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INTRODUCTION

1. Statement of the problem.

For two linear vector spaces ‘3‘ and Q‘, the well-known concept of their
“direct sum™ in symbol Q ® Q_b , is defined in perfect generality as the
linear space of all pairs (f, g) where fe Q' , 8 € Q'_, with the stipulations:

(f,,8)+(f,8)=(f+1f,8+8)
a(f,g)=(af, ag) for any constant a

Identifying (f,0) with f and (0,g) with g , we may assume that f,
and Qtare subspaces of Q|O Q’_ . Thus, f +g is defined and the elemen-
tary rules of addition hold.

When ')3| and 'B‘represent two Banach spaces, it is customary to intro-
duce a norm oL on 7}‘0 ’B,_in a manner which assures that the sequence
of pairs ( forr g”) is convergent in that norm to ( f, g ) if, and only if, the
sequence f, — f and g_—» g in the Banach spaces 1}, and 13 respectively.
With the last condition, the resulting “direct sum” ﬁo‘ﬁl_is complete,
hence a Banach space. Together with 'ﬁ , "{31, we consider their conjugate

* L2 s »* * :
spaces B , T, and form the linear space 3 &1 of pairs (F, G) for
F & ')%":, G& 13:. Clearly, an additive bounded functional 4’ on ﬁ%ﬁ‘_
corresponds to a unique pair ( F , G ) and conversely, subject to the relation-

ship 6( f,g)= 4( £,0)+ 4( 0,g)= F(f) + G(g). This correspondence
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is clearly additive. The bound of such a functional d-'( é )= a'(F,G)

determines a norm o on W?;Q‘@t and
(B’ - WeE
always holds.

When ﬁ',l and F\J',_are Hilbert spaces, R‘,'@ F\’/_L becomes also a Hilbert
space if the inner product of the pairs ( f', g') , fz’ g:.) is defined by the
number ( £, fz) +( g, g_L) .

For Hilbert spaces the operation @ has turned out to be a powerful
tool quite often used, for instance, in the theory of closed and adjoint operators.

The theory of the direct sum of two Banach spaces and in particular of
two Hilbert spaces does not present any special difficulties and is generally
well-known,

These considerations suggest the following natural question: Given two

linear vector spaces Q. and Q_‘_ , is it possible to construct a “direct product”

that is a linear vector space say denoted with the symbol Q‘ﬂ QL of formal

products f & g , for which multiplication laws, that is, the distributive laws

"

(f'+f1)ﬂg f@g+iWg,
f@®(g+g,) = fWWg+iWg,
hold ?,
Furthermore, when ﬁ‘and ’%_are Banach spaces, we would demand that
a suitable (one or more) norm o on 7% | 1 ')3‘_ may be so defined, as to make

»
’)?3 @“'735,_& Banach space. Moreover, the elements of 'B.ﬁ 'B: should

determine the additive bounded functionals on 19: 5033,_. Their bounds should
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furnish a conjugate norm %'on BT& ')?A: and the relationship
(73 &3 ) - a0’

should hold.

In particular, when f\l«. and F\‘«.‘_are Hilbert spaces, we are able to define
an inner product on FQ,G F\',L so as to make it also a Hilbert space.

Finally we should be interested in finding out whether the operation ®&
so defined presents similar possibilities as & ?

It is the purpose of this exposition to present a reasonable solution of

this problem.

2. Purpose of this exposition.

From the algebraic standpoint alone the notion of the “direct product®™
for two finite dimensional linear vector spaces has been in a sense mentioned
by H. Weyl [251 . Let E" denote the space of m-tuples of numbers (x.,....xh)
and let ELdenote the space of n-tuples (y, ,...,y,,). The “product”

(%, 5-.00%,) ® (¥, »---»y,) is defined as the mn-tuple (xly. s % ;...;x.yw,..,xyh).
For these products the distributive laws hold. The products alone do not form
a linear manifold. However, the set of their finite sums, which we shall denote
by 'g‘ ® E,‘ , fills the entire mn dimensional space. Such a product may be
interpreted as a matrix of rank & ! with m rows and n columns, hence also
as an operator. Thus for finite dimensional spaces, E' EEL represents
essentially the space of all rectangular matrices with a fixed number of rows
and columns, hence it possesses a well-known algebraic structure.

But even when the linear spaces Q‘ , Q:_, are infinite dimensional, a



6 INTRODUCTION

3. Acknowledgement.

At this point it seems proper to acknowledge that the author’s discussions
with Professor J. von Neumann in 1944-46 (during the author's membership at
The Institute for Advanced Study) followed up by an exchange of correspondence
in 1946-48 have played a decisive part in preparing the foundation for this draft.
Needless to say that the ideas contained in this draft were originated by both
Professor von Neumann and the author. Some of these, were published (although
in different form) in their joint papers [l 5] and [16] . While the authors assumes
full responsibility for the shortcomings that may be contained in this exposition,

the merits and credits it may have must be shared with Professor von Neumann.

4. Plan of study.

To have some idea what to expect, suppose first that E’s‘and 'B"_are finite,

say p and q dimensional Banach spaces, whose elements will be denoted by
% »*

f and g , while 'Y}‘ and ’)32_ denote their conjugate spaces whose elements we
denote by F and G

As was mentioned before, we may then interpret f ® g for instance, as
the operator F(f)g from ﬁ:‘into 2, (or G(g)f from ')?a: into @i) of rank < 1.
The expression Z:_'. f,® g, may be interpreted similarly, as the operator

Z::F‘(f‘._)g‘_ from "3? into'@)_. Furthermore, every operator from 'Yg\‘into 73_,_

can be obtained in such a manner. The algebra for these expressions and in
particular the distributive laws of the symbol ®W. are determined by the
obvious algebraic laws for operators. Ve denote by 73\‘ =i B)_the linear space

of such expressions. The last may clearly be identified with the pq dimen-
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sional linear space of operators from ﬁrinto n, .
Defining on it a norm e (this can be done in many ways) we obtain a

“direct product” 3 G@"?*,_ . The last is also termed a “cross-space” when-

ever & is a “cross-norm™ that is, o (f@g) =htUNgll . Similarly, we
truct the i RV i =" i
construc e linear space B\ y of expressions g F(; [ GJ . For a fixed

ZJW:F; ® Gd- the double sum ‘&:;T =z E:, F;‘. (f'_)Gd(gL-) represents an additive

bounded functional of expressions on T3 ®, R . Its bound a’ (5__(;:’ 5 & Gc")

determines a norme¥  on 1(3:(& '7::&:’ “associated™ with o . Moreover, since
every additive bounded functional can be obtained in such a manner, we
have (M @3 )¢ = e 2T

Guided by these considerations we define a direct product for general
Banach spaces. The situation is a trifle simpler for reflexive spaces. In that
case again as before, the linear space of “expressions™ may be interpreted as
the precise space of operators of finite rank from Tf.?“ into B_‘_. For the non-
reflexive case however, the set of expressions determines a proper subspace
of the linear space of operators of finite rank. In that case the most general
approach is desirable by considering “formal products”™ and “formal expres-
sions” subject to the rules suggested by the previous case. Once a linear set
of expressions is constructed, then following the previous pattern we define on
it a norm o . In general however, the resulting normed linear space may not
be complete. Whenever this occurs we “complete” it, that is, imbed it in the
usual Cantor-Meray fashion in the smallest possible Banach space which we
shall denote by 'B‘ ﬁ&ﬁl . As before the norm o determines an associate

norm o' on the linear space of expressions Zd: F‘;.G Gd. The last space
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when completed furnishes the “associate space” "S?ﬂ“.B* . Here however,
we are already confronted with the following interesting phenomenon. The con-
jugate space for a given cross-space may (and generally does) contain the
associate space as a proper subspace. Finding out their exact relationship as
well as the characterization of some of the cross-spaces their associate and

conjugate spaces, is one of the main problems of the present exposition.

5. Outline of results.

In Chapter I, we consider two Banach spaces '@\ » '73,_, without any
special restrictions. For {f & '?-. , 8 € 73,_. we construct “formal products”™
f® g . With these, we form a linear set B ®)3, of “formal expressions”
(that is, finite sums) S.::. f, @ g;. Although these expressions are abstract
algebraic elements, yet we shall often use for them a specific representation
by means of “operators of finite rank®. Indeed, an expression ZZ:.fLG 8¢
may be interpreted an an operator A from 'f—.‘::' into '%‘_ of finite rank, defined

ha o™

by means of the relation A(F) =§.h, F(f;)g; . In particular, expressions
which furnish the same operator are considered “equivalent” and are combined
into a single element. For these expressions we set up algebraic rules as fo
example, the one expressing the distributive laws of the @ symbol, addition
of expressions and multiplication of scalars by expressions. These are sug-
gested by the algebraic laws governing operators. Next we consider some
algebraic relationships between these expressions, since the distributive

property of the W symbol, introduces certain linear dependencies.

x
Together with 8 ® B, we similarly form the linear set ﬁoﬁ} of
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expressions }::’ F"‘G G; (for l:; &B*and G 5 7% ). For a pair of expres-

sions Z::" f®g,  and E‘ g F B Gy an “inner product®

(= d‘l ‘ E® G.)( = 7., {8 g)) is defined by means of the number
2;:"’ g (f )G (8,) whose invariance under “equivalence” is proven.

In Chapter II, we define in the usual fashion a “norm” ot (=7 f& 8.)
on 13'(3 13, and obtain a normed linear space B G, B, . This can naturally
be done in many ways. Of interest however are the “crossnorms®™, that is,
those which satisfy the condition o (f®g) = Nfll Hg Il for any pair f,g .
Among the last ones we single out those which satisfy the “uniformity condi-
tion®, that is, o) ( ZL‘,S&& Tg) S MsW W T o (=T, f&g;) forany
pair of operators S and T on 73' and "r;\’—respectively. The significance
of this class is discussed later.

For a given norm & on B‘ o 13’/ we construct an “associate”™ norm
on _Y?k*‘ Oﬂt , defining &' ( ZJ-: F;.G Gd) as the bound of the additive func-
tional (X S G;)( =2 , £ @ g) of expressions T f@® g, on B QR .

Due to their significance two uniform crossnorms are singled out and
discussed in detail, namely, the greatest crossnorm bt and the bound ) .
We show that for any two Banach spaces, a unique greatest crossnorm can be
always constructed. The last one is therefore of “general character®™. So is
also the crossnorm ’) , where ) (2""_“' f';E g‘;) represents the bound of
the operator Z,_:" F(f)g, from B:l.into B, . Moreover, A is also of “local
character®™, that is, the value of A (ZW, £ & g;) depends only on the spatial

relations between the fi"s and those between the g.'s, and not on the includ-

ing them spaces, We establish that A is the least crossnorm whose
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associate x is also a crossnorm, Furthermore, » when defined on 73’:013:'
may be considered as the associate with the greatest crossnorm ¥ defined

on ‘Yﬁb (O] 7%,. . Finally, we prove that whenever for a crossnorm & its “first
associate®™ et' is also a crossnorm, then its associates of higher order, that
is, 0(«”, Obm,..... are-also crossnorms.

In Chapter III, we “complete® the normed linear space ‘7% O”B,,in the
usual Cantor-Meray fashion [6, P. 106] , that is, imbed it into the smallest
possible Banach space by considering the space of fundamental (Cauchy) se-
quences of expressions (that is, elements which they represent) in ‘3' O,B,_ ,
and introducing some standard identifications. The completed space is a
Banach space which we shall denote by M @&, ", . The last space which
naturally depends on ® is defined as a “direct product™ of Bl and '73‘_, or
whenever oL is a crossnorm also as a “cross-space"™,

For a crossnorm & 7% A on ')% 9.@» , the &’ is also a crossnorm on

'Y;ITG 'ﬁ-: . The finite number oL'(Za: F“’G Gd) represents the bound of
the additive functional (=;I] EBGNE, {&g) on MB,0,1, , there-
fore also on T B, A . Completing "3‘*00,.3: we obtain the “associate space”
‘%Tﬂuﬂ‘;: . Thus, ( '@‘ ®, 3 )* o Téfﬂu: B*. The last inclusion depend-
ing on the particular Banach spaces ’@., "3,_, and crossnorm el under con-
sideration, is in many cases a proper one. Therefore, for a given crossnorm
e , the cross-space B, &, determines uniquely a conjugate space
( A8, Y€ and an associate space BT%I’B: Although we have a fairly
good idea what the associate space of a given cross-space represents, we do not

find it easy to state the precise restrictions imposed on a crossnorm o for
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which the resulting cross~-space is such, that its conjugate space coincides
with its associate space. A complete discussion has been presented however,
for the case when we deal with the greatest crossnorm ¥ - In the last case,
( '\?\,%1}1 )* may be characterized as the Banach space of all operators
from Y#‘ into B: (from'@‘ into 13{‘) where the bound of an operator repre-

. \ % » »* s
sents its norm. On the other hand, 13‘ ﬂ’; B_& = ')3‘ sy T2 may be inter-
preted as the Banach space of all operators from B. into 'B: (from 'esL
into ‘5“). which may be approximated “in bound™ by operators of finite rank.,
Incidentally, we establish a “natural equivalence™ between the space of all
(those which can be approximated “in bound™ by finite rank) operators from
'Y}‘ into ‘p,:: and the space of all (those which can be approximated “in bound®
by finite rank) operators from'ﬁ_._into Br

L.et ®& be a given crossnorm on "3. O'P,_ . An operator A from B,
into ﬁ:is said to be of “finite oL-norm™ whenever there exists a finite con-

stant € such that \E:‘:‘ ( Ai‘_)g‘:‘ € CET, W g, for every expres-

“
=y

sion = f‘_E g - The least of such constants is denoted by na "m . We
always have ha "u. Z2M Al . For any crossnorm o> A , the space of
* .
operators A from 1B, into % of finite eL-norm is a normed linear space if
A "u’ represents the norm of A . This space is complete. Moreover, it
: * X S
may be interpreted as ( B, %) . On the other hand, ﬂ. %'Bz. may
L2
be considered as the Banach space of all operators from '@' into ‘%z (from ')?t.‘_
%
into 733.) of finite Ol -norm which may be approximated in that norm by oper=-
ators of finite rank. For every operator A we have " A"! = mAm

Finally we settle the “extension® problem for 8 by proving that in
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general ¥ is not of “local ch-aracter". A Banach space B is unitary if
and only if, Tf( %'n‘(,* C 'ﬁﬂ.‘m* for every two-dimensional linear
manifold ILC R

In Chapter 1V, a Banach space ‘B of operators from ﬁl into ﬁ::s
termed an “ideal” if, (1) together with A & u also YAX & u for any
pair of operators X and Y on ﬁ‘ and &trespectively. and
(i) § vax|| \<Mxlll m i il A" , where || All stands for the norm of A
in ﬁ . For a crossnorm o{ , the Banach space of operators of finite

©, -norm, that is, ( B'ﬂ*'@‘_ )* is an ideal if and only if, & is uniform.
If & is uniform, ol.l is such, and ﬂ*ﬁd‘, *forms an ideal.

In Chapter V, we make use of our previous results and avail ourselves
in addition of the tools at our disposal in unitary spaces [~ (in the sense,
finite dimensional Euclidean spaces or Hilbert spaces). After some brief re~
marks on possible interpretations of the direct products of unitary spaces, we
decide to interpret Q@ E as the linear space of operators X on K, of
finite rank, and denote a crossnorm accordingly by qu( X ). We single out
the completely continuous operators on R/ and characterize them (hence also
the operators of finite rank) as precisely those operators A which may be
written uniquely in the “canonical® form A = = aﬁﬂd?; , where both
( \P..) and (,f‘;) form orthonormal sets, the a,’s are 20 and lima, = 0
whenever the sum has an infinite number of terms. The a;'s form the positive
point proper values (with multiplicities) of abs( A ).

Following a brief discussion of some properties of symmetric gauge

functions, we consider the unitarily invariant crossnorms @ on R ©® Z ’
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that is, those which satisfy the condition o UXV‘) = oL(X) for any
operator X of finite rank and any pair of unitary operators U and V .
We actually characterize the precise class of unitarily invariant crossnorms
as the one which can be generated from the class of symmetric gauge functions
on the linear set of n-tuples of real numbers or on the linear set of infinite
sequences of real numbers having only a finite number of non-zero terms,
depending whether R/ is n-dimensional or a Hilbert space. Furthermore, we
prove that the class of unitarily invariant crossnorms coincides with the class
of uniform crossnorms, that is, those which satisfy the condition o (AXB) §
AWl WB I ®(X) for any operator X of finite rank and any pair of oper-
ators A and B . 2 represents the least unitarily invariant crossnorm.
Consequently, the associate with every unitarily invariant crossnorm is also a
unitarily invariant crossnorm, Every unitarily invariant crossnorm o¢ is
reflexive, that is, satisfies the condition 0(,” = o identically,

We define the Schmidt-class (sc) as the class of all those operators A
on R, , for which 2’; Il A A )] ”<+ oo , for a complete orthonormal set (Qﬁ'),
the last sum is independent on the chosen cnos. The (sc) is a linear set. For

A and B in (sc) , the sum Z‘._( A, Bcﬂ.) = (A,B) is absolute~
ly convergent and independent on the chosen cnos ((e') The number (A ,B)
is an “inner product® on (sc) and (A, A )*' which we define as G(A)is
the norm that goes with it. In particular, 6"( X ) is a crossnorm on the
linear set of operators of finite rank. We prove that @ = ¢' and ( & 3‘2 r=

(:(,ﬂwa- , that is, the Banach space of all operators of finite & -norm, may

be characterized as the Schmidt-class; they all may be approximated in that
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norm by operators of finite rank,

Next we show that the linear space of all completely continuous oper-
ators on ‘ where the bound of an operator is considered as its norm, furnishes
the Banach space & Q;E, . Its first conjugate space coincides with its
associate space and may be interpreted as the trace-class. The trace-class
is the Banach space of all operators A on Ay, for which = (abs(A)Q, @)+
for a complete orthonormal set (\p;_) and where the last sum which is indepen-
dent on the chosen complete orthonormal set represents the norm of A .

The second conjugate space ( G;a, )** may be interpreted as the
Banach space of all operators on R where again the bound of an operator
represents its norm.

In this connection we discuss the topological equivalence of the spaces

ﬁ,ﬂlz and ;‘,’,%R, for any “limited™ crossnorm oL .
A crossnorm O is termed “significant® if every operator of finite
o-norm is completely continuous. For any significant unitarily invariant
crossnorm ( P'v ﬂaa)*may be characterized as the Banach space of exactly
all those completely continuous operators in the canonical form E-L a‘-.(.e.ﬁ:ﬁ; ,
for whichii_x’n”ec' ( Ema‘._(ﬁdr?;) & + @, The value of the last limit repre-
sents the norm and equals la nw

Finally we show that for an n-dimensional space F’vwwith the Euclidean
norm (or Hilbert space), 2 does not represent the least crossnorm on cheﬁw.
The constructed crossnorms which are not Z) at the same time furnish ex-
amples of crossnorms whose associates are not crossnorms. They may also

serve as examples of crossnorms which are not unitarily invariant,
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In Appendix I, we present some scattered results for further investi-
gations., For the sake of simplicity we assume throughout that 73‘ and 'B,_are
reflexive, and all crossnorms &, are 3» A. We have always, d.”gﬁ, and
oM = 0(,’ . The following conditions are equivalent: (i) o= [5" implies q,‘sp,
(ii) (A2 (iii) ol = @, for some /3 . We term & reflexive whenever (ii)
holds. ) is always reflexive.

Next we investigate reflexive cross=-spaces generated by means of re~
flexive crossnorms and prove the equivalence of the following statements:

(i) @ cross~space is reflexive, (ii) its associate space is reflexive, (iii) the
conjugate space of the cross-space coincides with its associate space, and the
conjugate space of the associate space coincides with the cross-space. As an
example, we also discuss the non~reflexive cross-~space lp‘)lq where p »1,
.f, + -&- = | . In particular both, the trace-class and also the space of all
completely continuous operators on a Hilbert space are non-reflexive.

Finally, we introduce “limited” crossnorms and discuss some elemen-
tary relations which they satisfy. In particular, they are all reflexive. As a
corollary we deduce for instance, that a crossnormon & © E is not deter-
mined by the values it assumes for operators of rank & p (where p is any
natural number smaller than the dimension of F:p ).

In Appendix II, we present a definite construction (not unique however),
which for any two Banach spaces B’, "%_, (without any special restriétions!).
furnishes a definite crossnorm on ‘%. © 7, . The resulting crossnorm we are
justified to term “self-associate™ since, when our construction is applied to

unitary spaces we obtain the usual self-associate crossnorm @ on %O‘a‘» .



16 NOTATIONS AND CONVENTIONS

We shall assume that the reader is familiar with the elementary con-
cepts and theorems in Banach spaces and in Hilbert spaces, as can be found
in [1] and 18].

The definitions and theorems throughout this paper fall into two cate-
gories., First, we have theorems which apply to perfectly general (and some-
times only reflexive) Banach spaces, hence equally well to unitary spaces.
These we prefer to formulate in the most general form. They form the con-
tent of the first four chapters and of both appendices. The other type is for-~
mulated only for unitary spaces.

The symbols Q‘ R Q_y, will be assigned to two linear spaces in the sense
of [1, pP. 26] , while Q‘*and Q:will stand for the linear space of all additive
(which in our terminology will also imply homogeneous) numerically valued
functionals [1, P. 27] on Q' and Qrespectively. 7?.). and ‘@_“will stand for two
Banach spaces, that is, two normed complete linear spaces [l, pP. 53] , while

7}|*and ngwm stand for their conjugate spaces [1. p. 188] , that is, the
Banach spaces of all additive and bounded [1, PP- 54-55_] functionals on ’)3'

and '%vrespectively, where the bound of a functional represents its norm. Two
Banach spaces will be termed “equivalent” if they can be transformed into each
other in a one-to-one additive and norm-preserving fashion, in the sense of

(1, p. 180].

F(, will stand for a linear space in which there is defined an inner product

( n?, + ) and which is separable and complete [18,§2 J . Thus, PV is either a
Hilbert space or a finite dimensional Euclidean space according to whether it

contains an infinite or finite number of linearly independent elements. F(; is the
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space obtained from R. in which the fundamental operations a—f, QP+ 'f’ .
(@.4) . arereplaced by ay, e+t '("'{F._.F') . ‘Yfl' and ML, will stand
for closed linear manifolds in 7}‘ and 7},} or F’v .

Elements in [9, , 1, or R will be denoted by f, h, f, , h. . Those

in Q’, ‘Y}’or A are givenby g , k , g k, . The letters F , H , F,

¢ ?

¢ ’

H, , will stand for elements in £’ ¥, while G , K , G, , K, , will be

L
assigned to elements in Q:and 73_': . Elements in R, will also be represented
by @, ¥ and ., A - By ( € ), ’f’;) , we shall denote normalized
orthogonal sets (nos) or complete normalized orthogonal sets (cnos) i‘n [~
and sometimes in (closed linear) subsets of &, .

The term “operator” will always mean “additive and bounded operator"
that is, additive and bounded transformation, whose domain of definition is the
whole space and the range is contained in the same or another Banach space.
We recall that A is additive if, A( af + bg ) = aAf + bAg for any pair of
elements f, g , and any constants a , b. The letters A , B , C , X ,
Y , will be reserved for operators. A¥  will denote the adjoint of A in
the sense of [l, P. lOOJ when considered on general Banach spaces. It should
be understood however in the sense of [18, Definition 2.8_] when considered on
unitary spaces. An operator whose range is finite dimensional is termed of
“finite rank®”. The symbol JIlA||] will represent the bound of A , while

l|A])] stands for the norm of A , when A is considered as an element of a
Banach space whose elements are operators with a norm not necessarily equal

to their bound.

For a Hermitean operator A on R (that is such that # = A ) we
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shall use the term “definite® in the sense of non-negative definite, that is,
when ( A ? . te ) is always 7 0 . Unitary operators will be denoted by
U , V. We shall reserve the letter W for a partially isometric operator
on (R, , that is, one which is isometric on a closed linear manifold MU and
equal to 0 on its orthogonal complement; Y is termed the initial set of W
while the range of W is also termed its final set.

We denote complex or real numbers by a , a., b , b, ; integers
will be represented by i , j , m , n , p , q . For a complex number
a , the symbols 'ﬁ,a and a a will stand for its real and imaginary
part respectively. The abbreviations inf and sup will stand for the
“greatest lower bound” and the “least upper bound” respectively.

We denote by oL, (5 y cees crossnorms on the linear space ')2;,0 '@v
of expressions le:‘i;ﬁ 8, - In particular, X will stand for the greatest
crossnorm, while A represents the crossnorm furnished by the bound.

ol is defined on 'Y}*@ ’)@* and denotes the norm associated with o/ . The
1 >

Cantor~Meray closure of the normed linear space nl OGBV is denoted

by 7}' ﬂ‘B".
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CHAPTER I
THE ALGEBRA OF EXPRESSIONS Z‘-:‘;i‘.'ﬁ 8

1. The expressions = cu, £,@ g;.

Throughout this chapter we assume that Q' and Q‘_denote any two linear
spaces and @,“, Q:‘, denote the linear spaces of all additive functionals on Q'

and ﬁrespectively.

We introduce two symbols @ and -+« . With these for
floo00ne , frw in Q. and Bpreeeens - in Q‘_ we construct formal “expressions®
fi@g +- L8g 4 . <+ Qg .

We may abbreviate the last expression by writing 2;‘;&@ 8, - Among these

expressions we introduce a relation ~~ subject to the following rules:

(i) f‘ﬂ g, te ftﬂ g‘_-+- ..... . et fkﬂ 8.,
~fl,ﬂ 8.t fzﬂ Bt seeee <+ £ 8 gay
where 1/, 2', ...... , n’ denotes any permutation of the integers 1, 2 ,,..., n .
. ’, ol
(if) £+ ) B®g -+ £®g e t (@ g,

~E@g e (Bt LBt e o+ (@ .
(i) 8 (g+g) ++ @ g o+ o o+ LB g,

~f@g -+ @gl+ £ g ote e b £@g,
(iii) (af) ® g, -+ (a’f') g ot . e (a,£) @ g,

. Nf'a(e,g,) ot flﬁ (atgz_) O ikﬂ(g‘g“) .
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DEFINITION 1.1. Two expressions ZL.':‘ £.® g, and ZJ,' & ke will
be termed equivalent, if one can be transformed into the other by a finite num-
ber of successive applications of Rules (i) , (ii) , (ii') , (iii). We write this,

=TT f® z"'hek .

v » d=!

