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Preface

Survey articles and lectures usually receive scanty attention
from reviewers and abstracters, being dismissed as expository,
or even without comment at all. Yet among the welter of new
research contributions much represents temporary and even
useless activity, which a little more general reflection might
have avoided. Moreover, there is not often much opportunity
to indicate one’s general philosophy and outlook in research
papers. I have consequently risked collecting together the pres-
ent set of lectures, given by invitation since the last war in
various places, in the hope that out of an apparently somewhat
miscellaneous bag a unity and coherence of statistical theory,
wherever applied, will emerge.

Many of these lectures have already been published in jour-
nals, and I am most grateful to the Editors and publishers in
such instances for permission to reprint. As a rule (any excep-
tions to which are noted; for example, one or two added foot-
notes are put within square brackets) no alteration to the pub-
lished draft has been made, for I believe that these articles stand
the test of time reasonably well and while there is certainly
nothing sacrosanct about the actual texts it is best to reproduce
them in their original form. The reader is, however, requested
to bear in mind their dates of publication. The set is not ex-
haustive; for example, my paper on ‘The statistical approach
to time-series’, given at the Symposium on Information Theory
in London in 1950, has been omitted because much of the
material in it was in 1953 incorporated in my book on Stochastic
Processes.

Of the last three articles (which have not previously been
published), the final one comes in a somewhat different cate-
gory, being the substance of a short talk given in an informal

Manchester University lecture series on the philosophy and
vii
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methods of science. A scheme to publish this series fell through,
and the written version I had prepared with such publication
in mind seemed worth including in the present collection as an
elementary but relevant commentary on the controversial prob-
lem of statistical inference as I view it. Here, however, I subse-
quently added an Appendix containing some further remarks
for the more sophisticated reader, as in this way the relation of
my article to recent publications on statistical inference should
become clearer, and my own position, while undogmatic, less
equivocal. |
’ M. S. BARTLETT

January 1960



Probability in Logic,
Mathematics and Science

1. INTRODUCTORY REMARKS

It is accepted that when words are taken from everyday language and
used in a particular field of discourse their meaning should be made as
unambiguous and exact as possible. For example, the terms work, action,
energy, are given precise meanings in physics; and group, function, imagi-
nary, in mathematics. This precision is not arrived at immediately, for
new concepts and ideas need to settle before they assume definite shape.
With these firmer outlines it is, moreover, often possible to distinguish variants
from the same source; in particular, the dualism between the mathematical
and the physical (for example, between the entity obeying a certain differ-
ential equation and the particle causing a track in a Wilson cloud chamber)
has long been recognized. To say that the concept of probabilily has not
been immune from this dialectic phenomenon is rather an understatement,
for the emergence of one or more precise technical meanings for probability
has historically been coloured by controversy, which has by no means
ended. Confusion still arises from the existence of these different meanings
for probability in different fields of discourse, and it is my purpose to survey
and if possible to clarify these !,

In my view the technical meanings and uses of probability can be classi-
fied under three broad headings, the difference between variants? under
any one heading being less fundamental. These three headings relate to
the three fields of logic. mathematics and science, and to the corresponding
uses of probability in

(i) the general theory of inductive inference,
(ii)) the axiomatic mathematical theory of probability,
(iii) the description and theory of statistical phenomena.

1 Cf. the discussion by E. NAGEL (Probability and Non-demonstrative Inference, p. 485)
and R. CArRNAP (The Two Concepls of Probability, p. 513) in Philosophy and Phenomeno-
logical Research, 5, 1944-1945. Added in proof: cf. also the section on probability in
BERTRAND RussiLL’s recently published book Human Knowledge. l.ondon 1948,

? No attempt is made here to list all these variants; more detailed accounts will be
found in the published literature or in a book by I. J. Goop shortly to be published:
Principles of Probability and of Weighing Evidence. London: Griffin,



2 PROBABILITY IN LOGIC

I have put (i) first because of its all-embracing character, but its very
generality is a warning of difficulties, and it will be more convenient to
discuss the narrower aspects of probability referred to in (ii) and (iii) before
their relation to (i) is examined.

2. THE AXIOMATIC MATHEMATICAL THEORY OF PROBABILITY

As the theory of probability began from a discussion of the results of
games of chance, that is, of particular examples of statistical phenomena,
axioms emerging from the historical theory should in particular be appro-
priate for such applications, and this may be used to formulate them. The
simplicity and symmetry of gambling apparatus like dice, roulette wheels
or cards led to the idea of equal probabilities or chances, in the sense that
the different elementary events were supposed (at first without logical
precision) to occur equally frequently ‘in the long run’. With the existence
of such apparatus in mind, it has often becn the practice to arrive at the
appropriate axioms by defining mathematical probability, at least to begin
with, as a number p associated with the number [ of eventualities of a certain
type in a class of eventualities of total number m.

At one time I favoured this method of exposition !, but while the method
of arriving at the axioms dces not of course affect the mathematical theory
if the axioms chosen are the same, or equivalent, it has some hearing on
its application, and 1 now prefer, in setting up the axioms with a view to
application to statistics, to adopt a somewhat more direct relation with
frequency. Thus if there are k, and only k, mutually exclusive eventua-
lities A, of the type .\, one of which must occur on a ‘ trial ’, the associated
probabilities p, are to correspond to empirical frequency ratios ry/n obtained
in n trials. Hence they should be numbers between () and 1 satisfying

ptpt..op=1,

and further from the frequency correspondence we require for the probab-
ility associated with A; or A; a correspondence with (r; +- r;)/n, leading
to the additive axiom? The additive axiom also follows from the first
approach, if p is defined as [/m, but this is because the use of //m in contrast
with some other function of !/m already implies the additive axiom, as of
course it should if we ultimately have the frequency interpretation in mind.

}See § II of The present position of mathematical statistics. J. Roy. Statist. Soc. 103
(1940), 1.

? (1. the discussion in Chapter 13 (*Statistics and probability ”’) of CRAMER’S book
Mathematical Methods of Slalistics. Princeton 1946.
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On either approach the further multiplicative axiom, which amounts
to a definition of conditional probability, follows. That is, if the even-
tualities A, are composite ones of the symbolic product type B,C;, the
first approach gives the identity

lfm == ({/m) (/t)
where { represents the number of eventualities of the type B,C, (i.e. summed
over j), and I/t is defined as the conditional probability of B,C; with refer-
ence to the total class B;C, (i.e. B, is given). In the second approach.

if in addition to the empirical frequency ratio r, /n, we have the frequency
ratio r,/n for the eventuality B,C, we may write

rli/n = (raf/n) (rij/rl)
and the corresponding relation between the abstract p-numbers defines the
conditional probability of B,C; when B, is given.

The direct frequency approach to the axioms has the further advantage
over the first method that the latter makes use of the idea of probability
numbers being equal to simple fractions (e. g. '/, for getting * Heads ™ with
a tossed coin), and this is strictly a separate idea associated with the sym-
metry properties of some physical systems.

The above elementary axioms have the limitation that they cannot
be applied without extension when the number of eventualities .4, consid-
ered is no longer finite; this extension is convenient not only for dealing
with variables having a continuous range, but also for demonstrating the
relevance of the axioms and the consequent theory when we compare its
theoretical predictions with the intuitive ideas about frequency ratios
which assisted the setting-up of the axioms.

In this generalization?’, based on the mathematical theory of measure,
the additive probability function of the set A, becomes a completely add-
itive function, such that the probability of any sum of a finite or enumerable
sequence of sets is uniquely defined with a meaning consistent with the
elementary finite theory.

After the mathematical theory has been set up, its relevance is a matter
for general consideration, but in particular its theorems on conceptual fre-
quency ratios in an increasing sequence of independent trials (independent
being now precisely defined in the theory from the multiplicative axiom)
are tests of its appropriateness. We obtain? a probability 1 of the conceptual
frequency ratio r,/n tending to the probability p,, or of r,/r, tending to the

1See A. KoLMoGoROFF, Grundbegriffe der Wahrscheinlichkeitsrechnung. FErgebnisse
der Mathemalik 2, No. 3. Berlin 1933,

* The theorems as here stated belong to the generalized theory, a point once stressed
to me in conversation by Prof. Herbert RoBBINS.
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conditional probability p;/p; (this second result, which is not so often noted,
readily follows from ry/n tending to p; and r;/n—p;). While the corres-
pondence between a probability 1 and a frequency ratio has become more
sophisticated in our generalized mathematical theory, it is natural to allow
the correspondence between a probability 1 and certainty in the finitely
additive theory to extend to a correspondence with ‘almost certainty’
in the completely additive theory. This correspondence entirely fits with
the required interpretation; it is not ‘ certain’, but ‘ almost certain’ that
an ideal coin with probability !/, of giving heads will give the proportion
!/, of heads in the long run. To make the frequency interpretation self-
contained, wé finally introduce the postulate that almost certainty’,
while logically different from certainty, is observationally equivalent.

While attention is being focussed on the axiomatic theory, this last
postulate is irrelevant, but it is included here for completeness as part of
the discussion on the correspondénce of the axioms with the frequency
interpretation. The interpretation of probability theory in another more
subjective way will be considered presently, but advocates of the subjective
interpretation sometimes tend to underestimate the close historical and
practical dependence the axiomatic theory in its usual formulation has on
the frequency and statistical interpretation.

Two remarks may perhaps be made to support this contention. The
positive character of probability numbers, which corresponds to the positive
character of observed frequencies, is essential to the proofs of the laws of
large numbers. It is to some extent (though admittedly the theory must
be handled with more care) possible to generalize the axioms of the mathe-
matical theory to include negative probabilities without affecting the
addition and multiplication rules; this generalization has seemed advisable
as a basis for negative probabilities which have appeared in recent physical
theories!. But while such a generalization may sometimes prove mathe-
matically convenient, it is still only the positive probability numbers which
can have a direct frequency interpretation and which thus retain a special
significance.

