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ON GENERALIZED SURFACES OF FINITE TOPOLOGICAL TYPES !

L. C. YOUNG

1. Background and notation. In many branches of mathematics ideal elements
are introduced with the object of ensuring that certain natural mathematical princi-
ples shall have universal validity. At first sight the ideal elements may perhaps
appear somewhat far-removed from the more intuitive concepts which they supple-
ment, but they are necessary for a true understanding of these concepts. In the
Calculus of Variations, these ideal elements play a part which is similar to that
of complex numbers in Algebra or points at infinity in Geometry: we call them gen-
eralized curves, generalized surfaces, generalized hypersurfaces. With their help,
existence theorems such as the one obtained recently (and rather suddenly per-
haps, after a fifteen year lull) by several mathematicians [Danskin 2, Sigalov 10,
Cesari 1a] become automatic: a very very general result of this kind is given be-

low (9.2).

There is one radical difference between the notion of generalized surface
that we develop and all previous generalizations of elementary surfaces: it makes
no attempt to copy the familiar features that our intuition attaches to an elemen-
tary surface, but prefers to ignore these features and to retain only the essential
properties actually used in formulating problems in Analysis and in the Calculus
of Variations. Yet this radical difference merely exists in order to achieve, more
fully, exactly the same acknowledged aim: to attain a better understanding of sur-
faces in the most elementary sense and of the laws and principles by which they
are governed.

In the present paper, and in its predecessor [Young 18], we have, perhaps,
not been quite radical enough as regards the boundary of a surface: a more satis-
fying treatment of this last notion and of its implications is given in [Fleming and
Young 20]; unfortunately it seems applicable only in the oriented case. We present
here, not a theory which is complete or final, but one which includes all the exis-
tence theorems that workers in the field have been striving for. Naturally, we mod-
ify as little as possible their assumptions. In particular, in contrast to [Young 19],
we restrict ourselves to admissible surfaces with a bounded Euler characteristic.
Finally we emphasize that the surfaces admitted are situated in Euclidean spaces
of unrestricted dimensions, in which the basic algebraic and topological facts
(affecting the Calculus of Variations as well as other topics such as functions of

1. This work was supported by a research grant from The National Science Founda-

tion in 1952-53.
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several complex variables) are by no means cleared up. Our ignorance of these
facts has forced us sometimes to adopt devious routes (and so to add to the length
of this paper) but it has not materially influenced the generality of our results. We
draw attention below (§10) to seemingly simple questions which correspond, in
the classical theory, to very real difficulties.?

We are concerned with a generalization of the notion of surface in the para-
metric form [for the non-parametric form see Young 12; for the case of curves, see
Young 11, McShane 4d]. If one thinks of such a surface as somehow represented
by a function x(u,v), whose values lie in Euclidean m-space X while (u, v) rang-
es in the unit square R(0 <u <1, 0<v<1), the question arises as to when two
such x(u,v) are to be regarded as defining a same surface. To this question, con-
flicting answers have been given and every such answer gives rise to a different
notion of parametric surface: thus, a polyhedron, as defined in combinatory topo-
logy, has representations x(u,v) which are not equivalent in the sense of (say)
Fréchet. The key to the present theory lies precisely in a new specification of the
equivalence of two x(u, v), a specification which is closest to that of combinatory
topology.

We require some preliminary definitions. We say that x(u, v) is a generalized
Dirichlet representation, if it is defined and bounded for (u,v) in R and takes
values in X, if it is absolutely continuous on the intersection of R with almost
every line u=const. or v=const., if its restriction to the perimeter of R is con-

tinuous, and if its Dirichlet integral
Iz, R) = é—ffR(xf+xu2 ) dudv

is finite. In the sequel, all the representations which occur, will, unless the con-
trary is expressly stated, be generalized Dirichlet representations, and we denote
the class of these by D. Let us emphasize that we do not restrict ourselves to
continuous representations except where we say so expressly. (In classical analy-
sis, stress is laid on the continuity of the representations x(u, v) which are ad-
mitted; we have dropped this requirement and replaced it by others, which also
are satisfied by every elementary surface—whatever meaning we may agree to as-
sign to this term-and which have been chosen for reasons explained elsewhere 3

[Young 17b]; actually the removal of the continuity requirement strengthens, not

2. This is one of a number of instances in which the classical theory is confronted
with the same technical difficulties as our theory. Thus, in establishing their existence
theogem, Sigalov and Cesari use and refine the techniques that were planned | Young 15,
17:] to buﬁd the present theory. Similarly some of the techniques developed here, notably
in (3.2), (2.3), and in §6, have applications quite independent of our theory.

3. See also §2 below.
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only our methods, but also our results, for we shall see below (9.2) and (9.9) that

the solutions of acceptable variational problems are still continuous.)

We shall use the symbol x both for a point of Euclidean m-space and for a
generalized Dirichlet representation x(u, v). To avoid confusion, we write in the
former case x € X and in the latter x € D. It is convenient to write further
x € D(N) to mean that x € D and that [(x, R) < N. A similar notation will be used
in the case of the Jacobian j(u,v) of x(u,v), which is defined as the vector pro-
duct of the partial derivatives x, and x, and exists almost everywhere in R. We
write (x,j) € D to mean that x € D and that j is the Jacobian of x.

The values of any j(u, v) are bi-vectors. They lie in the space / whose ele-
ments can be identified with the skew-symmetric matrices j = (; ) (r,s =1,2, -, m)
of rank 2 or 0. We define the norm |j| for j € / as the square root of erzs
(summed for I <r <s <m). We denote by /, the subset of ] consisting of the j
of norm 1, and by J* the superspace obtained from / by deleting the condition
that j be of rank 2 or 0. We : rite further (£, ), (E, ])), (E, J*) for the cartesian
product of a subset £ of X with /, /, or J*. We note the following properties
of J:

(a) Any two j € /] whose sum belongs to / are expressible as the vector pro-

ducts of two points of X with a same point of X.

(b) Given a finite number of j € / whose sum is zero, there exist a finite

" can be rear-

number of j' € J, such that, writing j"=-j’, the sum Zj+; '+;"
ranged in blocks of not more than 3 terms, so that the sum of the terms in each
block is zero.

(c) Given two bi-vectors j;, j, there exists a bi-vector j such that j, -

and j—j2 are bi-vectors and that
Lip=igl? = Lig =i 1% + =iy

Here (a) and (c) are easily established by suitable choice of the coordinate axes
of the space X. Moreover (b) is trivial both in the case in which the j all lie in
a same coordinate plane, and in the case in which they consist of a given bi-vec-
tor and the negatives —j _ of its components j . To deal with the general case,
it is now sufficient to reduce it to these two trivial cases, by including among the
j' the negatives of all the components of each j.

We write F for the space of continuous functions f = f(x, ), (x, j) € (X, J}),
with the norm 4 |f| =sup|f(x,j)| for |x| < B where B is a sufficiently large

4. Or, more properly, pseudo-norm. The topology is the same as that derived from the
norm 22-"0"(])_/{1 +Q" (f)} where Q" (f) =Sup If &, 1)| for |x| < n. See [12] p. 87 for an

analogous situation.
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constant depending on the context. The extension of an fEF to (x,j) € (X,]) by
the homogeneity relation f(x,pj) = pf(x, j) for p > 0 will be denoted by the same
symbol and termed parametric integrand or simply integrand. The values taken by
each [ will be real numbers or else points of some Euclidean space. We term the
integrand [ symmetric if f(x, j) = f(x,~j), real if it takes real values, non-nega-
tive if 1t takes non-negative values, for each (x, ) € (X, J); whenever in the se-
quel we speak of an integrand in connection with a non-oriented surface, it will
be understood that the integrand is symmetric.

Corresponding to any (x, j) € D, we form for each integrand f € F the classi-

cal surface integral

(1.1) L) = [f flx(u,v), j(u, v)]dudv.
R

We remark that the various definitions of equivalence of parametric representations,
which normally occur in Analysis, have the following property: if two x € D are
acceptable representations according to the definition in question—in particular
are continuous—and represent the same oriented (or non-oriented) parametric sur-
face, then, for each integrand f (or each symmetric f), they give the same value
to L(f). It is this property (which need only be extablished for a dense subset of
the relevant f € F) that we take for our definition. In the case of Fréchet equival-
ence of surface representations whose values lie in Euclidean 3-space, this prop-
erty is a special case of very general results, obtained for instance by Reichelder-
fer [8, (17) p. 283 and (20) p. 284]. We say that two x € ) define the same orient-
ed parametric surface, if and only if, for each f € F, they give the same value to
L(f); and that they define the same non-oriented parametric surface, if and only if,
for each symmetric f € F, they give the same value to L(f).

An oriented or non-oriented parametric surface may now be defined as a maxi-
mal class consisting of x € D, all of which give the same value to the functional
L(f) of (1.1), either for each integrand f, or for each symmetric integrand. But
since the functional determines the class and vice-versa, it is simpler to say that
the functional, defined for all integrands or for all symmetric integrands, is our
oriented or non-oriented parametric surface, and that an x € D for which (1.1)
holds for every integrand or for every symmetric integrand is a parametric represen-
tation of L({).

More generally, a continuous linear functional L(f) will be termed a general-
ized oriented, or non-oriented, surface, if it is defined for f € F, or for symmetric
f € F, and jts value is non-negative whenever such an f is non-negative.

The generalized surface L(f) is termed limit (or sometimes: weak limit) of

the sequence of generalized surfaces Ln(f), n=1,2, ««., or in particular, of para-
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metric surfaces, if for each relevant integrand f (each f € F in the oriented case,
each symmetric f in the non-oriented case) the values Ln(f) converge (weakly)
to L(f). It is easy to see that every generalized surface is expressible as the
limit of a sequence of uniformly bounded parametric surfaces.

The notion of limit can be associated with a distance termed McShane dis-
tance [Young 18 (3.3) p. 62] provided that there is a sphere |x| < B of the space
X such that all the Ln(f) and L(f) concerned vanish when f(x, ;) is zero for all
x in this sphere. The McShane distance of two such generalized surfaces Ll(f)
and L,(f) is the maximum modulus of L (f) — L,(f) for the class of functions
f(x, ;) with Lipschitz constant <] and with maximum modulus <] when x is re-
stricted to the sphere [x| < B and j to J,.

We reserve however the term distance for an independent (much larger) quan-
tity: we term distance (strong distance) of the generalized surfaces L(f) and

L (f), the norm of the linear functional L — I,', i.e., the expression

Sup|L([)—Ll(f)|

where the supremum is for all { € F whose norm is <1, or all such symmetric f
in the non-oriented case. The generalized surface L(f) is termed strong limit of
the sequence of generalized surfaces L (f),n =1, 2, --., if the distance of L(f)
and Ln(f) tends to 0 as n— o, and the carriers of the L"(f) are uniformly
bounded. The distance of two surfaces L(f) and L'(f) reduces to the norm of L
in the case Ll(f) =0 and its value is then L(f,) where fo(x,j) =1 for (x,]) €
X, jl ); we term this value the area of the generalized surface L(f). In the orient-
ed case we define also the oriented area of L(f): we mean by it the value in J*
taken by L(f) when f(x,j) =]

One consequence of our definitions is that addition of parametric or general-
ized surfaces now simply means addition of the corresponding linear functionals,
an algebraic instead of a somewhat constricted geometrical operation. It is impor-
tant to note, and easy to verify, that the sum of two oriented, or non-oriented,
parametric surfaces is itself an oriented, or non-oriented, parametric surface.
This shows incidentally that the notion of parametric surface would not be wi-
dened if we allowed (u,v) to range on a two-dimensional manifold instead of a
square,

On the other hand, the intuitive process of sticking together two surfaces
“*along a common edge’’ will be replaced here by a much more complicated ‘‘sew-
ing process’’ (3.2).

We shall require a few more definitions. We say that the parametric, or gener-

alized, surface L(f), oriented or non-oriented, is of the type of the sphere, if
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L(f) = lim Ln(f) where Ln(f) is a parametric surface with at least one represen-
tation x, € ) such that the restriction of x to the perimeter of R is constant.
(We have altered the terminology of Young [18], where such an L(f) was termed
“‘closed”’.) Similarly, we say that L(f) is of the type of a disc, if L(f) =limL (f),
where Ln(f) is a parametric surface with at least one representation x, € D
whose restriction to the perimeter of R describes a fixed simple closed oriented

Fréchet curve C independent of n, termed rim of the disc.

We term piecewise linear a continuous representation x € D which is linear
in each of the parts into which R is subdivided by some finite triangulation, A
parametric surface with a piecewise linear representation is termed a polyhedron
and the latter will be said to be a polyhedral sphere, ot a polyhedral disc, if it is
of the type of a sphere, or of the type of a disc. A polyhedral disc will be termed
flat-rimmed if its rim is situated in a plane of the space X.

2. Approximation to a micro-representation. We term carrier of a generalized
surface L(f) the smallest closed set of points £ C X such that L(f) assumes
the value zero whenever the restriction of its integrand f(x, j) to (x,j) € (E,])
is zero. A generalized surface whose carrier consists of a single point is termed
micro-surface.

Given a generalized surface L(f), or in particular a micro-surface, and given
a point x, € X, the micro-surface M(f) defined by writing M(f) = L(f,) where
fol=, j) = f(xo, j), is said to be obtained by concentrating L(f) at the point X5
when x is the origin, we term M(f) the shape of L(f); in the case in which
L(f) is a micro-surface, we say also that M(f) is obtained by translating L(f) to
the point x,. In the case in which L(f) is a polyhedron, or a polyhedral sphere,
or a flat-rimmed polyhedral disc, and is moreover oriented, then the micro-surface
M(f) obtained by concentrating it at some point xy € X, will be termed a micro-
polyhedron, or a polyhedral micro-sphere, or a polyhedral micro-disc. The limit of
a sequence of polyhedral micro-spheres, or of a sequence of polyhedral micro-
discs, will be termed a micro-sphere, or a micro-disc. We observe that a micro-
sphere is at the same time a micro-disc (but not vice-versa), since a polyhedral
sphere has an arbitrarily small distance from a flat-rimmed polyhedral disc. We
observe further that a micro-sphere, or micro-disc, M(f), is expressible as the
limit of a polyhedral micro-sphere or flat-rimmed micro-disc Mn(f) with the same
carrier (consisting of a point X, € X); it is important to observe, in the case of a
micro-disc, that we can stipulate further that Mn(f) possess the same oriented
area j, as M(f), and that the shape of M, (f) be that of a flat-rimmed polyhedral
disc L (f) whose rim is the oriented perimeter of an arbitrarily given parallelo-
gram 7 of oriented area j,: to this effect it is sufficient to mouify M (f) by the

following construction.
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By making use of property (c) of the space J, we first construct a parallelo-
gram w_, whose oriented area equals the oriented area j_ of Mn(f), and whose
corners are close to those of 7. This is possible since j —j, is small for large
n. We can then add to 7, not more than eight triangular faces of small area, so
as to form a flat-rimmed polyhedral disc L’n(f) whose rim is the same as that of
7. We now cover, by Vitali’s theorem, an arbitrarily large proportion of 7 with
plane figures T whose rims are polygons derived from the rim of our original
L, (f) by magnification and translation. By fitting onto these rims, flat-rimmed
polyhedral discs derived from L (f) itself by similar magnification and transla-
tion, and substituting them for the corresponding figures T, we derive from L'n(f)
a flat-rimmed polyhedral disc L:(f) whose rim is that of 7 and whose concentra-
tion at x,, is a polyhedral micro-disc M:(f) at a small distance p_ from M (f).
If we arrange for p, to tend to zero as n— o, the micro-disc M:(f) is the de-

sired modification of M (f).

A micro-disc Mu,u(f), which depends on the parameters u and v, and is de-
fined for almost every (u,v) € R, will be termed parametric micro-representation,
or simply, micro-representation, if its carrier is the value at (u,v) of an x € D
whose Jacobian j(u,v) equals the oriented area of Mu,u(f) (condition of tangen-
cy) and if its value for each f constitutes a function of (u, v) integrable in R
(condition of integrability). A function x € D which coincides at almost every
(u, v) of R with the carrier of the micro-disc Mu, v(f), will be termed the carrier
at (u,v) of the given micro-representation. Two carriers x € D of a same micro-
representation agree almost everywhere in R and also at every point of the per-
imeter, and we shall not distinguish between them.

The generalized, oriented or non-oriented, surface L(f) will be said to pos-

. . * . .
sess a micro-representation M,  (f) € D", if for all relevant integrands f we have
)

@1 L) = ff M, () dudv.
R

We observe that (2.1) constitutes a generalization of (1.1): parametric surfaces
constitute a subclass of the generalized surfaces which possess micro-represen-
tations. In (2.2) below, we state that in the class of generalized surfaces which
possess micro-representations whose carriers x(u, v) have a fixed restriction to
the perimeter of R, the subclass consisting of parametric surfaces with the same
property is dense.

We write Pol, Pol-int for the classes of continuous x(u,v) € D which are,
respectively, piecewise linear in R and piecewise linear in the interior of R,
i.e., in every smaller concentric square. We write Lip, Lip-int, and quasi-Lip, for

the classes of continuous x(u, v) € D which are, respectively, Lipschitzian in R,
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Lipschitzian in the interior of R, i.e., in every smaller concentric square, and
quasi-Lipschitzian: we term quasi-Lipschitzian a continuous x(u,v) € D such
that the interior of R is the sum of two sequences A and B , where each 4 is
a closed set on which x(u,v) is Lipschitzian and each B is a segment parallel
to one of the axes on which the restriction of x(u, v) is an absolutely continuous
function of one variable. All such representations are special in the sense of [17
(b) §3), i.e., their classical areas coincide with their intrinsic areas on the interi-
or of R; actually the special representations used in [17(b)] can be replaced by
quasi-Lipschitzian representations without affecting the proofs. (Special represen-
tations are introduced mainly because some mathematicians do not consider con-
tinuous x(u, v) € D admissible without a further restriction: the following pair of
theorems, applied in the case of a parametric surface L(f), suggest that even a

restriction to continuous x(u,v) € D is unnatural.)

(2.2) Let the generalized surface L(f) possess a micro-representation
M“’v(f) € D* whose carrier is x(u,v) € D. Then L(f) is the limit of a sequence
of parametric surfaces L, (f), such that each L,(f) has a continuous special rep-
resentation % (u,v) € Pol-int whose restriction to the perimeter of R coincides
with the corresponding restriction of a(u,v). Moreover if this restriction is Lip-

schitzian, then x,(u,v) € Lip, if it is piecewise linear then x,(u, v) € Pol.

(2.3) Let the generalized surface L(f) possess a micro-representation
Mu'v(f) € D* whose carrier is x(u,v) € D. Then, given € >0, L(f) is distant
< ¢ from a generalized surface L (f) which possesses a micro-representation
€ D* with a carrier % (u, v) € Lip-int whose restriction to the perimeter of R
coincides with that of x(u,v). Moreover, if this restriction is Lipschitzian then
x _(u,v) € Lip; and if L(f) is a parametric surface then L_(f) is a parametric

surface with the representation % (u,v). 5

NOTE. In the above statements, we can further arrange that the diameter of
the approximating surface L _(f) or L_(f) exceeds by at most I/n, or by at most
€, that of L(f).

