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PREFACE.

J['HE present work 18 intended to complete the sub-
Jject of Plane Trigonometry as far as it is usually read
in Schools and in the junior Classes at the Universities.
The introduction of the hyperbolic sine and cosine is
an innovation which seems fully justifiel by their im-
portance in other subjects, and by the simplification
cffected by their use in the statement of many theorems
and formula. T wish to thank the Master of Gonville
and Caius College for his valuable advice and as-
sistance and for his permission to insert the proof given
in Art. 62. The method of proof employed in Art. 47
was first suggested by Professor Adams.

I shall be very grateful for any suggestions or cor-
rections from teachers or students

EroxN,

March, 1884%. .
0

The Sccond Edition has been revised and a few
alterations have been made where experience suggested
that the text was too concise.

The Hyperbolic Functions have been trcated more
fully on account of their increasing importance in the
Integral Calculus.



vi PREFACE.

A method has been inserted of obtaining the
expression of sin@ and cos@ in factors which does
not depend on the factors of 2*" — 2" cos § — 1.

The Third Edition has heen very carefully revised
and many misprints have been corrected. The chapter

on the interpretation of J—1 has been re-written.

The Fourth Edition has been enlarged by ethe
addition of a chapter on Antiparallels.
J B L

Cavs COLLEGE,
Apnl, 1891

NOTE.

References to the Articles in the Higher Trigonometry are
given thus[Art. 100]; references to the Elementary Trigonometry
thus [E. 100].

The Articles and Exercises which are marked with a star
should be omitted when the subject is read for the first time.

The order of the Chapters may in many cases be varied at the
discretion of the teacher; n particular the last two Chapters
may often be read as an Appendix # the Elementary Trigo-
nometry. e

Those of the examples which are not original, have been
selected from the various Examination Papers which have been
set at Cambridge in the Tripos and in the different College
Examinations during the past forty years. Various Examination
Papers are appended for the information of intending Candi-
dates
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CHAPTER 1
o[HE EXPONENTIAL AND LoOGARITHMIC SERIES.

1. Tue series
1 1 1 1 .
1+B + 2 + i§7+ !/%+etc. ad inf,
is of importance. Hence we prove as follows:
I. It is positive, and it is less than 3.

[for it is less than

1 1 1
1+1+§+?‘+Lﬁ+etc"
. 1¢ 1
t.e. less than 1+1 +»2~{1 B ﬁ}’
t.e. less than 1+1+1

II. Since it is positive and less than 3, it is convergent,

111., Tts value is 271828182...

This may be easily calculated. See lx. I. (1) page 2.

IV. It is incommensurable.

For suppose that it is commensurable; it can then be put

into the form p where m and n are integers. In this case

”7-1+l+-1-~ ! ot yl 1 ste
no TN R T

+

L. H. T.



TRIGONOMETRY.
Multiply each side of this supposed identity by ln then
1 1
m |n—1--a whole number + o (n e + ete.
But ——l~ 1
n+1

R I - \t .
(n+l)(n+2)+‘ ‘
C e 1
is a proper fraction; for it is greater than -— - and less than
1 1 1
— + ete., 2.e. less than —
o (n + l) ( +1) ’
Hence we have to suppose that m|n - 1 (a whole number)

- a whole number + a proper fraction; which is absurd

V. Since the numerical value of the series is incom-
mensurable, and we know of no surd or other algebraical

. 0) 1
expression that is equal to it, it is usual to express its
numerical value by the letter

[f. E. 28]

EXAMPLES. I

(1) Calculate the value of e by taking the first eleven terms of
the series.

(2) Prove that the first 13 terms of the series will give the value
of ¢ correct to 9 significant figures

<

©
(3) Prove that E Ili + - 6 + [;-Fctc. =e.

1 247 :
(4) Prove that é+ ;2+ 1+ I,““"_‘.’ + 1+2+3+4

14
,r) +¢,tc._2.
4 2 3
(5) Prove that the series 114 E "2 + 'E+etc is convergent for
20
all values of z.

(6) Prove that the series z — 312+ 423

] 123 - }at + ete. i8 convergent if
z i8 greater than - 1 and is not greater than 1



THE EXPONENTIAL AND LOGARITHMIC SERIES. 3

2. Expansion of ¢* in ascending powers of x.

Since (1 + 1—) = {(1 + —1—> } always .......... ..1.
n n

and since by the binomial theorgm

(1 + l)u =1 +nx (1 ) " (7@'—4—1) (—1~> + ete.
n n 1.9 n
(=-0) -2
xlx— — z(x—- - -
I 7% + n "/ +eteIT.

1.9 1.2.3

And similarly

o) 1000
(1 + ,) S 1+ LA n T/ + eteXIT.
n 1.2 1.2.3

Therefore T may be written

) x
(o) 10000
‘1 +1+ i + id 2/ o+ ete

1.2 1.2.3
o(o-0) =(o=2) (=)
x|z — - xlax—— —
N T ‘;" + ln‘ = "+ ete

This statement is arithmetically intelligible and true
provided both these series are convergent.

They are convergent forell values of n greater than 1.

Therefore they are arithmetically intelligible and true
however great » may be. And in the limit, when 2 isin-
finitely increased, the above statement becomes [cf. Art. 8]

4( 4 + 1.4 _].'. + e }‘:; + 2+ - _f .
(1 1 ’.5 i‘_‘ ste. 1+x 12 + 13 + ete.,
s_.l'.a.:.},al.'n.‘.. x1+x‘ t
or, € == Ll ") '.3 ‘ { + ete.

This result is called the Exponential Theorem.
1—2



4 TRIGONOMETRY.

3. To expand & in ascending powers of x.
2

We have e—1+,l+m ‘3+etc
Let @ be any number, and let ¢ =log,a, so that e --a.
Then @ = (&) ~ ¢ = P 10B..
Therefore
@=1 420080 @ loga)  a'(log,a)

I )
THE LOGARITHMIC EXPANSION.

4. In the above expansion put 1+y for ¢, and we
obtain

(14g)y =14 20080 +y)  a{log (1 +y)

ll l-l

Thig may be put into a different form thus.

(L+yy-1
x

+ ete,

z {log, (1 + »)}* + terms con-

=log, (1+y) + E

‘ taining higher powers of «
log‘(l +y)+x. I,
where R is a quantity which is not infinite when == 0.

The limit of the right-hand side when 2 =0 is log,(1 +y).

The limit of the left-hand side may be found thus :
Qer=1_ 1, ,_< R

x x '2 l )

(a: 1) (= - 2)
=y + l 2 l 3 f + ete.,
and this, when x = 0, has for its limit
y-3y+ 3y - 1y +ete.

This series is convergent when ¥ is equal to or numeri-

cally less than 1.
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Therefore, when y lies between —1 and +1 or is equal
to 1,
log(l+y)=y-}.4"+%.4"-}. 4" +ete.
This is the required Logarithmic Expansion.

EXAMPLES. II

(1) Calculate the numerical value of twelve terms of the seties

3
1+z+ T;+ 73 +ete. when z= — 1, and show that it_—.%.

Prove the following statements

2 4 6 1
(2) '3+l +I7+(,tc—_c.
1 1 1 1 1 1
3) log;,2_2 3 4t +ctc_1 2.3~4‘3—6~T§~etc,
and calculate the value of 10g,2 to 2 decimal places. (Result 69 )
1) 1+ 1 + 1thc 2log,y -1lo +1) -1 1
( g2 byt g tete-=2loey 8. ( +1) - log, (y - 1).

1+
) log‘1_§_2 {y+3y3+ Ly +ete §.

1 1

!
©) 2333,41 32y 1) 0(2/+1)5+etc

1+
=loe, "if =log, (1+y) - log,y.

(1) 2log.y - log.(y+1)-log, (y - 1)

_2§ 1., 1 1 "
- T2yt -1 1‘3(2143-1)‘+f)('!y"—l')""Le g
(8) Prove that
1 1 1
log, (n+1) —log, (n-1):=2 dn3+ L5+etc.z.

(9) Usc the series of Ex. (8) to prove that log, 3 =1-098612.

(10) Use the series of Ex. (7) and the result of Ex. (9) to prove
that log, 2 =-693147,

(11) Use the result of Ex. (9) and the series of Ex. (6) to prove
that log, 10 =2-302585.
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ON THE CALCULATION OF THE TABLE OF L.OGARITHMS.

5. The series for log,,(l‘ + ) is only convergent provided
v is not greater than 1 and is greater than — 1; also, unless
¥ is small, the series converges very slowly.

It is thereforc not a convenient series for the Btlr])(mes
of numerical calculation.

We proceed to obtain such a series,

6. Since log,(1 +y)~y—§y°+ 3y - 1y' +ete. [Art. 4.]
therefore  log,(1 -y)=-y -3y -3y" -}y —ete.

Hence by subtraction

1
tog, 1Y =24y + 37+ 3 ot

where y must not be numerically greater than 1.
Let m and n be positive integers, and let m be > n; then
m

—-n . m-—n .
-— " is less than 1. Put ——— for y in the above result.
m+n m+n

m m-n 1 /m-n\?
Then log, — =2 { + (T2 yetel L.
n m+n I\m+n

Let m —n + 1 in the above; then

1 1
- =9{_.- [ ote. L.
log,(n + 1) —log,n {2n+1 +3(2n+1)'+ etc}
This series is rapidly convergent, and we have thus an
easy method for obtainiug the logarithms to the base ¢ of
successive numbers.

Logarithms to the basc e aré called Napierian Logarithms
from their inventor. {E. 227.]



ON THE CALCULATION OF COMMON LOGARITHMS. T

The logarithms are calculated thus:

1 1

Since log, (n+1) -log, n=2 §2n+1 +3(2n+1

) J+etc.§ ,
in this formula put 1 for u.
Then sice log 1=0, we can caleulate the value of log, 2.

Next put 2 for o in the aboved formula, and we can calculato the
value of log, 3.

And so0 on.

Thg number of terms of the sciies which it is necessary to include
diminishes as n ncreases.

In this way a Table of the ‘Napierian’ Logarithms, of all whole
numbers up to any desired magmtude may be determined.

ON r1iE CALCULATION OF CoMMON LOGARITHMS,

7. We know that log

g, log,n—log,10. [K. 209, 210.]
Hence, a table of Napierian Logarithms having been

constructed, from it we take log,10(=2-3025850.. ) and

calculate . =43429448; the table of Common Logs of
log,10

whole numbers is then formed by multiplying each of the
corresponding Napicrian Logarithms by -$3429448.. .

EXA'MPLES. III

(1) Trom the preceding data calculate
log,,2, log,3, log;,9.
(2) Find log, 7 and thence caleulate log,, 7.
(8) If w=-log,,e, prove that
log,o (n+1) ~log,,n

1 1

1
=2u {2;;:1 | 3‘(2'”‘--‘*' 1) + 5"(2'1‘,’+ 1)54‘ etc.§ .
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8. In Art. 2 the limit, when # is infinite, of

(-0 5
le—=)e-=)lz-=).. (-

n n n n

o [
is assumed to be = -
L

This is clear as long as 7 is not comparable with n.

That it is true for all values of » may be ploved by
induction, thus : =

Assume that the above express10n=[7+ R, where R is

2

<

a quantity whose limit is zero when = is infinite ; multiply

1 .
each side by the factor (xz— Z) —-, and we obtain
v n)r+1

:L_T‘Fl ‘,l:—.lt—l —7; xr 1)
‘I’;,.J'ri+;+—i nr+l’ [;‘+ L}'

In this, when n=cw0, B =0, —1-— 0, zmd | ( diminishes

as r increases. Thus, if the propomtlon is true for any value
of r it is also true for » + 1. This proves the proposition.

n
9. To prove that the limait of (cos %) , when n 18 in-
Sinitely increased 13 1. .

Since cos® 7—‘ =1 —sin®

a\" -
. log (cos h) = log (1 — sin h)

n s g @
=3 log (1 —sin ;;/)

_ nf.,a 1..a 1. a ) ]
= 2{sm ~+ g sin n+ 3 sin ;letc.f. [Art. 4.]

13 319

®

. . . . . a .
The series in the bracket is convergent since sin®— is
n
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less than 1. 'The serics is lcss than tlle G. P

sin? & 4 sint" +sin 2 4 cte.,
n n n

. a
sin® —
2.¢. less than

o G
, that ¥, than tan®— |
1 —sin® " "
n

| ,
. log (cos ﬁ) is between 0 and — 5 {n tan® —} ,
" n

&

1 o’
that 1s between 0 and — 5 {4 tan -—} —.
“ n

n
»n? a
The limit of — tzm"—L when n—w is 1 | E. 290.]
p ;
ag
The it of — when n=— w is 0.
n

a n
.. log (cos —) <=0 when % —w,
N 0,
- a\".
and therefore the limit of (cos —\ is 1. Q. E.D.
n/

. @
sin ~
. n o
10, T'he lumit of | == | when nts tufiritely tncreased
a

is 1. n
We have (K. 289) 1, 0 l——v in ascending order of
sin @’ cos 6
magnib&de, when 6 is less than 90". Therefore also
o n
. n 1
(1) | e ——

.oaf a\"
sin — cos -- )
n n,

are in ascending order of magnitude.

|w

Now let n be infinitely increased and then

) lies
- QE

"'Sln

between 1 and a quantity whose limit, by Art. 9, is
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*EXAMPLES. IV,

r
(1) Trove that the limit of (cos :) when n 15 infinitely increased
is 1.
31 r
(2) Prove that the it of <h‘—n¢:—ﬁ) when 6 1s infinitely diminish-
edis 1.
a n? a
(8) Prove that the limit of (cos h) ig ¢~y when n 13 infinitely

increased. N

IR

3
n
(4) DProve that the it of (cos ) is zero when » is infinitely

incroased.

=

n

am
(5) Prove that the hmit of (cos 0)#™ where m 15 an mteger, and 6

a?

is infinitely diminished is zero, ¢ 2, or 1 according us m is greater,
equal to, or less than 2.

*MISCELLANEOUS EXAMPLES. V.

(1) Since a®={1+(a-1)}%, prove by expanding the right-hand
side that a*=1+ Az + A,2? + A%+ ete.,
where A =(a-1)-§ (@-1)2+§ (a—1)3 - etc.

(2) Smce a*tV=u*x «¥, expand ¢V and «* by the theorem of
Ex. 1, and by equating coefficients of z, prove that
4, +24,y +345y% + ete. = 4,a.
. Expand a?, and by equating the coefficients of the various powers
of y find 4,, 4, ete. in terms of A,.
A% 43
Result =1+ +- + = cte

R
1 2

(3) Show that a4y in the last example is ¢.

Hence by Ex. 1 prove that
log,a=(a~1) -§ (¢ -1)2+ 4 (¢ 1)} - ete.
1 1 1
(4) Trove that log,m=m {(nm - 1) - § (nm ~ 1)% 4 § (wm - 1) - cte.}
1
Hence, having given that 102 — 1 =-000000000536112, prove that
log, 10 = 2:30258,



MISCELLANEOUS EXAMPLES. 11

(5) Prove that log (n+d)-logn=pn ;é e + @

n 20 3ud
Hence if % be a number greater than 10000 and d a number lcss
log (n+d)-logn _d
Tog (u+ ) ~logn = &'
for all practical purposes, *

(6) Prove that

- otc.} .

than 1, prove that to a sufficient approximation

sin 9:2"cosqcos 0 cos 4 X ... X COB 9 8in 0
2 22 PARER 2n an’

and hence deduce Euler’s formula

. 0 6 0 0
smvzvcosﬁcos@wsz—dx X COB 5o X

(7) Prove that

8 + log cos 9 + ete.

1 sin ¢ —lovcosa+lo cos
0og —0’ = log g 22 23

2

(8) Prove that

log sin 2a + log cot a =cos 2a — § cos? 2a + § cos? 2a — ete.
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CHAPTER 1L (i

DE Moivre’'s THEOREM.

11.  Wg are about to make use of the symbol ~/—“14,
which we define to be an expression whose square is — 1.
It is clear that, whatever meaning is given to the symbol
J:j’ it would be quite useless to give to it a mcaning‘such
that / = 1 could not be shewn to follow the ordinary laws
of Algebra, InChapter VII a meaning is given for ./ - 1,
and it is shewn that with that meaning, ./ — 1 does obey
the fundamental laws of Algebra. :

In the present Chapter we shall use ./~ 1 and assume
that it does obey the Iaws of Algebrat.

Since the squares of all numbers whether positive or

negative are always positive, and since (J/—1)*=-1, it
follows that ./ — 1 cannot represent any numerical quantity.
Again (by the laws of Algebra)
Jo@ = S Txat= 1 «q,
therefore ./ — a? cannot represent any numerical quantity ,
accordingly / —1 x « is called an imaginary expression, and
it follows that such a statement as 4+ B,/ -1 -a+b./ =1
can only be true when 4 =« and £ =b.

12. De Moivre’s Theorem. Whatever be the value of n
positive or negative, integral or fractional, cos na+,/— 1 sinna
is one of the values of (cosa +f — 1 sin a)".

I. When = is a positive integer.

Consider the product

(cos a+,/ —1sina) x (cos B+,/ —1sin ).

+ Cf C Smith’s Algebra, Art. 180.
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It is equal to

cosa.cos B—sina.sinfB+,/—1(cosa.sin B +sma. cos f)

That is to cos (a+B) + 4/ — Lsin (a +,3)

Slmll.xrly the product
{cos (a + B) + ./ — 1 sin (a + B8)} x {cos y -+~ 1sin v}

is cqual to cos(a+ B +y)+./— Lsin(a+B+7).
Proceeding in this way we obtain that the product of

any number % of factors, each of the form cos a + J—1sina
is equal to

cos(a+fB+y+...0 torms) +=1sin(a+B+y+ nterms).
In this result let 8 -:y =ete. —a, and we have that
(cosa + /-1 sin a)" = cos na i o/ — 1 sin na.
Thus, when = is a positive intcger; De Moivre’s Theorem
is true.

TI. When n is a negative integer.

Let n=—m. Then m is a positive integer. And
(cosa +,/ —1sina) =(cosa+,/—1sina)™
1 1
[By L]

B (cosa+,/ ~Lsin a) cos ma +,/ - 1 sin ma

- ‘ 1 cos ma — ./ lsm 1 ma

X
~ cosma+ J “lTsinma cosma —-J 1 sinma

o8 ma — J - 1 sin ma _ 008 ma.— J = 1sinma

cos® ma + sin® ma, 1 ,

Therefore (cos a + 4/ — 1 sin a)" = cos ma — ,/ — 1 sin ma.
=co8 (—m) a + Jt—i sin (—m)a =cos na + J-:'l sin na.
Thus De Moivre’s Theorem is true when 7 is a negative
mt.eger
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TII. When = is a fraction, positive or negative.
Let n= Z-’-, where p and ¢ are integers.
q
Now (cos B+4/ = 1 sin B)7 = cos g8 + ./ — 1 sin ¢B.
[By I and T1.]
Therefore taking the ¢'" root of both sides
cos B+ /—1singB ¢
1
is one of the values of (cos g8 +,/—1singB),

or, writing a for ¢, cosg + /-1 sin;l

1
is one of the values of (cosa+,/—1sina).

— 14
Therefore (cos by J —1sin f‘) ”
q q
that is cos p; +./—1sin }th}_ [By L]

P P
is one of the values of (cosa +,/—1sina).

Thus the theorem is completely established.

Ezample 1. If A stand for cos2a+ismn2q, and B, C, D for
sumular expressions in terms of B, v, 3, simplify (4 +B) (C+ D)

(4 + B)=co8 2a +1 8in 2a + cos 28+ i 8in 38
=2cos (a + ) cos (a — B) + 2i sin (a+ B) cos (a - B)
=2 co8 (a — B) {cos (a+B) + i sin (a +B)},
80 (C+D)=2cos (y — 8) {cos (y +8) +isin (y+3)},
. (A+B)(C+D)=4cos(a-p)cos {y-3) {cos (a+pB)+isin(a+pB)}
{cos (y+9) +isin (v+98)}
=4cos (a—p) cos (y - {cos (a+B+v+3)

+isin(a+p+v+9)}
by De Moivre’s Theorem,
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Ezample 2. Assuming De Moivre's Theorem, prove that
8in (a+ B+ v)=sina cos B cosy +8in B cosy cos a
-+ 8in y cos a cos B — 8in a sin Bsiny.
By De Moivre’s Theorem we have
cos (a+B+7y)+isn(a+p47)
=(cos a+18in a) (cos B+ sin B) (cos y+1 8iny)
=¢08 a o8 3 o8y — €08 a 8in B 8in vy — cos B8in v 8in a
—cosy sinasin B+ {81 a cos B cos y +sin Bcos ycosa
' +8in y cosa cos B — sin a sin Bginy}.
Now an identity of the form A +iB=II+:K can only be true
when 4 =II and B--K; hence
sin (a + B +v) =sin a cos B cosy +8in B cos ycos a
+8inycosa cos B—sinasm @ siny.,

EXAMPLES. VL

(1) If A stand for cos2a+isin2a, and B, ¢, D for similar ex-
pressions in terms of 8, v, §, prove that
AB+CD=2cos (a+8~7 - 8) {cos (a+B+y+8)+isin(a+B+vy+ d)}.

(2) With the notation of Ex. 1, prove that

.1“_ sin (a+B+v+0)+1cos(a+B+y+8)
AB-CD™ 28 (a+ B~y - 9)
(3) With the same notation, prove that
(4-B)(C-D)

= —4gn(a -B)8in (y-3) {cos(a+B+y+ 8 +ismn (a+B+v+38)}.
(4) With the same notation, prove that

1 _cos(atfB+y kB)—zsm(a+ﬂ+~y+5)
(A+DB) (C+D) 4 cos (a — B) cos (y - 9)
(5) “With the same notation, prove that if
1 -
(-pyc=p~T+ik
then II:I cos (a+ B+ + 8) cosec (8 — &) cosec (y — 5).

(6) Assuming De Moivre’s Theorem, prove that
cos (a + 8 — y) =cos acos B cosy + cos a sin Bsiny + cos B sin ysin a
- cosy smasin g,
(7) By the aid of De Moivre’s Theorem express sin (a+ 8+ +95)
and cos (a-+B+v+48) m terms of the sines tmd cosines of @, B, v
and 8. .
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(8) By the sid of De Moivre’s Theorem express sin 4 and cos 4a
in terms of the sines and cosines of a.

(9) Prove that
cos (a+pB+y...n terms) +isin (e +8+vy+ n terms)
=cosa.cosf.cosy .n factors
{(1+:tana) (1+7tanB) (1+itany) n factors)
(10) Prove that

_sin(a+B+y+...nterms)
cosa.cosB.cosy ..n factors =8 =8+ -8 tete

where 3, stands for the sum of tana+tanS+tany+ . n terms etc ,
35 stands for the sum of the products of these tangents three at a time,
and so on.

8, — 85+ 85 — etc.

11 LTS

(11) Prove that tan(a+g8++v +. .n terms) 1543, cte.
where s,, 8,,... are defined in Ex. (10).

(12) Write down the last term of the numerator of the fiaction 1n
Ex. (11), (1) when n 18 even, (1) when = is odd.

Use or DE Moivre’'s THEOREM.

13. It is known from the Theory of Equations that
there are ¢ different values of 2, and no more, which satisfy
the equation «? = a, where « is real or of the form

4+,/(-1)B.

We can prove that we may obtain ¢ different values by
De Moivre’s theorem, and no more.

14. The expression cos 6 + J — 1 sin 0 is unaltered if for
0 we put (0 + 2rx), where r is an integer.

2 - 2
Hence cos-q—%ﬁr+~/—lsin0+qf’r,

which is one of the values of

1
{cos (6 + 2rm) + ./ — 1 sin (6 + 2rm)},

is one of the values of

Yiad

{cos 6 + ./ — 1 sin 6}
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15 By geeing to v the values 0, 1, 2 .- 1 we obtain
e . 0+ 2rr e, 0+ 2
q different calues of cos -~ ) =1 sin 5 ancd wht-
q q

ever inteyral value we gioe to r, we cannot obtain more thin
 different values. -

Take a crcle, centre O and radius OR  Let 22028, be
0 . .
the angle -. Dhvide the whole circumference of the circle
q

starting from 2, into q equal arcs, P, P\ P,, P\P,, ete.
Then each of the angles 2,07, P 0P, P,OP,, ...ete. is
REd . - 0 2rr
equal to v ; and in describing the angle <§ + ) the re-
volving line, starting from OR, turns first into the position
or, and then on through i of the angles 2,02, P OP,, ete.
Hence, whatever integral value » may ha.vc, 01’ must stop
in one of the ¢ positions 0P, OP,, OP,, cte. and it can
stop in no other position.

. 0+ 2rm — 0+ 2rmr
Therefore the expression cos -—-— + J - 1sin —-——

cannot have more than q different values.
Also no two of these g positions are equi-sinal and at
the same time equi-cosinal,
LHT 2
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Therefore this expression has ¢ different values.

Also by giving to » the values 0, 1, 2,... (- 1), in suc-
cession, O will be made to stop in each of the ¢ possible
positions in turn.

Therefore by giving to 2 the values 0,1, 2 . (g —1)in
succession, we obtain the q different wvalues of the above
expression. Q. E.D.

16. An expression of the form 4 + /= 13, wheré 4 and
B are arithmetical quantities, can always be put into the form

r{cosa +,/~1sin a}
Let A —rcosa, B=rsina. Then
A + B =1*(cos®a + sina) = 27, and
A . B
r @ty T AT B
whence a and » can always be found.

Cos a =

It will be convenient to take » positive ; then we must
take a in that quadrant which makes cos a of the same sign
as A, and sin a of the sume sign as B, [Cf. E. 148, 149.]

Ezample i. Express 1+ ,\/j in the form r (cos a + N/t“l sina)
Here rsina=1 and rcosa=1, * 1*=2, cosa=sgin a=}§,/2
Ezample ii. Kapress (—a) wn the form r (cos a+isina).
Here rcosa=-a,rsina=0,.".1%=a? a=(2n+1)r.
co—a=a {cos (2n+1) w+isin (2n +.1) w}, where n is an integer.
Ezample iii. Fwmd all the values of 161,

16t =2x 41

- nwo oL onw
1=cos 2nm +i8in 2nw, J¥/1=cos g Fising.

The four values of which are found by putting for n the values
0, 1, 2, 3 in succession,

They are 1, i, -1, —i; hence the four values of 164 are
£2, £2,/(-1).
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Fxample wv.  Find all the values of {\/3 - \/(~ 1)}%.
Let \/3 - \/(-=1)=r(cosa+tsmna) then 13=4 or r=2
cosa=3%,/3, sina= -4, * a=-}m,

€ — 1 -
hence {n/3 /(- 1)}b=2 3cusz'."5ﬂ.”+isin3"_”5£}

and the five different values can be found by putting for n the valucs
0, 1, 2, 3, 4 1n succession.

EXAMPLES. VIL

(1) Express 1) 1- /-1,
(i) W3+ -1,
(in) 1434/ -1
each in the form 7 (cosa+ /= 1 s a).
(2) Find all the values of
) (W2 +4y20 “1)H,
(i) (W3 +4/ 1),
(i) (344~ 1)°
(3) Tind all the values (1) of 14,
(1) of 393,
(itn)"of 27,
17. If we express any arithmetical quantity « in the
form of a De Moivre’s expression we obtain
a (cos 2rmr + J = 1sin 2rm),
i.e. the product of « by the De Moivre’s expression for unity.
Therefore the n nth roots of any arithmetical quantity a are

found by multiplying the arithmetical nth root of a by cach

of the n nth roots of unity in succession.
22
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The nth roots of unity are therefore important.

Find all the values of n/1, or solve the equation x" —-1=0. In other
words, find the fuctors of x» - 1.

Since cos2rmr+a/ - 18 2rr=1.

1t follows that z" = cos 27 + le sin 2rr, whete 7 18 an integer, and
therefore - +a/Z1sin .
n "
This 1esult 18 best diseussed by means of a figure.

n oven

P, n odd e P
-

v

I. Let n be a whole number.

2
Let the angle R()I’ﬁ:-i. On the circumference of the circle

centre O and radius OR, measure off aics P,P,, P,P,, etc. each equal
to RP,. Then since n.ROP,=2m, n of these arcs will occupy the
whole circumference, and OP, will coincide with OR. Also, if 7 be a

. i N . . .
whole number, in describing the angle ';:r the revolving line, gtarting

from OR, must stop in one of the positions OP,, OP,, ete. and in no
other. No two of these positions are both equi-sinal and equi-cosinal.

. 2r .
Thus the expresgsion cos —'nE +a/=1gin 2:—:'
has n different values, and no more; and these values can be found
by giving r in succession the values 0, 1,2 n-1.

Whenr=0,z=1: when n is odd this is the only arithmetical value;
when n is even, there are two arithmetical values ; for let n=2m, then
when r=m, t=-1,
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In any case, the angles ROP, and ROP,_, are equi-cosinal, and
8in ROP, = —sin ROP, ;. The same thmng is true of ROP,, ROP,_,,
and of ROPy, ROP,,_;, and so on.

Hence x—cosQw—,\/——i sin 2w,u.nd .r~cosglr+~/:'1 sm21r,

n ™ n n

are factors of z” — 1. Their product is

2,2 2 2
(x - cos 21’) + 8in? o , 1.e. 2% - 2 cos -—7r+ 1.
n n n

Hence we obtain that m being a whole number

2w 4
oM _ ] = (2 — 2 _ —_ 2 g - -
x 1=(z2-1) (z 2z cos ot 1) (x 2x cos am+ 1) m quad

ratic factors,

2w 4r
2m+1 ] — - L) 2 - -
m 1=(z-1) (:c 2x cos omt 1 +1) (1: 27 cos Sl + 1) .

m quadratic factors.
2 .2
[Note. Let @ =¢co8 -;:—r +a/ - 1sm 111 ,

2r — . 2
then cos % +a/ = 1sin %? =ar,

Therefore the roots of the equation z# - 1=0 are 1, a, a%, a® a™"1]

r
II. When n is a fraction in its lowest terms =§ . Then2z?9-1=0,

or #?-12=0, or £?-1=0. ‘This is the same as the case already

discussotl.

III. When n is incommensurable (e.g. /2). Then as before
2rm — . 2rr
z=c08 - ~ +,J— 1sin "

. . . 2rw
In this case, r being an integer and » incommensurable, = en

never be an exact multiple of 27. The angles will therefore not
recur geometrically and the equation will have only one real root,
viz. 1, and an unlimited number of symbolical roots.
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EXAMPLES. VIIIL

(1) ¥ind the roots of the equation 2" - 1=0.

(2) Find the quadratic factors of 2% -1

(3) Write down the quadratic factors of #13 -1
(4) Solve the equation z% ~1=0.

(5) Give the general quadratic factor of 220 — a0,

(6) Tind all the values of 2/1.

To find the Quadratic factors of x™ +1-0.

-+ 2rr LT+
Here Tr=co8 - + Lsmfn .

/

n even b3 n odd P,

In the figure ROP, ::E, P00P1=21:r, and = angles each equal to

P,OP, make up 27 ; OR bisects P,OP,_,. Also ROP, and ROP,_,
are equi-cosinal, while sin ROP, = —8in ROP,_,;, the same relation
holds good for any two angles equi-distant from OR. -

r
T+ 2rr . w2 T+2rr .. w4+ 2rw
oo |z —cos- n-—zsm—~ N , and x—cos«»n +isin- " .

are factors of 2™+ 1.

Therefore their product viz. (ac’ - 2z cos fj’—’?-r T 1)

is the form of the general quadratic factor of z* + 1.
‘When n is even and =2m there are m such factors. ,

When 7 is odd and =2m+1 there are m such factors; the
remaining factor is « + 1, as is clear from the figure. '
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EXAMPLES. IX.
(1) Find the roots of the equation 24 +1=0, and wnte down the
quadratic factors of x4+ 1,
(2) Write down tho quadratic fyctors of 26+ 1.
(3) Writo down the general quadratic factor of z°° + 1=0.
(4) Find all the values of &/ ~1.  (5) Find the factors of 1941,

(6) gFind a general expression for all the values of 2/ -1

*MISCELLANEOUS EXAMPLES. X.
(1) Prove that

8N (a,+ag+a; nterms)=se, | -s.0, 4+ 550, ;- ecte
where s,c,_, stands for the sum of the products of the sines taken r
together each multiplied by the product of the remaining n - r cosines.
(2) With the notation of Ex. 1, prove that
cos (a;+a,+a, n terms)=c, —c,_o%u+c,_;5, - ete.
(3) Write down the expansion of
sin(a+B+y+3+e¢) and of cos (a+B+y+5+¢)
(4) Prove that in the series of expressions formed by giving to r in

(c 8 0-‘12 + isino+qz”r) the values 0,1,2,3 (¢-1) in succes-

sion, the product of any two equidistant fiom the beginnimg and
the end is constant.
15
(5) One value of (\/3+./=+1)% is —97 (/= 1+1).
A
(6) af"rom the identity
(=) (x-c) (r—c) (x- a) (x-a)(r-0) -1,
(a=b)(a-c) " (b-c)(b—-a) (c-a)(c-D)"
deduce by assuming x=cos 20 +isin 20, and corresponding assump-
sm_(ﬂ_ﬁ)_'sm (0-v) . A
tions for a, b and ¢ that s (a = ) 911 (a =) 8in 2 (6 - a) + two similar
expressions =0.

(7) Prove that the n nth roots of unity form a series in a.p.



CHAPTER 111
Risurrs oF DE Morvei's TiikoRreM.

18.  'We proceed to deduce some important resulfg from
Do Moivre’s Theorem.
We shall generally in this chapter write ¢ for /- 1.

19. By Art. 12, when = is an integer we have

cos 0 + i sin 26 - (cos 6 + ¢ sin 6)".

Expand the right-hand side of this identity by the
binomial theorem, remembering that ¢*= - 1 and that
t*=+ 1. Equate the real part of the result to cos nf. This
gives us

-1 .
cosnf - cos"f — 9@7(7})7 D cos" %0 . sin*6
-1 -2 -3
+Vn‘(zbn )(nl_t ) (= )cus”“’o.siu‘ﬂ—etc.
Equate the imaginary part to ¢ sinnf. This gives us
. . n(n—1)(n—2 et
sinnf=mncos" 0. sin 6~ 4 -ré@—-—-) cos" 4. sin0

_ —9) (- _
T (n=1) (n l,z (n=3)(n=4) cos" "0 .sin"6 - ete.

20, In the above n is a positive integer, and the last
terms in the series for cos 76 and tor sin n0 will he different
according as » is even or odd.
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The last term in the expansion of {cos 6 +isin6}" is
" sin"@, which is real when n is even and imaginary when
n is odd. The last term but one is 2"~ n cosf sin" ' 6, which
is real when n is odd and imaginary when n is cven.

Thus the last term in the expanbion of sin 26 is
i"~1gin"@ or (— 1)~V gin®§ when = is odd,
and ™ 2ncos 0 sin"16 or ( - 1)i-Pncos f sin™~10 when n is even.

EXAMPLES. XI
Piove the following statements :
(1) sin40=4cos*6.sin §—4cos d.sin?0.
(2) cos46=cos* 8 —6cos? §.sin*0 4 sin*g.
(3) cos 60=cos%0 -- 15 cos*0 sin%f + 15 cos’0 »in*g - sin®.
(4) 8in90-:9 cos®s sin 0 — 84 cos’d sin’6 + 126 cos*d sin®0

— 86 cos?0 sin’6 -+ sIn°0.
(5) The last term in the cxpansion of cos 106 is —sin® 6.
(6) The last term in the expansion of sin 126 is
—12cos 6 .sinM 6,
(7) When n is even the last term in the expansion of cosnd is
(- 1)”‘ sm™ 6,

(8) 'When n is odd the last term in the expansion of cos 20 is

(- 1)"i}n cos 0. sin™1 4,

nn-1)(n-

ntan 60— tnn’ﬂ +

].
( - >
() tan no—l (=) g (=T (2 (-
2

4
cotnd - n(n l)cot" . n(n-— 1)(1»; )(n 3)cot""‘0

(10)  cotmf = - .
neotn-1g - " (n=1) (n=2) cot® 30 + . .

18

3) tanto —
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EXPONENTIAL VALUES oF SINE AND COSINE.
21. By De Moivre’s Theorem, when 2 is any commen-
surable number, and x any angle,
(cos n + 1 sin nx) is a value of (cos @ + ¢ sin )"
For 2 put the unit of angular measurement; then
(cos m + ¢ sin w) i3 a value of (cos 1 + ¢sin1)".
Let % stand for (cos 1 -+4sin 1), then
(cosn + 7 sinn) is a value of &,
where £ is independent of 7.

Whatever other values (cos1 +¢sinl)”" may have, in
what follows we shall only use the value (cosn + ¢ sin »).

22, This important result is a symbolical statement of
the fact that expressions of the form cosn + isinn are
combined by the laws of indices.

23. Let the unit of angle be a radian | E. 59.]
Then since cos @ +ising - A’ [Art. 21.]

and consequently cos@ —ising-:% %,

where % i independent of 6,

. 2sin@=k"— %7 ) .-
= 2)0log,k + ll3 6" (log,k)* + ctc.} . [Art 3]
Hence 1 ﬂg 9. log,k + 113 0® (log.k)® + cte.

=logk + 6. I¥;
where I is finite for all values of 0 (since sin6 is always loss
than 6, and ... logk is finite)
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Let 6 be infinitely diminished. Then, since 6 is the
circular measure of the angle, the limit of EZ 0 is1. [E.290.]

Also the limit of the right-hand side is log k.

Hence i =log %,
or, e - eV -1,

Therefore, when 6 is the circular measure of the angle,
= v
c030+J—1 sin@=¢" .
0

24. Since cosf+ 7 sin 0 = ¢ and cos § —isinf=e"*,

’

2cosf=e’+¢ " and 2 sinf=¢?— e,
—10 -
Hene e"’+e 1 . P
ence S and —— - -

are exponential values of the cosine and sine respectively,
when the angle s expressed in circular measure.

These results may be applied to prove any general
formula in Elementary Trigonometry.

in 2
Example. DProve o SINEE tana
1+ cos 2a
‘We have 2i sin 2a - Moo ("'m +e” la) ("ia - e.—m)
2+ 2 cos 2a 2+.v2“"+c—2“" (em—fc_m)“’

e®—¢” ™ Qsina

ta” 2c¢osa

= =itana. Q.E.D.
ta -
e +e

EXAMPLES. XII

Use tho exponential valucs of the sine and cosine to prove the fol-

lowing: (1) cos?a+sin?a=1. (2) cos2a=:cos®a-sin?a.
(3) sinf=-sgin(~ 6). (4) cos@=cos(-0).
(5) cos(a+p). cos (a—p)=cos® a-sin?B=cos? B —sin’a.
(6) cos30=4cos*0 -3 cosd. (7) 8in30=3sin 6 - 4sin3 4.