The second remark is that the additive axiom for probabilities is an
inevitable one if the probabilities are to have a direct correspondence with
frequency ratios, but if this correspondence is not made the basis of the
axiom but is replaced by a subjective interpretation of probability, the
additive axiom becomes much more of a convention 2. Such a convention

1 See Negative probability. Proc. Camb. Phil. Soc. 41 (1944), 71,

1 See, for example, H. JEFFREYS, Theory of probability. Oxford 1939, or E. Scuro-
DINGER, The foundation of the theory of probability. Proc. Roy. Irish. Acad. 51A (1947),
51 and 141,
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may be convenient in order to link with frequency theory or on simplicity
grounds, but in my view it stresses the logical distinctness of the frequency
theory and the more subjective approach, and also indicates the greater
lack of uniqueness in the subjective theory.

3. THE DESCRIPTION AND THEORY OF STATISTICAL PHENOMENA

Since the orthodox mathematical theory of probability has been so
closely linked with the frequency or statistical interpretation, it should
obviously be appropriate as a mathematical model of actual statistical
phenomena, and, incidentally, appears simpler and more rigorous than
any alternative statistical theory yet put forward (for example, the one
based on von Mises ‘infinite Kollectiv’). The practical success of
statistical theories in describing observational data in one scientific domain
after another is well summarized in Schrodinger’s article! The Statistical
Law in Nature, and needs no further justification here. The precise probah-
ility meaning of concepts in modern quantum theory I still regard as
obscure, but their dependence in some way on probability and statistical
ideas is not doubted 2.

What, however, should be made clear is the relation of statistical phe-
nomena and statistical data with the mathematical theory. There is the
same dualism here as in science generally between the theoretical concepts
and the things perceived. We assume as a hypothesis that the facts are
covered by the general theory, and as in other scientific theories we cannot
be sure that the hypothesis is true. only learn by experience when the
hypothesis appears approximately true to a sufficient extent to be useful.
This viewpoint on the scientific status of the concept of statistical probab-
ility 1 have summarized previously3. Statistical probabilities envisaged
in this way may be termed objective in the sense that while we cannot
say they exist exactly in the real world they exist outside ourselves in the
theory, and can ideally be measured. The criticism has sometimes been
made that this ideal measurement does not exactly correspond to anything
possible in practice, since it involves an infinite series of trials. but this
kind of criticism is not peculiar to statistics. Theoretical methods of
measuring other quantitative scientific concepts will be found to be onlv

* Nature (London), 153 (1944), 704,

* Cf H. REICHENBACH, Philosophic Foundations of Quantum Mechanics. California 1946 ;
J. E. MovaL. Quantum Mechanics as a Slatistical Theory. Proc. Camb. Phil. Soc. (to hc
published).

! Slatistical probabilily. J. Amer. Slal. Ass. 31 (1946), 553.
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approximately realisable, owing to the inevitable idealisation involved in
the theory.

On the above view the status of statistical theory is similar to that of
other scientific theories. The question remains: what logical justification
have we for making use of it? This question is well-known to be one of
the most perplexing in science, and it would be unfair to the statistical
theory here summarized to condemn it for not including an answer. It
has, however, sometimes been claimed that the answer is provided by the
wider subjective theory of probability. I do not agree with this, but I
do agree that the meaning, value, and limitations of this subjective theory
are worth éxamination.

4. PROBABILITY IN THE GENERAL THEORY
OF INDUCTIVE INFERENCE

In the subjective theory of probability a different correspondence or
interpretation of the mathematical theory is set up, and probabilities are
interpreted as ‘ degrees of belief’. It is questionable whether numerical
measures of degrees of belief can be assigned to all propositions we may
wish to consider, but fhere seems no doubt that you or I may consider
some propositions more likely than others without implying a frequency
or statistical interpretation for our assessments. I have mentioned earlier
that there is in most approaches of this kind a certain amount of convention,
especially in choosing degrees of belief to be between 0 and 1 and on a
scale such that they obey the addition axiom for mutually exclusive events.
Among these approaches I am inclined to favour most Ramsey’s approach !
by way of expectation. This has the advantage of linking up immediately
the probability laws from our present standpoint with those originally
discovered in connection with games of chance and stated in § 2, but it
does not necessarily restrict probability to its statistical sense unless expect-
ation is similarly restricted. It is of interest that Bayes? also defined
probability in terms of expectation; there appears to be no very clear
evidence, however, to what extent he intended this to be a wider definition
than the frequency one.

This association of probability as degree of belief with expectation
(e. g. with the amount of money we would wager) determines the scale
naturally. For if the occurrence of either of two events means my obtaining

1 F. P. RamseY. The Foundations of mathematics and other logical essays, London 1931.
' T. BaYES. Phil. Trans, 53 (1763), 370.
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an amount A, my expectation from one event will be greater or less according
to my degree of belief being greater or less. If we call B, my expectation
for the first event, we may write

B, =P,A

and take P, as the probability. It follows that certainty is denoted by 1,
impossibility by 0, and further for the expectation of one or other of two
mutually exclusive events, we should have

B = B, + B,,
whence
P=P +P,.

Ramsey showed that the usual rules of probability follow. We have thus
reached the conclusion that if you (or I) assign probabilities in this way,
they should for logical consistency obey the usual probability rules. We
come next to the further point made by Ramsey (op. cil., p. 192); it does
not follow that you, while agreeing with the rules, will necessarily agree
with my probability measures, even if you consider your beliefs on the
same data. The issue here is fundamental, for Jeffreys in his theory of
probability has stated that on a given set of data a probability is unique.
‘The uniqueness of a probability in Jeffreys’ theory has to be accepted as
an additional axiom, and Jeflreys has noted! that without it initial probab-
ilities might logically be assigned in any way. Jefireys introduces it to
link his theory with the general problem of induction, which is then form-
ally solved in terms of these uniquely-determined °rational degrees of
belief °.

My comment on this is that however attractive as a formal solution
of the problem of induction, it remains formal because any unique degree
of belief postulated in the theory remains undetermined. There is no
guarantee that your degree of belief, or mine, will be identical with it;
not even any guarantee, as Ramsey observed, that they will agree with
each other. We thus have this bifurcation of the theory of probability
when treated as a theory of degrees of belief : either we regard it in Jeffreys’
sense, in which case the probabilitites in it are undetermined, or else we
agrec with Ramsey, (cf. also Good, op. cit.) to insert in the formul® our
own degrees of belief; in which case the problem of induction reappears,
for whose beliefs are to be believed ? Essentially the same difficulty has
been raised by Eddington in the following remark

! Probabilily and scientific method. Proc, Roy. Soc. A 146 (1934), 9.
? New Pathways in Science. Cambridge 1935, p. 112.
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One difficulty in employing strength of belief as a measure of probability
is that an expectation or belief has partly a subjective basis. We have agreed
that it depends (and ought to depend) on the information or evidence supplied ;
but in addition the strength of the expectation depends on the personality
of the man who weighs the evidence. We try to remove this subjective element
by saying that the true probability corresponds to the judgement of a * right
thinking person’; but how shall we define this ideal referee?... Apart from
the obvious definition of a right-thinking person as ‘ someone who thinks
as I do’ (which is probably the definition at the back of our minds) there
seems to be no way of defining his qualities.

Whatever interpretation we place on these degrees of belief, the logical
consistency of the theory remains, (that is, consistency among the beliefs
of some individual, whether he be hypothetical or actual). In Jeffreys’
statement ! on his theory,

The present theory does not justify induction. I do not consider justif-
ication necessary or possible; what the theory does is to provide rules for
consistency,

I presume he implies also consistency between individuals, for compare
his remark *

If the rules of the fhéory are followed, anybody will get the same answer
given the same evidence,

but the possibility or desirability of consistency in this sense is, as we have
just seen, not generally accepted. Jeffreys goes some way to achieve it
by suggesting rules for evaluating ‘ prior probabilities’ in simplified sit-
uations, but the use of these numerical rules in actual problems seems to
me misleading through over-simplification. It should be noticed that the
simplification involved is different in kind from that used in ordinary scient-
ific (e. g. statistical) theories, for with the latter the weighing of non-numer-
ical factors is still open to us before our final inductive conclusions are
made, whereas this is not so if our final induction is supposed to be already
contained in the numerical formula. This kind of criticism I do not consider,
as Jeffreys has suggested 3, ‘ to be arguing for indefiniteness as desirable
in itself °, but as arguing for indefiniteness somewhere in our representa-
tion where indefiniteness exists, and for definiteness where definiteness is
possible.

I have noted two alternative interpretations of probability as a degree

! Theory of probability, § 8.8.
' See discussion on my paper The present position of mathematical statistics, loc. cil.
3 Probability and Scientific method, loc. cit., p. 16.
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of belief. Of these two, I am inclined to be more in sympathy with the
one which does explicitly admit that if I am to use the theory I am obliged
to insert in the formule my own degrees of belief. It is especially in view
of the frankly personal character the probabilities then assume in the
theory, that I believe it convenient in practice, and indeed an advisable
scientific discipline, to keep deductive manipulations of statistical probab-
ilities (which we have seen are logically separate concepts with values
theoretically unique and independent of our beliefs about them) distinct.

It is of course true that the theory of degrees of belief can consistently
incorporate statistical probabilities in its general symbolism, but they
remain a particular class of probability to which it is convenient to give
a special name, e. g. chances. These chances, since they are in common
with other scientific concepts logical fictions, do not correspond with actual
degrees of belief, but depend on assumptions which render the corresponding
degrees of belief also hypothetical. It is correspondingly important that
statisticians should recognize that statistical theory is a deductive theory
the relevance of which to the real world rests on induction. This would
ensure that the various statistical theorems on estimation, testing hypo-
theses and confidence intervals are always recognized as part of this deduc-
tive theory, with the relevance of these or other theorems to each particular
problem still to be considered.

But precisely how such relevance is to be considered must in my view
remain, at least partly, with the individual, who will not be unmindful of
the purpose of his investigation®. It is arguable that a correct judgement
on the most useful procedure in any situation should itself be an induction
based on experience, and certainly my own practice, like that of many
other statisticians, has evolved in this way.

