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CHAPTER 1.
INTRODUCTORY.

In reciprocation we start with the auxiliary conic which
may be represented by the general equation of the second degree.

The reciprocal polar of a system {A) consisting of a series
of points is a system (B) consisting of the polar lines of the points
with respect to the auxiliary conic. The reciprocal polar of a
gystem (C) consisting of a series of straight lines is a system (D)
consisting of a series of points—the poles of the straight lines with
respect to the auxiliary conic.

Again a curve may be regarded either as the locus of
a point or as the envelope of a variable straight line moving
according to some assigned conditions. In fact, after Pliicker,
we may regard one and the same curve as described by a point and
enveloped by a straight line passing through the point which is
advancing along the line at the same time that the line is rotating
about the point. The intrinsic equation to the curve furnishes
us with the relation between the velocity of the point and the
rate of angular rotation of the line. Also we look upon the
tangent to a curve as the line passing through two consecutive
points on it, and a point on the curve as the point of intersection
of two consecutive tangents to the curve. Hence the reciprocal
polar curve may be looked upon either as the envelope of the
polars of the points on the original curve or the locus of the poles
of the tangents to the given curve. Hence the polar reciprocal
is the envelope of the corresponding polar line of the point on the
original curve rotating about a point in it and the point at the
same time is advancing along the straight line and describing
the curve. A pointin one figure corresponds to a tangent in the
other and wvice versi. Thus the class of the reciprocal curve
must be the same as the degree of the original curve, and wice
versd as the reciprocal polar of a series of points lying on a right

line is a series of right lines passing through a point and wvice
versd.
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2. Let ax’+2hay +by* + 2gx + 2fy + c=0 be the auxiliary
conic.
The reciprocal polar of a point (&', y’) is the polar line

(ax’ +hy +g) x+ (h" + by +f) y + (g2’ + fy +¢) =

Also the reciprocal polar of a right line Az +puy+»=0 is
the point (', y') where

ar’ +hy' +q9 _ hx' +by' +f g’ +fy +c
- _l\_ = - Y. = Y Y -

I v

Whence
, AN+ Hpo+ G

TGN+ Fu+Cr
HA+ Bu v Fo
G\ + Fp+Cr

The reciprocal polar of another conic «'x*+2h'zy +b'y* +
29z + 2y +¢ =0 is the locus of a point (2’, y’) whose polar
with respect to the auxiliary conic is a tangent to the second
conic. Hence the reciprocal polar is represented by the equation
A'(ax + by + 9)* + B'(hx +by + H*+ C'(gx + fy + ¢)* + 2F' (hx + by
+gx+fy+c)+20°(gr +fy +¢) (ax+hy+g) + 20’ (ax + by +q)
(hx +by + )=
or {Aa*+ Bh +(g* +2F gh + 2(ag +2H'ah} x*+2 {A'ah+
B'bh + C'gf + F'(bg +kf) + G (af +gh) + H (ab + BY)} oy + {A'R* +
Bo*+C'f +2F'bf + 208hf + 2H'bhjy* + 2 {A’ay + B'Af + C'cg + F°
(ch+fg) + ' (ac +g*) + H'(af + gh)} « + 2{A'gh + B'bf + C'cf 4
Fbe + 4+ Ggf +ch)y + H(bg + i)} y + (A" + B+ 0+
2Fcf+ 2G'cqg + 2H fy} = .

The reciprocal conic will be an ellipse, a parabola or an
hyperbola according as
(A’ak + B'bh + C'gf + F'(bg + hf) + G'(af + gh) + H'(ab + h*)}* —
{Aa*+ B+ 0y + 2F'ﬂz +2@ag + 2H'ah} {A'l* + Bb* + C'f* +
2F'bf + "G’hf +2H'bh} is negative, zero, or pos1t1ve i.0., accord-
ing as (F?-B'C') G +(G*-C'4") Fy (H*~A'B) Cr—AQH’
- A’F’)CF 2H'F - B'GF)CG-2(F'(-C'H') F'G is negative,
zero or positive, d.e., according as— A\’ (a'G*+b 8" ¢ ¢'C* +
2¢'CG + 2f'CF + 2k FQ) is negative, zero or positive.

Now it is easy to see that the lines through the origin parallel
to the tangents which can be drawn from the centre of the auxili-
ary conic to the second conic are represented by the equation
2(C'F*—2F FC + B'CY —2xy (("FG— F'GC—-GCF + HCY + ¢
(C"@-26"GC + A'C* =0.

These lines are imaginary, coincident or real and distinct
according as

And y' =
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(C'FG—-FGC-G'FC+ HCH—(C'F* = 2F'FC + B'CY (OG> -
2G'GC + A’C*) is negative, zero or positive, i.e., according as
—C N (WP +OF+'CP 4 2 CF + 2¢°CCG + 20 FG)  is negative,
zero or positive.

Hence the reciprocal comc is an ellipse, a parabola, or an
hyperbola according as the tangents drawn from the centre of the
reciprocating conic to the second conic are imaginary, coincident
or real and distinct. When the auxiliary conic is a parabola the
centre is at infinity in the direction of the axis of the parabola,
and in that case the reciprocal polar is an ellipse, a parabola or
an hyperbola according as none, only one or two tangents can
be drawn to the original conic parallel to the axis of the auxiliary
parabola.

3. We can, at our option. imagine the auxiliary conic to be
(1) a circle, (2) a parabola, (3) an ellipse, or (4) an hyperbola.

The reciprocal polar of a system will be called its circular,
parabolic, elliptic or hyperbolic polar according as the auxiliary
conic is a circle, a parabola, an ellipse or an hyperbola.

In this thesis it is intended to discuss these polars in the
following order :-—

(1) Circular Polars. (2) Parabolic Polars.

(3) Elliptic Polars. () Hyperbolic Polars.

(HAPTER (1.
('IRCULAR POl ARs.

1. Let x* +ry'=r' be the equation to the auxiliary conic
the axes being rectangular.

The circular polar of a pomt P’ y') is the line wr’ + gy’
=7% which is perpendicular to OP and is at a distance from
rl
0]

The circular polar of a line \x+py=1 1s the pomt (Ar?,
pr?) such that the line joining the point with the origin is per-
pendicular to the given line, and the rectangle contained by the
distance of the point from the origin, and the perpendicular
drawu from the origin on the line is equal to the square of the
radius of the auxiliary circle. It is evident that the circular
polar is the inverse of the pedal curve, the auxiliary circle being
the rircle of inversion.

2. To determine the circular polar of the general conic

the origin equal to

aa* + 2hzxy + byt + 29z + 2fy + ¢=0.
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Let 2* + y*=7* be the auxiliary circle.

The circular polar is the locus of a point (2, ') whose polar
xx’ +yy’ —r*=0 with respect to the auxiliary circle is a tangent
to the conic. Now Az+uy+v=0 touches the conic az®+
2hay + by + 292+ 2fy +¢=0 il AN+ 2HAp + Bu® + 2GvA + 2Fvu
+C»=0. Hence the equation to the circular polar is A4z2* +
2Hzy + By'—2Grix —2Fry + Cr*=0.

3. To determine the foci of the general conic az® + 2hxy +
by® + 292 + 2 fy + ¢=0.

The pedal of a central conic with respect to a focus is the
auxiliary circle of the conic. Hence the reciprocal polar of a
central conic, when a focus is the origin of reciprocation, is the
inverse of a circle and is therefore a circle. Again the pedal of a
parabola with respect to its focus is the tangent at the vertex ;
therefore the reciprocal polar of a parabola when the focus is
the origin of reciprocation is a circle which is the inverse of the
tangent at the vertex. Let (z/, y’) be a focus of the general conic

ax® + 2hxy + by® + 29z + 2fy + ¢ =0.
Transferring the origin to (z/, ') the equation to the conic
becomes ax® + 2hxy + by* + 29’z + 2f'y + ¢’ =0
where 9 =ax’ +hy’ +9,
f=ha' +by +f,
¢’ =ax* + 2hx'y’ + by’ + 292 + 2fy’ +c.
The circular polar of this conic with respect to a* +y>=1?
(referred to the new origin) is
A’x* + 2H'xy + B'y* — 2@« — 2F v’y + O'r*=0.
In order that this circular polar may be a circle we must

have
A’'=B and H' =0

i.e., be' —fr=ac’—g* and f¢ —ch=0

. 9 =1 gt _

t.e., a:b—_ h——c.

ie (az’ + hy' +g)*— (A’ + by +[)* _ (ax’ + by’ +g)(ha’ + by’ + )
o a-b B 3 -

=qx'? + 2hx'y’ +by'? + 297" + 2fy’ +c.
Hence the co-ordinates ', ¥’ of a focus are determined by
the equations
(ax+hy+9)*—(hx+by +[)* (az+hy+g) (hx+by+f)
a-b - h
=ax? + 2hxy + by + 297 + 2fy +c.
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Thus we get the equations determining the foci on the
assumption that the circular polar of the general conic is a circle
when the origin of reciprocation is a focus.

4. Tt is easy to see that the general conic has four foci,
two of which are real and two imaginary. The foci are given
by the equations

(az + hy + g)*— (hx + by + )*  (ax + hy + g)(ha + by + f) 1
a—b N % )

and (ax + hy + g9)(ha + by + f) = h(ax® + 2hxy + by* + 2g9% + 2fy + c)(2)

The second equation reduces to
Cxy—Fxr—Gy+ H=0
which represents an equilateral hyperbola cuncentric with the
general conic. The first equation represents a pair of straight

lines through the centre of the general conic and at right angles
to each other. These two lines are given by the equation

ax+b,_z/+g_\
he +by + f -
where a_Ll_a-b
b\ h
or AA? — (@ — D)\ —h =0.
—_ — 2 %
or W= @=b)+/ia—b) + 4y
2h

Let these values of A be represented by A, and \. The two
lines represented by (1) are therefore

(@—=Nh)z + (h—\b)y +g—1[)=0
and (@a—Ah)x + (h—A by + (g —A.f)=0.
Now (a—Nh)a—Ah) + (h—ND)(h—\D)

=(a® + A% — (@ + )X + X ) + A (A% + bY)

=(a®+ h*) —h(a +b). ”_}_[?l — (A + %)

[\ +Az=‘,’_;b and A\, = —1]

=(a® + #?) — (a* — b*) — (A* + b*) =0.

Hence the two lines represented by (1) are at right angles to
each other.
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Now of these twa rectangular lines drawn through the
centre of the equilateral hyperbola represented by (2) one
intersects the hyperbola in two real points and the other in two
imaginary points. Therefore the general conic has two real
and two imaginary foci.