The proofs will be in several stages. We establish (2.3) first as this will en-
able us to suppose x(u, v) € Lip-int in (2.2). Part of the proof of (2.2) will be
similar to that of a corresponding statement for Lipschitzian non-parametric sur-
faces [Young 12 (8.1) p. 931.

PROOF OF (2.3). (i) First suppose that x(u, v) has a Lipschitzian restric-
tion to the perimeter. We determine & > 0 where 8 < ¢, so that the integral of the

5. As pointed out by a referee, the corresponding result, with distance replaced by
McShane distance, would be much easier to prove.
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area of M, ([) over any set of (u,v) of measure < §, and the Dirichlet integral
of x(u, v) over such a set, are < ¢. We determine further [cf. 17 (a) (15.3) p. 329]
an open set W C R of measure < § such that x(u, v) is Lipschitzian in R—W, and
we denote by k& a number > 1/5 which exceeds the Lipschitz constant of x(u, v)
in R-W. Since R—W has density one at almost all its points, we can construct,
by Vitali’s theorem, a finite sum of disjoint squares (), C R whose complement
has measure < 8, such that W occupies a proportion < k™3 of the measure of each
Qv. We denote by [, the Dirichlet integral of x(u, v) over Q,, and by Il the per-
imeter of a square RV, concentric to Qu and of side r (say), such that the line-
ar measure of WIL, is <4r, /k? and that the line mtegral of x + x on Il
<2kl,/r . For each of these two inequalities, the perimeters of squares, concen-
tric and parallel to () ,, which violate it, can occupy only a proportion < k1 of
the measure of () . We can therefore select Il | so that R, occupies a proportion
>1-2k1 > 1-25 of the measure of Q,. The measure of R~ X R is then < 36.
We can now divide each Il into a finite number of arcs Hu_v, each of length
<A, k2 , whose extremities do not belong to W. Hence if x (u,v) is a Lipschitz-
ian continuation into R, in accordance with Mickle [s] 6, with Lipschitz con-
stant < k, of the restriction of x(u,v) to R, —W, and if l l:y are the lengths

uv’

of the two curves described for (u,v) € Il by x(u, v) and by x_(u, v) respec-

pv?
tively, we have, on the one hand by Schwarz’s inequality

3 (0, )2 < (dr k™) @kl /r ) =81 kT < 8el,,

wpy

and on the other hand

* 2 * -1\2 22 2
Eﬂ(lm/) <(E#lp’v) <(@r k7)Y <16€r, <16ery,

whence
2
EM (#V) +(l L)Y <24e,

an equality that we shall need for a ‘‘sewing up’’ process.

We denote by T the mapping of R, onto a parallel concentric square of half
the side, obtained by halving the scale, and we write H#V for the subdomain of
the annulus R ,—TR , bounded by H#v, T pv and two radial sides, i.e., two seg-
ments snuated on half-lmes issuing from the centre of R . Further, we divide
R-3R , into a finite number of simply connected domains Gy by parallels to the

axes on which the restriction of x(u,v) is absolutely continuous. We define a vec-

6. If the continuation is in accordance with McShane [Young 12 (9.2) p. 93] we need
only replace k& by a constant multiple.
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tor-function x*(u,v) in R by equating it to x(u, v) on the boundaries of the G)\

and to »{ T 1(u,v)} in each TR, and then by interpolating linearly on each radial
side of the II#V
extremity on [l , of a radial side does not belong to W, and since T transforms it

and harmonically in the interior of each H}w and G). Since the

into the extremity on TIl , we see that x*(u, v) takes the same value at both ex-

. . . . . * *
tremities and is thus constant on each radial side of the le. Since xu2+x02

has a finite line integral on the sides of / it is easy to construct a function

uv?
of the class D whose restriction to the sides of H#v coincides with x*(u, v),
and from this it follows, by the minimum property of the harmonic function that
x*(u, v) has a finite Dirichlet integral in each 11# - Since its Dirichlet integral in
EGA is similarly < 3¢ it follows that x*(u,v) € D. We define further a micro-disc
Mz’ ,{f) equal to 4Mu',u’([) in each of the sets T(R ~W), where (u',v'):T—l(u,v)‘
and equal elsewhere in R to fix*(u,v), *(u, v)} where j*(u,v) is the Jacobian of
x*(u, v).

On H#v
ing to the isoperimetric relation [Young 16], is <(I

the function x*(u,v) defines a harmonic surface whose area, accord-
Lot B2, )0
(l*‘w)zf/.?. The sum of all such harmonic areas is thus < 12 . Moreover the area
integral of x*(u,v) on L T(R W) is clearly < k™! < ¢, and its area integral on

R - XR, does not exceed the corresponding Dirichlet integral which is < 3 e Since
the integral over ERVW of the area of Mu,u(f) is clearly <¢, we see that the sum

of the areas of the generalized surfaces

M, (f)dudv and [ i M (f)dudv
R-%(R W) R-XTR W)

is less than 19¢ Since, moreover, for each v the integral of M,  (f) over R -W
equals that of M: U(f) over T(R -W), it follows that the distance of L(f) from

the generalized surface

L*(f) = fIM) (f)dudv
R »

’

is <19
We now modify x*(u, v) by making it piecewise linear (and so Lipschitzian)
on the sides of the polygonal domains Gy and H}W other than sides situated on
the perimeters of the TR , orof R (where it is Lipschitzian already). The result-
ing function x'(u, v) is defined so as to be harmonic in each G)\ or H#V, to coin-
cide with x*(u, v) on the perimeter of R and each TR , and to be sufficiently
close to x*{u, v) on the remaining sides of the G)\ and H# e According to [ 16

(b)], the area integral of x'(u, v) is then as close as we please to that of x*(u, v)
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on the sum of the G, and H;w and we can arrange for it to be < 9¢. Moreover
x'(u, v) € Lip by construction.

We define L'(f) = ffR M;,v(f)dudv where M;,v(f) = M:’U(f) for (u,v) in
R-%2G) - 2H,, and where M, (f) = flx'(u,v), j'(u,v)] in each Gy and n,,
j'(u,v) being the Jacobian of x'(u, v). By the same calculation as before we find
that the distance of L(f) from L'(f) is < I19e Writing L'(f) = L'(f, €) in its de-
pendance on ¢, the assertion of (2.3) in case (i) follows with L _(f) = L’(f, e/ 19).
Evidently if L(f) is a parametric surface, i.e., if Mu’v(f) = ]'[x(;t, v), j(u,v)] then
L (f) is a parametric surface with the representation % (u, v).

(ii) We now deal with the general case, which we shall reduce simply to case
(i). To this effect we denote by R, a rectangle interior to R on whose perimeter
%(u, v) is absolutely continuous, such that the Dirichlet integral of x(u, v) on
R—RO and also the corresponding integral of the area of Mu’v([) are < ¢/ 3. We
denote by s a segment on which x(u, v) is absolutely continuous and which joins
the two rims of the annulus R-R,, and by K the interior of a semi-circle in
R~R, whose centre is the intersection of s with the perimeter of R. We write
x(u, v) for the harmonic interpolation of x(u,v) in the interior of R »Ro —s, and
xl(u,v) for the function equal to x(u, v) in RO’ to x;(u,v) in R-R,~K, and to
the harmonic interpolation of x,(u,v) in K. We denote by R, a square concentric
to R whose perimeter meets K and lies in R—Ro, and by j,(u, v) the Jacobian

of x;(u,v). Clearly the generalized surface

L,f)y=ffM, (dudv+ [ [ f[xl(u,v), jl(u,v)]du,dv
Ry R-R,

is distant < 2¢/3 from L(f) and has a micro-representation whose carrier is
xl(u, v). Moreover xl(u, v) is Lipschitzian on the perimeter of RI and any contin-
uous x_(u, v) Lipschitzian in RI and coinciding with xl(u, v) in the rest of R .
clearly belongs to Lip-int, We now apply the trivial modification of case (i), in
which ¢ is replaced by ¢/ 3 and the role of R is taken by Rl’ to the generalized
surface derived from L, (f) by integrating its micro-representation over R,. By
adding to the approximating surface the integral on R—R; of flx,(u,v), i (u, v)],
we obtain, at a distance < ¢/3 from L,(f), a generalized surface possessing a
micro-representation which coincides with that of L;(f) in R-R, and has a car-
rier, Lipschitzian in R and equal to x;(u,v) in R-R,, which therefore € Lip-
int, Since this generalized surface is then distant < ¢ from L(f), this completes
the proof,

PROOF OF (2.2). (i) First suppose (a) that x(u, v) is linear—so that it de-
scribes on the perimeter of R the oriented perimeter C of a parallelogram whose
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oriented area jo is the constant Jacobian of x(u, v)—and that Mu v(f) is a poly-

hedral micro-disc obtained by concentrating, at the point x(u,v) € X, a flat-rimmed
polyhedral disc (possibly depending on (u, v)) whose rim is C —and whose oriented

area is therefore j,. And suppose further (bl) that the shape of Mu' v(f) is con-
stant, This requires that the flat-rimmed polyhedral disc of rim C from which
Mu'v(f) is obtained by concentrating it at the point x(u, v) € X is independent of
(u, v). We denote it by L*([), and we denote by x*(u,v) a piecewise linear repre-
sentation of L*(f) whose restriction to the perimeter of R is linear; the existence
of such a representation follows easily from the fact that C is the perimeter of a
parallelogram, We now divide R into n? equal squares R, which we map linearly onto R
by a function w,=w,(4,v), (4, v) € Rw such that similarly situated sides corres-
pond. We denote by x:(u, v), (u,v) € R, the composite function x*(wy), and we
write x_(u, v), (u, v) € R, for the function of the form ax} + b, where the constants
a=1/n and b are such that x (u, v) = x(u, v) on the perimeter of R ; this choice
of (a and) b, is possible because x(u,v) describes linearly on this perimeter a
translation of a suitable magnification of C. By fitting together the x (u, v) for

(u, v) € R, which correspond to the various values of v and which evidently agree
(with x(u, v) and so with one another) on a common side or corner of two R , we
obtain a function x,(u, v) defined for (u,v) € R. This function constitutes a
piecewise linear parametric representation of a certain flat-rimmed polyhedral disc
L, (f) satisfying our requirements: for, on the one hand, x (u,v) coincides with
x(u, v) on the perimeter of R; and on the other hand, writing f (x, j) for f(ax+b, j)
and fu’v(j) = fu’v(x, j) for f(x(u,v),j), we see that for each f € F, the expression

L(f) = L(f) =2 ff L*(f-{,,)dudv
v Rv

tends to zero as n —» oo,

(ii) Next suppose (a) as before, and suppose further (b,) that the shape of
Mu,v(f) is piecewise constant, in fact that R is the sum of a finite number of
squares Rv in the interior of each of which Mu’v(f) has a constant shape. Writ-
ing LY (f) for the integral of M(u’v)(f) over R ,, we apply stage (i) to L¥(f) after
mapping R, suitably on R so that similarly situated sides correspond. Then
LY(f) is the limit of a flat-rimmed polyhedral disc L:(f) whose parametric repre-
sentation on R becomes, after mapping R back onto R , a function x (u,v)
(u,v) € RV whose restriction to the perimeter of RV agrees with that of x(u, v).
As before we can fit together the functions %, (u,v), (u,v) € RV, to a single func-
tion x (u,v) € R, and the latter agrees with x(u, v) on the perimeter of R and
constitutes a piecewise linear parametric representation of the flat-rimmed poly-

bedral disc L (f) =EVL;’(f ) which tends to L(f).
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(iii) Now suppose merely that x(u, v) is linear. In this case it will suffice to
show (A) that L(f) is a repeated limit of a generalized surface of the form (2.1)
for which x(u, v) is the same and for which the assumptions (a) and (bz) are sat-
isfied. For by case (ii) L(f) is then a repeated limit of a flat-rimmed polyhedral
disc with a Lipschitzian representation which agrees with x(u, v) on the perimeter
of R; we can clearly arrange further that this flat-rimmed polyhedral disc lies in
some fixed neighborhood of the parallelogram with the perimeter C, and therefore
in some fixed sphere, and this ensures that convergence be expressible in terms
of McShane metric [Young 18, p. 62], so that our repeated limit becomes, by the
well-known diagonal process, a single limit as required. We observe that L(f) is
distant less than ¢ from an L*(f) of the same form for which the micro-disc at
(u, v) has bounded area, and therefore that (A) need only be established in the
case in which the area of Mu,v(f) is a bounded function of (u,v). This being so,
we denote by Su,v(f) the shape of Mu,v(f), by E the set of the Su,v(f) for vary-
ing (u,v) € R, and by {fki a dense subsequence of those integrands f(x, j) whose
values and difference ratios for x =0 and j € J; do not exceed unity in absolute
value. Given ¢ >0 and S € E, we note the measurability of the set W(¢, S) con-
sisting of the points (u,v) € R for which ¢ exceeds the McShane distance [Young
18, p. 62] of S and Su,v (considered as generalized surfaces with carriers at the
origin); in fact the complement of W(¢, S) is the sum of a null set (in which §
is not defined) and of the sets Wk consisting of the points (u, v) € R for which
lSu,v(fk) - S(fy) | > & and each of these W, is clearly measurable . Furthermore,
since the members of £ have uniformly bounded areas, and carriers at the origin,
every infinite subset contains a convergent sequence, and therefore there is a fi-
nite subset £_ of £ such that every S € E has McShane distance < ¢ from some
member $* of EE, We can therefore partition all but measure zero of R into a fi-
nite number of disjoint measurable sets (), consisting of differences of the
W(e S*) where s*e E_, such that in each ( Su’L has McShane distance < ¢ from
some constant S* € Ee; denoting by M:,v(f) the micro-disc at x(u, v) with this
shape S*, and writing now L*(f) for its integral over R, we see that the McShane
distance of L*(f) from L(f) cannot exceed e. Thus (A) need only be established
in the case in which Mu’v(f) has a constant shape in each of a finite number of
disjoint measurable sets () which cover almost all of R. We may clearly suppose,
by a suitable approximation, that each of these constant shapes is that of a flat-
rimmed polyhedral disc with the rim C, and to derive (A) it is now sufficient to
approximate further in well-known fashion each of the measurable sets () by a
suitable sum of squares,

(iv) Now suppose merely that x(u, v) is Lipschitzian, We apply a result
proved elsewhere [Young 12 (12.1) p. 98]. (Incidently, although we need not use
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the fact here, its proof remains valid for vector-functions if the appeal to a lemma
of McShane [Young 12, (9.2) p. 93] is replaced by an appeal to one due to Mickle
[5].) Accordingly, there exists a constant K exceeding the Lipschitz constant of
x(u, v) (by a factor which is the number of components of our vectors if we use the
result quoted in its scalar form) and for each ¢ > 0 a Lipschitzian vector-function
x((u,, v) with Lipschitz constant less than K and with partial derivatives differing
from those of x(u,v) by less than & outside a subset WI of R of measure less
than ¢, such that xf(u, v) coincides with x(u, v) on the perimeter of R, that

xc(u, v) never differs from x(u, v) by more than ¢, and that xf(u, v) is linear in
each of a finite number of disjoint squares R, whose sum covers all but a subset
W2 of R of measure less than e. The Jacobians j(u,v) and j((u, v) of x(u,v) and
x (u, v) then differ by less than €2 if ¢ is small. We denote by W a measurable
subset of R of measure less than 3¢ which contains WI + W2 such that Mu'v(f)
has bounded area outside W. We observe further that the oriented area of M“’v(f)
is j(u,v) and so is exceeded by K? in absolute value. By an argument similar to
the one used in case (iii), there is a finite set Ef’v of shapes S* of polyhedral
discs L* with square rims of sides smaller than K, such that every Mu'v(f) for
(u,v) € R —W has its shape at a McShane distance < ¢? from some correspond-
ing member S$* of E(’V; in particular its oriented area differs by less than e?
from that of the square with the same rim as the corresponding L*. Again by an
argument similar to that of case (iii), we can express R ~W as a finite sum of
disjoint measurable sets () in which an S* with the property just stated is inde-
pendent of (u,v). In particular the oriented area of this S* and so, that of the
square with the same rim as the corresponding L* differs by less than 2 €2 from
the constant value (in R, and so in ()) of the Jacobian jc(u, v) of xe(u, v). A
simple calculation shows that we can construct a square with the oriented area
j((u, v) and therefore with sides smaller than K, which has one corner at a corner
of the rim of L* and the other three corners distant less than 2 ¢ from the corres-
ponding corners of this rim. Hence by fitting on to L six triangular faces of total
area < 6 ¢K we can construct a flat-rimmed polyhedral disc L' with the oriented
area j (u,v) whose shape has McShane distance less than 6¢K from that of

M, (). Writing M, ,
xf(u, v) where (u,v) €, we define Mu,v,e
definition by writing Mu’v’c(f) = f(x((u, v), j((u, v)) almost everywhere in W. We
find that the McShane distance of Mu’v"(f) and Mu’v(f) is at most ¢K?+ 6¢K
for (u, v) € R-W. Writing L((f) for the integral of Mu,v’f(f) extended over R,
we see that the McShane distance of Le(f) from L(f) exceeds by at most
(eK2+ 6¢K) + 3¢K? the integral over W of the area of Mu,v([) and therefore

tends to zero as ¢ — 0. The same is true if % (u, v) is modified in the intetior of

(f) for the micro-disc obtained by concentrating L' at

(f) in each Q and we complete the
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R~ 2R, but remains Lipschitzian with constant <K, since the McShane distance
in question is then increased by at most another 2 ¢K. Remembering that x (u, v)
is linear in each R , we can arrange this modification so that xe(u, v) € Pol-int:
to this effect it is sufficient to triangulate suitably, with a countable number of
triangles, the set R~ 3R and to replace in each triangle the original x{(u, v) by
the linear interpolation of its values at the vertices. Similarly 1n the case in which
%(u, v) is piecewise linear on the perimeter of R we arrange that x (u, v) € Pol,
Finally, by applying case (iii) to the part of L (f) arising from each square R

in which xc(u, v) is linear, we see that L(f) is a repeated limit of an Lf’n(f), and

therefore the single limit of an L, (f) which satisfies our requiremeants.

(v) We pass on to the general case, If x(u.v) is Lipschitzian on the perimeter
of R, (2.3) shows that we may suppose x(u, v) € Lip without loss of generality,
so that our assertion is then true on account of (iv). If x(u, v) is not Lipschitzian
on the perimeter of R, we may suppose x(u,v) € Lip-int, and moreover, reference
to the proof of (2.3) shows that we may suppose that, at all points interior to R
which are sufficiently near to the perimeter, the partial derivatives x,, x  are
continuous and that Mu’v(f) = flx(u, v), j(u, v)]. We can now triangulate, with a
countable number of triangles, a small annulus whose outer rim is that of R, so

that the set of limiting points of the vertices consists of the two rims and so that

2
v

x(u, v) by linear interpolation, in each triangle, of the values at the vertices then

in each triangle the oscillation of xf +x“ is < 1. The function derived from
clearly belongs to D and agrees with x(u, v) on the two rims. We may replace
%(u, v) by it and modify M, v(f) accordingly in the annulus, since the generalized
surface thus obtained is at an arbitrarily small distance from L(f). Denoting by
RO

that x(u, v) is Lipschitzian in R, and piecewise linear on its perimeter, and our

a square concentric to R whose perimeter is interior to our annulus, we find

final assertion follows by applying case (iv), with RO in place of R.

