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INTRODUCTION

The theory of matrices had its origin in the theory
of determinants, and the latter had its origin in the
theory of systems of equations. From Vandermonde and
Laplace to Cayley, determinants were cultivated in a
purely formal manner. The carly algebraists never suc-
cessfully explained what a determinant was, and indeed
they were not interested in exact definitions.

It was Cayley who scems first to have noticed that
“the idea of matrix precedes that of determinant.” More
explicitly, we can say that the relation of determinant
to matrix is that of the absolute value of a complex
number to the complex number itself, and it is no more
possible to define determinant without the previous con-
cept of matrix or its equivalent than it is to have the
feline grin without the Cheshire cat.

In fact, the importance of the concept of determinant
has been, and currently is, vastly over-estimated. Sys-
tems of equations can be solved as easily and neatly
without determinants as with, as is illustrated in Chap-
ter I of this Monograph. In fact, perhaps ninety per cent
of matric theory can be developed without mentioning
a determinant. The concept is necessary in some places,
however, and is very uscful in many others, so one
should not push this point too far.

In the middle of the last century matrices were ap-
proached from secveral different points of view. The
paper of Hamilton (1853) on “Linear and vector func-
tions” is considered by Wedderburn to contain the be-
ginnings of the theory. After developing some properties
of “linear transformations” in earlier papers, Cayley

v



vi INTRODUCTION

finally wrote “A Memoir on the Theory of Matrices” in
1858 in which a matrix is considered as a single mathe-
matical quantity. This paper gives Cayley considerable
claim to the honor of introducing the modern concept
of matrix, although the name is due to Sylvester (1850).

In 1867 there appeared the beautiful paper of La-
guerre entitled “Sur le calcul des systémes linéaires” in
which matrices were treated almost in the modern man-
ner. It attracted little attention at the time of its
publication. Frobenius, in his fundamental paper “Ueber
lineare Substitutionen und bilinecare Formen” of 1878,
approached matric theory through the composition of
quadratic forms,

In fact, Hamilton; Cayley, Laguerrc and Frobenius
seem to have worked without the knowledge of each
others’ results. Frobenius, however, very soon became
aware of these earlier papers and eventually adopted the
term “matrix.”

One of the central problems in matric theory is that
of similarity. This problem was first solved for the com-
plex field by means of the elementary divisor theory of
Weierstrass and for other rings by H. J. S. Smith and
Frobenius.

In the present century a number of writers have
made direct attacks upon the problem of the rational
reduction of a matrix by means of similarity transfor-
mations. S. Lattés in 1914 and G. Kowalewski in 1916
were among the pioneers, Kowalewski stating that his
inspiration came from Sophus Lie. Since that time many
versions of the rational reduction have been published
by Dickson, Turnbull and Aitken, van der Waerden,
Menge, Wedderburn, Ingraham, and Schreier and Sper-
ner.

The history of these rational reductions has been
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interesting and not without precedent in the field of
mathematical rescarch. The carly reductions were short,
requiring only a few pages. It is not prudent to say that
any of the carly papers is incorrect, for certainly a cor-
rect result was obtained in each case, but some of them
contained arguments which were convincing only to
their authors. The exposition in places was certainly too
bricf. Later writers subjected these difficult passages to
closer scrutiny, as well as to the fierce fire of generaliza-
tion, with the result that an adequate treatment was
found to take many pages. The book of Schreier and
Sperner, to which the present writer acknowledges in-
debtedness, contains 133 pages.

A large part of the profit which has come from this
mathematical Odyssey has been the by-products. In at-
tempting to justify certain steps in the proof, basic
theorems on vectors and matrices were uncovered,
theorems which had not previously come to notice. Of
this origin are the theorems on the polynomial factors
of the rank equation of a matrix—facts which should
have been known long ago but which for some peculiar
reason escaped discovery.

The present book is an attempt to set forth the new
technique in matric theory which the writers on the ra-
tional reduction have developed. The long proofs have
been broken down into simpler components, and these
components have been proved as preliminary theorems
in as great generality as appeared possible. With the
background developed in the first five chapters, the ra-
tional reduction of Chapter VI does not seem difficult
or unnatural.

That the vector technique will have other applica-
tions in matric theory than to the problem which
brought it forth is quite certain. The Weyr theory for a
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general field was easily established (§55) once the key
theorem (Corollary 57) was known. The orthogonal re-
duction (Chapter VIII) surrendered without a struggle.

The author wishes to express his appreciation of the
kindness of Profcssors Richard Brauer, Marguerite
Darkow, Mark Ingraham, and Saunders MacLane, who
have read the manuscript and offered valuable sugges-
tions. While no attempt has been made to credit ideas
to their discoverers, it should not be out of place to state
that the author has been greatly influenced by the work,
much of it unpublished, of his former colleague, Mark
Ingraham.

Cyrus CoLTON MACDUFFEE

HuNTER COLLEGE QF THE CITY OF NEW YORK
September 1, 1942
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CHAPTER 1
SYSTEMS OF LINEAR EQUATIONS
1. Graphs. A solution of the equation
2 4+3y—6=0
is a pair of numbers (xi, y1) such that
2%, + 331 — 6 = 0.

There are infinitely many such solutions. A solution of
the system of equations

224+ 3y —6 =0,

1
™) vy —-3y—6=0

is a pair of numbers (x1, 1) which is a solution of both
cquations. There exists just onc such solution, namely
(2,2/3).

If we picture (x, ¥) as a point on the Cartesian plane,
the infinitely many solutions of the equation

204+ 3y —6=0

are the points of a straight line /4, known as the graph of
the equation. The second equation

42 —-3y—6=0

also has a graph l; which is a straight line. The point of
interscction of the two lines, namely (2, 2/3), is the solu-
tion of the system of the two equations.

The point (2, 2/3) is evidently the point of intersec-
tion of the line x =2 with the line y =2/3. Thus the prob-
lem of solving the system of equations (1) is cquivalent

3



4 SYSTEMS OF LINEAR EQUATIONS

to the problem of finding the vertical line and the hori-
zontal linc which pass through the intersection point of
their graphs.

y

All methods of solving a system of equations such as
(1) are but variations of one and the same process. Let
k1 and k2 be any two numbers not both 0. The equation

k(22 + 3y — 6) + ky(dx — 3y — 6) = 0,
or
(2) (Zk.l + 4kz)x + (3k1 - 3k;)y - 6k1 - 6ka = 0,
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is clearly the cquation of a straight line, for the coeffi-
cients of x and y cannot both be 0 unless &y = k2 =0. This
line passes through the intersection point of the two
given lines; for if (x1, 1) is this interscction point, it is
truc for all values of &, and &, that

kl(le + 3}'1 - ()) + k2(4x1 - 3y1 - 6) =k, 0+ k2 0=0.

Now for various choices of %; and ks, the line (2) repre-
sents every linc of the plane through (x1, y1). This can be
proved by showing that, if (xs, ys) is an arbitrarily
chosen point of the plane different from (x, y1), there is
a choice of k;, ks not both zero such that (2) passes
through this point. Let %, k2 be unknown, and set

k1(2x2 + 3y2 - 6) + k2(4x2 - 3)’2 - 6) = 0.
We may choose
k1=4x2—3y2—6, kz=—2x9—-3y2+6.

Since (xs, y2) is not on both the given lincs, not both %
and kg will be 0.

As the ratio k;: ks varies, the line (2) turns about the
point (x1, y1). The problem of solving the system (1) is
the problem of finding the values of & and k; such that
(2) is first vertical, then horizontal.

For (2) to be vertical, it is necessary and sufficient
that the coefficient of y, namely 3k, — 3ks, shall be 0. Let
ky=ka=1. Then (2) becomes

6x + 0y — 12 = 0,
whence x; =2. For (2) to be horizontal, it is necessary
and sufficient that the coefficient of x, namely 2k1+4ks,
shall be 0. Let &y =2, ka=—1. Then
0x+9y—6=0,
whence y, =2/3.
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2. Equivalence of systems. The principle illustrated
in the above example is of general applicability, but
when more than three unknowns are involved, or when
the coefficient field is not real, the geometric interpre-
tation becomes artificial. Suppose that we have a system
of m cquations in # unknowns,

fii=anxi+ ozt +anr—a =0,

fo=anxi+ anxs+ - +anra—c2 =0,

3)

fn=amX1+ @Gmax2 + - - - + dmaXs — =0,
with coefficients in any field. A solution of the cquation
f.=0is a sct of numbers (x//, 2/, - - -, #.") such that
anx{ + auxd 4+ -+ onxd — ¢ =0.

A solution of the system (3) is a sct of numbers which is
a solution of every equation of the system.
Suppose that there is another system of equations

&1 = buxi + b2z + - - - + binxs — dy = 0,
g2 = buxy + basxa + -+ - + baaxn —d2 =0,

(4

g = buxs + braxs + - - - + biaxa — di = 0.

The two systems (3) and (4) are called equivalent if
every solution of each is a solution of the other.

The process of solving a system of equations is the
process of finding an equivalent system of simplest pos-
sible form. Thus (3) is equivalent to

%1 = hupr + huapa + - - - + hupi + e,
= haupr + hasps + - - - + hul’t + e,

'xn = hnlpl + hn!p! + - + hulpl + €n
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where py, ps, + - -, P are parameters which may assume
arbitrary values in the coefficient field.

Let us consider System (3). Let &y, &3, - - + , km be any
numbers, and form the linear equation

kifi+ kaofa+ - - - + Ekmfm = 0.

Consider the system of equations

=0,
f:—l = 01
(%) kifi + kefe+ - - + knfm =0,
/lo 1 01
fn=0
Clearly cvery solution of System (3) is a solution of Sys-
tem (5). Conversely, let (x//, x4/, « - -, x,") be any solu-

tion of (5). It is evidently a solution of every equation of
(3) except possibly f,=0. But the ¢-th equation of (5)
reduces to k,f,=0, so if k,0, it is also true that f;=0,
and every solution of (5) is a solution of (3). Hence we
have

THEOREM 1. If in a system of equations (3) the i-th
equation is replaced by

kifi + kafat -+ + kmfm =0, k, #0,
the new system is equivalent to the given system.

All methods of solving a system of equations, even
the method by determinants, employ the above princi-
ple.
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3. Elementary operations. There are three elemen-
tary operations which can be performed upon the equa-
tions of a system to yicld an cquivalent system. We
shall call these the clementary operations of Types I,
IT and III. They are:

Type L. The interchange of two equations of the sys-
tem.

Type II. The multiplication of an equation of the
system by a number £7#0.

Type I11.* The addition to any equation of the sys-
tem of k tim s any other equation of the system.

The proof that each of these elementary operations
when applicd to a system of equations yields an equiva-
lent system is now immediate. That an operation of
Type I leaves the common solutions unchanged is evi-
dent. Operations of Types 1T and III are special cases of
the operation of Theorem 1. Furthermore, the operation
of Theorem 1 can be achieved by one operation of Type
II followed by m —1 opcrations of Type I1I. That is, we
first replace f,=0 by kf,=0 where k,70, then replace
this by & fi+4/,=0, and so on.

4. Systems of homogeneous equations. Let us now
restrict attention to a system of homogeneous equations
N = aux1+ x4+ - + a1 xn = 0,

© fr =anx1+ anxs+ - + a2 =0,

fm = GmiX1 + Gmaxa + -+ - - + Gmnxa = 0.

* These operations are not independent, for an operation of
Type I can be obtained by a succession of operations of Type III
with k=1 and operations of Type II.



SYSTEMS OF HOMOGENEOUS EQUATIONS 9

A system of equations is called triangular if the last
cocfficient of fn—1 is 0, the last two coefficients of f,..2
are 0, - - -, the last m —1 coeflicients of fi are 0. If
m >n, this means that all the coefficients of fi, fs, - - -,
Sm—n are 0 or, as we shall say, that these polynomials
vanish,

THEOREM 2. The system (6) of homogeneous equations
is equivalent to a lriangular system.

If some coefficient of x, is not 0, we can by an inter-
change of cquations if necessary insure that a,,70. By
adding to the first equation —di./ama times the last
equation, we can make the new coefficient in the place of
a1, equal to 0. Similarly we can make every coefficient
of x, except @m, cqual to 0. If at the start every coeffi-
cient of x, was 0, no reduction was required.

Now ignore the last equation. Unless every coeffi-
cient of x,—;1 (above @m, »1) is 0, we can assume that
-1, 170 and as before make every other coefficient
of x,_; equal to 0. In this way we obtain a system of
equations of triangular form equivalent to (6). If m>mn,
the first m —n equations have vanished, cach cocfficient
having become 0.

In cvery triangular system the number of non-van-
ishing equations is m <n. By filling in with vanishing
cquations we may assumc that m =n. In this form the
coefficients a1, @ss, * * + , @nn are called the diagonal co-
efficients. If the system is triangular, cvery coefficient to
the right of the diagonal coefficients is 0.

THEOREM 3. The system (6) of honogeneous equations
is equivalent to ome of triangular form in which every
diagonal coefficient is either O or 1; and if the diagonal co-
efficient in any equation is 0, the equation vanishes.
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Let the equivalent triangular system be

anx, = 0,
a21x;y + daax; = 0,
)] a31xy + a3xz + assxs =0,

dn1X) + dn2X2 + A + AnnXn = 0-

Suppose that the jth equation
Ji=apnxi+apxs+ - +ay,x,=0

is the last one which has its diagonal cocfficient a,, =0,
but does not vanish. Let a,, be the last coefficient of this
equation which is not 0. If in the 7th equation a,, =0,
we may interchange the 7th and jth equations to obtain
a new triangular system having one more non-zero
diagonal coefficient and such that the new jth equation
has one more zero cocefficient to the right of its last non-
zero coefficient. If, on the other hand, a,,70, we may
add —a,,/a,, times the sth cquation to the jth equation
and thus sccure a new jth equation which cither vanishes
or has one more zcro cocfficient to the right of its last
non-zero cocfficient. In a finite number of steps we ob-
tain a system in which every equation either vanishes or
has a non-zero diagonal coefficient.

Now the non-zero coefficients of the diagonal can be
made 1's by clementary operations of Type I1.

THEOREM 4. Every system of homogeneous equations is
equivalent to a system of the form

x1=kupr+ koepa+ -+ + Einrpran

®) X2 = Rapr + Raspa + - -+ + Ro,nrPnr

Xn = knlpl + kn??! + -+ ku.n-—rpu—r
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where py, ps, * + +, Pa-r are parameters denoting arbi-
trary numbers of the coefficient field.

This form (8) is known as the solved form of the sys-
tem of equations, or the general solution of (6). The proc-
ess of reducing the system (6) to the system (8) is known
as solving (6).

Let us start with a system of the form described in
Theorem 3. A certain number, say n—r, of the cocfh-
cients in the sequence ay, @s, « -+, @u Will be 0. If a,, is
the first of these which is 0, give to x, the arbitrary value
P If a,, is the second which is 0, give to x, the arbitrary
value ps, ctc. Every other x is equal to a linear combina-
tion of x's with lower subscripts; so by eliminating these
we reach the solved form of the system.

In particular, when 7 =7, (8) reduces to the system

x1=0, A‘2=0,"',.‘\7,.=().

COROLLARY 4. A system of m <n homogeneous equa-
tions in n unknowns always has a solution not composed
entirely of 0's.

5. Systems of non-homogeneous equations. Let us
denote by

N =danxi+ a2+ +anrn—ca =0,
f:=anx+ anxs+ - +anax,—c =0,

)

jm = @m1¥1L + Gm2x2 + - - - + dmnXn — Cm = 0

a system of m non-homogencous equations in # un-
knowns. The cquations (6), obtained from (9) by replac-
ing cach ¢ by 0, will be called the auxiliary homogeneous
system.
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THEOREM 5. If equations (9) have a solution, the gen-
eral solution can be expressed as the sum of the general
solution of the auxiliary system (6) and one particular
solution of (9).

We may write (9) in the abbreviated notation

Ea.,x,=c. (t=1,2,---,m).
=1
Let (xi/, xo/, - - -, x.') and (x\"’, 2", - - -, x,'’) be any

two solutions of (9). Set z,=x,—x,””. Then

Eal,zl = Z a,i(x] — x]') = E a,,xj — 2 a,jxj’

=¢ —C =,0v
so that (zy, 2s, + « +, 2,) is a solution of (6). Then x; =z;
+x;". Now if (%1, x2’’, - - -, x4"’) is a particular solution

of (9), we see that every solution is the sum of this par-
ticular solution and a solution of (6). Conversely every
such sum is a solution of (9).

COROLLARY 5. If n linear homogeneous equations in n
unknowns have only the trivial solution composed entirely
of 0's, then any non-homogeneous system having the given
system as auxiliary system has one and only one solution.

To solve a non-homogeneous system, we may pro-
ceed almost in the same manner as in the solution of a
homogeneous system. A certain sequence of elementary
operations will reduce the system (6) to the form of
Theorem 3. This same sequence of elementary opera-
tions applied to the equations of the system (9) will re-
duce it to the form
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anxy —a =0,

anxy + daads - =0,

(10) a,i1Xxi + a,2X2 + e + dunXp — Cn = ()y
— Chi1 = (),
—Cm=0

where cither a.,#0 or clse every a,,=0. The values of
the a,, and ¢, in (10) arc of course usually not the same as
in (9).

If a,,=0in (10), or if £ >n, the sth equation reduces
to ¢, =0, 50 if ¢,70, the system (10) has no solution. If,
on the other hand, ¢, =0 whenever a,,=0 or ¢>n, we
may sct &, =0 for ¢ <n and solve the remaining equa-
tions step by step, thus obtaining a particular solution
(I 1s, - -+, 1). We have proved

THEOREM 6. A necessary and sufficient condition in
order that the system of non-homogeneous equations in the
diagonal form (10) have a solution is that every c, shall be
0 if the corresponding coefficient a,, s 0 or if i >n.

COROLLARY 6. A system of nom-homogeneous equa-
tions (9) has a solution if and only if kicx+keca+ - - -
+kmcn =0 for every set of numbers ki, ks, - - -, km Such
that

kil + kala+ « - - + kulm = 0,

l‘ = Gy1X1 + a,2X3 + ce + GynXn.

We shall state one more result, namely
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TueOREM 7. If the conditions of Theorem 6 are satis-
fied, (9) is equivalent to the system
kupr + kiape + « -+ + kinrpur + 1,
x2 = kupr+ kaspa+ - -+ + kau—rpur + 12y

knlpl + ku'.'P'.! + st + ku.n—rpnnr + Iu

where py, pa, * * +, pa_r are parameters representing arbi-
trary numbers of the coefficient field, and (I3, ks, « - +, 1)
is a particular solution.

This theorem is a direct consequence of Theorem §.

Ay

Xn



CHAPTER 11
VECTOR SPACES

6. Vectors in ordinary space. We shall assume that
the reader is familiar with the use of vectors in ordinary
Euclidean space to represent physical quantities, such
as forces, velocities, or accelerations, which have both
magnitude and direction. Let there be a set of three co-
ordinate axcs not all in the same plane which we shall
call the x-, y-, and z-axes. Let ¢, €, €3 be three line seg-
ments (basic vectors), each of length 0, emanating
from the origin, € on the x-axis, e on the y-axis, and e;
on the z-axis. Addition and scalar multiplication of line
segments which lic on the same line are defined in the
ordinary way.

Lct ¢ be any line segment, or vector, cmanating from
the origin. A parallelepiped can be constructed having ¢
as a diagonal and having thrce of its cdges on the respec-
tive coordinate axcs. The edge which lies on the x-axis
will be denoted by ay€, the edge which lies on the y-axis
by ase;, and the edge on the z-axis by ase;. Clearly a, will
be positive if aie; extends in the same direction as €, and
ay will be negative if a,e; extends in a direction opposite
to that of ¢;. Relative to the basic vectors €, €, €, the
vector ¢ has the components or codrdinates a,, as, a3, and
we write

¢ = (a1, 61, a3).

Conversely every triple (a1, as, a3) of three real num-
bers determines a unique vector ¢. The zero vector
(0, 0, 0) is of length 0 so that its direction is quite im-
material.

15
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The reader will recall that the resultant or sum of two
vectors

é1 = (a1, ay, as), @2 = (b1, b, bs)

is the diagonal of the parallclepiped having the sum-
mands as adjacent sides, and that in terms of the co-
ordinates of the vectors this is equivalent to the identity

&1+ ¢2 = (a1 + by, a2 + b3, as + bs).
The reader will also recall that
k¢ = (kay, kas, kas)

is a vector lying on the same linc as ¢ which is obtained
by multiplying the segment ¢ by the number %. This
vector k¢ is called the’scalar product of the vector ¢ by
the scalar k. The vector k¢ extends in the same or the
opposite direction as ¢ according as k is positive or
negative.

If ¢; and ¢, are two vectors which do not lie* in the
same straight line, they determine a plane. Every vector
in the plane (having, of course, one end at the origin) is
of the form

ki1 + kad,

and conversely every such vector is in the plane of ¢,
and ¢z.

Furthermore, if ¢1, ¢s, @3 are three vectors which do
not lie in a plane, the set of all vectors

kidy + kops + Rads

* In deference to the usual notion that two vectors are equal if
they have the same length and direction, we should word our assump-
tion concerning ¢, and ¢; by saying that they are two vectors which
cannot be laid on the same line. Similarly ¢, ¢1, ¢; are three vectors
which cannot be laid on the same plane.
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constitute all the vectors in space. We say that ¢, ¢s,
¢3 span the vector space.

Three vectors span the space unless one of them lies
in the planc containing the other two. That condition is
cquivalent to the statement that there exist three num-
bers &y, ks, k3 not all zero such that

ki1 + kope + kaps = 0.

For if k150, then ¢ lies in a plane containing ¢ and ¢s;
and conversely. 1f 220, then ¢. lies in a plane contain-
ing ¢: and ¢, and so forth.

If &, €, €3 are mutually orthogonal unit vectors, the
coordinates of ¢ are the cosines of the angles which ¢
makes with the respective €'s cach multiplied by the
length of the vector. If each of the vectors

1 = (a1, as, a3), é2 = (by, ba, ba)
is of unit length, the cosine of the angle between them is
cos 0 = ayb; + asbq + asbs.

This expression is called the inner product or scalar prod-
uct of the two vectors. If this inner product is 0, then
cos 6=0, and the vectors arc orthogonal.

7. Vectors in general.* This gcometric concept is
easily generalized. We define an ordered set

¢=(aha2""|au)

of n numbers of a ficld F to be a veclor of order or dimen-
sion n, and call ay, as, * - + , @, its components. Two such
vectors arc equal if and only if corresponding compo-
nents arc cqual.

* A rcader with a liking for the abstract may read Chapter IX at
this point.
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We define the operation of scalar multiplication,
where & is in F, by the identity

k¢ = (kdl, kaz, cecy, ka,.).

If ¢1=(by, bs, - - -, b,) is another vector, we define the
sum by the formula

¢+¢l= (ai+bloa2+b21" * lan+bn)
and the inner product by
b1 = a1br + asb2+ - - - + anda.

A set of vectors which is closed under the operations
of scalar multiplication and addition is called a linear
system of vectors, or a vecior space. Thus if ¢y, ¢, « -+,
¢ are m vectors of order n, the set of all lincar combina-
tions

kxpr + kot - -+ + kmm

of these vectors, where ki, ks, - - -, km vary over F, is
such a linear system S. The vectors ¢, @2, * * * , O Span
S.

The same space may be spanned by many different
sets of vectors, even by sets which contain different
numbers of vectors. Thus the two vectors (1, 0) and
(0, 1) span the same space that is spanned by the three
vectors

(51 2)1 ('— 1! 1/2)1 (1/31 1)-

Two sets of vectors which span the same space are
called linearly equivalent.

The vectors ¢1, @2, * * + , dm are linearly dependent
(with respect to F) if m numbers &, ks, - * -, km of Fex-
ist, not all zero, such that

kipr + kapa+ - -+ + kmdm = 0.
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If on the other hand cvery such relation implies that
by=ks= - -+ =ky =0, the vectors arc linearly independ-
ent. We recall that in three-space three vectors are lin-
early dependent if and only if they are coplanar.

A set of vectors ¢y, ¢g, - -+, ¢» which span S and are
lincarly independent constitute a basis for S.

THEOREM 8. Every linear system of nth order vectors
over F has a basis

¢h¢21"'|¢r '§”~

If there exist in S vectors all of whose components
except the first are equal to 0, let

(411, 0,0,---,0) an #0

be one such vector, and call it ¢,. If there exist in S vec-
tors of the form

(a2h aaa, 01 ft 0) daa # 09

choose one and call it ¢, and so on. If there is a vector of
the form

(anly angy * *° ann) ann # 0,

choose one and call it ¢,.. Some of these types may not
exist. Those which do exist give us a basis which, by a
relabeling of the subscripts, we can call ¢y, ¢, « - - , @s.

First we must show that these r vectors arc linearly
independent. It will be simpler notationally to assume a
relation

kl¢l+ ks¢3+"'+k»¢u=0

among the ¢'s as originally defined with the understand-
ing that 2, =0 if ¢, does not exist. Such a relation implies
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kiayy + ka4 - - -+ Rae1Gn-y1 + RaGa = 0,
kigag + + ¢ -+ Ba_16noy2 + Ragaa = 0,

kn—lan-—l.’l—l + knan.n—l = 0,
kn@an = 0.
If ¢, exists, @0, so k, =0. Thus £, =0 whether ¢, ex-
ists or not. Then, similarly, k,.1=0, and in fact every &;
is zero.

Finally we must show that every vector of S is a lin-
car combination of these vectors. Let

¢ = (bnh bnay+ -, bnn)

be any vector of S. lf'b,.,.;é 0, ¢, exists, and the vector
b'lﬂ

¢ — én

a’lﬂ

exists in S, and has 0 for its last component. Let
¢’ = (bn—l.h bn—l.m try, bn—l.n—l, 0)

denote ¢ —b..Pa/ana Or @ according as ¢, exists or does
not exist. We proceed as before. If .1, n-17#0, then

bn—l.n—l

n—-1

¢ll - ¢I -

Gp—1,n-1

has 0’s for its last two components. Finally we have

bnn b
¢— o= ——1 =0,
Gnn a
b b nn
p=—b1+—bst e+ —
a1 a3 Gnn
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where some of these terms will be missing if the cor-
responding ¢, do not exist.

COROLLARY 8. Unless the linear system S contains a
vector of the form (ai, as, -+ -, a,, 0, - - -, 0) with a,#0,
for every 1, then S has a basis of fewer than n veclors,

We have now shown not only that every linear sys-
tem S has a basis, but that there is a basis of a particu-
larly simple form, Thus for # =3 we have a basis

¢l = (alll 0, 0) a > 01
&2 = (az1, az, 0) as # 0,
¢3 = (as1, a3z, as3) ass # 0

if all these ¢'s exist, but any onc or any two of them
might be missing. The extreme case where all three are
missing is conceptually possible but trivial, since then §
consists only of the 0-vector.

8. Rank of a linear system. The basis of a linear sys-
tem is far from unique, but we shall prove the important
theorem that the number 7 of vectors in a basis is the
same for all bases. To this end we shall prove the simple
but fundamental Replacement Theorem of Steinitz.

THEOREM 9. Let ¢y, @2, * * + , b, be linearly independ-
ent vectors, each linearly dependent upon the vectors
Y, Ve, - - Y. Among Y, ¥, - - -, ¥, there exists a sub-
set of s vectors which we may notationally take lo be yn,
Vs, + + -, Y. such that Yy, s, - -+, ¥rarelinearly equivalent
todr, @2, -+ * ,@aWasr, *** Yo Thens Sr.

Let r be fixed =1 and let s =1. The statement that
“¢, is linearly independent” means that k¢, =0 implies
k =0—that is, that ¢; 0. Then

dr=oawW1+a:+ - - + oy
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where not every «, is zcro. It is only necessary to relabel
the ¢¥'s to insure that a; 0. Then

1 as Qay
Vi=—é¢1— —¥Ya2— - — —Yn
a ay ay
Hence every linear combination of ¢y, ¢, - -+, ¥, is a
lincar combination of ¢, ¥, - + -, ¥,, and the converse

is evident. Hence the theorem is true for s =1.
The proof may be completed by induction. Suppose

the theorem to be true for ¢y, @2, « - + , p.—1. Then by the
induction hypothesis ¥, ¥s, - - -, ¥, are linearly equiva-
lent to ¢y, b2, * -+, Pac1, Yur * -+, ¥y, and in particular

¢, can be written in the form
b =11+« + G + a¥s + - - - + apdr.

Not all of the a,, @441, - - -, a, are 0, nor can it be true
thatr Ss—1, for ¢y, s, * - -, ¢, are linearly independent.
It is a matter of notation to assume that a,70. Then we
can write

'ﬁ. = bl¢l + ¢ + bl¢l + bl+l¢l+l + tet + bﬁ,’r-

Hence the sets (¢1, s, -+, e, ¥ * -+, ¥r) and
(P1, b2 * * *, Pay Vata, * -, ¥,) are linearly equivalent.
The theorem is now proved.

COROLLARY 9a. If Y1, ¥s, - -+, ¥,and ¢1, @s, * - - , @,
are two bases of the same linear system, then r =s.

