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Preface

The determination of the energy levels of the valence and
conduction bands in a crystal is a problem which has not been
rigorously solved; it is necessary to use approximation methods
to find the solutions to the Shroedinger equation.

The methods used up to the present are based on a variational
principle and result in the necessity of solving a high-order
secular equation if acceptable accuracy is to be obtained. Sev-
eral essential points must be examined:

(a) How to determine the potential V(r) of interaction of
the electrons and nuclei, as well as that for the electrons
among themselves.

(b) What trial functions should be chosen.

(¢) How to reduce in a practical way a determinant of high
order.

We propose to study in detail the last two points and to show
the absolute necessity for the use of group theory in tackling
this problem. It is no exaggeration to say that this discipline
is an essential mathematical tool in the modern theory of the
solid state.



vi Preface

The first chapter is a brief review of the fundamental defini-
tions of group theory; the second treats in some detail the
representations of finite groups; and in the third, we indicate
the essential properties of space groups associated with crystals.

After having given briefly in Chap. 4 the principle of the
Ritz variational method, we study in Chap. 5 the symmetry
properties of the eigenfunctions of the Schroedinger equation
applied to a system with which we associate a finite symmetry
group. Then we show how to choose the trial functions involved
in the Ritz method, thus finding the symmetric functions which
enable us to factor the secular determinant and solve the
problem.

The principle of the fertile method of plane waves is devel-
oped in Chap. 6. Finally, we apply these ideas to an example:
the determination of energy levels in a diamond-type crystal.

The idea for this work is due to Professor Pierre Aigrain. To
him, we express our heartiest thanks for the help and fruitful
counsel given. In addition, we wish to acknowledge the friendly
and lucid communication by Dr. F. Herman and Dr. T. O.
Woodruff of their personal. unedited work on these questions.



Translators Foreword

The author of this monograph assumes that the reader is
familiar with quantum theory, crystal structure, and matrix
algebra. For those whose preparation in any of these areas is
somewhat weak, it is suggested that the following references
might be helpful:

A. Nussbaum, Semiconductor Device Physics, Prentice-Hall,
Inc., Englewood Cliffs, N. J. (1962).

A discussion of the Schroedinger equation, lattice sym-
metry, Brillouin zones, etc. (plus the associated mathe-
matics) at an introductory level.

A. J. Dekker, Solid State Physics, Prentice-Hall, Inc., Engle-
wood Cliffs, N. J. (1957).

A more advanced treatment of many of the topics consid-
ered in this monograph.

J. S. Blakemore, Semiconductor Statistics, Pergamon Press,
London (1962).

A thorough, sophisticated review of energy band theory.

H. Jones, The Theory of Brillouin Zones and Electronic States
vii



viii Translator's Note

in Crystals, North-Holland Publishing Co., Amsterdam
(1960).
Provides a detailed discussion of some of the applications
of group theory.
A. Nussbaum, Group Theory and the Energy Band Structure
of Semiconductors, Proc. IRE 50, xxx 1762-1781 (1962).
This is a simple introduction to the algebra of groups.
Tellurium and beta-brass are used as examples for energy
band calculations.

M. Hamermesh, Group Theory and Its Application to Physical
Problems, Addison-Wesley, Reading, Mass. (1962).
This recent book gives a rigorous treatment of group theory
from the viewpoint of its physical applications.

The final version of this translation was typed by Irene B.
Urffer, whose care and patience are deeply appreciated.
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Elements of group theory

1. THE IDEA OF A GROUP

In this chapter, we shall merely review a number of funda-
mental definitions necessary for the understanding of the re-
mainder of this book.

(a) An ensemble is a finite or infinite collection of arbitrary
mathematical objects. These objects are called the ele-
ments of the ensemble.

If an arbitrary element of an ensemble E possesses a
property, those elements of E possessing the same prop-
erty form a new ensemble called a proper part of E.

(b) Being given an ensemble E, a law of combination of two
arbitrary elements z and y is a rule which determines a
third element z of E. We write

z=1zy

and, in general, z-y # y-a.
1



Elements of group theory

(¢) A group G is then an ensemble whose law of combination
satisfies the following three conditions:

(n

2

3

the law is associative
C, . (Clc . Cz) = (C, . Ck) . Cz
(C;, Ck, and C; being members of G)

the law requires a unit element E (from the German
einhett, unity) such that

E'Ck = CkE = Ck
every element C; has an inverse (C,;)! such that
c..(C)'=(C)*C,=E

Examples. The whole numbers—positive, negative,
and zero—form a group for which the law of com-
bination is addition

a+0=0+a=a
and O is the unit element. Then (a¢)~! = —a since
—a+a=0.

Consider three non-coplanar vectors a,, az, asg. The
ensemble of vectors r = Lia; + L;a; + Lia;, where
the L, are integers (positive, negative, or zero), forms
a group.

These groups contain an infinite number of ele-
ments, hence they are infinite groups. On the other
hand, a finite group of order g has g elements. The
four numbers 1, —1, 7, —¢ under the ordinary law of
multiplication form a group of order 4. Again, the
ensemble of permutations of the three letters a, b, ¢
is a group of order 6.

(d) Abelian group. If the law of combination is also com-
mutative (A-B = B-A), the group is said to be commu-
tative or abelian. The first three examples are abelian but
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the permutation group is not. However, the group of dis-
placements in ordinary space is abelian.

2. THE MULTIPLICATION TABLE. ISOMORPHISM

Let us take as an example the dihedral group D; of order 6;
this is the symmetry group of a solid with a principal axis of
symmetry A; of order 3 and three two-fold axes A, perpendicular
to A;. The symmetry elements are
E, A =0C, (a rotation of 27/3 around Aj;)

B = C% (a rotation of 4x/3 around A;)

C =0, D=C; F=2C (rotations of = around

each of the three two-
fold axes)

It is then easy to construct the following multiplication table:

QN |
QNUREW | W
ThmOQ| Q
QY | U
HEoeoQ™ | ™

oA
o QEl | N
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Thus
C-B=F B-C =D

For every group, such a table can be set up in the same manner.
Two groups G and G’ are simply isomorphic if to cach element
A, B, C,. .. of G there corresponds an element A’, B/, C’, . ..
of G’ such that, if A-B = C, then A’-B’ = C’. Evidently two
simply isomorphic groups have the same multiplication table.
In the preceding case, the group D; is simply isomorphic to
the permutation group of three letters.

3. THE CONCEPT OF A CLASS

4, B, and X being three members of a group G, B is the trans-
form of A with respect to X if B = X~!-A-X and B is said to
be conjugate to A. The following properties are evident: every
element 4 of G is conjugate to itself; if A is conjugate to B, Bis
conjugate to 4; if A is simultaneously conjugate to B and C,
B and C are mutually conjugate—that is, if B = X-1-4-X and
if C =Y14.Y (X, Y, B, and C are members of G), then
B =272"'C-Zwhere Z =Y '.X.

Fundamental Definition.  All elements of the form X-1-4-X, X \
being any element of G, constitute the class of A.

The unit element E of G forms a class by itself, since X—1-E- X
= E. Every element of an abelian group forms its own class, for

X 1A X=X1XA=E-A=A
On the other hand, for non-abelian groups, the concept of a class
is not trivial; in this case, a class may contain many elements.

For example, the group D; consists of the three classes E, (4,B),
and (C,D,F).
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4. SUBGROUPS

Definition. Given a group G, a subgroup H is a part of @ obey-
ing the following:

(a) If X and Y are members of H, then X Y is also a member
of H.

(b) The subgroup obeys all the laws of combination defining
a group.

The unit element of H must be that of G. In fact, if E and E’
are the unit elements of G and of H, if X is an element of H and
X~'its inverse in G, we have:

E'=F-E=F-X-X'1=X-X'=E
Let (H) = (E, Hy, H, . . .) be a subgroup of G and consider an
element of G. Form the ensembles:
X-(H)=X,X-H,XH,, ...
H) X=X H,X HX,..
If X is itself a member of H, the property X-(H) = (H)-X =
(H) is trivial, but if X does not belong to H, the ensemble of

elements X - (H) is called the right coset of G associated with H.
Similarly, the ensemble (H)- X is the left coset associated with H.

Theorem. The subgroup H and the coset X-H do not have a
common element.

Suppose that H; = X-H, for j and k given. Then X =
H;-Hi'and X belongs to H, contrary to hypothesis. If n, is the
order of H (H is finite), H and X -H contain the same number
of elements.

Consider now an element Y of G, not belonging to H nor to
X-H. It is easy to show that the coset Y -H has no element in
common with X-H.
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Then, given a subgroup H of G, an element X of G not belong-
ing to H, an element Y of G not belonging to H nor to X -H, and
an element Z of G not belonging to H, X -H or Y- H, and so forth,
we have [designating the ensemble of elements of G by (G)]:

@=H)+X-H)+Y-H)+Z-H+... (1)

Each coset consists only of elements of G which are not in H.
If G is finite, then the number of elements n; in each coset (the
order of H) will necessarily be a submultiple of the order n of G.

Definition. The index of the subgroup H with respect to the
finite group G is the ratio of the order of G to the order of H.

The index of H equals the number of cosets in the develop-
ment (1) of G with respect to H.

All the above applies equally well to left cosets, and we have:
@=H+H) X+ H) Y +... 2)
noting in general (H)-X » X-(H) and Y = Y’. Tosummarize:
(@) =H)[E,X,7Y,...] ®)

@ =[F,XY,..](H

Note that the ensembles [E, X, Y,...], [E', X, Y’,...] are
not necessarily groups themselves.

5. CONJUGATE AND INVARIANT SUBGROUPS

The ensemble (K) of transforms of the elements of H with
respect to a given element X of G is said to be conjugate to
the subgroup H. We write

(K) = X~'-(H)-X “

Theorem. The ensemble K is a subgroup of G.
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Let H,-H; = H;; X~*-H;-X and X~'-H;- X belong to K. It
is evident that:

(X'“H;:X)(X“H;-X) = X"'“HH;-X
belongs to K.

Further, X1 E-X = E. Finally, X~'-H,-X is the inverse of
X-1.H;j'-X. K is a group called the conjugate subgroup of the
subgroup H with respect to X.

Let us consider now the important idea of the invariant
subgroup.

Definition. If (H) = X—'-(H) X for every X in G, H is an
tnvariant subgroup of G.

Let X-(H) and (H)-X be cosets associated with H. Since
X' (H)-X = (H), then (H)-X = X-(H) and in Eqgs. (1) and
2 Y=Y,Y-(H) = (H) Y, and finally:

@=H+X-H)+Y-(H) +...

5
@) = (H) + (H)-X + (H)-Y + ... ®)

Theorem. Theensemble (H), X -(II), Y-(H), . . .is a supergroup
of which the unit element is (H).

Note that the ensemble (H), X-(H), Y-(H), ... contains
X Y-(H),X'-(H), Y '-(H),...,which are not necessarily dif-
ferent from X-(H), Y-(H). This ensemble is then a group,
since:

(a) X-(H)-Y-(H) = X-(H)-(H)-Y

=X-(H) Y=XY-(H)
(b) (H)-X-(H)

=(H)-(H)-X = (H)-X = X-(H)
(c) X-(H)-X—'-(H) = X-(H)-(H)-X™

= X-(H)-X-' = (H)
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Equations (5) can be written:
@) =H)-[E,X,Y,..]=[E,X,Y,...]-(H) (6)
E' is an arbitrary element of H and [E’, X, Y,] . . . is a group.

Definition. [E’, X, Y,]. .. is the factor group of G with respect
to the invariant subgroup H.

We designate the factor group by G/H and write:
(G) = (G/H)-(H) = (H)-(G/H) )



Representation of a group

1. LINEAR OPERATORS AND MATRICES

Let a basis of an n-dimensional (n is finite) vectorial space be
composed of n linearly independent vectors e ey, ..., en.
Every vector X of this space E, can be expressed in the form:

X = 2 Zje; (1)
i=1

where the z, are the components of X with respect to the basis
(e,). Let us apply to X the linear operator @ such that Y =
@(X). The components y, of Y with respect to the basis (e;)
are related to the components x; of X by the relations:

U = k2= lAk:'xj 2

The n X n matrix with elements Ay; is the representation of the
operator @ with respect to the basis (e;). If we designate by Y
the column matrix {y, .. ., ys} and by X the column matrix
{z1, ..., Ta}, we can write (2) as:
Y = AX 3)
9
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Let us then accomplish the change from the basis (e,) to a basis
(e?) such that:

e = 21 P,.e}
We have:
X =3 zie = 3 1ie) = 3 nPae)
P Gk
from which:

/
r; = 3 Py
P

The components xi, y; of the vectors X and Y with respect to
(e5) can be expressed by:

;= %P:k% Yy = ZJEP Tk 4)

If we designate the column matrices {yi, ..., ys} and

{xi,...,2s} by Y’ and X', respectively, the relations (4)
become:

X' = PX Y’ = PY )

in matrix language.

If we assume the formulas (5) have inverses, the matrix P is
non-singular.

From (3) and (5) we obtain:

Y' = PY = PAX = PAP'X’
so that:
Y' = BX' with B = PAP-! (6)

Definition. The matrix B = PAP™! transformed from A by the
non-singular matriz P is equivalent to the matriz A.

The matrices A and B represent the same linear operator @
with respect to two different bases in E,.

Let us recall the two important properties of equivalent
matrices:
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(a) The traces* of A and B are equal.
By applying the commutative property trace (4B) =
trace (BA), we have

trace B = trace (PAP™!)

trace (PP—1A)
= trace A

(b) The determinants of A and B are equal.

2. REPRESENTATION OF A GROUP

Let M,N,...,R,S,... be the elements of a group G.
Associate with each element R of G a square non-singularn X n
matrix D(R) such that:

D(R)-D(S) = D(RS) )

Definition. The group of mairices D(R) is an n-dimensional
representation of the group G.

The matrices D(R) themselves represent non-singular linear
operators defined in E, with respect to a basis (e,).

Remarks.
(a) R # 8 does not necessarily imply D(R) = D(S).
(b) D(R) =0 or 1 are the trivial representations of the
group G.
(e D(S™") = DX(8)

Using:
D(S-)D(8S) = D(S~'S) = E

* The trace of a matrix is the sum of the diagonal elements. The trace
of AB equals the trace of BA.
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then:
D(S—Y)D(8)D-'(S) = ED-(S) = D-(S)
from which:
D(S—Y)E = D-(8)
(d) The group of matrices D(R) is evidently isomorphic to
the group G. If we change the basis in E,, we obtain a
group of matrices D'(R) equivalent to the matrices D(R).

3. REDUCIBILITY

1. Let a group of regular linear operators @ operate in an
n-dimensional linear vector space E,.

Deflnitions.

(1) Thesubspace E of E, is an invariant space of the opera-
tor @ if, to every vector ¥ belonging to E,, there corre-
sponds also a vector @V belonging to E,.

(2) E,is an invariant space of the group of operators @ if,
to every vector ¥V, there corresponds a vector @V for
every @ of the group.