M. S. BARTLETT.

1 Ct, Probability and chance in the theory of statistics. Proc. Roy. Soc. A 141 (1933), 518.
1 Cf. the remarks towaids the end of his paper by F. J. ANscomBE, The Validily of
Comparative Experiments, J. Roy, Stalist. Soc. (to be published),



Some Remarks on
the Theory of Statistics

I. INTRODUCTORY AND HISTORICAL SURVEY.

One of the dangerous trends of modern specialization is
that the specialists, especially academic specialists, concentrate
either on the theoretical or on the practical aspects of their
subject. The physicist becomes dubbed ‘‘theoretical”
(“mathematical”’) or ‘‘experimental,” the economist becomes
“theoretical” or ‘“‘applied” (the division may even be so
extreme that only those with the same label will talk to each
other). The statistician is not immune from these labels, and
the subject I myself officially profess is ‘‘mathematical
statistics.”” But I must admit that I am not prepared to
defend too strongly the intelligibility of this title, and wonder
how it is regarded by this Society, with its traditional emphasis
on realism and day-to-day affairs. I would, however, like to
talk to you about the theory of statistics, for this aspect of
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statisticc I am prepared to submit is of complementary
importance to the statistics (that is, the statistical data)
themselves, and one with which this Society has by its own
title some obligation to be concerned.

The point is of course that however much we may
wrangle over minor qualificationary conundrums, whether a
statistician deserves the name if he does not know the
differential and integral calculus (and more of this anon),
there is a central theoretical core which unifies statistical
disciplines and methods in whatever field they are used, and
without which any statistical investigation which is more than
direct arithmetical counting becomes mecre quackery. Notice
that in passing I have already indicated what statistics,
regarded as a subject, is about. It is concerned with things
we can count. In so far as things, persons, are unique or ill-
defined, statistics arc meaningless and statisticians silenced ;
in so far as things are similar and definite—so many male
workers over 25, so many nuts and bolts made during
Dccember—they can be counted and new statistical facts are
born. I need not pause long to remind those of you who
invariably associate statistics with economics and the affairs
of the “State” that this historical association has broadened
to the above more general use. The State is still, perhaps cven
more, concerned with its man-power and production; but
nowadays we are also familiar with, say, the cricket match
commentator who concludes his report with some “‘statistics.”” 1

Now we learn to count at school (even if, according to
recent findings, rather less accurately than we used to). Why
do we necd more than arithmetic, and where does statistical
theory come in ?  Clearly arithmetic is one of the first essentials,
as Sir Arthur Bowley has frequently stressed, and as all
statisticlans might do well to remember. Moreover, our
arithmetic 1s useless unless we are counting the right things, an

1In like vein the Manchester Guardian reporter referred to a Test Match
innings of the West Indies during their 1950 tour as one “which had
seemed to tax to the utmost the analytical researches of statisticians’’
(24th July), and the Sunday Times (23rd July) referred to the records
broken in the same innings as giving ‘‘the statisticians further cause
for satisfaction’ |
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obvious remark which is nevertheless related to one of the
thorniest problems of practical statistics, for example, in the
construction or interpretation of statistical tables in economics.

The further step is essentially more advanced and subtle,
although it is firmly based on observation of statistics them-
selves. It is that regularities often appear in our statistical
counts when we are dealing with reasonable-sized aggregates,
so that the description and behaviour of these aggregates often
turns out to be rather simpler and more unified than we might
a priori have expected. This is indeed fortunate, but
statisticians have a thankless enough task in grappling with
masses of figures to deserve some such reward. It is on such
observed regularities that statistical theory is based. Perhaps
some will shy at this stage, and refuse to worry over such
abstract conceptions; facts, they will say, are good enough
for them. But isolated facts have no meaning in themselves,
unless they can be incorporated in some pattern or philosophy.
As J. M. Keynes once remarked in connection with economic
theories ;

“the ideas of economists and political philosophers, both when
they are right and when they are wrong, are more powerful than is
commonly understood. Indeed the world is ruled by little else.
Practical men, who believe themselves to be quite exempt from any

intellectual influences, are wusually the slaves of some defunct
economist,”’ (General theory of employment, interest and money, p. 383).

In the case of statistics, we must not assume that its theoretical
side can be assimilated easily, in spite of the optimism of
students who expect to absorb it in the course of a few lectures.
Statistical facts, in the form of crude censuses, date back to
Biblical times; but statistical theory, and statistical investi-
gations in the modern sense, only date back three hundred
years, to the Natural and Political Observations on the Bills
of Mortality by John Graunt, published in this country in 1662,
and to the correspondence in France between Pascal and
Fermat on games of chance, written a few years earlier. The
fusion of these two sources, the empirical English method and
Continental theory, did not really have effect until the last
century, when the stream of statistical investigations began to
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become something of a torrent. Statistical Societies were
founded (Manchester in 1833, London in 1834), and Section F
of the British Association (Economic Science and Statistical
Section, in 1833). The latter, which was honoured at its
foundation with the presence of the already famous Belgian
statistician, Quetelet, had as its object the promotion of
statistical inquiries ; its emphasis was to be on ‘‘facts, relating
to communities of men, which are capable of being expressed
by numbers and which promise when sufficiently multiplied
to indicate general laws.”

This appears to be a fairly wide definition, but Quetelet’s
dissatisfaction with it is said to have contributed to the
foundation of the London Statistical Society, although their
aim, to publish numerical “facts calculated to illustrate the
condition and prospects of society’”’ omits to indicate very
explicitly any theoretical function related to the existence of
those statistical regularities with which Quetelet himself, and
Graunt before him, had been struck. (See F. J. Mouatt’s,
“History of the Statistical Society of London” published in
their Jubilee volume, 1885).

While my own object in this paper is to indicate this role
of statistical theory, there is the difficulty that I do not wish
to bore you unduly with its more technical aspects (especially
as I have devoted some space to this topic elsewhere).!
I hope therefdre, though with the considerable risk of appearing
vague and obscure, that its role will become sufficiently clear
from general discussion and examples—examples not only of
its use, but of the remarkable line of English statisticians who,
while never divorcing theory from practice, have never
hesitated to make use of theoretical and mathematical argument
where this was needed (e.g. Farr, Jevons, Edgeworth, Galton,
Karl Pearson, Bowley, Yule, Fisher). Since I might myself
be suspected of bias towards the mathematical side, I shall not
hesitate to quote where relevant more illustrious and often
more economically-qualified authorities. No one, for instance,
will probably cavil at Sir Arthur Bowley’s early claim (in his

1Journ. Roy. Statist. Soc. 103 (1940), 1-29,
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Presidential address to the Economic Science and Statistics
Section of the British Association, York, 1906)! :

.

‘... there is no distinction in the nature of things between
arithmetical and mathematical statistics; the distinction to be
made is not between the various methods of accumulating and
tabulating data, but between the truth and falsity of the reasoning
based on the tabulation. Mathematical treatment in the end only
furnishes us with a microscope to observe differences which are
blurred to the naked eye of arithmetic, and with a method of
measurement to aid the judgment too immature to seize the
significant fundamental fact concealed by its diverse manifestations.
Purely arithmetical work is, however, limited to the tabulation of
exact records, where the whole field to be surveyed can be covered,
where no approximation or interpolation is necessary, and where
statistics becomes only another name for accountancy ; whereas the
application of mathematical principles make its possible to measure
the inaccessible, to describe the animal from the single bone, to
make firm observations from a shifting base, to dispense with the
fixed meridian which the base practice of industrial and official
needs obscures.”

There is, however, one thing I must now go back to, still
if possible without becoming too technical. So far my refer-
ences to the theory of statistics have been vague, but no theory
will have much scientific value unless we can fashion it into a
precise sharp-edged tool for dissecting and analysing our data.
This tool is the mathematical theory of statistical probability.
Perhaps if left to English empirical statisticians, who were
struggling with rather complicated raw data, this tool would
never have evolved so precisely but would have remained a
rather blunt-nosed instrument. Fortunately its early develop-
ment by French mathematicians was based on much simpler
statistical phenomena, the counting of heads on the tossing of
coins or of sixes on the throw of dice, where the different
eventualities could be more easily understood. This enabled
a theory to be built up which successfully mimicked the
experimental statistical regularities, so that its authors
justifiably felt that it gave them further insight into these
regularities. Thus de Moivre, who made great contributions
to the theory of probability, was led to remark :

1See Journ. Roy. Statist. Soc. 69 (1906) 540 (541).
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‘‘As upon the Supposition of a certain determinate Law according
to which any Event is to happen, we demonstrate that the Ratio
of Happenings will continually approach to that Law, as the
Experiments or Observations are multiplied : so conversely if from
numberless Observations we find the Ratio of the Events to converge
to a determinate quantity ..., then we conclude that this Ratio
expresses the determinate Law according to which the Event is to
happen” (Doctrine of Chances, 2nd Ed., 1738; quoted by H.
Westergaard in Contributions to the history of statistics, p. 105).

Since these early beginnings, the theory of probability has
been applied to more and more complicated statistical data ;
it has also invaded and permeated the natural as well as the
sccial sciences. This is because of the essentially statistical
nature of so many scientific phenomena, as will be noted
again later (§3); at the moment I merely wish to indicate
why the mathematical theory of probability has become so
relevant and important. Consider the quotation :

“This science (the theory of probability) has for its main task
the study of group phenomena, that is, such phenomena as occur in
collections of a large number of objects of essentially the same kind"’
(p- 1 of A. I. Khintchine's Mathematical Foundations of Statlistical
Mechanics, translated from the Russian by A. Gamow).

Probability theory may thus be said to be the essential
mathematical basis of statistical theory ; in fact, there would
be little point in distinguishing between them except for a
tendency to regard the theory of probability as a branch of
pure mathematics, and statistical theory as the application of
this mathematical theory to statistical phenomena.?