(8) 2cosna.cosa=cos(n+1)a+cos(n-1)a.
(9) 2sinna(-1)22sin*a=2gn(n+2)a-48mna+2sin(n-2)a.
(10) 2cosna (-1)22sn*a=2cos (n+2)a—4cosna+2cos(n—2)a.
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25. The results
2cosf=¢ Lo~ 2i8inf=¢¥ _,~¥

may be used to simplify expressions containing ./~ 1

Ezample 1. Reduce cos (a + 1]9') to the form A +1B.

_1a+ﬁ=e—ﬁ . em+cp. e~ta

2 cos (a+iﬁ)=e""‘5+e
=P (cosa+18in at)+e‘S (cosa—isina)e
"5) (:} “ﬂ).

=cosa(aﬁ+e —-igina(e’ —¢

This is in the required form.

Example 2. Express log (a+ib) wn the form A +iB.
Let a+ib=r(cos a+isina).
Then (Art. 16), r=a?+0? tana= ?L .
Thus, log (a +ib)=log {r (cos a + i sn a)}
=logr+loge**
=logr+ia
=4log (a®+2?% +itan? g

This is in the required form.

Ezample 3. Reduce (a+ib)**"® to the form A +iB.
Let a+1b=r(cos y+isin~).
Then 12=a?+10?, tan -y=I:i .
And (@ +ib)a+tﬁ=ra+zﬁ . ety(a+lﬂ)

=1 B M P

=1, ¢ By, oBlogT  tya
=p%e—PY t(8logrtay)

[For r=¢"%8"]

=7~ P {cos (8log r + ay) +18in (Blogr+ay)}.
This is in the required form.
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EXAMPLES. XIII.

Prove the following statements:

(1) cos (a+18)+isin (a+if)=c P (cos a+isina).
(2) 2sin (a+i#)=(eﬂ+c—ﬂ)sina+t(eﬂ—e"ﬂ)cosa.
(3) cos(a+iB) —18n (a+1iB)= & (cosa —1sina).

(4) 4cos (a+zﬁ).cos(a—rﬂ):eﬂﬂ+c«2ﬁ+2cos 2a.
(5) 4sm (a+18).cos (a—1f)=2sin 2a+1 (2 - ™).
2P e Pyoonat2i(F-c7F) sina

.

(6) sec (a+1p8)=

P 12co82a4e
2B _ -2
28 2a+1(¢" e )
(7) tan(a+1B)= W . -ug
¢ +2co82a+e
L N-1 T
® (V¥ =
(9) Express a? 7 1n the form 4 +1B5.
(10) Express (a+ 1) in the form 4 +iB.
a+1b . L0
(11) log s '0_21 tan o
B (@) _ o pan1 ) f'",—,fi";
(12) o (x_iy)—mtnn lcot e
©08(2 =) o tun-1tans & "
(13) log cos (x +zy)—2t tan amnaz e”_e_y%

(P2~ Jog 4 8in? (x + iy)
=log (e?¥ — 2 cos 2z + ¢~%¥) + 2 tan~! 3cot z

(15) log 4 cos? (a+1iB)

eV—eV
wre

. _e—8
=log (e2ﬂ+2cos 2a+e‘m) -2 tan™! ztan a L-e ~~£ .
Pre P
(16) aV'=a"*"{cos (sin 45 log a) + i sin (sin 450 log a) }.
(17) Express @ in the form A +1iB.

at1B .

(18) Express (a+ib+c') in the form 4 +:8.
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26.  Since

0 a0 0‘
cosf+ising=—e? -1+i0—,

273 "4

+ ete.,

we obtain by equating the real and imaginary parts

¢ o o
0s G =1 — 2 4 t
cos §=1 l2+]4 ]6+ec
sin€:0—0 +g———ctc.

312
These results are very important.
In the next chapter will be found a proof independent of J 1
and a collection of examples. .

e¥ 138 A Prriobic Funcriow.
97. cos@ and sin 6, and therefore also cos 6 + ¢ sin 6,
repeat their values every time 6 is increased by 2w.  There-
fore ¢ also repeats its values every time 6 is increased by 2.

Also, as ¢ passes from O to 27 no two values of
cos@+7sin @ are the same.

When a function of 6 repeats every possible value in
exactly the same order cach time 6 is increased by a certain
value A, it is said to be periodic, and X is called its period.

If we are given a particular value of such a function
of 6, we can find an unlimited number of values for § (cach
of the form a + nA, where % is a whole number,) forsexon of
which this function will have that given value.

"Also, in the particular case we are considering, as 6
changes from 0 to 27, none of the values of ¢ are repeated.
In other words, there are no two valucs of 6 in the same
period for which ¢® has equal values,

Ezample. Given that tan 6=a, and that a is one angle whose
tangent is a, then we know that f=a +nw, where n is a whole number,

Hence tan 6 is a periodic function of 9 whose period is =.
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28. Hence, if ¢ = ¢ we know that 0 and a differ by
some multiple of 2w, 7.e. that 6 =a + 2nw, where n is a whole
number, and the value of n cannot be decided without some
further datum,

.
. -0
Ezample. Simce 2 8in 0= — ¢ 7" ,and smr =0,

7

K% m 1w
=0ore =¢

therefore P o
This means that = and — = are two values of ¢ for which the periodic

function e’o has the same value. And since the period is 2x, = and
~ m should differ by 2nw. In this case n is clearly 1.

29.  The same thing may be stated thus :
gince  cosa+¢sin a = cos (a + 2rw) + i sin (a + 2rw),

s ele_ gretlum _ ga 2w

Thercfore ¢20m =1 (as is also evident since
cos 2rm + ¢ sin 27w — 1).
Hence unity has one real logarithm, viz. 0, and also

an unlimited number of symbolical logarithms each equal to
2vrm, where r is some integer.

30. Again, a=axl=axem_ glopatium

Hence every real positive quantity « has one real
logarithm, and also an unlimited number of symbolical

- bl . . . . .
logarivims, which differ by 2¢rr, where » is an integer.

These symbolical logarithms do not interfere in any way with

the theory of arithmetical logs explained in Chapter I.

Egzample. Prove that the equation sin 6=0 has no symbolical 100ts.
Suppose that sin (a + /= 18) =0 then
! eim—ﬂ_e—wﬂ-ﬂ;o, or (32'“—25-‘:1':82".".

o 2ia - 28=2irmr; .. 8=0; which proves the proposition.
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EXAMPLES. XIV.

(1) Townt out the fallacy in the following.

w3

. m I
Since 2¢8in 3w=¢ ¢, and sin 37 =0,

therefore c"}";c»w"; that 1s, c'"";l; therefore 6r -0.

(2) Expose the fallacy in the following:
Let a be any angle, then since
cos(a—)+esin (a—m)=cos (a | 7)+esmn(at ),
therefore ¢t~ ™ — ptlatm) s

hence a—wr=a+mr; that is, #=0.

(8) Piove that the equation cos 0 =0 has no symbolical 100ts.

EXPANSION OF TAN 'x IN TERMS OF &

31. Since 2 cosa =g+ et
and Yisina ev—e-te

2isina @*—eg

therefore itana: ML [Art. 24.]
2cosa e 4emte -
. -
1+2tana  2ete 9ea
2, —-— == = ¢2a;
l-2tana 2e-t= ’
l+2tana . .
= o [itana ™ log 2@ = 2ia + 2in. [Art. 28.]
—ttana

Hence expanding the left-hand side by Art. 5, we have
2o+ 2inw=2{itan a + } (1 tan o)’ + } (4 tan a)’ + ete.}

or a+ nr = tan a — J tan® o +  tan® a — ete.
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This series is convergent if tan a is equal to or less than
unity. It is therefore arithmetically intelligible and true

provided a lies between —j{ and E , or between %’r and 5: )

and 5o on [i.e. provided OF stops within the right anglo
Q,0Q, or within the right angle @,0Q, in the figurc]

32, When a hes between — i and }mr, the value of »
is 0 For n is an nteger (ov zero), while the value of = is
known to be greater than 3 [E. 37], and as a varies from
— 17 to }m the numerical value of the series

3 5 ar? P
tan a — (3 tan®a— 1 tan’a) — (1 tan’a — tan’a) — ...
is always less than tan a, and therefore less than 1.

Hence, when a lies between — Jor and }r, we have

tan a — (3 tan’a— g tan’e) — (3 tan’a -} tan’a) — ..,
THY3 . osult is called Gregory’s Series.

Similarly we can prove that when a lies between §r
and f, a—m=tana—} tan’a + § tan’a
and so0 on.

33.  In this result put a== Z , and we obtain

T
Z:l—%-}-%—}%—(}tc.
L. L. T. 3
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34. The series 1 -1+ 1—1+ ete. is very slowly con-
vergent; we shall therefore show how series which are more

rapidly convergent may be obtained from Gregory’s Series.

35. Euler's Series.

. 1+3
Since tan™'} +tan™' } =tan™ TZ— :} —1_ =tan~'1-
Let a=tan™'}, or tana =14,
and a=tana—} tan®a + ! tan’a — cte
1 1
21}—’;. 2,+}.§;—Otc.
Let B—~tan™"' 1) then
1 1 1 1 ] B
323—3.'3?"? 5 35—0“3. LAX‘t. 31.]

and -« + B = the sum of these two series

36. Machin’s Series.

Since 2tan™' L =tan™' % and 2 tan™' Sy =tan"' 39,

Hence

1 1
- {E.I'S'J' - ] . :) 39 :‘-, 2"395 —(‘tc.} . [Art 31.]

Nore. It may be shewn that

tan™! ;15 =tan™! b — tanT' L,
80 that T _4tan™'l—tan"',} 4 tan~' ]
o th i~ 5 10 50"

The labour of calculating the numerical value of the series for

tan—1,% and for tan~! 5 is less than that of caloulating the numerical

value of the series for tan—1;};.
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Example. Fuud .he numerical value of = °, 6 figvres by Machin’s
series, We have

1 1 1,1\ 1/1\% 1 /1Y’ 1 1 13
=t {5 -5(5) + 5(5) - 7(3) + }' “35*3 (m) -
=4 {2 --0026666... +-000064 — -0p00018 } —-0041811.
=4 {-1973956...} - 0041841
=-7853983.

Thengfore =4 x *7853983 =3-141598%

EXAMPLES. XV.
o r_14g 11 .11 11
1) Ix(»\otllnt(;—\/3l1 33 gy gy bete
(2) Prove that 4 tan=1 } =tan~1]%9.
Hence prove that 1f }r=4tan"1} -,
then x=tan™!,},. -

(3) Prove that
+_ L. 1.1
g i3t s aton
hence calculate the value of 7 to 2 decimal places.

+ete.,

(4) Calculate the value of = to 3 decimal places by the aid of
Euler’s series.

(5) Calculate tho value of = to 3 decimal places by the aid of
Machin’s serics.

W) Prove that }= =2 tan-1}+tan~1}

a _ p—G

(7) Defining tanh a as :a—_*_—i—_- s

prove that
a=tanh a + } tanh®a + } tanh®a +ete....
(8) Prove that when a lies between i and §=
a—2r=tana-}tanda+}tan’a
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ExpansioN oF (2 cos0)" aNp OF (2 sin )"

37. Let cos 0 +1sinf =2,
. 1
then cosf —tsinf=- - a7 [Art. 12]
@
and 2cosf=a+a!, 2sin 0= —a.

[It should bo observed that in the equation 2 cos 0 =x- x71, cither
x or § must be symbolical. Ior if 0 be real 2cos 0 is less than 2. If ¢

be 10al  + ~1is numerically greater than 2. x of course stands for 1"0.]
Also, a"=(cos 6+ isin )" =cosn0 + i sinnf, [Art.12.]
™" =(cos 6 +7sin 0) 7" = cos nf — 7 sin nf.
. 2cosnf=a"+a”"
Hence (2 cos 8)" = (x +x7')"

wee (n=1)

, and 2isinnd =a"—x"

T g " cte d T4 27
‘-l
=(@" 2T+ (@) + %’(11‘2— b (@t +277") + ete.
1
=2cosnf+n.2cos(n-2)0+ n(n- )2cos(n— 4) 0 + ete.

2
Also (2¢8in 6)" = (x—a')"
First let 2. be even, Then the expansion of (x — w"')" is

n (n 1)( ned ;L""“))

n(n-1)
12

" —mn (mn—2+ w—(n—ﬂ)) 4

*. (2¢8in 6)"= 2 cos nh — 12 cos (n - 2) 0+

2cos(n—-4)0

- ete.
Next let # be odd. Then the expansion of (x—x"")"is

n—1)

& =" = (2 ) 4 @ ( B ("t —2™""*) — cte.
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. (2e8in 0)" = 2¢ sinwf—n. 2 sin (n—-2)0
n(n—

|2

-1) 2i sin (1 — 4) 6 — cte.
Whence dividing by ¢ and gutting ¢*==— 1 we have

n 1
(= 1) *2"sin" = 2sin 10 — . 2sin (n - 2) 0 + cte.

1t gust be noticed that when the last term is indepen-
dent of 6, the factor 2 is omitted.

Nore. When 7 i3 even the last term is independent of 9 for then
the expansion of (a +.r)* [which has n+ 1 terms] has a nuddle term,
Hence the last texm in either expansion is independent of @ when n
18 even and is

-1)(n-2) .(in+1 3 -1)(n-2)... 1
n(n )(n@}) (_H-)or (_1)211(1z )'("{lé;,) (§n+)'

When » is odd the last term in the expansion of cos™ 6 18

n(n-1) 3(n+3)
[{;An—l) 2cos 9,

and the last term in the expansion of sin 6 is

(- 1) T n(n—ﬂn-ﬁ (n+3)2smo

EXAMPLES. XVI

Prove that
(1) 128 cos® 9 =¢os 80 + 8 cos 60 + 28 cos 46 + 56 cos 20 + 35.

(2) 064 cos”@=cos70+7cos50+21cos30+ 35 cos .
(3) ~ 64 8in? =8in 70 - 7 8in 50 + 21 sin 36 — 35 sin 6.

(4) - 5128in° 6 =cos 106 - 10 cos 89 + 45 cos 60 — 120 cos 40
+ 210 cos 260 - 126.
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ResoLuTioN INTO Facroks or =™ — 2x" cosnb + 1.
L]

38, T resolve x*"— 2x" cosnf + 1 into factors, when n s

a whole number.
q

Since ™ — 2x" cos nf + 1 = (" — cos 16)* + sin’nf
={(x" — cos nf) + ¢ sin nf} {(x" — cos nf) — ¢ sin nb}
={a" — (cos 0 — ¢ sin 2.0)} {a" — (cos 1 + ¢ sin nb)}
= {a" — (cos  — 2 sin 6)"} {" — (cos 6 + 1 sin )"},
therefore z — (cos @ —isin6) and x— (cos 6 +isinf) are
factors of x™ — 2" cosnf + 1.

Therefore also their product, i.c. &’ ~2wcosf+1, is a
factor of a** — 2«" cosnf + 1.
And since cosnf is unaltered if for 6 we write 6 + g};

2 .
it follows that a® — 2 cos (0 + -—;'7) + 1 1is also a factor.
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In the above figure let ROP, =6, and let the wholo
circumference, starting from /°, be divided into n equal
arcs P, P P,..P,_ P, ; sothat, whatever be the integral

n—1 0

2rw .
value of r, the angle 0+"—n~ is represented by one of the
L]

> ) > .
angles ROL,, ROP,, ctc.
Hence n general there are n different values and no
2rmw

°
more of cos ((9 +—
7

[The exceptions are (1) when one of the points P, coincides with R,
(i1) when R busects one of the arcs PP, ;; te. (i) when n0=2xr,
(1) when n6=(2r+1) m, and 1n these cases 2*" - 2.r* cos nd + 1 1educes
(i) to the form (z® 1) or (u) to tho form («*+1)? ,  the factors of
these forms have been discussed on pp. 20, 21.]

And the n different values are found by giving to »
the values 0, 1, 2 ... (» — 1) in succession.

Hence the 7 quadratic factors of a™ — 2. cosnf + 1 arc

. 9
(w-’_zwcoseJr 1){.@;’— Jx cos <0+:n£> + 1} X

X {u:’—2xcos <0+ ”';} 271-) + 1}.

EXAMPLES. XVIIL
Solve the following cquations :
(1) 28 -2x4cos60°+1=0.
(2) M- 225 cos 100 +1=0.
(8) x'2-2t8cos §r+1=0.
(4) 2V +A/325+1=0.
(5) Write down the factors of 22 -~ 2.7y cos a + y*".
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*MISCELLANEOUS EXAMPLES. XVIIIL

(1) DProve that if cos @ and sind be defined by the equations
2 cos 0=ao+a—o, 21 sin 0=a0— w—e, then sin  and cos ¢ satisfy the
fundamental conditions

cos?0 +8in20=1, cosf=cos(—0), sinf=-sin(-0).

(2) Prove that if a degree is the unit of angular measerement
2 cos £ =k%+ A~* where k180=¢'",

(8) Assuming De Moivre’s theorem, prove that

tsinad-(1-conal)

=logk+

z N
p l_j (log k)* +ctc ,

r
where k=cos 19+ sin 10=¢1%,

(4) Prove that if two right angles be taken as the unit of angle,
the exponential values of cosz and sinz are } (™ +¢”*"") and
—}i (eurz_ e-—irrz)

(5) Assuming that ¢"“=1 where » 15 an integer, prove that

isa periodic function of 6.

(6) Assuming that s a periodic function of 4, and that the

period is 2, prove that ™ 1 where r is an integer.

(7) Prove that (ib+ ci)"l =1"(cos af +1sin af) where
b+sinloge
cosloge

=1+10%+2bsmloge, tan 0=

(8) Iflog(l+cos 26+1sin26)=4d+iB, then
A =1og 2 +log (cos 6).
(9) Prove that
- 2co80+e*=48in}(0+ixr)sin} (6 - wx).
(10) If cos™!(a+1iB) =4 +1iB, prove that

a2 B? 1 d 2 2
Cowid  minzA = M (eB+e—B)2+ (eB—e—B)z—i.
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(11) Prove that log,(-1)=1(2n+1)m.
(12) Prove that

log (z+1y) = § log (v +y*) + i tan Z .
Hence prove that

x s d 2 a’?
tan~! ——— = 0~ - si - -
Trzcosd Z sln 5 sin 20 + 3 s 30

(13) [ ¢ (a) is such a function of a that
¢ (a) x ¢ (B) = (a+B)
for all values of a and @, prove that ¢ (a)= {¢ (1)}* for all rational

values of a. Show that cosa +:sma is a form of ¢ (a) which satisfies
the preceding equation, and deduee De Moivre’s theorem.

(14) Prove that
tan—!(cosa+:8ma)=(n+})r+ilog tan (} +3a).
(15) Prove that

g: 4tan~1} - tan~l.y + tan~gy,

and apply the result to find the value of 7 to 5 places of decimals.

(16) Find the number of radians in the least angle whose tangent
is ' ; also the number of degrees in the least angle whose tangent is
10.

(17) Prove that the general value of s
cos(142rm) 0+isin (1+2im) ¢
where » is an integer.
(?8‘) Defining cos @ as the 1cal part and wsin @ as the imaginary
part of cw, prove
€08 0 =co8 (~ 6), sin 0= — sin (- 0), sin (§ + ¢) =sin 6 cos g +cos d s n ¢.
(19) If the functions ¢ and y are defined by the equations
$(z+y)=0(z) ¢(y) - ¥(z) ¥(y),
¥ (v +y)=0() y(y) + 6 (y) ¥(),

prove that {p(x)2+ ‘;«(x)’$}={¢(y)2+ w(y)"ﬁ-



CHAPTER 1V
Proors witHOUT TiE USE oF /—1

39. In this Chapter we shall give proofs of most of
the preceding results by methods which do not involve the

use of /= 1.
The student must not on this account suppose that the

validity of results obtained by the aid of ,/=1 is doubtful.
‘We shall make some remarks on this point later on.

40. 1o prove, when n is a positive integer,

-1 .
CO8 7t = cos"a — ﬁ'—(n——- —2 cos"%a. sin‘a
1.2
nn-1)(n-2)(n~- 3 _
~-(-— -—1)-:»(2‘3.1( ) s" ‘a. sin'a - cte.,

and

. . 1

sinna=mncos" 'a.sina~ (n 1. ‘))('n cos" *a. sin’a

_L'n(n—-l)(n—")(n ‘3)(n 4) o'

TSR ‘a.sin’a— ete.
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These formul® may be proved by induction, thus:

Assuming that the above statements are true for a certain
value of n, we can prove that they must also be true when
2+ 1 is written for n.

Since cos (n + 1)a = cosna. cosa—sinna . sina [E. 154];
in this, substitute for cos na and sin na those values given
abovegand we obtain
S g {'L(”f1)

cos (n+ 1) a = cos — + n} cos" 'a. sin‘a

-

n(n—=1)(e~-2)(n-
{ 1.2.3.4

— 1) (n-- .
+ n(n=1)(n “)} cos" Y, sin‘a - cte.

1.2.3
The coefficient of cos" "a . sin"*'a is

Hum-1) (n—r+1D(n-r) nn-1)..(c—-r+1)
(- PR e e )

;‘{(n l)n(n 1) (n—r+1))
=(=1) 1 : ]r+1 o

n+1).n - .
Thercfore  cos (n + 1) o = cos**'a (—«1—— ‘)),,_ cos"'a. sin‘a
o o

(n+])n(n 1)(7&-—") .
1.2.3.4

Sasin’a — ete.

A similar result will hold good for sin (% + 1)a

Thus, if the formule are true when = is any whole
number, they are true when 2 + 1 is substituted for »;

But they are true when n=1 and when n=2;

Therefore they are true when = is any whole number.
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. o B ¢° Ao-l ¢° "
41. o prove cos@=1 @4 E—@+ctc.,
. 0 6 0
and sm0;0._5+_|_5_;,1+etc‘

In the formula

(_1) -2

€OS 72a == COs™ a——" -~ cos" %a.sin*a
1.2
W 71.——1)(7&—-")(91.—3) 5"
.2.3.4

write 0 for na, and let 2 be increased without limit while 6

‘a.sin‘a + ete.

. . 0 C
remains unchanged. Then since a = —, a must be diminished
n

without limit. We may write the above in the following

A 0\" 6(0-o) "7 rsina\
cosG—(cos 1—z> 19 (os n) <_a‘.)

0 (9 a)l(a Za)J‘(O 3a) (cos :)"" (silulL a)‘ — ote

form,

‘When = is infinitely increased, the limit of (cos g) is 1,

since 7 is not greater than ; [Art. 9.]

00-0) (0=20 . 0=7=19) ;s
I z =

the limit of

and the limit of -7 is 1, since 7 is not greater than z.

n

[Art. 10.]
Therefore, by proceeding to the limit, we obtain
02 64 06
cosf=1-
E'ETE

—+ ete.
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Similarly, the expansion for sinna may be written

n=—1 ;
sinf=0. (cns ?—) (S—n-l—a>
n a

6(0—a) (6~ 2«) Thsma\s
- 12,3 (cosn> (-: >+ ete.

3y proceeding to the limit, we obtain as Lefore

6 9"
smé—=60-— — cte
3TE T
@ o
42 TInthearesult sina=a— 5 + = — +cte the series
35T
is convergent for all values of a.
L a®
[For the ratio of any term to the preceding is n(n+1) ; and what-

ever be the value of a, by taking n large enough this fraction can be
made less than some quantity which is itself less than umty.]

In the proof of Art. 41 no limit was put upon the value
of the angle. Therefore the result is arithmetically intelli-
gible and true for all values of a.

3 5

Therefore the series a — — l‘; L7 + ete., which is equal
to sin a for all values of a, must be periodic. [Art. 27.]

-,
43. A scries in ascending powers of a quantity (a) is

chiefly useful when a is small, for the smaller the quantity a,
the greater is the relative importance of the earlier terms of
the series. Also, the sine (and the cosine) of an angle of
any magnitude may be expressed in terms of the sine or
cosine of some angle less than .

Hence, the above series are never used in numerical
calculations except for values of a less than }=.
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44, We have
sin a= f a‘) - 17 a_" &
a=a <1‘3 @ (:Z |2 )"' (278

a'i 0.5 (17 ai) all
=(la——=)+(z'"—5 )+ 7 =75 )+ cte.
(=) G-7)+ G-i)

Each of the above brackets is positive (provided a° is not
greater than 6 and therefore, @ fortiors, if o is less than 1).
Therefore sin a is less than a and greater than a — }a’.

Again

(sin a — a) is negative and = — La' + (a positive quantity),
sin a —(a — §a”) is positive and = {150’ —(a positive quantity).
Therefore the difference between a and sina is less than
2a°; the difference between sina and a— }o3 is less than
1350

ExawpLe. If a=y¢; (of a radian), the difference between a and
gina is less than 2.1073, 7.e. less than a six-hundredth part of a.

The difference between sin a and a — § a? is less than {34 x 10~% which
ig less than a millionth part of a.

45. The following results may be proved in a similar
manner.,

The difference between 1 and cos a is less than Lo’

.cosa and (1 -3%a°) ..... wat,
.. sin?ma .
Exampere. Find the Limiting value of T- cos Dat when a 15 infinitely

diminished,
For sin ma, write ma — R,a’; for cos na, write 1 - 3n%?+ Ryat. We
know that R, is less than }m3 and that R, is less than jyud.  Then
sinfma _ (ma—-Rya?)? _(m—Rya?)?
1-cosna jn*a’— Ry 4n?—Rgpal’

. . o e . L. 2m?
hence, when a is infinitely diminished the required limit is e
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EXAMPLES. XIX.

(1) Prove that when a is not large, the difference between
(a-}a’+ }ya®) and sin a is less than z4l a’.

(2) Prove that when a is not large, the difference between
(1-1a®+ J;yaf) and cosa is less than 414 af.

180
(3) "rove that sin = =-099833....

(4) Prove that the value of sin 1° coincides with that of the
circular measure of 1° at least as far as five places of decimals.

(5) Solve the equation sin (}r + 6) =71, neglecting 6 and higher
powers of 0.

(6) CGiiven that sm 1'=0002909, calculate approximately the value
of m.

smé 1013

— — A09 47
9 ~ 1014 Prove 6=4°21' nearly.

(7) Given

2,0 — sin?
sin nO _?lri m0 when 6=0
- cos pd

(8) Ind the value of -

sin2,/mno — sin mé . sin no

(9) Evaluate (T~ cos m6) (L - cos n0) when 0=0.

. (] -6
(10) Find the himt of 6-4 sl‘;fﬁ ;;— ~2{ when 0 is infinite-
]y diminished.

('il) Prove that (eight times the chord of half a small circular
arc minus the chord of the whole arc) divided by three, is equal to the
length of the are, nearly.

(12) Prove by induction
nn-1)(n-2)
n tan 6 ~1 9.8 tanf+......

tann 0= .

1- (1" zl)t n%+

(18) sin(@+1%)=s8in0+ hcosf - —sm 0- K cos 6 + etc.

2 4
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Tux HyperborLic FuNcCTIONS.

46. The following notation will be found convenient.

e ) -
Def. cosh x stands for ¢ 28 and ginh « for e .

coshz and sinha are abbreviations respectively for the
words hyperbolic cosine of x and hyperbolic sine of g,

‘We shall use this notation cosh®z for (cosh 2)% ete.

EXAMPLES. XX.

Prove the following statements - [Compare Examples XIT ]

(1) cosh®r-sinh®zr=1.

(2) cosh 2z =cosh®x +sinh% =2 cosh’c — 1 =1+ 2 smhZr.

(8) cosh3x=4cosh’c -3 cosha (1) coshz=cosh (- r).
(5) sinh 3z=38ginh x + 4 sinh’s, (6) smhax = —sinh (- 2).

(7) cosh (z+7).cosh (x - y) =cosh®z + sinh?y
=cosh?y + sinh?r.

(8) 2coshnx.coshaz=cosh(n+1)z+cosh (n-1)=
(9) 2smmhnz. 2%inh¥r=2sinh (n+2) 2 - 4 sinh nx
+2smh (n-2) .
(10) 2 coshnz . 228inh%r =2 cosh (n +2) x — 4 cosh nz
+2cosh (1 12) 2.
(11) coshnz - cosna=2 cosh (n—1) z {cosh z - cos a}
+2cosa {cosh (n—~1) & —cos (n—1) a} - {cosh (n~2) x —cos (n—2) a}.
(12) cosh 2x — cos 20 =2 (sin?0 coshZe + cos?d sinh2z).
(13) coshy cosh zsinh (y - z) + cosh z cosh z sinh (z - z)
-+ cosh z cosh y sinh (z - y) + sinh (y - 2) sinh (z - z) sinh (z - y)=0.

(14) cosh 3z +cosh bz + cosh 7z + cosh 152
=4 cosh 4z cosh 5z cosh 6z.
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x

- —ex
47, Smmlarly, -
¢

. 1s called the hyperbolic tangent

+e
of , and is wntten tanh 2, and so on for other hyperbolic

functions corresponding to the other circular functions.
£ ]

48. Smce
: L. B . 1 (0 —ux
sino — o (¢*—¢ %) and cosw—L(e”+e™),
-
thercfore
(1L T -2 R S
S111L 2L — T;(U —e¢)=Li(—e7)
2
= sinh w,
and cosx -} (¢7F r¢7)
= cosh «.

*49. It should be noticed that when a complete inter-
pretation has been given to the symbol 7, it may be possible
to interpret the symbols sin iz and e” and then it will be
seen how it is that sindx and ¢sinh 2 indicate the same
thing. For the present it is suflicient to notice that one
result of these equalities is that the expressions 4 sinh 2 and
cosh # are combined by the same laws as those by which
sin &z and cos <x are combined.

And therefore it follows from Art. 48 that corresponding
to“'u.ny theorem, involving cos 6 and sin ¢, which is true
for all values of 6, there is a theorem involving cosh x and
¢sinh @ in precisely the same form.

Egample 1. Smce  cos 20 =cos?¢ — sin?0,
therefore cosh 2z =cosh®z + sinh*z.
Ezxample ii. Since 8in360=3sind -4 sin34,
therefore i 8inh 3r =3 sinh x - 4.3 ginhd ,
or sinh 3r =3 sinh & -+ 4 sinh? 2.
L. 1L 1,
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Ezxample 11, Prove that

-8 BB
sina+7 —y— cosa
sin {a +¢B) =sin a cosif+cos a sinif

=simaccsh B+icosasinhB. Q. x. b,

eﬁ+e

sin (a+418) =

Example iv.  Prove that 1f
z+iy=«cos (0 - i),
2?2 1/2 «

then R
x2cosh?y ' x*sinhiqg 7’
2 2
z Y
and - g — Y y=1
k2cos?6 a%sin%f
Simee A +1y =k cosf cosin+ksin O sin iy

=k cos 0 cosh n+ ik s1n 6 sinh 7,
equating the 1eal and 1maginary parts

we have r=xcosfcoshyn, y=xsmnfsmhy,
or - _cosh 7 =sinh 7,
K cos @ Kk sin @
2 2
x Y N
wheiefore -, = =t =cosh?y - simh® =1
Afcos?0  k*smm‘ K K
Y
Similaily =cosf, — =sin 0,
k cosh 7 x sinh 9
a-? 2
wherefore —-=cos%0+ sin?20 =1

x“coshzy K mmhin
Q E.D.

It will be seen by those acquainted with plane coordinate Geometry
that for given values of § and 7 these equations 1cpresent a confs cal
ellipse and hyperbola, such that scch 5 is the eccentricity of the ellipse
and sec 6 the eccentricity of the hyperbola.

*50. The Geometrical interpretation of the hyperbolic
functions is as follows :

Draw the rectangular hyperbola

—y'=a".. .. e (1),

its conjugate y-al=a" . coa(id),
and the inscribed circle a®+3*-«’. ........ ... (iii).



HYPERBOLIC IFUNCTIONS 51

In the Figure, ALD is a quadrant of the circle (i), A7
an arc of the cquilateral hyperbola (i) of which 04 and 0L
are the semi-axes.

Then if 2, y are the coordinates of a point 22 on (i) we may
put x = 0M -« cosh u,
y— MDD == sinh u,
since «® cosh® 1 — «* sinh® w = o’
From A/ draw J/ R to touch the circle (iii) and let 6 be the
circular measurc of J/OL, then
x=asec 0= a cosh u,
7=« tanf = @ sinh w.
The scctorial arca AOL =1a*0, and it can be proved [see
Groenhill's Diyfferential and Integral Calculus, Art. 56] that
the sectorial arca 040 = Ju’u.
*51.  On tho following pages we give tables of the value

of each circular aud hyperbolic function direct and inverse
each in terms of the others.

The student is recommended to verify these tables for
himself and also to deduce [by Art. 49] the hyperbolic
tables from the circular and conversely.

4—2
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HYPERBOLIC FUNCTIONS.
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56 TRIGONOMETRY.

* -1z —=ginh-? _,x - -
Example1 Prove that tanh~1z =sinh -z
Here, tanh~1z stands for the-number whose hyperbolic tangent
is x.

- a
Let a=tanh-17; then tanha=1r= e s
e "
“-c
I,a+(,——a
also, L(e—e)= —
'\/ 1o (et
et et
or, sinh a _tavha
’ ) T\l -tanh%a}’
or a=smh-1- tanha
’ - 11 < tanh:a}’
or, tanh~lr=sinh ! /‘I'T' @l Q.ED,
Lizample 1. Sum the series
1+xcoshb+a*cosh20 + . +a")cosh(n-1)0.
Let C be the sum of the series, and let
S=xsinh 0 +22sinh 260 + +z"~1sinh (n - 1)0,
then C+S=1+z 4220+ . +z”"c<”“)9,
also C-S=1t+ze Oqaze ™4 . 4o 1~ (7DF
1- znpno 1- ’r" -né
Hence (C+S8=" = —'9~ y C-S="—tre o,
1-ze 1-ze
. 20=

2+xn+1{ (n-])o_*_c—(n—l)o} —zle +e }_xn {eno+p—n0}

1-z(+e 9}+x2

142"+ "“cosh(n-1)0~xcoshd-a coshno

.C= i g o

1= 2z cosh 0 + 2
[Compare Ex. 1, p. 82.]
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HYPERBOLIC FUNCTIONS.

*EXAMPLES. XXI.

Prove the following statements :

' _ tanhx+tan.h‘y
(1) tanh (z+y) = i+tanhztanhy”
. g - 2) - z
(2) sinhlz=cosh™/(1+a")=tanh™ " ).
B B L T+Y
(3) 0tanh 1z +tanh~!y =tanh ]1+ry‘

(4) sinh-lr=log {,/(1+2°)+x}.

(5) cosh—lz=log {,/(z*~1)+z}.

(6) tanh~'t=} {log(1+z)-log(1-z)}.
tanh®*z -sin>a _ cot’a sinh®*z-1 _sin*a
tanhic —smiB "~ cot?Bsmhiz~1 ~ sin?g’

(M

sinh (b -y) simh (b-2)
sinh (éz; y)sinh (¢ - 2) sinh 2 (a - b)

+two symmetrical expressions in z, y, z=0.

(8)

cosh4r - cosda _;8inh 2z

(9) logtan (a+ur)=1}log 2 (cosh 2z + cos 2a),_,+t tan

(10) Sum the series
cosh a + cosh (a + b) + cosh (a + 20)
to n terms, and deduce the sum of the series
cos a + cos (a + (8) + cos (a+28).
(11) Prove that
tan-1 (tﬂgﬁgoiﬂgl}?x) ) q (ta}{o - tanh x)
tan 20 — tanh 22 tan 6 + tanh x
= tan~1 (cot 6 coth z).
(12) tanh(a+B+47)
_ tanha +tanh 8+ tanh vy + tanh a tanh g tanh

"1+ tanh@tanhy +tanh y tanh o+ tanh a tanh 8
(13) The sum of the series
cosh 2z cosh 3z

ERE

1+coshx+

ad inf. 18 e°*h % cosh (sinh z).
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ExpaNsioN orF (2cosa)" AND OF (2sin o)™

32.  To prove, when n is a positive inleger, that 2" cosa
can be expressed in terms of cos na, cos (n—2)a, ete.; that
2" cosh™x can be expressed in terms of coshnx, cosh (n — 2) x,
cte., and that the two expressions are the same in _form.

We have, when n is a positive integer,
2cosna.2cosa=2cos(n+1)a+2cos(n—1)a I.
2 coshnx. 2 coshz=2cosh(n+1)x+2cosh (n—1)a. TL
In 1. put =1, and we obtain
2% cos®a =2 cos 2a + 2.
Multiply each side of the result by 2 cosa, then
2*cos’a=2cos 2a.2 cosa+ 4 cos a.
But by I. 2cos2a. 2 cos a =2 cos 3a + 2 cos a,
hence 2% cos®’a=2cos 3a + 6 cos a.
Multiplying each side of this result by 2 cos a, and again
making use of 1., we have
2% cos* a = 2 cos 4a + 8 cos 2a + 6.
By multiplying each side of this result by 2 cosa, and

making use of I. on the right-hand side, we can obtain pn
expression for 2°cos’a in the required form. And so on.
By continuing this process we could obtain an expression
in the required form for 2" cos” a where n is any positive
integer.
Again, by making use of II. in the same manner we could
obtain an expression in the required form for 2" cosh” .

Also, since the process 13 the same in each case, the two
resulting expressions are the same in form.
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53. The expansion of 2" cosh”z can be found as follows:
A" cosh® z=(e" +e™")" =¢"" + " +n ("7 + 7)1 ot
=2 coshnx +n. 2 cosh (n - 2) z

n(n—1)
Y\VT 279 cosh (n — )
g cosh (n — 4) x + ete.
Therefore also by Art. 52
n(n-1
2"cos"a :2cosna+n.2cos(n—2)a+ (n- >~2cos(n—-4)a +ete.

1.2

As in Art. 37, when n is even, the last term does not
contain cosha, and in this term the factor 2 is to be
omitted.

n-1

*54. To prove, when n is odd, that (-1) * 2" sin" a can
be expressed in terms of sinma, sin (n—2)a, cte.; that
2" sinh nx can be expressed in terms of sinhnx, sinh (n — 2) x,
ete.; and that the two expressions are the same in form.