Consider the invariant subspace E; of the group with
dimensions m < n. Let us choose a basis (ey, . . ., en,
€mi, . . ., €,) of E, such that the first m vectors are’
in E,. With respect to such a basis, the group of opera-
tors @ is represented by the group of matrices A. Let
us calculate de;(j = 1,2,...,m):

Andy... Ay 0 Al,-"
Aej =|A,1 . ‘1 = Ajj;

Anl e e Anu [0 ) AnJJ
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The vector Ae; must belong to Ej, so that the (n — m)
last elements of the jth column of A(j = 1,2,...,m)
are zero, and:

A= (g'"-'" °‘""""") ®)

An—m,n—m

where A.,... is a square matrix with m rows and m
columns, am,n—m 1 a rectangular matrix with m rows
and n — m columns, 0 is the rectangular null matrix
with n — m rows and m columns, and An_m.n-m iS &
square matrix with n — m rows and n — m columns.
All the matrices A of the group can be placed in the
form (8). We say that the group of the matrix A 1is re-
ductble. In the opposite case, it will be said to be
wrreducible.

If there exists in addition a second subspace E; of E,,
an invariant space of the group of operators @ and a
complementary space of E, of dimension (n — m), let
us choose a basis of E, such that the first n vectors are
in E, while the last (n — m) vectors are in E,. The
vectors Ae,(j = 1,2,...,m) belong to E; while the
vectors Ae, (p =m + 1,...,n) belong to E;. The
matrices 4 representing the operators @ of the group
with respect to the basis will have the form:

_ (Amm 0y _/4* 0
4 ”(0 A,._m,M)“(o A2) ©)

We say that the group of matrices A is completely re-
ducible. Complete reducibility implies reducibility but,
in general, the inverse is not true ([3],* Chap. 2, page
57). However, if one considers only finite groups, the
two notions are equivalent. In the following, since we

* See Bibliography on p. 109.
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are studying only finite groups, we shall simply say
that a matrix is reducible or irreducible.

Definition. The matrixz A is the direct sum of the matrices
A'and A%

A =4+ A2
It may be that a new decomposition of A! and 4?2 into
direct sums is possible, etc. The process ends when the
matrix A is decomposed to the direct sum of irreducible
matrices A7:

A=A+ A2+ ...+ A"+ ...+ A’

2. Suppose now that the group of matrices D(R) is an
n-dimensional representation T' = {D(R)} of a finite group G
of elements M, N,..., R, S,.... The group of matrices D(R)
is a representation with respect to a given basis of E, of a group
of linear operators G.

If the group of operators @ does not permit any invariant sub-
spaces, the representation T is necessarily irreducible. If not,
by choice of an appropriate basis it is possible to find the
matrices D(R) equivalent to the matrices D(R) such that:
_ (DY(R) 0

@ = (5 pugy)
In this case, the representation T' = {D(R)} is equivalent to a
reducible representation T = {D(R)}. Further, it is easy to
verify that:

_ _ (D'(R)-D(S) 0 >
D(R-S) = D(R)-D(S) = ( 0 D*(R)-D*(S)

The groups of matrices D'(R) and D2(R) are two representations
I't and I'? of the group G, respectively having the dimensions n
and n — m. We write:

D(R) = D\R) + D*(R) and I =T!4TI?
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The sign + is commutative; in fact, let us transform D(R) by
the permutation matrix P:

D*(R) 0 )
1 = = 2 1
P-D(R)P ( o Dimy) = DB + DUR)
The matrix P simply permutes the vectors of the basis, the
representation P~'T'P being identical to the representation I
and:
F=T'4T?=T24T"

In:

M +T'4 ... 4T =pr
it will always be possible to decompose the representation I
into a direct sum of irreducible representations, so that:

F=nml"4+nI*+...4+nI"+... 40, (10)

the n, being positive whole numbers or zeroes. In what follows,
we shall omit the dot over the sign +, since the operational
symbol + is commutative as is the customary symbol +.

Remark. There does not exist a general method for finding the
transformation matrix taking the matrices D(R) into the ma-
trices D(R) if the representation T is not irreducible.

4. FUNDAMENTAL THEOREMS CONCERNING THE REPRESENTATIONS
OF FINITE GROUPS

Theorem 1. Every representation of a finite group is equivalent
lo a unitary representation.

Let there exist a finite group of elements Sy, S, . .., S;.... It
is necessary to show that the matrices D(S;) are simultaneously
transformable into unitary matrices. Consider the hermitian
matrix F:
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F= % DES)DHS) () (1)

g being the order of the group. Thus, every hermitian matrix
S is transformable into a diagonal matrix A with real coefficients
by a unitary matrix U:
A =UFU!
from which:
A= UZDS)UtUDH(S,) U
2

= [UZJ}D(Sj)U“‘]-[UD(SJ)U“]’r

Since U is unitary, Ut = U—!. Then:
A =ZK(S)Kt(S;)  K(S,) = UDEBS,)U  (12)
7

The matrices K(S;) form a representation equivalent to the
matrices D(S,). In noting that A~V2AA-Y2 = E and that
(AY2)} = AY2, one is able to write:

A2 2 K(S)KT(S)A~Y2 = E (13)

We then form the matrix H(S,) = A~1/2K(S;)AY? and we show
that the matrices H(S,) form a unitary representation, that is:

H(S,)Ht(S;) = E (14)
Let us replace H(S;) by its value:
H(S,)H1(S;) = A~V2K(S,)AY2-E-AV2K1(S;)A~1?
In this equation we replace E by the expression (13):
H(S)HH(S) = AVIK(S)AMiA~13
}kJ K(Si)KT(Sk)A~12A2K $(S;)A~1/?

= A7 3 K(S)K(S)[K(S)K(S)]TA~2

* The transpose of A is the matrix 4 such that (A)ij = Aji. The conju-
gate of A is the matrix A* such that (A*)ij is the complex conjugate of
(4)ij. The adjoint of A is the matrix At = A* A matrix is hermitean if
At = A.
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Thus the matrices K(S,) form a representation of the group G,
K(S;)-K(Sx) = K(8;) and:

H(S)HT(S,) = A~2 ? K(S)Kt(S)A~V: = E
in view of (12). Then the matrices D(S,) are transformed into

unitary matrices by the matrix A=/2U, U transforming F into
the diagonal matrix A:

H(8) = A~12U-D(8S) - (A~12U)—! (15)

Theorem 2. Every matrixz C commuting with all the matrices D(S)
of an irreducible representation of a finite group is scalar.*

Because of the preceding theorem, we are always able to take
the matrices D(S) as unitary. By hypothesis:

D(S)-C = C-D(S) (16)

from which:

CiDH(S) = DHS)CH

CtD—'(S) = D~(S)Ct

CtD(8~Y) = D(S-)C+t
Putting S—! = R, we have:

D(R)C = CD(R) and D(R)Ct = CtD(R)

Then the hermitian matrices (C + Ct) and #(C — Ct) commute
with the matrices D(R). It suffices to show then that every

hermitian matrix H commuting with the matrices D(R) is
scalar.

H can be diagonalized by a unitary matrix U which trans-
forms D(R) into F(R):

A = UHU! and F(R) = UD(R)U—! a7

It is a consequence of the commutivity hypothesis that:

* A is said to be scalar if A = AE.
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A-F(R) = F(R)-A (18)
If A is not scalar, it has at least two unequal elements A,. and

Au, and (18) then results in:
ArrF rs — ralles

where A,, # A,, requires that F,, = 0. The matrix F is reducible
which is contrary to hypothesis.

Corollary. Every irreducible representation of a finite abelian
group is necessartly one-dimensional.

In fact, every matrix of an irreducible representation of a
finite abelian group commutes with all the matrices of the same
representation of the group; thus they are scalar matrices. This
implies complete reducibility, contrary to hypothesis, unless
every matrix is one-dimensional.

Theorem 3. (Schur’s Lemma). If I'* = DY(R) and I'* = D*(R)
are trreducible representations of respective dimensions m and n
of a finite group G, and if there exists a matriz X (m X n) such that
X -D*R) = D'(R):X for every element R of G: (a) X s the null
matriz (m X n); or (b) X is square (m = n) and non-singular
and the representation I'* 18 equivalent to the representation I'.

The hypothesis is:
X-D*R) = DY(R)-X (19)
Let us take the adjoint of both sides, the matrices D'(R) and
D2(R) being assumed to be unitary, so that we have:
[D*]Y(R)-Xt = Xt-[D']"Y(R)
or:
D*R™)-Xt = Xt-D(R™)
D*(8)-Xt = Xt-D\(8) (20)
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If we multiply (19) on the right by X1S and (20) on the left
by X and on the right by S, we see that:
XXtDY(S) = D\(S)XXt (21)
Since XXt commutes with the unitary matrices D'(S) forming
an irreducible representation of G, then it is a scalar matrix and
equal to \E.
(a) T and I'? are equivalent (m = n) and det (XXT) = A
If A0, X! exists and X is a non-singular square
matrix. If A = 0, X is the null matrix.

(b) If m £ n, the matrix X is not square, and we easily see
that it is the null matrix.

Theorem 4. Being given a group G of order g with elements
M,N,...,R,S,... and two trreducible representations TV and
T, of respective dimensions d, and d.,, we have

3 Dif(R)Dh(R) = bbby 42 (22)

d,
where 8,; 1s the Kronecker delta, defined by:
8=1 when 1=7
8, =0 when 1#]

and where the summation is taken over all operations R in the
group.

We are, of course, assuming that the representations are uni-
tary. It is impossible to multiply square matrices whose orders
are different, but it is possible to form the (d, X d,-) matrix A
by considering the product:

4 = ZD'(R)-B-DI(B)

where B is an arbitrary (dy X d,’) matrix.
Multiplying A on the left by D7(S), this becomes:
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Dv(S)-A = %D"(S)D"(R)-B-D’r"'(R)
D*(S)-A = %D"(S)D"(R)-B-DT“"(R)~DT“"(S)D7'(S) (23)
and D”'(S) being unitary, we have D1*'(S)DY'(S) = E, so that

(23) becomes:
D*(S)-A = % D*(SR)-B-D1(SR)-D"'(S)

from which:
Dv(S)-A = A-Dv(S) (for every S in @) (24)

We can then apply Schur’s lemma to 4, as follows:

1. If the representations I'” and I'" are non-equivalent, 4 is
the null matrix, and:

A = ZZ DY(R)-B,i-DI¥(R) = 0 (25)
R jl
Now, B is a completely arbitrary matrix; choose it so that its

terms are zero, except for B,; = 1. Then (25) becomes:
Z DY(R)-DI¥(R) = 0
R

and taking the complex conjugate:
%DJJ (R)-Dy(R) = 0 (26)

2. If the representations I'" and I’ are equivalent, then A is
a scalar matrix, Aim = d:m* A, and:

Am = dim' A = %D&(R)~B,;-D{,Z(R)

With a convenient choice of B,;, we can write:
amm==%DaRyD%an 27

Letting ¢ = m and summing the two sides of (27) over ¢ (¢ runs
from 1 to d,), the left side gives:

dy
Z bk = Nedy
=
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while the right becomes:
dy
% ZJI Dly(R)-D}(R) = % (E)y, = g8y
from which:

A.d,y = g.BlJ

Equation (25) becomes, by taking complex conjugate quantities:

3 Dy () - Dhu(R) = dum-81 - 5 (28)
R k

Finally, Eqgs. (26) and (28) can be combined to give Eq. (22),
which is thus established.

5. DIRECT PRODUCT OF TWO REPRESENTATIONS

1. We define the direct product of an (m X m) matrix A with
an (n X n) matrix B as the (mn X mn) matrix C such that:

AJkqu = CJp.kq
Thus, the direct product of a third-order and a second-order

matrix is a sixth-order one:

an Gz A bn b anbu  anbiz  apbn  awpbi  aubn  aubi
A X B =|an @ an| |bu bu|=|aubn anbsn

a3 Gz (33 anbn

2. Properties of the direct product:
(a) It is associative.
(b) It is not commutative.
AXB#BXA

(¢) Let A; and 4, be two (m X m) matrices and B; and B,
be two (n X n) matrices. Form the product:
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[(A; X Bl)'(Az X B2)]]p.kq = 2,; (Al X Bl)z’p.aﬂ(A2 X B2)aﬁ.kq

which becomes:
2;; (A1 X By)jp.ap(A2 X Ba)apkg = Zﬁ: (A1) ja(B1) ps(A2)ar(Bz2)sq

= (A142) x(B1B2)pq

= [(A1-43) X (B1B2)lip.ke

Then:

(A1 X By)- (A2 X By) = (A1-42) X (B1-Be) (29)
The consequences of the equality (29) are interesting.
For example, suppose A and B are two regular, square
matrices of dimensions m and n:

(A x B)‘(A._l X B_l) = AA“I X BB—l = Em X En = Emn
The matrix A X B is thus regular and has an inverse
A-1 X B-'. We can also verify that (4 X B)t =
At X Bt. Finally, if we take two unitary matrices
U and V, we have:

(UX WU XV)

Ut X VHU X V)
= UtU X ViV = Epa
and U X V is also unitary.

3. Returning to the representations of a group, if I'! is an
m-dimensional representation with matrices D'(S) and I? is
n-dimensional with matrices D?(S), the direct product D*(S) X
D2(8S) is also a representation T of the group:

=TIt XTI?
Also, the matrix D'(S) X D?*(S) is regular since D'(S) and D*S)
are both regular, and in addition:
[D'(R) X D*R)]-[D'(S) X D*S)]
= [DY(R)-D'(S)] X [D*R)-D*S)] = D*(RS) X D*(RS)
Note. 1t can be shown ([3], Chap. 3, p. 69) that:
Fr=IXIr=rxrt
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6. CHARACTERS OF THE REPRESENTATION OF A FINITE GROUP

It is a tedious job to find the irreducible representations con-
stituting the completely reducible representation equivalent to
a known representation I' of a finite group G. Fortunately, for
physical applications, it suffices to find the traces of the matrices.

Definition. The numbers xr expressing the traces of the matrices
D(R) forming the representation T of the group G are called the
characters of the representation T':

xr = 2 Di(R)

Some immediate consequences of this definition are:

(a) Two equivalent representations of the same group have
the same characters, since the traces of two equivalent
matrices are equal.

(b) All the elements in a given class of a group have the same
character, for if A is an element of a class, the other ele-
ments have the form X—'4X and the corresponding ma-
trices have equal traces.

(¢) The character of the representation of the unit element
E of the group equals the dimensionality of the repre-
sentation since the matrix corresponding to E is the unit
matrix.

Properties of Characters. Concerning this topic, we state four
fundamental theorems. Consider a finite group G of order g
comprising p classes €, = E, Gy, ..., C,.

Theorem |.  The number of irreducible representations of a finite
group 8 equal to the number p of classes.
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Theorem Il.  The sum of the squares of the dimensions d, of the
irreducible representations of a finite group equals the order g of
the group:
4 2
T dy=g
y=1

We will omit the proofs of these theorems, which are lengthy.
(See [3], Chap. 3, p. 83.)

Theorem W. The characters x% and x% associated with two irre-
ducible representations T and T of the same finite group are con-
nected by the orthogonality relation:

% X;"X% = {0y ) (30)

The relation (30) is an immediate consequence of Eq. (22);
in that equation put 7 = j, k = I, and sum over 7 and k, ob-
taining:

2 X;g'x‘)k, = 677'2 (61k)2 * dl
R 1k v
But:
Z (5116)2 = d‘r
1k

from which we obtain (28).

Theorem IV. If x™ is the character of a representation I'* of the
group G and x™ is the character of a representation I'* of G, the
character xT of the direct product T' = T'* X T is equal to the prod-
uct xT - x".

