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PREFACE

The object of this book is, first, to present in a volume of
medium size the fundamental principles and processes and a
few of the multitudinous applications of invariant theory,
with emphasis upon both the nonsymbolical and the symbol-
ical method. Secondly, opportunity has been taken to empha-
size a logical development of this theory as a whole, and to
amalgamate methods of English mathematicians of the ]u,tper
part of the nineteenth century — Boole, Cayley, Sylvester,
and their contemporaries— and methods of the continental
school, associated with the names of Aronhold, Clebsch,
Gordan, and Hermite.

The original memoirs on the subject, comprising an ex-
ceedingly large and classical division of pure mathematics,
have been consulted extensively. T have deemed it expe-
dient, however, to give only a few references in the text. The
student in the subject is fortunate in having at his command
two large and meritorious bibliographical reports which give
historical references with much greater completeness than
would be possible in footnotes in & book. These are the
article “ Invariantentheorie” in the “ Enzyklopiidie der mathe-
matischen Wissenschaften™ (I B 2), and W. Fr. Meyer's
“ Bericht iiber den gegenwiirtigen Stand der Invarianten-
theorie ” in the ** Jahresbericht der deutschen Mathematiker-
Vereinigung ” for 1890-1891.

The first draft of the manuscript of the book was in the
form of notes for a course of lectures on the theory of inva-
riants, which I have given for several years in the Graduate
School of the University of Pennsylvania.

The book contains several constructive simplifications of

standard proofs and, in connection with invariants of finite
jii .




iv THE THEORY OF INVARIANTS

groups of transformations and the algebraical theory of ter-
nariants, formulations of fundamental algorithms which may,
it is hoped, be of aid to investigators.

While writing T have had at hand and have frequently
consulted the following texts:

Crensci, Theorie der bin4ren Formen (1872).

CremscH, LINDEMANN, Vorlesungen tiber Geometrie (1875).

Dickson, Algebraic Invariants (1914).

DicksoN, Madison Colloquium Lectures on Mathematics (1913). I. Tn-
variants and the Theory of Numbers.

Evrriort, Algebra of Quantics (1895).

Fai b1 BrRuno, Théorie des formes binaires (1876).

GorpaN, Vorlesungen uber Invariantentheorie (1887).

Grack and Youna, Algebra of Invariants (1903).

W. Fr. MevER, Allgemeine Formen und Invariantentheorie (1909).

W. Fr. MEYER, Apolaritdt und rationale Curven (1883).

Sarmon, Lessons Introductory to Modern Higher Algebra (1859 ; 4th
ed., 1885).

Stupy, Methoden zur Theorie der terniren Formen (1889).

0. E. GLENN
PHILADELPHIA, Pa.
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THE THEORY OF INVARIANTS

CHAPTER I
THE PRINCIPLES OF INVARIANT THEORY

SECTION 1. THE NATURE OF AN INVARIANT.
ILLUSTRATIONS

WE consider a definite entity or system of elements, as the
totality of points in a plane, and suppose that the system is
subjected to a definite kind of a transformation, like the
transformation of the points in a plane by a linear trans-
formation of their codrdinates. Invariant theory treats of
the properties of the system which persist, or its elements
which remain unaltered, during the changes which are im-
posed upon the system by the transformation.

By means of particular illustrations we can bring into
clear relief several defining properties of an invariant.

I. An invariant area. Given a triangle ABC drawn in
the Cartesian plane with a vertex at the origin. Suppose
that the coordinates of A are (z;, y,); those of B (z, y,)-
Then the area A is

A =3(z1Ys — 7391)>

or, in a convenient notation,
A = $(zy).
Let us transform the system, consisting of all points in the
plane, by the substitutions

e =2+ py's =27 + poy’
1
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The area of the triangle into which A is then carried will be

A= }(zys — 291 = $(='y),
and by applying the transformations directly to A,

A =(Apg — AguA. 1)
If we assume that the determinant of the transformation is
unity, D=(\p)=1,
then ,
A=A,

Thus the area A of the triangle ABC remains unchanged
under a transformation of determinant unity and is an in-
variant of the transforma-

tion. The triangle itself is

B—A not an invariant, but is car-
ried into abC. The area

A is called an absolute in-

variant if D=1. If D=+1,

all triangles having a vertex

at the origin will have their
/oo areas multiplied by the same
| number D~1 under the trans-
formation. In such a case
A is said to be a relative invariant. The adjoining figure
illustrates the transformation of A(5,6), B(4, 6), C(0, 0) by
means of

Y

z=2+y,y=2"+2y.

II. An invariant ratio. In I the points (elements) of the
transformed system are located by means of two lines of
reference, and consist of the totality of pointsin a plane. For
a second illustration we consider the system of all points on
a line EF.

We locate a point ' on this line by referring it to two
fixed points of reference P, . Thus C will divide the
segment PQ in a definite ratio. This ratio,

PC/oeQ,



THE PRINCIPLES OF INVARIANT THEORY 3

is unique, being positive for points C of internal division and
negative for points of external division. The point € is

z p Q C D -
said to have for codrdinates any pair of numbers (2, z;)
such that

XJ-fQ @
Q'

where A\ is a multiplier wlnch is constant for a given pair of
reference points P, Q. Let the segment P@ be positive and
equal to #. Suppose that the point C is represented by the
particular pair (p,, py), and let D(g;. ¢,) be any other point.
Then we can find a formula for the length of CD. For,

CQ_PC__PQ _ p__
Pa APy Api+py Mg +py
and D@ N
2 Mt
Consequently N ;
= - r(qp
¢h=Co-De= (Agy + g2) (Apy +P2) @

THEOREM. The anharmonic ratio { CDEF} of four points
CCpy P2 D(gp B)s E(rys 73)s F(8y, 8,), defined by

CD.EF
1CDEF = o5

8 an tnvariant under the general linear transformation
T: 2 =7\1z1' + /.blxz', Ty = Xzzl' + ;4.22:;, (w) 0. 31)

In proof we have from (3)

cDEFR;=Up ()
. HOEDEFI= () (o)
But under the transformation (cf. (1)),

@p) =) (¢'p"), @
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and so on. Also, C, D, E, F are transformed into the points
C'(pis p2)s D' (g1> 92, E' (71 73), F' (8}, 8,
respectively. Hence
oDEF) =R _ GPIET) _ o py prny,
= @ T @ @) ‘

and therefore the anharmonic ratio is an absolute invariant.

III. Aninvariant discriminant. A homogeneous quadratic
polynomial,
S=ag? + 2 a2, + a2},
when equated to zero, is an equation having two roots which
are values of the ratio z;/z,. According to II we may repre-
sent these two ratios by two points C(p;, p,), D(gy ¢3) on
the line ZF. Thus we may speak of the roots (py, p,),

(91 92) of f.
These two points coincide if the discriminant of f vanishes,

and conversely ; that is if
D = 4(ayay — a})=0.

If f betransformed by T, the result is a quadratic poly-

nomial in #j, 23, or
F'= ajgla + 2 alaeh + ajayl

Now if the points C, D coincide, then the two transformed
points C', D' also coincide. For if CD= 0, (3) gives (¢p)
=0. Then (4) gives (¢'p") =0, since by hypothesis (Au)#0.
Hence, as stated, ¢' D' = 0.

It follows that the discriminant D’ of f' must vanish as a
consequence of the vanishing of D. Hence

D = KD.

The constant K may be determined by selecting in place
of f the particular quadratic f; =2z, for which D= —4.
Transforming f; by 7' we have

S1= 2 MNg2} + 20 g + M) 242y + 2 pypad s
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and the discriminant of f] is D' = — 4(Au)%. Then the sub-
stitution of these particular discriminants gives

—4(p)=—1¢ K,
K= ()i

We may also determine K by applying the transformation 7'
to f and computing the explicit form of f'. We obtain

ay = a3+ 2 a, A Ny + a)3,
ay = @Ay + a3 (Mg + Rgtty) + Axhgpiy, )
ay= agud + 2 gy + agul,

and hence by actual computation,

d(aha — aff) = 4(Mp)*(ag2, — ad),
or, as above,
D' = (Au)?D.
Therefore the discriminant of f is a relative invariant of 7'
(Lagrange 1773) ; and, in fact, the discriminant of f is
always equal to the discriminant of f multiplied by the
square of the determinant of the transformation.

PRELIMINARY GEOMETRICAL DEFINITION. If there is
associated with a geometric figure a quantity which is left
unchanged by a set of transformations of the figure, then this
quantity is called an absolute invariant of the set (Halphen).
In I the set of transformations consists of all linear trans-
formations for which (Ax)=1. In II and III the set consists
of all for which (Au) 0.

IV. An invariant geometrical relation. Let the roots of
the quadratic polynomial f be represented by the points
(P4 P2)s (745 73), and let ¢ be a second polynomial,

¢ = byl + 2 bz, + by2,
whose roots are represented by (g¢y, ¢3), (8, 8), or, in a

briefer notation, by (¢), (¢8). Assume that the anharmonic
ratio of the four points (), (g), (), (8), equals minus one,
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p)(er) _ 4. (8)
(&) ()
The point pairs f=0, ¢ =0 are then said to be har-
conjugates. We have from (6)
2h=2pyry1qy + 2 pyri8ata — (P17 + Par) (418 + ¢98)) =

But J= (@10 — T py) (2175 — 257),

& = (2192 — 7291 (18, — 238,)-
Hence

@y = Py 2 @y =— (P + Pi7a)s G =Py s
by = o8y 28y =— (D81 + 3)» b=03
and by substitution in (2 %) we obtain
h=ayh, — 2 ab, + axb, = 0.
That 4 is a relative invariant under 7' is evident from (6)
for under the transformation f, ¢ become, respectively,
J' = (zpy — 2ap1) (2173 — 2971,
¢' = (z19y — 7391) (218, — 7381,

where Py = BoPy— By Py Ph=— NP1+ NPy
L= By — BTy T3 =— Mg+ M7y
Hence
@PHE") + @) T) = Aw)*[(gp)(er) + (3p)(g7)]-
That is, W = (\p)%h.

Therefore the bilinear function h of the coefficients of two
quadratic polynomials, representing the condition that their
root pairs be harmonic conjugates, is a relative invariant of the
trangformation T. It is sometimes called a joint invariant,
or simultaneous invariant of the two polynomials under the
transformation.

V. An invariant polynomial. To the pair of polynomials
J, &, let a third quadratic polynomial be adjoined,

V¥ =} + 2 eyzy 7y + 032
= (ZyUy — Zguy) (2105 — Zy0y)-
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Let the points (u;. u,) (v;, v;), be harmonic conjugate to the
pair (p), (r); and also to the pair (¢). (8). Then

oty — 2 ¢ray + cgay =0,

ey — 2e1by +cdy =0,
w ¥+ 2 ey, + 23 = 0.

t swumination of the ¢ coefticients gives

@ 1 g
C= b, b, by| = 0. (8)
3 —oz, 2}

. This polynomial,
C'= (aghy — a1b9)73 + (agby — a3bo) 225 + (ard; — aghy)a3
+ the one existent quadratic polynomial whose roots form
a common harmonic conjugate pair, to each of the pairs f, ¢.
We can.prove readily that € is an invariant of the trans-
formation 7% TFor we have in addition to the equations (5),
by = A3 + 2 b A Ay + A3
by = by + by Mgy + Napty) + bphapiy ®
by = bout + 2 bypuypy + by,
Also if we solve the transformation equations 7' for z}, 2} in
terms of z;, z;, we obtain
7y = () " (pg2y — piZy), (10)
2y = (W) 71(— Mgy + MyZy)-
Hence when f, ¢ are transformed by 7, C' hecomes
0=
§ (@A +2 a g+ ahD) [BA 1ty + 5y (Miptg + Agpty) +Dghgusy]
= (boM +2 b A Ay + ByA3) [agh 1ty + @y (Mypig + gty + agh gy ] §
X (M) "3 gy — piy@)2 4 oo 1)
When this expression is multiplied out and rearranged as
a polynomial in z;, z,, it is found to be (Aw)C. That is,
¢'=(w)C,

and therefore C is an invariant.
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It is customary to employ the term invariant to signify
a function of the coefficients of a polynomial, which is left
unchanged, save possibly for a numerical multiple, when the
polynomial is transformed by 7. If the invariant function
involves the variables also, it is ordinarily called a covariant.
Thus D in III is a relative invariant, whereas C is a relative
covariant.

THE INVERSE OF A LINEAR TRANSFORMATION. The
process (11) of proving by direct computation the invari-
ancy of a function we shall call verifying the invariant or
covariant. The set of transformations (10) used in such a
verification is called the inverse of 7' and is denoted by 7'-1.

VI. An invariant of three lines. Instead of the Cartesian
coordinates employed in I we may introduce homogeneous
variables (#;, %, %) to represent a point P in a plane.
These variables may be regarded as the respective distances
of P from the three sides of a triangle of reference.

Then the equations of three lines in the plane may be written
@317y + g%y + 21375 =0,
8g1%; + gy + Age%3 = 0,
g%y + dggTy + aggzy = 0.
The eliminant of these,
@1 @ Og3
D=ay ay ay,
a3 Q@gp Qg
evidently represents the condition that the lines be concur-
rent. For the lines are concurrent if D= 0. Hence we
infer from the geometry that D is an invariant, inasmuch as
the transformed lines of three concurrent lines by the fol-
lowing transformations, S, are concurrent :
2y = M3} + w7y + v2p,
S: zy =Nz + pozh + vz, (Auv) 0. 12)
Zg = Ng¥] + pgTh + VgTh.
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To verify algebraically that D is an invariant we note that
the transformed of

@ %+ 0%, + ayry (1=1, 2, 3),
by Sis

(@M + Gy + agh) 2 + (@i + B ghty + agug) 7y + (@0
+ agvy + arg)zy (P=1, 2, 8). (13)

Thus the transformed of D is

ap t @l + aghy @y + Aggpig + aggg
D' = |ag Ay + agohg + Ggghg  Gyify + Aoty + Aggliy
Agihy + Agohg + agghg  Agipy + gahg + Aggug
Ay + Qpa¥y + aig¥g
Q171 + Gog¥p + dy3vg
g ¥y + AgoVp + AggVy
= (Auwv)D. a4

The latter equality holds by virtue of the ordinary law of the
product of two determinants of the third order. Hence D is
an invariant.

VII. A differential invariant. In previous illustrations
the transformations introduced have been of the linear
homogeneous type. Let us next consider a type of trans-
formation which is not linear, and an invariant which repre-
sents the differential of the arc of a plane curve or simply
the distance between two consecutive points (z, y) and
(z + dz, y + dy) in the (2, y) plane.

We assume the transformation to be given by

7= X(z, y, @), ¥y = Y(=, y, a),

where the functions X, ¥ are two independent continuous
functions of z, y and the parameter a. We assume (@) that
the partial derivatives of these functions exist, and (b) that
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these are continuous. Also (¢) we define X, ¥ to be such
that when a = a,
Xz, 9, a)) =2, Y(2, 9, ay) =y.

Then let an increment 8a be added to a, and expand each
function as a power series in 8a by Taylor’s theorem. This
gives

2 =X(z, y, a,) + B—X—(%;MQ da + «ee,

0

(15)
Y= ¥z g, a0) + L0 L) gy ..
da,
Since it may happen that some of the partial derivatives of
X, Y may vanish for a = a, assume that the lowest power
of 8a in (15) which has a non-vanishing coefficient is (8a)*,
and write (8a)* = 8t. Then the transformation, which is in-
finitesimal, becomes
I: z =z + Ed,
y' =y +ndt.

where £, n are continuous functions of z, y. The effect of
operating I upon the coirdinates of a point P is to add infin-
itesimal increments to those coordinates, viz.

SZ = fSt,

8y = ndt. 19

Repeated operations with I produce a continuous motion
of the point P along a definite path in the plane. Such a
motion may be called a stationary streaming in the plane
(Lie).’

Let us now determine the functions &, 7, so that
o=dz®+ dyz

shall be an invariant under 7.
By means of I, o receives an infinitesimal increment &o.
In order that ¢ may be an absolute invariant, we must have

3 8c = daddx + dyddy = 0,
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or, since differential and variation symbols are permutable,

dzddz + dyddy = dzd§ + dydn =0.
Hence
(€ dx + Edy)dz + (n,dx + n,dy)dy = 0.

Thus since dz and dy are independent differentials
Ez=77y=0’ Ev + 1= 0.
That is, € is free from z and » from y. Moreover
EI” = nzz = EU” = O'
Hence £ is linear in y, and » is linear in z; and also from
fv =1
E=ay+ B, n=—ax+ 1. an
Thus the most general infinitesimal transformation leaving
g invariant is
L2 =x+(ay+ B8t y' =y +(—az +y)dt. (18)
Now there is one point in the plane which is left invari-
ant, viz.
z=r/e, y=—B/e.
The only exception to this is when e« =0. DBut the trans-
formation is then completely defined by

' =z + B8, y' =y + v,

and is an infinitesimal translation parallel to the codrdinate
axes. Assuming then that «#0, we transform coordinate
axes so that the origin is moved to the invariant point.
This transformation,

r=z+v/0 y=y—B/a
leaves o unaltered, and I becomes

2 =z + aydt, y =y — axdt. (19)
But (19) is simply an infinitesimal Yotation around the

origin. We may add that the case « = 0 does not require to
be treated as an exception since an infinitesimal translation
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may be regarded as a rotation around the point at infinity.
Thus,

THEOREM. The most general infinitesimal transformation
which leaves o = da? + dy? invariant i8 an infinitestmal rota-
tion around a definite invariant point in the plane.

We may readily interpret this theorem geometrically by
noting that if o is invariant the motion is that of a rigid
figure. Asis well known, any infinitesimal motion of a plane
rigid figure in a plane is equivalent to a rotation around a
unique point in the plane, called the instantaneous center.
The invariant point of 7 is therefore the instantaneous center
of the infinitesi-
mal rotation.

The adjoining
figure shows the
invariant  point
(C) when the
moving figure is
a rigid rod R one
end of which slides on a circle §, and the other along a
straight line L. This point is the intersection of the radius
produced through one end of the rod with the perpendicular
to L at the other end.

L

VIII. An arithmetical invariant. Finally let us intro-
duce a transformation of the linear type like

T: 2y = M) + % Ty = N2 + gy,

but one in which the coefficients A, u are positive integral
residues of a prime number p. Call this transformation 7.
We note first that 7, may be generated by combining the
following three particular transformations :

(@) 7 =2, +toy, 7y =2y,

() 2=, 2=\, @0

() #y=2p 7y3=—2),
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where ¢, A are any integers reduced modulo p. For (a)
repeated gives
2, = (2] + tx)) + tal) = 2| + 2 tal], 2y = 2}.

Repeated » times (a) gives, when 7t =« (mod p),

(@) =y =2 + uxy, 75 =5
Then (¢) combined with (d) becomes

(&) #=—uz +ap 1a=—2.
Proceeding in this way 7', may be built up.

L
et J=a@}+ 2 a2z, + agz},

where the coefficients are arbitrary variables; and

g = ayr} + a; (232 + 7,173) + g7, D
and assume p =38. Then we can prove that g is an arith-
metical covariant; in other words a covariant modulo 3.
This is accomplished by showing that if f be transformed
by Ty then ¢’ will be identically congruent to g modulo 3.
When f is transformed by (¢) we have

' — a.2'? — 2 g2z 12
) J' = agz? — 2 a7y + agry.
That is,

ay = ay, @y = — a,, @)= a,.
The inverse of (¢) is 2, ==z, 2j = —z;,. Hence
9 = a 75 + ay(z,7} + A7) + a2 =9,
and g is invariant, under (¢).
Next we may transform f by (a); and we obtain
ay=ay ay = at + ay, ay = agt? + 2 a;t + ag.
The inverse of (a) is
z;=a:2, :v;=x1—tx,.
Therefore we must have
g = ay(z, — tmp)* + (agt + a) [ (2, — t2)’y + (7 — t2y)7f)
+ (a i + 2 ayt + ay)z4 (22)
= ayr} + a;(2jzy + 2,7}) + ayz4 (mod 3).
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But this congruence follows immediately from the follow-
ing case of Fermat’s theorem :

#B=¢t (mod 3).

Likewise g is invariant with reference to (4). Hence g is
a formal modular covariant of f under 7j.

SECTION 2. TERMINOLOGY AND DEFINITIONS. TRANS-
FORMATIONS

We proceed to formulate some definitions upon which
immediate developments depend.

I. An invariant. Suppose that a function of n variables,
S5 is subjected to a definite set of transformations upon
those variables. TLet there be associated with f some defi-
nite quantity ¢ such that when the corresponding quantity
¢’ is constructed for the transformed function f’ the equality

¢'= M

holds. Suppose that M depends only upon the transforma-
tions, that is, is free from any relationship with f. Then ¢
is called an invariant of funder the transformations of the set.

The most extensive subdivision of the theory of invariants
in its present state of development is the theory of invari-
ants of algebraical polynomials under linear transformations.
Other important fields are differential invariants and num-
ber-theoretic invariant theories. In this book we treat, for
the most part, the algebraical invariants.

II. Quantics or forms. A homogeneous polynomial in »
variables ;, 44, -+, ,, of order m in those variables is called a
quantic, or form, of order m. Illustrations are

J(zy, 7y) = ag@} + 8 a2y, + 3 aprial + agrd,
S(2y 2g 7g) = 90073 + 2 3307175 + 00?3 + 2 45,2175
+ 2 agy %%g + 073

With reference to the number of variables in a quantic it
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is called binary, ternary; and if there are = variables,
n-ary. 'Thus f(z,, z,) is a binary cubic form; f(z;, z,, 23) a
ternary quadratic form. In algebraic invariant theories of
binary forms it is usually most convenient to introduce with

each coefficient a, the binomial multiplier (T), as in f(z;, 2,).

When these multipliers are present, a common notation for a
binary form of order m is (Cayley)

J(xy xp) = (ag Ay +++y @]y )™ = Az + ma@ywy + -oo.

If the coefficients are written without the binomial numbers,
we abbreviate

J(@y 2y)=(ag ay, -5 ap {2y )™ = ag@} + a@P oy + oo
The most common notation for a ternary form of order m is
the generalized form of f(a. 2,, 23) above. This is

n |m

S(@y 2y 3) = 2 T T
P11 =0 E [q ""
where p, q, r take all positive integral values for which
p+q+r=m. It will be observed that the multipliers
associated with the coeflicients are in this case multinomial
numbers. Unless the contrary is stated, we shall in all cases
consider the coefticients @ of a form to be arbitrary variables.
As to coirdinate representations we may assume (z;, 7, Z3),
in a ternary form for instance, to be homogenous coirdi-
nates of a point in a plane, and its coeflicients a,, to be
homogenous codrdinates of planes in M-space, where M + 1
is the number of the a's. Thus the ternary form is repre-
sented by a point in M dimensional space and by a curve in
a plane.

III. Linear transformations. The transformations to
which the variables in an n-ary form will ordinarily be sub-
jected are the following linear transformations called colline-
ations :
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2= M2y + gy + o + 02

Zg =Ny + gy + oo + Oy (28)

Ty = MZE:’I + .unzlz + e+ o-nz:t’
In algebraical theories the only restriction to which these
transformations will be subjected is that the inverse trans-
formation shall exist. That is, that it be possible to solve for
the primed variables in terms of the un-primed variables (cf.
(10)). We have seen in Section 1, V (11), and VIII (22)
that the verification of a covariant and indeed the very exist-
ence of a covariant depends upon the existence of this inverse
transformation.

THEOREM. A necessary and sufficient condition in order
that the inverse of (23) may exist i8 that the determinant or
modulus of the transformation,

Ap By vy e 0y
Agy Mgy Vg ooey Oy

M=pv-0)= s
A'm Hpy Vpy =%y Oy
shall be different from zero.

In proof of this theorem we observe that the minor of any
oM

1

element, as of u;, of M equals Hence, solving for a

variable as zj, we obtain

oM oo /4
z’=M“(a: =t Ty — + oo +z,,——),
- Topy T P Op, I

and this is a defined result in all instances except when
M = 0, when it is undefined. Hence we must have M = 0.

IV. A theorem on the transformed polynomial. Let fbe a
polynomial in z;, z, of order m,

S(zy, 7)) = a@? + maap 'z, + (Z’)Wzg + o a2
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Let f be transformed into f/ by T' (cf. (8,)),

! / Im—1, m\ y 0 / ()
S = qz* +mayz™lay + - +<T)arxlm_rzﬂr+ R

We now prove a theorem which gives a short method of
constructing the coefficients a, in terms of the coefficients
1 AETENY) 2

THEOREM. The coefficients a!. of the transformed form f' are
given by the formulas

aL=L'—r<#1ai+#aaM)f(M» M) (r=0, oy m). (@80

|m

In proof of this theorem we note that one form of f'is
S (M2 + ), Mgzy + pyzy).  But since f is homogeneous this
may be written

S = 2" (M + m@h/7 Ay + pg2y/7)).

We now expand the right-hand member of this equality by
Taylor’s theorem, regarding z}/z] as a parameter,

£ =l £ O+ 5 (o %)f(xp A
+ é(zz)ﬁ( ax) SO+ -
+ é(%ﬁ) () £ e ra) + ]
mhere ( ai) (" 1 ai th aiz)

f’ =f(h19 M)x’l‘m+ .os +}—(":9_i) f(xl’ Xﬁ)z;m-rz’zr'*- .

Lo

+ ialax) SO M
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Comparison of this result with the above form of f’ involving
the coefficients a] gives (23,).

An illustration of this result may be obtained from (5),
Here m = 2, and

ah= ag\} + 2 a Ay + aAf = F (A, Ay) = fo

1/ @
@ =agh g+ Ay (Mg + Mgy + aghopy = (“5‘{)-70 Ap Ay, (29
/ 249 o _1f, 0\
Iy = doht + = Qyyiy + Gy = 5 { Koy S s Ag).

V. A group of transformations. If we combine two trans-
formations, as 7' and
. ry = €y + my73,
'.’L"=f.1'”+1]$”
2 271 2729
there results
/e ME+ mE)a] + (Mg + mymg) 2,
gy = (M€ + waby) 7 + (Agn g+ 1gmg) 25

This is again a linear transformation and is called the prod-
uct of Tand 7". If now we consider Ay, Ay, py, gy in 7' to
be independent continuous variables assuming, say, all real
values, then the number of linear transformations is infinite,
t.e. they form an infinite set, but such that the product of any
two transformations of the set is a third transformation of
the set. Such a set of transformations is said to form a
group. The complete abstract definition of a group is the
following :

Giiven any set of distinct operations 7, 7", 1", ..., finite or
infinite in number and such that :

() The result of performing successively any two opera-
tions of the set is another definite operation of the set which
depends only upon the component operations and the sequence
in which they are carried out :

(B) The inverse of every operation 7' exists in the set;
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that is, another operation 7'-! such that 77-! is the identity
or an operation which produces no effect.

This set of operations then forms a group.

The set described-above therefore forms an infinite group.
If the transformations of this set have only integral coefli-
cients consisting of the positive residues of a prime number
P, it will consist of only a finite number of operations and so
will form a finite group.

VI. The induced group. The equalities (24) constitute a
set of linear transformations on the variables ay, a,, a,. Like-
wise in the case of formulas (23,). These transformations
are said to be ¢nduced by the transformations 7. If T carries
S into f/ and 7" carries f' into f”, then

“'/‘“Lm—‘—“< £>f(51’ &)

m

ara D H YRR S
('r= 09 1, B ] m)'

This is a set of linear transformations connecting the a/

directly with @y, .-, a,. The transformations are induced
by applying 7, 1" tn succession to f. Now the induced trans-
Jormations (23;) form a group; for the transformations in-
duced by applying 7" and 7" in succession is identical with
the transformation induced by the product 7'7”. This is
capable of formal proof. For by (23,) the result of trans-
forming f by TT' is

m—r
al = Lzﬂ;—?—A'f(M& + i€ Moy + ek,
where

3 d
A=(\ —_  + (A + 2 W RN
A+ pymg) SO+ k) + g+ pgnp) A(MgE, + figy)
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But
d
Ay + #ymp) a‘*—'——“-—(xl £+ by E
_ 3 O + pmby)
ﬂl ONEy + miép) ¢,
+ 7, 9 oME + D)
ONE L+ méd) &,
= 1;1 __Q- + 1’2 _a_..
ok, 98,
Hence A=<”a%:>+<"5%)

and by the method of (IV) combined with this value of A

But this is identical with (24,). Hence the induced trans-
formations form a group, as stated. This group will be
called the induced group.

DEFINITION. A quantic or form, as for instance a binary
cubic f, is a function of two distinct sets of variables, e.g.
the variables z,, z,, and the coefficients a;, ---, @;. It is thus
quaternary in the coefficients and binary in the variables
z,, 2. We call it a quaternary-binary function. In gen-
eral, if a function # is homogeneous and of degree ¢ in one
set of variables and of order win a second set, and if the first
set contains m variables and the second set n, then F is said
to be an m-ary-n-ary function of degree-order (¢, ). If the
first set of variables is @y, -+, a,, and the second 2y, -+, 2,
we frequently employ the notation

F=(ap +++y @) (&g +++y ,)"

VII. Cogrediency. In many invariant theory problems
two sets of variables are brought under consideration simul-
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taneously. If these sets (zy, 2y, -+ 24),,(¥1s Yg» **+» Yn) are
subject to the same scheme of transformations, as (23), they
are said to be cogredient sets of variables.

As an illustration of cogredient sets we first take the
modular binary transformations,

T, : @ =M@y + % 23 =g + pgZpy
where the coefficients A, u are integers reduced modulo p as

in Section 1, VIII. We can prove that with reference to
T, the quantities 2§, 23, are cogredient to z;, z,. For all

binomial numbers ({’), where p is a prime, are divisible by

p except (%’) and (g ) Hence, raising the equations of 7}, to
the pth power, we have

2% = NP + phalp, a8 = Mgz + phzl (mod p).
But by Fermat’s theorem,

M=\, @=p; (mod p) (=1, 2).
Therefore
2§ = NP + g, o = Mglf + g

and the cogrediency of z%, 23 with z;, #, under 7, is proved.
VIII. Theorem. The roots (rV, r{), (r@, rP),
™, g™y of a binary form
S=agel + maxPlz, + oo + an2f,
are cogredient to the variables.
To prove this we write

= Pz — rP2) Py — r{Pmy) oo (P — 7{V2y),
and transform f by 7. There results
m . .
£ = B LGM = 0D + (o = riPm].

r (&) == T("’)A — r“) T @) = — /r(') p— r(')
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Solving these we hgve

(X}L)TP — xlr:’l(t) + #17’2(1),

gy = grl® + pgr.
Thus the #’s undergo the same transformation as the z’s
(save for a common multiplier (Aux)), and hence are cogredi-
ent to z,, 7,, as stated.

IX. Fundamental postulate. We may state as a funda-
mental postulate of the invariant theory of quantics subject
to linear transformations the following: Any covariant of a
quantic or system of quanties, ¢.e. any invariant formation
containing the variables z;, #,, .-+ will keep its invariant
property unaffected when the set of elements z;, z,, --- is
replaced by any cogredient set.

This postulate asserts, in effect, that the notation for the
variables may be changed in an invariant formation pro-
vided the elements introduced in place of the old variables
are subject to the same transformation as the old variables.

Since invariants may often be regarded as special cases
of covariants, it is desirable to have a term which includes
both types of invariant formations. We shall employ the
word concomitant in this connection.

BiNARY CONCOMITANTS

Since many chapters of this book treat mainly the con-
comitants of binary forms, we now introduce several defini-
tions which appertain in the first instance to the binary
case.

X. Empirical definition. Let
S=aye] + mazy ey + §m(m — Dagel %] + -+ + an2f,

be a binary form of order m. Suppose f is transformed by

T into
! — ol /! ! pIm=1 ./ ! ol
f! = ajz™ + mayz"lzh + o + ajzim
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We construct a polynomial ¢ in the variables and coeffi-
cients of f. If this function ¢ is such that it needs at most
to be multiplied by a power of the determinant or modulus
of the transformation (Au), to be made equal to the same
function of the variables and coefficients of f’, then ¢ is a
concomitant of f under 7. If the order of ¢ in the vari-
ables z,, z, is zero, ¢ is an invariant. Otherwise it is a co-
variant. An example is the discriminant of the binary
quadratic, in Paragraph III of Section 1.

If ¢ is a similar invariant formation of the coefficients
of two or more binary forms and of the variables z,, z,, it is
called a simultaneous concomitant. Illustrations are % in
Paragraph IV of Section 1, and the simultaneous covariant
C in Paragraph V of Section 1.

We may express the fact of the invariancy of ¢ in all
these cases by an equation

¢’ = (K/")kd’a
in which ¢' is understood to mean the same function of the
coefficients aj, a}, ---, and of 2}, #, that ¢ is of a,, a;, --+, and
Zyy Zy.  Or we may write more explicitly
4’(“{)’ a;’ ) x’l’ z,2)=(x'/"‘)k¢ (ao’ Aqy 2005 Ty xz)- (25)
We need only to replace 7' by (23) and (Ap) by M =
(Au --- ¢) in the above to obtain an empirical definition of a
concomitant of an m-ary form f under (23). The corre-
sponding equation showing the concomitant relation is

o(a'; z, ahy ooy ) =MEP(as; xy, Ty +++y Z,)- (26)

An equation such as (25) will be called the invariant rela-
tion corresponding to the invariant ¢.

XI. Analytical definition.* We shall give a proof in

Chapter II that no essential particularization of the above

* The idea of an analytical definition of invariants is due to Cayley. Intro-
ductory Memoir upon Quantics. Works, Vol. II.
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definition of an invariant ¢ of a binary form f is imposed by
assuming that ¢ is homogeneous both in the a’s and in the
z’s. Assuming this, we define a concomitant ¢ of f as
follows :

(1) Let ¢ be a function of the coefficients and variables
of f, and ¢' the same function of the coefficients and varia-
bles of f/. Assume that it is a function such that

! /

(2) Assume that ¢’ is homogeneous in the sets Aj, Ay;
Ky Mg and of order % in each.

Then ¢ is called a concomitant of f.

We proceed to prove that this definition is equivalent to
the empirical definition above.

Since ¢’ is homogeneous in the way stated, we have by
Euler’s theorem and (1) above

a¢' _ ]
A r, Y\ = 0’
‘4 =k (n ax)"’ (28)

‘axl 2o,

where k is the order of ¢/ in A, A,. Solving these,

5%—1%#( w1, 2 =—kp ') . »
Hence

! a¢, a¢’ -1 !
do¢' = Y dn, + I ANy = (M)~ k' (podAy — pydy).
1 2
Separating the variables and integrating we have

Qﬁ d(?\.p,) | — O )
ry (7\.}4) y ¢ (Ap)*,

where C' is the constant of integration. To determine C,
let 7' be particularized to

- —
x =2 v3=72)
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Then ;= a;(:=0, 1, 2, ..., m), and ¢'=¢. Also (Ap)=1.
Hence by substitution
¢/ =),

and this is the same as (25). If we proceed from

(A2 =0 (w i) = s

we arrive at the same result. Hence the two definitions are
equivalent.

X1I. Annihilators. We shall now need to refer back to
Paragraph IV (23,) and Section 1 (10) and observe that

9 d d
( 87\)“ =(m—r)a,,, (p, é—i>x’l=0 ( 6x>x2=—zl (29)

Hence the operator (u (%) applied to ¢', regarded as a

function of Aj, Ay, my, g has precisely the same effect as
some other linear differential operator involving only
(=0, .. 1 2}, 2, whicl 1d have the effect
a; (2 , ey m) and 2}, x5, which would have the effec
(29) when applied to ¢’ regarded as a function of af, z,
x, alone. Such an operator exists. In fact we can see by
empirical considerations that

d ] J
0_“”13,—"‘“1},‘7""'(7" 1)a2a,+ +a’”6§,: x;;‘)—z_';
(29,)

is such an operator. We can also derive this operator by an
easy analytical procedure. For,

(w5 = oy )+ (o) + (4 5)
+3¢l( ax’) %

(0 -4 aix,)w —o0.
N 2

or, by (29)
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In the same manner we can derive from (7\ ;—)4)’ =0,
“w
(0 2o =
2 a / -
( +2a oo +may, 9 _ z) i)qb’ =0. (29)
“oa] " " ! 3a] a 2 ad,, 2oz
The operators (29,), (29,) are called annihilators (Sylvester).

Since ¢ is the same function of a,, z,, 7, that ¢' is of al, 2],
aj, we have, by dropping primes, the result :

THEOREM. A set of necessary and sufficient conditions that
a homogeneous function, ¢, of the coefficients and variables of a
binary form f should be a concomitant s

(——xl )¢ O(-—x2 )qb 0.

In the case of invariants these conditions reduce to O¢ = 0,
Q¢ =0. These operators are here written again, for refer-
ence, and in the un-primed variables:

d
aam-l

0=ma1£+(m l)az——--)- c+a,
0

a .

d
Q=a0(r‘1+aa + . +ma,,,_15?¢—

1 6a2
A simple illustration is obtainable in connection with the
invariant

D, = aga, —a} (§ 1, IID).
Here m=2:

d d
Q=a,—+2a 0=2a ———-+-a
00a, laaz 10a, 2aa1
QD =—2ap0,+ 2ap, =0, 0D1—2a1a2 2a,0,=0.

It will be noted that this method furnishes a convenient
means of checking the work of computing any invariant.
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SECTION 8. SPECIAL INVARIANT FORMATIONS

We now prove the invariancy of certain types of functions
of frequent occurrence in the algebraic theory of quantics.

I. Jacobians. Let f}, fy -+, fa be » homogeneous forms in »n
variables z;, 5, -+, z,. The determinant,

.flzp flz,’ R flz,,

J = f.’:i,s f :.!1',') .'"’. .f:.’z,. , (30)
f nz, f nzy % f nz,

in which f1,1=§£1, ete., is the functional determinant, or

1
Jacobian of the » forms. We prove that J is invariant when

the forms f; are transformed by (23), ¢.e. by
i =M2y + pxy+ o +ox, (E=12 yn). 3D

To do this we construct the Jacobian J’ of the transformed
quantic f}. We have from (31),

9 = 9, 9z, + 9, 9z, . Qf’ 9z,
Oz, Oz,0x, 0,0z, az,, 0z

But by virtue of the transformations (31) we have in all
cases, identically,

f]l Ef: (-7' = 1’ 21 °t% n) (32)
Hence
/
_Q_f{:=/‘1 f +/‘ "fl+ +F‘nafa (33)
azz G:L‘l 2 az‘n

and we obtain similar formulas for the derivatives of f} with
respect to the other variables. Therefore

xl flz + x'Zf.l:c + -+ x'n,flz,,’ /"l.fl.:l + ”’2.flz,+ -+ Hon, flz,
J = .l
A'l.fnz f + X2fnz,+ e fnz,n /"’l.fnzl + /“’2fnz,+ -+ "‘n.fnz,. ot
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But this form of J' corresponds exactly with the formula
for the product of two nth order determinants, one of which
is J and the other the modulus M. Hence

J' = (Ap - 0)d,
and J is a concomitant. It will be observed that the co-

variant ¢’ in Paragraph V of Section 1 is the Jacobian of f
and ¢.

II. Hessians. If fis an n-ary form, the determinant
fz,z, fx,z,‘ °t fz,z,,
H | fomr Sowe w5 fan, (34)
fz,,z,’ fz,,z,’ ¢ "’fz"z"

is called the Hessian of f. That H possesses the invariant
property we may prove as follows: Multiply H by M=
(A .-+ o), and make use of (83). This gives

3 of 8 of 9_af

oz} o, 6:::2 oy’ 7 o , 9z,

e oy oo oy

MH= 2.1‘2' 7 H= ax; 0z, Oz oz, ' Ox oz,
Ao Bn ooe O, TS

S P A N

azl oz, GEA 611 axﬁ, O,

Replacing f by f’ as in (82) and writing
=9 = % 9 ete.
oz} 6:1:1 Oz, oy ores

we have, after multiplying again by M,

f'zlzl .f’z,:,' ’fz,.zl
MH f zzy fz,z,’ “ fz,,z,

f 5z, fz,z,." ’f z,2,
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that is to say,
H = (X,‘,y... g-)ZH;

and H is a concomitant of f.

It is customary, and avoids extraneous numerical factors, to
define the Hessian as the above determinant divided by § n~
x (n—1)* Thus the Hessian covariant of the binary cubic
form
S=aw?+ a2, + 8 ayz,x,? + agz,?,
is * A = 2| %% T 4%y 4T+ a7y | (38)

AT + ATy, ATy + ATy

= 2(aya, — a})2} + 2(ayag — a,ay)z .2, + 2(aja; — ad) 2.

IT1. Binary resultants. Let f, ¢ be two binary forms of
respective orders., m, n;

m
S =a@l + maxp ey + - + a2y = Hl(r.g’zl — r{Vzy),
1=
n
¢ = box} + nbyz] 'y + ++ + b7y = 1L(80°2) — 8P7p).
7=1

It will be well known to students of the higher algebra
that the following symmetric function of the roots (r{", r{"),
(8", 8¢, R(f, ¢) is called the resultant of f and ¢. Its
vanishing is a necessary and sufficient condition in order
that f and ¢ should have a common root.

B(f,¢) = HH(rPe? — af?). (3)
)=h=1

To prove that R is a simultaneous invariant of f and ¢ it
will be sufficient to recall that the roots (7, 7,), (8;, &) are
cogredient to z;, z,. Hence when f, ¢ are each transformed
by 7, R undergoes the transformation

ORI =0 i, Oy =Dl® + b
Ovw)af? = N80 + pygy?, (Mp)sf? = My8? + pysy?,

* Throughout this book the notation for particular algebraical concomitants is
that of Clebsch.
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in which, owing to homogeneity the factors (Au) on the left
may be disregarded. But under these substitutions,

DgW) — p01g() — “1( WD) _ Pl
r{P8g) — risy? = (Ap)H(r Ve r3"87).

B (f's ¢ )= B(f, $),
which proves the invariancy of the resultant.

The most familiar and elegant method of expressing the
resultant of two forms f, ¢ in terms of the coefficients of the
forms is by Sylvester’s dialytic method of elimination. We
multiply f by the » quantities 271, 2772z,, .-+, 237! in succes-
sion, and obtain

Hence

a1+ ma z;"*"‘2:r2 + o + a2y,

agr] " "2, 4 - + Ma,_ 2]y 4 anwiT %y, (37)
- ne +n-

agxtry™l 4 . + My 22542 4+ a2y L

Likewise if we multiply ¢ by the succession 27-1, z}*~2z,,
271, we have the array

O U gr iy
boz;‘w;""l-}— +nb lzlxm-#n 24 % Il'm+" 1, (38)

The eliminant of these two arrays is the resultant of f and ¢,
viz.

