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Prerace

These survey articles, as any of their kind, have the primary objce-
tive of accounting in a summary fashion for the state of the fields which
they cover, as determined by contributing developments at various
times and in many places. Considering the sustained growth of mathe-
matics itself, as well as the intensive use of an ever-increasing number
of 1ts branches in diversified applied contexts, the availability of such
surveys in selected areas is believed to fill a real need. The present,
articles are therefore aimed not so much at research specialists, actively
contributing to the subjects discussed, as they are aimed at a broader,
mathematically literate audience, looking for contemporary informa-
tion on the important problems and results in these disciplines, whether
it be for use in classroom and seminar, or for the sake of possible appli-
cation to problems in other fields of science and engineering, or simply
for reasons of personal interest.

The selection of the arcas surveyed, as well as their coverage, was
further guided by giving first consideration to developments of whose
current state no comprehensive picture could be obtained by going only
Lo the readily accessible literature in familiar languages. Tt is a unique
distinetion of the mathematical community to have never been taken in
by the myth, now generally shattered, that Russian science merely fol-
lowed the lead of the West—at a respectful distance. Mathematicians
remained aware of the vigorous development during the postwar years
of research in their field also in the Communist countries, and they
knew of the steady strecam of important results which they produced.
An carly start was made to overcome language and other communica-
tion difficulties. The American Mathematical Society was the first of
this country’s scientific societies to institute, with support from the
Office of Naval Research, the systematic selection and translation of

v



vi Preface

significant articles which appeared in inaccessible journals or unfamiliar
languages. A further step was taken two years ago, when the Editorial
Office of Applied Mechanics Reviews, again with Office of Naval Re-
search support, initiated work on these surveys. It had become appar-
ent by then that there existed major areas of modern mathematics and
theoretical mechanics of whose current scope and fabric the Western
literature alone—quite apart from missing individual recent results—
conveyed only an incomplete and therefore inadequate picture. This
is to be remedied in the areas covered by the present Surveys in Applied
Mathematics.

Clearly, the success of this venture required that the surveys should
be written by authorities in the respective fields, fully conversant with
current research and abreast of the international literature. Special
thanks must therefore be extended to the distinguished authors of these
articles for having given their thought and time to the purpose at hand.
The enlistment of their co-operation is due in large measure to the inde-
fatigable leadership of the Editor of Applied Mechanics Reviews and his
associates, as well as to the effective way in which the Midwest Rescarch
Institute and the Southwest Rescarch Institute (after A pplied Mechanics
Reviews had moved there) jointly arranged for the conduct of the edi-
torial work.

F. Joacuim WEYL, Director
Mathematical Sciences Division
Office of Naval Research
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CONTEMPORARY STATE
OF NUMERICAL ANALYSIS *

1. What is numerical analysis?

Although it is a much used expression in contemporary mathematics,
“numerical analysis’” does not have a closely delined meaning, even
among its practitioners. Since it clearly has to do with computing, let us
first roughly describe the character of scientific computing. A block
diagram is useful at this point; sce Fig. 1.

Block I represents the seientists and engineers with problems that need
a solution in a numerical form—often because an analytic solution is
impossible. These are the consumers of numbers. Pure mathematicians
occasionally belong to Block I (e.g., number theorists). Although we do
not consider business problems in this article, they are not different in
principle from scientific and technological problems.

The pressure of the number consumers in Block I has stimulated the
development of a wide variety of tools (Block TI) with which numbers
can be produced by human beings. These include pencil and paper,
mathematical tables, desk calculators, punched-card computing equip-
ment, and the new automatically programmed electronic digital com-
puters. (There is a somewhat parallel set of analogue devices which,
since they work more by analogy than with numbers, will not be dis-
cussed further in this article.) The vast growth in digital computers
makes it feasible to compute answers to problems which were unthinkable
only five years ago. Hence Block IT exerts a large return effect on Block
I by bringing many new customers to the number factories.

* The preparation of this work was sponsored at the University of California, Los
Angeles, in part by the Office of Naval Research. It was written in part while the
author was at the AE.C. Computing Facility in the Institute of Mathematical
Sciences of New York University. Reproduction in whole or in part is permitted
for any purpose of the United States Government.
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4 Numerical Analysis and Partial Differential Equations

It is often far from obvious how best to use the tools of Block II to find
the answers to problems, but over the years a large body of information
has been accumulated. The mathematical processes used to solve
problems have so far remained about the same during the development
of digital computers, and are outlined in Art. 2. What is now called
classical numerical analysis includes techniques for carrying out the

1 11
Sources of problems Tools to produce numbers
(consumers of numbers) (machines)
f
|
|
\Y% 111 |
l
Nonmathematical Techniques to use II |
support of IIT to solve problems |
|
|
|
|
|
v |
|
|
Mathematical support L

of IIT

Fig. 1. Numerical analysis is the branch of applied mathematics which uses math-
ematical ideas to devise and cvaluate numerical techniques for employing computers
to solve problems; and to study their convergence and errors.

cited processes with pencil and paper or desk caleulators. One typical
technique is the table of finite differences, an arrangement designed to
minimize errors by making them obvious, and to minimize copying time
by shortening the numbers actually used. Other developments useful
with desk caleulators are the compact forms of Gaussian elimination for
solving systems of four to ten simultancous lincar algebraic equations.
Flimination is ideal for desk work, since it scems to minimize the number
of arithmetical operations, and the compact arrangements are designed
to minimize the amount of copying of numbers.

The automatic digital computers differ markedly from desk calculators,
not only in the absolute times required for comparable operations but
even more in the relative times required. For example, with most
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machines in current use it takes precisely the same time to multiply 10-
decimal numbers as 1-decimal numbers. Thus the principal advantage
of finite-difference tables disappears with the new machines, and one does
not ordinarily use them. The specific algorithms for carrying out the
cited list of mathematical processes change a good deal as new machines
are developed. They will probably change much more as we learn how
best to use the rapidly developing new computers. And, finally, we ex-
pect that the basic mathematical processes themselves will undergo a
considerable modification as we become freed from the effect of tradition.
Already new processes have been developed to handle the coding needed
just to make automatic digital computers operate. Tor example, the
so-called compiler routines can automatically translate a group of
nearly conventional algebraic formulas into a complete machine
code.

In the United States the new clectronic computers already dominate
the computing field. As a result, in our country the most significant part
of Block III comprises techniques concerned with such computers. In
other parts of the world, a greater proportion of computation is being
done by slower means; for example, the Soviet Union continues to publish
a good many books of multiplication tables. But there is every sign that
the dominance of automatic computers will spread widely in the world
within a very few years.

The professional support of Block TIT comes primarily from mathe-
maties proper, and this is represented by Block IV. All areas of mathe-
matics arc applied in devising and analyzing computing processes; see Art.
4. "The most conspicuous arcas are analysis (caleulus of variations, dif-
ferential-equation theory, approximation of functions, ete.), and algebra
(mostly the lincar algebra of matrices). But geometry (including
topology), number thcory, logic, probability, and statisties are all much
used. In addition to assisting with Block 111, mathematics can be quite
useful in machine design and in the logic of coding. This connection has
not been developed very far, and so is represented by a dotted line in
Fig. 1.

The use of practically any computing technique itself raises a number
of mathematical problems. There is thus a very considerable impact of
computation on mathematics itsclf, and this may be expected to influence
mathematical research to an increasing degree.

Mathematics has no monopoly on ideas for computing. Physicists,
for example, ordinarily deal more with numbers than pure mathema-
ticians. Thus physics, electronic engineering, and other disciplines often
suggest computing methods; Block V represents this source of ideas.
The evaluation and justification of such methods usually fall to mathe-
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matics, however. Since the best single source of ideas for computing
may be the physical problem itself, a line is shown coupling Block V with
Block I.

With this framework it is possible to define numerical analysis. In a
strict sense, numerical analysis is Block I11: the branch of applied mathe-
matics which uses mathematical ideas lo devise and evaluate numerical
techniques for employing compulers to solve problems, and to study their
convergence and errors. But, because so many different areas are inti-
mately involved, numerical analysts have to know a good deal about
every block in Fig. 1. Therefore, in a broad sense, numerical analysis
really covers the whole of Fig. 1.

The practical problems of applied mathematics which numerical
analysts are daily called upon to solve are often exceedingly difficult, and
lie far beyond the reach of established methods and theorems.  In dealing
with these problems, the practicing numerical analyst, like others who
apply mathematics, operates mostly by intuition and analogy, hoping
that his methods and results will be correet enough to be useful. To the
degree that he is successful with such difficult problems, he is practicing
the art of numerical analysis. Fortunately for the computing artist, his
customers often have their own independent methods of checking the
numbers produced.

For certain standard problems there are guaranteed algorithms for
obtaining answers and precise error bounds for confirming them. These
constitute the science of numerical analysis.  When the numerical analyst
uses his science, the customer can rely entirely on the accuracy of the
computation without independent checks. (But even then the cus-
tomer may know that the computational model was a gross simplifica-
tion of a real physical system!)

Now the complexity and difficulty of practical problems have grown
colossally in the past 10 or 15 years, just as the machines to solve them
have been completely revolutionized. Like any science, the science of
numerical analysis is growing only very gradually. As a consequence,
there are relatively few practical problems which the practicing numerical
analyst really knows how to solve. And it will probably be many years
before the chasm between art and science in the computing field can be
narrowed to where it was in 1940.

To illustrate this, precise error bounds and stable algorithms are
gradually being established for a linear parabolic partial differential
equation with one or two space variables, constant coeflicients, and
simple fixed boundary conditions. But the practical computer is being
called on to solve nonlinear heat equations with up to three space vari-
ables, complicated coeflicients, movable boundaries, and difficult inter-
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face conditions. Nevertheless, he is producing answers which seem to
make sense, and is learning to guess their validity by tests of internal
consistency and variation of parameters; see end of Art. 4.

On the other hand, there are computing areas in which progress is
made only through precise thecorems. Probably the best illustration of
these is number theory, where it is hard to conceive of a gulf between the
art and science of computing.

2. Areas of numerical analysis

It is reasonably possible to categorize the majority of the problems
from applied mathematics which come to a computing center.  The
following is the author’s outline of such categories. The three main arcas
are approximation, algebra, and functional equations. Of these, the last
two are mainly classical and will be found in such outlines as those of Art.
3. Approximation, however, seems to be newly recognized as a ficld of
numerical analysis, and as such is pretty much a child of automatic
digital computers. The outline includes references to relevant articles
below.

Approximation

a. Evaluate functions of one or more variables. Integrate, differ-
entiate, and interpolate them. Sum a series. (Sce Art. 8.)

b. Approximate functions of one or more variables by simpler fune-
tions in the sense of least squares, least deviation, or other norms.  (Sce
Art. 9.)

¢. Test and smooth empirical data; fit them with typical curves.
Integrate and differentiate them. Study their spectra.  Check for
blunders and missing data.

Algebra
d. Solve a number of simultaneous equations.

(1) Lincar. (See Art. 10.)
(ii) Nonlinear. Algebraic cigenvalue problems, or other problems.
(See Art. 11.)

e. Solve systems of linear or nonlinear inequalities.

(i) Programming problems.
(i1) Problems from game theory.
(iii) Minimax fits of polynomials to functions. (See also (b) above.)

f. Combinatorial problems. (Dealing with functions of permutations.)
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Functional equations

g. Systems of one or more ordinary differential equations.

h. Systems of one or more partial differential cquations. (See Art. 12.)
i. Other functional equations, like conformal mapping.

j. Simulate physical systems too complex to be deseribed by known

equations (e.g., traffic flow).

Articles 8 to 12 touch on five of the entries in this outline— (a), (M), (i)
and (i) of (d), and (h)--chosen by the author's knowledge and interests.
Within the five final articles, the topies mentioned and the treatment are
oxtremely sclective, for the space of one article permits no thorough out-
line of numerical analysis. Soviet material has been given special
attention, because it is presumed that readers are less aware of it than of
Western work.  Also, the author has unabashedly cited his own work far
more often than is warranted by its value to numerical analysis!

3. An older Soviet view of numerical analysis

In 1948 there appeared the large and comprehensive “Thirty Years”
survey volume [38). This volume was initiated by the Moscow Mathe-
matical Society as part of a series of works commemorating the progress
of Soviet science. The book contains apparently complete bibliographies
of Soviet mathematicians for 1917-1947 in both Soviet and foreign
journals, though seemingly excluding all mention of mathematicians
(like Besicovitch, Tamarkin, and Shohat) who later emigrated. The
book is divided into twelve parts: foundations of mathematics and
mathematical logic; theory of numbers; algebra; topology ; theory of sets
and theory of functions; differential cquations; functional analysis;
theory of probability and mathematical statistics; numerical and graphi-
cal methods; geometry; history of mathematics; works of Latvian and
Tstonian mathematicians. Each section consists of one to four survey
articles and a bibliography. There is a smaller companion volume on
mechanics, including clasticity, plasticity, and acromechanics [77].

The material on numerical analysis in [38] is mostly in the section on
numerical and graphical methods. This is of average length, and con-
tains three survey articles: *

a. L. V. Kantorovié and V. I. Krylov: Approximate methods.
b. K. A. Scmendyacev: Auxiliary aids to computation.
¢. 8. V. Bahvalov: Nomography.

* The system of Russian transliteration used is that of Math. Reviews, 15, 1141
(1954-1955).
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In addition, the modern numerical analyst is interested in one survey in
the chapter on set and function theory:

d. S. M. Nikolskii: Polynomial approximation of funclions of a real
variable.

The article by Kantorovié and Krylov begins with a tribute to the older
mathematicians who were interested in numerical analysis, starting with
Newton, Euler, Lobaevskii, and Gauss. ¥. L. Cebyfev (1821-1894)
contributed a number of integration and interpolation techniques, and
initiated the theory of the “best’”’ approximation of a function f(x) by a
polynomial P,(z) in the sense that max, |f(z) — P,(x)| is to be mini-
mized. This research was continued by S. N. Bernstein (1880- ),
A. A. Markov (1856-1922), V. A. Steklov (1864-1926), and A. N. Krylov
(1863-1945). [An interest in the questions of the “constructive theory
of real functions” has thus characterized Russian mathematics for almost
a century. This tradition gives Sovict mathematicians an excellent
background in questions of approximation.] *

A. N. Krylov dealt with important numerical problems (improving
convergence of trigonometric series, numerical integration of differential
equations, etc.), and worked in all areas of applied science: ballistics,
stability of ships, ete. IIis own book [36] is excellent.

The work of the Soviet mathematicians (i.c., after 1918) was first a
continuation of the old tradition of classical numerical analysis. But,
under the influence of problems of physies, mechanies, geophysies, and
various fields of engineering (mechanics, structural mechanics, hydraulics,
Leat, electricity, artillery), the emphasis is shifting to ordinary and
partial differential equations, integral equations, and conformal mapping
[just as in the United States]. Another characteristic of more recent
rescarch is that significant general results are being discovered more often
in connection with the solution of particular applied problems (sce work
of B. G. Galerkin and 8. A. Caplygin). Morcover, there is an increasing
orientation towards the mechanization of computing. There is a tend-
ency of current workers [particularly Kantorovi¢ and his school] to use
modern tools of analysis: constructive theory of functions, new results in
differential and integral equations, calculus of variations, and functional
analysis. For illustrations see Kantorovié and Krylov [34], which is
without peer in the world literature. Others will be found in works of
Kryloff (Krylov) and Bogoliuboff (Bogolyubov) [37], Mikeladze [53],
Leibenzon [43], Melent’ev [49], and others. [For an almost complete
list of mathematical books, see [18].]

* Material in brackets is added by the author, and is not in [38].
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The introduction in [38] concludes with a tribute to the different
research centers interested in numerical analysis.

Besides the introduction the Kantorovié-Krylov article in [38] has
cight sections: approximate methods in algebra; numerical integration
and interpolation; variational and related methods of solving differential
equations; the method of finite differences; other methods of solving
differential ecquations; approximate solution of integral equations; con-
formal mapping; approximate solution of functional equations. Space
does not allow us to survey their contents any further.

The article in [38] by Semendyacv has four sections: tables; application
of computational devices; mathematical devices; analogue devices for
approximate solution of differential equations and certain other mathe-
matical problems.

4. A more recent Soviet view of numerical analysis

Recently an interesting outline appeared of an address by Sobolev
[71] in a symposium at Moscow State University.* Being a detailed
outline of how pure mathematics supports numerical techniques, it
essentially constitutes a definition of numerical analysis. Here is a
translation of the outline, published with Professor Sobolev’s permission:

L. The subject of numerical mathematics from a modern viewpoint: Sets of func-
tions and function spaces. Tables, graphs, approximate formulas, the separation
of numerical concepts like finite-dimensional approximations in a function space.
TTow to study sets not confined to the finite-dimensional. The finite enet in
finite-dimensional spaces. Compactness as the most important property of all
objects of numerical mathematies.

Numerical mathematics as one of the branches of functional analysis. New
methods, immediately transferable from functional analysis to practical compu-
tation.

2. Numerical mathematics and discrete functions of a discrete argument: The
binary representation of numbers. Two-valued functions of several variables,
assuming two values 0, 1.

Connections between numerieal mathematies and mathematical logic.

Messages and information. Problematics of the theory of information, as
connceted with long messages. Estimates of algorithms by their complexity
(by the numbers of operations).

3. Mathematical machines: Universal high-speed electronic computing ma-
chines. Widening of the classes of computable problems. Programming; its
theory and practice. The reverse influence of machine engineering on the prob-
lematics of the mathematiceal sciences as a whole.

Mathematical logie and its applications.

The appearance of a requirement for solving complex mathematical problems
simultaneously with the widening possibility of solving them.

Spatial and nonlinear problems.

* The author is a professor of mathematical physics.
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4. Theory of approximations: New problems in the theory of approximation of
functions, connected with introducing them into computations. Problems of
constructing algorithms for minimax approximations.

Interpolation of functions of many variables.

5. Special questions on the approximation of operators: Quadrature formulas
and the expression of derivatives by means of differences for [unctions of many
variables.

Inverse operators for approximations; approximations for inverses.

Explicit forms of certain inverse operators.

6. Cauchy problems for differential and net equations: Marching problems, their
stability, the stability of computation via difference schemes. Purely computa-
tional effects connected with rounding off.

7. Systems of a large number of algebraic equations: Border problems between
algebra and analysis. Systems of a large number of equations, corresponding to
a given integral.

Equations of clliptic type and the net systems corresponding to them.

Methods of analysis in algebraic equations.  Algorithmization of classical
analysis as a result of the development of the possibility of computing.

8. Conclusion.

Note Sobolev’s thesis that numerical analysis is a branch of fune-
tional analysis. It indicates a strong concern for precise problems like
bounding the error in approximating integral equations by systems of
linear algebraic equations, and so on. One characteristic of American
numerical analysis, in contrast to that of Kurope and the Soviet Union,
is o property of most American applied mathematics and perhaps of
our entire technology, i.c., the tendeney to use clementary methods to
solve problems rather than advanced analysis.  Thus, in numerical
analysis, many young American mathematicians search for workable
machine algorithms but comparatively few make penetrating analyses
of their properties. The emphasis is on the energy to produce correct
codes, and on having enough machine time to learn how they work em-
pirically.  In contrast, the FEuropean numerical analyst is likely to
think for a long time, and devise an ingenious algorithm the behavior
of which is well understood within a certain framework. The algorithm
may or may not solve a practical problem, but the real significance of
the contribution has been an 7dea or two to join the pool of world infor-
mation.

For other remarks on the contrast between American and Soviet
applied mathematies, see J. R. Kline's article in [86], Soviet mathematics.

5. Automatic digital computers in the world

Since contempeorary numerical analysis is becoming almost exclusively
concerned with automatie electronic computers, it is essential to have
some idea of their world-wide development. There are two main classes
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of existing modern scientific computers. The first (the drum computer)
uses & magnetic drum to store some 2000 to 16,000 words (i.e., numbers
or instructions), cach of which can be retrieved in a few milliseconds;
there is an arithmetic unit capable of multiplying two numbers in some-
thing like 0.01 sccond. Such a computer retailed for over $150,000 in
the United States in the middle of 1956, plus additional charges for
desirable extra input-output equipment. There are many manufacturers
of such computers.

The second (the microsecond computer) has a store (= memory) from
which a word can be retrieved in a few millionths of a second. These are
made from acoustic delay lines, cathode-ray (Williams) tubes, or mag-
netice cores (which are dominating the field), and store from 200 up to as
many as 32,000 words. The arithmetic unit can multiply two numbers
out of this high-speed storage unit in something like 0.0001 second, or
add them in about 0.00006 sccond. To be balanced, these computers
must carry some reasonably fast input-output equipment and, including
this and a moderate amount of high-speed storage, they are likely to
retail for over $1,500,000. The leading commereial computers of this class
in late 1957 were International Business Machines’ Model 704 and
Sperry Rand’s Model 17034 (Univae Scientific).

A third class of computer is under development in the United States.
This may have more than 100,000 words of storage on magnetic cores,
any of which it could retricve in about 1 microsecond. Tt may multiply
in perhaps 0.000005 second (5 microseconds), and probably do this with
floating-point arithmetic in the same time. This machine would surely
cost several million dollars. The specifications mentioned here are
mostly guesses, and the rapid development of the computer art may make
them obsolete before this work is published!

Between the drum and mierosecond machines, there is another class
of computers, of which the Sperry Rand Univac I is a good example.
The high-speed memory consists of acoustic delay lines. The arithmetic
operations are approximately ten times as slow as those of the miero-
second computers. A very large intermediate memory on magnetic tapes
permits substantial problems to be performed quite efficiently.

In the United States at the end of 1956 there existed several hundred
drum computers, with about 2000 more on order. It appeared that
most sizeable organizations with computing problems felt they could
justify a drum computer. The United States also had well over 100
microsccond computers, and representatives of one manufacturer in-
formally referred to over 200 orders on hand in May 1956. One large
aircraft company wants over a half-dozen computers of this class,
probably partly for business work. These computers are quite expensive
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to operate, and the demand for them for scientific computing is backed
by very large research projects, mostly government-sponsored.

It is a rcasonable estimate that an average high-speed computer
requires about ten persons with some mathematical skill to prepare and
run problems. This amounts to about 30,000 full-time persons to man
the computers listed above as being on order in late 1956. By contrast,
the combined memberships of the nation’s main mathematical, statisti-
cal, and computer societies are about 17,000!

For a recent survey of United States computers, see [81].

In Europe one sees much less computer activity. In 1954, few coun-
tries seemed willing to commit themselves to a microseccond computer,
but most were developing or buying one or more drum computers. In
Ingland, where the Williams tube was invented, people were going ahead
with several computers of both classes. Sweden had one of the micro-
second computers. At Zurich, where Professor Stiefel’s Institute is a
leading world center of numerical analysis, it was felt that the slower
speed of a drum computer permitted and encouraged a greater develop-
ment of mathematical ingenuity. (This probably meant that people
were not attacking problems so large as to compel the use of a micro-
second computer.)

By 1956 almost every major country on cither side of the Tron Curtain
had drum computers. And several more countries were building com-
puters of the microsecond class, including Norway, Denmark, Israel, and
perhaps India.  In late 1955, the Soviet Union finally released informa-
tion on its developments in the computer field.

During the decade 1945-1955 of furious development of high-speed
automatic digital computers in England, the United States, and more
recently elsewhere, the Soviet Union scems to have made no public
reference to its work in this areca. There were many articles on Soviet
analogue machines, and a few translations of Western works on digital
machines. By about 1953 or 1954, published tables of the Institute of
Precision Mechanics and Computational Mathematics (Moscow) began
to show signs of having been computed by very fast computers. But it
was not until 1955 that one noticed public reference to Soviet fast
computers. By the spring of 1956, such references had become very
numerous. It appears also (Literaturnaya Glazela, March 21, 1956) that
the 20th Session of the Communist Party’s Supreme Soviet direeted an
inereased development and production of electronic computers—not only
for scientific computation but also for the automatic dirccetion of the
processes of production.

V. Pekelis [61] lists as computers BESM, Strela, URAT,, Pogoda, and
Kristall. BESM and URAL arc deseribed in Art. 6. Strela is described
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as having 2048 decimal numbers stored on 43 cathode-ray tubes, with up
to 200,000 words stored on magnetic tape. The speed of operation is
about 2000 operations per second. There is also discussion of mechanical
translation of English sentences into Russian. A week-long conference
on computers took place in Moscow in early 1956, attended by some 700
persons, including delegates from China, Kast Germany, and Yugoslavia.

Another two machines, /-1 and M-2, are described in Lileraturnaya
Gazela, March 24, 1956.* M-2 seems to be mainly made of transistors.

From these articles and from Art. 6 below, it is clear that in 1956 the
Soviet Union was concentrating on digital computers for scientific
computation and for data processing. We may expect an effect on
scientific thinking comparable to that in this country. A big pressure in
the United States in 1956 is on business applications, including filing,
continuous inventory, production control, cte., but there is no evidence
of a parallel interest in the Soviet Union at the present time. It does
appear that in both countries there is a good deal of thought about using
machines for bibliographic reference, filing, retrieval of gencral informa-
tion, etc. One Soviet article even mentions the use of computers to
correct the grammar of Russian writing. But it would appear that these
aspects of data processing remain speculative everywhere in the world.

In the other countries within the Soviet zone of influence there scem
to be some developments of drum computers, but no microsecond com-
puter is known to the author. In 1956 drum computers were to be found
in Praguc, Warsaw, and Dresden.

6. Two Soviet computers

At a conference on digital computing held at Professor Walther's
[nstitute in Darmstadt in the fall of 1955, Soviet delegates presented
papers on two Soviet digital computers: BESM and URAL. Both papers
have now appeared in Iinglish [2, 41]. These papers are of especial
interest, since they were the first scientific releases about Soviet digital
computer progress.  In a word, they indicate a level of electronic comput-
ing development comparable with that in the United States.

The gencral performance and speed of the microsecond computer
BESM is comparable with that of SWAC in Los Angeles. BIiSMisa
three-address parallel binary machine with built-in floating-point opera-
tions. Binary-decimal conversions are performed by subroutines. In
addition to a cathode-ray-tube memory of 1023 words, there is a static

* The author is indebted to Professor K. 1. IIarper of the University of California,
Los Angeles, for references to Literaturnaya Gazeta.

1+ SWAC, built by the National Bureau of Standards, is located at the University
of California, Los Angeles. For details, see [81].
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memory of 276 commands, consisting of germanium-diode switches which
are selected by means of holes in punched cards. This appears to be a
form of card-programming.

The magnetic drum holds 5120 words and revolves at 750 revolutions
per minute. The recording density is about 3 bits per millimeter. The
air gap of 35 microns between the read-write heads and the drum is
comparable with the gap of 18 microns on SWAC’s new drum built in
1956. There is a magnetic tape memory with 4 tape recorders, a tape
width of 6.5 millimeters, and tape length of 200 meters. Kight bits are
stored per millimeter.

The initial loading of the machine is done with perforated tapes in a
serial code at 20 words per second. Output on magnetic tape can be
reloaded by magnetic tape. The results of the computations are output,
on magnetic tape, and are subsequently printed on cinema film or a
special photo-printing device. The last two forms of output do not
appear to have been widely developed in our country. In other respects,
BESM scems sufficiently like United States machines to preclude further
comment.

Only one BESM appears to have been built, but the other machine
deseribed at Darmstadt is intended to be duplicated. This is URAT 2],
a drum computer. It has 1024 words of memory on a magnetic drum
and 40,000 words on magnetic tape. It has 800 tubes and 3000 germa-
nium diodes, consuming 8 kilowatts of power. Its speed is about 10
milliseconds per one-address command. The plate voltage is 140 volts.
In general, URAL appears representative of the large nuniber of drum
machines being constructed all over the world. The floating-decimal
subroutines are said to be very handy.

As examples of the performance of URATL, Bazilevskil mentions the
following: multiplying two matrices of order 20 and printing out the
answers requires 20 minutes; the inversion of a matrix of order 60 with
floating-decimal representation requires 16 hours.

7. Literature on numerical analysis

One way to define numerical analysis is to point to the material
published in certain books and articles. Bibliographies of such books and
papers have recently appeared by Houscholder [31 (Bibliography), 32],
Hildebrand [30], and by the author in [58]. In other articles [15, 16] the
author has attempted to suggest reading to orient mathematicians
towards machine computation.*

* The following periodicals contain a good many articles on the subject: Computers

and Automation, J. Assoc. Comput. Mach., J. Math. Phys., J. Res. Nat. Bur. Stundards,
J. Soc. Indust. Appl. Math., Math. Reviews (numecrical analysis section), Math. Tables
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Very few books on numerical analysis have yet appeared which are
primarily oriented towards machine computation, but one can think of
the following: Householder [31], Meyer (editor) [50], Engineering Re-
search Associates [11], and Curtiss (editor) [8].

There are now also many books on numerical analysis which give some
consideration to high-speed machines. We shall not list them here. The
author knows of no Soviet numerical analysis books in which automatic
computers are explicitly considered.

Compared with the United States, the Soviet Union publishes a
proportionately larger number of expository mathematics books at the
graduate school to professional level. These are written in great detail
by good mathematicians, and often run from 400 to 800 pages long. The
cditions arc extremely large. The detail in such books makes them well
suited for seH-teaching. It is discouragingly expensive to publish cor-
respondingly lengthy books in this country, unless they will sell as text-
books. In the author’s opinion, a graduate student who invests in a
reading knowledge of mathematical Russian (an easier investment than
one might imagine) will get an immediate dividend in consulting some of
these expositions in his courses.  And, in the author’s opinion, a govern-
ment which wants to improve technical education could very well subsi-
dize the translation of a number of these expositions. The Russian
editions arc low in price.

8. Numerical integration and interpolation

Numerical integration consists in the approximate evaluation of
integrals by sums:

b n
) f p@) f(x) de = 37 Ag™ [, ™) + R,

k=1

The main problems, according to the authors of the “Thirty Years”
survey [38], arc: to establish conditions for convergence of I, to 0
(as n — ); to bound |R, | for finite n; and to find new formulas of
smaller error or better applicability. This material is closely related to
that on the approximation of functions by polynomials, as discussed in
Art. 9.

Aids Compul., Naval Res. Logist. Quart., Proc. Cambridge Philos. Soc., Quart. Appl.
Math., Quart. J. Mech. Appl. Math., Referativny? Zurnal (M atematika), Vyéisl. Mat.,
Vyéisl. Mat. Vyé&isl. Tehn., Z. angew. Math. Mech., Z. angew. Math. Phys. One can
profitably also consult the quarterly progress reports of such computer organizations
as the National Bureau of Standards Mathematics Division, and the Electronic"
Computer Project (now inactive) of the Institute for Advanced Study.
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This has been a ficld of very active interest in the Soviet Union, and
a good deal of activity is recorded in the “Thirty Years” book. Most of
it is presented in Mikeladze’s excellent book [52], and we begin with a
discussion of that book. It is both narrower and deeper than an all-
around survey of numerical analysis, as it completely omits linear
algebra and differential cquations. But this enables Mikeladze to give a
thorough account of the topies he treats: (a) finite differences and sums;
(b) interpolation and numerical differentiation; (¢) numerical integration;
(d) Cebysev and least-squares approximations; (¢) functions of several
variables. It is a numerical analyst’s reference book, written with
theorems and good notation, rather than a text or a handbook for the
numerical technician. The following is a synopsis of the less familiar
material treated: use of BernStein polynomials for approximation,
Cebysev approximation in general; convergence theorems for polynomial
interpolation (Jackson, Bern$tein); new interpolation formulas (Mike-
ladze); interpolation with continued fractions; convergence of trigono-
metric interpolation (Bernstein) ; multiple Fourier series; new integration
formulas (Mikeladze); investigations by Steklov, Markov, Bernstein,
and others on integration formulas of the Cebysev type (limited number
of distinet weights); multiple integration.

The original CebySev integration formulas are of type

1 n
f@) de = w D f(ee™) + R,

—1 k=1

and have the advantage of equal weights. The abscissas a; ™ are chosen
so I?, = 0 for polynomials of as high degree as possible.  As Bernstein
showed in the 1930’s, the ;™ lic in the interval (—1, 1) only forn = 1,
2,3,4,5,6,7,9, and so the CebySev formulas scem useless for other n.
Less well known are some rescarches of Bernstein, Ahiezer, and Ahiezer
and Krein [51] on similar formulas with only two distinet weights. IFor
example, one can choose x; so that the formula

f F@) de = 1) + 3 2 )
—1 =1 =7

is exact for polynomials of degree 11.

The postwar Soviet researches mentioned by Mikeladze are not numer-
ous, but several deal with numerical evaluation of multidimensional or
iterated integrals [9, 46, 51]. The recent expository books include those
by Vetéinkin and Kogan [76], and Serebrennikov [70].

For balance let us mention some recent Western approaches to formu-
las of numerical integration. Blanc [3] asks that the coefficients in (1) be
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selected so that the expected error £(R,,) be zero and the variance Ji(R n2)
be minimized over a certain ensemble of functions f. In a series of papers
Sard [65] considers formulas of type (1) which are to be exact for poly-
nomials of some given degree p < 2n — 1. Then he notes that the error
can be written:

b
Rk, =f F@O () k(x) de.

The “best’” formula relative to a given norm is defined as one for which
k(z)| is minimized. Greenwood [25] finds cocflicients so that (1) is
exact when f(x) is a certain sum of exponential terms.

9. Approximation of functions

In probably no other area are electronic computers causing a bigger
revision of classical numerical analysis than in the ficld of approximation
and representation of functions. Indeed, the approximation of [ unctions
was hardly a part of numerical analysis before computers appeared. In
desk computing, a function can be represented by a table of values, and
this table can be as long as necessary to give the function to the accuracy
desired, with or without interpolation. The desk-computing person has
no trouble in locating the proper page of a 600,000-entry table and copy-
ing a needed item in a few multiplication times.  But an electronic
computer would require many thousands of multiplication times to scan
a magnetic tape for a necded entry and, indeed, some computers (like
SWAC) could not store more than a few thousand entries anyway.

On the other hand, even the simplest interpolation can slow up a desk-
computing person a good deal in extracting the valuc of a function. Bul
an electronic computer, with its accelerated arithmetic, can do the most
intricate interpolation in a tiny fraction of its table-look-up time.

A clever feature of classical numerical analysis is the optimum-interval
table, in which functional values f(xr;) are stored for unequally spaced
abscissas 1y, so picked that (say) linear interpolation between the entries
just suffices to yield (say) 4-decimal accuracy in f(x). One of the classical
problems of the constructive theory of functions is, given f(x) for
0 <z <1, given e > 0, and given n sufficiently large, to find a poly-
nomial P,(x) of degree n such that |P,(x) — f(x)| < e Now the pur-
pose of both P,(z) and the optimum-interval table is to condense the
information in f(x). ‘T'o an automatic digital computer, there is no dif-
ference between these two methods of condensation, and the choice be-
tween them is made in terms of which condenses the data more effec-
tively, with respect to storage space and retrieval time. Indeed, one can’
regard the above ”,(x) as essentially representing n + 1 values of f(x),
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from which f(x) is to be obtained for an arbitrary x by nth order inter-
polation. At this point there is not even a difference in principle between
the two methods of condensation.

When a digital computer is to generate sin z, ¢*, J(x), ete., only the
clementary operations of addition, subtraction, multiplication, and
division are available. It is usual to approximate such a function f(x)
over a given interval I by a rational function of 2 or, in particular, by a
polynomial. To be definite, let us fix our attention on approximation of
a continuous f(xr) by a polynomial P,(x) of degree n. The customary
measures of approximation are

max If(a) - P?L(T)l = Hf - P, H\m
x€ 1

and

4

{flf(‘r) - P,l(.r)|2(1.r = Hf - I)n HE
I

The maximum norm || - |, is ordinarily considered preferable, because one
customarily wants to assert that |f(x) — P,(x)| nowhere cxceeds a
certain e. This brings up the computing problem: given n, how can one
generate the polynomial £2,(x) whieh best approximates f(z) over [
(called the minimaxr approximation)? This problem, first posed by
CebySev (= Tschebyscheff = Tehebichef = Chebyshev), has now left
the realm of pure mathematics and joined numerical analysis.

There is a classical theory giving criteria for P,(x) to be a polynomial
of best approximation [75]. A recent paper of Motzkin [54] has extended
the elassical theory to nonlinear families of functions P, (x). But, until
recently, the theory did not emphasize methods of constructing P, (x) in
practice. Hastings and his collaborators [27] have produced a number of
polvnomial and rational approximations to common functions f(z), but
the methods used to find these are a bit obscure and certainly were not
automatic. The formulas are widely used for practical approximations
in computers, and few installations yet have their own codes to generate
approximations. Hastings’ remarkable book also contains some theory
of minimax approximation, expressed mainly in pictures.

Tor functions f(r, y, - - -) of several variables, the basic theory of mini-
max approximation is hardly developed, and seems likely to be fairly
difficult. For the minimization of |[f(z) — P,(2)|le, the best P, is always
unique and can be obtained by interpolating f(z) at n + 2 abscissas,
where P,(z) — f(x) attains equal moduli with opposite signs. But, for
functions of several variables, it is possible that P, is not unique, as the
number of points where |f — P, | attains its extrema may be too few to
define I’, uniquely. The property of alternation, so simple with one
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variable, goes over into an intractable separation property with two or
more variables. There is much need, however, for investigation of these
matters.

Soviet mathematicians have given some attention to the construction
of minimax approximations to functions of one variable. One excellent
paper is by Novodvorskil and Pinsker [56]. Let F, be a set of n 4 2
points where f(x) — P,(z) has equal absolute values with alternating
signs. They concentrate on finding a set /* of n + 2 abscissas in which
f(z) is interpolated by a polynomial P*(z) of degrec n. Ask — o, the
set 17 is forced to tend to n + 2 points of E,. Then the corresponding
polynomials P*(x) — P,(x), as k — . The particular feature of the
algorithm is that the set ¥+ is obtained by dropping just one point, of
E* and adding a single point where P¥(x) — f(z) attains its maximum
absolute value. P. C. Curtis (unpublished) has a similar algorithm
which seems to converge more rapidly because all the points of I* are
changed at cach step. Curtis has coded his method for a microsecond
computer.

A paper by Wenzl [83] considers minimax approximation of rational
functions f(x) by rational functions R*(x) of lower degree. e shows how
to simplify the algebraic equations for computing RF(2) by use of certain
symmetries. Carlson and Goldstein [5] report another algorithm for
rational approximation of continuous f(x). They have had good experi-
ence with a digital computer, but give no proof of convergence.

In spite of the importance and mathematical interest of the subject,
there is relatively little in the literature on the constructive calculation
of minimax approximations. It is to be hoped that more will appear.
There is an especial need for both basie theory and practical algorithms
for approximation of functions of two and more variables. The work of
the Russian and Ukrainian school should provide an excellent back-
ground. An attractive book by Remez [63] was the source of the
Novodvorskii-Pinsker algorithm, and appears to have more material
available for exploitation. Since Ukrainian is even less familiar than
Russian, a translation would be most welcome.

The least-squares polynomial approximation to a function f(x) over
an interval T or finite set of points xy, - - -, xxy would appear to be well
understood. Yet in practice, computing personnel are continually
running into the difficulty that the normal equations defining the coef-
ficients are exceedingly hard to solve when the order of the polynomial
exceeds 6 or 8. The reason for this is easy to see, and the cure is well
known to professionals in the field. How can one pass this information
along to the large number of persons from divers ficlds who are casual-
users of least-squares methods?
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Suppose we want to fit f(z) by a polynomial P,(z) of degree n, so that

1
f |[f(x) — P,(2)|? dx = minimum.
0

Suppose we decide to represent P, in the form P,(z) = > awa®. It is
=0

easily shown that the a; arc found by solving the system of normal
equations

Egija’j =b; (7 =0,1,---, n)y
j =0
where ! ,
g.j =f rride = G+ + 17! (all 4, j),

0
and where

1
b, = f 2 f() de G =0,1,,n).
0

Now the matrix of coefficients ¢z +j + )™ (4,7 =0,1,---,n) is
known as the Hilbert matriz (of order n + 1). It is a most unruly matrix
[73], and the system of normal equations involving it will be solved by
elimination only if an extraordinarily large number of significant digits
is carried in the computation. Other methods of solution will be cor-
respondingly difficult. One must expect almost comparable difficulty if
the distribution dr over the interval [0, 1] of the fit is replaced by another
distribution.