We have, when # is a positive integer > 2
2sinna (=1) 2°sina

=2sin(n +2)a- tsinna+ 2sin(n—2)a. L
2 sinh na . 2° sinh’ &

= 2sinh (n + 2) 2 — 4 sinh na + 2 sinh (n - 2) 2. I
We have also

(-1)2%sin’a = 2sin Ja—6sina.
v We proceed as in Art. 52.  Multiply each side of this
result by — 2% sin® a, and we obtain by the aid of T.

(=1)* 2" sin’® a =2 sin 5a — 10 sin 3a + 20 sin a.

Multiplying again by —2%sin® a, we could obtain by the aid
of I. an expression in the required form for (-1)" 27 sin’ a.

By continuing this process we could obtain an expression

n-1

in the required form for (—1) * 2"sin" a, where 2 is any odd
positive integer.
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Again, since 2"sinh’ =2 sinh 3z - 6sinh @, by making
use of II. in the same manner we could obtain an expression
in the required form for 2" sinh" a.

And since the process on, the right hand is the same in
each casc, the resnlting expressions are the same in form.

*¥55. We have 2" sinh”x=(¢"—¢™")" [n odd]

- ent_ e-nx —-n (e(nl-2)x — e—ln-?rr) + cte.

2 sinh n — 72 sinh (n — 2)

+ 73%”:2}) 2 smh (n —4) 2 — ete.

il

Therefore it follows by Art. 54, that when = is odd,
n-1
(=1)*2"sin"a=2sinna-n2sin (n—2)a
nn-1)_ .
.i*-o, ) 2 sin (n—4) a — cte.

. “

*56.  To prove that, when n is even,
n

(-1)*2"sin" a =2 cos na —n 2 cos (n — 2)a
n(n-1)
M )

We have, when = is a positive integer > 2,

2 cos (n—4)a — cte.

2 cosna. (-1)2%sin’ a=2 cos(n + 2)a — 4 cos na + 2 cos (1 —2)la
2 cosh nz. 2*sinh®« ‘
=2 cosh (n + 2) & — 4 coshnx + 2 cosh (n — 2) 2.
Following the argument of articles 54 and 55, we have,
since
(-1) 2°sin" a =2 cos 2a — 2, and 2°sinh®z = 2 cosh 22 — 2.
And since 2"sinh" z = (¢’ —¢7")" [n even]

=2 coshnx-n2 cosh (n— 2) x + ?f(ln_ql) 2 cosh (n - 4) x - cte.
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Therefore when = is even (—1)° 2"sin"a
w(n-1)
S, 2

- 2cos na—n2cos(n—2)a+ cos (n—4) a— cte.

1.2
In the last term the factor 2 must be omitted.
' [CEf. Art. 37.]

*57. 1t must be noticed that m Art. 52 we take a par-
ticular formula involving the cosines of multiples of a, and
shew that from it a certain expansion of (2cosa)" can be
deduced ; we then shew that a formula of precisely the
same shape involving the hyperbolic cosines of multiples of
x, is also true, and then we see that the corresponding
expansion of (2 cosh )" must have the same form as that of
(2cosa)”. Thus in Art. 52 we give an erample of the
truth of the general statement made in Art. 49.

Assuming the truth of the theorem of Art. 49 we may
say at ouce: smce
2" cosh” & = 2 cosh nx + n2 cosh (1 —2)x +ete,
thercfore, by Axt. 49,

2" cos"a - 2cosna +n2 cos (n— 2) a+ ete

*EXAMPLES. XXIIL

Prove that

(1) 8costf=cos 40+ 4 cos 26 + 3.

(2) -061sin’0=s51n 76— 7sin 50 + 21 sin 30 - 35 s1n 6.

(3) 128sin89=cos 80 - 8 cos 66 + 28 cos 40 ~ 56 cos 20 + 35.

(4) Write down the last term in the expansion in multiples of
cos 6, of

(i) 2 cos". (1i) 23n+1cogintlg, (i) 2ini2gnin+2g,

(5) Any general formula expressed in cosines is also true in
hyperbolic cosines.

. (6) Any general formula expressed in cosines or in squares of
sines will be true in hyperbolic cosines and sines if we write —sinh?@
for sin%0,
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58.  T'o prove, when n is a positive integer, that cos na
can be expressed in powers of cos a; that coshnx can be ex-
pressed in powers of cosh ¥ ; and that the two expressions
are the same in form.

We have, when % is a positive integer

2cos(n+1)a=4cosna.cosa—~2cos(n-1)a (L)
2 cosh (n + 1) =4 cosh nx. coshx —~ 2 cosh (n— 1) (1L)
In I. put =1, and we obtain
2 cos 2a =4 cos®a— 2.
Next put 2= 2, and using this last vesult, we have
2 cos 3a = 8 cos’a—0 cosa
Put » =3, then using the last two results we have

2cosda=16cos*a—16cos*a+2

Next put n= 4, then by the aid of the last two results,
we can obtain an expression for 2 cos da in powers of cosa,
and so on.

By proceeding in this way we could obtain an expression
in the required form for 2 cosna when n is any positive
integer.

Again, by makmg use of (IL.) in the same mauner we
could obtain an expression in the required form for 2 cosh 2.

Also, since the process i the same 7n cach case, the two
resulting expressions are the same in form.

Example. Prove that cosh nx — cos na 13 diwisible by cosh x - cos a
when n is a positwe integer.

From the above we have
cosh nr=4,, cosh™r + 4,_, cosh®? z 4 ete.
cos na=4,cos" a+ 4, _,cos" % a+cte.

the coeffictents in the two expressions being the same.
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Hence by subtraction
cosh nr — cos na =4, (cosh™ x — cos™a) + 4, _, (cosh"~2z - cos™ 2a) +...
and each term in this expression is,divisible by coshz - cosa ; [for

y™ - 2" 1s divisible by y - 2z when n is a positive integer] therefore also
cosh nr — cosna is divisible by coshz v cos a

EXAMPLES. XXIIL

(1) Provethat
(1) 2cos68=064cos® - 96 cosid + 36 cos?6 - 2,
(1) ¥ e =(eF+eT) -6 (¥ +e )49 () -
(2) Divide cosh 6z - cos 60 by cosh x — cos 6.
(8) Prove that 24 27" -2 cosna
15 divisible by o + 27! - 2 cos a when n 1s a positive 1nteger

(4) Prove that
2 cosh 5z =32 cosh’ 2 — 40 cosh3 x + 10 cosh «

Prove that
(7) co>h 2z - cos 20 =2 (31120 cosh®r + cos?d sinh®r)

59. We can find the law of the cocfficients in the
expansion for 2 cosh nx, as follows : since

(l-ez)(1-e=)=1-z(5+e %) +2

-1 —22 cosh @ + 2%,
theretore log (1 -€%) +log (1 —e %)
=log {1 -2 (2 coshx -=z)}.

Expanding each side of this identity by Art. 4, we have,

Rt e 4 e+ e

-2! 2 -’IJ' hl

€%+ }e + 3e +.

=2z (2cosha—2z)+ 42" (2 coshu—2)"+ J2" (2 coshax—2)° + ...
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This identity is true for all values of z which make the

series convergent. Hence the cocflicients of 2" on the two

sides must be equal.

On the left-hand side the coefficient of 2" is
1 n. —n : l s
- (e™ + ¢™™), that is ~ 2 cosh nx
n 3

On the right-hand side

. R | !
the coefficient of 2" in - 2" (2 cosh & — 2)" is -- 2"cosh" .
n n ’

1 . .
” . m - 1::" '(2cosha—z)""" is

1

n—1

(n—=T1)2""*cosh" "

and so on

Equating the coeflicients we have

2 » 1
= cosh nx ~ — cosh"x — - — (n —1)2"%cosh" "z
n n
1 n—2)(n-
+ . ? ( ) ‘)M 4005110.—‘!
" -
1 (7&—3) (n~—4)(n -5)
- 2" %cosh" ™ x + ete.
n—3 1.2.3
Or, 2coshnx=2"cosh” 2 -2 2"%cosh" 2z +
n—3 _ _ _ n— 4 n—9
no— 2" *cosh" 4 ( )( 5) 2"7% cosh" ™" & +
Therefore also 2 cos na = 2" cos"a — n2" "% cos" " ?a +
n—-3) . - n—4) (n
( ) 2" cos" ™ a—n <—~—)(—~—) 2 cos" " a+ ...

1.2 1.2.3
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*60. This result may be transformed into a more sym-
metrical form as follows. The general term is

- l),n (m—r-1)...(n =2r+ 1) (2 cos 6)" ™.

kA
I. Let 2 be even, let 2 stand for n.

Then n — 2 is even ; let 2p stand for » —
The general term may be written
pn(m+p— 1) (m+p- 2) (Z2p+1) g5

— 1) cos™ @
=1 m—p
where p is to have all integral values from 0 to m
y: g
,nim+p— 1
—(—=1\"" —— 9w 2p
(=1~ %]7'L~Pl‘)i) cos” @
(1) wp(m+p=1)(m+p-2)...(m-p+1) 9% cos™ 6
lZp
=1
n(2m+2p—2)(2m+2p—4)...(2m)...(2m - 2p + 2)
"’p 2 cos*” 6

[for there are 2p—1 terms in the series (m+p—1), (m+p-2)
eee(m —p+1)]

2_ (9, _ O\ _ 2 fl
{n’—Cp-2)}Hn' = (2p=4)%}...(") o g

= (=1y"*V
C 12p
Eence putting for p the values 0, 1, 2... we have, 2 cosnf
— (= n _ ﬁ ._ﬁ.(n__—mn) ‘0 _
( l) {1 —g CO8 0+1 973" 40080 etc.}.

II. Let n be odd, then by putting 2m +1 for », and
making a similar transformation, we shall obtain

nel

2cosmf=(-1)" x

2{nc030— __(_n~ _:—1:;—):: 08 0+%§'—)c08‘0—e\3¢.}.

L. H.T. 5
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*61. The following is an illustration of an important
method.
Suppose that we have a general theorem such as
cosnf =A +4 cos 0+ A, cos* 0+ A cos*0 +ete..... (I),
which is true for all values of 6. For 6 put 6+ % and we
have
cos nf . cos nh —sin nh . sin nk
=A,+ A (cos6.cosh—sinf. sin k)
+ A4, (cos 0. cosh—sin @, sin h)*
+ 4, (cos §.cosk —sin 6. sin k)’ + ete.
For cos & we may write 1 — R2* and for sin2 we may
write A — R'A?, where R and R’ are both finite when A=0;
hence we obtain [Art. 44.)
cos 0 — n*&’ R cos nd — nh sin 26 + »*A° R’ sin 26
=A,+ 4, cosf+ A, cos’d+ete.
—h{d4 sin 6+ 24, sin6. cosd
+34,8in 0. cos® @ + 44,sin 6. cos 6 + ...}
+ terms containing higher powers of & ......... (1),

This result is true for all values of 4, and remembering T,
we see that it is divisible by k. Dividing by % we get a
result which is true for all values of A, and is therefore '
true in the limit when A=0. Proceeding to the limit we
obtain

+nsinnd= A, sin 6+ 24, sin 6 cos  + 34, sin 6 cos’ 6 + ete.

%62, The student who is familiar with the methods of
the Differential Calculus will observe that the above result
may be obtained by differentiating each side of the equa-
tion (I).
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*63. Applying this result to the series of Art. 60 we
have, when n is even

2 sin 2.6 = (— 1)'—;'H 2 8in 6 x

{ nn'=2%) . a@d=2)®'-4) .
(ncosﬁ— 193 cos OLW coN 0-—etc.} ,
when 7 is odd

n-1

2 sinnf = (- l)T 28in 0 x

{ 1— (n*=1%) cos? 0+ (n° —17%) (n* - 3%)

W |
INER To.3.4  ovli-clep.

*G4. Hence we have the series :

CYeosnfe1—"" cos® W2
I. (n even), (— 1)*cosnf =1 1.9 08 0+ iT?. 3 4008 6—
. . n(n*-2%
II. ” (= 1)* sinnf-=sinf{ncosf— 1 5 g cos 0+}
(n odd), (—1) T cos nl = n cos 6 — 17._1(?1.;2—_7}3 ) cos’0 + ...
n—-1 'n’—— 1
IV. »w (=1)* sinnf=sin 6 {1 - i3 cos’d + . } .

65. In each of the above formule put 1—r —6 for 6, then

2 ﬂ
I. (n even), cosnf=1— 112- sin®6 + 1——(—;—%2—2 sin‘g - ..
7
II. ’ sin 70 = cos 6 {n sin 6 — 1(n2— ) sin®0+.. }
. . (n -1 .,
III. (» odd), sinnf=mnsin 53

2
IV, ” cosn0=cos€{l-—’31—_—2-1—ﬂin'9+...}.

5—2
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*66. In the following example an independent proof is
given of the result of Art. 63.

Ezample, To expand cos n8 in ascending powers of sin 6.

From Art. 19, we have when n is even
cosnd =1+ A,8in% + 4,sin*0 + etc. L
The constant term is 1, because when 6=0, cosnf=1, and
sin 6=0.

For 0 write 04 h and we have
cos nf cos nh —sin nd sin nh
=1+ 4, (sin 6 cos h+cos 0 sin h)?+ A (8in 6 cos h+cos 0 sin h)* +

For cos nh, write 1 - §n2h?+ete., for sin nh, write nh — Jn3h3 + ete.,
and substitute similar expressions for cos & and sin h.

Then,
cosnd {1 -4n2h*+ }--sinnd {nh— Ik + ...}
=1+d,[sm @ (1-32%+...)+co8 @ (h— 33+ ...)]2
+A[8in 6 (L- 3k +. ) +cos 0 (h— Jhd+..)F+

In this result, which is true for all values of %, we may equate the
coefficient of /2, and we have

~§n?cos nf=A,[cos®d - sin20] +

To obtain the general relation between the coefficients A,, A,,...
consider the term
Ay [8in 6 (1 - h?) +cos 6 (h - }A3...)]%,
or neglecting higher powers of k than h?
Ag.[8in 0+ h cos 6 - 312 sin 62"
or expanding

Ay, | 8in? 04 2r 8in®10 (h cos 6 - 4h? sin 0)

2r (2r -1
e

8in 2r-20h32 cos? 0]
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In this the coefficient of A2 is
. 2r(2r-1
A, [ —rsin? o+ —————‘1 3 )
that is, ’
Aoy [ —rsin"0+m

8in?~20 cos? 0] R

sin?—2 @ (1 - sin? 4) ]

that is,

Ay 2r <1272 1) 8in*-2 § — gin?" ¢ ( 2r(2r 1))]

Hence we obtain as the coefficient of sin?" 6 in the expansion of
— 302 cos né

2r (2;

1)2+ Agi 3(21112) (2r+1) .

i fr e
But A, is the coefﬁcxent of sin® @ in the expansion of cosné;
hence

{2r (2r - 1)

2r+2) (2r+1
B el B W ("’"'1).’(2—")’

+T§ + Agpy

_ - (@)
T T (9r 1) (2r+2)

Putting for r the values 1, 2, 3 . in succession we obtain

or A 4,

n? n?
d=-y3d="1 9
s n?-21 u?(n?-2?)
R DY S U I B
and so on.
n? (n?— 2)
- 2 4
Thus cosnéd=1 1 2sm 0+ 12354 sindd - ete.

[The same result would be obtained by comparing the series I. with
that obtained by equating the second differentials of each side.]

*EXAMPLES. XXIV.
Prove the following statements :
(1) cos46=1-8cos?6+8 costd,
(2) -cos60=1-18cos?d+48cosd - 32 cos®d.
(8) cos96=9 cos §—120 cos®d + 432 cos’d — 576 cos’8 + 2° cos®d.
(4) cos $0=1 - 18 8in?0 + 48 sin*( ~ 32 sin’f.
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x . h? K.
(5) cos(z+h)=cosz—hsinz - 2 cos:c+Esmz+etc.
. . h? . 13
(6) sin (z+h)=sinz+hcosx— 12 sin x — [3 cos z + ete.
(7) cosh (z+h)=coshz+h sinh z+ }112 cosh & + ete,
. h?
(8) sinh (z+ &) =sinh x+ hcosh z+ [—? sinh z + ete.
ha
9) log (x+h)._logac+— ——&
(10) If sinna=d, sina+ A4, sin®a+..., then
ncosna=d, cos a + 34, cos a sin’a + ete.
(11) Prove that if cos”a=d, cos na+ 4,_,cos (n - 2}a +ete.
then nsina.cos* la=nd, sinna+ (n—2) 4,_, sin (n - 2) a +ete.
(12) Prove that 2*sina cos® 1 a=2ginna+2(n—2)sin (n-2)a
+ (n—1) (n—4) cos (n— 1) a +ete.
(18) Prove that
sin na--sin a=(2 cos a)*~1 - (n - 2) (2 cos a)*~3
+ (n - 8) (n - 4) (2 cos a)*~t — etc.
(14) Assuming when 7 is odd that
sinn@=nsin 0+ 448in30+ 4, 8in%0 + . .
prove as in the Example on page 68, that
t(t ) g n(@-1) (-3 .
5 n0+12-34—5 8100 .
(15) If sinhnex=4, smh %+ A, sinh’z + ete., then
n cosh nz =4, cosh = + 34 cosh x sinh?z +

sinnf=nsgin § —

*67. Consider the equation (n even)

2" cos" @ — n2" "% cos" %6 + 71—(1"' _2—3) 2"*cos""*0 + etc.

2

a 1)’——;—-2—12%‘;‘0 (- 1)

" cos*d + (- 1)’

= 2 cos na.
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This is an equation of the nth degree in cos 6, one of

. . rr
whose roots is cos a; and since cosna=cosn(a+ - }, the
n

other roots are found by giving » the values 1,2,3 . (n-1)

. . 2ra® . . .
in the expression cos <a+ ~—>. This result is useful in
n

solving problems on symmetrical functions of the series

o7 4
cos a, COS a.+—1—b~ , cos | a+ ) etc.

Example. Find the sum of the series
2 4
sec?a + sec? (a+ —:) + sec? (a. + T:r) +  ton terms.

That is, find the sum of the squares of the reciprocals of the roots
of the above equation.

Hence, if Sy, S;, S, etc. are the coefficients of cos™d, cos®~16, ete.

. . . S, \* 28,.,
in the above equation, the required sum = <) %
n Pn

and when n is even

n n
- 8,=1{2 cos na - (- 1)?2}, Sp-1=0, Sp-g= — (- 1)*n2
n?

The required sum is —-———— . When n is odd, the sum is

1-(-1)%cosna
n?

cosina’

*EXAMPLES. XXV.
Find the value of the following expressions, in which n¢=2wr.
(1) cosa cos (a+ ¢)cos (a+2¢)...cos {a+(n~1)¢}.
(2) seca-+sec (a+¢)+sec(a+2¢)+. .ton terms.
(8) sinasin (a+ ¢) sin (a+2¢) +...to n factors,
(4) cosec?a + cosec? (a + ¢) + cosec? (a + 2¢)...to n terms.
(5) tan’a+tan? (a+ 3¢)+tan? (a+ ¢)+to n terms.
(6) tana+tan (a+3¢)+tan (a+ ¢)+to n terms.
(7) cot a+cot (a+4e)+cot(a+¢)+...to n terms.
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*68. To find the Quadratic Factors of x"— 2 cos na + x7",
when 7 is a whole number. [Compare Arts. 38, 58 Zx.]

The following is an identity :

" —2cosna+a " ={x" " Nz -2 cosa+x'}
+2cosa{x"™' ~2cos(n—1)a+a™ "M}
—{&"?-2cos(n—2)a+a" "

Let f(n) stand for " — 2 cos na + 27",
Then the above identity may be written
S(@m)={a""" +27" "} f(1) + 2cosaf(n—-1) - f(n-2).

Now from this it is clear that if /(1) divides both
S(n—1) and f (n — 2), it must also divide f(n).

But f(1) does divide /(1) and f(2). Therefore f{1)
divides f(3); and therefore f(n),when » is any positive integer.
That is, (x — 2 cos a + 27') is a factor of (z" ~ 2 cos na +27").

2
Again, it follows that x - 2 cos (a + __:;Z_r> +a”" is a factor

of a"—2cos (na + 2rm) + 27", that is of a" — 2 cosna +x™"

Hence we get that the n factors of «" — 2 cos na + «™" are

{x-—2cosa+x"}{x~2cos(a+—25)+a:“} ......

n factors up to {x - 2 cos <a + —2-*(—7%:»121> + .’u"’} .

69. Writing g for @ in the result of Arts. 38, 58, or 68,
and simplifying, we get

2" —a’x" . 3cos na +a™ ={a — ax . 2 cos a + &'}

X {x’ —ax. 2 cos (0. + 27"—”) +a’} x ete. n factors.
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70. This result may be interpreted geometrically.

Let OR be the initial line; with centre O and radius
equal to « describe a circle, let RO, be the angle a.

Divide the whole circumference, starting from 2, into n
equal parts, PP, D, .. _DP,.

Let 0Q be equal to a, so that @ is any point in OF or
in OR produced, then

QP =0PL;+0Q*'-0P,.0Q. 2cos ROL,
=+ al-ar.2cosa
QP =0P"+0Q - 0P ,0Q. 2cos ROL,

27
~axt+at—ax. 2cos (a+ ——) and so on.
n

Hence the result of Art. 68 may be written
OP " -0P.0Q"2cosnROP+0Q"=QP:.QP QL }...Q1 , _ "
This result is De Moivre’s property of the circle.

71. Some particular cases of the above should be
noticed.
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‘When @ coincides with I, a =z, and the above after
taking the square root of both sides becomes

OR".2sin(In. ROP)=RP,.RP,.RP,. . RP,_, ...(]).

17 Py P

Again if & coincides with one of the points P, then « is a
multiple of 2?”', and na is a multiple of 27 and we have

(OR"=0Q"Y=QP}.QPr?2.Qr} ... Q" _;
W OR"-0Q"=QP,.QP,.QP, .QP, _,...... (I1).
Now if the arcs PP, P P,,... are bisected in points p,,
P, Py--.D,_, Yespectively, we have by what has just been
proved
OR™ - 0Q™=QP,.Qp,. ¢P,. @p, ... QP _ . Qp ,_,.
Therefore, by division
OR"+0Q"=Qp,.Qp,.Qp, ... Qp,_, ... .... (III).
The student should notice carefully that in (I) @ lies
somewhere on the circumference; in (II) 0OQ or 0Q pro-
duced, passes through one of the points PP, ...; in (III)
0Q or 0Q produced, passes through the middle point of one
of the arcs p,p,, p.p,, ete.
(IT) and (III) are Cotes’ properties of the circle.

.
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MISCELLANEOYUS EXAMPLES. XXVIL

(1) Prove Euler’s Formula, viz. »

slno cosocos—e-nosa . ad inf.
6 R gtPaq

and deduce from it that sin  is greater than 6 - } 63
(2) 4B is the diameter of a circle and Q, any point on the cir-

cumference; Q,, Q., Qs, . are the points of bisection of the arcs
4Q,, 4Q,, AQ,, prove that

BQ,, BQ,, BQ, . BQ,=04". 49,
- AQn
(3) Find the limit of (cos 6)°°'® when 6=0.
(4) TFind the limit of log,, o 8in8 when 6=0.

(5) Of what order is the error when 3sin 6 is substituted
2 +cos @

for 6°?
(6) Prove that 2 cos n¢ — 2 cosnd=2" (cos ¢ — cos 6) x

gcos¢—cos (2;+0)§. . gcos ¢ —cos (217711;_*_0)% .

(7) Prove that
tanh z + 3 tanh3z+ } tanh®r+ . ..=tan z- 3 tan®z+} tan®z —
(8) Expand cos*® 0 + sin‘® ¢ in a series of cosines of multiples
of 6.
(9)  Prove that

cos .= co S 2 7 cos 8 cos %’r cos — 5’ 6wcos Tl
15 15 iz ° 15797
(10) Form the equation whose roots are

3r ir b5r
2
il tan? i1’ tan 11

=2i tan—! (cot @ tanhz).

tan’ﬁ, tan? I, tan? —

tan 6 +¢ tanh 2

(1) logt&n 0—itanhz

(12) sin2asinda .. sin(2n-2)a
sin @ 8in 3a 8in 5a . ... 8in (2n-1)a
where 2na=m.

=n,
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CHAPTER V.
ON THE SUMMATION OF TRIGONOMETRICAL SERIES.

72. There are two methods peculiarly applicable to the
Summation of Trigonometrical Series.

FIRST METHOD.

73. Sometimes each term of a series may be transformed
into the difference of two expressions.
Examplei. To sum the series
sina +8in (@ +98) +sin (a +28)+ . +sin{a+(n—1) 5}
We have 2sina.sin}dt=cos(a~-40)-cos(a+39),
2 gin(a+ 0) . sin 38=cos (a + 48) — cos (a+39),
2810 (a+23) . 8in 38 =cos (a + §d) — cos (a + §9),

2 gin {a+(n—1) 8} . sin §5=cos (a+%ﬁ2—§ 6)-— cos (a+21;»1 6) .

Therefore, if S, stands for the sum of n terms, we obtain by addition

2S,,.8in}8=cos (a — }5) - cos (a+2—n~2:1 6)

=2sin {a+}(n—-1)6}.sinjnd.
_sinfat+}(n-1)3}. sinjnd

Therefore Sn sin 40

Ezxample ii. T'o sum the series
€08 a + 008 (a + 8) + ¢o8 (a + 23) + ... cos {a+ (n - 1) 5}.
‘We have 2cosa. 8in }d=sin (a + }5) ~ 8in (a - 38).
Hence, proceeding as in Example i., we obtain

_confatj(n=1)3) .sinyns

Sa 3l

t Nors. The sum of a series of sines or cosines of angles in A.P. is found by wmulti-
plying each term by the sine of half the difference.
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The results of these two examples are often useful. The
student is advised to become familiar with them in words.

The sum of n terms of @ serics of sines (or cosines) of
angles in A.P. s equal to the gine (or cosine) of half the
sum of the first and lust angle, multiplied by the sine of
n times half the difference, divided by the sine of half the
difference.

Exampleii. To prove that 1f ng=2m, then

sin a+8in (a+ ¢) +8in (e +2¢)  +sin {a+(n-1) ¢} =0
Jor all values of a.

In the result of Example i., sin }nd occurs in the numerator, and
sinjnd=sin §ng=smr=0, and the denominator sink¢ is not=0.
Therefore the sum of the series=0. Similarly

co8 a +¢o8 (a + ¢) +cos (a+2¢) + ... +cos {a+(n - 1) ¢} =0

74. The results of Example iii. may be stated geometri-
cally: Let OR be the initial line and ROP any angle, then if
the whole circumference of a circle centre O and radius OR, be
divided into n equal parts P, I\, I P,, etc. Then the sum
of the sines (or of the cosines) of all the angles ROP,,
ROP, ... ROP,_, is zerot.

+ This is an expression of the fact that the centre of gravity of equal
particles placed at the points P,P;... is at the centre of the circle.
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*Example iv. To sum the series
8in™ a + 8in™ (a + 3) + 8in™ (a +28) + .. +sm™ {a+ (0 -1) 8}.
This may be done by the aid of Arts. 37, 55, 56.

Thus, if m be even

0
»

mgin™a=(-1)22 {cosma—mcos(m-2) a+ |}
and the required sum may be obtained from the known sum of the
series {cos ma + cos m (a -+ 8) + cos m (a + 25) + ete. }
and {cos(m —2)a+cos(m—2)(a+d)+cos(m-2)(a+238)+ } ete.
‘We may find the sum of the series
€08™a + COS™ (a + 8) + cos™ (a + 23) + ete. to n terms

in a similar manner by the aid of Art. 53.

Ixample v. Sum ton terms the series
cos® a + cos? 2a + cos® 8a +
8cos® a=2co83a+6cos a,
we have therefore the required sum to n terms
=}[2co8 3a+2co8ba+2cos 9a+
+6cos a+6cos2a+6cos3a+t...]

_2co8 {3a+3%(n—1)3a}sin §na
- 881 3a

+6cos {a+3% (n—1)a}sin ina
881n 3a

1

by Example ii, p. 76.

EXAMPLES. XXVII.

Sum the following series to n terms.
(1) sina+sin2a+sin8a+......
(2) cosa+cos3a+cosbat.....
(8) sina+sinda+sinTa+ ...
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(4) sina.cosa+sin2a.cos2a+s1n3a.cos3a+ ..
(5) cos?a+cos?2a+ cos? 3a +

(6) sinda+8in®2q + 8in® 3a +

(7) costa+cost2a+cost3at .

(8) sin2a.cos a+sin 3a. cos2a +’Hill 4a . cos 3o+
(9) sina.sin 2a+sin 2a. sin3a +sin 3a . sin 4a +
(10) cos?® a +cos® (a + 8) + cos? (a +25) +

(11) sinta+sind (a + 8) +8int (a + 20) +

(12) Solve the equation

8in @+ sin 260 + sin 360 + ete. to n terms = cos @ + cos 20 + cos 36 + ete.
to n terms.

(13) Write down the value of series (10) and (11) when nd=2w.

(14) Prove that
sin a+ sin 3a+sin 5a+ . to n terms
cos a + cos 3a+ cos Ha+ . to n terms
(15) Prove that

gin a+sin (a+8) +sin (a+23) +  to (2n - 1) terms

81N a + 810 (a + 25) + 8in (a +44) to n terms
is independent of a.

=tan na.

(16) Deduce from Ex. (1) the sun of the series
14+2+3+..... +n.
(17) Deduce from Ex. (6) the sum of the series
13423 4 33 + ete. +n3,
(18) Deduce from Ex. (9) the sum of the series
' 1.242.3+38.4+etc.+n (n+1).
(19) Sum the series sina - sin (a+0)+s8in(a+23)-ete, to n
terms.
(20) Sum the series cosa— cos (a+ )+ cos (a+28)-etc. to n
terms.

(21) Prove that the series sin™a+sin™ (a+ ¢) +eto. to n terms,
where n¢ =2, is independent of a, provided m is less than n.

(22) Prove that the series cos™a 4 cos™ (a+ ¢)+eto. to n terms,
where n¢=2r, is independent of a if m is less than n.
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Ezxample v. To sum cosec § + cosec 260 + cosec 40+ . to n terms,

‘We have cosec 8 =cot } 6 — cot 4,
cosec 260 = cot 4 - cot 26,

cosee 2710 = cot 2720 — cot 270.
Therefore, as in Art. 73,
S,=cot § 6 — cot 214,
Example vi. To sum tan 6 +}tan 6+ 1tan 6+ ete. to n terms.
We have tan  =cot 6 - 2 cot 26,
Jtani6=%cot 6 —cot 4,
}tan}d=}cot }6 ~ L cot 46, ete.

1 0
Therefore Snzznjl cot -, - 2cot 214,

Y

75. If the result of summation of such series is given,
it is often easy from that result to discover the required
transformation.

For example. The result of the summation in Example i. has sin 45
in the denominator. This suggests that sin a . 8in 46 may be transformed

into two quantities which are of course 3 cos(a — 33) - } cos (a +34).
Again, in Examples v. and vi. the required transformation will be at

once seen if we put n=1 in the answer.

The student however is advised only to resort to this
method of solution as a last resource. .

EXAMPLES. XXVIIL

Sum the following series to n terms.
(1) secd.sec20+sec26.8ec30+8ec30.8ec40+......
(2) cosecd. cosec 26+ cosec 20 . cosec 30 + cosec 36 . cosec 46 +......

(3) cosecd .sec 20 —sec 260 . cosec 30 + cosec 3¢ . sec 40 — eto.
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1 1

) cosa+cosdat cosatconba t cosatcosTat ot
(5) sina __sin2a_ 4 Bm 3a +ete
cosa-+cos2a ' cosa+cosda ' cosa+ cosba )
© - cosa cogs2a * ~ cos3a +eto
oS a—cos 2a | cosa—cosda ' Cosa—cosba o
(7) 8in20.s8in% 0+ 4 sin46 . sin? 260+ } s1n 80 . 8in?46 +
(8) sin 260 .cos? -} 8in 46 . cos? 26 + } 8in 86 . cos? 46 —
. 0 . 0 9 9 9
2 . bl 2 . in — 2 Z
(9) x-nn().cos2 2sm2cos4+4sm4.cos 8
(10) seca.sin 2a.sec3a+sec3a. sin 4a . sec5a + ete.
sin 2a sin 4a
M) ia.snBa " sinsa.sinsa’
1 1 1
1 -1 . T 4tanl. —o—
(12) tan 1+1.2-0mn 1+2_3+tan 173, 4+etzc
-1 _ 1 %
(13) tan™! 3o 2a2+t"‘“ 1+z Far T gt
3a? 5a?
1 1
(14) tan- 1412 . P —, +tan~ i79: 30 4+s,tg
(15) tan 6 +2tan 20+ 4 tan 46+ etc.
(16) tana+cot a+tan 2a + cot 2a + tan 4a + cot 4a + ete.
(17) sin 0 8in 30 + sin 20 sin 60 + sin 226 s1n (22, 36) + etc.
(18) sin .51 360 +sin g sin 3—0 +8in 2% sin ?f +
(19) cot 6 cosec 8+ 2 cot 20 cosec 20 + 2 cot 22 0 cosec 220+ ..
0 1 ] ]
(20) cot@cosecd+} cot 5008eC 5 + 5, 0 cot 3 €OBeC 55 +
(21) cosec a-cosec g +cosec ,‘% +...
1 1 on 4k 2
(22) 3 Becat 4, sec a seo 2a+ 5 53 Beo asec 2a. sec 2% + etc.
1 1 1
(28) Deduce from Ex, 2 the sum of the series retoats 4
to n terms.
(24) Deduce from Ex. 17 the sum to n terms of

1.34+2%,1.3+24.1.3+...

L. H. T, 4
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SECOND METHOD.

76. When the sum of & series of the form
A - dx+ A + 420 + ete.
is known, we can obtain the sums of two series of the forms
A, + A 2 cos §+ Az cos 20 + 4 x" cos 30 + etc.,
and A xsin @+ 4% sin 20 + 4 2° sin 36 + ete.

Let C stand for the sum of the first series, and /S for the
sum of the second series, then

C+iS=A4,+ Az (cos 0 +1isin ) + 4’ (cos 20 + i sin 20) + etc.
= A, + A e+ A, (xe®) + 4, (ze”) + ete.
The sum of the last series is known by hypothesis.
The result of the summation must then be expressed in

the form .l +iB; whence we have C'= 4 and §' = B. [Art. 11.]

ExamrLe 1. Sum the series
1+xcos 0+ a%cos 20+ ete. +a™1cos(n—-1) 6

Let G, be the sum of this series, and let
Sp1=xsinf+2?8in20+ +a2"'sin(n-1)0

Y 9 -
Then C,,+1Sn,,=1+xew+x"e“w+a"e3'e+ an-1,0 =D,
s Lo . 1 - zne™™®
This is a series in 6. p. . its gum="— —-.
1-ue

Multiply the numerator and the denominator of this result each
by 1-ze~®, and we have

BN B e L I B e
n T Wp= 1—x(.e"0+e—w)+x" - 1-2zcos 6 +a?

_1-zxcosf-z"cosnf+a"tlcos(n-1)0
Therefore C, = —=——— T g2cosb4a? [Art. 11.]
z8in 0 — " sinnf + a™*t18in (n~1) 0
Sp1= .
Also n-l 1-2z cos 0 + x?
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ExaMPLE 2. Sum the inﬂm‘te series

sin @ + x 8in (a+/3)+ sm (a+2p)+ sm (e +38)+..

12 l3
Let S stand for the sum of the series, and let

* 3
C=cos a+x cos (a+ﬁ)+T—2cos(a+2ﬁ)+...

Then C +iS=e 4 petoe'B 47 |2e“‘ o284 =l {c‘wtﬂ} [Art. 3 ]

eta.e:t (cosB+1i8in B)

=(cosa+1isin a) £FO08P {cos (z sin B) +isin (z sin B)}.

Therefore S=¢”*# {gin a cos (z sin B) +cos a 8in (z 8in B)}

=¢”“*Pgin (a + z 8in ).

EXAMPLES. XXIX.

Sum the following series to infinity.

(1) sina+a 8in 2a + 22 8in 3a +

(2) cosa-+zcos(a+pB)+x2cos (a+28)+ .

(3) sma+cosasin(a+B)+cos?asin (a+28) +
(4) cosa+sinacos(a+pB)+sin®a cos (a+28)+

1
sm2a+—lsm 3a+.

(5) sina+-— )2 B

(6) .'I:Bma.+J»25m2a+ IE‘xmﬁm+

(") 1- 082 hos ﬁ+

ys3 a
|1 % cos 2,8— |»~——c s38+ ..

ll
(8) sina- l—lcosa sin (a+ B) + ]é cos? a sin (a +28) —
(9) sina-}sin2a+§sinda— ..

(10) cosa+4% cos2a+ 3 cos 3a+

(11) sina.cosg—}sin’a.cos28+}sin*a.cos38—. .

(12) cosd.cos¢+%cos20.cos2p+3008360.cos3p+ ...
6—2
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Sum the series 13, 14, 17 to 20, to n terms.

(1)
(1)

(15)

(16)

an
(s)
(19)
(20)

cosa+ x 608 (a+ B) +x?cos (a+26) + ..
z8ina - z?sin (a+ ) ha®sin (a +28) - ...
l+ncosa+—~-r 1) cob 2a+ - (1) (n -2

il A

sin a +nx sin (a +8) + 1(1;2— )

cos 3a+
to (n+1) terms.
x?sin (a + 28) +
to (n+1) terms.
1+cosa.cosB+cos?a.cos28+cos®a.cosdf+ .
sina+sin a.sin (a+B) +sin%a. sin (@ +28)+. .
sina+2 sin 2a+ 3 sin 3a +

12 cos a + 22 cos 2a + 3% cos 3a +

*Sum the following series to infinity.

(21)

.

r(r-9)
2

Iq-’cosasin 8+

cos? a 8in 23

p(p q) (p—2q)

Pq cos’a sin 38+

cosa—§cos3da+}cosba—...
1 1 2
1+ = €% cos (s1n a) + 5 €2 9%°

il 2

e *cosy— 4 e ¥cos3y + e cos by —

cos (2 8 a) +

e*sinx — } ¢ gin 2 + § €3% gin 3z —

EXPANSION IN SERIES.