The axes of the general conic are the lines through the
centre on which the foci are situated and are therefore deter-
mined by the equation

(ax + hy + g)* — iza:+b1/+/ _ (az +/1z/+r/)(kx+by+f
a—b h

When the general conic is a parabola A*=ab or C' =0 and then
the hyperhola represented by (2) reduces to the right line

} Fx+Gy=H,;

also /\:(a"h):‘_‘ ‘\/(a“b)z‘;‘f}_{l
2h .

a——b)+ (@+b) _a b

7 S £

The two lines represented by (1) are in this case

ax+hy+g a

hx+by +] b or {gh—af)=0~
the ling infinity and
awrhyvy b
hx + by + h
or (@ +b)hx + (R* + bY)y + (gh + bf) =0
or hx + by + r](: ;:f 0.

Hence in the parabola there is only one real focus at a
finite distance which is the point of intersection of

Fr+Gy=H

and he + by + J}’+bf
a+bh

and the other three foci two of which are imaginary are on the
line infinity.

5. The circular polar reduces to a pair of straight lines
when the diseriminant of the equation

Az* + 2Hzy + By — 2Gr*x — 2Fr*y + Cr4 =0 vanishes.

=0



Now this discriminant
=1 (ABC + 2FGH — A F*— BG*— CHY)
=7t (abe + 2fgh — af* — bg® — ch?)?.

The discriminant vanishes when r=o0, i.e., when the auxiliary
circle is a point circle. In this case the circular polar reduces
to the pair of lines represented by the equation

Az* + 2Hzy + By* =0.
These lines are perpendicular to the tangents
Bx*—2Hay + Ay* =0

which can be drawn from the origin {which is also the centre of
reciprocation) to the coniec.

The discriminant also vanishes when abe + 2fgh — af*— bg*
]j_ ch*=0, 7.e., when the original conic breaks up into two straight

nes.

In this case BC—F'=C{—-(*=AB-II"=GH—-AF=HF
— BG=FQ@—CH=0 and the circular polar reduces to the pair
of coincident lines represented by

(e/Ad+y. B=rt /(") =0.

If (', y') be the pole of this line with respect to the
auxiliary cirele

r’—/j‘“(; and ¢ = B _F
N ﬁ Y= (,‘_(,1

i.e., the pole (¢, y’) s the point of intersection of the straight
lines represented by the given equation.

The polar of the point of mtersection s the line joining the
poles of the two intersecting lines and the polar of any point
lying on this polar line passes through the point of intersection
and may therefore be regarded as a tangent to the original
conic reduced to a pair of straight lines.

6. The circular polar is an ellipse, a parabola or an hyper-
bola according as the lines represented by the equation 4z* +
2Hzy + By*=0 are imaginary, coincident or real and distinct.

Jut the tangents from the origin to the given conic are re-
presented by the equation Bx?—2/lxy + Ay*=0 and are therefore
lines at right angles to the pair of lines represented by Az +
2 Hxy + By*=0. Therefore the reciprocal polar is an ellipse, a
parabola or an hyperbola according as no tangent, only one or
two real and distinct tangents can be drawn from the origin to
the given conic.
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7. The origin will be the centre of the reciprocal polar if
@=0and F=0. Hence if the origin be the centre of the given
conic the reciprocal polar will be concentric with the given
conic.

8 The centre of the circular polar is the point of intersec-
tion of the lines

Ax+ Hy—Gr*=0

Hzx + By—Fr*=0
If (x, y) be the co-ordinates of the centre
(HF BG)r gr*

and

TAB-H* T T ¢
_(HG-AF)r fr?
and Y ol

The polar of this centre with respect to the anxiliary circle
is the line gz + fy + c=0 which is also the polar of the origin
with respect to the given conic.

Transferring the origin to this centre the equation to the
circular polar becomes

Az* + 2Hxy + By* + (A(/ +2Hgf + Bf* + 2Ggc + 2Ffc + Oc*) =0

or Ax“+2ny+By2+;:{g(Ag+Hf+Gc)
+f(Hg + Bf + Fc) + ¢(Gg + Ff + Ce)} =0
or Ax* + 2Hzy +By2+r4—ci_—_0.
Let the equation to this circular polar referred to its
axis be A’x* + By + r“ch =0.

Then A +B' =4A+B }
and 4’'B'=AB—-H*.

The area of this reciprocal conic
e " "N
=W/TA _ Tt A nr —rr‘/——
CA'B o /AB_H* N

Also the area of the original conic=m —.
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Hence the area of the circular polar

¢ 3 -
= i :}: (OT) } x area of the original conic.
A

9. To determine the locus of the centre of reciprocation
such that the circular polars of a given conic with respect to an
auxiliary circle of constant radius may be of constant area.

Transferring the origin to (2’, y’)—a point on the locus —
the equation to the given conic becomes

axt + 2hxy + by* + 2¢'x + 2f'y + ¢’ =0
and the equation to the auxiliary circle becomes
xt+yt=rL

4

A
The area of the circular polar:wr“/ ?

As ris constant, this area will be constant if

A’ .
A= where k is a constant.

Now ¢ = ax'*+2hx'y’ +by’* + 292 +2fy’ +¢

and ‘a v h, g
AI= h ’ b 3 f/
g1,
a , h , ax’ +hy' +g |
= 3 , b , he' +by +f |
ax’ +hy' +q ,ha’ +by +f, «'(aa’ +hy +g)
+y'(ha’ +by’ +f)
, +(gx +fy +c¢)
a,h,a’+hy’+g| |la,h,g
=\h , b, hx+by’ + f|=|b , b, fl=a.
9. f .9 +fy el lg, f, e

Hence the equation to the locus of the centre of reciproca-
tion is
aa® + 2hay + by* + 297 + 2fy +c=  ka

which represents a conic similar, concentric and coaxial with
the given conic.

10. The circular polar of the circle

a(x”® +y*) + 29z + 2fy + ¢ =0 is the conic
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represented by the equation

(ca — f)z* + 2fgry + (ca— gY)y* + 2agriz + 2afriy + a*rt=0

or (ca—f*—g") (@ +yY) + (g + fy +ar*)* =0
or zl+y.z=(gx+/y_ﬂl_)l
’). +_(]L—"a *

The co-ordinates of the centre of the circle are

(_.‘(Z’_ .f.)
a a

and its polar is the line g + fy + art=0
also for a real circle (/2 +g*— ca) is positive.
If P (z, y) be any point on the circular polar OP*=2* + 42,

also if PM be the perpendicular from P on the polar line of the
centre gzr+ fy +ar’=0

>

py 9%t Ty +ar*

NS

Hence from the equation to the circular polar we have

op=/ Y
P PU

=e. PM where e= _ﬁ‘_]‘__
rg—ca

The reciprocal polar conic has therefore the origin for one
focus and the polar line of the centre of the given circle is the
corresponding directrix. The co-ordinates of the centre of the
circular polar are :

2 2 Ipt D )
(_gr_ s —ﬁ—) and therefore $ A ,— fl 2 , is the other
c ¢ ¢ e e

focus. Again the eccentricity of the circular polar

S T
= fr+g-—ca

Assuming ‘‘a’’to be positive the eccentricity is greater
than, equal to or less than unity according as ‘¢’ is positive,
zero or negative. But ‘“c’’ is positive, zero or negative accord-

ing as the origin is outside, on or inside the circle. Hence the
circular polar is a hyperbola, a parabola or an ellipse according
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as the centre is outside, on or within the given circle. This
is also evident from the equation

s
- )T ik

fF+g*—ca /;{ P ¢
A

distance of the centre of the given circle from the origin
- radius of the given circle . o

The eccentricity of the circular polar is independent of the
radius of the auxiliary circle which therefore affects the size
but not the shape of the circular polar.

11. To determine the eccentricity of the general conic

ax® + 2hxy + by* + 292 + 2fy + ¢ =0.

Let (¢, ¢') be a focus; transferring the origin to this focus
the equation to the conic becomes

ax® + 2hxy + by* + 29°x + 2f y + ¢/ =0

where g =ax’' +hy +g,
f'=hx' +by +f
and ¢ =ax'* + 2hx’y + by’ + 292" + 2fy’ +c.

The equation to the circular polar with respect to the
auxiliary circle x* + y* =r* (referred to the new origin) is the circle

A’x*+ 2H'zy + B'y*—2G'r'x — 2F'r*y + C'r =0
where H'=0and 4"=8B'. t.c.,
g*—fr=c(a=b)...... (1)
gf=ch.......... (2)

If ““e” be the eccentricity of the original conic we have
by the previous article

2 G*+ F*
= -
G*+F*—-C' A’
) (hf' —bg') + (hy —af P
(b —bg')t + (hy' — af ) — (ab—k*)(be — )
Let ¢ =Af, then
from () (NP=1)f*=c'(a—0b)
and from (2) A r=ch
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AN—1 a-b
and R py =—h—..........(4).
1 (ab —R*)(bc’ — ')
From — ®) 1= =GF oy + g —ap)?

@-m (5 -1) 2
T HB=bA + (= a))
(ab — h*)(bA— h)
SR{(h—bNE+ (BA—a))
From (4) hA*—h=a\—bA

R h—bA=A\(hA—a)
and RX*=Ph +aX —bA.

1 (ab — B*)(bA — k)
T+ ) (hA —a)?
- (ab—k‘l)/\ (kA — a)
TR+ ) (kA —a)
= (ab=A"
T (b + RAY) (A —a)
_ —(ab—A¥A
" {2k + (a—b)A}(hA—a)
_ —(ab =AM
T (@a—b)hA* + A(2R* + ab —a®) — 2ak
—(ab—RHA
={a—0b)(h+ak—bA) + A(24® + ab— a?) — 2ah
B — (ab— A2
T —~h(a+0b) + \(2h*—ab +b?)
or — (ab—h*)e’A = (e* — 1){ — A(a + b) + A(2h* — ab + b*)}
or A — (ab —h*)e* — (€ — 1)(2h* —ab + b*)} =h(a + b)(1 —¢?)
_ h(a +b)(e*—1)
(ab — h?)e* + (e*—1)(2h* — ab + b%)
h(a +b)(e*—1)
T (@b —%%) + (€ — 1)(#* + b?)

A
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from (4)

h(a +b)(e*—1) (ab=R) + (€ =1)(F*+b*) a-b

(ab—R) + (@ —1)(A* + b?) h(a +b)(e*—1) “Th
or P a+b)* (2 —1)*— {(ab—h*) + (= 1)(B* + b?)}*
= (@ —bY)(e* — 1){(ab — A?) + (¢ — 1)(A* + b?)}
or (€ —1)*{h¥(a + b)* — (B* + b)> — (a* — b%) (A + b*)}
— (e*—1){2(ab — F*)(A* + b*) + (a®— b*)(ab—h*)} — (@b — 2> =0

or (e —1)*{A*a + b)* — (B* + a®)(R* + b))

— (= 1)(ab—A%)(2h* + b* + @*) — (ab—£Y)*=0
or {e$ — 2(e* — 1) — 1}{2abh® — b — a0}

—(e* —1)(ab —2*)(2h* + b* + a?) — (@b —£Y)* =0
or {e*—2(¢*—1)—1}(ab—A% + (*—1)(2h* + b* + a*) + (ab—A%) =0
or et (ab —h*) + (" —1){4A* + (a—b)*} =0

(a—0b)* + 4%

or et
ab—h?

