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PREFACE

The increasing importance of studying transient phenomena in
electrical transmission and machinery is responsible for the
present interest in Heaviside’s operational mathematics. The
author has been demonstrating Heaviside's methods for several
years and has invariably found great interest on the part of
students. At first, a course was given to Graduate studenpts only,
later to Senior clectrical engineers, and within the last few years
to Juniors. Experience indicates that after Juniors have become
familiar with the physical aspeets of self-inductance, capacitance,
and mutual inductance, they can advantageously be introduced
to Heaviside’s work and he shown that the very important
representation of vectors by complex numbers is only a special
case of Heaviside’s operational solution.

The greater part of Heaviside’s work is to be found in his three
volumes on “ Electromagnetic Theory” and in two volumes of
his Electrical Papers.

The first volume of “Ilectromagnetic Theory” deals largely
with vector analysis. This phase of his work is easily under-
stood and will not be discussed here, as a knowledge of vector
analysis is not necessary in order to understand his operational
mathematies, introduced in the second volume. There, unfor-
tunately, he plunges into problems leading to fractional integra-
tion and differentiation, which necessitate the most cautious
use of the operational method. Indeed, he begins by.practically
admitting that certain of his mathematical transformations are
not so evident as they seem and that great caution must be
exercised. These and similar reservations do not cncourage the
study of his work. Again, when he introduces the important
expansion theorem, he apparently considers it too self-evident
to require a proof. It is unfortunate that he did not devote a
fow pages to discussing his unit function, the foundation of his
whole structure. It would be highly interesting and instruective
to learn just how he arrived at his method. Afterthought is
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vi PREFACE

much easier than forethought, and it is now possible to see
several ways by which he may have arrived at his result.

Since the present book deals only with a very limited field of
Heaviside’s work-—the application of his operational calculus—
and since his pioneer work in other directions is just as important
and, in some respects, more so, it has seemed desirable to include
in an appendix a most interesting summary of Heaviside's
work, as well as something about his personality, published by
Mr. B. A. Behrend in the Eleciric Journal for January and
February, 1928.

I am greatly indebted to Mr. Behrend for the use of this
article, to Mr. S. J. Haefner, who has written Chap. XXVIII,
dealing with the solution of transcendental equations frequently
occurring in the book, and to Dr. J. J. Smith and Mr. 8. J.
Haefner for valuable suggestions in the preparation of the book.
I am also indebted to Dr. I'. W. Grover for assistance in proof
reading and to Mr. John R. Carson, and Dr. Vannevar Bush
who have kindly permitted me to refer to the bibliographies
which they have compiled.!

A great part of this present book has appeared in a series of
articles printed in the General Electric Review, beginning with
the number for December, 1927, and ending with that for
September, 1928. I am indebted to the editor of the Rewiew,
Mr. E. C. Sanders, for his personal interest in these articles and
for permission to have them reprinted in book form. Last but
not least I am indebted to Dr. Harry E. Clifford of Harvard
Unversity who has been of great help in editing the book.

E. J. B.

ScHENEcCTADY, N. Y.
July, 1929.
1CagrsoN. “Electric Circuit Theory and the Operational Calculus.”
McGraw-Hill Book Company, Inc.
Busnr. “Operational Circuit Analysis.”” John Wiley and Son Inc.
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BRIEF PERSONAL SKETCH OF
OLIVER HEAVISIDE

Oliver Heaviside was born in London on May 13, 1850, and
died at Torquay on Feb. 3, 1925. His death was unexpected
and was probably the indirect result of a fall from a ladder in
November, 1924. For many years he lived alone, apparently
quite isolated from family and friends, his principal contact with
the world being through his ‘“Bobby”—a policeman who
bought and delivered his supplies.

At the time of his death he was a strikingly handsome old man
with snow-white beard and hair, keen, friendly eyes, and delicate
hands. He was of medium height with only a slight suggestion
of stooping. Although his hearing was defective, he was far
from deaf, and it was not difficult to converse with him. His
cyesight was remarkable; he read with ease the smallest print.
But his general health was not good, and this he attributed largely
to suffering from lack of heat and proper food during the World
War. Nevertheless, he rarcly complained. He was an optimist
and counted on living to a very old age.

He was exceedingly kind and generous and exceptionally
gracious in his manner. When once privileged to know him—
and the author was fortunate enough to spend several days
with him—one could not help loving him. His home—on top
of a hill—overlooked the bay at Torquay, and it would be diffi-
cult to find a more beautiful view in any country. Heaviside
admired it and often referred to it in conversation. He had the
soul of an artist; and he was indeed an artist, though he never
applied himself to painting. His father had had considerable
talent, to judge by an oil painting of little Oliver climbing a fence
in a pasture.

Living alone, it was natural that Heaviside’s home should
not be so well kept up as it might have been. Yet considering
the circumstances, it was really remarkably clean. The win-
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xii SKETCH OF OLIVER HEAVISIDE

dows were immaculate. I noticed upon my second and sub-
sequent visits that he had put newspapers over the stair carpets.
Evidently it was less work to spread the papers than to wipe off
the dust that I might have brought in.

It was apparent that he took pride in his personal appearance,
for while his suit may not have been of the latest cut, it was
always spotless. He might well have served as model of the
gentleman scholar of the olden days.

While Heaviside’s chief concern was along scientific lines and
he has been ranked with Newton, Archimedes, Kelvin, and Fara-
day, he was a man of many other interests as well. He was
very well versed in literature and delighted in quoting Shakes-
peare and Shaw. The walls of his study were covered with
pictures of famous men in all fields, and he took delight in speaking
of them.

Little is known of his history, as he was exceedingly reluctant
to speak about himself and had evidently requested his brother,
who also lived in Torquay and whom he survived by only a few
weeks, not to make public any facts about his career. To the
author, however, scheduled for another visit in June, 1925, he
had promised not only a photograph bhut also some details of
his life, and he would have kept his word; he referred in several
letters to the expected visit.

He was a prolific writer of letters as well as of scientific articles.
His penmanship was exceptional, and his letters were not only
highly interesting but also artistically beautiful. He made his
own pen and ink, because ‘“with any commercial pen, the ink
will not flow uniformly.”

In a tribute to Heaviside in Annales des postes, télégraphes
et Téléphones, June, 1925, Bethenod gives a very interesting
sketch of his contributions to science as well as some facts about
his life. From this and other sources! it appears that he was
connccted until 1874 with the Great Northern Telegraph Com-
pany at Newcastle upon Tyne. He was a nephew of the famous

1 Tributes by Sir Oliver Lodge and B. A. Behrend, Elec. World, Feb. 21,
1925. Lobgg, Sir Ouiver, Elecirician, Vol. XCIV, p. 174. RusskLL,
Dr. ALEXANDER, Nature, Vol. 115, p. 237. Gy, F., Bell System Tech.
Jour., July, 1925. BeHgrEND, B. A., Elec. Jour., January and February,
1928.



SKETCH OF OLIVER HEAVISIDE xiii

telegraph engineer Sir Charles Wheatstone and probably was
influenced by him in choosing his career.

He had at least a fair elementary school education. In mathe-
matics he studied algebra and trigonometry in school but
apparently nothing beyond. He made some contributions to
clectrical literature at twenty and began his own serious mathe-
matical preparation in 1873, when he decided to learn to read
Maxwell’s ‘“Electromagnetic Theory.” He practically ceased
his scientific work in 1912 at the age of sixty-two.






HEAVISIDE’S
OPERATIONAL CALCULLUS

AS APPLIED TO ENGINEERING
AND PHYSICS

CHAPTER 1

HEAVISIDE’S “UNIT FUNCTION” AND THE ALGEBRAIC
NATURE OF HIS OPERATIONS

Heawviside's three volumes on electromagnetic theory are a
compilation of papers and articles covering a period from 1891 to
1912, during which time it seems that he was interested in almost
every phase of physies and mathematics.

A very large part of this work is devoted to electrical phenom-
ena and, more particularly, to the calculations, by operational
methods, of disturbances in electrical networks. Maxwell had
already given a most comprehensive theory of almost anything
that could happen in electrical systems, but his mathematics,
which was conventional mathematics, was applicable only with
the greatest difficulty to many practical problems. The task,
therefore, that Heaviside set himself was to evolve some new
point of view which would simplify the treatment without imnpair-
ing the accuracy attained. This he succeeded in doing admirably
by the introduction of his operational solution and the expansion
theorem.

The particular physical problems that he studied led tolinear
differential equations with constant coefficients and certain types
of partial differential equations. In particular, he studied the
hehavior of systems initially at rest to which forces or impulses
were suddenly applied at ¢ = 0.

1



2 HEAVISIDE'S OPERATIONAL CALCULUN

Prior to Heaviside's tune, the use of operators was well estab-
lished.  For example, it was eustomary to write the solution of a
differential equation, such as

dy

1
g ~ =0 as =0 (0

where D indicated the operation d dt
The solution of this equation s, of course,

= ('t"' _}_ 6"’_[6_"'_"(”("

Ce* being the complementary funetion and the second term the
particular integral. The first term is independent of f(1) and
depends upon the terminal conditions only.  The second requires
integration, often very laborious, especially in the ecase of differ-
ential equations of higher order, such as appear in systems
having a large number of degrees of freedom or in systems involv-
ing ‘“distributed’” constants.
Heaviside found that if the applied foree was zero up to time
{ = 0 and then suddenly rose to unity and remained at unity
from then on, great simplifications resulted and solutions could
bhe obtained even for the most com-

‘W——r plicated eases by means of simple
L7 f_ algebraie operations.

2 et He called the particular force or

e m.f. discussed above the unit foree
or e f. and designated it by 7.
Its shape is shown in heavy lines in Fig. 1. Thus, if F represents
the force acting on a system, F7 represents a force which is zero
up to { = 0 and has a constant value F after ¢ = 0. Thus, F7
tells a great deal about the nature of the foree.

Perhaps it is well to illustrate the distinetion between F and F7
by an example, using first the classical method and then the
method of Heaviside.  If a steady c.n.f. K is appled to an indue-
tive careuit at ¢ = 0, the current can be found by solving the
following differential equation:

I'te, 1

di

E = " + IJ(“ (l)

subject to the condition that

i =0whent =0



THE UNIT FUNCTION 3

Incidentally, it requires some understanding of cleetric circuits
to know that the current in this case is zero when t = 0.
Heaviside would write
Iy,

Etl = .r + Ldl

In this equation, it 15 implied that the disturbance in the system
beging at { = 0 and later is caused by a steady voltage E.

His equation tells the whole story. If properly used, there
should be no need for determining the imtegration constant or
for any knowledge about the particular reason why the current
must be zero when t = 0.

It will be evident later that there 15 an advantage in introducing
the symbol p for the operator o Jdt As a matter of faet, the
operator p does all that d dt can do and more.  Introducing p
in the equation given above, we get

E1 =ir+ Lpi = i(r 4+ pL)
and solving this we gel
)

= r + pL1 2)

Of course, this last equation tells nothing unless we find its
mterpretation as a function of .

Heaviside succeeded in doing this, and while he does not state
just how it was done, the development was most likely that
shown below. Referring to equation (1)

d
d

1 (. - (.
i=[th¢fml
il ), Jo

If this value of ¢ is substituted under the mtegral sign, we get
as a first approximation

K r it r [
i=t— dt — 1dt?
L L[J; L L J; J“ J

Continued substitutions will give
E it rrpd
=p(- et -

L= (=)

thus

.+ - +an intcgml) (3)



4 HEAVISIDE'S OPERATIONAL CALCULUS

The power series in ¢ is converging so that in the limit the integral
can be neglected.

Now refer to (2) and perform an ordinary division in such a
way that the p’s appear in the denominators: Then

E1 E(l 1‘l+1"~'1 _..')1 )

r+ pL T L p Lpr T LEpd
Comparing (3) and (4), it is seen that they are the same if
‘l fn N
p 1= n ()

This relation is given by Heaviside in his ¢ Electromagnetic
Theory,” Vol. 11, page 130.

It may be said that this is well and good for this particular
case. But does it work with differential equations of higher
order? It can readily be shown that the same relation obtains
in all cases. It is always possible to get the solution in ¢ of an
operational equation by ‘““algebrizing” it by division and using
the relation given in equation (5). The solution is in the form
of an infinite series, which, at times, is unfortunate. It will
later be shown that by using the expansion theorem another
type of solution is obtained

Figure 1 is a chart of the unit function 1. Note that

1=0whent <0
1= 1whent >0
and
7 has all values between zeroand 1 at { = 0

Let us now differentiate the unit function.
It is seen that

p?f =0 whent <0
p?7 = 0 whent >0

and in operational calculus

p1 has all values from zero to infinity at ¢ = 0.

Before we consider the significance of 1171, it is well to rewrite
equation (5) as follows:

1="1 (6)
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This is a more complete statement, although not used explicitly
by Heaviside. ¢"/|n is really multiplied by 7 because we have

assumed that the event begins at ¢ = 0 and the 7 wipes out
evervthing hefore t = 0. Forn =1,

1

o = tf
Thus, 7])1 should be numerically equal to t7.  This is satisfied if
1 * 1d -
]’1 - ,JO ! (l)

where the integral means the shaded area in Fig. 1 and
18 numerically equal to ¢ Indeed, we might have written

t
11 = 1dt becausc nothing is contributed to the integral

-—00

up to a time ever so near ¢ = 0. The relation could also have

t

been written 11)1 = 1dt, the lower limit being ever so
0-~¢

little to the left of { = 0, so as to be sure to include the vertical

part of the unit. function.
This refinement is, however, not necessary as long as we

t
realize that when we define ;)1 as f 1dt, the lower limit is
o

¢t = 0 — € as e approaches zero.

In all work 1nvolving Heaviside's operators, it should be reniem-
bered that we always operate on the unit function and that, as a
result, the function of t which is obtained from the operational
solution is actually multiplied by the unit function.

Under this condition, differentiation and integration are inverse
processes. One cancels the other. Thus,

])(})1)= ;(p1) =1

The two operations always cancel cach other, as will be seen
presently. In other words, we shall show that

p[,; f(t)1] -4 ﬁ fdt = f)1 ®)
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also,
1 *td
o = | 4 rota = s ®
whereas
d rf(t)(lt = ()
(ll. A
and

ﬁ '(‘l‘,f(z),u = J(1) — (0

In other words, when the unit function is not. involved, the two
processes arc not always inverse processes. This interesting
relation and many other considerations regarding the property
of the unit function are dealt with in a paper by Dr. J. J. Smith.!
For the sake of generality, let the unit function be represented
by H(f) in equations (8) and (9). Then (8) becomes

4 sty mnae = JOIa) (10)
dl. o

and (9) becomes

4 oo = f romadt + [ OOt = fu)mn]
0 Jo .

0 0
. flf(l)”'(t)(” + f,f(l)”'(l)(ll = S II(1) — fI0)H(0) (11)
0 0

If, now, I () is the unit function we get

equation (10) = f(1)1
and
equation {11) = f(t)1 — f(0)7,

The question 1s, what is the unit function att = 0? It has,
according to our definition, all values between zero and unity.
We can evaluate equation (11) by changing the lower limit
of integration, shifting it ever so little to the left so as to
take in the entire unit function. If the lower limit bet = 0 — ¢,
equation (11) hecomes f()H() — f(0 — ¢)H(O — ¢). But as
the unit function is zero ever so little to the left of the origin, we
conclude that f(0)7, is zero and, hence, that equations (10) and
(11) are the same.

1Franklin [nst. Proc., October, November, and December, 1925,
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If f(1) = 1, it follows from equations (8) and (9) that
1 1
,,[pf]_ o) = 1.

t
Incidentally, it 15 evident from this that 1;p is f as €

0 e

approaches zero, or, if we prefer, we could also define 1. p as f
o -
and get the same result.  We prefer to define it as j + sinee in
0
our problems we are dealing with positive values of ¢ only.
After this discussion of the general properties of the unit
function, it may be well to revert to the original problem, which
was to find the current in an inductive circuit when an e.m.f. K7
is applied.
The operational solution was shown to be
E E 1

=, + L T Lp+ aj’
where
_r
“TL
Expanding by the binomial theorem,
E/1 a at
'= L<z_)—p'~’+p"'— o )1
E al* | o®t?
__E(t_ 2 + R )1
E alt? | a’?
W)
= ’_J[l a1
We note that the operator
1 1 ot
p -I—'af = a(l )1 (12)
An operator of much intcrest is
P oy (1-222_ .  V=(1-a+®C ..
P+ a1 (l P + P )1 -—(1 at + 2 >1

=e¢~7 (13)
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At this point, one may be and probably is curious to know why
in these cases the ‘‘algebrizing’” by division, as Heaviside calls
it, was made in such a way that the p is in the denominator.
Why not divide the other way, as follows:

» _(r_v__r _ .
a+])1—(a a'-’+a"‘ )1
The answer is that we get no information in this case. Heaviside

has given the meaning of pl,j as a function of ¢; therefore, we

should make our ‘algebrizing” such that p appears in the
denominator. This matter is discussed further in Chaps.
XXIV and XXV.
Returning, for a moment, to equation (13),
Heaviside writes
Pg = e,

pt+a

He omits the unit function on the right-hand side and uses it
only, and that not always, in equations involving p but not &.
There is much to be said for omitting the 7 on the right-hand
side. It makes much simpler printing, for one thing, and causes
no confusion provided we do not try to operate on the ¢ function
by p.
To illustrate the point,

pe = Z € = —e ot

But pe— =7 means differentiating a product. Thus,
p(f(OH () = fOH®) + H'(0)f (1)
HQ@) =1

If

Then
pf@O1) = f'O1 + ft)p1

But p7 is zcro for all values of ¢ except at ¢t = 0; and at ¢t = (),
f(®) = f(0). Hence,

pUDD =1ft) + f(0)p? (14)
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This is an important relation. Thus, if

Jt) = e
ped = —ae ] + pl = —ae1 4 pi1, or

pe=1 is the same as pe~ with the addition of an impulse p7.
This imnpulse is something that rises to infinity at £ = 0. Con-
sider again pe-'7 and write e in an infinite series. Then,

> ad?

peet = p(l —at+ 5% — V4 oy

If we differentiate this as a product, then, from equation (14),
222 32
pe~al1 = (—a ‘72‘ - '73 + vt )1 + p1
= —ae %1 + p1.
The importance of using the 7 in connection with functions of
t when these are operated on by p may be illustrated by another

cxample.
1t has been shown that

P = —a
p+a1—€ tf

1f we multiply both sides by » + a, the result is
p1 = (p + a)e~=1
Is this equation an identity?
(p + a)e #1 = —ae 1 + °pl + ae1 = p1 Q.E.D
This identity would not have resulted if we had written

Incidentally, it is worth while to call attention to certain other
phases which emphasize the importance of retaining the symbol
of the unit function.

Some interpreters of Heaviside write

L —

L Pt
and, therefore, substituting — a for a,
P _

pP—a

omitting all unit-function symbols.
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I'rom these relations one might well conclude that

p po
P+ a 'p —a
or
P _
p? — a?

As a-matter of fact,

o

2 P 2 1 = cosh atf, as can readily be ascertained by ** algebriz-
2 —
ing.” A nustake of this kind is not likely to occur if the
equations are given as
r = -ad
P+ a 1=
p 1 = Eal
p— «a

provided it is remembered that any f(£) used in the operational
calculus is, in reality, multiplied by the unit function. Multi-
plying these, the student would get a 72 on the left-hand side, and
nobody pretends to know the meaning of operators on 72,

Summary.—Linear differential equations with constant coeffi-
cients, whose solutions are convergent serics in ¢, can be solved
by operational methods if p is substituted for d/df. The opera-
tional equation is subject to the common laws of algebra and is
usually brought in the form of an infinite series in terms of 1/p,
1/p? cte., which are evaluated from the relation

,] _ t"

-1 =-1.
p" |n



CHAPTER II

THE NATURE AND PRACTICAL VALUE OF THE
OPERATIONAL SOLUTION

Heaviside evidently concluded that the use of differentials
and integrals was undesirable—if it were possible to do without
them. He also believed that even the most primitive electrical
engineer could apply Ohm’s law to the permanent condition in
a direct-current network involving only e.m.fs. and resistances.
In short, he adopted the premise that in the circuit illustrated
in Fig. 2 any electrical engineer could show that the total resist-
ance is

RR,
Br= vy m,
Thus,
= E. = F(E 'l_l_l_z_‘)
Ry 7 RR,

is the steady current after the system has hecome stable.

G T

Fra, 2, Mg, 3.

Again, in the circuit shown in Fig..3 he assumed it as evident
that the total resistance was
RR,
Ry = R, + R+ R,
and that the current in any branch can easily be found as a
function of the steady impressed ¢.m.f.

He then considered more complicated circuits as, for instance,
that shown in Fig. 4. Here a resistance is connected in series

with an inductance. The instantaneous relation
. di
¢ =1r '+‘ La‘t
11
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he assumed as well known. Thus, under his conditions we write
E1 = ir + pLi = i(r + pL)

In the case shown in Fig. 5, where the circuit consists of a con-

denser in series with a resistance, the instantaneous relation is

e=1r+ é’ idt
Thus, under his conditions,

! . 1
E1—zr+pC-1<r+pC)

& 1 09 1T

Fic 4. Fia 8.

ré
L

¢
e i T

Fi6. 6 Fra. 7.

o3

In the case shown in Fig. 6,
. di 1.
e =ir 4 Ldt + (,'J dt

Thus, under his conditions,
. 1 . 1
E1=ir+ pla + op = z(r + pL + I)C>

His so-called resistance operator for a circuit of resistance and
inductance in series is 2 = r 4+ pL. Note that this does not
mean that the impedance is 7 + pL. It merely means that if
1/z operates on the unit function of ¥, the current under Heavi-
side’s condition can be found. The resistance operator for a
circuit of resistance and capacity in seriesisz = r + 1)1("

The operator in the case of resistance, inductance, and capacity
in series is 2 = r + pL -l-—;t,-

Consider next the circuit shown in Fig. 7, which might repre-
sent a leaky condenser in series with a resistance We may
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proceed to set up the equation of the steady current as if the
various branches contained resistances only; i.c., from Fig. 3
we get

RER,

R, =R, + R+ R
Substituting for the R’s the corresponding resistance operators,
we get

1
r
o pC r _retrrapC + 7
a=rt T Tt e T T4 e
pC
Therefore,
P = Kt _ E (1 + rpC") (15)

20 ¥+ rrgp(‘1

This relation he calls the operational solution and writes it

R LY, .

z—EZ1orpr—) (16)
Thus, in this casc

Y =1+ pCr

Z=r+r:s+ rrspC

It is evident that the operational solution is not limited to
finding the current caused by the application of a steady voltage
E att = 0. Another problem might be to find, for instance, the
operational solution of the e.m.f. consumed by the condcnser
at any time after the application of E at the terminal of the net-
work. To get this solution, it is at present better for the student
to refer to the equivalent direct-current network illustrated in
Fig. 3 and to solve for the voltage consumed by R,, which in that
diagram takes the place of the condenser in Fig. 7. This voltage
is readily scen to be
o E ~ RR.

RR, 4+ RR, 4+ R\R,

Substituting the resistance operators, we get
¢=FE r/pC 1

’
T2

r

i
B + 1 r!



14 HEAVISIDE'S OPERATIONAL CALCULUS

Let us return for a moment to cquations (15) and (16).
The question may well be asked, why not write the operational
solution
1+ pCr

1.=ET+T2;}"T7'2P(1

in which case Y would be - 1+ pCr and Z =1, or why

r 4+ 712 + rropC
not write

SN
r+rs + rropC

S 14 pCr

1=k

in which case Y would be unity and

7 = L‘_i‘_fg»"!‘ rrapC

‘T 1+ pCr
It will be clear from what follows in the proof of the expansion
theorem that the first relation would not do.

The rule is that the operational solution must be of such form
that when Z, the denominator, is equated to zero, we obtain the
largest number of roots of p. 1n the first case, Z = 0 gives no
roots at all. In most problems, Z contains higher powers of p
than the first, when, of course, several roots are obtained.

From this consideration, it should be evident how the opera-
tional solution is obtained at least in networks of concentrated
resistance, inductance, and capacity.

A number of examples will be given later which involve not
only resistance, inductance, and capacity but also mutual
inductances. These will help to clear up any doubts that may
exist at this time.



CHAPTER 111
THE EXPANSION THEOREM

In Chapter II has been shown the method of obtaining the
operational solution. It must be remembered that the opera-
tional solution gives the answer only in case a steady foree is
suddenly applied to the system at ¢ = 0. This is, of course, not
always the case in actual problems where the forees frequently
are varying or, indeed, where no external forees are applied, as
in the case of the discharge of a condenser. Such cases are
casily solved, however, as will be shown in Chaps. VI, VIII, and
XIV. As a rule, the solution then depends upon that obtained
by first assuming a steady force applied at ¢ = 0. Briefly,
whatever the nature of the problem, it is usually cssential to
know the solution in the case of a steady foree applied at t = 0,
that ig, under the so-called Heariside condition.

In cquation (16) in Chap. 11, the operational solution for the
line current was given as / = E }7”’)1 where Y, and Z,, were

()
certain functions of p.

If Z,,) is of higher power in p than Y, thenY ;) /Z,,, is a frac-
tion of powers. If, on the other hand, Y, is of higher power in D
than Z,,, it is always possible by division to reduce Yin/Zp to
a sum of terms some of which are integral functions of p and one
of them a fraction, involving powers of P in both numerator
and denominator. So the resultant expression becomes, for
instance, Ap7 + B1 + C }Z"”1. In the last case, the expression

»
Y1) /Z,, is obviously not the same as that in the first case. The
solution of the problem is, then, the sum of the solutions of
Apt, Bty and €1,
()
From what has been said about p7, it is evident that this term
Ap1 contributes something which is infinite at ¢t = 0 and zero
15
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afterward. The solution of the third term, the fraction in p,
is obtained by the expansion theorem.

Z, always contains p in various powers. Thus, in general,
Z» can be written

Zom=p+apr '+ - -
Let the roots corresponding to Z,,, = 0 be p, ps, ps ete.
Therefore,
Zp=@—-p)—p)(p—ps) -

Y(p) Yun
Zp (1’ - Pl) (P —p2) (p — P%)

When this expression is broken into partial fractions and all
roots are different and none is zero, we get

and

Yo A B C .
. = ) e 1
Iy ~p=mTp-mTp-p T (an
in which
Y(P) )(p)
A= B = , ete
Zun A«m

. d . . . ,
where Z';, is de(,,, and Z',, is the particular value of Z',,

when p, is substituted for p. For the explanation of this relation,
see, for instance, Todhunter'’s ‘‘Integral Calculus” (second
chapter) or Pierce’s “ Table of Integrals” (p. 14).

We get, also,

Ying = A»--—'I 1+ - -
Zy +8 p—p t+

Substituting the value for P 1 » 1 from equation (12) Chap. I,
- P1

putting « = — p, it is easily seen that equation (17) becomes
A _B J [Ae" Ber+ J )
-4 _ 8 _ 1 Vi
[ Py P + D + P2 +
From equation (17) it is evident that the first parenthesis is
g“’ '4 for p = 0 or, for the sake of brevity, Z“” 1. The second

) )
parenthesis, after substituting the values of A,B, - - -, is

t] f
IR
L %% loer | P lpem |
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Therefore,
) Y Y e
=E| ;2 y 7 18
P 2 T T i (18)

Py
which is the same equation as Heaviside gives on page 135
(Vol. IT). Note, however, that in this demonstration it has been
assumed that all roots of Z,, = 0 are unequal and not zero.
The method to be used when several roots are equal, or when
one root is zero, will be given in Chap. VII.

As has been already stated Heaviside always omitted writing
the unit function 7 in terms involving the independent variable
t but usually, though not always, wrote it when the solution
was given in some function of p. There is a good practical
reason for this—we would otherwise have too many 7’s in the
equations. For this reason, it seccms wise to follow his style,
and from now on the unit function will be omitted when the
solution is given in . 1t should be remembered, however, that
it belongs therc.

It is an interesting fact that while the expansion theorem is
deduced under the assumption that Y, /Z, is a fraction in
powers of p, it is not a necessary limitation under the Heaviside
condition. The expansion theorem can be used as given in
cquation (18) even though the highest power in p is the same
in Y, and Z,. Even if the power in p is higher in Y, than
in Z,,, it is not necessary to divide through. Instead, we can
proceed in the usual way with the mental reservation that to the
result obtained there must be added a term which is zero before
and after ¢ = 0 but is infinite at ¢t = 0.

Consider the case where the highest power in p is the same in
the two expressions:

Yo =p"+ap' +Bp 2+ - - - y
Zipy =p"+ap~t+bp24+ - ¢
By division we get
Y _ 4 (@—a)p'+ (8~ b)p S

oA - Yl(»)
Iy 1T T e F G ' 7

Here the second term is a fraction in p, and we can without hesi-
tation proceed with the expansion theorem.
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The solution of the second term generally contains a constant.
termn Y1)/ Z,. and a series of terms involving e”. The solution
of the problem is, then,

7

} 1(0) Mo pt
1 + Z(“) + -4’\6'

. -
Yo /% would, of course, be ’Z—(_ » 80 that the total value

of the constant term would be 1 + 1:-{ = g » which is also

the value obtained if we had proceeded without the division.
It is also evident that since Z,,, is the same whether we divide
or not, the number of roots and the values of the roots corre-
sponding to Z,,, = 0 are the same.

In the first case, when we do not divide through, & number of
exponential terms result;

mye™ 4 mger 4+ - - -
In the second case, the same number of terms result:

It 4 kot 4+ - - -

and it happens that under the Heaviside condition &k, = m,,
ke = my, ete.

Since Yypy = Yy —p" = [Zim — Pl = Yy — Zin)

Yuw—2 Y
Therefore, ky = —2—22 for p = p,. But this is —2—
’ dzZ dz
Pap Pip

since Zp, for p = p, must be zero.  Thus, k; = m, and, rimilarly,
k2 = my, ete. :

Experience has indicated that the student is little likely to
go astray in the use of the expansion theorem if he introduces a
definite order of procedure.

1. Write down the value of Z,,.

2. Set Z» = 0 and solve for p, which gives values pi, ps,
Ps,y ete.

If Z 5 is linear in p, only one root p, results.

If Z, is quadratic in p, two roots p, and p. result. A cubic
cquation gives three roots, etc.
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3. Differentiate Z, with respect to p; i.e., find dZ,,/dp.

4. Write out pdgz‘,” ) and 31‘7’"
o

dp
5. Substitute in step 4, p = p, p = p2 - + -, ele.
6. Write Y,,,/Z» and substitute p = 0 to find V,,,/Z,,. In
general, the solution then contains one constant term Y, /Z..,
and a number of terms

(’ E’”’ + ('26’“’ + e .
where € is "” for p =p, Co = % for p = ps, ete. At
pdp ‘Udp

this pomt, the mathematician may say that this is nothing but
the usual solution of a linear differential equation where the
right-hand member is a constant.: and this is, of course, the truth.
The beauty of Heaviside's treatment hes in the wonderfully
simple method used to determine the integration constants C),
Cs, ete. They are obtained by the simplest kind of operation
involving only the knowledge of differentiation with respect to p.

The simplicity of his method is especially appreciated when
dealing with differential cquations of infinite order, such as are
met in systems of ‘* distributed” constants where the number of
integration constants are infinite and often hopelessly difficult
to evaluate by conventional methods.

Heaviside really uses two rather distinet methods in solving
his problems—one, and the safest one, the expansion theorem;
the other, the “algebrizing” method, in which he expands the
operator in a power scries.

The disadvantage of the first method is that it is often very
laborious. Z, = 0 frequently gives a number of complex
roots, difficult to locate.

The disadvantage of the second method is that it leads fre-
quently to series expansions which are very difficult to interpret.

Unfortunately, his opecrational calculus, which depends upon
the expansion of functions in a power series, is poorly fitted to
certain problems, as will be shown in Chap. XVI. But there are
shorter ways, as will be discussed in that chapter and elsewhere.
The use of Duhamel’s integral (Chap. XIV) or the vector equa-
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tions, when dealing with permanent conditions due to periodic
forces, is strongly to be recommended. If the ‘‘algebrizing”
method gives a series which is not convergent or is convergent
only over a certain region, do not expect it to tell the whole story;
it seldom does. Try then another method. Heaviside says
(p. 492, Vol II), in connection with expansions involving diver-
Zent series:

“There is more {0 be said on this subject and I have no doubt
a good deal more will be said when proper mathematicians will
thoroughly explore divergent series for physical purposes.”

Consider, first, the simplest possible case, a storage battery of
voltage E connected to a circuit consisting of a non-inductive
resistance in series with a resistanceless inductance.”

The resistance operator is r + pl, and the current under the
Heaviside condition

I ) _ Y
"= r+ PL1 =k Z(p)1
Here Y, = 1and Z,,, = r + pL
Z» = 0 gives one root only, p; = — Ir
dz dz
dp —L’p(lp' = oL
Y(I') - 1 , Y(l‘) 1 = 1 = __1
pd_? pL de _rr r
dp dp |,., L
Yo _1
Z(o) i r
si=g| -1 o E[l - e‘b‘]
ror ) r

The voltage consumed by the inductance is found in a similar
way. It is ipL or

EpL

6= i pL1

Here
r
Y\P) = pLi Z\l') =r+ pL; n = —L
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r
Y _ —LL =1
dZ T Tyl T
p=m

and

pdp —LL
Yo _ e @t
Zm)—-O coe,=FKe L

Another simple example is as follows: Find the voliage con-
sumed by the condenser in a circuit consisting of a resistance in
scries with a condenser. Let the circuit be connected to a storage
battery of voltage E.

We have, then, a resistance operator r + 1_- The current is

E

1= 1
o1
r + ("
and the voltage taken by the condenser is ¢, = ip]C
1
Y
ce=p2C 4 E
r+ 1 pCr + 1
pC
Here
» ’ 1
)u») =1 A(,,, = p(71'+ 1 “.p= _Cr
M= 1_' Y(p)— = —1
az — pCr | "dZ
¢ dp pdp-l) =m
Yy 1 _ 1
Z()y "1
- l,
Cuoe = E 1 - € ('r]

Note that at the moment of closing the switch when ¢ = 0,
ec = 0; thus, a condenser acts at that moment as a piece of heavy
wire—it does not consume any voltage. For { = «,e; = E
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Thus, if we wait long enough the condenser acts as a wire of
infinite resistance.

At the first instant, the condenser acts as if it were short
circuited. Later, it acts as an open circuit. An inductance,
as is seen by a similar analysis in the first problem, acts just the
opposite way.



CHAPTER IV

THE EXPANSION THEOREM APPLIED TO SOME
DEFINITE PROBLEMS

To illustrate the application of the expansion theorem to the
problem cited in Chap. II when a leaky condenser in series with
a resistance is suddenly connected to a storage battery of poten-
tial difference E, we have Z(,) = r 4+ r: + rmr2pC (sce equation
(15) and Fig. 7 in Chap. II). Therefore,

70 v o T T2
Lo = 0gives p = rraC
and
_ _)' —+ re
P = "l'g('
fM = prra(’
dp
Therefore,
az y Y, 1+4rpC
P ip = prr:C and 4z~ prmC
pdp
Y(m- - o
dz ra(r =+ rg)
P
dp pP=mMm
Yo 1
Z(o) T + To
Therefore,
. 1 r _rtrsy
te E[r I e e
E

Fort=0,i=£andfort= w,l = —
T2 r + e
It is of interest to note that the initial and final currents can
always be obtained dircctly from the operational solution. In
this case,
, (1 + pCr)
= j—"- - 1
¢ DT +r: + PC"21 (19)
23
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When we remember the shape of the unit function, we realize
that fort = 0, p=d ‘dt == ;fort =0, p = 0.