Thus:
[DF(R)]ip.kq = [DI(R)]ik[D2(R)]pq
and:
:% [DY(R)1jp.i» = ]Z [D‘(R)Jn? [(D*(R)]»»

which is equivalent to:
XU = xTex™™ (31)
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The first three theorems and the notion of the function of a
class, which we have not considered here ([13], Chap. 4, Secs.
48 and 49), enables us to find the irreducible representations of
a given finite group and thus construct the character tables.
This has been done for the point groups and the space groups
of crystallography [9]. Unfortunately, the symbols vary among
authors. One-dimensional irreducible representations are said
to be nondegenerate and those of higher dimension are de-
generate.

7. DECOMPOSITION OF A REPRESENTATION. AN EXAMPLE

1. Given a representation I'" of a finite group G, it is essential
in applications to know the nature and number of irreducible
representations constituting the completely reduced representa-
tion I' equivalent to I'". The use of characters permits a simple
solution of the problem, if we initially form the table for all the
possible irreducible representations of the group G.

2. The characters X% and X% of the representations I'" and I’
are identical since the matrices forming the representations are
equivalent. Let us suppose that the irreducible representations
rLre..., ..., I* appear ny,ng, ...,MNy,...,MN, times,
respectively, in T' (n, is a positive integer or zero), so that
we have:

, , P
Xk = Xk = 21 Naxk (32)
=

X% being the character of the element R in the irreducible repre-
sentation I'7.

Multiply equation (32) by x%  and sum over all the elements
R of the group G-

2 xex® = = 3 nyxkxd’
R R ~
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By virtue of Eq. (30):
3 XEXE = I Nadyyg = Ny-g
R k4

giving"

Ny = % XII;‘X;By (33)

QI

Since the characters of the elements of the same class are equal,
Eq. (33) transforms into:

=< 3o (34)

gi=1

Here the summation is with respect to different classes of the
group, g; designating the number of elements in class €;. For-
mula (34) readily permits us to find the composition of T, the
completely reduced representation equivalent to the given repre-
sentation IV,

Example. Let C;, denote the crystallographic point group of
order ¢ = 6. The symmetry elements are a three-fold axis of
rotation A; and three symmetry-planes containing this axis.
The symmetry operations are (1) E, the identity, (2)-(3) Cs
and C3, rotations of 2x/3 and 4r/3 about the ternary axis, and
(4)—-(6) reflections o,, oy and o/, reflections in the three sym-
metry-planes. The classes are then (E), (Cs, C3), and (v, 07, 05”).
Since there are three classes, there are three irreducible repre-
sentations (Theorem I, Sec. 6). Also, Theorem II, Sec. 6, gives
the degree of these representations (1, 1, and 2), and the charac-

ter table is [9]:

E 2C, 3o,
g==6

ml1 1 1 9=l

m xil1 1 -1 00'=§
xnl2 -1 o 7

Consider now the ammonia molecule NH;. Taking the ter-
nary axis through the N atom:
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Fia. 1

and the symmetry planes through this axis and each of the H
atoms, we see that the molecule is invariant under the operations
of the group C;.. The ensemble of coordinates ry, 1y, 75, a1, oz, a3
constitutes a sixth-order representation of the group Cs,, since
they transform among themselves in accordance with the opera-
tions of the group. Let us find the irreducible representations
composing the equivalent completely reduced representation.
We note that:

E leaves invariant all 6 coordinates, so that xE = 6

C; interchanges all 6 coordinates, so that x5, = 0

oy, 00, 0" leave 2 coordinates invariant, giving x%, = 2
From Eq. (34):

ny = §[6x5" + 6x.7]
which gives:
Ny = 2 ny =0 Ny = 2

Every matrix of the representation I is of the form:

7

Ar

)

\
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The two linear combinations S; = +r. + s and Sy = a1 +
as + a3 belong to the irreducible, nondegenerate representation
71, since:

E, applied tor + 7o + 73 gives 1 + 12 + 73
C; applied to 7, + ro + 73 gives 1y + 12 + 15
o, applied to 7, + 12 + 73 gives 1y + 12 + 73

The combinations S = 2ry — ra — 73 and S; =2r —r3 — 1y
belong to the degenerate representation v., since:

ESz = Sz CaSz = S3 {0’,,82 = Sa
ESa = Sa C3S3 = —Sz - Sa 0'.,83 = S2

The traces of the matrices of transformation (35) are 2, —1, 0,
which are the characters of the representation v, (see Table T).
Further, Sy = 201 — as — a3 and S5 = 20 — a3 — o are also
combinations belonging to the irreducible degenerate repre-
sentation vs.

The six combinations S;, Ss, . . ., Ss then form the basis of
the completely reduced six-dimensional representation I' of Cs,.
To within a normalization factor, these six combinations consti-
tute the “symmetric coordinates” of the molecule NH;. We
shall not give here the rules which permit the automatic deter-
mination of the combinations S, for any arbitrary finite
group [9].

For the same example, let us consider the idea of the direct
product of two representations. From Table T and Eq. (31),
we can see immediately that:

(35)

' XTITn=TIm
MM XI"=o
' X I =TI
I'mXTIMm=TIm

™M XTI =TI
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But we notice that I'» X I': is not irreducible; in fact, the
characters are 4, 1, 0 and Eq. (34) gives
ny = $[4x5 + 2x¢1]
from which:
Ny, = 1, Ny =1, Ny, =1

Then:
' X I's = I 4 Tvi 4~ T
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1. THE LINEAR GROUP OF EUCLIDEAN SPACE E;

Let us consider a transformation of the linear group which
associates with the point P(xi, s, ;) of E; the transformed
point P’(x1, x3, x3) of E;. This transformation can be expressed
by the three equations:

z1 = an® + ot + auts + 4

x5 = anly + o + ants + f 1)

T3 = an®1 + opt: + osts + b
the coordinates adopted in this chapter being Cartesian, unless
otherwise stated.

If we put r = OP and r’ = OP’, the Eqs. (1) are equivalent

to the vectorial equation:

r=ar+t=(q,t)r=8r @)
where S = (q, t), a is a square 3 X 3 regular matrix, and ¢ is a
vector translation. The operator S = («, t) is associated with
the linear transformation which converts r into r'. It is evident
that the ensemble of operators S forms an infinite group.

31
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Properties of the Group of Operators.

(a) E = (I, O) is the unit operator, where I is the unit 3 X 3
matrix.

(b) The composition law: consider two linear transformations:
r = Slr = (oq, tl)r = oyr + t

ro = Sory = (g, t))ry = aory + L2

Then:
re = SoSir = aplaur + t1] + t2 = asar + aty + to

from which:
S2S1 = (apay, aoty + ta) (3)

Particular case: the powers of S:
S? = (q, t)(e, t) = (a?, at + 1) = (a?, (a + 1))
S8 = (af, (& + a + 1)t) 4)
S = (a* (am 1+ a2 4 ...+ 1)t)
(¢) The inverse of S.

If S = (B, 7), then:

S8t = (o, t)(B,7) = (I,0) = E
from which:

o =1 and 0=ar+t
Finally, if S = (e, t), its inverse is:

S-1 = (o, —a~'t)

Theorem.  The subgroup of translations ts an tnvariant subgroup
of the linear group.

Let I' = (I, t) be a translation operator; it suffices to show that
if S = (e, 7), we have:
1‘1 = S“I‘S
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T'; also being a translation operator.
Then:
r-S=U,t)a,7) = (7 + 1)
S-II'S = (a7}, —a~'7)(a, 7 + t)
from which:
N=Uar+alt—alr) =, a't) (5)

2. THE SYMMETRY GROUPS OF THE SPACE E;

The ensemble of linear transformations which leaves invari-
ant the distance between two points in E; forms a symmetry
subgroup of E;. In Cartesian coordinates, it is well known that
the matrix « is real and orthogonal; that is:

S = (at) with a = a!

Further, any real orthogonal matrix can be transformed into:

+1 0 0
o = 0 cos¢ sin ¢ (6)
0 —sin¢ coseg

through the use of another real, orthogonal matrix (geometri-
cally, we accomplish the transformation of orthonormal reference
frames such that the axis Oz; of the new frame is parallel to the
axis of rotation associated with «). The matrices o and o' are
equivalent, so that their traces are equal:

trace o = trace o’ = £1 + 2 cos ¢ )
and similarly, their determinants are equal:
det @« = det o' = %1

If det @ = +1, the matrix is associated with a proper rotation;
if det « = —1, the rotation is émproper. Note that the inversion
is an improper rotation for which ¢ = = (the geometry of these
operations is discussed in [7]).
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If we use oblique coordinates to represent the symmetry
group of E; the corresponding matrices 8 are non-orthogonal,
since they are obtained from the matrices a by a non-orthogonal
transforming matrix. But the matrices 8 are equivalent to the
matrices « and we always have:

trace 8 = trace a and detB =deta = +1 (8)
Evidently, the subgroup of translations is, in this case, again an
invariant subgroup of the symmetry group of Ej.

Remark. The subgroup of translations and the subgroup of
proper rotations form the displacement group of Es;. Let us
recall that the ensemble of improper rotations does not form
a group.

3. THE INFINITE SPACE GROUP OF A CRYSTAL LATTICE

1. Definition. An ideal crystalline lattice consists of the infinite
ensemble of points P in Ej; such that r» = OP, where:

r, = ma + naz + nzaz (9)

The origin O is any arbitrary lattice point; ai, @, as are three
non-coplanar vectors forming the basis; ni, ne, ns are integers
(positive, negative, or zero).

2. The ensemble of symmetry operations of E; which transforms the
lattice into itself constitutes the infinite space group associated with
the crystal lattice.

If S = (e, t) represents an operation of G, we must have:
rh = Sr, = nlas + nia: + nia; (10)

the n} again being integers.
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3. The ensemble of operations of G represented by I' = (I, r,)
forms the subgroup of primitive translations of G.

We now state the following fundamental theorem:

The subgroup of primilive translations of G s an invariant
subgroup.

Let I' = (I, r.) be a primitive translation; the transformation
of T by an operation of G represented by S = (e, t) is a primitive
translation IV = (I, r;). Equation (5) permits us to write:

I'=(I,r) =, a'ry) = (&, —a't)(I, ra)(e, t) (11)
This theorem imposes severe restrictions on the matrices « and

the translation vectors t of the operators S. In the space Ej,
there exists only a finite number (230) of possible space groups.

4, Restrictions on the Matrices . For the moment, let us go to
an oblique coordinate system determined by the three non-
coplanar vectors a;, a;, a;. In rectangular coordinates, the
matrix o represents a given rotation; in oblique coordinates,
the same rotation is specified by a matrix 8, equivalent to a.
Using (10):

r,', = ﬁr,. Wlth r, = na + NoA2 + nzasz (12)

r, = nia, + nia; + nias
The vectorial equation, (12) is equivalent to:

n1 = Bun + Brna + Puns

nz = Bum + Banz + Pans

n3 = Buny + Bans + Buns

Since the n; and the n{ are whole numbers, then the 8,; must be
likewise. The trace of the matrix 8, and consequently that of «,
are integers, and in accordance with Eq. (7):

41 4+ 2 cos ¢ = an integer
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which means that the axes of rotation can only be of order
n =1, 2, 3,4, 6. Similar considerations show that these axes
must lie along the directions of the lattice-vectors (See [10],
Chap. 2, Sec. 2).

5. Restrictions on the Translations . Since the matrices « are or-
thogonal and since ¢ = 2r/n (n being a whole number), there
always exists an integer m such that a™ = 1. It is easy to verify
that m = n for matrices associated with proper rotations or with
improper rotations when n is even, while m = 2n for an im-
proper rotation with n odd.*

Consider, then, an operator S(«, t) of G. It can be expressed:
Sm = [am, (a™ ' + a2+ ... + I)t]
or:
S™ = (I, {a}t) where {o} =am 14+ a2+ ... +1

Then {a}t must be a primitive lattice translation, which im-
poses restrictions on the possible vectors t. Let us put:

t =v(a) + r.

where the vector v(a) represents a non-primitive translation
associated with the matrix:

v(e) = v +va;+va; 0<0, <1 =123
Since {a}t must be a primitive translation, this results in
{a}v(a) also being a primitive translation, thus imposing condi-
tions on the vector v(a). We shall not consider these in detail;
they lead to the study of the 230 possible crystalline space
groups ([10], Chap. 2, Sec. 6).

* In considering Eq. (6), we find that the eigenvalues of o' are +1, e,
and e¢™*¢. Hence, the diagonal matrix A = (+1, ¢*¢, ¢7*) is equivalent to
the matrix a’. Now A™ = 1if (£1)” = 1 and (e*)™ = 1, and o'™ will be
equivalent to the unit matrix A”, and will be a unit matrix itself, since:

ayy = Z (P).du(P)n = 2 PPy = O,
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6. Concept of a Factor Group. Consider S = (@, t) =
[a, v(a) + ra) and put ar, = r.. We can write:
S = [a: v(a)]'(I) r"l) = (Iy r") * [a; v(a)]

Since the subgroup of translations is an invariant subgroup of G,
we can consider the group as the product of the translation sub-
group I' and the factor group G/T. Here, the factor group has
elements [«, v(«)]. The operations of the factor group will cor-
respond to screw axes and glide planes in the crystal [T].

7. Concept of a Point Group. The elements (e, @) form a point
group which is simply isomorphic to the factor group with
elements [a, v(a)]. We have:
(al, 0)((12, 0) = (oqaz, 0)

The number of point groups with axes of rotation of order 1, 2,
3, 4, or 6 is obviously finite. It can be demonstrated that there
are 32 of these groups (See Ref. [10], Chap. 2, Sec. 4). We refer
the reader to specialized works for their description, the nota-
tion used, and the character tables [9].

8. The Bravais Lattices. Let us recall again that the subgroup
of primitive translations (Z, r,) is an invariant subgroup of the
space group (. Thus, if a is the matrix associated with the
operation S of G, and r, is a primitive translation, then ar, is
also a possible primitive translation. Further, given a point
group with elements («, 0), restrictions will be imposed on the
primitive translations associated with the point group. It has
been shown (Bravais) that there exist only 14 possible lattices,
customarily grouped into 7 systems.

Remark. There are 73 space groups for which the factor group
[, v(e)] is identical to the point group («, O). These groups,
called symmomorphic, do not have any non-primitive (or frac-
tional) translations. The remaining 157 space groups have
non-zero vectors v(a).
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4. THE BORN CYCLIC CONDITIONS

Space groups are, in fact, infinite groups and the fundamental
theorems of Sec. 4, Chap. 2 cannot be applied. Let usimpose the
cyclic conditions of Born and assume that every crystal is cyclic.
Let:

r. = ma; + near + nzag (13)

the numbers n,, n,, n; being integers such that:
0$n1<N1 0<’Il2<N2 0$"3<N3 (14)
where Ny, N2, N; are generally very large whole numbers. The
crystalline lattice includes then only the N = N,N,N; distinct
translations. The space group associated with the crystal is now
finite; the hypothesis (14) means that the translation Nia; +
Naa; + Nia; is equivalent to the identity translation (I, O).
The finite group T of primitive translations should then satisfy:

I, a)M = (I, ax)™* = (I, a;)"* = (I, O) (15a)
We note in addition that every function f(r) associated with
the lattice points of the crystal will also satisfy the Born bound-
ary conditions. That is:
fr + A4) = f(r) (15b)
if:
A = Nia; + Nia; + Nsa;

5. IRREDUCIBLE REPRESENTATIONS OF THE FINITE GROUP
OF TRANSLATIONS. THE RECIPROCAL LATTICE

The group I' of translations is the direct product of three
groups whose elements are (I, a,) and its powers, (¢ = 1, 2, 3),
since the translations n.,a, commute among themselves. We
then assume that the irreducible representations of I' are the
product of the irreducible representations of the constituent
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groups. The group (I, )™, 0 < n, < N, is abelian, so that
every representation is one-dimensional.