For in this case ¢y, ¢s, - * - , ¢, are linearly independ-
ent, and each is equal to a linear combination of
Y, ¥, -+ ¢, ¥, Hence s Sr. Similarly ¢4, ¥4, ¢+ - ¢, ¥, are
linearly independent and each is a linear combination of
&1, @3, * + -, P, s0 that r Ss. Hence r=s.

It is now proper to define the rank of a linear system
S of order n as the number of linearly independent vec-
tors in a basis. By Theorem 8, S has a basis composed of
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7 =n linearly independent vectors, and by Corollary 9a
this number 7 is the same for all bases. That is, the rank
of S is the number of linearly independent vectors in
any set of vectors which span S.

COROLLARY 9b. If S ¢s a linear system of rank n, then
more than n vectors of S are always linearly dependent.

COROLLARY 9c. If S is a linear system of rank r, any
r vectors of S form a basis for S if and only if they are
linearly independent.

COROLLARY 9d. If ¢y, @2, - - -, d. for s <r are linearly
independent vectors of S, it is pcssible to find r —s vectors
Pas1y * ¢, Pr such that oy, @2, - - - , ¢, form a basis for S.

9. The concept of matrix. A matrix

a1 Gi2 * - Qe
A = Q21 Q22 °* - Q2n - (a,-,)
Gm1 Qm2** * Gmn,

may be thought of as an ordered sct of vectors. That is,
A consists of m rows, cach row «; being a vector. If 4 is
an m X n array, it consists of m row vectors, cach of order
n. If m=1, A is an ordinary vector of order n, so that
the concept of matrix generalizes the concept of vector.
Clearly A may be written

ay
a2

A= a; = (al'l’ Qizy * * * al'n)o
Qm

It is only natural to introduce two operations, adds-
tion and scalar multiplication, derived from the addition
and scalar multiplication of vectors. Thus if
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B
B = .ﬁ." ﬁs = (bih bt!, Ct bm),

Bm
it is natural to define 4 4+ B as follows:

Ca; + A1
A+ B= az + B2
_am+ﬁ

a1 + b1 - ¢ @i + bia

_] +.b2l © e+ @3 + baa = (0 + b

(11)

Laml+ bml A ann+ bm

and if k is any scalar (i.c., any element of the field F), we
define the scalar product by means of the formula

ka1 kau LEC ka;,
k k oo kaag

g =] 2 =TT | = (ke
kotw kami - -+ kam

If B8 is any vector, it is natural to define multiplica-
tion to be distributive. That is,

Qm aIlB
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which is a vector with components in F whose com-
ponents are written in a column instead of in a row. Thus
if

- b,
8= b ’
L. bn
@11 @12 ¢ a1n b
AB = A1 dz2 *** Q2 by
Ldm1 Qm2 * * * dmn, bn
Can by + diebs+ - -+ + a1 ba
_ @by + anbs+ -+ + a2 ba
_amlbl + am2b2 + ¢ + amnbn
A matrix
byy biz- - by
B = bay bag - by - (bn)
bnl bni bnl

may alternatively be thought of as consisting of a row of
I columns, each column being a vector

B = R B=(ﬂhﬁ!v""ﬂl)°
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Then for any vector y=(cy, €3, * - -, ¢a) we define y-B
as follows:

73 = 'Y'(ﬁh ﬂﬁl ) ﬂl) = (7311 'Yﬁﬂt ctty 'Yﬂl)
byy biz- - by
bar baac - - bu
bnl bn2 M bn!
= (cibun + cobar + « -+ + Cabay, - - -,
cbu+ cabar + - - -+ caba).
Now comes the problem of defining the product of

two matrices. Clearly it would be possible to employ the
definition ’

= (ch Cyy * vcn)

ay aB iy aifs - asfy

AB = a2 B = azB — agﬂl azﬂg A agﬂx

am awB amfr amfs - - - amfi
But it would be an equally sensible definition if we wrote

AB = A(plv ﬂ’! Ct al) = (Aﬁlv Aﬁﬂ) Ct Aﬁl)
afy aifs - i
afy  afs - apy

amBy amPz - - - anf

Fortunately both results are the same. We define, then,
the product of two matrices 4 and B, the first composed
of row vectors of order m, the second of column vectors
of order m, to be the matrix whose element in row r and
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column s is the inner product of the rth row vector of 4
by the sth column vector of B. That is,

(12) AB = (an)(bn) = ( Z an'bu)-
il
Note that the product 4B can be formed only when
the number of columns of 4 is equal to the number of
rows of B.
If B is an m X! matrix and O, is an m Xm matrix
whose elements are all 0, then

OnB =0
.is an m X! matrix all of whose elements are 0. Similarly
if 0, is an I X! matrix all of whose elements are 0, then
BO, = 0.
If B is square, O,,=0,;=0. Such matrices, all of whose

elements are 0, are called zero matrices.
Let I, denote the matrix

€1 1 0"'0
€ 0 1.--0
S - . = (5,2)
€n 0 0---1

where €, €, - - -, €, are the unit vectors of order #, and
8.+ is Kronecker's delta, denoting 1 for r=s and 0 for
r#s. If B is an m XI matrix, then

InB = (2 aﬂbll) = (bn) = B,
BI; = (Z bnﬁ.'.) = (bn) = B.

Thus I, is called the unit matrix of order n. If B is
square, I, =1, is both a left and a right unit multiplier.
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A matrix
E Q-0
0O k---0

0 0---k

= (kb)) = kI

is called a scalar matrix. Since
kI 4+ U = (k411 kI II = (kDI

all the scalar matrices of a given order are isomorphic
under both addition and multiplication with the num-
bers of F.

The matrix AT =(a,,) is called the transpose of the
matrix 4 =(a,.), the second subscript denoting the row
and the first subscript denoting the column in which an
element stands. Thus asq, which is in row 3 and column
4 of A is in row 4 and column 3 of AT. The row vectors
of AT are the column vectors of 4 and vice versa. It fol-
lows dircctly from (11) and (12) that

(A + B)T = AT + BT, ((1B)T = BTAT,

The first of these cquations is obvious, and the second
follows from the relation

(AB)T = (E aubs‘r) = (E b.,a..) = BTAT,

A correspondence such as 4AT which reverses the
order of multiplication but otherwisc obeys the postu-

* A biunique correspondence
ae¥’, b, - - -
between all the elements a, b, - - + of a set = and all the clements
a’, b’, - - - of another set =, is an fsomorphism relative to two cor-
responding operations © of = and X of 2 if
aobera’ XV’
for all pairs of elements of the two scts.
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lates for an automorphism is called an anti-automor-
phism.

Of fundamental importance is the fact that matric
multiplication is associative. That is,

(13) (AB)C = A(BC).

This is immediately provable from (12), for each side of

(13) is equal to
( Z @b, ,c,.).
(1%

Multiplication is not usually commutative, however.

For instance,

[1 2] [l 1] [1 3]

3 4dlo 1] Ls 7T

o ]G -G

0 113 41 L3 4f
10. Rectangular arrays. One of the interesting and
remarkable properties of matric multiplication is the
following. Let C be a rectangular array of ! rows and m

columns, and let 4 be a rectangular array of m rows and
n columns. Let

l=h+b+---+l) m=m+m+- .- +m,
n=mtn+-+mn

be any ordered partitions of /, m and 7 respectively.
Draw lines through the arrays C and 4 separating them
into arrays of subarrays C;; and A;, respectively, such
that C,; has /; rows and m; columns, and 4; has m; rows
and 7; columns,
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Thus if
l=6=34+3, m=4=24141, n=4=2+42,

-

o

i1 G2 | €13 | €14
C21 C22 | Co3 | Cu
C = Ca1 Ca2 | Cas | Caa | Cn Cra ('u]

N oen Ci2 | Ca3 | Cua - [Czl Caz Caad’

Cs1 Cp2 | Cp3 | Cou

LCu Ce2 | Ce3 (u-J

[y G2 | a1z 4y
. A Ay

A21 Qa2 | G23 d24

4 = =] A Aa

asy Q32 | Ay A3y
Az A3

L.dq1 dq2 | dg3 a4

It is true that in gencral

q
CA = ZC,;.A;,.) r=1,---,pis=1.-:,1.
Rl

That is, these subarrays behave in this situation like the
clements of a matrix.

The idea of the proof can be obtained easily from the
cxample without burdensome notation. The element in
Row 4 and Column 2 of CA4 is

cutz + C42a22 + C43a32 + Cualaa.
This is the clement in the upper right-hand corner of
Caudi + Cad sy + Casd .

In fact, the upper right-hand element of Cnd 1 contrib-
utes the first two terms, the upper right-hand element of
CnAn the next term, and the upper right-hand element
of Cssd a1 the last term.
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ll.\EMﬂ We define three types of
elementary operation or transformation upon the rows of a
matrix as follows:

Type 1. The interchange of two row vectors.

Type II. The multiplication of the clements of any
row vector by the same non-zero number of F.

Type I11. The addition to any row vector of a mul-
tiple of any other row vector.

Thus the matrices

Az dz2 423 i a2 a3
an a; d |, 3dz1 3az2 3ass |,
a3 d32 433 [£3 d3e d33
ay aje a3
asn + 2a1  ax + 2612 a3+ 2a1
as1 Q32 ass

are obtained from A4 =(a,,) by opcrations of Types I,
I1 and III, respectively.

THEOREM 10. The inverse of every elementary opera-
tion is an elementary operation of the same type.

Clearly an elementary operation of Type I is its own
inverse. The inverse of an elementary operation of Type
I1 is obtained by replacing the multiplier by its recipro-
cal. The inverse of an clementary operation of Type II1
is gbtained by replacing the multiplier by its ncgative.

THEOREM 11. Every elementary operation upon the
rows of a malrix leaves its row space invariant.

The row space S of a matrix 4 is the space (or linear
system) spanned by its row vectors ¢;, @3, * - + , da. That
the interchange of two of these vectors leaves S un-
changed is trivial. Clearly every linear combination of
either of the sets
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b1 P2y 0 Pyttt Daj ¢lv¢2o"'v¢|’+k¢it"':¢n

is a linear combination of ¢y, ¢3, - - - , ., so S is not en-
larged by a transformation of Types II or I1I. Since each
transformation has an inverse of the same type, S is left
unchanged by any transformation.

THEOREM 12. Each elementary row operation is asso-
ciative with matric multiplication.

That is, if @ denotes the row operation,
QAB) = (Q4)B.

Let (a,:)(bs) =(Q_and..). We consider the three
types of elementary transformation separately.

Type I: The first subscript of @ is the row index in
both 4 and in A B, so an interchange in the order of the
rows of 4 brings about this same interchange in the or-
der of the rows of 4 B, and produces no other change.

Type 11: If the jth row of 4 is multiplied by ¢ and
the other rows remain unchanged, then the jth row of
A B becomes

Z ca,-.b.-,.

That is, the jth row of 4 B will be multiplied by c.
Type I11: Let the elements of the jth row of 4 be re-
placed by
an+ kau, ajs+ kas, - - -, ajn + kain,

the other rows remaining unchanged. Then the jth row
of AB will be

> (a5 + kaw)bay, - - -, 2 (aj + kai)bin,
which is equal to
S aiba+ kY auda, -, > ajbin + kY aibia.
This is the same result that would have been obtained
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from the application of the elementary operations to
AB.

A matrix which is obtained from the identity matrix
I by an elementary operation is called an elementary
mairix. We have elementary matrices of each of the
three types, exemplified respectively by

1 0 00 1 000 1 000
0 0 0 1 0 ¢ 00 0100
0010 Joo1o] oz 1of
010 0 0 0 01 0 0 0 1

THEOREM 13. Every elementary operation on the rows
of a matrix can be accomplished by multiplying the matrix
on the left by the corresponding elementary malrix.

This follows directly from Theorem 12. For if Q is
any elementary row operation,

QA = QIA4) = (QI)A.

The row rank of a matrix is the rank of the linear
system spanned by its row vectors. That is, it is the
number of its row vectors which are linearly independ-
ent.

TueoREM 14. The row rank of a matrix is never raised
by multiplying the matrix on the left by another matrix.

Let

an a Qim B 71
a3 G a; B2 ¥z

AB = " = =C.
an G2 G Bm v

Let ¢y, @3, - + -, ¢, be a basis of the lincar system de-
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fined by they's, and let ¥, s, - - -, ¥, be a basis for the
linear system defined by the 8's. Since every ¢, is equal to
a lincar combination of the ¥’s, and every v; is equal
to a linear combination of the @'s, and every B; is
cqual to a linear combination of the ¢'s, it follows that
1, @2, - - -, @, are lincarly dependent upon ¥y, ¥y, - - -,
¥r. By Theorem 9, s <r.

A matrix is called non-singular on the left if there ex-
ists a matrix 4A~! such that

A-4 = 1.
The matrix A-1is called a left inverse of A.
THEOREM 15. If A and B are each non-singular on the
left, so is AB. A left inverse of AB is B! A-!,
For !
(B'A-YAB = B-Y(A-'A)B = B-\IB = B-'B = ].
THEOREM 16. Every elementary malrix is non-singular

on the left, and has for an inverse the elementary matrix
corresponding to the inverse row operation.

From Theorem 10 we know that every elementary
transformation  has an inverse so that, for the identity

matrix 7,
QeI = 1.

Let QI =E, Q' =E-!, Then by Theorem 13, E-'E=1.

THEOREM 17. The row rank of a matrix is never
changed by multiplying the matrix on the left by a matrix
which is non-singular on the left.

If Bis of rank r, then A B is of rank s <7 by Theorem
14, and A-'AB=Bis of rank r Ss. Thus r =s.

COROLLARY 17. The row rank of a malrix is never
changed by an elementary transformation on its rows.
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12. A normal form. Every linear system of nth order
vectors can be spanned by n vectors (Theorem 8), and if
it is spanned by fewer than #n vectors, we can adjoin
0-vectors to bring the number up to ». Hence every
space can be spanned by the row vectors of a square
matrix. In this section and in the sections immediately
following we shall assume that every matrix is square
with 7 rows and 7 columns.

The principal or main diagonal of a square matrix 4
=(a,.) is the sequence of elements ay1, @ss, * * * , Gan. The
matrix is triangular if every element above the principal
diagonal is 0.

THEOREM 18. If A is a square matrix, there exists a
matrix P non-singular on the left which is the product of
elementary matrices such that PA is triangular with every
diagonal element either O or 1; if the diagonal element in
any row is 0, the entire row is 0; if the diagonal element in
any column is 1, every other element of the column is 0.
This form is unique.

The first part of the proof is practically the same as
the proofs of Theorems 2 and 3. Let

811 G13°° * G

@31 Q32 G2

Gn1 Gz * * Gun

Unless every element of the last column is 0, we can
interchange rows so that a,,0. Add to the sth row
—04s/04n times the last row so that the new ai. will be
0. Thus in either case every element of the last column
above a.. can be made 0. Similarly every element above
the principal diagonal can be made 0, so that a triangu-
lar matrix is obtained.
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Let a.. be the last diagonal clement which is 0. Let
a,, be the last element of the ith row which is not 0.
If a,,=0, interchange the ith and jth rows. If a,,7#0,
add to the ith row —a,,/a,, times the jth row. In either
case the new element in the a,, position has been made
0 without changing any clement to the right of a,, in the
ith row or any clement of a row below the sth. We con-
tinue until every element to the left of every 0 in the
diagonal is 0.

By clementary transformations of Type II, every
non-zero diagonal clement can be made 1 without de-
stroying the reductions which have been made. The fol-
lowing matrix is in the form thus far obtained:

0O 0 0 o
am1 0 0
0O 0 0 o0
Qa1 Q42 Qg3 1

Disregard the last row and let a,; be the last diagonal
clement which is equal to 1. By adding —a,; times the
ith row to the last row, we can make the new aa., equal
to 0. Similarly every clement under a,; which is not al-
ready 0 can be made equal to 0. Then if a,; is the diago-
nal element equal to 1 which just precedes a,;, every cle-
ment under a,; can be made 0. We proceed until the
form described in the theorem is attained.

Each clementary operation was accomplished by
multiplying the matrix on the left by an clementary
matrix, and the product of these elementary matrices
is the matrix P of the theorem. Since each elementary
matrix is non-singular on the left, so is P, by Theorem
15.

This form of a matrix will be called the Hermite
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canonical form, for it was first discovered by Hermite
for non-singular matrices whose clements were rational
integers.

Notice that the row vectors of the Hermite form con-
stitute a basis for the row space of the type described in
Theorem 8, and the rows which are not 0 are lincarly
independent. Thus the row rank of a matrix is equal
to the number of non-zcro rows in its Hermite canonical
form.

We shall now prove that the Hermite form is unique.
Consider the equation PII=A where P is non-singular.
We assume that If and 4 are in Hermite form, and
shall show that A =11. It is true, then, that every Ay, is
cither 0 or 1; if A,,=0, then every clement of the sth
row is 0; and if A,,=1, then cvery other element of the
¢th column is 0. The same normalization holds for the
clements of 4.

The reader may be able to follow the proof more cas-
ily by keeping in mind the example

pu P12 Pz Pu 0 0 0 0

P P22 P P 2 1

P31 P2 Paz Pu 0 0

P P2 Pz Pu 3 0 -1 1
a; 0 0 O

gy a3 0 O

o <
(=}

ay as; ass 0
Q41 Q42 Q43 Gy

If the ¢th column of IT has 1 in the main diagonal
(and consequently 0's in every other position), then the
ith column of P is equal to the sth column of 4. The
undetermined columns of P correspond to rows of 0's
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of H, so that the product of every ith row of P by the ith
column of II is p,.hi, and this must equal a,,. If 4,, =0,
then a,,=0. Since II and 4 are of the same rank, k;,#0
implies a;,70 and therefore a,,=1. Then a, =0 for
j>1, since 4 is in Hermite form, and every column of
P which corresponds to a non-zero row of I is a column
vector with 1 in the main diagonal and 0’s elsewhere.
Such a matrix P leaves H unaltered when used as a left
multiplier so that 4 =11.

13. Non-singular matrices. Let us now take the spe-
cial case of a square matrix 4 of order and rank n.

THEOREM 19. If the rows of a square matrix are lin-
early independent, it is non-singular on the left, and con-
versely. ’

Let PA = H where H is the Hermite form. Since P is
non-singular on the left, the row rank of 4 is equal to
the row rank of H. If H had any zeros in its principal
diagonal, the row rank of H would be less than %, con-
tradicting the hypothesis that 4 is of row rank #. Hence
H=1. Since PA =1, A is non-singular on the left.

If A is non-singular on the léft, there exists a matrix
P such that PA =1I. The row rank of I is n so that, by
Theorem 14, the row rank of 4 is n. This proves the con-
verse.

THEOREM 20. Every square matrix which is non-singu-
lar on the left is equal to a product of elementary matrices,
and has a left inverse which is also equal to a product of ele-
mentary matrices.

For if 4 is non-singular on the left, it is of rank #, its
Hermite form is I, and there exists a matrix P whichisa
product of elementary matrices such that P4 =1I. Let

PA = E\Ey,+ + - E;E\4 = 1.
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Then, upon multiplying on the left by the inverses, we
have

A=FE'E - . E\E;.

But the inverse of an elementary matrix is an elemen-
tary matrix by Theorem 10. Thus 4 is a product of ele-
mentary matrices.

If a matrix A* exists such that A4*=1, then 4 is
called non-singular on the right, and A* is called a right
inverse of A.

THEOREM 21. If A is non-singular on the left, it is
also non-singular on the right, and conversely.

If A is non-singular on the left, there cxists by
Theorem 20 a matrix

P = EkEk_l L I’:zE;
such that P4 =1, the E’s being clementary matrices.
Then
A=FE E; - Keakr,
and
-1_~1 -1 1
AP = El Eg LA ILk-lEg EkEk_x L] EgEl = I.

The converse is similarly proved.

By virtue of this thcorem, square matrices are either
singular or non-singular, and we may drop the qualify-
ing phrases “on the left” and “on the right.”

THEOREM 22. If A is non-singular, it has a unique
left inverse and a unique right inverse, and these inverses
are equal to each other.

Suppose that A-!is a left inverse and 4* a right in-
verse of A. Then
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At* =1, Ll =1,
AFICLE%) = (1-LD)g*

so that A-'I=14%*, whence A-'=A4% Thus cvery left
inverse is cqual to every right inverse.

We shall now speak of the inverse A~ of a non-singu-
lar matrix.

14, Column vectors. A matrix 4 can equally well be
considered as defining the lincar system of its column
vectors:

ayi

Ay

q1 = [W:, Yo, - - . , lﬁul, ¥, =

aﬂli

The reader will at once perceive the perfect duality of
the two concepts. Every theorem of this chapter can be
dualized by replacing “row” by “column” and making
whatever changes are appropriate. The most important
of these changes is that an elementary operation on the
columns of a matrix is accomplished by multiplying the
matrix on the right by an elementary matrix. (See
Theorem 13.) The clementary matrices themselves are
not different in form.

This duality can be at once established by replacing
A by its transpose A7. The column vectors of 4 become
the row vectors of AT. Then if

PAT=H
where I is in the Hermite canonical form, it follows

from (12) that
APT = HT,
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Thus HT is the Hermite canonical form of a matrix un-
der elementary transformations on its columns.

Two matrices A and B are called equivalent if two
non-singular matrices P and Q exist such that

PAQ = B.

The term “cquivalent” is justified by the following
propertics:

(a). 4 is cquivalent to itsclf. For JAI=A.

(b). If 4 is equivalent to B, then B is equivalent to
A. For P7'BQ'=A4.

(c). If A4 is equivalent to B and B is cquivalent to C,
then A4 is equivalent to C. For PAQ =B and RBS=C to-
gether imply (RP)A(QS) = C with RP and Q.S non-singu-

lar.

THEOREM 23. Every malrix A is equivalent to a di-
agonal matrix in which every diagonal element is either 0
or 1.

By Theorem 18 we can find a matrix P such that
PA =H where II is in the Hermite form. In this form
the only non-zero clements not in the principal diagonal
are to the left of diagonal elements which are cqual to 1.
By elementary transformations on the columns, cvery
non-diagonal element can be made 0. The following
matrix in Hermite form will assist the reader in secing
this.

1 0 0 0 07
0O 0 0 o0 o
0 a21 0 O
0O 0 0 o0 o

L0 a2 0 a5 1]
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COROLLARY 23. The row rank of a matrix is equal to
its column rank.

We note first that the theorem is true for the Her-
mite canonical form F. Those columns which have 1's in
the principal diagonal are linearly independent, are 7 in
number where 7 is the row rank, and every other column
is a linear combination of these.

Now lct 4 be any matrix. We may make it square by
adjoining rows or columns of 0's without altering cither
its row rank or its column rank. Let PAQ =D wherc PA
is the Hermite form of A and D is a diagonal matrix
having r diagonal elements equal to 1. Clearly both the
row space and the column space of D are of rank . The
row rank of 4 is equal to the row rank of PA by Theo-
rem 17, and we have just scen that this is equal to the
column rank of PA. The column rank of P4 is equal to
the column rank of PAQ by the dual of Theorem 17.
Thus the row rank of 4 is equal to 7. Similarly the col-
umn rank of 4 is equal to the column rank 7, of a di-
agonal matrix D, having r, diagonal elements equal to 1.
Clearly D and D, are equivalent, and their row ranks
are equal to their column ranks. If P.DQ,=D,, the row
rank of DQ is r;. But DQ, has at least n—r rows of 0's
so that r, S7. Since D =Pi'D\Qi}, rEn.

We shall hereafter speak merely of the rank of a
matrix.

We may, in fact, simplify the canonical form of
Theorem 23 somewhat further by interchanging rows
and columns so as to bring the 1's into the last 7 posi-
tions in the principal diagonal. Thus every matrix of
rank r is cquivalent to a matrix of the type

w [o 2]
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where I, denotes the 7 Xr identity matrix. This will be
called the canonical form of a matrix under equivalence
transformations.

15. Systems of equations. The system of equations
e x4+ 4 a1nxa = 0y,

831 %1+ ¢ ¢+ + G2 Xn = Cy,

(15)

Gm1Z%1 Tt * ¢+ GmnZn = Cm

can be written in matric notation as

A =17
where
a1y G2 * Q1a X1 ‘1
a2 Q22 * G2n X2 C2
A =1 ....... ! ¢ = ! 7 =
Gmi Gm2° * " Gmn Xn Cm

THEOREM 24. If A is an m Xn matrix of rank r, there
exist matrices P and Q where P is a product of elementary
malrices and Q is a product of elementary matrices of Type
I such that

1 0..-0 kl.ﬂ-l"‘kln_
0 1.:--0 koppre- kan
(16) PAQ=| 0 O0---1 kppp1--- ka
0 0---0 O <. 0
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Let A be reduced to the Hermite form. There will be
r 1's in the principal diagonal, any row containing a 0
in the principal diagonal will be a zero vector, and any
column containing a 1 in the principal diagonal will be
a unit vector. Now any permutation of the rows or col-
umns will not change the number of these zero row vec-
tors or the number of unit column vectors. By permut-
ing the rows and columns, the 1's can be placed in the
first r diagonal positions. The matrix will then be in the
form (16). These permutations can be accomplished by
multiplying the Hermite form on the right and left by
elementary matrices of Type I.

By this means we again arrive at the solution of the
system of equations (15). The matrix Q represents a
certain permutation of the columns of 4. Apply this
permutation to the columns of 4, and also to the un-
knowns xy, x3, + - -, %a, and relabel them in the normal
order. Call the new matrix 4’. Then there exists a ma-
trix P such that P4’ is of the form (16). To solved’s¢ =+,
we merely multiply on the left by P:

PA'¢ = Py = 4.

Now the vector PA’¢ has its last n —» components equal
to 0, and its +th component is

xc+2kux; (i=1,2,--+,7.
jurt1
Hence unless the last # —r components of 4’ are 0, there
is no solution. If these are 0, we have immediately the
solution described in Theorem 7.

16. On the rank of a product. The following theorem
which is readily provable at this point will be found use-
ful later on.
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THEOREM 25. If A and B are n Xn matrices of rank r
whose row vectors span the same space, and if s is any in-
teger r <s =, there exists a malrix P of rank s such that
A =PB,

If A is of rank r, we can pass to the Hermite form
and then permute rows so that

[l A1
P1A=[
(0]

where A; is an rXn matrix whose row vectors ay,

as, * + +, a,, are linearly independent. Similarly we can
write
oz=-[;]
o
where B, B, - - -, B, are the row vectors of B;. Both P,

and @, are non-singular. If the rows of 4 and B span the
same space, every row vector of 4, is a linear combina-
tion of the row vectors of B;, and vice versa. Thus there
exist numbers ¢,;, d;;, of Fsuch that

r r r
a; = 2 ¢.iB; B;= 2. dja, a, = Y cidjreun.
jm1 k=1 okm1

But oy, a3, - - -, a, are linearly independent, so
r
E ngd,-,, = 5;;.
J1

That is, CD=1,, Ay=CB,, By=DA, where
i Cizc G dy dy- - dy
Ca1 Ca2°° ° C2r day dag- - dy

C= , D =

Cri Cp2* * ° Cpr dyy dyac e dyy
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Since C and D are inverses of each other, each is non-
singular and hence of rank r. Now let

(0NN )
4=l 1]
0 E

where E is any (n —r) X(n—r) array. By §10,

C O1r1B: CB, A,
MQ]B = = [ = [ = PlA.
0O EJLO 0 (0]
Set P=P;"*MQ,. Then A =PB. But E is arbitrary, so
by a proper choice of E, M may be made to have any
rank s from r to 7 inclusive. Since P; and (Q; are non-
singular, P has the same rank as M.



CHAPTER III
DETERMINANTS

17. Complex numbers. Consider the set of all mat-
rices of the form

[0 L

where %, ¥, u, v, + - » are real numbers. The sum and
product,
A+B=[ x+tu y+v],
—(y+v) x4+ u
AB=BA=|: XU — yv x'u+yu]
— (xv + yu) xu — yv

are both of the same form as A and B—that is, they
have their diagonal elements equal to each other and the
other two elements negatives of each other. In particu-
lar the zero matrix and the identity matrix,

o-[ool 7=[o1]

are of this form. Thus the set of all matrices of this form
is closed under addition and multiplication, and consti-
tutes a matric algebra with unit element.

This algebra will be a field* if every matrix 4 except
O has an inverse. The product AB will equal I if « and v
are so chosen that

xu — yv =1, yu + xv = 0.
* See §63 for the definition of a field.
47
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The only possible solution is
x -J
Ty T

which exists for every 4 except 4 =0. Thus the above
set of matrices is actually a field.
The correspondence

k()]
>k
Lo 4

defines an isomorphism (§9) of a subsct of our matric al-
gebra with the real ficld R. The matrix 4 can be writ-

ten
. xy]'_ 10]+[ 01]
—[—yx_x[OI =10

where
10
= I.
01

Clearly I corresponds to 1 under the above isomorphism.

Morcover
[ 0 1]’ [-—1 0]
= — — 1,
-10 0-1

Hence the correspondence

A=[ xy]«—»x+yi

u =

defines an isomorphism, or representation of the com-
plex field as a matric algebra over the real field.