One cure is to represent I°,(x) not as a sum of powers 2® but, instead,
as a sum of polynomials ¢;(x) which are orthogonal with respect to the
distribution of the problem. A recursive technique for generating such
orthogonal polynomials is described by Stiefel [72].  Alternatively, one
may reduce the difficulty by using polynomials which are approximately

orthogonal or, at any rate, not nearly so “parallel” as the powers Xk

10. Solving linear algebraic equations

There is no computing problem more universally posed than the solu-
tion of simultancous algebraic equations. Beeause linear functions are
simplest, systems of linear equations are the commonest of the algebraie
systems.  The two most frequent sources of linear systems seem to be:
(1) the normal equations of a least squares problem; and (2) the differ-
ence-equation approximation to a system of differential equations. The
types of linear systems differ markedly in the two sources. Those
arising from differential cquations are likely to be sparse (with many zero
clements) but of high order (as high as can be treated). Those arising
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from statistical problems usually have matrices which are dense but of
relatively low order (say 3 to 30). In addition to the order and sparse-
ness, it is important to know whether the elements of the matrix must be
filed as data, or whether they are so simple that they can be generaled as
needed. An cxample of the latter is the matrix of Laplace’s difference
operator over a rectangular grid, where the clements are —4, 1, or 0,
according to a simple rule.

The choice of a method of solving a linear system depends crucially on
the type of matrix, and mainly on whether it is sparse or dense, filed or
generated. Tor a dense filed matrix it is clear that all n® elements are
recorded in some part of the memory. There is, therefore, room to store
in the same place all the transformed elements that will arise in a
Giaussian climination of the linear system. Gaussian climination requires
but n®/3 + O(n?) multiplications to solve a general system of order n,
and apparently no method can solve a general system in fewer multipli-
cations. (Can some one prove this?) Hence Gaussian elimination
remains the most popular method of solving lincar systems with a dense
filed matrix. It has the advantage of well over a century of numerical
experience with substantial problems, in the course of which various
computational efliciencies have been discovered [10], mainly to reduce
the transcription of data. This experience is very helpful, though it is not
ordinarily of decisive benefit to one using an automatic computer, be-
cause data transeription occurs at a different point in the caleulation and
in a different way.

From a theoretical point of view, the understanding of Gaussian
elimination was enhanced by the discovery by Benoit, Banachiewiez, and
others of its basis |74] in the “L.DU theorem,” which is not. widely known
to pure mathematicians. Suppose A is a square matrix of order n, whose
upper-left-hand principal minors of orders 1, 2, - - -, n — 1 do not vanish.
Then A has a unique representation in the form A = LDU; here L has
zeros above the main diagonal and ones on the main diagonal; D is a
diagonal matrix; and U has zeros below the main diagonal and ones on
the main diagonal. Gaussian elimination can be described roughly as a
construetive process for finding the clements of L, D, and U recur-
sively.

If an upper-left-hand principal minor A,, of order m < n vanishes, but,
A is of rank n — 1 or n, then the LDU construction can be carried out,
but only after certain rows or columns of A have been permuted. More-
over, if the determinant det A,,, while nonzero, is close to zero compared
to other minors of order m, the LD U process will apparently cause a great
loss of significant digits unless a permutation is performed so that another
minor becomes A,,. This permutation, called “choosing a pivot” in
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numerical work, scems to exert a considerable influence on the precision
of Gaussian elimination. Most practical elimination processes are dis-
tinguished by how pivots are chosen and how numbers are scaled.
While those choices are undoubtedly important, the author knows of no
thorough theoretical or practical study of these questions.

There arc two general methods of scaling numbers for matrix opera-
tions with a digital computer. One is to use a fived radical (i.c., decimal
or binary) point, and then scale down all elements of a row or column or
matrix when one of them gets too large. The other is to use a floating
radical point. In a typical form of this (used on SWAC), 8 binary digits
of the 37-digit “word’’ are devoted to 128 4 p, and 29 binary digits to ¢
and its sign. The number represented by such a word is interpreted as
q-2”, where 27! <|gq| < T and —128 < p < 128. The elementary arith-
metic operations of a computer are used to synthesize subroutines which
work directly with these floating numbers. (However, in many new
machines floating operations are built into the hardware.) The enormous
range of the floating numbers normally prevents “overflow.”  Of the two
systems, the floating numbers are the safer in a problem where the num-
ber range is unknown a priori.  One price of using them is the loss of the
significant digits in the numbers which are devoted to the exponent p.
(On SWAC, for example, in the floating mode one effectively works with
28 significant digits instead of 36.) This loss of precision is tolerable in
many fields of computation. In matrix work, however, it can be disas-
trous for a number of applications. To combat this loss of precision there
is an increasing tendency to use double-precision floating numbers.  On
SWAC, for example, there might be 8 digits devoted to the exponent,
with 28 4 36 = 64 significant digits for the number, stored in two
machine words. Although such numbers increase the precision, operat-
ing with them on microsecond machines is about 50 to 100 times slower
than single-precision, non-floating operations.  Such a cost in time may
become eritical for certain problems.

For matrix problems there is a third scaling alternative which is some-
times exploited : the use of floating vectors. Here a veetor of n components
is represented in n 4+ 1 words. The first of these is a positive or negative
integer p such that 2”7 is a multiplicative factor common to the other n
components.  The last n words are the 7 components of the vector, so
normalized that the largest is between 4 and 1in absolute value. Each
of the n rows of a matrix can be independently represented as a floating
vector.  The few scalars that enter into a matrix caleulation can be
represented in two cells as floating vectors of one component.  This use
of floating vectors permits a full word length of significant digits without
the loss of time of double-precision floating operations.
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For dense filed matrices, a promising new direct method of solving
linear systems has recently been published by Purcell [62]. The following
geometrical interpretation is due to Motzkin (unpublished). Interpret
the cquations as representing n hyperplanes /I, - -+, H" in which the
solution point is known to lie. Now sclect n + 1 points p} ™! -+ it
(subject to certain restrictions which will not be stated). Use one of
these, say plfl, as a center of projection and project the other p} !
(Z =1, --,n)into H". Call the resulting points p,", - - -, p,,*. In the
same way, use onc of these, say p,", as a center of projection to obtain the

points pi Y, -+, pr=l. The latter must lic in /"~ N H". Continuing

n
in this way we obtain p," € [} H';i.c., p,' solves the given system.
i=1

If the original points arc chosen with many zero components, the number
of multiplications is close to that for Gaussian elimination. The process
has the advantage of never altering the original matrix, and the opera-
tions are casily coded.

M. R. Hestenes [29] has extended the Purcell idea into a convenient
code for obtaining the inverse of a matrix A. Suppose A has row vectors
r1, -+ +, Tn. The inverse sought has column vectors ¢y, - - -, ¢y, with the
property that (r;, ¢,) = §,;for all 7, 7. Hestenes starts with ¢;° = r,, and
proceeds to orthonormalize the ¢;° until finally (r,, ¢;) = §,;. The process
seems to work well; for details, see his paper. (Gaussian climination can
be interpreted as a special case of the Hestenes inversion method. The
choice ¢;° = r; requires more multiplications than climination but scems
to reduce round-off error.

Tor large and sparse matrices, it is often possible, in principle, to solve
systems by direct methods by first decomposing the matrix into a product
LDU. Since A has mostly zeros, so will L and U, and one can predict
where these zeros will be. Hence L and U ean be held in a reasonable
storage space and used to solve a linear system. IHowever, this method
has not been explored very much, and iterative methods are ordinarily
preferred for solving systems with sparse matrices. Tor a survey of some
of these, sce an article by the author [14]. The oldest and commonest
iterative processes are two, each of which has a variety of names. To
explain these in their simplest forms, let the problem be to solve Ax = b.
Suppose the matrix A is written as the sum of three matrices L 4- D 4 U.
Here D has the diagonal elements of A; L has the below-diagonal ele-
ments; and / has the above-diagonal elements.  In both iterations,
one starts with a first approximate solution vector »'. In the tolal-step
(or ordinary, or Jacobi) iteration, for k = 1,2, - - -, one obtains £**1 by
solving the system

La* 4 Da*tt + Uz* = b.
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In the cyclic single-step (or Seidel, or Liebmann) iteration, for k = 1,
2, - -+, one obtains z¥*! by solving the system

La®t 4 D2+ Uak = b,

Many papers have been written which give sufficient conditions for the
convergence of these two iterations and compare their convergence.
Such problems have interested mathematicians in England, Germany,
the Soviet Union, Switzerland, and elsewhere. Although there may be
little to choose between the two methods for desk computing, on auto-
matic digital computers the cyclie single-step method appears decidedly
preferable from a storage stand-point. This is because it permits im-
mediate replacement of a stored value by its new value, and the old value
can be forgotten. Moreover, in most (but not all) problems where com-
parisons have been made, the cyclic single-step methods converge more
rapidly than the total-step methods. The cyclic single-step iteration is
exceedingly easy to code, and uses almost no storage except what is
needed for the elements of 4 and . Where it converges fast enough, it
is an ideal computing scheme.

A great many variations of the cyclic single-step method have been
proposed. Ostrowski [57] gives a quite complete convergence treatment
of many such variations when A is a positive definitc matrix. Strangely,
for positive definite A, the convergence of the cyeclic single-step method
was apparently never proved rigorously until Schmeidler’s proof [67] in
1947. This illustrates the comparative inattention given to numerical
problems by mathematicians over the years.

Real understanding of the cyclic single-step iteration for symmetric
matrices A seems to come by combining matrix methods with a study of
the change of value of the quadratic form (2f, A2¥), as k — oo.

There are interesting problems of extending most methods for non-
singular systems Ax = b to the case of singular A. Most methods go
over reasonably well to singular A--better than one might suspect.

When A is not symmetrie, the convergence of the cyclic single-step
method becomes quite doubtful, and there is need for a more general
iteration. Here a method of Kaczmarz [33] looks fairly inviting, and it
has been exploited somewhat. In this, one again interprets the system
as defining the point common to n hyperplanes H!, ---, H". Starting
from an arbitrary point p, drop p orthogonally onto H'. Then drop the
resulting point orthogonally in cyclic order onto H?, H? ete. Tt is trivial
to prove that the moving point p converges to some solution of Az = b,
provided only that the system is consistent.

When one of these iterations converges, it ordinarily converges too
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slowly, and there is need for simple processes to accelerate the conver-
gence. A good deal of attention has been devoted to this problem [14].

An exposition and imaginative development of the total-step methods
is due to Stiefel [72]. To solve a linear system Ax = b, Stiefel considers

iterations of form 2**' = 2% 4+ ArF, where Av® = (1/q)r* and »* = b
n—1

— AzF. Then ™ = R,(A)b, where R,(\) = J[[(1 — X/qx) is a poly-

=0

nomial with B,(0) = 1.

Stiefel poses the following question of choosing a best strategy: Sup-
pose the eigenvalues of A are known to lie in a given real interval [a, b].
How shall the polynomial R,(\) of degree at most n be selected so as to

b
minimize f R,(\)?dp(\), where dp(\) is a given nonnegative mass

a
distribution? Since one does not know the eigenvalues, such minimiza-
tion is about all that one can demand in smallness of R, (\). Stiefel solves
the minimization problem in terms of polynomials P (x) orthogonal over
[a, b] with respect to the distribution dp(\), and shows various ways to
construct the zF. He points out, however, that the intermediate resi-
duals 7* may become very large, so that the process may be unstable.

Stiefel now shows how to modify his process so that each intermediate
7* also corresponds to a best strategy, thus restoring stability. The
change is to put Az = (1/q)(* + pi Ax*~1), where pi, ¢r are numbers
occeurring in the three-term recurrence for the I’x(A). He shows that
various choices of the distribution dp(A) lead to various known algorithms
for solving lincar systems, including the conjugate-gradient method of
Lanczos, Hestencs, and Stiefel.

The unmodified algorithm which Stiefel deseribed is often called the
Richardson method. Tt has been studied also by Young, who has certain
recommendations for dealing with the instability.

Tor further discussion of linear systems, see the material on relaxation
methods in Art. 12.

In 1950 Faddeeva published the most elegant book [12] on the numeri-
cal methods of linear algebra known to the author. One chapter gives an
excellent introduction to the algebra and analysis of matrices. The
second chapter treats the solution of equations by elimination and simple
iterative methods, while the third chapter discusses eigenvalue calcu-
lations. There are numerical examples and nice proofs.

F. R. Gantmaher has written a superb book [20] on matrices. Numeri-
cal analysts will like its development of matrix algebra with the appli-
cations really in mind. There is a mechanical interpretation of Gaussian
elimination. The chapter on functions of matrices deals generously with
systems of differential equations. There is a substantial chapter on the
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geometrical theory of lincar divisors, and one on lincar operators on
unitary spaces. Hankel forms Zsi+kw¢xk are treated after Hermitian
forms. The last 200 pages are devoted to special problems, such as
singular pencils of matrices, stochastic and oscillation matrices, the
Routh-Hurwitz problem, and systems of linear time-dependent dif-
ferential equations. Throughout the book there are numerical examples.

Gantmaher’s material on oscillation matrices was taken from an carlier
book [21] on the subject. Completely nonnegative (positive) matrices are
those for which every minor determinant is nonnegative (positive). An
osctllation matrix A is characterized by being completely nonnegative
and having some integral power A2 (¢ > 0) completely positive. Oscil-
lation matrices have numerous applications in clasticity, and have
interesting theoretical properties.  For example, their eigenvalues are
positive and distinet, while the corresponding /th eigenvector has pre-
cisely k sign changes among its components.

11. Solving matrix cigenvalue problems

Of the various nonlinear algebraic cquation systems, we treat here
only the eigenvalue problem for finite matrices. This fascinating problem
is to find some or all of the eigenvalues X and perhaps also the correspond-
ing eigenvectors x such that Axr = Ar. Oceasionally one also wants the
adjoint cigenvectors y such that A*y = Ay, where A* denotes the con-
jugate transpose of 4. As with lincar systems, there are many different
types and sizes of matrices A that may oceur. Let us confine our atten-
tion to the small dense matrices and the large sparse ones. If A is
Hermitian, it simplifies computation, because all the X are then real, and
each y can be chosen to equal the corresponding z.

Present methods for computing cigenvalues fall into three main classes:
(1) data condensation methods; (2) global iterations; (3) local iterations.
In the data-condensation methods, one follows two separate algorithms.
In the first, a finite number of simple transformations are applied to put
the relevant information of A into a compact form. In some cases, the
characteristic polynomial methods, the compact form consists of the coef-
ficients of the characteristic polynomial f4(\). These may be found, for
example, by Danilevskii’s similarity transformations, changing A to its
companion matrix, in which the coeflicients of f4 form the last column.
References for this and other methods can be found in [4].*  An old idea
due to Leverrier is to compute the trace of A* (k = 0, - -+, n), and put
this into Newton’s identities to determine the coefficients of f4. This has
been modified by Souriau, and others, to climinate some of the steps.

* More accessible bibliographies on matrices and on numerical analysis in general
are those of Householder [31, 32], and the author in [58].
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Methods due to Krylov, Luzin, and Duncan determine the linear depend-
ence between v, Av, - - -, A™, for some vector v, and, hence, the charac-
teristic polynomial is found. Two or three authors have suggested
similarity transformations to change A into Hessenberg’s ‘“‘almost
triangular” form in which

{ 0 @—3>1,
a;; = . .
—1 (2_.7:1))

from which onc can then evaluate the characteristic polynomial by a
recurrcnce. Or one can go on from Hessenberg’s form with some simi-
larity transformations to put A into the companion-matrix form.
Givens (unpublished), in particular, obtains the Hessenberg form by
unitary transformations on A.

Data-condensation methods which ignore the characteristic polynomial
scem usually to reduce A by similarity transformations to a tridiagonal
(or Jacobi) form T, in which all ¢;; = 0 for [¢ — j[> 1. When A is real
and symmetric, Givens [23] has shown that onc can do this with orthogo-
nal rotations of two-dimensional coordinate spaces, the rotations used by
Jacobi for another purpose a century earlicr. A road to the tridiagonal
form of an arbitrary matrix is the biorthogonalization algorithm of Lanczos
[39], which he called “minimized iterations.” This interesting algorithm
has inspired more research papers in the 1950’s than any other in numeri-
cal analysis which this author can think of.* Tet A4 have order n. Given
almost arbitrary column vectors xy, y;, pick a; such that (y;, x2) =
(y2, ©1) = 0, where x5 = Az; — ajxy and yo = A*y; — @y,. Then, for
k=23, -+, n, pick ax, Br—1 such that (yk, Tk41) = Wrk—1, Te41) =
(Yk+1, T6) = Yk41, Te—1) = 0, where

Tpp1 = Axp — i — Br—1Tk—1,
— A* - 3
Yepr = A*yr — @yr — Br—1Yk—1-

Ordinarily one obtains nonzero vectors g, ¥y, until 2,41 = yu 41 = 0.
When this occurs, the {x;} and {y;} are biorthogonal, and A is similar to
the tridiagonal matrix

fa; B
1 a B

ay_1 B

] an

* Papers by Stiefel, Hestenes, Stesin, Karush, Rutishauser, Bauer, etc.
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The properties of this algorithm have been studied in detail by Rutis-
hauser [64]. A third method of getting a tridiagonal form of a general
matrix is first to get A into the Hessenberg almost triangular form, either
as Hessenberg did it or by unitary transformations, as Givens proposes.
Then follow with row and column similarity operations which get rid of
the elements above the tridiagonal clements [68].

The second algorithm of the data-condensation methods is one for
localizing the ecigenvalues from the compact form. Whenever the com-
pact form is f4, we have to apply an algorithm for obtaining the zeros of
a given polynomial.  This problem needs a separate study, and we shall
not discuss it, except to mention a promising recent machine method by
Muller [55]. For matrices of large order, the characteristic polynomial
method surely stands or falls on its ability to produce the coefficients
accurately enough, and on the possession of a good root-solving routine.
Some authors seem to ignore these factors.

When the compact form of A is a tridiagonal matrix 7', the second
algorithm is one for getting the eigenvalues of . Here, again, there is a
wealth of choice. For one thing, it is casy to evaluate det (77 — A1) for
very many values of A by a simple recurrence.  The condensation of the
data had, indeed, the very purpose of enabling us to do a great deal of
computing with 7', which is similar to A, but much more compact. When
the cigenvalues of A (and, hence, of 7') are known to be real, scanning
should suffice to locate them very readily. 1f necessary, it can be aided
by the fact that the successive minors of det (T — A) form a Sturm
sequence. These minors are found in the recurrence by which det
(1" — AI) is most rapidly computed [23]. When the N are complex,
systematic scanning may still be quite rapid enough to locate the eigen-
values. If not, one can always go to a polynomial solver which, like
Muller’s, uses the values of the polynomial for various arguments, but
which does not require the cocfficients of the powers of A.  One then
evaluates det (1" — M) for specific A as needed. TFinally, there is the
interesting progressive form of Rutishauser’s quotient-difference algo-
rithm [64]. This yiclds the eigenvalues as limits of elements in a certain
tableau which looks like a difference table. Rutishauser’s algorithm
has the advantage that complex eigenvalues of a real matrix can be found
without having to use operations with complex numbers.  Karush and,
later, Stesin have considered the applicability of the Lanczos biorthogo-
nalization algorithm to functional operators. Iestenes and Stiefel have
used the closely related conjugate gradient method to solve linear
systems.

A global iteration for finding eigenvalues consists of transformations
by which one finds a sequence of n-tuples of complex numbers, such that
the kth n-tuple converges, as k — o, to the n-tuple of eigenvalues of the
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given matrix A. The essence of the word “global” here is that all n
eigenvalues are found simultaneously. The prototype of these is the
original process of Jacobi, applicable only to a Hermitian matrix (a;;).
Here one scans the off-diagonal elements to find the maximum value of
lag;|, and then rotates a corresponding i, j~coordinate plane until a;;
becomes 0. The process is iterated until all the off-diagonal elements are
cffectively 0. The process can be proved to converge; its beauty is that
D la;;? is an invariant of the rotations, so that there is no problem of
H

numbers growing too large.

TFor electronic computers, scanning all the off-diagonal elements for
max |a,,| is slow and awkward. Most codes avoid this by rotating all
the off-diagonal elements to zero in a eyclic order (the “cyelic Jacobi
process”’); and repeating this to convergence. The cyclic Jacobi process
also seems to work well, and the author has never heard of its failing to
converge. On the other hand, until recently he knew of no proof that
showed it would always converge, and this was an important gap in the
theory.* Iixperimental data on convergence are given by Gregory [206].
When the order of the matrix is too large, the Jacobi process and its
cyclic modification are too slow. This motivated the Givens tridiago-
nalization method referred to earlier.

The Jacobi process is so inviting in principle that one wants to extend
it to nonsymmetric matrices. An attempt to do so has been reported by
areenstadt [24]. The basie theorem, due to Schur, states that an arbi-
trary matrix A can be reduced to upper triangular form by a transforma-
tion UA U*, where U is an appropriately chosen unitary matrix. Again,
the attempt is made to build up 7 by successive (complex) rotations of
coordinate 2-planes.  However, it is not casy to be sure that D |a;;[?

L2>)
decreases at each step, and no general method has been proposed. It
appears to the author that making this method work would be an im-
portant contribution. Certainly, finding eigenvalues of complex matrices
4 of orders 10 to 25 is a very frequent computing problem worthy of a
simple universal code.

A local ileration aims to get one eigenvalue Ay, and generally also the
corresponding eigenvector ay, at one time. There seem to be two main
algorithms here.  One is the power method—the repeated premultipli-
cation of some vector x by the matrix .1, This has been developed into a
complete code by Wilkinson [81].  After A*x has converged to an cigen-
vector a7 of A, Wilkinson deflates the matrix A to a new matrix (some-

*The gap has been filled by G. E. Forsythe and P. Henrici, The cyclie Jacobi
method for computing the principal values of a complex matrix (to appear),
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times of lower order) in which A; is no longer present. There is a large
world literature on this method. ILess-known papers include those by
LopSic [45], Semendyaev [69], and a general deflation method by Feller
and the author [13].

Another local iteration was proposed by Wielandt. In one of various
forms it amounts to selecting an approximation A to an eigenvalue, and
then approximately solving the bilincar homogencous system (A — A )x
= 0 for a nonzero vector . One then uses this z to improve the value of
), and continues until X is really close to an eigenvalue. The essential
part is the solution of a singular or almost singular system, an important
subject. An alternative is to solve the system (A — N)y*t! = y* for
k=0,1,---. Since y* = (A — AI)7*°, ordinarily 5* converges to an
eigenvector 2; of A belonging to the eigenvalue \; closest to A.

We have attempted to suggest how many different methods there are
for solving the eigenvalue problem. For dense symmetric matrices, the
situation is well in hand: the Jacobi method and Givens’ tridiagonaliza-
tion method make very effective codes. For small, dense nonsymmetric
matrices, there is no method of choice, but, at present, almost all the
methods deseribed in this article are being used somewhere or other.
None scems really satisfactory. Schur’s theorem offers an attractive
direction for research.

We have said little about eigenvalues of large, sparse matrices, but
the matter is discussed somewhat in Art. 12. For these, the local itera-
tions seem to offer the only feasible approach, because of storage con-
siderations. Simplified reactor calculations often amount to deterinining
an eigenvalue of a large, sparse matrix with terms representing compli-
cated boundary and interface conditions, and there is a great deal of
interest in good methods here.

Besides the question of finding algorithms to locate cigenvalues, there
is the matter of bounding the errors in the computed cigenvalues and
cigenveetors.  For Hermitian matrices, a powerful tool has been provided
by Wiclandt [35]. Suppose for the Hermitian matrix A one knows vee-
tors »; such that vy = Awg, -+ -, v, = Av,—;.  Wieclandt solves the
problem of specifying “minimal inclusion intervals” of the real axis in
which the eigenvalues of A must lie. Tt is known that there is no casy
extension of this work to arbitrary matrices A, but it would be desirable
to have some bounds in the general case.

12. Difference methods for Laplace’s equation

The general subjeet of numerical methods for solving differential
equations and systems of differential equations, ordinary and partial, is
so vast as to defy the merest possibility of a survey here. The most
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popular practical method to solve differential equations is to reduce them
to difference equations by confining the range of the independent vari-
ables to a network of lattice points. It is far from certain that this is
numerically the best approach, but its employment makes it easy to
devise algorithms which can be carried out. Ior difficult problems, this
is a dominating advantage over competing functional approaches. We
shall here confine our attention to difference methods, while remarking
that methods like Ritz’s have received a more satisfactory theoretical
treatment.

L. F. Richardson divided difference-equation problems into marching
problems and jury problems. In marching problems, the difference equa-
tions can be solved recursively from some initial point set outwards. In
Jjury problems, the difference equations must be so solved as to satisly a
“jury”’ of boundary values all around. This basic dichotomy charac-
terizes machine solution of differential equations. In both types of
problems there are three basic questions:

1. How shall we set up the difference equations?

2. How shall we solve the difference equations?

3. How accurately does the solution of the difference equations
represent the sotution of the differential equation?

In marching problems it is usually trivial to set up reasonable equations
and a recurrence to solve them. The problem is to do these in such a way
that the solution is stable, i.e., accidental errors are not so magnified as
to obscure the answers sought. The theoretical problem is to define
stability carefully, and to take a realistic account of the cffect of round-off
errors [40].

In jury problems the solution is defined implicitly, and a recursive
solution cannot get started. There are ordinarily too many points of the
network to consider an elimination or other direct solution of the differ-
ence cquations, even when they are linear. The usual approach is,
therefore, an iterative solution. The difficult problem of stability is then
replaced by the difficult problem of rapidity: Is the iteration going to
converge rapidly enough to the solution of the difference equations?

For both marching and jury problems, question 3 is likely to be
exceedingly difficult to answer. This is basically because the space of
functions over the network domain is not directly comparable with the
space of functions over the continuous domain of the differential equa-
tions.

The dichotomy between marching problems and jury problems does
not prevent certain equations from sharing both aspects. For example,
heat flow is usually a jury problem in the space variables and a marching
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problem in time. And let us be clear that the above considerations apply
to both ordinary and partial differential equations. In fact, the dis-
tinction between marching and jury problems is likely, at least in
numerical problems, to be more important than the number of independ-
ent variables involved.

Just to give a sample of recent rescarch, let us confine oursclves to
two simple linear jury problems. These are both set on a finite region R
in the z, y-plane bounded by a simple closed curve C, and both deal with
the Laplacian operator Aw = w,, + wu,,, where the subscripts denote
partial derivatives:

1. The first boundary-value (or Dirichlet) problem: Given the values of
u on C, determine w in R such that Au = 0 in R.

II. The first (or membrane) eigenvalue problem: Determine some eigen-
values A\* and corresponding functions 1*(x, y) such that, for all k
involved, Au* + Au*f = 0 in R, and u*(x, ) = 0 on C.

Question 1 for either T or II is how to set up a network and the cor-
responding difference equations. Unless R has a very special shape
suggesting other networks, it is usual to take a square grid. This has the
advantage of yielding simple formulas and of mapping easily on the
two-dimensional cell arrays of the usual computer memories.  Tet A be
the mesh constant. TFor points of the network far interior to €!) the usual
approximation replaces A by the difference operator A, defined by

12 Apo(z, y) = v(x + h,y) +v(x — h,y)
4+ o(xr, y 4+ h) + vlr,y — h) — dv(z, y).

The main problem under question 1 is what to do aboul. replacing A
for points (x, y) of the network so near to €' that one of the four neighbors
(x =+ h, y &= h) lies outside €. To insure convergence, as b — 0, of the
solution wy(x, ») of the difference problems to the corresponding solution
u(x, i) of the continuous problems, it is sufficient to be very cerude, and
simply move (' to the nearest nel polygon. This was the approach of
Courant and his collaborators in their classical paper [7].  Although this
approach solves the problem in principle, it makes wy, too inaccurate an
approximation to w for values of & which are easily handled in a machine.

The next approximation is reccommended by Collatz [6]. It amounts
to a linear interpolation of w(x, %) between points of the network and
points of C. This is ordinarily considered very satisfactory. The most
delicate approximation consistent with the approximation Ay, seems to be
due to Mikeladze [59]. In this, onc approximates u,,. near C by twice the
second divided z-difference of u(x, y) for three uncqually spaced argu-
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ments—two from the network and the third from C. One similarly
approximates u,,, and then adds the two to get the approximation A,u
to Au. A good deal of material on all these matters can be found in the
comprehensive reference book by Kantorovié and Krvlov [34]. A
survey by Wasow [80] shows that the Mikeladze approximation may be
required if one intends to carry out Richardson’s program of accelerating
the convergence of uy, to u, as h — 0.

Having selected difference equations over some network Rj, one now
faces question 2 of how to solve them with a digital computer. Here
there are two main subquestions. First, how shall one actually compute
and store u,(x, y) and all the coeflicients, especially when €' is curved and
there are many exceptional coefficients to deal with? Second, what sort
of iterative process shall one use to solve the equations, once they are in
the computer?

The first subquestion does not seem to have had any very general
treatment, and each problem appears to have been treated for itsclf.
This is an important arca for rescarch. There is a large and growing
literature on methods of iteration, however. In 1918 Liebmann recom-
mended using what we called the “cyeclic single-step method” in Art. 10.
One simply runs through the points (z, ) of the network R in a cyelic
order, and replaces each value of u(r,y) by the average of its four
neighbors (if one is solving problem I).  Now pencil-and-paper computers
have devised a large number of improvements of the Liebmann process
[19], but few of these are suitable for automatic computers. One of them,
however, is suitable, namely, overrelaration. Instead of moving u(x, y)
from its present value to the average of its neighbors, pencil-and-paper
computers find that it pays to overrelax, ie., to move v somewhat
farther.

In a remarkable paper, Young [85] * investigates for problem I (and
for more general self-adjoint problems) the advantage of using equal
overrelaxation at each stage of the cyelic process. This becomes both a
beautiful and practical theory. Suppose the points of the network can be
divided into two sets, S and 7, so that the difference equations provide
for no “mutual coupling” between points of S, nor between points of 7.
Then the system is said to have property A; our problems I and II have
this property for a square grid. When property A holds, and when the
single-step method is done in a suitable cyclic order, Young tells how to
select the optimum overrelaxation factor, and gives a good deal of in-
formation about it. This has led to its adoption for a great many codes.
Even when property A does not hold, experience shows that such syste-
matic overrelaxation can be very useful. It would be valuable to have a

* This had been Young’s doctoral dissertation at Harvard, 1950.
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theoretical investigation of how well Young's theory applies without
property A.*

Other suggestions for relaxing a large elliptic problem have come from
a group at the Humble Oil and Refining Company, coordinated mathe-
matically by J. Douglas, Jr. Since a large problem involves so many
data, one of the major difficulties is one of data-handling. The data have
to be moved back and forth a great many times from the high-speed
storage to magnetic drums or tapes. Since this motion wastes time, it
pays to minimize it. One suggestion [60] we call the method of lines, by
analogy with related processes discussed frequently in the Soviet
literature.  Whenever three lines of data are brought into the high-speed
memory, as seems essential in any relaxation process with Ay, this method
of lines precisely solves the difference equations on the central line,
assuming the data of the other two lines to be fixed. This can be done
reasonably casily in many ways, since the equations of this subsystem
are in tridiagonal form. The extra computing time at each line often
pays off in reducing the time required for the total solution. In theory,
onc can consider running the lines horizontally for one cycle, and verti-
cally for another, but the linear arrangement of data on most inter-
mediate storage devices makes this impractical.

There is some recent Russian rescarch on the round-off error in the
solution of Laplace’s cquation over a finite grid [1, 47].

A useful approach to solving problem I, both for computing and for
theory, is to consider the solution as the asymptotic steady state of the
time dependent problem

ou . .
™ = Au In I, u preseribed on C.

This point of view is most directly applicable to the total-step methods
of solving problem 1I.

The numerical solution of problem II has been treated less than that
of problem I. There is some discussion in a survey by the author [17].
Setting up the difference cquations seems to cause no new difficulties.
Solving them for the lowest cigenvalue A! means solving a singular system
of equations for its nontrivial solution. With problem 11, this system is
symmetric semidefinite, or may be made so by an artifice. The relaxation
solution for such a problem goes just as well as for problem I, according
to the author’s experience with SWAC.

* A very substantial contribution to this question has just been made by W. Kahan,
Gauss-Setidel methods of solving large systems of linear equations, Thesis, University of
Toronto, 1958.
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A harder problem is how to compute the higher eigenvalues \* (k > 1),
since the operator A — NI is indefinite. Probably an iteration of the
Kaczmarz type will be required; see Art. 10. The author knows of no
experience here, except with systems so small that they are treated as
dense, filed matrices; sce Art. 11.

Let us now consider question 3, the closeness of the difference equation
solution to the solution of the continuous problem. For the boundary-
value problem I, the main estimates follow a line started by Gerschgorin
(Gersgorin) [22], a recent synthesis of which has been given by Wasow
[80]. In the basic form, the result states that, if the Collatz interpolation
is used at the boundary,

lun(z, y) — u(x, y)| < kMh® + kaMoh?,

where k; are constants independent of u or ki, M ;is an upper bound for the
modulus of all 7th partial derivatives of u in R, and A is the mesh con-
stant. Now it is logically bad that the estimate should depend on M,
since u is the unknown quantity one is sccking to estimate. But, far
worse, M4 = « unless both C and the boundary data are very smooth
indeed. In a recent paper, Volkov [78] has given bounds for |u, — | in
terms of the constants in Holder conditions satisfied by the unknown
function » and its derivatives. For other Soviet work in this area, see
the references in Volkov’s paper and an important paper by Lyusternik
[48].

A few American papers have analyzed the precise degree of convergence
(i.c., the exponent 7 such that |uy — u|~ A" as h — 0) for the very
special case of a unit square R and A = 1/N. Walsh and Young [79]
show that for continuous boundary values the degree of convergence may
be arbitrarily slow. But, for boundary values which are piecewise con-
tinuous and of bounded variation, one has |u, — u|= O(k). These
results are very special, of course, but they show how difficult the error
estimates must be for a general C.

Bounding |\ — MF| and |uf — wF| for the cigenvalue problem 11
is even more difficult than for problem I. This is partly because for
problem II we no longer have available the mazimum principle, according
to which a function harmonic in R assumes its maximum modulus on the
boundary of I2. A recent paper by Saul’ev [66] surveys the history of
this problem since 1926, and contributes a general error cstimate under
the assumption that C is representable by functions with scven con-
tinuous derivatives.

In practical problems involving TLaplace’s operator, one often sees
regions with corners; sometimes the corners arc smoothed with ares of
circles. Therefore, practical error estimates should deal with regions
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bounded by curves C which are, say, piecewise analytic. This should
provide many problems for investigation. A basis for such investiga-
tions has been made by Lewy [44] and by Lehman [42].

A few recent papers |28, 82, 17] have succceded in giving one-sided
bounds from below (or asymptotic bounds) for the eigenvalues \* by use
of quantitics connected with the finite-difference approximations w,* and
M. There is ample room for more work.
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I] NTRODUCTION

This report deals primarily with advances in this field since 1953, with
due refercnce to older work which provides the essential background.
Kven in this relatively short time span, the new results have been so
voluminous, and have changed so radically our basic points of view, that
it has been necessary to limit our treatment to a few topics, thus omitting
much work of great importance. We have therefore confined our atten-
tion to linear differential equations, and within this domain we had to
forego a description of the work of Riesz [574], Garding [261], [262],
Leray [108], Petrovsky [510], Sobolev [622], Fourés-Bruhat [230], and
Douglis [165] on hyperbolie equations, the special methods due to Bers
[40] and Bergman [30] for treating two-dimensional problems (we hope
the report of Bers (Vol. III, Swrveys in Applied Mathematics) will
partially fill this gap), and much important work on special equations
such as the Laplace equation, which has as yet no counterpart in the
gencral theory, and the work of Protter [556], Germain and Bader [284],
and others on equations of mixed type. We have ehosen to concentrate
on methods which are applicable to wide classes of equations, rather than
on methods which are adapted to special equations, even though the
latter often yield more detailed results.  Unfortunately, we have had to
omit a discussion of numerical methods, especially difference equation
techniques and variational methods, which are also very important for
the general theory (see Morrey [162]).  We have tried in most cases to
state the results in the form of definite theorems for the sake of easy
reference for those who wish to use them. Frequently, however, the
method is more important than the specific results, and a sketch of the
argument was necessary to bring out the underlying idea. In a few cases
we have quoted unpublished results which we learned by oral communi-
ation and for which we are indebted to friends such as Browder,
Calderdn, and Hormander.  Oceasionally we have included some of our
own unpublished work. We hope to treat the subject more completely
with full details in a book now in preparation.
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CHAPTER ﬂ

RRTIAL DIFFERENTIAL EQUATIONS
IN THE COMPLEX DOMAIN

THE CAUCIIY PROBLEM

1. Transformation to normal form

The fundamental problem in the theory of partial differential equations
is the Cauchy problem, which is important for its own sake, for the role
it plays in the classification of differential equations, and for its appli-
cations to the study of other problems. For systems of first-order equa-
tions it can be formulated as follows: given M functions fy, - - -, far of the
N + M + N variables ay, - -+, Xy, U1, - -+, Upg, P11, * -, Pu A, and an
N — 1 dimensional surface S: s(xy, ---, xy) = 0 in the space of the
x-variables, and M functions ¢y, - - -, ¢ar defined on S, to find functions
Uy, -+, Uy of &y, - -+, ax defined in a neighborhood U of S which satisfy

()N] (')NM .
(1) f} Xyy ooy IN, Uy =00y Upgy, D T = 0 (l _<_.7 S AI)
dry axry

in U and
(2) u, = ¢; on S

TFor example, the problem of finding an eleetro-magnetic ficld E and B
in vacuum from the initial field at ¢ = 0 is the Cauchy problem for
Maxwell’s equations

on ok
[-+V><F,=O, - - VxB=0
J

at
(with suitable choice of units), which is a speeial case of (1) and (2) with

M = 6, N = 4, and where S is the planc ¢ = 2y = 0.
46
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In this chapter we consider only the case where all functions involved
are analytic and the variables are regarded as complex.

We consider a portion of S where Vs 5 0, and we can, without loss of
generality, assume that (ds)/(day) # 0 there. If we make the trans-
formation of variables

Yi = j (J <N)
Uy = s(xy, o an),  wilwy o wy) = v, o, YN)
; A 0s
Gk = —— Pit = — = qjr- + @in —~ (k < N)
Yz ary axy,
as
PiN = @iN T
j 3 oy

then the problem takes the form
g, o quy) =0 in U
iy, o YN—1,0) = ¢,(y1, <0, Yn—1)

where g;(yy, - - -, gan) represents fi(xy, -+, parw) after the change of
coordinates. These equations can be solved for ¢in, -+ -, ¢guny In a
neighborhood of a solution (4,°; - - -, g a®) providing that

as a8
(3) h Ty, =00, P.’lle e, o — (]et (hjk) ?{ 0
()J‘l (?J'N
where ,
N ij
I"J]f('l.ly SRR )5 2% S PR EN) = Z — &
y=1 OPky
The function A(ry, ---, £y), which is a homogeneous polynomial in

&y, - -+, Ex of degree M, is called the characteristic form of the system (1).
The planes

N

228 =) =0

Jj=1
where (&, -+, £5) ranges over the solutions of h(x,® -, parn®,
£, -+, &x) = 0, have as an envelope a cone C(x/°, -+, pun®) with
vertex at (1", - - -, 2x°), which is called the characteristic cone of (1) at
the latter point. The condition (3) means geometrically that the surface
S is not tangent to the characteristic cone at the point (x4, - -, an).
Note that, in general, the characteristic cone at (ry, - - -, @x) depends
also on the values of uy, -+ -, parny; only in the case of linear equations
does the characteristic cone at a point depend only on the point.
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In general, the problem (1), (2) has no solution if (3) is not satisfied.
For example, the problem

ou u o
— 4 — =0, u(r;, ) =a; for xy = 17"

has the unique solution « = {1 — [1 — 4(z; — 22)]'?}/2 in a neighbor-
hood of the origin, and this has a singularity at the point (3, 1) where
S:ay — 212 = 0 is tangent to the characteristic “cone,” which in this
case reduces to the line @ — 2y = 1. There is no solution of this
equation which satisfies u = x| for a2 — 2y = 0, a curve which is every-
where tangent to the characteristic cone. The solution which satisfies
u=a, on o —mr; =0 (m>*1) is u= (v; —xg)/(1 —m), which
blows up asm — 1.