Now it is important to see what this means for statistical
method, but I think this will most conveniently be returned
to a little later, when I am discussing its (controversial)
relevance to economic statistics. First I will conclude this
brief historical survey by noting one or two further landmarks
where great practical applications followed from theoretical
advances. In 1693 the English astronomer Halley published
his paper : ‘““An Estimate of the Degrees of the Mortality of

IThere seems no need here to discuss the more controversial aspect of
probability theory, connected with the use of the word ‘“‘probability”

in more than one sense; for my own views on this, see Dialectica 3
(1949), 104.
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Mankind drawn from curious Tables of the Births and Funerals
at the City of Breslaw” (Phil. Trans., 1693), in which the
Breslaw statistics were used to construct the first reasonably
valid life-table (although Graunt had earlier constructed a more
dubious table). Westergaard remarks (op. cit., p. 36) that
Halley’s contemporaries hardly understood his calculation, and
while insurance societies were founded about the same time,
it was not till many years later that they adopted Halley’s
methods of calculating premiums. The debt which actuaries
owe to such independent work is enormous, and underlines the
suggestion made a year or so ago by Seal that the actuarial
profession in this country may be penalizing itself by its
tendency to be out of contact with the universities and with
modern developments in statistical theory.!

Perhaps the great theoretical step among the many
advances of the last century was the introduction of the
concept of correlation. Chronologically this first appeared in
1846 in a mathematical contribution to the theory of errors by
the French astronomer Bravais, but an independent and much
wider basis for correlational theory was initiated by Galton
in 1888 in his biometric and anthropometric rescarches
(“Co-relations and their Measurement, chiefly from Anthropo-
metric Data,” Proc. Roy. Soc. 111, p. 135). Karl Pearson
has said of this contribution of Galton’s :

“Up to 1889 men of science had thought only in terms of
causation, in future they were to admit another working category,
that of correlation, and thus open to quantitative analysis wide
fields of medical, psychological and sociological research . . . Galton's
very modest paper of ten pages from which a revolution in our
scientific ideas has spread is in its permanent influcnce perhaps the
most important of his writings.” (Life, Lctters and Labours of
Francis Galton, Vol. IITA, pp. 1 and 56).

I understand, however, that recently revised examination syllabuses

for actuaries have given mathematical statistics a more prominent
place.
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II. RELATION WITH ECONOMIC AND SOCIAL STATISTICS.

The above historical survey will have stressed the close
link in the early days of statistical developments between
statistics and social problems, especially if, as I think we
should, we include the problems arising in vital statistics and
in human biology. I have argued that we cannot stop short
at arithmetical statistics ; some attempt at understanding the
nature of statistical regularities and trends and hence of
appreciating the significance of statistical facts is essential.
Any argument, however, on the extent of the time we spend
on theory is likely to be heated, and is reminiscent of the
controversy in economics as to how far economic theories are
of any use. If they are not, it is high time they were replaced
by better ones ; what is nonsense, as I have already suggested,
is to argue that no theories (or no facts) are needed, or that
the one can do without the other. Can anyone survey the
vast edifice of modern science, and not accept the value!?
both of facts and theories, provided that these do not compete
but reinforce each other ?

Before the last war there was a curious tendency among
some economists to ignore not only statistical theory but also
statistical facts (curious after the rapid growth of statistics in
the previous century). This certainly contributed to the
controversy on the value of economics. The neglect of
statistics by the universities in the economic field led the
Clapham Committee on the Provision for Social and Economic
Research to report in 1946 on the ‘“quite inadequate provision
which at present prevails in universities in the United Kingdom
for posts in statistics.”

In view of this situation, it seems unfortunate that the
attempt by the Royal Statistical Society towards the end of
the war to set up a Diploma qualification, in order to give
statisticians an educational target and to encourage some
supply to meet the great demand for statisticians, was attacked
by economists (for example, by Austin Robinson in the
Economic Journal 54 (1944), p. 265). It is true that criticism

I refer here to technical value, and make no moral judgment.
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was directed at the syllabus as being too mathematical and out-
of-balance : Thus Austin Robinson said (p. 267) :

“For the economic statistician, mathematical statistics is only
one of the necessary techniques. It is surely wrong that economic
statisticians should be catalogued and classified in relation to one
part of their total qualifications, and not in relation to the whole
range of them. We should not dream of appraising potential
ambassadors solely in relation to their linguistic abilities. Similarly
we ought not to appraise economic statisticians solely in relation to
their capacities as mathematical statisticians, but rather in relation
to all their capacities.”

But more than one mathematical statistician, including myself,
would have agreed that the syllabus needed revision and in the
direction suggested. This hardly justified a purely destructive
attack,! which, if its argument were accepted, would condemn
all paper qualifications and all examinations (including those
in economics). Employers look for many things, all important,
in employees, for example, the ability to get on well with their
colleagues—but the latter requirement does not prevent us
trying to train pupils as economists, mathematicians,
statisticians or actuaries.

The particular criticism that a good deal of mathematical
statistics in the technical sense would never be required by
many economic statisticians I would in part support. In any
particular job one uses theory or technique only so far as it is
necessary ; and certainly, when my job was to deal with
production returns for the firm which once employed me,
I needed neither. Nor did I need “economics,”” but I am not
going to say that it is in consequence useless. Sir William
Elderton pointed out in an open discussion on the proposed
Royal Statistical Society Diploma that there is much that we
learn at school or university that we do not always explicitly
want later, but it may still be invaluable as a training and
background. If we are going to consider how much
mathematical or theoretical statistics economic statisticians
need we have to bear in mind fwo requirements :

T should perhaps stress that I have no wish to resuscitate the particular
proposals that led to this controversy, and use this reference as a
means of introducing controversial questions which still need to be
resolved.
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(@) the actual techniques they are likely to want ;

(b) the amount of training in theory and method they
need, to help them acquire a scientific and objective
statistical outlook on economic and social problems.

The second requirement is vaguer but more important than
the first (not only because the techniques are otherwise useless,
but because the good repute of statistics is itself dependent
on it).! No adequate recognition and discussion of it, however,
seems to me to be given in Austin Robinson’s article. I am
not going to pretend that mathematical statisticians, anymore
than economic statisticians (if we must have these labels),
know the secret of imparting this outlook, and some of them
have certainly seemed to imply at times the fallacious thesis
that a knowledge of technique is all that matters. Many
people think that the “flair for statistics’ is unteachable, and
is just common-sense—‘‘a kind of luminous common-sense,” as
the late Professor Greenwood called it.2 Perhaps it is, but
of course, as Voltaire did not hesitate to point out,common-sense
is not so very common. Speaking o1 the simplicity of some
of Galton’s methods, Karl Pearson (0p. cit. p. 50) added :

“It is the old experience that a rude instrument in the hand
of a master craftsman will achieve more than the finest tool wielded
by the uninspired journeyman.”

And on the question of how far mathematics was necessary for
statisticians, Greenwood observed (loc. cit.) :

“In the heroic age of statistics there were John Graunt with
his shop arithmetic and Edmund Halley, one of the great mathe-
maticians of his time. Both made contributions to the science
which would never be forgotten. Did anybody doubt who was the
greater statistician. Did many doubt that, without Graunt, Halley
would never have done any statistical work ?”’

But, speaking in 2 statistical sense, I suggest that the advantage
of some mathematical and/or scientific training has been
possessed by the majority of the most eminent statisticians.

10f course the young statistician may by acquiring such an objective
outlook penalize his chances of a successful ‘‘career’” (see D. Seers’
searing (sic) article in Econ. J. 60 (1950), 622-6).

*In the discussion (p. 552) to the paper by J. Wishart on ‘‘Some Aspects

of the Teaching of Statistics,” Journ. Roy. Statist. Soc. 102 (1939),
532-564.
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What seems also clear is that, on the mathematical side, a
leaning to the abstract side (while it may assist in contributions
to pure theory) may be an actual hindrance to the practising
statistician, whose primary function is to ‘“make sense of
figures’’ ; his theoretical knowledge must always be subservient

to thisend. We may well recall Keynes’ illuminating comment
on W. S. Jevons : 1

“Jevons was the first theoretical economist to survey his
material with the prying eyes and fertile, controlled imagination
of the natural scientist. He would spend hours arranging his charts,
plotting them, sifting them, tinting them neatly with delicate pale
colours like the slides of the anatomist, and all the time poring
over them and brooding over them to discover their secret. It is
remarkable, looking back, how few followers and imitators he had
in the black arts of inductive economics in the fifty years after 1862.
But to-day he can certainly claim an unnumbered progeny, though
the scientific flair which can safely read the shifting sands of economic
statistics is no commoner than it was.”

To return to my discussion on the Royal Statistical
Society’s Diploma, T should add that Keynes himself did not
favour the first proposals ; but, as far as I am aware, his main
objection was that he thought the universities should undertake
the responsibility of statistical education. The more healthy
development in university teaching in statistics since the war
is thus in line with Keynes’ own views, and will, I think, be
providing further experimental information before long on

what kind of training is ¢» fact needed by, and best suited to,
various types of statistician.

Let me now return to a point I left in abeyance—how far
do statisticians, especially economic statisticians, need to be
familiar with the theory of probability ? If I am right in my
suggestion that this is at the root of statistical theory, then
some kind of familiarity with it is essential. This seems to
be recognized, for example in the following passage 2 by

1Journ. Roy. Statist. Soc. 99 (1936), 516-555 (524).

#See Journ. Roy. Statist. Soc. 48 (1885), 595 (616). I make no apology
for such an old reference, for a study of these classical papers often
stresses how up-to-date they still are. For example, some of
Sidgwick’s comments in this paper on government planning versus

private enterprise seem much more sensible than many recent
utterances.
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Henry Sidgwick (in his Presidential Address on ‘““Economic
Science and Statistics’”’ to the British Association, Aberdeen,
1885) :

“‘Of the method of statistical investigation I have not presumed
to speak, as I have not myself done any work of this kind, but have
merely availed myself gratefully of the labours of others. But,
even so, it has been impossible for me not to learn that to do this
work in its entirety, as it ought to be done, requires faculties of a
high order. For duly discerning the various sources of error that
impede the quantitative ascertainment of social facts, eliminating
such error as far as possible, and allowing for it where it cannot be
eliminated—still more for duly analysing differences and fluctuations
in the social quantities ascertained, and distinguishing causal from
accidental variations and correspondences—there is needed not only
industry, patience, accuracy, but a perpetually alert and circumspect
activity of the reasoning powers; nor is the statistician completely
equipped for his task for discovering empirical laws unless he can
effectively use the assistance of an abstract and difficult calculus of
probabilities.”’