The polynomial x?44? is the least common denomi-
nator of the elements of 4-! when x and y are indeter-
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minates, and we denote this polynomial by d(4) and
call it the determinant of A. Every particular matrix 4
whose elements are real numbers has a determinant
which is obtainable from x?+43? by giving to x and y
their appropriate values.

If # and v also are indeterminates,

d(4B) = (xu — y)* + (xv + yu)?
22U + y2? 4 2% + yu -
= (2* + y*)(u® + +*) = d(4)-d(B).

Thus the determinant of the product of the matrices
which are isomorphic with two complex numbers is
equal to the product of their determinants. If 4 cor-
responds to the complex number ¢, it is at once evident
that d(4) is the norm of «, that is, the square of its ab-
solute value.

]

18. Matrices as hypercomplex numbers. Let F be
any field, and let M consist of the set of all # X7 mat-
rices with elements in F. If

A = (an), B = (br), C=(c), "

are these matrices, we have defined (§9)
A+ B= (an + bn)y AB = (Z anbia)-

It is clear that M is a commutative group* with respect
to addition, the identity being the matrix O all of whose
elements are 0. With respect to multiplication, however,
we have only closure, the associative law, the distribu-
tive law, and the existence of the identity I =(§,,). The
two other properties which would be required for M to
be a field are not necessarily present when # > 1, namely

* See §62 for the definition of group.
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the commutative law of multiplication and the existence
of the reciprocal of every matrix except O. Thus A is an
instance of a ring with unit element.

We shall investigate the possibility of associating
with every matrix of A a valuation or number d(4) such
that

d(AB) = d(A)-d(B).
Such a correspondence 4—d(4) can always be accom-
plished by defining d(4) to be 0 for every matrix 4, or
1 for every matrix A4, or 0 if 4 is singular and 1if 4 is
non-singular. But these valuations arc quite trivial. If
there is one non-trivial valuation where d(4) is neither
0 nor 1 for some matrix 4, there are infinitely many, for

A — [d4)]*

is another non-trivial valuation for k70, 1.

Let X and Y be two matrices whose elements are
independent indeterminates x,,, ¥,.. We shall endeavor
to find a polynomial d(X) in the elements x,, which is of
lowest possible degree >0 such that

(17 dXY) = d(X)-d(V).

If such a polynomial can be found, then for every ma-
trix A of M we may define d(4) to be that number of F
which is obtained by replacing the elements x,, of X
in d(X) by the respective elements a,, of 4.

Since
d(X) =d(X-I) = d(X)-d(I)

and d(X) is of degree >0, it follows that d(I) =1. Simi-

larly
d(0) = d(X-0) = d(X)-d(0),

d0)-[1 — d(X)] = 0.
But I'—d(X) is of degrce >0 so that d(0) =0.
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We shall now attempt to determine the valuations
of the elementary matrices. Nothing will be lost except
complexity of notation if we restrict attention to the

case n=3.
Let

010
U=|1 00
0 0 1
be any elementary matrix of Type I. Clearly U?=1, so
that

k=1 du)=4+1.

Now let

be any elementary matrix of Type III, % being an in-
determinate. Since V(&) - V(—k) =1,

dV(k)-aV(— k) = 1.

Now dV(—£k) is a polynomial in % of the same degree as
that of d V(k), and since the sum of their degrees is 0,
each is a constant. Then d V(%) has for every k the same
value that it has for £ =0, namely 1.
Let

1 00 1 00
Wil) =]0 1 04, W) =10 I 0],
0 01 0 01

be two elementary matrices of Type II which differ only
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in the position of the indeterminate ! in the main di-
agonal. Clearly

01 072 0 0770 1 O 1 00
1 0 0|0 1 O}J|1 0 OJ=(0 I O
0 0 1J{0 0 1110 0 1 0 01

so that we have
d(U)-dW (1) -d(U) = dWa(l).

Since d(U) = +1, dW1(}) =d.W(l). Hence we may de-
note dW,(l) by dW(l).
It is easily seen that

! 0 0t 0 QT
01 0[lo of]o
00 1lloo 1llo o

0 0 1 0
1 0]={0 ! = 5.
l 0 0

-~ © O

Hence the valuation of the scalar matrix S, is the nth
power of the valuation of W(I). \When =0 we have

[ew ()]~ = d(0) = 0,

so that dW(0) =0.
Now dW(I) cannot vanish for /70, for
w@)-wQ/il) = I,

aw@)-dw(1/1) = 1.
Upon equating coefficients we can show that dW(/) has
the form c-Ji, where c is in F. But dW(l)=1 when I=1
so that c=1.

We have shown that

dU)=+1, dv(k) =1 dW@) =1, i>0,
d[w(@)-X] = aW())-d(X) = I'd(X).
Now W(l)- X is the matrix X with one of its rows multi-
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plied by I. Thus d(X) is homogeneous of degree ¢ in the
elements of each row of X.

It is impossible to prove that 1=1 from (17) alone,
for any power of d(X) will satisfy (17) if d(X) does. But
we are seeking the valuation function of lowest degree,
and it will yield the smallest consistent value of ¢ in
dW(l) above. Our investigation from this point on will
have to be tentative. We shall assume that dW(I) =1
and attempt under this assumption to find a d(X) satis-
fying (17). If this proves to be impossible, we shall have
to return to this point and assume a larger value for 1.

We may now settle the ambiguity in the case of
d(U). From the equality

1 0037t 1 0 1 0 0770 1 O
-1 1 0}j0 1 O)Jj—-1 1 0}]]1 0O
0 0 1JLO0 O 1 0 0 11L0 0 1
1 0 0
=|0-1 0
0 0 1

it follows that
dVy(— 1)-adVs(1)-dVy(— 1)-d(U) = dW (- 1).
Since dV(k) =1 and dW(}) =1,
) =—1.

We have now proved, subject to the assumption
dW(l) =1 which will eventually be removed:

THEOREM 26. Let U, V, W(l) be elementary matrices
of Types I, I1I and 11, respectively. Then

dU)y=-=1, dV)=1, dW() =1
The last equation also holds when 1=0.
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19. Determinants. We have the result that
d[w()-X] = aw(l)-d(X) = I-d(X).

Now W(l)- X is the matrix X with one of its rows multi-
plied by I. Thus d(X) is homogeneous and linear in the
elements of each row of X. Moreover,

d(UX) = d(U)-d(X) = — d(X),

so that d(X) merely changes sign when two rows are per-
muted.

Woeierstrass defined a determinant as a polynomial in
the elements x,, of an # X7 array X which is linear and
homogencous in the elements of each row, which merely
changes sign when two rows are permuted, and which
reduces to 1 when X =1. We have just proved that our
function d(X) has these properties so that we can iden-
tify the determinant of X with the valuation d(X), and
use the method of Weierstrass to obtain its explicit form.

Let us first consider the case where # =3. Since d(X)
is linear and homogeneous in the clements of each row,
it has the form

3
d(X) = X €p¥nLa®sk
8,5 kel

the €,,x being numbers of F. Let X’=UX be obtained
from X by the interchange of two rows, say the first
two. Then

dX)+dX)=0= Z (eije + €jir) X15%2 %3k

Since the terms of this sum are linearly independent, it
must be true that

€jik = — €;jk.

In general, if two coefficients are such that one is ob-
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tainable from the other by a single transposition of sub-
scripts, they are negatives of cach other. It then follows
that e, is 0 unless the subscripts are distinct, provided
F is not of characteristic 2; for if 1 =7, €, = —¢,x im-
plies 2¢,,. =0.

When X reduces to I, d(X) reduces to €23, which is
therefore equal to 1. Hence e, is equal to 1 or —1 ac-

cording as
(l 2 3)
i ik

is an even or an odd permutation, and d(X) is com-
pletely defined. It remains to be shown, however, that
it meets our Requirement (17).

The same situation holds for any value of n. If X is
an n X7 matrix with indeterminate clements, we define

d(X) = Z (— 1)"xmxzh, * ot Xnhn
where the summation extends over all permutations
(1 2 ---n )
hy ha---h,

and % is a number of transpositions into which this
permutation can be factored. Although % is not unique,
it is shown in finite group theory that the oddness or
cvenness of & is unique.* Thus d(X) is well defined.

If A =(a,,) is an # X7 matrix with clements in F, we
define d(4) to be the functional value of d(X) under the
substitution x,;—a,;.

We shall now show that d(X) meets our Require-
ment (17).

* See the author's Introduction to Absiract Algebra, Wiley and
Sons, 1940, p. 72.
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THEOREM 27. If A and B are two matrices,
d(AB) = d(4)-d(B).

Consider a polynomial f(X) in the elements x,, of an
nXn array X which is linear and homogeneous in the
elements of each row, and which merely changes sign
when two rows are permuted. We proceed just as in the
derivation of the explicit form of d(X) from the Weier-
strass definition, except that we conclude that e;j
= 1f(I). Thus f(X) =d(X)-f(I).

Let X =(x,,) and Y=(y,,) be two matrices whose
elements are independent indeterminates, and form
their product

XY = (2 %i¥ia)-

[ ]
Now d(XY) is a linear homogeneous polynomial in the
indeterminates x,,. A permutation of the rows of X
permutes the corresponding rows of XY; thus d(XY)
merely changes sign when two rows of X are permuted.
Thus

d(XY) = d(X)-K
where K is the value of d(X ¥) for X—I. Then
d(XY) = d(X)-d(Y).

If A and B are two matrices with elements in F, we

have
d(AB) = d(A4)-d(B).

20. The adjoint. As we have seen, d(X) merely
changes in sign when two rows of X are permuted.
Therefore d(A) =0 if A has two equal rows; for the
permutation of these equal rows changes d(4) into its
negative, and yet obviously does not change d(4) at all.
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Hence*
d(A) = — d(4), 2d(4) =0

and, if 270, d(4) =0.
We may write

d(X) = Z x"" E(—l)hx”ll' . xl—l.hl_l,xl-}-l,h|+|' A xnhn
h

=1

where the second summation extends over all permuta-
tions of the integers 1, 2, - - -, # with &, left out. This
second summation depends upon both 4 and &, and
we may denote it by X,,, and write

(18) dX) = 3 X

=1

We shall call X,; the cofactor of x,, in X.

It is important to note that X, is independent of the
indeterminates x;1, X, - * +, X,» composing the ith row
of X, and also of the indeterminates x1,, x2j, - -+, Xaj
composing the jth column of X. Thus the n? cofactors
X.; have no common factor of degree >0.

Let us replace in X the clements x4, X4, * * * , %.n Of
the 7th row by the elements x4, Xi2, * + * , Xka Of the kth
row, where 274, and call the new matrix X’. Then X’
will have two equal rows so that d(X’) =0. This sub-
stitution will have no effect upon the cofactors X,
X, + + +, Xin of the clements of the sth row of X. Hence

d(X") = X x;Xi;=0 ki
je1

* If Fis of characteristic 2 the argument has to be modified but
the result is still true.
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We can combine this equation with (18) to obtain
(19) Z 2k Xs; = Su,-d(X)
1

where 8;; is Kronecker’s delta.
The matrix

adj X = (Xar):

where 7 denotes the row and s the column in which X,,
stands, is called the adjoint of X. The equation (19)
above may now be written in matric notation as

X-adj X = d(X)-1I.
Since d(X) is not identically 0, we have
" adj X
o7
d(X)

That is, adj X/d(X) is the inverse X—! of X. Since
XX 1=X"1X,

adj X-X = d(X)I,
or
(20) 3 Xaxs = dui-d(X).
=1

Relations (19) and (20) are of basic importance in
determinant theory. We shall use them to prove two
well-known thcorems.

THEOREM 28. Cramer's Rule. Let
G1%1 + @axa + - -+ + GuZa = G, (i=1,2'...,”)

be a system of mon-homogeneous equations whose matrix
A=(a,,) ts non-singular. Let II, be the matrix derived
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from A by replacing its kth column by ¢y, cs, + + -, ¢a. The
only solution of the system of equations is

d(H1)/d(4), d(H3)/d(4), - - - , d(H,)/d(4).

If (x/, x¢, -+, x4) is a solution of the given sys-
tem, then

n
Z a,x} = ci.
-1
Let A be the cofactor of a. in the matrix 4. Then

D Aw aix) = Y Auc,
=1

=1 te=l

}":[ i A.‘ka.,-] x] = Zn: A e

=1L t=l 1=1

If in the sum >_A4uc, we replace ¢, by a., we obtain
d(4). Thus

Z A.-,,c, = d(Hk)

is the determinant of the matrix Hj obtained from 4 by
replacing the kth column by the ¢'s. Making use of (20),
we have

ia,,,d(A)-x; = d(4)-x{ = d(H}).
j=1
If d(4)#0, our assumed solution can be nothing other
than
(d(H1)/d(A), d(H2)/d(A), - - - , d(Ha)/d(4)).

That this is actually a solution can be established by
substituting it into the given equations.
It should be noted that this method of solving sys-
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tems of equations is not fundamentally different from
the method described in §1 and §2. The choice of the
cofactors 4, for the £'s of Theorem 1 produces an equa-
tion all of whose coefficients vanish except the coeffi-
cient of x;.

Another useful and familiar theorem is

THEOREM 29. Let
aslxl+a;2x2+"'+amxn=0 (i=1,2:"'s”)

be a system of homogemesus equations whose malrix
A =(a,,) is singular. For every value of k,

(Arry Aigy* =+ 5 Akn)

ts a solution.
From (19) we have

D ek = dud(4) = 0,

=1
which proves the theorem.
COROLLARY 29. Let

anx + aiaxs+ -+ ainxa=0 (i=1,2,-++,n—1)

be a system of n —1 homogeneous equations in n unknowns.
Let h; be (—1)%+! times the determinant of the matrix ob-
tained by suppressing the ith column of A. Then

(hh hlv R hn)
ts a solution.

If we adjoin to the given system another equation
all of whose coefficients are 0 and apply the theorem
with 2 =n, we obtain the corollary. We shall see in §23
that the solution is trivial unless the rank of the matrix
of the coefficients is # —1.
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21. Properties of determinants. The literature on
determinants is vast and well known, and determinants
are not the primary objective of this book. We shall
therefore be content with the precise statement of a few
of the principal results with an indication of their proofs.

In finding the determinants of the elementary
matrices, we have proved three well-known theorems.
Let U be the unit matrix I with its sth and jth rows
interchanged. If 4 is any matrix, B = UA differs from 4
only in having the sth and jth rows interchanged, and
B’ =AU differs from A only in having the sth and jth
columns interchanged. But d(U) = —1, so that

d(B) = — d(4), d(B’) = — d(A).
Thus we have

THEOREM 30. If the matrix B is obtained from A by
the interchange of two rows or of two columns, d(B)
= —d(4).

COROLLARY 30. If two rows or two columns of A are
identical, d(4) =0.

If Fis of characteristic 2, a special proof is required,
but the corollary holds for every field.

Let W be the elementary matrix obtained from I by
replacing the 1 in the (7, ) position by I. Then WA is
obtainable from 4 by multiplying each element of the
ith row by /, and A W is obtainable from 4 by multiply-
ing each element of the ith column by I. But d(W) =,
so we have:

THEOREM 31. If B is obtained from A by multiplying
each element of any row or any column of A by I, then
d(B)=1-d(A).

Let V;; be the elementary matrix obtained from I by
replacing the 0 in row ¢ and column j by k. Then
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B=V,A is obtainable from 4 by adding to each cle-
ment of the ith row %2 times the corresponding element
of the jth row. But d(V,,) =1, so that B and 4 have the
same determinant. Similarly B’=A4YV,, is obtainable
from 4 by adding to each element of the jth column &
times the corresponding element of the sth column, and
similarly 4 and B’ have the same determinant. By a
repetition of the argument, we have:

THEOREM 32. If B is obtained from A by adding to
any row (or column) a linear combination of the other rows
(or columns), then d(B) =d(A4).

These results are also readily obtainable from the
definition

d(X) = Z (— 1)hxluxﬁ, c e Xnimy

where & is a number of transpositions into which the
substitution
(1 2 . ”)
s = . . .
27 g 1

can be factored. In fact, all of the well-known determin-
ant theorems come directly from this expression and the
elementary theorems of finite group theory. Thus if XT
is the transpose of X,

d(XT) = Z (= Dr&eiga + + * Linn
= Z (— 1)"'561;11'1-', * 0 Xnin
where &' is a number of transpositions into which the

inverse of the substitution s can be factored. But # and
k' arc both even or both odd so that we have:

THEOREM 33. d(AT)=d(A4).

Now let us replace the elements of the kth row of X
by the sums
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Ya1 + Zer, Yee + Bk 0 0 0y Vin t+ Biwy

denoting the new matrix by X’. Denote by ¥ the matrix
obtained by replacing the kth row of X merely by the
y's, and denote by Z the matrix obtained by replacing
the kth row of X merely by the 2's. Then

d(X") = 20 (= D*mai -+ (aiw + %6ia) * * * Znia
=3 (= D) 1 v+ Yhis®  * Fnin
d D (= DAy s oo Bhig e ¢ Enin
= d(Y) + d(2).
We have thercfore proved
THEOREM 34. If each element a.., of the kth row of A is

a sum
biss + braz + ¢ ¢ ¢ + bium
then
d(4) = d(4,) + d(4s) + - - - + d(4a)

where A; differs from A only in that the elements in the
kth row are by, for s=1, 2, - - -, n. A similar result holds
Jor columns.

22. Minors and cofactors. From the array

Omi Om2 " * ° Om

one can select certain rows and columns and thereby
determine subarrays or minors. Thus if we select the ele-
ments common to the rows 3, 1, 4 and the columns §, 3,
we have the minor
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G35 Qa33
31
Ass =|ais a1s|.

Q45 G43

If 4730} is square, its determinant is a minor determi-
nant of 4.
The following theorem is due to Laplace:

THEOREM 35.
dd) = 3 £ d(Ann . hd(Awn

where the summation is over the ,Cir ways of selecting the
k numbers 4, %2 - - -, i from among the numbers
1,2, - - -, n without regard for order, and the sign is + or
— according as the sfbstitution

(rl 7o rn)
PP A
is even or odd.

The proof of this theorem is based upon the ele-
mentary fact that for every value of % all permutations
of 1, 2, - - -, n are obtained by separating 1,2, - - ., n
into two unordered sets 4y, 13, * - * , %x and Zx41, * * ¢, £ in
all possible ways, and then permuting each set in all
possible ways. Details of the proof will be omitted.

23. Rank. We originally defined the row rank of a
matrix 4 to be the number of linearly independent row
vectors in the matrix (§11), and the column rank to be
the number of linearly independent column vectors.
Later (§14) these two numbers were shown to be equal,
and were called the rank of the matrix.

Let p denote the order of a non-singular minor of 4
of maximum order. We shall now show that p =7, so that
the rdank of a matrix may be thus defined.
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We assume that the column vectors
v.'=(a1.-,a,.-,...,a-“) (i=1'2,...n)

of the matrix

Akl Qg2 * * * Qin,

span a linear space of rank r. If there exists a non-
singular minor of order p, we may assume the notation
to be so chosen that

a1 GQy2 Gy
Q21 Q22 **° Ay
B =

Q1 Q2+ 4y

is non-singular of determinant . The vectors vy, vy, - - -,
v, are lincarly independent, for a linear relation among
them would imply a lincar rclation among the columns
of B, and would therefore imply =0. Thus r=p.

If p=n, then 7 <p and conscquently r=p. If p<n,
then every matrix

G11*°° Q1 G

a1 A A

is singular. For I Sp, B, has two equal rows. For I>p,
By, is a minor of 4 of order p+1 and hence is singular by
assumption. The cofactor of the element a;, of the last
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row of By, is independent of /, and we may denote it by
Aje. Then by (19)

Auman + Awaiz + - -+ + Apoas, + Apnan = 0.

Since this holds forl=1, 2, - - -, &,

Anvy + Apave + -+« + Apv, + Apava = 0.
But A4, =b50so that every vector v, A=p+1, - - - | n,
is linearly dependent upon the vectors v, v, « -+, v,.

Thus in every case r p, and consequently 7 =p.



CHAPTER 1V
MATRIC POLYNOMIALS

24, Ring with unit element. In modern abstract al-
gebra it is customary to define a 72 tg as a mathematical
system consisting of elements and two operations called
addition and multiplication, relative to which the sys-
tem is closed, subject to the following postulates.

1. The system is a commutative group relative to
addition, the identity element being denoted by 0, and
the inverse of a by —a.

2. Multiplication is associative, i.e.,

(@Xb) Xc=1aX(bXo).

3. Multiplication is distributive with respect to addi-
tion, i.e.,

aXb+c)=aXb+aXe,
b+c)Xa=bXa+cXa.

Most rings which are of importance in mathematics
are known as rings with unit element. In addition to the
ring postulates they are subject to another postulate,
namely

4. There exists an identity element 1 of multiplica-
tion such that

eaX1=1Xa=a

for every element a of the system.

The instances of ring with unit element are numer-
ous and important. The rational numbers, the real num-
bers, the complex numbers, and in fact all fields are in-
stances. So are the rational integers, the integers of an

67
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algebraic field, p-adic integers, etc. All of these rings
possess commutative multiplication. Linear algebras
which possess a unit element, and their sets of integral
numbers, furnish instances of rings with unit clement
which are ordinarily not commutative.

Our particular interest in such rings lies in the fact
that all # X7z matrices whose clements lic in a ring with
unit element themselves constitute a ring with unit cle-
ment. This is not truc of any more specialized mathe-
matical system. That is, the cocfficient ring in which the
elements of the matrices lic may be commutative with-
out the matric ring being commutative, and the
coefficient ring may have the property that every non-
zero element has an inverse with respect to multiplica-
tion without imparting this property to the matric ring.

25. Polynomial domains. Let us denote by R a ring
with unit clement 1. Let x be an indeterminate over this
ring. The set of all polynomials in x with coefficients in
R constitute a mathematical system R[x] which is like-
wise a ring with unit clement. This is called the poly-
nomial domain of R. If R is commutative, so is R[x].

It may be well to recall a few of the properties of in-
determinates.* If

f(x) = ag+ a1x + a=2x?,  g(x) = bo + b1x + boa?
are two elements of R[x], their sum is
f(2) + g(2) = (a0 + bo) + (a1 + b1)x + (a2 + bo)a?,
and their product is
f(x) -g(x) = aobo + (arbo + aobs)x + (a2bo + a1b1 + aobs)2?
+ (8103 + asby)x® + asbaxt.

¢ See the author's An Introduction to Abstract Algebra, Wiley,
1940, p, 158.
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The indeterminate x is commutative with every number
of R even when two numbers of R are not commutative
with each other.

Let us for a moment suppose that R is commutative.
Then f(c) is a unique number of R, namely the number

ao + ac + aaC’

obtained by substituting ¢ for the indeterminate x in the
polynomial f(x). From the equalities

J(2) + g(2) = h(x),  f(2)-g(x) = k(x)
in R[x] follow the equalities
J(0) + g(c) = k(c),  f(c)-g(c) = k(c)
in R.

But if R is not commutative, it is not usually per-
missible to substitute a number of R for the indeter-
minate in every equality in R[x]. Thus in R[x]

f(2) = 6o + a1z + 622® = ao + 61 + 2%,
= @o + @12 + xa:x = a¢ + xa81 + xa:x
= gy + a1 + x%a3 = ap + x61 + x%a..

The six numbers of R obtained by substituting a num-
ber ¢ of R for x could well all be different. Thus let us
take for R the ring of all two-rowed square matrices with
rational elements. Let us take for f(x) the polynomial

-[ o=t 1]

(4 l l,
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then
[l ()] [0 O:I [1 O] [0 O]
c = , c = .
1 0 0 0 1 0 2 0
Clearly the functional value f(c) is not well defined.

Among all the possible functional values of a poly-
nomial, two are of outstanding importance. Thus if

f(x) = Qo + a\x + (lgx2 + “ e + anxﬂ'
we define the left functional value
firle) = as+ arc + a2+ - - - + apc*

to be the one where all cocfficients are to the left of the
powers of ¢, and similarly we define the right functional
value e
fr(c) = a0+ car+ c’as+ - - - + c"a
where all the cocfficients are on the right.
Even the restriction to left functional values does
not immediatcly clear away the difficulties. Thus if

f(x) = a0+ a1x,  g(x) = bo + b,
f(x)g(x) = h(x) = aobo + (aoh: + aibo)x + arb1x?,
fu(c)-gL(c) = aobo + aohic + aicho + a1chyc,
which is in general different from
hi(c) = agho + (aoh: + a1bo)c + aibic.

It is hoped that the reader is now ready to admit that
any orderly theorem which can be extracted from this
chaos is worthy of consideration. The following theorem
should not now appear trivial. That it is far from trivial
will appear from its numerous applications.

THEOREM 36. Let R be a ring with unit element, and
let R[x] be sts polynomial domain., Let f(x) - g(x) =h(x) in
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R[x]). If gi(c) =0 in R, then hi(c) =0. If fe(c) =0 in R,
then hp(c) =0.

We can show the method of proof as conclusively by
using the polynomials given at the beginning of this scc-
tion as in the gencral case. We have

hir(c) = aobo + (a1do + aobr)c + (asbo + a1by + aohs)c?
+ (aibz2 + aszbi)c® + agbact
= ao-gr(c) + a1-gr(c)-c + as-gL(c)-c2
If g1.(c) =0, then clearly h.(c) =0.

26. Degree of a polynomial. A number a of a ring R
is called a right divisor of zero if therc exists another ele-
ment a’#0 of the ring such that a’a =0. According to
this definition, 0 is a divisor of zero. A number a#0
which is a right divisor of zcro is called a proper right
divisor of zcro.

If a has a right inverse, it cannot be a right divisor
of zero. For a’a=0 would imply

(d'a)a~! = a'(aa~?) = d' = 0.

Similarly if @ has a left inverse, it cannot be a left divisor
of zero.

The concept of degree of a polynomial with coeffi-
cients in a ring with unit element is complicated not by
the failure of the commutative law, which caused the
difficulty in the last paragraph, but by the possible exist-
ence of divisors of zero. We shall define the polynomial

f(x) = ag+ arx + + - + + aGu1xZ™! + Gpzx®

to be of degree n if a,50, to be of degree n—1 if a,=0
but a.-170, etc. If all the coefficients are 0, f(x) has no
degrce. But to be useful this concept must be strength-
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ened. A polynomial is of proper degree n if it is of degree
n and if a, has an inverse a,! such that

a:la,. = a,.a::l = 1.
In particular this will be the case if R is a ring of square
matrices and if a, is non-singular (§13). Clearly a. can-
not be a divisor of zero. If a.7<0 but does not have a

double inverse, f(x) has no proper degrec.
If f(x) is of degree » and

gx) =bo+ bix+ - + buz™
is of degree m, then
f(x)-g(%) = aobo + + + - + anbumx™*".

Thus the degree of a product of two polynomials never
exceeds the sum of their degrees. If f(x) is of proper de-
gree n, or if g(x) is of proper degree m, then f(x) - g(x) is
of degree exactly m+n. If both f(x) and g(x) are proper,
so is their product, for
b:.la:l = (a..b..)_l.

The following thcorem is the analoguc of the familiar
“division algorithm.”

THEOREM 37. If f(x) and g(x) are polymomials of
R[x], and if g(x) is of proper degree 1, then unigue poly-
nomsals r(x) and r,(x) exist, each being O or of degree <1,
and also unique polynomials g(x) and q\(x), such that

f(z) = q(x)-g(x) + r(z), f(x) = g(%)-q:(x) + ri(2).

The proof is quite analogous to the proof of its ele-
mentary-algebra counterpart. Suppose, for instance,
that’
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(%) = ao + @12 + a2x% + azx®, g(x) = bo + brx + bax?.
Since g(x) is assumed to be of proper degree 2, by~ ! exists
in R. Then
f(2) = asby z-g(x)
is 0 or is a polynomial of degree at most 2 which we may
denote by do+dix +dax? Then
/(%) — asby - g(2) — daby - g(2) = r(z)
is 0 or of degree <2, and
J(2) = (asby % + daby )g() + #(2),
thus establishing the existence of the ¢(x) and r(x) de-
scribed in the theorem. By writing
f(2) = a0 + x61 + x%as + x%as

and working similarly on the other side, we can show the
existence of ¢1(x) and r1(x). The method is quite general.

Suppose that

f(x) = g(x)-g(%) + 7(x) = ga(x)-g(x) + ra(x)
where r(x) is either 0 or of degrce less than the degree ]
of g(x), and similarly for r5(x). Then
(g(%) — ga(2))-g(x) = ra(x) — r(x).
Unless g(x) —ga(x) is 0, the left member of this equation
is of degree 21, whereas the right member is 0 or of de-
gree <l. Hence
g(x) — gqa(x) =0,  ry(x) — r(x) =0,

and the uniquenecss of the g(x) and r(x) is proved.

THEOREM 38. If there exist numbers ¢ and d of R such
that go(c) =0, gr(d) =0 where g(x) is described in Theo-
rem 37, then
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Jue) = ri(e),  fr(d) = rr(d),
respectively.
By Theorem 37,

h(x) = f(x) — r(x) = ¢(2)-g(x).

By Theorem 36, g.(c) =0 implies k.(c) =0. But k.(c)
=f.(c) —rL(c). The second part follows similarly.