In a neighborhood of a point where S is not tangent to the charae-
teristic, the problem can be transformed into one of the form

u; uy dupy
4) "5; =F; (ty T1y =05 AN, Uy v 00, Usg, 51‘1’ o 7:,)_‘;;)
1<ji< M)
(5) uj(O: Ty, * '?xN) = d)j('rl: ) 17]\') (1 S] S 17”)

TFor convenience we have denoted by ¢ the variable which plays the role
of yn above, and have made some other minor changes in notation. We
can normalize the problem further by setting w; = ¢; 4 v;, and can
subject the domains of variation of { wy, -« -, up, P11, -+, Py to a
change in scale.

2. Basic existence theorems
We may assume, then, that ¢, =0 (1 <j < M), and that F; is
N
analytic in the domain ©,: [t] < 1, |u,| < 1, 20 [pi] <1 (1 <j < M),
=1
and (xq, -+ -, xar) € Q, where 2 is a given domain in the space Cy of N
complex variables, and that |F;] < Ain @ for 1 <7 < M. Tt isuscful
for some purposes to introduce the quantity e = sup |F;(t, 24, -+,
N, 0, -+, 0)] for 1 <7< M, [t|<1, (x1, -, an) €2, which is a
measure of how good w; = 0 is as an approximate solution of (4), (5).

o0
We set u;(t, 21, -+, xx) = 2 w(xy, - - -, zx)t¥, and obtain recursion
0

formulas for the coeflicients u;;, which shows that there is a unique such
formal power series solution. By using estimates for the growth of the .
derivative of an analytic function in terms of the growth of the function
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and an casy generalization of Bernstein’s theorem on the derivative of a
polynomial (see Bernstein [38]), we can obtain bounds on u;;, from which
we deduce the convergence in a certain domain. Iet §(z) be the distance
from the point x = (xy, - - -, xx) to the boundary of €, where the distance
between two points x and ¥ is measured by ||z — ¥ ” = max Ix, — yjl.
We obtain: s

Theorem 1. TUnder the above hypotheses, if é(z) < B for z € Q,
then (4), (5) has a unique solution analytic in the domain
Qo2 8(x) > 4¢*(1 + B)(1 + A + ¢)]t], and in £ we have

N
lui(t, 2)| < 4elt], 20 [9u;/ox] < (feelt])/5(x)
k=1

We can obtain more precise results for lincar equations. Let

N N

(6) Fy= AL, 0) + ZBJA(f D+ 20 2 Cimunlly ¥)Din

m=1 n=1
where | 4;(t, 2)| < a, 2| Bix(t, )| < b, D max [Cjma(t, )| < ¢
k m n
forl1 <j< M, |t|<1l,zc Q Wehave

Theorem 2. 1If u;is the solution of (4), (5) with ¢; = 0 and F/; satisfies
(6), then « is analytic in Q5: 2 € @, [(| < 8(x)/(28(2) + ¢c), and

luj(t, 2)| < 8(x)(a/b){(1 — 2/20) ™" — 1}
where 2 = [¢]/6(x) and 29 = (8(x) + ec) ™.

Corollary 2a. 1f Aj, Bj;, and Cj,,, are analytic for all values of ¢ and
2, and if the (/j,,, are functions of ¢ alone, then u is analytic for all t and .

The fact that the domain of analyticity of » can be estimated in terms
of the cocfficients (', alone was noticed by Schauder [596] and is used
both by him and Leray [408] in their treatment of nonlincar hyperbolic
equations. The facts expressed in the corollary, in the case where the
Cnn are constants, were remarked by John [352].

Even in the case of lincar differential equations these existence
theorems are local, i.c., they show that the solution exists for sufficiently
small £. If the coefficients Cj,,, depend on x, then we can expect nothing
better. For example, the solution of the problem

w = 2%u, u(0,z) ==z

is u = 2/(1 — xt) which is singular on the hyperbola x¢ = 1, although
the coefficients are analytic for all ¢ and z.
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In general, nonlinearities in the equation foree the existence of singu-
larities in the solution. For example, the solution of the problem

wy = Fluy), u(0, ) = 2%/2

where I is an entire function and /'(0) £ 0 has a singularity in the
region [t| < 1/|F"(0)].

THE LERAY-FANTAPPIE OPERATIONAL CALCULUS

1. Preliminaries

While the solution of the Cauchy problem, indicated above in the
form of power series in ¢, is theoretically completely satisfactory, it is
difficult to extract from this solution certain desirable information
concerning its propertics, such as dependence on the equations, the
initial values, and the surface S, and the behavior of the solution in the
large. Hence it is important to obtain more “explicit”’ solutions in some
convenient form. For wide classes of linear equations, Leray [410]
has recently found such formulas by means of a gencralization of the
Laplace transformation related to some work of Fantappié [196].
Laplace had already introduced this method for the solution of ordinary
differential equations (sce Ince [343], p. 438). We shall explain Leray's
new operational caleulus for the case of two independent variables,
£y, ¥y, in order to avoid an extensive digression into the geometry and
topology of the space of several complex variables.

We shall consider equations of the form

J ]
(7  a (.r, ~-~> u = Zajj (.T, 5) w, = v;(x), 1< M)
X

dr
where @ = (xq, r2), and 9/dx is the symbolic vector [d/dxy, 8/dx,], and
u and v are M dimensional vectors whose components are analytic func-
tions of x, and

a’]lc(‘r; S) = jgj/\‘(-r) + Z (’ijn(:r)gn
n==1
for1 < 7,k < M, and the coeflicients B, and Cj;, arc analytic functions
of z. We are given a “surface’ i.e., an analytic curve
S:s(@) = 29 — ¥(xy) =0

and seck a solution of (7) such that u = 0 on S. The condition that S be
characteristic is that

2
h(.T, E) = del. ( Z C}Alr(a‘)&:) =0

n==1
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for £ = —¥'(ry), & = 1. We shall assume that ¥(0) = ¥'(0) =0
and that 2(0, 0;0, 1) = det (Cx2(0)) # 0, so that S is not characteristic
ab the origin, and therefore also in some neighborhood of the origin.  Let
[e]| = (|1 [* + |e2]?)'? denote the length of the vector x = (v, 2a).
Then there are positive constants pq, p, and a such that both i(x, £) = 0
and hy(z, £) = det (ai(x, £)) # 0 in the domain

o, p;@): [ ]| <a, [E>0, mlal® <&l

in the space (4 of the 4 complex variables £, £, 21, 2. We can further-
more choose the constant a so small and another positive constant ry
such that 71p; < 1 and that the tangent vector [1, ¥/'(x)] to S at any
point in the sphere ||z || < a lies outside the cone r(|y[* < |y2[°, and
such that, if z is any point in the sphere || z || < @ and y is a veetor in this
cone, then the complex line z + ty intersects S in a unique point in the
sphere ||z || < a. The unique ¢ such that z 4 ty€ S will be denoted by
q(y, 2). This function is analytic in both y and z and is homogeneous of
degrece —1 in y.

Leray’s transforms are integrals over a set v of 4 real dimensions
defined by

viemPP < [’ m= —ain, Y2 =72 yt+zES
f=m, x=z+1y, |r|=a, 011
where ay is chosen so that || £ || > p on v and «; is chosen so that py <

< 1/r;. Tere z is a given point such that ||z || < aand 2 € S. The set
v can also be deseribed by

E=m, v=z+1l, yo=7i=q(—aol;2)
m =m0, Y1 = _a]ﬁly [‘T[S ]/allév !T.]:“By OSIS 1
which shows that v is topologically the product of a disk, a cirele, and a
closed interval. Leray defines his transform by

J(f) = (2m0) ‘2ff(£, x)exp (¢ (z — x)) d&y dEs dry dag
¥

where £ = 2E; is the usual scalar product; clearly J (/) is an analytic
function of z for ||z || < a.

We apply this transform to functions of polynomial growth with respect,
to £ in any domain of the type Q(p1, p; @); i.e., we assume that there is an
integer m(/f), positive, negative, or zero, and a constant A (ay, ) such that

L[ ) | < Ale, @) [ £ 7

in the domain @ (a1, p): | € || > o, ar|& |2 <|&|? forevery zin |z] < a,



52 Numerical Analysis and Partial Differential Equations

and a; > p;. The integral J(f) is independent of a; and sy for f in this

class if m(f) > 2. We say that f has a zero of order s(f) on S if f and all

its derivatives with respect to x of order < s(f) are identically zero on S.
This transform has the properties:

&)
8a)  J(&S) =J (%) if m(f) > 2, s(f) >0
k
a .
(85) . I =7 ((u - —{)E—A)f) i om(f) > 1
B)) ——J(f) = J&S) it om(f) > 2
a2y
(8d) s(J(f) = m(f) + s(f)

If m(f) < 2, we choose any polynomial 0(¢) of degree > 2 — m(f) such
that b % 0 in Q(py, p; @), and sct

]
J(f)=1b (-a—) JOE )

For example, we may take b(£) = &%, where £ > 2 — m(f). The value
of J(f) is independent of the choice of b. The above properties remain
valid without any restriction on m(f). We have, furthermore,

8e) J() =J(g) i gEa) = Uag La), and  ([a§)-Lr = &z
8/ J(J(@)) = f(2)

If f is homogeneous in { of degree — 1, the formula for J(f) can be simpli-
fied down to a double integral:

1 0
J(f)'—‘“‘.f ,fU—If(a,1;2—}-)\[—0_1,1])(1)\(](7
278 ol =" q
where ¢ = q(—o71, 1;2).

In order to solve the problem (7) when B, and (i, are polynomials
and u; is to be 0 on S, we set uj(z) = J(f;(§ x)), which yields

J (z: ( i — o) =
i\ T — (_7_5’ E)f/c) = 0,(2) = J(v,(2))

so that, if the functions f; are solutions of
M 9

€ 2 aj (x - = E) Jr = v;(@)
k=1 of

of polynomial growth with respect to £, and if m(f;) > 1, then u; is the
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desired solution of the Cauchy problem. If the system (7) has constant
cocfficients, and h(x, §) = h(0, £) # 0 in Q(py, p; @), then

f(¢, 2) = a(® ™" v(x)

where a(£) ™! is the inverse of the matrix (a;1(£)) = a(§). If Bjr = 0 for
all 7, £, then £ is homogeneous of degree —1 in & so that the simpler
formula for .J(f) applies.

If the coeflicients of (7) are not constant, then it is usually difficult to
obtain solutions of (9) having the desired growth properties. Leray
introduces a more general transform which may sometimes be easier to
work with. We consider the domain

Q2(/31; P C;(l): (Ev .l') E: Q(ply p;a)y ‘>‘ + El:[ <c HE H

in the space of the five complex variables N, £, and z, and we operate on
functions of polynomial growth with respect to £ in this domain. The
integrations are performed over the 3-dimensional set v, defined by

Y a) v, M= —pE) — (1 —wEw), 0wl

For m(f) > 2 we define
(1) Jf) = (2m) “zf SO\ & x) exp (N £-2) dN dEy dEs day day
Yt

If f is independent of A, then this coincides with the previous definition
of J(f). We introduce the operator 17:

(l"/‘)(sy :1‘) = f(_g“l'y E) 'T)

This transform has the following properties:

(11a) .J(Of-) = J(&VN) it om()>2,  s(f) >0

d.xy,

J
(1) —=J)

= J(&S) if m(f) >3
(0243
0
(1) JU) = 1<<\' - }\)f) it () > 2

Jd
(11d) ad(f) =dJ ((.r/\\' - «—)f) i m(f) > 2
9

(11e) s(J(f)) = m(f) + s())
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As before, we extend the definition of J(f) for m(f) < 2. If f has a zero
of order >m — 1 on X + £-x = 0, and I’(2, 2) is a polynomial of degree
m in the 3 variables zg, 21, 2, and p(zo, ) is the principal part, i.e., the
homogeneous part of the highest degree of I, then

p(t,950) = (P (=2 - ;-E-)f — (=1, =) V <%>~f>

The general transform J enables us to reduce the general Cauchy
problem for an equation of order m with polynomial cocflicients of degree
< u to a special Cauchy problem for an equation of order <u and poly-
nomial coefficients of degree m.

Let P(&, xo, «) be a polynomial of degree m in the vector £ and of degree
w in the other three variables, and let p be its principal part with respect
to g, ®1, and xz. Let B be its principal part with respect to £ We
assume that B(¢, 1, x) 5 0 in the domain 2 (p;, 0). Let w be the solution
of the Cauchy problem in some domain Q,(p1, p, ¢; a):

(12) P<£ 0 a> 0 V(0>k 0 forh |
,— — Jw =0, —)w= k< —
an of )" TS

9 k
V (—) w=(—DFT/pE 1, fork=p—1
Py (=D /pE 1, 0) K
Then u(z) = J(w(\, & x) v(x)) is the solution of the Cauchy problem

d

(13) P (—v 1, at> u =, s(tu) > m
ox

In this last equation, a term & &%, %™ in (¢, 1, x) is to correspond

to the operator
9% +a,

Ly &
PP (rz%ro®u)
Note that the transform J depends only on the surface S, whereas the
function w depends only on the polynomial P; so that it is easy to sepa-
rate the influences of these data upon the solution. If u = 1, then (13)
is of first order and its solution can be reduced to that of ordinary
differential equations.

For example, consider the equation

((’) > 9*u n *u ,
a\—rx)u =y — + — = vy, Ty)
ox x> Oxe? ’

which arises in the theory of transonic flow. If we take I’(¢, xy, 2) =



Linear Partial Differential Equations 55
£,%rs + £%ry, we obtain the equation
, ow , ow
c— +
&y N

&
with the Cauchy data
w= 1/, 1,r) for AN+ Eoe=0
The function w is analytic in the domain Q = (12, 1; (}3)" 11)
and is given by the formula

w = 1/(r28" + %)
where 7 is the unique solution of the cubic equation
523 - 773 = 35120\ + & + aam)

in the circle |p — &] < (3/8)|&|; actually g satislies |7 — &<
N+ & + k| /3 in the domain Q. The kernel w satisfies | w(), g, x)
< Vg R

Tfurthermore, in this problem the above statements still hold if the
condition ||r [|< 1 is replaced by the weaker condition |ay| < 1.

EQUATIONS OF HIGHER ORDER

The Cauchy problem for equations of higher order can be reduced o
that for systems of the first order. Tt is convenient to introduce a con-
venient notation for the formulation of this problem. Let

Q= la(ly Ay "ty (YN]

he an (N 4+ I)-dimensional vector with nonnegative integral compo-
nents.  With cach such veetor we associate the operator

N .
. Jd
D= 1] D, Dj = — Lo =1
=0 c').r]-
N
and the order of this operator is |al = D ;. We consider systems of
the form 0
(] ]) I)()”J”/ :.fl([v £ U, )v 1 Sl S M
with Cauchy data given on the hyperplane £ = 0:
(15) D, 0,0) = (), 0 <k <n,
Here » denotes the point (&g, -+ -, xa) in the space ('y of N complex
variables, and u denotes the point (uy, - -+, ups) in Cyr. We assume that

the functions f, arc analytic in ¢, x, i, and all D, for || < g, @y < ny,
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and that the functions ¢, arc analytic inz. We introduce new unknowns
%j,q, Where || <nj, and consider the system

(16a) DOuj,a = Ujao+l,e,- - ans Ia| <nj—1

(160) Doujo = I)kuJ.aO'I*‘l,U, coak—Laky e,

ay < nj— 1, la|=mn; — 1
(16¢)  Douj,a = fi(t, @, ug0,°* ), la|=n; — 1 ay = nj— 1
with the initial conditions v
(16d) (0, 2) = IT D%

k=1

The problems (1), (15) and (16a—d) arc equivalent. Note, however,
that while every solution of (14) yields a solution of (16a-¢), only solu-
tions of the latter which satisfy initial conditions of the form (16d) arise
from solutions of (14).

As an example of this reduction, eonsider the wave cquation in two
special dimensions: R , N
“u 9“u 0“u
o dxy®  dwy?

u(0, ry, 12) = $o(a1, ¥2), w0, ry, xp) = $1(ay, 02)

We introduce the new unknowns ugnn, o1, Hor0, and upgy and form the
system

3]

Jdugog Jugrg  dUygo dupor U100
= U0, = - =
at at axy at dxg
durgo  dugre | dugor
at 61‘1 (').1‘2
with the initial conditions
0o g
Ugoo = oo, Uppg = @1, Uprg = = —» Ugoy == ——~
Xy Lo

fort = 0.

The system (14), (15), is said to be in normal form. With the use of the
transformation on p. 47 we can reduce the Cauchy problem for a system
of higher order equations with data given on an analytic hypersurface to
one in which the data are given on a hyperplane, and, if a certain deter-
minant is different from zero, then the system can be put in normal form.
Consider the system

f](l‘, U, "')])auk: ) = 0’ 1 SJ < M
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where the functions f; are analytic in the variables 2 € Cy, u € Cyy, and
all derivatives pre = D*up  with |a|<m 1 <kE< M. (Now
a = [a1, - -+, ay] ranges over N-dimensional vectors with nonnegative
integral components, and ny is the highest order of the derivatives of wy,
which occur in the equations.)) 'The functions u; and their normal
derivatives of order < m; are given on an analytic hypersurface S:
s(x) = 0, where s is analytic and Vs 5 0 in some domain. Then this
Cauchy problem can be put in normal form, provided that the charac-
teristic form

h(x, p, £) = det < Z —ifj— E“)

lal=ni Pk,
N
is #0 for ¢ = Vs. Here £ = ¢/ is the monomial corresponding to
1

the differential operator D*.  For example, the characteristic form of the
single linear differential cquation

Qa, D)yu —b(x) = D qu@) D% — b(x) =0

la|l <m

where the coeflicients are given analytic functions of a, is the principal
part of Q:
hv, ) = q(r,8) = 32 qa(0)E”

laf=m

In the study of partial differential equations in the real domain and in
the large, the most important step is their classification by means of the
characteristic form.

The basie existence theorems, in the above general form, no longer
hold if the restrictions on (14), (15) are relaxed. The restrictions on the
orders of the derivatives D®u; which appear on the right-hand side are
essential.  I"or example, if f ix analytic in a neighborhood of the origin
and f”(0) 5 0, then the equation

w = 2%u,, + f(x)

has no solution analytic in a neighborhood of the origin. The heat equa-
tion, which has constant coefficients, with Cauchy data given at ¢ = 0:

Ut = Uy, 7((0; °l') = d)(l)

has no solution analytic in a neighborhood of the origin unless ¢ is entire
and satisfies a growth condition of the form |[¢(x)| < exp (K|x[?) for all
sufficiently large |x]. The restriction to analyticity of the functions
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occurring in the problem is also essential. Thus the Cauchy problem for
the Laplace equation:

Uy = —Ugy, w0, ) = ¢o(), (0, 0) = ¢1(2) =0
has no solution even in a half-neighborhood of the origin: ¢ > 0,
2?2 4+ 12 < 7%, unless ¢ is analytic. ven for equations with constant
coefficients, the Cauchy-Kovalevski existence theorem is essentially
local. Consider the Cauchy-Riemann cquations:

Uy Jus 0 Aty Ao
0.1‘1 6.1'2 (').2'2 a.rq
with the Cauchy data
uU = oy, Uy = —To

for s(xy, x3) = 12 + 7,2 — 1 = 0. The characteristic form ish = £2 +
£2%, and h(Vs) = 4 on the manifold S. But the solution is

Ty To

uy =

3312 + .'1‘22 b ;1'12 + .1'22
which is singular at the origin.

We must omit for lack of space the theories of Cartan and Riquier
(see Cartan [116], Kiihler [358], Schouten and van der Kulk [602], Ritt
[575]) of other problems besides the Cauchy problem. So far these
theories are only local theories applying to problems where all functions
involved are analytic. At present, only special problems have been
treated in the large and in the real domain without assumptions of
analyticity (sce for example, Garding [262], [263], Ingersoll [345], [3-16],
Meltzer [439]). We must also forego a deseription of the work of Ritt
and his pupils (see Ritt [575]) on the algebraic aspecets of partiat differ-
ential equations. It is quite probable that this work has important
implications for the analytic theory, but so far no one has established
such a connection. There is also some interesting work by Salekhov and
Fridlender [588] and Pucci [560] on differential equations on the domain
of infinitely differentiable functions.



CHAPTER 2

@ENERAL THEORY IN THE
REAL DOMAIN

UNIQUENESS AND DOMAINS OF DEPENDENCE FOR TIIE
CAUCHY PROBLEM

Let us now turn to a discussion of the Cauchy problem in the real
domain. We begin with a system of linear equations (6) with analytic
coeflicients.  John [351] has given an extension of a method duc to
Holmgren which leads to powerful uniqueness theorems. Let the opera-
tors L and L* be defined by

ou; M M N Sz
(L), = —= = 37 Bjug — 2, 2 Citn —
ot k=1 k=1 n—=1 ox,
(’)Uk M M N
LHv) = — — 0By — 25 D0 — (0C5k0)
al =1 g1 n=1 0%p

which give the components of the vectors Lu and L*v. Let Sy: s, x, \)
= (0 be a one-parameter family of surfaces, where s is analytic in all its
variables, s(¢, x, 0) = ({, Vs = 0, and

Js

as N
h(t, 2, Vs) = det (65 — — D Copn=— ) # 0
at n

=1 Ty

for0 <\ < a,and ((, x) in a neighborhood U of a region R in the hyper-

plane { = 0. We assume that the boundaries of all the surfaces Sy are

the same (N — 1)-dimensional manifold lying in the region R. TLet V),

be the domain bounded by the surfaces Sy and S, for 0 <\ < u < a.

By Green’s theorem applied to the region V), we obtain for any solution
59
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u of class C* of (6) and v of L*v = 0 the equation

JO) = fs M v,6) A ﬁ MY = I

where o N
ﬂ[(ll, v, ‘E) = E Uy (kao - Z E ijjknEn)
k=1 j=1 n=1
and the vector £ = [&, ---, ] is the unit cxterior normal to

Smf = VS/

N
| Vs || = Vs/((0s/00)® 4+ D" (9s/0xi)?)* . Thus the integrals
1

J(A) are constant and can be evaluated from
M
J(0) =f M(a, v, §)dA =f (Z ¢jvj> dry, - -+, dry
So So \j=1

which depends only on the known functions ¢. Let q = [q1, - - -, qu]
be an arbitrary vector whose components are analytic in a neighborhood
of the surface Sy.  We choose v as the solution of the Cauchy problem for
L*v = 0 with data given on S, which satisfy

M N
vy — E Z D]Cjkngn = Qqk, 1 S k S M

j=1 n=1

The solution is uniquely determined since h((, x, £) 2 0. Thus, if v

exists in the region V, then the integral I(\) = f u-q dA can be com-
S\

puted from A and the Cauchy data on R. Now we recall from Theorem 2
that the domain of existence of the solution of a Cauchy problem for a
linear system depends only on the coeflicients Cjy, of the highest order
derivatives. Hence we find that there exists a constant b such that the
solution of the Cauchy problem with data given on Sy exists in the region
Va—iags for 0 < A < a. The constant b depends only on Cj, and s,
and not on q. Therefore the integral 7(A) can be computed for 0 < A
< b. Since q is an arbitrary function analytic on Sy, the solution u is
uniquely determined on Sy, For example, we could construct a complete
orthonormatl system of the vectors on S with polynomial components by
the Gram-Schmidt process and compute u from its Fourier series.  The
argument can be repeated for the regions 14 95, Vo, 41, ete., and so u can
be determined in the whole region Vy,.

Thus w is uniquely determined at all points which can be reached by
deforming S, analytically, keeping its boundary fixed, without h((, 2, £)
ever equaling zero, i.e., without Sy ever having a characteristic direction. -
Furthermore, we have, in principle, a method of actually calculating u.
The analyticity of the coefficients Bj; and Cjx, was used only to insure the
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existence of sufficiently many solutions of L*v = 0. If L* belongs to a
class of operators such that the solution of the Cauchy problem with data
on Sy exists for a complete set of veetors ¢, then the same conclusion
holds.

The question of characterizing the set, 2(Sy) of all points attainable by
deformations of the above type of the surface Sy is a geometrical problem.
The simplest case is that in which & # 0 for all real £ and all points (¢, )
in a domain €. Then Q(S;) = ©, no matter how small Sy is. Hence the
values of u on an arbitrarily small region of the plane ¢ = 0 uniquely
determine u throughout Q and, therefore, also on the rest of the hyper-
plane ¢t = 0.

These considerations apply to systems of arbitrary order. If the char-
acteristic form h 3 0 for all real £ # 0 and all points  in a domain Q,
then we say that the system is elliptic in Q. We have the result:

Theorem 3. The solution u of a lincar elliptic system of equations
with analytic coeflicients in a domain @ is uniquely determined by its
Cauchy data on an arbitrarily small open set on an analytic hypersurface
in Q.

Corollary 3a. 1f a solution of a homogenecous linecar elliptic system
of equations with coeflicients analytic in a domain @ vanishes in an
arbitrarily small neighborhood of a point in 2, then it vanishes identically.

Until recently, corresponding theorems for systems with nonanalytic
coeflicients were known only for 2 dimensions (see Carleman [115], Bers
[40]) and for special types of second-order equations in higher dimensions
(Miiller [173]). Aronszajn [15] has now proved such uniqueness theorems
for general second-order equations, and his preof has been simplified by
Pederson.  In unpublished work Calderén [102] has proved these theo-
rems for equations and systems of arbitrary order with some minor
exeeptional cases. These results have important implications for the
differential geometry of smooth manifolds (see Spencer [629]).

As another example, we can take Sy to be a closed convex domain with
analytic boundary in the hyperplane ¢ = 0, and consider the cone vy
formed by joining a point I = (l, ™, 1,° > 0, to every point of Sy, If
h(t, z, £) # 0 for every point (¢, ¥) in v and every real veetor § such that
g0t — ) + Z E(ar — ") >0 for all (4e) € v, then v < Q(So).
Again these remarks also apply to systems of higher order.  We thus
obtain a generalization of the familiar phenomenon that the solution w
of the wave equation

1 8%u 3 0%

? glj - kg 5&;5 =0, w(0, 1) = ¢o(). (0, 2) = ¢1(x)
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at the point (ty, 2°), o > 0, depends only on the values of ¢, and ¢; at
points in the retrograde light cone
3
Al=t)? = 2 (= )? > 0,60 — >0
k=1

In the case of an elliptic system, we saw that every point of ¢ = 0 was
accessible by deformations of the above type of an arbitrarily small piece
So. Hence the Cauchy data on ¢ = 0 are not arbitrary; the values of ¢
in a arbitrarily small domain in ¢ = 0 determine ¢ on the whole hyper-
plane. This is an instance of a quite general phenomenon, which also
holds for arbitrary lincar systems with analytic coefficients.

Theorem 4. Consider a linear system of equations with analytic cocffi-
cients and an analytic hypersurface S. If 2¥ is a point on S such that in
the space of the vectors £ there is a line through the point £°, the unit
normal to S at 2° which does not intersect the characteristic cone
h(x’ £) = 0 at 2% then in every open subset R of S containing 2°, there
are two open subsets Ry and R, such that the Cauchy data in R; uniquely
determine the Cauchy data in R,.

TFor example, consider the wave cquation and the “time-like” hyper-
plane S:x; = 0. There are obviously lines through the normal vector
£ =10, 1,0,0] which do not intersect the characteristic cone h(r, £)
=22 — £2 — &% — £% = 0. Hence the Cauchy data on S cannot
be arbitrarily preseribed. Similarly, the Cauchy problem for the ultra-
hyperbolic equation

cannot be solved, in general, with nonanalytic data given on any hyper-
plane (see Hadamard [308] p. 347-357, Asgeirsson [21]).

For an interesting example of a Cauchy problem for which the solution
is not unique, sce My#Skis [478], Pli§ [512].

PRELIMINARIES ON FUNCTION SPACES

1. Testing spaces

Modern methods for the study of partial differential equations are
based on the techniques of functional analysis, i.c., the theory of opera-
tors on function spaces. We shall now describe some of the important
function spaces used in partial differential equations.

If A is any sct in the N-dimensional Euclidean space Ey, then by
C”(A) we mean the space of complex-valued functions ¢ which have
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continuous partial derivatives of all orders in an open set containing A.
If {¢,} is a sequence in C*(A4), then we say that ¢, — 0 if and only if
there is an open set @ D A such that D%,, — 0 uniformly on @, for each
a. If Qisadomain in /£y, then by Cy*(2) we mean the subspace of C*(£2)
consisting of those ¢ such that there is a bounded, closed subset, A(¢) of Q
outside of which ¢ = 0. A sequence {¢x} in Cy*(Q) is said to converge
to 0 if ¢, — 0in C*(R) and there is a bounded, closed subset A of Q such
that A(¢p,) € A for all n. If Q@ = Ey, it is sometimes more convenient
to work with the space C1°(Ey) of all ¢ C*(ly) such that for every
k> 0and every a > 0, ||x [FD%(x) is bounded in Ey. The sequence
{¢,} is said to converge 1o 0 in O °(Ky) if ||z |[FD*¢, — 0 uniformly in
Eyforeachk > 0and o > 0. These spaces are all lopological lincar vector
spaces.  (Sce Schwartz [603].)

The spaces Ci;*(Fy) and Cy*(ly) are examples of testing spaces
(Gelfand and Silov [277]). A testing space $ is a linear subspace of
C*(I'n), together with a definition of convergenece of sequences (not
necessarily the same as that of C1*(ldy)), satisfying the following con-
ditions:

(17a) if ¢, — ¢, — 0in 8, then thereisa ¢ € $such that ¢, — ¢ — 0;

(17b) if ¢ € 8, y € Eu, and N is rcal and 0, then <9, D,¢, ¢(x + y),
exp (((x-y))e(xr), and ¢(Ar) € S;

(17¢) 'These operations and the algebraic operations 8¢ and ¢, -+ ¢,
are continuous on 8.

Besides the two spaces C*(ly) and ('W*(Kx), emphasized by
Schwartz, other useful testing spaces are:

1. The space K, (p > 1) of ¢ € C*(Fx) such that for @ > 0 there are
constants ('(«) > 0 and ("{(«) such that [ D% ()| < (1(a) exp (= C(a)
[« |I") forallx € IKx. Wesay that ¢,, — 0if D%, — 0 uniformly in
I5 v for cach « > 0, and if there exists constants ('(a) > 0 and (' («) such
that | D%, (0)| < Ci(a) exp (—C(a) || [|?) for all n and all & € Ey.

2. The space Z”(p > 1) of entire functions ¢ on ("y which, on Ky, are
in (';*(Ky) and such that for any polynomial I’ there are constants
() and C(P) such that

I1(P¢;y) =f [P(e i) oo + i) [FdV . < CL(P) exp (CU)]] yl|P)
En

forally € FKy. Wesaythat ¢y — 0in ZPil ¢, — Ouniformly in every
bounded domain, 7(’¢,,y) — 0 for cach P and y, and if there are con-
stants ('(1?) and ("'((P’) such that I1(P¢,, y) < C1(P) exp (C(P°) ||y ),
for alt n and all y € Ey.
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3. The space Z,» (p > 1,p > g > 0) of entire functions ¢ on Cx
which, on Ey, are in C;*(Ey) and such that there are constants Cy, C,
Cs, and Cy > 0 such that |¢(2)| < Cyexp (Cq ||z ||P) forall z € Cy, and
|¢(x)| < Csexp (—C4 |2 ]|2) for all z € Ly. We say that ¢, — 0 in
ZP if ¢x — 0 uniformly in every bounded domain in C'x and if there
exist constants ('}, Cy, C3, C4 > 0 such that [¢,(z)| < Cexp (Caflz ||P)
forallz € Cy and |¢,(x)| < Cyexp (—Cy ||z ||9) for all 2 € Ky, and all
n.

If 8 is a testing space, then by $(A; X My) we mean the set of all
My X M, matrix valued functions ¢ = (¢;i(2)) such that ¢, € § for
1< <M,1<k<M,.

In these and in most other useful cases the testing space $ is dense in
C®(Ey) with respect to the topology of the latter space.

2. Dual spaces and distributions

If S is a topological linear vector space, then we can define its dual
space S* as the space of lincar functionals on S. A lincar functional s* on
S is a continuous lincar scalar-valued function on S:

¥ o1+ Nagp2) = Nis*(@1) + Nos™(o)

s*(lim ¢,) = lim s*(¢,)

n—» n—=»

for any scalars Ay, As and elements ¢1, ¢ € S, and for every eonvergent
sequence {¢,} inS. The space S* 1s also a topological lincar veetor space
with the natural topology s,* — s* if and only if s,*(¢) — s*(¢) for all
¢ € 8. The elements of §* where § is a testing space, are called destri-
butions. These were introduced essentially by Bochner [58], but were
exploited systematically for the first time by Schwartz [603]. TFor
expositions of the theory of distributions sce Schwartz [603], Korcvaar
[381], Temple [645], Halperin [310], Friedman [237], Gelfand and Silov
[278], Gelfand and Sapiro [276]. A related theory with certain advan-
tages was developed independently by Mikusinski [443] (sce Irdélyi
lecture notes).

If 8 is a testing space, then the funetion f is said to be a multiplier of $
if fo € Sforall ¢ € 8, and fp, — 0 whenever ¢, — 0in 8. The set of
multipliers of § forms a ring, denoted by 9r(s). If f € on(s) and T' € §*,
then f71' is the distribution defined by

(U1 () = T(f$)

If P(¢) is a polynomial of Ky and D = [Dy, - -+, Dy] denotes the sym-
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boli¢ vector with components D; = d/dx;, then we define the differential
operator P(D) on $* by

(PD)T)(@) = T(P(—=D)¢)

This formula is suggested by the special case where

Te = Vo dV, = [V]p
EN
where ¥ &€ Co*(Ey). Then P(D)[¥] = [P(D)¥] by Green’s formula.
The Dirac delta-distribution §,, is defined by

510(47) = ¢(-T0)

If Az, D)u = =D%(aq,5(x)DPu) is a differential operator with coefficients
Aap € M(S), then a fundamental solution I'; of A at the point x is a
distribution F,, € $* such that

(18) A'(x, D)Fy, = (=N D¥(as()DF ) = s,

If F7,, is such a fundamental solution, then to compute ¢(x), where ¢ is
the solution in § of A(r, D)¢ = ¥, we merely form

Fe(¥) = 82,(¢) = ¢(r0)

Thus the problem of solving a partial-differential equation under these
conditions can be reduced to the determination of a fundamental solu-
tion. This concept goes back essentially to Fredholm [234] and Zeilon
[734], and was first formulated in this generality by Schwartz [603].

In some cases the determination of a solution of (18) leads to difficulties
because of the singularity of the right-hand side. In such cases we may
represent, 8, as a limit, in the distribution sense, of smooth functions.
Tor example, if we can determine a solution [F(rg, 2; )] in 8* of the
equation

A(x, D) F(xg, x5t = Kz — 20, t)
where
K, ) = (4xt) N 2exp (— ||z |P/40), t>0

then the solution in 8 of A(x, D)¢ = ¥ can be represented in the form
() = lim | F(x,y,t) ¥(y)dV,
t-0 JpN

Representations of this kind have been used by John [352], [356] and
others. The IPourier and Laplace transform techniques described in the
next chapter can be regarded as special cases of this general method.
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Suppose Ty, Ty € $*, and T, has the property that for each ¢ € 8 the
function ¥(y) = Ts(p(x + ¥)) is, as a function of y, also in S. Then we
define

(Tx*T)e = (T1*T2)é = T1(V1) = T1 (T (¢(x + 1))

where the subseripts on the right indicate the variables with respect to
which the distributions operate. The distribution 7';*Ts is called the
convolution of Ty and Ty. Let 9 (8*) denote the class of all 7 € 8$* such
that Ty(¢(x + y)) € Sforall g € 8. If Ty, -+, T € 8* and all but
one are in 9($*), then the convolution 7'\ * --- *T' is defined and is
independent of the order and the grouping of the factors. If 7'; = [¥;],
where ¥; € (' (ly),j = 1,2, then

T1*Ty = [1* Wy
where
(T ") (x) = f Vi (x — y) Ya(y) dV,
EN

The Dirac delta is in 9(8*) for every testing space 8, and §*T = T*s,
= T for all T € $*. 1If P(£) is a polynomial on £y and F is a funda-
mental solution of (D) in 8§ at the origin, then the solution in §* of
P(—=D)T =8 is T = I'*S if for S € 9($*). Here we have used the
trivial formula

QD)(T*T2) = (QD)T)*Ty = Ty*Q(D)T,
for any polynomial @, if one of Ty, T’ is in 9($*).

3. Banach and Hilbert spaces

If S is a topological linear vector space, then a norm N on S is a real
valued function on S satisfying:

(@) N(¢) > O0forallp €8, N(¢) = 01if and only if ¢ = 0:
(b) N(@¢) = [N N(¢) for every scalar X and ¢ € S;
(¢) N(¢1+ é2) < N(1) + N(go) for ¢y, ¢ € 8.

A sequence {¢,} in Sis said to converge to ¢, lim ¢, = ¢, if N(¢, — ¢)

n— o

— 0. The space S is complete with respect to the norm N if every
sequence {¢,} in S such that lim N(¢,, — ¢,) = 0 is convergent. A

complete normed linear vector space is called a Banach space (see Banach
[23]). If S is a normed linear vector space, then there is an essentially
unique Banach space S; with a norm N, such that S © S;, N(¢) = N,(¢)
for all € S, and S is dense in S;. The space 8, is ealled the completion
of S with respect to the norm N.
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The simplest kind of norm arises from a scalar product. 'The scalar
valued function (¢, ¢») on S is called a scalar product if:

(@)  (¢1, Aoz + A3d3) = Aa(d1, ¢2) + A3(¢1, ¢3) for N, A3 scalars and
b1, d2, b3 € S;

(b) (1, ¢2) = (g2, ¢1) for é1, ¢ € N;
(¢) (p,¢) > 0foro € S, and (¢, ¢) = 0if and only if ¢ = 0.

The space S is called a pre-Hilbert space with respect to this scalar
product. The Hilbert norm on S is defined by N(¢) = || ¢ || = + (¢, ¢) 2
If the space S is complete with respect to the Hilbert norm, then it is
called a Hilbert space. IFor more details on Banach and Hilbert spaces
see Stone [632], Halmos [309], Riesz and Nagy [572].

