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PREFACE

T is scarcely necessary to apologise for writing a
book on #-dimensional geometry. One should
regret rather the comparative neglect which the

subject has suffered at the hands of British mathe-
maticians.* Yet one may almost say that this country
was its home of origin, for, with the exception of a few
previous sporadic references, the first paper dealing ex-
plicitly with geometry of z dimensions was one by Cayley
in 1843, and the importance of the subject was recog-
nised from the first by three of our most famous pure
mathematicians—Cayley, Clifford, and Sylvester. On
the Continent the classical works of Grassmann and
Schliafli attracted at first no attention. Schlafli’s re-
markable memoir, in fact, failed to secure publication,
and in spite of Cayley’s gallant attempt at rescue by
translating and publishing part of it in the “Quarterly
Journal” it remained unknown until it was found and
published several years after the author’s death, and
fifty years after it was written. By that time Schlegel
and others in Germany had made the subject well
known, but mostly in its metri¢al aspect. The wonder-
ful projective geometry of hyperspace has been almost
entirely the product of the gifted Italian school of

* In the twenty-seven volumes of the new series of the Proceedings of
the London Mathematical Society there are barely a dozen papers dealing
with higher space. On the other hand, it is interesting to notice that there
are about an equal number in the three volumes of the Journal ; this seems
to indicate a revival of interest.

vii



viii GEOMETRY OF N DIMENSIONS

geometers ; though this branch also was inaugurated by
a British mathematician, W. K. Clifford, in 1878.

The present introduction deals with the metrical
and to a slighter extent with the projective aspect. A
third aspect, which has attracted much attention recently,
from its application to relativity, is the differential aspect.
This is altogether excluded from the present book.

In writing this book I have not attempted to produce
a complete systematic treatise, but have rather selected
certain representative topics which not only illustrate the
extensions of theorems of three-dimensional geometry,
but reveal results which are unexpected and where
analogy would be a faithless guide.

The first four chapters explain the fundamental ideas
of incidence, parallelism, perpendicularity, and angles
between linear spaces; and in Chapter I there is an
excursus into enumerative geometry which may be
omitted on a first reading. Chapters V and VI are
analytical, the former projective, the latter largely
metrical. In the former are given some of the simplest
ideas relating to algebraic varieties, and a more detailed
account of quadrics, especially with reference to their
linear spaces. In the latter there are given, in addition
to the ordinary cartesian formule, some account and
applications of the Pliicker-Grassmann co-ordinates of
a linear space, and applications to line-geometry. The
remaining chapters deal with polytopes, and contain,
especially in Chapter IX, some of the elementary ideas
in analysis situs. Chapter VIII treats of the content of
hyperspatial figures, and the final chapter establishes
the regular polytopes.

A number of references have been given at the ends
of the chapters. Some of these are the original works
in which the various theories were first expounded, others
are a selection of more recent works in which a fuller
account may be found. Reference may be made to the
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author’s “ Bibliography of Non-Euclidean Geometry,
including the theory of parallels, the foundations of
geometry, and space of » dimensions” (London : Har-
rison, for the University of St. Andrews. 1911), which
contains, in addition to a chronological catalogue, a
detailed subject index and an index of authors.

I am indebted in particular to Schoute’s ‘“ Mehr-
dimensionale Geometrie” (Leipzig, 2 vols.,, 1902 and
1905), Bertini’s * Introduzione alla geometria proiettiva
degli iperspazi” (Pisa, 1907), and the various articles
of the “Encyklopidie der mathematischen Wissen-
schaften.”

For assistance in correcting the proofs I have to
thank Mr. F. F. Miles, M.A., Lecturer in Mathematics
at this College.

D. M. Y. S.

VicTorIA UNIVERSITY COLLEGE,
WELLINGTON, N.Z., May, 1929.
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GEOMETRY OF N DIMENSIONS

CHAPTER 1

FUNDAMENTAL IDEAS

1. Origins of Geometry. Geometry for the individual begins
intuitionally and develops by a co-ordination of the senses of
sight and touch. Its history followed a similar course. The
crude ideas of shape, bulk, superficial extent, and length
became analysed, refined, and made abstract, and led to the
conception of geometrical figures. The development started
with the solid; surface and line, without solidity, were later
abstractions. Witness the inability of most animals and some
primitive races of men to recognise a picture. Having no
depth, except such as is imitated by the skilfulness of the drawing
or shading, it conveys to the undeveloped intelligence only an
impression of flat regions of contrasted colouring. When the
power of abstraction had proceeded to the extent of conceiving
surfaces apart from solids, plane geometry arose. The idea of
dimensionality was then formed, when a region of two dimen-
sions was recognised within the three-dimensional universe.
This stage had been reached when Greek geometry started.
It was many centuries, however, before the human mind began
to conceive of an upward extension to the idea of dimensionality,
and even now this conception is confined to the comparatively
very small class of mathematicians and philosophers.

2. Extension of the Dimensional Idea. There are two
main ways in which we may arrive at an idea of higher
dimensions : one geometrical, by extending in the upward
direction the series of geometrical elements, point, line, surface,
solid; the other by invoking algebra and giving extended
geometrical interpretations to algebraic relationships. In what-
ever way we may proceed we are led to the invention of new

I



2 GEOMETRY OF N DIMENSIONS [T 3

elements which have to be defined strictly and logically if exact
deductions are to be made. A great deal is suggested by
analogy, but while analogy is often a useful guide and stimulus,
it provides no proofs, and may often lead one astray if not
supplemented by logical reasoning.  If we follow the geometrical
method the only safe course is that which was systematically
laid down for the first time by Euclid, that is to lay down a
basis of axioms or assumptions. When we leave the field of
sensuous perception and can no longer depend upon intuition
as a guide, our axioms will no longer be “self-evident truths,”
but simply statements, assumed without proof, as a basis for
future deductions.

3. Definitions and Axioms. In geometry there are objects
which have to be defined, and relationships between these
objects which have to be deduced either from the definitions
or from other simpler relationships. In defining an object we
must make reference to some simpler object, hence there must
be some objects which have to be left undefined, the inde-
finables. Similarly, in deducing relations from simpler ones
we must arrive back at certain statements which cannot be
deduced from anything simpler; these are the axioms or
unproved propositions. The whole science of geometry can
thus be made to rest upon a set of definitions and axioms.
The actual choice of fundamental definitions and axioms is
to a certain extent arbitrary, but there are certain principles
which have to be considered in making a choice of axioms.
These are :—

(1) Self-consistency. The set of axioms must be logically
self-consistent. No axiom must be in conflict with deductions
from any of the other axioms.

(2) Non-redundance or Independence. This condition is not
a necessary one, but in a logical scheme it is desirable. Peda-
gogically the condition is frequently ignored.

(3) Categoricalness. This means not only that the set of
axioms should be complete and sufficient for the development
of the science, but that it should be possible to construct only
a unique set of entities for which the axioms are valid. It is
doubtful whether any set of axioms can be strictly categorical.
If any set of entities is constructed so as to satisfy the axioms,
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it is nearly always, if not always, possible to change the ideas
and construct another set of entities also satisfying the axioms.
Thus with the ordinary ideas of point and straight line in plane
geometry the axioms can still be applied when instead of a point
we substitute a pair of numbers (z, »), and instead of straight
line an equation of the first degree in  and y; corresponding
to the incidence of a point with a straight line we have the fact
that the values of # and y satisfy the equation. It is desirable,
in fact, that the set of axioms should #o¢ be categorical, for
thereby they are given a wider field of validity, and propositions
proved for the one set of entities can be transferred at once to
another set, perhaps in a different branch of mathematics.

4. The Axioms of Incidence. As indefinables we shall
choose first the point, straight line, and plane. With regard to
these we shall proceed to make certain statements, the axioms.
If these should appear to be very obvious, and as if they might
be taken for granted, it will be a good corrective for the reader
to replace the words point and straight line, which he must
remember are not yet defined, by the names of other objects to
which the axioms may be made to apply, such as “committee
member” and “ committee.” Following Hilbert we divide the

axioms into groups.
THE AXIOMS
Group I
AXIOMS OF INCIDENCE OR CONNECTION

L 1. Any two distinct points uniquely determine a straight
line.

We imagine a collection of individuals who have a craze for organisa-
tion and form themselves into committees. The committees are so
arranged that every person is on a committee along with each of the
others, but no two individuals are to be found together on more than one

committee.

1. 2. If A, B are distinct points there is at least one point not
on the straight line AB.

This is an “existence-postulate.”

L 3. Any three non-collinear points determine a plane,
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L. 4. If two distinct points A, B both belong to a plane a,
every point of the straight line AB belongs to a.

From I 1 it follows that two distinct straight lines have
either one or no point in common. From I 4 it follows that
a straight line and a plane have either no point or one point in
common, or else the straight line lies entirely in the plane; from
I. 3 and 4 two distinct planes have either no point, one point,
or a whole straight line in common.

L. 5. If A, B, C are non-collinear points theve is at least one
point not on the plane ABC.

I. 2 and 5 are existence-postulates; 2 implies two-dimensional
geometry, and 5 three-dimensional.

The next of Hilbert’s axioms is that if two planes have one
point A in common they have a second point B in common, and
therefore by 1. 4 they have the whole straight line AB in
common. If this is assumed it limits space to three dimensions.

5. Projective Geometry. There is a difficulty in deter-
mining all the elements of space by means of the existence
postulates and other axioms, for while Axiom I. 1 postulates
that any two points determine a line, there is no axiom which
secures that any two lines in a plane will determine a point.
In fact, in euclidean geometry this is not true since parallel lines
have no point in common. For the present therefore we shall
confine ourselves to a simpler and more symmetrical type of
geometry, projective geometry, for which we add the following
axiom :

L 1. Any two distinct straight lines in a plane unigquely
determine a point.

6. Construction of Three-dimensional Space. We may
proceed now to obtain all the elements, points, lines, etc., of
space with the help of the existence postulates and other axioms.
Starting with two points A, B we determine the line AB, and
on this we shall suppose all the points determined. Taking
a third point C, not on AB, a plane ABC is determined. In
this plane there are determined : first, the three points A, B, C,
then the three lines BC, CA, AB and all their points; then all
lines determined by two points one on each of two of these
lines, and since every line in the plane meets these three lines
all the lines of the plane are thus determined ; finally any point
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of the plane is determined by the intersection of two lines
which have already been determined, e.g. if P is any point of
the plane, the line PA cuts BC in a point L. and PB cuts CA
in a point M ; there are therefore two points, L. on BC and M
on CA, such that LA and MB determine P.

" We next take a point D not in the plane ABC, and deter-
mine planes, lines and points as follows: first, the planes DBC,
DCA, DAB and all the lines and points in these planes; then
the lines determined by joining D to the points of ABC, and all
the points on these lines, and all the lines and planes determined
by any two or any three of the points thus determined. If now
P is any point we cannot be sure that it is one of the points thus
determined unless the line DP meets the plane ABC. For this
we could assume as an axiom: ‘“every line meets every plane
in a point,” which is true for projective geometry of three
dimensions ; but a weaker axiom, which is true also in euclidean
geometry, is sufficient, viz. Hilbert’s axiom : '

1. 6. If two planes have a point A in common, they have a
second point B in common.

Then if P is any point, the planes PAD and ABC, which
have the point A common, have another point, say Q, common,
and the lines AQ and DP which lie in the same plane determine
a point R which lies in the line DP and also in the plane ABC.
Hence DP meets the plane ABC, and therefore all points are
obtained by this process.

If / is any line (Fig. 1), determined by the two points P, Q,
the planes PQD and ABD, having D in common, intersect in a
line which cuts PQ in N, say, and AB in E; then PQ and CE
lie in the same plane and therefore meet in a point Z. Hence
every line cuts the plane ABC.

7. If o is any plane (Fig. 2), determined by the three points
P, Q, R, and O is a point not in this plane, the lines OP, OQ,
OR cut ABCin P, Q', R. QR and Q'R/, being in the same
plane, intersect in a point X. Similarly RP and R'P’ intersect
in ¥, and PQ and P'Q" in Z. Hence every plane cuts the
plane ABC.

The points X, Y, Z all lie in both of the planes PQR and
P'Q'R’ and are therefore collinear. This theorem is known as
Desargues’ Theorem, PQR and P'Q'R’ being two triangles in
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perspective. (It is interesting to note in passing that the
corresponding theorem for two triangles in perspective in the
same plane cannot be proved without the assumption of three
dimensions or some special axiom in addition to those which
we have assumed.)

We can now prove that any two planes intersect in a line.
Let « and & be any two planes. We have seen that every
plane cuts ABC in a straight line. Let « and «’ cut ABC in
the lines /and /. These lines intersect in a point P which is
therefore common to the two planes, and therefore the two
planes, having a point in common, intersect in a straight line.

Next, every line cuts every plane in a point. For if g is any

0
D

{
N R
\Q\ c P Z
E

P
4
> , Q
R 0 Y

B 1

Fie. 1. Fic. 2.

plane through the given line /, this plane cuts the given plane
« in a line #, and the two lines / and =z, lying in the same
plane, intersect in a point, which is common to / and a.

Lastly, any three planes have a point in common. For the
planes a, B intersect in a line /, and / cuts y in a point; this
point is common to the three planes.

8. Extension to Four Dimensions. All the points,
lines and planes determined from four given non-coplanar
points form a three-dimensional region, which is ordinary
projective space of three dimensions. We proceed to postulate
the existence of at least one point E not in this region. The
three-dimensional region is not now the whole of space, but
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will be called a Ayperplane lying in hyperspace. A hyperplane
is thus determined by four points. We may determine
similarly the hyperplanes ABCE, ABDE, etc., and the planes,
lines and points in them, and further the hyperplanes, planes,
and lines determined by four, three, or two points not all lying
in one of these hyperplanes. The hyperplanes ABCE and
ABDE have the three points A, B, E in common and therefore
the plane ABE. We may show that any two hyperplanes in
this region have a plane in common. For example, if « and o’
are two hyperplanes determined by four points P, Q, R, S and
P, Q, R, S lying on EA, EB, EC, ED respectively, PQ
and P'Q’, being in the plane EAB, cut in a point Z, similarly
QR and Q'R’ cut ina point X, and RP and R'P'in a point Y ;
PS and P'S cut in U, QS and 'S’ in V, RS and R'S’ in W.
The six points X, Y, Z, U, V, ‘
W are thus all common to « w
and «. These six points form
the vertices of a complete quad- v
rilateral (Fig. 3) whose sides
are XYZ, the intersection of the
planes PQR and P'Q'R’, XVW,
the intersection of QRS and x Y 7
Q'R'S,etc. The six points are
thus coplanar, and this plane is
common to the two hyperplanes a and o'

Thus in this region, space of four dimensions, two hyper-
planes intersect in a plane. Similarly three hyperplanes inter-
sect in a line, four hyperplanes in a point, while five hyperplanes
do not in general have any point in common. A hyperplane
cuts a plane (intersection of two hyperplanes) in a line, and a
line in a point. Two planes, each the intersection of two
hyperplanes, have in general only one point in common, a
plane and a line in general have no point in common.

A hyperplane is determined by four points, a point and a
plane, or by two skew lines.

9. Degrees of Freedom: Dimensions. A point in a line
is said to have one degree of freedom, in a plane two, in a
hyperplane three, and in the hyperspacial region four. The
point being taken as the element, a line is said to be of one

FiG. 3.
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dimension, a plane two, a hyperplane three, and the hyper-
spacial region four. For a point to be in a given hyperplane
one condition is required, or one degree of constraint, thus
reducing the number of degrees of freedom from four to three.
For a point to lie in a plane two conditions are required; if
it is to lie simultaneously in two planes four conditions are
required and it is completely determined.

10. Extension to n Dimensions. We may now extend
these ideas straightaway to ~ dimensions, and at the same time
acquire both greater generality and greater succinctness in ex-
pression. The series point, line, plane, hyperplane (or as it

is more explicitly termed #hree-flat), . . ., n-flat are regions
determined by one, two, three, four, . . ., » + 1 points, and
having zero, one, two, three, . . ., # dimensions, i.e. an r-flat

is determined by # + 1 points, and every p-flat (p << #) which
is determined by p + 1 of these points lies entirely in the r-flat,
We shall suppose that the z-flat, or space of » dimensions,
contains all the points. A p-flat, or hyperplane of p dimensions
will be denoted by S,. A flat space is also called a /inear space.

11. Independent Points. Ifp + 1 points uniquely deter-
mine a p-flat they must not be contained in the same (p — 1)-
flat. Also no 7 of them (» = p) must be contained in the same
(r — 2)-flat, for this (» — 2)-flat, which is determined by » ~ 1
points, together with the remaining » + 1 - #» points, would
determine a (p - 1)-flatt. We shall call a system of p + 1
points, no » of which lie in the same (» — 2)-flat, a system of
linearly independent points. Any p + 1 points of a p-flat, if
they are linearly independent, can be chosen to determine the
p-flat.

12. Consider a p-flat and a g¢-flat, which are determined
respectively by » + 1 and ¢ + 1 points. If they have no
point in common we have p + ¢ + 2 independent points which
determine a (p + ¢ + 1)-flat. Hence a p-flat and a g-flat taken
arbitrarily lie in the same (p + q + 1)-flat.

If p+ ¢ + 1 is greater than » the two flats will have a
region in common. Let this region be of dimensions ». In
this region we may take » + I independent points; to deter-
mine the p-flat we require p — » additional points, and to
determine the g¢-flat ¢ — » additional points, i.e altogether
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P+ 1D+ (@P-7+(@—-7)=p+ ¢g-r+ I,and these de-
termine a (p + ¢ — »)-flat. Hence

A p-flat and a g-flat which have in common an r-flat ave both
contained ina (p + g — 7»)-flat; if they have no point in common
they ave both contained in a (p + q + 1)-flat.

A p-flat and a g-flaz, whick are both contained in an n-flat,
have in common a (p + g — n)-flat, provided p + g >n — 1.
If p + ¢ <7 they have no point in common. When two flats
do not intersect we may say that they intersect in a (— 1)-flat.

13. Degrees of Freedom of Linear Spaces. A p-flat
requires p + 1 points to determine it, and each point requirgs
z conditions to determine it in space of # dimensions. But we
have in the choice of each point p degrees of freedom. Hence
the number of conditions required to determine the p-flat in
space of z dimensions is (p + 1)(% - p), i.e. the number of degrees
of freedom of a p-flat in an n-flat s (p + 1)(n — p). Thisis
called the constant-number of the p-flat.

This result may be proved otherwise, thus. Take any
7 + 1 fixed (n — p)flats. The p-flat cuts each of theseina
point, and these p + 1 points determine the p-flat. Each point
has # — p degrees of freedom in its (# — p)-flat. Hence the
total number of degrees of freedom of the p-flat is (p + 1)(7z - p).

If the p-flat has » points fixed, p + 1 - » points are still
required to determine it, hence the number of degrees of freedom
of the p-flatis (n — p)(p — » + 1); hence also the number of
degrees of freedom of a p-flat lying in a given n-flat and passing
through a given r-flat is (n — p)(p — 7).

14. The degree of incidence of a p-flat and a g¢-flat can be
represented by a fraction. Let p > ¢. Complete incidence,
when the p-flat contains the g-flat, can be represented by 1;
skewness, when they have no point in common, by o. If they
have in common an 7-flat, the degree of incidence can be repre-
sented by the fraction (» + 1) /(g + I).

15. Duality or Reciprocity. A p-flatandan(z - p - 1)-
flat in S, have the same constant-number (p + 1)(z - ). A
(1, 1) correspondence between points and (» - 1)-flats can be
established in various ways, so that to the line joining two points
P, Q corresponds the (» — 2)-flat of intersection of the two cor-
responding (z» - 1)-flats. If three points are collinear their
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corresponding (z - I)-flats pass through the same (» - 2)-flat.
To a (» - 1)-flat, which is determined by p given points, corre-
sponds the (z - p)-flat common to the (» - 1)-flats which cor-
respond to the p points.

16. Number of Conditions Required for a given Degree
of Incidence. In S, a p-flat has (» — p)(» + 1) degrees of
freedom, but if it passes through a given r-flat it has only
(n — p)(p — r) degrees of freedom. Hence the number of
conditions that a p-flat in S, should pass thvough a given v-flat
(#>p>7)is (n — pYr + 1)

If the »-flat is free to move in a given ¢-flat, it has
(r + 1)(¢g — 7) degrees of freedom. Hence the number of
conditions that a p-flat and a g-flat in S, should intersect
in an r-flat &s (r + 1)m — p — g + #). This implies that
p+g=n+7r. Ifp+ g>n+ 7they intersect in a region
of dimensions p + ¢ — #, which is greater than ».

17. Incidence of a Linear Space with two or more
Linear Spaces. Enumerative Geometry. In S; a line
has 4 degrees of freedom (constant-number 4), and the number
of conditions that it should intersect another line is 1. Hence
a line which cuts a fixed line has 3 degrees of freedom, and the
whole system of lines all cutting a fixed line forms a three-dimen-
sional assemblage which is a particular case of a congruence ; the
system of lines cutting two fixed lines forms a two-dimensional
assemblage, a particular case of a complex; and the system of
lines cutting three fixed lines forms a one-dimensional assemblage,
a /ine-sevies. A line which is required to cut four given lines is
deprived of all freedom. The line is not, however, uniquely
determined. An important problem, which belongs to a branch
of mathematics called enumerative geometry, is to determine the
number of linear spaces which satisfy given conditions, in num-
ber equal to the constant-number of the linear space.

This problem can sometimes be solved directly by simple
geometrical considerations. As an example let us find the
number of lines in S; (constant-number 8) which pass through
a given point O (4 conditions) and cut two given planes a, &
(2 conditions for each intersection). The required line must
lie in each of the 3-flats (Oa) and (O¥), hence it is uniguely de-
termined as the intersection of these two 3-flats.
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18. Principle of Specialisation. The determination of
the number of lines which cut four lines in S; is not so simple,
and we apply a very useful principle, called by Schubert the
¢ conservation of number” (Erhaltung der Anzahl), or “prin-
ciple of specialisation.” The principle is that the number of
elements determined will be the same if the determining figures
are specialised, provided the number does not thereby become
infinite. In simple cases it is equivalent to the statement in
algebra that the number of roots of an algebraic equation is not
altered if the coefficients are specialised in any way, unless,
indeed, the equation becomes an identity.

As an example of the application of this principle let us
complete the problem to determine how many lines in S, cut
four given lines. Let the four lines intersect in pairs: « and &
in P, s and & in Q. A line which cuts both @ and & must
either pass through P or lie in the plane (2é); and as P must
not lie in the plane (¢2), nor Q in the plane (ab), for in either of
these cases there would be an unlimited number of lines cutting
all four lines, the required line must either pass through both P
and Q, or lie in both of the planes (a4) and (¢). Hence there
are #wo lines satisfying the given conditions.

19. The general enumerative problem relating to linear
spaces is: to find the number of p-flats which have incidence of
specified degrees with a given set of linear spaces, the number
of assigned conditions being equal to the constant-number of
the p-flat.

Let (n : p, ¢ : ) represent the condition that a p-flat and
a g-flat in S,, should intersect in an »-flat. If P and Q repre-
sent any conditions, the product PQ is taken to mean that
both conditions must be simultaneously satisfied; the sum
P + Q that one or other of the conditions is satisfied. Thus
(3:2,0:0)3:2, 1:1) means the condition that a plane in S,
should contain a given point and a given line; (3:1, I:0)*
means the condition that a line in S, should cut four given lines.

The number of simple conditions involved in (z:p, g:7)
may be denoted by C(% : p, ¢ : #), and we have proved that

Cn:pg:r)=@F+1)(n-p-qg+7)
The constant-number of a p-flat in S, is equal to

Cln:pp:0) = (@ + 1Xn - 2).
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We may also represent the number of elements determined by
a given condition by prefixing N to the symbol of the condition.
Thus N(3:1, 1:0) = 2.

20. Duality in Enumerative Geometry. The duality be-
tween the p-flat and the (» — p — 1)-flat extends to enumera-
tive problems. Not only are the constant-numbers equal, viz.
(» + 1)(= - p), but we have also, as is easily verified,

Con:pg:n)=Cn:n-p-1,n-g-1:n-p-g+7r-1);

and the number of p-flats determined by (p + 1)(n - ) simple
conditions is equal to the number of (» — p - 1)-flats deter-
mined by the corresponding reciprocal conditions. Thus in S,
there are two lines which lie in a given 3-flat and cut four given
planes, for the planes cut the 3-flat in lines. The reciprocal
statement is: there are two planes which pass through a given
point and cut four given lines; ie.

N(g:1,3:1)(4:1,2:0) = N(4:2,0:0)(4:2, 1:0)"~
21. In two dimensions the only conditions are

Cl2:0,0:0)=2=C(2:1,1:1),
C(z:0,1:0)=1 = (C(2:1,0:0),
i.e. a point coincident with a given point, a line coincident with
a given line; and a point incident with a given line, a line in-
cident with a given point. The constant-number K of a point
or a line is 2, and we have only two enumerative results with
their duals, viz. :—

N(z:0, 0:0) = I, 7.e. one point is coincident with a given point,
N(z2:0, 1:0)!=1,17.e. one point is incident with two given lines,
N(2:1, 1:1) =1, ze oneline is coincident with a given line,
N(2:1, 0:0)!= 1, z.e. one line is incident with'two given points.

The results may be exhibited more compactly in tabular
form. For a specified linear space let ¢, denote that it cuts a
given ¢-flat in an »-flat. Then for S; all the results are repre-
sented in the following table. Point and plane, being recipro-
cals, are grouped together.
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Point| 0 | 1o | 2 ||K =3 Line |0 | I | 1; | 2, || K =4
Plane 29 Iy Op -_

.
-
-
-
e 8 0 e e N
« e N e Ve
W e o e o

e i o o o o o

C is the number of simple conditions, N is the number of
elements determined. In each row the sum of the numbers,
each multiplied by the corresponding value of C, is equal to the
constant-number of the element K.

22. Incident Spaces in Four Dimensions. In general
many of the combinations are either trivial, or belong to a space
of lower dimensions, e.g, in S, the statement, that one line
passes through a given point and intersects three given lines, is
the reciprocal of the statement that one plane lies in a given
3-flat and cuts three given lines (the plane is in fact determined
by the three points in which the given lines cut the 3-flat).

The following is the complete table of results for S,, most
of which the reader will have no difficulty in verifying. Results
marked “trivial” are the fundamental determinations of an
element or its reciprocal, e.g. a plane determined by three
points. «S;” indicates that the result belongs to space of three
dimensions.

Point Op Io 20 30 K= 4
3-flat 33 23 I; [}
C 4 3 2 1 N

1 . . . I all trivial
. I . 1 1
. . 2 . I
. . 1 2 I
. . . 4 I
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Line O {Io |20 | i 2| 3 K=6
Plane | 33 |21 | To | 25| I | O

C 3| 2 1 6 | 4] 2 N
2 . . . . . I trivial
1 1 1 . . . 1 S
I . 3 . . . I Sg
1 . 1 . . 1 o
. 3 . . . . 1
. 2 2 . . . 2
. 2 . . . 1 1 S;
. 1 4 . . . 3
. I 2 . o 1 I S;
. 1 . . I . o
. 1 . . . 2 o .
. . 6 . . . 5
. . 4 . . I 2 Ss
. . 2 . 1 . I trivial, S,
. . 2 | . . 2 1 trivial, S,
. . . 1 . . 1 trivial
. . . . I 1 1 trivial
. . . . . 3 1 trivial

The most important of these conditions which determine a
line are: 13, 1325, 1,28, and 2§. These may be investigated
as follows.

15. Let the three given lines be a, 4, c. A line which cuts
both @ and & lies in the 3-flat (ab). The three 3-flats (éc),
(ca), (ab) have a unique line in common. Hence N1§ = 1.

1228, The two given lines determine a 3-flat which cuts
the two given planes in two lines. These four lines have two
common transversals. Hence N1$2% = 2.

1,26. Denote the given line by a and the given planes by
«, B, y, 6. Using the principle of specialisation, let two of
the given planes «, f intersect in a line . A line which cuts
both « and B either cuts / or lies in the 3-flat («8). In the
first case the condition becomes 1322 and two lines are deter-
mined ; in the second case it reduces to o,1% in S;, and one
line is determined. Hence N1y2§ = 3.

2§. Let the six given planes intersect in pairs in straight
lines: &, & in @; B, B in &; y, ¥ in ¢ A line which
meets both « and « must either cut @ or lie in the 3-flat
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(aa). Hence the required line either (1) cuts three given
lines, (2) cuts two given lines and lies in a given 3-flat (three
different ways), (3) cuts a given line and lies in two given 3-flats
(also three different ways), or (4) lies in three given 3-flats.
Under the first category one line is determined; under the
second, three; no line exists under the third category, since
the given line does not in general cut the plane common to
the two 3-flats, and if it did, an infinity of lines would be
possible ; lastly, under the fourth category one line is deter-
mined. Hence N2§ = 5.

23. Incident Spaces in Five Dimensions. In five
dimensions we have the reciprocal pairs: point and 4-flat,
line and 3-flat, plane (self-reciprocal). Omitting the cases
of point and 4-flat, which are trivial, the following are the
complete results (see p. 16).

With the exception of Nos. 16, 20, 21, 23, 27 and 34
these can all be proved directly or deduced from previous
results in S, or S;. 20 and 23 can be solved by letting two of
the planes intersect in a point; 16, 21, 27 and 34 by letting
two of the 3-flats intersect in a plane.



(L. 23

GEOMETRY OF N DIMENSIONS

16

- [
[ “N__Illxo....oo NN T 00N~ O N~ AN m 000 TN N e e e
—
N
= o
4_0~2 L A ) .ox-oI-IoZ-vLoI-2-1.2.13.1-2.13.1.24
.ﬁ“h.“d. “ s s s 6 s e L e R R N N R T T T T T R
%%“6“ooconco- o.-o.ou.-c-.oo..n-o-.l--oo-.l.o-c.loon
- |
138_.o-oo¢.. S O T T T T S
Py %“I“.I‘Z ot N TN E M SN~ t 0 e TN SO AN e e e 0O FTLFN NN o e e e
%WOA 2“-211.o- L e T o TN o N o T o T S,
..W:ﬁ“3 P T S TS I I e I T T T T
OOAuw“A. Lo I I R ] o..-o-a-ooo-.-o.ooo-oa..oo-aoooo.
o
A R P
QN INY NCo SR N0 RO NN NTINO N RO = 8 NTINO INWO VO ~ & 1<
Dm_am_c_l o mIIIIIIlIl22222222223333333333444444
o




17

FUNDAMENTAL IDEAS

1 23]

O Nm=~M=0O00WA

O MO - =

21
10

42
Op

32
Iy

2g
22

Iy

31

2y
2

33

I;

* o o = o o

29
29

o M OO -

e e N o TN o o\O

- QAW N~ .