As a special case of this thcorcm we have the Re-
mainder Theorem:

CoROLLARY 38. If r is the remainder obtained by di-
viding f(x) on the right by x —c, then r =f(c). If r, is the
remainder obtained by dividing f(x) on the left by x —c,
then r, =f1¢(C). ’

Evidently x —c is proper of degree 1 so that the r
and r, of Theorem 38 are in R. If g(x) =x —¢, then both
gL(c) and gr(c) vanish.

27. Matrices with polynomial elements. If R is a
ring with unit element, its polynomial domain R[x] is
likewise a ring with unit element. Let us consider a ma-
trix with clements in R[x] such as

A_[2x’+x’—x+l x’+2x+2:|
N 33 — x P+z+3]

By the definitions of addition and scalar multiplication
for matrices it is clear that

ol M P I S N

Herc x is an indeterminate defined over the ring R.
On the other hand, one can look upon the last ex-
pression for A as a polynomial whose coefficients are
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matrices with elements in R. In that case x must be con-
sidered as an indeterminate defined over the ring of two-
rowed matrices with elements in R. Clearly it makes no
difference which of these points of view we take. That is,
the polynomial domain of the total matric algebra of
order n? over R is isomorphic with the total matric al-
gebra of order n? over R[x].

28. The characteristic function. Let 4 =(a,.) be an
7 X n matrix with elements in a field F. It is evident that
A satisfies an equation of degree <n? with coefficients in
F. For the condition

aol + a4 + a4%2 4+ - - - 4+ auA™ =0

is equivalent to n? equations in the #24-1 unknown co-
efficients, and such a system of equations always has a
non-trivial solution, by Corollary 4.

But a much stronger relation than this holds, for the
matrix 4 actually satisfies an equation of degree <=
with coefficients in F. This fact is not at all obvious.

The matrix Ix — A is non-singular in the field of all
rational functions of x, for its rows are linearly inde-
pendent. Thus for n =3, the row-vectors

n = (x — an, = Gy — @),
V3 = ( = G21, ¥ — Q3 - an),
U3 = ( — a3, — Qs X — au)

are independent. For if there were a linear relation
¢ty + c2vs + €303 = 0,

it could be assumed without loss of generality that
¢1, €2, c3 were polynomials. If not all of them were zero,
we could choose one, say ¢z, which was of maximal de-
gree d. Then
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ci(x — a22) = 1012 + caa32.

But the left member of this cquation is of degree d+1,
while the right member is of degree at most d. Thus we
are forced to conclude that ¢; =c; =c3 =0, and that v, vs,
vs are linearly independent.

The linear matric polynomial Ix — A4 can be written
as a matrix whose elements are constants or linear poly-
nomials in the indeterminate x. This matrix has an ad-
joint which is a matrix whose non-zero elements are
polynomials in x of degree #—1 or less. This adjoint
can now be written in the form

adj (Iz — A) = Co + Crx + - - + + Cooya™!

where the coefficients arcn Xn matrices with elements in
F. By (20)

(21) adj (Ix — A)-(Ix — A) = d(Ix — A)-I.

The determinant d(Ix—A) is a polynomial of degree 7
with coefficients in F, which we shall denote by f(x) and
call the characteristic function of A. Then f(x) - I may also
be regarded as a polynomial in x with coefficients in the
ring of # Xn matrices with elements in F. Evidently the
matric polynomial Ix —A4 becomes 0 when 4 is substi-
tuted for x, so by Theorem 36, the polynomial

d(Ix — A)-I = f(x)-I

also vanishes when x is replaced by 4. Since f(x) has
scalar coefficients, the left and right functional values
are the same. Since f(x)-I may also be regarded as a
scalar matrix whose diagonal elements are the poly-
nomials f(x), it follows from f(4)-I=0 that f(4)=0.
We have therefore proved the important Hamilton-
Cayley Theorem:
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THEOREM 39. Every mairix A salisfies its character-
istic equalion

f(x) = d(Jx — A) =0,

29. The minimum function. Since every # X n matrix
A with elements in F satisfies an equation with coeffi-
cients in F, it is evident that it satisfies such an equation
of lowest possible degree. The degree p of such an equa-
tion is called the sndex of A. The Hamilton-Cayley The-
orem tells us that u<n. If u<n, 4 is called derogatory.
That derogatory matrices exist is demonstrated by the
fact that scalar matrices satisfy equations of the first
degree.

Now let

m(x) =2*+max—t+ - +m=0

be an equation with coefficients in F of minimum degree
u satisfied by the matrix 4. The function m(x) has been
chosen with leading coefficient equal to 1. If g(x) =0 is
any equation with coefficients in F such that g(4) =0,
we can write

g(x) = q(x)-m(x) + r(x)

where 7(x) is 0 or of degree <u. But g(4) =0 and m(4)
=0, so that 7(4) =0 by Theorem 38. Since no poly-
nomial of degree <u such that r(4) =0 exists, it follows
that r(x) =0 and m(x) is a divisor of g(x). We have
proved

THEOREM 40. The minimum function of a matrix A
with elements in F is unique up to a non-zero constant fac-
tor. If g(x) is any polynomial with coefficients in F such
that g(A) =0, then g(x) is divisible by the minimum func-
tion of A.

As we have seen,
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adj (Ix — A)-(Ix — A) = f(z)-1.

If the elements of adj(Jx —A) have a greatest common
divisor of degree >0, this polynomial will be a divisor of
every element of the left member of the above equation
and will therefore be a divisor of f(x). We shall venture
to define the quotient of adj(/x —A) by that greatest
common divisor of its elements whose leading coefficient
is 1 as the supplement of Ix—A, and to write it as
sup(Jx—A). Its elements are relatively prime poly-
nomials in x, and it satisfies an equation

(22) sup (Ix — A)-(Ix — A) = h(x)-1
where k(x) is a divisor of the characteristic polynomial
f(x) and has 1 as its leading coefficient.

THEOREM 41. The polynomial h(x) is the minimum
Junction of A.

The proof that 2(4) =0 follows from (22) by the
same argument that was used in the proof of Theorem
39. Hence m(x) divides 2(x) by Theorem 40, so that we
may write

h(x) = k(x) -m(x).

Let g(x) be any polynomial with coefficients in F
such that g(4) =0. By the division algorithm (Theorem
37) there exists a matric polynomial P(x) and a matrix
Q with scalar elements such that

g(x)-I = P(x)-(xI — A) + Q.
By Corollary 38, Q=g(4)-I=0 so that
g(x)-I = P(x)-(xI — A).

Now m(x) is a polynomial which vanishes for x=4.
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Set
(23) m(x)-I = P(x)-(xI — A).
Then by (22)
sup (Jx — A)-(Ix — A) = k(x)- P(x)-(Ix — A).
Since Ix — A is non-singular,
sup (Ix — A) = k(x)- P(x).

That is, every element of the matrix sup(Ix—A4) is
divisible by the scalar polynomial k(x). But the ele-
ments of sup(Ix—A) are relatively prime polynomials
so that k(x) is a non-zero constant. Since both m(x) and
h(x) have leading coefficient 1, they are equal.

THEOREM 42. The distinct factors of the characteristic
Junction f(x) of A which are irreducible in F coincide with
the distinct factors of the minimum function m(x) which
are trreductble tn F.

Since m(x) divides f(x), every irreducible factor of
m(x) occurs in f(x). From (23) we have, by taking the
determinant of each member,

[m(2)]” = d(P(x))-f(2).

Consequently each irreducible factor of f(x) occurs as a
factor of m(x).

COROLLARY 42. If the characteristic function of A is a
product of distinct irreducible factors, then A is not derog-
atory.

30. The rank of a polynomial in a matrix. If 4 is a
matrix of order # and rank r S# with minimum function
m(x), the polynomial m(A4) is of rank 0. The question
arises whether there are other polynomials in 4 with
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scalar coefficients whosc ranks are less than # but greater
than 0.

THEOREM 43. Let the matrix A have the minimum
SJunction m(x). Let f(x) be any polynomial with scal.ar co-
efficients, and let d(x) be the greatest common divisor of
m(x) and f(x). Then the rank of f(A) is equal to the rank
of d(4).

Since d(x) is a divisor of f(x), there cxists a poly
nomial k2(x) such that f(x) =k(x) d(x). Then

J(A) = k(1) d(A),
whence it follows by Thecorem 14 that the rank of f(4)
is less than or equal to the rank of d(4).

Since d(x) is a greatest common divisor of m(x) and
f(x), there exist polyngmials p(x) and g(x) such that’

d(x) = p(x)-m(x) + q(x)-f().
Then, since m(4) =0,
d(4) = q(4)-f(4).
Again from Theorem 14 it follows that the rank of d(4)

is less than or equal to the rank of f(4). Thus d(4) and
f(A4) have the same rank.

THEOREM 44. The matrix f(A) is singular if and only
if f(x) has a factor of degree =1 in common with the mini-
mum funclion of A.

Let d(x) be any divisor of degree 21 of the minimum
function m(x) of 4. Let m(x) =k(x)-d(x). Then

0 = m(A) = k(A)-d(A).
But k(4) is of rank greater than 0, for 2(x) is of lower de-
gree than the minimum function m(x). If d(4) were non-

* Sce, for instance, L. Weisner, Inmtroduction to the Theory of
Equations, Macmillan, 1938, p. 30.
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singular, the product %(4)-d(A4) would likewise be of
rank greater than 0, by Theorem 17. Thus d(4) is singu-
lar.

If f(x) has a greatest common divisor d(x) of degree
=1 in common with m(x), then f(4) has the same rank
as d(4) by Theorem 43, and hence is singular. If f(x) is
relatively prime to m(x), their greatest common divisor
is d(x) =1, so that d(4) =1, which is of rank #. Hence
f(A4) is non-singular.

31. Matrix having a given minimum function. Let
m(x) = ag + 612 + 612 + 3

be a given polynomial with coefficients in a field. We
have assumed that the degree of the polynomial is 3, but
the argument applies equally well to a polynomial of any
degree. It is no restriction to assume that the leading
coefficient is 1.

Consider the matrix

0 0 - Q9
A=1|1 0 —a|.
01 - Q2

which has the negatives of the coefficients of m(x) in the
last column, 1's in the diagonal just below the main
diagonal, and 0's elsewhere. Evidently

x 0 ao
dIx—A) =| -1 x  a
0 —1 2+ a2

If we add to the second row x times the third row, the
determinant is not changed (Theorem 32). That is,
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x 0 ao
dIx—A)=]|—-1 0 22+ ax+ a1 .
0 -1 x4+ a2
Now add to the first row x times the second row.
0 0 2%+ ax? + arx + ao
dIx—A)=|—-1 0 22+ ax + a4
0 -1 x4+ a

Now expand by the Laplace cxpansion in terms of the
elements of the first row (Theorem 35).

d(Ix — A) = x* + a:2® + ar1x + a0 = m(x).

Thus the matrix 4 has m(x) as its characteristic poly-
nomial.

We may see that m(x) is also the minimum poly-
nomial of A. Evidently the (#—1)-rowed minor de-
terminant in the lower left-hand corner of d(Ix—4) is
equal to 1, so that the (n—1)-rowed minor deter-
minants are relatively prime polynomials. But these
polynomials are the clements of adj(Ix—A4). It now fol-
lows from (22) that

adj (Ix — A) = sup (Ix — A)

so that the minimum polynomial m(x) coincides with
the characteristic polynomial f(x).

We shall call 4 the companion matrix of its minimum
equation.

32. The norm. By setting x =0 in the equation
d(Ix — A) = f(x),

we see that the constant term of the characteristic func-
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tion f(x) multiplied by (—1)" is equal to the determinant
of A. If

m(x) =2 +max—1+4 - +m,
is the minimum function of 4, we shall define (—1)#m,
to be the norm of A, written n(4).

THEOREM 45. The norm of A is 0 if and only if A is
singular.

For by Theorem 44 A is singular if and only if x
divides m(x), in which case m, =0.

Let us write the minimum function of a matrix 4 #0
as

m(x) = 2 +mx' + - - - +maz + n(4).
Since m(4) =0,
A4+ mdrt - my)
= At mAt4 -+ m A = T n(4).

The matrix in parenthesis cannot be 0 for m(x), the
minimum polynomial, was of degree u. Hence if n(4)
=0, 4 is both a left and a right proper divisor of zero.
If n(A) 50,

AU +mdrt 4 m)
* n(4) B

I

so that
At - mArt 4 s My
+ n(4)

Hence 4 has a left and right inverse and cannot be a left
or a right divisor of zero. We have therefore proved

A=
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THEOREM 46. A matrix A #0 is a proper left and right
divisor of zero if and only if it is singular. If A is singular,
there exists a polynomial my(x) of degree u—1 such that

ml(A)A = Am;(A) = 0.
If A is non-singular, ils inverse can be written as a poly-
nomsial in A.

We illustrate with a numerical example. Let

7 4 —1
4 = 4 7 —-1}1.
-4 —4 4

Let the characteristic function be
d(Ix — A) = f(x) = x* + a:x® + a1x + ao.

Then a; is the negative of the sum of the diagonal ele-
ments, @, is the sum of the two-rowed minordetermi-
nants which are symmetrically placed with respect to
the principal diagonal, and g, is the negative of the
determinant. That is,

o= —(T4+7+4) = — 18,

7 4 7 -1 7 —1
el e
4 7 —4 4 -4 4
7 4 —1
a = — 4 7 —1|=—108.
-4 —4 4
Thus

f(x) = x® — 1822 + 81x — 108 = (x — 3)*(x — 12).

Since f(x) has a repeated factor, it is worth while to
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see if A is derogatory. The only possibility for m(x),
other than to equal f(x), is
m(x) = (x — 3)(x — 12),

since m(x) and f(x) have the same distinct irreducible
factors by Theorem 42. Now

4 4 -1r-s 4 -1
(A-=-3(A4-12I)= 4 4 -1 4 -5 —-1]|=0,
-4 -4 1JL-4 —4 -8
so the minimum function is
m(x) = x® — 15x + 36 = x(x — 15) + 36.

Then the inverse of 4 is

-8 4 -1
4—-151 -1

A = = 4 —8 -—1|.
— 36 36

-4 -4 —-11

We shall conclude the chapter with

COROLLARY 46. If f(x) is relatively prime to the mini-
mum function of A, then f(A) has an inverse f~'(A) which
15 a polynomial in A.

By Theorem 44 f(A4) is non-singular. By Theorem 46
its inverse can be written as a polynomial in f(4), and
consequently as a polynomial in 4.



CHAPTER V
UNION AND INTERSECTION
33. Complementary spaces. Two vectors
a= (a1, az -, da,), = (11,72, )

of the total vector space S of dimension # are said to be
orthogonal if their inner product vanishes—that is, if

a¢=aw + axz+ -+ + a0, = 0.
If ¢ is orthogonal to each of the vectors & and 3, then
(bra + k)¢ = kia ¢ + kB¢ = 0,

so that ¢ is orthogonal to every vector of the form
kia+kyB. In general, if ¢ is orthogonal to any number of
Vectors o, B, - - -, it is orthogonal to every vector of the
linear system (§7) S: which they define. We then say
that ¢ is orthogonal to the linear system S;, and write

Sl‘¢ = 0.

Now consider the sct SY of all vectors ¢, x, * - -
which are orthogonal to the linear system S;. Then

Sk 4+ kx4 ) =kS1r¢+ ES1x+ - =0

so that 2ip+kix+ + - - is in S{. Thus the set S{ is a
linear system of vectors. We call SY the orthogonal com-
plement* of S,.

* When S, is a real Euclidean space, Sy’ is its orthogonal comple-
ment in the sense in which geometers use the term. But the reader
should be warned not to look for a similar geometric interpretation
in general, Thus if F is the complex field a vector such as (3, 0, 1)
may be in both S, and Sy’

86
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According to Theorem 8, S; has a basis of the form

ap = (alll 01 Tty 0)1 az = (021' Qg2 * * * 0)1

cy Oy = (anh Qngy * * * ann)

where it is understood that either a;;70 or else «; is not
present. If x =(x1, %2, - - -, x,) is a vector of S/, then

any =0,
a21%1 + 2272 = 0,
(25) 63121 + a32%2 + a33%s =0,

Cn1%1 + @n2%2 + ¢+ - + Gunxn = 0.

If 1170, then x,=0. If @220, x. is a multiple of x;. In
general if a;,70, x, is a definite linear combination of
x1, X3, * * +, X,.1. On the other hand, if a:;=0, x; is com-
pletely arbitrary. If S, is of rank r, exactly n—r equa-
tions are missing, n—r of the x, are arbitrary, and the
other x,'s are definite linear combinations of these. Thus
the linear system Sy can be written

X = xl[¢!‘| + x¢’¢" + R + xl'n-'¢|'u_f

where the ¢'s are vectors whose components are fixed
numbers of the field, while the ;s are arbitrary. More-
over, the ¢'s are linearly independent, since each ¢, has
a 1 in the ¢;-th position and 0's in each preceding posi-
tion. Thus we have proved

THEOREM 47. If the linear system S{ of rank ' is the
orthogonal complement of the linear system Sy of rank r,
then

r+7r ==
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We defined S/ to be the set of all vectors orthogonal
to every vector of S;. It is now evident that S, is like-
wise the orthogonal complement of Si. For clearly the
orthogonal complement Sy’ of S/ contains S, and since
Sy and S{’ are both of rank n—7', they coincide.

By way of illustration, let us suppose that S; has the
basis

az = (2,1,0,0), ay=(—1,2,3,1).
Equations (25) become

2%y + %2 =0,
— x4+ 229 + 323+ 24 = 0.

Since a; and a3 are missing, x; and x; are arbitrary, and
X9 = — 2x,, Xe = %) — 2%3 — 323 = Sx; — 3x;.
Then

x = (%1, %2, %3, x4) = (21, — 273, %3, 521 — 33)
= xl(ll - 21 0, 5) + xl(oy 01 1' - 3)
= 0191 + %3s.

The vector ¢ has a 1 in the third place and 0’s in the
first two places. Clearly x =0 implies x, =x3=0, so that
¢: and ¢; are linearly independent and form a basis for
the space S{ complementary to Sy. Then S{ is of rank 2.

34. Linear homogeneous systems. The problem of
finding the general solution of a system of linear homo-
geneous equations is essentially the problem of finding
the orthogonal complement of the linear system of vec-
tors determined by the coefficients of the given equa-
tions. Consider the system of equations
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anx; + a1223 4 « -+ + a1xa = 0,
(26) %1 + a2%x2 + - -+ 4 4%, = 0,
%1 + arex2 + - ¢ - + Giaxa = 0,

and denote by «, the vector

(aih Qy2y ¢ *° a:‘n)-
The vectors ay, as, - - -, a; determine a linear vector
system S;. The set of all vectors x=(x1, %3, - - *, X»)

which satisfy (26) constitute the orthogonal complement
S{ of S],.

If the matrix of the equations (26) is of rank 7, then
S is of rank r, and Sy is of rank #n —r. The space S{ has
a basis composed of # —r linearly independent vectors.
Such a basis of S/ is called a fundamental system of solu-
tions of the equations (26), for each vector of the basis is
a solution of (26), and every solution of (26) is a linear
combination of them.

Directly from Corollary 9c of the Steinitz Replace-
ment Theorem we have

THEOREM 48. A set of solutions of (26) is a funda-
mental system provided it consists of n—r linearly inde-
pendent solutions.

Let A be any matrix of #» columns of rank r. Its row
vectors are the coefficients of a system of equations (26).
Let X be a matrix whose row vectors constitute a funda-
mental system of solutions of these equations. Then X
is of rank n—7, and

AXT = 0,

We shall define a matrix X to be an orthogonal com-
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plement of a matrix A4 if both 4 and X have # columns,
if the sum of their ranks is #, and if A XT =0.

If AXT=0, then XAT=0,so that 4 is alsoan orthog-
onal complement of X.

The orthogonal complement is not unique, for if X
spans S/, so does QX where Q is any non-singular
matrix. Moreover, A may be replaced by PA where P
is any non-singular matrix without disturbing the solu-
tion matrix X. That is, the equations of (26) may be
subjected to any elementary row transformation which
may be useful in simplifying them.

Consider the equations

4x+ 8y + 1824 7w =0,
4y+ 102+ w=0,

10x + 18y 4 40z 4+ 17w = 0,
x4+ 7y+1z4 3w=0.

We have
4 8 18 7
0 4 10 1
A=
10 18 40 17
1 7 17 3

This matrix is of rank 2, and it may readily be verified

that
[5 10 —4]
X =
13 01 —10

is an orthogonal complement.

35. Union and intersection. Let us denote by S the
total vector space of dimension—that is, rank—n. Thus
S consists of all vectors
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a = (allaﬂv'°'van)
whose components are in F. We may choose for S a basis
(lnos"'to)t(ol 1»"'io)v°"’(0i0»""l)l

so that S is spanned by the row vectors of the identity
matrix I.

A linear subsystem or linear subspace S, of S'is a linear
system of vectors all of which belong to S. We write
S1CS. If not every vector of S is in Sy, S) is a proper
subspace of S, and we write S$;CS. If S$iCS, it must be
true that S is of lower rank than S. For if they were of
the same rank 7, each would have a basis composed of 7
lincarly independent vectors. Each vector of the basis
of S, would equal a linear combination of the basic
vectors of S. Hence by Corollary 9¢, the basis of S
would be a basis for S, so that S and S; would coincide.

If S, and S, are linear subspaces of S, we define their
union S\\JS: to be the sect of all vectors a+8 where a
ranges over S; and § ranges over S:. The union is a
linear subspace of S. For if 4, and v: are any two vectors
Of Sl\JSz,

71 = a1+ By, v2 = az + B

where oy and as are in S, and B; and B; are in Ss. Then
for any two numbers & and / of F,

kyi + lys = (kay + las) + (kB1 + IBs).

Since S, is a linear space, ka;+las is in Sy, and since S,
is a linear space, kB1+IB; is in S;. Thus kyi+lys is in
AAVAYS

If the vectors a4, a3, * - *, ap span S) and the vectors
B1, Bs, ¢ - -, By span S, then the vectors

al;aﬂy"‘namﬂltﬂl""!pc
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span S;\US;. If S; is of rank 7, and S; is of rank 7, the
union contains at most 7, +r3 linearly independent vec-
tors, and at least as many as the greater of 7, and 7,
Thus we have

THEOREM 49. The rank (or dimension) of S;\JUS; is
atleast as great as the greater of the ranks of Sy and S,, and
at most as great as the sum of their ranks.

If 51 and S; are lincar subspaces of S, we define their
inlersection SyM\S; to be the sct of all vectors which are in
both S; and S;. The intersection is a lincar subspace of S.
For if /1 and 3 arc any two vectors of S;N\.S;,

v =kyi+ Iy,

is in S since ) is a linegr space, and ¥ is in S; since S, is
a lincar space, so that v is in S;MN\S..

Let SiN\S: be of rank m, S; of rank 7;, and S; of rank
ra. Let S1M\S: have a basis

Y1y Y2y ** sy Y

Since these vectors are linearly independent and are in
both S; and S., there exists a basis of S of the form

V1 Y2ttty Yy Omids Qe
and there cxists a basis of .S; of the form
YL Y2 * "y Yme Bmaty * 0y Brye
This follows immediately from Corollary 9d. Thus
r = m, 72 = M.
Evidently the vectors
27) Y ¥n o Yme Amity Gy Bty * t 0y Bry

span the union S;\US;. As a matter of fact, these vectors
are linearly independent and hence constitute a basis for
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the union. For suppose that there existed a linear rela-
tion

kl‘Yl + LA + km'Ym + km+lam+l + e + kr,arl
+ lm+lﬂm+l + .-+ lr,ﬂrg = 0.

If some I, were not zero, then because of the linear inde-
pendence of the B's,

lm+lﬁm+l + tte + I"zﬁ'z

= - kl‘Yl _—s = km'Ym - km+lam+l — s - krlar‘

would be a vector #0 in both S; and S; and therefore in
SiNS.. It would then equal a lincar combination of
Y, Y2 ¢+ *, Ym This would imply a linear relation
among the basic vectors of Sz, which is impossible. Thus
every I,=0. Now a relation

kl'Yl + e + km‘Ym + km+1am+l + tt + knan =0

would imply a dependence among the basic vectors of
S1 unless every k, =0. Thus the vectors (27) are linearly
independent, and the rank of S{\US; is r1+r:—m.

Let us denote the rank (dimension) of the linear sub-
space S; by 7(S1). We have proved the following theo-
rem:

THEOREM 50. 7(S)) +7(S2) =r(SiN\Ss) +7(S;\US:).

The concepts of union and intersection apply to any
number of subspaces

Slssh"'tsk

of S. The union, which may be written in either of the
notations

51U82U"‘USL-; (Slls‘h"'vsk)
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is composed of all vectors of S which can be written as a
sum

a1t ar+ -+ oo

where a, ranges over all vectors of S.. The intersection

S1N SN -« N Sk =[Sy, Se, -+, Sl
is composed of all vectors which are common to all the
subspaces Sy, Sz, - ¢+ -, Sk. Both the union and the inter-

section are linear subspaces of S, and both operations \J
and N are associative and commutative.

THEOREM 51. Denote by S! the orthogonal comple-
ment of S.,, and let

D= (Sllsﬂl te ,Sk), M = [ShS?)' .t ;Sk]v
D,=(Sl’)s2’l"')sk')i M’ [S{,S{,"',Sk’l.

Then M’ is the orthogonal complement of D, and M 1is
the orthogonal complement of D'.

Let ¢ be any vector of the orthogonal complement of
D, Since every vector a, of S, is in D, it is true that
a, ¢ =0 so that ¢ is in S/ for every 4, and consequently
isin M’.
Now let ¢ be any vector of M’, and let
a=a1t+art+ -+ o

be any vector of D, where e, is in S,. Since ¢ is in every
Si,

ap=ard¢tardt - +ard=0.
Thus ¢ is in the orthogonal complement of D. Conse-
quently M’ is equal to the orthogonal complement of D.

Since S, is the orthogonal complement of S/, we
apply the above result to the spaces S, S¢, -+ -, S¥
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and perceive that M is equal to the orthogonal comple-
ment of D',

36. Divisors and multiples. As we have seen, every
space of n-th order vectors can be spanned by the row
vectors of an # X7 matrix. If S; is spanned by fewer
than # vectors, 0-vectors may be adjoined so as to bring
this number up to #. Thus it will be no real restriction,
and a great convenience, to assume that all matrices are
square with # rows and columns. This will be assumed
in the remainder of this chapter.

If three matrices 4, C, D cxist with elements in a
field F such that

A = CD,

then D is called a right divisor, and C a left divisor, of A.
Also A is called a left multiple of D and a right multiple
of C.

If C is non-singular, it is both a left and a right divi-
sor of every matrix A. For then C-! exists, and we may
define D and D, as the products

D=C"'4, D,=AC.

Thus A =CD and 4 =D,C.

But if C or D is singular, 4 is of the same or lower
rank than either, so that 4 is clearly not arbitrary. If C
is non-singular, 4 is called a left asscciate of D. Since
C-'A=D, D is also a left associate of 4. If D is non-
singular, 4 and C are right associates. If C is singular, 4
is a proper left multiple of D, and if D is singular, 4 is a
proper right multiple of C.

If A =0, A isboth a left and a right multiple of every
matrix, for

0=0-D=C-0
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for every C and D. But if 4 is not zero, C and D are each
of the same or higher rank than 4, so that they are not
arbitrary. If A =0, C and D are divisors of zero (§26). If
neither C nor D is O, they are both proper divisors of
zero. As we have seen (Theorem 46), a matrix is a
proper divisor of zero if and only if it is singular.

If D is a right divisor of two matrices 4 and B, and if
D is a left multiple of every common right divisor of 4
and B, then D is called a greatest common right divisor
(g.c.r.d.) of A and B. A common left multiple of two
matrices A and B is called a least common left multiple
(l.c.l.m.) of 4 and B if it is a right divisor of every com-
mon left multiple of 4 and B.

Similar definitions hold for greatest common left divi-
sor and least common nght multiple. Their properties are
evidently similar to those of the g.c.r.d. and l.c.l.m.

If D is a greatest common right divisor of 4 and B,
so is PD for every non-singular matrix P. For if

A = HD, B = KD,
then
A = HP! PD, B = KP' PD,
so that PD is a common right divisor of 4 and B. If D,

is any common right divisor of 4 and B, then D =LD, by
definition of g.c.r.d. Hence

PD = PLD,,

so that D, is a right divisor of PD, which therefore is a
greatest common right divisor of 4 and B.

Similarly if M is a least common left multiple of 4
and B, so is PM for every non-singular matrix P. For if

M = HA = KB,
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then
PM = PHA = PKB
so that PM is a common left multiple of 4 and B. If M,
is any common left multiple of 4 and B,
M,=LM = LP'PM,
so that PM is a least common left multiple of 4 and B.
We shall now prove

THEOREM 52. Every pair of nXn malrices A and B
have a greatest common right divisor D expressible in the
Jorm

D = P4 + QB.

Consider the matrix

4 0
o~ ol
B O
of order 2n. By Theorem 18 there exists a non-singular
matrix X of order 2n such that XG consists entirely of

0's except perhaps for the elements of the n X% block in
the upper left corner. That is,

[X n X 1:] [A 0] _ [D O]
X X:lLB O “lo o
where the submatrices X;; are obtained by cutting X up

into nXn blocks. These blocks multiply like the ele-
ments of a matrix (see §10) so that

(28) Xud 4+ X1:B = D.