Yet in the discussion to the paper of my own to which I
have already referred, Bowley, then President of the Royal
Statistical Society, appeared to reject my claim for the
importance of probability theory. He distinguished three
stages in the teaching of statistics—arithmetical, mathematical

without probability, application of the concept of probability.
He went on to say (p. 22) :

“In my opinion the second stage is more important than the
third in relation to economic and kindred problems. Mr. Yule
devotes Part II of his Introduction to the Theory of Statistics ;
Professor R. Frisch's books (Methods of Measuring Marginal Utility
and Confluent Analysis) are wholly or mainly independent of ideas
of probability, as is the study by Dr. Tinbergen to which Dr. Bartlett
refers. Mr. Yule develops averages, measures of dispersion and
the use of frequency curves generally, and the whole apparatus of
partial correlation, in his Part II. Mr. Allen and I did not use
probability in our Family Expenditure. Many other references
could be given. ..

Dr. Bartlett’s paper ... limits mathematical statistics. .. to
the field in which probability is applied, or, in other words, to the
mathematics of sampling. I do not undeirate the impoitance of
this field, in which I have worked for many years; but I do not



22 SOME REMARKS ON

wish Fellows of the Society to be under the impression that mathe-
matics has no other use, and that before applying it they must
master the logical subtleties as well as the analytical difficulties of
probability.”
My own view, that Bowley is right in one sense and wrong in
another, was summed up in my reply (p. 29) ; I was:

‘“‘sceptical of the pe.manence of methods with no theoretical
foundation, however much I agree with the President that many
statisticians may not need to worry over the ‘logical subtleties
or ‘analytical difficulties of probability theory.” If my motor-car
develops engine-trouble, my immediate concern is to find an
experienced mechanic, not an expert in thermodynamics.”

The significant word in the last sentence is experienced ; the
mechanic may not be able to pass an examination in thermo-
dynamics, but I would still expect him to attempt only remedies
which are in conformity with its principles. Greenwood
(loc. cit.) has put effectively the same point :

‘““Sometimes a David felled a Goliath of a statistical difficulty
with a smooth stane. It might take a mathematician to prove how
truly the stone was aimed.”

I suggest that if we really consider the reason why we are
so often able to use simple means and dispersion measures
(which Sir Arthur Bowley implied are independent of probability
theory) or simple frequency curves, we realize that this is merely
one manifestation of the statistical regularity of which
probability is the theoretical representation. If, for example,
“dromedary”’ (two-humped) distributions were as common as
“camel” (one-humped) distributions, simple means and dis-
persion measures would lose most of their significance. Again,
I contend that ideas of statistical stability and sampling are
present in almost every use made of statistical tables and data,
whether or not we explicitly say so. We do not think
unreasonable an actuary who uses mortality rates to obtain
survival chances and to calculate premiums.

Much has been written about index numbers since Jevons
suggested that geometric means have advantages over
arithmetic means, but it might be helpful to emphasize more
frequently that as weighted averages which claim to be repre-
sentative of a complex aggregate of quantities they are all



THE THEORY OF STATISTICS 23

necessarily limited. Even if a cost-of-living index is based
on the mean expenditure of every existing family in the country,
its relevance to any particular family at once involves ideas
of sampling.

Where we agree is that many practising statisticians,
especially in economics, need to have a practical or instinctive,
but not necessarily a very technical, appreciation of this. As
M. G. Kendall has put it, we all need “‘the statistical approach”
(Economica (1950) 127) ; what is not altogether certain, as I
have already emphasized in my references to Austin Robinson’s
article, is how this statistical approach or outlook is best
imparted.

I hope with this explanation that any apparent disagree-
ment between Sir Arthur Bowley and myself is at least greatly
reduced. Certainly one would not accuse him of ignoring the
ficld of statistical theory and mathematical statistics, either
by his work, or by his own pronouncements. I hope he will
forgive me if I go back again to his British Association
Presidential Address in 1906 (loc. cit. p. 545).

“The use of mathematical reasoning in statistics is very
imperfectly understood, partly because the passage from numbers to
symbols and back to numbers suggests an air of mystery, or even of
prestidigitation, to the unmathematical mind ; partly because, even
with mathematicians, the application of the theory of probability
to the determination of the precision of an estimate is unfamiliar ;
partly because the method, though fully sixty years old,* has only
recently been developed, and the methods and limitations of its use
are still a matter of analysis and discussion among its advocates.
In many respects its position resembles that of mathematics in
economic theory, a subject handled at length by Professor Edgeworth,
my predecessor in this chair in 1889. There are those that hold,
in both cases, that verbal or numerical reasoning, unassisted by
symbols, is sufficient for the elucidation of all truth. Whatever may
be said in favour of this view as regards economic theory—a
discussion so familiar to my audience that I need not dwell on it—
I do not think that in the case of statistics the argument can be
serivusly maintained, and it is my intention to give such reasons
for this statement as the limitations of a presidential address make
possible.

*Quetclet’s Lettres sur la Théorie des Probabilités was published

in 1846.”
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And further (p. 549) :

““The region to which I am devoting particular attention is
that where the theory of probability is invoked, not because there
are not many other directions in which mathematical methods are
useful, but because this is of the greatest importance and the least
generally understood.”

* * *

III. VALUE AND LIMITATIONS.

I suggested in the preceding paragraphs that the theory of
statistics is needed by statisticians for two reasons (a) as a
definite technique (b) as part of their gencral background.
Now a little reflection will soon bring home to us some obvious
but important truths about the use of any theory, and in
particular of statistical theory. The application of any theory
is necessarily based on approximating assumptions which are
more or less true, and the value of the application will depend
partly on how far the assumptions are ‘“more or less true.”
These assumptions are technically referred to as the problem
of specification, and usually involve the setting-up of some
theoretical frequency distribution or law to be related with
the observed statistical facts, to assist in their interpretation,
and to facilitate further inferences. Some straightforward
distributional examples are (roughly in order of precise validity):
the so-called normal distribution for the velocity components
of gas molecules, the Poisson distribution for the numbers of
emitted particles from a radioactive substance, the binomial
distribution (with 3 :1 ratio) for the number of tall progeny
in Mendel’s genetical experiment on crossing dwarf and tall
peas, the ‘“‘negative binomial”’ distribution for the number of
accidents experienced by munition workers, the geometric
distribution for a batsman’s number of runs per innings, the
Pareto distribution for the size of incomes. It is no coincidence
that the more exact examples come first from physical and
secondly from biological sources, with social phenomena on
the whole a bad third.

Statistical specifications are now fundamental in the
physical sciences, and the basic reason is not so hard to see.
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Modern atomic theories are concerned with molecules, atoms,
electrons, light quanta, etc., not only existing in large numbers
but classifiable into groups the individuals of which (at least
as far as we can tell) are all exactly alike. No wonder that the
statistical method is relevant.

Biology is an interesting link between the exact statistical
theories of physics and the more doubtful statistical theories
of society. On an individual basis we may study the structure
and behaviour of animals, especially the more complex of them ;
but no one (I had better say practically no one, and exclude
disciples of Lysenko) will doubt the value of studying the
macroscopic behaviour of bacteria, or—if we consider evolution,
like Darwin, on a large enough scale, or consider simpler
aspects of larger creatures, like their genetic structure or their

physical measurements—applying statistical theory to more
complex creatures also.

The physicist Schrédinger has described this growth of the
statistical approach in the natural sciences so vividly that I
would like to quote, even at some length, his words : 1

“In the course of the last sixty or eighty years, statistical
methods and the calculus of probability have entered one branch
of science after another. Independently, to all appearance, they
acquired more or less rapidly a central position in biology, physics,
chemistry, meteorology, astronomy, let alone such political sciences
as national cconomy, etc. At first, that may have seemed
incidental : a new theoretical device had become available, and was
used wherever it could be helpful, just as the microscope, the electric
current, X-rays or integral equations. But in the case of statistics,
it was more than this kind of coincidence.

On its first appearance the new weapon was mostly accompanied
by an excuse : it was only to remedy our shortcoming, our ignorance
of details or our inability to cope with vast observational material.
In the study of heredity we might prefer to be able to record the
individual processes of meiosis, and thus to know how the hereditary
treasure of a particular individual is composed from those of its
grandparents. In textbooks on gas-theory it has become a stock
phrase, that statistical methods are imposed on us by our ignorance
of the initial co-ordinates and velocities of the single atoms—and by
the unsurmountable intricacy of integrating 1023 simultaneous
differential equations, even if we knew the initial values.

INature 153 (1944), 704.
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But inadvertently, as it were, the attitude changes. It dawns
upon us that the individual case is entirely devoid of interest, whether
detailed information about it is obtainable or not, whether the
mathematical problem it sets can be coped with or not. We realise
that even if it could be done, we should have to follow up thousands
of individual cases and could eventually make no better use of them
than compound them into one statistical enunciation. The working
of the statistical mechanism itself is what we are really interested in.”