Io
31

e o

L W S I S B I )

~ e o s o e

Op
43

O O N O e st b bt b e et b b ey

Plane

lllllllllllllll

llllll

)))))))

Nos. 1 to

This table includes 72 cases, 8 of which are self-reciprocal.

Thus No. 1 is 0§ and No. 1, its reciprocal, is 43.
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22, 33, 35, 38 and 40, can be proved directly or deduced
from results in S; or S,. For the others we may use the
principle of conservation of number. If the condition involves
the factor 2% let the two planes &, B cut in a line /. Then
the required plane either cuts /, or cuts the 3-flat (af) ina
line. Hence

2% =1, + 3,

This leads to a number of equations, such as

N(ngg) = N<I(4)Zo) + N(Igzo31)»
N(1,2) = N(1328) + N(14283,)
= N(1528) + 2N(15283,) + N(142837)
= N<1320) + 3N(132031) + 3N(13203§) + N(Iozo:’;g)!

and so on. Next, if the condition involves the factor 2§3,,
let the two planes a, & meet the 3-flat « in lines /, m. Then
(ao) and (éa) are 4-flats. The required plane then either
lies in (ax) and cuts &, or lies in (éa) and cuts @, or cuts both
/and 7. Hence

23, = 22gy) + 15

The equations derived from this, together with the previous
ones, will be found to determine all but Nos. 28, 32 and 37,
which involve the factor 2. If we assume the relation

I(120 = x(Oo) + J’(Zg) + 3(2031) + w(42)7

where x, y, 2, w are certain unknown numbers, we have, by
applying this to 0F1,2, 0,1,283, and 1g2, the relations
I=x+y I=2y+2 and 3=x+ 6y + 32 + w, giving
y=1-x 2=2r -1, = — z. Then applying it to
1,252, we find N(2§2,) = 2N(1,252)); and applying it to
152,2, and 1y2.2,3, we find N(1g2,2,) = 1 and N(1,232)) = 3.
The x here plays the part of a catalytic agent.

24. We shall conclude this section with a few general
results.

In S, the constant-number of a line is 2(z — 1), and one
condition is required in order that a line should cut a given
(7 - 2)-flat, hence a finite number of lines in S,, cut 2(# — 1) linear
spaces of # — 2 dimensions. It was proved by W. F. Meyer that
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m-—zcn = _______(2”— 2)' .
7n-1 nl(n-1)!
general result, which includes this as a particular case, was
proved by Schubert, viz. #ke number of p-flats in S, which cut

n — pgiven (n — 2p - 1)-flats is

230, ..+ 1)@= - p)}!
nln-1)ln-2)!. ... (n-p)"

To find the number of lines in Sy _, which cut 4 linear
spaces of (k — 1) dimensions. The constant-number of a line in
Sui—. is 4(# - 1), and the number of conditions that it should
cuta (£ — 1)-fflatis # — 1. Hence there is a finite number.
Let the (# — 1)-flats intersect in pairs in points: «, 8 in P, and
y,8in Q. A line which cuts « and B either passes through P
or lies in the (24 - 2)-flat (x8). We have then (1) one line
through P and Q, (2) lines through P and lying in the
(24 - 2)-flat [none], (3) lines in the (2& - 3)-flat common to
(¢B) and (y8), and cutting the four (£ - 2)-flats in which «, B8
are cut by (y9), and v, 8 by («f). Hence if f(£) is the number
of lines which cut four (£ - 1)-flatsin S, _,

J&) =fk - 1)+ 1.
But, for £ = 2, we have 2 lines in S; cutting 4 lines, i.e. /(2) = 2.
Hence f (k) = &.

Ex. (1) Prove that there is one 3-flat in S,; cutting three
g-flats in lines.

(2) One plane in S,; cutting three g-flats in lines.

(3) One plane in S, 4 , cutting four ¢-flats in points.

(4) One plane in S , , cutting four (5¢ + 1)-flats in lines.

25. Motion and Congruence. Strictly speaking the idea
of motion is foreign to geometry. When we speak of a point
moving along a line we really mean that we are focussing our
attention successively on a series of points in the line. When
we speak of a figure being displaced in space we are really
transferring our attention from one figure to another (congruent)
figure ; or we are considering a transformation in which certain
relations, distances and angles, are invariant. The idea of
motion thus involves sequence or order, and congruence. For
these there are two corresponding groups of axioms. As these

the number of lines is A more
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axioms deal almost exclusively with plane geometry, and the
new ideas involving congruence in higher space can be dealt
with by definitions, we may simply refer for a discussion of the
axioms to Hilbert’s “Foundations of Geometry” or to the
more recent “ Foundations of Euclidean Geometry,” by Forder.

26. Order. As regards order in euclidean geometry, a
point divides a line into two parts, but does not of course divide
a plane; a line divides a plane, but does not divide space;
a plane divides space, but does not divide a 4-flat, for in S, the
line joining two points does not in general intersect a given
plane: and so on.

If A, and A, are given points on a line they determine
a segment which consists of all points P such that A|PA, are in
this order. A, and A, divide the line into three parts, for which
we have respectively the orders PAA,, APA; AA,P.

If A, A, Ajare three non-collinear points in a plane, they
determine three lines which form a triangle. The segments
A,A,, etc., are the sides or edges, and if Ay; denotes any point
on the segment A,A; the interior of the triangle consists of all
points P such that A|PAy are in this order. The three lines
divide the plane into seven regions, consisting of points char-
acterised by the following orders:

(1) theinterior of the triangle : A\ PA,; or A, PA; or AjPA,

(2, 3, 4) three regions on the faces: A AP, A,AyP,
A3A12P)

(5, 6, 7) three regions on the vertices: PA Ay, PAAy,
PAA,,.

Similarly four non-coplanar points A,, A,, Ay 'A, determine
four planes and six lines forming a tetrahedron. Its faces are
the interiors of the triangles A,A;A,, etc. The four planes
divide space into 15 regions which consist of points P
characterised by the following orders, where Ay, denotes any
point on the face A;A;A,, and A}, any point on the edge AjA,:

the interior of the tetrahedron: A PA,, etc.,
four regions on the faces: A AgyP, etc.,

four regions on the vertices: Ay A,P, etc.,
six regions on the edges: A, AP, etc.
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(In explanation of the last statement we note that the plane
PA,; cuts the line AjA, in a point, and if P is in the region
specified this point lies in the segment A A,)

In space of four dimensions we have similarly five points
determining 5 hyperplanes, 10 planes, and 10 edges, forming
a four-dimensional sémplex, and dividing S, into 31 regions:

the interior of the simplex : A PA,;, etc.,
5 regions on the 3-dimensional boundaries: A;A.,P, etc.,
10 regions on the 2-dimensional boundaries: A,A;,P, etc.,
10 regions on the edges: AALP, ete,
5 regions on the vertices : A AP, etc.

The extension to z dimensions is now obvious. The figure
formed by # + 1 independent points and the lines, planes, etc.,
directly determined by them is called a sémplex of » dimensions
and will be denoted by S(z + 1). The lines, planes, etc., are
called its boundaries of one, two, etc., dimensions ; the points
are its vertices. An S(z + 1) has , ,C, ., boundaries of
# dimensions. !
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CHAPTER 11

PARALLELS

1. Parallel Lines. In projective geometry two straight lines
in a plane always intcrsect. This is not true in euclidean or
hyperbolic geometry.

Let / be a given line (Fig. 4) and O a given point not on /;
A any fixed point on /, and P a variable pointon /. Let P move
always in one direction along /, i.e. we consider a series of points
P, P, . . . in the order AP,P, . . . As P moves along / it
may return to its initial position. This occurs in projective
geometry, and also in elliptic geometry, in which two lines in a
plane always intersect. Other-
wise as the segment AP in-
creases without limit, the line
OP will tend to a definite
limiting position OL. The
P A P line OL, which separates the
rays through O which inter-
sect AP from those which do
not, is said to be parallel to AP. If P moves in the opposite
sense we get another limiting position OL/, and OL’ is parallel
to AP".

In euclidean geometry the two rays OL, OL’ form one and
the same line, but in hyperbolic geometry they belong to dis-
tinct lines, and we have to distinguish the two directions of
parallelism to a given straight line. In projective geometry the
foregoing considerations are irrelevant, since projective geometry
does not involve the idea of distance.

2. A fundamental theorem is the following :

If AA' | CC', and BB' || CC', then AA' || BB

(1) Let the three lines be coplanar, and (i) let CC' lie
between AA' and BB’ (Fig. 5). We may assume that A, C, B

22
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are collinear. Within the angle BAA' draw any line AP.
Since AA'||CC, AP cuts CC' in a point R. Then since
RC'|| BB, PR produced must cut BB'. Also AA’ does not
cut BB/, therefore AA’ || BB'.

(i) In the same figure let AA’'|| BB, and CC' || BB. AA’
cannot cut CC’, for it would then cut BB’, but any other line
within the angle BAA’ cuts CC/, therefore AA" || CC".

(2) Let the three lines be not all in the same plane, and let
AA’| BB and CC'|| BB’ (Fig. 6). Take any point P on BB
Then as P moves along BB, AP - AA’, and CP — CC/, while
P, A, C are always coplanar, therefore AA' and CC' are
coplanar. Again, if CP is fixed while the plane PAC moves,
PA - PB', and the plane CPA - CPB. CA, the line of inter-
section of CPA and C'CAA’, therefore - CC’, and CC' || AA".

A
A A
P A
R
j ’ BM/B,
BI C CI
Fie. s. Fic. 6,

3. Parallel Lines and Planes. We shall confine our
attention now for the present to euclidean geometry. Ina plane
two straight lines either intersect in one point or are parallel.
In three dimensions two planes which have a point in common
intersect in a straight line. If they have no point in common
they are said to be parallel. Two parallel planes are cut by a
third plane in two straight lines which have no point in common
and are therefore parallel. A straight line either cuts a given
plane in one point or has no point in common with the plane;
in the latter case the straight line is said to be parallel to the
plane.

Consider a plane « and a point O not in . Let 8 be any
plane through O cutting « in a line & Then through O and
in B there is one line parallel to & and therefore parallel to a.
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By taking different planes 8 we get a system of lines through O
all parallel to a. Let /, m, z be three such lines. The planes
(/m) and (/r) are both parallel to «, and must coincide, for let
y be a plane through O cutting « in ¢, (/) in g, and (/z) in 4.
Then g and % are both parallel to ¢ and therefore (in euclidean
geometry) coincide. Hence all the lines through O parallel to
« lie in one plane which is parallel to a.

4. Direction and Orientation. By an extension of the
meanings of the words point and line we can greatly simplify
the statements of the relations between parallel lines and planes.
A system of concurrent lines in a plane, called a penci/ of lines,
determine a unique element, their common point, and this is
determined by any two lines of the system; just as a system
or range of collinear points determine a unique element, their
common line, which is determined by any two points of the
system. Pencil of lines is said to be reciprocal or dual to range
of points. In three dimensions a system of concurrent lines, or
bundle of lines, is of two dimensions, and is reciprocal to the
plane field of points. A system of straight lines all parallel to
the same straight line also determine a unique element, a
direction, which is uniquely determined by any two of the lines.
A direction together with a point uniquely determine a straight
line, A direction together with two points uniquely determine
a plane, for one of the points together with the given direction
determine a line, and this with the other point determine a
plane. Similarly two directions together with a point uniquely
determine a plane. Thus a direction may take the place of a
point in determining lines or planes.

Two directions by themselves do not determine a plane,
but only the orientation of a plane; and we may then say an
orientation together with a point uniquely determine a plane.
Also if two planes have their orientations given, their line of
intersection has a fixed direction, thus two orientations uniquely
determine a direction. An orientation may thus take the place
of a line in determining planes and points. As, however, two
lines only determine a point when they are coplanar, while two
orientations (in space of three dimensions) always determine a
direction, orientations appear to correspond to coplanar lines.

5. Points at Infinity. To bring out more explicitly the
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connection between direction and point, orientation and line,
we give them the names “point at infinity” and “line at
infinity >’ respectively, and we shall be justified in extending to
them the language used for points and lines. We speak of the
“point at infinity on a line” for the direction of a line, the “line
at infinity on a plane” for the orientation of a plane. A “ point
at infinity on a plane” is the direction of some line in that
plane. The orientation determined by two directions is said
to contain the two directions; thus a line at infinity is deter-
mined by two points at infinity ; and, since the directions of any
two lines of a given plane determine the orientation of the plane,
it follows that any two points at infinity on a plane determme
or lie on the same line at infinity.

We may now draw correct logical conclusions by picturing
a line at infinity as a line whose elements are points at infinity.
Parallel lines can then be pictured as lines which meet in a point
at infinity. In a given plane we picture the line at infinity as
a special line / in the plane, and the condition for parallelism
of two lines @, & in the plane is expressed by the concurrency
of @, 6 and /. Since (in three dimensions) two lines at
infinity always determine a point at infinity, we have to
picture the assemblage of all lines at infinity as lines in one
common plane. The assemblage of all orientations in space of
three dimensions is called the plane at infinity in this space.
We may denote this by 7. The point at infinity on any line,
and the line at infinity on any plane, is its intersection with the
plane at infinity. Two lines are parallel when they intersect
on the plane at infinity ; a line is parallel to a plane when the
point at infinity on the line lies on the line at infinity in the
plane; two planes are parallel when their lines at infinity
coincide. Two arbitrary planes, , B have in common one point
at infinity, the common point of the three planes a, B, 7, or the
common point of their lines at infinity. In ordinary language,
if « is not parallel to B, it is always possible to get two series of
parallel lines, one in & and one in B, viz., the lines which are
parallel to the line of intersection of « and B.

6. Parallel and Half-parallel Planes. We shall consider
now parallelism in euclidean space of four dimensions. Two
hyperplanes which have a point in common intersect in a plane.
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If they have no point in common they are said to be parallel.
Two parallel hyperplanes are cut by a third hyperplane in two
planes which have no point in common and are therefore parallel
in the ordinary sense. Two planes in general intersect in just
one point. We have defined parallel planes when they lie in
space of three dimensions and meet in a line at infinity. But
in space of four dimensions two planes may have another sort of
parallelism when they do not lie in the same hyperplane and
have no point in common. The term ¢ half-parallel ” or “semi-
parallel ” has been used to describe this.

7. The Hyperplane at Infinity. Two hyperplanes each
parallel to a third are parallel to one another. We shall say
that two parallel hyperplanes determine a stratification, just as
two planes in three dimensions determine an orientation. Two
stratifications determine an orientation; three stratifications
determine a direction. All the orientations in a given hyper-
plane belong to the stratification of that hyperplane, so that the
stratification of a hyperplane is identified with the plane at
infinity in that hyperplane. Since two planes at infinity always
determine a line at infinity we have to picture the assemblage
of all planes at infinity as planes in one common hyperplane, so
we call the assemblage of all planes at infinity the Ayperplane at
infinity in space of four dimensions.

We can now perceive the distinction between parallel and
semi-parallel planes. Parallel planes have in common a straight
line at infinity, semi-parallel planes have in common only a point
at infinity. In ordinary language, parallel planes have the
same orientation and an infinity of common directions; to every
line in the one plane there is a system of lines parallel to it in
the other.  Semi-parallel planes have only one common
direction ; there is only one system of parallel lines in the one
plane which are parallel to lines in the other.

8. Degrees of Parallelism. We can now extend the idea
of parallelism to space of z dimensions. In euclidean space of
n dimensions there is a unique (z - 1)-flat at infinity. Two
(n - 1)flats are parallel when their common (# — 2)-flat is an
(n — 2)flat at infinity, i.e. an element of the (» — 1)-flat at
infinity. Two planes, in addition to the possibility of being
parallel or semi-parallel. mav have no point at all in common
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and have no common containing hyperplane; they are then
skew. Two 3-flats which have no point in common (i), if they
lie in the same 4-flat, have a plane at infinity in common; (ii),
if they lie only in the same 5-flat, they have a line at infinity in
common ; (iii), if they lie only in the same 6-flat, they have a
point at infinity in common ; and (iv), if they do not lie in the
same 6-flat, they are skew. In the three cases (i), (ii), (iii) the
two 3-flats are said to be (i) completely parallel, (ii) two-thirds
parallel, (iii) one-third parallel

In general, a p-flat and a ¢-flat (p s ¢), which are both con-
tained in the same (p + ¢ — 7)-flat, and would therefore in
general intersect in an #-flat, but have no point in common, are
said to be (» + 1)/¢ parallel, and have in common an 7-flat at
infinity. It is to be noted that if a p-flat and a ¢-flat are con-
tained in the same (p + ¢ — »)-flat, they have at least a common
(» — 1)flat at infinity, for, if they intersect, their common
» — flat contains a unique (» — 1)-flat at infinity. Thus, in
order that two flats should be parallel it is not sufficient that
they should have a certain dimensionality of common points at
infinity ; they must also have no finite point in common.*

9. Complete parallelism may occur in space of any number
of dimensions. Partial parallelism requires a certain minimum
dimension. Thus half-parallelism only appears for the first
time in S, when two planes are half-parallel.  One-third
parallelism does not appear in space of lower dimensions than
six. In general parallelism of order (» + 1)/g, where » + 1 is
prime to ¢, requires space of at least 2¢ — » dimensions, as it
implies the existence of a p-flat and a g-flat contained in the
same (p + ¢ — »)flat, and p = ¢.

10. Sections of two Paralle! or Intersecting Spaces by
a Third Space. If S,and S, (¢ = ¢) are completely parallel,
so that the region at infinity S, _ 1) ON S, cONtains S — ;)0
S, and S, lie in the same (p + 1)-flat S, ,,, which is deter-
mined by S, _ ;) and two finite points, one on S, and one on

* Schoute leaves out the condition of having no finite point in common,
and defines a p-flat and a g-flat (p =¢) as (» + 1)/g parallel when they
have in common an s-flat at infinity. According to this, two intersecting
planes in three dimensions would be half-parallel since they have in common
a point at infinity, viz. the point at infinity on their line of intersection.
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Sp Anrflat(r>p - g+ 1)in Sy, cuts Syinan(r - 1)-
flat S,_,and S;ina(g+7»-p - 1)flat Sp 4, _,_, and
it cuts their common region at infinity ina (¢ + » — p - 2)-flat
which is the whole of the region at infinity on 5, 4, _,_ ..
Hence the two sections are completely parallel.

If S, and S, are parallel of degree (# + 1)/g so that they
have in common an 7-flat at infinity, they lie in the same
(# + ¢ — r)-flat, which is determined by » + 1 common points
at infinity, p — 7 finite points on S,, and ¢ — 7 finite points on
S, An sflat in this S, , _, cuts S, in an (s+7- g)-flat
and S, in an (s + » - p)-flat, and their common region at
infinity in an (s + 27 - p — ¢)-flat.  The sections are therefore
in general parallel of degree(s + 27 = p — ¢ + 1)/(s + 7 = 2).
This fraction = 1ifr = ¢ — 1.

If S, and S, intersect in an S, and therefore lie in the same
Sy +¢ - they have in common an S, _,, Let an s-flat S,
parallel to S, of degree (m + 1)/r (s » — 1)cut S, and S,
inS;y,_gand S, 4 ,_, These two sections have then an
Sy in common and are parallel of degree (m+ 1)/(s + » - p).

11. The Parallelotope. In 7 dimensions the analogue of
the parallelogram and the parallelepiped is a figure bounded by
pairs of parallel (z - 1)-flats. Consider a simplex with a
vertex O and 7 edges through O: OA, OA, . .., 0OA, no
» of which lie in the same (» — 1)-flat. The » - 1 edges
OA, . .., OA, determine an (» - 1)-flat, and through A,
there is just one (z — 1)-flat parallel to this. Constructing the
(n — 1)-flats, one through each of the 7 vertices A, . . ., A,
parallel to the opposite face of the simplex, we form a figure
bounded by 27z (» - 1)-flats, which is called a parallelotope.*
Each (» - 1)-flat is cut by each of the (# — 1)-flats except the
one which is parallel to it in an (# - 2)-flat, and these
27 — 2 (n - 2)-flats are parallel in pairs and form a parallelotope
of » - 1 dimensions. Each of these again is bounded by
parallelotopes of » ~ 2 dimensions, and so on.

The parallelotope may be generated also by successive
motions in one, two, three, . . . dimensions. Thus a point

) *The suffix Zope which occurs in several of the terms used in z#-dimen-
snpnal geometry—polytope, simplotope, orthotope, etc.—is from the Greek
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moving in a straight line through a distance 4, generates a line-
segment. This segment moving parallel to itself, so that all its
points generate parallel line-segments of length a, generates
a parallelogram with two edges of length a; and two edges of
length @, The parallelogram by parallel motion similarly
generates a parallelepiped, and so on.

Let N, denote the number of »-dimensional boundaries of
a parallelotope of » dimensions, N, the corresponding number
for a parallelotope of » - 1 dimensions ; and consider the ex-
pression

Ny+ N+ Na*+ . . .+ N,_2""" + N,

N, being equal to 1 since the parallelotope itself is the only
n-limensional boundary. The N, boundaries of » dimensions
of the z-dimensional parallelotope are produced by the N;_,
boundaries of » — 1 dimensions of the (# — 1)-dimensional parallel-
otope together with its N, boundaries of » dimensions in their
initial and final positions. Hence N, = N;_, + 2N;. We
have therefore

Ny+ Nyr+ ...+ Na"=(Ng+ Nix + . . .+ Na")(2+2),

and hence by induction
N,+Nx+...+Na2"=2+2)

ie. N,=,C .2""".

The number of 7-dimensional boundaries which pass
through one vertex is ,C, and all the r-dimensional
boundaries fall into ,C, groups, each containing 2" =" com-
pletely parallel 7-flats.
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CHAPTER 111
PERPENDICULARITY

1. Line Normal to an (n - 1)-flat. In three dimensions if
a line PN is perpendicular to two intersecting lines NA, NB at
their point of intersection N, it is perpendicular to every line
through N in the plane determined by NA and NB, and is said
to be perpendicular to the plane ANB ; and conversely, all lines
through N perpendicular to NP lie in one plane which is per-
pendicular to NP.

We shall consider first all lines, planes, etc., passing through
a fixed point O. The number of degrees of freedom of a p-flat
which has to pass through O is p(» — p). One condition is re-
quired in order that two given lines through O should be per-
pendicular. Let one line a be fixed, then a line / through O
perpendicular to @ has » — 2 degrees of freedom and may there-
fore move in a region of » — 1 dimensions. Let 4 and /, be
any two lines through O perpendicular to g, then all lines of the
plane (4,4,) which pass through O are perpendicular to 2. In
this plane we have then just a single infinity of lines through O
perpendicular to a. Let /; be a third line through O perpen-
dicular to @ and not lying in the plane (44,). 4, 4, /; determine
a three-flat; let 4 be any other line of this three-flat passing
through O. The planes (/,4;) and (/) intersect in a line ¢ which
lies in (/4/;) and is therefore L a. Then since ¢ and / are both
L a, and ¢ lies in the plane (¢/;), 4 L 2. Hence 2 is perpendic-
ular to every line through O in the three-flat (4,/,/4,).

Proceeding in this way we obtain » - 1 independent lines
4y by . . ., 4y _,, no three lying in one plane, and all 1L @; and
every line through O in the (z — 1)-flat determined by these
lines is 1 a. Hence through any point O of a straight line a
there is a unique (z ~ 1)-flat which is normal to 2; and at any

30



nL. 3] PERPENDICULARITY 31

point O in a given (z — 1)-flat there is a unique line 2 which is
1 every line of the (» — 1)-flat which passes through O. The
normal (z — 1)-flat to the line 2 at O contains every p-flat which
is normal to a at O.

2. System of » Mutually Orthogonal Lines. Complete
Orthogonality. Through any point O we can find 7 lines all
mutually perpendicular. Starting with a line /, all lines through
O 1 / lie in the normal (» — 1)-flat to /, at O. Let /, be one
of these lines. Then all lines 1 both / and /, at O lie in the
(n - 2)-flat which is the intersection of the normal (» - 1)-
flats to /, and /,, Let /, be one of these lines. Proceeding in
this way we shall arrive at a system of # lines 4, 4, . . , Z, all
mutually perpendicular. p of the lines 4, 4, . . . /, determine
a p-flat S,, and the remaining #» — p lines determine an (z - 2)-
flat S, _,. These two flats, which intersect only at O, have the
property that every line of S, through O is perpendicular to
every line of S, _, through O. The two flats are said to be
completely ovthogonal.

In two dimensions two lines at right angles, and in three
dimensions a plane and a normal line, are completely orthogonal,
but two planes cannot be completely orthogonal. In the case of
two orthogonal planes in three dimensions only one line in each
plane is orthogonal to every line in the other.

In four dimensions the assemblage of all lines through a
point O of a plane « perpendicular to « is another plane & which
is completely orthogonal to «. If @ is any line of «, and &’ any
line of &', through O, the plane (a2’) is perpendicular to both a
and o« in the ordinary three-dimensional sense.

When two lines in space do not intersect we can still say
that they are orthogonal when two lines, parallel to them, inter-
sect at right angles. Similarly two planes in S, (z > 4), which
have no point in common, may still be said to be completely
orthogonal when two planes, completely parallel to them respec-
tively, and having a common point, are completely orthogonal.

3. Orthogonality in Three Dimensions in Relation to
the Absolute; Absolute Poles and Polars. The orthogon-
ality of lines and planes in three dimensions may be explained
with reference to their points and lines at infinity. Consider
first two lines @, @’ and use ordinary rectangular co-ordinates.
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Let the two lines pass through the origin and have direction-
cosines (/, m, n) and (/, m', n). Writing x/¢, /¢, and z/¢ instead
of x, , and z, so that z, y, 5, ¢ are now the homogeneous car-
tesian co-ordinates, the equation of the plane at infinity isz = 0.
The co-ordinates of the points at infinity on the two lines are
(4, m, n, 0) and (/, »', #/, 0). The condition that the two lines
should be orthogonal is /' + mm’ + nn' = 0. But this is the
condition that the two points (/, m, »n, 0) and (/, »/, »', 0)
should be conjugate with regard to the virtual conic or circle
22+ 98 + 2 = 0,¢# = 0. Similarly two planes in S; are ortho-
gonal when their lines at infinity are conjugate with regard to
the virtual circle at infinity; and a line and a plane are ortho-
gonal when the point at infinity on the line is the pole of the
line at infinity on the plane. This conic, or rather the degener-
ate quadric surface of which this conic forms the envelope and
the plane at infinity taken double forms the locus, is called the
absolute. In two dimensions it reduces to just two imaginary
points called the “circular points at infinity,” together with the
line at infinity taken twice. In non-euclidean geometry the ab-
solute is a non-degenerate conic, real for hyperbolic geometry
and virtual for elliptic geometry.

By viewing the absolute as a degenerate quadric surface, and
not simply as a conic in the plane at infinity, we may obtain the
absolute polars of finite elements. The polar of any finite point
with regard to the absolute, which as a locus consists of just the
plane at infinity taken double, is the plane at infinity itself; the
polar of a point at infinity P, is any plane passing through the
polar line (at infinity) of P, with regard to the circle at infinity.
Hence the absolute pole of an ordinary plane « is the point at
infinity which is the pole of the line at infinity in « with regard
to the circle at infinity. The absolute polar of a line is the line
at infinity polar with regard to the circle at infinity of the point
at infinity on the line. The absolute pole of an ordinary plane
is the point at infinity on any of its normals, and the absolute
polar of an ordinary line is the line at infinity on any of its nor-
mal planes. When we speak of the absolute polar of a finite
element we shall mean the polar with regard to the degenerate
quadric, but when we speak of the polar of an element at infinity
we shall mean the polar with regard to the virtual quadric at
infinity. ‘
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We may. then state the relations as follows. A line is per-
pendicular to a plane when it passes through the absolute polar
of the plane, and reciprocally the plane contains the absolute
polar of the line. Two lines are orthogonal when each cuts the
absolute polar of the other. Two planes in S; are orthogonal
when each contains the absolute pole of the other.

4. The Absolute in Four Dimensions. In euclidean space
of four dimensions the absolute is a degenerate quadric consisting
as a locus of the hyperplane at infinity taken twice and as an
envelope of a virtual quadric in the hyperplane at infinity. In
S, two lines are orthogonal when their points at infinity are con-
jugate with regard to the absolute; a line and a hyperplane,
when the point at infinity on the line is the pole of the plane at
infinity on the hyperplane; two hyperplanes when their planes
at infinity are conjugate, i.e. when the normal to one hyperplane
lies in the other.

Two arbitrary planes «, 8 in S, cut the hyperplane at infinity
in two arbitrary lines ay, B,. In general these lines do not in-
tersect, and the two planes have one finite point in common and
no common points at infinity. If the two lines at infinity inter-
sect, either this common point at infinity is the only common
point of the two planes, and they are half-parallel; or they have
also a finite common point and therefore a line in common and
are then situated in the same three-flat. If the two lines at in-
finity coincide the two planes are completely parallel.

5. If the two lines at infinity are mutual polars, the polar
planes of all points on one line pass through the other, and
every point on the one line is conjugate to every point on the
other. In this case the two planes are completely orthogonal ;
all the normals to the one plane at their common point lie in the
other plane, and every line in the one plane is orthogonal to
every line in the other plane.

In general the polar plane of a point on the one line cuts the
other line, so that to every point on the one line there corre-
ponds just one point on the other which is conjugate to it.
Thus in the case of two arbitrary planes through O, to every
line through O in the one plane there corresponds just one line
through O in the other plane such that the two lines are
orthogonal.

3
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If, however, there should happen to exist a point ¢ in
a,, such that its polar plane passes through B, then every
point in B8 is conjugate to a,, and there corresponds in « a
line @ which is orthogonal to every line in B. Let al, and
B, be the polars of a, and B,. Then since a, lies in the
polar plane of every point of «, and therefore in the polar
plane of a,, which contains B, the lines a; and B lie in
the same plane and intersect in a point & ; then the polar
plane of &, passes through « , and B, cuts «  in a.
Hence the two planes «, B are reciprocally related: in «
there is a line @ which is orthogonal to every line in 8, and
in B there is a line & which is orthogonal to every line in a.
The two planes are then said to be Aalf-orthogonal. The
condition for this therefore is that the line at infinity on each
should intersect the polar of the line at infinity on the other,
or that each plane should be half-parallel to the plane which
is completely orthogonal to the other. Two planes which
are orthogonal in the ordinary sense in space of three dimen-
sions evidently satisfy this condition and are half-orthogonal,
but we may have half-orthogonal planes in space of higher
dimensions which meet in just one point, or which have no
point in common.