@y MAye o vvneennnns U 0 Q...0

E 0 a MAy worvoe My Ay 00 0

0 0 0 a

R(f,p)= m
Go=|
E 0 &, nh,

0 0 0 B N

A particular case of a resultant is shown in the next para-
graph. The degree of B(f,¢) in the coefficients of the two
forms is evidently m + n.
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IV. Discriminant of a binary form. The discriminant D
of a binary form f is that function of its coefficients which
when equated to zero furnishes a necessary and sufficient
condition in order that f =0 may have a double root. Let

S=f(zp, 25) = aozr;" + malz;"‘]xz + - + a7y,

and let f; (2, x2)_- ; f, (x4 xz)—- . Then, as is well
known, a common root of f=0, :__fz 0 is a double root of
r,

S =0 and conversely. Also
- of of
Imf —zy=—)=-";
zy ( f x; 6,z~1) 6.1'2’
hence a double root of f=0 is a common root of f=0,

Y _ 0, I _ = 0, and conversely ; or D is equal either to the
dry 9z,

eliminant of fand af , or to that of f and . Let the roots
z, 0z,
of f.(z;, 2)=10 be (s, s’)( =1, -+, m — 1), those of
S (23 23) =0, (2, t(z))(i: 1, .-, m — 1), and those of f=0
be (r{, 7§ =1, 2, .-, m). Then
A“]) =,f(3(11), 8&!)).7'(*:(1'.’), sé?)) .. .j'(sgm- 1)’ s.f','" - 1)),
4D =F(, EOF P, ) - F (=, 1),
Now Of(z;, zy)= zlgf—, Of (zyy 25)= x.‘,gaf, where O and
2 1
Q are the annihilators of Section 2, XII. Hence

0D = Et(vf, (t(l) t(l))f(t(z) {(2)) f(t(m—l) ((m—l))=
QD=3 ’1(8(1) 8) f (82, 8) - f(8"D, 84 V) =0,

Thus the discriminant satisfies the two differential equations
OD =0, D = 0 and is an invariant. Its degree is 2(m — 1).

An example of a discriminant is the following for the
af

binary cubic f, taken as the resultant of 6z
2
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a, 2a, a, 0
0 a 2a a,
—1R= 0 1 39
b a, 2a, ay 0 e
0 a, 2a, a4

= (ayag — a,0,)* — 4(aya, — af) (2,03 — o).

V. Universal covariants. Corresponding to a given group
of linear transformations there is a class of invariant forma-
tions which involve the variables only. These are called
universal covariants of the group. If the group is the
infinite group generated by the transformations T in the
binary case, a universal covariant is

d=(zy) =21Y5 — %Y1
where (y) is cogredient to (). This follows from
d= M+ BTy ATyt pgTy
MY1+ MY MYyt HaYy
If the group is the finite group modulo p, given by the trans-
formations 7, then since 2%, 23 are cogredient to z;, 7, we
have immediately, from the above result for d, the fact that
L = abzy — z28 (41)
is a universal covariant of this modular group.*

Another group of linear transformations, which is of con-
sequence in geometry, is given by the well-known trans-
formations of coordinate axes from a pair inclined at an
angle » to a pair inclined at an angle o' = B — &, viz.

z. = Sin (@ — a)z,_l_sm(w—-ﬂ)z;’

=(w)(@y). o)

1 sinw 1 sin @
_Sine 2, sin B 2. a2)
sin sin @
Under this group the quadratic,
2} + 22,2, cos » + 23, (43)

is a universal covariant.}

* Dickson, Transactions Amer. Math. Society, vol. 12 (1911).
t Study, Leipz. Ber. vol. 40 (1897).



CHAPTER 1II
PROPERTIES OF INVARIANTS

SECTION 1. HOMOGENEITY OF A BINARY CONCOMITANT
I. Homogeneity. A binary form of order m
Sf=a@l? + ma P e, + -+ a2y,

is an (m + 1)-ary-binary function of degree-order (1, m).

A concomitant of f is an (m + 1)-ary-binary function of de-

gree-order (4, ). Thus the Hessian of the binary cubic
(Chap. I, § 3, 1I),

A =2(aya; — a2} + 2(agag — a1a),2; + 2(a105 — a§)73, (44)
is a quaternary-binary function of degree-order (2, 2).
Likewise f+ A is quaternary-binary of degree-order (2, 2),
but non-homogeneous.

Aninvariant function of degree-order (¢, 0) is an invariant
of f. If the degree-order is (0, w), the function is a universal
covariant (Chap. 1, § 8, V). Thus aja, — a? of degree-order
(2, 0) is an invariant of the binary quadratic under 7
whereas 2%z, — z,23 of degree-order (0, p + 1) is a universal
modular covariant of T,

THEOREM. If C=(ay a4 -+ @n)"(2;, 23)" 18 a concomitant
of f=(agp **s @n)(2y, 7)™, its theory as an invariant function
loses no generality if we assume that it i8 homogeneous both as
regards the variables x,, x, and the variables ay, -+, apn.

Assume for instance that it is non-homogeneous as to z,, z,.
Then it must equal a sum of functions which are separately
homogeneous in z,, z,. Suppose

O=C+ G+ + 0,
9
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where 0:'=(a0’ Ay ooy am)i,(‘”l* zz)“’i(j= 1,2, e, )7 §i'
Suppose now that we wish to verify the covariancy of C,
directly. We will have

0" = (ag ay -+ @n)* (2}, 2)* = (Ap)*C, (45)

in which relation we have an identity if @} is expressed as the
appropriate linear expression in ag, :--, a, and the z] as the
linear expression in z;, z,, of Chapter I, Section 1 (10). DBut
we can have

3 s
2 C']’ =(Ap )k;CYja
=1 =1

identically in 2,, #,, only provided
0;:(7\/.1.)"0,- (j =1, .. 8)'

Hence C} is itself a concomitant, and since it is homogeneous
as to z;, 75, no generality will belost by assuming all invariant
functions (" homogeneous in z,, z,.

Next assume (' to be homogeneous in z,, z, but not in the
variables ay, a,, --+, @,. Then

C=TI,+Ty+..-+T,

where I'; is homogeneous both in the a’s and in the2’s. Then
the above process of verification leads to the fact that

7 = (\)*Ty,

and hence ¢ may be assumed homogeneous both as to the a’s
and the z’s; which was to be proved. The proof applies
equally well to the cases of invariants, covariants, and uni-
versal covariants.

SECTION 2. INDEX, ORDER, DEGREE, WEIGHT

In a covariant relation such as (45) above, &, the power of
the modulus in the relation, shall be called the index of the
concomitant. The numbers ¢, @ are respectively the degree
and the order of C.
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I. Definition. Let 7 =afafa;---a z42zs™* be any monomial
expression in the coefficients and variables of a binary m-ic f.
The degree of = is of course i=p+¢g+7+ .- +v. The
number

w=q+2r+38+ - +mr+pu (46)

is called the weight of =. It equals the sum of all of the sub-
seripts of the letters forming factors of t excluding the factors
7;. Thus agis of weight 3; agaja, of weight 6; ajaaizd of
weight 9.  Any polynomial whose terms are of the type T
and all of the same weight is said to be an ¢s0baric polynomial.
We can, by a method now to be described, prove a series of
facts concerning the numbers w, ¢, &, w.
Consider the form f and a corresponding concomitant
relation
O = (ay oy )y )"
=Aw) (ag ay, -y 4,) (T 7)°. (47)
This relation holds true when f is transformed by any linear
transformation
. T =N Ty
Ty = Aoy + BpTp
It will, therefore, certainly hold true when f is transformed
by any particular case of 7. Tt is by means of such particu-
lar transformations that a number of facts will now be proved.

II. Theorem. The index k, order w, and degree ¢ of C

satisfy the relation
k=1(im — w). (48)

And this relation is true of invariants, i.e. (48) holds true when
w=0.
To prove this we transform

S =a@} + ma@]la, + o0 + anvy,
by the following special case of T':

—_ /
‘”1 = 7\:1:’1, Ty = )\.’bz.
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The modulus is now A% and aj=A"a; (=0, :--, m). Hence
from (47),
(Amagy A™ay, »ooy Aa,) (A 12y, M7125)

=A%(ag, @y -ory Q) (@yy 75)°.  (49)
But the concomitant (' is homogeneous. Hence, since the
degree-order is (7, ®),

xim—w(ao, ceey am)i(xl, xﬂ)m = ng(ao, ceey am)t(zl, z.z)w.

Hence
2k =tm — w.

III. Theorem. [Every concomitant C' of f 18 tsobaric and
the weight is given by
w = }(im + o), (50)
where (3, w) 18 the degree-order of C, and m the order of f.
The relation ts true for tnvariants, i.e. if o = 0.
In proof we transform f by the special transformation

z, = ], Ty = ATy (51)
Then the modulus is A, and a}= Na; (=0, 2, -, m).
Let

= alala’ -.. TrTe—*
T = agaiay .- TiTy

be any term of € and 7' the corresponding term of (', the
transformed of C' by (51). Then by (47),
7/ =N+ tu-ogbedal ... ghay T = AT,
Thus
w—w=Fk= :}(im—w),
or
w = }(im + ).

CorROLLARY 1. The weight of an invariant equals its
index,
w=k=}im.
CoroLLARY 2. The degree-order (4, @) of a concomitant
C cannot consist of an even number and an odd number
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except when m is even. Then ¢ may be odd and w even.
But if m is even o cannot be odd.

These corollaries follow directly from (48), (50).

As an illustration, if ' is the Hessian of a cubic, (44), we
have

i=2% 0=2 m=3,
w=1(2-3+2)=4,
k=1(2-3-2)=2.

These facts are otherwise evident (cf. (44), and Chap.
I, § 3, 1D).

CoroLrAry 8. The index & of any concomitant of f is a
positive integer.
For we have
wW—w= k,

and evidently the integer w is positive and o _ w.

SECTION 3. SIMULTANEOUS CONCOMITANTS

We have verified the invariancy of two simultaneous
concomitants. These are the bilinear invariants of two
quadratics (Chap. I, § 1, IV),

V= ap} + 2 a2, + a2,
¢ = by} + 2 by + byad,
viz. h=ayh, — 2 a,b, + azb,,
and the Jacobian C of ¢ and ¢ (c¢f. (8)). For another
illustration we may introduce the Jacobian of ¢ and the
Hessian, A, of a binary cubic f. This is (cf. (44))
Jo, 8 = [Lo(agay — a105)— 2 by(aya, — a}) ]
+ 2[bo(aya5 — a3) — by(aya, — a}) Jy7,
+[2 6y(aya5 — a3) — by(aga5 — a,4,) )73,
and it may be verified as a concomitant of ¢ and

F=agl+
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The degree-order of JJ is (3, 2). This might be written
(142, 2), where by the sum 1+ 2 we indicate that J 1s of
partial degree 1 in the coefficients of the first form ¢ and of
partial degree 2 in the coefficients of the second form f.

I. Theorem. Let f, ¢, Y, --- be a set of binary forms of
respective orders my, mgy, Mg, ---. Let C be a simultaneous
concomitant of these forms of degree-order

(":1 + 7:2 + i3+ ey @),
Then the index and the weight of C are commected with the
numbers m, i, w by the relations
k= }(Zim; — @), (62)
w = 3(Ziym; + @),
and these relations hold true for invariants (i.e. when o = 0).

The method of proof is similar to that employed in the
proofs of the theorems in Section 2. We shall prove in
detail the second formula only. Let

f= anTl 4+ oeey ¢ = bo$71"1+ cony »\P- = coz;"a 4 ey eee,
Then a term of ¢ will be of the form

T= a(‘)'xai'lagx ove bgzb{:bél vee zli';z:jz‘l‘_
Let the forms be transformed by z; = ), z, = Az},. Then a}
= NMa;, b, = Mbj, ..- (j =0, --.,m,), and if 7' is the term cor-
responding to 7 in the transformed of C' by this particular
transformation, we have

7l = ANr1#2s+ e Hrgt2agt s tu—w ¢ = N,

Hence
w— o=k=}Cim — o),

which proves the theorem.

We have for the three simultaneous concomitants men-
tioned above; from formulas (52)

D

k
w

i«

e &
s

s

[ SN &)

k
w

Crw

1
3
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SECTION 4. SYMMETRY. FUNDAMENTAL EXISTENCE
THEOREM

We have shown that the binary cubic form has an invari-
ant, its discriminant, of degree 4, and weight 6. This is
(cf. (39)

3 B =—(aja3 — a,a5)% + +(ayay — a?)(aya; — ad).

1. Symmetry. We may note concerning it that it is
unaltered by the substitution (ayt3)(a;a,). This fact is a
case of a general property of concomitants of a binary form
of order m. Let f= ag@} + ---; and let ' be a concomitant,
the invariant relation being

O = (aly afy vy @) (e 7)) = (MBI (s 0y 4 (s 7).
Let the transformation 7' of f be particularized to
x, =l ry=1].
The modulus is — 1. Then «} = a,_;, and
0’=(am, [/ SN ao)‘( T 3'1)"’= (— ])k(ao, aeey (tm)i(Il‘l., :172). (63)

That is ; any concomitant of even index is unchanged when
the interchanges (aya,)(@@m-y) -+ (#;2,) are made, and if
the index be odd, the concomitant changes only in sign.
On account of this property a concomitant of odd index is
called a skew concomitant. There exist no skew invariants
for forms of the first four orders 1, 2, 3, 4. Indeed the
simplest skew invariant of the quintic is quite complicated,
it being of degree 18 and weight 45 * (Hermite). The sim-
plest skew covariant of a lower form is the covariant 7' of a
quartic of (125) (Chap. 1V, § 1).

We shall now close this chapter by proving a theorem
that shows that the number of concomitants of a form is
infinite. = 'We state this fundamental existence theorem of
the subject as follows :

Fad di Bruno, Walter. Theorie der Biniiren Formen, p. 320
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II. Theorem. Ewery concomitant K of a covariant C of a
binary form f 18 a concomitant of f.

That this theorem establishes the existence of an infinite
number of concomitants of f is clear.. In fact if fis a binary
quartic, its Hessian covariant H (Chap. I, §3) is also a
quartic. The Hessian of H is again a quartic, and is a con-
comitant of f by the present theorem. Thus, simply by
taking successive Hessians we can obtain an infinite number
of covariants of f, all of the fourth order. Similar consider-
ations hold true for other forms.

In proof of the theorem we have

=@+ ey
C=(ay -+ @n)i(@y, 2)" = ¢y} + we @y 12y + -1,
where ¢; is of degree ¢ in ay, -+, a,.

Now let f be transformed by 7. Then we can show that
this operation induces a linear transformation of C, and
precisely 7. In other words when f is transformed, then
Cis transformed by the same transformation. For when f
is transformed into f', (' goes into

C' =)k (cgy + we@y™ 2y + -++).

But when C is transformed directly by 7} it goes into a form
which equals C itself by virtue of the equations of trans-
formation. Hence the form C, induced by transforming f,
is identical with that obtained by transforming C by T'
directly, save for the factor (Ax)*. Thus by transformation
of either for C,

e + el @i T Ih + oo = (M) ey + o (Ap)re sy g+ (54)
is an equality holding true by virtue of the equations of
transformation. Now an invariant relation for K is formed
by forming an invariant function from the coefficients and
variables of the left-hand side of (54) and placing it equal
to (Au)* times the same function of the coefficients and
the variables of the right-hand side,
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K' = (cly, +y ) (), 2p)*
=) ((Mp)ey - (M) eu) (zp 29)"
But K’ is homogeneous and of degree-order (¢, €). Hence
K’=(C(’), %y eﬂ,)‘(z’l, xé)'=(k“)th+‘(001 Rt} cw)‘(zl’ xﬁ)' (55)
= (X/J.) ke I

Now ¢} is the same function of the ay, .-, aj, that ¢; is of ay,
sy @,. When the ¢”’s and ¢’s in (55) are replaced by
their values in terms of the a’s, we have

K'=[ag, -+ @, ]%(2p 23) = (M) ***[agy o1 2 ]*(2yy 75)*  (56)
== (K“)Lk+x‘lf;

where, of course, [ag, -+, @.]"*(x;, 23)* considered as a func-
tion, is different from (@ -+, @.)"(z;, 23). But (56) is
a covariant relation for a covariant of f. This proves the

theorem.
The proof holds true mutatis mutandis for concomitants of
an n-ary form and for simultaneous concomitants.

The index of K is
p=t-}(im— o)+ }(w—e¢)
= (&m — €),
and its weight,
w = }(im + ¢€).
Tllustration. 1If fis a binary cubic,
f=ag} + 3 azfey + 3 a2 + ayr,
then its Hessian,
A = 2[(agay — a})af + (agay — a,139)17y + (05 — a§)23],

is a covariant of f. The Hessian 2 R of A is the discrimi-
nant of A, and it is also twice the discriminant of f,

2 R =4[ — (a,23 — a,8,)% + 4(ay1, — a}) (a,0;, — a3)].



CHAPTER III

THE PROCESSES OF INVARIANT THEORY

SECTION 1. INVARIANT OPERATORS

WE have proved in Chapter II that the system of invari-
ants and covariants of a form or set of forms is infinite.
But up to the present we have demonstrated no methods
whereby the members of such a system may be found. The
only methods of this nature which we have established are
those given in Section 3 of Chapter I on special invariant
formations, and these are of very limited application. We
shall treat in this chapter the standard known processes for
finding the most important concomitants of a system of
quantics.

I. Polars. In Section 2 of Chapter I some use was made

. d d
of the operations A; — + Ay —, p; — —
! Tow, T M50 Mian, TP,
tors may be extensively employed in the construction of in-
variant formations. They are called polar operators.

Such opera-

THEOREM. Let f=ag@}+ - be an n-ary quantic in the
variables x,, -+, x,, and ¢ a concomitant of f, the corresponding
invariant relation beiny

¢’ =(a('), ...)‘(x’l, cony z;‘)“'
= (A ooe @)o(Agy o+ )(Zyy o0y Tp)? = M. (87)
Then if Yy, Ygo ++y Yn are cogredient to xy, Xy, +++, T, the function
d d
(ya—:v)qb <y1 +y2—— + ot g )qb
n

8 a concomitant of f.
42
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It will be sufficient to prove that

I_i_) ! - k< __a_> . 58
(3/ or' ¢' =M ‘1/81 ¢ (%8)
the theorem will then follow directly by the definition of a

covariant. On account of cogrediency we have

ry= X,xi + "“1"2 + .. + U"m,’,s (59)
Yi= lg; + /qu,g + ... +0'|!/£|(Z = 1’ Bt} n)‘

Hence
O _ 8%, 00y, . 00
o} Or, dx) Oz, o, oz, 0z’
d 9 d 9
—_— Ay — 4 —_—t e A'n_
ox) 1 oz, A oz, + oz,
] 9 d ]
5;;—#16_1'1-*_"2;97—:2—*_ +'u"(—9x—,,’
d d d d
o on " ot e,
Therefore
y’i+ veo +y’i =(A‘y’ +'u,y’ + o+ ,/’)_(?_
16117’1 "312,’, 171 172 1Jn 8171

e Oty o+ ) <
? 9 "
_y16x1+ ' +y"5—n

Hence (68) follows immediately when we operate upon (57)

d d
by (v3m)=(vz) ©

The function (yai)da is called the first polar covariant of
xr

¢, or simply the first polar of ¢. It is convenient, however,
and avoids adventitious numerical factors, to define as the

polar of ¢ the expression (y})d) times a numerical factor.
2
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We give this more explicit definition in connection with
polars of f itself without loss of generality. Let f be of
order m. Then

Lm——(yl iy (‘/n

|m

) S=Ffim (61)

the right-hand side being merely an abbreviation of the left-
hand side, is called the rth y-polar of f. It is an absolute
covariant of f by (60).

For illustration, the first polars of
S =aa} + 8 a2}z, + 3 aw i} + agad,
9= g0 + 2 013071y + Qa3 + 2 41012123 + 2 84132975 + App 3
are, respectively,

Sy =22} + 20,22, + 0,23y, + (2,2 + 2 22123 + ag2}) g,
9y = (g1 + @13+ 8101%) Y1 + (@116%1 + CoaoTs + 211%5) Y3

+ (210121 + To11%9 + Bo0p%3) Y5
Also,
S = (el + 2 19193 + 2393)%, + (0,914 2 0915 + 0393)7,.

If g =0 is the conic C' of the adjoining figure, and (y) =
(¥ Ya» Ys) is the point P, then g, = 0 is the chord of contact
AB, and is called the polar line of P
and the conic. If P is within the conic,
g9,=0 joins the imaginary points of
contact of the tangents to ¢’ from P.

We now restrict the discussion in the
remainder of this chapter to binary
— forms.

B We note that if the variables (y) be

replaced by the variables (z) in any polar

of a form f the result is f itself, i.e. the original polarized

form. This follows by Euler’s theorem on homogeneous
functions, since

= . 62
)f]v- T ox, + 26z2 mf (2
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In connection with the theorem on the transformed form
of Chapter I, Section 2, we may observe that the coefficients
of the transformed form are given by the polar formulas

ay=JS(hp M) =Sy (63)
a1 = fow a3 =Foun = @ =Foum

The rth y-polar of f is a doubly binary form in the sets
Wy ¥3)» (#p 7,) of degree-order (r, m —r). We may how-
ever polarize f a number of times as to (y) and then a number
of times as to another cogredient set (2) ;

|m—r|m—r—s( oY/, 9\, -

rl = 64

fo),= o s e e e

This result is a function of three cogredient sets (z), (%), (2)-
Since the polar operator is a linear differential operator, it

is evident that the polar of a sum of a number of forms
equals the sum of the polars of these forms,

(f+ b+ )v’ =fv'+¢v'+

IT. The polar of a product. We now develop a very im-
portant formula giving the polar of the product of two
binary forms in terms of polars of the two forms.

If F(z,, z,) is any binary form in 2,, z, of order M and (y)
is cogredient to (z), we have by Taylor’s theorem, & being
any parameter,

F(zy+ kyy 73 + kyy)

do\r
= F(z,, 1‘2)+k(y%>ff'+k2(y 6>|I;'+ otk ( 6—2:) l.f—_.;.

___F+<11V)ka+<gf>pv,ka+ +(]"‘1)F¢kf+ . (65)

Let F = f (2, z,) $(2;, %;), the product of two binary forms
of respective orders m, n. Then the rth polar of this prod-
uct will be the coefficient of Z* in the expansion of

J (@) + kyys %y + kyy) X & (24 + kyys 25+ ky,),
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divided by (™ T ™), b (65). But this expansion equals
Y » y P 1

[ro(Shee (Bt (2 oo
+(§‘>¢,.k2+ +(:f>qb,,rk'+ ]

Hence by direct multiplication,

f¢] m+n[ () (5 ) +(7 o2 1)t
("F")
] +()( )]

r (m4+n 2 rﬁs fyepyr—s- (68)
)

This is the required formula.

The sum of the coefficients in the polar of a product is
unity. This follows from the fact (cf. (62)) that if (y)
goes into () in the polar of a product it becomes the origi-
nal polarized form.

An illustration of formula (66) is the following :

Let f=ag}+ -+, p=0b@2+ ... Then

1 /4\/2 4\ /2 4\ /2
78], =50 () s + (o) (Tt + (1) Gt
= %f »P + gf y’¢y + %f vPure
IIT. 'Aronhold’s polars. The coefficients of the transformed

binary form are given by

@, = fur(Ap X)) (=0, -+, m).

These are the linear transformations of the induced group
(Chap. I, § 2). Let ¢ be a second binary form of the same
order as f,

¢ = bz + mbyap 1z, + ..o
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Let ¢ be transformed by 7'into ¢/. Then

b’, = ¢“r(ll, 7\2).
Hence the set b, b,, -+, b,, is cogredient to the set ay, a, -+, @,
under the induced group. It follows immediately by the
theory of Paragraph I that

d
(v 3w)= "{'a' by
d d
=b—4 oo +b — =(b—).
oaa0+ + )maam_<baa> (67)

That is, (b 56—) is an invariant operation. It is called the
a

Aronhold operator but was first discovered by Boole in 1841.
Operated upon any concomitant of f it gives a simultaneous
concomitant of fand ¢. If m =2, let

— 2
I=aja, — a.
Then

d d
— ] —_ —_— = b _—
(baa)I (boaa + 18a1+b ; )I agby — 2 b, + agby

0 )

This is 2 (Chap. I, § 1). Also
(bg"_) T=4(bby — b3),

the discriminant of ¢. In general, if ¥ is any concomitant
of f,
"/‘, '=(a‘(,)s ooty a;»)i(zis 1‘;)“ = (X#)k(aos L) am)"(xv xz)w9

then ( )‘P'_(X )( >\p\(r—0 1, -, 2) (68)

are concomitants of fand ¢. When » = i, the concomitant is

X = (boy *++s bm)*(2p Z9)".
The other concomitants of the series, which we call a series
of Aronhold’s polars of vy, are said to be intermediate to
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and y, and of the same type as Y. The theory of types will
be referred to in the sequel.

All concomitants of a series of Aronhold’s polars have the
same index k.

Thus the following series has the index 4 = 2, as may be
verified by applying (52) of Section 8, Chapter II to each
form (f= aozr%-}- veey ¢=box%+ )

H = (aga, — a3)2} + (ayag — a,09) 2,7, + (a,a3 — a3)a3,

(b )II =(ayby— 2a.b,+ azb))x3+(aybg+ agh,— a,b,— ab )z,
+ (ay05 — 2 ayb, + agh))a,
2
%(b 5%) H=(bgby — 63)2} + (bybg — b1by) 212, + (Bybg — 63)23.

IV. Modular polars. Under the group 7, we have shown,
%, a3 are cogredient to z;, z;. Hence the polar operation
d ]
S, =2 — 4 28—, 69

applied to any algebraic form f, or covariant of f, gives a
formal modular concomitant of f. Thus if

Sf=ay@}+2a22, + ayzl,
3 83f = agt + a,(afry + 2,23) + a4

This is a covariant of f modulo 3, as has been verified in Chap-
ter I, Section 1. Under the induced modular group a2, a2, ...,
ab, will be cogredient to ay, a,, ---, a,. Hence we have the
modular Aronhold operator

then,

dy,= a” + ~+an aa
If m=2, and
D = ap, — a3,
then d,D = ajay — 2 af*! + aya (mod. p).

This is a formal modular invariant modulo p. It is not an
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algebraic invariant; that is, not invariantive under the group
generated by the transformations 7.
We may note in addition that the line

L= agw, + a2y + ay2,
has among its covariants modulo 2, the line and the conic

= a2 2 2

dyl = adx, + ajxy + a3z,
= 2 2

Sl = a2} + a2l + a2}

V. Operators derived from the fundamental postulate. The
fundamental postulate on cogrediency (Chap. I, § 2) enables
us to replace the variables in a concomitant by any set of ele-
ments cogredient to the variables, without disturbing the
property of invariance.

THEOREM. Under the binary transformations T the differ-

ential operators -a— _2 are cogredient to the variables.
oz,’ oz,
From 7' we have
d d d

2\ Z =,
oz laxl"' Oz,
d d d
aac2 =gy, T higg
d
Hence A .—-=7\_ (___)
(nu')axz lax;-}-l"l axi’

d d d
- (7\#)5;1 = Ma—xlz + Pz(" a—z,l)

This proves the theorem.
It follows that if ¢ =(ay -+ @m)(%y, 25)* is any invariant
function, .e. a concomitant of a binary form f, then

0 = (g +++y Am)* (—- ——é—)w (70)

oz, Oz,

is an invariant operator (Boole). If this operator is operated
upon any covariant of f, it gives a concomitant of f, and
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if operated upon a covariant of any set of forms g, A, ..., it
gives a simultaneous concomitant of f and the set. This
process is a remarkably prolific one and enables us to construct
a great variety of invariants and covariants of a form or a
set of forms. We shall illustrate it by means of several
examples.

Let f be the binary quartic and let ¢ be the form f itself.
Then

9 = O =

and

ot EY! 34 3¢

—dag——ta,—
R e R

-Lala +6a

“o
0x}
o4 O - f=2(aga, — 4 aja5 + 3 aZ) = 1.

This second degree invariant ¢ represents the condition that
the four roots of the quartic form a self-apolar range. If
this process is applied in the case of a form of odd order, the
result vanishes identically.

If His the Hessian of the quartic, then

94
_ —_ a2\ 9 —
OH = (aa,—a ) 22t alaZ) 0r30z,
64
a,a 2aa 3 a2 _2aa—aa
+ (agty + 2 aya, D x28 (08— a, 3)81:262:%

+ (a0 — “;)“"
And
15 OH - f = 6(ayq0, + 2 ajaza; — afa, — aad — ad) = J. (70y)
This third-degree invariant equated to zero gives the con-

dition that the roots of the quartic form a harmonic range.
If H is the Hessian of the binary cubic f and

g="bg}+
then
L OH - g =[by(a,a3 — a3) + b1(ara; — a4a3) + by(agay — a}) ]z,
+ [61(a,a5 — a3) + by(@1ay — ayag) + b3(ayay — a3) ]2, 5
a linear covariant of the two cubics.
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BILINEAR INVARIANTS

If f=a@?+ +-+is a binary form of order m and
g9 ="5,27 + ... another of the same order, then

1 m LM
Eaf-y=aobm—(1)albm_l+ e (= (P )by
+ oo + (= Dma,b,. (71)

This, the bilinear invariant of f and g, is the simplest joint
invariant of the two forms. If it is cquated to zero, it gives
the condition that the two forms be apolar. If m =2, the
apolarity condition is the same as the condition that the two
quadratics be harmonic conjugates (Chap. I, § 1, IV).

VI. The fundamental operation called tramnsvection. The
most fundamental process of binary invariant theory is a
differential operation called transvection. In fact it will
subsequently appear that all invariants and covariants of a
form or a set of forms can be derived by this process. We
proceed to explain the nature of the process. We first prove
that the following operator £ is an invariant:

2.0
ar, o
Q=1 2 72
9 ol (72)
3y, Y
where (y) is cogredient to (z). In fact by (70),
d d d
p WL YL A
o = lax1+ 26x2 #16x1+#26x2 — w0
=l o o 9 g |= )i

Tt N g+ Mg
oy, oy, oy, ey
which proves the statement.
Evidently, to produce any result, ! must be applied to
a doubly binary function. One such type of function is a
y-polar of a binary form. But
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THEOREM. The result of operating Q upon any y-polar of
a binary form f is zero.
For, if f= a2} + .-+,

=’ L’?__ v'=<y£‘),f

ox
o — g 0
(yl f (1).’/1 1.’lza ,_lf‘;x + e+ Yy f)
Hence .
- Y . OIf
r—1 r—1
Qr= (l)yl 0x70r, toe Y 0x,0;

e Y ) r1 0
4 9ridry (1 2 9z, 6.1:’
and this vanishes by cancellation.

If Q is operated upon another type of doubly binary form,
not a polar, as for instance upon fg, where f is a binary form
in 2, z, and g a binary form in y,, y,, the result will generally
be a doubly binary invariant formation, not zero. '

DeriNiTION. If f(2) = ay@] + ---is a binary form in ()
of order m, and g(y) = byy} + --- a binary form in (y) of order
n, then if y,, y, be changed to z;, z, respectively in

Y 73

i F(@)9(9) (73)

after the differentiations have been performed, the result is

called the rth transvectant (Cayley, 1846) of f(z) and g(z).

This will be abbreviated (f, y)", following a well-established
notation. We evidently have for a general formula

Borlnrs r\ 9f(z) . 89(2)
L”.‘ﬂ E)( (3 otz iz (14)

We give at present only a few illustrations. We note that
the Jacobian of two binary forms is their first transvectant.
Also the Hessian of a form f is its second transvectant. For

(Sfrg)r=
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mz( m— 1)2(f 212/ T2y f&',z,;)

('Z'{_B; P T = 2F s+ FoaFre)

=LA
As an example of multiple transvection we may write the
following covariant of the cubic f:
Q =(S(A )= (afas — Bagaya, + 2 a})a}
+ 8(ayry a5 — 2 aga + alay)lz,
— 3(ayaya3 — 2 aag+a,a3 )z 23
— (ay23— 3 aya,05+2 a3)x}.

(741)

If f and g are two forms of the same order m, then (f, g)™ is
their bilinear invariant. By forming multiple transvections,
as was done to obtain ¢, we can evidently obtain an un-
limited number of concomitants of a single form or of a set.

SECTION 2. THE ARONHOLD SYMBOLISM. SYMBOLICAL
INVARIANT PROCESSES

I. Symbolical representation. A binary form f, written
in the notation of which

Sf=a@}+ 3 azle, + 3 ayz2} + ay7}
is a particular case, bears a close formal resemblance to a
power of linear form, here the third power. This resem.
blance becomes the more noteworthy when we observe that
the derivative - bears the same formal resemblance to the

1
derivative of the third power of a linear form:

:_f = 3(ay2} + 2 a,z,7, + a,23).
%

That is, it resembles three times the square of the linear
form. When we study the question of how far this formal
resemblance may be extended we are led to a completely
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new and strikingly concise formulation of the fundamental
processes of binary invariant theory. Although f = agz} + ---
is not an exact power, we assume the privilege of placing it
equal to the mth power of a purely symbolical linear form
o, %, + 0y, which we abbreviate «,.

S=(o0, + ayzy)"= o} = agz} + ---

This may be done provided we assume that the only defined
combinations of the symbols «,, &, that is, the only combina-
tions which have any definite meaning, are the monomials
of degree m in a;, ay;

m __ m—=1,, __ e @M —
O = Qgy Q) g = @y **y Uy = Qs

and linear combinations of these. Thus &' + 2 &)"2¢2 means
a,+ 2 a;,.  But ¢f""2¢, is meaningless ; an umbral expression
(Sylvester). An expression of the second degree like aa,
cannot then be represented in terms of «’s alone, since
o - o %03 = ol %¢3 is undefined. To avoid this difficulty we
give f a series of symbolical representations,

f= a;’_’: B’{‘: 'yf;' = eeey

wherein the symbols («;, @), (85 By)s (745 ¥3)s ++- are said to
be equivalent symbols as appertaining to the same form f.
Then

m . [Qm m o —_ m—1 — [Qm—1 —_—nym—1 —_ —_
of =Py = = =ap @ Ny =BT IRy = Iy = e =ag, e

Now aya, becomes («}'B7~?B%) and this is a defined combina-
tion of symbols.

In general an expression of degree ¢in the a’s will be repre-
sented by means of ¢ equivalent symbol sets, the symbols of
each set entering the symbolical expressions only to the mth
degree; moreover there will be a series of (equivalent)
symbolical representations of the same expression, as

g2y = o By By = oy g = BT 0 = oo
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Thus the discriminant of

f=ot=R2= ... = a2} + 22,2, + a7}
18 D =4(aja, — a?) = 4( 3B} — #,253,8;)

= 2(“%3% -2 alagﬁlﬁz + “'EB¥)’
or D =2(aB)?,

a very concise representation of this invariant.

" Conversely, if we wish to know what invariant a given
symbolical expression represents, we proceed thus. Let f be
the quadratic above, and

g=pi=02= .. =ba?t+ 2bx,x, + byz3
where p is not equivalent to « Then to find what
J = (#p)e,p,, which evidently contains the symbols in defined

combinations only, represents in terms of the actual coefti-
cients of the forms, we multiply out and find

J = (t1p5 — topy) (o) + t523) (P44 + Po73)
= (afp1pp — 109p) 2} + (efpd — @3pD) 212y + (@293 — afpyp;) 25,
= (aghy — a,60)2% + (apby — azdy)z xy + (aby — axd )3
This is the Jacobian of f and g. Note the simple symbolical
form

J=(ep)a,p,.

II. Symbolical polars. We shall now investigate the forms
which the standard invariant processes take when expressed
in terms of the above symbolism (Aronhold, 1858).

For polars we have, when f= o7 =87 =...,

1/ 49 me1f. 0 m—
Jv= 1;(?/5:;)"-:“1 l(ya_av>(“l-’t1 + agzy) = o e,
Hence
Jyr = o Tal, (75)
The transformed form of f under 7' will be
S'= a0zl + py@d) + ap(Mgzl + mpz2) 1™
= [(ar + ery) 2] + (aypy + aypy)23]™

2D A~



56 THE THEORY OF INVARIANTS
or f'=(a2;+ez)"
=Pz 4 oo (’;l) "‘“’a’z’l’"‘ TZy 4 ooe + oz, (76)

In view of (75) we have here not only the symbolical
representation of the transformed form but a very concise
proof of the fact, proved elsewhere (Chap. I, (29)), that the
transformed coefficients are polars of ay =f (A, A)) = o

The formula (66) for the polar of a product becomes

a’},B:] .= 1 2 (m)(r n 8) el Brr+ B;—:, (77)
y —

m-+n\s=o\ 8
r

where the symbols «, 8 are not as a rule equivalent.

III. Symbolical transvectants. If f=«7=af=-., g=
Bt =b"= ..., then p 56

(f 1_..__1_0 m Qn m—1 Qn—-1 02 62 )
9= % y]v=z =8 (6‘516.92 050y, IB"]

= (eB)a; 71571
Hence the symbolical form for the »th transvectant is
s 97 = (eB) ez~ B (78)

Several properties of transvectants follow easily from this.
Suppose that g = f so that « and B are equivalent symbols.
Then obviously we can interchange «and 8 in any symbolical
expression without changing the value of that expression.
Also we should remember that («8) is a determinant of the
second order, and formally

(eB) = — (Be).
Suppose now that » is odd, »=2%+1. Then
(o )2 = (af)Hiam—2k-18n-%-1 — _ (@)%+gm—2—1Gn—2k-1,

Hence this transvectant, being equal to its own negative,
vanishes. Every odd transvectant of a form with itself vanishes.
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If the symbols are not equivalent, evidently

(L9 =19 ) (79)
Also if C is a constant,
(Crho =00 9% (80)

(erfitepfot o digy+ dy gy + o)
= ;d,(f1» 90"+ e dy( S}y 920" + -+ (8D)

IV. Standard method of transvection. We may derive
transvectants from polars by a simple application of the
fundamental postulate. For, as shown in section 1, if f =
aoz’l” + e =a?,

_m=rrof (?‘) f 1y o O,
fl/'——E[azryl azix—laxzyl y2+ ‘ +a7;y2j]' (82)

d
oz, ’
to ¥ y,- 1f we replace the y’s by these derivative symbols
and operate the result, which we abbreviate as df,r, upon a

second form g = b7, we obtain

L_ afy

| n
= [ ot = (T) bbby + o + (= Ly vz

=(ab) ez = (f, o) (83)
When we compare the square bracket in (82) with a7~
times the square bracket in (83), we see that they differ
precisely in that y,, y, has been replaced by &,, — b, Hence
we enunciate the following standard method of transvection.
Let f be any symbolical form. It may be simple like f in
this paragraph, or more complicated like (78), or howsoever
complicated. To obtain the »th transvectant of f and ¢=10
we polarize f'r times, change y,, y, into b, — b, respectwely in
the result and multiply by b2-". In view of the formula (77)
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for the polar of a product this is the most desirable method
of finding transvectants.
For illustration, let # be a quartic, # = at = b4, and f its

Hessian, f= (ab)zagbg.

Let g = a.

Then Chor=(ayus] | xe
3 y=a

2 ;
=P B+ @)E) mtdr (G)o) ] xe o0
= }(ab)?(be)2a2e,+ $(ab)?(ana) (ba)a,b,e, + }(ab)?(an)?b2e,.

Since the symbols a, b are equivalent, this may be simplified

by interchanging a, b in the last term, which is then identical
with the first,

(s 9)*= §(ab)*(ba)’ae, + 3(ad)*(ac)(ba)ab,e..
By the fundamental existence theorem this is a joint co-
variant of # and g.
Let f be as above and g = («8)«28,, where « and B are not
equivalent. To find (f, ¢)?% say, in a case of this kind we
first let g= (a,@)aﬁ,B, = 0’2,

introducing a new symbolism for the cubic g. Then we
apply the method just given, obtaining

(f,9)* = }(ab)*(bo)’aio, + §(ab)*(ac)(bo)asb.o,.
We now examine this result term by term. We note that
the first term could have been obtained by polarizing g twice
changing y,, y, into &, — b, and multiplying the result by
(ab)%2. Thus

3(ab)?(bo )2a2e, = g(aB)a%B{l . _b(ab)zag. (85)

Consider next the second term. It could have been obtained
by polarizing g once with regard to y, and then the result
once with regard to z; then changing y,, y, into a,, — @, and
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2y, 2, into b,, — b;, and multiplying this result by (.ab)ﬁa,b,;
$(ab)*(ao)(bo)asb,0,

= %(aﬂ)aﬁﬁ{]‘y‘ v=“l; _x(ab)yab,.  (88)
From (85),

(aﬂ)[< )( )a «,B,+ ( é)“ﬁﬂx]y:b(a")zaf

= §(ab)*(aB)(ab)(Bb)ale, + §(ab)*(«B) (ab)?a3f,.
From (86),

1) (5)(3) 8. +(D)(6)eemte | ] _(abyap,

b8+ § wBuen) | x (b (a)ad,

= 2(ab)?(eB) (ab)(Ba)e,ab, + Z(ab)2(eB)(ea)(«b)B,a,b,
+ g(ab)z(ag) (Bb) (aa )azazbz'

Hence we have in this case

(fs 9?2 =%(ab)?(aB)(ab) (Bb)a2e, + §(ab)*(aB)(«b)?af,
+ $(ab)2(eB) (ab)(Ba)e,a.b, + % (ab)?(ef)(aa)(ab)Bab,. (87)

V. Formula for the rth transvectant. The most general
formulas for f, g respectively are

f=aDa® o g™, g=LDEY ... Go),
in which
a_(zi) = aii)zl + aé”zzv BL” = ﬂ{”xl + /33’%-
We can obtain a formula of complete generality for the

transvectant (f, g)" by applying the operator  directly to
the product fg. We have

n_J9
fy Za(q) By ““,8""’
fg 2 “'),3"’

(I)B(r)
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Subtracting these we obtain

ln—-1
fo=Em == =3 (oo .

