r -om over 2,. let yeY,
and (U;) (0 ¢ 1¢ 2n) a decreasing sequence of open connected H-invariant
neighborhoods of y, with U; adapted to U, _, (1 £ 1¢ 2n). It follows
from the proof of 2.2, that Un nY 1s adapted to Uo n Y. Assume now
that y also belongs to F(G; X). It has arbitrarily small nelghborhoods
invariant under G, therefore, by the remark Just made, there exists a
sequence (U;) (0 ¢ 1 ¢ 2n) of open connected G-invariant neighborhoods of
y such that U:L 1s adapted to Ugq and U:L NnY 1is adapted to U,_1 ny



§3 CHAPTER V: THE ACTION OF Zp OR T': LOCAL THEOREMS 81

for 1 =1, «s., 2n; these sets are clearly invariant under G. Let

then U, =V, U, = U and consider the dlagram, in cohomology mod 2

H (Uy) > HL((U n Y)5)
A
h 1
JUGVG J
L (vg) > HL (0 0 Y)g)

where ji = j%UnY)G, (vny )G and the horizontal maps are restrictions. By
2.1 and our assumption on the Ui'

(1) 3G, v, ¥ HB), I jt ¥ HT(Ry) .

On the other hand, F(H2 5 X) 1s locally connected, so that 1t may be
assumed that U N F(H2 x) UNnY. Then for x e U-Y, G, 1s a finite
group of odd order, and H (BG Z,) 1s trivial and therefore (IV, 3.6)

» and pu are isomorphisms for 1> n. Since Hk(BG, Z,) 1s zero for
k odd and isomorphlc to Z, for k even, our asaertion now follows

from (1).

REMARK. In the usual action of G on the projective plane,
F(G; X) 1is a point and F(H; X) 1s a point and a circle. Thus the
assumption Y n F(G; X) non-empty 1s essentlal.

3.2. THEOREM (Conner-Floyd). Let G = T¥, L =

Z and X bea n-cm over L. Then F 1is a
cm over L. The dimension of each connected
component of F has the same parity as n. F 1s
orienteble over L if X 1is.

By induction, it is enough to consider the case k = 1. If
L = K, the proof 1s qulite the same as that of 2.2, the dimensional
pa.rity coming now from the fact that H (BG 1,) vanishes in odd dimensions,
and will not be given.

let now L = Kp (p prime). Let F, be a component of F and
let Fy (12 1) be the component of F(Zpi, X) contalning F,, where Zpi
denotes the subgroup of order p contained in G. The F1 are cohomology
manifolds over by 2.2, and Fy, C Fy. Therefore (I, 4.6) Fy = F‘j
for 1, J 2 1,, hence Fy = F, for i 1large enough. Our assertion
follows then from 2.2, 2.3 and 3.1,
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Fromnnowon, L=Z. An r»~-cm over Z 1sa r - cm over any
field, and it 1s orientable over Z 1if and only if 1t is orientable over
some field of characteristic different from two, therefore it will be
enough to show that if U is an invariant open connected orientable set
such that UNn F 1is connected, then UNF isan r - cm over Z, for
some r. To this effect, let V be as in 2.1 and consider the dlagram
(where cohomology is over Z)

| | f 1

B (Vg - Fy) —> H(vg) > BY(F 0 Vi) —> B (Vg - Fg)

For x ¢ F, G, 1s finlte, hence . (BG Q) 1is trivial and (IV, 3.%)

Hi(Uy - Fgi Q) = 0 for 1>n, Q veing the f1eld of ratlonal mumbers,
therefore Hi‘(UG - Fgi Z) 1s a torsion group. Tet Ay = Im JU 'VG. By

2.1, Ay = H%(By; Z), hence Ay = Z for 1-n even, A =0 for
1 - n odd. Moreover, since l-l%((UG - Fg; 2) 1s a torsion group,
Al = x(Ai) is isomorphic to A; for 1> n.
Nowv (UnF)y=(UNF)xBy hence HL((U n Flg; 2) = Zea1(2)
Hy(U N F; 2); the same 1s trus of course with U replaced by V; it
is clear that these isomorphisms carry 3 into the sum of the JmF N

therefore, Im Junp VNF contains a subgroup A' = Z (namely A:L for
i =n(2)). If W is open invariant in V, then Im ;IU S which 1is

a priori contained in Im j , 1s in fact equal to 1t, since it is a
U VG

direct summand by 2.1« As a consequence A'C Im JUnF wnp* Clearly, ir
W runs through a fundamental system of invariant neighborhoods of a point
xeUNF, then WN F runs through a basic system of neighborhoods of
Xx in F. Therefore we have shoun that for each x ¢ UN F, there ex-~
ists a suhgroup A(x) of Hc(U n F; Z), 3isomorphic to 2Z, and contalned
in Im JUnFW for every open neighborhood W of x in UN F. On the
other hand, we already know that U Nn F, 1s an orientable cm over any
fleld. Moreover, it will be shown in VI that the orbit structure of a
torus operating on a cmy is locally finite. Assuming this, F 1is cley
by 1.6. The fact that UNF is an r - cm over Z now follows from
(I, k.11),

REMARK. The local finiteness of the orbit structure was used
only in the case L = Z, at the end of the preceding proof. In particular,
the argument for L = Kp, p prime, is a simple reduction to the case of
G = Zp, based on 2.2 and I, 4.6 which did not need any assumption about
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the orblt type. We point this out because in VI, the proof of the local
finiteness of the orbit type will make use of the above Theorem 3.2, in
the case L = Kp, p prime

§4. Remarks on local groups of the gquotient space

We make here some remarks about the local cohomology groups of
X/G around a fixed point x, in the cases considered in this chapter.
They are merely meant to point out further applications of the method used
here, and make no pretense at giving full proofs. These groups are
computed in [1]. Roughly speaking, 1f n and r are respectively the
dimension of the components of X and F contalning x, they are the
same as the cohomology groups of the quotient S /G, when F(G; S,) is
a cohomology r-sphere. Such results, and the analogous ones for the
clircle group, can be cbtalned by combining the methods used in IV, §6 and
in the proof of 2.1. More specifically, one takes a decreasing sequence
of adapted neighborhoods (U;) of x such that the U; N F are also
adapted and considers the homomorphisms of the spectral sequences of
Uy —> By and of U, —> U, /G.

This is however a somewhat clumsy procedure, chlefly because the
homomorphisms go in the "wrong" direction, namely, the one which leads to
projective limits. Therefore it 1s b'etter to try to avall oneself of the
localization device of XIII, which uses inductive limits. Using arguments
similar to those of XIII, 1t is seen without difficulty that the limit
spectral sequence at x x B; of X5 —> X' 1s the same as the spectral
sequence of Y —> Y/G when Y 1s a cohomology (n-1)-sphere, and
F(G; Y) a cohomology (r—1 )-sphere, the groups Hi(Y') taking the place
of the local groups I (X'). Thus in particular the results of IV, §6
yileld the local groups I}{(X) of course, this result can be used only
if one knows how to relate the groups Iy (x') to the usual local cohomology
groups. According to some work now in progress by Raymond, it seems that,
under suitable assumptions for the underlying space M, (for instance,
metrizeble, clc), ILi(M) mey be identified with the (i+1)-st local
cohomology group of M at x, (using reduced cohomology for i = 0).
This of course checks with, and in fact would yleld, the results of Bredon
mentlioned above.
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VI: ISOTROPY SUBGROUPS OF TORAL GROUPS
E. E. Floyd

§1. Introduction
The purpose here 1s to prove the following:

1.1« THEOREM. Suppose a toral group G acts on
an n-cmX over Z. If C 1s a compact subset
of X, then there are only a finlte number of
isotropy subgroups G,, x € C.

For differentiable actions, this 1s a speclal case of a theorem
of Yang [8] (see also VII and VIII). For general actions, this has been
proved for compact orientable manifolds by the author [3]; Mostow ex-
tended it to compact manifolds [6], as well as to compact Lie groups (see
VII). In the above form, the theorem has been proved by Larry Mann ([4].

Theorem 1.1 will be obtalned as a corollary of (1.2) below,
which will be proved in Section 4.

1.2. THEOREM. Suppose the compact abelian Lie group

G acts onthe n -cm X over 2Z, and that (Gil is

a sequence of closed subgroups of G with 1im Gy = G.
If C 1s a compact subset of X and if F(Gy),

F(G) denote the stationary points of Gy, G respective-
ly then F(G;) N C =F(G) nC for 1 sufficlently

large.

We show now that (1.2) implies (1.1). Suppose (1.2) holds but
that C 1s a compact subset of X with (G, : x € C}] infinite. There
1s a sequence {Gxi} of distinct isotropy subgroups, Xy € C. The

collection of all closed subsets of the compact metric space G 1s itself
a compact metric space, using the Hausdorff metric. Hence we may as well
suppose, taking a subsequence, that the sequence {Gxi) converges in the
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86 FLOYD CHAPTER VI

Hausdorff metric to a closed subgroup H of G. Since almost all G,
are contained in each neighborhood of H, it follows from a theorem
of Montgomery and Zippin [5] that almost all G":L are conjugate under

inner automorphisms to subgroups of H. 3ince G 1s abellan, then almost
all G, C H. Hence [Gxil is a sequence of closed subgroups of H with

1im G, = H. Now F(Gxi) NC=PFH)NC for 1 large by (1.2). Hence
F(Gxi) NC=F(@G,)NC for 1,] large. Since x, ¢ F(Gxi) n C then
xy e F(G;, ) and ij C Gxi. Similarly Gxi C ij and wve get a contra-
diction.

§2. A regular convergence theorem

We prove in this section a lemma which ls the purely topological
part of the proof of (1.2). The reader may well decide to skip it tem-~
porarily, and return to it after reading the later sections.

2.1. Suppose that X 1s a connected, orientable
n-cm over L. Suppose also that A ) A' are
closed subsets of X such that there 1s a separa-
tion X -A'=U'UV!' (G' and V' open, non-
empty and disjoint) with neither U' nor V' con-

tained in A. Then Toas: % 0.

PROOF. There 18 the separation X - A= U UV with

U=U'n (X-A), V=V'nNn (X - A). Consider the following diagram, with
coefficients in L and each row the cohomology sequence of a palr:

() —— B QB o fx)
r I J"
v v V]

BT () =2 B(u) @ Bivr) —ls B(x) .

Now JI)EU and JI}EV are onto. If c 1is a non-zero element of Hf,‘(x).
there are elements c,, 0, in K (1), H{,‘(v) respectively with

jnxu(c.,) - J;‘N(- ¢,) = c. Then J(c, ®o,) =0, and c, ®oc, = 8(c') for
some c' ¢ HB-1(A). Then r(c') 4 0, since J"(s, @c,) 4 O. The remark
follows.

2.2, NOTATION. Suppose that (¥;} 1s a sequence of closed
subsets of the locally compact Hausdorff space X. Say that [Yil con-
verges to the subset Y of X, written 1lim Y, = ¥, 1f every neighborhood
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of a point of Y intersects all but a finite number of Yy, while every
X ¢ Y has a nelghborhood intersecting Y; for only finitely many 1. If
limY,; =Y then YuUY,; 1s closed in X. We need now a variant of the
regular convergence concept; for an exposition of regular convergence, see
White [7]. Suppose 1lim Y; =Y, and that [Li] 1s a sequence of co-
efficlent rings (all principal ideal domains). Say that (Y;) converges
regularly to Y over (Ly) 1f given y ¢ Y and a compact neighborhood A
of y, there is a compact neighborhood B( A of y and an integer I
with the restrictions

* *
H(AnY;; L) —> H(BNY; Ly)
* *
H(ANY; Iy) —> H(BnY; L)

trivial for all 1 > I (using reduced cohomology).

We use Dyer's version [1, p. 129] of a theorem of the author in
the following. By a closed covering o of a space X we mean a finite
collection of closed subsets of X which covers X. If A DB are
compact subsets of a space X, and If a, B are closed coverings of A,
B respectively with B > @, write B >> @ (over L) 1if there is a
pro;]ectign x : B —=> @ such that for arbitrary elements Bo, cesy Bk
of B8, r:tBon-.-ﬂka,Bon--.an =0 forall 1< n (using reduced co-

homology). The theorem in question ylelds the followlng: if
A, D A, D oeee D A,, are compact subsets of a space and 1if

n n n
a_, <L a, KL eee KL %n (over L), where oy 1s a closed coverilng

of Ay, then in the diagram (coefficients in L)

(a_,) 2> H(a,) ~2> H(a,,)

L.l La h3
A\ A\ v

B (A_, ) ——> HY(A)) —5r> B(A,)

where the ='s are projections, the r's are restrictions, and the A's
are the natural maps, we have Image r ( Image A, and
Kernel =' ) Kernel A, for all k ¢ n.

2.3. THEOREM. Suppose that X 1s a locally compact
Hausdorff space with n = dimyX < =, and that (Ly)
1s a sequence of coefficient rings. Suppose that (Y,)
1s a sequence of closed subsets of X which converges
regularly over (L,) to the non-empty subset Y,
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where Yy 1s a connected orientable my - cm over
L; and Y is a connected orlentable ny - cm over
Ly for every 1. Then my = ny for 1 sufficiently
large. In particular, if Y; DY for all 1 then
Yy =Y for 1 sufficlently large.

PROOF. Consider first the case in which Y consists of a
single point y, so that n; = O for all 1. Suppose the conclusion
false; we may as well assume my > 0 for all 1. If U is a nelghborhood
of y with U compact, then Y, C U for 1 1large. For otherwise
Y, n (G-U) 40 for arbitra.rily large 1 since Y, i1s connected, so
that we would have Y n (U -U) 4 6. If nov A and B are compact
neighborhoods of y then AN Y:I. =BnN Yi = Y:I. for 1 1large. Then

my my

H7(ANYy; Ly) —> HO(BNY,; L)
i1s the identity map of Hmi(Yi; Li)’ which is non-trivial since Yi is
orientable. This contradicts regular convergence, so that my =0 for
1 large.

Consider hereafter the case in which Y consists of more than

one point. ILet y eY, and let U be an open set (in X) containing
y with U compact and with Y T. Denote by C the set Y n (U - U).
Cover C with a finite collection «_, of compact sets in X whose in-
teriors cover C, and denote by A_l the union of the elements of a_,.
Suppose a_, So small that y ¢ A, and Y - Ug¢ A_;. Suppose also that

(2.%) if By, .ee, Byea_, and B N ...N B %o

then int B, N ... N int B, N C 4 ¢, This is easily satisfled (see [2,
(4.5))). Then nerve @_, =nerve a_, NY =nerve a_, N Y, for 1 large.

For each y' ¢ C select an element B ¢ «_, contalning y' in
1ts interior. There 1s a neighborhood By. CB of y!' with
i (BnYy; Li) —> (By' ny; L:I.)’ H (B n Yy I‘:L) 2 H* (Byl nYy; Li)
trivial for 1 large. There is a finite collection B of By' 's whose
interiors cover C. There is then a star refinement a, of B whose
Interiors cover C. We may also suppose @, So small that (2.4) holds
for it. Define A, to be the union of the elements of ay. It is then
seen that a, N Y, »>>a_, NY, over Ly and e, NY™D>a_, NY over
L:I. for 1 1large (see (1, p. 132]). Moreover nerve @, = nerve o, ny =
nerve @, N Y; for 1 large.

Continue to get a_;, @y, e, G55 let Ay denote the union
of the elements of @3- Suppose the construction made so that
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Uepq MYy >>ap Yy, 0, NY™>a NY over Ly for 1 large.

Since A, contains C =Y N (T - U) 1in its interior, it follows
from 1im Y, =Y that A, ocontains Y; N (U-~1U) for 1 large. Hence
for 1 large there 1s the separation of Yy =A N Yi, separating it into
1ts intersection with U and with X - U. Hence by (2.1),

m, -1 m, ~1
H- (A, nNYy; Ly) —> H™ (A, nYy; Ly)
is non-trivial. In the diagram

Hk(a

) ‘ . ‘. )
g N Y5 L) —5> B 0 Y5 L) 2> Koy, N Y5 Iy)

(2.5) \I/;., l L \l, L

HE(A_, 0 Yp5 Iy) —> B, 0 Y5 Ly) —> By 0 Y5 Ly)

(2.6) Image r ( Image A,, Kernel x' ) Kernel A,

for 1 large and k¢ n. Since r'r 4 0 for k = my -1, the equations
(2.6) imply that =' 4 0 for k = mi -1 and 1 large. Since

nerve a = nerve N Y = nerve a for 1 large then =x' co-
incides with =«! : (a nYy; Li) —_— :}‘ik( nnY; 1‘1)‘ But there 1is a
similar dlagram to (2. 5) with Yi reple.ced by Y ard with (2.6) holding.

Since ' 4 0, then A, 4+ 0 and gt (A, 0 Y; L) 4 0, 1 large. Since
An Ny 1is a proper compa.ct subset of Y, then n = dimLiY 2 my (1

large) by I, Theorem 4.3. A symmetric argument shows m; 2 ny, 8o that
gy =0y for 1 large.

§3. Two lemmas

3.1. Suppose that G, elther a toral group or a
p-group (p prime), acts on an (orientable) cm X
over Zp. Then each component of F(G) 1s an
(orientable) cm over Zp.

This was proved 1n V, 3.2.
3.2. Suppose that G, either a p-group (p prime)
or a toral group, acts on X, where dj.mpx §ngw
and each component of X 1s a cm over Zp.
Suppose that A, JA; D ... )A(nn y 1sa sequenoe
of compact invariant subsets of X with rA'.l. =0
over Z, for each 1. Then +1
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*
T = 0 over .
F(GINALF@A (0,1 ) %

PROOF. Since rXOA 1s trivial in dimension O, A1 is con-
1

tained in a single component of Ao' [This uses the fact that every
neighborhood of a component of a compact Hausdorff space contains an open
and closed neighborhood.] Since A, 1s invariant, the component of X
containing A, 1s also invariant. It follows that it 1s sufficient to
prove the assertion in case X 1s comnected; 1t is trivially true in
case n = 0., Suppose 1t has been proved in dimensions < n, and that G

operates effectively.

Now G D Z,, and each component of F(Zp) isa cm over 7,
of dimension < n. Note also that A, , 1s contained in a single component
1 1 1
A} of A, and that A! is :I.nza.riant- Thin Ay DA Deee DA, DA
are invariant under Zp, and Ty 5, ese, T Al are trivial. By V (1.7),
01 -1

rl;(Zp)nAo,F(Zp)ﬂA!'l = 0. Hence rﬁ‘(zp)“Ao:F(Zp)“Ann = 0. Considering
F(Zp) N A )F(Zp) N An )F(Zp) N Ay(ner) D oo )F(Zp) " Aji(ner)
wg see that each set 1s invariant under G, and that

I'F(ZIJ)nAk(nH ) P25 00A 11 ) (ne1) = O- Moveovor dimpR(Zp) g n - t. By

*
induction, I'F(G)nAO.F(G)“A(nn )N e

§4. Proof of Theorem 1.2

Suppose now that X 1s a cm over 2Z, that the compact abelian
Iie group G acts on X and that [Gi] 1s a sequence of closed subgroups
of G with 1lim G:L =G. Let C be a compact subset of X. We must show
that F(Gy) N C =F(@G) N C for 1 large. .

Clearly F(Gi) DF(G). It may be seen that 1im F(Gi) = F(G).
It is sufficient to prove that every x ¢ F(G) has a neighborhood C with
F(Gg) nC=F(@G)NnC for 1 large. Every x e F(G) can be seen to have
arbitrarily small connected invariant neighborhoods. In particular we may
choose an orientable such neighborhood. Hence it 1s sufficiont to prove
the theorem for X orientable.

For purposes of induction, we replace the condition that X be
an orlentable cm over Z by the following: (1) dimyX < =, (2) every
component of X 1s an orientable cm over for every prime p, (3)
glven x ¢ X and a compact neighborhood A of x there 1s a compact
neighborhood B( A of x with rXB = 0 for all coefficient groups Zp,
p prime. Note that if X satisfies (1), (2), (3) and a toral group G
acts on X, then F(G) has (1), (2), (3).
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For (1) 1s obvious, (2) follows from 3.1 and (3) from 3.2.

An orientable cm X over Z satisfies (2) by I 4.5. An easy
argument using the universal coefficlent theorem shows that (3) holds.

We shall now prove the theorem in case G 1s a toral group and

n
Gy 1s a subgroup of prime power order p 1, Suppose x ¢ F(G) and that
A 1s a compact neighborhood of x. There is a sequence A ) A, DEYTED) A(n+1)
= dim X, of compact nelghborhoods of x with Ay invariant and
= 0 for all coefficient groups p prime. From 3.2
AiAm %’ ‘

(4.1) er“F'(Gi):A(nH)x”F(Gi) =% I‘AonF(G),.A(n+1 yNF(G) =

with coefficients in Zpi for all 1. This belng truc in dimension o,
Ay " F(Gy) (A(n+1 )" F(G)) is contained in a single component of

F(Gy)(F(G)), namely the component containing x. If M, (M) 1s the
component of F‘(Gi)(F(G)) contalning X, 1t is then clear that it 1s
sufficient to show M; =M for 1 1large.

Let now Ei(E) be the union of all componcnts of F(Gi)(h‘(G))
not containing x. Since F(G;) and F(G) are clc and hence Iocally
connected, E; and E are closed. Since M(G) v UF‘(Gi) 1s closcd and
since k; 1s closed in F(Gy) then F(G) v UE; 1s closed. From the pre-
ceding paragraph, every point of M ‘has a neighborhood not intersecting
Ey, 1 large. Hence E u UE; 13 closed. Since F(Gi), F(G), M, M; are
all invariant, it follows that E u U:‘_E1 1s invariant. Hence we may re-
place X by its open invariant subset X - (E U UiE:L)' That 1s, we are
reduced to the case in which F(Gi) and F(G) have a single componont,

and M respectively. Now from (4.1) we get that (F(Gy)) converges
regularly to F(G) over [Zpil. Also F(G;) and F(G) are orientable

over Zpi. Hence by (2.3), My =M for 1 large. Hence the theorem 1s
proved in case G 1s toral and each G1 1s of prime power order.

We now prove the theorem in the general case by induction on
dim G, noting first that it is obvious for dim G = 0. Suppose
dim G = n > 0 and that the thcorem holds for dimensions < n.

Since 1lim Gi = G, Gi has a subgroup Hi of prime power order
with order H; —> =. Select a subsequence of (Hi] which converges to
a subgroup H of G. We may as well suppose this the original sequence.
By the argument of Section 1, H;( H for 1 large. Now dim H> 0
since ord Hy —> . Replacing H by its identity component H and
H:L by H:L by H:I. n H° we may as well suppose H a toral group.

Now H.LC H limH; = H, H} 1s of prime power order, and H 1s
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a toral group of dim > 0. By our earlier case, F(Hi) nNCc=FH)NC

for 1 large. Also F(H) satisfies (1), (2), (3). We have that G/H
acts on F(H) and that the set of stationary points of G/H acting on
F(H) 1s precisely F(G). Iet A» : G —> G/H denote the quotient map.
Then (M(Gy)) 1s a sequence of subgroups of G/H with lim 2 @y) = G/H.
Hence, by induction, F(G/H, F(H) n C) = F(r(Gy), F(H) n C) for 1

large. But F(Gy) N CC F(H) nC = F(H) n C. Hence F(Gy) n CC F(r(Gy),
F(H) n C) for 1 1large. That 1is, F(Gi) NCCF@G)NC for 1 Ilarge.
The opposite inclusion 1s obvious, and the theorem is proved.
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VII: FINITENESS OF NUMBER OF ORBIT TYPES
G. E. Bredon

§1. Preliminary Remarks

In Chapter V E. E. Floyd proved the following result:

¢« THEOREM. If M 1is a cm over Z and if T
i1s a toral group acting on M, then, for any compact
set AC M, there are at most a finite number of

distinct 1sotropy subgroups '1‘p of T for p e A.

For M compact and orientable this result was originally proved
by Floyd in [1]. The above generalization is due to L. Mann [2]. Floyd's
original result was generalized by G. D. Mostow [5] to apply to compact
manifolds M with a compact Lie group G of transformations, the result
glving in this case that there are at most a finite number of non-conjugate
isotropy subgroups of G. An examinatlon of Mostow's proof reveals that
there 1s essentially no use of the theory of cohomology manifolds or of
the theory of transformation groups which 1s not already contalned in the
statement of Floyd's theorem. That 1s, the transition between these two
theorems 1s entlrely group theoretical, and therefore 1t should be possible
to extend the above (local) theorem in exactly the same fashion. The
purpose of the present chapter 1s to give thls more general group theo-
retical formulation of Mostow's result and 1ts applications to the theory
of transformation groups. Most of the proofs given here are contained in
Mostow's papers [4] and [5] and are only slightly altered to sult our
present purposes.

By the term subgroup (as distinct from analytic subgroup) we will
alwvays mean a closed subgroup.

§2. Statements of the maln results

Our main group theoretical result 1s
93
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2.1, THEOREM. let G be a compact Lie group

and let ¢ Dbe a class of subgroups of G which
1s closed with respect to conjugation in G and
1s such that the set (SN T; S ¢ €} 1s finite,
where T 1s a maximal torus of G. Then there are
at most a finite number of non-conjugate members

S of €.

(Note that the hypothesis of 2.1 implies immediately that the
set (SNT; Se &) 1s finite for any toral subgroup T of G, since
any torus is contained in a maximal torus and the maximal torl are all
mutually conjugate in G.)

2.2. THEOREM. If G 1s a compact Lle group
acting ona cm M over Z, then, for any compact
set A(C M, there are at most a finite number

of non-conjugate 1sotropy subgroups Gp of G
for p € A.

PROOF. Since G(A) DA is compact and invariant, we may assume
that A 1s invariant. Since ngg" = Gg(p), the collection [Gp; p e Al
1s closed under conjugatlion and, since Gp nNT-= Tp, the collection
{Gp NT; peA)l 1s finite by 1.1. Thus the result follows immedlately
by applying 2.1 to the collection & = {Gp; p e Al.

It 1s desirable, in view of possible further generalizatlions of
1.1, to formulate a theorem for transformation groups which is in between
2.1 and 2.2 with regard to generallty, that 1s, a result phrased in the
languege of transformation groups, but applylng to spaces more general
than cohomology manifolds. For this we need the following definition.

2.3+ DEFINITION. A space X 1s saild to have property F 1if,
for every toral group T acting on X and every compact subset A(C X,
there are at most a finite number of 1sotropy subgroups Tp of T for
p € A.

Now Theorem 1.1 merely asserts that every cm over Z has
property F.

2.4, THEOREM. If G 1s a compact Lle group acting
on a space X having property F, then for any
compact subset A ( X there are at most a finite
number of non-conjugate isotropy subgroups Gp of
G for p € A.
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The proof 1s exactly the same as that of 2.2.

PROBLEM (Floyd). Does every finite complex have
property F?

§3. Proof of the main theorem

If H 1s a Lie group, we denote the connected component of the
identity in H by H°. We shall first show, under the hypothesis of 2.1,
that there are at most a finlte number of non-conjugate S° for S e s,
and then will consider the resulting finite extension problem S° —> S.
Thus we first consider

3.1« THEOREM. Under the hypothesis of 2.1, there
are at most a finite number of non-conjugate s°
for S e €.

PROOF. We wlsh to reduce thils problem to the case in which all
the S° are normal in G. This reduction is accomplished by the follow-
Ing important lemma.

'3.2. LEMMA. Let G be a compact Lie group. There
are at most a finite number’ of non-conjugate subgroups
of G which are normalizers of (connected) analytic
subgroups.

PROOF. Iet g be the Lie algebra of G and let E be the
exterior algebra of g. ILet P be the projective space of one-dimension-
al subspaces of E. Every linear subspace h( g determines a point of
P as follows. Say that h 1s spanned by the independent vectors v,,
Vos eesy Vy, then vI/\ v, /\.../\v dete®mines a point of P. This
point does not depend on the choice of basis for h since if the vectors
Wy = Zay vy also span h then det(aij) + 0 and hence w, /\.../\w =
det(a, IZRAYYA Vv, determlnes the same point in P as does

v, Ne A vy Ve denote this point by h".

The adjoint representation of G on g induces a projective
representation of G on P by g(v, /\.../\v ) = ad(g)(v,) NN
ad(g)(vy,). Clearly a subgroup N(C G 1leaves h invariant if and only if
N leaves h stationary in this representation. If H 1s an analytic
subgroup of G with Lie algebra h then we have that, for any given
g e, gng‘1 = H if and only 1f ad(g)(h) = h and this holds if and only
1f g(n" )-h- Thus K 1s the normalizer of H if and only if K = Gh*
in this representation.
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We have thus identified the normalizers in G wlth certaln
isotropy subgroups of G in a differentiable action of G on a compact
manifold. Therefore we will be done if we can show that such an action
admits at most a finite number of non-conjugate isotropy subgroups. This
was first proved by Yang and may be shown as follows. Another proof will
be given in Chapter VIII.

We label three different propositions as follows:

L(n): Every differentiable (c') action of any
compact Lie group on an n-manifold M™ has at most
a finlte number of non-conjugate isotropy subgroups
locally on M2,

C(n) Every differentiable action of any compact
Lie group on a compact n-manifold M" has at most
a finite number of non-conjugate 1sotropy subgroups

on Mn.

S(n): Every differentiable action of any compact
Lie group on an n-sphere S" has at most a finite
mumber of non-conjugate isotropy subgroups on S%.

Obviously, L(n) implies C(n) and C(n) implies S(n). We
shall prove that S(n) implies L(n + 1), which, together with the ob-
vious fact L(0), will prove the validity of these propositions for all
Ne

Let G be a compact Iie group acting on M™'! and let p be
an arbitrary point of M, By a theorem of Bochner (see [3, p. 206])
there 1s an open neighborhood U of p in which coordinates may be
chosen so that Gp acts linearly in these coordinates. Thus Gp is
equivalent in U to the cone over an orthogonal action of Gp on an
n-sphere S%. As such, G, has at most one more isotropy subgroup in U
than it has in this action on S" and thus, by property S(n), Gp has
at most a finite mumber of non-conjugate isotropy subgroups in U. Let
K be a compact neighborhood of the identity in G such that K(p) C U.
Then by a theorem of Montgomery and Zippin [3, pp. 215-216], there 1s a
neighborhood V( U of p such that forany q ¢ V there is a g ¢ K
such that Gg(q) - qg'1 C Gp. We may assume that V 1s so small that
K(V) C U. Thus since gG.g ' = (@;)g(q) & 8(a) ¢ U, 1t follows from
the above remarks about G, that there are at most a finite mmber of
non-conjugate Gq for q € V. This completes the proof that S(n) implies
L(n + 1), and hence also of lLemma 3.2.
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We now return to the proof of Theorem 3.1. By replacing G in
turn by the finite mumber of non-conjugate normalizers N,, ..., N, of
the subgroups S° for 8 ¢ & and replacing & by the subcollections
@, = (3¢ ©; N; 1s the normalizer of 8°) 1t 1s seen that the group
N; and the collection §; satisfy the hypothesis of Theorem 3.1. If
Se & and N is the normalizer of S°, then there is a g ¢ G such
that gNg™' = N, for some 1 and 1t follows that gsg™! ¢ ©. Ts
1t clearly suffices to assume that all the groups s° for Se & are
normal in G. Moreover, since SN T = (3N G°) N T, we may assume that
G 1s connected.

It is well-known that every compact connected Lie group 8% 1s
a product S° = CZ, where C 1s the commtator subgroup of S° and is
semi-simple and where Z 1s the connected component of the identity in
the center of S° (see, for instance, [6, p. 282]). Clearly, by their
deseriptions, C and Z are normal in G. Since G 1s connected, the
automorphisms of Z induced by inner automorphisms of G form a connected
subgroup of the discrete group of all automorphisms of Z and thus are
trivial. That is, Z 1is central in G.

Iet T be the connected component of the identity in the center
of G. Then clearly Z(C (T n 8)°. Also T n S is in the center of S°
and thus (T n 8)°C Z. Therefore, Z = (T n S)° and by hypothesis there
are only a finite number of T n S. Hence there are only a finite number
of possible candidates for 2.

There are also only a finite number of candidates for C, since
any compact Lie group contains at most a finite number of normal semi-
simple subgroups. To prove this we note that, since a seml-simple group
is its own commutator subgroup, such a group C must be contalned in the
commutator subgroup of G which is semi-simple. Thus G may be assumed
to be semi-simple. Letting g be the Lie algebra of G, we have that
B =8 + «eo + g, Where the gy are the minimal ideals of g. Now let
h be an ideal of g. h must contain a minimal ldeal of g, say g,
and, by the fact that the minimal ideals are simple, h wmust split
h =g, +k and clearly k(C g, + «oe + g It follovws easily that Xk is
an ideal of g and by induction we may assume that _15-51l + eee +31m.

Thus it follows immediately that every ideal h of g 1s of the form
hepgy + coo+ Blr which are only finite in mmber.
1

We have shown that there are only a finite mmber of candidates
for C and Z and hence there are only a finite mmber of possible 8°,
which completes the proof of Theorem 3.1.

Let us now consider the finite extension problem 8° —> 8
and thereby complete the proof of Theorem 2.1. By Theorem 3.1 and Lemma
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3.2 we may assume that all S € & have the same connected component
S8° = K and that K 1s normal in G. Let T be a maximal torus of G.

Given 5 € SN G° for some S € &, there is an element g ¢ G
such that gsg™' e T. We have that s™ e K if and only if (gsg™ )" =
gsng'1 e gkg~! = X which means that

(1) ord(sK) in G/K = ord(gsg”'X) 1in G/K .

Moreover gsg"’ egSg ' NnT=8'"NnT for some S' e &£ and
there are only a finite number of S3' N T for B8' ¢ § by hypothesis.
We also have that (S' n T)X/K(C S!'/K which is a finite group. Thus,
by (1), the order of sK in G/K 1s the same as the order of some ele-
ment in one of a finite number of finite groups and therefore 1s bounded.
Moreover, if s e S e &, and r = ord(G/G°), then s¥ ¢ SnG° and
therefore the order of s 1is bounded since the order of s* 1s bounded.
That 1is,

(2) There 1s an integer n such that ord(sk) ¢ n in
G/K forall seS and all 3 e §.

Since 81/K~32/K in G/K 1if and only if 81 ~ 82 in G,
it follows from (2), upon letting G/K = H and 3/K = F, that it
suffices to prove the following lemma.

3.3, IFMMA. Iet H be a compact Lle group. If &
is a collection of finite subgroups of H and n

is a fixed integer such that ord(g) ¢ n for all

g ¢ F ¢ F, then there are at most a finite number
of non-conjugate members F of F.

PROOF. We shall first establish

(I) There 1s a mmber m such that ord(F) ¢ m for all
F e 5-

PROOF. Iet u be Haar measure and let U be a symmetric
neighborhood of the identity in H so small that U® contains no ele-
ment of order less than n + 1. Then if F e F and g ¢ g' ¢ F we have
that gU N g'U = ¢ since otherwise U° contains g'g™' ¢ F which 1s of
order at most n. Thus u(H) » w(FU) = ord(F)u(U) which gives us the
bound u(H)/u(U) for ord(F).

By (I) i1t now suffices to prove
(II) There are at most a finite number of non-conjugate members
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Fe F of order k, where k 1s any fixed integer.

PROOF. Suppose this 1s false and let F,, F,, ... be a se-
quence of mutually non-conjugate members of & all of order k. Since
there are only a finlte number of dilstinct abstract groups of order k
we may assume that the F, are isomorphic to one another. Let gj(_1 ),

8{2 ) s seey gik be the elements of F,; in such an order that the corre-

spondence gj(_p) > ggp) glves an isomorphism between Fi and Fj for
all 1 and j. By passing to a subsequence we may assume that lim g:{p)=
g(p) exists for all p =1, 2, seey ke If gj(_p)g:{q) = g}_r) then 1t

follows upon passing to the limit that g(p)g(q) = g(r) « Thus F = 1im Fy
1s a finite subset of H closed under multiplication and, as such, it is
a subgroup of H. By a theorecm of Montgomery and Zippin [3, p. 216] 1t
follows that F,; 1s conjugate to a subgroup of F (and hence conjugate to
F) for all large 1. Thus F; and Fj are conjugate for all large 1
and j, and this contradictlion completes the proof.
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VIII: SLICES AND EQUIVARIANT IMBEDDINGS
R. S. Palals

§1. Notation and Preliminaries

G will always denote a compact Lie group. Unless otherwlse
stated, the dimension of a separable metric space 1s the classical
covering dimension.

1.1« DEFINITION. A G-space is a completely regular space X
together with an action of G on X. We denote by X/G the orbit space
of X and by Iy the natural map of X on X/G.

We recall that the topology for X/G 1s the strongest making
Ny continuous, 1.e., S X/G 1is open (closed) if and only if n)'(1 (3)
is open (closed).

1.2. PROPOSITION. X/G 1s completely regular.

FROOF. Given X ¢ X/G and a closed subset ¥ of X/G not
containing X, F= n" (F) i1s a closed invariant subset of X disjoint
from the compact set X and by Urysohn's lemma (applied to X and the
closure of F in the Cech compactification of X) there exists
£f:X—>07I with £ | X=0 and f | F=1. Let f(x)=ff(gx)dg
and f=f"ony'. Then f : X/G —> I and f(x)=o,2‘|i‘=-1. g.e.d.

1.3. PROPOSITION. oy is open.

PROOF. If O 1s open in X then Iy (y(0)) = GO = Ugea0 18
open, hence le(o) is open.