The lines at infinity a and B, are the absolute polars of
o« and 8. We may then state the conditions for orthogonality
of two planes in the form: two planes in S, are completely
orthogonal when each contains the absolute polar of the other ;
they are half-orthogonal when each cuts the absolute polar of
the other.

Every plane through a normal line to a given plane is
half-orthogonal to the given plane; hence if « and B are
completely orthogonal at O, so that e, coincides with B,
and B, with a«, every plane through O which cuts « in a
straight line is half-orthogonal to B, and every plane which
cuts both a« and B in straight lines is orthogonal to both a
and B in the ordinary three-dimensional sense. If « and 8
are half-parallel, so that a cuts B in a point C_, the polar
plane of C_ passes through both « and B, and therefore
these two lines also intersect, in a point C,,, say; hence if '
and B’ are the planes through O which are completely ortho-
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gonal to a and B, &’ and B’ are also half-parallel. If the four
lines a_, B, o, B, intersect in this order, forming a skew
quadrilateral (Fig. 7), the two planes « and B are both half-
parallel and half-orthogonal provided they have no finite point
in common ; if they have a finite point in common they inter-
sect in a line and are orthogonal in the ordinary sense in
three dimensions. (If « is a real plane it is not possible for
o, to intersect o for then we should have a line in « ortho-
gonal to itself.)

6. Orthogonality in S,. We can now extend these
ideas to space of » dimensions. Consider a p-flat « and a
g-flat B (¢ = #) having not more than a point in common, so
that » = # + ¢. Their regions at infinity area (p — 1)-flat &
and a (¢ - 1)-flat B while the absolute is a virtual hyperquadric
in the (z-1)-flat at infinity. The
absolute polar of any point P in «_
is an (# — 2)-flat, and if p inde-
pendent points are chosen on a
their absolute polars intersect in an
(n—p-1)-flat «, the absolute polar
of . Similarly the absolute polar
of B is an (n—g—1)-flat B, . If «
is real, o, and «f can have no
common point. Also & has in
general no region in common with B (sincenz - p - 1 + ¢~
1 <n - 1), but B/ has in common witha, a (p - ¢ - 1)-
flat at least.

If B/, contains «,, then a contains B ; « and B are
then completely orthogonal, and every flat in « is completely
orthogonal to every flat in B.

In the general case there is in « at least a (p — ¢)-flat which
is completely orthogonal to B, and every flat which lies in this
(p - ¢)-flat or is completely parallel to it is completely ortho-
gonal to B. The absolute polar (7 - 2)-flat of any point P_ in
a, cuts B in a (¢-2)-flat. Hence to every line in « there
corresponds a series of parallel (¢ — 1)-flats in 8 normal to it, to
every r-flat in « (» < ¢) there corresponds a series of parallel
(¢ — »)-flats in B completely orthogonal to it. Similarly to
every r-flat in B there corresponds a series of parallel (p - 7)~
flats in « completely orthogonal to it. ’

&:

Fi1a. 7.
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7. Degrees of Orthogonality. If «, and B have a
common 7-flat &, the polar (z — 2)-flat of every point on a,
contains . B.,, the polar (#—g - 1)-flat of B, is determined
by the intersection of the polar (z — 2)-flats of any ¢ independent
points on B ; 7 + I of these can be taken in 4, and the
polar (7 — 2)-flats of these all contain a, ; the polar (z - 2)-flats
of the remaining ¢ ~ 7~ 1 points intersect in an (# — ¢ + 7)-flat
which cuts a in a (# - ¢ + »)-flat a_, ie. B, cuts a  ina
(# - g + r)-flat a,. Every point in a_ is conjugate to every
point in B, and every point in & is conjugate to every
point in «,. Hence in this case « contains a series of
parallel (» — ¢ + » + 1)-flats which are completely orthogonal
to B, and B contains a series of parallel (» + 1)-flats com-
pletely orthogonal to a. When » + 1 =¢, « and B are
completely orthogonal. When » + 1 = 0 they are in general
position ; there is then no line in B orthogonal to every line
of «, although there is always a (p - ¢)-flat in « which is
completely orthogonal to B if > ¢. Thus in three dimen-
sions, with a line and a plane in general position, there is
just one direction in the plane which is orthogonal to the
given line. The degree of orthogonality of a p-flat @ and a
g-flat B (p = ¢) may be represented by the fraction (» + 1)/g,
where 7 is the dimension of the region common to «,, and B,
i.e. the denominator represents the dimensions of the lower-
dimensioned space B, and the numerator is the highest di-
mension of a flat lying in B and completely orthogonal to a.

8. Consider now the case in which a and B have an
m-flat p in common. Their regions at infinity a,, and B
then intersect in an (m — 1)-flat p . The absolute polars a
and B have in common p’, the absolute polar (7 — m)-flat
of pe. If & cuts B in an r-flat, this »-flat cuts u, in an
(m + » — ¢)-flat, but since p and p’ can have no common
point, ol cannot cut m., hence »< g — m. The highest
degree of orthogonality is therefore (¢ — #2)/g, which occurs
when » = ¢ — m — 1. Then «, and B, have a common
(¢ - m - 1)-flat, and a and B, have a common (p—-m—1)-
flat. In this case a contains a series of parallel (p — m)-flats
completely orthogonal to B, and B contains a series of parallel
(¢ — m)-flats completely orthogonal to «.
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Conversely, in order that a pg-flat and a g¢-flat (¢ = p)
should have orthogonality of degree #/¢ they must not have
in common a space of higher dimensions than ¢ - »; the
space which contains them both must be of dimensions not
lower than p + . For complete orthogonality they must not
have more than a point in common, and must not be con-
tained in a space of dimensions lower than p + g.

In three dimensions a line and a plane may be completely
orthogonal, but two planes can only be half-orthogonal.

9. A line perpendicular to an S, _, in S, passes through
the absolute pole of S,_,. Hence all lines in S, which are
orthogonal to the same S, _, are parallel. Similarly an S,
which is completely orthogonal to an S, in S, ., passes
through the absolute polar (p — 1)-flat at infinity of S,
Hence all p-flats wihich are completely orthogonal to the same
g-flat and lie in a given (p + g)-flat are completely parallel.

10. If two linear spaces are completely orthogonal, every
linear space contained in one is completely orthogonal to
every linear space contained in the other.

Consider a p-flat a and a g¢-flat B (» = ¢) orthogonal of
degree (» + 1)/g, and having not more than a point in common,
so that o/, and B, have a common r-flat 4, and a , and B,
have a common (p — ¢ + »)-flat a_,.

Let y be any s-flat lying in 8. Its region at infinity y
lies in B, and cuts 4 and therefore a/ in a A-flat. (i) Let
s>randalso ss¢g~7». Thens+»~¢g=4k=r Hence
y is orthogonal to a of degree between (s + » — ¢ + I)/s and
(r + 1)/s inclusive. (ii) Let ¢ — » > s > 7, so that » < 4g.
The lower limit of orthogonality is then zero. (iii) Let
rsssgqg-v so that »r<s439. Then s+r-g=kz=s,
and the limits of orthogonality are (s + » — ¢ + I)/s and I
(iv) Let s=#» and also s<¢ — 7. Then all degrees of
orthogonality are possible.

Next consider an s-flat y lying in «, and (i) let s = ¢g.
The (z - s — 1)flat 9. contains o and therefore has in
common with B, an r-flat at least. Hence v is orthogonal
to B of degree (» + 1)/g at least, and may be completely
orthogonal to B. (ii) Let ¢ — » < s < ¢ and also

S—1>p—-qg+7.

[o'e}s
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v, lies in &y, and cuts z,, and therefore B, in a 4-flat where
s~g+r=k=p-g+r. Then y is orthogonal to B of
degree between (s — ¢ + 7 + I)/sand (p — ¢ + » + 1)/s.  (iii)
Ifg~-r<s<gand s - 1<p —~ g+ r the upper limit of
orthogonality becomes 1. (iv) f sz g¢g—-rand s-1>p—-g+7
the lower limit of orthogonality becomes zero, and (v) if s = ¢ — 7
and s — 1 < p - ¢ + »all degrees of orthogonality are possible.

Other cases in which « and B intersect can be worked out
in a similar way.

As a further example, suppose a and B are completely
orthogonal, so that o contains B, and B, contains «;
and consider an s-flat y which contains 8. 1y, contains 8
and therefore cuts «; in a (¢ — 1)-flat at least. Hence if
s = p, v is orthogonal to a of degree at least ¢/s. It is com-
pletely orthogonal only if y lies in a. ; this requires that
n-p-1ss—11e n=s+p as of course y and a« must
have no more than a point in common. If s> p, we note
that y. lies in B and cuts « in at least a (p + ¢ — s — 1)-
flat, and the orthogonality is of degree (p + ¢ — s5)/p at least.
Consider now y containing «. y contains a_ and therefore
cuts B/ in a (p — 1)-flat at least. Then y is orthogonal to 8
of degree p/s at least.

REFERENCE

SOMMERVILLE, D, M. Y. The elements of non-euclidean geometry.
London : Bell, 1914.



CHAPTER IV
DISTANCES AND ANGLES BETWEEN FLAT SPACES

I. TWO linear spaces which have their highest degree of inter-
section determine an angle, and this angle determines completely
the shape of the figure consisting of the two spaces. For
example, two straight lines in a plane determine a plane angle;
two planes in 3-space determine a dihedral angle, which can be
measured by means of a plane angle. If the figure is moved
about rigidly this angle remains fixed; or, to put it more
geometrically, if the figure is referred to a system of rectangular
co-ordinates and we transform to any other system of rectangular
co-ordinates there is an analytical expression corresponding to
the angle which remains zrzvarzant.

2. Angle between two Completely Intersecting Spaces.
We have then to show first that two flat spaces S, and S,
(# = ¢) which intersect in an S,_, and therefore lie in the
same S, 4, have a single mutual invariant.

If S, _, is not simply a point there is a unique S, _, 4,
through any point O of S, _, which is completely orthogonal to
S¢—1 This cuts S, in a line and S, in an S, _,,,. Con-
versely, if the line and the S, _, ., are given, intersecting in
O, they determine a unique S, _, ; , containing them both ; at
O, and in an arbitrary S, , containing S, _,,, there is a
unique S, _, completely orthogonal to S, _ 4, and a unique
S, containing S, _, and S, _,;,. We have therefore reduced
the problem to determining the angle between a line S, and an
S, which cut in a point. In S, there is a unique S, _, ortho-
gonal to S, and a unique line / orthogonal to S, _,. The two
lines S, and / then determine the unique angle.

If now a similar construction is made with another point
O’ on S, _,, then we have at O a line /and a (# - ¢ + 1)-flat
both completely orthogonal to S, _,, and alsoat O’ a

39
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line / and an S, __, ,, both completely orthogonal to Sy
But / and /' both lie in S, and are therefore parallel, also
Sp—g+1and S, _ ., both lie in S, and are therefore com-
pletely parallel. Hence the angles determined at O and O’
are equal.

3. Distance between Non-Intersecting Spaces. If two
p-flats « and B are completely parallel we have to regard their
angle as being zero. In the (p + 1)-flat which contains them
there passes through any point O a single line which is normal
to both « and B. If two normals are drawn through different
points O, O/, cutting « and B in A, B and A’, B, then ABB'A’
is a rectangle and AB = A'B. This distance AB is called the
distance between the parallel p-flats. We can similarly, with a
slight modification, define the distance between a p-flat and a
g-flat which are completely parallel.

4. If Sy and S, have no common point, they are contained
- in the same S, ,4:

4 Let S _ )0 and Sgg - 1)

4, S : be their infinite regions;
Sprasr these lie in the region

S at infinity S(, 4 g) and

! have no common point.

8 Then S, and S, _ e
determine a (» + g)-flat
A, 4 ¢ Which contains S,
and is completely parallel to S,; and S, and S, _ )4, determine
another (p + g)-flat B, , , which contains S, and is completely
parallel to S,.  The infinite regions A, 4 ¢ - 1) @0d By 4 ¢ — 1y
of A, 4 ,and B, ., both contain both of the regions S(, _ ),
and S(, _ ) ; they therefore both coincide with S, 4 g)e, and
therefore A, , , and B, , are completely parallel. The dis-
tance between A, , , and B, , , is then defined to be the distance
between S, and S,.

S, determines with Ag,, the absolute pole of Ay, ., _ .,
a (p + 1)-flat which cuts B, , , in a p-flat S, and S, in a point
B; and similarly S, determines with Bg,, the absolute pole of
By, 4 g — 1) @ (¢ + 1)-flat which cuts A, ,in a ¢-flat S, and
S, in a point A. AB is normal to both A, . ,and B, , and
therefore also to S, and S, and the construction shows that

P

Fia. 8.
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it is in general unique. In general therefore two fats whick
have no point in common have a unique common novmal.

5. If S, and S, are parallel of degree (» + 1)/g so that
they have no finite point in common and their infinite regions
intersect in an #-flat S, , they are contained in the same
(p+g-r)-flat. ThenS,and S, _,), determinea (p+¢—1-7)-
flat A, ; 4—,—, which contains S, and is completely parallel to
S,; and S, and S, _ ,,, determine another (» + ¢ — » - 1)-flat
B, 4 ¢ - r—1 Which contains S, and is completely parallel to S, ;
also A,.,_,_, is completely parallel to B,,,_,_,. S,
determines with Ag,, the absolute pole of A, ,_,_ . a
(# + 1)-flat which cuts B, ,_,_,ina p-flat S, and S, in an
(r + 1)-flat B, ,; and similarly S, determines with By, the
absolutepole of B, 4 4y _ 52 (g + 1)-flat whichcuts A, ., _, _,
in a g-flat Sy and S, inan (7+1)-flat A, ;,. Since all the flats
contain S, , it follows that B, and A, the regions at infinity
on B, ,, and A, ,, both coincide with S,,. Therefore A, ,
and B, , are completely parallel. Hence when two flats are
parallel, having a common v-flat at infinity, there is a unique
(r + 1)-flat on each whick is completely parallel to the other
and the two flats have "t *common normals.

Two lines in a plane have a single angle, which becomes
zero when the lines are parallel; two parallel lines have a single
distance. Two lines in general have a single distance, which
becomes zero when the lines intersect ; and also a single angle,
which is equal to the angle between two intersecting lines
parallel to the given lines. Thus two lines in general have two
mutual invariants. Two planes in three dimensions have a
single angle, which is zero when the planes are completely
parallel ; two completely parallel planes have a single dis-
tance.

6. Angles between Two Planes in S, Consider now
the case of two planes «, B in general. If they have no point
in common we have seen that they have a single distance, the
distance between two 3-flats, one through each plane and
completely parallel to the other. If they are contained in
the same 3-flat they have a single dihedral angle. We have
now to consider the case where they have just one point O in
common. Let a, and 4, be their lines at infinity. These
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do not in general intersect. If they intersect, « and B inter-
sect in a line; if they coincide, « and B are completely
parallel. The absolute polars of @, and &4 are two lines al,
and &, If « and B are real, a, and & cannot intersect.
If a cuts b, reciprocally a_ cuts &, and the two planes are
half—orthogonal If @, coincides with &, , and reciprocally a_/
coincides with 4, the two planes are completely orthogonal.
In the general case a, b, a., ., are four skew lines. Take
any other plane ¢ through O, and let ¢, be its line at infinity
and c the absolute polar of this line. Ife¢, cuts a, y cuts
a in a line; if ¢, cuts o, y and « are half-orthogonal.
Hence if ¢, cuts both a, and a, y and a« are orthogonal in
three dimensions. Through any point B on 4 there passes
just one line which cuts both @, and a,, viz. the line of
intersection of the planes B_a and B,a.,. Hence through
any line m of B, through O, there passes just one plane which
cuts a orthogonally in a straight line, / say; this plane is not
in general orthogonal to 8. If, however, it is possible to find
a common transversal A B A’ Bl of all four lines a,, &,

, b, we obtain a plane through O which cuts both « and 8
orthogonally in straight lines / and ». Now this is in general
possible in two ways. The assemblage of all transversals of
three skew lines a, 4, a:,o is a regulus, or system of lines on
a ruled surface of the second degree (hyperboloid cr paraboloid).
On this surface there is a second set of lines all mutually skew,
and every line of the one system cuts every line of the other
system. The fourth line &/ cuts the surface in two points B}
and Bj;, and through each of these there passes a line of the
second system and these therefore cut the first three lines in
points A}, B,, A] and A,, B, A; (Fig. 9). Hence we have two
lines &, and 4|, cutting all four lines.

We have therefore through O two planes, 8, and &, say,
each cutting « and 8 orthogonally in straight lines, say / and
/, on a, and m, and m, on B. The two planes therefore
determine two angles, ¢, = K (47,) and ¢, = . ({n,), the
angles which they cut out on the two common orthogonal
planes 8, and §,.

7. If we transform the figure by taking the absolute polar

of every point and line, a, and @, 4, and 0}, are inter-
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changed ; &, and d, are changed into their absolute polars &;
and d;. But since properties of incidence are invariant for
this transformation, @; and &3 must also cut the four lines, and
since there are only two common transversals, a’i must coincide
with &, and 45 with 4. Hence @, and &, are absolute polars,
and the corresponding planes 8, and 8, are completely ortho-
gonal.

8. The existence of these two angles can be shown also as
follows. If OP is any line in & and OQ any line in B, both
through O, the angle POQ can never be zero and must there-
fore have a certain minimum value. If A OB, (Fig. 10) repre-
sents this minimum angle, the plane A;OB,(= 3,) must cut both

Fia. 9.

« and B orthogonally, for consider another plane through OB,
cutting « in OP, then when the plane A,OB, is orthogonal to «
the angle B,OP > angle BJOA,. Having shown the existence
of one plane cutting both « and B orthogonally and forming a
minimum angle A;OB,, a second plane can be found having the
same property. In « take the line OA, L OA, and in B the
line OB, L OB,. Then since a L 8, OA, L §, and therefore
OA; L OB,. Similarly OB, 1 OA,. The two lines OA,, OB,
are both perpendicular to the two lines OA,, OB,, and the plane
A,0B, (=3,) is normal to OA, and OB, and therefore cuts both
« and B orthogonally. The acute angle A,OB,(=¢,) is there-
fore also a minimum.  Also the planes 8, and §, are completely
orthogonal,
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If OP, is any line of « there is one plane through OP, which
cuts B orthogonally in OQ,, say. Then there is one plane
through OQ, which cuts « orthogonally in OP,, say, and so on.
Now since the plane OQ,P, 1 OP,P,, the angle Q,OP, < the
angle P,0Q,. Hence we have a sequence of lines OP,, OP,,

. on « and a sequence of lines OQ,, OQ,, . . . on B such
that
/P,0Q, > Q,0P, > P,0Q,>. ..
The sequence P,0Q,, P,0Q,, . . . therefore tends to a finite

limit, which is A|OB,. Similarly the sequence in the ascending
order tends to a finite limit which is A,;OB,. Thus while each
of the two angles ¢, and ¢, is a minimum value of the angle
POQ, where OP and OQ are any lines in « and B respectively,
¢, is a minimum and ¢, a maximum in the series of angles
P,0Q, for which the plane P,OQ, is always 1 o.

9. We see also that if ¢, = ¢,, all the intermediate angles
P,0Q,, etc., are equal, and each of the planes P,OQ, cuts both
« and B orthogonally. In this case the two planes are said to
be Zsocline. The lines at infinity ., and 4, and their absolute
polars &', and &'y, all belong to the same regulus, and are cut by
all the generators of the other system.

The theory of isocline planes through a point is the same as
the theory of equidistant straight lines in elliptic geometry of
three dimensions, usually called Clifford’s parallels or paratactic
lines. *

Thus it may be proved that if the planes « and B are isocline,
so also are any two planes which cut them both orthogonally.
Through any line OA which cuts a given plane « in O there
pass two planes isocline to «. Let the plane through OA L«
cut o in ON, and let / NOA = 6. lienote the plane NOA
by 8, and let & be the plane through O completely orthogonal
to 8. & cuts « in the line ON’ L ON. In & construct the two
lines OB, and OB,, each making with ON’ the angle 6. Then
the planes AOB, and AOB, are each isocline to a.

10. Returning now to the general case, two planes « and B
through a point O have two minimum angles A /OB, = ¢, and

*See Sommerville, “The Elements of Non-euclidean Geometry,”
chap. iii.
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A,OB; = ¢,. If ¢, = 0 the lines OA; and OB, coincide and
the planes have the line OA, in common; the other angle is
the ordinary dihedral angle between the two planes. If also
¢, = 0 the planes coincide. If ¢, = 9o’ the planes are
half-orthogonal, and if also ¢, = 9o° they are completely
orthogonal.

11. If the two planes «, 8 have no point in common and
have only a common containing 5-flat, they have a minimum
distance 4, and also two minimum angles ¢, and ¢, which may
be defined as being equal to those belonging to two planes
through a point O which are completely parallel to the given
planes. If ¢, = 0, « and B are half-parallel; if also ¢, = 0
they are completely parallel; and they coincide only if &, ¢, and
¢, all vanish. Thus two planes in S; have three mutual in-
variants, one distance and two angles.

12. Angles between two Linear Spaces. Two 3-flats
which lie in Sg, and therefore have a point in common, cut the
hyperplane at infinity in two planes having no point in common.
These two planes have three mutual invariants, all distances,
and these measure three angles which form the mutual invariants
of the two 3-flats.

It can be proved by induction that two p-flats in S,,, and
therefore having a point in common, have p mutual invariants,
all angles.  For assuming this for g, two p-flats in S,,, | |, having
no point in common, have p + 1 mutual invariants, p angles
and one distance. Then two (p + 1)flats in S,, , ,, having
just one point in common, cut the hyperplane at infinity in two
p-flats which have no point in common and have therefore p + 1
mutual invariants ; these determine the p + 1 mutual invariants
of the two (p + 1)-flats.

13. Consider now an S, and an S, (p > ¢) having just one
point in common, and lying in an S, . ,. From every point
of S, there can be drawn one and only one line cutting S, at
right angles. The assemblage of the feet of the perpendiculars
is an S, which is the projection of the given S, on the S,
The assemblage of all the perpendiculars forms an S, con-
taining S, and S;. The assemblage of all the perpendiculars
to S, in the S, , , at points of S, is the S,. Thus the S, is
determined when the S, and S; are given, and the mutual
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invariants of the S, and S, are the same as those of the S,
and S, ¢ in number.

14. Consider lastly an S, and an S, having in common an
S, and all lying in an S, ., _, (#>¢ > 7). As before this
may be reduced to the S, and its projection Sz on Sy, so that
we have only to consider two S;’s having in common an S,
and lying in an S, _,. At any point of S, there is a unique
S, _ s in the S,, _, absolutely orthogonal to S,, and this cuts

the S’s in S; _,’s. We have then two S, _,’s in S,,_,, and
having one point in common, and these determine the original
S, and S, Hence we have in this case ¢ — » mutual invariant
angles. AnS andan$S, (# s ¢)bothlyinginanS,(n=2+9)
have # - » mutual invariant angles; if z <2 + ¢ + 1, they
have ¢ angles and one distance.

15. The actual construction of the ¢ angles between an S,
and an S;(p s ¢) which have one point O in common can be
obtained as follows. If OP is any line in S, and OQ any line
in S, the angle POQ has a certain minimum value since it
cannot be zero, S, and S, having no common line. Let
P,0Q, = 6, be this minimum angle. Then the plane P,0Q, is
half-orthogonal to both S, and S, and 6, is one of the angles
between these two flats.

Now at O there is in S, a unique S, _, normal to OP,,
and in S, a unique S, _, normal to OQ,, and if OP is any line
in S, _, and OQ any line in S, _, the angle POQ has again
a minimum value, say P,0Q, = 6,, and the plane P,0Q, is half-
orthogonal to both S,_, and S,_,. Since P,0Q, is half-
orthogonal to S, which contains the plane P,OP, it is
half-orthogonal to P,OP,; and since OP, 1 OP, it follows
that OP,1 P,0Q,  Similarly OQ, L P,0Q,. Hence P,0Q,
and P,0Q), are completely orthogonal. In the plane P,0Q, let
OP’ L OP; and OQ’ 1L OQ, Then OP' L S,_, and also
L OP,, hence OP' L S,, and similarly OQ’' L S,. Therefore
P;0Q; is half-orthogonal to both S, and S,, and the angle 6,
is a second angle between these two flats.

Take next in S, the S, _, which is absolutely orthogonal
to the plane P,OP,, and in S, the Sq — » orthogonal to Q,0Q,.
Then we obtain again a minimum angle between lines of S,-.
and S, _,, viz. P;0Q; = 6, and it is proved as before that
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P;0Q); is half-orthogonal to S, _,and S, _, and hence to S,
and S,. Also the three planes P,0Q,, P,0Q, P,0Q, are
mutually completely orthogonal.

This process can be continued until we have obtained ¢ — 1
angles. The next step gives an S,_,,, orthogonal to the
(¢ - 1)flat OPP, ... P;_, and a line / normal to the
(¢ - 1)flat 0Q,Q, . .. Q,_, There is then one line in
Sp — ¢ +: Which makes a minimum angle with the line /, and
we then obtain g angles.

A clearer picture of this is obtained when we consider
projections (see § 18).

If S, and S, have an S, common and are therefore contained
inan§, ., _,, at any point O of S, there is a unique S, , , _ .,
completely orthogor.al to S,. This cuts S, inan S, _, and S,
in an S, _,, and these two spaces have ¢ — 7 angles which are
the angles between S, and S;. The other » angles which
should exist are now zero.

16. If S, and S, (# = ¢) bhave just one common point O,
and S,_, and 5,_, are the spaces through O completely
orthogonal to them, these two spaces intersect inan S, _ , _,
and have therefore (» — p) — (» — p — ¢) = ¢ angles; these
are respectively equal to the ¢ angles between Sy and S;.  If
S, and S, have an S, in common and still lie in S, so that they
have ¢ - r angles, the normal spaces S, _ , and S, _ ¢ both lie
in the S,_, which is normal to S, and have therefore a
common S, _,_44,; they have therefore also (z - p) -
(m-p - g+ 7)=g — r angles, which are equal to the
corresponding angles between S, and 5.

17. If S, and S, (2 = ¢) have just one point O in common
and ‘lie in an S,, so that # < p + ¢,and S, _, is the (n - p)-
flat normal to S, at O, # - p < g, therefore S,, _ , and S, have
¢ angles; these are the complements of the angles between S,
and S,. Similarly if Sy, and S; havean S, in common and lie
in an Sp,g_,~ Then the S,_, ie Sy - » normal to S,
makes ¢ — 7 angles with S; which are the complements of the
angles between S,and S, Butifp + ¢>72>p + ¢ - 7,50
that g ># — p > g - » the normal S, _ ,, which cannot meet
S, in more than a point, has # — p angles with S;, exceeding
therefore the number ¢ — 7. In this case the S, _, normal to
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S, contains S, _, and cuts S;inan S, _, Theg - 7 angles
between S, and this S, _, are the complements of those
between S, and S,.

18. Projections. In the general conception of projection
there is a fixed point O, the centre of projection, and a fixed
(n — 1)flat m, the Ayperplane of projection, not passing through
O, and the projection of a point P on to = is the point P’ in
which the line OP cuts 7. The projection of a line / is the line
of intersection of the plane O/ with =, and in general the projec-
tion of a p-flat o is the p-flat o' in which the (p + 1)-flat Oa
cuts w. The projection of a p-flat « may bea (p — 1)-flat, in
the case where a passes through O; «' is then just the intersec-
tion of « with 7.

In this conception of projection every element has a unique
projection, but any p-flat «’ in 7 is the projection of any p-flat
which lies in the (p + 1)-flat Oa’. A more specialised and
fruitful conception of projection, which, however, is not now
being considered, confines the elements, which are being pro-
jected, to an (z - 1)-flat not passing through O: this is the
basis of projective geometry.

To project on to an (z — 2)-flat, as hyperplane of projection
m, the centre of projection is replaced by a straight line /, the
axis of projection, which does not cut #. The projection of a
point P is then the point P’ in which the plane /P cuts =. The
projection of a p-flat « is the p-flat @’ in which the (p + 1)-flat
la cuts .

Similarly to project on to an s-flat , we take as axis of pro-
jection an (z — s — 1)-flat S, which does not cut =, and the
projection of a point P is the point P’ in which the (» - s)-flat
SP cuts . The projection of a p-flat « (p < s) is the p-flat o'
in which the (» - s + p)-flat Sa cuts #. The projection of a
p-flat will be a (p - 7)-flat if the p-flat cuts Sinan (» - 1)-flat;
a point if it cuts Sina (p - 1)-flat.

19. Parallel Projection. In parallel projection the axis of
projection is an (z — s — 1).flat at infinity S, the hyperplane
of projection being an s-flat #, whose region at infinity does not
cut S, The (n - s)-flats which project points are all com-
pletely parallel to one another. Since S, lies in the hyper-
plane at infinity, the projection of any element at infinity is
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itself an element at infinity. If a p-flat and a g-flat (s > p S ¢)
are parallel of degree (» + I)/g, so that they intersect in an »-flat
at infinity, and have no finite point in common, their projections
are also parallel of degree (» + 1)/g. In particular the projec-
tion of a parallelotope is a parallelotope.

20. Orthogonal Projection. In orthogonal projection,
which is a particular case of parallel projection, the axis of
projection is the absolute polar = of the s-flat of projection
w. The (7 - s)-flats which project points on to # are com-
pletely orthogonal to 7 and are all completely parallel to one
another. The projection of a p-flat a (p <) is always a
p-flat, provided « has no degree of orthogonality with =. As
in parallel projection in general, the projection of a parallel-
otope is always a parallelotope.

If S is the projection of S, on S, the angles between S,
and S, are the same as those between S, and S;. In each of
these flats we have, by the construction of § 15, a set of ¢
rectangular axes OP,, OP,, . . ., OP, and OQ,, OQ,, . . .,
0Q, and these are so related that OP, 1L OQ, if » + s, but
the angle between corresponding axes OP, and OQ, = 6,.