Repetitions of this process, made as follows:

€ y)*—‘——l——zca@/smm[ ] oo

l_, n a;q)ﬂ'(’r) y=z

lead to the conclusion that the rth transvectant of fand g, as
well as the mere result of applying the operator Q to fg »
times, is a sum of terms each one of which contains the
product of » determinant factors («f8), m — r factors a,, and
n —r factors 8,. We can however write (f, g)* in a very
simple explicit form. Consider the special case

F=aDe@a®, g=LLRP,
Here, by the rule of (88),

(f,9)3= {(®BV)(a@BD)a® 4 («VBW)(aPBD)a®P
+ (a0B2) (a@BD)a® + («VBP)(a®BDV) @
+ (@@BD) (a®B2V)a + («?BV)(«VBD)a®  (89)
+ (e?B@)(a®BD )l + (a@BD )(a®BD)®
+ (a@BD) (& BD)a® + («PBV) (@B )a®
+ (2®B2)(a®BD) @ 4+ (¢PBD)(a@BM )} + |23,

in which occur only six distinet terms, there being a repetition
of each term. Now consider the general case, and the rth
transvectant. In the first transvectant one term contains
t,=(@VBV)a? ... xmBP ... B™. In the second transvectant
there will be a term %, = («®@BD) («a@B? )P ... BB ... arising
from Q¢, and another term w, arising from Qt,, where
ty=(a@BD)aLa® ... x™BLRP ... B®. Thusu, (y=z)and
likewise any selected term occurs just twice in (f,¢)% Again
the term v = (a’l)ﬂ(l’)(a‘”’ﬁ“")(a‘a)ﬂ‘s))ag’ e BW .o will
occur in (f, g)® as many times as there are ways of permuting
the three superscripts 1, 2, 3 or |3 times. Finally in (f, 9)",
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written by (88) in the form (89), each term will be repeated
|r times. We may therefore write (f, g)* as the following
summation, in which all terms are distinct and equal in

number to (T)(:‘)[_t
(e®BD) (a®BD)...(a L") fy:l (90

(@ ¢)'=<m)1('n>{r2[: 2Pa@ ™ BPRD ... AW
r )\ r)-

y=r

V1. Special cases of operation by { upon a doubly binary
form, not a product. In asubsequent chapter Gordan’s series
will be developed This series has to do with operation by Q
upon a doubly binary form which is neither a polar nor a
simple product. In this paragraph we consider a few very
special cases of such a doubly binary form and in connection
therewith some results of very frequent application.

We can establish the following formula:

Qr(zy)" = constant = (r + 1)(|r)% (91)
In proof (74),

r af
1 ( :
E( ) ¢ oy 9y 8y oy
and (zy) = Z( - 1)‘<i>xi"x'&1/§ Y
=0
Hence it follows immediately that

Qr(ayy = 3 (7) dr =

= 3=+ D™

A similar doubly binary form is

F= (ayy 27857,
If the second factor of this is a polar of £7*""%, we may
make use of the fact, proved before, that { on a polar is zero.
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An eagy differentiation gives
QF =j(m +n—j+1)(zyy &€,
and repetitions of this formula give
QiF = \l l.m_____.__"' n_j+1 (zy ) ~En-ign <If i/ )

—ijm+n—j—i+1" =0ifz>j
(91L)

This formula holds true if m = n =, that is, for Q' (zy)'.

VII. Theorem. Every monomial expression ¢ which con-
susts entirely of symbolical factors of two types, e.g. determinants
of type («B) and linear factors of the type ., and which ts a de-
Jined expression in terms of the coefficients and variables of a
set of forms f, g, --- 18 a concomitant of those forms. Con-
versely, every concomitant of the set i8 a linear combination of
such monomials.

Examples of this theorem are given in (78), (84), (87).

In proof of the first part, let

¢ =(a}3)7’(wy)q .o aglg;ry; eey
where f=ea?; and B, v, --- may or may not be equivalent to
o, depending upon whether or not ¢ appertains to a single
form f or to a set f, g, ... Transform the form f, that is, the
set, by 7. 'The transformed of f is (76)
J' = (2| + e, zy)™.
Hence on account of the equations of transformation,
@' = (@rBu — wuB)P(eavu — 0 n)? oo €GBT oe.

But

! 0B, — &R = (Ap)(aB). (92)
Ilence ¢[ - (xp)p+q+...¢,
which proves the invariancy of ¢. Of course if all factors
of the second type, «,, are missing in ¢, the latter is an ¢n-

variant.
To prove the converse of the theorem let ¢ be a concomi-
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tant of the set f, g, --- and let the corresponding invariant
relation be written

d(af, ays -5 zh ) = (Ap)rp(ag, agy -5 2y, 7). (93)

Now af=e}7al,(j=0, 1, ---, m). Hence if we substitute

these symbolical forms of the transformed coefficients, the
left-hand side of (93) becomes a summation of the type

P Qo = (Ap)ed(ag o5 2y 7y) (@0 + 0y =), (94)

where P is a monomial expression consisting of factors of the
type @, only and @ a monomial whose factors are of the one
type «,. But the inverse of the transformation 7' (c¢f. (10))
can be written

x;=_é._ , x;=__§A_,
(Am) (Mu)
where £, = —z,, §,=2,. 'Then (94) becomes
2(= DmPQERE: = (Mu)* ¢ (95)
We now operate on both sides of (95) by Q***, where
92 92

We apply (90) to the left-hand side of the result and (91)
to the right-hand side. The left-hand side accordingly be-
comes a sum of terms each term of which involves neces-
sarily o + % determinants (eB), («£). In fact, since the
result is evidently still of order @ in z,, ,, there will be in
each term precisely o determinant factors of type («f) and %
of type (¢8). There will be no factors of type a, or §, re-
maining on the left since by (91) the right-hand side becomes
a constant times ¢, and ¢ does not involve A, u. We now
replace, on the left, (af) by its equivalent a,, (B) by B,, ete.
Then (95) gives, after division by the constant on the right,

¢ = ?a(aﬂ)?(gfy)q “eer agﬂz coey (96)

where a is a constant ; which was to be proved.
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This theorem is sometimes called the fundamental theorem
of the symbolical theory since by it any binary invariant
problem may be studied under the Aronhold symbolical
representation.

SECTION 3. REDUCIBILITY. ELEMENTARY COMPLETE
IRREDUCIBLE SYSTEMS

Illustrations of the fundamental theorem proved at the
end of Section 2 will now be given.

I. Illustrations. It will be recalled that in (96) each sym-
bolical letter occurs to the precise degree equal to the order
of the form to which it appertains. Note also that % + w, the
index plus the order of the concomitant, used in the proof of
the theorem, equals the weight of the concomitant. This
equals the number of symbolical determinant factors of the
type (aB) plus the number of linear factors of the type «, in
any term of ¢. The order w of the concomitant equals the
number of symbolical factors of the type «, in any term of ¢,
The degree of the concomitant equals the number of distinct
symbols e, B, ... occurring in its symbolical representation.

Let

¢ = (aB)(ay)?(By)" -+ o7 -+

be any concomitant formula for a set of forms f=am,
g = B% ---. No generality will be lost in the present dis-
cussion by assuming ¢ to be monomial, since each separate
term of a sum of such monomials is a concomitant. In erder
to write down all monomial concomitants of the set of a given
degree © we have only to construct all symbolical products ¢
involving precisely ¢ symbols which fulfill the laws

p+qg+te +p=m,

p+7‘+--. +a'=n, (97)
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where, as stated above, m is the order of f and equal there-
fore to the degree to which « occurs in ¢, =, the order of g,
and so on.

In particular let the set consist of f= «2= 82 merely.
For the concomitant of degree 1 only one symbol may be
used. Hence f= «? itself is the only concomitant of degree
1. If ¢=2, we have for ¢,

¢ = (aB)’afs,
ptp=pto=2.

and from (97)

Or
plpP|oO
022
1111
2 0‘0

Thus the only monomial concomitants of degree 2 are

2B = 1, (eB)e,8, = — (aB)e,8,=0, ()=} D-
For the degree 3

¢ = (aB)?(ay)2(By)retByi,
1)+q+p=2, pt+r+o= 2, q+r+ 7= 2.

It is found that all solutions of these three linear Diophan-
tine equations lead to concomitants expressible in the form
J*D', or to identically vanishing concomitants.

DEFINITION. Any concomitant of a set of forms which is
expressible as a rational integral function of other concomi-
tants of equal or of lower degree of the set is said to be
reducible in terms of the other concomitants.

It will be seen from the above that the only irreducible
concomitants of a binary quadratic f of the first three degrees
are f itself and D, its discriminant. It will be proved later
that f, D form a complete irreducible system of f. By this
we mean a system of concomitants such that every other con-
comitant of f is reducible in terms of the members of this
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system. Note that this system for the quadratic is finite.
In another chapter we shall prove the celebrated Gordan’s
theorem that a complete irreducible system of concomitants
exists for every binary form or set of forms and the system
consists always of a finite number of concomitants. All of
the concomitants of the quadratic f above which are not
monomial are reducible, but this is not always the case as it
will be sometimes preferable to select as a member of a com-
plete irreducible system a concomitant which is not mono-
mial (cf. (87)). As a further illustration let the set of
forms be f=a2=@2=..,9=a2=02=...; let z=2.
Then employing only two symbols and avoiding («8)%=13 D,
ete.
¢ = (aa)"aiag,

prp=p+to=2.

The concomitants from this formula are,
at=F-g, (aa)aa,=J, (aa)?=h,

J being the Jacobian, and 4 the bilinear invariant of f and ¢.

II. Reduction by identities. As will appear subsequently
the standard method of obtaining complete irreducible sys-
tems is by transvection. There are many methods of prov-
ing concomitants reducible more powerful than the one
briefly considered above, and the interchange of equivalent
symbols. One method is reduction by symbolical identities.

Fundamental identity. One of the identities frequently
employed in reduction is one already frequently used in
various connections, viz. formula (92). We write this

ab, —ab,=(ab)(zy). (98)

Every reduction formula to be introduced in this book, in-
cluding Gordan’s series and Strok’s series, may be derived
directly from (98). For this reason this formula is called

the fundamental reduction formula of binary invariant theory
(cf. Chap. IV).
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If we change y, to ¢,, y, to — ¢}, (98) becomes

(be)a,+ (ca)b,+ (ad)e, = 0. (99)
Replacing z by d in (99),
(ad)(be) + (ea) (bd) + (ab) (ed)=0. (100)

From (99) by squaring,
2(abd)(ac)b,c, = (ab)?c2 + (ac)?b2 — (he)?a2. (101)
If w is an imaginary cube root of unity, and

uy = (be)a,, uy=_ca)b,, uz=_ad)c,
we have

(uy + ug + ug) (uy + 0uy + w?ug) (uy + @?uy + wug)
= (ab)3e3 + (be)3a3 + (ca)?b3 — 3(ab)(be)(ca)ab.c,=0. (102)
Other identities may be similarly obtained.

In order to show how such identities may be used in per-

forming reductions, let f= a3 =b3= ... be the binary cubic
form. Then

A=(f, /) =(ab)%ab,,

Q= (fy A)=(ab)?(cb)a,c2.
—(fs = 4(ab)(be)[a,2 + 2 cea,]yma X d, (102,)

= }[(ab)?(cd )2(bc)a_,d, + 2(ab)2(ad)(ed)(be)e,d,].
But by the interchanges a ~d, b~¢
(ab)2(ed)2(be)a.d, = (de):(ba)?(ch)a.d, =

By the interchange ¢~d the second term in the square
bracket equals

(ab)(ed)e,d [ (ad)(be) + (ea)(bd)],
or, by (100) this equals
(ab)3(ed)%e,d,=0.

Hence (f, ©)? vanishes.
We may note here the result of the transvection (A, A)?;

R =(A, A)2=(ab)?(cd)?(ac)(bd).
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ITI. Concomitants of binary cubic. We give below a table
of transvectants for the binary cubic form. It shows which
transvectants are reducible in terms of other concomitants.
It will be inferred from the table that the complete irredu-
cible system for the binary cubic f consists of

S A, @ R,

one invariant and three covariants, and this is the case as
will be proved later. Not all of the reductions indicated in
this table can be advantageously made by the methods intro-
duced up to the present, but many of them can. All four
of the irreducible concomitants have previously been derived
in this book, in terms of the actual coefficients, but they are
given here for convenient reference :

S=a@} + 3 a;2lx, + 3 a,x 23 + agd,
A = 2(aya, — ]2} + 2(aya5 — ,0,) 7,7, + 2(a103 — a)2}

(cf. (35)),
Q= (afas — 3 aya,10, + 2 a7} + 3(aga,a5 — 2 aya} + afay)2iz,
— 3(ayaya3 — 2 afay + a,03) 7,23 — (4403 — 8 ay,05 + 2 af)7}

(cf. (39)),
(cf. (T4)).

The symbolical forms are all given in the preceding Paragraph.

R =8(aya, — a?) (a,a3 — a2) — 2(ayas — a,a,)?

TABLE 1
First TRANSV. SEcoND TRANSV. Tuirp TRANSV.
(fH1)=0 (hr)3E=A (SHFE=0
(fLa)=¢@ (£,4)2=0
(A, A)=0 (A A2 =R
(fy @=—ta h Q=0 h @QP=E
A, Q=4 RS (4, Q2=0
(@ =0 (@ @2=4%RA (@ @)P=0
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SECTION 4. CONCOMITANTS IN TERMS OF THE ROOTS
Every binary form f=al=07= ... ig linearly factorable

in some field of rationality. Suppose

" f= (rPz; — rPz) (r@P oy — r@Px) o (1§ 2y — r{™M7y).
Then the coefficients of the form are the elementary sym-
metric functions of the m groups of variables (homogeneous)

Py(rdy r?) (=1, 2, oy m).

These functions are given by

=(— 1Y ZrPr corPr*V e rf® (G =0, o, m). (108)

The number of terms in = evidently equals the number of
distinct terms obtainable from its leading term by permuting
all of its letters after the superscripts are removed. This
number is, then,

N=jm/|jlm—j=uCy

I. Theorem. Any concomitant of f i8 a simultaneous con-
comitant of the linear factors of f, i.e. of the linear forms

(rPz), (rPz), ..., (r™z).
FOI‘, fl = ( - 1)"'(7"(1):0’) (rl(z)xl) (r’(""x’), (104)
and ah = (= 1)Sr@Op@ . plOpL0*D g (108))

Let ¢ be a concomitant of f, and let the corresponding in-
variant relation be

@' =(ap oy an)(@), 25)° = (An)*(ag +++s @) (2, 7)* = (Ap)*¢.

When the primed coefficients in ¢’ are expressed in terms of
the roots from (103,) and the unprimed coefficients in ¢ in
this invariant relation are expressed in terms of the roots
from (103), it is evident that ¢’ is the same function of the
primed 7’s that ¢ is of the unprimed »’s. This proves the
theorem.
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II. Conversion operators. In this Paragraph much advan-
tage results in connection with formal manipulations by in-
troducing the following notation for the factored form of f:

f=aPa® o g™, (105)

Here of =ea{?z;+ ¢ Pz, (j =1, .-, m). The &’s are related
to the roots (r{’, r{’) of the previous Paragraph by the
equations

ai]’) - 'I‘é’), a’z” = — ,,-;J) 3
that is, the roots are (+ «f’, —a{’) (j=1, .., m). The
umbral expressions a;, @, are now cogredient to e«f’, «{”

(Chap. I, § 2, VII, and Chap. III, (76)). Hence,

0 y 0 i
(D 2 )z () ) _~
(u 8a> “ da, oy da,
is an invariantive operator by the fundamental postulate. In
the same way

[D.] =<a‘1’ %)(a"‘” 5%) (a(m) a_aa_ )
and [Duse-]1=[Da1[D:][D.] -

are invariantive operators. If we recall that the only degree
to which any umbral pair a;, a, can occur in a symbolical

concomitant,
¢ =211 k(ad)(ac) -,

of f is the precise degree m, it is evident that [ D,,...] operated
upon ¢ gives a concomitant which is expressed entirely in
terms of the roots (af’, — a(’) of f. Illustrations follow.
Let 2 ¢ be the discriminant of the quadratic

Sf=a2=02=..., ¢ =(ab)2,
Then

(ama_‘l)qb = 2(a®B)(ab); [Da]d = 2(aVb)(a®b).

Hence
[Das]d = — 2(aPa@)3, (106)
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This result is therefore some concomitant of f expressed
entirely in terms of the roots of f. It will presently appear
that it is, except for a numerical factor, the invariant ¢ it-
self expressed in terms of the roots. Next let ¢ be the co-
variant @ of the cubic f=a3= .... Then

@ = (ab)2(ac)b,e2,
1[D,] @ = (ab)(e@b)(ca®)b,e% + (aVb) (aDb) (ca® )b,c
+ (@) (a®b) (ca )b, 2,

1H[Da] @ = (2P a?)(a@a®)(ca®)aP 2

+ (Ve (e@a? ) (ea™ )@ e + (V@) (aPa® ) (ca™ )il e
+(@Va?)(aPa®)(ea® )aB et 4+ (e Va®) (P a?)(ca? )al? ¢l
+ (@Pa® ) () (ea® )alDe + (Pl ) (@@ e ) (ea )al? 2
+(a®a®)(a?a®)(caP) P2+ (B e2) (P a3)(cal ) Ve,

[Dabc] Q = — BT («Va?)2(aWe®) @322, (107)

wherein the summation covers the permutations of the
superscripts. This is accordingly a covariant of the cubic
expressed in terms of the roots.

Now it appears from (104) that each -coefficient of
Sf=a?= ...is of degree m in the s of the roots («f?”, — af?).
Hence any concomitant of degree ¢ will be of degrec #m in
these roots. Conversely, any invariant or covariant which is
of degree ¢m in the root letters « will, when expressed in
terms of the coefficients of the form, be of degree ¢ in these
coefficients. This is a property which invariants enjoy in
common with all symmetric functions. Thus [D,,]¢ above
is an invariant of the quadratic of degree 2 and hence it
must be the discriminant ¢ itself, since the latter is the
only invariant of f of that degree (cf. § 3). Likewise it
appears from Table I that @ is the only covariant of the
cubic of degree-order (3, 3), and since by the present rule
[Da:]Q is of degree-order (8, 8), (107) is, aside from a
numerical multiplier, the expression for @ itself in terms of
the roots.
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It will be observed generally that [D,,.] preserves not
only the degree-order (¢, ) of ¢, but also the weight since
w=13 (¢m+w). If then in any case ¢ happens to be the
only concomitant of f of that given degree-order (7, @), the
expression [D,..]¢ is precisely the concomitant ¢ expressed
in terms of the roots. This rule enables us to derive easily
by the method above the expressions for the irreducible
system of the cubic f in terms of the roots. These are

F=aDa@a® ; a3,

A =Z(eVa?)2e®2; (ab)?a,b,.

Q = =(aVa?)2(aPa®)e®2a?; (ab)(ac)b,e.

R =(aVa®)2(a@a®)2(a®@a)2; (ab)¥cd)?(ac)(bd).

Consider now the explicit form of Q:

Q = (aVa®)2(a D) o202 + (a2 a®)2(a?aV)aD2®

+ (6@ aD)2(¢@a®)a@2aD + (®Pa® )2(a® D) g2
+ (a@a)3(a@a®)g@®2D + (aa®)2(aDe®)a@2®,

It is to be noted that this is symmetric in the two groups of
letters (&{”, af”). Also each root (value of ;) occurs in the
same number of factors as any other root in a term of @.
Thus in the first term the superscript (1) occurs in three
factors. So also does (2).

]

III. Principal theorem. We now proceed to prove the
principal theorem of this subject (Cayley).

DeriNiTION. In Chapter I, Section 1, II, the length of
the segment joining C(zy, z,), and D(y,, y,); real points,
was shown to be

' - Au(yz)
Oy + ¥ A2y +25)
where A is the multiplier appertaining to the points of
reference P, @, and u is the length of the segment PQ. If
the ratios ;:2,, y,:y, are not real, this formula will not
represent a real segment CD. But in any case if (»{?, r§?),
(r{?, r{) are any two roots of a binary form f= a?, real or
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imaginary, we define the difference of these two roots to be
the number
[r(j),.(/.)] — 7\#«(7‘(”7-("’)

@ Gy (Ar® ®
A + r Y (Ar{P - 7§ )

We note for immediate use that the expression
T(r)= (urf0 + 70 A2+ 12 wee (A 1)

is symmetric in the roots. That is, it is a symmetric func-
tion of the two groups of variables (»{”, r{") (j =1, ..., m).
In fact it is the result of substituting (1, —X) for (zl, zy) in

= (_ 1)’"(1'(”1;)(1"2’1') (/’-(m)x)'

and equals .
I(r)=(a, — mar + -+ +(=1)maA™).

Obviously the reference points P, @ can be selected * so
that (1, —A) is not a root, ¢.e. so that II(r) 0.

THEOREM. Let f be any binary form, then any function
of the two types of differences

[r(])r(k)], [r‘f’x] = MA(T”’:L‘)/(?W{” + 7‘(”)(7&:1:1 + xz)’

which t8 homogenous in both types of differences and symmetric
in the roots (r{?, ") (j =1, .-, m) will, when expressed in
terms of x,, x, and the coefficients of f, and made integral by
multiplying by a power of TI(r) times a power of (Az, + z,),
be a concomitant if and only if every onme of the products of
differences of which it consists involves all roots (r{”, r{’)
(values of j) in equal numbers of its factors. Moreover all
concomitants of f are functions ¢ defined in this way. If only
the one type of difference [r? r®] occurs in ¢, it i8 an invari-
ant, if only the type [rPz], it i3 an identical covariant, —a
power of f utself, and if both types occur, ¢ i8 a covariant.
[Cf. theorem in Chap. III, § 2, VII.]

*If the transformation T is looked upon as a change of reference points, the
multiplier N undergoes a homographic transformation under 7.
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In proof of this let the explicit form of the function ¢ de-
scribed in the theorem be

¢= z [r® r(g)]a,‘[,.m 3] Be... [r@ Z]P[r@z]ok ...,
k

where
a1+,81+ =a2+ﬁ2+ cee == eee,
p1+g'1+ eee =p2+o-2+ cee == ees,

and ¢ is symmetric in the roots. We are to prove that ¢ is
invariantive when and only when each superseript occurs in
the same number of factors as every other superseript in
a term of ¢. We note first that if this property holds and
we express the differences in ¢ in explicit form as defined
above, the terms of 2 will, without further algebraical manip-
ulation, have a common denominator, and this will be of the
form
II(7r)* (A, + 25)°.

Hence M (r)*(Az; + r5)"¢ is a sum of monomials each one of
which is a product of determinants of the two types (r) r®),
(r?z). But owing to the cogrediency of the roots and
variables these determinants are separately invariant under
T, hence II(r)*(Az; + 2,)°¢ is a concomitant. Next assume
that in ¢ it is not true that each superscript occurs the same
number of times in a term as every other superscript. Then
although when the above explicit formulas for differences are
introduced (Az,+2,) occurs to the same power v in every de-
nominator in =, this is not true of a factor of the type
(AP +7r{?). Hence the terms of = must be reduced to a
common denominator. Let this common denominator be
M()*(Az; + 2,)°.  Then II(r)*“(Az; + z5)*¢ is of the form

¢, = 2 TL O + )i (rOp@ Y (pOp@ s ...
P

X (r(l) x)Pk(r(2)x)¢'h ceey

where not all of the positive integers uj are zero.
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Now ¢, is invariantive under 7. Hence it must be unaltered

under the special case of 7'; z; = —a}, z, =2;. From this
) = — pl D pQ) — pl (D)
r) = — " r{ =r{». Hence

#1= S TL O = P Yor (P i P o s (0 e
kg

and this is obviously not identical with ¢, on account of the
presence of the factor II. Hence ¢, is not a concomitant.

All parts of the theorem have now been proved or are self-
evident except that all concomitants of a form are expres-
sible in the manmner stated in the theorem. To prove this,
note that any concomitant ¢ of £, being rational in the coeffi-
cients of f, is symmetric in the roots. To prove that ¢ need
involve the roots in the form of differences ouly, before it is
made integral by multiplication by II(r)*(Az, + 2,)% it is
only necessary to observe that it must remain unaltered
when f is transformed by the following transformation of
determinant unity :

ry= 2, + orh 7y = 2l

and functions of determinants (»¢'r®), (@) are the only
symmetric functions which have this property.

As an illustration of the theorem consider concomitants of
the quadratic f=(r®x)(»®x). These are of the form

¢= z [rOr@ %[ rVz]P[rP 2]
A
Here owing to homogeneity in the two types of differences,

@ =tg= 3 P+ oy =pyt o=
Also due to the fact that each superscript must occur as
many times in a term as every other superscript,
0y + Py =ty + Ty @y + Py =g+ Ty, oo0e
Also owing to symmetry «, must be even. Hence o, =2 ¢,
pr=o0,= 0, and

()P (nzy + 2)%¢
= ¢{ (rVr@)2af(rVz) (r@z){f = OD*fP,
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where C is a numerical multiplier. Now « and 8 may have
any positive integral values including zero. Hence the
concomitants of f consist of the discriminant D= — (r®r@)2,
the form f=(rPz)(»Pz) itself, and products of powers of
these two concomitants. In other words we obtain here a
proof that f and D form a complete irreducible system for
the quadratic. We may easily derive the irreducible system
of the cubic by the same method, and it may also be applied
with success to the quartic although the work is there
quite complicated. We shall close this discussion by deter-
mining by this method all of the invariants of a binary cubic
J=—0P2)(rP2)(r®z). Here

¢ = 2 [rOr@]% [r@p® B[ @ p0 ] ¥
k

and
o+ =+ L= B + Ve
That is,
G=B=v=2a
Hence

MI(7)t¢ =cf (,-(1),«2))2(r(2)7<a))2(r(§),.(1))2;a = ORe.

Thus the discriminant 22 and its powers are the only
invariants.

IV. Hermite’s reciprocity theorem. If a form f=a®=10"
= ... of order m has a concomitant of degree n and order w,
then a form g = &% = ... of order n has a concomitant of degree
m and order w.

To prove this theorem let the concomitant of f be
=3k(ab)P(ac)? .-+ atb’ -« (r+8+ - =),

where the summation extends over all terms of I and % is
numerical. In this the number of distinct symbols a, b, --- is
n. This expression I if not symmetric in the n letters
a, b, ¢, --- can be changed into an equivalent expression in the
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sense that it represents the same concomitant as Z, and which
is symmetric. To do this, take a term of , as

k(ab)?(ac)t - azby

and in it permute the equivalent symbols @, b, ..+ in all |n
possible ways, add the |n resulting monomial expressions and
divide the sum by |n. Do this for all terms of I and add
the results for all terms. This latter sum is an expression J
equivalent to I and symmetric in the » symbols. Moreover
each symbol occurs to the same degree in every term of J as
does every other symbol, and this degree is precisely .
Now let
g =aPla® ... a®,

and in a perfectly arbitrary manner make the following re-
placements in o :

(a , b, e el )
a®, g@ @ ... g™
The result is an expression in the roots (af’, — &) of g,
P) 1 9
J, =2 0(aVa®)?(aDe®)e ... gD a@" ...,

which possesses the following properties: It is symmetric
in the roots, and of order w. In every term each root
(value of (7)) occurs in the same number of factors as
every other root. Hence by the principal theorem of this
section J, is a concomitant of g expressed in terms of the
roots. It is of degree m in the coefficients of g since it is of
degree m in each root. This proves the theorem.

As an illustration of this theorem we may note that a
quartic form f has an invariant J of degree 8 (cf. (70,));
and, reciprocally, a cubic form g has an invariant R of degree
4, viz. the discriminant of g (cf. (89)).
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SECTION 5. GEOMETRICAL INTERPRETATIONS.
INVOLUTION

In Chapter I, Section 1, I, I1I, it has been shown how the
roots (", r{?) (¢=1, .-, m) of a binary form

S=(ap ay; -+ @n) 7y 2)™

may be represented by a range of m points referred to two
fixed points of reference, on a straight line EF. Now the
evanescence of any invariant of f implies, in view of the
theory of invariants in terms of the roots, a definite relation
between the points of this range, and this relation is such
that it holds true likewise for the range obtained from f =0
by transforming f by 7. A property of a range f= 0 which
persists for f'=0 is called a projective property. Every
property represented by the vanishing of an invariant I of
J is therefore projective in view of the invariant equation

I(aly )= ) L(ap ).

Any covariant of f equated to zero gives rise to a
“derived ” point range connected in a definite manner with
the range f=0, and this connecting relation is projective.
The identical evanescence of any covariant implies projec-
tive relations between the points of the original range f= 0
such that the derived point range obtained by equating the
covariant to zero is absolutely indeterminate. The like
remarks apply to covariants or invariants of two or more
forms, and the point systems represented thereby.

I. Involution. If
J=(ay ay, Yz )™ 9=y by Y2y )"
are two binary forms of the same order, then
S+ kg =(ag+ &by, ay+ kby, - Y2y, 25)™

where £k is a variable parameter, denotes a system of quantics
which are said to form, with f and g, an involution. The
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single infinity of point ranges given by k, taken with the
ranges f =0, y =0 are said to form an involution of point
ranges.

In Chapter I, Section 1, V, we proved that a point pair
((u), (v)) can be found harmonically related to any two given
point pairs ((p), (7)), ((g)s (8)). If the latter two pairs
are given by the respective quadratic forms f, g, the pair
((w), (v)) is furnished by the Jacobian C of f, ¢g. If the
eliminant of three quadratics f, ¢, 2 vanishes identically,
then there exists a linear relation

S+ kg+1h=0,

and the pair %= 0 belongs to the involution defined by the
two given pairs.

THEOREM. There are, in general, 2(m — 1) quantics be-
longing to the involution f + kg which contain a squared linear
Sactor, and the set comprising all double roots of these quantics
is the set of roots of the Jacobian of f and g.

In proof of this, we have shown in Chapter I that the dis-
criminant of a form of order m is of degree 2(m —1).
Hence the diseriminant of f+ kg is a polynomial in £ of
order 2(m —1). Equated to zero it determines 2(m —1)
values of & for which f+ kg has a double root.

We have thus proved that an involution of point ranges
contains 2(m — 1) ranges each of which has a double point.
We can now show that the 2(m — 1) roots of the Jacobian
of f and g are the double points of the involution. For if
Z Uy — Zou, is a double factor of f+ kg, it is a simple factor
of the two forms

f \x 9 4%

oz, | oz, omy, oz,

and hence is a simple factor of the % eliminant of these
forms, which is the Jacobian of f, g. By this, for instance,
the points of the common harmonic pair of two quadratics
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are the double points of the involution defined by those
quadratics. The square of each linear factor of C' belongs
to the involution f + kg.

In case the Jacobian vanishes identically the range of
double points of the involution becomes indeterminate.
This is to be expected since f is then a multiple of g and the
two fundamental ranges f= 0, g =0 coincide.

II. Projective properties represented by vanishing covari-
ants. The most elementary irreducible covariants of a single
binary form f= (a, ay, --- Y#;. z;)™ are the Hessian H, and
the third-degree covariant 7, viz.

H=(f, f% T=(f, H).

We now give a geometrical interpretation of each of these.

THEOREM. A necessary and sufficient condition in order
that the binary form f may be the mth power of a linear form
18 that its Hessian H should vanish identically.

If we construct the Hessian determinant of (ryz; — ryz,)™,
it is found to vanish. Conversely, assume that H = 0.
Since H is the Jacobian of the two first partial derivatives

aaf f the equation H =0 implies a linear relation
AN

o _
“2 oz, “1 az,
Also by Euler’s theorem
: ) of o _
“19g, dz, t 5 9z, mf,
and of of , _
3z, dz, + 52, dzy = df.

Expansion of the eliminant of these three equations gives

j_f= m d(kz, + KoZq)
f 9

KyTy + KyZy
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and by integration
S= o2y + K52)™
and this proves the theorem.

THEOREM. A necessary and sufficient condition in order
that a binary quartic form f = ag}+ --- should be the product
of two squared linear factors is that its sextic covariant T
should vanish tdentically.

To give a proof of this we need a result which can be most
easily proved by the methods of the next chapter (ecf.
Appendix (29)) e.g. if ¢ and J are the respective invariants

of f,
t=2(ay2, — 4 a,a; + 3 a}),

%G @ o
J=6|a;, a, ag,
A a3 a4

then 1y = (@ —679).

We also observe that the discriminant of f is (i3 — 6J2).
Now write «2 as the square of a linear form, and

= agq‘%: ag: bt: s,

Then
H = (a2q? at)?

=} [(ea)?q? + (ga)%2 + 4(aa)(qa)e.q.]a?

= }[3(ea)?g2 + 3(qa)?e2 — 2(ag)%a?]al.
But

(aa)2a2 =(f, e2)? = }(aq)%2,
H (ga)?a2 = (f; 93)* = }[(29)%e? + 3(99)?e?]-
ence

H=— }(a¥ + }(99) % (108)

This shows that when H =0, f is a fourth power since (ag)?
(g9)? are constants.
It now follows immediately that

T=(f, H) =3}(qDA S, a,)ad.
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Next if f contains two pairs of repeated factors, ¢% is a
perfect square, (¢¢)?=0, and T'=0. Conversely, without
assumption that «2 is the square of a linear form, if 77=0,
then
(I, T =,4(B3—-6J%)=0,
and f has at least one repeated factor. Let this be ,, Then
from
T=}gp*f, )¢ =0,

we have either (¢g¢)?= 0, when ¢2 is also a perfect square, or
(f, @;)=0, when f=«at. Hence the condition 7'=0 is both
necessary and sufficient.



CHAPTER 1V
REDUCTION

SECTION 1. GORDAN’S SERIES. THE QUARTIC

THE process of making reductions by means of identities,
illustrated in Chapter III, Section 3, is tedious. But we
may by a generalizing process, prepare such identities in
such a way that the prepared identity will reduce certain
extensive types of concomitants with great facility. Such
a prepared identity is the series of Gordan.

I. Gordan’s series. This is derived by rational operations
upon the fundamental identity
ab, = ab, + (ab)(zy).
From the latter we have
;b =[ab. + (ab) (@) ]y (n2m)

= 30 (" gty Caby o)
k=0

Since the left-hand member can represent any doubly binary
form of degree-order (m, n), we have here an expansion of
such a function as a power series in (zy). We proceed to
reduce this series to a more advantageous form. We con-
struct the (» — k)th y-polar of

(a2, b+ = (ab)*arz=*b}7*,
by the formula for the polar of a product (66). This gives

(a7, 52)5"*

(109)

— (ab)k m—k( m—k >< n—k ) m=k—h yhhm—k—hpn—m+h
n—Fk

83
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Subtracting (ab)*ap-*bm-*62-™ from each term under the
summation and remembering that the sum of the numerical
coefficients in the polar of a product is unity we immediately
obtain

(ab)kay-*op-*py-m

=(a” b;),’ju-k—____(ib)_k__m-k( m—k X n—k )

m+n—2k\ q\m—k—h \n—m+h
n—-
X azo—k—hb;n—b—-hbz—m (agbz — a;;bg). (11)

Aside from the factor (7;;) the left-hand member of (111)

is the coefficient of (zy)* in (109). Thus this coefficient is
the (»— k)th polar of the kth transvectant of a7, b2, minus
terms which contain the factor (ab)**'(zy). We now use
(111) as a recursion formula, taking k=m, m —1, .... This
gives

(abymb=m= (a2, B2,

- n—m m pn\m— 1
(ab)"a,b.by ™ =(af, O i — S—)
We now proceed to prove by induction that
(ab)**lag =10~k m =y (ay B7)ints-

+a,(af, b; :ﬁk—2<1’y)+
+o(al, b:);ﬂ-il-j—l(“”!/)"* (113)
+ am—k—l(“?ﬂ b;)z‘n—m(z.y )m_k—l9
where the o’s are constants. The first steps of the induction
are given by (112). Assuming (113) we prove that the rela-
tion i$ true when £ is replaced by k — 1.
By Taylor’s theorem

Flp By E4 1
=t a(E =1+, (E=D" 24 o +4,(E=1) +4,.

(a, b)) (12)

Hence
(alkb) — apby =t)_,(ab)*(zy)*+ ty_o(ab)* " (zy)*a b, + -

+ty (@) oy )BT 4 e 4 8y(ab) (zy)al B
(114)



REDUCTION 85

Hence (111) may be written

(ab)kam—kbm—kbn—m_(am bn)k"_k
m—k h

+ 2 2 Ap (@bl gmk—heilpmekhtilpnm gy YA+l (115)
=l =1

in which the coefficients A4;; are numerical.

But the terms

Thi= (ab)h—-i+k+1a;n—-k—-hﬁ—lb;n—lrhﬁ—lb:—m(m__k g h g 1’ z‘ § h)

for all values of A, ¢ are already known by (112), (113) as
linear combinations of polars of transvectants; the type of
expression whose proof we seek. Hence since (115) is linear
in the Tj; its terms can immediately be arranged in a form
which is precisely (118) with %k replaced by £—1. This
proves the statement.

We now substitute from (113) in (109) for all values of .
The result can obviously be arranged in the form

arby = Cy(az, b)n+ Cy(al, 62 m1(zy) + - (116)
+ Ci(am, b2yyn-s(zy) + -+ + Cp(a™, b");’;_,,(xy)"‘
It remains to determine the coefficients C;. By (91;) of
Chapter IIT we have, after operating upon both sides of
(116) by ¢ and then placing y =z,
L|mﬂ_f_+_1_
Lm +n—25+1

Im lil‘ (ab)]am—]bﬂ—] — 0
=7 |2 =7

Solving for Cj placing the result in (116) (j =0, 1, ..., m),
and writing the result as a summation,

(ab)iam-ibn.

s (X0)
mpn — J x J(a”‘ b”)’n-l. 117)
a;0y J§<m+ j+1)(y)
J

This is Gordan’s series.
To put this result in a more useful, and at the same time
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a more general form let us multiply (117) by (ab)* and
change m, »n into m — 7, n — r respectively. Thus

(abyrar—rby

— & .7 7 m bn 7+ 118
_2<m +n—2r— '7_*_1)(23/)((1 umt=r (18
=0 j
. . A A%
If we operate upon this equation by (ar ——) , (g/ ——) ,» we ob-
dy O

tain the respective formulas
(ab)ram rblbn —-r—k

N
1(a™, b
= 2 /7)1 +n — Qpr — ] + 1> (xy) (.a.l" - yu—j—r—k’ (119)

\ J

(ab)razz—r-—kakbn r

( -r— k)(n — 'r)
= 2 (m +n— —J+ 1) (zy)i(ar, bn);/:ij—r+k (120)

.7

It is now desirable to recall the standard method of transvec-
tion ; replace y; by ¢ y, by —¢; in (119) and multiply by
eP-mrtkl with the result

(ab)r(bc)n—r—ka?— 7'b£’cg—n+r+k

(m—r)(n -7 Ic)
-7 m  In\j+r n—j-r—k
2 ( 1y (m+'n "r—j+1>((aﬂ by *r, ebyri=r=k, (121)
J
Likewise from (120)

(ab)'(bc)""(ae)"a@‘""" cg—n+r-lc

—r—Fk
) 2 " ((m+nr ) 2 ( Jj+ 1)) (Caz, B2, epyrret. 22)
J
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The left-hand member of equation (121) is unaltered in
value except for the factor (—1)"* by the replacements
a~e, m~p, r~n—r—k; and likewise (122) is unaltered
except for the factor (—1)"** by the replacements a~c,
m~p, r~n—r. The right-hand members are however
altered in form by these changes. If the changes are made
in (121) and if we write f=108%, g=a® h=c%, a;=0, ay=
n—r—k, a;=r, we obtain

<m —ay— a3)<a?>

2 J J

r m+n-—2'a3--j+1>
J

(S @)%, hysrresi

)
— ay _ J J astj a+ag—y 123
=(-D : ((fy )=, g+, (128)
R
where we have

a2+a3)n1 a3+a1)m’ 0‘1+0¢2)‘P, (1241)
together with ; = 0.

If the corresponding changes, given above, are made in
(122) and if we write «; =k, &y = n — r, a5 =r, we obtain the
equation (123) again, precisely. Also relations (124,) repro-
duce, but there is the additional restriction a,+ «3=rn.
Thus (128) holds true in two categories of cases, viz.
) ;=0 with (124)), and (2) o+ e3=n with (124)).
We write series (123) under the abbreviation

f o9 h
noom P |; gt agFN, oyt e Fm, o+ ek p,
(o o o)

(1) “1=09

(i) o +ay=mn.

It is of very great value as an instrument in performing
reductions. We proceed to illustrate this fact by proving
certain transvectants to be reducible.
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Consider (A, @) of Table I.
A, =41 ).
Here n=p =2, m =3, and we may take a; =0, ,=03=1,
giving the series
(A f A]

2 3 2

01 1,
that is,

(A ) A)+4((A 2 A= ((A, A), S+ 3((A, )% O
But (A, A)=0, (A, f)2=0, (A, A)?2=R.
Hence (A, @=((A, ), A)=13 Rf,

which was to be proved.

Next let f = a? be any binary form and H =(f,f)? its
Hessian. We wish to show that ((f,.f)%f)? is always
reducible and to perform the reduction by Gordan’s series.

Here we may employ
[ £ rr

m m m

03 1

and since (f, f)%**'= 0, this gives at once

—-1Y3 —-1Y/3
uﬁcm AP+ @3—}@ (ALY
(2 m1 2) (2 m3 4)

9

m— 3\/1
1 1
Solving we obtain
m— 3 m—38 .
(L S)E= m((ﬁf)4af)° = m@f, (124)

where ¢ = (f, )%

Hence when m 2> 4 this transvectant is always reducible.
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II. The quartic. By means of Gordan’s series all of the
reductions indicated in Table I and the corresponding ones
for the analogous table for the quartic, Table II below, can
be very readily made. Many reductions for forms of higher
order and indeed for a general order can likewise be made
(cf. (124)). It has been shown by Stroh* that certain
classes of transvectants cannot be reduced by this series but
the simplest members of such a class occur for forms of
higher order than the fourth. An example where the
series will fail, due to Stroh, is in connection with the
decimic f = al®. The transvectant

(A%

is not reducible by the series in its original form although
it is a reducible covariant. A series discovered by Stroh will,
theoretically, make all reductions, but it is rather difficult to
apply, and moreover we shall presently develop powerful
methods of reduction which largely obviate the necessity of
its use. Stroh’s series is derived by operations upon the
identity (ab)e, + (bc)a, + (ca)b, = 0.

TABLE II

pr=1 P2 r=3 req
(5HI) 0 H 0 i
(f, Hy T A 0 J
(fy T)r | P5(i*—6 H?) 0 {(Jf—iH) | 0
(H, HY" 0 3@ Jf — iH) 0 32
(B, Tyr| §IF* = ifH) 0 A —6JH) | 0
(T, Ty 0 — (P46 iLI—12 JFH) 0 0

We infer from Table II that the complete irreducible sys-
tem of the quartic consists of

S H Tk J.