Since X/G can clearly have only one topology making Ny both
continuous and open:

1.4. COROLLARY. The topology of X/G 1s uniquely
determined by the condlitions that My be open and
continuous.

101
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1+5. PROPOSITION. If X 1s a metrizeable G-space

there 1s a metric p for X relative to which each
operation of G 1s isometric. If we deflne

(X, ¥) = Inf (p(x, y) | x X, y e ¥} then © 1is

a metric for X/G. If X 1s separable so is X/G.

PROOF. If p* 1s any metric for X then it is easily checked
that o(x, y) = IGp(gx, gy)ig 1s a metric for X and o(gx, gy) = o(x, y)
by the invariance of Haar measure. It is clear that Ty 1s distance de-
creasing and hence continuous relative to p and p. Moreover I, maps
the p e-ball asbout x onto the p e-ball about Iy(x) and hence is
open relative to p and §p 80, by 1.4, P induces the correct topology.
If X 1s separable it is Lindeldf, hence X/G = le(x) i1s Lindelof and,

being metrizeable, separable.
1.6. PROPOSITICN. Iy 1s a closed mapping.

PROOF. ILet F be closed In X and let x be adherent to
ni’(nx(F)) = GF. Choose nets (g,} in G and {(f,) on F so that
8,fqy —™> X. Since G 1s compact we can Suppose g, —> g. Then
fq —> g"x To) g"x €eFP and x e GF. Honce ni’ (nx(F)) 1s closed
so Iy(F) 1s closed.

1.7. PROPOSITION. Iy 1s a proper mapping.

PROOF. It 1s a general fact that a map of a Hausdorff space
into a Hausdorff space 1is proper if it is closed and the pre-image of
every point is compact.

1.8, PROPOSITION. If J 1is an invariant subset of
the G-space X then every neighborhood of J in-
cludes an invariant neighborhood of J.

PROOF. If V 1s an open set including J then
0 =X - ny (Ng(X - V)) 1s clearly invariant and included in V. It is
open by 1.6 and J( O follows easily from the invariance of J.

1.9 DEFINITION. A G-space X 1is:

(1) Euclidean: if X 1s a finite dimensional real vector space
with an orthogonal structure and the action of G on X 1s an orthogonal
representation.

(2) Riemannian: if X is a Rlemannian manifold and each opera-
tion of G 1s an isometry.
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(3) Differentisble: if X is a differentisble (= C*) mani-
fold and each operation of G 1s differentiable (it then follows by a
theorem of Bochner and Montgonery [1] that the natural map of G x X —> X
1s differentiable).

REMARK. Since an isomstry of a Rlemannian manifold 1s differ-
entiasble (see e.g., [2]) a Riemannian G-space 1s differentiable. Con-
versely given a differentiable G-space, X, by averaging any Riemannian
tensor for X relative to Haar measure In an obvious way we get a
Riemannian tensor for X which is invariant under the operations of G,
80 a differentisble G-space can always be considered Riemannisan.

1.10. DEFINITIONe Let X and Y be G-spaces. A mapping
f i1+ X—> Y 1s equivariant if f(gx) = gf(x) for all (g, x) ¢ G x X.
If In addition f 1s one-to-one on each orbit of X we call f

1sovariant.

1¢11s PROPOSITION., If f : X—> Y 1s equivariant
then Gy ( Gpry) for all x e X and f 1s one-to-
one on G(x) if and only if equality holds. Ience if
f 1s 1sovariant G, Gf(x ) for a1l x e X.

* PROOF. G, C Gp(x) 1s trivial. If £ 1s one-to-one on G(x)
then (f | G(x))~ -1 13 equivariant and we get the reverse inclusion. Con-
verselyif Gy = Gprx) and f(g,x) = f(g,x) then g, gif(x) f(x) =0
g g1x =X 80 gX =gy, X and f 1s one-to-one on G(x).

1.12., TIETZE-GLEASON LEMMA. If K 1s a compact
(respectively, closed) invariant subspace of the
G-space (respectively, normal G-space) X and if
f : K—>E 138 an equlvariant map of K into

a Buclidean G-space, then f admits an equlvarilant
extension f : X —> E.

PROOF. By Tictze's extension theorem (epplied, in the first
case, to the Cech compa.ctification of X) we can find a contlnuous ex-
tension £* ¢ X —> E. Let f(x) = IGg 10" (gx)dg. For x ¢ K
F(x) = I g gf(x)dg = f(x) so T extends f. By the invariance of Haar

measure

Fox) = [ g7 't"(gyx)dg = [ 72~ '£" (gx)dg = +F(x)

so ? 1s equivariant.
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$2. Orbit types

If H 1is a closed subgroup of G we denote by (H) the set
of conjugate subgroups [gHg-1 | g € Gl. We call sets of the form (H)
G-orbit types. If X 1s a G-space and 8 ¢ X/@ an orbit in X, say
g = G(x) then since G, = 80,8 ' it follows that (G, | @ € 8) = (Gy)
is a G-orbit type which we call the orbit type of & and denote by [f]
(note [G(x)] = (G,))s Two orbits, in perhaps different G-spaces are called
equivalent if there exists an equivariant homeomorphism of one onto the
other.

2.1« PROPOSITION. Two orbits are equivalent if and
only if they are of the same type.

PROOF. If o and Q' are equlvalent then by 1.11 they are of
the same type. Conversely 1f Qo and 0' are of the same type then we
can find w ¢ 9 and o' € 9' with G =G, « Then go —> go' 1s
clearly a well defined, continuous, one-to-one equivariant map of & onto
Q's Since & 1s compact this map 1s a homeomorphism.

If X 1s a G-space then those subsets of X which are unions
of all orblts of a fixed type form a partitioning of X into invariant
subsets. We call this partitioning of X (or equivalently of X/G),
each subset labeled by the corresponding orbit type, the orbit structure
of X. We recall from Chapters VI and VII of Floyd and Bredon that if X
1s a cohomology manifold the orbit structure 1s locally finite and hence,
1f X 1s compact, finite (we shall give a very simple proof, based on
the existence of slices, when X 1s a differentiable G-space later). The
significance of thls i1s apparent from the following theorem of Mostow [3],
the proof of which 1s one of our main goals. -

THEOREM. The following conditions are necessary and
sufficient for a G-space X to admit an equivariant
imbedding in some Euclidean G-space:

(1) X 1s metrizeable, separable, and of finite
dimension.

(2) X has finite orbit structure.

The first step towards proving this is the fact, noted inde-
pendently by Mostow [3] and Palals [4], that a single orbit can always be
isovariantly imbedded in a Euclldean G-space.

2.2, PROPOSITION. If H 1s a closed subgroup of
G there exists a Buclidean G-space E and a v ¢ E
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such that G, = H.

PROOF. let R be right regular representation of G 1in the
real 12(3) and let F be a contimious real valued function on the left
coset space G/H which assumes the value 1 only at H. Define f ¢ 12(@)
by f£(g) = F(gi). It 1s clear that H = (g ¢ G | Rf = f). By Peter-

Weyl 1?(¢) =Gf.,E; wvhere the E; are finite dimenslonal subspaces in-
variant under R. Let f; be the projection of £ on E;, and
Hy=(ge@| Rgfi = fy}. Then the H; are closed subgroups of G such
that H = niHi. Now the closed subgroups of a compact Lie group satisfy
the descending chain condition (at each step in a properly descending chaln
olther the dimension or number of components must drop), hence we can find
1,5 s++s 1 such that H = “?—1*‘11' We put E -@3‘51311 and

v = fil + see + rin'

2.3, THEOREM. If X 1s a G-space and X € X

there exists an equivarlant map of X into a

Euclidean G-space which 1s one-to-one on G(x).

PROOF. By 2.2 we can find a Euclidean G-space E and v ¢ E
with G, = Gy. Then G(v) and G(x) are orblts of the same type so 2.1
they are bqulvalent, l.e., there exists an equivariant homeomorphism of
G(x) onto G(v). By 1.12 this can be extended to an equivariant map
of X into E.

$3. Slices

3.1. DEFINITION. Iet H be a closed subgroup of G. A local
cross-section in G/H 1s a non-singular differentiable map X : U —> G
such that U 1s an open neighborhood of H in G/H, x(H) = e, and
I o X = identity where I : G ——> G/H 1is canonical.

REMARK. The existence of local cross-sections follows easily
from Chevalley [5] pp. 109, 110,

3.2. DEFINITION. Iet X be a G-space and H a closed sub-
group of G. An H-slice in X 1s a subset. S of X such that

(1) S 1s invariant under H.

(2) 88N S 4 & mm) g e H.

(3) If X : U—> G 1s a local cross section in G/H then
themap F : UX S —> X defined by F(u, 8) = x(u)s 1is a homeomorphism
of Ux 38 onto an open set in X.

If xeX thenaslicoat x 1s a Gx-slioe in X which con~
talns x.
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3.3. PROPOSITION. If S 1s an H-slice in X then
Ny | 8 1is an open map of S Into X/G and in par-

ticular ny(8) is open.

PROOF. Let V be open in S. Using the notation of 3.2,
(U x V) 1s open in X and hence nx(F(U X V)) 1s open in X/G. Clearly
Ny (F(U x V)) C By(V) and since F(U x V) D F((H} x V) = X(H)V = eV = V
we in fact have equality.

3ehe PROPOSITION. If S 1s an H-sllice in X then
GSC_H for all s ¢ S.

PROOF. Immedlate from (2) of 3.2.

3.5. COROLLARY. If there exlsts a slice at x then
there 1s a neighborhood of x at each point of which
the isotropy group 1s conjugate to a subgroup of G,.

PROOF. Using the notation of 3.2 with G, = H, F(Ux S) 1s a
nolghborhood of x &nd Gypyyg = X(uligx(u)™' while Gy G, by 3.k
We note that an H-slice 8 1in X 1s an H-space. The next result says
that S8/H can be naturally identified with G3/G.

3.6 PROPOSITION. If S 1s an H-sllce In X then
h : H8 —> Gs 1s a homeomorphism of S3/H onto
1y(8) = @8/G.

PROOF. If Gs = Gs' with s,s' ¢ S then gs = s' for some
g €G and, by (2) of 3.2, g e H so Hs = Hs' and h 1s ene-to-one.
Nov Ig : 8 —> S/H 1s open and contimuous and by 3.3 so also 1s Iy | s.
Since Iy | 8=he ng it follows that h 1s contlnuous and open, hence
a homeomorphism.

The following powerful and elegant result is ossentlially due to
Mostow [3] although the basic idea goes back to Gleason [6]. While easily
patched up, Mostow's proof contalns several errors and in fact the state-
ment of the theorem glven in [3] is easlly seen to be incorrect.

3.7 THEOREM. If S' 1is an H-slice in the G-space
Y and if f is an equivariant map of the G-space
X into Y, then S = £ '(S') is an H-slice in X.
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PROOF. Since f£(H3) = Hf(S) HS! = 8' it follows that
HSC £7(S') =8 so S 1s invariant under H. Since
gS! n 8! ) gf(S) n £(8) = £(gs) n £(3) D f(g3 n 8) it follows that
gSN S 40 ==>pgS'NS'40==geH Thus S satisfies (1) and (2)
of 3.2 and i1t remains to verify (3). let X : U—-——> G be a local cross-
section in G/H and let F' : (u, s') —> X(u)s' be the corresponding
homeomorphism of U x S onto an open set W' of Y. We will complete
the proof by showing that F : (u, 8) —> X(u)s 1s a homeomorphism of
UxS onto £ (W') =W

(1) F 1is continuous. Obvious.
(2) F 1s onto W.

PROOF. Iet w e W s0 f£(w) = X(u)s'. Then s' = x(u)~'f(w) =
£(x(u)~'w) = £(s) where s = x(u)"'v 1s in S because f£(s) = 8' e S'.
Then w = X(u)s = F(u, s) e F(Ux 8), so W( F(U x 8). Conversely
£(F(U X 8)) = FI(Ux £(S))( F'(Ux8') =W so F(Ux8)C £ (W) = w.

(3) F is one-to-one and F~' 1s continuous.

PROOF. We prove both facts at once by showing that if
F(uy, 8,) —> F(u, s) then u,—>u and s, —> s. In fact apply-
ing f to f(uy sy) —> F(u, s) we see that F'(u, f(s,)) —>
Fi(u, £(s)) and since F' 1s bicontinuous u, —> u. But then
x(l.).m)"1 —~—> x(u)~! which together with X(ua)sa = F(u,, s,) —> F(u, 8) =
X(u)s implies that 8g —> Se¢ Qe0.ds

REMARK. If x e X and S 1s a slice of x then define
f:063—>06x by f(gs) =gx; g ¢G, s e S. It is easlly checked that
£ 1s a well-defined equivariant retraction of GS onto Gx. What 1s
more it can be shown that the triple (GS, Gx’ f£) has the structure of a
fibre bundle, the fibre being S, the structural group Gx/K (where
K =ng esGs) and the assoclated principal bundle being G/K.

Conversely 1t follows from 3.7 that 1f O i1s an open invariant
neighborhood of Gx and f 1s an equivarlant retraction of O onto Gx
then £~'(x) 1s a slice at x (for clearly (x) is a G,-slice in Gx)
and we recover f from this slice by the above process. In other words
there 1s a natural one-to-one correspondence between slices at x and
equivariant retractions of open invariant nelghborhoods of Gx onto Gx.

The following result 1s due to Koszul [6]. A shorter proof
using Bochner's theorem on linearity at stationary points (which, by the
way, 1s a consequence of the theorem) will be found in Mostow [3] page
Lhk,
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3.8. THEOREM. If X 1s a differentiable G-space
and x € X then there exlsts a slice 3 at x.
Moreover S can be so chosen that, in a sultable
coordinate system about x, G, act linearly and
S 1s an open disc with center x in an invariant

subspace.

PROOF. As noted in the remark following 1.9 we can suppose that
X 1s a Riemannian G-space, in which case 1t follows that if v 1is a
tangent vector to X for which Exp(v) 1s defined then Exp(sg(v)) is
defined and equals gBExp(v) for all g ¢ G (here &g 1is the differential
of g when g 1s considered a diffeomorphism of X). Let = = G(x) and
let N(z) be the normal bundle of = in X. Since I 1s a compact sub-
manifold of X 1t 1is well know that for e sufficlently small Exp maps
N(z, €) = (v e N(£) | |[v] < €) diffeomorphically onto B(Z, €) =
(x' € X | p(x', £)< e). Now zx(e) = {ve Zy | [v] < €} 1s an open disc
in = and 5y 1s invariant under &g for g e G,, hence because
Exp 8g = g Exp 1t follows that in any Riemannian normal coordinate system
about x G, acts linearly (in fact orthogonally) and 8 = Exp(z;(s)) is
an open disc centered at x 1in an invariant subspace. We now verify the
three conditions of (3.2) that will show that S 1s a G,-slice.

(1) G,8 = 8. Already proved.

(2) g3 NS4 0 ==>geGye

PROOF. Suppose g(Exp v) = Exp ® with v, w e £ (e). Then
Exp(sg(v)) = Exp(w) and B8g(v) € N(Z, €). Since Exp 1s a diffeomorphism
on N(£, €) 1t follows that 8g(v) = o« But o € 2‘.; and 8g(v) € z:;(x)
and so we must have g(x) = x.

(3) let x : U—> G be a local cross-section 1ln é/Gx and
define K : (u, v) —> 8 (u)v on U X r.;(e). Then K is a diffeomorphism
of U X }:x(e) onto an open set W in N(=, e€), 1its inverse in fact is
o —> 8X(h™ H(m)) o where 1 1s the fibre projection of N(:X) —> =
'%nd h is the diffeomorphism gG, —> gx of G/(}x onto . Then
F = Exp « K 1s a diffeomorphism of U X r.;(e) onto an open set
V = Exp(W) in X and since Exp(sx(u)v) = x(u) Exp(v), F : (u, 8) —>
x(u) s 1is a diffeomorphism of U X S onto V.

3.9. THEOREM (Mostow [3]). If X 1s a G-space
and x € X there exists a slice at x.

PROOF. By 2.3 there is an equivariant map f of X onto a
Euclidean G-space E which is one-to-one on G(x). By 3.8 there exists
& Gp(yj-slice S' in E contelning x. By 3.7 8= £71(s') 1sa
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Gf(x)-slice:t.n X contalning x. But by 1.1t Gf(x) =G, s0o S 1is a
slice at x.

3.10s COROLLARY (Montgomery-Zippin [7]1). If X
1s a G-space and x € X there is a neighborhood W
of x such that G, is conjugate to a subgroup of
Gy for all weW.

PROOF. 3.5 and 3.9.

3.11« PROPOSITION. ILet X be a G-space and [Sa}
a collection of H-slices in X such that the sets
{(GS,) are pairwise disjoint. Then S = US, 1is
an H slice in X.

PROOF. Clearly S 1s invariant under H. If gX, = Xg with
xaesamxb‘sa then since GSanGSﬂ=o we must have o = B and
hence g ¢ Ho Thus g8 N S /A 0 ==> g ¢ H. Now by 3.3 GS, = n;‘ (nx(sa))
is open in X hence 3, =3NG3, isopenin 3. If X : U—> G 1s
a local cross-section in G/H then F : (u, s) ~> x(u)s maps each
U x 3; homeomorphically onto an open set W, of X. Since the U x Sa
form a’disjoint open covering of U x S and the W, a disjoint open
covering of W = UMW, £ maps U X3 homeomorphically onto W.

The following metatheorem will have several important applica-
tions in the sequel.

3.12. METATHEOREM. Let S be a statement valued
function defined for all compact Lie groups. If the
truth of S(H) for every proper closed subgroup of
an arbitrary compact Lle group G entalls the truth
of 8(G), then 8(G) 1s true for every compact Lie

group G.

PROOF. Assume S(G) 1s false for some compact Lie group G
and let n be the least integer which is the dimension of a compact Lie
group G for which S(G) is false. Among all compact Lie groups of
dimension n for which S(G) 1is false choose one with fewest connected
components and note that S(H) 1s true for all proper closed subgroups
of G.

As a first application we prove a speclal case of the result
proved earlier in the book by Floyd and Bredon.
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3.13. THEOREM. A differentiable G-space has
locally finite orbit structure.

PROOF. By 3.12 we can assume that the theorem holds for all
proper closed subgroups H of G If dim X = 0 the theorem is obvious
and we can therefore also assume that the theorem holds for differentiable
G-spaces of dimension less than dim X« ILet x ¢ Xo If X 1s not a fixed
point let S be a slice at x, which by 3.8 can be chosen to be a
differentiable G,-space. Since G, 1s a proper closed subgroup of G we
can find a nelghborhood V of x 1In 8 1in which only a finite number of
Gx-orbit types occur. Then for v e V Gv 1s conjugate in Gx to one of
& finite number of subgroups of G. Then by 3.3 GV 1s a neighborhood of
x and clearly only a finite number of orbit types occur in GV.

If x 1s a fixed point then by Bochner's theorem (or by 3.8
which generalizes Bochner's theorem) we can find a coordinate system about
X 1n which the action of G 1s linear and 1n fact orthogonal. Then if
S 1s a sphere wilth center x 1n the coordinate system S 1s a differ-
entiable G-space of dimension less than dim X so S has locally finite
orbit structure and, being compact, actually has finite orbit structure.
Since the 1sotropy group of a point 1s clearly constant on open rays only
a finite number of orbit types occur within the coordilnate system. Thus
for any x 1in X we can find a neighborhood in which only a finite number

of orbit types occure.

3.14. PROPOSITION. If X 1s a G-space with (locally)
finite orbit structure and i1f H 1s a closed subgroup
of G then X has (locally) finite orbit structure
when consldered as an H-space.

PROOF. It clearly suffices to show that 1f £ 1s an orbit of
type (K) then £ has finite orbit structure as an H-space. But since
£ 1s equivalent to G/K we see that £ 1s a compact differentiable
H-space and the proposition follows from 3.13.

3.15. COROLLARY. If X is a G-space with (locally)
finite orbit structure then any H-slice has (locally)
finite orbit structure as an H-space.

We now make a second application of 3.12.

3.16. THEOREM. If X 1s a separable metric G-space
of dimension n then dim X/G < n.
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PROOF. We recall that by 1.5 X/G 1s separable metric. Let
F be the set of stationary points of X. Then F 1s a closed subspace
of X/G of dimension < n. let U= X/G - F. Since U 1s open and
hence an F, 1t follows from the sum theorem that it suffices to prove
that X/G has dimension ¢ n at points of U. Let X ¢ U and let S
be a slice at a polnt x of X. We can suppose by 3.12 that the theorem
holds for the proper closed subgroup G, of G and hence that
d:LmS/stdimsSn. By 3.6 dim I, (S) dim GS/G = dimS/GxSn and
since by 3.7 N(8) 1s a neighborhood of X, U has dimension < n at X.

REMARK. The formal propertles of dim used in the above proof
include only topological invariance, the sum and monotonicity theorems,
and the fact that dim X ¢ n provided each point x of X has a neigh-
borhood with dim U ¢ n. Thus if we have a G-space X with such a
dimension function defined for X and X/G, then dim X/G ¢ dim X. 1In
particular if L is a principal ideal domain and dim; 1s the cohomologi-
cal dimension of H. Cohen, defined for locally compact spaces (cf. refer-
ence in I), then if X 1s a locally compact G-space, dimLX/G < dimLX.

The following is apparently due to Milnor, at least 1n 1ts
present form. It replaces the much more complicated Theorem 4.1 of
Mostow [3].

3.6. THEOREM. lLet X be a paracompact space with
covering dimension n and let {Ual be an open
covering of X. Then there 1s an open covering of
X refining [Ua]’ [Giﬁ)ﬁeﬂi 1 =0, eeey n such

PROOF. By making an initial refinement of (U,)} we can suppose
that the order of [Ual is at most n, 1l.e., no x € X 1s contalned in
more than n + 1U,. Let {q:a] be a locally finite partition of unity
with support «pac_ Uy, Given 1 = 0, «es, n let By = the set of un-
ordered 1+1-tuples from the lndexing set of the [Ua). Given
B = (&g see) @;) € By we set G15=[x€x|¢d (x)> 0 and

@ ¢ B =>0q,(x)< o, (x)J=0, «cc, 1}. Since in a neighborhood of any

point of X only a finite number of 9y &are not ldentically zero each
Gy 1s open. Clearly Gyg N Gi‘,.= o if p4B' and CyaC Nyeq

support o, C n NqeplUe 80 (Gyg) refines (U,). It remains to show that
(Gi } covers X. Given x € X 1let (ao, cesy Gp ) be the indices such
that o,(x) > 0. Since x e n,_, support o,C ni—o p» @ < Ne We can
suppose tpa(x) = eee = q>ai(x) > %‘1+1(X) D e > ‘Pam in which case

clearly x e G,/ ~ )
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3.17« DEFINITION. let X be a G-space and H a closed sub-
group of G. A subset of X/G 1s called H-liftable if it is the image
under iy of an H-slice in X.

3.18, LEMMA. An open subset of an H-liftable set
is H-liftable.

PROOF. If S 1is an H-slice and V 1is open in I (3) then it
1s immediate from the definition that S n Iy (V) is an H-slice.

The following is one of the crucial steps in getting equivariant
imbeddings in Euclidean space.

3.19. THEOREM. Let X be a separable metric
G-space of dimension h, H a closed subgroup of
G and xm) the union of all orbits in X of
type (H). Then there exist n + 1 H-slices in X
Sgr +ee» 8, such that Xiy)( G3; U «ve UGS,

PROOF. Let X(y) = L (Xgy)). We mwust show that Xy 1s in-
cluded 1n the union of n + 1 H-liftable sets. let [U } be the
co].'l.ection of all H-liftable subsets of X/G and let Y = UU,. By 3.9

)g_ Y. Since Y 1s metrizeable (and hence paracompact) by 1.5 and of
dimension £ n by 3.15 and since the U, are open by 3.3 it follows from
3.16 that we can find an open covering of Y refining (Ua], (Giﬂ]BeB
1 =0, ¢se, n such that Gyg N Gygy = ¢ if B+ﬂ' By 3.18 each Gy,
1s H-1iftable and it follows from 3.11 that 3 ﬂ B. Giﬁ i1s also

H-liftable. Clearly Y = 3 U ... US  and since xm)g_ Y ve are through.

§he uivariant imbeddings in Euclidean space

hete LEMMA. If a G-space admits an equivariant
imbedding in a Euclidean G-space then 1t admits an
equivariant imbedding in the unlt sphere of a
Euclidean G-spaces

PROOF. Let f be an equivariant imbedding of X ina
Buclidean G-space V, W a one-dimensional Euclidean G-space on which G
acts trivially, w a non-zero vector in W and define f, : X —> VOW
by fa(x) = (£,(x), w). Then f(x) = £, (x)/lify (x)]l deﬁnas an equivariant
inbedding of X in the unit sphere of VONW.

4.2, THEOREM (Mostow [3]). Let X be a metrizeable
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G-space and F a closed invariant subspace of X.
If both F and X - F admlt equivariant imbeddings
in Euclidean G-spaces so does X.

PROOF. ILet f, be an equivariant imbedding of F in a
Euclidean G-space V, extended by 1.12 t0o an equivariant map of X into
V. Let p be an invariant metric for X (see 1.5) and define
h(x) = Inf {(p(x, z) + [f,(x) = £,(2z)| | 2 € F}. Then h 1s continuous
on X, positive on X - F, Iinvariant under the action of G, and
X ———>xeF=-=-=>h(x ) —> 0.

n

Now let f be an equivariant imbedding of X - F in a
Euclidean G-space w which, by 4.1, we can suppose satisfies ||f (x)] = 1.
Define f,(x) = h(x)f (x). That f, 1s continuous, one-to-one and equi-
variant is clear. If £5(x,) > f (x) then h(x,) = |Ify(x )l —>
Ifo(x)]l = h(x) so fa(x ) —> £, (x) and hence x, —> x, so f, 1is
an imbedding. Moreover we can extend f to a continuous equiva.riant map
of X into W by defining f,(x) = 0 for X € Fo We now define
P :X—>V@W by f£(x) = (f., (x), fa(x)). It is clear that f 1s con-
tinuous, equlvariant and a homeomorphism on each of F and X - F. Since
fo(x) =0x eF and f,(x) A 0x e X-F it follows that £ 1s one-to-
one. Now suppose f(x ) —> f(x). The proof will be complete if we can
show that x, —> X. If x e X -F then f,(x) 4 0 hence f,(x,) ¢ 0
for large n, hence X, € X-F for large n and, since f 1s a homeo-
morphism on X - F, x, —> X. Now suppose x c¢ F. Then by definition
of h we can choose z, ¢ F so that p(xn, zn) < 2h(xn) and
£, (xp) = £,(2)ll < 2h(xy). Since h(x,) = [f,(x ) —> £, (x)]| = 0 1t
follows that 1im £,(z,) = 1lim £ (x,) = £,(x), and since f, 1s a homeo-
morphism on F z, —> X. But then since p(xn, z,) = 2h(xn) —_> 0,
Xp —> Xo Qe€eds

4.3. COROLLARY. let X be a separable, metric,

finite dimensional G-space and F the set of

stationary points of X. If X - F admits an

equivariant imbedding in a Euclidean G-space then

so does X.

PROOF. F 1s closed In X and being a finite dimensional
separable metric space admits an imbedding in a Euclidean space V which
1s automatically equivariant if we let G act trivially on V.

b4k, COROLLARY. let X be a metrizeable,
separable G-space and Ups ooy Un a covering of
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X by open invariant subsets. If each U; ad-
mits an equivariant imbedding in a Euclidean
G-space then so does X.

PROOFs If n = 1 tho theorem is trivial so we can assume in-
ductively that U, U eee U U, , admits an equivariant lmbedding in a
Euclidoan G-spaces Then F = X - Ung_ U1 U eee U Un—1 admits an equil-
variant imbedding in a Euclidean G-space, and since X - F = U, does also,
so does X by k.2,

4.5. THEOREM. Iet X be a G-space and 3 an
H-slice in X. If S admits an H-equivariant im-
badding in a Euclidean H-space then GS admits a
G-equivariant imbedding in a Euclidean G-space.

PROOF. Let f, be an H-equivariant imbedding of S 1n a
Euclidean H-space V. It 1s immediate from the Frobenius reciproclty
theorem that there i1s a Euclldean G-space W whlch considered as an
H-spuco contalns V as an invariant linear subspace (see [8], 1ltalicized
remark bottom of page 83). ILet U be a Euclidean G-space with a vector
ue U such that G, = H (see 2.2). Define f : GS —> W®U by
f(gs) = (gf,(s), gu). We note first that £ 1s well def:Lned, for if
8:9; = Bp3, then g1 = 5, and by (2) of 3.2 ggg1eH. Since f,
1s H-equivariant gj glf1(s ) = £,(s,) so g,f(s;) = g,f(s,) and sinoe
G, = Hgu = gu. It i1s clear tha.t f 1s continuous and equivariant so
it remains to show that f 1s one~to-one and that £~' 1s continuous.
We can kill both birds with one stone by showing that f(g s,) —> f(gs)
implies g8, —> gs. Now £(gy8,) —> f(gs) gives gu—> gu and since
G, = I 1t follows that g, = yh, where h) ¢ H and 7, — g. But
f£(g,s,) —> f(gs) also gives g f, (s,) —> gf () or 7. f (hys)) =
7obnf, (8,) —> gfy(s) and since 7, —> g we get f,(hys,) —> £,(s).
Since f1 is a homeomorphism on S we see that hnsn —> 8 and hence
g5, = 7nhnsn —> g8. Qqe0.d.

4.6. THEOREM [Mostow]. If G 1is a compact Lie
group and X 1s a separable, metrizeable G-space of
finite dimension and with finite orblt structure
then 8 admits an equivariant imbedding in a
Euclidean G-space.

PROOF. By 3.12 we can assume that the theorem holds if in the
statement we replace G by any of 1ts proper closed subgroups, and by 4.3
we can suppose that X has no statlionary points. Let (H1 )y ooy (I-Ik)



§u CHAPTER VIII: SLICES AND EQUIVARIANT IMBEDDINGS 115

be the orbit types occurring in X and note that each H, 1s a proper
closed subgroup of G. By 3.19 we can find subsets Si‘i =1, eeey k j =0,
vee, dim X, of X such that si.} 1s an Hy-slice in X and X = ui,JGs}.
Now by 3.15 each S}' has finite orbit structure as an Hi—space and of
course each st 1s separable, metric, and of finite dimension. Thus

each s} admits an H,-equivariant imbedding in a Buclidesn H,-spaco. By
5.4 each gsi admits a G-equivariant imbedding in a Euclidean G-space.
Since each Gsi 1s open In X (3.3) and X = UGS‘_l it follows by 4.k
that X admits an equlvariant imbedding in a Euclidean G-space. Qe.e.d.

4.7. COROLLARY. If in 4.6 we assume in addition that
X 1s locally compact, then the equivariant imbedding
of the conclusion can be chosen so as to be a proper
mape.

PROOF. By 4.1 and 4.6 we can find an equivariant imbedding f
of X 1into the unit sphere in some Euclidean G-space V. Iet ¢ be a
positive real valued invariant function on X which vanishes at infinity
(e.g., o(x) = zna'nvn(hx(x)) where (v,) 1s a locally finite partition
of unity for X/G with support ¥, compact) and define f*(x) = (1/o(x))
f(x). It is clear that £* 1s an cqulvariant imbedding of X in V
(cf. proof- that f, 1s an imbedding in 4.2). Let K be any compact sub-
set of V and put M = sup(|k|| |k ¢ K)o Then £ ~1(X)C (x ¢ X | o(x)
2 M} which is a compact subset of X, hence ¥ 1s proper.
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IX: ORBITS OF HIGHEST DIMENSION
Deane Montgomery

§1. Introduction

Throughout this lecture G willl be a compact Lie group acting
on a space X which 1s an n - cm over Z. For any x € X, the iso-
tropy group» G,, 1s the set of elements g ¢ G such that g(x) = x. The
number of components in G, 1s denoted by m(x) which 1is, therefore, an
Integral valued and upper seml-continuous functlon on xu. There 1s a
highest dimension for the orbits In X and this highest dimension will be
denoted by »r; the set of polnts x € X on orbits of dimension less than
r will be denoted by B. The set B 1s closed and more generally the set
of points’'on orbits of dimension at most k, k 3 0, 1s a closed set.

For any integers u 0, v 1, let

ng’v- (x : x e X, dim G(x) = u, m(x) = v)

X = u°\;=1xu,v
Zyy = Kp UXp g U eee UX UKy Ueee UXy o o

For every x € X, 1t i1s true that for y sufficlently near to x, G, 1s
conjugate to a subgroup of G, so that Zu,v i1s open. Each set xu,v is
locally a product of an orblt and a cross-sectlon; any component of xu,v

contains orbits of only one type, that is iIf x and y are in a component

of » then G, 1s conjugate to G_.
v x Yy

Cohomology 1s usually taken with compact supports and with co-
efficlents in Z. There 1s a natural map f from X to the orblt space
X' =X/G and f takes B to B' = B/G. This lecture contains some of
the results of [1, 2, 3, 4, 5].

§2. The set B

THEOREM 2.1, ILet G be a compact Lie group acting
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on a space X vwhich is an n - cm over Z. Then
dimyB ¢ n - 2. Hence 1f X 1is connected, B does
not separate X; thus i1f X 1s connected, then

xr i1s connected.

It will be sufficlent to prove that each xu,v iIntersects
xr - xr in a set of dimension at most n - 2. In order to prove this,

choose D,

pexu,vn(ir'xr) ’

and let Y be a slice at p. Then Y 1s an (n-u) - cm over Z and
the topological product of Y and an open cell of dimension u 1s an
open neighborhood of p. Since p € )-(r, there 1s a point y, y € Y,

YyeX, and

d:l.m(}p>d:1.m(.‘:y .

The group Gp acts on Y as a transformatlon group and because

dim G, > dim G_ there exlists in Gp a cyclic group H, such that
H/(H N Gy) has order > 2. Hence in the operation of H on ¥, F(H),
the set of points stationary under H, satisfles (see V, 2.6)

dim,F(H) ¢ n-u -2 .
But xu,v n YC F(H) and hence

dimy (X, , NY)gn-u-2

dimzxu,v {n-2 .
This completes the proof of the theorem.

THEOREM 2.2. Let G be a compact connected Lie
group acting on a space X which is an n - cm
over Z, and let t be any integer 0 t < r.
Then the union of &all orbits of dimension ¢ t, is
a closed set of dimenslon ¢ n-r+ t - 1.

As above let
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Zu’v=XrUXr_1U...UquUXu"UXu,QU...UJ%,v .

Then Zu,v is open and Zn.'x,v = f(zu,v) is also open. Let

ky,v = dmzxt:l,v .

Then

di'mzxu,v = ]ﬂl,v +u

and 1n order to prove the theorem 1t will be sufficlent to prove

lgl,vgn—r-l, ogu<r .

The proof will be made by contradiction, so assume the above in-
equality 1s not always true; it will then be false for a largest u. Hence
there 1s an xa’ﬁ, oga<r k= a,p>n-r-1, while 1f u> a or
u=«a and v < B, then ku,vgn-r-h

ILet p be a point of xa,p in every ngighborhood of which
dj.mzxom3 =k + @, and choose a slice Y at p, Y ( Za,a5 let F be the
set of points of the slice which are left fixed by G_.. Note that Y 1s
an (n-a) - gm over Z and the choice of «, B guarantees that

dmZZ&,B = k .

There exlst compact sets M, N in F, M DN, such that there is an ele-
ment a € l-llé" (N, Z) which cannot be extended to M but which can be
extended to any proper compact subset of M which includes N.

Now let M,, M, be proper compact subsets of M such that
MOM, DM, DN .

The following dlagram 1s commutatlve and the rows are exact:

v % v \ll
oo —> BN M4;2) —> BT (M,y52) —> BE(MM,52) —> BE(4Z) —> ...

M v v
oo —> BETTM;2) —> BN(N2) —> HSM-N;Z) —> BE(M;Z) —> ...

The dilagram and the facts above show there 1s an element b1 in
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HS(M - M3 Z) oarried to an element b, in HS(M - My; Z) where b, 4 0
and b, % O.

As before f will denote the map from X to X' = X/G; then
M 1s carried to M', M, to M!, and so on. let m be a point of
M - N. Choose U, C U, to be open sets in Y-N, which are invariant

under Gp. Now let M:L'M"U:l. so that

M-M1=MnUi, 1-1,'2

and similarly
M.'-Mi-M'nUi, 131,2 .

We shall, for the remainder of this proof, consider f as mapping Y onto
Y.

The map f 18 a homeomorphism of M onto M!' so bi’ 1=1,2
hes & corresponding element bj ¢ H{(M' - M{; Z). Now dimY' ¢ k and
hence b; can be extended to Uj. The following diagram is commutative
(M -M 1sclosed in U; and M' - M; 1s closed in Uj):

B (U); 2) —> BS(M' - M); 2)

V] A\
BE(Uy; 2) —> HSM - My; 2) .

This commtative diagram shows that b; can be extended to Uy The
following dlagrem 1s also commutative:

HS(U,; 2) —> H‘g(ml- My; Z)
| .

Vv \V4
H‘é(Ua; Z) —> Hg(M - My Z) .

Since Ul may be chosen as small as desired and since k¢ n -~ a - 2,
we may assume the map

HE(U,5 2) —> HE(U,; 2)

1s trivial. But this 1s inconsistent with the fact that ‘n1 and b2 are
covered, b, $+ 0, by + 0, and b, —> b,. This contradiction proves the

theorem.

COROLLARY., let G and X be as above. Then
dimX'<n-r and dimB'¢ne-r - 1.
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$3. The Set D

As above, G 1s to be a compact Lie group acting on X, an
n-cm over 2, and the highest dimension of any orbit is r. Let

s = min m(x), x ¢ X,
D= v>sxr,v .

