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PREFACE TO THE SEVENTH EDITION

i

THIS edition is mainly a reprint of the last, but results involv-

ing Elliptic Functions have been reduced to the notation of
Weierstrass and the chapter on the Equilibrium of Revolving Liquid
has been partly rewritten and contains some notice of recent re-
search. Readers of text-books have too lofig been allowed to regard
Maclaurin’s Spheroids and Jacobi’s Ellipsoid as a kind of mathe-
matical accident, somewhat resembling examples that are made “fo
come out”; and though it is impossible to reprodudé here the
extensive work of Poincaré and others on this subject, we have
drawn attention to the fact that these forrs of equilibrium are only
special cases in sequences of possible forms, and we have given some
references that will be useful to those who desire to pursue the
subject further.

In some of the other chapters additional references have been

given in footnotes in the hope of increasing the utility of the
book.

W.H.B.
A.S.R.

October, 1911.



PREFACE TO THE EIGHTH EDITION

OR this edition Chapter V on The Stability of Equilibrium of

Floating Bodies has been partly rewritten. It now contains a
new method of treatment of the general problem and an important
correction to Leclert’s Theorem, for both of which I am indebted
to Dr Bromwich. In other respects this edition differs but little
from the last.

A.S.R.

July, 1919,
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HYDROSTATICS

CHAPTER 1

1. WE learn from common experience that such substances as
air and water are characterised by the ease with which portions of
their mass can be removed, and by their extreme divisibility. These

' properties are illustrated by various common facts if, for instance,
we consider the ease with which fluids can be made to permeate
each other, the extreme tenuity to which one fluid can be reduced
by mixture with a large portion of another fluid, the rarefaction of
air which can be effected by means of an air-pump, and other facts
of a similar kind, it is clear that, practically, the divisibility of fluid
is unlimited : we find, morcover, that in separating portions of fluids
from each other, the resistance offered to the division is very slight,
and in general almost inappreciable. By a generalization from such
observations, the conception naturally arises of a substance pos-
sessing in the highest degrec these properties, which exist, in a
greater or less degree, in every fluid with which we are acquainted,
and hence we are led to the following

Definition of a Perfect Fluid.

2. A perfect flurd is an aggregation of particles which yield at
once to the slightest effurt made to separate them from each other.

If then an indefinitely thin plane be made to divide such a fluid
in any direction, no resistance will be offered to the division, and
the pressure exerted by the fluid on the plane will be entirely
normal to it; that is, a perfect fluid is assumed to have no ‘viscosity,’
no property of the nature of friction.

The following fundamental property of a fluid is therefore ob-
tained from the above detinition.

"The pressure of a perfed® fluid is always normal to any surface
with which it is in contact.

As a matter of fact, all fluids do more or less offer a resistance
to separation or division, but, just as the idea of a rigid body is
obtained from the observation of bodies in nature which only change
form slightly on the ‘application of great force, so is the idea of a
perfect fluid obtained from' our experiences of substances which

B.H.



2 DEFINITION OF A FLUID

possess the characteristics of extremely easy separability and ap-
parently unlimited divisibility.

The following definition will include fluids of all degrees of
viscosity.

A fluid is an aggregation of particles wlhich yield to the slightest
effort made to separate them from each other, if it be continued long
enough. .

Hence it follows that, in a viscous fluid at rest, there can be no
tangential action, or shearing stress, and therefore, as in the casc
of a perfect fluid,

The pressure of « fluid at rest 18 always normal to any surface
with which it is tn contact.

Thus all propositions in Hydrostatics are true for all fluids what-
ever be the viscosity.

In Hydrodynamies it will be found that the equations of motion
are considerably modified by taking account of the viscosity of a
fluid.

8. Fluids are divided into Liquids and Gases; the former, such
as water and mercury, are not sensibly compressible except under
very great pressurcs; the latter are easily compressible, and expand
freely if permitted to do so.

Hence the former are sometimes called inclastic, and the latter
elastic fluids.

4. Fluids are acted upon by the force of gravity in the same
way as solids; with regard to liquids this is obvious; and that air has
weight can be shewn directly by weighing a closed vessel, exhausted
as far as possible: moreover, the phenomena of the tides shew that
fluids are subject to the attractive forces of the sun and moon as
well as of the earth, and it is assumed, from these and other similar
facts, that fluids of all kinds are subject to the law of gravitation,
that is, that they attract, and are attracted by, all other portions of
matter, in accordance with that law.

Measure of the Pressfire of Fluids.

6. Consider a mass of fluid at rest under the action of any
forces, and let 4 be the area of a plane surface exposed to the
action of the fluid, that is, in contact with it, and P the force which
is required to counterbalance the action of the fluid upon 4. If

the action of the fluid upon A be uniform, then g is the pressure
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on each unit of the area A. If the pressure be not uniform, it
must be considered as varying continuously from point to point
of the area :4, and if w be the force on a small portion a of the

aren about a given point, then g will approximately express the
rate of pressure over a. When a is indefinitely diminished
let ; uléimately = p, then p is defined to be the measure of the

pressure at the point considered, p being the force which would be
cxerted on an unit of aren, if the rate of pressure over the unit were
uniform and the same as at the point considered.

The force upon any small area a about a point, the pressure at
which is p, is therefore pa+r, where «y vanishes ultimately in com-
parison with pa when 2 (and consequently pa) vanishes.

6. The pressure ut any point of « fluid at rest is the same in
every direction.

This is the most important of the characteristic properties of &
Huid ; it can be deduced from the fundamental property of a fluid
in the following manner:

It we consider the equilibrium of a small tetrahedron of fluid, we
observe that the pressures on its faces, and the impressed force on
its mass, form a system of equilibrating forces.

The former forces depending on the areas of the faces vary as
the square, and the latter depending on the volume and density
varies as the cube of one of the cdges of the solid, which is consi-
dered to be homogenceous, and therefore supposing the solid indefi-
nitely diminished, while it retains always a similar form, the latter
force vanishes in comparison with the pressures on the faces; and
these pressures consequently form of themsclves a system of forces
in equilibrium

"Let p, p’ be the rates of the pressure on the faces 4 BC, BCD,and
resolve .the forces parallel to the edge AD; B
then, since the projections of the areas 4BC,

BCD on a plane perpendicular to 4D are the

same (each equal to a suppose) we have ulti- 4 »
mately,

pa=pa, -
or p= p

And similarly it may be shewn that the pressures on the other two

faces are each equal to p or p'.
1-2



4 MEASURE OF THE PRESSURE OF FLUIDS

As the tetrahedron may be taken with its faces in any direction,
it follows that the pressure at a point is the same in every direction.

This proposition is also true if the fluid be in motion, for by
D’Alembert’s Principle the reversed effective forces and the im-
pressed forces which act upon the mass of fluid must balance the
pressures on its faces, and the effective forces are of the same order
of small quantities as the impressed forces and vanish in comparison
with the pressures.

7. The following proof of the foregoing proposition is taken
from Cauchy’s Ezercices*.

Let P and @ be two points in a fluid at a finite distance from
each other; about P as axis describe a cylinder of very small radius,
draw a plane through @ perpendicular to QP, draw any plane
through P, and consider the equilibrium of the mass Q.

The pressures on its ends and on its curved surface, and the
impressed forces which act upon it, form a system of balancing forces.

Let p, p’ be the pressures at @ and P, « the area of the section
Q of the cylinder, and @’ of the sec- __ .
tion P; then the pressure p'a’ on Q@ _'jl’
the end P, resolved parallel to the
axis of the cylinder, is equal to p’a, and therefore

p'a— pa = the impressed force, resolved parallel to QP.

Now whatever be the direction of the plane through P, thisim-
pressed force, when the radius of the cylinder is indefinitely dimi-
nished, is ultimately equal to the impressed force on the portion

QP of the cylinder cut off by a plane through P perpendicular to
the axist, that is, to

[

* Seconde Année, 1827, p. 23.

t The following considerations may complete this part of the proof: .

Let AB, 4'B’ be the two planes
through P; p, o' the mean densities A
of APA'. BPB'; and f, f’ theaccelera- ¢ [/ ) R A
tions of the forces which are acting
on these portions of fluid.
Then the difference of the, forces on Q4B and QA’'B’ (the volumes of which are
equal) '

A A

=the difference of the forces on APA4’ and BPB’
=(p'f' - pf) . vol. APA’

2
=8(pf).-§;aAA',
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where mf is the force on a particle m of the fluid at a distance «
from Q. Hence

4 PQ
p=p+ [ efdn,
or p’ is constant for all positions of the planc through P.

. Transmission of Fluid Pressure.

8. Any pressure, or additional pressure, applied to the surfuce
or to any other part of  liguid at rest, vs transmitted equally to all
parts of the liquid.

This property of liquids is a direct result of experiment, and,
as such, is sometimes assumed. It is however deducible from the
definition of a fluid.

Let P be a point in the surface of a liquid at rest, and Q any
other point in' the liquid ; abont the straight line PQ deseribe a
cylinder, of very small radius, bounded by the surface at P and by
a plane through @, perpendicular to QP.

If the pressurc at £’ be increased by p, the additional force on
the cylinder, resolved in the direction of its axis, is pa, a being the
area of the section of the cylinder perpendicular to its axis, and
this must be counteracted by an equal force pa at @ in the dircetion
QP, since the pressure of the liquid on the curved surface is per-
pendicular to the axis. The pressure at @ is thercfore increased
by p. ¢

If the straight line PQ do not lie entirely in the liquid, P and
Q can be connected by a number of straight lines, all lying in the
liquid, and a repetition of the above reasoning will shew that the
pressure p is transmitted, unchanged, to the point .

9. In consequence of this property, a mass of liquid can be
used as a ‘machine’ for the purpose of multiplying power.

Thus, if in a closed vessel full of water two apertures be made
and pistons 4, 4’ fitted in them, any force P applied to one piston
must be counteracted by a force ” on the other piston, such that
P’: Pin the ratio of the area 4': 4, for the increased rate of pressure
at every point of A is transmitted to every point of A’, and the
force upon A’ depends therefore upon its area®.

r
and therefore p’=p+J’Q pfdz-f-:; A44’.3(pf ).
0
The forces being continuous, the last term is obviously evancscent compared
with the other quantities in the equation, and p’ is therefore constant.
* Bramah’s Press is an instance of the practi al use of this property of liquids.
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The action between the two is analogous to the action of a lever,
and it is clear that by increasing A’ and diminishing 4, we can
make the ratio P’': P as large as we please.

10. The pressure of a gaseous fluid is found to depend upon its
density and temperature, as well as upon the nature of the fluid
itself. .

When the temiperature is constant, experiment shews that the
pressure varies inversely as the space occupied by the fluid, that is,
directly as its density.

This law was first stated by Boyle, but it is a consequence of
the more general law that the pressure of a mixture of gases that
do not act chemically on each other is the sum of the pressures the
gases would exert if they filled the containing vessel separately.
For doubling the quantity of gas in the vessel would double the
pressure, and a similar proportionate change of pressure would take
place for any other change of quantity.

Hence if p be the density of a certain quantity of a gaseous
fluid, and p its pressure, then, as long as the temperature remains
the same,

p=kp,
where k is a constant, to be determined experimentally for the fiuid
at a given temperature.

If v be the volume of the gas at the pressure p, and v’ the
voluine at the pressure p’,

pr=pv,
or pv is constant for a given temperature.

11. The Elasticity of a fluid is measured by the ratio of a
small increase of pressure to the cubical compression produced by
it.

If v be the volume, the small cubical compression is — {?, and

-_— =~

dv’
In the case of a gas at constant temperature pv is constant,

: . dp _
and ..p+'va-'—)-—0,

so that the measure of the elasticity is equal to that of the pressure.
If the relation between the elasticity and the pressure is given,
we can deduce the relation between the pressure and the volume.
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ror instance, if we can imagine the cxistence of a fluid in which
the elasticity is double the pressure, we have

from which it follows that pe? is constant.

Measures of Weight, Mass, and Density.

12. The weight, mass, and density of a fluid are measured in
the same way as for solid bodies.

If W be the weight of a mass M of fluid, then, in accordance
with the usual conventions which define the units of mass and foree,
W= My.

If V be the volume of the mass M of fluid of density p, then

M=pV,

and o W=gpV.

For the standard substance, p=1, and therefore the unit of
mass is the mass of the unit of volume of the standard substance.

If the unit of mass is a pound, the equation, W = Mg, shews
that the action of gravity on a pound is equivalent to ¢ units of
force. The unit of force is therefore, roughly, cqual to the weight
of half an ounce, and it is called the Poundal.

13. In the previous articles no account has been taken of fluids
in which the density is variable; but it is easy to conceive the
density of a mass of liquid varying continuously from point to point,
and it will be hereafter found that a mass of elastic fluid, at rest
under the action of gravity, and having a constant temperaturce
throughout. is necessarily heterogeneous: the density at a point
of a fluid must therefore be measured in the same way as the pres-
sure at a point, or any other continuously varying quantity.

Measure of the density at any point of a heterogeneous fluid.

Let m be the mass of a volume v of fluid enclosing a given
point, and suppose p the.density of a homogeneous fluid such that
the mass of a volume v is equal to m, or such that

m=pv; i

then p may be defined as the mean density of the portion v of the
heterogeneous fluid, and the ultimate value of p when v is indefi-
nitely diminished, supposing it always to enclose the point, is the
density of the fluid at that point.
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14. To find the work done in compressing a gas.

Let v be the volume of a gas at the pressure p, dS an clement
of the surface of the vessel containing it, and dn an element of the
normal to dS drawn inwards.

Then the work done in a small compression

=p2dSdn = — pdv,
and the work done in compressing from volume V to V*

=—fpdv=— {q‘;i?,ifpv=0,

p
. 'a
=Clog —I—,-,=pv log-—{—,—,.

If the compression takes place in a vessel surrounded by the
atmosphere, as for example if the gas is confined in a cylinder by
a piston, the pressure of the atmosphere assists in the work of com-
pression. Thusif the initial volume is ¥ at atmospheric pressure TI,
the external work done in compressing it to volume V’

|I’l
=—| (p—I)dv, wherec po =TIV
r

=llVlog-'1,,,— oV -v).

EXAMPLES

(In these Examples y is taken to be 32, when a foot and a second are units.)

1." ABCD is a rectangular arca subject to fluid pressure ; A is « fixed
line, and the pressure on the area is a given function (2) of the length BC () ;
prove that the pressure at any point of €D is ads’ where a=A4B.

If 4 be a fixed point, and AB, AD fixed in direction, and if AB=x and

AD=y, the pressure at C=Hz§'
2. In the equation W=gp¥, if the unit of force be 100 Ib. weight, the

unit of length 2 feet, and the umt of tume }th of a second, find the density of
water.

3. If a minute be the unit of tine, and a yard the unit of space, and if
15 cubic inches of the standard substance contain 25 oz., determine the unit
of force.

4. In the equation, W=gpV, the number of seconds in the unit of time
is equal to the number of feet in the unit of length, the unit of force is 750 lb.
weight, and a cubic foot of the standard substance containg 13500 ounces ; find
the unit of time,

5. A velocity of 4 feet per second is the unit of velocity ; water is the stan-
dard substance and the unit of force is 125 Ib. weight ; find the units of time
and length,



EXAMPLES 9

6. The number expressing the weight of a cubic foot of water is J5th of
that expressing its volume, th of that expressing its mass, and 35th of the
number expressing the work done in lifting it 1 foot. Find the units of length,
mass, and time.

7. Tf the pressure of the atmosphere be the unit of pressure, the velocity
of sound the unit of velocity, and the acceleration due to gravity the unit of
acceleration, find roughly the umt of force.

8. If « feet and b seconds be the units of space and time, and the density
of water the standard density, find the relation hetween « and b in order that
the equation, 1W=gp V, may give the weight of a substance in pounds.

9. A velocity of 8 feet per second is the unit of velocity, the unit of accelera-
tion iy that of a falling body, and the umt of mass is o ton ; find the density
of water.

10. The density at any point of a liquid, contained in a cone having its axis
vertical and vertex downwards, ix greater than the density at the surface by a
quantity varying as the depth of the point. Shew that the density of the liquid
when mixed up ~o as to be uniform will be that of the liquid originally at the
depth of one-fourth of the axis of the cone.