(¢—=1)=0

which gives the eccentricity of the general conic.

If ¢)* and e,*> be the roots of this equation regarded as a
quadratic in e* we have

—b)? + 41*
240201 _(a )
€ 82 €€ }l‘z—ab
1 1
e

In the ellipse (A*—ab) is negative and therefore ¢, ¢,? is
negative; hence one of the two quantities e, and e, is real and
the other imaginary.

In the hyperbola (A*—ab) is positive and therefore e* e, is
positive; hence ¢, and e, are hoth real in the hyperbola.

12. The equation to the circular polar of ax®+ 2hxy +by*
+2gx + 2fy +¢=0 with respect to a circle whose centre is
(', v'),is

A'x* + 2H'zy + B'y* — 2Q'r*x—2F'r*y + C'r*=0
referred to parallel axes, through (2,y).
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If € be the eccentricity of this circular polar we have,

gy Y ’2
€t + (‘_4,_.._}*1’_4_11_.(57- _ 1) :O.

Hence the eccentricity will remain unaltered if
(A’ =By +4H” | (A +B)
1B —H? TB —H? be constant.
Now 4’ + B'=c'(a +b)—(9"* + ¥
and 4’B'—H?=(c'b—f?*)(ca—g™*) —(f'g’ —c'h)*
=c’(abc’ + 2f' g’'h —af'* —bg™* —c’'h*)
=c’A.

Therefore the locus of the centres of reciprocation with

respect to which the circular polars of a given conic have
the same eccentricity is

2D (ax* + 2hay + by™ + 29 + 2fy + ¢)
={(a +b) @2+ 2haxy + by* + 29z + 2fy +c) — (ax + hy +g)*
—(hx +by +)*}’ [where A is a constant]
= {(ab— W) (@* + y*) — 2(hf - bg)xr — 2(hg —af)y + (ca—g*) +
(cb—1)}2
={C@*+y*) - 20z -2Fy + 4 + B}".
- The locus is in general a quartic curve. When the original
conic is & circle a=b and 2 =0 and then the equation
AA(az? + 2hxy + by* + 292 + 2fy +¢)
={C(@*+y) -2Gx -2Fy+ 4 + B}*
becomes
A (ax? +ay® + 2gx + 2fy + ¢)

2 4 2
=a*(aa:'2+ay‘Z + 29 + 2fy + 2¢— 7 . ﬁ)

24 f—ca)’
=a? { (az® + ay* + 29 + 2fy +¢) Y vé-—— }
which represents a pair of circles concentric with the given
circle. This is also evident from the fact that the eccentricity
of the circular polar of a circle

distance of the origin from the centre
- radius of the circle.
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When the given conic is a parabola C'=0 and the equation
to the locus becomes

AA (aa® + 2hay + by* + 292 + 2fy + ¢) = (2Gx + 2Fy— A — B)*
which represents a conic section.
The eccentricity being given by the equation
é¢+(A—4)(e-1)=0
if we put A=0, the equation becomes
¢—4E+4=0
or e= \/ 2—
The locus is then represented by the equation
C(2*+y")—2Gx—2Fy+ A +B=0
which is the director circle of the given conic and the corres-
ponding reciprocal pola’ is an equilateral hyperbola as is
otherwise evident from the fact that the tangents drawn from
any point on the director circle to the given conic are rec-
tangular.

339‘ 2
13. In the ellipse o "’%z=1 the foci are given by the

equations

@y zy
3B T o
T 175 “atp!
a B

or TY=0u0.ivnvenens (1)
bt —atyt P
mbT—_a})=&E+ZE—l..".'.(2).

Thus we get the foci

Y=o r=0

z= 44/ b= tae } y=+—a*= taei }
the second pair of foci being imaginary.

2% 2
The circular polar of the ellipse ;i, +%°= 1 with respect to

the circle
- (x—ae)* +y2=r>
is another circle.
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For if (2’, y’) be a point on the circular polar
(x—ae)(@’ —ae) +yy' =1>
is & tangent to the ellipse.
Hence we must have

a*(@ —ae)® + b’ Y= {* +ae(’ —ae) }-
Therefore the polar reciprocal is the circle

P\ g
2 _ —
y+{m ae(1+b2)} =—b‘.

L

7

Fig. 1.

If we take r=0, the circular polar of the ellipse will be the
circle
¥t + (2 — 2ae)*=a’

22 y‘)-
The circular polar of the same ellipse &+ =1 withrespeot

to the imaginary circle 2*+ (y—aei)*=+* whose centre is an
imaginary focus is another imaginary circle. For if (2’ %) be a
point on the circular polar
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 ax’ + (y—aei)(y’ — aei) =r* isatangent to the ellipse. There-
fore the circular polar is
a2 + by — aei)* = {r* + aeily — aei) }?

. ”\)? r?
orz“+{y—aez(l+&—1)} =—

The circular polar of = + v 1 with respect to (z—ae)®+

b‘l
y*>="b" is the circle
(x—2ae)* + y*=a’.
The circular polar of the focus 8 (ae, o) is the line infinity ;
that of the centre C is the line RR’ given by the equation

a®— 2b%

= ; and that of the other focus H (—ae, o) is the line

TT’ given by the equation

2a? — 3b?
. (Fig.1).
o (Fig. 1)

Xx=

Hence if O be the centre of the circular polar and R and 7T the
points where RR’ and 77" respectively intersect the major
axis we have

20" —3b*  2a*-b*  SL*
2sc  2a¢ 208
where OL is the radius drawn perpendicular to the major axis.

OT =2ae —

The pole of the directrix x:g- is the centre O of the cir-

cular polar and that of the other directrix 2= — %is the point
D (x', 0) where
3
z' = CD-- 2ae —
l+e
0D=2a v
Thus OD= e( l+e’) 1+e“L T +a%

=2ae . 2L =208 sin® QSL.

s
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2 2 '
14. In the hyperbola z-,— %:1 the foci are given by the

equations
ZY=0.000renrinrienennnnes (1)
% __ pyhagd 2 2
il N A S @).
a*b*a@* +bY) o B

The foci are therefore

y=0 =0
z= i/a’+bi and y=;}_i\/a’+b’}
= 4ae =4 aet

the second péir of fooi being imaginary.

2 2
The circular polar of 2;—- %: 1 with respect to (z —ae)* +

y*=12is a circle. .
For if (2, ¥') be a point on the circular polar (z—ae)
(2" —ae) + yy' =7 is a tangent to the hyperbola and therefore
a? (' ~ae) - b%"? =" + ae (z' — ae)}®.
Hence the circular polar is

. r2 2 g
YR+ ix—ae(l—— b.i)} = b—‘f.
If we take r=b the circular polar becomes 2*+y*=qa*
which is the auxilia-y circle of the hyperbola.
. The circular polar of the same hyperbola with respect to

#* + (y —aei)*=r* whose centre is an imaginary focus is the
imaginary circle

xz+{ —aet {1+ r }‘l—— o
Y =

Thus when we take (x—ae)®+y*=0b for the circle of
reciprocation the polar line of the focus § (ae, o) is the line
infinity ; that of the centre C is the directrix (X) corresponding
to the focus §; and the polar line of the other focus H (- ae, o)
is the line 7'T" intersecting the transverse axis at right angles
at T where (see Fig. 2) o

B
28T.8C=b*or ST = - —
, or



(LY

e
b\
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b* 20 +0*
Thus CT=ae — ——= —— .
ue %~ 200 2ae
Also the circular polar of the other directrix (X') is a point

D on the transverse axis where
b? b b

8D= a at+a a(l+¢))’
ae + -
[
-
Y
0 S X

y.

Fig. 3.

15. In the parabola y*=4ax the focus at a finite distance is
(a, 0) and the circular polar with respect to (z—a)?+y*=r*is a
cirole.

For if (/, ) be a point on the circular polar
(x—a)(z' —a) +yy =1
is a tangent to the parabola.
Therefore (¢’ — a){r* + a(z' —a)} + ay*=0.
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Thus the equation to the circular polar is
a(z—a) +ay* +7* (x—a)=0
2

or (z—a) +-:;- (x—a)+y*=0

r?: 2 .
or (z—a+ 2—a) =g
If we take r=a, the circular polar of y*=4azx is

a\* . fa\*
(=-5) +#=(3)
the reciprocating circle being (v—a)* + y*=a™

P

Fig. 4.

16. To draw two tangents to a conic from an external
‘point.

(1) When the given conic is an ellipse.

Produce O8 to 0, making SO=C8.
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Fig. &.
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Fig. 6.
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About 8 and O as centres describe circles with radii equal
to the semi-minor and semi-major axes of the conic respectively.
Then by the previous articles, the latter circle is the circular
polar of the conic with respect to the former circle. The same
i8 evident from Geometry. From P draw (if possible) tangents
PQ and PQ' and let @@’ the polar of P with respect to the
auxiliary circle intersect the circular polar at R and R’. Join
SR and SR’ and draw PT and PT" perpendiculars to SR and
SR’ respectively. Then PT and PT’ will be tangents to the
conic.

As the point R is on the polar of P, P must be on the
polar of R which is perpendicular to SR. PT is therefore the
polar of R and consequently a tangent to the conic. Similarly,
it may be proved that PT" is a tangent.

(2) When the conic is a hyperbola.

With C and S as centres, describe circles having radii
equal to the semi-transverse and conjugate axes of the
hyperbola. Then in this case (as well as in the former case),
it is easy to see by Geometry that the former circle is the
circular polar of the conic with respect to the latter circle, for
the circular polar is the inverse of the pedal which is the auxili-
ary circle of the conic. In the hyperbola, the circular polar
which is the inverse of the pedal is coincident with the pedal.

With the same construction as before, it can be easily
proved that PT and PT" are tangents to the conic.

(3) When the conic is a parabola.
~ , In the parabola, the pedal with respect to the focus is the
tangent at the vertex.

If the auxiliary circle be taken to be one of which the
centre is § and radius S4, the circular polar will be the circle
on 84 as diameter.

With the same construction, it may be easily proved that
PT and PT" are tangents to the parabola.

When the point is one on the curve, the line @@’ will be a
tangent and the line corresponding to the point of contact
will be the tangent at the point. When the point is inside the
given conic, the polar line will not intersect the circular polar
in real points and the corresponding tangeunts will be imaginary.

