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PREFACE

THE object of this book is to provide a simple and connected account
of the subject of Finite Differences and to present the theory in a
form which can be readily applied.

Two distinct reasons impelled me to undertake this work. First,
in my lectures at Greenwich to junior members of the Royal Corps
of Naval Constructors I have occasioh to treat certain aspects of
difference equations ; secondly, the calcula¥ion of tables of elliptic
functions and integrals, on which I have been recently engaged,
gave rise to several interesting practical difficulties which had to
be overcome. For both these causes my attention has been
directed towards the subject and the lack of a suitable text-book
upon which to draw was brought to my notice. The only com-
prehensive English treatise, namely Boole’s Finite Differences,
is long since out of print, and in most respects out of date. My
first idea was to revise Boole’s book, but on looking into the matter
it appeared that such a course would be unsatisfactory, if not
impracticable. 1 therefore decided to write a completely new
work in which not only the useful material of Boole should find a
place, but in which room should also be found for the more modern
developments of the finite calculus.

My aim throughout has been to keep in mind the needs of the
beginner, so that the book may be regarded as suitable for a first
course as well as for more advanced reading. I do not, however,
believe that the needs of the beginner in a mathematical subject
are best served by cschewing all but the most elementary mathe-
matical apparatus. Rather, his interest in the subject may well
form an adequatc opportunity for enlarging his outlook on the
science of mathematics, so that he may the better be enabled to
distinguish and appreciate the connection of the whole system
and the relative dependency of its several parts. Consequently
I have not hesitated to use the mathematical process or terminology
which has appeared to me most appropriate to the immediate
object in view. On the other hand whenever this course seems to
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vi PREFACE

lead beyond the elementary matters, with which all who embark
on thesreading of a mathematical book must be presumed to be
acquainted, I have included the necessary definitions or proofs
as part of the text or have given accessible references to treatises
which can ordinarily be found in any mathematical library. In
this way it has been possible to treat the subject in a simple yet
rigorous manner.

The subject-matter falls naturally into two main divisions which
may be subsumed under the headings Interpolation and Difference
Equations. The pioneer in interpolation was undoubtedly Briggs,
whose work was largely of an arithmetical character. Newton
was the originator of the systematic theory and his divided difference
formula is really the fundamental basis of all the usual methods
of polynomial interpolation. Gregory was probably an independent
discoverer in the same field.*

The present work therefore starts with divided differences in
Chapter I; and in a general sense Chapters III, IV and VII may
be regarded as elaborations of Newton’s work. Chapter V on
reciprocal differences, describes a method of interpolation, due to
Thiele, by means of rational functions, which is more general
than polynomial interpolation, and which will possibly be new to
many English readers. Chapter VI introduces the generalisations,
due to Norlund, of Bernoulli’s polynomials, but here they are
treated by a symbolic method, which seemed to me to be as effi-
cacious and in many ways more suitable than Norlund’s method,
which is founded upon a different principle. By means of these
gencralisations the subject of numerical differentiation and integra-
tion assumes a unified aspect which hardly secems to be attainable
without them. Chapters I to VII therefore form a suitable intro-
ductory course and will make very little demand on the reader’s
previous mathematical knowledge. I have tried to meet the
requirements of those who wish to make numerical applications
by giving the formulae in a manner suited to direct use with a
table of data. The numerical illustrations scattered through thesc
chapters are mainly of a simple kind which can be easily worked,
for it is not my purpose to obscure principles by unnecessary arith-
metic. The subject-matter of some of these examples is perhaps

* See H. W. Turnbull, p. 101, footnote.
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of an unusual nature, but this is intentional in order to lend variety
to the applications. In the chapters on Interpolation I have followed
Steffensen’s excellent example in laying much stress on the remainder
term, which measures the error committed in using an interpo-
lation formula. Indeed, no formula has been given which is
unaccompanied by a means of estimating the remainder.

The part of the book which deals with difference equations
begins with Chapter VIII, which expounds Norlund’s method of
treating the summation problem. Chapter IX applies these
methods to elaborating the theory of the Gamma function. In
Chapter X, I have attempted to give a consecutive account of the
salient properties of factorial series, which, I hope, will prove
interesting in itself. The object of this chapter is to develop the
properties of the series in which the solutions of difference equations
find their natural expression. Chapter XI discusses the difference
equation of the first order ; the lincar case is completely elucidated,
and certain amenable non-lincar forms are treated. This chapter
includes an investigation of the exact difference equation of the
first order. The methods of this, and of succeeding chapters,
arc illustrated by simple worked examples in the text. Chapter XII
considers the properties of the general lincar equation, including
the application of generalised continued fractions treated by matrix
methods. Chapter XIII deals with the important case of constant
coeflicients. Here the theory is complete, in the sense that the
solution can be explicitly obtained. I have dealt with this equation
at some length hoth by Boole’s method and by a method of my
own, which seems well adapted to applications of a geometrical
or physical nature, and which is analogous to Heaviside’s method
for differential equations. The linear equation with constant
coefficients has recently come into prominence in connection with
various physical and mechanical problems; for example in the
theory of Structures. Chapters XIV and XVI develop the solution
of linear difference equations with variable coefficients by means
of Boole’s operators, which I have generalised in order to render
the treatment more complete. Chapter XV gives an alternative
treatment founded on Norlund’s use of Laplace’s transformation.
Chapter XVII gives two fundamental theorems of Poincaré and
Perron on the asymptotic properties of the solutions of a certain
type of linear difference equation. The proof of Perron’s theorem
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is made to depend upon the properties of a certain class of simul-
taneous linear equations in infinitely many unknowns. The theory
is so interesting and so closely connected with finite differences
that it has seemed worth while to give Perron’s treatment in extenso.

Operational and symbolic methods have been freely used through-
out the book, and it is hoped that the manner of presentation here
given will be found free from the objections often associated with
their use. Indeed it has always seemed to me that symbolic
methods constitute the essence of the finite calculus. My choice
of notations has therefore been made with a view to facilitating
the statement and application of operational methods, and to
stressing the analogies with the infinitesimal calculus.

In stating theorems I have as far as possible associated the name
of the discoverer as sufficient indication of the origin, but it must
not be assumed that the method of presentation is in every case
that in which the theorem was originally given. Indeed in the
case of the work of the older analysts it would be easy, but un-
profitable, to point out defects and lack of rigour in many of their
proofs.

My labour in correcting the proof sheets has been greatly lightened
hy Professor H. W. Turnbull, F.R.S., who has read the first proof
and made many valuable suggestions both mathematical and
historical ; and by Dr. A. C. Aitken, F.R.S.E., who has performed
the same kindly office, has supplied many original examples, and
has verified the numerical work. To both these friends I wish to
express my lively thanks for assistance which has helped me to
remove many imperfections both of expression and demonstration.
For any blemishes which may remain I am solely responsible, but
I am led to express the hope that the work will be found to be free
from important crrors. I take this opportunity of expressing my
thanks to the officials of the Glasgow University Press for the
ready way in which they have met my somewhat exacting require-

ments.
L. M. MILNE-THOMSON.

MAaTHEMATICS DEPARTMENT,
RovaL Navar CoLLEGE,
GREENWICH,
July 1933.
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INTRODUCTION

Ler f(z) be a given function of the variable #. The Differential
Calculus is concerned with the properties of

f'@ = Df(@) = tim T@* ) 1),
w—0

which is still a function of the single variable . On the other hand
the Calculus of Differences is concerned with the properties of

é f(z) = f@to)-f (@)

®
which is a function of the two variables z and .

More generally, in contrast with the Infinitesimal Calculus, the
Finite Calculus is concerned with the values of a function at a set of
isolated points and with such properties as may be derivable there-
from.

Suppose then that we are given the numbers f(z,), f(%,), f(23), ...,
and an argument z different from z,, ,, 75, ... . Among the subjects
of enquiry which naturally present themsclves are the following.

(i) The determination of f(x) from the given functional values.
This is the Interpolation problem.

(i) The determination of
b
r@ [ fads

These are the problems of Numerical Differentiation and Integration.
Extending our enquiries in another direction we are led to con-
sider the properties of the functions f(x) defined by the equation
f@+w)-f(2)

where g(z) is a given function. This constitutes the Summation
problem, which is analogous to the problem of integration in the
Integral Calculus.

xxi



xxii INTRODUCTION

On the theory of summation we are able to found in a satisfactory
manner the theory of the Gamma function which plays such an
important part in the Calculus of Differences.

Consideration of more general relations between f(z), f(z+ w), ...,
f(z+new) brings us to the study of difference equations, which are
analogous to the differential equations of the Infinitesimal Calculus.

NOTATIONS

Tue following list, which is intended only for reference, contains
the symbols, operators, and functions which occur most frequently
in this book. The numbers refer to the sections where explanations
are given.

SYMBOLS
(m) _m(m-1)...(m-n+1) [z, ... z,], Divided Difference,
n/ n! ’ 1-0.
glmw)

dn
@) = 5., $(@).
lim f(z), the limit of f(x) when
7% % tends to a.

lim sup z,,, Upper limit, 10-08.
n— o

f(@) ~ g(x), 8-22.

=, gymbolic equivalence, 2-41.

R(z), the real part of z, 8-4.

R,(x), R,, Remainder Terms,
1.1, 7-11.

|%|, arg z, 8-4.

%7, Arbitrary Periodic Function,
11-1.

= 2(2 - 0)(T-2w)...(z-mw + o),
2-11.

x("mw)

= (z+ o) Hz+2w)1...
(z+mow)1, 2-11.

&O"‘, Difference Quotient of
Zero, 2-53.

B™  Bernoulli’s Numbers of
order 7, 6-1.

E™, Euler’s Numbers of order n,
6-7.

B,, Bernoulli’s Numbers, 6-5.

E,, Euler’s Numbers, 6-8.

0(z,), 9-8.



NOTATIONS

OPERATORS

A, Difference Operator, 2-0.

3, wd, Central Difference Oper-
ators, 2-01.

A, Difference Quotient Oper-

“  ator, 2-1.

D, Differentiation Operator, 2-1.

Az, Partial Difference Quotient,

“  2-105.

v, 2:3.

E“, 2-4.

P -1, Summation Operator, 2-6.
P, pn» Reciprocal Difference, 5-1.
7, 7n, Reciprocal Derivate, 5-8.

8, Sum Operator, 8-0.

7, p, 14-01, 14-0.
Ty, 1 14-03.

Funcrions

¢®, exp z, Exponential Function.

B™(z), Bernoulli’s Polynomial
of order n, 6-1.

B, (x| ), Generalised Bernoulli’s
Polynomial, 8-16.

E™(z), Euler’'s Polynomial of
order n, 6-7.

B,(z), Bernoulli’s
6-5.

E,(z), Euler’s Polynomial, 6-8.

P, (z), Periodic Bernoulli Func-
tion, 7-5.

Polynomial,

B(z, y), Beta Function, 9-84

I'(z), Gamma Function, 9-5.

I'y(x), Complementary Gamma
Function, 9-72.

(x| ®), Generalised Gamma
Function, 9-66.

V¥ (z | »), Psi Function, 9-0.

¥ (z), Psi Function, 9-0.

F (x| »), Sum Function, 8-0.

F(a, b;c; x), Hypergeometric
Function, 9-8.

Q(z), Factorial Series
Function, 10-1.

Sum
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or
f@) = f(@) + (@~ 2) [2,2] + (2~ 7y) (T~ ) [23775] + ...
+(—z) (- 2) ... (T—2,_y) [21% ... 2]+ ...
+(@—2)(Z—Zg) oo (= Tpy) [21Ts ... T,]
or +(@—2) (@ —-2,) ... (B—2,) [20,25 ... 2],

-1

1) f@) =flz)+ 21(90 ) (@ = Tp) ... (8= 2,) [#4g ..« Tyy1]+ B (%),
(2) where R,(z)=(z—2)(z-%)...(®—1,)[z2,7, ... T,].

This is Newton’s general interpolation formula with the remainder
term R,(z). The formula is of course a pure identity and is therefore
true without any restriction on the form of f(z).

By means of this formula the evaluation of a function f(x) whose
value is known for the values z,, «,, ..., , of the variable is reduced
to the problem of evaluating the remainder term R, (x). Should this
term be known or negligible, the required value f(x) can be calculated
from Newton’s formula.

It should be observed that no particular rule is laid down for the
sequence of the arguments z, x,, %, ...} &,, which need not be in
ascending or descending order of magnitude.

If f(x) be a polynomial of degree n—1 in z, then
1 J@) —f(m)

(2z,] = T—x,
is of degree n—2 in z. Hence the operation of taking the divided
difference of a polynomial lowers the degree by unity. Conse-
quently the divided difference of the (n— 1)th order of a polynomial
of degree n—1 is constant, and therefore the divided difference of
the nth order is zero, that is, [zz;...2,] = 0.

In this case R,(%)==0, so that the value of f(z) given by the

formula .
@ @) =f@)t S @-2)... @) 55 2]

is exact.
If f(x) be not a polynomial, we see that

R, (z) =0, for z = 2, %, ..., %y,
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so that the right-hand member of (3) yields the polynomial of degree
n~1 whose value coincides with the value of f(z) for

T =Ty, Ty, +ov , T
Ezample. Find approximately the real root of the equation ¢
y*-2y—-bH=0.

Let x=1y>-2y->b.

This relation defines a function y=f(z). We want the value of
f(0). Attributing suitable values to y we obtain the followfng
table of divided differences.

@ /(@)

-1-941 19

+-10627
—-1-000 2:0 —+-0060

++09425 +-0005
+0-061 2-1 —-+0044

+-08425 ++0003
+1-248 2-2 —-0034

+-07582
+2:567 2-3

Thus approximately, using (3) above, we have
Yy = 2:0+1x-09425+1 x -061 x -0044 + 1 x -061 x 1-248 x -0003
= 2-09454.
The corresponding value of & is — 0-00013 and the above value of
¥ is in error by about one unit in the last digit.

1-15. Rolle’s Theorem. In order to discuss the form of the
remainder term in Newton’s formula we need the following theorem
known as Rolle’s theorem.

If the function f(x) be continuous and differentiable in the interval
a <<z < b, where a, b are two roots of the equation f(x) = 0, then the
equation f'(x) = O has at least one roqt interior to the interval (a, b).

Proof. If f(x) have the constant value zero, the theorem is
evident. If f(x) be not constantly zero, it will take positive vhlues
or negative values. Suppose that f(z) takes positive values. Then



1-15] DIVIDED DIFFERENCES . 5
f(x) being continuous will attain a maximum value M for some
point € such that @ << § < b. Thus, if 2 be positive,

FE+R)-f(E)
h

is negative or zero and hence the limit when A—>0, namely f’(£),
cannot be a positive number, that is,

fE)<0.

Similarly, by considering the ratio

FE-1)-F()

I
€ =o0.
Thus we have f'(§) =0 and the theorem is proved. In the

same way we prove the theorem for the case when f(x) takes
negative values.

we prove that

1-2. The Remainder Term. From 1-1 (2), we have
R, (2) = f(@) - Pny(2)

n—1
where P, (%) =f(rt:1)+82_;1(x— ;) ... (T~ ) [2,% - - Ty,

so that P, ,(») is a polynomial of degree n—1, and its (n—1)th
derivate is

@ PP (@) = (n=1)! [2,8, ... T,).

Hitherto f(z) has been unrestricted. We now suppose that in the
interval (@, b) bounded by the greatest and least of z, 2, %,, ..., %,
the function f(t) of the real variable ¢, and its first »— 1 derivates
are finite and continuous and that f(»(t) exists.

Then since R,(¢) vanishes when ¢ =z, «,,..., z,, by Rolle’s
theorem it follows that R}, () vanishes at n—1 points of (a, b) and
therefore by a second application of the theorem that R}, (¢) vanishes
at n—2 points of (a, b). Proceeding in this way we see that
R®~1(y) = 0 where 7 is some point of (a, b).

Thus fE V() - PED () =0,
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so that

(2) [2@y ... x,] = j:;::l)l(;)'),

which is a formula expressing the divided difference of order n—1
in terms of the (n—1)th derivate of f(z) at some point of (a, b).
Hence we have

f (n)

[xx,y ... 2,] = & ,

where £ is some point of (a, b). We have therefore

f (n)
®3) R,(z) = (&—2)) (@ —p) ... (¢~ ) ),

where £ is some point of (a, b).

This important result enables us to find an upper limit to the
error committed in omitting the remainder term, provided that we
can find an upper limit for the nth derivate of f(¢) in the interval
bounded by the greatest and least of «, 2, , ..., .

Example. Find an approximate value of log,,4-01 from the
following table :

x log,, @

4-0002 0-6020 817

+-108431
40104 6031 877 ~-0136
, +-108116
40233 6045 824 —~-0130
+-107869

4-0294 -6052 404
The divided differences are as shewn. Thus approximately
log 401 = -6020817 +-0098 x -108431 + -0098 x -0004 x 0136
= 6031444,
which is correct to seven places.
The error due to the remainder term is of order

0098 x ‘0004 x 0133 x 4343 x 2
23 x 3!
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where z varies between 4:0002 and 4:0294, which is less than 2 in the
10th decimal place. The above value could therefore be affected
only by errors of rounding in the seventh place.

1:3. The Divided Differences are Symmetric Functions
of the Arguments. By definition

[zz,] = g% + :{,-l(fl; >

so that we obtain without difficulty
f(@) flay) f(@)

[t = ) =2 T - 2) @- ) T (@ 2) (- 2)

It is now very easily proved by induction that

1) [ezzy...2,)

- _f(a:) — ) f(xy) o
(@ —2y) (@~ %) .- (= Tn) (21— @) (2~ Tp) .. (X1 ~ To)
f(@a)

(@ — ) (T — X1) oee (T — Tpy)”
Clearly the interchange of any two of the arguments does not alter
the value of the divided difference, which is therefore a symmetric
function of its n arguments.

For example [2z,x,] = [@y22,] = [wy;].
Again  [2@0%5 ... Ty 1 B0Tnyy] = [TnToTs ... Ty 01T iq],
so that

@) (212525 ... Tp] — (@5 - Tanyy]

Ty~ Tany
_ [y ... Tny@y] - [05%5 - Ty @y Tpn]
Tn—Tpyy
_ (1255 ... Tpy@n] = [21T5T3 .. Ty 1 Zpyq] .
Tp— Ty

1:31. The divided differences of x" can be obtained as
follows :
from 1-3 (1),
1

EX AN )

~\ N 933"
1 (- ) (2, -

Tg) e (Bs= Tpia)”
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This last is the coefficient of ¢»~? in the expansion of

L8y TP

P 5= 3) e (20, D) (1= ) @y ) - )
But this expression is evidently the result of putting into partial
fractions the function
(1-zyt) 1 (1 —apt) L .. (1= 2pyqt)
and hence * the coefficient of ¢»# is the sum of the homogeneous

products of degree n—p of 2, &y, ... , Tpyy.
Thus (2% ee Tpg] = S, 2 " ooy Ty
where the summation is extended to all positive integers including

zero which satisfy the relation a;+a,+ ... +a,,, =n-1p.
For the divided differences of i we have
P 0.‘1 1
TyTy oo Tpyy] = » - = e
[ ol p+1] l;l (CIJ, - :1}1) oo (xx - xs—l) Zg (xs - xs+1) oo (ws - zﬂ»l)
and this is the value when ¢t = 0 of
R 1
B =1 (is:wl) (x —ws—])(t— )({IJ —ms+1) Ts d’vﬁ-vlv)’
which is obtained by putting into partial fractions
.=
(t—ml)(t_ :1:2) (t"xm-l) ’
(=17 _

Ty oee Tpyy

so that

(@83« Tpya] =

1:4. Lagrange’s Interpolation Formula. From 1-3 (1)
we have

W) S =fa) S )

— ) (371 = @g) .o (B~ Tp)
(2= 2y) (- x5) ... (T Z4)
) () g 2a) o= 2)
(x—2p) ... (2 _@ni
SE L Ty sy Pt RIS
where R,(z) = (z—z))(x—p) ... (v — z,) [22,25 ... z,].

* G. Chrystal, Algebra, 2nd edition, (London, 1919), 205.
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This is Lagrange’s Interpolation Formula with the remainder
term R,(z). Comparing with 1-1 (2) we see that this remainder
term is the same as the remainder term in Newton’s Formula. It
follows that Lagrange’s Formula has exactly the same range of
application as Newton’s and yields identical results.

The formula may also be written in a slightly different form.
Write
(2) $(x) = (x_wl)(x_xz) - (z-2,).

3) Th f@) @), p
® Then  f@ =3 20 4 k),

1-5. Expression of Divided Differences by means of
Determinants. By a well-known theorem in determinants origin-
ally due to Vandermonde and generalised by Cauchy, we have

1 1 1 ... 1 |
a, a, a; ... a,
(1) a,? a2 ag® ... a,? = ]‘[.(a, -a,),
aln—l azn—l (13"_1 . a”ﬂ—l

where the product expression has {n(n—1) factors. This import-
ant determinant is usually called an alternant.
Now from 1-3 (1),

n f (x,)
(ot -2l = 20, ><x"—w‘2’)‘ (4 ) (= u1g) o (&= 22)

= 3 [0 f(@) @=2)] | 11 010,

where [1’(z; - 2;) means that th(, value s is not to be ascribed to the
suffixes i, j. Now

Z( 1) f(z,) I1'(z, - ;)
flx) flz) ... f(x,)
1 1

1
— -1
=(=-1)" x, Ty ... Ty )
. -2 -2 -
A X N A

as is evident when the determinant is expanded by its top row.
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Hence rearranging the order of the rows and thereby removing
the factor (—1)"-1, we get

() [z2s2s ... 7]

flm) flx) ... fl@a) z,m 1 gnl L gt
zln—2 xzn—Z . z”n—Z xln—2 xzn—2 . xnn—Z
_ xln—3 w2n~3 . 1?"”_3 . .'171"‘3 zzn—-a . xan—s
Z; Zy “e T, Zy Ty .. Ty
1 1 ... 1 1 1 ... 1

1-6. Divided Differences expressed by Definite Inte-
grals. We shall prove by induction the following formula, which
is due to Hermite :

1
1 [xxy...z,] = J- dt, dt2 j f(” “D(u,) dt,_4
0

where Up = (1 =) 23+ (G — 1) Tp+ .-+ (bng = tng) Tng +EnaTn,
and i, &, ..., {,_; are to be treated as (n— 1) independent variables,
which of course disappear when the repeated definite integral is
evaluated.
Proof. When n = 2, the right-hand member of (1) becomes
%) — f(x
J. F((L=t) my+ty35) dby = f(;)‘_é( 2 = [#%,],
2 =%

so that the formula is true when n = 2. 'We assume it to be true
for n arguments, and proceed to employ a new z,,, and a further
parameter £,.

Now
t —
j" lf<")(u,,+1)dt _f('l DL =4) T+ oo + (Eng — tng) Tng + ln_s%n)
0 Tp— Tty
SO t) B+ e+ (g = by g+ InyBaia)
Zn—=Tny

1 h th-1
Hence j‘dtl j dt, I S®(u, ) dt,
0o Yo 0

_ &% ] - [2%3 . Tp 1 Tna]
Tp— Ty
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_ [ - Ba] = [255 ... TuTnia] by 1-3 (2)
Ty~ T
= [2%5 -+ Tnia] s

so that the result follows by induction from the case n = 2.

1-7. Divided Differences expressed by Contour Inte-
grals. Consider a simple closed contour C enclosing a simply
connected region of the complex variable ¢ in which are situated
the points z;, 2y, ..., 2,. Then by Cauchy’s Residue Theorem,* if
f(t) be holomorphic * throughout this region and on the contour C,

_ 1 f
f(Z) = ‘2‘7—;”/ o t_—Zdt
Again, the residue at ¢t = z, of the function

I () o fE) ‘
(t - zl) (t - 22) o (t - Z,,) (Zs - zl) oo (zs - zs—l) (zs - zs+1) oo (zs - Zﬂ) ’
Hence t

o L £ G S

i o R ) o) T H G a) G
= [225...2,), by 1:3 (1),

which is the required expression by a contour integral of the divided
difference of order n— 1 of f(z).

We can use this result to obtain another proof of Newton’s general
interpolation formula, but with the remainder term now expressed
as a contour integral. We have

1 1 z-2 1

i—z b-2z l-zt-2

1 1 2-2 1
=t = )
l—z t-2y t—25t-2

*See 84 and Whittaker and Watson, Modern Analysis, 4th edition,
(Cambridge, 1927), 5-2, 6-1, 5:12. This work will be cited in later footnotes
as Modern Analysis.

1 The notation ¥’ means that the factor z,-2z, is excluded from the
denominator for s=1, 2, ..., n.
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so that by repeated substitution for [_1 , We get the identity

1 1 z-z 1 (2-2)(2-2) 1

t—z t—z t—2l—2 (t—2)(t—2) t—2

L-n)(2=2) ... (2-2,) 1

(t—2)(t—2g) ee (E—2,) t—2

b

so that

R LT [ CPvRE W S C N

T 2mi)ot-2z omi Jo (t—2,) (t—2p)
1 f@
+ (Z - Zl) (Z - 22) ves (z - z”) 2TEZ J-(,’ (_t—_-zl_),:(t :-_Z”) (t;~zj dt,
that is

(2) S(2) = f(zy) + (2—2)) [212,] + (2 — 21) (2 — 2) [212925] + -
+(2—21)(2—=2y) ..o (2= 245)[2125 -+ 2, ]+ B0 (2),
where
. _ 1 f(t) dt
('3) R,,(z)_(z—zl)(z—z2)...( )ZTCZ L(t—Zl) (t—Z,,,)t 2’
which is again Newton’s general formula. But it should be
observed that, while in 1-1 (2) f(x) is unrestricted, in the present
case f(¢) is an analytic function holomorphic in a certain simply
connected region.

1-8. Divided Differences with Repeated Arguments:
the Confluent Case. The identities which define the divided
differences in 1-0 become indeterminate if two of the arguments
coincide. By 1-2 (2) we have

() N f(:——l)l()?) ,

where v lies in the interval bounded by the greatest and least of
%y, Tgy ..., Tn. If all these variables coincide with z;, we take, as the
definition of [z,2, ... %,], the value of the right-hand member, so
that for n coincident arguments z;

@) [, 7] =T ((;'1’1(;”'1) .
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The limiting value of a divided difference, which arises when
two or more of the arguments coincide, may, with propriety, be
called a confluent divided difference arising from the confluence of
the arguments in question.*

Provided that we write the difference scheme in such a way that
all the arguments coincident with a given value occur in a single
group, we can form a complete scheme of divided differences by the
use of (2) above and the definitions of 1-0 without encountering
indeterminate forms. Thus

o1 S()

S (@)
Zy S(@) 3f"(z)

[ (zy) 87 (=)
51 S(@) 31" (=)

S (@) [z,2,2,7, ]
z S(@) [2,2,7,]

[212,] (212,75, ]
Ty S(@) [#12,,]

S () (212,75, ]
2y, flx) 2" (@)

S (@) [2,72,%5]
2 S(@y) [555]

[255]
T3 S(w3)

In this scheme, for example,
"(x,) ~ [%,%q
[@y2y2,] = f (O;B—E,‘z] “],
which is perfectly determinate.
In the case where all the arguments ,, ,, ..., , coincide with ,,
Newton’s formula 11 (1) yields Taylor’s expansion, namely,

9 e

f@) =f(m) +(@-m) f' () +"

* cf. Modern Analysis, 10°5.
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Tr—x)"
Ba(@) = 20 pe),

where £ lies in the interval (z, z;).

It should be noted that confluent divided differences can only
be formed if f(x) possess the necessary derivates.

To obtain a formula for [z, ... z,] when n; arguments are equal
to z,, n, arguments are equal to ,, ..., n, arguments are equal to
z,, we use 1-7 (1), which gives the interpretation

_ f)de _
(22 @] = 50, Ic E—z)m ... (t—z,)
_r 1 1 1 omt ot j f(t) de
(=) (ng— )" (n,— 1)! 2rs Oz~ 17" 0z, 1 )¢ (E—y)...(E—2,)
1 1 1 om+net .. 4np-p '
@) =G =) (=)l o oyt (1% Tl

If all the » arguments coincide with z,, we have

[ al =50 |, G=af ™ =m0
in agreement with (2) above.

1:9. Interpolation Polynomials. A polynomial of degree
n—1 at most, whose values at the points ,, «,, ..., z, are the same
as the values of given function f(z) at these points is called an inter-
polation polynomial of f(z). If I, ,(x) denote such a polynomial,
we have at once from Lagrange’s interpolation formula 1-4 (3),

_wla(@) ¢@) < flz)  f(x)
(1) I, () = 2.4 M:v_l_a‘vs ¢'(TQ & v, ¢/(a

where d() = (z-xy) ... (z—2,).

It is clear from this result that the degree of I,,_, () is at most n — 1.

Only one such polynomial with given agreement can exist, for if
J n_ (%) denote a second polynomial with the same agreement, the
polynomial I, (x)—J,_, (%), which is of degree n—1 at most, has
7 Z€T08 &y, Xy, ... , T, and therefore must vanish identically.

To recover the interpolation formula from which (1) was derived
we have simply to add the remainder term

R.(x) = (z—z) (- ,) ... (x—2,) [z2,2, ... 2,].



1-9] DIVIDED DIFFERENCES 15

Thus we have
f(.'l}) = In—l ((I}) + Rn (17)

Since Newton’s interpolation formula has the same remainder
term as the formula of Lagrange, we have, from 1-1 (1), the alter-
native expression

@ Taa(@) =) +z, (5= 2,) (B 23) .. (2= 2) [28y ... Ty

For example, if n = 3,
1, (%) = f(@) + (@ — ) [21%p] + (& — ) (T — @) [2,%5%5]-

It should be observed that an interpolation polynomial, being
fixed by the values of the function at the given points, does not
depend on the order in which these points are considered. Thus if
we take the four points x_;, %y, %, %, in turn in the orders

Xy, Ty, T_y, Ty and T, Ty, Ty, T_y
we have the two expressions
I3(z) = f(m) + (2 — @) [Bg%1] + (2 — o) (2 — 2,) [74217 4]
+(z—2o) (z—2)) (T~ 7_4) [2e2,Z_1%2],
I3(z) = f(z1) + (2 — 2) [1:%0] + (2~ 2,) (%~ 7) [7,762,]
+ (@ —2) (T — 2o) (T — 2,) [2,8¢TaT 4]
Adding these expressions and dividing by 2, we have
(3) I3(x) = 5 {f(®o) +f(2) } +(z— §2o — 371) [Tg74]
+ (2 — @) (2 — @) } { [2_1%6%, ] + [T T1%e] }
+(2 - o) (B — 3y) (- §2_; — 32,) [2_120%1%5] s

which employs the divided differences shown in the scheme

T4
Ty S (@) [zy2e7]

E25) [2_1%¢212,]
51 f(=y) [zo21.]

T
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From I,(z) we could obtain an interpolation formula by adding
the remainder term

Ry(z) = (2 2_1) (x — Zo) (7 — 21) (T — ) [27_4 T Ty T, ).
Again by taking five points z_y, z_;, y, ;, ¥, in each of the
orders zy, z_y, %, Z_5, ¥, and Ty, T, T_,, T,, T_, We obtain two
expressions for I,(z) whose arithmetic mean gives

(4) 14(x) = f(@o) + (x ~ 2o) 3 { [z1%0] + [Z71] }
+ (2~ 2o) (T~ J2_y — }2y) 2 477,]
+ (@ = 2_y) (2~ 2o) (T — 1) § { [ 97 1%%1 ]+ [7_1%7125] }
+(@—2_) (T~ 3p) (T~ 2y) (T — 3T_p — %) [7_p7 1T 71 05]

which employs the divided differences in the scheme

z_, .

Z4
[2_7] [7_s7_2074]

Ty S(zo) [2_1%0%1] [#_5%_1To% 7]
[221] [2_1%2,,]

x .

wz .

From I,(z) we could obtain an interpolation formula by adding
R, ().

The above results, (3) and (4), are also due to Newton. They can
easily be extended to include divided differences of any order, the
form (3) being taken if n be even and the form (4) if » be odd.

Returning to (2), if two or more of the arguments coincide we
obtain a confluent interpolation polynomial. Thus if n = 4, with
the arguments x,, 2, ¥,, &3, we obtain

Ii(z) = f(z)) + (2 - 2y) [2,2,]+ (2 — 2,)? [2,2,2, ]
+ (- 2))? (2 — T,) [2,2,25%5]

= f(z) + (@ - f' (2,) + (2 — 2,)? az (z,2,]
1

0
+(@—2,)? (- 2,) 'a'x—l [z, 7525]
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so that, in this case,
Ii(m) = f(zy), I (z) = f' (=)

It is easily seen, in the same way, that if v arguments coincide
with x;, then
®) fO) =LY@), s=0,1,...,v-1,
and the polynomial may be said to have agreement of order v with
the function f(z) at the point z;. In this way we can construct
polynomials having arbitrarily assigned orders of agreement with
the function at given points. Thus the confluent interpolation

polynomial of degree 4, which has agreement of order 3 at z, and
of order 2 at ,, is

1,(2) = f(%) + (- 2) [2,2,] + (z - 2,)? [2,2,24]
+ (2= 2,)? [2,2,21%5 | + (2 — ;)3 (% — @) [£,2,2,%,%, ]

= f@) + @) [ (@) + @-)* g, @)

+(z—x)3—1- o [wx]+(x——x)3(w—w)1 —aa-—[wx]
1" 91 g2 L1172 1 2 91 9,2 o, L1112

That this polynomial has agreement of order 3 at w, is obvious.
That the agreement is of order 2 at z, is equally obvious if we observe
that the polynomial could have been written down in an alternative
form with the arguments taken in the order z,z,z,z,z; .

EXAMPLES I

1. Shew that the divided differences of f(z)+ ¢ (x) are the sums
of the corresponding divided differences of f(x) and of ¢ (z).

2. Shew that the divided differences of ¢ f(x) where ¢ is a
constant are ¢ times the corresponding divided differences of f(z).

3. If the arguments be each multiplied by the same constant c,
while the tabular values remain unchanged, shew that the divided
difference [2,%, ... %,,,] is multiplied by c—".

4. Shew that the divided differences of f(x) are unaltered if the
arguments be each increased by the same constant ¢, while the
corresponding tabular values are left unchanged.
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5. Form the divided differences of the polynomial

agZ™ + a1+ ... +ap,.
6. Prove that
[0y ... 7] = J....If("—l)(tla:1+t2x2+ oo ty) dty Uy . dl

where the integration is extended to all positive values, mcludmg
zero, which satisfy ¢ +t+...+1, = 1. [Genocc}u ]

7. With the notation of 1-8 (3) shew that
1 ty [
[z2 ... 2,2,) =j dt, .‘- i, ... J.p S fV(y)dt,_,,
0 0 0

where
y=00-t) z+(t—t) To+ oo+t —tpy) Tpr1Hlp g Tp,

(1 "'tl)i‘l_](t —t)" 7ty -2~ bp Mo t}:flk_l

PO= T ) = D -
8. If
(z— 71)(37 z2) (x ~ %, 1)_( ~Zry. l _(513—'_55,.)
Lr(x) (‘Er—ml) (xr—xz) T, ( - r+]) ((IJ, (l?,,)’
= 1 2, .
prove that T

Ly (@) + Ly (@) + o+ L) = 1,
(2, — )Ly (2) + (% ~ 2) Ly (7) + ... + (2 — %) Ly (2) = 0,
v=123,...,n-1.
9. Prove that the function
t—a (t—a)(t-0)
bt @zot
becomes unity when ¢ = a, and zero when t = b, ¢, ....

Hence with the notation of example 8, prove that
z-a , (@-3)(@-Tp) (@=2)) ... (2= 20 y)
— &y (@~ Zp) (2, — 75) (@) — Tp) ... (@~ 2,)

with similar expressions for Ly(z), Ly(2), ... .

Li(z) = 1+

10. Deduce Lagrange’s form of the interpolation polynomial
from the rule for resolving
f(@)

(@ ~2) (@~ 3) ... (€~ 20)
into partial fractions.
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11. Find the polynomial of the lowest possible degree which
assumes the values 3, 12, 15, — 21 when « has the values 3, 2, 1, -1
respectively.

12. Three observations u,, 4,, %, of a quantity u, are taken near
a maximum or minimum. Shew that the value of  at the maximum
or minimum is approximately
(6% - c?) ug + (c* - a®) up + (a® - b%) u,

2{(b- c)ua+(0 @) Uy + (@~ b) c}

13. The values of a function at m+n points are given. Prove
that a rational function, whose numerator is of degrec m—1 and
whose denominator is of degree 7, may be found, which assumes the
m+n given values at the given points. [Cauchy.]

14. If m = 2, n = 1, prove that the rational function of example
13, which assumes the values u,, u,, 4, at the points a, b, ¢, is

= e (b—c) (@~ a) — ugn (c— a)(x—b) — usuy (a—-b) (x-0)
Ug(b—c) (@ —a)+u,(c—a)(z—b) +u,(a—b)(x—c)
15. If the function
u(x) = Ay+ (4, cos ¢+ By sin z) +...+ (4, cos nz+ B, sin nx)
assume the values u,, 4y, ..., Up,,; When & =z, @, ... , Tynyy, PTOVE
that

() _2“\1 sin } (¢ — ;) sin §(x — @) ... sin }(z — 7,,,,)
T & sin} (x—xl) Sin 1 (2, — @,) ... sin § (25 —Tpppq) °

the factor Whlch becomes indeterminate when = = z, being omitted
in each term of the sum. [Gauss.]

. 16. By mecans of 1'5 (2) express the confluent divided difference
[aabc] in the form

f(f:) f'(@) f(b) flo) a® 3a* b 03’

a 2a b2 c? L|a® 2a B ¢
a 1 b c le 1 b ¢
1 0 1 1 1 0 1 1

17. Express the confluent divided difference [aaabbc] as the
quotient of two six row determinants.

18. From the confluence of the » arguments in 15 (2) deduce
the formula 18 (2).



CHAPTER II
DIFFERENCE OPERATORS

2-0. Difference Notation. Let A4z be an increment of the
variable z. The corresponding increment of a function * u(x) is

then given by
Au(@) =u(xz+ Ax)—u(z).

This increment A u(z) is called the first difference of u(x) with
respect to the increment 4. The most important case arises
when the increment A z is constant. Denoting this constant by «
we have for the first difference of u(x)

(1) Au(@) = u(@+w)-u(@).

The result of performing the operation denoted by the operator A
is still a function of & on which the operation may be repeated. We
thus obtain the second difference

A u(@) = AlA u(@)] = [u(z+20) - u(z+0)] - [u(@+0) - u(2)]
(2) A%u(xr) = u(r+20)—2u(z+ o) +u(z).

Proceeding in this way we can form the third, fourth, ..., nth

differences, namely,
Au(@), A*u(@),..., A"u(=),
by means of the relation
A u(@) =A[4* u(@)].
We find, for example, that
A T = 3220 + 3xw2 + wd,
A2 23 = 6zw? + 63,
AP 2® = 608,
Ata® = 0.

* We shall denote a function of x by %(x) or by u, according to convenience.
20
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The successive differences of a tabulated function are easily
formed by simple subtraction. Thus for the function z* we have

z
0

1

4

)

23
0

1

8

27

64

125

4
1
7

19

37

61

Vil Vi Vil
6
6
12 0
6
18 0
6
24

More generally, if we denote the functional value (a+ sw) by u,,
we have the scheme

Argument Function

a—-2w

a—o

a

a+w

a+20

a+3w

U

U4

Auy
Ay
A
Av
Au

APu_y
APu_y
A¥u_y Atu_,
Aau—1 A5u_2
A% u, A*u_y
APy,
A*uy

where each entry in a vertical difference column is obtained by
subtracting the upper entry immediately to the left from the lower
entry immediately to the left.

By adjoining further functional values we can extend the scheme
as far as desired. Inspection of the scheme shews that to form a
fifth difference six consecutive tabular entries are required. Simi-
larly, to form a difference of the mth order, n+1 consecutive
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tabular entries are necessary. In the above scheme the differences
Aug A*%g A3%g, ..., which lie on a line sloping diagonally
downwards from u,, are called descending, or forward, differences
of uy. The differences 4 u_y, A%u_y, ..., which lie on a line sloping
diagonally upwards from u, are called ascending, or backward,
differences of u,,.

2:01. Central Difference Notation. If we introduce the

operator 3 defined by
O Uy = A" Uge_n,

Oty = AP uy_p,
the difference scheme of the last section becomes

€
a—-20 Uy

du_,;
a-w Uy %u_,
du_y Su_y
a Ug d%u, d4u,
duy S3uy 3%u,
a+w Uy 3%, 34u,
duy 3%u,
a+20 Uy d%u,
du;

a+30  ug

The operator * & is the central difference operator and the differ-
ences in the above table are known as central differences. It should
be carefully observed that the numbers in the above difference
scheme are the same as the numbers in the corresponding positions
in the scheme of 2:0. The two schemes differ only in the notations.
It will be seen that Suy = u,—wu,, 8%y = Su;—du_;, and so on.
The differences in the same horizontal line with u, are labelled
with the suffix .. Those on the horizontal line between u, and
Uy, are labelled with the suffix k+}. The notation of central
differences is useful for the compact description of certain inter-
polation and other formulae. The arithmetic mean of successive

* This notation is due to W. F. Sheppard, Proc. Lond. Math. Soc. 31 (1899),
459.
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differences in the same vertical column is denoted by p3” and is
labelled with the arithmetic mean of the suffixes of the entries
from which this expression arises.

Thus

3 (u_y+3uy) = pdu,,
§ 8P+ 8huy) = b,
When these are entered in the difference table the lines a, ¢+ w,
and the line between, will have the following appearance.

a U wdug 3%u, ud3u, 3u, s
Quy 8u* p.82u* 83’111 “84?4* ceey
at+o U wdu, 32u, 3, d%u, ey

where pu, denotes §(uq+ u,).
Another notation, originally due to Gauss, for central differences is
(m, n) where m denotes the row, and n the order, thus

Sug = (0,2), u,=(1,5).

2-1. Difference Quotients. The notations of differences ex-
plained in the preceding sections, while of the greatest practical
utility, do not sufficiently unmask the close analogy between the
finite and the infinitesimal calculus. We now introduce Norlund’s
operator A, which is defined by the relation
_ UEto)-u(@)

(1) Au(z) =

" ®
We call A u(z), which is evidently a divided difference, the first

difference quotient of u(x). This symbol has the advantage that
(2) lim Au(zx) = Du(z),

w—>0

where D denotes the operator of differentiation, in this case d/dz.
The operation can be repeated, thus

2 Au(z+o)—- A u(z)
@) éu(w) = é[éu(w)] =2 . o

_u(z+20) - 2u(r+0)+u(z)
= = ,

w
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and generally for the nth difference quotient

Au@=A ["Au@]-

From this we infer the useful relation

n+1

Au@+o) = 0 A u@)+ A u).
We have also

4) lim Au(m) = D" u(z).

w—>0 w
From the definitions it is clear that the operators 4 and A are
related by the formula :

) A" u(@) = o Au(a),

and in the special case where &» = 1 the two operators have precisely
the same meaning.
If w = 1, we shall write A instead of A.
1

2:105. Partial Difference Quotients. Consider f(z, u) where
% and u are regarded as independent variables. Let x be given the
increment w, and w the increment . We then define partial differ-
ence quotients with respect to = and u by

l‘}acf z, u) = [ f(z+o, u)-f(z, w)] /o,
%u f(x, u) = [f(xs u+h) —f(:l?, u)]/k

The difference of f(z, u) is defined by
Af(@ w) = fa+a, uth)-f@,
=f(z+o, u+h)~f(2, u+h)+f(z, ut+h)~f(z, u)
=f(z+o, u+h)-f(z+o, w)+f(T+o0, ) -f(z, u).'
Thus we have the two equivalent relations

(1) Af(=, u)=wl'}zf($su+k)+kAhuf(w, u),
(2) Af(x: U) =w ézf(x: u)"'h%uf(w‘}'w’ u).
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Again

%ap éuf(x’ u) = [Ahuf(x'*‘(‘), u)— %uf(x’ u)]/m

= [f(z+o,u+h)-f(z+w,u)-f(z,u+h)+f(z,u)] ] ho.
The symmetry of this result in 4 and « shews that

(3) %x %uf(z’ u) = %ﬂ éxf(x’ u).

2-11. The Difference Quotients of Factorial Expres-
sions. Products of the forms
(1) u(@). u(@-o). u@-2n) ... u(r—mo+o),
(2) U(Z+ o) . u(@+20) . u(Z+30) ... u(r+mo),
where m is a positive integer, are called fuctorial expressions, the first

being a descending factorial, the second an ascending factorial ex-
pression.

Of expressions of these types the two simplest and also the two
most important are
3) M) = (2 - w) (T - 20) ... (z - mo + o),
(4) 2(—m) = (24 w) (2 + 20) N (z+ 30) ... (T+me)L

If m = 0 we interpret each of these expressions as unity, that is

w(o'"’) =1 N
and if «w —0, we have also

lim gm«) = gm,

w—0

lim z(-m) = g—m,

w—>0

To form the difference quotients of z™) we have

@ Az = (T4 w—T+mw - ) T(ZT— ) ... (T-me+20),

w

Aw(mw) = gpxime —w),

w

Hence, if n < m,

n
Az™) =mm-1)...(m—n+1) pime-ne)

]
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which can also be written, after dividing by m !, in the form
7 g (mw) 2z (mw —nw)

(5) Al = (%v——n)" n < m.

If n = m, we have
z(mw)

m

A

while if n > m the result is zero.
If w = 1, we have

z™ z(z-1)..(x-m+1) x
‘ml = m! —<m)

in the usual notation for Binomial coefficients, so that (5) yields the
important formula

0 R(E)=(,7), wem

Again from (5), if @ — 0, we have by 2-1 (4)
n
D m!” (m—-n)!’
These results shew the analogy between 2 in the finite calculus
and z™ in the infinitesimal calculus.
For the difference quotients of z(-m+); we have

T+w—T—mn—o

wAac( " T @t 0)(@+20) ... (+mo+o)’
A xt-me) = — (- mo —w)
so that
(7) Act-m) = (—m)(=m—1) ... (= m—n+ 1) g(-me=n),

which can be written

(m—1)! g(-m) = (= 1)"(m+n—1)! g(-me-na),

e[>s

When « — 0, we have
Dim-1)z—m=(-1)"(m+n-1) z—-m-n
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For more general forms of the types (1) and (2), we easily obtain
OAU Uy oo Uz potw

= (Ugtw— uz—mw-{-w) Uy Uz~ ++- Uz — w420

oA 1 YsremVsitmere
o VztuVz+20 oo Vztmo  Vz+0Vz+20 oo+ Vztmoto
In particular for U, = v, = az+b,
we can write
@) Ug Uy +e Ug—muoto = (aT+D) ™),
1

) T = (aw+b)(~m«)
Vz+w¥2420 ++ Vz4mo ( ) ’

and we have
(10) A(ax + b) (Mmw) — am (aw + b) (Mmw — w)’

w

(11) A(az+b)(-m) = — am (ax + b)(~me—w),
2-12, Expansion of a Polynomial in Factorials. Let
¢ (x) be a given polynomial of degree m. Assume that

@) g2e) z(mw)
(1) @ () = ap+a, qr ey Tt ln o s

which is evidently a legitimate assumption since the right-hand
member is a polynomial of degree m with m+ 1 arbitrary coefficients.
Forming the successive difference quotients, we have by 2-11 (5),

x(w) plme—w)
é(ﬁ(x) = a;+ay v +...ta, (T'ILTI_)T,

2 ) pme—2w)
% $(x) = ay+ay 1t om =3

m
A d(x) = a,.
If in these results we put z = 0, we have expressions for the
coefficients in the form
s ¢

a,=A¢0), s=0,1,2,..,m

w
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Thus

@ $@ =40+ ASO+%5 AdO) -t 5 R0,

The coefficients in this expansion can be obtained by writing down
the values of ¢(z) for z = 0, w, 20, ..., mw and then forming the
successive difference quotients. Thus for

¢ (z) = v+ 30’r+ wd,

we have . .
T é(x) Agx) Ad@@ Ad@
0 3 ) ’ )
4?
® Heyd 6w
1002 6
20 153 12
2202
3w 37w
80 that

3+ 3w T+ 0° = w3+ 4w? 2(«) + 30 2(2) 4 @),

Another method follows from observing that the coefficients
a;
% 11 g
by z, the quotient of this division by (z— w), the new quotient by
(- 2w), and so on.
Thus with ¢(2) = 2°+ 3w+ w3, we have

, are the successive remainders when we divide ¢(z)

z | 4+ 3w+ wd
remainder w3
remainder 4w?

remainder 3w

which gives the same expression for ¢(x) as that obtained by the
first method.

2-18. The Successive Difference Quotients of a Poly-
nomial. To obtain the successive difference quotients we can
express the polynomial in factorials by the method of the preceding
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paragraph and then apply 2:11 (5). Since each application of the
operator A to a polynomial lowers the degree by unity we have the

following important theorem :

The mth difference quotients, and also the mth differences, of a poly-
nomial of degree m are constant. The differences of order higher than
the mth are zero.

Thus with the polynomial

é () = 2+ 30+ 0?
= 76 + Jr®) + 4?z) + wl,

we have
A ¢(z) = 3zC@) + 6wz() + 4u? = 322+ 3oz + 40?,

A ¢(x) = 62+ 66> = 62+ 60,

3
A‘l’(m) =6,
4
Ad(x)=0.
2-14. The Difference Quotients of ax. We have
a!t‘!-w__at z’aw_]
éa” = . = o
Thus
n aw__l n
g or=r(5Y)
Writing
1
a = (1+bw),
we have
n z z
2 A(1+bw)* = b"(1+bw)".
Since

lim (1+bw)* = eb®,

w—>0
we have as a limiting case of (2)
Dn bz — pnebz,
z

Thus in the finite calculus (1+ ) plays the part of e=.
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2-2, Properties of the Operator A. From the definition

it is evident that A obeys the following three laws :

(1) The dastributive law
Au(e)+0()] = A u(o)+ A v(o).

(i1) The index law

AAu@]="Ru@) = A[ Auw ],

w

where m and n are positive integers.
(iil) The commutative law with regard to constants
Acu(z) =cAu(x),
where ¢ is independent of z.  This result is also true if ¢ be replaced
by w(x), where @ () is a periodic function of z with period  ; for
oAw@) uR) =o@+o)ux+o)- o) u(z)
=w(@)ur+o)-o(r)u()
= 0w (x) A u(z).
If then ¢,(2) = ag\"+a,A"1+...+a, be a polynomial in A whose

coefficients are independent of x, we can associate with ¢, () an
operator ¢, (A), such that

n Ton—1
(A u(@) =agAu(@)+a; A w(@)+ ... +a,u(z).
If ¢p(A) = beA™+bA™1+...+b,, be a second polynomial, and if
we expand their product in the form
b1 (M) ho(A) = CA™ "+ ALt by,
we have, on account of the above laws,

?51(%)4’2(%)”(93) = ¢, (é)‘l‘ﬁ (é)u(z)

min m+n-—1

=cy A u@)+c; A u(@)+...+Cpinu().

w
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Then
$(E*)a*u(z) = Z4,E™ a*u()
= X 4, a*t" yu(r+nw)
=a*Z 4, a™E™ u(x)
=a” ¢(a’wE”) u(z),
which proves (1), and (2) follows by replacing % (x) by a==u(x).
2:5. The Relations between A, E* and D. We have from

the definitions
E®u(z) = u(z+ow) = u(@)+o Au(®).
Thus )
E'=1+0A,

oA=E“-1
As deductions from these relations, we have Gregory’s Theorem,
namely,

1) u@+nw) = E™u() = (1+o A)*u(z)
= u(w)—(—(rf)wéu(w)-&-(g)wzéu(a})-f-...
(Dot

n being a positive integer. This formula expresses u(z+nw) in

terms of u (x) and its successive differences.
Again, we have

@) o Au(@) = (E*-1)*u(@)
= u(z+nw) - () u@+n-1lo +<2)u(x+n 20)-...

+(-1(") u(@),
which expresses the nth difference in terms of functional values.

Again, assuming that #(z+w) can be expanded by Taylor’s
Theorem, we have

Evu®) =u(rt+o)= u(a;)+wDu(x)+ Dzu(:c)+

=e*Du(z).



34 DIFFERENCE OPERATORS s
Thus we have the relations of operational equivalence
E® =e?,
l+wA =e?,
Az at(er-1),
so that i
Au(@) = - (eP - 1) u(z).

2:61. The Analogue of Leibniz’ Theorem. The theorem
of Leibniz in the differential calculus, namely,

D (wn) = (D) o+ () (D»-14) Do+ () (Dr20) D2 o+t ..,
where D denotes the operation of differentiation, has an analogue
in the finite calculus, which we proceed to obtain. We have

© A (Ux¥s) = Yot uVstn = UsVs
) =E* % E," 2 — %0,

= {(E E1)m - 1} Ug Vs
where the operator E acts upon u, alone and the operator E, acts
upon v, alone. Thus we have '

) @"A(e2) = (EED)" - )" .

In the expressions of E and E; let us suppose that A acts on

u, alone, while A, acts on v, alone, so that

E‘=1l+0A, ErF1l+oA.
Then we have : ’
(EE)*-1=E*(l+e0A)-1To(A+E"A).
Thus ) - -

Awsv) = (A+E*A)"(u0,)
= {3+ B ()N E A - Jna
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Remembering that A and E operate only on %,, we may drop the

suffix and write
@ Atwewd = (Aue) vt (1) (A wars) A

n-2 2
+<g>< A uz+2u> Avx+ eeey
which is the required theorem. Since

s
lim A, = D*u,,

w—>0 w

we see that Leibniz’ theorem may be regarded as a limiting case of
this result. o

The theorem may be expressed in other forms. Ifin (1) we expand
the right-hand member directly, we have

n n
mnA (ux,vz) — <Eﬂu Elﬂw _ (]) E(n—l)w El(n-l)u +.. > (uxvz)
n
(3) = UztnwVz+ne — <1> Uzt (n—1)w Vz+(n—1)w

n
. + (2) Uzt (n—2)wVzt(n—2)w — ** >

which is in fact a case of 2-5 (2).
If the expansion be required in difference quotients of u, and v,,
we write

(EE) -1%0A+0Ato A,
so that

Alwer) = (A+Ar+o A A" (wev2).

The expansion of the right-hand member gives the required result,
but it is hardly worth while to write down the general expansion.

2:52. The Difference Quotients of a*v,. By 2:14 we have

n-8
A qEtse = g%!isw b'n—s,

where T ob=ot (@ -1).
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If then in (2) of 2-51 we put u, = a?, we obtain

éa”v, = g*® [b"v,+ (’D b"“a“év,ﬁ (g) b"-zaz"é v+ :]

x alﬂ - 1 w "
=a I: o te é] Vg
Thus if ¢(A) be a polynomial, we have the operational theorem

¢(é)aﬂ°v, = a’qS( _1>v,,

If next we put a» = 1+aw, we obtain

1A (L+aw)v, = (1+aw)s¢[(1+aw) A+alo,

If we now let @ — 0, we obtain the corresponding theorem for the
operator D, namely
¢(D)etv, =e*p(D+a)v
2-53. The Difference Quotients of Zero. The value ofAz"'

when z = 0 is written A 0™ and is called a difference quotient of zero.

Clearly
1) AOm=0if n>m, A0"=nl

If in 2-51 (2) we put u, = 2™, v, = z, we have
n n n-1
Azm=zAz™+n A (r+o0)™?
n n n-1
= xAxm—1+n[wam—1+ A$"‘_l].
Putting z = 0, we have the recurrence relation

n n n-1
2) AO™=no AO™1+n A O™,

which in conjunction with (1) enables these numbers to be calculated
successively. Thus

A0 =1,
AR=0A0=0,
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A0? =21,
AP =0A0%=w?

2 2
A0 =20 A02+2 A 0% = 6o,

3
A0 =3,
and so on. Expressions for these numbers will be obtained in

Chapter VI in terms of Bernoulli’s numbers.

2:564. Expression of Difference Quotients in terms of
Derivates. By Herschel’s Theorem, 2-41, we have

tz
(evt—1)r = t(E“‘—l)"0+2-! (E*-1)»0%+
Since E“-1=w A, we obtain
“ n 2 n
w " (ewt—1)" = tA0+§,A02+-- ,
where ) )
n n
A0 = [A xs]z=0,
which is equal to zero if s <, and to »n! if s =n.

Thus

w-" (eut - 1)n =in4 it it

oy ‘AO" 14 ) ‘AO" 24,
T (n+2)!

Now from 2:5 we have

3 =" (e*P - 1),

Thus
n n
A0n+1 A0n+2
n+1 +2
Au,p Dry,+ (+1) D uz+( 2)'D Uyt ..n .
[See also 7-05.]

2:6. The Summation Operator P-1. If z be a positive
integer variable, capable of taking the values 0, 1, 2, 3, ..., we

write
z-1

(1) P the = Ugg +Ug_p+Up g+ ooty = 2 e
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where the notation P-! is introduced for formal reasons } and
indicates the inverse nature of the opecration. Indeed it follows
at once, if u, be independent of z, that

Ap(}l)1 Uy = P(;}H) Uy — P(;:)l Uy
= (Ut gy + e +Up) = (Ugy +Upg+ .0 + %)
= Uy,
so that the operator A neutralises the operator P -1, which is in this

sense an operation inverse to A. With the above notation we have,
for example,

PGy %oy = g+ Uy g+ oo+ Uy +uy,
Palmintym = UntUn gt oo+ Um=Pui1t— P im .-
When there is no risk of ambiguity we may conveniently write
(2) Plu, =%, ;+Uy g+ ...+

These notations may be compared with
J.m u,dt and J-x U, dz.
0 0

We have at once from (1),

(3) Pay %, =%, Py % =0.

If, by affixing an asterisk, we now define a function u* by the
properties

4) uf =u, if >0, u¥=0if <0,
we have
Poyu,=u¥ 1 +uf ot +uf+u* +u¥o+ ..

=(E'+E2+...+ E*+E* '+ E~*%+...)uy

) =(E-1)"u;.
The operation can be repeated any number of times, thus
Paiu+ Pa (E-1)7uf]= (E-1)2uy
= Uy o+ 22Uy g+ 3Up_g+ oo+ (- 1) %y,
and this result is seen to be in agreement with (1) and (3).

+ L. M. Milne-Thomson, Proc. Camb. Phil. Soc., xxvii (1931), 26-36.
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More generally we have
- 3 n n+1
Payu, = (E—l)'"“(ﬁ)=uf—n*‘(l)“f—n-l‘*'( 9 >u3"—n-2+---
z—-t—1
®  =Pgla (5257w

which expresses n successive operations with P-! in terms of a

single operation. Also, if », be independent of z, we have
-n+1

() APG w = AP [Po" 4] = Pay' ™ u,

2:61. Theorem. If f(z) be a function of the positive integral
variable x such that A f(z) = u,, and if u, be independent of x, then
P& u=f@-f0) = 10) [

We have
A{Pé w—f(@)} = us—1, = 0.
P u~f(@) = constant = —£(0) ,
since P, %, = 0. This is the required theorem.

Hence

2-62. The following table exhibits the relations between the sums
P-"u, and the functional values g, uy, Us, ... .

Ug
Pty Au, .
P-2u, Uy A, .
P-3u, Pu, Ay . Aug
P2u, Uy A s
P-3u, Py, Auy . Aw
P2u, - Ug Auy
P-2u, P1lu, Avug . zuz
P2y Uy Aug
P2u, Py Au,
P2y, Uy
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Each sum is formed by adding the members of the column on the
right, beginning with the member immediately above the required
sum. Thus

Plus=u+u+uy, P3u;=P2u+P2uz+P2u,

We note also that each column can be formed by differencing the
column immediately to the left. It will also be noticed that if we
change the origin, that is, label another entry with the suffix 0, the
resulting sum table will have each of its members altered in value
while the differences will be unaffected. Lastly, we note that all
entries labelled with the same suffix lie on a diagonal line.

Obviously in analogy with central differences we could also form
“ central sums ”’ by a mere change of notation.

2:63. Moments. Given a set of z tabular values, say,
Ugy Uy, Uy ovn s Up_y,
their nth moment * about the point -1 is defined by
z-1
(1) M, = (t-z+1)yu, = PG (t-a+1)"u,.
i=0

If we express (z—¢—1)" in factorials by the method of 2:12 we
obtain

n n— ”ﬂ r—1—-1
(~Dr-z+1r= 25 (777 e,
where

@ c=Aon,
a difference of zero (see 2-563). Thus

. -t-1 .
since (x s )va,mshes whent>z-s-1.

* See for example W. Palin Elderton, Frequency Curves and Correlation,
(London, 1927), chap. iii.



2:63] DIFFERENCE OPERATORS 41

Hence from 2-6 (6) we have

n
©) (—1)"Mn=‘2;locsP(z> Uy = 2,0 P tu,.

Using the differences of zero given in 2-53 and noting that ¢, = 0,
we have

Ml = - P_2 Ug,s
P, +2P-u,,
Ms = - P_2 Uy — 6|:,_3 Ug— 6|:>_4 Ugs
and so on. The terms P—su, (which are also called factorial

moments) can be obtained directly from the sum table of 2-62.
If the moments be required about another point, say y, we have

M, = Z(t

1

=
Il

x

[(t z+1)+(x—1-y)]"u,

;V’ TM

(M @-y-1-ru,,
r
which expresses the moment M, , in terms of the moments M, .

2:64. Partial Summation. We have

Ug A Vg = A(uw 'va:) V11 A Uy -
Operating with P -1, we obtain

n
-1 -1
P(n) uzA Vy = [uac 'vz:|0 - P(n) Vz41 Auac-

Ezample. To calculate P, za=.
We have A a*=(a-1)a® and hence

Paaara-1)=|sa| -Pglasn.
Now
an+1_a
a-1"~

P& astl =ar+am1+...+a =

so that
na® a"tl-a.
Pmee = —5- a=1g"
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The analogy of the formula for partial summation with the
formula for integration by parts should be noted. In fact if,
taking nw—! to be an integer, we make the extended definition

P e = 0 (Up_u+Un_go+ oo +%g),

the formula for summation by parts becomes

n
-1 -1
P(n)w Uy A Vp = |:ua: 'v:c:lo - P(n)w Vetw A Uy

which when w — 0 becomes

n n
ru, dv, = [u,vx] —J‘ v, du,.
0 b Jo

2:7. The Summation of Finite Series. If we denote by
u,, the zth term of a series, the sum of the first # terms is
P(-;;)1 Uiy = Upt+Upgt ... T U+ Uy
To evaluate this sum we see, from the theorem of 2-61, that it is
sufficient to find a function f(x) such that
Af@) = Ugyg-
The general problem of solving this equation constitutes the
summation problem, which will be treated in Chapter VIII. For

the present purpose we require only a particular solution, and we
shall now shew how such a solution can be obtained for certain

special forms of u,, .

2-71. Factorial Expressions of the form x(™), By 2-11 (5),

(z+1)tm+D)
A m+1

= (z+1)m,
Thus, by 2-61,
P (@+1)m =
For example,
1.2.3+2.3. 44+...+(n-2)(n-1)n=%(n-2)(n—-1)n(n+1).
Also
mm+1)(m+2)+(m+1)(m+2)(m+3)+...+(n-2)(n—-1)n

= P @+ 1)® ~ P@lp(e+ 1)@
=}n-2)(n-1)nn+1)-}@m—1)m(m+1)(m+2).

24+ 1Ym0 (54 1)(mHD)
(z+1)¢ ’”:l _ (a+1)tm+D

m+1 1o~ m+1
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Again, from 2-11 (10), we have
az+ b)(m+1)

A( a(m+1) = (az+5)™,

whence we get

P(;)1 {a(z+1)+b}tm = {ﬁ.(m-i-—l)ﬂm-tlr)]n'
0

a(m+1)
Ezample. Sum to n terms the series
3.5.7+5.7.94+7.9.11+....

The zth term is (2z+5)(2z+3)(2x+1) = (2¢+5)® and the
required sum is therefore

- 2z+7) @
P 2z+7)® = [(J 2 ) _]0

= 1(2n+7)(2n+5)(2n+3)(2n+1)-22".
2-72. Polynomials. If the zth term be a polynomial in z, we

could use the method of 2-71, having first expressed u, in factorials
by the method of 2-12. But from 2:12 (2) we have

B = $(0)+n A SO+ 2TV AG0)+...

Putting ¢(n) = PGy Ugsq, We obtain

$0)=0, Ap(0)=up, Ad(©0)=Au,....

so that we get the formula

n(n— 1)(n 2) %

P(n)um+1—m‘1+( 1)A +- Avuy+..

Since u, is a polynomla.l, the terms on the right vanish after a
finite number of differences have been formed.

Ezample (i). Find the sum of n terms of the series
12422432 +....

2
Here u, = 2, Ay, =2x+1, Au, =2 and the required sum is

nn-1) n(n—1)(n-2) n(n+1)(2n+1)
gt 3 = 6 '
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Example (ii). Find the sum of n terms of the series whose nth
term is 734 Tn.

We form the following table of differences :

uy Uy Uy u,
8 22 48 92
14 26 44
12 18
6

Hence the required sum is

ln(n-1) 12n(n—1)(n-2)  6n(n—1)(n-2)(n-3)
e 24

=in(n+1)(n?+n+14).

Another method of summing series of this type by means of the
Polynomials of Bernoulli will be explained in 6-501.

2-73. Factorial Expressions of the form x(-™), From
2-11 (7) and (9), we have

=x(-—m)_._4___ —
—-m+1 x+1 (x+ (x+7n)
A (I;r): m1+)1) (az+b)m
1
Th T [a(@+1)+b][a(z+2)+b]...[a(@+m)+b]
us

(2+ 1)<—m+1>]"
1-m o’

P (@+1)cm = [

P {a(z+1)+b}-m = [{a(w-f- 1)- +b}(—m+1)]

~a(m—-1) 0

Example. Find the sum of n terms of the series
R S S U
T.47 4 7.1077.10.18"
Here the th term is

1
Be-2)3z+1) (3 +4)

= (3z - 5)¢-9),



2-73] DIFFERENCE OPERATORS 45
Thus the required sum is
Pa[3(x+1)-5]® = 1(3.1-5)2-1[3(n+1)-5]-2
= —1- —_ —-—-——~1————.
24 6(3n+1)(3n+4)
These results are analogous to the formula

" m g, _ (an+b)™ _ (a+b)mH
Jtaa+oymas =G -y

2-74. A certain type of Rational Function. If
$(®)

x — T —
VeVsi1Vsig ooe Vzgm

where v, = ax+b,

and if ¢(z) be a polynomial of degree lower by at least two unities
than the degree of the denominator, then we can sum the series to
n terms. We begin by expressing ¢ (x) in the form

A(T) = Byt @1V, + AoV Vp g+ oo+ Wy 1 V2V2 11V 4n oor Vapmege
This can be done by an obvious extension of the methods of 212,
or indeed by equating coefficients. It then follows that

) a Am

+ o —
vz”:ﬂ-l e vx+m vz+1vz+2 o vz+m vz+m—1vz+m

U, =

so that the sum can be obtained by the method of 2-73.

Again, supposing the numerator of a rational fraction to be of
degree less by at least two unities than the degree of the denomi-
nator but intermediate factors alone to be wanting in the denomi-
nator to give it the factorial character described above, then, these
factors being supplied to both numerator and denominator, we can

obtain the sum. Thus, for example,
T a4 TV

Pt " =P

VyVz42Y243 vzvz+lv:c+2v=+3

Ezample. TFind the sum of n terms of the series

2,3, 4
1.3.472.4.56

3.5.67"
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Here
z+1 _ =@+ D)+z+1
z(x+2)(x+3)  z(z+1)(z+2)(z+3)’
Upyy = (B+2)D+ (2 + 1) + 29,
Pl thesn = 20+ 3 10943069~ (04 2)D = } (n+1)¢-D — F 0D
O WS U R S 1
=3 10T I8 n+3 2m+2)(n+3) 3m+D)(n+2)(n+3)

Uy =

2-75. The form a*$(x), ¢(x) a Polynomial. We have
Aa*v,=a*(a-1+aA)v, = a*(@@-1)(1+bA) vz,
where b=a/(a-1).
If ¢(x) be a polynomial of degree v, put

ve= i {1-bA+BA- .+ -1y A) $0),
* a__l ese J’

Then
v+1
Aa®v, = a*{l+(-1) &+ A} $(2) = a® $(2).
We have therefore
(1) Paoaé(xz+1)
n+1 2 v
_—_g_fi[l-bA+b2A-...+(-1)vva]¢(n+1)
2 v
L =B A+ A+ (1) b AT ().
Ezample. Find the sum to n terms of the series
12.2422,.22432, 23442, 204 ... .
Here u, = 2%2% and the required sum is
2
9H1(1 — 2A +AA} (m+1)2 — 2{L — 2A +4A} 12

= 271 (n+1)2—2(2n+3)+8} - 2{1 -6 +8},
= 271 (n? — 21+ 3) — 6.

2:76. The form v_¢(x), ¢(x) a Polynomial. Let ¢(z) be
a polynomial of degree v. Consider the expression

@) =(P7v)¢(@-1)-(P2v.) Ad(z-2)
+(P20) Ad(z=3) = e+ (= 1) (P~-10,) A d(z—v=1).
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Since A(sz tx) =l Asz+s: Atz
we have
Af(@) = v, 4@)+(P0.) Ad@—1)
“[(P1v) Ad@-1)+(P20) Ab@—2)1+...
+(~ 1 [(P~v2) Adla—v)+(P~10,) A -v-1)]
= 0, 4@+ (=1 (P~10,) A (o—v—1) = v, $(2),
since vKgS(x—v—l) =0.
Thus, by 2+61,
(1) Pal e d@+1) = (Pitve) $(n) - (Pirtvesd) A d(n—1)

2
+(Pa ves) Ad(n—-2)—...,
since P Uz =0 when n =0.

This result enables us to sum the series whose zth term is v, ¢ (%),
where ¢ (x) is a polynomial of degree v, provided that we can form
the repeated sums

PafVes, §=1,2,3, ..., v+1
Ezample. Sum to n terms the series whose nth term is
(n—c) sin (2an +0b).
Here ¢(z) = z—c¢, v,=sin(2ax+b), and the required sum is
P (@+1-c)sin (2az+ 20+ b)
= (n—¢) P sin (2az+2a+b) — Py sin (202 + 2a+b).
Now* Asin(2az+b) = sin(2ax+2a+b) — sin (2a¢x + b)

= 2sinasin(2az+b+a+g> .

*1t is interesting to note that, if we form the difference table for
sin (az+b) or more generally for %%, the terms in the same horizontal
line are in Geometrical Progression. This fact was employed by Briggs
and by Gregory.
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Thus
P sin(203+2a+b) = L I:sin <2a:c+ 2a+b-a-T ]n
(m ~ 2sina 2) o

T

1 .
=3 [sm <2an+b+a- 2—)+cos(a+ b)] )

—2 . 1 l: n  mcos(a+b)
P(,,)81n(2ax+2a+b)—-ml—lz—a 81n(2ax+b—n)]o+ Ssna

Hence, after reduction, the required sum is

—csinnasin(na+a+b) ncos(2an+a+b)  sinnacos(an+b)

sina 2sina 2 sin%a

The repeated sums required for the method of this section can
always be formed for the types (az+ b)), ¢(z), a®$ (x), where ¢ ()
is a polynomial, since the operation with P! in each case leads to a
function of the same form. Repeated sums for (az+b)—™ can be
formed, provided that the number of repetitions be not great enough
to lead to the necessity of evaluating P~*(az+ b)(-V, for which no
compact form exists in terms of the elementary functions here con-
sidered.

2:77. When the nth term of a series proposed for summation
cannot be referred to any of the preceding forms it is often possible
to conjecture the form of the sum from a general knowledge of the
effects of the operator A, and hence to determine the sum by trial.
For example, if ¢(x) be a rational function, then

Aa*$(z) = a* (),
where {(z) is likewise a rational function. Similarly
Atan—1 ¢ (z) = tan—? §(z),

where {)() is rational if ¢ (z) be rational.

Example. To sum to n terms, when possible, the series
12,0 22,52 32.)8
3734715

The zth term w, is given by

22 \®
Y= @) E+2)"
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Here we should evidently assume that

an
Py %z = P :2b A"+l constant.

Operating with A, we have
(n1)2ant - [(@a(n+1)+b)A an+b}
(n+2)(n+3) L n+3 n+2
Equating coefficients, we must have
(A-1)a=1, 3a(rA-1)+d(A-1)=2, 2(a+db)A-3b=1,
From the first two, (A—1)(a+b) =0, whence from the third
b=-1 sothat a = }, A = 4.
Thus the series can be summed if A = 4, and we have for the sum
[(x 1) 4=+ 4nti(n— 1)+2_
3(x+2) 3(n+2) "3
This example is due to Boole, who explains the peculiarity as
follows : o an
Un =N ot

so that unless A = 4, in which case the term # destroys the corre-
— 41,

+1

n
whose nth term is 17)\;1-. Such a sum cannot be obtained in terms

of the elementary functions considered here (but see Chapter IX).

sponding term in u,_,, we should require the sum of a series

EXAMPLES II
1. Prove that

(1) Alogu(z) = 10g<1+5“($)>

(@)

(1) ALog(Uythyy o Up_pag) = log “*L
Uzr—m+1
2. Prove that

55in(a:v+b) = (2sinda)"sin{ax+b+in(a+m)},
Z&cos(ax+b) = (2sin §a)" cos { az+b+ 1n(a+7r)}

Obtain corresponding results for the operator A, and deduce the
results for the operator D”.
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3. Prove that

sina
Atanar =

cosazcosa(z+1)’

a
1+a?z+a2a?’

Atan-laz = tan—!

4. Evaluate Atanwu,, Atan-lu,.
5. Find the first differences of

2%gin -2% , tan % , cot(a.2%).

6. Shew that
Vg A Ug— Uy A Vg

A% =
Vg Ve V24w

7. Prove that
A0 = nm-(?)(n—l)m(;‘)(n—z)m-... ,

n

at=n— (1) -1+ () -2~ ..

8. If ¢(2) be a polynomial, shew that

¢(E)0" = E ¢'(E) 0",
and deduce 2-53 (2).

9. From Herschel’s Theorem, or otherwise, deduce the secondary
form of Maclaurin’s Theorem, namely,

B() = $O)+1$(D)0+ 2 $(D) 0+ 5 4(D) B+ ..,
where ¢ (D) 0¢ is the value when ¢ = 0 of ¢ (D).
10. If E™ 0% denote n®, prove that
$(E") 0% = n*$(E) 0%
11. Shew that the differences of zero
& O'n, 8 0ﬂ+], & OTH-Z, vee
form a recurring series and find the scale of relation.
12. I " = % A 0%, shew that
Cr=Cili+nCq ..
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13. Shew that

Uy 2 22 2
Upt U Tt 5+ =€ Ug+ZT AU+, AUg+..or,
where u, is a polynomial.

1 1

1 .
14. If 8, = m+2“(n—‘1)+"'+ﬁ’ shew that, if m > 2,

2 3
(S;A-8S; A+...)0™ = 0.
n
15. Express A ™ in a series of terms, proceeding by powers of z,

by means of the differences of zero.
Find a finite expression for the infinite series

x5
-5!'_.--’

where m is a positive integer. If m = 4, shew that the result is

1"'.:1:—3"'.§;+ bm

(z— 62°) cos z — (Ta% — 24) sin .
16. Prove that
(2A)™ u, = (z+n-1) Au,,
f@A)(zE)mu, = (2 E)"f(z A+m)u,.

17. Find u,, from the relation

& 1-JI-4
2=

18. If f: t"u, = f(et), prove that
n=0
Uy, =f(-E) 07,
n!

19. Find a symbolical expression for the nth difference of the
product of any number of functions in terms of the differences of
the separate functions, and deduce Leibniz’ Theorem therefrom.

20. If the operator A act on n alone, prove that

" led 1+ ™ Ay
Jo B mada = b1 T R
m being a positive integer greater than @ and 2k the even integer
next greater than a+ 1.
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21. Shew that

n—1
n-1 A 17+ 4 A 1»
AZ="""1
22. Prove that
AP = (4 DA TP 40 "A 12,

and apply the formula to constructing a table of differences of
powers of unity up to the fifth power.

23. Prove that

(- 10fatne) = f@) -2 (}) Vi@ +2(5) Vo) -
24. Prove that
A V@) = AfG),
A Vi@ = Af@

25, Sum to » terms the following series

() 1.3.5.743.5.7.9+4....

i J A
173677755779

(i) 1.3.5.1043.5.7.1245.7.9. 14+....

10 12 14
™) ;3535 5 79t

(v) 1.83.5c080+3.5.7c0820+5.7.9cos30+..
(vi) 1+ 2a cos 0+ 3a?cos 20 +4a® cos 30+ ...

26. The successive orders of figurate numbers are defined by
this;—that the zth term of any order is equal to the sum of
the first  terms of the order next preceding, while the terms

of the first order are each equal to unity. Shew that the xth term
of the nth order is

z(@+1)...(z+n— 2)
(-1
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27. Prove that Py é(l) cos mt = f(x) - f(0), where f(x) is equal
to the expression

sm (Zx 1) (Zz) sm—(‘)x+1) 0
é(z)+ ﬁA‘ﬁ —-——rA¢
‘)sm%f (2 sin 73 (angl'>
cos—(2x+2) 3 sin 2(2w+3) s
—-————AqS x) + Ad@)+....
(2 sin 21)4 (2 sin Z")s
28. Prove that
Pw'at ()
= (—a—g%n {95(95)—”53‘1./.&‘?5(90)*-”@2?1) (aa1> Ad@) .. I

+Co+Cia+ ...+ Cpy_yz(n-D),
and determine the constants Cy, C, ..., C, ;.

29. Use the result of Kx. 28 to discuss the summation of the
series
ul—u2+u3_u4+ e

to n terms. Consider the forms of «, given in sections 2-71-2-76.

30. Prove that to n terms
1 1 1

1) — . e —_— —_ . n-1() -
(1) a6 sinsotemaot = cot 30 —cot 2710 ;
(i) — 1 v . _ . 2sinnd_
cos 0 cos 20 " cos 20 cos 30 © " T cos(n+1)0sin 20"

31. Shew that P-1cot~!(p+g¢+7rx?) can be evaluated in finite
terms if ¢%2—r? = 4(pr—1). Calculate :
- A - log tan 2% -12%(x-1)
1401 1108 147\
Po tan o P =5 Pw 35Ty

32. It is always possible to assign such real or imaginary values
to s that P! f(z) can be evaluated in finite terms, where
f(@) = (x+ Bz +yx?+ ...+ vz™) s",
UgUg iy ooe Ugpmoy
a, B, ..., v being any constants, and u, = ax+b. (Herschel.
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33. Shew that

Uy +u; cos 20 + u, cos 40 + .
4

2 3
1y A Au Ao _ Ay
= du, 4 sin26+8_siu30 sin 6+ 16 sind0 °°° 20 32 sinsg o™ 80~....

34. If d(x) = vo+ v T+ V2% + ..., shew that
UGV + UV, T + UV T + ... .
2
= ugd @)+ ¢ (@) Aug+gy ¢” @A g+ ,
and if ¢(z) = vy+v,@+v,zP+..., then
Ug + Uy T+ U TP - ...
2 2
= 4@ +eAd@-1). Aot (3) Abz-2). Augt ...
(Gudermann.)
3. If S, =1"+2"+...+m" and p = m(m+1), shew that
8a=p2f(p) or (2m+1)pf(p),

according as n is odd or even, f(p) being a polynomial.

36. Prove that the number of ways in which an integer which is
the product of m prime numbers can be expressed as a product of
factors relatively prime to each other is

m r
Sp=>, A0™[rl.
r=0
Prove also that S,, satisfies the recurrence relation

Spi1=8,+ (T)Sm‘l"'(,;) S,gt et (Z)

37. Prove that
]
S, =¢el 2 rm [ rl,

r=0

and that, if m is a prime number, S,, — 2 is divisible by m.



CHAPTER III

INTERPOLATION

IN the practical applications of the finite calculus the problem of
interpolation is the following : given the values of a function for a
finite set of arguments, to determine the value of the function for
some intermediate argument.

In the absence of further knowledge as to the nature of the
function this problem is, in the general case, indeterminate, since
the values for arguments other than those given can obviously be
assigned arbitrarily.

If, however, certain analytic properties of the function be given,
it is often possible to assign limits to the error committed in calcu-
lating the function from values given for a limited set of arguments.
For example, when the function is known to be representable by a
polynomial of degree n, the value for any argument is completely
determinate when the values for n+ 1 distinct arguments are given.
In the present chapter we propose to obtain certain formulae based
on the successive differences of the function for the given arguments
and to investigate the remainder term, the knowledge of which will
enable us to decide as to what further information is necessary to
ascertain limits within which the interpolated value represents the
value sought. In actual calculations there is, of course, another
source of error due to the fact that the known values are usually
approximations obtained by curtailing at, let us say, the fifth
figure a number which contains more than five figures. For an
investigation of this error see papers by W. F. Sheppard.*

The basis of the interpolation formulae about to be obtained is the
general formula of Newton for interpolation with divided differences.

* Proc. London Math. Soc. (2), 4 (1907), p. 320; 10 (1912), p. 139.

55 A/’n'\(“
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This formula with its remainder term has already been given. The
formulae of Gauss, Stirling and Besscl were known to Newton, and
if for brevity we do not attach his name to them, it does not detract
from his credit in discovering them.

3:0. Divided Differences for Equidistant Arguments.
If in the formula 1-3 (1), we put
z,=z+sw, §=1,2,3,..,n,
we obtain for the divided difference the expression

+ +(n-1lw) fle+n-2)n)
[mm”“J:ﬂ%gp'%%ﬁﬁugi+Qimmu3‘”

:&éﬂ@ from 25 (2).

. '

Since the arguments in a divided difference can be written in any
order we have thus proved the following theorem.

If the arguments x, Ty, ..., T, laken in a certain order form an
arithmetical progression whose first term s x, and whose common
difference is w, the divided difference of f(x) formed with these argu-
ments 1s given by the relations

M) (B3t o Tnia] = g Af @) = 4" 47 f(@.).

Again by 1-2 (2), we have
1

[23Ty ... Tpyy] = "

™),

where £ lies in the interval (z,, z, 4 nw).
Thus we have

@ Af(w) =f ™),

where £ is some point of the interval (z,, 2, +nw).

In the notation of differences this result can be written, using
2-1 (5),
(3) FO(E) = 074" f(,).

This result shows that the nth column of differences formed from

a table of functional values for equidistant arguments places before
us a specimen set of values of the nth derivate of the function, each
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such derivate being multiplied by w—", which is a constant for the
column in question.

3-1. Newton’s Interpolation Formula (Forward Differ-
ences). Consider the following table of functional values and
differences.

Argument Function

a f(a)

Af(a)
a+w fle+o) A f(a)

Af(a+w) A f(a)
a+20  fla+2w) A fla+w)

Af(a+2w) A fla+w)
¢i+3w fla+3w) A*fla+2w)

If in Newton’s general interpolation formula with divided differ-
ences, 1-1 (1), we write

z,=a+(s-1ow, s=1,2,3,...,n,
we have by 3-0 and 1-2 (3)
-8
[2% ... 2oy = (—Z‘!— A f(a),

F™(€)
n! °’

[zz, ... x,] =
so that the formula gives
(1) f@) =f@)+@-a)oA4f@)+Z2 (2!1“;“’) o 22 f (@) ...

+(w—a)(w—__a—w)...(x—a—nw+2w)
o (n—1)!

o 1A fla) + Ry (2),

where
@) R,(0) = (z—a)(x—a—w)n.!.. (a:—a—nw+w)f(ﬂ)(g),

and £ lies somewhere in the interval bounded by the greatest and
least of z, a, a+nw — .

This is Newton’s Interpolation formula with forward differences.
The differences employed with this formula lie on a line sloping
downwards from f(a). The formula gives the value of f(z) in
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terms of f(a) and the differences of f(a) provided that we can
calculate the remainder term R,(x). The formula assumes a
simpler form if we introduce the phase p, where

©) p=(z-a)/o,
which represents the ratio of the  distance ”’ between the ““ points ”’
z and a to the tabular interval of the argument. We then obtain

@ f@=f@+pAf@)+(B) g2f@+(B) 42 @)+ ...
+(,7 ) ars@+ (D) ors ),

which is the most convenient form of Newton’s formula with forward
differences, the value of p being given by (3).

If in (4) we omit the remainder term, we obtain Newton’s Inter-
polation polynomial (see 1-9)
6) Iyl =f@)+pAf@)+(h) a2f@+...+(,F ) 4 fla),
which assumes the values of f(x) at the points

a,a+w,..,a+(n~-1) .

It follows that neglect of the remainder term is equivalent to
replacing f(z) by this interpolation polynomial. The degree of
approximation attained by this process of polynomial interpolation
of course depends on the magnitude of the neglected remainder
term. This will be discussed in section 3-12.

We may here observe that the interpolation polynomial (5) can be
written symbolically in the form

(6) I y(@) = A+ M)y fla)

where the suffix #n -1 indicates that the expansion of the operator
by the binomial theorem is to cease after the term in 4" has been
obtained.

Newton’s formula, or rather the series which arises from it when
the number of terms is unlimited, is of great theoretical importance,
as will be seen in Chapter X. For practical numerical interpolation
the central difference formulae to be obtained later are preferred.
Near the beginning of a table, however, when central differences are
not given, Newton’s forward formula is available.
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In the above work we have written Newton’s formula in the
notation of differences, the form best suited to numerical applica-
tions. We can, however, use difference quotients. Using 2-1 (5),
we see at once that (1) can be written

(z-a)(z-a-w) 2

(M) f@) =fl@)+(@-a) A fla)+ "7~ A f@+

(rz: a)(z-a- m) (a: a— nm+2m n-1

Or in the factorial notation,
® S =@+~ @Aﬂ@+——)~Aﬂ®+

(x_a)(nu -w) n -1

C(n-1)! A f(a)+(:n!) A

When o — 0 we obtain Taylor’s Theorem, namely,
2
@ =f@+@-af @+ 75" @
RARE (x o poe),

where £ lies in the mterval (@, ).

The formula of this section is often referred to as the Gregory-
Newton formula, since it was actually discovered by James Gregory
in 1670.*

(;v _a)

3 :11. Newton’s Interpolation Formula (Backward
Differences). Here we consider the table

a-360 fla-3w) A fla-4w)

Af(a—3w) A2 fla—4o)
a-20 fla-2w) A*f(a-3w)

Af(a-20) A2 f(a-3w)
a-0  fla-o) A2 f(a-20)

Af@-w)
a f(a)

* The actual MS. letter from Gregory to Collins which gives this formula, is
dated 23 November 1670, and is preserved among other of its contemporary
documents in the library of the Royal Society.
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If in 1-1 (1) we write
z,=a-(s-lo, s=1,2,...,n
we have by the theorem of 3-0
[2y@y ... Tyy] = o:,_'s A f(a-sw).
Thus we have
f@) = f(@)+@-a)o'4 fla-w)

+(f"' a)(a;|___a+co) 0 2A4% f(a-20)+...,

or introducing again the phase p = (z—a) / w, this becomes

+1
f(@) =f(a)+pAf(a-m)+1’(Z’T!—)Azf(a—2m)+... ,
which can be written
p+1\
(1) f@ =f@+pdfa-o)+(P3") A2fa-20)+
+n-2 +n-1

+<pn-—1 )A” 1f(a—nm+w)+<p n )m"f(")(i),
where £ lies in the interval bounded by the greatest and least of
%, a, a—(n—1)w. This result could also be obtained by writing the
tabular values in the reversed order, differencing, and then apply-
ing the forward formula.

The differences employed with this formula lie on a line sloping
upwards from f(a). The corresponding interpolation polynomial
obtained by omitting the remainder term may be written symboli-
cally in the form

Jna(®) = [1+pA E""+(p+]>A2E—2~

(P72 g ] 0
= (1-4E™) g2y f(@),

where the suffix again indicates the index of the last term of the
binomial expansion which is to be retained.

Newton’s backward formula has its practical application to inter-
polation near the end of a table, when central differences are not
given.
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3-12. The Remainder Term. The process of interpolation
applied to the values in a given table cannot of course give an
accuracy greater than that of the values in the table, which are in
themselves usually approximations. In attempting to attain the
utmost accuracy which the table permits, when a given interpolation
formula is used, it is common practice to omit from the interpolation
formula the first term which ceases to influence the result obtained.
The question then arises as to how far the result so obtained repre-
sents the desired approximation.

The error in the approximation arises from two sources: (i)
errors of rounding, inherent in the tabular matter and the subse-
quent calculations ; (ii) errors due to neglect of the remainder term.
With regard to errors of the first category we shall content ourselves
with the observation that, in so far as they arise from subsequent
calculations, these errors can be minimised by using one or two extra
figures which are subsequently discarded. As to the errors arising
from (ii) we shall make some observations, with particular reference
to Newton’s forward formula, but which are of general application.

(@) In numerical work we naturally take = betwecen @ and @+ w,
so that the phase p is positive and less than unity. Consequently

(ﬁ ) and (nﬁ 1) are of opposite sign.

(b) If we can conveniently calculate f (" (x) we can generally state
upper and lower bounds to the value of this derivate in the interval
(@, a+(n—1)w) and thus delimit the error due to neglect ‘of the
remainder term.

(¢) If f™(x) have a fixed sign in the interval (@, a+(n—1) w) and
S (x) have the same fixed sign in the interval (@, ¢+ nw), then the
inclusion of an extra term in the interpolation formula gives

Ru(5) = () A (@) + Ru(2).

Since, by (a), (i ) and (nz ]> have opposite signs, so also have
R,(z) and R,.,(z): and consequently
P\ pn
<|(®) (@)

R,(x)
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that is, R, () is less than the first term omitted from the formula and
has the same sign. This result is called by Steffensen the Error
Test.* The test depends essentially on R,(z) and R,,,() having
opposite signs.

(d) If nothing be known about the value or sign of f{"(z), we can
only regard the results of interpolation as a working hypothesis.
This in particular would be the case if the tabular matter were
empirical. In such cases we might be inclined to estimate the value
of f®(z), on the grounds of the last part of section 3-0, by an
examination of the nth column of differences. That such conjecture
may be fallacious is seen from the following table :

z  f(@

0 0
1

1 1 2
3

2 4 2
5

3 9

We have
N N4 n N4 N =4
FO08) = 045x1- %D 9, 3x DXL g5y

oo

=025+ !y fO).

The third difference is zero, so that an estimate of the error term
would be zero and we would conclude that f(0-5) = 0-25.
This is correct if f(z) = 2% If, however,

f(@) = a®+sinnw, fO(2) = -ndcosnz,

the maximum value of which is =3, and the actual error is 1.

It might be contended that the instance is extremely artificial.
To this we answer that a satisfactory mathematical theory must not
exclude possibilities of such a nature, and, secondly, that if tabular
matter be collected from observations made at equal intervals (say
of time), a periodic term might quite well be masked in this manner.

* J. F. Steffensen. Intervolation. London (1927).
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Example. From the following values * calculate
sin 0-1604, cos 0-1616.

z sin = A A2 co8 T A A?
f. — — -—
0-160 0-15931 82066 0-98722 72834

9871475 1598118
161  -16030 53541 1604 | -98706 74716 9871

9869871 1607989
162 -16129 23412 -98690 66727
Using Newton’s forward formula, we have for the sine

-0004
P="go1 = *

The coefficient of the second difference is }x-4x —-6 = —+12,

while, since w=-001, the coefficient of the remainder term is
Ex4x —6x —16x(-001)® = 6-4 x 1011,
Since f(x) = —cosz, the remainder term contributes
— 64 x 10-11x -99,
that is, 6 in the cleventh decimal place. We have then, treating the
tabular values as integers,
sin -1604 = 1593182066 + 3948590-0 + 192:5 — -6 =0-1597130848.

For the cosine, using Newton’s backward formula, we have p = — -4
and the coefficients —-12, —6-4 x 10-11,
Here f®(x) = sin z, so that the remainder term contributes

—64x1011x-16 = — 1x10-1L,
Thus

cos -1616 = 9869066727 4 643195-6 + 11845 — -1 = 0-9869711107.
In these values the only errors which can be present are those due

to rounding.

3:2. The Interpolation’ Formulae of Gauss. These are
obtained from Newton’s general divided difference formula, 1-1 (1),
by means of a special distribution of the arguments z,, z,, ... , ,.