2I. Projection of an Orthotope into an Orthotope.
A rectangular parallelotope, i.e. one whose concurrent edges
are all mutually at right angles, will be called an ortkotope.
Consider an orthotope of p dimensions (p < s) with edges a,,
@, . . . a,concurrent at O, and suppose first that its p-flat «
does not cut =, or only cuts = in one point. Let O’ be the
projection of O, and let &' be the p-flat through O’ completely
parallel to @. Then in &' there are p mutually perpendicular
axes O'P;, O'Py, . . ., OP, and in 7 thereare also p mutually
perpendicular axes O'Q,, O'Q,, . . ., O'Q,, the projections of
the former, such that the angles P;OQ; (¢ + ;) are all right
angles, while P;OQ; = 8;, The angles 6,, . . ., 0, are then
the p angles between &' and 7 or between « and #. If then
the edges of the orthotope in a are parallel to the corre-
sponding axes in a/, the orthotope is projected into an

orthotope with edges a4y = @, cos 6,, a; =a, cos 0, ...
a, = a, cos 0,
If @ cuts 7 in an »-flat, » of theangles 0, _, +,, . . ., 0pare

zero, and we can take # of the edges of the orthotope parallel to
4
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# rectangular axes in the r-flat, the remaining p — » being de-
termined as above.

22. Content of the Projection of a p-Dimensional Region.
The content of an orthotope with edges @;, . . ., a, in a p-flat
ais V = aa, ... a,, When its projection on = is also an
orthotope and & meets 7 in no more than one point, the content
of the projection is

V' =Vcosfcosb,...cosbyp;
and if « cuts = in an s-flat
V' =Vcosf cosb,...cosbp_,
where 6, 0,,‘ . . . are the angles between « and =.
As any p-dimensional region can be divided into small ortho-

topes whose total content is in the limit equal to that of the
given region, these relations hold also generally.
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CHAPTER V
ANALYTICAL GEOMETRY: PROJECTIVE

1. The axioms of plane projective geometry are verified when
a point is represented by a set of three numbers (z, y, 2), real
or complex but not all zero, taken in a given order, with the
understanding that if £ is any factor, not zero, the set of num-
bers (kx, ky, kz) represents always the same point; and a line
is the assemblage of points represented by numbers (x, y, 2)
which satisfy a fixed homogeneous equation of the first degree
lx + my + nz = 0.

In projective geometry of 2 dimensions a point x is repre-
sented by the ratios of » + 1 numbers or co-ordinates z,, ,,
. .+ Zn, and has thus z degrees of freedom.

2. Parametric Equations. A line is a series of points,
having one degree of freedom and therefore depending on a
single parameter, which is completely determined by two points.
We may therefore define a line as the assemblage of points re-
presented by the equations

px, =z + Ay (r=0,1, ... n) . (27)

where #, and z, are fixed, p is a factor of proportionality,
and A is a variable parameter, or by

px, =txy +uxy (r=0,1,...,7n . (22

where the ratio #/u is the variable parameter. 2" and 2" are
two fixed points on the line, and correspond respectively to
the values # = 0 and # = O of the komogeneous parameters.
Similarly

px, =ty + uxy + vz, (r=0,1,...,7) . (23)
represents a plane through the three points 2/, £, ", provided
they are not collinear. All points on the line through these
points lie in the plane.

51
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And generally
pr,=tx® + . .+ 2P (r=0,1,...,n) (24)
represents a (p - 1)-flat through the points ¥, . . ., 2@,

3. Equation of a Hyperplane. When p = » we can
eliminate the (# + 1) quantities p, 4, . . ., #, between these
homogeneous equations, and we obtain a single equation

Xy Xy .. %, | =0 . (31)
xi” A 2D
:rf,"’ x{"’ . .. . xf,”.)

which is homogeneous and of the first degree in x, An
(n - 1)flat or hyperplane is thus represented also by a single
equation of the form

zl,x,=0. L @32)

rm0

4. # distinct points in general determine a (p - 1)-flat.
The equation (3-1) is the condition that the » + 1 points z, 2(),
. . %™ should be in the same (» — 1)-flat. Similarly the
condition that the p + 1 points z, 2(), . . ., 2() should lie in
the same (p - 1)flat is found by eliminating the (p + 1)
quantities p, £, . ., 4, between the » + 1 equations (2°4). This
is represented by

o X . ..x, |=0 . . (41)
xgn AL 2
= ,1:'(1") o xf,‘.’)

which implies the vanishing of every determinant obtained by
striking out any # — p columns of this array or matrix. As a
point in S, has » degrees of freedom, andin S, _, hasp - 1
degrees of freedom, a point constrained to lie in the S, _,
determined by p given points has » — » + 1 degrees of con-
straint. The equation (4°1) which involves the vanishing of

n +1Cp 4, determinants, is equivalent to only # — 4 + 1 con-
ditions.
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5. Matrix Notation. As we shall frequently have to use
this notation it is necessary to state some definitions and
theorems regarding matrices.

A matrix is a rectangular arrangement of mz elements a,,,
in m rows and z columns, which may be denoted by [@,,] If
we choose any » rows and the same number of columns, an
r-rowed determinant is formed which is called a determinant of
the matrix. If every (» + 1)-rowed determinant of a matrix
vanishes, but there is at least one 7-rowed determinant which
does not vanish, the matrix is said to be of rank r.

6. The vanishing of all the »-rowed determinants of the
matrix [@,,,] will be denoted by the equation

| @mnll » = O,

or, more accurately, by the statement that the matrix is of rank
r — 1.

The number of »rowed determinants in this matrix is
mCr. 2Csr, but they are not all independent, and if a certain
number of them, suitably chosen, are equated to zero, the rest
will vanish identically. For example take the matrix

a b q
[42 by 52].
If a6, — a6, = 0 and a5, — a5 = O, then, provided 4, and
a, do not both vanish, we have

bh_a_a

by B TG
and therefore 4,5, — 646 = 0.
THEOREM. The number of independent conditions involved
in the equation

”amn“r= 0

is in geneval (m — v + 1)(n — v + 1)
Consider first the array

| @ |l #

and let all the determinants (z - » + 1 in number) vanish
which have the same » — 1 columns, only differing, se in
the last column; expanding each in terms of the co
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A, = A, = A, say, of the elements of the last column, we
have

4 '
Ea,,,Aﬁ O(w=n7r+1,...n)
1
We assume that the A’s are not all zero. Now take any other
determinant of the array

Ay Ay, - - - Ay,
a,,,,l afryz R
Multiply the rows respectively by A;, A,, . . ., A,, and add to
the first row. In the pth column we have then as element of the
first row
14

2 By, A,

wel
If vy=1,2,...0r » - 1 this is a determinant which has
two columns the same and therefore vanishes identically, and if
vp=77+ 1, ... orn it is one of the determinants which

already vanish. Hence all the elements of the first row
vanish, and the whole determinant vanishes identically.

Taking now the array | @, Il 5 if we equate to zero all the
r-rowed determinants which differ only in the elements of the
last column or the last row (the number of these being
(m — v + 1)(n — 7 + 1)), the previous proof shows that all
the determinants vanish which have their first » — 1 rows
chosen from the elements of the first » — 1 rows of the array,
and then applying the same result to columns instead of rows
we deduce the vanishing of all the other determinants of the
array as well.

7. Linearly Independent Points. If p points do not all
lie in the same (p - 2)-flat it follows that no set of » of them
lie in the same (» - 2)-flat, for » = 2, 3,. . ., p. The p points
are then said to be Zinearly independent. The condition for this
can be expressed by saying that the matrix

1) (1)

e B S
diuon ; Fn
% Y )
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is of rank p. If the matrix is of rank p — 1, the p points all lie
in the same (p - 1)-flat, but not in a (» — 2)-flat. Similarly
it can be shown that the necessary and sufficient condition that
the p points should all lie in the same g¢-flat, but not in the same
(¢ - 1)-flat is that the matrix is of rank ¢.

8. » hyperplanes (p = #) in general have in common an
(n - p)-flat, and # + 1 hyperplanes have in general no point
in common. If no set of » of the p hyperplanes have in

common an (z = 7 + I)-flat (r = 3, 4, . . ., p) they are said
to be linearly independent. 1f their equations are T¢Wy, = 0
(s =1, . .. p)the condition for this is that the matrix

g .. g
[f%f’ L ES."”]

is of rank p. If the matrix is of rank ¢ ( < p), the p hyper-
planes all contain the same (z - ¢)-flat. This holds also if
p>n

Clearly not more than # + 1 points or hyperplanes can be
independent since the matrix has only 7 + 1 columns and
cannot be of higher rank than » + 1.

9. Simplex of Reference. The # + 1 points A,= (1,
o...,0),A=(r10..,0),...,7A=00...,0rI)
are independent and are called the points of reference or
fundamental points of the co-ordinate-system. They form a
simplex called the simplex of reference or fundamental simplex.
The equations of its (z - 1)-dimensional boundaries or funda-
mental hyperplanes arex, = 0,2, = 0, . . ., 2, = 0.

10. Unit-point; Cross-ratios. To fix the co-ordinate-
system it is not sufficient to fix the points of reference. We are
still free to give any values to the co-ordinates of a particular
point; and we shall choose a certain point, not on any of the
fundamental hyperplanes, and give its co-ordinates all the value
unity. We call this the unit-point, U= (1, 1,. . ., 1)

It can now be shown that the co-ordinates of any other
point are determined, in terms of certain cross-ratios. Let
P=(xp . .. #y), join UP and let it cut the hyperplane
opposite A, in L,. Let the cross-ratio (L,L, UP) = X,.
The co-ordinates of any point on UP are given by
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where 7, ¥ are homogeneous parameters. By a fundamental
theorem (which we assume) since there is a (I, I) correspon-
dence between the points of the line and the ratios of the
homogeneous parameters #/x (= A), the cross-ratio of four
points on the line is equal to the cross-ratio of the parameters,
this cross-ratio being defined to be

Al - As Al - A(
Ag - As Az - A;

The parameters of the four points L, L,, U, P are given by
0 =232, + %3, 0 = 2,2, + #y 2, = 0, #, = 0, and the cross-ratio

(Axhz) /\3A4) =

(’\1’\1’ AaA.:) == x:'

Hence = X,.

S8

II. Duality. A point and an (# - 1)-flat in S, have the
same number of degrees of freedom and can be put into (1, 1)
correspondence. The assemblage of all (z — 1)-flats in S, isan
n-dimensional manifold or space of » dimensions which we may
denote by X,. The (# — 1)-flat is here regarded as the element
and can be fixed by co-ordinates like a point. The simplest
correspondence between S, and X, is established by defining the
homogeneous co-ordinates of the (» — 1)-flat whose point-equa-
tion is Zfz, = O tobe (&, &, . . ., &)

There is an exact duality between points and (z - 1)-flats,
lines and (#» - 2)flats, and so on. To an (# - 1)-flat con-
sidered as an assemblage of points corresponds an assemblage
of ( - 1)-flats through a point. The equations

pl, =& + A& (r=0,1, ..., 7n)

represent an assemblage of (z — 1)-flats all passing through
the (# - 2)-flat in which ¢ and £” intersect.

I2, Order of a Variety. A homogeneous equation of
degree # in the point-co-ordinates x, represents an (z — 1)-
dimensional assemblage of points or a wariety of order 7,
characterised by the property that it is cut by an arbitrary
line in » points, real, coincident, or imaginary. It is denoted
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by V;,_,. A system of p homogeneous equations in x, repre-
sents a variety of » — p dimensions V}, _ , the intersection of
p varieties of #» — 1 dimensions. Its order » is equal to the
number of points in which it is cut by an arbitrary p-flat.

13. A system of equations of the form

pr, = ¢,,(A) (V = Os L ... n);

where ¢, denote functions of the single parameter A, represents
a curve. If the ¢’s are rational, integral, algebraic functions,
the curve is said to be rational. 1f the functions are each of
degree » the order of the curve is #, for it is cut by an arbitrary
(» - 1)flat 2/,x, = 0 in » points corresponding to the » roots
of the equation X/, ¢, = 0.

A system of equations of the form

pr, = ¢l by . . ) (w=201,... n),

where ¢, denote rational, integral, algebraic functions, homo-
geneous in the p + 1 parameters # each of degree #, represents
a rational V,.

Generally, a V7, is a variety of  dimensions of order 7, i.e.
such that an arbitrary (z - p)-flat in the S, which contains it
cuts it in # points.

14. Rational Normal Curves. A curve of order v lies
entively in a flat space of dimensions v or less, for if r + 1
arbitrary points are taken on the curve they determine an S,
which would cut the curve in # + 1 points, and must therefore
contain the whole curve.*

A curve of order n in S, is always rational, for if we take
n — 1 fixed points on the curve there is a one-dimensional pencil
of (n - 1)-flats through these fixed points, and each cuts the curve
in one other point. There is thus a (1, I) correspondence be-
tween the points of the curve and the values of the parameter
which determines hyperplanes of the pencil. A curve of oirder

*Or a portion of the curve. In the latter case the curve is not a
proper curve of order 7, but decomposes. Thus a proper cubic curve
must be contained in a space of three dimensions; but a conic together
with a line which does not meet the plane of the conic form a composite
cubic which is not contained in a space of fewer than four dimensions,
Three mutually skew lines form a composite cubic which may be contained
in a space of not fewer than five dimensions.
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r which is not contained in any flat space of fewer than » dimen-
sions is called a rational mormal curve; e.g. a conic, a twisted
cubic, a curve of the fourth order in S,, and so on.

15. A normal curve of order » cannot be cut by any line in
movre than two points, for suppose a certain line cuts the curve in
three points, then the line together with » — 2 other points on
the curve determines an (» — 1)-flat which cuts the curve in
7 + 1 points; and, generally, a curve of order r whick is con-
tained tn a flat space of n dimensions (n = v) cannot be cut by a
2-flat (p < n)in more than p + v — n + 1 points, for suppose
ittobecutinpg + » — #» + 2 points; then through the p-flat,
which is determined by p + 1 points, and # - p — 1 other
points on the curve there passes an (# ~ 1)-flat which cuts the
curvein(p + » — n + 2) + (n - p — 1) = » + I points.

A surface of order 7, i.e. a V3§, in S, but not lying in an
S._, is cut by an arbitrary S, _, in » points. The S,_, is
determined by z — 1 points. Hence #» ~ 137, ie. @ V} is
always contained in a flat space of v + 1 dimensions or less.

AV}, in S, but not lying in an S, _,, is cut by an arbitrary
Sp_p in # points. The S, _, is determined by # — p + 1
points. Hence 7 - p + 1= 7, i.e. a V}, is always contained
in a flat space of ¥ + p — 1 dimensions or less. In particular
a V2, or quadric variety, is always contained in a flat space of
2 + 1 dimensions.

A Vg which is contained in a flat space of n dimensions
(= 7+ q - 1) cannot be cut by an S, (p = n - q) in move
than p + v — n + ¢ points.

16. Rational Normal Varieties. A Vi _, ., which is
contained in a space of dimensions z but not fewer is said to
be normal, and is rational. For if we take » - 1 fixed points
on the variety there is an (# - » + 1)-dimensional linear
system of (» - 1)-flats through these » - 1 points, and each
cuts the variety in one other point. Thus the co-ordinates of
this variable point can be expressed rationally in terms of
n — v + 1 variable parameters; or the points of the variety
can be put into (1, 1) correspondence with the points of a flat
space of # — » + 1 dimensions. A quadric variety of any
dimensions is rational. A quadric in space of three dimen-
sions can be represented rationally on a plane; the process,
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already indicated in the general proof, is by projecting the
surface on to the plane from a centre of projection lying on
the surface, i.e. stereographic projection.

In a plane the only rational normal variety is the conic.
In three dimensions the only rational normal varieties are the
cubic curve, and the quadric surface. In four dimensions we
have the quartic curve, the cubic surface, and the 3-dimensional
quadric. In S, the only rational normal varieties are the V7,
V3= ..., VZ_,. Thereare of course other rational varieties,
e.g. rational plane cubic curves, rational cubic surfaces in S,
etc., but for such varieties special conditions have to be
satisfied. .

Quadric Varieties

17. We shall consider now in more detail the quadric variety,
represented by a homogeneous equation in #, of the second degree

” ”

axx, = 0. . . (17°1)
rm0 s=Q
When s = » we have a “square” term a,x?; when s + » we
have “ product ” terms, and the coefficient of x.x, is a,, + a4, ;
this can be written as a single coefficient, say 2a,,, which is
equivalent to assuming a,, = a,,. This assurnption therefore
does not lead to any loss of generality.
18. Conjugate Points, Polar, Tangent. Let « and 8 be
any two points, then any point on their join is represented by

px, = Aty + B, (v=0,1, . .., n) . (181)
It x lies on the quadric we have
ZZa, (A, + pBr)Aas + pBs) = 0,
ie NEZ 0,0, + 2ApZ X a0, B, + p*2ra,p,8, = 0 (18°2)
This quadratic equation in A:pu determines the two points in
which the line joining « and 8 cuts the quadric. If these points

are harmonic conjugates with regard to « and B the two values
of A : u must be equal but opposite in sign, and therefore

ZZape,By =0 . . . (18°3)
The two points «, B are then said to be conyugate with regard to
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the quadric. If « is fixed, the locus of harmonic conjugates, or
the polar of « is

a0z, = 0 . . . (184)

If « and B are conjugate points, and « lies on the quadric,
equation (18-2) becomes

pZZa,BB =0 . . . (18%)

If u + 0 then 2Za,B,8, = 0; in this case B lies on the quadric,
the value of A : pu is indeterminate, and all points of the line af
lie on the quadric ; we shall return to this case later. If B does
not lie on the quadric, p = 0, and the point of intersection x
coincides with @ In this case the line «f cuts the quadric in
two coincident points at « and is said to be a zangent to the
quadric; if « is fixed and B variable the locus of B consists of
all points on all the tangents through «, this is the Zangent
hyperplane at o ; if B is fixed and « variable the locus of « con-
sists of all the points of contact of tangents through 8. In the
former case, when « and B are conjugate and both lie on the
quadric, every point on the line «f also lies on the quadric,

19. Correlations. The correspondence between a point and
its polar hyperplane with regard to a quadric variety is a special
case of the general (1, 1) correspondence or correlation between
points and hyperplanes; such a correlation is possible since the
point and the hyperplane have the same number of degrees of
freedom, The assemblage of all points, and the assemblage of
all hyperplanes, are manifolds of the same dimensions. If the
(1, 1) correspondence is determined by the equations

”

¢ = za,,x, (r=0,1,...,% . (190

3= 0

where z, are the homogeneous co-ordinates of the point, and
¢, the coefficients in the equation of the hyperplane, or the
‘homogeneous co-ordinates of the hyperplane (we do not
assume here that a,, = 4,,), the assemblage of points which
lie on the corresponding hyperplane is represented by the
equation Xz, £, = 0, i.e.

2raxx, =0, . . . (192)
a quadric-locus F.
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If the equations (1) are solved for » we get

2, =ZA 8, (r=0,1,..., 7 - (19°3)
where A,, is the cofactor of a,, in the determinant | @,, | = D.
It is assumed that this determinant does not vanish, so that

” ”
2 A, = D, and 2 GrAyy = O for 7+ 2
s=0 s=0

If D = O the hyperplanes XYa,,r, = 0 have at least one point
common to all, and every hyperplane in the S-space which cor-
responds to a point in the S'-space passes through this fixed

point. The correlation is then said to be simgular. We ex-
clude this case for the present.

From equation (19-3) we obtain similarly the assemblage of
hyperplanes which pass through the corresponding point, viz.

ZZAEL =0, . . . (194)

a quadric-envelope @. F and @ are in general different figures.
If x is a point of F the corresponding hyperplane is £, which is
a tangent hyperplane to @, but not in general to F. To the
point 2’ in the space S’ corresponds a hyperplane. The point
%' is represented in the space S' by the equation

Iz =0,
ie. XZa,xx, = 0. . . . (19'5)
But this is the hyperplane whose co-ordinates are
¢, =Za,x, or & =Z2a,x, . . (196)

20. Polar System, Null System. If the points x and &'
which correspond to the same hyperplane (in S’ and S re-
spectively) are the same, we see from (19°1) and (19'6) that
the equations

Zax, =0 and ZFa,z, =0
must be identical, therefore
Ary = Pl
Interchanging » and s, we have

Qgr = PQyy
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Hence
pP=1and p==%1.

If p = + 1 we have then the conditions
Qpy = Gy

The correlation is symmetrical and is a polar system with
respect to the quadric

2rax, = 0.

In this case the quadrics F and @ are the same figure, as locus
and envelope respectively.
Ifp = - 1 we have

Qpg = ~ Ay, ap = 0.

In this case the quadrics F and @ do not exist, since their
coefficients all vanish identically. This is called a nu/l system.
Every point lies on its corresponding hyperplane and vice versa.
A non-singular null system cannot, however, exist in space of
even dimensions, for in that case the determinant D, being a
skew symmetric determinant of odd order, vanishes identically.

21. Canonical Equation of a Quadric. In the polar
system, if the simplex of reference is chosen so that each vertex
is the pole of the opposite hyperplane, the equations of the
polarity (19°1) become

: = a.x,
and the equation of the quadric (19-2) is
Zaxt=0.

This is called its canonical equation, referred to a self-conjugate
simplex.

22. The Real Lines, Planes, etc., which lie on a Quadric.
If the two distinct points « and § are conjugate with regard to
the quadric and if both of them lie on the quadric we have seen
that every point on their join also lies on the quadricc. We
have then a line af lying entirely on the quadric. If y is a
third point also lying on the quadric, conjugate to both & and
B, but not lying on the line «f, it follows that every point .ot
the plane aBy will lie entirely on the quadric, and so on,



v. 23] ANALYTICAL GEOMETRY: PROJECTIVE 63

Consider the quadric whose equation is
arE+ .. A @G g~ — . .= axl=0,
where the a’s are all positive, i.e. there are % positive terms
and 7 - £ + I negative terms. We assume that £ = 47 ; if
this is not so we may change the signs all through and then

@, . . ., a, become the positive coefficients. The edge A A,
of the fundamental simplex, which has the equations

2=0..,5_,=0%,,=0...,%2=0

cuts the quadric in two real points P, ), say, determined by

apd - apry = 0. Similarly AJA, L, AAryw - - o ArlAu,
cut the quadric in the pairs of points

Pp Ql; Pz) Qs; SR Pl:—v Qb-—r
Now P, and Q, are conjugate to all points lying on the hyper-
plane A\A, . . . Ay Apy, - - - A, and therefore to all the
other points P,, Q,, and similarly any two of the 24 points,
with different suffixes, are conjugate. Further, any £ of them
whose suffixes are all different are independent, i.e. do not lie
in the same (£ - 2)-flat; the (# - 2)-flat determined by

Po’ Pp EE Y] Pb—-l

e.g. does not cut the edge A;_,A;;_,. Hence the £ points
P, P, . . ., P,_, are independent and conjugate in pairs,
and hence the (£ — 1)-flat determined by them lies entirely in
the quadricc. Now no real flat of higher dimensions can lie
entirely in the quadric, for it would cut in at least one point
every (n — k)-flat, eg. the flat AA,,, . . . A,; but the
section of the quadric by this flat is

axi+ ... +axr=0
which contains no real points.

Hence if the canonical equation of the gquadyic contains k
terms of ome sign and k' terms of opposite sign (k + k' betng =
n + 1), and if k =k, the quadric contains real flats of dimension
k — 1 and no higher dimension.

23. If the equation 2Xa,r.x, = 0 is transformed by any
linear equations with real coefficients into £Za)x, %, = 0, and it
the canonical forms of the equations are

Zayl=0, Za,p*=0
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then the two expressions on the left-hand sides have the same
number of positive coefficients. This is known as Sylvester’s
Law of Inertia.

24. Specialised Quadrics. When the equation of the
quadric is reduced to its canonical form

Zaxt=0

the nature of the quadric projectively, i.e. apart from metrical
properties, depends only on the signs of the coefficients @,. If
the coefficients are all of the same sign the quadric contains no
real points and is said to be virtual. We have so far dis-
regarded the cases in which one or more of the coefficients are
zero, and excluded the case in which the determinant D
vanishes. But when the equation is in the canonical form the
determinant D reduces to the product aaa, . . . a,, so that
when D = 0, one or more of the coefficients vanish. When »
of the coefficients vanish the quadric is said to be specialised
» times. The condition for this is that the matrix or deter-
minant D is of rank 2 — » + 1.

If one of the coefficients, a,, vanishes, the polar hyperplane
of the point y is

ayx + Gyt + ot APt = 0
and this always passes through the point A, =(1, 0, . . ., 0);
and the polar hyperplane of A, is quite indeterminate. Any
line through A,,
pxy = try + 1,
px, = iz, r=1,... n)

”2 Lax, = 0.

r=1

cuts the quadric where

‘This equation is satisfied for all values of ¢ if 2 lies on the
quadric, but gives equal roots 2 = 0 for other lines, Hence A,
is a double-point on the quadric. The quadric is a Aypercone
with vertex A, and can be generated by a line which passes
always through A,  Similarly if two coefficients vanish, ¢, and
a;, the polar hyperplanes of all points contain the line A A,
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while the polars of points on this line are indeterminate. A A,
is a double-line, and the quadric can be generated by planes
which pass through AjA;. In this case the quadric is said to
be specialised twice and is called a hypercone of the second
species ; AgA, is called the vertex-edge. And in general when
» coefficients vanish the quadric is specialised » times and is a
hypercone of species » with an (» — 1)-flat as vertex-edge.

25. Hypercones. A hypercone can be defined more
generally as follows. If V is a variety of » — 2 dimensions,
and O a point not lying in its hyperplane, the ruled hyper-
surface generated by straight lines joining O to the points of V
is a hypercone of » — 1 dimensions. V is the base and O the
vertex. Any section of the hypercone by a hyperplane not
passing through O is a variety of the same order as V and may
equally serve as base. We may call it more properly director.
A section by a hyperplane passing through O is a hypercone of
»# — 2 dimensions.

To find the equation of a hypercone with vertex at
A,=(1,0,. .., 0)and base a variety

ugry + wxy "t uprg” .= 0, ary+ o =0,

where #, and «, denote homogeneous polynomials of degree »
ng, ... Tn

Let y be any point on the base. Then the freedom-
erquations of a line joining A, to y are

pt, =y (w=1,...,n)
px, = L
Then B, + B =0,
vy + "y + "+ ... =0,
where B, B, v, v, . . . are the same functions of y as
&g &y, %, %y, . . . are of 2. Eliminating ¢ we get
— —_ 2 .
Bive — Bl tagyy + i tagu, — . . . =0.
This equation is homogeneous in (zy, . . ., ¥n).

If the base V is itself a hypercone of » ~ 2 dimensions with
vertex A, the hypercone generated by taking a vertex A, is
called a Zypercone of the second species. Every section of this

.5
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cone by a hyperplane not passing through both A, and A, is a
hypercone and could equally well be taken as base, and then
any point on the line A)A, as vertex. The vertices A, and A,
are therefore not specialised in any way, but are any two points
on a certain fixed line, the verfex-edge. 1f V' is an (n - 3)-
dimensional section of the base V, not passing through the
vertex, the hypercone with edge AjA, can be generated by the
planes which pass through the line AjA, and points of V. A
hypercone of the second species is thus determined by a straight
line as vertex-edge and a variety of » — 3 dimensions as
director. Any section not containing the vertex-edge cuts the
hypercone of the second species in a hypercone of the first
species, and any section containing the vertex-edge cuts it in a
hyperconc of the second species.

Generally, a hypercone of » — 1 dimensions and of species
% is generated by the k-flats which pass through a given
(# - 1)-flat, the vertex-edge, and points of a given variety
Va_i—. Any section by a hyperplane which cuts the vertex-
edge in a p-flat is a hypercone of species p + 1.

For a hypercone of species £ in S, with vertex-edge a

(£ - 1)-flat whose equationsare xy, = 0,2, = 0, . . ., 7, =0,
and director a variety V, _;_, whose equations are %, = 0,
u,=0,. .., % ,, =0, eliminating the £ co-ordinates x,, _ ¢ 4,

., ¥, between the £ + 1 equations #, = 0 we get the
equation of the hypercone, which is homogeneous in xy, 2, . . .,
Xp — ke

26. Polar Spaces. Since the relation between conjugate
points is symmetrical it follows that if the polar hyperplane of
a point P passes through Q, then the polar hyperplane of Q
will pass through P. The polars of P and Q intersect in an
S, . and the polar of any point on S, _, passes through both
P and Q and therefore contains the line PQ=S,, and the
polars of all points on S, contain S,_,; S,and 5, _, are called
polars with regard to the quadric. More generally, the polars
of all points on an S, pass through an S,_,_, and vice versa ;
S,and S, _,_, are called polars with regard to the quadric.
Every point of S, is conjugate to every point of its polar
Su_p-1 S, cuts the quadric in a VZ_,, and the tangent
hyperplanes to V;_, at the points of section all pass through
the polar S, _, _,.

i
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27. Tangent Spaces. An S, and its polar S,_,_, in
general have no point in common. If they intersect and have
in common an S,, the points of S, are all self-conjugate and
therefore S, lies entirely in the quadric; these points are also
conjugate to all points of S, and S,_,_, and therefore the
section VZ_, of the quadric by S, (or Vi_,_, by S,___))
is a hypercone having S, as vertex-edge. In particular the
tangent hyperplane at any point P, which is the polar of the
point P, cuts the quadric in a hypercone of the first species
with P as vertex (it may of course be virtual with P as its
only real point). When S, and its polar S,_,_, have an S,
in common, S, is said to be a tangent to the quadric in S,
or in any linear space which is contained in S,. This includes
the case of a point being tangent to a quadric when it lies on
the quadric. An S, _, can only touch in a point (unless the
quadric is specialised as a hypercone), an S, _, can touch in a
point or a line, and so on.

If S, lies entirely in the quadric, each of its points is
conjugate to all the points of any linear space which touches the
quadric in S, or in a linear space containing S, Hence the
polar S, _, _, of S, contains not only S, but also every linear
space containing S, and lying in the quadric.

28. Conditions for a Hypercone. If the quadric

2rarpx, = 0 . . . (2971)
is specialised £ times, so that it is a hypercone of species &,
with a double (£ — 1)flat S; _, as vertex, the polar hyperplane

of every point contains S; _,. Taking the polars of A, A,, . . .,
A,, it follows that the » + 1 hyperplanes
Jawz, =0 (s=0,1,...,n) . (292)

all pass through the same S, _,. The condition for this is that
the matrix || @,, || should be of rank » — 2 + 1. Then any
#n — & + 1 of the equations (29-2) determine the vertex-edge.
29. Degenerate Quadrics. In a plane S, there are no
proper cones. Considering cones of the second order only, a
cone of the first species in S, degenerates to two lines through
a point. In S; a cone of the second species degenerates to two
planes through a line. In S, a hypercone of species # - 1
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degenerates to two (z — 1)-flats through an (» — 2)-flat; a
hypercone of species » would have an (# ~ 1)-flat as vertex or
double-space, and must therefore be considered as degenerating
to this (» — 1)-flat counted twice.