We shall use the relation (I, )™ = (I, 0); if D[(I, @))] = ¢
is the representation value associated with (I, @,), then ¢™ = 1,
from which:

¢ = exp (21r1‘p1‘/N1), n=012...,(N,—1)

The representation value associated with the element (I , Tiay)
will then be:

D[(I, may)] = exp <2m' ’%)
1

and the value for the general element (I, r,) will be:
_ (TP | TaPr |, TP
D[(I, r.)] = exp [21r2 ( N, + N, + N, )] (16)
Let us introduce a vector k defined by:

k = kb, + kibs + k3b, 17

the vectors b, (¢ = 1, 2, 3) being related to the basis vectors
a, by the equations:

a,-b, =34, (,7=1,23) (18)
and the numbers k, being equal to:
p./N,, p.=0,1,2 ..., (N,—1)
Equation (16) can be simplified as follows:
D[(I, r.)] = exp (2wik-r,) (19)

We have thus found N = N\N,N; irreducible representations
of the finite group of primitive translations of a cyclic crystal.

Definition.  The three non-coplanar vectors by, by, by define the basis
vectors of the reciprocal lattice of a given crystal lattice.

Study of the reciprocal lattice. The solution of Eqs. (18) permits
us to express the vectors b, in terms of the vectors a; as follows:
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where V, = [a; a; a;] is the fundamental volume of the crystal
lattice. Similarly, we can introduce the corresponding quantity
Vs for the reciprocal lattice and it is easy to show that V, =
(b1 bs bs] = 1/V..

The ends of the vectors k defined by Eqgs. (17) and (18) lie
in the interior of the fundamental volume V), or on its surface.
Let us consider a vector K whose endpoint falls outside the
volume V. We can put:

K=k+ K, K, = qiby + ¢2b: + ¢3bs (21)
the numbers ¢; being integers and the end of the vector k lying
within volume V5. From (21):

Kr,=kr.+ K;r,

8o that:
K, r, = (E Q1bz) : <2 nJaJ) = 2 q1y0,, = Z QT
t J ¥ 1

Since Z ¢.r; is a whole number, the two scalars K-r, and k-r,
differ by an integer. The representations exp (2azk-r,) and
exp (2wiK -rn) of the finite group of translations are, therefore,
identical and there are only N irreducible representations of
the group.

As a consequence of the Born cyclic conditions, we are led
naturally to the concept of reciprocal space and to the introduc-
tion of the finite number N of vectors k.

6. UNIT CELLS

Definition. A wunit cell is the smallest volume of a crystal lattice
which will generate this lattice through the use of the primaitive
translations.

For example, the parallelopiped formed by the basis vectors
ay, az, a3 constitute a unit cell. The unit cell can be chosen in a



Space groups 41

number of ways. The parallelopiped just defined above is simple
but it has the fault that it does not remain invariant under the
operations of the point group which leave the lattice invariant.
We can demonstrate, however, that the first Brillouin zone is a
unit cell remaining invariant with respect to the point group of
the lattice. The first Brillouin zone is constructed as follows
[15]: choosc an arbitrary lattice point O and construct the planes
which bisect the lines joining O with the other lattice points.
The smallest polyhedron which can be constructed in this way
delineates the first Brillouin zone, and it can be shown that the
volume of this zone is always V., = [a: a2 as].

P
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N s
\)5//
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a \\\
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In the same way, we can construct the first Brillouin zone of
the reciprocal lattice; it is of prime importance for what follows.
It contains the ends of the N vectors k (which are said to be
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reduced) occurring in the N irreducible representations of the
finite group I' of primitive lattice translations.

Example. The crystal lattice of diamond, germanium, and sili-
con is face-centered cubic. If a is the length of an edge of the
cube, the basis vectors (Fig. 2) can be taken as:

a, = (O; %ay %a)’ a = (%a’, 0; %a)’ as = (%ay %a) O)

P4

™~

y

a

Fie. 3
where the coordinate axes are parallel to the edges of the cube.

The basis vectors by, by, b; of the reciprocal lattice correspond-
ing to the vectors a,, az, a; will have components (Fig. 3):

b, = (—1/a, l/a) 1/a)
b; = (1/a, —1/a, 1/a)
by = (l/a; l/al —'l/a)
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In Figs. 2 and 3, we have indicated the unit cells as being
constructed from the basis vectors. Figure 4 represents the first

k

Fiac. 4

Brillouin zone of the reciprocal lattice and gives the coordinates
of some representative k vectors.






The variational approximation method

in quantum mechanics

1. INTRODUCTION

Consider the Schroedinger equation:
Hy = Ey
as applied to an electron in a system (an atom, molecule, or
crystal), where H is the Hamiltonian operator —V2 4 V(r),
the Laplacian V2 being written in reduced coordinates to elimi-
nate the factor h?/8x?m, and V(r) is the potential energy of
interaction for the electrons and nuclei of the system.

The solutions y; of this equation, which are eigenfunctions of
the operator H, form a complete orthonormal system in a do-
main D of configuration space, and the energy levels E; are the
corresponding eigenvalues.

Let us recall that in quantum mechanics, we restrict ourselves

to functions which are said to belong to class ; that is, func-
45
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tions of the configuration variables which are well-behaved,
piecewise continuous, and such that:

[, wredr
is finite.
We shall consider here an approximate method for the solu-
tion of the Schroedinger equation known as the Ritz variational
method.

2. FUNDAMENTAL THEOREMS

Theorem |.  If ¢ is a function of class @, and normalized, satisfy-
ing the same conditions at the limits as the functions y., and
if E, is the smallest eigenvalue of H, then:

/D *Hedr > Eo
Let us consider the integral:
I = /1) ¢o*(H — Ey)epdr
= fD o*Hedr — E, fn o*odr = /D e*Hodr — Ey

From the conditions imposed on ¢, we know that it can be ex-
panded in a series in terms of the y; as follows:

o= 2 c
1=0
The integral I then becomes:

Z E cteWi(H — Eo)ydr

1=0]—

Hy; = Ey;

Since:
we then have:

I = 2 E cleiyi(E; — Ep)dr

D=0 0;=0
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= T T ctc,(E; — Eo)by;
1=0j7=0

and finally:
I= 'Eo cici(E; — Ey)
The integral I is positive or zero since cfc; > 0 and E; = E,.

Then I will be zero if ¢ = .
The eigenvalue E, is the absolute minimum of the integral

[D ¢*Hedr when the normalized functions ¢ satisfy the same

conditions as the eigenfunctions of H.
Theorem ll.  If ¢ is of class @ and normalized, and is orthogonal

to Yo, and if E,, E, are the first two eigenvalues of H (E, > E),
then:

/D e*Hpdr 2 E,

The proof is similar to the above; but since ¢ is orthogonal to ¥y,
then the coefficient ¢o in the expansion for ¢ is zero, and:

o= eé Ci
This time we consider the integral:
J = [, o*H — Enedr
which becomes:
J = '_g cici(E: — En)

The integral J is positive or zero; it is zero when ¢ = .
The eigenvalue E, is the absolute minimum of the integral

[D ¢*Hedr when the normalized functions ¢ satisfy the same

conditions at the limits as the functions ..

Theorem lll. If ¢ is a function of class @, and normalized, and is
orthogonal to the eigenfunctions vy, ¥, . . ., ¥n of H, satisfy-
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ing the same conditions at the limits as the functions y;, then:
[, *Hedr > E,

where E, is the (n + 1)st eigenvalue of H, these eigenvalues

being arranged in increasing order. The proof is exactly anal-

ogous to the preceding ones, and the integral fD ¢*Hopdr has

for an absolute minimum the eigenvalue E,, if the functions ¢
satisfy the conditions of Theorem III.

Conclusion. We can determine E, and ¥, in solving the follow-
ing variational problem:

/1) ¢*Hedr = an absolute minimum

while holding the functions ¢ to the following supplementary
conditions:

/D¢*¢df=1 and /l)¢*¢,dr=o, i=0,1,...,(n—1)

3. THE VARIATIONAL PROBLEM

We shall show that we can obtain the eigenvalues E, and the
corresponding eigenfunctions ¢, by starting with the same vari-
ational problem, but by trying to determine the extrema of the
integrals in the preceding section. We pose the following
problem:

What conditions must a normalized function of class Q fulfill

to render an extremum the integral /D o*H dr?

For every variation é¢, we must have:

) '[qu*Htpd'r — )\-6[<p*<pd'r =0
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or:
fD so*(H — Nedr + [D o*(H — Nbgdr = 0 )
Then H is a hermitian operator:
[D e*Hépdr = /D doH*o*dr
and (1) becomes:
[, 3e*(H = Ngdr + [ d(H* = No*dr = 0
Taking ¢ real, 6¢ = d¢*, then:
[, 361U = N + (H* = Np*ldr = 0
Taking é¢ imaginary, d¢ = —ép*, and:
[, 8¢ L(H = No + (H* = N¢*ldr = 0
In both cases, the term in brackets must vanish, and:
(H—=Ne=0, (H*—=Ne¢*=0

The integral /D ¢*Hedr will be an extremum if ¢ is an eigen-

function of H, X being the corresponding eigenvalue.

4. THE RITZ METHOD

This consists of choosing at random n functions f; of class Q,
satisfying the same conditions at the limits as the eigenfunctions
of H, and of determining the coefficients ¢, such that:

n ¢*Hoedr
TN
1=1 [D §0*¢d7'

A being made an extremum (the denominator is necessary, since
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¢ is not normalized). The functions f; will be called competitive
Sfunctions.* Let us put:

H, = |,ftHidr,  S;= [, fifdr (@)

we then have:

AN 3 cteS,;= =T cic;Hy; 3)
1,0=1 ty=1
and A will be an extremum if ox/dc, = 0, 9N/dct = 0 for
¢ =12 ...,n Letusdifferentiate (3) with respect to c?:
I\

z C:C,S,‘] + A z CjS,j = E C_,H,j
J v

act y
and using d\/dcf = 0 shows that:

3 (Hy—\8)e;=0  i=12...,n )
=

The differentiation with respect to ¢, gives the conjugates of
Eq. (4).

The system of n linear, homogeneous equations with the c¢; as
the unknowns will have non-zero solutions only if:

det [H,, — AS,,| =0 (5)

The smallest root E§ of the secular Eq. (5) will be an approxi-
mation to the smallest eigenvalue E, of the Schroedinger equa-
tion, this approximation improving as the functions f; approach
the n correct eigenfunctions corresponding to the first n eigen-
values Ey, ..., E.. The other roots of (5) approximate the
eigenvalues E,, . . ., E,.

Fundamental Remark. Let us suppose that for a given system,
we know the n lowest eigenvalues Ey, . . ., E._, and the cor-
responding n eigenfunctions yy, . . . , Yn—1, and that we wish to
know the eigenvalues E., Eny1. It is then obligatory to take as

* Translator’s Note: Although this is an unusual use of the word “com-
petitive,”’ there does not seem to be a more suitable English term.
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the competitive functions f, those functions which are orthogonal
to the functions ¢y, ..., ¥»_1 in order that ¢ = Z c.f, be or-
thogonal to the functions yy, . . ., ¥»—1. Thanks to this essential
precaution, Theorem III applies and the variational method
yields an approximation to the eigenvalues En, Enyy, . . . .






Theory of groups
and the Schroedinger equation

1. SYMMETRY PROPERTIES OF THE EIGENFUNCTIONS

Let us consider a system S which is invariant under the opera-
tions of a group G. The group (f is then the symmetry group
of system S.

Let ¢, be the eigenfunctions associated with the energy
states E, of the system; they are solutions of the Schroedinger
equation:

II¢, = EA&, (1)
We shall now consider the effect of an element L of G on the
eigenfunctions ..

Definition of the Operator P; [23]. The operator Pj, associated
with an element L of G is an operator such that:

PLf(r) = f(L7'r) (2
where r = OP marks the position of a point P of the system
with respect to an origin O and f(r) is an arbitrary function of r.

The ensemble of operators P, constitutes a group which is
53
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isomorphic to the symmetry group G. Consider now the opera-
tor P, associated with the element Lb of G. By definition (2),
we have:

Prof(r) = f(Lb7'r) = g(r) 3)
Applying the operator P, associated with La of G to g(r) gives:

PLiProf(r) = Prag(r) = g(La™'r) = g(r')
where we have put:
r' = La™'r
Thus, from (3):
g(r") = f(Lb—r") = f(Lb—'La~'r)
and finally:
Pr.Prof(r) = f(Lb—'La~'r) = f[(La-Lb)~'r]
which is equivalent to:
Pre-Pry = Praps

Fundamental Property of the Hamiltonian H.  Every element L of
G leaves invariant the Hamiltonian H of the system S, since
the operator V? and the potential V(r), both completely sym-
metric with respect to the elements L of @, are invariant. This
idea is a generalization of the well-known property of a molecule
having a symmetry group G its kinetic and potential energies
are invariant with respect to G.

Let us apply to the two sides of Eq. (1) the operator Py:
PL(HY.) = PL(EWy)

Since H is invariant with respect to the elements L, this be-
comes:

PLHY; = HP1y; = E;-Pry;
from which we obtain the fundamental theorem:

Theorem. The operators Pr and H commute and the function
Pry; is a solution of the Schroedinger equation corresponding to
the eigenvalue E;.
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Corollaries.
1. If the eigenvalue E; is nondegenerate, we must have:
Piy; = ay,, a being a constant
If the functions are normalized, a reduces to £1.

2. Suppose now that the eigenvalue E; is v-fold degenerate;
there then exist » linearly independent eigenfunctions ¢4, ¥4, . . .,
Yt associated with E,. Every function Prps (n = 1,2,.. ., ),
being an eigenfunction associated with E,, is a linear combina-
tion of functions ¢4, . . ., ¢¢, and can be expressed:

Pih= 2 dhuibh (®)
Now consider another operator Py, of the group G:

Pusth = 3 bhmih (6)

Apply the operator P, to the function Pryh:

PrPuh = 3 Yuw-Profh = 3 b 3 aindl

m=1

v
Z chi
=1
and using:
v
an = 3 aim : b;nn
m=1

proves the following theorem:

Theorem. The matrices (al;), (bl), (k) associated with the elements
La, Lb, Lc of G form a representation of order v of the symmetry
group G, while the eigenfunctions ¥4, ¥4, . . ., ¥i form a basis for
this representation.

(Note. If the functions y; are normalized, the representation
is unitary.)

—~
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If no accidental degeneracy exists—that is, a degeneracy pro-
duced by the particular initial conditions imposed on the
problem—the ensemble of functions ¢4 forms a basis for an
irreductble representation of G. In fact, every eigenfunction
associated with the eigenvalue E, is a lincar combination of all
the functions ¢4 and there does not exist an invariant subspace
of the v-dimensional space defined by the basis of the y4.