For example, the completion of the space Cy*(2) with respeet to the
norm

Mpa®) = sup | Do(0)]
la| <m0
is the space Cy™(Q) of functions f of class C™ in & such that D*f(x) = 0
for x € 92, the boundary of €, and |«| < m. Similarly, the completion
of C*(Q) with respeet to M, o is the space (7 (Q) of functions of class C™
on . The completions of C*(2) and ('4*(2) with respect to the norm

]l/p

IJ],,Q((b) = {L ’¢(1> i]) dV, J

where 1 < p < + o, coincide and can be identified with the space
£,(€2) of measurable functions [ on € such that [f|” is Lebesgue inte-
grable. The special case £,(R2) is a Hilbert space with respect to the
scalar product

UJM=Lﬁ5ﬂﬂMQ

4. Linear opcrators

If S, and S, are Banach spaces with norms N; and Ny, then a linear
operalor 1, on S; to Sy is a function defined on a linear manifold D, < S,
with values forming a linear manifold &y, in S such that for ¢y, ¢ € Dy,
and Ap, Ag arbitrary scalars

L(\¢1 + Noga) = MLy + Aol

The set Dy, is called the domain of L and &y, is called the range of L. The
operator L is said to be bounded if

Nio(l) = sup (Nao(Le)/N1()) < +
€ Sy, %0
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and N is called the norm of L. If D7 = Sy and Ny 5(L) < 4+, then
L is called a lincar transformation on Sy t0 Sy.  The linear transformations
on 8; to S, form a Banach space, denoted by Sy, with the norm N o.

Theorem 5 (Banach-Steinhaus). A lincar operator L on S; to Sy
with ©r, dense in S; can be exiended to a linear transformation on .Sy to Sy
if and only if Nj (L) < 4. In that case the extension is unique.

The operator L is said to be closed if for every sequence {¢,,} in 9Oy, such
that both lim ¢, = ¢ and lim L¢, = ¥ cxist, we have ¢ € Dz, and

Lé = V. The operator L is preclosed if there is a closed operator L such
that L¢ = L¢ on ©r, and Dy, is dense in Dz.  The operator L, which is
unique, is called the closure of L. Tt exists if and only if whenever {¢,}
C Dz, ¢ — 0, and lim L¢, = ¥, then ¥ = 0. 1f L is a preclosed

n—rw
operator on Sy to Sy with domain ©y, then L may be identified with the
extension of I to a linear transformation on the completion of 9y with

respeet to the norm Na(¢) = (N1(¢)? + No(Lg)?) '~

Theorem 6 (closed graph theorem). A linear operator L on Sy to
S with domain Dr, dense in Sy can be extended to a closed linear operator
on all of Sy if and only if Ny o(L) < 4.

1f S, is the space of scalars, then 8,5 is the conjugate space S;* of S,
and the norm N 2(¢*) = N*(¢*) makes S;* a Banach space. 1f S; and
S, are arbitrary, then to every linear operator . on S; to S, there is
associated in a natural way an operator L* on Sg* to S;* defined by

(I*¢*)(¢) = ¢*(L)

for ¢ € Dy, ¢* € Dyx. This operator is called the adjoint of L. The
domain of L* is the set of ¢* € S;* for which there is a constant C such
that [¢*(Lo) | < CN1(¢) for all ¢ € Dr. If 97 is dense in Sy, then L*¢*
is uniquely defined.

The following slight variants of theorems of Banach [23] are often
useful.

Theorem 7a. If S; and S, are Banach spaces and L is a linear opera-
tor with dense domain in S;, and if there is a constant ' such that
N (¢) < CNy(Le) for all ¢ € Dy, then Rz = Si*.

Theorem 7b. If &y« = S;*, then there is a C such that N;(¢) <
CNy(L¢) for all ¢ € Dy, and &y, is the set of ¢p € Sy such that ¢o*(¢2)
= 0 for all ¢o* such that L* ¢2* = 0.
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Theorem 8a. If S; and S, are Banach spaces and L is a preclosed
operator on S; to Sy with dense domain, and if &z, = S,, then there is a
constant C' such that Ny*(¢o*) < ON*(L*¢1*) for ¢1* € Dps, and Ryx
is the set of ¢1* € S;* such that ¢,*(¢;) = 0 forall ¢, such that Le; = 0.

Theorem 8b. If there is constant (! such that
Ny*(¢o*) < ON*(L*po*)
for all ¢o* € D4, then RE = Ss.

Theorem 9. (Ilormander [337].) If L is a closed operator with dense
domain on a Hilbert space S to itself, and if there is a constant C such that
N*(¢*) < CN*(L*¢*) for all ¢* € S*, then there is a bounded linear
operator Ly on S to S such that LL; = 1.

A frequently recurring situation is that of a pre-Hilbert space $ with a
bilinear form (¢, ¥)4 defined on 8, i.e., a scalar-valued function such that

(&, MWy + XaWo)a = Ni(@, ¥1)a + Aa(0, V2)a
M1 + Nodpo, W) a4 = Ai(d1, ¥)a + Aa(d, ¥)a

for arbitrary scalars Ay, Az and arbitrary clements ¢, ¢, ¢o, ¥, ¥y, ¥y €
S. We assume that

N(¢) = S, [(V, ¢)a| < 40

for alt ¢ € 8, and N(¢) > 0 for ¢ = 0. Let 3¢ be the completion of §
with respeet to the Hilbert space norm, and let ©,4 be the completion of $
with respect to N, which can casily be shown to be another Hilbert space
norm. Then there is a bounded lincar operator A on 4 to 3¢ such that
(U, ¢)a = (¥, Agp) for ¢, ¥ € 8. Tet R4 be the closure in 3¢ of the set of
clements of the form A¢, ¢ € 8. If [ is a linear functional on Dy, then
there is a unique u € &4 such that l(¢) = (u, ¢)4 for all ¢ € 8, and we
have || u | = N*(). This element u can be characterized by the
variational principle

lw] =sup inf [[¥{= max min [[V] = sup |U(¢)|/N(¢)
Wp)=1(rp)a=1 Up)=1 (V,p)a—=1 HES,p50
S WES IOV (i lV

the extrema being uniquely attained for W = A¢ = /| w ||°. This can
be used both for numerical computation and for comparison theorems.
It [(6, W[ < Cllo |l | W] for ¢, ¥ €8, and N(¢)> Cy [ ¢ || for all
¢ € 8 and some C; > 0, then ®4 = 3¢, and the representation problem
has a unique solution v € 3¢. TIf (¢, V) is a scalar product on § such
that || ¢ ||k < N(¢) for all ¢ € 8, then, if ¢ is given, there is a unique
w € R4 such that (¢, W)k = (u, V)4 forall v € §, and || u |[< C || ¢ ||&.
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Conversely if, for every ¢ € Sk, the completion of $ with respect to the
norm || ||k, there is a w in 3C such that (¢, ¥)g = (u, ¥), forall ¥ € §,
then there is a constant C such that || ¢ ||[x < CN(¢) forall ¢ € 8. For
this « to be the only element in 3¢ with this property, it is necessary and
sufficient that &4 = 3C.

These theorems enable us to reduce the problem of proving the exist-
ence of solutions to certain types of equations to that of proving a priori
estimates of solutions of related equations on the assumption that the
latter solutions exist.

5. Applications to differential equations

We shall now show what kind of information about a differential
equation is needed in order to apply these abstract theories. We consider
a formal differential operator

Plr, X)u = SX*(py.p(r) X )

where X = [X, ---, Xa] is the symbolic vector with components
X; = i7'D; = i7" 3/dx;, and all but a finite number of the coeflicients
Pag arce identically zero. The operator P is said to be proper in the
domain @ C Ey if pag € C'*N(Q) for all &, 8. Associated with I is the
bilinear form

(6, V)p = Z(X%, Pa.sXp¥)a

which is well defined for ¢ or ¥ € C,*(22) and p, g bounded and measur-
able on Q. The order of P is the largest value of |a|4|8| for which
Pa,p(x) #Z 0. 'The formal adjoint P of P is the operator

P, X)u = SXP (pa.s(x) Xu)

which satisfies the equation

(d): ‘I/)P = (\I/y ¢)1~’

If P is proper and ¢ or ¥ € Cy*(Q), then (¢, ¥)p = (¢, PV¥),. If P is
proper, then the adjoint P* of P in £5(2) is defined for all f € £,(2) such
that for some constant C, |(f, Pé)o| < C | ¢ || for all ¢ € Cy*(2), and
then P*f is the unique g € £5(2) such that (f, ¢)p = (g, ¢), for all

o € C “’(Q) If m is the order of P and f € C™(R) and 7’ is proper, then
P*f Pf. If P is proper, then a function u € £4(Q) satisfying the
equation P*u = fis called a weak solution of Pu = f.

Theorem 10. (Hormander [337].) The equation P*u = f has at
least one solution in £,(Q) for every f € £4(Q) if and only if there is a -
constant C such that Le(¢) < CLy(Pg) for every ¢ € C°(%).



Linear Partial Differential Equations 71

Thus the existence of weak solutions of Pu = f is reduced to the
problem of finding an a priori estimate for solutions of Pv = g with
v € Cy™(Q).

If Q is a formal differential operator such that @ = @ and || ¢ [¢®
= (¢, $)g > 0 for all ¢ € C*(Q) except ¢ = 0, then ((*(?) is a pre-
Hilbert space with respect to the scalar product (¢, ¥) g, and the comple-
tion, denoted by 3¢,(2; Q) is a Hilbert space of functions which, together
with a certain number of their derivatives, vanish on the boundary of ,
in a certain generatized sense. A Q of this type is said to be positive
definite on C(*(2). Similarly, we may define the concept of a positive
definite operator Q on C*(2), and the space 3¢(2; Q) as the completion of
#(Q) with respect to the corresponding norm. The functions in the
spaces 3¢y (2; Q) and 3C(2; Q) have derivatives of certain orders in a
certain generalized sense.

Theorem 11. If () is a positive definite operator on (y*(§2), then there
is, for every f € £,(2), a u € 3y (Q, Q) such that

(19) (f; #)o = (u, d)o
for all ¢ < C*°(Q) if and only if there is a constant €' such that
(20) Ly(¢) < Cl ¢ llg

for all ¢ € Co®(R). Tf (20) is satisfied, then u is unique.
If P is a formal differential operator on € and @ satisfies (20), then
there is, for every f € £5(), a u € 3¢y(2); Q) such that

(21) (f; #)a = (v, $)p
for all ¢ € (,”(Q) if and only if there is a constant Cy > 0 such that
sup [(, ¢)p| > C112(e)

WECT (@), ¥ [lg—=1

for all ¢ € Cy*(Q). In particular, this condition is satisfied if there is a
'y > 0 such that

(22) (¢, &)p| > C1L2(9)]] ¢ |l

for all ¢ € Co®(Q). If (22) is satisfied and there is a constant Cy such
that | (¢, V)p| < Co || ¢ || ¢ | ¥ |lg, then the w in (21) is unique.
There is, for every f € 3C(2; Q), a u € 3y(2, Q) such that

(f,)e = (v, 9)p
for all ¢ € C*(Q) if and only if there is a constant C'; such

JSup (o, W)l > Ci [ ¥ llo
S @, lollg=1
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for all ¥ € Co®(2). In particular, this is true if [(¢, ¢);|> C1 || ¢ [lo®
for all ¢ € Cy*(Q).

Theorem 12. 1f I’ is a proper differential operator on £, then there is,
for every bounded completely additive set function u on €, such a func-
tion » which satisfies

(23) f $dp = f P dv
Q Q

for all ¢ € ((*(R) if and only if there is a constant €' such that

max [¢(z) | < C max | Pg(x)]
e rCQ

forevery ¢ € Cp”(2). Foragivenxy € Q, there is a bounded completely

additive set function v on @ such that

o) = f Po(x) dv

for all ¢ € ('¢*(Q) if and only if there is a constant C such that
[¢(x0) | < C max | Pg(x)]
€ Q
for all ¢ € Cy?(Q).

A solution of (21) is not only a solution of Pu = fin a certain gener-
alized sense, but also satisfies homogeneous boundary conditions in a
generalized sense. In order to pass from such generalized solutions to
ordinary solutions, we must prove regularity theorems which show that
the generalized solutions have suitable differentiability properties, and
we must prove that they have suitable behavior near the boundary of ©
which implies assumption of boundary values in the classical sense. A
related problem is that of characterizing the elements of such spaces as
30 (2; @), that is, of identifying these elements with ordinary functions
having suitable smoothness properties and suitable behavior near the
boundary of . This is equivalent to the question of what proper dif-
ferential operators on £ can be extended to closed operators on 3¢, (S2; Q)
to suitable other Banach spaces.

Theorem 13. 1If Q is a positive definite operator on Cy*(Q) and I’ is a
proper differential operator on @, then I’ can be extended to a closed
operator on 3¢(Q; Q) to £,(2) if and only if there is a constant C such
that

Ly(P¢) < Cll ¢ g

forall ¢ € (4*(2). The operator P can be extended to a closed operator
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on 3Cy(2; Q) to () if and only if there is a constant €' such that
max | P¢| < C |l ¢ |lo
re_Q

for all ¢ € C”(92).
In the first case, for every f € £4(Q), there is a w € 3Co(2; Q) such that

(fy P¢)sz = ('ll, d’)Q

for every ¢ € (y*(2). In the second case, for every bounded completely
additive set function w on @, there is a w € 3¢0(Q; Q) such that

j{;l)(ﬁ dp = (4, ¢)q

for all ¢ € (). If P is the closure of P on 3¢,(2; Q) to C,°(22), then
Pu(x) — 0 as  approaches the boundary of € for every w € 3¢,(2; Q).

One important method of proving regularity theorems is to find an
operator A7 such that the range of M* consists of smooth funetions and
such that J* = (M — I)* is also a smoothing operator. For then the
equation P*u = [is equivalent to u + J*u = M*[ for f € Dy, and the
propertics of © may often be read off from this equation. Similarly, if
there is a one-parameter family of operators U(f) such that U(0) = I
and U'(t) — PU@) = V(t), and if U(t) and V(¢) satisfy suitable condi-
tions, then the equation P*u = f can be transformed into

t t
u = U()*u —f V() *udr -—f U@ *f dr
0 0

which often gives quite preeise information on the smoothness properties
of u.

The idea of studying generalized solutions was introduced in the case
of the Laplace equation by Zaremba [732], [733], and Wiener [713], and
was put on an abstract basis by Nikodym [484]. They were first ex-
ploited systematically by Sobolev [623], [626] and Friedrichs [238], [211],
who showed how to use a priori estimates of the above types to prove
existence and regularity theorems. More reeently, these methods have
been further developed by Garding [267], Browder [81], Visik [660], T.ax
and Milgram [405]. The last authors proved a general existence theorem
under a condition slightly stronger than (22).

As we mentioned before, to look for a solution in some space of the type
3Co(2; Q) amounts to preseribing linear homogeneous boundary con-
ditions of a special type in a certain generalized sense. Aronszajn [11],
Visik [663], Tions [423], Hormander [337], Lions and Schwartz [427]
have given various formulations of other boundary-value problems in a
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function space setting. Unfortunately these involve more technical
machinery so that we must omit a description of these ideas.

A linear transformation L on a Banach space S; to a Banach space Se
is said to be compact (sometimes called completely continuous) if it trans-
forms bounded sets into compact sets. A set @ in a Banach space S is
said to be compact if for every € > 0, there is a number 91(€) such that
there are not more than 91(¢) elements ¢, -- -, ¢p € @ such that
|| ¢: — &; || > efors s j. This condition is also necessary and sufficient
for the closure of @ in the completion of a normed lincar vector space to
be compact. A linear operator L on a dense domain ©;, on one normed
linear vector space S; to another Sy has a compact closure on Sy to S if
and only if there is, for every e > 0, a number 91(e) such that there are
not more than 91(e) clements ¢, - - -, ¢r € D;, such that Ni(¢;) < 1
(1 <j<k)and No(L(¢; — ¢,)) > efore s j.

There is a very complete theory of equations of the form f — ALf = ¢,
where L is a compact transformation, due to Riesz [569] and Hildebrandt
[319] (see Banach [23], Ricsz and Nagy [572]), which gencralizes the
qualitative part of the Fredholm theory of integral equations. For
example, the cigenvalues of 1. are discrete and have no finite limit point.
Their distribution can be estimated in terms of the number 92(e), which
measures the degree of compactness of the transform of the unit sphere
of S; by I.. Estimates for 91(e) have been obtained in some cases by
Erdés and Rosenbloom [189] and Kolmogorov [376].

In the theory of partial-differential equations, the following theorem
of Rellich [563] is of great importance.

N
Theorem 14. Let Q. = (—A)* = (3 X,»*, where A is the Laplace
1

operator in £y, and let @ be a bounded domain in £y. Then the set of
w € 3Cy(2; Q) such that || u [lg, < 1 is compact for k < n.

Lrdos and Rosenbloom have estimated 91(e) in this case.

If Q is a bounded domain in /, then we can find, for cach § > 0, a set
of functions ¢y, - - -, ¢x € Co”(Fn) such that ¢, > 0 in Iy, ¢, =0
outside a domain ©, of diameter less than 8, and ¢, = 1in Q. The set
{2} is called a partition of unity on Q. Choose a point 2, in Q;, and set
v; = ¢;v s0 that v = Z¢jv;. 1t is convenient to introduce the operator

Fﬂ'j = [Xﬁ, ¢J] defined by
Fg o= XP(¢) — ¢,(XPp)

which is an operator of order |8]| —1. Then the equation P(x, X)u = f
implies that

K
(24) Z Pior = ¢,f =1,

k=1
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where
Py = &1 P(Ij, X) — Z‘\"’cag,»‘\’%k
a.f
+ D (FajpasNPor + N pap(e;) Fabr)
a.f
and

(5(,,,3,](1') = ¢j('73>(77a5(-7') - p11ﬁ(1j))

Thus the equation Pv = [leads to a system (24), where Pj; is the sum of
an operator with constant coefficients, an operator with small coefficients,
and an operator of lower order. Consequently the theory of partial-
differential equations with continuous coefficients can be reduced to the
study of the perturbation of operators with constant coefficients by
operators of the latter types. In a wide elass of important cases, an
operator with small coefficients can be transtormed into an operator of
small norm in a suitable function space and, by Rellich’s lemma, an
operator of lower order can be transformed into a compact operator, so
that the Riesz theory can be applied. Turthermore, in these cases, the
system (24) is fully equivalent to the original equation Pv = f. Thus a
detailed study of equations with constant coefficients is fundamental for
the gencral theory, both for the solution of problems with variable coef-
ficients as here indicated, and for the insight it gives in suggesting the
type of generalizations to be sought for. The Fourier and Laplace trans-
formations, and various other operational caleuli, are very powerful tools
in the theory of equations with constant coefficients.

FOURIER AND LAPLACE TRANSFORMS. OTHER OPERATIONAL
CALCULI

1. Fourier transforms

If f € Cy®(I)y), then its Fourier transform is defined by
FNE = f J(&) exp (—2mi(x-£) dV,
En

and §f € C,*(Ky) also. This transform has the following properties:

(25) (a) Tf P is a polynomial on /My, then $(I2(X)f) = P(2x§)Sf; if
E = (&, -, En], Ej = 17 9/9t,, then P(Z)5Sf
= F(P(—2m2)f).

) F(fr*fe) = (F1)(Ff2), where
i) = | file — ) f2(y) dVy;

EN

F(f1f2) = (§1)*(572).
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(¢) Fork € Ey, (5/(x + k))(&) = exp 2mi(E-k))(F/)(&);
(F(exp (—2mi(x-k)) f(@))(E) = G+ k).

(@) If pis a nonsingular linear transformation on Ey to Iy and
q is the transformation such that (¢f)-(pr) = £-z, then
(Ff(p2))(€) =] det p|~(5/)(gd).

(6) It f(t) = fl(x(l)) fZ(w(z))r where x(l) = (xly Tt ‘Tm) € Em,
and @ = @4y, -+, ) € Ey_n, then (F£)(§)
= () ED) 6)ED).

(f) iff@) =gl z]), then

)@ = 20 €17 [ g0) Tut2er | & 0772 ar

0

where J3, is the Bessel function of order £ and k = (N — 2)/2.
(9) Ifa>0,then F(exp (—a | = [|?)
= (r/a)¥? exp (—=* || £ [[*/a).
W) T2 = Lalf); G, Sy = G )
@) GEMN(—) = f(x).
() 1< p<2 p+ q=pq there is a constant ', such that
L,(5f) < CpL,(f)(sce Titchmarsh [647]).

These propertics hold for much wider classes of functions than
C*(Ey). We shall use them freely without entering into details about
the exact conditions for validity.

If § is a testing space, then we denote by §8 the set of all Fourier trans-
forms of clements of 8. "T'he Fourier transform of a testing space is again
a testing space, with the natural topology that ¢, — 0in F$if and only
if ¢ — 0in 8.

The following relations hold between the testing spaces introduced
previously:

(26) SC\°(Ey) = C,°(Ey); 5C,*(Ey) = 25if 1 <p < 4o, p+q=
pq, then §%, = Z? and §Z,7 = Z,°

The corresponding relations for Z,”, ¢ < p, are more complicated and the
complete answer is not known. For some applications it is important to
formulate the known results more precisely.

Theorem 15. If ¢ € Z7, p>1, ¢ > 1, then ¥ =F¢  Z,,
r=gq/lg—1, s=q/(p—1). If |¢()|< Crexp (Cz]z]") for all
2 € Cn, |lo@)| < Ciexp (—=Cy |z ||9) for all x € Ky, ("4 >0, then

W) < OV exp (= Co(l| £1/C7)")
for all £ € Ky, where C; = max ((Cy 4+ C)VP, (Cy + CHC,7), and
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(5 and Cg depend only on p, ¢, Cq, C3,and N. For ¢ = E + i, &9 € En,
W (@) | < CsCa N Texp (CoCq™H 9 || 9|7

where Cg and Cy depend only on Cz, q, and N. If ¢ = 1, then ¥(¢) is
analytic in the tube || 5 || < C4/(27), whereas if 0 < ¢ < 1, then

[Ew (@) | < CroCaN11@aCTHOM LN + Jal)/g)
where ("o depends only on Cy, ¢, and N.
This result was stated for N = 1 in a special case, with a sketeh of a
proof, by Silov [(613].

If 8 is a testing space and 7' € §*, then the Fourier transform of 7' is in
(38)*, and is defined by

(ST)(5¢) = T(6(—2))
FFor example, we find that for the Dirac delta we have
Fo.0 = [oxp (—2mi(ry-£)]

It is casy to extend most of (25) to distributions.

2. Laplace transforms

The Laplace transform of a function f € Cy*(Ey) is defined by
@@ = [ S exp (=2ea-0) v
En

where ¢ = & + in, £ 1 € En, so that
(L)) = () exp (=2(, 2))) (n)

The inversion formula is

J() = f () (5) exp @r(-0) dVy
In

The properties of the Laplace transform can easily be obtained from
those of the TFourier transform:

(27) (a) If P is a polynomial, P(3/35)Lf = (L’(—2mx) f(x)),
LP(/dn)f = PR2r)eLf.
() If k& Ey, then (£(f(xr + £)))() = exp Cr(k-))(LN():
(L) exp 2a(e-R)))(E) = (LHE — k).
(¢) If p and q arc as in (25d), then (L£f(px)) ()
= [det p| 7 (€/)(¢0).
d) e(f*g) = (&N)(Lg); £(fg) = (LN*(Lg).
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(¢) Lo(&f(t + in) = La(f(x) exp (—2m(z-¥))) for § € b,

where the norm on the left is taken with respect to ».

Let © be a convex domain in Ey and let F1() be the set of functions f
on Ey such that f(x) exp (—2w(x-£)) € L2(Ln) for all £ € Q. Let
@5(2) be the class of functions F(¢) which are analytic in the tube 3(),
consisting of all ¢ such that ¢ € @, and such that, as a function of 7,
F(t + in) € £o(Ey) for all £ € Q. The basic theorem is:

Theorem 16. (Bochner and Martin [60], Leray [408].) The operator
£ maps F;(2) in a one-to-one manner onto @3(£), and

Lz (L)) (E 4 1) = Loy(f(2) exp (—2m(x-£)))
forall £ € Q.

Corollary 16a. Tet £/(2) be the set of all sums of a finite number of
distributions of the form X¢[f], where f € F;(2), and B2(2) be the set of
finite sums of products of polynomials in { by functions in @»(2). Then
£ maps E(®) in a one-to-one manner onto ().

Here we have used the concept of the Laplace transform of a distribu-
tion (Schwartz [604], Garnir [272]). If T is a distribution on a testing
space 8 such that exp (—2x(¢-2))T = T, € 8*for § € Q, then we define
the Laplace transform of 7" by £T(¢) = §T}, so that for ¢ € 8, £T'is the
function on Q to (F8)* defined by

(£T)(F) = Ty(d(—2)) = T(exp (—2n(t-2)) $(—2))

If P is a polynomial on Ky, and w is in the testing space 8, and P(X)u
= [, then §f = P(27£)Fu, so that

w =g (PEr)T'F)) = §T(PQ2rE) )Y = B

where
E(r) = $(P@2rt) ") (—x) =f P@Erg) " exp 2ri(e-£)) dVy
EN

= @2n~Y f, PE™ exp (i) dVy

"The first formula for w is rigorously true for u € 8. If ()" € £,(En)
for some p, 1 < p < 2, then E(2) exists in £4(Ey), whereq = p/(p — 1),
and the other representation formulas are also true in the usual sense.
If P(¢) # 0 forall § € Iy, then I is a distribution, in general, and u can
be obtained from the formula

w= (1 — A)"*f)
(@) = P+ 4x® | £[5) 7)) (=)
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for m sufficiently large. If P has real zeros, then the formulas for /£ are
usually meaningless as they stand, and must be interpreted by some
device.

Similarly, if w and fare in I, (2), where € is a convex domain in Ky, and

28 P(a> =
(28) )=

then
w=LeTYPRr)TIL)) = K¥f

where = 7Y P@2x¢)™Y). If P(2r¢)! is bounded in the tube 73(2),
then the operator
Py = £THPRr)TIL))

maps I, () into itself, and yields the unique solution in F'((2) of (28) for
f € Fi(Q). Toevery convex domain @ such that P(27¢) ™" is bounded in
3(2), there corresponds an inverse operator to the differential operator
P@3/dx). The study of the maximal domains € with this property is the
basis of Leray’s theory of hyperbolic equations (Leray [H408]).  Of course,
F is again, in general, a distribution.  If P27¢) # 0 in 3(2), we may find
a polynomial @ such that (Q(2x¢) PP(27¢)) ™" € @2(2), and then

J
I = Q(&j) (EHf), Ey = e7Q2r) ™ P2 ™)

Tor further information on FFourier and Laplace transforms, see Titch-
marsh [6:47], Bochner and Chandrasekharan [59], Sneddon [619], Doetsch
[156], Widder [710], Van der Pol and Bremmer [658], I'riedman [237].
3. Systems of partial-differential equations and potentials

If w and f are functions on Exn to Ky and P(§) is an M X 3 matrix
with polvnomial elements, then the abhove formulas still apply, with the
obvious reinterpretations.  In many problems it is useful to introduce
the matrix ) such that

PE) Q&) = Q) PE) = DEI

where D(¢) = det I’(£) and 1 is the identity matrix. If wis in the testing
space S(M X 1) and P(X)u = f, then

0w o= FHQEE) D(2rE) TIF))
()(A\’) A

It

where
\Ir

il

FHD2rE)7'FS)
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which may be called the poteniial of the vector field f, satisfies the system
DXV = f

in which each scalar equation contains only one unknown scalar-valued
function. These formal considerations can be justified rigorously for a
wide class of systems, so that every solution of such a system can be
represented in terms of a potential satisfying the diagonalized system.
It is clearly sufficient to find a matrix Q such that PQ is diagonal, and
this is more convenient in many problems. If ¢ is a fundamental solution
for the operator D(X), then the matrix @ defined by

Py = QX)(¢7)

where v ranges over 1y, is a fundamental solution for the operator I’(X).

For example, in the case of Maxwell’s equations for a homogeneous
dissipative medium, with units chosen so that the velocity of light
¢ = (ue) % = 1, we have

J oE oB

Pl—)EBl=|-—+AE—-VxB —+V x E|=|F, G|
ar 0xy 0x4

where x4 = {is the time coordinate, X = o/¢, F = —J/¢, and G may be

thought of as a “magnetic current,” ordinarily set cqual to zero. If ¢

denotes the 3-dimensional vector (£, &, &), then the matrix Q(§) such

that

Q®la, B = [(¢4° + Nes)a — £t @)
+ £a(E % B), (£a% + Ne)B — E(E-B) — (&4 + M) (E x a)]

satisfies

PEQE) =p®) A),  p@) =& = [[£]> + 2y
A®)[a,B] = [(Es + Ne, £48]
If [Y, Z] is a solution of

Jd J ) T
() ()nn-ine

then Q(8/4x)[Y, Z] is a solution of Maxwell’s equations. The vectors
Y and Z are cssentially the Hertz clectrical and magnetic potentials. If
we combine these remarks with the known formula for the solution of the
Cauchy problem for the wave cquation (Hadamard [308], Riesz [574],
Baker and Copson [22]), we obtain the explicit formula for the solution
of the Cauchy problem for Maxwell’s equations, found independently by
Durand [173] and James [349].
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The theory of monochromatic waves leads to the system (Bateman
(271)

J
P<6~—>u=VXu+)\u=f, AN=0
x

The matrix @, defined by
Q) =Aa+ A7) — £ x @

satisfies

PQ = QP = N+ [ £|)]
so that the solutions of the Helmholtz equation
A2+ AV =f

can be converted into solutions of Pu = f by the formula

d
u= Q(a—)qr =N AT V(YY) -V x W
v
The matrix @ which, operating on any constant vector v, produces
d

:>(¢v), o(r) = oxp (W)/(m), 1=zl
ax

)y = —Q(

is a fundamental solution for the operator P. In the theory of this
cquation, “Maxwellian” potentials of the form

v(x) =f¢>(.v — ) £fy) dV,

play the same role as Newtonian potentials in the theory of the Laplace
equation.

In some problems it is convenient to perform a transformation only
with respect to some of the variables. Consider an equation of the form

m a a k
> A <t, aT) (52) u = f(i, x)
k=0 .

where A4 ©) is a polynomial in £ with coefficients which may depend on
(. Let U(t, ¢) be the Laplace transform of u with respect to x € En.
Then U satisfies the ordinary differential equation
m de
2 Ar(t, 2m0) — = &f
k=0 dl

with ¢ as a parameter. Even if the coefficients Ay are independent of ¢,
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it may be advantageous to use this approach. Thus the solution of

&*u

J
(29) -— 4+ Ao <_) w =1 u(0, 2) = u(l,x) =0, (x € EN)
at* dx
is .
u(t, x) = et <j G, 7;110(27r’§)1") LN, 0) dr)
0
where
G, 7;N) = sin (A sin A (L — 7))/A sin A, 0<t
G, N) = Gz, t;N) for 0<r<t<1

IA

r<1

If there is a convex domain @ in Ky such that |A,27¢) — n*x®| is
bounded from below for n = 1,2, - -+, and all { in the tube 3(2), then
there is a unique solution w € I7;(2) of (29) for every [ € I7,(Q).

4. General remarks on operational calculi

There is a well-known operational caleulus for normal operators and,
in particular, for Hermitian operators in Hilbert space (see Stone [632],
von Neumann [480], Murray [476], Ialmos [309], Nagy [479], Riesz and
Nagy [572], Akhiezer and Glazman [3]). Dunford [171] and others (sce
Hille [320], Dunford and Schwartz [172]) have developed a powerful
generalization to a class of operators in Banach spaces. Other operational
calculi are due to Fantappié (see Lévy [419]), Waelbroeek [668], Arens
and Calderon [5]). The essential problem is to define f(T), where 7' is a
linear operator on a linear vector space S to itself and fis a function
defined in some domain of scalars. If fis a polynomial with scalar cocf-
ficients, then f(7") is well defined, and

U(T) = J(T) g(T), ([ + (1) = J(T) + g(T)
MT) = fg(T) if AN = Jg(N))

where [ and ¢ are polynomials. An identity between polynomials in a
scalar variable carries over to polynomials in 7. The object of an opera-
tional calculus is to assign a meaning to [(T7) for a wider class of functions
in such a way as to preserve these properties and, usually, some limit
relations as well.

In most cases where an operational caleulus has been developed
rigorously, the operators f(1") actually have the desired properties when
acting on a wider class of functions than is included in the rigorous
theory. Often a further direet analysis establishes these results with
greater generality and sharpness. Similarly, heuristic arguments based
on the assumption that the operators f(1") exist and have the desired
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properties often lead to the discovery of results which can be established
directly, in spite of the fact that the existing operational caleuli are
insufficient for this purpose.
For example, the operator exp (11.) is the solution of the differential
equation
U@ — LU@®) =0, Uo) =1
The identity

r'(z)a=* =f exp (—ah)F ' dt
0

valid for ®a > 0, ®z > 0, leads to the equation

@

(=) % = l‘(z)"lf LU di
0
Similarly, the identity

(s —a)™t =fw0xp (at) exp (—st) dt
for (s — a) > 0, leads to ’ .
(sI — 1)™! =f exp (—st) U(t) dt
0
thus expressing the solution of — Lu + su = f as the Laplace transform
of the solution of the equation
ou = Lu, uo)=s
at
Thus, if Lu = —du/dx, then (U®) N(x) = f(x — 1), and

(—=L)=N () = 1) f = ) S dy

—00

which is one useful definition of fractional integration (Weyl [704], Riesz
[573]). If . = Ain Iy, then U(f)f is the solution of the heat equation:

U NHE) = L K(t,x — y) f) dV,,

K(t,2) = (brt) N2 oxp (= || 2 ||?/41)

Then
(=) 7N ) = Cn () ‘ | &=y l>* N1 dv,
where -
Cn(z) = T((N/2) — 2)/4°xN2 1(2), 0<® < N/2

which is the Riesz potential for the elliptic operator —A (Riesz [573]).
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Furthermore, we have

«d—AY%@%i£¢®%Hx—ymﬂwd%

where /
o(s, 2, 1) = 1'(2) 71 2dm) "N 2(r?/45)?12 Ky (s'r)
where p = z — N/2, and K, is the modified Besscl function of the third
kind (Erdélyi [187]).
If U(t) is the solution of
U’'@) + 'k U'() + LU@) =0, Uwo) =1

then
U(t) = FL(L%) = Ux(®)

(=2%/9™
Ptk +1/2) ; m!l'(m + 14+ (b — 1)/2)
P((k 4 1)/2)(/2) " PP g j2(2)

fork = —1, =3, =5, --+. We can read off the propertics of Ug(¢) from
those of Bessel functions (Iirdélyi [187]). For example, Sonine’s first
integral formula

w2
2T (p + DJpyp1(z) = z""”f J,(z sin 0) (sin 0)* ! (cos 0)%#H1 do
0

where

Fi(2)

Il

valid for ®p > —1, ®u > —1, leads to
UppalD) = (M(a/2)T((k + 1)/2) 72" 1((k + a + 1)/2)

/2
f 7, (tsin 0) (sin 0)% (cos 0)*~" df
0

for @l > —1, Ga > 0, which shows that, if U() is known for one value,
ko, in the half-plane Gtk > —1, then it can be determined for Gk > Gtko.
Let

Ti(s) = s DU

uww=r@*fw~awvww
0

the latter being a Ricmann-Liouville fractional integral. Then
Uit = T((k + 1)/2)7 1((h + a + 1)/2)J*2 T,

which can be used for the evaluation of Uy for other values of k; for
example, by analytic continuation with respect to a (Riesz [573]), or by
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the formula J =t = (d/ds), so that

e
k—2m—(k_l)(k_g)...(k%:l—%n) ds *

for any positive integer m. If L. = —A in Iy, then

Ura@D@ = x® D7 [ gy aa,
aS (x.t)

here wy is the area of the boundary of the unit sphere in /£y, and aS(x, t)
is the boundary of the sphere S(z, {) with center at x and radius ¢. The
above formulas then yield many of the recent results of Weinstein and
his associates (Weinstein [696], Diaz and Weinberger [152], Blum [55],
Davis [131]) on the Tuler-Poisson-Darboux equation. (Sce also Rosen-
bloom [579], Fricdman [236], Lions [426], Zitomirski [738]). In particu-
lar, the case & = 0 yields the solution of the wave equation. The opera-
tors U(t) were used for the proof of differentiability thcorems for
solutions of elliptic equations by John [355], [356].

5. Theory of semigroups

We shall desceribe now the operational calculus arising in the theory of
semigroups because of its special importance in the theory of partial
differential equations. A number of recent developments have shown
this to be a very powerful tool, which is certainly far from being fully
exploited at present.  (See Hille [320], Yosida [717], [731], Feller [204],
Phillips [517], Lions [423], Lax [103], Rosenbloom [580].)

A semigroup is a onc-paramecter family 7'(f) of continuous lincar
operators on a lincar topological space S to itself such that T'(¢, + t2)
= T(t;)) T(ly) for ty,t; > 0, and T'(H)u is a continuous function of ¢ for
t > 0and u € 8. The infinitestmal operalor is defined by

T'O)u = lim t™(T (1) — DNu
t—0
whenever this limit exists. The operator 77(0) need not be eontinuous
nor closed. 1ts closure, when 1t exists, is called the infinitesimal generator
of the semigroup. If U is the infinitesimal generator of the semigroup,
then w(0) = T(Ouy € D for t > 0 and W' (1) = Uu(t). We shall con-
sider only semigroups such that ©g is dense in 8. If wy € Dy, we have
TOuy — 1y as t — 0. If this is satisfied for all «y € S, then we shall
say that the semigroup is of class (Cy). In that case Dy is closed.
TFormally 7'(¢) = exp ((U), so that the problem of determining a semi-
group generated by a given operator is equivalent to that of defining the
exponential function of the operator. The remark on p. 83 shows
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that A\ — U)™" = R(X\; U) is the Laplace transform of T'(?), so that we
can expect an intimate connection between the semigroup generated by
an operator U and its resolvent R(\; U).

The following theorem was obtained in 1953 by Feller [208], Miyadera
[459], and Phillips [516]:

Theorem 17. A nccessary and sufficient condition that a closed
operator U on a Banach space S generate a semigroup of class (C'y) is that
9y be dense in S and that there exist constants B and w such that

N@RN U)) < BN —w)™
forallA > wand alln > 0. In thiscase, N(T(t)) < Bexp (wf) for{ > 0.

Corollary 17a. 1f U is a closed operator on a Banach space S with
dense domain, and if AN (R(\; U)) < 1 forall X > 0, then U generates a
semigroup of class Cy and N(7T'(1)) < 1fort > 0.

This important corollary was discovered by Hille [320] and Yosida
[717] in 1948.

The condition ((p) can be relaxed in several ways. A semigroup 7'(7)
is said to be of class (1, A) if: (1) lim N(T'()) — T'(y)) = Oforty > 0; (2)

t—p

1 0
fN(T([)) dt < +o»; and (3) hm )\f exp (=N) T({) udt = u for all
0 A—0 0
u € S.

Theorem 18. (Phillips [516].) A necessary and sufficient condition
that a closed operator {7 on a Banach space S gencrate a semigroup of
class (1, A) is that: (1) Dy is dense in S; (2) N(R(\; U)) = 0QA™") as
N — -+ w; and (3) there exists constants B and o such that for n > 0

7]

f NTUN@BRO+ w; U)"TY) dN < B/n
0

Corollary 18. If U satisfiecs (1) and (1) NR(e 4 7; U)) <
B/(c — w +|7]?) for ¢ = G\ > w and some 8 > 1/2, then U generates
a semigroup of class (1, A).

Phillips also obtained important results on the perturbation of the
infinitesimal generator of a semigroup.  Related results in a somewhad
different. direction were obtained by Rosenbloom [580].

If Vy,---, V, are operators such that 1, — ([ 4 UA4) = 0(Al)
where ZAf, = ¢, and { is given, then we may expect that under quits
general conditions :

im V,Vy .-V, =1
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TFor example, if 7'(¢) and all finite products of the V’s arc uniformally
bounded operators, and if the above asymptotic relation holds uniformly
on some dense domain in S, then this process of “product integration”
yields a construction for 7'(¢). This method was introdueed for ordinary
differential equations by Schlesinger [600], and was gencralized to Banach
spaccs in the case where U is a bounded operator by Birkhoff [49]. A
result of the above general type was obtained by Lachterman [393], who
applied it to the heat equation. In particular, we may choose Vy =
(At) " R((Aty) ™Y U). This was done for a class of parabolic equations
by Rothe [581], and was used by Yosida [717] in the general case to
establish Corollary 17a.