17. We have seen that the circular polars of the ellipse

2 g8
2—5 + Z-z =1 with respect to the auxiliary circles
(x—ae)*+ yr=mr

and 2+ (y—aet)i=r*
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are respectively
2 r4a9.
¥+ g x—ae(l +b2) } =—i)‘— (1)

2 2 r‘bz
and 2? + {y—aez(l +£)} =— @

In (1), if we make 7>= —b?, the circular polar is 2* + y>=a% In
this case the radius of the circle of reference is imaginary but
the polar is a real circle, the polar lines being drawn on the
side of the origin remote from the points.

In (2), if we make r?= —a?, the circular polar becomes
2* +y*=0* a real circle. Here the centre as well as the radius
of reciprocation are imaginary but the polar thence formed

is real.
N .
The circular polar of = — » = 1, with respect to
a
2% + (y —aed)t =17, is

?\1?_ rb?
.’IJ"'+ {y—‘aei(l‘f'a?l) % = ——a;-.

If we take 7*= —a?, the circular polar will become 2? + y*
= —b?% an imaginary circle.

18. To determine the circular polars of a series of con-
focal conics.

z* a
Lt it px
common foci are given by
y=0
r=4+4""—0* %
=4c¢ say J
Let (z—c)* + y*=k" be the reciprocating circle.
If 2’ y' be a point on the circular polar, (x—c) (z'—c) +yy’ =k*
will be a tangent to the conic.
The condition of tangency gives us,
{F +c(@’ —¢) }2=(a* + \)(' — )2 + (B* + N)y'™.
Therefore the circular polar is,
kb + 2ck*(x —c) = (b + M) {(x —c)* + ¥*}

2ck*
Fix T~ =0

2ck? E
—e)? 2 _ =
or (=—0) o (x c+ 2c) 0.

=1 be a conic of the system. The

or (x—c)? +y*—
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The circular polars are therefore a system of co-axial
circles having
r=0C——
2’
for the radical axis which, it is easy to see, corresponds to the
other focus. ‘ :
19. The circular polar of #* + y*=e€*(a—%)?, & conic having
the origin for one focus and z=a, for the corresponding direc-
trix, with respect to 2* + y*=7?, is a circle. '
Forlet 2’ y' be a point on the circular polar; then xz’ + yy’ =r*
is a tangent to the conic.
From the condition of tangency, we have,

(a. ee, yl‘z _,.9. x/)ﬂ. = (x/z + y/-z — e‘z yll) (,.4, —e? a? yrz).

The reciprocal polar is therefore

) ( 72 \? 72 \2
y°+ x'——;—) =(—e:).

Therefore, the circular polars of a system of circles having
the same centre is a system of conics having the same focus
and directrix.

It is easy to see, that (2eoc) is the parameter of the
original conic. Hence, the circular polars of all equal circles
with respect to the same circle have the same parameter.

20. To determine the centre of reciprocation in order
that the polar triangle of a given triangle may be similar to
another given triangle.

Let (2’ ¥'), (" ¥”), (¥’ y'”’) be the vertices of the first
triangle and A, u, v the angles of the second triangle. ,

Let a B8 be the required co-ordinates of the centre of reci-
procation, the reciprocating circle being (x—a)? + (y— B)*=17%

The sides of the polar triangle are respectively

(z—a) (@' —a) +(y—B) (y'—B)=7"....(1))
(x—a) (" —a)+(y—B) (' —B)=1....(2) ¢
(z—a) (& —a) +(y—B) (y"'—BL)=r....(3))

}ZVe must have A, x, and v for the angles between these three
ines.

(@ —a) @ =)+ (g7 =B) (¢ =)
=/ (@& =+ =PI/ &” ~ o + (" — B

e COB A=
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cos p= (z”" —a) (@ —a)+ (¥ —B) (¥ —B)
@ =+ A& —a) + (7 — A7)
SO C Ao N i 3 Ve Y e MY
V@ =) + (- AT — el + (g B
The lines joining (¥’ ¥'), (" ¥”), (""" y'”') with (a B) are

T—a _ Y—R

= e 4
— =3 (4)
r—a Yy—

= ... b
e (6)
T—a y-—ﬁ
v ERTRRE (6).

If M u" v be the angles formed by the lines (4), (6) and (6),

we have
cos X' = (@) (@ —a) + (" —B) (y"=B)
+ /(@ —a)* + (¥ — B} —a)* + (¥ — B}
cos [.L, = ___.._(_x,::(}) (:’12'_— a‘) + (y"’ — :Li)_(y’ —A)
‘ +/ 1@ =) + (" — p)}/{( —0)* + (¥’ — B)
cos v’ = (@ —o) (" —a) + (v’ —B) (¥’ —B)

+/{(@ =)+ =B/ —a)* + (y" - B)
. cos "= 4cos A
cos u'= 4C08
cos v'=4cos v
t.e., A =Aor 180°—A
w=por 180°—pu
v =v or 180°—v

Now from the geometrical point of view, the three angles
formed by three lines meeting at a point are either together
equal to four right angles or are such that one of them is equal

to the sum of the other two.
Clearly there are four possible centres of reciprocation
corresponding to the four sets of values of A, u’, +/, viz.—

N=180°—A N=A
y':lSOo—/l (1) l",=180°_'“' (3)
vV =180°—v /

N =180°=A A=A\
W=p (2 w=n @)

V= v'=180°—vJ

v =V
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Let ABC be the given triangle ; let arcs BOC and BO'C,
COA and CO”A, AOB and AO’"B be described on the sides

BC, CA, AB containing angles equal to 180°—A, 180’ —u, and
180° —» respectively, A, u, v being the angles of the other given

A mly!

" J

x'y" B Cx"ym

0
Fig. 7.

triangle. Evidently, the arcs on BC, CA, AB will intersect
each other at O, which is one possible centre of reciprocation.
The centres of reciprocation corresponding to the cases (2), (3)

A

[* v

Fig. 8.




29

and (4) will be situated on the three arcs as represented in the
diagram. Woe shall discuss these four cases in order.

Cage I. In this case the point must be inside the given
triangle, for the sum of two angles can not be equal to the
third. Hence, it is evident that this centre of reciprocation
will be possible if .

180°—A> 4, 180°— 4> B and 180°—»>C........ (a)

If these inequalities be not satisfied, there can be no required
centre of reciprocation inside the triangle.

Case II. The centre of reciprocation in this case must
be on the arc BO'C, the ~.C0’4 being equal to p and the
LAO'B tov.

I

Fig. 9.
It is easy to see, that it will be possible to determine O’
if
Fig. L. Fig. IL
either up > B B>
andv > 01 and0>v§ - (B)-

Case ITI. In this case, the centre of reciprocation Wﬂl -be
some point 0" on the arc CO”4, the angles C0”B and 40”B
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being equal to A and v respectively, and it is easy to see in the
same way that O” will be a possible centre if

Fig. I Fig. I
eitherv > C C>v
andA>A}°r and A > A foee ()

Case IV. In this case, the centre of reciprocation will be
some point 0"’ on the arc 40"”B, the angles CO"’A and BO"'C
being respectively equal to x and A. ,

It is easy to see that O’ will be a possible centre of reci-
procation, if

Fig. I ‘ Fig. I1
either A > A4 4 > A
a,nd,u>B}0r andB>;u§""(8)'

Fig. 10.

It is easy to see that the conditions (8), (y) (8) can not
hold good simultaneously, as A+u+v=4 + B+C =two right
angles. Any one of these conditions (3ix in number) holding
good, the others cannot be true. Thus, only one of the three
centres 0’, 0", O’ is a possible centre of reciprocation, the
other two being imaginary. The same proposition may be
established in another way. The points O°, 0”, 0'”, B, C
are concyclic, as also the two systems of points 0’, 0", 0",
C,4 and 0’,07,0", A, B. Therefore the points 0’, 0", 0,
4, B, C are all concyclic, which is impossible since A, u, v are
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not equal to 4, B, C respectively. The fallacy lies in the fact
that two of the points O’, 0", 0" are imaginary, viz., the circu-
lar points at infinity, and therefore the proposition converse to
Prop. 21. Book III [Euclid] is not applicable.

21. To determine the centre of reciprocation in order that
the circular polar of a given quadrilateral may be a parallelo-
gram.

Let @y, ©.9,, #3y2, ¢y, be the vertices of the given quadri-
lateral. The sides of the reciprocal polar, the centre of recipro-
cation being (af) are :—

(@-a)(@ ~a)+(y=B)y, =B =r.......(])
(=) (@,—a) +(y=B)Y —B)=r"uen..... (2)
(@—a)@;—a)+(y—B)y;—B)=r"...... .- (3)

(z—a)(@,—a)+(y=B)ys—B)=r"........(4)

These lines must be parallel in pairs, and as we can choose two
pairs of equations from the four in three ways, there are three
possible centres of reciprocation given by

zy =0 Y -B

w—e BB (o )
"%—“—?/4,—3

m—e §-R

wg—a Y= (2)
zy—a y,—f

zy—a Yy—f /

_a’l_‘;fzyl -B

g Y= (... AR )
B Y-8

ma““—ys—ﬁ

The three centres of reciprocation are the points of intersec-
tions of the diagonals and opposite sides.
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Fre. 11

(*2¥) ¢ 7%)3

(%393)

Hence, we can reciprocate a system of conics passing through
four given points into a system inscribed in the same parallelo-
gram,

22, Let aa®+2hay+by?+ 2924 2fy+c=0=d(x,y)e...c.... (1)
and a’z?+ 20 zy + 02+ 202+ 2f Y+ ¢’ =0=d (2, ¥) e e e eunn.. (2)
be two conies.

Let (2 —a")2 + (y —y')2 =72
be the reciprocating circle. The circular polars are respec-
tively
A'#? + 2H 2y + B'y* — 2@'r'— 2F'r2y + C'r4=0........ (3)
A"+ 2H" 2y + By — 2@ r2x — 2F""r3y + C"'rv=0..... (4)

The circular polar of (1), .e. (3), will be similar and similarly
situated with respect to (2)

if
t.e. if the centre of reciprocation be given by

bo(@, y)— (hz +by +{)? _(az+ hy+g)(hr + 1y + [) —hd(+, y)

o 14
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_ap(@, y)—(ax+ hy 4 g)*
= % .

t.e. if the centre of reciprocation be given by the
equations :

0b—2Gs+A Coy—Fo—Gy+H Cy'—2Fy+B

o h [ ’
(, Gy AC-@ ( _é ( _E)+9_fl_-1”§
or, a’ = »
F\* BC-F*
(v-3) ~~5
= 77 =\ (say)
Then, @ AC—@
(m——) =Aa’ — o
=)\a'—% ...................... (5)
G F , FG-CH
(+-2)lo-5) w705
. kA
)\h;’-—OT ....................... (6)
F\* .., BC-F
(-5 -2
, aA
=\b ——0—,727 ...................... (7
Whence,
, ba , aA . hay?
(2 ) (% - )=("+)
or, N(a'b’ — %) — A-C,A—,(aa’ +Bb + 2hh')
. AE
F R —=F) =00 (8)

Equation (8) determines A, and from (5) and (6) we get the
co-ordinates of the four possible centres of reciprocation.