The expression a° — 2z cos 6+ 1 is the product of

the two factors (1 —ze”®) (1 —2¢™*), and therefore an ex-
pression having «*—2xcosd + 1 for its denominator may
often be expanded in ascending powers of x by finding its
equivalent partial fractions.
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2cosa—2xcos{a-pB) . .
Ezxzample . Eaxpand — T-Oxcos fr in ascending powers

of x. ,

2008u—2zcns(a——ﬁ)=eia+e_i“—z(eia—f‘e+e_ia+'ﬂ) [Art. 23.)

1-2x cos g+ 42 (1_1(;1':9) (l—xe_’ﬂ) T
R oo

T A |
= {1+zeiﬁ+.z‘-’e2"3+ bre  {1+ae” Prgte My
:em+e_m+x(em+lﬂ+e_m—m)+x2 (eza+21f3+e—m~2z3) +
=2cosa+z2co8 (a+pB)+222co8 (a+28) + [Art. 23]

1-x? i
1-2xcos a +x*
Here, (1-2xcosa+2?) ! may be written (1 - ze™)~1(1 - ze

Erample ii, Ezpand

n ascending powers of x.
—ia)_,
2w

2 31

={1+2e® 22X 4 %P P {lxe P gateT 24 e,

=l+a?+oi+ .+ +e ) (r+ad+ a0+ )
+(82i“+e_2.){x2+x‘+x“+ } +ete.
=i—;17x~_,{1+:c2cosa+x22cos2a+m32c033a+ }
This gives the required expansion.

Writing(—; for £ wo have, if a>1
(a®~2abcosa+ )= L gl +2%cosa +2 « cos 2a +
ailp b b2 -
- «BExample iti.  In any triangle c2=a%-2ab cosC + b2; let a be>Dh,
then ct=a? (1 - %e“’) (1 - f: e~"0> ) [Art. 77.]
b Y
. 2loge=2loga+log (1 - (: e‘o) + log (1 -(I-:e‘”/>
b ~1C, b -0
=2loga - ;(e‘cﬂ ) _ *&'5 (@ Cpe 20 “ote. [Art. 4]
logc=loga~"cos C—4 & cos 2C— 4 U cos8C wete, [Art. 23.]
gc=loga - -4 —-g’;aa 3C ~ete. [Art. 23.

. . . b,
This series may sometlimes be made useful when a8 small.



86 TRIGONOMETRY.

Ezample iv. Ezxpand e sin bx in ascending powers of x.

2i . ¢ gin bz = (" - e—'bx)

;ez(a+rb) _ ez(a—zb)‘

'
#(a+ab) ¢(@=) iy ascending powers of z by

Expanding e and e

™, . .
—'ﬁ— in the expansion of ¢ sin bz

211 {(a+20)" - (a—1b)"}.

Art. 2, we have as the coefficient of

This is equal to

§1; {r"™ (cos @+ 18in )" —2™ (cos 6 — i sin O)*},

b
where r=4/(a?+02%), @=tan"! ‘:L,
that is, is equal to

1 1né —n
2" ,r)l {e - ¢ ‘l’
or ™ sinné,
2. b
that is (a®+0?)%8in {n tan-—1 E} .

78. The following example is important.

Given sin 0=x 8in (0 + a), expand 0 in a series of ascending powers

of x.

Since sin =z 8in (0 + a), .. M0y (e’”i‘1 - e‘io'i“),
[Art. 23.]
e210~ 1=z {emcmo-—e—ia}.
—ia
1-ze
log % =log (1—ze ") — log (1 - z€').
20+ 2irr =2 (¢ - e %) + 327 (2 — ¢ ") yete. [Art. 4.]
O+rr=zsina+32?8in2a+§238in 3a+... [Art. 23, 28.]

If in the a.bovl z= -1, then sin §= - sin (¢ +a), so that we may
put — 20 for a. Hence we obtain when 8 is less than 3r
0=s8in 20 - } 8in 46 + § sin 60 - etc.
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EXAMPLES. XXX,
1
(1) Expand 1“2acosgia in a.\.senes of ascending powers of a;
and prove that if p,_;, Pp» Puyiy be the coefficients of three consecutive
terms 2p,, cos p=p,,_, + P4

Expand the following expressions in ascending powers of 1
81N a 1+.xcosd
2) . 3) -t
(2) 1-2zxcosa+.a? @) 1+22 cos 0+4a2°

sina - xsin (a — B)

(4) log(l-2ccosa+x?). () T rcos i s

(6) £7%%%% cos (v sin a). (7) ¢* cosbe.

8) ™ cos b 1- A% cos ar. 9) &£%%m (v 51 a).
(1o €088 oy (a+asinp). (11) &% s (a+ . sin g).

12) In any triangle sin A :a sin (.1 4+ C), hence prove that
g P

A= LBmC’+ sm2C+etc

1 202
(13) Iftan ¢ =ntan 6, find a series for ¢ in terms of 4.
sec) wné c—-mO

(14) Prove that 50

-4 T R
2 (12O (14 e 20
sec”d 1n cosines of multiples of 6.

—»} , and expand
)

I
(l —tana)®

and

(15) Prove that cos nacos™a+ 1 sin na cos™a ==
expand cos na cos™a in ascending powers of tan a.
(16) Sum to infinity the series
(i) 4+9cos @+ 21cos20+51 cos 30+ ete.
(ii) 1+3xsind+11a%sin26 + 4323 sin 36 +
(17) Prove that the coefticient of z* 1 the expansion of
etrgin b + ¢P s ax

2 (a2+b2)-

(3

b
Z -1
sin 4coqn<1 tan )
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CHAPTER VI.

RESOLUTION OF sin® AND cos@ i1NTo Facrors.

2 2 2
79. To prove sin0:0(1 —%)(1 —;-7;,)<1 '§g;ﬂ>x

By Arts. 38, 58, or 68 we have when n is a positive
integer
™ — 2u" cos 2na + 1

R
= (2°~ 22 cos 2a +1) {x”-— 2 cos <2a + f—:) + 1} x . . n factors,
7

the last factor being
9 (n—
{x’ — 2z cos <2a+ :(n—”l-)—w) + l}.

In this result let « = 1, and let 2n¢ =, then
2 (1 - cos 2na) = 2" (1 — cos 2a) {1 — cos (2a + 4¢)} x . .

x {1 = cos (2a +n — 1 4¢)}.
Now 1 - cos 2na = 2 sin® na ;
hence making this substitution and then taking the square
root we obtain
+ 2 sinna = 2" sin asin (a + 26) sin (a + 4¢) x ...

x 8in (a + 3neg — 2¢).
But  sin(a + 2n¢ — 2¢) =sin (a + 7 - 2¢) =sin (2¢ — a) ;
sin {a + 2 (n — 2) ¢} == sin (4¢ —a) ; and so on

Hence, when n is odd, we have
% 2 gin na = 2" sina sin (2¢ + a) sin (2¢ — a) . sin (4¢ + a) x

sin (4p—a) x ... xsin{(n~1) ¢ + a} sin{(n—1) ¢ —a}.
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But  sin (2¢ + a) sin (2¢ — a) =sin® 2¢ — sin’a.
Hence substituting
= 2ginna = 2" sin a (sin® 2¢ —'sin’a) (sin’® 4¢ — sin’a) x ...
x {sin® (n — 1)'¢ — sin® a}.
Next, divide both sides by sin a, and let a he diminished
without limit; then we obtain

2 2"sin®24. sin’ 4psin® 6 x .. x sin’® (n —1) ¢.

Divide the first of these last two results by the second,

" . . 1 #in’a 1 sina )
s =sinma-msina (1 - = ——— )% ..
sin® 2¢ sin® 4¢

Write @ for na,and let » be increased while a is diminished
without limit, @ remaining unchanged ; then since

. ,0 . 0 T\~
. sin® - L osin®— ~
s’ a n 0 n n,
T

sin® 2 . .7

sin® "
17
.. .sinfa 07 2 o
therefore the limit of sind 23 s 3 [E. 290]

. .0 .
and the lnmt of n sin a = that of 2 sin o b= 0;

proceeding to the limit we obtain

02 0? oi
+smnf =0 (l ——;_,) <1 - 221?) (1 - 3"'1r')x .

Now, when 6 lies between 0 and m, sin 6 is positive and
every factor on the right-hand side is positive ; when 6 lies
between 7 and 2, sin @ is negative and one factor only on
the right-hand side is negative ; and so on. Therefore the
upper sign must be taken in the above result instead of the
ambiguity #: and the proposition is established.
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80. To resolve cos § into factors we proceed as in Art,
79 and obtain the identity

2sinna=2"sina. sin (a +2¢) sin (a +4¢) x ..
! x sin {a + (n—1) 2¢}
In this write a+ ¢ for «, then na becomes na-+ng, e.
na + }m, and we have
2 cos na = 2" sin (a + ¢) sin (a + 3¢) sin (¢ + 5¢) x ...
xsin {a + (2n—1) ¢}.
But sin {a + (2r— 1) ¢} =sin (a + 7 — ) =sin (¢ — a);
sin{a + (2n— 3) ¢} =sin (3¢ —a),
and so on,
Hence when n is even we have
2 cosna = 2"sin (¢ + a) sin (¢ - a) sm (3¢ + a) sin (3p —a)x ...
xsin{(n-1)¢+a}sin{(n—1)¢p—a}
= 2" (sin® ¢ —gin® a) (sin® 3¢ —sin’a) x ..
x {sim’(n—1) ¢ —sin’ a}.

Whence, writing 0 for na as before, we obtain

202 272 2092
cos 0 = (1 - 32) (1 - 206—2> <1 - ?,02) X ..
b 3’ 5

[The ambiguity in the sign may be removed by the
method either of Art. 79 or of Art. 81.] ‘“

*8l. We can prove that the upper sign must be taken
in each of the identities on p. 89 as follows:—

In the figure, let ROP, =a; produce I’,0 to @, and divide
the semicircumference Q) into n equal parts 7, P P,,
etc. Then since n.2¢4=m, each of the angles POP,,
POP,... is equal to 2¢ and ROP, =a +2¢, ROP,=a + 4¢,

etc. Now consider the first ambiguity on page 88.
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Figl

J

I. Let abe less than « (Fig. L). Now, sincesin ROP, _
is negative when P, _ is below ROL, the product of sines on
the right-hand side will be positive or negative according as
the number of the points >, I’,_, ... which are below RO,
is even or odd. Let » be that number. Then a, which
=ROP = L0Q,is equal to (r. 2¢ + A), where X is less than 2¢
[in Fig. I. »=3 and A =LOP,_,]; hence na=n (r2¢ +A)
:=¢w+n\, where n\ is less than . Therefore sinno is
positive or megative according as r is even or odd, that is,
according as sina.sin (a+ 2¢)sin (a + 4¢) ... is positive or
negative.

II. Let o lie between = and 2r (Fig. IL)  Then P is
below ROL,, and if there are also r of the points P , P, . . be-
low ROL,, (r + 1)of the factors sina, sin (a+2¢). .are negative.
And in this case a = 27— P 0L =2n — (r. 2¢ + A) [in Fig. II.
r=3 and P,OR =)}, .". na=2nm—rr—n\, where n\ is less
than x. Hence sinna=—sgin(rx+X), and therefore is
negative or positive according as r is even or odd.

O e —

JII. Let o be greater than 2x; and let a=2mr+ad’
where o' is less than 27, And the proposition, being true
for «’ by I. and II., must also be true for a.
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82, In this and the following article we give an alter-
native proof of the propositions of Arts. 79 and 80.
.7 . 6 6
To prove sin 0=6{1- — 1—22—1‘,2 1_3%9 X
The proof depends on successive applications of the formula

. A4 . [m
= = X2 s+=).
28in 4 2sm2x sm(2 1-2)

We have 2s8in §=22 singsm ?r;f
0 ) T w+0
[ 28"1*“><28m(2+:2_,>x2sm g x2qm(2+-2 )]
—24sin0 gin 2™ +0s'n1r+0 . B8r+6
- gz S =gy I —55 - 8N -y—
o8 [} 41r+0 2r+6 6r+6 . w+0
—_ qmé—,sm o —ZZSA __.2_‘._ sin —‘2—3‘ X
S5r+0 3r+60 . Tr+6
SIN - BN =5 - sin =
ot @ T+ 0 2r+60 . 3w+0
=2" sin on sin “gn SL. g gin 'Q‘f'x
n
xgin &N THO (A.]

Hence since
-0 . (2"-2)w+0 . 2mr-6
( 2,). — =8 -, , &e.,

n
2 ;Zﬂ? =8 5, 8in

sin
we get on rearranging the factors
28in 0=2%" sin 2% sin r;ﬂ sin 12;0 i 2—%}—€ in 27;; 6 x
r+60 . 3r-0

- X

sm -—2—.— |1n an

LR}

.. 28in 0= 22 sin i’%‘ 2sm gn - sin? z %sim2 zf - gin? gﬂ . (i),
the last factor being

2 lrt8 . [x 6 L}

sin g - =Rin{, +an)=cos .
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In (1) divide by sin ~0", and then put =0, and we get

m_ 3 -
on =92 "lginz 2— sin? 3" sin? 27? X ot . (ii).
Duvide (1) by (2) and we get
sin? 9 sin? o sin? —
s 0%Bm [/ 1- 2n 1- 2n 1- 2n N
PAY P s o T sin? 27 gin2 o7 3
sin? 52 | on gn
Multiply by 2”; then let n be increased without himit and we get
" 0—031 ¢ 31 o 21- ) [E. 290]
mn 0= - sz - 2—2—;2 32‘”_2; PR Y.

292 2292 292
83. To prove cos 6= (1— 2—0 ) (1— ,—,,02) (1— 22—0—,,) x
w2 3% 522

Proceeding as in Art. 82, we obtain the result [A] viz.

"o . . n—1
281n § =22 sin ;nsm ;':()sm 2122;0 x XBlIl(—%———i)Klr—.*_o.

In this identity put 4x + 6 for 6, and we have

3 " _
22" l-;ini x+0 sin gr+0 sin£”+0x X sin u»’r—t—o.

2cosb= o o o on

Hence, since

" __ — n 3 1 —
(2 g?fjﬂ smég“——a , 8in 2= 3)L+~0=s1n1’—1'-27‘—-0.

‘We get on rearranging the factors
3r+0 AT -0 w40 jwm—0

2cos §=2%"gin%" " - sin 2= sin - gin 2 — x
on on on on
" B . 6 o . .0 .
. 2co86=2"{sn? z:'— »in an zsnr ’2"—sxn'~'2n x.. (i)

In this result put §=0,

2=2%" gin? 3'; sin? ;n sin? ;: X .. (ii).

Divide (i) by (i1) ; then let n be increased without limit and we get

229° 222 2399
cosa._(1~ =, ) (1~ 32;,_,> (1— 5—{*,) X [E.290]
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84. Many particular identities may be obtained from
the results proved in Arts. 79, 80. For example, in the
identity

2 cos na == 2" sin (a + ¢) sin (al'+ 3¢) x ... xsin (a + 2nd - @),
put a=0, and we have
1=2"""sin¢.sin 3¢ x ... xsin (2n — 1) ¢, where 2np =m.

Again, in the identity
2 sin na = 2"sin a sin (a + 2¢) sin (a + 4¢p) x ...

x sin (a + 2n¢ — 2¢),
let a be diminished without limit, and we have

2n = 2"sin 2¢ sin 4¢ x . sin (2n¢ — 2¢), where 2n¢ = =,

85. The two results

. o 6 6
S|n0:0<1 - ;,) <]. il 29‘”‘9) (1 - 37-7'2) X ...

2202 226? 2105
and  cosf- (1 - T) (1 - 3,;,) (1 _ 52#) < ...

may be proved by the aid of the following lemmas

3 5

Lemma 1. Lhe series 6 — LA + =

1318

of being expressed as the product of an unlimited number of
Juctors each of the form a, — 6.

The first = terms of the series is a rational integral

function of @ of the (2n + 1)th degree. Therefore, by the

Theory of Equations, the first n terms of the series can

- ete. = F(0) 1s capable

be expressed in the form of the product of 2+ 1 factors
each of the form a - 6.

Hence F(6) may be expressed in the form of (the
product of 2n+ 1 factors + R ) when I is the remainder
after n terms. This statement is true for every value of n
however great.
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Now F(0) is convergent for all values of 6; therefore
by -hoosing n sufficiently large we can make R, as small
as we please.

Therefore, by increasing # without limit, the remainder
I vanishes; and therefore F'(6) is capable of being ex-
pressed as the product of an unlimited number of factors
each of which is of the form a — 6.

[The student must notice that for different remainders the sets
of factors are entirely different.)

Lemma 11, 1f a, 18 a value of 0 jor which the series F (6)
vanishes then a, - 0 is one of the factors of F (6).
For F(0)= 1) - F(a)
0 a’ ,
=0—a,— o+ +etc tonterms+ R - R
B :
where £ is the remainder of I (6) after n terms, and &
is the remainder of / (a)) after » terms, where £ and £’
can each be made as small as we please by choosing 2
sufliciently large.

Hence
1(0)=(0~a)Q+L, -k
This is true however great » .nay be; and since # (6) is
‘convergent for all values of 6, ) must be convergent also,
when 7 is increased without limit; and in the limit when
n is chosen sufliciently large 22, and R each vanish.

Hence F@)y=00-a,)Q Q.E D.

Nore. The above lemmas are true of any function of ¢ which is
a series of ascending integral powers of 6 and which is convergent for
all values of 6. Therefore they are tine for the series
62 6
et
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Now it has been proved in Art. 41 that
17 (0) = sin 0 for all values of 6.

Also sin 6 vanishes whefi § has any one of the values,
0, —m, +m, —2m, 42w, . —nm, +oumw, ...;

Therefore #'(8) vanishes for each of these values;

Therefore #(6) is divisible by 6, by = +6, by = -6,
by 27w +6, by 2xr-0, ... by nw+6, by nr-6, by ...
and therefore by

6 7 0 0
0, l+1—r, l‘*;r, 1+2';r, 1—-2;,

..F(@);Ao(l-oz)o 02>x . [Lemma 1.]

T 2ot

Also, sin 6 does not vanish for any other value of 6 real
or imaginary [Ex. Art. 30]

Therefore F(6) has no factor of the form a -6 which is
not included in the above product.

But by Lemma L. #(8) may be expressed as the pro-
duct of an unlimited number of factors every one of which
factors is of the form a - 6.

Therefore the factor 4 is a number independent of 6.
To find 4 we remark that when the factors

Ao(l - g) (1 - 2%) "

are multiplied out, the coefficient of 0 is 4, and that the
coefficient of 0 in F () is 1; .. 4 =1.

Hence we have that

sinO:F(O)e‘sG(l‘-;) (1—2-2-;) X ...
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AcaIN  Lemma I. and 1I. are each true of the Func-
tion

9° 6*
1 —l—z' +E~Ct.b.;_~d)(0),

which function is equal to cos 8 for all values of 6.

And cos @ vanishes when 6 has any one of the values,
—dm, +dm, —Em, w32+ )m, +L1 s+ ),

Therefore ¢ () vanishes when 6 has any one of the
above values.

Therefore ¢ (6) by Lemma T. is divisible

by im46, by dx—60, by }x+6, by Ir—90, .
by 1 2+ 1)7m+0, by L 2rn+1)x—6,...

and therefore by

9 2 2 2
12020 0%
P T 3 3

Also cos 6, and .-. ¢ (), does not vanish for any other
value of @ real or imaginary.

Hence we have found all the factors of ¢ () and we
have

_ 2\ o 26 26°
L (O =4 (1_?)<1_5ﬁ,,><1—3_,.",)x

where A is a numerical factor,

. . 6 6
and since ¢ (0) is 1 —E + [4, _

by multiplying out the factors and equating coefficients,
we have 4 = 1.

Hence

A 226‘ 2262
c080=¢(0):;<l— ;r-ﬁ-> <1_§§_",) x

L. H. T. 7
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*86. Lo find the Luctors of cosh 2 —cos 20, and of
sinh a, cosh a.

By Art. 69, ™ ~22"y" ccs 20+ y"‘ has % factors of the form

+ 26

a,—‘.’..a,‘/cos — YR
2

Let 2 be odd.  The last factor is

2nmr — 27 + ‘)9 )
a* — 2uy cos —— —— + 4

. R 2w — 26 e m
and this is cqual to «®— 2xy cos Y The last
"

factor but one is

. OInr —4mw+ 26
&’ = dxycos —-— — +y,
"

- , 4r—-20 ,
and this is equal to @’ — 2wy cos — -7 + % And so on.
7"

Hence L= 2"y cos 20 + y

. 6 |, . Q=20
= (&~ 2ry cos — +y° ) x (a° — 2wy cos + ') %
7

7n

&

2 20
x (cc"’ - 2y cos ﬂ: 4 y”) x . nfactors. (A.)

the two factors
2 + 2 . . 2w =20
(ac’ —~ 2wy cos —WE——G + y') (:u' — 2wy cos T — y‘) .

In A. write 1+ - for z, and l— - for Y.

Then the general form of fuctors on the right hand 1s

2 2 2
(1+(—l'> (1*~>cos2-m-r*-26+<l—q'>,
n n n,
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2 2 9, )
that 15, ) (]_ + ‘_",z) -9 (1 _ ‘ig) cos rm o+ 70 ’
n ‘N n
9 2 !
that is, g Y {1 + ¥ otz T =0)
n 113 n /

In the resulting identity put ¢ =0, and on the left-hand
side 2 — 2 cos 26, that 1s 4 sin®f, so that 4 reduces to

. . 40 Lm0, L Owr=6
4sin*@=4sin®- 4sin® - - 4sin®* —— x ...
2 n "

Using this result to simplify the right-hand side, the
identity 4 becomes

(1 + Z) (1 - ;> cos 20 + (1 - ) '

= 4sm*0 (1 + (inCOtl‘oi) X % {1 + a" cot? v 0) x
% n 20 n f

In this let 2 be increased without limit, then

( (f) 2.0 {(1 + ,)“}- becomes ¢ [Art. 2]
n

(1 - o) ie {(1- ) } becomes ¢,
( N ') “ ( ) ( > becomes ¢ x ¢™* 4.e. 1.

o rmw =0
¢ cob® becomes Hence
n

(rm *—“9)’

4

{ 1+ « x. x{1+ « }
('3?1“07} : { (rm = 0 ©
7—2

- 2 a2 a” )
2a )28 9 - 2 - —
e’ + ¢ 2@0320_431110{1+ x,}{14-(7'_ 0)”fx
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@
“87. In tlus result put 0";0; then the Inmt of sin‘6 {1 + 0,}
is «’; and we obtain '
6“—‘ e—a 2 “! 2 { (02 2 “‘.! 2
( 2--) __-a,”<1 + ;r»)) (1 + 2"7rg> x % (1 + ;2_”_) x
Next put 20 =, and we have

&1 e\? ) 9249\ ? l+22a2)2x s 922 >ex
+ =g - T TNy g .
2 " 3int (Zr+ 1)*2°

In taking the square root, since ¢’ — e has always the
same sign as ¢ [Art. 2], and ¢*+¢7* is always positive, we must
take the same sign for each side in each result. Hence

2 2 2
. a « «
sinh (u-a(l + ﬂ_g> (I + §2;2> (1 + 32 2) »
2 2 922 02 2
Py 2a 2%
cosh a = (1 + —;;) <1 + 32”2) (1 + 5371) x

3 5
88. Since sin @ = 0—% + ﬂ —ete.
2 2
and sinf=0 (1 - g)(l _ . ?_,§> %
T 2%

we obtain the Algebraical identity

02 9‘ 62 6‘) 02
-5+ oot =(1-7) (- ) (1= 5) ¢ - @)

Similarly, from the two cxpressions equivalent to cos 6, we
obtain

69 04 2262 2202 2263
1- EAMTRCE (1 == ) (1 _3,;,> (1 _,5_,‘7},> « . (IL)

I. and II. are identities, and are true for all values of 6.
Therefore they are true if we write ¢ for 6°; also they are
“rue when in the resulting identities for ¢, we write —¢

‘.
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In the resulting identities we may write «® for ¢, then

°

| u’+a‘ N 1+a,' 1\+ a® ) 1 a’

NE @*“"( W)( bR <+3=;»)*
a® o AT\ 2%a? g

la-—Lg{EJr <1+W,,)(l-«-3211.2><1+5 ,)x

By the above artifice the results of Avt. 87 and of Axts. 79,
80 may be deduced the one from the other without the
introduction of /(- 1).

89  Many results may be ohminc(l from ﬂm identities

1—,-0%4»%—(%0 (1— >< >( _ )
1~E+§~ctc -:( 6)(1 )( ‘:3)

7

+ o=

1
2: ';.-

From first of the above identities we have

log (1 - ;’; + ﬁ%—etc.): log (l - —0«)4 10ﬂ< zi%)
+log (1 - 323:-1) + ete.
Expanding each of these logarithms by Art. 4, we have
g ) Yo
= ( g, " 1 cte. ) (2f;g+ 11;2?;4+etc.)
X (33;;"‘5 %f 4 Hete. )+etc.

6* 1 1 1_+1 A 1 1 1
o +§:,+3_. 4.‘!+ +21r4 + Fhi+ .).

In this identity we may equate the coefficients of the various
powers of 63. Hence

1 1 I-1+1 m?
mrEtptEt =

1
Exavrne 1. Prove Ilmt
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26 26 20

(30} s 2. 9 tA== — — - —
XAMPLE To prove co;’ PRl s Py iy

By Art. 79, log sin §=1og 0 { log (1 - —0—) +log (1 - 23;2) + L

The required result may be obtained by writing 6+ & for 6 1n this
1dentity, expanding each term in ascending powers of 0, and then
cquating the cocfficient of  on cach side Now

logsin (6 + 1) =log sin 6+ hcot 0 — } )i cosec® 6 — ete. as in Art. 109
log (0 + ) =log %0( >$_log0+~—%

(01-]2)} og Sl N 10‘7 B 2h0A _ hﬁ}
2% { e

[Art. 4.]

loggl—

12w g pit D4

—:10;_((1 .(.)'.,) - e ZB{L_ .y 7“1r“+0:"'._ ote. [Art. 4.]

1 2t - ¢! (1w - 0?)

Hence, making these substitutions in

log sin (0 + h)=log (0 + h) + log { (0 :—h } +cte.,

2
-—-:10::(1 - 130 1105(1 - fh—)

and cquating the coefficients of &, we obtain the required result.

EXAMPLES. XXXI.

Prove the following statements :

1 1 1 1 .
(1) ir_,'f'aé'}';ﬁ"‘ ,‘7‘2+ ERY &
1.1 1 1
(2) 14 + 51 + g4 + 4"4+ =g
1.1 1 1
(3) 14+ + +7‘+ =g

(4) The sum of the produets of the squaies of the reciprocals of
every pait of positive integers is y§ ;w4

" T 22 4 ¢

271 33,557
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(6) When % is even

nlLoomw 3 n-1
(1) 2%sin.-.smm_-x “xsm-p—w=1

2n 2n 2n
1 2 ! 4 9
n-1 g T ] n- n-
(1) 22 cos=.cos -x ' XCGOB - mw.CO8 = w=/n
n " 2n 2n

o "= (1 ;f) (1.0 (5t (e sa)
(1-aha) () (- arva)®

o e = (1) (15 () (-520)

=,

cnq a - 0
o

1 20 20 1 :29
Yra) ' Tar2e) U e 0

20 20 20
(1 - 37,';9@) (1 * 57’:za) (1 - '.'G?TQE) x

cos(a+0) [, 26 20 20
(10) cosa (l ~a 14 mt 2a 1 T37 - ‘:) %

cosf+cosa _cos}(a—0)cosh(at 0)

)

(11)

1+cosa cos la cos Aa
e LA & PR SR
B (1 (wﬂ.a)‘-’% (1 (hrJ a)? } (1 (57r+,a)2$ x
02 . S ._0.{, { s 0.!
where 1 " (7 wa)? stands for ( "y e (1 = -0)_}

4 COSO-—cosa 0* 0* |
(12) ~ Teesa <‘>{‘ ‘('-z;“ia)‘:} {1‘@";;;.5‘):;
sin 0 +sina

sina

= (1) (1 2a) (4 00) (vsia) (- 570
ay el (10 (- 20 (10 ) (- 55)

(15) From the result of Kx. (11) deduce the factors of

(1)

cosh x + cos a.
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(16) From the result of Ex. (12) deduce the factors of
cosf z-cosa.

(17) Fiom the result of Ex. (7) prove that
I

cotaz:-l- 2 22 22
a w-a® 2pi-q? Bix%-q?
(18 ta”:v}’f‘zx - 7r_-32.b - 3}32'5 - 31ri2u+etc
19 sill;w;l = ¢11 + ”22f;2 - 2-’1:1’%‘-’ k :i-’;r%a— at”
(20) 4 C(l)b o m :" 22, 3‘7'?:.- 222 T 5‘7}‘{;; 222"

(21) Since e* + ¢~ — 2 cos 2a =2 cos 2ur - 2 cos 2a
=24 81 (a+1x) sin (a - 1),
deduce from the factors of sin 6 those of cosh 2 — cos 2a.

T 7
1 1 1 T e e 2
@) et ayet ettt T o e
e 4o 2
1 1 1 r e ™ 1
@) gy ton ettt Ta . L o T g
2 2 2
(24) <1+1+12+1_T2"+‘1‘3}’32+ )
(o Lottt ="
4+ 443 A5 )T 8
1 7r+0 2% + 6°
on
(25) osec9—62+2( 01)2-;—2(2”1 e
32r24 6°
(3% = 0% +
(26) Find the factors of
l_g_.‘__o_i_o_i
prET

(27) TFind the factors of

a
1o+

12k
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CHAPTER VII.

ON THE INTERPRETATION OF ,\/— 1.

90. In Algebra, one of the interpretations which we
girve to the symbol — is, that when + a certain number of
linear units indicates a distance in some chosen direction,
then - a certain number of linear units indicates a dis-
tance in the same line but in the opposite direction.

It is also shewn that positive and negative numbers
having this interpretation obey the laws of algebra.

Hence, when working out with algebraical symbols a
problem concerning distance, we interpret the symhol - to
indicate a complete change of direction.

91. Now quantities which contain J—l as a factor
are in some way different from quantities which do not
contain this factor.

Yor when 4 4+ \/=1B=a + /= 1b then A=a and B=0.
We want then an interpretation of the effect of multi-
plying a distance by J-1.

We have scen that the effect of multiplying a distance
by — 1 may be said to be, to turn the distance through two
right angles.
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And whatever interpretation we give to ./ = 1 it must
be such that the multiplica.ion of a distance by

NES WY
that is, by — 1, must have the offect of turning a distance
through ¢wo right angles.
Hence, it seems worth while to consider how far we

may interpret the effect of multiplying a distance by ./ -1
by supposing that it furns that distance through one right
angle.

92, Accordingly we propose the following interpreta-
tion ; having chosen a direction OR as the positive direction,
we produce £O backwards to L, and call O the negative
direction.

We then draw OU perpendicular to OR, and call OU
the /= 1 direction ; producing {'0 in the opposite direction
to D we have OD the — &/ =1 direction.

r°
,//]Av

[ ——

U

i

Now take any line 0’2 in the direction making the
angle a with OL; draw PN parallel to U0 and O'N
parallel to OR.
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Now suppose the length of O'P is r feet, then
NP =r sir.\a feet,
and O'N = 7 cos a feet.

To mdicate the position of I relative to O° we may say
that it is the distance
7 (Cosa + V=1 sin a) feet

That 1s, 1f from 0" we go 7 cos a fect + N —1rsma feet
we shall arrive at P,
We notice that when we have done this we shall have

arrived at a point /” whose distance in a straight line
from O is 7 fect.

Thus (cosa + J?l s a) may be said to trrn a distance
through the angle a

For, (cos a + N Z1sin a) 7 feet indicates a distance 7 feet
from the initial point in the direction making the angle
a with the chosen positive direction.

Norr. The chief fundamental rules of Algebra are
at+b--bta, a-b=-b+a . ),
a+(+0)=a+b, a+(-d)=a-b

a-(+d)=a-b; a-(-d)=a+¥ (i),
(4 d)x (+b)=+ab; (+a)x(-b)= —adb

(—a)x (+D)=-ab; (-a)x(-b)=+adb (),
ab=ba . . e e e e e e e (iv).

The geometrical application of Algebra may be explained thus:
The unit is a distance; say one foot.

a considered as a symbol of geometrical operation indicates that a
line is to be extended to a times its original length, + indicates that
the line is to be drawn in a certain chosen direction; hence,

+a feet indicates the following operation performed on the umt.
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From a chosen starting point called the imtial point we draw a
line one foot long in a chosen d}:]- ection called the positive direction,
and this line is then produced to @ times 1ts length.

The symbol - indicates that the line to which it 1s apphied has
been turned through two right angles.

The symbol /(- 1) indicates that the line to which it is applied
has been turned through one right angle.

Now provided we interpret a group of operations performed upon
the umt as indicating the transferimg of the rutial point from its
chosen position to another posttion, 1t will be found that the symbols
interpreted geometrically as above obey all the fundamental laws of
Algebra.

We give the proof of two of these laws, leaving the 1est as an
Exercise to the student.

To shew that {—a) x (=D)= +ab.
(- ) performed on the unit carries the imtial point b feet 1n the
positive direction and then turns it through two right angles.

(- b) performed on this line a feet long in the negative direction
extends 1t to & times its length, i.e. mahes it ab feet and turns it
through two right angles; 1t will be seen that by this process the
initial point has been carried ab feet from 1ts chosen position in the
positive direction; that is

(- 0)x(-a)= +ab.
T'o shew that a+ (- Ho=/(-1)b+a.
a+4/(-1)b performed on the umt carries the initial point a feet

in the positive direction and then b feet farther in the direction at
right angles to 1t.

J(=1)b+a performed on the unit carries the initial point b feet
in the direction perpendicular to the positive direction and then a
feet farther in the positive direction.

In the first case the initial point is carried along one pair of sides
of a rectangle, and in the second along the opposite pair of sides,
landing the 1nitial point at the same spot in each case;

CatN(~1)b=/(-1)b4 «
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93. Consider any complex expression
¢+ Y.
Taking a foot as our unit distance (¢ + ) mcans go
a feet in the positive direction, and b feet in the direction
perpendicular to it.

Let @+ 4b = (cos a + 2 sin a),

then 7 - J @+ b
@ . b
cosa = — and sina— —.
r 7

In the figure on page 104, if O'N -« feet, VI —b feet,
then O'P —r fect.

Thus Ja® + & the modulus of the expression «+ib,
may be suid to indicate the resultant destace .

94. We have said that the factor
cos o+ e sina
turns a distance through the angle a.
Therefore the factor
(cosa + tsina) x (cos B+ isin S3)
turns a distance through the angle («+ 8) and therefore
should be equivalent to the factor

cos (a+ B) + ¢ sin (a + B).
This is true by De Moivre’s Theorem.
Thus our interpretation of 4 gives us a complete inter-
pretation of De Moivre's Theorem.
95. Let us suppose that the factor e turns a distance
through the angle 6.

Then (cw + c“a) a feet would mean
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|

Tauke any pomt O0'; draw O'P=« feet in the di-

v

D

rection 6 ; from /> draw PQ - O'L in the direction — 6
Now by the geometry of the figure, 0'Q is cqual to
@~ 2 cos @ feet in the positive direction.

So that the factor ¢ + ¢~ %
2 cos 6.

is equivalent to the factor

. 0 -
Again (¢ —¢™) x « feet would mean
Go a distance O0'P = « feet in the direction ¢ and then
from P go a distance — /’Q in the direction - 6 and by

v R
.‘V ~.
R P 4
H -
i /
e
78
L v I
D

the geometry of the figure 0'Q is equal to « x 2 s 6 feet
i the J 1 direction.
So that the factor ¢ - ¢™* is cquivalent to ihe factor
2sin0 x A/ =1].
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‘We have now some notion of the meanmg of the sym-
bol = in such an expression as &0 + ¢~ _.2 cos 0; ¢f + ¢~
may be said to transfer its initial point to the same final
position as 2 cos 6 docs but by p different path.

EXAMPLES. XXXIIL

(1) Prove that the two expressions
r(cosa-+¢8mna)+7 (cos B+ s B)
and p(cos 6 +¢sin 9)
. rcosa+7 cos B
2 )22 Q! - . e
where p?=r?+1'2-- 2rr' cos (a - B8) and tan @ Fsina T n g
are cquivalent algebraically and geometrically.

(2) Prove that the factor ™ where r is a whole number, is a

factor which does not alter the quantity multiplied.

(3) From Arts. 49 and 83 deduce the following gencral proposition.
Any formula which is true for all values of 6, which contains terms
involving odd integral powers of the sine of any multiple of 8, cannot
contain any term which involves an even power of the sine of any
multiple of 6.
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CHAPTER VIIL

'"HE RuLE oF PROPORTIONAL DIFFERENCE
THe RuLk oF PROPORTIONAL DIFFERENCES,
OTHERWISE CALLED

Tue THEORY OF PROPORTIONAL PARTS.

96. The logarithms in this Chapter are Common Lo-
garithms.

In the Elementary Trigonometry a Rule called the Rule
of Proportional Differences was given, and it was shown
that, assuming the Rule to be practically true, we are enabled
to use Tables of a more moderate size than would otherwise
be necessary. [Cf. E. 218--222.]

The Rurk is as follows  The differences between three
numbers are proportional to the corresponding differences
between the logarithms of those numbers, provided the
differences between the numbers are small compared with
the numbers,

In this Chapter we shall prove that this Rule of Pro-
portional Differences is practically true as applied to the
Table of Logarithms of Numbers, and that it is also praoc-
tically true in general as applied to Tables of Trigonometrical
Ratios and their Logarithms,
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97. The Rule as applied to the Tables of Logarithms
may be stated thus :

Let 2 be any number greater than 10000 and less than
100000 ; let d be any number hot greater than unity ; then
as far as seven places of decimals the following proportion
is true:

log(n+d)—-logn d
log (n+ 1) —logn 1°

98. To prove the Rule for the Table of common lo-
garithms

We have
log (n+ d) =logn (1 +

|

d d
”) - loga 1 log (1 +;i>

d 14 1d°
=logn +p {7_1. S PR P i } . [Art 4]

Let 2 be not less than 10000 and ¢ not greater than 1;

also p the modulus [Art. 7] is -4342945. . Hence p is
less than -5, :—f is not greater than -0001. Therefore ;’:;lj 13
not greater than  (‘0001)?, <.e. not greater than -0000000025,
gf (;l&—: is much less than this
Hence at lcast as far as seven decimal places
log (n + d) - logn - ";—:l .
Similarly log (n+1) -logn =';i; .

log(n+d)—logn d
Therefore Tog. (77+—l) Tlogn =1
which proves the Rule.