CHAPTER 3

@]ENERAL THEORY OF EQUATIONS
WITH CONSTANT COEFFICIENTS

TIIE WORK OF EHRENPREIS, MALGRANGE, AND HORMANDER

1. General existence theorems

We shall now give an account of recent work by Ihrenpreis [175],
Malgrange [135], and Hormander [337] on equations with constant coef-
ficients. The work of the first two authors and some of the results of the
latter are couched in the language of the theory of distributions, but as
is usually the case in concrete applications, one can extract from their
proofs much sharper results by Banach and Hilbert space methods. The
basie step is to obtain, by the use of Fourier and Laplace transforms,
a priori estimates of the kind indicated in Theorems 10 and 11.

If P is a polynomial of degree m on Il y, then we call its homogencous
part of degree m its principal part and denote it by p(§).  We begin with
the following theorem which is due to Ehrenpreis for ¢ = + o0, Malgrange
for ¢ = 1, and Hormander for ¢ = 2.

Theorem 19. l.et I be a polynomial of degree m on ISy with prin-
cipal part p, and suppose that n € Ky, 7]l =1, p(m) = 0. Let
f € C*(ky) be such that f(x) cosh 27 (x-9)) € £;(Ky). Then for
1 < g £ =, we have

Ly@ ) < a7 p)| " H{Ly(n; § P(N)) Ly(—n; 5 P(X) )}

where
I 1/q

Lyn; F) = {f 1"'(£+/n)l"(”}] : I <¢g <+
EN
L,(n; F) sup [ F(& + ) |
FCEN

I

and ) ,
L,(F) = L,0; F)
88
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Proof. If ¢(2) is an analytic function of the complex variable z =
x + 4y in the strip |y| < 1 and continuous in |y| < 1 and is O(exp (exp
(e]x]))) there for arbitrary € > 0, then log k,(y; ¢) is a convex function
of y for |y|< 1, and in particular, h,(0;¢) < (he(1; ¢)hy(—1;¢))'%,

where
1/q

he(y; ¢) = (f |(x + 1y) |2 dy)

(See Gabriel [256].) We apply this to the function A (2) F(2) /G (2), where
A(2) is a polynomial of degree m, A(z) = a,2” + - -, F(2) is analytic
and satisfies the above growth condition in the strip, and ((z) =
11g(z; z1), the product being taken over all zeros z; of A in the strip; and
g(z; 2;) is a function which maps the strip conformally onto the unit
circle [w| < 1 and the point z; into 0:

sz = oY e, W) = e (2/2)

RZk) = — o = — 2k) Y\%2; %k), = exp (mz/
T + Y@

We have h,(£1;¢) = h,(1; AF), while hy(0;¢) > |a,.|* "h,0; F),
since, if  is real and |yx| < 1, then |[y(x;2x)| < 2, whereas if |y > 1,
then |x — 2| > 1 > 1/2. Hence, for arbitrary A > 0,

2y (0; )T < (27 | am )10k (1; AFY 4+ N hy(—1; AF)?)

We choose a coordinate system such that 7 = [1, 0, 0, - - -] and apply this
incquality to I'(z) = (5f)(z, &, - -+, &v) and A(z) = P2z, 2ny, -+ +),
then integrate with respect to £, - - -, £y, and minimize the right-hand
side as a function of \.

Corollary 19a. 1f [ € (,”(Q), where @ is a domain in Ey such that

]

R = sup |x;| < 4=, and if P is a polynomial of degree m on Ey, and
€ Q2
p(1,0, -+, 0) = po # 0, then Ly(F)) < (/x| po|) L,(FP(X)[).
This follows from a theorem of Plancherel and Poélya [525] (see Boas
(57 %).

N
Corollary 19b. Let Qu(X) = (1 + 2. X% = (1 — A)*.  Then,
7=1

under the hypotheses of Theorem 18, for k> N/(2r), where r =
q/(q — 1), there is a constant € such that

Mo(f) < C{Lg(n; FQu(X) P(X)[)Ly(—n; FQu(X) P(X) )}
forall f € C,*(Ey) such that f(z) cosh 27 (x-9)) € £,(#£y). If Qand P

*If the strip || < 1 in the above proof is replaced by |y| < m(27R), then we
obtain this inequality with the coefficient |py|~1(2¢R/m)™.
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satisfy the hypotheses of the first corollary, and [ € Cy*(2), then
Mo(f;2) < Cexp 2R) L,(3Qr(X) P(X)))
Application of Theorems 7 and 8 yield:

Corollary 19¢. 112 < ¢ < 4wandh > N/(2r),r = q/(q — 1), then
for every completely additive set function u on £y, there is a function
¢ € £,(Ly) such that

(30) f Jdu = f (Qr(X) P(X)f) ¢(x) cosh (2x(x-7)) dV»
EN EN

for all f € (1°(Q) such that cosh 2n(x-9)) Qu(X) P(X)f € £,(Fy). If
k> [(N + 2)/2], then there is for every such g a bounded continuous ¢
which satisfies (30) for all f € (',”(Ky) such that cosh 2x(x-9))Qr(X)
P(X)f € & (Ey). If @ and P satisfy the hypotheses of Corollary 19a
and 2 < ¢ < +o and k£ > N/(2r), then there is, for every completely
additive set function u on € a function ¢ € £,(2) such that

31 f f = f $(Qu(N) P(X)f) V"
for all f € Cy*(Q).

Tet @ be the set of points in Ky of the form x — y, where ., y € Q, and
let Q7 be the set of points of the form o + y — 2, where v, y, 2 € Q. Let
¢ be a function which satisfies (31) for the domain € and ¥ = §,, the
Dirac delta with singularity at the origin. lLet By(r) = ¢(—x) for
x € @ and By(xr) = 0 otherwise. Then

[ = Qe(X)(B*P(X)))

for all f € Cy*(Q). Ifg € Cy*(Q) and [ = Qp(X)(By*y), then P(X)f = ¢
and [ € (7).

Corollary 19d. l.et {Q,} be a sequence of bounded domains such that
Ex = UQ, and no point of /£y belongs to more than a finite number of
the domains Q,”. Let ¢, € (4*(Q,) for all n and Z¢,(xr) = 1 for all
r € Ex. Then for ¢ € Cy”(kiy), the function [ = ZQL(X)(Bg, *(¢,9))
€ C°(Ey) and P(X)f = g.

Corollary 19e. If Q and P satisfy the hypotheses of 19a, then for
every WV € £4,(Q), there is a ¢ € £5(2) such that

¥, Na = (u, P(X)f)o
for all f € C'y*(Q).
This corollary ean be made more precise by the use of Theorem 11.
Let Q(X) = P(X) P(X). Then by Theorem 13, the operator P(X) can
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be extended to a closed operator P on 3¢y (2; Q) to 3¢y(2; Q). Then by
Theorem 11 we obtain

Corollary 19f. TIf f € £4(2) and Q and P satisfy the hypotheses of
19a, then therc is a unique u € 3o(2; PP) such that

(f, &) = (pu,, P(X)¢)q _
for all ¢ € Cy*(Q).

Hormander’s inequality (Corollary 19a, ¢ = 2) can be casily gener-
alized.

Corollary 19g. 1f Q is a nonnegative polynomial of degree m on Ky
with principal part ¢(¢), and ¢o = (1,0, - -+, 0) = 0, and il £ = sup | x|
< 4o, then T

Ly(f) < (exp 2xR)/7"qo) | f llo

for all f e (7()50(9)

Corollary 19h. 1f P is a polynomial such that ®/?(¢) > 0 for all
£€ Ky, and Q = (P + P)/2, and Q and @ satisfy the hypotheses of 19g,
then for all f € £5(Q) there is a u € 3¢,(2; Q) such that

(f, ¢y = (u, P(X)¢)n
for all ¢ € Cy*(2).

All of these results can easily be generalized to systems of equations
by the methods of the preceding section.  Fuglede [250] has some im-
portant unpublished results in this direction.

The proof of Theorem 19 suggests an explicit formula for a fundamental
solution.

Theorem 20. let P be a polynomial of degree m with prineipal part
p and suppose that p(1, 0, -++,0) = 0. Fort® = (&, -+, ty] € Ky
let (I(z, £® = Ilg(z; z), the product being taken over all zeros of
P2rz, 20£?) in the strip |y < 1. let

® exp (—2wixyo) do

1
r, (2), ) = __f _ N
Flrn £ 2riJ_, (o 4 N, §2) (0 + N = £)(0 + N — 20)

and let
G(E, D) (8 — 20) .
By(: :f — S S {B(_ ,5(2), 1)
MO = ) e K
X exp (2mxy + 2wi(0 @ £2))
— B(—ry, EP. —1) exp Cmry + 2mi(x@ - £@))} d Ve
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Then Bi(x)/ cosh (27x;) is a bounded continuous function on fy for

k> [(N 4+ 3)/2], and
1(0) = f Bu(—2) (@u(X) P(N)) (@) dVz
EN R

for all f & C*(Iy) such that cosh (2ma))Qx(X)P(X)f € £,(I/y) and
more generally

= QX)(B* P(X)))

Other general formulas for fundamental solutions were found inde-
pendently by Tréves [652] and Héormander [339].  The latter has shown
the existence of fundamental solutions with important smoothness
properties. John [352] has given an explicit formula for a fundamental
solution for an arbitrary linear elliptic operator with analytic cocfficients.
Other formulas for fundamental solutions for special classes of operators
were given by Fredholm [234], Zeilon [734], Herglotz [316], Riesz [574],
Garding [261], [262], Leray [408], de Rham [567], and Fourés-Bruhat
[233].

2. General regularity theorems

We turn now to the question of when a differential operator K(X),
where K is a polynomial, can be extended to a closed operator on a space
of the type 3¢,(2, Q). The problem is essentially to translate the criteria
of Theorems 3 and 13 into more applicable form. It is easy to prove.

Theorem 21. 1f K and @ are polynomials and ¢) > 0 on Ky, then
K(X) can be extended to a closed operator on 3C(Lfy, @) if and only if
there is a constant (' such that |K ()% < CQ(¢) for all ¢ € [y, This
condition is sufficient for K (X) to be extendable to a closed operator on
3o (2, Q) to £2(2) for an arbitrary domain Q@ C FExy.

In his thesis [337] Hormander gave a complete solution of this problem
for a bounded domain in the case where Q = °/”. In a recent letter to
the author, he gave the solution of the general problem. The solution is
conveniently expressed in terms of his concept of relative strength of
differential operators. He says that P is weaker than Q if there is a
bounded domain @ in Ey and a constant C such that L,(/’(X))¢)
< CLy(Q(X)9) for every ¢ € Cy*(2). We introduce the polynomial

PHO = 2 POOPO®
where *

P&y = (Z*P)(®
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Theorem 22. 'The polynomial P is weaker than Q if and only if
|P(£)|%2/Q'(§) is bounded in Ky, and then for any bounded domain
Qe fiy and any 1 < ¢ < 4=, L,(5P(X)¢) < CL(FQ(X)¢) for all
¢ € ('y°(Q). If Qis nonnegative on /fx, then there is a bounded domain
2 and a constant ' such that | (¢, P(X)¢)o| < C | ¢ [|* for all ¢ C
C'y”(Q) if and only if I is weaker than Q, and then this condition holds
for all bounded domains. If @ is nonnegative on Exy and K is & poly-
nomial on F/y, then the operator K(X) can be extended to a closed
operator on 3¢y (8; Q) to £5(2) for some bounded domain if and only if KK
is weaker than Q, i.c., |K(£)|*/Q*(¢) is bounded on Ky, and then this is
true for every bounded domain.

A major step in the proof of this theorem is
Theorem 23. 1If P and Q satisfy the hypotheses of 19a, then
Lo(F(EFP(X) ) < 25ml/(m — k)Y exp 27R) L,(FP(X)J)
LFPX 4 M) f) < (1 4 2|X])" exp 2aR)L (TP (X))

for | < g < Hoallf€ C°(Q), 5 =[1,0, ---,0]. If Qis bounded and

a = sup || 2 ||, then
Q2

L FP@ (X)) < (m!2lelexp (2rNa)/(m —|a|)!) L,(FP(X)[)
LoSPX +n))) < (1 + 2|7 [)"exp (2rNa) L(FP(X)f)

for f € Cy*(Q), all n € Ey. Thus P@ and P(¢ 4 ») are weaker than
Pifora > 0,all g € Ey.

In the special case ¢ = 2, Hormander proved a sharper result: Under
the hypotheses of 19a, Lo(Z/5P(X)f) < @R)*(m!/(m — k)Y) Lo(P(X)f)
and

Lo(P(X + M) f) < (1 + 2R|N])™ Ly(P(X)))

for all f € C*(Q), 7 = [1,0, ---,0].
The condition that |P(£)]|2/Q'(£) be bounded brings into play the

terms in Q of lower degree. Thus, in the case of the Schridinger equation
N=1
for a free particle Q&) = &y — 2 2, and P is weaker than Q if and only
1

N-1

if P(§) = a; + E ajt; + anQ(f). In the case of the heat equation
1
1

N_
Q@) = itx — 2 &>, and P is weaker than Q if and only if P() =
T

anty + P1(£), where Py is a polynomial of degree < 21in &, - -, Ex 1.
Here ay, ay, -+, ay are arbitrary constants.
0y 4,y y N A
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Theorem 24. If I’ is a polynomial of degree m on Ky, then P is
stronger than any polynomial of degree < m if and only if there is no
point £ # 0 in Ky at which Vp(§) = 0.

Theorem 21 can be generalized:

Theorem 25. 1t 1 < q <2 and K and Q are polynomials on I/y and
Q>0 on Ky, and if |K|/A/Q € £.(Ey), r = 2q/(2 — q), then K(X)
can be extended to a closed operator on 3¢y(2; Q) to £,(R) s = q/(q — 1),
for every domain @ C Ey. If @ and Q satisfy the hypothesis of 19g, then
the condition |K|/(1 + Q)'f € &,(Iy) is sufficient. In the case ¢ = 1,
s = F-oo, r = 2, these conditions are sufficient for K(X) to be extendable
to a closed operator on 3¢,(2, Q) to Cy’(L).

This fairly trivial result can be sharpened considerably, as in Theorem
22.

Theorem 26 Under the hypotheses of Theorem 25, if © is a bounded
domain and |K|*/Q'(§) € £,4(Ey), then K(X) can be extended to a
closed operator on 5¢,(2; Q) to £,(2). 1f ¢ = 1, r = 2, this condition is
necessary and sufficient that K(X) be extendable to a closed operator on
300(Q; Q) to C°(Q).

If we apply these results to the operator Q(X) = (Z X" = (—4)",
IC™MR) = 30(2; (—A)™), we obtain

Corollary 26a. 1f n > I + (N/2) and 2 is bounded in some direction,
then every element of 3¢,"(2) is equal almost everywhere to an element
of CF@). If1<g<2andn>k+ N(g™' — 27, and K is a poly-
nomial of degree I, then K (X) can be extended to a closed operator on
300™(2) to £,(%).

This is part of an important lemma of Sobolev [624].
We now turn to the problem of the compactness of certain operators.

Theorem 27. If K and Q are polynomials and € is a bounded domain
in Ey and Q > 0 in Ey, then the operator K(X) can be extended to a
compact operator on 30 (©2; Q) to £2(Q) if |K(®)[/(1 + Q)" — 0 as

LEl — o=

Theorem 28. (Hormander [337].) Under the same hypotheses,
K(X) can be extended to a compact operator 3¢(2: Q) to £2(2) if and
only if |K|(£)|4/Q”(£) — 0as[[£] — e

We say that P is a complete polynomial if the only 5 € Iy such thnt-
P+ ty) = @) foralltisn = 0.
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Corollary 28a. Let P be a polynomial and @ be a bounded domain in
Ex. Consider P(X) as an operator on £5(2) to itself with dense domain
Co®(2), and let Rp be the closure of the range of P(X). Then P(X) ™ can
be extended to a compact operator on Rp to £,(2) if and only if P isa
complete polynomial.

If we consider the operator P(X) in this way, then u € Dp«if and only
if u € £,(2) and there is a v € £5(Q2) such that

(u, P(X)¢)o = (v, d)a
for all ¢ € Cy*(2).

Theorem 29. If u € Dpsx and u = 0 outside a compact subset of €,
then 1 € 30,(Q; PP). 1If @ is bounded and there exists a finite number
of domains ©; such that & C UL, and for every j and ¢ > 0 there is a
veetor y with || y || < esuch thatz + y € Qforall £ € & N Q;, then P*
is the closure of I’(X), considered as an operator on £,(22) to itself with
domain Cy*(Q).

The last statement is an unpublished result of Hérmander. For
second-order elliptic operators with variable cocefficients it has been
announced without proof by Birman [51].

An operator P(X) is said to be of local type on Q if, for any u € Dp«(2)
and any ¢ € Cy*(), the function ¢ u € Dpx().

Theorem 30. If P is a complete polynomial, then each of the follow-
ing conditions is equivalent to P(X) being of local type:

(a) For an arbitrary constant A there is a constant B(A) such that
P+ i) # 0for g, n € Ex, || £] > B(4), || 7] < A.

(b) Yorevery n € Ey, P(E+n)/P(#) — Las |[§]] — oo, £ € Ey.

(¢) Forevery @ >0, P®E)/PE) — Oas | £]] — », § € Ey.

(d) For every n € Ey, |P(E+ ip)] — = as || ¢£] — », and the
convergence is uniform for || 5 || < A, A arbitrary.

(¢) For an arbitrary constant A > 0, there is a constant C such that

PHEO) =S|I PCE 4+ m) | < CO +|PE+ w)|?)
for || 9 | < A and all £ € Ey.

Hoérmander proves this by constructing a fundamental solution with
speeial smoothness and growth properties.
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Theorem 31. 1f P(X) is of local type and u € Cy*(Hy), set

(gu’)(_zl; _£2y ) _EN)
E =f dts -+ d f__ d
@) P & e ¢ P(2mzy, 2nka, - -, 2nty) )

where C consists of the real axis with a certain interval (—a, a) replaced
by a semicircle in the lower half-plane. Then

E@P(—X)u) = u(0)
for u € Cy*(Ey). There is a function (x) € C* for x # 0 such that if
u € Cp®(@) and 0 & &, then £(u) = f E() u(x) dV,. There is a
En
constant b > 0 such that for every bounded domain € for which 0 ¢ &
there is a constant C = ('(R) such that
|D*E()] < CIMr(lal/b)

forx € Q, a>0.

Hormander also gives the following result on the smoothness of weak

solutions of equations with operators of local type.

Theorem 32. 1f P is a complete polynomial of local type, then there
is for each n an integer k(n) such that if u € Dpry(2), then w is equal
almost everywhere to a function in C*(Q). If uw & Dpr«(2) for all &,
then v € C*(Q). In particular, if P(X)*u = 0, then v € C*(Q).

This last result is a generalization of a lemma of Zaremba [732], often
attributed to Weyl [705]. It can be made more precise.

Theorem 33. Tor y € Ky, let

, log [y-£]
p(y) = limsup| sup — ————
lu-tl-» \r@=olog [[ ¢ — £

If P is a complete polynomial of local type and I’(X)*u = 0 in Q, then
for every compact subset A C €, there is a constant (" such that

Mo((y-X)"u(r); 4) < C"I'(np(y)), nz=0

If p(y) < 1, then u(x + ) is analytic in ¢ for cach » € Q.

If the principal part p(¢) of P (&) is different from O forall £ 2 0 in Iy,
then P is of elleptic type. An elliptic operator is always of local type. If
PE) = Q)% + R(®), Q is a real polynomial of degree m, k > 2, R is a
polynomial of degree 2km — 2(k — 1), and r(¢§) > 0 for every £ € By
such that £ # 0, ¢(§) = 0, then P is of local type. If I’ is of local type
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and Py(§)/P(&) — Oas || ¢ — +oo, then P + AP, is of local type for
every constant N. Thus there is a wide class of operators of local type.

Theorem 34. If P is a complete polynomial of local type, then
P* = P, where P’(X) is considered as an operator on £,(2) to itself with
domain C*(Q).

THE METHOD OF GELFAND AND SILOV

In this section we report on some recent work of Gelfand and Silov
[277], Silov [613], Borok [61], Kostyuéenko and Silov [385], and Lyantse
[430]. It turns out, on the basis of their work, that instead of working
with some universal testing space as in Schwartz [603], it is preferable to
choose a testing space adapted to the specific problem under considera-
tion.

As we remarked before, if 8 is a testing space, then by S(M; X M,) we
mean the set of M; X M, matrix-valued functions ¢(zx) = (¢;(2)),
where ¢, € S for 1 <j < My, 1 <k < M, In particular, S(M X 1)
is the space of M-dimensional column vectors with components in 8.
The dual of S(M X 1) is (S(M X 1))* = $*(1 X M), the space of M-
dimensional row vectors with components in $*.

Consider a system of the form

32)  w = PX)u, (0, x) = uy(x), x & Ey, t>0

where u is an M-dimensional vector, u = [uy, - -+, up], and P(¢) is an
M X M matrix-valued polynomial. The Fourier transform of (32) is

(33) U, = P2x)U, U(0, %) = Uy(®
whose solution is
U, &) = exp (tP(2n8)) Ug(§) = K(¢, £) Uy(8)

The matrix K (¢, {) is an entire function of ¢ and ¢, and is of order <m in ¢
for fixed ¢ > 0, where m is the degree of . These formal considerations
can be interpreted in various ways.

Theorem 35. 1 the elements of K(¢, £) are in 9M(8) for 0 < ¢ < ¢,
then (33) has a unique solution in $*(A7 X 1) for every U, € $*(M X 1)
and 0 <t <t,. 'This solution depends continuously on U, in the sense
of the topology of $*¥(AI X 1), e, if Uy, — Upy in $*(M X 1), then
Un(t, &) = K, ) Uon(&) = U, £) = K1, §)Uo,(§) in $*(M X 1) for
0<t< .

The uniqueness may fail if the elements of K(¢, £) are not in 9(S).
Thus if N = 1, P(§) = —£/({x%),8 = Z°, 1 < p < 2, then K(, §) =
exp (—{£%) is not a multiplier of 8. If f is any function in (,*(%,) such
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that |f™(£)| < #*" for all ¢ and all n > 0, where k is a constant and
1 < k < 2/p, then the clement #(¢) in 8* defined by

FO)@) = 2(=1)" $%7(0) [ (0)/2n)!
is a solution of F'(f) = —&2F (1), i.e., for cvery ¢(§) € 8, we have

d
o (F()(9) = F()(—£9)

If, as is possible (Carleman [111]), we choose f so that f ™) = 0 for
n > 0, and f(t) % 0, then F(0) = 0, F'() # 0.

Now equation (33) on $*(M X 1) is equivalent to (32) on (58)*
(M X 1). We thus obtain

Corollary 35a. Under the hypotheses of Theorem 35, the equation
(32) has a unique solution in (§8)*(3 X 1) for every 1y € (FS)*(M X 1).
This solution depends continuously on wu, in the topology of
&)* (M X 1).

As we shall sce, this is a strong uniqueness theorem but a weak exist-
ence theorem, for, if § is any of the common testing spaces, 8* is a very
large space, so that a solution in 8* may be a very pathological sort of
object. These results show that we must study the matrix K carefully
and choose the testing space for (32) and (33) accordingly.

A first crude result is

Theorem 36. If P is a polynomial of degree m, then Ky (t, ) is a
multiplier of Z,” for r > m, where K({,£) = (K;(t,£). Let u =
m/(m — 1). TIf q¢ <, then cquation (32) has a unique solution in
Z, (M X 1) for every uy € Z,*(M X 1), and this solution depends
continuously on ug. In particular, if u(t, x) € C"(Fy)(1 X M) for
0 < t < ¢, and satisfies (32) there with wy(x) = 0, and if for € > 0 there
is a constant A (e) such that

jl;N

for0 <t < ty, |a] < m,thenu(t,x) = 0for0 <t <, Orifu(t,x)isa
measurable 1 X M matrix function and (0, z) = 0, and || u((, 2) ||
exp (—e | 2 [|9) € £,(Ey) for 0 <t < ty, and if

X®u(t,x) lexp (—e|l 2 1) dV, < A(e) < +

d
——f u(t, x) p(x) dV, =f u(t,r) P(—=X) ¢(x) dV,

for0 <t < {4y, all ¢ € Z,7(M X 1), then u(t, z) = 0 almost everywhere
in Ey for 0 <t < t.
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For finer results we must introduce the functions
A(f) = max R\, where det W1 — P(§) =0
Ay(R) = max A())  for  [[E| =R, §€&Ey
Ay(R) = max A(y)  for fl¢ll=R, ¢E€CN

and the constant A = max || P(¢) || for || ¢ || = 1, ¢ € Cy. Then there
exist constants C and » such that

(34)
exp (tARwE)) < K@, §) || < O+ A ¢ ™)~ exp (tAR2w¢)) fort > 0

The constant » can always be taken equal to 1 + n, where n is the degree
of the minimal equation of P(2r¢). If the projection operators of Cy
onto the cigenspaces of P(27¢) have uniformly bounded norms, then »
may be taken equal to the maximum multiplicity of the eigenvalues of
P2x¢). If P(2ry) is a normal matrix, then » = 1. Now by a theorem
of Scidenberg [605] (sce Hormander [337] pp. 225-226) the functions
A,(R) are algebraic for R sufficiently large, and so, by Puiseux expan-
sion (sec Bliss [54]), there exist rational numbers b and mg such that
lim A (R)R™" = a; # Oexistsif A;(r) # Oand Il?im AyRYR™™ = a3 > 0

R—o»
exists. By the Phragmen-Lindelof principle (Boas [57]), it follows that
b < mg < m. For example, the equation (M = N = 1)
&*f ot
— == JO,0=f@), [0 =/[)
at” ar

is equivalent to

4
— =y, = = o u(0,2) = [fo(), fi(@)]

P ( 0 l)
= .
£0 sin ((278)%0)

K(t,§) = I cos ((2m8)*t) + P(2wE) ——— -~ —
(1, ) cos ((2r§)%1) (27E) 2re)

and

A(R) =0, my =2, m = 4. In the equation

—1
f/f =1 ,f.r - fr;r;rx
b=1,my=2 m=-4.
We immediately see that in Theorem 36, m can be replaced by my.

Theorem 37. The clements of K (t, £) are multipliers of Z? if and only
if AG) < Oy 4 Cy || 7|7 for some constants C; and (; and all { € Cy.
In that case, if p > 1, then (32) has a unique solution in X,*(M X 1),
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q = p/(p — 1), for every ug € K, *(M X 1). If p = 1, then (32) has a
unique solution in (Co*(En))*(M X 1) for every ug in this space. These
solutions depend continuously on .

The argument of Theorem 35 can be turned in a different way.

Theorem 38. If (32) has a solution in (M X 1) for every wy €
S(M X 1), then the elements K of K are multipliers of §8 for¢ > 0, and,
conversely, if this is true, then (32) has a unique solution in $(M X 1)
for every ug € $(A X 1) and this solution depends continuously on wg.

If we combine this with Theorem 35, we obtain

Corollary 38a. If (32) has a solution in $(M X 1) for every uy €
$(M X 1) then it has a solution in $*(M X 1) for every u, in this space,
and this solution depends continuously on w.

Let us take § = C1°(Ey) sothat §8 = 8. Then K (¢, ¢) is a multiplier
of g$forafixedt > 0and 1 <j, k< Mifandonlyif b <0orb > 0,
a; <0, so that A(¢) is bounded above for ¢ € Ey. Now || K(i, £) ||
<CWA+ [ E»7, where C(f) is a polynomial in ¢ and r <
m(p — 1)/2. Then (1 + 422 || £ |)7FK(1, §) = FGi(t, x), where () is a
bounded continuous matrix-valued function on Ky for k > r + (N/2).

AV
Hence if Qu(X) = (1 + D X% = (1 — A)*, then
J=1

35) wlt, ©) = Qe(N)((e*uo) = Qu(X) | Gult, « — y) uoly) dV,
E
for uy € C1*(Kn). !

Corollary 38b. If (32) has a solution in C'*(lfx)(M X 1) for every
uy € C1°(Ex)(M X 1), then A(£) is bounded above for £ € K. In that
case, (32) has a unique solution in C'y*(#y)(M X 1) for every uy in this
space and this solution depends continuously on u,. Fork > r 4+ (N/2),
there is a bounded continuous function (4 (¢, x) such that this solution is
given by (35). If v > N/2, then there is a constant (*;(f) such that

[ ut, @) [ < Cr() Mo((1 + [ 2 %) | Qu(X) wo(@) 5 £n)

for ¢ > 0. The number r can always be chosen as m(v — 1)/2.

Now let us choose § = (¢°(M X 1) so that §8 = z'. Then K;i(t, £)
is a multiplier of F$ for 1 < j, & < M if and only if there exist constants
C; and Cy such that A(¢+1n) < C; 4+ Cy|lg|| for §,n € Ey. By a
generalization of a classical theorem of Paley and Wiener [195] (see
Schwartz [603], Gelfand and Silov [277]), there is an M X M matrix-
valued continuous function Gi(¢, x), for k > r 4+ (N/2) such that u(¢, )
is represented by (35), and Gx(t, ) = 0 for || z || > Cat. This is essen-
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tially a result due to Garding [262] for the case M = 1, Silov [613] for the
case N = 1, and Borok [61] for the general case. Garding treated the
general case in an unpublished manuscript.

If P(X)"is the transposc of I°(X) and Gy is the function appearing in
(35), then the solution of the equation

(36) vy = P(—=X), v(0, 2) = vo(x)

in C{*(Is5)(M X 1), for given vy in this space, is

mww=omwf<mw—rwwummq
EN

We can now solve (32) in the space (C1*°(FEx))*(M X 1). If u(t) is a
solution of (32) in (C1*(EA)*(M X 1) and w(t, x) € C;*(Ey)(M X 1)
and is differentiable in ¢, then

d
(]—T (u(n) w(r) = u(r) (w, + P(—X)'w)

so that if w(r, r) = v(t — 7, x) is the solution of (36), then (u(r))’ w(r) is
constant, and

(37) omwmn:wwwmwf<m@—zmwmwdm>
EN

which is equivalent to (35), the convolution being interpreted in the
sense of the theory of distributions. We thus obtain

Corollary 38¢. 1If A(F) is bounded above for £ € Ey, and wy €
C**(Iy) and if there exist constants (', and p such that || X%, | <
C(1+ | al)? for all v € Ky, |a] < 2k, then there exists a unique dis-
tribution w(f) in (C7*(I3)*(M X 1) which satisfies (32), and this
distribution satisfies (37) for all vy € C{®(Ex)(A X 1). This solution
u(t, r) is given hy (35).

We can treat the case of (Cy?(#x))*(M X 1) in a similar fashion.

We shall now discuss various classes of differential equations in further
detail, guided by the general theories developed in this chapter.



CHAPTER 4

EQUATIONS OF PARABOLIC TYPE

EQUATIONS WITH CONSTANT COEFFICIENTS

1. The Cauchy problem for homogeneous equations

We consider a system of equations of the form (32). We say that
(32) is parabolicif A(§) — —= as || ¢] — «,¢£ € Ey. Hence the num-
ber b, such that lim A;(R)R™" = a, # 0 exists, must be positive and

R—
a; < 0. We can show that b must be an even integer and 2m, must be an
integer. It follows from (34) that there exist constants Cy, ('f, Cy > 0
such that || K(t, &) || < Cot™ " exp (((y — Co || £]10)0) fort > 0, £ € Ey,
where v = (m — b)(v — 1)/b, so that for t > 0, K(¢, ¢) is in the class
Zy™(M X M). Let K(t, &) = 5G(t, x). The tunction ¢ is the funda-
mental solution of (32),

G, = P(X)d, G0, x) = 8
Application of Theorem 15 yields
Theorem 39. Forit > 0, x € I/, we have
Gt x) || < O™ N exp (Cat — Cst' ™ || 2 ||

where s = b/(my — 1) and Cy, (', C'5 > 0 arc constants. As a function
of z, G(¢, x) is an entire function of class Z,”, r = b/(b — 1), for t > 0.
Furthermore, if 8 > 0, then

| DPG(, z) || < Ca(B)t™ 7N/ 101/5 axp (Ot — Ct! ™ || 2 |I¥)
fort > 0,z € Ey.

Special cases of this theorem were obtained by Petrovski [506),
LadyZenskaya [394], Eidelman [185], and Silov [613].
102
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The following elementary properties of G are casy to prove:
f G, 2) AV, = oxp ((P(0))  for  £> 0
kN

f Git,e —y) U, y)dV, = Gt + 7, x) for t,r>0
EN
”BP(“ x HkDﬁ G([J I)) S ("G(k: B; p)ta
o= (4 Np™)(1 —s )=y —(N +[8])/b

If (“)(E) (‘TU())(E) and (1 + i £ 112)1\7 C £o ) for some k > ’)’7/4
then lim u(t, x) = wy(x) in £, (LN). Ii 1+ ]' E 15*U, € £o(1y) for

t—0
some k > (by/2) + (N/4), then u(t, 2) — wy(x) uniformly as ¢ — 0.
By the use of the detailed information on ¢ contained in Theorem 39,
we can obtain quite precise results on the solutions of (32).

Theorem 0. If [ uy(x) exp (=B llxl]) € £1(FKy) and ¢ <s,
then the function

(38) o) = [ G = w ar, = T
Ex

exists and satisfies (32) forallt > 0. If ¢ = s > 1, then (38) exists and
satisfies (32) for 0 < ¢ < (C5/B)VC™V, Ifc =5 = 1,and B < (5, then
(38) exists for all t > 0. If 1 <e¢ <s and 8> B, then "wu(t. x) |
exp (=B 1| x|l9) € £,(Fy)foralli > 0, while,if 0 < ¢ < 1, ¢ < s, thisis
also true for 8 = B. If ¢ = s > 1, then this is true for 8 > B in an
interval 0 < ¢ < ty(B, ). Also, under the indicated conditions,

Dt 2) | < O =N axp (Cgt 4 Cg a9

foralle € Ky, Tfs > 1Tand uy € C*forsome b > my(y + (Vb)) — N
at the point xy, then lim w(t, ¥) = wp(rg) ast — 0, x — xy. If s <1
and ¢ € 3¢ (Fy; Qr), Qu(®) = (1 4 £ ®*, for some k > by + (V/2),
then

lim f u(l, x) ¢(r) dV, =f wp(x) p(a) dV
EN

t—0 EN

If b = my = m, then lim u(t, ¥) = uy(x) at every point in the Lebesgue
-0

set of uy (see Titchmarsh [648], Saks [587]) and, in particular, for almost
all x.

This yields a fairly strong existence and uniqueness theorem.
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Theorem 41. If s > 1 and u(t, x) satisfies (32) for 0 < ¢ < fy, and if
there exists constants B and C such that

(39) [ nut 2 lew (=Bl av. < c

EN

for0 < t < {y, and if there is a function g, integrable over every bounded
domain in Ey, such that || u(t, z) || < g(x) for 0 <t < ¢, all z € Ey,
and if u(t, ) — wup(x) as t — 0 for almost all z, then u is given by (38)
for0 < ¢t < (Cs/B)V ™D, If ug(z) = 0, then u(t,z) =0in 0 < t < 1.
If uis a solutionin 0 < t < ¢y which satisfies (39), then therc is a bounded
completely additive set function u on En to Er such that

(40) ut,x) =) Gtz —y)exp (Blyl") du,

EN
and, conversely, any solution of the form (40) satisfies (39) in every
interval 0 < 8 < t < (C5/B)Y/ ¢V,

For the case of the heat equation, u; = Au, this result was obtained
independently by Rosenbloom [576] in 1946 and Fulks [251] in 1949.
Weaker results were obtained previously by Tykhonov [653], Widder
[709], and Pollard [543].* In this case C5 = 1/4. For the case N =1
and a finite rectangle, analogous results were obtained independently by
Fulks [251] and Hartman and Wintner [313]. TFor the case b = m,
= m, M = 1, slightly weaker results were obtained by LadyZenskaya
[394], for M > 1 by Eidelman, and for the genecral case b > 0, M >
1, by Gelfand and Silov [277]. See also Rosenbloom [578].

The representation (38) is, in general, valid only in the interval
0 <t < (Cs/B)"E D even if (39) holds for all ¢ > 0. For example, in
the case of the heat equation with N = 1, the solution

u(t,z) = (1 — 4texp (ri/4)) Eexp (x% exp (vi/4)/(1 — 4texp (wi/4)))

satisfies (39) for ¢ > 0, B > /2, but the representation (38) is valid
only for 0 < ¢t < 1/44/2 and diverges for ¢t > 1/44/2. This example is
essentially due to Blackman [53].

In the case of the heat equation, the uniqueness theorem can be
essentially sharpened: if (39) and u(t,z) — 0 ast¢ — 0 for all x € Iy,
then u(t, ) = 0 (Rosenbloom [578]). For the case of the heat cquation
and certain other equations, condition (39) can be weakened considerably
in the uniqueness theorem. (Ticklind [641], Rosenbloom [578].)

Results have been obtained on the behavior of solutions of the form
(40) ast — 0. For the case of the heat equation, see Rosenbloom [576],
[578]. ’

* In recent unpublished work Widder and Rosenbloom, jointly, and Gehring have
obtained very precise results on the representation of solutions of the heat equation.
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For the case M = N = 1, P(¢§) = —£™, m even, m > 2, Pélya has, in
his diary, obtained an asymptotic expansion for G (¢, ) which shows that,
ast — 0, G(¢, x) changes sign infinitely often. If m = 4, this expansion
is

G(t, x) ~ 77 (x/t) B exp (—3 X 2'p) D ay(2/27)1 TR0
0

p ¥ i cos (8% X 2% — w(1 + 4k)/6)
where

o= @05, ap = (2/(2R) f 25/ V6 ) exp (=) ds
0

and Hj is the kth Hermite polynomial. This result is obtained by the
saddle-point method (Perron [502]). Such asymptotic expansions would
be valuable for the more detailed investigation of the general equation.

Theorems 39-41 indicate that the behavior of the solution of (32) as
t — 0 is markedly different according as s = b/(my — 1) > lors < 1.
In the former case, G(t, ) — 0 very rapidly as¢ — Ofor| z | > & > 0,
so that G (¢, x) really behaves like the Dirac &, for small ¢, and the limiting
behavior of G*ug as ¢ — 0 depends only on the continuity properties of
uy at each point. If s < 1, then G*uy — wuy as ¢ — 0 for sufficiently
smooth uy by virtue of a rapidly oscillating factor in G(¢, z), resembling
the Dirichlet kernel in the theory of Fourier series. Thus,if N = M =1,
m even, m > 2, and P(f) = —& —it™, then b =2, mg=m, s =
2/(m — 1) < 1, and

G, x) = 2r(m — l))—%(nwx’"“z)—%(m'—l)
X exp (’L()\ — 1r/4))(1 + O(t%(m—l)))

A= (m — 1)@ /mt) "D /m

where

ast — 0, for x ## 0, and
G, 0) = 7 'T(1 + m™) exp (—=i/m))t~' ™1 + 0t ™))

2. Nonhomogeneous equations

Let us now consider the equation
41) u, = P(X)u+ J(¢ ), t >0, x € Ey;u0, ) = up(x)
whose solution, under quite general conditions, is given by
(42) ,
wt0) = [ 6z = wwaVy+ [ [ 60z =i v,

N

v(t, x) + w(t, )
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Here (¢, z) is the solution of (32) and w is the solution of (41) with
up = 0, and has the form

t
w(t, ) =f Wt — r,2;7)dr
0

where W(t, z; 7) is the solution of (32) with uo(z) = f(r,z). We have
already given the main properties of v, so it only remains to study the
function w. For the sake of simplicity, we shall assume that s > 1.