3. The change of variable, sewing and patching theorems. In this section
we make some use of classical methods and definitions to establish results that
will be much used. By a Fréchet representation x(u, v) we mean a continuous func-
tion defined in R and whose values lie in Euclidean m-space. Fréchet equivalen-
ces, Fréchet curves, Fréchet surfaces will be understood to be oriented [7a, pp.
158-159], but otherwise defined as in Rado’s book [7a). The term monotone, ap-
plied to a mapping, has the meaning there assigned 'to it [7a, Chap. I1]; a mapping
is continuous but not necessarily one to one, and such a mapping of one plane do-
main onto another will be termed positively oriented if its degree is +1 [Alexan-
droff-Hopf, Topologie ].

A set of points will be termed k-dimensionally thin, if it is of zero k-dimen-

sional measure, in the sense of Carathéodory (Hausdorff). A Fréchet curve or sur-
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face is k-dimensionally thin if the set of its points is so.

(3.1) Let T be a monotone, positively oriented, mapping of R onto itself
and suppose that the functions x*(u,v) and x*(Tlu, v]) = x(u, v) are continuous

in R and belong to D. Then they are representations of a same parametric sur-

face L(f).
(3.2) Let L,(f), Ly(f) be parametric surfaces with representations
x; € quasi-Lip, x, € quasi-Lip,

and suppose that the restrictions x;(1, v), x40, v) describe, for 0 <v <1, a same
2-dimensionally thin oriented Fréchet curve y. Denote further by C, and C, the
oriented Fréchet curves described, on the perimeter of R, by xl(u, v) for u#1
and by x,(u,v) for u #0 respectively. Then L (f) + Ly(f) has a continuous rep-
resentation x € D which describes C, and C, on two complementary arcs of

the perimeter of R.

The first statement (3.1), which has been formulated so as to be most useful
to us and is entirely adequate for this purpose, appears almost trivial by compari-
son with what is known in 3-space in the case of continuous representations re-
lated to one another by the notion of Fréchet equivalence, which is far more gen-
eral and far more complex than our change of variable [7a, II 1-66 (4) p. 75 and
Youngs 23]. However the proofs of the known results in 3-space use an elemen-
tary property of bi-vectors [7(b), §5 p. 74] which is no longer valid in m-space for
m > 3, and they are obtained via semi-continuity theorems which our theory is de-
signed to supersede, so that, if such an approach were possible, as doubtless it

should be, we would still be reluctant to use it.

It is convenient to relegate the proof of (3.1) to the end of this section, so that
our first, and main, effort will be directed towards proving the second of our state-
ments (3.2). The latter is deep in the present state of our knowledge, but it will
undoubtedly be superseded by a much stronger sewing theorem in which the term
quasi-Lipschitzian is replaced by continuous and the assumption concerning y is
slightly weakened: for we could do this, and shorten our proof, if we knew that
the Lebesgue area of a surface does not exceed the sum of the Lebesgue areas of
its projections on the coordinate planes. This result, which is inevitable as area
theory progresses, is at present only available for a surface situated in 3-space
and its proof then depends on a deep topological ‘‘four-line’’ property of 3-space
[1c, footnote 26, XI p. 38l; instead, we employ a temporarily adequate, but less
elegant, substitute—and incidentally the notion of Banach area [14] (a similar no-

tion, based however on a different measure, was defined by Federer [3a]). This
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substitute is the following lemma:

(3.3) Let x(u,v) be a Fréchet representation which satisfies the conditions:

(a) There is a finite constant k which exceeds the Lebesgue area of the or-
thogonal projection of x(u,v) on every 3-dimensional linear subspace.

(b) x(u, v) is regular in the sense of Cesary, i.e., there is a dense set of par-
allels to the axes in R, on each of which the projection of x(u,v) on each coor-

dinate plane assumes only a 2-dimensionally thin set of values.

(c) The Banach area of x(u,v) on the interior of K is finite.

Then the Lebesgue area of x(u,v) is less than a bound depending only on (k, m).

From the point of view of our applications, we are not interested in reducing
the hypotheses except by the total removal of (c). In proving the lemma as stated,
we may actually strengthen this last hypothesis without loss of generality, by
supposing that the Banach area of x(u, v) on the closed unit square R is finite:
to see this we need only approximate to x(u, v) by the function x(au, av) where

0 <a <1 and use semi-continuity of the Lebesgue area as a — 1.

If we then weaken this assumption by supposing merely that the set of values
of x(u,v) on R is 3-dimensionally thin and at the same time weaken (a) by sup-
posing merely that the Lebesgue area of the orthogonal projection of x(u,v) on
every 2-dimensional subspace is less than a fixed finite constant, and finally de-
lete (b) altogether, our statement becomes a corollary of a result announced by
Federer [3(b), (14) p. 93]. Federer’s statement contains a misprint reported in
Mathematical Reviews [vol. 13 p. 831], and the wording of his reference to Cesari
[1d, 1362-1381] does not account for the omission of assumption (b); however, we
have formulated lemma (3.3) in such a weak manner that it cannot fail to be in-
cluded in the final versions promised by both Federer and Cesari.

PROOF of (3.2). We denote by ¢(u,v) the complex-valued function defined
in R by the expression (u+iv) exp (~u"1) for u >0 and by continuity for u = 0
so that ¢(0,v) = 0. We have for u >0 |p | =exp (-u™1) <1 and moreover |, | <
| 1+ P iu—zl exp (-« <1 because, writing t = ul > 1, we have (¢u)2 =
I+2e+24+1hH exp(-2t) < 1 since the function exp(2t) - (I + 2t + 2+ t*) and
its two first derivatives are > 0 at ¢ = ] while its third derivative is > 0 for
t > 1. Hence ¢ is Lipschitzian.

Further, for 0 < u < u', the relation ¢(u, v) = p(u’,v") implies 1 > u/u’ =
expi{u™! = (u")71} > 1, which necessitates u = u’ and consequently v = v'. Thus
0 is the only value taken at more than one point by ¢(u, v). We observe further
that the relation ¢ £ 0 implies (real part ¢) > 0; in particular 0 is the only value
taken by both ¢ and -¢.
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This being so, let yl(u, v) = [xl (u, v), H(1~-u, v)] a vector-function whose
values lie in a space Y of dimension m+2 where Y is the topological product
of X with the complex plane ®. Clearly y; € D since ¢ is Lipschitzian and
x; € D; in particular the projection of y; on any 3-space of Y belongs to D and
so has finite Lebesgue area. Clearly also y;(u,v) is quasi-Lipschitzian, and so
of finite Banach area equal to its Lebesgue area.

Writing similarly y,(u, v) = [xz(u, v), — ¢(u, v)], we find that the vector-func-
tion y,(u, v) has the corresponding properties and we note that the restrictions
yI(I, v) and y2(0, v), which coincide with % (1,v) and x2(0, v) respectively, de-
scribe, for 0 < v < I the same oriented Fréchet curve y.

We now appeal to known results [7a, [I-5—-6 p. 160] according to which there
is an ordered correspondence a«> 3 between the maximal continua of constancy
a of y,(1,v) and those B of y5(0, v), ordered for increasing v on 0 < v < 1, such
that y; (I, v) takes on a the same value as ¥5(0, v) on B. Denoting by a*, B*
the sets of (u,v) for which [u=0, v €d] and [u=1, vERB] respectively, we de-
fine in R a function y3(u, v), equal to yI(I,v) on u=0 and to y2(0, v) on u=1,
by making it constant on the convex closure (segment, triangle or trapezium) of
each set a*+ B* where a — f3.

We define further in R a function y*(u, v) by the expressions: Y (3u, v) for
0<u<1/3, y;u-1,v) for 1/3 <u<2/3, y,(3u-2, v) for 2/3 <u< 1. We write
x* for the projection of y* on X.

By its definition, y*(u, v) is a basic [17(a), p. 321] representation. Moreover
y*(u, v) has finite Lebesgue area on R. This last follows from (3.4) if we verify
(a) that the projection of y*(u,v) on any coordinate 3-space is of finite Lebesgue
area and (c) that the Banach area of y*(u, v) on the interior of R is finite,(The
hypothesis (b) of (3.4) is clearly satisfied.) Here (a) is derived from the corres-
ponding verification for y;(u, v) and o, v) by known additivity theorems valid
in 3-space [7a, V~1~14, V=1~17, V=2-67, pp. 468—506 where the assumption
A(S) < = is superflous by V—2-65], and therefore applicable to our 3-dimension-
al projections, While (c) follows at once by addition from the corresponding prop-
erties of % (u, v) and yz(u, v).

This being so, the (oriented) Fréchet surface defined by y*(u, v) has, by
Morrey’s theorem [17(a), p. 324], a quasi-conformal representation y € D on R. We
write x and ¢ for the projections of y on X and on ®. Clearly, x € D and
x(u, v) describes, like x*(u, v), the given oriented Fréchet curves CI and C2 as
(u, v) describes two suitable complementary arcs of the perimeter of R. It remains
to show that x(u, v) is a representation of the parametric surface L,(f) + L,(f).
Denoting by j(u,v) the Jacobian of x(u,v) and by I', O’, 0" the sets of points
interior to R in which the real part of £(u, v) is respectively equal, greater, less
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than zero, it is sufficient to show that:

(3.4) The integrals of the function flx(u,v), j(u, v)] over the sets I, Q', 0"
have the respective values 0, Ll(f), Ly(f).

From the properties established for the function ¢, it follows that, in I,
&(u,v) =0 and the values of x(u, v) lie on y. We now express |’ as the sum of a
set of plane measure zero and a sequence of closed sets I, in each of which
x(u, v) is Lipschitzian. On 1} the Banach area of the projection of x(u,v) on any
coordinate plane is zero; this Banach area is, however, equal to the ciassical
area integral on 1’ [14, Th. 4.3 p. 281], so that the integrand has to be zero al-
most everywhere on [ and therefore on I. This shows that each component Jrs
of the bi-vector j(u,v) is zero almost everywhere on 1’ and therefore that j(u, v)
itself is zero almost everywhere on 1'. This clearly implies that the integral over
I" of the function f[x(y, v), j(u, v)] is zero. To establish (3.4), and so (3.2), it is
now sufficient by symmetry to establish the part concerning the integral over O'.

We denote by O the open set derived from O’ by removing all continua of
constancy of y(u,v) which meet the perimeter of R. By an argument established
elsewhere [14, pp. 299-301, in particular (9.7) p. 300], O' = O is the sum of a
set of plane measure zero, a set in which y(u,v) has Jacobian zero, and a se-
quence of disjoint closed sets possessing no point of density on a continuum of
constancy of y(u,v) which does not reduce to a single point. It follows at once
that at almost all points of O'—~ O the Jacobian of y(u, v) is zero, and therefore
that j(u, v) and consequently f[x(u,v), j(u, v)] vanish. Writing j*(u, v) for the
Jacobian of x*(u,v) and O* for the interior of the first third 0 < u < 1/3 of R,

it is therefore sufficient to prove that

(3.5) IS fx(u, v), j(u, V)] dudv = [[ flx*(u, v), j*, v)] dudv;
o o*

for the left-hand side coincides with the same integral over O, while the right-
hand side clearly equals Ll(f).
To this effect we first observe that there is a positively oriented, monotone,

continuous mapping T of O onto O*, such that

(3.6) y(u, v) = y*(Tlu, v]) for (u,v) € O.

In fact y and y* have monotone-light factorizations [7a, pp. 59-60] with the
same middle space, the same light factor, and with Fréchet equivalent monotone
factors M and M*. In our case, the nature of the projection ¢(I —u, v) ensures
that M* is one to one on O* and that M~IM*0* = O. The relation (3.6) now fol-
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lows with T = M*~1#f for (u,v) € O, and we verify that T is positively oriented
as stated,

This being so, we express the open rectangle O* as the limit of an expand-
ing closed rectangle, whose interior and perimeter we denote by O: and H: re-
spectively. The disjoint sets T~/ (O:) and T—I(ﬂ:;) are respectively open and
closed and their sum is closed; this follows from the continuity of 7. Since they
are both connected [7a, p. 46], O, is necessarily a simply-connected domain whose
boundary is mapped by T into the rectifiable curve H:. This ensures in particu-
lar that T'(u,v) is constant on each prime end of 0, {15, (11.3) p. 15].

Denoting by U a positively oriented conformal transformation of the interior
of R onto 0 , we may now conclude from the theory of prime ends that TU is
uniformly continuous: in fact, if w_ is an interior point of R which tends to a
boundary point, the point Uw, tends to a prime end P of O, and in particular the
distance of Uw, from the nearest point of P tends to zero; TUw, therefore tends
to a limit by uniform continuity of T in the closure of O, (which is interior to O).
This ensures that TU is uniformly continuous.

Let now .V be a positively oriented linear mapping of the closure of O: onto
R. Then VTU is a positively oriented uniformly continuous mapping of the interi-
or of R onto itself and so possesses an extension T* which maps the closed unit

square R onto itself. We define, for (u,v) € R,

z*(u, v) = x*(V—I[u, o)), z(u, v) = 2%(T™[u, v]),

and we observe that z(u, v) = x(Ulu, v]) when (u,v) is interior to R.

From this observation it follows, according to McShane [4b, p. 5971, that the
function z_(u,v) = z (au,av), where 0 < a <1, satisfies for an N independent of
a the condition z, € D(N); hence, making a— 1, we find that z € D. And it fol-

lows further that the parametric surface represented by z(u, v) is the functional
[ flx(u, v), j(u, v)] dudv
On

which tends to the left-hand side of (3.5) as n—» o, since 0,= T71 (O:) then
tends to T~1(0*) = 0. On the other hand it is clear that z* € D and that the pa-

rametric surface which it represents is the functional

{) [ flx*(u, v), j*(u, v) | dudv

which tends to the right-hand side of (3.5) as n— . To complete the proof of
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(3.5) and so of (3.2), it is now sufficient to verify that the same parametric sur-
face is represented by z € D and by z* € D, where z and z* are connect
ed by the relation z(u,v) = 2*(T*[u, v]). This is a special case of (3.1) and the
proof of (3.2) thus reduces to that of (3.1).
PROOF of (3.1). We have to establish the equality of the integrals over R

of flx(u,v), j(u,v)] and flx*(y, v), *(u, v)] where j,j* are the Jacobians of x,x*,
and it is enough to prove this for an { with continuous partial derivatives, since
such functions are dense in F. We may suppose [ defined in (X, J*) and homoge-

neous of degree 1.

Given a positive €< I, we determine & > 0 so that ¢ exceeds the Dirichlet
integrals of x(u,v) and x*(u, v) over any subset of R of plane measure < §; in
particular ¢ then exceeds the integrals, over such a subset, of |j(u,v)| and
| 1*(u, v)|. We determine further, by Egoroff’s theorem, an open subset W, of R

of plane measure < ¢d such that the restrictions of j(u,v) and j*(u,v) to R - W
are continuous, and we denote by 7 > 0 a number such that ¢ exceeds the osc1l-

lations of x(u, v), x*(u,v) in any subset of R of diameter <7 and also those of
j(u,v), j*(u,v) in any such a subset of R~W,. Finally we denote by K and by
o(¢) the maximum modulus, and the oscillation in distance ¢, of the vector-de-
rivative f (x,)) for € J* and x € E, where E is the set of values taken by x(u, v) and

x*(u, v) in R. Since f(x,j) is positively homogeneous in j of order I, its deriv-
ative f] is positively homogeneous in ; of order 0, and hence K is finite and
wl(e)—0 as e— 0.

Denoting by O* the interior of R and writing 0 = T™10* we see exactly as
in the preceding proof that it suffices to establish the formula (3.5) for our pres-
ent functions and sets. We denote by G a grating consisting of a finite number of
parallels to the axes in R, on each of which x(u, v) and x*(u, v) are absolutely
continuous functions of one variable, and we choose it so as to d1v1de R into
rectangles of diameter < 7. We write W*=G + T(C) and W = T"IW* According
to [14,(4.3) p. 281 and 9.3) p. 299], j(u, v) and 7*(u, v) vanish almost everywhere
in the sets W and W* respectively, since the corresponding Banach areas are
zero, Denoting by O; the constituent domains of the open set O*-W* and writ-
ing O = T1 O:, we observe that the O, are the constituent domains of O =
T™10* [7a, p. 46). Thus if a, and a} are the integrals

§f [llu, v), (s, v) 1 dudv and ff flx*(u,v), P*(u, v)] dudv,
0 ox*

n n

it remains to show that 2a_ = Zaj. It will clearly be sufficient to show that
3(a,~a}) tends to zero thh ¢. We write j, and j5 for the integrals over 0,

and 0' of the respective Jacobians j(u,v) and j*(u,v), and we denote by x
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the value taken by x(u, v) at some fixed point (u ) of 0;, so that %, is then

v
n’>’n
also the value taken by x*(u, v) at the point (u:, v;) = T(un, v,) of On.

Let m, be the measure of On and let j'(u.,v) denote in each O,l the con-
stant ]n/mn. Further let [n and [ be the Dirichlet integrals of x(u,v) over On

and over R. We observe that, for (u,v) € 0, - W),

p=mpr () = [ i, 0") = j(u, v)}du'dv’|
(4]

n

<[ f ju',v") = ju, v)|du'dev’ + f I i@, 0| + |j(u, v)|}du'dv’
0 -WO 0"W0

<Sem +f [ |, v)|du'dv’ + |j(u,v)| [ [ du'de’
OnWO OnWO

and that, for (u, v) € O W),

Ui =m0 < Ul | ] < 1+ ) )]
Hence, integrating over O ~ W, and O W, and adding, we obtain

mo [ [ 17, 0) - ju,v)|dudv < em,2l +20, [ [ dudv+2m [ [ |j(u,v)|dudv.
On OaWp OnWp

Thus

S 11, v) = ju, o) dudv < em, + 2€l, +2 [ [ |j(u,v)|dudv
o 0

n n"0

. . .
whenever the measure of O W, is < em_; and in any case

T f1i'(u, v) = j(u, v)| dudv < em, +2I +2 [ [ |j(u,v)|dudv.
0, A

It follows that

11 Cuv) = j(u,v)|dudv < e+ 2el +2 [ [ |j(u,v)|dudv + 2A
n O, L2

where A is the sum ZIn extended over the values of n for which O"WO has

measure > em,. Since however the sum of the sets On for such 1 has measure

1

at most ¢ ' times the measure of Wo, and so measure < &, it follows that A\ < e,
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Thus we find that

%fof |7'(u,v) = j(u, v)| dudv < 5€+ 2€l.
n

If we observe further that, for (u,v) € 0,

| T, 0), /) ~ [ )] € X O] ] € al O,

and that

| flxCu, v), mj(u, v) 1= flx(u, v), j, )| < Km, | j(u,v) - j'(u,v)],

it follows that

la, = flx,, i) < (O, + K [ [ ]7(u,v) - ', v)|dudv
o

n

and therefore that

Sla, ~ flx, j,)] < 5Ke+12 K+ wl L

A similar calculation shows that
SlaX—fx,, 7] < 5Ke+12eK+wlell.