In S,, if an #-flat S, cuts its polar S, _, with regard to a
given V2, _,in an S,_,, S, touches V2, _, at the S,_, and
meets the quadric in a hypercone VZ_, of species # — 1 which
therefore consists of two (z — 1)-flats; if S, contains its polar
S, _,, it touches the quadric in this S, _, and meets the quadric
in this S, _, twice.

In S,,,, ifan S, ., contains its polar S, _, with regard to
a given V2, it touches the quadric in this S, _,, and the section
consists of two z-flats ; if an S, cuts its polar S, in an S, _, it
touches the quadric in this S,_, and the section is this S, 7
counted twice; if an S, coincides with its polar S, it lies
entirely in the quadric.

30. Linear Spaces on a Quadric. We shall consider now
in more detail, and apart from the question of reality, the lines,
planes, etc., lying on a quadric. Take any point C, on the
quadric, and let S, be its polar; this therefore cuts the
quadric in a hypercone VZ_, having C, as a double-point.
On this hypercone take a point C,; distinct from C,, then the
line C,C, lies on the quadric; and the polar (z - 2)-flat of
C,C, is a hypercone V;_, of the second species having C,C,
as vertex-edge.  On this hypercone take a third point C,, not
on C,C,, then the plane C,C,C, lies on the quadric, and is the
vertex-edge for the hypercone VZ_, of the third species in
which the polar (z - 3)-flat of C,C,C, cuts the quadric, and s0
on.

We have now to distinguish according as » is odd or even.

If » is even, = 2p, when we have obtained in this way 2
points Cy, C;, . . ., Cp_,, the (p — 1)-flat determined by then
lies in the quadric, and its polar p-flat cuts the quadric in a
hypercone having this (p - 1)-flat as vertex-edge; this i~ a
degenerate hypercone consisting of the (p — 1)-flat counted
twice. This terminates the process. At any stage of course
the hypercone may have no real elements except its vertex edge,
and as regards real elements the process may thus terminate
earlier.
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If »is odd, = 2p + 1, when we have obtained p points C,,
Cy. .. Cp_, we again have a (p» - 1)-flat on the quadric,
and its polarisa (p + 1)-flat which cuts the quadric in a hyper-
cone having the (p — 1)-flat as vertex-edge; this hypercone
therefore degenerates to two p-flats through the vertex-edge, and
the process then terminates.

Hence a V2_ | in S, contains linear spaces of one, two, . . .
up to 4n — 1 or ¥(n — 1) dimensions, according as n is even or
odd ; or we may say, since the quadric is of » - 1 dimensions,
the dimensions of a linear space contained in a quadric arve
equal to or less than half the dimensions of the quadric.

3I. To find the number of degrees of freedom of a p-flat in
a VZ_,. The first point C, has #» — 1 degrees of freedom ; the
second C; has » — 2; the third » — 3, and so on. Hence the

# + 1 points C, C,, . . ., C, have
P+1
S (=N =n(p+ 1) - Ap+ 0+ 2
re=1

But each point has p degrees of freedom in the p-flat, hence
the p-flat has

n(p+1) - Hp+1)Np+2) - p(p+1) = 4H(p+1)(2n - 3~ 2)
degrees of freedom in the V2 _ ..

To find the number of degrees of freedom of a p-flat passing
through a g-flat in the V2_,. The first ¢+ 1 points C,, C,, . . ., C,
are fixed, and the remaining points have

p+1
D= -9) -4 - ++3)
r=q+12
degrees of freedom, but each of the last p — ¢ points has p
degrees of freedom in the p-flat, hence the p-flat has
Wp=g) - K- p+a+3) ~ 52 -9) = (2~ g)an—3p - g -3)
deyrees of freedom.

If » = 2 p, the number of degrees of freedom of a (# — 1)-
flat, the space of highest dimensions, is 3 p(# + 1) = n(n +2),
and there is a single infinity of (» - 1)-flats through every
(# - 2)flat.

Ifn = 2p + 1,the number of degrees of freedom of a p-flat,
the :-pace of highest dimensions, is again $p(p + 1) = §(#* - 1),
and there are two p-flats through every (» - 1)-flat.
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32. In S; there are two singly infinite systems of lines on a
quadric, two through every point, and every line of the one
system cuts every line of the other system, but no two lines of
the same system intersect.

In S, a quadric contains a triple infinity of lines, and through
every point P a single infinity of lines forming a cone with vertex
P in the tangent hyperplane at P. The lines through any point
therefore form one continuous series and are not separated into
two groups. Any other line of the quadric cuts the tangent
hyperplane at P in a point Q) which also lies on the quadric
and therefore cuts one of the lines which pass through P.
Every point of a line on the quadric is the vertex of a cone
and therefore every line cuts oo % other lines.

The study of the lines, etc., on a quadric is assisted by the
process of stereographic projection. If a quadric in S; is pro-
jected from any point O on the surface on to a plane = not
passing through O, the two generators through O are projected
into points A, B, and the whole tangent plane at P into the line
AB. Any plane section of the quadric is projected into a conic
passing through A and B, and any generating line is projected
into a line which passes through either A or B. Thus the
separation of the generating lines into two systems is made clear.

Taking a V2 _, and projecting it from a point O on the
quadric on to a hyperplane 7, the tangent hyperplane » at O
is projected into the S,_, in which it cuts , and all the lines
through O, which form a hypercone VZ_, are projected into
a quadric V2_, in S, _,; the lines, planes, 3-flats, . . . through
O are projected into points, lines, planes, . . . of Vf;~ o If
S, is a p-flat of V2 _,, not passing through O, it cuts 7 in an
S,,_, which also lies in V2_,. S, is projected into S, in =,
and S,_, into S, _, which liesin V3 _,; also S, passes through
S, Hence the p-flats in 7 which correspond to p-flats of
V2 _, pass through (p — 1)-flats of VZ_,.

The V2 _, can then be stereographically projected, and its
planes, 3-flats, etc., become the lines, planes, etc., of a VZ .
and so on. If # is odd, = 2¢ + 1, we get finally in this way
a V%, i.e. a pair of points, and from this we conclude that the-
lines of the V2 form two separate systems, then the planes of
V% and so on up to the p-flats of VZ,. If # is even, = 2p, wc
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get finally a V3 or conic in which the points form one continu-
ous series, and hence the (p — 1)-flats of V2, _,.

Hence in S,, . , the spaces of maximum dimensions p on a
quadric form two separate systems, in S,, the spaces of max-
imum dimensions p — 1 form a single continuous system.

33. A distinction has further to be made in the case where
n is odd, = 2p + I, according as p is odd or even.

In S; a V2 has two separate systems of lines, and every
line of the one system cuts every line of the other system, but
no two lines of the same system intersect.

Consider a V3 in S; and let O be any point on the quadric.
Project from O on to a hyperplane w. The tangent hyper-
plane r at O cuts # in a 3-flat and meets the quadric in a
hypercone V2 with vertex O. The lines and planes of V3
which pass through O cut 7 in the points and lines of a V3.
As the lines of VZ form two separate systems so also do the
planes of V2 through O; two planes of the same system have
only the point O in common ; two planes of different systems,
through intersecting lines of VZ, intersect in a line of V3.

Let « be any plane of V2, not passing through O. « cuts
7 in a line / which is projected into a line /' of V3, and « is
projected into a plane & in 7, which passes through /. Hence
the planes of # which correspond to planes of V% are those
which pass through lines of V3.

Let «, B be two planes of V% of the same system. If they
have one point in common we can take this point as O, and
then we have proved that O is their only common point.
Suppose, if possible, that they have no point in common.
The corresponding planes «, B’ in 7 cut V3 in non-intersect-
ing lines /, #', and have in general just one point C' in
common. As C' is not on V2 it corresponds to just one point
C on V% and this point is common to « and 8. Hence «, B,
two planes of V% of the same system, have one and only one
point in common.

Second, let «, B be two planes of V2 of different systems.
If they have one point in common, taking this as O we have
seen that they have a line in common. We suppose then that
o and B have no point in common so that / and » do not
intersect. The corresponding planes «, B in @« cut Vi in
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intersecting lines' and have therefore the point of intersection
C' in common. Since / and » do not intersect, the line OC',.
which is a line of V% cuts / and # in different points, and
therefore C' does not correspond to a point of intersection of
a and B, and therefore «, B8 have no point in common.
Hence two planes of Vi of the same system either intersect
in a line or have no point in common.

We may proceed by induction from V3, to V3, , ,, assuming
the results for VZ, which is the quadric in which the lines of
V3, +. through a given point O cut the hyperplane =, and the
general result may be stated as follows :

A V3, in S, has two different systems of p-flats.  If p
is even, two p-flats of the same system can intersect only in a
space of odd dimensions (— 1 equivalent to no common point,
"I equivalent to a line in common, and so on), and two p-flats
of different systems can intersect only in a space of even
dimensions (point, plane, etc.). If p is odd, the reverse is
the case.
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CHAPTER VI

ANALYTICAL GEOMETRY: METRICAL

I. Metrical Co-ordinates referred to a Fundamental
Simplex. The system of projective co-ordinates referred to a

fundamental simplex AyA: .. . A, can be made metrical
in a general way as follows. With the previous notation,
U=(1,1, ... I)isthe unit point, P =(x, x, . . ., %,) an

arbitrary point, and UP cuts the hyperplane opposite A, in
L, It was proved (Chap. V, § 10) that the cross-ratio

(LOLﬂ UP) = Xf = xr/xo.

Let the distances of U and P from the fundamental hyper-
planes be #, and p, respectively. Then with the metrical
definition of cross-ratio

x., LU /LU / u,
x  LP/ LP T p/ p
Hence
Xy = Apyftiy,

where A is constant. The co-ordinates x, are therefore certain
fixed multiples of the dis-
tances of P ‘from the funda-
mental hyperplanes.

Ex. A, A, ... A, are
»n given points in S,; these are
divided in all possible ways into
two groups of p and ¢ (# + ¢
= n), which determine with two
other fixed points, A, and U FiG. 1I.
respectively, an S, and an S,
which intersect in a point T. Prove that the ,C, points T all
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lie in one hyperplane 7; and that if the hyperplanes (A, A,
. . . A) and 7 cut the line AU in points N and M respectively
the cross-ratio (A,U, MN) = - p/g. (S. Kantor, ¢ Torino
Atti Acc.,” 36 (1901), p. 916.)

[Taking A, A, . . ., A, as fundamental simplex and
U as the unit-point the equation of the hyperplane = is
P, - -2y — ... —x=0]

2, The distances p, are not independent. If P is joined to
the vertices A, the whole simplex C is divided into # + I
simplexes S(» + 1). If C, is the content of the simplex S(#)
in the fundamental hyperplane opposite A,, the content of the
I

C.2,

il §

simplex S(# + 1) with base C, and vertex P is -

(see Chap. VIII, § 4). Hence
ZCp, = (2 - 1)C,
and ZCumz, = XNn - 1)C.
3. The equation
2Cux, = 0,

being homogeneous and linear, represents a certain hyperplane.
But this hyperplane does not contain any finite point. The
equation is satisfied by «” —! sets of finite values of x, but
these do not correspond to finite values of , since A must here
be zero. It therefore represents the Ayperplane at infinity.

4. Special systems of co-ordinates corresponding to trilinear
or areal co-ordinates can be defined, corresponding to a special
choice of the point U: viz. for the system corresponding to
trilinear co-ordinates we take U equidistant from the funda-
mental hyperplanes, so that #, is constant and x, = Ap,; the
co-ordinates of a point are proportional to its distances from
the fundamental hyperplanes, and the equation of the hyper-
plane at infinity is ZC,x, = 0. For the system corresponding
to areal co-ordinates we take U such that the lines joining U
to the vertices divide the fundamental simplex into simplexes
of equal content; then C,«, is constant and z, = AC,p,; the
co-ordinates of a point are proportional to the contents of the
simplexes into which the fundamental simplex is divided, and
the equation of the hyperplane at infinity is 2z, = 0. The
latter is the simplest symmetrical system of metrical co-
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ordinates, and would be useful in investigating analytically the
properties of a simplex.

5. Cartesian Co-ordinates. For metrical geometry, how-
ever, the simplest system of metrical co-ordinates is defined by
taking the hyperplane at infinity as one of the fundamental
hyperplanes, say z, = 0. We shall then denote the opposite
vertex by O and call it the orfgzn. The fundamental lines
through O, OA,, are called the co-ordinate-axes, and the
fundamental hyperplanes through O the co-ordinate hyper-
planes; in each hyperplane there are » — 1 axes. As unit
point we take a point whose distance from each co-ordinate
hyperplane measured along a line parallel to the opposite axis
is unity. The co-ordinates (x,, ,, . . . ,x,) of any point are
then proportional to its distances from each hyperplane
measured along a line parallel to the opposite axis, or, what
comes to the same thing, the distance cut off on each axis by
a hyperplane parallel to the opposite co-ordinate hyperplane.
Then, since the ratio p,/#, becomes equal to unity, the factor
of proportionality, A, becomes simply x, The co-ordinates
Xy Xy, . . . %, are then the gemeral homogeneous cartesian
co-ordinates, with x;, = 0 as hyperplane at infinity. It is usual
to deal with non-homogeneous cartesian co-ordinates ; these are
defined as the ratios x,/r,, and are therefore egual/ to the
distances cut off on the axes by hyperplanes parallel to the
co-ordinate hyperplanes. When the axes OA, are all mutually
orthogonal we have a rectangular cavtesian system.

We shall consider first the elementary formule in non-
homogeneous rectangular co-ordinates, which are immediate
extensions of those in ordinary geometry.

6. Length of the Radius-vector OP. Let PN be the
perpendicular from P on the (» — 1)flat OA, ... A,_.
The co-ordinates of N are (#, 4, . . ., £, _-,,0). Assuming
the formula

ON*=af +2E+. . . + a2

n—1
to be true for » — 1 dimensions, we have, by the theorem of
Pythagoras,

pl=0PP=ON? + NP =42+ . . . +22_  +42 (61)
Hence by induction this formula is true generally.
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The distance, 4, between two points P =(z) and Q =(y)
is given similarly by
& =2, -9l . . . (62)
7. Angles. The angles A,OP, = 0,, are called the direc-
tion-angles of OP, and their cosines are called direction-cosines.
If OP = p, we have
¥, = pcos b,
and pt = Zx? = p*X cos’ 6,.
Hence X costh, =1 . . . (7D
Since the projection of OP on any line is equal to the sum
of the projections of OA;, OA,, . . ., we get, projecting on OP,

p = Zx,cos 0,
Let OP’ be any other line and P’ = (x"); let the direction-
angles of OP’ be #,, and the angle POP' = ¢. Then, pro-
jecting OF’ on OP, we get
OF cos ¢ = Zx, cos 0,
4 = ZOP’ cos @, cos ,.
Hence cos ¢ = X cos 0, cos 0, . . (72)

If /,, 7, are the direction-cosines of the two lines,

- cos ¢ = X,/ 22 =1=2X2

Since

Lily .. L= 28 2L =1 - (Z0)

nly. .. 0 ‘2/,1; zn2
we have

sinf g=\4 ...0|1° =204 - L4)
h... 10
Two lines / and /' are orthogonal when
24, =0,

and parallel when
ly=10, (r=1,2 .. .,n)..
If Z, . . ., /, are numbers proportional to the direction-
cosines, the actual values of the direction-cosines are found
by dividing these by (Z/2)}, and we have

(SE T
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The orientation of an (# - 1)-flat is determined by the
direction of a normal, and the direction-angles of the (z - 1)-
flat are those of the normal. The above formule then give
also the angle between two (= — 1)-flats.

8. Equation of an (z - 1)-flat. Any equation of the
first degree represents an (z — 1)-flat. We shall obtain the
equation in the canonical form. Through O there is a unique
normal ON to the (z -~ 1)-flat, and if P is any point in the
(n - 1)-flat;, NP L ON. Let ON = p, and the direction-
cosines of ON be (/). Let P =(#). Then projecting on e_li

Zlx, =p . . . . (81)
To find the perpendicular distance from a point 2° to the

hyperplane take 2z’ as origin, writing x = 2’ + p, then the
equation of the hyperplane becomes

Elr(x: +y)=por Ly, =p - Z'l,x:

The perpendicular from the new origin is the distance p’ which
we require, hence

P =p-2lx . . . (82)

9. A straight line is determined by # — 1 (# ~ 1)-flats and
is represented by »z — 1 linear equations. It is more con-
veniently represented, however, by parametric equations. Let
¢ be a fixed point on the line, and let / be its direction-cosines,
Then » being an arbitrary point on the line and p the distance
between the two points, we have

Xo=C +ply (Fr=1,2, ... n). . (91)
Using homogeneous co-ordinates the equations
Xy=au + by (r=20,1,... n) . (92)

are homogeneous parametric equations of the line through the
points (@) and (4).
The point at infinity P, on the line is determined by
xy=0=au + b

The values of the parameter v/« for the four points 4, 4, x, P,
are 0, o, v/u, — ay/b, Hence if @y = 1 =4, so that a, and &,
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are equal to the non-homogeneous co-ordinates of the points a
and &4, then the cross-ratio

(ab, P 5) = E.‘gg =i ou - )= "
Hence v/ is equal to the ratio (ax)/(x4), in which x divides the
segment ab. The non-homogeneous co-ordinates of the point
x are then

X, au + bo

X, u + v

(93)

These are Joachimsthal's formula for the co-ordinates of a
point dividing the join of two points &, & in the ratio v/x.

The equations x, = ¢, + p/, written in homogeneous co-
ordinates with homogeneous parameters %, v such that v/u = p,
and with ¢, = 1, become

r,=cu+ly (r=1,2 ... n)
{xo u.

I

For v = 0 we get the point ¢, for # = 0 we get the point at
infinity on the line with homogeneous co-ordinates (0, Z, 4,
v oo o)

10. The Hypersphere. The locus of a point in S, which
is at a constant distance p from a fixed point C is called a

hypersphere of n — 1 dimensions. 1f thecentre C= (¢, ¢, . . ., ;)
the equation of the hypersphere is
2, - o)l =pt . . . (101)

This is an equation of the second degree in which the coefficients
of the square terms x2 are all unity, and the coefficients of the
product terms z,x, all zero. Conversely, the equation

alxl+ 28ax, +c=0 . . (102)
can be written in the form

Z(x, + a,a) = Zalla® - cfa,

and represents a hypersphere with centre (-a,/a) and radius
(Za?la® - cla)t. The homogeneous co-ordinates of the centre
are (-a, @, @, . . . a,) so that if a = 0 the centre is a
point at infinity, and the radius is infinite. In this case, writ-
ing the equation (10'2) in terms of homogeneous co-ordinates

aZx? + 2Xaxxy + cxg = 0
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it reduces to

xo(2Zax, + cxy) = 0
and represents a finite hyperplane 2Z2.r, + ¢xy = 0 and the
hyperplane at infinity z, = 0.

When a + 0 we may without loss of generality give it the
value unity. Then p® = Za? — ¢. If this is positive the
radius is real ; if it is negative the radius is imaginary and the
hypersphere is said to be virtual ; if it is zero the hypersphere
is called a point-hypersphere. In the last case the equation is
homogeneous in (x, + «,) and represents a hypercone of the
first species with vertex (- a,).

A p-flat in S, cuts a hypersphere of » — 1 dimensions in a
hypersphere of p — 1 dimensions with real, imaginary, or zero
radius.

I1. Every hypersphere of n — 1 dimensions cuts the hyper-
Pplane at infinity in the same virtual hypersphere of n — 2 dimen-
stons. The equation of the hypersphere in homogeneous
co-ordinates being

n n
Exf+22a,x,xo+cx3=o,

re=1 ra=1

the equations of the section by the hyperplane at infinity x,=0
are
22 =0, zy = 0.

r==1

This is the extension to » dimensions of the circular points at
infinity in a plane, and the circle at infinity in space, and is
called the Aypersphere at infinity. A plane cuts the hyper-
sphere at infinity in two points, which are the circular points
in that plane; and a space of three dimensions cuts it in a
circle, which is the circle at infinity for that space. All angular
relations can be expressed as projective relations when referred
to the hypersphere at infinity. The two lines with direction-
cosines /, and /, are orthogonal when X7/, = 0, but this is
the condition that the points at infinity (0, /4, . . ., Z,),
0, 4, . . ., Z;) on the lines should be conjugate with regard
to the hypersphere at infinity. The hypersphere at infinity,
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together with the hyperplane at infinity counted twice, form
a degenerate quadric considered as an envelope and a locus
respectively, and is called the Aésolute.

12. General Cartesian Co-ordinates. In the general
system of cartesian co-ordinates the axes may make any angles
with one another, Let §,, be the angle between the axes z,
and x,, and write cos 0,; = ¢,

The fundamental formula is the distance-function. In two
dimensions we have for the square of the radius vector

p? = OP® = 2% + 23 + 2c,1.7,.
By induction we can show that in # dimensions
Pl=att . k2, b 20y o Hn o, (127)

If the line through P parallel to Oz, cuts the opposite
co-ordinate hyperplane in N,, the co-ordinates of N, are
Fp oo 0 Xr—p 0,240 - . ., x,).  Assuming the formula
for p? to be true for # ~ 1 dimensions we have

ONZ =224 . . +ah 420,020+ . o+ 26y n_Fp—s¥n—y

Now

OP? = ON2 + 2% + 2x, x (projection of ON,, on the axis of x,,)
n—1

and the projection of ON,, = 2 Confpe

P=1
Hence
"
or? = Exf + 20502 F . o+ 20, gty
1
T 26,00, o L+ 20,y w X0 e

Hence the formula is true also for » dimensions.
We can write

Pl = 220,,;:,\:",, . . . (122)
7exl Sl

since ¢,; = 1 when 7 = s, and ¢,; = ¢,
Similarly the square of the distance between two points (z),

) is
p* = ZEZer(xr — y)xs — 78) - . (12:3)
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When p and y, are constant, and x, variable, these equations
represent a hypersphere of radius p and centre the origin and
the point () respectively.

The equations of the absolute, or hypersphere at infinity, are

z, = 0, XXcpxy, = 0.

13. The direction of the line OP is determined by the
ratios of the co-ordinates x;, . . ., x,. Denote z,/p by /. ;
then /, are called the direction-ratios of OP, so that \

X = ply . . . . (1371)
The direction-ratios are connected by the identical relation
ISl =1 . . . (132)

If ¢ is the angle between the two lines OP, OP’ with

direction-ratios /Z,, /;, then
pPp* = 22 (x, - x;)(x, - x;)
= OP? + OP* - 20P. OP’ cos ¢.

But z, = p/, and x, = p'/,,
hence
pEZc, ll,+p 2, byl —2pp' 2, by =p*+p* —2pp' cos ¢ ;
therefore

cos ¢ = XXl 1, . . . (133)

The condition that the two lines be orthogonal is
XX, l i, =0,

which is the condition that the two points at infinity /,, /,
should be conjugate with regard to the absolute.

As only the ratios of /, are required, an expression for
cos ¢ in terms of these ratios is preferable. This is

ZXec, /1,
(ZZc,ld, . 2Xc, i)t

If ¢, is the angle which the line (/) makes with the axis
of z,, we have from (13'4), putting /, = 0, except when s = 7,

cos ¢, = Zeply[( X Zeiilid)t . . (13'5)

cos ¢ =

(134)
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14. Equation of a Hyperplane. Let ON (= p) be the
normal from O to the hyperplane, and let the direction-ratios
of ON be /,, and let P =(x) be any point on the hyperplane.
Projecting the co-ordinates of P on to ON we get

P = Zx,cos ¢, = XX, lx [(EE e LA, . (14°1)
an equation of the first degree. If the equation of the hyper-
plane is

2tx, = k& . . . (142)
the direction-ratios /, of its normal and the length of the
perpendicular p from the origin are given by the equations

A= _Z;"l? -_-Jj(_gg’(fi[il’x (r=1,2,...n)

Denote the determinant | ¢,, | by C, and the co-factor of ¢,, by
C,. Then

Azc,-,f,—--ca.. C (1473)

r=1

which determines the direction-ratios /.
Then

C i i Gld. = CA é L€ = XN i é Cijits,

ye==1 Sw=1 r=1 f=1 fa=1

and C 2 2 el = X 2 2 Cybet,

r=1 8m1 t=1j§=1
ACH
= . . (14
? = FECEE) (14°4)
15. The angle ¢ between two hyperplanes £, £ is equal to
the angle between their normals, hence
chrsfré;
Cos ¢ = = Iy
P I kL TICEE)
i.e. the expression for the angle between two hyperplanes is the

same as that for two lines with C,, instead of ¢,,; and the con-
dition that the two hyperplanes should be orthogonal is

ZZC ¢, =0.

Hence
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This is the condition that they should be conjugate with regard
to the quadric whose tangential equation is

ZEC, £ = 0.

Now this is just the tangential equation of the absolute, or the
condition that the hyperplane Z¢,.x, = 0 should touch the cone
ZEcxx, = 0.

16. Pliicker Co-ordinates. We shall consider now in
greater detail the analytical metrical geometry in space of four
dimensions.

A plane through the origin is represented by two equations

by + b+ lay + Lz, = 0,
ME + M, + My + M, O.}
These involve six constants, but a plane through a point has
just four degrees of freedom. The same plane is determined if
we take instead of 4}, 4, /;, /, the numbers 4, + Amy, 2, + Amy,
etc., where A is any parameter. A symmetrical set of co-
ordinates for the plane is got by taking the six expressions

lgﬂtj - ljm.- = pij (l',j =1, 2 3, 4) . (16'2)
where p;; = — pji. The ratios of these six quantities are the

same whatever pair of hyperplanes we take to fix the same
plane, for

(L4 Xomi)(Lj + pms) = (454 Dom )L+ pons) = (= N)(linej = Ljoms).

Eliminating x,, x,, &3 and x, in succession between the two
equations (16°1) we get

(16°1)

It

Pty + P + pury = 0,
y21%at + puts + pat, = 0, (163)
2wt Pa¥y + pur, = 0, 3
Dy + Pu¥s + Py = 0.

These represent four hyperplanes all passing through the same
plane. Eliminating 2, and x, from the first three equations of

(16°3) by multiplying them respectively by p., pa, 2. and
adding, x, also disappears, and we obtain the relation

Pubu + Pubu t+ Putu=0 . . (164)
Hence by this identity the six quantities p are equivalent to
only four independent co-ordinates. Further, any set of six
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quantities connected by the identical relation (16°4) uniquely
determine a plane, for this is represented by any two of the
equations (16°3).
The plane can also be represented by parametric equations
X = ua; + vb; (1 =1, 2,3, 4) . (16°5)
where a and & are two points which, with the origin, determine
the plane. For a and & can be substituted any point on the
lines Oa and Q& respectively, so that only the ratios of the co-
ordinates of the two points are required, hence we have again
six constants. Again for @ we may substitute any point on the
line ab, i.e. for a), a,, a; a, we may substitute @, + Ad,, etc.,
where A is any parameter. A symmetrical set of co-ordinates
for the plane is got by taking the six expressions

a;b,- - djb; = W;; (Z.,j = I, 2, 3, 4) . (166)
and the ratios of these six quantities are the same whatever
pair of points we take to fix the same plane through O.

Since each of the two points lies in each of the two hyper-
planes we have
Sla, =0, XLb, =0, Zma, =0, Zmb, =0.
Eliminating /, from the first two, and ., from the last two, we get
Loy +  Lwy + gy = 0,
and MWy + MWy, + Mgy = 0
hence the ratios of wy,, w,, @s, are determined, viz. :—

Wy * Wy b Ty = Pu ' Pyt lu
Similarly we can prove that
Wy Wy * Wyy P W 2 Wy Wy = Py P P P12t P P * Paee
The two sets of co-ordinates are therefore equivalent.

17. Condition that two Planes g, #' through the Origin
should have a Line in Common. The condition is that the
four hyperplanes /, », /, m' should have a line in common, i.e.

4 5 4 4 | =0
my my my m,
hobh &y 4
my my my my
When this is expanded it gives
1’14/"28 +1’2,ﬁ;1 +Pu?’12 +]§zsﬁ;4 +p31ﬁ;4 +p12?§4 = 0.
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18. Representation by Points on a Quadric in Five
Dimensions. By making the two planes coincide, we obtain
again the identity

¢EP14P28 + P“Pa; + puplz = 0.

The co-ordinates p or @ are precisely the same as Pliicker’s
co-ordinates of a line in S; In fact the geometry of planes
through a point in S, is projectively the same as that of lines
in S;. If we take p;; as the homogeneous co-ordinates of a
point in S; the identical relation ¢, which is of the second
degree, represents a quadric. Thus lines in S; and planes
through a point in S,, can be represented by points on a certain
quadric in Sy, If we make the real transformation

Pu=N+ Yo Pu=r+ Vs Pau=Is+ Ve
P =0~ Yo Pu=DI2—JV» Pr2=2UIs~- Yo
¢ becomes
Vit yi s -yi- - 5=0,
and therefore the quadric ¢ in S; contains two systems of real
planes. (Chap. v, § 22.)

The condition that two planes in S, should intersect in a
line is that their corresponding points on ¢ should be conjugate,
and hence their join lies entirely in ¢. Hence a line in ¢
represents a singly infinite system of planes in S, all passing
through the same line, iie. a pencil of planes; hence also it
represents a plane pencil of lines in S;. A plane in ¢ similarly
represents a doubly infinite system of lines in S; of which every
two intersect, i.e. either a system of lines all passing through
the same point (bundle of lines), or a system of lines all in one
plane (plane field of lines); and similarly it represents in S,
either a sheaf of planes all passing through the same line, or a
system of planes all lying in the same 3-flat and of course
passing through O, ie. a bundle of planes in space of three
dimensions, These two different systems, in S; or in S,, corre-
spond to the two separate systems of planes in ¢.

Two bundles of lines in S; have just one line in common,
that which joins the vertices; two plane fields of lines in S,
have also just one line in common, the line of intersection of
their planes; in S; two sheaves of planes through intersect-
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ing lines have just one plane in common, that determined by
their axes; and two 3-dimensional bundles of planes in S,
through a common point have just one plane in common, the
plane common to the two 3-flats :—these properties corre-
spond to the fact that two planes of ¢ of the same system have
one and only one point in common.