11. From a vessel full of liquid of density p is removed 1/ath of the con-
tents, and it is filled up with liquid of density o. If this operation he repeated
s times, tind the resulting density n the vessel.

Deduce the density in a vessel of volume V, originally filled with liquid of
density p, after a volume U of liquid of density o has dripped mto it by
mfinitesimal drops.

12. The density of a fluid varies from point to point ; considering directions
proceeding from a given point, prove that the density varies most rapidly along
the normal to the surface of equal density containing the point ; and of direc-
tions in the tangent plane to this surface, the tangents to its principal sections
are those in which the rate of variation of density ix greatest and least.



CHAPTER 1II
THE CONDITTONS OF THE EQUILIBRIUM OF FLUTDS

v 15. TAKING the most general case, suppose a mass of fluid,
clastic or non-elastic, homogencous or heterogencous, to be at rest
under the action of given forees, and let it be required to deter-
mine the conditions of equilibrium, and the pressure at any point.
Let «, 9, z be the co-ordinates referregyto rectangular axes, of
any point P in the fluid, and let @ bem()int near it, so taken
that PQ is parallel to the axis of 2. : x ~
Take 2 + 8, y, z as the co-ordinates @ out 1 eseribe
a small prism or cylinder bounded by plafi@§perpendicular to Q).
Let a be the area of the section of the cglinder perpendicular
to its axis, p the pressure at I, and p + 3pdthe pressure at Q.
Then, a being very small, the pressure a%any point of the plane
P will be very nearly cqual to p, and thoﬁssuro upon it will
therefore be :

(p+9)a,
where o vanishes in comparison with p when a is indefinitely
diminished.

We can therefore consider a so small that ¢ may be neglected
in comparison with p, and the pressure on the end I of the
¢ylinder may be taken equal to pa, and qlmll.uly the pressure on
the end ) cqual to

P+ e

If p be the mean density of the eylinder P(Q), its mass = padu,
and Xpadz will represent the force on () parallel to its axis, if
Xom, Y8m, Z8m be the components of the forces acting on a
particle &m of fluid at the point. (z, y, 2).

Hence, for the equilibrium of PQ,

(p + op) a —pa= Xpada,
or &p = pXdu.

Proceeding to the limit when &z, and therefore &p, is in-
definitely diminished, p will be the density at P, and we obtain

* In the above proof, a is taken so small that its linear dimensions may 'be
neglected in comparison with 5z ; that is, the change in p, corresponding to a change
dz in z, is considered undisturbed by any alterations in y and z.
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By a similar process,
op

5y =P Y,
a,; = pZ.
But dp= D_. ’ d + dr/ + (L,
o dp=p(Xdre+ Id/+[«lz) .................. (a),

the equation which determines the pressure.

16. The pressure is clearly a function of the independent
variables &, y, and z, and we konow that

p _ p op _ Op »*p _ Fp
fyoz  Psoy’ @zow owdz’  owdy dyde’

Hence we obtain from the preceding equations,
) 2
y 5y P = (;(pl)
- (p‘\)_ (pl) .................. (B).

;,w (p¥)= 'a'—,/(PX)

Performing the operations indicated we have

% _op (Y 8Z
Zﬁy ! éé_P((')., ()y)
> ()P _ ap 87 84\
A J (D.L oz ) ’
. }’;.) ap (E)X _8Y>
. ow a y F\oy o«)
Multiplying by X, Y, Z, and addmg, we obtain
- 07\ |, (0Z oX oX oY
x(5 - o)+ ¥ (55— 55) + 2(5, —0) = 0

as a necessary condition of equilibrium.
The geometrical integpretation of this equation is that the lines

of force,
dz _dy _dz

=

X" v 7
.
can be intersected orthogonally by a system of surfaces.
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17. Homogeneous Liquids. If the fluid be homogeneous
and incompressible, Xdz + Ydy + Zdz must be a perfect dif-
ferential in order that equilibrium may be possible.

In other words, the system of forces must be a conservative
system, and the forces can be represented by the space-variations
of a potential function.

We then have, it ¥V be the potential function,

dp=—pdV,
and ‘ - Prvec
)

If, for instance, the forces tend to or from fixed centres and are functions
of the distances from those centres, we have

a

=2{¢(1)&‘—}, )'-_—z{(p(,.)?/_;b}, gz {d)(r) :T—‘-’},

where (a, b, ¢) are co-ordinates of the centre to which the force ¢ () tends.

Now M=(r-~a)+(y -0y +(2—c)?,
NXdu+Ydy+ Zd-=3¢ (v) dr,
and dp=p2¢ (r) dr.
In this case, » ince
= 1/ b —u y—bh)
=2 {p T - T,
and f’ {¢'<:)J ”" ~p (Y5 ’”’, =%

it is obvious that the equation (y) is nlways satisfied, but it is not to be inferred
that the equilibriumn of a heterogeneous flud is always possible with such a
system of forces.
‘When the density is constant, the equations (8) become

&Z oY oX o4 X nY

TG e T Wy e
which are in this case always satisfied, and therefore the equilibrium of a
homogeneous fluid under the action of such forces iy always possible.

18. Heterogeneous Fluids. If the law of density be pre-
scribed, that is, if p be a given function of 2, y, 2, the conditions to
be satisfied in order that a given distribution of foree, represented
by X, ¥, Z, may maintain the fluid in cquilibrium are the equatjons
(B).

‘ Elastic Fluids. When the fluid is elastic, an additional
condition is introduced, for, if the tcmperature be constant,
p=kp;
dp

o = (Xda+ Ydy + Zdsy.............3).
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If the forces are derivable from a potential V, i.c. if

Xda+ Ydy + Zdz
» a perfect differential —dV,
k- _av,
»

.'.klogg=—V,
-y ¢ -
or p=Ce ",andp=Ee k,

When the forces tend to fixed centres and are functions of the
distances, Art. (17), this equation takes the form

k‘z’ =3¢ (r) dr.
and p can be determined.
If the temperature be variable, the relation between the pres-
sure, density, and temperature is found to be
p=1lkp(l +at),
where ¢ is the temperature, measured by a Centigrade Thermo-
meter, and a = ‘003665.
From this we obtain

p=kpa{:—l + t} = KpT,
where K=ka and 1T= ;+ t.

T is called the absolute temperature, the zero of which is
—-273°C.

In this case

P KT
and thercfore 7' must be a function of z, y, .

In any of these cascs, if the pressure at any particular point be
given, the constant can be determined.

In the case of clastic fluids, if the mass of fluid and the space
within which it is contained be given, the constant is determined.

20. The equation for determining p may also be obtained in the following
manner.

Let PQ be the axis of a very small cylinder bounded by planes perpen-
dicular to PQ.

Let p and p+8p be the pressures at P and @, a the areal section, and 8s
the length of PQ. Then, if §3m be the component, in the direction 1@, of the
forces acting on an element 8m,

(p+8p) a— pa=paS3s,

dp _Xdz+ Ydy + Zdz
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and therefore, proceeding to the limit,
dp=pSds. .
That is, the rate of increase of the pressure in any direction is equal to the
product of the density and the resolved part of the force in that direction.
If z, y, 2 be the co-ordinates of 2, and X, T, Z the components of § parallel

to the axes, .
S =.‘ E‘d

and .t dp=p (Xdz + Ydy+ Zdz) as in Art. (15).
If the position of 2” be given by the cylindrical co-ordinatesr, 6, and z, and

if P, T, Z be the components of S in the directions of , 6, ,

SAy 0z
+1J E;'Flz’,

v pdr rdd ,dz
b—PEs+Tda +st,

and the equation for p becomes
dp=p (Pdr+ Trdf+ Zdz). .

Again, if the position of P be given by the ordinary polw co-ordinates r, 6,
¢, and 1f the components of the force be £, .V, and 7} n the directions of r, of
the perpendicular to the plane of the angle 4, and of the line perpendicular to
# in that plane, it will be found that

‘g’ — R+ X sin 6y + Trd.

In a similar manner the expression for dp may be obtained for any other
system of co-ordinates. ’

21. Surfaces of equal pressure. In all cases, in which the
equilibrium of the fluid is possible, we obtain by integration

p=¢ @12

If p be constant, D(0,,2) =Peeeniinniiiiiiiiiine (A)
is the equation to a surface at all points of which the pressure is
constant, and by giving different values to p we obtain a series of
surfaces of equal pressure, and the external surface, or free surface,
is obtained by making ¥ cqual to the pressure external to the
fluid. :

If the external pressure be zero, the frec surface is therefore

¢ (%,7,2)=0.
o¢ 0¢p 0¢

ox’ 9y’ 0z’
which are proportional to the direction-cosines of the normal at the
point (@, y, 2) of the surface (A), are equal to

o o op

oz’ 9y’ 0z’
respectively, i.e. to pX, p¥, pZ, and arc therefore proportional to
X, Tz

The quantities
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Hence the resultant force at any point is in direction of the
normal to the surface of equal pressure passing through the point.
« The surfaces of equal pressure are therefore the surfaces inter-
secting orthogonally the lines of force.

It follows from this result that a necessary condition of equili-
brium is the existence of a system of surfaces orthogonal to the
lines of force, a conclusion derivable also from the equation (y) of
Art. (16), for that equation is the known analytical condition
requisite for the existence'of such a system.

22. If the fluid be a homogeneous liquid, that is, if p is con-
stant, Xdo + Ydy + Zdz must be a perfect differential, or in other
words, the system of forces must be a conservative system.

In general, when the force-system is conservative, p must be a
function of the potential V.

For dp = — pdV, und, dp being a perfect differential, p must be
a function of V; hence V, and thercfore p, is a function of p, and
surfaces of cqual pressure are equipotential surfaces, and are also
surfaces of equal density¥.
=11 the fluid be elastic and the temperature variable

dp 4V

p KT
Hence by a similar process of reasoning T is a finction of p, and
surfaces of equal pressure are also surfaces of equal temperature,

If however Xdr + Vdy + Zdz be not a perfect differential, these

surfaces will not in gencral coincide,

* These results may also be obtained in the following manner :

Consider two consecutive surfaces of equal pressure, containing between them a
stratum of fluid, and let a small circle be described about a point P in one surface,
and a portion of the fluid cut out by normals through the circumference. The portion
of fluid is kept at rest by the impressed force, and by the pressures on its ends and on
its circumference. Being very nearly a small oylinder, and the pressures at all points
of its circumference being equal, the difference of the pressures on its two faces must
be due to the force, which must therefore act in the same direction as these pressures,
i.e. in direction of the normal at P.

If the forces are derivable from a potential, the resulting force is perpendicular
to the equipotential surfaces, and the surfaces of equal pressure are therefore
identical with the equipotential surfaces.

Again, considering the equilibrium of the elemental cylinder, the force acting
upon it, per unit of mass, is equal to the difference of potentials divided by the
distance between the surfaces of equal pressure, and as the mass of the element is
directly proportional to this distance,  follows that the density must be constant,
that is, the surfaces of equal pressure‘éte also surfaces of equal density.
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Let the fluid be heterogeneous and incompressible; then the
Kurfaces of cqual pressure and of equal density are given respec-
tively by the equations

dp=0, dp=0,
or Xdz + Ydy + Zdz=0 ®
dp op ap _} ............... .
32 dw+ade+azdz-0

These then are the differential equations of surfaces which by
their intersections determine curves of equal pressure and density.
From (B) we obtain
dz dy dz
e = e L ©).
op ,ap op _ af_; ~0p op
Zay ! 0z Xaz Zaw ! oz Xaj
But from the conditions of equilibrium we have

0X op _ EZ}
Py T X oy =P e +Y

oY Yap o Zap

Paz ™t P oy y a9y’
) p S + Z ge @1¥+ X
and therefore the equations (C) become
de  dy dz
o7 a)r—ﬁ az—'b)r a‘Y ............... (])),

0z o0z O oz oy
the differential equations of the curves of equal pressurc and
density.

23. We shall now shew how to obtain the fundamental
pressure equation by considering the equilibrinm of a finite mass
of fluid.

Let S be any closed snrface drawn in the fluid, and !, m, » the
direction-cosines of the normal at any point drawn outwards. The
conditions of equilibrium of the mass of fluid within the surface S
are summarised in the statement that the normal pressures on the
boundary must counterbalance the effect of the given forces acting
throughout the mass. Thus by resolving parallel to the axes we
get three equations of the type

[fpdS = [[f pXdzdyda........ eeerienanras (1);
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and by taking moments about the axes we get three other equationt
of the type ’
[/ p (ny —mz)dS = [[[p(yZ — 2Y) dzdydz ......... (2),
where the double integrations extend to the*whole surface S and
the triple integrations arc throughout the space enclosed.

Now consider the integral f f J’ gg dzdydz with the same range

of integration. Taking a thin prism parallel to # which necessarily
crosses the surface an even number of times, and cuts out elements
ds,, dS,, dS,, ... at the points P, Py, Ps ..., and integrating along
this prism, we get

fffgg da:dydz=f pdydz ..oouniiniinnnns (3)
taken between the limits P, to P, P, to P,, &c.

Vi AR /

Y

But if 8,, 8., 6; ... arc the inclinations to the axis of « of the

outward-drawn normals at P,, R, P;..., we have
dydz=—dS, cos 6, =dS,cos 0,=—dS;co8 ;=......
=—1d8S, = LdS,=—1dS,=...... ,

the sign being minus or plus according as the angle is obtuse or
acute, that is according as the prism is entering or leaving the
region of integration. :

Hence by putting in the values at the limits (3) becomes

f f f g_}; dadyds = f f (plidS, +pnlads; + pehdSy+...)

= [[IpdS over the whole surface ...... 4)
Using this value in (1) we get

M(g”ﬁ‘f’x) dadydz =0
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and two similar equations, and as these integrals must vanish for
all ranges of integration, in the fluid, their integrands must be zero
at every point; hence

op _ op_ v Op_
aw pX 83; = p’, ajz = pZ ............... (5)
leading to dp =p (Xdz + Ydy + Zdz)

as before,
We have made no use of the equations of moments of type (2)
but we can shew that they also are satisfied by equations (5). 'lhus

consider for example
fffya%tdwdydz;

if we integrate along the same prism as before, observing that y is
constant along the prism, we get

I ypdydz
between the limits P, to P,, P; to Py, &c., and as above this can
be seen to be cqual to ffplydS taken over the whole surface; that
is, the equation (4) is still true if we insert a factor y (or 2) in the
integrand on either side of the equation. By similar arguments it
follows that

[[pG-msas=[[[(y3 - =) arayas

and if we substitute from (5) this becomes
I p(yZ—2Y) dzdydz,
thus verifying equation (2).

It is to be noted that since a perfect fluid is incapable of resisting
shearing stress there can be no such stresses in a mass of fluid in
equilibrium, and therefore it follows that the equations obtained
by taking moments about the axes will of nccessity be satisfied
whenever the equations obtained by resolving parallel to the axes
are satisfied. For in equilibrium the latter equations are true for
any portion of the fluid finite or infinitesimal, and this balancing
of forces ensures that the equations of moments are true also.

24. We can also prove that p (Xdz + Ydy + Zdz) must be a
perfect differential, by considering the equilibriurp of a spherical
element of fluid.

For the pressures of the fluid on the surface of the element are
all in direction of its centre, and therefore the moment of the acting
forces about the centre must vanish.
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Let z,y, 2z be co-ordinates of the centre, and z +a, y+8, z+v
of any point inside the small sphere. .