Therefore, for ¢t = 0, p = =, or is very large compared with
any finite quantity, and we get

. _EpCr, E
= p("rr21 T
l 1

Fort = =,p =0, and I=Er+r-_.'

Other examples involving complex roots will Le given m
Chaps. VII and VIII.

The operational equation brings out some other interesting
features. Since for t =0, p = o and for t = <, p =0, it is
evident that if the denominator is of a higher power of p than
the numerator, the initial ecurrent must be zero.

If numerator and denominator are of the same power in p,
the initial current is of a definite value, not zero.

If the numerator is of higher power of p than the denominator,
then the initial rush of current is infinite; but after an infinitely
ghort time it decrcases to a definite value. It might be well to
say here that this condition can never be met in any actual

! The operational solution is the solution of the permanent alternating-
current condition when vector representation is used, if for p is substituted
jw; thus, p? = —w? p* = — ju*, ete.

Heaviside brought out this fact 1n 1892, or perhaps earlier; it had also
heen shown by Kennelly in 1892,

The proof is simple when it 18 recollected that a convenient equation of a
revolving vector is

] = Tet
Thus,

d
= = ol =
dl Pl = Jul e Jol.

Referring then to equation (19),
. (1 + jurC)

I=H, o i7atm

r? .r?
r+r +I¢*r= +i-

-k

2
(r+ )7+ 50t
where
1

‘ =
° " wC
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problemn, whether mechanical or clectrical. It would exist in
the case, for instance, where a condenser is suddenly connected
to a battery with wires of no resistance, which obviously is
impossible.

iven then, however, the method throws some light on the
subject. We would obviously expect to find an instantaneous
infinite rush of current during an exceedingly short time such
that [idt would be the charge which corresponds to the voltage
impressed.

The operational solution obviously is

. .1,
1= Ellpci = pCE1

which means an instantaneous rush of current of infinite magni-
tude and the charge = +/p = ('E, which is the proper charge.
Problem.--A condenser made up with two different kinds of
diclectric is suddenly connected to a storage battery of voltage
E, as in Fig. 8. Find the charge on the middle plate.
Let the leakage conductance and the capacity of the upper
portion be g, and C; and the corresponding values for the lower

part be g. and C.. Let ¢, be the N
instantaneous voltage consumed by _J_
the upper part and e, that of the lower =30
part, then the current taken by the T-qu’

upper part is obviously 7, = e;(g: +

pC)) (the resistance operator of the Fia. 8.

condenser being 1/pC,, the corresponding admittance is | /;) C )
1

Similarly, the current taken by the lower part is ex(g: + pCs).
Thesc two currents are obviously the same. Thus,
ei(gy + pC1) = exg: + pC2) =@
But €; + e = E1. Therefore,
) )

%
Bl = o T e
or
(91 + ch)(ﬂz + I)Cz)
a|+q.+7’((’|+(")
Therefore,

= g ©trC g
"T g4+ 90 Tgi+ g2+ p(C 4 Co)
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and the charge on the top plate is

a 02
e C. = EC g2 + 7),
il 191+g"+1)((z|+(12)
The corresponding charge on the top side of the middle plate is
numerically the same but with minus sign.
(‘onsider the lower part of the condenser. Its upper plate
has a charge cqual to Caeq, which is easily shown to be

_ A + P('l
Caes = Ec”gl + g2+ p(Cy ¥ Cs )1

Thus, the total charge on the middle plate is

q = z(gx + PCI) = Ci(gs + pC) 7
g1+ g: + p(C + C2)
) (Il( 2 = ,(12(41 ) 1
g+ g: + P(Cl + 02)
A
=E, + ))(,',,1

where
4 = 01('2 - 0201
(ry = g1+ g2
Cu = Cl + (,'2
This can be written

— h] A 1
¢ =1 P+ a
where
4, = A
T,
and
a= G
I

The solution can be written down at once by comparing this
equation with equation (12) (Chap. I). It is
q = A Co 1- io
/il Co Go € ()
L Bl o] PR
g1+ g2

The student should verify this by the use of the expansion
theorem.



CHAPTER V

OPERATIONS ON UNIT FUNCTION SQUARED HAVE NO
PHYSICAL SIGNIFICANCE

The student may be tempted to write the operational expres-
sion for electric power and expect from this to get by the expan-
sion theorem the instantancous values. He will fail because
the operational solution will contain 72, and neither Heaviside nor
anybody else has shown how to operate on 72.

To illustrate, assume that it is desired to find the power
supplied to the inductance of an inductive circuit. The power
is the instantaneous product of the voltuge consumed by the
inductance and the current flowing in the inductance.

The operational solution for the current is

E
T+ pL1

and since the voltage consumed by the inductance is
. L
e=pLi=E b

r 4+ ])L1
one might write

- e p_[_‘_.
pP=FE (r + 1)L)“/’2

—

and erroneously proceed to use the expansion theorem. It must
be remembered that we know only how to operate on 7; we know
nothing about rules of operation on 72.

The solution is the product of the voltage and current
when these are given as functions of ¢, not of p. Thus, the
power in this case is

P=p¢L [1 - e-'u]
r -
27
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and this is obtained by writing

E pL
- (2
and evaluating each term independently.
Incidentally, this difficulty is similar to that encountered
when trying to get the power in an alternating-current circuit
from the vector expressions of the current and voltage. The

student will remember that the answer is obtained hy ““tele-
scoping” the vectors; ordinary multiplication does not work.



CHAPTER VI

ADDITIONAL OPERATORS EMPLOYED WHEN A NET-
WORK IS SUDDENLY CONNECTED TO AN ALTERNA-
TOR, INSTEAD OF TO A BATTERY OF CONSTANT
VOLTAGE

Referring to equation (13) (Chap. 1),
.__.p ,,1 = 1111

p—a
Thus,

P i)—jw’l = ¢T!f when ¢ = +jw,

. Jol — —lw! 1 ’) p
sinwtf =5 ¢ 1= I -
2] |p—Jo  pHtje
_p[ptiw—p+ie (= P 4
2j P+ o? p? + w?
This shows how a sine wave can be converted to an operator on

unit function.
Similarly

and

1

- P
cos wt! = Il
Therefore,
gin (wt + ¢)7 = (sin wt cos ¢ + cos wt sin )7
_ pwcos ¢ T p?sin ¢,
e e 4
P+
and
PPeos ¢ F pu sin ¢
p‘). + w‘l
This relation, the writer believes, was first shown by Pleijel.
Similarly, if “shifting’’ is used (see Chap. (XIII),)
e w CO8 ¢ + + B) sin ¢
e Pt gin (wt i (0)1 = P-— ‘—(-;"-:F—g)g)-_" o? — - 4
p(p+ B) cos ¢ F pusin ¢
(P + B)% + o?
29

cos (wt + @)1 =

e P cos (wl + )T =
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In connection with the last two equations, it should be noted
that while ¢#'7 = ;)_—Z'J_ 31 and sin wtf = p.zl_): 3
cannot be obtained directly by multiplying the two operators,
because the resultant operator would involve the unit function
squared.

An application of these operators will be given in the ecase of an
alternator of e.m.f. E sin (wt + ¢) being suddenly (at { = 0)

connceted to an induetive eireuit, as shown

72 in Fig. 9.
é z The procedure is to write first the oper-

ational solution as if unit e.m.d. were
_E

= 4L
introduce the additional operator which converts the sine wave to
a wave of unit function.  Thus, the operational solution becomes

0y € P sin wtf

Fia o impressed. It is | 1. Then

A wp cos ¢ + P2 sin ¢
1 —r-+ pL - w2+1)2 1 (20)
Thercfore,
Yo = wpcoseo+ psing
and

Zy = (r + pL)(«* + p?)

The solution of equation (20) gives the instantancous values
of the current. The denominator is of a higher power of p than
the numerator; thus, the initial current value is zero. But in
this case we cannot say that for { = «, p = 0. Tt is not zero,
because the final current is obviously not steady; the operational
solution gives, of course, the right result. If we desire to know
the final value without solving the equation by the expansion
theorem, we may resort to the vector representation as discussed
previously and write ’

where p = jw.
Therefore,

which is the well-known solution.
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It is now perfectly simple to solve equation (20) by the expan-
sion theorem. Since Z, = (r + pL)(w® + p¥), we get three

roots: py = — ?, p2 = +jw, pa = —jw. We proceed, then, to

. Z dzZ,
find d d; > and then p —d;f—’, for p = p, ps, and ps.

The result will be three terms (Y 4,/ Z ., is casily seen to be zero
in this case), 7z,

Ae L + Bewt + (e 1ot

The last two terms will combine to a pure sine wave without
decrement and are, therefore, the permanent condition, which
usually is well known to engineers.

In this case, the permanent alternating current is

1, = ]: sin (ol + ¢ — @)

so that it is necessary only to calculate the value of i from the
expansion theorem for the root p = p, = —2 and then to add 7,
to the solution.

The solution is not always so casily obtained, however. We
will, therefore, consider a general simplification of work when the
denominator Z(, is in the formm of a product.

Il(‘t

Yoo o Yo

Z,, hicm~ hap)
Therefore,

az

Z'\, = d(p) = hl(p)hlfhp) + h2(p)h,l(p)
D

and

pZ p = plhimh’spy + hacmh'vml

When in this expression we substitute the root or roots obtained
when A, = 0, we get only the second term left, since h,,
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obviously becomes zero. A similar argument applies in regar
to the second set of roots, so that the net result is, for instance
if ki, has only one root, p;, and hs,, two roots, p» and p;,

. l” 1’(.)) Y(l’)e”'
1= N “7 + h T 1Y -
A0 Phecp vy /),y = g

+{- ;Yunfw _

(ph](mh'ﬂ(m)" = p2

SEEAN
Phimh’am D=

This relation, the writer believes, was first worked out by Pleije
or Herlitz.
In the particular problem under consideration,

hyw = r + pL; therefore, 1y, = L and ph'y = pL
hap = w? + p?; therefore, h'zp = 2p and ph'ap, = 2p*

Thus,
Phamh’1ipy = pL(e® + p?)
and
phlﬂ')h"l«m = 27)2(" + PL)
Phamh’ 1 for p = p, becomes — ]r,_,22
where
22 = rt 4 oL = st 4 22
Y m for p = p1 becomes z]; sin (¢ — a)
where

g
tan o« = ,

Thus, the first term becomes
.
~-'t
-—Ije L sin (¢ — a)

Phymh’s s for p = ps = jw becomes —2w2(r + jwL)
Y(» for p = p2 becomes w?(j cos ¢ — sin ¢)
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Therefore,
_ Yo __ _Jose —sine
Phl(mh'z(m p=p2 ~2(r 4+ jwL)
_cosp+jsing _con(p —a) +jsin(p —a)
T 2i(r 4 jwl) 2j2
Yin _ j cos ¢ + sin ¢
phlunh’z(m p=pa 2(7' - ]wL)
_ cos (¢ — a) + jsin (¢ — a)'
2j2
Thus, the last two terms become
E eju' — gt . et + € vt
z[cos (¢ — ) 3 + sin (¢ — @) 5 ]

= fsin (wl + ¢ — @)

which is the permanent value, and the solution is

;= f[sin(wl-l—‘p —a) — ¢ I sin (¢ — )

The process is somewhat lengthy, but as has been stated
when it is once done, it is known that the roots +jw give the
permanent condition, so that it is really nccessary merely to calcu-
late the condition for the other root or roots, if the permanent
condition is known. If not, it is simplest to obtain it first in
vector form by substituting jo in the operational solution—

_ E1
“r+0"

This problem will be treated in an entirely different way in
Chap. XXVI. The object then will be to bring out certain
peculiarities of power-series developments and to show the
application of Heaviside’s “shifting.”

n this particular case.



CHAPTER VII

PROCEDURE WHEN THE EXPANSION THEOREM CAN-
NOT BE USED BECAUSE ALL ROOTS ARE NOT
DIFFERENT OR SOME ROOTS ARE ZERO

Consider, first, the ease when one root is zero.  Such a con-
dition would arise if, for instance, it were desired to find the
number of coulombs supplied by a storage battery after the
switch was closed on an inductive cireuit.

-
-k 4
r + pIJ

The current, then, is 7
) )

\ .

. 1

and the number of coulombs is f dt, or P
0

E

.. coulomnbs = i + 1)L)1

In this case, Z,, = p(r + pL), and one root is zero. Thus, the
expansion theorem can not be applied.
The procedure, th(-n is to determine by the expansion theorem

! r
the wvalue of 41, which is I:[l — € l.‘]- Then, since

'+ L’
» means integration between the limits zero and t, we get

t
E _r
coulombs = f r[l — € Lt.l(lt
[}

Therefore, when one root is zero, an integration has to be

performed.
Y (p)

p(p —a)(p—B) -

In this case, determine the value of 7, =

— 4, one root is zero.

Y(P\
(1» —a)(p - B

and later find ¢ by integration, that is, ¢ = fildt.
0
34

In general, if 7 =
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When two or more roots are equal, the simplest way is to
assume that they differ slightly, 1 which case the expansion
theorem can be applied.  The correct answer is later obtained
by finding the value of these expressions in £ as the roots approach
cquality or else working out suitable new operators, as will be

shown below.
Consider the circuit shown in Fig. 10, consisting of a resistance,

inductance, and condenser in scries. Then, obviously, the
operational solution for the current is

e 1)
r+ pL + >0

r
L
c

T

N

1, 10

If the equation 1= left in 1ts present form,
Yo =1
Zoy=r+pL+ 1
! pC
Thus, Z, = 0 gives

M= —a-+ jo 1 3
s = -—a—jw}thnCL>4L’

where

a=2rL: w \/CIL—a2= we? — a?

Sat e =wlifw = \/LIC
1

Gy _ 7 _
.. AZ 1 _pLC -1
. 'Pdp = pl. ol e

p((lii for p = p, then becomes +2jwL
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and
pdp forp = 11:-, becomes ~ 2jwl.
)
Zo ="

. E €t~ atiwlt €l "a st ‘ e/wf — it
s [ 2ol 2ol J wL‘ "25”—]

e .
=FK ol S0 wl
r2
It is readily proved that if ("L <4z

—al

i = E - sinh Bt

Lg
where )
r: 1
8=~ cL

. 1 r?
The case of equal roots, that is, when CL = aL* As these
approach equality, » approaches zero, and sin wt approaches wt
Lo e—-at

s.1=F WL® = Etf, L
But we could have obtained the same relation in another way.
Equation (21) might also be written
_pCE

= mC + pCL + i’

or
pCE { = pkE p

- 2y 7 1 1y T __1_> .
- PE
L(p + a)?
The question then, is: What is the meaning of
E p
Lo+ ap”?

Note that
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but
.f":_.1 = ¢t
(t:p-g—a = e
(p -*I-)cr)' =t
Hence
| = fle o

In the example calculated above, which gave a pair of conjugate
roots, the calculation was not very laborious. This was largely
due to the fact that ¥, was unity. This is not always the ease



CHAPTER VIIT

SIMPLIFICATION WHICH CAN BE MADE WHEN THE
ROOTS ARE CONJUGATES

In general, the operational equation may be written

Y (m Y(ln
/(p) +a|p+’l

which, under certain conditions, gives two roots

1 =B 1—1&,

—a + jw

It can easily be proved that when the roots of Z,,, = 0 are

r

A
conjugates, p dp » for p = p, and for p = ps, must also be con-

jugate, and so also the two values of Y ;.  And, finally, the two
) (§2] ]

express d A
(lp _
Let the complex expression of —7; ) f()r p=—a+jubed =

¢+ jer, or A = A¢®, where A = Vet + e and tan & = :_'-
Then the corresponding relation for
p=p=—a—jwisB=¢—je,orB=Ae?
Therefore, the two terms under the summation sign hecome
AEJJ((—u'U'm)I + Ae—jﬁe(—a-—_’w)t
= Aedt]elottd) | uttd)

= 2Ae cos (wl + 8)
= E[;‘ﬂ + 2A€ @ cos (wt + 5)] (22)

% (0)
This method will be demonstrated below.
Find the voltage consumed by the inductance L in Fig. 10

after the switeh is closed.
38
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We have
| = ____E1 ]
r+ pl + p—('
e = pla = pLE 1 /= [)'3:&'1
r + pL+ o0 p:+ py + wy?

= pE 1
p2 + 2(!]) + wu2
1

Z = 0gives p = —a * jw wherew = V! — a?and w? = CL

’,

y dZ
a7 _ 2p + «) .. Pap = 2p(p + a)

dp
and
Yom P
Az 2p + a)
p dp

For p = —a 4+ jw this hecomes
et o _ —atjo _Jjatow
2(—a + jw 4+ a) 2jw T 2w
2 2
oA = \/Oi +o s where tan 6 = &
2w w

6 indicating that the veetor is offset 8° or

d =%

=
Se=E )Z‘P—‘ + “% o coy (wt + )
| 4y w

but

Y(O)

s, =0

Zw

e = E‘:;’c‘ a eos (wl + 6)

Fori =0,

@o w) W
e,=FE'"cosd=E-"- =E
w W Wy



CHAPTER IX
PROBLEM INVOLVING MUTUAL INDUCTANCE

Figure 11 1s a diagram of two circuits having mutual inductance
for which the conventional relation is
d dis
€= 11 +L1 ' +Cf11dl+ 11[”
(ll 1

0 = 100 +L,"’2 + sz it + M

_"M'—‘WD‘I
L g 2 L
CZ
% . T

e, 11,

Thus, under Heaviside conditions,
E1 = 1,(7‘1 + pL, + . ) + {:pM = na, + b
pC:
0= iz('l‘z + pL;g + 1 > + l|])M = lolg + le
])Cz

From the latter equation,

I|b
1y = —
az

. b?
‘. E1 = nHa,; — ll-l =1
(¢

and
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In these equations,

a =7n; + ])Ll + plél

1
a; =71 + pLe + pCs

b=pM
Special Case.—The condensers are omitted 1n each circuit.
E = 500 volts ry = 100 ohms re = 20 ohms
L, = 0.4 henry L; = 0.1 henry

M = 0.6/L,L, = 0.12 henry
Verify that the operational solution for the primary current is

. 20 + 0.1p
=5 R
%= 5005 000"+ 18p + 0.0256p

and that when the expansion theorem has been applied

11 = 5[1 — 0.412¢ '3 — 0.6¢5%]

1

The secondary current is i; = —5.5 [¢7138 — ¢565(]

Problem.—If, instead of applying a storage battery of 500
volts to the primary circuit, a 60-cycle alternator with the same
maximum voltage were used, and if it so happened that the
switch were closed at the instant when the ¢.m.f. wave passed
through its zero value, the voltage wave would be 500 sin 377¢.

The operational equation for the primary current would then
be

377p
p? + 377?
and the numerical value after the cxpansion theorem is applied
would be

1, = 3.06 sin (wt — 41.3°) + 0.66 €138 + 1.365¢ 365

20 + 0.1p

h = 500 2,000 + 18p + 0.0256p*

X



CHAPTER X

THE EFFECT OF SUDDENLY CHANGING THE E.M.F. IN
A SYSTEM OR OF SHORT-CIRCUITING A NETWORK

Originally, switch &; in Fig. 12 is open and s closed At ¢t = 0,
switch s, is closed, when a current
L 1= El[l — e_'l.'

1

Tr4pl" T o

flows in the ciremt. At ( =t,, switch s» 15 opened, which

‘S'l Sz r

Fre 12

introduces an additional voltage E.. This vollage causes a

current
E, _E,» ="
’2_r+1)L1—r[1 "']

to flow. which is superimposed on /i and begins, of course,
at t = ;.

If E. is equal but opposite to E,, then 7, is negative, as shown
by the dotted line in Fig. 13, and the resultant current is shown
by the heavy line.

Up to time ¢, the current is E7‘[ 1- e“%‘]; after that, it is

1 ] - i - oo,
r r

Obviously, after t = ¢, there is no battery e.m.f. in the circuit,

s0 that the circuit is short circuited upon itself.
12
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Special Case.—If the short circuit takes place some time after
the battery has been connected, so that the system has reached
the steady state, the current due to the original e.m.f. is B }7“'—’,
40

and the current due to the fictitious negative voltage is

Yn) Y )
—-E| ' S et
Nz T T aZ
dp
+1.0
+08 . —
/
+06 =
T N
Z]
+04 7 -
+0.2 / -1 ™
0 —F
\
~02+— \n
~
=04 >
\\
-06 T~
-08
~10
0 02 04 06 08 10 12 14 16 18 20 22
i
Fic. 13.

where t is counted from the time of short circuit. Therefore,
the current after the short circuit is the sum of these two or

1. — —EY“;) Ep'
i I
dp r
The rule is, therefore: Write out | -=E.
the operational solution covering the Fle 14.

initial condition (the starting condi-

tion), solve this equation by the expansion theorem, omit the

constant term, and reverse the sign before the summation term.
In this particular circuit, it is easily seen that after the short

r n
circuit, 7 = fe"l«', but f’ is the current that existed when the
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short circuit took place. Thus, the original current dies down
according to the exponential law.

Another Example.—Find the discharge current of a condenser
initially charged to a potential difference E. from a battery of
voltage E in the circuit represented in Fig. 14.

E1 _ EA

T = (23)
r+pL+p(, r+pL+pC,

1= —

Find the voltage across the condenser after the discharge has

begun.
] K,
T opC ofr + oL + 1 d
P ,(r P p(')

where the transient term alone is used after the solution from
the expansion theorem has been found.

At first glance, equation (23) secms strange. It contains
Ec1, yet we know that the voltage of the condenser is going
to decrease probably through oscillations until it becomes zero.
It is far from a unit function.

It must be remembered that equation (23) was not derived
under the assumption of a steady condenser vollage. It
happened to come out that way through mathematical reasoning.

It is interesting to note that in the case of discharge of a
condenser, the current is identical with the original charging
current, except for reversed direction.

Other Examples.—The oscillations in mechanical systems are
similar to those in electric circuits. When dealing with springs
of negligible mass compared with the mass of the moving body,
and when the frictional force is proportional to the velocity, the
equations become identical.

Fia. 15.

The dotted line in Fig. 15 is the position of equilibrium. A
force has been applied to the mass so that it has been displaced &

Co
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distance z,. Find the position of the mass when the force is
suddenly removed.

Let the friction force be fv = fgf

Let the force necessary to compress = k.
2,
The force necessary to accelerate the mass is = th
Then, if a steady force F is applied to bring the mass to position
xy, the following relation exists:

d.z:

dt* + +lcx

or with Heaviside’s notation,
F1 = Mp*x + fpx + kr = x(p*M + pf + k)
F

T p™M + pf + Wl 24
If the numerical relations among M, f, and k are suitable, the

mass will reach its final position after a number of oscillations,
and the final value z, = Y y/Zy, which corresponds to p = 0,

will be F/k.

After the force is removed, the motion will be the resultant
of two motions: one the original due to +F7 and the other due
to —F1. Thus,

}' (0) _ )’((I; (p)E YU') . .
7( 0) Z tE dZ —*z dZ e (2) r;l
dp dp =
Equation (24) may be written =
z=—F— 1 S
2 =
Pyt y ?
. J Tk
Zw = Ogivesp = 2M 41;12 M Fio. 16.
If the constants are such that £ >
€ consvants are suc M 4M2

then
p=—atjo
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where
_f
“ T oM
w = '\/0)()2_ — a?and wull = M
dZ
= 9, =
dp 2p 4+ 2a = 2(p + a)
thus,
dz . _F
pdp =2p(p+a) Y, = M
Yo _ F
e )dZ T 2oM(p + a)
dp

17(1’) —_ 1‘_
[p(lz T 2Mu(w + ja)
dp p=—a-+jw . 3 .
- _ Fl—-jo _F(-w +ja)

2Mw(w? 4+ a?) 2M we?

Time ¢ Center Line

Fra. 17.

Thus referring to C‘hap. VIII,

_ F _ te
A= 9 Mo, and tan 6 = 7

8, therefore, lics in the second quadrant and

T =— Mli»w_o e cos (wl + 8)

F
Att=0, z= "'M:"w—o cos &
- F(_e\_FM_F_
- Mww., wo . M k - k 0
Att = o,z = 0. The oscillation begins at + = . and ends in
the middle position.
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If the springs are vertical, as shown in Fig. 16, the equilibrium
position will be below the center line due to the weight of the
disk.

Problem.—Suppose that a force F greater than the weight
had originally been applied so that the position of the disk was
that indicated above the dotted line and that the force F had been
suddenly removed. Give the equation of z;, the distance of the
disk from the center line after the force was removed. In this
case, the following relation holds during the first part of the cycle,
that is, during the time that the mass is heing raised

| B 4 dr
F=W=M. +/y

+ ko
F — W being the foree available for accelerating the mass, over-
coming the resistance, and compressing the spring.

SoF =W =M + fp + k)
or
_ r=-wm
TS M+ fp+k (26)
The final position
Iy = F=Ww
k
During the second part of the cyele, that is, when the external
force has been removed and the system is free to oscillate under
the action of the force of gravity alone, we can apply the same
reasoning, or, briefly, we find a new fictitious force F’ and cal-
culate z, due to that force, then add to this the value of z, to get
the answer. F’ must be such that when added to the original
force F — W the result will be —W.

P+ F-W=-W
or
F'= —F
therefore,
F

sy

T =
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The solution of this equation, using the expansion theorem, is the
sum of a constant term and an cxponential term. It is

F  Feo
i=—, - Moo, cos (wl + 9)
D _F—-W F _Fe «cos(wt+8)
Sr=rtT = K k Mown
_ _ W _Fe“:’cos(wt-{-&)
- k Mww,
For
w F F-Ww
(=0 ==+ yr = "k
For
|/}
t= oc\, r = —

The chart would be similar to that shown in Fig. 17,if F = 2W



CHAPTER XI

THE EFFECT OF SHORT-CIRCUITING CERTAIN SECTIONS
OF A NETWORK AND OF INTRODUCING NEW
IMPEDANCES BY CLOSING A SWITCH

Consider as an illustration the circuit in Fig. 18. Switch S
is closed after the original current is steady; find the equation of
the current after the switch is closed.

£ flows
T+ 7
in the circuit and an e.m.f. ¢ = Ir, is consumed by resistance r,.

Before the switch is closed, a steady current 7 =

-———
T
1]
——T

The c.nf. itself is obviously —Ir, and this e.mn.f. exists across
the switch blade. After the switch is closed, there is no e.m.f.
across the switch blade, so that closing the switch is equivalent
to adding suddenly at the switch an e.m.f. +Ir;, shown in dotted
lines. The sum of the c.in.f’s across the switch blade is, therefore,
zero.

This e.m.f. +71r,7 causes a certain current to flow in the circuit
s0 that the actual current after the switch is closed is the algebraic
sum of the original current and the transient current due to an
canf. Iry7 at the switch

»
16, 19, )

It is advantageous to redraw the diagram as shown in Fig. 19

(the resistance of the original battery is assumed as zero).
49

t=a+
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The transient current in circuit r + pl is

Ir, Ir, 1 - e—lr'"]

t= r + 1;L1 =

The original current was I and was in the same direetion as the
transient. Thus, the total current is

1‘=]+I:’l1 —e‘L‘J

At the moment that the switch closes, ¢ = 0, the current begins
at its original value and then rises to a final value /5 ratt = =,
In the other branch, the transient current dwe to e.m.f. Iry

. ™1 . .
rises at once to 7 . I, and this current flows, as scen in the
1

diagram, in opposite direction to that originally in the resistance.
Therefore, the current in 7, falls at once to zero after the switch
is closed.

Fra. 20

Figure 20 illustrates a similar case where in closing a switch
the constants of the circuit are changed. The method of solving
the problem is practically the same as in the previous case. A
fictitious e.m.f. is introduced betwecn the switch blades, the
value of which is the e¢.m.f. consumed in the shunted branch
just prior to closing the switch. This fictitious e.m.f. causes
currents to flow in the network, and these currents added to the
original currents give the actual current.

Figure 21 is Fig. 20 redrawn for convenience of analysis.

Problem.—Find current ; after the switeh is closed. Com-
paring the diagrams, it is readily seen that current 7 is the current
in resistance r,.
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The resistance operator for the entire cireuit (Fig. 21) is

1 r\rq
z2 =
ry + ])C + - + -
the total transient current, i, = ]:'1
+
rxro
1 e I,

E
(4

wTd

- T ":g ?_éfz

Fra. 21.

This current divides through the two resistances so that
ry

T
oo I pC(ry + r2) p
2 e pCryri 4 1) e + pOrir:

Iry3pC
rv 4+ re 4+ pC (rirs + riry + 7'1.7‘3)
and the actual current ¢ 15 the sum of the original and this
transient.  That is,
K [1 + pCr?
o+ 7 ry + re + pC(rirs + riry + 7‘2";)

{ =

h

The first term is simply , ir' The second may be solved
1 2

either from the operator direetly or by the expansion theorem.
It may be written

_Ap /= A p p

B+Dp Dp+a

B
D

Ap
B + Do
= A ot — C’I’]
D¢ C(rire + rira + Tz"a)
) = _E_. ———’L rir "":’”
= r + 1‘2[1 *r 7'17‘2 + rirs + 7'27':«e e Hwn]

where

a =
or
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For
t=0

For

t= x

T o Y

%}—

Fra. 2la

R\ G Y R
rire + vy + Tars

While this chapter deals primarily with the effect of switching
after the circuit has rcached its stable state, the same reasoning
applies even though that be not the case.

Consider the case shown in Fig. 21a, which is redrawn in Fig.
21b. Switch R is closed at ¢t = 0 and switch Batt = t,. The
problem is to find the current at any time.

In Fig. 21b a hattery has been substituted which gives a
peculiar e.m.f., namely, that which would cxist across r, if the

o T
reiT

r, r o .0

Fis 216

circuit were left in its original
state. This battery causes a
current which adds itself to the
original current in the con-
denser but subtracts itself from
that originally in resistance r,.

Since the condenser carries
the whole current before as well

as after switch B is closed, it is evidently the current that is
desired. The original current through the battery is

=

.—E—aul
1 1 - Toe

7‘+7‘1+p'c
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where
1
ra=r+randa = .-
Cro
The voltage consumed by the resistance r;, which is shown as
. . lfl'] -
e, 18 obviously ¢ = Iyry = el

'y
. . . 1 Lo
This voltage causes a current to flow in the cireuit r 4+ 0 which iy

N

Er
1'2 - -__—“‘l_(t_l'“")
Tt pC
= i 1)0 anl — i D - ant
h?'., rpC + 1(E D Errn p+ a(e N
where
1
“= o

1t will be shown in Chap XIII how e~ is *‘shifted’ to the left
and we get.

Er. p—aq

o p — -au + a

lo = ~ ot

) — a
pfl— —" 4 can be solved by the expansion theorem and
y a — Qg
hecomes
1 I — (@ —an)tt—t)
— + e~ (e —ant—t ]
a — oy

t — t, is used, since time begins after switch B is closed.

. 1'0 = ¢ "..IErl a e an)(f—11) — @
- 'yl @ — a = ay
= Eé_""' le-!n—au)(l—ll) - 1._
7 To

Is this what could be expected? At ¢ =t,, the new current is
Erle—am
a condenser it acts asa copper wire; thus, the instantancous current

We know that at a sudden change of impressed e.m.f. on
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due to e.an.f. E:le—“”', which is the e.m.f. that exists at t = {,,
1]

is merely this e.an.f. divided by the resistance r in series with the

t)

[t

T1a. 21e.

condenser, which checks the result. The total current flowing
aftert = t,igs 10 = 1, + 12 0r

o = Ee—-aul 1 —_— 1 le—(a—mn\(l—h
Fo ru r
€ ol
=K - ¢ -la—au) (t—=11)

e 21d

Up to time { = ), the current is
"

ly =

— 1(: ol
roa

The chart looks something like that shown in Fig. 21c. The
student should work out a similar problem, where instead of

P

Fia. 21e¢.

the condenser, a coil of inductance L is used, as shown in Fig.
21d. The solution is, up to time ¢ = {,,

iy = f:[l - 5_7:‘]
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after time ¢; it is
E Er . g E_mn, _r
T 1;“ ) —_ Je L:’le Ll

g =
r rry ro

and the chart is something like that shown in Fig. 21¢.

Switching Problem Involving Alternating-current Voltage. -
Referring to Fig. 21f, which is redrawn in Fig. 21g, the switch
across 7, is closed after the circuit is in steady alternating-cur-
rent state at an instant when the e.m.f. wave passes through its
zero value.

R
r‘(_)—'ll
I
s,
n r L 7
r
L
Fio. 21f Tia. 21g.

Give the equation of the current before and after the switch

is closed.
Before the switch is closed,

= e 1
T r+7 4+ pL
U'sing veetor representation,
- K = %i_
I = i+ el = 2422
where
Zy = V/(r + )t + WL
and
tan ¢ = w—Ii——
r-r
Thus, if

e = E sin wl, 1'=ZEsin(wt—¢)
0

and the voltage consumed by the resistance r,ise, = ;—" sin (wt— ).
4()

Now we replace the switch by an alternator of voltage e,
as shown in Fig. 21g. This alternator sends a current 7



r
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through r + pL which is in the same direction as the original
current 1, and this current is ; _'_} i)fel' This current has already
heen studied in Chap. VI.

It is
1y = (Zl'l s (wf — ¢ — a) —¢ Illfsin(—-‘p — a)]
= ,l:glsin (0l — ¢ —a) + e L'sin (¢ + a)]

where

7 =/rt + w2
and
tana = w'_]l

. 19 = total current after the switeh s elosed

E

=7 sin (wf — ¢) + E sin (of — ¢ — a) +EC—L‘ sin (¢ + a)
Check as 1o whether or not this is reasonable. For ¢ = 0, the
two last terms cancel out, and we get the right result. For
I = «, the third term disappears, and when the remaining two

Y

arc combined and simplified, we get { = ;sm (wt — @), which
/]

is the right result.



CHAPTER XII

THE EFFECT OF SUDDENLY CHANGING THE CIRCUIT
CONSTANTS BY OPENING A SWITCH

Referring to Fig. 22, assume that the circuit has reached its
permancnt condition before switch 8 is opened. Before it is
opened, a steady current I flows through. After it is opened,
zero current flows through it.

If, therefore, we substitute for the mechanical opening of the
switch a certain peculiar e.m.f. in the switch, which at all times
after ¢ = 0 gives a steady current —/, we have accomplished
the same result  Figure 22 might advantageously be redrawn,
as shown 1n Fig. 23

The current caused by the peculiar e.n.f. divides in the two
circuits in parallel, so that the current 7, in r; and the total
current I are related as the admittances.