5
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The two values of A as given by equation (8) will be real and
distinct if :
(aa’ +bb" + 2hA')* > 4(ab — B?) (@'’ — A"%),
f.e if (aa’ —bb’)* + 4(a’h + bA')(ah’ +b'h)

be positive.
The cireular polars of (3) and (4) will be similar and similarly
situated if
4’ H B
TR

s.e. if the centre of reciprocation be determined by the
equations :(—
bp(z, y) — (hx + by + f)*
VY (x, y)— (R +by+f )
(ax+hy+9) hx +by +f) —ho'z, y)
T@r+hy+q W +by+[)—ko' (x, y)’

__ et y)—(aw+hy +g)°
=TdY i, y) — @+ Ry +g)”
Ox*—2Gx + A Cxy—Fx—GQy+H

ors O0r—20z+A4 Cay—Fa—Gy+H
Cy*—2Fy+B
G’J 2Flzy/+Bl—;“ (S&Y)
or, (C—pCHat— 2(G’——MG’)x+(A uA)=0 )
(C—pnCHxy— (F wIFYe—(G—u@ )y + (H—-pH )=0
(C—pC)y*—2'F—uF')y+ (B—pB')=0 5
Whence,
( G—uG’)Z_(G—MG')ﬁ A-pd’
Proma0) =\0=u0) TO=p0
1 ’ ’ ’
-1
T(C—-pC)
{(¢*-40) +p(AC + A0 -2QG) + pH(G*—A'C") | 9)

And

,U.Gl ,LLF/
/AO"( C—- ﬂo')
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1
=Z0—_;'Gl_)z'{(G‘/JG')(F— pB") = (C—pC')(H —pH') }

1

= 0=y (O ~CH) ~ p(GF’ + ¢ F —CH - O'H)

p2 (QF' —C'H)}...... (10)

also (y_g::gl’)‘z
1

(C’

1
(C nC’)2

o (=)= —(B—uB)(C—1C") }.

{(#F*—BC) + w(BC' + B'C—-2FF’)
+p2 (F?=BC)}eun.. .. (11)

From (9), (10) and (11) we get for the determination of u, the
biquadratic equation

{(AC— ) —p(AC" + A'C—26G") + p*(A'C' -G}
x {{BC = F*) —u(BC' — B'C - 2FF’) + X(B'C' — F*)}
={(GF-CH)—u(GF’' +G'F—CH —C'H) + XG'F' - C'H) }*
or, {ba —p(AC' + A'C—2GG') +p*. b' A"}
x {aa —u(BC +B'C—2FF) +u* o’ A"}
={ha —p(GF +F—CH —C'H) + b’ 2"}
or, pHa’b’ —h*)a—p3a’{a’(AC" + A'C—2GG') +b'(BC’ + B'C
—2FF')— 2K (GF' + G'F —CH’' —C"H)}
+ (e’ +a’b -2k ) A . A"+ (AC" + A'C—2GQ')(BC’ + B'C -
2FF')—(GF’ + G'F—CH'— C"H)*} — p o {b(BC" + B'C - 2FF")
+a(AC + A'C—26G¢") —2W(GF’ + @'F —CH' —C'H)}
+(ab-A*)Aa%=0....(12)

Equation (12) gives the values of u and from (9) and (10) we
get the co-ordinates of the eight possible centres of reciproca-
tion.
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The circular polars (3) and (4) will be eoncentric
HIFI — BIGI _ HIIFII —_ BIIGII
A’B'—H’q‘ _AIlBII —H"?

HIGI — AIFI _ HIIGI’ _AIIFII

if

and ArBl__H/l _AI/B//_H/ﬂ
7 ’7 ’ 77
ie. it L= an Z—f—
cl cl’ cl c’l H
’ 4 ’
.9 ¢
%.6 if ”=?,—,= —

i.e., if the co-ordinates of the centre of reciprocation be
determined by the equations

ax+hy+g  hx+by+f _gr+fy+c
ax+h'y+g  We+by+f gr+fy+c
Whence,

=v (say)

(@a—av)x+ (h~hv)y+(9—g'v)=0
(h—h"v)x+ (b—-b7)y+(f—fv)=0
(G—gvz+(f—fv)y+(c—cv)=0

Eliminating #, ¥ we get a cubic equation for the determination
of v

a—av, h-hkv, g-—gv
h—k'v, b-=bv, f—fv =0...0ieiinnn. (13)
g—gll's f——f’l’, c—c'v

Thus there are three possible centres of reciprocation in order
that the circular polars of two given conics may be concentric.

It is easy to see that the three values of v given by (13) are
the values of v for which ¢(x, y) —r¢’(x, y) =0 breaks up into
two right lines.

The three centres of reciprocation are the points of intersec-
tion of the diagonals and opposite sides of the common
inscribed quadrilateral of the two given conics. The polars of
each of these three points with respect to the two given conics
are coincident right lines and therefore the corresponding
cAircula.r polars are concentric. This is also evident from

rt 21.
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23. In this article, we shall establish by circular polars,
properties of conics, and in so doing we shall simply state the
corresponding reciprocal property in the circle.

1. Any focal chord of a conic is divided harmonically by
the curve, the focus and the directrix.

The portion of a straight line intercepted between two
parallel tangents to a circle at right angles to it is bisected by
the line through the centre parallel to the tangents.

2. If any chord Q@ of a conic intersects the directrix in
D, 8D bisects the exterior angle between S@Q and S@’.

The line joining the centre to the point of intersection of
two tangents makes equal angles with the two tangents.

3 The angle at the focus subtended by a tangent inter-
cepted by the directrix is a right angle.
In the circle, the radius is perpendicular to the tangent.

4. The subtangent at any point of a parabola is bisected at
the vertex.

Any straight line is divided harmonically by the point, the
polar and the circumference of the circle.

5. The tangents at the extremities of a focal chord of a
parabola intersect at right angles on the directrix.
The angle in a semicircle is a right angle.

6. Two tangents subtend equal angles at the focus.

The tangents make equal angles with the chord of contact
in a circle.

7. The exterior angle between two tangents is equal to the
angle subtended at the focus of the parabola.

The angle between the tangent and the chord is equal to the
angle in the alternate segment.

8. The circle circumscribing the triangle formed by any three
tangents to a parabola passes through the focus.

The parabola has for a tangent the line infinity.

Or, the feet of the perpendiculars dropped from any point

on the circumsecribed circle of a triangle on the three sides are
collinear.

9. The lines joining the extremities of any two focal chords
of a conic intersect on the directrix and the focal distances of
their intersections are at right angles.

The point of intersection of the diagonals of a parallelogram
circumscribed about a circle is the centre of the circle and the
diagonals intersect each other at right angles.
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10. If two conics have a common focus their common chord
or chords will pass through the point of concourse of their
directrices.

The point or points of intersection of common tangents to
two circles will lie on the straight line joining the centres of
the two circles.

11. The vertex of a circumscribed triangle whose base
subtends a constant angle at the focus lies on a conic having
the same focus and directrix.

The envelope of the base of a triangle inscribed in a circle
having a given vertical angle is a circle.

12. Given the focus and the directrix of a conic, shew that
the polar of a given point with respect to it passes through a
fixed point.

The poles of a fixed straight line with respect to a series of
concentric circles lie on another fixed right line.

13. Conics having the same focus and directrix do not mect
nor have common tangents.

Concentric circles do not intersect and have no common
tangent.

14. Given four right lines passing through a point and a
fixed point O. The envelope of a line intersecting the given
lines at 4, B, C, D, in such a manner that < AOB= -_COD
is a conic having the origin O for a focus.

A, B, C, D are four given points in a straight line and £’ is a
point such that L APB= LCPD. The locus of P is a circle.

24. The method of reciprocal polars may with advantage
be used in solving some problems. We shall consider here the
following problem :—

To find the envelope of a line moving in such a manner that
the product of its distances from two fixed points may be
constant.

Let us take one of the fixed points for origin and let the
other be («f).

Let 2* + y*=1? be the auxiliary circle.

1f p, and p, be the two perpendicular distances and a'y" be
the pole of the variable line in any position, we have

2 4
pl._/x’ Y (1)
’ 2
i S SV 2)

2= e——
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the circular polar of the envelope is the circle
2 2 ,.‘z 2
' +y =k (6 +BYy—1*)eeiveniinn. (€3]

The envelope which is the circular polar of (4) must be a
central conic having the fixed points for foci.

25. In this article we shall establish some metrical proper-
ties by the method of circular polars.

Let «'y’, «”y” be two points; their circular polars with
respect to a®+y =r* are xx’ +yy =r*, ax” +yy”=r* respec-
tively.

If 3 be the distance between the two points, 6 the angle

between the two lines, and p, and p, the perpendiculars on
them from the origin,

P=( -2+ Y~y ). (1)

4 4 ’ ”
xr x +
cos = yY

,2 I‘L //2 I‘l
VI +y )@ +y")

and p, = r )
l—\/ R ‘
xl + ’
AR S (3)
pr=—— |
=
2 %
xll + y/l J'
4
Whence, 8= +2 . (p*+p,*—2p, p; cos 6)
D" P,

2
or o= A 24m2_9 cos 6).
oo Vi(pt+p—2p p, )

1t is easy to see that the points 4, B, @, P are concyclic.
The triangles OA B and O QP are similar and we have
2
P—Q-=-O-—P:=0P.0{4—= r = or, PQ=—T—"AB.
AB OB 0OA.0OB 0A4-0OB PP,

&

Also if PM and QN be dropped perpendiculars to the polars
of @ and P respectively,

P4

p 2
x'x" +y'y" —r 2’2" +y'y" —r
PM = vy —_—

— —and QN = —- = 5

x// + y// x' + y’
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Fic. 12.

Wé have therefore
PM - 0Q=@N - OP
or, TM_ON.
* OP " 0Q
Again if & be the distance between the two parallel lines
xx'+ yy =r*
Az’ + Ayy’ =1r* }
and &’ the distance between their poles (zy ’)(}\:c' s MY,

S—J(x +y’ ) (l_

¥=(-1) /o s
and therefore A8’ =#? - (A— 1)".
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As instances of theorems relating to metrical properties
which can be inferred one from the other by the method of
circular polars, we state the following :—

1. The locus of a point moving in such a manner that the
product of its distances from two fixed lines is constant, is a
hyperbola to which the fixed lines are asymptotes. .

The envelope of a variable line such that the product of its
distances from two fixed points is proportional to the square of
its distance from a third fixed point, is a conic section.