Then, p being the density at the centre, the expression
3Sdm (ZB — Yvy) becomes

i} daddey(p+a~Ra+ 8+2) {B(z+az aZ,s+azry\
(Y+%Y a+ - B+aY )}
Now [[fadadBdy =0, the centre of the sphere bemg the centre
of gravity of the volume, ([f Bydad8dy =0, &c., and, if dr = dadBdy,
[ otdr = [[[8%d7 = [[[ y*d =1} [[[ (@® + B* + ) dr
=3 J 4ridy = s,

The expression for the moment then becomes, neglecting higher
powers of a, B, 1y,

0 0 47rr®
{3_3/ (pZ) - 2z (PY)} 157

and, in order that this may be evanescent, we must have
0 0 ,

26. Fluid at rest under the action of gravity.
Taking the axis of z vertical, and measuring z downwards,
X=0, V=0, Z=y,
and the cquation (a) of Art. (15) becomes
dp = gpde,
an cquation which may also be obtained directly by considering
the cequilibrium of a small vertical cylinder.
In the case of homogeneous liquid,
p=gpz+C,
and the surfaces of equal pressure are horizontal planes.
Hence the free surface is a horizontal plane, and, taking the
origin in the free surface, and II as the external pressure,
p=gpz +1IL '
If there be no pressurc on the free surface,
P=9p3
or the pressure ai any point is proportional to the depth below the
surface.
2—2
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In the case of heterogeneous liquid, the equation
dp =gpdz
shews that p must be a function of z. The density and pressure
are thercfore constant for all points in the same horizontal plane.
As an example, let p oc 2% = p2™, '
pias

then p=gm, +1I.

26. If two liquids, whick do not miz, meet in a bent tube, the
heights of the free surfaces above the common surface are inversely
as the densities.

For the pressures at the common surface are the same, and if
2, 2 be the heights of the upper surfaces above the common surface,
and p, p’ the densities, these pressures are respectively

gpz+ 11, gp'Z + 11,
P

P

27. It is a well-known law that if a system be in equilibriuin
under the action of gravity and the pressure of smooth surfaces,
the equilibrium is stable, if the centre of gravity be in its lowest
possible position.

Hence it follows that, in the case of heterogeneous liquid, the
density must increase with the depth, for otherwise the equilibrium
would be unstable,

Thus, if heterogeneous liquid be poured from one vessel to
another, it will settle with the heaviest strata lowest, the law of
density of course being changed.

A quantity of liquid, the density of which is @ given function
of the depth, is contained in « vessel of given shape; if the liquid
be transferred to another vessel, it 1s.required to find the new law of
density, each vessel being in the form of « surface of revolution with
its axis vertical.

Measuring & upwards from the lowest point of the liquid, let
y=F(x) be the generating curve of the first vessel, and y = ¢ (z)
of the second.

Then, if the stratum at the height « in the first vessel corre-
spond to the stratum at the height 2’ in the second, we obtain,
since the volumes are equal,

[[r@ra-["s@prde

’

and .

N (| N
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and performing the integrations, we find # in terms of &', and
therefore p, which is a given function of 2, becomes a new function
of #'.

Moreover, if h and 4’ be the depths of the liquid in the two
vessels, & is given in terms of %, and therefore the density, p, can
be found in terms of A’ — «’, the depth.

If the new law of density be given, and it be required to find
the shape of the new vessel, we may proceed as follows: ‘

The density being a given function of & — «, and also of A’ — o/,
we can, by equating the two expressions, find  in terms of .

Also, equating the volumes of corresponding strata, we obtain
y'dz = y"*da’, which at once, by substituting for & its value in terms
of &', gives the equation required. The value of A’ will be then
obtained by equating to each other the whole volumes,

Examrie (1). The density of a liquid in a cylindrical cessel varies as the

depth ; find the new law of density if the liquid be poured into a conicul vessel
having ts vertex downwards.

In this case . p=p(h-2),
and wadr=}Ynad tanta;
also wa?h=inwk" tan%a;
. s K3-2%  utanta 1 A
. p=p tan @ ) (Bh"%z - Bl'2 4 28),
if z be the depth.

EXaMPLE (2). A quantity of liquid, the density of which varies as the depth,
Jfills an inverted paraboloid to a given height ; it is required to find the shape of
a vessel, in the form of a surface of revolution, such that if this liguid be poured
into it its density will vary as the square of its depth.

In this case p=p (h=a)=p' (K —a'),
b LH =Y, O pe e,

The equation dardr=y?ds’ gives ]
yi=8a (K - o) {he— (K -2').

To complete the solution, we must equate the total volumes, and we
Ahereby obtain 4Z=ch as the necessary relation between 4’ and c.

28. Elastic fluid at rest under the action of gravity.
In this case, p=kp,

and ®_94,
P
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The surfaces of equal pressure are in this case also horizontal
planes, and the constant C must be determined by a knowledge of
the pressure for a given value of z, or by some other fact in con-
nection with the particular case.

ExaMpLe. A closed cylinder, the axis of which is verticul, contains « given
mass of air.

Measuring z from the top of the cylinder,

g~

==
. if M Ve the given mass, « the radius, and 4 the height of the cylinder,

" ¢ uh
M=f praddz=mna? F (e* -1),
0
whence C is determined.

29. Illustrations of the use of the generul equation.
(1) Let a given volume ¥ of liquid be acted upon by forces

T S 4
a?’ be? ct?
respectively parallel to the axes;
¥
then dp=p(_ 'Z‘,i dr - F‘de P-zdz)
—o-F (B L7
and p=C 9 ((‘,+b,+c:)-

The surfaces of equal pressure are therefore similar cllipsoids, and the
equation to the free surface iz
L. 20
atptae= wp’
assuming that there is no external pressure.
The coundition which determines the constant is that the volume of the
fluid is given, and we have

20\ 3
V=1 b()
$mwube K

a

. plp 31 .
and C= ( ir abc)

(2) 4 given volume of lz'quui is at rest on @ fived plune, under the action of
a force, to a fived point in the plane, varying as the distance.

Taking the fixed point as origin, the expression for the pressure at any
point is

P=C~3pp (22 +y*+2%) = C~ jppr®,
where 7 is the distance from the origin ; and if §ma?® be the given volume, the
free surface is a hemisphere of radius a, and
Pp=%pp (a*-1%).

The portion of the plane in contact with fluid is a circle of radius a, and

therefore the pressure upon it

/ prdr d0
=h-upa‘
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This result may be written in the form pl« . §mpad, which is the expression
for the attraction on the whole mass of fluid, sipposed to be condensed into a
material particle at its centre of gravity, and might in fact have been at once
obtained by considering that the fluid is kept at rest by the attraction to the
centre of force and the reaction of the plane.

(3) A given volume of heavy liquid is at rest under the action of a force to
a fized point varying as the distance from that point.

Take the fixed point as origin, and measure z vertically downwards ;

then X=—pr, V=—py, and Z=g—pz;
. dp=p {~ prdz - pydy + (g - w) dz},
24 2 4 g2
and 1;:=0—p.a +'z +e + gz

The surfaces of equal pressure are spheres, and the free surface, supposing
the external pressure zero, is given by the equation

_1.2+‘,/2+:2_ gq:= 2q‘
B B

The volume of this sphere is
207 g\ 7
ir (2(- + .‘lﬁ) H
pop
equating this to the given volume, the constant € is determined, and the
pressure at any point is then given in terms of r and 2.

Rotating Fluid.

30. If a guantity of fluid revolve uniformly and without any
relative displacement of its particles (i.e. as if rigid) about a fixed
axis, the preceding equations will enable us to determine the pres-
sure at any point, and the nature of the surfaces of equal pressure.

For, in such cases of relative equilibrium, every particle of the
fluid moves uniformly in a circle, and the resultant of the external
forces acting on any particle m of the fluid, and of the fluid pressure
upon it, must be equal to a force mw®r towards the axis, w being
the angular velocity, and r the distance of m from the axis; it
follows therefore that the external forces, combined with the fluid
pressures and forces mae*r acting from the axis, form a system in
statical equilibrium, to which the equations of the previous articles
are applicable. :

A muss of homogeneous liquid, contained in a vessel, revolves
uniformly about @ vertical axis; required to determine the pressure
at any point, and the surfaces of equal vressure.

Take the vertical axis as the axis of z; then, resolving the force
ma'r parallel to the axes, 8 components are mw?s and mw®y, and
the general equation of fluid equilibrium becomes

dp = p (v’zdz + 'ydy — gds),
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and therefore
p=p {}o* (@ +y)—ge} +C.

The surfaces of equal pressure are therefore paraboloids of
revolution, and if the vessel be open at the top, the free surface is
given by the equation .

w’(w"+y”)—‘-’yz+2§=2-;—l,
where II is the external pressure,

The constant must be determined by help of the data of each
pa.rtlcular case.

For instance, let the vessel be closed at the top and be just
filled with liquid, and let T =0; then, taking the origin at the
highest point of the axis, p=0 when z, y and z vanish, and there-
fore C=0, and

p=p o’ @+ ¥) - g2l
V 81. Next consider the case of elastic fluid enclosed in a vessel
which rotates about a vertical axis ;
as before dp =p {0* (zdz + ydy) - gds},
and p=kp;

klogp m’w’ y—gz+0’ {

8o that the surfaces of equnl pressure and dens1ty are para.bolmds

Let the containing vessel be a cylinder rotating about its axis,
and suppose the whole mass of fluid given ; then, to determine the
constant, consider the fluid arranged in elementary horizontal rings
each of uniform density: let r be the radius of one of these rings
at a height z, 8 its horizontal and 8z its vertical thlckness, h the
height, and @ the radius of the cylinder:

the mass of the ring = 2mpr&rdz,
h fa
and the whole mass (M) of the fluid = f f 2mprdrds,
oo
the origin being taken at the base of the cylinder.

c ¥t -9
Now p=¢ét.e 3%
2mrkt o e

and o M= e"(e”‘ (1= F),

-an equation by which C is determmed.
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82. In general the equation of equilibrium for a fluid revolving
uniformly arid acted upon by forces of any kind is

dp=p {Xdz + Ydy + Zdz + o* (zdz + ydy)].

In order that the equilibrium may be possible, three equations
of condition must be satisfied, expressing that dp is a perfect
differential, and, if these conditions are satisfied, the surfaces of
equal pressure, and, in certain cases, the frec surface can be deter-
mined ; but it must be observed that a free surface is not always
possible. In fact, in order that there may be a free surface, the
surfaces of equal pressure must be symmetrical with respect to the
axis of rotation.

EXAMPLES

'/l. A closed tube in the form of an ellipse with its major axis vertical is
filled with three different liquids of densities p;, ps, ps respectively. If the
distances of the surfaces of separation from cither focus be 7y, ry, 75 respec-
tively, prove that

1 (p2— p3)+72(ps = p1) + 75 (p1 — p2) =0.
2. The particles of a given mass of homogeneous liquid at rest attract
037 other according to the law of nature; find the pressure at any point.

3. The density of a liquid varies as the square of the depth below the
surface ; find the pressures, 1st, on a rectangular area just immersed vertically
with one side in the surface, 2nd, on a circular area just immersed.

4, A parabolic area, bounded by the latus rectum, is just immersed
vertically, with its vertex in the surface of a liquid; find the pressure upon
Lt, 1st, when the liquid is homogeneous, 2nd, when its density varies as the

epth.

X 5. Find the surfaces of equal pressure when the forces tend to fixed centres
and vary as the distances from those centres.

6. A regular tetrahedron is filled with fluid, and held so that two of its
ogposite edges are horizontal ; compare the pressures on its several sides with
the weight of the fluid.

7. Prove that if the forces per unit of mass at z, g, z parallel to the axes
are
. y@-2), x(@-2), a,
the surfaces of equal pressure are hyperbolic paraboloids and the curves of
equal pressure and density are rectangular hyperbolas.

8. In a solid sphere two spherical cavities, whose radii are equal to half
the radius of the solid sphere, are filled with liquid; the solid and liquid
particles attract each other with forces which vary as the distance: prove
that the surfaces of equal pressure are spheres concentric with the solid
sphere.

X 9. Shew that the forces represented by .
Xmp(yitystd), Y=p(ltaota®), Zmp(e+ay+y)
will keep a mass of liquid at rest, if the density o &f:ﬁi from the plane

2+y+2m=0; and the curves of equal pressure and dénsity will be circles.
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10. If a conical cup be filled with liquid, the mean pressure at a point in
the volume of the liquid is to the mean pressure at a point in the surface of
the cup as 3 : 4.

11. A vessel is in the form of a right cone without weight, the vertical
angle being 2a ; the vessel is filled with liquid and then suspended by a point
itlxl:he rim: if 8 be the inclination of the axis of the cone to the vertical, shew
that -

cot 28=cot 2a - § cosec 2a.
X 12, A mass of fluid rests upon a plane subject to a central attractive force
(,%) y situated at a distance ¢ from the plane on the side opposite to that on

which the fluid is ; and « is the radius of the free spheri®al surface of the
ﬂ“i? : shew that the pressure on the plane
Ta

=TPE o _ )2
. . = (@=r)2

13. Find the surfacoes of equal pressure for homogeneous fluid acted upon
by two forces which vary as the inverse square of the distance from two fixed
points,

Prove that if the surface of no pressure be a sphere, the loc1 of points at
which the Pressure varies inversely as the distance from one of the centres of
force are also spheres.

v 14, If the components parallel to the axes of the forces acting on an
clement of fluid at (2, g, z) be proportional to
PHAyz+2Y 24 2uw+a?, 22422y + 92,
shew that if equilibrium be possible we must have
M=Zu=2=1.
15. A mass of fluid is in equlibrium under the forces
Xe(y+2¢-a, V(a4 Z=(c+yli-il
Find the density and prove that the surfaces of equal pressure are hyperboloids

of revolution. o

16." A fluid rests in equilibrium in a field of force where
Y=gt —gy—rz, Y=24a2—zy—ry, Z=224+yi—as—yz;
shew that the curves of equal pressure and density are a set of circles.

x 17. If X=y@y+2), Y=:(z+2), Z=y (y-2),
prove that the curves of equal pressure and density are given by y (. +2) ==const.
and y+2z=-const.

x 18. Find the suifaces of equal pressure when the component forces at any
point x, y, z are y g/+z), 2 (z+x) and y (y — &) ; shewing that they are the hy-
perbolic paraboloids .

Y(e+z)=c(y+2).

19. A fluid is in equilibrium under a given system of forces; if py =4 (2, 7, 2),
pa=v (%, ¥, z) be two possible values of the density at any point, shew that
the equations of the surfaces of equal pressure in either case are given by

¢ (¥, 9, )+ A (&, ¥, 2)=0,
where X is an arbitrary parameter.

20. A hollow sphere of radius a, just full of homogeneous liquid of unit
density, is placed between two external centres of attractive force u/® and

wi[r®, distant ¢ apart, in such a position that the attractions due to them at
the centre are equal and oppusite. Prove that the pressure at any point is

T LT (R R T FRO L



EXAMPLES 27

21. A sphere, of radius ¢, is nearly filled with homogeneous liquid under
the influence of two external centres of force situated on a diameter, on
opposite sides of the centre and at distances « and « from it. The attraction
o} each centre of force at any point varies inversely as the square of the distance,
and their attractions on the mass of liquid are 4wc3f and §=c3f’, respectively.

. w1 a (a—c) a (a+c) .
Prove that, if (f/f’)" lies between @ (@ +e) ald=c) the pressure at the
centre is equal to
’ e 3 ’ Iel
ot fa— (20 f S :.)i‘}*
Jatfa {(c’+au’) (a+a)) *
22. The density of a liquid, contained in a c?'lindricn.] vessel, varies as the

depth ; it is trandferred to another vessel, in which the density varies as the
square of the depth ; find the shape of the new vessel.

23. A circular cone, of vertical angle T is just filled with water, and has
g¢ 3

a generating line rigidly attached to a horizontal plane. The plane is cansed
to revolve with uniform angular velocity about a vertical axis through the apex
of the cone : find the greatest velocity which will allow of the pressure being
zero at the highest point; and in this case find the pressure on the base.

Xo1 A straight rod, every particle of which attracts with a force varying
inversely as the square of the distance, is surrounded by a mass of homogeneous
incompressible fluid ; find the form of the surfaces of equal pressure.

25. A quantity of heavy liquid is attracted to a fixed centre, by a constant
force the intensity of which is equal to the force of gravity, and is supported
by’a horizontal plane. Find the form of the surfaces of cqual pressure ; and
also the pressure on the plane, proving that when the plane passes through
the centre of force it is equal to four-thirds of the weight of the liquid. Find
also expressions for the pressure on the plane when it 18 either above or below
the centre of force.