* C. E. van Orstrand, Nat. Academy of Sciences, xiv, (1921), Part 5.
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It is again convenient to introduce the phase

(1) p=(z-a)]o,
and to write
f@) =f(a+po) = u,.
With the central difference notation of 2-01 we then have the
table

a Ug 32 u, dtu,
Suy 3% uy 3duy
a+o U
If we put
(3) Ty =@, Ty, =Q+SW, Tp,y = a—SW,

the theorem of 3-0 gives
w28 w28
(@183 ... Tgera] = (2s)1 A¥f(a-sw) = (2s)! 8% uy,
[Z(Ty ... Tpgyz] = @l A% f(a—sw) = o Bt S2s+1yy
o Baaral = oy A7 50) = 5y O
while
(- 2)) (2 —i5p) .. (€ 3,)
= (&~ By ) (T = Tpg_g) .- (8= F3) (B=F1) (B=Tp) (£ — Ty) ... (B—Tp,)

=(pts=-1)(p+s-2)...(p+)p(p-1)(p—-2)... (p—s) 0¥

= (P earar.

Thus

y +s-1
(@=2,) (@ =) ... (B—Tp)) [B1Tg ... Tyo ] = (]7 288 )82’ %o,

and similarly we can shew that

+s
(@ = @) (@ — Tp) oo (B — Tpy1g) [B1%p o0 Tppi0] = (2];_1_ 1> 82t uy.

If then we make in -1 (1) the substitutions given by (3), we
obtain

f(@) =u, = u0+({)>8u*+(g> 82u0+(7":*3' 1) Sy,

+<p1'1)84u0+...+R,,(a:).
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This is Gauss’ forward formula, and is used in conjunction with
the zig-zag scheme of differences shewn in (2).
If n = 2m, we have

Ry, (2) = (0-,) (@~ 23) .. (0= 230) [ (E) ] (2m)!

+m-1
- (P gy

and Gauss’ forward formula becomes

(4) f(x)zu,,:u,ﬁ\ (ﬁﬁ)gmlu +8\: (p +sz )323%

p+m— 1> 2m £(2m) (¥
+( om )OI EME),
where £ lics in the interval (@ — (m - 1) , @+ mw), when  lies in this
interval.

If n = 2m+1, we have

() f@) =, =ug+ L (ﬁjj)smm + >‘(P*;s 1)3%

(PEMY g1 f@me)
1 (2m+ 1> © f (8);

where £ lies in the interval (¢ —mw, a+mw), when z lies in this
interval.
Gauss’ backward formula is used in conjunction with the table
a-w Uy
(6) ,su—} 33 U_y 35 U_y

’

a uo 82 uo . 84 u’()
To obtain the formula we write
Ty =@, Ty, =0—850, Ly4q=G+SO

in the formula 1-1 (1). We then obtain by the method described
above

(@-2) (@ 23) .. (o 74 "'(”“ Sou,, O
tr.-

(@—2) (@ =) ... (T~ Tpgyq) = 21;+ : ) Stly_y, ?
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so that

Sfl@) =u, = uo+(110>8u_§+(p;1> 82u0+<p?;1>33u_‘

+<7’Z2) 3 g .. + Ry (),

which is the required formula.
If n = 2m, we have

(M f@)=u, =uy+ 2, <ZS+ >82”1u + \\ (pzl >83‘u

1
r +m 2m £(2m)
+( 2m )(o fEE),

where €, x lic in the interval (a—mw, a+(m— 1)), while for
n=2m+1,

m
‘,‘ 7’“"‘) 251y . SY(PT8) 5
®)  flx)=u, u0+ 9541 Oty 2oy >83u0

+m
+ (‘)7’ 1) 2mHL f @m) (F),

S+

where £, z lie in the interval (a — mo, a+mw).

It should be noted that if in (5) and (8) we omit the remainder
terms, the corresponding interpolation polynomials terminate at the
same difference 82™u, and therefore both agree with f(z) at the same
points, and consequently coincide. Thus Gauss’ forward formula has
the same remainder term as the backward formula if the last differ-
ence used in each be of the same even order, and both formulae ‘give
the same result.

Again, since

p+s\ _[(—p+s-1 p+s\_ _[—pts
<Zs>_< 2s )’ (2s-+-l)— (2s+1)’
we see that, if in the forward formula the sign of p be changed, the
cocfficients of the even order differences coincide with the corre-
sponding coefficients in the backward formula, while the coefficients

of the odd order differences are equal in magnitude but opposite
in sign to the corresponding coefficients in the backward formula.
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3-3. stirling’s Interpolation Formula. Stirling’s formula
is obtained by taking the arithmetic mean of Gauss’ forward and
backward formulae,

We have
<p+s> (p+s)(p+s—1)...(p+ 1) p(p-1)...(p-s)
2541 T (2s+1)! '
_p (P -13)(p*~2%) ... (p? - $?)
(2s+1)! ’
p+s—1 p+s 2p(p+s—1) (p- -s+1)
( 2s )+<zs (2s)!

_ (-1 (p*-27) .. (p —s-1?)
@) '
Taking the arithmetic mean of 3-2 (5) and (8), we obtain
m=1 _12 92 2
()  fl=) Z“n:“o"“gzop( )((p’w-l))' (P*- S~)p.82‘+1uo
—12)(p2-22) ... (p2—s—12
2/ P (p* - 12) (p? (m_g))‘ (P2 : )82’%
PP =13 ... (PP=17) i1 pEmin
R - A A
where, as before,

p=(r-a)/o, u, = f(a+pw) = f(z).

This is Stirling’s formula. The differences employed lic on a
horizontal line through %, thus :

(2) a uy wduy luy wpduy dty,

Stirling’s formula is completely symmetrical about p = 0 and can
therefore be used for either positive or negative values of p. In the
form (1), which terminates with a difference of even order, the re-
mainder term is the same as in the formulae of Gauss which termi-
nate at the same difference. Hence from the point of view of
numerical calculation the formula of Gauss is superior in that there
i8 no necessity to form mean differences.

By taking the mean of 3-2 (4) and (7) we can obtain the remainder
term of Stirling’s formula when the last difference used is of odd
order. It will be seen that this is not of a very simple form.
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Stirling’s formula written in full for m = 2 is

n2 2_1
3) flx)y=wu,= u0+pp8uo+g!82uo+]~)@3~——! ) 33w,

+£2"(T!'_‘1) Stug + 71@5)!_(7’_2:_‘9 WS fO(E),

where €, z lic in the interval (e - 20, ¢+ 20).

The corresponding interpolation polynomial obtained by omitting
the remainder term in (3) agrees with 1-9 (4), which may be regarded
as a generalisation of Stirling’s formula for unequal intervals of the
argument.

Exzample. Calculate exp (-0075) from the following table : *
x e® A A?
0-006  1-00601 80361
10065212
007 100702 45573 10070
10075282
‘008  1-00803 20855

Here p="5.

The coefficient of the second difference is 125, and since » = 001
the remainder term is —-0625x (:001)3e* = — 6 x 10-11 approxi-
mately.

Thus, using Stirling’s formula, we have

exp (-0075) = 10070245573
+3 (10065212 + 10075282) +  (10070) — -6
= 1-0075281955.

3:4. Bessel’s Interpolation Formula. Bessel’s formula is
obtained by taking the arithmetic mean of Gauss’ forward formula
with initial argument a and the corresponding backward formula
with initial argument @ +w. We choose the forms which terminate
with a difference of odd order, that is to say 3-2 (4) and (7).

* C. E. van Orstrand, loc. cit. p. 63.
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With p = (z—a) [ @, we have

f(@) = ug+ 2, <2];:_§>8°*+1u + 2’1 (p+s ]>82’u

+ <p+m— 1) wtm f@m (i

2m
1 \ -1
[(@) =+ 2, (P;i )82”111,+ 3\1 (pﬁli >82‘{¢1
+m—1 .
+(]’ +27;: )w2mf(2m)(a).

The second of these has been obtained by writing p~1 for p in
3-2 (7) since the initial argument is here ¢+ . The remainder term
is the same in both since each terminates with the same difference,
namely 827-1y;. Taking the arithmetic mean, we obtain

p-L/pts—1\ g,
f(@) = puy+ 2, 98+1<7’ o )32 Huy,
~(pts-1 +m—1
-i—%(p 2‘: >1L823u,+(7’ 9 >w2mf(2m)(g),

where £, z are in the interval (a —(m—1) 0, a+mo).

This is Bessel’s formula. There is symmetry about the argument
a+ 3o, for writing — p+ § for p— 4%, we have

+s-1 s—
<P 2s ) = < 2317 ’

8o that the coefficients of the differences of even order are unaltered,
while the other coefficients merely change sign.

It is convenient to replace pu,+(p—3%)du; by ug+pdu;. The

first summation above is then froms = 1tos = m— 1 Written in
full for five differences, we have

f(w) =uo+p8ui+ '-( 2? )(,LSZu S p %)(p u

+(P+1)P(QZ_1),(7’“ ) ustu,

L @+)p(p- %)'(p— 1(p-2) g uy

+(P+2)(p+1)77(}é!‘ D(p-2)(p-3) WS fO(E)




70 INTERPOLATION [3-4

The differences used with Bessel’s formula are shewn in the
scheme
a Ug
Sui p.82u& 83u$ [J.Sdué Ssu*
atw U
The formula may be compared with 1-9 (3), which shows the more
general form for arguments which are not equidistant.

If the last difference used be of even order the remainder term is
not so simple.

Ezample. From the following table * of the Complete Elliptic
Integral K, find the value of K when m = 0-032 where m( = k2) is
the squared modulus.

m K A4 A* Vil Vi
0-01 1-5747 45562

3994351

02 1-5787 39913 416078
4040429 999

-03 1-56827 80342 47077 23
4087506 1022

04 1-5868 67848 48099 42
4135605 1064

-05 1-5910 03453 49163
4184768

-06 1-5951 88221
Using Besscl’s formula, the required value (p = -2) is
1582780342 + -2 x 4087506 — -08 x 47588
+-008 x 1022 + remainder.
In the absence of a convenient formula for the fourth order
derivate we make the hypothesis that this is approximately
represented by w 444 Since » = 01 we have for the remainder the

hypothetical value +10-?x -0144 x 33 = 5 x 101, Thus we obtain
K = 1-583594045.

* .. M. Milne-Thomson, Proc. London Math. Soc., (2), 33 (1932), p. 162.
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3-41. Modified Bessel’s Formula. Neglecting the remainder
term, Bessel’s formula correct to differences of the sixth order can
be written in the form

f@) = gt pduy + PE Dy POZD O D g, ooy

(]7+1)1’(P -1)(p— 2)[9342‘} 1 pd%u,]+A4+B,
where

4P —;!E;)!(r_,— 1) [,Hzlo (p+ 1)(,,_2)] 5 u,,
_ el Z)l:l+3‘)(2’+ )(p- )]us“u;

The mean value of A over the interval p =0to p=}1is

"1 13 T
4“ ‘3".(;470‘60”{1’:28J8 Uiy

and the mean value of B over the interval 0 to 1 is

171917 4
Ide 30 2520] Fuy
These mean values vanish if we take
13 191
k= 190 = 0108, = 924—0207
Putting

803'111 = 83’“} 208 Uy, }LS 4?11 p.S‘u* - 924 ().8 Uy
we have the modified form of Bessel’s formula, namely,

p(pz‘ 1) u}_{_?’(pf%)!(p‘_lzgo:;ua

[(@) = ug+pduy + 192

+2)(p+1 -1
L ,‘><P,.4_! P 54y,

which includes the effect of sixth order differences. The coefficients of
the differences in 4 and B in the interval 0 < p < 1 are of the orders
0-00002 and 0-00003 respectively, so that, if 8%, and u8%w; do not
exceed 10,000, the maximum errors which would arise from the
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neglect of 4 and B would not exceed 0-2, 0-3 units of the last digit
respectively. Actually we use rounded values so that the error may
be greater.

The above method of modified differences can of course be
extended to differences of higher order and to other interpolation
formulae.

Example. Consider the following table* of »,2(0|t), where
93(0] ) is the value of the theta function %;(x]| <), when z =0,
arranged according to values of i, the squared modulus.

mo 57%0]7) /S LR LR L

0-70 0-75687 78205 1161883 5889 109
54346488 68293 788

‘71 -75144 31717 1230176 6677 145
HHHT76664 74970 933

‘12 -74588 55053 1305146 7610 166

Forming the reduced differences 3,3, 3y, we have the following
table for use with Bessel’s modified formula.
m 3 2(0] 1)
0-70  0-75687 78205
54346488 1196030 68208 6257
71 ‘715144 31717
bbhT76664 1267661 74869 7111
72 -74588 55053
Calculating the function for m = -706, either by using all the
differences or by using the modified formula, we get 0-7536313968.

3:5. Everett’s Interpolation Formula. This formula uses
even differences only on horizontal lines through u, and %, as in
the scheme

a Uy, 3wy, dtu, 3 u,
atw Y 2 u, 3t u, 3 u,

* L. M. Milne-Thomson, loc. cit. p. 70.
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Gauss’ forward formula ending with an odd difference can be
written

mT‘l Pt -1 2, +8 26
P

(P e reny

2m

The term in curled brackets is equal to

(_p._-_*-_'_s_ :—_1_‘)(])_-{'.5::2)':- (l,__—i) I(ZS—{- ]) 823 u0+ (7)_*_ S) 82s+lu*} .

(2s+1)! L
Now
(25 +1)8% uy+ (p+5)82+ uy = (25+1)8% wy+ (p+5) (32 uy — 3% ug)
= (p+8)d%u,— (p—s—1)3%u,.

Hence we have one form of Everett’s formula, namely,
_ "N [(PFS ) ses p+s-1 }
J(@) = ug+pduy+ 8‘\:41 l(29+1>8 ul——( 9511 )8%0
Prm=1Y onram
+ (P00 wrmpem ),
A more symmetrical way of writing the formula is obtained by
observing that

p+s=1y _ (l-p+ts

( 2s+1 )"“ ( 2s+1 )’

Ug+p Suy = up(1—p)+pu,.
Hence introducing the complementary phase p’, where

pP=l-p=(@+o-2)/o,

we have the symmetrical form

m—1
— N(P +s 3
f(@) = puy + 31 (28+ 1) 8% uy
P My P+ +m—1

AP (gs+ D (P Jarnrem ),
8=
where &, z lie in the interval (a — (m - 1)o, a+mw).

Everett’s formula is useful when employing tables which provide
even differences only, a practice which saves space and printing cost
but which offers little advantage to the user of the tables.
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For numerical values of the coefficients in Everett’s formula as
well as the formula-of Gauss the reader is referred to E. Chappell,
A Table to facilitate Interpolation by the Formulae of Gauss, Bessel
and Everett (1929). (Printed and published by the author, 41 West-
combe Park Road, London, S.E. 3.) The coefficients are given at
interval 0-001 for the phase p and for differences up to the sixth
order, and are so arranged that the coefficients in Everett’s formula
for p and the complementary phase p’ each appear on the same page.
Another table (of Everctt’s coefficients only) is that by A. J.
Thompson, T'racts for Computers No. V, 1921, Cambridge Univer-
sity Press. The latter book gives many numerical examples of
interpolation.

3:6. Steffensen’s Interpolation Formula. Gauss’ forward
formula ending with an even order difference, 3-2 (5), can be written

m\ "}' S~ 1 5 +l - 1
f@ = ot 2 {77 Be e (U5 ¥t + Rais (&)

The term in brackets is equal to
1 (}7 ts— " ) (p-+5) 8% Tuy — (p— )828—‘11,_}}

2s
_ <1) 48 52 Loy <p+s_l>323*1u_i.

2s 2s
p+s—1\ _/—p+s
Now 28 >_ 2s )’

so that we have
£) = 2w — m\<_7’+s 2--1 N (P S g5
f(z) =u, 52'1 95 )8 U_y+ _1(...9 )8-‘ Uy
27:';’:—”;,> (o2m+1f(2m+l) (a),
which is Steffensen’s formula. The formula employs odd differences
only according to the scheme
a-w U_y
du_y Bu_y 3Bu_y
a g
duy Bu, dduy
a+w %y
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3:7. Interpolation without Differences. The problem of
interpolation without the use of differences is solved in principle
by Lagrange’s formula 1-4 (3), which gives

RN f ,s) ¢(w f(E)
$(= )—(-7’ -'”1)( _,)(:I,—-'r,,)

From this we can obtain a formula equivalent to Gauss’ formula
by substituting the proper distribution of arguments. Thus to
obtain a formula completely equivalent to 3-2 (1), we put

Tpgey=a—(s=1o, xy=a+so, s=12,3,..,m

Introducing the phase p = (#—a) [ ®, we have

é@) = (p+m=T)(p+m—-2)...(p—m) 2™,
@ (Xgs 1) = (m—5)! (m+5— 1)1 (= 1)m+s-1e2m -1
@' (@g) = (m+s—1)! (m—s)! (- 1)m3e2m1,
so that (1) gives

(p+m—1)...(p—m) mis [ f@=s0+0)  fla+s0))
f) = ,2_.:’1(m+s ! (m—s)! (=1) | p+s-1 p—s
4 remainder.
This can be written in the simpler form

Sf(x) =2m (7’+,m— 1) in: (= 1)m+s-1 (2"0— 1)

M-8
a—sw+ow R IO) -m— 1
{f o +1 ) f(p*_s n . (P*zm )wsz@m)(g).

Other formulae of this nature can be obtained by varying the
distribution of the arguments. The practical objection to the use of
the Lagrangian formulae lies in the excessive labour of numerical
calculation involved. In using interpolation formulac founded on
differences the order of magnitude of the terms becomes progressively
less. Moreover, if it be found desirable to include further differences
it is only necessary to add more terms. In Lagrange’s formula every
term is of equal importance and when another functional value has
to be included the calculation must be started de novo.

The first attempt to avoid forming differences when interpolating
in a table not provided with them, and at the same time to escape
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the labour of Lagrange’s formula, was due to C. Jordan* who
formed certain linear interpolates and operated upon these. We
shall not describe Jordan’s process, since an essential improvement
thereon has been made by A. C. Aitken,t who realised that the
practical advantage lay in the process of linear interpolation, and
devised a method of interpolation by iterating this process.

3-81. Aitken’s Linear Process of Interpolation by
lteration. Let u,, %,, 4,, ..., denote the values of a function
corresponding to the arguments a, b, c, ... .

We denote as usual the divided differences by [ab], [abc], ... .
Let f(z; a, b, c), for example, denote the interpolation polynomial
which coincides in value with u, at the points @, b, ¢. Then by 1-9 (2)

flx; a,b) = u,+ (2~ a)[ab],
f(z; a,b,¢) = us+ (x—a)abl+ (€ - a) (x - b) [abe],
flx; a,b,c,d) = us+ (x—a)ab] + (x— a) (x - b)[abc]
+(x—a)(x—0) (x— c)[abed],
and so on. We have then, for example,
flx; a,b,¢,d) = f(x; a,b,c)+(x—a)(x—b)(x~c)labed].
Since the order of the arguments is immaterial we have also
fx; a,b,¢c,d) =f(x; a,b,d)+(x—a)(x—-b)(x—d)[abed].
Eliminating [abed] we obtain

o _(d=2)f(@; a.b,0)=(c=2) f(z; a,b,d)
() f(x; a,b,¢d)=-—""" oz —(o—z)
_|f@; a,b0) c-z | .
| f@, a,b,d) d-z l +(d~o).
Thus f(x ; a, b, ¢, d) is obtained by the ordinary rule of propor-

tional parts from the values of f(x; @, b,y) fory =¢, y =d. This
argument is clearly general.

* (i) Atti del Congresso Internaz. dei Matematici, Bologna, (1928), vi, p. 157.
(ii) Metron, vii (1928), p. 47.

t A. C. Aitken, Proc. Edinburgh Math. Soc. (2), iii (1932), p. 56.
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Applying this rule we can now write down the following scheme :

Argument Function (1) (2) 3) ... Parts
a Ug a—-x
b u, f(z; a,b) b-w
c u, f(x; a,¢) f(z; a,b,c) c—x
d ug f(z; a,d) f(r; a,b,d) f(x,a,0,¢c,d) d-=

Each entry is formed by cross-multiplication and division, with
the numbers in their actual positions, thus

fs ab)=| 0§70+ (b-a),

[z a,¢) = u: T+ e-a,

f@ ad)=| e 970 |+ (@d-a)
S abo=| frie ) 070 e,

and so on.

The above scheme constitutes Aitken’s process.

The members of column (1) are linear interpolation polynomials,
those of column (2) quadratic interpolation polynomials, those of
column (3) cubic interpolation polynomials, and so on. If a
numerical value be substituted for z, each member of the rth column
is the value of an interpolation polynomial which coincides with u,
at r+1 points and gives the value of u, within a degree of approxi-
mation measured by the remainder term at this stage. The process
is therefore completely equivalent to interpolation with Newton’s
general divided difference formula. Thus, for example,

uy = f(z; a,b,¢,d)+ (v-a)(v=b) (5~ ) (w-d) uf” [ 41,
where £ lies in the smallest interval containing @, b, ¢, d, . If then
interpolation by Newton’s formula be practicable, the numbers in
later columns will tend to equality as the work proceeds. This leads

to a simplification, since in the lincar interpolation those figures at
the beginning which are common to all the members of a column can
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be dropped. The process terminates when further interpolation
would cease to influence the result. With regard to the column
headed “ Parts,” we may replace the entries by any numbers pro-
portional to them, as is obvious from (1). In particular, if the argu-
ments be equidistant, we may divide each entry in this column by
the argument interval . Moreover, when the arguments are equi-
distant, this division by o will make them differ by integers. The
method is eminently suited to use with an arithmometer and is
independent of tables of interpolation coefficients. The process can
also be used at the beginning or end of a table.

Example. From the given values of the elliptic function sn(z | 0-2),
find by interpolation the value of sn(0-3 | 0-2).

z  sn(c]02) (1) (2) (3) (4) (5) Parts
0-0  0-00000 -3
1 -09980 29940 -2
-2 -19841 29761-5 29583 -1
-4 -38762 29064 29356  ...469-5 +1
5 47595 28557 292485 ...471-6 ...4675 +2
6 55912 27956  29146-4 ...473-85 ...4673 ...79 +3

Here the ¢ parts ” are ~+3, —-2, —-1, +-1, ++2, +-3, which we
replace by integers. We also treat the tabular numbers as integers
and carry extra figures as a guard. After column (2) we can drop
the figures 29. We could likewise treat the entries of column (3) as
9-5, 11-5, 13-85. The following are examples shewing how the
numbers are obtained.

o -3, 10 -3 .
20940 =| o000 o lﬂ, 29064_} R
1583 -1 5 2
= ) O = = 1.
469”“‘356 4.1,'2’ 9 l7 3|1

The result is 0-29468, which is correct * to five places.

3:82. Aitken’s Quadratic Process. Suppose given an even
number of symmetrically placed data such as

U _g, Uy, U_g, Ugq, Up, Uc.

* Milne-Thomson, Die elliptischen Funktionen von Jacobi, Berlin (1931).
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The expression

U, x—-y

(y+x)u,+(y-—a)w_y o _
(1) =" 2 = f(x yz)——l w, oty

5% +(2y)
is an even function of y, since it remains unaltered when -y is
written for y. This justifies the notation. Also f(x; #?) = u,. With
the given data we can form, by means of (1), the values of f(z; a?),
f@; b3, f(x; ¢®). If we apply the lincar process of the last section
to these new data, taking as variables a2, b2, ¢?, we thereby obtain an
interpolated value for f(z; 2?) or u,. Thus we can form by 3-81 (1)

f @) @-at|
(2) f(.’l?, (12, b2) = f(-ﬁ, b b2 — o2 - (b2_a2),
flx; a? 0% bE-a? .
.o 2 2 2y — (2 B2
Sl a? b3 ¢*) = flas @b ) | (*-b?),
and so on until the data are exhausted.
Thus we form from (1)
flz; a?) = “a R (2a), ete
’ T lu, zra| 7T
and form by means of (2) the scheme
fle; @ o -
f(x; %) f(x; a?, 0?) b% — 22

flos @) f@s ) flos @ o) @-a?

which is essentially the same as that of the last section, but with
squared variables.

Since we are in fact using 2, 4, 6, ... values of the function in
successive columns, we are progressively taking account of the
first, third, fifth, ... differences in an ordinary interpolation formula.
If then 2n values be used, the remainder term is

— (2 2\ (2 _ P2 gy M (E)
Ry, (z) = (2% — a?) (2®—b?) ... («® - k%) — ant

This process can also be worked at the end or beginning of a table.
In applying this method to cquidistant data we first subtract
from each argument the middle argument m about which they are
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symmetrical. After division by the interval o the arguments
become -+ 3, 4-134, + 2}, ... and z is replaced by the phase
p=(x-m)[w. The *parts” then become (})2-p? (13)%-7p?
(2})2 - p?, which arc of the form 6, 2+0, 6+0, 12+0, 20+0,
30+0, ..., where 0= (3)2—p% The advantage of this will be
apparent from the following example.

Example. From the following values of Jacobi’s Zeta function
Z(z| 0-6), calculate by interpolation Z(0-11 | 0-6).

z Z (x| 0-6) (@) (b)
0-00 0-0000 000 -2 2-75
04 -0133 469 -1-5 1-75
-08 -0266 172 -0 0-75
-12 -0397 350 +0-5 -0-25
‘16 -0526 262 +1-5 -1-25
-20 -0652 186 +2-5 -2-25

Here the middle argument is 0-10, column (@) shows the prepared
arguments obtained by subtracting 0-10 and dividing by w = 0-04.
The phase is (0-11 — 0-10) - 0-04 = 0-25.

Column (b) gives the numbers z—a, z+a, etc. for formula (1).
Thus we have (treating the tabular values as integers),

364 555-50 0-1875
362 598-25 3647 38-99 2-1875
358 702-30 3647 38-41 ...931 6-1875

The first column is formed by formula (1) thus, for example,
397 350 --25

= 1.
266 172 -75

364 b555-50 =

After this we use (2) thus,
364 555-50  0-1875
358 702-30  6-1875

Finally we obtain Z(0-11|0-6) = 0-0364 739, which is correct to
7 places.* ‘

364 73841 =

* L. M. Milne-Thomson, Zeta Function of Jacobi, Proc. Roy. Soc., Edinburgh,
52 (1932), p. 236.
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If the number of data be odd but symmetrical, Aitken has devised
several methods founded on iteration, but it is actually simpler to
retain one method and annex an extra tabular value. For details
the reader is referred to Aitken’s paper.*

3:83. Neville’s Process of Iteration. A somewhat different
technique has been developed by Neville,t which has the advantage
of finding a place in the iteration scheme for those derivates of
the function of which the values may be known.

The essential point of the process consists in interpolation between
consecutive entries in the columns, beginning at the centre and
working outwards, new functional values being adjoined as required.
The clustering of the interpolates round a central value leads to
greater equality between the members of a column as the work
progresses and avoids the necessity of any preliminary estimate of
the number of tabular values required.

With the notation of 3-81 the process is indicated by the following
scheme :

Argu- Fune-
ment Parts tion

a T—a U,

flz; a,b)
b z-b wu, f(x; a,b,¢)
f(x; b, ¢) f(x; a,b,cd)
¢ r—Cc U, flz; b,c, d) f(x; a,b,c,d,e€)
fz; e, d) fl@;b,e.d,e)
d z-d wuy f;ed, e
flws 4 o)

e z—e U,
Here it is convenient to write 3-81 (1) in the form
z—a f(r; a,b)

(1) s a,b,0) = z—c f(z; b, c)

+(c—a)

* loc. cit. p. 76.

+ E. H. Neville, in a paper read at the International Congress of Mathe-
maticians, Ziirich, 1932. This paper will be published in a commemoration
volume of the Journal of the Indian Mathematical Society. Prof. Neville has
kindly allowed me to use his MS. and upon this the present section is based.
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in order that the « parts ”” may be identified as lying at the base of a
triangle of which the interpolate is the vertex.

The process of course leads to the same interpolation polynomial
as Aitken’s process when founded on the same arguments.

In the case of equal intervals the parts may be most conveniently
treated by division with the tabular interval e.

Ezxample. Find sin 0-25 from the values given below.

0-1 1-5 0-0998
2481-56
0-2 ‘b -1987 ... 736
2471 41
0-3 —+b -2955 ... 746
24855
0-4 -1b -3894

Here © = 0-25, o = 0-1; the parts are given in the second column.
-5 1987 -5
-5 2955 -15 855

sin 0-25 = 0-2474.

2471 = '

, 74-6:}

In order to introduce derivates into the scheme, we first notice
that the interpolation polynomial f(z; a, b) is given by

f(fl?, a, b) = Uy (w—a)[ab],

where [ab] is the divided difference of wu,, 4.
If a = b, we have [aa] = u, (see 1-8 (2) ), and we can write

2) f(x; a, a) = u,+(x—a)u, = f(x; a?) say.
Similarly, if @ = b = ¢, we have
(3) f(z; a,a, a)=f(x; a®)+(x—a)?[aaa]
. = f(z; a®)+}(x-a)®uy = f(z; o) say.

These values can be calculated and introduced into Neville’s
scheme in the appropriate columns. Suppose, for example, that we
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are given %,, u,, Uy, Uy, %,, te. The scheme becomes, by repeating
the arguments,

a z—a U,

f(x; a?)
a T-a U, f(x; a®)
f(x; a?) f(x; a3, b)
a X—a U, f(z; a?,b) f(x; a3, b, ¢)
f(x; a,b) f(x; a2 b, ¢) f(x; a3 b, ¢
b z-b wu, f(x; a,b,c) f(x; a? b, c?)
J@; b,c) fw; ab, e
c T-c u, f(x; b, c?)
f(x; c?)

c zT—c u,
The entries in heavy type are calculated from (2) and (3) and the
interpolation proceeds by formula (1). Thus, for example,

s | e f(x;a®) |
fl; @, b) = rt-b f(z; azb‘ (b-a),
) o _ | Z-a f(®;abc)| .
f@; a,b,¢%) = s—c ;b = (c—a).
Example. TFind sin 0-256 from the following table :
x sin @ COS
0-2 0-1987 0-9801
0-3 -2955 0-9553
We form f(0-25; 0-22) = 2477-05, f(0-25; 0-3%) = 2477-35, then
0-2 D 1987
247705
2 ) 1987 ..4:0
2471
3 -5 2955 e 42
2477-35
3 =5 2955

sin 0-25=0-2474.
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EXAMPLES III

1. Find approximately the value of antilog 0-9763 452 given
the table :

z antilog x
0-95 8-912 509
‘96 9-120 108
97 9-332 543
-98 9-549 926
-99 9-772 372

and discuss the limits of error. Calculate also antilog 0-9532 641, and
antilog 0-9873 256 (a) by Newton’s formula, (b) by Aitken’s process.

2. The logarithms in Tables of » decimal places differ from
the truc values by - 5x10-7-1 at most. Hence shew that the
errors of logarithms of = places obtained from the Tables by
interpolating to first and second differences cannot exceed
4 10"+ ¢, and 4 10~"x (9/ 8)+ ¢’ respectively, e and e’ being the
errors due exclusively to interpolation.

[Smith’s Prize.]
3. From the table
x N
530-1 23-02 3901
540-1 23-24 0052
550-1 23-45 4211
560-1 23-66 6432

form a scheme of differences and calculate ,/530-67459, ,/540-67459,
»/550-67459, in each case determining the limits of error.

4. If f(a) = uy, f(a+w)=u;, prove the following formula for
interpolation in the middle, or to “ halves”,

1 3
fla+io) = puy— o uduy+50udtuy

35
~10: )4 ud® Uy + 57 918 WS fO(E

Obtain the general form of this result when the last difference used
is (.1.82" Uy.
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5. Supply the values corresponding to » = 0-101, -103, -105 in
the following table :

x sin
0-100 0-09983 3417
-102 -10182 3224
-104 10381 2624
-106 -10680 1609

6. The following table gives values of the complete elliptic
integral * E corresponding to values of m( = 2):

m B

0-00 1-5707 96327
02 1-6629 12645
04 1-5549 68546
-06 1-5469 62456
-08 1-6388 92730

Insert the values corresponding to m = 0-01, -03, -05, -07 and
construct a corresponding table of E for k& = 0-00, -01, -02, ..., -08.

7. Find expressions for the remainder term in Stirling’s formula
when terminated with a difference of odd order, and in Bessel’s
formula when terminated with a difference of even order.

8. Taking o =1, prove the central difference interpolation
formula T

f@y =05 2 (T a0

+n<w+}n 1>f(") £+ (.H—%n %)f‘”“)(i)

9. Taking o = 1, prove the equxvalence of the following opera-
tions :

Uy #%(E* + E_%> Ug

su, = (E! - EH)ue,

* L.. M. Milne-Thomson, Proc. London Math. Soc. (2), 33 (1932), p..163.
t Steffensen, Interpolation, p. 32.
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1
29 = (14782
1 “r7<] +48>u,,
Eéu¢$<p.+%8>u,.

10. Use the result of the last example to prove that the terms
of the central difference formula of example 8 are obtained by
expanding in ascending powers of 3 the expression

{%8+<1+i82>5 }hf(O).

11. Find from the following data an approximate value of
log 212 :
log 210=2-322 2193 log 213=2-328 3796
log 211=2-324 2825 log 214=2-330 4138
and discuss the error term.

12. From the following table of log I'(n), determine approxi-
mately log I'(}) :

n log I'(n) n log I'(n)
- 0-74556 o 0-18432
Py -55938 R 13165
. -42796 e -08828
3 -32788 19 -05261

12

13. If n radii vectores (n being an odd integer) be drawn from
the pole dividing the four right angles into equal parts, shew that
an approximate value of a radius vector ug, which makes an angle 0
with the initial line is
— L1sindn(0-a)

Yo= an sin 3 (0 — ) Yar

where o, B, ..., are the angles which the n radii vectores make with
the initial line.



CHAPTER 1V

NUMERICAL APPLICATIONS OF DIFFERENCES

IN this chapter we consider a few important applications of
differences and interpolation formulae, mostly of a numerical
nature.

4-0. Differences when the Interval is Subdivided.
Suppose that we have the difference scheme

Ug 32w, 3t uy,
Sut 33 Uy
u, 3% uy d%u,

and that we wish to form the central differences corresponding to
the table ug, 4.4, %.g, %.g, ... , U.q, %;, Where the interval has been
subdivided into 10 equal parts. The first two lines of the new
scheme will then read

U *u, 0% u,
U g5 B u.gp
% 02u., 0t u.,y
We have du.g; = %.;—ug, so that from Bessel’s formula
(1) Ou.o5= J5uy—uio w2 U+, %5 P U+ s udtuy — ...

The remaining first differences can be found in the same way.
To form the second differences we have

Pug=u_,—2uy+u.,.
87
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Using Stirling’s formula, this gives
(2) Pug = 135U~ 335 Upt ... .
Similarly from
P uU.gs=U.p— 33U +3Ug—u_.,,
we obtain
P U.05 = 10%0 0% Uy~ uobuo ud Uy — ..,
and in a like manner
P ug= 150050 Ug— .. .
It will be noticed that division of the interval by 10 has the
general effect of reducing the order of magnitude of the first, second,
third, ..., differences in the ratios 10-1, 10-2, 10-3, ... .

More generally, if we subdivide * the interval into a parts,
we shall reduce the differences approximately in the ratios

al, a? a3 ...

4-1. The Differences of a Numerical Table. The success
of interpolation by the formulae of Chapter III in a numerical table
of a function tabulated for equidistant values of the argument
depends upon the remainder term becoming insignificant to the order
of accuracy required. Since the remainder term is proportional to a
value of the derivate of a certain order of the function, and the
differences of this order are also proportional to values of this
derivate, the practical conclusion is that the effect of the differences
of a certain order shall become negligible. In the case of a poly-
nomial of degree n, the (n-+1)th order differences are zero; in the
case of other functions, or even in the case of a polynomial when the
values are curtailed to a fewer number of figures than the full value
for the arguments, the differences never attain the constant value
zero. In examining a table in which it is proposed to interpolate
by differences it is therefore first requisite to ascertain at what stage

* For the application of the differences of the subdivided interval to
interpolation, see the introductory article by A. J. Thompson in the British
Association Tables, vol. i, (1931).
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the effect of the differences become negligible, which can be done
by actually forming the differences in question. Consider, for
example, the following table of \/z.

x Jo 4 4% 43 x 4 4* 4°
1000 31-62 2777 1010 31-78 0497 -8
15807 15729 0
1001 31-63 8584 -7 1011 31-79 6226 -8
15800 -2 15721 +1
1002 31-65 4384 -9 1012 31-81 1947 -7
15791 +2 15714 -1
1003 31-67 0175 -7 1013 31-82 7661 -8
15784 -1 15706 0
1004 31-68 5959 -8 1014 31-84 3367 -8
15776 0 15698 0
1005 31-70 1735 -8 1015 31-85 9065 -8
15768 0 15690 0
1006 31-71 7503 -8 1016 31-87 4755 -8
15760 +1 15682 +1
1007 31-73 3263 -7 1017 31-89 0437 -7
15753 -2 15675 -1
1008 31-74 9016 -9 1018 31-90 6112 -8
15744 +2 15667 +1
1009 31-76 4760 -7 1019 31-92 1779 -7
15737 -1 15660
1010 31-78 0497 -8 1020 31-93 7439

Here we see that the differences 4% do not vary much, while 43
alternates in sign. Since the third order derivate of ,/z has a
positive sign, the fluctuation in sign of 43 must be attributed to the
fact that the values here given are only approximations to ,/z.
This suggests that we should investigate the nature of the fluctua-
tions which will be introduced into the differences by an error in the
tabulated function.
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The effect of a single error « in an otherwise correct table is shewn
in the following scheme :

Error A A? A3 A* A° A°

0 T
z

0 z — 6z
z - bz

0 x -4z + 15z
z -3z +10x

x -2 + 62 - 20z
-z +3z - 10z

0 x -4 + 15z
-z +5x

0 z -6z
-z

0 z

It will be noticed that the cocfficients of the errors in the column
/™ are the coefficients in binomial expansion of (1 —2)”, as is indeed
obvious from 2-5 (2).

If we replace the zeros in the above scheme by z,, %,, @5, @5, 4, 7,
we have for the sixth order difference opposite to x the expression

3%x = m, — 6wy + 1525 — 202 + 15, — Gy + 2.

In a table of approximations correct to a given number of figures
the maximum error in a single tabular value is 4-0-b, the tabular
values being regarded as integers. The corresponding maximum
error in the sixth difference arises when the errors are alternately
+0-5 and —0-5, the result then being 8%z = 432. When the
differences fluctuate in a way which cannot be accounted for by these
considerations the presumption is that the tabular values contain
an error, the probable position of which is indicated approximately
as that entry which stands on the horizontal line opposite to the
largest anomalous difference of even order.

Returning to the above table of ,/z, we see that a knowledge of
all the values in the column A2, of the first entry in column A and
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the cight-figure value of /1000, would enable us to reconstruct
the table, by first completing the column A and then the column ,/z.
Moreover, a knowledge of the last digit in the column ,/z enables us
to infer the values in the column A2 thus :

VT a4 A?

7
(

4 -1
0

4 -9
1

5

provided that we subtract in the appropriate directions and have
prior knowledge of the approximate magnitude of the numbers 42
This fact is often useful in determining whether a printed table
contains errors other than those in the last digit. For we can rapidly
form the differences 42 (or a higher order, if necessary) by differencing
the end digits in the manner described. We can then build up the
table again, preferably on an adding machine, and compare the
result with the original table.

4.2, Subtabulation. The principle enunciated at the end of
4-1 can be employed in subtabulation. Suppose a function to have
been calculated at equal intervals of the argument and let it be
required to reduce the interval to 1 /10 of the original interval. The
problem here is to obtain new values of the function for the phases

-1, -2, 3, -4, -5, -6, -7, -8, -9.

Taking Bessel’s formula, in the modified form if necessary (see
3-41), we have

(1) uy=ug+pdup+3p(p-1)2udu+§p(p—-3)(p-1) By
S+ ) p(p-1)(p—2)2p3 uy,

where the phase p has the above values and the remainder term is
neglected. The formula has been written with the mean differences
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doubled in order to avoid divisions by 2. The values of the coeffi-
cients of the differences are shewn in the following table :

P nip-1) dp(p-H (-1 N@p+Dpp-1)(p-2)

1 —--0225 +-006 +-0039 1875
2 - 0400 +-008 ++0072 0000
3 —-052b +-007 +-0096 6875
4 —+0600 +-004 +-0112 0000
21 —-0625 -000 +-0117 1875
6 —-0600 —--004 +-0112 0000
7 —-05625 - 007 +-0096 6875
8 —+0400 —-008 -++0072 0000
9 —+0225 —+006 +-0039 1875

As we only want the last digit of each interpolate we need only
write down the two relevant figures of the products in (1), keeping
one decimal as a guard. Those products which are negative can be
made positive by the addition of 10-0. 1f we add the resulting
products for each value of p, keeping only the last two figures in
the sum and then round off, we get the required end digits of the
interpolates. The differences can then be formed and the 9 inter-
polates built up by summation as described in 4-1, the initial first
difference being obtained from 4-0 (1).

We shall illustrate the method by constructing the table of ,/z
given in 4-1 from the following data :

z NG A A 4

u, 1000 31:62 2777 - 792
157720 - 1570 +14

Uy 1010 31-78 0497 - 778
156942 — 1546 +10

uy, 1020 3193 7439 —~ 768

From (1) we have for the first interpolate, regarded as an integer,

@) 3162277 7:0+1577 2:0+3 5:3+0-1 |
= 3163 858 4-4 = 3163 858 4.
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Writing down only the figures in large type we have the following
scheme in which the figures just obtained are in the horizontal line
opposite the argument 1001.

EA A? EAA?

1000 a b ¢ d s 17 1010 @, O, ¢ d, s T -8
7 9

170205301444 -7 170424801616 -8
0 1

270402801394 -9 270841801737 =17
1 4

370602401555 =T 370261201091 -8
4 6

470804201939 -8 470682800667 -8
6 8

570008100515 -8 570106600465 -8
8 0

6 70204299313 -8 670522800505 -8
0 2

770402499333 -7 770941299757 -1
3 5}

870602899576 -9 870361899232 -8
4 7

970805399020 -7 970784899959 -7
7 0

1010 7 -811020 9

In the above scheme the numbers in the columns a, b, ¢, d repre-
sent the contributions of w,, Suy, 282 uy, 8% u, to the last figure of
the interpolate. The numbers under s are the sums of these contri-
butions, two figures only, and the column £ represents the rounded
value of s. The columns a,, b, ¢, d, refer in the same way to the
initial value ;. We then form the differences as shewn. To form
the leading first difference we have, from 4-0 (1),

0u .o = 15807-4 = 15807.

We can therefore complete the required table in the manner
described in 4:1. The theoretical value of the second difference
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opposite the argument 1010 is by 4-0 (2) equal to —7-78 or — 8, which
agrees with the value in the scheme and serves as a check. It will
be observed that the above process, if correctly performed, must
reproduce the exact value of u,.

If we had continually to reproduce calculations of the type (2)
above, little would be gained by this procedure. It is, however, a
simple matter to construct, once for all, tables which give the two-
figure numbers used in this process, for all values of the differences
which can arise. Such tables, with examples of their use, are to be
found in the Nautical Almanac, 1931. We may remark that in
practice it is more convenicnt to arrange the work so that the
additions, here shewn horizontally for convenience of exposition,
are performed vertically.* The decimal points are, of course, un-
necessary, as in similar work of this kind.

Another method of subtabulation which has been widely used
consists in calculating by the formulac of 4-0 the theoretical values
of the differences of the interpolates in that difference column where
the differences are small or constant. The practical objection to this
method is that small errors in a high order difference rapidly accumu-
late large errors in the functional’ values, so that a large number
of uscless figures have to be carried through the work and subse-
quently discarded. If, however, the contribution of the third order
difference in the original table be negligible, it is quite practical to
assume a constant value for the second difference and reject the
decimal figures of the interpolates, treating the original values as
integers.

Thus in the example just considered for ./z, starting with
z = 1000, we have with the notations of 4-0, neglecting third
differences entirely,

(3) a.o5 = 15807'325,
and if we take the constant value
(4) 9% = , 1o udf = 7-850,

we can build up by summation the values already obtained. The

* For an example of extensive interpolation in this way, see L. M. Milne-
Thomson, Standard Table of Square Roots (1929). This table was first formed
as a ten-figure table and was afterwards reduced to eight figures.
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value for ,/1010 will be reproduced exactly, since the value obtained
with the above differences is
%o+ 10 (18 uy —-045 pud%uy) + 45 x -01pd uy = ug+ S uy = uy.
We can then proceed to calculate 9,.q5 and 9%, and start again.

The work can, however, be made continuous by using a suitable
second difference opposite %,. Consider the scheme

U.g . 03
0.05+9 05

Uy x
0105 R

Uy 3;1

which shews the end of the first caleulation, u, to u;, and the
beginning of the next, u, to u,. If for x we put 9% we shall not in
general produce the correct value of 9,.,; as given by the above

method, for
0105 = *18u, — 045 pd2u; = -1 8u, - 4-5 0%,
d.05 = 1 8uy — 045 ud%u; = -1 81y — 4-59%.
But if we put

& = 805~ 005~ 907 = 1(7+0T1)+ )\, {8%u— 100 x 135+ 1) },
we obtain the correct value of 9,45 and the work can then proceed
with the second constant 0}, until we reach u,, when the second
difference opposite to u, is again adjusted. The decimal figures
introduced in this way are discarded when the tabulation is
completed.

4:3. Inverse Interpolation. The problem of interpolation
briefly stated consists of finding, from a table of the function, the
value of the function which corresponds to a given argument. The
problem of inverse interpolation is that of finding from the same
table the argument corresponding to a given value of the function.
Thus if y be a function of the argument x, given the table

Argument Function

Zy Y
Ty Ya
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we require the argument z corresponding to a given functional
value y. A numerical table by its nature determines a single-valued
function of the argument but the inverse function may very well be
many-valued.
Thus, for example, a table of the function y = 2%~ 4x+3 takes
the form
x 0 1 2 3 4

y 3 0 -1 0 3

and there are two arguments corresponding to y == 0 (and in fact to
every value of y). This simple example shows that care is needed in
formulating a problem of the inverse type which may only become
determinate when the range of variation of the argument is in some
way restricted.

A practical way of obtaining such restriction is to form a rough
estimate of the required result and to confine the arguments of the
table to values in the neighbourhood of this estimate. Assuming
then that a determinate problem has been formulated, we proceed to
consider methods of obtaining the solution.

4-4. Inverse Interpolation by Divided Differences. The
given table, by interchanging the roles of the argument x and the
function y, becomes

Argument Function

Y% T
[4192]

Y2 iy [712Ys]
(Y2951

Ys T3

where we have formed the divided differences

Y] = (%~ o) = (71— ¥2), cte.
We then obtain

z = 2+ (y —¥1) %]+ (v~ 41) (¥ — ¥2) [11Y2y5]+ -
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where, if we stop at the divided difference [y,y, ... y.], the remainder
term is
=y) (Y-y2) - (Y~ ¥a) [y91Y2 - ¥ul-

This is a complete theoretical solution of the problem provided
that we have some means of evaluating the remainder term or, in
other words, of calculating the nth derivate of y with respect to «,
or an equivalent process. In practice this may present difficulties.
We can, however, estimate the suitability of the value of « by inter-
polating the original table and seeing how far the result agrees with
the given value of y.

Example. Calculate

j‘l . dx o
a v (L-2%) (3+3 2%
from the following table * of cn (u| 3).

on@uly w

0-44122 12

—1-34048

-36662  1-3 —--132
—1-32066 —--18

20090 14 —--091
—1-30685 --16

21438 15 —-055
—1-29836

13736 1-6

The required integral is the inverse function cn—1(-37| %). The
divided differences regarding the left-hand column as the argument
are shewn. We have, therefore, the value

1-2+4-07122 x 1-34048 + -07122 x -00338 x -132
+-07122 x -00338 x -07910 x -18 = 1-29550.

4:5. Inverse Interpolation by Iterated Linear Inter-
polation. The iterative methods described in the last chapter

* Milne-Thomson. Die ellintischen Funktionen von Jacobi. Berlin (1931).
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(3-81, 3-83) are very well adapted to inverse interpolation when
several orders of differences have to be taken into account. These
methods do not depend on the argument proceeding by equal
steps, and hence we may interchange argument and function in
the same way as before and so arrive at the required result by
the general (linear) iterative process.

Neville * has shewn that known dcrivates, at least of the first
two orders, ean be conveniently employed by means of the formulae

de_ | |dy dz_ _d'y (dyf
dy ~ "/ dz> dy~  da® [ \da/®
We give the following example as worked by Aitken.}

Example. Find the positive root of the equation
27+ 2824 — 480 = 0.

From a graph of y = 27+ 282% — 480 it is easily seen that the root
is slightly beyond 19. We form the table given below and seek the
value of z corresponding to y = 0.

y z
—25-7140261  1-90
—14-6254167 191 23189586
-3-3074639 1-92 2952228 28 82864
+8-2439435 1-93 2716929 87312 84138
+20-0329830 1-94 2483678 91702 17 53
Since y = 0 the left-hand column contains the “ patts” used in

the process. Thus

190 — 257140261
23189586 — - 110886094,
9 191 146254167 | 1088609

and so on. We obtain
x = 1-922884153,

which is correct to ten figures.

* loc. cit. p. 81.

1 loc. cit. p. 76. The equation is due to W. B. Davies, Educational Times,
1867, p. 108. See also Whittaker and Robinson, Calculus of Observations,
(1924), p. 61.
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4:6. Inverse Interpolation by Successive Approxima-
tion. This widely employed method proceeds as follows. By
linear interpolation a few figures of the argument are found, and the
values of the function for this and one or two adjacent arguments
are calculated. Using these functional values we find some more
figures of the argument, and then repeat the process until it ceases
to yield figures different from those already obtained.

Example. Find the value of m corresponding to ¢ = 0-01 from
the following table,* which gives values of the nome ¢ as a function
of the squared modulus k? = m.

m q 4 Vik 4 4
0-12  0-00798 89058

71 40944
13 -00870 30002 82195
72 23139 1887
‘14 00942 53141 84082 68
73 07221 1955
15 -01015 60362 86037 67
73 93258 2022
16  -01089 53620 88509
74 81317
17 -01164 34937
As a first approximation 75
m = -14+m7 = -14787.
Using Gauss’ formula, we find
m 9
-14787 -00999 96780
-14788 01000 04112

The interval is now 1/1000 of the original interval, so that by

* L. M. Milne-Thomson, Journ. London Math. Soc., 5, (1930), p. 148.
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4-0 the second difference is negligible and we have, dividing 3220
by the new first difference 7332,

m = 14787 4392.

4-7. Inverse Interpolation by Reversal of Series. The
relation between the function y and the argument , which is
obtained from an interpolation formula by neglect of the remainder
term, can be written in the form

Y=h=up+ep+agp*+ ... +a,pn

where p = (- ,) [ ® is the phase.
This (finite) power series can be reversed in the form

P=bi(y—y)+by (Y~ 1) +b3 (y —y)*+ ...,

where *
b1=‘1, by= -2 b= _‘._“_1_‘?3‘;2_“22,
a a @
b= ;% g+ Bay a0y — 50y’

a,’
Thus we have

Y= _%-y)* Qal-aa)y-—n)f
o i 2.6

(1) p=

Taking for example Bessel’s formula and neglecting fourth order
differences, we have

y—y1=p8; +1(P*-p) udy; + § (PP~ ip® + §p) By,
and we therefore take
a, = (8- §pd®+,8% ys,
ay = (oS- 19y, o5 = Iy,

and we then obtain p from (1).
The method is of limited application since the convergence is often

slow.

* For the first 12 coefficients, see C. E. van Orstrand, Phil. Mag., May 1908.
A simple determinantal expression for the gencral coefficient is given by M.
Ward, Rendiconti di Palermo, liv (1930), p. 42. See also G. J. Lidstone, J.I.4.,
51 (1918), p. 43.
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Example. Find an approximate value of coth 0-6 from the
following table.*

z coth-1z A A? A
1-85 0-6049 190

—40968
1-86 -6008 222 +616

— 40352 -16
1-87 -5967 870 + 600

- 39752

1-88 -5928 118
Taking y, = -6008 222, we have
y—y, =—8222, a, =-40657, a, =308, ay=-2T.

Substituting in (1), we get p = -20254.
Since w = 01, we have therefore the approximation

coth 0:6 = 1-862025.

EXAMPLES IV
LI Ay f@) =f@+1)-f(@), Af(@) =f(2+10)-f(z), shew

that
A+ 4)°f (=) = 1+ A)f (@),
and by means of this formula express the forward differencest of f (x)

for unit intervals in terms of the forward differences for interval 10.

2. Obtain corresponding formulae connecting the differences
for intervals & and mw, where m is a positive integer.

3. Obtain the central differences corresponding to one-fifth of
the tabular interval in terms of the central differences for the whole
interval.

* L. M. Milne-Thomson, Atti del Cong. Internaz. d. Matematici, Bologna,
(1928), t. 2. p. 357.

1 This is essentially the problem of Briggs. See H. W. Turnbull, “James
Gregory ’, Proc. Edinburgh Math. Soc., (2) 3 (1933), p. 166.
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4. Obtain the “table of ,/z in 4-1 from the values of ,/z at
interval 10 by first halving the interval and then interpolating to
fifths.

b. Taking logarithms to seven figures at interval 10 in the
neighbourhood of 350, find the logarithms at unit intervals from
350 to 370.

6. Find cosech 3:63 from the table of inverse values :

x cosech—12 A2
0:052 3-6503341 3704
053 3-6313121 3566
‘0564 3-6126467 3435

7. From the following table of inverse secants calculate
sec 0-17856 :

x sec 1z A2
1015 0:1721329 1962
1-016 0-1777050 1782
1017 0-1830989 1629

8. Calculate cosec 1-3957 from the following table of inverse
cosecants :

z coseclz A2

1-015 1-3986634 1962

1-016 1-3930913 1782

1-017 1-3876974 1629

1.018 1-3824664 1497

9. Check the value of cosec! 1:016 in (8) from the table :

z cosec z A2

1-393 1-0160 1666 109

1-394 1-0158 3463 108

10. Check the value of sec— 1-016 in (7) by means of the table :

T sec z A3

0-177 1-0158 7162 108

0-178 1-0160 5387 108
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11. Calculate cot—12-9883 from the table :

x cot x
0-320 3-0175980
322 2-9975074
-323 2-9875522
-326 2-9580402

12. Prove that if the linear iterative process of 3-81 (p. 76) be
applied to the divided differences
Ua = Up U= Yo Ua—Ug
a-b’ a-c’ a-d’""

the multipliers being b, ¢, d, ... , the sequences obtained tend to the

derivate ' (a). Investigate the remainder after n steps.
[Aitken.]

13. Prove that if the quadratic process of 3-82 (p. 78) be applied
to the central divided differences
Ug—U_q Up— Uy Uo—U_,
T 2a 20 7 2 77
the multipliers being a2, 02, ¢?, ..., the sequences tend to «’(0), and
that if u, be a polynomial of degree 2n+2 the value obtained in
n steps is exact. [Aitken.]

14. Prove that if the multipliers used in Example 13 be a?— w?,
b2 —w? - w? ..., the sequences tend to the subtabulated central
divided difference (%, —%_,) [ 20.

15. By means of the methods of Examples 12 and 13 above com-
pute the derivates at & = 0-00, 0-10, of the function Z(z|0-6) from
the tabular values given on p. 80. [Aitken.]



CHAPTER V

RECIPROCAL DIFFERENCES

5:0. The interpolation methods hitherto considered are founded
on the approximate representation of the function to be interpolated
by a polynomial and the use of divided differences or the equivalent
formula of Lagrange. Reciprocal differences, introduced by Thiele,*
lead to the approximate representation of a function by a rational
function and consequently to a more general method of interpolation.
In this chapter we shall consider a few of the most important pro-
perties of Thiele’s reciprocal differences.

65-1. Definition of Reciprocal Differences. Let the values
of a function f(z) be given for the values z,, z;, ,, ..., Z, of the
argument x. We shall for the present suppose that no two of
these arguments are equal. The reciprocal difference of f(z), of
arguments x,, ,, is defined by }

Lo,

(1) p(ety) = f(‘z0 f

which is the reciprocal of the divided difference [zyz,]. The re-
ciprocal difference of three arguments x,, z,, z, is defined by

L ke
P (xox )— (%x )

(2) Pa (T p) = +f(y)-

* T. N. Thiele, Interpolationsrechnung, Leipzig, 1909. Sece also N. E. Nér-
lund, Differenzenrechnung, Berlin, 1924.

1 The order of the arguments within the brackets is immaterial, for it will
be shewn in 5-4 that reciprocal differences, like divided differences, are
symmetrical in all their arguments.

104
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We have here denoted the order by a suffix, since py(#g2,,) is not
formed by a repetition of the operation denoted by p. The operator
p does not obey the index law, neither is the operator distributive,
that is to say, the reciprocal difference of f(z)+g(z) is not equal to
the sum of the reciprocal differences of f(x) and g(x).

Proceeding to reciprocal differences of four arguments we
define

o TomT
P2 (e:%3) — pa (€1255) P
and generally when we have defined reciprocal differences of n argu-

ments we define reciprocal differences of n+1 arguments by the
relation

3) P3 (%1 2s%35) = (%,%5),

(4)  pn(@e2y@y .. 2,)
—_ . ?O*Zn L
Pn-1(ZoPy -+ Tng) = Py (Tip --- Tp)

+ Pn_g(#yTg oor Tp_y)-
Comparing this with (1), we see that

(B)  pn(ZeZi%y ... Tn) = P Pna (TgZy -+ Tag) + Pra(TTg - Tay)-

Reciprocal differences may be exhibited in a difference scheme as
follows :

2y f(z)
P (zo2y)
2 fla) P2 (%21 2,)
p (,2,) P3 (o) %5%5)
oy fl=) P2 (%1%55) Pa (€1 %5%5%,)
p (55) P3 (212524,
x5 f(xs) Pa (727374
p (252,)
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As an example, the following table shews reciprocal differences
of 1/(1+2?):

1
z o0 Fa? P P2 Ps P4
0 1
-2
1 1 -1
— 13(2 0
2 5 1 0
-10 40
3 110 - -‘_']ﬁ 0
—1ze 140
4 117' T 40
— 4z
9
5 ".:Id‘

This table exemplifies the fact that the reciprocal differences of a
certain order of any rational function are constant. In this case the
differences of the fourth order have the constant value zero.

5-2. Thiele’s Interpolation Formula. If in the formulae
of the last section we write & for z,, we have successively,

xr— -'131
f(@) =f(x)+ o (zz,)’
Tr—T
e ((EZI) =p (11?11172) +— 02 (11?131332) 2f($1) ’
T — .
P2 (mxlxz) = P2 ({1}1132273) R P3 (lexzxa) iy P (:1:11‘2)

z-x,
P4 (BT Ty T5T4) — g (xlz2x3)

P3 (T2,2aT3) = 5 (41 %9%3%,) +

z—
P5 (TL1 g3y Z5) — P (212T5%4)

P4 (T %oT5Ty) = 04 (2129324 %5) +
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we obtain a rational function, expressed in the form of a partial
fraction, which agrees in value with f(z) at the points

Ty, Ty, T3, LTy, Ts.
It follows that Thicle’s formula gives us a method of obtaining a

rational function which agrees in value with a given function at any
finite number of prescribed points.

Example. Determine tan 1-5685 from the following table * :

z tan z f1 P2
1-566  208-49128

0-000018208313
14567  263-41125 —0-00382
10615733
14568  357-61106 100276
05023108
1569  556-69098 00178
01430462
1-570  1255-76559
The required value is
357-61106 + 0% 08
000005023108 + - o e —oore
10005
=357-61106 + 565606421268
=435-47730.

According to Hayashi’s table the last figure should be 2.
The principal part of tan z near §w being
1
dn—-2’
Thiele’s formula is suitable for interpolation, while the ordinary
difference formulae are not.

5:3. The Matrix Notation for Continued Fractions. A
convenient notation for defining continued fractions of any
number of dimensions and for developing their properties has been

* K. Hayashi, Sieben u. mehrstellige Tafeln, Berlin (1926).



5-3] RECIPROCAL DIFFERENCES 109

described by Milne-Thomson,* and is well adapted for ordinary
two dimensional continued fractions of the form

o Ut ot Gyt agt

It depends upon the rule for matrix multiplication, ¥ namely,

@) [xl acs] I:u1 v,] _ [w1u1+:v2u2 x1v1+x2v2] ’
Y1 Yod LUy v Yt Yol Y11t Yol
which is essentially the row by column rule for multiplying

determinants. We also recall that ecquality of two matrices
implies equality of their corresponding elements. Thus if

a b _[r ¢
[c d]l [r s] ’
then a=p, b=9¢q, c=r, d=s.
If p, /g, denote the nth convergent of (1), we have the known
recurrence relations
(3) Pn= 0y Pp1+bnPn s,

n = Cpn qn- + bn Gn—2>
and hence from (2) '

[pﬂ pn——l] — [pn—l pn—z] [an 1] .
9n  9na Gna  Guadlbn O

If we write py =1, ¢, = 0, we have by repetition of the above
operation

bl B Y A | Y o | Pl |

Thus we are led to define a continued fraction as the continued
matrix product

(4) [a1 1] I:a2 1] [a3 17l ea, 1]

1 ofls, ofls, olls, o]’
and this definition leads at once to the recurrence relations (3) and
is fully equivalent to (1).

* L. M. Milne-Thomson, in a paper at the International Congress of Mathe-
maticians, Ziirich, 1932. Proc. Edinburgh Math. Soc. (2), 3 (1933), p. 189.

t Turnbull and Aitken, Theory of Canonical Matrices (1932), p. 3.
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In particular the components p,, ¢, of the nth convergent are
given by

I o Y oy 5 i |
Qn 1 0 b2 O b”—l 0_ b”
5-4. Reciprocal Differences expressed by Determinants.
If we write for brevity
(1) Y =f(x): Ys =f(273), Ps = Pul(®1 T - Tepy),

the components of the nth convergent of Thiele’s continued fraction
are given, in the notation of the last section, by

e S | D | i | Dty
o PR | il |

Consideration of this product shews at once that

Pont1 (), Q2041 (%), Pan (%)

are polynomials in z of degree » while ¢,, () is a polynomial of degree
n—1, and that these polynomials are of the following forms :

(2) Do (Z) = Qg+ 0, T+ 22+ ... + @y y ¥+ 27,
(3) 920 (2) = bg+byz+ ... + by g2 242" 0,
(4) Pon+1 (%) = CotC T+ 22+ ... +Cp g T+ 2" 0y,
(5) Qon+1(T) = do+dyo+dy 22+ ... +d 21+ 2

If we take the nth convergent of Thiele’s continued fraction as
an approximation to y, we have
P (2)
=2 R (@),
V=gt T
where R, () is the error of the approximation.
Now R, (x) vanishes when z = z,, @,, ..., Z,, so that
6 LG R R
(6) Y=g (@)
and hence

(7) Pan (xs)_ysQn (xs) =0, s= 1: 2,..,m
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Thus from (2) and (3), writing 2 for » in (7), we have

(8) @pt+a@,+...+a, xS 1+t —byy,— by T, Y, —

- bn—z xsn_z Ys— xa”_l Ys P2na = 0.
If in this relation we give s its values in turn, namely 1, 2, 3, ..., 2n,
we have a set of 2n linear equations, which suffice to determine
@gy Byy vev s gy, by, by,seeny by_g and p,, 5 and subsequently the value
of p,, (%) [ ¢o, (x). The chief interest, however, lies in the determina-

tion of p,,_;, which we obtain by direct solution as the quotient of
two determinants. Rearranging (8), we have the equations
@o—boYs+ay T~ by 7, Yy, + Ay 7,2~ by 22y, +
+0n,y xsn_l + X" = xs”_l YsP2n1 = 0,
from which we obtain
(9) Peny (#y%; ... Tp)
_ L Yo Zes T 2% Bl Yss oo, T2 27Y,, 7 77

| 1, y_,,x,,mys,.. z 2, z, -2y z L x"lyl

b

where the determinants are contracted by writing only the sth row
in each, s=1,2,3,..., 2n. These determinants differ only the
last column.

The above expression gives the important result that

Pon-1 (1 Tz oo 5 Z3y)
is a symmetric function of the arguments : for an interchange of any
two arguments merely interchanges two corresponding rows in the
determinants and leaves the value of their ratio unaltered.
To obtain the value of p,,, we have similarly from equations (4),

(8), (1),
Co—AoYs+C T — Ay Ty Yyt oo+ Cpy 1
~ Ay T Y — T Y+ T g, = 0,
which gives in the same way
(10) pog (#y; - Typy)
_ 1L Y %, 7y, 2% @, ym-- x"‘l, 2" Y, 2" Y|
| 1, ¥, @, T Yy, - , Ty x|

whence we infer in the same way that Pon (T @y oov Tgpyy) I8 @
symmetric function of the arguments.
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Thus we have proved that the reciprocal differences of any order
are symmetric functions of their arguments.

It follows from this result that the arguments can be taken in any
order which may happen to be convenient. In particular, we could
write down interpolation continued fractions in which the reciprocal
differences proceed across the difference scheme along a zig-zag line
in complete analogy with the backward and forward formulae of
Gauss. We shall not develop this here, but it is worthy of mention
from the standpoint of practical interpolation.

5:5. The Reciprocal Differences of a Quotient. The
determinantal forms for p,, ;, ps, furnish a means of obtaining ex-
pressions for reciprocal differences of a function which is expressed
in the form of the quotient of one function divided by another, say
f(x) /g (®). If for brevity we write

Y =f($), 2=g (=), Ys =f(zs)’ 2, =9 (),
we have from 54 (9), after multiplying top and bottom by
% 2% -+ Zap-1»

(1) Pan ( g)

|20 Yo B2, XYy on s 22, TRy, B2, T2

I zl’ yss x& zs! xs ys! R xs"~2 zl’ xsﬂ—z yu xsﬂ‘—l z” xsn_ls y3 l

Similarly from 5-4 (10) we obtain

@ eu(Y)

= %00 Yor BZ0, DYy e, 27725, BN Y,, 2 Y|

| Zgs Yss Ts 255 TyYgs +ov s T L2y, o1 Y T 7’:'

Thus we have the following particular relations for n =1, 2:

Y 5 1y 2 %
e\>)= s
(z ) 25 T2y 2 Y2
2 %N Y 2 Y T

Y .
P2 (77 ) TR Y BT B Y BA
23 Ys Z3Ys3 %3 Y3 T3z
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5 % Tz Tz 2 Y T n Y
0 (Q)= 2 Yo TaZ TiZ s 2 Y Tt Y
*\z % Y3 Tyty oz | | 2 Y3 Tz TaYs |
2y Yo Ta2q T 2y Yg Ty2y TgY,
5 Y Tz Y BY 2 Y Ty B Y, 27
2% Yy Ta% TyYy T3Ye Z Yo Ta% TYp TaZe
94@!): % Y3 TaZy TaYs T3Ys | T | 2 Yp TaZ Ty T3
24 Yo Ty%y TyYy T5Ys %y Yq TaZq TyYy 752,
% Ys Ts% TsYs T3Ys %5 Y5 T2 TeYs Tals

We can use these relations to prove that at a certain order the
reciprocal differences of a rational function are constant.
To illustrate the reasoning, we take the function
a+bx+ca® _y
a+pPr+ye? 2z
and shew that the fourth order differences are constant.
The determinant in the numerator of p, is
N, =|o+pBw,+yz2 a+br,+cx?, ax,+pBr2+yxs,
az,+br2+cz3, ax2+brl+cxl|.
If we denote the columns of a determinant by ¢, ¢,, ¢5, ¢4, ¢5 and
the columns of the new determinant, derived by manipulation, by
¢,’, ete., we can form successively the following determinants each
equivalent to N, :
| Buzst Y175, 0+ b+ e, axo+ B2+ yad,
ax,+bx 2+ cxl, ar2+br3+ crl|

. 2
by the operation ¢," =¢, - PR
| Bis+ Y12, a+ ¢,z 2, Box 2+ vy 3, bix 2+ cx 3, ar2+br3+cxl|

. b o a
by the operation ¢,’ =cy— ¢, ¢ =c3— B—cl, ¢ =cC4— €3
1

B By

I Blws + lesz’ a+ clxszi ﬂzxsz + sts’ 022733, bzwsa + OCL‘,4 I

. b a
by the operation ¢, =c¢,— Bl C3 C5 =Cs— 5 C33
2 Ba
| B+ vi2?, atom? Bom? cgm® ozt
M.T.C. H
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i ’ Y ’ by, .
by the operation ¢;’ =c;— 02 ¢y C5 = C5— iy ¢y

Iﬁlxv a, Bzzsz’ T3, cx,t|

. c
by the operation ¢," = ¢, — gl- Cy Cy = Cy— B‘ Cs;
2 2

80 that
N4 = Bla‘pz%c I T, 1, wsz’ wss5 msd |

Similarly for the denominator we obtain

BlaB2C2Y|xs, 1’ xszi wss’ (E;‘l.

Thus p, (g) = 'CY’ which is constant.

We have assumed in the above construction that none of

a, By, By € Y
vanish. These cases present no special difficulty, but we may note
that if y = 0, p, is infinite, so that p; must be constant.

6:6. Some Properties of Reciprocal Differences. If in
5-5 (2) we put y = 1, we have

o <1> 2, 1, 2y, %y e, T2, 2L 2
2n = — —e
2 |2 1, B2y, Ty oon, @12, 2L T2

1 1
1 ==,
W eml) =
by 5-4 (10). Thus the reciprocal differences of even order of a given
function are equal to the reciprocals of the reciprocal differences of
the same order of the reciprocal of the function.
Again, from 5-4 (10),
( +C) — l 1’ ysj___cz_?.g» ws %4‘0% e msn_lys""xs"—lc: za"ys'i_xs”cl
Panly €)= |1, y,+e, @, @, Yo+, ...y T L T Ty, + 3,2 le, 0
L Yo Zo BYo v, 817N 20yt
|1, Yy @y Ty Yy oee s B LY, T,

Thus

(2) Pan (Y +C) = pa,(y) +c.
Similarly, from 5-4 (9),

(3) Pan-1(y+¢) = pap (¥)-
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Again, from 5-4 (10),
oa(cy) = | L, cy, Ty CT, Y-, z, L, cx iy, czty,|
2n | 1, ¢y, Ty CTLYg ..o, BMY, CT Ny, T
(4) = ¢ p3a(Y),
since the numerator contains the factor ¢ in one more column than

the denominator.
Similarly, from 5-4 (9),

1
(5) Pan-1(cy) = ¢ Pan1 (¥)-
Also, since

a+by b (a-bec/d)
ctdy d' c+dy

3

we have
(Z:gg) Z+ P2n (acf;/ d) from (2),
= 3+<a—l;c~ pzn(c:d ) from (4),
=i(a-%) — (cl+ 5 from (V)

_b ( _’10> R
ST\ v d e, )
from (2) and (4), so that

a+by) _ a+bpy,(y)
© o <v+d§> otd o, (y)

This formula expresses the differences of even order, of a linear
fraction of y, in terms of the differences of even order of y itself.
If we take advantage of the symmetry in the arguments of the
reciprocal differences we can also form the differences of odd
order in Thiele’s continued fraction by means of 5-1 (5).

Thus, for example,

P5 (%1%5%5%%5Ts) — 03 (%1%5Ta%a) = @5 (%5%1Tp5T4Tg) — P3 (%1%34)
= p 4 (521 %3%5%4),
so that from a knowledge of the even order reciprocal differences of y
we can expand

a+by
c+dy
in a continued fraction.
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6:7. The Remainder in Thiele’s Formula. If we take n
interpolation points z,, %,, ..., 2z, and form Thiele’s continued
fraction for a function f(x), we can write

n(%)

M f@) =T+ Buo)
where p, (), g.(x) are the components of the mth convergent.
R, (z) then measures the crror committed if we replace f(z) by the
nth convergent. Let (a,b) be the smallest interval containing
the real numbers z, 2, «,, ..., #,. Let us suppose that in the
interval (a, b) of the real variable z the function f(x) has poles
at o, ay, ..., o, of ordersr,7,, ..., r,, Where ry+7,+... +7,= m.

We shall suppose that none of these poles coincides with an
interpolation point and that at all points of (a, b) except the
poles f(x) has a finite derivate of order n. If we write

(2) $(@) = (x-o) (z—-2p)2 ... (z—a,)",

the function f(z) ¢4 (z) is finite at every point of (a, b).

We shall suppose n to be so large that the degree of ¢,,(x) is greater
than or equal to m.

Now let a polynomial {(x) be chosen such that, if

3) Q) = ¢(x) Y (2),
Q(z) and g, (x) have the same degree. Thus from 5-4,
if n=2h, Q(w)is of degree h—1,
if n=2h+1, Q(x) is of degree A.
Write
(@—2)) (@ —=Ty) ... (#-7n),

) Role) = () T

and consider the function

pn(t) (t“xl)"'(t"xn)
T0= 0™ een
which vanishes when ¢t = #,, z,, ... , %, and also when ¢ =2z by
(4) and (1).
Then the function

6) @) =f(1)g.(t) Q) —pa(t) Q) - x ()t~ 2)) ... (t—Ts)
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also vanishes when ¢ = #, 2, 7y, ... , ,, all of which lie in the interval
(@, b). Thus by Rolle’s Theorem «’(t) has at least n zeros in (a, b),
'’ (t) has (n—1) zeros in (a, b), and so on, until finally we conclude
that w( (f) has at least one zero, say ¢t =&, in (a, b). Now p,(¢)
is a polynomial of degree 4, when n = 2k or 2h+1, and we have
chosen Q(t) so that the degree is 2—1 or A, according as n = 2h
or 2h+1. Thus p,(¢) @(f) is a polynomial of degree n—1 and
hence the nth derivate vanishes identically. Hence from (5),

X(@) = o o D16 Q)

whence we have the error term
(x—2))(®—2) ... (x—2,) d*
6 R, (z) = = AL 2L T o . }
6)  Raua) e ™ s OB eE)
It should be observed that the above formula is only valid if n be

sufficiently large.
If f(z) have no infinities in the interval (a, b) we can take

Q (@) = ¢n (@),

and the error term is then given by

(-2 (x—75) ... (x—2,) d”
(7) Rn (x) - W!'[qﬂ (:l}) ]2' d_E" { f(&) [Qn (‘i) ]2}

5:8. Reciprocal Derivates ; the Confluent Case. In the
definition of reciprocal differences we supposed the arguments to
be distinct. Just as in the corresponding case of divided differ-
ences, we can here suppose two or more arguments to coincide and
so obtain confluent reciprocal differences. The simplest way to
proceed is to consider the limiting forms assumed by the deter-
minants (9) and (10) of 5-4. Thus, for example, we define

ps (zay) = ,llimo ps (%, z+R, y)

1 f(z) =zf(z) 1f@ =
=;.h_’3> 1 f(z+h) (@+h)f(x+h) || 1 f(z+h) z+h

1f(y)  yfy) 1fly) g
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Subtracting the first row from the second and dividing by &, we
have

1 f(z) =zf(z) 1 f(x) =
pa(zzy) = | 0 f'(2) zf (@)+f(x)|=|0 f'(z) 1].
1 fly) yf(y 1 fly) v

If now we write 2+ & for y, subtract the sum of the first row and
k times the second row from the third row, divide by 4% and then
let k£ — 0, we obtain

1 f(@) =f(e) 1 fl@) =
(1) pe(zz2) =| 0 f'(2) =f'(@+f(e) |+|0f'(e) 1
0 3f"(2) daf"(@)+f'(@)| |0 §f"(2) O

It is clear that in this way we can obtain confluent reciprocal
differences of any order, since indeterminate forms can always be
avoided by taking advantage of the symmetry of the differences
with respect to their arguments. Particular interest attaches to
the case in which all the arguments have a common value. This
particular form of confluent reciprocal difference is called a
reciprocal derivate and we write

2) o f(2) = lim On (T1Tg vv Tpyy)
X1y T2y - - IN$1 T
= py (T2 ... T).
In particular,
- - 1
3 = lim "% _ _ *
@) rf(2) o zz ] @) —f (@)~ f(2)

so that the reciprocal derivate of the first order is the reciprocal of

the ordinary derivate.
The successive reciprocal derivates can be calculated from a re-
currence relation which may be obtained as follows :

from 5-1 (4), we have

P2 (222) — oy (x2y) _ 1

z-y ps (way) - p (22)’
Pe(@2y)—pa(oyy) _ 1

z-y ps (zzyy) - p (zy)’
P2 (@yy) — e (yyy) _ 1

z-y ps (zyyy) —p (yy);
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adding, we have

P2 (9"” P2 (yyy) _ 1 — 1
-y ps (zxzy) — p (22) * pg (22yy) — p (2Y)

1
| ¥ s egyy) ¢ 9)”
If we now let y — x, we obtain
o3
rryf(@) 13 f(e)—rf(@)’
r3f (@) = 1f(2)+3r 7y f (2)

This is a particular case of the general recurrence relation whose
form is easily seen to be

(4) o f(X) = rag f(X)+ 007,y f(2)

In particular,
1
ro f (@) = fla)+2r 7 ))

(x
:f(x)“z[fr‘r(x)—

Thus

which agrees with (1).

Since the reciprocal differences of some order of a rational function
are constant, the same must hold for reciprocal derivates.

For example,

rx2=213;, rpa? = — 3%, ryx?=0.
r(_az+b _(cz+d)? (aztb : a
cx+d bc—ad’ "*\cz+d/ "¢’

This last result can be obtained also from 5-6 (6) as follows :

(gw+b _ar,g+b _ q
\ex+d/ " cryz+d

since Te® = 0,

5-9. Thiele’s Theorem. We have seen that Taylor’s Theorem,
which gives the expansion of a function in a power series whose
coefficients are proportional to the successive derivates at a point,
can be obtained from Newton’s general interpolation formula with
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divided differences. In a similar way Thiele’s interpolation formula
gives rise to a remarkable development of a function as a con-
tinued fraction in which the reciprocal derivates at a point are
employed.

In fact, when z,, z,, ... , £,,, =, we have

hm{ Pn (‘”1‘”2 xn+l) ~ Pn-2 (z1x2 xn»-l) } = 'r,,f(z) ~Tng f(x)
= nrrny f(2)

by 5-8 (4). Thus Thiele’s interpolation formula of 5-2 yields Thiele’s
Theorem, namely,

(1) fE+h)=f()+ S

rf(z)+ h

2rr f (@) + 5

3rryf(x)+ ...
in which, if we stop at the nth partial divisor, this will be

lim  p,(@+h, z, Ty, ..., T,) =Ty f(2)
xy, yIn—>Z
The error term is given by 5-7 (6), where £ lies in the interval
(z, z+h).

Just as Taylor’s series terminates when the function is a poly-
nomial, so Thiele’s Continued Fraction terminates when the function
is rational.

Thus, for example,

(z+h)2=z2+—T _

2" -4z2+—hl-

=G5

a(x+h)+b az+b
c(@+h)+d cz+d” 35 h

+a—50
c(cz+d)’
arz+b b
cx+d d+ az z

ad- bc*(ad bo) ] (cd)*
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Ezample. By means of Thiele’s Theorem, find a continued frac-
tion for €.

We have
re* = e7%, rye* = —¢€%,
r3e® = —2e°%, rgc® = €%,
rse® = 3e%, rge® = —e°.

These suggest the results
T3, 6" = (=1)" €% 1= (-1)"(n+1)e™

Assuming these for n, we have by 5-8 (4),

Tani2 @ = <( -1 (- 1257:‘?%2_4—_10 e = (-1)"e7,
Toni3€” = (( -I*(n+1)+ (E_nl-;;%) e~z = (—1)" (n+2) e-%,

so that the results are established by induction.
Then

@Cn+1)rry, e =1y, €5—1p, 56" = (- 1)"(2n+1) €%,
(2n+2) 77541 €% = Tpypp €~ Ty, % = 2 (= 1)"*1 €%

In Thiele’s Theorem, writing 0 for #, and z for A, we have

et =1+ x
1+- =
-2+ - .

—3 44— —
24

5+ _on .o

x

We can write this so that the integers all have positive signs, and
we then obtain *
7

Folp T T T T T T
1- 24 3- 24 5- 24 7-""""

* 0. Perron, loc. cit. p. 107 (353, (20)).
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EXAMPLES V
1. Form the reciprocal differences of 3, 3, z+ 271
2. Form reciprocal differences for the following table :
z 0-010 -011 -012 -013 014
cothz 10000 9091 83-3¢ 7693 71-43
and calculate coth 0-01257.
3. Form reciprocal differences of a* and hence develop ¢® in a
continued fraction.
4. Prove that p,, p, can be expressed in terms of divided differ-
ences as follows :

_ f(z) EX2Y

= = [2,2,%5],
P2 (71%Z3) [2g25]  [%2a%s)] [2,7,75]

Pa (212937, 7)
S(zs5) [225] [2,2,]
= [27,] [Tmem,]  [waez,] |+
[wsmyws] [a@gmyws] (212525275
Obtain corresponding expressions for p;, p5, P
5. Obtain determinants for p; (z), ¢ (), P4 (%), g4 (%), the com-
ponents of the third and fourth convergents of Thiele’s interpolation
formula.

6. Obtain Thiele’s interpolation formula for five arguments
in forms which utilise reciprocal differences in the same relative
positions in the difference scheme as those employed in the forward
and backward formulae of Gauss.

7. Prove that

[2,752,]  [129%5%4]

[537,%5] [21%T5%4 5]

1
) == (P2n¥)* P P2n ¥

P P2n (y

_ ~PPmny

P Pan+1 <1> = .
Y (9271 3/) (92n+2 y)
8. Given the reciprocal differences of y for the arguments

1. . . .
T, Ty, T3, ..., develop y in a continued fraction as far as reciprocal

differences of order 6.



EX. V] RECIPROCAL DIFFERENCES 123

9. If we denote dy by ¥’ 'y by "', and so on, prove that
. dz YY, da? A s P

v Y
e y 'ﬁT
3y = 31 - y" y,,, ’
21 30
, yu
y y b2T y'I yln
_ , y" ylll . 2!- -3T
Y=Y BT g g
y© oy oy 31 4t
21 3! 4!

and obtain analogous expressions for r5y, 74y.

10. Determine the order of constant reciprocal differences in the

case of the rational function f,,(x)/f.(z) where f,, (), fo(x) are
polynomials of degrees m and n respectively.

11. Shew that in the case of a rational function Thiele’s inter-
polation formula terminates and yields a continued fraction which is
identically equal to the given function.



CHAPTER VI
THE POLYNOMIALS OF BERNOULLI AND EULER

IN this chapter we develop some properties of two classes of poly-
nomials, which play an important part in the finite calculus, namely
the polynomials of Bernoulli and the polynomials of Euler. These
have been the object of much research and have been generalised in a
very elegant manner by Norlund.*

We shall here approach these polynomials by a symbolic method
described by Milne-Thomson t by which they arise as generalisa-
tions of the simplest polynomials, namely, the powers of z. The
method is applicable to whole classes of polynomials, including
those of Hermite. Considerations of space must limit us to the
discussion of only a few of the most interesting relations to which
these polynomials give rise.

6:0. The ¢ Polynomials. We define ¢ polynomials ¢ (z)
of degree v and order n by the relation }

) fayemminr = 3 g )

v=0
where f,(t) and g(¢) are such that for a certain range of z the
expansion on the right exists as a uniformly convergent series in ¢.
Putting = 0, we have

L

(2) Sfa(t)es® = z ;t;:!‘ﬁsn)’

v =0
where ¢ = ¢ (0) is called a ¢ number of order n.

* N. E. Norlund, Acta Math., 43 (1920), pp. 121-196.
1 L. M. Milne-Thomson, Proc. London Math. Soc., (2), 35 (1933).

fI(;"Observe that the notation ¢®)(x) does not here denote the nth derivate
of ¢,(z).
124
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If in (1) we write z+y for z, we obtain

-]

= 'f; ™ (z+y) = et 24 ¢(n) ).
Equating the coefficients of ¢*, we have
¢ (@+y)
= ¢‘J"(y)+w(;) ®, () +o* (z> Do)+t V) $8().

Putting y = 0, we obtain
M (@) = ™42z G’) ¢+ 22 (;) ™Mo+ +x'< ) oM,

which shews, urless ¢{” =0, that ¢ () is actually of degree v.
Thus we have the symbolic equality

®) M (@) = (6™ +2)",

where, after expansion, each index of (™ is to be replaced by the
corresponding suffix.

The ¢ polynomials are thus completely characterised by (3), and
by the ¢ numbers defined by (2).

From (3), we have

(4) ga} ¢M (@) = V(M +a) 1 = v ¢ ().
* o M@ -9 (a
() L¢S’(t)dt ¢V (2 v+1 1

Thus differentiation depresses the degree by one unit, integration
raises the degree by one unit, but neither operation affects the order.
Operating on (1) with A, we have

© E(, LABP(@) = (et~ 1) f(f) estroct,

Operating on (1) with /, we have

(N 2“30 %V ¢£ﬂ)( i.ﬂf (t) e=++o(,



126 THE POLYNOMIALS OF BERNOULLI AND EULER [6-01

6:01. The g Polynomials. Formula 6-0 (6) suggests that a
particularly simple class of ¢ polynomials should arise if we take

in 6:0 (1)
falt) =t (et = 1),
where 7 is any integer positive, negative, or zero.
The polynomials which arise in this way we shall call B poly-
nomials, and we write

tn A
(1) @1 ext+o(t) — é{o o B(v”)(x),

so that from 6-0 (6),

W -
2 AR @) =t Z B (@),
whence we obtain
@) AR (@) = vBIi(a).
Thus the operator A depresses both the order and the degree by

one unit.
With the aid of 6:0 (3), (2) can be written in the form

®) (B +a-+1)" - (B +2) = v (B4 ),
Writing = = 0, we have the symbolic equation
(4) (ﬁ(")-l- 1)Y - B(n) ) B(n—l)

which gives a recurrence relation between the 8 numbers of orders
n and n—1.

6-1. Definition of Bernoulli’s Polynomials. The B poly-
nomials of order zero have the generating function e*+¢(), The
simplest polynomials of this type are obtained by putting g(¢) = 0.
The generating function then becomes e*, and the corresponding
B polynomials of zero order are simply the successive powers of z.
It is convenient to regard these simplest, § polynomials as Bernoulli’s
polynomials of order zero. We therefore make the following
definition :

Bernoulli’s polynomial of order zero and degree v is given by the

relation
BO(z) = a".
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Thus we have
@ v
1) vt = Z _t_' B(“O)(m)
v=0 V:
Then, in accordance with 6-01 (1), we have the further definition :

Bernoully’s polynomaals of order n are given by the identity

tﬂ zt
@) (e‘ e 2/ o B‘”’(z)
If we put =0, we have for Bernoulli’s numbers of order n

AR G m
(3) (e'—l)” - =b vl :

From this we obtain
B =1, BP =—-in, BP = Yyn(3n-1), By =-1n?(n-1),
B = 1. (1503 - 30n2+5n+2),
B{ =~ Jon?(n—-1)(3n2-Tn-2),
B = .1 Y2 7 (63n° — 315n1 + 31507 + 91n? — 42n - 16).

6-11. Fundamental Properties of Bernoulli’s Poly-
nomials. Bernoulli’s polynomials are B polynomials and there-
fore also ¢ polynomials. Hence we have

(1) B (z) = (B +a)”.

@) 2 BY(@) = vBY, ().

3) ng"’(t) dt = +1 [B™,(2)- B, (@)].
(4) A BP(z) = v B3 ().

(5) (B™+1)"~B™ =y B3,

The first three properties are shared by all ¢ polynomials, the last
two by all 8 polynomials.
By repeated application of (4), we have, if v>n,

6) AB®(@) = v(v=1) (v=2) ... (v=n+1) 2>,
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since B = z*. If v < n, the right-hand member vanishes. Rela-

tions (4) and (5) form the point of departure of Nérlund’s theory of
these polynomials.
We also note the useful relations derived from (4),
(N B™(z+1) = B™(2)+vB"(2),
®) By(1) = B+ v B,
From (3) and (4), we have

®  [Broa= ABLE =B,

and in particular
1

(10) [ Bo@a=Be.
0

6:2. The Complementary Argument Theorem. The argu-
ments  and n—z are called complementary. We shall now
prove that
(1) B (n-2) = (-1)B)"(2).

We have, from 6-1 (2),

n tneln-2)t {ne—=t
P N Ens “(1—'e'-')~

whence by equating coefficients of ¢ we ha.ve the requlrod result.
This is the complementary argument theorem. The theorem is true
for any f polynomial in whose generating function, 6-01 (1), g(t) is
an even function.

Ifin (1) we put =0, v =2y, we have
(@) B{) (n) = B,
Thus BY)(z) - BS) has zeros at z = n, © = 0.
Again with @ = }n, v=2u+1, we have
Thus B, 1(3n) = - BE), 1 (3n).
3) BE, (dn) =
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6:3. The Relation between Polynomials of Successive
Orders. We have

(n) {next
2{ vl B (et ) :
If we differentiate both sides with respect to ¢ and then multiply
by t, we have

ngret  gintle®t  ppnile(il)d

e - oo )"+Cffﬂﬁ‘(a—1w“‘

[ ] 14
R S ) ™) (g NV opman
=n 20 V!B x)+xt Z B ~-n ; v!B, (z+1).

v

Equate coeflicients of ¢*. Then
(1) v B™(x) = n B™ (x)+xv B, (x) —n B®*V(z+1).
From 6-11 (7),
B (z+1) = B"'V(z)+v BY, ().
Thus we have

@ BeY@ = (1-2)BP@+v(5-1) B ()

which is the required relation between Bernoulli’s polynomials of
orders n and n+1.

Putting z = 0, we have
(3) BO+) = (1-2)BW-vBY,.
Again from (1), putting x = 0, we obtain
4Dy — (1_Y\ pm
B O(1) = (1-7) B,
or, writing n+v for n,

(ntv+D)y _ M pndy)
(4) BeHHv() = S B

6:4. Relation of Bernoulli’s Polynomials to Factorials.
In 6-3 (2) put v =n. Then
B (z) = (3—n) B, (2) = (v—n) (z-n+1) By (2) =
= (@-n)(z-n+1)...(-2)(z-1) B’ ().

M.T.C. I
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Thus

1) BI(2) = (2-1)(2-2) ... (z-n) = (z-1)™,

(2) BV (1) =z(z-1)(2-2)... (@—n+1) =z,
Integrating these expressions from 0 to 1, we have from 6-11 (10),

(3) j:(x-l)(x—z)...(m-n)dz=Bi,”’.

4) r z(z-1)(x-2)...(x-n+1)dz = BP(1) = 1 By,
0

-
from 6-3 (4), putting n = - 1.
If we differentiate (1) n— v times (n > v), we have, using 6-11 (2),
nm—-1)...(n=n+v+1) B"*V(z) = a — y(a: 1),
which gives an explicit expression for B"(z), namely,
v!
(5) BV () = l dw"- @=1)(@=2) ... (z-m)].

The following coefficients appear in Stirling’s and Bessel’s inter-
polation formulae (3-3, 3-4),

+s +s-1
@p11(P) = (27;4_1>, %,(p) = 2%(1023—1 ’

boya(p) = 2 fl E*Y, =0

From (1), we have

1 , \
A1 (P) = 2s+1)! BGIP (p+s+1), @, (p) = (*25)—|’B(2§—)1(P+3),

byes1(P) = (2{:_{_% B(28+1)(P+3)s bay(p) = (2'3), (ZH-I)(P"'S)

If we differentiate each of these m times with respect to p and then
put p = 0 in the first two and p = } in the second two, we have

1
(6) D™ ay,4,(0) = @ —mD)! BEHD (s+1).
) D™ay,(0) = 5— ' —— BE 0 (s).

25(2s —m)!
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(®) D™byn®) = et fre— i Bl 6+ 3).
(2s+1)(2s—m+1)!
1 s
(9) D™ b23 (%) = (2;5‘ _ m)| gj—n}) + %)
From these we have, with the aid of 6-2 (3),
(10) D™ @504, (0) = 0, D*™+la, (0) =
(11) D2 byeyy(3) =0, DPm+ib, (}) =

6-401. The Integral of the Factorial. A function which
is of importance in the theory of numerical integration is

M x@=[_ G-DE-2).. -y
_ B (@)~ BEP(1 - k)
2n

where % is zero or unity. From the complementary argument
theorem of 6-2 we have at once

(2) X@2r+k-1)=y(1-k) =
From (2) we have, integrating by parts,

2n-+k—1 2nt+k—1
3) j l.x(w)dx=—L_k s@=1)... (5~ 2m+1)do

' _ B @-k)+ BRI (1-k)
- 2n+1 ’

because BEiP(2n+k) = — BEHY (1~ k) from the complementary

argument theorem.
1
Again, BED) = ]' (y-1)(y—2) ... (y—2n-+1) dy,
0

and it is clear that the integrand is negative when 0 <y < 1.
Thus BZ" " is negative. Similarly

BEDW) = [ -1 -2 ... 4= 20+ dy,
and we have BZ" V(1) positive. Proceeding in this way we see that
if v be an integer, 0 << v< 2n,

(4) (-1 B  (v) > 0.
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We now prove that

6)  (-1*BESP(v-1) > (-1)HBETP(v), 1< v<n-1
We have, from 6-11(9),

©  BEPov-1)=| y-1)@y-2)..(F-2n+1)dy,

Jyv—
(v-I-1

BiZiv=| @-1)..(y-2n+1)dy

~[ y(y—1)...(y—2n+2)dy.