For any point p e X, choose a connected slice K at p, and let Gk
be the subgroup of Gp which leaves every po:Lnt of K *fi.xed. Then Gy
is an invariant subgroup of Gp and Gy p) G where Gp 1s the ldentity
component of Gp H=G /GK 1s a finite group which acts effectively on K.

LFEMMA 3.1. If p e X, o N D, then for every x € K,
s 1s a factor of m(x’) and m(x)/s 1s the order of
H,. Therefore a point x ¢ K belongs to D if and
only if H, 1s not trivial.

Iet y be a point in xr 8 n K. Silnce xr,s 1s open, some
neighborhood of y (relative to K’) is in xr,s and hence Gy leaves
all of K fixed so that for any x ¢ K

GyC GgC Gp o
This proves that if x ¢ K then s 1s a factor of m(x). Since GKC Gy,
i1t follows that
Gg = Gy .
This proves the Lemma.

LEMMA 3.2. dimyD¢n -1 and if X 1s connected
then J{I,’s = X.

If xr 4+ X, then xr g - Int xr g 1s not mil and is (n-1)-
dimensional so that it 1s not contad.ned in B. Choose p not in B and
m&,s-Intxrsa.ndletKandeeaaa.bovewith KNnNB= 0.

Then K xr 8 1s non-null, open in K, and 1s contained in D. Hence
KnDnK-JLI,,s

contains an imner point of K. By Lemma 3.1 a point is in Kn D if and
only if H, 1s not trivial. But the fixed point set of any non trivial
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H, 1s nowhere dense in X, and of dimension at most (n-r-1) over
Z. This contradiction proves that xr s " X. B3ince

B UD( ir,s'xr,s ’

B U D 1s nowhere dense and hence

dim,D ¢ dim,(BUD) ¢ n - 1 .

This completes the proof.
For any integer k > 1 1let

Dy = {x: x €D, ks | m(x))

where ks | m(x) means that ks 1s a factor of m(x).

LEMMA 3.3. D= UD, k prime; the set D*=u Dys
k an odd prime or 4, 1s of dimension ¢ n - 2.

This follows from results on fixed polnts, and slices. In this
comnection see V 2.6.

LEMMA 3.4 If X 1s connected, the set xxl-,s is
connected, and if furthermore G 1s connected, then
)&-,s 1s connected.

let M be an open invariant subset of xr g Such that M!' 1s
a component of xr g and suppose M 3 xr g? 80 tha.t

ﬁ-ln.tﬁ+°.

Now M - Int M 1s an (n-1)-dimensional subset of B UD; since B U "
i1s (n-2 )-dimensiom% 1t follows that there 1s a polnt p of M- Int M
belonging to D-D = xr,as'

Take K and H as before; by Lemma 3.1 H 1s of order 2. Let
T be the non-zero element of H. It can be proved (see for example [5]
Lerma 16) that there exists a neighborhood A of p in K such that
A - D has exactly two components C and T(C). Since p e M, M in-
cludes some points of elther C or T(C), say C. It follows that
CC M, and because M 1s invariant it also follows that C U T(C) C M.
Hence p € Int M and this contradiction proves M! connected which proves
the Lemma.
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Orbits in D are called exceptional orbits of highest dimension
and orbits in X, 4 are called principal orbits.

§4. The Set BN D

THEOREM k.1. Let G be a compact Lie group acting on
X, an n-cm over Z. Let u, v, u<r, be fixed
integers; let p € xu,v be such that dimz(xu,v nw)s=
n - 2 for any neighborhood W of p. Then some neigh-
borhood of p contains no point of D. Also W can
be chosen as to contaln only points of xr u xu .

v

We note first that u=r - 1, as, otherwise, d:lmzxu v <n-2,
Iet K be a connected slice at p; then K isan (n-r + 1) - cm over
Z and

dimZ[KnF(Gp) NW)l=n-pr-1
for any neighborhood W of p. Take y ¢ KN X,. Then

dimZGp - dil.mz(}-y =1

and G; is an invariaent subgroup of G;. Then set K n X, 1s connected
and hence for y and z in Knxr, we have

Gy = Oy = Gg -
The group Gp/ Gg has dimension one and from now on we discuss the actlon
of this group (or of G.,) on X; 1t has the same orblts as Gp on K.
The group (G. /GK) i1s a circle and 1ts fixed point set, F(G. /GK) is

a cm over Z which includes F(Gp) so that i1t must be an ?n -r-1) -
cm over Z. To be preclse, this remark applies to that component of

F(G /GK) which includes p; but by choosing K small we may assume

F(G /GK) i1s as stated.

For convenience let A G /G‘K Then A/A* 1s a finite trans-
formation group acting on_ F(a"), an (n-r-1)-cm over Z. Let
a, be an element of A/A so that a, has finite period. Now F'(a,)
has diemsnion (n - r - 1) over Z and hence a, leaves all of F(A )

fixed. It has thus been shown that
F(a) = F(a*) .

The group A" has only a finite number of isotropy groups in
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some neighborhood of p. Moreover every element of A" preserves orienta-
tion so we may assume, by rechoosing K, that A* acts freely in
K - F (A).

If xeK-PF(A), then A is finite, and A n A"

The group A has only a finite number of classes of isotropy
groups and, again by rechoosing K, we may assume that if x e K - F(A),
ax = X, a of prime order then

a.2=-e, dim F(a) =n-1r ,

and a reverses the orientation of K. Thus A acts freely except for
some elements of order 2 of the kind described.

Let A, Dbe the subgroup of A consisting of a.ll elements a
which commute with all of A thus for a € A1, g € A" we have

aga™! =g .

Consider the action of A1 on K, and let a e A1 be such that
d:LmZF(a) =n-r .

Since a ¢ A, A" leaves F(a) invariant so the fixed points of A" for
this action have dimension at most (n - r - 2) over Z whereas we know
sz(A*) =n-r-1. This contradiction proves that A, acts freely in
K - F(A). This proves the theorem if A = A,.

Assume now A 4 A,. If A acts freely in K - F(A") there 1is
nothing to prove. If not take a ¢ A, a3 e, and x in K - F(A) such

that .
ax = X .

By the cholices made, a reverses orlentation, and
a2 =e, dmF(a) =n-r .

For g e A*, we have, since a 1s not in A1 ’

Hence if y e F(a) n [K - F(A)], g € A*, then

agy = g7y -
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This proves that for y as above there i1s one and only one other point in
A*(y) which 1s left fixed by a. Thus, locally, F(a) 1s a cross-section
of the orbits of K - F(A) that it touches.

The group A/A* acts on the orbit space

K - F(A)]/A* .

The element a leaves an open subset of this orbit space fixed, as follows
from the above. Hence a leaves the entire space [K - F(A)]/A* fixed;

* *
then a A (y)=A(y) forall y e K - F(A). Since

agx = g7'x ,

a reverses the orientation of A"(x) and hence 1t reverses the orientation
of every orbit of A" in X - F(A). Thus a has precisely two fixed
polnts on each of these orbits.

Suppose now that b e A, b $ e, bx = x. Then b has the same

properties as those just found for a.

But &b € A, so abx = x implies &b = e. Therefore b=a'=a

so Ay =7, and the same 1s true for any Ay, Yy € X - F(A). This proves
the theorem.

§5. Conditions under which dim,D ¢ n - 2.

It has been seen that dim,D ¢ n ~ 1 and it will be shown here
that for E" or S" and certain more general spaces that dim,D ¢ n - 2.
For this purpose the following is convenient.

LEMMA 5.1. If dimD=n -1, then H (D, Z,) 4 0.
Let p be a point of D such that for every neighborhood W of
dimZ(DnW)-n-'l .

let X be a slice at p and let H be the group Gp/GK. If T is an
element in H of order 2, then F(T) 1s a om over Z,. We need con-
sider only elements T of order 2 such that the component of F(T)
vwhich includes p 1s of dimension n - r -1 over Z (there must be such
by hypothesis); such a component is of dimension n -r - 1 over Z2 and
must be an (n - r - 1) - cm over Za- Therefore, (multipiying by an
r-cell Q in G), p isinan (n=-1) - cm over Z, whichis in D.
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Now let A be the set of all points p in D such that p 1s
inan (n-1) - cm over Z, which 1s in D. The following fact will

be needed.
LEMMA 5.2. A - A is in B.

The proof follows by studylng the section K and the group H
and 1s omitted.

From A we now form a new space R as follows. The points of
R are of the following kinds:

(1) The points p in A with the property that if any two
(n-1)-cms over Z, include p and are in D then these two co-
incide in some neighborhood of p;

(2) the points p In A not in class (1); a point p in
class (2) 1s included in a number (finite) of sets of the form QF(T).
Denote these sets by Y5 eeey Yk' In this case p 1s to be replaced by
k points Dys sees Ppe The set R 1s now topologlzed by nelghborhoods
as follows:

(a) a point of class (1) has as a neilghborhood any connected
open set iIn A whichis an (n - 1) - cm over Z,; that 1s 1t has the
same local neighborhoods as before.

(b) for a point p of type 2 we choose as a neighborhood of
Py any open set 1n the set Yi above which includes Py

As thus topologized, R becomes an (n - 1) - cm over Zye
There 1s a natural map
f:R—>A
and any p in R has a neighborhood U in R which 1s mapped homeo-
morphically onto f(U). The map f 1nduces the homomorphism

£ BN, 7)) —> KR, Z,) .

The latter group 1s not trivial. The local property of f shows that any
cocycle of R is the image of one in A. Hence H:" (A, Z2,) 1s not
trivial.

Now A 1is open in D and in 5; moreover A - A( 5-D, so
that by Theorem 4.1

dim,(A - A)gn -3 .
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The following cohomology sequence over Z, 1s exact:

—> Hy(A;52,) —> oo .

Since H’c"a(fl - A; Z,) = 0 we see that ng (a; Z,) 1s non-
trivial. The following 1s also exact:

—> (D, z,) —> B3 2) —> KD - & Z,) —> ...
But Hg(l-) - k; Z,) = 0 so that ng (D; Za) is non trivial.

THEOREM 5.3« Let G be a compact Lie group acting
on X, an n-cm over Z, and assume HE" (X, Za) = 0.
Then dim;D¢ n -2, for G connected.

Assume the theorem false so that dim D= n - 1. Then
I-l::"1 D ; Z,) + 0. Consider the following sequence over Z,.

— B (X52,) ~> B (D;2,) —> K (x-5;2,) — HX;2,) — B(D;2,) —> .

Then X - D 1s not connected but this 1s a contradiction and proves the
theorem.

THEOREM 5.4, let G be a compact connected Lie

group acting on X, an n - cm over Z and let
p ¢ X be a stationary point, that is G(p) = p.

Then there is an open set W' including p such
that dim(W!' n D) ¢ n - 2.

let U be open invariant neighborhood of p. There exist open
neighborhoods W( VC U of p with WC V, VC U such that for every
open neighborhood W!'( W of p and for coelficlents in Z,

Im K =Im fy =0, kén

=2,k-n.

We may assume W' 1s invarilent.

Assume W' does not satisfy the requirement of the theorem.

let Ry and Ry be the parts of R assoclated with W' and
V respectively. The map Hg" (Rypis Z,) —> H:" (Ry; Z,) 1s not trivial
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by I, 4.3. The following diagram is conmutative:

BN 0 A Z,) —> By (R %)

H’c‘“(vn\;- ) —> H““(V-z)
’Za c R’V’ 2 *

Hence HO™'(W' N A; Z,) —> HyT' (VN A; Z,) is not trivial. The two
dlagrams below are commutative:

02 (Wi (R-A); 2, I—>HG ™! (WnA; 2, —>H ™! (WInE; 2, —>Hy " (Win(A-A);2,)
J } } ;
HO2 (1N (A-A); 2, —>H2! (Wa;2,) —> HY™! (ks z,) —>Hg ™ (VN (B-A);Z, )

(]

and
H:" (W' n D; Za) —_— Hﬁ"’(W' n a; Za)

\V A%
-1 =, . -1 e
(v D z,) >HC(Vn A Z,) .
Stnce HY 2(W' n (A - A); Z,) = H2(v n (K - A); Z,) = 0, and similarly
for n - 1, the map in the 1eft column of the second diagram 1s not
trivial. Consider now the following commutative diagram where coefficients
in Z are understood:

— B ) — B 0 D) — B - D) — BHr) — B 0 D) —
l L ool !

— B(v) —> BV D) — Hv -D) — B — Fwd —
Now Im[Hn' (W' n D) —> H“‘ (v n D)] can not be trivial. But this leads
to a contradiction as in the global case of Theorem 5.3.

§6. Remarks on the Differentiable Case

In this section, G 1s to be a compa.ct connected Lie group
acting on a space X which will be elther R® or 8%, and G acts
differentiably, by which we mean that each homeomorphism of G 1s of class
¢! 1in the ordinary differentisble structure of X.

Let U be defined as all points on principal orbits, that 1is
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U=xr-D .
Thus B, D, U are invariant and

X=BUDUTU .

For the differentiable case, any component of xu'v 1s a manifold. We
shall prove the following:

THEOREM 6.1. Let a compact connected group act
differentiasbly on X = R® or S% Then U' U D'
1s simply connected. Furthermore U' 1s orientable.

For the proof 1t 1s convenlent to use the following:

LEMMA 6.2. Under the hypothesis of Theorem 6.1, let
Q be an (n-2)-dimensional component of an xu v and
take b' € Q'. Then X' contalns a closed (n—r)-cell
which 1s a neighborhood of b'; the boundary of the
cell contains b! and also contains a nelghborhood of

. b' relative to B's. Furthermore the cell may be so
chosen as to contain no point of D!'.

Let b be such that f(b) = b!, and let K be a slice at Db.
The situation 1s now similar to that in Theorem 4.1 and in addition we
now have differentiability so that, by Bochner's theorem, Gb/GK is
orthogonal in properly chosen corrdinates around b. In this case we can
see that each orbit of Gb/GK in X - F(G,) 1s a circle and the action
can actually he obtained from the actlon in a plane multiplied by an
(n-r-1)-cell. In the plane action there exists a closed arc, with one end
point at the origin, which is a cross-section of all orbits in a neighbor-
hood of the fixed point. This arc, multiplied by the (n-r-1)-cell, gives
an (n-r)-cell cross-section and this cell projects homeomorphically under
f and the image is the cell required. This proves the Lemma.

LEMMA 6.2. Let X =R" or 8" and let K be a
finite C! complex in X, dim K = 1. Then X may
be triangulated so that no (n-i-1)-cell of X
touches K.

The proof of this Lemma will be omitted.
The proof that U' U D' 1s simply connected will now be sketched.
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let a' be a closed path in U' U D' with end points at p'. Choose p
in £ '(p'). Since G 1s connected there exists a closed path a which

covers af,

fa-d' .

The closed path o bounds a 2-cell B in X, and for the proof 1t must
be shown that B can be deformed so that it does not intersect B. We

know that
dim(X, U «ee UX, ,) gn =3 .

Using this and Lemma 6.2, it can be shown that B can be deformed so that
B(C X, UUUD .

In the same way, B can be deformed so that 1f 1t touches a component of
xr_1, then that component has dimension n - 2.

Next consider B' = f(B). If b!' e ' N B! then b' 1s on
the boundary of an (n-r)-cell as shown in Lemma 6.1. Hence we may deform
B', by pushing in the face of the cell so that b' in not iIn B'. By
a finite number of such steps, we obtain a B' which is in U' U D' and
this completes the proof that U' U D' 1s simply connected.

The following corollary may be proved in a simllar way.

COROLLARY 6.3. Under the hypothesis of Theorem 6.1,
assume in addition that dim D¢ n - 3. Then U' 1s
simply connected.

The proof of the corollary 1s omitted. In order to complete the
proof of Theorem 6.1, 1t must be shown that U' 1s orlentable. For thils
it 1s convenient to use the set E defined as follows:

E=(x:x eD m(x|D) continuous at x ,
dim,)D=n -2 at x} .

Note that dim,D ¢ n - 2 by Theorem 5.3.

ILEMMA 6.4. Under the hypothesis of Theorem 6.1,
U' UE!' 1s simply connected.

The proof of this lemma 1s based on the fact that dimZ(E - D) g
n - 3, and will be omitted.
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LEMMA 6.5. U' U E' 1s a manifold.

Of course U' U E' is a manifold at a point of U' so for the
proof of the Lemma it is only necessary to examine a polnt x' in E'.
Choose x so that f(x) = x' and let K be a slice at x. Then G,/Gy
is a finite group acting on an (n-r)-cell and leaving fixed an (n-r-2)-cell.
Then the action of G,/Gx is really glven by the actlon of a finlte group
in the plane multiplied by the (n-r-2)-cell. The group acting on the
2-cell must be a cyclic group, as we see from the definition of E, and
the base space of such an action on a 2-cell is agaln a 2-cell. Hence
U' U E' 1is locally an (n-r)-cell at b'. This proves thc Lemma.

We now know that U!' U E' 1s a simply connected manifold and
hence U' U E' 1s orientable. It follows that U', which is an open sub-
manifold, 1s orientasble. This completes the proof of Theorem 6.1.

COROLLARY 6.6. Under the hypothesls of 6.1, no closed
path in U' (or in U) can reverse the orientation

of an orbit in U. Therefore the r-dimensional homology
of an orblt in U determines a constant sheaf over

ut.

A principal orbit in X (or any orientable space) is orientable.
The following stronger fact follows also.

COROLLARY 6.7. Under the hypothesis of 6.1, every
orbit of highest dimension 1s orientable.

COROLLARY 6.8. Under the hypothesls of 6.1, let n-r
be odde Then there are no isolated orbits in D.

BIBILIOGRAPHY

[1] Montgomery, Semelson, and Zippin, Singular points of a compact trans-
formation group, Annals of Math. 63 (1956), 1-9.

[2] Montgomery, Samelson, and Yang, Exceptional orbits of highest
dimension, Annals of Math. 64 (1956), 131~1k41.

[3] Montgomery and Ya.nﬁ, Orbits of highest dimension, Trans. Am. Math.
Soc. 87 (1958), 28k-293,

[4] Montgomery, Groups on R™ or 8%, Michigan Math. Jour. 6 (1959),
123-130.

[5] Yeng, Transformation groups on a homological manifold, Trans. Am.
Math. Soc. 87 (1958), 261-283. !






X: THE SPECTRAL SEQUENCE OF A BIFILTERED MODULE
A. Borel

The purpose of this lecture 1s to supply the algebralc framework
for a discussion of Fary's modification of the spectral sequence of a
continuous map.

§1. Spectral Sequences

We review here some standard notation.

1.1+« Modules are always over some fixed groundring L. Let A
be filtered by submodules FPA(p e Z) (i.e., FPA D FP*la, UprA = A).

Then the graded module GA 1s the direct sum of the FPA/FP*la.

Let moreover A be endowed with a differential d. Then the
spectral sequence (E,) or more precisely (E,, d,) of A 1s defined Ly

B, = %, E = /ORI + Dp,

where
cg = (x ¢ FPA, dx ¢ FP*Th), Dg = dcg‘r

Let xg be the projection of Cf, onto Eg. Then the restriction
@® of d, to E} 1is characterized by

+X
(1) aPabx = 2Pax (x e cP)

and we have E, , = H(Er).

Let Kg +7 be the projection of the module of d,-cycles in E,
onto E, ,, and for rq s, kg = x:" o see o K;” (vith a suitable

domain of definition). Then

(2) xg N hg(x) = A.Is’(x) (x ¢ C‘s’).



134 BOREL CHAPTER X

The filtration of A 1induces a filtration in H(A) and E, is defined as
GH(A). If dAP C AP, the only case of interest in the sequel, then
E,.=GA for r¢ 0, and d, =0 for rg - 1.

1.2, LEMMA. Assume that H(FPA) —> H(A) 1s in-
jective for all p. Then d, =0 (r3 1)

We have to show that for any x e OB, d APx = 0. The element
dx 1s a cycle of F’*TA which 1s a boundary in FPA, hence in A,
therefore, by our assumptlon, there exlsts y € FP*TA  such that dy = dx.
If r> 1, this implles y ¢ Cgﬂ hence A.II’,y = 0, and

P = Py = = \PFT - =
dpan(x) drxr(x y) = dlx-y)=0 .

§2. The notion of bifiltration

On Z x Z we consider the partial ordering defined by
(a, b) ¢ (¢, d) 1f and only If a ¢ c and b < d.

2.1« DEFINITION. Iet A be a module. A biflltration of A 1s
a family of submodules FS’tA indexed by 2Z x Z, such that

* *
(F) a0 80" - 8 0t A (8 - max(s,s'), t* = max(t,t')), UFPtA - A.

To this bifiltration are assoclated three filtrations: the left
filtration defined by the modules F *A = Eth’tA, the right filtration,

defined by the modules F’YA = £ F®’®A and the total flltration defined
s,t

_ 3,t Sy ¥, _ S,t€, *Th o
by FPA = Sgugapl | Ae Clearly F'"A = Zgy o  F'UA) F7UA = Bpigg o 7A,
FPA = Zg,0o P *Ac Also, (F) implies -
!
(F)! FP P A 1r (s, £) g (87, 81) U FHEA-A

If A is differential, we assume moreover that d(F’ ) C Fs’tA,
for all s, t € Z.

In §§2 to 5, the module A and its bifiltration are chosen once
for all, and we shall write A%%, U%, v, AP for F:%a, PO ", ¥M 0
and FPA respectively.

2.2. Strictly speaking, this should be called decreasing bi-
filtration. Other types of bifiltration can be reduced to 1t by the
familiar device of replacing an integer by its opposite. For instance
assume that in (F) we replace t = max(t, t') by t° = min(t, t'). Then
the left filltration is decreasing and the right filtration increasing. We
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can go back to our case by substituting (s, -t) for (s, t), or we can
carry out the discussion directly in this notation. This entalls of course
defining the total filtration by FPA = I > st’tA and brings some
obvious changes of signs in the statements of the theorems below. In the
next lecture the bifiltration will be precisely of this type, and we shall
use without further comment the slightly modifled forms of 3.2, 5.1.

2.3, If one wishes to, one may consider 2.1 as a particular
case of the following concept. Let M be a partlally ordered set by a
relation a ¢ b 1in which any two elements have a sup (1.e., sup(a, b) 3
a, b and is the unique element which is smaller than any element c¢  a, b).
A M-filtration of a module A 1s a family of submodules F'A indexed by
M such that

U F"A = A and AnFA=F" with m" = sup(m, w') .

A filtration is thus a Z-filtration, 2 being ordered in the usual way.
let f : M—> Z be an order preserving map. Then to any M-filtration
there 1s assoclated a filtration defined by FPA = zm,f(m)zp « In 2.1
M =2 xZ and the three filtrations correspond to the maps (s, t) —> s,
(s’ t) — t, (3, t) ——> s + te

We proceed now to 1ist some elementary properties of a bi-
f11tration. aP’? will denote an element of AF’%,

2.h. U3 0V o= a%et

For s fixed (respectively t fixed) the modules 239 (re-
spectively Ap't) form a decreasing sequence, therefore

t . 3,q ty o 8,q p,t
vBnv 2, (4% V) Zp, g3 0 A )

RN L RN AN G2

REMARK. Given two filtrations by submodules A%, BY on a

module C, the submodules Fs’tc = A® n B® clearly define a bifiltration.
2.3 shows that in fact this definition 1s equivalent to 2.1 (however, 1if
(F) were replaced by (F)' 2.1 would define a broader class of bifiltrations).

* *
2.5. 458 0yt o aSt" (£F - max(t, £')), A%Fn U - A%TOT
(s* = max(s, s')). A%% n vi' - z:s.(As't nashht'y . zs,ss(As't nasht'y o

*
A%'Y  py F and the fact that the a8"t' (41 fixed) form a decreasing
sequence. Same proof for the second equality.

k k
2.6e Us n (2k+‘zp"2tA ") = Ek+l2p,A " .
0t k8
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k,5
Let A= Sy ppiige sapt® b 1o U® and let &, be the sum of elements
in the right aand tem whose first index k 18 equal to k Ir ko s,
then, a, eU° nv® where m = max(p - k o? t)e let

k +1 !
m!' = max(p -k, -1, t). Then m' ¢ m, hence a1eU° n v, that 1s, by

o1’
by 2.4, & ¢ A » vith k, +1+m'32p, and m 3 t. Our
assertion follows then by induction on k,. In the same way, one proves
k, s k, s
(1) "("ku;p A').}:k”zp A™
ks, 52t

8,t k, s
2.7. ABC n AP a zk” A®
lgs,lzt

By 2.4, 2.6 (1),

At aRPa®n (W) =0 (vEn Zer pyph by . ¥ n (St gyp Al )
5t

and 2.7 follows from 2.6.

tM;_pli.s"") n AP . zs+t_p(A°'t n AP*1). Let

a= zszs a® P8 pe in AP*, By 2.6 we may write
o

2,8, (=

K, pt+1+k

am b™?

Boe,

s _,p-8 8 1-8 8 _+1 p-8 8 +1,p=-8

Then ao'p‘:’-bo'p+ 0.0°% nv ©°aa® ' °(Ap+1; therefore
850P=84 1 857P=8q 1

a e A", and a-a ¢ AP*!, 2.8 follows then by an in-

duction.
§3. The terms E, and E,

3.1. NOTATION. E, willl be the spectral sequence of the bi-
filtered differentisl module A with respect to the total filtration.

For s (respectively t) fixed, the modules A®'® define a
filtration of U (respectively V ), and hence also of the quotients
US/US (s¢s'),V /V (t € t'). The corresponding spectral sequences
are denoted E,(U3/0°'), B, (v/ VE'). We write F,(s) for E,(U®/0**')
and Q(t) for E(V'/™*!). e r-th aifferential in Fy(s) (re-
spect:l.vely G,(t)) 1s denoted d (respectively d, ).
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3.2. THEOREM. In the preceding notation, we have

(1) Fg(s) - Gg(t) - As,t/(AsH,t + As,t-ﬂ) .

(2) Eg is the direct sum of the modules F:(t) = Gg(s)
for s+t=p, and d=dy=adl.

(3) Fi(s) = 63(t) and EP = 5. G3(t) (atrect)

(1) q, = +dy

(5) A d,-cocycle of G (t) has a representative element
in As't nch.

By definition and 2.5,

(vt/Vt” )s - As,t/As,t n v1-,+1 - As,t/As,tn

hence

Gg(t) - (As,t/As,tH )/(As+1,t/As+1,t+1) - As,t/AsH,t + As,t:+1

In the same way, the last term 1s seen to be equsl to Fg(s).
By definition, EY 1s the sum of the submodules VAL W ol
By 2.7, A®T n aAPF! o p3+1T , 28U ang by 2.8 the sum 1s direct.

This proves the first part of (2). The equality do = dg = dX then
follows directly from the definition of the 0-th differential. (3)
follows obviously from (2).

Let x e A%V q CP(p =38 +t). Since dx ¢ ASE 0 AP ye may
write, by 2.7

dx =a+b (aeaStE p ¢ a8t

ddx = 0 then shows that da = - db, and hence da, db ¢ A%*12 ¥+ uy (F),
vhich weans that &, b ¢ C**'. We have

a,¥x = A.I;H(dx) = (e +p) = LII’H&. + x?”b .

But a.=d.xmodvt+1, b = dx mod Us”, and therefore the ilmage of a 1in
G?*t(t) represents dYx and 1ts image in Ft{‘”(s) represents d?x
proving (%). '

To prove (5) let fg ,t be the mclusion map As’ ——> A. Con-
slder As’t as bifiltered by the submodules ASst As '8! Tmen fs,t
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1s compatible with the bifiltration and induces a map of the spectral
sequence (Er(As’t)) of As't, with respect to the total filtration, into

E,. It follows imediately from (1) to (4) applied to A%t tnat this map
1s an isomorphism of Er(As’t) onto zs'zs,t'}tGg (t') for » =0, 1.
Therefore any d,-cycle of G? (t) 1is the image of a d1-cycle of the corre-
spording part in E1 (As’t); consequently 1t has a representative in the
inage of £, ., that 1s 1n A%,

3.3. An Iinterpretatlion of d?. Consider the oxact sequence

£ g

fy» 8 are clearly compatible with the filtrations and hence define homo-
morphisms of the spectral sequences. It follows from 2.5 that the sequence

0 —> (vt+1/vt+2)s _ (Vt/vt+2 S vt/vtﬂ )® —> 0

may be written

0 —> As,t+1/As,1:+2 _— As,1:./As,1;+2 —_ As,t/As,tH _— 0
and hence 1t 1s also exact. By a standard argument,
(1) 0 —> Gy (t + 1) —> E (VEAT*®) —5 G (£) —> O
1s then an exact sequence of complexes.

LEMMA. The diagram

6 (t) N @t + 1)

(2) Y . \I/

d
Fi(s) —> F'*'(s) ,

in which the vertical maps are the lsomorphisms of
3.2 (3) and 8, 1s the coboundary homomorphism
attached to the exact sequence (1), is commutative.

This is a straightforward consequence of the definitions. De-
tails are left to the reader.
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§4. Two Further Assumptions

ko1, The discussion of E, will be carried out only under the
following assumptions
(A) a3 =0 for ry 1, that is Fi(s) = Fi(s) for s,
t e Z' r Z 1e

(B) A has a grading by submodules ™A, which induces
gradings of the As’t, with respect to which d 1is
of degree 1, and with respect to which the total
filtration is regular (that is, for each n, there
exists p(n) such that "An AP = 0 for p> p(n)).

We have (US/USHT)t o pSsb ystl g a8t | St s+t e
fore, by 1.2, condition (A) is implied by

(A1) H*(AS T30ty oy m(u/uSt!) 1s injective for all

S, t ¢ Z.

Moreover, using the description of the spectral sequence given
in [1, pp. 317-18], 1t way be seen without difficulty that (A) + (B) 1is
equivalent to (A') + (B). We omit the proof of this fact, which will not
be needed.

In this sectlon, we derive some consequences from (A) (4.2 to
4.4), and one from (A) and (B).

k2o If a° =0 then d, =d, and Ef = m3(t)(s + t = p).
This follows from 3.2.

k.3, If d? = 0, then (3.3 (1)) glves rise to an exact sequence

*

fy £ pt+2y Bt
(3) 0 —> GJ(t + 1) > B (VOEE) s 6, (8) —> ©

of graded complexes with differentlals of degree + 1. Therefore there ex-
1sts an exact triangle

*

£
Gy(t + 1) —E B (VENT*2)

*) ‘Ns"‘ L/‘;

Gy (t)
and in particular a coboundary operator

. S sS+1
15»2.62(1:)—-—>G2 (t +1) &
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4.4, LEMMA. Assume (A) is fulfilled. For r =1, 2,
let x be an element of AP n Cg(s + t = p) such that

1
dx e As't mod Us+1 for some t' > t + r. Then there

extsts y e %51 1 CP such that d(x + y) e ASE'H!

mod Us+1

Let x denote the'elemem: of U”/Us+1 represented by x. By
»
assumption, dx e (u3/us*1)t', tnerefore, by definition x" e C]E(US/USH)

where k =t' -t 1s 2 r. In the spectral sequence of US/U'S’+1 we

have, using (A),

Ut * _ GV, * _
X = W dx =0
which means that
* t'+1 t! \ AL S t+1
ax € Cp_; + Dy, =Cpy +d0,

(thoe notation referring of course to the spectral sequence of (v /0ty
and this 1s equlvalent to

ax = aBt'* L qa® 1 pog 8! (al2d ¢ aled)
We want to show'tha.t y = - a.s’t"+1 satisfles our conditions. Clearly
dix + y) « AB B+ g USH, and y € ASs T+,

]
By assumption dx = a%'t' ¢ A%t mog U, nence

dy = as,t'+1 _ as,t' +b (b e US+'|) .
We have t'> t +r 3 t + 1, therefore b e v+ n Vt”, that 1s (2.4),
be A1 hence b e AP*2, If now r =1, this shows that dy ¢ AP*1,
hence y e 011) If r=2, then dy < AP*2, nence y e 012’, which ends
the proof.

4,5, LEMMA. Assume that A satisfies (A) and (B).
let r=1, 2 and let x e AS?T n c® n "A. Then
there exisks y ¢ A%/%*1 q B nta such that
d(x + y) 1s in A%*1e% 4p Tp =1, andin

As+1 yt+1 +As+2t’. 1f p=2, (8+t =D)e

Since A%t n APYT o A% +T pog vt by 2.7, we have
dx e AB BT pog S, Using induction on t', and 4.4, we can then find
for any q t + r an element yq ¢ AB 1 g cP such that
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dlx + y4) ¢ A% %moa v°*', and 1t 1s clear that Yo may be taken in "A.
If q s big enough, then A%Qq ™y o o py condition (B), hence there
exists y ¢ A1 cg n A such that d(x +y) e US*', hence

alx + y) C 3" n A% % n AP*T. Our conclusion follows then from 2.5, 2.7.

§5. The term E2

5.1« THEOREM. Assume that A satisfies conditions

(A) and (B) of 4.1. Then E§ = 263(t), (s + t = p),
(direct), and d, = dy + 8,; that is, the restriction
of d, to G (t) is the sum of the second differ-
ential d‘gr G (t) — Gs+2(t) of the spectral sequence
of VONEFI and of the cobounda.ry operator

8, t G3(t) —> G3*'(t + 1) defined in 4.3.

In the proofs, all elements are assumed to be homogeneous with
respect to the grading by the modules N5, which will not be mentioned
any more.

We have already seen (4.2) that E, may be identlt‘ied in a
natural way with the direct sum of the G (t). Let x ¢ G (t), or,
strictly speaking, in the submodule of E2 corresponding to G (t) under
that identification. By 3.2 (5), g has a representative x. e¢ A%’ ot g Cle)
By 4.5, there exists y ¢ A% %1 p Cp such that d(x, + y) ¢ A$+1 LA
A%*2:%, mhe element y belongs to Cp'”(p =8 +1t), hence
A.py = 0 and xp(x +y) =g 'I‘herefore X = X, +y 1s a representative
of g in A52t% cp for which

(1) dx =a+b (ae AStLoTH1 o p8+2,t)
We have da = - db, hence da, db ¢ As”’t'H n ASJ'E’t = As+2,t+1 (see
2.1), and &, b e C{*%. They belong to the domain of definition of AP*2

and we have >.P+2dx "*2% 4+ AP*2p, of course a,\P*2ax = 0. Now (3.2),
E, 1is bigraded by s, t and d 1s homogeneous (of bidegree (1, 0))
with respect to this bigrading, therefore 4,3P*2a = 4,n P*2y = 0, the
elements A*2a, AP*?b are then in the domatn of definition of k) and
we have

= pt+2 = «1\P+2 = L12P+2 1,p+2
dyg = Ay Tdx KoM dx Kahi @ + KyAQ b

and 1t will be sufficlent to prove that

2 2
(2) K;LI,” a = dag ’ x;x?"' b =25, -«



142 BOREL CHAPTER X

*

This s just a matter of comparing definitions. Namely, let X, a' be

the oloments of V i+l qefined by x and a. Since b e ASFLEH oy
nave dx® = a* ¢ F'2(vP/v**), hence x" ¢ Cp(Vt/Vt’”) is a representative
of g viewed now as element of the spectral sequence of V tt*1, In the
latter, we have then

* *
dag M2ax® = kP 2ax” = AP*2a" ¢ a3*2 ()
Since the identification of E, with the sum of the (}s (t) clearly maps

xp+2 onto K;).?*'aa, thils proves the first part of (2).

let x', b' be the elements of VU/v'*? defined by x and b.
Since a e t+2, we have dx' = b', hence x' e cs(vt/Vt+2) In the
notation of 4.3, we have

Ka

ggh?(x' ) = L?x

which means that A1x' i1s sent onto a dl-cycle of G (t) representing
tho element g e Ga(t). Now b e A2 dofines an element

b" Vt”/\lt+2 of riltra.tion s + 1. As we have seen, db e AS*2s+1
honce b" ¢ CN*3( (ST 52), We have £y (AF*?b”) = AP*2p! 1n the notation
of 4.3. Since b! = dx', this implies, by the definition of a coboundary
operator, that 1?+2b* 1s & d‘{-cycle of Gs+1 (t + 1) whose homology
class in (}s+1 (t +1) 1s 8,g. Modulo obvious identifications again,

this proves the second part of (2).

REMARK. In this proof, only the part of 4.5 correspondlng to
r = 2 has beon used. The assertion for r = 1 allows one to prove
directly that in the decomposition (1), a and b can be chosen so as
to be In 012”2, so that one may write directly d,g = xg*ae. + _AE* 2p;
however, this would not shorten appreciably the above proof.

§6. Homomorphisms

In the proof of 3.2, mention was made of a homomorphlsm of
spectral sequences induced by the inclusion As’ —=> A. If we consider
U%, A/0X to be filtered by F’PUX = A%t n UX, ana vy FY(a/U¥) -
A%%/a%% 0 U¥ then the inclusion w, : UX —> A and the projection
ul : A—> A/U are compatible with the filtrations and induce, in
particular, homomorphisms of the spectral sequences with respect to the
tote.l filtration. Simlilar remarks apply to v, : vt —> A and
v‘ A —> A/V' These bifiltrations satisfy (B) 1f A does.

6.1. LEMMA. If A satisfies (A'), then so do
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uk: V‘: A/Uk, A/V‘, and A%t

We put' s! = max(s, k), t' = max(t, $). Then Frtyt .
ABb oyt o a8t ang pR %S . p%94 py 2.5, Therefore

Fs,th/FsH,tvl - s,t'/AsH,t'; Fs,*vl/Fn+1,*vl - As"/As“"( US/U""" .