Rule (i) shows that == is reflexive, that is, every expression is equiva-
lent to itself. The definition also implies transitivity.
Some elementary results can be readily obtained. For instance, if

A w s VAR Ny ’
Z“|f‘0 g, = Z‘J-v h.@ kd and th_' ic@ g, = ZJ..'hJ.Q kd-

then,
I £ . o’
Fon i B g ote szl 8l o~ Zda'hak +e ZF' hsk

LEMMA 1.1. Every expression z._t‘f .8 g; is equivalent to either
0® 0 or to an expression 2;:—: hd.ﬁ ka' in which both the h,,...... » h,, and
kyieee.0s ko, are linearly independent.

Proof. Suppose that in either set f,,...... , £, or Byreeeees ) 84, the ele-
ments are linearly dependent. Then, EL', {‘_0 g, is equivalent to an expres-

‘ . N . s _ ZW

sion involving only n-1 terms. For instance, if f =2 ;,,a;f; then

-~ ~
t|0 g\ ot ZCO;ng 8(, "‘—J(Z“:‘a;f‘_) ® 8' ot Zd:lfc,s 8.',

o Z’.;:':_‘a(_f‘;) @g -t =

u.:;fl.@ 8,:
2'-‘1 @ (a.8) -+ ZE:-,_&Q g
= ZLie (2.8, + &) -

We may therefore continue to reduce the number of terms until we have

either Z}:‘héﬂ k‘- in which both the h,......., hm and k' yerenany kw are .
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linearly independent or {® 0 or 0®g . But f@0 & {®&(0.0) =~

(0f) 0 = 0®0 . Similarly, 0@8g == 0@&0

%
2. The linear spaces Q,OR«,_ and .OE: .

DEFINITION 1.2, We denote by QIO Qs the set of all expressions of
the form Zc‘:'f‘.‘s g¢ . In the last set we consider equivalent expressions as
identical, that is, the class of all expressions equivalent to each other we

~ ~
combine into a single element f . If an expressionisin f it will be
termed “an expression for T ". Quite often we will find it convenient to

. . \ < ~~ .
permit “an expression for T *» tostand for T . If e f®g isan

: o~ An ’ : ~
expression for f{ , ZJ_'fJG gd. an expression for g , then for a scalar
a we define af  as the set of expressions equivalent to 2:‘;‘(3&) S8
and T + ’gv as the set of expressions equivalent to Z::'l fca Bt Z}‘_‘; fjﬂ g‘;.

It is a consequence of Definition 1.1 and Rules (i), (ii), (ii*), (iii) that
af does not depend on the particular expression used. Similarly, f + g is
defined uniquely.

It is easy to see that the usual properties of addition and multiplication

by a scalar hold; for instance,

T+8 = §+T; T+ (T+F)=(T+3)+7%,
AT+ F) = af + af; a(bf) = (ab)T

The zero element 0 is the class of all expressions equivalentto 0@ 0

THEOREM 1.1. Q.@E_‘_ is a linear set, that is, a commutative group

with scalar operators,
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Proof. The proof follows from the preceding discussion.
Similarly, we form the linear set Qf@ Q: of expressions Za::'l:g GJ' ,

*
(where F, oo B, arein ﬁ, while G,,......, G, arein Q: ).

A little more about these expressions, in particular the invariance of
their “rank”™ under equivalence, may be found in [12] . In the present chapter

we only state those properties of expressions which will be needed in our

future discussions,

3. Transformations on expressions.

LEMMA 1.2. Let F € (2%, Then, 3™ f@ g. 2 3™ h. @k, implies
\ L= b L d= 4 4

Z F(f)e, = 20 F(hy) k;.

Proof. For a given expression Z:’_"‘ f&ﬂ g8, Wwe form the transformation

T(zt':» f@ag) = z;.‘:l F(f‘_)gc . Since F & Qf, the values of T remain
the same for both sides of any of the ~~ relationships expressed ‘by Rules
(i)~=(iii). This means that a single application of these Rules to an expression
Thus, a finite number of successive appli-

does not change the value of T

cations of Rules (i)--(iii) to an expression does not change the value of T

for that expression. This concludes the proof.

Similarly, we prove the following *“dual® of the last statement:

ANy
LEMMA 1.3, Let f @ 5, . Then, ED FEG, >~ EIHOK implies

FRROG, =Z P H(DK, .

M : % A
DEFINITION 1.3. Let " F, @ G, be an expression in % L% while

S Mg, represents an expression in Q. ® Q‘_ . Under their “inner
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l-tt. g-‘—

product® in symbol (z“."“" & G NE™f@g, {) we understand the number

e O

>3l Sk CALNCH R

J:l vy

LEMMA 1.4. The inner product is invariant under equivalence. We

mean hereby, that

Sni@g ~37 h&k and Z“FE8G =5 HOK,

Cwy C ter L 9=1 9 P) SO | )
imply
(E ERGELLes) = (E]_ HEKNZFL hek)
Proof. Since E ﬁ Gd' o~ zdi' H.® K , Lemma 1.3 gives,
(5 E o )(2.::, Lag) = (FL, HAK)NZET (@) -

Similarly, by Lemma 1.2,
s -
(=5 HBKET,L8e) = (5, HIKNET hek) .

The last two equalities furnish the desired proof.

The proof of the following two lemmas is obtained analogously:

*
LEMMA 1.5, Let A denote an additive transformation from Q’ into Q‘

Then,

[l i i had = hbad -
z‘;;, Bg, O J" ‘a , implies Zc-’(Ai‘;)g‘ Z‘_‘(Ah )k .

LEMMA 1.6, LLet S and T denote two additive transformations on

Q‘and Q,‘_respectively. Then,

. N AN “n
z;" £8 g, :xz::. da k. implies z“sl S, @ Tg o= 24.. 5}33 Tk, .

. N ~ .
DEFINITION 1.4, For a fixed expression X~ & g; in ROR,
A
define the following transformation from Q. into Q..

= ~ F(f)g. for F .
T CiA®g, (F) Zoe Flideg °F < el
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It is a consequence of Lemma 1.2 that equivalent expressions furnish

the same transformation of Definition 1.4.

LEMMA 1.7, 'rzz‘ﬁ%‘ 0 ‘implies Ty, f@g = 0@O0.

Proof. Suppose Z“' ‘_G g is not equivalentto 0 ® 0 . Then by
~ A . »
Lemma 1.1, Zc"f.._e gy = ZJ.' héﬂ kd where the hd' s as well as the
ka-'s are linearly independent. In particular, h, % 0 . Consequently we can
find an F & e:"for which F(h)) 2 0. The linear independence of the ké’s
impliesz‘;:, F(hd.)ka--* 0 . An application of Lemma 1.2 furnishes Z ., F(f)gg
and therefore,
T:.:ﬁog‘_(F) # 0

This concludes the proof.

LEMMA 1.8. Two expressions zu\ f &g, andz 15 are equiv-

alent if and only if, they furnish the same transformation of Definition 1.4.

Proof, The proof is a consequence of Lemmas 1.2 and 1.7.



CHAPTER II
CROSSNORMS

1. The normed linear spaces ﬂmﬂ’}a‘ and B?‘@g!:-’?\t .

Henceforth, we assume that ﬂ‘and ’Y},’denote any two Banach spaces
e
while % and 'lﬁ:stand for their conjugate spaces, that is, the spaces of all
additive and bounded functionals on "@‘and')?;‘respectively.
Clearly, an expression 23; fcﬂ g, in "3‘ @‘@L may be interpreted as
-
an operator A of finite rank from 7% into '@Lwhose defining equation is
given by
- ~ ad
A(F) = Z FlL)e, for F e« B .

By Lemma 1.8, two expressions are equivalent if and only if, they fur-
nish the same operator of finite rank. In the case when ')3, is reflexive, then
also every operator A of finite rank from 'g‘mto ‘?;15 determined by
many such expressions. To see this, suppose that the range of A is deter-
mined by the linearly independent 8y rreeer s 8 We have, A(F) = 2':;" aL(F)g‘._
where a;(F) represents additive bounded functionals on "?‘a’r Since & is
assumed to be reflexive, there exist elements f| syeeeneny £ in 7‘2_,. such that

ad . .
at(F) = F(f) for F e'@l . Thus, A is determined by ZC: f® g, . We
may sum this up as follows: For any two Banach spaces 73'and "%’_, the linear

space 'ﬁ‘@'ré,_may be considered as a subspace of the space of all operators
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from '&?into '?‘_of finite rank. In case 'ﬁ, is assumed to be reflexive, then
7}‘6'&.‘_ represents precisely the class of all operators from 'ﬁ*into T3, of
finite rank.
Throughout this and the following Chapters III and IV we shall assume
that"}' and |3, represents perfectly general Banach spaces without any special

restrictions.

DEFINITION 2.1. Under a norm o in B © 7, we shall understand

any non-negative function of expressions z“ ﬂ g, satisfying the following

conditions:

I. oZon f®g) = 0 ifandonlyif, o, f@g . ~0@&0 .

[ Y
II. q.(ﬁzl_g‘ ®g) = la] 0‘(2‘:’_'&6 g;) for any constant a .
111. UL g, -+ ~z';.‘;,§’e g L=k 1@8) + AT s &)
had - M
V. Q(ZL £®8) = (za--fas a) if =6 g~ Jmfje 8) -

DEFINITION 2.2. Let oL denote a given norm on '@;O‘)g)_ . For a

" % :
fixed expressxoni"-: F;-ﬂ GJ in 'B'G)?ﬁ: we define o¢’( Z“z' F. ﬁG ) as

the least (finite or infinite) constant € satisfying the inequality:

[(Er 5=l 8|l < ¢ (EL S

for all expressions Z¢=.f¢° ge in ’%O Y2,. Thus,
NHELKIGUZT 18 8)|

UV (ZETF,&G,) = sup
=
4 é LA XU ET2ES 8)
o (Z"“’F &G ) is therefore a function of expressions in ?"0 7},

J=id

)
LEMMA 2.1. Whenever ol is finite for every expression in 'ﬁ (C] ‘b:.

then it also satisfies conditions I--IV; u,' is termed the norm “associated”™

with o .
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Proof. Let z;':. F"’S GJ- =~ 0@ 0 . By Lemma 1.4, we have
(2;:' F“l.G.Ga-)( L. i®g) = 0 for every T f,@g,. Thus,
od( z;‘.‘:'" F,e® Ci’) = 0 ., Suppose on the other hand that Z‘;:: F; & C§ is not

equivalentto 0@ 0 . By Lemma 1.1,1:,‘.:, F;® Gy = =3, Fle G{ with both
the F’ seveaes , F" as well as the G’,...... s G; linearly independent. Since,
F.’ # 0, we can choose an f e_'@' with F.’(f) # 0 . The linear indepen-
dence of the G:'s implies Z'?_:‘ Fé(i)Gf._* 0. Now choosea g e')&such

that 2;_.'=‘ F!(I)Gé(g) # 0 . By Lemma 1.3, also z}:, F;(0)G;(g) % 0 . Since,
obviously ol (f ® g) >0 , we must have o¢/( J.":’I:.Q (5) > 0

II and III are immediate.

1V is a consequence of Lemma 1.4 and the definition of o’ for a given .

This concludes the proof.

DEFINITION 2.3. The linear set W0 '3‘_ (Definition 1.2) on which we

define a norm oL (Definition 2.1) will be dehoted by Y3 ®°‘73‘_ . Similarly, we

define ‘p.*O“. b:

LLEMMA 2.2. Let o and /S represent two norms on ‘E,.G) ’}:— . Then,

o L (5 implies o Z P’ on 78:@ ’7}: .

Proof. The proof is a consequence of Definition 2.2.

2. Crossnorms.

Among the norms ©L on '%@ 7&,&01’ particular interest are the

“crossnorms®, that is, norms satisfying the following additiona] condition:
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v. affeg) = Il gl .
Therefore, a norm is a crossnorm if and only if, its value for the expressions
* ;
which generate operators from 7?. into 73,,o£ rank & 1 is equal to the bound
of the generated operators.
At this point it seems proper to mention the following fact which we shall
make use of in the future: In case both 7‘3‘ and B,_&re separable, then for a

given crossnorm o , 7?)‘ O‘* . is also separable. This is expressed in

detail in the following Lemmas 2.3 and 2.4.

LEMMA 2.3. A crossnorm q,(zz;‘faﬂ g;) is a continuous function
of the f;’s and the g.'s , that is, for a given € >0 we can find a

¥ = §5(¢, ver 8 > 0 suchthat [[f-fIl <& ,

ceen £ 8,00
”gi- g:,'||<5~ , for ¢=1,2,....,n implies

» P ’ ’
“(Ectlfi.o T ZG’-:: £ 8\2) < €& .

Proof, We verify without difficulty the following relation:

~ A ’
Zai@® g~ (@, =2

7
Zh(f - f)®g +-ZT_ 18 (g, - 8)) - ce(f - £) @ (g - 8] .
Therefore,

“(Z:::-.,ft.@ gu‘. = :‘;I fé@ BD $ w( Z::l(ff-— i(t) @ 8\'.) +
M Z 8 (g, -8)) + (S fe - £ ) © (8, - 8))<
Sollte= 0 fsll + Ml s, - 8Ll + =2 M5 - €10 s, - 8L -

Ve

This concludes the proof.

LEMMA 2.4. Let Yf‘and ﬁvbe separable. Then for any crossnorm o

the normed linear space ‘m Qd?.‘_is also separable.
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Proof. Let f, f,..... and By1 Byrereees denote two sequences of

1”2

elements dense in ’ﬁ and fT}a_respectively. Then the set of expressions
- NI W te E: Lz n=1,2,.....

is denumerable and dense in ’@, G)“‘B_)_. Therefore, the set of elements for

which these expressions stand is dense in 'B;'O*'Y(‘\L.

LEMMA 2.5. For any crossnorm ok on 'ﬁ@'&‘_ ,

(F&c) pIFl (all for Fe®, cenl.

Proof. LLet F and G be fixed. It is a consequence of Definition 2.2
that for any pair f, g we have,
[
|F(hG(g)] < X (FBG) a(fBg) = o (Feac)lill hgll .

This clearly implies o&/( F ® G) ZIliFll IfG Il . This concludes the proof.

REMARK 2.1. Let © be a given norm on 'ﬁ@??ay . Whenever
Ob’( F ® G ) is finite for every pair F €72‘. G EB:. then
d/’(z a-_'F:’.ﬂ Gd)$ zd"._"d,'( Fd o Gd-) is also finite for every expression in
’}?@ ‘&: . It follows then that o is also a norm.
Quite often we shall assume that the crossnorm ol is uniform, that is,
satisfies the following condition:
VI oL(Z[.S6® Tg) < Msh T o (T L0 8)
for every pair of operators S and T on ’15' and Y2, respectively.
The geometric significance of this condition is clear. Furthermore,
for S and T as above, we define an operator S @ T on 'l%@;‘f}’_ as
follows:

(se@T)(ZL L@g) = =7,

(2 1]

Sf.@& Tg, -

\
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This operator is uniquely defined, since it is invariant under equivalence. We

mean hereby Z{L @ g, = 5 h:®k, implies Z,.S,® Tg,~ =7, Sh@® Tk,

(Lemma 1.6). It is readily seen that a crossnorm ot on ’Y}l@'a.a_ is uniform

if, and only if, the operator S® T on 'B'O‘:B,_ satisfies the condition
liseTll = Wisl il

We shall see later that the interesting crossnorms are those which

satisfy condition VI.

3. The bound as a crossnorm.

DEFINITION 2.4. For V[ {,® g, in 703, we define

~ lZZ'F(f‘-')G(g‘-) I
ML g) = sup
F,G Il Val
where sup is taken over the set of all numbers obtained when O0# F

‘el
and 0 £G varies in 13, and @:respectively.

Clearly, A(Z ‘;" , £.® g|.) represents the bound of the operator

=% F(f)g, from @Tinto 2,determined by the expression Z:-:'f‘-_@ g -

LEMMA 2.6. N is a uniform crossnorm.

Proof. Definition 2.4 gives ‘A (Z i@ 8) = 0 if and only if,
FLF(F)Gg) = 0 forall FeWX', Ge& 3L, The last happens if and
=w _ * . :
only if, 2., F(fy)g, = 0 forall F €73, and therefore if and only if,
Z‘:;:'fca géz 0 @0 as may be concluded from Lemma 1.8. Thus, A
satisfies condition I.

That 2 satisfies conditions II and III is immediate.
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Condition IV is a consequence of Lemma 1.4,

We shall check condition V:

Ir()G(e)l

Mi @ =
(£@8) = 29 — T TGn

| F(£)] cup 1G(g)]
el & gl

= l£ll 0gll -

Finally we shall prove that D satisfies condition VI. Let S and T
denote two operators on ¥, and 'f}.&respectively. Their adjoints s* ana T
represent operators on'r}'* and 'f}:respectively. Clearly,

sl < ms*il nell = sl i Fi and
I ™)l <t il = uiTil tall

Definition 2.2 gives
[(F ®c )=k ste 1g)] = [(S*F & ™G (=7,18 )l
SANFFOTG) MNEL LS )
The last ~- since A is a crossnorm (as is proven in Lemma 2.7 which follows)
-- is clearly
=ls¥rll IT*G I A (=140 8,)
L NE) lich s BT A(EE L8 g)
Since our inequality holds for any pair F , G , Definition 2.4 gives
N(ETLse® Tg) < Msll Wit MEL 69 g)

This concludes the proof.

'
LEMMA 2.7. A is a crossnorm.

Proof. LLet F and G be fixed. It is a consequence of Definition 2.4

that for any expressionz?;. £.® g, we have,
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[(Fea)=nt88)| < IFlllcl AEEL, @5) .
Thus, Definition 2.2 gives NFAG) < WFUllGg Il . This together
with Lemma 2.5 proves that 'X (Fe®c) =[IFll lc ” . By Remark 2.1,

)l is finite for every expression 2.;-:‘14“.0 GJ . Consequently, 3' is a

crossnorm by Lemma 2.1. This concludes the proof.

LEMMA 2.8. The associate o with a crossnorm oL 3\ is also a

crossnorm.

4
Proof. Lemma 2.2 gives /SN, In particular, LLemma 2.7 furnishes
/
X (FO®G)E ANF®G) = lFll gl . An application of Lemma 2.5

concludes the proof.

THEOREM 2.1. The associate o with a crossnorm o4 is also a cross-
norm if and only if, ol 7/-)‘ . Therefore, 2 represents the least crossnorm

whose associate is also a crossnorm.

Proof. Suppose that for a crossnorm ®& and an expressionzz:,ft_o g
we have
U E® g) < ANET,1®8) .
By Definition 2.4, there exists an Fe.T%T and a Ge'r;’a:'such that
UZTn @) IFl Gl < [(FoG ) ENLL8 g)]
By Definition 2.2, the right side of the last inequality is not greater than

L(FOG) U= ,®g) . Thus, o'(F®G) SUF[lIG] ., thatis,

L=y
¢ . N
ol is not a crossnorm. Therefore, whenever for a crossnorm o its asso-
[ :
ciate o/ is also a crossnorm, then ©oC 2 A . The converse was proven in

Lemma 2.8. This concludes the proof.
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REMARK 2.2. At this point it seemns proper to emphasize the“general
character” of the crossnorm 2 . We mean hereby that for any two Banach
spaces '% and Té,,without any special restrictions, the crossnorm ) on

’@ (O] 'T}‘can be always constructed.

LEMMA 29. Let F, e, G, €13, for L =1,....n . Then,
(1) sup IZ’:.,,F‘(f)GL(g)I forall feB,geM; Mill= el =1
is equal to
X *
(2)  sup IS’{;,@(F&)&G‘:)I for au4e'@>l. &t N = 1@h=1 .
Proof. We remark first that if E represents an additive bounded

functional on a Banach space '@ then

sup lFo(f)| forall feP, lill= 1
is equal to
sup lé’ )l tor al F «@* IFI- 1 .
Both numbers obviously represent u F;" El, PP. 54—55_] . Therefore for a
fixed g € »,, | gl =1 , substituting G,(g,)F, for F, we get
sup |1Z7x, F.:(f)G;,(So)l for f&B , Il =1

is equal to

sup lzr_g'(F“.')Gb(g‘)l for 46- :“, ”4” =1 .
This proves that (1) equals to

wp [EnF o e | tor st Fe B g < UG =igh=1 .
A similar reasoning proves that the last number equals to (2) . This con-
cludes the proof.

The preceding LLemma permits to express » in a different form, for
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Banach spaces which are conjugates of other Banach spaces. This forms the

content of the following Lemma:

LEMMA 2.10, For an expression ZEJZ, F,® G, in "37@‘73:_ ,

Al ZJ*:,‘F:’-Q G;) may be also represented as
- Ilﬁ"‘-(f)Gl-(s)l
su
£,9 fl £ gl
Proof. This is a consequence of Definition 2.3 and Lemma 2.9.

LEMMA 2.11. Let ol represent a crossnorm ZAon E@'@L .

Then ol is also a crossnérm 2 A on ”ﬁ*o 13: .

Proof. That ol is a crosshorm is stated in Theorem 2.1. Definition2.2

gives

| (=5 Hec)ias)]

J(Z};F-G GJ) > sup

e LY xX(f®g)
(ZeFec)(ies)|
= ::‘g Wl g

By Lemma 2.10 the last number equals to A Z;.';FJG G‘.) . This concludes

the proof.

THEOREM 2.2. Let ol denote a crossnorm whose associate & is

» n
also a crossnorm. Then, &4 , &, ..... are also crossnorms.

Proof. Since ol and ol are crossnorms, we have o 2 A by
. ’
Theorem 2.1. Applying successively Lemma 2.11 we get ol 2Mon 73?@ m.
w
o’ 71011 "3‘0 :” 4eeeess  Thus, by Theorem 2.1, =’ , & ,..... are cross~-

norms. This concludes the proof.
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Theorem 2.1 states that & represents the least crossnorms whose
associate is also a crossnorm. We remark that A does not necessarily repre-
sent the least crossnorm, In fact, we shall prove later (Chapter V, §11) that
when ‘T}‘ and 'B*denote two two-dimensional Euclidean spaces a least crossnorm
in BO 7?,“ does not exist, By Theorem 2.1 this implies the existence of cross-
norms whose associates are not crossnorms.

The following Lemma concerning the “local character” of A is of
interest. It proves that '7\(2':.":' f,® g;) depends only on the spatial relations
between the f;’s and those between the g;’s and not on the including them

spaces.

LEMMA 2.12, Let 'YYL\ and m‘_denote two closed linear manifolds in the

Banach spaces 13 and Y3, respectively. Then 2 on O3 is an extension

of N on ’m.,o')'f(,,_.

Proof. Let Z‘:'.;‘f‘.'s g. be an expression in 'm.o'mt c ‘B‘O"@‘_ .
We shall prove our LLemma, by showing the equality of the following two num-

bers (Definition 2.4):

(a) sup |Z:;'F(f‘)G(g‘.)l for Fem‘:. Gé.?'fq; Irll = "Gn =1
and
(b)  sup |SnF(E)G(g)| for FeB, ced Fl =lal=1.

We recall Hahn-Banach's extension theorem [l, P. 55_] which states that
an additive and bounded functional F on a linear manifold YL in a Banach
space '@‘ can be extended (quite often in a non-unique manner) to an additive

and bounded functional F° on 72 , without affecting the value of the bound,
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that is,

Fo(f) = F(f) for f € ML and
[Fel ] |F(5)]
ofszzp Well = eeperm Nl

From this theorem it is obvious that (a) < (b)
On the other hand, when F® denotes a given additive and bounded func-
tional on '7}‘ , we may restrict ourselves and consider the values of this func-
tional only on the closed linear manifold ’Yfl‘C”ﬁ. Thus, F° on 7}. defines
an additive bounded functional F, on ’ﬂt‘ (such that / F°(f) = F,(f) for
f € MM, ). Itisclear that IF°|l Zz IF,li [1,p.54] . Now,let F° and G°
denote two non-zero additive bounded functionals on '7'}| and "@,_ respectively,

while F, and G, stand for the corresponding functionals on ')'fl. and ')’YC.‘_

respectively. Then,

| (F°® G*)(ZL, 1.9 8)| [(F,o G (ZW 198, ]
NEe el S I ol 1l Gl

The last inequality holds for any 0# F°e @’f , 0F G’e 7}: . Therefore,

(b) £ (a) . This concludes the proof.

4. The greatest crossnorm,

In the arguments which follow we prove the existence and actually con-

struct the unique greatest crossnorm,

DEFINITION 2.5. LetZ(, f{® g be a fixed expression in R, .

We define

X (Zt‘\:"f:'o 8:) = inf Z;-:‘ ” fd” ” gJ”
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where inf is taken over the set of all expressions Z}:fde gd. equivalent
~
to Z.;af:_@ g: .
LEMMA 2.13, K is a uniform crossnorm, that is, a’ satisfies con-

ditions I--VI.

Proof, I: Letz.':;‘ f(.@ g, denote a fixed expression. For an F & '@‘*

with IFh = 1 we have,
=5 FE)s s SiF@ell = 2 FE) 1 gl < UFN 2l il g )

By LLemnma 1.2 the extreme left of the last inequality is invariant under equiva-
lence. Thus, Definition 2.5 gives
W= Fi)e )| < (=% ®g) forall FeRMwith IFI =1 .
Now suppose that {7 {,® g, isno equivalentto 0®0 . By Lemma 1.7
there exists an F & ﬁ""for which Z.'::‘F(f;)gc % 0 . Naturally we may sup-
pose that || FJl = 1 . Consequently, ¥ (= f.@g) >0
II is immediate and IV is a consequence of Definition 2.5 for ¥ .
A s . ’
III: Let ZC:. f@ g, and Zc-~: h.® k, be two given expressions and & > 0.
Clearly, we can find an expression
’
Tel £® 8= T g,
such that
Zneihngl) < Y (ZRi®sg) + €.
Similarly we can find
‘ .
. iwhsk = oh® ke

such that

SR < g (ZL ek tE -
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We have,
’ / L U ’ v ~
z:llff.g sl;.+. Z‘C'l h..‘ﬂ kl: = ZCllng 8;‘,'+'Z [ h'l-0 ké .