2. SOLUTION OF THE SCHROEDINGER EQUATION
BY THE RITZ METHOD

In the preceding chapter, we studied the principle of the Ritz
method: one chooses initially n competitive functions f,; by
invoking a1 extremum principle, one shows that an approxima-
tion to the energy levels is given by the secular equation:

det IK”I = det |[11] - >\S1]| = 0
with:

H, = [, fiHfdr, S, = [ rirdr

If we wish a small error in our approximation, it is necessary to
choose a large number of competitive functions, and the result-
ing high-order sccular determinant is difficult to expand. The
use of group theory permits the factorization of such a deter-
minant.

Assume that we can find n competitive functions forming the
basis for a completely reducible representation I' of the symmetry
group G of the system. Decomposing the representation I' into
its irreducible representations, let:

F'=ealt+c I+ ...+ cI”

We distinguish two cases:
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Case . Assume that all irreducible representations, for ex-
ample, I'* and I'%, appear once only in T, and that their respective
degrees of degeneracy are d, and dg. We shall have d, competi-

tive functions, designated fi® (k =1,2,...,d.), associated
with the irreducible representation I' and db functions f{?,
(=12, ...,ds), associated with I,

Let us then evaluate the integral:

Sed — f [E@ B

This integral can only be zero or invariant for every operation
L of the group G; in the latter case:

L S(aﬁ) = S(aﬁ) (8)

Let us form L-Sig®. If we designate the terms of the matrix
corresponding to L in the representation I'* by D{(L), then
we have:

do
L-ff® = 3 DE(L)f5e
m=1

and:

™

L = £ D)L
=1

n=

Equation (8) becomes:

LSt = [, 3 D B Diftir = [, jistar

D ,,

in which we have omitted the superscript parentheses for sim-
plicity. Removing the constant terms from the integral re-
sults in:

da,dp
[poEft-dr = 3 Di(L)-DiL) [ risidr ()

Writing Eqgs. (9) for all the elements L of G and summing:



58 The Schroedinger equation

J7ftdr = 2 2 (3 DHEWDAW)) [, fxtdr  (10)

where ¢ is the order of the group G, considered here to be finute.
Let us now apply to the righthand side of (10) the funda-
mental relation (22) of Chap. 2:

f,FEFEdr = 3 8up 801 Z b [, S5ofRr (11)

where Eq. (11) expresses the orthogonality property of the com-
petitive functions.

Theorem. The competitive functions forming a basis for a com-
pletely reducible representation T of the finite group G associated
with the system S are orthogonal.

In Eq. (11):

(a) if a B S =0
b)ifa=8Lk=1 =0

() finally if « = 8, k = I, we have

1
Pfidr = o2 fofn"f‘r'ndT (12)
Formula (12) is true for k = 1,2, ..., d.. Then the integrals
Sit are all equal, for k = 1,2, ..., d..

The Hamiltonian operator H is totally symmetric under all
of the group operations, and the conditions found for the inte-
grals S%f apply without change to the integrals H3. Then the
only non-zero terms in the determinant |H;; — \S,,| will be the
diagonal terms. TFurther, the d, terms belonging to the irre-
ducible representation I'” of degeneracy d, are all equal.

Example. Suppose we have:

'=I'4T1%?+41?
I'* being nondegenerate, I'? being two-fold degenerate and I'®
being three-fold degenerate. A basis for I' will consist of six
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competitive functions: f'; f1, f3; and f3, f3, f3. The secular
matrix will have the following appearance:

' r} 3 3 3 3

f:cl Arll

2 K

*2 22
3 K2

& r3

3 3
3 K3

The only non-zero terms are those shown; further K¥ = K%,
K1 = K3 = K%. Insuch a problem, three energy levels appear:
a nondegenerate, a doubly-degenerate, and a triply-degenerate.

Case ll.  Let us consider now the more complex case where, for
example, the irreducible representation I'* appears more than
once in the completely reduced representation I'. For simplicity,
we shall assume that I' appears twice. There then exist two
ensembles of functions, denoted f1, f3, . . ., f4. and 1/, 3/, . . .,
f&, associated with the irreducible representation I'>. In order
to obtain the maximum factorization of the secular determinant,
the two ensembles f’ and f’” should be chosen so that the func-
tions in them transform in the same manner for every operation
L of the group G. We can then verify, for example, that:
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[ofvefiedr = 0

The demonstration that this integral vanishes, used in the first
case, also applies here, for if:

fit— = DYWL
we then have: !

fa'« - 2]) D3i(L)fi'=

Let us again consider an example for clarity: consider the

representation I' = 2I'"" + 3T%, T'! being nondegenerate and I'?
doubly-degenerate. A basis of the representation I' will consist
of eight functions’:

fl[flll f{2fé2 f{l2fé/2 f{”zfél,z
) ) )

The secular determinant then has the following form:

/1| /II| /12 /”2 flllz ,12 /”2 ,lllz
0

r

- /

- it Tt oyttt

r K| K| K

* iyt vl o

r KEZ | KZY | g22

re KEE | KEY] K

*/ 2 2 22" 22"
f KII Kll MI

* oy mtt i M0
£ R A
1 Wit Nt N
r K| HET| a7
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and it has been factored into a second-order determinant and
two zdentical third-order ones.

Before stating the fundamental theorem on the factorization
of the secular determinant, we should be in a position to define
correctly the symmetric competitive functions.

Definition. The symmetric competitive functions form a basis
for a completely reduced unitary representation of the group G.
If there are several ensembles of competitive functions belonging
to the same irreducible representation, all these ensembles must
be transformed in the same manner by every operation of the
group G.

The following theorem constitutes the conclusion of our pres-
ent study:

Theorem. If symmelric competitive functions are used, the secular
equation 1s automatically factorized. There will be d, equal factors
corresponding to each irreductible representation I'” of degeneracy d.,.
The degree of a factor is the number of times the corresponding
irreducible representation appears in the completely reduced repre-
sentation.

In practice, we cannot set up a procedure which will give us
initially the symmetric competitive functions. However, it is
easy to find those functions which are simply a basis for an
arbitrary representation of the group G. Then, the tricky prob-
lem which remains to be solved is two-fold:

(a) Itisnecessary to find linear combinations of the preceding
functions which are symmetric competitive functions, and

(b) The transformation which takes us from the initial com-
petitive functions to the symmetric ones is unitary. The
determinant which is to be factorized will be transformed
by this unitary transformation from the determinant in-
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volving the original competitive functions. Sometimes
this last step is long and tedious.

3. DETERMINATION OF THE COMPETITIVE SYMMETRIC FUNCTIONS (2]

Let us take m competitive symmetric functions W,
(r=1,2,...,n) forming a basis for a representation I'" of
order n of the group G. 1t is necessary to first know the struc-
ture of the completely reduced representation I' equivalent to
the representation I'. Thus, we will know the distribution of
the symmetric functions to be determined.

1. Characters of the Representation T (or I'V). The n functions
W, transform among themselves via the operations L of the
group G. By establishing an array of these transformations (an
example will be given in Chap. 7), we can easily find the charac-
ter x% of each class of @ in the representation I'" (or I').

2. Composition of the Representation I.  If we have established
a character table for the irreducible representations of the group
@, by applying Eq. (32) of Chap. 2:

ny =1/g - 2 gxix5"
7

we can find the irreducible representations I'” constituting T'
and the number of times each one occurs. For example, if a
triply-degenerate irreducible representation I'* appears twice in
T, we know that we must construct two ensembles of three sym-
metric functions associated with I'3.

3. Fundoamental Formula. Let p be the number of irreducible
representations of the group G (a = 1,2, ..., p), let I'* be one
of these representations, let a, be the number of times the repre-
sentation I'* appears in I', and let d, be the dimension of I'~.
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Let f$n be a symmetric competitive function belonging to the
representation I'*:

la<p, 1<p<a, 1S$m<da
Since the symmetric functions f3, are obtained by a non-singular
linear transformation of the functions W,, then, conversely,
every function W, is a linear combination of the functions f$n,
and we can write:

W,= % 3 E bapmf om 13)

a=1p=1m=1
We now apply the operator P, associated with the element Ls
of G to W,. By (13), P, operates on the function f3, and since
it is a symmetric function belonging to the irreducible represen-
tation I'e, we must necessarily have:

da
Pr.fom = n§l Din(Ls)fon (14)
From this, we can write:
PLcWr = 2 E 2 bapm E Dnm(Ls)f (15)
a p w

Multiply both sides of (15) by:
Xi(Lo) = 2 Dif(Ls)
and sum over all the elements Ls of group G:
3 xi(Le)- PulW
=222 bapm 533 DELs)Dinf5n  (16)

n=1j=18=

Writing the orthogonality relation, Eq. (22) of Chap. 2, in
the form:

2‘51 D:.,.(LS) »\/d Dm’u’(Ls) J%ﬁ = aaﬁamm’ann’



64

The Schroedinger equation

we can transform (16) as follows:

2 SLHPLW, = 3 3 bﬁpmg z S Suabnft

p=1m=1 =1t=1

by notmg that:

& dap a _]_‘._ 8
a§l bapm \/m = bﬂpm dg f:m

We then have:

or:

2 x5(Ls)PL.W, = >3 E Bgpm - ds E Bemf 't

p=1m=1

E Xp(LS)PL.Wr = E E bﬂptfpt (17)

p=1 t=1

and this is the desired fundamental formula.

4, Discussion.
(a) If the representation I'® is nondegenerate, and if it appears

only once in I, then ag = 1 and Eq. (17) becomes:
g
El XE(LS)'PLAWI' = g‘bﬂll 'f'gl (173')

Then, to a constant factor, we have obtained the sym-
metric function associated with I'4.

(b) If the representation I'¥ is dg-fold degenerate, and if

ag = 1, Eq. (17) gives:

él X3(Ls) - PLW, = ciffs + eofls + . . . + canf%s  (17D)

and we have obtained a linear combination of symmetric
functions belonging to I'". In applying the formula to
the dg functions W,, we would obtain dg linear combina-
tions of the ds symmetric functions f%.

(c) If the representation I'* is degenerate and if as > 1, it is

necessary to use (17) as it stands. The determination of
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the symmetric functions is then very tedious and there
are no general rules to follow; it is necessary to be guided
to some extent by intuition.

Remark. The symmetric functions associated with the degen-
erate, irreducible representation I'¥ must be mutually orthog-
onal. It isnot a certainty that Iiq. (17) will lead to orthogonal
functions in the case of degeneracy. It is necessary to check
this point, and if it is not the case, to scarch for linecar combina-
tions which are orthogonal.

These calculations appear extremely involved at first sight,
but we can rely on the following: the irreducible representations
I’ in the cases generally encountered in practice are, at the most,
triply-degencrate and appear once or twice in the completely
reduced representation I Chapter 7 will be devoted to these
calculations for a particular example.

4. APPLICATION TO CRYSTALS

1. Consider a cyclic crystal for which the finite space group is G.
We know that all the irreducible representations of the sub-
group of translations of ( are one-dimensional and of the form
exp (2wik-r,), where k is a vector in the first Brillouin zone
such that:

k= pl/Nl'bl + Pz/Nz'bz -+ pa/Na'bs
p¢=0,1,...,(Ni— 1)

Every eigenfunction of the crystal must be a function of a vector
k satisfying the equality (18). In addition, it must satisfy:

(I, ra)¢n(r) = exp 2mik-rn)¥r(r)
which is equivalent to:
Yi(r + ra) = exp 2mik-ru)y¥i(r) (19)

(18)
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Every reduced vector k corresponds to an ensemble of solutions
of the Schroedinger equation given by:

Hy(r) = Ewi(r) (20)
To each solution ¢, associated with the vector k there corre-
sponds an energy level E, k. If we can solve the set of equations
(20) for every reduced vector k, we will be able to construct the
electronic energy level diagram giving energy as a function of k.

2. We are going to study the effect of the subgroup of transla-
tions on the eigenfunctions of the erystal, and it is therefore
necessary to examine how these eigenfunctions are transformed
by elements of the factor group G/I'. Let us apply the operator
P, associated with the element L = (e, v,) to both sides of
Eq. (19):
Pir(r + r,) = Prexp 2wik-r,)Pryx(r) (21)
We then have:
P, exp (2wik-r,) = exp (2wik-L™'r,)
Evaluating L~'r, by Sec. 1, Chap. 3:
L7'r, = a7lr, — a7, = o~ 1(r, — v,)
since:
kE-L7'r, = ko' (rn, — v,) = ak-(r, — va)
the last equality resulting from the orthogonality of the matrix
oa~l, In fact, it is easy to show that:
U-oV = (0'U)-V
if U and V are two arbitrary vectors in the space where the
orthogonal matrix O operates, for:

U-OV =Z U,0V); = EI: U.04Vi
o)V = Zk) (O 'UWVy = 214; O V) UV,

Thus, the matrix O is orthogonal:
Oi = (07 )is
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Equation (21) now becomes:

Puyr(r + r,) = exp (—2wiak v,) -exp 2niak-r,)Pryr(r)
(22)

This fundamental relation merits further examination:

(a) If ak-v, is a whole number (positive, negative, or zero),
Eq. (22) reduces to:

Pyr(r + r,) = exp 2wiak-r,)Pryr(r) (23)
In this case, by Eq. (19), we can write:
Pryu(r) = Yar(r) (24)

If v(@) is identically zero, Eq. (24) always applies. This
is the case of the 73 space groups for which the factor
group reduces to («, 0).

(b) In the general case, only Eq. (22) applies, but it often
happens that exp (—2niak-v,) takes on the simple values
+1, —1, 44, —¢ (groups of the cubic system).

3. The Group C(k) of the Vector k.

Deflnition.  The group of the vector k s the ensemble of symmetric
operations of the group G which transforms the vector k into either
itself or an equivalent vector of the reciprocal lattice.

Evidently, this group is a subgroup of G. If we are looking
for the energy levels E, associated with the vector k, we must
solve Eq. (20) and find the eigenfunctions localized by the k
vector under consideration. We can then work with the group
C(k) of the vector k rather than with the entire symmetry
group @G of the crystal. In fact, only this group transforms the
functions ¥, into functions of the same vector k [to within a
factor of exp (—2wiak-va)].

It is not necessary to consider the group C(k) in its entirety;
it suffices to deal with the factor group of C(k), because an
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invariant subgroup of C(k) is a subgroup of the invariant sub-
group of translations I' of G. Thus, we may apply all the theory
developed in Secs. 1, 2, and 3 of this chapter to the symmetry
group C(k) in determining the energy levels associated with the
vector k. Evidently the competitive functions will be functions
of the vector k and will satisfy Eq. (19).

4. A Consideration of Particular k Vectors. Ifor an arbitrary vec-
tor k in the reduced zone, the group C (k) reduces to the identity,
and group theory is no longer of any help. However, there are
certain points and lines of high symmetry for which the group
C(k) contains many elements and group thcory may be applied
in factorizing the secular determinant. In particular, the point
k = (0,0,0) at the center of the reduced zone is of special
interest: the factor group of C(k) is then the same as the factor
group of the crystal.

Example. For diamond, germanium, and silicon, the factor
group is the group O} of 48 elements, and the reduced zone is a
truncated octahedron (see Iig. 4). For the central point
k = (1/a) (0,0, 0), the factor group of C(k) is the group Oj.
Other points of high symmetry will be all points on the axes
Oz, Oy, Oz, the centers of the hexagonal faces, etc. The corre-
sponding factor groups of C'(k) will be subgroups of O}.