Hence to show that Z(a, —a¥) tends to zero with ¢, and so to complete the proof
of (3.1), it is enough to show that j = j* for all n.

Keeping n fixed, we approximate to O: from the interior by an open polygo-
nal domain Q* whose rim is a polygon formed by segments parallel to the axes
on which x*(u, v) is absolutely continuous. Then T1 Q* approximates to 0, and

therefore it is enough to prove that

3.7 [ i*u,v)dudv = [ j(u,v)dudv.
Q* T-Iot

Since the rim of Q* is a polygon, and so of finite length, the transformation T is
constant on each prime end of the domain T71Q* so that if U is a positively ori-
ented conformal transformation of the interior of R onto T~1Q* TU is uniformly
continuous in the interior of R. We denote by V a positively oriented transforma-
tion of the closure of Q* onto R which is conformal in Q* Then VTU is a uni-

formly continuous map of the interior of R onto itself which can be extended to a
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map T* of R into itself, We write z*(u,v) = x*(V—l [z, ) and z(u,v) =
2%(T*u, v]). Then z(u, v) = x(Ulu, v]) for u,v interior to R. The formula (3.7) to

be proved thus reduces to

[ Hu, vy dudv = ([ {(u, v)dudv
R R

where ¥, ( are the Jacobians of z*(u,v) and z(u,v) = z*(T*[u, v]), and where
in addition z* describes a rectifiable curve on the perimeter of R. To complete

the proof it is now sufficient to appeal to Stokes’ theorem.’

Note, We may establish similarly to (3.2) a corresponding sewing theorem for
a finite number of parametric surfaces with quasi-Lipschitzian representations.
Moreover in (3.2) we may slightly strengthen the statement that x(u, v) describes
C, and C, on two complementary arcs of the perimeter of R. In fact, if we de-
note these arcs by f; and f3,, and we write q, and a, for the corresponding
arcs u # 1 and u # 0 of the perimeter on which C; and C, are described by
X (u, v) and x2(u, v) respectively, the proof of (3.2) shows that the auxiliary func-
tions y(u, v), Y (u, v), yz(u, v), thére introduced, are so related that y(u, v) de-
scribes on /31 and on [32 the same oriented Fréchet curves as Yy (u,v) on a,
and yz(u, v) on ay, respectively. Since y, (u, v) and yg(u, v) are nowhere con-
stant on a; and a, respectively, this implies [7a, II. 1. 66(1), p. 75] the exis-
tence of sense-preserving monotone mappings T, of 3, onto a  such that

y(u, v) =y, (Tnlu,v]) on B, (n=1,2) and therefore such that

(3.8) x(u, v) = xn(T,,[u, v]) on B (n=1,2).

4. Topological types. We recall briefly the familiar process described in
Seifert and Threlfall [9, $40, p. 142] for identifying certain sets of vertices and
certain pairs of edges of a finite system of disjoint plane polygons. To suit our
applications to parametric and to generalized surfaces, we shall indicate a few
modifications of the usual definitions; they are necessary to us, but do not affect

the elementary theory presented in Seifert and Threlfall to any material extent.

An identification process 3 on the perimeter of R, or more generally on the
perimeters of a finite number of disjoint plane polygonal domains G, consists of

the following:

7. The theorem appealed to is, more precisely, the formula for an oriented area of W.
H. Young J22], but we need it under slightly weaker assumptions. It is clearly sufficient
to establish the formula for the corresponding oriented area of the projection on a coordi-
nate plane. In this form it is established in Rado’s book [7a, III 3.88 p. 253, IV 4.10 p.
368, 1V 4.21 iiia) p. 375] under assumptions satisfied in our case.
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(a) a subdivision of the perimeters (oriented positively, i.e., counter-clock-
wise) by a finite set W of points of division termed vertices, into a finite set of
oriented arcs termed positive edges; by reversing the orientation we define the
negative edges, and we term set of edges the combined set A of the positive and
the negative edges; every edge has an initial, and a final, vertex;

(b) a partition of the sets W and A of the vertices and the edges into dis-
joint subsets by the relations W = XW,, A = ZA,; members of a same subset W,
or Ak are termed identified (by 2); members of different such subsets W; are
termed distinct vertices, while edges are distinct if neither member of a pair of
them is identified with the other or with the other’s negative; finally we term free

an edge which is the sole member of a subset A,

The identification process 3 is said to be admissible if (i) 1dentified edges
have identified negatives and identified initial vertices, (ii) no edge is identified
with its own negative, nor with more than one other edge, and (iii) the following
condition is satisfied: given any vertex A, each pair (a, 3) of edges, with a same
initial vertex identified with A, can be so ordered, and the set E of these ordered
pairs can be so ordered, or so circularly ordered, that 1n any two consecutive
pairs (a,B), (a’,8') the edges B and a' are identified by J; if A4 is an initial
or final vertex of a free edge, E is ordered and in that case we stipulate further
that the first member of the first pair and the second member of the last pair are
respectively positive and negative edges (necessarily free); if no free edge has
an initial or final vertex identified with A, E is circularly ordered. Moreover 9
is said to be oriented if in addition (iv) each positive edge, other than a free edge,
is identified with a negative edge.

It follows from (iii) that an initial vertex of a free positive edge is identified
with the final vertex of exactly one free positive edge, and therefore not identi-
fied with the initial vertex of any other free positive edge. Hence the free positive
edges can be grouped into a finite number of circularly ordered sets, termed rims,
in each of which the final vertex of an edge is identified by & with the initial ver-
tex of the next. We denote by s the number of rims of an admissible identification
process 1 and by « the characteristic —n;+n,—n,, where n; is the number of
domains G, on whose perimeters Y is defined, n, is the number of distinct edges
and n  is the number of distinct vertices.

Let % and ¥* be admissible identification processes on the same, or on dif-
ferent, plane perimeters. We say that 9 is similar to 3* if there is a one to one
correspondence between the two sets ¥, W* of their vertices and also between

the two sets of their positive edges and between those of their negative edges,

8. or, if a G, has several perimeters, the outer one only counter-clockwise., We ex-
clude this from now on, so as to avoid similar additional stipulations.
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such that corresponding edges have corresponding negatives and corresponding
initial vertices, and that vertices or edges, identified by %, correspond to verti-
ces or edges, identified by J* and vice-versa. We say that 3* is derived from
by a simple subdivision if: the edges of one set A, identified by 3, and also
their negatives, are subdivided into, and replaced by, pairs of edges, and the pairs
of their negatives, from which the first members 9of a pair, and the second mem-
bers of a pair, are each identified by * as are also the new vertices of the sub-
division; otherwise edges or vertices identified by %* are those identified by J.
We say that {* is derived from 1 by a simple dissection if: one of the polygonal
figures G, on whose perimeters Y is defined, is divided into two pieces by join-
ing, by a simple polygonal arc interior to it, two of its vertices, and the two pieces
are then moved apart, so as to be disjoint from one another and from the remaining
G,; the two new positive edges, arising from the dividing polygonal arc, are iden-
tified by J* with one another’s negatives, while the remaining edges and vertices
identified by 1* are those identified by 3 or arising from them by moving the two
pieces apart, We say that {* is derived from 3 by a simple reflection if: one of
the polygonal figures, on whose perimeters ) is defined, is reflected in the u-axis
and then moved, if necessary, to a position disjoint from the others; edges and
vertices identified by 3" are those identified by { or arising from them by the re-
flection and the moving. (We note that the negative orientation of the perimeter
becomes by reflection the positive orientation; and hence that the figure to be re-
flected must contain on its perimeter all or none of the free edges of a same rim,
since we suppose both J and J* admissible.) Finally { and I* are termed com-
binatorially equivalent if there exist a finite number of admissible identification
processes J = &0’ &1, 512, cee, &p: 9* such that, for each r =1, .++, p, one of
is either similar to the other, or else de-

r
rived from it by a simple subdivision, dissection, or reflection; if we exclude re-

the identification processes ‘Qr~1’ 2

flection, we say that § and §* are combinatorially equivalent with orientation.
Given an admissible identification process {, defined on the perimeters of a
finite number of polygonal domains G,, we shall say of a vector-function x(y, v),
which takes values in X, that it is subject to 3, if x(u, v) is defined in the sum of the
closures of the G, and satisfies the conditions x(Tplu, v]) € D where T, is a
conformal orientation-preserving transformation of R onto G, and if further
x(u, v) takes the same value at identified vertices and describes, on any two iden-
tified edges, a same 2-dimensionally thin, oriented Fréchet curve, Extending
slightly the notation of the preceding sections, we say in this case that x(u, v)

9. The order in a pair is determined in the natural manner by that of the vertices of
the relevantroriginal positive or negative edge, prior to the subdivision.
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belongs to the class D and represents the parametric surface L(f) =3 L.(1),
where L _(f) is the parametric surface represented in previous sense by the func-
tion x(T[u, v]) defined on R. We observe that as (u,v) describes in their circu-
lar order the free positive edges of a rim of {, the function x(u,v), subject to J,
describes oriented arcs which fit together to form a closed Fréchet curve C: we
say that x(u, v) describes C on the rim in question. Given s such closed orient-
ed Fréchet curves Cpyeee, C, where s is the number of rims of %, we denote
by D&(Cl’ oo, Cs) the class of functions x € 1)& which describe €, - .-, CS
on these rims, and by Dq(x C;, -+, £C) the class of those which describe, on

the rims, Fréchet curves which differ at most in orientation from Cpyovey C..

(4.1) Let  and 3* be oriented identification processes, combunatorially
equivalent with orientation and let x € D&(C], v+, C,) represent the parametric
surface L(f). Then given € > 0 there is an 2~ € D§(C,, +«+, C,) which repre-
sents a parametric surface L*(f) distant < ¢ from L().

(4.2) Let  and §* be admissible identification processes which are combin-
atorially equivalent, and let x € D&(i Cpyeeest C,) represent the non-oriented
parametric surface L(f). Then given ¢ > 0 there is an x* € D&*(i Cpoeeoy i’CS)

which represents a non-oriented parametric surface L*(f) distant < ¢ from L(f).

PROOF of (4.1) and (4.2). We verify easily that the conclusion holds with
L*(f) = L(f) in both assertions, if one of %, ¥* is similar to the other, or else
derived from it by a simple subdivision, and that it holds in (4.2) if one of 9, ¥
is derived from the other by a simple reflection. Hence we need only treat the case
in which one of 3, ¥ is derived from the other by a simple dissection. We may
suppose by conformal transformation that the single polygonal figure affected by
the dissection is the unit square R and that the dividing polygonal arc A, is the
segment u = 1/2 of R. We shall ignore the polygonal figures unaffected by the

dissection without loss of generality, and we shall suppose in (4.2) that
x €D4(C,, -+, C,).

We shall distinguish two cases: (a) that in which Q* is derived from 3 by the dis-
section, (b) that in which J is so derived from 9*,

Case (a). We cover A, by a strip of area < 8 on whose sides u has constant
values for which x(u, v) is absolutely continuous, For small §, a parametric sur-
face L*([) distant < ¢ from L(f) is then represented by the modification of
x(u, v) which differs from x(u, v) only in the strip and is there defined by harmonic

interpolation. Since this modification of x(u,v) describes a 2-dimensionally thin



28 L. C. YOUNG

curve on A,, we easily construct from it the required x*(u, v).

Case (b). Let Rn, I, be,for n =1 or 2, the first or second half of R and
1ts perimeter determined by the dissection, Let U, be the transformation which
moves R to the position it takes up for %; and let V. be the positively oriented
conformal transformation of R onto U R, which maps for n = I the side u =1
onto UI)‘O’ and for n = 2 the side u =0 onto Uz)\o. Writing xn(u, v) = x(Un[u, v]),
we conclude from our assumptions that L(f) is the sum of the parametric surfaces
Ln(f) represented by x, € D for n=1,2, and that x; (u, v), x2(u, v) describe for
0 <v < the same oriented, 2-dimensionally thin, Fréchet curve y on the sides
u=1, u=0 respectively,

By (3.3) there exists, for n = I, 2, a quasi-Lipschitzian x *(u,v) which coin-
cides with x_(u, v) on the perimeter of R and which represents a parametric sur-
face L:(f) distant < ¢/2 from Ln(f).

By (3.2) the parametric surface L*(f) = L;(f) + L;(f), distant < ¢ from L(f),
has a representation x*' € D, which, according to the note at the end of section
3, has on the perimeter of R the form x”';(Tn*[u, v]) for (u,v) € [Sn (n =1, 2), where
B}, B, are complementary arcs of the perimeter of R mapped monotonely by T,
T; respectively, onto the parts u # 1 and u # 0 of this perimeter. Thus on (3,

we have
x*' (u, v) = 2(Tplu, v]) (n=12)

where T = VnT: is a monotone mapping of 8, onto U Il .

We now associate with the extremities of [ the corresponding extremities
of ﬁn, and with each remaining vertex w* of 3* which therefore lies in [In for
only one value of n = 1,2, a vertex w*' arbitrarily selected from the appropriate
set (Tn)-l U, w*. We thus obtain an admissible identification process ' similar
to ¥ by associating edges correspondingly: an edge A* of X*' is then contained
in ,Bn for n =] or 2, and is associated with the edge A\*= (Un)-l}\ of ¥ where
A= Tn)\*' is an edge of . Since x*'(u,v) describes on A*' the same oriented
Fréchet curve as x(u, v) on A, it follows that x*'(u, v) is subject to %*' and de-
scribes on its rims the curves CI’ e+, C,. Thus x*' € D&*’(Cl, eve, C,) rep-
resents the parametric surface L*(f), and we conclude from the verifications at
the beginning of this proof that there is an x* € Dgx(Cy, +++, C,) which also rep-
resents L*(f), since $*' is similar to *. This completes the proof.

From now on, we shall only be concerned with admissible identification proc-
esses on the perimeter of R and we term these simply identifications. Such an
identification is termed orientable if it is combinatorially equivalent to some ori-

N
ented identification; otherwise it is non-orientable. Two identifications are com-
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binatorially equivalent, if and only if (i) both are orientable or else both are non-
orientable, and (ii) they have the same characteristic 4 and the same number s
of rims; two oriented identifications are combinatorially equivalent with orienta-
tion, if and only if they have the same characteristic k and the same number s
of rims. The characteristic has the form « =s + 2r — 2 in the oriented, or orient-
able, case where r is a non-negative integer (number of handles), and the form

k =s +q —2 in the non-oriented case, where ¢ is a positive integer (number of
cross-caps).

A few comments on these statements are necessitated by the slight differ-
ences between our definitions and those adopted by Seifcrt and Threlfall. It is
enough to show that an identification can be reduced to a certain normal form. To
this effect we first reduce it to one in which each rim is a single edge, without
the use of reflection. This is substantially as set out in Seifert and Threlfall. In the
subsequent reductions described there, reflection is needed only in the non-orient-

ed case, to transform certain positive edges into negative ones,

A parametric representation x € ) will be said to be of the type with r han-
dles and s rims, if there is an identification % with r handles and s rims and a
disjoint system of s oriented simple closed Fréchet curves C;, -+, C_, such
that x € D&(CI’ <o, C)). If this Q can be chosen oriented, we say that x €
1s of the oriented type. Instead of specifying the number of handles and that of
tims, we may, of course, specify one of them and the characteristic. We say fur-
ther, when we specify the disjoint system C}, +--, C,, that x € D is of the type
with r handles and the rims C}, ..., C . Similarly a parametric representation
x € Dy(Cy, «++, C) where 9 has g cross-caps and s rims and where the
CI’ ttt Cs

and s rims, or with the rims C;, +-+, C

are disjoint and simple, is said to be of the type with q cross-caps
s

A parametric, or generalized, oriented surface L(f) will be said to be of the
type with r handles and s rims (or with the rims C]’ cee, C) if L(f) = lim L (f)
where each L (f) is a parametric surface with at least one representation x, € D
of the oriented type with r handles and the rims C}, +--, C, (where the latter do
not depend on n) and if further L(f) is not expressible as such a limit when each
L, (f) satisfies the corresponding condition with r — 1 in place of r. Similarly we
define for non-oriented L(f) the types with r handles and s rims, or with ¢
cross-caps and s rims. An L(f) of one of these types is termed of finite topologi-

cal type. We observe that:

(4.3) A parametric, or generalized, oriented surface L(f) of the type with no
handle and the one rim C is of the type of the disc with rim C; while one of the
type with no handle and no rim is of the type of the sphere.
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PROOF. In the case in which there is no handle and one rim, we have merely
to apply (4.1) after observing that an oriented identification with no handle and
one rim is combinatorially equivalent with orientation to the identification in which
the whole perimeter, divided at one point, is a single free positive edge, since the
two identifications have the same characteristic (-1) and the same number of rims
(+1).

In the case in which there is no handle and no rim, we may suppose that the
parametric representation x (u, v), which occurs in the definition, is constant on
some segment A, of the perimeter. This can be arranged by a substitution affect-
ing only the variable u, by which a small interval is transformed into a value u,
such that the function of v, x,(up,v), is absolutely continuous and has a derivative
almost everywhere whose square is integrable. We may suppose A, interior to an
edge A of the identification with no handle and no rim to which x_ is subject by
hypothesis. We subdivide this edge into three parts one of which is A, and we
subdivide suitably in two parts the edge identified with --A, so as to construct an
identification to which x_ is subject and which has characteristic ~/ and (only)
one free edge A,. Since this last identification is now one with no handle and one

rim, and since x, is constant on this rim, the conclusion now follows as before.

For brevity, we shall speak of a parametric, or generalized, sphere and of a
parametric, or generalized, disc, instead of a parametric, or generalized, surface
of the type of a sphere and a parametric, or generalized, surface of the type of a
disc,

A generalized sphere is said to be connected, if it is not expressible as the
sum of two non-null generalized spheres, otherwise it is disconnected; moteover
it is termed totally disconnected if it is not expressible as the sum of a general-
ized sphere and a connected non-null generalized sphere. (We have changed here
the terminology of [18], where a connected generalized sphere was termed a cycle,
or cyclic element, by analogy with the terminology used in [11a] for generalized
curves and with that of the cyclic decomposition theory for Fréchet surfaces.
Moreover a totally disconnected generalized sphere was there termed a singular
surface, Except for the change in terminology, the following statement merely re-

peats results established in [18].)

(4.4) (i) Every generalized sphere is the sum of a totally disconnected sphere
and a countable number of connected generalized spheres with bounded carriers
such that the sum of their areas converges. (ii) Conversely, every countable sum
of generalized spheres with bounded carriers such that the sum of their areas con-
verges is a generalized sphere. (iii) A micro-sphere is totally disconnected. More

generally, in order that a generalized surface be a totally disconnected sphere it
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is necessary and sufficient that it have the form

S M d

where p is a bounded measure with bounded carrier in the space X and M, (f) is

a micro-sphere whose carrier is the variable point x € X.