Condition IV and Definition 2.4 give,
~ — + L 4
S (ZL @8+ EWL h8K) = Y (288 -+, nE K;) <
’ '
Zaleiigl +E%., 1wl ) < 5 (ZZ 68 8) + § (ZZbF k) +2E
The last inequaiity holds for any € > 0 . This proves III.

V: LetZ f.

(L ™

Bg, ~f{Bg . Wechoosean F €'g|‘ such that
F(f) = WeWl ana lIIFUl = 1 [1, p. 55] . By Lemma 1.2,
F(flg = =%, Flf)g, .
Consequently,
Wel Mgl =l F(Dgll = N5, Flfe | s ztlns -
Thus, Definition 2.5 furnishes  (f®g) = I £[l fg|
VI: Let S and T denote two operators on "?a' and '@’respectively.
Then,
(anrd
¥(ZE, 560 Tg) « = st 1T, )| <
s e (=g, Dl Nsll)
A . . A
By Lemma 1.6, Z ts, @ g‘.":-Z:-':" ha-G kJ implies 2;,.5&0 Tg..':z;‘:‘:‘ ShJ.G Tk,
~ -
and therefore ~ (X7 Sf,® Tg,) = X(Z;'-:, Sh,® TIS) . It follows that
while we are running through the set of all expressions equivalent to Z‘-‘;'f&ﬂ 8¢
the extreme left of the last inequality remains invariant. Consequently,
Definition 2.5 gives
5 (ZZ.ste T8y S Wsh Tl w5 (27,49 8)

This concludes the proof.

THEOREM 2.3. ‘6 is the greatest crossnorm.
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Proof. That ‘6 is a crossnorm was proved in Lemma 2.13. Now, let
o denote any crossnorm and Z.; {.& g, a fixed expression. Then for any

(&

expression

we have

U(ZLABE) = (R gEe)

Exali®e) == Nesy gpl -
Thus, Definition 2.5 gives,
oUL(ZE, 1 88) & Y(ZEZL 98) -

C=)

This concludes the proof.

REMARK 2.3. We notice that Yy (as in the case of p) ) is of “general
character™, that is, for any two given Banach spaces ')3' and ’T}z_without any
special restrictions the unique greatest crossnorm can be always constructed.
In general, however, ¥ is not of “local character”™, that is, a lemma for U
analogous to that of Lemma 2.12 (proven for A ) is not true. Later however,
we shall point out the precise conditions on the spaces 7}‘ , ’)3’_ , for which
the local character of % is preserved.

For our further discussion we shall need the following simple proposition:

LEMMA 2.14. Let &, a,,......, a,,  denote n real numbers and
b., b,_......., b,, denote n positive numbers. Then,
a, + a, + ....A__'f [- T g |max ag
by + b+ ... + by AR A b,

Proof. The proof can be carried out easily by induction, verifying our

Lemma first for n = 2 .
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THEOREM 2.4. Let 4 be a functional of expressions on '73‘ 07},_
satisfying the following conditions:

(i). For equivalent expressions 4 assumes the same value.

w. | F(=rees)] < =n) F(ges)l
Then,
1g(=, 1.8 8)) 19 (10 4)

=% 5l g, YW(Zio, 1.9 8,) = f‘ug NEIIN
Proof. Since ‘6( f®g) = |lf|] g || (Lemma 2.13, V) the right
side of our equality is clearly not greater then the left side. Now let
ST 5® g, be fixed. Then for any expressmnz“ f’ g! o~ ~E@g,
(i) and (ii) for 4
| FEn el _ 19 gean] | =n|F (vew)
=y Nllg N fd.zlﬂfd-'ll B € Z:;’F;ﬂugé"

By Lemma 2.14, the extreme right is

teg e

furnish:

< IS (/85| [F(tag)]
S max ——d_d - < sup—— .
1% §<m nf’nug I £,9 Henlg)

This by Definition 2.5 implies

19 (= we el _ | F (=, e |4(mg)|
= 7 SUp =———
(2T, 59 8,) intZ gl S ag Whlgl

The last inequality holds.for every expressionz‘:_,fl.'g gc - Therefore, also

the left side of the equality of our theorem is not greater than the right side.

This concludes the proof.

THEOREM 2.5, The associate with the greatest crossnorm x (Defini-

tion 2.5) on RO, is A (Definition 2.4) on BB , that is, Y/ =
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A »*
Proof. For a fixed expressionzd-m FJG Gy in 'ﬁ“@'?, the number
haad o~
, (za'sl E® C%)(S“‘ 238, '
L

obviously represents a functional of expressions zw‘ f',_G g in 'F'(D 73,_

satisfying the condition of Theorem 2.4. By Definition 2.2,
A
| =52 r e o= 18 8]

L= ¢

¥ (z;__‘ E ®G)) =Z§‘u‘?®3¢ ¥ (ZTL 1@ g)

-

By Theorem 2.4, the right side equals

oy LEREO G )|

-3,5 "fllﬂg"

The last number represents P, (Z}:\FAQ Gd.) by Lemma 2.10. This

concludes the proof.
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CHAPTER III
CROSS-SPACES OF OPERATORS

1. The Banach spaces Blm‘ak and B?b*n&:.

For a given norm (or crossnorm) ¢l , the normed linear space HQBL
in general, will not be complete. In that case we “complete® it that is, imbed
it into the smallest possible Banach space in the usual Cantor-Meray fashion
by adding new elements. We consider namely all fundamental sequences (that
is, those which satisfy Cauchy's condition) of elements (or expressions repre-
senting those elements) in 'B‘ 04132_ and introduce the following standard
identifications ES, p- 1061 :

(i) A sequence consisting of identical elements we identify with that
element.

(ii) Two fundamental sequences of elements we consider identical if
and only if, the norm of their difference tends toward 0 .

(iii) The norm of a fundamental sequence of elements is defined as the

limit of the norms of the elements in that sequence.

DEFINITION 3.1. The Cantor-Meray completion of the normed linear
space 'Y},o“?}, which naturally depends on the norm & , will be denoted
by Eﬁ“')}’ and termed a“direct product® of ‘}ﬁ' and 7%>. Whenever o is
a crossnorm, m@d’&’_ is termed a “cross-space”™. Similarly, completing

Br@d‘,"}: we obtain B’:ﬂ .1}: and term it the space associated with
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or the associate space for the cross-~space ’Q B, ‘@v.

REMARK 3.1. The associate space is defined whenever o is always

finite. This is always the case whenever, &t Z A .

2. The inclusion '&’:&:B:C( B Gsi’@‘»)*

Let & denote a crossnorm ZA on ﬁ@"}» (Definition 2.4). By

R ¥ .
Theorem 2.1, o' is also a crossnorm on ')}. GB: . Thus, two given Banach
spaces ﬁ R 7},, and a given crossnorm o Z)determine the spaces
% »*
%8-41}; and B GeL’B;. .

It is a consequence of Definition 2.2 and Theorem 2.1 that for a fixed
expressionZ}:‘ E® Gy the “inner product® (2}:‘ 5 ® Cé)(i.:'_, £;® g;) repre-
sents an additive functional on ‘7}' 0,3, with a bound equal to o/ (E;:l Fo C:r‘) .
Since by definition 'B' Q*q}’ is dense in '&'Gd')}‘_,this functional can be ex-

tended in a unique manner to an additive functional on T3 %7‘3’_ , without af-

fecting the value of its bound. We may write therefore,

( Be,73)* D B, B

REMARK 3.2. The last inclusion represents more than merely the
. % * . . *
equivalence of ’%G‘.B, with a certain subspace of ( 'ﬁ ﬂd'%‘ ' as
defined in E, P. l80] , since that equivalence is to be understood in the sense
explained above. Throughout the rest of this paper all inclusions of this form

will have to be understood in the sense explained above.

It does not appear to be a simple task to state the precise conditions

imposed upon a crossnorm ol for which the resulting cross~-space "}.0“‘7}’_
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is such that its conjugate space coincides with its associate space. This is

always the case, for instance, when at least one of the spaces 7}, or 73,_is

finite dimensional. We present the first step in this direction by interpreting

( ® )* as well as *@ 7}". as Banach spaces of some (not n saril
B d?}.,, e 7}\ o’ 155 P n eces y

kd

all) operators from ”% into '@’ (from %into '75"‘- ), where the norm of an oper-

ator is in generafdifferent from its bound. Furthermore, we are able to pre-

sent a complete discussion for the case when we deal with the greatest cross-

norm Definition 2.5 and Theorem 2.3).
¥ (

>
3. ‘Gﬁi"},) as the space of operators of finite o -norm.

Throughout the rest of this Chapter let ol stand for a crossnorm on

‘ﬁ@ "3,_ although this is not stated each time explicitly.

DEFINITION 3.2. An operator A from T3 into ’@:is termed of finite

ol -norm, if there exists a finite constant € such that

~m
I ZE:\( Af‘;)g.; l $ C °‘-(Zl.“elfn‘.a g()
for all expressionsz:;, £® g, in 7,’10 ‘@‘_. The least of such constants we
denote by A "oo and term the * ol-norm®™ of A . For an operator

A for which such a finite constant does not exist, we define || A "d' =+ o2,

The justification of such a definition will be clear from Theorem 3.1

which follows.

LEMMA 3.1. The operators A of finite & -norm form a normed

linear space if |l A lly represents the norm of A

Proof. The proof does not present any difficulty.
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LEMMA 3.2, For an operator A from 73»'into 7‘_3: we have always
hoally, ZUall

for any crossnorm ol .

Proof., For every pair f, g, Definition 3.2 gives
| (af)g] < lall, w(teg) = Wallslligh.

Thus, || A ”l < A nd. . This concludes the proof.

THEOREM 3.1. ( ')3]@_‘1}1 )* may be interpreted as the Banach
space of all operators A from 73[ into 7}: of finite o -norm, where | A”d-
represents the norm of A . In other words:

An element 4 of ( BRIV )* generates an operator A from

( >

'f}' into B’:of finite oL-norm and conversely. This correspondence is such

that:
(1) 4 = A implies 4 =2 aA
(2) é’, = A andé_‘_ = A, implies 4""4 A+ A
(3 WFW =1 al, whenever & 2= 4
Proof. Letg'e 735'@."3’)* and ||l 4‘” denote its bound. Clearly,

@ Flaioy - Flanen = Fus(m) - aF(im5)
for any scalar a

(i) 4’(%0 g, + f@g) = (f(fes J(iﬂg)

In particular,

@) e+ es) = Fuse + Guse

(ii*") 4&0(&, +og)) = “J/’(f@g,) + ‘{(fﬁs;)
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Relations (i) and (ii'') prove that for a fixed £, , é (£®g) repre-

sents an additive functional of g . That functional is bounded since

14(50e) < NS al£,08) = (NG Uel ) el for g€,

. »x ..

Therefore, 4 assigns to every f é'}?, a unique element of ‘@twhzch we
shall denote by Af , so that

F(tag) = (Af)g for teR, geRB,
and therefore by (ii)

~ ~
(0 & (Eies) - = Gies) - Zm(Abs;

Thus, A is additive.

Since T}' Qdﬁr}_b is dense in '% G;B“, the bound of 4 on both spaces
is the same, and thus l” 4‘" represents the least constant € satisfying the
inequality:

0 =0 ae) = 1FER e )] <€ c UZEE8s)
for all expressions 2:‘.‘ i®g, in 'QOBV .

By Definition 3.2 however, that least constant  satisfying (b) was
denoted by [l A “w . Therefore, |l A"d = mém < 4o, A is
bounded since lll Alll < |l A ll,‘,

Thus, an /3 in ( %“d'?;)* determines a unique operator A from
T}l into ‘Y}tof finite ol -norm for which || A ”" = é”l .

Conversely. For an operator A from 73 into ’Y}rwith Nall, <+ oo
we construct ,/f by means of (a) above. {r is uniquely defined on 'B, Q,‘:@,_

since by Lemma 1.5, Z:\;' ( Af;)g, is invariant under equivalence. Then,

again by (b) above, 4’ is bounded on 'Bl 0“')}’ hence on '73. G")},_and
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i 4’"] =]l A “& . The correspondence 4 == A is obviously additive.

This concludes the proof.

COROLLARY 3.1. The space of all operators A of finite of-norm

is complete in the norm ﬂ A "d, .

Proof. The proof is a consequence of Theorem 3.1.

4, The space of all operators,

LEMMA 3.3, Every operator A from '@' into '@: is of finite ’B -norm.

Moreover, || A ”‘ =flall .

Proof. For an operator A , the sumit.:,(Aft)g‘._ is invariant under
equivalence (Lemma 1.5). Consequently, lz‘:“;' (Af‘.')g‘.’) is a functional of
expressions satisfying the assumptions of Theorem 2.4. By that theorem,

l Z::((Af;)g‘;l I (Af)g ’
Il a “X = __sup . . = sup ——————
TSy (L8 8) £,9 Nl lg]
The extreme right clearly represents the bound of A . This concludes the

proof.

THEOREM 3.2. ( 73' Q‘B,))% may be interpreted as the Banach
. *
space of all operators from Tﬁ.mto 7}, , where the norm of an operator equals

to its bound.

Proof. The proof is a consequence of Theorem 3.1 and Lemma 3.3.
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5. A “natural equivalence®”,

REMARK 3.3. Let & € ( B ®,7 ) . By Defition 3.2 and Theorem 3.1,
4( f® g ) determines an operator A from "3‘ into "(}’:of finite o -norm
for which " A "a. = lll4lll . The same 4 however, determines a “correspond=-
ing™ operator K from 7},_ into 'ﬁ? for which H'X "‘L = lH éﬁl . This can be
readily seen as follows: For a fixed 8, &731, g’( f® ga) represents an
additive and bounded functional on 'Ea, . Thus, 4 (f® g) also determines
a unique :K homﬁ,_into Er Furthermore,
F(10g) - (Ang = (e for teB . geBy

That || Xﬂ lll/lll , is shown in a manner analogous to ] A = Hl 4"’
in the proof of Theorem 3,1.

For “corresponding® operators of finite ol -norm (that is, generated by
the same 4 ) in addition to ” A"‘* = " A "e(. we also have l" Am = m Xw .

This can be seen as follows:

WAl = eup Il Afh - lﬁgllé(mg)l .
sup ” KS ” = “IA”I
”’ﬂll

Thus, all preceding Lemmas and Theorems of this section are also valid
if in their wording we replace the phrase “operator from B: into '@:"‘ by
“operator from'rﬁ into'@*“ In particular ( .3 * may be regarded

» L intoB". Inp B, 8B )% may be regarde
as the Banach space of all operators from"%,,into 'Bf of finite o -norm. In
general the corresponding operators A , 7\1 , are such that one is a con-
traction of the adjoint of the other. For reflexive Banach spaces the correspond-
ing operators are adjoint to each other.

This is expressed in detail in the following theorem:



III. CROSS-SPACES OF OPERATORS kg

THEOREM 3.3, There exists a “natural equivalence = ” between the
Banach space ‘ of all operators A from ‘Q‘ into 'ﬁroi finite ol-norm
and the Banach space % of all operators A from B into '@'*of finite

o,-norm in the sense that,

(i) a,A + aA, > a,X' + a;X’_ ( a, a,, are real numbers).
(ii) a* D 7% and ¥ o A .
(i) Naw, = HNZEI,

(v Wall =

Proof. The proof is a consequence of Remark 3.1.

»*
6. ﬁfﬂdﬁxas a space of operators.

LEMMA 3.4. For a given crossnorm & Z N, the operators of finite
rank are of finite oU-norm. The normed linear space of operators A from

7}| into 7}’: of finite rank’where " A "d' represents the norm, may be

. »*
characterized as 'g:@d,B,_ .

Proof. A given expressionZ

B FO"O Gd- corresponds in the manner

indicated in the proof of Theorem 3.1 to an operator A from ’% into 'B":

defined by the relation Af =2::' Fé(f)GJ . Conversely, every operator
from Einto B’:of finite rank can be obtained in such a8 manner. The corre-
spondence is clearly additive. Since © 2> A , the value QL’(S_'.;:' F;-G q’.) is

finite by Theorem 2.1. Since,

(2], @ G)ZL, 19 &)

[N

=, (Af)s

Coy

Definitions 2.2 and 3.2 furnish
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ool

o ( J= E;® G) = hal,
This concludes the proof.

.

THEOREM 3.4, Let ol be a given crossnorm 7 A . Then, R'@ B

may be interpreted as the Banach space of all operators A from 73, into T}r
of finite ol-norm (with || A ll, representing the norm of A ), which may

be approximated in that norm by operators of finite rank,

Proof. A given element in ')31* Q,.Bt is represented by a sequence of

expressions
e FPe G
z)’" a‘ d
N \ad s 4
’ ’
in 'ﬁ"@‘ '7%, fundamental relative to ol ; the norm of such an element equals

to the limit of the norms of the expressions in the fundamental sequence repre-

senting it. By Lemma 3.4 such a sequence of expressions determines a se-

quence Ap of operators of finite rank from "%. into B:for which
lim | A all,= o .
P q 00 L P L

By Corollary 3.1, the space of operators of finite ol -norm is complete.
Hence AP determines an operator A of finite o, -norm for which
s - . 0 .
Jim i a A=
By Lemma 3.2, A is uniquely determined; it may be identified with
the given element. Furthermore,
: ! (= P ) ( Y -
1 - Yy =1 = .
pveo (= ymi Ffi ® Gaﬂ) p o l Aplly Ial,
This concludes the proof.

Red *
THEOREM 3.5. ’6:@8,7?, = 'Y;’-“ Qm:represents the Banach space of

* s s
operators from'% into'r}, approximable in bound by operators of finite rank.
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Proof. That K':)was proven in Theorem 2.5, The rest is a conse-

quence of Lemma 3.3 and Theorem 3.4.

THEOREM 3.6. Let otdenote a crossnorm 3 A. The equality

( '%Gd ’)* = 7‘3'8‘*[7}: occurs if and only if, every operator from 73.
into 1?: of finite oL -norm can be approximated in that norm by operators

from '@' into 'Yg:of finite rank.
Proof. The proof is a consequence of Theorem 3.1 and Theo ‘em 3.4.

LEMMA 3.5. For any crossnorm ol 7,7\ , the operators determined by

’gfq*: B’: are completely continuous D, pP. 96] .

Proof. L.et A be an operator from 7}“ into 7;,determined by 'QO‘.B:.

Thus, for some sequence of operators AP of finite rank we have,
Pl:'rr:‘ la - Af'”d. = 0 .

By Lemma 3.2,
Jim 1A = A< umfla - Ally = o.

Thus, A 1is completely continuous by [-1, p. 96, Theorem ZJ.

REMARK 3.4. An examiple for which B?G,B:’ is a proper subspace of
the Banach space of all completely continuous operators from 1} into 7?*

Y P \ >
would answer negatively the “basis problem™ [-l. P. 111] . Suppose A is
a completely continuous operator which cannot be approximated in bound by
operators of finite rank. The range of A may be considered contained in a
separable Banach space ')?, [1, p. 96, Theorem 1] . It is well known that a

completely continuous operator on a Banach space whose values lie in a
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Banach space having a basis, can be always approximated in bound by operators
»
of finite rank [1 1] . It follows that 32 must not have a basis. Otherwise, A is

approximable in bound by operators of finite rank.

THEOREM 3.7. Let ot denote a crQssnorm %> A . If there exists an
operator of finite O( ~norm which is not completely continuous, then TA*@,.‘B?
is a proper subspace of ( 1?,0‘*"%‘)*

Proof. The proof is a consequence of Lemma 3.5 and Theorem 3.1.

At this point we are ready to supplement Theorem 3.3 with the following

assertion:

THEOREM 3.8. Let o be a crossnorm ?‘)\ . The “natural equiva-
lence® of Theorem 3.3 is such that it also preserves a natural equivalence
between the Banach space of all operators from 131 into ‘Y}:of finite ol -norm
which are approximable in that norm by operators of finite rank, and the
Banach space of all operators from Y}’into 'Yg.bof finite ol-norm which may be

approximated in that norm by operators of finite rank.

s . * * “
Proof. An expression ZS:. F; Gy in ’Y}‘ © V3] determines “corre-
sponding™ operators Z':;F (f)G J,, J(E)F . The oL-norm of both
of these operators equals to of (Z::. . 8 G ) . The rest follows from the

arguments in the proof of Theorem 3.4.
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7. The local character of ¥ as a characteristic property of unitary

spaces.

We conclude this chapter by settling the “extension problem?™ for the
greatest crossnorm Y , indicating at the same time an application of
Theorem 3.2.

An operator P on a perfectly general Banach space is termed a
projection if and only if, P* = P . The range of P is the closed
linear manifold of all the f *s for which Pf = f . The bound of such a
projection may be 2> 1 . Closely connected with the notion of a projection
is that of a complementary manifold. Let m denote a closed linear manifold
in a Banach space 1> . A closed linear manifold W in "3 is said to be
complementary to Y if and only if, every f in 7} can be uniquely repre-
sented in the form f = f + £ , where f'€@" and 7€ M. Itis readily
seen, as is also shown for instance, in E7, p. 138, Lemma 1.1.1] that the
existence of a projection P of"'?l on M is equivalent to the existence in
of a complementary manifold g/ to ’YfL (namely, YU is the set of all f's
for which Pf = 0 ).

Let m. and m,_denote two closed linear manifolds in'a‘ and '7?3;_ respec-

tively. Let Zp. f.® g, be a fixed expression in ml@m,_c Roen, .

L=
Obviously 7}:. o 'p(":— possesses more expressions equivalent to 2:_:, £® g,
than ’Yﬂ,om,_ does. By Definition 2.5 therefore, the value for zz.fcﬂ 8¢

of the greatest crossnorm on ‘m,o'r/‘c, is not smaller than the value for that

expression of the greatest crossnormon B0 7> .
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LEMMA 3.6. Let YR denote a Banach space and ML a closed linear
manifold in "@ such that m is the conjugate space of some Banach space
(that is, m= ‘TTL:‘) . Suppose further that,

e M, C Be, N, ,
that is, the greatest crossnorm on 'ﬁq‘m. is an “extension™ of the greatest
crossnorm on "’(G_;m, . Then, there exists a projection of pon M with

bound 1.

Proof. By Theorem 3.2, ( ’mﬁ“m" )* represents the Banach space
of all operators from minto m:‘--?'fl, where the norm of an operator is given
by its bound on e . Similarly, ( 'B ngo )* represents the Banach space
of all operators from 1% into ’7f(,:='YfL . By Theorems 3.1 and 3.2, the
identity operator Po from M into ML generates an additive bounded func-
tional 4. on ‘YILqL‘TfC, such that,

(1) é.(fﬂg) = (R ) for €M, g, and

@ NEU = Wall -

By assumption the space mQ‘ ’YT(., is a subspace of 'E Q‘m‘, . Thus,
by Hahn-Banach's extension theorem [1, p. 55, Theorem 2] , _4; can be ex-~
tended to an additive and bounded functional 4 on '@Q‘m‘, without changing
its bound, that is, for which

® Grag) = G(ros) for &M, geM,, sna

(4 MSH -0 .

Again this 4 generates an operator P fromﬁ into 'Y{L:= m , for which

(5) 4(f®g) = (Pf)g for fe'ﬁ, ge'yn..,and

© W = Y .
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Clearly, (1), (3) and (5) prove that P is an extension of F, ; the domain
of P is B . Furthermore,

et = wW=m = 1.
by virtue of (2), (4) and (6). Thus the bound of P equals 1 . Furthermore,
since P is identical on '"L , the relation P> = P holds, that is, P is

a projection of '@ on ML . This concludes the proof,

LEMMA 3.7, Let 'ﬂl denote a closed linear manifold in a Banach space’
Then, the existence of a projection of '7% on Y with bound 1 implies that
M 8,0 T Be, L

for any Banach space (0 &

Proof. It is sufficient to prove that ‘Y’C@‘a. C '@-o‘a.. . Let P be
a projection of '@ on mwith bound 1. We denote by YU the closed linear
manifold of all elements f in '% for which Pf = 0 . m and 'fC. are

complementary. Let = < f°® g‘_' be a fixed expression in ‘WZ(Da. , and

\.-.

z::'aﬂ g; any expression in '?:G)a, equivalent to it. Then, Z;:‘Pfjﬁ gd.

which is an expression in MLOOL is also equivalent to z‘_,.f -] g‘c . To

prove this, put IJ = fd’ + f: where f‘l = PfJ. e, f‘f'e'fl for
i= 1,2, , m . Thus,
a8 SE T PL@ g, 4 = @ 8

and therefore,

=~ e EL (P @ xFns "Os .

l"q (_ 9 =1 9= 4

The left side clearly, represents an expression in Mo a , while the right

side is an expression in ’n@m . Thus, both sides must be equivalent to 0 &
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Therefore,zt,,f ® g ~ FTT - PLo 8, -

Since P denotes a projection of '13 on Tft with bound 1, we have,
Cond
2 EANPH 3 ed EXN PV I
Thus, the inf in Definition 2.5 obtained by taking all expressions from
'@G)(x, equivalent to Z;lfﬂ g , is not smaller than the one obtained by
taking all expressions from ML OO equivalent to Z';.f:@ g: . On the other

hand the converse always holds. This was pointed out in an argument pre-

ceding Lemma 3.6. This concludes the proof.

COROLLARY 3.2. Let M denote a closed linear manifold in a Banach
space "% . Suppose further that M is the conjugate space of another Banach
space 'YrC.. Then, the inclusion m@6m° B q‘?ﬂ, implies mexac: 73@,0(,

for any Banach space a— .
Proof. The proof is a consequence of Lemmas 3.6 and 3.7.