In relation to the physical and biological sciences, all
this is certainly to me of great interest, but not perhaps of
immediate concern to most of you. Now when we come to
man, statistical enumerations and hence specifications are apt
to be incomplete and insufficient, but again it is clear that they
can be of great value for partial descriptions (adequate for
particular purposes, such as issuing ration books or assessing
life insurance). Moreover, statistical laws may tend to operate
in so far as these statistical descriptions are valid ; they form
a partial basis for such phrases as ‘“‘cumulative causation’ and
“non-reversible trends’’ applied to man and his evolving
society.! There have indeed been recent attempts? at
propounding mathematical and statistical theories of society
(not merely of its economic behaviour), but these appear to me
to have suffered from a lack of proportion. It is of limited
value to investigate the type of society which results on
certain assumptions, unless the investigator undertakes also
the responsibility of discussing the extent to which his
assumptions are valid (the same criticism applies of course
also to the narrower field of economics). But it is perhaps
unjustifiable to claim that these investigations, even if they
should ideally be a combination of theory and empirical
observation, are so far quite valueless. If we study the
statistics not of deaths or of heights (which are largely outside
our control), but of marriages or of crimes, we find not com-
pletely uniform statistical regularity, but superimposed waves
correlating with other changing social conditions, so that

1Phrases used, for example, by Gunnar Myrdal, of the University of
Stockholm, in his Ludwig Mond Lecture at Manchester University
on 13th March, 1950.

tFor example, in N. Rashevsky’'s book, The Mathematical Theory of
Human Relations.
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society does partly act according to a predictable but rather
complex statistical pattern. Statisticians of the last century,
like Quetelet, were depressed at the suggestion of regularity
and law in such statistics, and felt that it was a denial of
free-will. But of course external circumstances do condition
our decisions, and we are more likely to avoid the fate of
ultimate complete regimentation if we can understand soon
enough the probable behaviour and evolution of societies
“in the large.” (I do not mean to imply that such trends are
not the result of technical advances in science or of biological
factors, or of social catastrophes such as wars, but that we
cannot ignore their statistical and cumulative aspects, even
perhaps in these so-called causes).

All this, if in a diffuse and general way, is linked with
the first broad problem of statistical theory, specification.
The second broad problem of statistical tnference has also both
its technical and its general aspects. It is concerned with the
testing of the specification or statistical model against the
statistical data, together with the estimation of averages or
other unknown constants, or alternative reduction of the
data to workable dimensions. To many, this use of statistical
methods for inference purposes represents a fairly well-defined
body of technical knowledge, including how to work out means
and dispersions, index numbers, regression or correlation
coefficients. The wide applicability of some of these methods
(which means that they may be of use even when the
specification is only vaguely or incompletely known) has led
to their playing a special role in the less exact sciences, biology,
psychology, and the social sciences, but should not cause us to
forget their essential link with, and dependence on, the
specification problem.

This point may be illustrated if I remind you of a very
ingenious method sometimes available for rendering the
specification more definite. In agricultural statistical
experimentation where different treatments (or varieties) are
to be compared, the plots of ground allocated to the different
treatments are chosen according to carefully worked-out
statistical principles of experimental design. The same
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principles operate more generally for any sampling enquiries,
and consist of “‘stratifying”’ the population to make the sample
representative of different sections of the population, but of
“randomizing’’ the choice of the individual units in each
stratum, so that each of these units has a statistically equal
chance of selection.! This particular combination of common
and technical sense has given sampling surveys a potential
value that has been increasingly recognized. For example : 2
.“Modern techniques of social research have given statisticians
labour-saving ways of finding out all about us. The individual soul
that somehow persists inside each ‘social unit’ may cling stubbornly
to the belief that no one can find out everything about the quirks and
habits of nearly fifty million people by asking questions of a few
‘sample’ thousands, but there is an uncomfortable possibility that
the sampler can get pretty near the truth.”
The United Nations Sub-Commission on Statistical Sampling
was recently led to circularize this and other Statistical
Societies on the_need for more adequate training in the
technique of sampling in university curricula.

In certain fields there remain sources of bias, which have
been well enough emphasized by the notorious polls on the
American election ; with human populations these arc mainly
due to evasion, either conscious, especially in the case of
voluntary enquiries, or perhaps unconscicus, especially in the
answering of questions with emotional, political or religious
content, such as: ‘“Have you any sympathies with the
Communist Party ?”’ or “Do you approve of divorce ?”” Even
when such biascs are present, it is often possible to get further
information on them by detailed statistical analysis of the
returns.

Having emphasized the link between correct inference and
correct specification, I can now turn back once more to the
controversial field of economics where the value of statistical
theory may still bc questioned. This is when we have no
precise and carefully planned sampling scheme to analyse but
crude observation and fallible statistics. One important class

For a recent exposition of sampling techniques, see Sampling Methods
for Censuses and Surveys, by F. Yates (London, 1949).

tManchester Guardian editorial, 1st August, 1950.
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of such statistics is that of economic time-series, like unemploy-
ment or production. In spite of recent developments in theory
(to be referred to again later) enabling us to consider possible
specifications or models for such data, we realise at once
immense difficulties associated with the complexity and
heterogeneity of economic statistical series, contrasted with the
brevity of the period usually available for study. In recent
years there have been brave and concerted attempts by
economists and statisticians (for example, by the Cowles
Commission Research Group in the U.S.A.) to analyse such
series, adopting the proper logical approach of making as full
a specification as possible, based on economic theory, and thus
allowing the inference problem some chance by not over-
burdening the claims made on it. Those who are interested
in this field of statistical activity, and who have not yet done
so, should certainly read the exchanges between J. M. Keynes
and J. Tinbergen, following Keynes’ review of an earlier and
perhaps theoretically more dubious statistical approach to
these problems by Tinbergen.!

The statistician, in this field especially, will do well to
remember Keynes’ strictures on Tinbergen’s work :

“The worst of him is that he is much more interested in getting
on with the job than in spending time in deciding whether the job
is worth getting on with. He so clearly prefers the mazes of
arithmetic to the mazes of logic, that I must ask him to forgive the
criticisms of one whose tastes in statistical theory have been,
beginning many years ago, the other way round’ (Review, p. 559).

But Keynes’ final comment was, if still critical, broad-minded
enough :

““No one could be more frank, more painstaking, more free from
subjective bias or parti pris than Professor Tinbergen. There is no
one, therefore, so far as known qualities go, whom it would be safer

1Economic J. 49 (1939), 558 ; 50 (1940), 142 and 154. The publication
under review was the first League of Nations volume on the
Statistical Testing of Business Cycle Theories (Geneva, 1939). In a
brief reference of my own (on p. 18 of my previous paper already cited :
Journ. Roy. Statist. Soc. 103 (1940), 1-29) to Keynes' review, and
written before Tinbergen's reply, an indication was given of the
probable future development in the logical and technical approach
to statistical problems of this type.
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to trust with black magic. That there is anyone I would trust with
it at the present stage or that this brand of statistical alchemy is ripe
to become a branch of science, I am not yet persuaded. But Newton,
Boyle and Locke all played with alchemy. So let him continue.”

*® * L

IV. THE TEACHING PROBLEM.

In this paper I have been especially stressing some
controversial points, partly because these affect economic or
practical statisticians as much as anybndy, and partly because
this is a good opportunity anyway to air these problems.
As a teacher of statistics I am necessarily concerned with the
teaching problem ; but if I now consider this problem for a
moment I hope, in spite of my own rather fleeting references
to the part of statistical technique and theory which is of
acknowledged and fundamental value, that this fact will be
generally acceptable, so that I may concentrate on the questions
of how much of this various students need, and how they can
best acquire it.

My own teaching experience is somewhat limited, but as
far as it goes it suggests to me (as is doubtless felt by most
other teachers!) that achievement has been very partial and
variable. Some mathematicians are inclined to lap up the
mathematical theory but to remain half-morons about its
statistical and arithmetical applications ; research workers in
other subjects may learn the techniques diligently but remain
crippled over their theoretical meaning and intelligent use.
Fortunately there are always at least a few in either camp
who do better than the rest; these are the ones who think
out what they are doing, and never apply methods merely
as a routine. But to teach all students to think; who would
not like to have the secret of that?

The departmentalism of a university is also a dangerous
canalising influence. It inclines one to teach statistics to
mathematicians as mathematics, and so accentuate their
tendency to abstraction, too much of which we have seen is
not a good training for statisticians; and it inclines one to
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avoid teaching theory to non-mathematicians, because they
don’t know ecnough mathematics. Departmentalism has
especially been bad for statistics, because of the way this
subject straddles more than one department; university
departments are on the whole organised on the ‘“‘vertical”
principle, and not the ‘“‘horizontal” one, and subjects which
do not dovetail entirely within one department are liable to
be chopped down until they do. The perplexed departmental
statistician then has the dilemma of narrowing his statistical
interests to thosc of his own department, but with little
machinery for contact with relevant statistical work outside
it ; or of attempting himself the superhuman task of keeping
abreast with all developments, with perhaps little thanks for
his pains. This dilemma is not peculiar to universities. It
has appeared, in one guise or other, in research institutes and
the Civil Service ; for the latter, the Government innovation
of a Central Statistical Office, which is linked with, but not a
substitute for, the several departments, is a possible help.

To return to the students, I shan’t say much more about
the mathematicians. Given time enough, the statistically- and
practically-minded of them can get training in methods and
some acquaintance with statistical research work, especially
since the introduction into some universities, partly inspired
by the Royal Statistical Society’s proposals, of a post-graduate
Diploma in Statistics. Their absorption of statistical ideas
is undoubtedly slow, but this is partly due to the complete
absence of statistics in school curricula, and may be altered
if recent proposals to introduce statistics into schools are
generally accepted. Whether or not these proposals are a
good thing is another controversial story, and is probably
dependent on the departmentalism difficulty. As mathematics
we have seen that statistical theory is necessarily rather
abstract, because it deals not with things themselves, but with
aggregates of things. But the actual statistics, as numbers of
births and deaths, measurements of heights and weights,
bowling and batting averages, numbers of cars passing in the
street, seem very real and (rather unexpectedly) dear to the
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hearts of many school children. Later more serious study
might well be founded on such a basis.