Lo LT
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99. 7o prove the Rule for the Table of natural sines.

That is, 70 prove that i "o be any angle, and 8, & angles
not greater than 1', then
sin (a+8) —sina 3§
sin(a+48) —sina &
as far as scven decimal places.

We have sin (a+ 8)=sinacos 8 + cos asin §
=gina{l-18+. .} +cosa{d—§8"+...} [Art. 41.]
=sina+8cosa—38sina—}8cosa+....

8 is here the circular measure of anangle not greater than 1’,
.. 8 is not greater than -0003 [E. Ex. x. 17], ... }6° is not
greater than -00000005 and sina is not greater than 1.
Hence, as far as seven places of decimals in the value of the
sines,
sin (a + 8) —sina  §cos a.

Similarly sin (a+ &) - sina =& cos a

gin(a+8) —sina 8§ =

Theref: — e —— = g = =5
1ereiore  in (a+9&)—sina & =’
where n and 2’ are the numbers of seconds in the angles
8 and &' respectively.

Thus the rule of proportional difference is true ag applied
to the Table of natural sines.

100. It must be observed however, that when a is
nearly 3, cosa is very small, and sin a approaches unity ;
so that when o is nearly }m, 8cosa is comparable with

18 sina.

Hence, when a is within a few minutes of 90" we cannot

neglect — 18" sin o in comparison with § cos a.
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Therefore in this case we n}ust say that

s (a+ 8) —sina = dcos a— 38 sin a.

Hence, the differences between! the sines of two angles which
are cach nearly 90°, are mot approximately proportional to
the difference between the angles.

The differences are then said to be irregular.

It must be noticed, however, that we have proved that
18°sina is less than -00000005, and as we are neglecting
Sigures after seven places of decimals the term — 168 sina
docs not affect the result.

A quantity whose measure when expressed in terms of
the unit under consideration is less than -0000001 is said to
be insensible.

Consequently, in the case of sines, when the differences
become 7rregular they are at the same time tnsensible. This
insensibility gives rise to a serious practical ditliculty. Sece

Arts. 114, 127.
101.  The case of the Natural cosines.
Since cos (a + 8) = cos a cos § — sina sin §
=cosa—dsina—18"cosa+ 38 sina+...,
we may prove as in Art. 99 that the rule of proportional
differences is practically applicable to the cosines of angles

when the differences between the angles are less than one
minute.

Also, woe may prove as in Art. 100 that when a is nearly
zero the differences between the cosines are irregular, but
ingensible.

8—2
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102. The above results may be explained geometrically
thus ; -

14
M= P

Let RPU be the quadrant of a circle, radins unity.
Let BOP be an angle nearly 90°, draw PN, PA perpen-
diculars to OR and OU.

Then the arc UL and the line PPM approach to coin-
cidence as the angle POU is diminished. In other words
the path of P differs very little from the line /M.

Hence, when RO/’ is nearly a right angle the diffcrences
in PN, as the angle approaches a right angle, are small when
compared with the differences in the arc RP. Hence it is
said that the differences in sin § when 6 is nearly }= are
insensible.

The irregularity in the differences is caused by their
smallness and consequently it is of little importance.

Also since the measure of I’V is the cosine of the angle
UOP, we can sec from the same figure the cause of the in-
sensibility of difference in the cosine of a sma«ll angle.
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103. The case of the tangent may be discussed as
follows:
sin (6 + 9)
cos (6 + d)
sin@+8cos @ — 48 smé—cte
" cos b — 8sin 6 - L& cos 0 + ete.
sin 6 (1 + 8 cot § — 48’ — etc.)
Tcos@(l~8tan 6 -} 8 + ete.)
hence, neglecting higher powers of 8 than the second, we have
tan (6 +8) -tan @ (1 + cot 6 —%6){1 - (Stan 6+ 18}
=tan @ (1 + 38 cotd — } &%) (1+ 8 tand + % 8°+ &’ tan’d)
= tan 6 {1 + § (cot 6 + tan 6) + & (1 + tan® )}

tan (64 8) -

R sin 6
—tan 0+ dsec’ 6+ & — .
cos’d
Hence, unless sin 6 sec’d is large, we have
tan (6 + 8) - tan 6 = §sec®d,

which proves the rule in this case.

104. Suppose that the Table of tangents is calculated for
every minute. Then the largest value of 8 (as in Art. 99)
is 0003 nearly. Hence the greatest value of 8° sin@scc’d
is (*00000009) sin 4 sec®  nearly. So that when 6 is greater
than ] we are liable to an crror in the seventh place of
decimals. Hence the Rule is not true for tables of tangents

calculated for every minute, when the angle is between 45°
and 90°

105. It follows immediately from Art. 103, since the
cotangent of an angle is equal to the tangent of its com-
plement, that the rule must not be used for a table of
cotangents, calculated for every minute, when the angle
lies between 0 and 45°.
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106.  The case of the segant.

1 1

cos (0+8) cosO(l-dtan§— L& +. )
=sec O {1 +dtan 6+ 8 (§ + tan®0) + ...},

see (0 + 8) -

Hence, neglecting powers of 8 above the second,

sec (0 + 8) — sec 0 = § sin 0 sec” 6 + & (4 + tan® 0) scc 6.
Whence it may be shewn that the differences are wrregular
but ¢nsensible when the angles arc very small, and they are
irregular but large when the angle approaches a right angle,
and that with these exceptions the Rule of Proportional
Differences is true.

107. The case of the cosecant.

The cosecant of an angle is the secant of its complement.

108. The Rule of Proportional Differences is particularly
of importance in practical work. 1In Practice the Logarithms
of the Trigonometrical Ratios arc more often used than the
Ratios themselves. It is therefore particularly immportant to
consider whether the Rule is true with respect to the Logs
of the Trigonometrical Ratios.

109.  To consider the case of the L sine.

log sin (0 + 8) =log {sin 6 + & cos § — } & sin 6 — ctc.}
= log sin 6 {1 + & cot 6 — }8° — ete.}
= log sin 6 + log {1 + & (cot 6 — 4 8 —etc.)}
=log sin@ +ud(cot—48~...)— Jud(cot6~18-...)*+...
= log sin 6 + ud cot @ — 4 ud® {1 + cot™ 6} + .
= log sin 6 + ud cot 6 — } ud® cosec® 6 +
Hence, omitting higher powers of 8 than &, we have
L sin (6 + 8) — L sin 0 == u8 cot 6 — } ud” cosec’ 6.
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If the Tables are calculated for every ten seconds, § 1 not
greater than *00005, and therefore, unless cot 6 is small or
cosec’ @ large, wo have L sin(0+38)— Lsin6=pudcot b as
far as seven places of decimalsy, which proves the Rule to be
generally true

110. When 6 is small, cosec 6 is large. Suppose that the
Tables give the Lsin of cvery 10”. Then § is not greater
than the circular measure of 10”, which is -0000484. .
and p is not greater than 4. Hence }ud® cosec® 6 is not
6 cosec® 0

RUAE
the seventh decimal place 6 cosec® @ must not be greater than
10% that is  must not be less than about 5°.

Also when 6 is small, cot 6 is large. Hence when the
angles are small, the differences of consecutive L sines are
irregular and they are not¢ insensible ; so that the rule of
Proportional Parts does not apply to the Z sine when the
angle is less than 5"

greater than In order that this may not affect

111. When 6 is nearly a right angle cot 8 is small and
cosec @ approaches unity.

Hence when the angles ame nearly right angles, the dif-
ferences of consecutive L sines are irregular but they are at
the same tune insensible.

112, The case of the T'uble of L cosines,

Similar conclusions concerning log cos  may be inferred
from the formula

log cos (6 + 8) = log cos 6 — pud tan  — L ud’ sec® 6 +...

The differences in this case will be irvegular and large
when 6 is nearly a right angle, and irregular and ingensible
when 6 is nearly zero. This is also clear because the sine of
an angle is the cosine of its complement.



116 TRIGONOGMETRY

113. We find then that the Rule of proportional differ-

ences cannot be applied to jfiterpolate between the L sines

- of angles which differ by 10”, when the angle is less than 5°.
Three methods have been proposed to replace the Rule.

I. The simplest plan is to have Tables giving the
L sines for each second, for the first few degrees of the
quadrant.

II. In the following method we require a Table of the
same size ag that in method I., but it is a Table in which the
differences are tnsemnsible. Accordingly we can with this
table calculate the log sine of an angle which lies between
two consecutive seconds. The method is as follows :

Let 6 be the circular measure of 2 seconds. Then when
6 is small = n. sin 1” very nearly. Hence

log S8 1oy BT oy sin n — log 0 — log sin 1"
0y — — = |0 ———— — log = 10g 7% — 10¢ S1n
° 9 ©msinl”’ g > ° ’

. sin 0 .
. Lsinn” =log it Lsin1” +log

6
Hence, if a table is constructed giving the values of
in 6 .
(1og§~0~ + Lsinl )

for every second, for the first few degrees of the quadrant,
we can, when the angle is known, find the value of

sin 0 <
=logn + (logw + Lsinl ) .

log ﬁl—%—g + Lsinl”

from this table, while the value of log n can be found from
the ordinary Table of the logs of numbers. And hence
L sin n” can be found.
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s @ . . .
Moreover —, -~ =1 —36° + higher powers of 6, and 6 is

0
. . b
by hypothesis the circular measure of an angle less than 5°,

sin @

1
so that " 1 -1 6® approximately. Hence the differences

in log 00~ when 6 is small, will be insensible (2. e. will not

affect the seventh place of decimals in the result).

[For, log ‘i‘l“z_ﬂ)—l B0 Lo {1 = 3 (04+)% - log (1 -

the largest term in which, is - 336, t.e. tho product of two small
quantities. ]

Thercfore we shall not introduce any sensible error in
a result obtained from the formula

. sin 0 N
Lsinn” =log n + (log ot Lsin1 ’)

'] . .
if we take the ncarest value of log 53101_ + Lsin 1”7 in the

Table. The ordinary table gives the value of log . Hence
we can find Zsin 2", even when = is not a whole munber.
IIT. Maskelyne’s Method. [This method is used in the
absence of the special Tables required in I. and TL]
‘When 6 is small, we have

sin@=6(1-16"); cos0=1-46";

sin 0 [ .
= 1- 6= (1 — 36%? approximately,
== (cos 6)}, neglecting higher powors of 8 than 6.
Hence log sin 6 = log 6 + 1 log cos 6.

Now, when 6 is small the differences of log cos 6 are in-
sensible (Art. 112), and if § be given we can therefore find
log sin 6 at once.
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If we are given logsin 8, we must first find from the
table the nearest value }'f 0, and thence find a value of
log cos 6 which will not sensibly differ from the exact value,
and then we get {

log 6 =log sin 6 — } log cos 6,

and we thus get a second approximation for the value of 6.

With the Table of L tangents we proceed thus .
log tan 6 = log sin 6 — log cos 6
=log 6 — 2 log cos § approximately from above,

and this result may be used in a similar manner.

Ezample i. Find L sin 1°30°27"-2,
Let x seconds =6 radians.
Then Tx=180x 60 x 600,
.. log6=1log x + 6 6855749,
Here 1030272 = 54272 seconds ;
therefore x=5127-2.
.~ 10 +log 0 =1og 54272 + 4:6855749 ;
. L gin 0=3-7345758 4 4:6855719 — } (-0001504)
=8-4201006.
Example ii. Find 6 when L sin 6=8 1021832.
From the tables by the ordinary rule we find 6 =43'30".
Hence if = be the number of seconds in ¢
10 +log 6 =log & + 46855749 = L sin 0 + } (L sec 6 — 10) ;
.. log £ =8-102832 + 5-3144251 + § ( 0000348)
=3'4166257 =1log 2609-88 ;
~. 0=43"29"-88.

The student should notice the equation
10 + log 0 = log = + 4:6855749,

where x seconds = @ radians.



PROPORTIONAT, PARTS. 119

EXAMPLES. YXXXIII.

(1) Ind the following Tabular Logs.
(1) Lsm1%4136"8. (1) Lsin398” () L tan 1°44'36"8.
(2) Y'ind the angle 6 from the following equations :
(i) 1. sin 6 =8-48324062. (1) Lsin ¢ =82089620.
(11) I tan 6-:8-4834473.
(3) Prove that, if n be the number of seconds in an angle ¢
I, tan 0 =log n+ 4 6855749 + 2 (L sec 0 - 10).

114.  In practical work it is always advisable to avoid
as much as possible that part of a Table in which the differ-
ences arve insensible. For example, a slight error in the
calculation of the sine of an angle nearly 90° would entail a
large error in the derived magnitude of the angle. This
point is of such great practical importance that we have
treated it at some length in the next chapter.

115. The preceding articles afford examples of an im-
portant general principle which is of great use in higher
mathematics.

If a continuous function of a variable x increases as x
approaches a certain value ¢, and begins to diminish directly
o has passed the value @, then the ratio of the differences of
the function to the corresponding small differences in the
variable & will diminish and approach to zero as a limi
when x approaches a.

Thus, sin 6 is a continuous function of § which incr
as 6 approaches {, and it begins to diminish directly
passed through the value § =; hence, as is proved in A
the ratio of sin (6 + 8) — sin 8 to & tends to become -
as @ approaches .
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116.  To sum up the Results of thigs Chapter.

The Rule of Proportic 1al Differences may be used with-
out sensible error in the following cases :

I. For a Table of Common Logarithms giving the logs
of all numbers from 10000 to 100000.

II. For aTable of Trigonometrical Ratios calculated for
intervals of one minute from 0° to 90°.

Except in the case of

the tangent and secant of angles greater than 45",

the cotangent and cosecant of angles less than 45°.

111, For a Table of the Tabular Logarithms of Tiigono-
metrical Ratios calculated for intervals of 10” from 0° to 90°.

Except in the case of
the L sines and L cosecs of angles less than 5°)
the 7 cosine and L sccants of angles greater than 85
the L tans and L cotans of angles less than 5° and
greater than 85°.

117. The results of this Chapter may also be obtained
without actual reference to the expansions of sin 6 and cos 6
in terms of 6, by the aid of the fact that the differcnce be
tween sin 8 and 8 is less than } 8’; so that when 8 is less than

1 degree, sin 8 and 8 differ by less than -0000008,

The method of procedure is suggested in the following
uple.

mple. Prove that sin (6 + 8) - sin 6 =s8in 6cos @ — 28in § 510?435 ;
v that as far as sevenplaces of decimals sin(6 + 5) — sin 0 =5 cos 6.
8in (0 +8) - sin @=gin d cos 6 — 8in 6 (1 ~ cos §)
=8 Jdcos 6 - 2 8in 0 sin?4 5.
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Now sin § differs from & by less than &%, and sin?4 3§ differs from
35 by less than this. Hence the poss¥ble error when we take 3 cos 6
for the right-hand side is less than %6°) that is, less than 0000001,
since 3 is less than the circular measure of 1'.

EXAMPLES. XXXIV.

[In these examples § 18 the circular measure of any angle less than
1]
(1) Prove that cos (¢ - 3) — cos 6 =sn § sm 6 (1 - cot 0 tan 45).
Hencee prove that as far as seven places of decimals
cos (0 - 8) -~ cos0 =3 sin 0

(2) I1ove that

1
_ —_ 2 — -
tan (0 + 8) - tan 0 =tan § scc*6 (l tan 6 tan 5)

Hence obtain the results of Arts. 103, 104.
(8) Prove that cot (8 — &) — cot 6 =8 cosec®d approximately.

(4) Prove that

_tan dsin 6 (1 +tan 35 cot 6)
sec (048) ~sec0= = 5T tan6tand)

hence prove, except when @ is small or nearly equal to 3, that

sec (0 + 6) — sec 6 =0 sin 6 sec* 0

(5) Prove as in example (4) that
cosec (0 — 3) — cosec 6 =0 cos 6 cosec*d.
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CHAPTER 1X.
Errors 1IN Pracrican. WOoRk.

118. We have already [E. 217, 227] called the student’s
attention to the approximate nature of all observed measure-
ments. [See also the Author’s Avithmetic, Chap. viL.]

Exavpie. Let the student take any well-defined length, say
of 6 or 7 inches, and attempt to ascertain its measure, say to the
hundredth part of an inch ; and let him repeat the process at another
time with different instruments. He will find that unless he makes
his measurements with the utmost care, and unless his instruments
are very accurately constructed, his two results will in all probabihity
be different.

Such an observation as the above even when made with the
greatest care can only be taken as correct to three significant figures.
If the measurement has to be made correct to a thousandth part of
an inch or to any higher degrec of accuracy, the student will easily
understand that it will be necessary to employ specially constructed
instruments. The ordinary diagonal scale or vernier cannot be read
with accuracy to the thousandth part of an inch.

119. The student must carefully distinguish between
mistakes and errors. By taking sufficient trouble a calcu-
lation can always be made to attain any required degree of
accuracy ; so that in what follows we are not concerned
with mistakes or inaccuracies in calculation at all.

120. An error may be defined as follows.

Suppose an observation made and the result known to
be accurate as far as a certain number of significant figures,
according to the degree of approximation thought necessary
or possible, under the circumstances.
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The measure taken may possibly give the magnitude of
the quantity with absolute accuracy, we cannot say whether
it does or not. What we do knbw is that the difference
between the actual magnitude of the quantity and the as-
sumed magnitude is less than a certwn quantity. This
quantity is the possible error; and it should be so small
that it is either considered of no importance, or is beyond
the limit of observation in the circumstances of the case.

121. It is clearly not necessary to carry our calcu-
lations to any higher degree of approximation than that
represented by the assumed measure.

122, TIn the practical application of Trigonometry to En-
gincering and Land Surveying we arce concerned with two
different kinds of measurements. (1) The measurement of
lines. (2) The measurement of angles. The measurement of
a line of any length with anything like the accuracy of five
or six significant figures is a very difficult and tedious opera-
tion, and is but rarely performed. We know that by the
methods of Trigonometry the known length of one line may
be made the basis of the calculation of the lengths of all
other lines in the survey of a country.

123. The importance of an error in linear measure-
ment is generally measurced by the ratio of the error to the
estimated length of the distance under consideration.

Exampre. The problem of calculating the distance of the Sun’s
centre from that of the earth is beset with such great practical
difficulties, that astronomers are only able to say that it is about 92
millions of miles. If we knew the distance to within a hundred thousand
miles, that is, to within about a thousandth part of the distance, we
should consider the distance to be known with wonderful accuracy.
In a distance of this magnitude an error of a few thousands of miles
is of no importance.

The importance of an error in angular measurement
depends in general simply on the magnitude of the error.
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124.  If the measure of any length is known accurately
to seven figuves it is pracsically exact. In other words it
is known to within the lilaits of observation.

ExamriLe. A base line on Salisbury Plain moasured with extreme
care for the purposes of the Ordnance Survey in England is about
36578 feet 1n length, and the error is considered to be certainly less
than 2 or 38 inches. That is, the error is less than a hundred
thousandth part of the whole, and the measurement has been made
correct to six significant figures,

The greatest accuracy possible in the measurement of
angles is attained when the error is known to be not much
greater than the tenth part of a second. The tenth part of
a second is about the two millionth part of a radian. This
degree of accuracy is only attainable under special condi-
tions and with the largest and best instruments.

125. Tt somectimes happens in the course of a calcula-
tion that an error 7ises in importance in consequence of its
being multiplied by a very large number.

We may illustrate this by an example.

The height A of a tower is ascertained by measuring a
horizontal line a from its base and observing the angle of
elevation 6 of the top of the tower from the end of that
line.

Then we obtain h = a tan 6.

Now supposing that we are liable to an error not greater
than & in the observed magnitude of 6 we require to know
how this will affect the accuracy of the calculated height h.

We know that the error in 6 does not exceed 8, Hence
we know that the consequent error in A cannot oxceed %

where k+k=atan (8 +98)
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Hence k- a {tan (0 + 8) — tan 6}
= ad sec’ § neglecting squares and higher
powers of 8. [Art. 103 ]

ITence the ratio of the evror 4 to the calculated height 4 is

" 7~8 o 23
sinf@cosf sin 20’
126. The above result is very instructive.

Suppose the measurements are made with the greatest
possible care, so that & is beyond the limits of observation
and may be neglected.

Then we sec that in general the importance of the
possible ‘error’ in the calculated height, Z.e. 28 coscc 26
is, in general, comparable with &, and is therefore very
small.  Also this error is least important when cosec 26 is
least, 7.e. when 6 is } =

There are two cases however when the error may become
of suflicient importance to render the result practically in-
accurate. I. when 6 is small, TT. when 6 is nearly % .

In the first case the error itself is not large, but it is
large compared with the height to be measured.

In the second case the error itsclf is very large, and
although the height to be measured is large compared with
the base @, the importance of the error is also large com-
pared with 8.

It is a difficulty of this latter kind which renders the estimated
distance of the sun from the earth so untrustworthy.

127. 'We have seen that the ratio of the difference in the
sine of an angle to the difference in the angle is small when
the angle is nearly {7 That is to say, to a small error in the
sine would correspond a large error 1n the angle.

L. II, T, 9
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Now, if the sine of an angle has been calculated from
observations, and it is found that the value of the sine is
nearly unity, we could not’without risk of a large error use
the value of the angle obtained from the Tables. For, our
observations are known to be liable to errors (whose magnitude
depends on the instruments used, etc.), and therefore the
calculated value of the sine under consideration is liable
to an error of the same kind. Consequently the calculated
value of the angle would be liable to a much larger error.
And this larger error would possibly affect all results in
which the magnitude of the angle was used.

Accordingly in practical work an observer would when
possible arrange his measurements so as to avoid such a
difficulty—in the working out of a problem—as the necessity
for obtaining from the value of its sine, the magnitude of
an angle ncarly equal to a right angle.

128. The method of Art. 125, which may be applied
generally, is of very great importance in practical work;
for an observer can often in this way discover beforchand
whether any proposed arrangement of his measurements is
defective and likely to give unreliable results.

Thus ; if the measure of a distance or of any trigono-
metrical function of an angle be found by means of observed
angles and distances, the result is expressed by some formula
containing the Trigonometrical functions of the observed
angles. If a small error § be known or suspected in an
observed angle 6, we can find the consequent error in the
calculated distance by expanding this formula by the
methods of the last chapter in ascending powers of &
Then, § being so small as to be detected with difficulty, &
and higher powers of 8 must be quite beyond the limits of
observation. We can in this way estimate the ¢mportance
of a small error in observation.
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Example 1. A vertical pole a feet‘high stands on the top of a cliff,
and from a point on the shore the angles of elevation « and 8 of the
top and bottom of this pole are obsered. The height of the eliff & is
given by h=a 21511__}?:05 ﬁc; [E. Lxxir (9).]
Now suppose an er1or § to have occurred in the obscrved measure-
ment of the angle a, required the consequent error I’ in the calcu-
lated hewght of the clif}.
We have, b+ 2'=a 3:111;8 (zosé‘:gf )
a8n B {cosa —dsma - ete |
“sin (& — B) + 8 cos (a - ) — cte
_asinBcosa {1-3tan a}
T sm(a-p) {1-dcot(a—
asin Bcosa
" sm (a-p)
asinfcosa
sin (a - B)
Thus the 1atio of the error to the estimated height 15
8{cot (a —pB) — tan a}.

Eaxample 1. The centre O of the circumscribing cucle (radius R)
of a triangle ABC is found by measuring the angles CBO and BCO,
each equal to (37 — A) ; prove that, if the same small error 6 is made in
the measurement of each of these angles, the consequent error in the
length of OA 18 0. R .cosec 4 cos (B-C).

Let O be the centre, O’ 1ts observed position, then

0A=R=0B=0C.
Let 0'A =R -, so that the 1equired error in O is z ; then neglecting
o2 ete.

noglectmg 8% ete
{1-dtana}{l+dcot (a - B)},

therefore =6 - {cot (a —B) —tana).

a _ a . a acot 4
0C= g n(A=6) " ZsmA—9%cos A 2sind ' '2smnd
=R+ R6 cot 4;
also (R-z)*=0'C*+1*-20'Cbcos 0CA
=R3+2R*0 cot 4 + 1%~ 2Rb (1+ 6 cot 4) sin (B - 6),
- 2Rz =2R% cot 4 + b* - R2bsin B
—2Rb0 (cot 4 sin B +cos B)
=220 cot A — @ 4R* sin Bsin (4 + B) cosec 4 ;
x=R0Ocosec 4 { —cos 4 +2 sin Bsin C}

=R0 cosec 4 cos (B - C). Q. E. D.
9—2
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{
EXAM{’LES. XXXV.

(1) A trangle is solved from the given parts A, b, ¢, 1f there is
a small ennor § in the angle 4 prove that the consequent error in the
caleulated area of the triangle ABC is approximately
4 6bc cos 4.

(2) A triangle is solved from the given parts 4, b, ¢, 1f there1s a
small error § radians in 4, prove that the consequent error in B is
~ §sin B cos C cosce 4 radians.

(3) The lengths of two sides of a triangle are known, and the in-
cluded angle 4 1s measued ; prove that if there is a shght error a in
the measurement of A, the corresponding error in the length of the
perpendicular from 4 on BC will be
be cos B cos C
™

(4) 1f the sides of a triiangle be measured and a small error ¢’
exist in the measured value of ¢, prove that the consequent error in
the diameter of the circumseribing circle is

c'cos 4 cos B
smAdsinBsmC’

(5) The height and distance of an inaccessible object arc found
by observing the angles of elevation a and 8 at two points A and B
in a horizontal line through the base of the object, the distance be-
tween 4 and B being known ; if the same error be made in cach in
consequence of an imperfect observation of the horizontal, show that
the ratio of the error in the calculated height of the object to that
in the calculated distance is

tan(a+g) : L.

(6) The area of a quadrilateral 40BQ right-angled at 4 and B
is to be determined from observations of the angle 40B, and the
lengths (a and b) of 04 and OB. Prove that the area is

3 {2ab — (a®+ b?) cos 6} cosec 6,
and that if a small error § be made in the observation of the angle
AOB the consequent error in the area is
38. AB?%. cosec® 40D.
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. (7) It 13 observed that the altitude of the top of a mountain at
each of the points A1 and C where B¢ i¢ a horizontal triangle 15 a.
Shew that the height of the mountairgis

4 a tan a cosec 4.

If there be a small eiror #” 1n the altitude at C the true heyght is
very neaily
atana

_cosC s n'”
" sind

smAsin B ° s 2a

(8) Ifn a triangle ABC the observed lengths of ¢, b, ¢ are§, 4, 6
and there is known to be a small crror in the measurement of ¢,
determine which angle can be found from the formula

mngz «/?"";Z’!ﬁ;“’i

with the greatest accuracy. [Result. B ]
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CHAPTER X

Examrnes or THE APPLICATION OF TRIGONOMETRY TO
GEOMETRICAL PROBLEMS.

129, In this chapter we shall use the following notation.

D, E, I' are the feet of the perpendiculars drawn from
the angular points 4, B, ¢ of the triangle ABC to the
opposite sides.

AD, BE, CF intersect in a point I which is called the
orthocentre of the triangle 4BC.

DEF is called a pedal triangle of the triangle 4 BC.

A'B'C" are the middle points of the sides BC, Cd, AB.

A4, BB, OC’ intersect in a point @, which is called the
centre of gravity of the triangle ABC.

1, 1,1, I are the centres of the inscribed and escribed
circles of the triangle ABC; r, r, r,, r, are their radii.

[E. 276, 278.]

O is the centre of the circumscribing circle and R its

radius,

1)

The circumscribing circle of the triangle DEF passes
through 4'B'C" and through the middle points of each of the
lines PA, PB, PC. It is called the nine-points circle. We
shall denote its centre by N.

[Proofs of the propositions referred to above may be found in the
appendix to Todhunter’s Euclid. ]
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Example. To prove that P, N, G and O are in one strarght line,
and that PG=2G0=4NG, i c. that X is the powmt of biscction, and G
a pownt of trisection of PO.

A

N

N 18 the centre of a cirele passing through D and 4’. Therefore
N lies in the line bisccting DA’ at right angles. This line produced
bisects OP. Again, the nine-points circle passes through I and B’,
thercfore its centie N lics on the line bisecting KB’ at right angles.
This Iine produced also bisects OP. Therefore N is the middle point
of OP.

Agun AP = 66: 1];:1 e x:n] P ”cijisél '
AP=2R cos 4.

But 0d"=Rcos BOA" =R cos.l,
AP=204".

Henceo if A4’ cut PO in G, AG : GA'=P4 : 04'=2:1;
oo AG=2G4A’ or G is the centre of (havity.
Also PG:GO=P4:04'=2:1 q.r.D.
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130. It 1s often convenient, in attempting the solution of
a geometrical problem, to express the lengths of lines involved
each in terms of some coimon unit. When the problem
is one concerning a triangle, the Radius of the Circum-
scribing circle may be employed as the unit. Tts con-
venience is shewn by the symmetry of the following re-

sults :

EXAMPLES. XXXVL

Prove the following statements.
(1) a=2Rsin 4, b=2Rsin B, ¢=2Rsm C.
(2) s=R(sind+sinB+sinC)=4Rcosid .cos il .cosiC.
(8) r=4Rsn}4. siniB.sin}C.
(4) r,=4Rsin3d.cos}B.cos}C
(5) AD=2RsinDB.sinC
(6) PD=2Rcos B.cos (
(7) AP=2Rcos A.
(8) OA'=Rcosd.
(9) S=2R?s8ind sinB.snC.
(10) 'The radius of the nine-points circle =41

(11) The sdes of the triangle DEF are Rsin24, Rsin2B,
R sin 2C.

(12) The area of DEF=31*sin 24 .s11 213 . 510 2C

(13) DBd=3R(2co8 L e C +s1m.d).

(14) dN=3Rcos (I - ().

(15) The distances of the centres of the eseribed cireles {rom that
of the inscuibed circles are

4R sin 34, 4Rsinil, 4Rsin}C.
(16) AE’'=R (sin B +sin C - sin 4), where £’ is the point in which
the inscribed circle touches 4C.
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Example  To prove that the nine-points circle touches the inscribed
curcle.

We ghall prove that the distance bstween their centres is equal to
the difference of their radii.

Draw ID' perpendicular to BC and NII perpendicular to ID'.

/
] /TL‘
D'l
Then (sce Iigure on page 131)

Nd=%(PD+04')=§ (2R cos Beos C+ Llcos 4)
=} Rcos(B-C),

HI=D'I-dN=r-3} Rcos(B -C) (I).
Again  Bd=}(BD+BA')=3R(2cos Bsin C+sin .{),
and BD'=8 -b=R (smAd-smB+sinC) [E. 280.]
IIN=1 R (2cos Bsin C -sin 4 +2sin B - 2sin ()
=R{smDB-sinC-3sn(B-C)} (II).

Hence IN2z2024 (3R)2 = Rrcos (B - C) + R*{(sin I3 — smn C)*
~ (sin B - s1n C) sin (B - C)}.
The last bracket is equal to
R(~in 13 - 8in C){2cos § (B + C)smd (2 - ) - 25ind (B - C)cos '1(1; C)}
=R*4cos} (B+C)sin*s (B - C){cos} (B+C)-cos} (B -
= - 8R%sin?} (B- C)sin il .sm$B.sin3C [Ex. xxxvI. (3).}
= -2Rramn?% (B-C)= - Rr{l-cos (B - C)},
IN2=r*+ (§R)*- Rr=(r- }R)%.
That is, (since the radius of the ninc-points circle is 3R) the

distanco between the centres of the circles equals the difference of
their radii. Q.E.D.



134

TRIGOJOMETRY.

EXAMPLES. XXXVIIL

Prove the following statements :

(1)

The radii of the circles circumscribing AEF, BFD, CDI are

respectively IR cos 4, It cos B, I cos C.

@
®)
(4)
©®
(©)
@
(8)

)

AI=4Rsin }B .sin 3C.

AN?=3}R?(3+2cos24 — 2 cos 213 — 2cos20).

OI?=R2—-9R). =} R?*{1+8cos dsmBsinC}.
OI*=R?+2Rr,.

OP2=R3(1-8cos A4 .cos 3. cos C)=9R?~a® - b? - c*.
IP?=4R*(88in%44 .8in%4 3 .8in?4C —cos 4 .cos B3 . cos C).
The area of the triangle

IOP= -2R%sin} (B-C).sm }(C— A) .8} (d - B).

IN?= (3R +7)>
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131.  To prove that the orthocentre is the centre of the
circle inscribed in the triangle DEF.

The circle of which 2C is diameter passes through Z
and D. Therefore the angle #DC — EPC == the complement
of PCE=A.

Similarly FDB = FPB - EPC = A.

Therefore PDE = 90"~ A = PDF.

Therefore 2 is the centre of the circle inseribed in DEF,

Similarly 4, B, C are the centres of the escribed circles
of the triangle DLF.

EXAMPLES. XXXVIIL

Prove the following statements :

(1) ABC 18 the pedal trianglo of the triangle I, I,7;.

(2) The radius of the circle circumseribing I,1,I, is 2R

(3) DEF is the pedal triangle of the triangles AP, BPC, CPA.

(4) The radius of the circumscribing circle of the triangle
APB=R.

(6) The circle circumscribing DEF touches the circle inscribed in
ABP.
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MISCELLANEOUS EXAMPLES. XXXIX.

Prove the following statements:

(1) If a new triangle is formed by joining the centres of the three
eseribed cireles of a triangle ABC the distances of the centres of 1ts
escribed circles from the centre of 1ts 1nscribed ciicle are

8Rsin} (B+C), 8Rsin}(C+4), 8Rsm}(d+D)
(2) The areas of the triangles I,1,I,, I, I,I, I,11,, 11,1, ure to one
another inversely as the ratio of r: 7 17y : 1,
(3) The radii of the escribed circles are the roots of the equation
(x2+6?) (z - r)=4Rz?
(4) PAd, B, PC are the roots of the equation
L3 -2 (R4 7) 22+ (r*—4R2+5%) o — 2R {s*— (r+2R)*} =0.
(5) If py, pu P3 — 4 are the perpendiculars from ABC and P on

the sides of the triangle DEF, then p,, p,, p,, ps are the roots of the
equation
A’ , N A2 y
24— 2R3 + (Ri—ﬂi’r'— rﬂ) Vo gmEt 2=0,
where 7’ is the radius of the circle inscribed in the triangle DEF.

(6) The area of the triangle formed by joining the points of con-

tact of the mnscribed circle is
4R%*sin A .sm B .sin C.8ing 4 .sin§ B .sin 3C.

(7) If the points of contact of each of the four circles touching
the three sides of a triangle be joined, and the area of the triangle
thus formed from the inscribed circle be subtracted from the sum of
the areas of those formed from the escribed circles, the remainder will
be double the area of the original tiiangle.

(8) If R, R,, Ij are the radii of the circles BGC, CGA, AGB,
then

at(V®-¢?) b (c2-d?) | e (a®-0?)
Ryt TRyt
(9) If z stand for 4I, y for BI, z for CI, then
@z + byt + cdet + (a + b+ c)? 2y%? =2 {V2cPy®e? + cPute?a? + abiz%y?}.
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(10) If lines join the points of contact of each escribed circle of
a triangle A BC with the produced sides and these lines form a new
triangle, then the lines joining the yporresponding vertices of the
triangle are perpendicular to the sides of the former triangle and are
equal to the radu of the eseribed circles.

(11) Given the circumsecribed and inseribed cireles of a triangle,
prove that the centres of the escribed circles lie on a fixed circle,

(12) The sum of the reciprocals of the perpendiculars of a tri-
angle is equal to the sum of the 1eciprocals of the radii of the escribed
circles.

(13) If from a pownt P perpendiculars PL, PM, PN are drawn to
the side of the triangle 4 BC, prove that twice the area of the triangle
LMN={R*- (P0O)?} sin 4 sm Bsin C.

(14) The centres of the ecscribed ciicles must lie without the cir-
cumsecribing circle, and cannot be equidistant from it unless the tri-
angle is equilateral.

(15) o3I, . I1,.11,=112 IB*.IC

(16) The area of the triangle whose angular points are the points
of contact of the inseribed circle 1s to the area of the triangle ABC as
r: 2R,

(17) If DEF are the pomnts of contact of the inseribed circle with
the sides of the triangle ABC, then if 4D?, BE? CF? are in A.P.,
a, b, ¢ are in H.p.

(18) From DEF perpendiculars are drawn to the adjacent sides
of the triangle 4BC; prove that the feet of these six perpendiculars
lie on a circle whose radius is

R (cos? 4 cos? B cos? C +sin? 4 sin? B sin? (7)§.

(19) If on one side BC of a triangle ABC a triangle 4'BC is
described without it such that the angles BA'C, CBA’, A'CB are equal
to aBy respectively, then

AA"™sin a=sin B sin y (a?cot a + b* cot B+ ¢? cot y +44).

(20) If o triangle be cut out in paper and doubled over so that
the crease passes through the centre of the circumseribing circle and
one of the angles 4, the area of the doubled portion is

30%8in? C cos C cosec (2C — B) sec (C — B),
C being greater than 5.
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(21) If two of the angular points and the radius of the circum-
scribing circle of a triangle are given, the loci of the centre of the
nine-point circle and of the ortyocentre are circles.

(22) Prove that a triangle can be constructed whose sides are
acos 4, bcos B, ¢ cos C and that its area is

2A .cos 4.cosB.cosC.

(23) If R, R,, R; are the radii of the circumsecribed circles of
BIC, CIA, AIB, prove that R,®. R,2. R2=R3. AI.BI.CL

(24) If the two straight lines which bisect the angles 4 and C of
a triangle ABC, meet the circumference of the circumseribing circle
in R and S, then RS 1s divided by CB, B4 mto three parts which
are in the ratio

sin?3 4 : 28in4 4 .s8in3 B.sin} C . sin?} C.

(25) If a point be taken in an equilateral triangle such that 1ts
distances fiom the angular points are proportional to the sides of a
triangle ABC, the angles between these distances will be

Ym+d, y7+B, d7+C

2 (sin B - 81n C)

(26) tan IOI =+ voos A =1
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CHAPTER Xa.

ON ANTIPARALLELS.

132. It 1s usual to use the abbreviations, circumcentre,
incentre, gravity centre cte. for the centre of the circum-
scribing cirele, ete.

DEF. Let BAC be any angle and let 4D beo the
bisector of the angle; then the line B,C, is said to be
antiparallel to the line B,(, with respect to the angle 4
when B,C, and B,C, are equally inclined to 4D and are
not parallel.