2 The distance between two parallel tangents to two con-
centric circles is constant.

If two conics have the same focus S and directrix and a
line SPQ be drawn cutting the conics at P and @,

PQ is proportional to SP. S@.

3. If any number of chords of a circle be drawn through a
given point within or without a circle, the rectangle contained
by the segments of the chords are equal.

The rectangle contained by the perpendiculars dropped from
a focus of a central conic on parallel tangents to the conic is
constant.

4. In the ellipse, SP +.8'I’ is constant.

§ is a point inside a circle centre O and a radius OL is drawn
at right angles to OS. A point 7' is taken in OS produced
such that 2 0T -08=8L* 7T’ is the foot of the perpendicular
dropped from S on any tangent to the circle, then

ST’ « 771" +8T. (Vide figure 13.)
5. In the hyperbola §’P— 8P is constant. (Vide figure 14.)

8 is a point outside a circle, centre 0. In CS a point 7T is
taken, such that 287 - C8 = the square on the tangent from 8
to the circle. 7" is the foot of the perpendicular from § to any
tangent to the circle, then

ST o TT'—8T.

6. In the central conic 8P4 SP is constant.

Given two fixed lines and a fixed point O; the perpendi-
culars 04 and OB are drawn to the fixed lines and
OP is drawn perpendicular to a third variable line so that
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A .
6113 5f—; + 5%) is constant. The envelope of the variable line
is a central conic.

F1c. 13.
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CHAPTER III.
CIROULAR PorARS—OBLIQUE AXES.

1. The reciprocating circle is
2"+ 2xy cos o +y*=1%
If 2y’ be a point on the circular polar of the general conic,
x(x' +y’ cos w) +y(y +x’ cos w) =12
must be a tangent to
ax® + 2hxy + by + 29z + 2fy + ¢=0.
The circular polar of the general conic is therefore
A(x+y cos w)*+2H(Z +y c0s w)(y +Z o8 w)
+B(y +x cos 0)?—2Gr*(x +y cos w) — 2Fr’(y + Z cos )
+Cr¢=0,
or, (A +2H cos v+ B cos?o)x?
+2(A cos v+ H + H cos’v + B cos w)zy
+ (B +2H cos o + A cos?o)y*—2(G + F cos o)’z
—2(F + @G cos o)’y + Cr¢=0.

2. Transferring the origin to «'y’, the equation to the conic
becomes
ax* + 2hxy +by* +29'x + 2f'y + ¢’ — 0.

The circular polar of the conic with respect to
2? + 4" + 2xy cos w=7" referred to the new origin is
(A" +2H’ cos v + B’ cos®w)x?
+2(A4’ cos w+ H’ + H' cos’o + B’ cos o)zy
+ (B’ +2H' cos v+ A’ cos*w)y*
—2AF + F' cos wyr'z—2(F + @G cos w)r'y + C'ri=0.
This will represent a circle, if

A’ +2H’ cos w+ B’ cos*o=B"+2H’ cos v+ 4’ cos’w......(1)
and A’ cos w+H'+H’ cos’w+ B’ cos w

=008 w(Ad’ +2H’ cos v+ B’ cos’0)eieverannnn R ¢
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From (1) 4'=5
and (2) H'+B cos w=0

’
A =B =— a .
CO8 w
2 2 o o
ie. b —f =ac—g LIk
CO8 w
2 2
or cos w(be’' —f' )=cos w(ac’'—g’ )=c'h—fg.

c'(h—bcos w)=f(g' —f cos w).
and ¢ (h—acosw)=g'(f'—¢ cos w).

The circular polar is a circle only when the centre of recipro-
cation is a focus. Hence, the equations determining the foci
when the axes are oblique and inclined at an angle » are :—

(az + hy +g) (b + by + f—ax + by + g co8 ©)
h—acos w

_ (hz +by +{)ax + hy +g—ha + by + | cos o)
h—bcos .

=ax® + 2hzy + by* + 29z + 2fy + c.

The first equation represents a pair of lines through the
centre and must therefore represent the axes of the general
oonic on which the foci are situated. The axes are therefore
given by

op (5 3¢ 3 (dp &p )
E(_SE -3_27— CcOo8 w) —'8—?'/- -S—x——sy COS w '
h—a cos » - h—bcos o

3. The circular polar of the circle
a(2® +y* + 2zy cos w) + 29z + 2fy +¢=0
is
{(ac— ) +2(fg—ca cos w) cos w + (ac—g?) cos’ }a*
+2{(ac—f)cos o+ (fg—ca cos w) + (fg—ca cos v) cos’w
+(ac—g?) cos v}y

+ {(ac—¢*) + 2(fg —ca cos ) cos v + (ac—f*) cos’w}y’
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—2{(af cos w—ga) + (ga cos w—af) cos w}r’x
—2{(ga cos w—af) + (fa cos w—ag) cos w}r“y
+a? sin* wrt=0
or, (7 + ¢* —2fg cos w—ac sine)(z” + y* + 2xy cos v)
=gin*wo(gx + fy + ar?)%.

If PM be drawn pependicular to gz+ fy +«#*=0 from P, a
point (z y) on the locus,

sin’w (gz + fy + ar’)?

2 _
: Pi= fF+9*—2fg cos
and therefore
OP*=¢* PM*
where o= f*+9*—2fg cos

FF+ 9*—2fg cos w—ac sin*w

Hence, the circular polar is a conic having the origin for
focus and polar of the centre for directrix and the eccentricity

_ the distance of the centre from the ongm
the radius of the circle

4. The eccentricity of the general conic referred to oblique
axes can be determined as in Art. 11, Chapter II.
Transferring the origin to a focus (z'y’) the equation becomes

ax® + 2hxy + by® + 29'x + 2f'y + ¢ =0.
The circular polar of it, which is a circle, is
(4’ +2H’ cos v+ B’ cos*w)z® + (B’ +2H’ cos v + A’ cos’w)y®
+2(4’ cos v+ H' + H' cos®w + B’ cos w)zy — 2(G + F’' cos w)rix
—2(F" + @ cos w)r’y +C'r*=0.
Therefore, if e be the eccentricity of the general conic,
_ F?+ Q%+ 2F'® cos v
= F G 2F G cos o—CO(A" +2H cos v+ B cos’o)
or
c"-—l —EO{(be' =) +2/f9’ —c'h)cos w + (ac’ — 'l)cos‘w,, 1)
& (g’h—af)’ + (hf —bg')® + 2(hg’ —af ) (Rf — by’ )coso.
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g'(f—g'cosw) f(g'—fcosw)
h—a cos w - 7 —b cos o —c.....‘..-........(Z)

Let ¢'=Myeieseeccns

where

then from (2)

FUN =22 cos w)=¢'(h—a cos o) (3)
and f*(A—cos w) =c'(h—0 cos w)}
Whence
—\? -
A-Moose _h—acosw L. (4)

A—cosw h—bcosow

Making these substitutions in (2) we get
e~1 (ab —2*)(b\ — k) sin®w
e (h=b cos w){(”\ —a)* + (b —bA)? + 2(AN —a)(h—bA)cos w}

where A is given by (4).

1t is also easy to see that the equation to the director-circle,
the axes being oblique, is

4(a +b—2h cos w) ¢ (, ¥)
3\* [Sp\* _3p O
=(5~'v) +(8y) ey o

the circular polar being an equilateral hyperbola in this case.

CHAPTER 1V.
ParaBoric POLARs.

Let 3*=4az be the auxiliary conic.

If ’ y’ and 2” y” be two points, their polars with respect to
the parabola are :—

yy' — 20 (x+2')=0 2
and yy" —2a (x+2")=0
The points where these polars intersect the axis of  are
(—2', 0) and (—2", 0).



47

The points where they intersect the axis of y are

(o, 2“_’”) and (o, 2_“‘”_)
Y Yy

Therefore the intercept on the axis of x made by the polars
is equal to the difference of the absciss® of the two points.

Again when the points are on the parabola, the intercept on
the axis of y made by the tangents at the points is equal to
one-half of the difference of the ordinates of the points.

The vertex of the reciprocating parabola will be referred to
a8 the origin of parabolic reciprocation.

1. Let the parabola y*=4ax be the auxiliary conic.
We shall determine the parabolic polar of the general conic,

ax® + 2hzy + by* + 29z + 2fy + ¢=0.
If 2’y” be a point on the parabolic polar,
Yy —2a(x +2')=0
must be a tangent to the general conic and therefore
444* + By?* + 4Ca’*x® — 4 Foxy + 8Ga’x
—4Hay=0 is the parabolic polar.

2. Transferring the origin to (z'y") the equation to the conic
becomes

az® + 2hxy + by* + 29'x + 2f'y + ¢’ =0.

The parabolic polar of this conic with respect to y*—4az=0,
referred to the new origin, is

4C"o*2* — 4 F'azcy + B "y* + 8@ oz
—4H'oy+ 44> =0................ (1)
The discriminant of this equation
=1604(4’'B'C’ + 2F'G’H'— A'F* - B'G"*—C'H")
=16a* A%

Similar inferences can be drawn as in Art. 5, Chap. II.

3. The parabolic polar will be a circle, the origin of reciproca-
tion being (2’y’) and axes rectangular,

if Te 2 (1
and F'=0...... e, (2)
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From (2)  F'=hg’ —af
=h(az’ +hy +9)—ahz’ + by’ +[)

=0.
or, (ab-A)y =hg—af
or, Cy =F.
From (1) 4(ab—h*)a*=ac’ —g"?

=a(ax’® + 2hx’y’ + by’ + 292" + 2fy’ +¢)—(az’ + hy’ +g)*
=(ab—1)y? - 2(hg —af)y’ + (ac—g").

The parabolic polar will be a circle if the origin of reciproca-
tion be determined by the equations.

Cy=F Lo, (A)
and 40a>=Cy*—2Fy + B """
Eliminating y between these equations we get

4C**=B(C - F*
a . A
or, e B
= Yab— 1) ()
Va . a
or, o= =

(@b — h?)

In order that the parabolic polar of the general conic may be a
circle, we must have the parameter of the reciprocating parabola

2//a. 8

Py ; at the same time, the origin of reciprocation

must be some point on the line CY =F.

equal to

4. The parabolic polar will be an ellipse, a parabola or an
hyperbola, according as B’C’—F'* is positive, zero or nega-
tive, i.e. according as (a. A) is positive, zero or negative.

Now y =2 will be a tangent to the general conic if
OpR*—2FB + B=0.

The two values of B as given by this equation will be imagi-
nary. equal or real and distinct, according as BC—F? is
positive, zero or negative, i e. according as (a. 1) is positive,
zero or negative.
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Hence, the parabolic polar will be an ellipse, a parabola or
an hyperbola according as the tangents to the general conic

parallel to the axis of the parabola are imaginary, coincident
or real and distinct.