For generalized surfaces other than spheres the term connected is defined in
a less natural way. We first observe that:

(4.5) Let s =s'+s" and let (C;, +++, C2), (C}, +++, Cin) be a partition of
the system (C,, «++, C) of disjoint simple closed oriented Fréctet curves. Sup-
pose further that L'(f) and L"(f) are of the oriented types with r' handles and
the rims (C;, cee, C; ) and with r" handles and the rims (C'l', eee, Cyn). Then
L'(f) + L"(f) is of a type with r handles and the rims (Cl’ cee, CS) where r is

a non-negative integer not exceeding r' +r".

PROOF. We express L'(f) and L"(f) as limits of parametric surfaces
L,"(f) and L";(f) with representations x,'l € D and x;; € D which are respectively
of the type with r’ handles and the rims (C}, +++, C;+) and of the type with r”
handles and the rims (C'I', e, Cg ») and each of which is constant on some inter-
val of the perimeter of R. We may suppose these intervals of constancy interior
to two corresponding edges of the appropriate identifications and by conformal
representation we may suppose that they are two opposite sides of the square R.
The representation x, € D derived from x, and x by a linear mapping on the
two outer thirds u < 1/3 and u > 2/3 of R and by linear interpolation in u in the
middle third then defines L,'l(f) + L;;(f) and is of the type with r'+r” handles
and the rims (C;, -+-, C(). This completes the proof.

There is a similar statement concerning the addition of non-oriented general-
ized surfaces (in terms of either handles or cross-caps, it being remembered
that a handle counts as two cross-caps in a non-orientable identification). We ob-
serve however that in a variety of simple examples the sum L'(f) + L"(f) has
fewer handles or cross-caps than would be obtained by adding those of L'(f) o
those of L"(f).

A generalized oriented surface L(f) (other than a sphere) of the type T with
r handles and the rims C,, -+, C, will be said to be of the disconnected type
T if it is expressible as a sum L'(f) + L"(f) of two generalized surfaces, nei-
ther of which is a sphere, which satisfy the hypotheses of (4.5) and for which
r=r'+r"; it is said to be of the connected type T if it is not of the disconnected

type T; in the latter case it is termed connected if it is not the sum of a general-
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ized sphere # (0 and a generalized surface of type T. The definitions in the non-

oriented case are similar. From these definitions there follows:

(4.6) A generalized surface L(f) of finite topological type is the sum of a
generalized sphere and a finite number of connected generalized surfaces with
disjoint systems of rims whose union is the system of rims of L(f), and with
numbers of handles or cross-caps whose sum is the number of handles or cross-

caps of L(f) (a handle counting where necessary as two cross-caps ).

5. A decomposition theorem for certain limits of parametric surfaces. The

main result of this section greatly strengthens a theorem previously stated (18, p.

75 1.

(5.1) Let the generalized surface L(f) be the limit of a parametric surface
L.(f) with a representation x, € D(N), whose restriction to the perimeter of R
has uniformly bounded length and converges uniformly. Suppose further that
%, (u, v) converges in the Bl sense [17 (b)] to an x(u,v) € D. Finally let

L.(f,A)= f[{ f[xn(u, v), j,(u, v)ldudv

where A is an arbitrary subinterval of R and where | (u,v) is the Jacobian of

x, (u, V) Then (i) there exists a subdivision of R into a finite number of subinter-
vals A of arbitrarily small diameters, and a subsequence nd, k=1,2, «++, of the
positive integers n, such that for each A of this subdivision the limit of L, (f,A)

as n describes this subsequence has the form

LY A) 4 ] My () dudv,

where L*(f,A) is a generalized sphere and where M,  (f) is a micro-representa-
tion whose carrier is x(u,v). In particular (ii) L(f) is the sum of a generalized
sphere L*(f) and a generalized surface possessing the micro-representation

. .
M, ,([)eD™ with the carrier x(u, v).

We shall comment briefly on this statement before passing on to its proof. In
the first place, the very stringent hypothesis concerning uniformly bounded lengths
will not affect our ultimate applications where we deal with rims which need not
even be rectifiable, In the second place, our principal conclusion is (ii), which
provides an important decomposition for L(f) on which nearly all our applications
will be based. However (ii) reduces to triviality in the case in which L(f) is it-

self a generalized sphere, and this is where we shall require (i).
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In stating that (ii) is a particular case of (i), we mean that (ii) follows at
>nce from (i) by adding together the contributions of the relevant A. Conversely
1owever, we shall find that (i) follows relatively easily from (ii) and we shall ig-
nore (i) from then on: this will enable us to reduce the general case of our theo-
-em to one in which the generalized sphere L*([) is absent, a reduction which is
essential to the success of our methods.

In the earlier statement mentioned [18, p. 751 %,(u, v) was assumed to con-
verge uniformly to a continuous x(u,v) and L*(f) was then stated to be totally
disconnected: this is an easy consequence of (ii). The main difference between
this earlier statement and the present one consists in the assertion that Mu,v(f)
is a micro-representation and consequently a micro-disc for the relevant (u,v).
The main force of our proof is directed towards establishing this fact, which con-
stitutes, in view of, and together with, (2.2), the principal technical advance of
this paper. (The technical difficulties to be overcome arise from the absence of a
simple characterization of a micro-disc among the micro-surfaces with a given bi-
vector as oriented area: such a characterization is known at present only when
the surfaces are in 3-space.)

PROOF of (5.1). We divide the proof into several parts.

(a) Notation. |W| denotes the plane measure of W where W CR, and I(g,W)
is the Dirichlet integral over W of a function g € D. We write further A (F') for
the linear measure of W and, in the case in which W consists of a subset of a
finite number of segments parallel to the axes, we write ]1 (g, W), and term simple
Dirichlet integral of g(u,v) over W, the integral fglfdu + gfdv on W. Finally
we denote by G(uo, vo;a) the intersection of the interior of R with the systems
of lines u = uy+ ka, v =1v,+ ka (k=0,1,2,--+) where we suppose (u,,v,) in-
terior to aR (i.e., 0 < u, < a, 0<vy<a) and the distance a sufficiently small.
We note that the double integrals with respect to (uo, vo) in aR of the quantities
AMGW) and [I(g,G), where G = G(uy,v,;a), have the values 2a |W| and 2al(g, R).

(b) It will be sufficient to prove (ii). To see this, let E(r, g) be the set of
(uy, vy) € aR for which the function g € D is absolutely continuous on the grat-
ing G = G(uy, vy;a) and satisfies the inequality [;(g, G) > 2rN/a, and let W,=
2 0ECx,,
we have |E(r, 2,)| < a?/r and therefore |W,| = 0. Choosing (uy,v)) outside Vo
we obtain, for an arbitrarily small a, a grating G = G(u), v);a) such that I,x,,6)

) extended over the positive integers r, s, n. Since I(x R)<N

< 2rN/a for an r and a subsequence of n which depend on G. Furthermore

x (u,v) is absolutely continuous, and so continuous, on the segments of G, and
tends uniformly [17 (b), (5.2)] to x(u, v) on G, as n describes the subsequence.
Since the lengths of the curves described by these x (u,v) on the perimeter of
each interval A determined by the grating G are uniformly bounded (by Schwarz’s
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inequality), we can derive the statement (i) from the corresponding statement (ii)
by mapping each A onto R in the natural manner. This establishes (b).

(c) Let D(N,!l) be the class of functions defined in R which are members of
D(N) and which describe on the perimeter of R corresponding curves of lengths
< I We may suppose that x_ (4, v) and x(u,v) belong to D(N, !) and that L(f) is
not decomposable in the form L*(f)+L0(f) where L*(f) is a generalized sphere #0 and
where Lo(f) is the limit of a parametric surface Lon(f) with a representation
x5, € DN, 1) which tends to x(u, v) in the BL sense and tends uniformly to
x(u, v) on the perimeter of R.

For if L(f) be so decomposable, we can write it L;(f) + Lop(f) where as
p—> oo the areas of the generalized spheres L;([) tend to the relevant least up-
per bound; the limit of a subsequence of L;(f) is a generalized sphere L*(f) of
maximal area such that L(f) = L*(f) + Lo(f) where L(f) is of the form stated,
This clearly implies that L,(f) is not further decomposable, and it is sufficient,
on account of (b), to prove our theorem for LO( .

(d) We may suppose that the limit L(f,A) of Ln(f, A) exists for all f and
A. To this effect we first select a subsequence such that this limit exists for
countable dense sets of f and A, where the set of { includes in particular the
function f(x, j) = |j|, and we write y(A) for L(f,A) when f is this particular
function. Since y(A) is defined for a dense set of A and is additive, it has an ex-
tension y* as a measure of subsets of R, uniquely defined by the condition
y*(A") < y(A) < y*(A") where A’, A" are the sets consisting of the interior and
the closure of A. We denote by £ the set of parallels to the axes interior to R
on which y* 1s # 0. By standard arguments the limit L(f, A) for our subsequence
exists whenever A does not have a side on £ By selecting fresh subsequences
the limit exists similarly whenever the sides of A on €* are situated on the first
k lines of &% By the diagonal process we then obtain a subsequence such that
L,(f,A) tends to a limit for all f and A. By restricting ourselves to this subse-
quence, we justify (d).

(e) Let G be the grating G(uj, v);a) where a is sufficiently small and where
(uo, vo) is selected as in the proof of (b), then for each of the intervals into which
R is subdivided by G the expression L(f,A) + f{\f[x(u, v), — j(u, v)] dudv is a
generalized sphere. To see this let {n;}, k=1, 2,..., and r be the subsequence
of n and the positive integer defined in the proof of (b). Since II (C G) < 2rN/a,
the length of the curve described by x (u,v) on the perimeter of A cannot exceed
1+ (4a - 2rNa™1y% (n€{nk}). Since x,(u,v) tends uniformly to x(u, v) on this per-
imeter as n describes {n;}, this same bound is not less than the length of the
correspor{ding curve described by x(u, v). On a slightly larger interval concentric

and similar to A we can therefore define an extension of the function x_(u,v) in
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A so that the curve described on the outer perimeter coincides with that described
by x(u, v) on the perimeter of A and so that the area integral on the annulus thus
added to A tends to zero as n — o« in the subsequence Enki. This implies that
there is a parametric surface whose distance from L _(f,A) tends to zero as n
describes {n;}, and which possesses a representation € ) (according to our sew-
ing theorem) whose restriction to the perimeter describes the same rectifiable
curve as x(u, v) on the perimeter of A. Since the opposite curve is described by
a suitable representation € D of the parametric surface [f, f[x(u, v), - (1, v)] dudv

on the perimeter, it follows (from our sewing theorem) that, for n € {nki,

Ln(f, A) + fL{ flx(u, v), - j(u, v)] dudv

has from a corresponding parametric sphere a distance which tends to zero as n
describes {n,}, and therefore that the limit

L(f,A) + f[{ flxlu, v}, - j(u, v)]dudv

is a generalized sphere. This establishes (e).

(f) Let G be as before and let G’ be the subset of G consisting of the sum
of the perimeters of those intervals of the subdivision of R by G which do not
intersect the perimeter of R; then for large n € {n,} there exist x; € D(N, 1) such
that x,'l(u, v) = x(u,v) on G' and that for each interval A of the subdivision of R

by G we have

L(f,A) = lim fg f(x,",j,'l)dudv

as n describes {n;}, where j is the Jacobian of x; moreover x, =x, except
in a set G" depending on n such that |G"| — 0 as n — o,

This is very similar to (e) except that this time the actual values of x,'.(u,v)
on G' are prescribed (so that our sewing theorems are inapplicable) and we have
to appeal to an elementary procedure typified by the following statement: Let
g(u) and h(u) be absolutely continuous for 0 < u <1 and let the integrals of
gu2/2, h:42/2’ (h-—g)2/2 be not greater than A, B, 2C respectively; then the func-
tion ¢(u,v) equal for each u to glu) + {A(u) — g(u)} v/ for 0 < v < € has on the
rectangle 0 < u < 1, 0 <v < e a Dirichlet integral < ¢(4 +B+(); similarly if we

map the rectangle on the trapezium 0 <u <1 —v, 0 <v < € and write

I1+v

1,[/(u,v)=<,‘b(1—_;u,v)
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we find that the Dirichlet integral of i/ on this trapezium — 0 as ¢ — (. To es-
tablish (f) we form a set G” (depending on n) by slightly ‘‘thickening’’ the lines
of G', the “‘thickness’’ being of the order of magnitude of the maximum of
|x, (1, v) = x(u,v)| on G' where we suppose n € {n,} and sufficiently large, We
denote by T the most natural linear mapping of the closure ()" of any complemen-
tary domain (square or annulus) of G” in R onto the closure Q' of the correspond-
ing complementary domain of G’ in R and we write x/(u, v) = x(u,v) on G’ and
x,'l(u, v) = x,(Tlu, v]) for (u,v) € Q" for each ()", By the elementary procedure de-
scribed above, we now complete the definition of x,'l in the interior of G"~G'
which we may suppose expressed as a sum of thin rectangles, so as to ensure that
Ix,, G") — 0 as n describes {n,}, and we then verify (f).

(g) y* is absolutely continuous. We shall suppose the contrary, i.e., that for
each p =1, 2, .+ there is a finite sum WP of subintervals of R such that [Wp‘
< 1/p while y*(Wp) exceeds a fixed positive constant. We enclose W_ in the sum
of a system S of intervals A determined by the grating G, defined as before,
where the fineness a is chosen sufficiently small, in such a manner that X |A|
< 1/p for the A € Sp and that further Sp includes all those A, determined by the
graung, which intersect the perimeter R. Let xP(u,v) = x(u,v) ineach A € SP
and xP(u,v) = %, (u, v) elsewhere in R. Let LP(f) be the limit, as n describes
lnkl, of the parametric surface defined by x,{’(u, v). According to (e) and (f),
x,{’(u, v) belongs to D(N, ) for large n€ {nk} and tends to x(u, v) as n describes
{nkl, and moreover, by summing L(f,A) for the A determined by G, we find that
the sum of LP(f) and the generalized sphere

L*(f)= 3 L(f,A)+ fg flx(y, v), ~ j(u, v)] dudv
A €S,

differs from L(f) by the expression

by f/{ { flx(y, v), j(u, )] + flx(y, v), - j(u, v)} dudv
Aesp A

whose norm

3 (u, v)| dud
T {0

tends to zero as p— oo, since X |A| for A €S tends to zero. According to (c),

the generalized sphere L*P(f)— 0 as p— o and therefore
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S L(f,A)—o0
Aesp

and in particular Xy (A) — 0 for A € SP’ which is impossible since Zy(A) for
AE SP is not less than y*(Wp) which exceeds a fixed positive constant. This
contradiction establishes (g).

(h) The limit Mu’v(f) of L(f,A)/|A|, for regular sequences of intervals A
tending to (u,v), exists, simultaneously in [, for almost every (u,v) € R and we

have

LCf) = [[ M, (f)dudv.
R ’

Moreover Mu’v(f) has the value j(u,v) when f(x,]) = .

To see this, we observe that, for each [, L(f,A) does not exceed the product
y (A) Max | f|, where the maximum is for j €/, and for x in a suitable bounded
set, and therefore that L(f,A) is absolutely continuous. Hence L(f) is the inte-
gral of its derivative Mu,v(f), and the latter exists, simultaneously for a dense
countable set of f, and so simultaneously for all f, almost everywhere in R.
Finally, for each square A determined by G and whose sides lie on G', we have

L(f,A) = Lim ffA f(x), j;)dudv as n describes {n;} and so

L(f,A) = f/{ I, v) dudv = fg 1 (&, v) dudv

when f(x, j) = j, on account of Stokes’s theorem 19 since x"l(u., v) = x(u, 1) on the
perimeter of A. Since almost every (u, v) €ER is limit of a square A, determined
by G and with sides on G, for which the width a of G tends to zero, it follows

that, when f(x, ) =j, M, u(f) is almost everywhere the derivative of

ff j(u, v) dudv,
A

and so has the value j(u, v). This establishes (h).

(i) Given a sufficiently small ¢ > 0, we determine [17 (a), (15.3), p. 329] an
open set O of plane measure < !0 which contains the perimeter of R and is
such that x(u, v) is Lipschitzian in R — O. Then the grating G defined in (b) can
be chosen for each small a to satisfy the further conditions: MOG) < ¢4 (10/(1,
I,(x,G) <4N/a.

10. The form of Stokes’s theorem actually used is essentially the formula for an area
of W. H. Young [22]. On account of [17(b), (7.2)] this formula extends to discontinuous
Dirichlet representations. See also [7a] and §3 above.
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In fact, with the notation used in (b) the points (), v,) for which G(uo, vy;a)
violates, respectively, these two conditions, occupy two subsets of aR whose
plane measures are both < a2/2 according to (a).

(j) We denote by G* the system of the squares of side a interior to R which
are determined by the grating G defined in (i), where a is sufficiently small, We

I so large that each

associate with this grating an integer n* € {nkf exceeding €~
L(f,A), for which A is an interval determined by G, has a McShane distance
< €|A] from ffA f(x,, j,)dudv for n =n* and that further |G"| < e This is pos-
sible according to (f).

(k) Let AI be the sum of those squares A € G* for which I(x,'l,,,,A) <ale

and for which there exists a linear function ZA(u, v) such that, on the perimeter

3

of A, the functions x(u, v) and ZA(u, v) differ by < 3a ¢3 and describe curves of
length < 5a L. Then lR—All < & To see this, we first determine [12, (9.2)] a
Lipschitzian function z(u,v) which coincides with x(u,v) in R-0, and we ap-
proximate [12, (12.2) p. 98] to the gradient ¢p(u,v) = (z,, z,) by a piecewise con-
stant vector-function ®(u, v) with 2m components, such that |qS—<I)l<ew except
possibly in plane measure < 10 of R. For small enough a, we may suppose, by
altering ® in small measure if necessary, that ® is constant in each A € G*.
Hence [12, p. 99] there is a finite sum A of squares A € G* such that [R—A|<£2
and that in each square A € G* situated in A the function z(u,v) differs by at
most ¢%a from a corresponding function ZA(u, v) linear in this square. We now de-
termine in A a set A, consisting of the sum of the squares A € G* situated in
A such that I(x,,A) < a? 73, [,(x,P)< 2a €2, MPO) < a€®, where P is the
perimeter of A, A simple calculation shows that |4 —Ao| <(N+8N+8)e? and
hence that |R—A0] <OHN+De?< e if € is sufficiently small. Hence we need only
show that 4; contains A,. To this effect, we observe that, by Schwarz’s inequal-
ity, x(u, v) describes, on P a curve of length < {4a11(x, PW% <4ae™!, and on
PO arcs of total length < {/\(PO)II (x, P) < 2a ¢3; from this last inequality it fol-
lows that x(u, v) differs on P from ZA(u, v) by < 3a e3. Consequently ZA(u, v)
describes on P a parallelogram of length < 4a ¢! +12a€3 < 5a¢”!, This estab-
lishes (k).