Now X is non-singular, so that it has an inverse ¥
which can likewise be cut into blocks. We have
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[A o] [Yu y,,] [D o]
B O Ya Yl lO )

A = YuD, B = YnD.

Thus

These equations tell us that D is a common right divisor
of A and B, and (28) shows that every common right
divisor of A and B is a right divisor of D. Thus D is a
g.c.rd. of A and B.

The process is an extremely practicable one. Con-
sider the matrices

2 1 4 2 -1 3 4 0
-115 3/, 0 -2 1t 3
A= VB = :
3 3137 2 4 18 10
12095 0 0 0 O

We place these eight row vectors in one column and
apply elementary transformations to them until as
many as possible are made 0, and the rest are linearly in-
dependent. In the present example five can be made 0
and the remaining three can be taken to be

(- 17,1,0,0), 8, 1,2,0), (-3,01,1).

Thus we have the g.c.r.d.

- 17
8
-3 0

- O
- O O

0
0
ol
1

It should be noted that a g.c.r.d. in Hermite form
(§12) cap always be found.
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37. Divisors and multiples of matric polynomials. If
two matrices can be obtained from two polynomials
fi(x) and fa(x) having scalar coefficients by substituting
for x the same matrix 4, a g.c.r.d. and a l.c.l.m. can be
easily obtained.

Let fi(x) and fa(x) be two polynomials with coeffi-
cients in F, and let d(x) be their greatest common divi-
sor. Then there exist polynomials k(x), k(x), p(x) and
g(x) with coefficients in F such that

fi(2) = h(x)-d(x),  fo%) = k(x)-d(2),
d(x) = p(x)-f1(2) + ¢(x)-fo(2).
Hence for every matrix 4
f1(4) = h(A)-d(4), fo(A) = k(A4)-d(4),
d(4) = p(4)-f1(4) + q(4) - f2(4).
Thus d(4) is a g.c.r.d. of the matrices fi(4) and fa(4).
Now let m(x) be a least common multiple of the

polynomials fi(x) and fa(x). There exist polynomials
h(x), k(x), p(x) and g(x) with coefficients in F such that

m(x) = h(x) fi(x) = k() fo(%),
(%) h(x) + q(x)- k(x) = 1.

Then for every matrix 4
m(A) = h(A)-fi(4) = k(4)-fx(4)

so that m(A4) is a common left multiple of fi(4) and
fa(4).

That m(A4) is a least common left multiple of fi(4)
and fa(A4) is not so immediate. We must show that for
every matrix M such that

M= Hf;(A) = Kfz(A)
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there exists a matrix L such that A =L-m(A4). Itis not
necessarily true that I7, K, M or L is obtainable by sub-
stituting A for x in any polynomial. Now
M-h(d) = H-f1(.1)-h(1) = H-m(A),
M-kA) = K-fo(1)- k(4) = K m(4),
h(4)-p(A) + k(4)-q(4) = L.
Hence
M

M- h(A)-p(A) + M- k(A)-g(A)
= H-m(4) p(4) + K-m(4)-q(4)
= (II-p(4) + K-g(4))-m(A).

Thus m(A4) is a right divisor of every common left mul-
tiple M, and we have proved

THEOREM 53. If d(x)' is a grealest common divisor
and m(x) a least common multiple of the polynomials
Ni(x) and fa(x), then d(A) is a g.c.r.d. and m(4) is a
licl.om. of the matrices fi(A) and f(4).

38. Relation of the union to the greatest common
right divisor. It will be the purpose of this section to
prove

THEOREM 54. Let A and B be nXn matrices whose
row vectors span the respective linear spaces Sy and Ss. Let
Dbeag.c.rd. and let Mbeal.cl.m.of A and B. Then the
row vectors of D span the union S;\JS., and the row vectors
of M span the intersection S;MN\S.. Conversely every matrix
whose row vectors span S$;\JSs1s a g.c.r.d. of A and B, and
every matrix whose row vectors span S1MN\Ss is a l.c.l.m. of
A and B.

If Dis a g.cr.d. of 4 and B, there exist matrices
H, K, P, Q such that

A = HD, B = KD, D = PA + QB.
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Let the row vectors of D span the lincar space Ss. Since
A =1IID, every row vector of 4 is a linear combination
of the row vectors of D, so that $;C.S;. Similarly S;C.S;,
so that $;\JS;CSs. Since D=PA+(QB, every row vec-
tor of D is equal to the sum of a linear combination of
row vectors of A and a linear combination of row vectors
of B. Thus S3CSS5\JS,, and accordingly D spans the
linear space S;\US;.

If Misalcl.m. of 4 and B, there exist matrices I7
and K such that

M = HA = KB.

Let M span the space S Since every row vector of M
is a linear combination of row vectors of 4, and also a
linear combination of row vectors of B, S,C.SiN\S:.
Now let ¢ be any vector common to S; and Ss;. There
exist vectors k and A such that

¢ =x-A=N\B

Let V, K, L denote the matrices whose respective first
rows are the components of ¢, «, \, and the rest of whose
elements are 0. Then

V=KA=L-B

so that Vis a common left multiple of A and B. Since M
is a L.c.l.m., there exists a matrix H such that

V=HM.
Let 7 denote the first row vector of H. Then
¢ =n-M.

That is, every vector which is common to S; and S, is
equal to a linear combination of the row vectors of M.
Hence SiN\S:C.Sy, and M spans S;N\Ss.
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Now let D, be any matrix which spans the union
SiUS:. By Theorem 25 there exists a non-singular
matrix P such that D, =PD, so that D, is also a g.c.r.d.
of A and B (§36). Similarly if M, is any matrix which
spans the intersection S;M\S;, there exists a non-singular
matrix Q such that M;=QM. Hence M, is also a l.c.l.m.
of A and B.

Two properties of matrices are immediate from this
theorem.

COROLLARY 54a. If Disa gc.r.d.and M a l.cl.m. of
A and B, then

r(4) + r(B) = r(M) + r(D).
This follows immediately from Theorem 50.

COROLLARY 54b. If I and D, are two greatest common
right divisors of A and B, there exists a mon-singular
matrix P such that Dy=PD. If M and M, are two least
common left multiples of A and B, there exisls a non-
singular matrix Q such that My=QM.

These results follow from Theorem 25.

In §36 we had a practicable method for computing
the g.c.r.d. of two matrices. With the aid of Theorem 51,
this same method can be used to compute the l.c.l.m.
From A and B we may compute their orthogonal com-
plements 4’ and B’ asin §34. Now we may find ag.c.r.d.
D’ of A’ and B’. The orthogonal complement D of D’
is a L.c.l.m. of 4 and B.

39. The sum of vector spaces. Let m(x) be the mini-
mum function of the #X%n matrix 4, and let

m(x) = my(x) ma(x) - - - mi(%)

where the factors are relatively prime in pairs. In par-
ticular we may assume that each m;(x) is a power of an
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irreducible polynomial. The least common multiple of
these factors is their product m(x). Then, by Theorem
53, m(A)=0 is a least common left multiple of the
matrices

my(A), my(A4), - - -, mi(A).

Let the row vectors of the matrices m,(4) span the
respective linear spaces S,, and let [S;, Sa, - + +, Si] de-
note their intersection. Since their lLc.l.m. is m(4) =0,
this intersection is 0, by Thcorem 54. If S,/ is the or-
thogonal complement of S,, we know by Theorem 51
that the union (S{, Sz, - * -, S() is the orthogonal com-
plement of [Sy, Sa, « - +, Si], and is therefore of rank 7.
Thus the basic vectorsof SY, S{, - - -, S{ together span
the total space S.

Since my(x) is relatively prime to the product
ms(x) - - - mi(x), the greatest common divisor of these
two polynomials is 1. Then, by Theorem 53, I is a
g.c.r.d. of the two matrices

my(4), my(A4) - - - mi(4).
By Corollary 54a,
r(mi(4)) + r(ms(4) - - - mi(4)) = r(m(4)) + r(I) = n,

where 7 denotes rank. Similarly ms(x) is relatively prime
to the product ms(x) - - - mi(x), so that a least common
multiple of these two polynomials is their product, and

r(ma(A4)) +1(ms(4) - - - mi(4)) = r(ma(4) - - - m(4)) +n.
We continue until we reach the (2 —1)th equation
r(mi_s(4)) + r(mi(4)) = r(mi_s(4) -mi(4)) + n.
Upon adding these £ —1 equations, we have
r(my(A)) + r(ms(A4)) + - - - + r(mi(4)) = (k — Dn.
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Now S/ is the orthogonal complement of S,, so that
r(S!) = n — r(S.) = n — r(m,(A4)).

Hence

r(S{)+r(SI)+--- +r(SE)=kn— (k- 1)n=mn.

Denote 7(S/) by r,, and let
Oy1y 042, * * * y Oy,

be r, vectors which span S/. The vectors
(29) G11y " 3 Olry G021y * ** 4 O2rgy * * * 4y OhLy * * * 4 Ohry

are # in number, since the sum of the ranks 7, is n. These
n vectors are linearly mdopmdcnt since they span S
which is of rank =.

The union of subspaces is often called their sum.
Thus S is the sum of the subspaces SY, 8¢, - - -, S if
the union (S, S7, - -+, S{) is of rank #. Then every
vector ¢ of S is expressible in the form

o=+ b2+ -+ ¢

where ¢, is in S/. If every vector ¢ is uniquely expres-
sible in this form, S is called the supplementary sum of
the subspaces S/, S7, - - -, S¢{. The uniqueness is
equivalent to the linear independence of the basic vec-
tors (29). For if

o=hr+ 2+ - +de=vr+vat- -+

where ¢; and ¢, are in S/ and not every ¢,=y;, we
should have

G1—¥1) +(@a—¥)+ -+ (6 —¥2) = 0.

This would yield a linear dependence relation among the
basic vectors (29). Conversely, a dependence relation
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among the basic vectors would mean that 0 could be
represented in two ways as a sum of vectors ¢;+¢s
+ -t

We therefore have the important theorem,

THEOREM 55. Let the minimum function m(x) of the
maltrix A be written as a product of relatively prime factors
mi(x) -ma(x) - - - mi(x). Let the row vectors of mi(A) span
the space S, and let S! be the orthogonal complement of S..
Then the total space S is the supplementary sum of the
subspaces S{, S4, - - -, Si, and their basic vectors (29)
together span S.

The following example will illustrate this theorem.
Let

-1 5 5 3

5 0 —17 —26
“l-10 -2 32 s51[
6 2 —19 —31

If Fis the rational field, the minimum function of 4 is
m(x) = my(x) -my(x),
mi(x) = 224+ 2+ 1, my(x) = 22 — x4+ 1,

- -6 —4 18 37
14 8 —42 -—-172

m;(A)= »
—2 —14 72 124

| 14 8 —42 —172

- -4 -14 8 267
4 8 —8 —20

A) = .
ma(4) -4 —10 8 2
| 2 4 —4 —10]
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The row space S; of m,(4) is spanned by the vectors
(- 1,2, 30), 0, —1,0,2)
and its orthogonal complement S/ by the vectors
on=(3,010), o= (0,6, —4,3).
The row space S; of ms(4) is spanned by the vectors
(-1,3,20), 0, —1,0,1)
and its orthogonal complement S7 by the vectors
o = (2,0,1,0), a2 = (0, 2, — 3, 2).

The matrix

o011 3, O 1 0
ol [0 6 -4 3
enl 2 0o 1 o0
os 0 2 -3 2

is non-singular so that its row vectors span S.

40. Annihilators of vectors. Let 4 be an X7 ma-
trix whose minimum function is

m(x) = my(x) -ma(%) + - - mi(x)

where the m,(x) are powers of distinct irreducible poly-
nomials. That is,

my(x) = [i(=)]*

where l(x) is irreducible.
Since

)]+ = ) A I,

it is surely true that
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)¢ 2 rlia) ]+

where 7 denotes rank. Suppose that for some % these
ranks were equal. Denote by S, the row space of (4]
and by S.;1 the row space of [I(4)]**!. Every vector of
S.41 is in S, so that S,;; ©S;. If it were true that their
ranks were the same, we should have S,y =S;. Then by
Theorem 25 there would exist a non-singular matrix M
such that

PA] = M- [(a) ]+ i+1sh
Upon multiplying both sides on the right by
[(a) ]»=+1me(4) - - - ma(4),
we have
[1(4) ]*-1ma(4) - - - mi(4) = M -m(4) = 0,

contradicting the fact that m(x) is the minimum func-
tion of 4. Thus

$60D851D8:D -+ DS

If B ¢ =0, we shall call the matrix B an annihilator
of the vector ¢. All vectors annihilated by B constitute
the null space of B. That is, the null space of B is the
orthogonal complement of the row space of B. The di-
nension of the null space of B is called the nullity of B.
It is equal to the order of B minus its rank.

Denote by S/ the null space of [I(4)]% Since
r(S)) =n—r(S.), we have

SeCS{iCS:C---CSi.
We have proved

THEOREM 56. If [I(x)]* is the highest power of the ir-
reducible polynomial l(x) which divides the minimum func-
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tion of A, and if S! is the null space of [I(A)]ifor 1 Si<h,
there exists a vector which is in S, but not in S;_,.

Let {(x) be of degree j, f(x) of degree <ij, and
d(x) be the g.c.d. of f(x) and [I(x)]‘. Then there exist
polynomials #(x) and #%(x) such that

t(x) f(x) + u(x)- (=) ] = d(x).
Let ¢ be a vector which is in the null space S/ of [I(4)]¢
but not in the null space S/_, of [I(4)]*-% Then
H(A4) fA4) ¢ + u(d)- [(A)]-¢ = d(4)-¢.

If f(A)-#=0, then d(4)-¢=0; but d(x) is of degree <ij
and is of the form [l(x)]*, k<4, so that ¢ would be in
S;-1, contrary to its selection. Hence f(4) - ¢ %0, and we
have proved

COROLLARY 56. If ¢ is a vector of the null space S/
of [L(A)]* which is not in the null space S/_, of [1(4)]+,
then there exists no polynomsial f(x) of degree less than the
degree of [I(x)]* such that f(A) ¢=0.

Let ¢ be in S/ but not in S;_,;, and let

f(x) =c+caxr+ -+ cipax?

be any polynomial with coefficients in F of degree <j—1
where j is the degree of I(x). Then

[(4)]¢-f(4)-¢ = f(4)- [(4)]*-¢ = 0
so that the vector f(4)-¢ is in S/. Since f(x) is of lower
degree than the degree of the irreducible polynomial
I(x), it is prime to [I(x)]‘. Hence there exist polynom-
ials ¢(x) and %(x) such that

H2)-f(2) + () [(=)]* = 1,
HA4)-f(4) + w(4)- [(4)])¢ =1,

and consequently

H4)-f(4)-¢ = ¢.
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If it were true that f(4)-¢ were in S;_,;, we should have
(i) ] f(4)-¢ =0,
and as a result,
1(4)- (1) ]+ f(4)-¢ = [(4)]-*¢ =0

so that ¢ would be in S;_,, contrary to its selection. We
have therefore proved all but the last statement of

THEOREM S57. If I(x), as defined in Theorem 56, is of
degree j, and if ¢ is a vector of S! which is not in S;_,,
the same is true of every veclor of the form

cd + Ao + A% + - - - + ;147

unless co=c1= + + - =¢,.1=0. The vector I(A)-¢ is in
Si_1 but not in S/_,.

To prove the last statement, set
v =1U(4)¢.
If ¢ is in S/, then clearly
b))y = (] =0
so that ¢ is in S;_,. If ¢ were in S;_;, we should have
)]~ = (A)]-¢ =0
so that ¢ would be in S;_,;, contrary to its selection.

COROLLARY 57. The null space S! of [I(A)]} is of
dimension d;2=1j where j is the degree of I(x). If A is non-
derogatory with the minimum function [I(x)]*, then d;
=1j.

By Theorem 57 the space S/ contains at least j vec-
tors

®, A¢’ A’¢v MR ) Ai—l¢
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which are in S/ but not in S;_,, and no linear combina-
tion 0 of these vectors is in S;_,. Hence they are
lincarly independent, and the din ension d, of S/ is
greater than the dimension d,_; of S;_, by at least j.
Morcover, S{ is of dimension at least j so that
d.%d._1+]';d._z+2j§ A
2+ @GE—-10)jzj+ G- 1)j=1ij

If n=hj and [I(4)]* =0, then ds =hj, and for i =h the
first and last members of the above inequality are both
hj. Thus every “=” must be an “=", so that d, =4j.

\We shall conclude with the following theorem.

THEOREM 58. If m(x) is the minimum function of a
malrix A, there exists a vegtor which is in the null space of
no matrix mo(A) where mo(x) is a proper divisor of m(x).

Let us set
m,(x) = [l.(x)]"- (i=12---, k),

where the /,(x) are distinct irreducible polynomials. Let
. be a vector which is in the null space of [/,(4)]* but
not in the null space of any lower power of /,(4). By
Theorem 56 such a vector exists. Define

¢=¢1+da+ -+ o
Let mo(x) be any proper divisor of m(x). Then
mo(A)-¢ = mo(A)- 61 + mo(4) - d2 + + - = + mo(4) .
Since
m,(A) -mo(4)-ds = mo(4) -m(4)-¢: = 0,

mo(A) -9, is in the null space of m,(4). Then m(4)-¢
will be 0 if and only if m¢(4) ¢, =0 for every value of ¢,
by Theorem 58.
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If mo(x) is a proper divisor of m(x), some one of the
irreducible factors, say J,(x), occurs in m(x) to a lower
power than it occurs in m(x). Let

mo(2) = g(2)- [l(x) ) f<h

where g(x) is relatively prime to ,(x). Then a greatest
common divisor of mo(x) and [L,(x) % is [L(x) ), so that
polynomials #(x) and u(x) exist such that

1(2) -mo(2) + u(2)- [L(x) ]* = [L(x) ).
Hence
t(A) -mo(A)-¢i = [L.4)) - ¢

If mo(A) -¢. were 0, it would be true that (L)) ¢
=0, contrary to the selection of ¢..



CHAPTER VI
THE RATIONAL CANONICAL FORM

41. Similar matrices. Two square matrices 4 and 4’
are called similar if there exists a non-singular matrix P
such that

A' = P'AP.

We may use the notation 4’24 to denote similarity.

Since A’=P1'4AP implies A =PA’P-}, and there-
fore A =(P-1)"'4'(P™), it is clear that A’2 4 implies
A2 A’. Thus similarity is symmetric. Since 4 =141,
similarity is reflexive. M(.)reover, let

A’ = PUAP, A" = (Q-'47Q

where both P and Q are, of course, non-singular. Then
A" = Q7Y (PTAP)Q = (PQ)'A(PQ).
Hence 4’24 and 4”2 A4’ imply A2 4 so that simi-
larity is transitive. Thus similarity of matrices is a type
of equals relation, or equivalence relation if you prefer.
It is quite to be expected that such a relation will have
important properties.

The concept of similarity is, in fact, one of the cen-
tral ideas in matric theory. It appears in the study of
groups of linear transformations, matric representations
of algebras, pencils of quadratic forms, and in connec-
tion with various problems in projective geometry (see
§56), and in other connections.

If A’ = P-4P, B = P-BP,
then for every pair of numbers % and ! of F,
kA’ 4 IB'’ = P-'(kA + IB)P, A'B' = P-Y(AB)P.
112
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Since every polynomial in A4 is built from 4 by the
operations of addition, multiplication and scalar multi-
plication, it follows that for every polynomial f(x) with
coefficients in F,

(30) P-1-f(4)-P = f(A") = f(P~'-A-P).

THEOREM 59. Similar matrices have the same char-
acteristic and minimum polynomsials, the same determi-
nant, norm and rank.

Let A’=P-'AP. Then
Py (xI — A)P = xI — P'AP = xI — A’

so that
d(xI — A’) = d(P-")-d(xI — A)-d(P).

Since d(P-!')=1/d(P), the characteristic polynomials
are equal.

Let A and A’ have the respective minimum poly-
nomials m(x) and m’(x). Since

m(A’) = P-1.m(4)-P,

and since m(4) =0, m(4’) is also 0. Then by Theorem
40, m’(x) divides m(x). Now A =P-A’- P! so that the
roles of A and A4’ are interchangeable. Hence m(x) like-
wise divides m’(x) and, as each has 1 as its leading co-
efficient, they are equal.

Since the determinant of 4 is equal to the constant
term of the characteristic function multiplied by (—1)"
where 7 is the order of 4, it is true that d(4) =d(4’).
Similarly the norm of 4 is equal to the constant term of
the minimum function multiplied by (—1)* where u is
the index of 4, so that n(4) =n(4’). Since P and P!
are non-singular, the ranks of 4 and 4’ are equal by
Theorem 17.
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42. The direct sum. Let 4 and B be two square ma-
trices, A of order r and B of order s. The matrix

a+n=[] 7]
“lo B
of order r+s is called their direct sum.

The following properties of the direct sum are ele-
mentary, and follow directly from the definition.
(a). (A+B)+C=4+(B+0).
(b). k(A +B)=kA+kB where k is in F.
(©). (41+A3)+(Bi+Bs) =(41+B1)+(4:+By).
(d)- (A1+Bl) (Az"i‘Bz) =A1A2+Ble-
(e). (A+B)T=AT+B".
(f). (A4+B)-'=A"14+8B-1if A and Bare non-singular.
(g). d(4+B)=d(4) -d(B).
(h). (A +B) =r(4)+r(B).
(i). A+B=B+4.
It is understood that A; and 4. are of the same order,
and also that B, and B; are of the same order. It is not
necessary that 4, and B, be of the same order.
We shall derive two further properties, namely

G). IfA'2A and B’ B, then A'+B'=A+B.
(k). If f(x) is any polynomial,
f(4 + B) = f(4) + f(B).
In order to prove (j), let
A' = P'AP, B’ =(Q'BQ.
Then by (d) and (f),
A+ B =F'+0oH4+B)(P+0)
=(P+Q'4+ B(P+0).
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To prove (k), let
f#) = 3 e

By (d),
(44 B)yi=4'4 B
and by (b)
c(4 + B)¢ = ¢;A¢ 4+ ¢;BS.

The result now follows from (c).
More generally, let us suppose that the #X#7 matrix
4 of rank r can be written

4, O -.-0
. O A4;---0

A=A+ A4+ A= ’
O O .---4

where A ;s of order #; and rank r;. Let the row vectors of
A span the space S, let the first #, row vectors of 4 span
S1, the next #3 row vectors of A span S, etc. Denote by

Oily 02y * ° ° ) Tirg

a set of basic vectors of S;. By (h) the rank of Sis r1+r;
+ « « + 4rr=r. From the form of the matrix 4 it is clear
that the vectors

Ol1y * ° " 3y Olyy 021y " ° 9029 ° °° 3 Okly * * ° » Okry,

are linearly independent and span S. Thus S is the sup-
plementary sum

S1+S2+ - + S
of the subspaces S;. (See §39.)
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It is moreover evident that, if ¢, is any vector of S,,
and if 757,
¢, = 0.

A supplementary sum of subspaces which has the addi-
tional property that every inner product of two vectors
of different subspaces is 0 is called the direct sum of
these subspaces, and we write

S=51+52+"‘+Su-

It is clear that if the matrix 4 is a direct sum of sub-
matrices, its row space S is a direct sum of corresponding
subspaces.

43. Invariant spaces. A subspace So of S is said to be
an invariant space of the matrix A if, for every vector
¢ of Sy, it is true that 4-¢ is in S,. If ¢ is any vector of
an invariant space S, of 4, then clearly f(4)-¢ is in S,
for every polynomial f(x).

In particular the null space of 4 is an invariant space
of A4, but 4 has invariant spaces other than its null
space.

If Si and S; are invariant spaces of 4, then clearly
SiUS: and SiN\S: are also invariant spaces of 4.

THEOREM 60. If A and B are commutative matrices,
the null space of either is an invariant space of both.

Let ¢ be any vector of the null space of 4. Then
A-¢=0, and

AB-¢ = BA-¢ =0

so that B-¢ is also in the null space of 4. Thus the null
space of 4 is an invariant space of B.
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CoroLLARY 60. If f(x) and g(x) are any two poly-
nomials, the null space of f(A) is an invariant space of
g(4).

THEOREM 61. If f(A4)-¢ and g(A)-¢ are two vectors of
the same invariant space S, of A, and if d(x) is a greatest
common divisor of f(x) and g(x), then d(A)- is in S,.

The greatest common divisor d(x) can be written in
the form
d(x) = p(x)-f(2) + g(x)-g().
Then
d(.1) ¢ = p(.1)-f(.1) & + g(1)-g(4)-¢.

Since f(4)-¢ and g(4) ¢ are in Sy, so are p(4)-f(4)-¢
and g(A4)-g(4)-¢, and so is their sum.

CoROLLARY 61a. If f(4)-¢ and g(4)-¢ are two vec-
tors of the same invariant space Sy of A, and if there exists
no polynomsial I(x) of degree less than the degree of f(x)
such that h(4)-¢ is in S, then f(x) divides g(x).

For unless f(x) were a divisor of g(x), they would
have a greatest common divisor d(x) of degree less than
the degree of f(x), whence by the theorem d(4)-¢ is in
So.

COROLLARY 61b. If f(x) is a polynomial of lowest de-
gree such that f(A) - ¢ is in an invariant space Sy of A, then
f(x) divides the minimum function m(x) of A.

Take g(x) =m(x) in Corollary 61a.

Much of the importance of invariant spaces derives
from the following result.

LEMMA 62. Let the total vector space S be the supple-
mentary sum of the subspaces

Slvslv°"tsk
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where each S, is of dimension r, and has the basis ¢,

G, * *, 0., Let P be the matrix whose column vectors
are
(31) 011y * * * 1 Olryy 021y * ° * 3y 029y * * * y Okly * * * y Okrye

If each space S, is an invariant space of the matrix A, then
P_IAP=Bl+Bz+"'+Bk
where B, is a matrix of order r,.

Since the vectors (31) span S (see §39), P is non-
singular. Now form the product

AP = [ﬁlll tt ﬂlrp Bﬂh" i )ﬂﬂrp AR ﬂklr tt Bk'k]
= M'

the 8's being the column vectors of M. Since each S, is an
invariant space of 4, the vectors

Bity Buzy + + <y Bur;
are linear combinations of the vectors
Guts Gazy * * * » T,
only, and do not involve the other ¢’s. Thus if r,=2,
Bu = binon + bnroi,  Pr2 = binon + binore

so that
bin bm:].

blﬂ bl!!

(811, B12] = [a1, 01] [
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In general M can be written

B, O ---0

O By---0
[‘7111' 9 Olryy 021" °y O2ryy " 9y Oh1y " * a’kr;]

[0) O - B;

where each submatrix B, has r, rows and columns.
If we denote the last matrix by B, we have

AP = PB
or, since P is non-singular,
P-'AP=B= B+ B+ -+ + B
We are now prepared to prove an important theorem
in the theory of similarity.

THEOREM 62. Let A be any nXn matrix with ele-
ments in a field F, and let

m(x) = my(x) ma(x) - -+ mp(%)

be its minimum function expressed as a product of poly-
nomials which are relatively prime in pairs. Let the null
space of m;(A) be of rank r;. Then A is similar to a direct

sum
Bi+ By+ .-+ + B:

where B; is of order r;, and the minimum function of B; is
m,(x).

If S/ is the null space of m,(4), we know from Theo-
rem 55 that the total space S is the supplementary sum
of the subspaces

By Corollary 60 each S/ is an invariant subspace of 4.
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Then by Lemma 62 there exists a non-singular matrix P
such that

P-'"AP =B, 4+ Bs+--- 4+ B:
where B; is of order r,.
Furthermore, by Corollary 60 each space S, is an

invariant subspace of the matrix m,(4) for every ¢ and j.
Then by Lemma 62

Ptm(A)-P=C1+Ca+:-- +Ci
where C; is of order 7;, and the matrix P is the same as
above. Since S/ is the null space of m,(4), m,(4)-0,,=0
so that C; is a zero matrix of r, rows and columns. But
by (30) of §41,
P-1.m,(A)-P = m,(P-'AP)
=m,(B,+ B2+ - - - + B).
By (k) of §42 this is equal to
mi(By) + m(B,) + coe m,(Bs).

Consequently C;j=m,(B;), and in particular m,(B;)=0.
It then follows from Theorem 40 that m,(x) is divisible
by the minimum function m/ (x) of B..

Since 4 and B are similar, they have the same mini-
mum function m(x) by Theorem 59. Define m’(x) as the
product

m'(x) = m{ (x)-m{ () - - - mi (2).
Then m(x) is divisible by m’(x). By Property (k) of §42,
m'(B) = m'(By) + m'(By) + - - - + m'(Bs)
= m{ (B,)-m{(B,) - - - mi (By)
+ m{ (Bs)-m{ (Bs) - - - m{ (By)
+ - - m{(B:):m{(Bs) - - m!(By)



INVARIANT SPACES 121

Since m/! (B,) =0, it is true that m’(B) =0 so that m’(x)
is divisible by the minimum function m(x) of B. Since
m(x) and m'(x) each have leading coefficient 1, they are
equal. Now if it were true that m, (x) were a proper
divisor of m,(x) for some value of 7, it would follow that
m’(x) would be a proper divisor of m(x), which is not
true. Consequently for every value of ¢, m,(x) is the
minimum function of B;.