COROLLARY 3.3. Let MWC denote a closed linear manifold in a Hilbert

space Ay . Then, ‘YTCs‘,a’. C R’:Q‘a for any Banach space ac.

Proof. For a closed linear manifold Y in R/ there always exists a
projection of A~ on YL with bound 1. An application of Corollary 3.2 concludes

the proof.

COROLLARY 3.4. Let m, and mldenote two closed linear manifolds
in the Banach spaces Y}, and 'ﬁ."respectively. Suppose further th- ¢ there exists

a projection of T}' on m‘ with bound | and a projection of T}, on mzwith
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bound 1. Then,

mlavm:. c ';&,8,73,_ :

Proof, Applying twice Corollary 3.2, we get ‘mp‘TTL,,C %Q'm,_

and '%Q‘mtc 'ﬁﬁt"'?‘_ . This concludes the proof.

THEOREM 3.9. A Banach space 73 is unitary if and only if,
*
Me, M C B, 1T

for any two-dimensional linear manifold WL C 3.

Proof. We recall that a Banach space B is unitary if and only if, its
norm | £ satisfies the relationship

B+ e 0%+ g - £ 07 = 200+ 5]
for every pair f and f, in 7?3

The proof is thus a consequence of Kakutani'’s characterization of
unitary spaces which states that a Banach space is unitary if and only if, there
exist projection operators of bound 1 on every two-dimensional linear manifold

" c ”%, and of Lemmas 3.6 and 3.7.

COROLLARY 3.5. Whenever a Banach space TA is not unitary there
exists a two-dimensional linear manifold mcpfor which 13&,‘116" is not

an extension of m’.m" .

Proof. The proof is a consequence of Theorem 3.9.
It is not without interest to conclude this discussion with a stronger

statement than Corollary 3.4.
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THEOREM 3.10. Let ‘YI‘C, and m,_denote two closed linear manifolds in
two Banach spaces 73' and 'T},respectively. Then, there exists a projection P'
of B, on M, with bound 1, and a projection P, of 13 on M, with bound 1, if
and only if,

(1) MeM, c a2, and

(2) there exists a projection P of A@ 13 on ‘Ylle'YTL with bound 1.

Proof. Suppose that P, and E exist. Corollary 3.4 tells us that (1)
holds. To prove (2) we put
P(Zb‘. £® g, ) ==, Rf{®E g, .

It is not difficult to see that P is uniquely defined on ‘%073,_ , since

A -~ ’ ~ / /
Z,,,,fyao 8.~ Z"‘foa 8y implies Z [ P {,® P 2 8 = 'Z:J.‘P fd.G P,_gd.

(Lemma 1.6). Clearly, P is additive on '%OT},‘ , identical on mlé)m-,_;

its range is 'ﬂt'Om,_ . Now for any expressionz::, fJG g’ _.Zt:,f‘_ﬂ g, we

have,

’

X(zc-.pfs gf.) = %( 3‘:'P|£J

2R N E R ISy AT

/
® P‘g‘.) <

Thus, Definition 2.5 gives

Y(P(EY.,85) € ¥ (Z&, 684

Thus, the bound of P on 'ﬁ B’ . P can be extended in a unique
manner to an operator E on ‘Q‘B,’. Clearly, B is a projection of

B&, on M@ NL, with bound 1.
Conversely, we assume that (1) and (2) hold. Choose a g, emxsuch
that | ng: 1 . By[l, p. 55] there exists an additive and bounded functional

G on m,_such that G(go) = || g,ﬂ =1, I"Glu = 1 . Clearly, G(g)g° is
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a projection of bound 1 of mlon the linear set of multiples of g, . Hence,
'"L|Q‘ g, & m%m’by Lemma 3.7. Now, for Z:' f‘_@ g in ‘"(‘Om,_ define
QAZTX, 18 8) = I, Glg)L® g,
We readily verify that Q is additive, invariant under equivalence, assumes
identical values on '"lp, go and its range is '"Z’Q‘ 8o - Furthermore, its
bound on 'nZ‘Q‘m"is 1. Thus, it may be extended in a unique manner to a pro-
jection Q from "fl,sx'm,_ on m:@u 8o Without changing its bound. Thus, QP
is a projection with bound 1 of '7%@67}, on m'Q‘ 8, - Its “contraction™ clearly
furnishes a projection with bound 1 of 1%, 98 g, ©on 7".,@' g8 - The last two
spaces may be identified with 7?‘, and 'ﬂl, , since their elements are of the form
f®g, with f&€B or f €W, and (@) =Hellllgll = f N . Thus,
there exists a projection with bound 1 of '?l on m‘ . A similar statement applies
to T}“ and m‘: This concludes the proof.
By Theorem 3.9, in general, 7 is not of “local character™. Therefore,
a statement for Y analogous to Lemma 2.12 proven for A L isin general not

true.
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CHAPTER IV

IDEALS OF OPERATORS,

~

1. Ideals of operators.,

For a crossnorm O¢ , the Banach space of all operators A from 73,
into ‘@r (from Byinto"@;*) of finite ol-norm (where Il A "d' represents the
norm of A ) may be characterized as ( 73;6")}; )* . In the present section
we shall characterize all crossnorms ol for which ( ')}| Q{ﬁ) )* possesses
an “ideal”™ property. We shall see later that the characterization presented
here in the language of Banach spaces is equivalent to “unitary invariance”
of a crossnorm when applied to Hilbert spaces.

We recall that an operator X on a Banach space "@ determines an
“adjoint” operator X* on '@*with I"X”m = ”] Xm . Similarly, b iad

%X

is determined on B**, X is always an extension of X . When '@

is reflexive, X** = X , and every operator £ on ‘@“ is the adjoint of

some operator on 72: , namely g = ( )?*)* .
To simplify our discussion we shall assume that the Banach spaces
'%, "}’ , under consideration are reflexive. This is equivalent to the state-

ment that '%* and "?:are reflexive EOJ . It is readily seen that some of the

lemmas listed below also hold for perfectly general Banach spaces.
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DEFINITION 4.1. A Banach space% whose elements are operators A
from 73 into 'Yg_'and where the norm Il Al of an operator A is not neces-
sarily equal to its bound will be termed an ideal if it satisfies the following
two conditions:

(i) aAe B implies  vAX € WY
for any pair of operators X and Y on 'ﬁland '@respectively.

@) MNyaxl < el nail mxi .

LEMMA 4.1. Let o, denote a given crossnorm on 73‘073’_ and

=T

L_|f‘.‘ﬂ g, a fixed expression. Then, there exists an operator A from

'r?‘into '@: of finite otL-norm for which
vy fal =1 ,

(2) ?-I (Af.-')g‘-' = o Z:;.f(_s 8;)

Proof. Let>Z"

(% 1]

f...O 8¢ be a fixed expression. By [l, p. 55, Theorem 3J

there exists an additive bounded functional 4 on B @R with "lgu’ =1

and J(Z':‘lfl-_c g) = e(.(z:-"g, f.® g;) . By Theorem 3.1, this é gener-
ates an operator A of finife & -norm for which |l A"d. = ﬂlglll = 1

and 2 o= (Af;)g, = 4(2'5_' £.® 84?) for every expression> cmfc® 8L -

Clearly, A has the desired properties (1) and (2). This concludes the proof.

LEMMA 4.2. Let o4 denote a uniform crossnorm on 1%0'7?5_ Then,

L
its associate ol is also uniform on '% 0] 'Y}t .

3%
Proof. Let S and 2 denote two operators on 7}’:and ‘)}’tespec-

tively. Their adjoints S and T are operators on ﬂ, and ')3‘ For a fixed
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expression d*l O G ., in ')%*O 73* we have,
(=285 0\?0-)(2.‘:, 8g) =

(z""pa ‘.)(z'” St @ Tg,) <

3= d Cey

o/ (Z J-. .o G.) u_(z:;ﬁ:,st.e Tg,)
By assumption oL is uniform. Recalling that Hls m =1 Sm and MI"I" W = wmTi

the extreme right of the last inequality is

SoU(ZER F® G) MSMUTN (=% 18 8,)

The last holds for every expression=% {.® 8 - This by Definition 2.2

= ¢
implies

)

u'(z;.:,sp;.ﬂ G)< < WS WT N o (ZLE9G)

This concludes the proof.
THEOREM 4:1. For a crossnorm ol on 7}' ©7U>, , the Banach space of

all operators from "%' into'Y;"sr (from 'ﬁ.‘_into 'ﬁf) of finite o -norm forms an

ideal if and only if, Ol is uniform.

Proof. We assume first that ol is a uniform crossnorm. Let A denote

an operator from'&l into 'r}tof finite o{~norm, while X and Y stand for
¥ .

any two operators on '% and Yﬁ,’ respectively, Then,

| s (vaxg)g, | = | =& (axp)(Y)| < Al (= x1.0 YH,) .
Since oV is uniform, the extreme right (remembering ",Y"I = m Y"m ) is

< hal Mxl) il (S50, -
Since our inequality holds for every expressmnzy-‘f“ﬁ 8¢ Definition 3.2 gives

Wyaxil, < Wixil well Hal, -

Thus, || A [|“<+ =0 implies || YAX "a< + oo , thatis, YAX is of finite
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oL -norm and satisfies inequality (ii) of Definition 4.1.

To prove the converse assume that the Banach space of operators A
from 3, into 7}: of finite ol-norm (and where [l A ||, represents the norm
of A ) forms an ideal, that is, satisfies conditions (i) and (ii) of Definition4.1.

We remark first that for a fixed expressionzt;, f.® g, all operators A
of finite o -norm (Definition 3.2) satisfy the inequality

|=za)e, | <lall, U= 1@ 6)

Furthermore, by Lemma 4.1 the equality sign is acctually assumed by some A
with || A fl, = 1.

Now, letfg;‘ f.® g. be a fixed expression and X, Y , any two oper-
ators on 7} and ’Y}_‘respectively. By the previous remark we can find an oper-

ator A®

for which
N, = 1, ZTE(XYg, = U (ZTL,XE® Ygy)
Recalling that by (ii)
hv*aex I, < W™ Al il = by i dix
we have
(T XE® Ye) = | T (YAxg)e, | €
Ny*a x Il oU=06@8) < MYl WXl o (250 g,)

Thus, o is uniform. This concludes the proof.

THEOREM 4.2. For a crossnorm ol , ( '%Q.‘_’\}‘)* determines an
ideal of operators from 7}‘ into 7}: (from 'Y}‘zinto 'Y}’:) if and only if, O is

uniform.

Proof. The .proof is a consequence of Theorem 4.1 and the fact that

»
( 'Y}'G‘Y}’)* represents the space of all operators from 73, into 73 (from
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W,into 'Yg:') of finite of-norm (as was proven in Theorem 3.1).

THEOREM 4.3. Let o denote a crossnorm. Whenever the Banach space
of operators from 'ﬁinto 'Y}:'of finite ol-norm forms an ideal, then also the

Banach space of operators from Té’into "@fof finite ol ~-norm forms an ideal.

Proof. By Theorem 3.1 and Remark 3.3, ( 7 Q,“)@y)* may be inter-
preted as the space of all operators from ", into 7&: of finite oL -norm as
*
well as the space of all operators from %,into 'e:. of finite ol-norm. Thus,

an application of Theorem 4.2 concludes the proof.

THEOREM 4.4. Let ol be a uniform crossnorm A on '20'73; . Then,
@ B¥that is, the Banach space of all tors from B into 1> (from 1,
' d' > at 1s, e anac space ol a operators irom ] into > rom >
into 7}?) of finite oL-norm,approximable in that norm by operators of finite

rank forms an ideal. Clearly, it includes all operators of finite rank.

Proof. Let A (an operator from T3 into'Ygz) be an element of ﬁ‘%'B:
and S , ? , denote any two operators on B. and ?:respectively. It is
: s o o
sufficient to verify that TAS belongs to '% Gdﬂg:since condition (ii) of
Definition 4.1 is satisfied even for all operators generated by ( 'Blﬂ‘;‘%;)*
A
(Theorem 4.1 and 4.2). This is easy: Weput S = s™ . The operator A
YW
is represented by a sequence of expressionsise‘: F;f's G;’) in 1%‘073:
fundamental with respect to o Since o is uniform, o is such (Lemma 4.,2).
A A
This implies that also the sequencez}w:, SF;-""G TG;!" is fundamental relative

to the norm o/’ . It can be readily verified that the last sequence deter=-

mines TAS . This concludes the proof.
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CHAPTER V

CROSSED UNITARY SPACES

1. Preliminary remarks.

In this chapter we investigate cross-spaces generated by unitary and in
particular by Hilbert spaces. To be able to make use of some known theorems
for operators on unitary spaces, the following comments are vital:

Let R be a complete unitary space, hence a Banach space, and as before

F{',*stand for the space of additive bounded functionals on R, where the bound
represents the norm., Let f & A be fixed. Define £ by means of the
relation:

f*(ce) = (@, f) for @E R .
.Then, f* is an additive bounded functional on R, , with a bound equal to ,“ £l .
Conversely, every additive bounded functional on v can be represented in the
above fashion uniquely. The one-to-one correspondence i*::_’ f between

F{:‘and F(/obviously satisfies the following relations:

* ¥ > ¢ impli P T S

f‘ = f' and a = iy mplies ' P .-
However,

f*z f implies af*z:! af for any complex number a .

» : .
For this reason the correspondence f &2 f is referred to as a conjugate

isomorphism. K,* is a Banach space. Moreover I*:_’ f implies
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" f*" = " f " . Defining however,
(*, ¢ = (g.f)

we introduce an inner product in ﬁ;*, and Il f*"

is the norm that goes with
it. In the future we shall denote by —F-(.. , the space R'a*to which an inner prod-
uct has b?en added in the described above manner; its elements will accord-
ingly be denoted by -E , 8 $ ,'T" s eeres

Thus, with & also -F—(-, is a unitary space. Despite the conjugate iso~
morphism %€ & { between them we shall consider them conceptually
distinct.

Now let "6, and"'?s,&denote two Banach spaces and ')3?', '7;34:, their conju-
gate spaces. As customary we form f® g for f e’fa‘,, g e?}z, and
F@8G for F &3 ce&®. By Definition 1.3, the number F(£)G(g)
represents their inner product (F &8 G)(f® g) . It has been also sug-
gestive -- although not essential -- to interpret f ® g as the operator G(g)f
from 'f}: into 7}‘. We follow this pattern in the case of unitary spaces. With
C() (3 F:;, ~ € F\‘/ , the (e G"f" may be interpreted as the operator
(¢ Ot'f’ )? = (¢, f )P from , into R/ . Due to the conjugate isomor-
phism betweenR and PV »the @ & f‘t‘ may be also interpreted as a conjugate
additive operator on R/ . Since it is desirable to deal with additive and not
conjugate additive operators on R, we are led to consider R, © R instead
of ROR . Accordingly we shall form the inner product for elements i® g
of R [c] F’v by elements ‘e @"-F of R GE, conforming to our previous

conventions:

(T@e)9oF) = (@.f)g.¢) -
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Both f® g and G;P may be interpreted as operators on &/ . The first

is clearly an operator on & , defined by

('i_Og)$ = (g,t?)? for ‘?ea
hence also an operator on (=¥ , where
(f@g)p = (P.g)f for Qe .
The second is an operator from a = ¥ into R, defined by the relation
(peP) = (f.4) for fe .
Thus, both &Oa and RO R are isomorphic to the linear space of oper-

ators of finite rank,

2. The canonical resolution for operators.

Throughout the present Chapter we shall assume that ~ represents a
Hilbert space (unless otherwise specified). All operators considered here are
(unless otherwise explicitly stated) assumed to be defined on the whole space A
and their range contained in A/ . To these we shall apply quite often the de-
composition given by 'J. von Neumann in [22] , and expressed below in
Lemma 5.1.

For our further discussion we recall that for every operator A the
operator A'A  is Hermitean and definite. Following [22] or [21, p. 249]
there exists a unique Hermitean and definite operator B , such that

B* = A*A . we write symbolically B = abs(A) or B = (A"‘A)t

If A is of finite rank, then both A*A and abs(A) are also of finite rank.

LEMMA 5.1. Let A denote an operator on v/ . There exists a partial

isometric operator W whose initial set is the closed linear manifold deter~
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mined by the range of abs(A) such that, the following formulae hold:

() A = W abs(A) .

(id) abs(A) = wia

(iii) abs(aA®) = W abs(a) wW¥,

(iv) abs(A) = abs(A) W'wW

The decomposition presented in these formulae is unique in the following
sense: A = W, B, where Bl7’0 and W, is partially isometric
with the initial set the closure of the range of B, , implies B, = abs(A)
and W, = W . Inthe case A is of finite rank we may assume that W

is unitary.

Proof., First we prove the existence of the above decomposition.

A*A is Hermitean definite on /. For B = abs(A) we have, B* = B
and BB = B" = A"A . Hence always
hasff = |l Bf |.
- - i : . .
Putting C = abs(A*) = (AA") we obtain a similar relationship between

C and A* , namely,

T a*s |l Nee .

Thus, it is possible to construct the partial isometric operator W , whose
initial and final set are the closed linear manifolds determined by the ranges
of B and A respectively, and such that

A = WB = cw , A = pw* = w%
B

c = w'cw

wew¥*

This proves the existence of the stated decomposition,
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To prove the uniqueness, suppose A = WB = W'B, » Where B» 0 ,
B, 720 and W aswell as ¥, are partial isometric with the initial set
being the closed linear manifolds determined by the ranges of B and B,

respectively. The final set of both W and Wl is the closed linear manifold

determined by the range of A . Then, A* = Bw* = BwW*,
AA = BW*WB = B W*W B, thatis, AA = B = B}, hence
B = B, and therefore W = W,
Suppose finally that A is of finite rank. Since || Af]] = || Bf l] the

ranges of A and B are of the same dimension. Due to this finite equi-
dimensionality the isometric transformation w! of all Bf onall Af is
one-to-one, and possesses a unitary extension (not unique however!). This
concludes the proof.

= W abs(A) proven above for operators

The unique decomposition A =

will be referred to in the future as the “canonical resolution®.

3. A characterization of the completely continuous operators.

LEMMA 5.2. Let P, af, denote two elements in R . We consider
W®Y as an operator on Fv, whose defining equation is
(poy) = (f.p)gp for f € R .
Then,
() (Yeg ¥ = op .
(&) 2peP = (gey) }( a denotes any complex number) .
(ii") Yoy - A po)
(i) (@+ cpl)av e (P:Q’? + cp,_Oe?' .
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(iii*) po () = Yoy, + Yo, .

(iv) (@) Qo) = (. PO,

) Al ‘PG;TL_) ) A?ORF -l( A denotes any operator).
(v") (‘?@r?-)A = tfamj

Proof. These_relatiopships are a simple consequence of the definition
of ‘P@"‘f' and may be verified immediately by an elementary calculation.

Similarly, the meaning of the symbol >™a, rY is clear.

(3 1) v

LEMMA 5.3. Given two nos (tﬂ') and (r\h) and a sequence of non-
negative numbers ( a'-') for which lima, = 0 . Then, the infinite
series

Z.als o),
is convergent for every g in ﬁ/; we denote its sum by Ag . Thus, the
sum determines an operator A , which we shall denote symbolically by
A = Z‘ a'._(R_O ch .
Its bound

mAm = s.}'xp a. .

Proof. For n>m we have,
2 S
=rat (e, f\y‘_)l iR a ) gll
Thus, Ag is defined for every g [18, Theorem 1.6J .

We evaluate Il Ajjf . For |g | = 1, we have,
k

lagl™ = =, a:’(g:"h)lb < spp

On the other hand putting (\r'-' for g we get
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Il Avf.;ll = Nagll = a for i = 1,2, .....
The last two relationships prove that
A = = ..
i alll i, I agl sup a,

This concludes the proof.

LEMMA 5.4, An operator A is completely continuous if and only if,

abs(A) is completely continuous.

Proof. The proof is a consequence of Lemma 5.1 (i) and (ii).
In our future discussion we shall avail ourselves of the following charac-

terization of the precise class of completely continuous operators:

LEMMA 5.5. The completely continuous op-rators A on ), are
exactly those which have the “canonical representation” E_La;_(e_'ﬁ (-?';
where ( @) and (o) are orthonormal sets and all the a,'s are
positive. Furthermore, lim a, = 0 in case the sum Z'-_a‘._(ezﬁc-?é

’

has an infinite number of terms. The above representation is unique. The a’s

form the positive point proper values (with multiplicities) of abs(A) .

Proof. LLet A be completely continuous. By Lemma 5.4, abs(A) is
also completely continuous. Since it is also Hermitean and definite, (by
Hilbert) it possesses a pure point spectrum, that is, there exists a complete
orthonormal set f\f/‘: of proper vectors of abs(A) . Let a'l , a; pereeanes .
denote the corresponding point proper values (with multiplicities), that is,

abs(A)tYﬁ' = aﬁ‘ﬂ' .

The definiteness implies a"‘ z 0 . The complete continuity implies
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r _ 2 otolen =T
lim ag = 0 . Clearly, abs(A) = zk a&'fkﬂ*‘. . We consider the
positive aa‘s. Relabeling the subscripts we get abs(A) = ZE_ aérﬂsr?:..

where all the ays are positive, and the ((1() form a nos.
By Lemma 5.1, A = Wabs(A) , where W is isometric on the

closed linear manifold determined by (q{ ) . Hence, (W(ﬁ) forms a nos.

Thus,
A = W( YR Y) = Eia Wy oy, = =.29%Y:. -
Conversely. Suppose that for a sequence a , ag, ... of positive
numbers we have lim a.= 0 . By Lemma 5.3, for twonos (¢.) and

("1",) , the sum X, a‘-}ﬁ‘ﬂ(il_‘ represents an operator A with a bound
equal to sup a, . Since,

a - =pe.0FM = 1=, 20070 - supa;
the operator A can be approximated in bound by a sequence of operators of
finite rank. Thus, A must be completely continuous by [l, pP. 96] .

. 2 -— -—

Since, AA = =. a‘._(ﬂ,'ﬂpﬁ; , we have abs(A) = ani.’% oy,
that is, the a;'s represent the positive point proper values of abs(A)
This concludes the proof.

Quite often completely continuous operators (and therefore also those of

finite rank) will be represented in the “canonical form” given by Lemma 5.5.

4. The Schmidt-class of operators.

LEMMA 56 Givep an operator A on f&, , and two cnos ((ﬂ) and

A the infinite sums
(ny‘) ,

Slagl™ . O, hatlt Z%l(mﬁmﬁ)l
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of non-negative terms, are either absolutely convergent or properly divergent,
at any rate, they all have well-defined values. For these sums the following

statement holds: They are equal to each other and independent of ( kﬂ), (ft‘) .

Proof. Clearly, (A*,n '(ﬁ) - (A(Pd"tg) . By Parseval's equality
L 1+
"A?J" = zd l(A(ﬂ ."’;)' . Hence,
ll

Zolagl™= Z a4l = Zo; @ @ = S 140"

This concludes the proof.

2
DEFINITION 5.1. We denote by ( @(A) ) the common value of the
three sums in Lemma 5.6. The operators A for which ¢ (A) <+ ©2 form

the E. Schmidt-class (sc)

LEMMA 5.7,

(i) A &€ (sc) A e (sc)
(i) g(a) = QN
(ii) A & (sc) —>» aA & (sc) ( a is any complex number).

(iii) A , B & (sc) —» (A + B) & (sc)
(iv) A & (sc) —» AX and XA & (sc) ( X denotes
any operator).

(iv)  d(ax) and d(xa)< [l x| 6a) .

(v) wey e (sc) for @, in A .

Proof. (i), (i*), (ii) are obvious.
(iii): ((A + B) ﬂ"ﬁ‘) = (A (ﬂ;,(f‘-) + (B e 'ﬁ) hence
la + By, gl < 20 la@. " + |Bg. ")
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Thus, the third sum of LLemma 5.6 yields the desired result.

(iv), (iv'): It suffices to consider XA , since AX = (X™aM™
(remembering (i), (i'), and Mxlt = W ] )

Now, ” XA (e;"‘%m.}(mz 0 AP‘;"; . Therefore the first sum of Lemma 5.6
furnishes the desired result.

(v): For acnos (¢, ) we have,

Zilcpod il = Zilltplel’s o[- ™,

By Bessel's inequality the extreme right is < “,1,[\1' | ;P"" .

It is a consequence of (v) and (iii) above that all operators of finite rank

are in the Schmidt-class.

LEMMA 5.8. Given two operators A , B in (sc) and a cnos (CP.;),

the sum ZZ_ (A&ﬁ_, B(R) is absolutely convergent and independent of (¢p,) .

Proof. Absolute convergence: | (A@, B(ﬁ)ls + (Il Acﬂ.u1 + an,-ﬂ").
The result follows by considering the first sum of Lemma 5.6 and Definition 5.1.
Independence of ( (ﬁ)
Riag.B@) = F(la+mel ~ fn-mel ) .
Therefore, sz(Atﬁ. B(ﬁ) =$‘( B(A +B) )1-— (G(A -B) );, .
(we use Lemma 5.7 (ii), (iii), and Definition 5.1). Thus, (RZL(A‘R , Bce; )
is independent of ( lﬁ) . Replacing A by iA ( i stands for the

imaginary unit) we see that ‘a =, (A\ﬂ: , B‘P.: ) is independent of ()

DEFINITION 5.2. For A , B in (sc) the value of the sum of

Lemma 5.8 is denoted by (A , B)
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LEMMA 5.9,
() (B,A) = (A,B) .
(i) (aA, B) = a(A, B)

1 ( a is any complex number).

(1" (o,aB) = AA,B)

(iii) (A,+ A, B) = (A.B) + (A,B) .
(iii*) (A,B,+ B) = (A,B) + (A,B)
(iv) (A,A) 2 0

(iv*) (A,A) = 0 onlyfor A = 0
() (&%, 89 = (a,B)

(vi) (XA ,B) = (A, X*B) 1
(vi*) (AX ,B) = (A,Bx9 [

( X denotes any operator).