26. The interior of a homogeneous shell, bounded by two non-concentric
sphericgl surfaces, and attracting according to the law of nature, ix partially
ﬁ}led with homogeneous liquid which revolves uniformly with it round the line
passing through the centres of the spheres; prove that the free surface is a
paraboloid of revolution.

27. A rigid spherical shell is filled with homogeneous inelastic fluid, every
particle of which attracts every other with a force varying inversely as the
square of the distance ; shew that the difference between the pressures at the
surface and at any point within the fluid varies as the area of the least section
of the sphere through the point.

28. An open vessel containing liquid is made to revolve about a vertical
axis with umform angular velocity. Find the form of the vessel and its
dimensions that it may be just emptied.

29. An infinite mass of homogeneous fluid surrounds a closed surfice and
is attracted to a point (0) within the surface with a force which varies in-
versely as the cube of the distance. If the pressure on any element of the surface
about a point P be resolved along PO, prove that the whole radial pressure,
thus estimated, is constant, whatever be the shape and size of the surface, it
bging giveg that the pressure of the fluid vanishes at an infinite distance from
the point 0.

30. A vessel formed by the revolution of a cardioid
r=a (1-cosd)
about its axis which is vertical (vertex upwards) is just filled with water and
rotates about that axis with uniform angular velocity. Find this velocity
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~

6 Find also the pressure at any
other point, and the points of maximum pressure.

31. All space being supposed filled with an elastic fluid the particles of
which arp attracted to a given point by a force varying as the distance, and
the whole mass of the fluid being given, find the pressure on a circular disc
Pl with its coutre at the centre of force.

éh Circles are drawn having their centres on the axis of z and touching at
thd-efigin the plane 2y, and the position of a point P is defined by 7, 6, %
where 7 is the radius of the circle through P, centre C, 4 is the angle OCP,
and ¢ the inclination of the plane OCP to a fixed plane through the axis of z;
prove that

‘—zp£=1£ (1-cos 8) dr+ T'sin 8 dr+ Trd6+ Nrsin 8 d,

where mR, mT, mV are the forces, on an element m of liquid at P, along CP,
along the tangent to the circle at P, and perpendicular to the plane of the
aircle. d

when the line of no pressure is given by §=

¥" 33. A massm of elastic fluid is rotating about an axis with uniform angular
velocity o, and is acted on by an attraction towards a point in that axis equal
to p times the distance,  being greater than w?; prove that the equation of a
surface of equal density p is
2 4ot 22) — ? (224 42) = £ 1 B (p=w®ft n?
p (@ +yi+al) -0l 6 +y7)=klog " g R
/ 34. A quantity of liquid, the density of which varies as the depth, fills an
inverted paraboloid, of latws rectum ¢, to a height 4 ; prove that, if 1t be poured
into a vessel of the form generated by the revolution round the axis of & of the
curve
’ aty?=2ch?x (@ - x) (2u - 2),
where @ is any constant, its density will vary as the square of its depth.

35. A mass of self-attracting liquid, of density p, is in equilibrium, the law
of attraction being that of the inverse square : prove that the mean pressure
throughout any sphere of the liquid, of radius r, is less by gwp22 than the
pressure at its centre.

36. A closed hollow right circular cone, standing on its flat base on a
horizontal plane, is just filled with a liquid, the density of which varies as the
depth. The vessel is then inverted and held with its axis vertical and its
vertex on the horizontal plane. Prove that the resultant pressure on the
curved surface is unchanged in magnitude, and that the potential energy of
the liquid is changed in the ratio

2 {r(}}*:3r @),

it being assumed that the potential energy is zero when the liquid is let out
on the plane.

37. A fluid is slightly compressible according to the law

(p = po) Ipo=B (2 — py)/Po, *
where 3 is small : prove that a mass §m pya® of the fluid will, under the action of
its own gravitation with an external Pressure o, 8ssume a spherical form of

approximate radius a (1 < 3% Bmmra?p®/py), where m is the constant of gravita-
tion.

38. A mass M of gas at uniform temperature is diffused through all space,
and at each point (2, y, 5) the components of force per unit mass are — 4z,
— By, —Cz The pressureand density at the origin are p, and p, respectively.

Prove that
ABCpyM3=8x3p,3.
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39. A given mass of air is contained within a closed air-tight cylinder with
its axis vertical. The air is rotating in relative equilibrium about the axis of
the cylinder. The 1];resasl.n‘e at the highest point of its axis is P, and the

ressure at the highest points of its curved surface is p. Prove that, if the
uid were absolutely at rest, the pressure at-the upper end of the axis would
be (p-—P)/{log p~log P} ; where the weight of the air is taken into account.

40. A mass of gas at constant temperature is at rest under the action of
forces of potential ¥ at any point of space, with any boundary conditions. At
the point where vy is zero, the pressure is II and the density py. The gas is now
removed from the action of t}ze forces and confined in a space so that it is at
a uniform density py. Prove that the loss of intrinsic potential energy by the
gas, due to the expansion, is

—Pod
poSffve M do;
where the integrations are taken throughout the gas in its original state.

41. A given mass M of elastic fluid, for which p=41, is forced iito a rigid
shell, whose equation is #%/a? +y2/b?4-2%/c*=1, and assumes equilibrium under

a system of forces, whose force function is 3 log (#%/at + g3 /bt + 22[ct) + constant.
Shew that, if py be the pressure at any point of the surface
a2 al 4 (b4 23]t =1/dl2,
the mean pressure estimated for equal elements of mass throughout the shell is
dmpyd? (be  ca  ab
16k M ( D —) )

a b ¢

42. Homogeneous heavy liquid is contained in a closed hemispherical
vessel of radius a, having its plane surface horizontal and upwards. The liquid
s attracted towards the axis with a force varying inversely as the cube of the
listance from the axis, and its volume is such that the free surface meets the
aemisphere at an angular distance =/3 from the vertex. If the system now
‘otates round the axis with uniform angular velocity w, the free surface meets
:he plane face of the vessel along the rim and along a circle of radius 5. Shew
hat the force at unit distance must be w?a)? and that b and » are connected
oy the equation

1ga®_ 0 o opay (b2, 3¢
il — b4+ 2072 log (&”+4am* .

43. A uniform spherical mass of liquid of density p+o and radius @ is
urrounded by another incompressible liquid of density p and external radius
b. The whol¢'is in equilibrium under its own gravitation, but with no external
pressure. Shew that the pressure at the centre is

! 2
—§1r (p+¢r)’a’+::; wp {g:- ot+p(a+ b)} (b-a).
\ 4

44. A uniform spherical mass of incompressible fluid, of density p and
radius @, is Aurrounded by another incomFressible fluid, of density o and
external rpdius b. The total fluid is in equilibriun under its gravitation,.but
with np”external pressure or forces. The two fluids are now mixed into a
neous fluid of the same volure, aud the mass is again in equilibrium
a spherical form. Prove that the pressure at the centre in the first case
exceeds the pressure at the centre in the secoud case by

Sere-io(1-D)[1+1E) (3) 0+5)]

45. The boundary of a homogeneous gravitating solid, of density o and
mass ¥, is the surface r=a {1+ aP, (cos §)}, where a is & quantity so small
that its square may be neglected. The solid is surrounded by a mass 3’ of
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gravitating liquid, of density p. Shew that the equation to the free surface is

approxinately
r==b {14+BP, (cos 8)},
where Y= E—(M—’ u ,
: dr\p o
and B=3 (o —p) a**3 aff(2n~2) plP+(20+1) (o~ p) a5} b™

46. A uniform incompressible fluid is of mass ¥ in gravitational units,
and forms a sphere of radius ¢ when undisturbed under the influence of its
own attraction. It is placed in a weak field of force of gravitational potential

"
Spa P P.(cox ), (n>1),

where r is measured from the centre of the mean spherical surface of the
liquid, and the squares of quantities of the type p, can be neglected. Prove
that the equation of the free surface is
: r_ Ba 20 +1
a 1432 Mon-2
47. Prove that the pressure at the centre of the Karth, if it were a homo-
geneous liquid, would be $pa lb, per square foot, where p is the mass in
pounds of a cubic foot of the substance of the Earth and « is the Earth’s radius
in feet.

P, (cos 8).

48, The density of a gravitating lignid sphere of radius @ at any point
increases uniformly as the point approaches the centre. The surface density
is p, and the mean density is p. Prove that the pressure at the centre is

Fmwa? {10p {p — po) +3ps%}.
49. In a gravitating fluid sphere of radius « the surfaces of equal density
are spheres conceutric with the boundary, and the density increases from

surface to centre according to any law. Prove that the pressure at the centre
is greater than it would be if the density were uniform by

a
by f N pE)rdr,

where ) denotes the mean density of the whole mass, p’ the mean density of
that portion which is within a distance » of the centre, and y isethe constant
of gravitation.



CHAPTER II1
THE RESULTANT PRESSURE OF FLUIDS ON SURFACES

33. IN the preceding Chapter we have shewn how to investi-
gate the pressure at any point of a fluid at rest under the action
of given forces; we now proceed to determine the resultants of the
pressures exerted by fluids wupon surfuces with which they are in
contact.

We shall consider, first, the action of fluids on plane surfaces,
secondly, of fluids under the action of gravity upon curved surfaces,
and thirdly, of fluids-at rest under any given forces upon curved
surfaces.

Fluid Pressures on Plane Surfaces.

The pressures at all points of a plane being perpendicular to it,
and in the same direction, the resultant pressure is equal to the
sum of these pressures.

Hence, it the fluid be incompressible and acted upon by gravity
only, the resultant pressure on a plane

= SgpzdA,
where z is the depth of a small element d4 of the arca of the plane,
=gpid,
where 4 is the whole arca and z the depth of its centroid.

In general, it the fluid be of any kind, and at rest under the
action of any given forces, take the axes of # and y in the plane,
and let p be the pressure at the point (z,.y). |

The pressure on an element of area 828y = pdzdy :

.. the resultant pressure = [[pdydz,
the integration extending over the whole of the area considered.

If polar co-ordinates be used, the resultant pressure is given by

the expression
Jf prdrd@.

34. DEF. -The centre of pressure is the point at which the
Wirection of the single force, which 18 equivalent to the fluid pressures
on'the plane surfuce, meets the surfuce.

The centre of pressure is here defined with respect to plane

urfaces only; it will be seen afterwards that the resultant action
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of fluid on a curved surface is not always reducible to a single
force.

In the case of a heavy fluid, it is clear that the centre of pres-
sure of a hqrizontal area, the pressure on every point of which is
the same, is its centroid; and, since pressure increases with the
depth, the centre of pressure of any planc area, not horizontal, is
below its centroid.

To obtain formule for the determination of the centre of pressure
of any plane area.

Let p be the pressure at the point (2, y), referred to rectangular
axes in the plane, z + 8z, y + 8y, the co-ordinates of an adjacent
point,

#, 7j, co-ordinates of the centre of pressure.

Then . [f p dy dz= moment of the resultant pressure about 0.X

= the sum of the moments of the pressures on
all the elements of area about 0X

=3pdydz.y .
=/ pydyda;
. g pydyds
[ipdyda °
and similarly T= f{'}’;;y;: s
the integrals being taken so as to include the area considered.
If polar co-ordinates be employed, a similar process will give
the equations
[fpricos@drdé

=__._g__a__;w___’ _ffpr’sinﬂdrdO
prdr

T [[prdrdé °

&8l
|
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86. If the fluid be homogeneous and inelastic, and if gravity be
the only force in action,
p=gph, .
where & is the depth of the point P below the surface; and we
obtain
= _[fhzdyde _J[hy dy dz
[Fhdyda * y= ffhdyd:s ............ (a).

It is sometimes useful to take for onec of the axes the line of
intersection of the plane with the surface of the fluid: if we take
this line for the axis of @, and @ as the inclination of the plane to
the horizon, p = gpy sin @, and therefore .

faydyde . _[lydyds @,

L=l

ffydydm ’ Y= ff_/dyd.b ............

From these last equations (B) it appears that the position of
the centre of pressure is independent of the inclination of the plane
to the horizon, so that if a plane area be immersed in fluid, and
then turned about its line of intersection with the surface as a
fixed axis, the centre of pressure will remain unchanged.

If in the equations (a) we make k constant, that is, if we sup-
pose the plane horizontal, # and 7 are the co-ordinates of the
centroid of the area, a result in accordance with Art. (34); but, in
the equations (8), the values of # and 3 are independent of 8, and
are therefore unaffected by the evanescence of 6. This apparent
anomaly is explained by considering that, however small @ be taken,
the portlon of fluid between the plane area and the surface of the
fluid is always wedge-like in form, and the pressures at the different
points of the plane, although they all vanish in the limit, do not
vanish in ratios of equality, but in the constant ratios which they
bear to one another for any finite value of é.

The equatlons of this article may also be obtained by the follow-
ing reasoning.

Through the boundary line of the plane area draw vertical lines
to the surface enclosing a mass of fluid; then the reaction of the
plane, resolved vertically, is equal to the weight of the fluid, which
acts in a vertical line through its centre of mass; and the point in
which this line meets the plane is the centre of pressure.

Taking the same axes, the weight of an elementary prism,
acting through the point (z,y),is gph8x8y cos 6, where @ is the in-
clination of the plane to the horizon; and therefore the centrg of

B.H. 3
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these parallel forces acting at points of the plane, is given by the

equatlons
g lgphzcosbdydz . _ [[gphycos§dyda
[fgphcos @dydz ’ J [fgphcos 8 dydz ’
v plhedyds 5 Whydyds
[[hdydz ’ : = [fhdydz "

Hence it appears that the depth of the centre of pressure is
double that of the centre of mass of the fluid enclosed.

36. The following theorem determines geometrically the posi-
tion of the centre of pressure for the casc of a heavy liquid.

If a straight lingsbe taken in the plane of the area, parallel to
the surface of the liquid and as far below the centroid of the arew as
the surface of the liquid is above, the pole of this straight line with
respect to the momental ellipse ut the centroid whose semi-axes are
equal to the principal radii of gyration at that poirt will be the centre
of pressure of the area.

Taking A for the area, and b, a for the principal radii of gyra-
tion, these are determined by the equations

=[[y*dzdy, Aa? =_ff.z”da:dy,

and the equation of thec momental ellipse is

L=,

the co-ordinate axes being the principal axes at the centroid.
Let Z, 7 be the co-ordinates of the centre of pressure, and
zcos@+ysinf=p
the equation to the line in the surface ;

[J(p—@cos 6 —ysin 0) zdzdy _ _® b
[f(p = @ cos 0 — ysin 8) dwdy P ’

then b=

and similarly, J=- 5’ ginf;

.*. (%, %) is the pole of the line
zcosf+ysinf=—~p
with respect to the momental ellipse.

37. Ezamples of the determination of centres of pressure.
(1) A quadrant of a circle just immersed vertically in a heavy homogeneous
liquid, with one edge in the surface.
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If Oz, the edge in the surface, be the axis of z,

¥ (a?- )
S S Ly
f fma -t) ,— » I=(lydyde

the limits of the integrations for ¥ being the same as for 7.

[fydedy=}[(a*-a®)dr=3d%,
[Jrydzdy=1[z.(«®- 2% dr=}da},
[lpdzdy=} (@ - ot dr = "%

3 3
.= 8 a, _i/—l(,ﬂ’a

Employing polar co-ordinates and taking the line Ox as the initial line, we
should have p=gprsin 6, and

m

3ra
f 73 cos 8 sin 8 dr db
- [}

f"’f“ Seintdrdd
0 = "— ra.

// »25in 8 drdf 16

(2) A ecireular area, radius n, is immersed with its plane vertical, and its
centre at a depth c.
Take the centre as the origin, and the vertical downwards from the centre
as the initial line ; then if p be the pressure at the point (», ),
p=gp(c+rcosh),
and the depth below the centre of the centre of pressure

ff rﬂcoso(c+¢coso)¢,do L
=<

e =éa, and 7="
f/r‘"smodrdd

ffa (c+7cos 8) drdé

It will be scen that this result is at once given by the theorem of Art. (36).