Again, a bundle of lines, and a plane field of lines, in S,
have either a plane pencil of lines in common when the vertex
of the bundle lies in the plane of the field, or have no line in
common; a sheaf of planes through a line in S,, and a bundle
of planes in a 3-flat of S, whose vertex lies in the axis of
the sheaf, have either a pencil of planes in common when the
axis of the sheaf lies in the 3-flat of the bundle, or have no
plane in common: these properties correspond to the fact that
two planes of ¢ of different systems have either no point in
common or intersect in a line.

19. All the planes in S, through O which cut a given plane
through O in straight lines form a 3-dimensional assemblage
represented by the section of ¢ by a tangent hyperplane; this
is a hypercone of the first species whose vertex (the point of
contact) corresponds to the fixed plane. In S; the correspond-
ing system is the system of lines all cutting a given line.

In S; a system of lines corresponding to a single homo-
geneous equation in gy, and therefore depending on three
parameters, is called a compler of lines ; two equations in p;
represent a congruence,; and three equations a /Jine-series.
When the equations are linear we have the linear complex,
linear congruence, and regulus. A linear complex is repre-
sented by a hyperplane section of ¢, i.e. by a VZon¢. When
the hyperplane is tangent to ¢ the complex is called a special
linear complex. A linear congruence is represented by a V32
on ¢, and a linear series by a conic. = Since ¢ is of the second
class as well as second degree, through any 3-flat there pass
two tangent 4-flats. Hence the 3-flat of any Vj on ¢ is the
intersection of two tangent 4-flats, and therefore a linear con-
gruence is in general compounded of two special linear com-
plexes, i.e. it consists of lines which intersect two fixed lines ;
these are called its drrectrices, and they correspond to the
points of contact of the two 4-flats. Similarly a linear series
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consists of lines which intersect three fixed lines, and is there-
fore a regulus or system of rectilinear generators of a quadric
surface. \.

20. A special type of linear congruence corresponds to
sections of ¢ by tangent 3-flats. If the 3-flat is tangent in a
line it meets the quadric in a hypercone having this line double,
i.e. two planes through the line. The directrices of the con-
gruence are represented by any two points on the line, and as
this line lies in ¢ the two points are conjugate and therefore the
directrices intersect. The congruence thus consists of all lines
which cut two intersecting lines; if A is the point and « the
plane common to the two directrices, the two planes of ¢ which
represent the congruence correspond to the bundle of lines
through A and the plane field of lines in a.

If the 3-flat is tangent in a point it meets ¢ in a cone. In
the congruence the two directrices coincide and form one line g,
which corresponds to the vertex of the cone, and cuts every
other line of the congruence; the other lines form a system of
plane pencils, @ being a line of each pencil, and therefore the
planes of the pencils all pass through a. This congruence is
called the special linear congruence.

21. Metrical Relations between Planes through a
Point in S, Metrical relations are relations referred to the
absolute. Taking rectangular cartesian co-ordinates, the point-
equations of the absolute are

s+t a2=0 22=0.

If @ and & are two points on a plane through O, the absolute
polars of @ and 4 are

ax, + ax, + ay; + ax, = 0,
o+ by + by + b, = 0,
and the intersection of these two hyperplanes is the absolute

polar of the given plane. The Pliicker co-ordinates of the
absolute polar of the plane p are therefore

Pus = ayby — aghy = Wy, = My, etc,
i.e. the absolute polar of the plane

(1’23’ Pan Pm’ 1)14’ ﬁ24’ ﬁ:ﬂ)
is (D Paw Pso Poss P> Pra)
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22. Condition that two Planes should have a Line in
Common. Let the planes be determined by the pairs of
hyperplanes (summations being from 0 to 4)

Zhxy = O)} 2z, = 0)}
Zmuzx, = 0, 'z, = 0.

Then it must be possible to determine A and A’ so that

Zlx, + Amzx, =0,
and Zhx, + XZmlx, =0
should coincide. Therefore

by + Amy _l+ Amy
lo+ Amy Ly +Nmy
e L +Am, -kl - kXm, =0 (r=0,... 4.
Eliminating A, 4, £\ we have
I & ...l |=0,
my my . . . om,
lo & ... 4
my my .. .omy |,

i.e. this matrix is of rank 3. This is equivalent to 2 conditions.
23. Conditions for Parallelism. Two planes are com-
pletely parallel when they intersect the hyperplane at infinity in
the same line, hence the 5 hyperplanes
Zla, =0, Zmzx, =0, Zhz, =0, Zmzx, =0, x,=0
have a line in common. The condition for this is that the
matrix

A A

mo ml PR m4

A A

my my . . . my

1 0 ...0
should be of rank 3, and therefore the matrix

ll 12 13 14

My My My My
11 12 18 14
’ ’ ’ ’
my mg Mg My
should be of rank 2. This is equivalent to 4 conditions.
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24. Two planes are kalf-parallel when they intersect in one
point at infinity and have no finite point in common. The
condition for this is that

L 4 4 |=0,
my my, My My
A A A

’ 4 ’
my mg mg My

i.e. that the matrix should be of rank 3 (one condition).
In terms of the Pliicker co-ordinates this is equivalent to

f’za/’h + /’31[);4 + 1’12?&4 + ]’14/’;3 + Puﬁ;l + /]3417;2 = 0,

which expresses that the lines at infinity on the two planes
intersect.  If the planes both pass through O this is the con-
dition that the planes should intersect in a line.

25. Conditions for Orthogonality. Two planes are com-
pletely orthogonal when the line at infinity on each coincides
with the absolute polar of the line at infinity on the other. In
terms of the Pliicker co-ordinates this is expressed by the
equations

P _ln Ll _Pu _Pu_Pu

P1u Pr Ds Pus Pm P
This is equivalent to 4 conditions, for if five of these ratios are
equated the equality of the sixth follows from the identical
relation between the co-ordinates.

26. Two planes are Lalf-orthogonal when the line at infinity
on each intersects the absolute polar of the line at infinity on
the other. 'The condition for this is

Daslss + Palur + Prabrz + Prubis + Pubos + Pybss = 0

(one condition).
Ex. Show that the two planes

Xy = O,} and =z, + mx, + mux, = O,}
x, =0, Xy + mgxy + ma, =0
are both half-parallel and half-orthogonal.

27. Consider two planes p and p’ through O, and let ¢ and
¢’ be their absolute polars. Then there are two planes through
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O which cut these four planes in straight lines. If these planes
are #, v we have, to determine # or v, the equations

Pagthsy + Payttay + Prgéyy + Prgliny + Pogttyy + Payttyy = 0,

’

Pogtyy + - - = 0,

1’}4"14 + Pogtlag + Pagltas + Pagtéay + Pyytly + Pty = 0,

Dty + - =0,
and also

Uggthyy + Ugytly, + Uiy, = 0.

These five equations, of which four are linear and one quadratic,
determine two sets of values of the ratios %;;.
If the two planes are isocline, they have an infinity of

common perpendicular planes. The condition for this is that
the matrix

1’?3 pgl P}ﬂ -p}‘i P?‘i ﬁ?d
P2 Pn P12 P P2 Pas
p}d pﬂ;‘ ]’?4 p?,} plsl j”l2
P P2 P P23 P Pi2
should be of rank 3. This is equivalent to two single conditions.

Ex. Show that the plane (q, 4, ¢; a, 4, ') is isocline to the
plane 23 = 0 = x,, and prove that if ¢ is the angle between
them, tan® ¢ = - ¢/c.

28. When the Pliicker co-ordinates p,; are given, the co-
efficients in the equations of the two hyperplanes which deter-
mine the plane still admit of a variety of values. If g, + 0 we
may take /;=0, /,=1, m =1, my=0, then /y=py, /,= - P4
My =Pyy M4=Pos

The problem to calculate the angles between two planes can
be illustrated with a numerical example.

Let the given planes be
ﬁx1+7xg+x3=0, ¢;11+.2’g=0,
x6=01 1'3+I4=0,

and let ¢, ¢’ be their absolute polars.
Then the Pliicker co-ordinates are

23 3 12 4 24 34
p o o o I 7 1
1 -1 o 1 I o
g 1 7 1 o o o
¢ 1 1 o 1 -1 o



vi. 29] ANALYTICAL GEOMETRY: METRICAL o1

Let #;; be the co-ordinates of a plane cutting these four planes in lines,
Then
ty + TUgy + sy =0
Uy — g + W+ Uz =0
tys + Jum + thyy = 0
tog + Ug + Uy — Uz = 0
Hence uy = — w, Uy = Uy, Uy = tyg ~ Tln, thy = ~ Uy — Tiy,
Substituting in the equation
Ungthry + Usliny + 1085 = 0

in terms of #,3 and g, we have
2 2 3 { S

= Uyt Uy — Uyt 49Uy = 0,

ie. Uy, = 25uy, and wy = * Sug.

Hence the two common orthogonal planes are

23 31 12 14 24 34
v 5 I —-12 -5 1 -2
v -5 1 -2 5 I -1I2
We can express these as
u{ 127 + 3 + 524 =0, 'z/{ 2% + 23 — Sy =0,
N - 51y - 224 = 0, r + 5% - 1234 = 0.

We have next to find the direction-cosines of the lines of intersection of
2 and p’ with both # and . For the line of intersection of # and « we
take any three of the four equations in 1y, 5, a3, x4 whose coefficients are

I’ 7’ I’ 0’
o, o, o, I,
0! Iz) l) 5,
1, -5, o, -2
Hence we find
(pu)=( 5, I, —12, O)
Similarly Pwy=( 1, -1, -3, 3)

(1]’7’) = ( -5 I -2 0):

(p'y)i—__—( 3» -3 I "1)'
The two angles § and ¢ between the planes are the angles between (pu)
and (p'w), (pv) and (p'v). Hence

40 4 - 20 2
—_——— = T S P = = — =
V7o x 20) ~ v3g %P7 Vo x20) T "6
Ex. Show that the two planes x; + 23+ 23 =0,) and x + 2, = 0,
1‘4-—-10, x,+:r‘=0,

cos § =

intersect in a line, and find their dihedral angle. (Ans. cos —1 -L—)

V3
29. Co-ordinates of a (£ - 1)-flat. A (£ - 1)flatin S,
can be determined by co-ordinates analogous to Pliicker’s co-
ordinates of a straight line in S;. These were first introduced
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by Grassmann, and will be called Grassmann’s co-ordinates.
The (£ — 1)-flat is determined by #£ points with co-ordinates

(@0, @n, - - - An),

(“k-l,o, @1, » - v, ak—l,n),

and we may take as co-ordinates of the (4 — 1)-flat the 4-rowed
determinants of this matrix, the number of which is , . G
Denote the determinant obtained by choosing the columns
numbered «, B, 9, . . . (i.e. having these numbers as the second
suffix) by p.gy... the suffixes «, B, y, . . . being arranged in
ascending order of magnitude.

The (4 — 1)-flat is also determined by » — %2 + 1 equations

[mrfo + /014’1 + ...+ l(m‘rn = 0)

Inteto + ki + - o o+ Loty =0,

and we may take as co-ordinates of the (& - 1)-flat the
(n - & + 1)-rowed determinants of the matrix of these equa-
tions, the number of which is also , ,,C;.  Denote the deter-
minant obtained by choosing the columns numbered «, 8, y, . . .
by Wagy:.-

We can show that these two sets of co-ordinates are pro-
portional. Since each of the % points lies on each of the
n — % + 1 hyperplanes we have

A + lpay + ..t dpan =0,
ln-lc,o(luo + ln—k'lam + ...+ ln-—k,'n.ann = 0.
Multiply these equations respectively by the co-factors of

bgy &1, - . ., bn_ i in the determinant
bo lo,k+1 T lfm
] bpt /, —kk+r - - - ln—k,n

and add. The last » — % terms vanish and we get

Awfou + A + . . .+ Aok Pru = O,

where # stands for the succession of suffixes 2 + 1, . . ., 7
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Similarly
A Pou + aup + ..+ APl =0,

ak—l,ofou + ak—x,lfm + ...+ ak—],kpku = 0.
These % equations determine the ratios of gy, . . ., pr, and
we have
Dojtr,...m = Awl,‘l' ... K, €tc
and generally
ﬁabc... = Alz"aﬂ-y...,

where abc . . . affly . . . is an even permutation of the
numbers 0, 1, 2, . . ., z; ie. each co-ordinate of the one set
is proportional to the co-ordinate of the other set with the
complementary suffixes.

30. A k-flatin S, has (&8 + 1)(» - #) degrees of freedom.
We have , ,,Cp,, homogeneous co-ordinates. These are
connected by ,.,Cyy, — I - (& + 1)(% — £) independent
identities.

Consider the matrix

{aoo L % (o 81 Gn—k -+ - QAm ]

Ao Cky + -+ -+ Ak n—k—1 ak,'n—k R @n
and denote by A, the co-factor of 4, in the determinant

2 Gp—k+1 ¢ - - Y

A en—k4y - - - Pn
Then if # denotes the succession of suffixes » — £ + 1,.. ., 7,
Pou= Ay A, + ay A+ ..+ ay Ay,
—Pwu= ay Ay + ay A+ ot oay Ak,
(- )n—kpn—k,u = @ n—k A, + A n—k A+ ..t A n—k Ak,
0= aynr+ A, + al,n—k+l Aj+ oot G Ak‘

0= Ao Ao + @ A + . -+ Qe Ak
If we take the last £ equations with any two of the others and
eliminate the A’s we get a relation which is satisfied identically,
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e.g. taking the first two equations with the last £ and elimin-
ating we get merely gy, p1y — Pufos = 0. But if we take three
of the first set with 2 ~ 1 of the last, e.g. the first three with
the last 2 — 1, we get a three-termed relation

fo, n—-k+1,.., nf’x, 2, n—k4+2 ..., 0 f'r. n—k+1,.. ., nﬁo, B n—k+2, ... 0
—Pun—k+1,..onlo,n—k+2..,n= 0
These relations are all of the type

Pagi...§ Pock...5 ¥ Doai...5 Poai...5F Peai.. .5 Pari...; =0,

where 7 . . . 7 denotes a permutation of 2 — 1 of the numbers
0,1, ... nanda b, ¢ dare four of the remaining ones.
31. A pflat and a ¢-flat in S, ,, ., in general do not
intersect, but require one condition for intersection in a point.
The p-flat is represented by ¢ + 1 equations

Aty + @ty + . . . F B prgrtprgrr =0,
aqoxo+aqlx,+ e . +aq,p+q+1xp+q+1=0,
and the g¢-flat by » + 1 equations
bwz’o+b“x,+ .« e . +bo.p+q+1xp+q+l=0,
bpoto + bpr + . o+ by pigriFprgr =0
Eliminating %, . . . %p4+,4+. between these p + ¢ + 2

equations we get the result in the form of a determinant
which when expanded gives the condition

Zﬁ.’j},...@mn...=0,
where {72 . . . /mn . . . is aneven permutation of the suffixes
0,1,... 2+ ¢+ 1, the first set containing ¢ + 1 numbers

and the other set p + 1, and the summation extends to all the
different partitions of the p + ¢ + 2 numbers into two such
sets. The condition for intersection is thus linear and homo-
geneous in the co-ordinates of the p-flat and the g-flat.

32. In S, a 4-flat has ,, ,C, ., homogeneous co-ordinates,
and if these are taken as point-co-ordinates in a space of
N = ,,,C. y — 1 dimensions the assemblage of #-flats is
represented by points on a variety Vy of M = (£ + 1)(%z - #)
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dimensions in this Sy.  Vy is cut by an Sy_y in points, the
number R of such points being the order of the variety. Now
an Sy _y is represented by M linear equations in the co-ordin-
ates, and each such equation represents the condition that the
k-flat in S, should intersect an (z — £ — 1)-flat. Hence the
order R of V}; is equal to the number of 4-flats in S, which
cut (£ + 1)(n — k) arbitrary (» - £ - 1)-flats.

It has been proved by Schubert (see Chap. I, § 24) that
the number

1120 30 BB+ 1)(n- B}
nl(n-10)!(m-2)...(0n-kF
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CHAPTER VII
POLYTOPES

I. A polytope, the analogue of a polygon in two dimensions
and a polyhedron in three dimensions, is a figure bounded by
hyperplanes and specified more particularly in ways which we
shall describe. Adjacent hyperplanes meet in boundaries of
n — 2 dimensions, and in the usual types of polytopes two and
only two hyperplanes meet in each boundary of » — 2 dimen-
sions. Three or more adjacent (#z — 1)-flats meet in boundaries
of » — 3 dimensions; p or more meet in boundaries of # - »
dimensions, # or more meet in points, the vertices. For short-
ness we may call a boundary of » dimensions an »-boundary.

2. The Simplex. The simplest polytope in S, is the
simplex S(» + 1), which is bounded by 2 + 1 hyperplanes.
It is the analogue of a triangle and a tetrahedron. Every
hyperplane cuts every other hyperplane in an (» - 2)-flat, and
there are therefore , ,,C, = 47#(z + 1) boundaries of #» ~ 2
dimensions, each an S(#). The boundaries of » — 3 dimen-
sions are formed by the intersections of sets of three hyper-
planes, and so on. The vertices, z + 1 in number, are the
intersections of all but one of the hyperplanes. Let N, be the
number of »-boundaries, and N,, the number of p-boundaries
which lie in (if p < ¢) or pass through (p > ¢) each g-boundary.
Then

_ _ (» + 1)!
N =asiloui = @+ 1)l (z -7
and Npq = q+1Cp+l (1’<?),

Npg=n-eCo-y (2>9)
N, is the co-efficient of #"+* or 2"~ in the expansion of
(1 +2*+t. Putting x = - 1 we have
I - N+ Ny - o+ (=N, + (- 1)p+ = 0.
96
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This formula, which will be established later for a general class
of polytopes, is the xz-dimensional extension of Euler's Poly-
hedral Formula in three dimensions, vizz. Ny — N; + N, = 2.
For two dimensions it reduces to N, — N; = 0 (the number of
edges of a polygon is equal to the number of vertices), for four
dimensions Ny - N; + N, - N3 = 0. It will be noticed that
when 7 is even the formula is homogeneous in the N,, but
when 7 is odd there is a term independent of the N’s; we shall
deduce an important consequence of this later.

3. Configurations. The simplex is a particular example of
a configuration. A configuration is a system of points, lines,
planes, etc., such that through every point there pass the same
number of lines, the same number of planes, etc. ; on every line
there are the same number of points, through every line the
same number of planes, etc. A configuration can be repre-
sented by a square array or matrix of symbols N, denoting the
number of p-flats which are incident with each ¢-flat, i.e. when
2 > ¢, Ny, denotes the number of p-flats passing through each
g-flat, and when p < ¢, the number of p-flats lying in each
g-flat. N, which may be written also N,, denotes the total
number of p-flats in the configuration. The dimensions of the
containing space being 7, we have

Np = Npp = Npuw - . . (31)
4. These numbers are not independent. If we reckon up
the number of p-flats by counting N,, at each of the N, ¢-flats

(p > g) we obtain N,;. Ny, But each p-flat is counted once
for every g-flat which lies in it, Hence

Ng. Ny =N,. N, . . . (471)
This relation is symmetrical in p, g and therefore holds whether

p>orlyg

We may also use the 3-index symbol ,N,, (# >p>9g),
which denotes the number of p-flats passing through a given
g-flat and lying in a given »-flat. If » = # we have

Npg = N,y L (42

Iftr>g>p
Npg = Npgr . . . (43)
Also Npp = ¢Np» = Npw (v 2>2) . 44)

7
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Writing the equation (4'1) in the form
aNgn - aNpg = 2Npn. nNgp
and changing # into #, we have (for » > > ¢)

Ngr. Npg = Npo. Ngp . . (4°5)
Hence the 3-index symbols are all expressible in terms of the
2-index symbols.

5. A polytope is not in general a configuration. We may
still use the symbols N, with the same meaning, but N, will
in general have different values for the different ¢-dimensional
boundaries. The equations (4'1) can still be applied in a modi-
fied form. If there are N{’ boundaries of # dimensions which
contain N§) g-boundaries, N§ containing N, etc,, and N{
boundaries of ¢ dimensions through which pass N%) p-boun-
daries, etc., then we have

N @IN() — NOND @N@
N,,NW+NQNM+. . .—Nqu,,+NpNﬂ,+. ey
and also
o @ —
N + NP +. .. =N,
NP + NP + =N,
p C .

As an example consider the
polyhedron (Fig. 12) in which

Nz =9, Ny =14, No = 7.
Nog = Ny = 2 for each of the 14
edges, Ny has the value 3 for 8
faces, and 4 for one. We can
represent Ny by the symbol 3%l
Then3ENy;Ng = (8 x 3) + 4 = 28.
Also Nyisof type 3'4%5' and SNoNy = 3 + (§ x 4) + 5 = 28. Ny isof
type 3'4°51, the same as Ny, and SNyNj = 28 = N;Ng.

6. Simple Polytopes. A polytope may be simple or
complex. In a simple polytope two and only two (z - 1)-
boundaries meet at each (z — 2)-boundary, and the same is
true for the boundaries of any dimensions, viz. in any p-boundary
two and only two (p - 1)-boundaries meet at each (p - 2)-
boundary, i.e.

Np—1p—2=2 (=23 ... 7).

Also N, = 2; this may be included in the general statement if
we understand N, _, to mean the number of p-boundaries,

Fi1G. 12.
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without restriction, which lie in a g-boundary, i.e. N, (p < ¢),
so that, forp = 1, )N, _, ,_,=,N, _, = N,.

An example of a complex polygon is the complete quadri-
lateral, which has four edges and six vertices. We shall con-
fine our attention generally to simple polytopes.

Ex. Show that for any simple polyhedron

ZN,.N, = ZN,.N,, = 2N,.N,, = ZN,. N, = 2N,

7. Convex Polytopes. A polytope is convexr when it lies
entirely to one side of each of its (z — 1)-boundaries. If a
polytope is convex so also are each of its boundaries of any
dimensions. For suppose a polytope to have a p-boundary
which is not convex, but is such that the (p - 1)flat S, _,
containing one of its (# - 1)-boundaries divides the p-boundary,
then an (» - 1)-flat containing S, _, but not containing the
p-flat divides the p-boundary in the same way; it therefore
divides the polytope, and the polytope is not convex. Con-
versely, however, a polytope whose boundaries are all convex
may not itself be convex.

8. Face and Vertex Constituents. We shall confine our
attention generally to simple convex polytopes, and we shall
denote, with Schoute, a simple convex polytope of # dimensions
by (Po),.

Each (» - 1)-boundary of a (Po), is a (Po),_,. We may
call these the face-constituents. The configurational numbers
Y pq Of a particular face-constituent are

erq = erqs
and in particular
Fp = NP' n—-Dnv

where of course only one (7 - 1)-boundary and only those
r-boundaries which are contained in it are involved.

Consider any vertex O, and construct a small hypersphere
with centre O. Each edge through O cuts the hypersphere in
a point, the plane of each two-dimensional boundary cuts the
hypersphere in a line (arc of great circle), and so on, and we
have on the hypersphere a hyperspherical polytope of # — 1
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dimensions. We shall call this a vertex-constituent. The con-
figurational numbers ,V,, of a particular vertex-constituent are

erq = r+1Np+1, qg+D
and in particular
Vp = NP+ 1, 0

9. Isomorphism. Polytopes may be investigated funda-
mentally from the point of view of morphology, without respect
to measurement, lengths of edges, or magnitudes of angles.
This is part of the subject-matter of analysis situs. It is more
general even than projective geometry, for we are not concerned,
for example, whether the edges are straight or curved, or the
faces flat; we are only concerned with the arrangement of the
parts, i.e. the configurational numbers. When two polytopes
are such that the vertices, edges, etc., can be made to correspond
each to each, the edge joining a pair of vertices of the one
corresponding to the edge joining the corresponding vertices of
the other, and similarly for all their boundaries, they are said to
be Zsomorphic.  They have then the same set of numbers ,N,.
Thus all simplexes of #» dimensions are isomorphic. Any two
simple quadrilaterals are isomorphic. The cube is isomorphic
with any hexahedron whose faces are all quadrilaterals.

10. Schlegel Diagrams. A very useful method of repre-
senting.a convex polyhedron is by a plane projection. If it is
projected from any external point, since each ray cuts it twice,
it will be represented by a polygonal area divided twice over
into polygons. It is always possible by suitable choice of the
centre of projection to make the projection of one face com-
pletely contain the projections of all the other faces. This is
called a Schlegel diagram of the polyhedron. The Schlegel
diagram completely represents the morphology of the poly-
hedron. It is sometimes convenient to project the polyhedron
from a vertex ; this vertex is projected to infinity and does not
appear in the diagram, the edges through it are represented by
lines drawn outwards. Thus a cube is represented by either of
the figures in Fig. 13.

In four dimensions the Schlegel diagram or model of a
polytope is a three-dimensional projection or representation in
which the projection of one of its boundary polyhedra contains
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all the others. Thus the Schlegel diagram of a simplex in S,
is a tetrahedron divided into four tetrahedra.

F1G. 13.—Schlegel diagrams of a cube,

11. Allomorphism. It is not sufficient for isomorphism
that the two polytopes should have the same zotal configurational
numbers N, Thus the polyhedron whose Schlegel diagram is
represented in Fig. 14 has 6 faces, 12 edges, and 8 vertices, the
same as a cube, and it has also three
edges at each vertex, but its faces
consist of 2 pentagons, 2 quadrila-
terals, and 2 triangles. Two polytopes
which have the same numbers N,
but are not isomorphic, are said to be
allomorphic.

12. Reciprocal Polytopes. Again
when two polytopes can be made to
correspond reciprocally, the vertices of one corresponding to
the (z — 1)-boundaries of the other, and so on, so that the
configurational numbers of the face-constituents of the one are
equal to those of the corresponding vertex-constituents of the
other, they are said to be reciprocal or polar-isomorphic. The
term reciprocal, in the strict sense, is applied when the two
figures are related by a polarity with regard to a certain quadric
or hypersphere.

The conditions that two polytopes should be reciprocal are

N =N

p—-1¢—1

FiG. 14.

n—pn-—gq

If Ny _y g—1 =N, _, n— g the polytope is self-reciprocal.
If the conditions only hold for the total configurational

numbers, N, _, = N,, _ , the polytopes are said to be polar-
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allomorphic. A polytope may be autopolar-allomorphic, with-
out being self-reciprocal. For example in the case of the
polyhedron represented in Fig. 15.

Ny=7N=12N,=7;
but Ny, = 3%° while Ny = 3°%4's".

13. Triangular and Trihedral Poly-
hedra. The simplest general type of
polyhedron from the point of view of its
faces is one whose faces are all triangles.
This may be called a #viangular poly-

FIG. 15. hedron. The simplest from the point of
view of its vertices is one which has just
three edges at each vertex, i.e. one whose vertex-constituents
are all triangles. This may be called a #ikedral polyhedron.
The reciprocal of a triangular polyhedron is a trihedral poly-
hedron. Any polyhedron can be converted into a triangular
polyhedron by dividing each face into triangles, or by erecting
pyramids on each of those faces which have more than three
sides; and into a trihedral polyhedron by truncating every
vertex at which there are more than three edges. These two
processes, truncating and pointing, are reciprocal.

14. Simplex-Polytopes and Simplex-Polycoryphas. To
distinguish between a polytope considered with respect to its
faces and its vertices, we may call it in the latter case a
polycorypha*

The simplest general type of polytope is one whose (# - 1)-
boundaries are all simplexes. This may be called a simplex-
polytope. Every boundary of p dimensions of a simplex-poly-
tope is a simplex S(p + 1). The simplest general type of
polycorypha is one whose vertex-constituents are all simplexes,
i.e. having n edges at each vertex. This may be called a
simplex-polycorypha. In a simplex-polycorypha there are 7 - p
boundaries of # — 1 dimensions through every p-boundary.
The process of truncating a polytope at all- those vertices
which contain more than 7 edges replaces each vertex by a
simplex S(») and produces a simplex-polycorypha. The pro-

" xopuepny is Euclid’s name for the vertex of a polyhedron. Cayley
uses the term polyacron.
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cess of pointing a polytope consists in joining each of the
vertices of an (z — 1)-boundary to an external point near that
boundary, i.e. erecting an z-dimensional pyramid on the face.
If this is done for every face which has more than » boundaries
the figure becomes a simplex-polytope.

In truncating it has to be noticed, of course, that the cutting
hyperplane must cut only the edges which proceed from the
given vertex. Deeper sections will lead to more complicated
figures.

15. Sections and Frusta of a Simplex. If the boundaries
of the simplex are considered as indefinitely extended, any
hyperplane will cut the figure in a complete (# + 1)-S,_, in
S, _,, analogous to a complete quadrilateral or 4-S,. If, how-
ever, we consider only the interior parts of the boundaries the sec-
tion is a polytope of one dimension less than the simplex. Also
the hyperplane divides the simplex into two separate polytopes,
Jrusta of the simplex. The forms of the section and the frusta
depend upon the position of the hyperplane with regard to the
vertices of the simplex, and there is a close connection between
the form of the section and those of the frusta. If the hyper-
plane separates the » + 1 vertices of the simplex into two
groups p and nz + 1 — p we shall denote the type of the
polytope of section by (p, # + 1 — p) so that, of course,
(Hrm+ 1 - p)=(n+ 1 - p, p); and the types of the poly-
topes into which it is divided will be denoted by (p [ z+ 1 -p)
and (z + 1 — p| p), the first of the A
two numbers in the symbol denoting
the number of vertices of the simplex
which the frustum contains. by

16. Let us consider first a tetra-
hedron ABCD (Fig. 16), and first Q
let the plane of section divide the B D
vertices into groups I, 3. The
section is a triangle PQR,i.e. (1, 3)
denotes a triangle. The frusta are o
of type (1] 3) a tetrahedron, and
(3] 1) a pentahedron bounded by
2 triangles and 3 quadrilaterals. (This pentahedron, which
is isomorphic with a triangular prism, is, as it happens, the only

F1G. 16.
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type of convex pentahedron having 3 faces at each vertex.
See § 20.)

Second, let the section divide the vertices into groups 2, 2
(Fig. 17). Thesection, of type (2, 2), is a quadrilateral, and the
two frusta are of the same type (2 | 2),
againa pentahedron, ie. (2]2) = (3] 1).