Proof. (i)--(iii') are obviously a consequence of Definition 5.2.
+
(iv): Obvious, since (A@., Afe:) = "AQPJI .
(iv’): Using the first sum of Lemma 5.6, G(A) = 0 means Ag, = (

for all cnos ( @) , thatis, A(P = 0 for all ”(P”= 1. This

means A = 0
(v): By (iv) this becomes @(A¥) = &(A) for A = B . The last
equation holds by Lemma 5.7 (i"). Replacing in this particular case A = B,

A by A+ B orby A - B and subtracting, we obtain %(A*.B*} =
TU(A , B) . Next, replacing A by iA we obtain g, Y =
~ &(A,B) . Hence, (&% = (a,B)

(vi): Obvious, since (XA@, , B@.) = (AQ, XB@,)
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(vi’): Replacingin(vi) A , B , X by A€ , B% s x* , and

applying (v) to both sides of the equality, we obtain the desired result.

REMARK 5.1. Lemma 5.7 (ii) and (iii) state that the operators in (sc)
form a linear space. Lemma 5.9 (i)--(iv’) makes it clear that (A , B) is an
inner product in (fc) and

(A, 4% = &(a)
the norm that goes with it. Therefore, we also have Schwarz's inequality:

[(a,B)] € &(a) &(B)

REMARK 5.2. In the particular case when both A and B are

operators of finite rank hence in the Schmidt-class, say A = Z:’_,ge@;l;
- <
and B Z’;“,," , then the inner product (A , B) defined above,

coincides with (ZJ't fJO gj)( ch' gﬂ@m) -- the one stated -- in

Definition 1.3. To see this let (&), ) denote a cnos in A, . Then,

(A,B) = Zk (Z::'(Q)lff.)‘ﬂ.‘ 2""(6\) ) ) =

o=
A

ZJ-- ] ‘ﬂ‘. J) Z“(w‘t 'f)((‘) )

By Parseval's identity [18, p. 10] :
Qs @ g) = (g ep)

Thus,

(A, B) E‘.l el £ g )
This concludes the proof.

In conclusion of this section let us add that some properties of the
Schmidt-class of operators have been investigated in [20] , and later in [159

and [16] .
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5. The trace-class of operators.

LEMMA 5.10. Given an operator A suchthat A = *B  where
B and C arein (sc) , and acnos (‘ﬂ;) , the sumZL(At&.tﬁ;) is

absolutely convergent, independent of (9") , and equal to (B, C) .
Proof. This is a simple consequence of Lemma 5.8 and Definition 5.2.

REMARK 5.3. Lemma 5.10 also shows that (B, C) (for B,C ,

in (sc) ) depends on B only, and noton B , C , separately.

REMARK 5.4, Lemma 5.10 deals with operators of the form A = C'B
where B , C ,arein (sc) . Considering Lemma 5.7 (i), and replacing
B , C ,by C , B* , it is evident that the operators A considered in
Lemma 5.10 may be characterized in the form A = BC with B , C ,

in (sc)

DEFINITION 5.3. The operators A of Lemma 5.10 (or of Remark 5.4)
form the trace-class (tc) . For such an A we denote the value of the sum

of Lemma 5.10 by t(A) , and term the “trace™ of A

Consider an operator A . Then A¥A is a Hermitean definite operator.
AR . . -
By [ZZ, p. 302] , abs(A) = (A"A) is a uniquely defined definite operator.
1
By the same argument this is also true for (abs(A))® . Since abs(A) is defi-

nite, for a given cnos ( @) . the sum Z;_(abs(A)&P;,(ﬂ.') has 22 0 terms,
hence it is either absolutely convergent or properly divergent, at any rate it has

a well-defined value.
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The cnos ( \ﬁ_.) in Lemma 5.11 (iv) below, should be viewed as arbi-
trarily given but fixed, i.e., the criterion is valid if applied with one cnos ( 'p.:)

only, and it does not matter how this ( p,) is chosen.

LEMMA 5.11. The following statements are equivalent to each other:
() Ae (t)

(ii) abs(A) & (tc)

i) (abs(ante (so)

(V) X (bs(A)g. ) < o=

Proof. We shall show that (iii)-»(i)=>»(ii)-»(iv)->(iii).

(iii) =» (i): Let (abs(A))t e (sc) . By Lemma 5.7 (iv),

w(abs(A)¥ € (sc) . Hence, W(abs(A)E (abs(a)Y = Wabs(a) = A e (i)
(i) »(ii): Let A = BC ,where B , C arein (sc) . Then,
abs(A) = w¥A = w*BC ,and w'B € (sc) , by Lemma 5.7 (iv). This

proves abs(A) & (tc).
(ii)=» (iv): This is immediate by Definition 5.3 and Lemma 5.10.
(i iii): || (abs(a))® ]I"— bs(A h
iv) = (iii): (abs(A)) ¢: = (abs( )g&,(ﬂ;) , hence
= L"(abs(A)){q); ”" < + ©0©. Thus, the first sum of LLemma 5.6 yields
¥

(abs(A))™ & (sc) . This concludes the proof.

LEMMA 5.12. Let a denote a complex number and X any operator.
(i) A& (tc) 2 A* & (t).

(ii) A& (tc) —» aA & (tc) .

(iii) A, B€ (tc) —» A +B & (tc)

(iv) A & (tc) —» AX @ (tc) and XA & (tc)
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Proof. (i): Obvious by Lemma 5.7 (i), since A = BC is equivalent
to A* = C*B*.

(ii): Clear, by Lemma 5.7 (ii).

(iv): Immediate, by Lemma 5.7 (iv), since A = BC implies
AX = B(CX) and XA = (XB)C
(iii): By Lemma 5.1, abs(A +B) = W¥A +B) . Thus, by

Lemma 5.11 (iv), it suffices to establish the absolute convergence of
T (abs(A+B) . ) = Z (WA +B)@. @) =
Z,;((W"A‘ﬁa'ﬂ) + (WBeL@)) .
Now, A , B arein (tc) . Therefore by (iv) above, W A , B are
in (tc) . This implies that the sums =, (W¥a P e) y 20 (W*'B(e.-, (e.)
are absolutely convergent and thérefore Z‘(abs(A + B) @ R) is also

absolutely convergent. This concludes the proof.

LEMMA 5.13. In (i)--(iii) both A , B arein (tc) ; in (iv)
either A or B isin (tc) . The expressions in (i)-=-(iii) are defined by
Lemma 5.12 (i)-=-(iii); the expressions in (iv) are defined by Lemma 5.12 (iv).

(i) HA) = A" .

(ii) t(aA) = at(A) ( a denotes any complex number).

(iii) t(A+B) = tA) + t(B)

(iv) tAB) = t(BA)

Proof. (i)--(iii): Obvious, by Lemma 5.10 and Definition 5.3.
(iv): Assume by symmetry, that A € (tc) and write X for B

Following Lemma 5.10 we put A = d*B ,where B , C arein (sc)
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By Definition 5.3,
HAX) = HCc"™BX) = (BX,C)

yx c®8) = (B, cxh

tH(XA)

The two extreme right-hand expressions are equal to each other by

Lemma 5.9 (vi')

DEFINITION 5.4. For A & (tc) , we define m(A) = t(abs(A));

the last number is defined by Lemma 5.11 (ii)

LEMMA 5.14. In what follows A , B arein (tc) , and X denotes

any operator.

(i) m(A*) = m(a) .

(ii) m(aA) = [alm(a)

(iii) m(A +B) < m(A) + m(B)

(iv) m(A) Z0; = 0 holds for A = 0 only.

(v) m(AX) and m(xXA) < Ul xlll m(A)

(vi) [€a)] < m(a)

Proof. (i): m(A¥%) = t(abs(#*) = t(Wabs(A)W™ by Lemma 5.1 (iii).
The extreme right of the last equality may be written as t(abs(A)W¥W) by
Lemma 5.13 (iv). Thus, by Lemma 5.1 (iv), m(&) = m(a) .

(ii): Obvious, since (aAff(aA) = |a]*A®A . Therefore,

abs(aA) = [a] abs(A) .

(v): It suffices to consider XA , since AX = (X¥A¥)%*  (we use (i)

and Ix*| = Mxl] ). By Lemma 5.1 (i),

abs(XA) = W¥xA , A = Wabs(A)
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where JJW]l =1 and [JWXll =1 . Hence, abs(XA) = Yabs(A) with
Y = WEXW . Therefore, Y]] £ lIxll . Now, by Lemma 5.11 (ii),
(abs(A) X € (sc) . Consequently, Lemma 5.1 (iv) gives Y(abs(a))¥ e (sc) .
Therefore, .
m(XA) = t(abs(XA)) = tYabs(A)) =
« Y(abs(aA)? (abs(a)® ) =
((abs(aD® . (Y(abs(ap® f¥) .
Using Schwarz's inequality (Remark 5.1) we get
m(xa) < &((abs(a)t ) @(¥(abs(a)® )
Thus, by Lemma 5.7 (i*) and (iv")
m(xa) <€ Ml ( S((abs(an®))” s
Uil (abs(an® . (abs(a)® ) =
UxY t(abs(a)® (abs(an®) =
fixlltabsca)) = Wxll m(a) .
(vi): By Lemma 5.1 (i),
HA) = tHWabs(A)) = tW(abs(A)* (abs(a)n® ) =
((=bs(a)® ,  (W(abs(a)® ) .
Applying Schwarz's inequality to the extreme right we get,
l(a)] s B((abs(an®) S((w(abs(a)® )
Recalling that [] Wl = 1 and using Lemma 5.7 (i’) and (iv') we have,
[+(a)] <48 (abs(a)®))” =
((bs(a)® ,  (abs(apt) =
f(abs(a)® (abs(an®) =

t(abs(A)) = m(A)
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a2 V.
(iii): Formulae (i) and (ii) of LLemnma 5.1 furnish
A = Wabs(A) , B = Wabs(B) , abs(A + B) = W, (A + B)
. Therefore,

where Nwlil = 1, Wwill=1, Wl wli=1

Xabs(A) + Yabs(B) where X = W,W, Y = WoW

abs(A +B) =
lixt€r , Jjyll€1 . Now,
m(A +B) = 1i(abs(A +B)) = t(Xabs(A) + Yabs(B)) =

t(Xabs(A)) + t(Yabs(B))
Applying Schwarids inequality and (i'), (iv) of Lemma 5.7 or (vi), (v) of

this Lemma, we see that the extreme right of the last equality is not greater

than

Bxll ma) + WYl m(B) € m(A) + m(B)

(iv): Clearly,

m(A) = #abs(A)) = #((abs(A))* (abs(A)¥ ) =
( S(absay®)) .

((sbs(a)® , (abs(an®) -
S((abs(A)®) = o,

implies

, and m(A) = 0
= 0 ,thatis, (abs(A))"

Therefore, m(A) 2 0
= 0

By Lemma 5.9 (iv') it follows (abs(A))‘i'

This implies AYA = 0 , and therefore A = 0
LEMMA 5.15.
(i) Yoy € (tc)
(i) H eeY ) = (. ep)
(iii) m( p@F) = Nl iyl

Proof. We may assume that CFf 0 and “f # 0 otherwise the proof is

trivial. By Lemma 5.1 (ii) and (v),
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(abs( @OF )" = (pef(pay) -

(vaP)@eP) =l oy .
Now, put ‘ﬁ‘%u' Then [@f=1 ,and \f is a proper vector of the last
operator corresponding to the proper value NPI*Ne¢l™ . Further, every £

which is orthogonal to Qﬁ , that is, to f“’ , is a proper victor of the last operator

corresponding to the proper value 0 . We extend ¢ toacnos ( ) -

Then, ¢, (P", (f’s yeees are proper vectors of (abs( (Pgr?))l corre-
sponding to the proper values ”‘P“" ”"f'”‘,' o , 0 ,.... . Therefore,
(ﬁ , (?3, Ces yevee are also proper vectors of abs( Ce ﬂ(_f) corresponding
to the proper values “‘P" “‘Y', o , 0 ,.... . Consequently,
llq?""cﬂfor i = 1

((abs( @) @ @) = {0

for i > 1 .
We have,
= (eos( 0P N, - @) = lellpll < + oo .
Thus, by Lemma 5.6, abs( P®F )& (tc) and QPOF & (tc) . Moreover,
m( QoY) = lllicpl. This proves (i) and (iii).
To prove (i), we take any cnos (cf;) . Using Parseval's equation,
HQOF) = T (0P o p) = Tl )P oy =
(e Ply. ) = (p.ep

This proves (ii). This concludes the proof.

REMARK 5.5. It is a consequence of Lemma 5.12 (ii) and (iii), that the
operators of (tc) form a linear set., Because of Lemma 5.15 (i), (tc) con-

tains all operators of finite rank. Lemma 5.11 proves that A in (tc) is
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equivalent to abs(A) in (tc) ; therefore m(A) is defined. Lemma 5.14
(ii), (iii), (iv), prove that m(A) is a norm on (tc) , in fact a crossnorm

(Lemma 5.15).

6. Symmetric gauge functions.

In this sectiomwe present some elementary results for symmetric gauge
functions which we shall make use of in the future. These will permit us to
derive later an explicit representation for all uniform crossnorms on & OR
as well as some relationships between them. First we investigate gauge func-

tions on a finite dimensional space.

DEFINITION 5.5. A real function @( U,....,u,,) on the n-dimensional
space of n-tuples ( Uyyeeens uM') of real numbers is termed a gauge func-
tion if it satisfies the following conditions:

(i) Q (y,...cpu,) 70 wunless u = .... = u = 0 .

(ii) @ ( CU sy cu,) = |c‘ @( Uypeeens u,) for any constant ¢ .

(i) Do+ unur ) Plunu) + Hul,ul)

¢ will be termed symmetric if i n addition to (i), (ii), (iii), it satisfies
the following condition:

(iv) @( Uypeeenn 0 ) = @(s'u"....., gun)
where 5;31‘] and 1',...., n' denotes any permutationon 1 ,....,n.

To simplify our formulae we shall always assume that @ also satisfies

the following condition:

(v) @(1,0,....,0) = 1,
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A symmetric gauge function is non~decreasing in each variable w ,
that is, l“t'$ Iuil for i = l,...., n implies @ ( U peeens u) £

@ ( u",...., u,:v) . This is precisely the content of the following Lemma:

LEMMA 5.16. Let @ ( Upseeens uw) denote a symmetric gauge function

on QM’. Then, for 0 £ p, &1 we have,

(3

@( P Yy seees p“u‘“) < @ ( LTI u“)

Proof. By virtue of (iv) we may suppose that all the u’s are » 0
It is clear by induction that it is sufficient to establish the last relation when
P, F ! occurs only for one i , that is,

@( Upaeeens Ugp PUZy Ugpennns uM) < @ ( Uppeeens Upgs Upy Ugeyennns uM)
for 0 $p <1 . The last assertion follows from the following simple

direct calculation:

1+ | 1+ 1- 1+ 1=
@( Py + Py yeveny=——=Pu+22P (-u),..,— Py +—Z—Eu~‘) <

2 2 ! Z v T2 ¢ 5 Yy
1 1+ 1+ 1- - -
CP ( _%’u,,...., _ZEuU““'—TR u%) + CP(TR ul,....l_ZP. (-ul:)...l_ZBuM) =
l+p @(u u. u ) + _l.__..B@(u (~u.) u ) =
> proecees Uipeener Uy 3 precees )rere U ) =

1 1 -
._EP_ @( W peeeey Uppenns u,) + —72 @( Uppeeies Uopenns u, )

@( Uppeneny Uppenny Ug)

REMARK 5.6. In the proof of our Lemma we have not assumed at all

that @ satisfies condition (v) of Definition 5.5.
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LEMMA 5.17. Let @( Y ,..00, 8, ) denote a symmetric gauge

function on Q\‘, Then,

msxlu;l $¢( u',....,u‘w) .

Proof. Lemma 5.16 gives,
@( 0,ee., 0 ,\u‘.', 0,..,0)% @( Uy peeeer g Wy Ugyennny um) .
By (v) and (ii) of Definition 5.5 for @ the left side of the last inequality

equals [u;_[ , that is,

1}
—

|u;’| S@( U eeees Uppaenny uu) for i yesses M o

This concludes the proof.

LEMMA 5.18. For a symmetric gauge function @( Y oeees uw ) on Q‘w

we have,

@( L APRPRP “1.) < Z;,'“C’

Proof. The proof is a simple consequence of conditions (iii), (iv)

and (v) for @ .
LEMMA 5.19. A gauge function @( Y ,...., 0, ) is continuous.

Proof. Conditions (ii) and (iii) for @ furnish

[d(uhul) = Pupnu)) €

1B Cue st |
The last is & Z"‘

telu; = ui] by Lemma 5.18. This concludes the proof.

We are about to define an associate of a given symmetric gauge function

?( U seeees uw) on Qw . For afixed n-tuple (v,,...., v”) C s
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u,v o+ ... tuv
(a) U] ” W

Ply,.iuy)

represents a continuous function on the compact (that is, closed and bounded)

set of n-tuples (1y,....,u,) forwhich |uj +....+ Ju,l= 1 . Hence it
assumes a maximum which we shall denote by TF( Vysiees V) . The last
of course may be also defined as the maximum of the numbers (a) over the

set of all n-tuples (wu,..,u.) % (0,..0)

The proof of the following two Lemmas is immediate:

is a gauge function whenever

LEMMA 5.20. Yy,

Vv

U ..., is such. If is symmetric, the same holds for
| " y
LEMMA 5.21. u vt b v, s@( Upseeens uw) Y( Y reeens v..)

The n-dimensional space of n-tuples ( U u'\m) on which there

is defined a gauge function @( LTI um) will be denoted by g‘.( é)

LEMMA 5.,22. Every additive functional F on Qm( @ ) determines

an n-tuple of numbers ( Vyseeens V:w) such that,
(1) F(u,,...., uw) = u v+ ...ty for (u',...., u“) in QM(Q).
Furthermore, its bound
uv t...tuv
(2) mF = max _.._l_____‘“' R
Q( U peeer Uy)
where the last max is extended over all n-tuples ( LTI uw)i( 0,0000, 0)
Conversely., Given an n-tuple of numbers ( v, <+ V,,) , then relation-

ship (1) above, determines an additive functional F . Its bound is given by (2).
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Proof. Let F be an additive functional on @ (@ ) . Put
~™
F(1,0,....,0) = v,...., F(0,0,....,1) = v, . Then, (1) above is a consequence
of additivity for F . Clearly, (2) follows from (1) and the definition of a

bound for an additive functional. That the converse holds, is immediate. This

concludes the proof.

~

LEMMA 5.23. The conjugate space of @M(¢ ) may be characterized

as QJ'\P) .

Proof. This is a consequence of Lemma 5.22 and the definition of V for

a given Q .

DEFINITION 5.6. W( Vyseeees Vo) is termed the associate gauge func-

tion of ¢( U seenes uw)

LEMMA 5.24. Any gauge function ¢( u,...., u,) on sz is at the

same time the associate of its associate gauge function '\Y( Vyreeess Vo)

Proof. By Lemma 5.23, the conjugate space of B..,( @) may be charac-
terized as {‘Z‘('\P) . But every finite dimensional Banach space is reflexive.
Therefore, the conjugate of QM’('\P’) may be characterized as BJ @)

This concludes the proof.

Consider the set whose elements are infinite sequences of real numbers

(u, Ugpenne ) having only a finite number of non-zero terms. Defining addi-

tion of elements and multiplication of an element by a scalar in the obvious

fashion we obtain a linear set Q .
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DEFINITION 5.5’., Under a symmetric gauge function @ on Q we
shall understand any function Q( Uy Ugyeees ) defined on Q subject to
conditions (i) =- (v) of Definition 5.5 in which the n-~tuples are replaced by

elements of e , that is, infinite sequences having only a finite number of

non-zero terms.

Clearly, the set of all elements ( Upserens Uy 0,0,.... ) of @ with
u, = 0 for i3> n , may be identified with Qw . A given gauge function
@ (u, Upyeon ) on Q defines a gauge function @n( U u) =
@(u,, ..... ,u'w,0,0,.... ) on @w for n = 1,2,.... . Each
@“( Uy u,) determines on Q,w an associate YW( \ATTET v..)
LEMMA 5.25. For a given n-tuple (v,,...., v,) we have,

W”( Viseeens vm_) = \P-wn( N osees Y, 0) = \P.Ma. Yoseeees Yo 0,0) =.L0

Their common value we shall denote by W( Vyreeens Voo 0,0,.... )
Proof. By definition, we have,
+ ... +
{‘w( ME »V,w) = p max bl Uy Vanr =
Yoo M P (s )
u, vy + ... t U Van

(u w.) @ 0 ) S

" T

v, + ... tu, v, tu,,0

N

e Vireeer Vaes 0)

To prove the converse inequality, we remark by Lemma 5.16, that for any n + 1

values Upseeens U Uy

@M( U u“) = @ﬂ'l( U, 0 )& (@wﬁ( Upyeeeey Uy u“ﬂ)

) we have,

Thus,
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U,V o+ U Ve, T Y0 u v oo Fu v,
—— S e i SRR . .
Q‘wﬂ( Uppeeens Uy Uogr) @w( Uy peeens U,,)

Definition 5.6 implies ‘P.m( Viseeses Voo 0) £ ‘17“ yeeees M) . Thus,

Wm‘ Viseerr Vn 0) = ’Pw‘ Viseeenr Y,)

The rest of the proof is clear. This concludes the proof.

LEMMA 5.26. For a given symmetric gauge function @ ( LR PP )

on Q , the \y ( Y Vaseeos ) is also a symmetric gauge function on e .

Proof. Clearly, \P satisfies properties (i), (ii), (iv) and (v). Thus it is
sufficient to verify (iii). Given two sequences representing elements of Q ,
there exists a number N such that for both sequences the terms with the sub~
scripts L>» N are equal to zero. This means, the sequences may be written
in the form

Vseenes Vy, »0,0,.... and vieen v/ ,0,0,.... .
We have,
\p(vl-t-v.',....,v"«l»v',0,0,.... ) = ‘g‘(v+v,. Yy +v)
‘\I}"‘( Yy aeees Yy ) + \pN( v",...., v'I‘ )
\I’( Viseeors Vg 5 0,0 .00 ) o+ \y( v",...., v': ,0,0,.... )

This concludes the proof.

DEFINITION 5.6, We term \F( Vio Vyaeros ) the associate gauge

function of @(ul.uz_,.... ) onQ

LEMMA 5.27. Any symmetric gauge function ¢ ( Yo Upseeee ) on B

is at the same time the associate of its associate \Y (Vs Vgseeer )
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Proof. Denote by ?f the associate of 'Yf . For ( U, Uyseeon ) in
Q there exists an N such that ug= 0 for L 7N . By definition,
~ o~
\P(ul,...., uN,O,O,.... ) = \K‘( u|,.....u~) .
The last represents the value of the associate of ‘FN for ( U peeenr Uy ) .
By Lemma 5.24 it must be equal to
S(upenuy) = Py uy, 0,0, ) .
This concludes the proof.
Once a norm Q is defined on Q we obtain a normed linear space
Q (@ ) which in general will not be complete. Details about the possible
methods of “completing® Q (@ ) , that is, imbedding it in a Banach space
may be found in a separate publication of the author. Here let us just outline
two methods for which the resulting two Banach spaces will -- in the light of
the next chapter -- be closely connected with, and shed additional light on,
the mutual relationship of the associate and conjugate space for F(,G"E: .
whenever o is a unitarily invariant crossnorm:

(1) the Cantor-Meray method [6, p. 106] , by considering the funda-
mental (Cauchy) sequences of eiements in Q (@ ) and introducing some
standard identifications,

(2) the “strong”™ method, by considering all those infinite sequences of
real numbers ( uj, u,.... ) =- having perhaps an infinite number of non-zero
terms -- for which

Jim, @ (Yrir 8, 0,0, ) < too
The last definition makes sense in the light of Lemma 5.16, which clearly

carries over to symmetric gauge functions @ on a .
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The Cantor-Meray “completion” represents the smallest Banach space
in which @ ( @) can be imbedded and is clearly always included in the
“strong®™ completion. It is true that in many important cases procedures (1)

and (2) furnish the same space. This happens for instance when p3> 1 and

% .

@ ( Uy, W, ) = | % [u;lp) for (u,, Uy ) in Q ,
when both (1) and (2) furnish the space 1p [-1, p. lZ] . However, in the
“limiting” case for p =00 thatis,

@(u',ur..‘. ) = rrLa.x Iucl ,

procedure (1) furnishes the Banach space (c, ) of all sequences conver-
ging towards 0 [l, P. lCl] , while procedure (2) furnishes the Banach space
(m ) of all bounded sequences [l, P. 11] .

Clearly, procedure (1) and (2) will furnish the same completed space if

and only if, for every sequence of numbers ( Uy Uyyeees ) for which
Jm_ P, 0,0, ) < +e
we have,

m}ﬂn_’“@( W e W 0,0,.... )y = 0
" Dy

It is not without interest to conclude this section on symmetric gauge
functions with the following simple theorem whose details may be found in the
author's publication D?aJ :

The conjugate space of the Cantor-Meray closure of @(@ ) may be
characterized as the strong closure of B(W) . Conversely, the strong

closure of Q(¢ ) may be interpreted as the conjugate space of the Cantor-

Meray closure of [0 ()
-
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7. The class of unitarily invariant crossnorms on F\',OR .

In the following discussion we shall derive an explicit representation
for all unitarily invariant crossnorms Ot on F{«OR , where PV is any
unitary space, that is either a finite dimensional Euclidean space or a Hilbert
space, We shall also prove that the class of unitarily invariant crossnorms
coincides with the class of uniform crossnorms. Moreover, for these
crossnorms oc.":oo.

In section 1 of this chapter it was pointed out that R O—{i may be
represented as the linear set of all operators A on R of finite rank. We
shall use this representation most of the time and denote the crossnorm o
accordingly ol(A) . For this reason we find it advisable to restate the defi-

nition of a norm and later its associate in terms of operators of finite rank:

DEFINITION 5.7. A norm ol is any function o((A) of operators A
of finite rank satisfying the following conditions:

(i) Q(A) 7 0 ; oa(A) = 0 =>» A = 0

(ii) ol(cA) = |c] o (A) for any constant c¢ .