* Stroh ; Mathematische Annalen, vol. 31.
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This will be proved later in this chapter. Some of this set
have already been derived in terms of the actual coefficients
(cf. (70,)). They are given below. These are readily
derived by non-symbolical transvection (Chap. IIT) or by
the method of expanding their symbolical expressions and
then expressing the symbols in terms of the actual coeffi-
cients (Chap. III, § 2).

S =agt + 4z, + 6 a2ia} + 4 az,2f + a2l

H = 2[(aya; — a})2} + 2(apag — a,a5) 7%z,
+ (@924 + 2 ayag— 3 af)ziad+ 2(aya, — ayay) 2,73+ (ay0, — a§) 4],

T=
(agaz—3 aya,a,+ 2 a})2§ + (aday+ 2 aya a5 — 9 aga + 6 alay) iz,
+ 5( @y — 3 agayaz + 2 ajag)zial + 10(ata, — agaf)ia}
+5(— ayaga, +3 aja,0, — 2 ajad)xirs (125)
+ (9 a0} — ajay — 2 ayaza, — 6 aday)z,2f
+ (3 aga5a, — .0 — 2 a}) 2%,

¢ = 2(aya, — 4 aja3 + 3 a3),

B % %2
al a2 (13
a, a; a,

= =6 —a3—a a2 —a?
J =6 = 6(ayaq0,+ 2 a,0,05 — a3 — a,a3 —aja,).

These concomitants may be expressed in terms of the roots
by the methods of Chapter III, Section 4, and in terms of the
Aronhold symbols by the standard method of transvection.
To give a fresh illustration of the latter method we select

T=(f, HY=—(H,f). Then

(H, f)=((ab)?a3, 1)

= (a:)2[<(2)>(§>a§bzbv+@)(g)a,a,b?,]gi ,,-

= §(ab)?(be)a2b,c} + ;(ab)?(ac)a bict
= (ab)?(ac)a,b2c3.
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Similar processes give the others. We tabulate the com-
plete totality of such results below. The reader will find it
very instructive to develop these results in detail.
f=dt=bi= o,
H = (ab)2a2h?,
T= (ab)?(ca)a b2,
= (ab)4,
J=(ab)*(bc)?(ca)’
Except for numerical factors these may also be written
f=ala@a®a®,
H = 3(a@a@)2a@2a®2,
T= S(ePa?)2(aVa®)a@ae®2e®3, (126)
i =S(aVa@)2(a®e®)?,
J =3 (aVa?)2(a®aP)2(a®a)(ePa?).

It should be remarked that the formula (90) for the
general rth transvectant of Chapter III, Section 2 may be
employed to great advantage in representing concomitants
in terms of the roots.

With reference to the reductions given in Table II we
shall again derive in detail only such as are typical, to show
the power of Gordan’s series in performing reductions. The
reduction of (f, H)? has been given above (cf. (124)).

We have

(= T, Hy = ((H, f), H) = (H, T

Here we employ the series

H f M
4 4 4.
0 38 1y

This gives

3\/3
> E—X% (CH £y, HY= _oélﬁ_)«y i,y
i’ {7
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Substitution of the values of the transvectants (H,f),
(H, H)* gives
(H, Ty = J5(~ 6 TH + ).

The series for (7, T)2= ((f, H), T)?is

f H T
4 4 6,
0 2 1

or
(A H), T2 +((f, H)2 TH=((f, TO3 H)+3((f, T)% H)".
But i
(s B, =@, TD=}i(f, T)= 75 (- 6{H?).
Hence, making use of the third line in Table II,
(T, Ti= - 4%+ 6:H?*— 12 JHf),

which we wished to prove. The reader will find it profit-
able to perform all of the reductions indicated in Table IT
by these methods, beginning with the simple cases and pro-
ceeding to the more complicated.

SECTION 2. THEOREMS ON TRANSVECTANTS

We shall now prove a series of very far-reaching theorems
on transvectants.

I. Theorem. FEvery monomial expression, ¢, in Aronhold
symbolical letters of the type peculiar to the invariant theory,
i.e. involving the two types of factors (ab), a s

¢ = II(ab)?(ac)? .- atbic .-,
18 a term of a determinate transvectant.

In proof let us select some definite symbolical letter as a and
in all determinant factors of ¢ which involve a set a, = — y,,
a,=y,. Then ¢ may be separated into three factors, z.e.

¢ = PQaz,



REDUCTION 93

where @ is an aggregate of factors of the one type &,
Q@ =2"5c} -+, and P is a symbolical expression of the same
general type as the original ¢ but involving one less sym-
bolical letter,
P =(be)*(dd)® .-« b2c] +--.

Now P@Q does not involve a. It is, moreover, a term of
some polar whose index » is equal to the order of @ in y.
To obtain the form whose 7th polar contains the term P@ it
is only necessary to let y =2 in P@Q since the latter will
then go back into the original polarized form (Chap. III,
§1,I). Hence ¢ is a term of the result of polarizing
(PQ),—, r times, changing y into @ and multiplying this
result by a2. Hence by the standard method of transvec-
tion ¢ is a term of the transvectant

(PQ)yer @) (r +p=m). a2
For illustration consider

¢ = (ab)?(ac) (be)ab c2.
Placing a~y in (ab)?(ac) we have

¢ = — b2e,(be)b,c2 - a,.
Placing y ~z in¢’ we obtain

¢ = — (be)bicla,.
Thus ¢ is a term of

A =(—(bec)bic3, at)d.
In fact the complete transvectant A is

+ A = — 5(be) (ca)dad} — &5 (be) (ca)?(ba)a,ble,
— F5(be)(ea) (ba)?a,b,c2 — F5(be) (ba)la,cl
and ¢ is its third term.
DEFINITION. The mechanical rule by which one obtains

the transvectant (ab)a?~167~1 from the product a747, consist-
ing of folding one letter from each symbolical form a7, b7
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into a determinant (ab) and diminishing exponents by unity,
is called convolution. Thus one may obtain (abd)?(ac)a b3
from (abd)adbict by convolution.

1I. Theorem. (1) The difference between any two terms of a
transvectant s equal to a sum of terms each of which is a term
of a transvectant of lower index of forms obtained from the
JSorms in the original transvectant by convolution.

(2) The difference between the whole transvectant and one
of its terms is equal to a sum of terms each of which is a term
of a transvectant of lower index of forms obtained from the
original forms by convolution (Gordan).

In proof of this theorem we consider the process of con-
structing the formula for the general »th transvectant in
Chapter III, Section 5. In particular we examine the
structure of a transvectant-like formula (89). Two terms
of this or of any transvectant are said to be adjacent when
they differ only in the arrangement of the letters in a pair
of symbolical factors. An examination of a formula such as
(89) shows that two terms can be adjacent in any one of
three ways, viz.:

(1) P(a(')B(J))(a(h)B(k)) and P(«“’B"")(a""ﬂm),
(2) P(aPB)a®  and P(a®B9)ad,
(3) P(a®BP)BM and P(a®B%)BY),

where P involves symbols from both forms f, g as a rule,
and both types of symbolical factors.
The differences between the adjacent terms are in these
cases respectively
(1) P(aDa®)(BDR®),
(2) P(a?a®)BY,
(8) P(BWBD e,

These follow directly from the reduction identities, ¢.e. from
formulas (99), (100).
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Now, taking f, g to be slightly more comprehensive than
in (89), let
f=AePa® .. ™,

9= BRVAY .. B,

where A and B involve only factors of the first type (v8).
Then formula (90) holds true ;

. 1 (aPBDY (@@ ... (aBM
o=y 2[ Ve o D BIEY - B )f"’]‘
LYY

and the difference between any two adjacent terms of (f, g)*
is a term in which at least one factor of type (aB) is re-
placed by one of type (aa') or of type (B88"). There then
remain in the term only » — 1 factors of type («8). Hence
this difference is a term of a transvectant of lower index of
forms obtained from the original forms f, g by convolution.

For illustration, two adjacent terms of ((ab)2a2b2, ¢4)? are

(ab)2(ac)?b2e?, (ab)*(ac)(be)a,b, c2.

The difference between these terms, viz. (ab)3(ac)b.c3, is a
term of

((ab)3ab,, ct),

and the first form of this latter transvectant may be obtained
from (ab)%a2b2 by convolution.

Now let t;, &, be any two terms of (f, g)*. Then we may
place between t,, ¢, a series of terms of (f, g)" such that any
term of the series,

ty bty e bip By

is adjacent to those on either side of it. For it is always
possible to obtain #, from ¢, by a finite number of inter-
changes of pairs of letters,—a pair being composed either
of two a’s or else of two 8's. But

ti—ta=( =t + (G — ) + - +(t,— b)),
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and all differences on the right are differences between
adjacent terms, for which the theorem was proved above.
Thus the part (1) of the theorem is proved for all types of
terms.

Next if ¢ is any term of (f, g)7, we have, since the number
of terms of this transvectant is

()G
(fig9)—t=———3t—t (128)
u(”{)(’:)
= (' - 1),
()

and by the first part of the theorem and on account of the form
of the right-hand member of the last formula this is equal to
a linear expression of terms of transvectants of lower index
of forms obtained from f, g by convolution.

II1. Theorem. The difference between any transvectant and
one of its terms 18 a linear combination of transvectants of
lower indexz of forms obtained from the original forms by
convolution.

Formula (128) shows that any term equals the transvec-
tant of which it is a term plus terms of transvectants of
lower index. Take one of the latter terms and apply the
same result (128) to it. It equals the transvectant of
index s<r of which it is a term plus terms of transvectant
of index < 8 of forms obtained from the original forms by
convolution. Repeating these steps we arrive at transvec-
tants of index 0 between forms derived from the original
forms by convolution, and so after not more than » applica-
tions of this process the right-hand side of (128) is reduced
to the type of expression described in the theorem.

Now on account of the Theorem I of this section we may
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go one step farther. As proved there every monomial sym-
bolical expression is a term of a determinate transvectant
one of whose forms is the simple f=a® of degree-order
(1, m). Since the only convolution applicable to the form
a7} is the vacuous convolution producing a7 itself, Theorem
III gives the following result :

Let ¢ be any monomial expression in the symbols of a
single form f, and let some symbol a occur in precisely 7
determinant factors. Then ¢ equals a linear combination
of transvectants of index < » of a7 and forms obtained from
(PQ),=, (cf. (127)) by convolution.

For illustration
¢= (ab)X(be)laled=((ab)?a2bd, ct)?— ((ab)Sad,, cb)

+3((ab)Y, ).

It may also be noted that (P@),-, and all forms obtained
from it by convolution are of degree one less than the degree
of ¢ in the coefficients of f. Hence by reasoning induc-
tively from the degrees 1, 2 to the degree ¢ we have the
result :

THEOREM. Every concomitant of degree i of a form f s
given by transvectants of the type

(Cen £y
where the forms C,_; are all concomitants of f of degree ¢ —1.
(See Chap. III, § 2, VII.)

SECTION 8. REDUCTION OF TRANSVECTANT SYSTEMS
We proceed to apply some of these theorems.

I. Reducible transvectants (C,,, f)’. The theorem given
in the last paragraph of Section 2 will now be amplified by
another proof. Suppose that the complete set of irreducible
concomitants of degrees < ¢ of a single form is known. Let
these be

S Y10 Y2 *°% Vo
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and let it be required to find all irreducible concomitants of
degree 7. The only concomitant of degree unity is f=a™.
All of degree 2 are given by

(P =(abyazbz,
where, of éonrse, r is even. A covariant of degree 7 is an
aggregate of symbolical products each containing ¢ symbols.

Let C; be one of these products, and a one of the symbols.
Then by Section 2 (;is a term of a transvectant

(Ciy a2

where C;_, is a symbolical monomial containing ¢ —1 sym-
bols, z.e. of degree ¢ — 1. Hence by Theorem 1I of Section 2,

Ci=(Cp S +2(Ci £Y (' <) (129)
where C;_, is a monomial derived from C;_; by convolution.
Now C;_,, C;, being of degree ¢ —1 are rational integral
expressions in the irreducible forms f, o, «-., 9. That is,
they are polynomials in f, v, <+, v, the terms of which are
of the type

¢i——-l =f"fy;‘ eoe 'Y;k‘
Hence C; is a sum of transvectants of the type

($-p S (G =m),

and since any covariant of f, of degree ¢ is a linear combina-
tion of terms of the type of C;, all concomitants of degree ¢
are expressible in terms of transvectants of the type

(¢i—1’ f)is (130)

where ¢;_, is a monomial expression in f, vy, -+, o, of degree
i — 1, as just explained.

In order to find all ¢rreducible concomitants of a stated
degree 7 we need now to develop a method of finding what
transvectants of (130) are reducible in terms of f, 4y, -+, %.
With this end in view let ¢, ,=po, where p, o are also
monomials in f, 4y, -, o, of degrees <¢—1. Let p be a



REDUCTION 99

form of order n;; p=p™, and o =0™. Then assume that
J < ny, the order of o. Hence we have

(b-nn Y =(pam, ary.

Then in the ordinary way by the standard method of trans-
vection we have the following :

(b1 Koo -5+
= KP(G‘,f)J+ e, (181

Hence if p, now represents (o, f), then pp,is a term of

(¢i-1,.f), so that
(b fY =ppy+ 2(Pen fY (F'<). (13

Evidently p, p, are both covariants of degree <7 and hence
are reducible in terms of f, v, -+, . Now we have the
right to assume that we are constructing the irreducible con-
comitants of degree ¢ by proceeding from transvectants of a
stated index to those of the next higher index, Z.e. we
assume these transvectants to be ordered according to in-
creasing indices. This being true, all of the transvectants
(i ) at the stage of the investigation indicated by
(132) will be known in terms of f, vy, «++, %; or known to be
irreducible, those that are so, since j'<j. Hence (132)
shows (¢;_;, f) to be reducible since it is a polynomial in
S5 ¥p +++ 7 and such concomitants of degree ¢ as are already
known.

The principal conclusion from this discussion therefore is
that irreducible concomitants of degree ¢ are obtained only
from transvectants (¢;_,, f) for which no factor of order =7
occurs in ¢;,. Thus for instance if m=4, (f%f)7 is re-
ducible for all values of j since f2 contains the factor f of
order 4 and 5 cannot exceed 4.

We note that if a form « is an invariant it may be omitted
when we form ¢,_,, for if it is present (¢,_,,.f)7 will be re-
ducible by (80).
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II. Fundamental systems of cubic and quartic. Let m=3
(cf. Table I). Then f=a2 is the only concomitant of
degree 1. There is one of degree 2, the Hessian (f, f)?=A.
Now all forms ¢, of (¢,,.f )’ are included in

¢y = f74%
and either e =2, 8=0, or e =0, 8=1. But (f?% f) is re-
ducible for all values of ;7 since f2 contains the factor f of
order 8 and j»38. Hence the only transvectants which
could give irreducible concomitants of degree 3 are
Aafy (G=12).
But (A, f)2=0 (cf. Table I). In fact the series

fFrr
3 38 8
121

gives  H(AHHSP=—((LSPSiP==(Af)=0.

Hence there is one irreducible covariant of degree 3, e.g.

@afH=-e
Proceeding to the degree 4, there are three possibilities
for ¢g in (¢g ). These are ¢y = f3, fA, Q. Since j3»3
(1Y, (fAfY (J=1, 2, 3) are all reducible by Section 3, I.
Of (@ f) (J=1, 2 3), (@ f)2=0, as has been proved
before (cf. (102)), and (@, f)=1A? by the Gordan series
(cf. Table I)

fAS
3 2 3.
01 1

Hence (@, .f)3=— R is the only irreducible case. Next the
degree 5 must be treated. We may have
4’4 =f4sf2Asf09 R, A%

But R is an invariant, A is of order 2, and @ of order 3.
Hence since y»8 in (¢, f) the only possibility for an
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irreducible form is (A2 fY, and this is reducible by the prin-
ciple of I if j <3. But

(A% f)? = (8282, af)’=(8a)*(¥'a)8; = (82, (8a)?a,)=0.
For (8a)%a,= (A, f)?*=0, as shown above. Hence there are
no irreducible concomitants of degree 5. It immediately
follows that there are none of degree > 5, either, since ¢; in
(¢5 /)7 is a more complicated monomial than ¢, in the same
forms f, A, @ and all the resulting concomitants have been
proved reducible.

Consequently the complete irreducible system of concom-
itants of f, which may be called the fundamental system

(Salmon) of fis
5 A @ R.

Next let us derive the system for the quartic f; m=4.
The concomitants of degree 2 are (f,.f)?=H, (f,f)i=1.
Those of degree 3 are to be found from

Hry (=1,234).
Of these (f, H)= T, and is irreducible; (f, H)*=Jis irre-
ducible, and, as has been proved, (H, f)?=}if (cf. (124)).
Also from the series
S rr

4+ 4 4,
1 31
(H,f)8=0. For the degree four we have in (¢, f)
8=f S, fH, T,
all of which contain factors of order 2j »4 except T.
From Table II all of the transvectants (7,f) (=1, 2,

3, 4) are reducible or vanish, as has been, or may be proved
by Gordan’s series. Consider one case; (7, f)* Applying

the series
S H f
4 4 4],
1 38 1
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we obtain
(Cfs H). )t =—((fs HPA ) = 15((f B )
But ((f; H)% f)3=1i(f, f)®*=0; and (f, H)®=0 from
the proof above. Hence
(S H), ) =(T, f)*=0.
There are no other irreducible forms since ¢, in (¢,, f) will

be a monomial in f, H, T more complicated than ¢;. Hence
the fundamental system of f consists of

S H, T, 4, J.

It is worthy of note that this has been completely derived
by the principles of this section together with Gordan’s series.

IIT. Reducible transvectants in general. In the trans-
vectants studied in (I) of this section, e.g. (¢;_1, f)’, the
second form is simple, f = a?, of the first degree. It is pos-
sible and now desirable to extend those methods of proving
certain transvectants to be reducible to the more general case
where both forms in the transvectants are monomials in other
concomitants of lesser degree.

Consider two systems of binary forms, an (4) system and
a (B) system. Let the forms of these systems be

(4): A, 4, -+, 44, of orders a,, ay, ---, @, respectively ;
and
(B): By, B,, -+, B, of orders b,, by, ---, b, respectively.

Suppose these forms expressed in the Aronhold symbolism
and let

¢=A;1A;a .es AI‘:I‘. '\P\= B?‘Bg’ e _B’ﬁl,
Then a system () is said to be the system derived by trans-
vection from (A) and (B) when it includes all terms in all
transvectants of the type

(6 ¥ (133)
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[ ]

Evidently the problem of reducibility presents itself for
analysis immediately. For let

¢ = po, Y= pv,
and suppose that 5 can be separated into two integers,

J=J1+Ja

such that the transvectants

(ps pysy (o, )

both exist and are different from zero. Then the process
employed in proving formula (132) shows directly that
(¢, ¥r)? contains terms which are products of terms of (p, u)
and terms of (o, v)*, that is, contains reducible terms.

In order to discover what transvectants of the ( (") system
contain reducible terms we employ an extension of the
method of Paragraph (I) of this section. This may be
adequately explained in connection with two special systems

A=F. (B)=i,
where f is a cubic and ¢ is a quadratic. Here
(O =($ ¥y =S &)
Since f* must not contain a factor of order > j, we have
83a—3<J < 83a; J=38¢,3¢—1,3a—2.

Also
28-2<j<28;7=2828-1.
Consistent with these conditions we have
s 9, (i DY (s 3 (% )4 (fF #)5 (% @),
3 )7, (f3% 48 (3 B), .-

Of these, (f? %)% contains terms of the product (f, 2)? (f, 7)%
that is, reducible terms. Also (f? %)% is reducible by (f, ¢)?
(f, ®8. In the same way (f3, #)7, ... all contain reducible
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terms. Hence the transvectants of (") which do not con-
tain reducible terms are six in number, viz.

Siis (s D (F, D% (f; @ (f% )8

The reader will find it very instructive to find for other and
more complicated (4) and (B) systems the transvectants of
(C) which do not contain reducible terms. It will be found
that the irreducible transvectants are in all cases finite in
number. This will be proved as a theorem in the next
chapter.

SECTION 4. SYZYGIES

We can prove that m is a superior limit to the number of
functionally independent invariants and covariants of a
single binary form f=a? of order m. The totality of in-
dependent relations which can and do subsist among the
quantities

Tyy Tgy Ty Thy Wiy 5 (2= 0, ovy M)y Npy Ngy fhy, fgy M= (Ap)
are m+ 4 in number. These are

ay=aptal (4= 0,0,m); T = N1+ BTg Ty = NgZ}| + Ko ;
M= \pg — Ay

When one eliminates from these relations the four variables
A Agy My, Mg there result at most m relations. This is the
maximum number of equations which can exist between
ap a; (8 =0, -+, m), 2y, 2y ¥}, 2, and M. That is, if a greater
nunmber of relations between the latter quantities are as-
sumed, extraneous conditions, not implied in the invariant
problem, are imposed upon the coefficients and variables.
But a concomitant relation

¢(a(,)? °tty ain’ xll’ z;) = Mk¢(a0. sory Ay xp zg)

is an equation in the transformed coefficients and variables,
the untransformed coefficients and variables and M. Hence
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there cannot be more than m algebraically independent con-
comitants as stated.

Now the fundamental system of a cubic contains four con-
comitants which are such that no one of them is a rational
integral function of the remaining three. The present
theory shows, however, that there must be a relation be-
tween the four which will give one as a function of the other
three although this function is not a rational integral func-
tion. Such a relation is called a syzygy (Cayley). Since the
fundamental system of a quartic contains five members these
must also be connected by one syzygy. We shall discover
that the fundamental system of a quintic contains twenty-
three members. The number of syzygies for a form of high
order is accordingly very large. In fact it is possible to de-
duce a complete set of syzygies for such a form in several ways,
There is, for instance, a class of theorems on Jacobians which
furnishes an advantageous method of constructing syzygies.
We proceed to prove these theorems.

I. Theorem. If f, g, & are three binary forms, of respec-
ttve orders m, m, p all greater than unity, the iterated Jacobian

(S 9)y ) T8 reducible.
The three series

f gk h f g
nom pl, p n mi,
(0 1 1j 011
(g h fll
'm pon
10 1 IJ
give the respective results
(EXR))
= (£ B, >+J’——(f, By~ s (fs 9)%h,

+
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—((k X))
=_((h’g)1f)—m__—( g)?f"‘ (h f) s

((.9’ k) D)
= (@) H+-2=L g fy h——ﬂ———w, Y.

We add these equations and divide through by 2, noting
that (f, 9)=—(g,.f), and obtain

(G 90 = gty (b 4O =4 DY,

This formula constitutes the proof of the theorem. It
may also be proved readily by transvection and the use of
reduction identity (101).

II. Theorem. If e=a", f=0b" g=c¥ h=d? are four
binary forms of orders greater than unity, then

(&S ) (g )= —4(&: 9)Fh+ 3 (e, DYy + 3 (Ss 9)?eh— 3 (S h)%ey.

(135)

We first prove two new symbolical identities. By an
clementary rule for expanding determinants

2 2

ap 4% @

bbby 03

¢} ceg 3

= — (ad)(be)(ca).

Hence
. 2 2 (42 — 2
a} aya, a3||d3 2d,d, d%
2 22 2
b3 b6, 03| e} 2ege; €3
2 2 lr2 ¢ 2
f 6% U2 20 S

=2(ab)(be)(ca)(de)(ef)(fd)
(ad)? (ae)® (of)?
=|(bd)? (be)* (&F)?.
(ed)? (ce)® (of)?

In this identity set ¢, = —a,, c;=2,, fi=—2, fy=12;.

(136)
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Then (136) gives the identity.
(ad)? (ae) a2
bd)? (be)? B2|.

d2 e2 0

2(ab)(de)ab,de, = (137)

We now have
(e, f)(gy k) = (ab)(ed)am—1bn1e2-1g¢ 1

(ac)? (ad)? a2
(be)?  (bd)? b2
c2 dz 0

by (137). Expanding the right-hand side we have formula
(135) immediately.

= L gm—2pn—2or—2J0—2
=4 ar-2b ey 2 :

III. Theorem. The square of a Jacobian J =(f, g) s given
by the formula
=22 =(f )P+ (9 9*f*—2(fs 9)*fy- (138)
This follows directly from (135) by the replacements

e=f,f=9, 9=/ h=y.

IV. Syzygies for the cubic and quartic forms. In formula
(138) let us make the replacements J =@, f=/f, g =4,
where f is a cubic, A is its Hessian, and @ is the Jacobian
(f, A). Then by Table I

S=2@*+ A%+ Rf2=0. (139)

This is the required syzygy connecting the members of the
fundamental system of the cubic.

Next let f, H, T, ¢, J be the fundamental system of a
quartic f. Then, since T is a Jacobian, let J =T, f=f,
g = H in (138), and we have

-2 T%=H*- 2(f, H)’)fH + (H, H)*f2.
But by Table II
f D=} if. (B, HY=}QJf—il).
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Hence we obtain

S=2T*+ H3—}if?H + 1 Jf3=0. (140)
This is the syzygy connecting the members of the funda-
mental system of the quartic.

Of the twenty-three members of a system of the quintic
nine are expressible as Jacobians (cf. Table IV, Chap. VI).
If these are combined in pairs and substituted in (135), and
substituted singly in (138), there result 45 syzygies of the type
just derived. For references on this subject the reader may
consult Meyer’s ¢« Bericht ueber den gegenwirtigen Stand
der Invariantentheorie” in the Jahresbericht der Deutschen
Mathematiker-Vereinigung for 1890-91.

V. Syzygies derived from canonical forms. We shall prove
that the binary cubic form,

S=a@}+ 3 a,2fz, + 3 agz,af + ay7,
may be reduced to the form,
f=X3+4+ 713
by a linear transformation with .non-vanishing modulus. In

general a binary quantic f of order m has m + 1 coefficients.
If it is transformed by
T: 2= M) + ui Ty =M} + pgh

four new quantities A;, uy, Ay gy are involved in the coeffi-
cients of f'. Hence no binary form of order m with less
than m — 3 arbitrary coefficients can be the transformed of
a general quantic of order m by a linear transformation.
Any quantic of order m having just m — 3 arbitrary quanti-
ties involved in its coefficients and which can be proved to
be the transformed of the general form f by a linear trans-
formation of non-vanishing modulus is called a canonical
form of £ We proceed to reduce the cubic form f to the
canonical form X%+ Y3  Assume

S=a@}+ - =p(2;+ 0,23+ py(2,+agzy) 8= X34 V3. (140y)



REDUCTION 109

This requires that f be transformable into its canonical form
by the inverse of the transformations

8: X = ple; + plozy, ¥ =pie, + ploz,
We must now show that p,, p,, @, ¢, may actually be de-

termined, and that the determination is unique. Equating
coefficients in (140,) we have

P11+ P = ay
P+ &Py = ay (140,)
afp; + afpy = ay
aip; + aip, = a,.
Hence the following matrix, M, must be of rank 2:
1 o o} o}
M=\|1 e« o o}l
%G 4 dy ag
From M =0 result
1 o of 1 o of
1 o =0, 1 e« of=0.
%G O 4 a, ay 4ag
Expanding the determinants we have
Pay+ Qa, + Ra, =0,
Pa; + Qa, + Rag= 0.
Also, evidently
P+Qe +Raz=0 (¢=1,2).
Therefore our conditions will all be consistent if e, &, are
determined as the roots, & + &, of
lao a,  a,
1A=la;, a, ag=0.
& —&& &
This latter determinant is evidently the Hessian of f, divided
by 2. Thus the complete reduction of f to its canonical form
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is accomplished by solving its Hessian covariant for the
roots «,, «,, and then solving the first two equations of (140,)
for p,, p,. The inverse of § will then transform f into
X3+ Y3, The determinant of § is

D=(p,- Pz)%(“z — ),

and D=0 unless the Hessian has equal roots. Thus the
necessary and sufficient condition in order that the canonical
reduction be possible is that the discriminant of the ITessian
(which is also the diseriminant, Z, of the cubic f) should not
vanish. If B =0, a canonical form of fis evidently X2V,

Among the problems that can be solved by means of the
canonical form are, (¢) the determination of the roots of the
cubic f= 0 from

X34+ V3=(X+ V) ( X+ 0))( X+ oY),

o being an imaginary cube root of unity, and (&) the deter-
mination of the syzygy among the concomitants of f. We
now solve problem (&). From Table I, by substituting
ay=ag=1, a;=a,=0, we have ,the fundamental system of
the canonical form:

X3+78 2XY, X3-Y8, —2.

Now we may regard the original form f to be the transformed
form of X3 4+ Y3 under §. Hence, since the modulus of §
is D, we have the four invariant relations

=X+ 7,
A =2 D*XY,
Q=D}(X?— V3,
R=—15.2

It is an easy process to eliminate D, X, ¥ from these four
equations. The result is the required syzygy :

SR+ 2@Q% 4 A3=0.
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A general binary quartic can be reduced to the canonical
form (Cayley)
X4+ Yi4 6mX2Y?;

a ternary cubic to the form (Hesse)
X34+ Y34+ 23 4+6mXY2Z.

An elegant reduction of the binary quartic to its canonical
form may be obtained by means of the provectant operators
of Chapter III, § 1, V. We observe that we are to have
identically

S=(ap ag -y a, Y oy )= X4+ X+ 6 mX3X3,
where X, X, are linear in 2, z, :
X = ey + 7y Xy = Byry+ Byzy
Let the quadratic X, X, be ¢=(dy Ay, Ay Ly, 2,)% Then

dg - Xt=(Ay 4, Azzz__ ——-)2X4 0 (G=1,2).
Gmdq - X2X3=12.2(4 Ao, —A)mXX_.l-xXX

Equating the coefficients of 23, ;2,23 in the first equation
above, after operating on both sides by d¢g, we now have

Agag — Alal + Ay, =2A,,
Agag — Ayag + Ayoy = 3 214,
Ay, — Ajag + Aja, = XA
Forming the eliminant of these we have an equation which

determines A, and therefore m, in terms of the coefficients of
the original quartic f. This eliminant is

a, a, ag— A
a, a+in  ag (=0,
ay— A ag a,

or, after expanding it,
AN —Llin—3J=0,
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where %, J are the invariants of the quartic f determined in
Chapter 1II, § 1, V. It follows that the proposed reduction
of f to its canonical form can be made in three ways.

A problem which was studied by Sylvester,* the reduction
of the binary sextic to the form

X9+ X§+ X§+ 30 mX2X2X73,
has been completely solved very recently by E. K. Wakeford. }

SECTION 5. HILBERT’S THEOREM

We shall now prove a very extraordinary theorem due to
Hilbert on the reduction of systems of quantics, which is in
many ways closely connected with the theory of syzygies.
The proof here given is by Gordan. The original proof of
Hilbert may be consulted in his memoir in the Mathematische
Annalen, volume 36.

I. Theorem. If a homogeneous algebraical function of any
number of variables be formed according to any definite laws,
then, although there may be an infinite number of functions F
satisfying the conditions laid down, nevertheless a finite number
F\, F,, ---, F, can always be found so that any other F can be
written tn the form

F=AF + A, F,+ - + A,F,
where the A’ are homogeneous integral functions of the variables
but do not necessarily satisfy the conditions for the F’s.

An illustration of the theorem is the particular theorem
that the equation of any curve which passes through the in-
tersections of two curves ) =0, #, =0 is of the form

F= AIFI -+ A2F2= 0.

Here the law according to which the F’s are constructed is
that the corresponding curve shall pass through the stated

* Cambridge and Dublin Mathematical Journal, vol. 6 (1851), p. 293.
t Messenger of Mathematics, vol. 43 (1913-14), p. 25.
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intersections. There are an infinite number of functions sat-
isfying this law, all expressible as above, where 4,, 4, are
homogeneous in x;, #, z; but do not, as a rule, represent
curves passing through the intersections.

We first prove a lemma on monomials in »n variables.

LEMMA. If a monomial zbxl ... ks, where the k's are
positive integers, be formed so that the exponents ky, .-, k,
satisfy prescribed conditions, then, although the number of
products satisfying the given conditions may be infinite, never-
theless a finite number of them can be chosen so that every other
18 divisible by one at least of this finite number.

To first illustrate this lemma suppose that the prescribed
conditions are
2k +8ky—kg—k,=0,
ky+ky=1lky+ ks

Then monomials satisfying these conditions are

(141)

and all are divisible by at least one of the set ajrir,, r,zq23

Now if n=1, the truth of the lemma is self-evident. For
all of any set of positive powers of one variable are divisible
by that power which has the least exponent. Proving by
induction, assume that the lemma is true for monomials of
n — 1 letters and prove it true for n letters.

Let K = 2%z ... 2» be a representative monomial of the set
given by the prescribed conditions and let P = zixj ... zi» be
a specific product of the set. If K is not divisible by P, one
of the numbers & must be less than the corresponding num-
ber a. Let k, < a,. Then k, has one of the series of values

0,1, 2 - a—1,

that is, the number of ways that this can occur for a single
exponent is finite and equal to

N=a, + ay+ « + a,
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The cases are

k, equals one of the series 0, 1, --., a; — 1; (@, cases),

k, equals one of the series 0, 1,..., a, — 1; (a, cases), (142)
ete.

Now let &, = m and suppose this to be case number p of (142).
Then the n — 1 remaining exponents ky, kg, «++y k,_ys Kpiyy ooy
k. satisfy definite conditions which could be obtained by
making £, = m in the original conditions. Let

Kp = _rf‘.{lzcz z.;n ces $£ﬂ= z;"KIg
be a monomial of the system for which 4, = m. Then K},
contains only n — 1 letters and its exponents satisfy definite
conditions which are such that 2" K, satisfies the original
conditions. Hence by hypothesis a finite number of mono-
mials of the type K, say,
L,L, L

ap®

exist such that all monomials K are divisible by at least one
L. Hence K,=z"K, is divisible by at least one L, and so
by at least one of the monomials

MP =zrLyy MY =Ly, -, M» =27 L,.

Also all of the latter set of monomials belong to the orig-
inal system. Thus in the case number p in (142) K is
divisible by one of the monomials

MP, M, ..., Moo,

Now suppose that K is not divisible by P. Then one of the
cases (142) certainly arises and so K is always divisible by
one of the products

Mi])v M{Z)’ R} M{MJ; Mél)a Mé2)’ A ] Méa,)s A} M}:NL
or else by P. Hence if the lemma holds true for monomials
in n —1 letters, it holds true for » letters, and is true univer-
sally.
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We now proceed to the proof of the main theorem. Let
the variables be z;, ..., z, and let F be a typical function of
the system described in the theorem. Construct an auxiliary
system of functions 5 of the same variables under the law
that a function is an 5 function when it can be written in the
form

n=Z2AF (143)

where the A’s are integral functions rendering » homoge-
neous, but not otherwise restricted except in that the number
of terms in % must be finite.

Evidently the class of # functions is closed with respect to
linear operations. That is,

2By=Bm + By, + - =SBAF =3A'F

is also an 5 function. Consider now a typical  function.
Let its terms be ordered in a normal order. The terms will
be defined to be in normal order if the terms of any pair,

S = xl'lxgz .. w":n’ 7= w?lx’él ves 1‘21;,

are ordered so that if the exponents a, b of § and 7' are read
simultaneously from left to right the term first to show an
exponent less than the exponent in the corresponding posi-
tion in the other term occurs farthest to the right. If the
normal order of 8, 7'is (S, T), then 7 is said to be of lower
rank than §. That is, the terms of % are assumed to be
arranged according to descending rank and there is a term
of highest and one of lowest rank. By hypothesis the 7
functions are formed according to definite laws, and hence
their first terms satisfy definite laws relating to their expo-
nents. By the lemma just proved we can choose a finite
number of 5 functions, 5y, 75 +-+, 7, such that the first term
of any other n is divisible by the first term of at least one
of this number. Let the first term of a definite  be
divisible by the first term of #,, and let the quotient be P;.
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Then 7 — P, is an 5 function, and its first term is of
lower rank than the first term of 7. Let this be denoted by

n= Py, +7?.

Suppose next that the first term of 7@ is divisible by 7,;

thus,
7@ = Py, + 72,

and the first term of %@ is of lower rank than that of »®.
Continuing, we obtain

7" = P, + 9.
Then the first terms of the ordered set

7 0, 9@, .o 9@, ..
are in normal order, and since there is a term of lowest rank
in » we must have for some value of »

’7(” = Pr+l77m,+1'
That is, we must eventually reach a point where there is no
n function %“+Y of the same order as n and whose first
term is of lower rank than the first term of ™. Hence

n=Pn, + Pyiim, + -+ + Priytim,, (144)

and all n’s on the right-hand side are members of a definite
finite set

N1 Ngs s Npe
But by the original theorem and (143), every F is itself an
n function. Hence by (144)

F=AF + AF, + --- + A, F, (145)

where F;(i =1, ---,r) are the ¥ functions involved linearly
in 754, 9 +++, 7.  This proves the theorem.

II. Linear Diophantine equations. If the conditions im-
posed upon the exponents % consist of a set of linear Dio-
phantine equations like (141), the lemma proved above shows
that there exists a set of solutions finite in number by means
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of which any other solution can be reduced. That is, this fact
follows as an evident corollary.

Let us treat this question in somewhat fuller detail by a
direct apalysis of the solutions of equations (141). The
second member of this pair has the solutions

By Ry Ry Ky
Ao o 1 1
@ 0 1 0 1
3 1 0 1 0
@1 1 0 o0
G 1 1 1 1

2 1 1 0

®

Of these the fifth is obtained by adding the first and the
fourth; the sixth is reducible as the sum of the third and
the fourth, and so on. The sum or difference of any two
solutions of any such linear Diophantine equation is evi-
dently again a solution. Thus solutions (1), (2), (3), (4)
of & +k,=k, +k; form the complete set of irreducible
solutions. Moreover, combining these, we see at once that
the general solution is

@)) ki=z+y ky=z+2,k=y+w k, =2+ w.
Now substitute these values in the first equation of (141)
2k + 3k, —ky—k, =0.
There results
Sz+y+22=2w.

By the trial method illustrated above we find that the irre-
ducible solutions of the latter are

z=2,w=56; y=2,w=1; z=1Lw=1; z=1,y=1,w=3,

where the letters not occurring are understood to be zero.
The general solution is here

(D) z=2a+d, y=2b+4d, 2=¢, w=5a+b+c+ 3d,
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and if these be substituted in (I) we have
ky=2a+2b +2d
ky=2a + ¢+ d
ky=5a+3b+ c+4d
ky=5a+ b+2c+3d

Therefore the only possible irreducible simultaneous solu-
tions of (141) are

by ky kg Ry
a 2 2 5 5
@ 2 0 3 1
@) 0 1 1 2
) 2 1 4 3

But the first is the sum of solutions (3) and (4); and (4) is
the sum of (2) and (3). Hence (2) and (3) form the com-
plete set of irreducible solutions referred to in the corollary.
The general solution of the pair is

kl=2a, k2=B, 703=3a+B, k4=a+23.

The corollary may now be stated thus:

COROLLARY. Every simultaneous set of linear homogeneous
Diophantine equations possesses a set of irreducible solutions,
finite in number. A direct proof without reference to the
present lemma is not difficult. =~ Applied to the given illus-
tration of the above lemma on monomials the above analysis
shows that if the prescribed conditions on the exponents are
given by (141) then the complete system of monomials is
given by

x‘faz.gxg¢+ﬂxz+2ﬁ,
where & and B range through all positive integral values
independently. Every monomial of the system is divisible
by at least one of the set

2 2
2z, 297475,

* Elliott, Algebra of Quantics, Chapter IX.
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which corresponds to the irreducible solutions of the pair
(141).

III. Finiteness of a system of syzygies. A syzygy &
among the members of a fundamental system of concomitants
of a form (cf. (140)) f,

Lo Ly o Ly Ky o

is a polynomial in the I’s formed according to the law that
it will vanish identically when the I’s are expressed ex-
plicity in terms of the coefficients and variables of f. The
totality of syzygies, therefore, is a system of polynomials
(in the invariants I') to which Hilbert’s theorem applies. It
therefore follows at once that there exists a finite number of

syzygies,
Sp S29 ARt ‘Syv

14

such that any other syzygy &S is expressible in the form

8= 08 + Oy + - + O8, (146)
Moreover the (s, being also polynomials in the I's are
themselves invariants of f. Hence

THEOREM. The number of itrreducible syzygies among the
concomitants of a form f is finite, in the sense indicated by
equation (146).

SECTION 6. JORDAN’S LEMMA

Many reduction problems in the theory of forms depend for
their solution upon a lemma due to Jordan which may be
stated as follows :

LEMMA. If uy + uy + ug = 0, then any product of powers of
Ugy Uy, Ug Of order n can be expressed linearly in terms of such
products as contain one exponent equal to or greater than % n.

We shall obtain this result as a special case of a consider-
ably more general result embodied in a theorem on the
representation of a binary form in terms of other binary
forms.
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I. Theorem. If a,, b,, c,, -+ are r distinct linear forms, and
A, B, C, --- are binary forms of the respective orders «, B, v, -+
where

e+ B+qy+ o =n—r+1,
then any binary form f of order n can be expressed in the form
f=ar A+ 0B+ C7C+ ...,
and the expression 18 unique.

As an explicit illustration of this theorem we cite the

casen=38,r=2. Thenae+B8=2,e=8=1.

S= a3 (Po?y + Pora) + 03 (P11 + P1ua)- (147)
Since f, a binary cubic, contains four coeflicients it is evi-
dent that this relation (147) gives four linear nonhomo-
geneous equations for the determination of the four unknowns
Poo» Pop» Pro» Pri+  Thus the theorem is true for this case pro-
vided the determinant representing the consistency of these
linear equations does not vanish. Let a,=a2, + a,2,
b,=bz, + byz,, and D =ab, —ah;. Then the aforesaid
determinant is

a3 0 b2 0
2a0) a} 2b0, b2 _
a3 2aa, b3 2 b0,
0 % 0 b2

This equals D4, and D=+0 on account of the hypothesis
that a, and b, are distinct. Hence the theorem is here true.
In addition to this we can solve for the p, and thus deter-
mine 4, B explicitly. In the general case the number of
unknown coefficients on the right is

e+B+y+ o +r=n+1

Hence the theorem itself may be proved by constructing the
corresponding consistency determinant in the general case ; *
but it is perhaps more instructive to proceed as follows:

Cf. Transactions Amer. Math. Society, Vol. 15 (1914), p. 80.
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It is impossible to find r binary forms 4, B, C, --- of orders
e, B, v, --- where
e+B+y+ o=n—r+1l,
such that, identically,
E=a A+ PB+c70+ ... =0.