(3) A vertical rectangle, exposed to the action of the atmosphere at a constant
Ltemperature.
If 11 be the atmospheric pressure at the base of the rectangle, the pressure

at a height z is le” & , Art. (28), and if b denote the breadth, the pressure
upon a horizontal strlp of the rectangle

=Ile " bdz,
*. the resultant pressure, if @ be the hclght

- ‘}_ _g2
sfo e " bdz=n—g-( —-e k),
and the height of the centre of pressure

[ukdz a

= —”—G—,
/ kdz d ek -1
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(4) A hollow cube is very nearly filled with liquid, and rotates uniformly
about « diagonal which is vertical ; required to find the pressures upon, and the
centres of pressure of, its several faces.

k

1. For one of the upper faces 4 BCD,
take 4D, AB, as axes of x and y ; z, r, the vertical and horizontal distances
of any point P (z, y) from 4,
then f: =3o¥2+gz,
=27 brojecting the broken line ANP on 4
i==j3 projecting the broken line ANVP on AE,
PR=AP - 3=22 4y - 22=§ (22+ 42— uy);

.*. the pressure () on ABCD=j:f:pdyd.u
= @ @ +yr-ay)+ I (o +y) | dyde
P 3 Y -"’.'I' ‘Ja Y Y

=p {53-56&‘0’4':'7'5 ad } .
The centre of pressure is given by the equations
=p_=p_.[2[%  [o? _ 9 -
2r=5P=p [} [ 2 {5 @t +ar-o9) + T o)} dyd
21g+3 ,/3wia
" 36g+5 /3%
II. For one of the lower faces ECDF,
take EF, EC as axes, then, for a point @,

z=a~/3-—%%!,

ri=g (' 4y~ 2y),
and the rest of the process is the same as in the first case.

Y T=Y=a
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(5) A quadrant of a circle is just immersed vertically, with one edge in the
surface, in a liquid, the density of wlich varies as the depth.

Taking Oz as the edge in the surface, p=py and p=3ugy?: the centre of
pressure is therefore given by the equations

[:/;/‘;’Z;’zyzdydm ffy’d_ydv .

T= —

yand ¥ =T ——;
[/y’dydx /[y’dydx
or, in polar co-ordinates,

/ 2 / ® 14 gin?d cos O drdé
JoJo

1 8in30 drdf
r= —_ , and ¥="=¢ ——u;
[ S sin?8 drdf J [ +3sint0 dr do
and it will be found that ’
Z= 16 2 and G2 O
T e A T
(6) 4 icircular area completely immersed in water with its plane vertical

and one end A of its bounding diameter in the surface.

Let a be the inclination of the diameter to the surface, and x, y the co-
ordinates of the centre of pressure referred to the diameter and the tangent
at 4.

Then 2 [ r2sin (0 +a) drdf= [[ 13 cos 0 sin (6 + a) drdé,
and ¥ [ r¥sin (04 a) drdf=f 3 sin §sin (0 4 a) drdb,

r being taken from 0 to 2a cos 4, and 4 from O to Z
38. If a given plane area turn in its own plane about a fixed
point, the centre of pressure changes its position and describes a
curve on the area.
4 4]

0

If AB is the line of intersection of the plane area with the sur-
face, the distance of the centre of pressure from A B is independent
of the inclination of the area to the vertical (A*t{ 85).

We may therefore take the area to be vertical.
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Let h be the depth of the fixed point O, and let Oz, Oy be axes
fixed in the area.
Then, if 8 is the inclination of Oz to the horizontal,
p=gp (h—xsin @ — ycos h).
e JIpzdzdy _a+bsinf+ccosd
7T [[pdedy  d+esinf+fcosf’
__ @' +b'sinf+c cosd
Y= d¥esinO+fcosh ’
a, b, d, &c. being known constants, and the elimination of gives
a conic section as the locus of the centre of pressure.

and

4 B
T

G

We can also obtain this result by the theorem of Art. (36).
Taking the principal axes through G as co-ordinate axes, and
taking a, 8 as the co-ordinates of O, the centre of pressure 1s the
pole (&, ) of the line
zsin @+ ycos@=— (h+asind + B cos §)
with regard to the momental ellipse, and is given by the equations

a,s;no=b*coso=_(h+a‘sino+ﬁcos9),

leading to the equations

(‘?+a) sinf+Bcos@=—h,

(%2+ﬂ)cosﬁ+asin0=—h.

Eliminating, first, sin 6, and secondly, cos 6, and squaring and
adding the results, we obtain the equation of the locus, which is
(a®b* + ab’€ + Ba'n) = h? (a'y® + 7).

If O and @ coincide, that is, if a=0 and 8 =0, the locus is
g o7_1

g vl L
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39. A vessel having a plane base and plane vertical sides,
contains two liguids which do not miz; to find the resultant pressure
on one of the sides, and the centre of pressure. :

Let p be the density and A the depth of the upper liquid, o', &,
corresponding quantities for the lower liquid; the common surface
must be a horizontal plane, the pressure at any point of which is
gph, and the pressure at a depth z below the common surface is

gph +gp’z.
Taking b for the brcadth of onc of the vertical sides, the
pressure of the upper liquid upon it= 4gpbh*, and the pressurc of
the lower liquid

= [ g oh-+ p'5)bds =g (ob + 1K),

The resultant pressurc is the sum of these two and is equal to
gb (3ol + phl + 'R
The moment of the fluid pressure on this side about its line of
intersection with the surface

A h!
- f gpberds + | 9o+ )b (bt 2) o
0 R

performing the integrations, and dividing by the expression for the
resultant pressure investigated above, we obtain the depth of the
centre of pressure,

Resultant Pressures on Curved Surfaces.

40. To find the resultant verticul pressure on any surfuce of
a homogeneous liquid at rest under the action of gravity.

PQ being a surface exposed to the action of a heavy liquid, let
AB be the projection of PQ on the
surface of the liquid.

The mass A§ is supported by the
horizontal pressure of the liquid and
by the reaction of PQ; this reaction
resolved vertically must be equal to
the weight of 4@, and conversely, the
vertical pressure on PQ) is equal to the
weight of AQ, and acts through its
centre of mass,

If PQ be pressed upwards by the
liquid as in the next figure, produce the surface, project PQ on

Q
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it as.before, suppose the space AQ to be filled with liquid of the
same kind, and remove the liquid from the inside.

Then the pressures at all points of PQ are the same as before,
but in the contrary direction,
and sinée the vertical pressure
in this hypothetical case is
equal to the weight of 4Q, it
follows that in the actual case,
the resultant vertical pressure
upwards is equal to the weight
of AQ.

If the surface be pressed
partially upwards and partially
downwards, draw through P, the
highest point of the portion of surface considered, a vertical plane
PR, and let ACB be the projection of PSQ on the surface of the
liguid.

= =
; N

Then the resultant vertical pressure on PSR
= the weight of the liquid in PSR,

and on RQ= ......ecovvvivaiinnnnnnn woesssane cQ,
and the whole vertical pressure=the weight of the liquid in
CQ + the weight of the liquid in PSR. '

This might also have been deduced from the two previous ar-
ticles, for PR can be divided by the line of contact of vertical tangent
planes into two portions PS, SR, on which the pressures are re-
spectively upwards and downwards; and since

pressure on PS = weight of liquid 4 PS,

the difference of these, i.e. the vertical pressure on PSR=weight of
Huid PSR.
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In a similar manner other cases may be discussed.

It will be observed that this investigation applies also to the
case of a heterogeneous liquid (in which the density must be a func-
tion of the depth, since surfaces of equal pressure are surfaces of
equal density), provided we consider that the hypothetical extension
of the liquid follows the same law of density.

41. To find the resultunt horizontal pressure, in a given direction,
on a surface PQ.

Project PQ on a vertical plane perpendicular to the given direc-
tion, and let pg be the prOJectlon

Then the mass Pq is kept at rest by the pressure on pg, the
resultant horizontal pressure on PQ), and forces in vertical planes
parallel to the plane pq.

Q

Hence the horizontal pressure on PQ is equal to that on pg,
and acts in the same straight line, i.e. through the centre of pressure
of py.

Hence, in general, to determine the resultant fluid pressure on
any surface, find the vertical pressure, and the resultant horizontal
pressures in two directions at right angles to each other. These three
forces may in some cases be compounded into a single force, the con-
dition for which may be determined by the usual methods of Statics,

Ex. A hemisphere is filled with homogeneous liguid: regquired to find the
resultant action on one of the four portions into which it is divided by two
vertical planes through its centre at right angles to each other.

Taking the centre O as origin, the bounding horizontal radii. as axes of
z and g, and the vertical radius as the axis of 7, the pressure parallel to » is
equal to the pressure on the quadrant y0z, which is the projection, on a plane
perpendicular to Oz, of the curved surface.

Therefore, the pressure parallel to Ox

ma? 4a 3
=97 '3_"-395’“
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and the co-ordinates of its point of action are
(0, 3a, yyma), Art. (37), Ex. 1;
similarly, the pressure parallel to Oy = 3gpa?, and acts through the point
(34, 0, fymwa).
The resultant vertical pressure = the weight of the liquid = }gpwa’, and
acts in the direction of the line «» =y = a.

The directions of the three forces all pass through the point

(3a, §a, Fyra),
and they are therefore equivalent to a single force -
3gpa’/(n?+8)
in the line .n—ga=y—g.¢z=§(z—l%1ra),
or r=y= 2 z,
n

a straight line through the centre, as must obviously be the case, since all the
fluid pressures are normal to the surfuce. The point in which it meets the
surface of the hemisphere may be called ¢ the centre of pressure.’

42. To find the resultant pressure on the surface of u solid either
wholly or partially immersed in « heavy liquid.

Suppose the solid removed, and the space it occupied filled with
liquid of the same kind ; the resultant pressure upon it will be the
same as upon the original solid. But the liquid mass is at rest under
the action of its own weight, and the pressure of the liquid surround-
ing it: the resultant pressure is therefore equal to the weight of the
liquid displaced, and acts in a vertical linc through its centre of mass.

The same reasoning evidently shews that the resultant pressurce
of an clastic fluid on any solid is equal to the weight of the elastic
fluid displaced by the solid.

This result may also be obtained by means of Arts. (40) and
(41), as follows: Draw parallel horizontal lines touching the surface,
and forming a cylinder which encloses it; the curve of contact
divides the surface into two parts, on which the resultant hori-
zontal pressures, parallel to the axis of the cylinder, are equal
and opposite ; the horizontal pressures on the solid therefore balance
cach other and the resultant is wholly vertical. To determine the
amount of the resultant vertical pressure, draw parallel vertical
lines touching the surface, and dividing it into two portions on one
of which the resultant vertical pressure acts upwards, and on the
other downwards; the difference of the two is evidently the weight
of the fluid displaced by the solid.
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43. If a solid of given volume (V) be completely immersed in
a heavy liquid, and if the surface of the solid consist partly of a
curved surface, and partly of known plane arcas; the resulting
pressure on the curved surface can be determined.

For the plane areas being known in size and position, we can
calculate the resultant horizontal and the resultant vertical pres-
sure, X and Y, upon those areas; and, since the resulting pressure
on the whole surface is vertical and equal to gp ¥ upwards, it follows
that the resultant horizontal and vertical pressures on the curved
surface are respectively equal to X and gpV - Y.

“Ex. A solid is formed by turning a circular areu round a tangent line
through an angle 6, and this solid is held under water mth its lower plane face

horizontal and at a given depth h.

In this case,
V= 1rw"0, ‘Y=gp1ra’ (/a - asin 0) sin 0,
and Y =gpwa? (h— kcos 6+ asin 6 cos 6).

44. To find the resultant pressure on any surface of a fluid at
rest under the action of any given forces.
Let p be the pressure, determined as in Chapter IL, at any

point (z,y,2) of a surface, u=0, cxposed to the action of a fluid.
Then if
1 fou\?*  [ow\* K /ou
7= (55) + (o) + (a2):
Em P 8u Paz_g
0z

are the direction-cosines of th(, normal at the point (z, ¥, 2).
Let 88 be an element of the surfacc about the same point.
The pressures on this element parallel to the axes, are

pPOt5s, pPa“ss pP2ss;

“if X, Y, Z and L, M, N, be the resultant. pressures parallel to
the axes, and the resultant couples, respectively,

x=[[pP3tas, v=[[» Pa—"ds z=[[ppas,
Le ff au )dS
_j‘J’ 3u au)d&

s
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the integrations being made to include the whole of the surface
under consideration.
These resultants are equivalent to a single force if

XL+ YM+ZN=0.

46. The surface may be divided into elements in three different
ways by planes parallel to the co-ordinate planes.

Thus, &8y = projection of 88 on zy = P —gg 88,

and.". Z =[[pdady; and similarly, X = [ p dydz, and V' = [[pdzdz,
L=fp(ydedy — zdzdx)

=[[p(ydy — 2dz) dw,
M= [[p(2dz — zdz)dy,
N=[p(zdz - ydy)dz.

46. If the fluid be at rest under the action of gravity only,
and the axis of z be vertical, p is a function of 2, ¢ (z) suppose, and

therefore
X =[[¢(2)dydz,

which is evidently the expression for the pressure, parallel to z,
upon the projection of the given surface on the plane yz; and
similarly Y is equal to the pressure upon the projection on zz.
Again, if the fluid be incompressible and acted upon by gravity
only, pdz 8y is equal to the weight of the portion of fluid contained
between 88 and its projection on the surface of the fluid;

.*.Z, or [[pdxdy, is the weight of the superincumbent fluid.

These results accord with those previously obtained, Arts. (40)
and (41). .

47. If a solid body be wholly or partially immersed in any
fluid which is at rest under the action of given forces, the
resultant fluid pressure on the body will be equal to the resultant
of the forces which would act on the displaced fluid.

For we can imagine the solid removed and the gap filled up
with the fluid, which will be in eguilibrium under the action of
the forces and the pressure of the surrounding fluid; and the
resultant pressure must be equal and opposite to the resultant of
the forces.

.In filling up the gap with fluid, the law of density must be
maintained, that is, the surfaces of equal density must be con-
*inuous with those of the surrounding fluid.

-
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EXAMPLES

1.* A heavy thick rope, the densit.{l of which is double the density of
water, is suspended by one end, outside the water, so as to be partly immersed ;
find the teusion of the rope at the middle of the immersed portion.

/2. A hollow s’phere of radius « is just filled with water ; find the resultant
vertical Eeressures on the two portions of the surfaca divided by a plane at
depth ¢ below the centre. )

3. A vessel in the form of a regular pyramid, whose base is & plane
polygon of n sides, is placed with its axis vertical and vertex downwards and
is filled with fluid. Each side of the vessel is moveable about a hinge at the
vertex, and is kept in its place by a string fastened to the middle point of its
base and to the centre of the polygon ; shew that the tension of each string is
to the whole weight of the fluid as 1 to x sin 2a, where a is the inclinatian of
cach side to the horizon.

{1. If an area is bounded by two concentric semicircles with their common
unding diameter in the free surface, prove that the depth of the centre of
pressure is
Yo (@+0) (a®+8%);(a®+ b2+ ad),
where « and b are the radii.

“5. Find the centre of pressure of a square lamina having one angular
point in the surface of a liquid; and supposing it to be moved about the
angular point in its own plane, which is fixed, and to be always totally
immersed, find the locus on ity own plane of its centre of pressure.

6. Find the centre of pressure of an elliptic lamina just immersed in
water ; and supposing it turned round in the same vertical plane, 5o as to be
always just immersed, find the locus with respect to its axes of the centre of
pressure.

7. A cubical box, filled with water, has a close-fitting heavy lid fixed b,
smooth hinges to one edge ; compare the tn.ngents of the angles through whic!
the box must be tilted about the several edges of its base, in order that the
water may just begin to escape.

’8. A system of coaxal circles is immersed in water with the line of centres

at a given depth; prove that the centres of gx(;essure of those circular areas;
which are completely immersed, lie on a parabola.

9. Find the centre of pressure of a semi-ellipse (axes 2« and @) which is
bounded by a diameter inclined at the angle % to its major axis, its plane
being vertical, and the diameter in the surface.