Jy—

M - _J.:—lgﬁ__%/.._.l(y—])(y—2)...(y—2n+l)dy.

Now y/(2n—y - 1) is positive and less than unity provided that
y <nm—1}%, which is satisfied since v—-1<y<v, and v<{n-1.
Comparing then the integrands of (6) and (7), we see that the
integrand of (7) is less in absolute value than the absolute value
of the integrand of (6). The result (5) therefore follows.

We can now prove that y (z), defined by (1), has a fixed sign for
l-k<z<2n+k-1.

Let x lie between the integers v—1, v.
For v-1 <y < v the integrand of (1) does not change sign and
hence y (z) lies between the following pair of integrals :

v—1 v
j (y-1)...(y—2n+1)dy, j (y=1)...(y—2n+1) dy.
1-k 1-k
If we divide the ranges of integration into intervals
(1-k 2-k), (2-k 3-k), ...,
we see that y (z) lies between the sums
BEISP(1-k)+BE P2 - k) + ...+ BE P (v-2),
B (1-k)+BG (2 - k) + ...+ BE T (v-1).
Here we can suppose that v < n, for by the complementary argu-
ment theorem such terms as exist when v > n cancel out. By

(5) the terms in these sums are in descending order of absolute
magnitude and alternate in sign.
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Hence each sum has the sign of the first term, namely, the sign
of BE" - (1-k).

Thus we have proved, in particular, that BE" (z) — BE™ has no
zeros in the interval 0 < z < 2n, and that

(8) | BGr D1~ k)| > |BEP@-k)|, E=0orl
6-41. Expansion of x™ in Powers of x. Differentiating

6-4 (2) p times, we have

dr
4 ¥ = MO BID @ )

Putting z = 0, we have

ar n!

=g iy " Ppm
[dwvx ] (” P)' B () (n—p)! nB"'“p’
from 6-3 (4).

Thus, developing z( by Maclaurin’s Theorem, we have

npp |
) — W ({3 _.’ﬂ. V4 (n) _ \ (n)
v T p (n-p)ln By = 5 —l) 2By

6-42. Expansion of x¥in Factorials. Wehave by Newton’s
Interpolation formula 3-1 (4), since B™(x +h) is a polynomial of
degree v,

(s) 8
(1) . BY(@+h) = BM(@ +2)“ A B (k)

= 3 (})a B0,

using 6-11 (4). Putting & = 0, we have a factorial series for B (x),
namely,

™y — N (V) pt9) -8
2) BP (@)= 3 (8) z© BO-9.
Putting n = 0, we have B{”(z) = 2*, so that

v =S (V) g0 B9

3) o= (;) = B

which is the required expansion.
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If we operate on (3) with 5, (n <v) and then put z =0, we
obtain the differences of zero (see 2-53), namely,

A v! (-n)
A0 == n),B -m

Ifin (1) we put n = v+1, and k+1 for h, we have, using 6-4 (2),
(x+h)®) = ‘%‘6 ( ‘s’> x ) pr-9),

which is Vandermonde’s theorem in factorials analogous to the
Binomial Theorem

o+h)r = 3 (V) w -,

@iy =3 ()

From (1) we have also, interchanging z and &,
B™(z+h)-BP (x AV n-s
__,__(___}1 v ( ) — ‘Z—l <s> (h— 1)("1)B(,~, )(a;).

If we let A — 0, the left-hand side becomes the derivate of B™ (z),
that is, v B™ ;(z). Thus

VB(V"_)I(S(:) = .%":1 (.S')( 1)s-1(s— 1)|B(n :)( 2).

In particular, for z = 0,

vB?, =3 ( )= 111 BESY.

=1

6:43. Generating Functions of Bernoulli’s Numbers.
We have, by the Binomial Theorem,

(1+t)”‘1 Z (Z 1) ((D V) = Z‘ o1 (v{l)(x)
y=0 V!

Differentiate n times with respect to  and we obtain

]

(L+t)=[log(1+t)]* = 2, WB‘”“’(z)
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Putting z =1 and dividing by t*, we have

1) [10(7 1+t)] B(n+v+1)(1)
- w_‘ ¢ _71 (n+v)
- ,2;0 vinty B
using 6-3 (4).
In particular, for n =1,
log (1+¢) _ +1)
@) ¢ ,%‘o (v+1) B,
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Again, integrating (1+4¢)*! with respect to = from z to z+1,

n times in succession, we have from 6-11 (9),

[og (L+9)T* ~ &4 V!
Putting = 0, we have

(1+t)¢—1t" it (v -n+1) )

e N Y pe-at
3) T hlog(IToF = 24w B>

and in particular, for n =1,

t o ¢
(4) (T+t)log (1+2)  =h v!
which is the generating function of the numbers BY.

Again putting = 1, we have

which shews that (1) also holds When n is negative.
In particular, for n =1,
LR 0
(6) log(1+¢t) — 2‘0 v! B (1),
which is the generating function of the numbers B{”(1).
Using 6-3 (4), we have from (6),

t 2 ¢ BYD
M log(1+¢) — =1l+gt- 2="v' v-1"
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We give a list of ten of the numbers B{":

6-5. Bernoulli’s Polynomials of

Bfll) =-}
BP =3,
By =1,
B&D =%
B‘(r)-") =477,

Bgﬁ) = 19087

B = _sas100
B(ss) = 1070017
BE)D) — 2(2%267_1,
B = ey

the First Order.

[6-43

We

shall write B, (z) instead of B{" (), the order unity being understood.
Thus from 6-1 (2), we have

(1)

L.ct

L

as the generating function of the polynommls and

t Ot
_122{)V|B

(2)

as the gencrating function of Bernoulli’s numbers,
order.

From 6-11, we have the following propertics :

B, (z) = (B+1)".

(3)
(4)

(®)

(6)

(7
8)

The first seven polynomials are given in the following list :

(B+1)v—

d
dx

ﬁamm:

B,(1-x

BV:?O’

v=234,...

B,() = vB, ().

LB -Ba@)

A B, (z) = var1.
)=(-1y

By(z) =1,

B,(z) = z-14,

By(z) = 2?—x+},

B, (), from 6-2.

B,, of the first
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By(0) = s(@~1)(-}) = - 2+ s,
B,(z) = x* - 203+ 2% ],
By(z) = a(z-1)(z - §)(a? -2~ ) = o° - fo*+ §0° - }u,
By(x) = 28~ 325+ Jat— L 22+ .
We have also for the values of the first seven numbers :
B, B, B, By B, B, By
1 -3 g 0 — s 0 o

n
6-501. A Summation Problem. To cvaluate ) s”.
81
We have by 6-5 (6) and (7),

s4-1 1
[7B@do = 1Bt D)= B ue)
= §".
Thus |34
”‘ : n i1 1
o=l B@yds = Bamt1)-Bl
i1 0 v+1

For example, if v = 3,

32:1 8 = }[By(n+1) - By]
=i+ 1) -2+ 1)+ (n+1)%]
= [In(n+ 1)
The method can clearly be applied if the sth term of a finite series
be a polynomial in s.
6:51. Bernoulli’s Numbers of the First Order. We have
from 6-5 (2),
t o™ t et+1
@) ot 2B e a1
The function on the right is even, since the change of —t for ¢
leaves the function unaltered. It follows that the expansion con-
tains no odd powers of ¢, and hence

By, 11=0, p>0,
B,=-1.
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If in (1) we write 2¢ for ¢, we obtain
2242 2414

tcotht = 1+2—!B2+—I!—B4+... ,
and writing ¢ for ¢, we get
222 2444
(2) toott =1-"y - By+- /| By~

Expansions for cosec ¢ and tan ¢ are easily obtained by use of the
identities
cosec ¢ = cot 3t — cot ¢,
tant = cott—2cot 2¢

o0 22v (22v . 1)
—\ _ —_
= 3 (- S By
yéll (2v)!
Again we have the expansion in partial fractions
-]
v 1
— 2 .
3) mt oot mt = 142 V%ﬁ P

This series may be rearranged and thus, comparing coefficients of
t* in (3) and the series for ¢ cot =t derived from (2), we have
1yp-1 (2m)?? B,, _ < 1
(4) ( 1) 2 (zp)| ”%41 n2p'
The sum of the series on the right lies between 1 and 2. Thus
we see that B,, increases rapidly as p increases and that Bernoulli’s
numbers alternate in sign. Moreover, we have

(=1)*~1 By, > 0.
To express Bernoulli’s numbers by determinants we have from
65 (4),
1 B, _

it =0
1 1B, 1B,
stonitiig =9
1 1B, 1 B 1 B,, B

1, - 72 o —n1 4 P
e Tl @yt 2t T e Tt =&

* K. Knopp, Theory of Infinite Sertes, (London, 1928), § 117, 135.
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whence, solving these equations, we have for (-1)"B,/n! the
determinant

éli 1 0 0 0
31~! gl! 1 0 0
'4lz 31' 3 1 0
U S G TR
(n+1)! n! (n-1)! (®-2)! ~°° 2!

Since Bj,.1 =0, >0, we have

B, (2)+}ver = (o + B+ fvart

=z'+ (;) z*~2 B, + (Z) =4 By+...,
so that B, (x)+3va?
is an even function when vis even and an odd function when v is odd.

6:511. The Euler-Maclaurin Theorem for Polynomials.
Let P(z) be a polynomial of degree n.

From 6-5 (7), (3), we have
va'-1== (z+B+1)"—(z+ B)".
It follows from this result that

(1) P'(z) =P(z+B+1)-P(z+B),
and consequently that
(2) P'(z+y)=P(z+y+B+1)-P(z+y+B)

=P(z+1+B(y))-P(z+B(y)).
Now by Taylor’s Theorem

P@+B(y)) = P@)+ Biy) P'(2) + 4, Byy) P" @) .

1
+ 1 Ba®) PO(2).
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Thus substituting in (2), we have

(3) Ploty) = AP+ B AP @+, Bl) AP" @)+ ..

+ 1 Buly) AP (3).

This is the Euler-Maclaurin Theorem for a polynomial.
In particular, putting y =0,

() P'@)= AP@)+BAP ()4, B,AP" (@)
+4]!B4AP(W)(w)+61—' B, A PO ()+ ...,

since By, B;, B,, ... all vanish.
If we now write

@) = [ 40,

we have
241 1
) $o) = [ $Od+BASE+y BAS @

£ BAG (@)t

Since B, = -}, we can also write

O [0 =18+ ) I- ) B A @

1
- BiAg @,

where ¢(x) is any polynomial. The series on the right of course
terminates after a finite number of terms.

Again, (1) shews that the difference equation
Au(z) =P (z)
has the polynomial solution
u(z) = P(z+B)=P(B(z)).
Thus, for example,
Au(x) =23-322+1
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has the solution
u(z) = }By(2) - By(x) + By () +c,

where c is an arbitrary constant. To obtain the general solution, we
replace ¢ by an arbitrary periodic function w(z), such that

w(z+1) = w(z).

6:52. The Multiplication Theorem. If m be a positive
integer, we have from 6-5 (1)

Yo v % m o -1
t oma- b

m-—e

te*t(et— 1) m

= ¢ = [

(et—1) (em - 1) em—1

® v
=\ . Y .
Py m 7n’v!B”(mJ)'
Thus
m-1 s
B,(mz)=mt > B,(s+]).
8=10 m

This result is known as the multiplication theorem for Bernoulli’s
polynomials of order unity.

Putting z = 0, we have

S a () (1-gn
Hence, if m = 2,

B,(;-)=_(1-2-;1:i>3,, v=1,2, ...

6-53. Bernoulli’s Polynomials in the Interval (0, 1).
From 6-5 (8), we have

(1) B,,(1-2) = B,,(z).
(2) B, 11(1-%) = - B,, 4 ().

Thus B,, (x)— B,, has the zeros 0 and 1. We shall prove that
these are the only zeros in the interval 0 <<z < 1.



142 THE POLYNOMIALS OF BERNOULLI AND EULER [6-:53

Again, By, (}) = - By, 41 (), so that B,,,;(3) = 0. B,,.4(2) is
symmetrical about z = } (from (2)), so that B, ,,(z), for v <0,
has the zeros 0, 4, 1. We shall prove that these are the only
zeros in the interval 0 <z << 1.

For suppose that both these statements are true up to and in-
cluding v = . > 0. Since

(3) DBy, (%)~ By, 2] = (2u+2) By, 11(%)

By, 2(x) = By, 2, which vanishes at =0, z =1, has its only
maximum or minimum for 0 <z <1 at z = }, and consequently
cannot vanish in this interval.

Again,
DBy, 1 3(x) = (2.4 3) [Bsu 1 2(®) — Bou s 2]+ (21 +3) Bay | 2,

and this expression can vanish at most once for 0 < z < §.

Hence B,, , 3(z) cannot vanish in 0 <2 <} and therefore by
(2) cannot vanish in 3 <z < 1.

By induction the properties therefore follow.

From 6-51 we have (—1)**'B,, > 0. If z be sufficiently small
and positive (—1)**! B, ., (z) has the same sign as the derivate, that
is, the same sign as (- 1)*+! B, (x), which for & small and positive
has the same sign as (— 1)"*! B,, which is positive. Thus

(-1)"*1 By, ., (%) >0, 0<z<}.
Hence, from (3), (—1)*+1(Bg, 1o(2) — B, .2) increases from the
value 0 as z increases from 0 to } and is therefore positive. Hence
(=1)* (Bau(2)—Bs,) >0, O0<2z <1,
since the expression only vanishes at 0 and 1.
6-6. The 5 Polynomials. A second method of generalising

polynomials is suggested by 6-0 (7). If we write f,(f) = 2" (et+1)—"
we have a class of polynomials, which we call » polynomials, given by

Qnextig(t) o v
= 2“ 2 a(n)
@) (e +1)» & ikl (@),

so that
<]
0,

2

v
v= '

2t
pVarE = 2t e,

L
v

(=
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whence we obtain
2) V(@) = 9~V ().

Thus the operator Y/ depresses the order by one unit but leaves
the degree unchanged.

Using 6-0 (3), we have

3) (™ +2+1)7+ (™ +2)" = 209D +2),
so that the n numbers satisfy the recurrence relation
(4) (7)(”)'*‘1)”'*'7.‘?,")#27)2"—1)'

6:7. Definition of Euler’s Polynomials. The simplest
7 polynomials, obtained by putting ¢g(¢f) =0, n =0 in the gener-
ating function, arc the powers of x, whose gencrating function
is e, We shall now regard these simplest v polynomials as Euler’s
polynomials of order zero. Thus

2 Ad
Ef,O)(x) =g¥, e = 2 GESO)(“’)’
v=0 ""

where ) () denotes Euler’s polynomial of order zero and degree v.
Then in accordance with 66 (1) we define Euler’s polynomials of
order n by the relation

1 Ynext _ ug‘ tv -

) Ere = VZJO;,!I’JV ().

In accordance with our general theory we should call Euler’s
numbers the values of E(0). This would, however, run counter to
the notation of Nérlund, who discovered these generalised poly-
nomials. In order therefore to avoid confusion with the accepted
notation we shall follow Noérlund and write

@) EP(0) = 2+ C.
The generating function for the C numbers is therefore
2n SNt'l
) ey =o‘vz‘ o
The values of 2*E™ () for « = n are called Euler’s numbers
E®™, of order n. Thus
(4) E(n) 9 E(n) (’L"”’)

We shall prove in 6-72 that Euler’s numbers with an odd suffix all
vanish.



144 THE POLYNOMIALS OF BERNOULLI AND EULER [6-71

6-71. Fundamental Properties of Euler’s Polynomials.
Euler’s polynomials are » polynomials and therefore also ¢ poly-
nomials. Hence we have

M B (2) = (307 + o).
d
(2) i EV(@) = vEY ().
* pm _ 1 ) E®
(3) J‘a E,, (l)dl = ;4‘_—1 I:EV_‘ 1 a)__}
(4) VEP (x) = E"V(2),

(0™ 4+ 1) + él_vcgn) = ‘3" C(,,”_l),

from 6-6 (4) and 67 (2). Thus
(5) (Cr+2)r + O =200 0.

By repeated application of (4), we have
(©) VEP@) = o,
since EO(x) = 2.

We have also from (4),
(7 EP(@+1) = 280V (z) - B (a).

since B = 2B (7) = (3 et 2)" 2+ from (1),

we have
E™ = O,
Hence we have

(8) E(n)( ) _'._‘. (Cl?— %n_{_ é_E(n))v,

o (N7) - (+ EO)
("7 = (5.
Thus we have, by putting in turn ¢ = 1, z = - 1, and adding

Wy Ve (B 1y = ov g® (PE1) | o, pm (71
(E™+1)"+(EM™—-1)" = 2"E ( )+2 EJ‘( 2

= 2y+1V E(n) (n2 1)

-1

= 9v+l p(n-1) n_

= 2"l g <2) from (4)
(9) =2E®Y,
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6:72. The Complementary Argument Theorem. The
arguments z and n—x are called complementary. We shall now
prove that

(1) E®(n-x) = (-1) E™ ().
We have from 6-7 (1),

o A @Y () 2 € AT
2B = Cr ) T
v=0

— Z E(n) )

whence by equating cocfficients of ¢* we have the required result.
This is the complementary argument theorem. The theorem is true
for any % polynomial in whose generating function g(t) is an even
function.

If in (1) we put = 0, we have, for v = 2y,

EG () = BS(0) = 27 0%
Thus ES) (z)—2-2 C§) has zcros at z = 0, = n.
Again, putting = ¥n, v = 2p.+1, in (1), we have
E(n) = - E-()” )] 1.
2

Thus E ff,ﬁ), 1 = 0, that is, Kuler’s numbers with an odd suffix are

all zero.

9n e(n—z)t 9n g—xt

6-73. Euler’s Polynomials of Successive Orders. We

have
0 v 271 ga:t

t
AR 1(0) =
2 BV @ = e
Differentiate both sides with respect to ¢ and then multiply by ¢.
We then have

Ing text Inp, telztl)t

PIEEACE (—etm T (@ i

= xZ (v |E., ) (@) —3n }J E 1)'E(n+1)(x+1)
Equate coefficients of t"*l. Then

EMy(2) = 2B (2) - n BV (24 1).
M.T.C. K
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Now by 6-71 (7),
ES”-H)(-'D-F].) — 2E(,”)(.’D) —EE,"'H)(:E).
Therefore we have the recurrence relation
2 2
E"rtD(z) = %Eﬁ';)_l(z)+7—&(n—x)E(y")(x).
Writing z = 0, we obtain

1
crt = 0m 20",

6-8. Euler’s Polynomials of the First Order. We
shall writc E,(z) for E{"(z), the order unity being understood.
We have then from 6-7, 6-71

92 ext w‘ tv © v
@ S =SB a= 3 w0

2ett * t'E,
@) dr1= 2
(3) E,(z) =(}C+=), (C+2)’+C,=0, v>0.
(4) VE, (@) =", DE,(z)=vE,_(a).

(5) E,(1-2)=(-1)"E,(x), from 6-72.
The first seven polynomials are given in the following list :

Ey(z) =1,
Ey(2) = z-14,
Ey(@) = a(z-1),
By (2) = (z-})(@® -z -1),
E,(z) =z(x-1)(x®~z-1),
E;(2) = (- 3})(a* - 203 — 22+ 22+ 1),
Eg(x) = o(w—1) (2t — 223 — 22% + 3w+ 3),

E, L, E, Eq Eg E E,,

1 -1 b -61 1385 -50521 2702765
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n
Example. Evaluate > (-1)'s
=1
We have by (4),

3 (-1¢5 = 3 (-1 VE()

l\al'—‘

2;( l)s[E,(s+1)+Ey(3)]
=}(-1)"E,(n+1)-} E,(1).

6-81. Euler’s Numbers of the First Order. From
6-8 (2), writing 2¢ for ¢, we have

Thus
uo\ tv t2 t4
sech ¢t = )‘26 ;jEv = 1+—2—!E2+ ;ﬂE4+ )
and writing ¢ for ¢,
2 Al
(1) sect:l—z—!E2+4—!E4—

Again, by rearranging the expansion,*

T w( 1)” (2v+1)

T 4 (2v+1)2-a2’

4cos- v=0
2

and equating the coefficient of z*” to the coefficient of 2% in the

series for } sec F; obtained from (1), we have

E,, 1 1 1
(=175 zzp+2(zp)! L R Rl T il T S

which shews how Euler’s numbers increase and that they alternate
in sign.

* See K. Knopp, loc. cit. p. 138.
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By the method used in 6-51 we obtain from the recurrence relation

a determinant for (- 1)* E,, [ (2n)!, namely,

1

3 1 0 0 ... 0
1 1

41 21 1 0 0
1 1 1
6 & 2} ' 0
1 1 o L

(2n)! (2n-2)! (2n-4)! (2rn-6)! ~°° 2!
With regard to the numbers C,, we have from 6-8 (1)
» trC, o et—1
24 gl = gy = ek

which is an odd function, so that all the numbers Ca,, p >0,
vanish. Writing 2¢ for ¢, we have

tanht=t-Lo,-Ce_fc
anht=t-g Ca=p Csmqy o

ey

whence with ¢ for ¢, we get
A o £’

If we equate corresponding coefficients in this series and the series
for tan ¢ in 6-51, we have

22v 22v__1
O2v—1 = - —————_(ZV )Bzy-

Since the numbers Cy,, @ > 0, all vanish, we note that

E,(@)- 2" % (o+}0) -

—()% e ()% s

so that E,(x)—2* is an odd function when v is even, and an even
function when v is odd.
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6-82. Boole’s Theorem for Polynomials. From 6-71 (8),
when 7 = 1, we have

B, (@)= o+ B}
Hence

=2VE, ()= (x+1+3E-})+(z+}E-}),

and if P(z) be a polynomial,
(1) 2P(z) = P(z+ 1+ E-})+P(x+3E-}).

Writing x+y for z,

2P(x+y) = P@+y+1+3E-3)+P(r+y+3E-3)
=Px+1+E(y))+P+E(y)).
Now, by Taylor’s Theorem,
Pe+E(y))= P(=)+ ()P'($)+ i Ba(y) P7 (@) + -0
Thus we have
nl ’ ] rr

(2) Pla+y) =VP@)+EG) VL @)+, By VL @) +...,
which is Boole’s Theorem. If we put x = 0, we have the expansion
of P(y) in terms of Euler’s polynomials.

From 6-72, we have

Ezs(l) = EZs(O) = 2% 023 =0,
E2s+1(1) = - E23+l(0) = —27%1 C2s+1'
Hence putting ¥ = 1 in (2), we have

(3) P+D)-P@)= -V @)y GV P ()

- 5!%1 CsV P () -
Again from (1), we see that the difference equation
has the solution @ =P
u(z) = Px+3E-1)=P(E(2)).

Thus, for example, the equation
Vux) =23+222+1



150 THE POLYNOMIALS OF BERNOULLI AND EULER [6-82

has the solution
u(z) = Ey(z) +2E,(z)+ 1.

The general solution may be obtained by adding to this an
arbitrary periodic function w(z) of period 2, and such that

n(a+1) = —n(a).

EXAMPLES VI
1. Prove that
(i) By (@+y) = [B™(2)+BP @) ;

i BPer = () BP@y
(i) B™(z) = }_, () B, B™)(x).

2. Obtain the formulae
: YA n —n,
O @rr=3%0) BB

p:
.. N (v (=
@@= () B EDe);
(v
i > (m) p—m) _ .
@ 3 () BPB=0 v>0
3. Prove that
1.1 = (=D g
Ltjtgte + =z 1),B,,_1.

4. Prove that

8@ = 35 () @-tor
5. Prove that
B (@+y) = [E™ @)+ EV @)
6. If P(x) be a polynomial, prove that
P(B™ (z)+1)- P(B™ (z)) = P'(B"1 (z) ),
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and hence shew that the difference equation

Au) = 2 P@)

is satisfied by
u(z) = P(B™ (z)).
7. Prove that

B®(x) =z-1, B (z)=2*-2z+%.
8. Draw graphs showing the forms in the interval 0 <z <1 of
(=1)" By 1 (2), (—1)"(By, (2) = By,), (=1)" Eyyq(2), (= 1) By, (2).
9. Prove that

2 2n t+
_ A_OZE A02n+-1 ) A Q2n+l
an—— - 12 - 22 +.-.+ (2”-{-1)2.

10. If n be an odd integer, prove that, taking %(n— 1) terms,

y=nB,+ (%) Bt () Bet e
11. Shew that
(=101 By = (- §A+F A~ ) 130
12. Prove the relation
92n-1 92n-3
(@n)1'21 74 (40— 4)! 6!

(=1)r-1n _
(dn+2)1 — 0.

Byt +

13. Obtain B,, as a definite integral from the identity

x 0 a1
ee+1 2 J' Smft—-dt.

0 62;‘ -1

14. Prove that the coefficient of 027 in the expansion of (0 cosec 0)?
is 22%(2n—-1)(-1)*1B,,/(2n)!.

15. Shew that the coefficient of 2" [n! in

r log(l-e*)dt—zlogz is numerically equal to fn_i )
0 —
16. By means of Bernoulli’s numbers or otherwise, prove that

o2 ¥ 2n
1241 2241 32417 er—e
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17. Prove that
B2+ B4 =0.
18. Express the sums of the powers of numbers less than #» and

prime to it in series involving Bernoulli’s numbers.
19. Shew that

1 1 i
I-gatg= o =gy
5.5

1_l 1 Y1+

35+-55— cee = 536"
20. If 87 = 174274374 ... 42", shew that

z-1
n n—1 D Qn—1
Se=x87 - D>, Sy

7=1

21. If F(z) = 1"+ 27+ 37+ ...+ (z— 1), shew that F(z) is a poly-
nomial in (z- %) and cannot contain both odd and even powers of
the same.

22. Prove that = {0+(n r)}*+7 expresses the sum of all the

homogencous products of s dimensions which can be formed of the
r+1 consecutive numbers n, n—1, ..., n—r.

23. Express (™ x (™ in factorials.

24. If K}* denote the number of combinations of m things r
together with repetitions, and if C}' denote the number of com-

binations of m things r together without repetitions, then
K™= l K Qm+r
T m!

and C7 is obtained by writing — (m+1) for m in the expanded
expression for K.

25. Prove that

n—-1 1
B+ (") BRet ("5 1) B2+ =0,
n-1 n-1 -1r(n-1)! n-1

(") BaBRet ("3 1) BBR 4. = © LR et X

26. Expand (z— 1) in powers of z-1.
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27. Expand z~" in factorials of the form (z~1)¢2.
28. Prove that
BrtD(z41) = —2—7—?—' J: 2 (cos (32))* cos (3z2) cos mz dz.
20. If Dy;=x ;x’ shew that

DI f(@) = of @)+ A a1 @+ Byl B @)+
f(x) being a polynomial.

— < .(_‘1)"' s n
30. Prove that B,= >; 1 A 0™
m=0 +

31. Prove Staudt’s Theorem, namely, that every Bernoulli
number B,, is equal to an integer diminished by the sum of the
reciprocals of all and only those prime numbers which, when
diminished by unity, are divisors of 2n.

n _1\s (8)
32. Prove that > (=D B _ 1

SEhn—s+1 sl
33. Prove that

B(yn+v+2)(1) — Z (:) Bin_l;l)(l) B£v+1)(1)l
8§—0



CHAPTER VII
NUMERICAL DIFFERENTIATION AND INTEGRATION

THE problem of numerical differentiation consists in finding ‘an
approximate value of the derivate of a given order from the values
of the function at given isolated arguments. The problem of
numerical integration consists in finding approximately, from the
same data, the integral of the given function between definite limits.
In this chapter we shall investigate a few of the many formulae
which have been proposed for this purpose. It will be found that
the generalised numbers of Bernoulli enable us to obtain general
expressions for the coefficients of most of the formulae. It may be
observed that some of the methods of numerical integration (often
called mechanical quadrature) lead to corresponding methods of
summation when the integral is known.

7:0. The First Order Derivate. We have from Newton’s
formula 3-1 (4),

faty) =f@+pAf@+..+( P ) a1 f@)+(B) forgyom,

where w denotes the tabular interval and p =y / w.

Thus
wf(i"_-’g;f:(.’i) = Af(z)+%_!—1)A2f(x)+(—]?:-}%§—t—gz A% f(2)

bt @B pon ) o

+(p- 1) ...n(!p-n+ l)f(")(i)w"~
154
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If we let y -0, then p—0, and
1) o f'@) =4S x)—‘A“‘f(-’”H 3A4° f () -
T 1’ = fo@an,

which expresses f’(z) in terms of the dlfferences of f(z).

To use the formula we have therefore to form a difference table
in which z figures as one of the arguments.

The above method can of course be applied to any of the inter-
polation formulae of Chapter III. Thus, from Newton’s backward
formula,

0 f'(2) = A f@-0)+ 14 f@-20)+ 14 f(@-30) +
+ 1 A - (- 1e)+ S feE).

Again, if we use Stirling’s formula we note that the coefficients of
the even differences vanish when p—0, so that from 3-3 (3), for
example, we have

o f'(@) = pdug— Jud ug+ g, [O(E),

the differences pd u,, pd3u, lying on a horizontal line through the
tabular value f(x).

These formulae have been obtained by a special artifice which
gives the remainder term in a simple manner. We now proceed to
a more general method.

7-01. Derivates of Higher Order. Let

$.(2) = (8- 2) (3-y) ... (8- ,).
Then Newton’s formula for interpolation with divided differences
can be written

f@) = f@m)+ S, (@) st o Tl + ha(o) ooty o 2]
Differentiate m times with respect to z. Then
M @) =S 470 8 e g+ Bala),

(2) where R,(z)= d%:_"'; {Pa(@) [22,25 ... 7,]},

which expresses the mth derivate in terms of divided differences.
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To deal with the remainder term, let us first suppose that z is
not interior to the smallest interval I which contains x;, z,, ... , Z,.

Since ¢, () has n zeros all in I, by repeated application of Rolle’s
Theorem we see that 3™ (), if m < n, has exactly n—m zeros all
in1. Hence, if y be a point exterior to I, ¢™(y) = 0.

Now consider the function

®) $(@) = ¢ (2) [82)%5 ... 2,] - b0 (2) Ra(y)/$5" (y)

This function vanishes for z = z,, =, ... , z,.

Let J be the smallest interval which contains y, z;, @, ... , Tp.
Then, by repeated application of Rolle’s Theorem, $ ¢ (x) has at
least »—m zeros in I, and also the zero y which is not in I. Thus
(™ (z) has at least n—m-+1 zeros in J. In particular, if m = n,
then ¢ (z) has at least one zero, say v, in J. Thus

dv] {95”(7])[7].1:10:2 ]} 7;5(5?) P = 0.

Now, from (1), dn ”{96,. ) [ TZy .. Ta] } = f™(7)

(n) )
Th _f__,,_n .
o ;:">(y>

(4) Hence R,(z) = f (n), ™ (),
where 7 is some point of the interval bounded by the greatest and
least of z, z;, s, ..., &, ; and zis not interior to the interval bounded
By the greatest and least of zy, @,, ... , z,. Of course z may be an
end-point of the latter interval.
If in the second place we suppose z to be interior to the least
interval I which contains z;, z,, ... , &,, we can proceed as follows.
By Leibniz’ Theorem,

Ruo)= 3, S L 5@ (7) oo gy ).
Now by 1-8,

;z:: [x22, ... 2,] = [2T ... ;T ... ] (M —V)!,
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where the argument z occurs m —v+1 times and

[(Ex...lel'z R ] (—;L—In——-————

where £, is some point of I. Thus
mod !
O Ra@) =3 el S TG

Comparing (4) and (5), we see that, when z is not interior to the
interval I, the form of the remainder term in (1) is obtained by
differentiating m times the remainder term ¢,(x) f(E)/n! as if
were a constant, although the value % finally used may not coincide
with the original value £. If z be xntenor to the interval / we obtain
the more complicated form (5).

7-02. Markoff’s Formula. If p =y /w, we have by 6-4 (2)

<]s)> = BV (p+1) = (5)).

Thus Newton’s interpolation formula can be written

ncd
fle+y) = B(‘H) e+ A°f 2)4 Bf;" Pp+1)fmE),
where £ is some pomt of the least interval conta.ining
(z+y, o, z+(n-1)w).

If y = 0, z+y becomes an end-point of this interval. Thus we can
determine the remainder term of the mth derivate when y = 0 by
the formula (4) of the preceding section.

Differentiating m times with respect to y and then putting y = 0,
we have

”-:\1 -m .
fmiE =2 @ ste=1) e (s-m+1) B (1) 4 f (@)
+ T (= 1) e (e met 1) B () ).
This is Markoff’s formula. Since, by 6-3 (4),

+1 m
B (1) =T BY,,
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the formula can be written

-1
1) emfm(z)= }_; . G m)'sB,‘",,,A f(®)
mon" n "

When m = 1 we have, by 64 (1), Bﬁ’ll = (—=1)*-1(s—-1)!, so that
the formula agrees with 7-0 (1), which is a special case. The
cocfficients can be calculated with the aid of the table in 6-1.

If we write n = m+1, we obtain

mtl
wmf(@) = B Amf(@)+ 70 B foeh )

From 6:1 (3), B{™ =1, B™*Y = _t(m+1).

Thus
(2) o™ f(m) (x) p— A m f(z) —_ ém wm+l f(m+1) (n),
or
) f™@) = A f(e)-tmo frsD()

which measures the error committed in replacing a derivate by a
difference quotient.
For the case m = 2, n = 6, (1) gives
1) (@)= 4%f2)- A f(2)
+1 A (@) - § A f (@) + 185 SO (n)
Ezample. To find f'(-160), f"'(-160) when f(z) = cos z.
Using the 10 figure tables in the example of 3-12, we have
(-001)f* (-160) = — -0001598118 -+ -00000049355 + } (-001)3 /" (£).
In this range '’ (§) = sin £ = 0-16 approximately.

Hence
S (-160) = — 1598118 + -0004936

= —-1593182,
which agrees with —sin -160 to the last digit. The last digit is in

general unreliable since the first difference in a correct table may
be in error by one unit. For the second derivate we have

w?f"” (-160) = — -0000009871 — w3f""* (E),
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whence f/(-160) = —0-9873, which disagrees by a unit in the last
place with the correct value to four places, namely

—cos 160 = — 0-9872.

Since the last digit of the second difference may be in error by
two units, we cannot in any case rely upon the last digit of the
calculated second derivate.

We also observe that although a 10 figure table has been used we
have only determined f* (x) to seven figures and f*’ (z) tofour. In any
case we cannot obtain more figures of a derivate than there are
digits in the difference of the corresponding order.

To obtain Markoff’s formula for ascending differences we begin
with Newton’s backward formula,

n-1

fl@+y) = ’2:10 (p+s-1>A-*f(w—sm)+<p+:_1)w”f(”)(5)-

s
Now by 6-4 (1),

+s-1 1 -1)
<_’P : ): . B£’+1) (p+s) = (_s!lB? +1)(1_p)_

Proceeding as before, we get

n-1/_1)s+m '
@ omfm@ = 3 SR EY 4 fw-s0)
(_1)m+ﬂmwn

+ - ‘(%_m)!n Bf;"lm f‘”’(?))-

The coefficients have the same absolute values as the coefficients
in (1).

The simplicity of the remainder term in Markoff’s formulae makes
them often preferable to the central difference formulae which will
now be obtained.

7-03. Derivates from Stirling’s Formula. Writing
p = y | w, Stirling’s formula 3-3 (1) can be written

n

n-1
f@+y) = uo + ‘2:40 Goeiy (P) % H ug + ‘%:1 oy (P) 3% g

+8gn41 (P) [ MV (B) w04,
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where u, = f(z+pw) and
_(p+s _p(pt+ts-1
aa@®=(23) @ =L(%°7):
Differentiate 2m times with respect to y and then put y = 0.
Then by 6-4 (7), (10), we have

n
(1) atnfem@) = D o BEY () 3 ot Rapa(0),
where from 7-01 (5),
(2) Rppin(@)

= @n+ 1)' S: m2m+2ﬂ—2v+?(2m) !f(2m+2n—2v+2)(av) Bsz%:—'-z?,hrz (n+1)

| 2v-1)! (2m+2n—-2v+2)! (2n—2v+2)!
Similarly, if we differentiate (2m + 1) times, we obtain
(3) m2m+1f(2m+l) (w)
n-1 1

- \‘ (28 2m ) B§2’3+ ’:n) (s+1) pd®H ug+ Ry, 44 (2),

(4) Rypn(z )
I\ @Emi2n=2v41 (9 4 1)1 f Emi2n-2v41) (£ ) BERIR) (4 1)
= (2n+1)! 24 v+ D) (2m+2n-2v+1)! (2n - 2v)!

The following list gives the coefficients of the first few terms,

M (1p) = W= P g (1, _"Or+2)
Bo (%n)_l: B.. (2”)— ik B4 (2n)_ 240 ,

m 1,y _ —1(35n2+42n+16)
Bg" (3n) = 2Wx32xT ’
n(175n% + 420n% + 404n +144)
BY (4n) = g :

from which we easily obtain, takmg 7 interpolation points,

7
of(2) = ud g~ § 8 ug+ Jo S up - %0 F0),
W f"(z) = 8% uy— 'y 8 ug + 45 3° “o‘““‘ f® (),

W3 (@) = p-83uo—4.u85“o+ of (&) - 1680f D),
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Wt fV(z) = $tuy— 3 50 u _*_1‘18 FO(E,) - "’,lg_f(lo)(a )
0 079240 174200 2/
Tew?
0P fO)(x) = pdduy— f(7)(51)+432 fO &) - 9240 S (&),
6 FOD(z) — 38— 2 £ 10! caoy gy 92 caz

7-04. Derivates from Bessel’s Formula. With y/w =p,
Bessel’s formula, 3-4, can be written

n-1 n-1
f(@+y) = uy+pduy + 821 bgra (p) 8%+ uy + ‘%:1 by, (P) 3% uy

+ 02" by, (p) @™ (8),
where v, = f(z+p ») and

by (P) = 2%‘__*_—%[ (P +2Ss_ 1>, bes(P) = (p+s— 1)

Differentiate 2m times with respect to y and then put y = }w.
Then by 6-4 (9), (11), we have

w?mfCm) (x4 fw) = 2; (—QE—2_)' B (s+3) ud®uy + Ry, (),

where by 7-01 (5),

M y2mt+2n—2v (2m) | f(2m+2n—2v) (E Bgnn+2lv) (n+ )
By (2) = (2m)! 25 @v)! (er{+ In—2v)! (21— 2v)! b,
Similarly,
R fEmD) (5 4 1)
n-1
- :;;n (2s+ 12)”("2—: 1 2m)! B& o (s+3) 8+ uy+ Ry, (2),
R2n(w) m 2n+1)
= (2n)! > Eman—2r41 (O 4 1)1 f@mizn—2uiD) (£ ) BEHD (g %).

P @)1 (2m+2n—2v+ 1)1 (20— 2v)!

The formulae for m = 0, m = 1, give respectively
, 1, 3w L
cof (a:+§w) = Su}—2—48 u}+mf( )(E),

A (@) = Wy - gy u g+ oo [O(E) o [O(E,).

M.T.C. L
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It will be seen that the complicated form of the remainder term
may often render the use of Markoff’s formulae preferable to those
with central differences.

7:05. Differences in Terms of Derivates. By Maclaurin’s
theorem

n-1 n
f@) = 2 5100+, [0,

where £ is in the interval (0, ).
Now 2* = B (z), so that by 6-11 (4),

A = ABO@) = s(s—1)... (s—m+1) BS=™(@).

We have therefore

A f@) = z s 20 BeR @+ R,

where, by the method of 7-01, we can prove that
f ) ( 7)) ( ,)
This formula is due to Markoff. See also 2-54.

7-1. Numerical Integration. The problem of numerical
integration or mechanical quadrature is that of evaluating

o) [} r@as

in terms of the values of f(z) for a finite number of arguments
Zg, Ty, Ty, ..., T, The methods of approaching this problem fall
into two main groups:

(i) Methods depending explicitly on the values

S(@o), [ (@)« f(n).
(i) Methods depending on differences or on differential co-
efficients,

We shall deal with each of these groups in turn, but before doing

so we make the general remark that the substitution
_(b-a)t+ap-ba
B—a
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leads to
b — - —
Ia f(x)dx - J‘i f [(b a)@ti‘:ﬁ bo g_:dt,

so that the original limits of integration may be replaced by any
others which may happen to be more convenient. In particular,

f@)dz = (b-a) E Fl(b-a)t+alds,

b o) do = Il;—a J‘: f [(b—-ai@t-&—an] L,

Ja

' b-a H:f[(b—a)t+k(b+a)]dt.

) f@dr =g ) S e

It follows that a formula established for apparently special cases
such as

rd

1 n +k
[ @ [ s@a [ swan,
0 0 -k
can be immediately applied to the general case (1) by a suitable

linear change of variable.

7:101. The Mean Value Theorem. We shall make fre-
quent use of the following theorem.

Let f(x), ¢(x) be integrable functions in the interval (a, b) and let
& (%) have a fived sign vn this interval. Then, if f(x) be continuous for
a < < b, we can find a point £ in this interval such that

[ ros@ae=s@ [ @

Let M, m be the greatest and least values of f(x) in the interval
a < x < b, and suppose that ¢(z) is positive. Then we have

[ m-fens@as=o, [ 1@ -ms@is=o.
Thus b b b
ML ¢ (z) dw > L f@) (x)dz>=m L ¢ (z) dz,

and hence

[[ros@a=1[ swas,
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where M > L > m. Since f(z) is continuous, f(x) attains the value
L for some point & of the interval (@, b) and therefore L = f(£), which
proves the theorem when ¢(z) is positive. If ¢(x) be negative we
reverse the above signs of inequality and obtain the same result.

7-11. Integration by Lagrange’s Interpolation Formula.
We have, from 1-4,

(1) f@) = zf‘””— ,—‘—’+¢<w ) [y .. 7],

() $(@) = (0-2,) (@-3y) ... (- ,).
Thus, integrating from a to b,

[ rorae= 300 s+ v

where
b b

) A = j g%)) $—‘f”ﬁw—s, R, = j $ (@) [y, ... 7,] da.

Thus the coefficients 2™ depend upon the interpolation points
Ty, Ly, ++v , Ty, bub are independent of the particular form of f(x).
Formula (3), like the identity (1) from which the formula arises, is a
pure identity and therefore of general application. The utility is,
however, limited unless an adequate estimate can be made of the
remainder term R,,.

Denote by I the interval bounded by the greatest and least of the
numbers a, b, 2, %5, ..., T,. When z lies in I we have, by 1-2 (2),

[x2,2 ... T,] = 7%‘ F™(x),

where % also lies in I. Thus if ¢(z) have a fixed sign when z is
in (@, b), we have by the mean value theorem, 7-101,

®) Ra= L2010 412,

where £ lies in I.
If the sign of ¢(x) be not fixed we can proceed as follows. The
zeros of the polynomial ¢(z) are z;, @y, ..., Z,, which we suppose
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arranged in order of ascending magnitude. In theinterval (z,_;, %),
¢ () has a constant sign and we have

I f(w)dm__f « ’(58 L é () da.

Hence if z, be the first mterpolatlon point such that e < z,, and
z, the last such that z, << b, we have

©  R=TOEN" y@ant G [ gy das.
+ f(y;)'l('E.m) ::-1 ¢(:c)dw+f )(En 1 1)J‘ ¢(z d:c,

where £,, £,,1, ..., £u4q, all lie in 1.

7-12. Equidistant Arguments. If in the formulae of the
last section we take

x,=ot+sw, §s=1,2,3,...,n
we obtain

() r f(@)dz = 2_"41 K™ F(ot50)

b
+j' (Z-a-w)... (2—a—nw) [z, t+0, ..., 0+ 1] dz,
a

K = 1 ({0 oo g,

o™l )i (@—a—sw)(s—1)(n—-s)!
Now put

(2) a=o0+(l-k)o, b=a+(n+k)o, *=at+yn
and write F(y) = f(x+yw). We then have

b-a
3) = n2k-1’

-1\ frt& -

I e ey | I () P 8

[z, a+®,..., a+n0] = %f(n)(g) = 7% ™ (ax+wmn)

w-"
=T FO@) =0y, 1,2,...,n].
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Thus
n+k n
(5) mj 0 2 I F () +oR,,

©  Re=[" D gom 1, 2, nldy.

The formula (1) is completely equivalent to (5), but we note that
the remainder term of (1) is wR,.
If in (5) we take £ = 0, we have

™ I" Fly)dy = I F(1)+J$ FQ)+ ...+ J P F (n) + remainder,
1

while if £ = 1, we have
+1

(8)“': F(y)dy=J{" F(1)+ Jé’f’l F(2)+...+J % F(n)+remainder.

The essential distinction here is that in (7) the values ¥ (1), F (n)
correspond to the end-points of the interval of integration, while in
(8) the values F (1), F(n) correspond to points within the interval of
integration. Steffensen has given the convenient epithets ¢ closed
and “open” to the first and second of these types of formulae.

Formulae of the open type are useful in the numerical solution of
differential equations where it is necessary to extend the range of
integration beyond the values already calculated. In order to obtain
practical formulae from (5), we must proceed to a discussion of the
remainder term.

7-13. The Remainder Term, n odd. In 7-12 we suppose
that » = 2m—-1. Then

2m +k -1
Rz"‘“lzL_k G-1)(y=2) ... g—2m+ 1) [y, 1,2, ..., 2m— 1] dy.
Put x(x):I: k(y—l)...(y—2m+1)dy.

By 6-401 (2), x(2m+k-1) = x(1-k) = 0. Hence, integrating
by parts, we have

2m+k -1
Romr==[ " 2@ .9 1.2, 20- 11y,

since ‘iiy[y,l,2,...,2m—1]= [v,9,1,2,...,2m-1].
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Since y(y) has a fixed sign (see 6-401), we have, by use of the
mean value theorem,

Rypy ==l 1,5 2m =11} x(y)dy

F(2m)( ) 2m+k-1
S L

Fem m 2m
- D B (- B+ BENY (1-B),

by use of 6-401 (3). Thus we have
(1) Rypm1 = —Cop, s FE™(n),
where 0 <7 <2m; and using 6-11 (7),

2B(2m+1) B("m) B(2m—1)

B — 2m+1

(2') 02m—1,0"‘(2 +1)|+( )|+(2m l)"
2B(2m+1) szl"r:t)

3) Com-1,1= m*‘@m)!'

7-14. The Remainder Term, n even. In 7-12 we now
take n = 2m. Then

r2m+k

R,, = s y-1)...(y-2m) [y, 1,2, ..., 2m]dy = S;+S,,
r2m+k—1 .
S, = — y-1)(y-2)...(y-2m)[y, 1, ..., 2m]dy,
r2m-+k
S, = y-1)(y-2)...(y—2m)[y, 1, ..., 2m] dy.
Jem+k—1

By the definition of divided differences, we have
y-2m)[y,1,...,2m] =[y, 1,...,2m—-1]-[1, 2, ..., 2m].

8, can therefore be expressed as the sum of two integrals o
which, by 6-401 (2), the second vanishes. Thus

2m+k—1
sl=j §=1) o (g =2m+ 1)y, 1,2, ..., 2m—1] = Rypy
1

= - G (BERED @ -+ BERD(L-B)).
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Again by the mean value theorem,

2m+ k

Sz = [ 1,..., 2m] y-Dy-2)...(y- 2m) dy
2m+k—1

= G (BERID (- B - BNV (1- D),
since Byt (2m+k) = —BEMP(1-k) by the complementary
argument theorem. Now, by 6-401 (8), the coefficients of the
derivates in S; and S, have the same sign. Hence in the sum
8,+8, we can replace the derivates by a mean value and we
obtain

2F @
R2'm = (%'i'_{;]) B(22"7‘r:-_{-]1)(1 - k)s
(1) R2m = - CZm, k F@m ("))’

where 0 <% <2m+1 and
9 BEm+1 2B(22,,1,n)

“22mt+1 |, 252m
@ Cam 0= @n+ 1)1+ @m)1
_ 2BENY
(3) CZm; 1= (27h+ 1)’ :

7-2. Cotes’ Formulae. Ifin 7-12 we put k = 0, we have
_b-a
-1’
and consequently

b n
j’ f@dz=(b-a) 3 H® fla+(v—1) o]+ R,,
a v=1
where
(ny _ ney. N (n—1 "_1_ t—1
(1) " =(-1) n— 1<v—1 Lt—v( n )dt'
The remainder term is obtained from the formulae of the last

two sections.
We have, with the previous notation,

FOy) = 0 f)(2).
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Thus Rypy = — 04 fCM(E) Cypiy. 05
R2m = - m2m+1f(2m)(g) sz- 0

If, for brevity, we put

@) ¥, =fla+(v-Neo],
we have Cotes’ formulae, namely,
3)

b 27@:1 m— b_. 2m+1
[ 1@ds= -0 5 HE" Py (G5)™ 100 ) Crnna

@ [ ferdo=0-a) 3 By - (5 5)" " £6mE) Oy

Expressions for Cy,, 3,05 Cam, o 10 terms of generalised Bernoulli’s
numbers are given in sections 7-13, 7-14. Numerical values can
be obtained from the table of 6-43.

Cotes’ formulae are of the closed type, the functional values for
the end-points of the range being used in the formulae.

The coefficients H ™ have the property
HP = H, .,

which expresses that coefficients equidistant from the ends of the
interval are equal. To prove this we have

H, 4= (-1p1 0 )I . , ‘*l)dz

n+v-1 n

Put t = 14+n—2z, then

HZ = (- l)y_l - «: DI z} v (nn z) dz

- (Y] e

That the coefficients are rational numbers is evident from the
definition.
The values of the coefficients were calculated by Cotes for

n=23,..,11
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The values in the following table are taken from Pascal’s Reper-
tortum. The last column gives the remainder term with the
coefficient abbreviated to two significant figures.

\N 1 2 3 4 Remainder
2y |y ||| S neepren
3 | |y | | —ssp-apro@xiot
P T e O e L
5| d | B8 | 3% | t5 | -520b-ayfO®Ex107

6 "lsnn -;57;{5,; 3’5?-40; ‘;:"-‘n'os —3-0 (b — a)7f(6) (E) x 107

T | & | &8 2 | i | —64(b—a)f®(E)x 10710

8 114D | 1re0 | 1 TENG | reNo | T 4-0 (b - a)of ® (E_,) x 10710

The remaining values for n = 5, 6, 7, 8 are obtained by using the
relation H™ = H™ ...

Comparison of the remainder terms shews that there is little to
be gained by taking 2m ordinates instead of 2m —1.

7-21. The Trapezoidal Rule. Cotes’ formula for n =2
gives

[ r@as = sir@+son-L5 % 0.

To apply this rule to a given interval (a, ) we may suppose (a, b)
divided into n equal parts, so that b —a = nh, say. To each point of
division, including the end-points, there will correspond a value y
of f(z). Ifto each separate part we apply the rule we obtain with
an obvious notation

I:ydz =3 (’; (yy+yv+1)—§ f”(E,))

v=1
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— l 1 nha 144
=h{} y1+yz+3/s+-~+yn+%y,.+1]-ﬁf €)

b— "
=—_[%yl+y2+ +yﬂ+%yn+l] lZ f E) h
which is the trapezoidal rule.

7-22. Simpson’s Rule.. This well-known and useful formula
of mechanical quadrature is the special case m = 3 of Cotes’ formula.
We have then

[ rora0 =25 s@+4 (55°) 110 - Gk o)

The remainder term is zero and the formula exact when f(z) is a
polynomial of the third or lower degree. If we divide the interval
(@, b) into 2n equal parts, so that 2nk = b—a, we have, applying
Simpson’s rule to each successive pair,

b b-a .
L ydz = “on [y1+4ys+ 2ys+ 4yg+ ... + 2Yp, 1+ 4Y2n + Yoni1]

+R(2n, h),
where
n(2h)5

R2n, b) = =" fOE)

7-23. Formulae of G. F. Hardy and Weddle. Cotes’
formula for n =T gives

W [ s

= I)ST—L(? {41y, + 216y, + 2Ty5+ 272y, + 2Ty, + 216y + 41y, }
~6:4(b-a)® f®(E) x 1071,
Now we have the central difference

2) 8% Y4 = Y1~ 6y +15y5 — 20y, + 1595 — Oy +y,.
Between (1) and (2) we can eliminate any pair of functional
values which are equidistant from the central value y,. If, from (1),

we subtract
27 (b a) Sy
15 840
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and thus eliminate y;, y;, we obtain G. F. Hardy’s formula, namely,

j:f(w) dx = } (b—a) {0-14(y, +y,) +0-81 (y, +ye) + 1-10y, }
+4-6(b—a) fO () x 10-8 — 6-4 (b — a)? f® (£) x 10-10,
since, from 3-0,

2y = ("5 ro ).

The coefficients of the remainder term are given to two significant

figures.
If, instead of eliminating one of the values, we add

(b—a)d%y, /840
to (1) we obtain Weddle’s Formula, namely,

b
[ 10180 = 550 -0) {9+ 500900+ (4 +50) + 64}
—2:6(b—a) f® () x 108~ 6-4 (b—a)® f® () x 1010
The merit of this formula is the simplicity of the coefficients, the
disadvantage is the complicated form of the remainder term.
The principle here exemplified could be used to obtain an endless
variety of quadrature formulae.

7-3. Quadrature Formulae of the Open Type. Ifin 7-12

we put k = 1, we have
b—-

I

and consequently

j f(@)dz = (b-a) 2”, KP f(a+vw)+R,,

(] =L

This leads to the two sets of formulae,

[ r@ya=p-a) 2, Ky, - (8 famz) g, 4,

where

L Sf(x)dz = (b-a) y2=;1 K&™y, (2m+l> f( ™(€) Com, 1-



7-3] NUMERICAL DIFFERENTIATION AND INTEGRATION 173

The expressions for C,,,_;,;, C;,,1 are given in sections 7-13,
7-14. In the formulae the functional values f(a), f(b) correspond
to v=20,v =n+1, and these values are not used in the formulae.
The coefficients satisfy the relation

K(vn) = Kggv—i—ly
which can be proved in the same way as for Cotes’ coefficients.

The following table gives the coefficients and remainder terms of
some of these formulae :

\>v 1 2 3 Remainder
2 | 1 | % 2:8(b—a)s f(E) x 102
3 | 3 | -1 | 3 | 310-apfoE)xio
£l on | A | o | 220-0rfo@)x10-
5| w | -1t | | L1G-erfo@x10
6 | o | et | woke | TAB-0f fOE)x 107

7-31. The Method of Gauss. From 7:11, we have

W [ se@is= 5 s [ 3D % [ gt i
where ¢ (@) = (T—2,) (T~ ) ... (T— ).

If in the above formula we neglect the remainder term, the
approximation obtained is equivalent to the approximation obtained
by replacing f(z) by an interpolation polynomial of degree n—1,
which coincides with f(z) at the points z,, z,, ..., ,. Gauss has
shewn that by a proper choice of the interpolation points

Ty Loy eee y Ty

we can obtain an approximation to the given integral equivalent to
the approximation obtained by replacing f(x) by a polynomial of
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degree 2n—1. This means that if the n interpolation points be
properly chosen, the remainder in (1) will vanish when f(z) is a
polynomial of degree 2n — 1 at most.

Let P(z) denote the polynomial of degree 2n— 1 which coincides

with f(z) at the points z,, &y, ..., Tniq, Toygs --- » Tay, and let

Q((I;) — ﬁ: f(xs) ¢(_$)

8=1 r—x, ¢l (ms) )

Q(z) is thus a polynomial of degree n— 1 which coincides with f(z)
at z;, @y, ..., Tp.

Let ¢ be a constant. Then P(z)-@(z) and c ¢ () both vanish
when z = 2, @,, ..., z,, and therefore we have

@) P(z)-Q(z) = c $(2) N (2),
where N (x) is a polynomial of degree n—~1. Then, as in 7-11, we
have

b b
I flz)dz = I P(z)dz+R,
where
b
(3) R= L (€ —2,) (€ = x5) ... (% — Lay) [02,T5 ... Tp,] dz.

Using (2) we therefore have
b b b
(4) I f(@)de =I Q) d:z;+I ¢ $(@) N (z) dz+R.

We now prove that by proper choice of z;, z,, ..., %, the second
integral on the right will vanish.

Let the polynomial resulting from £ successive indefinite integra-
tions of ¢(x) be denoted by ¢, ().

Then, by repeated integration by parts, we have

[ et@N@a
= o[ @O N @) -h@ N @+ .+ (-1 @ N |

since N("(z) = 0. The integrated expression will vanish if we take
for ¢ ¢ () a polynomial such that

$e(@) =0, ¢.(0)=0, £k=1,2,3,...,n.
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This result is thercfore attained if we take
c(@) = L [ (@-ay(a-by].

Since ¢(z) = (x—=,)(x— ) ... (v —x,), we have
1 gn
6)  (@-m)@-m) . (@-2) = oy ga [(@-a)(@-b)],
so that the required interpolaﬁon points are determined as the roots
of the equation

©) & Loy (e-by] =

That the roots are all real and lic between @ and b is seen at once
by successive applications of Rolle’s Theorem beginning with
(z—a)* (z— b)*, which has n zeros at @ and » at b.

The divided difference in the remainder term (3) is zero if f(x) be
a polynomial of degreec 2n— 1 at most, and we have therefore proved
Gauss’ result. It should be noted that when x;, z,, ..., z, have been
determined by (5) the remaining interpolation points z, .y, ... , T,
remain arbitrary. If we take z,,, =, s=1,2,...,n, the re-
mainder term becomes

b
R = j (T —2,)2(z—xp)2 ... (- x,)? [0, Loy ... X,2,] do

= fzn(E")- Ib (x— x1)2(x- (1:'2)2 ot ($" x")z dx

(2m)!
by use of the mean value theorem.
Since (z—z,)%(x—2,)?... (x—,)?* = (¢ () )% the integral in the
remainder term after n integrations by parts becomes
J 1)»n!n!
(-1 [ ga@ o= L5 [ @-apr@-brds.

Integrating by parts n more times this becomes

(=1)2n(nl)3 (* (z - a)2n _ (n)t(b—a)nr
(2n!) s(m+1)(n+2)...2n [(2n)!]2(2n+ 1)’
Thus finally we have the formula of Gauss, namely,

2n
[[r@ras= 35 g s+ (EEE fan),
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where £ lies in the interval (a, b) and =z, @, ..., &, are the zeros
of (6), while, by 7-11(4),
™ _ I P $(z) dz_
g4s = .
The advantage of this formula lies in the fact that by the use of
n points only we are attaining the accuracy which would ordinarily
result from the use of 2n points. The disadvantages lie in the fact
that the interpolation points in general correspond to irrational
numbers and their use leads to excessive labour in numerical calcu-
lation.
If we make the change of variable

z=1}0®-a)t+}(b+a),
the new interpolation points ¢, t,, ..., t, are given by
— n!_ " 2 n
(t_tl)(t_tz) (t—tn) = @_n)' d?”(t "'1)
n!
T1.3.5...2n-1)

where P, (t) is Legendre’s polynomial * of degree n, and we have
n) __ 1(}_ P(t) dt_ _ (n)
—1-a) " 50 2= e-wer,
where the coefficients G are independent of the particular interval
(a, b).
The zeros of P, (t) can be arranged in the order ¢, £, ... , t, in such
a way that

P,(1),

ts+tpss1 =0,
and if » be odd the middle member of the sequence is zero. With the
aid of this property it is easy to prove that
G = 6.
The following list gives the first six Legendre polynomials :
Po@) =1, Pi@)=5, P,(a)=3@3r-1), Py(a)=1}o(a*-3),
P,(x) = $(35x* - 3022+ 3), P, (z) = $x (63 — 7022+ 15).

* E. W. Hobson, Theory of Spherical and Elhpsouial Harmonics, (1931),
ga 18. See also pp. 76-81, for a discussion of Gauss’ formula and for numerical
ta.
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With the aid of these expressions the zeros and the coefficients
G™ can be calculated. For the numerical values of the zeros and
coefficients to 16 decimal places for n =1, 2, ..., 7, the reader is
referred to Hobson (loc. eit.).

7:33. The Method of Tschebyscheff.* Let F (z) be a given
function, and ¢ (z) an arbitrary function which is assumed to have
differential coefficients up to and including the (n+1)th. We seek
to determine points «;, @,, ..., &, such that

jﬁi F(:z:)¢(x) dr = k[¢($1)+¢(g;2)+___+¢(x") ]+Rn,

where k and the points #,, «,, ..., %, are independent of the particu-
lar function ¢(z) and where the remainder term R, depends upon
¢+ (x) only.
We have, by Maclaurin’s Theorem,
2
$@) = O+ O+ 578" O+t $O(O0) 4 ¢<"+ )(®),
where 0 < £ <{z. Consider

R, = [ F@) @) do-Elp(@)+ .+ d(an)]

If we put
+1 g8
T, = I ¥ (z)dz
- s!

we have

R,=Ty¢0)+T,¢'(0)+...+ T, $™(0)
+1 $n+1
+ I mT1)! F (x) ¢t (E) dac — nk ¢ (0)

-1 (m+1)! .,
— k' (0) [@y+ T+ s+ ] - ¢ (0 [B2 4+ B2+ ook 7,2] = ..
_kgt )(0)[ T+z3+...+20]
(nfl)'["‘ﬁ“‘ﬁ("“) E) et GN(E) ],

where £, is a number in the interval (0, z,), s=1,2,...,n

* P. Tschebyscheff, Journal de Math. (2), 19 (1874).
M.T.C. M
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The terms containing ¢(0), ¢(0), ..., $((0) will therefore dis-
appear if we take

(2) nk = F(z)dz,

klz; + g+ ...+ 2,] = z F (z)dz,

o4l
k[zl+a5+...+2p] = 2 F () dz.
J1

The n+1 numbers E, x;, %,, ..., ®, having been determined in
this way, (1) constitutes Tschebyscheff’s formula, the remainder
term being

wn+l

+1
3) R, = -[—1 @i F(z) ¢+ (E) da — m Z z, L G (B,

which vanishes when ¢ () is a polynomial of degree n» at most. In
this case Tschebyscheff’s formula is exact, that is to say, there is
no remainder term.

To determine ;, 7y, ..., *,, we proceed as follows :

Put f(z) = (z—ay)(2— 1‘2) .(z—wm,), so that =z, x,, ..., z, are
the roots of the equation
(4) fz)=0.

Taking ¢(z) = (z—x)~!, we have
B0 (@) = (n+1)! (z-z) "2
so that

(®) R, =

zn+2 + zn+3 +..

where ¢;, ¢y, ... are independent of 2.
Also, by taking the logarithmic derivate of f(z), we have

1 1 1 _f@
z—x z2- w2+'"+z—z,,_'f(z')"
and thus from (1) and (5), we have
HF( e,
-1 z_mdw k f( ) zn+2+zn+3+
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Integrating with respect to 2, this gives
%! Ca

+ _ f)
I-l F(x) log (Z—(D) dz = klOg Tj— —(n+1)?ﬁ—(ﬂ'2)—zﬁ2— cesy

where C is a constant. Taking the exponential of both sides, we have

C C
ferexp| - (n 1) o~ (a9 ke -]

. 1
= Cexp [/% jil F(z)log (z—) dw] .
Since the expansion of exp [ - (F—l-_lc)] Pyt (};_fgc)zk;n';z - :I

differs from unity by powers of z lower than z—", and since f(z) is,
by definition, of degree =, it follows that the polynomial part of

the first member is equal to f(z), and therefore

1
(6) f)y=P {C exp [71» r F(x)log(z—x) dx] },
-1

where P denotes the polynomial part of the expression in curled
brackets when expanded in descending powers of z.

Since the coefficient of z* in f(z) is unity, the constant C is deter-
mined so that the coefficient of 2" in the right-hand member of (6)
shall be unity.

By giving particular values to F(z) we can obtain a variety of
quadrature formulae. The most important case is #(x) = 1, which

gives, from (2), k& = ’2& Also, integrating by parts,
41
I log(z—2)dx = (2+1)log (z+1)~(2—1)log (z—1)-2
-1
] 1
=2logz+(z+])log<1+é)+(1—z)log(1—2>—2
=2logz——z——-————.—:—-~... ,

using the logarithmic series. Thus, from (6),
n

n
fz)=P {Cexp [nlogz—mé~i.—gz—4— ]}

n n n
=p{zneXp[_z_.:?2?_11.5%_6“.‘726""’]}’

where we have taken C = 1 in order to make the coefficient of z* unity.
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Taking » = 2, 3, 4, 5, we obtain the polynomials
-1, 2(-1), A5+, 2(A - § 22+ ).
The polynomials are evidently even and odd alternately.

Solving the corresponding equations, we obtain the positions of
the ordinates as follows :

n=2, -z =ux=0-57735027,
n=3, -z;=ux3=070710678, z,=0.
n=4, -z, =uz,=07T9465447,
— Xy = x5 = 0-18759247.
n=>0, -z =ux;=0-83249749,
~ T, = x4 = 0-37454141, 3= 0.
Tschebyscheff’s formulae, like those of Gauss, have the dis-
advantage that the positions of the ordinates correspond to irra-
tional numbers. They have the practical advantage of simplicity.
Morcover, when the ordinates are obtained from observation or

measurement and are therefore subject to error, the method has the
advantage that all the errors are equally weighted.

7+4. Quadrature Formulae Involving Differences.
From the interpolation formula with divided differences, we have

() f= =f(5'71)+n_\j (@ —ay) (= xp) ... (=) [23%5 - Ty

8 -1
+(@ - ) (x—ay) ... (x—2,) [2297, ... Z,).
Let a and a + «» be numbers such that in the interval
a<<r<atow
the product (z—z,)(x — @) ... (x — ¢,) has no zeros. In this interval

the product has a constant sign, and hence by the mean value theorem

rw(x—r,) v (@ —1,) [y ..., d

S g — 2y (5 - 2,) de
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where £, lies in the interval bounded by the greatest and least of
a, e+, &y, Ty, ... ,T,. Thus we have, from (1),

@ o[ f@dn = fe)+ dlnm)+ gy sz

+otAp g [ % .. 2]+ 4, 7 (E) [ 0!,
where
1 a tw

3) 4= L[ @-a) - 2) o @-3) do
a
From this result a variety * of quadrature formulae can be
deduced by assigning suitable values to z,, «,, ..., z,.
7-41. Laplace’s Formula. In (2) of the last section put
T =a, T,=a+(s—1)o.

Then

1 et )
As=aI (z-a)(r-a-w)...(x-a-s0+o)dz

a
1
= w’J (t=1)...(t-s+1)dt.
0
Thus, by 6-4 (4), we have

A, = w*B¥ (1).
Also by 3-0,
[y ... Tgy] = @2 A% f(a) ] s!.

Thus, since B{'X(1) = }, we have

1) })'r:“f(x)dz = %{f(a)+f(a+m)}+21! BP (1) A* f(@)+...
+ o1y B WA f@+ L an BO() f0 ),
Now

<
—

N

A fa+ve) = A7 f(a+re)- A f(a),

0

v

S JOE) = rfO(E).

v—=1

* H. P. Nielsen, Arkiv. for Mat. Ast. och Fys. 4 (1908), No. 21.
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Hence, if in (1) we replace a in succession by

a+w, a+20,..., a+(r-1)w
and then add the results, we obtain Laplace’s formula, namely,
] a1 re
@ [ e
a
=Lz fl)+f@+e)+f@+20)+...+ fla+(r-1w)+] fla+ro)]

+30 N BOW) 4 farr) -4 f@)+ TS BOW) )

This formula gives the definite integral of a given function in
terms of differences. Alternatively, the formula gives the sum

f@)+ f(a+w)+...+ fla+7r0)

if the integral can be evaluated. The differences employed are the
forward differences of f(a), f(¢+ rw).

To calculate these we require the functional values f(a+ vo)
from v=0 to v=mn+7r-2, and therefore £ lies in the interval
(@, a+(n+r—2) ).

To find the coeflicients we have, from 6-43,

$BOM,

Sl “log(14-¢)°
Thus we have
m“m; | 2 1 3 R-‘ ) 4“_| —~5 6 o 7 -
B(y)(l /V' _11 ‘ _4 - \ 100 |—a0ile | 23l

That the signs alternate follows from 6-4 (4)
A corresponding formula for backward differences is easily
obtained by taking @, = a—(s—1)w. We then obtain

A,:Zl;j:.w(z a)...(x—a+(s-1)w)dz

1
= m’j (t+s—1)...tdt = w* B¥s).
0

By the complementary argument theorem, B{(s) = (- 1)* B{).
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Thus 7-4 (2) gives

}oﬁwf (0)dz = f(@) - B Af(a-w) + 5 BY A2f(a~20) - ...

+(- 1)n—1(h)—13<" D Artfa— (n-1)w)+ b')tm”Bﬁ')f(")(i),

which is an integration formula with ascending differences.
In particular, for n = 4, we have

(3) ij:‘*“’f(x)dx: f@)+3 A fla-w)+ 7 A% fla—2w)
+3 A3 fla—3w)+ 35wt fO(E).

Formulae of this type can of course be obtained by direct inte-
gration of the appropriate interpolation formula.

7-42. Formula of Laplace Applied to Differential Equa-
tions. Laplace’s formula with ascending differences is the basis
of the Adams-Bashforth method of integrating numerically a given
system of ordinary differential equations. Such a system can
always be reduced to the first order by introduction of new variables.
Consider the single equation

,
Y =(%=F(x,y).

From this equation by successive differentiation we can obtain

III

y",y"', ..., in terms of z, y. Let it be required to find the solution
with the initial conditions y = y,, * = %,.
We first calculate y,, yo”, 4o, .- , and then, by Taylor’s Theorem,

’ 1 ”
Y=Y+ (T—%o) Yo +22!'(w_-770)2.7/0 +

Taking an interval w for z, we calculate from this series y;, y,, y5
corresponding to ,+ ©, o+ 2w, Zy+ 3w, and from the given differ-
ential equation the corresponding derivates

9 =F @, y), 4 =F (@), ys' = F(ag ys),
where

T, = Tot+ o, T3=Ty+20, 3= Ti+3w.
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We can now form the table :

Zy Yol Yy

Ay
%o+ o nlo  y' A%yy

Ay Ay
Tot+20 Yoy, Ay

Ay

’

To+ 30 Ys/o Y,

Zy+ 4w

If we can find y, [ », the table can be extended another line. Now

by (3) of the last section, if we put f(z) = ¥, a = z,+ 3w, we have
(]5 ?/4—(1;% =Y+ LAY+ 0% Ay Ay et @),

where ™) is a value of d*y [ da*. If w be sufficiently small to allow
the error term to be neglected, we have the value of y, [ @, and hence
we can find y; = F(x,, y,) = F (g + 4w, y,). We can then write in
a new line of differences and proceed to the value of y; /» by the
same method. Thisis the Adams-Bashforth process. The extension
to systems of equations leads to greater complexity in the calcula-
tions, but the principle is the same. For an account of the present
state of this subject the reader is referred to a lecture by H. Levy *
on the numerical study of differential equations.

7-43. Central Difference Formulae In 7-4, take
n=2m, Ty, =0a+S0, Ty, = 6—S0.

Then, writing = = a+tw,

1
Ay, = wz'f (t+s-1)(t+5-2)... ((—s)dt = w2 BE(s),
0

1
Ay = w2'+1_‘- (t+5)... (1 -8)dt = w2 BV (s +1).
°

* H. Levy, Journal London Math. Soc. 7 (1932), p. 305.
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From 6-3 (1), putting z =s, n+1=v =2s+1, we have

B P (s+1) = }(2s+1) BE) (s).
Also

[2,%5 ... By ] = (2sw Az’ L fla-(s-1)w),

[2,25 ... Ty 1] = (‘zE)”' Az' fla-sw).
Thus

m-1 ("s)
I f(@)dz = 24) B(Zs)' {A“f(a sw)+3 A%t f(a- sw)I

2
w2™m qu ”rln) f(zm) ;.;1

1
(2m)!
Now
A% fla-sw)+1 A% fla-sw)
=3 4% fla-sw)+3 4% fla-(s-1)w)
=3 A% fla-(s-2)w) -} A% f(a-sw)
= w1 f(a+w) - 31 f(a),
in the notation of central differences.
Thus we have

L rede =3 f@ s o)

(O]
(20) (8

+ 3251 (Zs) f ud?-1 fla+w) - 51.82"1]((1)}

+ o B (m) SO )

If we write in turn for a the values a +w, a+2w,...,a+(r—1)
and then add the results, we get the central difference formula

ij:+r~f(z)dz ={}fla)+fla+o)+...+fla+(r-1)w)+3 f(a +rw)}
Bm)( ) 2s-1 25—1
" %‘1 @) {“8 1 fla+rw) - st f(a)}

oo 51 B (m) £ 5)

" (2m)!
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The differences actually used with this formula are shewn
schematically as follows :

3 33 35
o ]
Yo =f(a)
o o
o o [
y, = fla-+re)
] o L

Thus, for m = 3, we have
ol J@ = Byer ittt ya ]
- r]‘z {3y, +3yr13) — 3By +3y3) }
F o L%+ 8,00~ By +8%,))
e

64
Example. Calculate I sin z dx,
160
using the table

z sin A ks A3
9873068 -10
0-160  0-15931 82066 - 1593
9871475 -11
-161 <16030 53541 -1604
9869871 -8
-162 16129 23412 —-1612
9868259 -11
-163 -16227 91671 -1623
9866636 -10
164 -16326 58307 -1633

9865003 -9
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Thus, since r =4, b—a = 0-:004, we have

-164
mmj sin zdz = 0-64516888105 + 0-00000005377
-160
+-0032 x 4 x (-001)8 x -16.

The remainder term affects only the 21st decimal place on the
right. We therefore obtain

164
J- sin zdz = 0-00064 51689 (348),
-160

the figures in brackets being actually given by the above numbers.
The correct value to 15 places, namely,

cos -160 —cos -164 1is 0-00064 51689 34801,

so that the above result is correct to 13 places. The precision of
this result may be contrasted with the loss of accuracy in differ-
entiating a table, as in the example of 7-02.

7-5. The Euler-Maclaurin Formula. Denote by P, ()
the periodic function of period unity which coincides with B, (z)
in the interval 0 < z < 1, so that

P,(z)=B,(z), 0<z<],
P,(z+1) = P, ().
Since B, (1) = B,(0) if v> 1, we have
P,(1) = P,(0) = B,(0) = B,(1),
so that P,(z) is a continuous function at # = 1 and thercfore at

z=0,1,2,..., provided that v>1. P, (z) is, however, discon-
tinuous at these points, for B, (x) = z— }, and hence

P(z)=2-3 0<<z<],
Py(+0)=-4%,  P(-0)=+}
Again, from 6-5 (5),
DB,(x) = vB, ().
Thus DP,(z)=vP, (x)

and therefore D P, (x) is continuous at 0, 1, 2,..., when v=3,4,5,...,
but D P,(x) = 2P, () is discontinuous at these points.
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Now consider the expression
m 1
() Ru=-21[ Pay-0fm@rend, 0<y<1l.
cJo
Integrating by parts, we get
wm-1 1 1
Rp= = [ Paly-0 s Do ran |

wm-1
- ——J m P, _,(y—1t) foD(z+wt)dt.
Since P,(y-1) = P,(y) = B, (y), we have
Bo=~0) Bul®) A [ D @)+ Ry,

wm—l

Ry = = oy B s @) A SO2(0) + B,

2
Ry =51 By) A f' () + Ry.
Now
1
R,z-wj Py(y—1)f (@+wt)de
0

= —wj: (y—t-1%) f'(z+wi) dl—mj: (y-t+3) f(z+ot)dt

= f@+yo)-Byo A f@- - [ s a,

the last line being obtained by integration by parts and then writing
t for z+wt in the integral.
Thus, by addition of all the above equations, we have

) j,j f0 dt = fa+yo)-B@)o A @) -%’? B@)Af @

Ba WA S (@)~ m@A f (@)~ R,

This is the geneml Euler-Maclaurin formula, of which 6-511 (3), (6)
are particular cases when f(z) is a polynomial.
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If we put y = 0 and write 2m for m, we have, since
Bi=-1% B,y =0, s>0,

) é]’:*" fl)dt = %{f(w)+f(m+w)}—§ (‘2‘):;_' sté fes-1)(g)

[} Pant) s+ oty
+(2m)! o 2m ) (O] )
since
P2m(_t) = sz(l _t) = B2m(1 —t) = BZm(t) = P2m(t)'
If in (3) we write in turn z+ow, z+20,...,2+(n- 1) for z
and add the results we obtain
1 r+nw
@ [ 0@ = 31+ fer o)+ fla o)+
+ f(@+(n-1)0)+3flz+nw) }

m-1 ,.28-1
=37 (gay Bl SO (@t n0) = fED (@) 1+ S
&1 :
where
' w2m-1
me = —”(Zm) B2m f( m—-l) x+nw) f(2m-1) )}

_.1 2
+>_; W j Py, () £ (@4 cot + 500) .
8

Now P,,, (t+s) = Py, (t), and therefore
n—1 (1 n
S I P, () F™ (2 -+ ot + s0) dt =j P, () fo™ (2 -+ ot) dt.
8-0Y0 0

Thus we have

2m  fn
®) Som = oyt |o P (0= Ba) O (o4 0t)d.
Now
[ Pant)- By
n—1 fs+1 1
=S [ R0-B i =n | 2o~ B
s=0 e 0

since P, (¢) = P,,(t+s), and P, (t) = B,,(!) in the interval
0<t<1, so that the last integral is equal to —nB,,. Also,
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by 6-53, P,,,(t)— B,,, does not change sign. Hence by the mean
value theorem

6  Spu=-

n w3n
T (2m)!
Thus if f@m)(t), f@m+2(t) have the same constant sign in the

interval z <t <z+nw, S,,, S;..» have opposite signs (since

B,,., B,,.., have opposite signs). In this case it follows, as in

3:12 (c), that the error in (4) due to neglect of the remainder term is

less numerically than the first term omitted from the series (4) and

is of the same sign.  Again, if f&) (¢) have a fixed sign in the interval

T <t<<x+nw, we have, from (5), by the mean value theorem

where M denotes a mean value of P, (t) — B,,,.

Now, by 6-52,

| sz( ) - By Sl - (2— 2,,1,_i> Bym

Thus | M| < ] 2B,,, |, so that the errorin (4) due to neglect of the
remainder term is in this case numerically less than twice the first
omitted term and has the same sign.

If in (2) we put y = } and proceed as before, we deduce another
formula which is sometimes useful, namely,

(L‘[ro<nwf(t) dt = {f(fl?'i'z]:(l)) +f(~'17+ f_:(x))+...+f(m+(n_ %)(.0) }
) m-—\l w21
>/ @)1

By () @™ (@ 070).

2"‘f(2"')(x+ Onw), 0<6<1L.

By, (3) {f® V(@ +n0w) - f*D(2) }
nwm
-~ (2m)!

As an example of (4) applied to the interval (a, b), we have for
n=3 m=3, o= (b-a)/3,

e 5 o 5% )
-2’5 9) {ror-re}g, (59 {rro-re)

10(1)8‘6 (b 5 a>7 fOE), a<i<b.
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7-51. Application to Finite Summation. With the
notation of 2-6, 2-7, we have from 7-5 (4),

m—l

By, | s 0g—
P(;} U1 —J uydt+ %(“1'*’“11)*‘ ~ (2.5‘)' (u 20— *V) 4+ Ry,

(n—1)

Rzm - ( )m)

B2m §2m), 1< & <-n.

This formula gives the value of
Pay % = o+ U+ oo+ uy,.
For example, taking m = 1,

1 11 S R
P Gria1p =241 zin $@+12  2@np

Since u{® and »{® have the same constant sign, we have

_ 6 B, l:_ 2 2_ :I
By =5 | =~ Giapt aripl 0<0<L
If we let n — o0, we have therefore
0 1 1 0
2:" -P‘i’s (;‘f“i_*{.):(ﬁm-l-ﬁ_(x_i_l)f!’ 0<0<1-

By taking z large enough we can make the last term as small as
we please. We can therefore find by this method the value of

© o1
>, 812 to any required degree of accuracy by first calculating >, 52
81 8=1

by addition, having chosen z sufficiently large. If we take a larger

value of m the calculation is of course made more expeditious.

7:6. Gregory’s Formula. With an obvious notation, 7-5 (4)
can be written in the form

W I=; j F@)dz= @ fotfitfot ot fart 1)

By | poe- - w?n
24 (Zsz)' (fV-f87Y) - (2m)1 By f@™ (a+ Onw).
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If we use Markoff’s formulae of 7-02 we can express f&*~7 i
ascending differences and f§**~" in descending differences. We thus
obtain

— -l (f@D _ gDy 22;3 B, (1 )A "{(=1)" far + fo}
n VGt (V=25 +1)!

F g = 171 B (1) (JEm-2(0) + fOnD ()}

Thus we have

‘ 28, 2m‘3 B(—-c (1)
k= \ (25) vn%:—- (v—- ;;:1),/] {(=1 fart+ fo}s
where
w2m
(2) R"“(z ) B fz"')(a+0nm)

"N By BGm (1)
\ 2s 2m—28—1 2m—2 f(2m—2)
= (2s)! (2m—2s—1)! 20 S (&),
where 0 < 0 <1 and &, hes in the interval (@, @+ nw).
Hence we can write
2m—3
I-R = L‘l K AN fass +(=1)" A" fo}
where
B, Byi" (1) By B4 (1), By BYEY (1)
O T i 1 W VT R YRR T i YRR
the series ceasing when the suffix becomes negative.

If in (1) we put f(z) = BV} 2@+1)/(v+1)!, a=0, n=1,
the remainder term will be zero if m be chosen large enough, since
Jf(z) is a polynomial. Also, by 6-4 (1), f(1) = f(2) =

We have, therefore,

j _ifj_(f’{j‘”d _ “Z By, B(v_yfzzs)Jro (2)- B(v_vjf%)Jrz_(l)
o (vrI)i ( @s)! (v—25+2)1
oV 23 va—_‘-2]|.l)+l
& @2s)! (v=2s+1)!

= (-1 K,.

Thus
K, = (-1 B%P 1) [ (v+1)!,

and we see from 7-41 that the K, are all negative but numerically
equal to the coefficients in Laplace’s formula.
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We thus obtain Gregory’s formula, namely,

-1_ J‘“*m’f(w) d:l? = (%f°+f1+f2+"'+fﬂ—1+%fn)— 1'-."(Afn—1—A fo)
—'I(Azfn-z‘*‘dzfo)‘ (Asfn—s"'Aafo)" 11\U(A4fn 4+A4fo)

B(Z27’7‘n"—9)( ) 2m-3 2m-~3
-t ()’”b 2)' A fn—2.m+3'-A f0)+R:
where R is given by (2).

The advantage of Gregory’s formula, as compared with that of
Laplace or the central difference formula, lies in the fact that the
differences employed are the descending differences of f(a) and the
ascending differences of f(a -+ nw), all of which can be formed from
values of the function within the range of integration. The dis-
advantage lies in the somewhat complicated form of the remainder
term.

7:7. The Summation Formula of Lubbock. Suppose
that we are given a table of a function in the form

n f(n)
0 f(0)
A£(0)
w f@) A% £(0)
Af(1)
20 f@)
(r-Deo  f(r-1)
Af(r=1)
1w f(r)
Af()

A2 f(n)
and that we wish to subdivide the interval into A equal parts and
then form the sum

10+ 5 (3)+£ ()41 ()

M.T.C.
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The summation can be effected in the following manner by a formula
due to Lubbock.
We have, by Newton’s Interpolation formula,

£(n+3) =g+ (1) gy + (1) 22 gt
(318 o s+ (P 1F) ot o),
Summing from s =0to 2-1, we get

S
> f(n47)=hfm+25 1 Af) 2 42 f0)
&=0

+7\3A3f(")+14 w! fO(Ey),

where A = :2-; (S é}l>, Ay = ;\;{1) (S éh> , ete.

If we now sum both sides from n =0 to n =r-1, we get

rh-1 r-1 h—17C

S () =15 4 50

+>\02,A2f ey \‘ A f)+72 fO(E,)

=1 3, f0)+ 23 O£ ) 424 f0)- 4 FO)
(4 0= 47 £ 0)) 47000 O ).

Adding f < ) to cach side, we have

S () =1 5 100-"52 o+ o)+ id £01- 4 1)
(A2 )= A2 O)) 47Nt O (Ey),

which expresses the required sum in terms of the given difference
table.

The above formula has been arranged to include second differences.
Clearly any required number of differences may be included by
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taking further terms in the original interpolation formula.
calculate Ay, 2, ... , etc., we observe that
h-1 2 " ; _ z
h+ —9" T+N PP+ A3+ ... = P 14z = A=l
Thus

r=(h+3Rh-D)z+r22+...) ((L+2) /A1),
whence

(1) (e L)%
JEVICPREHIED

so that the coefficients A, may be successively evaluated.
We have in this way

o Mel TRl (1) 09 1)
27 128 0 8T 24p 0 AT T20h3
Ezxample. Calculate, by Lubbock’s formula,
3530 |
500 n
Taking & = 10, r = 3, we form the table :
1
" n 4 4
- +
3500 0-0002857143*
8140*
3510 2849003* 46%
8094
3520 2840909* 46
8048
3530 2832861* 46
8002*
3540 2824859 44*
7958

3550 2816901

195
To

The numbers used in the formula are indicated by an asterisk.
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The required sum multiplied by 10'° is equal to
10 x 11379916 — 4:5 x 5690004 — 5% x 138 — 2% x 2+ R,

1010 % 3 x 104 x 99 x 1899 x 24
where R0 a0k ssoop < 00

which i¢ negligible. Thus the required sum is 0-0088194027.

EXAMPLES VII
1. Taking 10 figure logarithms to base 10 from z = 300 to
z = 310 by unit increments, calculate the first three derivates of
logz when =300, =z =305, == 310.
2. From a table of sinz verify, to the number of figures which
the tables permit, that

d .
sinx = acos i,

dr
where @ = 1 if  be measured in radians and ¢ = =/ 180 if z be
measured in degrees.

3. By means of tables, calculate

2 900
J' sin 2 dr, j sin x dx,
0 oe

using an approximate integration formula.

4. The two radii which form a diameter of a circle are bisected,
and perpendicular ordinates are raised at the points of bisection.
Required the area of that portion of the circle included between the
two ordinates, the diameter, and the curve, the radius being supposed
equal to unity. Compare the result found by Weddle’s rule with the
exact result.

5. Prove that

J"“ logsin0d0 = — [ 0cot 0d0,
0 0

and hence caleulate the value of the integral by Weddle’s rule and
estimate the error.



Ex.vi(] NUMERICAL DIFFERENTIATION AND INTEGRATION 197

6. Shew that Simpson’s rule is tantamount to considering the
curve between two consccutive odd ordinates as parabolic. Also,
if we assume that the curve between cach ordinate is parabolic and
that the curve passes through the extremity of the next ordinate
(the axes of the parabolae being in all cases parallel to the axis of ),
the area will be given by

RLZy— . A{15(o+Yn) =41+ Yna) + (Y2t Yas) } ]
[Boole.]
7. Prove that approximately

8 (3rh
3% L Ydz = Yot 3t tyutystyatyst ) +Ys

+2(Y3+ Y H Yo b+ Yapa),
and find the error term. [Newton.]

8. Prove that approximately

45 (ivh -
94 L ydo = Tyo+ 1 (ys+ys + o +¥ap-a) + o

+32(Y1+Ya+Yst o+ Yapa)
+12(Ye+Ys+ Y10+ -+ Yan-s)
and find an expression for the remainder term. [Boole.]

9. Prove that approximately

nh
Io ydo = h(yy+ys+-+Yni) =3~ Yo+ Yn-s — Yu),
and find the error term. [Poncelet. ]
10. Prove that approximately
I yde = h(yy+yst+ - +yns) = 2(U Yo+ Yni —Yn)s

and find the error term. [Parmentier. ]

11. If f(x) be a polynomial of degree 2n—1 at most, prove that
n [+ _f(x) -1
I ) et sl

[Bronwm. |
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12. Find an expression for the sum to n terms of

1+1+l+]4
9% 132

and calculate approximately the sum to infinity.
13. Find the sum to infinity of

1 1 1
T4 g5t g5t 4ot ooe

correct to 10 decimal places.
14. Find approximately the value of
-1 1
P{n) (t+ 1)2 _ ag
and obtain an exact formula when a is an integral multiple of 3.

15. Shew that the sum of all the integral negative powers of all
the positive integers (unity being excluded in both cases) is unity ;
if odd powers be excluded the sum is $.

16. Prove Burnside’s * formula for double integration :

[°]" stam isdy = £ L0010, 004006, ~a)
5 (SO0 + 10, -0)+1(=b,8)+f(=b, D)},

where a = /s, b= \/ 7, and f(z,y) is a polynomial of degree 5
at most.

17. By successive applications of Simpson’s rule obtain the
formula for double integration :

9 f" dy r" Fl@,y)de == (b-a) [d—0) { f(2a, 2)+ f(2a, 24)
2¢ 2a
+ f(2b. 2¢) + £(20, 2d) + 4 [ f(2a, ¢+ d) + f(2b,c+d)
+ f(a+b,2¢)+ f(a+b,2d) )] +16 f(a+b,c+d)},

and investigate the form of the remainder term.

* W. Burnside, Mess. of Math., (2), 37 (1908).
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18. Prove that: :

(a) By elimination of the error term in %2 between two trapezoidal
formulae corresponding to sub-intervals 4 and 24, the Simpson Rule
is obtained.

(b) By a similar elimination between formulae corresponding to
k and 3k, Cotes’ formula for n=4 (the ‘‘ Three-Eighths > Rule,
Ex. 7 above) is obtained.

(¢) By climination of the error term in A% between the Simpson and
the Three-Eighths rules for 7 ordinates, Weddle’s Rule is obtained.

[Sheppard.]

19. By eliminating the error term in #* between two Simpson
formulae of 2p +1 and 4p +1 ordinates, obtain the Newton-Cotes’
formula for » = 5.

20. Obtain the following table of quadrature formulae of open
type, in which the ordinates used are at the midpoints of equal
sub-divisions of the range (e.g. for 4 points and range O to 1, the
ordinates used would be }, %, 5, ) :

N — 1 B ‘2 - 3 Remainder
1 L aeeerree
s | ) } oo (l;;);}w‘z’TE)
T | e
[ | on [ | ree-apre@ <o
5 ﬁ RAKH i 0P LR 37(7— a)’ f®(E) x 10~7

The remainders in all cases have positive sign. [Aitken.]



CHAPTER VIII
THE SUMMATION PROBLEM

CoNsIDER the difference equation
Au(z) = ¢(z),

where ¢ () is a given function. The summation problem consists in
determining w(x). If u*(x) be a particular function which satisfies
the equation, and if w(z) be an arbitrary periodic function of = of
period o, it is evident that u* () + () is also a solution. That this
solution is the most general possible is seen from the remark that
the difference of any two solutions is a solution of A u(z) = 0, so

that any two solutions differ by an arbitrary periodic function of
period . Thus if ¢(x) = 2z, the most general solution of the given
equation is 2?— wz+ w(x), particular solutions being

B—or, r?-0r+sin(2rnr/w), 2*-oz+ e

That particular solutions of the given equation always exist is scen
(in the case of the real variable) by considering that u(x) being
arbitrarily defined at every point of the interval 0 < z < w, the
equation defines u(z) for every point exterior to this interval. Such
solutions are in general not analytic. The problem of determining
analytic solutions has been studied by many mathematicians. In
this chapter we shall consider solely Norlund’s theory of the equation.
By an extremely elegant method Norlund has succeeded in defining
a ‘‘ principal solution ”’ which has specially simple and definite pro-
perties. In particular, when ¢ (%) is a polynomial so is the principal
solution. Moreover, the solution is defined by an algorithm which

supplies the means of obtaining the solution. We can only study
200
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here the more important outlines of the theory. For further details
the reader is referred to Norlund’s memoir.*

8-0. Definition of the Principal Solution or Sum. Con-
sider the difference equation

1) Au(z) = $(2),

or (T +0)-u() = o d(@).
The expression, (where 4 is constant),
f@)=4-0[¢@)+P(x+w)+d(@+2w)+d(x+3w)+...]

=4-o 203 ¢ (x+sw)
8—-0

is a formal solution of the difference equation, since
J@+o)=Ad-o[d@+o)+d(T+20)+d(z+30) +...]
and therefore [+ o) -f(z) = o $(z).

o]

If for A we write I $(t)dt, and if this infinite integral and the

c
infinite series both converge, we define the principal solution of the
difference equation, or sum of the function ¢(x), as

o)
Al

2) F(xlm)=r¢(t)dl—m}_l¢(w+sm).