(iii) ol(A +B) £ o(a) + ol(B)

A norm is a crossnorm if in addition to (i), (ii), (iii) it also satisfies the
following condition:

(iv) oL(A) = Al for all operators A of rank 1.

Uniformity for o/ clearly means that it satisfies:

(v) OL(SAT) K shi -”TIH ol (A) for any pair of operators S, T .

A crossnorm is termed unitarily invariant if it satisfies the following
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condition:

(v*) d,(UAV”) = o(A), for any pair of unitary operators U, V .

Let O be a given fixed unitarily invarignt crossnorm. Consider an
operator A of finite rank. Then, A*A is of finite rank, Hermitean and
definite. Hence, abs(A) which is also of finite rank, Hermitean and definite,
has a pure point spectrum; all its proper values are 20 , and only « finite
number of its proper values (with multiplicities) are % 0 . Let a,za,%..20
stand for these proper values. By Lemma 5.1, A = Uabs(A) where U is
unitary. The unitary invariance of o implies ¢{(A) = ol (abs(a)) .

Suppose that for two operators A , A of finite rank the proper values

with multiplicities of abs(A) and abs(A) are the same. Then there exists

a unitary V such that Vabs(A)V¥ = abs(A) . Hence, ol(abs(A)) =
Ol(abs(A)) and therefore o (A) = oU(A) . Thus, & (A) depends only
on the a1, 8, . We define accordingly
Pa,a,.. ) = a@)
where &, a,7 ..... 7/ 0 are the point proper values with multiplicities
of abs(A)

Thus a unitarily invariant crossnorm ol defines a function @( 8,8, )

for all sequences of real numbers a,, LIRS which possess these
properties:
(1) a;# 0 for only a finite number of 1i's

(2) 8,78, . 70 .
We extend the function @ defining it for all sequences for which we assume

only (1), as follows: Let a, a,.... satisfy (1), and 3’,,'{‘_,.... be that
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permutation of |u|l . [a,J y +ese.  for which 'E, v '51_7/ veee. 7 0 . Then,

~

a,, 3',_...... satisfies (1) and (2). By definition we put

@(al,az,..... ) = @(’5‘-3;.-... ) .
The fact that @ is generated by a unitarily invariant crossnorm implies

that it must satisfy some relationships which can be obtained as follows:

Let nﬁ s ... be afixed cnos. We define P, = !ﬂ@e?c . Let
a,a,.... be any sequence of real numbers satisfying (1) and A = Z a;P, .
Th * - A = %

en, A' = Z_. a P, . Furthermore, A = Z.a P, and
abs(A) = = ;la | P, . Hence, la,l , la,],.... thatis, 3:, '3;,.... are the
point proper values (with multiplicities) of abs(A) . Consequently,
ol(a) = @( '5'1, '5;,.... ) ie., ol(A) = @( a,, 8,.... ) . Thus,

o(Z,aP) = @(al, 8, ) .

Applying the last equation to a), a,.... , to ca, ca,.... to b'. b’,....

and to a+b,a+ b, .. respectively, always with the same cnos (an) we get
(i) @( a,8 .. ) >0 unless a = a = .. =0,
(ii) @( ca, cay.... ) = e D ( a,a,.. ) forany constant ¢ .
(i) Pla+b,arb,.. ) & Blapa,. ) + & (b.by... ).
The unitary invariance of implies clearly,

(iv) @( a,8a,.. ) = @ (&2, &ay,ee. )

where l&;l =| and l’, Z',.... denotes any permutation on the natural
numbers.

Finally, since @ is a crossnorm, &(PF) = 1 . Hence,

v P(r,0,0,.. ) =1.

The preceding discussion may be summed up as follows:
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LEMMA 5.28. A unitarily invariant crossnorm & on A @R gener-
ates a symmetric gauge function @( Qs ay,.... ) satisfying conditions
(i) -- (v) of Definition 5.5" in the following manner:

We choose a cnos ( ofl,) . For any sequence of real numbers 3y, 8y,

satisfying (1) define

\©( 8, 8,

For the so defined ¢ we have,

@(a',al,.... )

whenever DT 770 represents the point proper values (with multi-

~
"

L(Z, 3,P) .

UA)

plicities) of abs(A)

Conversely, we shall prove that every gauge-function satisfying condi-
tions (i) -~ (v) of Definition 5.5' can be derived in the indicated manner from
a unitarily invariant crossnorm. To achieve this we shall consider first the
finite dimensional case. From this, as we shall see later, the proof can be
readily extended to the infinite dimensional case.

Our discussion will be based on the following LLemma which may be
found in f23, p. 293, Theorem Ij . The symbol t(A) stands for the trace of

A (Definition 5.3):

LEMMA 5.29. The maximum of W H{UAVB) , where A ,B are
fixed and U, V, are running over all unitary operators on an n-dimen-
sional unitary space F(o,w is given by

by

where a,....,a,  are the proper values (with multiplicities) of abs(A)
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while b',...., b, ~ denote the proper values (with multiplicities) of abs(B),

both monotonously ordered, that is, a, ... 7 a,  and b'77 vees 7 b .

Let @ be a symmetric gauge function on the n-dimensional linear
space @M of n-tuples of real numbers ( W seenes u“) and Y stand for
its associate. For our immediate application we may assume that @
satisfies only (i), (ii), (iv) and (v) of Definition 5.5. For any operator X on
the n-dimensional unitary space F\’:“ , we put

dx) = Pixnx)

where x,...., x, ~ denote the proper values (with multiplicities) of abs(X)

We shall investigate the sup of the numbers JYLt(XA) when A
is fixed and X is running over all operators for which @ (X) = 1 . Since

for unitary U, V, the operators abs(UXV) and abs(X) posses the

same proper values, we have, @(UXV) = @ (X) . Consequently,
sup  T¢ t(XA = sup ( max H{UXVA
PX)=1 ) H(X)=1 u,v ‘R ( ) )

By Lemma 5.29, the last equals to
sup Z':.:’acx.: ,
where the a,7 .... 7 a,  are the fixed proper values of abs(A) and the

X, 10000y X, are subject to the restrictions x,7 .... x 70 and

"~
? ( Xy aeeees Xoo ) = 1 . A little consideration shows however that the re-
quirement X\ T e 7/ X ., mMay be omitted. In fact, whenever Xe < xa-

for a pair <J' , then interchanging x; and xa- we do not affect

? (%,....,%x,) = 1 anddo notdecrease Saacx

, the change being

03

(a.._x6~+ad-x;)-(a:,x,;+aj>§.) = (ac-aa.)(x‘.-x‘.') > 0 . Thus, the

condition x,Z.... Zx 70 may be replaced by x,» 0 . But even the

[
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last may be omitted, because whenever x;< 0 , then replacing x. by =x,

we do not affect @( X yenees x,) = 1 and as is readily seen do not decrease
Z?_laex‘; . Thus, we are really dealing with sup Z"‘"‘_'a‘xc where the
X 2:0005 X, are subject to the sole restriction @ (%0000 x) =1 . By

Definition 5.6 the last sup equals W( a,...., a ) .

N
We may sum up our discussion in the following:

LEMMA 5.30. Let é( U,...., u, ) be a symmetric gauge function
and V( Vyseeees Vv,,) its associate. Then, 'R t(XA) when A is fixed
and X runs through all operators (on the n-dimensional unitary space R“_ )

with Q(X) = 1 , assumes a maximum, and its numerical value is Y (A)
We shall use the last Lemma in the following equivalent form:

LEMMA 5.30*. Let @( Wpeeens u,w) be a symmetric gauge function
and \_V( Vyseeeor Vo) its associate. Then,
sup | ¢(xA) | or sup | (A, X)]
when A is fixed and X is assumed to vary over all operators (on the
n-dimensional unitary space R, ) with @(x) = 1 , assumes a maximum;

its numerical value is \II(A)

Proof. That both last sup's are equal, follows from the fact that
tHXA) = (A, X* and Q(X) = Q(X*) . To prove that sup ‘R t(XA)
sup lt(XA), we argue as follows: Let @ denote any complex number
with 8] = 1 . Replacing X by &Xx , ¢ (6X) = @(X) remains

unaltered, while U (0 t(XA)) -- as O varies -- assumes a maximum
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equal to lt(XA)I . The rest is clear. This concludes the proof.
LEMMA 5.31, Let @( Yoaeeens um) be a symmetric gauge function

(Definition 5.5). For an operator A on an n-dimensional unitary space ﬁ,,‘_

put

@(A) = @(a',...., a,,)

where B By, denote the proper values (with multiplicities)of abs(A) .

Then,
(i) P yo Ha) = o implies A = 0
(ii) ?(CA) = lc} @(A) for any constant «c¢
@) P+ < P@) + o)
(iv) & uavh = P(a) for unitary U,V
(v) P (a) = filaljl ,when A is of rank 1
Proof. (i). That @ (A) 7 0 ,is clear. Now, 0 = Hla) =
P (a2, implies a =...=a,= 0 ,thatis, AA = 0 and A = o.
(ii). Since (cA¥{(cA) = |c]* A¥A , the numbers [c]a,,...., lc]a,“;
represent the proper values of abs(cA) . Hence,

Fea) = Plllaynlclal) = I D(an |c|<p(A)
(iii). Let Wy( Yy reeens v,,) be the associate of @( Uypeeey 0 )
(Definition 5.6). By Lemma 5.24, @( paeeens uw) is also the associate of
Y (vseeee V) - By Lemma 5.30°,
@a+m) = %J(A+B,x)[ <
;&fgl‘(A.X)l - le. 0l = ¢@) + @

(iv). This is true since (UAV‘)‘*(UAV*) = VA*AV¥® and AMA have
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the same proper values.
(v). f A is of rank 0 , the proof is trivial. We assume A = ?Q:F
with Q% 0 ,cf % 0 . Then, ((QBF 4l @weF ) =lel*ey®@F . Thus,
abs( ?@&) = .I,I‘_o%g- L d @;F
and its only positive proper value is "(?uﬂd’" . Therefore,

b ee¥) = Pl 0.0, ) = Nl fieyll

which clearly represents the bound of A = L?@r—f! . This concludes the proof.

REMARK 5.7. By Lemma 5.31, @(A) is a unitarily invariant cross-
norm on R’,,NO Rm . The interesting part is naturally the triangle inequality
for § ,thatis, $(a+B) < P(aA)+ P(B) . since this is equivalent to
sayingthat P(a) <1, P® <1 5 p.apo, p+qg =1,
implies @ (pA +qB) £ 1 , we may express the following:

lLet p 70, q 70, p+q = 1 , andlet 2,8 .08 b', bﬁ_,..... bw;
and Cps Cprerees Cop denote the point proper values (with multiplicities) of
abs(A) , abs(B) , and abs(pA + gqB) respectively. Then, for any symmetric
gague function @ satisfying conditions (i)--(iv) of Definition 5.5, the inequal-
ities @( AP a“) <1, Q( b',...., b“) <1, imply @( Cpreeens cﬁ)gl .

. We are just ready to extend our result to operators on a Hilbert space

and prove the desired converse of Lemma 5.28.

LEMMA 5,32, Let ?( LA e ) denote a symmetric gauge function
on Q satisfying conditions (i)~-(v) of Definition 5.5'. Then the equality
aa) = Pa. ... )
where a; Za 7 ..... 70 denote the point proper values (with multiplicities)

of abs(A) defines a unitarily invariant crossnorm ol on RO E, .
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Proof. Clearly, o, (A) is defined for all operators of finite rank on R, .
Furthermore, by Lemma 5.31, whenever a'c is any fixed finite dimensional
subspace of R , then o/(A) is anorm if A is restricted to those operators
for which the ranges of both A and A* are in JC . Now, given any two
operators A , B , of finite rank, let a‘c be spanned by the rang:as of
A, A¥ , B , E* . Clearly, a‘[ is finite dimensional and q(A) is a
norm for a family of operators which contain both (arbitrarily given!)
operators A , B . The defining properties of a norm never involve more
than two operators at a time. This implies that the defined above of is a norm
on the set of all operators on A of finite rank.

Condition (iv) for @ implies the unitary invariance of o¢ , and finally
(v) for @ assures for o0 the “cross-property”. This concludes the proof.

In the theorem which follows, as well as throughout the rest of this
Chapter, let A/ stand for an n-dimensional unitary space or a Hilbert space.
Accordingly, let Q stand for the set of n-tuples of real numbers, or for the
linear space of infinite sequences of real numbers having only a finite number

of non-zero terms.

THEOREM 5.1. The class of unitarily invariant crossnorms on F{,OE

and the class of symmetric gauge functions generate each other.

Proof. The proof follows from Lemmas 5.28 and 5.32.
The discussion which follows throws additional light on Theorem 5.1 by

proving that unitarily invariant and uniform crossnorms coincides.
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LEMMA 5.33, LLet A denote an operator of finite rank and X be
any operator on R . Let 4, 72,%..... 20 and b, 2b,72... 70
denote the point proper values (with multiplicities) of abs(A) and abs(XA)
respectively. Then, b; luxm ag .

Proof. We use a well-known theorem of Courant [2, pP. 27] . Itis
stated there for finit\e dimensional Euclidean spaces, but it is clear that it
applies equally to Hilbert spaces, always assuming that the operator K in
question has a pure point spectrum (with multiplicities) <7 cz_7/.... 7o .
This theorem states:
¢, = min ( max (Kf,f) )
where the right side in the last and following three equalities should be read
as follows: Let 7 be an i-1 dimensional linear manifold. Define m(ML)
as the max (Kf,f) over the setof all f's with Wffl= 1 and
f orthogonal to m . We consider then the min of all numbers m(MY)
for all i-1 dimensional ML .

Now A*A has a pure point spectrum (with multiplicities) n;"7a: P

Hence,

»

a; = min ( max (&%Af,f) ) .
Since, a;%7 0 and (A¥Af,f) = llAf]l* , we have,

a, = min ( max JJAf) ) .
Similarly, we form the point proper values (with multiplicities) b' Zb,7....
of abs(XA) . Then,

b, = min(max ”XAf" ) .

(3
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Clearly, | xAf I s mxm At " . Hence, b‘-slﬂxm a; . This concludes

the proof.

LEMMA 5.34., Let ol be a unitarily invariant crossnorm, and A an

operator of finite rank. Then, &(A) = ot(a¥)

Proof. By Lemma 5.1, there exists a unitary U such that A = Uabs(A)
and therefore A% = abs(A)U¥ . Thus, o(A) = oabs(A)) and

o(A%) = ol(abs(A)) . This concludes the proof.
LEMMA 5.35. A unitarily invariant crossnorm oV is uniform.

Proof. LLet A be an operator of finite rank and X any operator.
Let a,22a,72.... 70 and b, b,P.... 27 0 denote the point proper
values (with multiplicities) of abs(A) and abs(XA) respectively. By

Lemma 5,33, b.,smxm a; . Hence, b¢= x P 3 where 0L p.%l

¢S
For & we form the symmetric gauge function @ as stated in Lemma 5.28.
Then,

wxa) = P(v.bye.. ) = PCUxUpa, Nxlpe,.. ) =

Il @ (pa0 pageee ) & UXM P8, ) = Mxhloa) .
The above inequality sign is a consequence of Lemma 5.16 which clearly
carries over to symmetric gauge functions on Q . Thus,

o (xa) < Mix Ml v(a)

Now, by Lemma 5.10, OL(A) = d.(A*) . Thus, by what we have shown already,

for any operator Y , we have:
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&(AY) = o((AYM =

= ou(Y*A¥) <
Uyl () = iyl ov(a) .

Therefore,

a(vax) <Ny lll ot(ax) < lixil Nyl o (A)

This concludes the proof.

~

LEMMA 5.36. A uniform crossnorm O is unitarily invariant.

Proof. Let U and V denote any two unitary operators.

Moy = Ho*i =1

Then,

s VI = VR = 1

We have,

o (UAVY < Nulll ou(Aa) IVl

= al(a)
On the other hand
oL(A) = o (Bruavty) g
Hu*l c(uav® vl =  oL(uav¥

Thus,

o (uav¥) = oya)

This concludes the proof.

We combine Lemmata 5.28, 5.32, 5.35 and 5.36 in the following
statement:

THEOREM 5.2. The class of uniform cressnorms on R, ©® ;’:; , coin-

cides with the class of unitarily invariant crossnorms on

ROE . The
@(a,, ajyeees )

last class and the class of all symmetric gauge functions

satisfying conditions (i)-~(v) generate each other.
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THEOREM 5.3, For a given crossnorm O , the Banach space of all
operators on R, of finite Ol -norm, thatis, ( & Q“R )* forms an ideal

(Definition 4.1) if, and only if, O is unitarily invariant.
Proof. This is a consequence of Theorems 4.2 and 5.2.

THEOREM 5.4. The bound MA) of an operator A represents the

least unitarily invariant, consequently uniform crossnorm.

Proof. Let O be a unitarily invariant crossnorm. By L.emma 5.28,

form a corresponding @ . By Lemma 5.5, an operator A of finite rank

may be represented uniquely in the canonical form Zzla,;tp..'@:'/‘ . Its bound
AaA) = Mall = max a;
IS

by Lemma 5.3, On the other hand, Lemma 5,17 gives,

'g'::a;xwa.-_ < @( a,a,... ) = OL(A)
Thus, for every unitarily invariant crossnorm ol we have O(.P/') . But M is
clearly unitarily invariant. This concludes the proof.

Although the unitarily invariant (uniform) crossnorms form the signifi-
cant class of norms it is not without interest to construct examples of cross-
norms which are not uniform. From Theorem 5.4 it follows that any cross-~
norm which is not 'z)is not uniform. We shall construct such crossnorms
in the latter part of this chapter.

We conclude this section with the proof that for every unitarily invariant

crossnorm O , we have, o=,
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DEFINITION 5.8. Let o(X) be a unitarily invariant crossnorm
on f(,OR, . For an operator A on Ry of finite rank, let ol/(A) be the
least constant ¢ satisfying the inequality
A, x)] < c ax)
for all operators X on R/ of finite rank (or what amounts to the same

thing, for all operators X on AR of finite rank with o((X) = 1 )

It is a consequence of Remark 5.2, that ol(A) as stated above for
operators A on ﬁ/ of finite rank, coincides with Definition 2.2 of the

associate o of OV , when applied to R‘,O _R-,

LEMMA 5.37. Let o be a unitarily invariant crossnorm on F(,OR,
and Q the symmetric gauge function it generates (By Lemma 5.28). Then,

its associate ol generates the associate gauge function '\Y' (Definition 5.6")

Proof. Lemma 5.30" proves this when A is a finite dimensional
Euclidean space. Here we extend the proof to the case when Fv is a Hilbert
space. We show that for an operator A on R of finite rank, we have R

) = V@A) = Yia,a.. ) .

a,a ;... being the point proper values (with multiplicities) of abs(A) .
Solet A be an operator of finite rank on X and 7N the finite say
m-dimensional linear manifold generated by the ranges of A and A . An

operator on m may be by Lemma 5.5, represented uniquely in the canonical

form Z..‘:'a.-, "ﬁ“‘?{. , which clearly also defines uniquely an operator on R .

Thus, the linear space of operators on e may be identified with the linear
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space of all those operators A on R/ whose range together with the range
of A¥ is included in M.

We put ¢~w Xyreeees x.) = @ ( Xaeeen X 5, 0,0, ) and let ‘F‘Vw
denote the associate of @m Then clearly, @(X) = @m(x) and

‘.K”(X) = \y (X) for operators X on 7. By Lemma 5.30°, \J(A) is
the least constant c satisfying the inequality [(A, X)| € ¢ P (X) for
all operators X on mnt , hence in the light of the introduced identification,
also the inequality |(A, X)] £ ¢ @(X) for all operators X on R which
may be identified with the operators on Ml . Thus, the requirement for this
constant '\FM(A) is obviously weaker then the one for o/(A) in Definition 5.8.
Consequently,
a'(a) 2 Vafa) = Y(a)

On the other hand for an operator X on R, of finite rank we can
always find a finite say m+k -dimensional linear manifold containing the
ranges of A , A* , X x* Consequently,

la. x) I, x) - .
ex) @, S Vdd) = WM = Y@

Such an inequality holds for any X on A of finite rank. This furnishes

the converse, a'(A) < '\?(A) . This concludes the proof.

THEOREM 5.5. Every unitarily invariant crossnorm o on K Og&

satisfies the condition, o= o,

Proof. Let @ be the symmetric gauge function generated by o

(Lemma 5.28). Then, by Lemma 5.37, o generates the associate of Q ,
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and again &" generates the associate of the associate of @ » which coincides
with Q by Lemma 5.27. Thus, &’ must coincide with ©U since they generate

the same @ . This concludes the proof.

8. The space ( R @ia )* .

LEMMA 5.38. Let o be a crossnormon R OF, . An operator A
on PV is of finite o -norm (Definition 3.2) if and only if,

| ¢xa)]

_ + o0 .
OpXeROK u(x)

Moreover, the last sup always represents " A ”d .

Proof. By Definition 3.2, an operator on K/ , that is, from K, into A~
is of finite ©f -norm if and only if, there exists a finite constant ¢ such
that

|zziae . gl € e a(zig00F)
for every operator Zr,,‘ﬁﬂ;f-/‘ in H,G)_f-{ ; the least of such constants
is denoted by || Al . Nowif X = Z‘E,,ﬁo(?‘ , then AX =27 A Q(T‘;
By Lemma 5,12 and 5.15, t(AX) =Z';.‘=,(A«ﬂ. . of,) . Hencealso HXA) =
Z':;‘(Alﬂ: , rY‘) by Lemma 5,13 (iv). Thus, above sup coincides with
Il A |ly of Definition 3.2. This concludes the proof.
The theorem which follows is a particular case of Theorem 3.1. Due to

its frequent applications we restate it here in the language of unitary spaces.
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THEOREM 5.6. Let 4 e( RO, R . Then, there exists an
operator A on F(l of finite O{-norm, satisfying the following conditions:

(i) 4 (X) = #(XA) for X € ROR

Gy Bal, - 0G0

Conversely, whenever for an operator A on ﬁroi finite c{,-normg

is defined by means of (i), we have 46 ( K'GJR )* and (ii) also holds.

Proof., Let 4 denote an additive and bounded functional on ﬁ,ﬁdar .

Clearly,
Gipaig) - F(igeF)) - 74 (poF)
and
G (o - Ggod) + G po) -
>
Thus, holding (P fixed and varying pfa we see that 4( (.FQ(TJ) is
the complex conjugate of an additive and bounded functional on R . Hence
by a well-known Lemma of F. Riesz there exists a unique element, term it QP',
such that 4( QQF{J) = (&PI .(Y) . Define A by A(? = ?’ . Thus,,
4(4}@&) = (A@ . cy) for all @, ¢ in R .
Now for X = Zﬁltﬂ'ﬁﬁ;‘ we havez::.(A(ﬂ:,pﬂ.) = t(XA) by an
argument in the proof of Lemma 5.38. Consequently,
bt = ~
Gx) -Z5n FleoFq) - ZTAp.q) - Hxa) .
Thus (i) holds. A is clearly additive. It is also bounded since by Lemma 3.2,

MAlll $KAl, and :

: Load 190l
" An‘ = O*S:Eﬁ,om = oiiggez d(x) m gl” .

Thus (ii) holds.
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Conversely, Let || A |l“< + 00, Define é by means of (i). Then, 4
is additive and n A"u represents its bound on K«O“E . Clearly, 4 can
be extended uniquely without changing its bound to an additive functional on

[/ @_,E . This concludes the proof.

THEOREM 5.7. For any crossnorm 0({ , the Banach space ( F‘\.@da )*
may be interpreted as the space of all operators of finite of-norm on ~ ,

where

- [4(xa)l
Valy = ouior =g

represents the norm of A

Proof. The proof is a consequence of Theorem 5.6 and Lemma 5.38,

9. The Schmidt-class of operators as the cross-space Kr@yﬁf =

( RER )

We consider (sc) . By Remark 5.1, (sc) is a linear space on which
there is defined an inner product (X, Y) (Definition 5.2), with 6(x) = (X, X).
as the norm that goes with it. In particular, &(X) is also a norm for all
operators X of finite rank, that is on F\‘,OE . Moreover, ¢ has also
the cross-property, since by Remark 5.2,

(ooF . eod)f - ((@. @@ .= 1ol lyl .
Thus the normed linear space ﬁ, Ogac is included in (sc) .
The characterization of the crossnorm G which follows attributes it

a special significance.
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DEFINITION 5.9. A crossnorm ol is termed “self-associate® if

dg(X) = ol(X) identically (for all operators X of finite rank).
LEMMA 5.39. G is the unique self-associate crossnorm.

Proof. We shall prove first that Q= G' . Let A be afixed and X

\ variable operator of finite rank. Schwarz's inequality (Remark 5.1) gives,
[(a,x)] < 4(a) 6(x) forall X in ROK .
Thus, Definition 5.8 gives GI(A) &£ G(A) . On the other hand obviously
( 6(a))" = (a,A) £6la) G(A) ,hence &(A) € G(A) . Thus,
6(A) = @&/(A) ,thatis, @ is a self-associate crossnorm in the sense

of Definition 5.9.

To prove the uniqueness we first remark that the definition of the
associate for a given crossnorm implies

(6(a)" = (A,4) s o(a)a(a)

for any operator A of finite rank. Assuming thus, o =oL identically, we
get 6(A) € o (A) . Applying Lemma 2.2, we get o/(A) £ 3'(A) and
therefore also & (A) € G(A) since by assumption &=o’ and G = a’.
Thus, ol(A) = @& (A) for all operators of finite rank. This concludes the

proof.

THEOREM 5.8. ( R ﬂ‘.a )* may be considered as the Schmidt-

class of operators on A .

Proof. We have pointed out before (Remark 5.1) that (sc) is a

normed linear space. By Theorem 5.7 it is sufficient to show that an operator
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is in (sc) if and only if, it is of finite & -norm, that is, if and only if,

_ | t(xa)l
I a “d = Oéxse%'y%ﬁ—é_()a_ < + oo

and also
" A“¢ = d(A)
Let A be an operator s 0 for which |[A llg <+e°, and ()
stand for a cnos. Since A % 0 , for sufficiently large n we have,

Zllag* >0 . cConsider Z,p@ A®Q. . We have,

8(ZreeRe) = (Zmlael)®
and
ZTalael” =Z%, (Ap.. A@) <
lafy = geig) = lalg (Znlapd™ )™ .
Consequently,

(Zulagdr )t

thatis, A € (sc) and G(A) = (z;tllmpu.ﬂ” )*s "A”d.