The next problem is who should teach statistical theory
and methods to the non-mathematicians—the biologists, the
psychologists, the economists, the medical students? Should
it be a mathematician, who will perhaps be too abstract for
them and not appreciate their practical problems, or somcone
from their own department, maybe a little shaky himself on
the mathematical and thcoretical side?! I personally think
that there is no cut-and-dried answer to this query ; successful
teaching is largely a prerogative of the individual, and a
capable teacher may be better than a better expert in either
capacity. Criticism in the past has largely been levelled at
the habit, in either the mathematics or in the other departments,
of asking pcople to teach statistics who were not even
statisticians. There has been some excuse for this in poorly-
staffed departments, but this dangerous custom should dis-
appear as statisticians become more recognized as persons
in their own right and less rare.

Finally, we come to the problem of what to teach ; though
this is not such a problem in most departments. For example,
the methods used in biological statistics are pretty well-defined,
and I have discussed clsewhere? draft syllabuses for them.
I have already stressed the danger of too narrow a training and
neglecting proper grounding in statistical principles, but for
the more mathematically-minded at least it should be possible
to avoid this danger. Even for the others, provided they
become statistically-minded, provided they learn principles by
enough practice, perhaps by examples not all from their own
subject, sufficient grounding may be acquired. Many biologists
have shown considerable aptitude in this. Principles in
relation to medical statistics are perhaps a little less definite
(excluding particular technical fields such as vital statistics or
epidemiology), and in saying this I am not being inconsistent
with my earlier claim that principles remain common and

Compare the discussion by C. Herdan in the Universities Review 23
(1950), 30-6.

1Biometrics 6 (1950), 85.
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inviolate, because now I am discussing rather how such
principles are best illustrated in particular fields. And again
the problem becomes perhaps most acute of all in economics,
for reasons already considered at length. Not only must
considerable attention be paid to the details of definition,
collection, and comparison of statistics (this holds also, though
perhaps not to such a variety of data, for medical statistics),
but we have no clear-cut applications of principle yielding
immediate and obvious returns, as in the case of the natural
sciences. The relation between principle and practice is more
elusive and tenuous.

I am not going to presume to say how this difficulty is to
be met : I have suggested that further teaching experience
will provide us before long with more evidence, and I hope
economists in the audience will add their opinions to the pool
(whirlpool?). What I have maintained is that statistical
principles must not be neglected, and a fairly common practice
at present of having a mixture of mathematicians, biologists,
and economists taking a basic course in statistical principles,
while it may have arisen from teaching economies, may perhaps
be useful (provided the course does not get too mathematical)
for the economists in particular, because they may have a
better opportunity of grasping these principles in examples
from other fields, and thus of realising more clearly the special
features of their own subject which render the application of
these principles more nebulous. But some mathematical
ability is undoubtedly a great help, and the comment?! of
C. F. Carter, who teaches economic statistics at Cambridge,
is worth noting :

“There was one further point which appeared to him to be
rather serious. It seemed to him that the educational system in
our schools produced either people who were good at mathematics,
...or else people who had a fear and loathing of mathematics.
There were not* very many people in between those two classes.

1p. 220 of the discussion on the teaching of statistics, Jowrn. Roy.
Statist. Soc. 111 (1948), 212-229.

1] have checked with Mr. Carter that this word ‘‘not’ wasinadvertently
omitted by the printer.
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There were few who were ready to say that they were moderately
good at school at mathematics and were quite ready to go on
learning. If they could be sure of having people coming to the
university or to an extra-mural course with a basic knowledge of
mathematics, their task would be immeasurably easier.”

* * *

V. MODERN DEVELOPMENTS.

To: conclude, I would like to review briefly and non-
technically some modern theoretical developments. If I were
asked to name the main developments in statistical theory in
the present century, I should certainly include the tremendous
growth in the use of statistical methods and statistical inference
in biology and other sciences, begun by Francis Galton, and
Karl Pearson, and culminating in the work of R. A. Fisher.
Often this development has resulted in simpler but more
powerful methods, such as the partial ousting of correlation
technique by the method known as ‘“‘analysis of variance,”
which is a basic technique for exploring complex sources of
variation and analysing them into their various components.
First used in agricultural experiments, its general applicability
later resulted in its use in industrial research, and in many
other fields of statistical experimentation. It has greatly
influenced the efficient design of experiments, and of sampling
enquiries, being of greatest value and simplicity for experimental
or other statistically-controlled situations.

I shall not discuss any further the advances in statistical
specification in the natural sciences, for example, in physics
or in biology, for I have already sufficiently indicated the
revolutionary advances which a statistical outlook has brought
about. What I will do is to indicate two major and related
tasks which are confronting the theorist who has an interest
in applications, and which have emerged more clearly since I
last surveyed the field of mathematical statistics over ten
years ago (loc. cit.). The first will not sound unfamiliar to
economic theorists, who have been attempting in recent years
to move from ‘“‘static’’ to ‘““dynamic’’ conceptions of how things
work, for this is a fundamental statistical problem also, with
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far-reaching applications in all branches of science. The
economic and statistical problems are naturally related in the
field of economics itself, and a good deal of recent work on the
analysis of economic time-series has been based on this new
approach. But of course it applies also to changing
populations, to the rise and fall of epidemics, to the showers of
particles created by cosmic rays, to the periodicity of the
sunspots, and so on. A recent example in the field of electrical
engineering has been the development of a basic theory of
communication systems (with repercussions even on the
understanding of man’s personal communication or nervous
system).!

These various examples have stimulated a study of the
general mathematical theory of this kind of statistics ; this has
now been in process of development for some years, being first
studied systematically on the Continent as an extension of the
theory of probability ; but a tremendous amount needs to be
done to integrate this theory with particular applications,
especially where problems of statistical inference arise.
Already, however, a much completer understanding of the
structure and analysis of time-series has emerged, though I
should perhaps add a warning that the more the understanding
of the problem the greater the realisation of its complexity.

The gap between theory and practice is always in part
due to an over-simplification or idealisation of the actual
situation, and just as it is often more relevant to consider, not
the static homogeneous population or distribution of classical
statistics, but populations which grow and distributions which
change, so also it may be more relevant to consider complex
populations and heterogeneous distributions. This has of
course been recognized in the direct handlirg and analysis of
real populations, for example, in the “break-cown”’ of statistical

A technical account of this theory of stochastic processes, as it is called,
with discussion of its applications to theories of population growth,
physical processes, epidemiology, industrial renewal theory, etc., will
be found in the papers by D. G. Kendall, J. E. Moyal and myself,
given at a Symposium on Stochastic Processes, and published in the
Journ. Roy. Statist. Soc. (Series B) 11 (1949), 150-282. For a
monograph on economic aspects, see Statistical inference in dynamic
economic models (New York). For the theory of communication, see
C. Shannon’s papers in Bell System Tech. J. 27 (1948), 379 and 623.
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totals, in sampling techniques, or in analysis of variance, but
the theoretical behaviour and analysis of complex groups has
been less systematically studied, in spite of important pioneering
investigations such as Greenwood and Yule’s (1920) discovery
of the negative binomial distribution as the result of
heterogeneity in accident-proneness among different workers.!

I said that these two studies, of changing populations and
of heterogeneous populations, were related. For example, if a
population is growing then the existing population at any time
is necessarily a complex and heterogeneous one. Moreover,
it has been found that observed distributions can arise in various
ways ; the negative binomial distribution, for example, not
only arises from heterogeneity between groups, but from
“contagion’’ in time, say if each worker who had an accident
became more nervous and more inclined to have a second.
In fact the negative binomial distribution was first deduced on
such a “contagion’* model by McKendrick in 1914, working in
medical statistics. Thus we realise that the total distribution
itself will not discriminate between these two possibilities, and
a more detailed study of changes in time will be required to
eliminate the second.

Finally, this more complex but more realistic conception
of a statistical population, changing and heterogeneous,?
appears to me to underline further the central place of sampling
notions in statistical theory. We cannot any longer claim
that actual populations are large enough to forget about such
ideas ; we must find out how non-uniform such populations
are, and the effectively uniform groups—the local number of
susceptible persons in contact with an infected person ; or the
number of workers of one district, one age, one occupation,
and one disease—may invariably be small enough to make
sampling questions permanently relevant to any theoretical and
inductive conclusions we may make.

!Another important though rather technical problem which has of course
already received considerable attention is that of the genetical
structure of populations (see, for example, Sewall Wright's Galton
Lecture, 14th June, 1950, printed in Nature 166 (1950), 247).

*Professor Leontief recently remarked to me that he believed it
important to take account of the ‘‘heterogeneity’”’ as well as the
overall time-changes when analysing economic series.