In fact suppose that such an identity exists. Then operate
upon both sides of this relation &+ 1 times with

d d
A=a,——a;— (a,= a2, + a,z,).
zaxl 16.1‘2 ( 1%y + 373)

Let g% be any form of order » and take a;=0. Then
A*gy =k(ay - gp)*'gi
= klafl:+lgrll—a—lg;+lxyll—a—l + kza;+1g;l.-a-2g;+zxfly-u-zx2
ooty Tigpe

where the %'s are numerical. Hence A**'¢g” cannot vanish
identically in case a,=0, and therefore not in the general
case a,+ 0, except when the last n — « coefficients of g% vanish:
that is, unless g% contains a?~* as a factor. Hence

Aa+lE= b:——u—ﬂ—lBl + cg—a*'y—l 0’ + cery

where B', (" are of orders B, v, ... respectively. Now
A" E is an expression of the same type as £, with » changed
into » — 1 and = into n — « — 1, as is verified by the equation

B+y+ o =(n—ae=-1)—(r—-D+1=n—r+1-a.

Thus if there is no such relation as Z=0 for » — 1 linear
forms a,, b, ..., there certainly are none for r linear forms.
But there is no relation for one form (r=1) save in the
vacuous case (naturally excluded) where A vanishes identi-
cally. Hence by induction the theorem is true for all values
of r.

Now a count of coefficients shows at once that any binary
form f of order » can be expressed linearly in terms of n+ 1
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binary forms of the same order. Hence f is expressible in
the form

S=a* A+ FB+ YD+ ...
That the expression is unique is evident. For if two such
were possible, their difference would be an identically vanish-
ing expression of the type E= 0, and, as just proved, none
such exist. This proves the theorem.

I1. Jordan’s lemma. Proceeding to the proof of the
lemma, let ug = — (u; + u,), supposing that u,, u, replace the
variables in the Theorem I just proved. Then u,, u,, u, are
three linear forms and the Theorem I applies with r=3,
e+ B+ y=n—2. Hence any homogeneous expression f in
Uy, Ugy Ug can be expressed in the form

uf™"A + u3 BB + up v C,
or, if we make the interchanges

(n—a n—0B n——fy),

A " v
in the form u}A + us B + uC, (148)
where Adp+rv=2n+2. (149)

Again integers A, u, v may always be chosen such that (149)
is satisfied and
A23n, u>gn,v>3n

Hence Jordan’s lemma is proved.
A case of three linear forms u; for which u; + uy +u;=10
is furnished by the identity

(ad)e, + (be)a, + (ca)b, = 0.
If we express A in (148) in terms of u,;, u, by means of
%y + uy + ug = 0, B in terms of uy, ug, and C in terms of wug, u,.

we have the conclusion that any product of order n of (ad)ec,,
(be)a,, (ca)b, can be expressed linearly in terms of
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(ab)rer, (ab)~1(be)e% a,, (ad)*2(bc)2c"2a, ...,
(
(ab)A ey ek,

(be)rar, (be)*1(ca)ar1b,, (be)*2(ca)?ar2b2, .-,
(bey (eayrarbr, (150)

(ca)'b?, (ca)1(ab)b? 1e,, (ca)*2(ab)?bm 22, ---
(ca) (ab)" brei,

where AZEn,pZEn,v2Z3in

It should be carefully noted for future reference that this
monomial of order n in the three expressions (ab)e,, (be)a,,
(ca)b, is thus expressed linearly in terms of symbolical
products in which there is always present a power of a deter-
minant of type (ab) equal to or greater than Zn. The
weight of the coefficient of the leading term of a covariant is
equal to the number of determinant factors of the type (ab)
in its symbolical expression. Therefore (160) shows that if
this weight w of a covariant of f does not exceed the order of
the form f all covariants having leading coeflicients of weight
w and degree 3 can be expressed linearly in terms of those of
grade not less than §w. The same conclusion is easily shown
to hold for covariants of arbitrary weight.

SECTION 7. GRADE

The process of finding fundamental systems by passing
step by step from those members of one degree to those of the
next higher degree, illustrated in Section 3 of this chapter,
although capable of being applied successfully to the forms
of the first four orders fails for the higher orders on account
of its complexity. In fact the fundamental system of the
quintic contains an invariant of degree 18 and consequently
there would be at least eighteen successive steps in the process.
As a proof of the finiteness of the fundamental system of a
form of order = the process fails for the same reason. That is,
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it is impossible to tell whether the system will be found after
a finite number of steps or not.

In the next chapter we shall develop an analogous process
in which it is proved that the fundamental system will result
after a finite number of steps. This is a process of passing
from the members of a given grade to those of the next
higher grade.

I. Definition. The highest index of any determinant factor
of the type (ab) in a monomial symbolical concomitant is
called the grade of that concomitant. Thus (ab)*(ac)X2ct is
of grade 4. The terms of covariants (84), (87) are each of
grade 2.

Whereas there is no upper limit to the degree of a con-
comitant of a form fof order n, it is evident that the maximum
grade is » by the theory of the Aronhold symbolism. Hence
if we can find a method of passing from all members of the
fundamental system of f of one grade to all those of the next
higher grade, this will prove the finiteness of the system,
since there would only be a finite number of steps in this
process. This is the plan of the proof of Gordan’s theorem
in the next chapter.

II. Theorem. Every covariant of a single form f of odd
grade 2\ — 1 can be transformed into an equivalent covariant of
the next higher even grade 2 \.

We prove, more explicitly, that if a symbolical product
contains a factor (ab)®~! it can be transformed so as to be
expressed in terms of products each containing the factor
(ab)®. Let A be the product. Then by the principles of
Section 2 4 is a term of

((ab)ZA-lazd-l—mbgH—?)\’ ¢)~,
Hence by Theorem III of Section 2.

A= ((ab)”‘"a}',*"“bﬁ*l””, ¢)7
+EK((ab)PTaF TR, gy, (151)
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where 4/ < y and ¢ is a concomitant derived from ¢ by con-
volution, K being numerical. Now the symbols are equiva-
lent. Hence

P = (ab)2lgn -2 - = _ (gh)A-lgn+l-2pn-0 = (),

Hence all transvectants on the right-hand side of (151), in
which no convolution in 4 occurs, vanish. All remaining
terms contain the symbolical factor (ab)®, which was to be
proved.

DEFINITION. A terminology borrowed from the theory
of numbers will now be introduced. A symbolical produect,
A, which contains the factor (ad)” is said to be congruent to
zero modulo (ad)";

A=0 (mod (ab)).
Thus the covariant (84)
O = }(ab)2(ba)2ale, + 3(ab)i(ae)(be)ad, e,
gives C =3(ab)(ae)(ba)ab,a,(mod (be)?).

II1. Theorem. Every covariant of f =at=0%= ... which is
obtainable as a covariant of ( f, f)* = ¢y = (ab)*a? "o~
(Chap. II1, § 4) is congruent to any definite one of its own terms
modulo (ab)*+1,

The form of such a concomitant monomial in the g sym-
bols is A= (9,92)7(9103)% *++ PG +++
Proceeding by the method of Section 2 of this chapter change

9, into y; ie. g;; =¥, g1a=—¥;- Then A becomes a form of
order 2n — 4 k in y, viz. er ¥ = Br* = .... Moreover

A — (a‘in—u’ y‘l.:;—dk)‘ln—ik = (a‘lllu—qu (ab)2ka;l—2lb;—2k)2n—4k’

by the standard method of transvection. Now this transvec-
tant A is free from y. Hence there are among its terms ex-
pressed in the symbols of f only two types of adjacent terms,
viz. (cf. § 2, II)

(da)(eb) P, (db)(ea) P.
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The difference between A and one of its terms can therefore
be arranged as a succession of differences of adjacent terms
of these two types and since P involves (ab)%* any such dif-
ference is congruent to zero modulo (ab)*+!, which proves
the theorem.

IV. Theorem. Ifn =>4k, any covariant of the covariant
Zn 4% (ab)’lau—2lb1l-—2k

18 expressible in the form

2 Oyr +(ab)2(be)*(ca)? T, (152)

where Cy.,, represents a covariant of yrade 2k + 1 at least, the
second term being absent (I' = 0) if n 8 odd.

Every covariant of g*—* of a stated degree is expressible
as a linear combination of transvectants of ¢ with covari-
ants of the next lower degree (cf. § 2, III). Hence the
theorem will be true if proved for 7'= (g¥, g2~ %)7, the
covariants of second degree of this form. By the fore-
going theorem 7 is congruent to any one of its own terms
mod (ab)*+!. Hence if we prove the present theorem for a
stated term of T, the conclusion will follow. In order to
select a term from 7' we first find 7' by the standard trans-
vection process (cf. Chap. III, § 2). We have after writing
8 =mn— 2k for brevity, and a?b: = «*

s\ s

- B S QEZ("_—Q st o=+, (o V(A )t~ (153

T= (ab)*(cd) ,2—:0 S el (ca)(da) k. (153)
B T

Now the terms of this expression involving « may be obtained

by polarizing «% ¢ times with respect to y, ¢ — ¢ times with

respect to z, and changing y into ¢ and z into d. Perform-
ing these operations upon a6, we obtain for 7,
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o t o-t

T=2373 K,,(ab)*(cd)*(ac)*(ad)*(be)—*(bd)° "
=0 u=0 v=0
X atc—u—ub:yc—a'+u4 "C;_f_'dj._’“, (154)

where K,,, is numerical. Kvidently ¢ is even.
We select as a representative term the one for which t =g,
u=v=0.
This is
¢ — (ab)2k(bc);r(cd)Zkaz—Zkb:—’lk-vcz—21:—0d2— 21:'
Assume n > 4k. Then by Section 6,
,\l‘. —_ (ab)2k<bc)a-(ca)Zlcaz—ub;l—Zk—vc:—Zk-—a'
can be expressed in terms of covariants whose grade is

greater than 2k unless o =2k = t—: Also in the latter case

-

Y is the invariant
¥ = (a8)*(be)*(ca)?.
It will be seen at once that » must then be divisible by 4.
Next we transform ¢ by (ed)a, =(ad)e, —(ac)d,. The re-
sult is
2k 2k . .
¢1 = 2( )(ab)Zk(bc)a(ca)i(ad)%-la:—dbbg—ﬂc-vcz-v—sd:—‘llﬁi.

t

=0

(I) Now if ¢ >k, we have from Section 6 that ¢ is of grade
> 3.3k, i.e. > 2k, or else contains (ab)2(be)?(ca)? i.e.

¢ = ZCh + (ab)*(be)*(ca) T. (155)
(IT) Suppose then ¢ <% Then in ¢/, since ¢= 2% has
been treated under +r above, we have either
(a) i 2k,
or @ 2k—i>kE
In case (@) (155) follows directly from Section 6. In case

(b) the same conclusion follows from the argument in (I).
Hence the theorem is proved.



CHAPTER V
GORDAN'S THEOREM

WE are now in position to prove the celebrated theorem
that every concomitant of a binary form f is expressible as a
rational and integral algebraical function of a definite finite
set of the concomitants of f. Gordan was the first to ac-
complish the proof of this theorem (1868), and for this rea-
son it has been called Gordan’s theorem. Unsuccessful
attempts to prove the theorem had been made before Gordan’s
proof was announced.

The sequence of introductory lemmas, which are proved
below, is that which was first given by Gordan in his third
proof (cf. Vorlesungen iiber Invariantentheorie, Vol. 2,
part 8).* The proof of the theorem itself is somewhat
simpler than the original proof. This simplification has been
accomplished by the theorems resulting from Jordan’s lemma,
given in the preceding chapter.

SECTION 1. PROOF OF THE THEOREM'
We proceed to the proof of a series of introductory lemmas

followed by the finiteness proof.

I. Lemmal If (A4): A, Ay -, A 18 a system of binary
Jorms of respective orders ay, ay, -+, &y, and (B): By, By, ---,
By, a system of respective orders by, by, -+, b, and if

b=ApAp ... Ax, Y= BABE ... Bf:

* Cf. Grace and Young; Algebra of Invariants (1903).
128
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denote any two products for which the «’s and the 8’s are all
positive integers (or zero), then the number of transvectants of

the type of
T=($ ¥
whicl do not contain reducible terms is finite.

To prove this, assume that any term of 7 contains p sym-
bols of the forms A not in second order determinant com-
binations with a symbol of the B forms, and ¢ symbols of the
B’s not in combination with a symbol of the A’s. Then
evidently we have for the total number of symbols in this
term, from (4) and (B) respectively,

g0y + gty + -+ + G =p + g,

blﬂl + bg,Bg + e+ I'IBI= g +,7.~
To each positive integral solution of the equations (156),
considered as equations in the quantities a, 8. p, o, 7, will
correspond definite products ¢, ¥ and a definite index 7, and
hence a definite transvectant 7. But as was proved (Chap.
IV, § 3, III), if the solution corresponding to (¢, Y is the
sum of those corresponding to (¢, Yry)r and (g, 3ry)%, then
7 certainly contains reducible terms. In other words trans-
vectants corresponding to reducible solutions contain re-
ducible terms. But the number of irreducible solutions of
(156) is finite (Chap. IV, § 5, II). Hence the number of
transvectants of the type = which do not contain reducible
terms is finite. A method of finding the irreducible trans-
vectants was given in Section 3, III of the preceding
chapter.

DEFINITIONS. A system of forms (4) is said to be com-
plete when any expression derived by convolution from a
product ¢ of powers of the forms (A) is itself a rational
integral function of the forms (4).

A system (A) will be called relatively complete for the
modulus G consisting of the product of a number of sym-
bolical determinants when any expression derived by con-

(156)
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volution from a product ¢ is a rational integral function of
the forms (A) together with terms containing & as a factor.

As an illustration of these definitions we may observe that

Sf=at= ..., A=(ab)?ab,, Q= (ab)2(ca)bd,c2,
R =(ab)*(ed)?(ac)(bd)

is a complete system. For it is the fundamental system of
a cubic f, and hence any expression derived by convolution
from a product of powers of these four concomitants is a
rational integral function of f, A, @, R.

Again f itself forms a system relatively complete mod-
ulo (abd)2

DEFINITION. A system (A4) is said to be relatively com-
plete for the set of moduli G, G, -~ when any expression
derived from a product of powers of A forms by convolution
is a rational integral function of A forms together with
terms containing at least one of the moduli Gy, Gy, --- as a
factor.

In illustration it can be proved (cf. Chap. IV, §7, IV)
that in the complete system derived for the quartic

H=(ab)?a2b2,
any expression derived by convolution from a power of H
is rational and integral in H and
G =(ab)t, Gy=(bc)?*(ca)?(ab)?
Thus' H is a system which is relatively complete with regard
to the two moduli
G = (ab), Gy =(be)*(ca)i(ab)?

Evidently a complete system is also relatively complete
for any set of moduli. We call such a system absolutely
complete.

DeriNiTIONS. The system (') derived by transvection
from the systems (4), (B) contains an infinite number of
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forms. Nevertheless () is called a finite system when all
its members are expressible as rational integral algebraic
functions of a finite number of them.

The system ( () is called relatively finite with respect to a set
of moduli G, G, --- when every form of ((') is expressible
as a rational integral algebraic function of a finite number of
the forms () together with terms containing at least one of
the moduli &, G,, -+ as a factor.

The system of all concomitants of a cubic f is absolutely
finite, since every concomitant is expressible rationally and
integrally in terms of f, A, @, R.

II. Lemma 2. If the systems (A), (B) are both finite and
complete, then the system (C') derived from them by transvec-
tion 18 finite and complete.

We first prove that the system (') is finite. Let us first
arrange the transvectants

T=($ VY
in an ordered array
Tys Ty ***y Ty ooy (157)

the process of ordering being defined as follows :

(a) Transvectants are arranged in order of ascending
total degree of the product ¢y in the coefficients of the
forms in the two systems (4), (B).

(&) Transvectants for which the total degree is the same
are arranged in order of ascending indices j; and further
than this the order is immaterial.

Now let ¢, t' be any two terms of 7. Then

E=t)=2(¢ V)Y (J'<,
where ¢ is a form derived by convolution from ¢. But by

hypothesis (4), (B) are complete systems. Hence ¢, Y are
rational and integral in the forms 4, B respectively,

§=F(d). ¥ = G(B).
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Therefore (¢, ¥ can be expressed in terms of transve
tants of the type 7 (¢.e. belonging to (()) of index le
than j and hence coming before 7 in the ordered arra
(157). Butif we assume that the forms of ((") derived fro
all transvectants before 7 can be expressed rationally ar
integrally in terms of a finite number of the forms of (¢

0y Cp oy O
then all (s up to and including those derived from
T=($ ¥y
can be expressed in terms of
Cp Oy ey O,y 8.

But if 7 contains a reducible term ¢ = ¢,t,, then since t,,
must both arise from transvectants before rin the ordere
array no term ¢ need be added and all ("s up to and incluc
ing those derived from 7 are expressible in terms of

Cyp Cyy oey O
Thus in building by this procedure a system of (s i
terms of which all forms of (") can be expressed we need t
add a new member only when we come to a transvectant i
(157) which contains no reducible term. But the numbe
of such transvectants in () is finite. Hence, a finite nu
ber of (’s can be chosen such that every other is a ration:
function of these.

The proof that (C) is finite is now finished, but we ma
note that a set of ¢’s in terms of which all others are expres
sible may be chosen in various ways, since ¢ in the above i
any term of 7. Moreover since the difference between an
two terms of 7 is expressible in terms of transvectants be
fore r in the ordered array we may choose instead of
single term ¢ of an irreducible = (¢, ¥)/, an aggregate o
any number of terms or even the whole transvectant and i
will remain true that every form of (') can be expressed a
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a rational integral algebraic function of the members of the
finite system so chosen.

We next prove that the finite system constructed as above
is complete.

Let Cp Cyy vy C,

be the finite system. Then we are to prove that any ex-
pression X derived by convolution from

X= 0{10‘5: C',Yr

is a rational integral algebraic function of (Y, ..., ;. Assume
that X contains p second-order determinant factors in which
a symbol from an (A4) form is in combination with a symbol
belonging to a (B) form.

Then X is a term of a transvectant (¢, ¥)?, where ¢ con-
tains symbols from system (A4) only, and 4 contains symbols
from (B) only. Then ¢ must be derivable by convolution
from a product ¢ of the A’s and ¥ from a product ¥ of B
forms. Moreover

X=($¥)+2(¥) (¢ <p,
and ¢, ¥ having been derived by convolution from &, v,
respectively, are ultimately so derivable from ¢, ¥». But

‘_l’ = F(4), ‘? = G(B),
and so X is expressed as an aggregate of transvectants of the

type of
T= (% ¥)
But it was proved above that every term of 7 is a rational
integral function of
Cpy ooy C,.
Hence X is such a function; which was to be proved.

IIl. Lemma 3. If a finite system of forms (A), all the
members of which are covariants of a binary form f, includes f
and 18 relatively complete for the modulus G' ; and if, in addi-
tion, a finite system (B) is relatively complete for the modulus
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@ and includes one form B, whose only determinantal factors
are those constituting G', then the system (C) derived by
transvection from (A) and (B) 18 relatively finite and complete
Jor the modulus G

In order to illustrate this lemma before proving it let (A)
consist of one form f=a3= ..., and (B) of two forms

A =(ab)%ab,, R=(ab)?(ac)(dd)(cd)>

Then (A4) is relatively complete for the modulus G' = (ab)2
Also B is absolutely complete, for it is the fundamental
system of the Hessian of f. Hence the lemma states that

(C) should be absolutely complete. This is obvious. For
(Q) consists of the fundamental system of the cubic,

5 A @ R,
and other covariants of f.
We divide the proof of the lemma into two parts.
Part 1. First, we prove the fact that if P be an expression
derived by convolution from a power of f, then any term, t, of
o= (P, ¥)' can be expressed as an aggregate of transvectants

of the type
T=(¢, ¥)’,

tn which the degree of ¢ 8 at most equal to the degree of P.
Here ¢ and 4 are products of powers of forms (4), (B)
respectively, and by the statement of the lemma (4) con-
tains only covariants of f and includes f itself.

This fact is evident when the degree of P is zero. To
establish an inductive proof we assume it true when the
degree of P is < r and note that

t= (P, ¥)'+ (P, ¥)¥ (7 <),
and, inasmuch as P and P are derived by convolution from
a power of f,
P=FA)+@F Y=F(4) (mod G,
P=F'(A)+FY'=F(A) (mod &).
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Also Y==®(B)+GZ=P(B) (mod G).

Hence ¢ contains terms of three types (a), (8), (¢).

(@) Transvectants of the type (F(A), ®(B))’, the degree
of F(A) being r, the degree of P.

(®) Transvectants of type (& Y, ¥), 'Y being of the
same degree as P.

(¢) Terms congruent to zero modulo G.

Now for (@) the fact to be proved is obvious. For (8),
we note that G’ ¥ can be derived by convolution from B, f*,
where 8 < ».  Hence any term of (@' Y, ¥+)* can be derived
by convolution from B, f*4» and is expressible in the form

(P, By,

where P’ is derived by convolution from f* and is of degree
<r. But by hypothesis every term in these latter transvec-
tants is expressible as an aggregate

= 2(¢, ¥)' (modulo &),

inasmuch as

By = ®(B) (modulo @).
But in this (¢, ¥)’ ¢ is of degree < s <r. Hence
. t=32(¢, ¥)' (mod G),

and the desired inductive proof is established.
As a corollary to the fact just proved we note that if P
contain the factor G', then any term in

CXR D)

can be expressed in the form

(b, ¥ (158)

where the degree of ¢ is less than that of P.

Part 2. We now present the second part of the proof of
the original lemma, and first to prove that (C) is relatively
finite modulo G-
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We postulate that the transvectants of the system ()
are arranged in an ordered array defined as follows by
(@), (8), (o).

(@) The transvectants of (') shall be arranged in order of
ascending degree of ¢y, assuming the transvectants to be of
the type T = (¢, ¥)'.

(8) Those for which the degree of ¢y is the same shall be
arranged in order of ascending degree of ¢.

(¢) Transvectants for which both degrees are the same
shall be arranged in order of ascending index j; and further
than this the ordering is immaterial.

Let ¢, ¢’ be any two terms of 7. Then

t'—t=3( ¥) (4’ <)

Also by the hypotheses of the lemma
¢=F(4) + &7,
v=®(B)+ GZ
Hence
t —t=2(F(4), P(B)) + Z(FY, (B))" (mod @).

Now transvectants of the type (F(4), ®(B))’ belong
before 7 in the ordered array since j’ < j and the degree of
F(A) is the same as that of ¢. Again (G'Y, ®(B))" can
by the above corollary (158) be expressed in the form

(¢ ¥4
where the degree of ¢'is less than that of GYY and hence

less than that of ¢.
Consequently ¢ — ¢ can be written

¢ —t=S(8", %) +Z(#, ) (mod @),
where the degree of ¢/ is the same as that of ¢ and where

j' < J, and where the degree of ¢' is less than that of ¢.
Therefore if all terms of transvectants coming before

T=($ ¥
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in the ordered array are expressible rationally and integrally
in terms of

Ols Oga AR ) 0q9

except for terms congruent to zero modulo G, then all terms
of transvectants up to and ¢ncluding T can be so expressed

in terms of
Cp Coy +ovy Oy 8,

where ¢ is any term of 7. Asin the proof of lemma 2, if
contains a reducible term ¢=¢t, ¢t does not need to be

added to
(/Yp Ogs AR } C'q’

since then ¢, ¢, are terms of transvectants coming before =
in the ordered array. Hence, in building up the system of
C’s in terms of which all forms of (') are rationally ex-
pressible modulo &, by proceeding from one transvectant r
to the next in the array, we add a new member to the sys-
tem only when we come to a transvectant containing no
reducible term. But the number of such irreducible trans-
vectants in (() is finite. Hence () is relatively finite
modulo &. Note that C, ..., (, may be chosen by select-
ing one term from each irreducible transvectant in (C).

Finally we prove that (') is relatively complete modulo
@. Any term X derived by convolution from

X= Ci"C"’E e O

.

is a term of a transvectant (E, \_[r)", where, as previously, ¢
is derived by convolution from a product of A4 forms and ¥
from a product of B forms. Then

X=( ¥ +2(6 ¥ ¢ <p.
That is, X is an aggregate of transvectants (¢, ¥)°, ¢ =P
can be derived by convolution from a power of £, and

¥ =®(B) (mod @).
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Thus, X= (P, ®(B))° (mod @)

=3(LP, ¥)? (mod &)

=2(¢, ¥)’ (mod @)
where ¢ is of degree not greater than the degree of P, by
the first part of the proof. But all transvectants of the last
type are expressible as rational integral functions of a finite
number of (s modulo G. Hence the system ( (') is relatively
complete, as well as finite, modulo G.

CororLrAry 1. If the system (B) is absolutely complete
then (C) is absolutely complete.

CoroLLARY 2. If (B) is relatively complete for two
moduli G, &, and contains a form whose only determi-
nantal factors are those constituting G, then the system ()
is relatively complete for the two moduli &, G,.

1V. Theorem. The system of all concomitants of a binary
Jorm f= a% = ... of order n is finite.

The proof of this theorem can now be readily accomplished
in view of the theorems in Paragraphs III, IV of Chapter IV,
Section 7, and lemma 3 just proved.

The system consisting of f itself is relatively complete
modulo (ad)2 It is a finite system also, and hence it satis-
fies the hypotheses regarding (4) in lemma 8. This system
(A)=f may then be used to start an inductive proof con-
cerning systems satisfying lemma 8. That is we assume
that we know a finite system A,_; which consists entirely of
covariants of f, which includes f, and which is relatively
complete modulo (ab)®*. Since every covariant of f can be
derived from f by convolution it is a rational integral func-
tion of the forms in A4, , except for terms involving the
factor (ab)*. We then seek to construct a subsidiary finite
system B,_, which includes one form B, whose only deter-
minant factors are (#b)* = @, and which is relatively com-
plete modulo (ad)**?*= G. Then the system derived by
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transvection from 4,_, and B,_, will be relatively finite and
complete modulo (ab)**%.  That is, it will be the system A,.
This procedure, then, will establish completely an inductive
process by which we construct the system concomitants of f
relatively finite and complete modulo (ab)**? from the set
finite and complete modulo (ab)*, and since the maximum
grade is » we obtain by a finite number of steps an abso-
lutely finite and complete system of concomitants of £ Thus
the finiteness of the system of all concomitants of f will be
proved.

Now in view of the theorems quoted above the subsidiary
system B, , is easily constructed, and is comparatively
simple. We select for the form B of the lemma

B, = (ab)®*a"~%b1-% = .

Next we set apart for separate consideration the case (¢)
n=+4k. Theremaining casesare (a) n>4k, and (b)n<+ k.

(a) By Theorem 1V of Section 7 in the preceding chapter
if n>4% any form derived by convolution from a power of
h is of grade 2%k + 1 at least and hence can be transformed
so as to be of grade 2k + 2 (Chap. IV, §7, II). Hence &,
itself forms a system which is relatively finite and complete
modulo (ab)*+? and is the system B,_; required.

(b) If n<4k then &, is of order less than n. But in the
problem of constructing fundamental systems we may pro-
ceed from the forms of lower degree to those of the higher.
Hence we may assume that the fundamental system of any
form of order <n» is known. Hence in this case (6) we
know the fundamental system of A,. But by III of Chapter
IV, Section T any concomitant of %, is congruent to any one
of this concomitant’s own terms modulo (ad)%*+*!. Hence if
we select one term from each member of the known funda-
mental system of 4, we have a system which is relatively
finite and complete modulo (ab)%**; that is, the required
system Bj_;.



140 THE THEORY OF INVARIANTS

(¢) Next consider the case n =4%. Here by Section 7, IV
of the preceding chapter the system B,_, = 4, is relatively
finite and complete with respect to two moduli

G, = (ab)**, G, = (ab)*(be)*(ca)™,

and @, is an invariant of £ Thus by corollary 2 of lemma 8
the system, as C}, derived by transvection from A4, , and
B;_, is relatively finite and complete with respect to the two
moduli @, &,. Hence, if C}, represents any form of the
system C; obtained from a form of C; by convolution,

C, = F,(C,) + G,P; (nod (ab)**?).

Here P, is a covariant of degree less than the degree of C,.
Hence P, may be derived by convolution from f, and so

Py =F,(C) + G, Py (mod (ab)***),

and then P, is a covariant of degree less than the degree of
P,. By repetitions of this process we finally express (} as a
polynomial in

@, = (ab)* (bc)* (ca)®,

whose coefficients are all covariants of f belonging to C,
together with terms containing G, = (ab)¥**? as a factor, ¢.e.

Ci=Fi () + G F,(C) + G3F,(C) + - + G4F,(C)
(mod G,).

Hence if we adjoin G, to the system C} we have a system
A, which is relatively finite and complete modulo (ab)%*+2,

Therefore in all cases (a), (), (¢) we have been able to
construct a system 4, relatively finite and complete modulo
(abd)%**2 from the system A,_, relatively finite and complete
modulo (ab)%*. Since A, evidently consists of f itself the
required induction is complete.

Finally, consider what the circumstances will be when we
come to the end of the sequence of moduli

- (ab)?, (ab)t, (ab)®, ...
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If »is even, n =2, the system A4,_; is relatively finite and
complete modulo (ab)% = (ad)*. The system B,_; consists
of the invariant (@b)* and hence is absolutely finite and
complete. Hence, since A4, is absolutely finite and complete,
the irreducible transvectants of A, constitute the funda-
mental system of f. Moreover 4, consists of 4, , and the
invariant (ab)™.

If n is odd, n=2g + 1, then A4,_, countains f and is rela-
tively finite and complete modulo (ab)%. The system B,_,
is here the fundamental system of the quadratic (ab)%a.b,
e.g.

B, ={(ab)¥a.b,, (ab)?(ac)(dd)(ed)?}.
This system.is relatively finite and complete modulo (abd)2+1,
But this modulus is zero since the symbols are equivalent.
Hence B,_, is absolutely finite and complete and by lemma
3 A, will be absolutely finite and complete. Then the set
of irreducible transvectants in 4, is the fundamental system
of f.

Gordan’s theorem has now been proved.

SECTION 2. FUNDAMENTAL SYSTEMS OF THE CUBIC
AND QUARTIC BY THE GORDAN PROCESS

It will now be clear that the proof in the preceding section
not only establishes the existence of a finite fundamental
system of concomitants of a binary form f of order n, but it
also provides an inductive procedure by which this system
may be constructed.

I. System of the cubic. For illustration let » = 3,
f= ag, = bg. == eee,

The system A, is f itself. The system B, is the fundamental
system of the single form

hy = (ab)?a,b,,
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since A, is of order less than 8. That is,
B, ={(ab)?a,b,, D}
where D is the discriminant of 4. Then A, is the system
of transvectants of the type of
T=(f hy D).
But By is absolutely finite and complete. Hence A, is also.
Now D belongs to this system, being given by e = 8=

=0, y=1. If 5 > 0 then 7is reducible unless y = 0, since
D is an invariant. Hence, we have to consider which trans-

vectants
T=(f" M)y

are irreducible. But in Chapter IV, Section 3 II, we have
proved that the only one of these transvectants which is ir-
reducible is @ = (f; ;). Hence, the irreducible members

of A, consist of
Al = ifa "1’ Qa D?a
or in the notation previously introduced,
4,={f, A @ RS

But B, is absolutely complete and finite. Hence these
irreducible forms of A, constitute the fundamental system

of f.
II. System of the quartic. Letf=ati=b¢=.... Then
A, = {f}. Here B,is the single form
hy = (ab)?a2b3,

and B, is relatively finite and complete (modd (ab)4
(ab)?(be)?(ea)?). The system (' of transvectants

= (5B
is relatively finite and complete (modd (ab)?%, (ab)2(bc)2(ca)?).
In 7 if 5> 1, 7 contains a term with the factor (ab)2(ac)?
which is congruent to zero with respect to the two moduli.
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Hencej = 1, and by the theory of reducible transvectants
(Chap. IV, § 38, III)
dea—4<jS4ea

ore=1,8=1. The members of C; which are irreducible
with respect to the two moduli are therefore

Sy by (s By).
Then A =51 by (S, b))y I = (ab)(be)?(ca)?.

Next B, consists of ¢ = (ab)* and is absolutely complete.
Hence, writing &, = H, (f, k)= T, the fundamental system
of fis

S H, T4, J.



CHAPTER VI
FUNDAMENTAL SYSTEMS

IN this chapter we shall develop, by the methods and pro-
cesses of preceding chapters, typical fundamental systems
of concomitants of single forms and of sets of forms.

SECTION 1. SIMULTANEOUS SYSTEMS

In Chapter V, Section 1, II, it has been proved that if a
system of forms (A4) is both finite and complete, and a sec-
ond system (B) is also both finite and complete, then the
system () derived from (A4) and (B) by transvection is
finite and complete. In view of Gordan’s theorem this
proves that the simultaneous system of any two binary
quantics f, ¢ is finite, and that this simultaneous system may
be found from the respective systems of f and g by trans-
vection. Similarly for a set of n quantics.

I. Linear form and quadratic. The complete system of
two linear forms consists of the two forms themselves and
their eliminant. For a linear form ! = [,, and a quadratic
Jf, we have

A)y=1 (B)=1{/f Di.
Then 8§ consists of the transvectants
8 = {(fD8, 1)
Since D is an invariant § is reducible unless 8=0. Also
8 <1, and unless & =1, (f* I*)® is reducible by means of the

product
f* B, 80

Hence y=38. Again, by
(oY, B2 f, B3,

144
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8 is reducible if 8 >2. Hence the fundamental system of f

and 7 is
S=1{£ D, L, (£, 1), (f; BY%.
When expressed in terms of the actual coefficients these

forms are
l=am +azy=1l=1,= ...,

f= box% +2 blx1x2 + b.lx? =a2=52= ...
D =2(bgby — 13) = (ab)},
(s D) = (bya; — byag)z, + (bya; — byag)z, = (al)a,,
(fs B2 =b4a3 — 2 bjaya, + bya2 = (al)(al’).
II. Linear form and cubic. If /=17 and f=a3=083= ...,
then (cf. Table I),
A= {l}; (B)=1{/ A @ R,

and S=(f"APQ"Re, )"

Since R is an invariant e= 0 for an irreducible transvectant.
Alson =8 as in (I). If e+ 0 then, by the product

(S PYRCSIARQy, B9),
&8 is reducible unless 8 <3, and if 8§ <3 § is reducible by
(s BY(fetargr, 1)0;
unless 8 =y=0,a=1. Thus the fundamental system of f
and 7 is

S={f 4 @ B, L, (£, D), (f; B (s B)%,
A, D, (A 22 (@, D, (& P (@ B3

III. Two quadratics. Let f=a2=4d2; g =02=02=....
Then
(A ={f, D}y (B) =19, Dy}, 8= (f*D}, g*Dj)".
Here 8=98=0. Also
2¢>e22a—1,
292e>2y-1,
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and consistent with these we have the fundamental system
S=11, 9, Dy, Dy, (f; 9> (fs 9)%.

Written explicitly, these quantities are

Sf=agt+ 2@y + adri=a2=a2= ...,

g=bpd+ 2bxx,+ by =02 =02 = ...,
D, = 2(ay, — af) = (aa')?,
D, = 2(bb, — b3) = (b )2

J=(f9)
= (agh;— a;by)a? + (agh,— aby)rixy+ (a0, — ab)2g= (ab)ah,,

h=(f, 9)* = aghy — 2 arby + azby = (ab)™

IV. Quadratic and cubic. Consider next the simultaneous
system of f=a2=al2= ..., g=83 =03 = .... In this case
(4)={f, D, (B)= {9 4, @ Rz’ S=(fﬂ_DB’ gaAchRd)y.
In order that § may be irreducible, 8 =d=0. Then in
case y>2 and 6% 0, §=(f% g°A*Q°)” is reducible by means
of the product
(fy AV (S, AT Q)T

Hence only three types of transvectants can be irreducible ;

(s A)s (s )2 (f° g° @)
The first two are, in fact irreducible. Also in the third
type if we take ¢ =0, the irreducible transvectants given by
(fe g»)" will be those determined in Chapter IV, Section
3, 111, and are

59 () (s D (2 9)% (3 D8
If ¢>1, we may substitute in our transvectant (f°, g*@Q°)Y

the syzygy

=—}(A%+ Rg®);
and hence all transvectants with ¢>1 are reducible. Tak-
ing a =0, c=1 we note that (f, Q) is reducible because it
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is the Jacobian of a Jacobian.

cases are
f @% (% Q)%

Finally if ¢ =1, a0, the only irreducible transvectant is

3 9@)°
Therefore the fundamental system of a binary cubic and a
binary quadratic consists of the fifteen concomitants given
in Table I1I below.

Then the only irreducible

TABLE III

ORDER
DEGRRE
0 1 2 3
1 I P ;g
L e A s 9)
I 2. O AR L I 22 ) Q
4 B  @*
5 (f* g*° (f% Q)
7 (% 9Q)°

SECTION 2.

The most powerful process known for the discovery of a
fundamental system of a single binary form is the process of
Gordan developed in the preceding chapter. In order to
summarize briefly the essential steps in this process let the
form be f. Construct, then, the system A, which is finite
and complete modulo (abd)?, 7.e. a system of forms which are
not expressible in terms of forms congruent to zero modulo
(ab)?. Next construct A,, the corresponding system modulo
(ab)%, and continue this step by step process until the system
which is finite and complete modulo (ab)" is reached. In
order to construct the system 4, which is complete modulo
(ab)#*+*? from A,_,, complete modulo (ab)?*, a subsidiary

SYSTEM OF THE QUINTIC
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system B,_; is introduced. The system B, ; consists of
covariants of ¢ = (ab)Zaz 2072, If 2n — 4%k <n then B,_,
consists of the fundamental system of ¢. If 2n — 4%k > n,
B,_, consists of ¢ itself, and if 2n — 4% =n, B,_; consists

n n  m
of ¢ and the invariant (ab)2(bc)2(ca)?. The system derived
from A,_;, B;_, by transvection is the system 4,.

I. The quintic. Suppose that n=56; f=al=08=....
Here, the system A, is f itself. The system B, consists of
the one form H = (ab)%3b3. Hence the system A, is the
transvectant system given by

(fe HE).

By the standard method of transvection, if y > 2 this trans-
vectant always contains a term of grade 8 and hence, by the
theorem in Chapter IV, it may be transformed so that it
contains a series of terms congruent to zero modulo (ab)?%,
and so it contains reducible terms with respect to this modu-
lus. Moreover (f, H)?is reducible for forms of all orders as
was proved by Gordan’s series in Section 1 of Chapter IV.
Thus A, consists of f, H, (f, H) = T.

Proceeding to construct B, we note that ¢ = (ab)%a,b, is of
order < 5. Hence B, consists of its fundamental system :

B, = {i, Di,
where D is the discriminant of 7. Hence A, which is here
the fundamental system of f is the transvectant system
given by
¢ = (f-HPT, D).
The values e =8 =y=8=7=0,e=1 give D. Since D
is an invariant ¢ is reducible if 0 and e+ 0. Hence
e=0.
If B8 > 1, ¢ is reducible by means of such products as
(fHTv, o)(HFY, 1)),
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Hence .
() B=0
() ¢e=0,y=0,8=1.
By Chapter IV, Section 4, IV,
T*=—}{(AFYH? - 2(f, HY’fH+ (H, H)*f%.
Hence
T2=— }H? (mod (ab)*).

But if ¢ >1, the substitution of this in ¢ raises 8 above 1
and hence gives a reducible transvectant. Thus y= 0 or
1 (cf. Chap. V (158)).
Thus we need to consider in detail the following sets
only :
() e=lor2 B8=0,vy=0,
(i) «=0,8=0,vy=1,
(i) e=1,8=0,y=1,
(v) e=0,8=1,9y=0.
In (i) we are concerned with (% 4%). By the method of
Section 8, Chapter IV,
28—-1< 9y <28,
S5a—4 S y< 5

and consistent with this pair of relations we have
oSy (f 0y (s D% (f 23 (s &4 (f, )5
(f2 B8, (f2 )7, (F2 148, (f% D)9, (f? )0,
Of these, (f? ®)% contains reducible terms from the product
s DAL DA
and in similar fashion all these transvectants are reducible
except the following eight:

St (s )y (D3 (s D3 (F, DY (f, B (% DY
In (ii) we have (7",%). But 7 =— (ab)2(bc)ab2ct, and
(T, ©) contains the term ¢ = — (ad)2(be)(b)adb,cii,. Again

(be) (bi)esi, = 3 [ (be)%3 + (bi)2ef — (i) 3]
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Hence ¢ involves a term having the factor f. The analysis
of the remaining cases proceeds in precisely the same way as
in Cases (i), (ii). In Case (ii) the irreducible transvec-
tants prove to be

(T, % (T, & (T, (1, )% (T, &),

Case (iii) gives but one irreducible case, viz. (f7), i),
In Case (iv) we have

(H, 7), (H,9)* (H, #) (H, &), (H, *) (H, #)°.

Table IV contains the complete summary. The fundamen-
tal system of f consists of the 23 forms given in this table.

TABLE 1V

ORDFR
De- - R -

GREE
0 1 2 3 4 5] 6 7 9

()3 (%0) T
D G, 1) (i, H)
6 @& rn (@ f)3 @ T)
6| - (2, H) (2, H)» S
1, (B, 1) (2, T)*
8 | (&, H) (®, HYS
9 (i3, T)6
11 (i, T8
12 (iﬁ’ ‘fl)lo
13 (#, Ty
18 (&, ST
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SECTION 3. RESULTANTS IN ARONHOLD'S SYMBOLS

In order to express the concomitants derived in the preced-
ing section in symbolical form the standard method of
transvection may be employed and gives readily any con-
comitant of that section in explicit symbolical form. We
leave details of this kind to be carried out by the reader.
However, in this section we give a derivation, due to Clebsch,
which gives the symbolical representation of the resultant of
two given forms. In view of the importance of resultants in
invariant theories, this derivation is of fundamental conse-
quence.

I. Resultant of a linear form and an nic. The resultant of
two binary forms equated to zero is a necessary and sufficient
condition for a commmon factor.

Let f=a% ¢ =a,=ax + ar,=0.

Then z;: 2, = — &y : ;. Substitution in f evidently gives the
resultant, and in the form
R = (ax).
II. Resultant of a quadratic and an nic. Let

d=a2=p,q,.

The resultant B = 0 is evidently the condition that f have
either p, or ¢, as a factor. Hence, by I,

R = (ap)"(bg)™
Let us express R entirely in terms of a, d, ---, and a, 8. .-
symbols.
We have, since a, b are equivalent symbols,
R =}{(ap)"(bg)" + (ag)"(bp)"}.-
Let (ap)(b9)= u, (aq)(bp)=v, so that

Y e R
B= 2
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THEOREM. If n is even, R = ”’"_42"5

grally expressible in terms of p*=(u—v)? and oc=pv. If
n 18 odd, (u + v)"1R is 80 expressible.