< llallg for n=1,2,..

On the other hand, let A €& (sc) and X be any operator of finite

rank. By Schwarz's inequality:
luxa)] = [a,xX8] < 8(a) 6(xX = 6(a) 6(x)

Thus, Lemma 5.38 gives |l Ally & G(A) . Therefore, [|A[lg < + <
implies A & (sc) and NAfg = G(A)

Conversely, if A & (sc) , G(A) is defined and finite. Then, the
second half of the above proof, that is, Schwarz's inequality implies
A "‘ & ©(A) , thatis, A is of finite G6-norm, and thus, by the first part

of our proof |l A Ho‘ = (‘(A) . This concludes the proof.
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THEOREM 5.9, We have ( K,ECE )* = FOQ‘R ; it represents
the n” -dimensional Euclidean space or a Hilbert space according to whether

# is an n-dimensional Euclidean space or a Hilbert space,

Proof. It is clearly sufficient to consider the case when R is a
Hilbert space.

Let A € (sc) . Itis “generally™ known that an operator in (sc) is
completely continuous. By Lemma 5.5, A =2 ¢ a‘:(P‘:Qa where a.>»0,
lim a_ = 0 , and both ((e_) and (ph) are nos. Clearly (Theorem 5.8),

Sa) = (=ea)¥ = Nallg <+
Thus, for a given €7 0 , we can find an N for which
“ A 'Z':-ca-: ‘P.'@‘:?u.‘ n‘g = (z‘-_,ua:)—‘i < &.

This proves that every operator in (sc) hence by Theorem 5.8 of finite

€ -norm can be approximated in that norm by operators of finite rank. Thus,

—

( ﬁz@s—“;\/)* = Rﬂg,ﬁ- = A, E‘R (Theorem 3.6).

Now the separability of R/ implies the separability of & @da.av . To,
see this we recall Lemma 2.4, which states that for any crossnorm ©¢{ the
normed linear space F(a@,,_a and hence r‘\,ﬂda are separable, Moreover,
for a cnos (%) in A , the operators e (E i i,j = 1,2,.... form
a cnos in F(;Qca . This concludes the proof.

It is not without interest to add (as follows from a construction in
Appendix II) that 6 may be obtained from any crossnorm by means of a

sequence of operations, of taking the associate, using the arithmetic mean of

two crossnorms and taking the limit of a monotonic sequence of crossnorms.
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10. The trace-class as the cross-space ( ﬁ‘,ﬁ.‘a )* = F’vﬂ;xﬁ .

We recall that for an operator A of finite rank, the symbols 2A(A)
and ‘6(A) stand for its bound and value assumed for the greatest crossnorm,

respectively. The symbol m(A) stands for t(abs(A)) (Definition 5.4).

LEMMA 5.40. For any operator A of finite rank m(A) = ¥(A)
The crossnorms Y and A are associate with each other, that is, Y =2

and 7i'=x .

Proof. By Remark 5.5, m(A) is a crossnorm on K,O-F_(, . Hence,
m(A) £ ¥ (A) for all operators A of finite rank. To prove the converse
inequality, we write A (by Lemma 5.5) in the canonical form
A =ZTa.000,
where the a.'s are 7 0 and the ‘ﬂ's and rfv's form nos. We have,
A = ZU AL e P
Extending o, ,....., Y. to a cnos (ey.) we see that

Y N q;, ..... » (YM’ (’f’m.’ pﬂ_n_,..... are proper vectors of A*A corre-

sponding to the proper values ar, a:, a; peessay a:, 0,0,.... . Therefore,
they are also proper vectors of abs(A) corresponding to the proper values
a,, a

R 0,0,.... . Consequently,

m(A) = Z, (abs(Alp. ) = i (mkooy) = Thee
The sum on the extreme right is clearly p2 ¥ (A) since by definition,
Y(A) = Y(ZEZ e ged) € ELMecPlllley ] ==52e -
Thus, Y(A) & m(A) and therefore,

Y(A) = m(a) for all A in ROR
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It remains to prove the last statement of our Lemma, By Lemma 5.3,
we have N X¢,, ‘;Q(-F‘,) = 1, The definition of the associate 0y gives,
NA) = N(EmepeF) -
WEmacpod) MELZ geF:) 2
(Znac@04:, Zofedqc) = Ew,ac = Y@
that is, ')’(A) 7 Y (A) . Since Nisa crossnorm, we have also 7"\<X .
Thus, N(A) = ¥ (&) .
That X' =N holds even for general Banach spaces has been proven
in Theorem 2.5. This concludes the proof.
We are about to consider the Banach space of all completely continuous

operators on RV , and characterize its first and second conjugate space.

THEOREM 5.10. The linear space of all completely continuous operators,

with the bound of an operator as its norm, furnishes the Banach space r\‘.@,ﬁ .

Proof. Clearly, every operator X of finite rank is completely con-
tinuous; A(X) represents its bound. Hence, F{Oaz represent the
normed linear space of operators of finite rank, where the bound of an operator
stands for its norm. To complete our proof it is sufficient to show that an
operator on A is completely continuous if and only if, it can be approximated
in bound by a sequence of operators of finite rank.

Solet A represent a completely continuous operator. By Lemma 5.5,
A = Z.. a‘_ca.oiy" where a,2 0 , lima = 0 , and both the kﬂ:'s as

well as the fY';'s form nos. By Lemma 5.3, the bound of A - Z::. a.‘(ﬂ. G(T/:;
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is given by
B %
Since lima = 0 , the last number obviously approaches 0 as n -y oe .
Conversely, the limit of a sequence of completely continuous (hence
also of finite rank) operators convergent in bound is also a completely con-
tinuous operator by [1, P. 96] . This concludes the proof.

The trace-class (tc) has been defined before (Definition 5.3). By

Remark 5.5, (tc) forms a linear space on which m(A) is a crossnorm.

THEOREM 5.11. The Banach space ( K,Oaa )* that is, the conju-
gate space of the space of all completely continuous operators, may be inter-
preted as the trace-class, that is, the space of all operators A on R for
which 2. ( (A'KA)-‘L%, @.) < + o0 foracnos (¢;) ,and where the last

infinite sum which is independent on the chosen cnos represents the norm of A .

Proof. By Theorem 5.7, it is sufficient to prove that the trace-class

represents the space of all those operators A for which

ly(xa)l

@ WAl = eup — < + o
and

Gi)  llall, = m(a)

We assume first that for an operator A # 0 the number " A “7‘ is

finite. By Lemma 5,1 (ii), there exists a partial isometric operator W
whose initial set is the closed linear manifold determined by the range of
pbs(A) for which abs(A) = w¥a . Let Yo Y oﬁ,.... denote a cnos in

the closure of the range of abs(A) . We extend it to 4 ¥, q; ,.....,CJ‘,GJ&, %,
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a cnos in R, which we shall denote by ( (PU) . We may also assume ¢, =y,

Clearly, the Wnﬂ; 's form an orthonormal set, while Wma. = 0 . By
Lemma 5.3, for every natural p we have, 7(25—.», $.® \7\'—;‘ y =1 .
Therefore,

Zh(abs(A)g. . @) = Z[L (WA ., @) =

SEL(ag., we) < llall, MEL, peWFep,) = Nal, .
The last inequality holds for p = 1,2,.... . Thus, abs(A) and
therefore also A & (tc) and

m(A) = t(abs(A)) = Z, (abs(A)g, . @) & ﬂA").

On the other hand for any X of finite rank, Lemma 5.14 (vi) and (v) gives,

ltxa)l & m(xa) € WXl mAa) = A(X) m(A)
This implies, |l A”) & m(A) . Thus, JAJ, < +ee implies A e (tc)
and [lAll, = m(A)

Conversely, A €& (tc) implies by Lemma 5.11, abs(A) & (tc) and
thus m(A) is defined and finite. The second half of the above proof gives,
"A]l) & m(A) € +9o , and consequently IIAH) = m(A) by the first

part. This concludes the proof.

COROLLARY 5.1. The trace-class of operators A is complete

relative to the m(A) norm.
Proof. This is a consequence of Theorem 5.11.

LEMMA 5.41. For A @ (tc) , abs(A) possesses a pure point

spectrum. If a,, a,,.... denote the point proper values (with multi-

plicities) of abs(A) ,then m(A) = 3.8, < +o
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Proof. Let A € (tc) . By Lemma 5.11 this is equivalent to
(abs(A))i @ (sc) . Now it is well-known that every definite Hermitean oper-
ator in (sc) possesses a pure point spectrum, i.e., there exists a cnos con-
sisting of proper vectors of this operator. Let ((n) be such a cnos for
(abs(A))t . Each ¢y, is a proper vector for (abs(A))‘t hence also for
abs(A) . Let a_ be the pfoper value of abs(A) corresponding to the
proper vector .. Clearly, we have

Zoa = T (abs(A) ey o) = mA) < + oo .

This concludes the proof.

LEMMA 5.42. The set of all operators of finite rank X 1is dense

in (tc) relative to the m(X) norm.

Proof. Let A € (tc) . We use Lemma 5.41 and the notation in its
proof. For an §g »0 we can find a finite p such that Zc,Pa.; < E.
We form two operators B and C , which we obtain from abs(A) by
replacing its proper values a, by 0 for i p orfor i > p ,by
leaving its proper values a; unchanged for i»p orfor i p , and
also by leaving the corresponding proper vectors 372 unchanged in all cases.
Then,

abs(A) = B + C .
B has finite rank and both B and C are Hermitean and definite along
with abs(A) . The above properties of C imply
abs(C) = (c“'c)* = (c‘)‘k = C

and therefore,
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Z (abs(Cef; » o) = Eo(Copaey) = z-cvpa" s e .
Thus, C € (tc) and m(C) = tC) < & .
By Lemma 5.1 (i), A = Wabs(A) , Mwill = 1 . Therefore,
A = WB +WC . Itis clear that WB is of finite rank along with B , and
m(A -WB) = mwC)<Iwll m(c)ge .

This concludes the proof.
THEOREM 5.12. The trace-class may be also interpreted as d,Q‘z. .

Proof. By Corollary 5.1, the trace-class of operators is complete
relative to the norm m(A) . In it by Lemma 5.42, the operators of finite
rank form a dense linear subspace. This subspace coincides with '{,(%E ,
since by Lemma 5.40, we have < (A) = m(A) for all operators A of
finite rank. Consequently, the trace-class coincides with the smallest
Banach space in which F\’,Q‘R can be imbedded, that is, with #,sas—-'{',

This concludes the proof.
THEOREM 5.13. F{,Q;F‘-\, o= ] e,‘?,.

Proof. This is a consequence of Theorems 5.11 and 5.12,

THEOREM 5.14. ( R Q‘R )® may be interpreted as the Banach

space of all operators on AR/ where the norm of an operator is given by its

bound.

Proof. This is a special case of Theorem 3.2.
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THEOREM 5.15, The linear space of all completely continuous
operators on A/ where the bound of an operator is considered as its norm,
furnishes a Banach space ‘e . Its first conjugate space ‘e* may be inter-
preted as the trace-class. The trace-class is the Banach space of all oper-

. I oo
ators A on (R, , for which S ((AA)Te, @) <+ for a complete
orthonormal set (4).) ; the last sum which is independent on the chosen
. x
complete orthonormal set represents the norm of A in . The second
conjugate space ‘e**of ‘e may be interpreted as the Banach space of all
operators on F(; where again the bound of an operator represents its norm.
Moreover, ‘e may be characterized as ﬁ‘/QaKI , while the space
‘e*may be interpreted as ( Ay Q)K/ )* = A Qxﬁa , and finally

—

@ (ReR M - (ReR)*

Proof. The proof is a consequence of Theorems 5.10, 5,11, 5.12 and 5.14.

COROLLARY 5.2. F‘J'IGAR is a proper subspace of ( d’g-& )*

Proof. By Theorem 2.5, \6'=) . Hence, Theorems 5.10 and 5.14
furnish the desired proof.
We conclude this section with a few words about the inclusion

K,Q.'_:.RJC( K;q‘_ﬁ-', )* for any “limited™ crossnorm ob.

DEFINITION 5.10. Let Ol denote a crossnorm on F\’,OR and p

a natural number. For an operator A of finite rank we define

la, x)l

d/'(A) = sup <)

where the sup is taken over the set of all operators X of rank s P
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LEMMA 5.43.
(i) All u’ are reflexive crossnorms,
(ii) d s A&, s, &....
(id) o, = N .
’
(iv) Pli’n:.d.t, = o .

(v) &7(5 implies oL, & {5', .

Proof. The proof of (i)~-(iv) is presented in Theorem 4 of Appendix I,

while (v) is an immediate consequence of Definition 5.10,
LEMMA 5.44. .lps PA for p = 1,2,.....

Proof. LLet A Dbe a fixed operator of finite rank. We present the
variable operator X of rank °* £ p in the canonical form (Lemma 5.5),
X =Zf,| x‘v‘,ﬁa‘.’ = Z;.x;_
where X, = x.(p @y, - The x's are >0 ,andboththe () as
well as the ((1/") form nos. By Lemma 5.3,
lix = x < max xg = Wl

Since D and Yy are associate with each other (Lemma 5.40) we have,
(A, x)] & MA) y(x) =
Wall Wxl< M afl NI

and therefore,
ka.x)l = j(a, ZLx) < L 1A x)] <
rhall Bxll & p AA) A(x)

Thus, Definition 5.10 gives, )P(A) < p MA) . This concludes the proof.
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LEMMA 5.45, For any crossnorm OL 2D , we have %< P> .

Proof, By assumption ol 7/') . By Lemma 5.43 (v), °LP‘< A Thus,

P
Obl,é PN by Lemma 5.44.

THEOREM 5.16. For a “limited® crossnorm o( , the following relation-

ships hold: :
W (ReRT = AeR .
(1) R @, R isaproper subspace of (R @R )"

Proof. By Lemmas 5.43 (iii) and 5.45, for a certain natural p we
have M <ol p?A . This proves that the spaces R O;a, and RO, K
are topologically equivalent. Thus, (i) is a consequence of Theorem 5.13,
while (ii) follows from the fact that do;"(. is a proper subspace of

( ﬁ@xz )* = | Kfq,a )'* (Theorem 5.15). This concludes the proof.

COROLLARY 5.3. For a limited crossnorm of the spaces ﬂ@.‘?v

and FCD‘;E are non-reflexive.

Proof. This follows from Theorem 2 of Appendix I.

The following illustration is not without interest: For A we construct
the corresponding sequence 7‘, ’ ‘).._ seees Of limited crossnorms. Put
'lgn.. ’Ap= P . By Lemma 5.43, Poa = N= ¥ . Furthermore, Pl_i’n.x. ( )')' =
( )’)' = N . By Theorem 5.16, for every natural p the conjugate and
associate space for the cross-space K/ O-APR coincide, while fo* p = o®

the associate space is a proper subspace of the conjugate space (Corollary 5.2).
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Moreover, for every natural p , K,G’;R, is a proper subspace of

( g',a‘w,ﬁ,)* , while for p = 09 they coincide (Theorem 5.13).

11. The structure of ideals ( F‘\'/%R )* .

“Algebraic ideals™ of operators on P’ have been considered in the
literature. A linear set ” of operators A on A/ is termed an algebraic
ideal if

(i) A € ﬂ implies YAX € g for any pair of operators X, Y.

Concerning these algebraic ideals of interest is the following theorem
whose proof may be found in [Za, P. 841J :

An algebraic ideal which does not include all operators consists solely
of completely continuous operators.

The notion of an “ideal®™ of operators on (R, (and also from one Banach
space into another) has been presented here in Definition 4.1. A Banach space
ﬂ of operators is an ideal if in addition to condition (i) above, the following
condition holds:

(i) Hyax < Wl hak wxii
where [|A]l represents the normof A in g .

Clearly, an ideal is also an algebraic ideal. Thus, whenever an ideal
does not include all operators, all its elements must be completely continuous.
An algebraic ideal however, may not be an ideal as follows from the following
argument:

Let ﬁ" denote the two dimensional Euclidean space and 0/ a non-

unitarily invariant (non-uniform) crossnorm on R:,_@ R’," . Such crossnorms
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will be constructed in the last section of this Chapter. Clearly, ( ﬁ’,"ﬂ.‘ 'F\'.,_ )*
that is, the linear space of all operators on R, is an “algebraic ideal®™. However
it is not an ideal, since by Theorem 5.3, ( ﬁ_‘p‘z’:ﬁ)* is an ideal if and only if

ol is unitarily invariant,

DEFINITION 5.11. A unitarily invariant crossnorm o¢ will be termed

“significant”™ if every operator of finite ol -norm is completely continuous.

It follows that a unitarily invariant crossnorm O¢ is significant if and
only if, there exists an operator which is not of finite O -norm. It is clear
that for P Lot the operators of finite p -norm are also of finite o -norm.
Hence, whenever Ol is significant, /5 must be also significant. In particular,
for instance, since the identity operator does not belong to the Schmidt-class,
that is, is not of finite @ -norm, every unitarily invariant crossnorm a <@
is significant. Clearly, the greatest crossnorm ¥ is not significant, since
every operator is of finite °§ -norm (Lemma 3.5).

In the present section we shall discuss the structure of the conjugate
spaces of cross-spaces generated by significant unitarily invariant crossnorms.

In particular, we shall discuss the relationship to their associate spaces.

LEMMA 5.46. Let OL denote a unitarily invariant crossnorm. An
operator A is of finite ot-norm if and only if, abs(A) is such,

Moreover, Il All, = Il abs(a) "w .

Proof. By Theorem 5.3, the space of all operators of finite of~norm

forms an ideal. By Lemma 5.1, A = Wabs(A) and abs(A) = WwW¥a .
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We have,
labs(a)lly, = Il w*a il < MwH Jal, = Hall,
and
Tal, = [l webs(a)lly € Hiwll Nabs(a)lly = [abs(a)l, .

Therefore, | A"¢ = " abs(A) ”ab . This concludes the proof.

THEOREM 5.17. Let o be a unitarily invariant crossnorm. A com-
pletely continuous operator A is of finite OV-norm if and only if, its
canonical representation A = =, a.-_tp‘@c:y_‘ is either finite, or if
infinite, then

() Um  L(Ehe RON) < oo

Furthermore, in the last case

(i1) Jim o (ELe.p0F) = hall,.

Proof. Suppose that the completely continuous operator A is of
finite O{-norm. Put,
A = T . a.@0F and A, = ET. .90,
We remark that B = X Ea, . ®~, with £, = £ 1 isalsoof
finite ol -norm, since abs(A) = abs(B) and therefore llAI]d = IIBII*
by LLemma 5,46, In particular, 2A, - A is of finite &, -norm and
hza, -all, = Ial,

Thus, for any natural n we have,

lanl, = || 28+ Lza, -4 ]L <

Haly +  Hhean -al, = Nall, .

By assumption ol is unitarily invariant, hence ol is such by Theorem 5.2
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and Lemma 5.37. Consequently, u,'(A”) = " A, "* is a non-decreasing
function of n (Lemma 5.16); by above inequality:
. ] _
Jim alay) = tim lal, <lal,.
To prove the converse inequality, we remark that for any operator X
of finite rank t(XA) is defined and
t(XA,) —> t(XA)
This follows from lima, = 0 and
| 4xa,) - uxa)] = |ux(a.-a)]<
m(x) | A,, - Alll = m(x) sup a;
“orme
Clearly, for every n we have,
lxa) ] = la, . 3] <
I !
A,) ol < lim o(A X) .
o(8,) (X £ lim o(a,) ot(X)
Therefore, also in the limit
N !
ltxa) ] & lim ot(A,) eu(X)
Since the last inequality holds for all operators X of finite rank, Lemma 5,38
gives,
. ’

This proves that for a completely continuous operator Z& a, (ﬂ:ﬂ(*c of
finite oL -norm (i) and (ii) hold. Conversely, suppose that for a completely
continuous operator A = Z g @;17‘_. relation (i) holds. The last
part of above proof furnishes || A "‘ < Eyﬁ&'(A“) . Hence, A is of

finite o -norm, and by the first part also (ii) holds. This concludes the proof.
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THEOREM 5.17a. For a significant unitarily invariant crossnorm «
(Definition 5.11), ( S’,O‘_—Fz, )’t represents precisely the space of all those
completely continuous operators whose canonical form is either finite, or if

infinite then it satisfies (i). Furthermore, in the last case (ii) also holds.

THEOREM 5.18. We assume that (nf,) denotes any fixed --
throughout the discussion -~ cnos in AR . Let o denote a “significant”

unitarily invariant crossnorm. Suppose that for every sequence of real

numbers (a;\ with lim a, = 0 , the condition
(1 tim &(Z3,2. R0 F,)
implies
s . ' -
(i) wim (F L 2 0y,) = 0
1

Then, (RELR)* = Ra, R .

Proof. Together with O , its associate ot is also a unitarily invariant

~

crossnorm. Hence the value of d,'(z‘_._'aicas(-ﬂ ) does not depend on the

normalized orthogonal sets ( (. ) and (‘Yq:) .
Let A be of finite o -norm and = P a‘;(ﬁ: Oc-ﬁ; its canonical
representation of Lemma 5.5. Thus, lima, = 0 . By Theorem 5.17, the

sequence a satisfies (i) above. This by our present assumption

P By e

implies that (ii) holds. It follows that the sequence of operators

A, = :;' a.-.‘?;@t:‘_h n = 1,2,.... is fundamental in KO“oKo ,

and this determines a unique operator X , for which

s ~ _!
wl-lon:o”A - AM”‘ =0 .
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Consequently,
Lo
Jm WX - all = o

On the other hand,

_‘hr’no. Na - A,,,lll =”1_1,r2( i‘?ma"') = 0 .
Thus, fla - M = o or A = A

Therefore, ( F{',ﬂ‘—ﬂ, )*C F\',od.'ﬁ . On the other hand since the
converse inclusion always holds, we have ( R.GG-E(, )* = G‘,F(« . This

concludes the proof,

12, A crossnorm whose associate is not a crossnorm.

We conclude this Chapter with a proof that D is not necessarily the
least crossnorm. In fact, we shall prove that if K‘”denotes an n-dimensional
Euclidean space, n = 2,3,.... (butnot 1), there is no least crossnorm on

K,MOR“ , and we shall actually construct crossnorms which are not )2 .
These by Theorem 2.1 furnish examples of crossnorms (even on finite-
dimensional spaces) whose associates are not crossnorms. By Theorem 5.4,
none of these crossnorms is unitarily invariant, hence uniform.

Clearly, ﬁ',“G Rwrepresents the linear set of all operators on x,“'

Let I stand for the identity operator.

DEFINITION 5.12. A non-negative function o(X) of operators X on
Fﬂ~is termed a quasi-norm if it satisfies conditions (ii) and (iii) of Definition 5.7.

A quasi-norm is a quasi-crosgnorm if it satisfies also (iv) of Definition 5.7.
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LEMMA 5.47. Let X denote an operator of rank 1 on the two-

dimensional Euclidean space Ko,_. Then, for any complex number a , we

have X(X -al) > X(x)

Proof. By a suitable choice of the coordinate vectors (ﬂ . ‘ﬁ', in K,’_
we can assure that the matrix of X has the form
(5 ¢)
0 c

Since we may replace X by X ( & acomplex number with [6] =1 ),

we can make c realand » 0 . Since we may replace‘ﬂ by 5? ( a

(]
complex number with |8/ = 1 ), we may assume that d is realand 2 0 .

X = 0 d X -al = -a d
0 c 0 c-a

where ¢ , d , arerealand 2 0 , while a is complex.

Thus,

Let t(X) and |[X] denote the trace and the determinant of X re-
spectively., We have:
(X -a¥(X-al)) = >+ d* + 2]a* - 2¢Ra
I(x - an*(x - a)] = Ja(a - <)

Let a , a,, (real and 2 0 ), represent the characteristic values of

abs(X - aI) . Then, by Lemma 5.40,

¥ (X=-al) = a + a,
Since a‘:' , a: , are the characteristic values of (X - aI)*(X - al) we have,
a:' + a.:’ = 4+ d 2 larl' - cha ,
and also aT a:' = ’a(a - c)lt » thatis, a a, = |a(a - c)l
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Therefore,

-
Y(X-al) = a, + a, = -J(a;"-r a¥ ) + 2a,a,

Ve* + d* - 2cRa + Zlall + 2 Ja(a - o)l ¥ .

For a = 0 , this becomes

"

¥ (%) <+ d .

Thus, we wish to establish the following relation:

Vet a - 2¢Ra + 21al* + 2la(a-co)l 2 Y+ a*
that is,
la(a~¢c)l Z cRa - lal> .
This however, is obvious, since
>

la(a = c)l 7 lclla] - lal"7/ cRa - |a]

This concludes the proof.

LEMMA 5.48. Let X denote an operator of rank 1 defined on an
n-dimensional Euclidean space ﬂ”. Then for every complex number a

we have (X -a1) » ¥ (X)

Proof. The case n = 2 has been proven in Lemma 5.47. We may
assume n »2 . Since X is of rank 1, it is of the form (P@EF .

Let R' be a two-dimensional Euclidean space containing (¢ and ¢y .
Then, X is completely reduced by R’;' , that is, X (and of course I too)
may be considered as an operator on K.' and as an operator on R.',._-— Fﬁl .

In K;' , the operator X still has rank 1 , while in F(.; ﬂ, the X s

identically zero. Therefore,

~‘(x - al) = K“,(X - al) + \‘x,.,—w(x -al) > Y«',(x - al)
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and
X(x) = Yoo (X)) + VeehX) = ¥(X)
Thus, it is sufficient to prove that
Y XD P ¥, X
In other words the whole problem may be considered entirely within F\',,. The

last inequality holds by virtue of Lemma 5.47. This concludes the proof.