10. A semi-ellipse, bounded by its axis minor, is just immersed in a liquid

the density of which varies as the depth; if the minor axis be in the surface,
find the eccentricity in order that @e focus may be the centré of pressure.

11. A square lamina 4 BCD, which ié immersed in water, has the side 4 B
in the surface; draw a line BE to a point £ in CD such that the pressures on
the two portions may be equal. Prove that, if this be the case, the dint‘n?e

between the centres of pressure : the side of the square :: 4/506 : 48.

12. From a semicircle, whose diameter is in the surface of wa liquid,
a circle is cut out, whose diameter is the vertical radius of the semjcirele
find the centre of pressure of the remainder.
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13. A semicircular lamina is completely immersed in water with its
plane vertical, so that the extromitg' A of its bounding diameter is in the
surface, and the diameter makes with the surface an angle a. Prove that if £
e the centre of pressure and 8 the angle between A% and the diameter,
3r+16tana
16+ 157 tana’

1t If the depths of the angular points of a triangle below the surface of
a liquid bg «, b, ¢, prove that the depth of the centre of pressure below the

centre of gravity is
(b= +(e—ar+ (a-by?
12(a+b +¢)
15. A plane area immersed 1 a fluid moves parallel to itself and with its
centre of gravity always m the sume vertical straight line. Shew (1) that the
locus of the centres of pressure is a hyperbola, one asymptote of which is the

given vertical, and (2) that if «, «+h, @+, a+4" be the depths of the c.¢.in
any positions, y, y+4, y+#, y+4” those of the centre of pressure in the same

positions, then

tan =

b b k(E=P) =0.
¥oN KE-)
‘.Il I‘H ,‘ll (“ll - II”)
16. Find the centre of pressurc of a segment of a parabola bounded by
the curve and the latus-rectum, the tangent at one end of the bounding
ordinate being in the surfice. [t the liquid rise, the parabola remaining
stationary, shew that the centre of pressure describes a straight line.

17. A cone is totally immersed in water, the depth of the centre of its
base being given. Prove that, P, /%, P” being the resultant pressures on its
convex surface, when the sines of the inclination of 1ts axis to the horizon are
s, &, &, respectively,

[2( = ")+ P2 (8" — 8) + P2 (s — 8) =0,

18. Find the centre of pressure of the area between the curve Nr+Ay=va

and the axes, taking the axes rectangular and oue of them n the surface.

19. A quantity of liquid acted upon by a central force varying as the
distance is contained between two parallel planes ; if 4, B be the areas of the
planes mn contact with the flud, shew that the pressures upon them are in
the ratio A%: B

20. A solid sphere rests on a horizontal plane and is just totally immersed
in a liquid. Tt is then divided by two plunes drawn_through its vertical
diameter perpendicular to each other. Prove that if p be the density of the
solid, o that of the fluid, the parts will not separate provided o>}p.

21. One asymptote of a hyperbola lies in the surface of a fluid; find the
depth of the centre of pressure of the arca included hetween the mmmersed
asymptote, the curve, and twe given horizontal lines in the plane of the
hyperbola.

92, A cong is immersed in water with the centre of its base at a distanco
of § of 1ts altitude below the surface. A paraboloid of the same base and
altitude 18 also imnersed with the centre of 1ts base at the same distance
below the surface as that of the cone, and with its axis meclined at the same
angle to the verticsd. Fmd what this angle must be in order that the resultant
pressures on the convex surfaces of the two solids may be equal.

23. A closed cylinder, very nearly filled with liquid, rotates uniformly
about & generating line, whichis vertical ; find the resultant pressure on its

curved surface. . )
Determine also the point of action of the prossure on its upper end.
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24, Shew that the depth of the centre of pressure of the area included
between the arc and the asymptote of the curve

o 3ra+16b
4" 3rb+4a’
the asymptote being in the surface and the plane of the curve vertical.

(r—a)cosd=> is

25. A cone is filled with liquid, and fitted with a heavy lid, moveable
about a hinge ; it is then made to revolve nmformly about the generating line
through the hinge, which is vertical; find the greatest angular velocity
consistent with no escape of the liguid.

26, A portion of a spherical shell is eut off by a plane, and the remaining
portion ix placed on a horizontal plane so that the circular section is in contact
with the plane and i then filled with water through a small hole at the
highest point. Find the largest piece which can be cut oft so that, however
light the shell may be, the water may not escape.

In this case, prove that the whole pressure on the shell is to the weight of
the hiqud in the ratio 2 : 1.

27. If a plane area immersed m a liquid revolve about any axis in 1ts own
plane, prove that the centre of pressure describes a straight hine in the plane.

28. A cube whose edge is 2a, and whose faces are horizontal and vertical,
is surrounded by a mass of heavy liquid, the volume of which is 843 {x4/6 -1} ;
the liguid is acted on by a force tending to the centre of the cube, and varying
as the distance, the force at the distance « bemg g: find the form of the free
surface and the pressure at any pomt: also 1f one of the vertical faces of the
cube be moveable about o horizontal line in 1ts own plane, shew that the face
will be at rest, if this line be at a distance }« from the lowest edge of that face.

29. A solid paraboloid, cut oft by a plane through the focus perpendicular
to 1ty axis, 18 completely innmersed, its vertex being at a given depth, and its
axis inclined at & given angle to the vertical. Find the direction and magnitude
of the resultant pressure on ity curved surface.

30. A solid is formed by turmmng a parabolic area, bounded by the latus-
rectum, about the latus-recturn, through an angle 8; and this solid is held
under water, just immersed, with its lower plane face horizontal. Prove that,
if ¢ be the inclination to the horizon of the resultant pressure on the curved
surface of the solid,

3 siu* 4 tan ¢p=>5 sin § -3 sin 4 cos 6 — 26.

31. In the midst of a mass of fluid attracting according to the law of
nature, and rotating in relative equilibrium about an axis, a small particle is
introduced, and started with the velocity of the fluid whose place it occupies.
Will it approach or recede from the axis?

32. In an infinite mass of fuid of density p, every part of which attracts
every other part according to the law of nature, are placed two shells, whose
interual and external radii are @, b and o, &' respectively, and densities o, o’
The shells also attract each other and the fluid as 1n nature. Find the
resultant force on each shell, and shew that in certain cases this force is
& repulsive one.

33. A given area is immersed vertically in a heavy liquid and a cone is
constructed on it as base, the cone being wholly immersed : find the locus of
the vertex when the resultant 1pressure on the curved surface is comstant, and
shew that this pressure is unaltered by turning the cone round the"horizotital
line drawn through the centre of gravity of the base perpendicular to the
plane of the base.
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34. A conical vessel, axis vertical and vertex downwards, is divided into
two parts by a plane through its axis, and the parts are prevented from
separating by a string which ix a diameter of the rim of the vessel, and is
{:rpendiculnr to the dividing plane, and by a hinge at the vertex. The vessel

hhing filled with water, compare the tension of the string with the weight of
the water.

35. A hollow cone open at the top is filled with water; find the resultant
pressure on the portion of its surface cut off; on one side, by two planes
through its axis inclined at a given angle to each other; also determime the
line of action of the resultant pressure, and show that, if the vertical angle be
a right angle, it will pass through the centre of the top of the cone.

"36. A vessel in the form of an elliptic paraboloid, whose axis is vertical,
3 2 -
and cquation '(%2+"I/)—3= /:1’ is divided into four equal compartments by its

principal planes. Into one of these water is poured to the depth 4; prove
that, if the resultant pressure on the curved portion be reduced to two forces,
one vertical and the other horizontal, the line of action of the latter will pass
through the point (y%¢, 4 b, +4).

37. A bowl in the form of a hemisphere is filled with water; find the
direction and magmtude of the resultant pressure on the upper portion of the
howl cut off by a plane through its centre inclined at a given angle to the
horizon.

38. An open conical shell, the weight of which may be neglected, is filled
with water, and is then suspended from a point in the rim, and allowed

lually to take its position of equilibrium; prove that, if the vertical angle
%e con~13, the surface of the water will divide the generating line through the
point of suspension in the ratio 2 : L.

39. A regular polygon wholly immersed in a liquid is moveable about its
centre of gravity ; prove that the locus of the centre of pressure is a sphere.

40. A hemispherical bowl is filled with water, and two vertical plancs are
drawn through its central radius, cutting oftf a semi-lune of the surface; if 2a
be the angle between the planes, prove that the angle which the resultant
pressure on the surface makes with the vertical

—tan -1 sina
tan ( a )

3
41. A volume é—’;‘-- of fluid of density p surrounds a fixed sphere of

radius b and is attracted to a point at a distance ¢ (<b) from its centre by
a force ur per unit mass; supposing the external pressure zero, find the
resultant pressure on the fixed sphere.

42. A vessel in the form of a surface of vevolution has the following
property ; if it be placed with its axis vertical, and any quantity of water be
poured into it, the resultant vertical pressuré has a constant ratio to the
resultant horizontal pressure on either of the portions into which the surface
is divided by a vertical plane through its axis; find the form of the surface.

43. Find the equation of a curve symmetrical about a vertical axis, such
that, when it is immersed with its highest point at half the depth of its lowest,
the centre of pressure may bisect the axis.

44. A rectangular area is immersed in compressible liquid with its plane
vertical and one side in the surface, where the pressure is zero. Shew that, if
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the density i a linear function of the pressure, the depth of the centre of

pressure is
@ (m—1)p1+(1~3m?) py
m pr—(m+1)py !

where « is the length of the vertical side, p,, p; are the densities at the top and
bottom of the area, and

= ]()g (p1/po)-

45. The vertices 4, B, C of a triangular lamina are supk in a homogeneous
liquid to depths /i, 43, 43 respectively : prove that if P1, P2, p3 be the respective
perpendiculars from 4, B, C on BC, C'4, AB, then the trilinear co-ordinates
of the centre of pressure are

n o P2 My ) P3 ( Ny
4(1+/¢1+/¢2+’ls)’ 4 (1+/‘1+/¢2+k4 P ]+"1+I‘2Th; )

46. A triangular laminn is totally immersed in a homogencous liquid, the
depths of the angular pomts being p, ¢, r ; prove that if the centre of pressure
of the triangle comeide with the mean centre of 1ts angular pomts for multiples
t, m, n, then

Pigir3l—(n+n):3mn—(n4l):3n~l4m).

47. A cubical box of ~ide « has a heavy lid of weight W moveable about
one edge. It is filled with water, and held with the diagonal through one
extremity of this edge vertical. If 1t be now made to rotate with uniform
angular velocity o, shew that, in order that no water may be spilled, W must

not be less than
7 1 o) ,,,
(E*aa’y)
if W’ is the weight of the water in the box.

48. A closed rigid vessel is formed by half the surface of an ellipsoid cut
off by any central section, and by the plane section itself. The vessel is Jjust
full of water and stands with its plane base on a horizontal table. Prove that
the resultant pressure on the turved surface is a vertical force equal to half
the weight of the water, such that 1ts line of action cuts the Plane base at a
distance 3/(r?— @) from the centre ; where r is the semi-diameter conjugate

to the base, and @ the perpendicular from the centre on the horizontal tangent
plane.

49. A small solid body is held at rest in a fluid in which the pressure p
at any point is a given function of the rectangular co-ordinates z, Y, z; prove
that the components of the couple which tends to make it rotate round the
centre of gravity of 1ts volume are

d?p dip dp g p d*p
=B =D (=2 )~ Byt ¥ oy
and two similar expressions, where A, B, C, D, E, F are the moments and

produets of inertia of the volume of the solid with respect to axes through the
centre of gravity.

50. A rigid spherical shell of radius « contains a mass M of gas in which
the pressure is « times the density, and the gas is repelled from & fixed
external point O (distant ¢ from the centre) with a force per unit of mass
equal to «/(distance). Prove that the resultant pressure of the gas on the
shell is

¢ kM 5c%— a2
¢ 5+’
« bl. A vessel full of water is in the form of an eighth part of an ellipsoid
axes @, b, o), bounded by the three priucipal planes, The axis ¢ is vertical,
B. H, 4
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and the atmospheric pressure is neglected. Prove that the resultant fluid
pressure on the curved surface is a force of intensity

Lgp (B2 +atcd+} wtatbrer) .

H2. A hollow ellipsoid is filled with water and placed with its ¢-axis makin
an angle a with the horizontal and its c-axis horizontal. Prove that the flui
pressure on the curved surface ou either side of the vertical plane through the
a-axis iy equivalent to a wrench of pitch

3esinacos a a?-?
2 *4¢t 49 (atsinfa+ BFeosta)”

53. The angular points of a triangle immersed in a liquid whose deusity
varies as the depth are at distances a, 8, y respectively below the surface, shew
that the centre of pressure is at a depth

3 (a+B+y) (a?+B*+7%) +aBy
h" a*+Bt+y +aB+Bytya

h4., A planc area, completely submerged in a heavy heterogeneous fluid,
rotates about a fixed horizontal axis at depth 2 perpendicular to its plane. If
the density of the fluid at depth ¢ be equal to pz, and if the area be symmetrical
about each of two rectangular axes meeting at the point of intersection of the
area with the axis of rotation, prove that the locus in space of the centre of
pressure is an ellipse with its centre at a depth

2,l - "‘:’L('cl‘l;‘l‘.".l‘ﬁi ’
(u*+ &%) (@* +45%)

where 4 and I are the radii of gyration of the area with respect to the axes
of symmetry and the atmospheric pressure is

dgp (a*—12).
/ ke

+" 53, Shew that the pressure on any plane area immersed in water can be
reduced to a force at tlhe centroid of the arca, and a couple about an axis in
the plane of the area, and that the axis of this couple is perpeundicular to the
mngent(:l at the end of the horizontal dinmeter of a mowmental ellipse at the
centroid.



CHAPTER IV
THE EQUILIBRIUM OF FLOATING BODIES

48. To find the conditions of equilibrium of « floating body.

We shall suppose that the fluid is at rest under the action of
gravity only, and that the body, under the action of the same
force, is floating freely in the fluid. The only forces then which act
on the body are its weight, and the pressure of the surrounding
fluid, and in order that equilibrium may exist, the resultant fluid
pressure must be equal to the weight of the body, and must act in
a vertical dirvection.

Now we have shewn that the resultant pressure of w heavy
Huid on the surface of a solid, either wholly or partially immersed,
is equal to the weight of the Hluid displaced, and acts in a vertical
line through its centre of mass.

Hence it follows that the weight of the body must be equal to
the weight of the fluid displaced, and that the centres of mass of
the body, and of the luid displaced, must lic in the same vertical
line.

These conditions are nccessary and sufficient conditions of
equilibrium, whatever be the nature of the fluid in which the
body is floating. If it be heterogencous, the displaced fluid must
be looked upon as following the same law of density as the sur-
rounding fluid; in other words, it must &onsist of strata of the
same kind as, and continuous with, the horizontal strata of uniform
density, in which the particles of the surrounding fluid are neces-
sarily arranged.

If for instance a solid body float in water, partially immersed,
its weight will be equal to the weight of the water displaced,
together with the weighu of the air displaced; and if the air be
removed, or its pressure diminished by a diminution of its density
or temperature, the solid will sink in the water through a space
depending upon its own weight, and upon the densities of air and
water. This may be further explained by observing that the

4—2
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pressure of the air on the water is gréater than at any point
above it, and that this surface pressure of the air is transmitted
by the water to the immersed portion of the floating body, and’
consequently the upward pressure of the air upon it is greater
than the downward pressure. :

49. We now procged to illustrate the application of the above
conditions, by discussion of somc particular cases.

EX. 1. A portion of a solid puraboloid, of given height, flouts with its a.is
vertical and vertew: downwards in a homogeneous liguid: required to find its
position of equilibrium.

Taking 4a as the latus rectum of the generating parabola, 4 its height,
and . the depth of its vertex, the volumes of the whole solid and of the portion
inmersed are respectively 2rah? and 2mraa?; and if p, o be the deusities of
the solid and liquid, one condition of equilibrium is

p.2raki=a.2wus?;

- P
o= \/o‘h’

which determines the portion immersed, the other condition being obviously
sutisfied.