When two antiparallels with respect to an angle pass
through the angular point they are called Isogonal
Conjugates.
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EXAMPLES. XL.

(1) Lines which are antiparallel to the same stiaight line with
respect to the same angle are parallel to each other.

(2) If B,C,, B,C,are antiparallels with respect to the angle BAC,
prove that the angles which B,C; makes with AB are equal to the
angles which B,C, makes with 4C.

(8) With the notation of Question (2), prove that a circle goes
round B,, C,, C;, B,.

(4) Lmes which are perpendicular to two antiparallels respec-
tively are antiparallel to each other with respect to the same angle.

(5) With the notation of Question (2), 1f 4G, bisects B,C; and
AG, bisect B,C,, prove that 4G, 15 an antiparallel to 4G, with respect
to the angle 4.

(6) If AX, AY arc (1sogonal conjugates o1r) antiparallels with
respect to BAC and XB,, XC,, YB,, Y, a1e drawn perpendicular to
ADB and AC respectively, prove (1) that XB, . YB,=XC,. Y(,, (1) that
the points B,B,C,C, are concyclic, (1) that B,C; 18 perpendicular
to AY.

(7) Prove that the tangent at 4 to the circumecircle of a triangle
ABC is antiparallel to the side BC with respect to 4.

(8) The lines joining the feet of the perpendiculars of a triangle
are antiparallel to the sides with respect to the opposite angles respec-
tively.

ANTICENTRES.

133. PROP. If a point O be taken in the plane of a
triangle ABC and OA, OB, OC are drawn, then the anti-
parallels to OA, OB, OC passing through A, B, C respec-
tively, with respect to the angles A, B, C respectively meet in
a point.

Or. If three lines drawn from the angular points A, B,
C of a triangle meet in a point, their sogonal conjugates
with respect to A, B, C respectively also meet in a point.
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Let A0’ be the antiparallgl through A of A0 with
respect to 4.

And let O’ be any point in 40"

Draw 0D, OF, OF, O'D', O'E’', O’} perpendiculars to
BC, CA, AB, BC, CA and AB respectively.

Then a circle goes round FOKA, and round F'O'E'A

therefore FOE=180° -~ A= I"O'E

Also QLN =-0AF = O'AE’ [because 0’4 1s the anti-
parallel of 04] - OI"E,
therefore the triangles /'OL and £'O'F" are similar

So that OF.UE —OF.01"

B D' 0

Again if B0’ be the antiparallel through B of 20 with
respect to B3, we may prove that

OF.O'F' ==0D.0D.

Therefore 0OD.0'D -0F.0F.

And the angle D'O'K' =DOL.

Therefore the triangles D'O'E’ and 0D are simila

Therefore the angle

OCD=0ED=0DE -0OCK.

That is, O'C is an antiparallel of OC with respect to C,

which proves the proposition.

134. DEF. The point O’ is called the Anticentre of O
with respect to the triangle 4 BC.
L. H. T. 10
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EXAMFLES. XLI

(1) The bisectors, drawn from the angular powmnts, of the anti-
parallels to the sides of a triangle, with respect to the opposite angles
respectively, meet in a pomnt. This point is called the Cosine Centre.

(2) The perpendiculars, drawn from the angular points, to the
antiparallels to the sides of a triangle with 1espect to the opposite
angles respectively, meet in a point.

(8) Shew that the circumeentre 1s the anticentre of the oitho-
centre

(4) Shew that the point m Question (1) 18 the anticentre of the
gravity centre,

(5) Prove that the Incentre 18 its own anticentie

(6) If the isogonal conjugates 40, A0’ meet the side BC m M
and N and the circumcircle mm M’N’, then the rectangles 45 AC,
AM . AN', AM', AN are equal

135. PROP. If D, X, F, 1), W, IV are the feet of the
perpendiculars on the sides of the truamngle ABC from any
point O and ils anticentre O with respect to ABC, then
D, E, F, D, E, ¥ are on the circumference of « circle
whose centre bisects OO,
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Let 7' be the middle point of 00'.
Then 7ZL2-=7D"_T0*+0D.01

10+ S OB [Art. 132]
R

1O+ O U1

oz

EXAMPLES. XLIIL

(1) Tiove that the centie of the nine-points circle bisccts the hine
joining the orthocentre and the circumcentre.

(2) If in the figure of Art 135, P be the point m ¢ such that
the angles OPB, O’PC are equal, then OP + O'P=2TD.

(3) With the construction of (2), prove that 1f Q be the point 1n
AC such that 0QC =0'Q4, then the angles COP, COQ are cqual.

(4) 0O, 0" are foci of an ellipse inscribed in the triangle ABC.

136. In a triangle ADBC there are three systems of
antiparallels which arise from the sides and angles;

for there is a system of antiparallels to each of the three
sides with respect to the opposite angle.

The antiparallels to B(' with respect to . are parallel
to the tangent to the circumcircle at 4.

Hence the above three systems of antiparallels are the
systems of perpendiculars to Od, 0B, OC respectively,
where O is the circumcentre.

+ Draw Od’ parallel to DD’ cutting O’D’ in d’,

draw T'd perpendicular to DD)’.

Then TD?*=Td*+ Dd*=1Td*+} DD
=3(0OD+0'D')2+3{00"2 - 0'd"*}
=}(OD+0'D")?*+ 0T* -} (0'D’ - OD)?
=01I%+0D.0'D".

10—2
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Tur CosiNe CIRCLE.
137. PROP. The bisectors, drawn from the angular

pownts of a triungle, of the antiparallels to the sides with
respect to the opposite angles, meet in « point.

[This follows at once from the proposition of Art. 133,
but we give an independent investigation ]

P:

Take any point A and draw through A, EKF'; FKD',
DKE' antiparallels to BC, C'4, AB with respect to 4, B, C
respectively.

Then since EKF’ is antiparallel to BC with respect to
A, therefore the angle KF'A = C.

Similarly, since #D' is antiparallel to AC with respect
to B, therefore the angle X7 B = C.

Therefore KF'F=KFF' and I'K=I"K.
Similarly DK=D'K, and EX=E'K.
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Now, let A be the point ofyintersection of the bisectors
through B and C, of the series of antiparallels to AC, AB.
Then KD =KF=KF' and KD=KE = KE,
but KD = KD', therefore KE = KF".

That is, AKX is the bisector of the antiparallels to BC
with respect to 4. Q. E.D.

138. The circle with centre A and radius A'E passes
through %, £', F, I, D, D'".

This circle is called the Cosine Circle.

The point A is called the Cosine Centre.

139. Let p be the radius of the cosine circle, then
DD’ —2pcos KDD' =2p cos A,
EE’ = 2p cos B,
FF’ =2pcos C.

Hence the name, cosine circle.

140. Let the perpendiculars from A on the side be
indicated by «, ¥, z, then

x=psin 4, y=psin B, 2=psin C;
. @ b ¢
. x_—p.fl_]_ﬁ’ y:P‘zR) z=P'§E‘
Now xa +yb + zc= 2 arca of triangle ABC =2A;
N A_2_A‘ _xq‘+yb +zc_ p (1,"L+_b’_+£:"~ p_x
A+ b+ @+ 0i+ct 2R at+b+c¢t 2R o
Now

a®+0*+¢*  20c cos A + 2ca cos B + 2ab cos C
1A S 4A

cot 4 + cot B+cotC;

a b ¢

"% 2%y 2%

li

= cot 4 + cot B+ cot C.
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EXAMPLES. XLIII.

(1) Piove that 4 K passes through I, the intersection of tangents
1t B, C to the circumeircle.

(2) If the tangents to the circumeircle at BC of a triangle inter-
sect at A, prove that the angles K AT and GAT are equal.

(3) Prove that BK, is antiparallel to BC with respect to 4.

(4) Prove that the hine drawn through I, parallel to the tangent
nt 4 to the circumecircle to cut the sides 4B, A¢ produced, is bisected
at K.

(5) AK divides the parallels to the sides I;C 1n the ratio ¢* : b2

(6) AK bisects the lino joining the feet of the perpendiculars
fiom BC on the opposite sides of the triangle ABC.
(7) If v, y, z be the perpendiculars from K on the sides of the
triangle, then L S . ZA.*' e
a b ¢ a4 b4
(8) The sum of the squares of the distances of any pont Q from
the sides is a minimum, when Q is at K.

(9) Prove that épf =cot 4 +cot BB+ cot C.

Tne Ex-CosiNe CircLEs

141. Let the tangents to the circumcircle at 4, 1, C
intersect in the points X, X, K,;

K, K,, K, arce called the Ex-Cosine Centres.

Through &, draw 7, K, I'| parallel to A, K,.

Then I, I} is antiparallel to BC, therefore

K,EC=8B=K,E,.

Hence K 2 = K,C; similarly A,B= K, I, ;
but K,C = K,B; therefore K %, = K I,.

Hence the circle whose centre is X, and radius X,C,
passes through #,, C, B, F,.

Now A,C and K,B are antiparallels with respect to ('
and B respectively of 4B and A(, and K, may be said to
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biseet the portions into whichethe line £,C' 1s divided by
the lines A, BC.

Hence the circle centre K, which passes through £, C,
B, F, is called an Ex-Cosine Circle. [Sce Ex. (5) below.]

Nork. AKX produced bisects 7,7 and therefore passes
through &,
EXAMPLES. XLIV.

(1) Prove that the perpendiculars z,, y,, z, from K, on the sides
BC, CA, ADB of the triangle ABC are as a:b:c

Ta _Yu_%a_ 28
(2) Prove that Pl St vt T
a
(3) ZTa =cot 4.
(4) If p, be an ex-cosine radius, then
= 4RA
P“—bﬂ-i-c?—a?'

(5) Prove that F\B : BC : CE;=cos C : cos 4 : co8 B,
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THE LEMOINE CIRCLE.

142. PROP. The parallels to the sides of a triangle
ABC drawn through the cosine centre K, cut the sides in six
points which lie on the circumference of @ circle called the
Lemoine Circle.

Let the parallels to the sides through A cut the sides
in the points KF', I'D', DE’'. Let O be the circumcentre.

Bisect OX in L and let AK, FE' intersect in /1.

Then FFKE'A is a parallelogram, and FZ’ and AK
bisect each other in H,,.

Therefore I’ is antiparallel to BC with respect to 4,
and is therefore perpendicular to 04. [Art. 136.]

But LT, is parallel to O4 and therefore perpendicular
to FE'. Also LI, is 304 =}1R.

And 7’ is half the line through X parallel to /"%’

That is, FE =p.

Therefore LI*=LH? + FH? = (R + p?).

Similarly the squares on LE', LV, LD', LD, LF' may
each be proved equal to } (&7 + p?).

Therefore the six points D, E, F, D', I', F’ lie on a
circle, the square on whose diameter is (22 +p®). Q. E. D,
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143. Draw KX, KY, KZ_ perpendiculars to BC, (A4,
4B respectively, then &= FCsin(C, z=K'Asind:
S EC:EA=xsind : 2shC=a?: [Art. 110.]
Again, the triangle ZKE' is similar to A BC
Therefore KEE : KE =sin B : sin C.
ysin 3 ysin BB .
smdsinC :jsixi A° CE;
[since KE’sin 4 =y, and KCsin C=z]

S EE EC=ysinB:xsin A0 a?
Hence CE:LE :EA=a*:0:
144. TFrom Art, 143
KE - CE+EE + E'A=10"a®+0%+c,
b'l
S EE = .
a*+ b+ ¢?
Hence DD : EE : FF'=a®: b : ¢
ITence the Lemoine Circle has been called by Mr Tucker
the Triplicate Ratio Circle.

Br =

EXAMPLES. XLV.

(1) Prove that, in the fizure of Art. 142, ABC can be divided
nto nine triangles each similar to ABC, by joining DE', I'F', FD’,
DI, FE', ED'.

(2) Prove that DI)' + z =a : the perpendicular from 4 on BC

g i T a3 P

& DD'=jn ¢ abe”

(4) Let EF and E'F', FD and F'D’', DE and D'FE’, intersect
respectively in p, ¢, r; prove that the triangles EpE’, IFpI are
similar. Hence shew that the perpendiculars from any point on Ap
to the sides AB, AC respectively are in the ratio EE’ - I'}' =103 . ¢3.

(5) Deduce from Question (4) that 4p, Bq, Cr meet in a point.

(6) The intersection P of EI” and E'F is the pole of Ap with
respect to Lemoine’s circle ; hence prove (7).

(7) If P, Q, R be the points of intersection of EF’ and E’'F, FD'
and /"D, DE’ and D'E, then P, Q, R are collinear.
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Tuckrw's CIircLES.

144. In the figure of Mrt. 142 let 7" divide OK so that
or - T'K-=-1 - X
Also take 7/, in AKX so that
A, : TEK=1 : A\

Then 717, is parallel to OA.
Through 77, draw FH E’ antiparallel to BC;
then AN bisects F'E’ in H,.
Also, 04, and therefore also 7'I/,, is perpendicular to
FE.
Again 77/, : OA=KH, : KA--\ : 1+X;

b

. . A >
L RH= o R
And Fil, - -1—;1_ NG [as in Art. 142]

1 \2
. e — 17 2 2 2 P2
. PF=TILE + T, (—1 . x) (AIR? + )

= TE" similarly,
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Now with a similar construcgion, in X, KC take I/, II

and draw the antiparallels 7”1, D'E.
Then we can prove as befor® that

7 M:(li ) (2R2 4 ) = TD = 1D - T

Therefore the six points /), K, F, D', K, I le on a
circle centre 7', the square on its radius being

(oo

A circle thus described is called a Tucker’s Circle,

145.  Now complete the parallelograms
FAE', F'BD, D(E.
Then since #E' is bisected in /7, therefore 4K, the
diameter of the parallelogram F.1E’', passes-through 77, and
also through X; also

AR, : AKN=2 : 1+ A=BK, : BK=CK, : CK,
K K, is parallel to AB and Z'K,K,D is a straight
line  Similarly /"K K E, D'K K F are straight lines

EXAMPLES. XLVI.

(1) Inthe figure of Art 144, prove that the triangles DEF, D'E'F
are cach similar to ABC.

(2) Provethe following construction for drawing a Tucker’s circle.
Draw KA, KB, KC, 1n KA take any point K,; thiough I, draw
lines parallel to AB, AC cutting KB, KC in K, and K.

Join KK, ; then the point where the lines K, K;,, K, K, K K, cut
the sides are points on a Tucker’s circle.

(8) The circumcentre of the hexagon DIEE'FF’ bisects the
distance between the cicumcentres of the triangles ABC, K, KK,

(4) Lemoine’s circle is the Tucker’s circle in which X is unity.

(6) Prove that in the figure for Tucker’s circle DF’' =FE'=ED',
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Tur Brogarp PoINTs.

146. PROP. To find ¢ point Q within a triangle ABC
such that the angles QBC=QCA = QAB=w

B . C
Since
QBC=QC4, .. PQC=180°-QCB-QCA=180° ~(.
Similarly Q4 =180°-4 and AQB=180°- 1R
AQ c
smo smd "™ S (BT w) Tsing
sin(B-w) b sin B sin’B
sin o ¢ "sind sin (sind’
sin (4 + C)
sin (' sin 4
. cot w=cot A + cot B+ cot C.
Again, if the angles QCB-: Q' BA=Q'AC = " weo shall
obtain the same equation to find o’ so that o = w'.
Q' is, in fact, the anticentre of Q with respect to ABC.

. cotw—cot = =cot A + cot ('

147.  The points Q and Q’ are called the Brocard Points,
and the angle v, the Brocard angle, of the triangle 4 BC.

Milne’s construction for Q, Q' is

On BC, C4, AB describe circles touching C4, 4B, BC
respectively ; these intersect in Q

On BC, CA, AB describe circles touching 4B, BC, (4
respectively ; these circles intersect in Q.
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148. Let QX, QY, QZ be .perpendiculars on the sides,
then it will be seen that YXZ =B, XZYV =4 and ZYX =C,
so that the triangle XY 7 is simélar to 4 BC.

Also, Q1is a Brocard point of YYZ and w is the Brocard
angle. Also since QX = QB sin w, we have

YZ=CAsinw, ZX=4ABsino and XY =BCsino,
therefore the radius of the circumncircle of XYZ = B sin .

Similar remarks apply to a triangle X'Y'Z’ formed by
drawing perpendiculars to the sides from '

But by Art. 135 a circle goes round XYZX'Y'Z’, and

(its radius)® =100%+QX. QX"
Now QX-0Bsine- "0 2. 98 sin’ o,

sin B
in2

and QX' =QCsinw = b—ﬂyﬂf ,
sin C

) be .y .
QY. QX = sin Bsin ¢ S0 1R%sint w;

. Rsin®o=1007+ QX . QX = 100" + 4K sin* o ;
S QQ7 = 4R sin® w {1 — 4 sin® w).

EXAMPLES. XLVII.

(1) The circumcirele of the triangle AQB touches BC in B.

(2) Let the perpendiculars to B.d through 4 and to 4C through
the mid-point of AC meet in L ; let the perpendiculars to CB, through
B and to BA through the mid-point of B.{ mneet in M ; let the perpen-
diculms to AC through C and to CB through the mid-point of CB
meet in N; then the circles, contres L, M, N and radii L4, MB, NC,
ntersect in Q.

(8) If z, y, z are the perpendiculars from the cosine centre on
the sides of the triangle 4 BC, prove that z/a=y/b=z/c=}tan w.

(4) tan w= _s.in 4 ?ig§_§in .6’_

" 14cosd cosBcosC’
(5) In an equilateral triangle & and Q’ are coincident.
(6) In a right-angled triangle tan w=sin 4 sin B.
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'TueE Brogarp CIRCLE.

149. 'Take O the circumcentre and A the cosine-centre
of the triangle ABC; the circle described upon OK as
diamecter is called the Brocard Circle of the triangle.

B D X 0} ¢
Through A" dvaw EKF', FKD', DKL’ parallels to the
sides and through O draw X0A', YOB', ZOGC perpendiculars
to the sides respectively. Then KA'O, KB'O, KC'O are
right angles, and A’, B, C" are points on the Brocard circle.
I. The angle B'C'A’ = B'OA’, which is equal to C; for
A0 and OB'are perpendicular to BC' and (4 respectively.
Similarly ABC' =B and BA'C' = ..
Therefore the triangle 4'B'C" is similar to ABC.
II. Join B4’ and AC’ and let them intersect in Q.
Then since 4’'X = the perpendicular from X on BC,
AX=x=psind and BX=la,
. A'X 2psind 2sinB BY CZ
BXT T a TTbF TyoTzd
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That is, tan 4A'BX = tan &’C’ Y=tan C'4Z; therefor®

the angles A'BX, B'CY, C'AZ are equal.  Also
04'0=180°-- BA'X = 180° CL'Y == 180° - QB'0.

That is, the intersection of BA’ and CB' is on the
Brocard circle.

Similarly AC" also cuts BA" on the Brocard circle.

Hence AC', BA'y OB are concurrent on the Brocard
circle; and, since the angles 4'BX, B'CY, C'AZ are equal
their point of concurrence, €2, is a Brocard point of the
triangle 4 BC.

Similarly 4%, B8C", CA" are concurrent and meet on
the Brocard circle at the other Brocard point

ITI. Lemoine’s circle goes round DO'EEFF’, and

its centre bisects OA, thercfore
KE = If"A’ KI'=D'B and KE'-DC".

And KE =FA, . FAC'D 1s a parallelogram.

Therefore 1"]) is parallel to AQ.

This gives a construction for finding the Brocard angle.
DD sin DIFD" sinC'.AC sln (A - w)
FD “sin DD sinC ~ smC
I"D  sin DFIF  sinQAB  sine
FD ~sinDF'A  sinDF B sinC’

S.DD' F'D =sin (4 —w) . sin o
*. the sides of Lemoine’s hexagon are as

IV

sin (4 —w) :sinw : sin (B—-w):sin o : sin (€ —w) : sinw.
Nors. ]—ezcotA +cot B+cot C=cotw; [Art. 140]
]

S.op=Rtano.

For further information on Modern Geometry the student should
consult Sequel to Euclid by the late Professor Casey of Dublin.
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EXAMPLES. XLVIIL

(1) Prove that B2 and CQ’ intersect in 4’.
(2) Prove that OK3=R?- 5p%
3 1 s 2 2 2 da*+0%+c
@ =EsTa 5 eT Tabe
1 1 4 4 4
(4) tmEatet
(5) If AK, BK, CK produced cut the sides in DEF, prove that
(i) arca of DEF : A=2a%%?: (b*+c?)(c?+a?) (a?+0?).
(i) 44D2= 2b° (267420 - a2).
2
a1 bic?
(iv) BD : CD=¢* b2
(6) Lemoine Radius=4R sec w.

(i) 4AKI= (262 + 267 - a?).

(7) In a right-angled triangle the diameter of the cosine circle 1s
the perpendicular from the right angle on the hypotenuse.
(8) The perpendicular from K on BC divides it i the ratio
~ 02+ 3c?: a?+3b% -2,
(9) The cosine circle cuts BC in the ratio cot B : cot C : cot 4.

(10) w is never greater than 30°.

.. g . abe
(11) In the fig. of Art. 142, DF'=FE'=ED'= P Lt
a’+ b%+c* + Babe

(12) The perimeter of Lemoine’s hexagon is PR

at+ b4+ ¢4+ b2 + c2a? + a?b?
(a®+ b4+ c3)?

(13) In an equilateral triangle, the incircle coincides with the
nine-points circle, Lamoine’s circle with the cosine circle, the escribed
centres with the excosine centres;

R=2r=3r,=0/3p=%a/3p,=%/3a, w=380°

(14) If C=90°, p=asin B, pan=R2' Pe=

(15) FD is parallel to 4Q; @, K are the Brocard points of DEF;
'K are the Brocard points of D’E’F’. [Fig. Page 154.]

and its area 18 A
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CHAPTER XI

ON THE Usk OF SUBSIDIARY ANGLES TO FACILITATE
NUMERICAL CALCULATION.

150. In the Elementary Trigonometry, Aart. 185, we
have shewn how the Tables may be made use of in the
solution of Simple Trigonometrical Equations.

It is usual to shew how the Tables may be made use of
to facilitate the calculation of the roots of quadratic and
cubic equations.

The solution of such equations is however rarely required
in practical work, so that the method is not of much practical
importance.

161.  Z'o obtain the wumerical values of the roots of a
quadratic equation.

I. Let the equation be &® — 2px + g = 0, where p and ¢
are positive.
Solving, we obtain

w=p =@ -q)

/-5

First, let ¢ be less than p*; then we can find from the
7

Tables an angle a such that sin’a= r

‘Whence we obtain
w=p{l = cos a}.
L, H. T, 11
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Secondly, let ¢ be greater than »*; then we can find

from the Tables an angle ¢ such that sec’a= r]_“ then

@ =p{l=,/(-1)tan a}.

II. Let the equation be 2*+ 2px +¢=0. Then the roots
of this equation are equal to those in Case I. with the signs
changed.

III. Let the equation be a® — 2px— ¢ = 0.

Solving, we obtain

m::p{l*\/(“;%)}'

We can find from the Tables an angle a such that

tan® a = (Z, ,
V4
and then x=p{l+sccal.

IV. The roots of a®+ 2pr—q= 0 are cqual to those of
Case TIL. with the sign changed.

LExample,  Calculate the value of the roots of the equation
2? - 346512 - 7:6842=0.

. 3-4651 4 x 76842
Sobving, ==y 1e /(14 G -

AxTO842 507368
(3 4651)2 7 ° - (3-4651)%°
L tan a=1} log 30-7368 - log 3'4651 4 10
=10 2041135
=L tan 57° 59" 39",
z=1-73255 {11 60001}.

Hence, tan%a=

152. 'The student will observe that this method is the

same us that of adapting the expression p {1 . \/ (1 + q,)}
P

to Logarithmic calculation by means of the Trigonometrical

Tables.
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EXAMPLES XLIX.
Solve the equations:
(i) 23+3'416x - 8794 =0.
() 2?- 7941z +2-7001=0.
153.  To obtain the mumerical value of the roots of a
cubic equation. :
Let the equation be
o + 3px’ + g+ 0.
Write i —p for @, and the equation becomes
Yy =3(p - y+ (2 -3pg+7)=0.
Therefore any cubic equation can be transformed into
another in which the second term is wanting.
Hence we may take as our standard equation
' —3ax+b--0
To solve this, wiite ny for x, thus
n'y = 3any + b =0,

RYZY
or y' - e b

V44— 0
n o n
But, if a be any angle, we have (K. 167)
cos’a — § cosa — } cus 3a - 0.

Hence, if we find a such that
. th .
cos a = ——;, while n-.2 Ja,
m

then cos a is one of the roots of the equation:
Also since cos (2nm = 3a) -- cos 3a, the other two values
of y are cos ({7 + a) and cos(§m — a).
But @ - ny. Therefore the required roots are
2 (a)‘s cosa, 2 (a)& cos(3m+a), 2 (a,)é‘ cos (3w —a)
3a can be found provided §;ba~l
provided d* is less than 4a’,

is less than unity, z.e,

11—-2
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EXAMPLES. L.

(1) Solve the following equations:
(i) a%-3z+1=0.
() BP-Fr-3=0.
(iii) 2%-322+3=0.
(iv) a%+122%+42x +44=0.
(v) a®-3./(8)x%-3r+,/(3)=0.
(2) Solve the equations.
(i) «®-439z-101=0.
(i) «%-17651z - 371462=0.
(i) 100123 — 18472z — 7941 =0.
(3) Adapt the following expressions to logarithmic computation:
(i) aw=b. (ii) acos@=xbsing.
(iii) sind +smB+8mC—-sm(d+DB+C).
(iv) 1+-cos (260 ~2m6) —cos (20 - 2a) — cos (2mf — 2a).
(v) acosd+DbcosB+cceos ", where ., B, C are the angles of
a triangle.
4) If ke be one of the roots of the equation z*+3qc+r=0
prove that 3g= - k*(1 +2cos26) and r=2k3cos 6.
(5) Prove that in the cubic equation
23+ 3h3z +9=0,
if two roots are imaginary, the real root 1s
2h ginh a where sinh 3a= - §gh~".
(6) By cousidering the equation 25+ 1=0, prove that,
c0s36°=} (/5 +1).
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154. We shall conclude this chapter with some ox-
amples of Elimination,

Example i. Eliminate 0 from the equations
acos 0 +bsinf=c,

a’ cos 0+ sinf=c’.

Solving these equations, we obtain

cos 6= b’('-»-— bc.' 8in _ca-ca
“ab'—a'd’ Tab'—ab’
But cos? § +gin?h=1,

Therefore (b'e = be')2+ (¢c'a - ca’)*=(ad’ - a’b)?.

This is the required result of elimination.

Example ii. Prove that the result of eliminating 8 from the
equations
z cos -y sin § =« cos 20,

z 8in 0 +y cos §=2as8in 26,
is (:c+y)§+(:c_y)§=2a?f.
Solving these equations for z and y, we obtain
2=a cos 20 cos 0 + 2a sin 20 sin 6
=1 cos® 8+ 3a 8in?d cos 6,
¥ =2a 8in 20 cos § — a cos 20 sin 6
=3a cog? f8in 0+ asindb;
.~ &+ Yy =a(cos §+sin 6)3,
z~y=a/(cos - sin 6)3;
o (@+y)t=ad (1+2cos bsin o},
(x—y)*:a‘?* {1-2 cos 0 sin 6}.
Whence, by addition, we have

(x+y)§+(x—y)3=2a§.
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EXAMPLES. LI.

2

2 2
(1) Given that z—ﬁ cos =" cos 6.+ E” cos ¢,

a..'
AR L
and sin(0+¢) sn(0-—¢) sm20’
sin § 2
prove that smg = at’

(2) Ehminale 6 fiom the equations
xz=2acos 6 cos 20 — «a cos 8,
y=2bcosd s 20 - Usin 6.
(3) Elmminate a and 8 from the equations
x=(asin®a+bcos?a) cos®B+c8ing,
y=acos’a+bsin’a, z=(b-a)sinacosa cosp.
(4) Eliminate 6 from the equations
z+a=u(2co86 —cos 260), y=a(2sm6—sin20).
(5) Eliminate @ from the equations
bcos?d+asin?d=0, Dbcos?(6+¢)+asin®(0+¢)=0.
(6) ZEliminate 6 from the equations
z=a (cos 6 + cos 26),
y =" (sin 6 + sin 26)
(7) Ehmmate 0 from the equations
(a+D) tan (8 — ¢) =(a — D) tan (6 + ¢),
a cos 2¢p+ b cos 20 =c.
(8) Elimmnate 6 and ¢ from the equations

ax b . . ax 1] Y
cos @ :-1ir::l‘3=az - cosp gx—n{p =ar-v
0—-p=3%m.
(9) Ehminate 6 from the equations
cos® 6 sin3 6

o8 (a—86)  min(a—36)
(10) Eliminate a from the equations
sing _  cosf 1
Bi-1" 28sin2 1+2B8cos 2a+6°’
shewing that B=tan} (r+26).
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MISCELLANEOUS I-{XAMPLES. LII.

1 It acos (0+ ¢)+bcos (6 -¢)+c=0,
acos (p+y)+bcosgp —y)+c=0,
acos (Y +6) +beos (Y -8) +¢c=0,
b -¢
then a?-02+2bc=0 or cos*d=cos*p=cos®y= a—+0:L ¢
(2) Prove that when
cos3 (a +60) + cos? (B + 0) + cos’ (y + 6) — 3 cos (a -+ 6) cos (B+ 6) cos(y + 6)
vanishes for all values of 6, then either
sin (B~ y)=sin (y - a) =&in (a — ) =0,
or cos (B ~y)=cos (y ~a)=cos (a — B) =~}
(3) Tiove that the equations

< 1) . y z N
z+-)sina=" + =4 cosa,
z z oy
< 1) . z x o
Y+ - )8ina= 4+ +c€0%°a,
v 2z
( 1) Ty ,
z+ sinta= -+ +cos"a,
z y b
are not independent; and that they are equivalent to
J:+y+z:E + -+ o SIN a,
Loy oz
(4) If a and 8 amrc the two values of sin 0 satisfying the equation
acos20+bsin20=c
2 _qe+ b
prove that a?+ ﬁ”:‘f—,ﬁb—+ b
(5) If s (8t a)=sin (¢ +a)=sinpB and
asm (0+¢)+bsm (0 - ¢)=c,
then either asin (20 +:28) == - ¢ or a ~sin 2a+bs28=c.
(6) Elminate @ fiom the equations
4 (cos a cos 0 + cos ¢) (cos a s1n @ + sin ¢)
=4 (cos a cos 6 + cos y) (cos a 8in § + s1n )
== (cos ¢ — cos ¥) (sin ¢ - sin y),
proving that cos(¢ —¢)=1 or cos2a.
(7) If x=2cos(B-+)+cos(f+a)+cos(f~a)
=2 ¢o8 (y - a) +cos{f+ B) +cos (§ - B)
) = —2co8 (a—pP)~cos(8+7)-cos (§~7),
prove that x=sin?¢, provided that the difference between any two of
the angles a, 8, y neither vanishes nor = a multiple of 2.
Y
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) sin (a+6) _sin (8+ 0{
sin(a+¢) sm(ﬂ+q‘)
differ by a multiple of .
) sin (a +6) + sin (8 +'v) cos (a+ 0) cos (8+6) _,
sin(a+@)  sIn(B4¢) cos(a+e) cos(B+e)
prove that either « and g differ by an odd multiple of 3w, or 6 and ¢
differ by an even multiple of .

prove that either a and gor 6§ and ¢

_ . _(«l_—a)(b-—c)
(10) If (A+B+C)=w and f (‘()bzAﬂ(d+a)(b+t)'
(d=b)(c~a) (d—c)(a-0)
9B = 42¢ = )
082B= i h)eva) 2 T ary)
then tand +tan B+tanC= 1.
(1) It cos a=cos 3 cos ¢p=cos B’ cos ¢',
and sin a =2 sin —gisin g ,
B g
then tans 5= = tan 5" tan 3
(12) If tan g= 0280 g tang= finesng
cos f—-cosa cosp+cosa

(13) If B and vy be two values of 8 which satisfy
zcoso+~1~ sin 0:1 ,
a b ¢

then a cospgyzbmnﬁ—;‘—y-—c cosﬁ—;—'y.

(14) Given «a®cosacosfB+a (simma+sng)+1=0,
a?cos a co8y+ a (sina+sinvy)+1=0,
prove that a?cos Bcos y+a (8in B+siny) +1=0,
and that cos a +cos B +cosy=cos (a++7),
B and vy being unequal and less than .

(15) If 6; and 6, are two values of @ which satisfy

cos f cos ¢ sinfsing =0,

1+
cos?a sinZaq

shew that ¢, and 6, if substituted for 6 and ¢ in the equation will
gatisfy it.
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(16) Solve the equations
cos (0 + a) =8irP¢ sin G,
cos (¢ +B)=sin ds8in a,
and shew that if ¢, and ¢, be the tw® values of ¢,

sin 23
tan (B4 + 62 = i B cosi faeci a
(1m It cos (a4 0)-+mecos 0 =mn,

n? cannot be greater than 1 +2m cosa +m".
(18) Eliminate 6 and ¢ from the equations

z cos b yﬁsino_l zcos ¢ ysiu¢_1

a b ’ a b !
0 —¢p="2a.
xt y? 2

ing t} A
proving that a* + b 1+4cos 2a

165
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GENERAL MISCELLANEOUS EXAMPLES. LIIIL

N.B.—For convenience in printing, some writers use n! to denote
1.2.38...n.

(1) A person walks from one end 4 of a wall & certain distance a
towards the West, and observes that the other end I3 then bears E.S.E.
He afterwards walks from the end B a distance (/2 +1) a towards the
South, and finds that the end A bears N.W. Shew that the wall
makes an angle cot~!2 with the East.

(2) A man on the top of a hill observes the angles of depression
a, B, v of three consecutive milestones on a straight horizontal road
running directly towards him; prove that the height of the hill is

2

3
60 ( . v .
1760 (cot.2 a — 2 cot? B + cot? 7) yards

(3) sm2(B+vy)+sin2(y+a)+sin2 (a+p)
=4gina sin @sin+y cos (a+B+7) +4 cos a cos B cos y sin (a+ B+ 7).
4) If 2a+28+2y=nm,
then sin 2 (8+7) +sin2 (y+a) +8in2 (a +p)
n-1
=2(-1)2 {1-(-1)"}cosacospcosy
n
+2 (- 1)} {1+ (- 1)"} sin asin Bsin 5.

log, log, N log,log, N log,log,b log, log,a

() N 2 = —2 = - 2
,J log, b ,\/ log,a J log,b \/ log,a

1 4 9 16
(6) l-§+»—'§+|z+'[?’_+ =e-1

() IfA+B+C=m, and
sin®0=sin (d - 6) sm (I3 - 6) sin (C - 0),
then will cot 6=cot A +cot B +cot C.
(8) Eliminate ¢ from the equations
(a+Dd) (x+y)=cos 8 (1+2sin%),
(a—b) (v~ y) =sin 6 (1 +2 cos?q).
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(9) If cos (6 - ¢) is a mean pro@rtional between cos {m — (0 + ¢}
and sin (6 + ¢), then
cosec 20 + sec 20 = cgsec 2¢ + sec 2¢.
(10) If A+ B+ C=90° then cosec 4 cosec B cosec C -2
=cot B tan C +cot C tan I3 +cot C tan A +cot 4 tan €
+cot A4 tan B+ cot Btan A.
(11) Prove that
2 cos a cos 3 cos
tan~! (ao:za Foostd +I3;:os?~;¥1 1>
+tan—![tan ¢ tan (¢ - a) tan (¢ - B) tan (¢ —y)]=tan 11,
where 20=a+B+7.
(12) If 4 (a+pB+7v)=m, prove that
cos (68 + 4y — 8a) + cos (by + 4a - 88) +cos (ba + 43— 8y)
=+4cos (5a— 26 —v) cos (538 - 2y —a) cos (3y — 2a - B).
(13) If 1-2%-y?-22=2ryz,
prove by trigonometry, that
/(L= 2 +y /(1= +20/(1 -2 =2 V{(L-2%) (1 -y%) (L-23).
(14) The formulac
@n+drta, M-+ (-1 (Hr-a)
represent the same series of angles.
(15) If 4 + B+ C=(2m+1)180° or 2m180°+ 90°, then
(sin 4 + cos A) (sin B +cos B) (sin C +cos C)=2sin 4 .sm B.smn D
+2cosdcosBB.cos C+1;
and if A+ B+ C=2m180° or 2m180° - 90°, then
(sin A +cos A) (8in B +cos B) (sin C+co8 C)=28m 4 sin B gin ¢
+2cos d cos Beos ("--1.
(16) Prove that if
b3 4 ¢% ~ 2bc cos a=c?+a® - 2cacos B=a®+ b - 2ab cosy=d*
and a+B+y=nr
then  d'—a®(a?+ 02+ c?) +at+ b4+t - e - % - a?%=0.
(17) If 8in 26 +8in 2¢=sin 2a, prove that the three expressions
cos 8 cos (a + ) sin 4 sin (a - ),
008 ¢ co8 (a + ¢) 8in ¢ 8in (a — ¢),
. 008 @ cos ¢ 8in @ sin ¢,
are equal to one another.
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(18) Prove that if a, b, ¢, d be' the sides of a quadrilateral, and 2w
be the sum of two opposite angles, the area of the quadrilateral is
(42 ~abed cosw),
where A is the area of a quadrilateral with equal sides but inscribable
in a circle.

cos (a+ B+ 0) cos (y+a+6)
1¢ —— = e N
(19) If 51 (a + ) cos’y ~ s (v -+ a) cos’ and B and y are unequal
then each of these fractions is equal to ?91(7_“*:&9). ,

sin (y +8) cos®a

sin (B+v) sin (y +a) sin (a +8)

4= on (B +) 008 (y-+a) cos (a-+ ) + sin%(at B )
(20) 1f /2 cos A =cos B +cos3 B,
A/28in A =sm B - sin3B,
then +gin (B - A4)=cos2B=3}.