The approximation method

of orthogonalized plane waves

1. PLANE WAVE EIGENFUNCTIONS

1. Consider the Schroedinger equation as applied to a cyclic
crystal:

[(=V%(r) + V() ¢x = Exd (1)
where V(r) is the potential at a point in the crystal defined by

the vector r and is due to the interaction between the electrons

and nuclei of the system. If r, is a primitive lattice translation,
then:

V(r+r.) = V() (2)
We shall assume that V(r), which is an invariant periodic func-

tion for every primitive lattice translation, can be developed in
a triple Fourier series (See Ref. [15], Chaps. 7 and 8):

V= 21 Viexp (2mwil-r) 3)

the vector I being a reciprocal lattice vector such that:
l = lib, + Lb;y + I;bs
and the [, are integers.
69
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2. Consider first the ‘“‘empty”’ lattice, so that V(r) = 0.
Physically, this case corresponds to ‘“free” electrons; that is,
electrons having no interaction among themselves or with the
nuclei. Let us then look for solutions of Eq. (2) associated with
a given k vector and having the form:

VYiern = A exp [2ni(k + h)r]
with €))
Ek+h = 47(‘2(16 + h)2
these solutions representing the spatial part of a progressive
plane wave. For brevity, we shall call them plane waves.
Equation (3) shows that the potential V' (r) has been expanded
as a series of plane waves: exp (2ril-r).

3. Let us now consider the potential V' (r) as a perturbation
term to the Laplacian V2(r) of Eq. (1), and we seek a solution
of (1) of the form:

V= E cnfn

Since the plane waves are solutions of the zero-th approximation
equation and the potential V(r) is developable in a series of
plane waves, it is natural to choose these plane waves as the
competitive functions fn. We put:

fn = exp 2mi(k + h)-r] 5)

h = b, + heb; + h3b;
where the A, are whole numbers. It is evident that the functions
Sn satisfy the Born cyclic conditions, that they are functions of
the vector k, and that they also satisfy Eq. (19) of the preceding
chapter:

fu(r + r,) = exp 2wik-r,) - fu(r)
4. This accomplished, the energy levels will be approximated

by the roots of the secular equation (see Chap. 4):

det |Hhw — ESpw| = 0 (6)
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with:
Huw = [, fiHfudr,  Sww = [, fi-fudr

the domain of integration D being that portion of the crystal
assumed as cyclic. It is possible to convert the determinant (6)
into a more tractable form, for:

[, 1=1iv¥uldr = — [ div (fi grad fu)dr
+ ,[1) grad f},- grad fadr

By the Born cyclic conditions, the first integral on the right is
zero (the equivalent surface integral vanishes), and there
remains:

[ (=fifu)dr = 4 (k + R)(k + k') f[ exp [2ni(R’ — h)-rldr
Using the Fourier expansion (3) of V(r), the term Hpn becomes:
Huw = 4x2(k + h)(k + R) fn exp [2ni(h' — h)-rldr

+ [D>l: Viexp [2ri(h' — h + I)-rldr

Trom the cyclic conditions, the first integral vanishes except for
h = R’ (its value is then D) while the second vanishes except
for l = h — h’ (and its value is then DVh_p). Hence:

Hpw = D[An(k + h)%nn + Va-n]
and in the same way:
Shr = [Df;'.fh'df = Dénn
where the functions f5, are orthogonal over the domain D. The
secular equation is then:
det | {4w*(h + k)? — E}onw + Va-w| =0 @)

For a crystal with symmetry group G and for reduced vectors
k of high symmetry, this equation can be factored, permitting
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numerical solutions. In the following chapter, we shall return
to this problem, which is the core of this monograph. For the
moment, let us consider the rapidity of the convergence of the
series 2’}l cnfr- In simple cases, the secular equation (7) can be

solved by using a moderate number of plane waves. Unfortu-
nately, it has been found that the smallest root of the secular
equation corresponds to a valence band energy such that if a
complete ensemble of plane waves is used, the smallest root must
give the energy of the innermost “core” electrons [19]. It is
then necessary to have a large number of plane waves to repre-
sent the wave function with precision. This we can understand,
since this function varies rapidly in the vicinity of the nuclei
and it is necessary to set up a constructive interference among
waves for which the vector k + h is large (small wavelength);
this question should be examined in a little more detail.

2. CONSTRUCTION OF BLOCH FUNCTIONS FOR A CRYSTAL [17]

1. The electronic energy levels of an isolated atom are dis-
crete. Imagine the N atoms constituting a crystal to be in-
finitely separated from one another. We will have N Schroe-
dinger equations, all alike, and the levels will remain discrete,
but N-fold degenerate. Let the N atoms now approach one
another, forming the real crystal. The potential V(r) inside the
crystal is not the same as the potential U(r) of the individual
atoms, for the electron waves are introduced and the degeneracy
is lifted: the energy bands appear. But in the vicinity of each
atom, we may assume that the atomic wave is practically un-
perturbed; it corresponds to a ‘“‘core’’ electron. Obviously, this
approximation does not hold for the valence electrons.

2. Guided by these considerations, we show that the Bloch
functions for a reduced vector k corresponding to the core elec-
trons are given by:
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®p = T exp 2wtk -r,) u(r — r,)

u,(r) being an eigenfunction associated with a core electron of
the isolated atom. These Bloch functions will be solutions of
the Schroedinger equation for the crystal to a high degree of
approximation. One cannot say as much for the Bloch functions
associated with the valence electrons.

3. THE METHOD OF ORTHOGONALIZED PLANE WAVES (18], [19], [20]

Let us use the Ritz method for finding the wave functions of
the crystal associated with the valence and conduction energy
levels. We will again look for a development in a series of plane
waves for a given value of k, but since we want the valence and
conduction states, and not the core states, it is necessary to take
orthogonalized plane waves as Bloch core functions. We shall
apply here the fundamental remark given at the end of Chap. 4,
thus avoiding the extremely tedious calculations associated with
the use of a simple plane wave development.

We shall orthogonalize the Bloch function plane waves by the
Schmitt process. Let:

X, = exp 2rik, 1) — Zp, @), ki=k+h (8
and determine the coefficients u,; in such a manner that:
[D Xi-@fdr =0, @) = Zoxp @rik-ra) ur — ra)  (9)
Next, let:
[, Xt@hdr =4 - B
with:
A=3 /D exp (—2mik;-r) exp (2wik-ra) - u;(r — ra)dr

B = /D 2 piBr(r) ok (r) dr
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Evaluating A first:
A = /D E exD [—2ﬂ'i(ki‘r - k.r")].uJ(r - rn)dT

= /D Sexp [—2mk, - (r — r,)]-u,(r — r.)dr

Since:
k-r—kr,.=k(r—r,)+h-r,
the scalar product h-r, is an integer. Finally:
A=N [D exp (—2mik, r) -u,(r)dr
Next, we evaluate B:
B = 3 exp[2mik-(ra — ra)]-uf [1) ut(r — ra)u,(r — ra)dr
Putting:
Fpn — Tnp = I'n2
noting that:
2Zrira = N 2Zr,
and making the change in variable:
r—ry=r
gives:
B =N Z exp (—2mwik-ru) uh fD ut(r' — ro)u,(r)dr

lrm
the domain of integration D being also translated by an
amount 7,;.
Consider now the integral:

/D wt(@@ — ra)u,(r)dr

This represents the overlap of wave functions on different atoms.
To a first approximation, we assume the overlap is negligible
and replace the integral by the term 8;6r,2,0. Then:

B=N 12 exp (—2wtk - ra) - ufid1;0rnz,0 = Nug
W'nd
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Requiring that A = B for orthogonality, we have:
= [D exp (—2mik;- r)u;(r)dr

pi = [, exp 2mik, P)u(r)dr

From a given value of the reduced vector k, we can thus deter-
mine a series of plane waves X,(r). Putting:

¥=28X; and Dy= [Xi(H - B)Xdr

the Ritz method leads to the secular determinant:
det |[D,,| =0

from which we obtain the eigenvalues of E for a given value
of k. The convergence of the series of plane waves is sufficient
for our purpose, as has been shown by Herman [21].

In this work, we shall not set down in full detail the calcula-~
tions described above. This is a long and tedious job and has,
in particular, been carried out by Herman and Woodruff for
the diamond lattice.






The method of factorizing
secular determinants

|lusing the diamond lattices as an example]

1. INTRODUCTION

In this chapter, we shall apply the methods previously de-
scribed to a particular example: the calculation of electronic
levels at k = 0 (the center point of the Brillouin zone) for
diamond, germanium or silicon crystals. We shall not follow
these calculations through to the final answer, but merely show
for a precise example how the use of the symmetry group G of
the crystal aids in factorizing the secular determinant. If we
wish to find the valence and conduction band energy levels, the
competitive functions must be orthogonal plane waves.

The essential procedures of this chapter come from the work
of F. Herman [22] and T. O. Woodruff [23], who have carried
the calculations through to the final, numerical steps, making
use of orthogonal plane waves.
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2. LATTICE AND SPACE GROUP OF THE DIAMOND TYPE

In a diamond-type crystal, each atom is located with respect
to its four nearest neighbors in an identical manner (principle of
tetravalence). The diamond lattice is complex; its basis lattice
is face-centered cubic. If a is the side of the cube, one generally
adopts as fundamental vectors the following three vectors:

al(Oy %(l, %a)) a2(%a7 0; %a)y a3(%a; %a) O)
the coordinates being rectangular and parallel to the cube edge,
while the origin O is at a corner. But here, the atoms are not

at the corners of the unit cell. Each unit cell contains two atoms
located by two interior vectors.

d = a(l,1,1), d; = —3a(1,1,1)
The origin O is halfway between the two atoms and will be
designated as ‘““the standard origin’ (sce Iig. 5).

The associated space group evidently divides the cubic system
into centered lattices. The factor group (e, v,) is the group O}.
1t is isomorphic to the complete cubic symmetry group O, with
48 elements. The vector v, when it exists is such that:

v =% (a1 + @+ a) = {a(l, 1, 1)

Of these 48 operations of the factor group O}, the first 24 are
simple (they consist of pure rotations or of rotations plus the
inversion) and the other 24 are compler (besides rotations and
the inversion they incorporate a fractional translation v,). The
nth complex operation is derived from the nth simple one by
multiplying from the left by (~, v), where ~ is the symbol for
the inversion.

Table I describes these 48 operations; it is taken from the
thesis of Woodruff and the symbols are those of Seitz:

d4i, dai' (i =z, y, 2): rotations of 90° around the axes Ox,
Oy, Oz.
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.52: = (54:)2; 1= z, Y,z

83, 05" (s = zyz, Tyz, 272, TyZ): rotations of 120° about the
diagonals of the cube of side a (% is used to indicate —z).

b2 (p = my, Y2, 22, Ty, Yz, 71): Totations of 180° around axes
bisecting two coordinate axes.

~ the inversion:

Vag =~y Py = ~ -0y

Ves = l\/-aa., pp = N.azp

v =3a(1,1,1)
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TABLE | ELEMENTS OF THE FACTOR GROUP O]

s | Class | Opera- L L1r
tion L Origin at Center Standard Origin
1| E 1,0) xyz z Y 2
2| €3 | (5, 0) 272 F-1ta|7—1a |z
3 (822, 0) xyZ z 7J—1%a|zZ—-1a
4 (824, 0) Tyz T—1laly i—1a
5| JCy | (04, 0) YTz y I—talz—1a
6 (042, 0) Jzz 7—1%a|z Z—1la
7 (0", 0) T2y Z—1a|z 7 — a
8 (042, 0) FZy F—-1ia|zZ-1a |y
9 (047", 0) ijzx Z—la|7—1talz
10 (o4y, 0) z27Zx z 7— %0 |Z—-1a
11 JC; | (pay, 0) JZz T—4a|%—%a |z
12 (pz, 0) ZyZ Z—1taly T —ia
13 (pysy 0) T2y z Z—1%a |7 —la
14 (pz7, 0) yzz Y z 2
15 (pe3, 0) zyzx z i z
16 (pyz, 0) zz Yy z z Y
17 €5 | (8322 0) zzy z z Y
18 (83242, 0) yz x y 2 z
19 (3730 0) 22y 2 T—la|7-1a
20 (83272, 0) gizx VR AR N E
21 (33235 0) IEy Z—1a|Z—1aly
22 (327, 0) gz % 7g—1a]| 2 Z — 4a
23 (83253, 0) izy i-la|lz 7—la
24 (93243, 0) yZiZ Yy Z—14a |Z - 1a
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TABLE | (cont'd)

81

s |[Class| Opera- Ly L

tion L Origin at Center Standard Origin
251 J (~,0) [E4+3a|T+3ia]Z4+1a|Z 7 z
26| JCE| (pnv) |2z+da|ytia|z+ia|z+la|y+ia]z
27 (psyv) |ZT+ia|y+ia]|2z+ialz ytialz+ia
28 (pv,v) |2+ 3a|F7+ia|24+ta|lz+1a |7 2+ ta
29| C, (54}1,1)) T+ialz+ ta |2+ Lal|7y z+ialz+ ia
30 (s, )|y +ia|ZT+ia|z+ia|y+ia|ZT z+ ia
31 Gn'v)|z+ia|z+ie |y +ia|z+1a |z Y+ la
32 (gzy )|z +1a|2z+ia|T+ia|z+da|z+4a|T
33 (84',,1,0) z+ia|ly+ia|T4+tajz+ial|ly+ial|Z
34 b4y, )| Z+ a|y+ia|z+ia|Z yt+ilolz+ia
35| C, Goayy ) |yt 3a|lzc+ia|z+2aly+ialz+ialz
36 () | 2t ia|F+ia|z+ialz+1a T z + %a
37 B2y, v) | T+ 4a| 24+ 3a |y +ia|T z+ta|y+ia
38 (6oz3,0) | T+ 30| T+ 3a|Z+ 1a|7 T H
39 (B3, 0) | Z4+ 30| T+ 3a|ZT+ 1a|Z 7 z
40 oz ) | T+ ia|Z4+2a |T+ 2a|Z z 7
41| JCs | (d6myev)| 2+ 3a| T+ 10 [T+ 1a|2 z 7
42 (6w, V)| T+ 22| Z+ 1a [T+ 1al|7F z z
43 (g )| Z+1a|z+1a|y+ia|z z+ia|y+ia
44 (o622 0)| Y+ 22| 2+ %a |T+ia|ly+ia|z+La|Z
45 (06_,;,—,,1)) z+ialz+ia|T+talztdalxz+tialF
46 (o6aiz )| y+ia| 24+ ta |z +ta|y+1a |2 4+ %a
47 (06mzv)| 2+ 30| Z+ 3|y +ia|z+1talz v+ 1a
48 (o6az,v)| T+ ta| z+ ta |2+ {a(7 zt+ta|z+ ta
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Legend for Table I:

(a) %, ¥, 2, for example (or —z, —y, —z) denotes the coordi-
nates of a point P’ transformed from P(z,y, z) by the
operator Ly = (8s,, 0).

(b) In the first 24 simple operations, v, = 0, if we take an
atom as the origin (origin at the center), whereas the 24
composite operations contain the fractional translation
v, = (a/4)(1, 1, 1).

(¢) For the standard origin 0, some of the simple operations
involve translations of the form (a/4, 0, a/4).

(d) In the discussion of this chapter, we shall use only the
standard origin, since this gives the simplest possible defi-
nition of the reciprocal lattice, in terms of which k and h
are expressed. To avoid confusion, we shall use w to
designate coordinates with respect to the standard origin.