1 1 ’T|

I 1 1

T + r + pL
_ r+pL
“r+n+pl

Note that unit function 7 is inserted. This is evident because
the original current in the switch was steady and was +7. In
order that the current shall be zero, —1I must have unit shape.

In this particular case, the initial current I = E/r, so that the
current flowing in the circuit is

. _E(A r+ pL >1
n=y r+r + pl
57

I

'.il
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Tort = 0,
. I
1y =

r

The solution of the equation is easily found to be
1+
il=—-I r+rie L"
r4r
This is the total current flowmng, hecause before the switch
was opened there was no current. in 1.

7

I'ra. 23

If the switch had been shunted by a condenser, as in Fig. 24,
the following relation would at once be apparent:
e pC
(' 4+ - 1
P T L
A pC(r + pL)
=, (rpC + p2CI + 1)1 (27
An interesting problem is the so-called buzzer ezcitation used
with wave meters in a fundamental circuit such as is shown in Fig.
25. Here the equation of the current after the magnet has
opened the circuit is obviously the same as in the above case.
Solution of Equation (27) by the Expansion Theorem.—The
expression is really the sum of the two following terms:

A, . P*Bi
p* + 2ap + wn21 and p*+ 2ap + wo?
in which
ECr E
A= 0L= L
and
B = ECL _E

'YTCL
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Let
rC _r |
2a = ?IJ Z and wo® = CL
N
L
Fia. 24.

In hoth cases, Z, = 0 gives p = —a + jw when oscillation
conditions prevail (that is, when - ,1 0l >3 1 >and w? = w? — a?

dZ

p?]p = 2p(p + )
and

Y(p) - Al

a7~ 2 + @) for the first term
I'd
P
and
a0 pi__) for the second.
Y A, - _ A
Thus, [p(lz} 21; To, for the
l]p pEpr= —a | jw

first term and = :I;L:(w + ja) for the second.

NS

Fira. 25.

Referring then to equation (22), Chap. VIII,

A L1° A 1 E
= 2 ol
A for the first term is \/;) 4 — = ——-L
_E'wo

and A for the sccond term is 2‘:\/ W + at =
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For the first term, cot § = —-01— oré = —90°
1

2w
for the second term, tan § = a/w
Y y/Z, in hoth cases is zero: therefore,

|, = LIZ:E a cos (wt — 90°) + l’;:"e"“’ cos (wl + ¢)

where tan ¢ = Z

Al (w

Iﬁ; e~a! cos(wt — 90°) + Ee;:

®sin (0l + ¢1)

where tan ¢, = Z Fort =0,

_ Bow _E

L= Tww) - r
The condenser current is the entire original current at ¢t = 0.
In solving this problem, the two following useful operators have

been obtained:
A1p Blpz
g ———-4 and ——p=—— 1

P+ 2ap + wo® Pt + 2ap 4+ wy?

In Chap. XXIX is given a long list of useful operators.



CHAPTER XII1
HEAVISIDE'S “SHIFTING”

Heaviside writes (on p. 294, Vol. 11)
F@)uet = e f(p + a)u* (28)

where f(p) is a function of p, usually written Y ,,/Z,), and u is
some function of ¢. It may, for instance, be sin (0t + a) or
merely the unit function 7, depending upon the problem.

Proof.—First let f(p) be p.  Then the left-hand side of equa-
tion (28) becomes

ul) — (] al = uldu at
p(ue’) dt(ue ) o + aue

B O

which satisfies the right-hand member of equation (28).
Nimilarly,
I)"(ut"l) = eﬂt(p + a)nu
It is seen that equation (28) holds for f(p) = p». It will, hold

therefore, for any function of p which can be expanded in a power
series. It can be easily shown that the rule also applies for 1/p.

~

ge Pt

To illustrate the use of this relation, assume that when switch
S is closed in Fig. 26, a voltage Ee# is applied to the inductive
circuit. Find the voltage consumed by the inductance.

* It would, perhaps, have heen clearer if 1t had heen wntte'n S()(uet) =

!f(p + a)u, because f(p) operates on ue*’.
61
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If unit e.m.f. had been impressed,

_ K1
T r+ pL
and LB
_ori_ P P o _r
¢, = pLi 4 p[/ Ep 1 ai, where a L
Put
S
f(p) - P+ a
and
ue't = Ke 84
then
» _’;_ o should operate on Ee8t4

or

(Fe o)1 (29)

¢, =
p +
But we do not always know how to operate on a function of
{, and, therefore, some transformation frequently must be made.
The theorem given above says that ¢ # can be shifted outside

the operator if, in f(p), that is in » i o P is changed to p — B.
y B (')
= Ke 1 = BesY g
=t D Zm
By the use of the (\xpansmn theorem, we find that
1
(’"1 = =~ (a—B)
Zon _ glee Bl
e = E[uﬂ—&ﬂ] (30)
a—p

As a matter of fact, in this simple case, this transformation was
not necessary, because it is known that (K¢ #)7 in equation (29)

can be written F P+ 61 Therefore, the solution with every

term in p is
p2E
@+®@+&

which could have becn solved by the expansion theorem and
would have given the solution shown in equation (30).
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The shifting operation, of course, works both ways, and some-
times it is an advantage to reverse the operation. Thus, assume
that we have an equation

P
p— a1 31
This eould be written
emetn Lo (32)
P —a
et# can be shifted to the right, that is, back of a new operator,
if, in the new operator, p is changed to p — 8.
Then equation (32) becomes

- -8B .

Bt +61

€ p = B - (e 1) (33)

Since 1 = » 3—81, equation (31) becomes

Bt P - ﬁ_ P 1 == e—ﬂt - L 1
™ P—B—ap-—8 Pp—B—a
us,

P fmem T g (34)
P« p—a—g" ’

andfor B = «

_p = —at p QR

P — a €T — 2 (35)

Note that in shifting to the left we retain the sign of the expo-
nential, while in shifting to the right we reverse it.  Thus

P (atf) = et P g P O

€

P+ a Pta-—a P
- e_d(l _ ;)4 = (1 — af)f (36)
and
w P _g_Pta, o _Pta p
el T p+2 D = e el
p —F 2;11 = ¢2alf 37)
1 1
] = eottat = S e—(etat
Z(r) € Z(v)1 " 7(' (G "
1 14
=t ., I __
¢ Zip—ay P— "1 G
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For
1 p
— = -— -, we get from equation (38)
Z(h) '\/P + 4]
P Y. P T Py
Vp+a \/p——a+a P - «a
=eipid = ¢ 1 (39)

\/ﬂ

This relation is explained in Chap. XXTII.  Thus,
1 { = f‘ et dt
\/ i)—-F @ \/ i

= 2\/t 6—«1(] + + (..af)

as t ) @

™

Another Example. -A certain problem gives the following

operational solution:
y=J_ﬂ_1 (41)
p + 2a

Find the numerical value of y.
The general met hod outlined in Chap. 1 would be to write

in an infinite series; thus:

_ 1/2a 13 /2a\? 1-3:5 /2a\* o
y= (' - 2( )+ 2-4( ) T 946 (‘;f) )1

S (i )
2 13(at)® _ 13:5(at)®
= (1 at + (% (13)2 )1 (42)

Equation (41) may be written

( ? V-~ r_\}
Y -(p+2a>1 = e Mt(p-l-Za){
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Now shift e to the right and change operator.  Substituting
forp,p — a,

LY = € al(;: i > ( +at 1)

—a P____g » 1= at P 1
¢ l(p—i—a)p-—a < \/(/)+a Y(p — @)

= —al p — —at ! P
‘ (pr— (12)51 ¢ | — o 31 (43)
/»"’)
This gives
l «? 1 3 at -3 5 of
— —at . PRI
=Tty e T oy T age l’
1 a*? 1 3ottt 13 Sttt
j— at -
e bty o togg Togger T I’
—utl (at,2)®  (at 2% (o, 2)“
i A TN T A 1T l’
= e ] (1at)l (44)

Jo (iat) is the Bessel function of the Oth order with the imaginary
argument 7at. Heaviside uses the notation Jo(at).
In order to illustrate a point that may cause some confusion,

another example will be given.
Consider an inductive circuit to which is apphed a voltage
Ee# cos of at ¢ = 0. The conventional relation would then be:

Ee® cos of = ir + LZ; = {(r + pL)

2
It has been shown in C'hap. VI that cos wf = 7—)2—{;_ a-’21. Thus,

. E p?
= -— — —ﬁt -
T pL(6 »t+ wz1)

Here we desire to shift e# outside, and the rule was to do so
while at the same time p is changed to p — 8. Thus, we write

1 p?

A S
0= Ee r+ Lip—8) p‘l+w’1
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The procedure is then to solve for
oy
FFLp -8 p At e
and then multiply the result by FKe# to get i. Zg = 0
gives three roots: p, = B — 7];, pe = + jw, and pa = —jow, s0

that 7, = Ae(”_")t 4+ Be«t + Ce«t, The last {wo terms com-
bine to the permanent term as described in Chap. VI.  The

. . . )’(p) —
coefficient. for the remaining term is Pha(p)h’ () for p = m
where ho(p) = p* 4+ w* and hy(p) = r — LB + pL,and Y, = p?

p? _ P

A= — = .
pL(p? 4+ %) L(p* + *)
For p = p it is

7
B - L — __@]47 - _r_
LKB - 2)2+w2J (BL = 7)* + oL

The permanent term of 4, corresponds to an impedance
(r — BL + jwl.) or
Z = /(r — L) + ¥

E B@L — P!

Sl = 5 08 (wt — 8) + 6L — 1)* + w?l.?
where
wlL
tan 8 = r — B,
Therefore,
.- Bt — , _r
1= EGZ cos (wt — 8) — E Zzﬁle 3

e g[e"" cos (wt — 8) — ¢ & cos 6J
The same result could, of course, have been obtained without
“shifting”’ by the use of the operator for e # cos wt given in
Chap. VI. In that case, the operational solution is

;= P(P _+___ﬁ)___ . ___1_1
(p+82+wt r+pl—



(‘HAPTER XIV
DUHAMEL'S INTEGRAL

The use of Duhamel’s integral is often very advantageous when
dealing with an impressed c¢.m.f. which is not of “unit-function”’
shape. It is especially convenient when dealing with problems
involving “ distributed”’ constants, as is the case in transmission-
line or heat calculations.

The procedure then is: Find, first, the solution in the case
of unit function; let this be o(f). Let ¢(0) be the value of o(t)
when ¢ = 0. Let the impressed e.n.f. be e(f), and let ¢(u) be
e(1) when u is substituted fort  Then one form of the solution is

d

d(t_u)cp(l—u)du (45)

e(t)(0) + f "=‘('(u)

u=0

Another form is given 1n equation (46).
Before giving the proof of equation (45). -

it may be well to illustrate its use in a

particular case. Find the current if an §

e.anf. e(t) = E sin (wt + ¢) is impressed

on an inductive circuit as shown in Fig. 27.
The solution with unit e.m.f. is

. 1 1 _—lt
Z—;'+p[41_7'[] € J

G, 27.

thus,
1 ~Te
¢(f)=,[1—e "]
#(0) =
ot — u) = 1[1 - e—L(““)]
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e(n) = E sim (wu 4+ o)
u=t r
o= f Elle"i,(“‘"’du sin (wi + ¢)

u=0

E’ ’! u=1 r"
= € LJ el sin (wu 4+ ¢)du

u=0
!

El sim (ot + o — 8) — ¢ ""sin (¢ — )

1 r? R
e
K -t
=y s (wf + ¢ — 8) — € L sm (¢ — &)
where
L
Z = + i and tan § = wr
iaec
- —
€
g
-o-u -, - -du
S ---R- u=t -----—--c--- 7!

IMta, 2%a.

The explanation of this integral, which was given almost one
hundred years ago by Duhamel, is perhaps best made by referring
to Fig. 27a. Let the e.m.f. be represented by the curved line.
The curved line can be approached by assuming that at ¢ = 0
an e.nf. ¢, suddenly is impressed. A short time afterward,
another rectangular em.f. ¢, is added; sometime after, an e.m.f.
¢, cte.; all these being of “unit” shape. The current at time ¢
is then the sum of the currents due to eq beginning at ¢t = 0, ¢,
beginning at ¢ = 1y, ete.  The current due to ey is, of course, eq o(t)
wherc o(f) is the solution with unit e.m.f. impressed at ¢t = 0.
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The current due to the small e.n.f. Ae, which begins at time w,

is obviously Ae ¢(t — u), I — u being the time elasped since the

switching of unit. Ae. Therefore, the total current at ¢t = ¢, is
nu=t

= coplt) + ) Ac gt = )

u=0

But
Ae = e(u + du) — e(u)
and thus
Ae _e(u+du) = () _ d
dv ~ T du - du((u)
Therefore,

Ace = i e(w)du
du

‘u=t
1= coplt) + J et — u)(;flv(u)du (16)

u=0
This, then, 18 one solution which is sometunes convenient 1o
use. The integral may be written

] t t
[('(Il’z [l'l'J - fl’dll
Jo 0 .

Let
U = ¢t — u)
and
dV = de(u)
or
V= e(u)
Then

ot = 1w @ e(uy
J;4p ) g cGo)du
N =t w=t (]
[(’(N)&p(f — u)J - f ('(u)duw(i — w)du

=0 = ()

Su =t

e(De(0) — ¢(0)p(t) + , )y d_ Pt —

and the new expression of equation (46) becomes

i = e(0)p(t) + e(®) = o) + [ etu) Lol i

u=0

= e(t)(0) + uﬂc(u)d—(t—g— }l)cp(f — u)du,

uw=m0

which was to be proved.
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There are, thus, in general, three ways in which problems can
be solved when an arbitrary e.m.f. is impressed upon a circuit:

1. It may be possible to convert the e.m.f. into an operator
on 1,

2. If the arbitrary e.m.f. contains an exponential, Heaviside’s
“shifting”’ may be used.

3. Dubamel’s integral may be used.
To illustrate the three methods, consider an e f. Ee#tf
impressed on a circuit of resistance and capacity in series: find
the current.
I pCr+1
pC o pC

Method 1.—Since Ee P = E _7|_ ﬁ1 the operational solu-

The resistance operator is r +

{ion is then

_ I’p( _ p?
pCr + e y + 131 FC(])( T+ Dp+ ﬁ)

which, solved by the expansion theorem, gives

[}
_ B (_
P ZBe\Cr T P

(ePE)T

Method 2:
p('1 + 1
Shift e outside the operator and get,

= Te— Bt __P_"_ﬁ_ —gtt (P)
i = BCen P 1 = BCe Z(,.,1

Yim by the expansion theorem is

/u') .
1 [e(p_(")' ]
e R

1
_ EC [t
=1 —CrglTor TP

Method 3.—The solution with unit operator is 7 = pCE

pCr £ 17
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Put.
1
o() = :.e !
Then
1 - (t —u)
—y) = e Cr
o(t —u) €
d 1 -lu-w
= — Cr
dit — 0?0 T T ot
c(u) = Ee B, ¢(t) = Ee® and o(0) =
Bt u=t —Bu _l —u
i=E + - Ef o € "y
r n =0 ( rs
- w={
=Eem—- - f (" ﬂ)dl
r u=0

EC € o
_ — - Bt
1 - ('rJ cor TP J

In connection with the use of Duhamel’s integral, certain expres-
sions seem to appear frequently. 1t is, therefore, advantageous
to record them for reference.

n=t
e—"“f e sin (wu + 8)du
u

=0
_ sin (wt + & — <p)_ — e sin (6 — ¢_)
Vo T o

u=t
e’“‘f € cos (wu +8)du

=0
_ cos (wt + & — ¢) — e cos (6 — o)

Va4 ?

where
w
tan ¢ =
o
or

u=t
e"“f e sin (wv + 8)du

=0
_ —cos (wt +6+y) + e c_()§3__(_¢_5_+_ 'P)
Vi T
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and
Y=t
e'“’J e cos (wit +6)dn
u=0
_ s (wf + §+y) —e sin (0 + ¢)
\/a"' + w?
where

tan ¢ = «/w



(CHAPTER XV

GENERAL EQUATIONS PERTAINING TO TRANSMISSION
LINES. OPEN AND SHORT-CIRCUIT CONDITIONS
OF “IDEAL” CABLE

Heaviside devotes only a few pages out of about one thousand
to circuits of concentrated resistance, inductance, capacity, and
mutual inductance. The remaining pages deal largely with
cable problems and more particularly with “ideal cables” where
the numerical work becomes fairly simple.

Consider a transmission line as shown in Fig. 28.

Let the constants per unit length of transmission distance be
R, L C G

dx

-

Fra. 28,

The well-known relations between current and e.m.f. at any
point, distant x from the end, is

a7 de -
axd.z = ¢(idr + Cd.rat (47)
and
de . a1,
6xd‘r = 1Rdr + Ldx ot (48)
I‘rom these we derive
:; = Ge + c‘(’; = Ge + pCe = oG + pC) (49)
g;_ = Ri 4+ pLi = (R + pL) (50)

* These equations simply state that the difference i current on ench side
of the line clement dx 1s the leakoge current and the charging current of the
clement.  Similarly, the difference m voltage 18 that consumed by the resist-
ance and the inductance of the clement

7
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and from these,
g;('_ = (R + pL)(G + pC)e = n?e (51)
where 2 is a function of p but not of xr. The solution of this
cquation is well known. It is
€ = A|é"’ + Azé_”'r (52)
= A(cosh nx + sinh nr) 4+ A:(cosh nr — sinh nr)
= (A, 4+ 4,) cosh nx + (A4, — A,) sinh nr
¢ = K, cosh nr + K, sinh nr (53)
where K, and K, are determined from the terminal conditions.
Since from equation (49)

di , w. _ v,

ar = (( 4+ pCle = Ye
it follows that

[ = Yf('d.r

o= ,)l[K, sinh nr + K, cosh nr] (54)
For these equations,

Y =G+ pC
and in subsequent cquations we shall write Z = R 4+ pL so
that n2 = YZ; therefore Y/n = n/Z (55)

In the equations given below the Y, n form has been used.
The other form n/Z is often preferable in determining the roots
corresponding to Z(p) = 0.

5

Special Cases.—1. Open Line (Fig. 29): Then

i=0forxr =0;e=Eforx =1
.. E = K, cosh nl + K, sinh =l

0= }:-[Kl sinh 0 + K cosh 0]

~.ln

Fia. 29.
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Since cosh 0 is 1, it is evident that Kp must be zero.

.. e = K, cosh nr

. , _E
.E =K,coshnl,orK, = cosh nl
and
_ cqsh nr
cosh wl under
and Heaviside (56)
;= Y x Esmh nr, | conditions
n cosh nl

The method of solving equations of this type by the expansion
theorem will be shown later.

N

Fra. 30.

2. Short-circuited Line (Fig. 30):
For r = 0, the potential difference = 0. Therefore, e = 0
forr =0. Forz=1le=F
.0 =K,cosh0 + K,sinh 0
K =0

and
¢ = Kysinhnx. Forr=1e¢e=F
. > E
<Ky = sinh nl
sinh nx
¢ Eﬂinh nl under
, Heaviside (57)
;= Y pcosh nr 4 | conditions
n sinh nl

It is not difficult to solve equations (56) and (57) in the most
general case, that is, with transmission lines having resistance,
inductance, capacity, and leakage, as will be shown in Chap.
XVII.

At first in order to show more clearly the method employed,
the application will be made to what Heaviside calls an 7deal

cable. This is a cable which has insignificant leakage and induc-
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tance and, therefore, only two constants—resistance and capacity
per unit length.

No such cable can exist, but many cables closely approach
this condition. The most serious objection to the study of such
cable is that the equations do not show the velocity of propaga-
tion of the current and the voltage waves. The advantages are
that the results obtained are satisfactory for all practical purposes
and that the mathematical transformations are few.

Open-circuited Case.— Referring to the open-circuited case and
letting Fig. 29 represent such an ideal cable—or transmission
line—we have, from equation (56),

~_ E cosh nr
" cosh nl
and
. Y sinh ax
n cosh nl
The problem is to solve these operational relations by the
expansion theorem. While it is not necessary, it is usually best
to introduce trigonometric relations rather than hyperbolic.
Engineers, at any rate, are far more familiar with trigonometne
functions than with hyperbolie functions.
In Chap. XXIX, it will be shown that cosh ja = cos a, and

sinhja = jsina. If, therefore, we write n2 = —m?thenn = +jm
and
cosh nr = cosh (+jmr) = cos mr
and
sinh nx = sinh (+jmx) = 4/ sin mr
. cOS M
.e = FE - -
cos ml
Zan = 0 gives cos ml = 0;thus,ml = (£7,/2, + 37/2, + 5x/2) or
i2s 2_ !w and
28 — 1«n
where the first value of s is 1, the next 2, ete. We could
2s 4+ 1

also have written ml = + 3™ in which case the first term

corresponds to s = 0, the next to s = 1, ete.
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The question may be raised: Is it permissible to use the expan-
sion theorem? Perhaps one of the roots of p is zero. If so,
Y »/Z would be infinity when we substitute p = 0. To test
it, we have

n* = (R + pL)((G + pC)
forp =0
nt = RG orn = +VRG
l"(,,, _ cosh r VG for p = 0
Zyy  cosh | VRG
This is not infinity.

In our case, ¢ = 0, and thus Y, /%) = cosh 0/cosh 0 = 1,
for p = 0. Thus, we conclude that the expansion theorem can be
used. Let the problem be to find the voltage difference between
the two lines and the current flowing at any pomt r (measured
from the end of the line) at any time ¢t after a storage battery
of voltage E has been connected to this “ideal” open-circuited

cable.
dz dZ dm

dp = dmdp
but, from equation (51), —m? = pCR, and thus —2mdm

dm CR m? dz .

= CRdp, or dp = " 2m Also, p = R and am = —Ilsinml.

Therefore,
dZ m® . CR ml .

pdp = (—CR)(——lsm ml)(—-27n> = — 5 sin ml  (59)

Note that since p = — ();'R’ there is only one value of p corres-

ponding to the two values of m, that is, corresponding to the

roots 128—2:l 7lr It must, of course, be remembered that the

Heaviside expansion theorem is a summation over the roots of
p and not the roots of m.
After this digression, we return to equation (59) and note

T =1;for s =2, sin ml =

that for ¢ = 1, sin ml = sin 9

sin 32" = —1;etc. Thus,

ml . ml . .
— g sin ml = 2 (-1 (60)
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Thus,

¢——E[1+ 22( )cosm.r-e <m1:]

Since Yo Z(o has been shown to be equal to 1, we get, when
substituting the value for m,

S?s - l e

i : (28—~1)r2

e =Kl 14 (- ——————e“u'lw ¢ (61)
le 2s — 1

To find the current, substitute the values of ¥ and » in equation
(56).

,_" P ‘)'_ no_ +jm
n = gz sinee nt = YZ, thus W=7 R
= - o osin ma
’ R cos ml
pgg, in this case, obviously becomes R'2L (=D, X(_o) = (. Thus,
. 'S 2k . Ly ‘o)
i = “g’; Rl( 1)* sin mx e 7R (62)

where m is defined by equation (58), using the positive sign only
At the battery, x = 1. .. ¢ = E for all values of ¢, and

23x2

On?
ZF[e e mz’ + et + ¢Tacri - ] (63)

.
At t = 0 and = = I, equation (62) is non-uniformly convergeni,
and, hence, equation (63) cannot be used at ¢t = 0.
Equation (63) converges very rapidly with the smallest values
of t, so that we can write, with a very fair degree of accuracy,

.2
7 = e4(Rl’l

Rl

If 1 is large, the current, which is initially large, persists for a
considerable time; if [ is short, the current dies down rapidly.
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Thus, in the case of a short *‘ideal’’ line, the battery current is
. 28_ ™

- t

= -- 1Ry
= pe
where R, and C, are the fotal line resistance and capacity.

In a circuit consisting of concentrated resistance and capacity,
the current is
= E(—('IR'
1{0 olty
It is thus cvident that an “ideal” line or cable may, with fair
degree of accuracy, be represented by placing the line capacity
in the middle of the line. The initial current. is, for all practical

purposes,

[

P = 2E
T ORI
Short-circuited Case.—'onsider, next, a short-circuited *“ideal”
cable as is represented in Fig. 30.
Substituting m for n, as in the previous case, equations (57)

become
e = BB My '
sin ml
(64)
_ ™M COS MI
~ VR sinml
Zm = 0givesml = 0,m, 27 - - - or '\‘;r orm = islﬂ (65)
where

s=0 s =1 s = 2, ete.

Again, we have to question whether p = 0 is one root. »* =
(R + pL) (G + pC). As p approaches zero, n also approaches
zero, in the “ideal’’ cable,

_sinhar _nx _

“‘sinhal  al 1
which is not infinity. Therefore, p = 0 is not a root and the
expansion theorem can be used. From equation 65), m =0
when s = 0, and with this value we get the constant term
Yw/Zw = z/l. Therefore, when using Y /Z we should
begin the scries with s = 1.
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In solving for e,

2 _ dZ dm_ (I cos ml)( — CE
dp ~ dmdp 2m

a7z _ (1 cos ml) [ — CR ml cos ml
Pap = ("1\’ 2m ) = 2

_ &r g_mp NI € 4'1:
- E[l + 32 ml cos ml ]

orsince cosm! = —1, + 1, —1, ete., and m = s/l

and

.7 ¢
¢ critgin !
¢ = [ +2Z(—l) — } (66)
By a similar calculation, the current is found to be
_FE S qye- ST smx
L= ]+2,,§( 1)* crif cos l‘] (67)

At the end of the line, r = 0, and there

E d _ et
- _ 1 1\ Vit
/) 1”[1+2z;( e (m]
In Fig. 31 (curve A) are shown the values of the current at the
end of such a short-circuited cable. It also represents the current.

quite accurately, if the receiving device is of small resistance
compared with that of the cable.

The unit of time taken is T =

20 44
2I:CR i_"g_--*. This particular
n”

value was suggested by Kelvin and gives a rapidly converging
series. .
The exponential term becomes
atr? 212CR 4

! — 202 ,
€ CRI xRy = (TEIRY (g yaa

2a2
= ,\’,3;[1 +2§;(— 1)'(3) J

The particular values used pertain to a telephone cable No. 19
B. & 8., 100 miles long where

R (per loop mile) = 88 ohms

C (per loop mile) = 0.054 microfarad
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The unit of time T becomes, then, 2.77/1,000 seconds.

Curve C shows the shape of the current if the battery had been
connected to the cable during a time interval T after which the
cable had been grounded at the battery. C(urves D, E, F, ete.,

:;z:%lr N \\\\\ 4
MERDZNAA NS

+04 \\ AN \\\ \ N

+0.2 \XC\ . \ <]
Ko / NN I~
LR

-04 4

-06 .

-08

-10 B

Fra. 31.—Current at receiving end of closed No. 19 B. & 8. telephone cable
Curve A, current due to applymg E at{ = 0.
Curve B, current due to —E after an interval 7
Curve C, actual current which 18 the sum of the two.
(‘urves D, E, F, cte., resultant eurrent. when the battery is grounded after
intervals 27, 37, 4T, ete.
(‘onstants of cable.
C = 0.054 microfarad per mile of distance.
R = 8% ohms per mile distance.
T = unit of time taken as the “retardation,”

21:CR 4
T = - og 3
, 2,77 .
T = for ! = 100 miles.

1,000

show the received current if the battery had been connected
during intervals of 2T, 37T, etc., before grounding.

The method of arriving at these curves should he apparent
from the discussion in (*hap. X.

Curve C is the sum of the original current beginning at ¢ = 0
and a reversed similar current beginning at { = T, as shown in
curve B,



CHAPTER XVI

AN ALTERNATOR SUDDENLY CONNECTED TO AN
“IDEAL CABLE”

Let the problem be to find the value of the voltage at any time

and place on a short-circuited cable (Fig. 32), if the impressed
e.m.f. is E cos wt and if the switch s closed at ¢t = 0.

6 D

Fra. 32.

We may proceed by either of two routes—-by the use of operator
2
p? ﬁ_ - w—21 = cos w! (from Chap. VI) or by the use of Duhamel’s
integral (from Chap. XIII).
In the first case,

sinh nx  p? sin mr P2
“sinh nl p* + o " Ein i P+ w?

Z = 0 gives two roots + jw and a series of roots m = sr/l,
as discussed in C‘hap. XV. The permanent term corresponds
to the two roots + jw, and it is usually simplest to determine
that term in vector form by introducing p = jw in the operational

solution for the unit e.m.f., as has been shown in the footnote;
Chap. IV.

1 (68)

sinh . . .
¢ = E:il:h ::lr, but n® = pCR = juCR

Thus,

8= VivaCR = VaCk 45° = \[*F1 1 j) = a1 +))
Therefore,
- Esinh [ax(1 4+ )]

sinh [al(1 + 7)]
82
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but the magnitude of sinh (a + jb) is v/sinh? @ + sin® b and th
slope is obtained from the relation tan ¢ = coth a tan b (se
Chap. XXIX). Thus,

- E \/gl_n_h—‘—g.r + sIn? ar _

- sinh? al + sinz all¥' ~ ¥*

where tan ¢; = coth ar tan er and tan ¢, = coth al tan al or

sinh? ax + sin? axr
p = "\/ cos {wl + @) — p2)

sinh? al + sin? al

To caleulate the transient term, it is best to resort to the method
shown in Chap. VI. Let

hipy = sin ml and ha,y = p* + o*

It is then necessary to find
)'l[l)

/
Phapy 1o

Ph' 15y = pl cos mlgl':L. or since —m? = pCR

ml
ph vy = -, cosml

2
and
' m? S\ml
Phah’s i = ( papy + ") o cosml
= 4 avepay ™M l .,
(m* + *C*R Doz gpe €08 Ml
. mt .
Yy = Ep*sinmr = By, sin me
. Y _  2Em?®sin mx
o ph2(p)h,l(p) - l(w2C21f2 + m‘)cos ml
thus
2F(—1)"s*r? sin s1{.1: L
e CRI
= .2. SR F st
and

e =¢e,+ ¢

In using Duhamel’s integral, it is again best to drop the terms
pertaining to the permanent condition and to usc the integral
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only for the transient term. It should be noted, however, that
it is not mecessary to do so. It is merely less Jaborious and the

result obtained is in a familiar form.
The solution with unit function was shown to be

—“"’( . 8Ty
A= ® € CRI* §sIn !

T
= E —_— L —
;T2 §< 1) —
Note that the only term involving ¢ is the exponential; every-
thing else is constant as far as ¢ is concerned.

Lp(l) = ket 47
ol — 1) = ket 7
d
'd(t’:"il') lp(t -— u) = ——kae' a(t—u)
e(w) = E cos wu
¢ (t) = E cos wt
sT.r

sin -

x . l
$(0) =7 +23 (=)' —"

One part of the permanent term is, therefore,
E¢(0) cos wi

Referring to equation (45) (Chap. XIV), the second term
becomes
u=t
e = f —kae~2t—E cos wu du
u=0
— — —al
- —ka cos (wt ®) _5_ o8 ¢ . where tan ¢ =
'\/ o? + w?
Part of this expression bhelongs to the permanent term. The
transient part is
Ekae cos ¢

Cy =
Vat +
_  Bke* 225 —1) e st CRE e
= (@ F ) e I CR¥ s'rt + w?C*RC



ALTERNATOR (CONNECTED TO “IDEAL" (CABLE 85

which, by substituting, becomes
82
2E(—1)*s3r% sin f’-;""'e-zvﬁf

st 4 WIC2RAIA

e =
a=1
It may be of interest to determine, also, the value of the per-
manent alternating current under this condition. Referring to
equation (57),
I = E cosh nx E\/cosh2 ar — sin? ou'/ o3

20 8inh nl = 2o\ sinh? ol + sin? al

where tan ¢3 = tanhaz - tan ar. Since

e

o= = R R

n Tfpélf = Vot "

cosh? ar — qm~ ar 4 45
I=k \/th? al + sin? al fen ek

—45°

and the instantaneous value of the current is

wC [cosh? ar — sm a.r

"R\ sinh? ol + sin® ol

The current and voltage vectors are displaced at an angle
w2 — @3 — 45°.

Therefore, the power at any place if E is the maximum value
of voltage at the generator is

i =K cos (wl + o3 — o2 + 45°)

P = E2] cos (g2 — pa — 45°)

E WwC ,’Eosh2 ar — sin? aur
"R N sinh? al + sinal

E is the maximum value of the voltage.

If the *“4deal’’ cable were very long, then sinh al = cosh al and
both are very large compared with sin of and cos al. The power
given by the generator (xr = l) is, then,

_E ’C O_E wC
P, cos 45 2\ 2R’

since tan ¢, = tan ;.
The current at the generator would be ¢ = E\/ - cos(wt + 45°).

cos (p2 — o3 — 45°)



(HAPTER XVII

TRANSMISSION LINE HAVING ALL FOUR CONSTANTS
R, L, G, AND

Let the problem be to find the current in a short-circuited
line at any time and place after a storage battery has been
connected to the circuit.

The general operational solution, as shown in Chap XV, is

;= Y cosh nx, . ncosh nr (69)
n sinh nl Z sinh nl )

_ M cos mx
Z sin ml

M COS ML

=K S o—— 70
1=K (R + pL) sin ml1 (70)
Since Z () is a product, (R + pL) sin ml, one root will be p, =

- Ilf The other will be a series of values corresponding to sin ml

s . .
= gero, or ml = *sm, or m = + IE beginning with s = 1,

since the value corresponding to p = 0 is taken care of in the
}'(o)/Z(u) term.

The solution, then, will contain three sets of terms, the first
corresponding to Y (y,/Zy, the sccond corresponding to the root

P = ——f, and the third a series, or
. Y Y(p) Y(p) '
=K (0 _ NS enit T Pyt
: Zawy T ph' (Dha(p)© zl)h ' (p)hy »°

1. Find Y(o)/Z(o).
Since
nt = (R + pL) (G + pC),n = V/RG forp = 0 (71)
and
Ze) = R sinh nl = R sinh I/RG

* Y(o) = E (_; g_og_}_l 1' _‘_..RG (72)
A R sinh Iv/RG

86
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2. Find the second term.  Let hy(p) = R + pL and
Ia(p) = sin ml
Then, referring to Chap. VI,

phy'(p)ha(p) = pl sin ml
Thus,

phy (p)he(p), for p = py = —1]\,: becomes — R sin ml

Y(p) = m cos mr

but
— m? = (R + pL) (G + pC)
= p2CL 4+ p(RC + LQ) 4+ RG (73)
If we substitute p = p; = -—ﬁ, we get

—m? = »?—;CL — ?(l\’(,' + LG)+ RG=0 orm =0
Thus, Y(p)/phy'(p)h(p) = 0,0. We must, therefore, find the
value of this expression as m approaches zero. It is

_Y(}?) _ bhm mcosmr _ 1
ph(p)h:(p)  m=9 —Rsinml Rl

Thus, the second term becomes
E _R

“me " (4)

3. Sinml = 0 gives m = + ‘?Z’ but

—m? = p*CL + p(RC + LG) + RG
thus,

_ _RC+ LG RC+LG? _RG+m* _ .
P=""9cL *N acit cL T )
where

1(R G _
and L
m* 1(R G\
=L _ - 7
B CL 4(L C') n

« depends, as seen, upon the line constants only; 8 depends upon
them and the particular terminal condition, also. In this case,
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the case of a short-circuited line, sin ml = 0 gave m = * s;
Often, however, especially when the terminal condition is com-
plicated, it is necessary to resort to graphs in order to find the
root of m. This will be illustrated in Chap. XVIII.
We next proceed to find phy' (p)hi(p):
oy o do _d . dm _ dm .,
h'(p) = dp Fin ml =, sin ml dp = l cos (78)

but

—m? = pCL + p(RC + LG) + RG

. dm _2pCL + RC + LG

“dp 2m
o . G, CL|I(R
Ch(p)= —1 cos ml om [(L + ) + 21)J

. ph (P)hi(p) = —pl cos ml (R + pL)2m[<IIf + C") + 21)]

thus,
Y(p) __2Em* cos mx

k' (p)h, T
phe'(p) (7)) —pl cos ml(R + pL)('L[R + ((}, + 2p]

LI

By substituting m? = $ l1': and p = —a + jB, one term results,
which is multiplied by e—=+#®! By substituting p = —a — jB,
another, similar term results which is multiplied by e==#*. The
two terms combine and the solution of the third term is

t

2(—1)1cos 81;3 e

Egl T T RGP [;{th + ('(L g)}sinﬁt—-(}cosﬁtj
(79)

The solution is the sum of the three termns given in equations
(72), (74), and (79).