In proof write

18 rationally and inte-

Sy = pt 4 (= 1)~ =t
R=18,
Moreover it follows directly that
w= (b — )8+ w8, 5
Sy = (l"“ v)Sn—2+/‘ySn—a|

Then

S (;L—v):S’1+;wS
Si=p—v §=2

Also for n even

and for n» odd
Si=pn+v §=0.
Now let
Q=8+ 28 +228, + -
= pS + o8y + 2p8S, + 208, + 228, + 2255y + -+
Then we have

Q = p(8; + 2Q) + o (S, + 288, + 22Q),

and q=(pto2)S +a8
1—pz—o02?

Then 8, is the coefficient of 2~2 in the expansion of (.

Now
1 1 o2 o3

1- pz—az” 1—pz (1-—pz)2+(1—pz)3+
=1+ pz+pk+ pbad +
+(1+2pz+3p2z3+4p”z”+ Doz?

3.4 ,
+(1+ 2pz+1 2pz’+i—— pi2®) ozt
<+

=1z,+1qg+1(,z=+xszs+
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where
K,=1, K,=p*+0, K,=p*+ 8p + o%
K, = p, K= p3+2po', K p‘5+4p‘3a'+3,mr2

Kom pht (b Doy 2)(1» ) gt

L= 3)<1h24>gh 5 syt 4 ...

But
Q= {(pS; + ¢8,) + 208} { K, + Kz + K;2* + ... {.
In this, taking the coefficient of 2”2,
2R=8,=(pS+S) K, ,+ 8, K,_,.
pKn—ﬂ + oK, ;= K»—-l'
R=1{8,K, + oS K, 5}

Hence according as n is even or odd we have

But,

Hence,

2R= =p" +n¢pn—2+n(n 3)0-2 u—4+n(n;4;(n3 5),.-8 n—6 4 oony

2 R= (I" + y)ip'l'l + (n —_ 2)0‘,)"‘3 + g_ﬂn__-_gazpﬂ“5

(n—=—4)(n—-5Y(n—-6) 5 . »
+ 1.2.3 o+ d

which was to be proved.
Now if we write
4’ = P29 = aﬁ = Bg = ey
we have
P =} Pi@atPagy=2 005 Pagy =03
Then
p+v=(ap)(bg) + (ag)(bp)
= (@13 — 83P1) (5192 — 8391 + (2195 — 2391) (8,93 — b3p1)
= 2[a;b103 — a;bye1ty — 3010109 + a5By0f]
= 2(ax) (ba),
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pr = = (ap)(aq)(bp)(bg)
= Pufa * Prgs = (2a)*(ab)?,
(u =) =p*= {(ap)(bq) — (ag) (¥p)}* = (ab)*(pg)*
= — 2(ab)%(eB)?2 = — 2(ab)?D.
Let the symbols of ¢ be o', " -..5 B/, 8", -ce; 5, .... Then
we can write for the general term of R,

prat = (i — )" H(uv)r= (— 2)3“" Dg—k(ab)"‘“
X (ad Y (B8 2 (ad! (B Y2 - (a0 YHBROYS
=(=2y D4,

Evidently A, is itself an invariant. When we substitute this
in 2 R above we write the term for which £ =} n last. This
term factors. For if

B = (ad' )2(ae'")? ... (aa(g))z
= (bB’)z(bﬁ,,)z ces (bﬁ(g))z,

n

then o = B2
Thus when = is even,
n o o2 n=? n4
R=(-D)*-2% Ay+n(—-D)*2? 4,
n(n—3) To'T
+ (—D)*21*A4,
(1 ) 24)( 5) n—6 n—8 (159)
nn— n— e
t ey D4
" DA, + B
+ .- -1 ;._]+ .

We have also,

n—1 n—l1
Pl () =2(—2) 7 D7 A,
where A, is the invariant,
Ay = (ab)™~%(ay) (by) - (aeY(aa!"y? ... (au® y2
: - (B8 (BB")2 ... (BB™H2
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In this case,
-1 =
R=(-2D)7 Aj+(n—2)(—2D) * 4,
n—5
+(7L-—31)(;t—4 (—2D)* 4, @59)

2—1
4+ e — — .DA,,_.;;"‘An——l'
4 3 2

Thus we have the following:

THEOREM. The resultant of a form of second order with
another form of even order is always reducible in terms of in-
variants of lower deyree, but in the case of a form of odd order

this i8 not proved owing to the presence of the term A,_,.
K2

A few special cases of such resultants will now be given;

(@), (8); (©)s (D).
() n=1:R=A, A,=(ax)?
() n=2:R=— DA, + B% A,=(ab)% B=(aw)’
R = — («B)*(ab)?+ (aw)*(bB)>
(¢) n=8:R=—-2DA,+ A;, A;=(ab)?(ay)(by).
Ay = (ay) (by)(ae)*(88)%
B=—2(eB)*(ab)*(ay) (by) + (ay) (by) (ac)*(b8)>%
(@) n=4: R=2D*A,—4 DA+ B? A,=(ab)*
A, = (ab)X(aa)* (BB
B = (an)X(ad )2
R=2(e)%(a'B)%(ab)t— 1(aB)?(ab)?(ad' )*(b8')?
+ (aw)®(ad’)2(6B)*(6B")2

SECTION 4. FUNDAMENTAL SYSTEMS FOR SPECIAL
GROUPS OF TRANSFORMATIONS

In the last section of Chapter I we have called attention
to the fact that if the group of transformations to which a
form f is subjected is the special group given by the trans-
formations
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_sin(e—a) , sin(e—R) , sine_, sinfB ,
z+ T35 Ty=——3 Zp
sin sin sine ~ sine

then
g=2% + 2 2,7,c08 » + 23,

is a universal covariant. Boole was the first to discover
that a simultaneous concomitant of ¢ and any second binary
quantic f is, when regarded as a function of the coefficients
and variables of f, a concomitant of the latter form alone
under the special group. Indeed the fundamental simulta-
neous system of ¢ and f taken in the ordinary way is, from
the other point of view, evidently a fundamental system of f
under the special group. Such a system is called a Boolean
system of f. We proceed to give illustrations of this type
of fundamental system.

I. Boolean system of a linear form. The Boolean system
for a linear form,
l=agw, + a2,
is obtained by particularizing the coefficients of f in Paragraph
1, Section 1 above by the substitution

(% b bz>
1, cosw, 1/

Thus this fundamental system is
l=ay, + a7y
g=2a}+ 2 2,2, cos ® + 23,
a=sin? o,
b= (a, cos @ — a))z, + (@, — a, cos w)z,,
¢e=a}—2ay, cosw+ ai

II. Boolean system of a quadratic. In order to obtain the
corresponding system for a quadratic form we make the
above particularization of the & coefficients in the simulta-
neous sgystem of two quadratics (cf. Section 1, ITI above).
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Thus we find that the Boolean system of f is
Sf=apl+ 2z, + a7}

q=2}+ 2z, cos ® + z}
D=2(ayz,— ap),

- d=sin? e,
e=ay+ a;— 2 a, cos w,

F = (ayc08 @ — a))z? + (@) — ag)zx, + (a;— a, cos w)a3.

III. Formal modular system of a linear form. If the
group of transformations is the finite group formed by all
transformations 7', whose coefficients are the positive residues
of a prime number p then, as was mentioned in Chapter I,

= 2Pr. — P
L = 2%z, — z,2%

is a universal covariant. Also one can prove that all other
universal covariants of the group are covariants of L.
Hence the simultaneous system of a linear form [ and L,
taken in the algebraic sense as the simultaneous system of a
linear form and a form of order p + 1 will give formal
modular invariant formations of /. We derive below a fun-
damental system of such concomitants for the case p = 3.
Note that some forms of the system are obtained by
polarization. Letf= ay, + ;2,5 p =38. The algebraical
system of f is f itself. Polarizing this,

9 . 9
C= (zsa—x)f= aozv} + alxg, (z‘ga—z)f: aox‘l’ + alzg = 0’,
D=(as:96—a)‘f= ajz, + aiz,.

The fundamental system of universal covariants of the group
Ty is
L=2jo, — 2,2}, Q=24+ a{e}+ 2¥ef + 2§ =((L, L)% L).
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The simultaneous system of f and L is (cf. § 1, IT)
L fy (r=1, -, 45 (@ f) (8=1, ..., 6).

Of these some belong to the above polar system and some
are reducible; as (@, f?)%=fC (mod 3). But
A = (L, fH = ada, — a0,
B = (Q, %)%= af + ala? + ala} + af,
E=(@ f2)°=a(a} — a?)x} — ajaiz, + ajrd + ay(a} — a}) ]
The polars (mod 3).

(za i)D =F, (xai>Es DL,
or oz

. (mod 3),
(aa—a—)A =0, <a3i)B = A2
da da

are reducible. The polar (" is also reducible. In fact,
C'= 0Q — fL? (mod 3).
The formal fundamental system of f modulo 8 is

A, B, C, D, E, f, L, Q.

SECTION 5. ASSOCIATED FORMS

Consider any two covariants ¢,, ¢, of a binary form
S(z,, z,) of order m. Let the first polars of these be
X = ¢?;l¢ly1 M= ¢".’-’.¢‘_2¢2y$
or
A =NMY1+ MYy b= Yt Yy (169y)
where
X‘=1%, Fs’=1§i>2 (=1,2).
n 0x; P 9x;
Let the equations (159,) be solved for y,, y,. Then if J is
the Jacobian of the two covariants ¢;, ¢,, the result of
substituting y,, y, for 2, z, in f(z;, 2,) is

1
P 42) = 2 (AQ™ + ANt oo+ Aopa™)
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and the forms A, 4,, ---, 4, are covariants of f, as will be
proved below. But the inverse of (159,) constitutes a
linear transformation on the variables y,, y, in which the
new variables are A, u. Hence if

b(ap @y o5 3 Yy Y2)
is any covariant of f with z;, 2, replaced by the cogredient

set ¥y ¥q and if f(y,, y,) above is taken as the transformed
form, the corresponding invariant relation is

A, A, A
C'd(ap ap s @ns Y1 Yo) = J“}b( - »5 A /’«)
/ T
where (" is a constant. Now let (y) = (), and this relation
becomes, on account of the homogeneity in the coefficients,

C
D@y @y =y s g5 Tp) =j,¢(A0’ Ay ey Aps by by)-

Thus every covariant ¢ of f is expressible rationally in terms
of the m 4 3 covariants of the system

Ay Ay Agy -os Ay b1 &y

Such a system of covariants in terms of which all covariants
of a form are rationally expressible is called a system of
associated forms (Hermite). The expression for f(y,, ;)
above is called a typical representation of f.

Now we may select for ¢, in this theory the universal
covariant

b5, = 2192 — %Y1

and then the coefficient covariants Ay A4,, --- can be given
in explicit symbolical form. First, however, we obtain the
typical representation of f as an expansion based upon a
formal identity. From

A =My + Y b= Y1+ MY
t.e. A=\, p=pu,; and f=a}, we have the identity
Ap)a, = (ap)\ — (aA)u.
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1f we raise both sides of this identity to the mth power
we have at once the symbolical representation of the typical
representation of f, in the form

(Kﬂ)"f(.’/p 3/2) = BOX"' - ’mBIX’”"ly,-}- e + (_ 1)'"3,,,#’",
where

B, = (ap)™, B, =(ap)™'(ar), By = (ap)™ *(aL)?, -+,
B, =(a\)™

Also
Ap)m=dJm

Now with u = (zy) we have
J=Mzy + M2y =y
by Euler’s theorem. Moreover we now have
B, =a} =f, B;=a;"'(a)), B, = a}*(aM)?, -+,
for the associated forms, and
¢(ag ay 5 Yo !/2)=;;—{¢(Bo’ — By, By o5 N 0,

and
1
d(ay ay, ;5 2y xz)=“ﬁ¢(f» — By, B,, -5 ¢4, 0).
Again a further simplification may be had by taking for
¢, the form fitself. Then we have
B, =f, B, =(ab)am 7! =0, B, =(ab)(ac)a7 7 cr~, -

and the following theorem :

THEOREM. If in the leading coefficient of any covariant ¢
we make the replacements

< @ ay, ay, Qg oo

$(=1) —Bi(= 0), B,, — By )

and divide by a properly chosen power of ¢;(=f) we have an
expression for ¢ as a rational function of the set of m associated

JSforms
¢1(=f)’ 'Bl(= 0)’ -Bgs Bay see,
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For illustration let m = 3, f being a binary cubic. Let ¢
be the invariant B. Then since

B, = (ab)(ac)b.e, - ab,e, = (ab)labci =4 A -f, By=fQ,

where A is the Hessian, and @ the cubic covariant of £, the
typical representation of f is

S =8+ § AP + Qb

If one selects for ¢ the invariant
— 3 B =(aya3 — a,a,)%~ 4(a,a, — a3) (a,a5 — a?),
and substitutes
( @y Gy g ag

fﬂz, Oa %Af_na - Qf—2 ’
there results _ % R= [(f_4Q)z + %f‘sAs]f“-
That is, —RFA=2Q2+ A%

This is the syzygy connecting the members of the funda-
mental system of the cubic f (cf. Chap. IV, § 4). Thus the
expression of R in terms of the associated forms leads to a
known syzygy.



CHAPTER VII
COMBINANTS AND RATIONAL CURVES

SECTION 1. COMBINANTS

IN recent years marked advances have been made in that
branch of algebraic invariant theory known as the theory of
combinants.

I. Definition. Letf, g, &, --- be a set of m binary forms of
order n, and suppose that m < n;
S= aox’l‘ + oy g= boz'l' + ey b= cox’l‘ + oo
Let
¢(a0, @y, -3 bO’ sy Cprers Xy xz)
be a simultaneous concomitant of the set. If ¢ is such a
function that when f, g, A, --- are replaced by

f=ESf+my+Gh+ o g =EF+ng+Gh+ -y
h’=faf+"73.9+cah+"" (160)

the following relation holds :

(@ Ay oev 5 Bpoeers Chyeee s Ty 2p)
=(§n§...)"¢(a0’ Ay o3 bO’ el Cotr s T xz), (161)

where
flv N1s gp
Ep My G -
D:—: e )= 2 2 2 y
(EnC ) 63’ Ngs é‘sa e

then ¢ is called a combinant of the set (Sylvester).
We have seen that a covariant of f in the ordinary sense
is an invariant function under two linear groups of trans-
162
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formations. These are the group given by 7 and the in-
duced group (23,) on the coefficients. A combinant is not
only invariantive under these two groups but also under a
third group given by the relations

@ =fl“o + mby + G100 +

51"1 + ’716 + gl"x
(162)

b *Ezao + ’72b + §2"o

As an illustration of a class of combinants we may note
that all transvectants of odd index of f and g are combinants
of these forms. Indeed

(§1f+ mY, f-zf'f‘ 772.9)2'“
=EESL L+ ED (S, O +am(g, 9 (163)
= EDCL 9™,

by (79) and (81). Hence (f, g)**' is a combinant. In-
cluded in the class (163) is the Jacobian of fand g, and the
bilinear invariant of two forms of odd order (Chap. III, V).

II. Theorem. [Every concomitant, ¢, of the set f, g, h
which is annihilated by each one of the complete system of Aron-
hold’s polar operators

(2) (2) 62 (62~

18 a combinant of the set.

Observe first that ¢ is homogeneous, and in consequence

(2pmis (131

where ¢; is the partial degree of ¢ in the coefficients a of f5
i, the degree of ¢ in the coefficients of g, and so forth.
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i _6_ = ri) | —
Since (a ab)¢ 0, then (a 7 ¢/ =0. Thus

a¢’
+(Eao+mby+ o + e

El 0 1¥0 1 O)a(faa0+1’260+ con +0'280)
+(Elal+ n1b1+ .se +a'le]) a¢

6(52a1+nabl+ -+<rael) (164)

a¢'
+(E1an+ 0100 + oo +pe,
¢ M L )B(E,a F et - +°‘gen)

El n a; 84,’ o to Ze- 64)/
; 6(fzai+ +a'26.-) l¢=o 'a(fza + - +"aes)
166
34’, a(&ait - +0qe) e
Z«a(eza e %,

(k0 + - + a9 _ 0 166
2 ~ d(Eqa; + -+ aq6;) da, ) (168)

Hence
d

3 ,,)qb’ =%

=0 (8<

8139’ E(El 3, + M- 6 + oty
and generally,
t
>0 (167)

8.0 = (E,E+n. + o tog ‘)¢,1=i¢’(s=t),

where ¢ is the total degree of ¢ in all of the coefficients. In
(167) we have m? equations given by (s, t=1,---,m). We
select the following m of these and solve them for the deriv-

/
atives%, el
0§,

1] l
E,%+na§4"’—'+"'+%%;i=°’ (168)
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Solution of these linear equations gives

D aD oD
idl’ = ok 1 ' 6¢ 6171 / _éi '
= B B e = Ty

But we know that

idfl+ ¢ dn1+ +id¢r1

ok,
Hence
'
(aE]_ del + d"’l + - + dd'l) D
= 3 ’:14"
Hence we can separate the variables and integrate
d¢p' _.dD
¢ D
¢ =D"F(ay --), (169)

where F is the constant of integration. To determine
particularize the relations (162) by taking all coefficients
& 7, --- zero except
El = 7]2 = eee =d'm= 1.
Then a}) = ay, &}, = a,, -+, b} = b, etc., and (169) becomes
¢=F.
Hence ¢ =D¢,

which proves the theorem.

It is to be noted that the set (168) may be chosen so that
the differentiations are all taken with respect to &, m, -« in
(168). Then we obtain in like manner

¢' = D,

Thus U=ty = s =,
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That is, a combinant is such a simultaneous concomitant that
its partial degrees in the coefficients of the several forms are
all equal. This may be proved independently as the

II1. Theorem. A combinant ts of equal partial degrees in
the coefficients of each form of the set.

We have

[(5)a)-(aa)em) =
[(w)- (o) Jp =i~ iwp =0

Thus ¢, =14, Similarly ¢,=17, (j,k=1,2,...,m).

Hence

IV. Theorem. The resultant of two binary forms of the
same order ts8 a combinant.

Let =12y %), 9= 9(zp 7).
Suppose the roots of f are (»{”, ) (¢=1, .--, n), and of g
(3, 8§") ({=1,..-n). Then theresultant may be indicated
by
R= g(,.(l) r;")g(riz’, ,.ém) g(ri")’ rén))’
and by
R = f(sil) 3(1))f(8{2), 8(2)) "'f(s(ln)’ 8.&")).
Hence

( a—b) =SF(rD, #0)G(r2, r@) «v g(r(®, ) =0,

( )R Sg(s(L, s0)F(82, 8P) --- F(8(M, 8§M) = 0.

Thus R is a combinant by Theorem II.

Gordan has shown * that there exists a fundamental combi-
nant of a set of forms. A fundamental combinant is one of
a set which has the property that its fundamental system of

* Mathematische Annalen, Vol. 5.
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concomitants forms a fundamental system of combinants
of the set of forms. The proof of the Theorem II of this
section really proves also that every combinant is a homo-
geneous function of the determinants of order m,

A, bh Cry o ]Iu

%, bl\‘z Cha i Ikz

(lkm bkm (‘lkm coe Ikm
that can be formed from the coefficients of the forms of the
set. This also follows from (162). For the combinant is a
simultaneous invariant of the lincar forms
Eaj + b, + Cop+ -+ 0l (B=0,1, ..., n), (170)

and every such invariant is a function of the determinants
of sets of m such linear forms. Indeed if we make the
substitutions

E=EL+En + o + End,
n=mé +ugn + - + Mo’
in (170) we obtain
a;, = E i + b + Gio + ooes
b‘c = Ezak + ngbk + Cz“’k + ooy
and these are precisely the equations (162).
For illustration, if the set of n-ics consists of
= ag2} + 2 awyz, + a,73
g = by2} + 2 b1z, + b3
any combinant of the set is a function of the three second
order determinants

(a9by — a180), (agdy — aby), (ayby — azhy).
Now the Jacobian of f and g is

J=(agh; — a1by)7f + (aghy — ay8y) 2,2, + (a0, — asb)a3.
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Hence any combinant is a concomitant of this Jacobian.
In other words J is the fundamental combinant for two
quadratics. The fundamental system of combinants here
consists of.J and its discriminant. The latter is also the

resultant of f and g.
The fundamental system of combinants of two cubics f, g,

is (Gordan)
) =(f’ g),’ 0 =(f’ .9)8’ A= ((?, '9)2’ (‘9’ ’9)43 (A, &)a (Aa 0)4-

The fundamental combinants are ¢ and 6, the fundamental
system consisting of the invariant € and the system of the
quartic ¢ (cf. Table II).

V. Bezout’s form of the resultant. Let the forms f, g be
quartics,
JS=axt+ a2lo, + .o,
9= byzt + byzizy + -

From f= 0, g = 0 we obtain, by division,
ay _ 223 + ayriz, + agzi2% + a2
by by} + byl + bymyad + bgad
agr, + a7, _ 23 + a52,%, + azl
bowy + by bya} + bymyzy + byzf’
ag@? + a7, + a,r} _ 4T + az,
bad + byzywy + 023 gz + by
a2} + 123y + a2 2 + agrd _ a,
bge} + byairy + byziad + bgrf b,
Now we clear of fractions in each equation and write

a; b

[/ bk =p‘k.

We then form the eliminant of the resulting four homoge-
neous cubic forms. This is the resultant, and it takes the
form
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Po1 Poa Pos Poy
R=|Pn PstPi PutPi Pul,

Pos Posat Pz PiatPas Pa

Pos yan yon D3y

Thus the resultant is exhibited as a function of the deter-
minants of the type peculiar to combinants. This result is
due to Bezout, and the method to Cauchy.

SECTION 2. RATIONAL CURVES

If the coordinates of the points of a plane curve are
rational integral functions of a parameter the curve is called
a rational curve. We may adopt a homogeneous parameter
and write the parametric equations of a plane quartic curve
in the form

Ty =a1ft + a0y &3 + o + a0 ft =116 &),
Ty =apft + a5 838 + -+ + an, 8t =S (6 &), (1700
Ty = agf} + a5, 836 + -0 + ag 8 =S5 (& &)

We refer to this curve as the RB,, and to the rational plane
curve of order n as the R,

I. Meyer’s translation principle. Let us intersect the
curve R, by two lines

Uy = UyTy + UgZy + UgTy = 0,
v, = V& + V%, + vgrg = 0.

The binary forms whose roots give the two tetrads of inter-
sections are

U= (yolhy + Agqtly + Agog)€f + (@yy%y + dgyty + agyug)ERE,
+ (ay5ty + Agqtly + agqug) EFEF+ (@yqUy + dogtty + Aggg) §1£3
+ (@148 + Ggguy + agug) €
and the corresponding quartic v,, A root (&, &) of

u, =0 substituted in (170,) gives one of the intersections
@, 2§, 2§) of u,= 0 and the R,
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Now u, =0, v, =0 will have a common root if their result-
ant vanishes. Consider this resultant in the Bezout form
R. We then have, by taking

@, = M0 + Aoty + ayuty (=0, -ooy 1),
Pk = By @y — Ay Ay
Thus
Pue = (uv){(xtty, — ayay) + (U)o (ayay — a3,ay)
+ (wv)z(anay — ayay,),

where (uv); = uyvg— ugv,, (Uv)y=1ugv; — 10z (UV)z=1u1,—u,0,.

Hence
(wv); (wv)y (uv)g
Pa=| ay Ay 3
allr Aoy, Ay

But if we solve u, = 0, v, = 0 we obtain

Ty Ty Ty =(uv)y : (Uv)y : (Uv)g.
Therefore
T Ty T
Pik =0 ah' ag" (la‘- (Z, k = 0’ b ] 4)1
Ny A Qg
where ¢ is a constant proportionality factor. We abbreviate
Puwx =0 Ixa.‘akl .

Now substitute these forms of py in the resultant B. The
result is a ternary form in z,, z,, z; whose coefficients are
functions of the coefficients of the £,. Moreover the vanish-
ing of the resulting ternary form is evidently the condition
that v, =0, v, = 0 intersect on the B,. That is, this ternary
form is the cartesian equation of the rational curve. Similar
results hold true for the R, as an easy extension shows.

Again every combinant of two forms of the same order is
a function of the determinants

a; a

Pl n
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Hence the substitution
Pu= 0| zaa|,

made in any combinant gives a plane curve. This curve is
covariantive under ternary collineations, and is called a co-
variant curve. It is the locus of the intersection of u, =0,
v,=0 when these two lines move so as to intersect the
rational curve in two point ranges having the projective
property represented by the vanishing of the combinant in
which the substitutions are made.

II. Covariant curves. For example two cubics
S=ag}+ a@ir, + oo g = b2} + byzizy + ooy
have the combinant
K= (ay; — azh)) — 3(a,b, — azb,).
When K =0 the cubics are said to be apolar. The rational
curve Ry has, then, the covariant curve
K(z)=|zagag| — 4| zaa,| = 0.
This is a straight line. It is the locus of the point (u, v,)
when the lines u,= 0, v, =0 move so as to cut R, in apolar
point ranges. It is, in fact, the line which contains the three
inflections of R, and a proof of this theorem is given below.
Other theorems on covariant curves may be found in W. Fr.
Meyer’s Apolaritit und Rationale Curven (1883). The
process of passing from a binary combinant to a ternary
covariant here illustrated is called a translation principle.
It is easy to demonstrate directly that all curves obtained
from combinants by this principle are covariant curves.

THEOREM. The line K(z)=0 passes through all of the
inflexions of the rational cubic curve R,.

To prove this we first show that if g is the cube of one of
the linear factors of f= ¢Vaa®,

9 = (oPz; + afPzy)},
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then the combinant K vanishes identically. In fact we then
have

by = V3, b, = 8 (2D, ..,
and ay = oa{Ve{Pe®, a, = Ze{VaPaf, ...

When these are substituted in K it vanishes identically.

Now assume that u, is tangent to the R, at an inflexion
and that v, passes through this inflexion. Then u, is the
cube of one of the linear factors of v, and hence K(z)
vanishes, as above. Hence K(z)=0 passes through all
inflexions.

The bilinear invariant of two binary forms f, g of odd
order 2n+41=m is

K, =apn,—mabd, | + (Z')aab,,,_2 + oor 4 MAp_ 10 — @by,

or

Eo= o= i+ (s =+ (= (e

where f = a@2? + maa] 1z, + -

If two lines u,=0, v, _0 cut a rational curve R, of
order m=2n+1 in two ranges given by the respective
binary forms

Up Uy
of order m, then in order that these ranges may have the
projective property K, = 0 it is necessary and sufficient that
the point (u,, v,) trace the line

i@m _;.'I:

Ku(z)= 2 (—1) "( )

This line contains all points on the R, where the tangent
has m points in common with the curve at the point of
tangency. The proof of this theorem is a direct extension
of that above for the case m = 8, and is evidently accomplished
with the proof of the following :
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THEOREM. A binary form, f, of order m is apolar to each
one of the m, m-th powers of its own linear factors.

Let the quantic be
f=af=apP + - = H(r Hx, — r{ilz,).

The condition for apolarity of f with any form g = 5™ is
(@)™ = ap— My + e + (= D"y =(F, g)" = 0.
But if g is the perfect m-th power,
9= (rm = ) = (@),
we have (cf. (88))
s O =(a7, @@y = (-Dajiy
which vanishes because (r{’, §’) is a root of f.

To derive another type of combinant, let f, g be two binary
quartics,

S=apt+4alry+ . g=bpzt+ 40237, +
Then the quartic F=f+ kg = A@t + -+, has the coefficient
A,-=a,-+kb,- (’l,=0, 1, ceey 4)_

The second degree invariant ¢p = Agd, — 4 A, 4;+ 843 of
F now takes the form
z+82-k+-@—k3_z,,

where 8 is the Aronhold operator

8= b—+b +b“’a +I§,,aa+b4&a4
and

i=aga, — 4 a3 + 3 ad.
The discriminant of g e.g.,

G =(8&)2—2i(&%),
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is a combinant of the two quartics f, g. Explicitly,

G = pd + 16 pls — 8poaprs — 8 Po1Pss + 12Ppppag — 48 propas-

Applying the translation principle to G =0 we have the
covariant curve

G(2) =|agaz? + Flaagz|* — § |agage||ajam| —. }|agaz||aga,z|
+ }agagz||agaz| — {4|a1052]|agagz|= 0.
If ¢z =0 the quartic F is said to be self-apolar, and the

curve G'(z)=0 has the property that any tangent to it cuts
the R, in a self-apolar range of points.



CHAPTER VIII

SEMINVARIANTS. MODULAR INVARIANTS

SECTION 1. BINARY SEMINVARIANTS

WE have already called attention, in Chapter I, Section 1,
VIII, to the fact that a complete group of transformations
may be built up by combination of several particular types
of transformations.

I. Generators of the group of binary collineations. The
infinite group given by the transformations 7' is obtainable
by combination of the following particular linear transfor-
mations :

iz =A%, Ty= py,
tre=2+vy,y=y'
ty: 2 =2, y = oz + .
For this succession of three transformations combines into
zy = A1 + ov)z} + \vz),
¥y = opxl + prh,
and evidently the four parameters,
My =y Ay =0p, py=2Ap, A;=A(1+4 ov),
are independent. Hence the combination of ¢, ¢;, ¢, is
T:zy =M} + mZp Ty =A@ + Koy

In Section 4 of Chapter VI some attention was given to
fundamental systems of invariants and covariants when a
form is subjected to special groups of transformations 7.
These are the formal modular concomitants. Booleans are

also of this character. We now develop the theory of in-
176
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variants of a binary form f subject to the special transfor-
mations ¢;.

II. Definition. Any homogeneous, isobaric function of
the coefficients of a binary form f whose coefficients are
arbitrary variables, which is left invariant when f is sub-
jected to the transformation ¢, is called a seminvariant. Any
such function left invariant by ¢, is called an anti-semin-
variant.

In Section 2 of Chapter I it was proved that a necessary
and sufficient condition that a homogeneous function of the
coefficients of a form f of order m be an invariant is that it
be annihilated by

9
d Am—1

9

d ] 0
0 =ma,— —Da,— + -
ma, 3 + (m — D)a, 3a; + o Foay,

d d

d
Q=a9 1949 1+ .. 9.
%o da, i da, Hoe My da,,

We now prove the following :

ITII. Theorem. A necessary and sufficient condition in order
that a function I, homogeneous and isobaric in the coefficients
of f=am may be a seminvariant of f is that it satisfy the
linear partial differential equation QI= 0.

Transformation of f= a@P+ ma@P 2,4 ..« by t; gives
S =ale™ + mal2™ 1z} + ..., where

ay = a,,
ay = a; + ay,
ay=a, + 2ap + ag?

ay, = a, + ma, v+ (7;)%-2"2 + oo +agm

Hence
da’ oa) oa, dal da!
0=0, d=gq/, —2=2a!/, —2=38al, «e?, —2=mal,_,.
w w ¥ P o 27 m1
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Now we have

8I(ay, ay,+-) _ 01 da5 | 01 day . 81 9a,
17 da) v  da} A dal, ov

9 )I= Q'I(ap, --+). (172)

19al,

d
= (a(’)a—zll+ 2 a’la—a72-+ ves +mal,_

!
But ﬂ‘%ﬁ: 0 is a necessary and sufficient condition in
14

order that I(aj, -+, aj,) may be free from », ¢.e. in order that
I(a}, ---) may be unaffected when we make »=0. But when
v=0, a}=a; and

I(al, -y al) = I(ay -+ ay)-
Hence %{ = ' (ay, ---)=10 is the condition that I(ay, ---) be
a seminvariant. Dropping primes, Q7 (ay ---)= 0 is a nec-

essary and sufficient condition that I(ay ---) be a sem-
invariant.

IV. Formation of seminvariants. We may employ the
operator () advantageously in order to construct the sem-
invariants of given degree and weight. For illustration let
the degree be 2 and the weight w. If w is even every sem-
invariant must be of the form

T=ayd, + M@, 1+ Ng@g@p_g + +++ + N3,
Then by the preceding theorem
QI = (w+ N agaty_y +((w— DA + 2N)aya, 5 +---=0.
Or

w+7x1=0, (W—l)kl-}- 2)~g=0, (w—2)7\2+ 3X8=O, ey
(%w'*' l)h'{w—l"*' wx‘,, =0,

Solution of these linear equations for A, A,, .- gives
I=ay, —(’f)ala,,_l +(’;)a,aw_2 —_

+(- 1)*""(,} ww_ 1)“}w—1“iw+1 +3(- 1)‘W(§ww>a§w'
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.
Thus there is a single seminvariant of degree 2 for every
even weight not exceeding m.

For an odd weight w we would assume

I'= ag, + M@,y + -+ + Mo Byo-p ooy
Then QI=0 gives
w4+ A =0, (w—DA+27=0, ..,

F(W + 3Ny + (0 = DAy p= 0, X4 = 0.

Hence A, =7, = -+« = N\y,—,= 0, and no seminvariant exists.
Thus the complete set of seminvariants of the second

degree is

4,=a

A, = aya, — a?,

A, =aja,— 4 a0, + 8 a3,

Ay = ayag— 6 ajay + 16 a,a, — 10 a3,

Ay = ajag— 8 aja, + 28 aya, — 56 aga; + 35 aj.

The same method may be employed for the seminvariants
of any degree and weight. If the number of linear equa-
tions obtained from Q7=0 for the determination is just
sufficient for the determination of A\, A,y Ag +-- and if these
equations are consistent, then there is just one seminvariant
I of the given degree and weight. If the equations are in-
consistent, save for A\y=A; =Ay= ..+ =0, there is no semin-
variant. If the number of linear equations is such that one
can merely express all A’s in terms of r independent ones, then
the result of eliminating all possible A’s from 7 is an
expression
IT=NI + NIy + -+ + 1.

In this case there are  linearly independent seminvariants
of the given degree and weight. These may be chosen as

1;, .[2, *tt 1;'
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V. Roberts’ theorem. If C, is the leading coefficient of a
covariant of f=ayxy + - of order w, and C, is its last coeffi-
cient, then the covariant may be expressed in the forms

) 2
Cox“l’.*.%x‘f_lg«z.*_ %r”“'lu.f- I +%J'2, (173)
h L 2 e
w U~l
o |w0“! 2+ ‘(l)' (’1 2, + - Ql?m zay + Coag.  (174)

Moreover, C, i8 a seminvariant and C, an anti-seminvariant.
Let the explicit form of the covariant be
K= Cuy +G’> Oy + v + O3
Then by Chapter I, Section 2, XII,
(Q ~2y )K 0.
Or
Q0 + 0 (QC, — C)av 'z, +<§’>(Q Oy — 2 O3 +
+o(Q0, ,—0—1C, Nzs™ + (L0, — 0, D)rs=0.

Hence the separate coefficients in the latter equation must
vanish, and therefore

Qd,=0,
Qo = 0,
Q02 =2 011

QO«)—I = ((0 - 1) 00-2’
Q 0(“ =w Uw—l
The first of these shows that () is a seminvariant. Combin-

ing the remaining ones, beginning with the last, we have at
once the determination of the coefficients indicated in (174).
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In a similar manner
(0 —z, i)KE 0,
oz,
and this leads to

000= (001, 001 =((l)"' 1)023 B} oou—l = C'w’ 0001 = 0;

1 . .
= o(®—1)(w—2) - (@ — i+ 1) OC(i=0, -, @).
This gives (173).

It is evident from this remarkable theorem that a co-
variant of a form f is completely and uniquely determined
by its leading coefficient. Thus in view of a converse
theorem in the next paragraph the problem of determining
covariants is really reduced to the one of determining its
seminvariants, and from certain points of view the latter is
a much simpler problem. To give an elementary illustration
let f be a cubic. Then

0=3a1—6%0 ...a,a +aaaz2
and if C is the seminvariant aa, — af we have
00, = ayag — a,ay OCy= 2(a,a3 — a3), B®C;=0.
Then 2 K is the Hessian of f, and is determined uniquely
from C.

V1. Symbolical representation of seminvariants. The sym-
bolical representation of the seminvariant leading coefficient
C, of any covariant K of f, i.e.

K = (ab)?(ac)? ... atbict --- (r+8+t+ - =),

is easily found. For, this is the coefficient of z; in K, and in
the expansion of

(ab)?(ac)? -+ (12 + a423)"(byzy + bgzg)* -+
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the coefficient of 2y is evidently the same as the whole ex-
pression K except that a, replaces a,, b, replaces b,, and so
forth. Hence the seminvariant leader of K is
Cy = (ab)?(ac)? ... ajbict .... (175)
(r+ 8+ t+ ... a positive number).

In any particular case this may be easily computed in terms
of the actual coefficients of f (cf. Chap. III, § 2, I).

THEOREM. Every rational integral seminvariant of f may
be represented as a polynomial in expressions of the type C,
with constant coefficients.

For let ¢ be the seminvariant and
d(ap )= p(ag )
the seminvariant relation. The transformed of

J = (a2 + )™

by
by 2 =2} + val, 7y = h,
is
S =[o21 + (o + )23 ]™
If the a, ay, -+ in ¢(ay, ---) are replaced by their symbolical
equivalents it becomes a polynomial in e, ay, B;, B, -+ say
F(ay, ag Byy By +++). Then
¢(a6, "') = F(“p oy + ag!ﬂp Bll’ + Bm "‘)
=-F(“1a Oy Bla Bga "’)~
Expansion by Taylor’s theorem gives
d d d
"(“1572 + Bla—ﬂg' +m 57 + '")F(“v o35 Bys Bpy ) =0.

Now a necessary and sufficient condition that ¥ should sat-
isfy the linear partial differential relation

8F=<a1£‘—2 + ,5}16’—/'2}2 + )I«'= 0,
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is that F should involve the letters ey, B,;, .- only in the
combinations

(2B), (ay), (By), -

In fact, treating 6F = 0 as a linear equation with constant
coefficients (a;, By, --- being unaltered under ¢;) we have the
auxiliary equations

doy 4B, _dvy . ... - 9F,
o B M v
Hence F is a function of (&B), (ay), --- with constant coeffi-
cients which may involve the constants a;, 8y, ---. In other
words, since ¢(ay) = F (e, ---) is rational and integral in the
a@’s F is a polynomial in these combinations with coetlicients
which are algebraical rational expressions in the e, 8, ---.
Also every term of such an expression is invariant under ¢,
t.e. under
o] =y, 0y = ol g, e

and is of the form

=(a/3)7’\(ary)1’a ves a‘l’ﬁ‘l’ ey
required by the theorem.
We may also prove as follows: Assume that ¥ is a func-
tion of (eB), (ay), (&), --- and of any other arbitrary
quantity s. Then

ety B enlly Kb
Blaﬁ =5 6‘(6 I;) 6(6(78? +A aff;) agg) +Blgaa[-§,’
ete. + o N e e e e e e e
Bt 13%% O

g, 0T _ 9(B) B, a(aF
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Hence by summing the above equations we have

oF/ s oF
57 =5F -
T = ( 5a T P13g; 35, ) =

Since & is entirely arbltrary we can select it so that 88 = 0.
Then %’ = 0, and 7, being free from s, is a function of the

required combinations only.

THEOREM. Every seminvariant of f of the rational integral
type 18 the leading coefficient of a covariant of f.

It is only required to prove that for the terms I'y above
W =p + o + .-+ is constant, and each index

Ps Ty oo

is always a positive integer or zero. For if this be true the
substitution of «, B,, .- for «;, B, -+ respectively in the
factors &fB7 ... of I'j and the other terms of F, gives a co-
variant of order » whose leading coefficient is ¢(ay, --+).

We have

EFO = (aﬁ)”n(ary)”n ees aqﬁ'l’ oo = ¢(a0, ...),
If the degree of ¢ is 4, the number of symbols involved in T,

is 7 and its degree in these symbols ¢m. The number of
determinant factors (@) --- is, in general,

w=py+pg+ - + Phic-no

and this is the weight of ¢. The degree in the symbols con-
tributed to I'y by the factors («8) .- is evidently 2w, and we
have p, o, --- all positive and
m > 2w,
that is,
o=1im—2w2>0.
For a more comprehensive proof let

d. 9
1= a5 " Pt



184 THE THEORY OF INVARIANTS

Then
d d d 9
Sd—ds—ala.*ﬂlgﬁ;*-..'_%5—_325;3;+

Hence, since I’ is homogeneous in the symbols we have by
Euler’s theorem,

(8d — d3)Ty=(w+ o — w)T'j = o,
(S(Jl2 d82)l‘ —(Sd d8)dP +d(8d dS)P _Z(w-—l)dl‘o,

(8d’= d8’°)1‘ _k(m— k+ l)dk—ll‘o (k 1 2 ),

But
8Ty =0, hence 8d*I") = k(w — & + 1)d* 1T,
Also
da; = deP el = (m—1)a;,, =0a; (1 =0,1, ..., m—1),
d = 4’  day ¢ - day o+ o —‘Lda,,,_l = 0.
Am—1

Hence @*T'; is of welght w + Ic.

Then
dim—w-HFO = 0.

For this is of weight ém 4+ 1 whereas the greatest possible
weight of an expression of degree 7 is ¢m, the weight of af,.
Now assume o to be negative. Then d"™*T' = 0 because

8dim—vHT = (tm — w + 1) [@ — (¢m — w + 1) + 1]d"™*T' = 0.
Next dim—*-1I'; = 0 because

ddim—T = (tm — w)[® — (¢tm — w) + 1]d™*T = 0.
Proceeding in this way we obtain I'j= 0, contrary to hy-
pothesis. Hence the theorem is proved.

VII. Systems of binary seminvariants. If the binary form
J = a@? + magy'z, + --- be transformed by

@y =) + V2, Ty =2
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there will result,
f' = Cm + m Oz +< )C’zz”'“’x” + oer + O™,
in which
Ci=ay' + iap~! + (2)a vl o e, v+ a;.  (176)

Since Q Cy= Qa,= 0,(, is a seminvariant. Under what cir-
cumstances will all of the coefficients C;(¢= 0, ..., m) be
seminvariants ? If (] is a seminvariant

Q0= Q(ap + a)) = a,Qv + a,=0.

That is, Qv=—1. We proceed to show that if this condi-
tion is satisfied Q C; = 0 for all values of <.

Assume Qv = —1 and operate upon C; by Q. The result
is capable of simplification by

Qv = a*~1Qy = — g,

and is
0C, = —iagi— (i)(i—l)alv""’ —— (::)(z'—r)a,v“‘"‘—m
—ia; ., + (1> ap™ + 2 (2) a4 ...
(r + 1>(r 4+ Dary—"1 4+ oo 4 ta,,.
But

(r41)r+D="= )'"("E’+1’("“’)=(i)<i—r>.