Example. For the operation Ls:
L7'r = (a, va) = (a,0)

“=(3%)
yzz

but with respect to the standard origin:

with:

L'r = (o, ws) with a= (xﬁf) and w, = (0, —1a, —1a)
yxZ

The first Brillouin Zone of diamond is shown in Fig. 4, Chap. 3.
The center point k = (1/a) (0, 0, 0) is invariant for every opera-
tion of the group Oj, so that here the group C(k) of the vector k
is identical to the factor group O5.

Remark. The existence of fractional translations v. introduces
unavoidable complications into our problem. The distinction
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between the 73 symmomorphic space groups and the 157 others
is a fundamental physical condition.

3. PLANE WAVES AS COMPETITIVE FUNCTIONS

Let us choose plane waves as competitive functions, and since
the vector k is zero, they will have the form:

W, = exp <21ri% . r>

We set up a table (Table II) of those waves arranged by in-
creasing values of the scalar h?. The symbol (h, he, hs) sym-
bolizes the plane wave:

exp [21ri (hx + hoy + haz)]

with:
Rt = (h)? + (h2)* + (ha)?

The symbol (h; hs hs) represents an ensemble of waves (hi, hs, hs)
where the numbers A, are fixed, but can be permuted among
themselves or have their signs reversed, so that they all belong
to the same scalar value h%. For example, (1 1 1) represents the
ensemble of 8 waves:

(111,11, T1I), T, TI1),(T11), 1T, 11T

with:
Wr=1*+12412=3

The physical significance of A2 is simple: for a plane wave solu-
tion to the Schroedinger equation for the ‘“‘empty’’ lattice, A? is
the energy, to within a factor of 4«2 [see Eq. (4), Chap. 6].

In Table II, (left-hand side), we have indicated the scalar
energy h? and the degeneracy N for each ensemble (ki Az hs).
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TABLE Il
h (h)? N h ()2 N

(000) 0 0 (000) 0 1

{100) 1 6

(110) 2 12

(111) 3 8 (111) 3 8

(200) 4 6 (200) 4 6

(210) 5 18

(211) 6 24

(220) 8 12 (220) 8 12

(221) 9 24

(300) 9 6

(310) 10 18

(311) 11 24 (311) 11 24

(222) 12 8 (222) 12 8

(321) 14 18

(400) 16 6 (400) 16 6

(322) 17 24

(410) 17 18

(330) 18 12

(331) 19 24

We shall now proceed by successive approximations; as a first
approximation, we shall use the 6 competitive functions (100);
for the second approximation, we use the 6 + 12 = 18 plane
waves (100) and (110); progressively, to improve the precision,
we add higher energy waves. It is necessary, however, to note
the following: every ensemble (A, hq h3) must be a complete basis
of the representation of the factor group O7 (see Sec. 2 of Chap.
5). We shall see that in the case of diamond, this does not
always turn out to be the case. It is then necessary to examine
in detail the effects of the elements of the group O] on the plane
waves under consideration.
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4. TRANSFORMATION OF THE PLANE WAVES BY THE ELEMENTS
OF THE GROUP 0O,

Let W; = exp [(2rt/a)h-r] be a plane wave belonging to the
vector h, and let an operator Py, in which L = (a, w,) act on
W. (where we are using w, in conjunction with the standard
origin, as explained in connection with Table I). Since:

PLf(r) = f(L-'r)
and:
L™ = (a7, —a'w,)
we have:

P.W,

It

exp [27r é h-(a'r — a“w,,)]

P,W; = exp [2rih-a“‘(r -~ w,,)]
Now the matrix is orthogonal, so that:

P,W, = exp (27riah-r) exp (~21riah-wa)

from which:
PLW; = exp (—-21r i— ah~wa> W;
with W; = exp <27r i ah-r) 1)

Thus, to within a factor of exp (—2mia—lah-w.), a wave W,
is transformed by P into a unique wave W;. In the case of
the group Of, the possible values of the coefficient A =
exp (—2miah-w,) are simple and small in number; Table I
shows that A must be =1 or =1.

Let us try to determine those wave ensembles (h; hs hs) of
Table IT which give only the coefficients A = +1, and in addi-
tion, ==¢. The fractional translations possible for group O},
using the standard origin, are of the type:
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(_ia; _%ay 0)) (—%a) 0) —%a)y _%ay _'}Ta’ 0)
(e, 10,0), (i0,0,%a), (g, 1a,0)
It is apparent that the ensembles (100), (110), (210), (211), (221),
(300), (310), (321), (322), (410), (330), etc., lead to possible fac-
tors A = =1, while the remaining ones of Table II lead only
to A = £1.

Example: Consider the wave (100). Then, by Table I,
the operator L = (o4, 0) converts every point P(z,y, 2) into
P'ly, (x — a/4), (Z — a/4)], so that the wave (100) becomes
the wave (010) and a(h/a)-w. = (1/a)(0, 1,0)(0, —a/4, —a, 4)
= 1/4, thus giving exp (2wiah/a-w,) = e/ = +1.

Consider now the ensemble of 6 waves (100); they are trans-
formed by the operators P of the group O} not only among
themselves (ignoring sign changes) but also into waves of the
form ¢-(100).

Thus we have the fundamental fact that the ensemble of
waves (100) is not a complete basis for a representation of the
group O}, because it is necessary to add waves which differ from
the (100) waves by a factor of ¢ = exp (¢w/2). This is not per-
mitted, since the crystal potential V(r) is developed only in
terms of the real waves and not the imaginary ones. Only those
ensembles (111), (200), (220), etc., found in the righthand half
of Table II produce complete bases of representation of the
group O}. Thus, the presence of the vector v, in the factor group

? eliminates certain ensembles of plane waves. For the case of
the 73 symmomorphic groups, these restrictions do not occur.

5. IRREDUCIBLE REPRESENTATIONS FOR THE REPRESENTATIONS
BY PLANE WAVES

1. The ensemble of waves (111) forms a representation I'" of
order 8 of the group O}. Let us determine the composition of
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the completely reduced representation I' equivalent to I'. It is
necessary to know the character in the representation I'" of each
element in the group. Applying Eq. (1) to the 8 waves (111)
and using for Py, the 48 operators of O} referred to the standard
origin, gives us Table III.

TABLE Il
rin W,

sin Pp. 1 2 3 4 5 6 7 8
1 1 2 3 4 5 6 7 8
2 —~4 3 2 -1 -8 7 6 -5
3 -2 -1 4 3 -6 -5 8 7
4 -3 4 -1 2 -7 8 -5 6
5 -3 -1 4 2 -7 -5 8 6
6 -2 4 -1 3 -6 8 -5 7
7 —4 3 -1 2 -8 7 -5 6
8 -3 4 2 -1 -7 8 6 -5
9 -2 3 4 -1 -6 7 8 -5
10 -4 -1 2 3 -8 -5 6 7
11 -4 2 3 -1 -8 6 7 -5
12 -3 2 -1 4 -7 6 -5 8
13 -2 —1 3 4 —6 -5 7 8
14 1 3 2 4 5 7 6 8
15 1 4 3 2 5 8 7 6
16 1 2 4 3 5 6 8 7
17 1 4 2 3 5 8 6 7
18 1 3 4 2 5 7 8 6
19 —4 -1 3 2 -8 -5 7 6
20 -2 4 3 -1 —6 8 7 -5
21 -3 2 4 -1 -7 6 8 -5
22 —4 2 -1 3 -8 6 -5 7
23 -2 3 -1 4 -6 7 -5 8
24 -3 -1 2 4 -7 -5 6 8
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TABLE Il (cont'd)

rin W,
sin Pp, 1 2 3 4 5 6 7 8
25 5 6 7 8 1 2 3 4
26 -8 7 6 -5 —4 3 2 -1
27 -6 -5 8 7 -2 -1 4 3
28 -7 8 -5 6 -3 4 -1 2
29 -7 -5 8 6 -3 -1 4 2
30 -6 8 ) 7 -2 4 -1 3
31 -8 7 -5 6 —4 3 -1 2
32 -7 8 6 -5 -3 4 2 -1
33 -6 7 8 -5 -2 3 4 -1
34 -8 -5 6 7 —4 -1 2 3
35 -8 6 7 -5 —4 2 3 -1
36 -7 6 -5 8 -3 2 -1 4
37 -6 ) 7 8 -2 -1 3 4
38 5 7 6 8 1 3 2 4
39 5 8 7 6 1 4 3 2
40 5 6 8 7 1 2 4 3
41 5 8 6 7 1 4 2 3
42 i) 7 8 6 1 3 4 2
43 -8 -5 7 6 -4 -1 3 2
44 —6 8 7 -5 -2 4 3 —1
45 -7 6 8 -5 -3 2 4 -1
46 -8 6 -5 7 —4 2 -1 3
47 -6 7 -5 8 -4 3 -1 4
48 -7 -5 6 8 -3 —1 2 4

To simplify our discussion, we use the notation of Woodruff:
Wi=(11), W,= @11, W,={11), We=111)
We=(11), We=(I11), W:=111), Ws=(111)
This table shows us that:

(a) xk = 8, since the identity does not change any of the
waves.
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(b) x¢& = 0, since the operation Lg, for example, changes all
the waves.

(¢) For the same reasons:
Xioo = X7 = xFee = x60 = x6 = xbe, = 0
(d) x¥c. = 4, for the operation Ly, for example, does not
affect Wy, W3, We, and Wa.

(e) Finally, x&, = 2.

Now the character table for the irreducible representations of
the group O}, is as follows:

TABLE IV CHARACTERS OF THE IRREDUCIBLE REPRESENTATIONS
OF THE GROUP O},

Iy I2 T9 Ihs Ifz Tig Tps Tis T T%
1) E |1 1 3 3 2 2 3 3 1 1
@ 21 1 -1 -1 2 2 -1 -1 1 1
6) JCs | 1 1 -1 -1 0 0 1 1 =1 -1
6) JCo | 1 11 1 0 0 —-1 -1 —1 =1
@® C31 1 0 0 -1 -1 0 0 1
) J 1 -1 3 -3 -2 2 -3 3 -1 1
@JCij1 -1 -1 1 -2 2 1 -1 -1 1
6) Cil1 =1 =1 1 0 0 =1 1 1 -1
6 C|1 -1 1 -1 0 ©0 1 -1 1 -1
®JCsl1 -1 o o0 1 -1 o0 0 -1 1

Using Eq. (32) of Chap. 2:

Ny =

QI

DRV %
J

(where the characters in the present case are real), we obtain:
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1 v

where:
nr, = 1, ny, = 1, Nrm = 1, Ny = 1

and the other n, are zero. Hence, the completely reducible
representation I, of order 8, contains two nondegenerate irre-
ducible representations I' and I'; and two triply-degenerate
irreducible representations I'z;s and I'is. We would expect that
the eighth-order secular determinant would yield 8 first-order
determinants if we had used “symmetric’”’ competitive functions
[see Eq. (7) of Chap. 6].

Since the three determinants associated with the triply-
degenerate irreducible representation are equal, we obtain four
distinct energy values: two nondegenerate and two triply-
degenerate. In the case of an ‘“‘empty”’ crystal, the level
Eo+n = 472h? is eight-fold degenerate; the crystal field con-
sidered as a perturbation has dissociated it into four distinct
levels, two of which are now triply-degenerate.

Note. Table III is not strictly necessary to find the characters
xJ. It suffices to consider, as we have already seen, one element
per class. Nevertheless, we have given the entire table, since it

is used to find the symmetric combinations of plane waves which
effectively factorize the secular determinant.
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2. The ensemble of six waves (200) forms a basis for a repre-
sentation of order 6 of the factor group. In putting:

Wi = (200), W, = (020), W; = (002)
W, = (200), Ws = (020), We = (002)
we form Table V analogous to Table III:

TABLE V
rin W,

sin Pp, 1 2 3 4 5 6
1 1 2 3 4 5 6
2 —4 -5 3 -1 -2 6
3 1 -5 —6 4 -2 -3
4 —4 2 —6 -1 5 -3
5 2 —4 —6 5 -1 -3
6 -5 1 —6 -2 4 -3
7 —4 3 -5 -1 6 -2
8 —4 —6 2 -1 -3 5
9 —6 -5 1 -3 -2 4
10 3 -5 —4 6 -2 -1
11 -5 —4 3 -2 —1 6
12 —6 2 —4 -3 5 -1
13 1 -6 -5 4 -3 -2
14 2 1 3 5 4 6
15 3 2 1 6 5 4
16 1 3 2 4 6 5
17 3 1 2 6 4 5
18 2 3 1 5 6 4
19 3 -4 -5 6 -1 -2
20 -5 —6 1 -2 -3 4
21 —6 —4 2 -3 -1 5
22 -5 3 —4 -2 6 -1
23 —6 1 -5 -3 4 -2
24 2 —6 —4 5 -3 -1
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TABLE V (cont'd)

. rin W,

sin Pp, 1 2 3 4 5 6
25 4 5 6 1 2 3
26 —1 —2 6 —4 -5 3
27 4 -2 -3 1 -d —6
28 -1 5 -3 —4 2 —6
29 ) —1 -3 2 —1 —6
30 -2 4 -3 -5 1 —6
31 -1 6 -2 —4 3 —5
32 —1 -3 5 —4 -6 2
33 -3 -2 4 —6 -5 1
34 6 -2 -1 3 -5 —4
35 -2 -1 6 -5 —4 3
36 -3 5 -1 —6 2 —4
37 4 -3 -2 1 —6 -5
38 5 4 6 2 1 3
39 6 5 4 3 2 1
40 4 6 5 1 3 2
41 6 4 5 3 1 2
42 5 6 4 2 3 1
43 6 -1 -2 3 -4 -5
44 -2 -3 4 -5 —6 1
45 -3 -1 5 -6 —4 2
46 -2 6 -1 ] 3 —4
47 -3 4 -2 —6 1 -5
48 5 -3 -1 2 —6 —4

The table shows that:
XE‘ = 6) XE\’ = 2y X.Il‘Cz = 2; X.I;CA" = 4) XE‘. = —2

the other characters being zero. Then Eq. (32) of Chap. 2 gives:

1 .
Ny = Z_g [GXE' + szﬂ + 12X}C’: - 12X.IIC\’ - IZXZV]
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from which-
nr, = 1, Nry = ]-, Nrn, = 1
Thus, the ensemble of 14 waves (111) and (200) forms a basis

of a representation equivalent to a completely reduced repre-
sentation T' such that:

[ =T+ 205 + 2% + T'is + Tz

The secular determinant, using the symmetric plane wave com-
binations, will factorize into:

1 determinant of order 1
1 determinant of order 2
3 equal determinants of order 2
3 equal determinants of order 1

2 equal determinants of order 1

3. There should be no difficulty in studying in the same
manner the wave ensembles (220), (311), etc. The results are
collected in the following table taken from Herman:

TABLE VI

h (2| N Irreducible Representations

Iy T Tgs Tis Tip Tig Tgs Tis T Iy

(111) 3 8 1 1 1 1
(200) 4 6 1 1 1
(220) 8 12 1 1 1 1 1
(311) 11 24 1 1 2 2 1 1 1 1
(222) 12 8 1 1 1 1
Total. . | 58 4 4 6 5 2 2 2 1
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Considering these waves as competitive functions, we finally
arrive at a determinant of order 58, and the use of symmetric
waves factorizes it as follows:

1 determinant of order 4

1 determinant of order 4

3 equal determinants of order 6
3 equal determinants of order 5
2 equal determinants of order 2
2 equal determinants of order 2
3 equal determinants of order 2

3 equal determinants of order 1

6. DETERMINATION OF SYMMETRIC COMBINATIONS
OF PLANE WAVES (SCPW)

To effectively factorize the secular determinant, it is neces-
sary to use a basis formed of symmetric linear combinations of
the competitive functions. We shall call these symmetric com-
binations of plane waves, abbreviated as SCPW.