Theorem 42. If for some
k>myle —1) = N,o=b"HN+ (m —b)r — 1)}
there is a polynomial Q(¢, z) in z such that
1/t 2) — Q2) | S Allw— aoll*

for 0 < t < {y and z in a neighborhood of 2y, and if for some constant B
@) [ 160 lexp (<Blz ) aVe < My <
EN

for 0 < t < ty, then lim w(t, 29) = 0.
Fore>0,let °

t—e
we(l, x) =f Wt —r,x;7)dr
0

If f satisfies (43) for 0 < ¢ < to, then w(t, x) exists and € C*(liy) for
¢ <t < min (lo, {1), where t = (Cs/B)Y@~D.  The existence and
properties of w(¢, z) and its derivatives can be studied by examining the
behavior of w, as e — 0.

Theorem 43. Suppose f satisfies (43) and for some polynomial @ in z
let

w(h;20) = sup || f(r, @) — Q(r,2) || for [z =zl <h t—b6s7<t

and let 8 be a vector with nonnegative integral components. Then
DPw(t, o) exists for:

(@ ble—1+[B]>0 if go)r¥—1=mle=1+181/8 ¢ 0110, 6]
(b ble—1)+|8/=0 if w(r; xo)rN " log r| € £4[0, 8]
© blo—1)+[8<0 if w(;zdr¥ TN € £40, 8]

for some 8 > 0. If w (h; k) = max w(h;z) for || & — 2o || < k, then the
corresponding conditions on w; (r; k) are sufficient for DPuw(t, ) to be con-
tinuous in a neighborhood of zo. If these conditions are satisfied for
|8| = m, then w(t, z) satisfies (41) at z = xo.
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Corollary 43a. If f is bounded in a neighborhood of the point (¢, o),
and b = m, then w € C™ ! in this neighborhood. If b = m and «;(r; k)
= max ” f(T) 131) - f(T) 2‘2) H for H Tj — Zo ”_<_ky ” L1 — X2 ”S r, l— e
< 7 <t and if wi(r; k) /r € £1([0, 8]) for some & > 0, then w(t, x) € C™
at 1, and satisfies (41). If w (r; k) < Br*, 0 <A £ 1, then DPw €
Lip \) for |8 =m, 0 <\ <1, and | D’w(t, ;) — DPw(t, =) |
<O( @ — a2 || (14 log™ (1/]| @1 — 22 ) for |8 =m, A=1. If
f € £49Ey) uniformly for 0 < ¢ < ¢, and ||+ 1 <m — N/q, then
D*w € Lipl. If |a|+ 1 = m — N/q, then D*w has a modulus of con-
tinuity < 0(r(log™t (1/r) 4+ 1)), whereas, if |a|<m — N/q < |a|+1,
then D*w € Lip (m — (N/q) — |«|).

These results are obtained by combining Theorem 39 with Young’s
inequality (Hardy, Littlewood, and Pélya [311]).

Corollary 43b. 1Ifb = m = 2,1 < ¢ < + =, then there is a constant
A, such that

Ly([| Dw(t, ) [|) < Aq max Lygy(f(z,2))  fort>0, |a|=2

This requires the deep methods of Calderén and Zygmund [103].

The fundamental solution corresponding to the operator P(X) — A,
where [ is the identity matrix, is Gh(t, ) = exp (—=\) G(t, z). I
f € C*¥(Ey) for some k> myo — N, and if f(x)exp (=B | z|°) €
£ (Ey) for some ¢ < min (1, s), and &\ > C, then

(P)(@) = f exp () (Tf) (@) dt

0

exists for all £ € Ey. Consider the equation
1wy = P(X)u — A+ f(x), u(0, ) = up(x)

Under the above conditions, if ug(z) exp (—B || x ||*) € £;(£n) for some
¢ < min (1, s), then u(t, z) — (Pf)(z) uniformly on every bounded set
ast — o, If my — b = v = 0, then Pf is the unique solution of

PX)u —cu= —f

such that u(z) exp (=B | z ||°) € £,(£x). The approach of solutions
of parabolic equations to a steady state and their connection with elliptic
equations were also investigated by Eidelman [183]. Petrovski [511]
described some interesting results of Bruk in this connection, but as far
as we know this work is still unpublished.
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PARABOLIC EQUATIONS WITH VARIABLE COEFFICIENTS

1. Perturbation and parametrix methods

The general theory of parabolic equations with variable coefficients is
still virgin territory. Iet us begin with a system of the form

(44) u = P(X)u + Q¢ z, X)u,  u(0, ) = uo(z)
where Q(t, z, §) = D qa(t, 2)¢%, and where the system (32) is parabolic.
laf <m

We can transform this equation into an integral equation of Volterra type
in various ways. lLet v(¢, ) be the solution of (32), and let G(¢, &) be the
fundamental solution of (32). Then by the discussion of equation (41)
we obtain

(45) ulyx) =o,a) + [ [ Ga= 1,2 =) Qo V) ulr, 1) dV, dr
0 YEN

where V; = i719/3y;, If u and its derivatives and the ¢, and their
derivatives satisfy certain mild growth conditions, then we may apply
Green’s formula and obtain an equation of the form

t
(46) u(t, x) = v(t, x) +f K, 7, z, y) u(r,y) dV, dr
0 EN

where
K(t; T, T, ?/) = [ |Z< (.—Y)"(G(t - 7,T = y)Qa(T) y))

Alternatively, we may set
t
ut,n) = o0 + [ [ 6= 5,0 ple,9) a7, dr
0 EN
where p is an unknown density, and obtain

t
A7) plt, @) = polt, ®) + QL x, X) f Gt — 7,2 — y) pl(r, y) AV, dr
0 YEN

where
P()(t, CE) = Q(t) X) U(t, x)

If Q(¢, x, ¢) is in a suitable sense “small,”” then these integral equations
can be solved by successive approximations. KEquation (47) has the
advantage over (46) of requiring fewer assumptions about the coefficients
of @; in particular, no conditions on the derivatives of g, are needed. On
the other hand, (46) can be treated directly as an equation on a suitable
Banach space, which yields immediately important smoothness and
growth properties of the solution of (44).
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If in (32) b = my = m, then some results can be obtained easily. If
qa 1s bounded and in Lip k, 0 < k < 1, for all &, and if
| IZ sup || ga(t, z) || = B(Q)

al=m

is sufficiently small, then (45) and (47) can be solved by successive
approximations in a sufficiently small time interval, if ug € C™(Ey) and
X € Lip kfor |a] = m. If B(Q) = 0, i.c., if Q is an operator of order
less than m, then the solution exists in the whole time interval in which
the other conditions are satisfied. The solution can be expressed in the
form

u(t) x) = Gl (t) z, y) uo(y) dVy
EN

where @ is the solution of the integro-differential equation

Gil, @, y) = G,z —y)
t
+f f Gt — 1,5 — 2) Q(r, 2, Z) Gy(, 2, ) AV, dr
0 YEnN

and can be expressed in the form
t
Gt 7,9) = G, = — 3) +f Gt — 12— 2) Wz, g3 7, 0) AV, dr
0 EN

where W(z, y; t, 7) is the solution of the integral equation

W((IJ, y; T) = Q(t; x, X) G(l - T,T — .7/)
t
+ QU =, X)f f W~ 0,7 — 2) Wz, y;0,7) dV, do
T EN

The properties of Gy can be read off from these relations.
This method was used by Korn [382] in the treatment of elliptic equa-
tions of the second order and, for this case, was refined by Serrin [608].
By the use of the device on pages 74-75 we can reduce the theory of
a very general class of equations to that of (44) with “small” Q. We
shall not enter into the details here. Another approach to the equation

(48) u = P, 2, X)u, u(0, x) = uy(x)

where for each t, > 0 and o € E, the equation w, = P(ty, 2o, X)u is
parabolic, is by the methods of page 73. We guess at the solution of
(48) in the form

t
ut, ) = [ UG 052, 1) uoly) 4V, + f [ vt,72,9) o) v, ar
EN 0

EN
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where U(¢, 7; z, y) is a kernel such that

lim U, v;2,9) f(y) dV, = f(2)
EN

T —

for all continuous functions f, and such that for » < ¢, U is of class
C™(Ey) in x and C' in t. Then p satisfies the integral equation

49) ot,x) = V(t,0;2,y) uy(y) dV,
EN ¢
- f f V(73 0, 9) o(r, y) AV, dr
0 EN

V(t; T; X, !/) = Ut - P(tr Z, X) U(t; T, !/)

where

If, with respect to some suitable norm,
t
f N(V)dr < 4+«
0

then this integral equation can be solved for p by successive approxima-
tions. For example, we may take

U(t,T;IL', y) = G<t - LT — y;P(Ty Y, E))

the fundamental solution corresponding to the operator P(r, y, X) with
constant coefficients. Then

V(tx T, Z/) = (P(t} Y, X) - -P(t) x, X)) U(ty T; X, I/)

If (48) is wuniformly parabolic in the sense that there exist constants
’1, C > 0, and 4 such that

| Pt,z, &) || L AQ+ [ £]™) and At 2) <C = C g™

forallt > 0,z € Ky, and £ € Ey, where A(§; ¢, x) is the maximum of
the real parts of the eigenvalues of P(¢, z, £), and if the coefficients of P
are bounded and measurable, and the coefficients of the derivatives of
order m satisfy a condition of the form

I gt,z) —q(r, ) | < B([t — 7|¥™ + ||z — y |[®)

for some k > 0, then (49) has a unique solution for arbitrary bounded
measurable wy. It is easy to obtain mild sufficient conditions for the
solution of (49) to yield a solution of (48). This is an instance of the
parametriz method originated by Levi [412] and further developed by
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Hilbert [318]. For the case m = 2, it was applied by many authors,
including Feller [199], Dressel [167], Yosida [729], Minakshisundaram
[447], Ito [347], Milgram and Rosenbloom [446]. The underlying general
theory is due to Rosenbloom [580], who made essential use of the work
of Hille and Tamarkin [329] on integral equations of Volterra type. For
other treatments of these and related problems see Fortet [229], Cameron
[108], [109], Eidelman [185], and Slobodetski [615].

Suppose that the operator PP is proper. Let P,(¢, x, X)v = (Pv'),
where v’ denotes the transpose of the matrix ». If u is a solution of (48)
and v(r, y) is a solution of the adjoint equation

(50) Ur + PI(TJ Y, Y)U =V

and if » and v satisfy suitable conditions at infinity, then

d
2| v, ute, ) av, = f Vi, 9) u(r, y) AV
FE

ar EN N

so that
f o6, 3) ult, y) dV, = f 20, ) wo(y) AV,
EN EN

¢
+f f V(r,y) u(r,y) dV,dr
0 E

N

This identity, and the corresponding identity for integrals over a
bounded domain €, can bhe applied in various ways. If, for a sufficiently
large class of functions vo(y), there is a solution of (50) with V =0
satisfying the desired growth conditions such that v(¢, ) = ve(y), then
u(t, y) is uniquely determined by uo(y). On the other hand, if (50) has a
solution v(r, y; 1, ) with V = 0 such that

(51) Im | o(r,y;t,2) fy) dV, = f(2)
TH— JEN

for all sufficiently smooth functions f, then we obtain a representation
of the solution of (48) in the form

u(t, x) = f (0, y;t,;‘;uo(y) av,
E

N

The function Gp(t, z; 7, y) = v(r, y; t, ) is called the fundamental solu-
tion of (48). Tts properties are important for the detailed study of the
solutions of (48). If, however, v(r, y; {, z) is a function satisfying (50)
and (51) such that V(r, y) = V(r, y;, 2) is not too singularas r — {—,
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then the basic identity yields an integral equation for u:
(2 u(t,2) = [ o0,u5t, ) wo(w) AV,

EN ¢
+ f f Vir, 934, 2) ulr, y) AV, dr
0 E

N

from which % may be determined. Such integral equations werc used
in the case m = 2 by Gevrey [285] and Milgram and Rosenbloom [440].
For example, if

t
[ 1ot av. f [ veynniav,a
EN 0 EN

and uo(y) are uniformly bounded, then (52) has a unique bounded solu-
tion. This equation can be used to obtain regularity properties of the
solution of (48).

Finally, we may use the process of product intcgration to construct
the solution of (48). Assume that this equation is uniformly parabolic.
Let ¥.(J, ) be a completely additive set function of the Borel set
E C Ey for all x € Ey and for 1 <k < n, and let |V | (B, x) be its
total variation (sce Saks [587]). Suppose that for every polynomial ¢ of
degree <m we have the relation

fE o) Y(dy, ) = (@) + (Pl 7, X) q@) Ali + 0(Ak)
N

where £, = Al; +-- -+ A, and the term o(At)/At; approaches zero
uniformly with respect to « and k, and that

[ =yl @, 0 = oaw
ly—zll 2e
uniformly with respect to x and k for every ¢ > 0. Let

@ = [ @) Wy, @) = [ ) v,
EN EN
for 1 <k <n. Then u,(z) — u(t,x) as max Ay, — 0, ZAy — L
This was proved by Petrovski [504] and Kolmogorov [374] for k the casc
M =N =1, m =2 (see Khin¢in [369]). In this case the problem is
equivalent to the approximation of continuous stochastic processes by
discrete processes (Khinéin [369], Doob [157]), and, in the case of the heat
equation, reduces to the central limit theorem in the theory of probability
(Feller [198], Bergstrom [37]). Many numerical methods for solving
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partial differential equations of parabolic type, such as difference equa-
tion techniques, reduce to special cases of this procedure. For the case
M = N =1, m = 2, John [354] has given a very general discussion of
difference equation methods (see also Kamynin [360]). For boundary
value problems for the heat equation, these methods were discussed by
Courant, Friedrichs, and Lewy [128], Laasonen [392], Juncosa and Young
[357], Leutert [411], and Douglas [161].

2. Applications of semigroup theory

For the case M = N = 1, m = 2, Hille [328], Feller [204], and Yosida
[723] have made a thorough study of the application of the theory of
semigroups to the theory of parabolic equations, and Yosida [730] has
studied a class of problems for N > 1, m = 2. Reference should also
be made to the work of Spencer [630] and Gaffney [258] using Hilbert
space methods.

Consider the equations (N = M = 1, m = 2)

(53) Up = QUge + DUy, u(0, ) = uo(x)

(54) vy = —(?— {i (aw) — bv} v(0, x) = vo(x)
or |0z ’

where @ = a(x) and b = b(x) are continuous and a(x) > 0 in some inter-
val r; < 2 < ry, where —0 < 7; <71y < 4. The function

x
W(x) = exp (—f b(s) a(s)™! ds>
zo
where ¢ is a fixed point in (rq, 73), plays a decisive role in the study of
these equations. For j = 1, 2, we classify the boundary r; as follows:

(@) rjis regular if W(z) € £1(zo, 5), a(@) "W () ™" € L1(xo, 15);
(b) r;is an exit boundary if a7 'W & £4(xo, 15),

W(.T,)fza(s)"lW(s) “lds € £1(xo, 7));

() I:‘j is an entrance boundary if a7 *W™1 € £,(zo, 75),
a“‘W“‘fo(s) ds € £1(xo, 75);

d) r; ;: a natural boundary in all other cases.

For the heat equation, where @ = 1, b = 0, 7; is natural if it is infinite
and regular if it is finite. If a(x) = az, b(x) = Bz 4 v, where «, 8, and
v are constants, we obtain an equation arising in genetics (Feller [202]).
If r; = 0, then it is an exit boundary if ¥ < 0, regular for 0 < v < o,
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and an entrance boundary of ¥ > a. The heat equation in polar coordi-
nates, in which a(z) = 1, b(z) = 2™, has regular boundaries at 0 and
infinity.

At a regular boundary we can prescribe a boundary condition of the

form _
gj lim u(t, ) + p;(—1)’ lim W(z) "uz(t, ) = 0

zoT] Ty

for (53) and of the form
¢;lim W (z) a(z) v(¢, ) + p;j(—1)’ lim {(av); — bv} =0

7] T
for (54), where ¢; and p; are constants. If both boundaries are regular,
Ty
then sup |u(t, )| and |v(¢, z)| dz arc nonincreasing as functions of ¢
Tl

if and only if p; > 0 and ¢; > 0, = 1, 2, and under these conditions the
solutions for nonnegative initial values are nonnegative. If ¢; = ¢ = 0,

2
then f |v(t, £)| dz is constant.
1

At a natural boundary, the solution u(f, ) can be required to be
continuous while v(¢, ) can be required to be in £i(xq, ;). If both
boundaries are natural, then the solution is uniquely determined by these
requirements.

If r, is a natural boundary and r, is an exit boundary, then for (53) we
can impose a condition of the form

(55) paulty ) — prulty 1) = 7 f "u(t, ) dp(x)
— o lim (a(@)urr + b(@)u,)

z—7,
where p;, pg, 7, o arc constants and p(z) is a nondecreasing function and
p;20, 720, 020, pr+7<pp, p(n+) =0, pra—) =1. If
o > 0, then there is a unique solution of (53) satisfying (55) for arbitrary
ug € C[ry, ro], while for ¢ = 0, the solution satisfying (55) exists and is
unique if ug satisfies (55). The solution of (54) is uniquely determined
by the condition that »(t, x) € £,(r1, r2). Note that (55) is a global
condition involving not only the boundary values of « but also its values
throughout the interval.

For a further discussion, including various mixed cases, see Feller [204].
Hille [328] has studied in further detail the cases of two entrance bounda-
ries and two regular boundaries, giving important results on the expres-
sion of solutions in terms of eigen-function expansions. Both authors
apply their results to the theory of probability.
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3. Boundary value problems

Boundary value problems for second-order parabolic equations were
discussed in considerable detail by Gevrey [285], Siddiqi [610], Rothe
[581], Amundsen [4], Miintz [475], and Barrar [25]. Miintz’ treatment
of the heat equation follows the classical model for the Laplace equation
and can be applied with little change to the general parabolic equation
of the second order. The heat equation was discussed by Sternberg [631],
Petrovski [505], and Doob [160], using the analogue for the heat equation
of Perron’s method of subharmonic functions (see Carathéodory [110],
Brelot [66]), and the last two authors used very successfully the connec-
tions with the theory of Brownian motion and probability theory. This
method depends very strongly on the maximum principle for second-
order parabolic equations, which has been proved in a very general and
sharp forin by Nirenberg [488] (see also Hopf [331]).

Theorem 44. let
P(t, x;r, §) = Zajtite + Zbjerime + 1(Zcit; + Zvims)

where the coefficients are continuous in some domain @, in the space

E .y of the variables (¢, z) = (b, - - -, tar, 21, -+, @n). Weassume that
Sa;itEx is negative definite for (¢, ) € Q, but that Zbjer;7x is only non-
positive for (¢, ) € Qand 7y, - - -, 73 real, and that the coefficients c;and

v; are real. If u eC?(Q) and P(t,z;7T,X)u >0 in @, where X; =
iV 90wy, T; =171 9/dt;, and if u(t, z) < u(to, xo) for all (¢, z) in Q,
where (to, o) is some point in €, then u(ty, *) = u(to, To) for all x in the
same component as o in (), which is the set of x such that (t, z) € Q.

Corollary 44a. 1f a(t, z) is continuous and nonpositive in @, and if
P(t,z; T, X)u + au = 0 in Q and u(t, ) < u(to, xo) in @ where u(to, o)
> 0, then u(ty, *) = u(to, xo) for all x in the same component of Q(ty)
as Io.

Corollary 44b. Tet M =1 and v; <0 and b;; =0 in Q. Let
S(to, zo) be the set of all points (¢, ) € @ which can be connected to
(to, 2o) in 2 by a simple curve along which ¢ is nondecreasing. If (¢, z;
T X)u > 0 in S(to, 7o) and u(t, x) < u(ty, o), and (to, 7o) € @, then
u(t! il') = u(tOy 1'0) in S(tO) 'TO)'

Corollary 44c. Under the hypotheses of Corollary 44b, if a(¢, 2) is
continuous and nonpositive in €, and if P(¢,z; T, X)u + au = 0 in ©,
and u(t, ) < ulty, xo) in Sy, o), where (fy, x9) € @ and u(to, xg) > 0,
then u(f, ) = u(ty, x0) in S(to, o)-
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It is probable that there exists a positive constant ¢ = ¢(t, z, ly, %o, P, Q)
such that, if P(¢, z; T, X) = 0 and u > 0 in @, then u(t, ) < cu(to, o)
for (t, x) € S(ty, %), ¢ < to. This is an analogue of Harnack’s incquality
for harmonic functions. A strong result of this type has recently been
established by Serrin [607] for elliptic equations. For the case of the heat
equation

Pu=Au—u =0

in the whole space, Resch [565] proved that if « is a nonnegative solution
in0 <t <ty z& Ey, then

u(t, x) < (bo/DY exp (| z — 20 ||?/4(to — 1)) w(to, o)

for 0 < t < tp,. Similar inequalities can be proved for other regions but
even in the simple case of the semi-infiniterod, N = 1,2 = {(¢, z)|z > 0,
¢t > 0}, the dependence of ¢ on the points (¢, ) and (fy, o) is quite com-
plicated. If such a result is proved for a class of equations, then the
methods of Martin [438] and Brelot [73] for the study of harmonic
functions can be applied.

Boundary value problems for general parabolic equations have been
investigated recently by Lax and Milgram [405], Lyantse [431], Browder
[79], Visik [665], Tto [348], and TLions [423]. Milgram and Lax and
Lyantse studied equations of the form

(56)
w=—P,X)u=— 2. 2 XPpaps)XPu) for t>0, € Q

la| <k |8] <k
u(0,7) = uo(z) for z &€ Q, u(t, ©) € 30°(Q) for ¢>0
where P is uniformly elliptic in the bounded domain Q in K in the sense
that
& > Pas@E ) Z g |
lal=[8]=k

for some ¢ > 0 and all z € @, all ¢ € Ky. It is assumed that the coef-
ficients p,g are bounded and measurable in ©, and that for |«| = [8] =k,
Pa,s is continuous in @ According to the theory of semigroups, the
properties of (56) can be deduced from those of the clliptic equation

(57) M+ Pz, X)u=f,  uw€ K@), [€ L)

As we shall see in the next chapter, there is a constant wy and a positive
constant h such that

@, wp > b || w li® = wo | w|o® (all v € 3*(Q))
where (u, v); = (u,v)q, Qr = (1 — A)*. Hence, by Theorem 11, if
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®\ > wy, then the resolvent R(\; P*) is a bounded operator on £,(%) to
30,*(©). Lax and Milgram proved that the Hille-Yosida conditions are
satisfied, so that by Corollary 17a, P* generates a semigroup of class (C)
on 3¢*(2). The regularity properties of the weak solutions of (56) will be
discussed below. Milgram [445] has generalized these results to certain
classes of equations with time-dependent coefficients. The method of
Kato [364] can be applied to this type of problem. Browder [79] devel-
oped a theory of parabolic equations on the basis of his work on the
cigenfunctions of elliptic equations. This extends the work of Minak-
shisundaram [447] on second-order equations. Tto [348] treated quite
general boundary value problems for second-order equations.

4. The method of Visik

We shall present here an adapation of the method of Visik, based on

the gencral theory on pages 69-70. Let PI({, z, X)u =
le] <k |8] <k

X%(P4p(t, x)XPu) be an elliptic operator with bounded measurable
coefficients in the set Qp:0 < ¢ < T, x € ©Q, such that for some ¢ > 0

a—+pB .
0| B pesttoE®) 2 el

=|B|=

for (¢, x) € Qp, all £ € Ky, and such that p, s is continuous in Q7 for
la|=|B] = k. By introducing the new unknown function » = uexp
(—t(1 4 wp)) in (56), we can transform that equation into one in which

Q(uw, wp >k uwl® 4+ [ulle®,  h>0
for all w € 3CF(Q). Let (u,v)q = {(u,v)p + (v, w)p}/2, so that
fulle = (we>hllwl®+ull?, 0Zt<T, uw€3Q)

We consider the space $ = $([0, T, ) of the functions v(¢, x) € C*(Qy)
such that » = 0 for 0 < ¢ < T and all 2 outside some compact subset of
2. On $ we introduce the scalar products

T
w»m=f{wmwmn+0mmam
0

and
T
(1, )x = {(u(0), 2(0))o 'i‘- (u(T), »(T))o}/2 +f (u(t), v(1)) q dt
’ 0
and the bilinear form

.
mw4=wumwmn+f<wmwm»—ummnw
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Then there is a constant C such that |(u,v)4|< C |l u|s] vk for

u, v € 8, and also ®(u, u)4 = || u ||«%, so that, if
N@) = Sup, |, 0)al,  N*Q@) = Sup | (v, w)al
then
lvllg <N@ <Clvls lvllxk S N*@) < Cllvls

forv € 8. Let 8k, $w, and $p be the completions of § with respect to the
corresponding norms. If [ is a linear functional on 8y, then there are
elements u and » € $g such that l(w) = (v, w)qs = (w, u)4 for all
w € Sy, and [ v [|x < N*() = sup[l(w)|/Nw), [u|x < N*@). In
particular, if Zis a linear functional on 8, then || w [ < || L&, || v [k <
Ik

For example, if uy € £5(2) and f € £2(Qr) are given and

T
zw>=wmwmx+f<ﬂawmnm
0

then there is a constant C; such that
T
)] < Cllluolo? + [ 17 1* a0 1w s
0

Hence there is a u € Sk such that [(w) = Zw, u) 4 for all w € § and

T
el < Caluoll? + [ 1500 1%
0
Similarly, if v; € £5(Q), g € Sk, and
T
lmw=@bwnn+f(mw0w
0

then there is a v € $x such that l;(w) = (v, w), for all w € 8, and

T

Il < 20 lot 4+ f gt
The function u is a weak solution of
(58)
up = — P, z, X)u + f, (0, ) = up(x), u(t,2) € 35(Q) fort >0
while the function v is a weak solution of
(59) )
o= Pz, X))o — Qt, x, X)g, v(T) = vy, v(t,z) € 35(Q) fort>0
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If v € $g and N(u) < 4+, and we set

T
Un(l) = f w(r) galt — 7) dr
0

where ¢, € C%, ¢, = 0 outside the interval 0 < ¢t < 1/n, ¢.(t) > 0 for
T

all » and all ¢, and f én(t) dt = 1, then || u, — u ||x — 0 and
0

N(un) < Coll v ||x + N ()

for some constant C,, which implics that the weak solution of (58) is
unique in $x. Similarly, the weak solution of (59) is unique in Sx, and if
w € 8k, there is a unique W € Sy such that (v, W), = (¥, w) g for all
¥ € 8, and there is a sequence W, € 8§ such that || W, — W |lgx — 0
and

[(¥, Wi)a — (Y, w)| < || ¥ |[&/n
for all ¥ € 8.
5. Variational principles

The solutions of (58) and (59) can be characterized by variational
principles, which can be used both for numerical purposes and for com-
parison theorems. For A > 0, let

T
Na(u) = sup [(w, w)al/{]] w(0) [lo*+ A f I w() [lo® e}
wC S,w =0 0

If w is the weak solution of (58), then
T
Mo = (o It 3 170 o e
0

Consequently, if » is the weak solution of (59), the identity

T T
(0, w4 = (0), ue)y + f (0, fodt = (o1, w(T)) + f (g, wg dt
0 0
implies that

-
{0 (0) Houf"f o) lo?dt} " = sup  ®(v, u).1/Na(u)
0

uCC S, u=0

the maximum being attained when u is the weak solution of (58) with
g = v(0) and f = M. The dual principle is based on the norm

T
M) = sup (sl /o) 128 o o
we S, w0 0
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and characterizes the solution u of (58) by means of

T
() 12 + 2 [ 1@ l1? de) %
0 T
= sup R{O), u) + f (v, o dt} /NA*(0)
0

v S, =0

N

the maximum being attainecd when v is the weak solution ¥ of
Y, = P@t,z, X\)¥ — zu, ¥(T) = uw(T), ¥, x) € 505(Q) for0 <t <t

As an application, suppose & C @, and E is the operation of extending
a function defined on @ by setting it equal to zero in @; — Q. ILet V be
the weak solution in $x ([0, T, ©;) of (59) corresponding to the functions
Ev; and Eg, and let Ny, ; be the norm for ©; corresponding to N, for Q.
Then for v € 8([0, T], @) we have Ny ;(Ffu) = Nx(u). Hence,

T T
1000 Io? 4 7 [ 110 Io? e < I V) I+ [ 1 V(o I
0 0

Now we let A — 0, and obtain || »(0) [[o < || V(0) [lo. In a similar
fashion we may prove that, if g and f vanish outside ©, then || w(7T) ||o is
a nondecreasing function of the domain .

By using the results of Sobolev [624] (see Corollary 26), we can weaken
the conditions on f in (58). Visik did not investigate the question of
whether the weak solutions of (58) and (59) are actual solutions. He did
give an adapation of Galerkin’s method (see Mikhlin [441], Kantorovié
and Krylov [363]) to the computation of u, and also results on the ap-
proach of u(t, z) to the solution of an elliptic equation as ¢t — «, pro-
vided that P(, z, £) — P(wx, z, £) exists. He also studied equations of
the form

(60) A@Qu + B(t)u = (),  w(0) = uo

where A (f) is an elliptic operator of order m = 2k satisfying the above
conditions on P, and B(¢) is an operator of order r with bounded measur-
able coefficients. If r < m, then (60) has weak solutions in $z([0, 7], @;
in fact they can be obtained by a process of successive approximations.
If r = 2s > m and if B(¢) is an elliptic operator satisfying the conditions
imposed on P, then (60) has weak solutions in the S5 — space correspond-
ing to 3Co°(Q).

Unfortunately space does not permit a description of the important
results of Lions [423].
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6. Regularity properties

The author and Browder, in unpublished work, have recently obtained,
independently, results on regularity properties of solutions of (58) by
apparently different, though related, methods. First, we remark that,
if G(¢, 7)uo is the unique function in the space Sg([r, T, 2) such that

T
(T, u(T))o + f ((w, w)p — (wy, u)o} dt = (w(r), uo)o

for all w € 8([r, T, ), then the solution of (58) is given by the formula
u(t) = G(t, 0)ug + f tG(t, 7) f(r) dr. Hence it is sufficient to treat the
case f = 0. °
First we show that, if u.(t) = ¢ J0T¢((t — 7)/¢) u(r) dr, where
o(t) = 7 exp (—1?), then lim u(T) = u(t) exists for 0 < ¢ < T, and
that : HO
[l u(® [lo® +j; [ u(@) l¢*dr = [uo[le®> (O <t<T)

from which it follows that wu(f) is continuous as a function of ¢ in a sense
of £5(R) and u(t) — wugast — 0. Furthermore, if w € §, then

(w(®), u(®))o = (w(0), uo)o +f {'(n), w(r)) — (w(r), w(r))p} dr
0

for0 <t < T. Weset w(r) = ¢(y) Gt — 7+ ¢, — y; toy, xy), Where
G(t, ; ty, To) 1s the fundamental solution of the equation

vy = —plo, To, X)v = po(X)vg

with constant coefficients, and p(ty, xo, £) is the principal part of
P(ty, 7o, £), ¢ € Cy*(Q),  and z, are fixed points of £, and 0 < ¢, < T
When we let ¢ — 0, we obtain almost everywhere in Q.

1) @) ut, ) = f G — y; to, o) $() uoly) AV

t
+ f (L= 77 — ys to, 7o), $u(r))po— (woll — 7, u(r))p dr
0

= ul(t, T) + u2(t; Q‘)

If @, € ©Q, choose ¢ so that ¢ = 1in ;. Then this fundamental identity
expresses u in ©; as the sum of the solution of an equation with constant
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coefficients taking on the initial values ¢uo and the solution of a non-
homogeneous equation with constant coefficients, both of these operators
being smoothing operators. Their properties can be read off from
Theorems 40-44, by repeated use of Young’s inequality. We begin with
the property

T
[ 1t e < 1
0

and successively obtain sharper results by a “bootstrap” method until
we have the desired information. If |a| <k, then X®u(f, x) can be
computed from (61) in 2; and can be estimated on the assumption that

| Pas(t, ¥) — Pas(n, )| < C|a =y [P+t — 7™

for some », 0 < » < 1, and all (¢, x), (1, y) € Qr, and all @, 8 such that
|a|=|B| = k. We obtain

t
| w(®) e < lua@ lle + le t — M ulr) e, dr
0

where \ = »/m, and C; is a certain constant. From | u(?) [x <
C || uo |lot™", we obtain

[ u(t) [lig, < Ca(@1) | uo llot™
Suppose that for some ¢ > 2 we have already shown that
Lgo,(X*u(t)) < Cqa(®) [ %o [lot™", s =s(q)
for |a| < kand 0 <t < T. Then for ¢! — r~' < »/N, we obtain
Lyo,(X“u(t)) < Ca(®) || uo ot~

where  s(r) = s(g) + (N/m)(g™* — r1). Hence s(q) = () +
(N/2)(m™" — ¢ %). We apply this repeatedly until we reach a ¢ such
that N < »q, and, at the next step, we obtain the inequality for r = .
The argument also shows the continuity of X*u(¢) for [a| < k. Thus we
obtain
| Xeu(t, 2) | < Cal(@) || up [lot~O=N2m

for |a| < k, x € €. One more application of the fundamental identity
yields

62) | Xeu(t,z)| < Cal®) | o lt™, s = Qla|+ N)/m
|Xau(t, z) — X%uy(L, x)] < 0J () H o Hot(vlm)—a

for |a| <k, x € %, 0 <t < T. If we assume that pa,g € C"(Q) for
|a| < k, |B| < k, then we conclude by this reasoning that u € CHtr(Q)
for0 <t < T.
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Hence X*u(t, x) is a linear functional on £5(2) for each fixed ¢, x, and
, |a| < k, so that there is a Green’s function Gp(t, x, y) = Gp(t, 0; 2, y)
€ £2(Q) as a function of y such that

u(t, 7) = f Golt, 7, 1) uo(y) AV,

and Gp(t, z, y) € C*asafunctionof z € Qfor0 < ¢ < T. The operator
G(t, 7) introduced on page 121 has a representation of the form

() (2) = [[ o, 730,4) o) a,
and has the property that, if 0 < {; < ¢, < t3 < 7T, then
(63) G(ts, tg) G(tg, 1) = G(ts, t)

If v is the solution of (59) with g = 0, then

o(t, @) = f AT, 9, 2) ) dV,

The fact that || u(f) ||o is a nondecreasing domain function if %, vanishes
outside @ implies that, if Q; C Qs and Gp(¢, 7; 2, ¥, ;) is the Green’s
function for the operator P and the domain ©j, then

L Gp(ty 70, 3 Q0 2V, < f Golty 753, 3 ) 24V,
1 1

Sf |Gp(t, 752, 95 Q) 2 AV,
S22

for0 < 7 <t < T,z € 2. The middle term shows that for the solution
of (58) we have

lu(t, )| < Co [l ug ot™'™,  0<t<T
uniformly in @, and
f|Gp(t,x;T, YEAV, <CEE - 0 r<t<T, rE€Q
Q
and similarly for the Ls-norm with respect to . Consequently, we con-
clude from (62) and (63) that for |a| < k
| XGp(t, 30, y) | < Ca(@t™ @D/
for0 <t < T,z € QycQ Ina similar manner we can prove that
|Gp(t, 2;0,) — G,z — y; t, @) | < Co(@)t¢— M
for y€ Qo€ @, 0<tLT. If P= P is independent of ¢, then
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GP(t)x; 7y y) = GP(t - 7,x;0, y) = GP(t - ?/) = GP(t -nY x)-
It follows that Gp(t, z, x) is a nondecreasing domain function.
7. Barrar’s a priori estimates

For second-order parabolic equations, Barrar [25] obtained a prior:
estimates of the solution and its derivatives from which he deduced very
sharp existence theorems. He uses the method introduced by Schauder
[595] for the treatment of elliptic equations. Let

N
P(t,z;7,8) = D aptiky + iZbit; + ¢ — ir
1

where (a;x) is a negative definite matrix, and a;x, b;, and ¢ are Holder
continuous in the bounded domain @ C Ey,; and let f be Holder con-

tinuous in 2. Suppose that for every point (fy, 2o) € 02 with {y < sup ¢,
(tx)EEQ

there is a one-to-one mapping of the form
xj=¢j(yl’ YN, 8)’ 1 S]SNr t=¢N+1(S), ¢N+1(8) >0

of a neighborhood Q4 of (fy, o) onto a neighborhood €, of the origin in
En 41 such that ¢; has Holder continuous second derivatives and such
that €, N 02 is mapped into one of the three sets:

=0, s =0, or y1s =0, y1 20, §>0
Then if g is continuous on 9%, there exists a unique solution of
P, z; T, X)u = f

in Q which is continuous in & and such that v = g on 0Q.
Let

My (u) = pSip _kd(P)“"IX“uI

Mpaa() = sup  d(P, QP (| Xu(P) — Xu(@)|/8(P, Q)

PQEQ, el =k
where for P = (i, 2), Q = (+,y), 8(P, Q) is the metric defined by
5P,Q) = (lz—y >+t — 7))

and
d(P) = min (§(P, Q)), d(P, Q) = min (d(P), d(Q))
and let \ Qcdn
Np.k(u) = Z Mpvj(u)/j!, Nfuk.)x(”) = p,k(u’) + Mp,k,)\(u)

=0

k
Ny (u) = 2 M_;j(w/i!,  Nia@) = Ni/(u) + M _p_\ xa(u)

()
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Thenif 0 < A < u < 1, a = |det (a;x)| ', we have

Noza) < C(Noa(f) + No(9))

where C depends on N (a;r), Noa(h;), Noa(©), No(a), and Q. If the
functions ¢; appearing above satisfy N 2.u(¢5) < + =, then

Non(u) < Ci(Nox(f) + Naa(@)

where Cy depends on the same quantities as C' as well as on N 2.u(05)-
Such a priori estimates are fundamental for the treatment of nonlinear
problems.
Interesting work on problems of heat conduction with unknown mov-
ing boundaries was done by Datzev [129], Mann and Wolf [436], and
Kolodner [378].



CHAPTER 5

EQUATIONS OF ELLIPTIC TYPE

GENERAL THEORY

1. Classification

An equation is said to be of elliptic type if it has no real characteristics.
If Pz, £) = ZP,(x)t" is a scalar polynomial of degree m, and p(z, &) =
Po(x)E* is its principal part, then the operator P(z, X) is elliptic if

ch =m
p(x, £) # 0 for all real £ > 0. If p has real coefficients, then m must be
even and p is definite. If P = (Py;(z, £)) is a matrix-valued polynomial,

then P is elliptic if
pO@, & = det @ (@, 8) %0 for t€ By, £%0
where p,§-> is the homogeneous part of degrec m; of Py, and m; = max

deg P;;. Visik [661] calls P strongly elliptic if R(7-p(z, £)n) = 0 for all
¢ Ey,t#0,and all g € Cy, n = 0, where p is the principal part of .
Douglis and Nirenberg [166] introduced, by analogy with a class of
hyperbolic systems studied by Leray [408], a class of systems which have
similar properties to elliptic systems. Let m;; = deg P;;. Suppose that
integers sy, ---, S, by, - -+, far are chosen such that mg; < s;+ ¢
(1 <14, j £ M), it being understood that if s; + t; < 0, then p;; = 0.
Let p3) = py;if my; = s; + t; and pJ = 0 otherwise. Then Douglis and
Nirenberg say that P is elliptic if det (pS'(z, £)) = 0 for ¢ € Ey, £ 0.
Let g(z, &) = (gij(z, £)) be the matrix of the cofactors of Pj;, so that
gp” = p"g = I det p”. Then ¢ is a matrix such that ¢P and Pq are
elliptic in the ordinary sense. This suggests that we call an operator P
weakly elliptic if there exists an operator @ such that QP is elliptic. Now
QP — PQ is an operator of lower order than QP, so that PQ is also
elliptic. @ can always be chosen so that the principal part of QP is a
diagonal operator, or even a scalar operator. This concept of weak
ellipticity has the advantage over the Douglis-Nirenberg concept that it
126
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is invariant under changes of the coordinate systems in Ej and Ky and
under nonsingular recombination of the equations. If u is a solution
of P(x, X)u = f, then it is also a solution of the elliptic system
Qz, X)P(z, X)u = Q(x, X)f if the coefficients of P and f are sufficiently
often differentiable. Also, if v is a solution of the weakly elliptic system
Q(x, X)v = u, then it is a solution of the strongly elliptic system PQv = f,
so that the introduction of such potentials » may often yield valuable
information. If P is weakly elliptic, and @ is chosen so that QP is
elliptic and the principal part of QP is scalar, then the equation QP(U +
1V) = QF, satisfied by the real and imaginary parts, U and V, of u, can
be put in the form

U — poV + CiU 4+ CroV = ¢4
peU 4 p1V + Co U 4 CooV = go

where Cji and the scalars p; are real operators, and the orders of Cji are
less than max (deg py, deg p2), and pi(z, £)2 + pa(z, £)2 = 0 for all
£ € Ey, £ 5 0, so that this equation is strongly elliptic. These trans-
formations must be employed with care, however, since they have an
effect on boundary conditions which is often difficult to keep track of, and
it is sometimes difficult to obtain in this way results on the existence of
solutions satisfying given boundary conditions.