8=0
The reason for the introduction of the infinite integral will appear
shortly. The principal solution thus defined depends on an arbi-
trary constant ¢. We may thus consider the principal solution as
being formed by “ summing ” the function ¢ (z), and from this point
of view, by analogy with the notation of the integral calculus,
Noérlund writes

B Felo)=§4@Az=[ s0d-o 3 beiso)

and the process may be referred to as  summing ¢ (z) from ¢ to z.”

* N. E. Norlund, ‘“ Mémoire sur le calcul aux différences finies,” Acte Math.
44, (1923), pp. 71-211. See also Differenzenrechnung, ch. iii. The examples at
the end of this chapter are all due to Norlund.
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As an example, consider
Aule) = ¢,
“

z and o being real and positive. Here

4) F(z|o) = S c"‘Az-—L ~t Jf— % PR

0)6_

j— P—C
1-¢’

after evaluating the integral, and summing the Geometrical Pro-
gression.

The necessary and sufficient conditions for the existence of the
sum F(z | w) as defined above are the convergence of the integral
and of the series.

In general, neither of these conditions is satisfied and the definition
fails. In order to extend the definition of the sum, Norlund adopts
an ingenious and powerful artifice. This consists in replacing ¢(x)
by another function, of z and of a parameter u (> 0), say ¢(z, ),
which is so chosen that

(1) “113) $(@, 1) = $(2) ;

(ii) r</>(t, pw)dt and L é(x+ sw, 1) both converge.

=0
For this function ¢(x, w), the difference equation
(5) A u( ) = $(z, u)
has a principal solution, given by the definition (3),
(6) Fx|low; u)- J. St pdi—o \:) (z+ s, @).

If in this relation we let u —0, the difference equation (5)
becomes the difference equation (1) and the principal solution of
the latter is defined by

F(z| o) =1iu})F(a:|co; ),

provided that this limit exists uniformly and, subject to conditions
(i) and (ii), is independent of the particular choice of ¢(z, w). It is
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of course assumed throughout that the domain of variation of : and
© may be subject to restrictions depending on the nature of the
function ¢ (). The nature of these restrictions will be more apparent
when we consider particular classes of functions. It may also be
observed that the success of the method of definition just described
depends on the difference of the infinite integral and the infinite
series having a limit when p —0. Each separately may diverge
when p = 0 and the choice of ¢(x, ) has to be so made that when
we take the difference of the integral and the series the divergent
part disappears.

When ¢ (z) is such that the sum exists, it is still possible that the
result obtained may depend upon the particular method of sum-
mation adopted. In this connection it has been shewn * that, for a
wide class of summation methods, the result is independent of the
method adopted. Among these methods is the one given in the
following definition, which will suffice for our purposes.

If for x wariable in @ certain wnlerval and for positive values
of w, we can find p>=1, ¢ >0, such that for A(z) = 27 (log )1,

I $(t) e @ dt, }: P (z+ 50) e=Hr @+aw)
¢ $=0

both converge for | > 0, then the principal solution of the difference
equation A u(x) = ¢(x) vs

M Filo)=§ @Az

= lim j '[ d)(l) e MO dt — ¢ S: (x4 sw) e~rA & I—cw)}
8 -0

mn=>0 c

provided that this limat exvsts.
When the limit exists ¢(z) is said to be summable.

As a simple illustration, consider
Au(z) = a,

where a is constant.

* N. E. Norlund, Acta Univ. Lund. (2), 14, 1918 ; 16, 1919,
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The series a-+a ra-+ ... obviously diverges, but for >0

J. °°
aertdt, Y aer(@taw)
both converge if w be positive, so that we can take A(z) =z,
te. p=1,¢=0. Hence

8 aAz— lim {j ae Ml —w Z q,g—u(z+!m)}

w0 s—0
¢

= lim {a e _aweT)
a0l o loewef

— lim®° “(pw — jpto?+. —y.(o+p. o(z-c)- _)
w0 p(y.w—-r .. )

z

®) 8 aA z=a(-c- o)

which is the principal solution. It should be noted that both the
integral and the scries diverge when p=0. For o =1, ¢ =0,
a =1, we have

\1Az=0-}=B().
Thus Bernoulli’s polynomlal B, (x) is o principal solution. That
all Bernoulli’s polynomials are principal solutions will be proved
later.

8-1. Properties of the Sum. We shall now consider some
of the general properties of the sum which are directly derivable from
the definition.

If in 8:0(6) we write for z successively the values

2+¢, 2420, ., gem=De
m m m

and add the results, we get

m—1

> F<x+'s;;3:m; “>="‘F<x|!:%; p,>,

s -0
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which when p — 0 gives

m-1

\ SO y (O}
(1) ‘%6 F(x+ m 1 m) =mF (:z: m)
and also
m~1
) Fz|o) = - > Flatso|mo).
m g0

These results constitute the Multiplication Theorem of the Sum
(cf. 6:52).
Again, from the definition,

Iv‘(nr © ) j¢(z de—“i}_)¢<.z+m,u),

m’ " s=h m
so that if m — w0,

lim F

m-—»%

m’ p.) I 4 )dt‘jj¢(i, W) de

=[ gt wan

8o that when o — 0,

3) lim F (s

m—n

(0} i
m) =], )de

Again, from (1),

N S

Z)=lm = M F <:r =

) m—n @ M b +m
1

L+ w
=2 I P(t|w)dt.

Thus we have the result

(4) (lo I:“F(z | o) dt == j:¢(t) d

From the definition of the sum it follows that

€
~—

m—» o

®) AS ¢0AL= ()
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z
Thus the operator A cancels the operator 8 At On the other

hand, these operators are not commutative, for
X z 1 z 1 z
©) 8[z}¢(t)]z}t=w8¢(t+w)ét—58¢(t)z}t

T+ w

c+w

= A S ¢(t)§t—; j b0

¢ 1 (et~
-l L $(0) dt.
From this formula we can derive a rule for summation by parts of
the product of two functions. For writing

) =) § 00 AL

we have
ABE) = | ue+o) g o(t) At~ u(z)S

Thus
Ade) =1 )]“Swv 0 At+u( z)AS

so that by using (5 )
24w

u@ o) = Ad@)-[Au ]bntmt

Sum both sides from ¢ to z, using (6), and we have

(7 8 u(z)v(z)wAz = u(x) 8 v(t)ét—(lsj‘?”u(z) S v(t)étdz

c
Ztw

é {tauE) S AL} A=

c
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This formula is quite analogous to the formula of the integral
calculus for integration by parts.
As an illustration, take u(z) = z, v(z) = ¢* Then, by 8:0 (4),

z
e -c__we")_l e <_.,_ <f_>_ct,‘,>
Szc {}z x(c 1—e) "), z(e°— dz

c
z

-§ -1

c
z

To evaluate S e=° Az, we use 8:0 (8), so that after reduction

w
c
x

wre® wieTw
ze P Nz =— : -, Fee el
8 A T-e« (1-e¢ )
c

We have thus found the principal solution of the difference
equation

Au(@) =ze™
We also note that when o — 0,
z z
lim z2e P Az =—2e%—e%+ce " I-e‘“:j ze *dz,
w—0 w c

4

a result which we should expect in view of (3), which points to the
result
z

Iim \ ¢(z) Az = r¢(z) dz.
w—>0 - w [

That this is true when o tends to zero by positive values will be
proved in 8-22.

The following identities are often useful and are easily proved :

® quz)Az—Qqs @A+ de) s

8 ) Az = 8 za) Az
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In this connection we note, in contrast with the known result

ch(z) dz =0, that (2) Az is not zero in general.
. ) g

8:11. The Sum of a Polynomial.  Consider the equation
A u(z) = nzr-le vz,

Taking ¢ = 0, the principal solution of this is

0
F|l; p)= L ntrle-rtdl— 2:0 n(r+s)n-1e-u@+e
8

on- 1 I oo‘ 1
= (=1)n-1 tdt - e-n(z+s)
(O ), e ey

a"‘jl ers

— (- 1\n-1 I
_‘( I) " T 1 llJ- +(‘._’“—1[
B amlf . B, (2)
= (- n-1 AN v—1 v
= D g L W
I/ Il
—nZJin B, (z).

Thus when p —0, we have
F(x|1) = B, ().
We have thus proved that Bernoulli’s polynomials are principal
solutions or that the sum of nz*-! from 0 to zis B, (x). It follows
that the sum of a polynomial is a polynomial.

8-12. Repeated Summation. Consider

(z|w) = o"lé<——l At.
We have
e [/ x-1
F,(z+s]0) = o S <’(o >¢(t)At
P n—1
D)D)
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so that

F,,(a:+co|w)—-F,,(x|w)

(& (2 5 (ot |
= on-! o JPB)At- © At
15 ("—1) “ : (n—l ? )"‘ J

The expression in the curled bracket is zero, for if

z-1
¢(f)=< o )95(!),
n—1

we have ¢(2) = 0. Hence

A l‘n(a"l (’)) = lf‘n—-l(m l ('))'
Thus ©

AFu(z]o) = $(a).

We shall call F,,(z| w) the nth successive sum of ¢(z), and write

L, =
Foz|w) = S<}5(t)At=w"‘l S ( ® 11)¢(t)At-
c “ c n-— "

8:15. Proof of the Existence of the Principal Solution
(Real Variable). We prove that, under certain restrictions on
& (x), and for positive values of w,

Z+he
(1) 8 $(t)e-»O AL

[ . »
=I () e Odt -0 D ¢ (@+ho +se) e~KrE+hutaw),
'3 =0

where 0 <<% <1, exists and, when p —0, tends uniformly to a
z+ho

limit S $(0) At.
M.T.C.
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The proof is based on the use of the Euler-Maclaurin formula
75 (2).
To fix ideas we make the following assumptions :

(A) For x> ¢, D™¢(x) exists and is continuous, where D denotes

the operator d% , m being a fixed positive integer.

(B) lim D¢ (x) = 0.

x—>n

(C) D) Dm¢(z+3w) is uniformly convergent in the interval
8-=0

¢ < 7 < ¢+, and consequently by (B) in every interval c << < b
however great b may be.

From (B) it follows that
@) lim @ff; @ _ o, tim

T—>D0 r—>

(]5(:17) = 0.

€ m

With these restrictions on ¢(z), the convergence of the integral
and series in (1) is assured if we take A(f) = ¢, and both sides of (1)

exist.
From the periodic property of Bernoulli’s function P,, (), we have,

as in 7-5,
n bp+l
@ [ Pu-0 Drg@e)
" 1 n+\p
:.[op"'(—t) 24 D™ (x4t +sw) dt.
8 =n

By (C), given € > 0, we can choose 7, so that

n+p
2, Dm(a+to+s0) l<s, for n > n,,
8=n

Also P, (—t) is bounded. Hence the left-hand member of (3) can
be made arbitrarily small by choice of # only, and consequently

@) j: Po(=0) Do (o+te) dl

is uniformly convergent.
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For brevity, we definc operators @, T, by the following relations:

®  efw=3 " BWDYe, 0<i<

!
1 .
©6)  Tof@ ~j Po(h—t) D™ f(z+awt)d
Then, from the Euler-Maclaurin formula 7-5 (2), we have
1 I+ w
da+ho)= [ 40 dt+ Q@+ 0)- $@) - Ty ().

Writing in succession 2+ o, #+2w, ..., £+ (n-1)w for « and
adding, we get

(7 2¢(w+kw+8w)
1 r{"“qsa) di+ Q ¢ (@+nw)— Qb (@) - Tnd (@).

0 Jr
Now, by Leibniz’ Theorem,
'y fv-1
®) Diemg) = 2 (V) (~p) Dt gl
8 =0
If therefore in (7) we write ¢(x)e-+* for ¢(x) and let n >0,
we have Q¢ (x+nw)e-#@+n9) 0 and therefore, from (1),

z+ho

) S e AL

= [$wemas 30 B 1 gw e
+wTed(x) e+,
where, by (6) and (8),
(10) wT,p(z)e—r=

wmtl

= [ Puth-0 (D7 g @ o) o serm
iz S 7~ 1y (™))
] e 3 L(=1) (v)l’
1,= p.vjo P (h-0)[ D7~ (z+ct) Je- kot dL,

We now prove that I, — 0 uniformly, when p. — 0.
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Put
fow) =u| Path-gyerr dy.

This integral converges when p > 0, since P, (h—
Then

y) is bounded.

St w) =p [ Path-y-perurody
= pe- zj P(h-y—t)e-rvdy

= pe-net 24 e "'“’I P (h—y—t)e-rrdy

S ’“"'f P, (h-y—t)e-rvdy,

1—¢g-re
Hence  lim f(t, p) = - j P, (h—y-t)dy =0,
p—=>0 w0 Jo
since P, (v) has period unity. Now, integrating by parts,
I,=w=1Dm$(@) f(0, W) +owt| Drrig(tol) f(t, w)di
0

Thus I, -0 when p —0.
We have now to consider the first term in (10),

Io — Iw Pm(h" t) [Dm d’("l"—f-mt)] gor 5 ad) gp,
0

Put  4(0)= [ Pulh-9) D $(z+ay)dy,
which by (4) is uniformly convergent. Then, integrating by parts,
1, = e+ §(0) — poo eha j: ewet (1) .
Thus when p. —0,
I, $(0) = r P, (h—1t) D™ ¢ (a+wl) dt
Thus finally, froom.-(Q), we have

z+hw

(1) S ‘?S(/«)ét:r ¢(t)dt+i‘3; B, (k) D1 ¢(x

6.)"'+

on? j P.(h-t) Dmp(@+at)dt, 0 <A<
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We have thus proved the existence of the principal solution or
sum under the restrictions on ¢(z) enumerated above, in particular
for all functions which increase less rapidly than a polynomial of
arbitrary degree.

8:16. Bernoulli’'s Polynomials. In 815 (11), take
h=0, ¢(@@)=varl, m=v, ¢=0.

Then we have
z
’ o v
viriAt= | ver-idi+ Dz )w* B,
w 0 8=1 S.

0
s ur(248) = wB, (%)

which again shews that Bernoulli’s polynomials are principal solu-
tions, a result already obtained in 8-11 for the case w = 1. If we
define Bernoulli’s polynomial of the first order, of degree v, by the

relation
z

B,(z|w) = 8 vt AL

0
T 1>,

which gives B,(z|w) in terms of the polynomials of Chapter VI.
We have quite readily

we have proved that
B, (x|

[+

S A o tert
2B ele) =5y

8:2. Differentiation of the Sum. From 815 (11) we
have, on account of the periodicity of P,,(¢) and the uniform con-
vergence of the infinite series,

T+hw

M Ss0a=[p0ar 3 SBmD140)

wﬁf-j P, (h—1t) D, D™ (2 +s0+wt)dt.
=0
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Taking m > 1, differentiate both sides with respect to the para-
meter & and divide by w. Then by 6-5 (5), we obtain

z the

L Ss0ar=3 LBam e

[

wm 1 .
+ (m—1)! L P, (k1) ‘%6 D™ ¢ (x+ so + wt) dt.

Putting - = 0 and writing v for v—1 this can be expressed in
the form

z . o
(:gl} 8 95(5)%‘: é(c)+ ¢'(t)dt+ 2 % B, D1 ¢’ (z)

ye=]

*m = 1 jl’ ml Z,Dm—1¢(z+sw+mt)dt

Comparing the expression on the right with (1) when z = 0, and
m— 1, ¢’ (x) are written for m and ¢(z), we have

@) FSe0ar=§p0aéo

which shews that the differential coefficient of the sum differs from
the sum of the differential coefficient by the constant ¢ (c)

8-21. Asymptotic Behaviour of the Sum for Large
Values of @#.  With the same hypotheses as in 8-15, we have

from 8-15 (11),
Palo)= § 60 At = Q@)+ Ral),

(1) where @u(o) = [ 0 d+ 3 4B, D14(@)

R, (2) = "’.7;:}3 I: Po(-0) D™ (x4 t) dt.

We have seen, 8-15 (4), that the integral is uniformly convergent.
Changing the variable, we have v

Ra@) =27 [" P (5Y) b1
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and since this integral also converges uniformly corresponding to an
arbitrary € > 0, we can find x, such that

| R, ()| <e, for x> 2,
Thus for = > =,

(@) | F(@])-Qu@) | <e.
Thus we conclude that, for large values of z, F(z|w) is asymp-
totically represented by @,, ().

x
As an illustration, consider 8 } At.

Since 2, 4 t+ o) is uniformly convergent for ¢ > 1, it is sufficient

to take m = 1, and we have approximately, when x is large,

z
€ J] p— y_l
(3) é Zét—-logw 9%
1

z
Again consider S logt At
o

Here taking m = 2, condition (C) of 8-15 is satisfied and we have
approximately, when z is large,

z

) 1
(4) é logtAt:(w—%)logw—x%—l;z;.

0

Evidently a grosser approximation is (z—})logz—x, which
corresponds to the case m = 1.
Actually for m = 1 condition (C) is not satisfied, but

w 1
L Py~ e

is still uniformly convergent.

Condition (C) is in fact a sufficient but not necessary condition for
the convergence of the integral, which is all that is actually required
in 8-15.

We can utilise the asymptotic property of the sum for values of
z which are not large in the following way.
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From the definition it is clear that
Flolo) = Flotno] o) -0 3 glo+so),
so that -
Fa] 0) = Quz+ne) ~0 3, d(o+50)

+[F(z+n0 | ©) - @, (x+nw)]

n-1
= Q@) o 25 [AQn(o+50) - $(@+su)]

+[F (2+ 10 | 0) = @, (T+nw)].

If we now let m — o, the term in the last bracket —0 by the
asymptotic property proved above, so that we have the development

6)  F@]e) =Qn(@)-0 2[$(@+sw) - AQu(a+sw))
which is valid for > ¢. We have also the equivalent form
n-1
(6) F(z| o) =lim [@,(z+n0) -0 D, ¢(@+sw)].
n—w §=0

8-22. Asymptotic Behaviour of the Sum for Small
Values of w. To study the behaviour of F(z| w) for small values
of w, we have from 8-21 (1),

F(2]6) = Qua @)+ By g™ D(0) + Rp(2),

mm+1 20
Rn@) =% I Po(—1) p™(z+t) dt,
m! J,
so that
@~mHl [F (.'III ©) - Qm—l (:L‘)] = @~ m+l Rm—l (),
where .

0™ R, (@) = o [%;' $nD(@) +om Rp(a) |-
We now assume

[T1m) 14y
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to be bounded, less than 4 say. Since | P,,(—!) | is bounded, less
than B say, we have

|-m Ron() | < %j: & ™ (-+at) | de

m!

| $(m(y) | dy <

z m!

B -‘.x, AB
It follows that
[% ¢(m—1) (;I;) + =™ -Rm ((I))]

is bounded, and hence

lim &~ By (2) = 0,

so that
lim @™ [F (x| ) - Qn4(x)] =0,
w—0

and hence, taking m = 1, that

lim § $04¢= [s0a

Morecover, if ¢(x) possess derivates of every order, and if an
integer n, exist such that, for n > n,,

180014y
is bounded, the above argument shews that
lim @™ [F (2 | @) - @my (@)] =0
w—>0

for every fixed value of m, such that m > ny+1, and consequently
in accordance with Poincaré’s definition of asymptotic expansion *

Folo)~ [0 d+ 3 & B, 40-0()

for small values of o»>. Poincaré’s definition is as follows. A divergent
series

A, A A
Ao+2+3+ .+,
z z- z

* Modern Analysis (4th edition), p. 161.
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in which the sum of the first (n+1) terms is S,(2) is said to be an
asymptotic expansion of f(z) for a given range of values of argz
if the expression R, (2) =2"[ f(2) - S,(2)] satisfy the condition

lim R,(z) =0 (nfixed),

|z| >
even though
lim |R,(2)| = o (2 fixed).
n—r o

When this is the case we can make

|2 [f(2) = 8a(2)]] <&,
where ¢ is arbitrarily small, by taking | z| sufficiently large. We
then write

f(z) ~ ni::o Ap 2z

In the case above, when w -0, w1 —> 0.

We shall also use the symbol ~ in a slightly differcnt sense, which
will cause no confusion, as follows. Let f(x), g(«) be two functions,
such that

tim 112

5w 9(
is finite. We shall then write
f@) ~g().

In our applications of this notation the limit in question will
generally (but not invariably) be unity. In case the limit is unity,
we can say that f(z) and g(z) are asymptotically equal. Thus the
result of 8:21 (2) can be written

F@|w) ~ Qn(e),
and these expressions are asymptotically equal.

8:3. Fourier Series for the Sum. To obtain a Fourier

Series valid in the interval ¢ <z, < # < zy+®, we can proceed as

follows :
By 8-0 (6) we have the uniformly convergent series

Foloiw=[ $tudi-o 3 g+, ).
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0

) § . ,

\ 2nmr . 2nTr

Put  F(z|o;p) =la+ (oc,, cos~ | + B, 8in o ),
n--1

2 (Fote _ 2nnx
Then w=sl. F(z|w; @) cos o dz,
2 (zote . 2nmw
B”:E,,o F(z|w;p)sm——8—dx,
and therefore
. 2 ("Xo +w 2_”'Ei
oc,,+z{3,,=6 Fxlo;p)e » dx
J Xp

2nnzi

I Lq&x-lsw,p.)e"’ dz.

Since the series is uniformly convergent we may integrate term
by term, so that

P. (o tw 2nrxi
Ut 1By = —2 >_,j $(x+sw,p)e © do

8--0 Jug

<

w‘ To-+8w - w g”ﬂ‘
-2 I p(x,n)e © dax.
8=0 Jurg {-sw
P 2nmry
Thus oc,,+i(3,,=—2j bz, n)e @ du.
Yo

Now when p -0, F(x|w; p) - F(r|w).

If then, when y —0, a, —>a,, B,—b, we have
y O 2n . anr
I(x[m)=§a0+%,1<ancos o Y 4 bysin )

where
ag=2 ro ¢ (x) dx,

=-2lim 95(93 w) cos —= dz,

p—>0

b, =—2lim qS(a:, )sm—~dm

w—>0
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Denoting the Fourier Series of F(z|w) by S(z), we have by a
known property of such series *

28 () = S (xy—0)+S(zo+0)
=F(zy+o|w)+F(z,| o)
= 2P (2| @)+ $ (@)

F(zg| 0) = 8(zo) -} & $(20)-
Writing = for z, and noting that

® 2ot 2nmx | . 2nwt . 2mnw
L b, 1) (cos 4, cos—, sin” Tsin )dt

Thus

©
= Iw d@+t, ) cosz—n—itdt,
0 «

we have the following series which is valid for z > ¢,

F(z|w) =j” $)d-30d@)-2 D lim jqu(w-H, ) cos 2 gy,
c n=1p—>0J0 (O]

8-4. Complex Variable. Notation. We now proceed to a
discussion of the equation

(1) Au(z) = $(2),
on the supposition that the variable and w may both be complex.
We shall denote the complex variable by z, {, « according to con-
venience, and in particular we shall write
C=E+411m=pe¥,
w=ge.
The expression R (z) denotes the real part of z.
To avoid repetition we shall understand by e, u arbitrary positive
numbers which can, in particular, be taken as small as we please.
The letters m, n, s will denote positive integers, while « will denote
a positive number, such that 0 <« < 1.
When { = p ¥, where p is real and positive and where ¢ is real,
we call p the modulus and ¢ the argument of {. We then write

mod{ = |{| =p, argl=4¢.

* E. W. Hobson, T'heory of Functions of a Real Variable (2nd edition, 1926),
chap. viii.
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The complex number { = £+ 1% can be represented geometrically
by the point (£, n) referred to rectangular Cartesian axes or by the
point whose polar coordinates are (p, §). The figure which thus
represents { is called the Argand diagram and we can speak of the
point §. It is easy to prove, and is in fact obvious from the diagram,
that

| St Gl <IGl+] Gl

where ¢}, %, are any two numbers, real or complex and therefore that

[Gl-1%I<|&G-%l

Take a point a represented on the Argand diagram and surround
a with a small region, say a circle whose centre is @. This region
will be called a neighbourhood of a.

A function f({) is said to be holomorphic in a region when f(%)
has a unique finite value and a unique finite derivate at every
point of the region. The function is said to be holomorphic at a
point, if a neighbourhood of the point exist, in which the function
is holomorphic. A point at which the function is not holomorphic
is called a singular point or singularity of the function.

Let f(€) be a given function, @ a given point and N a neighbour-
hood of @. If in N an expansion exist of the form

am

r a,
f©= g(C)JrC—a+(C—2a)2+"'+(t—a)’5’

where g({) is holomorphic in N, then a is said to be a pole of
order m of the function f(%).

The coefficient r of ({~a)~ in the above expansion is called the
restdue at a of the function f().

If m =1, ais a simple pole, and in this case

r = lim (C-0)/ (0

A function which is holomorphic in a region R except at poles, of
which every finite sub-region of R contains only a finite number, is
said to be meromorphic in R.

We now state

Cauchy’s Residue Theorem. Let C be a simple closed contour,
such that a function f(C) s holomorphic at every point of C and in the
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interior of C, except at a finite number of®oles inside the contour.

Then
oo | JQ &= 3R

where TR denotes the sum of the residues of f(C) at those poles which
are situated within the contour C.

For the proof of this theorem and for a full discussion of the
subjects of the above summary the reader is referred to a treatise
on Analysis.*

8:41. Application of Cauchy’s Residue Theorem. In
Fig. 1, 4 is the point (—a, 0) BC, ED are thelinesn =h, n=—h;
CPD is a circular arc centre O which cuts the real axis at a point P
between n and n+1 say, for definiteness, at the point n+3§.

—e

!
AN O n P a1 &
L "

Fra. 1.

As § describes the contour ABCDEA, we shall suppose that the
point z+ o describes a contour which lies entirely in a region of
the plane in which the function ¢(z+w{) is holomorphic. Since

-r:cotn-C~C Cll C-11—1+ At 1 + 1 Foeny

{-n C+n
* For example, Modern Analysis, 1, 5, 6.




8:41] THE SUMMATION PROBLEM 223
it follows that the only singularities of the function
é(2+ ol) meot
which lie inside the contour ABCDEA are simple poles at the
points 0, 1, 2, ..., n
We have therefore, by Cauchy’s Residue Theorem,

¢(z+sco) é (2+ ¥)  cot ¢ dT,

"9 .[ ABCDEA
since the contour is described clockwise.

Now

1 1 l 1
53 OOV TE = =5 T anie ™ g T L i

Hence
_ (24 sw) = [ (-— ]—{- ) >¢(z+tot dt
§=0 Japer \ 2 1-e “”g

1 1

- LEJ)p (2— ] :é‘-’"_i‘> $(z+wl)d

:—%IABCI'¢(z+wC)dC—%jAEJ ¢ (2+ol)dg
bletal) $(z+060)

* L dz + L a.

pep 1 —e 2 gpp 1—e€m¥

Since ¢(2+wf) has no singularities insidle ABCDEA, we can
shrink the paths ABCP, AEDP in the first two integrals until they
coincide with AP. We now suppose further that, when { describes
the contour ABFCPDGEA (obtained by producing 4B, AE to
meet the circle CPD), z+w{ describes a contour lying entirely in
a region in which ¢(2+w¥) is holomorphic. We can then replace
in the second two integrals the path ABCP by AFCP, and AEDP
by AGDP.

Thus we obtain

- S gerso == [ geronars [ $Cra

I ¢ (2 +wl)

e2"‘4 +1 n+d
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where

Iﬂ-i—i =

Pz+0l) 5 J‘ ¢(Z+wC)

Fep 1 - —ewnic e

We now make the following hypotheses :

(i) For every n, however large, and for a fixed value of the
angle B in Fig. 1, when { describes the contour AGDPFA, z+ o
describes a contour lying entirely in a region in which ¢(z+w{)
is holomorphic.

(ii) That r $(2) d¢ is convergent.

(ii) That > ¢(z+sw) is convergent.
8=0

(iv) That |I,,3| —~0 when n—oo.

The principal solution of the difference cquation of 84 is then
Felo)= [ 40&-0 3 ero)
= [T0@-o [ geroni
rof Ml [ bty

Foo 1- —2n§ ezﬂg
Thus we have

W) Felo)
= [ swacro| tEEaie | HEEDa
n
R,
A
-1 eNglo £
R,

Fra. 2.
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where R, and R, are rays from —a« to infinity, each inclined at an
angle B to the real axis, Fig. 2. If we now put

@) o= s0a,

c
we can write (1) in the form

F(z]| 0) = f(z — aw) j = _2ngdcf(z+mC)dC
J- = e2’"§dcfz+w0dc

Integrating by parts, we obtain for F(z|w) the expression

fle-ao)+ [JELR] [AE120]

2mi e~ f(z + wh) 2m' > f(z+ wl)
* IR, a- ef’nf) Tt I C(1- efmf)z .
Now when {-—>c along R;, |e2"¢| o0, since R(-1%) is
positive. Similarly, | ¢?"| o when {—>c alongR,. Thus the
values of the contents of the square brackets vanish at infinity.

Again,

1 1

pl e et R

2nie2mi¢ 2 1 2
(L—e2mi€)2 ™ (e — ¢~mi6)2 " 2ms sin?nwl’

Thus we have

O Rl k] eeny)

where C is the line of integration shewn in Fig. 3.
7

M.T.C. P
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8:5. Extension of the Theory. Having established the
form which the principal solution of the difference equation

(1) Aule) = ¢(2)

takes under the hypotheses (i)-(iv) of the preceding section, we
now consider some cases in which these hypotheses are not fulfilled.
That such cases of exception are numerous and important may be
seen by considering such simple functions as e?, sinhz, z-1.

When we are given an equation of form (1) where ¢(z) does not
satisfy the conditions of convergence enumerated above, we replace
the equation by
(2) Au(z) = $(2) e+,

“w

and we then attempt to determine a function A(z) such that this new
equation may have a principal solution of the form already found.

Denoting this principal solution by F(z|w; @), we examine the
behaviour when pu —>0. If F(z|w; ) tend to a definite limit
function F(z| &) which is independent of A(z), we have the required
principal solution of (1).

To study this process, we consider the function ¢(z), which
satisfies the following conditions :

(A) In the half plane R(z) > a, ¢(z)is holomorphic.

(B) When R(z) > a, there exist positive constants C and £, such
that

|$(2) | < Cotrars,

however small the positive number € may be.

The class of functions which satisfy these conditions includes
all integral functions of order * one and, in particular, all rational
functions and functions of the form P(z)¢!* where P(2) is rational.

We shall now prove that in this case it is sufficient to take
A(z) =27, p>1, /n order to ensure convergence of the integrals,
provided that o be suitably restricted.

We shall denote by 3 a real or complex number, such that || -0
when |{|—>w. More precisely, given a positive number %, we

* For the definition of order of an integral function, see, for example, P.
Dienes, T'he Taylor Series, 1931, p. 290.
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can find a positive number p,, such that |8 | <4, if p =|¥|> p,.
If & occur more than once in the same formula, its value is not
necessarily the same in each place where it occurs. With this con-
vention we can, for example, write

Me+ol) = (@0 (1+ %) = (por e+ (143),

(k+e)p—pp?(1+8) =~ppe?(1+3), p>1
Consider J'w é(C) e 2@ dT taken along the real axis. We have
| $(Q) e | <C e(k-H)p—up”(Hé),
< Ce+"(1+9)
It follows from this that the integral converges since its modulus

0
is more convergent than I e*dp.
c

Again,

a0
D, d(z+ws) err(E+es)
¢=0

a0
< Celkralzl D7 gl kaos—(u(on? cospr)(1+3)
=0

and

(k+ <) as — (@ (as)? cos pt) (1 +8)= ~ ( (05)? cos p7) (1 +3).
Hence the series is more convergent than >, e~*, provided that

8--0
cos pt > 0, that is, provided that | pr| < 725 Since p is arbitrarily
near to unity, this gives

3) Il <5

which is the first restriction on w.
Since the integral and the series both converge, it follows that

4) F(zlo;w) = J‘“’ () e O - 2)¢(z+ws) e—HMa+ws)

exists as an analytic function of 2, provided that (3) be satisfied.
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Now consider Fig. 3. As C describes the path C it is easy to see
that R(z2+w{) > R(z —aw), provided that

T
5) ﬁ < 2—— | T I.
Hence, as € describes C, we shall have R(z2+w{) = a, provided
that « be chosen so that
(6) R(z—ow) > a.

We shall suppose conditions (3), (5), (6) to be fulfilled so that
condition (i) of 841 is satisfied. We now turn to (see Fig. 2)

—uX (2+wg)
IR, = jR ¢(Z_+(J.)C)_B_“ +___ dc

1- et

With Con R;, { = peif.eitv-B = peif(1+3),

1 1 e~™
i | =5 .- o — = e 2™(143).
1— g2 2 (sin® & + sinh? 'm;)é (1+9)
Hence
|Ig,| < Cet+ol IR (1+8) 4@ dp,
where

u(p) = 2mn — (k+¢) o+ (po)? cos p (Y +7) ] (1+39).
The integral certainly converges if u(p) be positive, and this

condition is satisfied for all positive values of p and for p =0,
provided that

cosp(y+7) >0 and 2mpsing—(k+e)ap >0.

Since on R; we have ¢ > 8 and - B —0 when p -, these
conditions lead to

3 dnsin ¢
¢<2p o< k+e ’
that is, to
T 2mcos T
(7) B<2_| l: °'<_k—‘—-

If these conditions be satisfied, I, converges, and, when . —>0,

¢(z+wC)

L 1— 6'2'">
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In the same way we may shew that, if conditions (7) be satisfied,
¢ (2+ wl)erA(E+ed) i

R, T 1 -2

converges and, when p — 0, has the limit

¢(z+m§)
Ry 1- e2m§

The proof that condition 841 (iv) is satisfied by the function
¢ (2) e+ (2 presents no difficulties and is left to the reader.
We have thus proved that the principal solution of

Au(z) = ¢(2),
when | ¢(2) | < C etk+olzl for R(2) > a can be put into the form
8-41 (3).

®) Felo)= [ ferad () &
provided that

B< ~—lrl
p)

2

a

Z

27

A

Z

2

Fia. 4.

Fig. 4 illustrates what we have proved.
Expression (8) represents the principal solution for z in the half

plane R(z) > a, and o inside a circle whose centre is the point 7—]2 and
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whose radius is :Z . The particular contour C depends on the value

of  inside this circle.
When 7 =0, w is real and the contour C' becomes a parallel to

the imaginary axis. We have thus, for o < 2_1r’

k
9 —a+i® C < )2 dz
®) (2] @) = zm o JET OO G
From this we can at once draw the important conclusion that,
if ¢(2) be an integral function (of order one), that is to say, holo-
morphic in the whole plane (excluding the point ©), (9) represents

the principal solution not only for < but for every o inside

2 2
the circle || = Eﬂ Also,
1 -a+10 T 2
(10)  Fle-o]-0)= zm_"_a‘mf(Z—m-(oC) <sin"-n:_C> dg
1 a—1+10

flet o) (jir) & = F izl o).

This last result is of great interest as it embodies the comple-
mentary argument theorem for the sum of an integral function of
order one (at most), the arguments z, w—2 being called comple-
mentary.

With the notation of 8:16, we have, for example,

B,(z-w]|-w) = B,(z| 0).

morm(1-3) o (2)

which, in the case w = 1, gives

B,(1-2) = (-1)"B,(x),
the formula of 6-5 (8). It thus appears that the complementary
argument theorem of Bernoulli’s polynomials (of the first order) is
a particular case of the general complementary argument theorem

(10), and is shared by Bernoulli’s polynomials in virtue of the fact
that they are principal solutions of the equation

Au(z) = var1,

B 2mi a—-1-10

That is,
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8:53. The Sum of the Exponential Function. We have
by 85 (9), 8-41 (2),

- 1 -a+ti® 2
M 1=Semar=y __wf@+wmgglgda
mz _ gme

foy = [[emac ="

A
-1 -a \y“— +1
(o}

Fia. 5.

If we deform the path as shewn in Fig. 5, we obtain
1 1 [-etl+in

Tomie T 2mi) airie
where the integrand is the same as in (1) and C denotes the loop,
the straight parts of which are supposed to coincide with the real
axis.

The residue at £ = 0 of the integrand is » e™%. If in the second
integral we write {+1 for {, we obtain
1 J'—a 190 gm(zlw)+mw _ gm¢ /o )2 ¢

I=-we™+ . T e (T
210 ) — a0 m sin el

eMEHe) _gme foaiin /o \2
PR e B L
The last integral is equal to
. 1 -a+1i® .
2m [* I';;tz;ni-] = 2.

-a—-1®

Thus

14

8wM=%Z—fJM<WL
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Regarded as a function of w the sum is meromorphic,* with simple
poles at the pomts » = g.:nl s an integer. The poles nearest the
origin are at &: , 80 that the inequality stated for | & | is in fact

the best poss1ble.
If we write —m for m, we get

z

— —me
Se""fAC— we 1 g iy

m

c

Combining these results, we get

z .

S coshmc A= sinhm(e—Jo)_sinhme
e sinh 9

g smh'mCAC wﬂ%m_c_%;z@.
c sinh 5

We may observe that neither of these sums vanishes when z = c.
If we write vm for m, we obtain

z .
s m me
é cos mCAC @ ——i Sin m ,

2 M m
¢ 2
D (2= bo)
w cosm(z— lw) cosme
b < A ¢= ) . M + m
3 sin

2

8:6. Functions with only one Singular Point. Let ¢(z)
have only one singular point, at the point z; = r¢#, where 7, is
finite. Then ¢ (z) is holomorphic outside the circle whose centre is
the origin and whgse radius is 7. Let a, and a be two real numbers
such that a, <7, cos 0, a > r; cos 0,.

Then ¢ (2) is holomorphic in each of the half planes,

Rz <a;, R(z)>a

* See 8+4, p. 221,
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We shall suppose that outside the circle radius r,,
I ¢(z) l < Ce(k‘f'C)'Z',

where C and £ are fixed positive constants and ¢ is positive and
arbitrarily small. Then, if 0 <w <27 /k, R(z) > a—oaw, we have

(1) F(zx|w)= 9 1'J' fm+m )(éi{—z) 2

where L, is the line through —« parallel to the imaginary axis
described in the direction —300 —a to +i0 —«. Provided that
R(z) > a, « can always be chosen to satisfy the above condition.

F
b3 .
/ v
D 5 /w‘ E
; { 7 3 s
-1 é‘a O‘ < B
e S, A
Lo
A

F1a. 6.

Now consider Fig. 6, where we have deformed the contour L, into
L,, the lines AB, EF being straight, collinear, parallel to the
imagina,ry axis, and at distance [ from it.

S, is a semicircle, radius 2r/k, centre O. By taking the stralght
portions DE, BC long enough and sufficiently near to the real axis
we can always arrange, for any fixed value of  interior to S; and
for R(z) > a, that, as z describes L,, z+wz describes a contour
to the right of which ¢(z+wz) has no singularity.

In the extreme case, w = 27/ %, the contour described by z+ w2
1s L, turned through a right angle with the origin moved to z. We
can now shew that

@) F|w) =.2}W;L fla+on) (=2

sSin Tz

2
Jas ol <™, R@)>0.



234 THE SUMMATION PROBLEM [8-6

In order to do this we must shew that the integral converges. To
do this it is sufficient to shew that

I (2 + 62) ,
PFo

1—¢2me

is finite where P is an arbitrary point, I+ 4y,, on EF.
If y be the imaginary part of z,

[(1-e2i5)-1| = e—¥(sin? i+ sinh? wy)?
' < e~ [sinh y
< 26—-211-1/(1 — e~2wyn)—1,
l ¢(z+wz) l <C elkte)|ztwl] t(kte]w|y
so that the modulus of the above integral is less than
9Cektolz +wl| (1 - e—2wyo)»-1 j: e(k te)|w|ly—-2my dy’
(]

and this is finite if | @ | < k?gg or, since ¢ is arbitrary, if | o | < ?]:F.

Thus (2) is established.
(P

Fia. 7.
Consider now
xr
c

3) j@ = 400& RO>a

Since 2, is a singular point of ¢(2), f(z) is, in general, many-
valued. To avoid this we make a cut * in the z plane from z; to

* A cut is an impassable barrier. The variable may not move along any
curve which crosses this barrier.
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— oo parallel to the negative imaginary axis (see Fig. 7). In the cut
plane f(z) is single-valued.

Changing the variable in (1), we have for R(z) >a, and for
0<w<2n/k,

4  Fle)=

1 'z — wa+wio f ) . , T d
zZ) t° cosecc— (z— ) az.
Imio Z - wa — wi® ( (O] ( )

Now keep o fixed and move z to the left from R(z) > a
to R(z) <a,. When we cross the singular point z;, we increase

F(z|w) by

(5) P(r|w) = I f(2) nzco>e(,2~ (2~ x)dz,

oMt @

where Z, is an infinite loop round z, as shewn in Fig. 7.
Thus for R(x) <a,, 0<w <2xn/k, we have

(6) F|o)=Pr|w) zlz"""” fEto )(Si:n;)zdz

By suitably deforming the path of integration in (2), we can
consider this result as established for all values of w interior to the
semicircle S, of Fig. 6, and for the modified path.

To evaluate P(z| w), we have from (5), on integrating by parts,

Pz|w)= 1[f()cot (z- x)] ij b (2) cot (2— z) de.

Since cot-(;; (z,— 1% — ) = +1, we have, if 2, be a simple pole,
(1) P(x]m):—TciRl—ancot(w—zl)z,

where R, is the residue at 2z, of ¢(z). Evidently then
(8) Pz|w)+P(x|-w)=-2m R,
and from the definition (5)

Pzt+o|w)= P(a:fm),

so that P(z| v) is a periodic function of 2 with period w.
To extend our results to values of  inside the circle | & | = 2x [ £,
consider (4). Taking R(z) > a and keeping z fixed, let us make
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o describe the path p, inside the semicircle S,, radius 2x/k, in Fig. 8.
The path of integration then passes from I/, via I, to l;, remaining

Fia. 8.

tangential to a circle centre «, radius | wew |. As soon as I, has passed
the singular point 2, the integral on the right of (4) increases by an
amount equal to an integral round the infinite loop Z;, thus

- u.l_

O Felo)=Palo)ry, [ feron (T o)

for the path p,, since, for this path, (5) still transforms in (7).

Fia. 9.

If, on the other hand, we go from w to «, by the path p,, Fig. 9,
inside the semicircle S;, radius 2n [k, I, passes via l,’ to I, and
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the right of (4) again increases by an amount equal to an integral
round the infinite loop Z;, but now we must evaluate (5) for a
negative value of w, and then we obtain, for the path p,,

(10)  F(2]|wy)
=2m R+ P(z| ‘°1)+211t;' I

—afi® T 2
e [(@+ 02) (Ei—ﬁi) dz,
where P(z | w,) is still given by (7).

Thus F (x| ») exists but is not one-valued when « varies inside the
circle || = 2m [ kin the o plane. If, however, we make a cut in the
o plane (but not in the 2z plane) from 0 to —2xni [ k, F (x| ) is one-
valued for w inside the circle | | = 2n / £ in the cut @ plane and the
value of F (2| w) for negative values of w, v, = —w, is given by (10).
Finally, if we now let z recede to the half plane R(z) < a,, keeping
a fixed negative value of @, we arrive once more at (2), which, by a
simple deformation of the path of integration, is seen to be holo-
morphic for all values of  inside the circle || = 2n/k in the cut
o plane and for all values of z in the cut z plane. We have thus
obtained the analytic continuation of F (% | w) in the above regions.

If ¢(2), instead of having one singularity, have a finite number =,
all at a finite distance, with residues R,, R,, ..., R,, we can proceed
in exactly the same way and we shall arrive at similar results, the
function P(z | w) of (7) being replaced (for simple poles) by

n n
Px|w)=-m >, R,—m >, Rscot(x-—zs)“.
-1 a—1 @

In the case we have considered above, (n = 1), the numbers a,
and @ can each approach R(z,) as near as we please. If n > 1 this
is, of course, not the case.

We can now obtain a generalisation of 8-5 (10) connecting the
sums for complementary arguments. We have from (10), writing
— o for w,, z- w for z, and —1 -z for z,

Fz-w|-0)=2mR+Pz-u|-0)
1 (-1+atio x \2
tos eie f(@+w2) (s—iﬁ--n»z-) dz

Using (8), and observing that — 1< -1+« <0, we have

(11) Fz-w|-0)=-P|w)+F(z|w).
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8:7. An Expression for F(x| — ). Consider

—at -

1% 2
- f(z+w2) <——— dz,

—a- sin 2.

Flo)= § (-9A2= |
where -

T+ wz -Z—-wz
f(x+mz)=J. . qS(——z)dz:—J.c & (2) dz.

Now we have

Fal-w)=§ ¢ Az Zj g(a-ae) (7 ) d

where

—wZ

g(r—w2) = r $(2)dz = —f(— 2+ w2).

c

It follows that
Fz|-w)=-F(-z|w).
If then in 85 (4) we take A(f) = ¢2, we have, if w > 0,
F@]|-0)=-F(-2|x)
= lim f().) 2; ¢(x-—-sw) g—n(z—sw)z_J'
=0

(4
uw—0 l -

(2) e"‘z'dz} ,

o0

which expresses F (z | — ) as the limit of a sum.

EXAMPLES VIII
1. Prove that

S @=1)(z=2)...(z—n+1) Az = i (@-1)... (w—n)—%Bﬁ')(a).

2. Prove that

. Az _ -1
S z(z+1)...(2+n)  nz(z+1)...(z+n-1)

]_ a+1 dZ
+5L 2@+ 1) ... Gtn-1)’
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and by means of the identity

L1 () L
z(z+1)...(xz+n)  n! b z+s’
shew that the constant can be written in the form

(__ 1)n+l n
n Aloga.

3. Prove that
Qiveeipz=S s3] "4

4. Obtain the following expressions for the periodic Bernoullian
functions,
2(2v)! i cos 2nmnx

(27)2” n2v

Py, (z) = (- 1)+

b

b1 2@2v+1)! QN sin 27z
P2v+1(w) = (—‘ 1) + (27.C)2v+1 ”Zzll ‘%21':{-17 ’

5. Prove that
1
[ Bon@-Boa@) oot m(e-a) e

= (__1),+1_2(2v+1)! $h €08 2mnz

(2n)§,+1” n‘:ll .nzy’+1 ’
and deduce the expansion

5: cos 2ntnx

n ’ 0<z<1.
n=1

—log(2 sin nz) =
6. Shew that

S 2
21 nz vl T ( 1)v+1 2((27t)+ 1)' I Bz,.+1 (Z) cot 2 dz.

7. Shew that
z
. we'T
8 e"éz =g
0
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8. Prove that

B, (z) = 2311' j‘::f: (z+7)” (sinz.tnc>2 dg.

9. Prove that

1 - ati® y T 2
B =g . () (cos,_w> &

2

B Vi1 o zZV d

2, = (—1) "L Sinh? 7z ©
T [* 2*dz

22 By, (3) = (1), J.o cosh? ez

10. If ¢ (z) be an integral function, such that
| (2) | < Cerl=!

where C is a fixed positive constant and e is positive and arbitra
small, prove that

8 ) Az = 5% Tetee IJ':’”qs(t) PANGLIN S

—a—io J \sin 7z

for all finite values of w, real or complex.



CHAPTER IX
THE PSI FUNCTION AND THE GAMMA FUNCTION

Ix this chapter we consider the application of Norlund’s principal
solution to two special forms of the function to be summed, namely,
z~! and log .

The first of these gives rise to the Psi function, the second to the
logarithm of the Gamma function.

Both these functions play an important part in applications of
the finite calculus, and both possess great theoretical interest.

9:0. The Psi Function. This function is defined by the

relation
x

¥ (2| @) = Si—éz.
1

Taking «, o to be real and positive, we see that the conditions of
8-15 are satisfied and the function therefore exists. When w =1,

we shall write
V(z) = ¥(z]1).

We shall now illustrate the results of Chapter VIII by obtaining
properties of the function ¥ (z| w).

9-:01. Differentiation of the Psi Function. From 82,
we have

%‘I’(ﬂm):g(—;)éb#],

1

a2 5 2
dzz‘l’(zlw) = 8 e éz—l,
1

M.T.C. 241 Q



242 THE PSI FUNCTION AND THE GAMMA FUNCTION  [9-01

and generally

dﬂ«‘l’(w|w)= S( znll A z+ (-1 Y(n-1)!.

dx®
1

Thus we obtain

z Az
v (=D e D ( 1
S‘zn—(n-m‘l’ @)+ g, >,

and consequently, using 8-1(8),

: éz __("1)" P (n-1) 1
) oy = -t ¥ O a o e

With the aid of this result and 8-16 we are now in a position to
sum any rational function. For example, using 8-1 (8),

S <z+] +(z+‘)) >Az

D 0 1 171 1
:ézéz+"-czd~ 8 ZF‘; T Z+“-c(z+(z—+2')*2'>d2

= !‘,Bz(wlm)—{-‘lf(:l:|m)—‘lf'(:c+2|w)—§02~logc+c—,———%.

Any rational function can be expressed as the sum of terms of
the types ax®, b(x+B)™™, and can thercfore be summed. This
summation property is one of the most important applications of
the function.

For numerical values of ¥(z+1), ¥'(zx+1), ¥ (x+1), V"' (z+1),
the reader is referred to the British Association Tables, Vol. 1,
(1931), where they are tabulated under the respective names,
di-, tri-, tetra-, and pentagamma functions.

For integration of ¥ (| w) we have, from 8-1 (4),

1 (zte z ]
—j ‘I’(t]w)dt:I <dt = log .
W Jg 1t

[See also 9-67.]
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9-03. Partial and Repeated Summation. As an example
of partial summation we have from 8-1 (7),

$%?(z|w)éz=‘l’(x|m)$%é

_(%I:+1?(z|m g% td g slAtAz

x

= \Pz(z|w)_ij':+1 V2(z| w) dz— S »lz—\P(z+m|w)éz.

Now

1 1
; V(izto|w) = §g+5 V(2| w),

while, from 9-01,

r 1 ,
1
Thus we have
51
2 8 “¥(z|o)Az
1 " 1 w+l
=Viz|w)+o ‘I”(x|m)—w—aj Y2(z| ) dz
1
As an example of repeated summation, consider the equation
2
Au(z|o) =

From 8:12 we have a solution,

x

S

1

| d
e[
o~

= S (x—t—w)%ét

1
=(z-w) S }[}t— S lét

=(z- 0)¥V(z|w)-(r-ju-1).
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9-1. Asymptotic Behaviour for Large Values of z. From
8:15 (11), we have

(1) ¥(z|w)
_ G B (=1)7, m [* Pm(=0_
...logx—y%,l = temH(-1) L »(th)mﬂdz.
Write
Qum(r) = logz— E g"—v(i): (—-;—3):.
y=]
Then

o™ (¥ (7| 0) - Qn (@)} = 0™ (-1)" R, (2),
where

— ° Pm(_t) z "
Bal@)= | Zhut <x+mt> d,
we now shew that R, (z) >0 when z—>.
We have, integrating by parts,
"Pal=0y [ Paal=0 T [* 0Pua(=) g
0 THwt (m+1)(z+owt)ly, Jo(m+1)(@+wt)?

Since P, (—¢) is bounded, the integral on the right exists when
n —> 0, and, moreover, both terms —0 when z —w. A4 fortior
R, (z) —0.

Thus we have proved that
lim zm{¥(z|w)-@n(r)}=0.

It follows that asymptotically,* in the sense of Poincaré,

w\ 0):(—1)"

2) ¥ (2| w) ~logz— > —B,,
v=1 V z
from which numerical values can be calculated.
In particular, for large values of x, we have
3) V¥ (2| w) ~ log .
Hence
(4) lim {¥(z+no | w)-log (z+nw)} = 0.

* See 8-22, p. 217.
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Now, from the definition,

1
Yz|ow)=¥Y@E+r|o)-o Z{Jw-i»sw

n-1 1
{log @+n0) -0 >, ——

P x+sw}+\P (T+no | 0) - log (z+nw).
Thus, as in 821 (6),

(| w) = hm {Iog(av+nw) ‘”24 L }

s=0 T+ SW
Putting z = o, we have

n-1
Y(o] o) = logm+ hm Ilog (n+1)— > 1 }
=os+1
=logw-v,
where y denotes Euler’s constant.*

In particular, if w =1, we have

We also note that the asymptotic series (2) is valid for all positive

o however small, so that, when @ —>0 by positive values, we have
lim ¥ (z| ) = log .
w—>0

9-:11. Partial Fraction Development.

From 821 (5), with
m =0, Qy(z) = logz, we have

a0

V(2| w) =logz— wCZ{

1 ot 50 Alog(e+sw)

|
)
=logz— D, {——log 1+—- }
=012, ¢
%)
Putting z = , we have, from 9-1,

@

logew—y = logw— 2,{11” log<l+i>}

1+s
Subtracting, we obtain

ao_‘ (O] 1
Y(z|w)-logw+y = —2,0 (m—1+s>+8

* Modern Analysis, 12-1.
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where
x ‘Pﬂ 1 1
S =log (—o_+,2.,40 (IOg (1-*--:':—_*-.-g —log <1+ﬁ—s>}
®
z
= loga

(ﬂ‘ z z \
+ ‘;6 {log (6+s+1)~log (a)+s>—log (s+2)+log (s+ l)f - 0.
Thus we have
( 1
‘I’((E|m) logw—y - ZJ Tres T+T9>

This expression of Psi in partial fractions is valid not only for
z real and positive, but in the whole complex plane, and shews that
V¥ (z| ) is a meromorphic function of 2 with simple poles at the
points 0, — &, —2w, — 3w, ..., at each of which the residue is — .

Regarded as a function of w (z fixed), we see that W (z|w) has
poles at the points —x, — 4w, — 3z, — }w, ..., and that these poles
have the point = 0 as a limit point, so that » = 0 is an essential

singularity.

9-2. The Multiplication Theorem. From 9-1 (1), we have

V(x| o)~ logw-—log 24( 2 <a:>

+(—1)m.r c}:;t}‘,ﬂidt:?(z).
0 \w

Thus

Q) V(2| w) = ‘I’(g>+logw.

From 8-1 (1), we have

2, v (x+——

m =0

©) =% (™) +10g2

= ¥ (mz | w) - log m,

0)=¥(s

by a double use of (1). This is the multiplication theorem.
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In particular, for m =2, we have the Duplication Theorem,
namely,

¥ (22| 0) =3 {¥ (z|0)+ ¥ (z+}|w)}+log2,
and in particular, for o =1,
Y (22) = 3 {¥ (2)+ ¥ (z+4) } +log 2.
Putting « = 4, this gives
¥ (}) = -y-logt.

9-22. Fourier Series for ¥ (z). From 83, we have in the
interval zy <2z < zy+1,

[ o]
Y (z) = Jag+ >, (@, cos 2nnz+ b, sin 2rnx),
n- 1

where

— dx

E) e—y.r+2mrzi
x

Ha,4 1b,) = - lim

w—>0Jry

_ _.r’ cos 2nnz dw—i"“n sin 2nmz do
To To 2
= ci (2nmwy) + ¢ si (2nm,),
where ci(z), si(z) are the cosine and sine integrals, namely *
. ® cos . “sint
ci(z) = —j q(ﬂdl, s1(z)= —j S,
z / z t

For a,, we have

3a, = rn L dx = log x,.
L @
Thus

Y () = log x,+2 1;21 {ci (2nnx,) cos 2nnx + si (27n,) sin 2nwx).

9:3. The Integral of Gauss for ¥ (2). For R(z) >0, t>0,
we have, summing the geometrical progression,

o —zt
N e—t(x+s) — € .
8=0 1-et

* For numerical values of these integrals see British Association Mathematical
Tables, vol. i, London, 1931.
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Integrating with regard to ¢ from p (> 0) to «, we have

el —p £ —xt
Feren [ ox g,
z+8 p 1—e

Ze-t

® o—pz —
J‘ ¢ xr = J e— dt.
1 T ® t

Now, from the definition,

Also,

,[ e” N °°ﬂ -u(:r.+s)]
¥ (2) = :l_r,not z dx ,%{) z+s |

= 1m {["(5-1555) o
_j _____—z‘ >dt,

which is Gauss’ Integral for V¥ (z).
Putting z = 1, we have

@ 1 1
— -t .
Y_joe =’ t)dt.

9-32. Poisson’s Integral. Asan application of 8-41, we have

¥ (2] @) =I:""z1dz
+‘°J'-¢+h° dz + J'~¢ DOE __dz____
e @ro2)(1=e?i) ) (@rez)(l-em)

Put « = 3, replace z by z+4w and z by z-}.
We then obtain

¥ (z+iw|w)

SR I SN S S
o (T+w2)(1+e2m2) o (z+wz)(l+e2m2)”

In the first integral write z = 4, in the second z = —3¢, then

1 dt

ot/ 1+ e

Y(@+io|w) = logx+mj <x+u.ot P

tdt
+ w?2) (1 + %)

=logz+ 2m2j @
0
which is Poisson’s Integral.
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9:4. The Complementary Argument Theorem. From
8:6 (7) and (11), we have

Y(@-w|-w)= ‘I’(wlw)+ni+ncot%.
Now by 8-7,

\P(xl—w)zlim{ i e r e—“’dz},

n—>0 8=0 —0 %

while

— 22 ‘ —p (T —-3w)d
Y (-2|w) = lim {j L P L |
. w0 1 2 §--0 —'$+S(1)I
By subtraction,

. o g—uzt .
‘I’(wl—m)—‘I’(—x]w):—hmJ = dz=m,
n—0 o 2
the integral being taken along the real axis with an indentation at
the origin. Writing x— for z, we have

VYz-0|-0)-¥Y(-2|e)=mr.
Thus we have
Yw-2z|o)= ?(m[m)%—ncot’?,

which is the required relation between functions of the complemen-
tary arguments , o —2.

9:56. The Gamma Function. We start from Noérlund’s
definition, namely,

(1) log I (x) é logzAz+e,

where the constant ¢ is chosen so that log I'(1) = 0. In order to fix
the determination of the logarithm, the complex plane is cut along
the negative real axis and the logarithm determined by log 1 = 0.
We have from (1),
Alog I'(z) = log z,
whence we obtain

(2) P(z+1) = zD(2),

which is one of the most important properties of I'(z).
In particular, if # be a positive integer, we have

(3) F'(n+l)=mn!.
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Again by 81 (8), we can write

x
log I'(z) = S log z A z+ constant.
I

Differentiating this result by means of 8-2, we obtain

(1 T = 8 JAe=¥ (@),

so that W (z) is the logarithmic derivate of I'(z).
For numerical values of I' (z + 1) see the Britush Association Tables,

Vol. i, where the function is tabulated under the name z!.

9:52. Schlomilch’s Infinite Product. We have from 9-11,

I‘(x) YT 2‘<alc+s l+s>

Integrating from 1 to «+ 1, since log I'(1) = 0, we get

logl(x+1) = ~yz- 2_, (log ?—::‘?—':\

= log e 7%~ ZJ (log 2ts_ log e’)

Thus we have Schlomilch’s Product, namely,

z

(1) T(e+1) = e [| 2.
8=1 x
1+

Since I'(z + 1) = z I'(z), we have
1 © z\ -Z
e = YT — 8,
@) = 1L (1+ S) e
The infinite product in (2) converges absolutely at every finite
point of the plane, so that 1 /I'(z) is an integral function with simple
zeros at the points 0, —1, -2, -3, .... It follows at once that
I(x) is a meromorphic function with simple poles at the points 0,
-1, -2, ....
The above product (2) was taken by Weierstrass as the definition
of the Gamma function.
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9-53. Certain Infinite Products. Consider the infinite
product,

(s+x,)(s+x2)

P=I Gy s+

where z,+z, = ¥, +y,.
The product is then absolutely convergent * and, moreover,

entin-n-z)/s — 1,
Hence we can write

P= ,fjl o (1 +y;>_l e (1 +y;>—l x (1 +?> ﬁ<l + ~2>'

Using Schlomilch’s Product we have, therefore,

5 (s+2p) (s+y) _ Ly, +1)T(y,+1) _ Ly, +1) T (y,+1)
s=1(S+ Y1) (s+Ya) AN NCY) Pz +1) ' (2 + 1)

srovided that Xy + Ty = Yy + Yo

In the same way we can evaluate

I (s+zy) (s +xp) ... (s+ )
=18+ Y1) (5+¥) - (s+¥n)’

vhere By+ Tyt o+ Ty = Y+ Yo+ oo + Yy
9:-54. Complementary Argument Theorem. The infinite

roduct 9-52 (1) converges absolutely and uniformly in any bounded
egion from which the poles are excluded.

Now
x
I'(1-2) = ¢ [] o,
a=11_§
S
Y z
-Yz ®©
I‘(z)z‘ix. M ——
=114
s
Thus we have
1= 1 ]
Pett-a= 0 === mw
T sl

* Modern Analysis, 2-7. t Modern Analysis, 7-5.
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which is the required relation between the functions of the comple-
mentary arguments z, 1 —z. The result is originally due to Euler.
Putting z = }, we have

I'@3) = Jr.

9:565. The Residues of I'(x). The residue at the pole
x =-n is r,, where

T = lim (@+m) (@) = lim Eﬁ%}’l()l’t— z)"
Now
z+n w(z+n) 1 (=-1)
— = (=1 = .
sin & sinwt(T+mn) T T
Thus
N G ) L Gl ) i

using 9-5 (3).
We have therefore proved that in the neighbourhood of the pole
% = —n the principal part * of I'(z) is P {I'(x) }, where
_ (=D
Pl (@)} = (z+n)n!”
9-56. Determination of the Constant ¢. To determine
the constant ¢ of 9-5, we have, from 8-21 (6), with m = 1,

L-kn n-1
log'(z)—¢c = lim {j logzdz—}log(z+n)- >, Iog(x+s)}.
0 8=0

n—

Now, integrating by parts,

+

r ”logzdz—§ log(z+n) = (x+n—13})log(x+n)— (z+n)
0
= (z+n-3})logn—n+(x+n-14)log (1+7—T>—z.
Also "
z z\ z?
(x+n—-%)log(l+ﬁ)—-:v = (x—%)log(l-i-ﬁ)—- T
and this tends to zero when n —> . Thus

(1) logl'(@)~c= lim {(x+n—§)logn—n—n2-:(w+s)}.

A}
n-—w 8=0

* Modern Analysts, 5-61.
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Thus, with z = 1,
(2) logT'(1)-¢c = lim {(n+{7)logn—n—logn!}.
n—o0

Writing 2n for n, we have also
logI'(1)—¢ = lim {(2n+§) logn—2n+(2n+ %) log2 - log(2n)!}.
n—>wo

ain, putting z = 1, we get
p g g
3.5...2n-1)

logT'(})-¢c= lim Inlogn n— log1 "
nmo | 2n

= lim fnlogn n—log(2n)! +log(n!)+2n log 2 f

n—>®o [

Adding the first and last of these three equations and subtracting
the middle one, we have

logT'(3) —¢ = -} log 2.
Thus

¢ =log{~/2T(})} = log v2m,
from 9-54. We have, therefore,

logI' () = 8 logz Az+logv2n
0
as the complete definition of 9-5.
9-6. Stirling’s Series. From 815 (11) we have Stirling’s
series,
logT'(z+h) = logv/2n+2zlogz— 2+ B, (k) log z

ml B, ,(h z
AT e e
This series is valid not only for real z, but also for
-ntte<argr < m-—cg,
€ being arbitrarily small but positive.
Putting & = 0, we have

log['(2) = logV2n+(z—}) logz — log e* + ...
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Thus B
log I'(z) - log (V2r 2*~* e~2) —> 0,

when |z| — . Hence we have Stirling’s formula, namely,

lim _ P(“’) i
N T
9:61. An Important Limit. Taking m =2, in Stirling’s
series, we have

log'(z+4) = log V2r+ (z+h—-}) logz—z+ B;;k)
¥ Py(z— )
2 0 ((ZJ+Z)

Put A = 0, and subtract the result from the above. We then get
F'(z+h) B,(h)- B, “’ o (2 — ) — Py(2)
log T() = hlogz+-52y — -4 0 (z+2)? dz.
Thus we have

lim T(@+k)
lzl>o g (z) =1 0<h<l1.

This result can be generalised as follows.

Let s be a positive integer, and let § denote a number real or
complex which tends to zero when s —>o. The number 3 is not
necessarily the same in each formula in which & occurs.

By Stirling’s formula, we have

[(s+2) = J/(@r)(s+2)*r*~d em*=*(1 +3).

Hence

I'(s+2) _ (s+x)*t gu-z
Fisig) = ot gpemmi 1+

=sm—v<1+£) ( > <1+ ) <1+ ) v+*ev-z(1+8).
(1 +:) = e2(1+3), (1+S-’1)_’ = ¢v(1+9),

(1+§>’_’ —1+3, (1 +i’)_”“ = 1+3.

Now
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Hence we have

Ps+a) _ ,
T(s+y) s#¥(1+3).
Now | s3t%®| = s%, when a, b are real.
Hence
C(s+)|_
m—y—) =S (1 +8),

where o = R(x)-R(y) = R(z-1y).

9:66. The Generalised Gamma Function. If we define
the function I' (x| ») by the relation

(1) wlog'(z é longz—}-colog\/
we have by differencing
(2) Nz+o|w) =2 o),

so that, if n be a positive integer,
FNro+to|w)=ow"T'(o]|e)n!.
From 8-15 (11), with 2 = 0, we have

wlogP(x]w)—wlogV/ ‘+(x-3w)logz-2
m ‘1 ,, B,,_H (1) z
e 2 SRy ()~ f (
=wlog’ (Z) +(z - ) logw,
from Stirling’s series. Thus we have

(3) logl'(z | 0) = logl"<) ~ (- ) log o,

so that I'(w | w) = 1, and therefore
I'ro+o|o)=ow"n!,

when # is a positive integer. Also

Nz|w)=T (§> exp (x;m

log m).
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Again, from (1),

ol"(z|w) _ 1
) Tl — 8 pz=¥@lw)

1
=loga-y- Z 5‘;7,:3‘3“)
Integrating from o to z+w, we have

mlogl“(z+m|m)=x(]ogw_y)_ (wlog?ii.‘?‘_s_§>,

s
whence
z
“YHloRw, ®  gdw
Nr+o|lo)=¢ =« H
- ( 1)’
s
and, by (2),
1 __logc_»z ® z\ -2%
D RUIME AR

which shews that 1/I'(z| ) is an integral transcendent function,
with simple zeros at the points 0, —®, —2w, —3w, ..., and there-
fore that I'(2| ) is a meromorphic function of z with simple poles
at the same points.

9:67. Some Definite Integrals. From 8:1 (4), we have
1 T+w 27t z
: j (olog Dz m)—wlog\/m)dz :jologzdz.
Thus we have Raabe’s integral, namely,
L+ w 21:
.‘. logT'(z| w)dz = zlog z—z+ wlog \/w ,
and for z =0,
[[w 27
log [z | ) dz = @ log \/._.
0 ©

Again, from 9-66 (4), we have the integral of the Psi function,
namely,

[* ¥ (2] ) dz = wlog D'z | ).
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From this and 9-3, we have, when w =1,

z4+1 @ et e—xt
log I'(z+1) =J'1 {L (- >d¢ dz.

Integrating, under the sign of integration, we obtain
© o—t et
logl"(x+1)=j.0 T<x+--1-— >dt R(z) > -1,
a formula due to Plana.

9-68. The Multiplication Theorem. If m be a positive
integer we have, from 8-1 (1),

1
llogI‘ x+—,~) Iog~/2-n:j logI‘(

1 o
) log ~/2m

= log ' (max) +m ( - m) log P log v/2m,

from 9-66 (3).
This yields Gauss’ Multiplication theorem,
m-1

_m-l 1
T(mz) = 2m)” & m™ "'u r(o+2):
In particular, for m = 2, we have Legendre’s duplication formula,
I'(2x) = 221~ (2) T (0 + 4).

9:7. Euler’s Integral for [(x). Subtracting (2) from (1) in
9-66, we have

n-1
logI'(z) = lim {(z—l)logn+logn!— 2 log(x+s)}

= lim {wlog n+log(n—1)!— Llog z+s)}

n—» o

Hence

n®(n—-1)!
P(@) = lim 1y @rn=i)

Let ¢t be a real positive variable and let log¢ denote the real

logarithm of . We define the many-valued function ¢* by
t* == exp(z log t).
R

M.T C.
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Then, if R(x) > 0, we have
1
I eldi = L = (@ 1),
0 T
and consequently, from 2-11 (7), differencing with respect to z, we

obtain
n (1
AI e ldt = (= 1)"(x—-1)mnl
0

But A =1 = (- 1),
Thus we have

r t=-1(1 - t)yn dt =
0

n!
z(@+1)... (x+n)

Writing ;i for ¢, we obtain

a1 _t\" g _ n! n®
Lt <l n) dt_m(w%-l)...(w+n)'

() = lim j e (1-4) ",

\ . n—>w 0
Thus we obtain *

I'(r) = jw t=le~tde

0

Hence

which is Euler’s Integral for I'(z). This integral is known as the
Eulerian Integral of the Second Kind.

9-72. The Complementary Gamma Function. We give
the name Complementary Gamma Function to the function T ()
defined by

() =- IL t=-le—tdt, 0<argt<2m,

where L is the contour shewn in Fig. 10.

L
(o}, >

Fia. 10.

This contour consists of two straight parts ultimately coincident
with the positive real axis and an infinitesimal circle round the

* For the justification of this passage to the limit, sce Modern Analysis, 12-2.
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origin. If R(x) > 0, the integral round the circle tends to zero as
the radius tends to zero.
Thus, if we start at infinity with argt = 0, we have

0 0
Ii(z) = —j o1 e“dt—j i - Dygr-le-tdy,
© 0
since -1 is multiplied by e*7iz-1) = ¢2miz after passing round the
origin. Thus we have

[y(@) = D(@) - " T(a) = (1- ) T(a),

and therefore
1

e2miz _ ]

I'z) = j tx-1etdt.
L
The loop L can be deformed in any manner provided that it
starts and terminates at o and does not cross the real axis between
0 and oo. We now can write

1 on
P(w):éz{wjl J.w 1=-le=tdg,

where the notation indicates * that the path of integration starts at
¢ infinity ” on the real axis, encircles the origin in the positive sense
and returns to the starting point.

The above is Hankel’s integral for I'(z). Although proved in the
first instance for R(x) > 0, the integral is valid in the whole plane
(since L does not pass through the origin) with the exception of the
points =0, 41, +2,....

From 9-55, we see that near the pole z = —n of I'(z), the function
I, (z) behaves like
1-eti= (1)  2isinnze™® (- 1)"
c+n n! ~  z+m  a!
Also
(-1)"sinnz _ sinw(zx+n)
z+n ~ z+n
which is holomorphic at = —n, so that I';(z) is holomorphic at

the poles of I'(x). It follows that the complementary Gamma
function is an integral function of .

* Modern Analysis, 12-22.
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Again,

IN+1) = (1-emiEt)) IN(z+1) = (1-e")x '(z) = Iy ().

Consequently, T'y(x) satisfies the same difference equation as
I’ (z), namely,

u(z+1) = zu(z).

9:8. The Hypergeometric Series. This name is given to
the series
a(a+1) )(b+1) ,
(1) 1+ cx+ 5 o(ei 1)
§a+1)(aﬁ-2) (b+1)(b+2)x3+

1.2.3.¢c(c+1)(c+2)

where we assume that none of @, b, ¢ is a negative integer.
Denote the coefficient of z” by «,. Then when n — oo,
(a+n)(b+n)
(n+1)(c+n)
Thus the series is absolutely convergent if || < 1, and divergent
when |z|> 1.
When |z| = 1, we have *
u,,+l=1+a+b c— 0( >

Uy

un-l 1 wn-{-l

Uy T '—>lzl'

where O (;:J denotes a function of » whose absolute value is less than

K | n? (where K is independent of n), provided that n be sufficiently
large. We conclude from Weierstrass’ criterion that the secries is
absolutely convergent when | x| = 1, provided that

R(-a-b+c+1)>1,

that is to say, provided that the real part of ¢ — a — b shall be positive.
Weierstrass’ criterion is as follows :

* If {,, 2, be functions of the positive integer =, the relation
(a=01zn)

means that an integer n, and a positive number K independent of n exist, such
that | {, |<K |z, | when n > n,. See Modern Analysis, 2-1.

1 See K. Knopp, Theory of Infinite Series (1928), § 228.
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-]
A series > u, of complex terms for which
n=0

Upy 1 & 1
u = 1 AT 0 (n,)
where A > 1, and « is independent of n, ts absolutely convergent if,
and only of, R(«) > 1.

For R(a) << 0 the series is tnvariably divergent. If 0 < R(x) <1,
each of the series

E | %= Uia |, E (—1)" un
n=0 n--0
18 convergent.

If we denote the sum function of the above power series by
F(a,b;c;z), we infer that this, the hypergeometric function, is
an analytic function of z within the circle |#|=1, and if
R(c—a-b) > 0, we have, by Abel’s limit theorem,*

(2) F(a,b;¢;1) =1lim F(a, b; c; x).
z—1

Gauss has proved the following relations satisfied by the hyper-
geometric function #(a, b;c; ) :
{c-2a-(b-a)z}F(a,b;c;z)+a(l-x)F(a+1,b;c; )

—(c-a)F(a-1,b;¢c;2)=0,

cfe-1-(2c-a-b-1)z} F(a,b;c;x)+(c—a)(c-b)x F(a,b;c+1;x)

—clc-1)(1-2) F(a,b;¢c—-1;2)=0,

clc+1)F(a,b;c; 2)—(c+1){c—(a+b+1)z} Fla+1,b+1;c+1; )

—(e+1)b+1)z(l-z) F(a+2,b+2;¢c+2;2)=0,

each of which easily follows by considering the coefficient of 2" in
the left-hand member. The verification is left to the reader.

9-82. The Hypergeometric Function when x=1. We
now prove that, if B(c—a-0b) >0,

_T()T(c-a-b)

" I'(c-a)T'(c-b)
* K. Knopp, loc. cit. § 100.

F(a,b;c; 1)
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We have, from the second of Gauss’ relations, which holds when
z—>1,

(c—a)(c-?)
c(c-a-b)
In this relation, write in turn ¢+1, ¢+2, ..., ¢+n-1 for ¢, and

multiply the results. We then get

F(a,b;c;1)

(c~a)...(c+n-1-a)(c=b)...(c+n—-1-b)
c(c+1) L(c+n—-1)(c—a-b).. (c-i n—1-a-0b)

Fa, byc;1)= F(a,b;c+1;1).

F(a,b; c+n;1).

Hence from 9-53, we have, when n — oo,

o b o I'(e)T(c-a-0b)
Fab;e31) = b a)Tio-b)
provided that

lim F(a,b; c+n;1) =

To prove that this is so we observe that | F(a,b;c+n;1)|
cannot decrease if we replace a, b, ¢ by |a],|b|, n—]c], so that

|Fa,b;c+n;1 —1|
<3 Uel-- (lal s D) 161 (1B +5-D)

sl (m—|c|). n+s— —|el)
~ lab] (laf+1). |a|+s—l |b|+1 ]b|+9—])
Sn-|e| (n+l—|c| (n+s-1 —|c|

Exactly as in 9-8, we prove that this series converges if
n—|ec|=|a|-]0]| >0,
a condition which is always realised if #n be chosen large enough.

Also as n increases each term diminishes, and 1/(n—|¢|) =0 when
n -+, From this the required result follows.

9-84. The Beta Function. The Beta function is defined by

s ) = L@ T'(y)
B(z, y) = Tlrt+y)
This function has the obvious properties :

B(r, y) = B(y, ),
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Bz+1,y) = 5+—ZIB(J; ¥

: S
Bz, y+1)= HyB(x, Y)-
Differencing with respect to x, we have also

A.B(z, y) = - —L B(x, y) = - B(z, y+1).

T+Y
If z = n+1, a positive integer, we have
I'(n+1)T (/) n!
B(n+1, P ovlripvatin ames ey
LD = 1)y TG ~ YD) (g T’

so that, from 97,
B(n+1, y) = j:t”-l (1-t)ndt.
This is a particular case of the more general result,
Bz, y) = .":W(l —v1dt, R(z)>0, R(y)>0

which we shall now prove.
The binomial theorem gives

(1-1)y1 = ‘\3 (_1)s<?/;]> .

s -0
_ St @)1 -g) @) (-9)
P slo(@+1)...(x+s—1) ’
This series is uniformly convergent in the interval
D<e<<t<z<].
Multiply by ¢~ and integrate from e to z. We then have
rzw—l(l — iy de

€

- Salarl)a (o D-9@-y)..

( —y) 8+2 S+
= 2(@+1) ... (5+3) @)

:%:F(x, l—y;w+l;z)—%F(z, 1-y;z+1; ¢).
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Since R(z+1-z-(1-y)) = R(y) > 0, we have, from 9-8 (2),
lim F(z,1-y; z+1; 2) = F(x,1-y; z+1; 1).

z—>1

Also since R(z) > 0, we have ¢* -0 when ¢ — 0, and the integral
converges. Thus, when z—>1, € -0, we have

1
j B 1=t = JF (s, 1-y; 241 1)
, :

TP+ I'@+l-z-1+y) _ ()F(y)

Tal@rl—a)T(e+i-1+y) D'@+y)’

where we have used 9-82. This is the required result. The integral
is known as the Kulerian Integral of the First Kind.

9:86. Definite Integral for the Hypergeometric Func-
tion. Suppose that || < 1. Then the binomial series

Qogys= 3 O+D - Ors=1)

=0 s!
is uniformly convergent for 0 <t < 1.
Multiply both sides by t2-1(1 —t)°-4-1, where
R(a) >0, R(c—a)>0,
and integrate from 0 to 1.
We then obtain, using 9-84,

rt““l(] —t)e-a-1(1 —at)b
1]

2 b+1) b+s— )'F,(ﬂ*"g)__ll(fi‘l)xs

I'(c+s)
La(a+l) (a+s-1)b(b+1)...(b+s-1)  TI'(a)T(c-a)
=& sle(c+1)...(c+s=1) T 7T T(0
I'@)T'(c-a)

=P F(a, b; c; 2)

= B(a,c—a)F(a, b; c; x),

which expresses the hypergeometric function as a definite integral.
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9-88. Single Loop Integral for the Beta Function.
Consider the loop contour ! shewn in Fig. 11. ,

D A C
o0& — 41
A z B

Fic. 11.

We shall suppose that 4B, CD coincide with the segment of the
real axis between 0 and 1 and that the radius of the circular part
tends to zero.

Now consider

(1+)
I =I tx ](t-1)""1dt=j l“’“l(t—-l)"’l(lt
l

0
with the notation of 9-72.

If we start with arg ¢ = 0 along 4B, we shall have arg (¢t~ 1) = -7
along AB and arg(¢— 1) = + = along CD.

Thus on 4B, t-1)=re-"=—r,
while on CD, (t=1) = rei" = -,
sothat t =1-r.

If R(y) > 0, the integral round the circle tends to zero when the
radius tends to zero, so that we have

1 0
I= I e~ mW-Dpr-1(] — p)e-1 dr—l—j e -1 pv-1(] —y)z-1y
0 1

= (e~mW-D_¢miv-1) B(z, y) = 2isin 7y B(z, y).

Thus

_.-_1_ —-——
24 sin mty

(1+)
B(z, y) = _L t=-1(t-1)v-1dt.

Since I'(y) I' (1 — y) = =/ (sin wy), we deduce from this the relation

P 1 (M -
Tty (=g = 2m), ©E-Dd
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9:89. Double Loop Integral for the Beta Function.
Consider the contour shewn in Fig. 12, which starts from a point P,
passes positively round the points 1 and 0, and then negatively round
the points 1 and 0 and finally returns to P.

Tra. 12,

Consider
By, ) = [ 11— 1

taken round the above contour. To evaluate the integral, we shall
suppose the contour reduced to four lines coincident with the
segment 0, 1 of the real axis, the radii of the circles round 0, 1 at
the same time tending to zero.

If R(z) >0, R(y) >0, it is casy to shew that the integral round
these circles tends to zero when the radius tends to zero.

If we start at P on the real axis with arg? = 0, we have, for the
reduced contour,

On the path 1: argt =0, arg(l-1?)=

w o 3 oargt=2m arg(l-1

l I

)=
woow oo 21 argt=0, arg(l-?)=2nx,

)

)

w o droargt=2nx, arg(l—t:O.

Thus
. . . 1
Bl($’ y) — {1 —e2mi(y- 1) 4 p2rilety -2) _ p2mi(r- l)} I t‘r—l(l _ t)y_l dt
0

= (L ¢ir) (1 - ¢i) B(g, ).
Hence, with the notation of 9-72, we have proved that
(14), (0+). (1-), (0-)

(1 - ey (1 - =) Bz, ) = | (- i,
r
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P being any point on the contour of Fig. 12, which may be de-
formed in any manner provided that the branch points 0, 1 are

not crossed.

The restriction R(z) >0, R(y) >0 can now be removed, since
the contour does not pass through the points 0, 1 and the above
double loop circuit integral gives the Beta function for all values
of z, y, neither of which is an integer. When either « or y is an
integer the integral vanishes. We also note that

) . Iy (x) Ty (y)
— e2mix _ p2miy , — 1 R AY
(1 —e*>mix) (1 — e2miv) B(x, ¥) P(ety)

are all integral functions, we see that

. 1

Since I (z), T (y), (@4
the above double loop circuit integral represents an integral function
of z (or y). We shall call the function B,(z, y) the complementary

Beta function.

EXAMPLES IX
1. Find the sum from O to z of the function

28+ 2143
(e+1)(x+2)(2w+3)°
2. Prove that

. Q 1 1
(i) V(@) =logz— > { _—log<l+w |-.§'>}’

= \zts
. _ 1 A f___z_(g_q_g_s) b zts+ 1)
(i) ¥ (z) = logz—, ,Z{, \Z@ts)(@+si1) 8 a+s J°

3. Prove that YA)=1+}+1-7.

g(x) —] —

2

prove that

(i) g(x)+g(1-2z) = 27 cosec w,
(i) g(i) =2log2, g¢(}) =
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5. With the notation of Ex. 4, prove that
12n 1 v
n ;:Jo (-1)¥ a;+~27l> = ~g(2nz).

6. Obtain the following results :

|
V' (z) = 1
@ =2 wrop’
D 1
V@) =2+ 2 ot sperst1)
1 1 & 1
V(@) = tomt 2 s@rap@rst i
7. Prove that
1- =1
¥ (z) = —Y+J —dt.

[Legendre.]
8. Prove that
tdt

1 ]
¥ (@) ‘log’”‘2a&+2jo (a2+ @) (1 =2t

9. By means of the last formula in 83, prove that

a0

V¥ (z) = loga:— —-——+2 > {ci (2nnz) cos 2mnx

n=

o

+ 81 (2nnx) sin 2nwnx}.

(i) I‘(—%) = -2Jm,
(i) I3 IC(3E) =2x/y3.
11. For large values of =, prove that approximately,

5..@2n+1) _ 3
.9 ym {2~/ +4¢i}'

10. Prove that

12. Prove Wallis’ Theorem, namely

3

_ 6
271.3.3.5.5.

and deduce that for » large

-0 () ~
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13. Prove that, if n be a positive integer,

' n+}) = 1 3_32” (2n-1) J.

14. Shew that for real positive values of z the minimum value of
I’ (z) is 0-88560 ..., when z = 1:46163 ... .

15. Prove that

2 I'(x) I' (- ) = — 7 cosec n.
16. Prove that
A L@ qemmt]). man=1) T
Sl (z+m) (x-1)(z—2) ... (z—n) D'(z+m) "

17. Prove that
I'(z) = J/@2r)2®-te=

1 1 139 571
{1 * 1ozt 98842 5184025 ~ 248832024 0 (ﬁ)}
18. By means of 8-3, shew that, when z, >0 and z, <z < Z,+1,

log I'(z) = log V2r+ x4 (log 2y — 1)+ D) (a, cos 2nnz+ b, sin 2nrz)
n 1
where
an+th, =2 lim {l:—f(z) logzilﬁ‘> +J. }f(z) dz},

u—0
where

fz) =—- Iw exp (— pz+ 2nmiz) dz,
and hence prove that ’
7n a, = (log z,) sin (2nwwy) — si (27n,),
7n b, = — (log z,) cos (2nwxy) + ci (2nnz,).

19. Shew that, in the interval zy <z < wy+1,
1&1 .
z-}= To— > 7—"81n21m (z— =),

and hence prove, by means of the last example, that
log ' (z) = log /27 + (z—}) log 7 — @,

- nz=-’1 E—{SI (2nmz,) cos (2nmz) — ci (2nwx,) sin (2nwx) }.
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20. From Ex. 18, deduce that

Zo: 1
2nn j ' log I' (z) cos (2nnz) dz = (log z,) sin (2nzwy) — si (2nw,),

1
2mn r"J' log I () sin (2n7z) dz = — (log ) cos (2nwx,) + ci (27tnz,) .

Zo

21. Prove that

ci () - logw+_[ 1- cost = lim I !—_czs—z—n?dz—lognn]
n—w J 0
fj*" l-cos2nz ; |
nlgnfl <in 2 dz log4nl,
and deduce that
) a2

ci(x) = y+logz+ L 3y ')v)' .
22. Use the last two examples to prove that

1
4n j log I (%) cos (2nmz) dz = 1,
0
1
27n j log I (z) sin (2nrz) do = v+ log 2nen.
0

23. Prove that, for 0 <z -1,

sin 2n7ea)

\\ jco%.,nm; . in
(Y+10 ( nTt)) nr I)

log'(z) = loga/2m+ Y, L o

n=1

and deduce Kummer’s series, namely,
log I'(z) = (y+log 2) (} — ) + (1 - z) log = — } log sin
PO
+ n%:l 1;{”;12 sin 2nnz.
24. Prove that
B(x, 1 —x) = = cosec nz.
25. Prove that

B(z,y) B(z+y,2) = B(y,2) B(y+2, z).
[Euler.]



CHAPTER X
FACTORIAL SERIES
I~ this chapter we develop some of the properties of the series

a, a, 1! 4 a,2! + ~ay3! )
x  z(@+1l)  w@+1)(x+2)  x@+1)(@@+2)(v+3)

cee y

which is known as a factorial scries of the first kind, or series of
inverse factorials ; and the series

byl —1)(z-2)  bylz-1)(z-2)(x-3)

r—1
bo+b1( »1--)+ 91 31 .

which is variously called a factorial series of the second kind, a
serics of binomial coefficients, or Newton's (interpolation) series.
The last name arises from the fact that Newton’s interpolation
formula 3-1, when the series is extended to infinity, takes the above
form.

Both these factorial series have many properties in common, in
particular when  is a complex variable, the domain of convergence
is a half-plane.

Factorial series are of importance in the theory of lincar difference
equations, where they play a part analogous to that of power series
in the theory of differential equations.

With the notations of 2-11, we see that the series can be written
in the respective forms

ag(z-1)D + g (x—1)CD1! + ay(x—-1)CD2! +...
bo+ by(x—1)D [1! + by(x—-1)@ /2! +...,
in which shape they present a marked analogy with power series

in z—1.
271
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While factorial series first appear in the work of Newton and
Stirling, their systematic development on modern lines is due
largely to Bendixson, Nielsen, Landau, Nérlund and Bohr.

The present chapter is based mainly upon Norlund’s Legons sur
les séries d’interpolation (Paris, 1926), to which the reader is referred
for a more detailed treatment.

10-0. Associated Factorial Series. With the sequence of
coefficients
@y, Gy, Gy, A, ... ,

we can associate the factorial series

0

2l a,s!
(1) ,é{, z(z+1)...(z+s)’
‘ SN |
2) 2 e (1Y),

which we shall call associated factorial series. We now prove a
fundamental theorem due to Landau.*

Theorem . Associated factorial series simultaneously converge
or diverge for every value of x which is not an tnteger.

In the first place, suppose that (1) converges.

Put
b= — a,s! o — (=1 z@2-1)... (22— s?)
* T x(z+1)...(z+s)” T sls! :
We have
z2 z2 x?
cs=m<l—T> (1—22>...(1—-;_§>.
Thus
. sin
lim ¢, =" -
8—> 0

Hence a constant K exists such that |¢,| < K.

* K. Landau, Sitzsber. Akad. Miinchen, 36 (1906), pp. 151-218. Landau also
proves that the Dirichlet series
s 4
=16
formed with the same coefficients can be included in the enunciation of the
theorem.

1 Modern Analysis, 7-5.
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Also

Cs—0Csyy = (S+ 1)2

and consequently

lz|>
(s+1)
and hence the series X (c,-c,,,) is absolutely convergent. By hypo-
thesis, X b, converges. Hence by du Bois-Reymond’s test * 2 b,c¢,
converges, that is to say (2) converges.

Secondly, suppose that (2) converges.
Put

,c c:;+1'<I{

_ . (z-1 (=1)sls!
dy = (-1) as( s >’ fi= z(z?-1).. (1:2—32)
As before,

lim f, =

8> sin 7z’

so that a constant K exists such that [f,| < K. Also
2
fomfsn =l e
Hence X(f,—f,,;) converges absolutely and therefore we again
infer that X d, f, converges, that is to say (1) converges.

10-02. The Convergence of Factorial Series. Let
To(To+1) ... (Ty+3s) _ [(zg+s+1)I'(2)

M Yo = z(@+1)...(z+s) T@+s+1)0(z,)’
@) o @=1).(@=5) _T(s—a+1)T(1-a)
ST (@ —1) i (wg—8)  T'(s—zo+1)I'(1-2x)°

and let o denote the real part of -, which we take to be positive.
Then, from 9-61,

u,| = 5= i{‘((:”) |1+,
|vg| = s P(l IL‘)) (1+39),

where 8 -0 when s — .

* See p. 274 Ior the statement of this test.
M.T.C. ]
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In the case of u,, we suppose that z is not one of the numbers
0, -1, -2, -3, ..., and in the case of v,, that x, is not one of the
numbers 1, 2, 3, ... .

From these results it is clear, when z and x, are given, that both
u, and v, are bounded.

Let w, denote either u, or v,.

Then
30-‘1*:1 _ _x"”'o 1)
w, = 1 s +O(S2 .
It follows from Weierstrass’ criterion (9-8), that
(i) when 0 <o <{1,

&
2{) (W — Wy 4y)
8=

is absolutely convergent.
(if) when ¢ > 1,

0
\
Ld
8=:0

w,

S

is absolutely convergent, and, a fortiori,
w\
\/_I (ws — Wy 1)
. §- 0
is absolutely convergent.
k2

Now let D) «, be a (not necessarily absolutely) convergent
series. =0
We have du Bois-Reymond’s test,* namely that
X a, b, is convergent if X(b,—b,,,) be absolutely convergent and if
= a, converge at least conditionally.
If follows that
S w0,

§=0
18 convergent,.

Morcover, w, is bounded, and in fact we have
[wy| <Cs~v,
where C is independent of s. Also |a«,| is bounded, since X a,
converges.

* K. Knopp, Infinite Series, 184. The test is substantially due to Abel and
is also known as Abel’s Test.
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Thus we have

"l‘ l
2, |, | < C
8- -’” sﬂ
where C is independent of s. 4

Therefore if 6 >1, Xs-¢ converges, and consequently X o, w,
converges absolutely.

If we take :
|
A _ a.s! I
( ) as (T‘)*_]) (I0+5) us u.’t!
we have
_ a,.s!
%= @t ). (o s)
=(-1) ‘To‘-l L= 1}
(B) o = ( l)(Ls< s ), w, == v,
we have

o, wy = (—1)° (’E l>

We therefore have the following theorems :

Theorem Il. If a factorial series converge for x = x,, the series
converges for every x, such that R (x) > R(x,).

Theorem 111, Ifa factorial series converge for « = x,, the series
converges absolutely for every x, such that R(x) > R(zy+1).

Theorem V. Ifa factorial series converge absolutely for x = x,,
the serves converges absolutely for every x, such that R(x) > R(x,).
For in this case Z | «, | converges and | w;| is bounded so that

m m
> lagw, | <M X,
8--n &—n

where M is positive and greater than every | w,|.

10-04. The Region of Convergence. We can now prove
that the region of convergence of a factorial series is a half-plane.

For we can divide all rational numbers, excluding zero and
positive and negative integers, into two classes L and R, such that L
contains all numbers which make the series divergent and R contains
all numbers which make the series convergent. From Theorem II
we see that each member of L is less than every member of R.
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The above classification therefore determines a Dedekind section
of the rational numbers and therefore defines a real number 2,
such that the series converges for # = A+¢, where ¢ is positive and
arbitrarily small, and diverges for z = A —e¢.

This number A is called the abscissa of convergence. By Theorem II
the series converges for every point in the half-plane which is
limited on the left by R(z) = A. Theorem I can now be stated in
the form: two associated factorial series have the same convergence
abscissa.

Of the classes L and R by which A is defined one may be empty,
that is, may contain no members. If L be empty, we have A = + oo,
that is, the series is everywhere divergent. If R be empty, A = -,
and the series converges in the whole complex plane. In both cases
the integral points are possibly excluded.