6. The parabolic polar will be an equilateral hyperbola, if
4C'a*+ B'=0
or, 40a* + Cy'*—2Fy + B=0.
The parabolic polar will be an equilateral hyperbola, if the

origin of reciprocation be anywhere on one of the two lines
parallel to the axis of # and given by the equation

Oyt —2Fy + 40a® + B=0

F+ /(F*— BC - 4C*?)
or, Y= 0 .

6. The parabolic polar of the circle
ax’ +ay* + 29z + 2fy + ¢=0,
with respect to y*—4ox=0,
is da’a’x* + dafaxy + (ac—g*)y?
— 8aga*x — 4fgoy + 4(ca — f})a*=0

This will be an hyperbola, a parabola or an ellipse according as
4a’a? (f2 + g’ —ac) is positive, zero or negative, i.e. according as
the given circle is a circle with a real and finite radius, a point
circle or an imaginary circle. The parabolic polar of a real
circle is an hyperbola as is otherwise evident from Art. 4.

7. In order that the parabolic polar of the hyperbola

@

a* b?
may be a circle, we must have

1(1 1)
AV

a

1 \* 4
4(——27;-2
b
5

i.e. the parameter of the reciprocating parabola must be equal
to the conjugate axis of the hyperbola. Also the ordinate y of

or, a=
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the origin of reciprocation must be a:O, i.e. the origin of

reciprocation must lie on the axis of z, i.e. the transverse axis.
8. 1If z’y’ be a point on the parabolic polar of the hyperbola

2 2
2 v
a* b?

with respect to the parabola y*— 220 =0,
yy —bx—bx'=0

is a tangent to the hyperbola and therefore, from the condition
of tangency, we get

a'l bly/'l
NG T =
% 2 __ 2
or, 2 +y't=a,

i.e. the parabolic polar is the auxiliary circle of the hyperbola,
viz. the circle 2* + y*=a™.

From what has been established in this article, it is easy to
see that the following pairs of propositions may be deduced
one from the other by the method of parabolic polars, remem-
bering that in the parabola the difference between the absciss®
of two points is equal to the intercept on the axis of x—the
axis of the parabola—by the polars of the points.

ExaMPLES.

1. The rectangle contained by the distances of any point on
an hyperbola from the asymptotes, is of constant magnitude.

The rectangle contained by the intercepts on two parallel
tangents to a circle by a variable tangent to it, is constant.

2. PQ is a chord of the circle (x—a)?+y*=a’ passing
through either of the two fixed points (+4/a*—a%,0).

PM and QN are perpendiculars drawn from P and @ to the
axis of y. Then PM . QN =o*— a®=constant.

From any point in either of the two right lines = i\/ o —a?,
tangents are drawn to the hyperbola intersecting the axis of =
at 7' and 7", the equation to the hyperbola being

Then, OT. OT' = o*— o’ =constant.
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3 2
9. To determine the parabolic polar of %z—z‘r_—l» with

respect to y*— 2bx=0.

Let 2’y’ be a point on the parabolic polar, then
yy —bx+2')=0
is a tangent to the hyperbola.

bi ’2 2
Therefore, b*y_x_’z —Z?l =1.
The parabolic polar is therefore the rectangular hyperbola,
Y —axt=a%

The following propositions may by inferred one from the
other by the method of parabolic polars as established in this
article.

ExAMPLE.

If pP P'p’ be a double ordinate of an hyperbola cutting the
curve at P and P’ and the asymptotes at p and p’, then

pP=p' I
and pP. pP’ = constant.

If the parallel tangents PT' and P7" to a rectangular hyperbola
intersect the conjugate axis at 7' and 7" and lines At and A't’
be drawn through 4 and 4’, the extremities of the transverse
axis parallel to the tangents intersecting the conjugate axis at
t and t’, then

tr=¢1"
and tT. t1" =constant.
10. To determine the parabolic polar of the ellipse
2 g2
% + %-2 =1, with respect to y*=2bx.

Il 2’y be a point on the parabolic polar,
yy —bx+2')=0
is a tangent to the ellipse.
a? bly“

Therefore, ity 1,

or, the parabolic polar is the rectangular hyperbola,

B —yt=a?
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The following propositions are parabolic polars with respect
to one another :—

In an equilateral hyperbola, the product of the distances of
any point on the curve from the asymptotes is constant.

In an ellipse, the rectangle contained by the intercepts on
two fixed parallel tangents by a variable tangent is constant.

11. To determine the parabolic polar of y*=4axz with
respect to y* = 2ax.

If 2’y be a point on the parabolic polar,
yy' —a(x+2’)=0
is a tangent to the parabola y*=4ax,
i.e. y*=ax’.

Therefore, the parabolic polar is another parabola having the
same axis and vertex.

ILLUSTRATION.

Two fixed tangents to a parabola are cut proportionally by
any variable tangent.

If P, Q be two fixed points on a parabola, and R a third
variable point on it, the portions of the axis intercepted by
the line PQ and the tangents at P and ¢, will be cut propor-
tionally by the lines RP and R() respectively.

12. To determine the parabolic polar of the circle z* + y* =b*
with respect to y*=2bz.

Let 'y’ be a point on the parabolic polar, then
yy =bx+2)=0
is a tangent to the parobola.
Therefore yr+br=a'
The parabolic polar is therefore the equilateral hyperbola

x—yt =02

ExAMPLE.

In the equilateral hyperbola if pP P'p’ be an ordinate inter-
secting the asymptotes at p and p” and the curve at P and P’,

Pp=P'p’
and Pp . Pp’=b*=constant.
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If two parallel tangents be drawn to a circle intersecting
a diameter at 7 and 7”, and if also parallel lines be drawn
through the extremities of the perpendicular diameter inter-
secting the former at ¢ and ¢, then

Tt=T"t
and Tt . Tt = (radius)’.

13. To determine the parabolic polar of *+y*=a* + A with
respect to y*= 2bax.

Let 2y’ be a point on the parabolic polar, then
yy —bx+2')=0
must be a tangent to the circle.

Therefore b =(a* +\) (y™* +b%).

The parabolic polar is therefore

Hence, the parabolic polar of a series of concentric circles is
a series of concentric and co-axial hyperbolas having the same
conjugate axis.

[1LLUSTRATION.

The points of contact of tangents drawn from a point to a
series of concentric circles are situated on the circumference of
a circle.

If a series of hyperbolas be described having the same
conjugate axis, the envelope of the tangents at the points of
intersection with a straight line parallel to the conjugate axis
18 & hyperbola.

14. To determine the parabolic polar of 2*—y*=a*>+\ with
respect to y* = 2bx.

Let 'y’ be a point on the parabolic polar, then
yy —bx+2')=0
is a tangent to the hyperbola.

a*+\  (a*+\)y™

Therefore,: 7 7

=1.
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x/-z * ylz
or, =—=1.
a? + A + b'Z 1
. . 2 ¥
Therefore, the parabolic polar is Tt 1.

Hence, the parabolic polar of a series of rectangular hyper-
bolas having the same asymptotes but different transverse axes
is a series of concentric and co-axial ellipses having the same
minor axis.

ILLUSTRATION.

The points of contact of tangents to a series of concentric
and co-axial equilateral hyperbolas drawn from a point on the
transverse axis lie on another rectangular hyperbola having
parallel axes.

The envelope of the tangents at the points of intersection of
a series of ellipses having the same minor-axis with a line
parallel to the common minor-axis is an ellipse having parallel
axes.

15. To determine the parabolic polar of 2zy=a?* with
respect to y* = 2ax.

If 'y’ be a point on the parabolic polar yy —a(z +2')=0 is
a tangent to 2y =a®.

Eliminating y, we get

22 (x+2')—ay =0

Therefore, 42 +4 . 2ay" =0
or, x'* + 2ay’ =0.

The parabolic polar is therefore a parabola x* + 2ay =0.

ExAMPLES OF RECIPROCATION.

1. The lines joining a variable point on an hyperbola to
two fixed points on it intercept a constant length on either
asymptote.

The oblique projection of the intercept of a variable tangent
to a parabola between two fixed tangents on another fixed
tangent is equal to the intercept of the fixed tangent, the
projecting lines being drawn parallel to the diameter of the
parabola.

2. Any circle which touches both branches of a hyperbola
makes an intercept equal to the transverse axis on either
asymptote.
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The intercept on any fixed tangent to a parabola by tangents
to a hyperbola having double contact with the parabola (the
points of contact being on the two arms of the parabola) and
parallel to the axis of the parabola, is constant.

CHAPTER V.
EvLripTic PoLars.

1. The auxiliary conic is the ellipse
xl yl
(—1-7: + B—i =1.

The elliptic polar of the general conic

ax* + 2hxy + by* + 29x + 2fy +¢=0
; H B oG F
> xy + Fyl—za_lx—2ﬁl

Transferring the origin to «'y’, the equation to the conic
becomes

. A
i8 —

prt +2;‘)§1 y+0=0.

az’ + 2hxy + byt + 29’2 + 2f'y + ¢’ =0
and the elliptic polar of this conic with respect to

x‘l yl
;TZ+/—3_).'—1’

referred to the new origin, is

A H B’ & F’ ,
U;xl+2&2—/;zxy+;é4yq'—2{-l—lx—2ﬁ‘zy+0 =O.

’

2
The discriminant of this equation = »?7
a

It vanishes when the original conic is a pair of right lines,
the elliptic polar being then a pair of coincident right lines.

The elliptic polar will be an ellipse, a parabola or an hyper-
bola according as the tangents drawn from the centre arg
imaginary, coincident or real and distinct. e

The elliptic polar will be a circle, if the centre of reciyp()'%
tion be determined by the equations
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at(ax + by + 9)* — R¥(hx + by + f)*
ata — 3%

=(ax +hy + g)(hx + by + )/
=ax® + 2hay + by* + 2g9x + 2fy + c.
It is evident that the axes of the elliptic polar will be
parallel to the co-ordinate axes, if the centre of reciprocation
be anywhere on the rectangular hyperbola,

Coxy—Fr—GQy+ H=0.

This condition remains true for circular and hyperbolic
polars.

The elliptic polar will be an equilateral hyperbola, if the
centre of reciprocation be anywhere on the ellipse,

b
( 34)(axi+2kwy+by + 29z +2fy +¢)

(ax + hy + g)2 (kx + by + f)*
34 e

2. The auxiliary ellipse referred to the conjugate diameter
is ¥ + > =71, the axes being oblique and the included angle

o being equal to the angle between the equi-conjugate diame-
ters.

The elliptic polar of the general conic will, in this case, be
Ax* + 2Hzy + By* — 2Gr*x — Friy + Oré=0.