Factor Analysis in Psychology
as a Statistician sees it

1. The historical and the logical approach

Historically, from its introduction, factor analysis has been a matter of
.some considerable argument and controversy. Some psychologists may
perhaps have been sufficiently put off by exaggerated claims from their
colleagues as to query its use at all in their field. The growth of factor ana-
lysis must, however, be regarded as a natural and inevitable development
in the analysis of the correlated sets of test scores or other variables with
which psychologists have had to deal. But even psychologists and statisti-
cians interested in the technique of factor analysis have been somewhat
bewildered by the variety of procedures advocated from time to time in
the literature; and while the energy and occasional acrimony of the dis-
cussion has been an indication of the interest the subject has possessed in
the eyes of its protagonists, it has tended to make those not yet involved
pause before themselves being drawn into the mélée. It is probably a matter
of statistical fact that any argument usually arises when each side is partly
right and partly wrong. In the case of factor analysis we have by now
reached a stage in its development when we can attempt to survey this
subject not only historically but also logically; this may help us to appraise
its validity and use. This does not, however, imply that such a survey was
possible at the very beginning, before techniques had been explored or
experimental material collected. We shall also realise the limitations of
a purely logical approach, and the extent to which there is legitimate scope
for further discussion and investigation. It is hardly necessary for me to add
that there are now several authoritative books and articles on factor
analysis in psychology (see, for example, 7, 8, 12, 14, 15 and 16 in the list
of references), the existence of which makes superfluous not only any
detailed description of some of the more accepted techniques, but also
much of my present commentary. However, an indication of one’s personal
view may still be useful, especially in relation to those aspects on which the
last word has clearly not yet been said.
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Suppose a statistician were confronted with a set of examination scores
(or scores from ‘intelligence tests’ in the more specific sense) for a number
of children. He would be aware from his general statistical philosophy that
he would have two broad tasks facing him, the first of specification, in
which some kind of theoretical statistical model for the observed data has
to be set up, and the second of inference, in which the data are analysed
according to, and checked against, this model. In many routine statistical
problems, especially those of an empirical kind, the first task is sometimes
forgotten, but it is essential before the second can begin. Qua statistician,
he may feel that it is not his responsibility, and it is certainly not merely
his; but he must be able to collaborate, or at least to concur, with (in this
case) a psychologist in arriving at a suitable specification, relevant and
reasonable from both the psychologist’s point of view and his own. The
statistician’s participation in the specification (this follows automatically
of course if he and the psychologist are the same person!) is essential because
it must include and depend on the purpose of the analysis, a point which
has not always been appreciated. The same data may well be specified
differently for different purposes, and there is nothing inconsistent in two
specifications, one of which is very general and corresponds to an empirical
type of analysis, and another equivalent to a detailed statement of structure
which the analysis has merely to verify or refute. Technical difficulties in
a statistical analysis may lead to approximating simplifications over the
validity of which there is temporary discussion, but it is obviously in the
specifications, which can include all categories from minor assumptions
to full-blooded scientific theories, that there is room for legitimate argument.
If we find more than one statistical procedure being advocated, for example
in factor analysis, one immediate task is to enquire into their respective
purposes: only if these are close do we need to compare the associated
models further.

2. The empirical statistical approach

When statistical material arises in a complex and comparatively unex-
plored field it is often reasonable to leave its specification as general as
possible, at least until further experience about the character of its vari-
ability has been obtained. It is in such situations that careful experimenta-
tion, coupled with the use of analysis of variance technique, can throw
a flood of light on the relative importance of different sources of variation.
A well-known example is in agriculture, but psychology offered in many
respects a similar opportunity; for example, the effects of sex, age and
social group all needed disentangling in children’s test performances.
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However, the statistical tool made available to psychologists by Galton
before the beginning of the present century was correlation, so it is not
perhaps surprising that the use of this technique has at times appeared
almost excessive. Nevertheless, the occasions when a number of scores in
tests or other ‘measurements’ was available for a group of persons under
investigation, with the question naturally arising of their mutual relation,
were frequent enough. An empirical reduction of such data by the method
of principal components could have been used, for, as Sir Cyril Burt (8)
has pointed out, this method had already effectively been put forward
by Karl Pearson in 1901.

For reference this method is summarized briefly here. Suppose we have
a set of p correlated test scores or other variables, represented by the (column)
vector x, measured from their mean values, and for definiteness standardized
to unit standard deviations, so that their correlation matrix is given by

R=E (xx), (1)

where E denotes averaging over the statistical population (and a dash
denotes a transposed matrix or row vector). Then the solution a; of the
simultaneous linear equations

(R‘li) d|=0 (2)

gives a principal component z;=a; x corresponding to the root A, of the
determinantal equation
|R—-4|=0. (3)

The z,, which are also for convenience usually standardized, have the prop-
erty that they are not only uncorrelated, but the vectors a;, for different ¢ are
orthogonal (i.e. a; a;=0). A more essential property from the point of view
of the reduction or summary of the data is that they extract successively
the maximum contributions to the sum p of the (standardized) variances,
these contributions being given by the values of the roots 4, themselves
when arranged in order of magnitude. The machinery for their computation
if the correlation matrix R has merely been estimated (as R,, say) from a
sample of persons is similar. The 2, are in one sense ‘factors’, but more in
relation to the diagonal variance contribution than in the reproduction of
the correlations, a rather significant point.

Such an empirical analysis is helpful in the description of the data, but
does not (no more of course would any other ‘factor analyses’ carried out
without reference to external criteria) have any necessary significance
outside it. The statistician is aware of entirely different methods of multi-
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variate analysis introduced by Hotelling for studying the relation of one
set of variables to another. Typical applications of this in psychology would
be to study the possible relations between physical and mental measurements,
or to study the relation of a set of mental measurements at one time with
another set taken on the same persons at a future time (cf. 4). A particular
case of this last problem is the prediction of future performance in some
one test or other classifiable criterion, this, as Sir Godfrey Thomson has
stressed, reducing to an application of standard multiple regression tech-
nique.

'
3. Theories of factorial structure

It seems probable that the more theoretical factor analysis schemes
preferred by many psychologists have largely developed as a historical
consequence of the original formulation of this type by Spearman, who
initially postulated the simple factor model of one general factor g and
uncorrelated remaining components s, specific to each test z;, so that we
have

g=mg+V1—-mis, (4)

where g and s;, like z;, are assumed standardized.

There is no doubt that such a model was a vivid and useful first approxi-
mation to the truth, but when it became clear that it was inadequate, and
further ‘common factors’ had to be introduced, the arguments intensified
over the question of the ‘reality’ of the factors in the consequent more
general specification

Ty=myy fr+mygfo+ o mux fe + mio 8. (5)
In vector and matrix notation, this last set of equations becomes
x=Mf+M,s, (6)

say, where f'=(f,, f,, ..., f;) and M, from (5), is a diagonal matrix.
One source of difficulty has been the apparent redundancy of factors in
(6) (and, for that matter, in (4)), if the residual components s, are interpreted,
a8 in (4), as factors specific to each test; some further explanation is thus
needed. But I see no objection to the view that the correlational structure
is to be interpreted by means of as few common factors as possible. It is
now appreciated that the isolation and measurement of a few such factors,
especially if a large amount of variability remains in the specifics, is not
of much direct prognostic value. As Godfrey Thomson has said (15):—
“Very seldom have experimenters actually calculated the factors possessed
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by a man and used them to give him advice.”” The main object of the analysis,
in so far as it has been specified at all, is presumably to assist in the under-
standing and interpretation of the test performances. Now something more
has been envisaged here than a mere description or summary of the data,
even although there is no guarantee that any factors isolated have any
significance outside it, and we must be on our guard against assigning
prematurely any degree of ‘reality’ to them beyond their definition in
the statistical specification (6).

With this point of view the search for factors with a more permanent
and universal character is scientifically reasonable, but seems to me likely
to be more successful if the specific ‘factors’ in (6) are retained. It is inevitable
that in so far as (6) is true at all, it is an over-simplification which explicitly
ignores such possibilities as variation in performance at different times or
variation in the matrix of coefficients M from person to person, and thus
the specific ‘factors’ s, are composite items which must implicitly include
all these sources of variability. If so, it seems logical to retain them in
the model, and regard them, in regard to the measurement of the more stable
and common features of the test scores, as ‘errors’ (though this does not
imply that they are merely ‘errors of measurement’, a rather important
distinction to which I refer again later). In the paper from which I quoted
a moment ago, Godfrey Thomson goes on to raise the question whether it
would not be more useful to exclude the specific factors from equation
(8) (cf. also the discussion in the last chapter of his book (14)). This, as
I have emphasized, depends on our purpose, but as for the above reasons
we should not expect to be able to exclude them entirely I think it would
be rather illogical to try to do so in any search for stable factors, a search
which is circumscribed in its use but will nevertheless no doubt continue.

4. Estimation procedures and tests of goodness of fit

The estimation and testing of a factorial structure should strictly precede
any consideration of the estimation of the factors for a particular person,
though historically, at least in so far as any rigorous statistical discussion
is concerned, the reverse appears to have been the case. This may in part
have been due to the difficulty of the complete estimation and testing
problem, in which some questions still remain unsolved. However, we now
have one method at least, the ‘method of maximum likelihood’ applied
by D. N. Lawley (11) to the sample covariance or correlation matrix R,
corresponding to the theoretical

R=MM'+ M}, (7)
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which should in principle, as far as we know at present, give a satisfactory
solution of the problem of estimating structure when the test scores are
normally distributed (and if the number of tests is adequate to permit a
solution at all). Lawley’s estimation equations for M and M, may be sum-
marized as

M'R;'R=M', (8)

together with the requirement that the diagonal elements in R and R agree.
It is an attractive feature of these equations that they are effectively inde-
pendent of whether R is the matrix of covariances or correlations. Un-
fortunately no very rapid method of solving the equations is as yet available,
80 that illustrations of their actual use in psychology are rather rare (as
one interesting example, see, however, an analysis by Emmett (9)). Lawley
has also shown that a large-sample x? goodness of fit test of the adequacy
of the assumed structure in (7) can be made, and I have noted (5) that a
somewhat more precise formulation of this test would be expected to be

'~ —{n—3(@2p+5) -3k} log. |Ry|/|R|, (9)

with ;(p-—k)(p—lc—l)vk degrees of freedom (in this formula = is the
number of degrees of freedom in R, depending on the number of individuals
tested, p the number of tests, and k¥ the number of common factors; |R|
denotes the determinant of R, and similarly for |R0|).

This approximate y% technique may also be used with the alternative
principal components analysis referred to earlier, the criterion taking the
same form as in (9) with IRI replaced by

P—A—Ay — lk)p—k
p—k ’

1,}.2...1,,( (10)

where the 4, in (10) are the latent roots of R, (see 5, 6). The effective number
of degrees of freedom for y2, in the usual case where R refers to the correla-
tion matrix, depends on how large the eliminated principal components are,
but it is safest for £#0 to allocate the degrees of freedom -lz—(p-—k—l)-
(p —k+2). The purpose of the y2 test here is to test the homogeneity of the
correlation structure after the first k principal components have been
removed, but it should be realised that as no specific factors are being retained
it is quite possible for all p principal components to be found significantly
separable.

If it is assumed that the factorial structure has been obtained from a
large enough group to be well-determined, the actual values for these
factors in the case of a particular individual, who may or may not have
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been in the originally tested group, may then require estimation. My own
view here is in accordance with the idea of searching for a few common
factors, in the determination of which the remaining variability, whether
or not attributable to genuine specific factors, is ne