We can illustrate this theorem by continuing with
the example of §39. We have

S5 0 -—17 =26 0 6 0 2

-1 5 5 3 |~3 0 2 0
, P=
—-10 —2 32 51 |_1 -4 1 -3

A=
6 2 -—19 =31 0O 3 0 2
AP=Aloy, 012, o1, 03]

= [%0'11—'%612, Js”'ﬂ‘u—%ﬂ‘u. '3‘0'21—‘;‘“221 %0'21—%0221

i 0 0
-1 - 0 O

= [Uu. O12, 021, 0’22] 3 ﬁ PR =PB.
0 0-—-§% —%

The minimum functions of the matrices

me[y 31 me[ ]

are, respectively,

m(x) = 22+ x4 1, ma(x) = 22 — 2+ 1.
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44. The non-derogatory case. Let the matrix 4 be
non-derogatory of order and index #, and let its mini-
mum function be

m(x) =mo+mx+ - + Mmegx™t 4+ 2™

Let ¢ be a vector which is not annihilated by any matrix
mo(A) where m(x) is a proper divisor of m(x). By Theo-
rem 58 such a vector exists. Consider the # vectors

(32) ®, A¢’ A2¢) MR A"—‘¢-

If these vectors were linearly dependent, there would
exist a relation

cd + ade + 4% + - - - + cad™ ' =0
which could be written
f(4)-¢ =0, f(£) =cot+arx+ - + caaz™ 1 # 0.

Let d(x) be the greatest common divisor of f(x) and
m(x). Since f(x) is of degree <#, d(x)#m(x). Then
there exist polynomials p(x) and g(x) such that

#(2)-f(2) + g(x)-m(x) = d(x)
and consequently

p(4)-f(A)-¢ + q(4)-m(4)-¢ = d(4)-¢

so that d(4)-¢=0. But d(x) is a proper divisor of m(x)
so that ¢ cannot be annihilated by d(4). Hence the
vectors (32) are linearly independent.

Denote by P the matrix whose column vectors are
given by (32). Since these vectors are linearly inde-
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pendent, P is non-singular. Now form the product

AP=Alg, A9, 4%, - - -, A™¢]

= [A¢, A2¢. e, --1}10¢‘—'m1A¢— .o -._”,n_lAn-l¢l
00::-0 —myg
10-+-0 —my

=|p, Ap, A%, -+ ,A™¢]| 01-.-0 —my |=PC.

Thus P-1AP=C where C is the companion matrix
(§31) of the minimum equation of 4, and we have
proved

THEOREM 63. Every mnon-derogatory malrix is similay
to the companion malrix of ils minimum equation.

Now suppose that we write
m(x) = my(x) -mao(x) - -+ my(%)

where the m,(x) are relatively prime in pairs, and the
sum of their degrees is #. By Theorem 62 we know that
there exists a non-singular matrix P such that

P-'4P =B+ B;+---+B:=B

where m,(x) is the minimum function of B;. We know
that the degree of the minimum function is less than or
cqual to the order of the matrix, and that the sum of the
orders of the B, is n. If for some ¢ the degree of m,(x)
were less than the order of B,, the degree of m(x) would
be less than %, which is not true. Hence cvery B, is non-
derogatory.
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By Theorem 63 there exists a non-singular matrix Q,

such that -
(_)1 BIQI = (‘i

where C, is the companion matrix of the equation
m,(x)=0. Then as in the proof of Property (k) of §42,

Q“BQ=C1+C2+---+C;,,

where

Q=040+ - 40
Consequently
Q' P-UPQ=Ci+Ca - G

and we have

THEOREM 64. If the matrix A is non-derogatory, and
if its minimum function is

m(x) = my(x) -may(%) + - - mi(%)

where the factors are relatively prime in pairs, then A is

similar to the direct sum of the companion matrices of the
factors m;(x).

Let us return to the example used in §43. Let us
choose ¢ =(1, 0, 0, 0). Then

1 -1 -6 5
0 5 9 0
P=[¢|A¢0A2¢1As¢]= 0 —10 — 14 2 !
0 6 8 0
1 §$ -§ -#
pa |0t O A
0o 3 0 -4
o 3 i %
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We find that
0 0 0 —1
1 0 0 0
P-'{P = ,
0 1 0 —1
0 0 1 0

which is the companion matrix of the minimum equa-
tion

m(x) =a'4+ 224+ 1=0.

The second canonical form can be obtained from the
matrices B, and Brof §43. Let

-1 2 1 7
01=L0 _%]. 02=[0 _*-.
Then
0 —17
1 1.

- [0 —1 _
QllBlol = 1 — l]' 0213202 = [

are the companion matrices of the equations obtained
from the respective factors x?+x+1 and x2—x+1 of the
minimum function of 4. Then 4 is similar to the matrix

0 -1 0 0

1 -1 0 0

0 0 0 -1

0 0 1 1
45. A canonical form. As we saw in Theorem 62,
every matrix with elements in F is similar to a direct

sum of matrices whose minimum functions are powers of
irreducible polynomials. We shall restrict attention,
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then, to an #Xn matrix 4 of index u whose minimum
function is

m(z) = ()] u=jh
Ux) =lo+hx+lax®+ -« + 1,271 4 xf.

Let ¢ be a vector which is in the null space of
[I(A)]* and not in the null space of [I(4)]*'. Such a
vector exists by Theorem 56. Denote [/(4)]* ¢ by ¢,
and form the set of vectors

&, A, A%p, -+, A1, 61, Ady, A2y, - - - , AT1¢y,

(33)
cooy a1, APnor, A%p—1, * + ¢, A7 IGp1

These vectors are j#=u in number, and we shall prove
that they are linearly independent. If there were a linear
relation among these vectors, it would take the form

f(4)-¢=0, f(x) =cot+ax+cax®+ -+ + cuazL

But by Corollary 56 this is impossible.
It may be well to note at this point that the vectors

(34) ¢v A¢v A2¢: MR ) A“_l¢

are also linearly independent, and span the same space
as is spanned by the vectors (33).

Let us now consider the non-derogatory case in
which u=n. The vectors (33) are now 7 in number and
linearly independent so that they span S. Let P be the
matrix whose column vectors are the vectors (33). Form
the product 4 P.

To relieve the notation, let us assume

h=3, j=3, Ux) = b+ hix + lax® + 2%
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Then
A% =1U(A)-¢ —lp — hdp — l,4%,
APy = UA)-¢1 — lopr — Lidgy — 1A%,
A3y = — lop2 — LAy — 1A%,
AP = [A¢, A%, — lp — hdé — LA + ¢y,
Ay, A%y, — lopr — hiAdgy — 124%1 + ¢,
Apo, A%s, — lops — LiAds — lo1%s]
= [¢, A, A%, ¢1, Ad1, A%1, 2, Ads, A%:]B = PB

where
0 0 =l 0 0 070 0 07
1 0-L{O O O0jO0O O O
0 1-L|0 O 0|0 O O
0 0 1]0 0—-4L|O0O 0 O
35) B=j0 0 0|1 O0-4{O0O O O
0 0 0j0 1 -0 O O
0O 0 0j0 O 1]0 0 -
0O 0 0|0 O Of1 00—
0 0 010 0 00 1 —I_]
It is clear that
x 0 N 3
d(sI - B)=|—-1 x A

0 -1 x+la

As we saw in §31, the displayed determinant is the char-
acteristic determinant of the companion matrix of
l(x) =0, so that

d(xI — B) = [i(x) ]2
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Now xI — B has an (n—1)-rowed minor determinant in
the lower left-hand corner which is equal to +1, so that
by Theorem 41 the minimum function of B is [I(x)]3.

In general the matrix of type (35) whose minimum
function is [/(x)]* will have along the principal diagonal
k blocks, each of which is the companion matrix of
l(x) =0. The diagonal just below the principal diagonal
consists entirely of 1's. We have

THEOREM 65. Every non-derogatory matrix whose
minimum function is [I(x)]* where I(x) is irreducible of
degree j is similar to a matrix of the type (35) with h blocks
along the diagonal.

The case where F is the complex field, or in fact any
algebraically closed (field, deserves special mention. In
this case we can write

m(x) = (2 — 2)"(x — x)2 - -+ (2 — 2™

so that A is similar to a direct sum of matrices of the
form

2, 0 0 .--0 07
1 20---0 0
01 ---00
36 B; =
(36) 001..-00]/
(0 0 0+--1 x|

of ; rows and columns. This is the familiar Jordan nor-
mal form of a matrix with complex elements.

46. The derogatory case. If 4 has the minimum

function
m(z) = [I(2)]* jh=np<mn,
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the vectors (33) will span an invariant subspace Z, of S,
but will not span S. There will exist, then, vectors which
are linearly independent of the vectors (33). For each

such vector ¢/, L) [y

which is surely in Z,, while
)]y =19 =y

is not in 2. For cach such vector ¢/, therefore, there
exists an integer k, 0 <k=<h, such that [I(4)]*-¢' is in
2, while [I(4)]¥-'-¢' is not in 2.

Of all such vectors ¥/, choose onc whose correspond-
ing integer % is maximal, and call it "’. There will exist

a relation
() |-y = g(4)-¢ 1S kS h

By the division algorithm we can determine polynomials
g(x) and r(x), the latter either zero or of degree less than
jk, such that

g(2) = [(x)]*-q(2) + 7(2).
Then
(1) ]%-9" = [i(A)]*-g(4) - + r(4)-9.
Multiplying on the left by [I(4)]*-*, we have
m(4)-¢" = m(4)-q(4)-¢ + [(4)]**-7(4)-¢

so that
[i(4) ]*=*.r(4)-¢ = 0.

The polynomial
() ]**-r(2)

is 0 or of degree less than j(h—k)+jk=p, which is im-
possible by Corollary 56. Hence the polynomial is iden-
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tically zero, and #(x) =0. Then there cxists a relation of

the form
)]y = [I(4)]*-q(4) ¢ 1= k< h
We shall now define a new vector
v =y" —q(4)¢.

It is clear that

which is in Z,. Consider the equation
() [e=1y = (i) 21y = [i(A) ]*1-q(4) - 4.

Since 2, is an invariant subspace, the last term is in 2.
If the left member were also in 2, then

o [y ey

would be in Z,, contrary to the definition of k. Thus ¢ is
a vector whosc corresponding integer %k is maximal, and
by Corollary 61b [i(x) ] is a polynomial p(x) of smallest
degree such that p(4) -y is in ;.

We shall now prove that the vectors

VAP AN, oo AN Y, A, A%, - - -, AT,
ooy Yk, A#’k-—h ARy, o+ -, Ay

where ¥, = [I(4)]*-¢ are lincarly independent and form
with the vectors (33) a lincarly independent set, and
span an invariant subspace Z; of S.

If the vectors (37) were linearly dependent among
themsclves, or if they were lincarly dependent upon the
vectors (33), there would exist a relation

JS(A)-¥ = g(4)-¢

with f(x) of degrece <jk and g(x) either O or of degree
<jh. By Corollary 61a, f(x) is divisible by [I(x) ]%, which

(37
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is of degree jk. Hence f(x)=0 and no linear relation
among the vectors (33) and (37) can exist.

Since [I(4)]t-¢ =0, the product by 4 of each vector
of (37) is equal to a linear combination of these vectors.
Thus the space Z; spanned by the vectors (37) is invari-
ant under 4 and is of rank (or dimension) jk.

47. Continuation of the derogatory case. We shall
carry the process one step further. This third step is
characteristic of the general case.

Either 2,\UZ; =S5, or clse there exist vectors x’ which
are not in Z,\U2,. For each such vector x’ there exists
an integer e such that [I(4)]*-x’ is in the union, while
[i(4)]=1-x" is not in the union. Let x”’ be one such vec-
tor whose corresponding integer e is maximal. Since in
the previous step ¥ was chosen with a maximal &, it will
be true that 0<e<k<h.

There will exist a relation

[1A) Je-x"" = gi(A)-¢ + ga(4) -y
We can write
g1(2) = [i(=) |*-qu(x) + ri(2),
g2(2) = [U(2)]*-ga(2) + 7ro(2)

where each of 7,(x) and r,(x) is 0 or of degrec <je. Then

)5 x" = [UA)]**[gx(4) - ¢ + ga(A4)-¥],
)] x" = [UA) =< gi(A)-¢ — [U(A)]*-ga(A)-¥

= [i(A)]¥=e-ra(4)-¥.
By the definition of &, and the fact that ¢ is in Z;, the
entire left member of the above equation is in ¥,, while
the right member is in Z,. But ;N\ Z,=0 so that cach
member is 0. Then by Corollary 61a, [I(x) k- ra(x) is
divisible by [I(x)]*, whence 7,(x) =0.
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We now have
m(A)-x" = [i(4)]*~*[g:(4)-¢ + ga(4)-¥],
= m(4)-q:(4)-¢ + [I(A)]*~<-ri(4) &
+ m(4)-q:(4) -¥.
That is, [I(4)]**-7(4)-¢=0. Hence [I(x)]*~*-r(x) is
divisible by [/(x)]*, and consequently 7,(x)=0.
We define x by the equation
x=x"—q4) ¢ — qa(4)-¢.
Then clearly
[2¢a) Je-x = o.
If [I(4)]=!-x were in Z,\UZ,, we should have
)] x" = [l(A.)]“‘-q|(A)-¢ + [1(4) ]+ ga(4) ¥
+ [I(4)]1-x
which would be in Z,\U3%,, contrary to the definition of

x"'. Thus x is a vector whose corresponding integer e is
maximal, and such that

[i4)]e-x = o, [1(4) ] x not in =, U Z,.

We now consider the subspace Z; spanned by the
vectors

X AX. A%, oo o, A'._lx, X1y AXI’ Alxqy -0 -, AJ'—lxh
(38)

'y Xa—1y Ax.—l' A’x-—ly tt Ai_lx.—l

where x;=[l(4)]¢ x. As before we prove that these

vectors are linearly independent among themselves.
Suppose that there were a linear relation among the

vectors (33), (37) and (38). It would take the form

J(A)-x = g1(4)-¢ + ga(4) ¢
where f(x) is 0 or of degree <je, gi(x) is 0 or of degree
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<jh and gs(x) is O or of degrece <jk. If f(x)#0, we may

write
f(x) = fi(2)- [I(x)]* 0<i<e

where fi(x) is relatively prime to /(x) and hence to m(x),
so that fi(4) has the inverse f;'(4). Then

L)) x = f7A) - ga(d) & + fi (A)-ga(1)-¥

where i <e. But for i <e the vector [/(4)]¢ x cannot be
in the union =,\JUZ,. Hence the vectors (33), (37) and
(38) are linearly independent.

Since [I(4)]¢-x =0, the space Z; is invariant under
A.

As long as there remains a vector which is not in the
union of the invariant spaces

Iy 2y, 2y, ¢
we can find another invariant space whose basic vectors
arc of the same form as (33), and are linearly independ-
ent of the basic vectors of the union of the spaces previ-
ously obtained. In a finite number of steps we obtain
the total space S expressed as a supplementary sum of
such subspaces,

S=Z1+2:4+ -+ 2.
We have proved

THEOREM 66. If the matrix A has the minimum func-
tion [I(x) ™ where I(x) is irreducible, the total vector space
S can be written as a sum of subspaces

S=21+2Z2+---+2,

each of which is an invariant space of A, and each of which
has a basis of the form (33) with h Sh,.

48. The rational canonical form. If S=2,42,+ - - -
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+ 2, is any decomposition of S into subspaces cach of
which is an invariant space of 4, and if

011y 012y * * * 4 Oyp

is any basis for Z,, we may form the matrix P whose col-
umn-vectors are

Gl "ty Olry G2ty " %y Gar * * 3 1y * * * g T
By Lemma 62
PAP = By + By + - - - + B,
where B, is of order 7,. Then by (k) of §42
m(A) = m(P-L1P) = m(By) + m(Bs) + +++ + m(By)

so that
m(B,) =0,

and the minimum function of B, is a divisor of the mini-
mum function [/(x)]* of A. But it may not be true that
cach B, is non-derogatory.

If, however, we assume the particular decomposition
of S described in Theorem 66, and if we take (33) as the
basis for ¥,, (37) as the basis for =;, (38) as the basis for
I, ctc., we can show that in the resulting expression

P-AP =B+ Bi+ -+ + By,

every matrix B; is non-derogatory and is of the type

(33).
To make the notation less complex, let us assume
that .

n=09, m(x) =[], x) =1+ Lx+ L+ 23,
P = [¢, Ao, 4%, ¢y, .11, A%, ¥, A, 1Y
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where ¢ is a vector in the null space of [I(4)]* which is
not in the null space of I/(4), where ¢;=1(4)-¢, and
where y is a vector determined as in §46. Then (see §45)
AP: [A¢v A2¢| _l@—llA¢—12A2¢+¢h A¢1, A2¢lv
—lpr—hAd1—laA%y, Ay, A%, —lgp—hAY—1lAY]
= [¢) A¢l A2¢) ¢lv A¢l) A2¢h wl A¢1 Az'p]B=PB

where
[0 0 —4,L|0 0O 0{0 O 0]
1 0-4{0 0O OO O O
0 1 -0 O 0jO0O 0 O
0 0 1|0 0-L|O 0 O
39) B=|-0 0 O0(1 O0-,L|0 O O
0 0 010 1 -0 O O
-0 0 00 0 O0]0 O —{
0O 0 0j0 O Of|1 o0 -
L0 0 0/0 O OO0 1 —7,_

It should be noted that this matrix differs from (35)
only in having a 0 instead of a 1 in the 7th row and 6th
column. That is, (39) is a direct sum of a matrix of type
(35) of order 6 and another of order 3.

In general, we shall have

P—IAP=BI+B2+"'+B¢

where each matrix B; is of type (35), and hence is non-
derogatory (see §45). The minimum function of B, is
[/(x)]* (see §46), the minimum function of By is [I(x)]*
(see §46), the minimum function of B, is [I(x)]* (see
§47), etc.
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THEOREM 67. If the matrix A has the minimum func-
tion [I(x)]" where I(x) is irreducible, A is similar to a direct
sum of non-derogatory matrices each of which has as its
minimum function a divisor of [I(x)]*. Each of these non-
derogatory matrices is of type (35).

By combining this result with Theorem 62, we have
the general structure theorem:

THEOREM 68. Let A be a matrix whose minimum func-
tion is

m(x) = [L(x)]"s- [la(2) ]'2 - - - [Le(2) ]

Then A is similar to a direct sum of non-derogatory mat-
rices each of which has as its minimum function a divisor
of one of the polynomials [l.(x)]". Each matrix in this
direct sum is of the type (35).

A matrix of the form described in the above theorem
will be said to be in the rational canonical form for a
matrix under similarity transformations.



CHAPTER VII
ELEMENTARY DIVISORS

49. Equivalence of matrices. Consider the set of all
polynomials in x with coefficients in a ficld F. This set
is called the polynomial domain of F, and is denoted by
F[x].

The domain F[x] has many of the properties of the
set of rational integers. It is closed under addition, sub-
traction and multiplication, but not under division.
Those polynomials which are divisors of 1 are called
units, and it is clear that the units of F[x] are the poly-
nomials of degree zero—that is, the numbers #0 of F.

Those polynomials which are neither 0 nor units fall
into two classes, prime or irreducible polynomials, and
composite or reducible polynomials. Every reducible
polynomial can be represented as the product of a finite
number of irreducible polynomials and, except for unit
factors and the order of the factors, this representation
is unique. Two polynomials whose quotient is a unit are
said to be associated.

A matrix P with elements in F[x] is called unimodu-
lar if it has an inverse whose elements are likewise in
F[x]. Clearly P-P-1=T implies

d(P)-d(P~") = 1.

If P and P-! have elements in F[x], both d(P) and
d(P-') are in F[x] and are units. If, conversely, d(P) is
a unit, the clements of P-!are in F[x]. Thus P is uni-
modular if and only if its determinant is a unit of F[x].

Two matrices 4 and B with elements in F[x] are said

137
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to be equivalent in F[x] if unimodular matrices P and Q

exist such that
B = I’AQ.

Clearly the above equation implies
A = P-1BQ-

so that equivalence is a symmetric relation. If also
C=RBS where R and S are unimodular, then

¢ = RPAQS.

Since RP and QS are unimodular, 4 and C are equiva-
lent. Thus equivalence is transitive.

The theory of elementary transformations applies
mutatis mutandis to matrices with polynomial elements.
The three types are;:

Type I: The interchange of two rows or of two col-
umns.

Type II: The multiplication of the elements of any
row, or column, by the same unit.

Type III: The addition to any row, or column, of a
multiple by a polynomial of F[x] of another row, or col-
umn,

The inverse of each elementary transformation is an
elementary transformation of the same type. A trans-
formation of Type I merely changes the sign of the de-
terminant of the matrix; one of Type II multiplies the
determinant by the unit; while a transformation of
Type I1I leaves the determinant unchanged. Thus a uni-
modular matrix is transformed into a unimodular matrix
by every elementary transformation.

Every elementary transformation on the rows (col-
umns) of a matrix 4 can be accomplished by multiply-
ing 4 on the left (right) by a unimodular matrix. The
proof is similar to the proof of Theorem 13.
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The thcory connected with the Hermite canonical
form may be carried over with only slight modifications.
If A is a square matrix, there exists a non-singular
matrix P which is a product of elementary matrices such
that PA is triangular with every diagonal element
cither 0 or a polynomial with leading coefficient 1; if the
diagonal clement in any row is 0, the entire row is 0; if
the diagonal element in any column is of degree d, every
other element of the column is 0 or of degree <d with
leading coefficient 1. This form is unique.

Since the Hermite form of a unimodular matrix is 7,
it follows as in Theorem 20 that every unimodular
matrix is equal to a product of elementary matrices.

50. Invariant factors. Let 4 be a matrix whose ele-

ments arc polynomials of F[x], and let

B, B, B,

be all of the k-rowed minor determinants which can be
formed from 4. If 4 is of rank », and if 2<r, there will
exist at lcast onc k-rowed minor determinant of 4 which
is not equal to zero, so that there will exist a (non-zero)
greatest common divisor of all the k2-rowed minor de-
terminants of 4. This polynomial, chosen so that the
coefficient of the leading term is 1, we shall call the k-th
determinantal divisor of A, and denote by d;.

If k exceeds the rank r of 4, there exists no deter-
minantal divisor d,.

We know that, if A and B are equivalent, they have
the same rank r. We shall show that they have the same
determinantal divisors

dh d!v e 1dr-
Let

%) [¢3) (k) (k) ) )
Al vAQ oAS »° "y B, nBl nBi y*
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be the k-rowed minor determinants of 4 and B, respec-
tively, and let d; be the g.c.d. of the A% and d{ be the
g.c.d. of the BY.

Let B be obtained from 4 by an elementary trans-
formation of Type I. Then the B% are mercly a permu-
tation of the A% so that d{ =d;.

Let B be obtained from 4 by an elementary trans-
formation of Type II. Then each determinant BY is
either equal to the corresponding A% or differs from it
by a unit factor. Thus d{ =d;.

Let B be obtained from 4 by an elementary trans-
formation of Type 11II. Then cach B% is either equal to
the corresponding A% or is of the form

L (k)

B, ,=.,"+mli,

where m is in F[x]. Clearly d, is a divisor of all the BY
and hence is a divisor of d{. Since the inverse of an ele-
mentary transformation of Type III is an elementary
transformation of Type III, d/ is a divisor of d; and,
since each has 1 for its leading cocfficient, d; =d/ .

Since every unimodular matrix can be written asa
product of elementary matrices, it follows that, if
B=PAQ where P and Q are unimodular, 4 and B have
the same determinantal divisors dy, ds, - - -, d,.

If A,*+D ijs a (B+1)-rowed minor determinant of 4,
we can by the Laplace expansion (Theorem 35) express
it as a linear combination of k-rowed minor determin-
ants of 4. Hence d; is a divisor of di4; for k=1,2, - - -,
r—1. The quotients

AL o ! e b, dy =
—_—= Ry —— = Hygy " ** y, — = Ha, = f
dr—l dr—! ! 1 : ! '

are therefore polynomials in x, with leading coefficients
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equal to 1, which determine the determinantal divisors
uniquely, and are in turn uniquely defined by them.
These polynomials

hl' h?s R ) hn

none of which can be 0, are called the invariant factors
of 4.
We have proved

THEOREM 69. If two matrices with elements in F[x]
are equivalent, they have the same determinantal divisors
and the same invariant factors.

51. A canonical form. L.et 4 be a square matrix of
order # and rank r with clements in F[x]. By means of
clementary transformations on the rows and columns

we may reduce 4 to a canonical form.
Let

a;y daypa*t - din
A1 Q2+ don

du1 dpo* * * dpp

If >0, we can permute the rows and columns so that
an#0 and the degrce of a5, does not exceed the degree
of any element of 4. Let a,, be any element of the first
row #a;. We may write

ay, = q-ay + ¢

where either =0 or ¢ is of lower degree than ay. Then if
we subtract from the ¢-th column ¢ times the first col-
umn, the new element in the place of ay; will be ¢. If
t#0, it can be moved into the ay; position and we may
start again with an a1 of lower degree. In a finite number
of steps we shall have a new matrix 4 with a0 and
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every other element of the first row and of the first col-
umn equal to 0.

Unless aqn divides cevery element of this new matrix
A, its degree can be still further reduced. Suppose the
clement in the (¢, j)-position in the new matrix 4 to be

d:;=qan+t

where t is of lower degree than ayy. If we add the 2th row

to the first row, we have placed this polynomial a,, in

the ay; position, and as before we can replace an by ¢.
We may now assume that 4 has the form

a 0 0O «-:0
0 ayp ax---an

d,=10 a3z dz3 * * * A3

0 An2 Au3 * * * Qun

where ay; is a divisor of every clement of 4. If r>1, we
may now ignore the first row and first column, and in a
similar manner reduce 4 to the form

~a;; 0 O 0 ---0 7
ae 0 0 ---0
0 0 A3z QA34 ° * * Q3pn

0 0 @i G-

.

L0 0 An3 Gng * * * Gpp

where as; is a divisor of every element of 42 except per-
haps ayn. Since 4. was obtained from 4, by elementary
transformations, every clement of 4; is equal to a linear
homogeneous function of the clements of A4,. Since ay, is
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a divisor of every element of A4,, it is a divisor of every
element of 4..

By a continuation of this process we eventually ob-
tain

[0 0 ---0 ---0

where a;, divides @,41,,41. If the rank of 4 is 7, every ele-
ment of 4, whose row and column indices exceed r must
be 0, for otherwise a minor determinant of order r+1
could be formed which would not be equal to 0.

Since ay; divides as, a3 divides a3, etc., it is clear
that the determinantal divisors are

d,=0a11029 * * * Qpr, dr_1=0a11029 * * Qoypmyy * 0 0y d1=011
and that the invariant factors are
hy = aw, he = @ag, * + « , by = Gy
We have proved

THEOREM 70. Every matrix A of order n and rank r
with the invariant factors hy, he, - - + , h, ts equivalent to
the diagonal matrix
~hy O « -+ 0 + - 0

0 hy++-0-+--0
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COROLLARY 70. Each invariant factor h, is a divisor
of the next invariant factor h,,..

We may now prove the important theorem,

THEOREM 71. Two matrices A and B of order n with
elements in F[x] are equivalent if and only if they have
the same invariant factors.

By Theorem 69 two equivalent matrices have the
same invariant factors. By Thcorem 70 two matrices
having the same invariant factors are equivalent to the
same matrix and hence arec equivalent to each other.

52. Elementary divisors. Let /i, ly, - - -, J, be the ir-
reducible polynomials, cach with leading coefficient 1,
which divide at lecast one of the invariant factors &;. It
is then possible to write

el es2 “%p

ho=01; -1,

where cach exponent e;; is a positive integer or 0. The
prime power factors

l',",---,l:’,--- Y AT 'f;’
whose exponents are actually greater than zero are
called the elementary divisors of the matrix 4.

It is obvious that the invariant factors determine the
elementary divisors uniquely. It is true, conversely, that
the elementary divisors (without regard for their order)
and the integer r determine the invariant factors
uniquely. Since &, is divisible by each of the other &’s,
h, is the product of the highest power of /; by the highest
power of 5 - - + by the highest power of /, which occur
among the elementary divisors. As these are used, they
may be crossed out. Then k,_; is the product of the
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highest power of /; which remains by the highest power
of I which remains, etc. After the elementary divisors
are all used up, the remaining &'s are equal to 1.

Thus if r=4 and the elementary divisors are

a8, 23, x, (x — 1)3, (x — 1)2,
the invariant factors are
hy= 23(x—1)3, hy=a¥(x—1)2 hy=2 = =1
We have proved

THEOREM 72. Two matrices have the same invariant
Jactors if and only if they have the same rank and the same
elementary divisors.

It is not immediately evident that the elementary
divisors are more useful than the invariant factors. Their
introduction is thoroughly justified, however, by the
following theorem.