CHAPTER XVIII

TRANSMISSION LINE WITH IMPEDANCE AT THE
SENDING AND RECEIVING ENDS

It has been shown that when the transmission line is either
grounded or open, no difficulty exists in finding the rootsof Z ,;, = 0.
It often becomes quite difficult, however, if the terminal con-
ditions are not so simple.

Heaviside discusses such cases in various parts of his book.
Since, however, his treatment is somewhat different from that
which will now be given, it will be well to illustrate one or two
cases. Let us take, for instance, the case shown by Heaviside
on page 143 (Vol. II), illustrated here in Fig. 33, in which the
long horizontal lines mmay be the insulated conductor in a cable,
whose outside sheath is grounded. 2z, and z. arc concentrated
impedances.

Z;

N :
e & %zz
1 1

I1G. 33

From previous consideration, it is evident that as far as the
transmission line itself is concerned, the following relations exist :

¢

K, cosh ne+ K, sinh nr ]

i = ')l [K, sinh nr 4+ K, cosh nx] ] (80)
For r = 0,

¢ =y =12 = K|/(1) + 0 = K,
forx =1,

¢ = ¢; = K, cosh nl + K, sinh nl
But

E = ¢ + 112, .". E = 1325 cosh nl + K, sinh nl + 7,2,
89
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Forz = 0,
o Y - . - ’Niz
12—"l0+1\2] ..]\2— Y
Yora =, .
1 = Zl[igzz sinh nl + ;', 12 cosh MIJ

From these relations we obtain
I’ = 1925 cosh nl + ;‘ 174 sinh nl+ }—:—' 12| 2y sinh nl + ;‘, cosh nl]
= 1'-_.[ (214 23) cosh nl + :z[Z + Yz2,] sinh nI]

= 1A .1y = {f Here, Z = R + pL

From equation (80), ¢ = iy2; cosh nx + ";,2 sinh nx. Thus,
2, cosh nr + ;’, sinh n.r
e = ] E1 (81)
(2; + 23) cosh nl + " (Z + Yz2p) sinh nl

I'rom equation (80), after substituting,

n

. Y. .
= b2 sinh nr + y cosh nx

22 sinh nr + cosh ne
= £ : E1 (82)
(21 + 22) cosh nl + n[Z + Yz,2,] sinh nl

where
n_Z

wn=y =g
Special Case if 2z, = 0 (Fig. 34), from equation (81)
2, cosh nr + 7;,'. sinh nx
e = E1
2, cosh nl + ” sinh nl

_ 2y cosh nx 4 2, sinh nx

= 2, cosh 7l & 2, sinh 7l (83)
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From equation (82), for z, = 0,

:2 sinh nxr + cosh nxr
. _ 2 ’
T = Z,cosh nl + zesinh II[E1 (&4)

At the receiving end x = 0.
ey = N —E1 (85)

cosh nl + 2o sinh nl
22

and
] Y
" zs cosh nl + zysinh nIE1 (86)

"N L,

i, 34.

This current will be caleulated in order to show the procedure

when the roots Z,, = 0 cannot readily be obtained except by

graphical means.
Assume again, for the sake of simplicity, that we deal with

the “ideal” cable.
cSont = pCR

m

2 — 2 2 — - _
Ifm n?, then m pCR and p CR
N

& L

Fia  35.

Let the terminal impedance be a condenser of capacity C,,
as in Fig. 35.
, 1 CR z R RvVCR _ R
SZg=—pr == andzy= =——== = =
pC, Cym? n +/pCR C im Jjm
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Thus, since cosh jml = cos ml and sinh jml = j sin ml

ja = ! Bt

- CR,, cos ml + k sin ol
n m

('11
C

12
11,
_ CR oY

& .
— cos ml + ¢ ™ sin ml

Y

Zy = 0gives tanml =
) g Com

What is wanted, then, are all possible values of m, my, ma, ms,
ete., which satisfy the relation tan ml = C'Cym

140
+30
/
+2.0 /
(20 DOG6)] m)=0.06437
s 0 | AT me=0.03425 £ 1m,=0.095/
I 3 4, Y
o - '
Byl L
A -10 1" /00m fan/00m =y, )4
Graphical
20 .Sla/z{ 5‘7/7 Iaf
L
30 /an/00m~,aam[
11
-40 [ 1l
0 60 120 180 240 300 360 420 480 540 600
Degrees

X -
(Degrees X0~ 100m)
Fic 36

Figure 36 illustrates the method of obtaining these roots in=a
particular numerical casc. An ‘“ideal” cable (100 miles long)
of resistance 88 ohms per mile, of capacity (0.054 microfarad per
mile, is shunted at the distant end by a condenser C\ of the same
capacity as that of the entire cable. Find the equation for the
current at the distant end when the cable is suddenly connected
to a source of constant potential E.

The procedure used in finding the roots is to assign values to
ml, then to plot the corresponding tangent curves and the graph

c/Cm.
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Where these curves intersect, the roots are obviously located.
These roots appear to be m; = 0.0086, m. = 0.0343, m; = 0.0643
etec. To find 75, the current at the receiving circuit, we proceed
in the usual way.

In this case (the ‘“i1deal’ cable),

n? = (R 4+ pL) (G + pC) = pCR .. —m? = pCR  (87)
A dZ dm
Pap = Pam dp

A

o c, _
gy, = [ Ninml + C [ml cos ml + sin ml]

From equation (87),

dm _  CR
dp ~ 2m
azZ _ m

(l + (("1> sin ml + 2(;', m*l cos ml

o pdp T2

Y /Z 0y corresponds to the steady casc. Since we have a con-

denser at the end of the line, the final direct current is zero;

thus, Y(0/Zw = 0. This can be seen directly by making
p = 0, which means m = 0.

The solution for the current at the receiving end of the line is

M I _m ?
m2e Cr

) CR
D AW C o
mmama (] 4+ sin ml + Y m?l cos ml
2 C 2C
2E a COos a o

- ¢
= . o= € RO
Rl ~la + sin a cos a

where a =ml and « is obtained from the equation tan a=C/Cym =
Cl/Cra. Figure 37 gives the current at the end of the line for
E =1

While Heaviside’s operational calculus is primarily used to
determine transients, it must not be forgotten that his opera-
tional solution is, also, most conveniently used to calculate the
permanent alternating-current condition,
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To illustrate this, assume a transmission line connecting a
generator and a load. Assume, as is often the case, that the
voltage and current at the receiving end are known. The

10 Sy ‘r—rrj‘ TTT
4 I
60 e TR =
~% 50 / A 4t -t ~
B < R S N S St ANy 0
S &4 N G U (O ) O O O
5 S
T 5 o
£ S . - 4.
5% T
ST e o
S a 1 T
S 1 1.1 B
0 1 L
- S =] od -3
o8 8 32 8 %8 8 8 38
(=] (=) o o o o (=] (=] o oo

Time, seconds
6. 37

problem is to find the voltage and current at the generator or
at any point of the line. From equations (80),

¢ = K, cosh nr + K, sinh nr

:[K , sinh nxr + K, cosh nur]

)
for x = 0, ¢ = ¢y, and { = i,, the known voltage and current at
the recciving end. From this is scen that
N
)7

Nia .
= ¢y cosh nr + y sinh nx

K; = ¢; and Ky, =

[\

-

and (R7a)

| . .
1 = e sinh nr 4+ 7y cosh nar |

If the transmission line is short—say, less than 5 per cent of
the length of the alternating current wave—then a fair approxi-
mation to the true condition may be obtained by using only a
few terms in the scries representing sinh nz and cosh nz. That
is, if with a 60-cycle system the transmission distance is less than
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150 miles, the following approximation is satisfactory—indeed,
the method may fairly well be used up to lines 200 miles long:

22
coshnr =1+ " I

l

sinh nx = nr

e = ee[] +"-I J + n}?’ll' = (’2[] +'" t ] + 02 Zx
and ‘

2
1= ezf nr + z»[l + "lr ] = e Y + ,'2[1 + :":f{:l

Introducing vector notation

= YZ = (( + joO) (R + jwl)
l
Yz

at the generator ¢

I

W, f’zll + ° |+Iz/l
e}l + 1-_-[1 + );72'] }

If, however, the transmission line is long, this approximation is
not sufficiently close and equations (87a) must be used. For-
tunately, however, they are really quite simple.

Numerical Application.—Three-phase transmission line, 200
miles long, consisting of three No. 000 B.S. wires 10 feet apart.
The voltage per phase at the receiving end of the line is 72,200
volts (corresponding to a line voltage of 125,000 volts). The
particular value of the load current is taken as [» = 100 — 505.
Find the current and voltage at the generator. )

The frequency is 60 cycles, and it is assumed that the leakage
conductance is 0.192/10° mho per mile. This corresponds to
something like 1 kilowatt corona loss per mile of wire. Ele-
mentary considerations show that

where [, = 2+ 50

Ill

R = resistance per mile = 0.326 ohm

L = inductance per mile = 0.00213 henry
C = capacity per mile = 0.0140/10° farad
G = 0.192/10° mho
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SZ =R+ jX = 0.326 + j 0.8035 = 0.866/67°53’

_ 0192 , 529 53 .. .,
YV =0G+jB= 108 +1J 108 1()'6[?1 .55_
, 214 .. 449 .20.95

From (*hap. XXVIII,
cosh nl = 0.9187 /2°18'
sinh pl = 0.418 /78°39’
2 = 100 — 550

Substituting these values in equation (87a) (when «» = 1), we
find that

0.917 + j0.0367
0.0823 + j0.41

]

Is,

g

By ‘““telescoping,” we get the power delivered by one phase of the
generator to be 8,140 kilowatts and the power delivered per phase,
7,220 kilowatts. In this case, the length of the line (200 miles)
is rather too great for the use of the approximate equations.
They give, as can readily be scen by substitution,

E, = 81,800/11°
{, = 102.3/20°

Another cxample involving permanent alternating-current.
condition will be introduced because it involves some interesting
and important features.

Referring to equations (83) and (84), it is seen that if 2, = 2,

—that is, if the load impedance is the same as the surge impedance
-——then i/ = ¢/2, at any point of the line. The line behaves asan
infinitely long line. :

Problem.—Find the proper value of z,, the load impedance
at the end of an ‘“ideal” cable. We have

z R

2y = =

n -\/})CTE

81,850, 10°49/
and

100.5/18°28’

Using vectors

o= \/jzme \/wC/45° \/—c/ 45 = \/2:— \/_

= Rz +]Xz
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This shows that the end impedance should have a resistance
R, = R R

' ohmsanda condensive reactance x,, whichisalso_ /_*
ohms.

w 2uw( '

The question may well be asked: Why write v/joC’R = v w('R /+45°?
Why not VwCR /£45°?

The reason for using the plus sign only is that the negative sign does not.
satisfy the condition that pipieé®t must he the same as pe®, which 1
jwe“t.  Thus,

Pt = N/ ad = et [45°
Therefore,
piptet = pd(Vwe“t/45° = wel“t/45° + 45° = juelet

If we had used the negative angle, the result
piptedet = et/ —45° — 45° =

This is the correct result.
would obviously have been
which is wrong. Thug, we see that 4/j = 1/45°, not 1/ —45°

- Jmlul'

Referring again to equations (83) and (84), which are of special
interest because they deal with a transmission line at the end of
which is a certain load impedance:

In the process of solving them, one of the operations—and,
indeed, the only lahorious part—is to find the roots corresponding
to Z(p) = 0.

We note that this gives
22
20

tanh nl = —

Since the majority of the readers are more familiar with trig-
onometric than hyperbolic functions, it is well to obtain the
equivalent trigonometric expression.

Since n? = —m? n = tjm
Using the top sign at first, we get

sinh(jml) _

tanh (jml) = cosh(jml) — +j tan ml

= ', %y
s jtanml = 2 ST Sim
tanml = —2

—-=m
z
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Using the lower sign, we get the same relation,

sinh (—jml) _

tanh (—jml) = cosh (= jml) ~ —j tan ml
e - _Zgz __Zz _ _Zg i
- —J tan ml 20 N . (—gm)
or
tan ml = — ":m Q.E.D.

In the case of an “1deal " cable, where z = Rand —m® = pCR,
if the terminal load is a non-inductive resistance, then zo = R,

. R,
and the relation becomes tan a= — R;a where « = ml.

If the load were a pure inductance L, then
11203

tan a = CR

If the load were a condenser, then

A}

tana =
(‘2(1

If the load impedance were 2, = Ry + pLe, then

1120'1

— Rz
fan @ = + ORI

- (47
Rl
If the load were a resistance in series with a condenser, then

_ __Iiz Cl
tan a = Rla + ot

The numerical values of a which satisfy these relations can often
be obtained best by plotting graphs, as shown in Fig. 36. The
problem is, unfortunately, not always as simple as that illustrated.
(‘omplex roots frequently oceur—then much labor is involved.

This whole subject of finding the roots is discussed in detail
in Chap, XXVIII.



CHAPTER XIX

TWO OR MORE TRANSMISSION LINES OF DIFFERENT
CONSTANTS CONNECTED TOGETHER BY AN
IMPEDANCE OR SHUNTED AT THEIR
JUNCTION BY AN IMPEDANCE

C'onsider, first, the case of a shunted impedance as shown in
Fig. 38, in which case, for the sake of simplicity, it has been
assumed that the line is short circmted at the receiving end.

The impedance or leak Z’ is introduced at a point distant [,
from the generator. Let the constants pertaining to the left-
and right-hand sides have indices 1 and 2, respectively, and let
the problem be to find the current at any point in either line.

~_%L,C 6, R,L,(,6G,

Consider, first, the right-hand side. The conditions existing
there are those of a short-circuited transmission line discussed
in Chap. XV. That is,

¢ = _ B sinh nar
sinh nq(l — 1))
and
;= Y., __ co§£ NoX /
Nao sinh Na (I - I])
where I — 1, is the length of the right-hand line. Thus,

e _ nysinh ny

i Y:cosh nyz

At the leak, z = 1 — [,

i _ my sinhny (I - 1,)

" Yycosh ny (I — 1)
99

z= f (88)
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We can, therefore, replace the right-hand short-circuited line
by an impedance z placed at the junction. This impedance is
in parallel with impedance Z’; thus, the joint impedance, which
will be denoted by Z,, is

g, = 2 '
o247
The current and voltage at any point on the left-hand transmis-
sion line of length I, can, therefore, be found from equations
already worked out (see (‘hap. XVIII, equations (83) and
(84)), where we deal with a line of constants having index 1, and
where z is counted to the left from the junction point.

At the end of this line, which is the junction point in this
problem, we find, from equation (85) (Chap. XVIII), that the
voltage E'is

1

= . E1
cosh mil, + °L sinh nil,
7!122
Thus, for the right-hand line, the current and voltage arce
1 sinh nqr
¢ = — — - - E1 (89)
cosh nil, + 2 sinh m,l, sinh no( — 1)
II|Zz
and )
= l z X 1)1-: sinlf?:h‘(;zi 1 )E1 (90)
cosh )ty + °! sinh !, 2 2 !
’Il]ZQ

Consider, two transmission lines of different constants (indices
1 and 2) connected together through an impedance Z', as
shown in Fig. 39, where,

Nl ag.ai.n, for the sake pf .sim-
; plicity, the method is illus-
Z'S R,L,C,G; g
ha trated by the particular
horomen gy om e J ,l case of a short-circuited
koo S A | 1 1.}
Fra. 39. It is evident that up to

point a, the impedance is z,
as shown in equation (88). The impedance up to point b is,
therefore, Z, = Z' + 2.

Again, the values of the voltage and current for the left-hand
side are obtained from equations (83) and (84) (Chap. XVIII),
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where we deal with a line of length I, and of constants having
index 1.

At the end of this fictitious line represented in Fig. 40, the
voltage and current can be obtained from equations (85) and
(86) (Chap. XVIII).

7 I

Fi1a. 40.
let Z'4+2 =2, Thus,
oy = 12 ¥4
cosh nily + -°L sinh nl,
Iblzz
2'_» = 1 E1

Z. cosh n,l, + :' sinh n;l,

1
The voltage available across the second transmission line, the
right-hand side of Fig. 39, is ¢; = iz2.
Thus, for the right-hand side, remembering that we now deal
with a short-circuited line of length I — [,

2z sinh ngr

e = X E1

cosh mil, + "z.z sinh nyd,  Snhona( — )
142

and
2z Y, cosh nqr

cosh 1l|l| + —21 sinh )l|l| ha sinh M2 (I - l])

n;Zz
Suppose that three transmission lines of different constants
arc connected together. Figure 41 illustrates such a case, a

simple one, chosen purposely to illustrate the method to be used.

E1

Fic. 41.

Branch 2 is short circuited, branch 3 open circuited. Find the
current and voltage at any point of the network.
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Each of the two branch lines is converted to impedances at
the junction point. These are converted to one single impedance
placed at the end of the main line, after which currents and volt-
ages in the main line can be calculated from equations given in
Chap. XVIII. Of special interest is the voltage at the junction
point. This voltage having been obtained, the currents in the
branch lines are readily calculated.

Thus, the equivalent impedance at the junction point of the
open-circuited line is

e 13 cosh nyly . ryr

2= 0= ¥ inh nads (see Chap. XV)
and the equivalent impedance of the short-circuited line is
2o sinh n,ly
Y cosh nals

“ . . . 2923

The ecombined impedance is z = 22 + 23)
This is the impedance at the end of the main line and takes the
place of z; in equations (83), (84), (85), and (86) of Chap. XVIII,
and the results in the line are at once obtained; z is counted from
the junction point toward the left.

Of special interest is e at the end of this fictitious line. It is

¢ = 1 K1

21 .
cosh ml, + sinh n\l,
2ol

29 =

Therefore, the current and voltage in the open-circuited line are
1 cosh nar

P —
Zy . cosh ngl;
cosh mily + =% sinh n/, s
F Y3
1 Y3 sinh ngr
t= 2 ny cosh nsl
. N3 Naly
cosh n,l; + —' - sinh n,l, 8
22Ny
For the short-circuited branch,
1 sinh n.x
c= z . sinh 7n,ls
cosh ml;, + “-- sinh n,l,
2N,
{= 1 Y, cosh 22

Z ng Sinh nals
cosh nil; + Z,l{ sinh n,l,
2Ny



CHAPTER XX
A BATTERY CONNECTED AT SOME POINT OF A CABLE

In Fig. 42 is represented a cable having a grounded sheath.
The left-hand end of the cable is grounded; the right-hand end
is open circuited. It is desired to find the potential difference
between the cable and the sheath after battery £ has been
inserted.

-+
‘f’:r*'L JVI
=

r--y --

2

" ,'j777777"'77m7777777777/'
T

Fra. 42

Referring to the general equations given in Chap. XV, and
remembering that in them . is reckoned from the end of the line,
we get for the right-hand side

Vi = K, coshn (I — y) + K; sinh n(l — y)
o= 3‘ [K, sinh n(l — y) + K. cosh n(l — y)]

Fory = [, i, = 0; therefore, Ky = 0
. Vi = K, cosh n(l — y)
For the left-hand side,
V., = K, cosh ny + K4 sinh ny
When y = 0, V, = 0; therefore, K3 = 0
.. Ve = K, sinh ny
At y = D, the difference of potential between 7, and V, must be
the voltage of the battery. Therefore,

K, cosh n(l = D) — KysinhwD = E
Since
cosh a cosh 8 + sinh a sinh 8 = cosh (¢ + B)
103
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it is seen by inspection that this condition exists if

. _ cosh nD _sinh n(l — D)

_ cosh D , _ ) 7(1)
K, cosh nl E and K, cosh nl E
Thus,
(i:::;};x':zll) cosh n(l — y) £1 ‘

_sinh n(l — D) oD

Va= cosh nl

i
sinh ny K1 (

Heaviside gives this solution in a slightly different form on page
140 (Vol. 1I). He uses m instead of »# and trigonometric terms
instead of hyperbolic. Since

mi = —n%n=jm
and since

sinh jma = j sin ma , (92)

cosh jma = cos ma
cos mD cos m(l — y) 71 ‘
cos ml
sin m(l — D)
cos ml

I'| =

Ve = sin my E1 ]

(93)

! These constants can also be obtaned as follows:

Vi = Kicosh n(l — y), 1, rK; sinhn (I — )

Vs = Ky smmh ny. I = N K, cosh ny

F(.)l‘y = ])’ Vi—V, = E1 and +i=0
From these relations, K, and K, can he determined.



CHAPTER XXI

EFFECT OF ELECTRIC CHARGES APPLIED AT POINTS
OF A TRANSMISSION LINE OR CABLE—GREEN’S
FUNCTION

Figure 43 shows a point charge @ applied to a transmission
wire. The problem is to find the potential difference between
wire and ground after the charge has been applied.

% Qe _ _yh_
) lz"— -—)ll
[}
77-7——7Tr7/77T'/x7 I T T T
v _]
Fro 43,

Since we are dealing with *“distributed” constants, the general
cquations given in Chap. XV apply. For the right-hand side,

Vi = K, cosh n(l — y) 4+ K, sinh n(l — y)
i = }:[Kl sinh n(l — g) + K cosh n(l — )]

Since for

= [, {; = 0 and, therefore, K; = 0
LV, = I\ cosh n(l — g)
and

y]\. sinh n(l — y)

For the left-hand side,

V. = K; cosh ny + K, sinh ny
iy = 3{ [K; sinh ny 4+ K, cosh ny)
For
= 0, 722 = 0 and, therefore, K, = 0
V = K, cosh ny

105
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and
iz = ,’}:Ka sinh ny

The next step is to connect these currents with the applied charge.

The problem involves placing an instantaneous chargeaty = D
at ¢ = 0. The rate at which the charge enters the line element
is dQ/dt, which is a current.

In this case, as will be evident froin the discussion which follows,
it is d/dt (Q7) or Qp1 where @ is the numerical value of the applied
charge.

If the eurrent is written as Qp7, the charge given to the element
during a short time interval is

M+ e 'l+¢ e
f Qptdt = Q‘ d 1(!1 3[1]
Jl—e —¢ t t—e

If ¢ is not = 0, this becomes

QU —1=0
If t = 0, it becomes
Q[ — 0] =

Thus, by writing ¢ = i, +i2 = Qp7 we satisfy the imposed
condition, namely, that the clement receives the full charge
at { = 0 and no charge at all at any other time. Since

i + 12 = pQf,
: [K, sinh n(l — D) + Kj; sinh nD] = pQ1

This is satisfied if
cosh nD
K, = “sinh nl QY1

and

_ cosh n(l — D) n
K, = " sinhnl QY1
_cosh nD
1= “sinh al”
7, = cosh n(l — D) npQ 5
V, = sinh 711 cosh 'ny Y 1 (95)

cosh n(l — J)””Q (94)
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In the case of a cable without leakage and without inductance,
Y = pC, and the equations become

. _ cosh nD P .
' = “sinh i cosh n(l — y) C 1 (96)
, _ cosh n(l — D) nQ

Ve = sinh ul cosh ny C 1 97)

Heaviside gives a large number of similar problems, all of which
can readily be solved in a manner similar to that just indicated.

It may be instructive to solve one of these equations. Find,
for instance, V';, the potential on the right-hand side in the case
of an “‘ideal” cable.

Equation (96), rewritten with trigonometrice relations, is

cos mD cos m(l — y) jm Q

= j sin ml C 1, since —m* = pCR
_m cos mD cos m(l — y)
- ( sin ml Q1
Zww = 0 gives roots ml = +sr orm = + '5';’
also,
—m?=pCR
Thus,
1111_71 _ — '\.212 ‘.!(YR —_ — As"r
= TORE g 08 M= (217
7 —_ (— 1) N ST )'(0) _ Q
Y = (=1)" cos mD cos my 1" Zi = C1
S V= gl[l + 2 2 cos my cos mD e_mm‘]
g=1

The equation for 7', becomes identical with that for Vy, as can
be seen from equations (96) and (97). They are alike if we
interchange y and D. The values of V; and V, differ, however,
numerically, since, in the first case, y is always larger than D,
and in the second, it is smaller. Thus, in this case,

4= ® a%r?
V= gl[l +2 21 cos m;y cos M;D e_('k'l"'] (98)

This equation holds for both sides.
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For certain reasons, it is well to study two more cases where
a charge is suddenly applied to a point in a transmission line
wire.

For this purpose, we shall consider a wire which is grounded
at both ends, as in Fig. 44. Here, the procedure is similar to

°

e | >,

77777777 ST 777777 /77777 /7.
l.y.—n -

Fra. 44.
that which has been described, and the following operational
equations are readily obtained:
sinh nD) sinh n(l — y) an {

7 =
Vi= sinh nl e
y, - sinh n(lSl—l-lhDlemh ny ?77)0 p (100)

When these equations are solved for the condltlons of an “ideal”
cable by the expansion theorem, we find
20"« . sty . stD -
== sin —,* sin € (Rl’ (101)
Cl 2; l l
and V', is identical with V', as far as the general equation is con-
cerned.  Obviously, however, the values of y in the first case

are larger than D, and in the second case are smaller.
In this case, then,

"" > a'f’
2 sin ‘— i 91;De crizt (102)
g=1 ‘

.

This relation holds for the entire line.

WLW

.yp-_

Y

Fic. 45.

A third similar case is shown in Fig. 45. The left-hand side
is here grounded and the right-hand side open circuited. Here
the operational equations become
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ginh nD cosh n(l — y) an q
cosh nl

sinh ny cosh n(l — D) an p
cosh nl

Vi=

Ve =

The two expressions are identical if y and D are interchanged.
The solution will again be the same for both sides, so that the
potential at any point is

@s—1)? =2
V= 2 sin (2q 9 ! ;r I)) sin (23 g 1 ;r y)e T cr2' (103)

8=

In all three cases, there is no potential on the line at ¢ = 0 except
at the point ¥ = D, where it is infinity, because a finite charge
is given to a point of infinitely small capacity.

Fia. 46.

A graph indicating the physical significance of these equations
when they are used to express arbitrary functions is given in
Fig. 46.1 They are very useful when, for instance, we are dealing
with space distributions of charges, and they are similar to
Duhamel’s integral when time distributions are involved. It is
to be noted, therefore, that these equations represent an impul-
sive function similar to p7, with the diffcrence that the variable
is y instead of ¢.

When we integrate pf, we get back to the unit function, that

8, % p1 = 1. So here the space total is gt
The three equations, (98), (102), and (103), when Q/C is taken
as unity, are special types of Green’s functions, which are exceed-

1 Although we have shown these functions in Fig. 46 as straight lines
which are zero everywhere except where y = D, they are, in fact, infinitely
oscillating over the whole range, and the oscillations reach infinity at y = D,
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ingly useful to express arbitrary functions in trigonometric series.’
We shall denote them by G. Thus,

ST

, 1 iy ST :
G = l[l +2..=zlc% ] Y cos lD]

or
_28=w . sy . swD
= 182 sin 5% sin —
or
2 L 2—17 . 2— 1w
= 1,.,_21 sin =, gysin lD

Every Fourier's series involves one form of these.  An infinite
number can be worked out by assuming different terminal
arrangements,

Each Green’s function is an impulsive function.

If we multiply a continuous function of D—say, f(D) -by a
Green’s function, which is an impulsive function that exists
only at D = y, the product is zero except at that particular point,
where it is infinite. But, if we take the space total of the product,
Gf(D), the result is f(y) because 7 exists only at D = y and its
total is 1.

Thus, [Gf(D)dD = f(y) if the limits include the pomnt D = y.
If not, the result is zero.

! Heaviside gives a most interesting discussion on this subject in s
treatise on “Electromagnetic Theory,” Vol. 11, p. 99.

An analogue between pure mathematics and operational mathematics

of Heaviside by means of the theory of H functions was prepared by Dr.
J. J. Smith and appeared in Jour. Franklin Inst.,, November, 1925,



CHAPTER XXII
DISCONNECTING AND DISCHARGING A CABLE

DISCONNECTING A CABLE

Before the switch is opened, the current, in this example
(Fig. 47), is assumed to have reached its steady state, that is,

I= lfl in all parts of the cable. After the switch is opened,

the current at the switch is zero.

N4

M- - - X - -

TITTTTTT7T777 7777777777777 7777777777777
Fia. 47.

If, therefore, we determine the expression for some peculiar
e.m.f. impressed at the generator, such that at the generator
the current is constant, equaling — I at all times after closing the
switch, then the sum of the original current and the current
caused by this peculiar e.m.f. will obviously be the current in
any part of the cable.

It has been shown that with the receiving end of a cable
grounded,

e sinh nx
? sinh nl
and
Y cosh nz
n ’sinh nl
i = oY coshul
"7 "'n sinh nl

1=

The peculiar e.m.f. which makes 7, = — I7 is, then,

_ _mnsinh al
= 7Y cosh nl
11
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and thus the current in any part of the cable due to this e.m.{. is
Y cosh nx n sinh nl cosh nz 1

"= 7 ) sinh nl Y cosh il 1= ~cosh nl (104)
The total current is, then,
. . cosh nr
= “+I_Il] " cosh nl ]
Bl cosh nr
T RI cosh nl

At the end of the line, xr = 0

. E[,_ 1
= Ri(] cosh 7:11J

_ - _Ywl,
cosh nl Z
Problem.—Find the current at. the grounded eud of an “ideal ”

cable.

Refer to equation (104) for x = 0.

i]"-’

S |
ST cosh nl
Yo =1
Z @ = cosh nl = cos ml
where
— m? = n? = pCR
)dZ 4 Zdn _ _ml.
Pap P am dp 2
Yo_ 1 _
Zw cos0
= - 2e”
= [I + 2 =l ml]
Zgy = Ogivescosml =0 .ml = 72r, 3:, - i:";r
or
ml = -__1:2-8 ;——lr
iy = (BT
‘p= 2~ ) CRI2
vy 2]t
Sl = [I )2 P S TR ]
a=o - - 7 sin R
2
8=
i=1 + 4__.E_ COS ST —at (105)

b= le'_" 28 + 1€
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25 + 1
= ("5 e
At ¢ = 0, the current is E/RIl. ISquation (105) gives
=4E[l_1+1_l.”]
Rir 3 5 7

Thus, :[l - .]3 +:.) R J must be unity, a relation which is

where

well known.
DISCHARGING A CHARGED CABLE

Referring now to Fig. 48, switch a is closed from ¢ = 0 to
t = ¢, at which time switeh b is closed. Find the current in
the cable. Short circuiting the battery means that the impressed

2@
L

|
TJTT7T77 /7777777777 77777777777 7777777/ 7

Fie. 48

e.n.f. is zero at time ¢,. This, again, is equivalent to leaving
the original battery on but applying a battery of potential — E7
at time ¢ = t,. The total current is, then, the sum of the cur-
rents due to these two e.m.fs.

Y gsinh "y = Fy("’ 1, as is

Current due to ET is 7, = n' cosh nl A

shown in equation (56).
This is readily solved by the expansion theorem, which gives

= 1{12(“)' si ( S 7)"

When e.mf. —E7 is applied at ¢ = {,, the current is obviously

7y = —2-E2(—1)" sin (-23;—]-”3;)4'““'“
":_"[E( 1)* sin (2s+1 :lt)e“
_2(._])n sin (2s+l :;)eﬂ(t h)]
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g = 2s+1
- ("3 Y e

The corresponding solution, if the cable should be connected to
earth at the receiving end, is easily found to be

R e

where

where

IR)
§r=

CRP

ax =

A similar problem has been worked out at the end of Chap XV.



CHAPTER XXIII
FRACTIONAL DIFFERENTIATION AND INTEGRATION

The second volume of Heaviside’s ““ Electromagnetic Theory’
contains a great deal of suggestive matter in reference to the
interpretation of divergent series and fractional derivatives.
Much of it is very difficult to understand, and, indeed, some of
his results are given with a statement that *this is not so simple
as it looks.”

Heaviside illustrates his use of operational methods by many
examples, and the final solutions are always correct, as far as
the writer has checked them. But the reasons suggested are
not always clear, often they are far from clear.

The difficultics arise in connection with the asymptotic solu-
tion when the operational equation contains fractional powers
of p.

In some problems, the series obtained by division in rising
powers of p, gives the complete solution; in others, certain terms
have to be added. This matter is discussed in Chap. XXV.

Heaviside arrived at the following relation:

pt=-1 1 (106)

from two different points of view.

1. From the solution of certain heat problems worked out by
Fourier, which will be shown later.

2. By generalizing the formula for the derivatives of any
power of t.

It is

d in tn—l in _ {n—1
d_t([g) "1 PR p=1
or, more generally,
tﬂ tﬂ—ﬂl

A T (107)

118
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There is no difficulty about this as long as m and n are positive
integers and n i m. When m > n, we get the factorial of

a negative integer, which is minus infinity, and the result
is zero.

Heaviside felt that equation (107) in his system should
hold even when m and n are fractions and proceeded to
study them.

The unit function would then correspond to t*/|0, or we would

0
write I-Ig'l. This is rather remarkable, in a way, since t"/'tn as
n approaches zero is a peculiar graph. It is a cylindrical surface
for all positive and negative values of ¢, a surface which collapses
to a point at ¢t = 0. Therefore, the positive real part would look
like 7, the ““unit function.”

But to return to pif = ——1 .- as Heaviside writes it, or
\/ wt
1
pd = -, _ 1 as we prefer to write it.
! '\/ i P

If the graph corresponding to 1/+/=t is plotted for various
values of ¢, we find that it starts at infinity and decreases to zero.
When this chart is multiplied by the unit function, it is in no

way modified. Thus, p"(\/l_/ ) is obtained by differentiat-
i

ing 1/4/xt and multiplying the result by the unit funetion.