10-06. The Region of Absolute Convergence. The
region of absolute convergence is likewise a half-plane. If in the
definitions of the classes L and R of 10-04 we substitute the words
“ absolutely convergent ” for * convergent,” the Dedekind section,
by Theorem IV, determines a real number p called the abscissa of
absolute convergence. The series converges absolutely in the half-
plane limited on the left by R(x) = p.

From Theorem IIT we conclude that

0<p-a<1.
In the strip defined by
A< R(z) <y,

the series converges, but not absolutely.
We now proceed to determine the value of A, but before doing so
we investigate some preliminary results.

10-07. Abel’s Identities. The two following identities, which
are due to Abel, are of frequent use in the transformation of series.
(I) If A4, =a,+ap,y+... +a,, then ,
$) &
24 asb, = 2_.4 (bs—by41) Ay —by Ay 1 +b iy A

=p 8=p
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(IT) If 4’y = a;+ @,y +agp+..., then

?”1 m_‘l ’ ’ ’
a%;J“xbs = B%;) (besy=b) A’ +b, A"~ by A iy

To prove these identities, we observe that
ag bs = (bs - bs+1) (As - As—l) + b3+1 (As - As—l)
= (bs - bs+1) As - bs As—l + bs+1 As ’
and that
as bs = (bs+1 - bs) A’s-f-l + bs A’a - ba+1 A's+1'

From these results the identities follow at once by summation.

10-08. The Upper Limit of a Sequence. Consider a
sequence of real numbers,

(zn) = 1y, X, T5, ... .

Divide all rational numbers into two classes L and R, such that
if I be a member of the class L there is an unlimited number of terms
z,, such that z, > [, while if r be a member of the class R, there is
only a finite number of terms z,, such that z, > r. It is clear that
each [ is less than every 7, and this classification involving, as it
does, all rational numbers, therefore determines a Dedekind
section of the rational numbers. This section defines a real number
2, such that, if € be an arbitrary positive number,

(1) =, > A-c¢ for an infinite number of z,,
(if) @, > A+« for a finite number only of =,

The number A defined in this way is called the greatest of the
limits, the upper limit, or limes superior of the sequence (z,), and we
write *

A = lim sup z,,.
n— K

In this chapter we shall be concerned with sequences whose nth

term is of the form
logz,
Togn”

* See K. Knopp, Infinite Series, p. 90. Also Modern Analysis, 2-21.
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where z,, is real and positive. Let

= lim sup Ilo E%n
n—>n

and let € be an arbitrarily small positive number.
Then we can find an integer n,, such that

1
l(:)gg "< A+e, if n2=n,,
log z, > A—c¢,
logn
for an infinite number of increasing suffixes n,, ny, ng, ..., where
ny =N,
Thus

T, < mAte if n>n,,
x, > nrc if 0= ng, Ny, N, ...

If a real number 6, other than zero, exist, such that

we find a suffix &, such that
2, <en il n>=N.

Hence if n, be the first of #n;, n,, 0y, ..., such that n,> N,
we have nr-c<<ene, if n=mn, n.,, %, ..., that is to say,
nr- o« < ¢ for these values of n.

Hence we must have A—6—¢ < 0. Since ¢ is arbitrarily small,
we have

Ao

Again, if 2, be such that

X
lim =7
n—wlOgn

=0,
we have in the same way n*-< <z, <elogn, if n=mn, 0., ....

Thus n* < n*log n* < n®, which necessitates A < 2¢, and since
e is arbitrarily small, we must have

A< 0.
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10:09. The Abscissa of Convergence; Landau’s
Theorem. The convergence abscissa of the associated factorial
series 10-0, (1), (2) is determined by the following theorem.*

Theorem V. Let
/log n.

L a,
=6
The abscissa of convergence, A, of the assocmled factonal series 18
equal to o if X>0 and is equal to B +f A <O.
We consider the series

M > -1ra (71,

8=0

o = lim sup log

n-—>w

/ logn, B = hm 2 SUp log

--n

and divide the proof into four stages.

Suppose that the series converges at a point x, where z is not a
positive integer. Let R(x) = o.

(i) We prove that if 6 >0, then o <{ o ; and consequently that
a<<, if A>0.

Write

z—1 ( l) s! I+ -=)
b= (=1r < ) w(@-s) D(s-z+1) -~

Then we have
_( s+1 =
Coi1— Cs (S P 1> C= s g+1%
so that, from 961,
¢s=T(1-2)s*(1+3), ¢py—¢s= 2T (1-x)s1(1+3),

where | 8| — 0 when s — . Thus we can find a positive number K
independent of s, such that

|| < Ks%, | Coyy—Cs| < Kso1.

Let By = by+ b,y +bgyp 4 ... . Since a, = byc,, we have by Abel’s
Identity

m

Wl
Zl 21 ca+1 s s+1+czB9"cm Bm+1,
8=p 8=p

*E. Landau, Sitzsber. Akad. Miinchen, 36 (1906), pp. 151-218.
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and hence
m‘ m-—\l ‘
Am,»= Zla' < 24 Coy1— Cs | X | Byyy +|cPBp +|Cm Bm |-
8=p 8=p

By hypothesis, X b, converges, and hence, given € > 0, we can
find p, such that | B,| <, if s> p. Hence we have

m-—1
(2) Am,,<eK<Es°—1+m’+p’).
§=p
+1
NowI xe~1dz lics between se-! and (s+1)°~!, and hence
8
n . nes msl
I z°-1dz lies between Z‘ sl and mo1-po-1+ 2_, so-1,
» §=p §=p

whence we easily conclude, if ¢ > 0, that

mfl o
Z sl ™,
&=p
Thus
',{ o ' 1_ ]
App,<eK P +m <1+G>j’
and hence
fE{-”'J—"<-’5{—”—"'"+sl{<p'-’-+1+l).
me me me .

Now let m —o. We then have

lim Amo 0,
m—wo M
and hence, from 10:08, « < .

Again, if 6 =0 and s <z <s+1, then
1>J'a+1 dw _ 1
s s T s+1°
so that

m—\l m-‘l 1 1
D) si>logm—logp> > s+ -,
=p i=2 m p

and hence, if p > 0,

m-1
>, st <logm.
8=p
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Thus, from (2), we have
A, < eK(2+log m),

Am,_g Aﬁ—l. 1] ¢ 2
logm < logm K <log m l) :

It follows that

whence

lim Am,o _ 0,
o Iogm

and therefore again, by 10-08, we have « < 6. Thus (i) is established.

(ii) We now prove that when « is finite the series converges for
¥ = a+¢, where ¢ is an arbitrarily small positive number, and
consequently that A <C .

Let
=(-1) (m 1)((‘” 2) (IE—.S) '(s—=z+1)
o b“ TIs+1)D(I-2)°
en, by 9-61,
4= ST (148), dmdiy = S (148),
] (1__ ) 8 3+1 ( )

so that if # = «-- ¢ we can find a positive number K, independent
of s, such that
|d,| < Ks—a~e < Ks—o—ie,
| dy=dyyy | < Ks=a=1-i,
and further by 10-08, such that

8

Za,,

n=-0

< Ksatie,

Let
4, =ag+a,+ay+...+a,.

Then, since b, = a,d,, we have by Abel’s Identity,
24 s~ dyy)) Ay~ dy Ay s+ dpnyy A

= p
Thus we have

m
b,
8=p

sz'zs . (p—1)a+ie — matie }

() potie +(m+1)a+ie :
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The right-hand member — 0 when p — o, and consequently Z b,
converges. Thus (ii) is established.

Combining (i) and (ii) we have, if >0, « <A, and when « is
finite, A <{ a. Consequently we must have A =«, if A>0.

(iii) We now consider the case ¢ << 0, and prove that if ¢ < 0,
then 8 < o; and consequently that g <.
When ¢ < 0, we can let m — o in (2), which then gives

>las|<ek (])"4-‘2:;8“‘1).

&8=p
Now, if s<z<s+1, and ¢ <0, we have

va” =

811
s7 1 >_[ 2o lde > (s+1)- L
8

Thus
N sw--1< v-—l_pw.
A
Hence
. S 11
P Aw,,,<slx(1—6+p>,
so that
. ] \‘
phfl]) ua =0,

and therefore, from 10-08, we have B <{ o, so that (iii) is proved.

(iv) Lastly, we prove that when B is finite the series converges,
for # = B+e¢, where ¢ is an arbitrarily small positive number, and
consequently that A <.

Let

4 =a+ag+a o+ ...

Then by Abel’s Identity we have, with the notation of (i),

m m-1
ZJ ba = 2 (ds+1“ds) A,s+1+dp A'v"dm A,m+1 ’

and we can now find K, such that
]

2 a
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We thus get an inequality of the same type as (3) and we conclude
in precisely the same way that the series converges.

Combining (iii) and (iv) we have, if A <0, then 8 <2, and when
B is finite, A< B. Thusif A <0, we have A = .

Another way of stating the theorem is the following :
A=« of the series Za, diverge, and X = B if the series X a, con-
verge.

10-091. Majorant Inverse Factorial Series. With the
notation of Theorem V, we have
a=2 if A>0,
a=0, if A <0,
for in the latter case X a, converges.
Hence if A" denote the greater of the numbers 0, A, we have
A\ = «, that is to say,

lim sup log

n—> 0

n\ l ’
>;/a‘“ /lognz)\.

=0
Hence from 10-08, given £ > 0, we can find ny, such that

n
Drag | <m0 > n,
8=0

Now, from 9-61,
(N +et ”) _ WHer W 4et+2)... Wtetn)
n - n!
F'(M+e+n+1) n\ te

T4+ )TV +e+1) T DNV +e+1)

Hence we can find a positive constant M, independent of n, such

that
<M (A'+ e+n)
n

n
2, a,
8=0

for all values of n.
Now consider the series *

(1) M _11{+g!4(2\’+s) MM\ +e)(N+e+1)

which is absolutely convergent, for R(z) > A" +-«¢.

g-N-¢ = z(@+]) s@+1)(@+2)

* This series is obtained in 10-2, example 2.
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The sth term of this series is

bys! b‘=M<7\’+a:-s——1>‘

If we call the b, the coefficients of the series, all the coefficients
are positive and the sum of the first n+1 of them is given by

Mé%()\'—l-e:s— 1) M <7\’+;:+n>,
gince this sum is equal to the coefficient of ¢* in
(1—t)-N-ex (1-1)-1.
Thus, whatever the value of n, the sum of the first # + 1 coefficients

of (1) is greater than the modulus of the sum of the first n+1
coefficients a, of the series

. ®, a,s!
) .%on(:i%-l)...(wﬂ-s)'

We shall call the factorial series (1) a majorant series for the
factorial series (2).

10-1. Series of Inverse Factorials. We shall now con-
sider the function defined by
2\ a,s!
Q) = ,2:{) z(@+1)...(@+s)’
The region of convergence has alrcady been shewn to be a half-
plane limited on the left by the line

where 2 is the convergence abscissa.

Since terms of the series become infinite whenz = 0, -1, -2, ...,
we shall always suppose that such of these points as may lie in the
half-plane of convergence are excluded from the region by small
circles drawn round them. Unless A = — w0 it is evident that only a
finite number of these points can lie in the half-plane of convergence.

10-11. Uniform Convergence of Inverse Factorial Series.
We shall now prove the following theorem due to Norlund : *

* Séries d’interpolation, p. 171.
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Theorem VI. If a series of inverse factorials converge at the
point x,, the series s uniformly convergent when lzes wn the angle A,
vertex at x,, such that

—int+y<<arg(z-a) <im-7,
where v is positive and arbitrarily small.

Fia. 13.

Let
_ To(@p+ 1) ... (2 +5)
s z(x+1)... (x+s) ’
R(zg) = 09, arg(r—axy) =0, |-, =1
It is clear from Fig. 13 that we can find a positive integer n, such

that
a=|arg(z,+s)| <in, if s=>n

Denote by P, P, the points z+s, zy+s. Then the length of OP
is not less than the length of the projection of OP on OP,, so that

|z+s| > |zg+s|+7sin(3n—0+a).
Hence, if s> n,

(1) |z+s| > |zg+8|+7sin i,
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whence we obtain

Zy+$ To+$ COoS o Cot+s
0 ’('A__I_O—J___.l,._. < ,._.0 __<1,
T+s |Zo-Fs|+rsinly cosa ~oy+s-+irsiny

@ |

o=z | _ r r
z+s+1 |zo+s+1[+rsiny coks+l+§rsm‘q

® |

since 4 sinn << sindy.
Now,
(g +n) ... (7y1-5)

Uy = Uy q -
s " (&+n) ... (Tg+S)

and by (2),

(Zg+n) ... (x4+5) P (591 %) ... (59+5)
(@+n) ... (+5) | T (Go+n4 Srsing) ... (c,+s+4rsiny)

say.
Also when # lies in the ang]e 4, u,_, is clearly bounded since » is

fixed and the points, —1, —2, ..., are excluded by small circles
drawn round them.
Suppose that |u, ;| < K. We have then

|u,| < KU, U,<<1,

so that the u, are uniformly bounded in 4.
Again,

Uy — Uy u, 2= "o

e PR

Hence, using (3),

r 2K
(4) Iu usil] /I‘U Go+é+]+ZTSlIl'n—-Sijﬂ( s s+1)-
If

a,s!
Zo(Xo+1) ... (Tg+5)°

b, =

the series b, converges by hypothesis.
Hence, given € > 0, we can find N such that, if p >N

m f N
A Q) b SS]II_I)
~ S ek
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Now, if B,=b,+b,,;+...+b;, we have from Abel’s identity,
if p>=N,

m m-1
st“s < 2 ,Bs, 'us_us+1,+le| Iuml
s=p 8 p

m -1

< 882 (Us-Ug)+eU,
. Y

<elU,<¢,

so that the series X b,u, converges uniformly in A, that is to say,

Q@) =Z 1) @+
converges uniformly in 4.

It follows from this theorem that the sum function (x) of
the series is an analytic function of z in any closed region, which,
together with its boundaries, is interior to the half-plane of
convergence, for any such region can be enclosed in an angle of
the type 4. That the region of uniform convergence is even more
extensive than that indicated by Theorem VI is shewn by

Theorem VII. If the series of tnverse factorials be convergent
for x = =z, the series 1s uniformly convergent vn the half-plane

R(z) = R(x,) +=,

where € 15 positive and arbitrariy small.

It is clearly sufficient to suppose z, real. Taking z, = o, and
n an integer such that n+6,>0, we replace inequality (1) by
|z+s|>|6+s|+¢, and irsinyn by e in the remaining inequali-
ties, and the proof is then entirely on the same lines as that of
Theorem VI.

Thus Q(z) is an analytic function at every point within the
half-plane of convergence, with the exception of those of the points,
weey =3, =2, =1, 0, which may lie within this half-plane.

10-13. The Poles of Q (). The function (z) can be written
in the form
a,s!

Q(z) = T'(z) .g;o C(z+s+1)
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Since 1/T'(z) is an integral function, we see that () has simple
poles at such of the poles of I'(z) as lie within the half-plane of
convergence.

If = —n be such a pole, we have from 9-55 the residue of (x)
at this point, namely,

(=1)* S as! s
S et = 2e6)
since 1/T'(s—n+1) is zero, for s=0,1,2,...,n-1.
If A =- o0 thefunction 2(z) is meromorphic in the whole com-
plex plane.

We may note that, in terms of the Beta function,
Q) = D) a,B(z,s+1).
§£=0

10:15. The Theorem of Unique Development. 4 func-
tion which can be developed in a series of inverse factorials can be so
developed in only one manner.

For suppose that the same function admits two distinct develop-
ments. Then we have an equality of the form

a0

: a,s! 3 b,s!

N 3 . = x‘ . Use:

,2‘0 x(@+1)...(x+s) ~hz+1)...(x+s)’

Let A, 1" be the abscissae of convergence. Multiply both sides
by z and let  — oo in such a way that R(x) -:- co in the half-plane
R(z) > A, R(xr) > 2. We then obtain

ay = b,

Remove corresponding terms and then multiply by z(z+1) and
let B(x) —> o as before. We thus get a; = b,. Proceeding in this
way we see that the two series are identical.

It follows from this that an tnverse factorial series cannot vanish
dentically unless all the coefficients vanish.

10:2. Application of Laplace’s Integral. We have, from
10-13,

o

%) a,s! RS
Q(z) = ,%6 ST T) @) ‘é) a,B(z,s+1).
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Thus using the integral expression of 9-84 for the Beta function
we have, when R(z) > 0,

@

1
(1) Qz) = D, a,I t==1(1 —t)* dt.
£=0 0
This suggests consideration of the function
(2 () =agta,(1-t)+ay(l —t)2+ag(1-t)3+....

We now prove that the series

(3) =1 (1) = i a,t=1(1— 1)

8=0
is uniformly convergent in the interval 0<{¢<{1, provided that
R(x) be greater than the larger of the numbers 1, A+ 2, where A is,
as usual, the abscissa of convergence of the factorial series. Let
R(z) = o.

Then the factorial series converges when = ¢—2 on account of
the way in which ¢ was determined, and consequently the sth term
tends to zero when s—>o. Thus
|a,|s!

slﬂnw (6-1)o...(c+s-2)

lim |as|/<6+z—2>=0,

8§—>®

— O,
so that

and hence, given ¢ > 0, we can find n, such that

|a, | <s<c+z_2>, s=n.

It follows then that

> a =1 (1-¢)

s&=n

0

<eto1 > (°+2’2) (1=1)s

8=n

<etl[1-(1-t)]°t =¢,

which proves the uniform convergence of (3).
We can therefore integmate term by term and we get from (1)

1
@) Q(z) = jo ¢5-1 b (1) d.

An integral of the above form is known as Laplace’s Integral.
M.T.C. T
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We have thus proved that, if R(z) be sufficiently large, the sum
function of a series of inverse factorials can be expressed by Laplace’s
integral in the form (4).

Conversely, if ¢(¢) be given in the form (2) and if, for R(z) suffi-
ciently great, the series (3) be uniformly convergent for 0 <t <1,
the corresponding Laplace’s integral (4) can be represented by an
inverse factorial series.

The function ¢(¢) may be called the generating function of the
factorial series.

When the function () is given, the generating function ¢(¢) is
obtained by solving the integral equation (4). It is easily verified *
that the solution is

1 l+in
(5) )=, . ‘- t—*Q(2) dz,

21 JI—i0

where ! is any number greater than the abscissa of absolute con-
vergence of the factorial series for ().

Ezample 1. Find the sum function of the series

o =D
r@tl) .. (z+s)”

Here a, = s, so that

C1-t (1=t (-1 —
é(t) = TR R + ... =—logt.
Thus
Q(x) ——Ilt’"l lo tdt———a Ilt”‘ldt“ !
T 0 g - or 0 _“_:2’
so that
1 0! 1! 2!

2 a@+rl) s@rl)@+2) 2@+i)@r)@r3) T
The ratio of the (s+ 1)th term to the sth is
s z+1
srles =175 % 0( )

so that by Weierstrass’ criterion, 9-8, the series converges absolutely
if R(z)>0. Hence p=0.

* For a more complete discussion of the generating function, see Norlund’s
Séries d’interpolation, chap. vi,
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Again,
< 11 1
32=’0 _1+2 3t ...+ﬁ~y+logn,
hence, from Theorem V,

A = lim sup log(y +logn) [logn = 0,
n—> o

so that in this case A = p = 0.
Example 2. Expand (z—a)~! in a series of inverse factorials.
From (5), the generating function is
1 (i gz

$() = 211 )i io Z;Ed” =%
if | be sufficiently great. This can also be inferred from (4), since
1 1
e et
r—a 0

By the binomial theorem,
e —a A fats—1
t“_[1~(1—t)]“—1+02_,1< : )(1—1)8.

Hence, from (1),

|

1, & (a+s—1) ’
as E;+&4=J1 s Bz, s +1).

Thus we have Waring’s formula, namely

1 1 a a(a+1) a(a+1)(a+2)
z-a x+x(x+1)*x(m+1)(x+2)+x(x+1)(m+2)(x+3>+

The formula can also be obtained from 3-1 (4), applied to the

function z~1, by interchanging a and z and putting p = —a.
By Weierstrass’ criterion, the abscissa of absolute convergence is
given by
= R(a),
and since (z—a)~! has a pole at z = a,
A= R(a).

E:mmple 3. The series

a a(a+1) _a(@+1)(e+2)
06) = 2= 261y st )@rD) 5 s 1) 2D
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has the same abscissa of absolute convergence as the series for
(x—a)~L, so that
p = E(a).

On the other hand, by Weierstrass’ criterion, the series converges

conditionally if
0<R@-a+1)<1
so that
A=R(a-1).
These examples illustrate the result of 10-06.

10:22. Order of Singularity and the Convergence
Abscissa. If
f(2) = bg+byz+ b2+ bg23 +
the order % of f(z) on its circle of convergence whose radius is
taken to be unity is by Hadamard's definition *
— log|b,|
h =1+limsup- log n

n—> o
Multiply the generating function ¢(¢) in 10-2 (2) by
1 =[1-(1-0]"
and we obtain

(ﬁ»t(() = g-% (a0+a1+a2+---+as)(1"t)‘,

so that ¢(¢) /¢ is holomorphic inside the circle |1-¢| = 1. Thus,
if A>>0, we have from Theorem V that the order of ¢(f)/¢ on
the circle [¢—1|=1is A+1.

If A <0, the series X a, converges; thus, if £—0 along the

radius joining 1 t0 0,
lim ¢(2) = ¢(+0),
and hence

_ 0 ®
éﬁlw?itwl=..2%(aﬂr+aﬁz+."x1—nﬂ

and hence, again by Theorem V, the order of [¢(¢)—¢(+0)]/t on
the circle |¢t—1| =1 is A+ 1.

* P, Dienes, The Taylor Series (1931), p. 493.
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10-3. The Transformation (x, x+m). Consider

-] ‘ 1
226 z(x+ l) .(z+5) - Iot"—l(ﬁ(z) at

where ¢ (¢) is the generating function 10-2 (2).
We have identically

Q((L‘) - J.; {r+m-1 {—m ¢(t) dt
tmg(t) =[1-(L-t)] ™ La,(1-t)*= Zb,(1-¢),

b, = a,+ (?) @5y + <m; 1> Qg gt ..t ("Hss - 1) ag,

so that
% b,s!

Q(x) = 32;6 (@+m)(z+m+1)... (x+m+s)’

which we call the transformation (z, 2+ m).
If A,, denote the convergence abscissa of the transformed series
we can shew, from considerations of order (10-22), that

Am <, if R(m) >0, A0,
A < A—R(m), if R(m) <0, A>0,

while in general
Am=0, if A<O.

The case m =1 is particularly simple, for then

by=a,+a, ,+...+a,,
so that

= a,s! (@ag+a;+...+a,)s!
2‘ zc(x+1)... (z+s) Z(:::-+ 1()) z~:2) (x+s+1)°

with A, <A if 23>0, %, = 0 if A <0.

The transformation can sometimes be effected directly; for
example, using 10-2, Ex. 2, we have

1 1 _ 1 . m+a
z—-a (z+m)-(m+a) z+m (z+m)(@+m+1)
. (m+a)(m+a+1l) o

(x+m)(x+m+1)(x+m+2)
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It may be observed that if A,, < X, the transformation (x, z+m)
gives the analytic continuation of € (x) beyond the original half-
plane of convergence.

10:32. The Transformation (x, X/e). Starting from

1
Q(x) = -[o (=14 (1) dt,

we make the change of variable t* =2, @ > 1. Then

x

Qx) = i I; 2o qS(z‘]”) dz.

1
If o be large enough, ¢ (2+) will be holomorphic inside and on the
circle | z--1| = 1, except perhaps at z = 0. Now,

1 1
1—zo=1—(1-1+2)
1=z 0-1/1-2\® (0-1)(w—2) (1-2)3
= o oo ( ) ' ( )'*
so that

1
(1-2*) = E fn,n(w) (1-2)~

and therefore
] a0

$ev) = >, b(1-2),

0
bs = fs, 1 ((,0) a +fn. ‘2((‘)) Ayt ... fs, s ((‘)) Q.

It follows that
bf_s! *

Q) = 2, (X 0) ... (T+50)’

8--0

which we call the transformation * (z, [ w).
If XA >0, considerations of order at the point z =0 shew that
the series converges if R(z) > A(w) where A(w) <A

* Sce Norlund, Séries d’interpolation, chap. vi. For rccent research on the
analytic continuation of factorial scries of both kinds, see H. K. Hughes,
American J. of Math. liii (1931), pp. 7567-780, where scveral new results are
obtained.
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10-4. Addition and Multiplication of Inverse Factorial
Series. Suppose that we have the two series

) sla, -
Q@) =2 i) wrs) BEA
Q) =3 s!b, R(@) > A

Shr@+1) ... (x+s)’

If I denote the greater of the numbers A, A’, we have evideutly

i — \1 s'(ae—{;b )
QLM = 24 a1y (e v O >h
which solves the problom of addition and subtraction.

The problem of multiplication is more difficult on account of the
complexity of the coeflicients in the product. The solution of the
problem is given by the following theorem due to N. Nielsen.*

The product of Q(x), €2, (2) is developable in a factorial series of
the same form, convergent for R(x) >0, R(x) >1. These con-
ditions are always sufficient and generally necessary. The product is

4
\ s
S o@+1)... (o+5)
where

n r
A= 3 1=8)! 810, Cosys Crr= 2 (PH7) 4y,
p— p o P

o
c

To obtain a practical method of forming the product we use
Laplace’s Integral. Let

1
Q () :joal—l @ (o) doe, €2 () = I B¢ (P) dp.
Then
11
Q) 0) = [ [ (B0 4B dnd

Making the change of variable af = ¢, we have

Q(z) Q(z) = I' =1y (¢) dt,

0 “”W I () B)dﬁ

* Rendiconts della R. Acc. dei Lincei (5), 13 (1904).

where
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This result will determine the form of the product. The conver-
gence abscissa must be determined separately.
For example, consider

1 1. p p(pd 1) _J zmp-1
w—p_w+w(x+l)+x(x+l w+2) - P,
- 1 -—] __g_ Q(q+l J. z—g-1
z-q =z T2 z(z+1) " z(z+1) x*l) et

Here
1 t\—¢ t—?—{4¢
t :I afﬂ*l da___ v
xO) =) (a> =g
To obtain the coefficients we can expand ¥ (¢) in powers of (1-¢),
but it is simpler here to write

1jz—p-1_ fz—q¢-1
11 =I" Ly

z-p z-¢ Jo p-¢

1 p+g+1 PP+ pq+q:+3(p+q)+2

= 2@ s )@+ z@+rl)@+2)@+3) T

which is obtained by subtracting the second given series from the
first and dividing by p~g¢, and in fact this result could have been
obtained direct, without calculation. We infer that

1 '____1__7 + 2p+1 4 3p%+6p+2
(z-p)t " 2@+ 1) o+ 1)@+2) o+ 1) @+2)@+3) T

which agrees with the result of differentiating the first of the given
series with respect to p.
Actually, if p = ¢, we have

1
x(t) ='[ alt-?da = —t?logt
t

=[1+p(1—t)+p(’,’”4 Da—ges. 1[ (1;:») +. ]

= -n+(p+h-1p+(T +p+, )(1—03

which gives the same series as before for (z— p)-2.
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10:42. Differentiation of Inverse Factorial Series. If

a,s! o
() = 2Jow(w+1) e X

we have
Q'(z) = J.l t>1logt(t)dt
0

which is again developable in a factorial series.
In fact
logt=—(1-t)-}(1-t)2-3(1-2)*~ ...,
() = ag+a,(1-t)+ag(1-2)2+...,
so that

S ."H) !
w0 S +S—]+ eeet 1 S.'
So@+1)(x+2) ... (x+s)

If A >0, the order of t-'¢(t) log¢ on the circle [¢—1] = 1 is the
same as the order of ¢-1¢(¢), that is to say, A+1, so that the series
for Q’(z) has the same convergence abscissa as 2 (z), namely, A
If, however, A <0, we know that & =0 is in general a simple
pole of Q(z), and consequently a double pole of Q' (z), so that Q' (x)
cannot have a convergence abscissa < 0.

Hence, if A < 0, the convergence abscissa for Q'(x) is in general
zero.

Q' (x) = -

Example.

1 Oy a(oc+1) (o +s—l) jt’ lds;
T—a = z(@+l)...(z+s) 0

1
"~

J

=j te=e-1log ¢ dt.
0

The coefficient of (1—¢)* in ¢~ log¢ is equal to the coefficient of
y*in (1-y)-2log (1 —y), that is, in
-3 gy
which is equal to
0 a(a+1)...(x+s-1)
o sl
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Thus

1 ovefetd) o (ets=1)1 1 o1
@-a) = 2 w@tl)o. (@1s) ‘atail’ '+a+s—1>‘

It will be seen that the direct application of the general formula
for (¥ (x) leads to an equivalent but more complicated form for
this result.

The convergence abscissa is R(x) whatever « may be, in fact
2z = 0 is not a pole unless o = 0, so that this is a case of exception
to the rule that the convergence abscissa is zero if A < 0.

Since a(a+1) ... (@+s—1) = B¥™(a+s), the series for (z—a)"
can also be obtained by direct differentiation with respect to «.

10:43. An Asymptotic Formula. We have
1
(1) 1:j s1dl, R(x) > 0.
T 0

Differentiate m times with respect to = and we obtain

F'(m+1) [t'*l <10g ) dL.

xm+1

Now by 6-43 (1), writing —1+¢ for ¢, we have

S (1=1) (= 1) Bmn
(10 ) r(I=gm ,>;{, v! mv )

Multiply by ¢! and integrate term by term, then
Lim+1) 1:\ m(=1)"B,™) () T (m+ v+l)

gl T (m+v) vl D(z+m+v+1)
Multiply both sides by
C(@+m-1)
D) Dn+1)

and we obtain, on writing s for v,

m+s—1
- s (m:3)
Ce+m+1) O ( 1)< s >B’m R(@) >0
N@)zmt = h@+m+1)@E+m+2) ... (@+m+s) '
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From this we can infer that the development of the reciprocal of
the left side is given by a relation of the form
_F_((E)_{Emji =1+ ;‘ a8+1 s!
L+m+1) "~ " & z@+1)...(x+s)
Differentiating with respect to m, we have
KA ()
om I'(x+m+1)

= 14+ Q,(x), say.

zm+l

+ (log z) (14 24 (x))
aasH

S : om
32=’o z(z+1)(z+s) = {0, (), say.

Thus

(l)'"+1

0 ') , (!
am T(e+m+1) = () + (1 -+ 2y () log <£>
Proceeding in this way we can obtain a relation of the form
0° I'(x)
oms T'(x+m+1)

= 0,(0)+ 2,4 () log | + 2, 4(0) (log | ) oot (14 Qg (2)) (log ! Nl

xm+l

where €2,(x), €, (x), ... represent factorial series which vanish when
r = + oo.
It follows that, when R(z) is large and positive, we can replace

the right-hand side by its greatest term, namely <logi>s.

We have, therefore, the important asymptotic relation that, for
large positive values of R(z),

83;8 1‘(1+m+l ( )"”1<0g )

which is useful in the theory of difference equations.

10-44. Integration of Inverse Factorial Series. Let z,
be a point interior to the half-plane of convergence. Then

r Q(z)dr = jl (tz~1_tzo—1) ¢_(Q dt

-1 e ‘95 —¢(1) 190 = ¢(1)
--95( )jo logt dt - .‘.o gt d“-.‘-t l _t_.«dt
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The sccond term on the right is independent of = (= C say), and
integrating 10-13 (1) with respect to x, we have

1z-1_1]
_[0 lo‘g'i”dt =logz;

and therefore

J‘;Q(x)dx—gb(l) logz-C = I gz-1 ¢(tlogf ) ar.

Now,

¢(t)1——<f(l_) =a;+ay(l-t)+ag(1-t)%+...,

and from 6-43 (7), in terms of Bernoulli’s numbers, we have

1-t _ oy BY TV (-1) (1=t
logt = -1+3(1-0)+ \2 q ol
Thus
‘l’(tiog‘t O —at(~ay+ia)(1-1)

B
+<-—a3 Fdap+7,)] “1) (I=0)2+....
Hence we have

J Q(z)de = C+aylogz + 5 L
e 0 BET oty (x4-1)... (@+s)’
where
bo=—a;, b =-a+ia,
BV
b= —awtiat X (-1 B

This result is valid for R(z) >0, R(x)> A, unless ay=0, in
which case it holds for R (z) > A

10:56. Finite Difference and Sum of Factorial Series.
The operations which we have hitherto considered, namely, multi-
plication, differentiation, and integration, are operations which are
simpler in their application to power series than to factorial series.
On the other hand, factorial series of both kinds are admirably
adapted to the performance of the operations A and its inverse.



10-5] FACTORIAL SERIES 301

Thus we have from

> as!
Q) = Shr(z+l).. (z+s)’
X o -1
Fa= > (-1ra("}}),
< a,_,s!
(“DAQ@ = 2 2] @)

(~1pAQ@) =3 G

shx(+l).. (z+s)’

(-DAF@ = 3 (-1ran (")),

10AE@ = 5 (- 1ran (7).

s
Again, the equation
Au(@) = Q)

clearly admits the general solution

X

A as+1 S'

w@)=w@)+a ¥ (@) - X o

where w(x) is an arbitrary periodic function of period unity, and
the principal solution is obtained by replacing w(x) by a constant,
so that

SQ(t)At=C+ao‘l'(x) >, (””I’TIS'(“S)

=0 X

where C is a constant whose value depends on the lower limit of the
summation.* Similarly, we have

g FO)AL=C, - é)l(—lra,-l =h.

It is clear that the operations A and S do not affect the conver-

gence abscissa since the coefficients are merely displaced, and the
limits of Theorem V are unaltered.

*It is convenient to indicate ‘‘indefinite summation” (the analogue of
indefinite integration) by omitting the lower limit.
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Example.
I Jva(etl)... (x+s—1)

- b x(@+1)...(z+s)

Thus

1 a(e+l) . (ats)

=V@ - 2 a@e).. (ars)’

the constant being zero, since both sides must agree when « = 0.

10-6. Newton’s Series. The series

I o (-1
F) = 2 (-1re, (7)),
to which we shall refer as Newton’s series, converges in a half-plane
(10-04) limited on the left by the line R(x) =2, and converges
absolutely in a half-plane (10-06) limited on the left by the line
R(z) = p, where 0 <p-A<{1.

When 2 is a positive integer, the series reduces to a polynomial and
may therefore be said to converge at those of the integral points
which may lie outside the half-plane of convergence, but diverges in
a neighbourhood of such points. We shall therefore not include in
the region of convergence those integral points which lie outside the
half-plane of convergence. The convergence abscissa A is given by

Theorem V.

10:61. Uniform Convergence of Newton’s Series. We
now prove the following theorem due to Nérlund : *

Theorem VIII. If Newton’s series converge at the point =z,
where z, is mot a positive integer, the series converges unmiformly at
every point of the sector S, vertex at x,, such that

[z—2y| <R, —-dnt+n<arg(z-—2y) <in-1,

where v 1s positive and arbitrarily small, and R ts any posite number.

* Séries d’interpolation, p, 100,
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Let the given convergent series be

\90\ —(_1\s (l'ro—l
3:10637 s—( 1) a’s( s >’
and let

v — (z-1D(x-2)...(x-5)

T (T 1) (#g—2) -er (Tg—8)

Fia. 14.

We have to prove that, if # be any point of S (see Fig. 14), X b, v,
converges uniformly.

It is clear from the figure that we can find an integer », such that

larg (s—x,) | < dn, if s>n,
and also that the line joining z, to s subtends at any point of S an
angle ¢ greater than }(m-+v). The projection of this line on
the line joining s to  cannot exceed the length of the line joining
s to zy; hence, if r = |z —1x,],
|s—xg| = |s~x|+7rcos(n—¢) > |s—x|+7rsinfy,

so that
|s—z| < |s—zy|—rsinfy,
and hence ‘
1) | @8 |y _7singn cosarg (s — )
| Ty - | s — x4 | cos arg (s — z,)

7 sin $—0,—47sin
<1_% ___;n.__‘ __"0 -,% - 7’0,
-_?"O'o 3_0'0
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where 6, = R(z,), and s>n. Also we have

| 2% r
@) | s—p+1 | Ts—0p+1"
Now,
_ (x-m)...(x-s)
U= O (g —m) . (24— 5)
and by (1),

(z—n)...(x-3)
(Bg=1) ... (20 -9)
say.
Also, when z lies in 8, v,_; is clearly bounded since n is fixed.
Suppose that |v,,| < K. We have then

I, | <KV, V,<1,

so that the v, are uniformly bounded in S.

(n~6o—4rsiny) ... (s—co—§7sinn)

= (n—6g) ... (s— 5)

=V,

Again,
T -,
Vel = e g T
Hence, using (2),
0=ty | <KV, - =K@ _v..).
s—ocp+1l siny' * M

This inequality is of exactly the same type as 10-11 (4), and the
required uniform convergence follows by preciscly the same steps as
in that section.

It follows from this theorem that the sum function F(z) of
Newton’s series is an analytic function of z in every closed region
which, together with its boundaries, lies in the half-plane of con-
vergence, for any such region can be enclosed within a sector of
the type given in the theorem.

10-63. Null Series. Consider the binomial series *
a
21 _ N r—1
(1+a) —‘%,oa(\ s )
If |«| <1, the series converges everywhere, so that A = — .

* K. Knopp, Infinite Series, p. 426.
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If |a| > 1, the series diverges everywhere (except at the positive
integer points), so that A = + .

If |a] =1, e+ —1, the series diverges if R(z) <0, converges
simply if 0 < R(z) <1, and converges absolutely if R(z) > 1, so
that A=0, w=1.

If « = -1, we have

2, (x=1 Y -1
o's:f)(‘])‘< s >:nll?:océ)( s >.

Now,

"3 | . .
> (- 1)’( s ) = coefficient of ¢t*~1in (1 —¢)=1(1+¢+82+...)
8=0

= coefficient of ¢"*1in (1-1)*-2

— T -2 n-1
- <n—1>(~1) '

Thus

ol J(r=1\_(n-2)...2-2) _ T'(n-z+1) nl-z

2 (=D (3= T =1)! T T ImL2-2) " T2-2)
for large values of n (see 9:61). Thus when n —> o, the right-hand
member 0 if R(z) >1, and - o if R(z) <1. Hence the series

@ =31 ("7

converges in the half-plane R(z) > 1, and is equal to zero for all
values of z in this half-plane. To such a Newton’s serics we give the
name null series. We note that when z =1, ¢(1) = 1.

10:64. Unique Development. If a given function f(z) be
holomorphic in the half-plane R(x) > I, and if this function be
capable of expansion in a Newton’s series which is convergent in the
half-plane R(zx) > A, we can shew that the expansion is unique,
provided that I <A < 1.

For, let the Newton’s series be

F(o) = 2)(—1)’(9;;1).
Then
AF(1)=(-1)a,.
144

M.T.C.
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But F(1) = f(1), since <A <1, and hence

Fo= S A0

and the expansion is uniquely determined.
It follows from this theorem that no null series can have a con-
vergence abscissa which is less than unity.

10-66. Expansion in Newton’s Series. Suppose that we
are given a function f(z) which is holomorphic in the half-plane
R(z) > I, and that this function is representable by a Newton’s
series whose convergence abscissa is A, where n <A <n+l,
n being a positive integer, and I << A. Let F(z) be the sum function
of this series. Then

® _ aa1 s 1
M F@=3va®l) =S Ar0 ()
8=0 8=
as in the preceding section.
From 2-5 (2), we have

@) AF(l)=F(s+1)- (j)p(s)+(;)ﬁ(s- 1)= ...+ (= 1) F(1).

Now, if s >> n, we can write this in the form
s " s : s
@ AFm =21 () Fern+ X (-1 (3) s+

since by hypothesis f(v+1) = F(v+1) when v > n.
If we substitute these expressions in (1), we obtain for the coeffi-
cient of F(v+1), v << n-1, the series

S )= 2 e
= (" )6

where ¢(z) denotes the null series of 10-63.

The series ¢(x—v) is likewise a null series whose convergence
abscissa is v+ 1, so that the contribution to (1) of the numbers F (1),
F(2), ..., F(n) is

F(1)$(z)+F(2) (”I 1>¢(x—1)+...+F(n) ("'; 1>¢(:c—n+l),

(=4
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which is also a null series whose convergence abscissa is #. Thus it
appears that the sum function F(z) of the series (1) is independent
of the values of the sum of the series at the points 1,2, 3,..., n,
and consequently that we can arbitrarily assign the values
F(1), F(2), ..., F(n) without altering the value of the sum-function
in the half-plane of convergence of the series.

Thus, if A > 1, the expansion in Newton’s series of a function
Jf(z) which can be so expanded is not unique but admits of infinite
variety.

In some measure to restrict the choice of series, we define a
reduced series as follows :

Let m be the smallest positive integer, such that the given function
f(z) is holomorphic for R(z) > m and continuous on the right at
T = m, so that

f(m) = Iim f(m+e¢),

«—0

where € — 0 through positive values. A Newton’s series is said to
be reduced if the sum function F(x) be such that

F@) = f(z), z=m,m+1,m+2,....

If the convergence abscissa A of a reduced series be greater than
the integer m, and if we add to this series a null series whose con-
vergence abscissa is less than A, the new series has the same
convergence abscissa as the original series. A series obtained in
this way may also be called reduced. In any case the convergence
abscissa of a reduced series is the least possible, that is to say, no
other Newton’s series which represents the function can have a
smaller convergence abscissa.

Ezample. Expand (z—a)~! in a Newton’s series. We have
(z-o)t=(x—a—-1)D,

so that from 2-11 (7),
(1) s!

A@=-a)t = (=1) s! (z-a—1)csD = iy A
Thus \
1 =, (z-1)...(z—s)
T-a & (a=1)(x=2)...(a=s-1)
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The ratio of the (s+1)th term to the sth is

siza—vazl = 3‘.411.4.0()

so that by Weierstrass’ criterion the series is absolutely convergent
if R(z) > R(«). Also the series diverges if R(z) < R(x), since
(z— o)1 is infinite at © = «, while the sum of a Newton's series is
holomorphic at every point of the half-plane of convergence. Thus
A=p=R(x).

+ This series can also be deduced from 10-2, Ex. 2, by writing 1 —«
for z and 1~z for a.

If we differentiate with respect to «, we obtain

1 2 (x- 1) (x—39) [ 1 1 1 ]
(@=aff = 24 (1) (@ms- 1) la-1Ta-g " FTarso1]
Proceeding in this way we can obtain a Newton’s scries for

(r—a)™", and so any rational function can be expanded in a
Newton’s series.

The above method fails if « = n, a positive integer. To obtain
a reduced series, let us take the sum-function to have the values

IR 1

I-n’ 2-n""""" -1
at the points £ =1, 2, ..., n—1, and let us choose the value of the
sum-function at = = n, so that the coefficicnt a__, is zero. We then
have

n—1

n-2
2/ n(:cl)] (x s) Z(w 1). ( 1)*q,

.(n—-s-1

where, from (3),

s

-V

-0 )Fe s 30 ()i

and putting = n in the series, we get

F(n) = —(1+%+...+h--} 1).
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Thus (-1)"a, is equal to the coefficient of ¢*-1 in

~ 1+t log(1+)+ (-1, ° )l°gl(ij‘) fin-s-2(1 4 t)¢ log (1 +1).

Now,
2 (1+t)‘ (1+¢)*log(1+2),

and hence the coefficient of ¢* is

() =06t imm)
= (i)(S‘— ‘Ss—y)y

where S,=1+%+§+...+i.
Also

log(1+1
' gl(_;t_) = Syt~ 8,12+ 8,13~
Hence

(-1)ra, = (nf1)[-S,,+S,,_,,+l+sﬂ_1+s,-s,,_l]

= (20 e

Hence finally we have the reduced series
RN S L RICRD
z—n “hn-1)...(n—s-1)
(s @D o) T |
+,2;,,( 1)'"(n-1)!(s-n+1)| i

of which the convergence abscissa is #.

10 -87. Abscissa of Convergence of Newton’s Series.
Let the function f(x) be represented by the Newton’s series whose
sum-function is F(z). The method of the preceding section enables
us to obtain another form for the convergence abscissa.

If n be a positive integer such that 0 << n < A, we have

Fa = AF0 (7).

8=0

(~1ya,= AF(D).
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If we denote by F(0) an arbitrary constant, which we introduce
in front of the sequence

F(1), F2), F3),..., F(n), f(n+1), f(n+2), ...,

we have
(1) Zas 2,< 1)° AF(I)—E( 1 [AF©O)+ A F(0)]

. = FO)+(- 1)1 AF(0),
and hence, from Theorem V,

(2) A = lim sup log IZ&F(O) | logn.

This formula for A is still valid when A < 0, if we remember that
F(0), F(1), F(2), ... are now the values of f(0), f(1), f(2), ....

We have in fact
FO) =f0)=2a

so that, from (1),
>, a,= (-1 AF(0),
g=n
and (2) therefore still yields the convergence abscissa.

10-7. Majorant Properties. We give here some theorems
which indicate the nature of analytic functions which can be
expanded in Newton’s series. The proofs are lengthy and are
omitted. They will be found in Nérlund’s Séries d’interpolation,
Chapter V. The first of these theorems is due to F. Carlson.

Theorem. Let F(x) be a function which can be expanded in a
Newton’s series of convergence abscissa \. Let o be a real number
greater than A, and let ©— o = re¥®, where —in < 0 < 3n. Then

’-R+*+l(f)
(147 cos 9)*’

| F@)] < ev®

where
$(6) = cos 6 log(2 cos 0) + 6 sin 6

and €(r) tends uniformly to zero as r — o .
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A sufficient condition for the convergence of the Newton series
of a function is contained in the following theorem due to Norlund.
We use the same notations as before.

Theorem. Let F(z) be an analytic function whick s holomorphic
in the half-plane R(z) > o and satisfying in this half-plane the in-
equality

| F(2)| <e¥@(1+n)fte?, —in <0< 4m

The function F (x) can be expanded in a Newton’s series whose con-
vergence abscissa does not exceed the greater of the numbers o, B+3.

For the more general series,

Y p, (2= 0)(@=20) ... (- s50)
32:0 2 s! ’
Noérlund has proved the following :

Theorem. In order that a function F (x) should admit a develop-
ment of the above form, 1t 1s necessary and sufficient that F (x) should be
holomorphic in a certain half-plane R(x) > « and should there satisfy
the inequality

| F(z)| < Ceklz,

where C and k are fived positive numbers.
It is here sufficient to take
ko <log2 << §(0).

Any function which can be developed in a Newton’s series admits,
a fortiori, a development of the above form where 0 < < 1.

10:8. Euler’s Transformation of Series. Let

0= 2 7

be a power series in ¢! which converges outside the circle |¢| = R.
If we write ¢t = 1+u and expand each term in negative powers
of u, we obtain

$(t) = 2} F(s) 2‘ (-1)*- (;') u—v-1.

Since the original series converges if |¢| > R, the second series
will certainly converge if |u| >1+R, that is to say, the power
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series in u~! converges outside the circle whose centre is the point
t=1 and whose radius is 1+R. But by Weierstrass’ theorem
on double series * we can interchange the orders of summation.

Hence we obtain
@

b0 =3 w1 3 (-0~ (8 F.

Now, from 2-5 (2), we have
8 8
N v (S —
> (-1 () F() = AF )
Thus we have Euler’s transformation, namely,
F(s)
ZJ 3l T 21 ( 1)a+1

The series on the right certainly converges outside the circle
|t—1| = 1+ R, but the series may also converge at points within
this circle.

10-82. Generating Function. Consider the Newton’s series

S 1

1 AF) (T

M )= 2 AF0 (*)1).

The function ¢(t) defined by
- F(:
) s)=> "
&=0
is called the generating function of the series.

To obtain the region of convergence of the series which defines
the generating function we have, by Carlson’s theorem, 10-7,

’ 1”(5) l < e8log2 ghte — 2ssk+¢,

and hence
\'/ F(s) ?_ixf /2 l (H:)m.
. ts I t' l
Since
logs
lime?® =e'=1,
8§—>®

* K. Knopp, Infinite Series, p. 430.
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we see that the series for ¢(t) converges if
[t] > 2.
Applying Euler’s transformation to ¢(t)/t, we obtain

l _l=0 (t_ )H-l,

where, as in 10-67, F(0) is to be replaced by an arbitrary number
if A>0.
Multiplying both sides of (3) by ¢t =(¢t—1)+1, we have

S AF©O) 3 AF(©O)
PO =201yt 2 o 1yt

- W A F(1)

(4) F(O) + ( 1)81—1 4
since

8+1 8 &

AFO0)+AF(0)=AF(Q).

Now,
(:1; 1) I
LCz-s)T(s+1)’

and by the complementary argument theorem

Fe-)TQ-2+8)=— —— = (-1y=

sint(x—s)  sinnz
It follows that

(w—l) _sinmzl'(z) I'(s+1-2)
— (=1pm T(s+1)

and hence, if R(z) = o, we have from 9-61,
H z—1

Arq)(°7Y)
where C(z) is independent of s and 8 —>0 when s — .

Since the series (1) converges, the absolute value of the sth term
tends to zero when s . Taking ¢ = A+¢ (¢ > 0), we see that
for sufficiently large values of s

= |C@) AF1)s-(1+3)],

|AF(1)| < she.
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8
lim «/
8§—>

so that the series (4) converges at all points exterior to the circle
|t—=1] =1, and therefore the series (3) converges in the same
domain. From 10:22 and 10-67 (2), we see that the order of ¢(t)/¢
on the circle [t~1]| =1 is equal to A+1.

Hence

AFQ)

10-83. Laplace’s Integral. We have, from 9-88,

r-1\ _ L@ 1 (e .
O <s >‘I‘(x-s)1'“’(’s;11)“§_m , LN

the path of integration being a loop which starts from the origin,
makes a positive circuit round ¢ = 1, and returns to the origin.
Also, the generating function is, from 10-82 (4),

8
- o AF(1)
$0) = FO+25 -

If we take R(x) > 0, R(x) > A+1 and multiply by #*-1, we can
integrate term by term, provided that the contour of (1) be enlarged
into a loop ! which starts from the origin and encircles the circle
[t—1] =1 and then returns to the origin in such a way that no
branch of ! is tangent to this circle at ¢ = 0. We thus obtain

F(z) = 2’1 - L 151 (2) .

Conversely, every integral of this form, where ¢ (¢) is holomorphic
outside the circle | ¢—1| = 1 and is of finite order on the circle, gives
rise to a Newton’s series.

Ezample. F(x) = a*.

Here

at t a
0= 2 5= = —@oD)
0
=1+a >, (a—1y

=0 (t - 1)'+1’
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and hence
(a-1)%a) ,_
F(2) =5 J. 1+ zﬁ(t jeri =1 ds
—az(a 1) <a> 1)
8=0
If [a-1| =1, a0, we have
() _ 1

t  (t-1)-(a-1)’

so that ¢ =a is a simple pole on the circle [t—1| =1 and the
order of $(¢)/¢ is unity. Thus A=0. If |[a—1| <1, §(¢)/t is
holomorphic on the circle and therefore A = — .

The expansion can also be obtained directly from the identity

a*=a(l+a-1)=1,
10-85. Expansion of the Psi Function in Newton’s
Series. We have

(-1 s-D)!

l 8
A¥@ =, AVY@ =0 1) @+s-1)

Thus, from 10-82 (4), the gencrating function for ¥ (1) - ¥ () is

- 1
s0= 2 =)

Hence
o (-1 1
rW-¥@) =gz [ SEY e
& (=) (a1
B s=1 S ( s )

Since ¥ (1) = -+, we have

¥ =+ (7)1 D15

with convergence akscissa zero.
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10-9. Application to the Hypergeometric Function.
From 9-8, 9-82, we have

I'(I(z+e-b-1)
I'c-b)'(z+c~1)
o, brx-1\ b(b+1)z-1\ b(d+1)(d+2) (z-1
=1-3 ( 1 )%zc‘;n ( 2 >‘c—(m)“<c'+‘z‘) ( 3 )+
which is a Newton’s series.
The function on the left is meromorphic in the whole complex
plane, with simple poles at b—c+1, b—c, b—c-1,.... The con-
vergence abscissa is therefore b—c+1.

Writing ¢=5b+1, b=y, we have a Newton’s series for the
reciprocal of the Beta function, namely,

1 1 1 (z-1 1 /z-1 1 (z-1
B(w,y)_y—g—/—%—"l”< 1 >+y"+_2( 2 >"g+3< 3 >+""
with convergence abscissa zero.

If we put y = n+1, where n is a positive integer, we obtain a
Newton’s series for the inverse factorial, namely,

=F(1l-=b;c;1)

o e C1 )t e -

and for n =0,

Since
z
v §a
1
we have, by summation,

® s
¥ (z) = constant+ >, <‘: + }) (?+11) .

&¢=0

Putting # = 1, we have for the constant the value ¥ (1) = -+,
whence we obtain once more the result of 10-85.
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EXAMPLES X
1. Prove that
11 1! 21
2= s+i T @+1)(@+2) " (@+1)(z+2)(z+3)

3!
T+ D(@+2)@+3)@+s) ™
2. Prove that the series
% 2-s-1g!
Shx(@+1)...(x15)
represents a meromorphic function in the whole plane. Transform
the series by (2, z+1) and shew that the resulting series

s! 28+1 -1
b (c+1)(@+2) ... (T+s+1) 2+
has the convergence abscissa zero. What is the explanation of this
result ?

/8

3. Establish the transformation (w, Z) by starting from the

1
integral i = j t*-1dt and its finite differences
0

s!
#(@+1) ... (z+5)

with respect to z.
4. Shew that the derivate of the function

Q) 2-+15!
Sho@+1)... (@+s)’

which is meromorphic in the whole plane, has convergence abscissa
Zero.

5. Prove that

~I ==1(1-1)*dt

1 1 i": gl 2-s-1

Bl )—5 s+1tzia” Lx(z+1)...(x+s)’

and that the factorial series represents a meromorphic function in
the whole plane. (See also Ex. 4, p. 267.)
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6. Prove that

s! Jsin2s+1 '
’ 6

‘5<> B@) = 2 oy mrsy  B@ >0
7. Prove that
Bi(2) =

1 1 1 A (
T R = Sy RO

8. Prove that

a0

% s! 2°—-1
[B@) = ,_égx(xﬂ)...(ﬁs) (s+1)2%

and that the series is absolutely convergent.
9. Prove that
slh,
3 (— 1)’-1

8=1 S -3ﬂ_s+1 ?

R(x) > 0,

where b, =

and that the series is absolutely convergent.

10. Prove that

% slb,
Be)Bule) = 24 m
25

, 1
g 1= (-5

and that the series is absolutely convergent.

11. Prove that
% -1)*(s+1)!

1-(z—1)B,(x— 1=}=j- 5T 1) @ rs) R(z)>1,
and also that
1-(x-1)By(z-1)
A [1-243—. 4+ (=1)%(s+1) ]
= AT GiD@iY) @i ¢ E@>0,

so that the second series is convergent in the strip 0 < R(z) <1,
where the first series is divergent.

R(z)>0

where
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12. Obtain the transformation (x, +1) by taking F,(x) = =
the product F (z) F, (z) of two factorial series.

13. Prove that

-] 1 _ e—fﬂ
- = —£z —
¥ (z+y)-¥ (@) -L et 1 g,
where R(z) > 0, R(z+y) > 0.
14. Prove that

o~ ( -1)...(y-s)
Y@ty -¥( T & s+1 w(x+1) L (z+s)”

15. Prove that

BetD (a+s)
(x—a)n }4 ( )x(.'z;+l C(@+s)
16. By integrating z~!(z+1)~!, shew that

1 1 czt>1 ( 1)0 lB(l 1)
1°g<1+‘> 2 @i )T A E-) a@rl)... (559

© ( 1)3 (t)
Z (x+1)(x+2)... (x+5)
where R(z) > 0 in both cases.

17. By summation of both sides in Ex. 16, prove that

¥ (z) = lo w—— i 1B, 1
J & s(s+l) z(@rD)... (mts)
© (8)
=logx—-- 2_, ) By 1

s (z+1)...(z+s)

18. Determine the abscissa of absolute convergence of the

series
°°w( 1),(9: 1)

8=0
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19. Expand in a Newton’s series
(1+a)*+(x—a)?, |a|=1, a=f-1,
and determine the abscissa of absolute convergence.
20. If

wﬂ s z-1 _ ‘1 -\
F(m)"';)(—l) a’s( s ), As—rézoan Bs",_Ja'n
shew that
F(z)=2(_1)3‘43<s:1>’ )\>O$

Fa@=FO+ 3 (-17B,(%), 1<,

and that in each case the abscissa of absolute convergence is A.

21. Shew that the results of applying p times in succession each
of the above transformations yield

F(m)=é(—1>m,m(”“§f;1>’

F(w)=,:;( l)sBs,p(Hf_l)'
where As,0=r:;ar(p+j::-1>,

Bo»=>a,(PFr2071),

-
[
«

- '( - 1)‘, shew that the equation

22. If f(n )_I(”_l)
f(n) =1 has the single root m = | #%| = 2 R(x).
(.")

n
occurs when n =[m], where [m] denotes the greatest integer
which does not exceed m.

23. Prove that

z — Al 5 z+p-1
a® = at ’é,o(a—l)‘( s )

for fixed =

Hence prove that the greatest value of
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24. Prove that

a*! S z-1
W ‘2_6(-1)’13; (a)( s >,
where L,, (x) is Laguerre’s polynomial defined by
e dn

Ly (z) = 5 gz (@"e™).
25. Shew that the hypergeometric function F(l—,b;c; «)
represents a Newton’s series which converges everywhere if || <1,

and that the generating function is

i 1 L«
¢(t)=F(lab: C; o()'i't___—]-.F(l,l),c, T:t>'



CHAPTER XI
THE DIFFERENCE EQUATION OF THE FIRST ORDER

11:0. The Genesis of Difference Equations. Let w(x)
denote an arbitrary periodic function of z of period unity, so that
w(z+1) = w(z). From a relation of the form

(1) .F({E, Ugs w(-’l))) =0,
we obtain, by performing the operation A,
(2) F(x+1, uyyy, w(z)) = F(x, u,, o(x)).

The elimination of @ (z) between (1) and (2) leads to a relation
of the form

(3) (}S(:ZJ. Uy ux+1) =0,

which is a difference equation of the first order, of which (1) may be
regarded as a complete primitive. Observing that

Uz = Up+ A U,

the equation (3) could also be exhibited in the form
4) $(z, uz, Au,) =0.

The problem to be envisaged is then, given a difference equation
of the form (3) or (4), to obtain a complete primitive of the
form (1). That such a problem is capable of solution is b’ no
means obvious, nor, supposing solution to be possible, are we
entitled to expect a solution in compact form. The prcper
attitude is rather to regard a difference equation as possibly
defining a class of functions and to study the properties of these

functions from the form of the equation. In Chapter VIII we
322
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have established the existence of a definite function which satisfies
the simplest possible difference equation,

Au, = ¢(CL‘),

but even there we have seen that the problem is not entirely simple
and that ¢(x) must be suitably restricted. In the present chapter
we shall consider only equations of the first order, and it will
appear that, except in the case of the linear equation, very little
is known of the theory. We shall denote the independent variable
by z and the dependent variable by w,, u(z), or u, according to
convenience.

Ezxample 1. Assuming as complete primitive
Uy = T+ o2,

form the corresponding difference equation.
We have

Av, = o,

Uy =T A Up -t (A uw)z'

Example 2.  Assuming as complete primitive

whence

Uy = @y %+ Wy b7,

form the corresponding difference equation.
We have

Uy = Ty a®tl w, bz+1,
Upyp = @y a®t2 - @, b:c+2,
whence, eliminating @, a?, m, )% we have
Up Uppyn Uryp
1 a a? =0,
1 9 b?

Uy g~ (a’+b) um+1+a’buz =0,
or

Auw—(a+b—2)Au,+(ab—a-—b+1)u, =0.

Either of these forms is a linear difference equation of the second
order with constant coefficients.



324 THE DIFFERENCE EQUATION OF FIRST ORDER [11-01
11:01. The Linear Difference Equation of the First
Order. The general form of the linear equation of the first order is
(1) a(z)u(z+1)+b(z) u(z) = c(z),
where a(x), b(x) and ¢(x) are given functions of .
If we can find a particular function u,(x) which satisfies this
equation, we have
(2) a(w) uy (x+1) + b (x) u () = c(x).
If we now put u(z) = u,(x)+v(x) in (1), we obtain, by sub-
tracting (2),
(3) a(x)v(@+1)+b(x)v(x) = 0.

Thus the general solution of (1) can be regarded as the sum of a
particular solution of (1) and the general solution of the homogeneous
linear equation (3).

This point of view is convenient in that it applies to linear equa-
tions of any order, but later we shall see how, in the case of the
general equation of the first order, it is possible to proceed at once
to a symbolic solution.

11-1. The Homogeneous Linear Equation. The general
type of this equation is that of 11-01 (3). Dividing by a(z) and
changing the notation, this can be written in the form

1) u(@+1) = p() u(z).

The general method of solving this equation is as follows :
Taking logarithms

log u(x+1) —log u(z) = log p ().

Hence summing the function on the right, we obtain

logu(z) = Slogp(t) A v+ w(a),

where w(x) is an arbitrary periodic function of z of period 1.
Such an arbitrary periodic function we shall in future denote by
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= and call an arbitrary ‘ periodic,” the argument # being implied.
Thus we obtain

u(z) = exp(w+ Slogp(t)At)

(@) — oxp ( §logpm At),

where @, = exp(w) is an arbitrary periodic.

The arbitrary constant ¢ does not of course add generality to the
solution. This constant ¢ may therefore be given any particular
value which is convenient for the purpose of summation. The
solution obtained in this way exists in so far as log p () is summable
in the sense described in Chapter VIII. Moreover, in view of the
possible many-valued nature of the right-hand side of (2) it may be
necessary to make suitable cuts in the z plane. The important
point to observe is that the general solution of the homogeneous
linear equation contains an arbitrary function of period unity,
which can therefore be defined in a perfectly arbitrary manner
in the strip 0 < R(z) < 1.

The general solution of (1) is therefore only analytic if w, be
analytic. Moreover, the solution of (1) is only completely determined
when the value of () in the strip 0 << R(z) <1 isassigned. Inthe

case of a differential equation of the form ZZ = p(2)y, the solution

is determined when y is given for a particular value of z: in the

corresponding case of a difference equation, a particular value of

2 for which u () is given does not in general determine the solution.
Consider the equation

(3) u(z+1) = e u(z).
Here
u(x) = wexp[S ZtAt].
Taking ¢ =0, ’

u (%) = wexp (B, ()
= wexp (2> -z +3).
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Introducing Bernoulli’s function P,(z), which has the period 1
and coincides with B,(z) in the strip 0 << R(z) <1, we can write

(4) u (%) = wy e~ Ta(®  er*- T+
where , is an arbitrary periodic.

Let us now seek that solution of (3) which is equal to cos2zz in
the strip 0 < R(z) < 1.
Clearly we have the solution required if @, = cos2nz, that is to

say,
u(z) = cos 2nw e~ T -T2,

This is an analytic solution valid for all values of z, and con-
tinuous at =z = 1.

Suppose, again, that we require the solution of (3) which shall be
equal to z in the interval 0 <{z <<1. Bernoulli’s function P, (z) is
equal to z— 3% in 0<Cz <1 and has period unity. The required
solution is therefore

u (%) = [Py () + 3] e -+ +i-Ta(n),

This solution is discontinuous at z = ...-3, -2, -1,0,1, 2, ... .

More generally, if « () is to reduce to a given function f(z) in the
interval 0 <<z < 1, we expand f(z) in a Fourier series in this range
and substitute this Fourier series for wm; in (4).

The above illustrations should sufficiently shew that the nature of
the problem of solution of a difference equation is very different from
the corresponding problem in differential equations.

We cannot, for example, obtain a definite answer to the problem of
finding a solution of (3) which reduces to a constant £ when z =0,
for the arbitrary periodic @, is now subject only to the restriction
that w, = & when # = 0. If, however, the values of  with which
we are concerned be of the form x = a+n, where # is an arbitrary
integer and a is a constant, the situation is entirely changed, for in
this case we are not concerned with values of = other than those
assigned, and the solution of (3) which reduces to the constant k
when z = a is now perfectly definite, being in fact

u(z) = ke -7-9-a,

This type of problem is of frequent occurrence in the practical
applications of difference equations, but it must be borne in mind
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that this definiteness of the solution can only be obtained under the
special circumstances mentioned.

From the form of (2) it is evident that if we have two particular
solutions u,(z) and u,(z) of (1), then u,(z) = wu,(z), where wis a
periodic (not arbitrary), and further, that if we are in possession of
any particular solution u, (z), the general solution is @ u, (x) where @
is an arbitrary periodic. We shall now investigate various particular
methods of finding a particular solution of (1) which may in special
cases be more conveniently applied than the general method just
explained.

11-2. Solution by means of the Gamma Function.
Rational Coefficients. We have seen in Chapter IX that the
equation % (z+1) = zu(«x) has the particular solution u (z) = I'(x).

Now, consider the equation
(1) u(z+1) = r(x) u(z),
where 7 (z) is a rational function. We can therefore suppose
(x—ay) (T —ap) ... (x—ag)

(@ =By) (5= Bg) o-- (@)’
where neither the «, nor the §; are necessarily all distinct.
Since

r(x)=c

Ne+l-o,)=(z-a,)(r—a,)
and ¢l =¢.c®,
it is evident that (1) has the particular solution

IN'z-o)T(z—-0p) ... I' (¢ —op)
P@-3)'(@-B)...@-B)"

is an integral function, it follows that the particular

(2) u(r) =c*

. 1
Since @)
solution found in this way is meromorphic in the whole plane with
poles at the points a, —n,

1=1,2,...,k
n=0,1,23....
The general solution is obtained by multiplying the above by an
arbitrary periodic.
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Ezample 1. 2u(z+1) =2@+1)u(z).
Here r(z) = 2(“;'2*' l),
so that
x
w(@) = w2* I'z+1) w2z

L) Nz) ~ I'(z)”
Ezample 2. The equation with linear coefficients
(az+b)u(z+1)+(cx+d)u(z) = 0.
Divide by a and write
u(x) = (— E)ngv(a:)
- .
The equation then assumes the form
(z+e)v(xz+1)—(z+f)v(=).

Finally, writing « for z+ e, we reduce the problem to the solution

of the form
zw(z+1) = (z—o)w(x).

A particular solution is

_T)l(z-a) _
w@) = [i-9T@)

whence, from 10-9,

w(7) = ‘2% (_1)s<ac+s—1> (x—l),

S S

F(l-z,0;1;1),

which is a Newton’s series convergent for R (z-a) > 0.

11-3. The Complete Linear Equation of the First Order.
The general form of 11-01 reduces at once to

(1) u(z+1)-p(2)u(2) = q(z).
We have seen that when ¢(z) = 0, we have the special solution

(@) w(2) = exp[§ logp () At |.

To obtain the general solution of (1), put
(@) = uy () v(2),



11-3] THE DIFFERENCE EQUATION OF FIRST ORDER
and we have, from (1),
w(z+1) v (z+1) - p (@) y () v (@) = ¢ (2).
Now, u,(z+1) = p(x) u,(z). Hence we have

Yy (z+1) Av(z) = ¢(2),
80 that

v(z)=w + S dlgt(-?'l_)At'

[

Thus the general solution of (1) is u(z) =

N a6
w+S'{eXP<$logP(t)A>}'

329

As |exp SIng(f)At ,

where @ is an arbitrary periodic and ¢ an arbitrary constant to

which any convenient particular value may be assigned.
Ezample. u(z+1)— e u(x) = 3a? e’ tati,
Here we take, as in 11-1 (3),
U, (z) = ebal),
Putting u (z) = v (z) cB:®, we obtain
Av(z) = 322,
v(2) = @+ By(x),

u(x) = weBs(If)+B3(w) eBa(?),

11:31. The Case of Constant Coefficients. The linear

equation of the first order with constant coefficients is
u(@+1)-Au (@) = ¢ (2),
where A is independent of z.
If ¢(x) =0, we have

u(z) = w )%,
so that we can take the special solution

Uy (x) = A=-1L,
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Putting u (x) = A*1v(x), we have
A v (x) =A"* ¢ (.’E},
whence

(@) = {w + S x—t¢(z)At} a1,

An interesting particular case of this equation is

u(x+1)+u(z) =2z,

corresponding to A = —1. The general solution is
ECLAPRSSI
— (—1)=-1 ; J_d—-9 S L _
u(@) = (-1 [o j a2 3 5T,
The equation has therefore, as a particular solution, the function
0

. (=1t 11 )

9(@) = 2,2;0 T+s z(w eritaya™ /)

This function g(z) has interesting properties, some of which are
given in Examples IX (4).

11-32. Application of Ascending Continued Fractions.
Another method of obtaining a particular solution of the complete
equation is as follows. The general equation 11-01 (3) can be written
in the form

a(z)u(x) =u(x+1)+b(x),
so that
b)) Fu(e+1)
w(e) =
and by continued application of this result we have for u(z) the
ascending continued fraction *

b(m+2)+bﬁ;f%;7'
a(x+2)
_ b(z)+ a(z+1)

u = a@

bz+1)+

* L. M. Milne-Thomson, Proc. Edinburgh Math. Soc. (2) 3, 1933.
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hich is equivalent to the infinite series

b(x b(x+1 b(z+2

u(@) = %x)) +a‘(z)(a_z;c%1) +¢(¢ja(m(ﬁ)'£‘@?2‘) e
The general solution is obtained by adding to this the general
lution of the homogeneous equation
a(z)u(z) = u(z+1).
As an application, consider
u(@+1l)—zu(@) = —c*p®

We have the particular solution
e—P o e P x+1 e P z+2
- *’x(wi1)'*x(m+'1§(x+25+"'
«d the general solution

u(x) =

. s
=l (@) terprd> P
u(@) = ol'@)+erp hx(x--1) ... (z+s)
The above particular solution is an Incomplete Gamma Function
s¢ the next section).

11-33. The Incomplete Gamma Functions. Wesawin
e last section that the equation

u(.l:'*‘l)—xu(.’l‘) = —cP P:r

8 the particular solution
o

£ o) = e P> et
’ Plas o) =P e 20 i) @ts)”
The factorial series converges in the whole plane, that is, A = — w0,

th the exception of the points 0, —1, —2, ... which arc simple
les, so that P(z; p) is a meromorphic function of z in the whole
ne.

The generating function of the series (10-2) is

_Ner=r
10 —82__6 o = e,
Thus
1
P(z; p) =e* pxI t2-ler -0t
0
1
) = j (pt)*tertpdt = Ip t=-le-tdt,
0 0

e integral representation being valid only if R(z) > 0.
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If we expand e-* and integrate term by term, we obtain Mittag-
Leffler’s partial fraction development,

_ (=1)pe
P(z; ¢) =" 2’ s! (z+s
which is valid in the whole plane and puts in evidence the poles at
0, -1, -2,..
The residue at the pole z = —n is
(=1)*
n!
which is the same as the residue of I'(z) at z = —n (see 9-55).
Hence the function
Q@; p) = ['(@)-P(z; p)
has no singularities at a finite distance from the origin and is there-
fore an integral function.

Thus

Qz; p) = r t=le=tdt— Ip 1= le-tdt
0 0

3) - r 21 gt i,
P

which is valid for all values of z.

Since
F'z+1)-zT(z) =0,

it follows that @(z; p) satisfies the difference equation
u(@+1) -z u(x) = e p=.
On account of the properties (2) and (3) P(z; p), Q(=; p) are

known as Incomplete Gamma Functions. The special functions
which arise when p =1 are called Prym’s Functions.*

11:34. Application of Prym’s Functions. We can use
Prym’s functions to solve the difference equation

1) u(@z+1)-zu(z) = R(z),

where R(z) is a polynomial.

*F. E. Prym, J. f. reine u. angew. Math. 82 (1877).
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Expressing R(z) in factorials by the method of 2-12 or by
Newton’s Interpolation formula, we have

n
— S g (®
(@) R@ =2 st a(}),
where n is the degree of R(x).
Now, let

n-l z—1
f(x)::‘}___{)s!bs( s )
Then
Q) ©
flo+)-af@ = > st 6-b(5).
where b,=b_,=0.
If we choose b, so that
bg—byy=a, s=1,2,3,.... n

we have, since b, = 0,
n
by =— a, s=0,1,2,...,n-1.
t=8+1

These equations determine f(x) completely, and if we now write

u(@) = v(2) +f(#),

we have, from (1),
(3) v(E+1)-zv(r) = ia,:A,
8=-0

say.
Now, from 11-33, Prym’s function P(x; 1) satisfies the equation

Pz+1;1)-zP(z;1)=-¢e1
and therefore (3) has the particular solution
v(z)=-eAP(w; 1)
and consequently the general solution
v(r) =wl'(zr)-ed P(x; 1),
80 that the general solution of (1) is
u(x) = f(x)+ol(z)—ed P(x; 1).
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11:4. The Exact Difference Equation of the First
Order. Very little is known about the theory of difference
equations which are not linear. There is a fairly complete theory
of the linear equation, including the exact linear equation, which
will be considered in a later chapter. Here we propose to develop
the outline of a theory of the exact difference equation of the first
order, but not necessarily of the first degree.*

If we denote, as usual, the independent variable by z and the

dependent variable by u(z) or u, we can write
h=Au@)=Au=ux+1)-u(z),
and the general difference equation of the first order is of the form
d(x, u, h) =0, or ¢(z, u, Au)=0.

We shall use the symbols £ and A u according to convenience to
denote the same operation. We proceed to consider such equations
of the first order as can be put into the form
(1) M (x, u)+ N (x, u, h) h =0,
or its equivalent

M(x, u)+N(x, u, Au) Au=0,
where M (x, u) is independent of A w. This is an equation of the
first order, but not necessarily of the first degree.

It should be observed that A « is not, in general, constant, so that
the dependent and independent variables are not interchangeable.
In this respect the problem is very different from that of the
corresponding differential equation.

Definition. T'he equation
M(x, u)+N(r, u, Au) Au=20
is said to be exact, when a function f(x, w) exists which 1s independent
of Au and is such that

(2) M(x, u)+ N (x, u, Au) Au = A f(x, u),
where

Af(x, u) = fle+1, u(x+1)) - f(x, u(x)).

* L. M. Milne-Thomson, * The exact difference cquation of the first order,”
Proc. Camb. Phil. Soc., 29 (1933).
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Since u(z+1) = u+h, we have, from 2-105 (2),

Af@ w) = Axfl@, w)+h Au fl+1, u),

where we regard & as unaffected by either of the partial operators

Az: Au-
h

The condition that (2) should be exact is clearly satisfied if, and
only if,
M(x, u) = Ax f(x, @),

N(z, u, b) = Ay flz+1, u).
h

Using 2-105 (3), we see that a necessary condition is, therefore,

3) Az N(x, u, b) = %u M(x+1, u).

We shall now shew that this condition is sufficient to ensure that
4) M (z, u)+ N (z, u, Au) Au = A f(z, u, h),

but that an additional condition is required in order that f(x, u, &)
shall be independent of A.
We write

V(z, u) = 8 M(t, u) At,

so that, from the definition of the sum,
AV (2, u) = M(z, u),
and hence

%u A V(x+1, u) = AhuM(z+1: u) = Az N (, w, h),

from (3). Using 2-105 (3), we can write this in the form
AN (z, u, k)—%,, V(z+1,u)} =0,
and thus
N(z, u, h) = %,, V(z+1, u)+w+4h§,,F(u, h),
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where the last term represents a function independent of z, and w
is an arbitrary periodic in . We have, therefore,
M(z, u)+N(z, u, B) Au
=A:V(x, u)+h %u V(z+1,u)+h %,, F(u, h)+ oh

= ALV (z, u)+ F (u, h) + w u},

using 2-105 (2). This proves that (3) is sufficient to ensure (4).
Also, from (4), we have

(5) A:cf(my u, h) = M((l?, u)’ %uf(z"' 1, u, h) = N(x, u, k))

and therefore, summing with respect to z, regarding u as constant,
we have

f(z, uy by = S M(t, w) At+o,+(u, B),

where ¢(u, k) is independent of #, and =, is an arbitrary periodic.
If we write z+1 for z and then operate with A,, we have from (5)
h

z+1
Aut(u 1) = N (o, w, )= A, S M(t, u) A
c
The left hand is independent of z, and therefore the right hand
is independent of z, and ¢(u, k) can be obtained by summation
with respect to u. This introduces another arbitrary periodic
function of u of period %, that is to say, an arbitrary periodic in
of period unity. Thus finally we have for f(z, u, h) the expression

z % o+1
o+ S M, u) A+ S [N(w, v, b= A, S M(t,'v)At]Av,
c € h c h
where, in the summations with » in the upper limit, u, v are to be

regarded as constant.
That the above expression for f(z, u, k) gives

Acfl@, u.b) = M(z, u)
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is obvious. To verify the second formula of (5), we have
%uf(x+1, u, k)

z+1 z+2
= A, S Mt w) At+N(@+1, u h)— Ay 8 M, uyAe
h h

c ¢
z+1

= N@+1, 4 )= AuAs S M@, ) At

¢
=N(z+1,u, h)- A M(z+1, u)
3

=N(z+1, u, b))~ AN (z, u, ) from (3),
= N (=, u, h).
We have thus proved the following :
Theorem. The necessary and sufficient conditions that the differ-
ence equation
M (z, u)+N(z, u, Auy Au=0
should be exact are
(A) AuM(@z+1,u)= A, N(z, u, h), h=Au;
(B) that
z+1

g {N(z, o h)-As 8 M, v)At} Av

h

should be independent of h.
If these conditions be satisfied, the primitive of the given equation 18
T u z+1
S mewaer S {N(w, -, S 20, 'v)At} Av =,
c 1 h c h
where © 1is an arbitrary periodic, and where in those summations
with z in the upper limit w and v are to be treated as constants.
The lower limils of the summations are arbitrary and may be
chosen to have any convenient values.
With regard to condition (B), I have not been able to obtain any
simpler formulation in the general case, but, when
z+1
F(u,h) = N(@u, b)- A, 8 Mt u) At

c
M.T.C. Y
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is a polynomial, we can use Bernoulli’s polynomials, of order -1,
to simplify the process. Asin 6-1 (3), we write

(’M-—-l 6“‘ uo‘ tv
= 2 DB,
so that

A w’ = vB{Y (u| ).
If then we can put F(u, h) in the form
Fu,h)= > a,BSu|h),
v=0

where the a, are independent of w and h, condition (B) will be
satisfied, since we then have

v+l
SF (v, Iz)Av— 2: avi; +k,

where % is a constant.
Example. TFind the condition that the equation
a(AuP+bu AutcAu+d(x)=0
may be exact, where a, b, ¢ are constants.

Here
M(z+1)=¢(x+1), N(=, u, h) = ah+bu+ec,

so that condition (A) is satisfied.

Condition (B) will be satisfied if we can find p and ¢, independent
of u and A, such that

ah+butc=p+qgBTV(w|h) :p+q(u+ih).

Thus we must have a = 9, b = ¢, ¢ = p, so that the equation
is exact if, and only if, b = 2a, in which case the primitive is

S ¢(1)Az+8 {c+2aB<; n (vlk)} Av=
that is,

S d)At+cu+au? = w.
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11:41. Multipliers. When the given difference equation is
not exact, we are naturally led to consider the possible existence
of a multiplier which is the analogue of Euler’s integrating factor
for a differential equation.

Definition. Given the difference equation
M(x, u)+N(z, u, Au) Au =0,
w(x, u) s said to be a multvplier when the equation
(e, w) M (2, w) t-u(x, w) N(z, u, Au)Au=0
s an exact equation.

For p(x, w) to be a multiplier, a necessary condition is that
w(z, u) should satisfy the partial difference equation

Aslpte, v) N, w, )] = Aup@+1, u) M(z+1, w)).

Any particular solution of this equation is a potential multiplier,
but in every case we must test whether condition (B) is satisfied.
This equation can he written

A:[}LN—%., (wM)] = z%u[stM]-

11-42. Multipliers Independent of #. If a multiplier in-
dependent of  exist, we must have

[J'AxN_%u([J'AxM) = %u(P‘M);
which leads to

wlu+h) _ _ " AN (2, u, h)+M(c+1, u)

(%) Q(u) M(z+1,uth)
A necessary condition for the existence of a multiplier independent
of x is therefore that @(u) should be independent of x. If this be
the case, we have

Alogu(w) = ; log Q(w)

whence

m(u) = exp [g %log Q) %v]

This is a multiplier, provided that condition (B) be satisfied.
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Examyple. (z+1)Au(2+%LAu)+u = 0.

Here
2
Qu) = (2k+%+u> = (u+h) = ’-‘_EJ-’.
Thus
p(u+h) _uth
(%) w '

and we can take («) = u, and the cquation becomes Azu?) =0,
whence zu? = .

11.43. Multipliers Independent of u. For a multiplier
independent of » we have, from 11-41,
Aclp () N (z, u, h)] = H(x‘f'l)%uM(w'*'l’ u),
whence we obtain
pl@+1) (@) = < — N (w,u, h) o
w () N(z+1,u, h)—%uM(x+1,u)’

and T (x) must be independent of u. If this be the case we easily
obtain

u(z) = exp[S log T(¢) At] >
which is a multiplier, provided that condition (B) be satisfied.
Example. (z+1) w2 (z+1)— (z—-1)u?(x) = 0.
Since u(z+1) = u(z)+ Awu(x), we have
(x+1)(2u+ Au) Au+2u? =0,
so that T'(z) = (z+1) [z, and hence
p(z+1) - z+1
v@ @
Taking w.(z) = @, we have

z(z—-1)u?(z) = w.
Alternatively

p(z) = expl:S {log(t+l)—logt}At]
= exp[logz] = =.
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11-8. The Independent Variable Absent. Haldane’s
Method. The general equation of this type is

$(u, Au) =0,
where Au=u(@+1)-—u(z)

When this equation can be solved for A » we have

(1) Avw=u(@+1)-u(@) = ¢[u(z)].

An elegant method of obtaining a solution of equations of this
type has been devised by Haldane.* The method is as follows:
Taking the equation

(2) w(@+1)-u(@) = ké[u()]
let us try to satisfy it by assuming that

1 (u@
®) o= [ ww, ko,
u(0)
where
w1 ks—l
(4) w(v, k) = 8%/[ n fa(v)°

We have then, from (3) and (2),
ko J‘u(z+1)w(v, k) dv _—I 2.1 ]c;'lf

u(z) 8=1
where u=u(x), ¢=d¢(u).

In order to obtain a recurrence relation for the functions f,(v) we
assume that the series can be integrated term by term, which will
certainly be the case whenever the series is uniformly convergent.

Put

(5) Py = [*f.0) do.
Then

[ pwao = Rwrid)- R = 355 1000

* J. B. S. Haldane, Proc. Cambridge Phil. Soc. (28), 1932, pp. 234-243.



342 THE DIFFERENCE EQUATION OF FIRST ORDER [11-5
by Taylor’s Theorem. Thus we have
SR
— _ (v — 1)
= 2; i y2=‘1 1 Jo ().

This is an identity. Equating coefficients, we have

1
fl(u) = ¢(u)’
S (s .
®) > () perifesw=o.

This determines successively the functions f,(u), and the solution
is complete in so far as the above operations are valid. In terms of
the function F,(u) this recurrence relation can be written in the
symbolic form

(P(u) D+F(uw))* = [p(u) "D Fy(10) -+ Fy(u), s>2,

where the index of F(u) is to be written as a suffix after expansion
and D denotes the differentiation operator.
From the recurrence relation, we obtain

1 ' 1 (42 )
fl(u)=$’ fz(u):%, fs(“)=—2(ﬁ5)--—;¢ ,
Jalw) = (9; +2¢" ¢,
fo(w) = t1> l:_ 19 (%’ﬁ —59(¢' )2 " — ()2 +2¢4 " + $? ¢(iv):|_

Thus we have

u(z)
x—%@fv%mwwm%mﬂMW1

“@) [ (v) P+ (v) $” (v)
13 (0) $(v)

The arbitrary element in this solution is «(0).

dv+....

We give some examples taken from Haldane’s paper :
Ezample 1. Au = utte,
w(u, k) =utc+Yk(c+1)utl-, k2c(c+1)(2e+1)uct
+ 08 (c+1)2(3c+ 1) ue-14 ...
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and therefore

1 1 1 )
z=A —ck;c—4-2(c+ 1)log u— 19 (c+1)(2c+1)kuc
1 2 .16\2
+ i8e (c+1)2(Bc+ 1) (huc)®+...,
where 4 is a function of «(0).
Example 2. Au = ke

w(u, k) = e~ +1ka— ', KPa?en 4 L iBade?eu + ...

and hence

— e ™ 1 ; 1 vy pGU ]' 22,2a%
x_.zl—-dk +2au—-12kac +8kae + e

11-51. Boole’s Iterative Method. When the independent
variable is absent, Boole writes the equation in the form

u.Hl - q)(uz)’
whence
uz+2 = qu(um),

where {?(u,) denotes ¢ [ (u,)].
Proceeding in this way
U in = P (Us)-
If we assume an initial value w, to be known, we have therefore
Ugsn = §" (%a)-

It is evident, apart from the difficulty of application, that this
method is only suitable for a variable which differs from the initial

value a by a positive integer.

Example 1. Upyy = 2%

We have Ugro = 2(2u,2)% = 230t
and, continuing, we obtain

Upin = 3 (2u,)2"
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Example 2.
1
Ury = 1-u, ‘
Assuming u, = b, we have
b—
YUsr1 = 7> Yerz = 70 Yz = b,

so that u,,, has these values in order according as n=1,2,3

(mod 3).

11-6. Solution by Differencing. Consider a non-linear
difference equation of the first order

(1) Sz, u, Au)=0.

Writing A% = v, where v is a function of z, and operating with
A, we obtain a relation of the form

(ﬁ(u, z, v, A‘D) =

If this be independent of u, and if we can solve this difference
equation for v, we obtain
(2) b(z, v, @) =0,
where w is an arbitrary periodic, the elimination of v between (1)
and (2) will yield a primitive of (1).

This method may, in particular, succeed when (1) can be solved
for u in terms of =z, v.

Consider, for example, the form, analogous to Clairaut’s differ-
ential equation,

Uy =T Azt f(A ).
Writing A %, = v, we have
U, = o +f(v)
Operating with A, this gives
= (z+1)Av+f(v+Av)-f(v),

whence either Av = 0 or
f+Av)-f(o) _

3) r+14+4——F= Ao
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Av =0 gives v = m, so that we have the primitive
U, = zw+f(m).
The supposition (3) may lead to a second primitive.
Ezample. U, = 2 A ug+ (Aug)
Here

U, = T+ 02,
whence, operating with A,
(z+DAv+20Av+ (Av)2 =0,
whence either A v = 0 so that

U, = Tw+ w2,
or
Av+2v+2+1 =0,
which gives
Vo +0,=—-2—-1,

the solution of which is easily seen to be
z 1
v=w(-1F-5-;.

Eliminating v between this and the original equation, we have
Uy = [@(-1)*—{]* - {2
This form of the solution may also be derived from the primitive
U, = cr+c?,
by supposing that c is a function of z and then taking the difference.
We thus obtain
Au=c+@+1)Ac+2cAc+(Ac)
On the other hand, the supposition that ¢ is a periodic gives
A u = ¢. Equating these values of A u, we have
Ac@+1+2c+Ac)=0.
The equation Ac =0 leads back to the original primitive, the

supposition that
z+1+2¢+Ac=0,

gives the second form obtained above. Boole gives the name
“ indirect solution ”’ vo a primitive obtained in this way.
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11-7. Equations Homogeneous in u. The general type
of such equations is

(%, 2)=0,

which on solution for u,,,/u, leads to a linear equation.
Consider, for example,

2 2 _
Uz, = Uy U+ 2uf = 0.

We have
Upg = 22Uy OF Uy = Uy,
whence
U, =w2* or u,= w.
11-8. Riccati’s Form. The difference equation corresponding
to Riccati’s differential equation is

() w@u(e+1)+p@) ule+1)+q@) ul@) +r(z) = 0.

The substitution
_vetl) o,
gives the linear equation of the second order,
v(@+2)+[q(@)-p(x+1)]v(r+1)
+[r(z) - p(2) ()] v(z) = 0,
the discussion of which does not belong to this chapter. We can,
however, obtain the solution of (1) when three particular solutions
are known. Forlet «,(x) be a particular solution of (1), and write
1
u(x) = u, (w)+1ﬂ(w)'
We then obtain, since v, (x) satisfies (1),
w(@+1) [q(x) +uy(z+1)]+w(z) [p(x)+ 3y (x)]+1 = 0.
This is a linear equation of the first order and therefore the
solution is of the form
w(z) = wf(x)+¢ (),
where @ is an arbitrary periodic.
Hence the complete solution of (1) is of the form

_ afi (@) + 4 (2)
@) 4= o)+ $la)
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Now let w,(z), uy(x), us(z), uy(x) be four particular solutions
of (1) and w,, w,, w;, @, the corresponding periodics. Then it is
easy to verify, from (2), that

(ug—wy) (U3 —p) _ (w3~ @) (w3 - @p) _
(ug—up) (g — 1)) (@3~ @) (w3 — )
say, where » is a periodic. Thus the anharmonic ratio of four

particular solutions is a periodic. If we suppose u, to remain
arbitrary, equal to u say, we have

(u = y) (U3 —Up) _
(U — uy) (u3 — uy)
which determines  in terms of the three known solutions and an

arbitrary periodic. The equation is thus solved.

H

11-9. Miscellaneous Forms. As examples of special artifices
which may occasionally be employed we cite the following :

Example 1. Ugyy g — Oy (U g —U)+1 = 0.
Here we have
Upiy— Uz — l .
LUy ue  ay
This suggests substituting u, == tan v,, which leads to

1
tan A v, = 0,
1

A v, = tan™!

a®’

Thus

and hence
1.) 1
U, = tan w+btan—1-Az .
a:ﬁ
p

Example 2.  wuzpqu,+(1- ug_H)é(] - ui)i = a,.
Here we put u, = cos v,, and we have
cos Av, = a,
and therefore

x
U, = COS [m + S cos™! a,Aw].

4
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EXAMPLES XI

1. Find the difference equations to which the following complete
primitives belong :

(1) u = cx®+c?; (i) v = {c(~1)*-}z}2-}2*;
(ill) w = cx+c'a®; (iv) u = ca®+c?;

- 22+
(v) w= 02+0{}Tg>(—a)z—(?:’_“;)—27

where in each case ¢, ¢’ denote arbitrary periodics.
Solve the following equations :
2. Uy —pa®u, = qa*.
3. u,,, —au, = cos nz.
4 Uppy Uyt (T+2) Uy + U, = — 2 - 22— 22,

5. U, —u,Cc08a% = cosa cos 2a ... cos(z— 2)a,

x being a positive integer variable.
6. u, u,y+au,+b = 0.
ST Uy Uy ~au+b = 0.
8 Uy — ey, = e
9. Uy 8in 20— u, sin(z+1)0 = cos(z—1)0—cos(3z+1)0.
10. 4, —au, = (22+1)a*
11. %, —-2u,2+1 = 0.
12. (z+1)%(upyy — au,) = a%(2%+ 2z).
13, (ta)? = ()2 { (ue)*+1) ).
14, u,y = m(u)".
15. u, Au, = 2(Au,)?+1.

16. (ur41)° - 30%0® Uy, (u)* +26%° (u,)* = 0.
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17. If Pg be the number of permutations of n letters taken K
together, repetition be allowed, but no three consecutive letters
being the same, shew that
APg=(mr—m)% B%,

K «lp
where a, (8 are the roots of the equation
2?2 = (n-1)(z+1).
[Smith’s Prize.]
18. Solve the equation

Zi Uy = (Ugyg)®— (ug)%

by writing Up+F = U,
19. Avu+2u, =-z-1.
aE
20. Upyy — AU, = @1

21. Apply Haldane’s method to the equations :
(1) Aug = ku22:

. n(Unt+1
(l.l) un+1 u (+1 k)’

in the latter case substituting

v, = 1+-1—.

22. The equation

_ Au (2 u
Y=o r1\ T Tagr 1

has the complete primitive v = wa?+ »2 Shew that another
complete primitive is
u={o(-1)*- {22~}
23. The equation
A U 2: A U 22 ) —
2 +o () -au =0

has the complete primitive ¥ = wa®+ w?. Deduce another complete
primitive.
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24, If w,%pyy =m/[(n+1), shew that

_2.4...(n-1) 1.3...(n=1)
Un =73, MmO Or e

according as n is odd or even.