Hence condition (A') for A implies condition (A') for V*.
Frtant) = a5 8%t ana PR (A?) = UP/(0° 0 V) =
US/AS" , therefore

Fs,t(A/v‘)/FB'l-l,t(A/v‘) - As,t/(As,t' & AG+1,t')

o avd )Pt 1 (ad) = UR/ (0P 4 aBHh)

I t3 4 then FE(aN*)/F**11E(A/*) = 0, and there 1s nothing to
prove. If t ¢ # -1 then t' =, and we have the following commutative
dlagram, whose rows are exact by 2.3.

> ABEABE iy Bt Bt @) RNt —> o

J‘I ‘12 \|/J3
0 —> AS"/A’”" —> B — PNty vt — o

In the corresponding dlagram for the cohomology sequences, ,11 1s the
identity, and, by assumption, Ja is injective. Then ,13 i1s injective by
diagram chasing.

The proofs for Uk, A/Uk, A% t are as elementary as for V‘ and
left to the reader.

6.2. PROPOSITION.

a) the map u, Iinduces an isomorphism of Er(Uk)

onto zG(t)(szk) for r=0, 1, and if A

satsfies (A'), (B), also for r = 2. The map Uy

induces a surjective homomorphism of Er(A) onto
(A/Uk) whose kernel is Imw, for r =0, 1.

b) vg induces an isomorphism of Er(v‘) onto
};tG(t) for r=0, 1, anda.lsofor r=2 1if
A satisfies (A'), (B). The map v‘ induces a
surjective homomorphism of E,(A) onto (A/V‘ )
whose kernel 1s Im v, for =0, 1.
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c) fs,t : A%% 5 A induces an isomorphism of
E,(A%%) onto ;3 (t1)(s' 3 s, t' 3y t) for

r=0, 1, and also for r =2 1if A satisfies (A),
(B).

This follows easily from 3.2, 5.1 and 6.1.
§7. Remarks

The simplest case of a bifiltration i1s of course the bifiltra-
tion assoclated with a double complex A = sA™D py pd by o gp®n
(m2 s; n t). But then, the total filtration is induced from the total
degree, and 1s not of interest. On the other hand, we have not intro-
duced here the analogues of the spectral sequences of a double complex with

respect to the left and right filtrations.

However, a non-trivial case of the spectral sequence of a bil-
filtered complex appears in the earlier and basic paper of lLeray, [2]:
namely when one of the flltrations 1s induced by a grading. In particular,
consider A= BXC where B 1s graded by submodules B, has a
differential of degree 1, and C 1s flltered by submodules FJC. Then
define FPA = zi+j>pBi®FJC. [2, Definition 1%.2]. Then [2, p. 37], if
B has no torsion, we have

E, = H(B R E (C))

(with respect to the total differential), as also follows from 3.2. Also,
if C satisfies (A'), so does A. We omit the detalls since the topo-~
logical analogue of thils example will be the main concern of the next
lecture. °
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XI: THE SPECTRAL SEQUENCE OF FARY
A. Borel

The spectral sequence of Fary combines the spectral sequences
attached to a continuous map and to a single space filtered by closed
subspaces. It 1s obtalned by changing the filtration in leray's con-
struction. Fary's treatment [4] 1s valld for cohomology with compact
supports of locally compact spaces. We shall discuss it in a somewhat
more general case, in the framework of sheaf theory, without, however,
striving for the greatect generallty; 1n fact, in order to arrive
easlly at an Interesting interpretation of the terms occurring in E2,
we shall make rather strong restrictions on the familles of supports and
on the map. As a consequence, when applled to the case of Fary, the
"general" theorem contains the results of [4] only when either the map is
proper or the total space 1s metrizable. As far as applications go,
this 1s harmless enough, but nevertheless, in order to free us from any
such assumption in this case, and also for the beneflt of the reader
interested malnly in Fary's case, we shall devote Section 4 to 1t, making
use only of the theory of Leray proper, as described in [1].

§1. Sheaves

1«1« Let M be a sheaf on a space X, and A be a subspace
of X. The sheaf induced by M on A 1s denoted M | A. If A 1is
locally closed (i.e., A=UNVF, U open, F closed) then, given M,
there is a unique sheaf M, on X which induces M | A on A and
zero on X - A. If A 1s open (respectively closed), then M, may be
identified with a subsheaf (respectively quotient sheaf) of M. For A
closed there 1is an exact sequence

(1) 0 > l_dx_A — Mx""—> MA—"‘"> (o} L]
If A and B are both locally closed, then

145
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(2) EAnB = (MA)B = (MB)A .

For all this, see [5, Chap. II, 2.9]. This characterization of MA also
shows that 1f N 1s another sheaf on X, and A 1s locally closed, then

1.2 Let ¢ be a family of supports In X, and A a subspace
of X. Then [5]:

o|A={See, SCA} onA=(SNnA, B0} .

They are both families of supports in A, and ¢|A is also, of course,
a famlly of supports in X. If A is closed, ¢|A=0¢ N A. If A 1s
locally closed

(3) ToMp = To|aMp = ToaMIA) .

The first equality of 1.1 (3) 1s obvious. By 1.1 (2), 1t 1s cnough to
prove the second one for A open and for A closeds If A 1s open,
thls means that a section of M over A, wlth support closed In X, ex-
tonded by zero outside A 1s a sectlon of M,, which is clear. If A
is closed, see [5, Lemme %4.9.2, p. 188].

§2. Contlnuous maps

X, Y are topologlcal spaces, f : X —> Y a contlnuous map,
¥, ¢ famllles of supports on X and Y prespectlvely. We shall lean
heavily on XVI, Section 2. .

2.1. Very well adapted families. ¥, ¢ will be sald to be very
well adapted if they are well adapted and if £71(0) C v.

If f 1s closed and surjective, then the famllles of all closed
subsets are very well adapted. If X, Y are locally compact, and f 1s
proper and surjective, the families of compact subsets are very well
adapted.

LEMMA. Iet ¥ and ¢ be very well adapted, and Y

regular.

(a) v|f"'A and ©|A are very well adapted for A
locally closed in Y.

(b) If v, © are paracompactifying and M 1is a
v-sof't sheaf on X, f*ﬂ 1s ¢-soft.
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The assertion (a) follows from XVI, 2.3.

Iet Se® and c be a section of f,M over S. There exists [5,
p. 150] an open neighborhood U of 8 and c' e £,M(U) whose restriction
to S 1is c¢. 8ince ¢ is paracompactifying and since a paracompact space
is normal, there exlsts an open neighborhood V of 8 in U whose
closure /V 1s contained in U a.nd belongs to ¢. Let us now consider
¢! as an element of rv(U M|£™ v, By our assumption £~ 7 ¢ v, there-
fore, M being y-soft, thero exists d e I'M vhose restriction to f ~v
is equal to c! |r"v. It follows then that d, viliewed as an element of
f,M(Y) has the same restriction as c' to V, hence also to S. Thus
d|S = ¢, which proves (b).

2.2. In the sequel ¢ will be paracompactifying. Let then C
be a fine torsion-free resolution of the groundring L on Y (e.g., the
Alexander-Spanier sheaf, or also the canonical resolution of [5] )e We
recall then that C &N 1s a fine, hence ¢-soft, resolution of the sheaf
N on Y, and [2, XVI, 6, 3.6] that the functor N —> r‘o(g ®N) 1is
exact. Of course, it 1s not necessary to use this particular type of
resolution, but it seems slightly more convenient, at least from the typo-
graphical point of view, when dealing with rostrictions to subspaces.

2.3« PROPOSITION. ILet Y be regular, ¥ and ¢ be
paracompactifying and well adapted. Let M be a. sheaf
on X, A a locally closed subset of Y and A" = 1A,
let C be a torsion free ¢-fine resolution of the
groundring I. on Y. If v and ¢ are very well
adapted (respectively X 1s metrizable) and M is a
v-soft (respectively flabby) resolution of M, the
spectral sequence of T,(C & (f*_l_d')A), filtered by
the degree of C, may be canonically identified with
(B, £1A") and ey 4#(M*|1A%)) 15 the restriction
to A of H(f‘y_[ )e

The last assertion follows already from XVI, 2.5 (under slightly
weaker assumptions).

It 1s clear from the definitions that C (f M)A - (C @f‘E)A-
Hence T,(C® (fo)A) = Ty 1alC @f'g) and this, by 1.2 (3) 1s equal to
rejal(c ®f‘g)| - r,lA(_g A® (£ M)|A). Using XVI, 2.5, we get

(1) rg(C® (EM7))) ¥ Ty |2 (CIAD £, o (8" 187))

CIA 1s a (e |A)-f1ne torsion free resolution of the groundring. If X is
metrizaeble and M is flabby, then M IA is flabby [5, Chap. II, 3.3,
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Cor. 2], and fHA(M 1a*) 1s (olA)-soft (6, 371 If ¥ a.nd o are very
well edapted, then so are vIA and o|A (2 1), moreover M IA is
(v|A*)-soft [5, Théor. 3.5.5], and £y A.(_lg |A%) 1s (o|A)-soft (2.1).
Thus, in both cases, the right hand side of (1), filtered by the degree in
cla, yields the spectral sequence of flA* (with respect to vIA*, o)A
and MIA of course).

2.4. COROLLARY. Let B be a relatively closed subspace
of A. Then the homomorphisms u, v of the sequence

(2) 0o—>r,(C® (r‘y_l*)A_B) L5 r (e ® (f*l_@*)A) L5 r (e ® (f*rg*)B) —> 0

which 1s exact by 2.2, yleld, via the identification
2.3 (1), the natural homomorphisms
(En f£|A - B) —> (E,, f|A) —> (E,, fIB).

Note also that since (2) 1s also exact for the modules F° de-
fining the filtrations, the Eo terms form an exact sequence, and the E1
terms a complex.

2.5, REMARKS. In Sections 2 and 3, use 1s made of several kinds
of resolutions of sheaves (injective, flabby, ¢-soft, fine), and a few
words about the motivations might not be out of order, although these are
of course implicit in the proofs. As already mentioned in 2.2 there 1s
no need to use C®N (C fine, torsion free) as a ¢-soft resolution of
N on Y, and any one of the three other types would do. As to the reso-
lution M of M (M sheaf on X) the requirements are that (a) it
should behave nicely with respect to f*, that 1s, f‘g* should consist
of ¢-acyclic sheaves (¢ para.compacti_f‘ying), (b) it should restrict nicely
to a locally closed subspace, that 1s M IA should be a resolution of
MIA by (vIA )-acyolic sheaves having (¢ |fA*)-acyclic images under fHA

Now the restriction of a y-soft sheaf to A" 1s (vIA )-sof't,
but, unless ¥ and ¢ are very well adapted, 1t 1s not clear that the
f ~image of a y-soft sheaf is ¢-soft. On the other hand, if N 1is flabby
or injective, then £ N 1s ¢-soft, and NIA is flabby (injective) for
A* open, but not necessarily for A" closed, unless X 1s metrizable.
This is why 1n 2.3, 3.2 we assume either X metrizable, vy, ¢ well adapted
or v and ¢ very well adapted. Then we may take as _l_d* a y-soft
resolution in the latter case and a flabby or injective resolution in either
case.
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§3. The spectral sequence of Fary

341« £ : X—>Y is a continuous map, Y =Y, DY, Dees D

149

Y, Deee & decrea.sing sequence of closed subspaces of Y with empty inter-

section, and Xy = £ Yi Given a sheaf N on Y, we write N for
E!’Ytﬂ and Np i1 for E!t'Yt' (t' < t). We also set Y; =Y for

1< 0 sothat N =0 for t < 0. The subsheaves N, form then an in-
creasing filtration of N, which i1s bounded from below by zero, and is
bounded from above by m when Ym+1 is empty.

¥y © are paracompactifying families of supports on X and Y,
and M 1s a sheaf on X. Let g* be a flabby resolution of M, C a

torsion free fine resolution of the groundring on ¥, and A =T,(C® t‘vg_a*)

The ihea.f‘ f‘g* will be considered to be filtered by the subsheaves
(f‘ﬂ );» and we define

Fola - Zyys I‘o(gi® (fvﬂ*)t)
P =" Zivs r,(gi®fvﬂ*)
vEa P L n (e ® (e M)
By 1.1, 1.2, we have

by . By ((ci®f M*),) = Zrys Talv-y,, (Ci®fvlil*)
t »*

Clearly F*%A = U® n v, hence the F3'%A define a bifiltration of A
(X, 2.1, 2.4). More accurately this bifiltration is decreasing in s,
1ncreasing in t, so that the condition F of X, 2.1 1s replaced by
Fg,tA N F° DAL FPNY* itn 8™ = max(s, 8'), t* = min(t, t'), (see
x, 2.2). We put then (loc. cit.)

s

FPA = & —typ r,(C ®(rv_ng ) -
Fary's spectral sequence 1s the spectral sequence of A with respect to
the total filtration (FPA). The module A 1is the same as the one used
to define the Leray spectral sequence of f (see XVI, 2.6), so that
»*
H(A) = H'(Xi M).
A has a total grading defined by
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A = g s (€@ (£)0);)

(where Qb denotes the sheaf of elements of degree b in M'), and the
total differential of A increases it by 1.

3.2. LEMMA. We keep the preceding notation. Then

(a) A satisfies the conditions (A'), (B) of X, k.1,
(b) If elther ¥ and @ are very weoll adapted or X
is metrizable and ¥y and ¢ well adapted, the spec-
tral sequence of Vt/Vt'(t' < t) with vespect to the
filtration defined by S, may be canonically identi-
fied with (B, (f|X;.,, - X;,,))s In particular

the homomorphisms yb-1 /"Vt"2 —_— Vt/\ft"2 —_— v“/v"'"
yield the natural homomorphisms (Er(ﬂxhq - X)) —>

(B (£ Xy = Xyyy)) —> (B(£1Xy = Xy D)

Since the grading of M' 1s positive, we have "A n FPA = 0
for p > n, hence (B) is fulfilled.

We have UP/US*! = 1 (c® @£M") and FTAFT0A -
ro(C® 6 (£,M").), both modules being endowed with the differential of M .
Dince N —> ro(C ®N) 1s an exact functor, we have then

HUP/0PHT) = 1y (c® @ H(EMN)), BESEA/F1ER) - 1y (c RB((EM"))) -

But H((£M"),)) = (H(E M), is a subsheaf of H(fM"). Since

H(Fs'te/l?a”'tl\) —> H(U®/U®*') 1s induced from the inclusion
(g(f*g )y —> li(f‘}j'), it 1s injective (2.2). This proves the conditior

(AY).
By definition

VA - ry (C @ (e M)y (€ ® (e M )g) (6' < t)

By 2.2 again, this 18 equal to T'y(C® (fvﬂ*)t.ﬂ,tﬂ) so that the re-
malning assertions follow from 2.4.

3.3, In*the follow:l.ng we write o(t, t + 1) for 4|>|Yt - Yy,
and F for H(f M), wvhere M 1s a flabby (or also y-soft if o, ¥
are very well adapted) resolution of M. By (XVI, 2.5), we have

(+) EIYy - Yy = BOfyqp, g0 1% = Xpo)
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and

(5) Eg = E (7 M)

under suitable assumptions, fulfilled in the following theorem, and this
will be used implicltly 1n its statement.

THEOREM. We keep the previous notation. Wg assume
elther that v and ¢ very well adapted or that v

and ¢ are well adapted and X 1s metrizable. Then the
spectral sequence of Fary has the following properties:

(a) E, converges to E,, and K, 1s the graded
module associated to H;(X; M) suiltably filtered;

(b) for »=0, 1, 2, E‘:, = zs_t___pEf.(flxt - xt+1)‘ In
Pmi"“;lar BD = Zg_tuptl (5, 401) (g = Ypurs E):
= J}
(¢) dy =d, +8, where d, : Ej(fIX; - X ;) —>
E2+2 (£|X; - X;,,) 1s the second differential of
(Bp £1Xg = Xpyq) and 8y 3 Hyp poq)(¥y = Yoo B) —
}ﬁﬂ;-1,t)(¥t-1 - Y;; F) 1s the coboundary operator in
in the cohomology sequence with coefficlents in
F of Yt-1 - Yt+1 modulo Yt - Yt”;
(@) et EP’Y be the set of elements of filtration
degree p, total degree n=p + q in Er' Then
dr increases p by r, decreases q by r -1
and we have
q _ +t _ . ma-t
Eg’ = r‘tong(t,tH)(Yt Yier3 E ) .
This follows from 3.2 and X, 3.2, 5.1« Of course, the spectral
sequence of flxt - X, 1s meant to be with respect to the families
w(xt - Xiu ) tb(Yt - Yt+1) and with coefficlents in M|X, - ) A

We remark here that Ef,’q can be non-zero only if p + q 3 0,
qQ > 0, but there is a priori no restriction on p. However, 1f lgn is
empty, we have Eg’q =0 for p¢ - me As noted above DanpFPA=0
for p > n, therefore the convergence mentioned in (a) has the following
meaning: for r > q + 1, Eg’q consists of permanent cocycles, we have

surjective homomorphlsms Ef_’q —_— Eg:} —~—> seej and the corresponding
limit is isomorphic to FPHY 4(X; M)/FP* ‘Hg“q(x; M) [2, p. 235].
3.4, Particular cases. If Y, is empty, then we get the Leray
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spectral sequence of f. If X =Y, y =20 and f 1s the identity, then
l{(fM*) = M, the spectral sequence of f|X; - X, , degenerates, we get

Eg 1 - qzo}g(q,qﬂ )(x q+1? M)

and d, ¢ B —> E12>+2,q-1 is the coboundary operator

+Q - . s +q+1 - .
BT (X, - Xpuqs M) —> HT(X ) - X5 M)

in the cohomology sequence of )(q_1 - xqﬂ modulo Xq - Xq+1 .

3.5. Homomorphisms. V® = r,(C) ® (£ M%), 1s the module which
our general construction attaches to £IX - Xiiq? the space X - X,
being of course flltered by the xi - xt 1 Thus v Vt ——> A 1nduces
a homomorphism of E,.(f|X - X;,,) into Er(f) corresponding to the in-
clusion X - x.,_.‘+1 —> X.

3imilarly, A/vt ro(C ® (f )Yt ) (by exactness) can be used
+1

Lo construct the spectral sequence of let .1 (see 2.3). Thus

vp i A——> A/V induces a map of Er(f) ——> into Er(fIYtﬂ) corre-
sponding to the restriction map. These homomorphisms have the naturallty
properties stemming from X, 6.2, and thelr precise statements, using

3.2, 3.3, are left to the reader.

3.6, The usual spectral sequence of a map has a cup product when
M 18 u sheaf of rings, but this 1s not so for the Fary spectral sequence.
However, some use of the cup product can be made at times, using the
identifications or homomorphisms of 3.3, 3.5. For instance, the d2
ave differentials with respect to the cup product. On the lmage of
E.(f|X - X, ), there is a cup product. Also, there is simllarly a cup
product on the image of E.(f[X., , - Xp,0) 1n E.(f|X,,), which via
Vt’ can sometimes yleld information in Er(f), etc.

The subspaces Yt are arbitrary so far. In the applications they
will be chosen so as to make Ee(flxt - xt+1) as simple as possible. This
will be achieved to a certaln extent if the Yt are such that the restric-
tion of the sheaf H (£M") to Yy - Y., 1s locally constant; when this
1s possible, Fary (4] says that f has a simple homology type. This 1s
the case for instance when flxt - Xipp is the projection in a locally
trivial fibering.

§4. Locally compact spaces

In this section all spaces are locally compact, and we consider
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only compact supports. c(X) 1s the family of compact subsets of X, and
we wrilte To for Ty (x)* The discussion will be carried out in the frame-
work of [1].

4.1« Iet K be a grating over X [1, Exp. II], A a subspace
of X. Then Ky i1s the subgrating of elements of K with supports in A.
For A closed the "section" AK = K/Ky , of K by A will also be con-
sidered as a grating on X, with the same supports. The sheaf F(K)
assoclated to K has K/Kx-x = xK as stalk at the point x e X, and
the obvious topology [1, Exp. V]. Clearly _l_i_‘(K)A = F(AK). If K 1s a
fine cover, then F(K) will be called a fundamental sheaf. If K 1s a
fine cover [1, Exp. II], then KU for U open and FK for I closed
are fine covers [1, Exp. II] of U and F respectively. Therefore, 1if
A=UnNTF, Ay 1s a fine cover of A. It is clear that E(K)A = E(F’KU),
so that F(K)|A 1s a fundamental sheaf for A. Iet f : X-—> Y be a
continuous map. If K has compact supports, then the image grating fK
o£ K .'{.s defined [1, Exp. VII] and we have AfK = f(A*K) ir AC Y,
A = 'A.

4.2. The spectral sequence of a map. lLet f : X—> Y be a
continuous map. Given u sheaf M on X, let 5* denote the tensor product
of M with the sheaf assoclated with a fine cover [1, kExp., II] on X.

Iet K be the sheaf assoclated with a fine cover K on Y, e.g., the
Alexander-Spanier sheaf. As in [1], let us abbreviate I' (K& N) (N

sheaf on Y) by Ko N. Consider then A =K O fM filtered by

FPA = z‘.iszi o ﬂ_ﬂ*. Its spectral sequence 1s the spectrul sequence

(EL(£)) "of f£. Init, E_ 1is the graded module assoclated to H, (X; M)
sultebly filtered and Eo’d - HE(fM")), where H(fM") 1is the homology
sheaf of f_b_d*. As 1s known, and incidentally will follow from 4.3, 1ts
stalk at y e Y 1is H;(f"y; M). For this see [7] (or [1], where only
the case of a constant sheaf M 1s consldered, but the extension to the

case of a general sheaf of coefflcients is obvious).

4,3, LEMMA. Let f: X —> Y be a continuous mep,
M be a fine sheaf on X, A a locally closed sub-
space of Y and A" = £7'A. Then f(M,,) = (£(M)),
and £(M|A") = £(M)|A.

(Fine stands for fine in the sense of [1], or equivalently for
c(X)-fine in the sense of [2, 5].)

For A open these equalities follow readily from the following
fact: glven u € r‘o_r_@, and K compact in A, there exlst U, u, € I‘c_M
such that u = u, + u,, the support S(u;) of wu; 1s in a neighborhood
of K in A and S(u2) does not meet K, which 1s seen by use of a
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sultable partition of I‘olil.

Let A be closed. The exact sequence 0 —=> My ,, —> M —>
Mpe —> 0 ylelds a sequence

0 =—> Ty pw —> Tl —> Tlyn —> 0

which is exact since M 1s fine (1, III-Lemma 1], hence

0 —=> £r My ny —> T M —> fT M, —> 0

is also exact. Our assertion follows then from 1.2 (3). If A is locally
closed, use 1.1 (2).

4.4, PROPOSITION. We keep the notatlion of 2.2. Let
A be a loca:l.ly c¢losed subspace of Y and A% = fla.
Then K o (fM )y ¥ I‘c(A)(KIA®f(M |A)). Hence the
spectral sequence of X o (fM )y, filtered by the
degree of K, may be identified with (Er(flA )).

From the definition, it follows that
* * ~n, *
Ko (fM"), = T (E® (")) T ((K® (M")),)

The equality follows then from 1.2 (3) (and the compatibllity of & with
restriction). As noticed in 2.1, K|A 1s a fundamental sheaf for A, and
consequently B_d*lA* 1s the tensor product of EIA* with a fundamental

sheaf on A*, whence our contention.

4k.5. COROLLARY. let A be open (respectively closed).
The the homomorphism of spectra.l sequences induced by
the natural map Ko (fM )y —> Ko fM (respectively
Ko fM —> Ko (fM )y) 1s the homomorphism

(Er(fIA)‘ —> (E,.(f)) (respectively (E,(f)) —~—>
(Er(fIA ))) induced by the inclusion map.

h,6. Let now (Yi) be a decreasing sequence of closed subspaces
of Y, with empty intersection and Y:L =Y for 1 ¢ 0. As in 3.1 we
put Xy = £ Y:L and write N. for NY-Y . where N 1s a sheaf on Y.

Let M be a sheaf on X, _1_4* its tensor product with a funda-
mental sheaf on X, XK afinecoveron Y and A=Ko fM We put
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Pt - g Ko (),

US

For A = ZyyK o ™

vt - F*’t =Ko (fﬂ*)t .

We have F>*YA = U8 n vb. The F®'PA define a bifiltration of A, de-
creasing in s, 1increasing in t (see X, 2.2), and we put

FPA = zs-tngs o (ﬂﬂf)t .
Fary's spectral sequence is the spectral sequence of A with respect to
the filltration (FpA). From then on the discussion 1s the same as before;
f 1is any continuous map, the conditlions ¢, v very well adapted or X
metrizable drop, the subscripts v, ¢, v(t, t + 1) are replaced by c,
and the references 2.3, 2.4 by 4.4, 4.5. Apart from that, Section 3 from
3.2 on goes over without change to the present case and will not be
repeated.
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XII: FIXED POINT THEOREMS FOR ELEMENTARY
COMMUTATIVE GROUPS I

A. Borel

The theorems referred to in the title are proved in Section 3.
Applications are made in Sections %, 5, 6. Sections 1, 2 discuss some
general properties of G-spaces.

As usual, G 1s a compact Llie group, Go i1ts identity
component. (H) 1s the conjugacy class of a subgroup H, Ny the normal-
izer of H. The space of double cosets MgH (M subgroup) is denoted
by G/(M, H)e If X 1s a G-space, Xy) = (x € X, Gy ¢ (H)) 1s the
subspace made up by the orbits of type G/He. As in IV and V, X; stands
for X XGEG'

ny 1s the projection of X onto the orblt space X'. We also
write x!', A!' for nx(x), nx(A), etc.

§1. Some fiberings

1.1« Let U be a closed subgroup of G. We recall once for
all that if S 1s an U-slice (VIII, 3.2) then the inclusion S —> GS
induces a homeomorphism of S/U onto nx(GS) » both spaces being of course
endowed with the quotient topology [VIII, 3.6]. In particular F(U; X(U))
is an Ny-slice and under this action, it 1s a principal (NU/U)-bmldle
over X!' (v)°

In the sequel we write F for F(U, X(U)) and N for Ny. Let
Y be a G-space, then Y/U 1s in a natural way a N/U-space. In particular
G/U 1s, via right translations, a principal N/U-bundle over G/N; this
action commutes with G so that G/U 1s also a G x N/U space. These
actions of N/U or G x N/U are always understood below.

1.2. LFMMA. let H be a closed subgroup of G, S
be an H-slice In X, and K be a subgroup of Ny .o

Gs invariant in H. Then there is an equlvariant

157
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homeomorphism of S Xy /KG/K onto GS. More generally,
if Y 1s another G-space, there is a homeomorphism of
8 xy /K(Y/K) onto GS xgY.

To define S xyG, we conslder H as acting on the right on G.
Then the left translations of G define a G-space structure on S xHG.
Consider the map (s, g) —> g+ s of S x G into GS. It is readlly
seen to induce amap o : S xHG ——> G5 which 1s continuous, bijective
and equivariant. Moreover, since S 1s a closed subset of GS, and
G, H are compact, o 1s a closed map, hence ™! 1s continuous. Finally,
since K acts trivially on S, we have a natural identification

S x G~ 8 xH/KG/K‘

The second assertlon 1s proved analogously. Conslder the in-
clusilon a' of S xY into G3 X Y. It induces amap « : S Xy —>
GS xGY, which 1s continuous and bijective. Since ', and the pro-
Jections S xY —> 8 xHY, GS XY —> GS xGY are closed, o 1s closed,
hence 1s a homeomorphism. Finally S xyY = S xy /KY/K because K acts
trivially on S.

1.3« We recall that 1If X or Y 1s a principal bundle, X xGY
admits a locally trivial fibering (see [2] for instance). Thus, under
sultable assumptions, Lemma 1.2 wlll show the exlstence of flberings. We
now proceed to 1list some such cases. (E, B, F, H) denotes a locally
triviael fibering with total space E, base B, typlcal fibre F,
structural group H. The notation of 1.2 1s kept.

(1) We have a fibering (GS, G/H, S, H/K), since G/K 1s a
principal H/K-bundle over G/H. Its projection may be identified with the
retraction r : GS —> Gx (see Appendix).

(2) There are two fiberings of X(U). (X( u)? G/N, ‘F, N/U) which
has an equivariant projection map, and (X(U)’ X(U), G/U, N/U), whose
projection 1is Rye

By 1.2, xw) = F ’N/UG/U' and now both factors are principal
(N/U)-bundles (1.1), whence (2).

(3) If Y is a principal G-bundle, there is a fibering
(GS x5, Y/H, S, H/K).

(4) There is a fibering (X(U)x Y, XEU), Y/U, NfU). If Y 1s
a principal G-bundle, there 1s moreover the fibering (X(U)xGY, Y/N, F,
N/U).

This follows from Xiy)Xg¥ = F xy /UY/U.

If Y= EG’ then Y/A = BA for any closed subgroup A of G.
Therefore, putting Y = E; in (3), (4) we see that
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(5) There are fiberings ((aS)y, By, Sy, H/K), (x(U),G’ By F,
!
N/U) and (x(U),G’ x(U)" Bu: N/U)-

(6) Let M Dbe a closed subgroup of G. Then there is a fibering
(x(U)/MJ sz)’ G/(M) U)p N/U)-

In fact, we have X(U) =F xN/UG/U by 1.2, the G-space structure
being induced by the left translations on G/U. Since these commute with
N/U, 1t follows immediately that G/(M, U) 1s again a (N/U)-space and
that

X(U)/M =F xN/UG/(M’ U) .

1eds Agaln let X, Y be G-spaces. Then X XY 1is also a
G x G space, and X x5¥ 1s the quotient of X x Y under the "diagonal"
subgroup G = (g, g)« Therefore we have natural projections

XxY—> XxGY—"->x' xY' .

Iet xeX, yeY, then gx,y * (g, g') —> (gx, g'y) ylelds a homeo-
morphism of (Gx)xz(GY) with B~'(x', y'). It follows that B~'(x', y')
may be identified with the space G/ (Gx’ Gy) of double cosets
mod Gx’ Gy. In particular, if Y 1is principal, then the m&p
B,y * 2> (zx, y), (z ¢ G) provides an identification of G/G, with

™ (x!, ¥').
If both X and Y are principal bundles, then ﬁ"(x', y') =

G xGG may be identified with G, acted upon by G X G by means of right
and left translations, and we have, as usual, a fibering

(1) (X xgY, X' xY¥', G, G XG) .

This can be applied to a varlety of situations, using 1.2. We
give some examples.

Consider the projection 7 : G3 x5¥ —> n:x(S) X Y's By 1.2
the left hand side is (S xH/K(G/K) )xG Y. The spaces S xY and G/K
are both ((H/K)xG)-spaces in the natural way, and it follows from the
definition of the twisted product that

S xH/KG/K)xGY T (S xY) x(H/K)xGG/K

therefore

(2) GS xgY¥ ¥ (S X Y)X (g /g )xq@/K
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and this identification carries , over to the projection on the first
factore If now S xY is a principal ((H/K) x G)-bundle, then we get

a fibering
(3) ((GS)XGYJ 8! xY', G/K, (H/K) x G)

Taking S =F, GS = x(U), H=N, K= U, we see in particular that if Y
1s a principal G-bundle, then there 1s a fibering

(%) (x(U)xGY, X'y X X' G/u, (N/U) x G)
Speciallzing Y to E; in (3), (4) we also get fibre bundles
(5) ((@8)g, ' x By, G/K, (H/K) x @)

(6) ((X¢g),q* X'(y) * Bgs @/U, (N/U) x @)

§2. The topology of the Leray sheaf

2.1 Lot n : X—> Y be a continuous map. Assume first X,

Y to be locally compact, and consider cohomology with compact supports.
The Leray sheaf F(x) or F of x 1s the sheaf occurring in the

-tem of the spectral sequence of = (cohomology with coefficlents in
somo fixed groundring). 'I‘hus Fy =H (x""y), the sheaf F 1s assoclated
with the presheaf U —> H (x -y U) (U open in Y). Here cohomology is
meant wilth respect to the famlly of relatively closed supports. An
equlvalent description 1s obtalned by assigning to U open and relatively
compact the cohomology with compact supports of the closure of v,

Apart from this, we shall be concerned only with cases in which
«x'(y) 1s compact for every y e Y, n 1is closed, ¢, ¥ are all closed
subsets of X, Y. Then E(x)y = H'(x"'y) and F 1s associated with the
presheaf U —> ' (x 1U) (see XVI, 2.5).

2.2. PROPOSITION. let X be a G-space, S a slice
at x e X, » the equivariant retraction of GS onto
Gx assoclated with S (see VIII, 3 7), ry its
restriotion to "XI (y)e Let c ¢ H (£~ 'v)." Then
y—>r *(c) 1s a contimious cross section of F
over S's Let s €3, and pg : G/Gg ——> u"(S')
be the natural identification. Then px ° rs, o Dg @
G/Gg —> G/G, 1is the natural projection, deriving
from the inclusion Gg ( Gye
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Iet o! = r*(c), and let :Iw be the inclusion of f£~'(y) in
GS, (ye 8')e Then y ——> *c! 1s a continuous cross section (2.1).
Since r_,=r. 1y’ this proves the first assertion. The second one
follows from the definition of r.

2.,3. lLet Y be another G-space, which we assume to be compact
for simplicity. Let =x, be the projection of X xGY onto X'. As we
know (IV, 1.3) x"‘(x') ~ Y/G (xx(x) = x'). More precisely, the map
y—> (x, ¥) i.nduoes a homeanorphism Qx : Y/G, —> x V(x1).

ILet S be a slice at x, and r be 1ts retraction onto Gx.
'I'h?n r and the identity on Y provide a retraction r, of GS xgY onto

(x').

PROPOSITION. We keep the notation of 2.3. Let z'1y
be the restriction of r, to x; (y). Let

¢ ¢ H(s;'(y)). Then y —> ry(c) 1s & con-
tiruous cross section of F(x,) over =,(S).
Moreover, if s ¢ 8, then q,;1 O I

Y/Gg —> Y/G, 1s the natural projection deriving
from the inclusion Gy C Gye

Same proof as for 2.2.

2. Lot X, Y be two G-spaces. As in 1.5 we consider the pro-
Jection: X xGY —_— X' X Y', the canonical homeomorphlsm
A,y * Gx x50y —> 8~1(x1, y'), or also if Y 1s principal, the homeo-

— ' 1),

morphism qy . : GX > p~1(x!, y')

let S, T be slices at x ¢ X and y ¢ Y respectively. There
is a retraction GS Xg@T —> B™'(x!, y') associated with GS —> Ox,
GT —> Gy. We demote 1t agalnby r, and Ty 4 (a € :tx(s), b e ny(T))
will be its restriction to B~'(a, b). ‘

PROPOSITION. We keep the notation of 2. h. Let
cer'(p(x!, y')). Then (a, b) —> r, ple) 18
a continuous cross-section of F(B) over

zx(s) x :!('1‘). For s eSS, t e T the map

Gply o Tgr, g1 o Qg4 ¢ G/Gg X0/0; —> @/Gy XgG/Cy
(respectively G/Gg —> G/G,, when Y isa
principal burndle) is the natural map associated with
the projections G/Gy —> G/G,, G/G, —> G/Gy.

Same proof as for 2.2.
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REMARK. In Sections 1, 2, we have tried to systematize varlous
¥nown remarks of Palails, Floyd, Conner and the author. 1.4 and 2.4 were
suggested by a proof of Conner (Mich. J. M. 6 (1959), pp. 25-32, Theo-
rem 1).

§3. Fixed point theorems

3.1. An elementary commutative p-group (p prime) 1is a direct
product of 's; the number of factors is the rank or p-rank of the

group. For unification purposes we also allow p to be zero and consider
an n-dimensional torus as an elementary abelian O-group of rank n.

P(A, t) = z(rkAi)ti is the Poincaré polynomial or series of a
free module graded by submodules al or finite ranks. For a space X,
Py(X, t) = P(H3(X; Z))). We write P(A, t) g P(B, t) if vk A" g rx B
for all 1.

Kp is a field of characteristic p (p prime or zero).

3.2, LEMMA. let G be an elementary commutative
p-group, and X be a compact G-space. Assume

, dim H"(X; K,) and the mumber of orbit types
to be finite. Then there is a decreasing sequence
X=Xy DX Deee DX DXy q =98 of closed
G-invariant subspaces (xm ¢4 #), with the properties:

(a) H'(X;; K)), H'(X{; K,) are fialte dimensional.

(b) For each 1 { m there is a closed subgroup Gy
of G such that X; - Xy, = (xeX, Gy = Gy)
if p ¥ o, or Xy = Xg,q = (xeX, G =Gy)
ir p.- 0. Moreover rk Gy ¢ Tk Gj for 1¢ J.

Let 4, be the minimm of rk G,, (x ¢ X), and A, = (x e X,
rk Gy 2 8, + 1. Then A, 1s closed, and X - A, 1s a disjoint union of
open subsets U,;, ses) U.Ikl in wvhich G, (or Gy, if D= 0) 1s

constant. We then put Xy = X - U,y = «es - U,y for 1¢ k,, hence
- e« On » min rk G 8, + 1, 80 that we may proceed similarly.
; x 2 4

Since G 1s commtative all these subspaces are G-invariant, and (b) is
proved. (a) is proved by induction on m. By deﬁnition, Xy = F(G,; X)
1€ D40, X = F(Gpos X) if p= 0. By IV, 5.3 H (X'; K)), H (X5 K))
and H*(X}; K)) are finite dimensional, hence X - X;, X' - X; have also
finitely generated oohomology groups over Kp. The subspaces Y, = X; ~ X
form a decreasing sequence in X - X having the property (b), with

Y, = 8. By induction Hy(X; - X5 K,) is finite dimensional and (a)
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follows from (IV, 5.3) and the cohomology sequence.