(21) If 4cos (z~vy)cos (y - 2) cos (z— x) =1, prove that
1+12co82 (z—y)cos2 (y—2)cos 2 (z—x)
=4co8 3 (z—-y)cos3 (y—2) cos 3 (z —x).
@2) If
sin (8+4) — ksin (a+8) =sin (y+a) - ksin (8+3)
=gin (a+p) - ksin (y+3),
where a, 8, ¥ are unequal and each less than =, then will 4*=1, and
each member of the equations =0,
I & (B+ o) +cos (a+7) o8 (B+7) +cos (a+7)
o8 (8—a)+cos (a—7) ~ cos(y—p)+cos (a—7)’
sin B cos 8 1
cosy —cosa * e a—sm v sin (a-7)"

(23)

then

24) If z%co8 a cos B+ z (sin a +8in B) +1=0,
and z%c08 B8 cos v+ z (8in B+ 8in ) +1=0,
prove that 2%co8 y cos a + « (8in y +8in a) + 1=0.

(25) If Z+Yycosa+zsina=cos (B-7),

z+ycosB+zsin B=cos (y - a),
Z+y co8 y+z8iny=cos (a — f),
prove that z=4cos} (a-pB)cos} (3—7)cos} (y—a).
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(26) If a cosa+bcos;‘\+ccos'y=0.
wasina+b sin B+ ¢ sin y=0,
aseca+DsecBycsecy=0,

then at4 b4 4 ¢4 - 20%% - 2¢%a? - 2a2)%=0.
(27) If acosf+bsinfg+c=0,
acosg +Dsing +¢=0,
ca2=xax),

prove that either @ o1 ¢ must be of the form 4nmw + }r

(28) If m is a positive integer, then
1 1 1
cos (m+1) §=cosmé 2 cos 6 - Soosh - Denwf= ' cosdl”

where 2 cos 6 is repeated m times

(29) If 2s=x+y+z, prove
(1) tan (s—.r) +tan (s~ y) + tan (» - 2) — tan s
B 4 smzsiny sin z B
"1 —costr—cosly ~cos’z—2cosxcosycesz’
(1) tan (s -.)+tan~! (s —y) +tan~!(s - z) —tan~1s
o 16ayz -
(24 Y2423+ 4) - 4 (y22+ 22024 riy?)”

=tan!

s (9 —B) 8in (6 ~v) s (—+) s (0 —a)

®0) sin (a— B) sin (a—) s (8—+) siu (8- a)
sin (0 —a) sin (6 —8)
SN (y — @) 81 (y B

)

s (7 - a) sin (6 - B)
W (a—p) o1 (@~ 7) *om (B-7)sn (8-
sl (8 7
sin (y—a) sin (y= )~

(31) If a2, 2 c2?, are in A. ., then tan d, tan B, tan C are in u. p.

tanA4 tan DB
(37 1 tend _tanl ‘F‘—'z’_‘f and 4 + B+ C=180°, prove that

Y
each fractxon is equal to

smA.smB.C’(£+—]1+1 1_)_
x Yy z rdy+s
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(33) OI*+O0I?2+OL2+OL2{ 12R".
(34) Ifa, B, v are the radii of the circles OBC, 0Cd, O4B, then
c_n 40 b :_ ¢ _alc
BTy B
(85) 'The sides of a triangle are
wtay+y? 2ryiat, -yl
prove that the angles are 1n A.p., the common difference being

9 tan=-1 ~:”\/
2 tan (2'+J>

(36) AR (ryry+r g2 Fr) = (o) (1440 (r +1)

387 A=s? 2% cos 6 cos ¢ cos y, where
cos 20 =tan 1B + tan C,
cos 2¢p=tan 3C +tan }§ I,
cos 2y =tan} [ +tan §B.

(38) 4 (AA”+BB"?+CC"?) =38 (a*+¥?+¢7).
16 (BB'2. CC?+ CC"™? . AA"2+ AA™2. BB"?) =9 (V%2 + c?a® + a?b?).
16 (dA" + BB"+ CC"™*) =9 (a*+ b+ ¢¥). [Art. 129.]
(39) If «, b, c,dbe the lengths of the sides of a quadrilateral such
that one cizcele can be described about 1t and another inseribed 1n 1t,

then the radius of the latter circle 1s
2+/(abcd)
a+bte+d’

L=ycosZ +zcosY,
y=zcos X+xcosZ,
and that X + Y+ Z is an odd multiple of 180°, then

(40) Gaven that

' z=wcos Y+ycosX,
st a?
cos XU TE %
2yz

and
(41) If 4 +B+C=180° and

y8inC-zsin B
x -y cos C—zcos 3

z28in 4 — z sin «
Ty-zcosd ~zcos C’

9 2
&, y, # being real, then - win A sl; B sme’
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(42) In any triangle
R* (at+ b4 + ¢ — 2b%2 cos 24 — 2¢%a? cos 213 — 223 cos 2C) = 2a%b%c?.

(43) The radii of the escribed crzcles of a triangle are the roots

of the equation
Sa3+35 (2 - 8% ? + 5252 = 8%,

where 2X 18 the sum of the squares of the sides.

(44) 12RS=a’cos (B - C) + 1V cos (C — d) +ccos (4 - B).

(45) If O be a point within a triangle, such that 40, BO, CO are
inversely proportional to the sides BC, C4, AB; R, R}, R,, B, are the
radii of the circles described about A BC, BOC, CO4, AOB; then

2 1 2 1 , (2 1
(Rl- - ]E) l:a.nA_.<l?2 - -R) tan 1)_<-R; - Ti) tan C.

(46) ABC is a triangle in which the sides 4B, AC are equal.
Circles are described with centres A, B, C touching each other ex-
ternally. Prove that the distance between the centies of the cucles
that can be drawn touching these three circles is

gp (Loc0s B) (L-2cos B)
4-5cos B

(47) Perpendiculars OD, OE, OF to the sides of a tuangle when
produced backwards meet the circumscribing circle in P, Q, R; prove
that 4r (PD 4+ QL + RT)=2bc +2ca+2ab - a*- b? - ¢*

(48) If p), py, p, are the distances of any pomnt mn the plane of an
equilateral triangle, whose side is a, from the angular points, then

PP R0+ ptp) - oyt = pat = pt @ (p? 4 ) ) =t

(49) From the angular points of a tilangle ABC are drawn per-
pendiculars to the opposite sides and also lines bisecting the angles:
1f 6 be the angle between the two lines drawn from 4, and ¢, y be
coriesponding angles at B, C, prove that

1+cos0+cosp+cosy=4cos} (B - C)cost (C—d)cos} (4 D).

(50) On the sides of a scalene triangle ABC as bases similar
isosceles tiiangles are deseribed cither all internally or all externally,
and their vertices joined so as to form a new triangle A'B’C’, then if
A'B'C’ is equilateral the angles at the bases of the isosceles triangles
will be each 309, and if it is similar to A BC they are each

-] —
tan g
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(]
(51) Three circles touching e{ ch other externally are all touched
by a fourth circle including them all. If @, b, ¢ are the radii of the
mternal circles and a, 8, vy thq distance of their centres from that

of the external circle, then
By ya af\_, o B* ¥
2 (bc teata) tretpta
(52) Circles ae described on the sides a, b, ¢ of a triangle as
diameters; prove that the diameter D of the circle which touches
them externally is such that

(- 1)5 (2 1)é (2 1)i = (irs::)i'

(53) If O be any point and p,, p,, p, the reciprocals of the radii of
the circles circumseribing the thiee triangles OBC, OCA, O4B, prove
that
(@py+ bp,+cpg) (= apy +bpy+cpy) (upy = bpy+ cpy) (apy+bpy ~cp))

=a%p b, %,

(54) XLanes drawn parallel to the sides of a triangle ABC through
the centres of the cucles escribed to that triangle form a triangle
A'1B'C’, prove that the perimeter of the tiiangle A'B'C’ is

41 cot 34 cot $B cot }C.

(55) If BE, CF be the perpendiculars from B and ¢ on to the

opposite sides, and if I'E and BC produced meet in Q, prove that
2(QF2- QF?Y) =(BQ*- CQ?) (cos 2B + cos 20).

(56) If O be any point within a triangle ABC the sides of which
are abe, and if R, R, be the radii of the circles circumscribing the
triangles BOC, CO4, prove that

1 1 1 Isﬂj"72_72+°'2)
Rypa R~ Rey ( a? v/
where Od=a, OB=g, 0C=4.

(57) A chord is drawn cutting two concentric circles whose radii
arc as 1 : n so that the intercepted portions subtend angles 2a, 28 at

the centre; prove that the chord is divided at either point of inter-
section with the inner circle in the ratio

n?=2ncos (a+p)+1:n*~1,
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(58) A stiaight line cuts three cYncentric circles in A, B, ¢ and
passes at a distance p from their centre. The area of the triangle

lo‘t'med by the tangents at ABC is B—(’—L-(é—;l AB

(59) A polygon of 3n sides, which are «, b, ¢ successively, repeated
n times, is inseribed 1n a circle. 1f the angular points be 4, B, C, D, I,
ete., and the radius of the circle is denoted by r, prove that

ACr= Sac +20r s1n ™ 31)0 -+ 20r 81 m - {ab-f 2er sin °{
{ n nf n

(60) The tangent at the point of contact of the inseribed circle
and the circle of nmine points of the triangle A BC cuts the side 4C at
a distance from 4

bla=b)
a-2btc’

(61) tanw==As has an infinity of roots,

(62) The equation 6 =cos  has one and only one solution, such
that the value of 6 is less than }m.

(63) 8sin 44 sin 4B sin C is less than 1 except when the tiiangle
ABC is equilateral.
(64) If A+ B+ C=90° the least value of
tan? 4 +tan? B 4+ tan? C1s 1.
(65) If A+B+ (=90
tan? B tan? C +tan? C tan® 4 +tan® 4 tan? B

is always less than 1; and if one angle approach indefinitely near to
two right angles the least value of the expression 1s 3.

(66) If A+ B+ C=180 the least value of
cot? 4 +cot? B+cot? C is 1.
(67) In any triangle cos 4 +cos B+cos C is > 1 and not greater
than 3.
(68) sin 4 +sin B +sin C is never less than
gin 24 +&8in 2B +8in 2C, if 4+ B+ C=180°.
L. H. I 12
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69 2 _ 1 —————-/(l
(69) ( N T Y Cosa - 2cosa-"')
1 1
<2°°"ﬁ“'2"&sp’— 2cosf- ° )
—-— 1 —_— 1 -
2cos (a+p)~ 2cos (a+p) -

=2 cos (a+8)

(70) Prove by induection that
sin (a4 B+ +...n angles) =(8,Cp_;) — (S3Cu—g) + (S5Cpn_s) — ete.
cos(a+B8+y+ nangles)=(C,)~ (SyCp-g)+(S¢Cp-g) — ete.

where (S,C,,_,) stands for the sum of the products of the sines sin a,

sm B, siny . taken r together, each multiphed by the product of the
(n—~1) remaining cosines,

Shew that De Moivre’s Theorem is equivalent to these two
theorems.
(71)  Prove that if 1 13 an odd integer the two series
_n(n-1) + nn-1)(n-2) (n-3)
1.2 1.2.3.4 ’
S (n-1)(n-2) + n(n-1)(n-2)(n-3)(n-4)

1.2.3 1.2.83.4.5

are numerically equal, and if » is an even integer one of the two series
is zero.

1

3 1 1 1
D ), e e e I
(72) Prove that it~ 14z T icest 1-fz’
where -1, a, B are the values of (- 1)5, and deduce by writing
x=cos 26 +1 sin 20 that

3tan 30=tan 6 — cot (0 + §mw) - cot (§ - } ).

(78) If sin log (a + 1) =a+ 18,
then log sin (a' +2b') =a’ +if’;
when a’'=loga/(a®+0?), Y =tan™? l(: ,

a'=log\/(a?+ 6%, B =tan™? g .
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(74) By writing in the identity
1 1 1
(t-a)(@-b) " (a-b) (= -9 T (@=b)(z-b)’
cos 20 +,/(— 1) 8in 26 for z and similar quantities in terms of « and g8
for a and b, prove that
cos (20 + a + B) sin (@ — B) =cos (2 + 8§ + B) s1n (6 - B)
—cos (28+ 0+ a) sin (0 - a).

(75) Prove that
€08 (z +1y) =cos z cosh y — ¢ s1n 2 sinh y,
8in (z + ty) =sin x cosh y + ¢ cos x sinh y.

(16) If 2x=4cosacoshd, 2y=4snasinh, then

4

sec (a + 1b) + sec (a - D) @iy
. 4y

sec (a + 1) —sec(a—zb)=52+y2.

(77) One of the values of s~ (cos 6 +i sin 6) 18
cos™! (y/8in 6) +i sin—! (y/sin )
when 6 13 between 0 and 3.

(78) Reduce tan-!(cos 6+ 8in6) to the form 4 +1:B, and hence
prove that cos6 - 3cos30+}cos50 - ==}w; the upper or lower
sign being taken according as 6 is positive or negative.

(79) If w is an imaginary cube root of -1,

zcosa+ucos (a+g) + w?cos (a+23")$
tcnsﬁ+wcos </3+§)+w’cos (ﬂ+%;~r)g

=%$cos(“+")+"’°"s (“+ﬂ+g)+w’cos (a+ﬂ+2.-,;)$ s

and deduce the value of

"
3cosa+wcos (a+§)+w*cos (a+23-—'-)2 .

when n is & positive integer.
(80) Prove that the real part of one of the values of (1+itang)—i
is & cos (log cos §).

12—2
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(81) (a+1)*** will be wliolly real or wholly imaginary e.coord-

ing a8 38 log (a?+?) +a tan™! Z is an even or odd multiple of §.

(82) Prove that all solutions of the equation sinhz=sinha are
included in the expression x=uim +(-1)"a wheie n is any integer,
positive or negative.

(83) Prove the following rule for finding the length of a small
circular arc; to 256 times the chord of one-fourth the arc add the
chord of the arc; subtract 40 times the chord of half the are and
divide the remainder by 45.

(84) 1If two sides a, b and the mcluded angle C of a triangle are
given, and a small error § exists in C, the corresponding error in R ig

43a cot 4 cos I cosec C.

(85) If the umit of measurement be a right angle, find the limit of

ta_nt%s_mpﬁ a8 6 is indef. diminished.

(86) 'The limit when n is indefinitely increased of

a . 3a\" 3a
cos~+8in— ) 1se .
. n n

(87) If gl—l;;g Zgi , then =50 nearly.

(88) If #=4r nearly and n is > 1, prove that

n—-1+(n+1)siné

1
3 n_ -
(sin 6) “n+l+4(n-1)8iné

nearly.

(89) If cos! oy pr cos! ﬁ:y, and b and z are both small

compared with a, then

asin?y 20 \?
=3 (1 inty ) nearly.

a 8111

(90) If in the equation
1 1
cota, +cotay ' cotay +cot a,
‘the angles a,, ay @, a, are all nearly equal, thén one value' of 6 is
very nearly } (a, + ay +az+ay).

tan 0=
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(91) 06 differs from tané by Ic‘s than §tand, 0 being ,lemsI

w
than i

L
tan®d - sinh?a _ coth?a sin24 - 1 x sinh%a
tan?d —sinh?8 ~ coth?Bsn?0-1 " sinh?8’
(93) sin(a—2nB8)+sinf{a-2(n-1)g) +sin{a-(2n-2)B} +
+8in {a+2nB} =sin a cosec 8 sin (2n+1) 8.
(94) tana tan (a+B)+tan (a+pB) tan (a+28)+

+tan {a+(n-1)g} tan (a+ng)= fan (e £19) taf?; = t&ﬂﬂ

(92)

(95) sec asec(a+pB)+sec (a+ B)sec (a+28)
+8ec (a + 2B) sec (a +33)
+ .. to n terms
=cosec 8 {tan (a +np) ~ tan a}.

(96) Sum the series to n terms and to infinity

tan! i +tan~! S +tan™! _-— 8.
1+3.4 1+8.9 1+15.16°
(97) tan~l'§+tan~!}+tan"! A +tan~l Jr 4+ . to n terms
n
—tan—! —_
=tan ek

(98) Sum to n terms the series
1.tan 4. sec 20 + sec 60 . tan 20 sec 30 + sec 20 tan 360 . sec 46 +

(99) (1 + sec 20) (1+ sec 46) (1 + sec 86) .. (1 + sec 2"6)

tan 2" 6

= tang
2cos2"0+1

D - 0 DY n~—1
(100) (2cos6—1)(2cos26-1). (2cos2"10-1)= 2008 041
(101) Sum the series
gin 6 38in 36 324in 824
. to n term:

Jcos6+1 " Seos30+1 " FeosFH+1 "
(102) The nt* convergent of
1 1 1
2tana+ 2tana+ 2tana+
(tan a+sec a)” - (tana - sec a)*

(tan a + sec @)™ — (tan a — sec a)vFl *

ete , is
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(103) The sum of n terms (f,.' the series
cosa  cosla
cosa  ¢sia

(104) Sum the series

log (1 -2 cos) +log (1 — 2 cos 26) + log (1 ~ 2 cos 226) +ete.

+..=0,if na=m.

to n terms.
8sinr-smndr 3 8in 3x — sin 3% i_s_in 3%z - sm 3z
(105) = ess Beosdtr 32cos 3tz o
tan 3
ton terms:g(ﬁ%n—f—t n:c) .

(106) The roots of the equation
43 +822~19c+8 =0

are sin? 3w, 8in? ¢ 7, sin?§r.

(107) Solve the equation 23+ 22— 2z —1:=0.
[Result. 2cos$w, 2cos$r, 2cosfm.]
(108) (z -2 cos ) (x—2cos$m)(z—2cos g)(c—2cos§m)
=g+ 223 ~-22 -2z +1.
(109) The sum to n terms of the series
12co8 2a + 2% cos 4a+32cos 6a+  to m terms

_n3sin(2n+1)a  n cos2na i sin 2na . cos a
T 2 7 gina 2 ginla sind

(110) Sum the series

+ 9 8in26 67 sin3¢ 6’ sndé adinf.
1% "1 2sin? 9V 1.2 8 sinte™ '

(111) Sum to n terms
(i) 1+esina+e?sin 2a +etc.

(ii) tan ¢

[} 0
3 sec 6+ tan g3 Bee 5 +ete.

2

(112) Bum to infinity

71{].1%1_)““ 2a+n(“+1)(n+2)sm 3a+...

nsina+ ~2§
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(113) Prove that

1-h?
I 2 .
T=heos® jo+ (1107 sint 4o 1+ 2h cos z + 2h?cos 2x + ete

(114 1 @ 412 sinag -y (227) sine20
Oga2c08“0+b-sm‘0 ato™ 4 a+d m

_D\3
+3 (Z;—I;) sin236—etc.}

FAR o .
(115) 1+37+61+ =1{e*+2c-1* cos } (zA/3)}.

(116) The roots of the equation
" 8in na — nz™~1 sin (na + B) +n(7; 1 ~ " 3gin (na+28) - .=0

are given by x=sin (a+p — A¢) cosec (a — kp) where k has all integral
values from 0 to n—1 and ngp=mw.

(117) Find the general value of 6 which satisfies the equation
(cos 6+ 8in §) (cos 20 +18in 26)  (cosnf +isinn)=1.
(118) When = is even and if ngp=m,

n
2,

tanatan (a+¢) tan (a+2¢) tanf{a+(n—1)¢}=(-1)
(119) When m is odd

T 2m
tan m¢ =tan ¢ cot <¢ + ‘Fni) tan (¢ 4 2m) .
m-2 m-1
cot (¢+ Py w) tan (¢+ S -,,-) .
2 ir
(120) tan 6+ tan n + 6 ) +tan . +0)+

m-1 msin mi
+ tan - +0) = e
1"’ 'm
cosmb — S, (-1)2

where S,,=3% the sum of the m™ powers of the root of equation
-1=0.

(121) 1¢ 0_27_-“,

2" cos 0 cos 20 cos 220 cos 2%10=1.
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(122) If a, b,c, . arethe rffl)ts of the equation
2" = Pyl 4 Pt - pat= +eto.,

then tan~la + tan='h + tanele 4+ =tan"1 L TITOS T
(123) Prove that
e+ e m=2(1+22) {1+ (DN {1+ (DY

(124) The sum of the products of each pair of the reclprocals of

the fourth powers of every positive integer is - 14;!
y_ 2 2 2 2 2.2
(125) = ey iy Tsry 5"+'J+5""U Sty
2 2 2
(126) cot v_2 2

27y Om-y Urty dr-y Iy
(127) Prove that the coefficients of 6% and 6+ in the expression
fo(1-2) (1= 2). 1y {(a- ‘_‘i’ _Ae
1o (1 1- ) 1 s E
vanish; explaining & priori why they do so.
(128) Having given the formula

sin0=0(1— —)( e 2)

deduce the expression for cos 6 in factors

’

(129) The coefficient of z* in the expansion of

T z . win
g ) (1+=)...i8—- .
(1+=z) (1+2a)( +33) 15(2n+1)!

(130) By putting axia for § in the expression of sin 6 in factors,
prove that
2a2 2
tan-1 —1}(:;—44;&11-1 2a? 522:2+ . .ad inf.

DR +tan—!

=}r~tan~! {tanh a cot a} + nm.

(131) If a series of points are distributed symmetrically round
the circumference of a circle, the sum of the squares of their distances
from a point on the circumference is twice that from the centre.
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(182) If 4, Ay, Ay, ... Agyy, pre angular points of a regusr
polygon inscribed in a circle and O any pont in the circumference
between 4, and 4,,,,, then the sum of the lengths

Ody+Odg+OAg+. .+ Odyyy=the Sim OA,+O0A,+ Odg+ +Odgy.

(133) If from a point P straight lines PB,, PB,, ... PB, be drawn
to the middle points of the sides of a closed polygon 4,4, .. 4,,, and
if the angles PB,4,, PB,4,,..PB,d, be denoted by «;, a;, .a
respectively, and the triangles PA,4,, PA4,4;, ... PA, A, by A}, A,,
A,,, prove that

"

A cota,+A,cotap+. .+ A, cota,=0.
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EXAMINATION PAPERS.
"

J. Sanpuurst—FurTHER. Nov. 1882,

1. Name and define the trigonometrical ratios. Prove that
sec? 4 + cosec? 4 =sec? 4 cosec? 4.
If the cosecant of an angle between 90° and 180° is 3—5 , what is the

secant? And if the cosine of an angle between 540° and 639° is - §,
what is the cosecant ?
2. Prove the following identities:—
L (8in24)?=2cos? 4 (1 - cos 24).
il. 2cosec4d +2cot 44 =cot 4 —tan 4.

iii. 2tan"‘{+tan—‘,}+2tan—1§:; .

3. In a plane triangle ABC prove that—
i. tand tan B tan C=tan 4 + tan B+ tan C.
ii. asind +bsin B+c¢sin C=2 (acos 4 +Bcos B+ vy cos C),
where abc are the sides and afy the perpendiculars let fall on them
from the opposite angles respectively.

4. Prove that the area of a triangle
=} a®sin 2B +} b?8in 24 ;
and if R, r are the radii of the circumseribing and inscribed circles
Rr= 2
4(a+b+c)’

5. Given log 1;=-0791812 and log 2% == -3802112, find the value
of /(3 6)x % +./843, the mantissae for 46929 and 46930 being
6714413 and 6714506.

In a triangle ABC, b=14, ¢=11, 4 =60°; find the other angles,
having given L tan 11° 44’ 29" =9°31774.

6. A measured line is drawn from a point on a horizontal plane
in a direction at right angles to the line joining that point to the base
of a tower standing on the plane. The angles of elevation of the
tower from the two ends of the measurcd line are 30° and 189 Find
the height of the tower in terms of [, the length of the measured line.
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II. WooLWICH—FPRELIMINARY. June, 1882.

1. Prove that the angle subtengled at the centre of & circle by an
arc equal in length to its radius is an invariable angle.

One angle of a triangle is 45%, and the circular measure of another
is 14, Find the third, both in degrees and in circular measure,

2. Define the secant of an angle, and shew how your definition
applies to angles between 180° and 270°.

If sec 4 =~ 2, what two values between 0° and 360° may 4 have?

3. Obtain a formula embracing all the angles which have a given
tangent.

Determine all the values of 8 which satisfy the equation ;
V3tan?0+1=(1+,/3) tané.

4. Find an expression for tan 34 interms of tan.4. Shew also

that tan 34 tan 24 tan A =tan 34 —tan24 —tan 4.
5. Prove that sIn 18":\/:;— ! ,
and that 8112 309 =s8in 18° 8in 549,

Shew that in any circle the chord of an arc of 108° is equal to the
sum of the chords of arcs of 36° and 60°.
6. Demonstrate the identities—
(1) (cosecd +secd)?
cosec? 4 + sec? 4
(2) 8in34 =4 sin.{ sin (60°+ 4) sin (60° - A).
(3) 4 (cot '3+ cosec™!,/5)=m.
7. What are the advantages gained by the use of logarithms cal-
culated to the base 10?
If log,,2="30103, find the logarithms of 5, y}s, and 4~/T)0~5, to
the base 10.
8, Prove that in any triangle- -
(1)  2bccos 4=0%+c?-ad
(@) 1toos(d-BleosC_a’+l*
1+cos(4-C)cos B~ a¥+¢?

=1+s8in 24.
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If r, be the radius of a circlgtouching the side a of a triangle
and the other two sides produced, shew that—
7, €os 4=aqos£cos ¢
12 2 2"
If a be the side of a regular polygon of n sides, and R, =, the radii
respectively of 1ts circumseribed and inscribed circles, prove that
T
o’
10. Two sides of a triangle, which are respectively 250 and 200
yards long, contain an angle of 54°36’ 24",

R+r=%acot

Find the two other angles, having given
L cot 27°18' =10-2872338, diff. for 1'=-3100;
L tan 12°8' 50" = 9-3329292; log 3 ="4771213.
11, The eye of a soldier in & straight trench of uniform depth is
2 feet above a level plain on which he sees two men standing in the
same straight line as the trench; the parts of their bodies above the
level of his eye subtending at 1t the angles tan= 00416 and tan=1-004.
On walking 200ft. towards them in the trench he notices that the
height of one exactly hides that of the other; and, on approaching
596 feet 8in. closer still he finds that the portion of the height of the
nearer above the level of his eye subtends at it 45%. Find the heights
of the meun,

III. WooLwicH—PRELIMINARY. Dec. 1882.

1. Shew how to express in degrees, minutes, and seconds, an
angle whose circular measure 18 known.

Find, correct to three places of decimals, the radius of a cirele in
wlhich an arc 15 inches long subtends at the centre an angle containing
71°36'3:6". (r=3-1416.)

" 2. Define the sine of an angle, and prove that
. 8in 4 =sin (180° - 4) =sin { - (180°+ 4)}.
Write down formul including all angles which satisfy—
(1) 2sind=1, (2) 2sn?4=1.

3. Prove that cos (4 +B)=cos Acos B —sin 4 sin B, and deduce
expiessions for cos 24, cos 34 1n terms of cos 4.

4. Given cos 4 =28, determine the value of tan 44, and explain
fully the reason of the ambiguity which presents itself in your result.
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5. Prove that (

(1) tan 6+ cot 6=,/{sec? 8 + cosec?6}.
(2) sec 8-tan 6 =tan (}= - 40).

(3) cos 20"+ cos 100° + cos 400 = 0.
(4) cos714}+2tan~1}==gin"'3.

6. State and prove the rules by means of which you can determine
by inspection the integral part of the logarithm of any given number.

Given log 4-96 = 6954817, log 4:9601 =-6954904, find the logarithms
of 496010, -000496, and 49600-25.

7. Shew that n any plane triangle «=0cos C +ccos B.

If c=w2, A=117° B=45% find all the other parts of the tnangle.

8. Find the greatest angle of the triangle whose sides are 50, 60,
70 respectively, having given

log 6="7781513, L cos39°14 ==9-8890644, duff. 1’=1032.

9. Express the area of a tiiangle in terms of one side and the two
angles adjacent to it.

Two angles of a triangular field are 2239 and 45° respectively, and
the length of the side opposite to the latter is a furlong. Shew that
the field contains exactly two acres and a half.

10. Find an expression for the diameter of the circle which
touches one side of a triangle and the other sides produced.

If 4, d,, dy be the diameters of the three escribed circles of a
triangle, shew that d\d,+d.d, + dyd, = (@ + b +c¢)>

11. A man standing at a certain station on a straight 'sea-wall
observes that the stiaight lines drawn from that station to two boats
lying at anchor are each 1nclined at 45° to the direction of the wall,
and when he walks 400 yards along the wall to another station he finds
that the former angles of inclination are changed to 15 and 750
respectively. Find the distance between the boats, and the perpendi-
cular distance of each fiom the sea-wall.

IV. Unxiversity oF CAMBRIDGE LocAL EXAMINATIONS.
Junior. Dec. 1886.

1. Prove that the angle subtended at the centre of a circle by an
arc equal to the radius is the same for all circles.
Express the angle as a fraction of a right angle.
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’2, Define the sine, cosine andftangent of an angle. Prove that
these trigonometrical ratios are always the same for the same angle.

Find these ratios for an angle of 45°.

3. Prove that cos (4 + B)=cos 4 cos B —sin 4 sin B.

Prove that the sum of the cosines of two angles is equal to twice
the cosine of half their sum multiplied by the cosine of half their
difference.

4. Prove the following relations

tan 4 +tan B
1-tanAtanB"
(2) (L+sinA+cosd)?=2(1+sin4)(1+cos )
@) sin 34 +8in 54 -
cos 34 —cos 54

(1) tan (d+B)=

cot A.

5. DProve that the logarithm of the product of two numbers is
equal to the sum of the logarithms of the numbers.

Having given log 2=-3010300, log 7= 8450980, find the logarithms
of (1-75)3, (24:5) %
6. Prove that in any triangle A B¢
(1) a=bcosC +ccos B.
(2) 2bccos A4 =b+c3 -
7. Shew how to solve a triangle when one side and two angles are
known.
Find the side b in the triangle ABC from the following data
a=156-22, B=57°25, C=63°42,
log 15°622 =1-1937366, L sin 57°25'=99256261,
log 15-37552=1-1868297, I.sin 58°53'=99325330.
8. The angles of elevation of the top of a tower on a horizontal

plane observed at two points distant a feet and b feet respectively
from the base are found to be complementary. Shew that the height
of the tower is \/ab feet. If 6 be the angle subtended at the top of the
lower by the line joining the two points, prove that

a~b

8inf=-——r7o©.
a+l
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V. UntversiTy oF CAMBR¢DGE LocAn, EXAMINATIONS.

Senior. Dec., 1886.

1. Explain the method of meadhring angles in circular measure
and find the circular measure of the angle of a regular pentagon.
tan® 4 cot3 A 1-2sin? 4 cos?d
T+tan?4 T11cotPA~  smAcosd

2, Establish the identities :

3- 4co824 +cos 44
3+4c0824 +cos4Ad’

{2) sin 4 —sin B=2sin '4—2—12 cos '-4-;—1' .

If A+ B+ ¢ =180°, shew that

Prove that

(1) tan*d=

2~

3. Find an expression for all the angles which have a given sine.

4
(sin B - sin C) cot = 5t (8in ¢ - sm A) cot +(sm A -8 B) cot

Solve the equations -
(1) cosd+tan @ =sec. (2) sm 6 —2sm 26 cos 6 + cos 30 =cos 26.
4. DPiove that in any triangle if a, b, ¢ be the sides opposite to the
angles 4, B, C

gind sinB sinC r
(1) T oy T e (2) cosA+cosR+cosC=1+R,
where r and I are the radii of the inseribed and circumscribed cixcles
respectively.

If the line joining A to the centre of the inscribed circle meets the

opposite side in 1), prove that
b+ 4
tan ADB = — =
an B = Py tzm R

5. If 6 is the circular measure of a positive angle less than a right
3
angle, shew that sin 6 lies between ¢ and 6 —-%

Find the limiting value of ( sin f) when 7 is indefinitely in-
creased.

6. Prove that, if 6 lie between - i T and -

f=tan 6 -3} tan‘0+4}tan’0 -

Shew that log (a+b 4/ —1) =4 log (a?+ b?) +,/ =1 tan~? I; .
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VI. Maruematicarn Trieos, Part 1. June, 1882.

1. Explain the different meiods of measuring angles.

Find the number of degrees in each angle of a regular polygon of
n sides (1) when it is convex, (2) when its periphery surrounds the
inseribel eircle m times.

Find correct to ‘01 of an inch the length of the periphery of a
decagon which surrounds an inscribed circle of a foot radius three
times.

2. Prove geometrically the formula
cosa+cos B=2cos} (a+p)cos }(a—p)
Prove that
2 cos(a— B) cos (6 +a) cos (8 + [B) +2 cos (8 - v) cos (6 + B) cos (0 +7)
+ €08 (y - a) cos (6 + ) cos (6 +a) - cos 2 (0 +a) —cos 2 (6 +B)
-cos2(0+v)-1

18 independent of 6, and exhibit 1ts value as a product of cosines.

3. DProve geometrically the formula

o= e
Prove that 1if a, B3, 4, 8 be four solutions of the equation
tan (6 + 3w) =3 tan 30,
no two of which have equal tangents, then
tan a + tan 8+ tan+y +tan 6 =0,

and tan 2a + tan 28 + tan 2y + tan 26=4.

4. Prove that in general the change in the cosine of an angle is
approximately proportional to the change in the angle.

Prove that if in measuring the three sides of a triangle small errors
z, y be made in two of them a, b, then the error in the angle C will be

- (:E cot B+ycotA>.
a b }

and find the errors in the other angles.
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5. Prove that in any triangle « cos B+Db cos A=¢, and dedud®
the formula c?=a%+ 02—~ 2ab cos C.

Prove that if O be the centre of ghe circumsciibing circle of the
triangle ABC, the sides of the triangle formed by the centres of the
three circles BOC, C0OdA, 40B will bo proportional to

sin24 : sin 2D : sin2C.

Find the angles of the new triangle correct to one second when the
sides of the triangle A BC are 1n the ratio of 4 : 6 : 7.

6. Find the radius of the inscribed circie of a trangle in terms
of ono side and the angles.

Prove that if P be a pomnt from which tangents to the three
eseribed cucles of a trangle ABC are equal, the distance of I’ from
the side BC will be

L(b+c¢)sec )4 smiBsin ¢

VII. Oxronrp anp Camsripar Scnoons KxamiNarion. Kton, 1883.

1. Given w=3'1416, find the number of degrees i the unit of
circular measure of angles.

2"an~, , find tan 0, cos 26.

2. If sing= " --
mé+n

3. DProve that all angles included 1in the formula 2nmw + a have the
same cosine as a.

Solve the equation cos 6+ /3 sin 6 =2.

4. DProve the equivalents :
(1) sec? 0 +cosec? § =sec? 0 cosec*d,
(2) cos @ —cos30=(sin 30 — s1n @) tan 26.

5. ABC is a triangle right-angled at 4; BD meets AC in D: find
AD in terms of CD and the angles ABC, ABD.

L. I T. 13
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« 6 Shew that in any trianglg

(1) co:-'.bfi:\/gs(slfc_(")g;
4

b—e
2 ani (B -()=— 3
(2) tan}(B-C) i ccot_,l.

3) (b-e)cotdd+ (¢ —-a)cot 3B+ (w- ) cot 3¢ =0,

7. Tind an expression for the radius of the circumseribed cirele
of any triangle in terms of the sides.

The bisector of the angle 4 meets the side BC in D and the

2
circumseribed circle in . shew that DIa‘:a soc 34 .
2(b+c¢)

8. If the ratio of two sides of a trangle is 21 /3: and the

included angle 18 60°, find the other angles.

9. Shew that cos ;0; +/(-1) sinz 18 one of the values of

1
\ {eos 0 +4/(- 1)sm 0},
» being a positive integer  What are the other values?
10.  Sum the series
(1) cos 0+ cos 20 +cos 30+ . to n terms ;

(2) smé+}rn 20+ Ysin 36 + to infinity

VIII. Oxrorp anp Camsripar ScHoons XAMINATION.
For Certificates, 1885

1. 'What is indicated by = ?
‘What is meant by ‘the angle =’?

The angles of a triangle are in A. P’., and the ratio of the circular
measure of the least to the number of degrees in the mean is 1 to 120,
Find what multiple of a right angle is the greatest angle.
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2. Define the tangent of an angl¢.

Prove that the tangent of a given angle has a single definite value.

Find tan 30°, tan 90°.

3. Prove geometrically that

cot A cot B+1
_py=or4 i+ i,

(1) cot(d-B) cot B-cot A’
A+B_ A-B__ 2sinB
2 2 " cosd+cosB’

(2) tan
when A and B are each less than 90° and 4 is greater than B.

‘What is the relation between A, B, and C when
cot I3 cot C +cot C cot A +cot A cot B=1?

4. Prove the following statements :
(1) sin 1108in @ + sin 76 sin 30 =s1n 80 8in 46,
(2) 4cos®d —4smB.{=4cos24d - sm24 sindd;

(3) cos(r-y—-z)+cos(y—z—-x)+cos(z—x-1)
~4 cosx cos y cosz vanishes, when z+y+2z 18 an odd
multiple of a right angle.

5. Shew that, when two sides and the angle opposite one of them
in a triangle are given, there may be two possible values for each of
the other angles, or one, or the triangle may be impossible ; distin-
guishing botween the several cases.

Given that 4=50° b=1071, a=873; and that
log 1-071=-029789, log 8:73="011014,
L sin 50°=9-884254, L sin 70°=9-972986,
Lgin 70°1'=9-973032; find B.
6. What is meant by sin—?x?

Prove that sin (4 sin~!a) has four values for one value of a less
than unity.

13—2
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© 7. Prove that, 1f tho inscribtd cirele of a triangle touch the sides

opposite 4, B, C 1n D, I, F respectively, the square of the area of the
triangle is equal to the produ::t of BD, CE, AF multiplied by their
sum.