25. From the difference equation

Up = nAu,,+&’%—,
obtain the indirect solutions
_LL) 3. .
1.3...(n=2) mC -+ 2 Th L (n=1)C’ when 7 is odd,

y o L3 (n- 1)_+”2. :
"T9 4 m=-2)C T 1.3, (n-1)

26. The equation

m(C, when n is even.

u =z Aut+(Au)?
has the indirect solution

u={w(-1)"-{}*-ic*;
shew that, assuming this as complete primitive, the equation
% = @+ w® results as an indirect solution.

27. Shew that the equation
P2(Aup Aw
3

Ty — Bl M
T 9
has the complete primitive
u=w(})"%*- 3 o [Poisson.]
28. Shew that the equation
ey = (Lot
admits the complete primitives
3 ( x a )’
(w+x)3, (o« ~s_il»
where
«?+a+1=0.
29. Solve the equation
Upyo— (@ +a~%) Uy g +u, = 0,

by writing it in the form (E - a*) (E -a®) u, = 0.



CHAPTER XII

GENERAL PROPERTIES OF THE LINEAR DIFFERENCE
EQUATION

In this chapter we discuss properties which are common to all
lincar difference equations and obtain some important general
theorems.

Many of the general properties are sufficiently illustrated by con-
sidering an equation of the second or third order. Whenever this
method is suitable we shall adopt it.

12:0. The Homogeneous Linear Difference Equation.
The equation

(1) pu@)u(@+n) Fp, (@) u(@+n-1)+...

+ Py (@) u (@ + 1)+ po (@) u () = 0,
where p, (%), P._y(2), ..., po(x) are given analytic functions of z
and where u(z) is the unknown function, is called a homogencous

linear equation of order n. When there is no fear of ambiguity we
shall denote the coecfficients by p,, pn_y, -.., Pg, thus

ps(w) =]9s, 8§ = O, ], 2, cee sy N

We have taken « to proceed by unit increment. The case of incre-
ment o is readily reduced to this by the change of variable z = yc.

The homogeneous equation (1) has the trivial solution () = 0.
We shall tacitly assume that this trivial solution is excluded from
all enunciations.

With regard to the coefficients p,(x), we can assume that their
only singularities are essential singularities, for any poles can readily
be removed by multiplying the equation by a suitable integral

function which has zeros of the necessary order at these poles.
351
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We shall call the singular points of the difference equation the
three following sets of points :

(i) The zeros of p,(z), denoted by oy, o, ... .
(ii) The essential singularities of the coefficients, f;, B,, ... .
(iii) The zeros of p,(x—n), ¥y, Y2» ---

The points
X =V, ﬁi_ v pi+”+ v, YitV,
1=1,2,3,..., v=0,1,2, ...

will be said to be congruent to the singular points of the equation.
More generally, if a be any point, the points a+ v, where v is zero
or an integer, positive or negative, will be said to be congruent to
the point a.

If  be any point, and x—a be neither zero nor a positive or
negative integer,  is said to be tncongruent to a.

12:01. The Existence of Solutions. Consider the second

order equation
P2(2) u (@ +2)+ py () u (2+1) + po(2) u(2) = 0.

Let us suppose that the value of u(z) is assigned at every point
of the strip 0 < R(z) < 2.

We have
_pe(@)u(®+2) p(z)u(z+1)

Po(2) Po(2)

Hence, if z be incongruent to the points «;, 8,, we can find the
value of u(z) in the strip -1 << R(z) <0, and hence in the strip
—-2<R(z) < -1, and so on. Thus we can continue %(z) indefin-
itely to the left.

Similarly, we have

u(m) =

w(z+2) = _13.1_@2(5”1_)_13&)21?52,
P2(7) P ()
and if  be incongruent to the points f,, y;, we can find u(z) in
the strip 2 <<R(2) <3, and hence in the strip 3 <R(z) <4,
and so on. Thus, if we are given u(z) at every point of the

strip 0 < R(x) <2, we can continue % (z) over the whole of the
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remaining part of the complex plane except at the points which
are congruent to the singular points of the given equation. Hence,
if w,(z), w,(z) denote periodic functions of period unity such that

u(@) = (@), 0<R@ <L,
u(@) = my(e), 1<R(@)<2
the above calculations will yield for % (z) a linear form in w,(z),
w,(2) say,
u(2) = (%) uy () + @y (%) Uy (7).
The functions u,(z) and w,(x) are particular solutions of the
difference equation which satisfy the conditions,
U (2) =1, uy(r)=01in 0 << R(x) <1,
U () =0, u(x)=11in 1 < R(x) <2.
These particular solutions are in general discontinuous. Our
object is, of course, to find analytic solutions, but the above
investigation shews

(1) that the given equation has particular solutions ;
(2) that analytic solutions which satisfy arbitrary initial con-
ditions do not in general exist.

12:-1. Fundamental System of Solutions. Let
ul(:v)s uz(x)’ et un(a;)
be n particular solutions of the general equation 12-0 (1). These

solutions are said to form a fundamental system (or set) when there
exists no linear relation of the form

@y Uy (T) + Ty Uy () + ... + T, U, (2) = 0,
where @, w,, ... , @, are periodics such that for at least one value
of «, which is incongruent to the singular points of the equation,
they are finite and not all simultaneously zero. The functions of
a fundamental set are said to be linearly independent.

It follows that if u,(x) denote a member of a fundamental system,
and @ a point incongruent to the singular points, that u,(a) cannot
vanish for all the points a, a+1, ..., a+n-1.

For if this were the case we should have u,(a+m) = 0, where m
is any integer positive or negative.

M.T.C. z
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If then @, denotes a periodic which does not vanish at the points
a+m, but vanishes everywhere else, we would have
@, %, (2) = 0,
which is contrary to the hypothesis that u,(z) belongs to the system.

12-11. Casorati’s Theorem. The necessary and sufficient
condition that w,(z), uy (), ..., U, (z) should form a fundumental
system of solutions of the homogeneous equation of order n 1is that
the determinant

Uy (%) Uy () R T )
Do) = Uy (z4-1) Uy (z+ 1) v Ug(z+1)
wm(@+n—-1) u(z+n-1) ... uy(x+n-1)

should not vanish for any value of x which is incongruent to the
singular points of the equation.

For simplicity, take » = 3. The condition is sufficient. For if
Uy (), Uy (%), Ug () do not form a fundamental system of the equation

Pau(@+3)+ppu(@+2)+pu@+1)+pou(@) =0,
we can find a point £ incongruent to the singular points of the
equation and periodics not all zero, when = = £, such that

@y U (8) + wy up (E) + w3 u3 () = 0,
and consequently
@y Uy (§+1) +wpup(B-+1) +myus(E+1) =0,
@y Uy (E+2) + o uy (§+2) + w3 uz(E+2) = 0,
and, since ,, w,, w; do not all vanish, we have
D(E =o.

The condition is also necessary. For, supposing that D(z) = 0,
let U, (), Uy(x), Us(z) denote the cofactors of the elements of the
last row in D ().

We shall suppose that these do not all vanish. Then, by the pro-
perty of cofactors,

Uy (%) Uy (2) +up (2) Uy (2) + u3 () Us() = 0,
uy (z+1) Uy (2) +uy(z+1) Upy(x) +uz(z+ 1) Us(x) = 0,
Uy (z+2) Uy (@) + uy (2 +2) Uy (2) +ug(x+2) Us(x) = D(z) = 0.
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Now U,(z+1), Uy(z+1), Us(x+1) are the cofactors of the first
row, and hence
uy () Uy (@ + 1) +uy () Uy(z+ 1) +us(x) Us(z+1) = D (2) = 0,
uy(e+1) Up(@+ 1)+ uy(z +1) Ug(z+ 1)+ ug(z+1) Ug(z+1) = 0,
If we suppose U,(x) to be the cofactor which does not vanish,
the first set of three equations determines uniquely the ratios
Up(@)  Up(o),
U(x)" Uy(=)
while the second set determines uniquely
Uy(e 1) Ug(et 1)

Uy(e+1)° Uy(@+1)’

and since in the two sets of equations the coeflicients of the un-
knowns are the same, we have

Ug(w+1) _ Uy(wr) _ .
Uy(w+1) ~ Uyo) ~ 725
Us(@+1)  Us(x) )
U@+ 1)~ Uy(w) = Y35

. . TJ. [0}
where v,, 5 are periodics. If we take v, — n’“’, v3 = _°, we have,
71 @,
therefore,

@y Uy (X)) @y Uy () + 5 uy () = 0,
which shews that the solutions do not form a fundamental set.
If all the cofactors of the last row vanish we simply resume the
argument with % —1 functions instead of n.
Example. 1t is casy to verify that the equation
ww+2) - (o + B u(o+1)-raBul@) =0, a+B
has the solutions o, f%. These form a fundamental system, for

am [5:2

D(2) = artl et

= o B*(B-a),

so that D(x) does not vanish for any finite value of z.
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Another system of solutions is

«®, P®sin 2rnz,
for which
D(z) = o B*(B — ) sin 2mz.

D (z) now vanishes whenever « is an integer, so that these solutions
do not form a fundamental system.

The importance of a fundamental sct of solutions lies in the fact
that every solution of a lincar difference equation is expressible as a
linear function, whose cocflicients are periodics, of the solutions of
a fundamental system. To sce that this is so, consider the general
equation

Putb(@+n)+p,_qu@+n—1) ... +pu(@+1)+pou(x) =0.

If w, (), uy(x), ..., u,(x) be a fundamental system of solutions,
we have
Pathy(T+n)+ppqu (@+n—1)+...+pou,(z) =0,

PrUp(Z+0)+ Py Up(T+n—1)+ ... +pou,(z) = 0.

Eliminating the cocfficients, it follows that

w(@+1) w@+1) uy(z+1) ... uu(z+l) | 0
u(x+n) u(r+n) ... v Uy(z4-n)
Since the solutions u,(x), ..., u,(z) form a fundamental set, the

minors of the clements of the first column are all different from
zero, provided that x be incongruent to a singular point, so that
periodics w, @, ..., @, exist, such that
@ U () + @y Uy (%) + By U (T) + ... + T Un (2) = O,
with @ =+ 0. Obviously, every expression of the form
u(x) = oy Uy (T) + Wy Ug (X) + ... + @y, Uy (T)

satisfies the given equation. Hence the result is established.

It follows from this that the problem of solution of a linear
difference equation consists in finding a set of fundamental solu-
tions, In the case of the homogeneous linear equation of the first
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order, if u,(x) be a particular solution, the general solution is
w uy () (cf. 11-1).

The above result can also be used to form a difference equation
with a given set of fundamental solutions. TFor example, the
equation which has the solutions x, z(zx—1) is

u(x) x z(x—-1)
u(z+1) z+1 (z+1)z =0,
u(@+2) z+2 (z+2)(x+1)
z(x+1) u(r+2)—2x(x+2) u(@+ 1)+ (z+1)(x+2) u(zx) = 0.
Here
D(z) = z(z+1),

which only vanishes when z = 0 or —1, but these are congruent to
singular points of the equation. The singular points are -2, —1,
1, 2.

12-12. Heymann’s Theorem.* Casorati’s determinant D ()
satisfies the linear equation of the first order,

D@+1) = (-1n Po® pgy.

Pn(2)
From 12-11,
u (z+1) up(z+1) ... wu,(z+1)]
D(w+1) — ul(x+2) uz({l;'{"‘-)l) e un(.’l}+2) ‘.
w(@+n) up(w+n) ... uy(@+n)

From the difference equation itself,

—-g‘;u(az) - giu(ﬁ 1)+£iu(x+ 2)+ ..+ u(z+n).

Multiply the first »—1 rows of the above determinant by
P P Prna

¢

P’ Pn Pn
and add to the last.

*W. Heymann, J. f. reine u. angew. Math. 109 (1892).
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This row then becomes

_DPo _Po U | ,
p” ul ((ZJ) pn u2( ) ’ p" Un (‘T):

so that, moving this into the first row, we have

(1) D+1)= T Popgy,

n
It follows at once from this, that if £ be not congruent to a
singular point, 1) (£) is simultaneously zero or not zero at all points
congruent to .
Again, solving this first order equation by the method of 11-1,
we have

(2) D(x) — mexp[ S log(_]!}):(go'(QAl]'

The periodic @ will depend upon the particular fundamental set
which is chosen to form D ().

An application of Heymann’s theorem arises in the equation of
the second order when one member of a fundamental system is
known. By means of this theorem a second member of the system
can be found.

Consider the equation

Pote(@+2) Fpru(e+1)+pou(@) =
Let u, (), uy(2) form a fundamental set and suppose u, (x) to be
known. Then
D(@) = (@) uy(0-+1) - g () 2, (w4 1)
= uy (%) uy (w4 1) A Uy(2)

Uy ()
Thus

w@) _ QD)
NG S”&I(y) uy(y+1) A%

and D (y) is given by (2), so that u,(z) is determined.
Thus, for example, the equation

z(x+1)u(r+2)-2c(x+2)u(x+1)+(z+1)(x+2) u(z) =
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has the solution % (z) = z, and, from (2),

D(z) = wexp[ é logw+2A ]

= wexp (]o ng(+)‘)))

by proper choice of c. Hence, taking w = 1, we have
D(@) = a(w+1),
so that

z

w@ =] m+ § 1As] = o+ o(-4).

If we wish to find a particular second member of the set, we can
take w, = 0. Then
Uy (2) = z(z - }).
12-14. R’élatio,ns between two Fundamental Systems.

If
Uy (%), Ug(2), oo 5 Un(2),

v (2), va() -ors Va()
be two fundamental systems, each solution of one system must be
expressible in terms of the members of the other system.
Thus, for example, we must have
v(@) = @y, 1 Uy (2)+ By, 0 U () + oo+ Ty, 5 Ua (D),
V(%) = g, 1 Uy (%) + By, o Up (®) + ... + Ty, Uy (),

V() = Ty, Uy (T) 4 Ty, g Ug (T) + ... + Ty, 5 Uy (T).

The periodics , , are here not arbitrary, but depend solely on
the two fundamental systems chosen. Moreover, the determinant

©y,1 Wi,2 - - - W,a

’

Wy,9 - .- Wy, 5

’

Q= Da,1

Wp,y Ty, . .. Wy

y 7



360 GENERAL PROPERTIES OF THE [12-14

cannot vanish. Conversely, if u,(z), ..., %,(z) form a fundamental
system and we take a determinant Q2 == 0 of periodics, the system
v (2), ..., v,(x) also forms a fundamental set. The proof is simple
and is left to the reader.

12:16. A Criterion for Linear Independence.
Theorem. If n functions wu,(x), uy(Z), ..., U, (x) be such that

lim %@t _ o 5192 ... n-1,

r—w Usyy (T+T) T
where r s a positive integer, then these functions are linearly inde-
pendent.
Suppose the functions all to exist in a half-plane limited of the
left, and suppose if possible that they are not linearly independent,
that is to say, that a relation of the form

@y Uy (T) + @y Up () + ...+, U (2) = 0
exists where the periodics ,, @y, ..., are not all simultaneously

zero, « not being a singular point. Suppose that the last product
which does not vanish is @, u,,(x), so that

U () + ...+ @ Uy (2) = 0.

Write z+7 for z and divide by u,,(z+7).
Then
@tn) o @k
V(@i T w0
If in this relation we let r — oo, we have, from the enunciation,

U(047) _ o (0h1) g (041) Uy (o) _

r»w"m(w‘*'r)_rawusﬂ(w’*‘}) Ugya(T+T) " Up(T+r) —
s=1,2,...,m—1. Thus we have
w, =0,

which is contrary to the hypothesis. Thus a relation of the form
stated cannot exist and the theorem is proved.

We shall later make applications of this theorem to deduce the
linear independence of solutions of a difference equation from their
asymptotic forms.
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12-2. The Symbolic Highest Common Factor.* Consider
the linear expressions

(1) Plu(z)] = py(z) u(@+4)+py (@) u(@+3) +py() u (2+2)
+p1(2) w(@+ 1)+ po(2) u(2),
(2) Qu(@)] = ga(@) u(@+3)+gy (@) u(z+2)
+ (@) w(z+1) + o (%) % ().
If we perform on Q[u (z)] the operation E of 2-4, we get
(3) EQu(@]=gs(@+1)u(@+4)+qy(e+1) u(a+3)
+q @+ 1) u(@+2)+go(@+1)u(z+1).
If we multlply (2) by 7,(z) and (3) by 7,(x) and subtract from
(1), we shall arrive at an expression of the form
@ [u(@)] = (@) u (o+2) + 1, (2) u (@+1) +1(z) u (a),

in which u (x+3), u (x+4) donot appear, provided that 74(x), r, ()
be so chosen that

(4) Py (@) —7o(2) g3(z+1) = 0,
P (@) —70(2) g2 (0 +1) — 7y () g3 () = O.
Supposing this to have been done, we may write
Plu(z)]-{ry(z) E+n(2)} @lu()] = @ [u(2)],
or, symbolically,
Plu(z)] = R, {Q[u(2)]}+ @ [u(2)],

where R,{ } is put for the operator r4(z) E +r ().

Evidently, for the more general expressions,

®) Plu(@)]= 2, p,(@)u(@+s),

M§ IlV:

(6) Qlu@)] = 2, ¢;(@)u(z+s), n=m,

we can find an operator

Ri{}Y={r@ Erm+n@ Er"1+...+7,_n(®)},

8

Il
S)

* Pincherle and Amaldi, Le Operazioni Distributive, ( Bologna, 1901), chap. x.
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where the functions ry(z), r,(%), ..., are determined by equations
of the same type as (4), such that
() Plu(z)] = B, {Q[u() ]} + @ [u(@)],

where
Q[u(@)] = 24 ts(x) u (z+s).

The order of @, [« (x)] may, of course, be less than m—1 since
the coefficients ¢,,_; (%), t,,_5(), ... may vanish identically.

Now, if the difference equations
) Plu(@)]=0, Qu(@)]=0
have a common solution wu,(z), it is evident from (7) that u,(x)
must also be a solution of
@ lu(2)] =0.
Thus every solution which is common to the equations (8) is
common also to the equations

) Qu@)]1=0, @u(=)]=0.
Treating the expressions @ [u(x) ] @, [u(x)] in the same way,
we can obtain

QLu(@)] = Ry {Q[u(2) 1} +Qp[u(2) ],

so that any solution common to (8), and therefore to (9), is common to

@ [u@)]=0, Qlu(x)]=0.
Proceeding in this way we continually lower the orders of the
difference expressions, so that after a finite number of steps we
must arrive at a pair of equations, say,

(10) Qe[u@)] =0, Quu[u@)]=0,

which have in common all the solutions common to (8), and which
are such that the process cannot be continued. Thus the process
must terminate with cither

(A) Qrnlu()]=0,
or (B) Qunlu(@)]=t(2)u().
In case (A), we say that @, [« (z)] is the symbolic highest common
factor of the expressions (5) and (6), and we see from (10) that the
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equations (8) have common solutions which are the solutions of the
equation

Qu[u(2)] =0,

obtained by equating to zero the symbolic highest common factor.
In case (B), we can say that the expressions (5) and (6) are mutually
prime. In this case the only solution common to (8) is the trivial
solution u (x) = 0.
Corollary. 1If it so happen that all the solutions of Q[u(x)] =0
satisfy P[u(2)]= 0, we must have the symbolic relation

Plu(@)] = R{Q[u(e)]}.

12-22. The Symbolic Lowest Common Multiple. As it
is of some importance to ascertain whether two given equations
have any common solutions we now introduce the notion of the
symbolic lowest common multiple.

Consider two difference expressions (see 12:2 (5), (6)), Plu(z)],
@[u (x)] of orders n, m respectively. The lowest common multiple
of these expressions is the expression V [u(x)] of lowest order such
that the difference equation V[u(x)]=0 is satisfied by every
solution of cach of the equations Plu(x)]=0, Q[u(x)]=0.
First, suppose Plu(z)], @lu(x)] to be mutually prime. Then
V|u(z)] = 0 must be satisfied by the n solutions of P|u(z)]=0
and the m solutions of @[u(x)] =0, and since these equations
have no common solution, V{u(x)] =0 must be of order m+mn.
Then by the corollary of 12-2, we have

Viu)] = R{Q[u ()1},
Viu(@)]=S{P[u(2)]},
where
R{}={ 7o(2) E"+... +7a(2)},
S{}=1{se@)E™+...+5,(2)}.
Hence, if we perform these operations and equate the coefficients
of u(z), u(z+1), ..., we obtain
Sm(2) Po () = 74() 44(2),
sm(w) pl(x) + sn.—l(w) Po(“"*‘ 1) = 77»(‘”) 'h(a;) + ”',,,1({12) qo(w'i' 1):
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Sm (%) Po(®) + S g (7) Py (B+ 1)+ 8.1m_g () Po(x+2)
= 75(%) 43(2) + 724 (2) ¢1 (B +1) + 705 (2) g9 (2 +2),

8(%) Pa (@+m— 1)+ 8¢(2) Pp_y (£ +m)
=1(®) g (@+n—-1)+74(2) ¢y (@+m~1),

80(%) Pa(z+m) = 1¢(2) gm(z+n).

Thus we have m+n+1 homogeneous linear equations to deter-
mine the m+n+2 unknowns r;(z), s,(z). The ratios of these
functions can therefore be determined and we have the expression
for V[u(z)], save for a factor which is a function of z.

We have supposed that P[u(z)], @[« (x)] are mutually prime.
If this be not the case, the cquations Plu(z)] =0, Q[u(x)] =0
will have at least one solution in common, and V [u(xz)] will be
of order less than m-+n. The same method may be used to
determine V [u(x)], but now we must suppose that ry(x), so()
vanish identically.

Hence eliminating 7;(x), s;(x) from the remaining equations, we
have the condition that P[u(z)]=0, @[u(z)] =0 may have a
common solution, namely, the vanishing of the determinant

Polz) O O ... ¢o() 0O 0 ... 0
P1(2) po(z+1)0 ... g, (@) gol@+1) 0 ... 0

0 0 0 ... pux+m-1) 0 0 0 ... ¢gn(@+tn-1)

This condition is expressed directly in terms of the coefficients of
the given equations.
Consider, for example, the equations
flu@)]
=g(@+1)u(r+2)-2x(x+2) u(x+1)+(x+1)(x+2) u(x) =0,
g [u(@)]
=(@-1)u(x+2)-Bz-2)u(r+1)+2zu(z) = 0.
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The condition for a common solution is the vanishing of
(z+1)(z+2) 0 2z 0
-2z (x+2) (z+2)(xz+3) -3z+2 2% +2
z(z+1) —2(x+1)(z+3) z-1 —=3z-1|
0 (x+1)(z+2) 0 z

Replace the second row by the sum of all four rows, and increase
the third row by twice the last row, then subtract twice the last
column from the second column and we then have a determinant
which clearly vanishes.

Thus the proposed equations have at least one solution in common.
We now proceed to find the Highest Common Factor. Multiplying
the first equation by (x— 1) and the second by z(x+1) and sub-
tracting, we get after suppressing a factor 22—z +2,

Hu(x)] szu(@z+1)—(x+1)u(z) = 0.

This must be the Highest Common Factor, since we know that
the equations have at least one solution in common. That this is
indeed the case is easily verified, for we can see at once that

Slu(@)]={zE - (z+2)} H[u(2) ],
g1 = {2 E- 2 @)
The solution of H [u(z)] =0 is u(z) = wz.

The equation f[u(z)] =0 has already been solved by Hey-
mann’s theorem in 12:12. We can use the same method to solve
glu(x)] =0. We have

z v
R 2
uy (%) = w1x+ww8 {y(y—{l_j)exp[§ ]ogl--_ﬁ-tAt]}Ay

_ o 1 2'I(y)
"wﬁ+wzbyw+h ry-14Y

2II+1 21!
= Tt+we é <y+1 y

Thus the primitive is

u(z) = myr+w. 2"



366 GENERAL PROPERTIES OF THE [12-24

12-24. Reducible Equations. A homogeneous linear differ-
ence equation whose coefficients are rational functions of z is
said to be reducible when it has solutions in common with an
equation of lower order whose coefficients are likewise rational
functions of z. An cquation with rational coefficients which lacks
this property is said to be irreducible.

Given two difference expressions P [u(x)] of order » and @ [w(z)]
of order m (< ), we saw in 12-2 that we can form the operator

R{ } = {70(‘1") En——m_‘_“"{—rnvm(z) }5

such that
Plu(x)] = B{Q[u(x)]}+ ¢ [u(z)]

If the coefficients of P and @ be rational functions, so also are the
coefficients of R and @Q,.

Also, if P[u(x)] =0 and @[« (z)] = 0 have a solution in com-
mon, this solution satisfies @, [u(x)]= 0. 1t follows that if the
equation @ [u(x)] =0 be irreducible, the expression @, |u(z)] =0
must vanish identically and we have

Plu(x)] = R{Q[u(=)]}.

Hence P[u(x)] = 0 is satisfied by cvery solution of @ [u(xz)] = 0.
Thus we have proved the following :

Theorem. When a homogeneous lincar equation with rational
coefficients has one solution tn common wilh an irreducible equation
whose coefficients are likewise rational, then the given equation admits
every solution of the irreducible equation.

Let Pfu(x)] =0 be a reducible equation. By hypothesis there
exists an equation @ [u(x)] = 0 also with rational coeflicients which
has solutions in common with P [u(z)] = 0.

If R{u(x)] =0 denote the symbolic highest common factor of
P and @, the solutions common to P = 0, @ = 0 also satisfy R = 0.

If R = 0 be irreducible, all the solutions of R = 0 belong to P = 0.
If R = 0 be itself reducible, we can continue the process until we
arrive either at an equation of the first order or an irreducible
equation. We regard an equation of the first order as irreducible.
Thus we have the following :
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Theorem. Given a reducible equation, there exists an equation
of lower order all of whose solutions belong to the given equation, and
there exist one or more irreducible equations all of whose solutions
belong to the given equation.

12-3. Reduction of Order when a Solution is known.
Let u,(z) be a known particular solution of the general equation
(1) Plu(@)] = pau@+n)+p,qu@+n-1)+...+pou(x) =0,
so that

Pluy(@)] = pnuy(@+n)+...+pory (@) = 0.
Make the change of dependent variable
u(x) = uy () v(z),
so that
Duthy (T+1)V(T+0)+ Py % (T+n—1)v(T+n—-1)+...
+Po U (¢) v(x) = 0.
Now, by Abel’s Identity, 10-07 (I), taking
a, = p;u(x+s), b, =v(z+s),

we have

i Av(@+n—1)—gn s Av(@+n-2)— ... - ¢ Av(2)

+o(@+n) Pluy ()] =0,

where
gs = Po U (¥) + Py%y (Z+ 1) + ... + Py uy (T+3).

Now Plu,(x)] =0 by hypothesis. Hence, if we put
Av(z) = w(z),

we have an equation of order »—1 to determine w(z), namely,
(2) naw@+n—1)+q, sw(@+n-2)+...+gow(x) = 0.

We note incidentally that

Qo =Po (%) qn1=—Pnt%(T+n)
If w, () be a particular solution of (2), we have
A uy ()

= A vy (x) = wy (),
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so that

uy(0) = (@) § ) At

which gives the corresponding solution of (1).
Suppose now that we know m linearly independent solutions of
(1), say, u,(x), uy(x), ..., 4, (). Then (2) has the m —1 solutions

uy (%)’

These solutions are themselves linearly independent, for if we
had a relation

m
W Us () _
=" Au ) 0,
we could deduce
™o ug(®)
M @, = m,
P Uy ()

which would contradict the hypothesis that the m solutions are
independent.

If m>1, we can therefore proceed by the same method to
lower the order of (2) and we can in this way depress the order
of the original equation (1) by m units.

In particular, if we know one solution of the equation of the
second order, we can reduce the equation to the first order and
hence complete the solution by the methods of Chapter XI.

Example. The equation
2z-1) u(@+2)— (82— 2) u(z+1)+ (62+3) u(z) = 0

has the particular solution u, (z) = 32.
Putting u(z) = 3* v(x), the equation becomes on application of
the foregoing method

- 2z-1)3* 2 w(x+ 1)+ (6z+3) 3°w(x) =
* (2x+1)
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whence
_ 3T (=+d) .,
w(@) =" pelyy =37E-d)
= A3 (~dw),
so that
%23(7:';) = —4x.3-34,
uy(2) = — iw.

Alternatively, u,(z) = = can also be used, as the constant has no
special significance.

12-4. Functional Derivates. If P be a distributive operator,
that is to say if

Pu+v] = P[u]+P[v),
Pincherle * defines the functional derivate P’ by the relation
P'[u] = Plau]~x P[u].
The second derivate P’ [u] is defined by
P [u] = P’ [zu] -z P’ [u]

= P [z®u] -2z P [zu]+2® P [u],
and generally
Pt [y] = PO [gu] — o P-D [u],

and it is casily proved by induction or by direct substitution that
Po (] = Plama]- (?) o Plartu] + () 2 P o2 u] - ..

+(=1)r27 P[u].
If in this relation we put in turn for » the numbers
n,n-1,n-2,...,2,1,0,

multiply the resulting equations by

L) () ()

* Pincherle and Amaldi, Le Operazioni Distributive, p. 189.
M.T.C. 2a
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and add the results, we get
Plzu] = P [u]+ (’1””) & PO [] + (;‘) 2 PO-D[u]+ ...
+2" P[u].
12-5. Multiple Solutions of a Difference Equation. Let
Plu(@)] = pou(@+n)+p,yu(@+n—-1)+...+pou(z).
Consider the difference equation
Plu(z)] = 0.
If a solution %, () exist, such that
%y (%), T Uy (%), 22Uy (2), ..., Ly ()

are all solutions, the solution wu,(z) is said to be a solution of
multiplicity v. Since, from 12-4,
Plotu(z)]=Pe-u@)]+ (V') o PeDlu(@)] + 2 [Pu@))

it follows that the nccessary and sufficient conditions that u,(z)
should be a solution of multiplicity v are that u,(z) should satisfy
cach of the equations

Plu(z)]=0, P'lu(x)]=0, ..., POD[y(=x)]=0
and that PO [u,(z)] 5 0.

Evidently, then, the condition that the equation P [u(z)] =0
should have at least one multiple solution is that the equations

Plu(z)] =0, P'[u(@)]=0

should have a common solution. If H [u(z)] denote the symbolic
highest common factor of the expressions
Plu(@)], P’ [u(z)],

the equation H [u(z)] = 0 will have as solutions all and only the
multiple solutions of P [u(z)] = 0; and these multiple solutions will
appear in H [u(z)] = O with one less order of multiplicity than in
the equation P [u(z)] =0. Suppose that P [u(z)] =0 has r
multiple solutions of orders v, vy, ..., v, respectively, where
vy, Vg, ..., V, are arranged in non-descending order of magnitude.
If v,y v,, we can find the solution of multiplicity v,. For
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H [u(2)] = 0 has solutions of multiplicities v,_; — 1, v, —1, and if we
find H, [« (z)] the highest common factor of H [u(x)] and H' [u(x)],
H, [u(x)] = 0 will have solutions of multiplicities v,_; ~ 2, v, —2.

If v,; = 2, Hy[u(2)] = 0 has only one solution, of multiplicity
v,—2. If v,_;>2, we can continuc the process, until we arrive
at an equation which has only a single multiple solution. We thus
reduce the problem to finding the solutions of an equation which
has only one multiple solution.

Suppose this equation to be H,[u(z)] =0, (s = v,,), with a
multiple solution of order v,—s. This multiple solution will be a
simple solution of H,’r=*+D [y(x)] = 0, which is of the first order
and can be solved.

The order of the original equation can now be depressed by v,
units, and if v, ,:/ v,_;, wecan proceed to find the solution of
multiplicity v,_; and thus further depress the order.

Proceeding in this way we can find all the multiple solutions
up to the stage if any at which v,_; = v;, when the process just
described comes to an end.

To carry out this process it is necessary to form the derivates.
By the definition
P'lu(r)] = Plzu(r)] -z Plu(x)]

=(x+n)p,u(@+n)+ (@ tn—1)p, ju(@+n—1) ..
ot )puler 1) +opu()

— TP uE+n)—Tp, qu(@+n-1)-xp u(r+l)-zp,u(x)

=nppu(c+n)+n-1)p, ju(r+n-1)+...+p u(x+1).

P'u(@)] =n2pu@+n)+(n—1)2p, ju(@+n-1)+...

+ P ('l; + l),
and generally
POTu@)] =n" pyu(@ +n)+m—-1)"p,_u@+n-1)+...
+2" ppu(e+2)+p u(z+1).
As an illustration, consider
Plu(@)] =2 +4z+ 1) u(@+3)— (222 +8z+3) u(z+2)
— (202 + 42— 3)u(r+1)+ (22°+8x+ T) u(x) = 0.
P'lu(x)] =3@a%+4z+ 1) u(z+3)—2(222+ 82+ 3) u(z+2)
- (22%+4x - 3) u(z+1).
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We find .
3P [u(o)]- P [u(@)])+ g gy EP [4(a)]
_ 16(z+1)(222+ 4z - 3)
- 3222 - 1)

We can proceed to show that z u(z+ 1) — (z+ 1) u(2) is the highest
common factor. We can avoid the calculation by observing that
zu(z+1)—(z+1)u(z) = 0 has the solution % (z) = z, which is easily
seen to satisfy P[u(x)]=0, P'[u(z)]=0. Hence P[u(z)]=0
has the solutions z, 22. Knowing these solutions, we can depress
the order by two units and so obtain an equation of the first order.

The complete solution is u(z) = w; £+ wy 2%+ wy(— 1),

12:6. Multipliers. If P[u(z)] be a linear form of order =,
a function M (x), such that M (z)P [u(z)] = AQ[u(x)], where
@ [u(z)] is a linear form of order n—1, is called a multiplier of
P [u(z)].
For simplicity, take
Plu(z)] = pyu(@+3)+ppu(@+2)+p u(@+1)+pou(®),
and let u,(z), u,(z), u3(x) be a fundamental set of solutions of the
equation P[u(z)] = 0.
Then, if u(z) be any other solution, we have
u (@) = Uy (%) + Wy Uy (2) + w3 u3 (),
u(@+1) = wyuy(r+ 1)+ wyup(z+ 1)+ wy ug (x+ 1),
w(z+2) = oy uy (4 2) + @y Uy (T + 2) + wg ug (x4 2).

{zu(z+1)—(z+1)u(=)}.

Solving these equations for w,, w,, m,, we have

W — @y
W@ @ e@ | |wE) @ e
Ug(+1) ug(w+1) u(z+1) w(+1) ug(w+1) u(z+1)
Up(Z+2) ug(r+2) u(xz+2) Uy (T+2) uz(@+2) u(r+2)
W, 1
T wE)  w@  e@ | | u@ @ e
h@+]) Up(o+1) u@tl) | | wy@+]) uyE+l) ue+l)
GE+2) h@+2) u@+2) | | wy@+2) u@+2) uy(a+2)
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The last of these determinants is Casorati’s determinant D(z).
Denote by u{” the cofactor of the element in the ith row and jth
column of this determinant, divided by D(z). Then

=uwu()+u9uw+1r+wwuw+2) Q[u(@)],
= u u(z) + P w(z+ 1)+ pP u(@+2) = @y[u(w)],
= D (@) + puP w(@+ 1)+ pfP u(@+2) = @y [u()].
Hence
AQu@)]=0, A@Qu@)]=0, AQu()]=0,
provided that w(z) be a solution of P|u(x)] =0, which we have

supposed to be the case throughout.

Thus taking @, [u(z)], say, we see that A @, [«(x)] = 0 has the
same fundamental solutions wu, (w), Uy (%), uz(z) as Plu(z)]=
Hence the expressions A @, [u(»)] and P [u(x)] can only differ by
a factor which is a function of z, and by comparing the coefficients

of u(z+3), which are respectively w{”(z+1) and p;, we have
. +1
A@wwnﬁﬂégJwal

Thus u(z+1) + ps is a multiplier. Clearly we can prove the
same thing for
p@+1) +pg, wi@+1) +pa.
If we denote these multipliers by vy, vy, v, we have
A @y (z) = v P [u(2)].
Writing this relation in full, we have
pP@+)u@+1)+pP @+ 1) u@+2)+ P @+ 1) u(@+3)
i@ u(@) - P (2) u(z+1) - pf (@) u(z+2)
= v {pu(z+3)+pu(@+2)+pu(z+1)+pou(e)},
so that, equating coefficients of u(z), u(z+1), ... , we obtain
Po(®) vy (7) = - (@),
(@) v (@) = pi(@+1) - uP (@),
P2(@) v1(2) = pP (@ +1) - pP(2),
Ps(@) vy (@) = pP(@+1).
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In the first, replace z by 2+ 3, in the second z by z+2, and in
the third z by +1 and add. We then get the equation satisfied

by v, (z), namely,
Po(@+3)u(@+3)+p(x+2) u(@+2)+py(r+ 1) u(z+1)
+p3(2) u(z) = 0,
and clearly v,, v4 satisfy the same equation.

This last equation is called the adjoint equation of the given
cquation P[u(z)] = 0. Introducing the operator E, the given
equation can be written

[ps(2) E3+ pa(x) E?+py(2) E +po(2) () == 0.
The adjoint equation is then

[E2po(@)+ E?p1 () + E po () + ps ()] u(@) = 0,
and we have the important theorem :

The multipliers of a given homogencous linear difference equation
are the solutions of the corresponding adjoint equation.

We also see that the multipliers v;, v,, v; are the cofactors of the
last row of the determinant :

w@+]) wa+l)  w+l)
D@@+1)==| uy(x+2) uy(x+2) uy(x+2) |,
U (z+3) uy(@+3)  ug(x+3)
each divided by p; D(x--1). Thus we have
Vit (@+ 1)+ vp g (@+ 1)+ vy ug (2 +1) = 0,
v Uy (24 2) + vo Uy (2 +2) + vy ug (z+2) = 0,
V1 P3 Uy (T +3)+ Vo Py Up (T +3) + vz Py ug(2+3) = 1.

12:7. The Complete Linear Equation. Denoting as usual
the homogeneous linear equation by P [u(z)] = 0, the equation

Plu(@)] = f(),

where f(z) is a given function of z, is called the complete linear
equation.
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Let u, (), uy(2), ... , u, (%) be a fundamental system of solutions
of P[u(z)] = 0, and let v(x) be a particular solution of the complete
equation, so that P [v(z)] = f(x).

Then the general solution of the complete equation is

u(z) = v(Z)+ Ty Uy (T) + Ty Uy () + ... + T, Uy ().

The problem of the solution of the complete equation therefore
reduces to the problem of obtaining a fundamental set of solutions
of the corresponding homogeneous equation and a particular solution
of the complete equation. For simplicity, we again consider the
equation of the third order,

(1) Py u(Z+3)+pyu(z+2)+pyu(@+1)+pou(z) = f(z),

and we suppose that we are in possession of a fundamental set of
solutions u,(x), u,(x), ug(x) of the homogeneous equation

(2) P3w(z+3)+pyu(z+2) Fpyu(@+1)+pou(z) = 0.

The multipliers v;, v,, v; can then be found from Casorati’s
determinant of the given solutions, or by solving the adjoint
equation. Both methods have been explained in 12-6.

To find a particular solution we use Lagrange’s method of
variation of parameters. We seek to satisfy the complete equation
by putting
®) V(@) = a,(2)2 (%) + ag (%) U () + a5(x) Uy ().

As we have three disposable functions a,, a,, a;, we can make
them satisfy two additional conditions. We therefore assume that

V(@ +1) = ay(2) uy (T+1) +a5(2) Uy (0 + 1) +ag (@) ug (@ + 1),
v(2+2) = a,(2) Uy (€ +2) + 2y (x) Ug(2 + 2) + a3 () ug (z +2).
The conditions for this are
) w(@+1) Aoy (@) +up(@+1) A ay(@) +ug(o+1) A gy(a) = 0.
(B) wy(x+2) Aay(@)+uy(2+2) A ay() +us(@+2) Aag(x) = 0.
Again,
v(x+3) = a; (%) uy (x4 3) + ay () uy (x+ 3) + a5 (x) us (x+3)
+ Uy (2+3) A 01 (2) + ug (€4 3) A a5 (2) +ug(€+3) A a;(2).
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Substituting in the given equation for v(z+1), v(z+2), v(z+3)
and noting that u, (), u,(x), us(x) are solutions of the homogeneous
equation, we obtain
6)  pswy(z+3) Aay(2)+pauy(v+3) Aay(2)

+psus(z+3) Aag(z) = f(x).
Equaticns (4), (5), (6) are sufficient to determine
Aoy (), Aay(x), Aas(),

but as a matter of fact we already know solutions of these equations
from the property (given at the end of 12:6) of the multipliers
vy, Vg, V3, which shew at once that

Aay () = v f(=),
A ay( 1:)=v2f(x,
A ay(@) = v3 f(2),

80 that the required particular solution is

v(z) = uy (2 S"lf t) At+uy(x szf ) At+ug(z S"af AL

¢ c
For example, consider
@+ u@+2)-2x(@x+2)u(x+1)+ (x+1)(z+2) u(z)
= z(x+1)(x+2).
A fundamental set of solutions of the homogeneous equation is
z, (z— 1), so that
z+1 (z+1)z

2+2 @+2)(@+1) | CTNEHD, Py =al@+]).

D(z+1) =

The multipliers are therefore

—cc(x+1) z+1 >(_1_
D(z+1) ps D(x+1)" pg’
or
1 1

T @) (e+2)’ rl@+1)(z+2)°
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Hence a particular solution is

_ (t+1)(¢+2) t(t+1)
v(r)=-2 $(t+1)( )At+x,c 1) $ L 1) At

z z
=-z S'tAtan(m—l) 8 1At
0

=—%xBy(x) t x(x—1) By(x)
= (623 - 1222+ Dx).
12-72. Polynomial Coefficients. When the coefficients of
the complete equation are polynomials, the search for a particular

solution can often be simplified by the following method.
Consider

1) Plu(@)] = pa(@) u(@+n)+ ... +po(2) u(2) = p(a),

where p(x) is a polynomial of degree m, and the coefficients

Po(®); P1(%); .., Pa(®)
are polynomials of degree p. at most where p < m.
Put
U(T) = g + Gy T4 oot Gy ™ F +w ().

Substituting, we obtain

Plw(z)] = p(2) -f(2),

where f(x) is a polynomial of degree m whose coefficients depend
upon the m —p+1 constants ag, ay, ..., @y_,. We can in general
choose the constants so that the coefficients of zm, zm-1, ..., z*
on the right vanish, so that we are led to consider an equation of
the same form as (1), but with the right-hand member a polynomial
of degree w—1 at most.

In the case of the equation

0n@) A+ guy(@) A 4t tgo(2) u = g(a),



378 GENERAL PROPERTIES OF THE [12-72

where ¢,(z) is a polynomial of degree not exceeding s and ¢(x) is a
polynomial of degree m, we can in general find a particular solution
by assuming that

u(@) = by+b, (T)erz <;)+...+b,,, (:)

and equating coefficients.

12-8. Solution by Means of Continued Fractions.* The

homogeneous linear difference equation of the second order may be
exhibited in the form
(1) Uy = Ay Uy 3+ by Uy s,
a,, b, being given functions of the variable z whose domain is the
positive integers including zero. It is assumed that a,, b, do not
become infinite for any value of z in this domain. The general
golution of (1) is a function of z, containing two independent
arbitrary constants, which when substituted for u, in (1) renders it
an identity. The general solution is a homogeneous linear function
of the arbitrary constants which we shall take to be the initial
values of ,, in this case, 4y, u,.

Denote by Pz the wth convergent of the continued fraction
x

by b
al+(—12—_*—_ a3'+- cee e
Then
Pz = 0z Pz g+ b:c Pz-2>
9s = 02921+ b50z-s-
It follows that p, and g, are particular solutions of (1).
Now
P2 = g P1+by pg.
If we regard p, and p, as arbitrary and denote them by u, and u,,
we have
P2 = o Uy +by .
Assigning an arbitrary value u, to p, is actually equivalent to
writing w, for a; and byu, for b,.

* L. M. Milne-Thomson, Proc. Royal Soc. Edinburgh, li (1931), 91-96.
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If we write B’ for the (x—1)th convergent of the continued
-1
b2 b‘%

fraction —2- —"%- ..., we have
a,+ 3+
Pe_ gy By,
x 2—1
and it is seen that p, is derived from p, by writing «,_, for a, and
B, for by, so that
Pe = %p_y Uyt Prq Uy,
and hence the general solution of (1) is
Uy = Opy Uy + Prg Ug-

We have thus expressed the general solution of (1) in terms of the
components of the (z—1)th convergent of the continued fraction
by b
ay+ a3+
written down from the given equation. It will be observed that the

values of a,, b, for x = 0, 1 are irrelevant.

It is proposed to generalise the above result to the homogeneous
equation of order m.

Milne-Thomson’s matrix notation, described for the two dimen-

sional fraction in 5-3, allows us to write the above result in the form

sl = Lo wol[ 32 ][5 o] [5 0[5

Such a matrix product is in fact equal to a matrix of one row
and one column, that is, a scalar.

This result is easily generalised, for consider the difference
equation
(2) Uy = Bp Uy + b, Uy g+ ...t Ie ux——m+1+jx Ug—m
and the square matrix J, (containing m rows and columns) which
is equal to

..., which contains no arbitrary elements and which is

—a, 1 0 0 0
b, 0 1 0 0
e 0 0 1 0
0
i; 0 0 0 1
| Jz 0 0 0 U
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We call the matrix product
JiJgdg.id ..
a generalised continued fraction of m dimensions.
Now consider the product
Prx Pok D3,k
My=Jdy.do=| for fox T e

i.e "o,k 73,k

Writing k+1 for &, we have
Mk+1 = MkJIcH’
which gives, on forming the product,
P11 = Cia Pry et Oesr Do, et ooo F Jis1 Py i
P2k11 = P> P3revn = P21 o5 Pmoktl = Ptk

If then we write p, for p,,,, it follows at once that the top row
of the matrix M, can be written

Prs Pr1> -5 Pr-mi1s
and similar results hold for every row. Thus

Pn pn——l Pn-2
J1 J2 . J" — qn Gn1 In—-2 s ,
Wy Wy Wp—2
where
(3) pﬂ: aﬂpﬂ—1+bﬂpn—2+"'+jnpn—~m’
In=0n Qn3+bp @not -t Jnqn-m>
Wy =Wy 3 +by, Wy g+ oo+ Jp Wy
We call p,, ¢n, ... , W, the components of the nth convergent of
the continued fraction, and we have therefore for the 2th convergent
P= Gy
b,
L A

We Ja
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It follows from (3) that p,,q., ..., w, are particular solutions
of (2).
Now, from (3),
Pm=0mPmytOmPmgt .+ JmPo

If we regard pg, Py, ..., Pm—y as arbitrary and denote them by
Ug, Uy, oev s Uy, We have

P = Oy 1+ b U g+ oo+ T Ug,

which can be written

a‘"l
b
[pm] = [um-l Um-g -+ uo] .m
Jom
Thus we can write the general solution of (2) in the form
2
b,
[u,] = [um—l U +-+ Uo] Im Jm+] Jx—l . ’
Ja

which is the required generalisation.

EXAMPLES XII

1. Form the difference equations whose fundamental systems are

(1) a* =za* 22a®;

(i) a= (f) ac, (;) as,

and explain why the result is the same in each case.
2. Complete the proof of the statement in 12-14.

3. Prove that the equations
Pat(s+2)+p U (T+1)+pou (@) =0,
qu(@+1)-gou(@) =0
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have a solution in common if
12(%) 40(%) 4o(2+ 1) +p1(2) 4o(2) 1 (@ +1)
+ o (@) 1 (@) (x+1) = 0.
4. Find the condition that .
Po (X +2)+pyu(x+ 1)+ pou(c) =0,
Geu(@+2)+ qu@+l)+gou() =0
should have a solution in common.
5. Find the solution common to the equations
(22%+ 4+ 1) u (v + 3) — (22%-+ 8z + 3) u (¢ +2)
-2 +4x—-3)u(w+1)+ 222+ 8z +T)u (x) = 0,
u(@+2)—u(x+1)—2u(x) =0.
6. Given the expressions
Plu,]= 20+ 4x+ 1) uyy— (20%+ 85+ 3) Uy
— (222 + 42— 3) Uy, + (222 + 82+ T) uy,,
Q[us] = 2 (@+1) Ugyy— 20 (2 +2) Uy yy -+ (@+ 1) (T+2) thy,

prove that
Plu,] = E{Q[u.]},
and shew that
2a24 8w+ 7
R{}= Piore

202 +4z+1
@3-+ 3w+ 2

E-+
7. Prove that the adjoint of the adjoint equation reproduces the
original equation.

8. Prove that the sum or difference of the adjoints of two linear
difference expression is the adjoint of their sum or difference.

9. If p(x), ¢(x) be rational functions, shew that the equation
u(@+2)+p @) u(@+1)-g@){g(+1)-p(@)}u(@) =0

isreducible. Prove also that the most general equation of the second
order which is reducible must have the above form.

10. Obtain a fundamental system of solutions of the equation of
example 9.
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11. Prove that every equation which has multiple solutions is
reducible.

12. Prove that the equation

w(@+2)—2%5F
z+

2 r+2
1u(:1:+1)+— o u(x) =0
is reducible.

13. Find a particular solution of the equation

3 2
BAut+z(@z—1) Auvt+u =2t
14. Given that a particular solution of
Upin—a(@®+1) Uy +au, =0
is Uy = a*@-1),

deduce the general solution.



CHAPTER XIII

THE LINEAR DIFFERENCE EQUATION WITH
CONSTANT COEFFICIENTS

13-0. Homogeneous Equations. Consider the equation
Plu@)] = pau(@+n)+ppu(@+n—1)+...
+pu(r+1)+pou(x) =0,

where p,, Ps_y, ..., Py, Po are constants and p, + 0, p, + 0.
There is evidently no loss of generality if we take p, = 1.
The equation can then be written

(1) Plu@)]=[Er+psa E" 2 +...4+ 0 E+polu(z) = 0.
Putting u(x) = p*v(z), we have
Plp*v()] = p*[p" E"+Png p"  E" 7 4.+ py pE +Po] ¥ (2)-

Denote by f(p) = p"+p* 1 Pp_y+...+p P+ Ppo the characteristic
Junction of the given equation.

Then
Plp=v(z)] = p*f(p E) v(v)
= p*f(p+p A) v(2),
since E =1+A.

Expanding by Taylor’s theorem, the equation is equivalent to
2 2 n n
@ [fE)+ef @A+5 @ A+...+F f™ () Alv) = 0.

This equation is evidently satisfied by v(x) = 1, provided that
be a root of the characteristic equation

(3) Se)=pr+p" 1 Ppyt+...+pp1+po=0.
384
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Let gy, g, ---» pn be the roots of the characteristic equation,
which we suppose to be all different.
Then we have n particular solutions of (1), namely,
e%s 05, s PF-

These solutions form a fundamental system, since Casorati’s
determinant

et 4 I 4
D(m) _ Pf{%—l p:5+1 .. pz+1
Pnlz+n—1 p:é:+n—l s p’zb+n--]
1 1 S |
PP P2 .- Pn
= (pspg - Pn)* | P2 P2 ... P2
L AL
n

= [(-1)"po”II (p:—p,)s (sce 1:B).
t>j5

Since po =+ 0 and p; % p; (¢=£j), D(x) never vanishes for any
finite .

Example 1. u(x+2)—-Tu(zx+1)+12u(x) = 0.

The characteristic equation is

p?—-Tp+12=0.
Hence
u(x) = @, 3%+ w, 4°.

Suppose now that the characteristic equation has multiple roots.

Let p,, say, be a root of multiplicity v.
Then

fl) =0, f'(e) =0,..., fOD(p)) =0, f(p) 0.
Putting p = ¢, in (2), we obtain

[ 8 foen At 5170060 R+t 5 10 A Jot@) = 0

M.T.C. 2B
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We can satisfy this equation by taking v(z) to be any of
1, z, 22, ..., z* L
Hence, corresponding to p = p,, we have the solutions
0%, zp%, ..., 107,

so that a multiple root of multiplicity v of the characteristic
equation gives a set of v particular solutions, and these solutions
contribute to the general solution the term

@y 07+ Wy T oY+ Wy 2P p7+ ... + @, 2! e? = (@) %,

where ¢, () is a ¢ polynomial ” in z whose coefficients are periodics.
Thus, if the characteristic equation have % distinct roots, we have
the general solution

u(#) = ¢ (%) p7+92(%) e + - + ¢4(%) 65>
where the coefficients of the ‘“ polynomials  ¢(x) are periodics. To
shew that this is indeed the general solution, we must shew that
it is impossible to choose the arbitrary periodics in such a way
that, when they are not all zero, u(z) vanishes identically.

For simplicity, take the case of three distinct roots p,, p,, p3, and
suppose, if possible, that we can choose the periodics (not all zero)
so that

1 (@) e+ g2 (%) p5 + g3() p§ = 0.

Writing +1, x+2 for «, we have

q1(@+1) ot +ga(@+1) pf ! +g5(2) p5*1 =0,
Ga(@+2) 057+ 03 (0+2) 65+2+ gy 0+ 2) p52 = 0.

Elim.inating f1% 025 P3%

() g2(%) 73(®)
prqi(z+1) P2 72(z+1) pags(z+1) | =0,
e (2 +2) P2 g2 (z+2) P3gs(z+2)
that is
0 ()
pn@+e An@ =0.
P2 q1(2) +2p% A () + P2 A ¢ (%)
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The coefficient of the highest power of % in this is
1 1 1
TP P2 P3
of o8 o}
where  is a periodic which is not identically zero. The determinant

never vanishes, so that the coefficient of the highest power of z
cannot vanish identically and the supposition is untenable.

Example 2. w(x+3)—-3u(r+1)—2u(x) =0.
The characteristic equation is
°-3p-2=(p+1)*(p-2) =0,
so that
u(x) = (w;+ wy ) (— 1)+ w3 22.
Example 3. u(x+6)+2u(x+3)+u(w) = 0.
The characteristic equation is
p8+20%+1 = (p+1)2(p+eb )2 (p+e~37)2 = 0,
so that each root is repeated once and
w(2) = (wy+2 my) (— 1)*+ (w3 + @ ) €87 + (w5 + 2 wg) e~ i,

or in a real form
2 . 2
u(x) = (wy+ 2 wy) (— 1)*+ (w3 + = @) cos - §?+ (w5 + 7 wg) sin ¥§a:
13-02. Boole’s Symbolic Method. The general equation of
13:0 can be written in the operational form

f(E) u(z) =0,
where f(p) is the characteristic function.
Thus, factorising f(p), we can write the equation in the form

(1) (E-p)*(E—po)" ... (E—p)*u(z) =0,
where gy, s, -+, pr are the distinct roots of the characteristic
equation. The order in which the factors in (1) are written is

immaterial, since all the coefficients are constants.
If we choose u(z) to satisfy

() (E-px)u(@) =0,
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we have a solution of the given difference equation. Since any
factor may be put last in the form (1) we obtain altogether
k equations of the type (2).

Now, by the theorem of 2:43, we have

(E - pu)*u(z) = p%(px E — p2)* 7 2 u ()

= o2+ A [py #u ()]

Hence, to satisfy (2), we must have

h
Alpg=u(@)] =0,
or P (@) = @+ T T+ ... @, T,

whence
u(®) = p¥(my+ W&+ ... + @, 1),
Treating each factor of (1) in the same way, we arrive at the
same solution as in 13-0.
Corresponding to a root p of multiplicity v of the characteristic
equation, we have the fundamental set of solutions

p%, TE%, ..., T 1p%.

By suitably combining these we obtain a second fundamental set

e () (o) (D))

so that we can write the general solution in the form

B )

+|:u1,,+ wvﬂ(!l?I 1>+...:| P2+ e,

which is sometimes convenient.

13-1. The Complete Equation. Let the given equation be
w(z+n)+ppgu(@+n—1)+...+pu(+1)+pou() = ¢(z).
As we have seen in 12-7, to obtain the general solution we need

only find a particular solution of the complete equation and add to
this the general solution of the homogeneous equation obtained by
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putting ¢(z) zero. This latter may be called the complementary
solution.

Let f(p) be the characteristic function. If the roots g, pg, .-+ s pn
of f(p) = 0 be all different, we have the fundamental set of solutions
% 0% ..., p2. To obtain the required particular solution we use
Lagrange’s method of variation of parameters. As we have seen in
12-7, the solution is then

z z
ot S udO AL +er § v AL
[4 c
where vy, vy, ... , v, are the multipliers corresponding to the funda-
mental set of solutions.

Forming Casorati’s determinant

z+1 z+1 z+1
91 92 I n
+2 z+2 z -2
pz P3 e n
D(a;+ 1) =
z+n z+n z+n
p1 92 . "

we know from 12-6, since p, =1, that v, vy, ..., v, are the
cofactors of the elements of the last row, each divided by D(xz+1).
Now we have, as in 130,

D(x'l_l) = PT-H Pé—*—l A P:+1'1>__[.(Pj—9i), (’I«,j = ], 2: LEL ] n)
i>1

Consider the cofactor of pz+n. Clearly this is of the same form

as D(z+1), but formed from the elements p,, ps, ... , pn_g, and is
therefore

prt! - zf%jﬂ (ei—p) (J=1,2,...,n-1)
>i -
and thus

Vo = p, %1 / H(p,,— p:)y (2=1,2,...,m-1),
1

= 0,271/ f'(en)-

The same argument shews that
Vi = Pk_r_l /f’(Pk)’ (k=12,...,n).
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The required particular solution is therefore

5§ [ s0ir 6o A

and thus the general solution is

n

u(ac):l?:‘,1 [wk+ o S or " 1¢(t)At]pL

Example 1. u(r+2)—u(r+1)—6u(x) = =
Here
) =p*—p—-6=(p-3)(p+2)
so that a fundamental system of the homogeneous equation is
3z, (-2)®. Since f'(p) = 2p—1, the corresponding multipliers are
3-#-1[5, —(—2)~*"1/5, and the complete solution is

)= (e § 2 A (-2 (mm G ED A A).

¢ P

Now, from 81,

T
) » 3 ga—xtl _ a—*+1
8ta At = a-1 "(a= 1)2+1
0
Taking ¢ = 0, as is permissible since only a particular solution

is required, we have

(@) = ©;. 3%+ wy(—2)"— N5 (20+1-20.3%1)

—a4' (35’3_ 1+9(- 2)2 -]),
which is equivalent to
u(@) = my 3+ wy (- 2)* — 2,

where the terms 3%-1, —1(-2)*-1 have been absorbed into the
terms @, 3%, wy(—2)®. In fact the constant ¢ contributes nothing
to the generality of the solution, so that we can always omit

any constant terms in the summation which may arise from the
particular value attributed to c.
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Ezample 2.  u(x+2)-bu(z+1)+6u(x) = 5=

fe) = (p=2)(p=3), f'(p) =2p-5,

x z
bt 5t
u(w) = w12”+w23°’—2‘ 8 ‘2?;1At+3m S 3—‘:]:At.
c c

Now

T

at
t o
8 at At = | + constant,

c

whence we obtain
u(x) = w, 2+ w, 3°— 221: . @)z— (g— l)

6.
u(x) = wy 2*+ wy, 3%+ } 5°.

In the above discussion we have supposed the roots of the
characteristic equation to be distinct. The method is still applicable
if the equation present multiple roots, but the solution does not
assume the very simple form which we have just found.

We illustrate the method by considering the equation of the third
order :

u(z+3)— (2a+b) u(z+2)+ (e +2adb) u(x+1) — a?b u(z) = ().
The characteristic equation is

(p—a)*(p-b) =0.
A fundamental system is a®, xa?, b%, and therefore
astt ((E + 1) astl  patl
D(z+1) =| a®? (z+2)a®t2 b2 | = @243 pitl (- g)?,
a®t3  (z+3)at3  be+3
and the multipliers are therefore

a—:t—z [(b - a) X — 2a+ b] — a—x—2 b_x_l
(b—a)? > Th-a’ (o)’
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so that

z

u(@) = a [”’”L(b——l‘a? S a—t—2[(b—a)z—2a+b]¢(t)Ac]

4

+ wa“[wz—»g—i—a g a—‘—qu(t)At}

+ b I:m3+(b—_1a-)2 8 B16() A t].

Example 3. u(x+3)—bu(zr+2)+8u(r+1)—4u(r) = 22

Here
J(p) = p* -5 +8p—4 = (p—2)%(p - 1).
A fundamental system is therefore
1, 2= x2%,
and the corresponding multipliers are

1, —2-=2%(z+3), 2-o2
Thus

w(@) = (m+ g 200 A1)+ (-1 g Le+3) AL) 2

z

+<w3+} S tA t) x2%.

c
The first summation contributes terms of the form 2%, £ 2%, which
already occur in the complementary solution and can be omitted.
Taking ¢ = 0, we have
u(@) = oy +[@y— 1 {3 By(2) + 1 By(2) } 1 2%+ [m3+ | By (2)] w 2°.
Omitting from the particular solution terms which occur in the
complementary solution, we have finally

13:2. Boole’s Operational Method. The methods hitherto

explained have been of a general character and of universal appli-
cation in so far as the sums exist. The labour of applying the
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general methods even in simple cases may be very considerable.
We now turn to operational methods which considerably shorten
the work of finding a particular solution. Boole’s method, which
we now proceed to explain, is of particularly simple application
in three cases, namely, those in which the right-hand side of the
complete equation is of one of the following forms :

(I) a polynomial in % ;
1) ae*;
(III) @® multiplied by a polynomial in z.

The third form, of course, includes I and II.
If f(p) be the characteristic function, the equation can be written
in the form

F(E)u(@) = ¢(2),
where ¢ (x) is a given function of .

For finding the solution of the homogeneous equation the general
method is as simple as Boole’s, since both in practice merely
involve finding the roots of the characteristic equation f(p) = 0.
We therefore need only consider methods of finding the particular
solution. To effect this Boole writes

u(z) = leE—) $(@),

and proceeds to interpret the meaning to be attached to the
operation on the right.

13:21. Case |, ¢(x) =x™, m zero or a positive integer.
Writing 1+ A for E, the symbolic solution is
u(xr) = -+ L xm™
TfUEA) T
Now suppose that the characteristic equation does not admit
the root unity.

Then
FA+2) =ag+ar+...+a, ;A" AR,

where ay # 0.
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1. . .
If we expand sy in ascending powers of A as far as A™,
we get
L = bo+bA+ ... +byam+ Q--Ml
F(E= i A (S
where g(}) is a polynomial.
Thus

== f(L+2)(bg+ by A+ ...+ by A™) + g (X) AL,

Since the expression on the right is a polynomial in A we can
associate with it a definite operation, which is equivalent to unity,
by writing A for A.

Thus

™= f(14+A) byt by AtBa A+ tbn A)am4g(A) A &
Now

m+-1

A xzm=0

Hence
2 m
(bo+b; A+b; A+ ... +b,, A) ™
satisfies the equation
JA+A)u(x)=zm or f(E)u(z)=am,
and is therefore a particular solution of the equation. The actual

(11—)\—) can as a rule be most rapidly performed by

ordinary long division. An alternative is to express Fi+
partial fractions.
If ¢(x) be a polynomial of degrec m the same method obviously

applies.

expansion of FaT

1
a+»n "

Example 1.
u(@+2)+u(@+1)+u(r) = 22+z+1.

Here f(p) = p2+p+1, and therefore

1 1
fa+n = ®¥on+3

—IAH 2N
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A particular solution is therefore

2
u@) =3 -5A+3A) @ +z+1)
= }2?- Jz+].
If the characteristic equation admit the root unity of multiplicity
7, our equation becomes

HENE -1)7u(z) = =™,
where f;(p) is a polynomial of aegrec n—r in p.
. Putting
(E-1)u (@) = A u(z) = v(2),
the equation for »(z) is

AH(E)v(z) = 2™
Now

Jil+2) = cot e A+ A2+ ..+ A7, ¢ F 0,
so that we can apply the method already discussed and obtain
2 m
v(x) = (b0+b1 A+b2A+ coe +bm A) .’l:"”,

which is a polynomial of degree m in z. If we write this in the form
(see 2-12),

(@) = d, (Z)+d1 mf ]>+...+d,,. (g),

a particular solution of the given equation is obtained from
- z T
Aru(z) = d, (:L>+d1 (mg_c_ 1)+ Y (1>+d,,, (O> .

Since A (Z') = <sf1> , the required particular solution is

w@) =do (% Jrai (), 0 )+etdna (L) +dn(%).

Example 2. .
w(z+4)—bu(r+3)+%u(@+2) - Tu(r+1) +2u(r) = 23+ 1.

Here
f(E)=(E-1)*E-2),
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and the equation can be written

(A-1) Au(@) = 5+1.

3
Putting A u(z) = v(z), we have
3

oe) = g0y @+ 1) = (-1-A-A-A)@+1)

= — (23+ 322+ 9z + 14).

Thus we have

A =-0(3)-12(5)-() (3.

and a particular solution is

-6(6)-12(5)-13(5)-14(5).
The terms 1, z, 2 belong to the complementary solution, so

that we obtain for the general solution, after reduction,

u(2) = w2+ wy+ wg+ @, 2 - 1] 2P - ot + Jp 20 -

13-22. Case I, ¢(x) = a*. Here we have
, E)u(@) = a7,
and, symbolically,
- _1_ x
“O% 5|
Now, from 2-42, ¢(E)a® = ¢(a)a® so that, if a be not a zero
of f(E), we have the particular solution
ax
)= ,\,
”’f@
since

L@,
T B = F@® ="

If, however, a be a zero oi order r of f(p), we have

F(e) = (e—a) fi(p),
fila) = f(—%a) :

where
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These results may pe exnioivea in a scheme of divided differences as
follows :

Ty flzo)
[z2,]
z,  f(=) EZA
[2y7,] [70%1%5] .
T, f(@) [, %55] ERTERAL
[2,75] (212574
z3  f(z5) [2,752,]
[5,] .
wy  f(zy) .
. . . [@p—3Tn_g%n_1%n]
[xn—zxn—lxn]
. . [%p_1%n]
Tn  f@n)

1-1. Newton’s Interpolation Formula with Divided
Differences. Writing z for , we have by definition

I XN % I e
[xz,2y ... 2] = z-7, T o-=,
=@y way] | (32 2]
[2z) ...z, 4] = P + == ol
(22, ... Tp_g] = — (2123 .. Tn_s] n [@2y ... Tp_g] ,
10 Sn-2 z— :v,,_2 T—Tpy_p
[xw . ] — [fﬁg] [le]
172 T—T, T—Tp
. x
[M’l] [ JL! + I_(_)_ .

T—x, T-T,
By repeatedly substituting for the second member on the right of
each identity its value as given by the succeeding identity, we have

R =i =
()% --- Tn—s] - (217,
T E) o) T o E) ) @)

(T~ ) - (B—Tp) (T~ ) +(a>—:c,,) v @—z)



CHAPTER 1

DIVIDED DIFFERENCES

1:0. Definitions. Consider a function f(z) whose values are
given for the values z,, z;, z,, ..., , of the variable z. These latter
values we suppose to be all different.

The divided difference of f(z) for the arguments z,, 2, is denoted
by [z,x,] and is defined by the relation
S(@o) —f (=) =f(w1) —f (o) —

To— T, z, — T, [21%o)-

(o] =
Similarly we define the divided difference of arguments z,, z, by

[2,2,] = '[‘(z;)l‘:f;;(:—z) )
and so on.

Two divided differences of two arguments having a common
argument can be used to define a divided difference of three argu-
ments. Thus the divided difference [zyz,%,] of the three arguments
Zg, &, T, is defined by
[zoz1] - [%%J — [#21] — [774] )

Tyl Ta] =
[o2y%,] To— T, To— T,

Proceeding in this way we can form divided differences of n+1
arguments when we have defined the divided differences of n argu-
ments. Thus *
[To®y ... Tp_y]— [®1%5 ... 2,] )

z, -,

[Ty ... 2] =

* Other notations are 6" (2, ... z,), 6% (z), f,(ze 25 ..., 2,;). It will be
proved in 1'3 that divided differences are symmetric functions of their
arguments so that the order of symbols within the bracket is immaterial.

M.T.C. A
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Put u(x) = a®*v(x). Then our equation becomes
H(E)(E-a)ra®v(2) = a*
Using the theorem of 2-43, this gives
a*fi@E)(@ E-a) v(z) = a?,
whence, since A = E -1,

1 1
o ho@) = g Rl EP TN TP

by our former method in 13-21. Hence
r arrl  aTr!
Ao = fisy = firey (o)

v(x) = (f);(:)—'(;') )

and the required particular solution is

so that

aw—f x(f)

= o)

Example 1. u(x+2)+a®u(x) = cosmz.

We have cosmz = R(e™*) where R denotes the real part.
Hence the particular solution is

emt:c
o) = g B = B (G o)

_ d*cosmz+cosm(z—2)
at+2a%cos 2m+1

Ezample 2. wu(x+3)—6u(r+2)+12u(zr+1) - 8u(z) = 2=
Here
fle)=(p=2)% f®(2)=3l,

=T = (o
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13-28. Case Ill, ¢(x) =a*R(x), where R(z) is a poly-
nomial of degree m, say.

J(E) u(@) = a® E().
Put u(z) = a®v(x). Then by 2-43,
a® f(a E) v(z) = a® R(x),
so that the equation becomes
flaE)v(2) = R(z),

which can be treated as in Case I.

Example.
(E-2E-1)u(e) =222

Write %(x) = 2% v(x), then
8(E - 1)*2E - 1) v(x) =
Av() = g AT
=1(1 2A+4A)902
L (x®— 4z +6)
1

=15)-s (D1 6):
v(@) ‘1(5) (4)+ <3>

and the complete solution is

u(x) = @ +2° {1172+£I)W3+$2 w4+i <§>—2 <z)+2 <§>} ’

13:24. The General Case. When the right-hand member
of our equation is not one of the forms already considered we can
proceed as follows. For simplicity of writing, we consider the
equation of the third order,

FE)u(@) =u(@+3)+p,u(@+2)+p,u(@+1)+pou (@) = ¢(2),

f() = P+ pyp*+p1p+Do-

22

Thus
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Suppose f(p) to have a repeated root p; so that

f(e) = (p—p1)*(p—p3)-
Then expressing 1/ f(p) in partial fractions, we have
1 4 B C

1 = et gt ——,
@ ) e-e (p—p)® p—ps
and we note for later usc that
2) Alp—ps)(p-p)+Bp—pa) +Clp—p)? = 1.

The given equation has the symbolic solution

(@) = 7 $@).

Using (1), we write this in the form

_ 4 _B _C 4@
(3) ul(w)_E—Pl¢(x)+(E-P1)2¢(w)+E—93¢(m)’

and we proceed to justify this process by shewing that we can
interpret the terms of (3) in such a way that the resulting function
does in fact satisfy the given equation.

With regard to the interpretation, we first postulate that the
relation

'(4) V(@) = m*ﬁ(w)
implies that
() (E —m)" () = ¢(x).

With this law of interpretation, we have

F(E) (@) = (E - e)*(E - ps) %y (@)
=[4(E - ps) (E—p) + B(E - p3) +C (E - p1)*] $ ()
= $(2),
since, by (2), the content of the square bracket is unity.
We have here made use of the commutative property expressed
by
(E-e)*(E - ps)v = (E - ps) (E —p1)?v
Thus we have shewn that (3) does in fact satisfy the given
equation if the operations be interpreted according to (4) and (5).
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It remains to carry out the operation (4), in other words, we must
find a (particular) solution of

(E -m)" (2) = ¢ (2).
Using the theorem of 2-43, this becomes
m®(m E —m)" [m=* (2)] = ¢(=),
which gives, since A =E -1,

Alm=y ()] = m= $(a),
whence, from 8-12,

va=m§ () mrs0an

c
Thus to find a particular solution of the equation
F(E) u(@) = ¢(2),

we express 1[f(p) in partial fractions ;
1 ~ Ap,r .
7o~ # Gy
the particular solution is then

where ¢ s arbitrary and may be chosen to have any convenient value.

The case m = 0 is an apparent exception.
If, however, m = 0, we have

fle) = ¢*£1(p)
and the equation becomes
H(E)u(e+k) = $(a).

Writing u (z+ k) = v (), we have an equation of the type already
discussed. This case is really excluded, since we postulated in 13-0
that py 0. No generality is gained by the contrary supposition.



13-24] WITH CONSTANT COEFFICIENTS 401

Example.
u(@+4)-2u(@+3) +2u(r+1)-u(z) =
Here
fe)=(p-1)*(e+1),
1 1 111
f@) 2(p-1)° 4(p—1)* 8(p—1) 8(p+1)’

and a particular solution u, () is therefore given by

@) = %g -1 At——g(”"i"l)%m

*lStAt"' -1)= 1 (_t') ‘At

z(w—f)-1>.%=’,’; _x<2+t>+t+3+%.

Also, we notice that the complementary solution is

w(—1)%+ o, + @, T+ w5 22,

so that terms of this type may be ignored. Hence
Uy () = L2 ¥ (z) - 32 ¥ () + 1 W ()
—1o¥ (@) +1 ¥ (o)
+3 ¥ (@) + 5 g (),
U (@) = ¥ (2) (322 -2+ §) + s 9 (@) ;
for g(z) see 11-31.
13:25. Broggi’s Method for the Particular Solution.*
Consider the equation
(1) Plu@)]l=u@+n)+payu@+n—-1)+...+pyu(®) = $(x),
where pg# 0. The characteristic function is
S@) =p"+Paygp™ 4 ..+ Py
Let

= _ = g+ 0y P+ oty P2+ ... .
f) 0T % P Ty P

* U. Broggi, Atti d. r. Acc. d. Lincer (6), xv (1932), p. 707.
M.T.C. 20
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Then
(2) 2%po=1 P+ Po=0, ogpy+oyPy+azpe=0, ...,
%o Pyt 0 Ppgt ety 1090=0,
0+ 0y Proy FOsyg Prgt oo +%unPe =0, (§=0,1,2,...).
If then .
ﬁgfgp Jlg(+s)]

be less than the modulus of the smallest zero of f(p), the series

(3) F(x)=agd@)+oyd(z+1)+oyd(x+2)+...
converges and F (z) is a particular solution of (1).
In fact

P[F (2)] = agpo b (@) + (g Py + 04 Po) p(@+1)+... = $(2)
from the relations (2). Now let
4) (@) = a* ¢ (x).
We have, from 2-5 (1),

Ya+s) = 4@ +(3) Av@ +..+(3) Ad ).

If we substitute this in (3), after collecting the coefficients of the
differences,

6) Pl =a[g@ 4@+ L7 @AY+ 5" @AV@ ...,

where it is supposed that a is not a zero of f(p).

When {(z) is a polynomial, the series for F(x) terminates and
F () is the product of a® and a polynomial.

But the expression (5) for the particular solution can still be
used even when { (z) is not a polynomial, provided that the series
converges, which will be the case in particular if

4 8 8
lim sup ¥ %g(”(a)Aq;(w) <1.
8§—>® .

It will be seen that the method is equivalent to expanding

1/f(@+aA)
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in ascending powers of A and contains the justification of this
procedure when it is applicable. Broggi proceeds to examine forms
which lead to factorial series, but we will not pursue the matter
further.

13:26. Solution by Undetermined Coefficients. In cases
where the right-hand side of the cquation has some particular form
it may be possible to guess the form of the particular solution and
obtain this by means of undetermined coefficients. This method
will succeed in particular if () = a®x (a polynomial in z). We
illustrate the idea with a few examples.

Example 1. u(x+2)—6u (z+1)+4u (z) = 10.

Try u;(%) = ¢, a constant,

¢c—bc+4c =10,

whence
c= -10,

u(x) = @, (3+./B)%+ wy(3 —4/B)7 - 10.

Ezample 2. u(x+2)—4u(z+1)+4u(z) = 2.
Here 2 is a double zero of the characteristic function. Com-
parison with 13-23 shews that we should expect

Uy (z) = 2z<a+bm+c(g>+d(§>>.

The terms 2%(a+bz) will appear in the complementary solution,

so that
= #(o(ea().

Hence we expect to find ¢ and d, such that

(o@D @Dt

(z+ 1)z, ,(z+1)z(z-1)

z(@-1) . x@-1)(z-2)\
+4<c — ~—+d———--6 -—) =z
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Since there is no constant term, ¢ = 0, and we see that d = 2

satisfies all the conditions.
Thus
u(x) = (w+ wp) 2°+ w(x— 1) (w— 2) 273,

Example 3.

w(@+3) +2u (@ +2) + 2u(z+1) + u(z) = 3

3
2@ 13 @-1)(@+2)
. 1 1 1 1
The right hand = i R il
This suggests putting v, (z) = Z}+ x——f—l, whence

a b 2a 2b 2a‘ 2b a, b

=1__1_+_1___1_
Tz 2+3 x2-1 z+2’
a=-1, a+2b=1,

2a+b=-1, b =1,
2(@+b)==0
These equations are consistent and are satisfied by b =1, = - 1.
Ao F®) = (e+1)(e*+p+1).

Hence u(z) = o (- 1)*+ oy 0%+ wy 0¥+ (xl 1)
where o, w? are the imaginary cube roots of unity. This example is
due to Markoff.

13:3. Particular Solution by Contour Integrals. We
consider the equation

(1) U(B+N)+Ppyu(@+n—1)+...+pou(x) = d(z),
whose characteristic function is
(2) f(e) = ™+ Pug ™ 4. +pp.

Let p;, pa) -+, px be the distinct zeros of f(p). About each of
these points we describe closed curves, say circles, which are exterior
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to one another. Denote by C the contour consisting of the aggregate
of the contours of these circles. We seek to satisfy (1) by

3) 0@ = gr | o108 Da,

where g(p, ), regarded as a function of p, is holomorphic inside and
upon each of the circles round the points p;, g, ..., ps.
The above expression will satisfy (1) if we have

1( , X
u(z+1) = 5 opmgj(’Pp) )dp,

u(z+n-1) =

27t ) c f@)
[ in19(p ?)
4) U (z+n) = o) o° + 17@ do+ ¢ ().

For, if this be the case we have, on substituting in the left-hand
member of (1),

$(@) +~——I (6" + Paa "1+ -+ Do) px'lgj(.‘z’p))dp,

which, from (2), is equal to

(@) I p*19(p, ) dp,

and the integral vanishes, since g(p, z) is holomorphic by sup-
position. Thus we have proved that u,(z) satisfies (1), if (4) be
true and if

27':1,

L esea9(p: 2 _ _
B) wle+s) = ‘,mJ.Cp + 76 de, 5=0,1,...,n-1.
Change « into z+1, then
U (z+s+1) = 1. Ic Pw+e~‘l(9’ 9_”_;'_1) dp.
But, from (5),

u(z+s+1)= —%Icpwﬂ !]_(_P,__)-’if) dp, s=0,1,...,n-2,
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and hence, by subtraction,

(6) —l—j 9021900 2) g o s _01,... n-2
C

om flp)
while
(7) g}ﬁ-‘.c pac+n--1 g_(_P>_m_+f1(_)§; gipj :1;) dp = ¢ ().

We can fulfil both these conditions if we take for g(p,z) a
solution of the equation

g, x+1)—g(p, ) = p~* $(2),
for

1 (e, _ _
2-;:—1;‘[0 7(e) dp=0, s=0,1,...,n-2,

since f(p) is of degree n and the residue at p = o of p*/ f(p) is zero.
On the other hand,

L[ erg@)de _
omile Flo - PO

since the residue is now unity at p = . Thus we have the theorem,

due to Norlund :

The linear difference equation with constant cbeﬁ’icients
F(E)u() = (@)
has the particular solution

= L[ 92
provided that g(p, x) be a solution of
Az9(p, %) = p~* ¢ (),

which is holomorphic inside the contour C, which consists of a set of
non-overlapping circles each of which encloses one, and only one, of
the distinct zeros of the characteristic function f(p).

1

Ezample. wu(z+2)-bu(z+1)+6u(z)= @)

Here

fe)=(p—-2)(p-3)
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and the equation for g(p, ) is
—z

which is seen by direct addition to be satisfied by
p—os

9o @)= 21 I(@ts+ x+s+1)

which is holomorphic in the neighbourhood of p = 2, p = 3.
Thus
1 1 1 et
—(?) = 2m'_[c< o2 oo s) 24 ['z+s+1) de.
Now, the residue of

1 1L

Thus

+...

—
p—
[
!___JI__E_J

T@+l) 2T(@+2) Pl (@+3)
A351P@; §) b1 Pl )

T - b

T T T TE
in terms of the Incomplete Gamma Function of 11-33.

13:32. Laplace’s Integral. If ¢(z) can be expressed
by means of Laplace’s integral in the form

¢(z) = L e* 1 d(p) dp,

where the path of integration L passes through none of the zeros
of the characteristic function f(p), we have the particular solution

_ [ ea¥(e)
ul(w)_IL lf(P)dp’

for in this case

JE) @ = [ o158 (o) do = (o).
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In particular, this method can be applicd whenever ¢(z) can be
expanded in a factorial series, for then ¢(z) can be represented
by Laplace’s integral.

Ezample. Consider the equation of 13-26, Ex. 3.
We have, if R(z) > 1,

3 . 3 _ 11 1 1
z(z+3) (z-1)(@+2) z-1 z z+2 2+3

1
— jo (pz—2+ pa:~1 - pz-}—l _ Pft+2) dp

=J.:)px—1<_‘1)+1_92_ 93>dp.

Also, f(p) = (p+1)(p?+p+1), so that we avoid the zeros of
Jf(p) if we take for L the segment (0, 1) of the real axis. Hence

ul(z) — Jl px”2(9+ 1)(1_:93)

o(p+1)(p2+p+1)

1 1 1
— z2—2 _ Az—1 — T . _Z
—Io(p pr e =~ =2

in agreement with the result obtained by trial in 13-26. The present
method, which shews why the trial succecded, would be applicable
even if the coefficients of the given fractions were not equal.

13:4. Equations reducible to Equations with Constant
Coefficients. Consider an equation of the type

u(@z+n)+ 4, Y@ u(@+n-1)+ 4, ¢(x) P(z-1)u(z+n—-2)+...
+A, @) P(@-1)$(@-2) ... $(x—n+1)ulx) = $().

Let
x
S log q’(t—”)Alt = y(z - n) + constant.
Then
x(@—n+1) = y(z-n)+logy(z—n+1),
and

eX(z-ntl) — Lp ((I) —n+ 1) eX(z-n),
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If, therefore, we put
u(z) = X Mo (z),
the equation reduces to
v(@+n)+d,v(@+n-1)+ ...+ 4,0(x) = ¢(x) e @,
and when 4,, 4,, ..., A, are constants, this is an equation with
constant coeflicients.
In the same way the equation

Y(@). d(@+1) ... d(z+n-1)u(z+n)
+4,¢@) . Y@+1) ... P@+n-2)u(@+n-1)+...

+An ¢ (@) ul@+1)+ 4, u(@) = (),
reduces to

v(@+n)+4,v(@+n-1)+...+4,0(x) = d(x) eX®,

if we put
u(x) = v(x) e X,
where
8 log ¢ (¢) At = () constant.
c
Example.

w(z+3)+a* u(r+2)+a?® u(x+1)+a® u(z) = al*’.
a¥* =a.0*.a*1, a3 =a’.a%.a*1.q%2

z z

8 logat-2 At =loga 8 (t=3) At
2 a

c c

= (} log @) (- 3) (x — 2) + constant.
Put
u(x) = at -3 -2 (),
Then
v(z+3)+v(@+2)+av(z+1)+adv(z) = ale,

a particular solution of which is seen, by Boole’s method, to be

( @
N(Z) = T o
1) = e e A
so that
ql(z?—62+6)
Uy (@) =

a—id4n-linlra3’
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13-5. Milne-Thomson’s Operational Method.* We now
consider an operational method of solution founded upon the
operator P-1, which was introduced in 2-6. The method is
applicable to those problems in which the variable z proceeds at
constant (here taken as unit) intervals from an initial value which
can be taken as zero without loss of generality. We then write

(1) Plu, =, j+Uy g+ ... +u +ug,

when there is no risk of ambiguity. Otherwise we can use the
notation

(2) P %= Upy+Up gt ...+
Then
A P! Uy = Uy,
but
P1Au, = Aus 1 +Auso+t...+Auy and thus
(3) P_lAuz = Uy — Up.

Thus A P4, = P~ Au, if, and only if, 4y = 0, in which case
no arbitrary elements are introduced and the operators A, P!
are completely commutative. It follows that A—lu, = P~lu,, if
the result of each operation vanish with .

Let X be a given function of . Consider the function u, defined
by the three conditions :

i) (A-a)u,=X;
(i) uo=0;
(iil) wu, contains no arbitrary elements.
Operating with P-*, we get from (i),
(1-aPYru,= PX,
so that we can write
(4) u,=(P-a)"X.

Now, from 2-562, we have

X = (A-a)ru, = (1 +a)= A[(1+a)=u,]

* Milne-Thomson, loc. cit. p. 38.
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and therefore comparing with (4)
(P-a)"X = (1+a)* P [(1 +a)*" X],

and hence, from 2:6 (6), we have the fundamental theorem of the
operaior P, namely,

(5) (P-a)"X(@) = (L+a) Paleen () £ 1) L+ ayer X0,

r—
where X (x) 1s any function of .

13-51. Operations on Unity. From the definition

(1) Pii=s=(}),

and, from 2-71, by repeated applications,

() p—1=(%).
Since # is a positive integer,

3) pP-=11=0.

From 13-5 (5), putting X = 1,
(P-a)'l1=(1+a)*P1(1+a)=1
4) =[(1+a)*-1]a™™.
Again,
l-aPYH(1l+aP1+a?P2+...+a* P71
=(l-a*1pP-=1)1=1,

and hence

PPal =(l+aP1+...4+a*P?)1
(5) = (L+a),
from (2).

Differentiating r—1 times with respect to a, we have

P —_ z x—r+1
(6) Boapl= (,7) @rapra,
This result can also be proved without difficulty by induction.
Again, from (5),

I—D—?H 1 = (1+a1)* =(1+ a?)} exp (iz tan~1 a).
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Hence
2
(7) P—E-i-——z 1 = (1 +a?)?! cos(z tan' a),
(8) PE: 5 1 = (1+a?)isin(z tan—' a).

The operation %%';—)) 1 where ¢ and  are polynomials, and the
degree of ¢ is not greater than the degree of v, can be interpreted
by expressing P(#‘/(?) in partial fractions. If (PA e be a typical
partial fraction, we have

$(P > _s4( @ -
Sl = St =24 o,

from (6). This is the extension to finite differences of Heaviside’s
Partial Fraction Theorem for the differential * operator 7.

13-52. Operations on a given Function X. The inter-

- X is given by 13-5 (5). Let
$P)_5 B

pretation of ( Pl oy

v(P)~ “(P-a)
$(P) B
v = Ep-ar
To each of the operations on the right 13-5 (5) may be applied.

Another method may be used if X be of the form (1+ a)® f(z), where
f(x) is a polynomial. We can expand f() in factorials so that

= (1+a)“”z‘4r-1(rzcl>
_ EB’<7f1> (1+a)=rit

_ P
=ZB 5 g1
* See H. Jeffreys, Operational Methods in Mathematical Physics (1931), for
the corresponding theory of the differential operator.

Then
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Hence
$(P) $(P) P
vy X B, 50 o oy
P
=2C,- (P=by 1, say,

which is interpreted in terms of operations on unity. For example,

P-1)g,,._9(P-1 (8 . G;) 9224 9 . 2:c—1>

P+2 P+2
_ 9_(9:1) 8P
="pi2 (Pt e

24P ‘>P 1+ 2P
“P-1m' Tp-1Tpia!
= 3x.22+2 22+l 4 2 (- 1)=,
13-53. Application to Linear Difference Equations with

Constant Coefflcients. The general equation of order » in one
dependent variable is

n n—1 r
(1) A AUt Cuy A Upt oo+ AUpt...+agu, = X,

where the a, are constant and X is a function of z only. Since

At = [0 +A) =110y = iy = (] asra oot (= 1,

(1) can also be exhibited in the form
bpUgintbngUpin gt oo tbpthp,+ .. +byu, = X.

This is the form which generally arises in practice. It may be
converted into the form (1) by the formula %,,, = (1+ A)" u,.

Taking the form (1), we obtain the operational solution in terms
of the initial conditions

Avg=1t,, (r=0,1,2,...,n-1)

by continually operating with P~ until we arrive at an equation in
which the operation A does not occur. Each operation with P-!
introduces initial values and depresses the order by unity. The
final equation in which A does not occur is solved for u, in terms
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of P. The interpretation of the operations gives the value of %, in

terms of the initial values.
The method, which is quite general and which applies also to
simultaneous equations, is best illustrated by examples.

The equation of the first order.

Auy=au,+X,
Uy —uy = P1(au,+X),
P 1 ¥

U=p g%t
=ug(l+a)*+(1+a)* P [(l+a)=1X].
The equation of the second order.
Aty (a+b) Auy+abu, = X.
Denote by v, the initial value of A %, :
Auy—vo—(a+b) (us—up) + Prabu, = P X,
o= ttg— P105— P1(a-+0) (u,~ up) + P2 abu, = P-2X,

P2uy— P (a+b)uy+ P v, I
“ET T P-a(P-b) T (P-a) (P07
_v-buy P* v,-au, P 1 1 1
="Tb Poaazb P-bTab (p_"a‘p-‘b)X
_:vi_b_%(l_* )z~ "0 :’;‘_0(1+b)x

0t P sa=1x]

S Py x),
If a=0,

(vo—au) P, Pu 1
“=(P-ap TP-at(P-ap¥
= (vo—aug) z(1+a)*1+uy(l+a)®
+(1l+a)* P2[(1+a)*2X].

* When no operand is given, unity is to be understood.
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13:564. Simultaneous Equations.
Au+av, = X,
Av.+bu, =0,
Uy~ ug+Plav, =P 1X,
V,—vo+ P tbu, =0,
_P?u~Pay,+PX _ P%v—-Pbu,-bX

2T T piigy 0 Y P-ab
which can be interpreted as before.

13:55. Applications of the Method. Probability.

A coin is spun n times. The probability of its shewing head at
the first spin s p’; while at any subsequent spin the probability
that the coin shews the same face as at the previous spin vs p. What
ts the probability that the coin shews head at the nth spin 2 *

Let u,_; be the required probability. Then u, = p’,
Uny =P Un_g+(1=p)(L-u,),
Atpg=(Cp-2)tp+1-p,
Up—p = P12p-2)u,+P1(1-p),
P 1
ﬂ= O 6-+ I RS 1_
= plap-ntp-@pog P
’ 1 —}7
J— DI — n R & < - n__
= p@p-1r+y T [ep- 110,
Ung = 3+ (2p-1)" (P~ 3).
If p" =3, thisis § for all values of n and p.

Geometry.

A, B, C are three spheres each outside the other two, and a
point P s taken inside A. The inverses P', P of P are taken in
B and C. The inverses of P’ are taken in C and A, and of P in
4 and B, and this process is continued. Shew that of the 2™ points
which arise from P by n inversions, %(—1)"+ %2 lie inside 4.1

* W. Burnside, T'heory of Probability (1928), chap. ii.
+ This problem is taken from an examination paper set by Professor W.
Burnside at the Royal Naval College.
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Let u,, v,, w, be the number of points which lie inside 4, B, C
respectively and which have arisen at the nth stage.

Then ug=1, v5=0, wy=0,
Upsy = Upt Wy, VUpyy = WyptUy, Wy = Up+ 0y,
so that Avp+u,—v,—w, =0,
—Up+ A v, +v,—w, =0,
—Up—Vp— Aw,—w, =0,
I+PNu,-Ptv,-P 1w, =1,
~Pup+(1+ P v, - Pl w, =0,
-Plu,-P1lv,+(1+P'w,) =0.
Solving for u,,

W _ P(P+2P)

" (P+2EP 1)
_ P, 2P
3(P-1)"3(P+2)

b2 g (-1

Dynamics.
Two equal perfectly elastic spheres of masses M, m (M > m) lie on
a smooth horizontal surface with their line of centres perpendicular to
a smooth perfectly elastic wall. The sphere of mass M 1s projected
towards the wall so as to tmpinge directly with velocity V on the
sphere of mass m. Find the velocities of the spheres after the nth
tmpact between them.
Let u,, v, be the required velocities of M, m respectively measured
positive when towards the wall.
Here uy =V, v,=0 and
M (un+1 - un) +m (vn+l + vn)
Uny1 U — (Vngg — Vn)
MAu,,+m(A+2)v,, =0,
(A+2)up—Av, =0,
Mu,+m(1+2P ) v, - MV =0,
(1 +2P_1) Up—Vp— V=0,

= 0,
= 0.