THEOREM 73. If A is equivalent to the malrix
g1 0 ++-0 - 07
0 g2---0---0

Lo 0.0 ... 0d

where each g, 70 bul it is not necessarily true that g; divides
giy1, Lhen the prime power factors of the g's are the ele-
mentary divisors of A.

Let ! be any prime factor of any one of the g's, and
arrange the g's according to ascending powers of this
prime factor. That is,

8y = fllkl, g-', = f!lk’o cery 8, = f'lk'
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where the f’s are prime to / and
kiS ke S0 Sk,

It is evident that the highest power of ! which divides
the determinantal divisor d, has the exponent

bt bt + ke

Hence the highest power of  which divides the invariant
factor h, is I%, so that for every ¢ for which 2,21 this
prime power is an clementary divisor of 4. If this argu-
ment is repeated for every prime which divides a g, we
shall see that cvery prime power factor of every g is an
elementary divisor of 4, and all elementary divisors of
A are thus obtained.
This theorem is of great practical importance. Con-
sider the matrix
x¥(x— 1)2 0
A= 0 x(x — 1)3 0
0 0 x

The elementary divisors are
%2 (x— 12 =z, (x—1)3 «
so that the invariant factors are
hy = x¥(x — 1)3, hy = x(x— 1), h = x.

Hence 4 is equivalent to the matrix

x 0 0
0 x(x — 1)2 0
0 0 2} (x— 1)

The actual reduction of 4 to this form would entail con-
siderable calculation.
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53. Elementary divisors of a direct sum. The follow-
ing generalization of Theorem 73 will prove useful.

THEOREM 74. If
A=A, +44+---+4,
the elementary divisors of A are the elementary divisors of
all the matrices A, taken together.

By Theorem 71 we can find non-singular matrices P;

and Q; such that
PAQ, = A!

where 4, is diagonal. Define
P=P1+P2+"'+Ph Q=01+Qz++Qt
By (d) of §42,
PAQ=A{ + A{ + .- + 4l =4,

and by (g) of §42, both P and Q are non-singular.
Clearly A’ is diagonal. By Theorem 73 the elementary
divisors of the 4, arc the prime power factors of the di-
agonal elements of the 4/, and by this same theorem
the clementary divisors of 4 are the prime power factors
of all the 4/ taken togcther.

Consider the canonical form (35) which was of so
much importance in Chapter VI. Its characteristic
matrix is

—2 0 -l 0 0 0 0 0 0 T
1 —-x -1 0 0 O 0 0 O
0 1—lL—2 0 0 O 0 0 O
0 0 1 |—x 0 = 0 0 0
(40) 0 0 o 1—-x - 0 0 O
0 0 O 0 1—-bh—x 0o 0 0
0 0 O 0 0 1 -z 0 =l
0 0 O 0O 0 0 1 —x -1
.. 0 0 O 0 0 O 0 1-l—x]
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whose determinant is the 9th determinantal divisor ds.
By the Laplace expansion (Theorem 35)

—x 0 — b 3
dy = 1 —x -1
0 1 —lh—x
and by §31,
dy = [I() ]

Now if we cross out the first row and last column of
the matrix (40), we obtain a matrix having nothing but
0’s below the main diagonal and 1’s in this diagonal. The
determinant of this matrix is 1, so that the 8th deter-
minantal divisor is d¢=1. In fact

dy=dy=+-+=dg=1.
Thus the invariant factors are
h1=hz="' =hs== l, Ilg= [l(x)]’

and the only elementary divisor is [I(x)]2.
In general, we have

THEOREM 75. Every malrix of the form (35) has a
characteristic matrix with a single elementary divisor. If
U(x) is of degree j and if (35) is of order jh, this elementary
divisor is [I(x)]*. The canonical form of Type (35) is
uniquely defined by its elementary divisor.

54. Similar matrices. I.et 4 and B be matrices with
elements in the field F which are similar in F. That is,
there exists a non-singular matrix P with elements in F

such that
B = P4P,
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Then
PY(A — )P = P'AP — P'xIP = B — xI

so that the characteristic matrices of 4 and B arc equiv-
alent in the domain F[x]. It is then evident from The-
orem 69 that, if 4 and B are similar in F, their char-
acteristic matrices are matrices with clements in Flx]
which have the same invariant factors. The converse,
which is not so evident, will now be proved.

THEOREM 76. Two matrices A and B with elements in
F are similar in F if and only if their characteristic
matrices are equivalent in F[x]—that is, if and only if
they have the same invariant factors.

The necessity of the condition has just been proved.

In Chapter VI it was proved that every matrix 4
with elements in F is similar to a direct sum of matrices
A; of Type (35). By Theorem 75, each matrix of Type
(35) has a single elementary divisor and is uniquely de-
termined by it. By Theorem 74, the collection of these
elementary divisors of the matrices 4, is the set of ele-
mentary divisors of 4. The order of the components 4;
in the direct sum can be arranged at will by a similarity
transformation so that, if 4 —xI and B—xI have the
same elementary divisors, it must be true that their
canonical forms described in Theorem 68 can be taken
to be identical. Then 4 and B are similar in F.

It is now clear that two matrices with the same
minimum function are not necessarily similar. Thus let
A be a matrix with elements in F whose minimum func-
tion is

m(x) = [l(x) M- [La(x) [ - - - [e(2) |2

where the polynomials J,(x) are irreducible and rela-
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tively prime in pairs. The elementary divisors of 4 —xI

are the factors [/,(x)]* and divisors of these factors.
Consider for a moment the matrix considered in §45

of order # and index p having the minimum function

m(x) = [i(x)]* k= jh,

so that /(x) was of degree j. We chose the vector ¢ to be
any vector in the null space of [[(4)]* which was not in
the null space of [I(4)]*!, and by means of ¢ con-
structed a subspace =, of the total space S. Then in §46
we chose a vector ¥ such that [I(4)]*-¢ was in Z,, but
[1(4)]¥*-¢ was not in =, and such that k was maximal,
and constructed, another subspace =,. We then showed
that [I(x)]* was another elementary divisor of 4 —xI.
Then in §47 we chose another vector x such that
[14)]*-x was in Z,US,, while [I(4) ]! x was not, and
such that e was maximal. This led to another elementary
divisor [I(x)]e, etc.

In §§45-47 it appearcd that the vector ¥ depended
upon the choice of ¢, that the vector x depended upon
the choice of both ¢ and ¢, etc. It seemed probable that
the value of % also depended upon what vector ¢ was
selected, and that e depended upon both ¢ and ¥. We
now see that the integers i, k, ¢, - - - are invariants of
the canonical form and thus are independent of the
choice (within their range of definition) of the vectors
('} ¢v Xy *°°e

These integers &, k, e, - - - constitute the Segré
characteristic of A relative to the prime factor /(x) of the
minimum equation.

55. The Weyr characteristic. Let 4 be a matrix with
clements in F having the minimum function

m(x) = [L(2) ] [la(2) ] - - [la(2)]™
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where the J;(x) are irreducible and distinct. Let
i Gin+ Loy o+ Lia+ Lty ooy B+ Gia o0+ g

denote the nullities (see §40) of the respective matrices
L), @, @, -, )]

Since the nullity of a matrix is its order minus its rank,
the integer g, indicates the drop in rank between the
matrix [},(4)]*! and the matrix [I,(4)]x.

THEOREM 77. Every integer g.. is divisible by the de-
gree j; of the irreducible polynomsial 1;(x).

It is immediately evident from (30) of §41 that these
integers g are invariant under similarity transforma-
tions upon A. By Theorem 68, 4 is similar to a direct
sum of non-derogatory matrices each of which has a
minimum function of the type [I(x)]*. That is,

A=A+ +4ut-- 44,

where 4,, : -+ -, A; have minimum functions which are
powers of li(x), while A;41, - - -, 4, have minimum
functions which are prime to /,(x). By (30) and (k) of
§42,

)]* = (A ]+ - - - + [(49]*
+ )2+ - - - 4 (4]~
By Theorem 44 each of the matrices
Paun)]y, - - - (4]

is non-singular and hence of nullity zero for every value
of k, while by Corollary 57 each of the matrices
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[l.(Al)]", R [l.(A ‘)]k

is of nullity j;k if j,k is less than or equal to its order,
otherwise it is a zero matrix.

The nullity of a direct sum is obviously equal to the
sum of the nullities of the components (see (h) of §42),
whence it follows that the nullity of [I,(4)]* is divisible
by j., and so thercfore is every integer gu.

Set g =wuj.. The integers

Wiy Wiy * * ° y Wik

constitute the Weyr characteristic of the matrix 4 rela-
tive to the irreducible factor /,(x) of its minimum func-
tion.

[ 4
THEOREM 78. The Segré characteristic and the Weyr
characteristic of the matrix A relative to the same irreduci-
ble factor I(x) of its minimum function are conjugate par-
titions of the same integer.

The avoid claborate notation we shall take a special
example which is typical of the general situation. Let 4
have the Segré characteristic (5, 4, 2, 2) relative to the
irreducible factor /(x) of degree j of its minimum func-
tion. Then

éA;-l—A,-i—A;+A4+---

where each of the 4's is non-derogatory. The minimum
functions of 4,, 4, 44, A, are by Theorem 68 respectively

B M0l D] W]

while the matrices represented by dots have minimum
functions which are prime to Il(x). Then for every ¢

A £ [)a) ] + [ ]+ [iaa) ] + [ia9]t + B:



THE WEYR CHARACTERISTIC 153

where B, is a non-singular matrix. By Corollary 57
I(4y), UAs), UAs), HAY)
are each of nullity j so that gy=4j and wy=4. Then
[(aD ]2 [(an)], [i(43)]2 (4]
are each of nullity 25 so that
g1+ g2 = 8j, wy = 4.

But the last two of the above matrices are 0 so that there
is no further increase in nullity when the exponents of

1(A3) and I(A4,) are increased. Thus
g1+ g2+ g = 105, G+ g2+ g+ g = 12,

w3 = 2' Wy = 2.
Now [I(42)]*=0 so that
g1t gtgtgt+eg=13, w=1

There are no further non-zero w's.
Now let us arrange the integers of the Segré char-
acteristic as rows of dots,

The numbers of dots in the columns, namely (4, 4, 2, 2, 1),
are the numbers of the conjugate partition of 13. That
they constitute the Weyr characteristic is obvious, for
the increase in nullity in passing from [I(4)]*! to
[(4)]* is equal to the number of matrices 4; whose
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minimum functions are powers of /(x) having an expo-
nent =i—that is, the number of dots in the sth column
of the above display.

A really typical numerical example would require a
matrix of quite high order, but the example of §32 will
be of some assistance. We have

7 4 —1
A=[ 4 7 —J
-4 —4

which is of rank 3 and whose characteristic function is

fx) = ‘x — 3)(x — 12).

4 4 -1
A—3I=I: 4 4 —1]
-4 —4 1

is of rank 1 so that gy =2 and wy=2. Since [4 —3I]?is
also of rank 1, w;; does not exist.

Furthermore

-5 4 —1
A—121=[ 4 -5 —1]
—4 —4 —

is of rank 2, and so is its square. Thus gy =wy=1.

The conjugate partition of 2 is 1+1, and the con-
jugate partition of 1 is 1. Thus 4 has the elementary
divisors

The matrix

x -3, % -3, x— 12
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and the invariant factors
hy=(x—3)(x—12), hy=2x2—3, h =1,

The canonical form is

3 0
0 3 0
0 0 12

and the minimum function is
m(x) = hy = (x — 3)(x — 12).

56. Collineations. Since the early work in elemen-
tary divisor theory was motivated by projective geome-
try, it may not be out of place to see what the connec-
tions between these two topics are.

Referred to a system of trilinear homogeneous co-
ordinates, the equations

% = an% + 612%:2 + G133,
%3 = an% + 6% + 632,
% = an% + @s2%2 + a3
define a projective transformation or collineation of the
points of the projective plane. We shall assume that the
elements a;, as well as the x’s belong to the real field R.
The above transformation may be written in the
form

¢ = At
where £ is the vector (x1, xa, x3), £ =(x{, x{, xJ) and

A =(a,,) is the matrix of the collineation. If §"/=B¢’ is
another collineation, then evidently

E" = BAE
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is the resultant collincation. The matrix of the resultant
of two collincations, then, is equal to the product of the
matrices of these collineations in reverse order. This is
one way in which the concept of product of two matrices
can be introduced.

Let us suppose that a new system of trilinear coordi-
nates is chosen. Every point with coordinates (xi, x2, x3)
in the old coordinate system will have coordinates
(1, 2, ¥3) in the new coordinate system, and vice
versa. There will exist a set of equations

21 = tuyr + hizy: + hasys,
%2 = tny1 + t2ny2 + lasys,
1'31}’1 + t32y2 + tsays

X3

relating these sets of coordinates. If we denote (y1, 2, ¥3)
by 7, these equations may be written

§=Tn

where T =(¢,,) is non-singular. Conversely every non-
singular matrix T defines a coordinate system.

The point (x{, x7, x4) will also have coordinates
(y{, ¥4, ¥4 ) in the new coordinate system. Then

E=Tn', o =y, 9).
That is,
Ty =§ = At = ATy
so that
n = T-AT 9.
We have proved

THEOREM 79. If a collinealion has the matrix A in one
trilinear homogeneous coordinale system, it has the similur
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matrix T7'AT in every such coordinate system; and con-
versely every matrix similar to A is the matrix of this col-
lineation in some coordinale system.

Two vectors are the homogencous coordinates of the
same point if and only if they are proportional. Thus
(1, x2, x3) is left invariant by a collincation if and only
if there exists a non-zero real number X\ such that

x{ = A%y, x4 = \%3, xi = A\Zx;.
Hence A must satisfy the linear homogeneous equations

(@11 — N x1 + @12%2 + @13%3 = 0,
('“) anx, + (a2 — N)x2 + aznx; = 0,

a31%1 + azx2 + (ass — Nz = 0.

The number of solutions will depend upon the rank of
the matrix

A =\

In order that there may be any solution at all with
(%1, x2, x3) not all zero, it is necessary that \ be a solution
of the characteristic equation

|4 = =0

of the matrix 4.

If A\, is a characteristic root, then 4 —\,/ is singular.
If A —\I is of rank 2, equations (41) with \, substituted
for X have but one lincarly independent solution, so that
corresponding to A, there is just one invariant point of
the collineation. If, however, 4 —\,I is of rank 1, equa-
tions (41) have two non-proportional solutions

(a1, a3, a3), (b1, ba, b3),
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and all vectors of the form
(kay + 1by, kaz + by, kas + 1bs)

are solutions where % and ! are arbitrary. In this case

there is a whole line of invariant points. If 4 —\,I is of

rank 0, every point of the plane is invariant. Thus the

number of invariant points depends upon the first com-

ponent of the Weyr characteristic corresponding to each

real lincar factor of the characteristic equation of 4.
In the plane case, which we have chosen,

|4 =MN|=0

is a cubic equation and hence has at least one real root.
If the other two roots are complex, there is just one in-
variant point. But if all three roots are real, there are
various possibilities depending upon the elementary di-
visors of A —\I.

Elementary Segré Weyr
Divisors Char. Char.

A=A, A=A A= 1L 8, 1] 1,1, 1] 3 distinct pts.
A=A A=A A =N [(1, 1), 1] [2, 1] line and pt.
A=A A=A, A=A (L 1, 1] [3] the plane.
A=N)2 A=N)  [2,1] (1, 1), 1] 2 distinct pts.
A=A =N [, )] (2,1)]  oneline
A=\)? 3 [(1, 1, 1)] one point.

Invariants.

In the second case, for instance, there are two dis-
tinct characteristic roots. Relative to the first root there
are two elementary divisors A—\;, A—\,, so that the
Segré characteristic is (1,1). Relative to the second char-
acteristic root the Segré characteristic is 1. The com-
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plete Segré characteristic, then, may be written
[(1, 1), 1]. The conjugate partition of (1, 1) is 2 so that
the complete Weyr characteristic is [2, 1]. The integer
2 indicates that 4 —\,[ is of nullity 2 or rank 1, so that
there is a line of invariant points corresponding to the
characteristic root ;. Since 4 —\oI is of rank 2, it leads
to an invariant point which is not on the line of invari-
ant points. The other cases are similar.



CHAPTER VIII
ORTHOGONAL TRANSFORMATIONS

57. Orthogonal matrices. Consider the ordinary
three-dimensional euclidean space with two sets x, v, 2
and x', ¥, 2’ of orthogonal axes having the same origin.
If a point has the coordinates (a, b, c) relative to the first
set of axes, and the coordinates (a’, d’, ¢’) relative to the
second set, it is true that

a’ = acos (x'x) + b cos (2'y) + ¢ cos (x'3),

b = acos (y'x) + b cos (y'y) + ¢ cos (y'z),
¢’ = acos (3'x) + b cos (z'y) + c cos (2'2)
where cos (x’x) is the cosine of the angle between the
x-axis and the x’-axis, etc.
The matrix

cos (x'x) cos (x'y) cos (x'z)

cos (y'x) cos (y'y) cos (¥'z)
cos (z’x) cos (z'y) cos (2'z)

has some distinctive properties. The elements ot each
row are the direction cosines of one of the new coordi-
nate axes relative to the old axes so that the sum of the
squares of the elements of each row is 1. Since the axes
are mutually perpendicular, the inner product of any
row vector by any other row vector is zero. Moreover
the elements of each column are the direction cosines of
one of the old coordinate axes relative to the new sys-
tem, so that the sum of the squares of the elements of
each column is 1, and the inner product of two different
column vectors is 0.

160
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In general, a matrix with elements in a field F is
called an orthogonal matrix if its transpose is equal to its
inverse—that is, 4 is orthogonal if AAT=1I. This im-
plies that 4 is non-singular, and that

Z Grs8yy = Ops.

=]

This means that the sum of the squares of the elements
of each row vector is 1, while the inner product of two
different row vectors is 0. The above conditions are like-
wise sufficient that 4 be orthogonal.

Since AT=A4"}, it is also true, if 4 is orthogonal, that
ATA=1I. That is,

2 Q4855 = Oy

te=]

Hence the sum of the squares of the elements of each
column vector is 1, and the inner product of two differ-
ent column vectors is zero. These conditions also char-
acterize an orthogonal matrix.

An orthogonal matrix of order %, then, may be
thought of as a transformation in z-dimensional eu-
clidean space from one set of mutually orthogonal axes
to another such sct having the same origin.

The product of two orthogonal matrices is orthog-
onal. For if

AAT =], BBT =],
then

(AB)(AB)T = ABBTAT = AAT = I.

The inverse of an orthogonal matrix is orthogonal, for if
AAT=1,

(A=)TA-1 = (AT)"14~! = (AAT) = I.
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Clearly the identity matrix I is orthogonal. Thus the
orthogonal matrices of order » form a group relative to
multiplication.

58. Orthogonal bases. Two vectors
= (1,02 ,0), = (w,w" -, w)
are defined to be orthogonal if their inner product
¢w=0w + vaws+ -+ + Vala

is equal to zero. (See §§6, 7.) This definition is purely
formal, but it includes an important special case. If S is
an n-dimensional cuclidean space, and if the components
of the vectors are relative to # mutually perpendicular
unit vectors €, €, * + -, €, each of unit length, then
¢-w=0 means that ¢ and w are perpendicula: to each
other.

Let us investigate the possibility that a vector ¢ be
orthogonal to itself. This would entail

vit+uit--+0i=0
and is a phenomenon which can easily occur in a field
such as the complex field where the vector (1, 1), for in-
stance, is orthogonal to itself.* In order to avoid this
embarrassing situation, we must assume that F is a
formally real field—that is, that every relation

i+t +m=0

where the v's are in the field implies that vy =v3= - - -
=p,=0. If Fis formally real, the only vector which is
orthogonal to itself is the zero vector.

* In complex geometry the orthogonality condition is usually

modified to be ¢+ &=0 so that only the zero vector is orthogonal to
itself.



ORTHOGONAL BASES 163

THEOREM 80. Let F be formally real, and let B,
Bs, - - -, B be any k vectors which span the space Si of
dimension k. For any value of 1, 1 <i <k, it is possible to
find a vector B¢ such that

Buc vy Bicty By Busns -+, Bi
span Sy, and such that
BBl =0 i=1,2,+++,1i—1,
Let us set
B! = 3 by
h=1

where the coefficients I, ls, - - - , /; are to be determined
so that

B,B! = 2 By Br=0 i=1,2---,i—1
he=1

The inner product 8;-8, is in F so that the above condi-
tion is actually a system of ¢—1 linear homogeneous
equations in the ¢ unknowns Iy, I, - - -, I,, which by
Corollary 4 has a solution not composed cntirely of 0's.

In order to show that the linear systems of vectors

ﬂh"'sﬁn"'sﬁh ﬂh...'ﬂ"’...'ﬂk

are linearly equivalent, it is sufficient to show that 8, can
be written as a linear combination of the vectors

ﬂl' DR ﬂf—l’ ﬂl"

That is, it is sufficient to show that /,>0. But if /; were
zero, we should have

ﬁ: =0+ 1B+ + l1Bi-1.
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Since B! is orthogonal to each of these vectors, it is
orthogonal to every linear combination of them, and
hence to itself. It must therefore be the zero vector, since
F is formally real, and hence

Wy + 1B+ -+ - + 11 =0

But the vectors 8y, Bz, - - - , Bi are linearly independent
since they span S, of dimension %, so that we should

have
ll=12="'=ll—l=ln=01

which is a contradiction. Thus I, 0.
A vector space S; of dimension & is said to possess an

orthogonal basis
Bi, B2y + + -y B
if the B's span S;, and if
B. B, =0 i,
THEOREM 81. If F is formally real, and if Si of

dimension k is a subspace of the tolal vector space S of
dimension n, an orthogonal basis

By, B2, - - - rﬂh"'vﬂn
can be found for S such that

B B2, B

is an orthogonal basis for S;.

Let 41, 72, * + +, ¥» be a basis for S such that v,
Y2 ¢+ -, Y. is a basis for S;. Take B/ =v1. Then by
means of Theorem 80 replace y2 by B¢ such that
Bi -B{ =0. Then replace v; by B35 such that

Bi B =B: B =0.
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Continue in this way until
Bi, Bz, -, B

is an orthogonal basis for Si. Then continue in the same
manner until an orthogonal basis

ﬂl"ﬁ{v te |Bn’
for S is obtained.
A vector ¢ = (v, s, + + -, v,) is said to be normalized if

4ot =1

Every vector ¢ #0 possesses a normalizing factor k, such

that k¢ is normalized, if \'v? +234 - - - 492 is in the
field F and is not 0. That F be formally real is necessary
but not sufficient. Instead of attempting to delineate the
most general type of field in which this condition is
satisfied, we shall in the remainder of this chapter as-
sume that F is the real field R.

COROLLARY 81. If Si of dimension k is a subspace of
the total vector space S of dimension n over the real field, a
normalized orthogonal basis

Bhﬁ?v"' 1Bk|"' vﬂﬂ
can be found for S such that

Bi, B2y v+ B

is a normalized orthogonal basis for Si.

For if By, B, - - -, B, is an orthogonal basis, kB,
ksf2, -+ -, kaBn is a normalized orthogonal basis where

kl = 1/\/bnzl + b:’l + A + b?-u ﬁl = (blh bl‘ﬂ' RN ) bt'n)-

We now see that the row vectors (column vectors) of
an orthogonal matrix form a set of normalized orthog-
onal vectors.
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59. Symmetric matrices. A matrix is said to be sym-
metric if it is equal to its transpose. Thus 4 =(a,,) is
symmetric if a,, =a,—e.g.,

2 3 -1
3 3 1
-1 1 -2

If A=AT, then Ai=(AT)i=(A*)7T so that 4 is also
symmetric. Clearly the identity matrix I is symmetric,
and kA is symmetric for every number & of the field. If
A and B are symmetric,

(A + B)T = AT+ BT = A + B,

so that the sum of two gymmetric matrices is symmetric.
Thus if 4 is symmetric, so is f(4) where f(x) is any poly-
nomial. In particular the inverse of a non-singular sym-
metric matrix is symmetric.

Two matrices A and B are said to be orthogonally
similar if there exists an orthogonal matrix P such that

A = PTBP.

We may then write 4 2 B. It may readily be verified
that orthogonal similarity is reflexive, symmetric and
transitive. (See §41.) If B is symmetric and 4 = B, then
A is also symmetric. For if A =PTBP, then

AT = PTBTP = PTBP = A.

The theory of similarity is seriously handicapped
when the transforming matrix is restricted to be orthog-
onal. To obtain any worth-while results, the trans-
formed matrix must also be restricted. When the latter
is taken to be symmetric, results of great geometrical
importance can be obtained.
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THEOREM 82. Let A be a symmelric matrix with ele-
ments in any field F, such that the mintmum function pos-
sesses two distinct linear factors l,(x) and L(x) with coeffi-
cients in F. Let ¢, be a vector of the null space of h(4),
and let @3 be a vector of the null space of ls(A). Then ¢
and ¢ are orthogonal.

Let
Whix) = % — x, lo(x) = 23 — 2, 2 7 %a.

By Theorem 44, [,(A4) is singular so that there exists a
non-zero vector ¢, such that

L(A)-¢1 = 0, Apy = %:1¢1.
Similarly there exists a non-zero vector ¢: such that
A¢pa=x:¢2. Hence

2461 = $22:61 = X192 $1.

IfA=AT,

2401 = ($247)$1 = %ap2- 1.
That is,

(21 — x2)p2-¢1 = 0.

If x174xs, 21 =0 so that ¢; and ¢; are orthogonal vec-
tors.

A vector ¢, such that A¢,=x1¢, where x, is a char-
acteristic root of 4 is commonly called a pole or char-
acteristic vector of A.

CoROLLARY 82. The characteristic roots of a real sym-
metric malrix are all real.

If A is real, its characteristic equation has real co-
efficients. The minimum function is a divisor of the char-



168 ORTHOGONAIL TRANSFORMATIONS

acteristic function in the domhin R[x], so that the
minimum equation of 4 also has real coefficients. The
non-real roots of such an equation occur in conjugate
pairs.

Suppose that x; is a non-real characteristic root of
the real symmetric matrix 4, and let ¢; be a non-zero
vector of the null space of x,/—A4. Then

Adr = x1
and, since 4 is real,
Agy = #16:

where # is the complex conjugate of x;. That is, ¢, is a
vector of the null space of #I—A. Since x, is not real,
%17 x;, so that

¢1:¢1=0
by Theorem 82. If ¢1=(v1, v2, * - +, ¥a), then
$1:¢1 = iy + vab2 + - - - + vaba = 0.

This implies that

Yy =0V = *°° =u”=0'
which is a contradiction, since we assumed ¢170. Thus
no non-real characteristic root of 4 can exist.

THEOREM 83. The roots of the minimum equation of a
real symmetric malrix are distinct.

Suppose that the real symmetric matrix 4 has the
minimum function

m(x) = (2, — 2)*- h(x) k> 1.



THE ORTHOGONAL CANONICAL FORM 169

Define m,(x) as follows?
my(x) = (% — x)*1- k().

Then m(x) is a divisor of [m,(x)]? so that

[’"1(/1)]2 =0.
The matrix

‘"H(A) = A1 = (a,.)

is symmetric, since it is a polynomial in a symmetric
matrix. Also A2=0. Hence

E AyiQis = Z AryQyy = 0

fe=1 fam]

and in particular

Za,’.-=0 r=1,2,...,n.
im1
Since the field is real, every element a,;=0 so that
A,=0. That is, m;(4) =0. But m,(x) is of lower degree
than the minimum function m(x), so that the hypothe-
sis k> 1 is untenable, and x; is a simple root of m(x) =0.

CoROLLARY 83. All the elementary divisors of a real
symmelric matrix are linear.

This is immediate, since every elementary divisor
divides m(x).
60. The orthogonal canonical form.

THEOREM 84. Let A be a real symmetric matrix.
There exists an orthogonal matrix P such that
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-xl -

X2
PTAP =

X2

Xk

L. Xkl

where the x's are the characteristic rools of A.

By Theorem 83 a:nd Corollary 82, the minimum
function of 4 has the form

m(x) = (21— x)(22 — %) + -+ (2% — 2)

where xy, x3, + - -, x3 are real and distinct. Let S/, the
null space of x;I—A, be of dimension r;. By Corollary
81 we can determine r; linearly independent mutually
orthogonal normalized vectors

. 041y 042y * * ° y Oirg
which span S/.
Form the matrix

P = [a'llo"',a'lrpcilo"'v’l"o""d'iln"'lo'kn]-

By Theorem 55 the column vectors of P span the total
space S, so that P is non-singylar. By Theorem 82 each
vector of the space S{ is orthogonal to every vector of
S/ for j#i. Consequently P is an orthogonal matrix.

Since every vector of S/ is annihilated by x,]—4, it
follows that
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Aoy =ouxy, -+, Adxr. = O Xyt

Aoy = Ok, * * * ) AGiry, = Ok e

These equations can all be combined into the one matric
equation
AP = PB, PTAP =B

where

%

X

%2

X2

Xk

L Xk

where x; is repeated r; times.

Since 4 and B are similar, they have the same char-
acteristic roots, which are obviously the diagonal ele-
ments of B.