The question remains, however, whether equation (106) is
true. 1t can be tested in various ways. We may, for instance,
see whether

pi(pit) = p1 (108)

or
pi(pi) =1 (109)

or
pi(p! sin wtf) = w cos wif, ete. (110)
Consider equation (106) and refer to equation (107). Ifm = 1,

0 b | -

andn =0 weget = pd = = —— .. But|— 4 = ' e
, we g P @ — 4 u ’“_, ¢ = /7, a8 will be

shown later.
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Thus, pa <= This is certainly similar to equation (106)
L \/ wt

and would lead us to suspect that

(1) = 14 (111)
0 vVt
Try, now, to verify equation (108) by the use of equations (107)
and (111).  The left-hand side gives

#oi(o?) = {io")

The right-hand side gives

=i 1
M Lgt) = ot

[

Thus the unit function could wol] be written and in its most com-

1
pleted form should be written 1 and p1 = L__l_1

(‘onsider, next, equation (1()9).
s -1
p—:pa<[(—)'/) = p"‘l_-h,'l

(1]
The left-hand side gives ’101_ The right-hand side gives, also,
[t

0
01, when we again consider the unit funetion as a multiplying

factor.
Finally, consider equation (110).

343
ptsin ot = pl(wl “1; 4 .- )1
&

t Wi}
- _ ot .. 1.
(w"é 53 + >

This can be shown to be a converging series and can also be
written in the following more convenient form, which will be
treated in Chap. XXVI:
0 342
pi(p} sin wtf) = (% - ‘9]—2! + - )1 = w co8 wif

—
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It is seen that fractional differentiation and integration introduce

factorials of fractions.

The so-called = function (pi function) is the generalized factorial.
Its value can he obtained from the gamma function or directly

by series expansion:

m(x) =T+ 1) = lim

n== o

123 - -+ (n—1n

@+DE+2) - @+

n* (112)

The most important values for our purposes are the following:

I
T 0 [ 3 ' I
A __
/
- . l A IS B
|
z 0 =} i —i -3 l
— - — —————— ! ——
|
- —92.2 94/
@ =lz= | 1| gy | T2VE| A2DVE [ 222V
I i |

Since a number of problems involve fractional derivatives of
the unit function, the following tabulation will prove a

convenience:
pl = % 1
M = ;5;:1
-
- e

p- = \2},1
p7H = 1-?3.31/:'
- 55

(112a)

Before leaving this interesting subject, it may be well to
call attention to another feature connccted with fractional

differentiation.
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Take, for instance, successive derivatives of ¢/|1,

dt ¢

AL p

et
e
it
el - [-2
&t

F[ "
The last three expressions are usually written as zero, since the

factorial of a negative integer is . When operated upon with
i h theygive - - ["2‘ gt tivel
] - -_-.0 - ) - = B N
p}, however, they give [—1,’_6 Zoy an [_ W respectively

All three are definite and different. There are zeros and zeros.



CHAPTER XXIV
INDEFINITELY LONG TRANSMISSION LINE OR CABLE

Consider a transmission line that 1s of infinite length or, at
any rate, so long that whether the line is open or closed at the
far end no potential difference exists at the far end. This is a
situation which very nearly exists in very long tclegraph cables.

e

ﬂl] i

[P

1. 49,

In these problems, it is obviously best to count the distance x
from the sending end rather than from the receiving end, as was
done in Chap. XV.

Referring to Fig. 49,

de

py
o = =@+ p0)
Thus,
2
g—zj = YZe = n?%

‘e = Aen* + Be =

For @ = =, ¢ =0; therefore, A =0 and ¢ = Be". For
r =0, ¢ = E; therefore, B = E and

¢ = Eerq (113)
[ = 3{Ee“’“1 (114)

Therefore, e/7, the resistance operator or unit function, is n/Y

at any point of the line.
120
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In the case of an ‘“ideal” cable, Y = pC, Z = R, and

n _ VPCR _ -R—>= 5
Y pC _(PC (115)

The current at the battery is

. _ (PC\},
I(]—(If)41

and
) Ee—-u.r
r_r S
i Yy
n
Thus, )
i = Er"*(% )’1 (116)

A similar problem in heat conduction through an infinitely
long bar had many years previously been worked out with con-
ventional mathematies involving Fourier’s series. The differ-
ential equation relating to the temperature is

do _ . ,d%0

dt — " dxx
where A2 is termed by Kelvin the diffusivity and by Maxwell the
thermometric conductivity.

The rate of heat transfer through unit area is

e
W= -K (118)

)

where K is the thermal conductivity of the bar.

When these equations are solved, subject to the condition that
at the origin, z = 0, the temperature is kept constant at 6,°, the
rate of flow of heat at the origin becomes

, (0
w, = Kb (119)
h \/ wl

Heaviside compared this problem with that given in the fore-

going case of the infinite ‘‘ideal”’ cable, when
de

= —1 12
I iR (120)
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and

oL de

These two equations combined giving

9% e de 1 d?
art = BCq O 4t = Re dr

Comparing equations (117) and (121), we note that A2 = 1/RC
Comparing ecquations (118) and (120), we note that K = 1/R,
W =q+and 8, = E1 and

K _ ¢ _ (7)*
h = NR \R

The operational solution of the current as given above was

\} i
= (% ) e"E1 = (IC\’) Epieq

or, at the origin,

(121)

ly = (2>‘EP;1 forxr =0

or substituting heat constants,

K
W, = hGg]ﬂ'I
But in equation (119)
_ K 0,

Heaviside concludes, therefore, that

1
l1 = .- = 1rt _l
P V't (wt)

Therefore, the current at the battery is

. C
= K
to \/;Brt

The solution for the current when an alternator is connected
to the cable is given in Chap. XXV,
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We will now proceed to solve equation (116).

7= F\/]‘,pi[ - nr + ,,,zIz R J1

Substituting n = v/ pCR,

. Cc piCiRir?
= ] - R
1 E[p \/R pCr + 2

2C2R ;3 B Rird
_ 73_“[31?1 T ],

The terms involving even powers in p are zero, because pf,
p*1, ete., are zero; therefore,

C CRx* | 1-3C*Rxt  1-3-5C3R%
= e Sl . - a e
’ E\/mt[] 22 T 224 2226t T ]

Let
(‘I{r
4t
Then

A ol vy, ¢ -G
= E\/ﬂ?c[l bte~ st J [wlft

This problem is of interest beeause the solution is a convergent
series, although ¢ appears in the denominators. The reason is
that the development of e~ introduces factorials.



CHAPTER XXV

PROBLEMS INVOLVING CONVERGENT AND
ASYMPTOTIC SERIES

In his second volume on ‘‘ Electromagnetic Theory," Heaviside
gives, on page 42, the solution of a problem involving an infinitely
long “ideal” cable connected to a battery through a coil. On
page 40, he gives a similar problem where, instead of a coil, he
inserts a condenser. In both cases, he obtains operational solu-
tions involving fractional exponents of p. He proceeds to expand
them in powers of 1/p and in powers of p. The expansions in
powers of 1/p give convergent solutions and are conveniently
used for small values of {. The asymptotic solution—if com-
plete—is suitable for large values of ¢ and is always subject to a
certain error, which, however, can be determined.

In the second problem, the asymptotic expansion is the com-
plete expansion; in the first problem, a term is added and no
satisfactory reason can be found in his three volumes on *‘ Electro-
magnetic Theory’’ or in his two volumes of Electrical Papers.
To be sure, on page 159 of his first volume of Papers and on page
490 of his second volume of Theory, he discusses a similar problem,
and these pages give a clue to his reason.

In connection with the study of operational calculus at Union
College, and with the assistance of Dr. J. J. Smith and 8. J.
Haefner and E. W. Hamlin, we have found several methods
which are applicable to problems involving only one variable 7;
in other words, to problems of infinite lines where the condition
at the generator (r = 0) is desired. Undoubtedly, investigations
along these lines have been made by others, but the writer is
familiar only with the work of W. O. Pennell, which covers the
same field as ours and gives identically the same results.

This field pertains to operators which are of the form

Y=gyt
124
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where Z(p) is of a form which can be rationalized to contain only
integral powers of p,and Y (p) contains either integral or fractional
powers of p or both.

The operational solutions for infinite lines where the condition
at the generator is desired are of the form

y = Y - E1 (122)

1+ (ap)?
where 7 is any odd integer.
Procedure: Rationalize the denominator thus,

n
[1 - wilrw .
= (ap)® E1 (123)
Convergent Solution.—In equation (122), divide through and
obtain an infinite series with p¢ in the denominator of each term.
Some of the terms will contain ¢ven powers, others, fractional

powers in p; and insert the values of the various 1—;,1.

An alternative method, which is frequently preferable, is to
break up equation (123) into two terms, one of which contains
only even powers of p, the other, only fractional powers of p.

The first part is then solved by the expansion theorem; the
second is expanded by division, as discussed above. The com-
plete convergent solution is the sum of the two. Obviously, this
solution does not contain the same terms as the first—but both
give the same result. The second method usually tells the nature
of the phenomenon, with far less work.

There is one thing to be careful about and that is to pick
the right roots when Z(p) = 0. These roots should satisly
equation (122) as well as (123). To illustrate: If n = 3, the
proper roots are

lge | o li_q900
1 ~1
S0, lhi2e, 1120

not

1240°

Qlm

1 1
_|° —[120°
ao’ ’

a
for n = 5, the roots are

110 1 o 1 °
et S 1472 S 4144
alo_i al':___.’ aL—____
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Asymptotic Solution.—Rule.—After equation (123) has been
obtained, solve not only the part which contains even powers of
p, but also the other part by the expansion theorem, omitting the
Y(0) term which is contained in the asymptotic serics. The
result obtained from these we have called the additional term,
which often turns out to be zero. If it has real as well as imaginary
terms, the imaginary part is rejected.!

The asymptotic series is obtained from equation (122) by
division, arranging the division so that all »’s are in the numer-
ators of the different terms. Some terms will have even powers
of p; these are all zero.

The methods given above seem to be the simplest of several
which can be used.

The solution of a number of charactenistic problems will now
be given.

Problem.—An infinitely long ‘“ideal” cable is connected to
an alternator of voltage e = E sin «f at time { = 0. Find the
equation for the current at the generator.

It was shown in Chap. XXIV that the operational solution
when unit e.m.f. was supplied is

. C ,
1 = E .Rp’1
The operational expression for sin wfl is pt 1_;‘_"”21. (Sec page29 )
Thus
.o [C pi
i=FE R® P
Convergent Solutions: R
Since
1 1 0?, ot
pe T T
i= Ew\/%[p‘* —op it etpi— - |1
_ Ct _ (2ut)? @)t ]
- 2E°’\[R¥r[1 135 T 13579

1 See article in Jour. Franklin Inst., February, 1928.
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as seen from equation (112a). Or we could obtain the solution
by “shifting”’

C‘ 1 elwl_e—-)u!
-mfp o Ty

Note that
plet] = e9t(p + jw)i 1 = eept + p~ljw — - - - 11
and
ple e = eoi(p — jw)i 1 = eiph — Ip~ljw + - - - |1

The result becomes

1= E\/Z,[A sin wt + B cos wl]

where
1

A= - 4+ _ thot + -
Vr 32 74
1 [wt w3 | o
B = = %
\/w[ 1 53 +9L.,]

Note that A and B converge rather rapidly. As ¢ becomes
larger and larger, A and B become more nearly equal and in the

limit when ¢ = ©, 4 = B = \/"2"
Thus, the final current is

and

Cw, .
» = E\/ég(sm wl + cos wt)

It is of interest to note that there are several ways to get the
convergent solution. We might have expressed
w33

|3+...

sin wt = wt —

When these terms are operated on by pl, we get

. Cw 2:22 B(wt)t ]
i=FE ;3[2‘/“—" i35 + 19579
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Finally, by referring to the table of miscellaneous formulas and
the comments on the use of Duhamel’s integral, we get

Mt cos wu 4
= w "
7R ). =0 ‘\/f —u

We have given four different solutions, all having the same
result and all suitable for small values of t. Incidentally, it is
seen that p! sin w7 is a transient which eventually becomes
v w sin (wf + 45°), since p = jw in the steady state.

Asymptotic Expansion:

C plw
R p? 4+ o?

[¥al 2
- E\/f‘;prw[ - T L IER ]4

_ E\[C’ [p’ p* p= o ]1

1 135 L 13579 .

= R,,-f(Zwt (2wt)? " (2wt)8 ’ )1 (124)

Equation (124) is not the complete solution, because, in this
case, there is an ‘“‘additional term.”
=P
y= pz + w?
has a pair of imaginary roots, p; = +jw = w/90° and p. =
—jw = «|—90°, which are obtained in the usual way by making
Zam =0
dzZ
P = 2p°
! dp /
Yo _ p _ 1
az — 2p*  2p}
Pap
Yo

dZ =5 \/w |—45° = \/w(cos 45° — j sin 45°)

p p=m

1
= o TP
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Similarly,

Y(p)
— 1 +
deJ 2\/2 (+3)
d]) b= p2

= "(/ ~[(1 = et + (1 + f)e]

\/w

and the complete asymptotic solution is

. Co . (1 1-3:5
Problem.—A condenser C; is connected hetween the battery

and an infinitely long ‘““ideal” cahle, as shown in Fig. 50. Find
the potential difference at the right-hand side of the condenser.

. Il
U]
|| Qg;{, ,
Y

F1a 50,

(cos wt + sin wi)

It has been shown that the impedance operator which replaces
the cable is (R/pC). Thus, the total impedance at the battery is

R\} 1
(pC) + pCy

Therefore, the current at the battery is
E

R\? 1
(‘,,a) 3¢,

The voltage consumed by the condenser is {,/pC,. Thus,
E 1

1

=

]"o = El — W})Cl1
(pC pC\
This can be brought into the following form:
hip‘ R_Cilz

———1, where

Vo = Bppi it c
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Convergent Solution:

o l ] 1 « ..
Vo= Eh‘p#[hip‘ - ilp + h_4p‘ - ]1
o _ 1 11 L
B E[l hip? + hp  hipt + ]1

Here we have one series of integral powers in1,/p.  This part sums

1
up to Fe'. In addition, we have a series in fractional powers of

1/p.
The latter becomes

ENT, L 2t 1 (o
“2E(h,r) l‘ Tiantiss h) o

‘I'hus, the convergent solution is

-l (t)*[ 2 1 2t)21 l
"‘E\"‘zhvr T4y ERAVYAE |

Asymptotic Expansion:

Vo= Ehipi[l — Wpd+ hp —hipt + h3p*- - - |
= Elhipt — hp + hipt — h*p* 4+ - - - 11

The even powers in p contribute nothing, thus:
/ £

Vo= Ehpt +hipi4-- |

b h } 1-h . h ? — . h 3 [
SOl ARt OREORE

The question is whether or not this is the complete asymptotic
solution.
In this case, it is the complete solution, because when the
denominator is rationalized we get
hipt L hipi(pt — 1)

Vo= Bpi i =%

]

]

Z = 0 gives p = 1/h, which is real. When this is used, the
numerator becomes zero, thus: V'y = 0.
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Problem.—Consider, next, a similar problem of an infinitely
long “ideal” cable, where the condenser is replaced by a coil
of inductance L,, as in Fig. 51. It is readily found that

Vo = E C*L_x
T I4gip R}
[5 L ‘%
y
Fia. 51

('onvergent Solution:
1 1 1
Vo=E|l--" - = —. 4 — — - -+ |1
° [gip' oo T g ]
dr/ t\1 2t\s 1 2t 1
Es(w) [1 +( )579 +( ) 579111315 ]
Ns 1 (t\s 1 :
[(0) 3t (g) O J

This solution is complete but does not show directly that there
is an oscillation. This can be brought out by rewriting the
operational equation with rationalized denominator. 1t is

E E(1 — gipt) ,
Vo= iF glpi'I | — gip 1= E + B)
where
-1 Y b
A-—l_gspaandB— 1 = gip?

A issolved by the expansion theorem. Z(p) =0 gives three roots:

! and ;:1120°

t
A= [1—; 3e 1"cos\/5J

B when expanded in powers of 1/p gives the same result as
we obtained in the expansion given above. It is

B=ééf(‘.’;r)[1+< )5;9+ . ]

The result is
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It is interesting to note that

t\’1 t\e1
Qe -
Asymptotic Expansion:
Vo =E[l — gipt + ¢%p* —gipi + - - - 11
The even powers in p contribute nothing. Thus,

AP 1) I\ 4 _ 1armnf9 )
o4 (0 [ - a8

| aema 12T\ L .. L
+ 13579 11 13(%) + J}

t t
to2-t /3
e — 36 v COS"Q'é-t)

[V

To find the ‘‘additional term,”
O S

I = g%
N A R
;)(77«) = —3g%p3, which for p?* = o gives —3.

[

1- g*p*(for p= ) =(

1- g*p*(for p = ;[+12()°) =1 - 1/180°

Q

1— gipif forp = :};—_—1_2()°) =1-1-180°

LV = ]_-*: le(—-ahﬂ)f + 1 + ]e(—a—lﬂ)t
-3 -3
4 1 V'3
—_ — —atl < O = =
€% cos pBt. where « 29 and 8 2
The complete asymptotic solution is, then, the asymptotic
expansion Vo + V',

Problem.—An infinitely long line, having constants K, L,and C,
is connected to a storage battery of voltage E. Find the current
at the battery.

The operational solution for any infinitely long line has been
shown to be

. Y pC pC \?
1 = E1 = g - YN E1
= et = ()
Let
R _ ._C} pt
3L, =@ then ¢ = L+ 2a)‘E1
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Convergent Solution:

_ ¢ E Ct 2a¢ . 1:3/2a
(RS )’ IR G
14
1-3/a\2  1:3:5/a\3
FL'[ > T 12 ('ﬂ) Kl (P) . I’
Ct 1-3:5 ’
=FK ,[ — af + ('2).;(“[)2 - (3)2(¢x!)1

Il’
This is a convergent series suitable for small values of of.
Asymptotic Expansion:

1

Ci Clpt 13t
B 13 2 )i[” 22 T 24 (2a)? }1
'(' l 3 12 ]2.32 ]2.32.52 o )
=B o] 8t T 28ay T 308002 I

This is the complete solution. The “additional term” is zero,
as can easily be seen.

Characteristics of Asymptotic Series Illustrated Numerically
in This Series.— Assign certain values to the independent vari-
able ¢, or perhaps, more conveniently to 8at in the above series.
Let 8at be equal to 8.

Then the series becomes

1 9 225
ItgtopTosiat
=14 0.125 + 0.0351 + 0.0735 + - - -

Note that the successive terms are smaller up to the thlrd term.
After that they increase.

Heaviside says: ‘‘Seck the place where the smallest term occurs,
then the error where the scries is summed up to this term is less
than the smallest term.”

In this case, the sum is 1.1601 with an error less than 0.0351.

The larger the value of 8at the smaller is the percentage error.



CHAPTER XXVI

DIFFICULTIES OF INTERPRETING POWER-SERIES
DEVELOPMENTS

It is not always possible to see the physical meaning of a power
series. It may give a far more complete answer to a problem
than is suspeeted at a superficial glance.

As an illustration, consider an alternating e.m.f. Esin wf
impressed on an inductive circuit.

The operational solution is, as shown in Chap. VI,

. be_
P+ ) (r + pL)E1

If this is expanded by “algebrizing,”” we get

;= 9B[1 _a_ o =’
Lpt p3 pt
_ “(“2_: o) pol @ttt ot l1
p 4
Eo[* 3%  #H, | .
IAd A ’
- ,Sa(az ~ w?) + 6 (0 — 22?2+ a?): - - l (125)

It is not readily seen or generally known that this sories. gives
i= Z[sm (wl — B) + e sin f] (126)

which is the proper result not only for the permanent term but
also for the transient.

In this case, & = }and tan g = er = ::- To prove it, expand

4
equation (126) in a power series.

134



CHAPTER XXVII
LINEAR FLOW OF HEAT

The differential equations pertaining to heat problems in one
dimension are identical with those of the ‘“ideal” cable, if the heat
losses due to convection and radiation are neglected.

Let Fig. 52 represent a section of a conducting wall, one part
of which is, metal, the other part, cork; and let us assume that
a definite amount of heat is flowing to each unit area per
unit time.  Find the temperature at any point.

N,

Wil
Zero Temperature.

F1g. 52.

Let Vobe the temperature above zero at any point in the
material.

Let ¢ be the amount of heat given to each unit area per
unit time.

Let R be the heat resistance of the material; it is the temper-
ature drop per unit length when unit heat flows through the
material and steady condition has been reached. Thus, R is the
temperature drop per unit length.

Let C be the heat capacity per unit volume; it is the number of
units of heat which are required to raise the temperaturc 1°.
The temperature increases as z increases. The rate of increase
is 3V /dz; thus, the difference in temperature over a distance dz

. 0 . g .
is al; dz, and this difference, as has been stated, is equal to 7Rdxr.

L_lav
" R oz
135

(127)
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There is a difference in flow of heat on each side of the element
dz due to the heat absorbed.

This difference is g'rd.r. But heat capacity is, by definition,

c - total heat absorbed
~ 7 temperature rise
_ heat absorbed per unit time X time
=  ‘temperature difference

Thus,
i
- drdt . .
ox o _ dy
Cdr == .-or, =C, (128)
From equation (127),
a1V
or R ar?
R S
Coopt = CRrR i (129)
217
O = pCRY = ¥ (130)

From Chap. XV,
¥V = K, cosh nr + K. sinh nx

i = :[K, sinh nr + K3 cosh nr]

where ¥ = pC and n® = pCR.
If for x = 0 (outside wall), V' = 0, then K, must be zero.

..V = K, sinh nx

and .

7 = an cosh nx

From an electrical point of view, we have really two ideal
cables of different constants n, and n,. These cables are con-
nected in series and the far end is short circuited (since for z = 0,
V = 0). At the generator, a fixed current I7 is supplied and
the problem is to find the voltage at any point in the system.

Referring to Chap. XIX, we substitute for the right-hand
cable an impedance ', placed at the end of the first cable. This
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impedance is
14 ny sinh n,l. (13])

2= = = —r

1 Yicoshnil,

We have, then, a single cable of length I, with an impedance 2’;
at the end of the line. The general equations for this line are

V = K, cosh n.v + K, sinh a.x
7
i = %3[1\' y sinh nr + Ko cosh na]
2
In this case, x is measured from the right-hand edge of the heavier

shaded material toward the left. For

=0,V =1ig's. .12 = (K, + 0) = K;
therefore,
V = {s2’s cosh naxr + Ko sinh nox

%: z[i,z'g sinh ner + K3 cosh ngx]

1=
For
r =0, 1= 1
Thus,
P 47 _ Mt
1o = "2]\2 or Kz = Yz
For
I = lg, 1= 11
1= Yz['):zl"z sinh nl, + Rats cosh ‘Ilzlz]
No Y2

1 ne

Ll = T 1
Y,lz’ 2 sinh nals + %‘,’— cosh ‘nzlz]
2

Thus, the voltage at the junction between the two materials is

\ 12’30,
292)y = — Lkl 1

Yz[ Z’z sinh ”,112 + _"_'12 COSh ’N.zlz-l
2 .

Y

and the voltage at any distance x from the end of the short-cir-
cuited cable is, from Chap. XV (equation (57)).

_ Ingzo sinh n,2
V - n sinh n;l,
Yz[z' » sinh noly + <~ cosh ‘nglz]

Y,
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After substituting the values for 2’5, 2), and 2», we have

r_ IR\R, sin mx ) ]
Rymy cos mly cos mely — Rims sin myl; sin moals
. C.R,
Z = 0 gives tan m,l, tan mol, = 2
CsR,

The solution is very cumbersome and will not. be attempted.

To introduce fractional differentiation, another and simpler
problem will be considered. Assume that the wall in Fig. 52
has no metal lining, so that we may deal with the conduction
of heat by one substance only.

From the general cquations for a short-circuited “ideal”
cable of finite length, we have

smh nx

“ginh nl
and
Y cosh nz

=€ - = -
n sinh nl
Again let the flow of heat applied at xr =1 be I7. Then

o = sinh ul I1 or, since Z.n
“ = y cosh nl n Y
- R sin mi s_l'n‘mx R qln me "1 (132)
m cos ml sin ml ~ m cos ml

The first question is can the expansion theorem be
used. Is p = 0 a root? If it were, then as p approaches zero,
equation (132) should approach infinity. That is not the case.
As p approaches zero, equation (132) becomes IRx. Thercfore,

the expansion theorem can be used.

Zy = 0 gives cos ml = 0 or ml = 2 2_—-—]1r

.

pg—g becomes, after the roots of p have been substituted and

2
after some transformations, ";l(—l)'. Since cos ml = 0 and

sin ml = (—1)°
Y
Zo

[x+ 3 (-1 (;;“m;‘),e'i"’“] (133)

a=1]

= IRz
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At the source of heat, r = [ and

4= o mit
—IRl1+ 83 o
LS N Ty

where
m = 2s - 1x
2 1
The same problem will now be considered from the point of
view of an infinitely thick wall or an infinitely long ‘“ideal”” cable.
Referring to Chap. XXIV and measuring y from the heated

side,

e = Ae—ﬂll 1' = YA‘—MI
n
For
y=0 i=I1 .-.A=]’fl1
and
e = ;;e"'"' 1= I:'L-e"‘" I1
RI ny?
= w(]-—ny-l—-—,%—- : ‘)1
Since n = V/pCR,
VCRy: ., CRy?
- R — P . — . 3 .
e I[\/CR v+ 2 P 3 P+ ]'l
or

0-—]\/ [21.—,,\/01‘)4_0133’“_9_22}3;_”...]

At the heated surface (y = 0),
4Rt
=1 xC
Using the c.g.s. system and cork,
R = — 10,000 and C = — 0.07

1 watt per square inch corresponds to 0.256/1,000 gram
calorie per second per em.?



CHAPTER XXVI1II

THE NUMERICAL SOLUTION OF ALGEBRAIC AND
TRANSCENDENTAL EQUATIONS!

A remarkable article by Germinal Dandelin was published in
1826 in the Memoirs of the Royal Academy of Sciences of Brussels.
It describes a masterly device for obtaining the roots of an equa-
tion. Unfortunately, Dandelin’s research had the misfortune
to be buried in the ponderous tomes of a royal academy.

Later, the Academy of Science of Berlin offered a prize for the
discovery of a practical method of computing imaginary roots.
The prize was awarded to Carl Heinrich Graeffe in 1837. His
method was known as the Graeffe method, and he employed the
same principle as Dandelin. It is of great use, especially in the
case of equations possessing complex roots. Preliminary deter-
mination of their approximate position is unnecessary, and for
algebraic equations all roots are found at once.

Its principle is to form a new equation whose roots are some
high power—say, the two hundred fifty-sixth of the roots of the
given equation. The law by which the new equations are con-
structed from the original is exceedingly simple. If x;, zo,
Z3 . . . are the roots of the given equation, then z,2%8, 1,256,
z3%6 . . . will be the roots of the constructed equation. The
latter roots are widely separated, for if z;, were twice z,, then
x1,2%¢ would be 2%3% times x,25%, and an equation whose roots are
widely separated can be solved at once numerically.

Suppose that it is required to solve the equation:

r+ax '+ a4t a3+ +a, =0 (134)

Assume, for the present, that the roots are real and unequal
and that they are —a, —b, —¢, —d - - - , the order being that

1 The application to electrical problems as well as the mathematical
theory for the solution of algebraic and transecendental equations is here
given. The basic theory is taken from Whittaker and Robinson, ¢ Caleulus
of Observations,”

140
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of descending numerical magnitude, so that |a| > [b| > || >
ld - -

The values a, b, c,d . . . , which are the roots of the equation
reversed in sign, will be called the Encke roots.

Suppose [a] =a + b+ c+ - - - ie, the sum of the Encke
roots and [ab] = ab + ac 4+ be + - - - 1.e., the sum of the prod-
ucts of the Encke roots taken two at a time, and so on. Also,

[(l"’] = qm + hm + el + « ..
[ambm’l = q™bm™ + am™e” + hmem™ + . e e

Now we can write equation (134) as
z" + [ale*=! + [able=? + [abelen—2 4 - - - [abed - - - ] = 0(135)

and the equation whose roots are the mtt power of the roots of
the given equation will be, m being even,

x + [am]xn—-l + [ambm].rn—‘z + [ambm(.m]xn—-s 4+ - =0 (136)

It is necessary to construct equation (136) when equation
(135) is given and m is some prescribed number.

In practice, m is a large number in equation (136) which is
ultimately formed, but we do not attempt to construct this
cquation at a single step; instead, we first take m = 2, 7.e., we
form a new equation whose Encke roots are the squares of the
Encke roots of the original equation; then, having done this, we
repeat the process, forming a new equation whose Encke roots
are the squares of the equation last obtained—that is, the fourth
powers of the Encke roots of the given equation—and so on.

Thus, our immediate problem is to construct equation (136)
when equation (135) is given and m has the value 2. This is
done as follows: Rearrange (134) so that the terms containing
the even powers of & are on one side and the terms containing the
odd powers are on the other; assume » even:

(.E” + a21-n-2 + awﬂ—l + P ) =

(-—a;x"" — asxn—a —-— aan—b - s )
gquaring both sides,

(xn + azzn-z + a‘xn~4 + [ )2 =
(01.’6"—‘ + aazn—s + awn-b + o )2
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expanding,

rn + azxZn-z + a 4-132"_‘ + a2x2n—2 + azﬂzzn—'i + asa wz»—& +
an:""‘ + azawh—ﬁ + a42x2n-8 + .
= alz‘pzn—z + a]aax‘.!n—4 + alaExZn—G + 0:1@3172"—4 + 032172"_“
+ aaaax""“ + .
Now let —y = z?

(=) + al(=p)"t + o =y)** + as(=y)"" + a*(=y)"* +
a03(— )" + as(—y)"t + aaa(=y)*? -

= aX(— )" + aag(— )" + s~y + aas(—y)
+as2(_y)n—-:l + asas(__y)n—ti 4+ -

and, since n is even, this becomes

n—2

y* — a4 a@ "t = ayh! + eyt = day™ T + awy
_a2a4ynt~3 + ..

= _alzyu—-l + alaayn—2 ~— a;agy""s + alaayn—z — aa-zyn—a +
Gaaay"“i + P

collecting, we have
¥+ (a2 — 2a5)y™! + (.2 — 2a105 + 2a)y*" 2+ -+ - = 0 (137)
but the roots of (134) are —a, —b, —¢ - - -
.*. the roots of (137) are —a? —b% —¢? : -

Thus, writing r in place of y, the equation whose Encke roots
are the squares of the Kncke roots of (134), is

£ + 012 It + 022 e + a:i“! ‘} R et + 042

—2a, —2a,a; — 20904 —2a3a; »
42|  +2mai | +2aet T T
—2a, — 24,0, = () (138)
+2as .

Stating equation (138) in words, we arrive at the law of for-
mation. The coefficient of any power of x is formed by adding
to the square of the corresponding coefficient in the original
equation the doubled product of every pair of coefficients which
stand equally far from it on either side, these products being
taken with alternately negative and positive signs.

Now repeat the process to equation (138) and obtain an equa-
tion whose Encke roots are the fourth power of equation (134).
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The next stage yields an equation whose Encke roots are the
cighth power of (134), and so on.

Suppose m = 64 or 128 or 256; since a > b, then a™ is enor-
mously larger than b™ or ¢™ or d™, and thus the sum [a™] bears
to its first term a™ a ratio which is very near to unity. Similarly,
[a™bm] = a™b™, or, more precisely, sincca > b > ¢ > d

[a]}/a™ = (1 + €) where [a™] = a™ 4+ b™ 4 ¢™ - - -
and e is very small.

i.e., log[a™] = mlog|a| + log (1 + ¢
1 1
o log lal = " log [a™] — " log (1 4+ ¢)

We have caleulated [a™] and can neglect 1/m log (1 + €).
NoTE.—m is made large enough so that this is possible. Thus,
|a| is determined. Next

fa"b™] = amb™(1 4+ v)
log a™b™ + log (1 + ¥) = log [a™b™]

1 oy 1
]ogab-—-;nlog[a bm] — mlog(l-i—'y)

1 1
log [b] = o log [a™b™] — w log [a™]

thus, [b| is determined, and so on. In order to find the correct
sign, we may substitute the root in the original equation.

An all-important question is when to stop in our doubling of
m. The time to stop is when another doubling of m would give
a result not different in the digits we wish to include from the
roots which would be obtained by stopping at once—that is to
say, when the coefficients [a*™], [a*"b*"] of the new equation are
practically nothing but the squares of the corresponding coeffi-
cients [a™], [a™b™] in the equation already obtained. This point
will show up clearly, however, in a numerical illustration.

Suppose we take a simple quadratic equation for illustration:
(z + 2)(z + 1) =0. Here the roots are —2, —1, and the Encke
roots are 2, 1.
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The following tabulation is convenient:
243x+2=0

x? T c
1 3 2
Qquare of coefficient 1 9 4
doubled products —4
p? 1 H
1 25 16
-8
pt 1 17 16
1 28‘) 256
—32
pb 1 257 256
1 6.6 X 104 6.5 X 104
—0.05 X 104
pls 1 6.55X 10¢  6.55 X 104

p denotes the original equation.

p? is the equation whose Encke roots are the squares of the
Encke roots of p.

p* is the equation whose Encke roots are the squares of the
Encke roots of p2.

y 1 6.55 X 10*  6.556 X 10¢

1 42.8 X 108  42.8 X 108
~0.00131 X 108

p** has coefficients which are practically the squares of the
coefficients of p'¢ to the number of figures we wish to carry:

p* 1 42.80 X 10® 428 X 108
or (6.55 X 10%)*
Thus, we will stop at m = 16.
z? 4+ 6.55 X 10z + 6.55 X 10* = 0 is the equation whose

Encke roots are the sixteenth power of the Encke roots of the
original equation.
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a'® = [a'%] = 6.55 X 10!
log |a| = i% log 6.55 X 10* = 11-6[log 10* + log 6.55]

1

14+ 0.8162] = 0.3010

a=+ 2
[a'®b%] = 6.55 X 10* = (ab)'®

log |ab| = 116 log 6.55 X 10¢

log b = 1—16[4.8162] ~ 0301 =0
b = +1 the roots are then —2, —1.

COMPLEX ROOTS
Suppose the equation
"+ a4 a4+ 4y =0 (139)
is of the fifth degrec and has for its Encke roots a, b, ¢, which are
real, and rew, re¢, which are imaginary
Suppose |a| > r > |b] > ||
Equation (139) can be written
4+ a)(@ + ree)(x + rew)(x + b)(x+¢) =0 (140)

and an equation whose roots are the m™ power of the roots of
the given equation (Encke roots) is
(x + a™)(z + rmeme)(z + rmeme)(z + b™)(x + c™) = 0 (141)
Let us multiply these factors:
[z® 4+ (a™ 4+ b™ + ¢™) 22 4 (a™b™ + a™c™ + bmc™)x + a™b™c™]
[z2 + rm(eme + e'me)x + r2m] = 0 (142)
Note that '
rm(eme 4 ¢'™P) = 2r™ cos My
multiplying (142),
z8 + [(a™ + b™ 4+ ™) + 2r™ cos me) x4
+ {[(ab)™ + (ac)™ + (be)™] + (a™ + b™ + e™)2rm
cos me + rm} 3
+ {(abe)™ + [(ab)™ + (ac)™ + (bc)™]|2r™ cos me + (143)
rim(a™ + b™ + c™)}z?
+ {(abc)™ 2r™ cos me + r*™ [(ab)™ + (ac)™ + (bc)™]}=
+ r*™(abe)™ = 0
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Now, since |a| > r > |b| > |c|, retaining only the dominant part,
this reduces to
8 4 amz* + a™2r™ cos mOz2 -+ a™rimx? 4 ambmrimy

+ (abe)™ r2m = 0 (144)
Suppose also, that 7 > |a| > [b] > |¢|, retaining dominant part, we
arrive at
78 + 2rm cosme'zt 4 r2xd 4 rimamx? 4 ambrimx 4 (abe) mrin= 0

We sce that a pair of complex roots introduces a cosine factor
whose presence will be indicated by a fluctuation in sign of one
coefficient (which contains the cosine factor) as the root-squaring
process is carried out. If in our equation the coefficient of a»—!
fluctuates in sign, then there will be a complex root whose abso-
lute value r > |a| > [b] > |¢|. Also, r always occurs to the 2m
power except when multiplied by the cos ¢, to which it helongs
We are now able to write down the algebraical equation whose
roots (Encke) are some high power m of the roots (Kncke) of the
given equation and which contains a pair of complex roots.