If 2’y’ be the centre of reciprocation, the elliptic polar will
be

A'x* + 2H'xy + B'y* — 2Q'r*x — 2F'r*y + C'r*=0.
This will represent a circle, if
A =B }
and=H’ A’ cos w
i.e. if the centre of reciprocation be given by
3¢ 3¢ 3¢ )
By 5% -S_y. cos
h—b cos v
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gt o)
h+acos
=49(z, y).
The elliptic polar will be an equilateral hyperbola, if
A"+ B’—2 H’' cos w=0,

i.e. if the centre of reciprocation be on the conic,

4(a + b+ 2h cos w) ¢ (z, y)

(2 L (B) 2
—(Sx) (8y +28x 8?/0080)'

2 ‘).

3. To determine the elliptic polar of 1:7+_—l)?‘=1 with
x’). y‘l
respect to S*+5=

Let 2’y’ be a point on the elliptic polar; the o yby =1 is

a tangent to the ellipse.

’\2 7\ 2
Therefore ma® ( 2—2) + mb* <g§> =1,
i.e. the elliptic polar is
2 2
e
m m

a conic similar and similarly situated with the given conies.

CHAPTER VI.
HypERBOLIC POLARS.

1. The auxiliary conic is the hyperbola

x?. ,y'l
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The hyperbolic polar, the origin being z'y’, is
A4, 2H’

B ' E L om Y Lo

The hyperbolic polar will represent an ellipse, a parobola or
an hyperbola, according as the tangents from the centre of
reciprocation to the original conic are imaginary, coincident or
real and distinct.

The hyperbolic polar will be a circle if the centre of recipro-
cation be determined by the equations
a*(ax + hy +g)* — B*hx + by + |)*
a‘a — ﬂ’b
=(ax + hy + g)(hx + by + f)/h

=a2? + 2hxy + by* + 29z + 2fy + c.

The hyperbolic polar will be an equilateral hyperbola if the
centre of reciprocation be situated anywhere on the conic,

L b (ax® + 2hxy + by* + 2gx + 2fy + ¢)
/514

114
(ax + hy + 9)*  (hx + by + f)*
Iz + o '

2. When the auxiliary conic is an equilateral hyperbola
a*—y*=1%, the hyperbolic polar of the general conic is

Ax?—2Hxy + By* — 2Grix + 2Fr*y + Cr*=0

If 'y’ be taken as the origin, the hyperbolic polar, with
respect to a® — y* =r? referred to the new origin, will be

A2 —2H'my + By — 20 + 2F'ry + C'r# =0

In this case the hyperbolic polar will be a circle, if the centre
of reciprocation be given by

(azx +hy +9)* = (hx +by + [)?
a—b

—(ax + hy + g)(hx + by + f)/h
=ax* + 2hxy + by® + 29% + 2fy + c.

i.e. if the centre of reciprocation be one of the foci.
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The hyperbolic polar will be an equilateral hyperbola, if the
centre of reciprocation be anywhere on the director. circle,

C(@*+y*)—2Gx—Fy+ A +B=0.
The rectangular hyperbolic polar of the circle
a(@® +y*) + 29 + 2fy + ¢ =0,

. . ) (g — fy + ar’)*
is the conic a? +yt= pa oy

of which the origin is a focus and eccentricity

_V/ 7+
vV g +f—ac’

3. When the auxiliary conic is the hyperbola 2xy=r?,

referred to the asymptotes, the hyperbolic polar of the general
conioc is
Ay* + 2Hxy + Bx? — 2Gr*y — 2Fr*x + Cré=0.

When «’y” is the origin and 2xy=+* is the reciprocating
conic referred to that origin, the hyperbolic polar is

A'y*+ 2H'xy + B'e* — Q'r'y — 2F vz + C'r*=0.

The hyperbolic polar will be a circle, if the centre of reciproca-
tion is given by the equations

S'p(&p op o
Sz @*m“sw)

h+acosw

o (&p 8—? cos

5y \3z " 5y w)
h+bcosw

=4p(x, y),

is the angle between the asymptotes.

where ‘o’

The hyperbolic polar will be an equilateral hyperbola, if
3\ (3p\* . 3p 3
%) *() 255

=4 (a+b+2h cos w) ¢ (z, y).
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CHAPTER VIIL
THEOREMS RELATING TO AREAS.

1. The sides of the polar triangle with respect to
2 +y?=r* of she triangle of which the vertices are (z'y’),
(®y”), (""'y’"”’) are respectively
'+ yy' —r'=0
ax’ + yy”’ —r*=0
2z’ +yy’ —r*=0

If A and A’ denote the areas of the original and the polar
triangle respectively,

2 ix’ Y, }
= .'L'
A //l y//l’
P >y, 1
\ x , Y, 1 { 2
i 1
o ;,,3 1]
and 24’ = L
AR AR
Yy Dl s Y z, Y
47‘4A‘24
=(x/ // y)( I/ rr’ x//lyll)(xlll ’ x/ylll)
. A,— 2’-4-A2

(04 . OB .0C)* sin BOC. sin COA. sin AOB."

Observation 1.

If a triangle ABC be inscribed in the reciprocating circle,
the polar triangle 4’B’C” will be circumsecribed about it, and we
have
in this cage A’ 2ra?

i B8 o ~ 78 sin 40B sin BOC sin 00A

_ 24?
“r*gin 24 sin 2B sin 20
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Fic. 15,

U4
A B

Observation 2.

O

The area of the self-conjugate triangle ABC with respect to
B+yl=rtis
(OA.0B.0QC)* sin BOC.sin COA .sin AOB
2r¢

Observation 3.

If the reciprocating circle be the incircle of the triangle ABC,
the polar triangle will be the corresponding inscribed triangle
A'B'C.

A
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In this case,
, 2é A2
" (04 .0B.00)*.sin BOC .sin COA .sin AOB

1a

. ..,.B ., C
2A2.sm"-i§- . 8in? — . sin® —

p— 2 2 .
r? cos —A . cos lj cos —C—
2 2 2

Observation 4.

If the reciprocating circle be one of the escribed circles, the
triangle will be one inscribed in the escribed circle.

In this case,

o o bA2
“7 (04 .0B.00)*.sin BOC.sin COA .sin AOB
DRI
a Te e \° i
(sinA .cosB .c sC‘) cos %~-mn—-sin %
2 3 ®3
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A B
2 mZ . 2 ", 2.
2A%. sin 5 cos 5 cos 5 -

. A . B .
Ta .cos-2--s1n — . 8in —

2 2
Similarly,
., B C A
24%. 2 . 2 _~_ . 2
) A s B) cos 5 cos B
S r;t . cos f—— si © si
. ) - SIn —§~ - SIn —2—
C A B
2 in? _ 1—‘_ . 2__—_
2A%.g8in ) cos 5 cos 5
and Ale= —-

r('l.cos—q--sini-sin——
2 2 2

2. The sides of the polar triangle with respect to
x‘l y?.
St =1,
,82'

a central conic, are respectively

If A and A’ denote the areas of the original and the polar
triangle, (ABC and A'B’C")
2[82 24 )Z
(OA OB . 00)%. sin BOC . sin COA4 . sin AOB
, 2(12/32 A%
OF A"=(04 . 0B . 0C). sin BOC . sin COA . sin AOB’

2A

Obs. The area of the self-conjugate triangle 4 BC

(OA OB . 0C)* sin BOC . sin 004 . sin AOB
20.2,3"' )
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3. To determine the area of the polar triangle with respect
to the parabola y* = 4ax of a given triangle.
Let (z'y’), (x"y”), (x"'y"”’) be the vertices of the given
triangle. The sides of the polar triangle are
2a(x+2 V—yy =0
2a(+2" )—yy”’ =0
2a(x +x")~yy"’ =0
If A and A’ denote the areas of the original and the polar
triangle,
' 2a,—y’, 2ax" |*
2a,—y", 2ax"”

2A/: 3 2a,___y'/r, 2ax;// [ o
:’ za,_y/ 2a’__y/l 2“,—?/”/ ?
|

2a,__yu ‘ ‘ 2(1/,"'?/”' 2@,—?]’

Ly, 2 |?
16a¢ |1, 9", 2"

1’ ylll’ wl//
= '——Sag" 1, y, 1, yll ‘: l, ?//II
[ 1’ y” l, ylll 1\‘ 1’ yl
_ 2a.(21)
- (yl — y//)(yn _ylll)(ylll _yl)
, daa?

- (y/ _ y//)(yﬂ _ynr)(y/// _ 1/1) :
Obs. The area of the self-conjugate triangle is
@ =y -y ~y)
4a ’

a function of the differences of the ordinates of the vertices of
the triangle.

rrs

4. To determine the area of the polar triangle with respect
to 2 —y* =12, of a given triangle.

If (2%y’), (x'y”), (&”y") be the vertices of the original
triangle, the sides of the polar triangle are

xx’ —yy —r*=0 )
! _yyu —12=0 §
xx’’ — yy/// —2=0
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and
2rt A

A =104 0B . 00y . wn BOC . sin 0O4 . sin A0B

Cor. The area of the self-conjugate triangle with respect to
an equilateral hyperbola

=(OA . OB . 00)* . sin BOC . sin COA . sin AOB
2rt ’

5. To determine the area of the reciprocal polar conic of the

circle a(z® + y?) + 29z + 2fy + ¢ =0, with respect to

x‘l y‘l
""‘"E‘z:l.

The reciprocal is,

o — 2 2 2 2
ae=f 2+ 2.~ fg my+ 9 y“+2.‘—12:—x+2.%%y+a“=0
a

ot 2 ,8% /3

The area of this conic

’

A
(a/br h/tz) 3

where A’ 4/),4 (9* + f*—ac)?
e 3 ca(ca—gi-—fz)
and a’d’ —h?= g

The area of the elliptic polar
3 _p
i & ==L §

Py a*

— r R _‘i)%
.-wRaB( 2] .

where R is the radius of the circle.

The area of the hyperbolic polar with respect to
x% yi

2

_papf _ 2\
_wRaﬁ( c).

=1,
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The area of the circular or rectangular hyperbolic polar with
respect to 2* 4y =¢*
= WRr‘( 2 )3

c

Assuming ‘a’ to be positive ‘¢’ must be negative, i.e. the
origin of reciprocation must lie inside the circle in order that
the expressions for the areas may be real. This is also evident
from the geometrical point of view. For when the origin is
outside the circle the reciprocal polar is an hyperbola. It is
easy to see that the corresponding geometrical interpretation
of the expression for the area is that the modulus of the
imaginary expression is the expression for the area included by
the reciprocal hyperbola and its conjugate.  For it can easily
be established by the principles of the Integral Calculus that
the area included by the hyperbola

2 2

oy
b
2 2
and its conjugate g_z-—z-2= 1 is =ab.

Again, the locus of the centres of reciprocation with respect
to which the areas of the polar conics of the given circle is
constant, is in each case a concentric circle.
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