(1) Keeping ¢ fixed, we select our grating G to have sufficiently small
width a, and we construct a certain y(u,v) € D(N, [) with the following proper-
ties: 1) outside measure 3¢ of R, y(u,v) coincides with one of the given func-
tions %, (u, v) where n > 6—1; 2) on G/, y(u, v) coincides with x(u,v); 3) on each
A € G* situated in Al’ the oscillation of y(u, v) is < ¢; 4) for each interval A
determined by G, there exists a parametric sphere L*(f,A) such that L(f,A) is
at a McShane distance < 5¢|A| from the parametric surface
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L*(f,A) + HA flyu, v), i(u, v)] dudv

where (u, v) denotes the Jacobian of y(u, v).

For this purpose, we define L*(f,A) = 0 and y(u, v) = %% (1, v) (u, v) €A,
when A is an interval determined by G not situated in AI' While for A € G*
situated in Al we make use of a lemma in the theory of surfaces [14, (8.2) p. 297]
with ¢*K™! in place of the parameter there denoted by ¢, to obtain y(u, v) for
(u, v) € A, by a certain process of harmonic interpolation in small sets, from
x,:* (4, v). We apply this lemma, not to x’;* (u, v) 1tself, but to the vector-function
derived from it by adding the two further components u and v, and we denote by
y(u, v) the result of removing these two further components after the modification
has been carried out. If W is the set of (u, v) € A at which y{u, v) # x,'l* (u, v)
then both |W| and [fp|iy, v)| dudv are < HA| wI(xe, A < 2a°¢; consequently
y(u, v) coincides with xn(u, v), for n =n* > 5'1, outside measure 3¢ (since xn'* =
%, x outside G" and IC"[ <e). Further y(u, v) coincides with X x (u, v) on the
perimeter of R and its Dirichlet integral does not exceed that of xr:* (4, v), so that
y(u, v) € D(N, I). Also on G, y(u, v) coincides with x,'l, (u, v) and so with x(u,v).
Also on each A € G* situated in Al the oscillation of y(u, v), according to the
lemma quoted, is less than 2(4a ey 4a) exp (K 5—4) where K is an absolute con-
stant; therefore, for sufficiently small a, this oscillation 1s <e Finally by adding
(for each A € G* situated in Al) to the parametric surface defined by x’:* (u,v)
on the portions of the corresponding surface defined by y(u,v) for which x_ .(u, v)#
y(u, v) and also their opposite sides, we make 1t split up into the sum of a para-
metric sphere L*(f, A) and the surface ff f[y(u, v), u, v)ldudv defined by y(u,v)
on A; consequently this sum is distant <4a ¢ from ff f(xq, jn.,)dudv and is
therefore at a McShane distance < 5a%¢ from L( f, A). Slnce the same inequality
clearly holds in the intervals A determined by G not situated in A, this estab-
lishes (1).

(m) Let t2 be the sum of the areas of the parametric spheres LX f,A) cor-
responding to the A € G* in A1 according to (1), and let B be the sum of the
squares A € G* in A, for which the area of L*(f,A) is < ta®. Then |4,-B| <t
and so |[R-B| <t+e

(n) Let {e,} (v=1,2...) be a sequence of positive numbers tending to
zero. The sum 3 L*(f, A), summed for the A determined by G, will be denoted by
L* (f) when €, is substituted for ¢, and similarly we shall write y, (4, v), i (4, v),

»G,, B, for y(u, v), i(y, v), a, G, B. Further we write (¢, )2 for the area of
L:(f) and bv for t, +¢€,. According to [17 (b)] there is a subsequence of the
y, which converges in the BL sense, and also almost everywhere, to a function
€D which, by (1) 1), can be identified with x(u, v), since y, converges almost
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everywhere to the same limit as x,. According to (c), this implies that L:( fl—0
as v describes the subsequence. We can therefore select this subsequence, and
then identify it without loss of generality with the sequence of positive integers
v, so that moreover 3 b, converges and is less than an arbitrarily given b>0.

(0) In the set £ =1IB, of measure > [ - b, each point (u, v) is limit of a
square A, determined by G, such that L(f, AV) has, from fff(yv, iy) dudv over
A, , a McShane distance < 56V|Av| + tleyl < SbUIAvl and moreover y  (u,v) has
in A, an oscillation <e, < b, and coincides on the perimeter of A, with x(u,v).
Finally, on this perimeter, there exists a linear function Zv(u, v) which differs
from x(u, v) by < 3av(ey)3 and the lengths of the curves described on the perime-
ter of A, by x(u, v) and by Z  (u, v) are <5a,( ey)—l.

(p) Arguing similarly to (e), we obtain a parametric surface A (f), with a
representation € [) whose restriction to the perimeter describes the same paral-
lelogram as Z (u, v) describes on the perimeter of A, and whose diameter is
< 6av( Ev)3+ €, < 2 €, < 2bv, such that Av( [) is distant less than a constant mul-
tiple of 3av(ey)3 IOaVeV_I = BO(aV)Z(eV)2< e, |A,| from [ fly,,¢,)dudv over A,
and therefore such that A (f) has a McShane distance <6b_|A | from L(f,A ).

(q) According to (2.2) and the Note following (2.3) there is a flat-rimmed poly-
hedral disc (f) whose diameter is <2b, and whose McShane distance from
ALf) is <b, |A |. Consequently Q (f) has a McShane distance < 7b [A | from
L(f,A)), and |A,171Q_(f) has a McShane distance < 7b, from |A, 1‘11,(fA ).

(s) Letnow (u.v') be any point of the set E, defined in (o), such that
x(u, v) is absolutely continuous on a parallel to the axes through the point and
that L(f,A) has the derivative M, ' »'(f). According to (q), M, ' ,'(f) is the limit
of lA I_IQ (f). Moreover the dlameter of Q (f) is < 2b and 1ts rim is distant
<3a,( ‘1)3 <b, from the curve described by x(u, v) on the perimeter of A, and
therefore the carrier of Qy(f) has from the point x(u',v') a distance which tends
to zero as vV —» oo,

(t) According to (s) the limit of IAV|-1 Q,(f) is also that of its concentra-
tion at the point x(u’v'). Since this concentration is also that of the flat-rimmed
polyhedral disc derived from QV([) by magnification in the scale |Avl_1, the lim-
it of |Av|-1 Q,(f) is a micro-disc, and therefore M, 'y +(f) is a micro-disc with
the carrier x(u! vh).

(u) Finally since according to (s), (u)v') is almost any point of E, and
since |R-E| < b which is arbitrarily small it follows that Mu,v(f) is a micro-
disc with carrier x(u, v) almost everywhere in R.

(v) This completes the proof of (5.1).

6. The representation of a connected rimless generalized surface of finite
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type. The main result of this section is:

(6.1) Let L(f) be a connected rimless generalized surface of finite topologi-
cal type, oriented or non-oriented. Then L(f) possesses a micro-representation
whose carrier x(u, v) € D 1s of the same topological type. Furthermore, as (u,v)
describes the perimeter of R, x(u, v) describes a rectifiable curve which reduces
to a point if L(f) is a generalized sphere.

A more general result will be established in a later section, partly by means
of the same machinery, but we shall then need the following corollary of (6.1),

which is the main object of the present section:

(6.2) A rimless generalized surface of finite topological type, whose carrier

is @ 2-dimensionally thin set of points, is a totally disconnected sphere.

PROOF that (6.1) implies (6.2). Let x(u, v) be the carrier of the micro-repre-
sentation Mu,v(f) which our generalized surface possesses by hypothesis accord-
ing to (6.1). The set of values taken by x(u, v) is then contained in the sum of a
2-dimensionally thin set 4 and a set B such that the intcgral of Mu,v([), and
therefore that of |j(u, v)| the absolute value of the Jacobian of x(u, v), is zero
when extended over the set of (u, v) for which x(u, v) takes values in B. Accord-
ing to [14,(4.3) p. 281], the integral of | 7(u, v)| vanishes also on the set of (u,v)
for which x(u, v) takes values in A. Thus j(u, v) is zero for almost all (u,v); and
Mu,v([) is therefore almost everywhere a micro-sphere and its integral is a totally
disconnected generalized sphere. This completes the proof.

For reasons indicated in connection with (5.1), we divide the proof of (6.1)
into two parts which deal, respectively, with the case in which L(f) is a general-
ized sphere and with that in which L(f) is of higher topological type. The first

part will depend on the following lemma:

(6.3) Given a parametric representation x(u, v) € D, there is a parametric rep-
resentation x* (u, v) derwed from x(u, v) by conformal transformation of R into it-
self, such that the two diagonals of R diwvide R into four triangles on which the

area integrals fﬂj*(u, v)| dudv of x*(u, v) are equal.

The proof of (6.3), which is elementary, will be given in the Appendix.

PROOF of (6.1) for the type of a sphere. Let L(f) be a generalized sphere
and let N be a constant exceeding its area. According to (6.3) and (17 (a), (10.2)
p. 325), L(f) is the limit of a sequence of parametric spheres L (f), with con-
tinuous representations x, € D(N) whose restrictions to the perimeter of R are

constant, such that the four triangles into which R is divided by its diagonals
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contribute equal amounts to the area integral [[]j (4, v)| dudv of x (u,v), where
Jp is the Jacobian of x .

Let (I') denote, for any circular disc I" of centre the origin, the conformal
transformation of I onto R such that the centres, and the directions through the
centres parallel to the positive axis of u, correspond; under (I'), the segments of
the two domains, through the centres, parallel to the axes or to their bisectors,
cortespond also, for reasons of symmetry. Define yn(r, 0) to be constant in the
complement of the interior of a particular I" =17, and to be given (in polar coordi-
nates) in 1, by the value x (u,v) € X for which r, @ are the polar coordinates of
Ty(u, v) where T, = (FO) and suppose I}, chosen with centre at r =0 and radius
so large that the concentric unit circular disc contributes just half the area inte-
gral on l‘o of yn(r, 0) (in polar coordinmates).

We denote by I'I a concentric circular disc of radius T such that 1/2< < 1

and that, for a subsequence of n, a fixed multiple of N exceeds the expressions

3-‘”[ ayn(TI, 0)]26{9
0 a6 ’

the existence of [‘1 follows as in part (b) of the proof of (5.1) and we find, as there,
that, for a further subsequence of n which we identify for notational purposes with
that of all positive integers, the function y_ tends uniformly to a limit function on
r=r,; and describes on this circle a curve whose length does not exceed a con-
stant [ independent of n.

Let now x_(u, v) and x, (4, v) be, for (4, v) ER, the values of y,(r,6) and y"(rl2 rLo)
when (r,0) are the polar coordinates of TI("" v), where TI = (f‘l), and let y be
the transform under Tl of the circle r=1/2. We observe that x;ﬁ D(N) and
x;l' € D(N), and that further:

(a) on the perimeter of R the functions x"l(u, v) and x”,'(u, v) coincide for each
n and converge uniformly to a limit function as n -»e; moreover they describe a
curve of length < [;

(b) the sum of the area integrals of x"l(u, v) and x;(u, v) is divided into four
equal parts when R is divided into four triangles by its diagonals;

(c) the area integral of x,;(u, v) over R coincides with that of x,';(u, v) on a
domain contained in R which has y in its interior, where y is, from its definition
given above, a simple closed curve independent of n which surrounds the centre of R;

(d) we have L _(f) =L (f)+ L (f) where

~

L) =[[fCx,, jDdudv, L'(f)= [f f(x}, ") dudv,
R R
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o B .
and where j , j ' are the Jacobians of X, %

We select, in accordance with [17(b), (5.4)], a subsequence of n, which we
again identify with that of all positive integers, such that xr", x, converge in the
BL sense to limit functions x', x” belonging to D, and that moreover L.(f)
tends to a limit L'(f) for each f.

Then by (5.1), L'(f) is the sum of a generalized sphere L'*(f) and a gener-
alized surface possessing a micro-representation M;’U( f) with carrier x'(u, v).
Moreover, by (c) above, the area of L(f) and so that of L ‘'*(f) 1s at most half
that of L(f).

Similarly, after interchanging the variables u and v so as to change the signs
of the Jacobians, we see that L“(f) is the sum of a generalized sphere L"*(f)
and a generalized surface, possessing a micro-representation M" o(f) with carier
x2"(u, v). We observe further that if L '*(f) is connected then it follows from (5.1)
(i) that there exist an arbitrarily small interval A and a subsequence of n such

"k

that the area of L""(f) does not exceed that of the expression

lim fAf fx, =) dudv

and therefore that this area does not exceed half that of L(f) on account of (b)
and (c¢) above. Thus L"*([) is either disconnected or of area at most half that of
L(f).

Consequently L(f)=L*(f) + JigtMy (D) + My (Ddudv where L¥(f) =

L'*(f) + L"*(f) is a generalized sphere which is elther disconnected or else of

at most half the area of L([), and therefore in any case difterent from L(f); and
where Mz:,v(f) and Ml""v(f) are micro-discs with the carriers x' (u, v) and x"(u, v).
Now according to (2.2) and (4.3), the expression ffRiMl:,v(f) + M;‘"v( ldudv is a
generalized sphere. Since L(f) is connected this implies that L*(f) =0

This being so, we determine a parallel to the axis of u on which the simple
Dirichlet integrals of x' and x" are finite and on which x' and x" are absolutely
continuous and we denote by H a strip of R with this parallel as its central line
such that a preassigned € > 0 exceeds the sum [ (x’,H) + [(x", H) of the Dirichlet
integrals of x' and x" in the strip. We denote further by T a mapping of R onto
itself by a piecewise linear function ¢Xv) of v only, such that T maps the cen-
tral half of H onto its central line and H onto itself and that T is the identity
outside H.

We write x(l)(u, v) = x'(Tlu, vD), x(z)(u, v) = x"(Tu, vl), M(ul’)v( f) =
M'T[u,u]( f) - é' (), Mf}z)(f) = MST[u v](f) - ¢'(v), where ¢'(v) denotes the de-

rivative of ¢(v) and S is the operation which permutes the two cartesian coordi-
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nates of a point of the plane. Then M(“ (f) and M(z) (f) are micro-discs with the
carriers x(l)(u v) and x( )(u v). Moreover the functxons x(”(u v) and x(‘?)(u v)
belong to /), coincide on the perimeter and are constant on an interval of this per-
imeter, Finally L(f) has in terms of M(ul,)v(f) and M(f')v([) an expression wholly
analogous to its expression in terms of Mz:,v([) and Mzz,v( f). This state of affairs
persists when R is transformed conformally onto itself so as to map such an inter-
val of constancy onto the arc formed by three sides of R, and we retain for sim-
plicity the same notations after the conformal transformation and take the fourth
side of R to be the line v - 0.

Since x(l)(u, v) and x(‘?)(u, v) then coincide for v = 0, the functions x(u, v) =
x(l)(u, 20-D(v > 1/2), x(u, v) = x(z)(u, 1-2v)(v < 1/2) belongs to D and is the

carrier of the micro-disc

M, D =20 (D2 1/, i, () =28 P

u,2v- 1-2v, u(f)(v51/2)‘
Morcover we have L(f)= [[o M, (f)dudv and this completes the proof of (6.1)
for the type of a sphere.

For the higher topological types, we use a lemma that we intend to prove 1n
a sharper form in [21]. It concerns a *‘pinching constant’’ for a polyhedron, sub-

stantially the minimal length of its one-cycles not homotopic to 0.

(6.4) Let S be the class of rimless polyhedra of the connected type T. Then
there exist k= kT) > 0 and, for each L(f) € S of area A >0, a ‘pinching’’ con-
stant ¢ = (L) > 0 with the following properties:

(i) there is a totally disconnected polyhedral sphere of area < c?/2 such that
L(f) + L*(f) us either of the disconnected type T or of lower type;

(i1) there is a representation x(u, v) € Pol of L(f), subject to an identifica-
tion of the type T such that the perimeter of R is subdivided into <k parts, which
describes a length < kA/c on the perimeter of R and, for positive each €< c/k, a
length <k € on every arc of the perimeter of R whose extremities can be joined

in R by an arc on which x(u, v) describes a length e,
In conjunction with (6.4) we use the following result

(6.5) Let L(f) be a parametric surface of finite topological type with no rim
(or with polygonal rims). Then there is a sequence of polyhedra L (f) of the same
type with no rim (or with the same rims) such that L(f) = lim Ln( .

~

The proof of (6.5) need only be sketched, since the sewing argument of (3.2),

on which it depends, is now sufficiently familiar. By a small alteration of L(f) if
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necessary, we may suppose that L(f) has a quasi-Lipschitzian representation
x(u, v), subject to an 1dentification I of the topological type possessed by L(f)
with no rim (or with polygonal rims). We may suppose further that a(u, v) has a

rectifiable restriction to the perimeter of R.

This last can be arranged, without altering L(f), as follows: we first alter
%(u, v) near the vertices, by cutting off from R, for each set of identified vertices
of &, small polygonal neighborhoods of these identified vertices, and by fitting
these polygonal neighborhoods together as a separate polygonal domain 1n which
the 1dentified vertices become a single (vertex or) interior point and finally by sub-
stituting, for this point, another more satisfactory point in its neighborhood and
then reversing the previous procedure; in this way we arrange that x(u, v) describes
rectifiable curves on sufficiently small arcs of the perimeter which contain the rel-
evant vertices of {, next we cut off portions of R, abbutting on slightly shortened
arcs of the perimeter between two consecutive vertices, and sew them onto corres-
ponding portions of identified arcs. The final perimeter after each alteration may be sup-
posed to be again that of R, by making a conformal transformation. Ulimately we thus ob-
tain a new representation x(u, v) which describes a rectifiable curve on the perimeter of R.

Again by a small alteration of L(f), we can arrange that the neighborhood of
the perimeter of R is the sum of a finite number of simply-connected domains on
whose rims x(u, v) 1s rectifiable and in whose interiors x(u, v) 1s harmonic. Final-
ly, keeping x(u, v) fixed except in the immediate ncighborhood of the perimeter,
we approximate to x(u, v) by a piecewise linear function on the perimeter and by
the corresponding harmonic interpolation near the perimeter; according to the theo-
rem of Carlson and Young [16 (b)), this alters only a small area of the surface rep-
resented, provided the length of the curve described on the perimeter is not 1n-
creased; hence by a small alteration of L(f) such as just described, we may sup-
pose x(u,v) ptecewise linear on the perimeter of R. This final reduction now ren-

ders the statement to be established a corollary of (2.2) and so completes its proof.

We need one further lemma, which we take from [17 (a)] but which is not stated
explicitly there. We denote (in this lemma only) by AL f(W)] and d[ f(W)] respec-
tively the length and the diameter of the curve described by f(u, v) when (u, v)
describes an arc W C R. We say further that a sequence of functions folu, v) sat-
isfy a 3-point condition on the perimeter of R if there exist three points a , b,
c,, of this perimeter whose mutual distances exceed some fixed &> 0, such that
the values of f at these three points tend to three distinct limits as n - oo,

(6.6) Given an infinite sequence S of functions € D(N) whose 1estrictions
to the perimeter of R are not equi-continuous and which satisfy a 3-point condi-

tion, there is a subsequence {f } of S, a corresponding sequence tW,} of cross-
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cuts of R, and a positive number a, such that, if W"l, W,': are the two arcs of the
perimeter of R with the same extremities as W, we have d[fn(W"z)] > a,
dlf (W) >a and ALf,(W))] >0 as n> .