Hence QC;=0.

Now one value of » for which Qv=—1isv=—24. If fbe
a4
transformed by
2=} — Sy 2 =1f,
@y
then C; =0, and all of the remaining coefficients C; are sem-
invariants. Moreover, in the result of the transformation,
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F,=ai1C, = aj'a, —-(i)ao %a,_,a, +<Z)a0 3a;_qa3 —
+(— 1)“2< )aoaza' 24+ (— DG —1)ad

= 2( 1)’( )a(‘,"”la,_,a] +(— 1)"1(z - 1Da.

This gives the explicit form of the seminvariants. The trans-
formed form itself may now be written

fl = I‘()Z;m + (,,-)) i:: x’lm—zl.lg + (3)_5_3 ‘E!m—s I'} + . 111;’21 xlm.

THEOREM. Every seminvariant of f is expressible ration-
ally in terms of T'y, Ty, T', o, ', One obtains this expression

by replacing a, by 0, ay by T,

original form of the seminvariant. Ercept for a power of
o=@, in the denominator the seminvariant is rational and
integral in the V(i =0, 2, ..., m) (Cayley).

In order to prove this theorem we need only note that f'
is the transformed form of f under a transformation of de-
terminant unity and that the seminvariant, as 8, is invarian-
tive under this transformation. Hence

L, L. Lo
I, T Tp-i

which proves the theorem.
For illustration consider the seminvariant

S(I‘o, 0, =2 )= S(ay ap ag, -+ a,), AT7)

S =aga,— 4aja;+ 3 a3.
This becomes
- Fg 2 4)s
or
S=aoa4— 4ala3+3a§
1
= -(1—(2)[3(a0a2 — a})2+ (aja, — 4 afa,a; + 6 ajaa, — 3 at)].
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This is an identity. If the coefficients appertain to the
binary quartic the equation becomes (cf. (125))

1a2=38T%3+T,.
Again if we take for § the cubic invariant J of the quartic
we obtain

a, 0 a_P2
0
1 1
I
1 1 1
—Ir, = -T
a, * a3 ® a3t

or
a3/ =T,I'y—TI'} - T
Combining the two results for ¢ and J we have
I,T, = } 3Ty — 8T} = } a/+ I} + T}

Now 2T, is the seminvariant leading coefficient of the
Hessian H of the quartic f, and I'y is the leader of the co-
variant 7. In view of Roberts’ theorem we may expect the
several covariants of f to satisfy the same identity as their
seminvariant leaders. Substituting 3} H for T',, T for T,
and f for a, the last equation gives

H34 3 f3J+2T%—}if?H=0,
which is the known syzygy (cf. (140)).

SECTION 2. TERNARY SEMINVARIANTS

We treat next the seminvariants of ternary forms. Let
the ternary quantic of order m be

m
J=2 ——— Cpimem @575 (g + My + Mg = m).
my |y |y Mg :

When this is transformed by ternary collineations,
xy = A2} + pyy + vy,
Vi @y=N) +pgy + vyl
Ty = NgZy + pg] + vgrl, (Apr)=0,
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it becomes f', where the new coefficients a' are of order m in
the \’s, u’s, and »’s. This form f may be represented sym-
bolically by
J=a? =(aw, + ayzy + agrgy)™.
The transformed form is then (cf. (76))
f' = (ad + a,75 + a,25)" (18)

N a g g (my + my + mg =m).

S L
m [y |y |
Then we have

/ —_— My yMay™,
a,,,‘,,,’,,,‘ =a, la'“ 2,3

Now let
d d 9 9
<I‘5X)— /“'1;9‘7:; + /‘25‘{2 + ﬂs'éx;,
0 0 0 0
(v5X> =i+ g T, (o (58):
Then, evidently (cf. (75) and (23,))

|ﬂ a’ —(ﬂi)m’(yi)maam (m + m, + Mo = m)
[m=my—mg ™™™ \"on/ \"an/ "t ST TR 8"(179;

This shows that the leading coefficient of the transformed
form is aP, ¢.e. the form f itself with (z) replaced by (A),
and that the general coefficient results from the double
ternary polarization of a}* as indicated by (179).

DEeriNITION: Let ¢ be a rational, integral, homogeneous
function of the coefficients of f, and ¢/ the same function of

the coefficients of f’. Then if for any operator (/.b%),
d d .
(x&-}), «++, 82y for (7\5), the relation
d
A—)¢p'=0
( 6/L)¢

is true, ¢ is called a seminvariant of f.
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The reader should compare this definition with the ana-
lytical definition of an invariant, of Chapter I, Section 2, XI.

I. Annihilators. A consequence of this definition is that
a seminvariant satisfies a linear partial differential equation,
or annihilator, analogous to {2 in the binary theory.

‘For,

3 94 d¢’' (, Oa, >
I — moo e A —Tymamy ves
( >¢ aa moy ( + + \ +

o aai,,‘,,, oy ou
+ a¢ ( aaOOm)
aawm aﬂ'
and
Xaam,nfxma xi a™gMq™ = m, amﬁ-lam,~lams = m.a
a"' 6,1, A %%y 2 2%m, +1 mg—1 mg*

Hence
( >¢’ z 2a‘,m+lm—lm_i=0(m1+m2+m3=m)-

my ' ’ ’ aai"l'"n’"a (180)

Now since the operator

2 mzamlﬂ my-lmeg

MyMmeMg

9

annihilates ¢’ then the following operator, which is ordinarily
indicated by Qs is an annihilator of ¢.

d
ﬂ-"}"—'l = ZmEamﬁ‘l me—-1 m,ga— (ml + 7"'2 + ms = m) (181)

m; mimams

The explicit form of a ternary cubic is
S= g} + 8 agy07%, + 8 01957173 + agee?3 + 3 0,237,
+ 6 ayy,2,2,25 + 8 4y 23g + 8 a10712F + B 615,73 + 573
In this particular case
d d
= — 42 3 @ony ——
Q. = agy Er + 20— 6 + G207 — Er + @y Er

a a
—_ _ 182
+2 111 3%21 + @449 3a012 (182)
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This operator is the one which is analogous to ) in the
\
binary theory. From (“a—ai)(b, , by like processes, one obtains

the analogue of 0, e.g. 2,,. Similarly Q,,, Q,., Q... Q, -
may all be derived. An independent set of these six opera-
tors characterize full invariants in the ternary theory, in the
same sense that ), O characterize binary invariants. For
such we may choose the cyclic set O, Q,-y Q, ..

Now let the ternary m-ic form

S = Q] + Mgy 1@ 1Ty + oo+ Apiy
m—1 _ m—2 n—
+ M@y + (M= 1) g, 27720p + o + Aomyy 75 D

be transformed by the following substitutions of determinant
unity :

7, = ), (183)

Then the transformed form f’ lacks the terms 2|z}, z|"~'«}.
The coefficients of the remaining terms are seminvariants.

We shall illustrate this merely. Let m =2,
J= g} + 2 a3, %1%y + @ga073 + 2 01012175 + 2 g1 7975 + A2}
Then
oo = a3 + (Bgea0y — 8310) 25" + 2(Bg110900 — A1010110)525
+ (Bo0aa00 — 3175
It is easy to show that all coefficients of f’ are annihilated by

Z9%°

Likewise if the ternary cubic be transformed by

a
= ) — 20 g — Byl
@300 300
=4 =z
T, =) Ty= Ty
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and the result indicated by a3y, f' = AgyrP +8 Agy2'2rh + -+,
we have

Agoy = ador (184)

A210 =0,

A gy = ago(@g000199 — 319)s

Agzy= 2 a3y — 3 91001508300 + 3003009

Ay =0,

Ay = 00 (3000117 — Aa100901)5

Aoy = 03508051 — A30083013130 = 2 Ag1081118300 + 2 031085015

A g = agp(ag00%y05 — a3y,

Ay = 0350015 — Aa00%1090910 — 2 A0l9010111 + 2 8310930

Ay = 2 ady; — 3 agogp1210p + Aoa5-
These are all seminvariants of the cubic. It will be noted
that the vanishing of a complete set of seminvariants of this
type gives a (redundant) set of sufficient conditions that the
form be a perfect mth power. All seminvariants of f are
expressible rationally in terms of the A4’s, since f’ is the
transformed of f by a transformation of determinant unity.

II. Symmetric functions of groups of letters. If we mul-
tiply together the three linear factors of
f= (P2, + afPz, + afVz) (P 2, + P2y + P y)

(a(i)zl + a(‘i)Tz + aéﬁ%)xa),
the result is a ternary cubic form (a 8-line), f = agy 2} + ---.
The coefficients of this quantic are

g = SofVaPa® = aPaP o,

g = ZePaPaf = aVaP e + aPaPaP + al aPa®,

G = S e e = aPaPe) + o ef? e + e

Bggo = Sl aPoP = afVaP o,

gy = Ze{PuPaP = aLePaP + aVaPa® + P aPaf®,

gy = SoPa@eP = eVeP e + aVePaP + afl aPaP
+ ePaPa® + a;‘;l’a?’a?’ + VP a®,
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gy = SafPePeP = aPaP@aP + aPaP@aP + aPaP e,
a1 = Se{PaPeP = ala@a® + ePe@eP + el ePaf®,
gy = ZePaP o = el aPaP + afl aPa® + ol aP o,
gy = ZeflaPaP = aluP o,

These functions = are all unaltered by those interchanges of
letters which have the effect of permuting the linear factors
of f among themselves. Any function of the «{> having this
property is called a symmetric function of the three groups
of three homogeneous letters,

(o0, P, ),
(e, aP, af),
(e, o, o).
In general, a symmetric function of m groups of three homo-
geneous letters, «;, «,, ag, i.e. of the groups

v, (a0, afd, afd),
v, (62, &, o),

m) m) (m)
'Ym(“i'1 aé ) og™),

is such a function as is left unaltered by all of the permuta-
tions of the letters « which have the effect of permuting the
groups 7, vy +**s ¥m among themselves: at least by such per-
mutations. This is evidently such a function as is left un-
changed by all permutations of the superscripts of the «’s.
A symmetric function of m groups of the three letters
o, &y &g every term of which involves as a factor one each
of the symbols a®, «®@, ..., «™ ig called an elementary sym-
metric function. Thus the set of functions ag,g, g -++ above
is the complete set of elementary symmetric functions of
three groups of three homogeneous variables. The non-
homogeneous elementary symmetric functions are obtained
from these by replacing the symbols «fV, f?, af® each by
unity.
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The number NV of elementary symmetric functions of m
groups of two non-homogeneous variables @, o, oy @-1,1,05 ***
is, by the analogy with the coefficients of a linearly factorable
ternary form of order m,

N=m+m+(m—-1)+(m—2)+ - +24+1=34m(m+ 3).
The IV equations a;; = Z, regarded as equations in the 2m
unknowns «{”, a{? (r, 8=1, ..., m), can, theoretically, be com-
bined so as to eliminate these 2 m unknowns. The result of
this elimination will be a set of

im(m+38)—2m=4,m(m—1)

equations of condition connecting the quantities a,,q0,
@, 110, ---only. If these a’s are considered to be coefficients
of the general ternary form f of order m, whose leading co-
efficient @y, is unity, the 3 m(m — 1) equations of condition
constitute a set of necessary and sufficient conditions in order
that f may be linearly factorable.

Analogously to the circumstances in the binary case, it is
true as a theorem that any symmetric function of m groups
of two non-homogeneous variables is rationally and integrally
expressible in terms of the elementary symmetric functions.
Tables giving these expressions for all functions of weights
1 to 6 inclusive were published by Junker * in 1897.

ITI. Semi-discriminants. We shall now derive a class of
seminvariants whose vanishing gives a set of conditions in
order that the ternary form f of order m may be the product
of m linear forms.

The present method leads to a set of conditional relations
containing the exact minimum number } m(m — 1) ; that is,
it leads to a set of  m(m — 1) independent seminvariants of
the form, whose simultaneous vanishing gives necessary and
sufficient conditions for the factorability, We shall call
these seminvariants semi-discriminants of the form. They

* Wiener Denkschriften for 1897.
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are all of the same degree 2m —1; and are readily formed
for any order m as simultaneous invariants of a certain set of
binary quantics related to the original ternary form.

If a polynomial, f;,, of order m, and homogeneous in three
variables (z,, z,, z3) is factorable into linear factors, its terms
in (2 ;) must furnish the (2, 2;) terms of those factors.
Call these terms collectively af, and the terms linear in z,
collectively zgali!. Then if the factors of the former were
known, and were distinct, say

m
ag=ag [ ] (rfzy — r{'z,) + H ()
=1 1=1
the second would give by rational means the terms in z re-
quired to complete the several factors. For we could find
rationally the numerators of the partial fractions in the
decomposition of af!/af, viz.

§

-1
a;"r — =1 0

m (I O)
al. ay SrPr, —rPz,

and the factors of the complete form will be, of course,
rPr —rPr,+axy (1=1, 2, ..., m).

Further, the coefficients of all other terms in f;, are rational
integral functions of the »® on the one hand, and of the «;
on the other, symmetrical in the sets (r§’, —r{, o;). We
shall show in general that all these coefficients in the case
of any linearly factorable form are rationally expressible in
terms of those occurring in af, af2™!. Hence will follow the
important theorem,

THEOREM. If aternary form fy, i3 decomposable into linear
Sactors, all its coefficients, after certain 2m, are expressible
rationally in terms of those 2m coefficients. That s, in the
space whose codrdinates are all the coefficients of ternary forms
of order m, the forms composed of linear factors fill a rational
spread of 2m dimensions.
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We shall thus obtain the explicit form of the general
ternary quantic which is factorable into linear factors.
Moreover, in case f;, is not factorable a similar development
will give the theorem,

THEOREM. Every ternary form f,,, for which the discrimi-
nant D of aft does not vanish, can be expressed as the sum of
the product of m distinct linear forms, plus the square of an
arbitrarily chosen linear form, multiplied by a * satellite ™ form
of order m — 2 whose coefficients are, except for the factor D7,
integral rational seminvariants of the original form fi,.

A CrLASs o¥ TERNARY SEMINVARIANTS

Let us write the general ternary quantic in homogeneous
variables as follows :

f:!m = ag, + af lxa + ag.’r—zz?; + e+ a‘m(}x'an’
where

al™ = a@P Tt + agrP T oy + a2 + e+ 4y 2h

(=012 .., m).

Then write

-1 m—1

ant _ o

a:)n m 2,’.. £) g _,r(k)
S (R

= (D@ ... (W)Y«
k=1 (agy = riPr§ r$M) s

and we have in consequence, assuming that D = 0, and
writing

m aam. allm aam
aOr(k) = 9 Or(k) .
0zy Lry=r(h, sy=r{® 02y Loy=r, zy=r®

the results .

— (k) — —1 /11
o, =ria ,(n/ ao,uo =—r apa/ G- (186)

Hence also

2 k)
Hm ]
A0y = 7'5(2 3 Or(g)- (186)
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The discriminant of afi can be expressed in the following
form:

m
D= | |a3;'u)/a00( — 1)imim-n, (187)
=1
and therefore
k) m—1 Im Im m I'm
7. al™ams oo @™ 1@ e
o= 1,(L) 0r (V%) * or(k=1) Yoy (k+1) Or(m) (188)

aOO(_ l)gm(m—l)_D
and in like manner we get
m
Lo = argarst - angh/(— DimmvD,  (89)
k=1
The numerator of the right-hand member of this last equal-
ity is evidently the resultant (say R,) of af% and e’
Consider next the two differential operators
A= m“oog— + (m — l)a01 3a; + « + a1 P

m-1

K

Az = ’mao,,. + (m - 1)a0,,,_1a

04, 1m-2
and particularly their effect when applied to afi~’. We get
(cf. (186))

—~1 __ ~1 __ I — r /
A[a;’;(k) = ao:.n(k)s Agai':_(“ = aw'(‘k, = — r—iﬁ ao:‘”(n, (190)
and from these relations we deduce the following :
-1,m—1 -1
AR, arnHan e *** im—1) (191)
lII % = T (=1)™@-D1D = P00% Cim im . gim
l__ 0 %p@ *°° op(m—1)
or, from (185) .
AR =Z o o ™. (192)

(__ l)im(m—l)LD
In (191) the symmetmc function 2 is to be read with refer-
ence to the #’s, the superscripts of the #’s replacing the sub-
scripts usual in a symmetric function. Let us now operate
with A, on both members of (191). This gives

—1
AAR, au(l)“l'l(z) Ay D f"")
- = Qg
(_l)yn(m l)ll D a0r(1) (2) ao,(m—z)\ ,rém 1) r;m)
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Let 2, represent an elementary symmetric function of the
two groups of homogeneous variables r;, », which involves
h distinet letters of each group, viz. rf»7*V(j=1,2, ..., k).
Then we have
AAR,

(= 1i"=D|1[1D
We are now in position to prove by induction the follow-
ing fundamental formula :

Ar--tALR,,

(= 1)ime=1 | — 3 — ¢t|tD (194)
___2[(_ l)talaa a.zm_'rit+l)ris+2) ves r{:+l)r£:+t+l) eee ,rém)]
(8=0,1,..eym; t=0.1, ..., m — 8),
where the outer summation covers all subscripts from 1 to
m, superscripts of the 7’s counting as subscripts in the sym-
metric function. Representing by J,_, . the left-hand

member of this equality we have from (190)

(ll)am(_2§ am?l n
t+1 l 1p(8—
Asz—l—l t= =2 (( 1) ’m . -

m
.;,(1)%,('0 Xyp(s—1)

= Z[(— Doy oor oy o Zgr{™Vr{m]. (198)

(1)50(2) , (8) (s+1) (84+8) pe(84+2t+1) .. (M) |,
X rPr@ oo r§ ;{52,,,_,1-1 o 07§ rs )
2

This equals
2(— DHayay -0 S,

where § is a symmetric function each term of which involves
t +1 letters », and m — 8 — ¢t letters »,. The number of
terms in an elementary symmetric function of any number
of groups of homogeneous variables equals the number of
permutations of the letters occurring in any one term when
the subscripts (here superscrlpts) are removed. Hence the
number of terms in 2,,_, is

lm —e

m—8— tu:’
and the number of terms in § is
(m—s+1)|m—s/|tm—s—t.
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But the number of terms in

(8) +) -+t +i+
ey (FOTEHD o rHOREHD g

is
lm—s8+1/|lm—s—¢t|t+ 1.
Hence
S=0+1)Z, .
and so

etfn-;-—al.t F=E[(= DMy - 0y 2]
This result, with (193), completes the inductive proof of
formula (194).
Now the functions ,,_,_, , are evidently simultaneous in-
variants of the binary forms aft, af?, al™, a?1. We shall
show in the next paragraph that the expressions

I —s—t, (=Da, — -DJm—:—t,t (8= 2,8, ym;t=0,1,.cc,m — 3)

are, in reality, seminvariants of the form f;, as a whole.

STRUCTURE OF A TERNARY FORrRM

The structure of the right-hand member of the equality
(194) shows at once that the general (factorable or non-fac-
torable) quantic f;,(D+0) can be reduced to the following
form :

Jim= H(rg"zl— Pzt o) + 2 Z (Fot = Tinmsmt, ) 2] " 25
‘ k=1 §=2 t=0 (195)

This gives explicitly the *satellite” form of f;,., with coetfi-
cients expressed rationally in terms of the coefficients of f;,,.
It may be written

m m-—s$ AP R _
Dpy_y = (Da,— 1 — )x’l" iyt
'm-2 gg 8 (_1);n.(m—l)lm_s_tE 2

m m-—s

= DLy 2, (196)

§=2 =0
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Now the coefficients I,,_,_, , are seminvariants of f;,. To
fix ideas let m=3 and write the usual set of ternary operators,

d d 0 0 i) a

ety = Ay 20— By A Uyy —— A 2 yg —— A Ay ——
Lo 016a(,+ ozaa + osaam‘* uéam+ 23, + .
d

=3 2 a 2a

Qe = aoo + “013 tang, 03"' m'9 +“uaaz+ W5
Qr=a -—(2-+2a +3a ——+a —-+- ——‘2——+a 9 R
120 dag, 108 054 un Oay, 0 day, 6(112

ete.

Then I, is annihilated by Qu,, but not by Q..,, I is anni-
hilated by Qg but not by Q.., and I is annihilated by
Qs but not by Q... Ingeneral I, , fails of annihilation
when operated upon by a general operator Q,,, which con-
tains a partial derivative with respect to a,,. We have now
proved the second theorem.

THE SEMI-DISCRIMINANTS

A necessary and, sufficient condition that f;, should de-
generate into the product of m distinct linear factors is that
f4n_s should vanish identically. Hence, since the number of
coefficients in u,,_; is 3 m(m — 1), these equated to zero give
a minimum set of conditions in order that f;,, should be fac-
torable in the manner stated. As previously indicated we
refer to these seminvariants as a set of semi-discriminants of
the form f;,,. They are

AT ALR,, =2,38,.,m;
- - 9 b 9
Im—:—t,t Da,, ( 1)}m(m—-l)Lt m—8— t( =0 1 ey m—s) (1 7)

They are obviously independent since each one contains a
coefficient (a,;) not contained in any other. They are free
from adventitious factors, and each one is of degree 2m — 1.
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In the case where m = 2 we have
Qoo %1 Qo
+ia, a, O
0 a4y ay

2 ay, @y

Iy=—a
© P ay 2ay

This is also the ordimary discriminant of the ternary
quadratic.

The three semi-discriminants of the ternary cubic are given
in Table V. In this table we have adopted the following
simpler notation for the coefficients of f :

S = ag} + azie, + ag 28 + agr
+ berdeg + by zawy + byl

2 2
+ ¢z 25+ cyxaxs

+ dyx3.
TABLE V
To —In —Ioo
4 aya,a5b3 aZagbi adby

— a3b} — 3 a,a2b? + @ azbyb?
—9adb? + alagh? + albob?
+ 8a,a3b? — 8 ayagh? — 2 azbeb?
— a3} + aft} — ag5biby
+ 3 azh; —4 a,0,b3 + azbyb,
— ajbl + 9 agd? — 2a,a;b%b,
+ 6 a,agheby + 9 agbed, + 8 aghobyby
— 2 azbeb, — ,a05b0hy — @y05DobyDg
+ @,adbeb, + 2 alaghyb, — agh}
+ 8 aga5boby — 6 azaghyd, — aybb3
— 4 alabd, + 4 albd, + agblb,
+ aa3b,0, — 8 ayazh,b, + b3
= 9aghid, — ajazbyb, + aladd,
— aiaie + alade, + 18 @,a,04d,
— 18 aya,a4¢, + 18 @ aqa4c, —4ald,
+ 4 ajey —4ale — dadayd,
+ 4 ajage, — 4 aiase, — 27 a3d,
+ 27 dle, — 27 ale,
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In the notation of (197) the seminvariants in this table are
1y = Dag, + R,,
Ly = Day + ARy,
Iy = Day, + 8, Ry,
where D is the discriminant of
= agr} + ag2iry + - + dg,
and R, the resultant of « and
B = a12} + ay,2,2; + ayy23.
Corresponding results for the case m = 4 are the following :
Ip= gy ay(+¥ —JP — Ry,
where
iy = ad — 3 aga,+ 12 ayay,,

Jy =27 a}yag, + 2T agyads + 2 afy, — T2 a0, — 9 a5

210 @y 13 a3 0 0
0 9 a3 a3 a5 0
R,= 0 0 @19 Ay G Gy ,
Ao — Qoolyy Bpplyo— oolyg Fe3lio—Apoltyy Agulyy 0 0
Ly %1 g Ay @y 0
0 ) @1 %oz o3 Yy

the other members of the set being obtained by operating
upon R, with powers of A}, A,:

d d d 0
Ai=4a,— + 8 ay;— + 2 ayp— + Apo—
! “ooaam‘*' 01‘9“11-*- 023“12+ 083“13,
d 0

* 0 ]
=4ay,—+3ay—+2a,— —_
4 fou s 2 s Oayy T day; o day,’
according to the formula
A{—J—l AI_R

[4—s—t|t

(3=2 8, 4; t=0, 1, ...,

L—a—l,l = aatD - 4— 8).
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1V. Invariants of m-lines. The factors of af, being assumed
distinct we can always solve I, , ,= 0 for a,, the result be-
ing obviously rational in the coeflicients occurring in af;, a7, 1.
This proves the first theorem of IIT as far as the case D0 is
concerned. Moreover by carrying the resulting values of
a,(8=2,8, ...,m; t=0, 1, ..., m— 8) back into f;, we get
the general form of a ternary quantic which is factorable into
linear forms. In the result afl, aft~! are perfectly general
(the former, however, subject to the negative condition
D+0), whereas
(= 1yimon= Dgni = A Bmymy | —um_’ L PR

I l—J m—j—11

Thus the ternary form 1ep1esenting a group of m straight
lines in the plane, or in other words the form representing
an m-line is, explicitly,
= ap + zyali !

+ D- 1( 1)§m(m"1) @ S Ajl’:lj_A;_wm—t—Jx (198)

S i

This form, regarded as a linearly factorable form, possesses
an invariant theory, closely analogous to the theory of binary
invariants in terms of the roots.

If we write ag. = 23ly,,,,» 0t = 231/, (2o = 1), and assume
that the roots of l;; = 0 are — r;, — ry, — 7y, then the factored
form of the three-line will be, by the partial fraction method
of TII (185),

3
=11 +ray— b /i)
=1

Hence the invariant representing the condition that the 8-line
J should be a pencil of lines is
1 r b4/l
Q =|1 D) ll—r,/ l:)__,.’ .
1 7‘8 ll—r,/ l(/)_,.'
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This will be symmetric in the quantities r,, ry, 74, after it is
divided by VR, where R=(r;—ry)2(ry—1ry)2(ry—r)? is
the discriminant of the binary cubic af. Expressing the
symmetric function @, = @/ VR in terms of the coefficients
of a},, we have :

— 92 _ 2
@1 =2 a}jay; — 5100y + 9 ayapay; — 6 agaga + 2 adyay,
— 6 ay2pag.

This is the simplest full invariant of an m-line f.

SECTION 3. MODULAR INVARIANTS AND COVARIANTS

Heretofore, in connection with illustrations of invariants
and covariants under the finite modular linear group repre-
sented by 7, we have assumed that the coefficients of the
forms were arbitrary variables. We may, however, in con-
nection with the formal modular concomitants of the linear
form given in Chapter VI, or of any form f taken simulta-
neously with L and @, regard the coefficients of f to be them-
selves parameters which represent positive residues of the
prime number p. Let f be such a modular form, and
quadratic,

S= a2} + 2 axxy + a23

Let p=38. In a fundamental system of formal invariants
and covariants modulo 3 of f we may now reduce all expo-
nents of the coefficients below 8 by Fermat’s theorem,

a3=a; (mod 3) (¢=0, 1, 2).

The number of individuals in a fundamental system of f is,
on account of these reductions, less than the number in the
case where the a’s are arbitrary variables. We call the in-
variants and covariants of f, where the a’s are integral,
modular concomitants (Dickson). The theory of modular
invariants and covariants has been extensively developed.
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In particular the finiteness of the totality of this type of con-
comitants for any form or system of forms has been proved.
The proof that the concomitants of a quantic, of the formal
modular type, constitute a finite, complete system has, on the
contrary, not been accomplished up to the present (December,
1914). The most advantageous method for evolving funda-
mental systems of modular invariants is one discovered by
Dickson depending essentially upon the separation of the
totality of forms f with particular integral coefficients modulo
p into classes such that all forms in a class are permuted
among themselves by the transformations of the modular
group given by 7),.* The presentation of the clements of
this modern theory is beyond the scope of this book. We
shall, however, derive by the transvection process the funda-
mental system of modular concomitants of the quadratic
form f, modulo 3. We have by transvection the following
results (cef. Appendix, 48, p. 241):

TABLE VI
NOTATION \'11-,‘({':,]::1 CoNcoviTANT (MoD 3)
A (HI)? af — ayy
q (% Q)° ajay + ot + agaf + afay — of — a3
L xfey, — a2y
Q |« D) o + oled + 2o +
J ai + 2a@@ + i
C Ji , Q)2 agry + «yrizs + aryrd + arg
G (3 QF | (aday = a)at + (ay — ay) (A + Q) 2,2y +(af — a108)23
(& (% @) | (af+ af — agrn)ad + ay (1 + ag)ay@y + (¢ + @5 — agas) 73

Also in ¢ and O; we may make the reductions a3 = a; (mod 3)
(t=0,1,2). We now give a proof due to Dickson, that
these eight forms constitute a fundamental system of
modular invariants and covariants of f.

* Transactions American Math. Society, Vol. 10 (1909), p 123.
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Much use will be made, in this proof, of the reducible in-
variant

I=(a2—1)(a}-1)(a3—1)=¢*+ A2 —1 (mod 3).
In fact the linearly independent invariants of f are
1, A, 1, ¢, A% )

Proceeding to the proposed proof, we require the semin-
variants of f. These are the invariants under

z, =] + x4, T,=a} (mod 3).
These transformations replace f by f’, where
a'y=ay oy =a,+ ay, ay=a,— a; + a, (mod 3). @®

Hence, as may be verified easily, the following functions are
all seminvariants:

a, a3, @A, a)A? a2A, B = (a2 —1)a,. (®)

THEOREM. Any modular seminvariant i8 a lnear homo-
geneous function of the eleven linearly independent seminvari-
ants (2), (8).

For, after subtracting constant multiples of these eleven,
it remains only to consider a seminvariant

_ 2 242 2 2
8 = 0,0} + 00,05 + oya; + a,0303 + azatay + gaf + Bag + yay,

in which «;, «, are linear expressions in a}, a, 1; and
ag, +++, 0t are linear expressions in ay, 1; while the coefficients
of these linear functions and B, y are constants independent
of ay, a;, a,. Inthe increment to § under the above induced
transformations (¢) on the a’s the coefficient of a,a3 is —aa,,
whence a,=0. Then that of a3a, is «;=0; then that of
a,a, is B — aye;, whence B=ea;=0; then that of a? is
— ay=0; then that of a; is — vy — a e, whence y=a,=0.
Now 8 =a4a,, whose increment is g, whence «;=0
Hence the theorem is proved.

Any polynomial in A, Z, ¢, a,, B is congruent to a linear
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function of the eleven seminvariants (z), (8) by means of
the relations
I=—1 f=T-A42+1,
(A) In=ly=lay=1B=qA=qB=a,B =0, d
AB =B, @?3A?= A%+ a2A — A, (mod 3),
ayg=a}A?—a, B'=A(1- a})

together with a3 =a, A3=A (mod 3).

Now we may readily show that any covariant, K, of order
6¢ is of the form P + LC, where (' is a covariant of order
6¢t—+4 and P is a polynomial in the eight concomitants in
the above table omitting f;,. For the leading coefficient of a
modular covariant is a modular seminvariant. And if ¢is
odd the covariants

. if%, i@, C%, C%, (4 an invariant)
have as coefficients of zf
ay, i, B, A + a2,

respectively. The linear combinations of the latter give all
of the seminvariants (2), (8). Hence if we subtract from K
the properly chosen linear combination the term in 2§ cancels
and the result has the factor z,. But the only covariants
having z, as a factor are multiples of L. Next let ¢ be even.

Then
34 3t 3-3, 3t-3 t=1, A, A% )
I AF, ’&Qf QO "1@‘ <’1 =1 A, A2 g.

have as coefficients of 2%
a, a2A, ay, B, 1.

LeEMMA. If the order o of a covariant C of a binary
quadratic form modulo 8 is not divisible by 3, its leading
coefficient § is a linear homogeneous function of the semin-
variants (z), (8), other than 1, 7, ¢.

In proof of this lemma we have under the transformation
xy =] + zh y=ah,

C= 8zy + Sz 1z, + - =82 + (8] + 08z~ 12}, +
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For a covariant C the final sum equals
Sz + Sy 1ay + -y 8; = 8y(a), @), a}),
where aj, --- are given by the above induced transformation
on the a’s. Hence
S — 8= w8 (mod 3).
Now write S, = kaBa2ad +t (¢ of degree < 6),
and apply the induced transformations. We have
Sy = kaj(a, + a)*(a, — a; + ap)* + ¢
= kaZ(a,r + a} + a,a, + a3a3) + ¢,
where 7 is of degree 3 and t' of degree < 6. Hence
oS=k(ayr + a2a} + a2a,a,) + t' — t (mod 3).

Since o is prime to 3, § is of degree < 6. Hence S does not
contain the term aZafa3, which occurs in I but not-in any
other seminvariant (¢), (8). Nextif §=1+ 0o, wherecisa
function of a,, a,, a, without a constant term, 7(C is a covari-
ant ¢’ with 8'=1. Finally let 8= g+ o; + ;A + ;A2 + tB
where ¢ is a constant and the o; are functions of a,, Then

by (A)
gS=1—-A%+1+ o,

which has the term aa%a? (from 7). The lemma is now
completely proved.

Now consider covariants C of order w=6¢+ 2. For ¢
odd, the covariants

f3t+l, Qt‘f’ 0321+1, f‘ﬂtaz, 0%102,
have as coefficients of 2%
a, ag, A — a2A + a2, a A + ay, B,

respectively. Linear combinations of products of these by
invariants give the seminvariants () and A, A% Hence, by
the lemma, C= P + LC', where P is a polynomial in the
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covariants of the table omitting f,. For ¢ even the co-

variants
FQ, 1@, OzQ‘a 0, @
have ay, a2, A + a2, B as coefficients of 2.
Taking up next covariants C' of order w=6¢+4, the
coefficients of #{ in
1.0, 2Q 016¢, O3
are, respectively, a,, a3, B, A —a3A. Linear combinations
of their products by invariants give all seminvariants not
containing 1, I, ¢. Hence the eight concomitants of the
table form a fundamental system of modular concomitants
of f (modulo 3). They are connected by the following
syzygies :
JO,=2(A2+ AL, fCO=0+A4)f, (mod 3).
03— 01 =(A+ DL C)—ff,=AQ
No one of these eight concomitants is a rational integral
function of the .remaining seven. To prove this we find
their expressions for five special sets of values of a, a,, a,
(in fact, those giving the non-equivalent f’s under the group
of transformations of determinant unity modulo 3):

f a q 1 2 Ji
e 0 0 0 0 0
(2) x} 0 -1 0 x? x}
(3) —al 0 0 xl —at
(4) x? + a3 -1 0 0 0 xf +xd
(6) 22,2, 1 0 —ai+a} | widad | 2de+ Tyl

To show that L and @ are not functions of the remaining
concomitants we use case (1). For f,, use case (4). No
linear relation holds between f, (), C, in which (] is present,
since () is of index 1, while f, (, are absolute covariants.
Now f+kC, by case (4); O+ kf by case (5). Next
g# F(A) by (2) and (3); A+ F(g) by (4) and (5).



CHAPTER IX
INVARIANTS OF TERNARY FORMS

I~ this chapter we shall discuss the invariant theory of the
general ternary form
f= az’ = b"{,‘: aes,

Contrary to what is a leading characteristic of binary forms,
the ternary f is not linearly factorable, unless indeed it is
the quantic (198) of the preceding chapter. Thus f repre-
sents a plane curve and not a collection of linear forms.
This fact adds both richness and complexity to the invariant
theory of f. The symbolical theory is in some ways less
adequate for the ternary case. Nevertheless this method
has enabled investigators to develop an extensive theory
of plane curves with remarkable freedom from formal
difficulties. *

SECTION 1. SYMBOLICAL THEORY
As in Section 2 of Chapter VIII, let
J(@) =a7 = (a@, + agzy + agrg)” = b7 = ...
Then the transformed of f under the collineations V (Chap.

VIII) is
f'=(a2 + a2, + a,z)™ (199)

I. Polars and transvectants. If (y,, v, ¥3) is a set co-
gredient to the set (zy, z,, ;3), then the (y) polars of f are
(cf. (61))

Sprp=artat (k=0,1,...,m). (200)

* Clebsch, Lindemann, Vorlesungen uber Geometrie.
209
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If the point () is on the curve f=0, the equation of the
tangent at (y) is

aar'=0. (201)

The expression

a9 9

or, 0Oxy Oz,

moln-llp-1o o o

lﬁ |n m 8Y1 Y2 Y3

9 9 0

0z, 0z, 0z J——

F@¥@ | o)

is sometimes called the first transvectant of f(z), ¢(z), ¥ (z),
and is abbreviated (f, ¢, ¥). If

f(z):: a?:.—. a;’" = oo, ¢(x)= bz = bi”': cony \’I‘(Z):Cﬁ‘ = cip = eee

then, as is easily verified,

(fs b ¥) = (abe)ap='b7 e .
This is the Jacobian of the three forms. The rth trans-
vectant is

fs &, ¥)" = (abe)am 07 7c2" (r=0,1,...). (203)

For r=2 and f=¢ =+ this is called the Hessian curve.

Thus
S A= (abe)al b ek =0

is the equation of the Hessian. It was proved in Chapter I
that Jacobians are concomitants. A repetition of that proof
under the present notation shows that transvectants are like-
wise concomitants. In fact the determinant A in (202) is
itself an invariant operator, and

Al = (Auv)A.
Illustration. As an example of the brevity of proof which
the symbolical notation affords for some theorems we may

prove that the Hessian curve of f = 0 is the locus of all points
whose polar conics are degenerate into two straight lines.



INVARIANTS OF TERNARY FORMS 211

If g=a2=B2= ... = ay2}+ .- is a conic, its second trans-
vectant is its discriminant, and equals

@00 10 %101
(@B = (2 £ a,B¥3)2 =6|ayy gy Ay
@01 %1 %02
since of = B2 = .. =day, etc. If (eBy)?=0 the conic is a
2-line.
Now the polar conic of f is

P=a2)t=0aa = ...,
and the second transvectant of this is
(P, P, P)*=(ad d" )%y ;" a2 (204)

But this is the Hessian of f in (y) variables. Hence if (y)
is on the Hessian the polar conic degenerates, and conversely.
Every symbolical monomial expression ¢ consisting of fac-

tors of the two types (abe), a, is a concomitant. In fact if

¢ = (abe)?(add)? - aiby -,
then

ay, by cPlay by d,\|

¢ =la, b, c.l|a. b d,| - albl e,
a, b, e¢|la, b d,

since, by virtue of the equations of transformation a, = a,, .-
Hence by the formula for the product of two determinants,
or by (14), we have at once

@' = (Auv) ?+et(abe)P(abd)® «ov afly oo = (Npuv)Pret g,

The ternary polar of the product of two ternary forms is
given by the same formula as that for the polar of a product
in the binary case. That is, formula (77) holds when the
forms and operators are ternary.

Thus, the formula for the »th transvectant of three quan-
tics, e.g.

T=(/f, ¢ ¥)r = (abc)az="br"e2™,
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may be obtained by polarization : That is, by a process analo-
gous to that employed in the standard method of transvec-
tion in the binary case. Let

(be)y = byeg—bgeq. (be)q = bgey — byeg, (be)g = bycy — byey.  (206)

Hence 7 may be obtained by polarizing a? » times, changing
y; into (bc); and multiplying the result by 82 "¢2~". Thus

1[/72\/1 2\(1
(alb,, &, d2)2= g[(l) (l)a’a”b” + (2) <O>aﬁb,l=(cd)c,
= %(acd) (bcd)a,c, + «}(acd)szct-

Before proceeding to further illustrations we need to show
that there exists for all ternary collineations a universal co-
variant. It will follow from this that a complete fundamental
system for a single ternary form is in reality a simultaneous
system of the form itself and a definite universal covariant.
We introduce these facts in the next paragraph.

IT. Contragrediency. Two sets of variables (z;, #, ),
(wyy ugy uy) are said to be contragredient when they are sub-
ject to the following schemes of transformation respectively :

2 =M@ + 1%y + V12
Vi ap =Mz + po2y + 1575
g = Ny + Py + VyTy
Uy = Mgy + Ny + Nglty
Ay = pyuy + pgiy + pgig
Uy = VyUy + VaUy + Vgl

THEOREM. A necessary and sufficient condition in order

that (x) may be contragredient to (u) 18 that
Uy = UiTy + UgZy + Ugly

should be a universal covariant.
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If we transform u, by Va.nd use A this theorem is at once
evident.

It follows, as stated above, that the fundamental system
of a form f under ¥, A is a simultaneous system of f and u,
(cf. Chap. VI, § 4).

The reason that u, = u,z, + u,z, does not figure in the cor-
responding way in the binary theory is that cogrediency is
equivalent to contragrediency in the binary case and u, is
equivalent to (zy)=z,y,— 7,y;, which does figure very
prominently in the binary theory. To show that cogredi-
ency and contragrediency are here equivalent we may solve

wy = My + AU,
Uy = Uy + Holig

we find
= (v)uy = Mgy + pg(— uy),
Oty = Mty + iy (— ),
which proves that y; = 4 u,, y, = — u; are cogredient to z,,

z,. Then u, becomes (yz)(cf. Chap. 1, § 3, V).

We now prove the principal theorem of the symbolic
theory which shows that the present symbolical notation
is sufficient to represent completely the totality of ternary
concomitants.

III. Theorem. [Ewery invariant formation of the ordinary
rational integral type, of a ternary quantic

El__ll__a[_a Uymam @125 wgs (Emy; = m),
can be represented symbolically by three types of factors, viz.
(abe), (adu), a,,
together with the universal covariant u.
We first prove two lemmas.
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LemmA 1. The following formula is true :

9 i 9 |®
—_— — —| M Ay A
M, an, axJ 1
d d d
ADr=l—— — | (¥ Mg Mgl =C, (207
Iy Op, Opg 1 Ha Mg (207)
9 9 9, L,
Iy 602 avs 1 "2 8

where '+ 0 is a numerical constant.
In proof of this we note that D" expanded by the multi-
nomial theorem, gives

D»E

= —)»“N'N'(uzv:;

LxLst

Hg¥y)"(Hg¥y — pyvg)"

(g — pgr)s. (24 =n).

Also the expansion of A" is given by the same formula
where now (A.p,v,) is replaced by (a‘; ai, 6(1,)' We may
call the term given by a definite set ¢}, iy, 4, of the exponents
in Dn, the correspondent of the term given by the same set of
exponents in A®, Then, in A»D*, the only term of D" which
gives a non-zero result when operated upon by a definite
term of A is the correspondent of that definite term. But
Dr may be written

Dr = 2 f Lzl e APNIAS () () 3 ().
An easy dxﬁ'erentlatlon gives

'(c'ma ) (R )=+ i+ 1) (D ()3
and two corresponding form ulas may be written from symme-
try. These formulas hold true for zero exponents. Employ-
ing them as recursion formulas we have immediately for
ArDr,
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ArDr = E( ) (8|2l )% 8y + fa+ d5+1

#%=0

=3 (W + 1= J(H(n+ DI+ 2). (308

1:,=0

This is evidently a numerical constant '+ 0, which was
to be proved (cf. (91)).