That is
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so that
_ (P2+2P)mV+P2MV
"7 (M+m)P2+4m P +4m’
_ (P*+2P) MV - P*MV
T (M A+m)P2+4m P +4m”

Now
(M+m)P?*+4m P +4m = (M +m) (P -«) (P -8),

— 2m+ 21~/ Mm
where U= —
M+m

—2m— 24.~/Mm
B=—"Tm
_(M+m)at2m PV (M+m)
T (M4m)(e-B) P -« (M+m)
2M [PV PV:I
~(M+m)@-B)LP-« P-B
U, =V [(A+o)"+(1+)"],

1= AL (187

A’G:
w
'U
<

M-m
If COSQ—MT,;;L,

140 =cosO+7sin0,
1+pB=cosO—1sinb,
50 that U, = V cosnb,

Vy = \/% V sin n0,

and the total energy is § MV?, as it should be. It will be noticed
that when n0 first exceeds 4 = the more massive sphere is moving
away from the wall.

Energy.
A particle starts from a point A, with energy E and passes
successively through the points A, Ay, A, .... At the points A,y

it absorbs a quantity q of emergy, while at the points A,, it loses
half its energy. Find the energy at the point A,.

M.T.C. 2p
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If u, be the required energy,

Ugpry = $Ugp 1+,
Up, = } Up, o+ 14

Hence Uoso = huat 4 [3= (= 1)7),

P+3
1P

ug==FE, Ausg=gq.

Operating successively with P,

b ZEPLUEWP P
2P2+4P +1 CP2+4P +1)(P +2)
_2@+2)E-2(+2)g P__2(8+2) E-2(8+2)g P

or . 2A%2u+4 Augt+u, =

S 2(x-p P-« 2(x—P) P-8
—%Q‘PPIZ"'%%

where R B = 5

After reduction,

ue=1E-g| (J) Va0 - (- )71+ 14 (- 12Dy

+3¢[3-(-1)*].
Hence for large values of x the energy is alternately ¢ and 2g,
nearly.
The linear oscillator with discontinuous time.

The Hamiltonian of a linear oscillator of mass m, momentum p
and displacement ¢ is

p2
H=1T ke,

the equations of motion being

o0H _dgq_p
op dt m’
0H  dp

E I
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If we suppose a minimum time interval to exist so that time
can only increase by integral multiples of this minimum interval
o, we may tentatively generalise the above equations into

Aeq = ;,Z:',’
Avp = - kq,
where Ay u, = e 7Y

G

Changing the independent variable to # =t /o, these become

=Po
Ag= m’
Ap=-ockq.
Thus P“lp——q—i-qo_O
Pp+Ploky—p,=0.
These give
p= —-%;—ckqo
P2+-— P2+
P2g, 0P
1= =" w 5 o
2, OW 2 OF
p:4° ™ P
¢
p=1° <p0 cos li) — gon/mk sin tg},
¢ 9 Po .. 10
q_rv<q0008—‘+~/—”(:/‘l;8m6),
where r2=1+9—k, tanf = o /—k—
m Nm

14
. T . .
The coefficients of 7o are in general not periodic, since -5 is

not in general integral. But we recover the ordinary periodic
solution for continuous time when o—0. If we calculate the

Hamiltonian, we get ,
2 t

# = (384 hhggt) ro = Hore,
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which increases with ¢. It may be observed that the function
Hr-2tle

remains constant and might tentatively be called energy. This

suggests replacing p and ¢ by

p =prto, ¢ =qrt.

13:6. Simultaneous Equations. In 13-54, 13-55 we have
seen how simultaneous equations can be solved by means of the
operator P when the variable is an integer. In general, to solve
such equations in, say, two dependent variables, we could proceed
to eliminate one of them and then solve the difference equation
satisfied by the other. We illustrate the procedure by an example.
Consider

Upyy + 205, —uy, =0,
Vppq — 2Uy— Vy = Q%
We write these in the form
(E"l)uz"l'zEvm =0,
~2u,+(E - 1) v, = a7,

whence [(E-12+4E]%, = - 2E a,
or (E +1)%u, = —2a=+.

Th 1)e 2a%+1

us U, = (w+z o) (-1) NCE
From the first equation,
20,4 = - Ay,
and therefore
a*(a—-1)

v, =(w+3w,+ @, ) (- 1)’+——(a+—1—)2—-
13-7. Sylvester’s Non-linear Equations. The solution of

two types of non-linear equations has been deduced by Sylvester

from the solution of linear equations with constant coefficients.
Consider

(1) Uzint+ Png Ysinyt .o+ PoUs =0,

where the coefficients are constant. The solution is
(J

(2) Uy = 2 o, o,

8=1
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where the «, are the zeros of the characteristic function, so that
0y &y ... Oy = (—1)% pg.

If we write down (1) for z+1, z+2, ..., z+n and eliminate p,,
D1y oo+ s Puys We obtain the non-linear difference equation

Ugin Ugin-1 -+ Ug
(3) z+n+1 x+n z+1 — 0'
Uzien  Uzion-1 -+ Uzen

Since (2) satisfies (1), it also satisfies (3), but since pg, Py, -++ 5 Pn_ys
on which the values of the «, depend, do not appear in (3),
we may regard the values of «, as arbitrary. Thus (2) furnishes
a solution of (3), the values of «, being now arbitrary constants.
The formal character of the solution given by (2) will not be altered
if we replace the a, by arbitrary periodics. Thus we have a solution
which contains 2n arbitrary periodics.

The other type of equation is obtained by writing down (1) for the
valuesz+1,z+2, ..., z+n— 1 and then eliminating p,, ps, .+ , Pn_y-

This gives

uac+n u:ﬂ-n—l et ua:+l uz+n—1 ux+n—2 s Uy

Uzintr Ugin cee Upyp _ ( 1)"]) Ugin Upin-1 -+ Uznn
—\~ 0

Upian-1 Ugizn-2 + -+ Upin Upton—2 Uzien-3 -+ - Upin-a

Calling the last determinant K(z), we have

K(z+1) = o 0t ... 0, K (2),
whence
K(x) = w. (005 ... a,)%

Now, using (2), we have for K(z) the determinantal product

wy o Wy o3 e WOy AR T |

it wmeadtl ... myelt? N af lal 2. a1
z+n -1 z+n-1 z+n-1 n-1 n-2

Wy o Wy 0y e Ty Oy oy Oy o, 1



422 THE LINEAR DIFFERENCE EQUATION [13-7

so that
K@)=-o,my... 0,(ct;05... an)".];['(a,-— o;)%
i>j

Comparing the two expressions for K (z), we see that the differ-
ence equation

Upin-1 Upin—2
= wm®,
Upion2 Ugson-3 -+ Ugpn
where w is a given periodic, has the solution (2) where

®@,, Wy, ..., W, are periodics and «;, as, ..., «, are constants, which
can be arbitrarily chosen subject to the two conditions

— @ By... By [] (20— ;)2 = w5,
1>
Uy Ol oee Uy = M.
Thus n—1 of the constants can be replaced by periodics and we
have a solution involving 2n — 2 arbitrary periodics.

Example. Upyp Uy~ U1 = @,

where a is a constant or a periodic.
This can be written

Upr1 Uy
= —Q y

ux+2 ua;+l

and therefore has the solution
U, = w, "+ w, %,
where
af =1,
my wy(x—B)? = a,

so that we have
. a %+
Uy = TA +(I_l)§;’
where @ is an arbitrary periodic and « an arbitrary constant.
If this be a solution when « is an arbitrary constant, it is likewise
a solution when « is an arbitrary periodic. The solution may

therefore be regarded as containing two arbitrary periodics.
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The equation can be regarded as arising from

Uppy +P U+ Uy =0,
whence
Upigt PUpyy+ Uy =0,

so that, eliminating p,

uz+12 —Ug Ugyp = uxz —Up_y Up g = constant.

13-8. Partial Difference Equations with Constant Co-
efficients. Let u be a function of the two independent variables
z,y. Taking the increments of z, y to be unity in each case we

have, as in 2:105,
Aou = u(@+1,9)-u(®, y), Ay =u(z,y+1)-u(z, y).
It is also convenient to introduce operations E ., E , defined by
E.u=u(z+1l,y), E,vu=u(zy+1).
Then
1+A: 7 Eer 1+AvTEos.

It is clear that the operators A, A, are commutative, that is,

Aa:Avu = AvAzu-

If then F (A, ) be a bilinear form in A, u whose coefficients are
independent of x and y, a difference equation of any of the forms

1) F(As; Au=0, F(E:, E))u=0,
F(Aa:’ E‘v)uzo’ F(E:u Av)u"_'O;

is a partial difference equation with constant coefficients. A more
general type of such equations is

F(Azs Av)u= [z, y)

where f(z, y) is a given function.

We can obtain formal symbolic solutions of equations of the
forms (1) by the following device. We first replace A, or E, by a.
There results an ordinary difference equation in which a figures
as a parameter. Having obtained the solution of this we replace
a by the operator which @ represents and interpret the solution.
The method will be understood by considering some examples.
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Example 1. u(x+1, y)—u(z, y+1)=0.

This is equivalent to

E:«u-E,u=0.
Writing a for E,, we have
E.u—-au=0,
a solution of which is
u=a*¢(y),
where ¢(y) is an arbitrary function of y and is written after the
symbol a®.
Thus

U= (E,,)”(ﬁ(y) = ¢($+y)’

which clearly satisfies the given equation.
If @w,(x), wy(y) denote arbitrary periodic functions of , y of
period unity, it is evident that

U = (%) m(y) $(2+)
is also a solution, which is more general, in that @, (%) w,(y) is not
necessarily a function of z+y. We can replace this product by
@ (2, y), an arbitrary function periodic in both variables.
Arbitrary periodic functions can always be introduced in this way
into the solution of an equation of the types (1), but, for simplicity,
we shall ignore them.

Example 2. u(z+1, y+1)—u(z, y+1)-u(z, y) = 0.

This equation can be written

EvA:cu'“u =0.
Replacing E, by a, we have
aA;u—u=0,

a solution of which is

u=(1+a7)*$(y),
where ¢ (y) is an arbitrary function, again written last. Thus

(2) u=(1+E; )¢
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Developing by the binomial theorem, we have

=@ +(D)s-1+(3) dy-2)+....

The series terminates when 2 is an integer.

If, for example, we are given the initial condition that, when
=0, u = e™, we have

u=em {1+(T> e‘"'+<;> e2m4 }

=e™ (1+e ™2,

An alternative form of the solution is obtainable as follows. We
can write (2) in the form

u=(Ey+1)°E,*¢()
=(Ey+1)"¢(y-2),

whence, developing as before,
(3) u=¢(y—w)+(910>¢(y—w+1)+<§>¢(y—x+2)+....

13-81. An Alternative Method. Let us again consider the
equation

u(x+]’ y+])—u(x: ?/+1)—“(w: ."/) =0.

Assume that
u=XCa®bv,

where the summation extends to an unspecified range of values
of a and b. Substituting, we have

Z(ab-b-1)Ca=bv =0,
so that the postulated form is a solution, provided that
ab-b-1=0,
which gives @ = (1+0) b-1 and we have the solution

u = X C(1+b)*bv—=.
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Since C is perfectly arbitrary, we may replace C by ¢(b), where
#(b) is an arbitrary function, and the summation may be replaced
by an integration. Thus we have

w= j“’ b= (14 b)* b (b) db.

In this expression ¢(b) being perfectly arbitrary may be taken
to vanish outside any specified interval of b, so that we can take
for limits of integration any pair of arbitrarily assigned numbers
and still obtain a formal solution. If we expand (1+5)* and then
write

V() = rw b () db,

we obtalin
w= (-2 +())p-ot )+ (3) Y y-a+2)+..
which agrees with 13-8 (3).
13-82. Equations Resolvable into First Order Equa-

tions. Consider the equation

2 2
Azu(@-1,y) = Ayu(x, y-1).
Replacing u(z, y) by u, we have successively

2 2
(A:E;'-AE; Hu=0,

(A-Es-AEdu=0,
(E2E,+E,~EJE.~E.)u=0,
(E:E,-D(E.-EJ)u=0.
The last equation is resolvable into the two equations
(E:Ey-Du=0, (E:-E,)u=0.
The first gives
E.v=E; 'w

of which a solution is

u=(E; )¢ = y-2)
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and the second, see 13-8, example 1, gives

u=¥(y+z).

Thus the general solution is

u= ‘DJ'I({E, ?/)‘f’(?/“”)*‘wz(z: y) \/’(y""z)’

where @,, w, are.arbitrary functions periodic in both x and y with
period unity.

13:83. l.aplace’s Method. Consider the equation
Agu(r, y)+Ayu(@-1, y-1)+ 4, u(z-2,y-2)+...= V(z, y),

where A4,, 4,, A,, ... are independent of the variables and ¥V (z, y)
is a given function. The characteristic property of this equation
lies in the fact that the difference of the arguments in any one
of the functions %(z—s, y~s) is invariant for s =0, 1, 2, ... and
equal to z- y. Putting

z~-y==Fk uy) =ulx z-k) =0y,
the equation becomes
Agva+ A0, 4+ Agv, g+...= X,

which is an ordinary equation with constant cocflicients. We solve
this and then replace £ by z—y and the arbitrary periodics by
arbitrary functions of the form

w(w’ y) tﬁ(fl)— y)’
where @(x, %) is periodic in z and y with period unity.

Ezample. A and B engage in a game, each step of which consists
in one of them winning a counter from the other. At the beginning
A has x counters and B has y counters, and in each successive
step the probability of A’s winming a counter from B is p, and
therefore of B’s winning a counter from A is 1—p. The game is
to terminale when either of the two has n counters. What s the
probability of A winning ?

Let u,, , be the probability that A4 will win, any positive integral
values being assigned to z and y.
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Now A’s winning the game may be resolved into two alternatives,
namely,

(i) his winning the first step and afterwards winning the game, or

(ii) his losing the first step and afterwards winning the game.

Thus
Ug,y = P Ugsg, y-1+ (1= P) Usq, y43-
In this equation the sum of the arguments in any particular
term is z+y. We therefore use Laplace’s method and put

T+y = k, Ug, y = Vg,
which gives the equation

~ PV~ (1-p) vy =0,
which has the solution

Vy = wl+w2<-——P~£> 5
and hence
Uz, y = ©1(2; §) $(2+Y)+ @ (2, y)(——) V(z+y)

In the present case the variables are positive integers, so that
the arbitrary periodics are constant and can be absorbed into the
arbitrary functions ¢, . Thus

e,y = plori)+ (22 wle ),

and we have to determine the arbitrary functions.
The number of counters % is invariable throughout the game.
Now A’s success is certain if he be ever in possession of » counters.
Hence, if £ = n, u,, , = 1, and therefore

/1— P n
H50) v
Again, A loses the game if ever he have k—n counters, for
then B has n. Hence, if © = k-n, u,, =0, and therefore

0= ¢(74)+(1—§£)k""xp<k>.
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Putting

_1l-»
q9= 7 ’
we obtain
e S p—
qs qk-—n ’ \lb - qn — qk-—n :
whence ;
gnr—1

Uz, y = ‘q‘ﬁ:z:y*_—l‘

_ = (-prypr

- p2n——m—-y (1 p)Zn—-z—y 4

which is the probability that 4 will win.

EXAMPLES XIII
Solve the difference equations :
1. Upyg— BUyyy — 4u, = m2.
.« Upyot 4y +4u, = .
 Ugyot 2y + U, = (@ - 1) (0 - 2)+2(~1)*

. Upyo— 2M Uy g + (MP + nB) u, = M=,

2
. Auz+Au, = z+sinz.

3
. Au.—5Auy+4u, = 2%(1 +cos ).

2
3
4
5
6. Uy q— OULo+ 8Uyyy — Bu, = 22+ (- 3)%
7
8 6
8. AUz —2Au, =x+3%
9. Uy g t+nu, = cos mz.
10. w4 +20% Uy g+ ntu, = 0.
11, Yppp g+ Uppn ot ... +u, =0.
12. uguZ ur = a.
13. vy —uy = (I-m)x,

Wary— v, = (M=),

Uorr =05 = (n=1) .

429
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14. Uy — v, = 2m(z+1),
V= hy = — 2m(z+1).
15. wy o+ 2v,,,— 8u, = a?,
Vasg — Ugyy — 20p = 077
16. Solve the equation
Uy Uyy Ugrg = O (U + Ugyy + Uz yp)
by assuming u, = o tan v,
17. Shew that the gencral solution of the equation of Ex. 16

is included in that of the equation u,,,—u,=0, and hence
deduce the former.

18. Solve the equation
Ugyy Unigt Ug o Up+ Uy Upyy = MP.
19. Solve the equations
Ugyy = (N —MP) Vgt Uy,
Vgy1 = (2m+1) v+ u,,
and shew that if m be the integral part of \/n, u, /v, converges
as x increases to the decimal part of ,/n.

20. If a, be a fourth proportional to a, b, c; b, a fourth pro-
portional to b, ¢, a; and ¢, to ¢, a, b; and if a,, by, ¢, depend in
the same manner on a,, b;, ¢;, find the linear difference equation
on which a, depends, and hence shew that

a, = a(bc a—2)§"““2)n.
21. Solve the equation
Upss Uzeqg Uzss
Ugrg Uz Uzpe | = C,
Uziz Upsa  Uzyg
and consider in particular the case C = 0.

22. If vy, vy, vy, ... be a sequence, the successive terms of which
are connected by the relation

Vm+1 = U1V — V>
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and if vy, v; be given, prove that

2 cosa cosm o — vy sin(m—1) «
m Tl T T T

Y '
where v; = 2 cosa. [Smith’s Prize].

23. If » integers be taken at random and multiplied together in
the denary scale, shew that the chance that the digit in the units
place will be 2 is

HE -G
24. Shew that a solution of
Ugin Ugin-g - Ug = @ (uac+n +Uppng e )
is included in that of %, ., — %, = 0, and is consequently
Uy = Wy 0%+ Wy a2+ ...+ @y AP,

where « is an imaginary (n+ 1)th root of unity, the »+1 periodics
being subject to an equation of condition.

25. A person finds that his professional income, which for the
first year was £a, increases in Arithmetical Progression, the common
difference being £b. He saves every year 1/m of his income from
all sources, laying it out at the end of each year at r per cent.
per annum. What will be his income when he has been = years
in practice ?

26. The seeds of a certain plant when one year old produce
ten-fold, and when two years old and upwards produce eighteen-fold.
A seed is planted and every seed subsequently produced is planted
as soon as it is produced. Prove that the number of grains at
the end of the nth year is

A -G53}
where a = 3 /17.

27. A series is formed by taking each term as the arithmetic
mean of the three terms preceding it. Shew, if u,, be the nth term,
that when n is large

Up = 3y + JUs+ 34, nearly.
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28. Three vessels contain water. Of the contents of the first, 1/p
is transferred to the second, 1 /¢ of the second is then transferred to
the third, and then 1/ of the third is transferred to the first. The
cycle of operations is repeated many times. Shew that the fraction
of the whole volume of water which the first vessel then contains is
nearly

__p
ptg+r—2

29. Two closed vessels 4 and B each containing gas are connected
by a sliding shutter which is opened for ¢ seconds and then closed.
This operation is repeated a large number of times. Each time the
shutter is open 1/a of the molecules in 4 penetrate into B, while
1/b of the molecules in B penetrate into 4. Initially there are
p molecules in 4, and ¢ in B. Find the number of molecules in
each vessel after the shutter has been opened n times. Shew that
after a long time has elapsed the number of molecules in 4 and B
are in a fixed ratio, nearly. [Royal Naval College.]

30. A circulating library is started with b books. During each
year 5 per cent. of the number of books which were in the library
at the beginning of the year are added to it. At the end of every
third year 10 per cent. of the books are worn out and are destroyed.
Shew that at the end of » years the number of books is

30k [1+ o+ +c(l+ 02+ 02 H) 4 ¢ (1 + o™l + o) |,

where 9¢® = 10, k = 21 /(20c) and o is an imaginary cube root of
unity. [Royal Naval College.]

31. A large number of equal particles are attached at equal
intervals % to a massless inextensible string. The first particle is
projected vertically with velocity V and the particles start one by
one into vertical motion. Shew that the nth particle will rise from
the table if

3V2>ghn(n-1)(2n-1).

32. A curve is such that, if a system of »n straight lines, origin-
ating in a fixed point and terminating on the curve, revolve about
that point making always equal angles with each other, their sum
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is invariable. Shew that the polar equation of the curve is of
the form

r=a+ o, cos 0+ w,cos20+...+w,_;cos(n—1)0,
the fixed point being the pole. Shew in particular that the curve
(@2 — b + y2)2 = a®(2®+ y?2)
satisfies the required condition.

33. Find the curves in which, the abscissae increasing by the
constant quantity unity, the subnormals increase in the ratio

1/, and shew that
y¥=ba"+c
is such a curve.

34. Find the general equation of curves in which the chord drawn
through the origin is of constant length.

35. Find the general equation of the curve in which the product
of the two segments of a chord drawn through a fixed point shall
be invariable, and shew in particular that

r = g etin®
is such a curve, a? being the invariable product.
36. Upyy,y— Uz, g1 = THY.
37, Ugyy, yin—Ug,y = V.
38. Uy, y— 02Uy, 40 =0.
39. Ugyg, y— 3 Uarg, ya1t 3 Ussy, yao— Uz, y43 = T-
40. u(z+1,y+1)~au(z+1,y)—bu(z,y+1)+abu(z, y) = c=tv.
41. u(z+3,y)- 3% u(z+1,y+2)+au(z, y+3) = 2y.

42. The probability of a coin falling head is p. What is the pro-
bability that at some stage in » consecutive spins the number of
heads exceeds the number of tails by r ? [Burnside.]



CHAPTER XIV

THE LINEAR DIFFERENCE EQUATION WITH RATIONAL
COEFFICIENTS. OPERATIONAL METHODS

AFTER equations with constant coefficients the linear equation
whose coefficients are rational functions of the independent variable
ranks next in order of simplicity. Boole devised a method of
symbolic operators for attacking the problem of solution of such
equations. By generalising the definitions * of these operators it
is possible to apply the method to a well-defined class of such
equations and to obtain solutions in Newton’s factorial series in
much the same manner as power series solutions of differential
equations are obtained by the method of Frobenius.

14-0. The Operator p. Given a fixed number r and an arbi-
trary number m, the operator p is defined by the relation

D(z—7+1)

Te-r-m+E %@

M pmu(2) =

This is a generalisation of the definition given by Boole which
corresponds to the case r =0, m an integer. In particular, for
m=1, 0, -1, =}, we have

pu@) = (-rju(z-1),
% u () = u(x),

plu(z) = er¥l u(z+1),
ptu(z) = gg::{—_{;u(xﬁ—%)

* 1. M. Milne-Thomson, On Boole’s operational solution of linear finite
difference equations, Proc. Cambridge Phil. Soc. xxviii (1932), p. 311.
434 ’
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If, for brevity, we write

(2) z—r=2a,

the above definition becomes

o u(z) = I‘(Ia::(i'rla,:—)l) E-"u(@).

The operator p™ is clearly distributive. That the index law is
obeyed is easily seen, for

I o T'@+1) af TE+1) 3 ]
@) = po e ) E T bty @)
(2" +1)

— _ _ _ — in /
'_l‘(w’—m—n-i-l)u(“v m—mn) = p™tny(x).

If the operand be unity, we shall omit it and write

" F(’IJ +1)
TP —m+ 1)

Hence, when » is a positive integer, we have
pmtt = (&' —m) (@' —m—1) ... (& -m—-n+ 1)@ +1) /T (@ -m+1),

1 [ +1)
(@ —m+1)(@ -m+2) ... (@ —m+n) (@ —m+1)"

pm n —

It follows that a series of the form

n-1 m+ﬂ—1+ et aq pm + bl prrt—1+b2 21 pm—2+ ...

O miny 9n
n!pm i F(n—l)!P

is equivalent to
P@E'+1) [ (2'—m\ ' —m
@ -m+1) ™ < n )}-a"‘1<n—l)+'”

by 1! . b, 2!
T-mt1 (@ —mil) (@ —m+2)

—

while a series of the form

a a
a, p"‘+~1}p'"“+;j pmiZ 4 L.
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is equivalent to

I'(2'+1) { z’ —m ' —m ' —m }
ITw“,“_—*'—_m_i_l) ao+a1 1 >+“2 92 )+a3 3 )"I‘..- .

In this way we can, apart from the Gamma functions, express
factorial series as series of powers of p operating on unity. Con-
versely, a series of powers of p can be interpreted by means of the
above results.

14-01. The Operator w. The definition of &t is

mtu(x) = (x—r)_Alu(x) = (u(x)~u(x—1)).

Boole’s definition corresponds to r = 0. It should be particularly
noted that just as a fixed number 7 is associated with the operator p,
so we associate the same number with the operator = in all cases
where 7 and p both occur in the same work.

The operator = is distributive and can be repeated. Thus we can
interpret w?u (), n"u (x) where # is a positive integer. The index
law is clearly obeyed, and = commutes with constants. Thus, if f(})
be a polynomial, the operation f(w) has a perfectly determinate
meaning. Morcover

f(m) g (m)u (@) =g (x) f(m) w(2),

where f(A) and g (A) are any polynomials.
We can now prove that, if n be a positive integer,

7" o™ u (2) = p™(m+m)" u ().

We have from the definitions

momu(z) = o’ {F(—I:;,(aj;;bi)l—)u(w—m)—r—(ra;,(xj,)m—)u(z—m— 1)}
= P(—Fw,@i%i)»l—){w’u(x—m)—(x'—m)u(:c—m—l)}
= P_—_—(I;‘vgsfr—;?l) E-"{@+m)u(x)—2 u(z-1)}

= p™ (n+m)u (z).



14:01] RATIONAL COEFFICIENTS. OPERATIONAL METHODS 437
Repeating the operation,
mp™u (2) = w[p™(n+m) u(2)] = p™(w+m)[(r+m)u(2)]
= pm(m+m)u (),
and continuing thus, the required result is proved for any positive
integral index n.

From this we can infer the more general result that, if f(A) be a
polynomial,

f(m) pmu (@) = pmf(m+m)u(z).

14:02. Inverse Operations with n. The equation
nu(z) = ¢(z)

has the symbolic solution u (z) = n~1¢(x) and also the particular
solution

w@) = § ;404

c

so that a possible interpretation of =1 is given by

3 1
wig@) = § 560 ALC,
which gives ’

ot (2) = ¢ (o)

If we use this interpretation, we have, from 8-1(6),

z
wing@) = 8,101 A S0 | At+C=$@+E,
where K is a constant whose value depends on the particular
value attributed to . We shall suppose C to be so determined
that K is zero. If this be done, ® and =! are commutative
operations.
We therefore make the following definition :

z

(1) @) = S 2 40ALC,

c
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where the constant C is given a particular value which makes

win (@) = $(a).

In practice it will seldom be necessary to determine C, but the
above definition enables us to attach a precise meaning to ! and
thereby gives a wider range of application to this operation.

We can now interpret =™ when n is a positive or negative integer,
and we have for all integral values of p and n

7P T () = TP ().

To interpret (w-+m) 1 u(x), we have, from 14-01,

(m-+m) o [mt pmu(2)] = o™ = pm () = u (o).

Thus a possible interpretation of (7w+m)-tu(x) is
@) (r-+m) T 4 (z) = -t o™ u(2),
and if we adopt this we have just proved that

(+m)(m+m)tu(r) = u(z).
Moreover, (2) gives
(m+m)Hr+m)u(x) = p ™™ [ (m+m)u(x) ]
Zp ™l womu(z) = u(z).
Thus, with the interpretation (2), we have
(7 +m)~(m+m) u () = (4 m)(z+m) L u(z) = u(z),
so that the interpretation (2) makes the operators w+m, (x+m)-1
commute, and this interpretation is therefore suitable inasmuch as

it preserves the commutative property of = and =~! when m = 0.

It follows at once that, when p and n are integers,

(r+m)?(t+m)"u = (T+m)Pt" u.

From the commutative property of the direct and inverse opera-
tions we have the important result that if f(A), g(A) be two rational
functions of A, then

f(m) g(m) u = g(m) f(m) u,
and further that, to interpret f(m) u(z), we may express f(A) as
the sum of terms of the form A A", B(A—b)™ (that is, we may
use the method of partial fractions). Thus we see that f(w) u(x)
is the sum of terms like 4 =" u(z), B(w—b)™ u(x).
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14-08. The Operators w; and p,. These are defined by the
relations

mu(@) = o Au(@) = o’ {u(e+1)-u(2)),

'z’ +m ,
PP u(z) =" (F(J;f)—) Emu(), 2’ =z-r.

With the necessary modifications in the definitions the results
which we have already obtained for the operators = and p apply
to the operators m, and p;, and it will be unnecessary to repeat the
arguments.

Further generalisation can be made by substituting A for A in

the definition of x, and a corresponding change in the definition of p.
The cases which we consider are those in which @ =1 or o = -1.

We shall now proceed to prove some general theorems for the
four operators =, p, m;, p;. The theorems will be stated for both
sets of operators, but will be proved only for 7 and p. The reader
will have no difficulty in supplying the proofs for =, and p,.

14-1. Theorem |. If f(\) be a rational function, then
f(®) p™u == p™ f(mc+m) u,
flmy) e u = o™ f(my +m) w.

The theorem has already been proved for the case of a polynomial
(see 14-01).
Suppose f(A) expressed in partial fractions, say,

0 =20+ L
where P(}) is a polynomial. From 14-01,
(r—a)*p™[(R—a+m) " u] = p™(m—a+m)"[(R-a+m)™"u]=p™u.
Operating with (—a)~", we have
(t—a) " pmu = p™(t—a+m)™u.

The theorem is therefore true for f(A) = (A—a)~" and is there-
fore true for any rational function.
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14:11. Theorem Il.
n
n(r-1)(t-2)...(x—n+1)u =2 (&' -1)(2'-2)... (@' -n+1)Au
-1

(g = 1) (= 2) oo (g =t D) 2 27 (& 4 1) (@ +2) oo (& + 10— 1) A
From Theorem I, we have
(r—k)u=(r—k)p*p*u=p*mp*u,
so that
(r—n+1)(mr—n+2)...(x-1)7u
Zprlppntlgn2noni2  o2ormolny
= e (et m)" u.

Now
ru(z)=2"[u@)—uz-1)],

and therefore
pimu(@) = (2" +1)[u(@+1)-u(@) ]+ (&' +1)
= -A1 u(z+1)=E _Alu(w).
Hence

(e m) () = E" A u)

pr(p7 mr (@) 3 (& = 1) . (& =+ 1) EE* A u(a),
so0 that
(et 1) (m=n+2) . (m=1) U= (@~ 1) ... (@ —n+1) A u,
which is the required result. N

14:12. Theorem Ill. If F(}\) be a polynomaal,
o 1 1
F("¢+P)“‘+‘[I’(n)+F1(7r)p+2~!-F2(7r) 92+3—!F3(7r) p"+...]u,
. 1 , 1 .
F("l‘Pl)“?[F(M)"Fl("H) Px“"sz("‘l) 91—3!Fs(ﬁ1) p,+...]u,

where
F.0)=AFQ), n=123,...
S1
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The theorem is clearly true for

(1) Foy = ?) :
Suppose it to be true for
@) oy =(}),

that is to say,

GUES (WIS (il A T

8=

AN A—s
_Al <n> B (n— s> '
Operating with (x+p—n)/(n+1), we obtain

e t)ws (G ) Zle-n(o)8

w—s+1) p*?! :I pntl |
+9<’n-s+1>(s—l)! +(nﬁ7!f“'

From Theorem I, the second term in the square brackets is seen

to be
( T—8 )_ps_
n—s+1/(s-1)1’
so that we at once obtain

<n+1> f(n+l) nﬂ(nf—lis).ﬁ}u

The theorem thus follows by induction, from (1), when F(3) is
of the form (2). Since any polynomial can be expressed as the
sum of terms of the form (2), the theorem is proved.

The application of this theorem is as follows :

We have, from the definitions,

Uy = (T—7) (Uy— Upy), PUs = (T—7)Uy,,

since

whence, by addition,
(m+p) Uy = (T—7) U,

Thus multiplication by %’ or 7 is equivalent to operation with

n+p. Symbolically,
¥ =z-r=m+tp,
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We can now express any polynomial as an operator for, if f(z)
be a polynomial,
f@)u=f(r+p+r)u,
and we can apply Theorem III to developing the right-hand member.
Thus, for example,
Bu(n+p+rPu
Here

FQA) = (A+7)?
=A+r)A+r=1)A+r-2)+3A+r)(A+7-1)+(A+7),
Fy(0) = 3(\+r—1)(A+7=2)+6(A-kr—1)+1,
F,(0) = 6(A+7—-2)+6, Fs(0) = 6.
Thus
Bu={(n+rP+[3(m+72-3(n+7r)+1]p +3(n+r-1) p2+p%} u.
14-13. Theorem V. If f(A) be a rational function, then
f@em™.1=f(m)pm1,
f(m) el . 1= flm) ol L.
f(@eml = p™ f(m+m) 1.
By Taylor’s theorem, we have
S +m) = f(m)+ f' (m) A+ f (m) :))\74- .
and therefore
fr+m)l =fm)1+f (m)m.1+....

But ©.1 =0, n2.1 = 0, and so on, so that the theorem is true
for a polynomial.

By Theorem I,

To prove the theorem for any rational function, since we may
express the function in partial fractions, it is only necessary to
consider the case f(A) = (A+a)~™. By the first part,

(m+a) o™ 1 = (ma)pm 1.
Operate with (m+a)~"(w+a)™", and we have
(m+a)ympml=(n+a)"pm™l.

Thus the theorem is true for any rational function.
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14:14. Theorem V. Every linear difference equation whose
coefficients are rational functions of x can be expressed in either of
the forms

[fo(m)+ fi(m) o+ fa(m) o2+ .. + fru(m) p™] w () = f(),
[9o(m1) + 91 (1) o1+ 2 (7)) 1+ - + g () o7 4 (2) = g(2),
where f,(2), g:(A), (s =0, 1, 2,..., m) are polynomials and f(x),
g(x) are known functions of x.
Suppose the equation to be given in the form

1) Xpu@)+Xju@~-1)+Xou@-2)+...+ X, u(x—n) =X,

where the coefficients are rational functions of z, which may, without
loss of generality, be supposed polynomials, since multiplication of
the equation by a suitable polynomial will produce this case.

Multiply the equation by &'(z'-1)(x'-2)...(¢"-n+1) and
observe that z'u(z—1) = pu(z), 2’ (¢ — ) u(x-2) = p?u(z), and
so on. The equation then assumes the form

b0 (@) u (@) + ¢1 (@) p U () + ... + $u () p" u(2) = f(2),
where the coefficients are polynomials in .

Now we have seen that multiplication by 2 is the equivalent of
operation with w+p, and therefore that multiplication by z is
equivalent to the operation mw+p+r. If then we replace # in the
coefficients by w+p+r and expand these coefficients by using
Theorem 111, we obtain the form stated in the enunciation.

If the equation be given in the form

(2) Xou(@)+ X u(@+1)+...+ X, u(@+n) = X,
we can multiply by «’(2'+1)...(2'+n—1) and put
2 u(@+1) = oy u(a), & (@ +1) u(z+2) = o} u(2),

and so on. If we then replace z in the coefficients by —m+g;+7
and again use Theorem III, we have the second of the forms stated.

Since equation (1) can be transformed into the form (2) and
vice versa, each of these equations can be expressed in either of
the forms given in the enunciation.

We shall call the forms given in the enunciation the first and
second canonical forms respectively.
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The above theorem is fundamental in Boole’s method and gives
rise to the following remarks :
If the equation be given in the form

X, &1 u(a:)-f-XlnA: w(Z)+... + X, u(z) = X,
the simplest procedure is often, not to reduce it to one of the forms
used in the proof of Theorem V, but to multiply by
z'(x'-1)(@' —2)... (' —n+1).
Then, by Theorem II, the equation assumes the form
$o@) m(n—1)... (x—n+1)u(z)
+d (@) (n-1)... (k—n+2)u(@)+...= f(2).

If we then replace z in the coefficients by w+p+r and effect
the proper reductions by use of Theorem I, we arrive at the first
canonical form of Theorem V.

It might also be noticed that another way of reducing the equation
Xou@)+ Xju@z-1)+...+ X, u(z—n) =
is to make the change of variable

u(z) = o(@) [T(@ +1),
which gives

u(x—1

1
u@=2) =, 15000
and so on, so that we obtain
Xov(@) + X, pv(@)+...+ X, pm0(z) = XT' (2" +1),
which can be reduced to the first canonical form by the method
already explained.

In the same way the equation
Xou@)+ X ju@+1)+...+ X, u(z+n) =
becomes by the substitution u(z) = v(z) ' ('),
Xov(@)+ X, pyv(2)+...+ X, plv(2z) = X | T'().
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It must, however, be clearly understood that a change of the
dependent variable of the kind just described may so affect the
solutions of the transformed equation as to render the method of
solution in series which will presently be described inoperative. On
the other hand, should an equation when reduced by Theorem V
prove intractable, the change of variable may lead to an equation to
which our method will apply.

14:2. Formal Solution in Series. Consider the homo-
geneous equation
(1) Xou(@)+Xju(@-1)+...+ X, u(x—n) =0,

where the coefficients are polynomials. We first make the change of
variable u(z) = p®v(z). The equation then becomes

pr Xov(@)+pr 1 X o(@—1)+...
+p X, 40 (@-n+1)+X, v (x—n)=0.
If this equation be reduced to the first canonical form, we have
@ [folm)+ fu(m) p+ folm) g2+ oot fin(m) o] 0(2) = 0,
where fy(n), fi(x), ..., fm(w) involve the parameter . rationally.

For the moment we shall leave p undetermined, and we seck to
satisfy the equation for v(x) by a series of the form

(3) V(%) = @ p*+ay p¥ 1+ ay pF 2+ ..t a pF 4L,

where the operand unity is understood. Substituting this series in
(2), we shall have a formal solution of the equation if the coefficients
of the several powers of p vanish. Using Theorem IV, we thus

obtain
(4) @o fru(m+k)=0,

1 fnn(m+k_1)+a0 fm—l(m"}'k'—l) =0,

(5) a, fulm+k—38)+a,y frny(m+k=s)+...
+a,_,folm+k—s5)=0 (s=m).

If we suppose a, = 0, equation (4) yields a certain number of
values of %k, sav, ki, ky, ..., k,, which for the present we shall
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suppose to be all different, and such that no two of them differ by
an integer. The equation

(6) fulm+k)=0

will be called the indicial equation.

To each root of the indicial equation there corresponds a series of
the form (3), whose coefficients arc determined successively by the
above recurrence relations, which can be successively evaluated,
since, by hypothesis, no two roots of (6) differ by an integer, and
therefore, if £ be a root of (6), f,(m+k-s)+0,s=1,2,3,....
Each serics obtained in this way is a formal solution of (2).

Denote the solutions corresponding to &y, ks, ... , k, by

v, (), vy(x), ..., v, (2).

We have then the formal solutions

wo oy (2), pu?0y(2), ... , w0, (x)
of (1). Whether these solutions converge can of course be examined
in any particular casec. Whether they are lincarly independent is as
yet undecided.

If v = n we have obtained » solutions, but if v <<n the equation
has other solutions which we have yet to determine. Leaving
these questions for the present, it may happen that the indicial
equation does not contain m-+k, in other words, that f, (w) is
independent of =. If f,,(n) be also independent of p the method
fails completely, but if f,,(x), while independent of =, be not
independent of u we choose, if possible, a non-zero value of p
such that f, (n) vanishes Let y;, u,, ..., w\ be the distinct non-
zero values of p. which cause f,, () to vanish.

To each such value of . we have an equation of the form

[fo("‘) +f1(7t) pt "'+fm—1(7t) Pm_l]v(z) = 0’
and we attempt to satisfy this equation by a series of the form (3).
If corresponding to w = yu; this equation yields formal solutions
vy (@), ..., v, (%), we have as solutions of (1)

wf vy (@), ..., u¥o ().
Similarly for y,, pg, ..., w\ We may obtain corresponding sets of
solutions.
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Thus we see that if equation (1) have a particular solution of the
form

e {ag ¥ +a; pF1+a, p¥2+...},
this solution will in gencral be detected by the above method. Since

m_ T'(='+1) _ P(@-r+1)
O T —m+1) I'@—r-m+1)

we shall expect our method to determine any solution of the form
wrl(e-r+ 1)[ U ay +...].
Ta-k-rr )\ @k ) T @—r—kt D)(@—r—k+2) " f
Example. (x-2)u(®)-2z-3)u(xz-1)-3(x-1)u(x-2)=0.
Putting u(z) = p*v(x), we have
p(x-2)v(x)—p(Re-3)v(x-1)-3(x-1)v(x-2) = 0.
If we take r = 0, so that
zv(z—1) = pv(x), z(x-1)v(r-2)= p2v(w),
the equation becomes, on multiplication by =,
[u2(@-2) 2 u(20-3) p—3 p*]v(z) = 0.
Writing ©t+ p for , we get, by Theorem III,
[ {m? =27+ (2 - 3) p+p*} ~ n(2m— 3+ 2p)p - 3 p*]v(2) = 0,
[ 02 (72— 2) + (2 — ) (27— 3) o+ (2 — 25— 3) p* v ) = .

Since f,(w) = p2—-2p—3 is independent of =, we choose w so
that p2-2u—3=0. This gives w:==3 or —1. With either of
these values for p. the equation becomes

[p(m® = 2m) + (n— 1) (2 - 3) p] v (z) = 0.
Assume

v(x) = agp*+ay pF 1+ ay o2+
The indicial equation is
2(k+1)-3 =0, whence k = }
The recurrence relation for the coefficients is

(—-1)2k+2-2s-3) a,+p(k+1-8)(k—1-8)a,, =0,
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which gives, since k = 4,
_ (25-3)(2s+1) o
“EP s M PURRST
a,=-3pa,, a,= —p2—2'— @y, 3 =-pP’~ 53~ Qo
a,=—-p'ag[(2s—3)(2s—5)...5.3(2s+1)(2s—1)... 3]/ s!.
When p=3, P = and when p=-1, p=%.
Hence we have the formal solutions
3C(+1) [ 3.3 32 3. 1

)= Tery 6@ D16 (o T)(?)z op
_(=1pT(z+1) 3 3.5 |
6@ = 1 L e 10 D 2

where the successive values of the coefficients are determined by

the formula above for a,.
If ¢,_,, t, denote successive terms of either series,

p(2s 3)(23% 1) 4p_( "s*l)(l+ s1)

t_,_1 s@—4+s) 1+(z—3)s?

>}

—%, and for u,(z),

Thus, for u, (z), ] t—tg-

s-1
Thus both series are absolutely convergent.

14:21. Solution in Newton’s Series. The method of opera-
tional solution can also be applied to finding a solution in the form

I'(z'+1 N ,
u(z) = 1"(5:( hk:}—)—f) '% a,(z" k)@ -k-1)...('-k-s+1).
The equation having been reduced, after the substitution
u(7) = p*o(z),
to the form
[fo(m)+ fi(m) p+ ...+ fru(m) p™]0(2) = O,
and p chosen, if possible, so as to make the term f,, () vanish, we

substitute
v(T) = ag p¥+a, p¥+ ...+ a, pF T+ ...
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Equating to zero the several powers of p, we obtain the indicial
equation
f o(k) =0,
together with the recurrence relations

as folk+8)+a,_yfi(k+8)+as g fo(k+s)+... =0,

by means of which the coefficients can be successively determined
when the value of £ has been found from the indicial equation.

If the series obtained in this way be convergent, we have a
solution of the equation in the required form. The following example
illustrates the method :

Ezample.
(—a) (- B)u(z)—[2¢(x—1)-8(x—1)+aBlu(r-1)
+(@-2)(z—y-1)u(z-2) =0,
where
d=a+B+y+1.
Take #' = x—1. Putting u(z) = u*v(x) and multiplying by
z—1, we get
wi(r+p)(m+1l-atp)(n+1-B+p)v(x)
—u2(m+p)(m+1+p)-8(m+p)+aBlpo(z)
+(m+p—7v)pv(z) = 0.
The coefficient of p®is (p.—1)2. We therefore take p = 1, so that
u (x) = v (), and the equation reduces to
[r(r—a+1)(m—P+1)+n(r—a—P+7)p]u(x) =0.
Put
u(z) = agp¥+a, pFt+ ... +a, s+ ...
The indicial equation is then
kE(k-a+1)(k—-p+1)=0,
whence
k=0, «a-1, B-1.
The recurrence relation for the coefficients is

2.(k+s)(k+s—a+1)(k+s-B+1)+a, (k+s)(k+s—a—B+y) =0,

M.T.C. oF
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so that we have for a, the expression
(-1pk+1-a—B+y)(k+2-a—-B+Y)... (k+s—a—B+7Y)a,
(k+2-a)(k+3-a)...(k+s+1-a)(k+2-B)(k+3-PB)...(k+s+1-B)"
Putting in turn £=0, k=a~-1, k= -1, we have the three
solutions

_ (-1 -a—B+y)...(s—a—B+y)s! fxz-1
(@) = 1+21(z 2) (s+1 2)@-f) .. G+I-B) )

I'(z) “1(y=P) ... (y—B+s-1) (z—
Us(®) = pp = oc+1)[1 & (@-Br1)... (a—B+s) <sa>]’

I'(z (-1)yx-o)...(y—a+s-1) (z-f
Us(?) = G- p+1[ 2' B-o+1)... B—ats) <s )]

The ratio of the sth term to the preceding term is
(k+s—a-B+y)(s—z+k) _
(k+s—a+1)(k+s-p+1) s

All three series are therefore absolutely convergent if

R(z)> R(y-1).

In the case of u,(z), neither « nor § may be a positive integer
greater than 1.

For uy(x), «— B must not be a negative integer, and in the case
of uz(x), P~ must not be a negative integer.

These three solutions cannot be linearly independent.

If « = =1, the indicial equation has a multiple root and the
three solutions coincide. The method of dealing with multiple roots
of the indicial equation is discussed in section 14-22.

This equation can also be satisfied by factorial series of the first
kind, for, putting

u () = by p¥+by p¥ 1+ ... + b pF 3+ ...,

we have the indicial equation
(k+1)(k+1-a-B+Yy) =0,
whence k=-1 or a+B-y-1L
The recurrence relation is
Dgk—s+1—a—P+y)+b(k-s+2-a)(k-5+2-B) =
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which gives for b, the expression
(s-2-k+a)...(-1-k+a)(s—2-k+B)...(-1-k+)b,
(s—k-1+a+B-y)s-k-2+a+P-7y)...(k+a+B-7Y)"
Writing, for brevity, ¢ = «+ - y+1, we have the solutions

1 op a(e+1)B(B+1)
U@ =t s et e @r D@+2)
a(at+1)(x+2)B(R+1)(B+2)
cle+)(c+2)z(z+1)(@+2)(z+3)
['() (y-)(y-P)
%(®) = p(g ¢4 2) [” 1 (@—c4+2)
L=y et Dy =By - +1) ]
21 (x—c+2)(z~ c+5) 0
so that in terms of the hypergeometric function
__TI'w@
%0 = Tg—c+2)
Thus, using 9-82, we have
_ T'@T@-y+1)
Us(2) = Fz-p+)I'z—a+l)’
The series for u,(x), u;(x) converge for R(x) > R(v-1). When
| | — oo in the half-plane of convergence we have the asymptotic
relations

F(y-o,y-f; z—c+2; 1).

U (%) ~ 271, ug(2) ~ z°2,

the latter result following from 10-43.
It follows, from 12-16, that w,(x), u5(z) form a fundamental
system of solutions.

14-22. Exceptional Cases. In the preceding discussion we
excepted the cases in which the indicial equation has multiple roots
or roots which differ by an integer. In the case of a multiple
root the method only gives one series corresponding to that root,
while in the case where two roots differ by an integer, the
equations 14-2 (5) may lead to infinite coefficients, owing to the
possible vanishing of f,(m+%—s) for certain values of s. To
discuss these cases we shall suppose that the given equation

Xou(@)+ Xju(@-1)+...+ X, u(z-n) =
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has been transformed by the substitution u(z) = p?v(z) and that
the value of p has been assigned in the manner previously described,
so that for the value of . in question the equation assumes the first
canonical form

1) [fo(m)+ fi(m) o+ fo(m) p°+ oo+ fru(m) p™] v (@) = 0.
The indicial equation is
fm(m+E) = 0.

If the indicial equation have roots which differ by zero or an
integer, we begin by arranging all the roots in groups such that
any pair of roots of the same group differ by zero or an integer.
The roots of such a group will be called congruent. Let p be the
greatest positive integer by which a pair of roots of the indicial

equation differ.
Consider the non-homogeneous equation

@) [fo(m)+ fi(m) p+ o+ fu(m) 7] 0 () = a(k) fin (m + &) p*+m,
where
a(k) =bofm(m+k—1)fn(m+k—2)...f,(m+k-p).

If round each of the roots of the indicial equation we describe
circles of radius y, we can make y so small that when %
varies in the domain K formed by these circles the function
fm(m+k—s), s> p, does not vanish at all. Under these condi-
tions we can find a formal solution of (2) by putting

v(z) = a(k) p* + b, p*1+by o2+ ... .

For if we substitute this series in (2) we see that the coefficients
of pk+m are equal, while the coefficients b,, b,, ..., by, ... are found
from the recurrence relations

by fm(m+k-1)+a(k) frua(m+k-1)=0,
by fm(m+k=2)+by fny(m+k—2)+ak) fmo(m+k-2)=0,
bzr fm(m+k‘]’)'+'bp—1 fm—l(m+k"p)+'-' =0,

by frm(m+k—8)+bsy frna(m+k—s)+...=0,
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and these equations lead to determinate values of the coeflicients,
for should any of the coefficients f,(m+k-s), s=1,2,...,p
vanish, we can first remove the vanishing coefficient which also
appears in a(k) and therefore in by, b,, ... .

Moreover, f,(m+k~-s), s> p, cannot vanish for any value of
kin K. We thus obtain a formal solution of (2) in the form

_ . b, by ] L@ +1)

vi(@) = [“ G By S ey ) W I e A O

If the factorial serics

b b, P by N

z+1 (2+1)(2 +-2) (24 )(+2)(z+3)
converge uniformly with respect to z for R(z) > 2, the series
for v, (x) will converge uniformly with respect to k for R(z) > A,
where A’ > A depends on the exact disposition of the region K.
Consequently, for R(z)> A" and & in K we can differentiate
the factorial serics term by term, and we thus obtain the result
that v, (z)/0k® exists as an analytic function and satisfies the
difference equation

0®
B)  Lolm)+ooet Sl e"I0(@) = g L@ flmt B o)
Now consider
a(k) fm(m+k).

Let a4, oy, %, ..., @,y be the congruent roots which constitute
the first group of the roots of the indicial equation and suppose
them arranged in non-descending order of their real parts, so that

R(xg) < R(oy) < R(ag) < ovr < Rlot)-

Let ay, &y, &, ... , &, denote those roots which are distinct.
Then

Og = O = Oy =.eo= Up 1,
so that «, is of multiplicity A.
Again,
Uy = O = e = O p,
so that «, is of multiplicity w—2, and soon. Thus
a(k) = bo(k—a) (k- )" ... (k~o,)" f(K),
where f(k) does not vanish for any root of this group.
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Now

fom+k) = (k—ag(k—oy)* ... (k—o,) =" g(R).
Thus

a (k) fo(m+k) = (k—ao(k—oa)* ... (k—a,) $(k),
where ¢ (k) does not vanish for any root of the group.
It follows that

2 10 (k) f(m-t B) o]
vanishes when
k=ay s=01,2,...,A-1,
k=oy, s=MNA+1,...,p-1,

k=a, s=v,v+1,..,1-1,
and in these cases the equation (3) coincides with (1) and therefore
we have [ solutions of (1), namely, Balcii [vx(z)] corresponding to

the above set of values of k and s.

That these solutions are linearly distinct will be proved later from
a consideration of their asymptotic values. The corresponding
solutions of the equation in «(x) are obtained by multiplying the

o0
values of 2% [vi(2)] by p=

Example 1.
@+ u@)-Re-1)(z-1)(z-a)u(x-1)
+(@-2)(xz-a)(r—a-1)u(xz-2)=0.
Writing «(z) = v(x) u* and taking 2’ = z—a, we have
pEl(r+atp)P+1]v() - wl[2(r+a+p)?-3(n+a+p)+1]pv(x)
+ (t+a-2+p)p*v(z) = 0.
The coefficient of p? is p2-2u+1. We therefore take p =1,
and the equation reduces to

[(m+a)®+1+(m+a)?plu(z) =0.
Putting
u(x) = agp*+a; p¥1+...



14-22] RATIONAL COEFFICIENTS. OPERATIONAL METHODS 456
we have the indicial equation
(k+a+1)2=0.
We therefore consider the equation
[(m+a)+ 1+ (m+a)?p]u(z) = ag(k+a+1)2p*+1,

which gives
(k+a)a,+ay(l+(k+a)®) =0,

(k+a-s+1)2a,+a, (1+ (k+a—-s+1)8) = 0.
Writing I = k+a+1,

[(s=03=1][(s-1-1)® 1][s [=2p-1]...[(1-1)*- ]a
(s=02(s—1-1)2(s—1-2)2... (L =12

Putting £k =-a-1, that is, I =0, we see that a, =0 and
therefore a, =0, s =2, 3, 4,.... One solution is therefore

w(@)=p 1= (x-a+1)/[(z+2).

A second solution is the value when I = 0 of

as = 0"

0 0 da, . 0a,
L N e T T i

and from the form of @, we see that when [ = 0,

da, _ (s*—1)...(2°~1)(-3)

al = (1.2 o
Thus a second solution is
F@-a+1)¥(z+2) . <~ (° (23 N I'(z-a+1)
Uy (%) = [(z+2) ,};{ s‘(s—l w22 De+s+2)°

The series converges if R(z) > 0.

The following example illustrates the application of the method
to solutions in factorial series of the second kind.

Example 2.
(-1 u@E)—2r-1)u(x-1)+(x-1)u(z-2) = 0.
Multiply by z and take 2’ = x. The equation becomes
[#(z—1)- (22 1) p+p*] u(e) =
which reduces at once to
[m(r—1)-plu(2) =
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Clearly this has no solutions by factorial series of the first kind.
We therefore put

u(2) = ayp*+a; o1 +a, pF2 4+ ... .
The indicial equation has the roots 0 and 1 which differ by an

integer.
We therefore consider the non-homogeneous equation

[m(m—1)-plu(z) = k(k-1)a,(k) ¢,

k) = folk+1) by = k(k+1)b,.

where
Putting
u(2) = ag(k) p¥+by ¥+ +by p*H2+ ...,
we obtain the recurrence relations
(B+1) kb, = ag(k) = by k(k+1),
k+2)(k+ l)bz = bl,

(lc+s)(/c+s— )b _b8 1

whence
b1=bo: b
b *T (k) (k+s—1) (k+02)(/c+s—l)...(k+1)'
Thus
z+1
(@) = 1‘{;:(fJ/:+)1) {L(/ 1)

&, A sl B -k
ﬂ% (hts)... (b+2). (hts—1)... (k+ 1)( s )}

The series in the bracket converges in the whole plane so that ()
is a meromorphic function with poles at the poles of I'(z+1).

We get one solution by putting £ = 0, whence

S 1 [z
w0 = 2 o= (6)-

To obtain a second solution we differentiate u(x) with respect

to k& and then put £t =0. Now

w(z) = k(k+1)T(z+1) 2.4 F(+2)T'(k+1)T'(z+1)
T D-k+1) ‘T(k+s+1)T(k+s)T(z—k—s+1)
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Writing ¢, for the term under the summation sign and taking the
logarithmic differential coefficient with respect to %, we have
tl Tt = ¥ (D) + T (1)~ T (k+s+1)
-V(k+s)+¥(x—k-s+1).

Putting £ = 0, we obtain the solution

Uy (z) = 1+§:} (?__11)_! (93)

s

x{¥(@-s+1)=W(s)~ ¥(s+1) + ¥ (2)1 F()}

14-3. Asymptotic Forms of the Solutions. We have
found that when the indicial equation presents roots which differ by
zero or an integer, the solutions are obtained by differentiating
partially with respect to £ the expression

0e) = 0@ S iy
where
wy(z) = a(k)+ b + by
A z—r—k+1 (.IJ r—k+1)(@—7r- 1»1—2)
a(k) = by (b= aa M (k- )" ... (k- )" F (k).

Now, by Leibniz’ theorem, we have

0° vy (x) 3‘<> 080 T'(@-rt1) 0" tw(e)

o~ 2\ ok T@or k1) ok
and by 10-43,
¢ -
@—r—1)yx O T@=r+D) g o i)

okt '(@—r—k+1)

1 1 t
+ Q- l)log o+t (L4 Qy(a) (1og—err 1)

where Q,, Q,, ..., Q, are inverse factorial series without a constant
term.
It follows that for large values of | | we can replace the right-
hand member by its largest term, namely, [log {1 /(z—r+1)} ]t
Thus we have

"o~ @orm1p BT o)
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For the A roots equal to «, we have therefore, if we retain only
the largest term on the right,

G R (W

1 8
~ x“‘)(logz}) a(xg), $=0,1,2,...,A-1.

For the roots equal to a,, we observe that a, is a root of
a(k) = 0, of multiplicity A, so that a®(a,) =0, t =0,1,2, ..., A—1.
Thus for these roots,

(58, (o Qo =m0

Proceeding in this way we have finally for the roots equal to «,,

50) o fogl)” ()t s = v 10

We have thus obtained asymptotic expressions for the solutions
belonging to the same group of roots of the indicial equation.

Since the roots ag, oy, ..., «, were arranged according to non-
descending order of their real parts, if V (z), Vo (z) denote
successive solutions belonging to the same group of roots, it
follows that

. Vi)
‘zlllgw Vea(@) 0,
provided that  — o by a path inside the half-plane of convergence.
More gencrally when V(z), V,(x) are two solutions belonging to
the same group, then
V(@)

lzlll-r—nno Vi) 0
provided that s <.

If we consider all the solutions to which the indicial equation
gives rise, it follows that we can, in general, so number them, in
the order v, (z), v3(2), ... , v,(%), say, that

lim (@) =0, s=1,2,...,n-1.

lz|—>wo 'vs+1(x)
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The linear independence of these solutions then follows from the
theorem of 12-16. We can therefore make the following state-
ments :

(I) The solutions corresponding to a congruent set of roots of the
indicial equation are linearly independent.

(IT) When # solutions of a linear difference equation of order
satisfy the conditions of 12-16, they form a fundamental set.

(ITI) If the indicial equation of a linear difference equation of
order n be of degree n, the corresponding set of solutions in general
forms a fundamental system of solutions. For, in general, they can
be so numbered as to satisfy the conditions of 12-16.

14-31. Series Solution Convergent in a Half Plane on
the Left. The solutions in scries obtained by the use of the
operators w and p, if they do not converge everywhere or nowhere,
converge in a half plane on the right, that is to say, in a half plane
which contains the point =+ . Any difference equation with
rational coefficients can also be prepared by means of the operators
7, and p, for reduction to the second canonical form of Theorem V.
The serics obtained from the equation so reduced will converge
everywhere or nowhere or in a half plane on the left, that is to say,
in a half plane which contains the point # = —co. The types of
solution obtainable in this way are

pe ' (2’ +k)[ N ey
T@) % '+/c Jy R o Yy )|

+ % }
@+ k1)@ +k-2)( +k- .5)

W@ LR [ 4 (o 4 k) +by(@ + B) (@ +h+1)

- rE)
+ by (2 + k) (&' + k4 1) (2" +E+2) +.

’

\—2.-4

where 2’ = z—1.
Ezample.
dr(@+1)u(z+2)-4(@+z+1)u(@+1)+z(@+1)u(x) = 0.
Put u(z) = p*v(z), ¢’ = = and multiply by z, then
4p.2zp‘;’v(m)—éip.(a:2+a:+l)plv(w)+zz(x+])v(a:) =0.
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With -, + g, for z, we have, from Theorem III,
B+a+l = (m~p) - (m—p)+1=n}-m+1-(2m—2)p+ef,
-2 (z+1) = (7 — pr)*— (1 — )?
= nd—nZ—(n? - Bmy+2) o + (37 — 4) pF - p3.
The coefficient of p$ is 4p2—~4p+1. We therefore take p = }
and the equation reduces to
[7d - 2+ (n2+3my) py] v(2) = 0.
For factorial series of the first kind, put
v(7) = agpb+a; ok T+a, b 24....
The indicial equation is
(k+1)(k+4) = 0,
whence k = -1 or —4.

Scries of factorials of the second kind can also be obtained by

putting 3 E+1 42
v(x) =bgpr+bip1T +bypr T+ ... .

14-4. The Complete Equation. Take the complete equation
(1) Xou@)+Xjule-1)+...+ X, u(@z-n) = X,
where X, X;,..., X,, X are all functions of z.

To obtain solutions we can of course consider the corresponding
homogeneous equation and, by the use of Lagrange’s method, 12-7,
deduce a special solution of the complete equation from the general
solution of the homogeneous equation. Another method which is
more direct, when it is applicable, is the following :

Make the substitution u(z) = u*v(x) and reduce the equation
by means of the operators = and p to the form

@) [o@+hilrle+fe(m)e®+... +fu(r) pm]0(@) = p= X,
the parameter p being at our choice.

If possible, we expand the right-hand side in one or other of the
forms
3) w2 X = cop*+cy pF 4y pF 2+,

(4) R X =dgp*+d; pFtl+dy pkt2+ ..,
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where the index & and the coefficients are of course known numbers.
When p—*X has an expansion of the form (3), we assume that

V() = agp*¥~™+ay p¥ ™1t ay pF 2Ll
Equating coefficients of like powers of p we obtain
fm (k) Qg = Co;

a’lfm(k_ l)+a0fm—l(k_ ]) =0y,
@y fon(b=2)+ay frny(k=2)+ag fra(k~2) = cy,

whence the coeflicients can be determined successively.

If the resulting series converge we have a special solution of the
complete equation. To this we add the general solution of the
homogeneous cquation. The given equation is then completely
solved.

When p—*X has an expansion of the form (4) we put

(@) = bg p*+by p*H + by p* 24,
and equate coefficients as before.

If p—=X have expansions of the above types convergent in a
half-plane on the left we use the operators =y, p,.

14-5. Monomial Difference Equations. A difference
equation which after reduction by Theorem V assumes the form
(1) f@u, =X
is said to be monomial.

It is evidently sufficient to assume that f(2) is a polynomial,
for the case in which. f(A) is a rational function can evidently be
reduced to this.

Let f(x) =a,n(x-1)...(x—n+1)

+a,;(t—-1)...(T—n+2)+...Fa,.

It follows at once, from Theorem II, that (1) can be exhibited in
the form

a,(z—a)...(x—a-n+1) & u
-1
-1
+a, ;(x—a)...(x-a-n+2) “A u+...+agu = X,
-1

which is therefore the general type of monomial equation.
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The monomial equation can be completely solved as follows.
Consider first the homogeneous equation

(2) f(m)u, =0.

This is satisfied by u, = p*, provided that % be a root of the
equation f(k) = 0. If the roots of this equation be denoted by
Oy, Og, -.- 5 &, When these are all distinct, we have for the comple-
mentary function

. n]_l,_ _+_w an — (0] _];(£+.l)_ .+ +w I‘(w',+l).
LT TP S P g k1) T O D (@ — g+ 1)

If the equation f(k) = O present a multiple root, we have
(k) = (k—a) (),
where « is a root of multiplicity s. We then consider the equation
f(TC) u.’c = f(k) Pka

which gives on partial differentiation

dtu, < (0 0 f(k) 07 ok
16 5= 2 () Tt 5

Since 0t- f(k) [ 9kt~ vanishes when
k=a, t-v=0,1,2..,s-1,
we see that, corresponding to k& = «, (2) has as solutions the values

s—1 ~k
of ok, aak p%, e, % k—;_(} when %k = «, that is to say, the solutions

F@+1) & T@+1) ¥ T@+1)

I(@—at1) D@ -a+1)’ " 01 0@ ok 1)’
We can thus find the complementary function in all cases.
To find a particular solution of (1) we have, symbolically,

.1
Uy = p— X.
f(m)
Let us express 1/f(A) in partial fractions, so that

1 _ 4,
O 2 (A-ay’



14:5] RATIONAL COEFFICIENTS. OPERATIONAL METHODS 463
Then

L 4,
Yo T 2 g X 2Pt A (e X),

by Theorem I.
To interpret the expression on the right, we have
I''+1
p~2 X (x) = T‘(m(’+a+)1) X(x+a) = ¢(z),

say. Then we can take

@) = § | HOAL

z b
mpe) = 87 146 AL AL

and so on, so that n—*¢(x) = (), say.

Hence, finally,

(o) = e s -

The process simplifies if X can be expanded in the form
X =copr+cp*t+....
We have then

— ._]__ = %0 e G a1
YO = Fm X = fw P e P
by Theorem IV, provided that f(«) + 0.

If, however, « be a zero of order s of f(k), we have

Jk) = (k—a)* $(k),

so that
1. 1 T S
@ T - d@® ~ (m-)y $()
; P 1
= g

where the operation n—* is now interpreted as explained above.
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Example.
3 2
2z(z—1)(z-2) A u(@)+z(x—-1) A u(z)+z A w(z)—u(z) = 28.
-1 -1 -1

Taking z’ = z, this becomes
Rr(r-1)(m-2)+=n(r—1)+7—1]u(w)
=z(z-1)(x-2)+3x(x-1)+=,
(r—-1)2@r—1)u(z) = p+3p%+
For the complementary solution, we consider
(= 1)?@r—1)u(e) = (k- 1)*(2k-1) e*,

which is satisfied by
— Tl+l)
T e—k+1)
Putting k=1, k = §, we have

F@+1) TI'(z+1)

T@ * T+

()

Also

0 D+l)  Tletl) g gy

Putting £ =1, we get =¥ (z).
The complementary solution is therefore
z(w+o, ¥ (r)+ oy T(e+1)/T(x+1}).
For the particular solution, we have
w(w) = (m—1)"2(2r - 1)~(p3+ 3p2+p)
= 3o P2 pPH(r—1)"2p.
To interpret this we have
(r-1)2p=pn2.1,
mll =¥ (zx]|-1),

z
n-21=8%~1r(z|-1)m,
-1

1

z-1
on?l=2z S ¥ (-DAL
-1
1
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Hence the complete solution is

u(x) =z (m+w, ¥ () + wa{:gi;;

1
+210x(x—1)(x—2)+x(x—1)+w -i-\I’(t|—1)_Alt.

-
1

14-6. Binorhial Equations. An equation which can be re-

duced to the form
[fo(m)+ Fn(m) o™= 0

is called a binomial equation.

Putting u=ayp*t+a p*t+...,
we have =0y = ... =Gy, =0.
Thus we can assume that

u = by p¥+by p*¥~™+ by p*-2m - ...
and we obtain the indicial equation
fm(k+m) =0,
and the recurrence relation
by fm(k—(s—1)m)+by_; folk—(s=1)m) = 0,

which gives

by _ (=1 fofk—(s—1)m}fo{k—(s=2)m} ... fo(k)
by Sumlk—-(-L)m}fu{k-(s=-2)m}...fn(k) °
If one of the factors in the numerator vanish, the solution is given
by a finite series.
Thus we can always obtain an explicit expression for the coeffi-
cients of the series which satisfy a binomial equation.

The particular binomial equation

U+

ar:+bpu =X,

being at once reducible to an equation of the first order, can always
be solved in compact form.*

* We say that the solution is in compact form when expressed by a finite
number of operations of the form S.

M.T.C. 2a
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Again, the binomial equation
[1-ang(m) "] = X
¢(n) = {(m-bd)(r-b-1)...(k=b-n+1)}1,
can be written (see below) in the form

-l -2 x

where ¢, ¢,, ..., &, are the nth roots of unity.
If we put

[-25e)-52pe ] - 25 e v

the given equation is equivalent to the n lincar equations of the
first order:

where

[ ~28 5y (2) = X,

[1- 2% 0 |w(o) = wy (o),

n ]
[1 :sb u(z) = u,_, ().

This is a particular application of the more general theorem that
the equation

[1+a,¢(rm) p+a,¢(n) (m—1) p>+..
t+a,d(m)p(n—-1)...¢(m—n+1)p"]u(x) =X
can be resolved into » linear equations of the type
[1-g ¢(m)plu,(@) =u,4(2), r=1,2,...,n
where ug(x) = X, u,(x) = u(z), and g, ¢, ..., ¢, are the roots of

the equation
" +a,q" 1+ a,q" %+ ... +a, = 0.

We have in fact
[1-ad(n)pl[1-bé(m)p]u
= [1-(a+b) ¢(r) p+abd(n) p $() p] v
= [1-(a+b) ¢(x) p+abd(n) d(w~1) %] u,

and so on, whence the theorem follows by a simple induction.
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14-7. Transformation of Equations. The following problem
has been investigated by Boole. Given rational functions ¢(2),
$(r), F(2) to determine, if possible, x(A), such that

Fio(m)em}x(m) X = x(m) F{{(m)p"} X.
For the special case F(A) = A, the above relation becomes
@(m) o™ x(m) X = x(m) d(w) p" X
or, by Theorem I,
¢ (m) x(m—n)p" X = x(m) () p" X.

This will be satisfied if

o e(A) x(A=n) = x () $ (),
which gives

e(A)p(A—n) p(A— "") ?(A)
K0 = Joy g m o = gy
Since Theorem I has only been established for rational functions,
we shall assume ¢(2) and ¢(A) to be so related that y(2) is a
rational function.
With this value of y () we have then, denoting 1/ (A) by x71(2),

¢ (m) p" X = o (m) p" y(m) x () X
= p(m ))((Tc n)p™ M (m) X
= x(m) d(m) o™ x 7 (m) X.
Repeating the operation
[o(m) oI X = x(m) d(w) o 37 () (m) Y () o™ x 71 (m) X
= x(m) {§(m) p" 2 71 (m) X.
Continuing in this way we sec that
[o(m) "1™ X = x () { §(m) o} ¢~ (m) X.

The problem has thus been solved for #(A) = A™ and hence for
any rational function ¥ (A). Thus we have proved the following :

Theorem VI. If ¢(A), $(A), F(7) be rational functions, and if

e(A) oA~ n)CP(l 27@) 2()
XN = 06y g =) G =2n) . H"q,
then, provided that y () be rational,
Flo(rm) o] X = x(m)F [ (x) p"] 71 (m) X
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A more general form of this theorem is obtained by assuming
F(u, 2) to be a rational function of two variables p, A.
In this case we have

Flu, @(m) o] x(m) X = x () F [1s, §(m) o"] 7 (m) X
If we now replace . by =, we have

Theorem VIL. If o), Y(N), F(u,N) be rational functions,
and of
(7\)<P(7\ n) o (A—2n) ..
XM= 4006 da=2n) .

then, provided that x (\) be rational,
Fm, o(m) "] X = x(m) F [, §(m) "] 7' (m) X
The reader will have no difficulty in proving the following :
Theorem VIII. If F(2), ¢(r) be rational functions, then
Flo(m)p"] X = ™ F[¢(m+m)p"] p~™ X.
We now apply these considerations to the transformation of

equations.
The equation

1) uto(m)eru =X,
can be transformed into the equation
(2) vt () pro = Ia [$(m) [ ¢ ()] X
by the substitution
(4) u=Ta[e(m) [ d(m)]v = x(r) 0.
For making this substitution the equation becomes
(@ vt+e(m)enx(r)v=X
Operate with y~!(=), then
vty (m) @ (m) o™ x(m) v = x7H(w) X,
which by Theorem VI is equivalent to (2).
Similarly, by means of Theorem VII, we can shew that the

substitution
u= [l [e(x)/$(x)]v
will reduce the equation

[fo(m) +f1(m) @ (m) p+fo(m) p(m) @(m—1) p*]u = X
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to the form

[fo(m)+fi(m) $(m) p+fa(m) g (m) $ (- 1) p2] v = IL; [ (m) [ @ ()] X.

Again, the substitution
(B) u=pmv
will reduce the equation

ut+e(n)pru =X
to the form
v+o(n+m)prv=p~mX.

This follows at once from Theorem VIII or can be proved inde-
pendently by means of Theorem I.

Boole has applied the foregoing considerations to the discovery
of conditions for compact solution, that is to say, solution by means
of a finite number of operations of summation, of certain equations of
the second order. We reproduce these discussions in full, as they
throw an interesting light on the structure of certain classes of
difference equations.

14-71. The Equation with Linear Coefficients. Let the
equation be
)] (az+b) u(w)+ (cv+e)u(x—1)+(fr+g)u(z-2) = X.

If f < 0, the linear change of variable fr-+g = f(z'—1) brings
the equation into the form

(az’ +0')u (&) + (ca’+ €)' (x" - 1) + f(&' - 1) u' (2’ - 2) = X',

where W =b-alg+f)]f, ¢ =e—clg+])]f

Suppressing the primes we may therefore consider the equation
(2) (ax+b)u(x)+(cv+e)u(x—1)+fz—-1)u(z-2) = X.

Putting u(z) = p*v(z), pu(x) =zu(x-1), we obtain
(3) p2(an?+br) v (w) + . [(2epn+c) T+ (b—a) p+e] p v(z)

+(apl+cu+f) 2o (x) = z =2 X,
If we determine . so that

(4) ap?+cu+f =0,
the equation assumes the binomial form
(%) v(a) + ) oy —

n(m+n)
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where
A=2+calpyl, m=[b-a)p+e][2apn+c]t, n=0ba,
V =[(ap) m(m+n)] 7 (X p==t1),
and where we have assumed a == 0, 2ap.+c¢ = 0.

We have here two cases of compact solution.

(I) Let m be an integer.

In this case the equation can be reduced by the substitution (A)
(6) v(@) = I, [(m+m) =] w ()
to the form

w(z)+A(m+n)tow(z) = IL [x(x+m) 1]V
or

(z+n)w(@)-(1-A)zwz-1) = (n+n) [, [x(x+m) ]V =W,
which is an equation of the first order whose complementary
solution is

@y (1- 4)T(a+1) [T (e+n+1).

To this we must add a particular solution. From (6), we then
determine v(z) and finally u(z) = p2v(z) or ugw(z), where y, and
pg are the roots of (4).

(ITI) Let m—n be an integer.

In this case we again use substitution (A) in the form

v(@) = II, [(7+m) (m+n)w(z),
which yields
w@)+Antpw(@) = Il [(m+n)(x+m) 1]V,
or
w(@) - (1-A)w@-1) = a7 = [L [(m+n) (x+m)1] V
with the complementary solution (1 — 4)=.

(III) Returning to (3), let us, if possible, so choose . that the
coefficient of p v(z) vanishes.

This is only possible if 2ap+c¢=0, (b—a)p+e =0, which
imposes the condition

2ae— (b—a)c = 0.
Supposing this to be satisfied, we obtain, with p. = — ¢/ (2a),
v(@)- A (m+n)p2v(z) =V,
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where
h? = (c2—4af)/c}, V=alnl(n+n)tlzp=X.
This equation has compact solutions if » be an odd integer
positive or negative, for with the substitution (A) in the form
v(z) = I, [(m+2)(m-1)]w(z)
(r=1)(x-3)...
T (m4n)(mtn-2)...

w(2),
the operator is rational if n be odd.
The equation then reduces to
w(z) -t (r-1)7ptw(@) = [L[(r-1)(x+n)]V = W.
Now
[1-72 m(r=1) o?lw(z) = [1 - (ko) (hx p)]w(a)
= [1+h=1p]{l-h=wp]lw(x).
The further substitution
t@) = [1-hnt plw ()

gives
(l+hnlpli(z) =W,

so that the solution is made to depend on two equations of the first

order.
This case is an illustration of the method explained in 14-6.

Example.
(z+2)u(@)—(r+2)u(r—1)-2(x-1)u(x-2) = 0.

Putting w(z) = p*v(z), we have p?2-p—-2=0, whence
u=-1lor?2.
Taking p=-1,m=1, 4=3, n=2, we get

v(a:)+i~((77—z—i—;—;pv(w) =0.
Substitute v(z) = I, [(x+1) x]w(z) = (m+ 1) w(z), then
w(z)+3(r+2)" pw(z) =0,
(z+2)w(z)+2zxw(x—1) = 0,
w(x)=(-2)?T(z+1)/T(z+3) = (-2)*(x+2) " (z+ 1),
9(2) = (r+1) w(@) = — (= 2)*1 (32 +4) (@+ 1)1 (z+2)L.
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Therefore
u(z) =4 2°(3z+4)(z+ 1)z +2).
Taking wp=2 m=0, 4=3, n=2, we have
v(@)+ i (m+2) " pv(e) =
v(z) = (-2)*(z+2) e+ 1),
u@) = (- 1 (@+2) (o+1)7
The general solution is therefore
ule) = Z‘le(géi ;; + (z?—zl( ) (xl l 2)"
14-73. Discussion of the Equation
(az®+ bz +c)u(@)+ (ex+f)u(x—1)+gu(z-2) =
Write wu(x) = p®v(z)/I'(z+1), p=xE-!; then the equation
becomes
p2(az?+ o +0) v(2) + (e +f) p () +9 p20(2) =
whence, writing w+p for z, we obtain
{pam®+bn+c)+pu[(Rep+e)n+(b+a)u+fle

+(pPa+petg)p®lo(@) =0
(I) Choose u so that

ap?--ep+g = 0.
The equation then assumes the form
[an?+ b+ c+ (An+ B) p]v(z) = 0,
where
Ap =2ap+e, Bp = (b+a)p+f.
This equation is formally satisfied by one factorial series of the

first kind and two of the second kind, all of which can easily be
obtained by our general methods.

If we put ak?+bk+c=a(k-ax)(k-B), the equation can be
written
T+C _
[ m=mge v =o

C=4dal. -=B4.

where
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If cither ¢—a or ¢c—f be an integer, a compact solution exists.
If, for example, c— 3 = n, an integer, the substitution

v(z) = I [(m+c) (m - B) ] w(2)
leads to the equation
w(x) = C(m—o)™ pw(z),
which is of the first order.
(TI) When the coefficients are related by the equation
2af+(a—b)e =0,
we can choose p. so that
2aqp+e=0, (b-a)u+f=0.

Thus putting p = -¢/(2a), A% = (e*-4ag)/c® the equation
becomes

v(w) -k (n~a) (- B)Lp2u(x) = 0.

If B—a be an odd integer (positive or negative), the substitution
(A) in the form

v(z) = I [(m~ ) (m~a~1)]w()
leads to the equation
w(z) -k (r—o)t(r—a—1)"1p2w(z) =0,
which can be resolved into two equations of the first order as
in 14-6.
Ezample. (2*+2—2) u(x)-+5rxu(z—1)+4u(z) = 0.
Putting u(x) = p?v(z) /['(z+1), the equation becomes
(@i (m®+ 7 —2)+ w(2p +b) mp + (w2 +bu.+ 4) p2]v(z) = 0.
If p = - &, this gives
[1-. (=1 (m+2)1p*o(z) =0.
Put
v(z) = IL[(x+1)(x - 1) Jw(z) = (v+1) w().

Then
[1-5(m+2)(n+ 1) pPw(z) = 0,
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which gives the pair of equations
[1-3(rm+2) p]t(2) = 0,
[1+3(m+2)p]lw(z) = t(z).
The first of these gives

o= m(5) 119 = () ey

The second then becomes

3o,

(@+2) w(z)-jrw(@-1) = @—1 5+1)’

which can be solved by summation. We then have
u(@) = (= i)*(m+1) w(z).

14-75. Discussion of the Equation

(az?+ bz +c) 3u(x)+(cx+f) Au(@)+gu(x) =0.

This equation can be written in the form

a(z—oa)(z—-p) f}u(x)+c(w— v) Au(z)+gu(z)=0.
Here it is convenient to use the operators =; and p;.
Taking 2" = -« — 1 and multiplying by «’, we obtain
a(@ +a—P+1) m(n—1)u(x)
t+e(@ +oa—y+1)mu(x)+a’ gu(z) =0.
Write — ; + p, for ', we then obtain
[a(-m+a—B+1+p)m(m—1)+e(—m+a—y+1+p)m

+g(—m+ey)]u(@) =0,
which, using Theorem I, becomes

m[o(m—atB-1)(m - 1) +e(m—-at+y—1)+g]u(2)
—[a(m, - 1) (7 - 2) +e(my — 1) +g] py u(2) = 0,

which is a binomial equation formally satisfied by three series in
ascending powers of p, and by two series in descending powers
of p,, all of which can be found by the usual method.
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14-8. Bronwin’s Method. Certain forms of linear equation
can be solved by performing A upon them one or more times.
Consider the equation

2
(a+bx) Au+(c+dz) Au+eu=0.
Operate with 5 Then by the analogue of Leibniz’ theorem, 2-51,
we obtain
n+2 n+1
[a+b(z+n)] A u+nb A u .
n+ n n
+[c+d(x+n)] A u+nd Aut+eAu=0.

If we take n = —e¢/d, supposing that to be a positive integer,
nt1
we have a linear equation of the first order for A w.

2
Example. zAu+(x-2)Au-u=0.
Performing A, we have

whence
@

2
Au= m )’
x) o
Au -= é ].r(t-i?I)At-i_ w,.

Substituting in the given equation, we have

Tw

u=-2" i (z-2) w+(z-2) S m’f’;l-)At.

I'(z+1)

14:9. Linear Partial Difference Equations. The prin-
ciples of solution enunciated in 13-8 are applicable to partial
equations of the following forms, namely,

F(z, Asy A)w=0, F(y, Az; Ay)u=0,

F(x:y’ Az)u =0, F(z,y, Ay)u=0.
In each of these equations one of the independent variables
or one of the partial operators is absent. If y or A, be absent,

we treat y as constant and the equation as an ordinary equation
in z and thereefter interpret the solution.
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Example. uy, y—2Up g, yq4=0.
This equation can be expressed in the form
u-2sE;'E;'u=0.
Replacing E, ' by a, we have

u—arE;u=0,
which is equivalent to

Vpy—axv, 4 =0,
where v, = u,, ,. We thus obtain
v, =a*'(z+1)$(y),

and therefore

Ue,y = Ey *T'(@+1) $(y) = T(+1) $(y-2),
where ¢ is an arbitrary function.

14-91. Laplace’s Method. The method of 13-83 is appli-
cable to equations of the form
A u(z, y)+A1u(w—"1, y—-1+dyu(xz-2,y-2)+...= V(z, y),

in which the difference of the arguments in u(z—s, y—s) is in-
variant for s =0, 1, 2, ....

Putting z--y = k, we obtain
Byv(x)+Byv(x—1)+...= V(z, - k),

in which the coefficients are functions of z and of the parameter %.
Thus in the equation

Uy, y— LUy y, yq =0,
we have
V=TV =0,

whence vy, =cI'(x+1).
Replacing ¢ by an arbitrary function of %, we get

Uy, y = P(x+1)¢(x"y)
as before.
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EXAMPLES XIV

Investigate the solution of the following difference equations:

1.
2.
(24 3) Upyp— (4 3) Upyy — 2T U, = 0.

Il
© o w1 P o oo

11.
12.

13.

14.

15.

(z+2)u@x+2)~su(x+1)—u(z) =0.
(x—a)u,—(2z—a—-1)u, ;+(1—¢¥)(x—1)u,_y = 0.

2
L@+ ) Au-20 Au+2u = z(z+1)(z+2).

(@) Ups —2(x 4+ 2) Ty + (1) (- 2)u, = 0.
L(@-D)( @+ D) Uy — (Pt 1) (P42 - 1)y, bt (r+2)u,

2
2@+ DAvtrr Au—niu=0.
A4+ 2) 224 1) upyp— 4 (w0 F1)2 Uy + 2 (22 + 3) u, = 0.
u@+2)-2Bu(z+1)—c(c—2?) u(z) = 0.
10.

2 —
Ugyg = Ugyy = T Uy = 0.

2
(#*+az) Au~(2c+a- 1) A u+2u = b+ ca®
Uy = T(Up_g+ Usp_g)-
Upyy = T(Ugt Uy ).

2(x+2)3 z - 1)2(x+2
"Lx’+1) u:c+1+§ _).’17(— ‘)uz::()

Shew that the equation

Upyy g+ Qg Ug g+ u, = c,

(x’*' 3)2 Uzpa—

can be reduced to a lincar equation of the sccond order by the
substitution

Ug Vg ="Vgyy — Cg Vg,

and shew that the two periodics which appear in the value of v,
effectively produce only one periodic in the value of ..

16. Uyp—2(x~ Dty + @ —1) (- 2) u, = '(+1).

17.

w(w+1)£u+k(1—x)Au+ku =0.

18. Uppy, yn—(@—2-2y—2) u,, yy+(x+y) u,, , = 0.



CHAPTER XV

THE LINEAR DIFFERENCE EQUATION WITH RATIONAL
COEFFICIENTS. LAPLACE’S TRANSFORMATION

In this chapter we discuss the application of Laplace’s transform-
ation to the lincar equation and the solution by means of contour
integrals.

15:0. Laplace’s Transformation. Another method of
solving difference equations with rational cocfficients is founded
upon the substitution

(1) u(z) = L t==1o(t)dt,

where [ is a line of integration suitably determined and where the
function wv(¢) is found from a certain diffcrential equation. As
all the essential points of the method are illustrated by the equation
of the second order we shall consider the equation

(©) P2 (%) u(2+2) + py (2) w(z+1) + po(2) u(2) = 0,

where p, (), p;(x), po(x) are polynomials.

An equation of this type will be called “normal ” if the following
conditions be satisfied.

(1) The extreme coefficients have the same degree p while
that of the remaining coefficients does not exceed p.

(ii) The differential equation satisfied by v(¢) is of Fuchsian type,
that is to say, all the singular points of the differential equation are
regular.*

* The somewhat unfortunate term

¢ ’

‘ regular »’ is here used in the sense in
which the term is applied in the theory of linear diffcrential cquations. See
e.g. E. Goursat, Cours @’ Analyse, t.ii (2nd edition), chap. xx. The term
regular must not be confused with holomorphic.

478
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We shall suppose equation (2) to be normal.
We then write the coefficients in the following form :
P2(@) = Ay (@+2)(@+3) ... @+p+1)+...
+ 4y (x+2) (x+3)+ 4, (x+2)+ 4,
P(@) = By(@+1)(2+2) ... (@+p) +...
, + By (+1) (z+2)+ By (z+1) + B,,
Po(@) =Crw(z+1)(z+2)...(z+p-1)+...
+Cyx(x+1)+Cix+Cy,
where 4,+0, C,=0.
Putting
é,(t) = 4,2+ B,t+C,,
(3) ¢i(t):Ait2+Bit+(Ju 7::0, l’ 2;-"’])_1:
the equation
$,(t) =0
is called the characteristic equation. By our hypothesis the roots of
the characteristic equation are both different from zero. We shall
denote these roots by a,, a,.
With the value (1) for u(z), we have by successive partial in-
tegrations
z(@+1) ... (x+s—1)u(r) = (- 1)‘J' ters-loG) (L) dt
4

+[(@+s=1)... (x+1)t*o(t) - (x+s—1) ... (x+2) =1V () +...
+ ( — ]_)s—l {&ts—1 g(s—1) (t)]l .
Substituting for u(x) in (2), we obtain for the left-hand member
the expression

13 Corg@oo@ar e,
1 $=0

where . L
) 10 = 005 G2 beaO]-V Q)% B a0+

+(=1)?-to@=D(R) [1=+2-1 4, (2)].
It follows that (1) provides a solution of the difference equation
(2) if v(¢) be a solution of the differential equation

B 20 DT84, et (< 1P o0 = 0,
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and if the line of integration I be chosen so that I(z,t) has the
same value at each extremity of the line, when the linc is open. If
the line be closed, I(z,t) must return to the same value after ¢ has
described the line.

The singular points of the differential equation are £ = 0, ¢ =
and the zeros of ¢,(t), that is to say, the points t = a,, t = a,.

To find the solutions of (5) in the neighbourhood of the origin,
we substitute

v(t) = cot™+ ey t™H eyt 4L,

and equate to zero the cocfficient of ¢t™. This gives, as indicial
equation for m,

Co[Comm—=1)...(om-p+1)-C,.ymm-1)... (m—-p+2)+...

+(=1)p 10 m+(-1)Cy| =0,

which, by the definition of p,y(z), is equivalent to

Po(—m) =0.

Thus if, as in 12:0, we denote the zeros of py(x) by oy, oy, ..., ),
we have as values of m, —a;, —0, ..., —o,. We shall suppose
these values arranged so that

B(w) < B(e) < B(og) < ... < B(wy).

The differential equation has then p solutions in the neighbour-
hood of the origin of the form
(6) vs(6) = ¢ [fo)+f1(0) log t+ ... +£. () (log £)7],

s=12,...,p, r<p-1,
where the functions fy(t), fi(¢), ... , f-(¢) are holomorphic at ¢ = 0.
1f no two of the numbers o, oy, ..., o, be congruent, no logarithmic
terms occur. In the extreme case where all the «, are congruent,
r=p-1,whens = p.

Again, the product ¢*v,(t) vanishes when ¢ = 0, provided that
R(z-a,) > 0. This condition is satisfied for every s, provided
that R(z-a,)> 0.

Now, the functions v,(f), (s =1, 2, ..., p) form a fundamental
system of integrals of (5). It follows that any integral v(t) is of
the form
(7) v(t) = by vy (0) + by v () + ... + by v, (8),
where by, b,, ..., b, are constants.
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Thus t*v(t) vanishes when ¢ =0, provided that R(z—a,)> 0.
It follows, from (4), that I(, ¢{) vanishes when ¢ =0, provided
that R(z—«,)> 0.

To examine the point { = o, we put

v(8) = cot™+ oy tm eyt
This yields the indicial equation
A,mm-1)...(m-p+1)—A4, ;m(m-1)...(m—-p+2)+...
+(=1)»14m+(-1)P4y =0,
which is equivalent to
Po(—m—2) =0.
If we denote the zeros of p,(x—2) by vy, ¥s, -5 Y», arranged

so that R(y;) = R(y) > ... = R(y,), we have for m the values
= Y1 — Ya> -+ » —Yp and a fundamental set of solutions of the form

V() = 75 [go(0) +91(2) log t+ ... +¢,(¢) (log &)"],
s=1,2,...,p, r<p-1,
where g, (t), ... , g-(t) are holomorphic at infinity. 4
It is clear then that t*V,(f) vanishes at ¢t = o, provided that
Rx+2-v,) <0, s=1,2,...,p,

and, if this be so, we conclude in the same way as before that [ (z, ¢)
vanishes at ¢ = .
It remains to discuss the singular points ¢ = a,, ¢ = a,.
Two cases can arise ; .
() ayFay; (i) a; = a,.

In the second case the differential equation is of Fuchsian type if,
and only if, a, be a zero of ¢,_,(t). We shall suppose this to be the
case, so that the difference equation is normal in accordance with
the definition.

In the differential equation, substitute

v(t) = ep(t—a)™+c, (E—a)) ™+ cy(t—ay) ™24+ ... .

In case (i), the lowest power of (¢t —a,) is (¢ —a,)™?+.. Kquating
to zero the coefficient of this, we have the indicial equation
(8) -t )@)m(m—1)...(m-p+1)cy

+¢y(a)mm—1)...(m-p+2)c, =0,
M.T.C. ow
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which gives for m the p— 1 integral values 0, 1, 2, ... , p—2 and one
other value which we denote by B,. The solutions corresponding to
the integral values of m are holomorphic at ¢ = a;. With these
solutions we are not concerned. On the other hand, B, is not, in
general, an integer and the corresponding solution is

(9) vF () = (t-a)” f1(2),
where f; (t) is holomorphic at ¢ = a,.

Similarly, at ¢ = a,, we have p—1 holomorphic solutions and
another solution

(10) U? (t) = (t—ay)P: f,(0),
where (3, is not, in general, an integer and f,(t) is holomorphic at
t=a,.
In case (ii), the indicial equation for m is
coaim(m—1)...(m-p+1) ¢ (a)) /2!
—coaym(m—1)...(m-p+2) ¢, ()
+cgm(m—1)...(m—p+3)¢, 5(a;) =0,
which gives for m the p—2 integral values 0, 1, ..., p—3 and two
other values not, in general, integral which we denote by #, and 3,

with R (@) > R(B,).
The corresponding solutions are of the forms

f11) VY () = (t-a)P1fi 0),
V3 (1) = (t-a)Ps [ o () +fs() log (¢ - @y)],

where f; (¢), f,(?), f3(t) are holomorphic at ¢ = @,. The logarithmic
term will only occur when §,, 8, are congruent.}

15-1. The Canonical Systems of Solutions. The integrals
v¥(t), v¥(t) of the differential equation 15-0 (5) are many-valued
functions.

t For the method Frobenius applied to the case of congruent indices, see
Forsyth, T'heory of Differential Kquations, vol. iv (1902), pp. 243-258. The
solutions can be written

% = ok—1 m
’I)k(t)— Wi[t_ f(m’ t)],

where k=1, m=8,, k=2, m=f,.



15-1] COEFFICIENTS. LAPLACE'S TRANSFORMATION 483

Two ways in which ¢*-1 v¥(¢), t*-1 v¥ () may be made one-valued
are shewn in Figs. 15 and 16. In Fig. 15 we have cut the ¢ plane

, a,
0z
0]

Fia. 15, Fia. 16.

from O through a, to infinity and from a, to infinity along the line
Oa,. In the cut plane both the above functions are single-valued.
Fig. 16 is explained in the same way. In the figures I, and [, are
loops from the origin round @, and a, respectively.