3.3. LEMMA. let G Dbe an elementary commutative
p-group, X be a G-space. Assume that there 1s a
subgroup H of G such that for all x ¢ X,
G=H:pr+o, o = H 1f D = 0. Then the
Leray sheaf of the map =x, : XG —> X', with
coefficients in Kp, i1s constant.

let p 4 0. Then (1.3 (5)), X; 1s flbered over X', with
fibre By, structura.l group N/H G/H. But here H 1s a direct factor
in G, therefore »p (H, G): H (BG Kp) —> H (BH, Kp is surjective.
Since N/H acts trivially on Im p*(H, G) this proves the lemma for p 4 O.

Iet p = 0. Consider the map

> 7' (y) (y e X', x e x5 (y)

induced from the map e —> (x, e) of E; into X x Eg. Here aq, is
the homeomorphism considered in 2.3, and tx is the natural map assoclated
to H—> G « In our case, Gx is the direct product of H with a
finite group, since the 1atter has trivial cohomology over K., t 1s an
isomorphism. Hence t qx H (u" (v); K, ) —> H' (BH K, ) is a.n iso~
morphism. Replacing x by g8« x cha.nges ty e qp by the translation
of By by g. Since G 1s connected, this has no effect on cohomologz,
hence t o qx depends in fact only on y e X'. Let us denote 1t by sy.
The map (y, o) —> (y, sy(c)) is then a bijective map of the simple
sheaf Y x H (By; K ) on the Leray sheaf, and it follows from 2.3 that 1t
is continuous. It is therefore an isomorphism of the constant sheaf onto

the Leray sheaf.

REMARK. In the foregoing two particular cases of the following
statement occur. Let G be a topological group, N a closed central
subgroup. Then in the fibering (By, By G/N), G/N acts trivially on the
cohomology of the total space. This is of course obvlous when G 1s
connected. A general proof in singular cohomology was pointed out to the
author by A. Heller, using his construction of a unlversal bundle (Trans.
Am. M. S. 80 (1955), pp. 299-344): namely, one can take for E, a semi-
simplicial group, in which the singular complex of G 1s embedded as a
subgroup (loc. c¢it. p. 329). It 1s clear from the construction that if N
i1s central, then N, or rather its singular complex, 1s a central, hence
invariant, subgroup of EG' Then G/N may be considered as a subgroup of
the connected group EG/N = By, hence it acts trivially on the cohomology

of Bye
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3.4, THEOREM. Let p be a prime or zero. let G be
an elementary commutative p-group (3.1) and X be a
coupact G-space, for which dim X, dim B (X; X,) and
the number of orbit types are finite. If X 1s
totally non-homologous to zero over in the
fivering (Xg By X, xp), then dim K (P(G; X); Kp)
= dim H (X; Kp) In particular, F is not empty.

In the proof, cohomology 1s with respect to Kp’ F = F(G; X),
and we drop the subscript p in the Poincaré series.

"X totally non-homologous to zero in X;" 1s equivalent to the
two conditions: G acts trivially on H (X) and the spectral sequence of
n, ii trivial [2; §4]. We already know that under the former condition
dim H (X) 3 dim H (F) (IV, 41, 5.4) so that it will be enough to establish
the reverse inequality. In the notation of 3.1, we have to show

(1) P(X, 1) ¢ P(F, 1) .

Since X 1s totally non-homologous to zero in XG we have
(2) P(Xy, t) = P(X x By, t) = P(B, t)P(X, £) .
Choose now subspaces Xi of X satisfylng the conditions of 3.2. Then

Xy = x?‘ (xi). We consider the Fary spectral sequence (XI) of
«, : X3 —> X', with respect to the subspaces X,;. Then (XI, 3.3)

By = Zig Bo(K - Xyupi F)

whore F 1s the Leray sheaf. By 3.3, F 1s constant over Xp = Xi 0
with fibre H (BG ), hence

By = 3y Bo(K - X5 H'(Rg))
(3)
P(Ey; t) = Zy P(Xy - Xy,q0 t)° P(By,» t) -

(the grading in E, 18 given by the total degree). Now E, = GH' (X5),
hence

P(Xy t) = P(E,, t) < P(E,, t)

and (2), (3) yleld
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(x) P(X, t) - P(By £) < % P(By, t) « P(X; - Xy qr &)

Let #; =rk Gy, £ =rk G, and let us denote by a an integer which 1s
equal to 1 if p+ 0 and to two if p = 0. Then

-0
P(BG" t) = (1 - ta)-‘: P(BGi’ t) = (1 - ta) 1 ’
and (4) may be written
-
P(X, )01 - ¢ g5y POXY - X), s )01 - t8) L

By assumption, 3.2, and the cohomology sequence, the left hand side and
each term on the right hand side 1s the oroduct of a polynomial with posi-
tive coefflcients by a negative power of 1 - t% For 0< t <1, each
represents an analytlc function, whose Taylor development has positive
coefficients. Therefore the formal inequality in (4) 1s also meaningful
and true 1f t 1s interpreted as a real variable in [0, 1), and the
different terms as values of functions. We have then also

L-2
(5) P(X, t) g 5y P(X] - X}, £)C1 - t8) 1 .

Now the only subgroup of rank £ of G 1s G 1tself. Therefore £y < 2

for 1<m (and also for m if and only if F is empty). As a con-
sequence, we also have, for t € [0, 1),

2=-2
(6) P(X, t) ¢ P(X3, )01 - %) ™+ (1 - £2)Q(t)

where Q(t) 1s a polynomisl. If now 4, + 4, the right hand side tends
to zero when t —> 1, 1in contradictlon with the fact that P(X, 1) 1s
a strictly positive integer. Therefore 4 = £, hence G, =G,

F = Xy = X3« Then (6) yields

P(X, t) ¢ P(F, t) + (1 - t¥)at) .

Since the second term in the right hand side tends to zero as t —> 1,
this proves (1).

3.5. COROLLARY. let G be an elementary abellan
p-group (p prime or zero), X 2 compact connected
G-space for which dim X, dim H (X; Kp) and the
number of orbit types are finite. Assume that G
acts trivially on H (X; K,), and that B (X; K,)
is generated by 1 and by 1ts elements of lowest
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strictly positive degree k, or more generally by
elements which are transgressive in (xg, By X 12).
Then F(G; X) 1s non-empty if and only if

Ey(n,) = E (x,).

If E, = E,, then X 1s totally non-hano%ogous to zero in XG,
hence F 4 # by 3.4e If now F(G; X) 4 #, then =, 1s injective (1v,
3.3). Since H*(x) is assumed to be generated by transgressive elements,
this implies that E,(r,) = E_(7,), in view of known facts about ker =,

and the image of the transgression [2, §5].

3.6 THEOREM. let G be an elementary abelian p-group
(p prime or zero), and X a compact connected G-space.
Assume that dim X, dim H'(X; K) and the mmber of
orbit types are finite, and that H (X; Kp) 1s generated
by 1 and its two-dimensional elements. If G acts
trivially on H*(X; Kp) and if all subgroups of rank

2 of G have fixed points, then G has fixed points
and dim H (F(G, X), K,) = dim 1 (X; K,)e

Let (E,) be the spectral sequence of the fibering (X3 By X,
x,) with coeffieients in Kp (which will be omitted). By 3.k, it will
be enough to show that E2 =Ee+. If p=0, this is obvious, since we
have then only even degrees in E,, so that from now on we assume p F O.
Let G = Hy X «ee x H, with H1=Zp. Let first p be odd. Then

H'(Bg) = H'(By ) © o0 OF (By )
H*(BHi) = A(a,_)@Kp[bi] (a%y = 1, d%, =2) .

H (X) being generated by Ha(x), we have d, = 0 and (Er) will be
trivial if and only if dq(E°(X)) = 0. Let ¢ ¢ E2(X). Sinoe B(X) = o,
the first Bocksteln operator B 1s zero on x, hence also on

dy(c) ¢ H3(By). Since Bay = by (1 ¢ 1¢4), this implies immediately
that dj(c) 1s a sum of monomials of the type ayb i Therefore, in order
to show that E2 =E, it is enough to prove tha.t the image of d (c)

in H (BH_'_XH ) (14)) and H (BH:L) under p (HixHJ,G) and o (n,_, G)

is zero for 1;1,,1;1.

let H be a subgroup of Ge. There 1s a map XH—>XG
commting with n, and inducing po(H, G) : BH — BG on base spaces, see
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(IV, 3.2). In view of the standard properties of homomorphisms of spectral
sequences, 1t 1s clear that ' (H, G)(d3(c)) 1s the image of ¢ under

d; 1in the spectral sequence of (xH, By X). By our assumption and 3.5,
this image must be zero if rk H ¢ 2. As noted above, this implies

dz(c) = 0 and E, = E,. For p =2, the proof is similar.

3.7. REMARK. In the proof of 3.4, BG has been considered to
be classifying for all dimensions. However, from the topological point of
view, we have considered the spectral sequences to be taken with respect
to compact supports, that is as if BG was compact, hence classifying up
to some dimension N. This can be justified in the same was as in [2,

p. 181], as follows: let E,» E2 be two N-universal G bundles for which
there exists an equivariant map E1 —_— Ee' This map then induces a map
f:Xx5 E,—>X ) E, commting with =x; and =x,; 1t ylelds there-
fore also homomorphisms of the Fary spectral sequence of = e It is an
isomorphism on the cohomology of the fibres up to N, and an isomorphism
on the base for all degrees. Since the base degree 1s bounded by dim X!
it follows easily, as in [2, §4 (d)], that £" 1s an isomorphism up to
the total degree N - dim X. Therefore ve may say that the Fary spectral
sequence considered in the proof of 3.4 1s characterized and may be de-
fined by the following property: for each N, i1t 1s isomorphic up to

N - dim X. to the Fary spectral sequence of X x5 E1 —> X! vwhere E‘.1
is N-universal. One argues of course similarly for the spectral sequence
of =,, a case which was already explicitly covered in [2]. Thus de-
fined, the spectral sequences have then the properties claimed for in the
proof of 3.k.

A similar "passage to the 1limit" will be made implicitly in
XIII, and can be Justified in the same way.

§4. Applications to projective spaces

In this section we consider spaces whose cohomology mod p, for
a fixed prime p, 1s a truncated polynomial ring Kp[x]/ (x®*1), with
dox =k even if p 4 2. Examples are the projective spaces over the real
numbers (k = 1, p = 2), over the complex numbers (k = 2), the quater-
nionic numbers (k = 4), and the projective plane over the Cayley numbers
(k =8, s =2).

k.1, LEMMA. let p be a prime and (E, B, F, x)
be a fibering in which H (F; K) = I{p[x]/(xs” ),
(@°x = k, even if p # 2) and the Leray sheaf is
constant. Then F 1s totally non-homologous to zero
in any of the following cases:
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(a) (p, s+1)=1,

(b) k=4, s+ 1 4p, p odd,

(c) F 1s the quaternionic projective space of real
dimension 4s, (s > 1) and p 1s odd.

Let (E,) be the spectral sequence of = over Ki. Then
Eper = Eo» By = E, and E, = E  1if and only if d,, ,x = 0. Moreover,
since dk+1 i1s a differential with respect to cup product, and k 1is
even for p % 2, we have

(1) dkﬂxm = mdy, , x @ x0-1 (A, X € <t (B; K))) .

In particular, this implies (s + 1)dy, X = 0. If (p, 8+ 1) =1, we
get dp,,x = 0. Let now k=4 p$42,s+14p. If 8+1<Dp, We
are in case (a). If not xP 4 0. But xP = 212)x, where 2; denotes the

i-th reduced 3teenrod power, and _13; =2 _13} (see [5]). Hence

g‘x =C x(p+1 )/2 with ¢ 4 0. However, the reduced powers commute with
transgression hence x(p"'1 )/2 nust be trans ssive. Since p + 12 &4,
and is prime to p this lmplies that dka p+1)/2 _ 0 and therefore,
using (1), that dp, ,x = 0.

If now p 1s odd, F 1s the quaternionic projective space ani
s > 2, then [3, §8] g;x =2 ¢ x(P*1)/2" £op & suitable x, and this
implies dkﬂx = 0 as before.

4,2, THEOREM. let p be prime, G be an elementary

commutative p-group, X Dbe a compact connected G-space

of finite dimension mod p and for which H (X; Ky) =
[x]/(xSH) (a°% =k, even if p 4 2). Then .

dim H (F(G, X); K,)) = s + 1 ineny of the following

cases:

(a) (s +1, p) =1,

(b) P42, k=14, s+ 14D,

(c) p+2, X 1s the quaternionic projective space

of real dimension Uus, (s > 1).

For any 1, Hi(x; Zp) is elther zero or Zp. Since a p-group
acts always trivially on Zp, and since G 1s the structural group of
the fibering (X5, By X, x,) the Leray sheaf on this fibering 1s nec-
essarily constant. The result follows then from 4.1 and Jeke

REMARK. On the complex projective space P (C), there exists
for each p dividing s + 1 a group of projective transformations, iso-
morphic to (Zp)a, which has no fixed points. Also the quaternionic
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projective space of odd quaternionic dimension has a group 22 + Z2 of
projective transformations without fixed points, and the Cayley plane

has a group Zg of projective transformations without fixed points.

§5. Applications to compact Lie groups

5«1« Let K be a compact Lle group, U a closed subgroup, A
a group of coefficients. H*(K/U; A) 1s sald to be equal to its charac-
teristic algebra if the characteristic homomorphism of the fibering
(K, K/U, U) 1s surjective or equivalently, if K/U 1s totally non-
homologous to zero in the bundle (BU, By, K/U) [2, Théor. 22.2] (co~
efficients in A of course). When this 1s the case, K/U 1is totally
non-homologous to zero in any fibre bundle of the form (E/U, B, K/U),
where (E, B, K) 1s a principal K-bundle [2, Cor. to Prop. 18.3].

5.2. THEOREM. Iet K be a compact connected Lie
group, U a closed subgroup and p be a prime or
zero. If H*(K/U; Kp) is equal to its character-
istic algebra, then every eolementary commutative

p-subgroup of K 18 conjugate to a subgroup of U.

let G be an elementary commutative p-~subgroup of K. We have
to show that @, acting on K/U by left translations, has a non-empty

fixed point set.

The projection K —> K/U 1s G equivariant, G acting on the
left on K. Hence, (IV, 3.2), there is a commutative dlagram

o > (K/U)g
‘l’ 1d. \ll
B> -

Here K5 = K xGEG is defined by letting G act on the left on K. This
commutes with the right translations; and it 1s easy to see that, under
that action, (KG, By» K) 1is a principal K-bundle and that ((K/U)G,
By K/U) may be written as (KG/U, By, K/U)e Thus, 5.2 follows from 3.4
and the result recalled in 5.1.

REMARK. For p = 0, the theorem means simply that if

H" (K/U; K,) 1s equal to its characteristic algebra, then U and K have
the same rank, which is not really new. The converse 1s also known

[2, §26].
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5.3. COROLLARY. If K has no p-torsion, then every
elementary commutative p-subgroup of K 1s contained
in a torus of K.

let T be a maximal torus. By 5.2, it is enough to show that
H*(K/'I'; ) 1s equal to its characteristic algebra when K 1s p-torsion
free. This follows from [2, Prop. 29.3], if we take into account the
fact that K/T 1s always torsion free (see R. Bott, Bull. Soc. Math.
France 84 (1956), pp. 251-281 or A. Borel, Proc. Nat. Ac. Sc. USA 40
(1954), pp. 1147-1151).

5.4 REMARK., It is known [3] that 1f K has no p-torsion,
then By has no p-torsion and that if By has no p-torsion, X/T 1is
equal to its characteristic algebra ([3, Prop. 5.3], for this part of the
proposition the assumption K simply connected is not used), so that the
preceding proof also works under the assumption that BK has no p-torsion.
In fact it can be checked that this 1s equlvalent to K belng p-torsion-
free, and that the three following conditions are equivalent:

(a) K has no p-torsion;

(b) By has no p-torsion;

(c) every elementary abelian p-subgroup is contained in
a torus.

Also, 5.1 can be extended to the following theorem: Iet G be a compact
abelian subgroup of the compact connected Lie group K, and Go be the
identity component of G. Assume that K has no p-torsion for every
prime p dividing the order of G/G,. Then G 1s contalned in a torus.
For all this, we refer to a forthcoming paper of the author "Abelian
subgroups and torsion in compact Lie groups". For earlier results per-
taining to p-torsion and elementary abelian p-subgroups, see A. Borel,
Bull. A.M.S8. 61 (1955), pp. 397-432, §12. .

§6. Applications to homologically k&hlerian manifolds

6.1« A compact connected manifold X will be said to be
homologically kéhlerian if there exists an element Q e }ﬁ(x; Ko) such
that multiplication by Q@ 3(2n = dim X, s = 0, «es, n) 1s an iso-
morphism of H°(X; K,) onto -8 (x; K,). In particular, it is
orientable. In a k#hlerian manifold, the cohomology class represented
by the imeginary part of the metric 1s well known to have the property
assigned here to Q.

The following theorem is due to Blanchard. ([1, Théor. II. 1.2].

THEOREM. let (E, B, F) be a fibering whose total
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space 1s compact and typical fibre i1s a connected
compact homologlcally k&hlerian manifold. lLet (Er)

be its spectral sequence over Koo Assume that

E, = H (B; X)) @K (F; K,) and that o®(H' (F; K )) = o.
Then F 1s totally non-homologous to zero in E.

In fact, E need not be compact, 1f one uses closed supports.
The main point in the purely algebraic proof 1s to have, besides the
assumptions made on E, and F, a unit in H'(B; K,). Also, it is not
really necessary to assume that F 1s a manifold; this part of the
assumption could be replaced by the assumption that F 1s a cohomology
manifold, or even that F 1s a compact connected space whose cohomology
ring over K, obeys Poincaré duality. We note also that Blanchard proves
his theorem under a slightly weaker assumption on E,.

6.2, THEOREM. ILet G be a torus acting on a
homologically ké&hlerian compact connected manifold
and F be 1its fixed point set.

(a) 1 H(X; K,) = 0, then F 1s not empty and
* *
dim H (X; K;) = dim H (F; K_).
(b) If F48, then dim H'(X; ;) = dim K (F; K_).

G has a finite number of orbit types on X (see VI) and, being
connected, acts trivially on H (X; K ). Hence (a) follows from 3.k, 6.1.

Now let F be non-empty. By IV, 3.3, = : H'(Bgs K,) —>
H*(XG; K,) 1s injective. Since 1ts kernel contains da(H1 (X; K,), (see
€., [2, §5]), the latter group is zero, and (b) is a consequence of
3.“" 6.1.

6.3, REMARK. We have dim H'(X; Kj) 2 dim H'(F; K,) for
arbitrary p (prime or zero) (IV, 5.5), so that the reverse inequality
1s in fact equilvalent to equality. When G 1s a group of lsometries of a
kihlerian manifold, Frankel [6] has proved that dim H*(F; Kp) 2 dim H*(x;‘
for any p. As a consequence, X has no p~torsion if and only if F has
no p-torsion. Thus 6.2 and 6.4 are weaker than these results in the
properly kéhlerian case; on the other hand, they are proved without differ-
entiability assumptions. In fact, as in 6.1, the assumption "X i1s a
manifold" is not fully used. It could be replaced for instance by "X 1s
a cohomology manifold".

6.4, PROPOSITION. Iet G be a torus acting on a
compact connected homologlically k&hlerian manifold X.
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let p be a prime. If X has no p-torsion, then
F = F(G; X) has no p-torsion.

We assume F to be non-empty, since there 1s nothing to prove
otherwise. By 6.2, we have dim H*(x; Ko) = dim H*(F; Ko). Since G has
only a finite number of distinct isotropy groups on X (see VI), there
is s p-subgroup U of G such that F(H; X) = F(G; X), therefore
dim H' (X, Kp) 2 dim H * (F; Kp), by (IV, L. 5). The space X having no
p-torsion, we have dj.m B X; X ) = dim H' (X; Kp), therefore we see that
dim i (F; K, ) 2 dim H (F; Kp). But, X being a. compact manifold,

H (X; %) 1s finitely generated, hence so 1is H (F; 2) (IV, 5.3). The
proposition follows then from the previous inequality and the universal
coefficient formula.
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XITI: FIXED POINT THEOREMS FOR ELEMENTARY
COMMUTATIVE GROUPS II

A. Borel

Thls lecture 1s devoted to a theorem about slementary commuta-
tive groups acting on a cohomology sphere (2.3) and to a local analogue
(4.3)e The latter will in fact be reduced formally to the former by use
of a method of Conner [2]. It relies on certain local notions introduced
in §3 and some remarks on inductive limits made in §5.

§1. Notation

‘1.1e« In §§1, 2, 3, the notation and conventions of XII, §3,
are retained. In particular, G 1s an elementary commutative p-group
(p prime or zero), £ its rank, X 1s a compact connected G-space for
which dimpx and the number of orbit types are finite. The subspaces
xi of X are as in XII, 3.2, except that instead of requiring xm {0,
we put xm=F(G; X) =F. Thus G, = G, and Gi#G for 1< m- 1.

let Y=X-F, ¥y =Xy -F, and s be the smallest integer
such that rank Gy 2 4 -1 for 13 s. Then Y =94, F(G; Y) =0; we
have

F(Gy5 Y) =¥y =¥y, FGy X) =Xy -X 4, +F (L=38, cee, m~-1)

for p ¥ 0 and the same relations with G; replaced by Gy, for p = O.
Thus Y; 1s the disjoint union of the closed subspaces Yi - Yi +1
(s ¢ 1< m

The cohomology 1s always understood with respect to a field
of characteristic p. The subscript p 1s dropped in the notation of the
Poincaré series. Finally the constant & 1s equal to 1 if p ¥ 0, to
2 1if p = 0.

The following 1s a sharpening of XII, 3.1

173
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1.2. LEMMA. Let M be a G-space and assume that
there 1s a subgroup H of G such that (;‘ry = H 1if
p # 0 (respectively Gyo =H if p=0) for all
¥y € M. Then there 1s a continuous map A : My —>
M! x By which carries the canonical projection

8 My —> M! over onto the projection pr, of
M! x BH on its first factor, and the spectral se-
quence mod p of x, onto that of pr,. In par-
ticular, the former is trivial.

Inbothcases p=0 and p # 0, H 1s a direct factor in G,
80 let K be an elementary abellan subgroup of G such that G = H x K.
Let us take as EG a product EH b EK‘ It follows from the definitions
that

Mg = (M xyg By)xy By = M xy By o

Since H acts trivially on MK, the last term 1s equal to MK X BH‘ The
map A 1s then defined to be the product of the canonical map

n; : Mg —> M/K = M/G = M' by the identity. The proof of XII, 3.1
shows in fact that A 1nduces an isomorphism of the Leray sheaf of n,

onto the Leray sheaf of pr,, and the second assertion follows.

Finally, for reference, we reformulate the maln point in the
proof of XII, 3.4 in the following:

1.3, LEMMA. Let Ay(t), By(t), (1 ¢ 1< k) be
polynomials with positive coefficients, and let
b, ¢ be strictly positive integers. Assume that
we have

s ) (1 - D)t ¢ 1K (1) (1 - £t

in the sense that for each n > 0, the coefficient
of t" 1n the left hand side, considered as a power
series In t, 1s smaller than or equal to the co-
efficient of t" 1in the right hand side. Then

b'kAkh) < c'kBk(1 )e

PROOF. Both sides are power series with positive coefficients,
which converge for 0 ¢ t < 1. Therefore, for t e [0, 1), the glven
relation 1s also an lnequality between values of functions. We multiply
then both sides by (1 - t)¥ and let t —> 1.
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§2. Cohomology spheres

2.1. In this section, X 1s a cohomology n-sphere mod p. By
the Smith theorem, F 1s a cohomology r-sphere and xi - x1+1 +F
(1 2 s) a cohomology ny-sphere mod p (r g n, € n). Moreover, by the
dimensional parity theorem, n -r and n -n; are even if p # 2.

2.2, LEMMA. In the notation of 1.1, 2.1 we have

n,-r-a
P(Y;_-Y;_ﬂot)=tr+1(1+ta+...+t1 ) (8gi<m)

with the convention P(Yy - ¥j ,; t) = 0 if
ni = T

On X, - Xy,, + F the effective group 1is Zp if p# 0, a
circle group 1f p = 0; 1t also has F as fixed point set, so that
Yj'_ - Yj'_ﬂ may be viewed as the quotient space of (xi - Xt F) - F.
In the case p ¥ 0, we are then in the Smith situation and the leuma is
known (see e.g., [1, Lemme 5.6])s If p = 0, then all stability groups
are finite, and for cohomology mod p, the situation is the same as for
a principal bundle [XII, 2.2]. In particular, there 1s a spectral se-
quence going from H'(By) ®H;(X, - X;,,) to Hi(Y] - Yj,,). The proof
1s then the same as 1n the Smith case.

2.3, THEOREM. Iet G, X be as In 1.1, 2.1. Let
n(H) be the integer such that F(H; X) is a co-
homology n(H)-sphere mod p, where H 1s a sub-
group of G (closed connected if p = 0), and let
r = n(G). Then

(1) n-r = zsy(n(H) - r)

where H runs through the subgroups of index p Iif
p # 0, through the closed connected subgroups of co-

dimension 1 if p = O.

In the notation of 1.1, 2.1, our assertion 1s clearly equivalent
to

(QRD) n'r'zsgigm-l(ni'r) .

The proof will be similar to that of XII, 3.4. We shall consider
the Fary spectral sequence (Er) mod p of =, : Y5 —> Y', with respect
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to the subspaces Y,;, and the spectral sequence (EI'.) mod p of the fibre
map %, i YG —_— BC-' We have of course

(2) P(Ej, t) 3 P(E, t) = P(¥5, t) = P(E, t)  P(Ey, £)
By 1.2, 2.1 and XI:
g, - S B - Y, @K'y )

hence

-r-a
R it F L ST 18,

(3) P(E,, t) = (1 - Ii.s

-4
1=5-1 1 ! ay 1
+ I3 0 P(Y1 - Y1+|’ t) (1 - t%)

where s = rank Gi is ¢ 4 for 1K s.
If n=r, then n=n; and (1) is obvious, so assume from now
on n> r. We shall first prove

(%) n-rg zi:‘:'](ni-r) .

Ilet r ¢ n - 2. Then, by the cohomology sequence
BT (Y) = HO(Y) = K Hi(¥) = 0 . (L1#r+1,n)

and G acts trivially on H:(Y) (for p # 0, use the fact that a p-group
always acts trivially on Zp). Therefore

E, = H*(BG) ®H:(Y)
(5)

P(E}, t) = (1 - t2)72 (™ 4+ £7)
In (Ex") there are only the fibre degrees r + 1, n, therefore EE' =
Ex'x-r’ E = E;l_r”. Let u, v be generators of Hg”(Y) and HE(Y)

0
respectively. Then d 1s determined by

n=1

4 (1@V) =y ®u, (v B 7T(8)) ,
and we get easlly

(6) E, = H (B)/(y) @HZ1(¥) + Ann y @ HJ(Y)
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where Ann y 1s the annihilator of y, and (y) the ideal generated by
y in H (BG). We want to prove that Ann y = 0. Assume the contrary.
If p=0, 2, H (BG) is a ring of polynomials in £ variables of degree
a, So that our assumption implies y =0, Anny = H (BG) Let now

P # 0, 2. Then

H*(BG) = A(a.‘, eoey a‘)®1&>[b1, [XXY) b‘] (doa.i =1, dobi = 2)-

If Anrny # 0, then y must be a sum of monomials each of which contains
at least one of the variables 84 Consequently, Ann y contains the
product &; eee &, and also &a; «e. a‘®1{p[b1, sy b,]. Thus, for any
P, Wwe see that

P(Ann y, t) 3 (1 - £2)7%¢d
for some q 2 0. By (2), (6) we have then

st - t2)7 ¢ P(E,, t) ,

and this, by 1.3, (3) implies ot < 0. This contradictlon proves than

Ann y = 0. As a consequence

P(ly), t) = t"TP(By, t) = t"T(1 - 27

and (6) ylelds

P(E!, t) = t™ 1 (B(By, t) - PU(y), £)) = £7*1(1 - £3)7F(1 - £7°T)

(7)
P(E;, t) = (1 _ t&)'l-l R tl"+1 R (1 + t& + taa ¥ oeee + tn—r-a.)

(Recall that if a =2, then p=0 and n - r 1s even.) Since
1 +t%+ oo + tX tends to (k + &)/a vhen t —> 1, (4) follows from

(3), (7) and 1.3. lLet now n - r = 1. By the parity theorem, p = 2.
We take Z, for a field of coefficients. By the cohomology sequence

HMY) = 2, + Zy, Hi(¥) =0 (L4n) ,
and there 1s an exact sequence
0 —> HI(F) —> HI(Y) —> HYX) —> 0 .

In E) there is only one fibre degree, hence E; = E,. If G acts
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trivially on H;(Y), then we should have
P(E), t) = (1 - t)7%2t™ ¢ P(E,, t)

and (3), 1.3 would yield a contradiction. Thus G does not act trivially
on Hg(Y). Since G acts trivially on B (r), Hg(x), there exists by
the above exact sequence a basis u, v of Hg(Y) such that g » u=1u
for geG and g * v is elther v or u + v, the latter value belng
taken for at least on g € G Therefore the subgroup H of G which acts
trivially on Hy(Y) has index 2. let K ¥ Z, be such that G = H x K.
Then

H'(Bg; HI(Y)) ¥ H'(Bp) ®H (B H(Y)) ,

and the non-zero element k¥ of K operates by k *u=u, k *» v=u+v.
The known results on the cohomology of cyclic groups (recalled in IV, 2.1,
or [1]) imply that Hi(BK; Hg(Y)) is zero for 1 # 0 and 1-dimensional
for 1 = 0. Hence we get

(") P(Es, t) = P(EL, £) = (1 = £)'74¢"

so that, in the case n - r = 1, (4) follows from (2), (3), (7'), 1.3.

It remains to prove the reverse lnequality. For this, we shall
minorize P(E_, t). Let (Fr) be the Fary spectral sequence of Y,
filtered by the subspaces YiG (L 2 s). Y, is a disjoint union of the
subspaces Yy - Y, , (see 1.1), therefore Y,; 1s the disjoint union
of the subspaces (Y:I.G - Y1+1,G) = (Yi - Yy, )G‘ For each of these the
spectral sequence of Ly is trivial (1.2), hence F2 =F_. The .1nc1usion
Yy —> Y induces a homomorphism (a,) : (E,) —> (F,). Let us put
E2 = A+ B with

1=m-1,%, 1 ' *
A=z By -Yy,,) ®H (Bc-i)

B = 5T H (Y - Y, @K (R )

P(A, t) and P(B, t) are respectively the first and second terms in the
right hand side of (3). The map a, is an isomorphism of A onto Fa'
with kernel B (see XI). Let V,, (respectively W,) (r>2) bve the
subspace of elements of A (respectively B) which are ds-cocycles for
2¢sg¢r and V_, be the subspace of permanent cocycles of A. Thus
Vo C Vpy C Vo W,y C W, Put moreover V, = A, W, = B. We clalm that
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2 2

(8) drKr(vr-1 ) C Kr(wr-1 ) .

Let v eV, , and let us write

drv=:<$,(x+y) (x e A, y € B)

vhere x + y 1s of necessity a di-cocycle for 2 t < r - 1. We have
2 2 2
ankn(x +y) = Ko (X + Y) = kpox

by the property of oy recalled sbove. On the other hand, since F2 =F,,

= = 2 = =
we have “rdrv = drarv = 0, hence K@ X = 0, and x = 0. Thus

dv = Kf,y, and y 1s then, by definition, contained in W,.

Next we clalm that Kf, is injective on V, ,. This 1s clear

for r=2. Letnow r3 3, and v eV,  be annihilated by Kf,. This
means that there exists an integer t(2 ¢ t ¢ r - 1) aud x e E, such
that x 1s a cocycle for d,, «e., dy_, and that

2 _ 2
KgV = dth(x) .
Now
K12;(12V = atxiv = “tdt"‘f;(x) = dtat'(% (x) .
Since F, = F,, this glves Kf_‘a?v = 0, hence a,v =0 and finally

v=20 since o, 1is injective on A. Therefore, Kf, 1s injective on

Vi.q» and V, may be identified with the kernel of d, on V,_, = xivr_1 .

This implies
P(V,, t) + P(Im dy,(Vp_y )y L) = P(V,_y, 8)
and, together with (8), shows by induction on r that
P(V,, t) 2 P(4, t) - rP(B, t) .
Now the mmber of subspaces Yy and the fibre degree are both finite, so
that for r big enough we have V_ =V, E, = E,. The foregoing implies
then the existence of an integer N such that

(9) P(E, t) + N P(B, t) 2 P(A, t) .

The reverse inequality of (4) follows now from (2), (3), (7), 1.3.
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§3. Some local concepts

3.1« let M be a space. For subspaces A( B, we denote as
in I by rEA tho restriction map H (B; L) —> H"(A; L) (cohomology
with closed supports). Let P be a closed subspace of M. The subspaces
V - P where V runs through the neighborhoods of P form under inclusion
a projective system, hence we may deflne

1506 L) = atr Um(E(V - P; L), 7y_p pp)

Assuming M, M - P to be paracompact, and N belng a closed subspace con-
talning P, we also introduce

I3 - N; L) = dir Mm(H}(V 0 M - V 0 N; L)

where @ 1s the family of subsets of VN M -V N N which are closed in
VNM. I' will be the sum of the I', and L will often be omitted when
the coefficients have been specified. When P 1s a point, we get a kind
of local group, which was introduced by Conner [2]. It 1s of course enough
to consider a cofinal set of V'!s, and in the cases to be consldered be-
low, it will always be possible to take either closed or open nelghborhoods.

Since exact sequences and inductive limits "commmute", we have an
exact sequence

(1) —> - N 1) — fe; L) — o L) — -5 L — .

3.2. LEMMA Let M be a cohomology n-menifold over L.

Then Ij(M; L) = H'(S,_,; L) for any m e M.

Here we let V run through the open connected orientable neigh-
borhoods of me. The lemma follows from the Poincare duality (II, 2.3) and
from the fact that to each V we can find a U(C V which 1s adapted to
V 1in the sense of I, 4.4 (Thus I:(M; L) (respectively ]’;"1 (M; L))
may bo canonically identified with Hom(H)(V; L), L) (respectively
1°(x; L).) As was mentloned at the end of Chapter V, more general results
have been obtalned by F. Raymond.

3.3, Iet £ : M —> M! be a continuous map. Then the spectral
sequences of f|V - P form an inductive system. Their limit (E,) will
be called the local spectral sequence at P of f. We have then (see
XvVl, 53):

E, = GrIp(M; L)
Ea-limEa(fIV-P) ?
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at any rate when there is a countable fundamental system of neighborhoods
of P. Analogously we may define the local Fary spectral sequence at P.

§4. Cohomology manifolds

bete IEMMA. Iet M be aG-Space, X eM be a
fixed point of G with a countable fundamental system
of neighborhoods. Assume that there exilsts a subgroup
H of G (closed comnected if p = 0) such that

G, = H if p ¢ 0 (respectively Gpo = H if p= 0)
for every m ¥ x. Then the local spectral sequence
of Mz —> M! at X5 i1s trivial and we have

By = L") @K' (By) = E, - Gr L ()

Let V be an invariant closed neighborhood of x. Then the
spectral sequence with closed supports of (V - x)G —> V! - x satisfles
1.2. The lemma follows then by goilng over to the limit on the Ilnvariant
neighborhoods of x, and applying XVI, 3.2.

4.2. We now come back to the notation of 1.1, and add the
assumption that X 18 a cohomology n-manifold over with a countable
basis for the open sets. By (V, 2.2, 3.2) F(H; X) 1s then a cohomology
manifold mod p for any subgroup H of G (closed connected if p = 0).
We shall assume that F(G; X) 1s not empty and denote by x a fixed point
of G. Let ny (respectively r) be the dimension mod p of the
component of F(Gy; X) (respectively F) containing x.

ILEMMA. We keep the previous notation. Then for
i13s

=r-a-1
PN - XL, ) 6) = 87 (1 e b2 e 2B gt )

if n; # r, and equals zero otherwise.

Let Ky be a subgroup of G such that G-Gixxi. Then as
in 2.2, (¥ - Yy, )/K = (¥4 =¥, ,)/G =Y - Y], . Wo consider the local
spectral sequence (L,) mod p of (Y, - Y1+1)K1 —> Yy - Y;_H at xKi.
Since ve deal with a principal bundle (or, if p = 0, with a principal-
bundle-like situation, see 2.2) and since for any invariant nelghborhood
V of x, (Vn (Y -Y,,, )x maps onto the base, we get
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* *
I2 = H (BK; Ix(Yi - Yi_'_‘)
* ] !
Iﬂ = GrH(Yi - Y1+1) .
Now 1t follows from 3.1 (1), 3.2 that we have an exact sequence

o —> w(s, ) —> v, - ¥,,,) —> wWs ) —> ml(s,_ ) —>

n‘l -1
Thus we are formally in the same situation as in the proof of 2.2 (with
ny and r decreased by 1), so that the references given there also apply
nowe

4L.3. THEOREM. Let G be an elementary abelian
p-group operating on a cohomology n-manifold mod p X.
let x € X be a fixed point and assume that x has

a countable fundamental system of neighborhoods. Let
n(H) be the dimension mod p of the components of x
in the fixed point set of a subgroup H of G (closed
connected 1f p = 0), and r = n(G). Then we have

n-r=EH(n(H)-r)

where H runs through the subgroups of index p 1if
P # 0, through the closed connected subgroups of co-
dimension 1 if p = O.