LemMmA 2. If P is a product of m factors of type a,, n of
type B,, and p of type v,, then A*Pis a sum of a number of
monomials, each monomial of which contains % factors of
type (aBvy), m —k factors of type e,, » — & of type 8,, and
p — k of type v,. .

This is easily proved. Let P = ABC, where

A =ala@ ... a™,
B=BPRY - AP,
C=qPy@ e @,

Then
r=1, ....om
ABC
(1) @y (O
axlapzays 2,“‘ 273 " Wy 1, ey
t=1,..,p

Writing down the six such terms from AP and taking the
sum we have

ABC
(r) ,3<c) M R@ (@’

AP = 2 (aMBWy®) 222

8¢

(209)

which proves the lemma for k=1, inasmuch as % has
ar

A
m — 1 factors ; and so forth. The result for A*P now fol-
lows by induction, by operating on both members of equation
(209) by A, and noting that (a”B8@y®) is a constant as far
as operations by A are concerned.
Let us now represent a concomitant of f by ¢(a, z), and
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suppose that it does not contain the variables (), and that
the corresponding invariant relation is

d(a’, 2, )= Au)© ¢(a, z, ). (210)
The inverse of the transformation V is
2y = (Ap) [ (wr)2; + (00)y7, + (u)g7]

etc. Or, if we consider (z) to be the point of intersection of
two lines

V= V1% + Yo%y + V35,

W, = W1y + Wyky + WZg,
we have

zy 1 2yt 25 = (vw)y : (vw)y : (vw)g.

Substitution with these in 2], --- and rearrangement of the
terms gives for the inverse of V°

) = VW, — v,,w“’
(Apv)
V-1; | o) = 2T Oy
(Apr)
1 VAW, — VW)
2T ()

We now proceed as if we were verifying the invariancy of
¢, substituting from 7"~ for ), , 25 on the left-hand side of
(210), and replacing @;,,, .., by its symbolical equivalent
amamals (ef. (199)). Suppose that the order of ¢ is w.
Then after performing these substitutions and multiplying
both sides of (210) by (Aur)® we have

¢(a:\n,a;‘n,a:n,, VAW, — VuWay "-) = (Aup)*te ¢(a, z, ...),

and every term of the left-hand member of this must contain
w+ o factors with each suffix, since the terms of the right-
hand member do. Now operate on both sides by A. Each
term of the result on the left contains one determinant factor
by lemma 2, and in addition w+ o — 1 factors with each
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suffix. There will be three types of these determinant fac-
tors e.g.

(abe), (avw) = a,, (abv).
The first two of these are of the form required by the
theorem. The determinant (abv) must have resulted by
operating A upon a term containing a\b,v, and evidently
such a term will also contain the factor w, or else wa. Let

the term in question be
Ra\bv,w,.

Then the left-hand side of the equation- must also contain
the term

— Rayb,vw,,
and operation of A upon this gives

— R(abw)v,,
and upon the sum gives

B[ (abv)w, — (abw)v,].
Now the first identity of (212) gives
(abv)w, — (abw)v, = (bvw)a, — (avw)b, = b,a, — b.a,.
Hence the sum of the two terms under consideration is
R(b.zan - buaz)’

and this contains in addition to factors with a suffix u only
factors of the required type a,. Thus only the two required
types of symbolical factors occur in the result of operating
by A.

Suppose now that we operate by A*** upon both members
of the invariant equation. The result upon the right-hand
side is a constant times the concomitant ¢(a, z) by lemma
1. On the left there will be no terms with A, u, v suffixes,
since there are none on the right. Hence by dividing
through by a constant we have ¢(a, ) expressed as a sum
of terms each of which consists of symbolical factors of only

two types viz.
(abe), a,,
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which was to be proved. Also evidently there are precisely
o factors a, in each term, and w of type (abc), and o = 0 if
¢ is an invariant.

The complete theorem now follows from the fact that any
invariant formation of f is a simultaneous concomitant of f
and u,. That is, the only new type of factor which can be
introduced by adjoining u, is the third required type (abu).

IV. Reduction identities. We now give a set of identi-
ties which may be used in performing reductions. These
may all be derived from

a, b, ¢,
a, b, c,|=(abe)(zyz), (211)
a, b, e,

as a fundamental identity (cf. Chap. III, § 8, II). We let
ug, Uy Uug be the coordinates of the line joining the points
(@) = (% Ty 23), (¥) = (Yp Y Y3)- Then
Uy uy s ug=(2y); : (2Y)y: (2Y)s

Elementary changes in (211) give

(bed)a, — (cda)b, + (dab)ec, — (abe)d, =0,

(bew)a, — (cua)db, + (uab)e, — (abe)u, =0, (212)

(abe)(def) — (dab)(eef) + (cda) (bef) — (bed) (agf) =0
Also we have
ab,— ab,= (abu),

VWp — VpW, = (ab:v). (213)

In the latter case (2) is the intersection of the lines », w.
To illustrate the use of these we can show that if
S=a2= ... is a quadratic, and D its discriminant, then

(abe)(abd)c,d, = } Df.

In fact, by squaring the first identity of (212) and inter-
changing the symbols, which are now all equivalent, this
result follows immediately since (abe)?= D.
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SECTION 2. TRANSVECTANT SYSTEMS

I. Transvectants from polars. We now develop a stand-
ard transvection process for ternary forms.

THEOREM. Every monomial ternary concomitant of f=

m _
a.l'

= e,

¢ = (abe)?(add)? ... (bed)" --- (abu)*(beu)t -+« a° ...,

8 a term of a generalized transvectant obtained by polarization
Jrom a concomitant ¢, of lower degree than ¢.

Let us delete from ¢ the factor a7, and in the result
change a into v, where v is cogredient to w. This result
will contain factors of the three types (bev), (bed), (buv),
together with factors of type &,. But (uv) is cogredient to
z. Hence the operation of changing (wv) into z is invari-
antive and (bwv) becomes b,. Next change » into . Then
we have a product ¢, of three and only three types, <.e.

(beu), (bed), b,
¢, = (bed)* --- (bcu)s b;c:
Now ¢; does not contain the symbol a. Hence it is of
lower degree than ¢. Let the order of ¢ be o, and its class
p. Suppose that in ¢ there are ¢ determinant factors con-
taining both ¢ and w, and k£ which contain @ but not w.

Then
c+it+k=m.

Also the order of ¢, is
o, =0+2i+k—m,
and its class
p=p—1t+k ‘
. . CANONE:AN .
We now polarize ¢; by operating (va—q-) <y 55) upon it and

dividing out the appropriate constants. If in the resulting
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polar we substitute v =a, y = (au) and multiply by a?~*-¢
we obtain the transvectant (generalized)
T=(¢; a, ui)k’. (214)

The concomitant ¢ is a term of 7.

For the transvectant 7 thus defined %4 ¢ is called the
index. In any ternary concomitant of order  and class u
the number o + u is called the grade.

DeriNiTION. The mechanical rule by which one obtains
from a concomitant
C= Aalza&: 00 GpgOlyy Ogy *°° Ggyyy
any one of the three types of concomitants
O, = A(a,a,a5)a,, +++ @y 00,0, -+ 0y,
02 = Aala,ah o0 @y Oy, Ogy, © 0 Cgyy
08 = A(“lazaa)alt 00 Appligy *os Ggys
is called convolution. In this ai, indicates the expression
@101 + G1a%yg + Byg045.
Note the possibility that one « might be z, or one a might
be u.

II. Theorem. The difference between any two terms of a
transvectant v equals reducible terms whose factors are concom-
ttants of lower grade than T, plus a sum of terms each term
of which is a term of a transvectant 7 of index < k+ 1,

F= (¢ aP ui)¥ .

In this, §, is of lower grade than ¢, and is obtainable from the
latter by convolution.

Let ¢, be the concomitant C' above, where A involves
neither 4 nor z. Then, with A numerical, we have the polar

P2

= Azalva% oot iy @iy o Bpyllyy **0 Cpylipyly * 0 Cgye (216)
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Now in the sth polar of a simple product like

P =YY o Voo
two terms are said to be adjacent when they differ only in
that one has a factor of type #,,v;, whereas in the other this
factor is replaced by #,,y;,. Consider two terms, ¢, ¢, of P.
Suppose that these differ only in that e,,e,a1,e, in ¢ is re-
placed in ¢, by e,,e,a5,4;,. Then t; —¢, is of the form

ty — ty = B(0 0@y @), — Oy Cy @ Bjyy)e

We now add and subtract a term and obtain
tl _t2= B [aﬂvaku(ahyajx_ aluajy) + alwajy(anv“xu_‘ “rmanv)] . (216)
Each parenthesis in (216) represents the difference between
two adjacent terms of a polar of a simple product, and we
have by (213) i

ty — ty = B(yz(asa;) ) tyttu + B0y (u0)) sy, . (217)
The corresponding terms in 7 are obtained by the replace-
ments v=a, y = (au). They are the terms of

8= — B'((au) (048))2) 0,y — B'((aw) e, y) (a,0u) @y
or, since
f ((a0) (%3)2) = (an,a)u, — (maw)a,,
0
8 = B (aya;u) 6ye0te @, — B'(a)a,a) 2o, 0,

+ B/ (ot (1)) (4,00t
where B becomes B' under the replacements v = a, y = (au).
The middle term of this form of & is evidently reducible,
and each factor is of lower grade than . By the method
given under Theorem I the first and last terms of § are re-
spectively terms of the transvectants

7y = (B(@au) s ay ub ™),
Fﬁ = (Bl(“ “nx)ajzalws az, “‘z“)b_l' “l,
The middle term is a term of

?8 = (— Bl(ahaju)“quama az, ui-—l)k“' ~1. Uy -
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In each of these B, is what B becomes when v=u, y =2;
and the first form in each transvectant is evidently obtained
from u,¢, = Cu, by convolution. Also each is of lower grade
than ¢,.

Again if the terms in the parentheses in form (216) of
any difference ¢, — ¢, are not adjacent, we can by adding and
subtracting terms reduce these parentheses each to the form *

[(ry=T)+(Ta—T)+ - (T — 7], (218)

where every difference is a difference between adjacent terms,
of a simple polar. Applying the results above to these dif-
ferences 7; — 7;,, the complete theorem follows.

As a corollary it follows that the difference between the
whole transvectant T and any one of its terms equals a sum
of terms each of which is a term of a transvectant of e with
a form ¢, of lower grade than ¢, obtained by convolution
from the latter. For if

T=0T, +VTg+ -« + 7,7, + .-

where the »’s are numerical, then 7, is a term of 7. Also
since our transvectant T is obtained by polarization, Sy; = 1.
Hence
T=T =0T —T) + (T — T +

and each parenthesis is a difference between two terms of .
The corollary is therefore proved.

Since the power of %, entering 7 is determinate from the
indices &, ¢ we may write 7 in the shorter form

v = ($p an)

The theorem and corollary just proved furnish a method
of deriving the fundamental system of invariant formations
of a single form f = a7 by passing from the full set of a given
degree ¢ — 1, assumed known, to all those of the fundamental

*Igserlis. On the ordering of terms of polars etc. Proc. London Math.
Society, ser. 2, Vol. 6 (1908). '
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system, of degree ¢. For suppose that all of those members
of the fundamental system of degrees < i —1 have been
previously determined. Then by forming products of their
powers we can build all invariant formations of degree ¢ — 1.
Let the latter be arranged in an ordered succession

LA L

in order of ascending grade. Form the transvectants of
these with a™, 7;=(¢%, a?)»%. If 7; contains a single term
which is reducible in terms of forms of lower degree or in
terms of transvectants 7,5’ <J, then 7; may, by the theorem
and corollary, be neglected in constructing the members of
the fundamental system of degree ¢. That is, in this con-
struction we need only retain one term from each trans-
vectant which contains no reducible terms. This process of
constructing a fundamental system by passing from degree
to degree is tedious for all systems excepting that for a
single ternary quadratic form. A method which is equiva-
lent but makes no use of the transvectant operation above
described, and the resulting simplifications, has been applied
by Gordan in the derivation of the fundamental system of a
ternary cubic form. The method of Gordan was also suc-
cessfully applied by Baker to the system of fwo and of three
conics. We give below a derivation of the system for a
single conic and a summary of Gordan’s system for a ternary
cubic ("Table VII).

II1. Fundamental systems for ternary quadratic and cubic.
Let f=a2 =8, = .... The only form of degree one is f it-
self. It leads to the transvectants

© (a2, 82)01 = (abu)ad, = 0, (a, b2)*2 = (abu)?= L.

Thus the only irreducible formation of degree 2 is L. The
totality of degree 2 is, in ascending order as to grade,

(adbu)?, a20b2.



224 THE THEORY OF INVARIANTS

All terms of (f% f)*!are evidently reducible, ¢.e. contain
terms reducible by means of powers of fand L. Also

((abu)?, )10 = (abe)(abu)c,
= 3(abe) [ (abu)e, + (bow)a, + (cau)b,] = }(abe)ou,,
((abu)?, ¢2)»0 = (abe)?= D.

Hence the only irreducible formation of the third degree is
D. Passing to degree four, we need only consider trans-
vectants of fL with f. Moreover the only possibility for an
irreducible case is evidently

(fL, )b = (abd)(abu)(cdu)e,
= }(abuw) (edu) [(abd)c, + (bed)a, + (dea)b, + (ach)d,] =0.

All transvectants of degree = 4 are therefore of the form
FPL, fHR (E+ k< 3),

and hence are reducible. Thus the fundamental system
of fis-
U, fy L, D.
The explicit form of D was given in §1. A symmetrical
form of L in terms of the actual coefficients of the conic is
the bordered discriminant

%00 %110 %01 U
L: | 0 Yoo %ou YUg

%01 %1 %oz Ug

u, Uy ug 0

To verify that L equals this determinant we may expand
(abu)? and express the symbols in terms of the coefficients.

We next give a table showing Gordan’s fundamental
system for the ternary cubic. There are thirty-four in-
dividuals in this system. In the table, ¢ indicates the
degree.

The reader will find it instructive to derive by the
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methods just shown in the case of the quadratic, the forms
in this table of the first three or four degrees.

TABLE VII

i INVARIANT FORMATION
0 u,
1 al

(abu)la.b,

(abu)?(beu)a,cl, ol =(abc)’a,b,c,, s2=(abc)(abu)(acw)(bew)

a,s(abu)a,b?, ab,s,a’b?, a,(abu)’s?b,, t3 = ab,s,(adu)?

2
3
4 (acu)aled, a,sla2, S =ad, pS = (abu)?(cdu)?(beu) (adu)
b
6

ab,s,(bew)alb ck, a,52(abu)i(bou)c?, a,tial, T = a?

suph(302), atu(abu)a.by, abt,abs, ati(abu)®,

8 a,b,t.(bew)alb,cl, ¢° = a,b,c,ablc?, a,t2(abu)i(beu)c?, s2ti(str)

9 | (aqu)alel, piti(ptx), a,8t,ai(stx)

10 ab,s2a2b3(stz), a,sit,(abu)?b,(stx)

11 | (equ)ajel
12 | (aeq)ajeles, pisiti(pst)

IV. Fundamental system of two ternary quadrics. We
shall next define a ternary transvectant operation which
will include as special cases all of the operations of trans-
vection which have been employed in this chapter. It will
have been observed that a large class of the invariant for-
mations of ternary quantics, namely the mixed concomitants,
involve both the (z) and the («) variables. We now assume,
quite arbitrarily, two forms involving both sets of variables
e.g.

$= A9, oo+ gy Oz oo Gy
V= Bb,,b,, -+ bszluﬁ?u ** Bow
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in which 4, B are free from (2) and (u). A transvectant
of ¢, and  of four indices, the most general possible, may
be deﬁned as follows: Polarize ¢ by the following operator,

a a a u 6 .« 9 ‘P
() 1o @2 @9 @2\ ... (,29
3 (y 1 ax) ( b ) (y,, 6x> <y1 69:) <y2 az) (y" az)
3 3 \7 N/ oy 3N\ o D\ 3 e
o)) (1) v [0 2 @ (2 @
x(vl au) (v Gu) ('v, au) (v 8u) (v 6u> (" au) ’

wherein ¢, ¢, o,, v,= 0 or 1, and
Se=1, Su=j, o=k Zv=10; i+j<r k+1Zs.
Substitute in the resulting polar

(a) y(l) = P (P'_—' 1’ 2’ b} 7:),

@) ¥y =0Gu) (p=1,2 .,

(c) v =8, (p=1,2, s, k),

@ v =Bw) (p=12 1),
and multiply each term of the result by the 4,, 8, factors not
affected in it. The resulting concomitant = we call the

transvectant of ¢ and ¥ of index (;; Jl)’ and write
oo 7= (¢ V)i
An example is
(a’l.calruu? bl.rb'hBu)}: (1) = alﬁabl(aﬂblu) + alﬂabl(a2b2u)
+ ayp0,(0,0,u) + ayg, (a;b5u).
If, now, we introduce in place of ¢ successively products of
forms of the fundamental system of a conic, ¢.e. of
Sf=a2 L=a2=(da"v)? D=_aa'a")3
and for y» products of forms of the fundamental system of a
second conic,
g="02 L' =B2=(b'b"w)2 D =(bb'b")?,
we will obtain all concomitants of f and g. The fundamental
simultaneous system of f, g will be included in the set of
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transvectants which contain no reducible terms, and these
we may readily select by inspection. They are 17 in num-
ber and are as follows :

D = (a2, B2)Q 2 = (abu)?,
C, = (a2, 82)§:§ = (adu)a,b,,

A= (a%, B2} = a}

Oy = (a2, B} = aga. By
Cs = (o2, 8298 = oy,
Ay = (o 2)% 0= of,

Cy= (o} BDS ] = (eBz)a, B,

F = (a, B3 = (efBz)?,

Cy = (o 838019 = e (2B2)b,B,,

. Cg = (a2, 328D} ) = ag(abu)b B,

C; = (a2e2, 82)) ) = ay(abu)a, o,

Cy =(a2a?, BD)},} = as(aBr)a, 2y

G =(fL, gL'}, = ases(aBz)ab,,

I = (L, gL} = apon(abu)a,Boy
K, = (fL, gL}, } = ap(abu)e,(aB2)b,,
K, =(fL, gL')}} = a,(abu)B,(aBz)a,,
Ky =(fL, gL')}} = age,(abu) (efz).

0 —
0.0 =
10 =
h0

The last three of these are evidently reducible by the simple
identity
a b a,
(abu)(aBz)=as b5 Bl

a, b, wu,
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The remaining 14 are irreducible. Thus the fundamental
system for two ternary quadrics consists of 20 forms. They
are, four invariants D, D', A, A,y ; four covariants f, g,
F, &; four contravariants L, L'; ®, I'; eight mixed con-
comitants C;(¢=1, ..., 8).

SECTION 3. CLEBSCH’S TRANSLATION PRINCIPLE

Suppose that (y), (z) are any two points on an arbitrary
line which intersects the curve f= a™=10. Then

Uy Uy Uy =(y2)y : (Y2)y: (Y2

are contragredient to the 2’s. If (#) is an arbitrary point
on the line we may write

Zy = MY+ M2y Ty = 1N1Yy + M2 T3 = 1Yz + 125

and then (9, n;) may be regarded as the codrdinates of a
representative point (#) on the line with (), (¢) as the two
reference points. Then @, becomes

@y = Q121 + A%y + AgTg = 1,2, + 135

and the () coordinates of the m points in which the line
intersects the curve f= 0 are the m roots of

g =.9;;‘ = (%’71 + a;ﬂa)m= (b”ﬂl + bz‘rlz)m= vee,

Now this is a binary form in symbolical notation, and the
notation differs from the notation of a binary form A = a7
= (a7, + ayxy)™ = ..+ only in this, that a,, a, are replaced by
a,, a, respectively. Any invariant,

I, = Zk(ab)?(ac)e -+,
of & has corresponding to it an invariant I of g,

I= Ek(a,b, —_ a,by)i’(auc, —_ a,cv)q veny
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If I=0 then the line cuts the curve f=a? =0 in m points
which have the projective property given by I;=0. But
(cf. (213)),

(ab, — b)) = (abu).
Hence,

THEOREM. If in any invariant I, = Zk(ab)?(ac)? --- of a
binary form h = a™ = (a,z,+ ayxy)"= --- we replace each second
order determinant (ab) by the third order determinant (abu),
and 80 on, the resulting line equation represents the envelope of
the line w, when it moves 8o as to intersect the curve f=a™ =
(a2 + agry + agzg)™ =0 in m points having the projective
property I, = 0.

By making the corresponding changes in the symbolical
form of a simultaneous invariant I of any number of binary
forms we obtain the envelope of u, when the latter moves so
as to cut the corresponding number of curves in a point
range which constantly possesses the projective property
I=0. Also this translation principle is applicable in the
same way to covariants of the binary forms.

For illustration the discriminant of a binary quadratic
h=0a2=0b2=...is D=(ab)?. Hence the line equation of
the conic f= a2 = (ayz; + ayry + agzy)?= - =0is

L = (abu)?= 0.
For this is the envelope of u, when the latter moves so as to

touch =0, ¢.e. so that D=0 for the range in which u, cuts

The discriminant of the binary cubic %= (a2, + a,z,)3
] 62 == eee is

R = (ab)*(ac) (bd)(cd)?.

Hence the line equation of the general cubic curve f=
a8 = ... is (cf. Table VII)

pi= L= (abu)*(acu) (bdu) (eduy?=0.
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We have shown in Chapter I that the degree ¢ of the dis-
criminant of a binary form of order m is 2(m —1). Hence
its index, and so the number of symbolical determinants of
type (ab) in each term of its symbolical representation, is

k=3}im=m(m—1).

It follows immediately that the degree of the line equation,
t.e. the class of a plane curve of order m is, in general,

m(m —1).
Two binary forms &, = a?=a/" = ..., by =07 = ..., of the
same order have the bilinear invariant

I=(ab)™.

If I=0 the forms are said to be apolar (cf. Chap. III,
(71)); in the case m =2, harmonic. Hence (abu)™=0 is
the envelope of u, =0 when the latter moves so as to inter-
sect two curves f=a™ = 0, g = 4™ = 0, in apolar point ranges.
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EXERCISES AND THEOREMS

1. Verify that I= ay, — 4 aya;+3 a2 is an invariant of the
binary quartic
J=agt + 4 axim; + 6 agwir; + 4 aga} + ad,
for which I = (M)‘L
2. Show the invariancy of
“1(“0”1 + axxz) — oo, + ag),
for the simultaneous transformation of the forms
JS= o5 + oy,
g = a@} + 2 ax,w, + a2k
Give also a verification for the covariant C of Chap. I, §1,V,
and for Jy, a of Chap. II, § 3.
3. Compute the Hessian of the binary quintic form
S=ay} + 5 a2z, + ---.
The result is
+ H = (a0, — a})2 + 3(a0s — ,0,)737, + 3(00ts + 0,05 — 2 a)2ia}
+ (o0 + T 10, — 8 aa5)xd53 + 3(aa5 + anaf — 2 af)winh
+3(a2a5 - as%)wxz; + (asaa - af)a’g
4. Prove that the infinitesimal transformation of 3-space which
leaves the differential element,
o = da? + dy* + d2’,
invariant, is an infinitesimal twist or screw motion around a

determinate invariant line in space. (A solution of this problem
is given in Lie’s Geometrie der Berithrungstransformationen,

§ 3, p. 206.)
231
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5. The function
9 = aja, + a0} + aoaf + afa, — af — af,
is a formal invariant modulo 3 of the binary quadratic

f=a@l + 2 aw@, + a2} (Dickson).

6. The function a,a; 4+ a,a, is a formal invariant modulo 2 of
the binary cubic form.

7. Prove that a necessary and sufficient condition in order that
a binary form f of order m may be the mth power of a linear
form is that the Hessian covariant of f should vanish identically.

8. Show that the set of conditions obtained by equating to
zero the 2m — 3 coefficients of the Hessian of exercise 7 is re-
dundant, and that only m — 1 of these conditions are independent.

9. Prove that the discriminant of the product of two binary
forms equals the product of their discriminants times the square
of their resultant.

10. Assuming (y) not cogredient to (x), show that the bilinear

form
Jf=30a,2Y, = an&:y; + @ 2Y2 + A2l + CpsYo,

has an invariant under the transformations

. B=ad + Biby =y + 8y

"= o+ Banay Yo =y + Sy
in the extended sense indicated by the invariant relation
o Bille B
n Sy &
11. Verify the invariancy of the bilinear expression
H,

(4

Gy Ay
Ay O

! '
au  Gnf

! 1
Q1 Qdxn

= by + Anby — Aby — Ayby,
for the transformation by r of the two bilinear forms
S=3a,28Y, 9 = 30,2

12. As the most general empirical definition of a concomitant
of a single binary form f we may enunciate the following: Any
rational, integral function ¢ of the coefficients and variables of f
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which needs, at most, to be multiplied by a function ¢ of the
coefficients in the transformations 7' in order to be made equal
to the same function of the coeflicients and variables of f', is a
concomitant of f.

Show in the case where ¢ is homogeneous that ¢ must reduce
to a power of the modulus, and hence the above definition is
equivalent to the one of Chap. I, §2. (A proof of this theorem
is given in Grace and Young, Algebra of Invariants, Chapter IL.)

13. Prove by means of a particular case of the general linear
transformation on p variables that any p-ary form of order m,
whose term in z is lacking, can always have this term restored
by a suitably chosen linear transformation.

14. An invariant ¢ of a set of binary quantics

Si=a + oy fo =0 + ooy fo = e + -

satisfies the differential equa,tions

Eg(b =( +2a1

da

a + + ma’m-la

2
+ b°ab1 + b‘ab,

bt e .-.)¢=o,

1

9
Ja + nb, 9

304 = (mal + (m — l)a2 + o+ Qp— —
'm—1 abo

+(n—1)b e +pcla ---)¢=0-
0
The covariants of the set satisfy
(20 — cc, >¢ 0,
(zo — o )¢ 0.

15. Verify the fact of annihilation of the invariant

AGQ G O
a G ag
a g a,
of the binary quartic, by the operators Q and O.

J=6

’
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16. Prove by the annihilators that every invariant of degree 3
of the binary quartic is a constant times J.

(SueeesTiON. Assume the invariant with literal coefficients and operate
by © and 0.)

17. Show that the covariant J, 4 of Chap II, § 3 is annihilated

by the operators
9

X —.
0z,

30—, 50—
o,
18. Find an invariant of respective partial degrees 1 and 2, in
the coefficients of a binary quadratic and a binary cubic.
The result is

I'= ay(bibs — b3) — ay(bybs — b,by) + az(bedy — 7).

19. Determine the index of Iin the preceding exercise. State
the circumstances concerning the symmetry of a simultaneous
invariant.

20. No covariant of degree 2 has a leading coefficient of odd
weight.

21. Find the third polar of the product f-.g, where f is a
binary quadratic and g is a cubic.

The result is

(9)s = 15(/9,s + 6 £,9,2 + 31,9,)-

22. Compute the fourth transvectant of the binary quintic f
with itself.

The result is

“(H )= 2(a0a, — 4 ayas + 3 ad)at + 2(agts — 3 aay + 2 a05) @,
+2(ay05 — 4 ay0, + 3 af) .

23. If F = asblc,, prove

QIO
O HE N HHCT
e
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24. Express the covariant
Q = (ab)*(cb)cia,

of the binary cubic in terms of the coefficients of the cubic by ex-
panding the symbolical @ and expressing the symbol combina-
tions in terms of the actual coefficients. (Cf. Table 1.)

25.° Express the covariant + j =((f, f)% f)? of a binary quintic
in terms of the symbols.

The result is

— J =(ab)*(bc)*(ca)’ab.c, = — (ab)*(ac)(bc)c..

26. Let ¢ be any symbolical concomitant of a single form f
of degree 7 in the coefficients and therefore involving 7 equivalent
symbols. To fix ideas, let ¢ be a monomial. Suppose that the
i symbols are temporarily assumed non-equivalent. Then ¢,
when expressed in terms of the coefficients, will become a simul-
taneous concomitant ¢, of ¢ forms of the same degree as f, e.g.

S = ag? + ma@ e, + -
fi = boa’l + ’mblxi"_lwz + -

j:—l = loxl + ml,.r"‘ l-”’z + -

Also ¢, will be linear in the coefficients of each f, and will reduce
to ¢ again when we set b, = - =1, = a,, that is, when the symbols
are again made equivalent. Let us consider the result of operat-
ing with

§= Po + px + c+p 9 ( 2‘):

"da,, da

upon ¢. This will equal the result of operating upon ¢,, the
equivalent of §, and then making the changes

b= =l=aq, (j=0, -, m).

H
Now owing to the law for differentiating a product the result
of operating 52 upon ¢ is the same as operating
@y
9
67{ tap, T "’az
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upon ¢, and then making the changes b = ... =1 =a. Hence the
operator which is equivalent to 8 in the above sense is

)3 +8)

‘When 9, is operated upon ¢, it produces ¢ concomitants the first of
which is ¢, with the a’s replaced by the p’s, the second is ¢, with
the b’s replaced by the p’s, and so on. It follows that if we write

w3 = Py + mpal i, + -
and
] =(ab>"(ac)' coo aBT oo,
we have for 8¢ the sum of ¢ symbolical concomitants in the first
of which the symbol a is replaced by =, in the second the symbol
b by = and so forth.
For illustration if ¢ is the covariant @ of the cubic,

Q = (ab)¥(cb)cia,,

3Q = (mb)(cb)etm, + (aryi(em)cia, + (ab)(xb)nla,.

Again the operator 8 and the transvectant operator Q are
evidently permutable. Let g, & be two covariants of fand show
from this fact that

(g, k)" = (89, k)" +- (g, 3h)".

then

27. Assume

f = a:;
A= (f, )= (ab)ab, =&,
Q= (f, (f, 1)) =(cA)ciA, = (ad)*(cb)cia, = @5,
R= (4, A)? = (ab)*(cd)*(ac)(bd),
and write

Q = @ = Qi + 3Quix, + 3 Q23 + Qd

Then from the results in the last paragraph (26) and those in
Table I of Chapter III, prove the following for the Aronhold

polar operator 8 =( Qb%) :



APPENDIX 2387

=@,

84 = 2(aQ)’a,Q. = 2(f, @*=0,
8Q=2(/, (f, @) +(@ 2)=—} B,
SR=4(a, (/, @)=

28. Demonstrate by means of Hermite’s reciprocity theorem
that there is a single invariant or no invariant of degree 3 of a
binary quantic of order m according as m is or is not a multiple
of 4 (Cayley).

29. If fis a quartic, prove by Gordan’s series that the Hessian
of the Hessian of the Hessian is reducible as follows:

(&, H), (H, HY)! = — thg®Jf + $H(J —57).

Adduce general conclusions concerning the reducibility of the
Hessian of the Hessian of a form of order m.

30. Prove by Gordan’s series,
(s D% =14+ (S D

where i = (f, )% and f is a sextic. Deduce corresponding facts
for other values of the order m.

31. If fis the binary quartic
f=ai=bl=ct="...,
show by means of the elementary symbolical identities alone that
(ab)(acyble: = £~ (ab)*
(SuaeesTION. Square the identity
2(ab) (ac)b.c; =(ab)ic; +(ac)?; —(be)?az.)

32. Derive the fundamental system of concomitants of the
canonical quartic
X4+ Y+ 6mX2Y?

by particularizing the a coefficients in Table II.

83. Derive the syzygy of the concomitants of a quartic by
means of the canonical form and its invariants and covariants.
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34. Obtain the typical representation and the associated forms
of a binary quartic, and derive by means of these the syzygy for
the quartic.

The result for the typical representation is

S f) =&+ 3 Hept + 4 Téy + (3 if? — § H)f
To find the syzygy, employ the invariant J.

35. Demonstrate that the Jacobian of three ternary forms of
order m is a combinant.

36. Prove with the aid of exercise 26 above that

(j; ¢)21+1 = (aa)ﬂr+la:-2r—la:—2r—l
is a combinant of f'= a? and ¢ = «n.

37. Prove that @ =(ab)(bc)(ca)a,b,c, and all covariants of @
are combinants of the three cubics al, 82, ¢} (Gordan). )

38. Let f and g be two binary forms of order m. Suppose
that ¢ is any invariant of degree i of a quantic of order m.
Then the invariant ¢ constructed for the form v, f+ v,g will be a
binary form F, of order ¢ in the variables v,, v,, Prove that any
invariant of F, is a combinant of f,¢g. (Cf. Salmon, Lessons Intro-
ductory to Modern Higher Algebra, Fourth edition, p. 211.)

39. Prove that the Cartesian equation of the rational plane

cubic curve

. ml = af.og + a‘uﬁfz + oo + alﬁég (i= 1’ 2’ 3)’
18

| ctouy20| |@o@s| R
(2 Ty )= | |00 |aots®| +|@, 02| |ayas@] | = 0.
| ato5| |ayay| |agas|

40. Show that a binary quintic has two and only two linearly
independent seminvariants of degree five and weight five.

The result, obtained by the annihilator theory, is
A(ada; — b adaa, + 10 adafa; — 10 agaia, + 4 af)

+ n(a0a, — ai)(as'as — 3 a0, + 2 o).
41. Demonstrate that the number of linearly independent
seminvariants of weight w and degree ¢ of a binary form of order

m is equal to
(w; i, m)—(w—1; i, m),



APPENDIX 239

where (w; i, m) denotes the number of different partitions of the
number w into i or fewer numbers, none exceeding m. (A proof
of this theorem is given in Chapter VII of Elliotts’ Algebra of
Quanties.)

42. If f=a® = b? = .. is a ternary form of order m, show that

. (j; f)o. 2% =(abu)2kazl—2kbr-2k.
Prove also

G ry oy = '(-gm—14—k> § (" A e
S

X (abu n—r(bcu)a—' (acu)ia;n—-i—ﬂkb:l -.+i—2kc;u—r—a'

43. Derive all of the invariant formations of degrees 1, 2, 3, 4
of the ternary cubic, as given in Table VII, by the process of pass-
ing by transvection from those of one degree to those of the next
higher degree.

44. We have shown that the seminvariant leading coefficient of
the binary covariant of f= ap,

) = (ab)P(a,c)G oes a;b: ceny
is
- o= (ab)?(ac)? -+ afdy -

If we replace a, by a,, b, by b,, ete. in ¢, and leave a,, b,, «-

unchanged, the factor (ab) becomes

(a2, + a52,)by, — (b, + byx,)a, = (a'b)mx-
At the same time the actual coefficient a, = af"aj of f becomes
m—rar,
[m  dag

Hence, except for a multiplier which is a power of ®,, a binary
covariant may be derived from its leading coefficient ¢, by re-
placing in ¢, ay, a;, -+, a,, respectively by

plof 1 @ Im—roy 1
mdz, m(m —1)da3" |m  Oag’ max-'

az~ray =

Illustrate this by the covariant Hessian of a quartic.
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45. Prove that any ternary concomitant of f= a® can be de-
duced from its leading coefficient (save for a power of «,) by re-
placing, in the coefficient, a,,, by

2032

(Cf. Forsyth, Amer. Journal of Math., 1889.)

46. Derive a syzygy between the simultaneous concomitants of
two binary quadratic forms f, g (Chap. VI).

The result is
— 2J% = Dig* + D,f* — 2 hyy,

where J), is the Jacobian of the two forms, & their bilinear in-
variant, and D,, D, the respective discriminants of fand g.
47. Compute the transvectant

(f, /)" = (abu)’a.b,,
of the ternary cubic

a3 — 13
f_az—bz—zma’mrwgm7

in terms of its coeflicients a,,, (p + ¢ + r=3).

The result for 4(f, f)*? is given in the table below. Note that
this mixed concomitant may also be obtained by applying
Clebsch’s translation principle to the Hessian of a binary cubic.

ojui @y g e afuyug afuguy ajuj
1200102 2 a1z @102@300 2 az2100111 2 az201a210 3002120
—aly — 2an10a102 | — @iy — 2 1208201 | — 2 @1110300 | — a3y
oequ} o guytig *yzpd o wqutey @\ @qtigy eyogug
@120@012 2 afu a102@210 2 az10@021 2 az010120 3002030
— 2a1man | —2a20002 | — 2 a2010111 | — 2 G201%030 | — 2 B300@021 | — G2100120
+ @1028030 | — 2 @102@120 | + @300@012
+ 2 az01002
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aul aduyug ajul L TIRTN adugug adud
Q030012 2 apn10111 Qo12G210 2 a120Q021 2 minGizn Q2100030
— Gy — 2 mnan: | — al, — 2 aggoau | — 2 dozazo | — Gy
gl @y arguy iy gl gy @y Pyugtty ol
2 a 2al 2 d910@102 Q12002
@120@003 @2012012 3002003 11 2102102 120201
— 2amaoz | — 2@200003 | — G201@102 | — 2 @201T021 | — 2 A300Q012 |2 A1m1a210
+ @022 — 2 1200102 + Q3000021
+ 2 az10a012

grqul Wodgly g Tqrqug gy 1y rgirglgity @qrgud
030003 2 aon 02 0120201 2 mnanz| 2ad, Q2100021
— @o210012 | — 2 @120@003 | — 2 @102 | — 2 A030Q102 | — 2 Q210201 | — 2 @120a111
+  @2100003 —2a2100012 | + @030@201

+ 2 a120a102

ahud afu uy e alurug ofugug gl

0210003 2 ap12a102 @003®201 2 21110012 2 a102a111 A201@021
2 2 2
— o -2 a1110003 | — ajpp —2 aonaioz | — 2 @o128201 | —

48. Prove that a modular binary form of even order, the
modulus being p > 2, has no covariant of odd order.

(SuaeestioN. Compare Chap. II, § 2, II. If X\ is chosen as a primitive
root, equation (48) becomes a congruence modulo p — 1.)
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Absolute covariants, 2, 42
Algebraically complete systems, see
fundamental systems
Anharmonic ratio, 3
Annihilators :
binary, 26
ternary, 189
Anti-seminvariants, 176, 179
Apolarity, 61, 178
Arithmetical invariants, 12, 32, 48,
167
Aronhold’s polar operators, 46
Associated forms, 168

Bezout’s resultant, 168

Bilinear invariants, 51

. Boolean concomitants:
of a linear form, 156

of a quadratic, 167

Canonical forms :
binary cubic, 108
binary quartic, 111
binary sextic, 112
ternary cubic, 111
Class of ternary form, 230
Classes in modular theory, 204
Cogrediency, 20
Combinants, 162
Complete systems :
absolutely, 129
relatively, 130
Conic, system of, 224
Contragrediency, 212
Contravariants, 228
Conversion operators, 70
Convolution, 93, 220
Codrdinates, 16
Covariant curves, 171
Covariants :
definition, 23
systems, 144-161
universal, 32
Cubic, binary :
fundamental system, 68, 100, 141
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Cubic, binary :
canonical form, 108
syzygy, 107, 110, 161
Cubic, ternary :
fundamental system, 226
canonical form, 111
semi-discriminants, 193

Degree, 20
Determinant, symbolical, 66, 170
Differential equation :
satisfied by combinants, 163
(see also annihilators)
Differential invariant, 9
Diophantine equations, 116
Discriminant, 4, 31

Eliminant, 30

End coeflicients, 179
Euler’s theorem, 44
Existence theorem, 40

Factors of forms, 69, 191
Fermat’s theorem, 14, 21
Finiteness :
algebraical concomitants, 66
formal-modular  concomitants,
204
modular concomitants, 204
Formal r7nodular concomitants, 12,
15
Fundamental systems, 144, 161, 204,
228, 226

Geometry of point ranges, 78 .
Gordan’ls proof of Hilbert’s theorem,
112

Gordan’s series, 83
Gordan’s theorem, 128
Grade :
of binary concomitant, 123
of ternary concomitant, 220
Group :
of transformations, 18
the induced group, 19
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Harmonically conjugate, 6
Hermite’s reciprocity theorem, 76
Hesse’s canonical form, 111
Hessians, 28

Hilbert’s theorem, 112

Identities, fundamental :
binary, 66
ternary, 218
Index, 34
Induced group, 19
Inflexion points, 171
Intermediate concomitants, 47
Invariant area, 1
Invariants :
fundamental systems, 144-161
modular, 203
formal modular, 157, 204
Involution, 78
Irreducible systems, see fundamental
systems
Isobarism, 36

Jacobians, 27
Jordan’s lemma, 119

Line equation :
of conic, 223
of cubic, 229
of form of order m, 230
Linear transformations, 16
Linearly independent seminvariants,
178, 206.

Mixed concomitants, 228
Modular :
concomitants, 203
forms, 203
, transformation, 12

Operators
(see annihilators)
conversion, 70
Aronhold, 46

Parametric representation, 169
Partitions, 238

Polars, 42

Projective properties, 78

Quadratic, 66
Quadric, 226
Quartic, 89
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Quaternary form, 33
Quintic, 147

Range of points, 78

Rational curves, 169

Reciprocity, Hermite’s law, 76

Reduction, 64, 83

Representation, typical, 169

Resultants, 29, 166, 168

Resultants in Aronhold’s symbols,
151

Robert’s theorem, 179

Roots, concomitants in terms of, 69

Semi-discriminants, 193
Seminvariants :
algebraic, 176
modular, 2056
Sextic, canonical form of, 112
Simultaneous concomitants, 23
Skew concomitants, 39
Standard method of transvection:
binary, 67
ternary, 219
Stroh’s series, 89
Symbolical theory :
binary, 63
ternary, 209
Symmetric functions :
binary, 69
ternary, 191
Symmetry, 39
Syzygies :
y ;gllgebmic, 104
modular, 208

Tables :
I. Concomitants of binary cubic,
68

II. Concomitantsof binary quar-
tic, 89

III. System of quadratic and
cubic, 147

IV, System of quintic, 150

V. Semi-discriminants of ter-
nary cubic, 200

VI. Modular system of quad-
ratic, 204

VII.5Syst.em of ternary cubic,
22

Ternary quantics :
symbolical theory, 209
transvection, 219
fundamental systems, 223, 226
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Transformations, non-linear, 9 Transvectants, ternary :
(see linear transformations) Definition, 209, 219
Transformed form : Theorems on, 220
binary, 16 Types, 48
ternary, 187 Typical representation, 169
Translation prineiple :
Clebsch’s, 228 Uniqueness of canonical reduction,
Meyer’s, 169
Transvectants, binary : Universal covariants, 32, 212

Definition, 51
Theorems on, 92 Weight, 34
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