If the equation contains two pairs of complex roots, there isno
added difficulty; for instance, suppose the sixth-degree equation
having two pairs of complex roots such that |a| > » > 7, > |b!
remembering that r and 7 occur to the 2 power, then we can
write immediately:

2% + amxb 4 2a™r™ cos mext + amrixd 4 2amrimr,™ cos me'x? +
ampup 2y 4 qmpZnp 2mpn = () (145)
or suppose
la| > 7> b >n
then
28 + a™zb -+ 2rma™ cos me'zt + amriryd 4 amrimpmy?
+ 2a™r*"b™r,™ cos me'x + ambmrimr?m = 0 (146)

We are now able to find the real roots and the absolute value
of the complex roots, but we are also interested in the real and
imaginary parts of the complex roots.

Suppose that one pair of complex roots and three real rootsl
ag, by, co, of the preceding fifth-degree equation are the actua,

roots—not Enckeroots. (u 4 ), (u —iv) are the actual complex
roots.

If the original equation is written
4 axt 4+ a2 + a2 +ax + a5 =0 (147)
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then the sum of the roots satisfies the relation
2u + do + bo + Co = —, (148)
from which v may be found. When r is found, we may find ¢:

v=Vrt—u
The two complex roots are thus determined, ao be o having been
determined by the method previously discussed for real roots.

CUBIC EQUATION HAVING ONE PAIR OF COMPLEX ROOTS
= 16r — 126 =0 (149)
Nore.—1.262 denotes 1.26 X 102
2.25% denotes 2.25 X 102, ete.

xr3 a,xr? asT aj
P 1 0 —-15 —1.26?
1 0 2.25 1.5884
30 0
p? 1 30 2.252 1.5884
1 9.002 5.0634 2.5288
—4.50% —05.284 0
pt 1 4.502 —90.224 2.538
1 2 (025 8.1 6.416
18.0445 —2.281!
P 1 20.06 58211 (.40
1 4.0212 3.382 1.0088
—1.1641 —2.57%
pie 1 2.86m 812 400
1 8.81824 6.5445 1.67¢7
—0.16224 —23.448
p3? 1 8.02%¢ —16.8645 1.6767
6.414 2.8492 2.79134
0.003374#  Stop as soon as doubled prod-
ucts become negligible.
p* 6.4134*
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.. Stop at p*2. Nore.—We may use a slide rule for the root-

squaring process, but from now on it is best to resort to longhand,
whence our results will be correct to the third digit. If we con-

tinue to use the slide rule, our results will be correct only to the
second digit. This is because the value of the roots depends
largely upon the exponent to which the (10) is raised, as, for
instance, the coefficient of z? is 8.02 X 10*. When we take
logarithms, the value of the root is determined largely by the
24. By using the slide rule in the root-squaring process, we can
arrive at the correct exponent.

We note that the coefficient of z oscillates in sign as we carry
out the root-squaring process. This indicates a pair of complex
roots. We may, therefore, write down our p™ equation. Also,
we know that |a| > r, since the cosine term is in next to the last
term.

28 4 amx® + 2a™r™ cos mb x + a™r*™ =0 (150)
p3 = % + 8.02 X 10%z* — 16.86 X 10*r + 1.67 X 10%7 = 0
(151)

Now continuing our work n longhand, comparing (149) and
(150), and noting that m = 32,

log a** = 24.9042
log |a| = 0.7782
a = 6.00

It is necessary to use four-place logarithm tables to find the root
correctly to three places.

log (ar?)” = 67.2227
log ar? = 2.1007 ar®* = 126.1
126.1
e
4.59

= 21.01

r? =

]

r
2u 4+ a = —a, from (148)
2u = —6 o o
w = -3 r=+r=u=42101 -9 =12 = 2/3

The roots are

-3 +24/31
6

Ut ow
a
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SEVENTH DEGREE EQUATION HAVING TWO PAIRS OF COMPLEX
ROOTS

To find u, v; u’, v
Consider a seventh-degree equation having the roots

to,bo,c0, u i, u £ o
The equation may be written
(x — ag)(x — bo)(x — eo)(x — u + Ww)(x —u — w)(x — v 4+ 0v')
x—u —-—n)=0
1.e.,
(x — ag)(@ — bo)(x — co)(x? — 22u + u? + v?)(x? — 2u'z
+ a’ + 0'2) =0
(xr — ag)(x — bo)(x — co)(x? — 2zu + ) (x2 — 2u'x + r'2)= 0
[x3 — (an 4 bo + co)x? + (aobo + aoca + boco)z — aoboco]
[x2 — 2zu + r?)[x? — 2u'z + r'z] =0
Multiplying out, we have, for the coefficient of r,
(aobo + aoco + bo(:o)rzr'2 + 2uaobol‘w'2 + 2u'agbocor?
or
2% (agho + aoco + boco) + 2achoco(ur’” + u'r?) = ag (152)

of which all is known except « and u’.
We also have, of course, the equation

@+ by +co+ 2u 4+ 20 = —a, (153)
from our original cquation
2" + ax® + a.7® + aszrt + a2 + asx’ + ax +ar =0

From (152) and (153), we can find v and %/. Then v and v’ can
be found as previously discussed.

SEVENTH-DEGREE EQUATION HAVING THREE PAIRS OF
COMPLEX ROOTS

Write equation in form
( = a)(& — ur = jn)(@ — wr + 1) (@ — us = jva)(T — us

+jva) - -

0
(z — a)(x? — 2uiz + 1?2 (2? — 2uex + 72?) (2% — 2usr 4 732) =0
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Multiplying out:

(x2 — 2wz + 712) (22 — 2usr + 122 = [24 — 2(u1 + ug)x?
4+ (12 4+ r® 4+ duuz)x — 2(ueri? + wire)x + 72y

Multiplying this expression by (2 — 2uzr + 73%), we have

L8 — 2(u1 4 ug + wz)rd + (112 4 1o + 132 + dugus + 4ugus
+ duguy)x!
=2(uzr® 4+ wire? + wari® 4+ wars® + wirs? + uars? + 4ugugig)e?
+ (72?4 1i2rs® 4 ra¥re® 4 duguars® + usuire? + 4ugugrs?)a?
—2(uari?re? + 137 g + i) x4 1t =

Now multiply by (x — a) and find the coefficient of x to be
(ri2ro?r.? + 2ar:2r02uy + 2arPr3%us + 2are%r2u,) = ag
Also, the coefficient of z2 is found to be

~2ry%r2%us — 2rs®ri2us — 2ra?rs*uy — a(rire? + ri2r3? + ra’re?)
—4a(r2ugus + ro2uiuz + r32ugng) = —as

And, likewise, the coefficient of x® which is somewhat simpler
and is the equation used in the illustrative problem, is found to he

("12 + re? 4+ 7‘:{2) + 4("1"2 + uuy + "I“tl) + 2"("1 + u: + ’ll,-,)
= a..,
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APPLICATION TO A SEVENTH-DEGREE EQUATION HAVING
THREE PAIRS OF COMPLEX ROOTS

0.5z + 2% — 2.5

0

X7 4 @ x® 4 aex® + agxt + a2’ 4+ agx? + agr + aq
x? xt xe I F F x «
P10 0 -05 2 0 0 -25
10 0 025 4 0 0 625
1 0 0 25 0
P’ 1 0 4 025 4 25 0 6 25
1 0 16 0 0625 16 625 0 301
- 8 8 - 32 - 125 313 ~ 3125
pr 1 — 8 24 —31 94 1475 9 38 — 3125 391
1 61 H 762 102 2192 8 8O 0 80 1532
—48 -5H11 - 0709 MRIUE a2 3 -7 34:
0205 — 0150 — 1502 - 2500
00625 625
e 1 16 09452 022483 — 057 - 149 246° 1534
1 2 562 8 B3 4 93+ 3250 2226 605 2 34s¢
— 188" —714?2 1081 66.5¢ 002764 4554
-~0114" - 41764 46 2¢ 0 680
— 0049 - 49!
pe 1 68 1 H8¢ 1208 6 65H 20930 4 61¢ 2 348
1 4 623 2 5% 114 4 421 & agr” 2130 5 481
316 —1863 — 218 — 070411 - 6140 — 137
1 338 3 ORY — 01461 0 056212
— 009248 — 000321
p2 1 146! 2 208 - 157 3 8611 2 5062 7612 5 481?
1 213, 4 8412 2 46'8 1492 6 324 578" 3 002
- 4408 4 50 — 170 00787 ~ H 87N — 275
077212 00078 00003 - 001722
— 0000028
P 1 — 2278 ] 023 7671 157 4137 3032 3 002
1 515 104 5 88% 2 4648 1719 918% 900
—20 412 00358 —3 X 17% 000006%  —05 247 — 0248%
—0000019¢:— 0 00006
P 1 — 15314 1073 — 25818 2 464 - 935 8930 9005
1 2348 1170 6 667 6 059: 8 74% 70700 810
—~ 215" —0008 — 537 0000 — 4 30w 0 18810t
P 1 19 1160 1367 6 0592 4359 814100 g1
1 361 13510 185 3 6615 18010 6.632: @ How3
— 232 000 —14 114 000 0 985195 000

1)“!

Coefficients are practically squares of p266

.. Stop at m = 256
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Let us rewrite the p equations for comparison:

xr? It xb rt xrd £ X c
p 1 0 0 - 050 200 0 0 ~-2.50
» 1 0 4 0250 400 250 0 6.25
p 1- 800 240 —31.94 1475 938 -3125 39011

P21 160 0457 29232 571 1408 246° 1538

T 2.340
P21 1468 2205 — 157° 386! 25117 7612 548w
pM 1 — 2270 1.0218  7.677 1578 4.13%  3.03%  3.00%
P12 1 — 1.5318 1082 — 25838 + 2464 —035¢ 80350 90080
p®s 1 1.90% 1.1652 1367t 605 4.35%  R.14100 8100

P 1 6RO 158 1204 6.65° 2.938  4.61°

PP = 27 4 1.90% 2% + 1.1652 x5 + 6.05° x3 + 4 35
7?4 81410 4+ 810 = 0 (154)

In the above tabulation the cocfficients of zf, x4, z2, oscillate in
sign, indicating three pairs of complex roots, r,e$0, roe 62 pyetits,
The remaining root (a) is real and the smallest numerically. We
can write down the p™ equation as follows:

7 + 2r;™cos mb,x® + r2mxd 4 2r imrymcos mbyxt
+ 7 2mrg2mgd - 2r Impy2mp,m cos MmOzt
+ 1-‘2";7-2‘)."17.327»: + 7'12"'1‘22"‘7‘;2"'(1"" =0 (155)

Using equations (154) and (155) for comparison:

m = 256
log(r,2)™ = 52.0645 logr,? = 0.2034
2 = 1.597
log(ri2rg?)m™ = 02.7818  logr 2ry? = 0.3624

’I‘12T22 = 2.304_

log(ri?re?rs®))™ = 101.9106 logri?r:?rs2 = 0.3981
r,’r,’ra’ = 2.501
log(ri2rs?r3?)™a™ = 101.9085 logri?ra?ry’a = 0.3981
rﬁr,’r;’a = 2.501
2.501
a = m = 1.000
lOg 8 = 0.1017 T = 1.264 r, = 1.264 r? = 1.597

1.528 7, = 1209 7% = 1.443
1.582 r; =1.035 r% = 1.086

lOg T™Ty = 0.1812 172
log rirars = 0.1991  7y7rors
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It remains to find wy, us, us, v1, vz, vs. The complex roots may be
written uy + vy, ue + e, Us T Wi

Now the sum of the roots is equal to —a, = 0 = coefficient
of ¢ i.e.,

Uy + uz + Uy = —; (156)

(‘ocflicient of z,

riretrs? 4 2ariratus + 2ary’rs*uz + 2are’rifun = @ (1567)
(‘oefficient of x5,
(r2 + ra? + a2 + 4wgus + 4urus + fugus +

2a(uy + uz + us)= az (158)

Kquation (156) becomes uy + uz + s = — 0.5. (157) becomes
2.501 + 4.608u;+ 3.469u, + 3.134u, = 0. (158) becomes 4.126
+ 4(ugus + wius + ugus) — 1 =0
From (156) and (157) eliminate us and n: in terms of u, by means
of the following two equations

ffl-z = 01729 - 1.294“1
\us = —0.6729 + 0.294u,

Substitute in equation (158) and get
0.7815 +0.1720u, —1.294u,®
—0.1163 —0.6729u, +0.294u,’
+0.0508u, —0.3804u,*
+0.8707u,
0.6652 +04215u, —1.38u® =
which is quadratic
_0.4215 + 1/0.1776 + 4 X _1.38 X 0.6652
7

h 2.76
Uy = 0.864
The other value of u; does not satisfy the original equation.
m = V/1.697 — 0.7465 = V/0.85 = 0.922
souy £ jon = 0.864 + j0.922, correet to three places.
Uy = —.946, uy = —0.419, v, = 0.75, v3 = 0.954
.". the roots are a=+1
wy + jun = 0.864 £ 0.922)
ug + jva = —0.946 + 0.7505
ug + jos = —0.419 + 0.9545

correct to threc places
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COINCIDENT ROOTS

Suppose the roots a, b, V', ¢, d . . . arc Encke roots. band b
are coincident. And [a| > [b] > || > |d| > - - - We can write
the equation

@+ a)r+be+d)r+e)r+d) =0

The equation whose Iincke roots are the m™ power of the Encke
roots of the given equation is

(c + a)(x + ") (e + ")z + )z +dm) - - - =0
which may be written

xre + (um + bm + b’m + om + am - - - )£1n~l _,_[(ab)m + ((Lb,)’"
+ )" + be)" + Wy + @ + (b)) + (ac)™ + (ad)™
4+ - - ] 4 [(abe)m + (abb)™ 4 (abd) 4 - Jerd 4

[(abb'e)m + « + - o=t + - - - (abbled + + + )™ =0

Retaining only the dominant terms, we have

xr + amr"! +12(Ia"'b"'_|.l'"_2 + amhzmen—3 + a"'b2"'c"'$"_4 + .« .o
=0

Notice the coefficient of x"—2 If m is doubled, the coefficient
obtained will not be approximately the square of the correspond-
ing cocfficient as has previously been true, but will be approxi-
mately onc-half the square of the corresponding coefficient.
The coefficient of x*2 is (2¢"b”). (Squaring we get 4a?mb*";
doubling m we get 2a®"b*".)

Thus, we can detect the presence of the coincident root.

Illustrative Example :

284 7224 16 + 12 = ()
The successive equations are

pt a4 172 4 88z 4 144 = 0

pt x3 + 11322 + 2,848z + 20,736 = 0

ptxd 4+ 707z 4+ 3.43 X 10°z + 4.3 X 10* = 0

p's 2 + 4.32 X 10722 + 0.565 X 10"z + 1.85 X 107 = 0
p3? 1 + 1.85 X 1022 4 1.65 X 10%r 4 3.42 X 103 = 0
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It is evident that the coefficients of p* would be the squares of

the corresponding coefficients of p*? except in the case of the

cocfficient of z. This indicates the presence of coincident roots.
z% 4+ amz? 4 2a™b™x 4 a™b?" = 0 la] > |b]

loga3? = 152679 log|a| = 0.4771 la| = 3.00

log a*b% = 34.5339  log [b| = 0.3010  |b| = 2.00 = ¥’

The actual roots are —3, —2, —2.

PURE IMAGINARY ROOTS

To be definite, take a cubic equation having one real root, a,
and one pair of imaginary roots, ret/?, re=,

(x + a)(x + re®)(x + re?) =0 (159
is the equation whose roots are the given roots with their signs
reversed.

(x + a™)(x + rmem®)(x + rme'™) =0 (160)
has Encke roots equal to the m™ power of the Encke roots of the
preceding cquation. Expanding, we have
z* + (a™ + 2r™ cos mO)x? + (2a™™ cos mf + r*")x + amr?" = 0

(161)
Now let 0 = 7/2

x4 (a'" + 2r™ cos 1)1;).1:2 + (2a"‘r"‘ cos m; 4 r2m g -
amrim = 0 (162)
Suppose |¢| > r and retain the dominant part
pmis 28 + a™z® + 2a™r™ cos %rx +amm =0  (163)
When m = 2; i.e., finding p? we have cos =, which is (—1).
Thus, the coefficient of z when m goes from p to p? will change
sign, but when m goes from 2 to 4, or 8 to 16, etc., we have
cos 2, cos 4m, cos 8, which is always positive.
Also, note that doubling m gives for the new coefficient
2a2mptm cos wm = 2a?"r*m., But the square of the original
coefficient is

wm\?
4a2"‘1'2"'<cos—2 ) = 4q*mrm

For example, take m = 2 in equation (162):
a* + (a® + 2r® cos )z + (2a%r2 cos 7+ r)r +a’t =0 (164)
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Now, if the real root, is larger than r, it will be much larger
when m reaches 32 or 64 or may be so whenm = 2.

Retaining the dominant part and doubling m, we have for the
coefficient of z, 2a%* cos 2r. But the square of the coefficient
of z is 4a%r* cos?r, which is twice that obtained by doubling (m).
Therefore, to detect the roots =+ juv:

1. There will be one change of sign of the affected coefficient,
namely when m goes from 1 to 2, after which the coefficient of
that power of z will always be of the same sign—<.e., when m is
going from 2 to 4 to 8, ete. - - -

2. As the root-squaring process is carried out and |a| becomes
enormously larger than |r|, the affected coefficient will be approxi-
mately one-half the square of the preceding coefficient.

Application to a Circuit with Concentrated Constants.—A
voltage E is suddenly impressed upon the following circuit at
time { = 0. Find the current in the coil of inductance L at time
t after the switch is closed

Fra. 53

The total impedance operator is
oL _ (R +pL) (p°CL + 1) + pL

E=R+plit L1 PCL ¥ 1
giving the current in the resistance B .
. _ E1 E(pCL + 1)1

31

T Z T®FpL)@CLF1) + oL
Now, if 7 is the current in coil of inductance L

T - coil admittance _ 1/pL
71 branch admittance 1Z +pC
P
. %
D —"

1 + p°CL
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Thus,
. E1
"= CLLp + RCLp* + L¥Lop + R
Suppose £ = 100 volts L = L, = 2 henries
R = 400 ohms
C =1 farad
Then
100 1

"= 1551 800p? + 4p + 400

Solving by use of the expansion theorem,

Y(p) = 100
Z(p) = 4p® + 800p* + 4p + 400 = 4(p* + 200p* + p + 100)
dz
Pap = 4(3p* + 400p* + p)
Y _ B _100 _1
Zo R 400 4
Y(O) 2 Y'(]') e

Z (0_) PRy
dp

where the summation is for the roots of Z(p) = 0. Applying the
root-squaring method:

p? p? P ¢
r 1 200 1 100
1 44 1 1
-2 —44
z? 1 3.9998* —  3.0009¢ 14
) 1 15.90848 15.99928 18
7.9998¢ 7.9996+
z 1 15.9992¢ 15.09848 18
1 256.974416 255.948816 118
8 1 256.97441% 255.948816 116

There is no change from (z4)? to 8, so we can stop with z4.
The coefficient of p oscillates, indicating a pair of complex roots.
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The equation whose roots with sign reversed are the m™ power
of the roots with sign reversed of Z(p), is

3+ a”p® + (2amr" cos mo)p + amrim =0

am = 15.9992 X 108 ' (ar®)™ = 10%
mloga = log 159992 X 108  {logart =8
since m = 4 log ar* = 2.000
log a = , X 9.204098 ar? = 100
100 1
= . 5 2 3 =
log a = 2.3010245 ™ =500 = 2
a = 199.9975 r=1/2
py = —199.9975

The casiest way to find the other roots is to divide the original
equation by (p + 199.9975) and solve the resulting quadratic
P+ 0.0025p + 0.6p = 0
Thus,
pe = —0.00125 + j{/1,2
pa= —0.00125 — j\/1,2

By the root-squaring method, we proceed as follows:
| u -+

The roots are ! v — v
a

and sinee the sum of the roots is equal to minus the coefficient
of p?
2 4+ a = —200
u — 0.00125 .

r=4/1/2 v = AVt — u?

The roots are then

p, = —199.9975, p: = —0.00125 + 0.707j,
ps = —0.00125 —0.707;
Y(p) ' — " 6 ,—199.997b¢
—dz cP = 0;.120 xl()- €
Pap p=p"
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The other two roots pe = 0.707/90°067, ps = O.707|_3_2§_Sf54’ give

]00(,(—-0.00125+0.707:)t
4(1.065 |270°18’ + 200]180°12" + 0.707/90°06’ +
100¢( =0 00125~ 7077t
4(1.065[89°42" + 200[179°48’ + 0 707,269°54")

which hecome on being rationalized and simplified

0 0125¢ 00.7071f — ¢—0.707,¢" 0.042[ 7070 Pl 0707,
i P )

_ R 0.042
= —(.25¢™0 00128t pog (().707t — 0) where tan 6 = 3
6 = 0°18'

Therefore, the answer is I, = 0.25 — 3.125 X 10-S¢- 199 75
— 0.25¢70-00126¢ ¢og (0.707t — 0°18').

Application to a Circuit with Distributed and Concentrated
Constants.—A voltage F is suddenly impressed upon an “ideal’’
cable of length [ through a concentrated inductance Lo, Find
the voltage Iy at the beginning of the cable,

L,

_ . YT sinh_n} e VopLoY sinhnl _
Vo = BT —dwpLojto=—cot Vot eoshm = £
V. = E1 Vo= _nE coshnl
0= pLoY sinh nl’ " "~ W cosh nl + pL,Y sinh nl
145" —
n cosh nl
nE cosh nl (165)

Vo = o oosh nl + p?CLy simh 7il

since n? = pCR and Y = pC
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Transforming to circular functions by substituting n? = —m?
n = +jm,

v + Jm E cosh (+]ml)
0 ——

Fm cos ml -

m cos ml + p*CLy sin mil  (166)

Y(p) = m cos ml
Z(p) = m cos ml + p*CL, sin ml (167)

Y (0) .

m cos ml
7(0) is the limit of [ ]

m cos ml + p®CLy sin ml
as m approaches zero
= lim
—CR cos ml , CRlsin ml
T 2m + 2
1
—CR cosml | CRlsin ml _ p*C*RLol cosml E

2m + 2 oy -t 2pCL, sinml

as m approaches zero,

=l|£l_'u(|i [___ ~______(—CR cos ml + mCRl sin ml)E1
'2=0 L =CR cos mi ¥ CRmlsin snl + p*CRIL, cos ml + d4mpCL, si_t;n"ﬂ]
=E1
dz
dp = (cos ml — mlsin ml 4+ p?CL,l cos ml) + 2pCL, sin ml
dm dm CR
2 = = e 2 — - = . o e—
n? = pCR m 2m i CR dp 5m
dZ _ —CR cos ml + CRl sin ml
dp 2m 2 .
202
— Lop*C gl cos ml + 2pCL, sin ml
m
az _ —pCR cosml | pCRlsinml
Pip = 2m 2
8 2
¢ RI2'°Z cos ml + 2p*CL, sin ml
m
—meosml_ mi e mi +P CLle cos ml + 2p2CL, sin ml

2 2
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Equating Z(p) to 0

m cos ml = —p*CLy sin ml (168)
tana= Mo ~o& _ ~CEW
7)2(7L(| pchol - IJ()C!a
Y(p) _ 1
dZ ml tan ml p*CLolm | 2p*CL,
pdp 2 2 + 2m + m tan ml
. 1 a tan a a
the denominator = 9~ 5~ 2 — 2 tam
_ _3 _a tan « _ a
-2 2 2 tan «
Y(p) _ 2
dZ @
pdp —3-—atana—tana
_ 2 sin o cos a ) - 2 sir_l_ 2a (160
= —3cosasina + 2a(— cos? a— sin?a)  2a+3 sin 2a
and
. , 2 sin 2« -
I/ 0= L —2—‘; + 3 sin 2a€ CRL (170)
where -
tan « —( Lﬁ_’l“
= Lnaﬂ

Substituting numerical values:

2
C= 5 % 10° farads per loop mile

R = 2 ohms per loop mile
Ly, = 1 henry per loop mile
I = 200 miles

equation (168) becomes
12.8
tan @ = ——- (171)

a3
In order to apply the root-squaring method to the above
transcendental equation, tan a must be represented by a suitable
infinite series which converges fairly rapidly.

o
T 4 62a

tana=a+3a3+ a-l— 2835+ (172)

315
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2 —at

where a? <Z - But writing equation (171) as cot a = 1?518’ a

series can be used representing cot « for larger valuesof . Thus,
ad 1 a o 2 o’

ot =18 =03 45 045 4725~ (™)

where o2 < 72

purposes of calculation, we get this equation to solve:

322 ,

2af

aB

Using this much of the cotangent series for

a?
O=1-3+ 56"~ 045~ 4725 (174)
Letting r = a? and simplifying, we have
¢ + 10r® — 26422 + 1,575r — 4,725 = 0 (175)
to solve by the root-squaring method.
Nore.— —2.64% = —2.64 X 10% etc. Tabulating:
x! x? x2 x c
P 1 1! — 2.642 1.575% —4.725%
1 12 7.0¢ 248 2247
5.282 — 3.15¢% 2.495°
— 0.954
p? 1 6.28? 2.0t — L5 2.247
1 3.95° 8.4% 2.258 5.021*
—0.58% + 0.188%  —13,000%
-+ 0.4488
p* 1 3.375 9.036¢ — 1312 5024
1 1135 8.16Y 16924 259w
—0.018* 4 8.76'7 — 0.90%
+ 0.01"7
pt 1 1.1171 16.93'7 0.;79“ 2.5220
1 12452  2.86%  6.25¢7  6:34%
—0.177%%  — 8,517
o 1 1.24522  2.683% — 2257  6.34%
1 1.554 6.6972 5.08%4 4,027
0.00672 0.00672 —33.76%4
P32 1 1.55% 6.69672 — 2.868°% 4.02'v
4+ amrd + ambhmx® 4 2a™b™r™ cos mbr + amb™r?m = 0
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where m = 32
lal > [b] > r

The complex roots arc the smallest in absolute value and are
determined mainly by the first few terms of the series.

32 log || = (log 1.55) + 44  log Ja] = 0'1903,;32_“'“ 138095
la] = 24.04 and is negative te.a = —24.04

@ = +3j4/24.04 = +4.95 (does not satisfy)
32 log |ab] = 72 + log 6.696
log |ab] = 2.27581 |ab] = 188.8 b = 7.853 (positive)
32 log (abr?) = 117 + log 4.02 = 3.67513
abr? = 4,733
rt = 25.0688
[t =7 =500 |of = £Vr = £2.24
a+ b+ 2u=-10
—16.19 + 2u = —10 0 = cos*“<3'10> = 51.7°
5.00 ’
2u = (.19 x = 5.00[51.7°
= 3.10 a = + 2.25/426°

The real roots are determined graphically.
a, = = 12.18|26° (successive substitutions)

a; = 2.38 radians = 136°21'50"

as = 6.23 radians = —3°02'21" =~ 2r
a; = 9.41 radians = —0°1’ >~ 3r
ay = 12.57 radians = —()°22’ > 4
a; = 15.7 radians = >~ 5r
ag = 18.85 radians = —0°07’ =~ 6r

Substitute the roots in equation (170)

Vo = E[—2.2E¢ 1% cos (117t + 13°) + 1.13¢ V77 + 0.017
1220 | 0,00316¢ 2760 4 0,001 4950 4 0,0002¢- 11000 . . . ]

Att=0

—22cos 13° = —2.2 X 0.974 = —2.14
Vo= ~-214 +214 =0
At t= o
Vi, = E the battery potential



(CHAPTER XXIX
LIST OF OPERATORS AND FORMULAS

Equivalent Operators:

P+ a
2. -V 1=t
P — a
1 1 _
3. 7)—.'{:-“1 = a(l — € at)1
1 t 1 e—ot
Y+ a)"(a‘a=+ ,;,,)4
p¥ _ 1 a
5+ ey B = a— gl PN
T I R
L TR T Rl (ol i

If we? > a2, w? = we? — a?and tan ¢ = w/@, Then

R ___7_,2___ = _(A)[] —at gj -
7. 2 F ap w021 L€ win (wt — ¢)1
—_ _AI)__ = E—it i
8. p% F Dap 0021 ;- sin ol 1
1 —_— 1 — wo —at J
9. i)z—_‘z&p—‘ -‘—0021 = w02[1 wé sin (Cl’t + ¢) 1 -

If > wo? and if (—m) and (—n) are the two roots of the
equation p? + 2ap + we® = 0, then

J— .___12____. = - l — —-nt — —mt
10. 27+ 2ap 1 021 " [ne me="|1
p =] -mt _ =
11. - TS ——— 021 = [e=me € m]1

164
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PR [_1_ _ L (__.__« ]4
PP+ 2ap + we®  |lw? n—m\m n

If a? = we?, then (two equal roots),

; »? —at(] —
13. 2 + 2ap + wo g =1 — at)]= O + “),,1
pr - fe—al] = -P_
14. p* + 2ap + wo"d te—a] (r + a)"”
[ 1 . - —_ g—al
15. T T 2ap + mﬂ [1 et(l + af)|l1 = o3 + a)”
6. P  g=e? g
“(p— ) n — 1
17 t1 ="
pn [n
. )
18. Sinwt? = p;‘_’:_ w.ﬂ
. p*
19. ('Oswt1 = pm21
20. Sinhwt? = 2L 1
p:—w
p2
21. Coshwt! = —- - 1
P — w?
—Bt g - . Pe
22. ¢ # sin wtf 7 F B w._,'i
3. Bt __prp+8)
23. ¢ # cos wt >+ B+ w21
. )w COR ¢ + sin ¢
24. Sin (ot + )7 = 7*- 2+f 1
8 sin
25. cos (wt + ¢)1 = P 2 -‘”p;*f’; sn o,
Bt o pw cos ¢ + p(p + B) #in ¢
Bt = !
26. P sin (ot + ¢)7 @+ B + o 1

- p(p_+ ) cos ¢ F wp sin ¢
27. ¢ cos (wt + @) = (p F B F w? 1

i
P -
28. ({;’Ziz-)"ﬁa) 1= ‘(_m - az)ﬂ = eJu(iad)

oo
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29

30

_P___

" (At et
P _ 1=

TP 4 ed(p + ) 12
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1 = Ju(at)1
t2

15
i

1
_w_\/a2+

flar = ot

l- T4

— qaa® — w?) + ﬁ:(w - aw? + a’)]1

Relations Involving Hyperbolic and Allied Functions:

. I
.{l.ei"=]_|2i|;+---
‘ 417 — y — ]Tq
32. e+’ 1 i Jr — |2 L?
33. smh:r——a'+‘ + +
34. cosh r = 1+ + +
2 M
3 1
35. Sin:"=“’—i§ +.r
36 1- ’4
. COS T = ..
L t‘
37. sinh jr = jsinz
38. cosh jx = cos r
39. sin jr = j sinh 2
40. cos jr = cosh
41. sinh (—z) = — sinh z
42. cosh (—z) = cosh z
43. cosh? £ — sinh?z =1
44, d sinh az = a cosh az
dr
45. d cosh ar = a sinh ar

, [sin (ot — B) + e sin p|1
w
w w
sin 8 = sin ( tan™! =
( a) Va? + w?
= cosh  + sinh r
+x4 4 s
« .. =cosx + jsinua
4
_ é.l' — e"?‘
2
_ Pts + Pt
2
(IJ' — 6—13
= 9
er 4
2

dz



46.

47.

18.

49.

51.

53.

54.

55.

2
R sinx=z[l—('r)
1r -
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cosh azx

fsinh axdr =

f cosh ardr =

. T £? z?

sinh z = :c(l + ﬂ-z) (1 + ”222) (1 + w232) -

x H (1 + z? )
1

1'.282

4r? 4r® 4r?
cosh z = (1 + 12) (1 +1r23._,) (1 + 1r252) c e

sinh ax

S i Q=

]

o
—
[y
|
~~

g =~
~
'

sz =[1= ()] [1- G- G |-+

ST - [

1

. sinh (r + jy) = sinh r cos ¥ + j cosh r sin y

= V/sinh?z + sin’y |¢:

cosh (z + jy) = cosh z cos y + j sinh x sin y
= V/coshiz — sin’y |¢s

sin (x + jy) = sin z cosh ¥ &+ j cos z sinh y
= 1/sin?z + sinh?y |¢s

cos (z + jy) = cos x cosh y F j sin r sinh y

= 4/cos?z + sinh?y |4

Where

tan ®1
tan ¢.
tan ¢
tan ¢4

coth r tan y
tanh r tan y
tanh y cot «
tanh y tan x

ounon

HH
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Factorials and Miscellaneous Formulas :

—
o«

o &

—

1 13
= ‘\/1r2 \/1r22

56. (x + y)* = " + ne"~y

n(n — 1)(n —
13

pr(uww) = u + np"~(@)pu) +

+

1

V1t+z 2

1
+ x

57. 1+

58.

59.

[
H =H =

60. z=1+2.r+

=1-,

=gt

61.
62.

63. 1+ + +

1+]

1
T
4
w2
8
w2
6

64. =1-

2 22

T
1
Expansion Theorem:

Y (p)1
/(n)

1

1=
)

l:r+

3z F

5...

32

1)

"(" - p"_g(’,,pz(u) _+_ « e
11

24i

=1$J‘+.’IJ2¢J;"+"‘

4x3+...

By Fourier’s series

1

42__}_...