This statement is established by the same proof as a weaker one given in [17
(a), (5.1) (i) p. 320].

PROOF of (6.1) for a type other than that of a sphere. According to (6.5),
L(f) is the limit of a sequence of polyhedra L (f) of the same topological type.
Clearly by (6.4) (i) the pinching constants of the polyhedra L (f) have a positive
lower limit; we may therefore suppose that they have a positive lower bound 80.
Moreover the areas of the Ln(f) remain less than a constant N. Consequently the
polyhedra L (f) possess representations x_(u, v) with the properties stated in
(6.4) (ii).

According to [17(a), (10.2) p. 325], L,(f) has a representation x,; € D(N)
Fréchet equivalent to x,, and we can arrange, by conformal transformation and by
the selection of a subsequence of n, that the xr"(u, v) satisfy a 3-point condition
on the perimeter of R, since L(f) is not a generalized sphere.

In view of (6.6), the functions x’:(u, v) are equi-continuous on the perimeter
of R, while by (6.4) (ii) they describe on this perimeter curves of length uniformly
bounded by a constant ! and are subject to corresponding identifications ‘9‘n for
each of which the perimeter of R is subdivided into a uniformly bounded number
of arcs.

According to [17 (b) (5.4)] there is a subsequence of the x"l converging in the
BL sense in R, and converging uniformly on the perimeter of R, to an x(u, v) €
D(N, 1), of which we see at once that it is subject to an identification R of the
same type as all the &n, i.e., of the type of L(f). On account of (5.1), this com-
pletes the proof.

7. An application. We can now derive an important variant of (5.1).

(7.1) Let x, € D(N) describe for n=1, 2, -++ a sequence of representations
of parametric surfaces L_(f) which tend to a generalized surface L(f). Suppose
further that the x_ are subject to identifications &n’ which arise from subdivisions
of the perimeter into a bounded number of parts and which belong to a same topo-
logical type T, and that they describe on the perimeter:

on the free arcs, a same system Cj, -++, C; of 2-dimensionally thin, disjoint
rims;

on the rest of the perimeter, rectifiable curves whose total length does not ex-
ceed a fired constant, independent of n.

Then (a), if the x, converge uniformly to a continuous x € D there exists a
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totally disconnected sphere L*(f) and a micro-disc M, (f) with carrier xu,v),
such that ’

L) = L*(f) + f}{ M, (f)dudv,

Moreover (b) this conclusion holds with L*(f) = 0 if we merely suppose
that the x, converge in the BL sense to an x € I) and uniformly on the perimeter
of R, provided that L(f) is connected of the type T.

PROOF. (a) As in (5.1) we select a subsequence of n which may be supposed

to consist of all positive integers, along which the parametric surface
Lol N) = I (G ,) dud

where j_ is the Jacobian of x , tends for each subinterval A of R to a limit
L(f,A), and we denote by Mu,v(f) the derivative of L(f, A) for almost every
(u, v). We shall extend the notation Ln( f,A), L(f,A) by addition to the case in
which A is a figure expressible as the sum of a finite number of subintervals of R.
For each positive ¢ < I, let R_ denote an interval intertor to R which con-
tains the square concentric to R of sides I —¢, such that the sides of R, are
situated on four lines in K, on each of which, with the notation of the proof of
(5.1), the simple Dirichlet integrals of the x, are bounded functions of n. The
existence of R, follows from [17 (b)] as in the definition of BL convergence.
According to (5.1), applied to the representations derived from the x, when
R_is mapped onto R, there is a totally disconnected sphere Lt([) such

€
that

LU, RY = L'WH + [f M, ([)dudv.
Re
Let L*(f) be the limit of L*(f) when ¢ describes a suitable sequence tending
to zero. By selecting R, anew for the other values of ¢ if necessary, we may sup-

pose that L} o(f) is the l1mxt of L* :(f) as €> 0 in any maaner. Then LO([) is a

totally disconnected sphere. The functlonal

L*(fy=L(f) - [f M, (f)dudv
P

may now be written

L*(f) = im L(f) - LUf, R) + L (f) = L**(f) + Lgff),
€
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and we have only to show that the generalized surface

L™X(f) = lim I{f, R=R)) = lim lim L (f, R~R)

is a totally disconnected sphere. According to (6.2) we need only verify two
things:

(i) The carrier of L**(f) is two-dimensionally thin;

(i1) L** is of finite topological type with no rim.
The verification of (i) 1s immediate: since the x  converge uniformly to a contin-
uous limit x(u, v), the carrier of L**([) ts clearly a subset of the set of values
taken by x(u, v) on the perimeter of R and the latter is situated on the sum of the
rms (), +- -, CS and a bounded number of rectifiable curves; this set is there-
fore 2-dimensionally thin.

In order to verify (i1), we first modify Ln(f, R'"Re) in accordance with the ar-
gument of part (f) of the proof of (5.1). We do this by an elementary mapping T
of R—R_ onto the annulus derived from R—R_ by slightly thickening the inner
perimeter and by defining a representation yn,((u, v) equal in T(R-R)) to
xn(T-I[u, v]) and completed in the rest of R-R, by interpolation, as in the argu-
ment referred to, so as to coincide with x(u, v) on the inner perimeter. If the thick-
ening is a sufficiently small function of n and we denote by in,( the jacobian of

¥p e We find that the distance of L.(f, R—Re) from
[ [ fly _,i )dudv
RR, n,e’‘n,e

tends to zero as n » oo, Since f[x(u, v), - j(u, v)], where j(u, v) is the Jacobian

of x(u, v), is integrable in R, it follows that
L**( f) - ]im lim Ln,(( f)

where

Ln,c( f)= fR—‘-chf(y""’ in,c) dudv + fR_j,'aef[x(u, v), - j(u, v)]dudv.

Since Ln,c is easily seen to be of a bounded topological type with no rim, the
same is true of L**([) and we verify (ii). This completes the proof of (a).

(b) It‘ is clear that x(u, v) is subject to an identification of the type T and
describes the rims CI’ ey, Cs on the free arcs. We have to prove that L(f) has
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a micro-representation M, (f) with the carrier x(u, v). We shall derive this result
from (7.1). By applying the procedure of [17 (a), (20.2) p. 333] as modified slightly
in [17(b), (7.1)], we derive from the x,, for each €> 0, a corresponding sequence
of equi-continuous representations %, ¢ € D(N) with the following properties:

(i) we have x (u,v) = xn’e(u, v) except at most in an open subset 0, of the
interior of R such that the area integral of xnle(u, v) on O is <¢;

(ii) the passage from x, to x _ occurs in a countable number of steps at

€
’
most, and each step consists in replacing the representation wlhich results from
previous steps, by its harmonic interpolation in a simply-connected subdomain of
the interior of R; moreover if ¢, denotes, at the v-th step, the area integral of

the harmonic interpolation over the subdomain, we have e, <e

Now we may regard each such harmonic interpolation as effecting a corre s-

ponding modification of the parametric surface Ln(f) defined by xn(u, v) for

(u, v) € R, the modifications being made successively. At the v-th stage, the
modification consists in adding the surface integral of the new (the (v + I)-st) rep-
resentation for the integrand f(x, J) over the subdomain 1n which interpolation oc-
curs, and in removing the corresponding part of the old (the v-th) surface integral.
If we add also the corresponding surface integral of the new representation for the
integrand f(x,~7) and then remove it again, the modification may be described as
the addition of atotally disconnected sphere of area 2¢, followed by the removal
of a parametric sphere. Hence Ln,((f), the parametric surface represented by

x arises from L _(f) by adding a totally disconnected sphere of area 23,

n,e
< 2¢€ and then by removing a generalized or parametric sphere. Keeping ¢ fixed,

and making n describe a suitable subsequence, we deduce that
(7.2) LU + LD = LA + lim L, (),
n

where L /(f) is a totally disconnected sphere of area < 2e and L}(f) is agen-
eralized sphere.

We write, as previously, L (f, A) for the double integral over A of f(x,,],),
where j 1s the Jacobian of x, and where A is a figure expressible as the sum
of a finite number of subintervals of R. Similarly we define Ln,e( f,A) in terms
of %, and we write L(f, A) for the limit of Ln( f,A) for a suttable subsequence
of n, independent of A: according to part (d) of the proof of (5.1), this limit ex-
ists, and so does, for a fixed ¢, that of Ln,e( f, A). We denote their derivatives
in A respectively by Mu’v(f) and Mu,v,c(f)‘

We determine further, as in part (b) of the proof of (5.1), a grating G of side

a on which, for a suitable subsequence of n (to which we restrict ourselves), the
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sum of the simple Dirichlet integrals of xn(u, v) and xn,e(u, v) is a bounded func-
tion of n. We denote by R, the subinterval of R formed by the squares determined
by the grating G whose sides are interior to R, and we choose the side a of our
grating so small that the double integrals over R—R of the areas of Mu,v( f) and
Mu’v((f) are both < ¢; this is possible since these functions are certainly inte-
grable in R by standard theorems.

We now finally restrict further our subsequence of n so as to make the
xn,e(u, v) converge uniformly to a continuous limit function in R. We can apply
(5.1) math R, in place of R to the two sequences L _(f) and Ln,c(f) and we can
apply (7.1) to the sequence Ln“(f). We thus obtain the three equations

LUf,RY) = Lo + [ [ M, (f)dudv,
R, ’

(7.3) lim L, {fRy) = Lt,';'o( N+ fRf M, o {f)dudv,
0
limL, (f)= L) + [ (M, , (f) dud,
n ’ R 7

where L’:)( £y L (f), L;(f) are generalized spheres, the last two totally dis-
’

connected. Moreover Mu,v(f) and M“,v,((f) are micro-discs with the respective

carriers x(u, v) and lim,l x, 6(u, v). Combining the last two equations with (7.2)

and with the corresponding relation on R,

LU Rg) + L o) = L o ) + lim L, (f,Ry)

where L; O(f) and Le” 0([) are generalized surfaces whose areas do not exceed
those of L (f) and L/(f) respectively, and writing L/(f) + L) (f) = L:( s
Le”,O( N+ 1‘20( f)= L:,O( f), we obtain in their place

LR + Ly ()= Lo+ [ [ M, , (f)dudv,
(7.4) Ro

LN+ LAN=LIN+ M, {fdud,
R L ]

where L (f), L:( f) are generalized spheres, the former totally disconnected

and of area < 2¢, and where L'( 0( N, L: o(f) are generalized surfaces, the for-
] »

mer of area < 2e,

Let w(¢) denote the area of L:(f), and let ¢ describe a sequence tending
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to zero such that the terms occuring in the second equation (7.4) tend to corres-
ponding generalized surfaces. Since limL(f) =0, lim L:(f) is a generalized
sphere, and [f, Mu,v,c( f)dudv according to (2.2) has for each ¢ > 0 the same to-
pological type and the same rims as L(f), we can now conclude, from the fact
that L(f) is connected, that the generalized sphere lim L:([) vanishes, and there-
fore that w(e€) » 0.

By substracting the first equation (7.4) from the second, we obtain

L(f,R-R,) = fRfR My, &N dudv + L) + Ly () = LY o(f) =~ LUS)
o

so that the area of the generalized surface L(f,R-R;) is at most € + w{¢) + 2¢,
which tends to zero for our sequence of .

Hence finally by the first equation (7.3), denoting by L*(f) a suitable limit
of L;(f) as €~ 0, we find that

LCf) = L*(f) + [[M, (f)dudv
P

which in its turn requires L*( f) = 0 since L*(f) is a generalized sphere and

ffR Mu’v(f)dudv is, by (2.2), of the same type as L(f) and possessed of the
same rims, while L(f) 1s connected by hypothesis. This shows that L(f) pos-
sesses the micro-representation Mu'v(f) with the carrier x(u, v), and so completes
the proof.

8. Representation of a connected generalized surface of finite topological
type whose rims are 2-dimensionally thin. In this section we follow in part the
treatment of the special case of a connected generalized disc with rectifiable rim
(18, (12.4) p. 78—82]. Our main theorem is as follows:

(8.1) Let L(f) be a connected generalized surface of finite topological type
T whose rims are disjoint and 2-dimensionally thin. Then there exists a micro-

representation

L(f) = ffM, (f)dudv
R ’

where M, (f) has a carrier x{u, v) € D subject to an identification of the type

T with the same rims.

With regard to this theorem, we note thata connected generalized surface of
type T may well be a disconnected generalized surface of a higher type accord-
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ing to our definitions ($4). In proof we shall appeal to an elaboration of (6.4)

which runs as follows:

(8.2) Let S be the class of generalized surfaces of the connected type T
whose rims consist of a given set C=(Cy, +-+, C,) of disjoint 2-dimensionally
thin simple closed curves. Then there exist: k=KT) >0; a=a(C)>0; b=
b(e, A, T) > 0 defined for ¢ >0, A > 0; and for each L(f) € S of area A~a> 0,
a constant ¢ = c(L) > 0 with the following properties:

(i) the inequality c < b implies the existence of a totally disconnected
sphere L*( f) of area <e such that L(f) + L*(f) is either of the disconnected
type T or of lower type with the same rims;

(ii) LCf) is the Luimit of a parametric surface with a continuous representation
%, €D, which is subject to an identification of the type T such that the perim-
eter of R is subdivided into <k parts A, and which describes, on the perimeter
of R, the rims Cpoovey Cg on the sum of the free arcs A and rectifiable curves
of total length < kA/c on the rest of the perimeter of R, and finally which de-
scribes, for each positive € < c/k, arectifiable curve of length < ke on every
arc of the perimeter of R, disjoint from the free arcs, whose extremities can be

jorned in R by an arc on which x (u,v) describes a rectifiable curve of length e.

The proof of (8.2), like that of (6.4), will be omitted, since we intend to pre-
sent it in [21] for parametric surfaces L(f) with representations € Pol-int sub-
ject to an identification of the type T, and the general case easily reduces to
this one, on account of (2.2).

PROOF of (8.1). We may suppose by (6.1) that the set of rims is not empty.
According to (8.2) (ii), L(f) is the limit of a parametric surface Ln(f) with a
representation x € [) as stated there.

According to [17 (a), (10.2) p, 325], we may further suppose that there is a
fixed constant N such that x, € D(N). Moreover we may clearly suppose that the
%, satisfy a 3-point condition on the perimeter of R. According to (6.6), the
%, (u, v) have equi-continuous restrictions to the perimeter of R. By selecting a
subsequence, we may now suppose that the x, converge in the BL sense toan
x(u, v) whose restriction to the perimeter is the uniform limit of the correspond-
ing restrictions. Clearly x(u, v) is subject to an identification of the type T and
describes the rims CI’ ceey, Cs on the free arcs. Our assertion is now a direct
consequence of (7.1) (b).

9. Existence of continuous variational solutions. In this section, we denote
by & the ¢lass of generalized surfaces of finite topological types with given rims and

with at most a given number of handles or cross-caps, and we suppose that the
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rims consist of a finite (possibly empty) system of disjoint 2-dimensionally thin
simple closed curves CI’ ceey, Cs. A micro-representation of a member of ® will
be termed admissible if its carrier x(u, v) € D 1s of a type with the given rims and
at most the given number of handles or cross-caps; it will be termed continuous if
x(u, v) is continuous. Finally, we term an L(f) € 8 at most finitely disconnected,
if its decomposition according to (4.6) and (4.4) (i) consists of a finite number of
connected generalized surfaces, described 1n (4.6), together with a finite number
only of connected generalized spheres. We write for brevity ®, for the subclass
of § whose members are at most finitely disconnected and possess continuous

admissible micro-representations.

To avoid unnecessary distinctions, a parametric integrand [o(x, 7) will as usu-
al be understood to be symmetric when the members of ® are non-oriented. We term
the parametric integrand f,(x, ) totally urregular if there exist a non-vanishing
micro-sphere M(f) such that M(f;) <0. A generalized surface L(f) € & will be
termed totally non-critical if there exist a sequence of generalized surfaces
L (f) € ® tending strongly to L(f), such that, given any parametric integrand
fo(x, j) which is not totally irregular, the inequality L (f)) <L(f,) holds for all
large n. A class of generalized surfaces will be termed totally non-critical if each

of its members is so. The main result of this section is:
(9.1) @—@C ts totally non-critical.

Given a finite non-empty ordered set of parametric integrands f, [1, ooy [
let us denote by P the problem of the minimum of L(f,) for surfaces L(f) € !
of uniformly bounded areas situated in a bounded portion of the space X, subject
to the k subsidiary inequalities L(f,)<a(v=1,-++,k) where k may be zero.
This problem will be termed acceptable 1if there exists a member of K which sat-
isfies the subsidiary inequalities, and if moreover none of the integrands f,
fp ey, fk is totally irregular. Clearly (9.1) implies that for such a problem the
minimum cannot be attained 1n ®§-&_. On account of the principle of minimum
[18, (5.2) p. 64], it follows that (9.1) has as a corollary:

(9.2) (Existence of minimizing continuous micro-representation.) If R s ac-

ceptable, the minimum is attained in 8, but never in -8 .

We observe that the condition of acceptability excludes only problems which
are to some extent trivial. Except in so far as we suppose the rims 2-dimension-

ally thin,ll this condition replaces enormously more stringent conditions imposed

11. The elimination of this hypothesis is one of the aims of the theory of the bound-
ary which originates in [20] and in [19].
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by Danskin, Sigalov and Cesari in the existence theorem referred to in the introduc-
tion, which of course concerns only the type of the disc. It goes without saying
that the minimum is attained for a parametric surface in Qc if the integrands
f,(v =0,++,k) satisfy the weak convexity condition in j: M(fu) > f(x, j) for
every polyhedral micro-disc of oriented area j whose carrier is the point x.

Before establishing (9.1) we introduce some auxiliary results needed in its

proof. We first remark that:

(9.3) In order that the integrand fi(x, j) be not totally irregular, it is neces-
sary and sufficient that to each bounded portion E of the space X there corres-
pond positive numbers b and ¢ such that L(f)) > ¢ A for every polyhedral sphere
L(f) of area A < b situated in E.

In fact, if the condition is satisfied, we find that, by a simple passage to the
limit, every micro-sphere M(f) of area A < b whose carrier lies in E satisfies
the condition M( fo) >cA >0, and therefore that fo(x, Jj) is not totally irregular.
On the other hand, if the condition is violated, there exists for

b=c=1/n(n=12,...)

a polyhedral sphere L (f) of area A < 1/n such that L (fy) < n-lAn; writing

E 3 _ . . -1 . *
L (f)=k,L (f) whete k_ is the integral part of 4 °, and denoting by L*(f)
the limit of L:(f) for a suitable subsequence of n, we see that L*(f) is a total-
ly disconnected sphere of area ! for which

L¥( fo) < lim "~1knAn < lim L=,

and therefore, on account of (4.4) (iii), that there exists a non-vanishing micro-
sphere M(f) such that M( fo) < 0; in other words, fo(x, j) is then totally irregular.