Prove that in any triangle with the usual notation

be ca ad b ¢ ¢ a a b,
4 =2RI- 4+ b+ B
rnorpg 1 a a« b b ¢ ¢

8. Write down the expansion of «* n ascending powers of z, and
deduce from it the theorem

log, (1-+a)=u — ja*+ 33 - ete.
Find the limit, when z is infimtely dimimshed, of
¢ ~1+log. (1-2)
sind x :
9. Prove that, by giving to r the successive values 0, 1, 2,
(q - 1), we obtain q different values of the expression

at2rmr

2 .
%a+— ”r+,\/(—-1)ﬂm - e

€os
and that, whatever integral value we may give to », we cannot obtain
more than ¢ different values, ¢ being any integer

10. Sum the series:
(1) sin 2a +sin 5a +sin 8a 4 eto to n terms
n(n-1)

(2) sin 2a+nsin ba+ i sin8a+ . ton+1 terms,

IX. Oxrorp aAND CAMBRIDGE ScioolL EXAMINATIONS,
For Certificates, 1886.

1. Explain the reasoning by which it is shewn that an angle may
be measured in circular measure.

An observer who wants to determine the angle which the are of a
circle subtends at the centre makes an error of one-fifth of an inch in
measuring the arc. The radius of the circle is 100 feet. What is the
error in seconds in the angle so determined ?
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2. Define the tangent and cosecent of an angle; and express ofe
1 terms of the other.
Trace the changes in the sign and magnitude of tan 4 as A in-
creases from 0° to 270°.
3. TFind the value of sin 18°,

Points 4, B, C, D aie taken on the citcumference of a circle so
that the arcs 4B, BC, and CD subtend respectively at the centre
angles of 108°, 60°, and 36°. Shew that

AB=DBC+CD.
4. Prove geometrically the following formulw:
(1) cos2a=cos?a-sun’a,
(2) tana+tanB—(1 - tana tan B)tan (a+B).
5. Prove the following identities :
(1) sin 60°=4 sin 20° sin 40° s1n 80°,
(2) sin (a+p) cos B~ sin (a++) cos y=sm (3 —7) cos (a + S +7),
(3) sin a+smpB+siny -sin (a+B+7)
=4sm ) (B+y)sin} (y Fa)sm § (a-+p).
6. DProve that the sides of a tiiangle are proportional to the sine
of the opposite angles.
Three elements of a triangle arc
a=2, b=1, 4=48°20".
Find the 1cmaiming angles, having given
log 2 =0-30103,
L sin 48° 20" =9-8733352,
L sin 21° 55’ = 95720087,
L s 21° 56’ =9-5723226.
7. Fmnd an cxpression for the radius, R, of the circles cicum-
scribing a given triangle.

Shew that the radius of the ciicle inscribed in the triangle formed
by joining the feet of the perpendiculars from the angles on the
opposite sides is equal to

2R cos 4 cos 3 cos C.
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8. Shew that the height of a tower standing on a horizontal
plane may be determined by observing its apparent altitude at any
place in the plane whose distance from the base 18 known.

What place should be chosen for making the observation, so that
if a small error be made in observing the altitude, the ratio of the
crror in the calculated height to the height inay be as small as
possible ?

9. Prove that cos 17; 0+a/ =1 sing 0 is one of the values of
»
(cos 6+ o/ —1gin 6)".
Write down the other values.
Find all the sixth roots of 8.

10. Find the sum of n terms of the following series

(1) sin 6+ 8 (6 + a)+sin (6 + 2a) +
(2) sin6+2sn (0 +a)+3sin (6+2a) +

X. Curisr’s Cuurch, OxForp, ENTRANCE ScHoLAmrsHirs., 1883,

3
1. Prove geometrically that 0 >s8n6d >0 — ¢ 3 6 being less than a

right angle.
2. Prove the identities

_cotdcot3 -1
() cot(d+B) = ot B

(1)  (co8d +s1md)(cos 2.4 +8n24) (cos.d - sin 34)
Zcos 24 cos 44.

(i) 26 (cos®A +s81n84) == cos 84 + 28 cos 44 + 35.
(1v) 2cos (ncos™lz) = (x+ /T - 1)r4 (¢ — A/ - 1)

, geometrically.

3. Shew that
m m-n m-n\* m—n\° )
log, — =2 % —— —_— — .
) mint? (1n+n) +1 <m+n> toy

Having given that log, 3=1:0986, find the value of log,, 3.
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4. Eblminate «, 8 from the equations

z=(asin?a bhcos?a)cos®B+csn?B, y acos?a+bsin?a,
2=(b— a) 8in a $os a cos 8.
5. If circles can bhe both described about, and inseribed in a

quadiilateral, whose sides are a, b, ¢, d, and the angle between
the diagonals 6, then
ac ~bd
0=cos1 22"
e Get bd

6. Solve a tiiangle, having given the base «, altitude I, and the
difference of the angles of the base a.

Account for the two values obtained for the vertieal angle, and
shew which of them 15 possible.

7. Shew that 1 a plane triangle
(i) Z(b-c¢)(s-a)cosd=0
(i) 4R=r,+r,+r.—1.

C c ¢ \* e \?
) St g +3 (= 2841 ( —=) sin3B-
(xi1) 3T 4t smnB+3 <”+b> sin 2084} <a ; b) s 308+

8. The tuangle A'I’'C’ cucumseribes the eseribed circles of the
plane triangle ABC; shew that
B'C’ cLl A'B

acosd beosDB ceosC°

9. If K be the centre of the nine-point cirele of the triangle .LBC,
then 44K%= R2+ D%+ —a?, where R 1s the radius of the circum-
seribing ciicle.

10. If cos (04 ¢ o/ —1)=cosa+ N “1sma, and a, 6, ¢ aro1cal,
prove that tan®g—tun?a=sin?0 scc?a, and find a relation between

0 and ¢.
11. Sum to infinity the series—
(1) cosatan¢— }cos3atan’ ¢+ {cosfa tan’p
) (-sh-ya-shapa-sh

1 1

i) -t S, -
( P Famt 2t g2
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XI. Sr Joun’s CoLukuk, Camsuivak. June Lxam,, 1879.
«

1. Explain the method of measunng angles by degrees, minutes,
&c.

The numerical measures of the angles 4, B, ¢ of a triangle when
referred to umits 19, m®, n’, respectively, aro 1n arithmetical progres-
sion, and when referred to umts p% ¢’, 1° respectively, they are in
geometrical progression. Find 4, B, C.

2. Define the sine and cosine of an angle, and prove that

sin? A 4 cos®Ad =1

If cos?d +cos B=1=sm*d + s B, find 4 and L.

3. DProve geometrically that

(1) sin2.4=28in 4 cos A,

sin 24
2) tanAd=.- -~ .
(2) tan 4 1+cos 2.1
If 0:27:;—1 , brove that

2" cos 0 cos 20 cos 220 cos 2"719=1,
4. Prove that
cos 4 +cos B=2cos § (A + DB)cos § (4 - D)

Tind 0 and ¢ from the equations

cosa {cosa+ cos (a+ 6)}=cos B {cos B+cos (8+ ¢)},

cos a {sin a + sin (a + 6)} =cos B {sin B+ sin (8 + ¢)}.
5. If 9 be the circular measure of an angle less than a right angle,

prove that siné, 6, and tang, are in ascending order of magnitude.

If the unit of measurement be a 11ght angle, find the limit of
tand - s 6
0.{

as 0 is indefinitely dimimshed.
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6. Iixpand log, (1+x) in a series of powers of r

Piove that
2 (cos A + 1eos™t + } cos™4 ) —cos? 3t —sin®y 4 -+ {(cost § 4 - sin* }A)

+3(cosbhd — sin®3d)+. ...

7. In any triangle the sides are proportional to the sines of the
angles opposite to them.

Through the angular pomt C of a triangle ABC is drawn any line
CMN on which are dropped perpendiculars A M, BN. Prove that

MN = AN cot B ~DBN cot 4.

8§  Express the sine and cosine of half the angle of a tilangle in
terms of the sides.
If ABC, A'L'C' be two triangles, such that
l1+cosd 1+cosB  1+4cosC

a’ - v - ¢! ’

prove that tan YA tan 3 4'=tan{ Btan} B'=tan 4 Ctan § ¢,

9 (ave the foomule for the solution of a tiangle in which one
angle and the containmg sides are given.

If C=419 a=431t, b=11ft, find A and !

Having given
log 2= 3010300, log 8 — 4771213, L tan 229 6064096,
L tan 34717 - 9-8336109, L tan 31" 19'=98338823.

10 Enunciate and prove De Moivie's theorem

1t n be equal to 3m+1, prove that

oy fn(-1) _m(n-1)(n-2)
(= D
4 3n<__”_-_¥)_<1;_1—_‘~’)_£~_~£*> L n=1) (- ’}) (=3) (=9 . (e = 0.

11 ¥ind the sum of the following scies, cach to n texms.,
(1) cosa+cos da +cos da +

4 tan 1

4 8
) 1¢ 1 " --1
(2) tan '2+4{an + tan 1415.16 +

6
1+3. 4 148.9
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12. Resolve 2% — 2z cos 6 + 1 1nto factors.

If n be an even integer, prove that

24 +0 4w 40 (2n—2)m+6
cos - eos T

26__ -2 C_ L
sin oan-2( 1)2 cos - cos — "

XII. St Joun’s CoLLiGr, Campriver. Minor ScrorArsnir, 1881,

1. Shew that in the expression for tan ;‘ in texms of tan.l we
should & priori expect a double result. Find tan 112°. 30",

2. A triangle is such that the product of two sides is equal to tha
square on half the base : prove that the difference of the sides varies
as the distance from the vertex to the middle point of the base

3. (1) Ifx y, z be any angles, prove that
sind (x-y-z)smi(y-z)+sin} (v +y—z)sin}(y+z)=sn} sy,
(i1) Alsof .I, B, I? be the angles of nn 1s0sceles tiiangle,
281m? (A — B) (2 - cos A)= (31024 + 2812 B) (1 - 8 cos .1 cos® B).

4. (1) Eliminate 6 from
2cos”04  Asecf=3
2 81n?0 4 p cosee 6 _-3§
() If z?cos acos B+ (sina+sinB)+1=:0
and z?eosBeosy+x (smpB+smy)+1=0)"’
prove that  z*cosycosa+r(smy+sina)+1=0

5. Prove that the distance between the centie of the msenibed
circle and the intersection of perpendiculars fiom the angular points
on the opposite sides of a triangle is

2R {vers A vers I vers C — cos 4 cos B cos C} )«’,
where R is the radius of the circumseribed ecircle.
6. Prove that {cos 8+ \/(-1)sin 0}"/’— admits of no more than ¢
values.
Find the continued product of the 4 values of
{cos 3 + /(- 1) sin }7) i
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XIII. ExaMINATION FOR OrEN ScHOLARSHIPS AT GONVILLE AND
Carus CoLLEGEg Dec., 1886.

(I'he same paper was also set for Open Scholarships at Pembroke
College.)

1. Define the cosine of any angle, and prove that

cos (;—r+A)= —8in A.

If cos6A4 be given, how many different values are possible for
sin A ?

Solve the equation
8in 70+ 81n 56 -- cos 20 = 1.
2. Prove geometrically that
co8 (A - B)=cos A cos B+sin 4 sin B,
where 4 and B are each less than a 11ght angle.

1
Shew that cos™ !4 —sin! - - tan~!? }_—_’—' ,
J10 4
where the angles denoted by the inverse functions aie supposed to he

between 0 and :

3. If A4+ B+ C=m, prove that
A . J
(1) cmsA+cosb‘+cos(,‘=1+«1mn§t~mr‘2 sm;z.

. e (B (¢, )
(2) wsin (2 + B) + sin <2 + c) +sin? | 54 A
. A\ (B . (U
:1-{—23“)(;2—{-]))81!1(2- + C)sm(2+.l).

4. Prove that, in any triangle ABC,

I

at=0%+¢2-2bccos 4.

1f u:,’;’ shew that

dab - u? - b*
2 cos (A - B) -~ gt
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¢, State the values of the radii of the circumscribed and escribed
circles of a triangle ABC. If R be tho radius of the cireumseribed
circle, and r, the radiwus of that eseribed encle which touches BC,

prove that '

.4 B C
r=4R sin - cos 5 €08, .
If D be the centre of the inscribed circle, and E the centie of that
escribed cirele which touches BC, prove that the area of the quadri-

lateral DBEC is
412 sinﬂg (sin B +sin C).

6. Assuming the exponential value for the tangent of an angle,

prove that, under certain restrictions,

3
tan"laz=a - 3 + = -

S

If both 6 and tan~! (sec 6) lie between 0 and g , prove that

tan~? (sec 0) = Z + tan? g — 4 tan® g +3 tu.n“‘g -

vii. Shew that if n is integral, sin2nd and cos 2n@ can be cx-
pressed as rational algebraical functions of tan 6,
Express sin 100 in this way, and shew how to deduce the values of

the tangents of 71110r from n=1 to n=9.
viii. Defining the functions sinh 6, cosh 8 by the cquations
sinh0=1 (e~ ¢ ™%, cosho =4 (eo+c_o),

prove the foimula
sinh (a £ B8) =sinh a cosh B+ cosh a sinh 8

sin (a=Bi) =s1n acosh 341 cogasinh B.

n
Shew that the limit of cosh 0 coshz cosh (g) , when » is in-
. . sinh 2
definitely increased, is o nz; -
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XIV. Crace, Catus, aNp Kina’s Cornrces. June Kaam , 180.

1. Draw a curve representing the change in sign and magnitude
of tan 26 while 6 changes from 0 to =

Do the same for tan 26 - 2 tan 6.

2. Prove geometrically
R tan 4 —tan 2
(1) tan(d-1)= 1+tandtan 3’
(2) cos34 —4cos3 A ~3cos A.
Tt 3 (1 + tan®.l tan>B) + Btan A tan B=tan®4 4 tan*DB, .1 and B
differ by some multiple of 4.

3. If sin34 be given, and fiom this value tan A 18 to be found,
shew @ prior e that si1x values are to be generally expeceted
Irove by help of this, o1 otherwise, that
tan%a {tan® (4o - a) +tan® (37 +a)) +tan® (4r - a)tan® 37 4 a)
=6 sec? 3a+3.
4 If 0+ ¢+ y=0, prove that

S 0 - sin g { sin
tan 40 tan 1 tan 4y — 136080 T cos 1-'(-,0‘{; v (1)

Find cos z fiom the equation
{4cog(c+a)~1} {4cos (z—-a)-1}=5(2co82a~1) (2).

Elminate a {from the equations

ging _ cosg 1
B2-17 28sm2a  1+2Bcos2a-+B°’
shewing that B=tan (}r +30) 3).

5. State the principle of proportional pairts in the use of tables of
functions. What is meant by saying that the differences are (1) in-
sensible, (2) irregular?

Prove that they are both ingensible and irregular in the case of the
logarithmic sine when the angle approaches 4.

Determine ,a limit to the error which can be made in finding the

«
100
N +1, where a lics between 0 and 100 and N consists of 5 digits.

logarithm of N + from seven-figure tables from those of N and
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{i. Explain fully the mothod of solving a triangle, given two
sides, the included angle and a table of logarithms,

ABC, AB'C’ are two triangles having AB, BC equal respectively
to AB, B'C’, and 4, C, C' are cd.linear. If the angle BAB' is 1”,
find correctly to a tenth of a second the angle between BC and B'C’,
where AB=2BC and £ ABC=60".

7. ABC is a triangle and tangents are drawn to the nine-point
and circumseribing circles at the four points where the perpendicular
from A on the opposite side BC meets them.

Prove that the four tangents form a parallelogram of area
, 08 4 cos Beos C

‘tan (B~ ()

8. Find the hmit of the expression (90 - 6) tan 6° as 6 approaches
90.

1
9. Given that a™ 4 2 =2cosmé for all values from 0 to m, shew

that the formula holds when m+1 1s written for m. Deduce the
r

-1
value of * + *_, m the most general form,
£
6 65
10. Prove that smo=0-—: +
l.i la

and deduce the exponential value of sin 6.

Shew that sin—! (cosec ) =(2A+1) 3w +4/(- 1) lecot § (A\m + 6),
where )\ is any integer positive or negative.

11. Assuming the factorial expressions for sin @ and cos 6, prove
that tan 6> 6, provided 8 lie between 0 and .

By means of the result in question 8, or otherwise, prove that
the infinite product

4.5 5.»6 6.7 7.8 . 1t 16
2474676 8 810 Beamsiiogn.
12. Sum the series,

cosa+cos(at+p)+. tomterms . . (1),
8in a + 8 8in 2a+ 58in 3a +. . to n terms (2).
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XV. Curnisr's, EMMANUEL, AND SipNrY SussrX COLLEGES.

June ]'I:vamim;}:on, 1882,

1. Define the cosine and the tangent of an angle

Trace the changes in sign and magnitude of
N3+ tan 6
1) tano 2 S
(1) tand, 2) J3-tang’
as 6 varies from 0° to 360°.

2. Trove geometrically that
sind -smB=2gin} (4 - B)sin ) (A4 B).
Shew that
(1) cos2acos® (B+7)+co828 cos® (y +a)4 cos 2y cos® (a + B)
=¢0s 2a cos 23 cos 2y + 2 cos (B +) cos (y +a) cos (a+ B),
sind (a )i b (o) o sind (By)en b (B4 a)
s (a-gysm § (a—1) Ty (Fon)surg (- a) P
sl (y+a)sm} (y+p)
sl (y asin}(y-p) OBy @AY

3. Tmd the Iimut of 91:0 when 6 1s dimmshed indefimtely.

In order to ascertain the distance of an inaccessible object P, a
person measures a length AB=20 yards m a convement direction;
at A he obseives that the angle PAB =060 and at B that the angle
PBA=119° 20'. 1'ind approximately the distance BP. To what
degree of accuracy is your result correct, supposing (1) that thee is
no error in the measurement of the angles, (2) that there is an error
of 1’ in the measurement of each angle?

4. TIn any triangle 453C, shew that

a=Dbcosc+ccos B3,
and that a?=0%+¢% - 2hc cos A.
If N be the foot of the perpendicular from € on 4B, and the citcle

on CN as diameter cut C4, CB 1 P and Q respectively, shew that the
angle BPN is equal to the angle AQN.
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eb.  Express the aica of a tnangle in terms of 1ts sides

A straight line AB is divided at C into two parts of lengths 2a
and 2b respectively. On AC, CB and 4B as diameters semicucles are
described 80 as to be on the saifle sude of A, If O be the centre of
the circle which touches each of the thice semicncles, shew that its

radius
_ab(a+d)

Tatab 02’

and that 1ts diameter 18 equal to the altitude of the triangle AOB

6. Shew how to find the height and distance of an maccessible
object on a horizontal plane.

A person wishing to ascortain the height of a tower stations him-
self in a horizontal planc through the base at a point at which the
clevation at the top 1s 30°. On walking a distance a in a certain
direction he finds that the elevation of the top 18 the same as before,
and on walking a diistance five-thirds of « at right angles to his
previous dircction, he finds that the elevation of the top is 60°.  Shew
that the height of the tower 1s \/§a or /35« Explain the two results.

7. Inatnangle ABC, I, I’ and O are the centres of the inseribed
circle, the escribed circle opposite 4 and the ecircumseribing cncle
respectively, and I 18 tho radius of the latter circle.  Shew that

(1) 0I®=R*(1-8sin}d sin }BsiniC),
2 (sin B — S‘“_C)

9 (IR il
(2) tanlOl'== =5y

8. Explain the meanings of sin-!z and tan—'a.
How many bounding lines are 1equired to construct all the angles
included in the formula
sin~!a+cos~1b+tan—1c?

Shew that sin~! @ +cos~} b=sm~! (ab + /1 - a® \/T = b2).
If zy +yz + 22z =1, prove that one of the values of

2@ty A-ay) LG+ (L-y2) (@) (1-22)
S @ T @ @) T (e (e

9. Assuming De Moivre’s Theorem find the expansions of sinné
and cosnf as homogeneous functions of sin 0 and cos 6.
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ST
Find the equation whose roots are tan® 11, tsm 11 , tan? e

~
tan’i’lr, and tan2”” . Tind also thg sum of the fourth powers of

11°
these tangents.

10. Investigate Gicgory’s series for the expansion of tan-'wx in
powers of x.

Fxpand tan -1 (1 +cot a) 1 powers of ¢

11, DProve that

3 (2n--1
cosnl =271 cos 0 —cos I )( cos 0 —cos”" cos 6 — --"‘ )
2n 2n 2n

Shew also that if p-zn
(2 ) ")(2:'4-])'”
cosPg 17" (-1y s I cos 2n
cosnd s o (2 +1)m
cos § — cos %

12. IfA, B, C, D be the angular points of a regular polygon
of n sides insenibed in a circle of radius « and centre O, shew that
PA2. PB.PC? =2~ 201 ™ cos no +
where OP =7 and the angle AODP =
Prove also that the sum of the angles that AP, P, CP, make
™ 81 nf

with OP is tan-1! .
' r*cos ng —a*

L. H. T. 14
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o
ANSWERS TO THE EXAMPLES.

1 —1

")1 =

3) =4

4)” 1666666 1%}

5) -0416666=3 x 4 x }

6) 0083333=1x}x} x4

7) -00I8888=4 x4 x 3 x] x}

8) 0001984 =} x A x}x}xixi

9) -0000248=3 x ExFxFx§x} <]

10)-0000027=4 x 3 Xt x px §x 3 x I x}
_*0000002 ’;xlx;}x;xcx XXX,

Whence ) 1
71828 =1+1 S
by addition 2—1—8—— + +2+1 1.2.3.4

tTe3TaTE 67,80 107

1I1.

(3) 'The student should observe that cach of these scries 18 very
slowly convergent.

I1L.
(2) log,7=19459.
V.
Examples (1), (2), (3) indicate a method of obtaining the Log-
aritbmic and Exponential Expansions.

(6) This is a form of Euler’s Formula

0 ] ]
8in §=2"cos cos 20 s cos 5 8in 5o

when 6 is indefimtely increa.sed



(12)

(1)

2

(3)
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VI.

"-2 n-1

M (1) %5, ) (1) s,
[
Vi

/2 {cos (- 45%) + e sin (- 45%)), 2 (cos 30° + . 8in 30Y),
2 (cos 60+ ¢ s1n 60°).
(1) 2(cos 15% 4181 15%, 2 (cos 135°+ ¢ s1n 1359),
2 (cos 255+ 7 s 255°).
(1) 2(cos10%+2 81 10°), 2 (cos 13004 1 sm 130%),
2 (cos 250" - ¢« 511 250°).
(1i1)  &/2(cos 6%+ 181 6°), A2 (cos T8° 4 ¢ sin 78Y),
/2 (cos 1500 -+ ¢ s1n 1500 /2 (o8 222" + ¢ s1n 222°
N ) A2 ( ),
A/2 (o8 2940 + . 8in 2919),
(1) =1, xa/(-1).
() 2, 2 {cos § (2rm)+ o §(2rm)} putting 1, 2, 3, & for )
successively.
() 3, 3{-14ea/3{, 3{-1-1/3}

VIIIL.

(1) 1, cos } (2rm)+esmm} (2rm), where r=1, 2, 3, 4

(2) (v*-1) (2* - A/ 224+ 1) (2¥+1) (24 A/20 +1).

(3) (2—1){v*-2vcos,'; (21m)+1} s1x factors putting 1, 2,3, 4,5,6
for r.

4) (*-1)(2-z+1)(2+x+1). (5) a®-2atvcos ¢ (rm)--a

(6) cos} (rm)+esmmy(rr), r having each integral value from 0
up to 11,

IX.

1) 275 VD) gy (w24 D) (B rza/24 1),

(2) (22— ~/3z+1) (22+1) (22 + /32 +1).

(8) a%-2wcos(1+2r)9°+1,

(4) Solve the equation (22 — A/3x + 1) (224 1) (22 + /35 +1) =0.

(z+1) {22~ 2z cos Y (v +2rm) + 1} seven factors in all.

2r . 2r .
cosr—fn—f+wm"§‘-~:, where r may have any integral

142
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X.

(3) Wath the notation of Ex. (1)
sin (a+B+y+066 €)=5,0;~S,C, -5y
cos (a+B+y+da+e)=0C;~8,C; +5,C,.

XIII

(9) Put b=01n Ex. 3, p. 28,
(10) Puta=0,B8=1inEx 3,p 28
2re+ gin 2rmtmw

(17) &/r=cos- 6 +1 6 making this substitution,
A expressed in the form a®* . Phen proceed ag in Ex. 3, p. 28.

(18) =18 gos (log ) + ¢ sin (log ¢),
o a+ b+t =latcos(loge)y + 1 {b 1 s (loge))

Then proceed as in Kx 3, p 28,
1

X1V.
(1) The equation e“‘":w", does not assert that 6ir =0, but that
Ger =0+ 20w,

@) @@ Goes not assert that 1 (a- 7)=1t (a+ ).

XVII
(1) (2*-2rcosl5041) (12— 2r cos 1050+ 1) (x¥ - 2 cos 1950+ 1)
(22— 2z cos285°4+1) =0

(2) (12-2rcos2041) (v*-2cco8T4%+1) (12 - 2 cos 1464 1)

x (22— 24 cos 218° 4- 1) (a2 — 2z 08 290 1) ==0.
3) a%-2cos} (im+m)+1=0, six quadratics,

1

(4) a*—2zcos (rx 72°+30°)+1=0, five quadratics.

0]
o

+ 2r N
(6) a?-2zycos a——h- (A y*, n factors.

XIX.
(5) 0 is the smallcr root of the quadratic
~26+(-0029 ..)2,/2=0.

» 2n? — 2m? 2 (m —n)?
2 = o (
(7) 2m~2 (8) — . 9) Sy

P‘.
(10) -




)

(1)
@)
®)
@)
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XXII.
)
2. .
(1) (Bn+1) 20 (2n _~1‘)- "-(1—1-+—?) 2 cos 0

n.(n-1).

(4n+2) (4n + 1) (2”"' 2)
@) - (2n+ 1) o (2n-1)..

XXV.
”
n even, {(- 1) - cos na} 2-ntl . nodd, 27" cosna
n
neven, 0, nodd (- 1) T —
cosna’

n n 1

n even, (- 1)2(1 - cosna) 2"+, nodd(-1)* 2-**lsinna

1l2 2
n even, nodd —., .
’ 1~ cosna s na
ntan § — (n 12) (1; ~= tan%0+
(5) (6) (7) tanmna= n(n T
1- n{n—l) tan?6 + ete.

1.2

by Art. 40 is an equation of the n** degree in tan 6, of which tana is

? .
one root, and tan (a+ :) is another; then proceed as in Art. 67

(%)

(©)
(7)

is odd.

®)

2
n
The sum, n even, =—-- +n(n-1
’ ' T tan‘na ( )

n odd=n? tan®na +n (n - 1).
The sum, n even, =- ncotna; n odd, =ntanna.

The sum=n cot na when n is cven and = —ntanna when n

XXVI.

Let w=(cos 0)"‘0" 0, then log w=cot 6 log (cos 6)

=(1-36%+ )(-36*+ )+(0-36*+ )

the limt of this=0 when 6 =0, therefore the limit of » is 1

4

- ®. (5) Of the fifth order.
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® 2 %fcos 4ng + 1 ‘14"2 D cosd (n-1)0
411 (4n —-1) (4n - 2) ( in — 3) .
A U N e =20+ .

(10) By Art. 40, or Ex. 12, p. 47, the equation

n(n-1)(n-2)

T1.2.3

n(n— 1)
1.

2r

. m
has for its roots a, a + , a+ - ,
n n

ntan  — tan3a+

tan na =

1- tan?6+ .

Put a=0, n=11, and divide by tan 6, when we have an equation
in tan 6, viz.
0=1-15tan36 + 42 tan*6 — 30 tan®6 + 5 tan®0 — ' tan'*0,
whose roots are +tan r, +tan % x, tan b,
writing x for tan26, we have the required cquation

XXVII.
1) sin}(n ;;r});asm % na @) cos n;zl : s:ﬁr’x ! na
3 sin3(3n - 1)asin § na 4 sin (n+1)asinna
@ sin§a ) 2sma

6) % {n e +3113’“:‘" "“} (6) Uso sina=}(3sina - sin3a).

(7) Usc costa=} cos 4a+4cos2a+3.
(8) =3(sin3a+sin a)+4 (sin 5a +sin a) + § (sin Ta +sin a) +
9) =} {cosa—cos3a+cosa—cosbatcosa-cosTat }
(10) Use cosda=1} (cos 3a+ 3 cos a).
(11) Use sin*a=} cosda —}cos 2a + 3.
(12) 0=2—:—r , or n<~'2t:.1' (rm + }7) whero r is any integer.
(13) O and §n.
(16) 3n(n+1) 17) In® (n+1)2% (18) dn(n+1)(n+2).
(19) Write 6+ for & (20) Write 8+ for §



(1)
(2)
3)
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XXVIIL

cosec § {tan (n+1) 0 —tan #}.
cosec 0 {cot 0 —cot (n+1) 0}
see 0 {tan (n+1) (6 — 3m) -+ cot 0}, this may be proved by putting

6 — 3w for 6 in Bx. (1).

(4)
Ex. (1).

)
()

()

(17)
(19)

(21

(22)

(23)

Each term in this series is one-half the corresponding term in

} cosec 3a {sec 3 (2n+1) a - sccia}
} cosec 1a {cosec 4a —cosec 4 (2n t 1) a}.

4 8in 260 - ;z—'.lﬂ sin 27119,

isin26- (- 1)* _:_'L‘ s 2119,
ontl

}sin20 — (- 1)* 2" 2sin gus1e
The result is similar to that 1in Ex (5)
1 sec a {cosec a — (- 1) cosee (2n+ 1) a}.
tan~!(n+1) - tan-11.

tan~!(n+41)a - tan-'a.

tan=1(n+1)%a? - tan=! o

cot 6 - 2" cot 2"0.

The series reduces to [See Ex. 5, p. 80]
2 (cosec 2a -+ cosec 4a + cosec 8a + .. to » terms).

3 {cos8 20 — cos 2"11 9}, (18) 3 {cos 2,?_2 - €08 40} .
20 on—1 29n -1 9 1 2 0 2
§ cosec g —2"7" cosee 0 (20) gn cOBeC?,, ~ cosed 0

cot ‘;‘ - cot a.

The series reduces to [ix. 5, p. 80]
sin a (cosec 2a + cosce 4a +-cosee 8a +  to n terms)
1

- .| 20
e (24) 21,



w
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XXIX.

cosa— 2 cos (a—
1-2zcosf+a? *

€0S a — 81N a €os (a — B)

1-sina cos B +sin%a

1) ;- (2)

1-2z cosa+ta?

81N @ — €08 a sin (a -- B)

@ 1 beosaconpicostar M)

eCOS a (G) ea: cosSa

sin (s a) sin (¢ sin a)

(1) ™% *B oog (cos a s B).

®) e OB g (@~ cos asin §) 9l

(10) —log(2sin La) (11) 3 log (1 +2 sin acos B+ sin’a).
(12) -3%log(1-2cos 0 cos ¢+ cos*0).
(13) Cco8a~ 1c08 (a—f3) — t"cos (a+ng)+ "Heos jat (n-1) B}
' 1-2xcosB+a? '
(14)
smatasm (a=p)+ (- )" sm (a+ng) — (- x)* 2 em fa+ (n-1)8}
o 14—"100&{3+1- :

(15) 2"cos™}a cos ina
(16) 2™ s (a+ng), when 1*=1 +2r cos B+ 1%, and

z sin B

mnd’:l-m cosf’

1 - cos a cos B~ cos™a {cos N3 — COS a €O8 (n—l)ﬁ}

1 2

(17 1-2cosacosf- +cos‘a

18) sina{l-sin(a-B)} ",E‘}’_nai““ (a-+mnp) —sinasin(a n- ],3)}
( — 281 acos B+ s8ina

(n+41) sinna~nsin (n+1)a

19) Wr)mna-nsmiiT e,

(19) 2(l-cosa)

(20) n? {cos na - cog (n+1)a} +2ncosna  SMa RN na

2(1-cosa) T2 (1-cona)’
? "
(21) "qm’ where 12=1- 2 cos a cos 8 +cos’a, and

cogasinf
tan ¢ =
"1 tcosacos B’
2
(22) The sum of xcosd - k4% cos 30+ cte ==} tan™! ':—'1?;0 . the

required sum=%(2n+1) 7
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('03 a N
(23) ¢ MmN g (6% gin (sin a)}.

cos y
smha

e*sinx

O -1 - .
(21) jtan 1+e*cosz’

(25) tan-!

XXX.

(1) cosec ¢ {sin ¢+ asin2¢+a2sm 3¢+ } by the method of
Art. 77.
(2) sinabzsin2a+zisin3adt...

(3) 1-=xcosf+x®cos 20 — a3 cos 30 + cte.
(4) -2{rcosa+ia*cos2a+}r’cosBa+t |}
(5) sina-+zsin (a+B)4 «”sin (a+28) +

6 1 s xfcoa)a+x39013_a
(6) +xcosa + 1.9 1.2, +

b 1202 b
. an-1" 59 17
(7) 1+recos <tan a> + g8 (tnn a) +

where 12 =a%+ b?

z(a’+b2)‘ nr n a? - b?
n nr Stan- 10
(8) The coeflicient of a™1s [n cos — cos 2l;zm TR
9 51 i sin 2 a? sin 3a +
9) zbma+1.2.m aty 93 3a
(10) cos a+zcos (a ) + z(ox (a+2p)+
2 3
11 i By T : x . .
(11) sma+ xsin (a I-8) 1,980 (a+2B) + 1.2, 38111(a+.¥p) +
1p —p 10 —10
[ e —¢
(13) Here = e
ez:[»+c up et9+c 0
20 _ 2[91 40720 1-n
¢ ———5— where r = .
14 re2? lin

. 2 2omm =210+ log (L + rc—g'o) ~log (1+ 1'02'0}
o @ptmmr=0-1r8in 20 4r%sin 46 -
(14) scc™=2"{cos nf —n cos (n+2) 0 +" (1" "2 )cos nt+4)0- }

,lg";])ta11'-'a n(n+1)(n+2)(n+3)

(15) cosnacos®a=1 -
1.2 3 1

tanta-
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(49) These series are 1ccurring series
() -L-8cos8  3(1:-2cos0),
1-6cosf+9 1-4cosf+4’
n) 1 xsing " 8zxsing 1
M) 5 1= 27 cond 4 12 [=8reos0 1167 ¥

XXXI
(1) Use the second of the identities in Art. 89.

(5) Put 4w for 6 in the expression of sin @ 1n factors. This ex-
pression 1s known ag Wallis’s expression for .

(15) Put wc for 6 1n both sides of the identity.

(17) Bu;i(z :ﬂzcos 0+ cotasin@, use this transformation in Ex.
8), expand cos 6 +cot a sin 6 1n ascending powers of § by Art. 41 and
p Y

equate the coefficients of 4 on ecach side.
(19) This result may be deduced from Ex. (13)
(20) Put 37 —a tor an (19).

XXXTII.

1) (1) 84832162, (n) 8-0563377. (in) 84834473,
(2) (1) 1°4¢36"8 (u) 5537"1. (in) 10L436" 8.
XLIX.

(1)  -1-708{142:0035} (2) 39705 {11 -91032}
L.

(1) (1) 2cos40° 2cos160° 2 cos800.
(i)  A/2c0815° /2 cos135°, A/2cos105°.
(i) 2cos40°+1, 2c08160°+1, 2cos80°+1.
(v) 2,/2co845° -4, 2./2c08165°-4, 2,/2¢0os75° 4.
(v)  4c0s10°-,/3, 4cos130°—,/3, 4cos110° -,/3.
() () 3a=900-1029" (1) Ba=654153". (1) 3a=T4°55/47",



ANSWERS. 215

(3) (1) Find a and B such that a=tana, b=tang, then
a+b=sin (a=+g)scc asecB.

: b
(n) acosfxbsinf=acos(0Fa)seca, wheretana=-
w

(i) 4sin3(B+C)sin}(C +A)sm (4 +B)
(tv) 4sin (0 - a) sin (im0 — a) cos (0 — mb).
(v) 4Rsin 4sinBsin C.

LI
(2) Divide the first equation by a, the sccond by b, square both
gides and add.

. . N =1
(3) The second equation gives costa=" " l: .
az

22 y*\? z: oyt 2z
o (e -2 (55 o

(7) 2=¢®=2accos 2¢ +a*.

(9) cos46=4(2m?-5), sin(a~40) =4 sin a, and so0 on

LI
(85)  fom.
(91) sin@ is greater than 6 — } 0, when 63 15 less than 3.
cos @ is less than 1 -4 6%+, 04, [Art. 44, 45 ]
6-406°
1408408
105 (143067
T 0%+ J1 08

Therefore tan 0 is greater than

That is, tané is greater than 64 36°+ , andaf 01+

loss than 4 the last fraction is positive.

1
_1 - -1 P . " -
(96) tan—13—tan WD) (e 2) tan=14.
1 1
O8) 9 ginocosno cos(n+1)6  sm26
(101) }{cot 30— 3% cot } (38"0)).
(104) See Ex. 100. (110) 2 ocos 690089,

. esina—e?sin na+e*tlgin(n-1) a
O s P AP

~sin ju(r ~a)

. i
(i1) tané - tan 2 i Ja

P2

(112)
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ANSWERS TO EXAMINATION PAPERS.

I.
5. -109296; 71044'29", 48°15'31” 6 L
’ ’ o R " Cot? 180 + eot? 30" °
II.
0
1. 130°-¥ , dm— 4 2. 1200, 2400,
3. mr+}m nw+iw. 7. 1-log2, 3log2-3, 3log2- 1.
10. 74°50°38", 50°32'58". 11. 5ft. 4in., 6§ ft.
II1.
7. C=18° b=cosec18’, a=cot 18°- 1 8. TB27'27",
11. 156-4, 556 4.
VI

2. 2cos (8- y)cos(y-a)cos(a-p).

z ycnigg’ Y oz y
4. bsmC b ’ asmC a cot ¢\
VIIL
m? —n? m4 +nt — 6m2n?
2. tan 0= omn cos 20 = - (34 n2)? -
CD sin ABD cos ABC
— I3 _—— - -
3. cos(f+3m)=1. 5. AD= sin(ABC - ABD) °
8. B -C=90" 10 (2) 30-%(2r+1)m.
VIII.
1. a—}r. 3. A+B+C=(n+})m. 8. -3
i in2
10. (1) §in § (o +3na) sin % (2) See xxix. (16).

sInga



11.

12.

10.
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1X.
108 \ . .
7]____;3 .3 8. See Art. 125, 10. See Iix. xxix. 19.
A

(1) Sce x. XXVIIL (22). (1) See Axb. 32,
(m) See Ex. XXX, (18).

X1.
A v eape 400 /B0N®
Pt = ipqw_ == ( r) y A% B 01800,
0=28+2nmw, ¢=2a t2mr. N

(2) Sce XLIIL (96).
A\
-1,
X111
sin (30 - 4w) cos (50 1 }m) cos =0,

3 (2n—1
Vil cos 216 = (1 _BnEnod) e | ) (1 4 tan2g)n

2 [Art. 19.]
XIV.
@) (2n+1) sin va - (Zn~1) sm (n+1) e —rn a .
2(1l-cosa)
XV.
See answer to Ex. XXV. (10).

i —{r1-}2 2 (8ina)?sm2a + f2 3(sima)3sinda- .
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