Y(p)é”'1
pd?
dp
€t

'pH’(u)

z‘::‘;"" p>

pyp2 ¢

Aalt 3

mpz
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¢Shifting”” Theorem:
J(@)(uext) = {f(p + a)u]

(where u is a function of ¢)

Duhamel’s Theorem :
i
f(t)= E(u)d’(t) + fd’(t - u)aaE(?;)d

B@e + [ BalgET Wau

e at [‘e"“ sin (wt + 0)dt
sin (o + 5 = ¢) — < sin (b — )
‘\/a’ + w?
—cos (wt + 5+ ) + e cos (3 +¥)
Vi + o?
(]
e""‘f e cos (wt + 8)dt

cos (wt + 8 — ¢) — e o8 (3 — ¢)

Vit + o?
sin (ot + 8 +¥) — <= sin (0 +¥)

Vet ot

(tan ¢ =§=cot¢)

169

Wave Shapes Expressed by Means of Fourier’s Series.—(The

Gibbs phenomenon is not shown):

Y

- 4n

F1c. 55.

y = 2(sin £ — 14 sin 2z + 14 sin 3z — }q sindx + - -

y=zforr>z> —



HEAVISIDE'S OPERATIONAL CALCULUS

170
0 »7\/2/7
Fra a6

. 1
Yy = sinr — ” sln.{.r+ ,8inbdr - - -

1
y=41r.r,0<.r<0

1
y=41r(7r— x), 2<:1:<1r

- 0 Vi 20 3

-
q

Fre. 5

y=4(@ins + lgsin3r + 158indx+ - - )
y=ml<z<mw

l T ox

0 7 7

Fia. 58.

sin.r—sin2r+}3’sin31+1.- sin 5r

<
]

sin r + ';;sinfi.r+},—;sin5r+

(sin 2r -+ '4 sin 6r + 15 sin 10xr + + - - )
_ T _T T

—0,0\x<2 Y=g g

<r<lw

3sm6:r+ l.8n7z -



LIST OF OPERATORS 171

o, i
0 s
F1a. 59.
y = sin 2r + 13 sin 6x 4+ 15 sin 10r + -
2 T 2
Yy = ,0<a'<.£,y 0,;<.r<31r,y——3,31r<x<1r.
0 o o 67
Fra 60,
T 4 1 1
y=q— W(C()S.r+32(()h 3r + 5 cos 5r + )
y=r0<r<my=—r, —7<z<0
7 n\/z;r
Fra. 61.
=™ _ 2|1 cos2 + 6 1 cos 62 + 1 cos 102 + - - -
Yy 16 2 x r 10,0‘ x
1
y=41r:l',0<a:<2,y— 1r(1r— 2<.‘l:<1r
’ P72
o i

Fia. 62.



172 HEAVISIDE'S OPERATIONAL CALCULUS

- 1 1
y=;-—[cosx—gcos3z+-5-0085x J
™ ™ T
y=0,0<x<é,y—-2~—2<:r<1r
o7
0 Vs n
a. 63.

Y = 2%4+/3[cosx — 14 cos 5z 4 17 cos 7Tr — 1y cos 11x + - - - |

r)
Y =;,O<r<g;y=0,g<r<?2’w;y= —;,;w<:r<1r
'l |

T e z | i ; T | [ | xr e
000| 1.0 |025i078 L, 080  0.449 ] 18 0165
002/ 098 |! 030 ' 0741l 085 | 0427 | 20 0135
004/ 096 || 0.35 - 0705 0.90 | 0407 25 ' 0.084
0.06f 0.942|| 040 , 067 || 095 | 0387 | 30 005
008 0923 045 0.638,) 10 , 0368 40 0 018
010 0.905| 0 50 0607 | 11 ' 0333| 50 .0 0067
012| 0.887 || 0.55 = 0.577 @ 12 0301 60 00025
0.14| 0.870] 060 | 0.549 i 13 , 0273 70 0 0009
0.16/ 0.852 | 0.65 | 0522, 14 . 0.247| 80 | 0 00034
0.18| 0.835| 070 | 0.497 ‘ 15 | 0202 90 i 0 00012
0.20 0819&075'0472“ 18 | 0165100 |0 00004




APPENDIX
THE WORK OF OLIVER HEAVISIDE!

By B. A. BEHREND
Consulting Engineer, Boston, Mags.

There is a reference in that beautiful book of Lord Rayleigh’s
on “The Theory of Sound,”’? on the subject of electrical vibra-
tions to which we may devote a few moments’ consideration.
Lord Rayleigh says: “The theory of electric currents in such
wires as are commonly employed in laboratory experiments is
simple, mainly in consequence of the subordination of electro-
static capacity. When this element can be neglected, the
current is necessarily the same at all points along the length of
the wire, so that whatever enters a wire at the sending end leaves 1t
unimpaired at the receiving end. In this case the whole electrical
character of the wire can be expressed by two quantities—its
resistance R and inductance L—and these may usually be treated
as constants, independent of the frequency.” For clearness the
vital part of the statement is given in italics.

To introduce the reader further into the subject in which the
genius of Heaviside has blazed a path of singular clarity and
beauty, we shall follow Lord Rayleigh further in his simple pres-
entation rendered in 1894: “Circuits employed for practical
telephony may often be regarded as coming under the above
description, especially when the wires are suspended and are
of but moderate length. But there are other cases in which
electrostatic capacity is the dominating feature. The theory of
electric cables was established many years ago by Lord Kelvin?

1 Reprinted by permission from The Electric Journal for January and
February, 1928, Pittsburgh, Pa.
3StRUTT, JOHN WiLLIAM, BaroN RayLEIGH, “The Theory of Sound,”
Vol. 1, p. 466 et seq., London, Macmillan & Co., Ltd., 1894,
3 The date of Lord Kelvin's paper on “The Theory of the Electric Tele-
graph” is May, 1855. The paper, written when he was plain Prof. William
173
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for telegraphic purposes.” A simple review of the mathematical
argument will help to refresh the memory, and it is very simply
given by Rayleigh. Thus we shall continue: “If S be the capac-
ity and R the resistance of the cable, reckoned per unit length,
V and C the potential and the current at the point 2z, we have

AV dC , o dV
8 dt — " dz’ RC = dz 1)
whence
dC ¢
s = 9
kS dt ~ dz® (2)

the well-known equation for the conduction of heat discussed
by Fourier.”

Let us digress for the moment from Lord Rayleigh's exposition
and dwell on the fact that Kelvin's entire cable theory was built
upon the conception of “electric diffusion,” rather than on a
theory of propagation of waves along conductors. Eleetric
waves were, of course, not thought of at the time William Thom-
son formulated his theory of the clectric telegraph, and it is
natural enough that he followed Fourier in establishing a partial
differential equation for the diffusion of electricity through a
cable, an equation the solution of which was rendered possible
through Fourier’s epoch-making work beginning in 1807 and end-
ing in 1822. Thus, there was a long period of 33 years between
Thomson’s paper and the mathematical theory which made that
paper possible. This is instructive in comparing the development
in regard to the mathematical work of Heaviside and its appli-
cation to enginecring problems.

We now continue with the very direct solution of the Fourier
partial differential equation (2), assuming the variation of the
current, here denoted by C following the carlier custom of the
time, to be sinusoidal, expressed operationally by C = Cge*,
where ¢ is the Naperian base of logarithms, p = 2x/T the angular
velocity of the current, T the timne of a complete period, p/2r
Thomson and before a workable transatlantic cable connected this country
with Ireland, is well worth careful study even in this day. 1t is reprinted
in Vol. 1I, p. 61, of Math. Phys. Papers, Cambridge, 1884. Lord Kelvin
limited himself strictly to distributed resistance and capacity, neglecting
inductance.
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the frequencey, ¢ the time, and i = v/ —1, now frequently desig-
nated by j. “On the assumption that C is proportional to
e, it reduces to

20 1 \ 12
- {,/(2;;1?,3)(1 +0fc (3)

so that the solution for waves propagated in the positive direction

is
C=Cu RS o (pl - \[ (;MES) -z) “4)

The distance over which the current is attenuated in the ratio

of e to 1 is, thus,
2
2= \/pli’S (5)

“A very slight consideration of the magnitudes involved is
sufficient to give an idea of the difficulty of telephoning through
a long cable. If, for example, the frequency (p/2r) be that of a
note rather more than an octave above middle ¢, and the cable
be such as are used to cross the Atlantic, we have, in c.g.s.
measure,

Vp = 60, (RS)-' = 2 X 106
and, accordingly, from (5),
z = 3 X 10% em. = 20 miles approximately

“A distance of 20 miles would thus reduce the intensity of
sound, measured by the square of the amplitude, to about a
tenth, an operation which could not be repeated often without
rendering it inaudible. With such a cable the practical limit
would not be likely to exceed 50 miles, more especially as the
easy intelligibility of speech requires the presence of tones still
higher than is supposed in the above numerical example.

“In the above theory the insulation is supposed to be perfect
and the inductance to be negligible. It is probable that these
conditions are sufficiently satisfied in the case of a cable, but in
other telephonic lines the inductance is a feature of great impor-
tance. The problem has been treated with full generality by
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Heaviside . . . ” Then Lord Rayleigh refers his readers to
Vol. II of Oliver Heaviside’s * Electrical Papers,” pages 125 and
309, reprinted from The Electrician, London, 1886-1887.

The limitations to long-distance telephony had been recognized
and analyzed with great skill and acumen by Thomas H. Blakes-
ley, of the Royal Naval College, Greenwich, in a series of papers!
published in The Electrician, October, 1885. This remarkable
series of papers treated the problems of series and parallel con-
nection of resistances, inductances, and capacity from the point
of view of the modern vector methods. Distributed capacity
and inductance are also treated, and most useful hyperbolic
tables are given for the calculation of phenomena with distributed
constants. Professor Blakesley introduced his papers with a
preface from which it is instructive to quote to bring out a useful
sidelight on the general status of knowledge in the ycar 1885.
He says: “I have elsewhere strongly disapproved of the action
of the Board of Trade in allowing electricity in alternating cur-
rents to be distributed on a large scale publicly. Nor must I
be held recommending this in the following chapters. But in
the last one I have shown how harmonic currents may be advan-
tageously used for measuring some of the electric properties of a
circuit and conscquently as a means of testing be found extremely
useful.” He would thus forbid the use of alternating currents.
This extraordinary statement gives a good idea of the difficulties
of the early pionecers who, like Tesla and Kapp, like Ferranti and
Mordey, were about to begin their labors in applying alternating
currents to the distribution of power.

Blakesley gives another helpful conception when, on page 63
of the papers already cited, he says of the state of the art of
telephony: “Thus at the end of any considerable length and
capacity the various tones of the voice would be received in a
state of degradation depending upon their pitch. But the ear
has not the synthetic power of reconstructing a composite tone
from the wreck of variously degraded components. In this con-
sideration lie the limits of telephony. And until it is more
clearly understood than it seems to be at present, people will fail

1 BLakesLey, Taomas H., London, * Alternating Currents of Electricity,”
published at the office of Electrician, 1 Salisbury Court, Fleet Street, E. C.,
1885.
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to understand the exquisite nonsense to which they are often
now content to listen.”

Thus it required the treatment by Oliver Heaviside of the
propagation of electric impulses along wires “ with full generality’’
- to usc Lord Rayleigh’s happy phrase—to clarify the intricate
problems involved in the transmission of speech and power over
a long line with the characteristic constants of resistance, induc-
tance, capacitance, and leakance. This work was done in
masterly fashion, and its development took place in opposition
to the prevailing ideas of the time which, following the methods
used in ocean telegraphy, laid great stress upon the electrostatic
capacity of the cable and condemned as injurious both the induc-
tance and the leakance of the circuit. As Lord Rayleigh says:
“It might perhaps have been expected that a finite leakage would
always act as a complication; but Heaviside has shown that it
may be so adjusted as to simplify the matter.”?

These introductory remarks are made to acquaint the reader
with the nature of the problem, the discussion of which forms the
principal work of Heaviside and, therefore, the substance of this
article.

The Historical Setting.—The electric transmission of speech
is a process of power transmission. To be sure, the amount of
power is small, though metaphorically, the power of speech is
great. But though only a small amount of power is transmitted
in telephony over a great distance, the process of transmission
and the theory thercof are truly identical. Great emphasis
should be laid on this statement, and the reader should challenge
its truth so as to convince himself that these two processes,
seemingly so different, are, in truth, identical.

Thus if the theory of the electric cable is once obtained with
“full generality,” this theory must explain not merely the vast
branch of phenomena of telephony and telegraphy but also the
equally vast field of the problems involved in the transmission
of power.

1 Heavisiow, OLIVER, Electrician June 17, 1887; Elec. Papers, Vol. 11, pp.
125, 309; also, his simple and beautiful treatment of the distortionless circuit
in “Electromagnetic Theory,” Vol. I, pp. 409, 419, 1893, and Vol. II, pp. 291,
1899. The last reference was not available to Lord Rayleigh at the time,
1894, when his “ Theory of Sound” was published,
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Power transmission and speech transmission hold the stage of
discussion on the broadest scale at the moment. Can a time
be more suitable, 40 years after the presentation of such a theory,
for a review of the work of its foremost protagonist?

The Setting of the Stage.—I am going to take the reader to the
year 1887 and set before him in broad outline the condition of
clectrical engineering at that time. Power ecngineering and
telegraph and telephone engineering had not yet been separated.
The American Institute of Electrical Engineers was barely three
yearsold. Maxwell’s electromagnetic theory based on Faraday’s
experimental researches, eliminating the conception of action
at a distance, had led him to the prediction of the existence of
electromagnetic waves in space propagated with the velocity of
light and akin to light except for their greater wave length.  The
existence of these waves was brilliantly demonstrated by Hertz
through his discovery, in 1887, of electromagnetic waves in space
and along wires showing all the characteristics of refraction and
reflection, only on an infinitely larger scale than light waves.
Oliver Lodge had also demonstrated electric waves along wires.
These are the waves we are now all familiar with as the waves
used in radiotelegraphy and broadcasting.

1t is not often in the history of scicnee that so stirring a dis-
covery is made as that of electromagnetic waves predicted in all
their characteristics long before their discovery. One has to
go back to the finding in its calculated place of the unknown
planet Neptune, whose existence and position were predicted in
1846 by Leverrier and Adams, to be found shortly afterward
in the predicted place by Professor Galle. Here the discovery
followed quickly on the prediction, whereas it took 20 yecars
for the electromagnetic waves to make their appearance after
their prediction. .

Power transmission was attempted by all means except by
electrical means, the exception proving the rule. A little plant of
50 horsepower in Switzerland, operating at 2,000 volts direct
current, transmitted this power over a distance of 5 miles. This
plant was designed by C. E. L. Brown. Nikola Tesla had not
yet made his great inventions. The telephone, invented simul-
taneously by Alexander Graham Bell and Elisha Gray in 1876,
was hardly a decade old.



APPENDIX 179

This is a bare outline of the condition of the electrical field
at the time when, in 1887, we become acquainted with Oliver
Heaviside.

A Personal Sketch.—The biographical data which are obtain-
able regarding Heaviside are meager and besides, to a great
extent, are of a very personal and, therefore, of a private nature.
Born in London on May 13, 1850, Oliver Heaviside died in com-
plete seclusion on Feb. 3, 1925. The last 50 years of his life
were spent in this retirement, the greater part at Torquay on the
south coast of Devonshire. He was a nephew of Sir Charles
Wheatstone, who is known as the father of telegraphy, the inven-
tor of the Wheatstone bridge and of the principle of self-excitation
of the dynamo-clectric machine. Doubtless Heaviside inherited
the gift of physical interpretation from the Wheatstones, on his
mother’s side. Heaviside’s means were very limited, in fact he
died in what would be to most of us a state of poverty. It seemed
to the present writer that he lacked the necessary care which a
man of his age, not to mention his greatness as a mathematical
physicist, should have had. It was, however, difficult to render
assistance of any kind, as he was a proud man and deeply sensi-
tive. He received a small pension from the British government,
which was augmented by an annuity from the British Institution
of Electrical Engineers. The writer has given elsewhere a sketch
of Heaviside's life.!

During the last 10 years of his life Heaviside received numerous
proofs of the great respeet in which he was held by those who
see in the intellectual progress of mankind the principal hope
for the future. In 1918, he reccived one of the two honorary
memberships of the American Institute of Electrical Engineers,
which usually go to British men of science or engineering. In
1921, he received the first Faraday Medal of the Institution of
Electrical Engineers of Great Britain, and the president of the
Institution himself journecyed to Heaviside’s lonesome country
place to present the medal to “one whose genius, perspicacity,
and clearsightedness into fundamentals entitle him to be ranked
with the greatest of philosophers, Archimedes, Newton, Kelvin,
and Faraday.” Whether these eulogistic terms are extravagant

1Lonae, Sir OLIVER, and B. A. BEnrenD, ‘“Memorial Sketches of Oliver
Heaviside,” Elec. World, Feb. 21, 1925,
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—the British are not apt to use superlatives—must be left to
the judgment of future generations.

It is, however, pleasant to those of us who were his friends to
know that, before he passed away, his work was appreciated on
every hand and there was no voice bold enough to deny the great-
ness and inspiration of this wonderful mind. Well might one
have exclaimed on the news of his death, “Let there be silence
in the telephone, for Oliver Heaviside has died!”

ELECTROMAGNECTIC INDUCTION AND ITS PROPAGATION

To the engineer it is natural that the subject of the propagation
of electromagnetic induction offers the most fruitful field of
inquiry. This subject may, therefore, be examined, and a brief
analysis, following Heaviside, be given.

In 1887, Heaviside started his series of papers in The Elec-
trician on electromagnetic waves,! It must be remembered that
at the time these papers were written no such waves had been
observed, but the prediction which was made by Maxwell was,
of course, known to his principal interpreter. Before Hertz
discovered Maxwell’s waves, Heaviside writes equally propheti-
cally: “When we have little distortion, we get into the region of
radiation. The dielectric should he the central object of atten-
tion, the wires subsidiary, determining the rate of attenuation.
The waves are waves of light, in all save wave length, which is
great, and gradual attenuation as they travel, by dissipation of
energy in the wires. There is the clectrie disturbance and the
magnetic disturbance keeping time with it, and perpendicular
to it, and both perpendicular to the transfer of energy, which is
parallel to the wire, very nearly. A tube of energy current may
be regarded as a ray of light (invisible, of course).

“Tt is to such long waves that I attribute the inagnetic dis-
turbances that come from the sun occasionally and simultaneously
show themsclves all over the world, arising from violent motions
of large quantities of matter, giving shocks to the ether, and
causing passage from the sun of waves of enormous length. On

1 4 Electromagnetic Induction and Its Propagation,” Elec. Papers, Vol. 11,
p. 39 (second half), London, Macmillan & Co. Ltd., 1892. The first half
appearcd m 1885 and following, and it is published in the first volume of the
Collected Papers, 1t deals principally with Maxwell’s theory.
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such a wave passing the earth, there are immediately induced
currents in the sea, earth’s crust, telegraph lines, ete.”! Such
reasoning is to us perfectly familiar, but it was Heaviside who
made it familiar to us.2 We shall have occasion frequently to
direct the reader’s attention to the valuable comments and to the
work of such eminent physicists as Lorentz in its bearing on, and
connection with, the work of Heaviside. His long struggle for
recognition was rewarded a few years before his death by a careful
and profound study of his work, not only by the few who had
previously gleaned valuable information from it but also by the
orthodox school of eminent men of science. It was fortunate that
he lived to see his work thus forming the foundation of electrical
knowledge, though he had no share in the great material pros-
perity which it had wrought for the world.

The problem which occupied Heaviside in the middle ’eighties
was then primarily the propagation of eclectromagnetic force
in space and along parallel conductors. The former led him to
formulate the fundamental equations of electromagnetic theory
in the form of a symmetrical pair of the clectric and magnetic
forces. These are the circuital equations of Maxwell in their
simplified vectorial form, and written by Heaviside

curl H=7]
—curl E = G

The latter led to the “telephone equation’ which I shall discuss
at greater length. I propose to take the reader to Heaviside’s
paper in which he discusses the method of approach which he
followed 40 years ago, and which led him to the discovery of
the “distortionless circuit’’ and to the theory of long cables and
lines for the transmission of altcrnating currents.

It is well known how unmanageable the solutions of differential
equations appear when general functions are used as solutions.
Heaviside recognized this. He says: ‘“In some respects these
difficulties are evaded by the consideration of the solution due

! Elec. Papers, ibid., Vol. 11, p. 122,

2 “That we have got so far is due in the first place to Maxwell, and next
to him to Heaviside and Hertz.” I. A. Lorentz, ‘Problems of Modern

Physics,” a course of lectures delivered at the Calif. Inst. Tech., p. 5, pub-
lished by Ginn & Company, Boston, 1926.
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to a sinusoidal impressed force. The method is very powerful;
and, by considering the nature of the result through a sufficiently
wide range of frequencies, we may indirectly gain, with com-
paratively little trouble, knowledge that is unattainable by the
method of normal systems.”

“But the real desideratum which, if it can bhe reached, is of
paramount importance, is to get solutions which can be under-
stood and appreciated at first sight and followed into detail
with ease, presenting to us, as nearly as possible, the effects as
they really occur in the physical problem, disconnected from the
often unavoidable complications due to the form of mathematical
expression. To illustrate this, it is sufficient to refer to the
elementary theory of the transmission of waves without dissi-
pation along a stretched flexible cord. If we employ Fourier
series, we are doing mathcematical exercises. But, use the other
method, in which arbitrary disturbances are transferred bodily
in either direction at constant speed, e.g.,

u = f(z — o),

and we get rid of the mathematical complications and can inter-
pret results as we sce their physical representatives in reality—
for instance, when we agitate one end of a long cord.

“Now there is one case, and, so far as I know at present, only
one, in the many-sided question of the transmission of clectro-
magnetic disturbances along wires, which admits of this simple
and straightforward method of treatment. Singularly enough,
it is not by the simplifying process of equating to zero certain
constants, and so ignoring certain cffects, that we reach this
unique state of things, but rather the other way, gencralizing to
some extent. It is usual to ignore the leakage of conductors,
sometimes also the inductance, and sometimes the permittance
[permittance is the term used by Heaviside for what he called
later capacitance]. But we must take all the four properties
into account which are symbolized by resistance, leakage con-
ductance, inductance, and permittance, to reach the much-desired
result. Briefly stated, the effects are these, roughly speaking:
If there be only resistance and permittance, there are, when
disturbances of an irregular character are sent along a long circuit,
both very great attenuation and very great distortion produced.
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The distortion at the end of an Atlantic cable is enorinous. Now
if we introduce leakage, we shall lessen the distortion considerably
but at the same time increase the attenuation. On the other
hand, if we introduce inductance (instead of leakage), we shall
lessen the attenuation as well as the distortion. And, finally,
if we have both leakage and inductance, in addition to resistance
and permittance (capacitance), we may so adjust matters, by
the effects of inductance and of leakage, being opposite as regards
distortion, as to annihilate distortion altogether, leaving only
attenuation. The solutions can now be followed nto detail in
various cases without any laborious and roundabout calculations.
Besides this, they cast much light upon the more difficult prob-
lems which occur when not so many physical actions are in
question.”

“In my usual notation, let R, L, S and K be the resistance,
inductance, permittance, and leakage conductance of a circuit,
per unit length, all to be treated, in the present theory, as con-
stants; and let £ and I' be the transverse voltage (this term was
also first used by Heaviside) and the current at distance z. The
fundamental equations are

_dE
dz

p standing for d/dt. Here I is related to the space-variation of
I in the same formal manner as E to the space-variation of 1.
This property allows us to translate solutions in an obvious
manner, and gives rise to the distortionless state of things. Let

LSy =1,and R/L = K/S =

The equation of E is then,—

= (R +LpI, =" = (K + Sp)E,

d

2y
.= (¢ +p)E
n’

1 Heaviside uses V and O for voltage and current but the author has
deemed it wise to use the notations to which we are more accustomed in
order to show the obvious 1dentity hetween our modern equations and the
historical ones of Heaviside. The latter expressed to E. J. Berg, who called
on him a vear hefore his death, a strong dislike for a change in notation.
Had the author known this at the time these articles were written, he would
have retained Heaviside's notation, as he will in the future.
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and the complete solution consists of waves travelling at speed v
with attenuation but without distortion. Thus, if the wave be
positive, or travel in the direction of increasing 2z, we shall have,
if f1(2) be the state of K initially,—
E, = e2fi(z — v
p— El
=T
1f E,, I, be a negative wave, travelling the other way,—
E2 —_ E—d'fl(z + pf)
k.,
12 = _IA'*

It is now advisable to refer to “Klectromagnetic Theory,”
Vol. I, page 451, 1893, where Heaviside gives the solution of his
general equation in the form which has proved best adapted to
the purposes of electrical engineering. The equation?® is familiar
to all who are acquainted with power-transmission problems.
The e.m.f. necessary to maintain, at the end of a line whose
length is z, a current I, and a voltage E| is

E = Ey; X cosh ¢gxr + I, X Zsim]l(” (10)

In this equation, which is the fundamental general solution,
¢ = Vi Filk F i)
=\ZY

Z
_

Hence, the Heaviside equation (10) can be written
E = E, cosh gx + I,Z, sinh ¢r *an

In this form the equation retains the character of the simple
application of Ohm’s law by introducing the ‘‘surge impedance’’

* Elec. Papers, Vol. 11, p. 308 e seq.

1 The first appearance of this solution is found in Electrical Papers, Vol.
II, p. 105, Mar. 11, 1887, using trigonometric functions instead of hyperbolic
functions which are their equivalents. In view of recent claims, this
reference clearly establishes Heaviside as the first to give this form

of solution.
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which Heaviside—without using the name which was given it
later by Professor Kennelly—first introduced to us in Electrical
Papers, Vol. 11, page 369, equation (38), 1887.

To those who have made calculations of long lines, equation
(11) is familiar. It is ecasy to remember and equally easy to
see its connection with the nature of the power-transmission
problem. The generator voltage equals the recciver voltage
plus the drop of potential in the line, exactly as it would be in a
direct-current circuit, but both the receiver voltage and the line
drop appear multiplied by a function which is a directional quan-
tity or a vector or a complex quantity. This is, of course,
obviously necessary by inspection, as the recciver voltage and
the line drop must have direction as well as magnitude when
dealing with alternating-current circuits.

It is customary to speak of hyperbolic functions and their
applications to clectrical engineering problems.! It is, perhaps,
a little unfortunate that such names inject a little fear and
apprchension into the reader, as he feels that something new and
difficult is about to be practiced on him. These functions are
simply a convenient grouping of operators of the same nature
as the complex quantities, which are, after all is said and done,
solely a kind of convenient shorthand to reduce labor and make
the clerical part of it less cumbersome.  They are interchangeable
with the trigonometric forms through simple, elementary, well-
known relations. Heaviside used both forms.

THE DISTORTIONLESS CIRCUIT

We were concerned particularly with the conception of the
distortionless circuit and its meaning in connection with alter-
nating-current power transmission or speech transmission. It
is not easy to follow Heaviside, although intensive study enables
one to fall into his mode of working out his problems. It must
be remembered that here was a problem baffling the ablest mathe-
maticians, physicists, and engineers and that a novel form of

! KenNeLLy, A. E, “Hyperbolic Functions and Their Applications to
Electrical Engineering Problems,” 2d Iid., University of London Press, Litd.,
London, 1917; “Artificial Klectric Lines,” McGraw-Hill Book Company,

Inc.,, New York, 1917; NEsBit, WiLLiaM. “Klectrical Characteristics of
Transmission Circuits,” 8d Ed , 1926
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approach had to be designed before the problem would yield to
analysis. I will choose here a seemingly different way from
Heaviside’s, though identical with it and receiving his approval.
It is a method suitable to the mode of thought of the engineer and
its great simplicity and directness parallel the method used by
Heaviside to work out his solution.

Heaviside proceeds from the thought that it is necessary, if
long-distance telephony is to be made practicable, that the
“guides’ of the electric propagation—in other words, the line- -
must have such constants that impulses of all frequencies are
propagated at the same speed along these guides and are atten-
uated alike in transmission. Now, as our quotations froin his
papers indicate, he felt that it would be easier to obtain this
condition while working with four line constants than it would
be if he had to work with the two constants used in telegraphy
by Lord Kelvin, the resistance and the condensance only. That
he solved the distortionless problem before he solved the general
problem is instructive.

The object, then, is to obtain waves without alteration of type.
Such waves may be attenuated, that is, reduced in geometric
proportion, weakening the strength of the signal, but they must
not be distorted, that is, part of a wave consisting of a certain
frequency must not arrive “out of place’ with other parts con-
sisting of another frequency.

In language more familiar to us, the statement can be made as
follows: The e.m.f. and the current must retain the phase relation
which they have at the sending end. Change in phase relation
is distortion. I shall now formulate the problem as follows:
To design a circuit through which alternating currents can be
transmitted in such a manner that the e.m.f. and the current
remain in time phasec and attenuating alike, independent of the
frequency.

Starting at the receiving end, we assume the e.m.f. and the
current of the recciving apparatus to be in phase. Any other
relation can be worked out in the same way. Let R be the resist-
ance per unit length, K the leakage conductance, L the induc-
tance, and S the capacitance, all per unit length of the circuit.
Now let us build up the voltage and the current from the receiving
end in the usual manner by means of e.m.f. and current vectors,
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keeping, however, before us the condition that the current and
the e.m.f. must remain in time phasc. This condition will be
realized, as is shown at a glance, so long as the e.m.f. and current
veetors remain always in time phase, which means that the cur-
rent and e.m.f. triangles must be similar.  This condition prevails,
as shown in Fig. 1, when R/L = K/S = w tan § = a constant.
But this is no other than the Heaviside criterion.

I,Rdx
.4
E,Kdx
P
33
D1 C)
S“ ~
&
o
1o Ey

F1a. 1.—Vector dingram for transmission line, currents and voltages being in
phase.

But let us go a step farther and interpret Heaviside’s solution
(10) for this particular case. The differential equation which
is the fundamental starting point is

) . .
(;11‘-’ = (R + jwl)(K + juS)E = ¢*E
and an identical equation for I.
Let us designate by
g = V(B + juL)V (K + jwS)
¢=a+jB

As the product of the “versors’! under the radicals must be
a complex number or a “vector” quantity—a directional quan-
tity—we have written it in the usual algebraic form « + j8.

Now substitute:
L

L-5(8)

1 “Really, j is a quadrantal versor, and e + jb and ¢ + jd are also versors
with a stretching faculty as well, and their product is another operator of the
same sort.” ‘‘Electromagnetic Theory,” Vol. II, p. 458.
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Hence,
¢ = V& T ja8) R/K VK T jab)
= (K + jwS) VR/K = (K + juS)VL/S
= a+jB
Hence,
a = \/ = VRK

B

[l

(.DSAJ = w '\/1 N

An inspection of Fig. 1 shows that the real part of ¢ affects
the magnitude only of E, and, thercfore, it has been designated
as the attenuation constant a. It is independent of the fre-
quency. The imaginary part, or the part in time quadrature
with the e.m.f., represents a propagation constant 8 which does
not affect the strength of the signal or the current, but which—in
a cireuit in which there is distortion-—would “mix up” the signals,
as Heaviside used to say. In the distortionless circuit the
velocity of propagation is equal to 1/ /LS and also independent
of the frequency.

Thus, by balancing the leakage of the circuit against the
resistance component of the e.m.f. and balancing the charging
current against the inductance component, Heaviside devised
a cireuit over which all signals, whatever their frequency, would
travel at the same speed. This must be so, as the phasc relations
at any part of the circuit between e.m.f. and current remain the
same as at the starting point, which is the receiving end in the
case under consideration.

For small values of R/L and K/8, as well as RK, a very simple
development by expansion of the equation for ¢ can be shown to
demonstrate the Heaviside criterion of distortion in which the
attenuation depends upon the sum of R/L + K/S, and the
distortion upon the difference of R/L — K/S.

Writing ¢ = a + j8 and solving the terms under the square

root, we find
R K ___
«= ('2L + 2:@)\/LS
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and,

T AW :
8 \/(2L _ 2S)\/LS+w2Lb

If, now, R/2L = K/28, which is the Heaviside criterion, then
the two expressions for « and 8 become

a= f\/m

B = w\VLS
1
v= -
VLS
R/Ls

E = Eee LY sin (ot — 0V/LSx)

which is a wave equation in its simplest form indicating that
waves of all frequencics are transmitted with the same velocity

v = 1/4/LS. These remarks are helpful in the study of Heavi-
side’s own presentation and are not found elsewhere.

In onc of his letters to the present author, Oliver Heaviside
proposed the name heavification for the process of loading a
telephone or telegraph circuit. He suggested that heavifying
was expressive and it conveyed just credit to its inventor. The
adoption of this terminology would be desirable even at this date.
The following goes fully into this subject:

The next problem before Heaviside lay in suggesting means
for realizing the distortionless circuit in practice. For this
purpose, it is necessary to secure a large amount of inductance
without undue increase in the resistance. To sccure this induc-
tance he suggested two courses. In Electrical Papers, Vol. 11,
1892, he proposed taking ‘“the finest iron filings [siftings] and
mixing them with a black wax,” an idea to which he continually
reverted in later years. In ‘“Electromagnetic Theory,” Vol. I,
page 443, 1893, he states: “The above considerations show that
if iron be introduced to increase the inductance it should not be
in the main circuit but external to it. There are, then, two
principal ways suggested: First, to load the dielectric with
finely divided iron, and plenty of it. This is very attractive
from the theoretical point of view, as it results in the production
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of a strongly magnetic insulator, which is practically homogenous
in bulk, being a sort of non-conducting iron of low permeability.
In this way, L, as compared with the same without the iron,
may be multiplied greatly.” Though it has taken many years
to realize the success of Heaviside’s ‘““ironic circuit,” as he used
to call it facetiously, this has at last been done.!

Another method for the realization of a distortionless circuit
which Heaviside proposed was described by him as follows:
*Another indirect way 1s this: Instead of trying to get large uni-
formly spread inductance, try to get a large average inductance.
Or, combine the two and have large distributed inductance
together with inductance in isolated lumps. This means the
insertion of inductance coils at intervals in the main circuit.
That is to say, just as the cffect of uniform leakage may be
imitated by leakage coneentrated at distinet points, so we should
try to imitate the inertial effect of uniform inductance by con-
centrating the inductance at distinet points. The more points
the better, of course. Say m coils in the length 1, or 2m coils of
the same total inductance, and, therefore, each of half the indue-
tance; or mn coils, each of one nth the inductance of the first.
The electrical difficulty here is that inductance coils have resist-
ance as well, and if this be too great the remedy is worse than
the disease. But it would scem to be sufficient if the effect of
the extra resistance be of minor importance compared with the
effect of the increased inductance. This means using coils of
low resistance and the largest possible time constants. For,
suppose 4 ohms per kilometer is the natural resistance and there
be one coil per kilometer having a resistance of 1 ohm. This will
raise the average resistance to 5 ohms per kilometer; and if the
time constant be big enough, the extra inductance may far more
than nullify the resistance evil. The same reasoning applies
to coils at greater intervals, only, of course, in a more imperfect
manner. To get large inductance with small resistance, or,
more generally, to make coils having large time constants, requires
the use of plenty of copper to get the conductance and plenty of
iron to get the inductance, employing a properly closed magnetic

1 See a paper by Thomas Shaw and William Fondiller, Development and

Application of Loading for Telephone Circuits,” Trans. A.I.E.E., 1926, p.
268.
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circuit properly divided to prevent extra resistance and cancella-
tion of the increased inductance. This plan does not belong to
the category of those mentioned before, which a moment’s con-
sideration showed to be worse than useless. It is a straight-
forward way of increasing L largely without too much increase
of resistance and may be worth working out and development.
But I should add that there is, so far, no direct evidence of the
beneficial action of inductance brought in in this way.”