17. Consider next a simplex ABCDE
in S,, and let the hyperplane of section
divide the 5 vertices into groups I, 4, say

|} A and BCDE. The vertices of the
section are the points of intersection with
w the lines AB, AC, AD, AE ; the edges
are the lines of intersection with the
F1G. 17. planes ABC, ABD, ABE, ACD, ACE,

ADE; and the faces are the planes of intersection with the
hyperplanes ABCD, ABCE, ABDE, ACDE. Thus the section
(1, 4) is a tetrahedron. The frustum (1 | 4) is a simplex, the
frustum (4] 1) is a polytope bounded by the section (a tetra-
hedron), the tetrahedron BCDE, and four polyhedra (3| 1),
the frusta of the tetrahedra ABCD, etc.

Next let the hyperplane divide the vertices into groups 2, 3,
say AB and CDE. The vertices of the section are the points
of intersection with the lines AC, AD, AE, BC, BD, BE; the
edges are the lines of intersection with the planes ABC, ABD,
ABE, ACD, ACE, ADE, BCD, BCE, BDE; and the faces are
the planes of intersection with the hyperplanes ABCD, ABCE,
ABDE, ACDE, BCDE. The first three of these faces are
(2, 2) sections of tetrahedra, i.e. quadrilaterals, and the last two
are (1, 3) sections, i.e. triangles. Hence the section is a penta-
hedron (3| 1) or (2|2). The frustum (2| 3) is a polytope
bounded by the section (a pentahedron), and the frusta of the
tetrahedra ABCD, etc. ; three of these, ABCD, ABCE, ABDE,
are of type (2| 2), ie pentahedra, and two, ACDE, BCDE,
of type (1] 3), i.e. tetrahedra. (2| 3) is therefore a poly-
tope bounded by 2 tetrahedra and 4 pentahedra. Hence
(213)=(4 1) The frustum (3|2) is bounded by the
section (a pentahedron), three frusta of type (2 | 2) (pentahedra),
and two of type (3 | 1) (also pentahedra). (3| 2) is therefore a
polytope bounded by 6 pentahedra. (See Fig. 22, p. 108.)
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18. The numbers of boundaries of a section of a simplex in
the general case are easily found. Consider a section of type
(2, ¢). i.e. the section of a simplex in space of p + ¢ — 1 dimen-
sions by a hyperplane which separates the vertices into two
groups p and ¢g. We obtain an »-boundary by intersection with
an (» + 1)-flat; this is determined by » + 2 points, and at least
one of these points must be taken from each of the two groups.
Hence

Nr = p+qu+1 - pCr+z - qu+2'

A section by a hyperplane passing between the vertex and
the base of the simplex, i.e. a section of type (I, #) is a simplex.
Any other section cuts all the #» + 1 hyperplanes of the simplex
and is a polytope with » + 1 cells.

The nature of the various cells, and other boundaries, is
also at once found. The r-boundaries consist of ,C,.,C, .,
sections of type (1, » + 1), ,C,. (C, sections of type (2, 7), and
in general ,C,. ,C, 4, _, sections of type (5, 7 + 2 — s5). The
cells, or (p + ¢ — s)-boundaries, consist of ,C,. ,Cp g1,
sections of type (5,2 + ¢ ~ 1 — s)fors =1,2,. .. p+g- L

19. A Frustum of a Simplex of p + ¢ Dimensions of
Type (2 | ¢) is Isomorphic with a Section of a Simplex of

0 0’ S
A C
WA
AN
P, o\
Q R
Ql
F1G. 18.

? + ¢ + 1 Dimensions of Type (p, ¢ + 1). Consider first
(Fig. 18) a frustum ABCPQR of a tetrahedron OPQR of type
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(3] 1). Take any point S outside the space S; of the tetra-
hedron, and in SO take any point O'. SP, O’A, cut in P’;
SQ, O'Bin Q’'; SR, OCin R'. Then the simplex SO'P'Q'R’
in S, is cut by S, in the section ABCPQR, which is of type
(3, 2) since the space Sy separates the vertices S, O’ from the
vertices P', Q’, R".

Now consider a frustum (2 |g¢) of a simplex in S, ,_,.

Let the vertices of the simplex be A, . . ., A, B, . . ., B,
and those of the section Py (=1, ..., 2; J=1...,9),

the vertex Py being the intersection of the line A;B; with the
cutting hyperplane S. Take any point O not in the hyper-
space Sy, ., of the simplex. Join O to A,, and between O
and A take any point A;. Let A{P; cut OB, in Bj. We
thus obtain a simplex OA; . .. AB; ... B, in S, .
The points A, are all outside this simplex, while B; lie on its
edges, and the simplex is cut by S,,,_, in the section
P, P, ... PpB .. . By, which is the frustum (g | ) of the
simplex A; . . . AB, . . . B, The points A and Bj are
separated by Py and therefore lie on opposite sides of the
section, and since O is separated from B; by B;, O lies on the
opposite side of the section from Bj, and therefore on the
same side as A]. The section is therefore of type (g, 2 + 1).
Hence (¢9|2) = (g 2+ D=+ 1L, 9 =(p+1]|g~1)

20. Enumeration of Polytopes. An immediate result of
this is that in S, there are [4#] different types of simplex-
polycoryphas with # + 2 cells, i.e. $n# or }(#» - 1)according as
n is even or odd, the polytope being obtained as a frustum of a
simplex in S, or a section of a simplex in S, , ,, excluding the
section of type (1, » + 1) which is a simplex.

Reciprocally there are [47] different types of simplex-
polytopes with » + 2 vertices.

Thus in S, there is only one type of trihedral polyhedron
with 5 faces, viz. the pentahedron isomorphic with the frustum
of a tetrahedron; it is bounded by 2 triangles and 3 quadri-
laterals (Fig. 19). Reciprocally there is only one type of
triangular polyhedron with 5 vertices (Iig. 20).

There is one other pentahedron, viz. the quadrilateral pyramid,
and this is self-reciprocal.

Ex. Prove that every pyramid in S; is self-reciprocal.



VIL 20] POLYTOPES : 107

In S, there are two types of simplex-polycoryphas with
6 cells, viz. the sections of type (2, 4) and (3, 3) of a simplex
in Sy

F1G. 19.—The trihedral pentahedron. F1G. 20.—The triangular poly-

hedron with g5 vertices.

Denoting the vertices of the simplex in 5, by A, A,, B;, B,,
B,, B,, the cells of the four-dimensional section are sections of
the following simplexes :

2 A’s and 3 B's: type (2, 3), a pentahedron,

I A and 4 B’s: type (1, 4), a tetrahedron.
The section of type (2, 4) is therefore bounded by 2 tetrahedra
and 4 pentahedra.

For type (3, 3), denoting the vertices of the simplex in S,
by A, A, A B, B, B, the cells are sections of the following
simplexes :

3 A’s and 2 B's: type (3, 2), a pentahedron,
2 A’s and 3 B's: type (2, 3), a pentahedron.

The section of type (3, 3) is therefore bounded by 6 pentahedra.

or

N/

F1G. 21.—Simplex polycorypha bounded by 2 tetrahedra
and 4 pentahedra.

The Schlegel diagrams of these two types of simplex-
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polycoryphas with 6 cells in S, are represented in Figs. 21

and 22.

The reciprocals are simplex-polytopes with 6 vertices, one

F16G. 22.—Simplex-polycorypha
bounded by 6 pentahedra.

with 8 cells, the other with 9 (Figs.
23 and 24).

21. There are two other forms
of polytopes in S, with 6 cells.
To determine these we notice first
that no cell can have more than 5
faces, since there must be a cell
on each face, and hence the cells
are tetrahedra, trihedral penta-
hedra, or quadrilateral pyramids.
Also there can only be 4 or 5 cells
at a vertex. We have determined
those with 4 cells at each vertex.

If there is a vertex at which 5 cells meet, the section near this
vertex is either the trihedral pentahedron or the quadrilateral

pyramid.

In the former case there are 6 edges at the vertex, and of
the 5 cells two have trihedral vertices and three have tetra-

FiG. 23.

F16. 24.

hedral, the latter being therefore quadrilateral pyramids. The
polytope is then a pyramid formed by joining an external point
to the vertices of a trihedral pentahedron (Fig. 25).

In the other case there are just 5 edges at the vertex, and
of the 5 cells four have trihedral vertices and one tetrahedral,
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the latter being a quadrilateral pyramid. The polytope is then
a pyramid with a quadrilateral pyramid as base (Fig. 26).

F1G. 25. Fi6. 26.

22, All the different types of trihedral polyhedra with a
given number N of faces can be obtained by taking a tetra-
hedron along with N - 4 other planes, observing the condition
that not more than three planes pass through one point.

A single additional plane gives a pentahedron, of which we
have seen there is only one form.

AB, C, D cut (2, 1, )\ 1,92
A, BC, D cut (1, 2, 1)}3 4’5"
Fi1G. 27.

Two additional planes give rise to several cases, first accord-
ing as the line of intersection of the two planes does or does not
cut the tetrahedron, and second according to the disposition of
the vertices of the tetrahedron in the spaces into which the
planes divide the tetrahedron,
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Thus if the line of intersection lies entirely outside the tetra-
hedron we have (retaining of course only the cases in which
each plane separates the vertices of the tetrahedron) the cases
in which the vertices have the dispositions 3, 0, 1; 2, 1, I;
2,0,2; 1,2, 1. The first case gives just a pentahedron. The
third gives the type 4% (Figs. 28 and 29) (6 quadrilateral faces),

B =

FI1G. 28.—(2, o, 2) 4% F1G. 29.—4"

isomorphic with a cube. The second and fourth lead to the
same type 3%4?5* (2 triangles, 2 quadrilaterals, and 2 pentagons),
as is seen by considering the tetrahedron ABCD with the
sections BEFC' and PQR, and the tetrahedron A'B'C'D with
the sections ECF and PQR (Figs. 27 and 30). For both poly-
hedra N, = 6, N, = 12, N, = 8; ie. they are allomorphic.

aPdIN

F1G. 30.—3%4%35%

When the line of intersection of the two cutting planes cuts
the tetrahedron we get again various cases, but it is found that
only the two foregoing types of polyhedra are produced.

The reciprocals of these form two types of triangular poly-
hedra with six vertices, one of which is isomorphic with the
regular octahedron (Figs. 31 and 32).
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In addition to the two trihedral hexahedra there are 5 other
hexahedra (Fig. 33).

In a similar way the different types of simplex-polycoryphas

A\ A

FiG. 31. F1G. 32.

having » + 3 cells of z — 1 dimensions could be investigated
by cutting a simplex with two hyperplanes. The problem of
determining the different types of polytopes with a given

3551. 334151. 3144 3441- 36.

Fic. 33.

number N of boundaries becomes of great complexity as » and
N increase, and we shall not pursue it further. The following
short table gives the number of convex polyhedra in S; with
N faces, from N = 4 to N = 8.

N. 4 5 6 I 7 l 8
Trihedral polyhedra . . I I 2 5 14
Total number of polyhedra 1 2 7 34 257

Polytopes of Special Form

23. Pyramids. A pyramid (of the first species) is con-
structed by joining all the points on the boundary of a convex
polytope of » — 1 dimensions (the base) to a fixed point O (the
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vertex), not in the hyperplane of the base. If N, are the total
configurational numbers of the base, those of the pyramid are

N,=N,+N,_,, (=12 ...,7n=2)
N,_.=1+N,_, Ny = Np + 1.

It is bounded by the base and N, _, pyramids of # — 1
dimensions.

If the base itself is a pyramid (of first species) with vertex
A, the pyramid in S, with vertex A, is said to be of the second
species, and may be considered as a pyramid in two different
ways. If « is the base of the (z — 1)-dimensional pyramid, the
pyramid of the second species is constructed by forming first
either the pyramid A« or the pyramid A,x, and then using
this as base and the remaining point A, or A, as vertex. In
addition to the boundaries of the base-polytope «, the pyramid
of second species has as boundaries the vertices A, A,; the
edges A,A, and those joining A, and A, to the vertices of «;
the triangles formed by A;, A, and a vertex of «, and A, or A,
with an edge of «; and so on. If N are the total configura-
tional numbers of a, those of the pyramid of the second species
are

N,=N,+2N,_, +N,_, (=0,1,...,7-1)
with the understanding that
N_,=15,N_,=0N,_,=1,N,_,=0.

In general a pyramid of species » is formed by joining the
r vertices A, . . ., A, of a simplex S(») to the boundary
points of a polytope (Po), _,. If N} are the total configura-
tional numbers of the base-polytope, those of the pyramid are

N,=N,+N,_, +,CN,_,+...+N,_,
it being understood that N_, = 1 = N, _,, while
N_,=0=N,_,,,,ifg>r
In S, a pyramid of species » + 1 is a simplex, and there
is no pyramid of species » or » — 1. A triangle is a pyramid

of species 3; a tetrahedron is a pyramid of species 4, any
other pyramid in S; is of species I.
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Ex. Prove that a pyramid is self-reciprocal when and only
when its base is self-reciprocal.

24. Prisms. A prism (of the first species) is generated by
the parallel motion of a polytope (Po),_,; it is bounded by
the polytope in its initial and final positions and by Nj _,
prisms of » — 1 dimensions. If Nj are the total configura-
tional numbers of the base-polytope, those of the prism are

N,=2N, +N,_, (=12 ..., 7n~-2)
N,=2Ny N,_, =2+ N;_,

If the base-polytope is itself a prism (of the first species),
the prism generated is one of the second species, and so on.
A prism of species 7 is generated by a (Po), _, moving in 7
independent directions. If N, are the total configurational
numbers of the base-polytope, those of the prism are

N, = 2N, + ,C2 !N b + ,C2r "N, _, +. . .+ N, _,,
where N, _, = 1,while N_ , =0=N, _,, if¢>0.

In S, a prism of species 7 is a parallelotope, and there is no
prism of species » — 1. A parallelogram is a prism of species
2, a parallelepiped is a prism of species 3. The total configura-
tional numbers of a parallelotope are

N, = ,.Cp2" 2

When the 7 directions are all mutually orthogonal we have
the analogue of a rectangular solid, which we have called an
orthotope.  lf, further, the displacements are all equal in length
we have a regular polytope, the analogue of the cube.

25. The Simplotope. In three dimensions a triangular
prism can be considered as
generated in two ways. Take
a tetrahedron OABC and let C%\ A
the face OAB move always
parallel to itself so that O
moves along OC, thus generating
the triangular prism OABCA'B’;

or alternatively let the edge OC B

move always parallel to itself so

that O moves over the whole Y A

triangle OAB. FiG. 34.
Generalising this, consider a simplex OA, ... A,B,... B,

8
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in Sy 4, Then a new polytope is generated by moving the
simplex of p dimensions P = (OA, . . . A,) always parallel to
itself so that O moves over the whole boundary of the simplex
Q = (OB, . . . By), and the same polytope is generated when
the réles of the two simplexes are interchanged. This poly-
tope is called a simplotope of type (p, ¢).

Number of Boundaries of a Simplotope (p, q) in Sy 4o
When the point O of the generating simplex P is at a vertex
of Q we obtain p + 1 vertices of the figure, hence
N, = (¢ + 1)(¢g + 1). Each vertex of P generates an edge
when O moves along an edge of Q, and in each of its various
positions when O is at a vertex of Q it furnishes , , ,C, edges,
therefore N; = , 4 ,C,. 0 4+.C + 5 4+.C,. ¢ 4,C. Similarly each
edge of P generates a parallelogram when O moves along an
edge of Q, each vertex of P generates a triangle when O moves
over a triangular boundary of Q), and in each position of P
when O is at a vertex of Q it furnishes , ; ,C, triangles. Hence

N, = p+1C2-q+1C2 + p+1Cx-q+1C3 + p+1Ca~q+1C1

of which , 4 ,C, ., 4 ,C, are parallelograms and the rest triangles.
In general

Nr = p+1Cr+1~ q+1C1 + p+1Cr' q+1ca +... 4+ p+1C1 . q+1Cr+n
Nptg—1=p4+Coar 041G + 54:Co 0 4.Cp 4
=@+ D)+ Q@+ 1)=p+qg+ 2

The boundaries of all dimensions are simplotopes. Of the
r-boundaries , 4 ,Cy 4y . g 4.Cr sy + p+1Creri g +:Cign
are simplotopes of type (s, 7 — ).

N, is equal to the coefficient of " +2 in the expansion of
(1 + 2»*+(1 + 2+, ie (1 + x)?+9+2 omitting the two
terms , , ,C, ., and 4 4 ,C,  ,, hence

N, = p+q+2Cr+2 - p+1cr+2 - 9+l("7'+2‘

Comparing this with the result for a section of a simplex (p. 105)
we find that the simplotope of type (g, ¢) is isomorphic with
the section of type (p + I, ¢ + 1) of a simplex in S, , ;4.
If the vertices of a simplex in S, ., are divided into
two groups p + 1 and ¢ + I, these form two simplexes in
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flat spaces « and B of p and ¢ dimensions respectively. These
may be called complementary boundaries of the simplex. The
spaces at infinity o, and B, of dimensions p — 1 and ¢ - 1,
determine a (p + ¢ - I1)-flat at infinity. Hence there is a
single infinity of (p + ¢)-flats completely parallel to both
a and B. A simplotope is a section of a simplex by a hyper-
plane parallel to two complementary boundaries.

26, Pyramidoids. A pyramid of species » can be general-
ised further by replacing the simplex S(») by a polytope
(Po),_,. Let (Po), and (Po), be two polytopes in S, , ,, S0
that their hyperplanes do not intersect. Then a polytope is
formed by joining all the boundaries of the one polytope to
all the boundaries of the other. We may call this a Pyramid-
oid of type {(Po), (Po)}. Its other boundaries are also
pyramidoids which may simplify to pyramids or simplexes.
If (Po), and (Po), are both simplex-polytopes all the other
boundaries of the pyramidoid are simplexes. ILet N, and N}
be the total configurational numbers of the two polytopes, and
N, those of the pyramidoid, then

N,=N, + N,_ NJ+ N, _,N +. ..+ NN"_, +N/,
with the understanding that
N_,=1=N, N/, =1=N/,
0=N,,, » N, =0=N/,_, (s>1).

N,,,=N_,+N/

» 14 Pt
N, = Ny + Ng.

while N’, =

In particular ¢—1

Ex. Show that the section of a pyramidoid with base
polytopes (Po), _ , and (Po), _, is isomorphic with the polytope
generated by moving the polytope (Po), _, always parallel to
itself so that one of its vertices moves over the whole boundary
of the polytope (Po), _ ,

27. Prismoids. This process may be extended still further
by removing the restriction that the hyperplanes « and g of the
two base-polytopes (Po), and (Po), are skew. We shall only
assume that they have no finite point in common, i.e. they are
either skew or parallel, and may liein a space S,, (z=p + ¢ + 1).
If the condition of parallelism also is removed isomorphic poly-
topes of more general form result.
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This class of polytopes, called Prismoids, may be repre-
sented generally by those constructed on a basis of two poly-
topes P, P", each of » - 1 dimensions, lying in parallel
hyperplanes. One or both of these may degenerate to a
polytope of lower dimensions. Assuming that P* and P” are
both convex, a definite procedure for obtaining a convex pris-
moid is then as follows. Choose any (z — 2)-boundary of
P’, then through this there are just two (z» — 1)-flats which
meet P” in just a vertex ; * one of these separates points of P’
and P, the other lies entirely to one side of both. Choose
the latter and form the pyramid with this boundary of P' as
base and the vertex of P” as vertex. In this way we obtain
N, _, pyramids as boundaries of the prismoid, and similarly
we get N, _, pyramids with (» - 2)-boundaries of P” as base
and a vertex of P’ as vertex. Then taking an (» - 3)-boun-
dary of P', if the pyramids on the two (# — 2)-boundaries
which pass through this (z - 3)-boundary do not have a
common boundary of # - 2 dimensions, we form one or more
pyramids of the second species with this (z — 3)-boundary as
base and two vertices of P” as vertices; and in general a
pyramidoid as boundary is obtained with its bases a (p - I1)-
boundary of P’ and an (# - p)-boundary of P”. If P’ and P"
are both simplex-polytopes, all the other boundaries of the
prismoid are simplexes.

Ex. 1. Show that a prismoid in S, whose bases are two
tetrahedra is a polytope bounded by 16 tetrahedra (the tetra-
hedral 16-cell), and that a section parallel to the base is a
polyhedron bounded by 6 quadrilaterals and 8 triangles.

Ex. 2. The prismoid whose bases are a cube and an
octahedron has for its remaining boundaries 6 quadrilateral
pyramids and 20 tetrahedra. A section parallel to the base is
a polyhedron bounded by 18 quadrilaterals and 8 triangles.

Ex. 3. If one base is a cube and the other a tetrahedron
with each edge parallel to a corresponding face-diagonal of the

* It may happen thatan (#z — 1)-flat which is made to pass through a
vertex of P” contains as well an edge or higher boundary through this
vertex ; in this case some of the boundaries which would in general be
separate lie in one flat and form a more complex single boundary.
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cube, the remaining boundaries of the prismoid are 4 tetra-
hedra, and 6 prismoids with base a square and top a single edge.

Ex. 4. A prismoid whose bases are a cube and a tetra-
hedron in general position has for its remaining boundaries
6 quadrilateral pyramids and 16 tetrahedra. A section parallel
to the base is a polyhedron bounded by 18 quadrilaterals and
4 triangles; 42 edges and 22 vertices.
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CHAPTER VIII
MENSURATION. CONTENT

1. THE simplest enclosed regions in space of any number of
dimensions are comprised in the series: line-segment, square,
cube, . . ., regular orthotope. The measure of length is a
unit line-segment, the length of a straight line being measured
by the number of times it contains the unit. The area or
content of a rectangle is measured similarly by the number of
times it contains the unit square, and so on. We need not
enter in detail into the question of measuring a rectangular
region when the unit is not contained an exact number of times.
We assume that fractional parts of the unit can be measured,
and the same principle applies without modification in #
dimensions. In S, the unit of content is an orthotope whose
edges are each of unit length. The content of an orthotope
with edges a,, . . ., a, is represented by the product aa, . . . a,.

A region whose boundaries are not rectangular cannot be
divided into orthotopes without an unlimited division of the
unit, and the process of integration has to be applied.

2. The Prism. Consider first a prism of the first species
whose base is a polytope (Po), _, of content C. If 4 is its
height, the content of the prism is

V =Ch . . . . (271)

If the axis makes an angle § with the normal to the base, and
a is the length of the axis, the height 2 = a cos 6, and

V = Ca cos 6. . . . (22)

A prism of the second species is generated by a base-
polytope (Po), _, of content C moving first through a distance
a, in a direction making an angle 6, with the normal to C which
lies in the (# — 1)-flat (Ca,), thus generating a prism of the

118
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first species with content Ca, cos 6,; then this prism, moving
through a distance a, in a direction making an angle 8, with the
normal to (Ca;). The content of the prism is then

V = C aya, cos 8, cos 8, . . (23)

Generally, the content of a prism of species » with base a poly-
tope (Po), ., of content C,, _, and axes a,, . . ., @, is
VECuna,...,a)=Cha;...a,co88,...cos8, ... (24)
where 0, is the angle which the axis @, makes with the normal
tothe(# — » + s — 1)flat (C,_,a, . . . a,_,) which lies in
the (n — » + s)flat (C, _,a;, . . . a,).

If the angles 8, are all right angles, each axis is normal to
Cn_» and the r-flat determined by the » axes drawn through
a point O of C, _, is completely orthogonal to C, _,. More-
over in this case the axes themselves are mutually orthogonal,

and determine an orthotope of content @, . . . @, The con-
tent of the »ight prism of species » is then
Co_ray . .. ay, . . . (25)

i.e. the product of the base and the content of the orthotope
formed by the axes.

In the general case the axes form an oblique parallelotope.
a, cos 0, is the projection of @, on the »-flat S, which is com-
pletely orthogonal to C,, _,. The lines @, cos (s = 1,...,#)
form a parallelotope, which is the projection on S, of the
parallelotope formed by the axes. Hence the content of a prism
of any species is the product of the content of the base-polytope
(PO),, _ » and that of the projection of the axes-pavallelotope on the
normal S,.

Hence if ¢, ¢y, . . ., ¢, are the angles which the r-flat
containing the axes makes with the r-flat normal to the base,

and A, is the content of the parallelotope formed by the axes,
C, — » that of the base,

V(Co—r @y« - -y a;) = CoyA,cosdycosd, ... cos . (2°6)
This includes of course the parallelotope.

3. The Parallelotope. We shall obtain an expression for
the content of a parallelotope in terms of the lengths of the
edges a, and the angles 0,, between them. Let the content
be denoted by V(a,, . . ., a,). Take a system of rectangular
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co-ordinates with the origin at a vertex, and let the direction-
cosines of the edge a, be ¢/.* Let 0, be the angle between the
edge @, and the normal to the (» - 1)-flat (¢, . . ., a,_,)
which lies in the »-flat (¢, . . ., @,). Then

Via, ... a)=V(a, ... a_,)a,cos @,

Let /, be the direction-cosines of the normal. Then since it

lies in (a, . . ., @,)
r

pl, = 2 ut  (w=1,...,n)

\

i=1
where #,, . . ., «,are » homogeneous parameters. Also since
it is perpendicular to each of the axes 2, . . ., a,_,,
n
ld =0 (=1,...,7r-1),
ve=l
n r
ie. E S uid =0 (J=1,..,7-1),
ve=11i=1
T n
ie. E (4 E dedy = 0.
=1 vl
n
But E C:‘Cz = COS 0"] = i Say,
v=]l
n
and E ded =1,
vl
r
Hence E uycos 0; =0  (j=1,...,7-1)
T

These » — 1 equations determine the ratios of %, . . ., ,. Let
C,; be the co-factor of ¢ in the determinant | ¢,, |.

Then u; = Cy,.
* Throughout this and the next two paragraphs with a few obvious

exceptions upper indices are used not for powers but as diacritical marks,
as in the tensor-calculus.
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n n r
Now peost, =p D /d =@ ud)

re=1 re=l t=1
n r r n
= D 2 G = 3 G 3y )
vl fa=1 [ B vl
EC" Cip = l Crr I’
t1=1
and pl, = 2 Cits
1=1
hence p* = E 2 (CarCie 2 o) = 2 2 CirCiecis
i=1j=1 ve=1 t1=1j=1
2(@2@
i=1 j=1

But 2 Cijey=0if i+ 7,and = | ¢, |if 7 =1

j=1
2

Hence pr=C,lenl

We have then cos’ 0, = l rr I

T
The determinant ¢, | ={1 ¢, ... ¢,
G 1 Gy
Cp Cppoo o o

is a function of the angles 6;; between the pairs of axes a,,
. . a, For two axes a,, a, it reduces to I — ¢}y = sin® 0,,.
Its positive square root is therefore called the sine of the »-

dimensional angle whose edges are a,, .. . a, and is denoted
by sin (@, . . . a,). C,, is the determinant of the same form
for » — 1.
Hence
sin (e, . . ., a
cos 0, = (e, )

sin (@, . . ., @)
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Now

V(a, a,)) = aa, sin 8, = a\a, sin (a, ay),
. sin (a,, a,, a;)
V(ay, ay, a;) = V(a,, a,)a; cos by = aya,ay sin (a,, a,) W
= aa,a, sin (a, a, a;),

and generally

Via, a, . . ., a,) =aa, ... a,sin(a, a, ... a,).
(31)
.2
We have sin® (e, . . ., @) =11 ¢, ... ¢,
. fm G- o
- 2 i
= |2 Tal . .. Tk
Zee, Zaye . .. Zad
=1A A 102
=lc¢ € ... Cl%
ag.. . a
Hence
Via, a, .. ,a)=aa, ...a |l . (32)

Let 27 be the co-ordinates of the end of the edge «, through.
O, then 2! = a,, and

Via, .. way)=|x x3 ... 25| (3'3)
R S

We have similarly for a prism of species #, referred to

rectangular axes, with the axes x, . ,, . . ., 2, inthebase C
VCo_pnay .. ,a)=C,_,a ... an||

= Cn—rax Cea als (34)

n—nr

where
&= a
vyl
and V(C,_,a,...,a)=C,_,|x ... 2] (3'5)

2 ... x

ERI
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The determinant |z} | is therefore equal to the projection on
the »-flat of (x,, . . ., #,) of the parallelotope whose edges
are the lines joining the origin to the » points with co-ordin-
ates («7).

4. The Pyramid. Consider first a pyramid of the first
species whose base is a polytope (Po), _, and vertex O. By a
series of hyperplanes parallel to the base it is divided into slabs
or thin prisms of thickness dr. The content of the section at
a distance x from the vertex is proportional to the (z - 1)th
power of the distance. Hence if C is the content of the base
and / the altitude, the content of the pyramid is

h Pl I
V = IO ;,—_—ICa’x = ;ZC/Z’ . . (4'1)
i.e. equal to one-nth of the content of a prism of first species
with the same base and altitude.

Consider now a pyramid of species » whose base is a poly-
tope (Po),_, of content C,_, and vertices A, . . ., A,
Let /%, be the distance of A, from the base C,_,, %, the
distance of A, from the (» — » + 1)-flat (C, _,A,), and so on.
Then
Coiltiby . . . A,

Ve e DNn-rs2). .