2. John’s fundamental solution

For elliptic operators with analytic coefficients John [352] has given an
ingenious construction of a fundamental solution. This generalizes pre-
vious work on equations with constant cocfficients by Somigliana [628],
Fredholm [234], Zeilon [734], Levi [412], Herglotz [316], and Bureau [88].
Let P(x, X) =| ]Z< Pa(r)X® be an clliptic operator with coefficients

analytic in @, where @ is a bounded domain in Ey. Here p,(x) is an
M X M matrix. Let R be the portion of 2 contained in the half-space
(x — y)-£§ < —r, where £ € Ey, || £]|= 1, y is a fixed point in @, and
0 < r < §(y) = distance from y to dQ2. If uis a solution of P(x, X)u = f
in Q and v € C*(Q)(M X M), then

Pi(x, X 1V =} of dV M((v, w) dA
j};( 1(x, X)v)u ¢ j;{zf —!—j;R (v, w)

where
Pi(z, X) = (= X)*(wpa(x))

and M (v, u) is a bilinear form in » and % and their derivatives:

M@, u) =71 3 niM;,s(0)XPu
8
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where n = [n,, - -+, ny] is the unit exterior normal to R, and the principal
part of M;o(v) is

e B () Yo

Set v = Qi(x, X) w = Z(—X)*(wqa(x)), where @ is a matrix sych that
the principal part of Q(z, §) P(z, £) is a scalar matrix p(x, €)I, and
deg p = n. Then on S, the part of R in the hyperplane (x — y)-£ = —r,
the coefficient of u in M (v, ) has the form

(=1 p(, s (¢ V)" T'w + My (w)

where M (w) involves tangential derivatives of w on S and normal
derivatives of order less than n — 1. We set w = w(z, ¢ (y-§) — 1)
equal to the solution of the Cauchy problem

Pi(z, X)Qi(x, X)w =0, (¢EVVw=0 (k<n-—1)
V)" = —p(,i&) "I, on S

Then w exists and is analytic in @ if  is sufficiently small. We thus obtain

fu dA =fvde +fM(v, u) dA
S R B

where B is the rest of the boundary of B. Now we form the integral

J(y;9) =f dAgf g(r) drfu(:r) dA,
leh=1 0 S

where g(r) is an arbitrary function integrable over every finite interval.
Using the identity

fnw:l,(u_t).mg((y — x)-£) dA; 1
B wN“f (L=r) VPG [ly — ) dr
we obtain 1 0
J(y;9) = wN—1j;“(3‘)f (1 = YN 2g0r ||y — 2 |)) drdV,
0

If we set g(r) = 7%, ®s > —1,J(y; ¢9) = J(y), then we find that
(=)W () = 477 TNV /2) = 8) J2sn(®)/T(s — (N — 1)/2)

for (N — 1)/2 < ®s < N/2, where (—A)™* is the Riesz potential
(page 83). The function ((—A)™%u)(y) is by the formula on page 83
analytic for 0 < ®&s < N/2, and, by the above formula, it is also ana-
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lytic for s > (N — 1)/2 except possibly for poles at s = (N/2) + k,
k=0,1, ---. The function u can be obtained by analytic continuation
down to s = 0 or by the formula

(=) ((=2)"*u)(y) = (—A) " Pu)(y)
for £ > 0. Hence, if N is odd, we obtain
u(y) = =27 Na' TN (= 2) VD2 ] (y)

Similarly, if N is even, we have

Wy) = —(=a)V2 -f— @B Ng=N=112 T(1 = &) Jas(@)/T6 + B)|eo

Let
k(x,y, &r) = Qi(x, X) w(z, § (y-§) — 1)
Then

ﬁtllﬂdAEL g(r)j;ck(y, v, & 1) f(z) dV,

y—2)-¢
=f (f f g(r) k(x,y, &) dr (YAg)f(x)w AV,
Q lEll=1,(y~x)-£>0 Jg

Hence, if

K(x,y,s) = @'/ MT((N/2) — 5)/T(s — (N — 1)/2))
(y—z)-¢
f f P Nk(x, y, & ) dr dAg
gl =1,(y—=) -£>0J
then

(= &) ") (y) = f K, 9 0) dV, + [ (K0, 9, da,

The kernel K (z, y, s) has the properties
Pi(x, X) K(z,7,8) = 472 N2 (T((N/2) — 9)/T(s)) [ — y |[>*~V
(—4) " K(z,y,8) = K(z,y,s — k)
and K(z, y, s) is analytic for ®s > (N — 1)/2 except possibly for poles
ats = (N/2) + k, &k =0,1,2, ---. In particular, the analytic continu-

ation K(z, y, 0) is a fundamental solution for the operator P(y, Y) for
each fixed z, and can be represented in the form

K@y, 0) = (=) V2K 4 (N +1)/2), N odd
Kz, 5,0) = —(=A)¥2 2 (N/2 = ) K@, 4, N/2 + 9} |omo,

as
N even
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There are also other ways of continuing K(z, y, s) analytically into the
half-plane ®s < (N — 1)/2.
The Cauchy data for w show that

wx, §, (y§) =) = (@& =95 + )" w6 (Y8 — 1)
where w, is analytic. Hence,
k(z, 9,61 = (& = 9)-) + " ki, 9, 8,7)
where k; is analytic:

ki(z,y, 6,1) = 20 (& — 9)-8) + 1) Ko, 9, £)

v==(
Koz, y, &) = —qlx,78)/(px, i)(m — 1)
where ¢ is the principal part of Q. A straightforward computation yields
K(z,y,s) = 27 Vgl =Np2e=N+m g0 (r(s — N/2))
> (=D rP(m— 14 »)!

Kl’ Iy
:E)F(2S—N+7n+v+l) (,9,8,9)

K, (z,9,8,5) = f 0PN 2y, —8) dA
lgl=1,6-¢>0

wherer = ||z — y ||, ¢ = (x — y)/r. This formula shows that K(z, y, s)
sin (w(s — N/2)) is an entire function of s for x  y, since I'(2s — N +
m—+v+ 1)V K,(z,y, ¢ 8) can be expressed as a Riemann-Liouville
fractional integral of an analytic function (Riesz [573]). Thus for N odd,

we obtain
K(z,y,0) =N A(z,y,1,%)

where A is analytic in all four arguments. If N is even, then
K(x,y,0) = ™V (A(z, 9,7, ) + Bz, y, 7, 1) log 7)

where A and B are analytic in all four arguments. For N odd, the main
term in K(z, y,0) asr — 0 is

( - 1)m+1
2@2m) Y " (m + 1)!

Tm-nA(xy 4,0, t) = (_Ay)(N+1)/2

_ Cpym+1 ‘I(x, —lg) dA
ﬁell=1.(z—u)-£>0((x ¥)-8) p(x, — 1§) ¢

This is the only term of K(z, y, 0) in the case where P(z, £) is a homo-
geneous polynomial in £ with constant coefficients. We can obtain similar
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formulas for N even. The coefficient »™ VB of log r is a regular solution
of P(y, Y)u = Oevenatz = y, and can vanish identically only if m < N.

These formulas can be simplified in the case of operators with constant
coefficients. The function w can be expressed explicity as a contour
integral, and we obtain

1
K Y, 8) =
(Q’ Yy «5) 2(27!')N sin (1!‘(.5‘ _ N/2))
cJEl=1,y—0)£>0
where
Fi\Ls) = e f (L — 7)2 N~ gp
I'2s—N+1)

which is a simple Riemann-Liouville integral, and C is a sufficiently large
circle. If P(¢) is homogencous, then

m

1

K(z,y,8) = — 22m)¥"lsin (n(s — N/2)) T'(2s = N + m + 1)

f P ((y — a)- BN d4,
lel=1g—2)-£>0

If m > N and N is odd, then

K(z,9,0) ()
= T e N1 T A P! — 7).gym—N dA
2(2”)1\,‘1(7” - N)!»/I;N=l.(y—x)~e>o (E) ((y I) E) 3

If m < N and N is odd, then
(—1)"' m—N

samr # O

K(x,y,0) =
where 7 = ||z — y [, ¢ = (x — y)/r, and
o) = (1 — z)<N—3>/2f Pt + (1 — )1 dA,
[Inll=179-¢=0

For N even, we use the formula

K(z,y,0) = r“(—l)N”% {(sin(m(s — N/2))) K(z,9,%)} |s=0
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which yields
2(_ 1)1+Nl2im

(2m)N(m — N)!

K(r,y,0) =

I PO ((y — )" log ((y — 2)-£) dds
ligh=1.(y—x) -£>0
+ Kl(xy ?/)

for m > N, where K, is a polynomial of degree < m — N. The case
m < N and N even can be treated similarly.

3. Strongly elliptic systems

We shall now describe the work of Garding [267], Visik [661], and
Browder [81] on strongly elliptic systems. Their method is a generaliza-
tion of the procedure used by Zaremba, [732], [733] for the Laplace equa-
tion and rediscovered later by Weyl [705]. The abstract basis of this
method was already given by Nikodym [484]. See also Sobolev [623],
Lax and Milgram [405], Lax [404], Nirenberg [489], Friedrichs [243], and
Lions [423].

Let us consider a strongly clliptic system of order m = 2k of the form
(64) P, Xyu= 3, 3 X*(pasz)XPu) = f

|| <k |B] <k
We shall assume that the coeflicients p, g(z) are bounded and measurable
in the domain @ C Ky and that for |a| = |B| =k pa g is continuous in &,
and that there exists a constant A > 0 such that

QG-p(, &) = bl £[™ [ =]

forall ¢ € Ey, all g € Cyy, and all 2 € Q, where p is the principal part of
P. If these conditions are satisfied, we shall say that P is unzformly
strongly elliptic in Q. The bilinear form associated with £ has the
property

I(vr u)Pl <4 I[ v “k,O ” U “k,O) (a‘n U, v, S COOO(Q))

where

(w, 0 = (u,(—=8))g,  (u,0)r0 = (4, )0 + (u, )i
and
A=2, sup | pag |
B8 z€Q

Q)

Suppose first that pe,g is constant for |a|, |8| < k, and that
RE-PE) = R EI™+a) [0 ]?
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for all £ € En, n € Cy, where a and h are positive constants. By using
Fourier transforms, we obtain

®R(u, u)p > by || u [0, Ry = min ((27)"h, a)

for all u € Cy™(?). Hence, by Theorem 11, for every f € £,(Q), there
is a unique u € 3¢,¥(Q) such that ( f, #)o = (u, ¢)p for all ¢ € 3,5(Q).
We denote u by Gpf, and call Gp the Green’s operator of  with respect to
P. 'The operator Gp is a linear transformation on £5(22) to 3¢,*(%) and

IGef llko S ™ 1 f llo, 11 GRf lleo® < B | S Jlo I Gof flo

If ¢ € Co*(Q), then GpP(X)¢ = ¢. Since (i, v)p is a continuous bilinear
form on 3¢o¥(9) it can be represented in the form (x, v)p = (u, Lpv),g,
where Lp is a linear transformation on 3¢o¥(Q2) to itself. It follows casily
that

(Lp)* = Lp, (Gp)* = Gp, (LpGp)* = LiGp

where in the first and third relations the adjoint operators are considered
in 3¢o*(%), while in the second they are considered in £4(%).

If © is bounded, then by Rellich’s lemma (p. 74) Gp is a compact opera-
tor on £2(0) to itself. Tt follows easily that Gp is also compact as an
operator on £5(2) to 3¢,¥(2), and a fortiori on 3¢,*(Q) to itself.

For any scalar A, the weak solutions of P(X)u 4+ Au = fin 3¢,*(Q) are
the solutions of

(65) u 4+ AGpu = Gpf

for arbitrary f € £5(2). By the theory of I. Riesz [569] (see also Banach
[23], Riesz and Nagy [572]), the operator (I + AGp)~! exists and is a
bounded operator for all A outside a certain denumerable set ¢(Gp), the
spectrum of P. The only limit point of the set ¢(Gp) is the point at
infinity. The point N € ¢(Gp) if and only if there is a u 3 0 in £,(Q)
such that uw + AGpu = 0. The space of such u is finite-dimensional.
The point X € o(Gp) if and only if X € ¢(Gf). If X € o(Gp), then (65)
has a solution in £,(Q2) if and only if Gpf is orthogonal o all solutions of
v 4+ XGjv = 0, and this is equivalent to f being orthogonal to all solutions
vof P(X)» + X = 0in 3¢,*(2). Note that if f € £4(2) and u is a solu-
tion of (65) in £,(Q), then actually u = Gp(f — \u) € 30.F(Q). If
A€ o(@p) and u + ANGpu = 0, || u ||p = 1, then

1= (u, u)O = (Gpu, u)I.’ = —A—l(u) u)f’
so that
—@\ > @)™ || w2 > h(r/R)™

by Theorem 23, where 2R is the minimum width of . Hence ¢(Gp) lies
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in the half-plane ®\ < —h(x/R)". If P = P, then we can apply the
theory of self-adjoint operators in Hilbert space (Riesz-Nagy [572]) and
conclude that the eigenfunctions of Gp are complete in £,(2).

4. Regularity theorems

So far we have only proved the existence of weak solutions of (64).
We must still show that the weak solutions are solutions in the classical
sense. To do this, it is sufficient to show that they are of class C™(2).
Our method is based on an identity similar to (61). Suppose f € £2(9),
u € £,(9), and (u, P(X)W¥)y = (f, ¥), for all ¥ € Co°(Q). Let G(t, x)
be the fundamental solution of the parabolic system v, = —P(X)v, let
Q; be a compact subdomain of @, and choose a ¢ € Cy*(2) such that
¢ =1 on Q, and set ¥(y) = ¢(y) G,z — y)*n where 5 is a constant
vector in Cpr, and A* means the complex conjugate of the transpose of
the matrix A. Then in Q; we have ¥, = — P(X)V¥, so that

(f, ¥)o = — (U, ¥)o, + (u, P(X)¥)p0_0,
d ~
= - E (u, ‘I’)o,szl + (u, P(X)‘I’)o,n—nl
Then for 0 < e < ¢
(Gle, 7 — y) w(y), Mo, [
= (G, x — y) uly), Mo —f (u, F(Y) ¥(7))oa—g, AT

t
~ [ o5 = ) 80 1), Mo ds
and since 9 is arbitrary we obtain the identity
t
fG(e, x —y)uly) dv, =f G, r — y) w(y) dV, —f uy (7, x) dr
0, o P

t
-fih@x—w¢@ﬂmmz
Now if ¢

U = [ 6 =) uw)av,

Q)

then U is the solution of

U= -PX)U, U@QOz)=wul) in Q, U@O2)=0in Ex —Q

and, by Theorem 41, lim U(t, x) = u(z) almost everywhere in Q;, and
t—0



Linear Partial Differential Equations 135

for t > 0, U(t, z) is an entire function of r. Also

t
w(t, z) = f fn G(r, = — y) o) J(y) AV,
0
in the solution

w, = —P(X)w + g, w(0,x) =0

where g = ¢finQand g = 0in Exy — Q. Finally, ¥(7) is of class C* for
0< <tz €N,y —Q,sothat uy(r,x) € C°Q) for0 < 7 < ¢
Hence for almost all z € 9, we have

(66) u(x) = U, x) — flul(r, x) dr — w(t, x)

so that the properties of « can be read off from those of w. By Theorem
44, w € CMQy) if f € £,(Q;) where ¢ > N/(m — h) and in particular,
w € C™7Y(Q,) if ¢ > N. The derivatives of w of order h are in £,(2;)
if f€ £,(Q;) where ¢7!' <r~'+ (m — h)/N. At every point =z
where [ satisfies a Dini condition, i.e., w(r)/r € £4[0, 8], where
w(r) = " max I f(y) — f(x) ||, the function w has derivatives of order
Y—z|| ST

m and (64) is satisfied. If f satisfics a uniform Dini condition in €,
then w is of class C™(Qy).

The regularity of weak solutions of elliptic equations was first proved
by Zaremba [732] for the case of the Laplace equation and rediscovered
by Weyl [705], and is sometimes called “Weyl’s lemma.” Generalizations
are due to Garding [264], Schwartz [603], Browder (81], Friedrichs [243],
John [355], and Hérmander [337].  The first complete proof for equations
with variable coefficients is due to Browder. Both Browder and Fried-
richs use the latter’s method of smoothing operators or mollifiers, but it
seems that the above use of smoothing operators especially adapted to
the equation under consideration yields the sharpest results. John’s
method is based on general properties of spherical means which also have
no special relation to the given equation. Other proofs (e.g., Girding)
are based on the fundamental solution for elliptic operators.

The identity (66) can be used for many other purposes. Tor example,
we may obtain a priori estimates of u and its derivatives in @,. If a
sequence u, of solutions of I’(X)u = 0 is uniformly bounded in £,(Q)
and converges at a set of points which is dense in some sphere S C ,
then the sequence converges uniformly in every compact subset of @
together with the derivatives of all orders.
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N
If we take P(X) = (—A)* = (3_ X*)¥, then w can be put in the form
=1

w(t, ) = ZP;(X) fo f G(r,x — 1) ;@) Pia(Y) uly) AV dr

where the Pj, are certain differential operators of order < k. Hence if
u € 3¢*(Q), then u coincides almost everywhere in € with a function of
class C*(Q) if k¥ > h + (N/2), and for any compact subdomain ©; of 2,
there is a constant C} (@, ©2) such that

My(u; ) < Chp(e, Q) “ u [|r.0.0

This is essentially Sobolev’s important lemma [624]). It can also be
proved by using the inequality of Sobolev, according to which

Lo((—8)"" ) < C(p, 2) Lyp(w)

ifOo<® <N/2p),p>1,¢"=p"" — 2(®)/N (see Sobolev [624],
Thorin [646]). If u vanishes outside a compact set and u € £,(Ex),
then the fact that (— A) ™%u € £,(&y) for r < ¢ s a trivial consequence
of Young’s inequality. The case r = ¢ is much deeper.

5. Garding’s inequality

Let us now turn to equations with variable coefficients in a bounded
domain Q. Let {¢;?],1 < j < K, be a partition of unity in &, let Q; be the
set where ¢; 5 0, let §; be the diameter of 2;, and let z; be a point in Q;.
We transform (64) as on pages 74-75 into a system of the form

K
(67) 2 L, X)v; = fa
j=1
where v; = ¢;u, f; = ¢;f, and
Laj(z, X)w = 8;p(xn, X)w e I_an(dm(Pa.B(zh) — Pa.p(x))8;XPw)

+ th(xy X)w
where Q; is an operator of order < m. We introduce in the space
8 = Co®(R)(K X 1) the scalar product

K

(0, W = 2 (v, )k

i=1

If (v, w) 1, is the bilinear form on 8 associated with the operator L, then
for all v € 8 we have

Q@02 (= llvll = Cllolkal vl
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where € = max ||(pe.p(T;) — Pap(@) || forz € Q;, |a| =|8] = k,and C'is
a certain constant. If max §; is sufficiently small, so that ¢ < h/4, and
we use the logarithmic convexity of || v ||» as a function of &, we find that

R, v) = Q)L > (R/2) v [ = " [lv o’
where (" is a certain constant. Since there exists a constant o4 such that
ok [l u ko £ 10 llko < okl 2 ko
for v; = ¢u, 1 <j < K, then we obtain for u € Co*(?)
68)  ®u, u)p = R, wp > (h/2047) || w || — C'ao® || w [|o®

The fundamental inequality was proved by Garding [267] after having
been an open problem for several years. It was anticipated by van Hove
[656].

Let LQ) = L 4+ N, P(\) = P + M. Then if &\ > ¢’ max (002, 1),
we have for u € Co*(®), v € 8, the existence of a constant h; > 0 such
that

R, Drey = byl llko®, R, Weay 2 k[l fro®

so that Theorem 11 can be applied as before to prove the existence of
Green’s operators Gp(y and Grq, with the same properties as in the case
of constant cocfficients. It is casy to prove the equivalence of (64) and
(67) when f; = ¢;f. Thus we obtain the discreteness of the speetra of I
and L, the finite dimensionality of the cigenspaces, the Fredholm alter-
native, and the solvability of (64) and (67) if the diameter of € is suffi-
ciently small and P is fixed. Note that if the oscillation of the coefhi-
cients of p(x, X) in @ is less than &, then we can take K =1, and the
consideration of (67) is unnccessary. For full details see Browder [81]
and Visik [661].

It follows from Garding’s inequality and Theorem 10 that, if A is not
in the spectrum of P and [ is any linear functional on 3¢y*(82), then there
exists a unique « € 9¢,%(Q2) such that 1(¢) = (u, $)pe, forall ¢ € 3¢*(%).
In particular, if w € C*(Q),

k

IRTIEED P> M xew g2

then there cxists a unique u € 3*(2) and a unique v € s¥(), where
$¥(Q) is the completion of C*({) with respect to the norm ||| w |||, such
that w = u + v

w, ®)pny = W, By, @, P)py =0
forall ¢ € Co®(Q). That is, v is a weak solution of P(A\)v = 0 in € which
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satisfies the same Dirchlet boundary conditions as w, in the sense that
w— v € JFQ). If
[($, ®)pon | < Cll & [14?
and
| (w, $)pen [ < B [ wlllx | 6 e

for all ¢ € Co®(Q), w € s*(), then | ulx < (B/C)|||w]||lx and
[vlle <@+ A/0) ([ w ]l

The existence of weak solutions of many other boundary value
problems can be proved by similar methods (see Sobolev [626], Visik
[663], Lions [423]).

6. The Douglis-Nirenberg estimates

We now turn to the question of the regularity properties of the weak
solutions of (64) in 3¢,*(2). Such a function is also a weak solution of (58)
with uy = u. We thus obtain

Theorem 45. If the coefficients of P are bounded and measurable,
and pe € Lipy, 0 <» < 1, for |a|=|8|=Fk, and f € £,(Q) for some
q > N/k,and if u is a weak solution of (64) in §¥(2), then » € C*¥(%;) for
every compact subdomain €; of €. If A = min (v,k — N/q) < 1 and
|o| =k, then X7 € Lip X in @y, while, if A = 1, then the modulus of
continuity of X% in @, satisfies w(r) = O(r(log * (1/r) + 1)). If
Pag € CHQ) for |a| <k, |B|<k, and [ € £4,(Q) for some ¢ >
N/(k — h), 0 < h <k, then u € C¥*™(Q,). If f satisfies a Dini condi-
tion in Q; and pg,g € C¥(Qy) for |a| < k, |B| < k, then u € C™(2y).

We can also obtain a priors estimates for w and its derivatives in €,
under the same hypotheses. Douglis and Nirenberg [166] have obtained
such estimates for weakly elliptic equations, generalizing those of
Schauder [594] for second-order equations. For second-order equations,
Serrin [609] has sharpened Schauder’s estimates.

To describe the results of Douglis and Nirenberg, we use the notations
of page 124, with 3(P, Q) replaced by the ordinary distance || P — Q ||
and d(P) and d(P, @) modified accordingly. Suppose that the equation

P, X)u = ZP(x) X% = f, Po(z) = (pij(x))

is elliptic in the sense of Douglis and Nirenberg and the constants s; and
t; arc normalized so that max s; = 0. If for some A, 0 < A < 1, we have

Ntij—lal,—siaPija) < Ky
for all 4, 7, and «, and

Nytt—sin (i) < Ko, 1 <7< M, ! = maxi;
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and if P is uniformly weakly elliptic in 2, then

Nl—tj,tj.)\(uj) <K (Z' M_y(u;) + Kz)

where 2’ denotes summation over those 7 for which ¢{; > 0, and K is a
constant depending only on N, M,s;, -+, &y, A\, Ky, and Kj = inf
(17°@ B,z €2, [ £] = 1.

We have now shown that weak solutions of (64) exist in 3Co*(2) and
that if the coefficients of P and f are sufficiently smooth, then u is a bona-
fide solution with all the desired derivatives. A function in 3¢o*(Q)
satisfies the Dirichlet boundary conditions: X*u — 0 as & — Q for
|a| < k, in a certain generalized sense. 1f @ is a portion of 99 of class C*?,

i.e., there is a coordinate system and a function g(z, - - -, xy—1) of class
(! such that @ is represented by the equation 2y = g(zy, - - -, an—1),
then X*u(z) — 0 in the £, sense with respect to the variables 2y, -,

zy_1 882 — Q. (Deny and Lions [135].) More precisely, if we make a

change of coordinate system so that @ becomes a portion 8 of the hyper-

plane zy = 0, then (X, BX°u)g — 0 as zy — 0 for |a| < k, where
N=1

B is a certain nonnegative operator such that B = > X;? (Aronszajn
1

[24]). We now consider the question of the assumption of the boundary
values in the classical sense. This has been settled in a very precise
manner for the Laplace equation by Wiener [712] and in two dimensions
for strongly elliptic equations with sufficiently smooth coefficients in
domains with smooth boundaries by Browder [78], and for second-order
systems by Morrey [463]. The problem for strongly elliptic systems of
any order, under strong smoothness assumptions, was solved by Niren-
berg [489)].

7. The assumption of boundary values

A basic tool is the lemma of Sobolev [624], now used in the sharp form
which holds up to the boundary. Let S be an open set on the boundary
of the unit sphere || £ || = 1, and let C,(z, S) be the conical sector z + 7,
0<r<a, tES WesaythatQ has the cone property if there is a con-
stant b > 0 such that for every = € Q there is a cone Cy(z, S) < @ such
that @ > b and A(S) > b; we say that @ has the strong cone property if
there is, furthermore, an e > 0 such that for every x € @ the set
C.(z, 8) — Cyj2(z, S) is contained in the set Q. of all y € @ such that
d(y) > e. If Q2 has the cone property and X*u € Ly() for |a| < k, then
u € CH@) for k > h + (N/g). If @ has the strong cone property and
h=[k—1—(N/g)], then X°u €& Lipx for X<k —h— (N/g),
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A < 1,and |a| = h. If @has the strong cone property and k — (N/q) <
h <k, then X*u € £,(Q) for r < oo, 71 > ¢7! — (k — h)/N. These
results follow from an identity of the form

u(x) A(S) = u(t, x)

¢ k
— y [**(X*G(r, z — y))Basu dV d
[0 g T D = PG, 2 = 0)Bagu Y
where
wto) = [ G- ) uw) v,
Ca(2,8)
and G is the fundamental solution of the equation v; = —(—A)*», and

B,,1 is a differential operator of order A with bounded coefficients which
are of class C* for y # z, and  is any function of class C* which vanishes
when || ¥ — z || is close to a.

Another essential lemma is an inequality of obscure origin proved by
Ehrling [181] (see also Hadamard [307], Hardy, Littlewood, and Pélya
[311], p. 194, Pitt and Halperin [524], Kolmogorov [375], Bang [24], Lax
and Milgram [405], Nirenberg [489]). We shall say that Q has the third
cone property if it has the strong cone property with S a spherical cap,
and if for all y € @ — Q,, the set of z € 92 such that y € C,(z, S) has
area between b and ™', If Q@ has this third cone property, then for
0 < j < k there is a constant Cj such that

(69) [l < Cin( ™ | wlle + €7 || wllo)

for 0 < e < 1. Let us indicate a quick proof in the one-dimensional
case. Let ¥(f) € C* for 0 <t <1, ¥W(1) = 0 for h <k, ¥™(0) =
(—I)H_l Onk—j—1 for b < k. Then

1 1

f YR () u(z + te) dt = du? (z) + (=1 f V() u® (x + te) dt

0 0
It is now easy to estimate the norm of . We then prove (69) for a cube
by integration over cross sections. It is easy then to pass to a cone
Ca(z, S) when S is a spherical cap, and then to a general 2 with the third
cone property. Actually we shall only use the case of a cube in what
follows, and shall not use the full strength of this inequality. This
inequality has many other applications.

Let f € C'(®), let @ be a portion of the boundary of @ of class C™*?,
i.e., a neighborhood of @ in Q can be transformed by a coordinate trans-
formation of class C™*! into the cube 2;: 0 < z; < 1,1 <7< N,insuch
a way that @ becomes the face zy = 0. We assume that P is a strongly
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elliptic operator with coefficients of class C'(2) such that for some con-
stant a > 0
®(s, d)p 2> a | & [li®

for all ¢ € Cy*(Q). Let £j(h) be the difference operator
ti(R)¢ = (¢(x + hs;) — ¢(x))/h

where §; is the vector with components §;, k = 1, ---, N. We choose a
function ¥ € C*(Ey) such that ¥ = 1 in a neighborhood of the set
zv =0,e<z; <1 —e (1 <7 £ N)and ¥ = 0in a neighborhood of the
other faces of @;. If u is a weak solution of (64) in 3Co*(Q), then U =
Yu € 3¢,*(2;) and for ¢ € Co™(Q))

(U) ¢)1~° = (\I,f) ¢)0 + (uy ¢)Q = (fl) ¢)O + (u) ¢’)Q

where (u, ¢)q is a bilinear form of order less than & in w. For j < N,
[h| < e £(h)U is in 3¢*(Q;), and we have

[E(=h)U, ¢)5| = | (U, £i(h)¢)s + (T_U, ¢)3,|
S|y Ei()ol + | (u, £(R)¢5| + [ (T-U, 0)5,| < C || 6 |Ix

where P; is the operator whose coefficients are ¢;(—h)pag, T_1U is
U(z — h$;), and C is a certain constant. Hence || &(=h)U ||, < C/a
for 0 <|h| < e. But since £(—h)U — iX;U in £,(2;) as h — 0 and
| £(=R)U ||z is bounded, it follows that X;U € 3¢,*(@,) forj < N. By
repetition of this argument we find that, if f € C?(§;) and the coefficients
of P are in C?(@;) and @ is of class C,p, then X*U € 3¢*(Q;) for
a| < p,any = 0, and X*U € L£5() for |a| <k + p, ay < k.

Now if the coefficients of P are in C*(Q;) and f € C*(2;), then u €
C™(Q) and satisfies the equation (64) in ©; in the ordinary sense. If
m = 2, then the coefficient of X y*u is bounded away from zero and all
the other terms are in £5(2;), so that Xy%u € £2(2;). If m > 2, then
we can deduce from the equation (64) an equation of the form X y*v = f,,
where v = QU and @ is a differential operator of order k such that the
coefficient of Xy*U in Q,U is bounded away from zero in 3; and fo €
£2(2). Since both v and X x*v are in £5(2;), then by the lemma (69)
above we conclude that Xyv € £,(2)). But Xav = ¢(@) X * U+ - -,
where ¢(z) is bounded away from zero in €4, and all the other terms are in
£2(Q), so that Xy*T'U € £2(2;). We apply this result to X,;U, 1 <
j < N, which is the solution in 3¢*(2,) of the equation

Pz, X)X;U + Qo(z, X)u = f3

where @, is an operator of order m and f3 € £5(2;), and infer that
XN*PIX,U € £5(2;). Now we can deduce the fact that X*1T2U €
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£2(2;) from the fact that Xn% € £5(2;). This argument can be
repeated, with certain simplifications as soon as we reach X»PU for
p > m. Thus we find that if G is of class C***?~2 and the coefficients of
P are in C%**?=2(Q,) and f € $?7!(Qy), then U € §**2(Q,). In particu-
lar, if p > (N/2) — 1, then U € C;_1(2;), so that X*u(zx) — 0 as
z — Q@ for |a| < k, and the boundary conditions are satisfied on @ in
the classical sense. Browder [82] subsequently found another proof,
based on an inequality of Aronszajn [13], requiring weaker assumptions
on f. For the case m = 2, Morrey [463] has obtained very sharp results.

8. Green’s and Neumann functions. The Bergman kernel

Let (u,v)g be a bilinear form on a subspace $ of $*() containing
Co™(?), and let (u, v) be a scalar product on 8§ with respect to which § is
a Hilbert space, and let || u || be the corresponding norm. We assume
that

[woel<Alullllvl, [@welzClul? llulll<Cillul

for all w,v € 8, and that (u,v)g = (u,v)p if either u or v € Cy°(Q),
where P is a strongly elliptic operator on € with bounded measurable
coeflicients such that p, g is Holder continuous for |a|=|8]| = %, and
such that ®(u, u)p > a || u |[}2 for some constant a > 0 and all u €
Co™(Q).

For every u € $¥(Q), there exist unique elements X pu € 3¢,*($2) and
Y pu such that v = Xpu + Ypu and

(u, v)p = (Xpu, v)p, (Ypu,v)p =0
for all v € Cy®(Q). The function Ypu is a weak solution of Pw = 0 in

2. An example of a form Q satisfying the above conditions with 8 = s*,
Tl =[] wlllis

(u, v)q = (Xpu, Xpv)p + ((Ypu, Ypv)))k

The choice of @ and § can be varied considerably according to the bound-
ary value problem under investigation.

For every f € £5(Q), the functionals (f, w)o, (f, Xpu)o, and (Y pu)(x)
(fixed 2 € ) are linear functionals on 8, and so, by pages 69-70, there
exist uniquely determined elements Ngf, Gof, and K, in § such that

(u,NNo = (u, Noflas  (Xpw, )o = (¥, Gof)o, (Y u)(z) = (v, Ki)q
for all w € 8. Since for u € C,™(2) we have (u, K;)g = (u, K;)p = 0,
then K, is a weak solution of PK, = 0 in Q, and so K, (y) = K(z, y) is

a well-defined function of class C*(Q) for cach z € Q. It is called the
Bergman kernel associated with the form @ and the space 8. For special
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spaces and second-order operators and for the operator P = (—A)? it
was introduced by Bergman [28] and was discussed in considerable detail
by Bergman and Schiffer [36] (see also Aronszajn [6]). The operators
Ng and Gy (as we shall see in a moment G depends only on P) are the
Neumann and Green operators associated with @ and 8.

Now (Ypu, Gof)g = 0, so that

(Ypu, YpGof)g = —(Ypu, XpGof)e = —(Ypu, XpGof)p = 0

for all w € 8, from which we conclude, on setting v = Ggf, that Y pGof =
0, so that Gof € 3¢,*(2). Hence Gof coincides with the unique element
Gpf in 3C,F(Q) such that (u, )y = (u, Gpf)p for all u € Cy*(R). Thus
Gpf = Gof is the weak solution in 3¢*(2) of (64). Similarly, if v €
3ok (), then (u, f)o = (u, Nof)o = (u, Nof)p, so that Nof is another
weak solution in the space 8 of the same equation.

We remark that, if (u, v)g* is the bilinear form defined by

(u, V) @* = (v, we

then Q* satisfies the same conditions as @, and is associated with the
operator P. Furthermore,

(NQ*U, v)o = (NQ*u, NQU)Q = (NQ?), NQ*u)Q* = (u, NQU)O
which implies that Ng* = (Ng)* in £2(2). We treat Gp similarly to
show that G = (Gp)* in £5().
By application of Theorem 45, we infer that, if ¢ > 2, ¢ > N/k, and
[ € £,(9), then Nof € C*(Q) and, for y € €, there is a constant C,(y)
such that
| (Nof )W) | < Ciy) Le(f)

TIence there is a function Ng(z, y) of class £,(Q), r = ¢/(¢ — 1), with
respect to x such that

Nov)) = f No(z, 1) o(x) dV

Similarly there exists a function Gp(z, y) € £,.(Q) with respect to x such
that
(D)) = [ Grto, 91) V.

Forz,y € Q, x % y, No(z, y) and Gp(z, y) are, as functions of y, weak
solutions of Pw = 0, and so are of class C¥(Q — {z}). Since

No(z,y) = No*(y, z),  Gp(z,y) = G5y, )
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these functions are also of class C¥(2 — {y}) as functions of = and are
there weak solutions of P = 0. Finally,

(v, Ypu)y = (u, fv(x)Kx dV.)q = (u, Nov — Gpv)g
Q
for all u € 8, so that

[ Kot 1) o) av. [@¥ate ) = Gote, 1) o) av.
Q Q

for all v € £,(2). Hence
Kq(z,y) = No(z,y) — Gr(z, y)
We can look upon this situation in another way, since
(u,v)q = (Xpu, Xpv)g + (Ypu, Ypv)g = (Xpu, Xpv)p + (u, Lv)

where L is a certain bounded linear operator on 8§ to § such that Lo =
LY, so that Ly depends only on the values of v in an arbitrarily small
neighborhood of 492, and the range of L is a certain linear manifold 91 in
8. We may formulate the following boundary value problem: to find a
weak solution v in 8 of Py = fsuch that Lv = g, where f is a given element
of £,(?) and g is a given element of M. The solution is the unique
v € 8 such that
(u: U)Q = (XPuy f)O + (YPu’ g)

for all u € 8.

The operator S is called a fundamental solution of P in © if S is a
bounded operator on £,(2) to $¥(2) such that (u,v) = (u, Sv)p for all
u € Cy*(Q). By the same reasoning as before, we can show that

Sv =fS(x, y) v(z) dV,
o

where S(z, y) € £,(2) as a function of x and is, as a function of ¥, a weak
solution of Pw = 0in @ — {x}, so that it is of class C*in y for y = z. If
the Bergman kernel Kg(z, ) and a fundamental solution are known,
then Ng and Gp can be constructed. Let 2 € ©, and choose ¢ € Cy®(2)
such that ¢ = 1 in a neighborhood of x. Then

Gp(z,y) = 8z, y) — (Ko(z, v), (1 — ¢(2)) S(z, 2)) (2
NQ(CU, y) = Gp(z,y) + I(Q(T’: y)

where Q(2) indicates that the operations are to be performed on Kg(z, %)
and (1 — ¢(2)) S(z, 2) are considered as functions of z.



Linear Partial Differential Equations 145

9, Construction of solutions

So far our theory is based on the abstract existence Theorem 6, and
gives no method for actually constructing solutions of the problems
considered. One method of great generality is to begin with a countable
dense set in § and to orthonormalize them over £,(2), thus obtaining a
sequence {¢,} in . We can now find linear combinations ¥;, of
¢1, ***, ¢, such that

Yy dn)g = (b5 dn)o = 6jn forl1 <j,h<n
Then

Nou = lim D ¢;(¥j.n, w)o

n—ow ]

n
Now = lim 37 ¥;,,(65, u)o
noe g
A similar procedure can be applied to 3¢,¥(Q) for the construction of Gpu
and Gpu. The errors can be estimated in terms of the degree to which
one can approximate a function of known smoothness properties by
linear combinations of ¢1, - - -, ¢,. For elliptic operators of second order
these questions were studied in great detail by Kantorovi¢ and Krylov
[363], Indritz [344]. The work of Kharrik [368] will be very important
in the investigation of the general problem.
If Q = Q*, then we can take (u, v)g as the scalar product in 8. Now
we can characterize Gpf as the solution of certain variational problems.
It is the function in 3¢,*(?) which minimizes

J() = [l ulle* = 2Q(f, uo

and also maximizes J,(u) = ®R(f, w)o/|| « |l¢- The extrema are respec-
tively — | Gpf |lo? and || Gpf |l Tt can also be determined by choosing
a function ¢y € 30o*(Q) such that (f, ¢o)o = 1 and finding the minimum
of || ¢o — ¥ |lg as ¥ ranges over all elements of 3C,*(2) such that
(f, ¥)o = 0. The minimum is 1/|| Gpf ||o. Every trial function in each
of these variational problems leads to an estimate of || Gpf |l¢ from
below. The operator Ng can be treated similarly.