The last sentence here quoted, written toward the end of 1893,
indicates that the suggestion to try inductance coils in “lumps”
about one per kilometer had not been tried at that time. Heavi-
side had satisfied himself that such a scheme should have practical
results, and he appealed to the engineers in the telephone field to
try the experiment for verification.! Nir William H. Preece,
who was at the head of the British telegraph and telephone sys-
tem, was of the opinion that telephone circuits required more
clectrostatic capacity for transmission over greater distances
and had suggested that the wires be split with insulation between,
to increase the capacity by their close juxtaposition. Thus, the
ideas of Heaviside fell on deaf ears in his own country. This is
very finely expressed in the graceful tribute which Prof. M. L.
Pupin paid Heaviside in his remarkable paper before the Ameri-
can Institute of Klectrical Iingineers describing the first Heaviside
loaded line which he devised in his laboratory at Columbia
University and described in his paper in May, 1900. The test
for which Heaviside had waited 7 years had at last been made
in the most successful manner, and it had confirmed for all time
the accuracy and the skilful analysis of the theory of the propa-
gation of electromagnetic induction. In a sense, Professor
Pupin’s confirmation of Heaviside’s theory was not unlike the
finding, on the part of Profcssor Galle, of the outermost planet
Neptune in the exact position of the heavens where the calcula-
tions of the brilliant Leverrier and of Adams had placed it without
ever having known of its existence. But we must let Professor

14 . they will want to know whether such possibilities can be converted
into actualities, and whether the conversion is practicable. For myself,
am not much concerned in this part of the question. It is for practicians to
find out practical ways of doing things that theory proves to be possible,
or not to find them if they should be impracticable.” ‘Electromagnetic
Theory,” Vol. I, p. 441,
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Pupin voice his own sentiments by giving here a quotation from
his paper:! “Mr. Oliver Heaviside of England, to whose pro-
found researches most of the existing mathematical theory of
electrical wave propagation is due, was the originator and most
ardent advocate of wave conductors of high inductance. His
counsel did not prevail so much as it deserved, certainly not in
his own country.”

Pupin’s experimental cable was a very beautiful piece of work.
It followed the example of Varley and Muirhead in making an
artificial laboratory cable or line on which measurements could
readily be made which were otherwise difficult to make, as on
an Atlantic cable. Thus, in the widest sense, a confirmation
of the theories of Heaviside could be carried on, advancing greatly
the art of long-distanee telephony.

As Professor Pupin pointed out, little recognition had come to
Heaviside in his own country. But there was recognition in
France at the hands of the chief of the postal system of the
fundamental principles laid down by Heaviside. As it is of
great historical interest, we here quote from a paper by M.
Devaux-Charbonnel, chief engineer of the posts and telegraphs
of France.? On page 167, the French chief of the postal service

remarks that, as early as 1887, Vaschy, then the engincer of the
postal service, solved the partial differential equation of electro-
magnetic propagation and did this independently of Heaviside,
whose papers in the Philosophical Magazine reached him, however,
hefore the appearance of his own paper, so that he could give
Heaviside full credit for his priority. M. Devaux~-Charbonnel
further states (p. 165) that the French postal administration
undertook to make loaded cables of the type of Krarup and Pupin
in 1896 and 1897, which in no essential way differed from these
cables. Such work was undertaken by M. Barbarat of the French
postal service. Thus, we may add the tribute of official France
to our own in rendering recognition to the distinguished British
scientist.

! Trans. A.ILE.E., Vol. XV1I, p. 450, 1900.

2 DEvAUX-CHARBONNEL, Ingénicur en Chefl des Postes et Télégraphes.
“La Contnbution des ingémeurs francais 3 1a 1éléphonie & grande distance
par cables souterrains. Vaschy et Barbarat.” Ann. d. postes, télégraphes
et télévhones, V1 année, No. 2, Pans, A. Dumas, Editeur, 1917,
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HEAVIFICATION OR THE DISTRIBUTION OF INDUCTANCE IN
LUMPS ALONG THE CABLE

The question as to the distance at which such inductance
coils for loading the line should be placed has been one of the
fascinating aspects of the entire problem. Heaviside suggested,
in 1893, that they be placed about one per kilometer so that there
should be a sufficient number spread over the shortest wave
length to be transmitted. Pupin, in the paper cited, figures the
shortest wave length as about 14 miles or 22 kilometers, so that,
if Heaviside’s suggestion were followed, there would be about
22 coils per wave length. The problem of simulating a uniformly
loaded cord by loads placed a certain distance apart and deter-
mining the period of vibration of the configuration was proposed
first by Lagrange.! It is one of the regular cxercises in French
treatises on dynamics. But it had not yet been applied to the
electrical case, and thus Pupin filled in this gap. He found, as
was to be expected from the identity of the mechanical and
electrical cases, that Lagrange’s relation> —to wit, the frequencies
of vibration—varied as sin a/2 to «/2 holds also for the electrical
case. This relation thus yields readily a comparison between a
loaded cable and a uniform cable. In practice the loads are close
together and the criterion is invariably fulfilled automatically.
A most useful forula for this condition has also been given by
G. A. Campbell.? This formula proved identical with one
obtained for a loaded string by Charles Godfrey.* Professor
Kennelly has obtained these formulas in a very simple manner
in Appendix G of his book ‘“The Application of Hyperbolic
Functions to Electrical Engineering Problems,” under the head-

1 LAGRANGE, J. L., *“ Mécanique analytique,” 3d Ed., M. J. Bertrand, Vol.
1, Sec. V1, Par. 111, No. 50, p. 353, Pans, 1853.

Bouassg, HENRI, ¢ Cours de mécanique physique,” Par. 495, p. 597, 1912,

2 See, also, Tarr, P. G., ‘‘Dynamics,” p. 337, 1895: “Waves in a linear
system of discrete masses.”

3In a paper ‘“‘On Loaded Lines in Telephone Transmissions,” Phil. Mag.,
Ser. VI, Vol. V, p. 313, March, 1903.

4 Phil. Mag., Ser. XVI, p. 356, 1898. Mr. Campbell states: ‘ An interest-
ing contribution to the general properties of this structure has heen made by
Mr. Charles Godfrey in a paper on wave propagation along a periodically
loaded string and 1 am indebted to that article for equation (18) which
furnishes a complete solution of the propagation.”
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ing A Brief Method of Deriving Campbell’s Formula. These
references have been carefully compiled on account of the diffi-
culty in locating the important papers. It is hoped that they
will prove uscful, as the study of the papers cited herc appears
essential to an understanding of the mechanism of the transmis-
sion of speech or power over long lines. These papers also crown
as a sort of superstructure the work of Heaviside with which we
are here primarily concerned.

The groundwork of science grows in a very slow procession.
While a great flood of ideas and papers pours forth from the
fertile human mind, there arc only a few which can be, and should
be, made into the groundwork of science. The comprehension
of fundamental principles is of the utmost value, not only to the
sound progress of science but also to the value of science as a
means for the cultivation of the mind. It is on this account
that an outline of the theory of electric propagation is given here
which can be applied to the solution and understanding of new
problems. Heaviside's contributions have been fundamental,
and his mode of attack is growing in favor, so that, in a few years’
time, our textbooks will present his doctrines, whether under his
name or not, to the students of electricity.

MAXWELL THEORY; THE RELATIONS BETWEEN MAGNETIC
FORCE AND ELECTRIC CURRENT

The death of James Clerk Maxwell in 1879 had left his mag-
nificent work completed, though in a form which offered formid-
able analytical difficulties even to such masters as Kelvin,
Fitzgerald, Lodge, and Hertz. These were his principal expo-
nents. The difficulty lay, first, in Maxwell’s formulation of the
two fundamental equations of the electromagnetic field, secondly,
in the application of these fundamental equations to the solution
of both simple and recondite phenomena.

There is a distinct parallel between the work of Maxwell and
the formulation, by Sir Isaac Newton, of the three laws of motion
which bear his name. As the whole structure of the science of
the motion of particles and rigid bodies is based upon, and clari-
fied by, Newton’s three laws, so the science of electromagnetism
is based upon the two circuital laws first formulated by Maxwell
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and thrown into a simple and manageable form by Oliver Heavi-
side. This achievement required a degree of abstraction, both
mathematical and philosophical, in which Heaviside’s great
mind was aided by the seclusion and solitude in which he spent
his life.

As few of our readers are familiar with the conception of a
veetor and its “curl” and with the “circuital’ equations, Heavi-
side’s elementary exposition of these relations is certain to be
welecomed.  First, a word about the terminology. The reader
frequently comes across the words curl and circuitation in con-
nection with theoretical work in electricity. Maxwell coined
the word curl to connect the line integral of a vector around a
closed curve with the surface integral of another vector, which
is the curl of the first vector, all through the curve. The theorem
involved is that known as Stokes’ theorem, which is fundamental
in the derivation of the electromagnetic equations. ILord Kelvin
coined the word circuital' to indicate the annular ‘‘portion of
the cther uniformly all round its circuit.” Thus, the circular
lines of force or induction around a long electric circuit are said
to be circuital all round the circuit. Heaviside gives a really
simple method of obtaining the curl of the vector, either of the
magnetic force H or of the electric force E. It may be as well
to remind the reader that what we call magnetomotive force is
the line integral, of the magnetic force H; and what we call electro-
motive force is the line integral of the clectric force, whence their
curls can be derived by Stokes’ theorem.

We must refer the rcader to Heaviside’s Elecirical Papers,
Vol. 1, page 195, which contains, perhaps, one of the clearest
expositions found throughout his writings. Textbook writers
would do well to quote this chapter word for word to render the
theory in Heaviside’s words instcad of in their own, as is fre-
quently the practice of writers on dynamics who quote Newton
verbatim instead of improving on his wording by using their
own. While I must refrain from quoting Heaviside in full, I
will give here his introductory remarks on account of their gen-
eral interest. ‘‘Everyone knows that electric currents give rise
to magnetic force and has a gencral notion of the nature of dis-
tribution of the force in certain practical cases, as within a gal-

1See Math. Phys. Papers, Vol. 1I1, p. 451.. -
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vanometer coil, for example. Further than this, few go. The
subject is eminently a mathematical one, and few are mathe-
maticians. There are, however, certain higher conceptions,
created mainly by the labors of eminent mathematical scientists,
from Ampere down to Maxwell, which are usually supposed to
he within the reach of none but mathematicians, but which I
have thought could be to a great extent stripped of their usual
symbolical dress, and, in their naked simplicity, made to appeal
to the sympathies of the many. Let not, however, the reader
(if he belong to the many) imagine that thinking can be dis-
pensed with; there is no royal road to knowledge, and hard
thinking and rigid fixation of ideas are required. Even the
machinery of the mathematician, so great an assistance when
made to work, requires severe training on the part of the operator
to make it work. But carnest students, if they will not or cannot
learn the mathematical methods, need not, therefore, be dis-
couraged, for the name of Faraday will shine forth to the end of
time as a beacon of hope and encouragement to them. He was
no mathematician, yet achieved results apparently attainable
only by such methods. It need not be supposed that he had the
peculiar brains of a calculating boy, able to do long sums “
his head” by special methods of his own. The work was of a
quite different kind, and probably Faraday could never have
made an ordinary mathematician, with the best of training. In
fact, mathematical rcasoning does not necessarily involve any
calculating in the usual sense, though it is, of course, greatly
assisted thereby sometimes; and as for the use of symbols, they
are merely a sort of shorthand to assist the memory, which even
those who openly condemn mathematical methods are glad to use
so far as they can make them out—in the expression of Ohm’s
law, for instance, to avoid spinning a long yarn.” -

Heaviside then develops the two equations of Maxwell’s in
the following form:

First Cross-connection of Magnetic and Electric Force.—This
is expressed by

curl H = 4xJ

where curl H is the vector whose rectangular components are
dH; _dH, dH, _ qu dH, _ dH,

dy dz’ dz ‘dxr’  dr dy
and J “truc” electric current density.
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But the most useful definition is the following: ‘“The line-
integral of a vector H around any closed curve or circuit (or
the circulation! of H) equals the surface integral of another
vector, viz., ‘‘curl H,” over any surface bounded by the circuit.”

Second Connection between Electric Force and Magnetic
Force.—The total e.m.f. of induction around a circuit equals the
rate of decrease of the amount of magnetic induction through
the circuit, or

‘“ As the rate of increase of the displacement in a non-conducting
dielectric is the electric current, so the rate of increase of B/4r
may be called the magnetic current. Let it be G Then,

_dB 1
T dt 4r
Like electric displacement currents, magnetic currents are tran-
sient only, 7.c., they cannot continue indefinitely in one direction
only, like an electric conduction current. Also, like electric
currents in a dielectric, they are unaccompanied by heat gen-
eration. In ether the clectric current and the magnetic current
are of equal significance.

“There is probably no such thing as a magnetic conduction
current, gH with dissipation of energy. If there be such, analo-
gous to an electric conduction current, then let

G (magnetic current per unit area)

J=kE + 4:-‘5' (true electric current per unit arca)
G =gH + 41; d;ti (truc magnetic current per unit area)
curl H = 47] (15)
—curl E = 47G (21)

where k& is the conductance and ¢ is Maxwell’s specific inductive
capacity of the dielectric or medium.

In this symmetrical form the equations of the electromagnetic
field have been written by Heaviside, and this is the form in
which they are used today by the foremost physicists of the

'Later termed circuitation, E. M. T., i, 33.
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world. I have not given the full derivation as presented by
Heaviside, but I have sketched in rough outline his method and
the final form of the fundamental equations. The conception of a
magnetic current corresponding with the current in a dielectric
is clear and useful from a physical standpoint.

“When 1 introduced the new property of matter symbolized
by the coefficient g [K in our notation], it was merely to complete
the analogy between the electric and magnetic sides of electro-
magnetism. The property is non-existent, so far asI know. But
I have more recently found how to imitate its effect precisely
in another electromagnetic problem, also relating to plane

waves . . . 7 The introduction of the leakage in the conduct-
ing medium takes the place of the “magnetic conduction cur-
rent.” “The two dissipations of energy are now due to R in

the wires, and to K in the dielectric, it being that in the wires
which takes the place of the unreal magnetic dissipation” Elec-
trical Papers, Vol. 11, p. 379).

It seems certain that Heaviside was led to the conception of
the distortionless circuit through his desire to find an analogy
in physical phenomena to his fundamental circuital equations.
In this endeavor he devised the balance of the leakage dissipation
against the resistance dissipation and he thus discovered that
though there was no true ‘“magnetic conduction current” in
the ether, its effect could be realized artificially by the leakage
dissipation in the case of wire waves and he thus invented the
distortionless circuit.

MATHEMATICAL METHODS

Heaviside developed two branches of mathematics which are
of great value. The first is the method of vector algebra; and
the second is the use of “‘operators’’ and of divergent series for
the solution of unmanageable differential equations.

Wherever directed quantities are encountered, it is common
sense to avoid the writing down of lengthy trigonometric equa-
tions which become so jumbled that no one knows what to do
with them. Vector addition and subtraction are now in general
use, but vector multiplication and division as well as extracting
roots are really of an elementary character. And yet how few
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of the readers of this paper are familiar with vector multiplication!
To multiply two vectors' or complex quantities 4/a and B/8

means multiplying 4 and B and adding /o and /8. Heaviside’s

proof was, “It works.” He insisted that mathematics was an
experimental science and that our vector product above was a
sort of shorthand which seemed to work wherever applied. Thus,
A/a X B/ = AB(/a + /B). But other definitions can be
given to a vector product. The one at present commonly
adopted defines a vector product as a vector at right angles to
the original vector planes and of a certain magnitude, as this is
useful in electromagnetic theory and in dynamics. There was
nothing new in these methods in Heaviside’s time except that
they fitted the problems to be worked. KEvery active electrical
engineer today uses the complex quantities which Steinmetz
and Kennelly have made so familiar. One could not get along
without them, and for this Hecaviside deserves as much credit
as the two able men named.

It was Professor Iiddington, himself a famous mathematician,
who remarked that a mathematician was never so happy as when
he wrote on something he did not understand, and Heaviside
likewise talks of mathematicians ‘“inventing difficulties.”” He
also remarks:? ‘“ An eminent authority once remarked that there
is a lot of humbug in mathematical papers. He knew, having
done it himself several times.”” Now, we frequently encounter
such papers in modern mathematical applications. Heaviside’s
interpreters would hardly have been pleased with his own
comments on their labors. He disliked the theory of func-
tions; he thought most mathematics dull, with the exception
of Fourier. He thought most rigorous proofs silly (‘‘Electro-
magnetic Theory” Vol. ITI, p. 140). “It scems to me that the
demonstration 1 have poked fun at is typical of a lot of work
made up by the brain-torturers who write books for young people
and college students who are going to be senior wranglers, per-
haps. Let mathematicians be humanized if possible. The best
of all proofs is to set out the fact descriptively, so that it can be
seen to be a fact.”

1 See reference to versors “ Electromagnetic Theory,” Vol. 11, p. 458.
2 “Electro Magnetic Theory” Vol. 111, p. 51.



Zuu HEAVISIDE'S OPERATIONAL CALCULUS

The simplest examples of opcrators are the complex numbers.
We say that the operator j turns a directed quantity from the
abscissa or z-axis counterclockwise or positively into the y-axis
so that jz = y. If you wish to turn it through another quarter
phase, multiply it again by j and you have jjr = j2 x = —r.
The definition of j is given by 72 = —1 and not by +/—1 = j.
Why make a mystery of this? It is shorthand, nothing more or
less. But why stop here? Brilliant mathematicians, like the
late William Kingdon Clifford, had a way of demonstrating
these irrational or complex operations which it may he worth-
while to repeat for the benefit of people who like to know what
all this talk about operators really is about. We will begin with
Lord Kelvin’s famous “compound interest law.” If the differ-
ential coefficient of a quantity is proportional to the quantity
itself, Lord Kelvin would put it that ‘“they follow the compound
interest law.” Let y = Ae*, then dy/dr = aAe® = ay. Thus,
if we know that a function grows in such a manner that its rate
of increase or decrease is proportional to the function itself, then
we know that the function is a logarithmic function of the order
of y given above.

Clifford went a step farther. If a quantity grows at logarith-
mic rate jz, he argued, it means what? Write down ¢+ and
interpret it, but how? Algebraically it is equal to

;- .o Gr) Gt Got o,
er=l+ir+ g +tigstesat
2 3 4

\ x . X x
U LA Bt P

Represent this graphically as in Fig. 2. It shows that, assum-
ing x = 1, the operator ¢+ = ¢ has turned the step 1 of the
above equation counterclockwise through r = 1 radians. Gjve
to z different values and the operator keeps on turning the step
round and round and round. Hence, it is clear that, as the
radius vector OP is equal to cos # + j sin z, and as OP in magni-
tude and position is equal to &7, there follows Euler’s important
formula

¢* =cosc + jsinzx
From the same figure follows
€ =cosxr — jsinx



APPENDIX 201

Hence,
2co8z = €% 4 *
or
cos r = ly(er + &)

If the several terms of the series for cos x be now worked out
and constructed step by step, we again obtain a graphical repre-
sentation of cos z. Forz =1,

b

1933 ~ Tosase T

cosxr =1 — .r + -

These terms are now all real and are laid off on the abscissa.
While these graphical representations may appear too elementary,
it is due to the disregard of clementary
methods that mathematical analysis has
grown to be viewed skeptically.

These algebraical expressions are totally
meaningless without their geometrical
interpretation. Themomenthard common
sense is injected into mathematical argu-
ment, it usually appears that a new light
and understanding are brought to bear on ¢ 2‘-';‘} “’“l’:‘ic“: rep-
the task. As algebra is now taught in ton of eon
school, one may be pardoned for agreeing with Heaviside that it
is ““barbarous’’ and “inhuman,” but it certainly is nothing of the
kind in the hands of a John Perry or a William Kingdon Clifford.

The two most important contributions to engineering mathe-
matics made by Heaviside are his chapters On Resistance and
Conductance Operators and Their Derivatives, published on
pages 355 and 371 of Electrical Papers, Vol. 11, and The Expan-
sion Theorem. Operational Way of Getting Expansions in
Normal Functions, to be found on page 126 of *“ Electromagnetic
Theory,” Vol. II.

The last 10 years have seen a great wave of appreciation of
these papers now thirty years old. A school has been brought
into existence where, under the leadership of Profs. V. Bush
and E. J. Berg, a number of postgraduate theses have been
based successfully on Heaviside’s expansion theorem. At the
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Franklin Institute there have been presented recently papers by
E. J. Berg, J. J. Smith, Louis Cohen, etc., having for their
aim the application of Heaviside’s methods to the solution
of certain problems in electrical engincering which had here-
tofore resisted the conventional methods. The American Insti-
tute of Electrical Engineers has witnessed a long hst of papers
by Professors Bush and Vallarta, by Professor Lyon and Dr.
Carson and others applying Heaviside's methods to their
problems.

The solution of the distribution of e.m.f. and current in alter-
nating-current circuits in the steady state has been made possible
for all known configurations by the use of resistance and con-
ductance operators. Solutions of the transient state have been
given by Heaviside, using his expansion theorem, for the sudden
application of a conslant potential to a circuit. The sudden
application of a sinusoidal potential has been worked out, also,
in some of the papers referred to. The difficult answers are
even more difficult to interpret in the majority of cases which are
at all amenable to a solution. Progress in this direction is,
perhaps, now more needed in extending the ‘‘algebrization’—
a term frequently used by Heaviside—of the operational solutions.
But in many cases it is very difficult to represent the algebraical
solution so that it has any meaning in a physical sense  This is a
large field in which much work has to be done. Professor Berg's
forthecoming book on this subjeet will be most valuable.

WORK IN OTHER FIELDS

We need not wonder that a genius of the broad interests of
Heaviside's type would not have limited himself to the working
out of the distortionless circuit and its mathematics, though it
would seem a large field, indeed, in view of what has been built
upon this foundation. But Heavisidc was interested in mathe-
matical physics, and, with his matchless skill in the application
of mathematics to this subject, he engaged in numerous critical
ventures which may have created the totally wrong idea that he
was given to disputation. It is interesting to note that he thus
had occasion to point out serious errors made by Lord Kelvin.
He pointed out errors in Prof. Peter Guthrie Tait’s treatise on
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quaternions. He analyzed a paper by Sir Joseph J. Thomson,
then Professor Thomson, “On Electrical Oscillations in Cylin-
dnical Conductors” and was forced to conclude that “the usc
of an erroneous boundary condition in the beginning wholly
vitiates the subsequent results’” (Electrical Papers, 11, p. 396).
His numerous encounters with Sir William Preece, the head
of the posts and telegraphs of Great Britain, in which, of course,
the late Sir William was invariably wrong, added to the impres-
sion that Heaviside was a most formidable opponent in the arena
of science. He was always most kind and considerate except
in the case of Preece whom he held up to scorn for his lack of
understanding combined with great assurance which goes so
often with official ignorance. This was, in a sense, unfortunate,
at least for Heaviside personally, though it doubtless helped to
correct the errors of these eminent men.

In the application of Fourier’s theory to a great cosmical
example, Lord Kelvin saw an opportunity to calculate the age
of the earth from her secular cooling. Therc were some data
available, to be sure very meager, which made it possible to
calculate the heat gradient, and from it the time when the center
of the earth must have been so hot that all known clements would
exist only in a gascous state. The application of Fourier was
heautiful, but the result was disastrous, at least to the geologists
and the great school of the followers of Darwin and Huxley and
the theory of evolution  Lord Kelvin was led to believe that the
limiting age of the carth was less than 50,000,000 and more than
10,000,000 years. Professor Huxley protested, somewhat meekly,
to be sure, stating that there might be unknown substances in
the earth which might lead to a different result. This, of course,
has been the conclusion arrived at after the discovery of radio-
active substances, but Huxley did not prevail against the most
illustrious representative of British science. Then, in 1895,
Professor Perry, a close friend of both Heaviside and Lord Kelvin,
whose assistant he had been, proposed to Heaviside solving the
Fourier equation for rocks with different conductivities in series,
so to speak. Conventional mathematies could not solve this
problem but Heaviside succeeded in solving it and in proving
that the age of the earth could thus be casily a thousand times
greater than Lord Kelvin’s estimate. Sir Ernest Rutherford
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and his school have since added any number of years that might
be required by geologists or biolgists to meet their theories.
Both the Kelvin theory and the Heaviside-Perry enlargement
thereof are now useful applications of mathematics to physical
problems.

It is interesting to allude to another example where Lord Kelvin
and Tait made an error in their monumental work on “Natural
Philosophy.” This was pointed out by Heaviside in Electrical
Papers, Vol. 11, page 245, and refers to the treatment by the
illustrious authors of the St. Venant problem of torsion. Such
corrections, if viewed impersonally, become of the utmost interest
and value to the cause of science, as they show the fallibility of
the greatest of our leaders and the necessity for free discussion
untrammelled by the ignorance and narrow-mindedness of those
whom we may call with Herbert Spencer the “ must-be-rights.”
The errors of Newton and Lagrange, to mention just two great
names, have done much harm until resolute criticism brought
them to the bar. Thus let it always be! No man living or
dead should be exempt from criticism so long as such criticism
is based on fact and fairness.

Heaviside became greatly interested in the discovery, in 1897,
of the “corpuscle” by Sir J. J. Thomson. This is now called
the electron, after the example by Johnstone Stoney. It appeared
to him that the mass of a moving particle, when the velocity
approached that of light, would be a function of this velocity.
He developed the equations which are now fundamental.

In the words of Sir Oliver Lodge, Heaviside left his name on
the atmosphere, as it was he who first called attention to the
cxistence of an ionized layer in the atmosphere which acted as a
reflecting medium for the Hertzian waves. In his own words:
“Sea water, though transparent to light, has quite enough con-
ductivity to make it behave as a conductor for Hertzian waves,
and the same is true in a more imperfect manner of the earth.
Hence, the waves accommodate themselves to the surface of the
sea in the same way as waves follow wires. The irregularities
make confusion, no doubt, but the main waves are pulled round
by the curvature of the earth and do not jump off. There is
another consideration. There may possibly be a sufficiently
conducting layer in the upper air. If so, the waves will, so to
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speak, catch on to it more or less. Then the guidance will be
the sea on one side and the upper layer on the other.’’!

This narrative makes no attempt at rendering a complete
picture of the work during a very long life of one of England’s
most powerful interpreters of physical phenomena. But it
would be even more woefully incomplete if, as a fitting post-
seript, it were to omit a recital of many of the happy and humor-
ous thoughts and ideas which brighten the 2,700 pages, in fine
print and rife with mathematical formulas. Readers would have
ground for not forgiving me if I were to withhold from them
gleanings so interesting and so picturesque and clear that even
those who care nothing for mathematical treatment of physical
phenomena would enjoy these five volumes. James Swinburne,
reviewing in Nature for Dec. 20, 1894, the first volume of the
“Llectromagnetic Theory,” says, toward the close: “The style
is that of Whitman, except that Mr. Heaviside is not affected
and has something to say. The similarity is also noted in the
Philosophical Magazine. Every line of the book is important,
and it is full of interesting digressions on all sorts of subjects.
Though the converse may not be true, all clever men have a
sense of humor, and it is therefore a pity that scientific writers
emulate the ponderous dryncss of the theologian. Mr. Heavi-
gide’s work bristles with humor of a type which he has invented.”

As readers might like to check quotations from Heaviside's
works, 1 shall designate the Electrical Papers by E. P. and the
“Electromagnetic Theory” by E. M. T., and our first quotation
shall be from Storage Room Is Too Valuable (E. M. T., II, 433).
“TFor the benefit of the uninitiated, I should explain that El. Pa.
means my own Elecirical Papers. They can be picked up cheap,
because the remainder was sold off in quires for a few pence per
volume, on account of the deficiency in storage room. Though
somewhat vexed at first by this disposal of my labored lucubra-
tions, it has later, given me and others occasion for much laugh-
ter” (E. M. T. III, 93). “Note (Nov. 30, 1887).—The
author much regrets to be unable to continue these articles in

1 Electromagnetic Theory,” Vol. III, p. 335, June, 1902; sce, also
KeNNELLY, A. E., Electrical World and Engineer, Mar. 15, 1902, p. 473,
where a prior announcement is made of the probable existence of such a

layer.
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fulfilment of Sec. XI, having been requested to discontinue
them” (E. P., II, 155).

Now these are the papers which have since been unobtainable.
They have sold at $75 for the two volumes and they made desir-
able a photographic reprint which is now available. It is cer-
tainly a bit of humor that the inventor of long-distance telephony,
while he was explaining his invention, was asked by his publishers
to stop. Fortunately for the telephone, the gag was removed
after a little time.

Under perpetual irritation from the leading mathematical
rigorists of Cambridge, who did not read his work but condemned
it, he wrote, “ Whether good mathematicians, when they die, go
to Cambridge, I do not know”’ (E. M. T., IIl, 175). In discuss-
ing Lagrange's equations and the principle of lcast action, he
says, “Truly, 1 have never practiced it myself (except with pots
and pans) . . . 7 (I&. M. T, I11, 175). “If it is Jove that makes
the world go round, it is self-induction that makes electromag-
netic waves go round the world” (K. M. T., 111, 194). In regard
to Lagrange’s equations, he says: “Is not Newton’s dynamics
good enough? Or do not the Least Actionists know that New-
ton’s dynamics, viz., his admnirable Force = Counterforce and
the connected Activity principle, can be directly applied to con-
struct the equations of motion in such cases as above referred to,
without any of the hocus-pocus of departing from the real motion,
or the time integration, or integration over all space, and with
avoidance of much of the complicated work? It is against its
misuse that I write” (E. M. T., III, 176). ‘“When I was a
young child I conceived the idea of infinite series of universes,
the solar system being an atom in a larger universe on the one
hand, and the mundane atom a universe to a smaller atom, and
so on” (E. M. T, III, 172). “ ... Faraday . . . that great
genius had all sorts of original notions wrong as well as right and,
not being a mathematician, could not effectually discrimi-
nate . . . 7 (E. M. T, I, 415). ‘““Some do not belicve in the
materiality of the ether. This view is thoroughly anti-New-
tonian, anti-Faradaic, and anti-Maxwellian. What mean action
and reaction, the storage of energy, the transit of force and energy
through space, etc., if there is no medium in space? For space
is nothing at all, save extension. Lord Kelvin used to call me
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a nihilist. That was a great mistake, (though I did throw a
bomb occasionally, to stimulate an official humbug to learn
something about electricity and how to apply it) . . . I have
observed repeatedly that young to-be physicists, when they
leave college, are full of gencralized coordinates, and the theory
of functions, and unnatural spaces, and rigor; but when they
become thoroughly imnmersed in real physies, even though math-
ematical, a lot of the learning referred to fades away. Is Cam-
bridge to blame? Perhapsnot. It may be my fault” (K. M. T.,
111, 479).

“They are purely plain waves . . . They are merely guided
through space in a definite manner by the conductors, imagined
to have no resistance, so that, to use a very gross simile, the
clectricity slips along like greased lightning” (I5. P., 11, 140).
“Infinity immeasurable but not un-measurable” (I&. M. T, 11,
113). “Seclf-induction is salvation” (I&. M. T., I1,354). ‘‘Phys-
ies is above mathematics and the slave must be trained to suit
the master’s convenience” (. M. T., 11, 414). ‘““Most solutions
of problems in mathematical physics are in the form of infinite
series. Iinite solutions are quite exceptional” (K. M. T., II,
66). ‘“‘Let mathematics be humanized, if possible. The best
of all proofs is to set out a fact descriptively so that it can be seen
to be a fact” (E. M. T, 111, 140). ‘““My authority for Newton
is that stiff but thorough-going work, Thomson and Tait"”
(E. M. T., II1, 178). “There is room in the ether for much
speculation” (E. M. T., III, 98). ‘‘But I think a rigid and
incompressible ether is an excecedingly difficult idea” (K. M. T.,
111, 145). “Lord Kelvin’s thermoelectric theory has always
appeared to me one of his best works” (E. M. T., III, 183).
“But perhaps like the fishes who were preached to by the saint,
‘Much cdified were they but preferred the old way’ ” (E. M. T.,
111, 291).

Excerpts from Heaviside’s Letters to the Author.—“I think
honors have been very much overdone. The more honors the
less value. 1t is depreciating the currency. Of late years there
has been a perfect flood of new honors, and even the women
have caught the plague.”

“Tf T were offered a Dukedom, I might take it, having already
an cstate, properly mortgaged up to its full capacity, and I
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should think I was doing the tribe of Dukes an honor by joining
it.”

“You do not take notice of my ‘heavify’ and ‘heavification’
idea. Perhaps you thought it only a joke.”

“But there is rather a funny notion prevalent that an invention
is not an invention unless it is patented, and then it is the pat-
entee’s invention.”

“] want to get on with volume 4 of E. M. T. and may be
able to do it bye and bye. 1t is a question of health and free-
dom from disturbance and petty worries . . . It is slow work
for an old man in any case.”

The war came and with it much hardship and suffering for the
aged scholar. Let us keep the gaze of the world from the last
years of the master. At last the great light went out. Sic
pereat gloria munds!
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Condenser, charge on nuddle plate,
25
Conjugate roots, treatment of, 38

D

Dandelin, G., 140
Duhamels integral, 67

E

Tnehe roots, 141
Lxpansion theorem, 15
used with mduetive eireuit, 20
multiple cireut, 23
resistance and capacity, 21
when some roots are equal, 34
zero, 34

F

Fuetorial generalized, 118

Formulae that are useful, 164

Fourier seres wave shapes expressed
in, 169

Fractional differentiation, 115

G

Graceffe, (* 11., 140
Gireens funetion, 110

11

Haefner, S, J., 124
Hamlin, k. W, 124
Heat linear flow of, 135

K

Kelvin, 121
Kennelly, A I, 24

M

Mcchanical problems, 44
Mutual inductance problems involy-
g, 40
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214
b
Operational solution, apphed to mul-
tiple eireuit, 13
derived from mfimte series, 3
Operators  for (rngonometrie fune-
tions, 29
hst of, 164

resistance, induetance and capace-
iy operators, 12

I)
Pennell, W. O, 124
S

Series converging and  asymptotie,
124
“Shifting,” 61
Sine wave impressed on anductive
cireuit, 30
Smuth, J. J., 6, 110, 124
Switching, closing a switch, 49
opening a switch, 57
short eircuiting a network, 42

rl\

Transcedental  equations  solution
of, 140
Transmission line, batterv in line,

103

HEAVISIDE'S OPERATIONAL CALCULUS

Transmission line, general equations,
73
open hne, 74
point eharge on line, 105
short cireuited line; 75
very  short lme, 9%
with constants R\L, ¢, 132
with constants R,1L, G, 86
with impedance  at  sending
and receiving end, 89
lines, combination of several lines,
107
indefimtely long, 85, 120, 126,
129, 131, 132
two lmes in series joined by
mpedanee, 100
shunted by impedance, 99

U

Unit function, definition, 2
difference between E and E7,, 3
mportance of meludmg 1t m

equations, 9

v .

Veetor  representation when

Jiry 21

» =

W

Waveshapes, 169
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