If R(x—a,) > 0, we have seen that the function I (z, t) given by
15-0 (4) vanishes at the origin, so that

1

(1) ul (x) = %’2 jl tz.—l v’f (l) dt,
1

(2) Uy (2) = Z_ni.[, =tog(t) di

are solutions of the difference equation 15:0(2). These solutions
have been called by Norlund the first canonical system. That
these solutions are linearly independent and therefore form a funda-
mental set will be proved later.

If a; = 1€, ay = 1yei%, 0 < 0, < 0, < 27, we shall suppose that
as t describes /; in the positive sense starting from O, arg(t—a,)
increases from 0, — = to 0, + =, and that as ¢ describes [, arg (¢ —a,)
increases from 0,—w to 0,+ =, while argt = 0, or 0, along the
straight parts.

If a, = a,, only one cut, namely, Oa,a, , is necessary, and only
one loop circuit is needed for both solutions. If r, <7, 6, = 6,,
botb @, and @, lie on the cut, and we must deform the loop I, so
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that the point @, is not enclosed by l,. In every case each loop
must be drawn so as to enclose only one point which represents
a root of the characteristic equation.

Consistent with this, the loops may be of any shape, the most
convenient shape for I, say, generally being two straight lines
ultimately coincident with Oa, and a vanishing circle round a;.
We note also that, if R(B,) > -1, the integral taken round the
circular part tends to zero when the radius of the circle tends to
zero. In any case we shall suppose that neither B; nor B, is an
integer, for in this casc the integrals taken round the loops vanish.

It may be noted here that integrals taken round a double loop
contour (such as used for the Beta function in 9-89) joining any two
of 0, a,, a, will furnish a solution of the difference equation.}

The second canonical system of solutions is furnished by cutting
the plane as already described and taking infinite loops L, and L,
round @, and a, as illustrated in Fig. 17 for the point a,.

Fic. 17.
This gives
1
(3) Uyla) = g _[L (=1 (1)
1
(4) Uste) = i | 1030,

where along L, we take arg(t—a,) to vary from 0, along the upper
side of the loop to 27+ 0, along the lower side, arg ¢ being 0, along
the straight parts. Here again the shape of the loops is immaterial,

1 See E. W. Barnes, Messenger of Mathematics, 34 (1905).
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provided cach encloses only one point representing a root of the
characteristic equation.

The second canonical system of solutions also forms a fundamental
set.

15-2. Factorial Series for the Canonical Solutions. We
consider for simplicity the case in which the roots of the charac-

teristic equation are incongruent.
We have by 15-0 (9),

U () = -}—L t=-1(t—a,)Pr f () dt,

2m

where f(t) is holomorphic at ¢ = a,.

The only singular points of v¥(¢) inside and upon [, are ¢ = a,,
t =0. Thus f() is holomorphic inside and upon I, except at ¢ = 0.

Make the change of variable

t=a,2, w>1.
Then
1 [ azté

Uy (2) = 2ri)e ©

where C is a loop from the origin round z = 1, Fig. 18.

2@4=1 (212 — 1)Br f(a, 2V*) dz,

P
(
i
° c
z plane t plane
Fra. 18. Fia. 19.
Now the circle |z— 1| = 1 in the z plane transforms into a loop

in the ¢ plane, round ¢ = a,, enclosed by two rays OA, OB inclined
at angle =/ w.
For, if
z=rc t=rT1etY, a,=r e
we have
TVeHw = ry y etf Mo,
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so that
=17, 0o =0+0,0.

When P describes the circle, 0 varies from — Z—; to +g and r varies
from 0 through 2 to 0, so that ¢ — 0, varies from — 2% to + 2 , while
© varies from O through r, 2!/ to 0, so that T describes a loop of
the kind stated.

By taking « large enough, that is, by making the angle AOB
small enough, we can ensure that 0, @, are the only singular
points of v¥(¢) on or inside this loop, and consequently that f(t)
is holomorphic in and on the loop except at ¢=0. It follows
that f(a,2z"/*) is holomorphic inside and on the circle |z-1| =1,
except at 2 = 0.

We can therefore find an expansion

1
() e = 3 00y
5 . 1 b
2t \ 2—1 =

which is convergent inside the circle | z2—1 | = 1, so that
Uy (z) = J. af 271 (z=1)A > C,(1-2)"d.
¢ y=0

Since the loop C is interior to the circle, we can integrate term
by term. Since by hypothesis arg(z—1)= — = at the beginning of
the loop,

0
Uy (z) = e"iPra? }J I 291 —2)Pitv dz

= e~"P1 g% (1 — e27iPr) Z C, B( By+v+ 1)
in terms of the Beta function from 9-88.
Since
B/w,pf+v+])=T(x/e)@+v+1)/T(z/o+B+v+]1),
we can write

(@) =i M@/ w) Q, B)/T(@/o+f+1)
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where (2, 8,) is a factorial series of the form

(By+1) ... (By+V)
Q(z, B;) =D+ 2, D, (:0+m[311+t0) (z-li-coﬁvaw)’

v=1
where D, = 0 and where the series is convergent for R(zx—«,) > 0.

In the same way by means of the change of variable
t = ay(1-2)1",

we can shew for the second canonical system that
U, (x) ~a’ZF B( = B Bl“*“""l)'

156-3. Asymptotic Properties. If z—> o in the region of
convergence, since

T/ io“l‘gl)ﬂ) ~@™

we have
Uy (%) ~ af(x [ w)~A-1 Dy,
Similarly,
Uy (%) ~ aZ(x [ )~ F-1 D).
Hence, if
lay|>|a,],
lim Uy () _ =0,
2w % (%)

so that, by the theorem of 12-16, the first system of canonical
solutions forms a fundamental system.

The same can be proved for the second system of canonical solu-
tions.

As we have thus found two fundamental systems, it follows that
the members of one must be linearly related to those of the other.
General methods of finding the periodic coefficients of these relations
have been developed by Noérlund. They are too long to introduce
here but they will be illustrated by an example later.
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16-31. Casorati’s Determinant. By Heymann’s Theorem,
12:12, the determinant
Py | 1@ w@
Uy (c+1) uy(xr+1)
satisfies the difference equation

_D(m+1) _ polx) _ C’,,(x—a,)...(m—a,,)'_

D@ T pa(x)  A,@—v +2) ... (-Yp+2)
C,l A, = a,a, =0, say.

Hence we have

D(x):b’”r(w otl)F(:l: oc2 Dz —ay,) (@),

P@=y,+2) . L@, 72)
where @ (z) is a periodic whose value will now be determined.
By the asymptotic formulae for u, (z), u,(x), we have
Uy (%) = a? 2= F=1 Do (1 4+ (2)),
Uy (2) = afw~F=1 Dy (1 +415(2)),
where v, (), %5(z) =0 when  — o in the region of convergence.
Now U (x+1) = a1 (z+ 1)1 Do (1 +n, (+1))
= a,"1 g1 Dy (145 (2)),
where 73(x) ->0 when z—>ow. Thus
D(x) = b* a2 Dy Dy (ay - a;) (1 +7 (),
where 7(x) >0 when z— o, so that
D(z) ~ b= g—pr—fr-2 D, Dy (ay— a).

But
T@—o) —

Cz—v,+2)
so that, from the value of D(z) in terms of the Gamma functions,

we have
D(z) ~ b* 2%-2° @ (),
where

S

k= ) (Ys—“s)'

8

I
-

Comparing the two asymptotic values, we have
@(2) ~ 22-F—Fsk D D (ay—ay).
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We shall now show that the index of z is zero. From the ex-
pressions for p,(z), p,(z), we have

- Z?as (Coatip(@-1)C,)[C,

?
- ;2.41 Ys = (Ap—1+%P(P"])Ap)/An-

Thus
o 01)'—1 Aﬂ"l
b=
Again, from 15-0 (8),
_ Poa (@)

- +1 N ] ’
Bl p a'l ¢p (a'l)
so that

_ 451’—1 451: 1(“2)
Bt Bam2pt2 = 14’ (al * az‘f’ dy)

If we express ¢, l(x) | ¢5(2) in partial fractions, we get .

¢,,_1 w) £ —1 + b (ar) 4 ¢v‘~] (a,)

$o(x) Ay T (s—ay) ¢p(“1) (z—ay) $,(as)
Putting @ = 0, we obtain
B+ PB2—2 +2=A”"‘—C"-1
17 P2 2P A, O

and therefore
2p—-2-B;—B—k=0.

@ (2) ~ Dy Dy (az—ay).
It follows that the periodic @ (z) is a constant whose value is
DoD(;(az_“l)-
Thus we have the value of Casorati’s determinant, namely,

F@-oy)...T@-a,) .
Iy 3] Dy ) Do Ditz= ).

The above result, which is due to Norlund, has been obtained on
the assumption a, + a,, but even if @, = a, Norlund 1 has shewn

that = () still reduces to a constant.

Thus

D(z) =

t N. E. Norlund, Bquations linéaires aux différences finies (1929), chap. iii.
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16-4. Partial Fraction . Series. The canonical solutions, as
is evident from their developments in factorial series, are analytic
except at poles in the region of convergence. By means of the
difference equation itself these solutions can be prolonged over the
whole plane. It thus appears that these solutions are meromorphic
functions and must therefore, in accordance with a theorem of
Mittag-Leffler, have a representation by a series of partial fractions.

To obtain the development we make use of the solutions of
15-0 (5) in the neighbourhood of the origin.

D

Fia. 20.

On the line Oa,, take a point a which is nearer to O than a, is.
Denote by C the path of integration OaaO and by €’ the loop
from @ round @, and back to a, Fig. 20.

Then

2miuy (v) = I t=-1oY (t) dt + I ==L of () dt.
c c
The second term on the right is an integral function which we

can denote by 2mni E ().
In the first integral, using 15-0 (7), we have, on the path Oa,

o1 (8) = by vy (£) + by vy () + ... + by 0, (£),
while on the return path a0 we have
VF (8) = ¢y vy (8) + € vy (8) + ... + €, v, (),

where by, ¢, (s=1,2,..., p) denote two sets of constants corre-
sponding to the two determinations of v (£) on opposite sides of the
cut in the ¢ plane.
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Thus
P a
I L () dt = D) (bs"cs)j Loy (t) dt.
c 81 0

Now, by 15-0 (6),

() =t [fo () + fr(O) logt+ ...+ £,(¢) (log 1)7],
where f,(4), fi(f), ..., are holomorphic in the neighbourhood of O,
and consequently along the path Oa, since

o] <lay| and |a| <|ay].

Making the change of variable ¢ = az and expanding the holo-
morphic functions in powers of z, we have

1 1
2?i." 1o} (1) dt = a* 24 24 }_4 ‘lspvj 745 aw-1(log 2)” dz,

8§=0 p=1 v==0
where the 4,,, are numerical coefficients.
Now
: (=1 !
pr+8—ay—1 v = L T
L~ «~1(log 2)* dz @t s—a)it
Thus, with B,,, = (—1)"v! 4,,,, we have
r

uy (z) = E(z)+a” 2 Z 27 Buwy )

=0 1 v. 0 $+§—

which is the required development of u,(x) in a series of partial
fractions. The series converges over the whole plane except at the
points o, ,—1, 0,—2, ..., (s =1, 2, ..., p) which are poles. If
no two of the «, be congruent no logarithmic terms can appear
in the functions w»,(t) and we have in this case the simpler
development

(@) = Blo)+a® >, >

16-5. Laplace’s Difference Equation. This name is given
to the equation whose cocfficients are linear functions of z. The
general form of the homogeneous equation is

[4y(z+n)+ dg]u (@+n)+[By(z+n-1)+ ByJu(z+n-1)
+..+[K 2+ KyJu(z) =0
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If A4,=B,=...=K,=0, we have an equation with constant
coefficients. Some cases of the application of Laplace’s trans-
formation have already been discussed in 13-3. For simplicity we
shall again consider the equation of the second order

[A;(x+2)+ do]u(z+2)+[B;(z+1)+ Byl u (z+1)
+[Cya+Colu(x) = 0.
If 4,0, C, + 0, this equation is of the normal type.
Making the substitution
wi@) =y L 1o (1) dt,
we have for v(¢) the differential equation
(4, 8+ Byt+Cy) tv' (8) — (Ao 2+ Byt +Co)v(t) =
When the roots a,, a, of the characteristic equation
¢ (t) = 4,2+ Bt+C; =0
are uncqual, we have, using partial fractions,

V) _ -, B, B
o) = e tita

RO = - )l a),
where
Cia+Cy=0.
Again, from 15-0 (4),
I(z, t) = t=-2(t — ;)P (t — ap)Prtl.

The canonical solutions are

1
Uy (x) = S L t=-Lo* (1) dt, Uy () = zim L (=-lo* () dt ;

-1
- ZTC’L I,

U, () oty dl,  U,(z) = Z:?i L -1 % (1) .

The cxpressions for u,(z), uy(z) arc valid in the half plane
R(x—a)>0; those for U,(x), Uy(x) in the half plane

R(x—x+B+PBs) <O.
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156:51. Reducible Cases. Since v*(¢) is multiplied by e*"##: on

passing round ¢ = a,, we have

1- ‘IZM By
T 2m

4y (0) = [t - apmae

If B, be a positive integer or zero, we sce that I(x, ) vanishes
when ¢ = a,, so that we can replace w,(z), which vanishes, by

2(0) = [ et - (e

In this case if we make the change of variable ¢ == a2 and for
brevity write § = x—a, we have

B
Uy () = 2%{-7; a2f+"1+/"L 25-1(z— 1)k (z— 1+1 —Z;) ldz,

where [ denotes a loop from the origin round z = 1.
Expanding the last term of the integrand by the binomial theorem
in powers of z—1, we have

1 ﬁx\ ( a.\Pi-8 (5 J‘
- ¢+B1+8s -1 1 £-1(n_1)8e! .
Uy () oz 2 32—6 1 a2> <s ) lz (z= 1)l 2z

Thus, from 9-88, we have
By B1—¢ r -
= @,ftBitBs \ _% BJ o ga)ﬁ [

U (7) = 6, ,2_40( a.) <s> FET Bt HI(=Bs-9)
?_1)3‘_ (Bl) LE)(E+PBats+])... (E+Ba+By) )
a, s/ DE+P +Bat+ 1) (= By—s)

Hence, when B, is a positive integer, we have (omitting a con-
stant factor),

By
= gyf+hiths E <1 -
8=0

[(z-a

K o R

Ug (@) =

where
P@) = (5—k)(@—ky) ... (- kg,
is a polynomial of degree {,.
It follows that
—ge LDE-o)T(@—k+1)...I'(@—ks+1)
1) = O Gt Bt o+ 1) Do) o T o= By
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Thus wu,(z) satisfies an equation of the form

u(@+1) = r(z) u(2),
where
r(z) = ay(@—a)(z—ky+1)... (x— kg +1)
@ =t By+ Byt 1) (@ —Ky) o (@K,

and the given difference equation is reducible (see 12:24).

Again, if B,= —n, a negative integer, we have

1 [ ¢-1(t—ap)

2 )y, (t—ay)"
The residuc of the integrand at the only pole ¢ = @, is the coeffi-

uy (r) = de.

cient of y»! in (y+a,)¢~1(y+k)P:, where k= a;,—a,. Thisis
f ! Lﬂz \’ B ) <£_ 1) aj & kntsHl

n-1-s )
so that
u, (%) = ai P (v),

where P (x) is a polynomial and the equation is again reducible.
Thus Laplace’s equation is reducible when either 8, or B, is an
integer.

156-62. Hypergeometric Solutions. We suppose that
neither B, nor B, is an integer and that | a;| <|ay|. We have
then a solution of the form

w(e) = [ #-3 - 0nd,
L
where § = v —a. Putting ¢ = a,2, a, = ka,, this becomes
Uy (1) = a,fth azﬂﬂj 25 1(1 - 2)B1 (1 — k2)Pe dt,
1

where [ is a loop from the origin round z = 1.

Since the integrand is multiplied by e2"é#: on passing round z = 1,
we have

U,y (x) = alf+ﬁx azﬂl(l - 82"1:5!) jl 2-1 (1 — z)ﬁl (]_ - kZ)B’ dt

= alf+ﬁl azﬁa( e2mﬁ) P((E.rafgjl-:‘ll)) F(g, _ BZ; E+ pl+ 1 ; IC),
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from 9-86. This is valid, provided that

R(E)>0, R(B,+1)>0.

These restrictions can be removed if we replace I by a double
loop of the form used in 9-89. By various changes of variable we
can get altogether 16 solutions of the above type. Eight more can
be obtained by taking a loop from @, round a, and a loop from
a, round a,.

On account of the existence of these solutions, Laplace’s difference
equation of the second order is also known as the hypergeometric
difference equation.

15-563. Partial Fraction Series. Taking |a| less than
|a,| and |a,|, we have, as in 15-4,

w(e) = [ 8107y g
= (1— eamine) L t£-1(a, — B (g~ )P di+ E (),

where E (x) denotes an integral function.
Now, by the binomial theorem,

I A
us
ap az—ﬂ:_[: =1 (ay — )P (ay — 1)

= afj: [t‘“l—(gi+22)atf+...]dt

ol (R -]

We can put |a]| equal to the smaller of |a,|, | a;|.
If |a,| <]|a,|, R(B) > —1, the integral round a, vanishes, and
we have

(@) = af gt - [} (e B) 2]

The partial fraction series are valid in the whole plane and put in
evidence the poles at z =a-s, s=0,1,2,....
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16-54. The Relations between the Canonical Systems.

Fru. 21,

Let a, = rcfh, a,=rye%, 0<0, <0,<2r
Consider the loops [, 1, shewn in Fig. 21, where the straight
parts coincide with Oa, and the radii of the circles tend to zero.
We first suppose that
R(E)>0, R@)>-1,

and put
X() = Bt a)P(t—ay)*.

On AB let argt = 0,, arg(t—a,) = 0,— =, then
2 uy (z) = (1 — e2mify) rl x () dt,
0

since the integral round the circle tends to zero with the radius.
On EF arg(t—ay) = 0,+m, argt=0,

while on GH  argt = 0,+2=x, arg(t—a,) = 0,+ .
Hence
0
I x(t)dt = I €2mih1 y (1) alt+rl e2mi¢+R) y (1) dt.
1’y a 0
Thus, comparing these results, we have
e~ 2mig; _ 1
e2mif _ 1

(1) 2ms uy (x) = " o1 v* (¢) dt.

This integral has a‘meaning even when JR(§) < 0, so that we have
obtained the analytic continuation of u,(z) over the whole z plane,
except of course at the singular points. We can therefore now
suppose that R(£+ B;+ B;) < 0. Without crossing any of the cuts
in the ¢ plane (see Fig. 15), we can enlarge the loop l," into a large
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indented circle whose centre is the origin as shewn in Fig. 22, and
when the radius — co since R(§+B;+3;) <O, the integral along
the circular arcs will be zero.

Fia. 22.

Let M, Q be supposed to coincide with @, and N, P to be at in-
finity along Oa,. We then have on MN, arg(t—a,) = 0, argt = 0,,
and on PQ, arg(t—a,) = 6,+ 2, argt; = 0, +2n. Thus, if A denote
the limit of the contour PQa, MN when the radius — o, we have

_[ t=-lo*(t)dt = r’ eBmipr2mit 5 (1) dt -}—jw emif1y (1) dt.
A

© a,
Dealing with the canonical solution U, (z) in the same way as with
%, (%), we obtain

2mi Uy (x) = -‘m, emiby () dt -+ r; €3mif1y (1) dt.
© a,

Thus we have
1 — e2milé+8)

= tz_l v* (t) dt = -’éz";m_—l‘- Ul ((L‘).

21 A
Also the loop round e, is equivalent to — L.
We have now the complete value of the integral round /,” and,
substituting in (1), we obtain

e~ 2mifi_ ] (1 — e2rité+8)
'ul (fl;) = e2ﬂif_ l l 32"‘51— ]. U]. (w) - Uz (w)} :

This is an identity between analytic functions and we can there-

fore remove the restrictions originally placed on &, B, B,. The
M.T.C. 21
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expression of u,(z) in terms of U,(z), Uy(x) is obtained from
the above by interchanging the suffixes 1 and 2 and then writing
e2"it U, (z) for U,(z), the factor being introduced on account of
the additional circuit round ¢ = 0.

This investigation illustrates a general method of finding rela-
tions between the solutions of the two canonical systems.

If 2=1re® and r—> o, then €20, if 0<0<m, and
it > o0, if -t <0<O0.

Using the general asymptotic values of 15-3, it is easily proved
by means of the above expressions that

Bit+1
4, (%) ~ constant x aj (;) ,

when - along any radius vector other than the negative
real axis which is a singular direction. Similarly, the positive real
axis is a singular direction for U,(z). These are particular cases
of a more general theorem that the asymptotic properties of the
solutions of a normal equation hold when # — oo in any direction
which is not singular.

16:66. The Case a, = a,. When the roots of the character-
istic equation are equal, the difference equation is of normal form
only if a, be a zero of ¢,(t). In this case, writing @, = a, = a the
differential equation of 15-5 becomes

V() _dyt-b) __«
o(t) ~ t(t—a) t -a
whence v*(¢) = t—*(¢—a)? and therefore
1
27t A

U (2) = et —a)B dt.

Put ¢ = az, we have, using 9-88,
1 (ab
Uy (%) = a®—o+h ;——.j z#ol(z—-1)Fdz

a* B ' (x— o)
I‘(a; a+B+1)I'(-B)°
In this case the equation is reducible, and in fact we see that a
second solution is a® since, by hypothesis,
4,62+ Ba+C; =0, 24;a+B, =0, 4ya*+Bya+Cy=0.
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Thus we have found two solutions which are obviously linearly
independent.

When a is not a zero of ¢y(f) the equation is no longer of
normal form, and if we make Laplace’s substitution, we obtain

vl _ e, B oY
o(t) ~ t t-a (t—-a)¥’
whence o(t) =t (t—a)B eVlC-a),

This yields a solution

]

o gEe-l(p—g)B Y /C-a (g
2m A ( )

Uy (r) =

valid if R(z-a) > 0.
To obtain a second solution, we observe that if

Y= A, l—a=rc¥
then D G )_‘ei(o‘:—o).
t—a r

Hence when t--a, "/t-® >0 if |¢-0|>1ir and > if
-0 <ir.

Through @ draw a line 4B perpendicular to the line joining
a to a-+v, Fig. 23.

a+y

Fia. 23.

Then e'/¢- 0 when ¢-—>a, provided that ¢ be on the side
of AB remote from a+y. Draw the contour C' as shewn in
Fig. 23, which departs from @ on the side remote from a++y
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with arg(t—a) = t+¢ and returns on the same side with
arg(t—-a) = —-n+¢. Then

Y
Uy (%) = IC t2-e-l(t—q)Bct-adt

is a second solution of the difference equation, for by the way in
which we have chosen C the integrated part corresponding to
I(z, t) of 150 (4) vanishes.
Making the change of variable,
t—a = — Y s
2

and suppressing a constant factor, we have

wor=a] () (11 e

where L is the contour of Fig. 10, 9-72.
Since the contour C can be made on as small a scale as we please,
we can arrange that
ly/(a2) | <1.
Expanding the integrand by the binomial theorem, we obtain in
terms of the complementary gamma function, 9-72,

w@) =ar 3 (-0 (1) (°75 7T nu(- g

Since
-8 =(-8-1)..(-B-s-I(-B-s-1)
we have
A Y\ (-1 1
w@ =00 20 70 ) Ery ey
the series being a Newton’s Series. This case is interesting in that
we have found solutions of an equation which is not of normal form.

16:6. Equations not of Normal Form. Equations whose
coefficients are polynomials and which are not of normal form may
sometimes be reduced to normal form by a suitable change of
variable. Consider

Pa(®) Ugint Png (T) Uging+ - + Do () Uy = O,
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and suppose that the degree of p,(z) is p, that the degree of p, ()
is p+mnk, and that the degree of p,_,(x) does not exceed p+ sk,
s=1,2,...,n—1, where %k is a fixed integer positive or negative.
The equation will be reduced to the normal form by the substitution

= [I' (@) v,.
For, if % be positive, the term p,_,(%) %, ,_, becomes, after
division by [T'(2)]%,

[(@+n—-s-1)...(@+1) ] pp_s(®) Vpins,
whose coefficient is of degree not exceeding
(n—8)k+p+sk = p+nk,

while the extreme coefficients are of degree p+nk. If k be
negative, we multiply the equation by

[(x+n—-1)(x+n—-2)...2]*
and obtain coefficients of degree not exceeding p.
Example.
(@ 2+ @y T+ ag) Ugyp+ (by T+ bp) Ugyy + 0 Uy = 0.
Here p =2,k =-1. Writing 4, = v, [I'(z)]"%, we get
(@, 22+ ag T+ a3) Vypo+ (4 1) (b2 +by) v+ ¢y 2 (x+1) v, = O,

which is of normal form.

EXAMPLES XV
Discuss the solution of the following difference equations :
1. (42) Upyg— (T2+3) Upyy + 1224, = 0.
2. (—3) Upyp— (42— 3) Upyy + (42 +2) u, = 0,
3. (42+5) upo+ (122+10) upyy + (92+7) u, = 0.

4. Use the method of 12:72 to shew that the solution of the
complete equation

2, (@sz+b,) u(z+s) = f(z),
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where f(z) is a polynomial, can, in general, be made to depend upon
the case in which f(x) is replaced by a constant.

5. With the notation of 15-5, shew that the complete equation
[4; (@ +2) + 4] Upya+[By (z+1) + Byl theyy + (Cr 2+ Co) u, = ¢,

where ¢ is a constant, can be satisfied by taking

1
Uy = AI 1oL (L — a))Pr (L — @) L,

a
where A is so chosen that
A (1 —a)Bt(1—a,)Ptl =¢.

6. If ¢(2), ¢(7) be polynomials, shew that in terms of the
operator E Laplace’s equation can be written in the form

[$(E)+zd(E)]u(2) = f(2).

If f(z) can be expressed in the form
fe = e1roa

discuss the conditions under which the difference equation will
have a particular solution of the form

u(z) = r t=-1y(t) dt.

a

In particular, shew that v () must satisfy the differential equation
t‘m’%l’@l —b() o)+ F () = 0.

7. Shew that the equation
(#+a) (@+D) Ugyg+ (a1 T+ by) Upyy + by us = f(2)
can be reduced to the normal form by the substitution
vy =u'(z+a—-1).

Shew how the method of Ex. 6 may be applied to this equation in
the case where f(z) = pz+gq.
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8. Apply Laplace’s substitution to the equation
(o) (@ B) tp ~ [20(@~ 1)~ 3@~ 1) + «B] gy
+(@-2)(x—y-1)u, o =0,
where 8 =a+B+v+1.



CHAPTER XVI

EQUATIONS WHOSE COEFFICIENTS ARE EXPRESSIBLE
BY FACTORIAL SERIES

AFTER equations with rational coefficients the next type in order of
simplicity appears to be formed by those equations whose coefficients
can be represented by inverse factorial series. Such equations have
been considered in detail by Nérlund who has shewn how to form
series which satisfy certain classes of these equations and has proved
the convergence of the solutions. Norlund’s method consists in the
direct substitution of a series, followed by transformations. It
seems, however, simpler to use an operational method which leads
ultimately to the same series but avoids the transformation of the
terms which is inherent in the method of direct substitution. We
shall begin by establishing the necessary theorems of operation.*

16-0. With definitions of Chapter XIV, we have
¥=x-r, wu(x)=2 Au(w),
L' +1
o) = p s B ue),
We shall now prove
Theorem IX,

(r+p+a)t=pl-(n+a+l)p2+(n+a+1)(x+a+2)p3-
o1+ D (-1 ¢(n+a+l,s)p1,
g=1

where the operand is any function of x, and
¢(A+a+1,8)= (A+a+1)(A+a+2)...(A+a+s).

* L. M. Milne-Thomson, * On the operational solution of linear difference
equations whose coefficients are expressible by factorial series,” Proc. Cam-
bridge Phil. Soc., 28 (1932).

504
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Proof. Assume that
(m+p+a)™ = fo(m) e~ +£i(m) p 2 +fa(m) o3+ ...

Operating with 7+ p+a, we have

1= fo(m) 72+ [p f1(m0) p~2+ (+a) fo(m) p~1]+ ...

+[p fo(m) o2+ (w4 a) foy(m) o1+ ...

Using Theorem I, 141, this gives

1= fo(m=1)+[fi(m~1)+(r+a) fo(m) o1+ ...

+fi(m=1)+(n+a) fy (w)] o~ + ... .

Thus we must have

[
=
(571

for=1) =1,
fi=1)+(A+a) fo(N) =0,

fs(A=1)+(A+a) f,(3) = 0,
whence

JoN) =1, fi(N) =-A+a+1), foL(0)=A+a+1l)(A+a+2),
and generally

fs) =(-1pPA+a+1)...(Ata+s),
which proves the theorem.
16-01. Theorem X,
[(c+p+a+n-1)(n+p+a+n-2)...(n+p+a)]?

e~ (?) (r+a+n)p—nt
+<'n+ )(7:+a+n)(1r+a+n+ 1) p~"2+...

. \ -1
2o 3 (1 () g atn, o) g,
where

d(A+a+mn,s)=(A+a+n)...(A+a+n+s-1),
and the operand s any function of .
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Proof. The theorem is true when n =1 for it is then the same
as Theorem IX. We therefore proceed by induction. Assume
Theorem X to be true for a positive integer n, that is to say

(1) [(xm+p+a+n-1)..(x+p+a)]?
. . 4+5-1
="+, (1) (n s >¢(7r+a+n, §) ™"
8=1
By Theorem IX, with a+n for a, we have
[
[r+p+a+n] 5o+ 2 (~1)d(ntatntl,s)p
: 8=1
Operating with this on (1), we get
2 [r+p+a+n)(n+p+at+n—1)..(xt+p+a)]?
0 8
S —n—1 _1\s n+s—v-1
P +a§ v=2=0 ( 1) ( S—V )
x(m+a+n+1,v)p 1" d(n+a+mn, s—v)p st
Now, by Theorem I,
¢(Tt+a'+’ﬂ+1, V) p_l_"¢(7'c+a,+/n’ S — V) p—n—s+v

# ¢(n+a+n+1, V)¢(n+a+n+1+v’ §—v) p_n_l_,
=d(n+a+n+l,s)p~n 1,

24 (n+s—-v 1) _ 0<n+ s—v—-l)

=(n+1+s-—1>=<n+1:s—l)’

Also

8o that the right-hand side of (2) is
p 1+ Z:l (-1) (n+ 1-:8— 1) ¢(r+a+n+1,s)p 12,

whence the theorem follows by induction from the case n = 1.

In proving Theorem X we have written in a certain order the
factors in the left-hand member of the statement in the enuncia-
tion. That the order is immaterial depends on the fact that the
same expansion is obtained for [(n+p+a)(nm+p+b)]? as for
[(m+p+b)(m+p+a)]*. Thisis quite simply proved by assuming
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an expansion for each as in Theorem IX and then operating
on the first with (m+p+a)(n+p+b) and on the second with
(m+p+b)(m+p+a). These last two operators are equivalent and
we are led to the same functional equations for the coefficients
in each case.

The application of Theorem X to the theory of difference
equations reposes on the equivalence of w+p and z—r=12
regarded as an operator.

Thus with any operand

1 1

e ,Hp—p“l (m+1)p2+(n+1)(m+2) p~3~ ...,
1 1 2 ~
@ +1) " (mtp)n+ -QL_) < (1)(“+2)9 ?
+<2)(ﬂ:+2)(n+3) o=t —
and so on.

It follows at once that a factorial series of the first kind can be
replaced by an equivalent operator.
Thus with r =1, ' =2z-1,

ap s
(3) a°+x+x(z+1)+ “tr@r]) ... @i

Zaotayp7l +ag—ay(m+2)]p7?
o= (3) aa(m 4 )+ ay (4 2) (4 )00 4 o
the general term being

(- (7" a9+ (°5 1) aatmr o mrs-1) - )

@ =S a0 () )mromee- . mro-viD)m,

the product (n+s)(t+s—2)...(r+s-v+1) being interpreted as
unity when v = 0.*

* We shall make the corresponding convention throughout the chapter as
the formulae arc more readily expressed when it is adopted.
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16-1. First Normal Form. Consider the difference equation
(1) pa@)u(@—n)+p,4@)u(@—n+1)+...+po(@)u(z) =0
Since
u(@-1)=ETu(z) = (1 - A)’u(x),
-1
we can reduce the equation to the form
n n-1
(2) q,,(x)éu(m)+q,,_l(m) -A1 u(@)+ ... +go (@) u(z) = 0.

If g (z)=a,(z-1)(x -2)... (®x—s+1),
(s=1,2,...,n), and ¢4(x) = a,,

the equation is of the form which we have called monomial
(see 14-5) and has solutions of the type 561(:” F{‘(m) %" An obvious
generalisation of the monomial type is obtained by supposing in
the definition of g,(x) that a, is replaced by

bi,s, by, b, s
@ @ =at o Y e @)

When z — o the modified coefficient — a,, and we should expect
such an equation to have solutions which behave asymptotically
in the same way as the solutions of the corresponding monomial
equation.

We shall therefore consider an equation of the form

@) ta(@)(@=1)(@=2)...[@—n+1) Z&lu
+i, (@) (z-1)(x—2)...(-n+2) nA—11u+...+to(x)u =0,

where 4,(z), s =0, 1, 2, ..., n, is of the form (3) and where a, 5 0.
An equation of this type will be called the first normal form.

Since a, # 0, we can divide (4) by ¢,(z) and thus obtain an
equation of the same type in which ¢,(z) = 1. We shall therefore
suppose this to have been done.
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16-2. Operational Solution of an Equation of the First
Normal Form. For simplicity we consider an equation of the
second order, which we write in the form

2
(1) (z-1)(z-2) Au=(a+p(@)(@-1) Alu+(b+9(w) )u
= coax(k) fo(k) p* 1.
Here a and b are constants and p(z), q(z) are factorial series,

ag

) p(e )—Zl+w(w+1) i) @+2) T
(3) 9(2) = :1; a:(:f—i- 1) z(z+ lb)a(ac+ 2)
while the indicial equation is
4) folk)=k(k+1)+ak+b=0.
When the roots k,, k, of this equation are congruent, say
ky = ky+p

where p is a positive integer or zero, we take

k) = fo(k+1) fo(k+2) ... fo(k+p).

The right-hand member of (1) is introduced, as in 14-22, to allow
for this case. Taking o’ = z—1, we have p~*1 =T'(2) /T'(z+£k),
and we note that the right-hand member of (1) vanishes when
k = k,, and its partial derivate with respect to k¥ vanishes when
k =k, Asin 1422, we suppose the variation of k to be restricted
to a small region K in the neighbourhood of %, k,.

Using 16-01 (3), we have

9% 3w e 1@ F 3 h(me
where
Ba(m) = }J 0 (=1 () (ms) o (s - vt D),
and a similar expression for ,(r) obtained by writing b,_, for a,_,.
Thus, using Theorem II, our equation assumes the operational form
n(rn—1)u—(a+¢ (v) p 1+ dp(m) p2+...) U
+ (b4 g (m) 7+ P (m) p72+ ) u = co (k) fo (k) 7% 1,
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which can be written
B) [fo(-m)+fi(-m) o+ fo(-T) p2+...]u
= co (k) fo(k) p7* 1,
where, using Theorem I,
(6) fo(-m)==n(r-1)—am+b,
Ji(=m) = =y (m) (m+ 1)+ ¢y (),
Ja(=m) = = dy(m) (m+2) + b (7),
and so on.
We can at once obtain a formal solution of this equation by
assuming that
(7) u=u(zk)=coau(k)p®+c, p*+c, 07 2+...,
where the operand unity is understood.
Equating coefficients, we thus obtain
Jolk)cqat (k) = fo(k) coo (k), an identity ;
1 folk+1)+coa (k) fr(k+1) =0,
e fo(kb+2)+cy fy(k+2) +coa (k) fo(k+2) =0,

(8) csfolk+s)+esyfilk+8)+c, ofo(k+s)+...
+eqa (k) f,(k+s) = 0.

As already explained in 14-22, these equations yield determinate
values of ¢, ¢y, ... in terms of ¢,, provided the domain of variation
of k£ be sufficiently restricted. We have thus found a formal solution
of the non-homogeneous equation (1). Calling this solution u(z, k),
the homogencous equation

9) (w—1)(x—2)§u—(a+p(w))(x—1)_Alu+(b+q(x))u =0

has the solutions w (z, k;), w («, k,) when %,, k, are incongruent and

the solutions

(10) w(@, ky), iﬂ_(a_“;c’_l’ﬁll

when £,, &, are congruent.
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16:3. Convergence of the Formal Solution. We have
found the formal solution of 16-2 (1) in the form

(1) u(o, k) = calk) L(z) T (z) T (z)

Ietkh) T T @r i) T 2T @rk+2) T

which may be written in the form

u(z, k) = f‘%%lk_) v,
where
c c
@) v=cor Bt it e ke D) T
Using 2-51, we have

_Alu_—_ F(;-ch) [Lv (z+k— I)Av]

2

_Alu— “k [k(k+l)v 2k(a-+k-1) Av

2
(x+k—1)(a;+k—2)_Alv].

Substituting in 16-2 (1), we obtain the equation satisfied by v,
namely,

3) (x+k- 1)(w+k-—2)_&1v—[(2k+a)+p(x)](z+k— l)_Alv

+[fo (k) +kp (@) + () Jv = coa (k) fo ().
If in the definitions of = and p we now take 2’ =xz+k-1,
then (3) assumes the form
[r(m—-1)-(2k+a)m+ fo(k)]v—p () Tv+[kp(x)+q(z)]v
= ¢ (k) fo (k).

Since
w(n—1)-2k+a)n+k(k+1)+ak+b = fo(-n+k),
we have finally
@) fo(=m+k)v=cou(k) fo(k)+[p(@)(m—k)-gq(x)]v,
which is the original equation with n— £ written for =.
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Now, let the factorial series for p(z), ¢(x) be supposed trans-
formed so that

~ R —QSS'

(%) PO = 2 o). @ T 8)’
) —{333!

(0) kp@+9@) = 24 iy, @ Fs)

Then (4) becomes
fol- 1:+k)v_cooc(k ) fo(k)+ }, ,'__(éq)[—a,nws]-

Now, since ' ==+ p,

Oa s! ks s!

0—-0% ( +S)[ asTr‘l’BJ Z(TC‘FP) (7E+—p+s')[_'as7t+ps]

%‘ 5: Q) (_1)8—~hk!( sk)(ﬂ+h+l).“(Tt_‘_s)p—l-s[_ahn_*_ﬁh],
8=0 h=0 -

using Theorem X. Thus (4) becomes

() Jo(—m+k)v=cou (k) fo(k)+ g%Fa(—W)P‘l""%
where
(8) Fy(—m)
= hé‘o (= 1) h! (2) (bt 1) o (4 8) [ = (04 8+ 1) oa + Ba.
Now we know that (7) has the formal solution (2), which can be
written in the form
v=coa(k)+ecpt+cp 2+ p 3+
Substituting this in (7), we get
fo(=m+k) [coa (k) +ey o7 +...] = cq (k) fo ()
+[Fo(—7)p 4+ Fy(—m) p2+...][coa (k) + e, o1 +...].
Equating the coefficients of the powers of p, we have
efo(l+k) = Fo(l)dy, dy=coa(k),
e fo(2+k) = Fy(2)dy+Fy(2) ¢y,
C3fo(3+k) = Fy(3)do+ Fy(3) e+ Fy(3) ca,

9) ¢ fo(s+k) = o1 Fo(8)+Cog Fy(8)+...+dg Fy_y(5).
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Now, from (8), we have

32 (5) -h=1) o 0= 0) [(v= 5= D+ 8]

=s!h23 (v-h- T )L —s— DB,

F,(v)

Il
(=}
=

Put
A,,=oc0+oc1+...+ot;,, Bh=BO+ﬁ1+"'+Bh'

Then by Abel’s Identity, 10-07, we have

(10)  F,(v) ~s'2)<" h- >[(v s—1)4,+B,].

vV—8§-—

Thus if v>s, a condition always fulfilled by (9), we see that
F,(v) is a linear form in A4,, B, with positive coeflicients. Hence, if
in the difference equation (3) we replace the factorial series (5) and
(6) for p(xr) and kp(x)+q(x) by majorant factorial series (see
10-091) the numbers corresponding to the F,(v) in the formal solu-
tion will be replaced by numbers which are larger in absolute value
than the numbers F;(v) in (9). We have supposed % to be restricted
to a small region K in the neighbourhood of %, k,. We can there-
fore find a number p >0, independent of %, such that the factorial
series (5), (6) certainly converge if R (2')> p. We then take as
majorant series (see 10-091) both for p(x) and kp(z)+ g the function

M N M(pte)(ptetl). (ptets—1)
o -u-e 2 (@ +1) .. (& +)
where € > 0 and M is a fixed positive number chosen sufficiently

large for the majorant property to hold for all values of % in K.
Now consider the difference equation

b

2
(11) ex’'(z' - 1) Av+cx’ Av+v = TM-- [—x’Av+v:|+Yo,

-1 -1 T —-—p—e¢ -1
where 0 <c¢<1 and ¥y, is a constant whose value will be deter-
mined later. This equation being analogous to (3) has a formal

solution (which we shall presently determine) of the form (2), namely,

S Ys
(12) w= 2J(ac )@ +2) ... @+

M.T.C. 2K
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The coefficients vy, are given by equations of the same form

as (9), namely,

(13)  Ya(e8®+1) = You1 Xo(8) + Yo-2 Xa (8) + - + Yo Kot (8),

but the numbers y,(v), which correspond to F,(v), are now all
positive, as is easily seen from the form analogous to (10). More-
over, we have shewn that

(14) Xs(V) > |Fs(v)|, v>s.
Now, since 0 < ¢ <1, we can find a positive integer =, such that
(16) cs?+1<|folk+s)|, s=mn,

for all values of ¥ in K. Also, by successive applications of the
recurrence relations (13), we have vy, =m,y, where m, is a
positive number, while in a similar way from (9) we obtain

cs = Y, (k),

where {,(k) is a rational function of k. It follows that if m be
the smallest of the numbers 1, m,, m,, ..., m,, and if

b > max[|eoa(k) |, [d1 ()], -, [ da(R)]],

we shall have
(16) Ys> 6|, s=1,2,...,m, yo>|coa(k)],

provided that vy, be so chosen that myy,> {¢. If this condition
be satisfied, it follows from (13), (14), (15), (16) that, interpreting
Cn—n 88 dy,

n
Ynt1 = hZ:o | Fp(n+1)enn| =+ |folk+n+1)| > |cnl,

from (9). We prove in the same way that y,,s > | ¢n.q | and so on,
and thus we have y,>|c¢c, | for v=1,2,...,n,n+1,.... It
follows from this inequality that, when the series (12) converges,
the series (2) also converges. To establish the convergence of (12)
we substitute this series in (11), which gives in operational form

(ent+1) S y,pmt = —

[
——— (=7 + 1) D vi 7+ Y0
2 P ),267'9 Yo
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whence, using Theorem IV, we obtain
(T+p—p—2e) D) (cs?+1)vy,p~
8=0

= Mg,‘o(sﬂ)vs et (mto—p—2e)Y,.
Using Theorem IV again, we obtain
é[—(s+u+e)(cs2+ 1)y, p=*+ (e 2+ 1) v, p~*41]
= M (s +1)y, 07
Equating the coefficients, we obtain a=0
(c+1)yi =M v,,

Ysalc(8+1)2+1]—(s+p+e)(cs®+1) vy, = M(s+1) v,
Thus

Yot1 _ (stpte)(ecs?+ 1)+ M(s+1) _ (s—b)(s—l)(s—1)

Ys o(s+1)2+1 (5= mq) (s~ my)
say, where
(17) Ltlt+ly=—pu—c, m-tmy=-2,

Thus if 7', T,,, be consecutive terms of (12), we have
-Z‘.il - _(s— L) (s—1)(s—1y)
T, = (s—my)(s—my)(z'+s+1)

x’+ll+lz+l33—ml—m2+1+0(_l_)

=1-

and therefore by Weicrstrass’ criterion (see 9-8), the series (12) is
absolutely convergent if

R(@ +1l+l+1l—my—my+1) > 1,
which gives, using (17),
R@')> p+e-—

Since ' = x+ k-1, we see that (12) converges in the half plane
determined by

(18) R@+k)>p-1.
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We have therefore proved the convergence of (12) and therefore
of (2) and consequently of (1) in the above half plane. Since the
convergence of a factorial series is uniform in a half plane interior to
the half plane of convergence we have established the existence as
analytic functions of the solutions u(z, k), u(x, k,) of the difference
equation 16-2 (9), at least in half planes defined by (18).

Moreover, since p. is independent of %, the convergence is uniform
with respect to k, so that we have established the existence of the
solutions 162 (10) when the indicial equation presents congruent
roots. The linear independence of these solutions follows at once,
as in 14-3, from their asymptotic behaviour when  — o in the half
plane of convergence.

16-4. Example of Solution. Consider the equation
b 2 b b
(1) <a2+-x3>(x- e-DAu- (0+2) (- 1)_Alu+(a0+ )u =0,

This equation has rational coefficients. We shall, however, here
regard it as an equation with factorial (in this case finite) series for
coefficients. The equation is of the first normal form, if a, + 0.

The indicial equation is

folk) = ayk(k+1)+a k+ay = ay(k— k) (k- k).
Take 2’= z -1, then the operational form of the equation is
b by _kl’____
<a2+_;+—pﬁ)n'('n:—l)u—(al-i-TH_P+1>nu+(ao+n+9+1)u
= dy fo(k) p7*.

When the roots of the indicial equation are congruent, say

do = g folk+1) fo(k+2) ... fo(k+p).

When the roots are incongruent, we take dy = c,.

Expanding by Theorem IX, we have

{fa=m+ 3 (142 et o) B~ ) by b w
=d,y fo(k) o7,
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whence, using Theorem I,
{fo(—'n:)+2 (= 1)1(m+2)... (m+8)

8=1

[ba(re+8) -+~ 1) = by -+.)+ bel o7+ = do fo(Bo~,
which becomes
@) [fol=m) +fi(=m) o7+ fa(=T) p2+...]u = d; fo(R) p7*

where
fi(=m) =by(m+1) w—by(+ 1)+ by,
f(=m) = (=1)(n+2) ... (m+ V) fi(= - v+1),
3) fialk+s+1)=(k+s-1)...(k+s—v+]1)fi(k+s—v+1)

= (k+s—1)f, (k+5).
Now substitute

u=dypF+e p* ey pF 24
in (2). Equating the coefficients we get
¢y folb+1)+dy f(k+1) =0,
(4) ¢ folk+8)+cey filk+8)+...+dy fo(k+s5) =0,

(®) e folk+s+1)+e fi(k+s+1)+eoy folb+s+1)+

+dg fon(k+s+1) = 0.
Using (3), we get

€11 Jok+s+1)+e, fi(k+s+1)
+(k+s—1)[eoy filk+8)+...+dy fo(k+5)]=0,
whence, using (4),
Copy folk+s+1)+e [filk+s+1)—(k+s—1)fo(k+s)]=0.
Put
kfo(k+1)= fi(k+1) = ag (k1) (k- 1) (k- L),
Si(k) = by(k—my~1)(k—my—1).

Then
Coa _ Bp(k—L+s—1) (b=l +s—-1)(k—l3+s—1)
C, ay(k—Fy+s+1)(k—ky+s+1) ?
and
P_l.. = by (k—my) (k—my)

ag(k+1—ky)(k+1-Fy) "
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Thus using the factorial notation

—C1 =
(k-lLi+s-1)O(k—ly+s-1)(k—ly+5— 1)@ (k—m,) (k—my) by d,
ag(k—ky+ s+ 1) (k—Fy+s+ 1)+

Thus (2) has the solution
u(x, k) =dgp*+c,p*t+cp* 2+
I'(x) ¢ e }
P(w+k){d°+x+k @rR@rken T

. NC)
= etk { o, (B=m) (b=my) §(z, k)[

where
N (E-l4s-1)(k-l+s-1)(k-l;+s-1)©
$ (k) = ,24 (k=ky+s+ 1) D (k- ky+ s+ 1)(’+1)(x+k) @+ E+s)
and the solutions of (1) are w(x, k), u (=, k;) when k&, k, are in-
congruent and w(x, k), ou(w, k,) [ 0k, when k,, k, are congruent.

16:56. The Second Normal Form. An equation which can
be expressed in the form
n
T.@)z(z+1)...(z+n-1)Au
n-1
+ T @ x(@+]1)...(z+n-2)Au+...+ Ty(@)u =0,
where

as, as, @s,3
Ti@) = et 22 1 - ) @-9) T = 1) (@~ 2) - 3) F

$§=0,1,2,...,n
and where g, 5+ 0, is said to be of the second normal form.
The operational method of solving such an equation is exactly the

same as that already explained except that the operators =, p are
replaced by =;, p;. The basic theorem for these operators is

Theorem XI.
(-m—a+p) = prt+(m+a+1)pr2
+(m+a+1)(m+a+2) 913+

where the operand is any function of .
The proof of this theorem, which is analogous to Theorem IX,
offers no difficulty and is left to the reader.
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An equation of the second normal form has solutions of the form

P(l—m) R
TI-2+h) 2 @— k= 1) m—F=s)’

§=0

U(m, k) =

and partial derivates of this with respect to %, when the indicial
equation presents multiple or congruent roots.

The region of convergence is R(z) < max(A+n, n+1, R(1+£)),
where A is the smallest abscissa of convergence of the coefficients
of the given equation and % is the root of the indicial equation
whose real part is smallest.

The proof of these statements follows exactly the same lines as
that for the first normal form.

The solutions have the same asymptotic forms as those of an
equation of the first normal type and form a fundamental system.

16:6. Note on the Normal Forms. Consider the equa-
tion

(1) Pa(@) A u+p(@) A e pola) u =0.

If py(x), py(), po(x) be polynomials of descending degree, the
equation can be reduced to the first normal type, for we can write
the equation in the form

@-1)@-2) AutPrEOE=D) o 1y Ay 2@ E=D=2), o
-1 P2(“’)

P ()

and since the degree of the numerators of

n(@)(@-2)  po()(z-1)(z-2)
pa(@) P ()
does not exceed the degree of the corresponding denominators these
rational functions can be expressed in factorial series of the type
necessary for the equation to be normal. Now, with v(z+2) =u(z),
(1) can be written in the form

[23 @) + Py (2) + Do (@)] A 0+ [71(2) + 270 (2)] A v+ po(2) v = O,

and the coefficients are again of descending degree, so that this
equation can be reduced to the second normal form.
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Thus we see that an equation like (1) in which the coefficients are
polynomials of descending degree can be expressed in both normal
forms. We can thus get two fundamental sets of solutions according
to the type to which we reduce the equation. These correspond to
the two canonical sets of solutions discussed in Chapter XV.

More generally an equation of the first normal form

to(@)(x—1)(z—2) _51 U+t (z)(x-1) _Alu+to(w)u =0

can be reduced also to the second normal form, provided that the
factorial series which represent i¢,(x), ,(x), () be holomorphic
in the whole domain of the point infinity.

If a given equation cannot be reduced to either normal form it
may still be possible to obtain a certain number of solutions by the
operational method. These will not of course form a fundamental
set, for the normal forms constitute the only type in which the
solutions are all represented by the class of factorial series already
obtained.

Example.
<2—E_—*1_-1>x(w+ 1)5u—<1—%)xAu+u =0.

The equation is expressed in the scoond normal form.
The indicial equation is, taking o’ = «,
Jolk) =2k k+1)+k+1 = (2k+1)(k+1) =0,

whence k; =~ 4, by = -
These are incongruent 80 we write

[(2-_7:1:1“1) o (m (1——71+—91>n1+1]u=0.

Expanding by Theorem XI, we get
l:fo(—-rcl)- > (ma(my 4 1) oo (8 —2) 7 my(my— 1)
'—(TC]_+ 1) eee (1t1+s- 1) Pl—‘ﬂl)]u = O,

[fo(-—-n:l)—;,w\1 (ry—= 1) (my+ 1) (5, +2) ... (75,4 8) p{‘:lu = 0.
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Put
u=copi Ft+e,pi ¥ repr FT AL,
cofo(k) =0, ¢ fo(k+1)—co(k+2)k =0,
Csfolk+8)—cy(b+s+1)(k+s-1)
+csg(b+s+1)(k+s-1)(k+s-2)—...
+(=1)co(k+s+1)(k+s—1)(k+s-2)...k =0,
Csnfolk+s+1)—c,(k+s+2)(k+s)
+eoq(k+s+2)(k+s)(k+s—1)—
+(=1yteg(k+s+2)(k+s)(k+s-1)...k=0.

then

The last two equations give
s fo(k+5)  Csuafolk+s+1) e =0
ksl (k+s+2)(k+s) 7

whence we obtain
Cua__ (b+5)(k+5)

¢, k+s+3 7
o (=17 (ks (bt =1) .. (b+1)(k+8) (k+s—1)... (k+1)
s+l — (/c—|-s+‘)(/c+8+1) (L+ })
k
*2k+3 %
Thus we have
_ I’(x+2) 1 N
u(x; —%) = (@) l:l 4(x_%)+25(x— ) (- 3) ]’
u(w;—1)=—(r””(;"—)”—1=w-1-

EXAMPLES XVI

Solve the following difference equations :

st

1. (z-1)(-2) ;u—(aﬁ{;}) @=1) Au+ ao+%’)u =0.

2. (@-1)(z-2) éu—-<2+£)(z—l)_Alu+(2+i>u= 0.
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w

4.

8.

9.

@-1@-2)(1+25) éu—(6+;%—1)(x—1)_Alu+l2u=0.

(w-l)(w-z)(4+—3—-)$u
(8+ )@= 1)Au+<9+ )u—

. (w+1)(z+2)(1—m)Au

~(1- 2 D@y Aur(1-2)u=0

x(w+1)(4—-x_1_2>3u—<8—x—i2>xAu+9u =0
w(m+1)<1—£_—1>[2§u—<5—2)xAu+(8—;t2—i> =0.

z(z+ 1)(4- —3--~)£u—<8+g)wAu+9u =0.

Establish for the operators =, p; the theorem corresponding

to Theorem X.



CHAPTER XVII
THE THEOREMS OF POINCARE AND PERRON

In this chapter we discuss certain theorems on the asymptotic
behaviour of solutions of linear difference equations. The theorem
of Poincaré * marks the beginning of modern methods of research in
the theory of linear difference equations. The failure of the theorem
in certain cases leads us to discuss the thcorem of Perron. The
proof here given is Perron’s and is based on the properties of sum
equations.}

It has been considered advisable to reproduce here the whole of
Perron’s paper both on account of the elegance of the method
employed and also to give an insight into the theory of sum equa-
tions which have an interest of their own apart from the particular
application in view.

17:0. The Linear Equation with Constant Coefficients.
Consider the equation

(1) u(z+3)—(x+B+y)u(x+2)

+ (2B +By+yx)u(z+1)—afyu(@) =0,
where o, 3, y are constants. The roots of the characteristic equation
are o, B, v. If we put

(2) a=r6% B=re% y=rze
we have

la|=r, [Bl="ry |Y|=71s

* H. Poincaré, American Journal of Math., 7 (1885), p. 213.

1 0. Perron, “ Uber Summengleichungen und Poincarésche Ditterenzen-
gleichungen,” Math. Annalen, 84 (1921), p. 1.

523
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We propose to investigate the value of

. u(z+n+ 1)
) o u@rn)

where # is a positive integer.

Case I. le] > [B] > |v]
The general solution of (1) is
u(x) = (@) o* + @y () B + 5 (%) Y%,

where o, (z), w,(z), ws(x) are arbitrary periodics. We dismiss

once for all the trivial solution u(z) =0, which corresponds to

the case in which these arbitrary periodics are all identically zero

Let us choose an initial value of », say =z, for which ,(xy) 5= 0.
Then

u(@g+n+1) _ @y (o) 2% M1+ wy (3g) BT+ g () Yot !
w(@grn) @y (@) 0T+ iy (mg) BT+ g (wg) YR

O

= .
Zot+n Zo+n
@, (o) + w5 (%) <g> + @ (%) <g)
Since E }, | E , are less than unity, we have
@) limu(xo+n+1)_

n—r 0 u(zo'f'n)
Similarly, if @, (z,) = 0 while w,(z,) 5+ 0, we have

U(Eg+n+1) _ my(ag) BEott L+ my () yortn s

u (:Jc0 +n) @, (xo) Bzo+ﬂ+1 + a3 (%, ) Y5 To i1’

so that

= . U(@yt+n+1)
@ T

Finally, if wy(z,) # 0 while @(zy) = 0, w,(z,) = 0, we have

. u(Zotn+1)
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Thus, if u(z) be any solution of (1), which is not zero, we have
proved that

lim ¥(Z+7+1)
nowo U(T+n)

is equal to one of the roots of the characteristic equation.

Case II. a=8, |a| > |Y]
In this case
u(2) = @, () o + w,y (T) T a®+ oy (x) y=.

Suppose that when z = z,, wy(x,) 0. Then

o (Zy+n+ l)‘:M + @y (o) + ﬁi(ﬂ’l_('[)’“ | n+l]

u(@g+n+1) To+n+1 To+n+1\a
u(xy+n) w, (T @ (T Zo+n

ot ) ()| 204y )+ 250 (1)
so that

u(@o+n+1) _
n—ow U(Zo+n)

Similarly, if @, (%) =0, (%) + 0, the value of the limit is
again o, and if @,(zy) = 0, @y(z,) = 0, wy(x,) + 0, the limit exists
and is equal to y. If |a|>|f|, B=1y, a similar conclusion is

ched.

Case IIl. a=f=1¥.
In this case
u(z) = () 0% + Wy (2) T 0+ wy(x) 22 0%,

and we can easily prove as in Case II, that the limit (3) exists and
is equal to a.

Case IV. |«|=|B], 0+F¢, [a|>]y]

In this case

w(2) = my(2) 1% €20+ my () 1% €8 + g () Y.
If @ (%) 0, @,(x,) + 0, we have

. u(mgtn+l) L wy (%) @D g (g) e @otni 1) e
now U@ tn) T lase  @y(B) €GN+ @y () € Eim e
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Since e?, ¢** do not tend to definite limits when n — o0, we
see that the limit (3) does not exist. For particular solutions the
limit may exist; for example, if wy(z,) =0, w,(%,) 50, the
limit is «, while for @, (%)) =0, wy(%y) 5+ 0 the limit is B, and
for m;(ry) = 0, wy(zy) =0 the limit is y.

Thus in this case we can state that the limit (3) does not always
exist.

The cases [«| > | B], [8] = |7, ¢+ snd [a]=|B] =|yl,
0+ ¢ ¢ are similar to the last and do not require separate
discussion.

The method of reasoning evidently applies to a homogeneous
equation with constant coefficients of any order, and we can state
the following general theorem.

Theorem. Giwen a homogeneous linear difference equation with
constant coefficients, let u(x) be any solution such that u(wy) + 0.
Then, if n be a positive integer,

u(@y+n+1)
n-—>o 4 (wo + n)

exists and is equal to a root of the characteristic equation, whether
these roots be distinct or mnot, provided that those roots which are
distinct have dustinct moduls.

If the characteristic equation have two or more distinct roots with
the same modulus, the above limit does mot in gemeral exist, but
particular solutions can always be found for which the luimit exists
and s equal to a given root of the characteristic equation.

17-1. Poincaré’s Theorem. Poincaré has generalised this
theorem for equations whose coefficients tend to constant values for
large values of the variable. For simplicity we consider an equation
of the third order. The particular initial value %, which figures in
the above theorem may by a displacement of the origin be taken as
unity. We therefore consider the equation

(1) u(n+3)+[a+z(n)]u(n+2)
+[b+ym)]u(n+1)+[c+2z(n)]u(n) =0,
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where n is a positive integral variable and a, b, ¢ are constants.
If when n— o0,

(2) limz(n) =0, limy(n)=0, limz(n)=0,
we shall call an equation of the form (1) a difference equation of
Poincaré’s type.

When = is large, the difference equation (1) approximates to the
form

(3) u(n+3)+au(n+2)+dbu(n+1)+cu(n) =0,

which we may call the associated equation with constant coefficients.
With these definitions we may state the following theorem :

Poincaré’s Theorem. If u(n) be any solution of a homo-
geneous linear difference equation whose coefficients tend to constant
values, when n —+ oo , then

T u(n+1)

nrw U(N)
exists, and s equal to one of the zeros of the characteristic function
of the associated difference equation with constant coefficients, provided
that the moduli of the zeros of the characteristic function be distinct.

We prove the theorem for equation (1), which is of the third
order. The characteristic function of the associated equation (3) is

4) f(t) =B+a?+bt+c = (t—ay)(t—ag) (t— ),
and we can suppose that
®) loa | >[oz| > | ]

since, by hypothesis, the moduli are distinct. It also follows that
f' (), f' (), f' (o) are all different from zero. Now put

(6) u(n) = py(n)+py(n) + p3(n),
u(n+1) = oy py (n) + oy Po (1) +ag p3(n),
u(n+2) = of py () +0F py(n) +0f ps (n).
These equations are compatible since
1 1 1
o %y g | = (o) (o —ag) (- o) F 0.

2 2 o2
%X % %
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Multiply equations, (6), by o035, —(ag+ag), 1 respectively
and add. We then obtain

oy otz U (1) — (otg + o) U (n+ 1)+ u(n+2)
= [0 ~ oy (0t + otg) + 09 045 Py () = f' (og) Py ().
Writing (n+ 1) for n, we get
(T) apogu(n+1) = (og+og) u(n+2)+u(n+3) = f (o) py(n+1).
Substitute the value of u(n+3) from (1) and observe that
Ottty =—a, optoydstogo; =b, o s =—c.
We then have
f') py(n+1) = ay [u(n+2) = (g +og) u(n+1) +agag u(n))
—z(n)u(n+2)—yn)u(n+1)-2z(n) u(n),
whence, using (6) and (7),

S () py(n+1)
=0y f' () py(n) — X; (n) py (n) = X (n) Py (n) — X5 () ps(n),
where
X (n) =a2z(n)+o,y(n)+z(n), s=1,2,3,
so that, from (2), X,(n) —~0 when n-—> .
Thus we have the three equations
(8)  pi(n+1) = oy py(n)— & (n) py(n) ~ m(n) pa(n) - L (n) ps(n),
Pa(n+1) = oy Py (n) — €y (n) Py (1) — Ma(n) Py (n) — L (n) p3(n),
P3(n+1) = o3 p3(n) — &3(n) Py (n) — n3(n) Pa(n) — L5 (n) ps(n),
where & (n) = X;(n) = f'(«,), ..., so that the coefficients &,(n),
75 (1), &(n) —>0 when n — 0.

Since |a;| > |ay| > |a3|, we can choose a positive number B
such that

(9) |a3|+(3<1 I“3|+B<1 I“z|+@<1
E loa| - || -8
it being sufficient to take 2 less than the smaller of

loaa|—loals [oa] -] ag].
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Since the coefficients &,(n), 7,(n), &(n) in (8) tend to zero,
we can find a positive integer ny such that the absolute value of
each of these coefficients is less than }B, provided that n > n,.

We exclude the trivial case u(n) -= 0, from and after some fixed
value of n. It then follows, from (6), that p;(n), py(n), p;(n)
do not vanish identically. Now take a fixed integer N >n, and
consider the sequence of functions

[P (N) [, [ pa(N)], | Ps(N)].

As we proceed from left to right in this sequence we must, at a
definite stage, first come to a function whose value is at least as
great as the value of any of its successors in the sequence.

Let | p;(N)| be the function defined in this way.

If we change N into N +1 we shall shew that the suffix 4 cannot
increase. It will then follow that ¢ will tend to a limiting value when
N — o ; for ¢ cannot increase and has one of the values 1, 2, 3.

The possible distinct types of inequality between the functions of
the sequence are

(A) [P | Z | p(N) |, (N[ Z]ps(N)], ¢=1
(B) [p(N) | > [po(N) ], | p(N) | =] ps(N)], 2=2;
(©) [ ps(N) | > [p(N) [, | ps(N)| > | pe(N)|, ¢=3.
Since |a+b|<|a|+]|b|, |a-b|>|a|-|b|, we have in case
(A), from (8),

| P (N+1) [ = o | | P (V)]
=3B P [+ p(N) | +| ps(N) |} =[]y | = Bl 1 (V) |,

| PN +1) | < | og| | po(NV) |
+3B{I o) [+ p(N) |+ ps(N) |} < [ | + B 22 (V) [,

| ps(N+1)| < o5 | p5(N) |

+R{ @) [+ 22 [ +]ps(N) |} <[l s |+ B 22 (V) ]
Thus, by division, since p,(N) = 0, we have, using (9),

PN +1) | _|ay[+8 PN +1) | _[ag|+B

<1 < <l
pr(N+1) |7 ey |- PrN+1) [Ty |-B
which shews that case (A) when once established for sufficiently

large values of n will persist for all greater values of 7.
M.T.C. 2L
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In case (B) we have from (8), in the same way as above,

| pe(N+1) | =[] ea| - Bl p2(NV) |,
| ps(N+1) | <[] og|+B]|p2(N)],

and thus, using (9),
P(N+1) | || +B

PV +1) | ST [~ |

so that | po(N+1)| > |p3 (N+1)|, and therefore

if | po(N+1)| > | p,(N+1)|, (B) has persisted, while

if | pe(N+1) | < |p(N+1)], (B) has become a case of (A).
Evidently (C) either persists or becomes (B) or (A).

Thus we have proved that the suffix ¢ cannot increase, so that for
sufficiently large n, ¢ remains constant.

Suppose, for example, s = 2. We now prove that

10 im 21 — o, jim PV g,
(10) n—w Pa() an Pa(n)
For suppose, if possible, that
ki D (n)
s’ | Pa(m)

where 1> 0. Then, given €>0, we have, for sufficiently large

values of »,

P1(n)

Pa(n)
Suppose that N be chosen large enough for this to be the case.

then, from (8) and (B), we have

|V +1) [ Z || [ (V) [ - B (V) ],
| (N +1) | < ||| po(N) [+ 8| p2(N) |
and thus, by division,

Loy || (V) | =B pa(N) | PI(N+1)
(TR S| i | <te

<l+e.

and thus
Pl v )
P2 (N )

(+e){{en| +B}+8

foy|

<
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Now, from the property of the upper limit (10-08), we have

for infinitely many values of N. Thus we have
loy [(E—e) <(+e){|ag| +B}+B,
o | -B}-B
> - )
TT Toaltlal+B

which is impossible, since ¢ and 8 are arbitrarily small, and

which gives

|y |~ [z | > 0.

Thus we must have ! = 0, which proves the first part of (10).
The second part is proved in the same way. Then, from (6), we
have

% (n) wnt1)

lim ==~ =1, lim —=—— =a,,
nim P2(n) nsw Pa(n) %
and thus
. u(n+l)
O

which proves Poincaré’s theorem in the case 1 = 2. The cases ¢ =1,
1 = 3 present no new features. Thus Poincaré’s theorem is proved
for the third order equation.

The method of proof for the equation of general order follows
exactly the same lines, the essential point being the proof that the
suffix ¢ cannot increase.

Poincaré’s theorem shews that

lim % (x+mn+1)

now U(@+n)
is equal to one of the roots of the characteristic equation. A more
general theorem has been proved by Perron,* namely :

If the coefficient of wu(x) in the difference equation of order n be
not zero, for x =0, 1,2, ..., and the other hypotheses be fulfilled, then

* 0. Perron, Journal f. rein. u. angew. Math. 136 (1909), 17-37.
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the equation possesses n fundamental solutions u,(x), ... , u,(x), such
that
m-2 =, 1=1,2,...,n,
z—>® i( )
where o, s a root of the characteristic equation, and & — o by positive
integral increments.

When the conditions of the enunciation of Poincaré’s theorem are
not all fulfilled, that is, when the characteristic equation presents
two or more roots of the same modulus, the matter becomes very
complicated, and it may be shewn by examples that the theorem
may even fail completely. We shall discuss another theorem due
to Perron which frees us of these complications.

17-2. Continued Fraction Solution of the Second Order
Equation. We first establish a certain identity due to Thiele.
Let

(1) 2. = 'Z"s '_—_ws;}-_], - ?34-1: xst‘;a

s s=1,2,...,n-3,

g ’
Ts—Tsya  Tsia~ Tsy3

@) v.= n"%s . BT Tsag
, =

Then

v =1
. ’ n—2 .
Tp— Tsyq g1~ Lot

Zs _ s~ Tor1 , Tn " Tsep
7 3
Do U T Ty Tn—Tsn
and thus we obtain

1-2-=9o, §=1,2,3,...,n-3,
Vs11
and hence
=1 —;lz)—l 1- zlz
2 1-— “2
U3
Proceeding in this way we obtain the identity

z

®) n=1-A
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Now consider the Poincaré difference equation

u(@+2)+p (@) u(@+1)+q (@) u(z) =0,
where
lim p(x) =@a,, lim q(z)=a,,
Z—> T—>®
where x — o0 by positive integral increments.
The characteristic equation is

+a,t+a,=0.

We shall suppose the roots «, 8 of this equation to be of unequal
modulus and that |a|>[B].

Now let u,(z), 4y(2) be a fundamental system of solutions. We
then obtain from the difference equation

p(x) - Uy (x+2)_'f42v(_$_) — Uy (:1;+ 2)u1 (x)
Uy () Up (T +1) — Up (@) vy (2 + 1)

Uy (T4 1) Uy (4 2) — Uy (4 1) uy (£+2)
Uy () ug (T + 1) — uy () u, (x+1)

q(@) =
If in (1) we take

_ U (@+s-2)
T uy(z+s-2)°
we have
(4) 2, = g(x+s-1)

p@+s—2)px+s-1)°
Writing n+2 for n, we have, after reduction,

o1 = ul(x+n)u2(x+1) uz_(g:_tn)ul(a&l) 1
! uy (@ +1) Uy (2) — Uy (z+ 1) Uy (2)  p(z—1)

Substituting in (3), we have, by means of (4), the identity

Uy (% + 1) Uy (%) — U (%+ 1) s ()

L —q@)

= g(z+1)
P )"p(x'+1')—

o) ul(x+n>u2(x+1) )~y (@) 0y (3 + 1)

_ g(z+n-2)
p@+n-2)°
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The right-hand member of this identity depends only on the
coefficients of the difference equation and is therefore independent
of the particular fundamental system chosen. Let us choose our
fundamental solutions so that

u(@+n+1)

h@tntl) 1

Upg(z+n+1)
n—sw Uy (T+n) * a—w “2(93'*‘"')

=B,

which is possible by Perron’s theorem, given at the end of 17-1.
Then
Ug(x+n+1) | ug(z+n)

Jdm | it 1)""1@:@

from which it follows that

lim -2 -0 = 0.
n—>o ul(w'*'n)

Hence, dividing the numerator and denominator of (5) by u, (¢ +n)
and then letting n — o0, we obtain »

) =T
U2 \Z _q=+l)
»e) p(w,l_])_l(ﬁ'z_)_
p(x+2)—

and u,(x) is obtained as a solution of an equation of the first order.
In a similar manner, by writing —t—2 for # in the difference
equation, we can prove that a second solution is given by

_ug(@) =
ug(z+1)

17-3. Sum Equations. By the name sum equations we
understand a system of infinitely many equations in infinitely many
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unknowns, such that in the (u+1)th equation the first p. unknowns
are absent.*
Thus we can write such a system in the form

Gg, o To+Ao,1 L1, 2 TotGg,3 T3+ ... = Cy,
Gy, 0 Tyt ayy Tatay,p Tyt ... =0y,
Ay, 0 Tat g,y T3+ ... =0y,
or, more briefly,
a0
(1) D)ty Bupy =€y 1 =0,1,2,...
v=0
We assume that
(2) lan, | <Ky, K>0, 0<3<1,
3) lim sup &/, | <1
B»—> 0
We then seek solutions for which
4) limsup Y/ |z, | <1
v —» a0

For such solutions the series (1) are abhsolutely convergent. Now
let

fl&) = 2, Y2

v=0

be an arbitrary power series, which for |2z| <1 is holomorphic
and different from zero, so that the reciprocal

]
= 2 YV' FAd
v=0

is likewise holomorphic for |z|<{1 and different from zero. It
follows that the radii of convergence are both greater than unity,
so that {

(5) lim sup ¥/|vy,| <1, limsup ¥|y,| <1l
v—>®0 v—>®

* 1 have translated the German * Summengleichungen” by *“sum equations”.
The equations’ form a scmi-reduced or semi-normal linear system. 'I'he idea
of these equations is due to J. Horn, Journal f. rein., u. angew. Math. 140,
(1911).

1 K. Knopp, Infinite Series, p. 155.
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Moreover, from the definition of the coefficients,

A A
6 1 — \V o — f 1for A= 0,
©) 2Nk Ye = 2N Y= { g fra> 0,
If then we put
(7) 2 a’#-{-k, v—2A YA = a}l.’, v
xS0
o ,
8 D7 Cukr Ya = Cus
we obtain without difficulty
9 la, | <K'S”, K'>0, 0<¥ <1.
(10) lim sup #/|ec.| < 1.
o —> 00

From (7), we have

v v v-«k

N f XA ~ ’
Zla;.t-f-x,v—KYx—" 2‘ Zlap.+x{—}‘,v—-x—-kYAYK
k=0 k-0 A=0

v

A
\ [
Z Oyt n,v-AYA-k Y = Oy, v,

A=0 x-=0
from (6). Again, from (8), since by (3) and (5) the double series is
absolutely and therefore unconditionally convergent, we have

a0 o

Seinri= 3
K= =0
0
=2
A=0

,
Cutxta YA Ye

D/s

>,
i
=}

M’

Cutr Yr- KY* = Cu»

k=0
from (6). Hence we have proved that
(11) Z au,+x, v-k 'Y': =0,y
=0
(12) S 6he s = 0
k=0

If now we form the sum equations

(13) Za, Tut, =6, p=01,2..,

v=0
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these are equivalent to (1) in so far as every solution of (1) (which
satisfies (4)) is also a solution of (13) and conversely. To see this,
it is sufficient to shew that (13) follows from (1).

The converse is then obtained by interchanging the letters with
primes and those without. In (1) put g+ for p, multiply by v,,
and sum with respect to A. Then

8

0 0
Q) — l — 4
D D Gutn y Drkutr YA = D Cua Ya = Cus
A=0 v=0 x=0

and since by (2), (4), (5) the double series converges absolutely, by
interchanging the members, we have

a0 v o
. = Z Z Byt n, v A YA Bty = 2} @y Ty
v=0 A=0 v=0
from (7), so that (13) follows from (1).

17-4. Homogeneous Sum Equations with Constant
Coefficients.

Theorem 1. Let the coefficients of the homogencous sum
equations

218,24, =0, p=0,1,2..
v=0
be such that ay =\ 0 and such that the function
F(2) = i a,z"
v=0

18 holomorphic and has n(>>0) zeros (multiple zeros being counted
according to their multiplicity) in the region |z| < q. Then the sum
equations have exactly n linearly independent solutions for which

lim sup ¥/ |, | <g.

v —> 00

These solutions are
Z, =0\ VPrY ey VMl

where p, s a zero of F(2) of order m,.
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That the above values are solutions is easily verified, for the
statement amounts to proving that

9V (o F 2
(zd—z> [#F()]=0, s=0,1,2,..., m-1,
when z = p,.
Clearly we can take ¢ = 1, since the substitution

a,=bg", z,=¢Y,
brings us to this case.
Since the series is now convergent for | z| < 1, we have

la, | <Ky, K>0, 0<y<1,
so that condition 17-3(2) is fulfilled (@,.,, = @,). Let

n
P(2) =2"+g12" '+ ... 400 = D) Gy 2
v=0

have the same zeros as F(z) for |2| <<1. Then the function

P ®,
g =l0= 3

is holomorphic and has no zeros if | z| < 1 and therefore fulfils the
hypothesis of 17-3. The sum equations can therefore be trans-
formed and, by 17-3(T7),

v
a#: v = 2 av—)\ YA'
A=0

But multiplying the former equation by F(z), we have

2 & &
2 9 ? = 20,2 3 17
v=0 v=0 v=0
so that

Gyyy = Gnyy v=0,1,2,...,n,

sy v
a,,,=0, v>mn.

The transformed sum equations are therefore

n‘
Z In— mu+v = 0:
v=0
or
wl"+"+gl $p+,,-.1+ “es +g" ZII“ = O, p4 = 0, 1, 2, ceey



17-5] THE THEOREMS OF POINCARE AND PERRON 539

which are linear difference equations with constant coefficients
whose solutions are just those given in the theorem. The point of
the theorem lies not so much in the fact that the given values are
solutions as that there are no further independent solutions.

17-6. A Second Transformation. Returning to the hypo-
theses of 17-3, let us put

(1) au,v=av+bu.,w P'=0: 1» 2,“"

thus obtaining the equations
@\
Zl (@, +by,.) Ty = G
8=0

and assume that for all p

(2) a0+bl‘:0 :T/: O’
go that in the (w+1)th equation the unknown ®, actually occurs.
Moreover, let

(3) [b.,, ]| <k,y, 0<3<]1,
4) lim &, =0.
h—> 0

Finally, let the function
(6) Fl@)= 2, a2
v=0

be holomorphic for |z| <1, so that, if necessary replacing & by a
greater number which is still less than unity, in addition to (3),
we have also

(6) la,| < by, b>0.

Then the hypotheses of 17-3 are fulfilled. If » >0 be the number
of zeros of F(z) in |z| <1 (counted according to multiplicity), we
let

n
(M P(2) = 2n+g 2" 14 ... 4+g, = 2%9,,_,?

be the polynomial with just those zeros. Put

®) A =re =2



540 THE THEOREMS OF POINCARE AND PERRON ' [17-5

Then f(2) is holomorphic for |z| <1 and has no zeros in this
region. We can therefore use the transformation of 17-3,
whereby (1) becomes

9) 2_4 (@ +b.,) Ty = €0y p=0,1,2, ...,

where, analogously to 17-3 (7), (8), we have

(10) a|:= 2 av—)\Y)\’
A=0

(11) bu’,v = 2; bu%—)\,v—k Yas
A=0

(12) c; = )\ZJ Cutr Yas

and in particular from (2),

(13) a(;+bf:,0 = (@p+by,0) Yo+ 0.

Multiplying (8) by F(z), we get

n

2 n—vz—ZaZVZJYV

v=0 v=

so that

v
O =2 Gt =gas V=012.,n

and a, =0, for v>n. The transformed sum equations thercfore
take the form

0
(14) 2,10+ 91 Turngt oo+ g T+ }Jo b,y Ty =€, £ =0,1,2,...,
and, by (13),

(15) gn+b., o F 0.

For b, ,, from (3), (4) and 17-3 (5), we have
(16) 1B, | <kis™, 0<y <1,
(1) lim . = 0.

We also obtain
18) lim sup 4/ 0;] <1
M—>a0
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In solving the system, (14), it is clearly sufficient to satisfy
these equations for p > M, where M can be as large as we like.
When we have done this the missing unknowns zyr_;, Zpy_s, ..., %,
can, on account of (15), be found from the equations (14) by
putting successively . =M -1, M-2,..., 0.

We shall now transform (14) when p > M, leaving the precise
determination of M till later. Put then

2n ) 8,

(19) 'P_(z—) = P Ev .

A majorant function for this series is clearly

2" n+v-1\1

(z—l)”=24;< v /2

so that we have

(20) 13 1<(** ).

v
Also, from (19), multiplying by P(2), we get
< — —\ v 8|/
(21) =385
and hence 3, = 1. Now, in (14), put successively
w=M M+1, M+2,..., n
and we have

@
Y
TMint g1 TMsnat o+ Gn Ty = Cxr— D, bar,y Targs

v=0

o
ZTprin1 T 91 TM4nt oot Gn Tagyy = Cyyg — Z a1 41, v Tar41 405
v=0

0
Busnt 1 Busnoat oo HGn by = 6= D) biy Ty
v=0

Multiply these equations in order by 8,_», 8,_ar-1, ..., 8, and
add the results. Then, from the identity (21), the numbers

TMins TM4n4ls <+ 5 Tuyn—
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disappear and, since §, = 1, we obtain

n-1 v
(22) Buint D) D) In-vinOu M- Tats
=0

y=( A=

w-M , 00_‘ Ff_gl ,

= E cft—)\s)\_zl 24 by.-)«,vs}\wp.-}-v—)\’
A=0 =0 A=0

where the § with negative suffixes which may appear on the left
are to be replaced by zero.

The system (22) for . = M, M+1, M +2, ..., is clearly the full
equivalent of the system (14) for the same values of p. The
condition 17-3 (4) is here unnecessary, and we shall therefore allow
solutions of (14) and (22), for which this condition is not fulfilled.

17-6. General Solution of Sum Equations. Let { be any
number in the interval

1 1<l<1/y.
Then from 17-5 (17), if M be sufficiently large, we have
(2) b, <3(1-%0E&-1)r v=M,

an inequality which still holds if Z. be replaced by another
number sufficiently near to {. We can therefore determine two
numbers ¢, G, such that, in the interval

1<f<i<G<1]y,

we have
(2a) k, <3(1-55)(G-1), v=M,
(2b) kb, <3(1-%%)G-1)", v=M.

We now prove that, if the number { and the index M be chosen
to satisfy (1) and (2), then the sum equations 17-5 (14), when

T Ty+1s - > T4n-1
are arbitrarily assigned, have exactly one solution such that
lim sup %/|3, | <.
v—>®0

From 17-5, we see that it is sufficient to consider the system
17-5 (22).
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In the first place it is easy to shew that there is at most one such

solution.
For, if possible, let =,,y, be two such solutions. Then their
difference x, —y, = #z, satisfies the homogeneous sum equations:

@) Zutn =~ 21 2 bu-rv O\ Zutyon, W2=M,
v=0 A=

and

(4:) M =241 = oor = 2My4nq = 0.

Also, since
limsup ¥/ |z, | <C<C, limsup ¥/|y, |<UT<T,,

we can find a number C such that
(5) |2 = |2 - 9. | <O Tt

We here take C to be the smal]est number for which this holds,
which is possible since the aggregate of all such numbers clearly
includes their lower limit. Then, from (3), using 17-5 (16) (20),
the relation (5) gives

X "< n+A—1\ Yo
Izu+'nl<2 )\z_: (e )\S,y( A }Cc’é-l- *

lot; }Jkﬂ k(nﬂ 1)t2

Y b
<iot@-0 3 (") w
<10,

where, in the last line but one, we have used (2b).
Taken in conjunction with (4), this states that

2.1 <3C0C, for u=M:
in other words, that in (5) we can replace C by $C. Since C was
already chosen as small as possible, we must have C =0 and
therefore », =y, for w> M. Thus we have proved that there
is at most one solution of the prescribed kind.
To prove that there is actually one solution, denote the prescribed

initial values by .
Ty = EM: vy TMypg = EM-}-n—p
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and let us seek to solve the system 17-5 (22) by successive approxi-
mation, putting

(6) #P =0, p>=Min,

(7 w,‘f’=£,., ML p<<M+n-1,

) ,(f-:’rp— Zcu A0y — Z; Zb,, Avs)\ M+v A
n-1 v_‘

- Z On-via 8#—1}[—A51|1+y, P-?M-
v=0 A-=0
We first shew that the successively formed series converge in that
) |40 | <CT, w>M,

where C is independent of p and s.
From 17-5 (18), (20), we see that

[ci:l <K1c‘1‘:

n-1 v
~\
24 Z«) In—vir SM—M—A EM+V

v=0 A=

< KZ CT’

where K, K, are independent of u. Now, on account of (7), no
proof of (9) is needed for M < p < M+n—-1. Also for s =0 no
proof is necessary. If then (9) be true for a certain value of s, we

have from (8),
'Z (n + ;: 1)

0 -M
’ w A-1 -y — >
£ SV (’“fl )Ct:;4 " K,
v=0 A=0

and if we approximate by the same method as that just used in
discussing (5), but using (2a) instead of (2b), we get

(c+1)
M-+n

2010 | < K g ope g,
(C1_ 1)
If then we take
K,
0>2( i {jtKy),

we have proved (9) by induction.
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From (8), it follows that

o pu-M ,
(10) xff_?_';)-—mf"_)l_”z - > bu A, v A [my+v AT mff+v]) 7\]'
v=0 A=0
We now prove that
20¢k
(11) . |xff)_wff—1)|<—§;jll: V'>M

By (7) no proof is needed, for M <p < M+n-1. Also (11) is
true for s =1, by (9). If (11) be true for a certain value of s,
we have, from (10),

o p-M — rtv—A
laerD—a® | <3 S K 53,,,(n+)\ 1\20¢ '

=N = A/
Cﬂ+n
<=0

again using the method employed in treating (5). Hence (11)
follows by induction.
From (11) we infer the existence of the limit

(12) lim 2 =,
8§—>0

and in fact

(13) |29 -2, | < 2)0_2 .

From this we get

Zl ZJ b»-—)\ v84\< p+y AT +y—A

v=0 A=0

2 R, (A1) 20T oA
<3S e (PR 2
\v=0 )\Z;) moA A 2s-1
Soad™

once more using the method of approximation adopted for (5).
Hence

"

o0 M' oo M
M.T.C. 2m
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and hence, when s — o, equation (8) become equation 17-5 (22).
The solutions obtained by the successive approximations therefore
all satisfy 17-5 (22) and therefore 17-5 (14). They also satisfy the
postulated condition, for from (13) and (9),

(14) limsup ¥/ |z, | <4 <,
4 —> 00

so that the proposition is proved. But from this proposition, in
conjunction with (14), we can draw a further conclusion, namely,
that if a solution of 17-5 (14) satisfy the condition

lim sup /| 2, | <,
n—> 00

then the sign of equality mever occurs.

Now ¢ is any number in the interval (1) and hence T can be
taken to differ from unity by an arbitrarily small quantity, so that
we can replace (14) by the sharper inequality

lim sup |4z, | < 1.
w—> 0

For solutions which satisfy this condition the sum equations
17-5 (14) are equivalent to the sum equations given at the beginning
of 17-5, namely,

e
E (a'v + bp, v) xp+v = cpn
v=0
so that we have solved these also.

If these equations be homogeneous so that all the ¢, and therefore

all the ¢, are zero, then there are » linearly independent solutions,

xv,l’ xv,‘z! ‘Ev,37 sty xv, ny
which can be fixed with, say, the initial values

Tpr,1 Tar+1,1 - - - EM4n-1,1 10 ...0
Zy,2 Ta+1,2 - - - TMAn-1,2 — 61 ...0
M,n TM+1,0 - - - TM+n-1,n 00 ...1

The general solution has then the form

n
.

z, = ZJ Caaipns
X=1
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where the C, are arbitrary constants. In the non-homogeneous
equation the difference of two solutions is clearly a solution of the
homogeneous cquation. If then z,= x,,, be a particular solution
of the non-homogeneous equation, the general solution is

n
(B, = x,,, 0+ 2 C)‘ x,,’x.
x=1
We may sum up all these results in the following theorem.

Theorem [1. Let the coefficients of the sum equations

Y (@ +b,,,) By, =cC,, n=0,1,2,...

s

I
=]

14

satisfy the conditions ; ag+b, ¢+0, w=0,1,2 ...,
[b.,, | <k y, 0<y<],
lim £, =0, Iimwsup Ve <1
n—>

M —> a0

Let the function
F(z) = i a,z’

be holomorphw for |z|<1. If n(>0) be the number of zeros of
F(2) in this region, counted according to their multiplicity, then the
general solution of the sum equations which satisfy the condition

lim ¥z, | <1

®»—> 00

contains exactly n arbitrary constants Cy, and has the form
n :
x, = .’E,,o + ZCA w,,,)‘.
X=1
If M be a large enough index, there is one, and only one, such
solution for which the n unknowns

TMy TM+1s ooy TM4n-1

have prescribed values. For n = 0 there s exactly one solution
and no arbitrary constants.
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17-7. Difference Equations of Poincaré’s Type. Con-
sider the following difference equation of the rth order,

(1) wp+nr)+o,qu(@+r—1)+...+a, qu(p+1)+o, ou(w) =0,

where the independent variable p takes the values 0, 1, 2, 3, ....
This equation is of Poincaré’s type (see 17-1) if the limits

Ima,,=a, v=0,1,2,..,r-1,

u—>

all exist. We now prove

Perron’s Theorem. Let ¢y, 93, qs, ---5 . be the distinct moduli
of the roots of the characteristic equation

o,y U o,y "2 oyt = 0,
and let 1, be the number of roots whose modulus s q,, multiple roots
being counted according to their multiplicity, so that
L+b+...+1, =71

Then, provided that a,,, be different from zero for all values of .,
the difference equation (1) has a fundamental system of solutions,
which fall into o classes, such that, for the solutions of the Mh class
and their linear combinations,

limsup & | w(w)| = g
H—>©
The number of soluttons of the Nk class is I,.
Let the numbers ¢, be arranged in ascending order of magnitude
0<H<@p<g<--<g-

Let p be an arbitrary positive number and let

oc,=g:, oc,‘,,-oc,={)'%”, v=0,1,2,...,r=-1,
a b
2 oL, :1:7‘7" O:-."”_"
() T p'r pr
3) u(p)=p*z, =012 ...

Then the difference equation (1) is equivalent to

r
230 (av+bu, v) Lyt = 0.
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Let us regard this new equation as a system of sum equations
whose coefficients clearly satisfy the conditions of Theorem II, since
they vanish for v > r. The number of zeros of the function

r r
= Sar=Surs
v=0 v=0

for |2] <1 depends on the choice of the positive number p. If
we choose p smaller than ¢, (provided ¢, + 0), there are no zeros
in | z| < 1 and hence no solution, other than zcro, for which

hmsup Ve | <

that is to say, for which
limsup /| u(p)| < p<q.

®—> 0

If we choose for p a number hetween ¢ and ¢,, there are I, zeros
and thercfore [, solutions, such that

limsup &/ |z, | <1

n—> 0

that is to say, for which
limsup /[ u(p)| <p <gs.
p—>®

Since p can be taken arbitrarily near to ¢;, we have for these [,
solutions

lim sup /{%(w)| = g

If now we choose p between g, and gq,, there are Il +1, zeros
and henee [+, solutions for which

lim sup /[ u(w) | < p <gs
p—>o

The [, solutions already found are of course included among
these ; for the I, others, since p can be taken arbitrarily near to g,,

we have '
lim sup &/ | u()| = ga-

w—>00

Proceeding in this way the theorem is proved.
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EXAMPLES XVII

1. In the case of the equation

un+2)- (147D um = o,

shew that
lim % L(n+1)
n—0 u(n)
does not exist for any solution at all. [Perron.]

2. In the equation

u(n+2) - [2+p(n)] u(n+1)+[1+po(n)] u(n) =0,
where
Po(n), py(n) >0 when n —> oo,

and for sufficiently large n, p,(n) >0, p;(n)—po(n) = 0, shew that

lim u(n+1) =1

nsw (M) ’
for every solution which is not constantly zero for large values
of n. [Perron.]

3. In the equation
u(n+2)+p,(n) u(n+1)+py(n) u(n) =0,
where py(n), p,(n) -0 when n— 0, and where
li po(n)
Y NCRTAD)

where a is not a real number >}, prove that for every solution
which does not constantly vanish for large =,

_":a’

lim ¥+ _ o
now  %(n)
4. Shew that the limit given in Poincaré’s theorem does not
exist in the case of the equation

(n+2)+2(-1)" _
i2pmnry) v =0

[Perron.]

u(n+2)-
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5. Let a be a number whose modulus is greater than that of
every root of the characteristic equation of a difference equation
of Poincaré’s type. Prove that

lim *® _ o,
n—> oo
where u(n) is any solution of the equation. [Poincaré.]

*6. Let u(n) be any solution of a homogeneous linear difference
equation of order 7, with constant coefficients, and let

u(n) u(n+1) ... um+m-1)
D(m, ) = u(n+'1) u(n.+2) . u(n—f—:m)
un+m-—1) wunr+m) ... v(n+2m-2)

where m < r and n is a positive integer.
Then if D(m, n) & 0, prove that
lim D(m, n+1) [ D(m, n)
n-—>a
exists, and is equal to the continued product of m zeros of the
characteristic function, provided that those zeros which are distinct
have distinct moduli. [Aitken.]

*7, If the difference equation of Ex. 6 be replaced by an
equation of Poincaré’s type, shew that the corresponding result
(which is a generalisation of Poincaré’s theorem) still holds, pro-
vided that no two zeros of the characteristic function of the
associated difference equation with constant coefficients have the
same modulus. [Aitken.]

*1 have to thank Dr. A. C. Aitken for communicating these elegant
generalisations.
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