It should be noted that if the characteristic roots of
A are all distinct, and if their order is specified, the
orthogonal matrix P is unique except that the signs of
the elements of any column may be reversed. In other
cases it is not unique. Later we shall see the geometric
consequences of this fact.

61. Principal axis transformation. Let Fbe any field.
The polynomial
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L]
f(xh X2, ***, xn) = Z Q% %5
t,9=1
with coefficients in F is known as a guadratic form of
mairix A = (a,,). It is obviously no restriction to assume
that a;;=ay, so that every quadratic form has a sym-

metric matrix.
Let us introduce new variables by means of the linear

homogeneous transformation
n

x.-=Zp;,-x,’ i=1,2,.:+,n,
j=1

and call P=(p,) the matrix of the transformation.
Clearly f is transformed into a new quadratic form

4 n
f= Z bijxl 2f.

$,f=1

f= X apapaxixl.

$.d.k0

That is,

Upon comparing coefficients we see that

brs = 2 Giipirpis
"i

which in matric notation is
B = PTAP.

THEOREM 85. If f(x1, %3, - - - , %a) #5 G real quadralic
form, we can determine an orthogonal transformalion on the
x's which reduces f to the form

hel + kazh + o+ bazh
where ks, ks, -+ +, ke are the characteristic rools of the
(symmt(ic) malrix of f.
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This follows directly from Theorem 84.
Let us apply this theorem to a problem in analytic
geometry. In ordinary euclidean 3-space the equation

2x? + 292 — 422 — 2yz — 2xz — Sxy ~ 2x — 2y +2=0

represents a quadric surface. We wish to find an orthog-
onal transformation which will eliminate the terms in
xy, 2 and yz. Since the second degree terms transform
into second degree terms, and the linear terms into linear
terms, we may for the moment ignore the latter. The
form

flx, 9,3) = 222 + 2y — 422 — 293 — 2xz — Sxy

has the symmetric matrix

2 —3 -1
A=|~-3 2 -1
-1 —1 —4

whose characteristic equation is
=By =0,
Thus the characteristic roots are
k=3, ky = — §, ky = 0.

The null space SY of §/—4 is spanned by the
normalized vector

& = (1/\/—2-1 - 1/‘\/§v 0)0

and similarly the null space Sf of —§I—A4 is spanned
by

$: = (1/3v2, 1/3v2, 4/3V2)
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and the null space Sy of —A4 is spanned by

¢s=(3,% - 3.
The matrix

~ 1 1 2

V2 3Ww2 3

-1 1 2

P = —_— -_

Vv2 3Wv2 3

4 1

0 — ——
L 3v2 3 _

is orthogonal, and by means of the orthogonal trans-
formation having P as matrix, f is reduced to the form

'gx” - '3 ."ﬂv

and the equation of the quadric is reduced to a form in
which the cross-product terms are absent.

If two of the characteristic roots had proved to be
equal, the orthogonal matrix would not have been
uniquely determined. This would mean that the quadric
was a surface of revolution. If all three roots are equal,
it is a sphere.



CHAPTER IX
ENDOMORPHISMS

62. Groups with operators. In this concluding chap-
ter we shall treat vectors and matrices from a more
abstract point of view and attempt to give the reader
an insight into what is at the moment the popular mode
of approach to matric theory.

The simplest important mathematical system is the
group. A group consists of elements and a well-defined
binary operation with respect to which the system is
closed. That is, every ordered pair «, 8 of equal or dis-
tinct elements of the system determine a unique element
v of the system. We shall choose to denote the symbol
of the operation by + and to write

a+B=1.

In order that the system shall be a group it is necessary
that the group operation be associative:

(e+B)+rv=a+ B+
Thirdly, there must exist an identity element 0 such that
a+0=04+a=a

for every group element . And lastly, corresponding to
each element a there must be an inverse —a such that

“at+a=a+"a=0,

If the group has the further property that for every
pair of elements a and 8

a+pf=8+4+a,
then the group is said to be commutative or abelian.
178
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In every commutative group G one may set up cor-
respondences such as

(42) aso, fof,

by which every element of G determines a unique ele-
ment of G. These primed elements may or may not con-
stitute the whole of G. Such a correspondence will be
called an endomorphism of G if for every two elements
a and B of G it is true that

at+pf—d +p.

We may think of every endomorphism as being ac-
complished by an operator. We define % to be the oper-
ator such that

ka=co', =p,---.

Since the correspondence is an endomorphism, % is a
distributive operator:

ka+B) =o' + 8 = ka + %B.

Every commutative group has at least two opera-
tors, the gero operator 0 such that*

Oa =0

for every element a of G, and the unit operator 1 such
that

la =«
for every clement a of G. For every operator &, k0=0,
for

ka = k(a + 0) = ka + k0.

* The context will indicate whether 0 is a group clement or an
operator and will make unnecessary the use of more elaborate nota-
tion.
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Let k and ! be two equal or distinct opcrators, and
consider the correspondence

a— ka + la.
This correspondence is an endomorphism, for

a+B— k(a+ B) + la + B) = (ka + kB) + (la + IB)
= (ke + la) + (kB + IB).
This endomorphism we shall call the sum of the endo-

morphisms k and /, and denote by the symbol k+1.
That is,

(k4 Da = ka + la.

If 0 is the zero operator,
(k 4+ 0)a = ka + Oa = ka

for every clement a of G. Since k40 and % have the same
cffect upon every a, these opecrations arc equal. Thus 0
is an identity clement in the addition of operators (or
cndomorphisms).

Since la, I8, - - - are clements of G, so are

k(la), k(B), - - -
for all operators k and I. The correspondence
a— k(la), B — k(B), - - -
is an endomorphism, for
a+ 88— k(i(a + B)) = k(la + 1) = k(la) + k().

This endomorphism we shall denote by the symbol &/,
and call the product of the endomorphisms k and /. That

is,
(kD)o = k(la).
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If 1 is the unit operator,
(B)a = k(1a) = ka, (1k)a = 1(ka) = ka

for every group element a. Since k1 and 1% produce the
same effect as k on every element a, it is true that

kl = 1k = k.

Thus 1 is the unit element in the multiplication of endo-
morphisms.

Let us now consider the set Q of all endomorphisms
of a commutative group G. These endomorphisms, or
operators, constitute the operator domain of G. We shall
prove

THEOREM 86. The operator domain Q of a commula-
live group is a ring with uni element.

To be a ring with unit element, the domain © must
have the following properties:

1. The domain is a commutative group with respect
to addition.

2. The domain is closed with respect to multiplica-
tion. Multiplication is associative, and there is a unit
element.

3. Multiplication is distributive with respect to ad-
dition.

To establish the first property, we note that the sum
of two operators is an operator, and that addition of
operators is associative, since

[+ @+ m))a=ka+ (I +m)a= ka+ (la + ma)
= (ka + la) + ma = (& + Da + ma
[+ D) + m]a

for every element a of G. The unit of addition, as we
have seen, is 0. For every element a of G,
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ka+ k(—a) = kla+ —a) = R0 =0

so that 2(~a) is an inverse —ka of ka. Finally, addition of
operators is commutative if G is commutative.

We have seen that Q is closed with respect to multi-
plication, and that 1 is the unit operator. Multiplication
is associative, since

[k(m) | = E[(tm)a] = E[ima)] = (R)(ma) = [(kD)m]

for every element a of G.
To prove the first distributive law, we note that

(20 + m) Ja = E[(I + m)a] = k[la + ma]
= k(la) + k(ma) = (k)a + (km)a
= |kl + km]a

for every element « of G. That is,

k(L + m) = kl + km.
Similarly we may show that

(k4 Dm = km + im.

63. Vector fields. A ring with unit element falls short
of being a field unless multiplication is commutative and
every element except the identity 0 of addition has an
inverse with respect to multiplication.

As we have seen, the total operator domain 2 of a
commutative group G is a ring with unit element. If Q
contains a proper subring @; with unit element, then ©;
is an operator domain of G properly contained in the
total operator domain.

A commutative group with an operator domain
(whether the total operator domain or not) which is a
field is called a vector space.
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If Q, is a field, every opecrator k50 has an inverse
k-1 such that k~'k=kk~!is the unit operator 1. If, then,
ka=0 with 20,

a = la= (kk)a = k1 (ka) = k710 = 0.

The contrapositive of this statement is that, if ka=0
and a#0, then =0,

The significance of the assumption that F is a ficld
may now be scen upon referring back to (42) where it
was noted that the primed clements might not consti-
tute the whole of G.

THEOREM 87. If k is any operator of Q not the O-

operator, then
ka, kB, kY, -« *

are all distinct and constitute the whole of G. That is, k
merely brings about a permutation of the elements of G.

Let G be the group of elements @, B, 7, * * -, and let
G’ be that subset of G which is composed of the clements
ka, kB, ky, - - - . Since k50, there is an operator k~! of
@, such that 22~'=1. Let 9 be any element of G. Then
k~13 is an element of G such that

k(k'n) = (k") = 1n = n,

so that # is in G'.
If k>0, the clements ka, kB, kv, - - - are all dis-
tinct, for ka=*%k8 would imply

ka — k8 = k(e — ) = 0

and conscquently a—f8=0.

We shall call a vector space S, a finite vector space of
dimension n if it contains # lincarly independent cle-
ments while cvery set of n+1 clements are lincarly de-
pendent.
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Let S, be a finite vector space of dimension n, and

let
€, €2, * * * , €

be n linearly independent elements of S,. If « is any
element of S,, there exist #+1 numbers by, by, + « + , bny1
of F not all 0 such that

bier + baea + ¢+ - - 4 baen + bppra = 0.

If ba41 were 0, at least one of the other b’s would be
different from 0, and this would imply a lincar depen-
dence relation among the €'s, which is not possible. Thus
ba+15%20 and we may write

a= a1 + ases + + + + + Gu€n, @i = — b,/bns1,
or
€]
€2
a=(alya2""|an)
€n

This representation of « is unique, for if @ had two such
rcpresentations in terms of the €'s, their ditference
would yield a linear relation among the €'s.

Consider the correspondence

a & ((l], (LTI au)

where (a,, as, - - ¢, a,) is an n-tuple of numbers of the
field F. This correspondence is biunique. Let addition
and scalar multiplication of #-tuples be defined as in §7.
Then, if

ﬁ=b1€1+bziz+"' +bn€m BH(blvb2v°" lb")

is another element of the vector space,



182 ENDOMORPHISMS

a+ﬁH(al+blya2+b21"'1an+bn)
=(alvaﬂv"'1an)+(bhb2p"’:bn)
and

ka < (kah kag, + - -, kan) = k(ah gy * -, an)-

Consequently the correspondence is an isomorphism, and
we have

THEOREM 88. Every finile vector space of dimension n
is isomorphic with a vector space of n-tuples of numbers of
F as defined in §1.

The representation of the vector space in terms of
n-tuples of numbers of F is ependent upon the # line-
arly independent elements e, €, - - -, €, which were
chosen for the basis. It is clear from the thcory of linear
dependence that every basis is composed of the same
number # of elements so that the concept of dimension is
well defined.

Two isomorphic mathematical systems are ab-
stractly identical as far as their properties with respect
to the operations under consideration are concerned.

It is worthy of mention that for n=1 this vector
space becomes the field F.

There are vector spaces other than those composed
of n-tuples of numbers of a ficld. For instance, consider
the sct of all polynomials in x with cocfficients in an
infinite field F. We may think of ecach polynomial as an
n-tuple, where # is infinite, composed of all values which
it assumes when x is replaced by the elements of F, or
we may think of the polynomial as a vector merely be-
cause the postulates for a vector space are satisfied.
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64. Matrices. Consider the total operator domain Q
of the commutative group G, and let F be a subdomain
of @ which is a field contained in the central of Q. If a
is any operator of Q defining the endomorphism

a—ad, gof,---

and if % is any operator of F, then because F is in the
central of Q,
a(ka) = k(aa) = ko'
so that
ka — ka'.

We may properly call a an endomorphism of the vector
space S defined by G and F.

We shall confine our attention to a finite vector
space S, of dimension # composcd of all z-tuples of num-
bers of F. This vector space has a basis composed of n
linearly independent vectors

€1y €, * * * y €ne

Evidently the effect of an endomorphism on every ele-
ment of S, is known when its effect on the basic vectors
is known. Let a be an endomorphism of S, under which

a6, €0, 0, €€
Since each vector ¢/ is uniquely expressible in the form
€ = auer + aises + ¢+ ¢ 4 Ginen
where the a’s are in F, we may write
e ayn G2 G €

’
€2 G21 Qa2 *° G2 €2

€n dn1 Gn2* * * Gn €n
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In matric notation this is

E' = AE A = (en).
Hence
aey
a
CIE = € = E' = AE.
Q€n

Thus every endomorphism a determines a unique matrix
A with elements in F. This correspondence is actually
biunique, for the ¢/ are uniquely determined by the
matrix A. We shall write

ae A,

In the endomorphism ring of S, we have defined two
operations, addition and multiplication. In the matric
ring of order # over F we also have two operations de-
noted by addition and multiplication. A biunique cor-
respondence

a4, b B, ---
is an isomorphism with respect to addition if
a+be A4+ B,
and is an isomorphism with respect to multiplication if*
abe BA,

The endomorphism ring will be isomorphic with the
matric ring if it is isomorphic with it with respect to
both addition and multiplication.

* The order in which the product is written is a purely notational
matter.
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THEOREM 89. The endomorphism ring of the vector
space S, of dimension n over the field F is ssomorphic with
the ring of all matrices of order n over F.

Let a and b be two endomorphisms, and let

ae.d, b B.

Then a+b is the endomorphism which carries each vec-
tor ¢; into the vector ae,+be;. But

(a4 0)E = aE + bE = AE + BE = (A + B)E
so that
a+be— 4+ B,

Consider the matrix whose row vectors are the vec-
tors

& = V161 + Vigea + ¢ ¢ ¢+ Vinen.

Clearly
1 11 V12 Vin €
bn Unl Un2* * * Unn €n
From the definition of endomorphism we have
ad; = vi10€1 t+ Vioflea + ¢ ¢ ¢ + Vinlen
so that
agy Vi1 V12t U1a ae;
aVE=| || T Ly,

adn Unl Un2° ** Un Qen
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Now we may complete the proof of Theorem 89.
Evidently

(ab)E = a(bE) = aBE = B(aE) = B(AE) = (BA)E.

Hence
ab — BA.

65. Change of basis. An endomorphism of a vector
space, as we have defined it, is an absolute concept and
does not involve the concept of basis. The matric rep-
resentation of the endomorphism, however, appears to
depend upon the basis chosen. When we pass from one
basis to another we should therefore expect the total
matric ring to undergo an automorphism—that is, an
isomorphism with it'self. We shall now see how this takes
place.

Ife, e - ,enand g, 72, -+ -, 9, are two bases of
Sa, they are related in the manner
N = Z bijej T = (t)

where the elements ¢;; are in F and T is a non-singular
matrix. These equations may be written

M
If a is an endomorphism, let
aE =AE, oH=A'H
so that, relative to the e-basis a<»A4 and relative to the
n-basis a=A4’. Then
aH = aTE = TaE = TAE.
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Also
o = A’H = A'TE.
Since the ¢€’s are linearly independent, A’T=T4, or
A" = TAT,
We have proved

THEOREM 90. Under a change of basis of matrix T,
the matrix A«>a is transformed into the similar matrix
TAT-L

The correspondence
Ao TAT', B TBT, - -
is clearly an automorphism of the total matric ring. For
it is biunique, and
TAT-' 4+ TBT!' = T(4 4 B)T},
TAT.TBT' = T(AB)T!
so that
A+ BeoTA+ BT, AB e T(AB)T-\.
An automorphism obtained by multiplying all the
matrices of the ring on the left by the same non-singular

matrix T and on the right by T-! is called an inner auto-
morphism of the ring.

If &, €&, + - +, € is any basis for Sy, and if T is any
non-singular matrix with elements in F, the vectors
= Z bise T = (tw)

constitute a basis for S,. Thus if a is an automorphism of
matrix 4, and if 4’ is any matrix similar to 4, a basis for
S. may be chosen with respect to which ae>4’. Now
from Theorem 68 we have
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THEOREM 91. A basis for the vector space S, may be
so chosen that any particular endomorphism has a matrix
which is a direct sum of matrices of Type (35).

The abstract approach to matric theory by way of
vector spaces has certain advantages of elegance over
the classical approach. Thus there is no question as to
how the sum, product and scalar product of matrices
must be defined if the correspondence between endo-
morphisms and matrices is to be an isomorphism. Once
this isomorphism is established, the associative and
distributive laws, etc., which are so obvious for endo-
morphisms, are necessarily effective for matrices. The
necessity and reasonableness of these rules of combina-
tion are more directly apparent.
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PROBLEMS

Chapter I 1-2
1. Solve by putting the system into triangular form:

r+y+z=8, x+y+u=12, x+s4u=14, y+z+u=14
2. Obtain the general solution of
x2+y—3=3, x—3y+2z=1, 2x - 2y+2=4.

Chapter IT 3-34

3. Find a basis for the linear system spanned by
(11’ 8, -2, 3)s (21 3, -1, 2)v (7: -1, 1, —3)v
(4, —11, 5, —12).

4. Show that (13, 11, —3, 5) is a vector of the linear
system of Ex. 3.

5. Let S be spanned by

vi= (11, 2,7, 4), v: = (8,3, —1, —11),

¥s=1(-2-1,1,5), d.=(@2 =3 —12)
and define

6= (3, —1, 8, 15), ¢: = (21,6, 7, —12).

Show that ¢, and ¢; are in S and are I'nearly independ-
ent, and that ¢y, ¢s, ¥3, ¥4 span S.

6. Kronecker’s delta is a function d;; such that
d;;=1ifi=jand =0if »4j. Find a function f(3, j) which
(a) equals a when =2 and equals b when 172;

(b) equals a when i=2 and j=3, equals b other-
wise;
(c) equals a when =2 or j=3, equals b otherwise.
193
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7. Let ¢,, be the matrix (8,,6,,). Prove that
€36kl = 51k€ll-

8. Prove that an # by » matrix 4 which is commuta-
tive with every n» by » matrix X is scalar.

Hint: Let X =e¢,,.

9. Defing u=(6,41..) where u is of order n. Show
that 4?=(8,,2,.) and that " =0.

10. If

find 4-1, such that 4—14 =1I.

11. Show that the elementary transformations of
Type I can be obtained as successions of elementary
transformations of Types II and II1.

12. Reduce to Hermite form the matrix

10 2-2 2
7 2-1 1

-4 4 4 -4
9 3 -1 1

13. Find a sequence of elementary matrixes E;,
E,, + - -, E} such that

4 —1 2
Eg' '.' EgElA = I, 4= [l 3 5].

2 0 4

14. Consider the rectangular array
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1 0 0 4-1 2
JA={0 1 0 1 3 5
o 0 1 2 0

Apply to this array the row operations of Ex. 13 and
note that the result is A~'Z. Prove that the method is
general.

15. Find the most general matrix P such that PH
=H'

0 O 0

2 1 0 O
H =

0 o0 0

3 0-1 1

16. Outline a method for determining the most gen-
eral non-singular matrix P such that PA =4, where 4
is any matrix.

17. Let f(x, y) be the bilinear form Z" =la,x.y;
whose matrix 1s 4 = (a,,). Let f(x, y) become f(x’, y")

n
= Y 4 .1=10 1’y of matrix A’ =(a’,) under the trans-
formations

= Z?thk'y ¥y, = E q,;y;’ (i,] =1---,n)
k=1 le=1
of respective matrices P=(p,,), Q=1(gr). Show that
A" = PTAQ.

18. Show that every bilinear form f(x, y) can, by a
proper choice of non-singular linear transformations, be
brought to the form

oyl + 2yl 4+ alyl r s n
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19. Illustrate the theorem of Ex. 18 by using the
matrix of Ex. 12.

20. If A isof rank r, and » £s < n, there exists a mat-
rix S of rank s such that S4 =A4.

21. If PA =B, prove that the row space of B is a
subspace of the row space of 4.

22, If the row space of B is a subspace of the row
space of 4, show that there exists a matrix P such that
PA =B.

23. If PA=B and QB=A, prove that there exist
non-singular matrices Py and Q; such that P;4 =B and
Q]B =A .

24, If PAQ=B and RBS=A4, show that there exist
non-singular matrices Py, @1, Ry, S1 such that PyAQ, =B,
Rlle =A. ’

25. Show that the sum and product of triangular
matrices are triangular, the diagonal elements of the
sum (product) being the sum (product) of the corre-
sponding diagonal elements of the summands (factors).

26. Show that by a modification of the reduction,
the Hermite form of a matrix under column transforma-
tions can be taken in triangular form, the 0’s above the
diagonal.

27. Prove Sylvester’s [.aw of Nullity: The nullity
of a product of two matrices is greater than or equal to
the nullity of either factor, and less than or equal to the
sum of their nullities.

28. Prove that every matrix is uniquely expressible
as the sum of a symmetric matrix and a skew matrix.

29, If A is a skew matrix of odd order, show that
d(4)=0.

30. Prove that the rank of every skew matrix is
even.

31. If 4 is a skew matrix of even order, d(4) is
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expressible as the square of a rational function of the
elements of 4. Prove for n=4.
32. Determine the rank of

0 1 b d

1 0 ¢ e

b ¢ 2bc o + be|
d e cd + be 2de

33. If a matrix has a unique left inverse, show that
this inverse is also a right inverse.
Hint: Consider X*=XX"1—-T+4X"1

34. Given
3 2 -1 -3 -2 1
4=1-2 § 3, B = 7 11 0}
1 7 2 4 9 1

Find a non-singular matrix P such that A =PB. Find a
matrix P, of rank 2 such that 4 = P,B.
Chapter IV 35-52
35. Given the matric polynomials

j(x)__"z 1-x4+[1 o]x‘_'_[o o]x=
T la 2 3 -1 3 4

+-1 07
o 2]t

@ =[° 7] ’+[2 6] [7 28]
B9 =13 1" Tz ol® T L6 26)°
(a) Divide f(x) by g(x) by long division and find

g(x)and r(x).
(b) Show that g.(c) =0 when
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=[o 1]

(c) Find f.(c) and r.(c).
36. Let f(x) be given as in Ex. 35, and let

o[} -1

(a) Find q(x), r, qi(x) and r,.
(b) Show that f.(c) =7 and fr(c) =7, where

-[

v 7 4 -1
A=|: 4 7—1].
—4 —4 4

Find the characteristic equation of 4 and show that this
equation is satisfied by 4.

38. Determine the minimum function of 4 of Ex. 37.

39. Let F(x)=x%*—9. If d(x) is a greatest common
divisor of F(x) and m(x) as determined in Ex. 38, show
that the rank of F(A4) is equal to the rank of d(4).

40. Find the determinant and the norm of 4 of Ex.
37.

41. Express A~ as a polynomial in 4. (Ex. 37).

42, If F(x) =x%*+x—2, express the inverse of F(A4)
as a polynomial in 4.

43. By means of the Euclid algorithm, find a great-
est common divisor d(x) of

S(x) = 324 + 2* + 52 + 2x + 4,
g(x)=2x‘+ 23 — x? — 3x — 2.

37. Given
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Find two polynomials p(x) and g(x) such that
d(x) = p(x) f(x) + g(x)-g(x).

44. Show that if f(x) and g(x) are relatively prime
polynomials, there exist polynomials p(x) and ¢(x) such
that

p(x) f(x) + q(x) g(x) = 1,

and conversely if such polynomials exist, f(x) and g(x)
are relatively prime.

45. Show that if f(x) and g(x) are relatively prime,
and if f(x) divides g(x) - h(x), then f(x) divides k(x).

46. Show that if f(x) and g(x) are relatively prime
polynomials, f(x) of degree m and g(x) of degree =,
there exists a unique pair of polynomials, p(x) of degree
<n and q(x) of degree <m, such that p(x) f(x)+q(x)
-g(x)=1.

47. Prove a theorem analogous to Ex. 46 in the case
where f(x) and g(x) are not relatively prime.

48. If the field F* contains the field F, and if d=(a,b)
in Flx], then d=(a,b) in F*[x].

49. [.et A have the minimum function m(x), and
let B=f(A) have the minimum function M(x). If a is
a root of m(x) =0, show that f(a) is a root of M(x)=0.

Hint: m(x)| M( f(x)).

50. Let b be a root of M(x) =0 in Ex. 49. Show that
there exists a root a of m(x) =0 such that b=f(a).

Hint: f(a) —bI is singular.

51. Find an equation whose roots are the squares of
the roots of x24+x—3=0.

52. Find an equation each of whose roots is a value
of the function f(x) =u?+u+1 where u ranges over the
roots of the equation x*+x+1=0.
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Chapter V  §3-71

53. If S has the basic vectors (1, 0, 0, G, 0), (3, 2, 1,
0,0) and (2, —3,1, 5, 1), find a basis for the orthogonal
complement S’.

54. Find the orthogonal complement of

|'4 8 18 7
0 4 10 1
[10 18 40 17|

1 7 17 3

55. Let F be the complex field and let S, be spanned
by the vector (¢, 1, 0). Find S{ and show that S,CSY.
56. Find a greatest common right divisor of

2 1 4 2 -1 3 4 0
-1 1 5 3 0-2 1 3

3 313 1/ 2 4 18 10/

1 2 9 5 0 0 0 o

57. Prove that if F is formally real and if S, is any
vector space with elements in F, then the union of S;
and S/ spans the entire space.

58. Let S; have the basic vectors (0, 1, 3, 2),
(0,0, 1, 5), and let S; have the basic vectors (1, 2, 0, 3),
(0, 2, 6, 4). Use these to illustrate Theorem 51.

59. Find a g.c.r.d. D of matrices 4 and B, and find
also matrices P and Q such that D=P4 +(QB, where

0 0 0O 1 2 0 3

013 2 0 2 6 4
A = , B =

0 015 0 00O

00 00O 0 0 00O



PROBLEMS 201

60. Illustrate Theorem 53 with the example
fi(x) = x% — 7x2 + 16x — 12, fo(x) = x® — 4x* + x + 6,

01
4 =[ ]
2 1

61. Let m(x) -ms(x) be a divisor of the minimum
function m(x) of A, m; and m, not constants. Prove that
the rank of m(A4) ma(A4) is less than the rank of m;(4).

62. Without using any theorem which depends upon
determinants, prove that the degree of m(x) is less than
or equal to » when 4 has complex elements.

63. If A has rational elements and m(x) is the poly-
nomial of lowest degree with rational coefficients such
that m(A4) =0, prove that m(x) is the polynomial of
lowest degree with complex coefficients such that m(4)
=0.

64. If A has elements in a field F, and if F*OF,
show that the row rank of 4 with respect to F is equal
to the row rank of A with respect to F*.

65. Show that (x —1)3 is the minimum function of

0 0 1
4=11 0 =3},
0o 1 3

and find a vector in the null space of [/(4)]? which is
not in the null space of /(4), where /(x) denotes x —1.

66. Let k(x) be a polynomial of lowest degree such
that k(4)-¢=0. Prove that if /(4) -¢=0, then k(x)
divides /(x).

67. Let k(x) be any polynomial. Prove that i(4) ¢
is annihilated by the k(A4) of Ex. 66.

68. Prove that¢, A¢, A%, - - - , A*'¢ are k linearly
independent vectors annihilated by 2(4) where « is the
degree of k(x) of Ex. 66.
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69. Let ¢ be a vector which is not annihilated by any
matrix mo(A) where my(x) is a proper divisor of the
minimum function m(x) of A. Prove that if 4 is of
order n, m(x) is of degree ==. (Cf. Ex. 62.)

70. If A has the minimum function m(x) =m;(x)
-ma(x) where m;(x) and ms(x) are relatively prime, then
if my(4)-X =0, show that there exists a matrix B such
that X =ms(4)-B.

71. Reduce to the rational canonical form

-2 8 10 8
-1 5 5 4
3 -7 -=7-1|
-2 5 71 6

Chapter VII 72-77
72. The matrix

12 14 0
4 6 —2
—-10 -8 10

has elements in the ring of rational integers. Reduce it
to the canonical form of Theorem 70.

73. Reduce to normal form by means of elementary
transformations:

x 1 0 0 0 7
0 x 0 0 0
0 0 x 0 0
0 0 0 -1 0
0 0 0 0 x-—1]
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74. Find the elementary divisors and invariant fac-
tors of

2*(x — 1) 0 0 0
0 z(x — 1)} 0 0
0 0 x—1 of
0 0 0 x
75. Determine the invariant factors of
2% 3 0 1 x”
4z 3(x+2) 0 x+2 2x
0 6x x 2x 0f{.
x—1 0 x—1 0 0
I(x—1) 11—z 2=x-—1) 0 0

76. The elementary divisors of the characteristic.
matrix of a matrix 4 are

2—x+x2,  (2—x+2?)3, 5432242, (543x2423)2,

Determine the rational canonical form of 4.
77. Find the rational canonical form of

-5 3 -3 6
6 0 4 -5
-2 -1 -1 1)
-10 3 —6 10

Chapter VIII 78
78. The vectors
Q, 3, 2), (-1, 2, —-1), 1, 4,2

span the space S; of dimension 3. Find an orthogonal
basis for S;.
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