The operators Xp and Yp are also related to variational problems.
Since Q@ = Q*, Xp = (Xp)*, Yp = (Yp)*, so that these are both pro-
jection operators on the subspaces 3¢*(?) and Zp, the space of weak
solutions in § of the equation Pw = 0, and these subspaces are orthogonal
complements in 8. Hence X pu is the element of 3*(Q) which minimizes
|| w — v || and Y pu is the element of Zp which minimizes the Q-distance
from w. A boundary problem may be posed in the form: to find an



146 Numerical Analysis and Partial Differential Equations

element w € 8 which is a weak solution of Pw = Py and such that
w — u € 3*(Q), where u and v are given elements of §; in other words,
to find a w € 8 such that Xpw = Xpv and Ypw = Ypu. This w mini-
mizes | v — W ||g on the manifold of elements W such that YpW = Y pu,
and minimizes | u — W ||g on the manifold of elements W such that
XpW = Xpv. If uis a weak solution in 8 of Pu = f, then Xpu = Gpf,
so that this procedure yields upper bounds for || Gpf |lo.

Often a complete determination of w is more detailed information
than we need for the applications. The desired information may fre-
quently be summarized by the values of a few functionals of the form
(2, w)g, where Xpz = XpZ and Ypz = Yp¢ and Z and § are known.
The identities

(e — @, e — (u, Z)g + (w, 2)g

= (u - ’U),g‘ - Z)Q + (w - vrf)Q_‘_ (u,z - Z)Q
and
(U, Z)Q - (v; I)Q - (u, Z)Q + (w, z)Q

=w=-v,2—2)¢+ w—u2Z)g+ @z
yield the estimates

l(uv r)Q - (Uy g‘)Q - (’!l, 2)Q + (w7 Z)Q] _.<_ g1
(0, 2)g — (0,00 — (U, Z)g + (w, 2)o| < g2

where
g1 = ({lw—=vle® + lul®Hlle = Zllg* + ¢ lle®})*
if lulelisle s lu—viollZ—¢lle
gr=lu—vloliclle+1Z—¢llelulle
if lu—2vlollZ—¢lle<llulleltle

and similarly for go. By adding to u and ¢ suitable elements of 3¢o*(2)
and to v and Z suitable elements of Zp, we can make g, arbitrarily
small, and so can compute (z, w)g to any desired degree of accuracy,
the error at each stage being estimated in terms of known quantities.
In particular, we can set z = w, and obtain approximations to || w ||o.
This method is essentially due to Diaz and Greenberg [140]. See also
Diaz [137], Fichera [219], Friedrichs [238], Fichera and Picone [227],
Polya and Szegé [553].

10. Eigenvalue problems

In all the above variational problems, we can approximate the solu-
tion arbitrarily closely by exhausting the manifolds over which the
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functions vary by finite-dimensional submanifolds. This is essentially
the Rayleigh-Ritz procedure.
Let (u, v)r be a bilincar form on 8 such that R = E* and

[, 0)r| < Crl(ll wllo [ [eet + v lle [ [He—)

Then there is a bounded self-adjoint operator B on 8 to 8 such that
(u,v)r = (u, Bv)g, and if @ has the third cone property then B is a com-
pact operator on 8. Hence there exists a sequence {\,} of eigenvalues
with no limit point except zero, and a corresponding complete orthonor-
mal system of eigenfunctions ¢, such that Be, = \,¢n, i.€.,

(u: d’n)R - )\n(u: d’n)Q =0

for all w € 8. Tt is convenient to label the positive eigenvalues in

descending order: A;T > Ay > -+, each counted according to the di-
mensionality of its eigenspace, and, similarly, we arrange the negative
cigenvalues in ascending order: A;~ < X\, <---; if either of these se-

quences is finite, we adjoin to it infinitely many zeros. If 9 is any sub-
space of § and II(9M) is the projection of 8 onto M, then II(9m) BII(9M)
is a self-adjoint operator with eigenvalues X, T(91) and X, ~(9M) ordered
as above.

These eigenvalues are determined by variational problems. Thus,

(u; ?L)R }\{_(gn) — . (uv u)R

MPEM) = max o
1 () u€M,u0 H U ”Q2’

min AR L ), A, (M)
dim (N <n

max A (M L M)
dim @) <n

min >
wEMauxo || u ||o*

A

Il

Il

where 91 L 9’ is the space of clements of 91 which are orthogonal to
g, Of eourse, A, T = X T(8), A\~ = X\, 7(8). These variational defini-
tions of A, are essentially due to Fischer [228], and were especially
emphasized by Courant [126]. They give rise to two important com-
parison principles which are of the greatest value for the estimation and
numerical determination of the eigenvalues:

Theorem 46. If oM C 9, then A, T(oM) < N, T(91;) and \,~(9M)
2 }\n—(ml)-

Theorem 47. 1f Q, and R, are self-adjoint bilinear forms on 8 such
that || u |lo,2 — || u [l¢® and (w, w)r — (u, w)x, are nonnegative on 8, and
AT, A are the eigenvalues of Ry with respect to @i, then At
< \t. IfQ; — Qand R, — R are nonnegative on 8, then \,,;~ 2 A\n™.
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The first of these theorems is the basis of the Rayleigh-Ritz (see
Collatz [124], Kantorovi¢ and Krylov [363]) and the Weinstein (see
[680]) methods for the estimation of eigenvalues. In the former one
begins with a subspace 9y (usually the null-space) for which the eigen-
values are known, and adjoins successively elements u, which form an
orthonormal basis for 8§ L 9. The eigenvalues \, 7(9) and X\, ~(913),
where 917 is the space spanned by 9 and u,, - - -, uz, can be computed
by elementary algebraic processes, and yields sequences which approach
A7t and A,~ from below and above respectively. In the Weinstein
method one begins with a space My containing § for which the solution
of the eigenvalue problem is known, and chooses an orthonormal basis
fup} of My L 8. If 9y, is the orthogonal complement in 9, of the
space spanned by uy, - - -, us, then the eigenvalues A, T(91;) and A, ~(913)
can be computed, and constitute sequences which approach A, ™ and A,
from above and below respectively. These methods were developed
systematically by Aronszajn [8], [10], and applied to concrete problems
by him and his associates {16], [20]. As is shown by the work of Pélya
and Szego [553], remarkably good results can already be obtained by an
adroit choice of u; in each method. The application of the second theo-
rem has not been as fully developed (see, however, Koehler [373]). The
latter paper also gives a discussion of the approximation to eigenfunc-
tions.

Besides the estimation of individual eigenvalues, it is also important
to know their asymptotic distribution, for example, for the applications
to statistical mechanics. IFor special equations results of this kind were
obtained by Weyl [703], [706] and Courant [126] by the use of the above
comparison theorems. In 1934, Carleman [112] introduced a very power-
ful method based on Tauberian theorems (see Hardy [310a]) for attacking
this problem, and his method has been applied with great success by
Pleijel [526], G&rding [265], Ehrling [181], Brownell [84], Browder [80],
and Sandgren [589]. We shall illustrate this method with the special
case (u, v)g = (u, v)g, (4, v)g = (u, v)p and 8 = 3¢,*(Q), and shall work
with the numbers u, = \,”}. In this case all the eigenvalues are posi-
tive.

Let P = P in (64), and let Gp(t, z, y) be the Green’s function for the
domain @ and the parabolic equation u; = —P(x, X)u. Then if {¢,}
are the orthonormalized eigenfunctions, we have

Gp(t, T, y) = Zdn(x) dn(y)e ™'

We already know that if p(x, X) is the principal part of P and G(t, z; )
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is the fundamental solution of the equation u;, = —p(xe, X)u, then
|Gp(t, 2, y)| < Ct77
for 0 < ¢, z,y € Q, where ¢ = N/m, and also that
[Ge(t, 2, y) — Gtz — y;2)| < Co(@)t*™
fort > 0, x € @, y € 2, where §; < Q. In particular, we apply the
last incquality to the case y = z, and observe that
Gt 0;2) = 2m) NI+ 1) V(z)t™

where V(z) is the volume of the set of £ € Ey such that p(z, £) < 1.
We apply the Hardy-Littlewood Tauberian theorem (see [710], p. 192)
to the Dirichlet series Gp(¢, z, ) with nonnegative terms in the form
essentially given by Korevaar [380], and obtain

(70) > @ 2= @) N V(@)T + 0(T°/ log T')

un <T
as T — <. If we apply the same result to
D] én(®) + Aéa(y) |* exp (—pat)
= Gp(l, 2, 2) + 26\Gp((, 2, ¥)) + Gp(t, y, )
where |A| = 1, we obtain
3, 0@ 60(y) = O(T°/ log T)

for x £ y. So far these results apply for z, y € Q;, where ; < 2. But
the above inequality shows that ¢7|Gp(t, z, ) — G(¢, 0; x)| is uniformly
bounded in @ and approaches zero pointwise as ¢ — 0, so that

lim t"f((]p(l, r,x) — G, 0;0)dVy, =0
Q

t—0
This implies that

> 1~ (27r)_NT"fV(x) dv,
m<T Q

For the special case where P is the Laplace operator and the boundary
of Q is sufficiently smooth, Pleijel [539], Minakshisundaram [451], and
Brownell [84] have given more precise results.
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ELLIPTIC EQUATIONS OF SECOND ORDER

1. Maximum principle

For elliptic equations of second order the maximum principle provides
a tool for which no analogue is known, except for the biharmonic equa-
tion in the plane (Miranda [454]), for higher order equations. (Ana-
logues of the maximum principle are indeed known for the equation
AFy = 0 (Nicolesco [481], [482]), but these have not been applied up to
now to the solution of boundary value problems.) The maximum prin-
ciple enables us to utilize order relations between functions, whereas in
the study of higher order equations, we had to content ourselves with
order relations between their absolute values.

Let

P(x, D)u = Za;j(x)u;; + Zbu; + cu, u; = Du, w,; = DiDju

be an elliptic operator with real coefficients in a domain @ C Ey. We
assume that there is a function A(z) > 0 in @ such that

Zas(x)Ek; > h(x) || £ ]2

forall £in K. We first give some simple consequences of the maximum
principle.

If c<0in Q@ and Pu <0 in Q@ and u > —B on 4Q, where B > 0,
thenu > —BinQ. Ifc¢ <0inQand Pu <0inQand v > —B on 49,
where B > 0, then u > —Bin ©. If ¢ <0 in Q and there is a w such
that w > 0 on 42, Pw < 0 in €, then the first statement still holds
under the condition Pu < 0 in Q.

A device due to Picard [518] enables us to reduce the general case to
the case ¢ < 0 in many cases. If w > 0 and Pw < 0 in Q, set v = wv.
Then

Py = w™P(w) = Pw + v(Pw/w)

P = Za;i; + Z(hy + wlaw; + wajw))v;

so that the above results apply to the operator P,. Hence if Pu < 0
in @ and 4 > —Bw on 092, where B > 0, then w > —Bw in Q. This
result can be sharpened as follows:if 1 > w > a > 0and Pw < —b < 0
in Q, and if w > —B on 89, Pu < ain Q, then u > —max (0, (ub) o +
a”'8") in @, where ™ = max («, 0). The application of this result to
the function —u leads to the a priori estimate

(71) lu(z)| < max ((ab) "' sup | Pul, a™" (sup |ul))
Q a2
for x € Q.
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Under mild conditions on the coefficients of I°, we can construct such
functions w in sufficiently narrow domains. If ¢ < 0, then the size of
Q is not restricted except by a finiteness condition. Suppose that
Q is contained in the strip 0 < z; < 5, and let B; = sup (b1/a11),
1 = sup (¢/ay;). Then if

't <H=(48)""2+8:1]0) exp (-2 — 88, ")
the function
w = B(A — exp (—kz,))

for a suitable choice of the constants 4, B, and k, will satisfy 1 > w > 1,
Pw < —Ha; () < —Hh(z) in Q. TFor certain purposes it is convenient
to have a function w which assumes its minimum on & at a specific
boundary point. This can be achieved by the following construction
due to Hopf [331]. If Q is contained in the spherical annulus r < || z ||

N
<r+ 3 andf =sup {h(@)™ ; (@) +[b:(2) D}, v = sup h(@) ™" ¢(a),

then there is a constant H, = H,(8, r, §) > 0 such that, if y* < H,, we
can choose the constants A and k > 0 such that w = A(exp (—kr?) —
exp (—Fk || z ||%) has the propertics: 0 <w <1 in Q, w = 0 only on
]| =r, Pw< —h(z)H, in Q.

In his important work on Harnack’s inequality Serrin [607] introduced
the following useful type of comparison function. Let @ be the domain
bounded by an ellipsoid and a plane defined by

e<1, x> a/2

N
Z=ar?+a 2> 1? 0<a<a
2

where

and set

w=f(0)/f3), flo) =exp (—ko®) —exp (—=k), k>0
Let
B

Il

2(a/a)® sup h(x) 7 {Zas + 2a(Zdy(x)?) 4}

r

sup (—h(z) (=),

and let v be as above. Then k can be chosen so that
Pw > Ca™2h(z)(L + B + a(T)*) exp (—3(8 + a(I'1)*%)/4)
in Q, where C is a numerical constant. If
vt < (20718 + 2) exp (—=3(8 + 2)/4) = H;
then k can be chosen so that P(1 — w) < —h(x)H,. The function w
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also satisfies 0 <w <1inQ w=0ong¢=1, w=1in & only at
T =a/2,z; =0 (> 1).

In two dimensions, Bers and Nirenberg (see [47], [48]) have, by the
use of peculiarly two-dimensional methods, such as conformal mapping,
obtained very general results on the existence of solutions of (64), taking
on prescribed boundary values under the assumption that the coeffi-
cients are bounded and measurable. Other authors (e.g., Serrin [607])
were able to obtain far-reaching results by using special topological
properties of the plane. We shall omit the description of these methods
here. It will be convenient in what follows to assume that N > 2, since
some of the formulas must be modified slightly in two dimensions.

2. Laplace equation in a sphere

A fundamental tool in the general theory is the detailed study of the
Laplace equation. We begin with the problem
(72) Au = —f in S(0, R), u=g¢g on 4500, R)

The solution is classical and is given by the formula
u = Gof + Kog

where

Gh@ = . Gl ) 1) 4V,

S(o,
Keg)@) = [ o Kol 1) 0 4,

Golz,y) = ¢(x — y) — (|2 I/R)*No(x* — y) = Goly, 7)
o) = (N = Qo) 2|27V,  o* = RY/||2 |z
Ko y) =ox 'y P =1z 1®D/lyl lz =y ¥

The function Go(z, y) is the Green’s function for the Laplace operator
and the sphere S(0, R) and Ko(z, y) is the Poisson kernel.
This solution has the properties

73) (@) ||Goflls K Co iR fllpy s >p'—2N"1>0,
A=2+N@E"1—p™

® 1Gflls L CoskMfll,y  P=N/2, 1<s5<0,
A= N32 + 8)/(s(N + 2s(N — 2)))

© 1@Gf@| < CR =z fll,y AX=2-N/p,
(N/2) <p <N
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@ (G )@)| < Co(R(L + [log R|)MR — | x [)(log (eR/(R ~
Fz DM fle =N, A=1-1/N,
@ [@N@)|< CGRME =z |/, p>N,
A=1—N/p
() 1 Xi@Gof) lls S CouBM [ fllpy, 1< p<N,
sT'>pT' =N A=14+N@E"T1-ph,
@) 1XGf@| < CRN|[fllp, P»>N, X=1-N/p
B NI XGofllp S Co [ fllpy  Jal=2, 1<p<oo
(@ ’(522 (R — [ 2 DX Kog s < Cp B g [0
A=k+1-N@g'=s1H>0 s>gq
() | X%u(=)]
< Cp fR* V(1L 4+ (R/(R — R))) =1+ W=D/ 1,
+ RTVUR — Ro)™ = L), el <1,
p>N, |[z|<R <R

~

") 1 X*u [lp,50.80
< Cpog(L + Ro/R)VP(R/(R — Ro))** ™=/ | 1,
+ R—I/QRO(N—I)IP(R — RU)(I/P)—Q—(N—l)/q ” u ”q,
lal=2, p>N, [z[[<R<R
0 1 X(Gof) () — Xi(Gof) (W) |
SCllz=yMfll, A=1-=(N/p),
N <p< 4w
(m) | X5(Gof )(x) — X;Gof(y) |
<G lle —ylld +log @R/ — y IS o =

All of these properties can be established by straightforward, but
tedious, computations except for (h) and (k) which depend on the deep
results of Calderén and Zygmund [103]. At any point at which f satis-
fies a Dini condition % actually has derivatives of the second order in
the classical sense and satisfies equation (72). If f € £,(S(0, R)), then
u has second derivatives almost everywhere which satisfy (72). If
g € C*(aS(0, R)), then Kog € C*(S(0, R)) and takes on the boundary
values ¢ in the classical sense. If g € £,(85(0, R)), then u approaches
g almost everywhere on nontangential paths and also in the sense of £,
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on concentric spheres. We shall still consider u as the generalized solu-
tion of (72) in these latter cases.

3. Local existence theorems

Consider now the problem
(74) Pu = Au+ Zbu; + cu = Au+ Qu = —f
in S(0, R), u=gq on aS(0, R)

We assume that b; and ¢ are in £,(S(0, R)) and set A,(Q) = Z || b; ||~
+ |l ¢ ls, and that ¢(z) < —y < 0 for x € S(0, R). This problem is

equivalent to
u — GoQu = Gof + Kog

For the sake of simplicity we assume that r > N. Choose any p,
N < p <r. Consider the Banach space & = C'(S(0, R)) with the
norm N’ as defined on page 124, with the simplification that ¢ no longer
occurs. The transformation GyQu satisfies

Ny (GoQu) < Cp || Qullp < Cp rAH(Q)RMNY' (w), A=N@p'-r

and GyQu is, by (73h and 73m), a compact transformation of ® into itsclf.
Hence (see Riesz and Nagy [572]) the equation u — GyQu = h has a
solution for every h € ®unless the homogeneous equation v — GyQu = 0
has a nontrivial solution. But an easy extension of the maximum prin-
ciple shows that the homogeneous equation has only the trivial solution.
Therefore the operator I — GoyQ has a bounded inverse on ®. If
C,-A(Q)RM < 1, then the solution of u — GyQu = h can be obtained by
successive approximations, and this is, in particular, true if R < Ry (Q),
that is, for sufficiently small spheres. The solution of (74) can be ex-
pressed in the form

u=Gpf+ Kpg, Gpf =1 —GQ)7'Gof, Kpyg= (I — GoQ)'Kog
Let B(Q) be the norm of (I — GyQ)™! on ®, so that
B@Q) £ (1 = Cp A(QRN™
if R < Ry(Q). Then for p > N, we find that
Ny (@Gef) < BN/ (Gof) S B@QR A+ R) || fllp, o=1—N/p

We can show that the above properties of Gy hold also for Gp if p > N.
Hence there is a Green’s function Gp(z, y) € £:(8(0, R)) for 1 < s <
N/(N — 1), as a function of y, such that

(Gef) () = f Gr(z, 1) fw) AV,

S(0:R)
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The function Kpg is at first defined only if Koy € ®. But by the
maximum principle |Kpg(z)| < sup |g(»)|. In order to cstimate de-
rivatives of Kpg, let © = Kpg and sct

Un(z) = max [Xu(y)| for 1 <7< N, Jy—z|<AMR-=[z])
where 0 < A < 1. Thenif 0 <\ < u < 1, we have
Uy =max (B — |z |)Urz) S U, < (1 — )7 0
S(O,R)

If we apply (737) to the sphere S(zx, u(R — ||z ||), we obtain an in-
equality of the form

U < Cp{A( Q)R (1 + p/(e — )X — )7 Un
+ (4@ WR)' ™" R + p/(k = M) + (0 = N7 % [l
so that if u =2\, u <3, 60,4, (Q)(uR)¥/" <1 then we conclude

that there is a constant C = C(Q, p, r, R) such that
(B =D Xu@)|<Cllulo
It now follows from (73k) that there is a constant C, for p > N such that
(R — Roy> 7 || X*u [lp50,m0 £ Cp [l 0 |l

for 0 < Ry < R, |a]= 2. Therefore if g, € C'(3S(0, R)) and g, — ¢
uniformly on 4S(0, R), then K pg,, converges to a function Kpg which is
of class C1(S(0, Ry)) for every Ry, < R and has derivatives of class £,
for every p < ». This function K pg is continuous in the closed sphere,
and satisfics (74) in the gencralized sensec. The value of Kpg at any
particular point € S(0, R) is a linear functional on ¢ in C(3S(0, R)),
so that there is a measure up(#, ) on 4S(0, B) such that

Krg)@) = [ atrldy, o), (@S0, B),2) < 1

If b; is bounded in S(0, R), £b,? < B? then we can say more about the
solution of (74). If ¢ > 1 + (B%/4v) = qo, and

Qulrsn) = ™ D7 [ Julr
3S(0,7)
and if f > 0, g > 0, then there is a constant K = E(B, v, q) such that

h(r) = 187D @y (r; u) +-Ef (r = pp N2 Gg(p;f) dp
0

is an increasing function of r.
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A simple computation yields
lullg <CRY [lgllq+ R[Sl

From this we can obtain estimates on X?u for |a| < 2 in S(0, R) and
thus show that if g € £,(8S(0, R)), then Kpg is defined and is of class
C'(S(0, R)) and has second derivatives in £,(S(0, Ro)) for R, < R,
p < 4. This implies that there is a Poisson kernel Kp(z, y) of class
£4:(88(0, R)) as a function of y such that

(Kpg) (@) = f o, Kp@ 1) 00 d4,

We now turn to the problem
(75) Pu = Za;ju;; + Qu = Pu+ Pou = —f

in S(0, R), u=g on a8(0, R)
which is equivalent to

u — GpPyu = Gpf + Kpg
Let &, be the completion of C2(S(0, R)) with respect to the norm
Ny (u) = Ny'(w) +MZ=:2H Xu |y
and let 6 = 8(P3) be defined by
8(Py) =Ss(})1'g)|aij(x) — &, 1<4j<N

We show that there is a constant C,(Q) such that
N, (GpPayu) < Ch(Q) 8N, (w), p>N

and for B < Ro(Q), C,(Q) can be estimated in terms of 4,(Q). Hence,
if § < 80(Q) = Cp(Q)™, then the operator I — GpP; has a bounded in-
verse on ®; which can be computed by successive approximations.
Therefore if f € £,(8(0, R)), p > N, and g € C?*(3S(0, R)), then there
are operators Gp, and Kp, such that

u=Gpf+ Kpg, Gp, = (I — GpPy)7'Gp, Kp, = (I — GpP3)'Kp
and there is a constant C,(P;) such that

Ny (Gp,f) < Co(Py) | £ |l

Consequently there is a Green’s function Gp (2, y) € £,(S(0, R)) as a
function of y for s < N/(N — 1) such that

(Graf) (2) = fS o Ori@ ) 10) 2V,
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In order to study Kp,g we need an a prior: estimate of the solution of
(75). Forx € S(O,R),0 <X < 1, set

Urp(@) = (wNPN)_”pIa‘Z::z” XU ||p,8 (2.0 p=NR— |z
Unpk = max (R — [z [)* Uy p(x)
8(0,R)

Then if 0 < A < u/2 < 3, we have
Uro(@) < W/N¥PUup@),  Uupik < CpiUnip i

Let zo be a point at which (R — | z ||)*¥ Uy ,(x) attains its maximum,
Uxrpky With k =2 4 N/q. Then for p > N, we apply (73k) in the
sphere S(xg, u(R — || o ||)) and find that, if x is chosen so that
A Q) (uR)' ™NI" < Cp.qr and if 6 < 8(p, g, 7), and X\ = u/2, then we
obtain the existence of a constant C'(P;) such that

@6) (R~ [z )* N Uxp@) < C@)US o + 1w o),
N<p<w, 1<g<w

and that, if A,(Q)R'~Y/" < 1, then C(P) is less than a constant depend-
ing only on p, q, 7. 1t follows easily from (737) that

@ R = [l Y Xu@) | < CalP)(S 1l + [ully)

for |a| < 1. If we apply this inequality in the sphere S(x, (R — R)/2)
where ||z || = (B + Ry)/2 and 0 < Ry < R, and then the maximum
principle, then we obtain for v = Kpg

(R — RO)N/Q(R() — |l i|)la[+N/q|X°'u(x)| < Co(P) || u Hq,S(O,R)—S(O.Ro)
(R — R)N'"(R — ||z |)2TN2 Uy () < C(P) || w [lq,50,8)— 50,80

If we apply the maximum principle, we see that Kpg is defined for
g € C(38(0, R)) and can be represented by a Poisson measure. If, for
some Ry < R, a;j(x) = §,jfor By < ||z || < R, and if Zb,> < B? < 4o
in S0, R) — S(0, Ry), and if ¢ > qo = 1 + (B%/4v), then there is a
Poisson kernel of class £,(8S(0, R)) as a function of y for s = ¢/(¢ — 1)
and

(R — Ro) N9y — |z [N (XK p,g) (@) | < Cal(P) [l ¢ g

for || z || < Ry.

Serrin [608] has shown more generally that, if a;;(x) satisfies a Dini
condition, i.e., has a modulus of continuity w(r) such that w(r)/r €
£1[0, 1], then there is a Poisson kernel for ;. He showed this by the
construction of an integral equation for Kp (z, y) and a direct study of
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its solvability. On the other hand, in [607] he gave an ingenious but
elementary construction of two kernels K (z, y) such that, if 4,(Q) <
—+ 0, then

(78) (a) PKy>0, PK_<0
®) lim (Ka)@ = lim [ Ki(, 1) g() d4, = g(zo),
T z—xy J3S(0,R2)

g € C(68(0, B)), =z € 38(0, k)
(¢) CiKp(z,y) < Ki(x, y) < CoKo(z, v)
for |z <R, lyll =R

where C; and Cs are positive constants. Hence, if g € C(3S(0, R)),

g > 0, we have
K,g<Kpy< Ky

in S(0, %), by the maximum principle. Also

Croyr™ < o )Ki(x, y) dA,; < Cowpnr?
asS(0,r

for r < R. Therefore

Qq(r; Kp,g) < @y(r; K_g) < (27 @y(R, ¢)
so that i
[ Kpglla <C2llglle

for 1 < ¢ £ 4. It follows from (76) and (77) that Kp,g is defined
for g € £,(8(0, R)) and is represented by a bounded Poisson kernel.
This was used by Serrin to prove the Harnack inequality for nonnegative
solutions of Pyu = 0:

Theorem 48. 1If Pyu = 0 in S(0, R) and u(z) > 0 there, u(0) = 1,
then
CiRY 2R — ||z DV < u(x) < Co(R/(R — || & [NV

where C; and Cy are positive constants.

In the two-dimensional case, Serrin gave a proof with less explicit
bounds under the assumption that the coefficients are merely bounded.
Bers and Nirenberg [47] had previously given a much less elementary
proof. Older work by Lichtenstein [420] and Feller [197] had given such
results for equations with sufficiently smooth coefficients. The device
used above to obtain (76) and (78) goes back to Korn [382] and was
developed further by Hopf [332], Schauder [594], [595], Cacciopoli [96],
[100], and Miranda [458], and is the basis of the generalization by
Douglis and Nirenberg [166]. See also Giraud [297], LadyZenskaya [397].
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4. Perron’s method

Onee we have established the local existence theorem we can apply
the Perron method of subharmonic functions to construct solutions in
the large.  For the treatment of the Laplace equation by this method
see Perron [503], Remak [564], Rado and Riesz [5362), Whitney [708),
Carathéodory [110], Ahlfors (2], Fubini [249], Wiener [712], [713], Brelot
[66], [67]. The method was extended to more general equations, under
-arious assumptions on the eoefficients, by Pischel [561], Tautz [642],
[643], and Oleinik [192], and even to certain classes of nonlinear equa-
tions by Simonov [611]. We shall indicate briefly the argument, follow-
ing the exposition of Brelot as modified by some suggestions of Tautz.

Let @ be a bounded domain in [£y, and let b, ¢ be in £,(2) for some
r > N, and suppose that for every v € Q, there is an R(x) < Ry(Q)
such that in the ellipsoid {"(r, Ry) defined by =4, () (y, — 2 )(y, — a5)
< R2, where (A,,(20)) is the inverse matrix of (a,,(r)), the coefficients
a,, satisfy the oseillation condition [ Z(a,,(y) — a,,(2))E£,1 < 63a,,(2)EE;
for all £ € Iy and some & < §u(p, ¢, r). Note that this condition re-
quires merely that «,; has sufficiently small oscillation in the neighbor-
hood of cach point of @, and is less than a requirement of continuity.
We continue to assume also that e(r) < —vy < 0 for some constant «.
Then for e € @, R < Ry(x), there exist operators Gp(e, B) and K p(r, R)
such that for fe ¢,(U°(x. ) and ¢ € C(OU (xr, R)). the function
Gp(r, R)[ + Kp(r, g 1s the unique solution of Pu = —fin U(r, R)
satisfving v = g on ol (v, ).

We shall say that e is a sub-P-funetion in Q if, for ¢ € Q, there is an
ro(@) < Ry(r) such that w(e) < (Npe, R)w)(x) for R < ry(r), and that
wis o super=-P-funetion on Q if — i is a sub-P-function.  If w is both a
super= and a sub-P-function in Q, then « € Q) and has second deriva-
tives almost. evervwhere in © which satisfy Pu = 0 and the second
derivatives are in £,(42)) for p < 4= and every compaet subdomain @,
of Q. If wisasub-P-functionand R < R (x), then u(y) < (Kp(e, R)w)(y)
for y € U(r, R). A sub-P-function in Q cannot have a positive maxi-
mum at an interior point. If Pu < 0 in Q, then « is a super-P-function
there. Thus a positive constant is a super-P-function.  If F is a family
of sub-P-functions and v(v) = sup v(x), for v € F. then v is a sub-/-
function. If P’ is an operator for which a Harnack inequality holds in
the neighborhoods U(r, R), R < R,(x). then any family of P-functions
in € which are uniformly bounded from below is equicontinuous and has
cquicontinuous derivatives in every compaet subdomain of Q.

Let fbe in £,(2) for every compact subdomain of Q for some p > N,
and let ¢ be defined on 2. We shall say that w is an overfunction of
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the pair (f, g) in Q if u is continuous in ©, and for every zo € 02 we have
lim inf u(x) > g(xo), and if for x € Q there is an ro(z) < Ri(x) such that
X0

(79)  u(zx) 2 (Gp(z, R))(2) + (Kp(z, R)u(z), R <ro(x)

We denote the class of overfunctions by Fo(f, g, ). Similarly, we say
that u is an underfunction of (f,g) in @ if —wu is an overfunction of
(—=f, —¢) in @, and we denote this class by F.(f, g, ). If u € Fo(f, g, Q)
and v € F.(f, g, @), then w — v is a nonnegative super-P-function in Q.
If u € Fo(f, g, Q), then for B < Ry(z) and y € Ul(z, R), we have

u(y) > (Ge(z, R () + (Kp(z, R)u)(y)
Let
M*mg%=mw(%pﬂﬂﬂdﬂhggy@»

M~(f,9) = —M*(—f, —9)
M(f) g) = M+(f7 g) - M—(fy g)

Then
M*(f,9) €5(f,9,92, M (f,9) €Fuf, 9,9

and if v is an overfunction of (f, g) and attains a minimum in €, then
this minimum is at least inf f(z)/|c(z)].
Q

We define the Perron functions of the pair (f, g) in @ by H(f, g, ) (x)
= sup u(z) for u € Fu(f, g, ),

H(f’ g, Q) = —H(-f, 9, Q)

These functions exist and are finite if M (f, g) < +%. The main thcorem
of Perron remains valid. If M(f, g) < «, then v = H({, g, @) satisfies

(80) u(y) = (Ge(z, B) f(y) + (Kp(z, R)u)(y)

fory € Uz, R), R < Ry(z), * € Q. This is also true for H(f, g, @), so
that these functions are continuously differentiable in €, have second
derivatives in £,(2;) for p < r, and satisfy almost everywhere the equa-
tion Pu = —f.

If H(f, g, Q) = H(f, g, Q), then we say that the pair (f, g) is P-solvable
in Q, and denote the common value by H(f, g, ), which corresponds to
Wiener’s generalized solution of the Dirichlet problem for the Laplace
equation. It iseasy to extend the elementary properties of the operators
H and H to the above general class of operators. In particular, if u is a
super-P-function in € and is continuous in &, then (0, u) is P-solvable
in Q. If a pair (f, g) can be approximated by P-solvable pairs (fy,, ¢»)
in the sense that M(f — fn, 9 — gn) — O, then (J, g) is P-solvable.
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Hence, if we can prove that (0,¢) is P-solvable in € whenever
g € C%3(Ey), it follows that (0,g) is P-solvable for g € C(82). Let
Q; D §, and extend the definitions of the coefficients of P to €, in such
a way that they continue to satisfy the above assumptions. Let
Pg = —f, and set ut = H(f*, g, 2). Then u* is a super-P-function
in Q, and is continuous there, while ¥~ = 4t — g = H(—f7, 0, 2,) is
also a superfunction in ©; and is continuous there. Therefore g =
ut — u” is the difference of two super-P-functions in C(&), so that
0,9) = (0,u™) — (0, ™) is P-solvable in Q.

If M(f,0) < «, extend f to @, and set » = H(f,0,9;). Then
v € C'(Q) and Pv = —f in Q;, so that the pair (f, ») is P-solvable in Q.
But since the pair (0, v) is also P-solvable in , it follows that (f, 0) is
also P-solvable in Q.

We say that a point o € 99 is a P-regular boundary point if for every
g such that M (0, g) < + and g is continuous at x¢, we have

lim H(Or g, Q) (Cl:) = lim E(Or g, Q) = g(xO)
A barrier for zy and Q in U(zy, R) is a function » which is a super-P-
function in @ N U(xy, R) such that for some A > 0, u(x) > h on
Q N dU(xp, R) and lim u(x) = 0. A necessary and sufficient condition

r—1)
that z, be a P-regular boundary point of Q is that for all sufficiently
small R there be a barrier for xq and Q in U(xg, R). The proof, by the
method of Tautz, depends on the fact that (Kp(x, R)1)(y) > 1 —
CAR>*NI" > 0 for y € Uz, R) and R sufficiently small. The do-
main Q is regular for the operator P if every boundary point is P-regular.

It is casy to show that if R is sufficiently small then U(z, R) —
U(z, Ry) is P-regular for 0 < Ry < B. We can then show that z, is a
P-regular point of € if there is an ellipsoid U(zy, R), B < Ry(xy), lying
outside of Q such that zy € dU(zy, R).

Tautz showed that if a;; = §;;, then 2, is a P-regular boundary point
of Q if and only if it is A-regular. Piischel and Oleinik proved similar
results for equation with sufficiently smooth coefficients. Brelot [62],
[63], [64], [72], studied this problem for operators of the form Pu =
Au + cu. The general problem seems to be unsolved.

5. Concluding remarks

It would be of great interest to extend to such general operators the
methods and results of potential theory, such as those of Frostman
[247], de la Vallée Poussin [655], and especially the theory of capacities
(Choquet [121]) and the theory of positive solutions (Martin [438],
Maria and Martin [437], Brelot [73], [76]) leading to the treatment of
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the Dirichlet problem with multiple boundary points (Perkins [501],
Green [305], and these papers of Brelot). For a survey of the present
state of knowledge on these questions for the Laplace equation see
Brelot [74], [76].

Unfortunately space does not permit a description of recent important
work on the isolated singularities of solutions of elliptic equations
(Hartman and Wintner [312], [314], Gilbarg and Serrin [289]). The
analogue of the Phragmén-Lindelof principle which is closely related to
the theory of positive solutions has been studied by Krzyzanski [386],
[389], and Serrin [606], [607], Gilbarg [288].

The theory of the eigenvalues and eigenfunctions for equations under
these general assumptions does not scem to be developed. Of course,
under slightly stronger assumptions the results of the previous section
can be applied. For the Laplace operator, Brownell [85] has recently
given very precise results on the asymptotic distribution of eigenvalues,
obtaining in a certain generalized sense higher order terms in the formula
(70). He has also studied [83] the spectrum of Schrodinger’s equation.
Criteria for the discreteness of the spectrum of the operator Au + c(x)u
in Ex were given by Rellich [563] and Moléanov [460], who found im-
portant necessary and sufficient conditions. His results are based on
the following lemma which is of considerable interest in itself. If Qis a
bounded convex domain in Ey which is symmetric with respect to the
origin and ¢(z) < —1 in @, and A is the smallest cigenvalue of IPu =
Au + cu for the Dirichlet problem Pu + A =0 in @, u = 0 on 9%,
while A\; is the smallest eigenvalue for the Neumann problem Pu -+
Au = 01in Q, du/dn = 0 on 42, then

M <O\, C=288(N"24 (4d + N + 2)/d,)?)

where d = max || z ||, d; = min || z ||. The inequality \; < \g is trivial.
Q o

See also Titchmarsh [651]. Other important work on the spectrum of
an operator of this form, both in bounded and unbounded domains, and
the corresponding eigenfunction expansions has been done by Ilyin
[342], Povzner [555], Levitan [418], and Titchmarsh [649], [650].

Pélya and Szego [553] have done very important work on the estima-
tion of individual eigenvalues. Other results of this kind were obtained
by Payne [496], Payne and Weinberger [498], Pélya [547], [548], Korn-
hauser and Stakgold [383], Schiffer and Szego [599], Szego [638], [640],
Weinstock [702], Weinberger [679]. These authors show how eigenvalues
and other functionals, with physical interpretations, of a given domain
can be compared with geometrical quantities or with each other.



Linear Partial Differential Equations 163

Garabedian and Schiffer [260] have studied the variation of these quan-
tities with the domain.

Levinson [415], Oleinik [494], and Kamenomostskaya [359] have in-
vestigated the behavior of solutions of equations of the form

eZa;uij + Qu = f

as € — 0. This is important in the theory of the boundary layer in
fluid mechanics (Schlichting [601]), the JWKDB method in quantum
mechanics (Birkhoff [50]), and high-frequency electromagnetic waves
(Kline [370], Keller [367]). Older work in this direction was done by
Rothe [5685], [586], Wasow [669], Friedrichs and Stoker [246].

Important work has heen done recently on the boundary value prob-
lems arising in electromagnetic theory for the equation Au + cu = 0,
¢ = constant and Maxwell’s equations V x V x E — ¢?E = 0. The
basic existence theorems were obtained by Kupradze [391], Miiller
[469], (sec also Weyl [707], Miiller [471]), and Saunders [592]. Saunders
found an unexpectedly sharp uniqueness theorem for Maxwell’s equa-
tions. For other work in this direction see Dolph and Barrar [26],
Calderén [101]. Miiller [470] proved important results on the behavior
at infinity of solutions of Aw + w = 0. See also Wilcox [714]. Tt would
be valuable to extend this work to Schriodinger’s equation, which has
not, up to now, been given a satisfactory mathematical treatment.

Mention should be made of Kupradze’s work on the equations for
elastic vibrations [391].

Finally, there has been a great deal of work recently on the theory of
harmonic forms on Riemannian manifolds, with applications to many
branches of mathematics. For an exposition of older work see Hodge
[330], de Rham and Bidal [568], de Rham [566], Kodaira [371], de Rham
and Kodaira [372]. Recent developments are due to Duff and Spencer
[168], Gaffney [257], [259], Milgram and Rosenbloom [446], Conners
[125], Friedrichs [244], Morrey and Eells [467], and Morrey [465], [466].

Clearly the theory of elliptic equations is in such a rapid state of
development that no such brief survey as this can give more than an
inkling of our knowledge at the moment.
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