In the notatlon of 1.1, 4.2, the theorem is equivalent to

n-rs= zsgi<m (ni-r) .

Let (Er) be the local Fary spectral sequence mod p, at Xgs
of =x, :¥;—>7Y' and let (Er) be the local spectral sequence mod p,
at xz of the fibre map =, : Y; —> B;. Then we have again 2.3 (2).
Moreover

P(E, t) = P(, t) = P(IL (%), t) .

(Since EG 1s assumed to be compact, the subspaces VG form a fundamental
system of nelghborhoods of x; in X, 1f V runs through a fundamental
system of neighborhoods of x e¢ X. Thus the countability condition of 3.3
is fulfilled.) Using 4.1 a.nd XVI, §3, we get for E, the same form as in
2.3 with Hc replaced by Ix Together with k.2 this glives again the
formula 2.3 (3), for P(E,, t), except that r + 1 1s replaced by r,
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and ny by n - 1. On the other hand, by 3.1, 3.2, we have an exact
sequence

—> ml(s,_ ) —> ) — w3 ) —> m*(s,_ ) —>
and, by an easy application of XVI, §3,
Ep = H (B, Ip(Y)) .

From this we see that we are formally in the case of a cohomology
(n-1)-sphere, with ny, r replaced by ny - 1, r - 1. Therefore the proof
of 2.3 also applies here (with, of course, k.1 replacing 1.2, and (otr)
being defined as a homomorphism of local spectral sequences). It shows then
that (n - 1) - (r - 1) 1s the sum of the differences (ni -1)=(r -1),
(L =8, eee, m -1), as was to be proved.
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XIV: ONE OR TWO CLASSES OF ORBITS
A. Borel

This lecture 1s malnly devoted to the dlscussion of groups acting
on spheres with one class or orblts or on euclidean spaces wlth two classes
of orbits, and glves the proof of results announced in [3]. G 1s always
a compact connected Lie group, # (e), and X 1is a locally compact
G-space. A ~; B means that Hy(A; L) ¥ H,(B; L); if L 1s a field of
characteristic p, we also write A "'p B.

§1. One class of orbits on spheres

' The Hopf fiberings of S,, , 1n circles and 3, _, in 3-spheres
are examples of groups acting non-transitively on spheres with one class
of orbits. We do not know to what extent these are unique, but the follow-
ing theorem shows that any rate the groups occurring there are the only
possible ones.

1¢1« THEOREM. We assume that G 1s effective on
X, has one class of orbits, X 1s compact and that
n, (X) = xo(x) = 0s Then If dim X<« and X~, 5,
elther X' 1s acyclic over K, and G(x) ~o Sn

(x e X) or G has rank 1 and G, = (e). If more-
over dim,X < «, and X ~, S, then G # 80(3).

Iet x € X be chosen once for alle lLet N be the normalizer of
Gys M = N/G, and F = F(Gx; X)e Then F 1s a principal M-bundle over
X'. Since =, (X) = 0, we also have %, (X!') = 0 and therefore, by the
homotopy sequence, uo(M) = no(F). This implies that a connected component
F, of F 18 a principal M, -bundle, over X'. The inverse image N, of
in N 1s the subgroup of G which leaves F, invariant. It 1s easlly
seen that F, 1s an N;-slice (see VIII, 3.2 for the definition) hence

(XII, 1.2)

185
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(1) X = F, xMo (@/e,) -

It follows in particular that X 1s fibered over G/N1, with connected
typical fibre Fo’ hence

(2) % (G/N;) = 0, = (N)=0

(the second equality follows from the first one by the homotopy sequence
of Gmod N,)o If M, = (e), then N, =G,, hence G, 1s connected

and G/G, 1s orlentable; moreover, F, = X', and X = X! x(G/Gx). Since
G/G, 1s orientable, X' 1is acyclic and n = dim G/G,. Let now M, ¢ (e),
and B : X —> X' x(¢/N;) be the natural projection (XII, 1.%). Both
factors in (1) are principal bundles, therefore B 1s the projection in

a fibering with typical fibre M, and structural group M, x M, (XII,
1.4). In the spectral sequence of B over K, we have then

E, = H'(X' x (@/N,); K,) @H (M X)) »

It follows then from ([1], [2, Chap. IV]) that M, 1s a rational odd
dimensional cohomology sphere. Belng a group, 1t must then have rank 1,
and dimension 8 equal to 1 or 3. The Gysin sequence ylelds

H*(X' X (G/N1 ); Ko) = Ko[z]/(zq”) (°2 =s +1, q(s + 1) + 8 = n).

If X' 1is acyclic, then dim G/N1 =n -8, dim G/Gx = n and the spectral
sequence of (G/Gx, G/N,, Mo) shows that (}/Gx ~o Sy If X' 1s not
acyclic, then G/N1 must be acyclic; since (}/N1 is orientable by (2),
we get G = N;; thus G, 1s invariant in G. But G 1s effective;
therefore, G, = (e), and G = N, = M, has rank 1. Thls proves the first
assertion. )

Assume now that dim, X< =, X~, S, and n # dim G(x). The
last condition insures that X' 1s not acyclic over the rationals. Thus
G has rank 1, and X i1s a principal G-bundle. If now G = SO0(3),
then it contains a subgroup H = %, + 22 and X 1s also a principal
H-bundle. As 1s easlly seen by use of the spectral sequence of (XH, By
X) this contradicts the condition dim, X < =. We do not reproduce this
known argument, see e.g., [4, Exp. XIII, p. 7].

1.2. REMARK. The theorem 1is also valid in cohomology with
closed supports when X 1is locally compact, but not necessarily compact.
The proof 1s essentially the same; the only point which requires some care
is the application of the Klnneth formula to X' x (G/Nl) or X' x (G/Gx).
It can be legitimitized because one of the two factors 1s compact and clc.
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13, The proof of 1.1 gilven here 1s not quite the one sketched
in [3]. Notably the use of B has been borrowed from [5], where the
following generalization of the first assertion of 1.1 1s proved.

THEOREM (Conner). Assume dim X < =, H (X; K,) =
H*(Sn; K,)» X to be simply connected, globally and
locally arcwise connected, and G to be effective
on X, with all orbits of the same dimension. Then
elther X! is acyclic or G has rank 1 and all
isotropy groups are finite.

The proof differs from that of 1.1 only by some minor technical
complications, which we proceed to indicate briefly.

One remarks first that the ldentity components of the lsotropy
groups are conjugate to each other (this follows from the fact that G_ 1is
conjugate to a subgroup of G, if y i1s sufficlently near x). Define
then F = F(Gxo; X), N to be the normalizer of Gyo and M= N/Gxo
Again F/N = X'; F 1s a N-slice and we have (1), hence a fibering
(X, G/N, F) with structural group M. Thus F 1is also locally arcwise
connected. Let Fo be an arc component. It 1s then closed In X, meets
every fibre. ILet M be the subgroup of M leaving F, Invariant, and
N1 i1ts inverse image in G. Then Fo is a N, -slice and we also have
X =F, xy (G/Gx). This ylelds a fibering (X, G/N.I, Fo), with connected
fibres, and therefore we get again 1.1 (2). Since locally isomorphic
compact connected Lie groups have canonically isomorphic cohomology rings
over a fleld of characteristic zero, 1t follows from XII, 2.3 that the
Leray sheaf of B 1s locally constant. Moreover the base 1s locally
arcwise connected and simply connected ( , (X') = 0 follows from [6],
Corollary 2 to Theorem 2). Therefore the Leray sheaf of B is constant,
and we conclude as in 1.1 that either X' 1s acyclic, or G,, = (e) and
rank G = 1.

1.4 THEOREM. Let G act differentiably on a differ-
entiable connected manifold M. Assume that the fixed
point set F 1s not empty and that there is one class
of orbits besides fixed points. Then the non-trivial
orbits are spheres and either theilr dimension 1is equal
to (ddmM-dimF -1) or G=T', Sp(1), and

Gy = (e) for x ¢ F.

let X ¢ Fo Assume M to be endowed with some invariant
Riemannian metric and consider a sphere 3,_,_ . (n=dimM, k =dim F at
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x) formed by the end points of geodesic segments starting at x, ortho-
gonal to F, of a common small length. Then G acts effectively on
8,-x-1 W¥ith one class of orbits, and we apply 1.1.

1.5. If we add M “,R® to the assumptions of 1.k, then F ~RX.
This 1s not difficult to show. However, since much more will be proved in
XV, 1.4 and 1.5 we do not give a direct argument for it.

§2. A sufficient condition for the existence of
fixed points on R

This section contains some general remarks almed at an elementary
criterion for the existence of fixed points, which will be used in §3.

2.1« As usual, NU is the normalizer of a subgroup U of G,
and T a maximal torus of G. We recall that W(G) = Np/T 1s the Weyl
group of G.

The conjugacy class of U(C G 1s denoted (U). We write
(U) ¢ (V) 1f every element of (U) 1s contained in some element of v),
and say then that (U) is smaller than (V). As in VIII, XII, X(U) =
(x € X, Gy € (u)le.

2.2. PROPOSITION. Let V be a closed subgroup of
G contalning NT' Then V = Ny and V/‘Vo =
NT/NT n V,, V, being the identity component of V.

It 1s known that every automorphism of Vo leaves some maximal
torus invariant (see e.g., A. Borel and G. Mostow, Annals of Math. 61
(1955), pp. 389-405). Therefore any element of V or N, 1s conjugate
under V, to an element of Np. The proposition follows lmmediately.

2.3. PROPOSITION. Ilet VI, V2 be closed, conjugate
subgroups of G. Assume that each contains the normal-
izer in G of a maximal torus of G and that V1nv2
contalns a maximal torus El‘o of G. Then VI = Vz.

By the conjugacy of maximal tori, V, contalns the normalizer in
G of any one of its maximal tori (i = 1, 2), therefore V, n V, contains
the normalizer of T,. By assumption there exists g € G such that
A g(V,) = gV,g™" = Vo Then Ad g(T,) = T' is e maximal torus of V,.
Using the conjugacy of maximal torl in V, we may find therefore h ¢ “'1‘
such that Ad h(V,) = Vo By our initial remark, he V, NV, hence °
V1 - Va.
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2.4, LFEMMA. Assume that on X there 1s a smallest
class (U) and a biggest class (V) of isotropy
groups, in the sense of 2.1, and that an element of
(U) 1s contained in exactly one element of (V).
Then there 1s a continuous equivariant map
a¢: X —> (‘z/Nv whose restriction to X(v is the
projection in the fibering (x(v), G/Nv, sz; X(v))).

(U) being the smallest class of isotropy groups, the subspace
F = F(U; X) meets every orblt. Let x e X, x, ¢ G(x)NF and g be
such that g + x, = x. We put tentatively a(x) =g « o where o de-
notes the coset NV in G/NV Now, 1f y, z e F and g « y = z, then
gGy-g =G, hence gVg™' DU, and g e Ny This implies that o 1is
a well defined map. The verification of continulty and equlvariance is
straightforward and left to the reader. The last assertion follows then

from the definitions.

2.5. Let the one-point compactification of X be
an n-om over Z and X “,R". Assume that there
1s a biggest class (V) of isotropy groups. Then
(Np) < (V).

By IV, 5.9, F(T; X) “RX with n -k even. Ths (T)g (V)
and W(V) 1s a subgroup of W(G). Let p be a prime, Np be the inverse
image in Np of a Sylow p-group of W(G). By the Smith theorems, Np has
a fixed point in F(T; X), hence (Np) < V. Therefore for each p, a
Sylow p-group of W(V) 1is also a Sylow p-group of W(G). As a consequence
W(v) = W(@), and (Np) g (V).

2.6. THEOREM. Assume that X ~,R™ and the one point
compactification of X 1s a n - cmye Let (U) be
the smallest class of isotropy groups (IX). Assume
that there 1s a biggest class (V) of isotropy groups
and that U 1s contalned in exactly one element of
(V)e Then G has a fixed point, that 1s, G = V.

By 2.5, V contains Np for a sultable T, therefore (2.2)
V=N, and (XII, 1.3), Xy = F(V; x(v)) X G/V. Thus the restriction to
x(v) of the map a : X —> G/V of 2.4 1is the prgjection on one factor
and « has a cross section. As a consequence, o 1s injective.

Let k = dim G/V. Since HS(G/V; Z,) # o _we also have
Hk(x, Z,) 4 0. By Poincaré duality (II, 2.3), Hg (X; z,) # 0. There-
fore n-k=n,k=0, and G = V.
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2.7. COROLLARY. If G has only one class of orbits
on X, then 1t operates trivially.

§3. Two classes of orbits on euclldean space

3.1. THEOREM. let X ~ZR" and the one-point
compactification of X bea n - cmye If G has
two classes of orbits on X, then it has a fixed
point.

If G 1s a torus, the existence of fixed points follows from
IV, 5.9 (without any assumption on the number of orbit types), so assume
G to be non-commutative. If n = 1, the orblts are zero dimensional,
hence points, and the action 1s trivial. Proceeding by induction, we
assume the theorem to be true in dimensions < n.

Let (U) and (V) be the smaller and bigger class of isotropy
groups. We have to prove that G = V. By 2.2, 2.5

(1 (Np) g (V) Ny =V,

and therefore (XII, 1.3)
(2) Xy = F(V; x(v)) XG/NN .

Let first U be infinite and let. S be a maximal torus of U.
We distinguish two cases.

(1) 8 contalns an element regular in G. This means that S
belongs to exactly one maximal torus T, of G. By 2.3 and (1), U is
contained in one and only one element of (V), and we may apply 2.6.

(11) S 1s singular in G. Its centralizer H, which is known
to be connected, 1s then not commmutative. It leaves Y = F(S; X) in-
variant, hence Y 1is an H- or an (H/S)-space. By IV, 5.9 and V, 3.2,
Y "'ZRk (n -k # 0, even) and the one-point compactification of Y 1s a
k - cm over Z. The isotropy groups Gy(y € Y) are the elements of
(U), (V) which contain S, and of course I-ly = n H. We want to
show that the isotropy groups l-ly form two classes in H. This will be
a consequence of the following assertion:

(*) Let A,, A, be subgroups of G contalning S and both
belonging either to (U) or to (V). Then AjNH and A, NH are
conjugate in H.

Let first A,, A, e (v), s Ay, Ao Let Ty be a maximal
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torus of A; containing S (1 = 1, 2); by definition it belongs to H
and by (1) 1t 1s maximal in G, hence in H. Therefore there exists
h e H such that Ad h('I'1) = T,. Then Ad h(AI) and A, both contain
T,5 by (1) and 2.3 they coincide, and An:lh(A1 n H) = A, N He

Let now A, A, € (U), contalning S. The torus S being
maximal in A,, A,, there exists g ¢ Ng such that Ad g(4,) = A,
(same proof as in 2.3)s Then g € Ny which means that (A, n H)/S
and (A2 n H)/S are conjugate by an automorphism of H/S. Since S is
invariant, of maximal rank in A; n H, the group (Ay n H)/S 1s finite,
whereas 1t is infinite if A; e (V). But Y being a connected k - cm
over 2, H/S has only one minimal class of isotropy groups on Y. Thus
(A, n H)/S and (A, n H)/S must belong to one conjugacy class of sub-
groups in H/S; this ends the proof of (*).

The induction assumption, applied to H/S operating on Y
shows now that if V' € (V) contains S then it contains H, and there-
fore any maximal torus T, of H. Applying (1) and 2.3, we see that U
is contained in exactly one element of (V), and G = V follows again
from 2.6.

From now on, U 1is finite. Together with (2), 2.2, this
implies

3) (G/V) x va) = F(V; x(v)) = F(V; X) = F(T; X) (rC V) .

Also, every infinite subgroup of T has the same fixed point set as T.
But then (XIII, 2.3), applied to the one point compactification of X,
for p=0, shows that dim T = 1. Thus G has rank 1, G = Sp(1),
80(3).

Assume now that G = Sp(1) and acts effectively. Its center
C has order 2 and does not belong to 11, since otherwlse it would be
contained in all lsotropy groups. On the other hand, 1t belongs to the
maximal tori of G, hence to V. Therefore F(C; X) = Xey)e By the
Smith theorems X(y) ~,RP, F(T; X) ~,R%. This is compatible with (2), (3),
only if G/V 1s acyclic mod 2, that 1s if G = V.

There remains the case G = S0(3). The following facts about
this group will be used:

(#*) Every element ¥ e 1s contained in one and only one
maximal torus. The only closed infinite proper subgroups are T, NT and
their conjugates. The group Np 1s the union of two cosets T U aT of
T and aT consists of elements of order 2. We have btb™' = t~' for
t €T, b e al; 1in particular Nyp 1s a split extension of 22 by T.
et H= Z, + Z2 be the subgroup of dlagonal matrices, '1‘1, Tp» T3 the
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maximel tori containing the three non-zero elements of H, and N1 be

the normalizer of Ty. The group NH/H i1s isomorphic to the group a5
of permutations of 3 objects and 1its natural actlon on the Ti's or

the Ni's i1s that of the full permutation group. The Ni' are the
only elements of (Np) which contain H.

The proof in the case G = S0(3) will be by contradiction, so
we assume G ¢ V. By (1), (#*), V = Nj, hence G/V = Py, the real
projective plane, and

F(H; X(v)) = F(N1; X)u F(Na, X)u F(Na; X)

(%)
(F(Ny; N) n F(Ny; X) =8, 14 J)

Moreover, by the Smith theorems,
(5) F(Ny; X) ~, B  F(H X) ~ R°

and F(Ny; X), F(H; X) are cohomology manifolds mod 2.

It follows first from (), (5), that F(H; X) # F(H; X(y));
this means that H has fixed polnts in X(U), that is (H) C (U). Next
we want to prove that (H) = (U). For sultable U, T we have inclusions
HC U(C Npe Therefore UnT=2, }Isof index 2 in U and (see (**))
all elements of U not in U N T have order 2. Assume now U ¢4 H.
Then m ¥ 2, and U N T contains all elenents of order m of U. It 1is
therefore a characteristic subgroup of U, and 1s the intersection of U
vith any torus T'!' whose normalizer contains U. As a consequence, U
is contained in only one element of (V), and G =V by 2,6, a contra-
diction with our present assumption. Tmus (U) = (H), and

(6) F(H; X)) = F(E X) - UF(N; X)

F(H; x(m) js a t - ommod 2, and also a principal Ny/H = oy bundle
over x'(m; the latter is the base space of the fibering of x(H) by
the orbits G/H, hence is a (n - 3) - cm over Z, oOr even over Ze
Therefore t = n - 3.

F(N,; X) 1s a closed proper S - om mod 2 of F(H; X), hence
(I, 46) 8 < t. Assume first s =t -1 =n -k By (5), (6) and the
cohomology sequence of F(H; X) mod F(H; x(v))

HE(P(H; X)) Z) =0 (14n=-3) ,
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and there 1s an exact sequence
0 —> @’"(F(H;x(v));za) —> B (R(EXy))s2,) —> B3 (R(1;X)52,) —> 0 .

By (I, 4.3, 4.8), F(H; X(H)) has four connected components, each of which
1s ~, R*3, e group NH/H permutes the N, transitively (see (*+)),
hence it also operates transitively on the subspaces F(Ni; X). The above
exact sequence shows then that NH/H operates falthfully on

H';'3 (F(H; X(H)) ; Z,), therefore its natural representation as group of
permutations of the four components of F(H; X(H)) is failthful. Now every
subgroup isomorphic to g of the permutation group of four objects o,
has a fixed point. (In fact the normal subgroup K of order 3 of g
must operate cyclically on three of the four objects and leave the fourth
one, say P, fixed; since K 1s invariant in I3s the latter must also
leave P fixed.) Therefore one of the components of F(H; X(H)), say

Y, 1s invarisnt under Ny/H = oy; by the above Y ~, R*3 and Y is

a principal oy-bundle. We have then (Y/K) ™, R?"3, where K 1s the
subgroup of order three of oy (III, 2.3). Since 7, = a3/K acis

freely on Y/K, we get a contradiction with the Smith theorem.

This contradiction shows that s < n - 4. Then HI 3(F(H; X))
Z, and F(H; X/yy) 18 connected. Moreover, since dim G/V =2, we
2 -2 (H) -1
have Hg (X(V); Za) =0 by (2), hence Hg (x(H); 7‘2) = 0 by the co-
homology sequence of X mod X(ye The Poincaréd duality (II, 2.3) gives
then H1 (X(H); Za) = 0. The fibres of =« : X(H) —_— XEH) are connected,
therefore =* 1s injective in dimensions 0, 1 (this follows trivially
from the spectral sequence), and we also have H' (XZH); Za) = O,

Now, by the above, F(H; X(H))/K is a principal Z,-bundle over
XEH)' Since tne total space 1s connected, "' (xzm; Z,) # 0 (to see this
consider for instance the Cartan-Leray spectral sequence of this covering;
we have Z, = H' (Zy5 2Z,) = E;'o = E;’o( H' (XZH); Zy)s Thus we get a
contradiction, and this ends the proof.

REMARK. According to F. Raymond, "The end point compactificatlon
of manifolds", to appear in Pacific M. J., if X is a n - em., with the
integral cohomology of Rn, then the one-point compactification of X
is an n - cmy; since 1t has clearly the integral cohomology of Sn, we
could also assume in 3.1 that X 1s an n - cm, satisfying X ~, RM.
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XV: FIXED POINT SETS AND ORBITS OF
COMPLEMENTARY DIMENSION

G. E. Bredon
§1. Introduction

Iet G be a compact Lie group operating on an n - cm M over
Z, and say that the maximal dimension of any orbit is k. Then, according
to IX, 2.2, we have that dim F(G, M) < n - k - 1. We shall consider here
the extreme case in which dim F(G, M) = n - k - 1, and shall obtain
fairly complete resulis. In fact, these actlons, for separable M of
finite covering dimension, are characterized lccally about points in F
up to knowledge of cohomology menifolds with boundary and of homogeneous
spaces which are integral homology spheres. The maln theorem (1.4) shows
that the set of points of F(G, M) about which the dimension of F(G, M)
is n-k -1, 1s open and closed in F(G, M) and isan (n-k - 1) - cm
over Z. Moreover, the action of G near any such point of F 1s
equivalent locally to the action obtalned by multiplying a cohomology mani-
fold with boundary by a homogeneous homology sphere, ldentifying the
spheres to points on the boundary, and letting the group of the sphere act
in the natural way. If M 1s itself a cohomology sphere, then these
local results go over into global results (1.6).

The author takes this opportunity to express his gratitude to
A. Borel, E. E. Floyd, and D. Montgomery for assistance and encouragement
in this work. The properties of cohomology manif'olds with boundary have
been investigated independently by F. Raymond, who has obtained, in par-
ticular, our Lemma 2.3 and a much stronger form of our Lemma 2.k.

In this section we shall state the maln theorem and prove two
corollaries from it. In Sections 2 and 3, some preliminary results needed
for the proof of the main theorem are given. In Section 4, the case k
even of the main theorem is proved and the k odd part 1s proved in the
remaining sections.

Before stating the main theorem we shall need some definitions.

195
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By a principal orbit we mean an orbit with minimal isotropy group. By
an exceptional orbit we mean an orbit of maximal dimension k which 1is
not a principal orbit. By a singular orbit we mean an orblt of dimension
less than k.

The orbit space of a space X by a group K will be denoted
by X/K or by X' when no confusion results. We denote by = the
orbit map X —> X/K.

DEFINITION 1.1. We say that dimL(X, X)=n 1f n 1is the
infimum of d:I.mLU, vhere U ranges over the neighborhoods of x in X.
We use dim for dim,.

Clearly, if dim X = n, then the set of points x, for which
dim(X, x) = n, 1s closed and, by I, 2.3, this set is non-empty.

DEFINITION 1.2. If F 1s a closed subset of a space X, then
we denote by XdF the space obtailned by doubling X on F. That is,
13 obtailned from two coples of X by identifylng corresponding
points of F.

DEFINITION 1.3. A space X 1s sald tobe an n -cm over L
wlth boundary F 1if x"F is an n - cm over L.

We can now state our main theorem and its corollaries. The
hypotheses below of finite covering dimension and of local separabllity
are necessary only for k odd, and are used only in Sectlon 3.

THEOREM 1.4. let G be a compact Lie group operating
on a locally separable n - cm M over Z of finite
covering dimension. Say that (H) 1s the type of the
principal orbits and let k = dim G/H. Then if
dim(F(G, M), x) =n - k - 1 we have that

(1) H(e/H) = B (s¥).

(2) M/G is an (n - k) - cm over Z with boundary
F(G, M) 1locally at =n(x).

(3) There is a local cross-section at x contained
in F(H, M) for the orbits of G on M.

() There are exactly two types of orbits near x
(principal and fixed).

rank (H) if k 1s even
(5) rank (G)"{ra.nk H) + 1 1f k 1is odd.

REMARK. Note that the condition on dimension in 1.4 is equiva-
lent to the condition dim(F(G, M), x) = dim M/G - 1.
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replace M by any invariant open neighborhood of x.
several times 1n the proof of 1.4 without specific mention, in order not
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Note that, since 1.4 1s a local theorem, we may, for the proof,

to overly complicate the notation.

since

COROLLARY 1.5. With the notation of Theorem 1.4 and
of IX, Section 1, say that z ¢ Xov? HC G, and
dim (X),» =(z)) =n -k - 1, then the hypotheses of
Theorem 1.4 hold for the action of G, ona slice
at z, so that

(1) HMG,/H) = HL(SKY).

(2) M/G is an (n - k) - cm over Z with boundary
x:w locally at =(z).

(3) There is a local cross-section at z contained
in F(H, M) for the orbits of G on M.

(4) There are exactly two types of orbits of G
near z (principal and orbits in )glv).

_ [ rank (H) if k -u 1is even
(5) ra.nk(Gz)-{rmk (H) + 1 if k -u 1s odd.

PROOF. Iet 8 be a slice at z. Then dim S = n - u,
dim G,/H'=k - u and dim (F(G, S), z) = dim (X}, =(z)) =n -k - 1,

}gl ns

locally at z and

since X, N 8 = F(G,, S). This proves the first statement.

ns
-)Si!g-z—— ~ F(G,, 8)

follow easily from the corresponding statements in Theorem 1.4.

COROLLARY 1.6. With the notation of Theorem 1.4
say that dim F(G, M) = n - k - 1 and that
mi(M) = #(s®). Then,

(1) H-(a/H) = B (S¥).

(2) M/G is a cohomology (n-k)-cell. That is,
F(G, M) 1san (n-k -1) -cm over Z with
the cohomology of S% %1 ana M/G)TF is an
(n : k) - ecm over Z with the cohomology of
s,

This will be done

(1) - (5)
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(3) There is a global cross-section in F(H, M) for
the orbits of G on M.
(4) There are exactly two types of orbits of G on M.

(5) rank (G) = {g:gkk (1(11?[) i-f'1 kifiskev:g.odd.

PROOF. For any space X let c¢X denote the open cone over X.
From the exact cohomology sequence with compact supports of the palr
(cX, vertex of oX) and from the fact that Hy(X x (0, 1)) = B~ (X)
we see easily that oX is an (m+ 1) - cm over Z if and only if X
f1s an m - om over Z and HX(X) = HI(SP).

In the present situation, G acts in a natural way on cM
which is an (n + 1) - cm over Z. Moreover, F(G, cM) = cF(G, M) so
that dim (F(G, cM), vertex of cM) = n - k. Thus the condltions of
Theorem 1.4 apply for the action of G on cM and for x = vertex of cM.

Conclusions (1) and (5) are immediate. Moreover, F(G, cM) =

¢F(G, M) 1s an (n - k) - cm over Z, so that F(G, M) 1s an
(n-k-1)-cm over Z with the cohomology of gh-k-1_ 180

(MHA(CF) - (o B)a(eF) o o

isan (n-kX+ 1) -cm over Z, so that (M/G)dF isan (n - k) - cm
over Z with the cohomology of sk, mnis proves (2).

We also have that there 1s a local cross-sectlon near x:
£f:U-> cM where U is a neighborhood of =(x) in S . But

H-c ¥ and ve can assume that M/G 1s imbedded naturally in H 1n
such a way that M/GC U = dom f. Thus f'M/G will be a global cross-
section for the orbits of G on M. This proves (3) and (4) follows in
a similar way.

REMARK. Although the differentiable version of Theorem 1.4 1s
practically trivial, the differentiable version of Corollary 1.6 is by no
means obvious and does not follow from the "differentiable 1.4", even if

we assume that M ~ S" 1in 1.6.

§2. Preliminary results

We shall need the following well-known result. This 1s just
Theorem 1.4 for k = 0.

LEMMA 2.1 If G 1s a finite group operating on an
n-cm M over Z2 and if dim (F(G, M), X)) =n -1,
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then the component of F(G, M) containing x is an
(n-1)-cm over Z, G =~ Z, effectively, and M/G
isan n-~-cm over Z with boundary F 1locally at
X. Moreover, F separates M 1locally at x into
two components, the closure of either of which 1s a
local cross-section near x for the orbits of G.

PROOF. If G 1s effective then G =~ Z, by V, 2.6. The proofs
of the other statements can be found in both [8], Lemma 16 and in [1]
Theorem 7.8, and will not be repeated here.

REMARK. Note that for dim G > 0, the conditions of Theorem 1.k
stil1l hold for the ldentity component G of G acting on M, 1if chey
hold for G on M. Using this fact, we clalm that if Theorem 1.4 holds
for (G*, M), for some particular transformation group (G, M), then
Theorem 1.4 1s also true for (G, M), with the possible exception of the
condition "contained in F(H, M)" 1in (3). To see this, note that G/G"
acts on M/G* with orblit space M/G. Moreover, F(G*, M) 1s an
(n-kX-1)-cm over Z and G/G* acts on 1t with a fixed poiut set
F(G, F(G", M)) = F(G, M) of dimension n - k - 1. Thus F(G, M) =
F(G", M) = F near x. We also have that, near x, G/G* acts on
(M/c"* )aF leaving F statlionary. This action does not interchange
components of M/G*)¥F - F, so that G/G" must act trivially on (M/G")
by Lemma 2.1. This means that the orbits of G are connected and that

Q=

M
G

The conclusions of 1.4 for G now follow from those of G*, except
possibly for the condition "contained in F(H, M)" of (3). Thus, except
for this one point, we may assume that G 1s connected in the proof of 1.k.
That the full statement of (3) 1s also valid will be shown at the end of
Section 7 for the case rank (G) > rank (H). This fact for equal ranks is
almost trivial and willl be left to the reader.

We shall now introduce some basic notation and use it to obtain
some characterizations of n - cms with boundary.

DEFINITION 2.2. let X bDe a space and F a closed subspace.
let Y be an open or closed subset of X. (We will usually use Y = X,

F, or X - Fs) We say that
Hy(¥) =y K

(read "equals locally near F" for =) if and only if every point in
F has a neighborhood N(C X such that for any open set U( N and any
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point x e Un F, there is an open neighborhood V(C U of x such that
if WCV isopenand WNF # ¢ then

1 1
In Jgny,wny = I Jgny,vny ~ K -

It 1s easy to show that If dim X<« then X is an n-cm over
Z 1if and only if

H-(X, Z) Z4i=n
e -I‘x o1 # Il o

Note also that the ilmportant case Hi(Y) 'LFO can be formulated
more easily: Hi‘(!) = g0 if and only if given U open and x e UnNn F,
there s an open V( U, X € V, such that Jgny yoy = O

For convenience we will use the notation Hi‘(Y) "LFO to mean
that 1t 1s not true that HL(Y) = ;0.

LEMMA 2.3, X 1s an n=-cm over Z with boundary
FCX, F¢ o if and only if
(1) F isan (n-1) -cm over Z.
(11) X -F isan n - cm over Z.
(111) HM(X, Z) =0 for all 1.

PROOF, If X 1is an n - cm with boundary F, then (1) follows
from Lemma 2.1 applied to the involution induced by the doubling operation.
(11) 1s trivial and (1i1) follows easily from the Mayer-Vietoris sequence.

Conversely, assume (1), (1i), and (1ii) and let M = xF glven
by M=X, UX,, F=X, nX,, Xy ~X. The Mayer-Vietoris sequence gives
immediately that

(M) Z1=n
Hi LF { 3 i4n
and the exact cohomology sequences also give that, for J =1, 2,

n‘é(u-xj).ng(x-p')-m{gi;g.

[T

Glven any suitably small open set U in M and any point
x e UNnF, there exists, by Definition 2.2, a neighborhood V of x such
that for any WC V, Wn F # ¢ we have that (the first equallty being a
definition for arbitrary W( V)
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Jy = Im §° = Im j% ~Z
W (M-X, U, (M-X, )W (M-X, )T, (M-X, )V ’

n-1

Ix,nu,x,nv = 0 and
Im Jy = Im Gy~ 2 .
Consider the diagram

BTlx, 0 W) —> HMM - X,) 0 W) —> HW) —> HX, n W)
| | D

v \4

BTN X, 0 V) —> H}M - X,) 0 V) —> H(V) —> B(X, n V)
I | |

! Y Y y

BN(X, 0 U) —> KM - X,) 0 U) —> HMU) —> HX(X, n T) .

If W 1s sufficlently small and WNn F ¢ ¢ then jx AV, X, W =0
and Im jvw ~ Z. Dlagram chasing ylelds that Iy = y maps 1somorphica11y
onto Im JUW = Im jﬁvm Ze

Now for genoral W( V, eilther WN F # ¢ in which case
Imj{}w= Im jgy by definition, or WN F =0 (say that WnX,#0) in
which case we stlll know that Jy = JV’ since M- x i1s an n - cm, and
hence Jw meps isomorphically onto Im J as before (since Jv does ).

n n

Thus Imjuw)Iij’(M_x W = ImJUV)Im UW so that Im juy, = Im joy
as before.

Thus H;(M) = yZ. Dimensions 1 # n are much easler and will be
left to the reader.

LEMMA 2.4. BSay that the compact Lie group G operates
onthe n-cmM over Z with F = F(G, M) and such
that all orbits outside F are of type (H) with

dim G/H = k. Then M/G 1s an (n - k) - cm over 2
with boundary F if and only if

(1) F isan (n-k -1) -cm over Z.
(11) E/G - F, z)-m{giiﬁjﬁ.

PROOF. The necessity of (1) and (i1) is clear from Lemma 2.3 and
the exact cohomology sequence. We shall prove the sufficiency by showing
that conditions (1), (i1), and (1il) of Lemma 2.3 hold with (n - k) re-
placing n. Thus it clearly suffices to show that }li'(M/G) = p0+ Since
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the case k = 0 1s part of Lemma 2.1 we shall assume that k > 0 and
hence that F does not separate M locally near any point.

Given U openin M and x e UNnF let U, C U, ( U3C U, CU
be open connected invarlant neighborhoods of x 1in M, and put
vy = Ui/G. We may assume that for a =1, 2, 3,

(1) Im J& ~{Zi"n
o, .0, 01¢n

(2)Im1 N{Zi=n-k-1
o, U F~{0L4n-k-1
Voir1~FsVg-F 01fn-k .
By chasing the dilagram
} ! ! |

B () —> ¥ (U, n F) —> 8%, - F) —> B¥(U,)

! | |

\' v A\

is is easy to see that Im J%-]rff?,u nf ~ Z maps isomorphically onto
n-k
Im Jy 3Fy U, -F°
However, the dlagram

X, - F)

57

B%-1(y_n F)

v
Hg-k (Ua -

is commutative and, since V, - F is a connected (n - k) - cm over 32,
1t follows easily that Im Jv nF v, nF 1aps 1somorphically onto

n-k n-k
Im JV3-F’V1 _F = Im J ~ Z-

The lemma will now follow easily by use of the diagram
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v Y d
ver —> BV, - F) —> B(v,) — B, 0 F) —> ...

v ! y

Our next lemma will be useful in showing the non-existence of
exceptional orbits in the situation of 1.k4.

LEMMA 2.5. Let G be a compact Lie group acting
onan n-cmM over Z with principal orbit type
(H). let T be a maximal torus of H and N(T)
the normalizer of T in G. If 2z ¢ F(T, M) is on
an exceptional orbit of G in M, then 2z 1s also
on an exceptional orbit of N(T) acting on the cm
F(T, M).

PROOF. We may assume that H( G, Then 2z 1s exceptional if
and only if 1 < ord G,/H < ». Since G,/H 1s a finite set, it is left
pointwise fixed by the action of T on the left. But a simple calculation
gives that

(N(T) n Gz)}{ N(T) n G,
H “N(T) n H

F(T: GZ/H) =

N(T) n G,

ord G,/H = ord ————
2/ N(T) n H

Since the principal orbit type of N(T) on F(T, M) is (N(T) n H) and
since N('I‘)z = N(T) n G,, the lemma follows.

LEMMA 2.6. If G 1s a compact Lie group acting
onan n-cmM over Z in such a way that M/G
isan (n -k)-cm over Z and has a local cross-
section contained in F(H, S) near each point

x ¢ F(H, M), where (H) 1s the type of a principal
orbit and S 1s some slice at x, then all orbits
of G are of type (H). That is, M —> M/G 1is
a bundle with fibre G/H.
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PROOF. Note that k = dim G/H. let X be a point on a non-
principal orbit. We may assume that 1f y is on a non-principal orbit
and 1s sufficlently close to x, then G_ ~ Gx' With this choice of x
we see easily that the action of Gx on a slice S at x has the prop=-
erties assumed by the lemma (assuming H( G, as ve may), and also
possesses only principal orbits and fixed point orbits. Thus we may assume
that the only orbits of G are elther principal or fixed points and that
F = F(G, M) # ¢.

Assume first that F consists of singular orbits, that 1s, that
k> 0. Then F cannot separate M locally near any point and hence F
cannot separate M/G locally near any pointe Thus s =dimF<n - k - 2.