Ex. 2. It 15 required to find the positions of equilibrium of « square lamina
JSloating with its plane vertical, in « liquid of double its own density.

The conditions of equilibrium are clearly satisfied if the lamina float half
immersed either with a diagonal vertical,
or with two sides vertical.

To examine whether there isany other
position of equilibrium, let the lamina
be held with the line DG'C in the surface, D
in which case the first condition is
satisfied. .

But, if the angle (G4 =6, and if 2«
be the side of the square, the moment
about G of the fluid pressure, which is
the same as the difference between the
moments of the rectangle AK, and of
twice the triangle (*BD, is proportional to

- b

K

2u‘-’.g-'sin —atan o.qfueca-;ac_op_o’

or to sin 4 (1 - tan24),
ud

7
Hence there is no other position of equilibrium.

and this vanishes only when §=0 or
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Ex. 3, A triangular prism floats with its edges horizontal, to find its positions
of equilibrium.

Let the figure be a section of the prism by a vertical plane through its
centre of gravity.

PQ is the line of flotation and # the centre
of gravity of the liquid displaced. When
there is equilibrium the area APQ is to
ABC in the ratio of the density of the prism
to the density of the liquid, and thercfore
for all possible positions of PQ the area 4 P
is constant ; hence P@ always touches, at
its middle point, an hyperbola of which A5,
AC are the asymptotes,

Also HG must be perpendicular to P,
and therefore since B

AH:HE=AG : GF,
FE must be perpendicular to P¢Q, that is,
FE is the normal at % to the hyperbola.
The problem is therefore reduced to that of
drawing normals from # to the curve. A

Tet 2y=c% ,oeun... . (a)
be the equation of the curve referred to 4B, AC as axes, and let
L BAC=8, AB=2a, AC=2).
Let «, y be the co-ordinates of £; the co-ordinates of F are , b, and the

equation of the normal at £ iy
yeosf -z

M=Y= Gomfy (é-).
And if this pass through F) the co-ordinates of which are a, b,
(b-9) (@ con0=g)=(a~2) (y cos 6~ 2),
or at—(a+bcos ) z=y2—(@aco8 0+D)y .ceevvrannnnne veee(B)-

The equations (a) and (8) determine all the points of the hyperbola, the
tangents at which can be lines of flotation.

Also (B) is the equation to an equila.béra.l hyperbola, referred to conjugate
diameters parallel to A B, AC; the points of intersection of the two hyperbolas
are therefore the positions of E. ’

To find x, we have

xt = (a+bcos8). 2%+ (« cos 0+ D) ¢t~ ¢t =0,
an equation which has only one negative root, and one or three positive roots
and there may be therefore three positions of equilibriuin or only one.

If the densities of the liquid and the prism be p and o, we have, since the

area PA
¢ =}4P. AQsin §=2xy sin 6=2¢sin 4,

2pc?sin §=2gabsin 6,
or pci=qab,
from which ¢ is determined.

.
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Suppose the prism to be isosceles, then putting a=25, the equation for »
becomes
aA—ct—a(l+4cosf) (2% —2)=0;

from which we obtain x=e¢, which gives y=¢, and makes BC horizontal, an
obvious position of equilibrium, and also

p ]

2

w = :21 (14+cosd) + {% (1+4cos 6)9-43} = cos‘-‘g + (a*cox" g —-c’) H

the isosceles prism will therefore have only one position of equilibrium, unless

é
wc(mﬂ-2 >

and, since pe?=ga?, this is equivalent to

: \/a
cos? - > -.
2 p

Ex. 4. Determine the position of equilibrium of « balloon of given size and
weight, neglecting the rcariations of temperature at different heights in the

atmosphere.

2

1f the temperature be constant, the pressure of the air at a height z=I1e  *,
_0=

and its density = %e &, 11 being the atmospheric pressure at the level from

which the height i measured.

The air displaced consists of a scries of strata of variable density, and if 2
Lie the height of the lowest point of the balloon, .» the distance from that point
of any horizontal section () of the balloon, and 4 ity height, the weight of a
stratum of the air displaced is

_ulz+a)
. gz! e Kk Xdu
and the whole weight of air displaced
9@z +x) o

N, _oz o
="y = E [ X
o & k 0

The form of the balloon being given, X is a known function of 2, and if W
be the weight of the balloon and of the gas it contains, the height z will be
determined by equating W to the expression we have obtained for the weight
of the air displaced.

4 50. A homogeneous solid floats, wholly immersed, in « liquid
of which the density varies as the depth; to find the depth of its
centre of mass.

Let a, ¢ be the depths of the highest and lowest points of the
solid, Z the area of a horizontal section of the solid at a depth z,
and pz the density; '

the weight of the liquid displaced = ( ) gpeZda.
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Let % be the depth of the centroid of the volnme of the solid,
and V its volume, then

¢
Vz =[ Zzdz;

therefore the weight of displaced liquid = gusV, and if p be the
density of the solid, its weight =gpV; hence p= uZ, or the solid
tloats in such a position that the density of the liquid at the depth
of the centroid of the volume of the solid is equal to the density of
the solid.

51. If a solid float under constraint, the conditions of equi-
librium depend on the nature of the constraining circnmstances,
but in any case the resultant of the constraining forces must act
in a vertical dircction, since the other forces, the weight of the
body, and the fluid pressure, arc vertical.

If for instance one point of a solid be fixed, the condition of
cquilibrium is that the weight of the body and the weight of the
fluid displaced should have equal moments about the fixed point;
this condition being satisfied, the solid will be at rest, and the
stress on the fixed point will be the difference of the two weights.

As an additional illustration, consider the case of a solid
floating in water and supported by a string fastened to a point
above the surface; in the position of cquilibrium the string will be
vertical, and the tension of the string, together with the resultant
fluid pressurc, which is equal to the weight of the displaced fluid,
will counterbalance the weight of the body; the tension is there-
fore equal to the difference of the weights, and the weights are
inversely in the ratio of the distances of their lines of action from
the line of the string, these three lines being in the same vertical
plane.

52. For subsequent investigations, the following geometrical
propositions will be found important.

If a solid be cut by a plane, and this plane be made to turn
through a very small angle about a straight line in stself, the volume
cut off will remain the same, provided the straight line pass throu
the centroid of the area of the plane section.

To prove this, consider a right cylinder of any ki
a plane making with its base an angle 6.

Let"‘be the distance from the base of t

cut by

cﬁ?o.i f the
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section 4, 34 an elcment of the area of the section and V the
volume between the planes. Then

. _2(34.PN)
F="mp ;
. dcos@i=73 (84cosf.PN)=V,
or V = 7 (area of base).

Now the centroid of the area A is also the centroid of all
sections made by planes passing through it, as
may be scen by projecting the sections on the
basc of the cylinder; it follows therefore, that =
being the same for all such sections, the volumes
cut off are the same.

In the case of any solid, if the cutting plane
be turned through a very small angle about the
centroid of its section, the surface near the curves )
of section may be considered, without sensible & S
error, cylindrical, and the above proposition is
therefore established*,

In other words, the differcnce between the volume lost and the
volume gained by the change in the position of the cutting plane
will be indefinitely small compared with either.

* The following form of proof may also be given.
Let ACB, the cutting plane, be turned through a small angle (6) about a line Cx,
and let d4 be an element of the area.

Then the algebraical value of the additional volume cut off is equal to [6ydd,
and, if this vanishes, fydA4 =0, which is the condition that the centroid of 4 should
lie in the axis of #; and, taking C as the centroid, any plane through C will satisfy
the same condition, .

‘We may observe that the algebraical moment about the axis of y of the volume
cut off is [fzydd, which vanishes if [xyd4 =0, that is, if the axes Cz, Cy be the
principal axes of the area.
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83. Definitions. If a body float in a homogeneous liquid, the
plane in which the body is intersected by the surface of the liquid
is the plane of flotation.

The point H, the centre of mass of the liquid displaced,. is
the centre of buoyancy.

If the body move so that the volume of liquid displaced remains
unchanged, the envelope of the planes of flotation, is the surface
of flotation, and the locus of H is the surface of buoyancy. -

64. If a plane move so asto cut from a solid a constant volume,
and tf H be the centroid of the volume cut off, the tangent plane at
H to the surfuce which is the locus of H 1s parallel to the cutting
plane.

In other words, the tangent planes at any point of the surface

of flotation, and at the corresponding point of the surface of
buoyancy, are parallel to one another.

Turn the plane ACB, the cutting plane, through a small angle
into the position aCb, the volumes of the wedges ACa, BCb being
equal.

Let @& and G’ be the centroids of these wedges.
In GH produced take a point E such that

EH:HG :: Volume ACqa: Volume aDB.
Join EG’ and take H’such that
EH' :H'G'::Vol. BCb:Vol. aDB;
then H' is the centroid of aDb;
but EH:HG::EH' :H'%,
and HH' is therefore parallel to GG
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Hence it follows that ultimately when the angle ACa is in-
definitely diminished,

HH' is parallel to ACB;

and HH' is a tangent at H to the locus of H.

This being true for any displacement of the plane ACB about
its centroid, it follows that the tangent plane at H to the locus of
H is parallel to the plane ACB.

~ 00, The positions of equilibrium of a body floating in a homo-
geneous liquid are determined by drawing normals from G, the centre
of mass of the body, to the surface of buoyancy.

For if GH be a normal to the surfacc of buoyancy, the tangent
planc at H, being parallel to the plane of flotation, is horizontal,
and G H is therefore vertical.

The two conditions of equilibrium are then satisfied, and a
position of equilibrium is determined.

The problem comes to the same thing as determining the posi-
tions of equilibrium of a heavy body, bounded by the surface of
buoyancy, on a horizontal plane.

56. It should be noticed that the shape of the curve of buoy-
ancy is entirely determined by the formn of the bounding surface,
and is unaffected by an alteration of the form of that portion of
the body which always remains immersed.

B

Let HQ be an arc of the surface of buoyancy for a boundary
BAC, and an immersed volume V, and imagine a volume », the
centroid of which is &, to be cut off.

Taking WH’:hH ::hQ': hQ::V :V —v, the surface H'Q’ is the
new surface of buoyancy which is obviously similar to the surface

HQ.
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57. Particulur cases of curves of buoyancy.

For a triangular prism, as in Art. (49), the curve of flotation
is the envelope of PQ, which is an hyperbola having AB, AC for
asymptotes; and, since AH=3AE, the curve of buoyancy is a
similar hyperbola.

~ If the body be a plane lamina bounded by  parabola, the curves
‘of flotation and buoyancy are cqual parabolas.

Tf the boundary be an elliptic arc, the curves are arcs of similar
and similarly situated concentric ellipses.

It the immersed portion of a lamina (or prism) be a rectangle,
the curve of Hotation apparently is a single point, and the curve
of buoyancy is a parabola.

To prove this, let H, H’ be positions of the centroid correspond-
ing to the positions ACB, A’CB’ of the line of flotation.

Then, if AC=CB=a, BB'=8, CH=c, and S=the area cut
off,

Sy=8. HN=}a8. %~ 108 (- %) = 4w,

8z=8.HN =348 (0+§)—%uﬂ (0—§)=.1,u8”,

.

and

- Sy =4ak.

This is a particular casc of the triangular prism, and, as in that
case, the curves of flotation and buoy-
ancy are similar curves, the fact being
that the curve of flotation is a parabola,
with its vertex at C, flattened down to a
straight line.

In the case of Ex. (2), Art. (49),
8 =2a? and the curve of buoyancy is the
parabola, 3y* = 2ax.

The radius of curvature at the ver-
tex, H, of this parabola is }a, which is
less than H@,
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Hence it will be seen that three normals can be drawn to the
curve of buoyancy, giving the three
positions of equilibrium.

58. If the bodybealamina bounded
byan hyperbolic arc, the curves are simi-
lar hyperbolas.

Thus, if QV§’ be a line of flotation,
and if 2a/, 20" be the diameters conjugate
and parallel to Q@’, inclined at an angle
6, so that a’b’sin 6 = ab,

the area QPQ' =2 [ Zb[ v Za/bsin 0 de
.

®  [Jar o 2* \)
=ub «i(?,\/ﬁ—l —10g(5; +\/(";2—1>)(,
so that the ratio of 2’ to «, that is, of CV to OP, is constant.
Moreover,

(area) (CH) =2 (% sin 0 (r zVai —a"*de

2 ' 3 ,
=3(lb<(i,2—1) a .

and thercfore the ratio of CH to CP is constant.
These. results can also be obtained by purely geometrical
reasoning.

69. In the case of a right circular cone floating with its vertex
beneath the surface, the surfaces of flotation and buoyancy are
hyperboloids of revolution.

If V is the vertex of the cone, ACB the major axis of a section,
and VK the perpendicular upon 4B, the volume VAB is equal to

IVK. jwAB. (AV.BVsina)t.

But VK.AB=VA.VBsin2s, %'
each expression being double the area VA B; therefore, the volume
being constant, it follows that the area VAB is constant.

The locus of (", the centroid of the plane section, is therefore a
hyperboloid of revolution, and, VH being three-fourths of VC, the
surface of buoyancy is a similar hyperboloid.

60. Surfaces of buoyancy and flotation for an ellipsoid.

If the ellipsoid have equation a%/a®+ y*/b*+ 2%/¢*=1, the sub-
stitutions # = af, y =b, z = c{ reduce the problem to that of the
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sphere £+ 7+ §*=1; and if ¥ denote the immersed volume of
the ellipsoid, V/ubc denotes the corresponding volume of the sphere.
It is clear that the plane which cuts off this volume touches a con-
centric sphere of radius 7, such that

(1
J w (1 —2*) da = V/abe,

or Im (L=rP 2 +r)=V/ube.
Also the centroid of the volume cut off lies on a sphere of radius
R, where
1 ' 1
Rf (1 —a?) d.'v=f 7z (1 —a?)dx

or R=3+ry(2+r).
Returning to the original problem we see that the surface of
flotation is a similar ellipsoid of semiaxes re, 7, rc, where
A=r22+r)=3V/wrabe........ ceeeenn 1);

and the surface of buoyancy is another similar ellipsoid of semi-
axes Ru, Rb, Re, where

R=30+7P/24+7) cevevinviiiarinnnnnn. (2).
Similar results hold good for a hyperboloid of two shects.
N1, Elliptic Paraboloid. .

This case can be deduced from the results for an cllipsoid by
making «, b, ¢ tend to infinity in such a way that a*/c~a and
b%/c -~ B, where a, 8 are the semi latera recta of the principal sec-
tions of the paraboloid. If, as before, V denotes the finite volume
immersed, then V/abe tends to zero, so that » and also B both tend
to unity. Hence the surfaces of tlotation and buoyancy are equal
paraboloids. Also the distances between their vertices and the
vertex of the given paraboloid are the limiting values of ¢(1 —7)
and ¢ (1 — R).

But, from Art 60 (1), we see that

Y 3Ve vV
/= c~(1 = T (+r)mab -rr‘\/a/S
so that the intercept on the axis between the given paraboloid and
the surface of flotation is ry, where
v = V/mVap.
Similarly, from Art. 60 (2),
ca-R)= g8 gy,
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thus determining the corresponding intercept for the surface of
buoyancy.

62. Cylinder of any section.
The surface of flotation is a point on the line of centroids Oz,
given by Ac=V, where 4 is the cross Z
section and V" the volume immersed.
Let z= Iz + my + ¢ be the equation of
the cutting planc, the origin being in the
basc.
The coordinates (7, 7, Z) of the centre
of buoyancy arc given by
V& = [[wzdzdy integrated over the base  —]

QL__._?___.\_

= [[& (¢ + lz + my) dxdy
= al + h.
Similarly
Vy = [fyzdady
=hl+bm;
and V3 =1} [[2dzdy

=1 (alt + 2hlm + bm?) + Lc*4;
where a=[[erdedy, h=[fzydedy, b=/[[y*dedy.

If we usc the principal axes of the section as axes of # and y,
we have h =0, and

Va=al, Vi=bm, V(z—}%c)=3%(al+bm?).
Therefore the cquation of the surface of buoyancy is
@ Y220
atb V-

63. A solid of revolution floats tn « liquid which rotutes
uniformly, as if solid, about a vertical axis, the awis of the solid
coinciding with the aais of rotution ; required to find the condition
of equilibrium.