LEMMA 5.49. There exists a quasi-crossnorm Q defined on d“O E,,_,

such that @ (I) = 0
Proof. We put .
g(x) = i:f ¥ (X - al) for X in ROR.
where inf is taken over the set of all complex numbers a ., Itis
readily seen that ¢ (X) is a quasi-norm, and that (3 () = 0 . To prove

that @ Ppossesses the cross-property it is obviously sufficient to show that

Q (xX) = X (X) for all operators X of rank 1 . We notice first
that g(X) £ ¥ (X) . by definition of @ stated above. On the other h'and,
Lemma 5.48 gives g(x) 7 Y¥(X) for all operators X ofrank 1 .
Thus, g(X) = ¥ (X) for all operators X of rank 1 . This completes

the proof.

THEOREM 5.19. Given an g , 0< & L1, there exists a crossnorm

Q defined on RO R, with o(l) = & .

Proof. We put,

ax) = (1-&)gxX) + gy(X)

where @ has the meaning given in Lemma 5.49. This concludes the proof.
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THEOREM 5.20. 2 is not the least crossnorm on ﬁ,“G R‘, .

Proof. Since M is a crossnorm, M(I) » 0 . Choose an § for
which 0 <&« M) . By Theorem 5.19 we construct a crossnorm ol

for which a(I) = & < N(I) . This concludes the proof.

THEOREM 5.21. We can construct crossnorms on F\',“_O -F-;':w whose

associates are not crossnorms.

Proof. Since A represents the least crossnorm whose associate is also
a crossnorm (Theorem 2.1), our statement is an immediate consequence of

Theorem 5,20,

COROLLARY 5.4. We can construct norms on Q”OEW which are not

crossnorms and whose associates are crossnorms,

Proof. ﬁ'/.’is finite-dimensional. Thus for any norm oL on K,“O K,,w
we have o = . Clearly any crossnorm constructed in Theorem 5.21

satisfies the required conditions.

REMARK 5.8. The arguments presented above exclude the case n =oe
that is when F'\':‘, represents a Hilbert space R, . This is due to the fact that
the identity operator I on m» belongs to (tc) only for a finite n . It
is, however, not difficult to take care of the case n = 0@ by a modification
of the above procedure in the course of which 1 is replaced by any projection:

on R, whose range is at least four~-dimensional.
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COROLLARY 5.5. None of the crossnorms constructed in Theorem 5.19

is unitarily invariant (uniform).

Proof. By Theorem 5.4, all unitarily invariant crossnorms must be

?7\ . This concludes the proof,
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APPENDIX I

1. Reflexive crossnorms,

Let f denote‘a fixed element in a Banach space 73 . For F e "8*
we put
Fw® = F)
Then, 4 is an additive bounded functional on 1%*; its bound [ 4"] = £
[1, pP. 190] . The bound represents a norm on ‘6‘*. We write this m 4"[ = [[4"

Thus, we may assume '&Cw* [i, p. 180] . A space 'B for which 72‘-? 7}**

in the sense described above is termed reflexive.

An expression 'Yé@ 7}, may therefore be also considered as one in
ﬁ"lm@ :* . We write therefore,
»B&& %
’%G'%‘bc [ © 1}, .

By Lemma 2,11, whenever & is a crossnorm A on B.OB;— .
then o', &",..... are also crossnorms on 'ﬁf@'ﬁ:’ , 'g\*@?}:" geenens
respectively. Since both ol and eb” are defined on %@'&.’ , we may investi-
gate there their mutual relationship. A similar statement concerns o and d,"

»

on Fony .

For the sake of simplicity we shall assume throughout this Appendix
that %and B’denote two reflexive Banach spaces. This is equivalent to the
statement that 15?' and 7}: are reflexive [10, P 421J . For a slightly modified

interpretation some of the statements below also hold for perfectly general
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Banach spaces. We also stipulate that all crossnorms oL considered are
p N without having to repeat this assumption each time explicitly.
We begin with a few simple statements concerning a norm. It is easy
to prove (as indicated below) that whenever at least one of the spaces 'R, a,,
is finite dimensional, we have always "=, We have already shown
(Theorem 5.5) that the last relation holds for unitarily invariant (uniform)

crossnorms on R OR . In the most general case we have:
LEMMA 1. o' Soton BOR,

Proof. Let Z?.'f‘:s g, be a fixed expression in B,O"};. . We remark
first that d.(Z,_, f.® g‘.’) is a constant ¢ which satisfies the inequality:
HEn e ) E 5o )]
| (ZEEeG)=EL (@)l € ¢ L(ETFeG)
for all expressionsZ;;‘F;.Q CQ) in Bl*o ‘@t . On the other hand since by
Definition 2.2, df’(z;:. £;® gb) represents the least of such constants, we

have, ol"(Zrs, £®g) < (z:'_‘f ® g.) . This concludes the proof.

REMARK 1. The last Lemma is also true for perfectly general

. L »
Banach spaces, that is, we have o & ol on 'ﬁ@b‘_ C'exr‘@’?» .

REMARK 2. At this point one is tempted to reason as follows: For any
Banach space '@we have 7} C -@** In this inclusion the norm for elements
in 7} coincides with the norm of those elements when considequ in ?& .
Would not the same argument prove that in general the norm ol cc;!’ic:i(ies

with o" ? The answer is “no” since in general |’ ,B may not
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coincide with ( B‘ ﬁd_‘a.)** . An example readily follows from Theorem 5.15
where F\',Q’E = A ﬂfa represents the space of completely continuous
operators on R/ , while ( R/ O;F—C )** is the space of all operators on R .
In fact, in the general case for a given cross-space,its conjugate space contains
the associate space as a proper subspace. The precise corditions for their
equality are stated in' Theorem 3.6. Lemma 4 below proves that whenever the

conjugate and associate space coincide, we actually have o= .

mn

LEMMA 2. o"=ot'on PBlo Y.

4
Proof. By Lemma 1, o' €&, Thus, Lemma 2.2 implies ot” > o .
: r L4 ’ r'a ¢
Now applying LLemma 1 to o/ instead of O we get o X o, Thus, &”" =o',

This concludes the proof,

DEFINITION 1. A crossnorm @lon %O"@%‘,will be termed
(i) minimal, if for every norm ﬁ on "2:.0 T3, for which o' = @'
we have & S P .
(ii) reflexive, if ol" =al.
(iii) having an associate property,if for some crossnorm {9 on 'ﬁ'@’@t

we have o= F' .

THEOREM 1. For a crossnorm ©( on 1% O'ﬁ‘_ the following statements
are equivalent:

(1) ol is minimal

(i) ol is reflexive

(iii) ol has an associate property.
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Proof. We shall prove (i)ep (ii)—» (iii) —»(i).

Wle assume (i). By Lemma 2, o=, Thus, o”and o have the same
associate o/ ., By assumption © is minimal. Thus, &< O&” . On the other
hand Lemma 1 gives " £00 . This proves (i) =¥»(ii).

We assume c(.-cb" . Then clearly o is the associate of ot/ . Thus,
(ii) =» (iii).

Finally, we assume (iii). This means that for some crossnorm {5 on

ﬁﬁ,‘@ 'B: we have oL = P’ . Let &, denote a crossnorm on '5' Oﬁ‘_ for
which OL,' =d,. By Lemmas 1 and 2, &, o(.." = o(,'l: P,”—P'ﬂ ©C. Thus,

o, 70, that is, (iii)=P»(i). This concludes the proof.
LEMMA 3, ') is a reflexive crossnorm.

"
Proof. By Lemma 2.11, 2 2 M. On the other hand Lemma 1 gives

)”5'). Thus, )”='7\ .

REMARK 3. The last Lemma is also valid for perfectly general Banach
spaces., This follows from the following argument: By Lemma 2.12, 2 on
. "
%”Owis an extension of A on ‘%07}’_ . By Lemma 2,11, 2 2) on

g“' '@ ‘?:"‘hence also on %@% . An application of Lemma 1, which holds

for perfectly general Banach spaces, proves our contention.

LEMMA 4. Whenever for a cross-space 'HG‘L 3 its conjugate space

coincides with its associate space, we have, o =,

PN

Proof. We recall first that for a fixed f in a Banach space '@ ,

Il £11 is the least number ¢ satisfying the inequality
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|F(f)] € cIFll foran Fe@, (NFN = WFI ) .
Since a norm is clearly a continuous function, the value of the last ¢ will
be unaffected if we restrict the F 's only to a dense set in 7%* .

By assumption "3,'@1.73: is dense in ( ’B'G“')}’_)* . Hence ifz:;:‘f.._e 8¢
and 1%'@*')3’ take the place of f and '@ in our i)revious remark, we see
that a(z‘,‘;.f‘.‘ﬁ g.) ‘represents the least constant c¢ satisfying the inequality

=z Fe gzt el € c(Zm o)
for allZ}:.Fd-O G, in TO‘,Bt . By Definition 2.2 however, that constant is

4
d"(z‘:..f‘_O g8:.) . This concludes the proof.

2. Reflexive cross-spaces,

Here we shall say a few words about reflexive cross~spaces. In partic-
ular, we point out the relationship between such cross-spaces and those for
which the conjugate and the associate space are identical.

Suppose the cross-space '?%Qd'ﬁ_’_is reflexive., Clearly, '?}'and TR may
be considered closed linear subspaces in it. Since a closed linear subspace of
a reflexive Banach space is also reflexive [-10, P. 423] , both, % and ‘Yé‘must
be reflexive. The converse statement is not true. Both Tﬁ. and?};may be re-
flexive and in addition o =ol, while ‘?}IO“B,_may not be reflexive. Although
such examples can be easily constructed in the light of Theorem 2 below, we

prefer to outline the details of the following one directly, [4. P. 433] .

EXAMPLE. Let p>» 1 . We denote by lp the Banach space of all

sequences of real numbers {x‘} for which & Ix‘]’ < +92 and where
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( =. } x‘l" )t represents the norm of {x;} . It is well-known that lp*

may be interpreted as lq where —1'3- + ._"1_ = 1 ., Thus,

1:*= 1p [-1, P- 68] .

Let p?>1 . Then, 1p ﬁ, 1q is non-reflexive.

Proof. Let Q, , QL. QJ peces and ﬁ , ‘ﬂ_, (f& poroe denote the sequence
of elements (1,0, 0, .... ) , (0,1,0,.... ), (0,0,1,... ) in lp and lq

respectively. We have:

QL(%) = 0 if igj and §o(p) = 1 ;5 i.i=1.2,..
Let n>»m . For any constant real numbers Ba? Bopppeeeos 8y, o We have,
P ELePSR) = max ladl .
By Definition 2.4, )(ZL:'”'&;_QLC f) = sup! Z:”l\&(?) Q((ﬁ)l where
sup is taken over all é & 1p ) (Pelq , such that u@ll‘l?”'l . Putting
§ = Q‘;and k?= (ﬁ; in succession for m &i $n , we get
) (Z::_‘a‘é‘_@(ﬂ,) ;uxg.?:(“l ag| .
On the other hand, for Q (3 lp with ? = x,@, + x‘¢.‘_+ we have
MPll = 1 if and only if, X; Ix,|® = 1 . Similarly, if P& 1, end
@ - VGt @t .. ,then ¥l =1  if and only if, . ‘y‘._l~ = 1.
Thus, 7\(2:'_“&;?‘0@&) = sup|E..8%Yc| with the sup extended
over the set of all sequences of real numbers { xc} , "‘L y‘.‘} , for which
z.,lx.;\' = Z, \y;]v = 1, Holder's inequality gives:
PEZ DO sup (mex o) (El bl (ES v P
The right side is clearly, = max \a..'l . This concludes the proof of our

mébew

equality.
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Thus, the sequence of expressions a,¢'0 e, ,Z"'." aLQdO .
23‘..“ G‘Q;_OCP‘ yo... is fundamental if and only if, { a':} —>» 0 . Whenever
this is the case, its norm is clearly

sup lagl

Thus, the well-known non-reflexive space c, [l, pP. 181] and E, PP. 66-67J
of all converging towards 0 sequences of real numbers may be considered
a subspace of lp ﬁ, 1q . The last therefore must not be reflexive by
[10, P. 423] . This concludes the proof.

LEMMA 5. We assume that the Banach spaces 1}' , '7}“, are reflexive

and ol"=ocl . Then, the associate space forms a"fundamental'subspace of

~ o~
the conjugate space. We mean hereby, that whenever F(f.) = 0 for all ;
~ -~
in B'e, B} and some f, in BEOID, ,then T, = 0 .

Proof. The meaning of the symbol ?(‘f:) is obviously the following:

Letza'

= "'O G‘”‘ be a fundamental sequence of expressions in 'E:buﬂﬁffor F

and si.mila.rlyz 0 g""‘ a fundamental sequence in ‘BQ"T} for 'fe . Then,

“‘b G“ﬁ(z (% 1] \. 8':‘3)

=y
the sequence of corresponding inner products (Z‘_.l
is always convergent, to the same limit, independent on the fundamental sequen-
. -~ ~ ~ o~
ces of expressions representing F and f, . We denote this limit by F(f,)
By Definition 2.2 and continuity of a norm, d,"(ﬁ;) is the least number ¢
satisfying the inequality lf(ﬁ)l < ¢ &(F) forall ¥ in 'B?‘O‘.'B: . By
~ o UX P
assumption, F(f,) is always O . Thus, ot.'(f,) = 0 . Hence, a(f,)

and ?; = 0 . This concludes the proof.
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LEMMA 6. Whenever for a reflexive crossnorm ¢ the space ﬁeupz

is reflexive, its conjugate and associate space coincide.

Proof. Suppose to the contrary that an element ?7’, of the conjugate
space is not in the associate space. By construction, the associate space is
“absolutely closed®, that is, closed in any metric set containing it, hence
also in the conjugate space. By [i. pP. 57] there exists an additive bounded
functional é on the conjugate space such that é(l’-ﬁ;‘) = 1 and 4(?) =0
for all ¥ in the associate space. By assumption, our cross-space is re-~

. . . ~ : g . ~ e
flexive. Thus, it contains an element { corresponding to , with Fo(f) =1

~ ~ ~d ~
and F(f) = 0 for all F in the associate space. The last implies f = 0
~ ~
by Lemma 5. This obviously contradicts Fo(f) = 1 . This concludes the
proof.

THEOREM 2. For a reflexive crossnorm o the following statements
are equivalent:

(i) '%@“B; is reflexive.

(i) e, Bis reflexive.

ai)  ( Bemw* - weBl

1) (e B = Be B,

Proof. In our proof we shall use the following propositions stated in
[io. pp. 421 and 423] :
(a) A Banach space '@ is reflexive if and only if, '3 is reflexive.

(b) A closed linear manifold in a reflexive Banach space is also reflexive.
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We shall prove that (i) ~¥ (ii) —»(iii) and (iii’), while (iii) in conjunction
with (iii’) implies (i).

We assume (i). By (a), ( ‘@.G"}&_)* is also reflexive. Hence, its
closed linear subspace ’ﬁuﬁ‘.'ﬁrmust be also reflexive by (b). Thus, (i)-»(ii).
We assume (ii). ‘ﬁ', 'B:, may obviously be considered as closed
linear subspaces in 'g:@d,‘g:; they must be reflexive by (b). By Lemma 2, ot

is always reflexive. Thus, replacing in Lemma 6, o by o , ')3. by 73? and
By Biwe obtain ( BFe, BE* = B*e,., = B @P,. Thus, (iii")
holds., To prove (iii), we apply ¥ o (take the conjugate of) both sides of
(iii*), and apply (ii) to the left side of the resulting equality. Thus, (ii)—p (iii)
and (iii’).
Finally, we assume that (iii) and (iii') hold. We apply ¥ to both sides
of (iii). The resulting equality together with (iii') furnishes (i). This concludes

the proof.

COROLLARY 2. For a Hilbert space X, , both K,Gaa and KG‘R are

non-reflexive.

Proof. By Lemma 3, °Ais reflexive. Furthermore, by Corollary 5.2,
F{,Q,R = Fb&‘,-i—'(- is a proper subspace of ( K,Q,‘P(a )* . Thus,
(iii*) of Theorem 2 does not hold. Consequently, neither (i) or (ii) of

Theorem 2 holds. This concludes the proof.

COROLLARY 3, For a reflexive crossnorm oL, the space 'B;Ou ‘is

reflexive if 4nd only if, every operator from 'B‘into 'g:of finite ol=-norm can
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be approximated in that norm by operators of finite rank and every operator
from '%:into '@. of finite ol/-norm can be approximated in that norm by

operators of finite rank.

Proof. The proof is a consequence of Theorems 3.6 and 2.

It does not appear to be a simple matter to state some “reasonable®
sufficient conditions for a crossnorm for which the resulting cross-space is
such that its conjugate space coincides with its associate space. The theorem
which follows may be of interest although the type of condition stated herein

is far from being reasonable,

THEOREM 3. For a uniformly convex[ZbJ crossnorm el on 'B‘ O, , the

conjugate space coincides with the associate space if and only if, oL is reflexive.

Proof, Let o be uniformly convex and o = et By continuity, o is
also uniformly convex on B @, '3;. The last cross-space must be reflexive
since it is known that a Banach space with a uniformly convex norm is refléxive.
Thus, by Theorem 2, its conjugate space must coincide with its associate space.
That the converse holds for any crossnorm is the content of Lemma 4. This

concludes the proof.

3. “Limited”™ crossnorms,

We conclude this Appendix with a few remarks about a class of reflexive
crossnorms which we shall term “limited™. The notion of such a crossnorm

on & Q_ﬂ has already been mentioned before (Definition 5.10) since in that
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place we have found it convenient to discuss the topological equivalence of the

spaces K@ R and R @ E for any limited crossnorm ot .
P > oL

DEFINITION 2. Let 13, and ﬁ,denote any two Banach spaces and &L a
crossnorm or; 7}?@"'}: . We define a sequence of functions {OLP} on ROR
as follows: ol (S‘E;l f.® g,) is the least constant c¢ satisfying the
inequality

|EL, 5ec)En @) < c =L, 5eq)
for all expressions Z‘,, F.® Gd- of rank £ p in ‘5:'@‘3:"
Thus, every crossnorm of on 7?‘01}: generates a corresponding

sequence of functions {OLP} on 'B.(D '}3,_

THEOREM 4.
(i) All d.Fa.re crossnorms.
(i) o, € oy S ...
(iii) ot,= A

’

(iv) rlgnv OL','= oL .

(v) All pare reflexive.

Proof. (ii) and (iii) are a consequence of Definition 2. From Definition 2.:
it is also clear that the associate ol is not smaller than each d’?’ Thus,
AL obP < ol or OLP possesses the cross-property. The verification that OLF
is a norm presents no difficulty. This proves (i). Clearly, (iv) is an immediate
consequence of the definitions of ol and ob'. for a given oL ., It remains to

prove (v). From the definition of QL for an express:onzu. £.® g, we have,
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ELEGGUEL 4% 8)] & o« (ZL,F®G) o(Z, £@ ;)
Thus,

(1) (oL)( J,,FJ@%)\< &« (= d,' Feq)
for all expressions of rank £ p . Now, for a glvenzm‘ @ g, Definition 2.2
gives,

(=5, e o)ER 18 el € (o, (Z],E @G (e,)(ZE, 4,8 89

By (1), the right side is

<auZf 5eq) (e ,IE%, 128) .

for all expressionsz F.® G, of rank & p . This, by Definition 2 implies

I=19 " "9
"
U Z 8, 1@ 8) € () (Z5, £ ®5) . Thus, op &), An application

of Lemma 1 concludes the proof.

THEOREM 5. Let o be a reflexive crossnorm. Then, c{,r is the least

. / P . s
crossnorm whose associate (oLP) coincides with o for all expressions of

rank < p .

Proof. Formula (1) of Theorem 4 (v), proves that (o¢ ) £ & for all
expressions of rank & p . Again by Theorem 4 (ii), QLP ‘q, and hence
[] " r_ .
(OLP) P oL =0. Thus, (d’p) = ol for all expressions of rank &£ p .
Now suppose that for a crossnorm /5 and an expressionzz:‘ f‘_O 8. Wwe

have, ’5(2‘-‘ £.9 g. ) < oL (ZwI £® g ) . By Definition 2, there must

exist an expresslonz 0 G of rank £ p for which
p(z‘,,. ‘0 g‘) OL(ZJ,‘ F. o G‘) < l ( as' )(zys' .,e 8 ) I .
By Definition 2.2, the right side is < [5( d‘l G‘.) p(Z‘.__lf‘Q g..') , and

therefore ol (X J'l ) < {5( "-| (‘:’,‘)
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’
Thus, p =t for all expressions of rank & p implies /3 2.

This concludes the proof.

REMARK 4. It is not difficult to see that the last theorem is a generali-

zation of Theorem 2.1.

We conclude this section by pointing out some interesting properties of
the “limited™ crossnorms generated by the unique self-associate crossnorm

&on RO K (Definition 5.9 and Lemma 5.39).

LEMMA 7. Let ot be a unitarily invariant crossnorm on Ro E‘: .
Let X be a fixed operator on R of finite rank, whose range spans a linear

manifold 77‘6 . Then,

) - lx, )
%X = ERem oY)

where the last sup is restricted to the set of all those operators Y on &

of rank § p whose range R(Y) is included in nr.

Proof. Let P be the projection of & on 7. By Lemma 5.9 (vi),
(X,Y) = (PX,Y) = (X,P%) = (X,PY) .
By Lemma 5.35, the unitary invariance of o, implies its uniformity. Thus,
o(PY) £ NPl oL(Y) = o (Y) .
The last two relationships and the definition of o(.P(X) furnish the proof.
We consider the sequence of limited crossnorms ‘{.G'P} corresponding to

the unique self-associate crossnorm G .

LEMMA 8. For every natural p , G'P o Cpyy .
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Proof. Let ‘-P. yeerey ‘FP ) tﬁ,ﬂ. be an orthonormal set., Using Lemma 7
we readily verify
Cay

q,(zg::gﬂoﬁ) = 15 and zl‘“cpmp) p+1.

This concludes the proof.
COROLLARY 4. Gp3= G for p = 1,2,.... .
Proof. We have G‘Ps G’PH ¢' = g - But G"P + G'r,,,. Thus, 6'"'.4'- ¢ .

THEOREM 6. For every natural p , we have cﬁ, = (6;, )I= G for

all expressions of rank g p

Proof. Let of be a crossnorm. Then, ( @(X) )."= (X, X) g o(X) al(X) .
Thus, for any crossnorm ov we have ¢G> <ot and in particular ¢* & G'P (6

Now,

Gp < ¢' = G implies (G*P)' > @'= & . By Theorem 5, (o;)’ =
for all expressions of rank £ p . Hence also G‘P = G for all expressions of

rank £ p . This concludes the proof.

REMARK 5. From Theorem 6 and 4(v) it is clear that we have constructed
three different reflexive crossnorms which are equal to each other for all expres-

sions of rank < p , namely, G,

- (G‘r',)' , G . The crossnorms G’ and (g )’

are associate with each other. Since, they are also equal for all expressions

of rank £ p we may term them “semi-self-associate”.

REMARK 6. From Remark 5 also follows that a crossnorm on &0 K.
is not determined by the values it assumes for all expressions of rank £ p

(where p is any natural number smaller than the dimension of ~ )
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1. A self-associate crossnorm.

THEOREM. It is possible to define a construction which for any two
Banach spaces ﬁ‘, PB,, (without any special restrictions!) determines a
crossnorm on 'B'O 7, . Moreover, this construction when applied to two
unitary spaces, furnishes the usual unique self-associate crossnorm ¢

(Definition 5.1 and Lemma 5.39) .
We precede our proof with the following two Lemmas:

LEMMA 1. For positive numbers a , b , we have,

1 1 I
s S @t

Proof. The proof is immediate.

LEMMA 2. For any two norms o/, {5 , we have

(:‘_}&)’s 2&%1‘-‘_ .

L d
Proof. Let F & 13?0 ‘Y}: be fixed. By Lemma 1, for any non-zero

‘i.' in '%G)"%,_we have,
?.lf“'('f')l7 < .L( 1F®! +_'I?(5l
a® + p(@) 2\ x® 2O

Thus, Definition 2.2 furnishes the proof.

We are ready for the proof of our Theorem. Instead of following the
usual pattern, we use a more suggestive approach with the introduction of
the notion of a “general crossnorm®™. We do not attempt here to give a precise
formulation of this notion. For our purpose it is sufficient to remark that the

greatest crossnorm Y is such, since it is uniquely defined on 'ﬁ. (0] 7},_ for
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any two Banach spaces B, '3‘_. Similarly, A as well as 1:"2__2 are general
crossnorms, When oL is a general crossnorm, ol should also stand for a
general crossnorm with the following significance on '7.3.(3 7, : We consider

ol on 13'*@ 73: . This determines o' on T*G) B:"’ . The latter we c’on-
fineto BOB, C TR Ths, y , ¥ . 2, Ll ,I{l.(}{l) yooee
are general crossnorms.

We proceed with our construction:

’ A /
Put o, = “6_;1 and &, = —A%dﬁ)-for “w>l .

By Lemma 2,(0(“)' =( ey + (d“_')' )l S (du-u)' -+ (qﬁ‘.-—»)';

2 2
aA...Y -

< (At ) ;:du ) = ol
Thus,

¥'<e) €Y L. LS o, §x, $Y .

. = ol . - )

Put,  lim ol and  lim (o) = f
Since,

o~ () = 5 (g+¥) = () € LG+¥)-¥' = £ (5-¥).
oy = () = % (o +@)) = (x,) ¢ L (o +(@)) = (o) =
(- @) ¢ 5y -3,
and in general,
a. — () € -;?:(‘6 -3¥)
wehave, o —P=0 or o= .
Since, o.<ol, and consequently & Z () for all W , we have &' 7 3 =oL.
since (,.)'s [p =Cthence, L 2 ()70l for all W , we have, & P o .

Thus, ol =o',
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The obtained general crossnorm ol is defined for any two Banach spaces.
It is clear that for the case of a unitary space F the resulting o¢ coincides

with &' on K.Gz" , hence, is self-associate in the sense of Definition 5.9.

By Lemma 5.39, ot coincides with G .
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