By I, 2.3 we can find a polnt z ¢ F and open invariant neighbor-
hoods V, p) V, OV, of =z such that

(1) J;nvo’mv ¥ 0 for all open neighborhoods V{ V, of z

(2) 1 =0 for 1¢n
Jv&-l,v&

(3) J"‘,'AIV;-O for 14 n -k, where Vj-vj/G.
=1y

By the diagram

H(F 0 V) —> Hg*‘l(v; - F)
1y M 1y s 1 1
B(v]) —> BFnv) — B - )

|
B3 (V) —> Hy(F n V})

we see that J%?—F,Vé -f ¥ 0, for othervise (1) would be false for V = V,.

However, since there 1s a cross-section, we have that

M-F-ig—ExG/H

80 that J\BI:EI::Va-F 0 and since s ¢ (s +k + 1) - 2 we obtain

j{'r:]:"'}; ¥ 0, which implies by (2) that s + k + 1 = n. However, as already

remarked s < n - k - 2, which 1s a contradiction and shows that our
assumption k > 0 is untenable. Thus k = 0 and G 1s effectively
finite. But then
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M-F~l—4—é£xG/H s

with G/H a finite set of points. Thus M - F 1s not connected and hence
8 =n - 1. This implies, by Lemma 2.1, that G ~ Z, effectively and M/G
is an n - cm over Z with non-empty boundary, contrary to our assumption
that M/G 1s a cm (without boundary).

LFEMMA 2.7. Let G bDe a Lie group acting on an n - cm
M over Z with (H) the type of the principal orbits.
Let T be a maximal torus of H. For any polnt z e M
with G, DH, if S 1is aslice in M at 2z, then
locally near 3z, F(T, S) 1s a slice at z for the
orbits of N(T) on F(T, M). Furthermore, the natural
map

T, M f
N > We

1s a homeomerphism locally near any fixed point of G.

PROOF. To show that F(T, S) is a slice, it clearly suffices
to show that N(T)F(T, S) 1is open in F(T, M) or equivalently that

dim F(T, S) = dim F(T, M) - dim —NE)L
N(T) n G,

But since F(T, S) is a cm and may be assumed to be connected,
we may compute 1ts dimension by restricting our attention to the neighbor-
hood of a point z! ¢ S with Gz, = Ho But near z' we know that
8 —> 8/G, ~ M/G 1is a product bundle. Since

(N(T) nG,)E N(T) n G,

F(T, G _/H) = ~
(T, Gy/H) H N(T) n H
we have that
) dim N(T) n G,
= -k tmr——
dim (T, S n + N B
Similarly

N(T
dim F M) =n - k + dim N(T)
(T, M) = n * N(T) n H
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and hence F(T, S3) has the proper dimension, as claimed.

To prove the second part of the lemma we may assume that F(T, M)
is connected and of dimension n - k + dim (N(T)/T).

let B = (x ¢ M; rank (Gx) > rank (H)). Then B 1s closed and
is contained in the singular set. Also B n F(T, M) 1s contained in the
singular set for N(T) on F(T, M) Thus by IX, 2.1, B cannot dis-
connect M locally near any point and B n F(T, M) cannot disconnect
F(T, M) 1locally near any point.

For x ¢ F(T, M) we now consider F(T, G(x)) ~ F(T, G/G ). If
T' DT 1is a maximal torus of G, and g@, ¢ F(T, G/G,) weseethe.t
Tg(G and by changing g bya.nelement of G, we may assume that

g 'IgC T'. Then, as is well-known ([7], Théordme 2, pp. 23-05), there is
an element n e N(T ), where T, DT' 1is a maximal torus of G, such
that ng-'Tgn™' = T. Thus g = (g~')n e N(T)N(T). Since T,C N(T)

we may take for n one of a system (ny) of representativee for N(T )/'1'0.
Thus we see that F(T, G(x)) C U;N(T)n,(x).

This shows that the natural map f : F(T, M)/N(T) —> M/G 1is
finite to one. Note also that if T! = T, then F(T, G(x)) = N(T)(x)
so that on (F(T, M) - B)/N(T), £ 1s one-one.

Now let z" e x(B) = B"C M/G and assume that f£~'(z") =
[z,, Zpy eeey Z } with j> 1. let U; be pairwise disjoint open
neighborhoods of z; in F(T, M)/N(T). Let K" bea compa.ct neighborhood
of z° in M/G andlet K= x"'(K'). We claim that U" = U, £(U,) 1s
a neighborhood of z' in M/G. If not, then there is a d:l.rected system
y; —_ 2", y; ¢« XK' - U". For each y; let y, ¢ ! (y;)- Then y, 1s
in the compact set

_L?J_Ml“_x.-u U .

N(T)

hus there 1s a subsystem ¥p converg:l.ng to a point y of this set. But
B(y) = £(1im Yp) = lim r(yp) = 1im yp = z" 80 that y = zy ¢ U, for some
i1, which is a contradiction.

Thus let V" C U" be an open nelghborbood of z" in M/G, let
f'C M bea oomponent of «1(v*) which containe a point projecting onto
2", andput W = x(W)C V'. Let wi-f (H)nui. Since r is a
10meomorphism outside of B, we have that W' e w" - B )=
Jy (W, - B/N(T)) 1s not connected, contrary to the faot that w" - B"
«(W - B) 1s the continuous image of a connected set. This contradiction
‘inishes the proof.
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The following lemma is one of Gysin's results [3] and is well-
known, but for sake of completeness we glve a short proof here.

LEWMA 2.8, Let E —2—> B be a fibre bundle with
E, F and B manifolds. Say that H-(E) = HI(SK)
and HI(F) = H'(8%), 0< £ < k. Then # 1is odd,

%—L—'--mez, and 11‘1'(13)---2[&.]/&III (as a ring)
where degree a = £ + 1. Thus x(B)-!“—}—}>1.

PROOF. Let Ebl be the spectral sequence of this fibering.

Then with coefficients in Z, we have HE53 ~ HP(B, Z,) @ HM(F, Z,). Thus
0 = BV (B) = BE-4-124 o 4124 , gK-8-1(p, 7,) 50 that B 1s orientable
This implies that the structure group acts trivially on H(F, Z) am
consequently for coefficlents in Z we also have qu ~ HP(B) ® H4(F).

We have that =0 for qf 0, 4, sothat d, ., : E?f —
githo must be non-trivi]g.lq. Let z bve a generator of H‘g‘). Tl:;r11
04d,,,1®z)=u@®1 say. But 0=d, (1®z°) = (-1 @2, 01
4 (1®2)(0®2) = 1D 2)@1) +u®z = (1 + (1)) =2).

Thus, since u®z ¥ 0 we have that 4 1s odd.

The cohomology of B follows easlly from the Gysin sequence
XX} -‘_> H.i-1 (E) — I‘!i-‘_‘ (B) _> 1{1(5) — I'Ii(E) — ees

in which it 1s well-known that the map 4-1(B) —> Hl(B) 1s the cup
product with an element a ¢ g (B).

§3. A theorem on cross-sections

For the proof of Theorem 1.4 in the case k odd we must prove
a theorem on cross-sections of principal bundles. This theorem and 1ts
proof are slight extensions of a similar theorem of Montgomery and Mostow
[5]. Since the main argument of their proof 1s unchanged we shall not
reproduce it here, but shall only show how thelr argument can be adapted
to the present situation.

THEOREM 3.1. Iet X be a locally compact, paracompact
space which 18 cloc over Z. Iet n < = be the classical
covering dimension dim, .X. Let X = X, DX, DXy D eee
DX, be open paracompact subsets of X such that

Z J=0

In(ad(x, 2)) —> B (Xy,q0 Z)) ~ s’
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for 0<1<n and all q» 0 (vhere, by Z, Ve mean
Z)e Let Y be a k-simple, for all k, finite poly-
hedron and let f be a continuous map of X into Y.
Then flxn is homotopic to a constant.

PROOF. We first point out some facts about covering dimension.
It is known [2], Corollary 3.6, that, since a paracompact locally compact
space V 1is normal, its covering dimension 1s the least integer n such
that every continuous map of a closed subset of V into s" can be ex-
tended to a map of V into S%.

Using this characterization and the fact that each point of a
paracompact locally compact space 1s contained in an open and closed
o-compact subspace, 1t follows that

dimcovv = sup (dim, K; K compact, KC v}

for all paracompact locally compact spaces V. It also follows from thils
that if UC V are both paracompact and locally compact then

in, U< dim, V.

Returning to the situation at hand, we have that dim, X, < n
for all 1. We find upon examination that the proof of Theorem 5.2 of
(5] will prove our theorem provided that we can find arbltrarily small,
n-dimensional (at most) closed covers a; Of X, such that if K, 1s
the nerve of @, and =y K —> Kj_ 1 1s a refinement projection,
then =y : H-(Ky_;» Zg ) 2o H'(K), Z,) is trivial forall 1> | and
all q > O. WQnowshowthat this canbedone. If o is a cover with
nerve K then we denote H-(a) = HX(K). i

Let «, be an arbitrary n-dimensional closed covering of X, and
let B, = o X, Let a, be an n-dimensional refinement of B, such that
(8y» a,) 1s a Zq-detemining pair for H (x,, Z ), for all q 2 0 (see
[5] for definitions). Consider the following oomuta.tive diagram (J > 1).

B (a,)
R4
8 Hj(xo) 11
J\lz 1*
(X, )
14 7 ! L'I N
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Wo have by definition that A, maps In h isouorphlcally amto HJ(X,).
Hi:‘wever Axy = 1A, =0, since 1" = 0O, and O = x1n: = x1hg. Hence
xl-hg-o since L i1s an isomorphism on Im h. 'l'lmsaoanda1
satisfy our condition and the rest of the @; oan be constructed in the
same manner. This completes the proof of the theorem.

COROLLARY 3.2. ILet X amd xl be as in Theorem 3.1,
and let G be a compact connected ILie group. Then any
principal fibering with fibre G and with X as the
base space 1s trivial over X, (that is, admits a
cross-~sectlon over xn).

PROOF. This follows exactly as does Corollary 5.3 of [5].

COROLIARY 3.3. let G be a compact connected Lie
group operating on a locally separable, locally compact
space M of finite covering dimension. Assume that

G 1is free outside of F = F(G, M) ¥ o, ﬂ'&l is an
m=~-cm over Z, and that

g(L=E, 2 ) {3170 .

Then there is a local cross-section for the orbits of
G near any point x e F.

PROOF. We may assume that M 1s separable. Then y—-&-—E is

also separable and hence paracompact. It follows easily that M__(:}__E is of
finite covering dimension. Also from the hypothesis end by the Poincaré
duality, it 1s clear that given a neighborhood U of x in M/G we can
find a neighborhood VC U of x in M/G such that

Im(Hi(U-F)-—->Hi(V-F))"{§i;g .

By the exact cohomology sequence assoclated with the coefflclent sequence
0 ~—> Z ==> 2 —~—> Z —> 0 we can also do this for coefficlents in
Zq, simuidtaneously for all q > O.

Also U~F and V - F are paracompact, since they are
separable. Thus the conditions of Corollary 3.2 may be satisfled with
X, =¥ - F for same invariant open neighborhood W of x in M. Let
f be a cross-sectlon
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W
f {1 =«aF—=>W=F
G > )

which exists by Corollary 3.2. Then if we define
7) y y e Fn WG
gyl = {
£(y) y e g -F

we have that g : g—> W 1s a cross-section for the orbits of G in W.
The following lemma will be used several times 1n later sections.

LEMMA 3.4 Let G be a finite solvable group and
L = Z (respectively G =~ Z?, L= Zp) acting on a
space X freely outside F(G, X). Say that x ¢ F
has a fundamental system of invariant open neighbor-
hoods Y, such that each

X, -F
G

X-F 45an

1s connected. Assume further that
orientable n - cm over L and that

Y
-1(X=-F
B (55 ) e
Then there is a local cross-section at x for the
orbits of G.

PROOF. Since any solvable group G has a normal subgroup K
such that G/K =~ Zp for some p, the first case follows from the second
by an induction on ord G, since G/K acts on XL with orbit space
?'E_I-(—E’ and since, if X-i—F-‘ breaks into p components, then corresponding-
ly X - F breaks into p subsets (disjoint and open) upon each of which
K acts with orbit space = = E . Thus we shall assume that G =~ Z, and

L = Zpo
Assume that V = X - F 18 connected and let W be the complement

of F 1n some invariant open neighborhood of x, such that J%;é,W/G = 0.
Assuming the lemma to be false we may take W to be connected. Consider

the dilagram of Smith sequences:
Hy 'O, Zp) > HI(W, Zj) —> Hj(W, Z;) —> Hj(W, Z;) —> o

! ! | |
Hy 'V, Z,) —> HNV, Z,) —> H(V, Z) ~—> B}V, Z)) —> 0 .
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It 1s well-known that the last three vertical maps must be 1so-
morphisms and that all the groups in dimension n are isomorphic to
(this follows, for instance, from [1], Lemna T.1). These facts clearly
imply that the map Ho ' (W, Zy) —> (v, Z,) 18 non-trivial.

This is inconsistent with the fact that there 1s a natural
commutative dlagram:

B, z,) —> BTN, )

V, L i.
Byl /e, z,) —> BT (v/e, Z)

and the assumption 337(1},11 /e = 0, which finishes the proof of the "lemma.

§4. Case I. rank (@) = rank (H)

Iet T be a waximal torus of H. Then, since N(T) is
effectively finite on ¥(T, M), we have, by Lemma 2.7, that dim F(T, M) =
n-% Tmus F(T, M) is an (n- k) - cm over Z.

let y ¢ F(T, M) be a point with isotropy group Gy = H. Then
a 8lice S at y for the orbits of G 1s a local cross-section each
point of which has i1sotropy group H. Moreover S may be taken to be an
open subset of F(T, M), since dim 8 = dim F(T, M) = n ~ k. Since
N(T) N H leaves the open subset S of F(T, M) statlonary, 1t acts
trivially on F(T, M). Moreover, if g ¢ N(T) - H then g(y) ¢y, so
that we have that N(T acts effectively on F(T, M). Moreover,
N(T) ¢ H since if so the principal orbit G/H would be non-orientable,
which is impossible in a cohomology manifold whenever there are fixed
points. (The existence of a fixed point implies that there 1s a principal
orbit contalned in an orientable subset of the cm, but this orblt is
contained in an open set of the form U x G/H where U 1s a cm, and
thus G/H 1s orientable.)

By Lemma 2.1 applied to the action of —ASLl_ on F(T, M)

N(T) n H
v nave that —M(Il_. 7z and that P(N(T), M) = F(N(D), F(T, W) 1s
an (n-k-1) -cm over Z. Moreover g~%, by 2.7, 1s an

(n - k) -om over Z with boundary F(N(T), M) near x.

By dimension we have that for some y e F(G, M) near x,
F(a, M) = F(N(T), M) locally near y.

DEFINITION 4.1. We say that property I..y holds if y ¢ F(G, M)
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and F(G, M) = F(N(T), M) locally at y.
Thus if holds we have that M/G i1s an (n - k) - cm over
Z with boundery F(G, M) near 7y.

LEMMA 4.2. There are no exceptional orbits near x.

PROOF. let G(z) be an exceptional orbit. We may assume that
z ¢ F(T, M) Thus by Lemma 2.5, 2z 18 on an exceptional orbit of "N(T) on
F(T, M), that 1s, 2z ¢ F(N(T), M) Let E ¥ ¢ be the exceptional set.
Then E n F(N(T), M) is open in F(N(T), M) and non-empty. Thus, since
F(N(T), M) is an (n-k - 1) -om over Z and touches an orblt at
most in one point we have that dAImE > (n -~k - 1) + k=n - 1. This 1s
impossible near a fixed point for G connected, by a theorem of Montgomery
and Yang [6], Theorem k4.

Since there are no exceptional orbits near x and since the
singular set cannot disconnect M even locally we have that the set of
points of a component of F(T, M) - F(N(T), M), near x, which are on
principal orbits, 1s a connected set dense in this component. It follows
easily that F(H, M) C F(T, M) 1s eilther all of F(T, M) or is the
closure of one component of F(T, M) - F(N(T), M). In either case, since
the closure of a component of F(T, M) - F(N(T), M) touches each orbit
of G on M 1in exactly one point, we have that there 1s a cross-section
near X contalned in F(H, M).

LEMMA 4.3, If holds, then there are no singular
orbits near y other than fixed points.

PROOF. Iet 2z ¢ F(H, M) - F(G, M) be on a singular orbit.
implies that 1f =z 1s sufficlently close to y, then locally at z we
have that F(T, M) = F(H, M) forms a local cross-section for the orbits
of G near z. let S be a slice at z. Then, locally at =z, F(T, S) =
F(H, 8)C F(H, M) touches every orbit of G on M. But F(H, M) is a
local cross-section near 2z and therefore F(H, S) = F(H, M) = F(T, M)
(near z) 1s a loocal cross-section for the orbits of G near z. Since
F(T, M) 1s a ocm over Z, the lemms now follows from Lemms 2.6.

LEMA 4.h. HS(G/H) = H-(S¥).

PROOF. Since Ly holds near some point y we may restrict our
attention to the neighborhood of such a point. The cohomology sequence

oo —> B -F) — B — B — ...
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then ylelds easily that

-F L Li=n-k k
H%(M ’ )-I‘F{o othlelmis; ’

where L 1s either Z or a fleld.

But, near y, M - F consists entirely of points on principal
orbits and has a cross-section in F(H, M) for these orbits, so that

M-FaB=Fyam .
(¢]
We also know that
Hi‘(m 'L)-I'F{%io;hgr\-rise.
If L 1s a field, then the Kiinneth relations give easlily that
B(M - F, L) = p HoX (“ , L )@Hi'n*k(c/n L)

~ B /m, 1) .

Thus EY(G/H, L) = B3(SX, L) for any fleld L, but since G/H 1s a
finite complex, this implies that the same 1s true for L = Z, as was to
be shown.

Note that the assumption that G is connected is not needed
for Lemma 4.4. That 1s, if U 1s a sufficlently small invarlant neighbor-
hood of a point y ¢ F(G, M) where I..y holds then Theorem 1.4 has been
proved for the particular transformation group (G U), and hence it is
also true for (G, U) by the remark below 2.1.

It now suffices to show that I..x holds.
LEMMA k.5. 1.x holds.

PROOF. Let z € F(N(T), M) - F(G, M). We may assume that
HC G, and that z has a nelghborhood Y such that z' e Y n F(N(T), M)
1mp11es that G,y~ G, Then if =z e X, We have that aim(x}, =(z)) =
dim(F(N(T), M), z) =n-k-1, 8o that, by Corollary 1.5, the hypotheses
of Theorem 1.4 hold for the action of @, on a slice S at z. Thus i
din(@,/H) = 4 we have by Lemma h.4 that n"(c JH) = H (%) ana that
0<$ <k bylmh.aandtheassmtionon z that k - § = dim G(z) >
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since z § F(6, M) and G 1s connected. Moreover, $ 1s even, since
H 1s of maximal rank. This contradicts Lemma 2.8 and finishes Case I.

§5. Case II. rank (H rank (G

let T be a maximal torus of H and let To)'l‘ be a maximal
torus of G.

Then, of course, F(T,, M) meets only singular orbits (and
possibly not all of these). N(T,) acts on F(T,, M) and, since

N(T, )G
F(T, 6/Gy) = —2—L
vy

when T, ( (}y and is empty if rank (Gy) < rank (G), the natural map

F(To, M)

-_N(T;r — M/G

is an imbedding. Since F(T,, M) touches only singular orbits of G
we have that

F(Ty, M)

dim-—ﬁ-(-,i,:)—Sn-k-1

by IX, Corollary to 2.2. However, N(T,) 1s effectively finite on the
cm F('I.‘o, M), so that dim F'(To, M){ n-k -1 and since F(a, M) C F(To, i
is of dimension n - k -~ 1 it follows that we may assume F(T,, M) to be a
connected (n -k - 1) -~ cm over Z. Also F(G, M) must contain an open
subset of F(T,, M) by dimension. Since N(T,) leaves this open set
stationary it must leave all of F(T,, M) statlonary. That is,
¥ € F(T,, M) implies that N(T,)C Gg.

DEFINITION 5.1. We say that property L;, holds if and only if
y ¢ F(G, M) and F(G, M) = F('I‘o, M) locally at y.

As we have seen above, there are points y, arbitrarily close to
x, at which 1.; holds.

We shall now devote our attention to F(T, M) which may also be
assumed to be connected. We have, by the remark below 1.4 and by Lemma
2.7, that the action of N(T) on F(T, M) satisfies the hypotheses of
Theorem 1.4. We will first prove the theorem for this action.

LEMMA 5.2. rank (G) = rank (H) + 1, k 1s odd.
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PROOF. That k 18 odd follows from the statement on the ranks,
since.the dimension of a compact Lie group 1s congruent modulo two to its
rank.

Let K be the subgroup of N(T) stationary on F(T, M). Then
?C KC H so that rank (K) = rank (H) and 1t suffices to show that rank
(HI%?—)-) = 1. Thus, equivalently, it suffices to show that rank (G) = 1

whenever H 1s finite. We may also assume for this proof that F(To, M) -
F(G, M), that is, we may confine our attention to the neighborhood of a
1

point y for which Ly holds.

We first show that z ¢ M - F implies dim (G,) = O. Say not,
and assume that z 1s such that

rank (Gz) = min (mex [ra.nk(Gz.; z' «U=-=F)); Uopen, y e U} .

Also assume that To contains a maximal torus T' of Gy. We then see
easlly that the natural map

F(T', M
N(T1 > W/e
is an imbedding, and since F(T', M) touches only singular orbits we
have that

Eﬂ.'J-—MlSn_k_l -

N(T')

Since F(G, M) C F(T', M) is also of dimension n - k - 1, 1t must con-
sist of principal orbits of N(T') on the component of F(T', M) containing
y. Thus N(T') acts trivially on this component. Also by the choice of
T!' it 1s clear that z wmay be assumed to belong to thls component. But
we have then that z e F(N(T'), M) C F(To, M) = F(G, M) which contradicts
the fact that =z ¢ F(G, M).

Thus z e M - F and close to y 1mplies that dim Gz = 0, 80
that 1f T, C T, and dim T, > 0 then F(T1, M) = F(To, M) 1locally at
y. By XIII, 4.3 this is clearly possible only if rank (G) = rank (T,) =1,
which finishes the proof of the lemma.

§ 6. Rank one case

We must study in detail the action of N(T) on F(T, M). Thus
we study, in this section, the case in which rank (G) = 1« Hence for G
connected, as shall be assumed, G 1s effectlvely isomorphic to S‘,
80(3) or Sp(1).
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LEMMA 6.1. If L; holds then there are no exceptional
orbits near Yy.

PROOF. Let z be on an exception orbit with G, D H. We may
assume that 1f z' 1s on an exceptional orbit and is sufficilently close to
z, then Gz. ~ G, Let P be a p-Sylow subgroup of G, such that
ord (P) / ord (H). Since there are only a finite mumber of non-conjugate
such subgroups P for 2z close to y, 1t follows easily that the lemma
is true 1f, for each such P, the component of the cm F(P, M) over
which contains y i1s contained in F(G, M) = F(T,, M). Thus we may assume
that F(P, M) is connected and that F(P, M) > F(G, M) = F(T,, M).

Thus if G = S', then dim, F(P, M) = n - 1 which implies that

dim F(P, M) = n -1 by I 4.9, Corollary. But this 1s impossible by V
2,3 (a) and V 2,5 since every element of G must preserve orientation.
This also follows from [6], Theorem 4.

If dim G = 3, then dim, F(P, M) > n - 3 since dim F(G, M) =
n -4 ILet U be a small neighborhood of z in F(P, M) and put
Y = G(U) C Exceptional set. If U is small enough then Y 1s a fibre
bundle over Y/G with fibre G/G,, since z was chosen to be "principal”
in the exceptional set.

Thus dim, ¥ = d Y/G + 3. Also
% "

~ F(P, M)
N(P)

QI

locally near z, since

N(P)a,

G, *

F(P: G/Gz) -

Thus, unless G = Sp(1) and P = center G ~ Z,, we have that
dimN(P)SI so that dim Y/GZd;Lm F(P,M)-Izn-‘h Thus

4a Y>n - 1. Hence the dimension of the exceptional set is n - 1,
which is impossible near a fixed point by [6], Theorem k.
Thus G~ Sp(1) and P = center G ~ Z,. Here dimzzF(P, M) =

n -2 by V2.5 since an element of a connected group cannot reverse
orientation. G/P ~ 30(3) then acts effectively on the (n - 2) - cm

F(P, M) over Z, with a fixed point set of dimension n - 4. Consider
KC G/P) K~ 2, ®Z,o Then K acts on F(P, M) and if e ¥ g ¢ K, then
dj.mZaF(g, F(P, M)) = n -4 by V 3.1. Since F(G, M) F(g, F(P, M)) 1is
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an (n-4) -cm over Z and hence also over Z,, we must have that
F(G, M) = F(g, F(P, M)) 1locally at y. That is, Z, ®Z, acts freely
on F(P, M) - F(G, M) locally at y, which 1s impossible by XIII, 4.3.
This finishes the proof of the lemma.

‘If L} holds, then there can be no singular orbits of G near
y except for fixed polnts. Thus by Lemma 6.1 we have that M - F is a
fibre bundle over with fibre G/H, near y. In particular, it
follows that !I-—(;—F-' san (n -Xk) -cm over Z.

Now if G =~ S', then L| holds trivially. In this case ¥ = 1
and n -k -1=n - 2. From the cohomology diagram in which the rows are

cee —> HX(U - F) —> H(U) — #i(F 0 1) — ...

for neighborhoods U cf points in F, one can see easily that

M - F) Z1=n-1,n
B e {

0 otherwlse .

The Gysin sequences

vee —> HTV(U-F) —> H&""(H(';—F) —> Ht(y—;z) —> B (-F) —> ...

show easlly that

M -Fy _ =N -
REEH w {31010 .

Thus, by Lemma 2.4, we have that M/G is an (n - 1) - cm over Z with
boundary F(G, M). Also, Corollary 3.3 implies that there i1s a local
cross-section near x for the orblts of G.

This completes the proof of the theorem for G =~ 8' and hence
also for all G for which dim G = 1, except as noted in the remark be-
low Lemma 2.1,

We now turn our attention to the case in which G =~ SO(3) or
Sp(1) and shall consider the neighborhood of a point y at which L;
holds.

Consider the following table, to be explained below.
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Case | G H NHH) cosffictents H' (6/H,L)| ¥ (6/H,
1 |8p(1) | cyelic, odd N(T,)/H z, () 0

order > 1
2 |s0(3) | 2,®%, oy 2, ) 0
dyhedral, order
3 |80(3) | 28, a even, zZ, z, z, @z, z, ® Z,
ad> 2
dyhedral, order Z Z Z Z
4 |80(3) 28, & oc'l q 2 2 2 2
N(To)
5 |80(3) | cyclic or trivial 5 or @ Z, Z, Zy
6 |30(3) | tetrahedral Z, Z 0 Z3
7 |80(3) | octahedral (e) Z 0 Z,
8 |[30(3) | icosahedral (e) Z 0 0
9 |8p(1) (e) G Z 0 0

We wish to show that the first seven cases cannot occur.

This

will be done by considering the spectral sequences Uqu of the fiberings

U-p8E S U-F
G

where U 1s a connected invariant open neighborhood in M of some point
and coefficlents are understood to be iIn L as shown in the table.

of F,

We will show first that the coefficlents Hq(G/H, L) of

are constant, for U sufficlently small.
quence that it may be assumed that the (n - 3) - cm over 2,
since

ot ~ BE=E, Hlie/n, 1)

orientable with respect to L,

}]3-3(11_;__1"‘, L) =~ UEg'3’3 -~ UES-3,3 x @(U -F L)=1L .

We then show that

This has the immediate conse-
is
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H®=E, L) wp (L, 120 -3
0 otherwise

and that H° (G/H, L) = 0. The second relation eliminates cases (3) through
(7), and cases (1) and (2) will be shown to be inconsistent with Iemma 3.4,
using the first relation above.

We must first show that the coefficlents are constant. For the
top fibre dimension, this follows from

LEMMA 6.2. “HH) acts trivially on HX(G/H) when-

ever G 1s connected, H 1s finite and
k = dim G/H = dim G.

PROOF. N(H)/H acts on G/H as follows: 1f & ¢ N(H) then
a: gi —> gv'IH. G also acts on G/H by left translation ani, since
G 1s connected, this action induces tho trivial actioan of H'(G/H). Thus
the action induced on H (G/H) by the above actlon of N(H) on G/H is
the same as that induced by the action « : gH —> aga™'H of N(H) on
G/H. It is clear that the latter action cannot reverse orientation on
G/H, since locally at the origin it i1s the samc as the adjoint repre-
sentation of N(H) on G and this can be extended to an action (adjoint)
of G on G which must preserve orientation because G 1s cormected.

To show that tue coefficients H'(G/H, L) and H°(G/H, L) are
constant, it sufflces to consider only cases (3) and (6), since this is
clearly trivial 1n the other cases.

In cases (3) and (6) let XK be a Sylow 2-group in H. In case
(3), K 1sdyhedral of order > 4 und in case (6) K=~ %, ®Z,. Clearly
it 1s possible to choose g ¢ N(H) - H (hence generating N(H)/H) such
that g ¢ N(K) and g° ¢ Ko Now

F(K, G/H) = _L.E[ __.(_)._

N(K) n H

which is finite. Thus F(K, M) is an (n - 3) -cm over Z,. g ¢H and
thus g acts non-trivia.lly on F(K, M) with fixed point set F(G, M) at
least. Moreover g leaves F(K, M) stationary, since g ¢ Ko Thus,
locally at y, F(g, F(K, M)) = F(G, M) disconnectes F(K, M) into two
components which are permuted by g (see [8], Lemma 16). 3ince

F(H, M) C F(K, M) it follows that g camnot preserve a component of

F(H, M - F). However, the structural group can be described as
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N, (H)

where G, = H and we define
Nz(H) = (g € N(H); g preserves the component of F(H, M - F) contalning z}.

In our case, since HI-SIEZ ~ Z,, we have shown that NZ(H) = H and this

completes the proof of the constancy of the coefficlents. (It is of in-
terest to note that the above proof actually shows that a component of
F(H, M - F) 1is a cross-section in these cases.)

We now prove

LEMMA 6.3,

ni(M =F, 1) wp(Li=n
¢ , 0Ol¢n .

PROOF. As noted before, ~F 45 an (n-3)-cm over Z
and is orientable over 1. (at least near any point of F). Thus it
suffices to show that

-, L) =1.F°

M-F
Hytg
for 1< n -k
We know that HL(M - F, L) = ;0 for 1< n - 4 and also
FBr® = (B which implies that WE3’® =;p0 for 1< n -4, thet is, for

eve U and zeUNPF there 1s a z ¢ V( U such that the natural map

U,Vjs’o : VE;"O — UEJ"O is trivial. Assume the lemma is false and let
Pp<n -4 be the least integer for which

BE=E, 1) 450

and let r be the largest integer (2 < r < 5) for which MEg'° #150
(which exists since

wir© = BE=E, 1) 450,

By the universal coefficlent sequences
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o —> BTEEE, 1@ F 6/ 1) — BTEZE, £ e/m, 1) —>
-r+1,U = F -1
Tor (B (5 L,HE" (@/, L)) —> 0

it follows that MEg-r,r-l =pC 8ince p-r+1¢p=-1. Thus also

MEg-r, r-1 =0

Given U and z ¢ UN F we can choose z € VC U such that

U'ng-ral'ﬂ = 0 and also, since ME.g;? =0 Ve may choose z eW( V

such that Im y o J2°C Im d,,. But then the dlagram

T
vEg'r’rq .i?...) V;g’o _d_r_> 0

| |
v

v
UEg-r, r-1 _5r_> UEg,o

shows that U,ng’o = 0o Thus MEE’o = p° contrary to the choice of p
and r.

LEMMA 6.k. H2(G/H, L) = 0.

PROOF. Since H:" M -F) = 0 We must have that -32
ME:'3'2 = g0+ Given U connected and z ¢ U woecan finda z e V(C U
such that U’VJE'5’3 = 0, since

I S, 1) w0

by Lemma 6.3. Moreover, since MEg-B'E =70 We can find z ¢ WC V such
that In y 33732 C In dy. But then the disgram

W °
l

3 N v;.g-s,a 2,
|° |

v

\'4
53 2y an-e
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shows that U’wja'3’2 = 0. However, thils map becomes the natural map

B E=E, #e/m, 1) —> £3EE, #e/m, 1) ~ B E/H L)

and, since H—é—-l;-‘ isan (n - 3) - cm over Z, this map must be onto.
Hence H2(G/H, L) = 0 as claimed.

We have, so far, eliminated cases (3) through (7). To eliminate
cases (1) and (2) we will show that they are inconsistent with Lemma 3.k.
In case (1) note that

and that F(H, M) = F(K, M), where K 1is a p-Sylow subgroup of H, p odd,
plord H. But then F(H, M) i1s an (n - 2) - cm over and cannot be
disconnected by the (n - &) - cm F(G, M). Hence F(H, M - F) may be
assumed to be connected, even locally about y. Thus

F(H, M - F)

To

1s connected, even locally at y, and covers

F({, M-F) M-F
N(H) G

twice. This 1s impossible by Lemma 3.4 and Lemma 6.3.
In case (2),

F(H, G/H) = H%)- ~ 0y (of order 6).

l‘-gll acts on F(H, M) with

FL, M) . mqG .
N(H)

Moreover, F(H, M) 1s an (n - 3) - cm over Z,. Let
KC l‘é‘-‘l, K~7Z, .

Then F(K, F(H, M)) = F(G, M) which has dimension n - 4. By [8], Lemma
16, 1t follows that F(G, M) splits F(H, M) into two pleces locally
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which are permuted by K. lLet V be one of these pleces of F(H, M) -
F(G, M). V 1s then connected, even locally about y. Clearly, the sub-
group J~23 of Hi({-m acts on V with

M-F
ng-——— °
/ G

since M=F 15 an orientable (n - 3) - cm over Z3) this contradicts
Lemma 3.4 and Lemma 6.3.

We have now eliminated cases (1) through (7). For cases (8) and
(9), Lemma 6.3 implies, by Lemma 2.4, that M/G is an (n - 3) - cm
over Z with boundary F(G, M). In case (8) F(H, M) is clearly a cross-
section for the orbits of G, and in case (9) there 1s a local cross-
section by Corollary 3.3.

To complete the investigation of the rank one case we must show
that LJ'[ holds. This is equivalent, in this case, to the non-existence
of singular orbits other than fixed points near x. If G = S‘, this 1s
trivial as has been remarked, and if G ~ S0(3) it is also trivial since
there are no proper subgroups of S0(3) containing the icosahedral group.
Thus we may assume that G ~ Sp(1) and H = (e). Let z be on a singular
orbit with T, C G,. Then as shown at the beginning of Section 5,

N(T,) C G,o Thus G, = N('l‘o). Iet S be a slice at z. Then dim S =
n-2,dmG, =1 and dim F(G,, 8) = n - 4, Dby the same argument as
used in the proof of Lemma 4.5. Hence from Theorem 1.4 for one-dimensional
groups (which may be considered as proved now, except as noted in the re-
mark below 2.1), we have the the principle orbit GZ/H =@, = N(To) is
connected. This contradiction finishes the rank ono case.

§7. A local cross-section for the orbits of G near F

We have shown in Section 6 that the action of N(T) on F(T, M)
has only two orbit types near x, fixed points and principal orbits. Thus
by Lemma 2.5 there are no exceptional orbits near x. Also if G, DH, for
z near X, then we have that N(T) n G, 1s elther N(T) or N(T) n H.
We also know by Lemma 2.7 and the results of Sectlon 6, that M/G 1s an
(n - k) - cm over Z with boundary F(N(T), M) C F(T,, M). Thus, near
a point y at which L;, holds, M/G has boundary F = F(G, M).

let y be a point where L; holds and let z ¢ M - F be near
y and such that G, D H. Since = §{F and 1. holds we have that
N(T) n G, = N(T) n H. Let 3 be a slice at z. Then for any z' ¢ 3,
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MG wmynm
F(H, G,/G,1) C F(T, G,/G,1) ~ NT) 1 G,, ND) nE = a point ,

we see that F(H, S) is a local cross-section at z. Thus, by Lemma 2.6,
there are no singular orbits near y.

We know that N(T) has a cross-section for its action on
F(T, M), in the sense of a closed set in F(T, M) touching every orbit
exactly once. This yields, by Lemma 2.7, & cross-sectlon in this sense
for G on M. Moreover this cross-section is contained in F(N(T) n H, M).
We must show that it can be taken to be in F(H, M).

Although N(T) need not be connected, we know, by the results of
Section 6 and the remark below 2.1, that its orbits on F(T, M) are
connected. That 1s,

Ny 2(T)

N(P) nH Z(T)nH

where Z(T) denotes the centralizer of T, or, in other words, the
identity component of N(T). Thus N(H) = (N(H) n N(T))H = (N(H) n Z(T))H,
so that

_g__z N(H) nZ(T) ¢ __Z(T)

Hn Z(T) Hn Z(T)

Now, in the case

z(T) . S0(3)
Hn z(T) I

-

we know that N(H) = H, since M) i1s a group and since there are no
proper subgroups of S0(3) containing I except I itself. Thus in
this case F(H, M) is a cross-section for the orbits of G on M.

In the other cases we have that H n Z(T) 1s normal in Z(T)
and

Z(?) . g .
T 2(0) 8' or 8p(1)

Thus M}Im may be regarded as a subgroup of Sp(1). (Note that if

2@ _ .
Hozm . T
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then in fact H n Z(T) = T.)