1. Let us first consider the SCPW associated with the en-
semble of waves (111). We then need a SCPW belonging to Iy,
one belonging to I'3, three for I'ys and three for I'is. We shall use
Eq. (17) of Chap. 5 to find these combinations.

(a) I'i is nondegenerate and appears only once, so that
48
Zl Xl‘l(Ls) 'PLaWr =xN ‘fil (2)
o=

where 91 is a constant factor. We choose W, = W, and
note that xr(Ls) = 1 for all 48 terms. Thus, it suffices
to sum all the waves of the first column in Table III:
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(b)

fi= 1 —4 -2 -3 -3 -—2
—4 -3 —2 —4 —4 -3

In this sum, we have written 1,2, ... for W,, W, . . .
Hence:
fli=1-2-83-44+5-6-7-—8) (6 times)
and if we normalize:
1 1 .
=—(1-2—-3—-44+5—-6-7-28 3
fiu \/8( + ) 3)

Remark. Since there is only one SCPW associated with
I, Eq. (2) applies to any of the waves of the ensemble
(111), and they all lead to (3).

I'; is nondegenerate and appears only once. Then Eq. (2)
becomes:

48
§1 xry(L8)Pr.W, = 914

The procedure is the same as above and we note that for
the first 24 terms:
xro(Ls) =1
while for the second 24:
xra(Ls) = —1
giving:

2 =L _o_a_4_
fu-—\/g(l 2—-3—-4—-5+6+7+8) 4)
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(c)

(d)
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I'}s is triply-degenerate but appears only once. We then
48

use Eq. (17b) of Chap. 5, and in applying ¥ xru(Ls)PL,
s=1

successively to W1, Wi, Ws, and Wy, obtain four combina-

tions Q1, @2, @2, Qs of the SCPW:

fy fh fh
We notice that @, = Q. + @; + Q4 and that Q:, Qs, Qs
form three linearly independent combinations. Unfor-
tunately, Q:, @, and Q4 are not mutually orthogonal and
cannot be taken as SCPW. However, the combinations
Qi — Q4 Q1 — @3, and @ — @ are mutually orthogonal
and, neglecting normalization factors, are the same as
3, f, fi. Hence, we find that:

3 1 o L ¢ .
=—14+2+3—-44+5+6+7—8
11 \/8( + 2+ +56+6+ )
1
b=z +2-3+445+6-7+8) ®)
8
3 1 . ,
=—01-2+4+34+44+5—-6+7+8
48
Note. The operation 2‘,1 x1v25(Ls)PL, applied to Wi, W,
Wi, Ws would have led to the same Q,.

An analogous argument (with several long, tedious calcu-
lations) leads us to the three SCPW for the representation
I'1s, which are:

fh=\—}§(1+2+3—4-—5—6—7+8)

i‘2=;‘/1—§(1+2—3+4—5-—6+7—8) (6)

4 =

t, \-—/1—_8-(1—2+3+4—5+6—7—8)



The method of factorizing a secular determinant 97

In this transformation, we have gone from the ortho-
normal basis of the waves (111) to a new orthonormal
basis composed of SCPW f,,, using the following orthog-
onal matrix P:

W W, W, W W, We¢ Wi Ws

Ml =11 1 1 -1 1 1

il 1 1 -1 -1 —1 —1 1
Ll 1 -1 1 -1 -1 1 -1
MMl -1 1 1 -1 1 -1 -1

2. Now we shall consider the SCPW associated with the (200)
waves. The same considerations as above again apply, but now
we are concerned with the irreducible representations I'; and
I'ss, which appear twice in the representations formed by the
(111) and (200) waves. Hence, we shall have two ensembles of
SCPW and both must transform in the same manner for every
operation of the group O} (see Sec. 2, Chap. 5).

In order to satisfy this requirement, we use an elegant method
indicated by Woodruff. Let us find all the representative ma-
trices in I'ss for the operations Ls. To do this, we make use of
the SCPW associated with the wave ensemble (100) and belong-
ing to the irreducible representation I';s. To simplify the nota-
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tion, write fi, f2, fo for f3, f3, fis. Let us find, for example, the
matrix belonging to the operation L,:

PL2f1 = \/Lé

With the help of Table III, this becomes:

Po(l+2+3—-4+4+5+6+7-—28)

PL2f1=\_}'§(—4+3+2+1-‘8+7+6+5)=f1

Similarly:
PL2f2 = —‘f2, Psza = "f:x

1 0 0
Dy¥Ly) =[0 -1 0
0 0 —1

Thus, we can establish Table VII with 48 matrices representing
the 48 operations of O} belonging to the representation I'js:

and:

Let us now find the three SCPW belonging to I';s and associa-
ted with the waves (200), using the notation:
W, = (200), W, = (020), W, = (002)
W = (200), Ws = (020), We = (002)
The irreducible representations appear only once in the repre-
sentation due to the wave ensemble (200) and it is possible
to write:

P da
W,= 3% 3 boff
a=1j =1
by considering W, as a function F [Eq. (4) of the appendix] to

which we apply Eq. (5) of the same appendix. That is:
% DiF(L)PLW, = \-f§ (8)

the coefficient A being zero. This is the eventuality which occurs
when we apply formula (8) for thecasel = 1,r = 1,2, 4, 5 and
use Tables 6 and 7, so that:
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TABLE VIl MATRICES REPRESENTING T'js
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48
21 Di*(Ls)PL.W. =0
But when ! = 1, r = 3, 6, we have:
48
S DI(Ls)PL,W, = 4W; + 4W,
and we have thus determined a SCPW:
s 1
= — (W W,
11 \/2 ( 3 + 6)

Equation (8) for I = 2 and 3 leads to the two other SCPW of
I';s associated with the ensemble (200):

flo = \—1/—2— (W + W)

?3 = ‘\‘};(Wx + W4)

Hence, we are sure of having constructed two ensembles of
SCPW for the representation I';s which transform in the same
manner for all operations of 0]. There remains the analogous
job of doing the same thing for I';.

7. THE SECULAR DETERMINANT
1. Returning to Eq. (7) of Chap. 6 (for which k = 0):

2
det D = det (4#2% — E) Ornwt + Vh-n

=0 9)

In order not to present too much detail, we shall consider only
the 8 functions (111) as competitive functions. We then obtain
Table VIII, where 8 = 3-4x2/a

To factorize this determinant, we take as basis functions the
8 SCPW associated with the (111) ensemble. If we transform
D by using the matrix P of (7):
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TABLE VIl THE DETERMINANT D

111y | (1I) [ (@) | A1) | AID | (T11) [Ty |@a1D)
(11)* | Voo Vom Vi Vo Vi Voo Vi Vooz
+8—E )
AID* | Vo Voo Vi Vo Vi Vi Vooz Vo
+8—E
TD* | Vi Vi Voo Voz Vozo Voo Vi Voo
+8—E
ATD)* | Vi Vaoz Voai Voo Vooi Voo Vo Vs
+p-E
AID*| Vin Voo Vo Vooz Voo Voas Ve Vs
+B8—FE
T11)*| Vo Vo Voo Voio Voz Voo Vaio Veoz
+B8—E
AIN*| Von Voo Vis Voo Vi Vi Voo Vosi
+p—E

(11D*| Vo Voo Vioo Vi Vo Vi Vo Voo
+8—E
D = pDp-! (10)

then the determinant of D will be automatically factorized.

2. Previously, we have precisely expressed the symmetry
properties of V (r). These symmetries permit a reduction in the
number of different terms Vj—p. That is:

V(r) = z‘vhexp(zwlipr>
h a

and we operate on both sides of this equation with the operator
P;. Since V(r) is invariant under the operations of the group
O, we have
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PLV(r) = Py [g Vi exp <21r‘—11h-r)] = V)
so that:
P, <Eh Vi exp <27ri h-r>] = % Vi exp [27r¢11 h- (L—lr)]
Evaluating the scalar h-(L~'r) gives:
h-(L7'r) = h-(a"'r — a'w,r)

= h-o(r — w,) = ah-(r — w,)
and:

PLV(r) = 3 Vhexp (—27réah-w.,> - exp (2wiah-r) = V(r)
h

Finally, whatever r is:

> Viexp (21rZ h'r>

h a

=3 Viexp (-——21r - ah-wa) exp (21r—l ah~r)
h a a

from which:
Van = Va exp<—21r(—zah-w,,> (11)
Expression (11) shows that the coefficients V', are not all inde-

pendent.

(a) Now consider the 12 coefficients Vazo, Va2, V2o, - - . - The
operation Lz of Table I transforms 202 into 022 and

wy = 0. Then Vo = Vae. The operation Lz transforms
022 into 022 and

exp (—21r az ah-ws) =1

so that Vo = Vem. The operation Lgg transforms 022
into 022, but in this case

exp (—27 2 ah- WQQ) = —1 and Vozz = - Vo§2

and Vozz = —Voﬁz.
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Thus, we gradually obtain the following relations con-
necting the 12 coefficients:

Voo = Var = Voo
Voo = Vig = Vom
Vio = Vi = Vin
Voo = Vg = Vs
Voo = Vi = — Vi = — Vo
(b) In the same way, Eq. (11) also gives:
Veo = Voo = Ve = —Vao = —Vozo = —Voz
and
Ven =V = Vg = Ve = Vam = Ve = Vo = Vs

Hence, the determinant of Table VIII is converted into
the one of Table IX.

3. We have now arrived at the final point of our considera-
tions: given the matrix D, how to find the equivalent matrix
D = PDP-'. Let us note that since P is orthogonal, its inverse
is the same as its transpose. We also know in the present case
that only the diagonal terms are zero and that:

Di3s = Dy = Dy, Dgs = Dy = Dss

It suffices then to find Dy, Dy, Dss, and Des. For example:
Dy, = Z_‘,J PyDy,(P~%) 1

The calculation is long, but not difficult, since all the elements
of P and P! are &=1. The results are:

Dy=Vuw+B—E —3Vay+ Vo

Dy = Vo + 8 — E — 3Vaz — Ve

Dy = Vo +8—E + Voo + Vo
Voo +8—E+ Voo — Voo

> |
g
I
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TABLE IX THE DETERMINANT D

(111) | (AID) | (T1T) | (AT1) | AID) | (T11) | (1T1) | (110)
A1)* | Voo Vo Vax Vao Var [=Vao |[=Vao [=Vao
+8—E
AID*| Vi Voo |=Vao [=Vao |~V Vin Vano Vo
+B8—E
TID* | Vao |~ Vao Voo |[=Vae [~V Vaoo Vs Vaoo
+8—E
ATD*| Voo [—Vao |~V Voo |—Vao Voo Voo £
+8—E
AID* | Ve Vao Vo Voo Voo Vo Voo Vg
+8—E
T1)* | Vi Var |—Vao |[—Vao Vazo Voo |—Vao [=Vao
+6-E
ATD)* | Ve [—Van Var |—Vao Vao =V Voo |=Vao
+8—E
UID* [ Vao |—Vao [—Vao Vo Voo |=Vao |[—Va Voo
+8—-E

By way of verification, we can calculate some of the D,; (i 5 j)
and verify that they vanish. The four energy values are given
by the equations:

Du = O, Dzz = 0, Daa = 0; DGG =0
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8. CONCLUSION

We have demonstrated the factorization of a secular deter-
minant using the diamond lattice as an example. We have fac-
torized here an 8th-order determinant; by including the SCPW
associated with the ensemble of plane waves (200), we could
have done a 14th-order determinant, although this would be
much more involved.

In this chapter, we chose the central point k = 0 of the
Brillouin zone. The same reasoning can be extended to points
of high symmetry in the reduced zone [21], [22]. However,
the group C(k) will then be only a subgroup of the factor
group O].

To obtain numerical results, a knowledge of the coefficients
Vn is necessary. Their calculation is beyond our present scope
and we refer the reader to items [21], [22], and [23] of the
bibliography.






Appendix

Let T« be the irreducible representation of dimension d, of a
finite group of operators P and let the d, functions f, (j = 1,
2,...,d,) form a basis of this representation. The operator
P, transforms the function f¢ into a linear combination of func-
tions f7, the coefficients of which are the terms of the representa-
tive matrix Dg(L):

da
P-f7 = 3 Dy(L)fs (1
Let us form:
z DI(L)P.f§ = zz D(L)D#(L)f¢
1

Applying the fundamental formula, Eq. (22) of Chap. 2, this
becomes:

2 DINLIPLS = 2 - - basbudinT = 3 busbinfT  (2)

In particular, we can show that:
2 DE(L)Puff = 1 - ff 3)

107
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Consider now a function F which is a linear combination of the
function f§. Let:

p da
F=3 3 bff (4)
a=1j=1
Applying Py, to the function F and forming
% Dy (L)PLF
we have:
Z Dit(L)PLF = 2 2 2 Dir(L)bwy Puff
a )
=3 3 bay }L,‘ Di(L)PLf%
a J
By (2):
ZDI(L)PLF = 3 3 bay - & - bubinF
a j a
from which:
3 DIF(L)PLF = b - I fe
L a
or:

}‘z Dit(L)PLF = \-ff

where A may take on zero as a value.
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Bravais lattices, 37
Brillouin zone, 41
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Characters:
definition, 23
properties, 23-24
Class, 4
Competitive functions, 50, 56, 61
Conjugate elements, 4
Cosets, b

Group:
abelian, 2, 18
cosct of a, 5
crystal lattice, 34
definition of, 2
euclidean displacement, 34
examples of, 2-3
factor, 8, 37, 66
elements for diamond, 80-81
isomorphic, 4
of the vector k, 67
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Group (cont.):

point, 37

representation of (See Represen-
tations)

space, 31-35, 37

subgroup of a, 5

supergroup, 7

symmorphic, 37

Isomorphism, 4

Lattice:

Bravais, 37
diamond, 78
reciprocal, 39-40

Matrices:
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conjugate, 16

direct sum of, 14
equivalent, 10-11
hermitean, 16

restriction on rotational, 35
rotation, 33

scalar, 17
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Matrices (cont.):
trace of, 11
transpose of, 16

Plane waves:
applied to diamond lattice, 77-105
as competitive functions, 83-84
as solutions to the Schroedinger
equation, 69-71
effect of diamond symmetry on,
85-86
orthogonalized, 73-75
Primitive translations, 36, 38

Representations, 9-29

basis of, 55
by matrices, 11, 55
decomposition of, 25-29, 56
degenerate, 25
direct product of, 21-22, 38
irreducible:

definition of, 13

for diamond lattice, 86
non-degenerate, 25
of translational groups, 38-39
properties of, 15-21

Index

Representations (cont.):
reducible, 12-14
Ritz method, 45-51, 56-61

Schroedinger equation (See also
Ritz method)
solution by competitive functions,
5664
solution by plane waves, 69-71
symmetry of solutions, 53-54
Schur’s lemma, 18
Secular equation, 50, 75, 100-105
(See also Ritz method)
SCPW (Symmetric combinations of
plane waves), 95-100
Subgroups, 5
conjugate, 7
index of, 6
invariant, 7, 32, 35
translational, 32

Unit cell, 40
of diamond lattice, 4243

Variational method (See Ritz
method)
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