Our next lemma is:

(9.4) Let x(u,v) be a continuous special Dirichlet representation whose os-
cillation on the perimeter of R is d, and let a (W) denote the area integral of
x(u, v), i.e., the integral of the absolute value of its Jacobian, on an arbitrary
measurable subset W of R. Then given ¢ > 0, there exist a finite number of con-
tinua y,, -+, y, interior to R, which bound disjoint simply-connected subdomains
of R whose sum is an open set O, such that

(i) the square of the total intrinsic length described by x(u,v) on y, «++, y,
does not exceed mea(0),

(ii) the oscillation of fu,v) on R-0 is <d + 4b where b2=¢lg (R).
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This is really a variant, due to Cesari, of the lemma in the theory of surfaces
[13;14, (8.2) p. 297;17,(16.1) p. 330] on which so much of our machinery is ulti-
mately based, but we have not, so far, found a satisfactory single version to re-
place both. For a proof of (9.4), we refer to the Appendix, since Cesari’s is re-
stricted to the case of a polyhedron, in accordance with his general scheme, so
beautifully carried out, of reducing everything to polyhedra.

Since [14, (7.2) p. 294] the boundary length of O described by x(u,v) is at
most twice the length described on y; +..-+y,, it follows from the isoperimetric
praoperty of a harmonic surface L? < 4mA, and from (9.4) (i) that we have the fol-

lowing corollary:

(9.5) With the notation and hypotheses of (9.4), let x* (u, v) denote the func-
tion which coincides with x(u,v) outside O and with its harmonic interpolation
in each of the constituent domains of O, and let a* (W) denote the area integral
of x* (u,v) on an arbitrary measurable subset W of R. Then a*(0) < €a(0).

From these results, we deduce:

(9.6) Given a positive ¢ < 1, let L(f) be a generalized surface which pos-
sesses a micro-representation M, (f) with a continuous quasi-Lipschitzian car-
rier x(u, v) € D(N). Suppose furt/wr that the values of ™u,v) lie in a bounded
convex set E, that the oscillation of x{u, v) on the perimeter of R is < ¢ and that
the area of L(f) is < ¢3/100. Denote by O and by x*(u, v) the open set andthe
function defined in correspondence with x(u, v) in lemmas (9.4) and (9.5), and
write L*(f) for the generalized surface with the micro-representation M:’v( f) =
Mu’v(f) for (u,v) outside O and M:’U( f) = fla*(u, v), j*(z, )] for (u,v) in O,
where j*(u,v) is the Jacobian of x*(u,v). Finally let A denote the integral over
O of the area of M (f) Then

(i) x*(u,v) is the carrier of the micro-representation of L* (N;

(ii) x*(u, v) € D(N) and coincides wuth {u v) on the perimeter of R;

(iii) x*(u, v) has oscillation <2¢€ 1n R;

(iv) the distance of L*(f) from L(f) is <24 < ¢;

(v) for every parametric integrand fy(x, j) which satisfies (9.3) in E with posi-
tive constants b> ¢ and ¢ > 3¢Q(f,, E), where Q(f,,E) denotes the maximum
of fo(x,j) for x €E and jE€ I}, we have

L*(fp) < L(f) = €24 Q(f,, E).

We need only prove (v). It follows from the sewing theorem (3.2), coupled with

conformal transformation onto R of each constituent domain of O, that the inte-
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grals over O of

M, )+ fle*(u, v), = 1 ¥, )] and My (f) + fla* (4, 0), = ] *(u, v)]

are each expressible as the sum of £ generalized spheres, and so as a single gen-
eralized sphere, which we denote, in the two cases under consideration, by L"(f)
and L '(f). The area of L"(f) is S(GB/IOO) +ea(0) < 63/50 < b and that of
L'(f) is <2 ¢ca(0); hence

L'(f) <2 €a(0)Qfy E) < ca(0) - ea(0) Xfy, E) < L"(f) - ea(0)Qf,, ).

Therefore, by putting f = fo in the identity L*(f) +L"(f) = L(f) + L'(f), we ob-
tain L*(f,) < L(f,) - €a(0) Q(fy, E). In the case in which €4 <a(O) this is our
assertion; in the opposite case we define a generalized surface Lo(f) by assign-
ing to it the micro-representation Mg’v( f) = Mu,v(f) for (u, v) outside O and

Mﬂ,v( = flx(u, v), j(u, v)] for (u,v) € O where j(u, v) is the Jacobian of x(u,v),
and we obtain as above L*( fo) < L9 fo) -€eal0) Q(fo, E)< LY fo); moreover argu-

ing as before with the generalized spheres expressed as integrals over O of
My () + flaa, 0), = j(u, )] and MO (f) + flda, v), - j(u, o)),

we find, in the case in which €4 > a(0), that Lo fo) < I( fo) -ed Q(fo, E) from
which our assertion again follows since L*(fo) < Lo(fo) and €< I.

Finally from (9.6) we deduce yet another lemma:

(9.7) Given a positive e <1, let L(f) be a generalized surface which pos-
sesses a micro-representation Mu'v( f) with an arbitrary carrier u, v) € D(N).
Suppose further that the values of xu, v) lie in a bounded convex set E, that the
oscillation of x(u,v) on the perimeter of R is <e¢, and that the area of L(f) is
<€3/100. Then either Mu’v( f) has a second carrier x*(u, v) € D(N) which coin-
cides with x(u, v) on the perimeter of R and has in R an oscillation < 2¢; or else
there exists, at a distance < ¢ from L(f), a generalized surface L*(f) with the
following properties:

(i) L*(f) is the limit of a sequence of generalized surfaces L:(f) which
possess micro-representations urth corresponding carriers x:(u, v), where the lat-
ter belong to D(N), coincide with x(u,v) on the perimeter of R, and have in R
oscillations < 2¢

(ii) we have

~

L*(fy) < L(f,)
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whenever fy(x, j) is a parametric integrand which satisfies (9.1) in'E with post-
tive constants b > ¢ and c > 3eQ(fy, E), where Q(fy, E) denotes the maximum
of fo(x,]) for x€E and ;€ I;-

PROOF. According to [17(b), (7.2)] and the remarks preceding (2.2) above,
there exists a sequence of continuous quasi-Lipschitzian representations x (u,v) €
D(N), such that x,(u, v) coincides with x(u, v) outside a subset Wn interior to R
on which [f{1+ | (u,v)|}dudv > 0 as n o, where j (u,v) denotes the Jacobian
of x (u,v). We denote by L (f) the generalized surface with the micro-represen-
tation Mu’v(f) for (u, v) outside W  and f[xn(u, v), ]n(u, v)] for (u, v) € W.; we
observe that the distance of Ln(f) from L(f) tends to zero, since the integral
over W of |]n(u, v)| tends to zero, and since that of the area of Mu’v([) tends
to zero with the measure of W .

Applying (9.6), where we place the additional suffix n on all the expressions
concerned, we obtain a generahzed surface L (f) with a micro-representation
whose carrier is a function x (u, v) € D(N), where x*(u v) coincides with x_ (u,v)
and with x(u, v) on the perimeter of R and has oscillation <2¢ in R; moreover
L:(f) is at a distance <24 <e from L _(f), where A is such that for every

parametric integrand fo(x,/) which satisfies the stated conditions we have

LX(f) < L(f) = 4,0(fp E)

In the case in which An does not tend to zero, our conclusions now follow by
taking for L*(f) the limit of a suitable subsequence of the L:;( 1.

On the other hand if An"’ 0 then the distance of L(f) from L:;(f) tends to
zero and moreover a suitable BL ltmit x* (u, v) of x}(u, v) has oscillation < 2e
in R. Outside W + () we have x*(u, v) = x%(u, v) = x(u, v), so that x*(u, v) is the
carrier of M (f) outstde l[(W +0 ) and therefore almost everywhere outside
the set lI(O W) on which, for each n, the integral of the area of M, L) 1s
< 24, by the definition of A, Thus the area of M, ,(f) is zero dlmost every-
where in [I(O W ), so that its carrier is still x*(u, v) in this set wherever the
Jacobian j*(u, v) of x*(u, v) vanishes., To complete the proof 1t is therefore suf-
ficient to show that the assumption A - 0 implies j*(u,v) = 0 almost everywhere
in H(On— Wn)’ i.e., that the integral over ﬂ(O"—— W") of l]*(u, v)| vanishes. Now

this integral is certainly not greater than

[ [ |)*uv)|dudv=[ [ | j¥(u, v)| dudv + B,
o +Wn o, LA

where



58 L. C. YOUNG

= [f | j*(u, v)| dudv ~ [[ | j¥(u, v)| dudv,
R R

and since

I T 11Xy, v)ldudv = [ [|j*¥u, v)|dudv + [ [ |j¥u,v)|dudv
On‘"W o W -0

n n n n

< eAn + fu;r Ijn(u, v)| dudv

n

tends to zero, it is sufficient to prove that limsup B, < 0. This is a consequence
of the following semi-continuity lemma for area of parametric surfaces, which we

state separately:

(9.8) Let x,(u,v) €D converge to xu, v) in the BL sense in R and uni-
formly on its perimeter, and let a, and a denote the areas of the parametric sur-
faces defined by x (u,v) and by x(u,v). Then a < liminfa .

This result is actually a corollary of [17 (b), (7.1)] and of the classical semi-

continuity theorem for Lebesgue area, so that the proof of (9.7) is now completed.

Our final lemma is a proposition worth stating for its own sake:

(9.9) Suppose that L(f) possesses a micro-representation Mu,v( f), witha
carrier x{u, v) € D(N) but no continuous carrier € D(N) which coincides with
%(u, v) on the perimeter of R. Then L(f) is a strong limit of generalized surfaces
of the form L (f) = limp Ln'p( f), where each L",p( f) possesses a micro-repre-
sentation with a quasi-Lipschitzian carrier € D(N) which coincides with x(u, v)
on the perimeter of R, and where, for every parametric integrand fp not totally
uregular, we have L (f,) < L(f,) for all large n.

PROOF, We write L(f, A) for the integral of Mu’v(f) over any figure ACR.

In the case in which x(u, v) is continuous on the perimeter of a subinterval
A of R we write w(A) for the least oscillation in A of a carrier x*(u, v) of
Mu'v(f) such that x*(u, v) coincides with x(u, v) on the perimeter of A. We write
further w(¢) for the supremum of w(A) when A is a subinterval of R, on whose
perimeter x(u, v) is continuous and has oscillation <€, such that the area of
L(f,A) is < €3/100.

Suppose first that w(€) > 2¢ for some arbitrarily small € = ¢, tending to 0.
There would then be, for € = ¢, an interval A, such that the area of L(f,A ) is
< 63/100,. that x(u, v) is continuous on the perimeter of A and has oscnllauon

< € on this perimeter but no carrier of M,  (f) which comcxdes with x(u, v) on
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this perimeter has oscillation < 2¢ in A .. By applying (9.7) to the generalized
surface L(f,A ) after a simple mapping of A, onto R, we deduce that there ex-
ists, at a distance <e¢ from L(f, A ), a generalized surface L*(f, A,) such that
L( f,R—-A() + L*(f, A ¢) constitutes for €=¢, a generalized surface Ln(f) with
the properties stated.

It remains to treat the case in which w(¢) < 2¢ is true for ¢ <€y where ¢ is
sufficiently small. We shall show that, contrary to our hypotheses, this in its turn
implies that Mu’v(f) has a continuous carrier x*(u, v) which coincides with x(u,v)
on the perimeter of R. To this effect we determine for €=¢, a corresponding §'>0
such that ¢3/100 exceeds the integral of the area of Mu’v(f) on every measurable
subset of R of measure <§’'; we determine further 8”> 0, where 48")2< &', such
that the oscillation of x(u,v) on any segment of length 8" of the perimeter of R
is <¢/8; and finally in accordance with [17(a), (3.1)] and [17 (b)], > 0 and a
grating G consisting of a finite number of parallels to the axes on each of which
x(u, v) is absolutely continuous, such that G subdivides R into intervals A whost
sides lie between & and 25 and that, when (u, v) describes any segment of length
<8 on G the length of the curve described by x(u, v) is <e¢/8. All this clearly
implies that ©(A) <w(€) < 2¢ for each A determined by the grating. Consequent-
ly there exists a carrier %;(u, v) € D(N) of Mu,u([), which coincides with x(u,v)
on the grating G and on the perimeter of R, such that x,(u, v) has oscillation
< 2¢ on each A determined by G.

Since xl(u, v) is a carrier of Mu,v(f) it satisfies 1n 1ts turn an inequality of
the form w,(€) <2¢ for € <¢; where ¢, 1s suffictently small. We choose €,<€0/2
and define, in relation to x,(u, v) and ¢=¢,, corresponding numbers &, 8", 8 and
a grating G, and finally a carrier x,(u, v) € D(N) of M, ()

The process is continued indefinitely.

We obtain a sequence ¢, €5 ***5 €, ++» of positive numbers where € _, ;

< 2—16", and corresponding sequences of positive numbers §,, &, +-+, 5, -+,

of gratings G, G, «++, G, +++ and of carriers x,(u, v), x; (4 v), - -+, x,(u, v),
<+« €EDIN) of Mu,v(f), such that each interval A determined by G has sides
between 3n and 25n and that xn(u, v) coincides with x"_l(u, v) on the perimeter
of such a A and has oscillation < 2¢, in it. Clearly the oscillation of x wpona
A determined by G, isthen <2(e +¢€ 7+ + en+p) <4¢, and hence the dif-
ference of the values of x_, , at two points (u “v') and (4", v") whose distance
does not exceed §_, cannot exceed 12e,.

It follows at once that if x*(u,v) is the BL limit of a suitable subsequence
of the x (u,v), then x*(u, v) is equal almost everywhere to a continuous function,
and we may replace it by the latter (which is also the BL limit). At almost every
point at which Mu’v(f) has area # 0 we have x,(u, v) = u, v) = x*(u, v) forall n
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and therefore x*(u, v) is the carrier of Mu'v(f) at such a point. At the points at
which Mu’v(f) has area 0 the carriers x (u,v) have Jacobians 0; and arguing as
at the end of the proof of (9.7) and using (9.8), we find that at almost every such
(u, v), ¥*(u, v) has Jacobian 0, and therefore is a carrier of Mu'v(f). Since x*(u,v)
1s continuous and coincides with x(u, v) on the perimeter of R, we have the de-

sired contradiction.

PROOF of (9.1). Let L(f) € -8 . We have to show that L(f) is totally
non-critical. By (9.3) coupled with (4.4) (i) and (4.6), and by (4.4) (iii), this is
certainly the case when L(f) is not at most finitely disconnected. By simple con-
structions, we may therefore suppose that L(f) is a connected member of R-R’C
and consequently that L(f) possesses, according to (8.1), a micro-representation
Mu,v(f) with a carrier x(u, v) € D(N ) for some N, and the conclusion now follows
from (9.9).

10. A combinatorial problem. One factor which has contributed to the depth
and difficulty of our proofs is our ignorance of the precise nature of a micro-sphere
and a micro-disc in the case in which the dimension of our space X exceeds 3,
and more particularly our ignorance of the precise nature of a polyhedral micro-
sphere and a polyhedral micro-disc. This is made clear by comparing our present
results and their proofs with those of its predecessor [18]. In terms of the classi-
cal calculus of variations, the problem 1s that of defining the notion of regularity
of a parametric integrand, or, what comes to the same, that of defining a satisfac-
tory F-function.

Our formulation of the problem enables its statement in quite elementary terms.
Essentially it is a variant of the problem of characterising a sum of bi-vectors
consisting of the oriented areas of a polyhedral sphere or of a flat-rimmed polyhe-
dral disc, a problem of whose solution we are ignorant even when the space has
dimension 3. Our variant is presumably an ‘‘easier’’ variant, since it is solved
for 3-space quite simply, and it consists of the following problem: Given a sum
of bi-vectors Jpp * s ], no two of which are parallel, what are the necessary and
sufficient algebraic relations which ensure that the following situation arises:
Given ¢ > 0, there exists a polyhedral sphere, or again a polyhedral flat-rimmed
disc, such that the oriented areas of its faces parallel to Ik have, for each k=1,

*++, n, asumdistant <¢ from ;, and the areas of its faces parallel to no

]k(k=l’ ttty n)

have the sum <e¢. In this statement of our problem we mean by a bi-vector paral-

lel to a given bi-vector j, one which has the form c¢j where ¢ > 0.

The available evidence seems to suggest that the condition 2),= 0 is neces-
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sary and sufficient as regards the case of the polyhedral sphere, but that the con-
dition ”Ejk is to be a bi-vector” is not sufficient as regards the case of the
polyhedral flat-rimmed disc.

Appendix. (i) PROOF of (6.3). R has a conformal map on the circular disc
A for which its diagonals become orthogonal diameters; we term x-area of a sub-
set of A the area integral of x(u,v) on the corresponding subset of R. Let C(z),
C'(z) be circles, orthogonal to one another and to the rim of A, each of which bi-
sects the x-area of A, such that C(z) passes through a given point z of this rim,
and let z' be the first intersection with C'(z) of a counterclockwise arc of the
rim of A originating at z. Further let f(z) be the proportion of the x-area of A
arising from the part of A bounded by this arc from z to z' and by arcs of C(2),
C'(z). Since C'(z') = C(z), we find that f(z) + f(z') = 1/2 whence f(z) must
assume the value I/4 for some z, and the corresponding pair of circles C(z),
C’'(z) then divides the x-area of A into four equal parts. Since this pair of circles
become, by a suitable conformal map of A into itself, lines at right angles through
the centre, this completes the proof.

(ii) PROOF of (9.4). By [1(e)], @(¢) > [, L(u)du, where @(t) is the area of
the part of the surface distant at least ¢ from the boundarv curve, and where L (1)
is the intrinsic length of the part at distance u. We can choose values ¢ < b and
t'<t+b sothat 2L2(¢) < ema(R) and L2(¢') < emalt'), since otherwise the defi-
nition of b contradicts the implied inequalities a(R) > fob L(t)yde > blema (R,
or else (em) ! L%(t+u) >f L(¢+v)dv (0 < u < b), which, by [1(a), Lemma 15, p.
272], implies in its turn b < 2L(¢)/(em) < LZ(I(P)/((IT)!A Now let /[ be the com-
ponent, containing the perimeter of R, of the set of (u,v) at which x(u,v) is dis-
tant < ¢’ from the boundary curve, and let W be the sum of !l and those of its
complementary domains on which the oscillation of x(u, v) is < 2b—t’'. The sum
of the boundary of W, relative to the interior of R, and the continua of constancy
of x(u, v) which meet it, consists of a finite number of disjoint continua y;, «*+, ¥,
and these bound simply-connected subdomains whose sum is an open set 0, con-
taining R -/, for which therefore a(0) > ale') > (em)” 11,2(4"), while the total
intrinsic length of the mapping by x(u,v) of the sets y;, ===, ¥y is < L(t'); more-
over, since R—0 C W, the oscillation of x(u, v) on R—-0 exceeds by at most
4b-2¢' that on H, and therefore by at most 4b that on the perimeter of R; this
oscillation is thus < d + 4b as asserted. This completes the proof.
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