If H-HEI is a finite solvable group then the cross-section 1s
gilven by Lemma 3.4. If

NHH) ~8' or sp(1)

then it 1s given by Corollary 3.3. If -l!é-l-l—)- i1s an extension of el by
22 then

F(H, M - F)
(N(H)/B)*

is a double covering of M ('} E and hence must split (locally) by Lemma
3.4, which implies that a component of I'(H, M - F) 1is a principal bundle
with fibre

31 ~ (Nngﬂz )*

and base X (; E , So that the cross-section exists by Corollary 3.3.

Thus we have to consider only the case in which

Z(T) n H

and Eﬁ—n—) is the icusahedral group. The remainder of this sectlion 1is
devoted to proving that this situation cannot arise and to extending this
result to the case in which G 1s not connected, as promised in the remark
below 2.1, We denote N(T) n H by Ny(T) and so on.

Consider the fibre maps

M-F I _M-F "o
=== X G/H < x G/N(T) >M-F .
G / G H
The second map =, 1s glven by m,(w, gNy(T)) = g(f(w)), where
e M-F S M-F
G

1s a cross-section map from

M-F F(TM-F

G N(T)
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to F(NH(T), M-F)CM-F. L2 is well-defined, since for =z e F(NH(T),
M - F) we have Ny (T) = Ny(T). Typical fibres on both sides are
Z

H/NH(T), which 1s acyclic over the rationals. Hence in rational cohomology
u, and x} are isomorphisms. It then follows easily, Just as in the
proof of Lemme 4.4, that HY(G/H, R) = BY(S%, R), where R 1s the field
of rational numbers.

The following lemma and its proof are due to A. Borel.

LEMMA T.1. Let G be a compact connected ILie group
and H a subgroup of G. Let T be a maximal torus
of H and T, )T a maximal torus of G. Assume
that # = dim T = dim T, - 1, and that T dis singular
(L.e., that dim Z(T) =  + 3). If H-(G/H, R) =
ml(s%, R), where k = dim G/H, then also

nt(e/e*, R) = EN(sX, R).

PROOF. If K(C G 1s any subgroup with maximal torus T, then,
since K/NK(T) i1s acyclic over R, we have that

H'(G/K, R) = H(G/Ng(T), R) = i (G/T, R) ,

where the latter greup denotes the invariants of H‘i(G/T, R) with respect
to the operation of the Weyl group W(K). W(K) may be interpreted either

as
N (T)
T

or as Autg(T) (the subgroup of Aut(T) corresponding to conjugations by
elements of XK), since the kernel of the map

()

55— —> Autg(T)

consists of cosets nT such that n e Z(T), and the latter group, being
connected since G 1s connected, must act trivially on l-ld'(G/'.l‘, R). We
choose to define W(K) = Auty(T).

Now Z(T) wmey be decomposed Z(T) = T » Q where dimQ = 3
(Q~ Sp(1) or S0(3)). lLet S be some circle subgroup of Q. Then 2(S)
decomposes into Z(S) =L « S and T 1is a maximal torus of L. We claim
that W(K) C W(L) both in the sense of its action on T and of its action
on H'(G/T, R). To see this, let g ¢ Ng(T). Then gz(T)g™' = Z(T) so
that gQg™' = Q. Thus there 1s an element g, ¢ Q such that g,agSg™'g]’
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and since there are elements of NQ(S) which reverse the orientation of
S we may assume that g,g ¢ L. The actlons of g,g and g are
identical on both T and Hi(G/'l‘, R) which proves our assertion that
W(K) C W(L).

Thus we have the natural inclusions W(H ) C W(H) C W(L). Now
since G/H 1s an orientable cohomology k-spnere over R, we have that
W(H) has exactly two invariants in H*(G/'I‘, R)e Thus W(L) has at mosi
two invariants which are in dimensions 0 and k. But G/L 1s orientable
and hence W(L) has exactly two invariants. Hence Hi(G/L, R) = Hi(Sk, R)
and in particular dim G/L = k. Thus dim L = dim H'. However, as is
well-known from the structure theory we have that

£ +2n(L) =dim L = dim H' = £ + 2n(H")

where n(K) denotes the number of symmetries in W(K) (cperations in
W(K) which leave fixed an ¢ - 1 dimensional subgroup). Thus

n(L) = n(H") and since the Weyl group 1s generated by its symmetries we
conclude that W(H') = W(L). Thus W(H') has exactly two invariants in
H*(G/T, R) and it follows that H.(G/H", R) = (S, R), as was to be
shown.

Returning to the case at hand we have that

F(r, a/H") - .1!%),1*_ - _N(T)

N(T) n H

covers

_NT) ~ 83
N(T) n H Sp(1)

with fibre H/H®. Thus F(T, G/H") consists of (ord H/H') 3-spheres.
But F(T, G/H*) is a rational cohomology sphere by IV 5.6, and therefore
we have that H = H* is connected.

Consider Z(T) =T « Q, Q~ Sp(1). Since

N(H)  N(H) 0 Z2(T) N(H) O Q . nH)n q
H Q

Hn Z(T) Hn

we have that I = N(H) n Q@ 1s an isosahedral group. Also N(H) = IH.
Since IC N(H) n Z(T) and since any automorphism of a connected Lie group
which leaves the maximal torus stationary is an inner automorphism by an
element of the torus, we have that the homomorphism I —> Aut H can be
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factored I ——> T/center H —> Aut H. Clearly f is a homomorphism
and honce I/ker f 1s abelian. Thus I = ker £, which implies that I
centralizes He.

let J be a subgroup of I of order 5, and let K = (2(J))".
Then clearly K 1s of maximal rank and contailns H. Since H 1s totally
non-homologous to zero in G, it is also totally non-homologous to zero in
K. Thus we must have that H-(K/H, R) = HX(S®, R) for sowe r ¢ k. Now
it is known [4] that either G and H are both simple or the decomposition
into simple groups is of the form G = G' « G", H= H' . H", where
G'/H' ~ G/H and G" ~ H" is a group of rank one. Moreover, since G
is effective we have that G" ¢ H. Thus in our case G" 1is not a circle
group, since if it were, we would have G" ( N(H) - H, which would imply
that

dim -’1]1{1-‘-221 .

Thus H 1s either simple or of the form H = H' , A1.

Now K need not be effective on K/H, however, from the fact
that H"(K, R) = H(H x s¥, R) for some r, we have easily that K is
elther simple (but only if H is simple) or K~ K!' , A, or
K~ X' o Ay « A; where K' 1is simple. (No circle groups can appear in
this decomposition of K since such a factor of K would necessarily
normalize H but not 1ie in H, implying that

dmll({lﬂg1 3

However J ( center K and hence J ( K! since center A1 ] Za.
But the only simple groups having a center which can contain Z5 are the
groups locally isomorphic to A, for 5|(n + 1) (see for instance [7],
Pe 23-08)s Thus K! ~ Ay for some m> & (perhaps modulo a finite normal
subgroup of Am). Moreover XK' 1s effective on K/H, since 1f not we
would have J( He Thus from general facts about homogeneous homology
spheres [4] we conclude that H'( K' and K!'/H' ~ K/H 1s a cohomology
r-sphere over R. Also since K' ~ Aj, m> 4 we obtain H' = A .,
since A _, 1s the only simple group H' such that HI(H' x S%, R) =
lid'(Am, R) forany m> 4 and any r. For a similar reason it also
follows that G! -Am- Thus if H 1s simple, then G"Am and K! ~%,
wvhence @ = K!' = K by dimension, and if H 1s not simple then G~Am.1t1
and K---.ltm..l\1 or .le.AI .A1 and again we must have G = K. This
shows that J 1s central in G. But J 1s not central in G since it 1is
not even central in I ( G. This contradiction completes the proof that

B cannot be an isosahedral group and hence also the proof that there
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1s a oross-section contained in F(H, M) for the orbits of G on M

near any point y for which L} holds.

We shall now show that the cross-section may be assumed to be
in F(H, M) even in the case in which G 1s not connected. Since this
result 1s not needed to complete the proof of 1.4 for G connected and
by the remark below 2.1, we may assume for (3, M) that all the other
conclusions of 1.4 are known.

let H, =G nH Then G/H~G'/H,. Also

N(#,) n @"

H,

F(H,, G/H) ~ F(H,, G"/H,) =

(g, o/m) = NE) . N@H) n 6% N(H,) n @" .

By the first part of this section we know that

N(H,) n 6"

H,

1s elther finite solvable, or isomorphic to 80(2), 0(2), or Sp(1). We
also know by the proof in the first part of this section that if

»
N N@E) ogte MEINCG o,

1s not the icosahedral group then there is a cross-section in F(H, M) for
the orbits of G on M. Thus the only case to be considered 1s that in
which N(H) is the icosahedral group (and hence for which

H
N(H, ) n ¢"
1
T ~ 8p(1)).
However
*
N(H1) . N(H1 )_n G - g3
H H1

and

N(H,)
R - pm, -0
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Thus the finite group H/I-I1 acts differentiably on 83 with a fixed point
set consisting of 120 points. Let K be the effective (factor) group

of ﬁl-{- in this action. Then, by differentlability around fixed points,
1

we see that K 1s lsomorphic to a subgroup of 0(3). Moreover, K
cannot be solvable, since any solvable group acting differentiably on 83
must have a sphere of fixed points (of dimension -1, 0, 1, or 2) by
the Smith theorems. Thus K must contaln the icosahedral group. But
then the subgroup J = 22 ® Z, of the orlentation preserving part of K
must have F(X, s3)C r(s , S3) as an open subset, contrary to the Smith
theorems.

§8. Conclusion of the proof of Theorem 1.4.

We have seen in Section 7 that near a point y for which L!

holds, there are only two types of orbits and there 1s a cross-section
near y contained in F(H, M). Thus, near Yy,

M-F~!‘-5—-F-'xc/n

and the proof of Lemma 4.4 applies to show that Hi(G/H) ~ HH(s¥).

Thus it suffices to show that I.;( holds. Just as in the proof
of Lemma 4.5, if L; does not hold then we can find a point z e F(T,, M) -
F(G, M) such that HY(G,/H) = H'(S?), with £ odd, since rank (G,) =
rank (G). However, N(To) C G, as shown at the beginning of Section 5,
so that x(G/G,) = 1. Hence by Lemma 2.8 we must have that ¢ = k. That
is, dim G(z) = 0. But this implies that z ¢ F(G, M) since G 1s
connected and this is a contradiction.
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XVI: REMARKS ON THE SPECTRAL SEQUENCE OF A MAP
A. Borel

This 1s an appendix to the previous chapters, in which we have
put together some remarks which belong to the theory of sheaves and of
spectral sequences. Our first aim is to give to the spectral sequence of
amgp £ : X—> Y a module structure over H*(Y; L). This is done in
§1 for cohomology with compact supports. §2 1s a brief discussion of
families of supports and of the spectral sequence of a map, used to extend
§1 to a more general case. §3 contalns some obvious remarks on inductive
1limits, used in XIII. §4 glves a sufficlent condition under which the
sheaf of coefficlents in the spectral sequence of a locally trivial bundle
has as stalks the cohomology groups of the fibres and §5 1s an application
to the cohomology of certaln products.

§1. Cohomology with compact supports

1«1« let L be a ring, which from 1.2 on will be as usual a
principal ideal domain, and let A (respectively B) be a L-algebra
(respectively I-module). Then A ®B has a A-algebra structure, char-
acterized by a . (a' ®b) = (a » a')®b. If A 1s a graded differential
algebra and B 1s a differential module, then

(1) d(a » c) =da * ¢ + (-1)1a.-dc (a.eAi;ceA®B) ’

A ®B being endowed with the usual total differential.

Let now F (respectively G) be a sheaf of L-algebras (re-
spectively L-modules) over a space Y. Then, for every U open in Y,
(F®G)(U) 1s a F(U)-algebra, hence F &G 1is a F-module, and, for any
family of supports o, I'y(F ®G) 1s a Iy(F)-module, or also a I'(F)-module,
and we have a rule analogous to (1), under similar assumptions, to be re-
ferred to also by (1).

1.2 Let now X, Y be locally compact spaces f : X—> Y be
a continuous map, K (respectively M) be a fine L-cover on Y

233
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(rospectively X) and fM the image of M under f. Let X, fM be the
assoclated sheaves and C =T (KOfM), where T, denotes the sections

with compact supports. Then H(C) = l'lo(x, L), rr K K, and H(K) = Hc(Y, L).
The spectral sequoence (E,) of f is by definition the spectral sequence

of C flltered by the sub-modules CP = Iy, r (&l @ M), The modules de-

fining the induced filtration in H(C) are denoted by JP, and we put as
usual J*? = BP*9(c) n JP, and similarly for (E,).

Let A be an algebra. We say that (E,) 1s an A-algebra from
r, only if each Er(r 2 Ty) 1s an A-module, a.nd the actlon of A commutes
with d, and with the natura.l projection of dr (o) on ErH

THEOREM. In the previous notation, H (X; L) and
(E,) from r =2 onare H, *(y; L)-modules, with the

following properties:
(1) Let ye H:(Y; L). Then y - Hg(x; L) ¢ Hﬁ*d(x; L);

y o Jp'qc Jp+1,q, and y o g’q( gi-l)q(rz 2).
The action of y commutes wlth the lsomorphisms
JPJQ./JP+1SQ'I = Fp.vq

(2) If f 1s proper, then, for c ¢ I-I (X; L),
¢ —>y + ¢ 1is tho cup-product by £, *(¥).

(3) If H(fM) 1s constant, isomorphic to Y x G,
where G 1s a free L-module, then the
H;(Y; L)-module structure of £, = Hy(Y; L) ®G
1s the natural one, as described in 1.1.

1.3 PROOF, 2(-) will domote cycles. Pirst let k e k. Then
clearly k » CPC cP*L. Moreover, if k ¢ z(xl), then 1t follows readily
from (1) that multiplication by k maps 2z(c®’%), cPrq, pPrd into
z(cP*11q), P14, pP*1a respectively, therefore H;(x- L) and (E,)
from r ) 0 on are Z(K)-modules, and the action of Z(K') 1increases the
filtration degree p and the total degree by 1. The term E, 1s equal
to 1‘0(5 S H(fM)), where H(fM) 1s the homology sheaf of g and d,
1s defined by tho differential of X; also the d,-cycles are Just
T, (K ®Z(fM))s Thus the Z(K)-module structure of T (K ® H(fM)) derives
from the K~module structure mentioned in 1.1; 1f k = du, (u € K) and ¢
1s a d,-cycle, then by (1), du+c=d(u-c) hence d maps E, into
Zero from r = 2 on, which means that the Z(K)-module Ez- 1s in fact a
H(X)-module from r = 2 on. By the same argument, the same is true for
H(C), and 1.2 (1) follows easily. 1.2 (2) follows directly by comparison
of the definitions of the Hy(Y; L)-module structure and of £, (1,
VII-2]). Finally, 1if H(fM) = Y x G, then I, (K®H(M)) ¥ KRG
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(1, V, Lemme 3 (e)], and if G 1s torsion free, Z(K¥G) = Z(K) ®a,
d(K®G) = AK®G, whence 1. 2 (3).

1.hs Lot U be an open subset of X such that V = £(U) is
open in Y, and let K' (respectively M') the set of elements of X
(respectively M) having supports in V (respectively U). Then
K' Q£M' 1is the subsheaf of K& fM whose stalk at y 1s equal to that
of KRfM if y ¢V and 1s zero otherwise, and T, (X' ¥ fM') may be
identified with the sections of K& fM having compa.ct supports '.1.n V.
The inclusions K! ——> K and C! —> C define then the maps JYV’ JXU
and a homomorphism (Jr) of the spectral sequence (Er) of f£|U into
(Er) It 1s obvious from the definitions tha.t the modu:l.e structures of

1.2 for f and f|U are compatible with J!V ’ JXU’ (J )e

1.5« let now g : S—> T be a contlnuovus map, and assume that
there are proper maps @ : 8 —> X, p : T —> ¥ such that B o 8 =f o Qo
Then there are fine covers K!', M! on T, 8 for which there exists maps
B! : K—> K!, a' : M —> M', dofining B, and a, respectively; the
induced homomorphism a!' : C —> C' = I (XK' ® gM') defines then a homo-
morphism (a ) of (E,) into the spectra.l sequence of g. Again, it
follows diroctly from the definitions t'.hat the module-struotures of 1.2
for f and g are compatible with “c’ B and (a )e

§2. The general case

In the sequel, topological spaces are not necessarily locally
compact, f : X —> Y 1s a continuous map, ¥ and ¢ are families of
supports on X and Y respectively.

2.1. Cohomomorphisms of sheaves. lLet B be a shea.f on Y.
Its inverse image in X (with respect to f) 1s denoted f B, 2,
p. 120], and T 1s the canonical homomorphism of £'B into B 1t
restriction f to the stalk at x 1s an isomorphism of (f B) onto
Bf(x)' Given a sheaf A and a f—homomorphism g:A—>B there is a
unique homomorphism g' : A—~—> f B such that g = £ . g' (loc. cit.).
f* 1s an exact functor, therefore if M 1is a resolution of A, then
£"M 1s a resolution of f£'M. A f-cohomomorphism h : B—> A Wwill be &
collection of homomorphisms hy : Bp(y) —> A, such that if y —> s(y)
is a continuous cross-section of B over a subset K of Y, then
x —> hx(s(f(x)) 18 a continuous cross-section of A over f~ 'X. There-
fore, if £~ T(e)C ¥, then h induces a homomorphism ry(B) —> rt(A),
to be denoted also by h. (This definition is :Lntroduoed iIn (2, XIV 1)
The collection of maps f =1 defines a oohomcmorphism f':B—>Tf B
and there 1s clearly a un.ique homomorphism ht! : f B — A such that
h= h' [] f'.
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2.2. The homomorphism £* in cohomology. Assume that
£71(0)C v and let A and B be sheaves on X and Y respectively.

Then to every f-cohomomorphism B—> A t.here i1s associated a homo-
morphism £* or f ,0 of H.(Y, B) 1into n,(x, _J'l). It may be viewed

as the composition of the standard homomorphism H (Y, B) —> H (x, £ B)
(see [3, Chap. II, u.161) and of the homomorphism H'(x, £ B) —_— BO(H, A)
assoclated to h! : £ B ——> A, or may be defined directly as follows:

let CB be a resolut:l.on of B by ¢-acycllc sheaves, and CA be a reso-
lution of A by v-acyclic sheaves for which there is a cohomomorphism

h : CB—> CA over h. This always exists: take an injective resolution
of A; then slnoe £ cB 1s a resolutlion of f B, the map f*Q —> A
extends to f CB —> CA [3, Chap. II, T.1], and h' 1s the composition
of this map with the standard cohomomorphism from CB to f CB. Then h!
1nduoes a homomorphism T,CB —> I‘*g.g and the resulting map in cohomology
1s f ,0° Its uniqueness follows from standard properties of injective
resolutions [3, Chape II. Tel}e.

2.3. Adepted families [4, §3.7]. We recall a notation of [31];
for a subspace A of X

v|A= (K ey, KC A) yNA=(SNK,Kevw) .

These are families of supports in A, and v¥|A 1s also a family of supports
in X. For each U open in Y, define v(U) as the family of relatively
closed subsets A of £~ U having the following property: every y € U
has a neighborhood V such that the closure of f£-'vn A belongs to V.
This is a family of supports in £~ v containing vlf"U, and equal to
v|£"'U when Y 1s apoint. If V is open in U, ¥(U) N £V w(v).

If A 1s closed in X, ¥(U) n £7AC (v|£7TA)(An U). Let ¥' =

(K e ¥(¥Y), TR ¢ ¢). The families ¥, ¢ are sald to be adepted if ¥ = ¥',
to te well adapted if moreover f 1s y-closed (i.e., F(K) 1is closed for
K ¢ v)e The families of all closed subsets are adapted, those of compact
subsets in locally compact spaces are well adapted.

IEMMA. ILet A be a locally closed subset of Y and
A" = £ A, If v, o are well adapted and Y 1s
regular, then y|A* and ¢|A are well adapted, with
respect to rIA'.

Since A=UNnF (U open, F closed) it is enough to carry the
proof for A open and A closed. This is elementary and left to the
reader.

2.k, M sheaf [3, k). Let ! be a sheaf on X. Then the
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presheaf U —> Ty (U)(glf"'U), the maps being the restrictions, is a
sheaf, the image sheaf fvg of M, also denoted fM when ¥ consists
of all closed subsets of X. Since, for A closed in U, we have
v(U) n A*C (v|a*)(a), the restrictions provide a natural homomorphism

imyy g £MOV) —> T awy(n) MIAT)

LEMMA If f 1s y-closed and Y regular, then
£1£~'0 (U open in Y) 1is v(U) closed, and for
A closed in Y, the map l:l.mV Ava(V) —_—
r(*lfq}')(A)(le y) is injective. It 1s an iso-

morphism if moreover y 1s paracompactifying, M
1s y-soft, and A 1s a point.

The proof of the first assertion is left to the reader. If now
M 1s v-soft a.nd v i1s paracompactifying, then f*M(Y) =T Hx)h_d —_—
(MIA )(A* = £~ A), is surjective; if A 1s a point, then
(v A J(A) = vIA , whence the second assertion.

2.5. PROPOSITION. Iet f bDe y-closed, v be para-
compactifying, Y be regular, A be locally closed
in Y and A" = £"TA. let N be a y-soft sheaf

* *
on X. Then (f*l_W)IA = fv|A*(mA )e

It 1s enough to prove this when A 1s open and when A 1is
closed. In the former case, the equallty follows from the definitions
(for an arbitrary sheaf M') In the latter case, the standard homo-
morphism (f N)|A —_— fle*(NIA ) is an 1somorphism since by 2.4 both
sheaves have the same stalk, namely PVIf (M I£='y), at y e A.

2.6. The spectral sequence of a map. The Leray sheaf. Let
and ¢ be adapted families, and M be a sheaf on X. We recall that if
Ill* is an injective (respectively flabby) resolution of M, then its re-
striction to an open set V 1s an injective (respectively flabby)
resolution of MIV {4, 3.13, 3, p. 148]. If X 1s metrizable and g’
is soft, then ‘n_g |V 1s soft [3, Chap. II, 3.%.2]. *In those cases there-
fore H(r (') 1s canonloally identified with Hy(y)(£7'U; M) and
the homology sheaf of fIM does not depend, up to canonical isomorphisms,
on the resolution of M. Assume the:t f‘gl_* consists of ¢-acyclic sheaves,
let Cf*g be a resolution of f*g by o-acyclic sheaves and

=T cr'M « Then [3, p. 178], H(A) = H(r r‘g ), hence H(A) =

H(P'ﬂ ) = H*(x, M). The spectral sequence of A, filtered by the grading
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of C, 1s by definition the spectra.l sequence (E,, f) of f. E =
GH(X; M) and ER’9 - HD(Y; H(EM")). As to the assumption made on £
we recall that if a sheaf A on X 1s injJective (flabby) and o, ¥

are all closed subsets, then f‘é is injective (flabby) [4, 3.T.1, 3,
p. 148]. If A 1s flabby and ¢ paracompactifying, then fvl_L is
o-soft [4, 3¢7.1]e Thus the spectral sequence is defined at any rate in
those two cases, in which we may take for M a flabby resolution of M.
Its uniqueness from E2 on follows by standard arguments using mapplngs
into injective resolutions. H (f‘g ) will be called the leray sheaf

of f.

By definition, H(fIM" )y = im H, ey (£ 'U; M), vhere U runs
through the open neighborhoods of y, the maps belng the restrictions
(they ave defined since ¥(U) n r"vc ¥(V)). Since ¥(U) n £ y =
vi£~'y, the restriction H'(U)(f lu; M) —> B (f"y, M) is also

vie~!

defined, whence a natural homomorphism

. » -1,.
(1) gy H(EM )y s HHf"y(f ¥ M) .

If vy 1is paracompactifying and g* is y-soft, then g*lf"y is
(v|£-'y)-soft, therefore gy 1s induced by the map

: (e MY), — *1em!
gy ¢ (M) —> rﬂf_,y(gl £

defined by the restrictions r (U)g* —_—> T - L M e7y). 12 £ is
v y

v~-closed a.nd Y regular, then by 2.5 gy is an isomorphism, hence a

fortiori gy 1s an lsomorphism.

2.7. Homomorphisms. Let U be an open subset of U, q’ - £y

and'assune ¢ to be paracompactifying. Let us take as resolution of
f‘ﬂ its tensor product with a torsion-free fine resolutlon C of the

groundring (e.g., the Alexander-Spanier sheaf). Then (c®fv§ )|U =
_(_:_IUQO(fv_ )|U hence by 2.5 (g@f*n_g )|U = g|U®fv|U,(_ng [U*). Since
ro((C @ £ M )y)=ry 1 ((C @£ M) |U) (3, p. 188] 1t follows that

re(CREM y) —> T, (C DM

induces a homomorphism of (Er’ £|u*) —> (E,, f), which o0 the E,
terms is the natural map H,IU(U, H(f*&} ) —> H,(Y, H(r*g ))e

Iet f! : X! —> Y' be a continuous map, ¥', @' be adapted

families on X', ¥Y' and let g : X —> X!, g : Y —> Y!, be such that
f' e g= %o £o Assume that g '(v')C v and g '(e')C 0. ILet A and
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B be sheaves on X and X' and h: g-——>§ be a g-cohomomorphism.
Then there 1s a natural hommorphism g : (B, £')—> (B, £f)e On E,
it is compa.tible wi.th gh M On the *E?_ terms, it 1s the map
8 ¢ .(Y" H(EB)) —> H (¥; H(f A") associated with a natural
§-oohomomorphism h! H(r B*) —> H(f A )e

Iet B and A" be flabby (or ,injective) resolutions of B and
A for which there 1s a cohomomorphism B - A extending h (2.2).
Since g '(v')C v 1t is immediately seen that for U' open in Y!,
g (¥ (U")) C (& 1(U')). Then it follows from the definitions that we
have a natural cohomomorphism *h' : £ v .Q* —_— f *_!_\*. We then take
resolutions Cf*,B and Cf‘é_ for which there i1s a map extending h'.
The corresponding map l‘o,(Cf*,B )—>T (Cfvé ) then yields the desired
homomorphism.

2.8. Action of the cohomology of the base. Let ¢ be para-
compactifying, and C be a. torsion free and ¢-acyclic resolution of the
groundring. Thon c®fM is a C-module, and T,(C ®£‘M ) a r,(C)-module.
Then it i1s clear that the analogues, of 1.2 (1), 1.2 (3), 1.4, a.nd 1.5 hold.

§3. Inductive limits

3.1« As is well known, exact sequences and tensor product
commute with direct limits. We also omit the equally stralghtforward veri-
fication of the fact that direct limits and spectral sequences commute.
More precisely, let (c ’ ) a direct system of differential filtered
modules; assume that for o < g, £ ap coommutes with the differentlals and

maps ch into ch Let then

C = dir 1im (Cyy foq)

be endowed with the usual limit differentisl and let FPC = dir lim (FPC,,
Then the F’C define a filtration of C and we have

£ap)e
Gr C = dir 1im (Gr Cyy £4,)
*
Gr H(C) = dir 1lim (Gr H(Ca), fap) .
(Gr means graded module associated to a certain filtration; on the homology
we take of course the filtration induced from the given filtration.) Also,

(E,), (,B,) being the spectral sequences of C and C, respectively, we
have

E, = dir Un (B, f3,) -
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If there exists an integer N such that E, = E =Gr H*(Ca) for
r> N and a cofinal set of a's, thenE, = E = Cr H(C) for r> N

Similarly, assume that C, 1s graded by submodules e s
that (“c )C "c, and that for each n there exists an mteger p(n)

such that “ca n cha =0 forall a and p > p(n). Then we have the
previous equality for each total degree, that 1s

"E, = "E, = ar H'(C) (r > n(p)) .

A homomorphism of such a system into another one ylelds clearly
a homomorphism of the 1limit spectral sequences.

3.2, Lot (81 Xi——) Yi, fij) (1, J =1, 2, Olo) be an in-
verse sequence of continuous maps. For 1< jJ, there 1s then a commutative

dlagram

£
X Pt 5 B X
lSj_ 84
v v
Y, < YJ .

Moreover fij . ka = fy (1< J<Kk)e Lot (4E,) be the spectral se-
quence of gy with respect to some ring L of coefficients and familles
045 ¥4 of supports on x.l and Y, respectively. These families are
assumed to be such that fij (1Er) —_—> Er) is defined (see 2.7).
Then (4E,) 1s the spectral sequence of a certain module C; and, by in-
duction, these modules may be chosen so that, for 1 < J, there exists a
map fiq:Cy —> Cy giving rise to fy; and that fl, o f3y = fjy

for 1< j< k. Then dir lim ((1Er), rij) will be the Spectra.l sequence
of C = dir lim (Cy, fj_J)’ In particular, if ,E, = Gr . (xi, L) for
r2 N and all 13 N,, then

(1) E, = E, = Gr dir 11‘"“‘:1("1‘ L), fy) (2N .

It 1s of course possible to define the limit spectral sequence of an
arbitrary projective system of continuocus maps. However, 1f the system 1s
not equivalent to a sequence, I do not know how to define C or whether
(1) is still valid.
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§4. On the leray sheaf

k.1. In §§4, 5, a space 1s sald to have property (C) 1if every
point has a countable fundamental system of neighborhoods. The families
¥,® of supports will always be the families of all closed subset.s and
will not be mentioned explicitly any more. A restriction ma.p rAB
(A DB) 1is said to be trivial at b e B if Ker rAB = Ker rAb

4,2, Iet = : E~—> B be the projection in a locally trivial
fibre bundle with typlcal fibre F. Let b e¢ B, U be a neighborhood of
b over which the bundle is trivial, ¢ : x WU —~—>UxF be an allowable
homeomorphism and h = Prp o @ be the composition of ¢ with the pro-
jection of UxF onto F. For every V inside U, h ylelds a map
2 'V —> F; these maps are compatible with restrictions, hence define
a homomorphism

* * *, - -
by ¢ B (F; L) —> dir Um B'(«"'V; L) = B, (R, = «"'b) ,

where F denotes the Lerey sheaf of =, (which may depend on ¢), such
that, in the notation of 2.6

»* *
gbOIlb=Id.

In particular, g; is always surjective. It is injective Iif E 1s
locally paracompact and if the subspaces W form a fundamental system
of neighborhoods of F, [3, p. 202, remarque 4.17.1]; the latter condition
1s fulfilled when F 1s compact (without any assumption on B).

We also note that if g5 1s an isomorphism for all b ¢ B, the
bundle is triviel and B 1s locally connected, then the Leray sheaf is
constant, isomorphic to B X H*(F; L). It 1s enough to show this when B
is connected. Let then E be identified with B x F, and 1, be Ehe
inclusion map f —> b x F. As usual, 1t 1is enough to show that Lb is
mdependent of b. let c ¢ H (E; L) and d € H (F; L) such that
15(c) = d for some b e B. Then fplc) =1y o b *(d) hence 1p(c - h"(d)) =
Since gb is an isomorphism there exists a neighborhood U of b such
that rﬁ,w annihilates ¢ - h'(d). As a consequence, the points of B
for which 1b(c) has a given value 1s open, and our assertion follows.

In other words, under the present assumptions, we have the homotopy axiom
in the form of [5, §671.

We see also that if we assign to b xd (be B, d ¢ ) (F, L))
the value at b of the section of the Leray sheaf defined by h (d), then
ve get an isomorphism of B x H'(F; L) onto the Leray sheaf.
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4.3. THEOREM. let (E, B, F, x) be a locally trivial
fibre bundle, and F be the Leray sheaf of =x. Then
the map @, : K, —> H (F; L) (b« B) of 2.6 1s an
i1somorphlism if one of the two following sets of con-
ditions 1s fulfilled:

(a) B 1s locally compact, clc;, sSatisfies
condition (C) of 4.1; F 1s locally connected;
elther F 1s locally compact or E 1s para-
compact.

(b) E 1s paracompact, cle; and satisfles (Cc);

F 18 locally compact.

We first assume (a). There exlsts therefore a decreasing sequence
(Ui) (1 3 1) of compact connected nelghborhoods of b, whose intersection
is b, over which the bundle 1s trivial, and such that the restriction
maps ’,"I,m : H'(Uy; L) —> (U, 5 L) are trivial. Let
9 U, —> U; x F be an allowable homeomorphism, oy = Prp . q)l:r'1Ui.
Let (4E;.) be the spectral sequence of o, and (EI',) = dir lim (4E}),
the 1imlt belng taken with respect to the restrictlon maps. It will be

enough to show that the map g; of k.2 is an isomorphism.

Under our assumptions, "-1U1 is locally paracompact, and F
1s locally connected. Therefore, by k.2,
(1) (B3 LB (U5 1))

and the wap rI’iH : 1E'g’t —_ 1+1E'g’t is induced by the coefficient
map I[t(Ui; L) —> Ht(Ui”; L). The latter being trivial, we have

air 1m E'PT =0 (t #0)
B L) .

dir lim ,E'3/°
This and 3.1 yleld:
(2) dir 1im B(«"'U;; L) = E1%0 = B0 = #3(F; L) .

Since the isomorphism I°(F; L) —> ,E!®° 1s induced by the projection,
the lsomorphism between the extreme terms of (2) is indeed defined by h’b'
and this proves our contention.

Let us now assume (b). Then both F and B are clc over L,
and satisfy (C). Iet b ¢ B. There exists a decreasing sequence of closed
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connected neighborhoods (U, ) of b, (1 2 0), whose intersection is b,
such that the restriction maps ri;] : H' (Ui’ L) —> H (Uj L) are
trivial (1< j). Agaln, we assume the bundle to be trivial over U, and
use the above notation. The preceding proof and 4.2 show that the Leray
shea.f of Prp e 0 ¢ T U:I. ———> F 1s constant, with stalks lsomorphic to
H (Ui’ L)s Therefore we have again (1). From there on the proof is the
same as In the prevlious case.

4.4 COROLLARY. let (E, B, F, =) be a locally
trivial bundle. Assume that H°(F; L) = L,
H'(F; L) = 0 (L # 0), and that one of the con-
ditions (a), (b) of 4.3 is fulfilled. Then

Pl II*(B; L) —> H*(E; L) 1s an isomorphism.

4.5. THEOREM. Let T, X be topologlcal spaces,
with T connected. Iet it be the map
Xx—>txx of X in T x X. Then

1f @ H'(T x X; L) —> I (X; L) 1s independent
of t 1f one of the two followlng sets of con-
ditions is fulfilled.

(a) T 1s locally compact, satisfies (C) of .1,
and 1s cch; elther X 1s locally compact
or T X X 1s paracompacte.

(b) T x X 1s paracompact, satisfles (C) and
is cle;; X 1s locally compact.

§5. A case of validlty for the Kinneth rule

51« THEOREM. Let X be a compact metric space, of
finite covering dlmension, which 1s cch and Y be
a space which either 1s locally compact or is such
that X x Y 1s paracompact. Then H (X x Y; L) is
glven by the Kunneth rule. Otherwise stated, there
1s an exact sequence

0 —> r HY(XGL)® H8(y;L) —> HY (X x ;L) —>

—_— z:a'l‘oz-(}la""1 (X; L), Hi'a(Y; L)) —> 0 .

Iet N be a fundamental sheaf on Y, for instance the canonical
resolution of L, and M a fundamental sheaf on X which 1s torsion free
and has degree bounded from above (for instance as constructed in [5, No.
41]). Furthermore, let P be a fundamental sheaf on X x Y for which
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there exists a cohamomorphism N —> P 1inducing the homomorphism

H (Y, L) —> H'(X x Y; L) assoclated with the projection on Y, (see
2.2). Let =z be the projection of XXY on X and A =T(M® nP).
Then, as was recalled in 2.6, H *(A) = (X x ¥; L) and the spectral
sequence of A, filtered by the degree of M, 1s the spectral sequence
(Er) of =x. In view of 4.3

E, = H'(X; H'(Y; L)) .

By definition of the image sheaf, there is a homomorphism r(P) —> r(=P);
composed with T (N) —> r‘(P), it ylelds a homomorphism « : r(N) —> r(=«P),
whence a homomorphism a, : H (r(N)) —> F, (x ¢ X) wvhere F is the

Leray sheaf of =. It follows from 4.2, k4. 3 that oy is an*isomorphism

and that @ : x x ¢ —> a,(c) 1s an isomorphism of X x H (r(N))

onto F.

let now B =r(M)®r(N)e Iet k : B—> A be defined as the
composition B —> I'(M) @ r(xP) —> r(M® =P) where the first homo-
morphism is the product of the ldentity and of « and the second one 1s
the obvious one. It defines a homomorphism (k;) of the spectral sequence
(E}) of B, filltered by the degree of M into (E,)e By standard facts

E} = H(r(M) @H(r(N)) = H'(X; H'(Y; L)) .

Moreover it follows from the previous remarks a.nd the definitions that k
1s assoclated with the sheaf 1somorphism X x H Y; L) —> F, hence, 1s
an 1somorphism. Since the degree of M 1s bounded from above, it follows
that k" : H'(B) —> H'(A) 1s an isomorphism, and this proves the theorem.

REMARK. The theorem 1s also valid if the assumptions on X are
replaced by: X 1s compact, clc; of finite cohomological dimenSion over
L, and satisfies (C). The proof is the same except that one takes for M
the resolution (1) of [3, ps 195], noting that it is also torsion free,
as 1s easily seen from its definition. Examples show that an assumption
of the type "compact cch" on X 1s essential. We do not know whether
the condition (C) and finite dimensionality can be dispensed with. The
latter assumption was actually only used to insure regular convergence of

(E,) and (E}).
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