In a mass of rotating liquid, suppose a surface of revolution
described, having its axis coincident with the axis of rotation, and
consider the cquilibrium of the liquid within this surface. The
resultant of the fluid pressures upon the liquid must be equal to
its weight, and the same pressures being exerted on the surface of
any solid occupying the same space, it follows that any such solid



EQUILIBRIUM OF A FLOATING BODY 63

will be in equilibrinm, if its weight be cqual to the weight of the
fluid it displaces.

It will be secn moreover that it is quite indifferent whether
the solid rotate with the fluid, or with a different angular velocity,
or be at rest.

Ex. A cylinder flouts in rotuting liguid ; to find the depth to which it is
{mmersed.

If » be the angular velocity, the equation to the generating parabola of the
free surface, taking its vertex as the origin, is w?)?=2¢z, and if 2’ be the depth
of the base of the cylinder below the circle of flotation, that is, the circle in
which the free surface intersccts the surface of the cylinder, and ¢ the radius
of the cylinder, the volume of the displaced fluid is the difterence between the

2,2
volume of a height 2’ of the cylinder, and the volume of a height % of the
paraboloid. . '

Hence, if o be the density of the cylinder and p of the fluid,

oncth=p (wc“:‘.’— ———~) ,

and #=Zh +"—’—~‘('~
b4y

64. A more general case is that of a body floating, wholly or
partially immersed, in a liquid at rest under the action of any given
forces, the same forces being supposed to act on the molecules of
the body.

If the body be in equilibrium, the resulting force upon it will
be equal vo the resulting force on the liquid displaced, and the lines
of action of the two forces will be the same.

For, if the body be removed, and its place occupied by the dis-
placed liquid, the resulting pressure of the liquid upon the body
will be the same as upon the displaced liquid, and will therefore
be equal and opposite to the resultant force upon the displaced
liquid.

EX. A mass of liguid is at rest under the action of a force to a fized point
vurying us the distance, and « solid in the form of a spherical sector 13 at rest
Dpartly tnvmersed in it, with its vertex at the fixed point; it ix required to compure
the densities of the liquid and the solid.

In the state of equilibrium, let » be the radius of the free surface of the
liquid, and @ the radius of the spherical sector. The volumes of the sector and
of the displaced liguid are in the ratio of a3 to #* ; and the distances of their
centres of mass from the centre of force are in the ratio of @ to  ;

.*. if p and o be the densitiey, pat=grt.
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EXAMPLES

1. A solid formed of two co-axial right cones, of the same vertical angle,
connected at the vertices, is placed with one end in contact with the horizontal
base of a vessel : water is then poured into the vessel ; shew that if the alti-
tude of the upper cone be treble that of the lower, and the common density of
the spindle four-sevenths that of the water, it will be upon the point of rising
when the water reaches to the level of its upper end.

2. A cone, of given weight and volume, floats with its vertex downwards ;
prove that the surface of the cone in contact with the liquid is least when 1ts

. . 1

-1

vertical angle is 2 tan g3

3. A sqlua.re board is placed in liquid of four times its density; shew that

there are three different positions in which it will float with one given corner
only below the surface of the fluid.

4. A body is floating in water ; a hollow vessel is inverted over it and
depressed : what eftect will be produced in the position of the body, (1) with
reference to the surface of the water withmn the vessel, (2) with reference to
- the surface of the fluid outside ?

% 5. A hollow hemispherical shell has a heavy particle fixed to its rim, and
floats in water with the particle just above the surface, and with the plane of
the rim mclmed at an angle of 45° to the surface ; shew that the weight of the
hemisphere : the weight of the water which 1t would contain

11 4yJ2-5:6(2

_ 6. A cone of semi-vertical angle 30° and axix 4 floats with 1ts axis vertical

and vertex downwards in a fluid whose density is one-third greater than its
own ; shew that the rim of its base will be just immersed if the fluid rotate,
as if rigid, with angular velocity i/g/J/& about a vertical line coinciding with
the axis of the cone.

7. A solid cone is divided into two })arts by a plane through its axis, and
the parts are connected by a hinge at the vertex ; the system being placed in
water with its axis vertical and vertex downwards, shew that, if it Hoat with-
out separation of the parts, the length of the axis immersed is greater than
h sinZa, A being the height of the cone, and 2a its vertical angle.

8. A cone, the vertex of which is fixed at the bottom of a vessel containing
water, is in equilibrium, with its slant side vertical and the lowest point of its
base just touching the surface. Cornpare fhe density of the cone with that of
the water.,

9. The curved surface of a cup is formed by the revolution of a portion of
the curve £=log'% about its asymptote. It floats in liquid with its axis vertical

and narrow end downwards, and a heavier liquid is poured into it. Shew that
if the cup be made of proper weight, the distance between the surfaces of the
two liquids will be constant.

10. A cylinder floats in a liquid with its axis inclined at an angle tan~12/5
to the vertical, and its upper end just above the surface ; prove that the radius
is 4/7 of the height of the cylinder.

11. Two rods of the same substance have their ends fastened together, and
float in a liquid with the angle immersed ; shew that the curve of buoyancy is

a parabola.
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12. A cone floats, with vertex downwards, in a cglindrica] basin of water,
and is lifted just out of the water (without tilting) ; shew that the work done is

W (§l-3),
where W is the weight of the cone, 7 is the depth of the vertex below the sur-

face in equilibrium, #’ iy the length of the cylinder which would be filled by
the water then displaced by the cone.

13, Find the surfaces of flotation and of buoyancy in the case of a right
circular cylinder floating with one end immersed.

14. If a given quantity of homogeneous matter be formed into a paraboloid
of revolution and allowed to float with the vertex downwards, the square of
the distance of the centre of gravity from the plane of flotation will be in-
versely proportional to the latus rectum.

15. A hollow hemispherical cup is closed by a lid of the same small thick-
ness and of the same substance : shew that, if it float in a liquid with its centre
in the surface, the inclination of the lid to the vertical will be /8.

16. A right circular cone has a plane base in the form of an ellipse ; the
cone floats with its longest generating line horizontal ; if 2a be the vertical
angle, and 8 the angle between the plane base and the shortest generating line,
shew that

b cot B=>5 cot 4a — cosce 4a.

717, If the height of a right circular cone be equal to the diameter of the
base, it will float, with ity slant side horizontal, in any liquid of greater density.

V' 18. A cone, whose height is 4 and vertical angle 2q, has its vertex fixed at
distance ¢ beneath the surface of a liquid ; shew that it will rest with its base
Just out of the liquid if

o ¢t cos? a cos 6= ph* [cos (8 — «) cos (8 +a)]F,
where o and p are the densities of the liquid and cone, and 6 is given by the
equation ¢ cos a=4A cos (6 +a).

19. A tetrahedron floats m water with one corner immersed. The three
edges which meet in this corner are equal and mutually at right angles. Shew
that there are oune, two, or three distinct positions of equilibrium, according
ay the ratio of the density of the tetrahedron to that of the water is greater,
equal to, or less than 4 : 27.

v~ 20. A hemispherical shell (radius 2a) containing water rotates with an
angular velocity o/3g/+/7a about its axis which is vertical: a sphere (radius a)
rests on the water with its lowest point in contact with the shell without
pressure on it. If the free surface’passes through the rim of the shell, shew
that

density of sphere : density of water :: 128 : 189.

21. An isosceles triangular lamina 4 BC, right-angled at C, floats, with its
plane vertical and the angle ¢ immersed, in a liquid of which the densit;
varies as the depth ; prove that, if =/4+6 be the angle which 4B makes wit!
the vertical, in either of the positions of equilibrium in which 4B is not
horizontal, the value of @ is given by an equation of the form

m sin? § cos? §= (sin §+cos 4)3,

v 29, A right circular cylinder, whose axis is vertical, contains a quantity of
liquid, the density of which varies as the depth, and a right cone whose axis is
coincident with that of the cylinder and which is of equal base, is allowed to
sink slowly into the liquid with its vertex downwards. If the cone be in
equilibrium when just immersed, prove that the density of the cone is equal

B. H, b



66 EXAMPLES

to the initial density of the liquid at a depth equal to ';th the length of the
axis of the cone.

23. A solid cone, of height %, vertical angle 2q, and density p, is moveable
about its vertex, and its vertex is fixed at a depth ¢ below the surface of a
liquid, the density of which, at a depth z, is uz. The cone is in equilibrium
with its axis inclined at an angle 8 to the vertical, and its base above the
surface ; prove that

uch cos’® a cos @ ="Dplt {cos (8 +a) cos (6—a))t.

24. A hollow paraboloidal vessel floats in water with a heavy sphere lying
in it. There being an opening at the vertex, the water occupies the whole of
the space between the vessel and the sphere. If the resultant pressure on the
sphere be equal to half the weight of the water which would fill it, shew that
the depth of the centre of the sphere below the surface of the water is 4a2/3¢,
where 4« is the latus rectum of the paraboloid, and ¢ the distance of the plane
of contact from the vertex.

25. A right cone floats with its vertex downwards in a fluid of which the
density varies as the depth. Shew that if its axis can make an angle 4 with
the vertical in a position of equilibrium, then

b cos asec 8 (cos? §— sin? a) i =4 ¥Vda/p,
where a is the semi-vertical angle of the cone, o its density, p that of the fluid
at a depth equal to the slant side of the cone.

26. A right-angled triangular prism floats in a fluid of which the density
varies as the depth with the right angle immersed and the edges horizontal;
shew that the curve of buoyancy is of the form

76 sint @ cost § =",

< 27. Alife-belt in the form of an anchor-ring generated by a circle of radiug
a floats in water with its equatorial plane horizontal ; shew that z, the depth
immersed, is given by the equations
z=a(l—-cosB),
278=(2B —sin 2B) ;
where 8 is the specific gravity of the material of the belt.

28. A parabolic lamina, bounded by a double ordinate perpendicular to
the axis, floats vertex downwards in a liquid with its focus in the surface and
its axis inclined at the angle tan=1,/7/2 to the vertical ; prove that the density

of the liquid is to that of the lamina as 216 : 117, and that the length of the
bounding ordinate is three times the latus rectum.

29. A wsolid cone of density o, height 4, and vertical angle 2a can turn
freely about its vertex which is fixed at a height d above the surface of a
liquid of density p. If it floal with its base wholly immersed, and its axis
inclined obliquely at an angle 8 with the vertical, shew that

M (p- o) {cos (8+a) cos (8 —a)}¥ =d¥p cos Bcor? a.

30. An indefinitcly small piece of ice, the shape of which may be taken to
be that of a right circylar eylinder, is floating in water with its axis vertical.
The part immersed receives deposits of ice in such a manner as to continue
cylindrical, the radius and axis receiving egual increments in equal times.
Find the ultimate shape of the part not immersed.

If the specific gravity of ice be ‘96, prove that the surface is formed by the
revolution of the curve

O -gps=aP.
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31. Describe the complete surface of buoyancy for an equilateral triangle
floating in a liquid of four times its density, and shew that at points where
the curvature is discontinuous the tangents to the curve intersect at an angle

124/3
-1 AN
tan™ o7 -

32. A wolid bounded by the planes #= +¢, y= £ b, =0 and z=c floats in
water with the base z=0 wholly immersed. Shew that for displacements such
that the volume }” immersed remains constant and the base is entirely under
water and the opposite face entirely out of the water, the equation of the sur-
face of buoyancy is

at oy 8abz 1
a3V ¥ )

33, A cylindrical vessel with ity cross-section of any shape floats with a
length 2¢ of its axis immersed when the axis is vertical. Prove that the
equation of the suiface of buoyancy is #%/a®+y%/b?*=z/e ; where the origin is
taken at the middle point of the portion of the axis immersed for the upright
position, the axis of < is vertically upwards, and the axes of z, y parallel to the
principal axes of moments of inertia of the plane of flotation for the upright
position through its centre of gravity, and b, @ are the radii of gyration for
those axes of the plane of flotation.



THE STABILITY OF THE EQUILIBRIUM OF
FLOATING BODIES

66. IF a floating body be slightly displaced, it will in general
cither tend to rcturn to its original position, or will recede farther
from that position; in the former case the equilibrium is said to be
stable, and in the latter unstable, for that particular dircction of
displacement.

Consider first a small vertical displaccment: it is clear that, if
the body be floating partially immersed in homogencous tuid, or
if it be immersed, either wholly or partially, in a heterogencous
fluid of which the density increases with the depth, a depression
will increase the weight of the fluid displaced, and on the contrary
an elevation will diminish it; in either casc the tendency of the
Hluid pressure is to restore the body to its position of rest, and
the equilibrium is stable with regard to vertical displacements.
This, it will be observed, is only shewn to be truc of rigid bodies;
if the increased pressure, caused by depression, have the effect of
compressing any portion of the floating body, the equilibrium is
not necessarily stable, and in fact it may be unstable.

An arbitrary displacement will in general involve both vertical
and angular changes in the position of the body; if however the
displacement be small, as we have supposed to be the case, the
effects of the two changes of position can be treated independently;
and we proceed to consider the effect of a small angular displace-
ment, on the supposition that the weight of fluid displaced remains
unchanged, and conseqnently that the fluid pressure has no ten-
dency to raise or depress the centre of mass of the body.

66. A solid, floating at rest in a homogeneotis liquid, is made
to turn through a very small angle in a given vertical plane; to
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determine whether the fluid pressure will tend to restore it to its
original position or not.

Suppose that the body is turned through a small angle 8 about
an axis Oy in the plane
of flotation AOB; Oy
being at right angles to
the plane of the paper,
Oz in the plane of flo-
tation and Oz vertical in
theoriginal position; and
as the body is turned let
the axes be carried with
it. z

If dwdy denotes an clement of area on the plane of flotation
AOB, the volume of an clementary column PQ is zdzdy where z
denotes the length P@Q. In the displaced position the length of the
corresponding columnn P’'Q is z + 6 and its volume is (z + z6) dzdy.
Hence the volume V of liquid displaced will be the same in both
cases if

I[(z + ab) dedy =V = [[zdxdy
where the integrations are over the section of the body made by
the plane of flotation in the original position.

This reduces to [fzdazdy =0, which means that the centre of
gravity of the surface section must lie on Oy, as was proved in
Art. 52.

Assume that this condition is satisfied. In the original position
the centre of gravity G and centre of buoyancy H are in the same
vertical and we may denote the co-ordinates of the latter by (&, %, 2)
and note that G will have the same (# %). In the displaced
position there is a new centre of buoyancy H’ whose co-ordinates
referred to the original axes are (%, ¥, Z).

Now Vi = [[zzdxdy, Vij=[[yzdedy, Vz=[[}z*dxdy.

These integrals being written down by taking the elementary
column PQ of volume zdzdy with its centre of gravity at the
middle point of its length.

In the displaced position the corresponding elementary column
is P'Q of length z+ 20; its centre of gravity is at a distance
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% (2 + 6) from P’, and therefore at a distance }(z—«f) from P,
so that we have )

VE = [fa (s + o) dady, Vi =[[y (s +wf)dady,
z'=[[}(z— x0) (2 + z0) dz dy.
We observe that, to the first power of the small angle 6, we have
Z' =%, so that the tangent planc to the surface of buoyancy is
parallel to the plane of flotation, as was proved in Art. 54.

Now in the displaced position the hody is subjeet to two equal
and opposite parallel forces, viz. its weight W or gpV vertically
downwards through G and the force of buoyancy vertically up-
wards through H'. These forces form a couple and the plane of
this couple will be at right angles to the axis of rotation if, and
only if, the points @, I{’ are in a vertical plane perpendicular to
Oy, i.c. if i =7,
or [y (z + 20) dudy = [[ yz dzdy.

This reduces to [fzy dedy =0,

which means that the axis of rotation Oy must be a principal axis
of inertia of the section of the body made by the plane of flotation.

When this condition is satistied the
vertical through H’ intersects the line
HG in a point M called the meta-
centre. The couple acting on the body
is W.GM 0 and it tends to restore the
bady to its former position or to increase
th