Let O be any vertex of the base, OA, = «, and §, the angle
which OA, makes with the normal to (C,_,A; ... A, _,)
which lies in (C, _,A, . . . A,). Then

I M S cos 0, cos 8, . . . cos 0,
wn-1)...Hm-7r+1)
(4:2)

If rectangular axes are taken with origin O and the axes
Zp4y - - - %y lying in the base, and if (}) are the co-ordinates
of the vertex A,

(n -1
V=" G

P Y. ‘ . (43)
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Hence also the content of a simplex with one vertex at
the origin and # vertices A, with rectangular co-ordinates (z?) is

I 1 .
=-;2—!x}...x,.. . . (49)
P
If the co-ordinates of the vertices A,, . . ., A, referred

to any system of rectangular axes are (z]), and those referred
to A, ,, are (y]), with 2 %' = 0, we have

yo=x + x:+l!

and 7! V= |0 | = |al+ 2"t | =|1 a1 ...2% | (4'5)
I 2} ... 2
1 At LAt

Again, taking the origin at the vertex A, , let the direc-
tion-cosines of the edges A, , ,A, through A, , be ¢,. Then

n\V=a ...alcl

Squaring the determinant and denoting by ¢,, the cosine of
the angle between the edges a,, a, we have

lalP=|1 ¢, ... ca,]=sin*(a, ... a,)
C"l (ﬂﬁ e Cﬂn
hence
n!V=a ...asin(e,...a,). . (46)

5. Content of a Simplex in Terms of the Lengths of
the Edges. We may write the equation

n! V=[x ...21 1
Attt
in the form
(=n)"2"n!V=| 1 o o o
1,1 1
Zaly! -2r; ... —22) 1

Zaptiaptt —oapptr L -2t g
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or (-"*x!V=|oo ...0 I
I 1} R Zrlat
I oaptt oL antt Tt g

Multiply these together by rows. The elements of the first
row and column in the product are all units except the first
which is zero. Take any element of the diagonal

Zalal — 222t + Xalal = 0.
The element in the (# + 1)th row and (s + 1)th column is
Ztxt = 2Z470 + Xttt = 22t - 22) = al,

where a,, is the length of the edge A A,

Hence
(-T2 (n )y’'Vi=|o1 I S I . (51)
2 2 2
I O2 ayg B ain Ay ntn
I ay o PN 2 a3 p 4
2 2 2
I(l”_*_l‘l {Z”+‘,,...(l”+l'”0

For a regular simplex a,, = constant = g, and the determinant
becomes, on subtracting the last column from each of the
others except the first,

o o o0... o0 I |=(~1p"|1 -2 o... O
I -a® o... 0 a I o0 -a... o
I o -a... o a

. . 1 O oO. -at
I o oO0...-a& a 1 & a&... a
I a at... a& o
=(-1)t*1a" I -1 0... of=(-1)t(n+1)a™

I o-1... O

I 0O O0...-1I

n+1 O O... O

Hence the content of a regular simplex of edge a is

V="\/'—’~§;—I. L. G2

n!
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This may also be obtained, without using determinants, by
elementary geometry. Let p, be the altitude A,N, of a regular
simplex S(r + 1). The foot of this altitude N, is at the
centroid of a face S(#), and this centroid divides the altitude
A,_N,_,sothat A,_,N,_, =7».N,N,_,. We have then

A 2 r — 1\? N
3 by + , /’3—1=a'
Now
[ 1 ;
p§=a2—-a2=_.3az,
4 2 2
2 2 4.2 I 4.
=a? - 3p2 = . Z4E
?s 9/'2 23
A Assume that
Qa
1 1 7
2 2
- = a,
FIG. 35. Ly 2 71
2
, r-1n\*tr r v ‘
then pf.—:a‘—( >, a‘=5h:a";
r /2r—-1 2 7

Hence V= --apps...pa

_ar \/n + I
n! 2"

6. Pyramid of Second Species. A section of a pyramid
of the second species by a hyperplane which is parallel to the
base « and also parallel to the vertex-edge is a polytope of
n# — 1 dimensions with two ends which are polytopes with
edges parallel to corresponding edges of «, corresponding
vertices of the ends being joined by edges parallel to the
vertex-edge.

PQRSAA, (Fig. 36) represents a pyramid of the second
species in S,. A section parallel to the plane PQRS cuts the
planes A\PQ, A,QR, etc, in lines parallel to PQ, QR, etc., so
that the two pyramidal 3-dimensional boundaries A;PQRS and
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A;PQRS are cut in two polygons P,Q,R;S, and P,Q,R,S,
whose corresponding sides are parallel to the corresponding
sides of PQRS. If also the hyperplane is parallel to AA,
the edges P,P;, Q,Q,, . . . in which the hyperplane cuts the
planes A;A,P, AJA,Q, etc., are all parallel to AjA,. Hence
the section is a prism.

Let « be the area of the polygon PQRS, ¢ the length of
AA,, and /% the perpendicular distance between the line A A,
and the plane PQRS, 6 the angle between the direction of the

FiaG. 36.

line AjA, and the plane PQRS. Then the content of the
hyperpyramid is

V = J. a’/:ic,-l‘./_:.-'f sin 0 dr

ll

h I
~51n0|: hx’——z‘] = Msm() kit
4 4y 12 /A

I
~ ack sin 0. . . . . . (61
5 % sin (6°1)

This is an extension to four dimensions of the well-known
expression for the volume of a tetrahedron in terms of two
opposite edges.
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For a pyramid of second species in S, we have similarly

V = J-hxn*ach—xsinﬂdx

R TEE R
ac . I I
lz"—’sm0<n—l n)l
_ «cksin 8 . (62)
n(n — 1)

7. Consider now a pyramid of the third species in S;, with
a base-polygon of area «, and three vertices A}, A,, A,

Let the base-polygon be « =PQR . . . and have N sides.
The pyramid is bounded by three pyramids of second
species af,A; a3A;, «AA, and N simplexes PQA A Ay,
QRAAA,, . .

Divide the pyramid by 4-flats parallel to the two
planes « and AA;A;  The section by a 4-flat is a figure
bounded by three N-gonal prisms P,Q,R, . . . PsQ;R; . . .,
P:QR; ... PQR, ..., PQR, ... POQR, ... and N
triangular prisms P,P,P;0Q,Q,Q; Q,Q,Q:R,R;R; . . . Let
% be the distance between the planes « and AAA; and
x the distance of the 4-flat from the plane A;AA; Then

P,Q; = P,Q, = P;Q; = ';;PQ, and these three lines are parallel
to PQ; similarly for Q;R,, etc. Also

PP, = Q= . =22 TAA,
and these N lines are all parallel to A A,; similarly for P,P,,
etc. Hence the three polygons P,QR, . . ., P;Q,R, . . ., P;QsR,
. . . are congruent, with corresponding sides parallel.
We have first to find the content of the 4-dimensional
section. Dividing it by 3-flats parallel to that of the prism

P,OR,... POR, ...,

the section is a prism PaQ;R; . . . PiOQ3R;. . . . If £ is the
distance between the 3-flat of the prism P,Q, . . . P,Q, . . .
and the plane P,Q, . . ., and y the distance of the 3-flat of
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section from the plane P,Q, . . ., we have
P;le = P'aQ; = P,Q, = P,Qy
PiPp = Q4Q=. . . = /{P,Pa.

The section is therefore a prism whose base
2

PR, . . . =PQR, .. .= ;%a,
and axis

’ h - X
P,P} = %P,P:, - % S AN,

Let 6 be the angle which A,A, makes with the normal to «
which lies in the 3-flat parallel to « and A,A;,. Then the
volume of the prism

PyQaRy . . . PaQsRy = (P,Q,R, . . . )PP, cos 6,
and the content of the 4-dimensional section is

k
jo(Pzszz ) %(PgPs) cos 6 dy

= 3}(P,Q:R, . . )A(P,P;) cos 6.
Now £ = P,P, cos ¢, where ¢ is the angle which P,P, makes
with the line which is normal to both « and P,P; and which
lies in the 4-flat parallel to «, P,P; and P,P,. Hence the con-
tent of the 4-dimensional section

h - 2
= % ;a (_72_%) (AIA2)(A2A3) cos 6 cos 95

Hence finally the content of the 5-dimensional pyramid

= ;_ ;‘? (AAL)(AA;) cos 8 cos ¢rx2(lz - x)dx
0

I
= gaa(AlAg)(A,A,)/z cos @ cos ¢.

Now 3(A,A;)(A A;) cos 8 cos ¢ is the projection of the area of
the triangle A|A,A; on the plane which is completely ortho-
gonal to «. Hence if the area of this projection is denoted by
A’ we have

V=3LOaA'/z .. .U
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Let us extend this now for a pyramid of third species in S,,
whose base is a polytope (Po), _, of content « and vertices A,
A, Az We have

h n=3,h _ Py
V = a(AANAA) cos 0o [ () (F55) @
and hence
2aA% ‘
R e UG

and in general the content of a pyramid of species » in S,, is

Ve (r-1)! aA'% (-1 (n=-r)! aA'%
Tn(n-1) ... (B-r+1) n!

y (7°3)

where « is the content of the base-polytope (Po),_,, A’ the
projection of the content of the simplex AJA, . . . A, on an
( - 1)flat completely orthogonal to the base, and % the
distance between the base and the (» — 1)-flat A A, . . . A,

If A is the content of the simplex formed by the vertices,
and ¢, ¢, ... the (» — 1) or ( — ») angles (whichever
number is the less) which its (» — 1)-flat makes with the
base-(n — 7)-flat,

aAk

V=r'ncrsin¢lsin¢2... . . (74)

8. The Simplotope. The simplotope of type (p, 7 — p)
is generated by moving a simplex S(p + 1) so that one
vertex traverses every point of a simplex S(# — p + 1). Let
the latter simplex be divided into elementary parallelotopes.
Then when one vertex of the simplex S(p + I) traverses this
(n - p)-dimensional parallelotope it generates a prism of species
n — p whose base is S(p + 1) and axes the edges of the
parallelotope. Hence if ¢, . . ., ¢, _, are the angles which
the (n - p)flat of S(#» - p + 1) makes with the normal
(n - p)flat to S(» + 1), and C,, C, _, denote the contents of
the two simplexes, we have by summing the contents of the
prisms, according to the result of § 2, for the content of the
simplotope

V =CyCh_pcose ... cosey,_y, . (81)
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or if C; _, is the projection of the simplex S(z — p + 1) on
the normal (# — p)-flat to S(p + 1),

V=CCi, . . . (82

9. Prismoidal Formula. It is well known that Simpson’s
formula V = }4#(A + B + 4M) for the content of a figure
bounded by two parallel ends, A and B being the contents
of the two ends, M that of the parallel mid-section, and
% the distance between the two ends, holds for figures in
both two and three dimensions for which the content of
any section parallel to the ends is a cubic function of the
distance from one end. Simpson’s rule was applied only at
first in the case of a quadratic function, and this is the case
for a prismoid in three dimensions. For a prismoid in four
dimensions it can be shown that the section is a cubic poly-
nomial, and that Simpson’s rule still holds. In higher dimen-
sions polynomials of higher degree occur and the rule has to be
extended.

10. Consider the general case of a figure bounded by two
parallel ends, distant 4 apart, and such that the content of the
parallel section at a distance A from one end is a polynomial
in A of degree ». We shall call this a prismoidal figure of
species . Except for the two flat ends the boundaries need
not necessarily be flat, but might be curved, e.g. a quadric"
surface bounded by two planes parallel to principal planes.

The content of the section may be expressed in the form

MA)=a,(1 = Ay +a(1 =2 A+ .. . +a (1 -+ a,A".

Then the whole content is

V= j "M(A)ka).

Now
1 1
AL = AP\ = — .
L ( ) @+ 1).,C
Hence
¥+ 1 — ﬂ fiz” L Ay
v’ A% a°+rC1+fC2+ +rC,+a'

=(aq + &)+ (& + a&_),Ci+ ...,
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the last term being

{ai(r -1) + Aur + 1)}/,(:“, -1) if » is odd
and a,,/,Cyr if 7 is even.
Now take two sections equidistant from the two ends. We
have

MQA) + M(1 = X) = (@, + 2, ){A"+ (1 - A)}
+(a+ ar_ DM = A)A 2+ (1 =A%+ ..,
the last term being
{ayr — 1 + @y + pHA(L = NN if 7 s odd
and 2a;, A1 = )} if 7 is even.

V is thus expressed in terms of the [4#] + 1 quantities
(ap + a,_ p); and these can be expressed linearly in terms of
the same number of quantities M(A) + M(1 - A). Whether
» = 2k or 2k + 1 the number of pairs of parallel sections
required is the same, viz. # + 1. Thus if

T, , = M(:‘r) + M(x - ;)

V can be expressed in terms of the 2 + 1 quantities T, 4 4 ,
or T,(s=0,1,... %&). When the denominator is 24,
Tk o = 2M(3), i.e. double the mid-section. It is clear that
any formula of this type which holds for a particular value of »
will hold for any smaller value of 7, since a polynomial of degree
7 — 1 can be regarded as a polynomial of degree » in which the
highest coefficient is zero.

11. We shall find it more convenient now to express M(X)
in the form

MA)=c¢+aA+ X + ... +6X, . (I1'1)

Then

Vih = j‘M(A)dA=co+ o+ dad. .+
R 7+

and
M)+ M(1 - 2) =26+ 6+ 6{X* + (1 - A)}
+ oo F A+ (1 =A)L (1103)

ANt (1 =A=/f . . . (114)
and Mi=-2)=yp . . . (11°5)

—Cn (11°2)

Write
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If we require to express the value of A in £, and y we shall use
the notation f(s) and y, for £, and y when A = 5/(24) or
s/(zk + 1)

Then we have

Sy~ Wyr= 0+ (1= XPh = N1 = Nt (1 - NPy
=AMFEL (1= AP = - (116)
Now let
V/]l = boTo + blTl + ...+ kak,
where T, is written for either Ty, ;4 4, or T, o
Substituting from (11°3), viz. :

Ty = ¢ /fi(s) + afils) + . . . + &fls)

we have
Vik = Zbf(s)+ aZbf(s) + ... + ¢ 2b,f(s)

summations being from s = o to s = £ Comparing this with
(11-2), which is true for all values of » up to 2& + 1, we have

I
ZbA(s) =

Since fi(s) = 1 this gives

by = 4. . . .1y

Again by (11°6)
Zblft +'.'("') = Zbﬂﬁ + l(s) - Ebt.ylf;'(‘)'
hence

Zb,yuf{s) = ! .

iv2 i+3 (GF20+3)

k
b l=“l"“)
3055

(f=zr - 2)

and putting 7 = 1

since g, = 0.
Again

z‘b,}’,f;,,.,(.f) = Zb,y,_/¢+ 1("‘) - Zb‘yf fi(s)
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hence
b, 92 = - - I
:ylf;(s) (2' + 3)(1' + 4) (1. + 4)(1. + 5)
2 (l. 2 r - 4))

TE G+ 5)

b= 2 .
2 2 e 4.5.6

==l

Proceeding in this way we can prove by induction that

k
_ ! i
zb‘ﬂf‘(’)"(pﬂu)...(zp+1+z') =7 -2)

g==1

and putting 7 =1
k

2b3ﬂ=%1’;%‘~}5 (rz4). . (18)

and putting 7 = 1

8=1

Hence for all values of » up to 2£ + 1 we have two ex-
pressions for V, viz.

V/h = b“To' 2k + blTl, 2k + « e . + kak, ik } (11.9)
and V& =8T, sy + 6T gir + o o+ 6T kg

where the coefficients are determined by the equations (117)
and (11'8), A being equal to s/(2k) or s/(2& + 1) respectively
for the two formula.

The following table gives the values of the coefficients in
the formula

RV/]Z = BO'I‘O + BlTl’ m + B2T2) m + A

uptom = 7:

m. r Bo. Bl. Bz. B.. R.

2 3 I 2 6
3 3 1 3 8
4 5 7 32 6 90
5 5 19 75 50 288
6 7 41 216 27 136 840
7 7 751 3577 1323 2989 17280
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T, is the sum of the two ends, T;, , = Ty, , = T; 4 = double
the middle section.

12. We shall now show that a prismoid in S, is a prismoidal
JSigure of species n — 1. In addition to the flat ends A, B, poly-
topes of » — 1 dimensions, the boundaries are pyramidoids of
n — 1 dimensions. The prismoid may be divided into simpler
figures in the following"way. Joining a vertex of A to all the
vertices of B we obtain a pyramid of the first species. The
remaining figure can be divided into prismoids which have as
bases a boundary of B and either A or a boundary of A. These
may be divided further into prismoids having as bases boundaries
of A and B of lower dimensions, giving ultimately pyramidoids
of n dimensions, each with a (p - 1)-boundary of A and an
(n - p)-boundary of B as bases.

Now consider a section of the prismoid parallel to the ends
and at a distance A2 from A ; and in particular the section of
the pyramidoid which has as bases the (p - 1)-boundary a of
A and the (# — p)-boundary & of B. This section is a polytope
generated by moving a polytope @' always parallel to itself so
that one of its vertices moves over the whole boundary of a
polytope &'; a’ being a polytope similar to a but of content
(1 = A)?~ g, and &' a polytope similar to & but of content
A* =25 The content of this section is thus proportional to the
product (1 - A)? ~'A* ~?qb. Hence the content of the section
of each region of the prismoid is represented by a polynomial
of degree n — 1.

13. The Hypersphere. The content of a hypersphere of
n dimensions, of radius g, is proportional to 4" and we can
write

Vn = K,,a",

where K, is some numerical function of » which is to be
determined. Dividing the hypersphere into thin slabs by a
series of parallel hyperplanes, since each section is a hyper-
sphere of » — 1 dimensions, we have

n—1

V, = Ko = 2j Kn_ (& - 1) % dr.
0
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Putr = acos 0, dv = - asin 6d8. Then
}r
K, = 2K, _,| sin®n6d8

0

I(=)rG)

= ZKﬂ—- 1 )
”n
2P<E + 1)
n+ 1
. r(~-)
1L.e, K,,, = Kn__l'——;—;"z—*ﬂ*.
r(~5-)
Also V, = ma? therefore K, = #. Hence we find
n
K, il ;
I'(}n + 1)
and therefore
in,m
Vo= .04 |
I'3n + 1)

When # is even, = 2m,

.”mazm
V2m = H
m!
and when 7 is odd, = 2m + 1,
amm! (2a)™+?

Vom +1 = (2m + 1)1 °

[viL 14

14. Surface-content of a Hypersphere. 1f the interior of
a hypersphere is divided into concentric shells we have another

method of finding the volume-content by integration.

Let

S, = Cha™~?' be the surface-content of a hypersphere of »

dimensions. Then
V.= Ka" = .r C,—dr = £C,,a”.
0 n

Hence C, = #K,, and the surface-content is
211‘”(1” -1
S, = — .,
I'(4n)
When 7 is even, = 2m,
2 m A — 1
S,m = __"._.f_.____ ;
(m - 1)!
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when 7z is odd, = 2m + 1,
S _ 27"™m! (2a)™
m +1 '——_('2'—”;5!-—
The following short table gives the volume and surface-

contents of a hypersphere in space of # dimensions, #» = 2
to 7:

n 2 3 4. 5 6 7
4 1 8 1 16
2 - 3 —arlqd —_— — —
Va na na P ; Sfr?a" 61r°a° Iosn’a’
Sn 2ma 4ma? 2n2a’ -g‘n’?a‘ m3as i—?ﬂ’d“

Ex. Find the centroid of (i) the volume-content, (ii) the
surface-content of a hyperhemisphere in S,
(Ans. Distance from centre,

N T'§(n + 2) " I'i(n)
O Tnes o O i o™

15. Varieties of Revolution. If a hyperplane has » - 1
points fixed it has still one degree of freedom and can rotate
about the (# — 2)-flat, which is determined by the » — 1 points,
as axis. A V,_, lying in the (» — 1)-flat will generate a
V. _, of revolution; every point of it describes a circle whose
centre is the foot of the perpendicular to the axis from the given
point, and any section by a plane perpendicular to the axis is
a circle. Let the equation of the generating V,, _, referred to
n - 2 rectangular axes in the S, _, axis of revolution, say
Xy . . . Xn -, and one other axis, z, _ , be

2_o=fxy oy Xyy)

Then the equation of the V,, _, of revolution is

X

Tnoy + 7 =fxy o oo Taoy)

This is called a variety of revolution of the first species.
If we take next #» — 2 fixed points, the hyperplane has two
degrees of freedom, and every point will generate a sphere. A
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V.. -, lying in the hyperplane will generate a V,, _, of revolu-
tion of the second species, whose equation will be of the form

22+ 22+ 2R =Ry, )

Generally, a V,, _, of revolution of species p is generated
by a V,, _, _, rotating about an (# — p — 1)flat lying in its
(n - p)flat; every point generates a hypersphere of p + 1
dimensions. The equation of the variety of revolution is of the
form

2 22 =fxy o X p_y)

n—p
A hypersphere of » dimensions is a variety of revolution of
species z — 1. If the generating variety is an (z — p — 1)-flat
the variety of revolution of species p is a quadric hypercone of
species # — p — 1. A quadric hypercone (of revolution) of
species # is a variety of revolution of species » — » - 1.

16. Content of a wvariety of vevolution of species n — 2, .
genevated by a curve
rp_y = flxn)

rotating about the axis of x,

Dividing the content by hyperplanes perpendicular to the
axis, each section is a hypersphere and the total content is
sa=D g pHn—1)

N— At Ty, = ———— ? o —1) 7y
o : 1) J | v r(%l> f .65 2

a

The surface is similarly
n — Datr—1 .8
g____l._ {/(x)}“” =y
n+ 1
r(=-)
2 a
For a variety of revolution of species p ~ 1 we have multiple
integrals :

mi? »
Volume = m.‘- . jxndxl ceedr,
H
Surface == rmr

where dS,, _ , is the element of surface of the generating variety.
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17. Extensions of Pappus’ Theorem. Consider first a
variety of revolution of the first species.

V = WI e Ixf,_ldxl e dy,_,

Let 7, _, be the distance of the centroid of the generating
figure from the axis of rotation, then

.1?”_1] .. Idxl oodr, = I e jx,,_,,dxl coodr,

Let A be the content of the generating figure, then

A;n_l=].. .. jx,,_ldxl . dxn_,=1}j .. ._"x?,_,dxl co.dr,_,.

Hence 2n%, A =V.

Again, let S be the surface-content of the generating figure,
%, _, the distance of the centroid of the surface from the axis
of rotation, then

S%,_, = Ixn_ldS.

Hence 2T, _ S = 217]1’,, ~.4S

= the surface-content of the
figure of revolution,

i.e. the volume-content of a variety of vevolution of the first species
is equal to the product of the volume-content of the genmevating
JSigure and the length of the path described by the centroid of this
volume, and

The surface-content of a variety of revolution of the first species
is equal to the product of the surface-content of the generating
figure and the length of the path described by the centroid of this
surface.

These results can be extended to varieties of revolution of
any species p - 1. Let

j .. Ixﬁ’"dxl . dr, _

—p1 _ Ty
P = .

"...Idxl...dx,,_pdx,
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Then V ——“ﬂ*p 2. d.
‘r(tpﬂ)'j S jx’ T T
;
= 1-?(%)"——:_?)_“ R Ixf"dxl ceLdr,

x» Aﬂ - 1
I(42) 7

where A, _, ,, is the volume-content of the generating figure.

Hence the volume-content of a variety of revolution of species
D - I 1isequal to the product of the volume-content of the general-
ing figure and the surface-content of the hypersphere traced by the
(P — 1)th centroid of the generating figure.

Again if
—p—1 xg:;:+1dsn—p)
Fo—pt1 =
Jas -
then
P"'h’ _ 2P o
S = mjx£—;+ A —-p= W)xn—;-!-nsn—?)

i.e. zhe surface-content of a variety of revolution of species p — 11is
equal to the product of the surface-content of the generating figure
and the surface-content of the hypersphere traced by the (p — 1)th
centroid of this surface.
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CHAPTER IX
EULER’'S THEOREM

1. Euler's Polyhedral Formula. If F, E, V denote the
number of faces, edges, and vertices of a polyhedron, then,
with certain limitations which are satisfied for “ordinary ” types
of polyhedra,

F-E+ V=2

This famous theorem was published by Euler in 1752/3. Proofs
of it are given in elementary text-books on solid geometry, but
it will be well, before considering its extension to » dimensions,
to consider it in some detail for three dimensions. Several dis-
tinct types of proof exist, and the relations between these throw
much light on the theory of polyhedra and polytopes.

I. We shall begin with the commonest proof in which the
polyhedron is built up, adding one face after another, until it is
complete. This is similar to Euler's own proof, which, however,
proceeds by dissection instead of building up.

Write F-E+V-1=4¢

We assume that it is possible always to add new faces in
such a way that every new face has only consecutive edges in
contact with old faces. For the first face, an n-gon, say, we
have F = 1, E = n, V = n, and therefore ¢ = 0. When a
second face is added, say an m-gon having one edge common
to the n-gon, we have F = 2, E=n+m - 1, V=n4+m -2,
and ¢ again has the value 0.

We can now prove by induction that, so long as the poly-
hedron is incomplete, ¢ = 0. Assuming this for any stage of
construction let an #-gon be added having m consecutive edges,

and therefore 7 + 1 consecutive vertices, in contact with the
141
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old ones. Then, unaccented letters referring to the one stage
and accented letters to the next, we have F' = F + 1,
E=E+@®-m), V=V + (n - m- 1), and therefore
¢=F-E+V -1=F-E+V-1=¢=0.

When the last face is added, however, no new edges or ver-
tices are added; F'=F+ 1, E=E, V'=V,and ¢’ =+ 1=1.

Before examining this further we give three other alterna-
tive proofs, of which the first two are valid only for convex
polyhedra.

IL. Lhuilier and Steiner's Proof. Project the polyhedron
orthogonally and we obtain a
polygon covered twice over
with a network of polygons
(Fig. 37). This is always the
case for a convex polyhedron
since no line can meet its
boundary in more than two
points ; it may be possible to
project a non-convex poly-
hedron in this way by suitable
choice of the plane of pro-

F1G. 37.

jection.
Let S be the sum of the angles of these polygons, and let
the numbers of sides of the F faces be n, #,, . . ., #np. Then

S = 2(n; - 2) = 2E - 2F)m,

since Z»; = 2E.  But if the boundary polygon has n vertices,
there are V — 7 interior vertices, and we have also

S=2n- 2)r +(V - n)2m = (2V - g4)m
Hence 2E - 2F =2V - 4,ie F- E + V = 2.

III. Legendre's Proof. Project the polyhedron from an in-
terior point on to the surface of a sphere of unit radius with this
point as centre. Since for a convex polyhedron every ray from
an interior point cuts the boundary once only, the sphere will be
covered completely, once over, by a network of spherical poly-
gons. The area of a spherical triangle with angles «, B, y is
(x + B+ y — m), and that of a spherical polygon of # sides
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is Za — (n - 2)m. Hence the total area of the spherical poly-
gons is
4m = Zoa — Z(n; - 2)m.

But Za = 27V, hence again we get the same result.

IV. Von Staudfs Proof. This proof is of quite a different
character from the others, and does not admit of extension to »
dimensions. We note in the first place that the edges of a poly-
hedron are joins both of adjacent vertices and of adjacent faces.
Suppose now a path, starting with any chosen vertex, is drawn
along the edges, leading to every vertex (see Fig. 38). The
path may branch anywhere, but must not include any closed
circuits. The number of edges included in this path is
clearly V - 1. Now let another similar path be constructed,
starting at one face and cross- °
ing the other edges, leading '
to every face. That it is
possible to pass from any one
face to any other face in this
way follows since no face or
group of faces is ring-fenced
by the edges of the first path.
Also there is only one path
from one face to another, for
if there were two, this double
path would isolate a group of
vertices and render the first path impossible. Hence the first
path being chosen, the second is uniquely determined and crosses
each of the edges left out of the first path. But the number of
edges in the second path is F - 1. Hence

V-1nN+F-1)=EieF-E4+ V=2

The assumption made here, which we shall find to be an
important one, is that any closed path consisting of edges of the
polyhedron divides the polyhedron into two separate parts.

2. Steiner’s and Legendre’s proofs show that Euler’s theorem
is true for any convex polyhedron, but convexity is to a certain
extent accidental, and a convex polyhedron might be trans-
formed, for example by a dent or by pushing in one or more of
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the vertices, into a non-convex polyhedron with the same con-
figurational numbers. Euler’s relation corresponds to some-
thing more fundamental than convexity. Let us examine the
condition which we assumed in the first proof, and the possi-
bility of types of polyhedra which will necessarily violate this
condition, and for which Euler’s equation may not be true.

3. Connectivity of Polygons. We shall examine first the
nature of the faces. We may dismiss the examination of the
edges with the assumption that each edge is a simple line join-
ing two separate points (consecutive vértices). A property of a
convex polygon, which is true also for certain polygons which
are not convex, is that any two interior * points can be con-
nected by a path (curve or broken line) which is made up entirely
of interior points. Such a polygon, or more strictly the interior
region of such a polygon, is said to be connected. If, further, a
simple line (not intersecting itself), joining any two points on
the boundary and composed for the rest of interior points, divides
the polygon into two separate regions, the polygon is said to be
simply-connected. An example of a polygon which is not simply-
connected is a ring-shaped polygon whose boundary consists of
two separate polygons, one entirely within the other; such a
polygon is doubly-connected. If there are several inner poly-
gons as part of the boundary the region is multiply-connected.

4. Polyhedra with Ring-shaped Faces. Now clearly for
a polyhedron which has one
multiply-connected face the con-
dition in Eulers proof cannot be
satisfied, since this face has edges
which are not consecutive. An
example of such a polyhedron is
one which is composed of two
convex polyhedra having in com-
mon the hollow of the ring-shaped

FIG. 39. face (Fig. 39). Separating these,
and supplying the missing face to
one of them, we form two convex polyhedra, for which to-

" An interior point is characterised by the property that every ray from
it meets the boundary in an odd number of points.
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gether F-E+V=4. Hence for the original polyhedron
F-E+V=3. ‘

If the face has » holes in it, each connected with a separate
convex polyhedron, we have F~E+ V=2(m+1)-m=2+m.

5. Connectivity of Polyhedra. A region in general, of any
number of dimensions, is said to be connected when any two
points of the region can be connected by a path which consists
entirely of points belonging to the region. A region of three
dimensions is said to be simply-connected when it is divided into
separate regions by every partition, consisting of a simply-con-
nected region of two dimensions, whose boundary is a simple
closed curve lying entirely in the boundary of the three-dimen-
sional region. The interior of an anchor-ring is an example of
a three-dimensional region which is not simply-connected.

6. Ring-shaped Polyhedra. Anexample of a ring-shaped
polyhedron is a picture-frame bevelled on both sides (Fig. 40).

F1G. 4o0.

If this is divided by a partition such as ABCD, and two faces,
with edges and vertices complete, are supplied to each side of
the cut, it becomes simply-connected. Now, accents referring
to the transformed polyhedron, we have

F=a=F+2E=E4+2,V=V+o2n
Hence F-E+V=F-E+V -2=0,

and ¢ = — 1. If there are ¢ such rings ¢ = 1 — 2¢.
10
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7. Polyhedra with Cavities. The boundary of an ordinary
polyhedron is a simply-connected region of two dimensions;
that of a ring-shaped polyhedron is connected, but not simply
connected. We may further have a polyhedron whose
boundary is not even connected, but consists of distinct parts.
An example of this is a polyhedron with a cavity inside, having
an outer and an inner boundary. It is therefore equivalent to
two separate polyhedra, for each of which F - E 4+ V has the
value 2. Hence for the whole polyhedron F - E 4 V = 4,
and ¢ = 3. If there are » separate cavities,

F-E+V=2+1)

8. Eulerian Polyhedra. The three cases just considered
can be summed up in one statement. For a polyhedron with
2 ring-shaped faces, ¢ rings, and # cavities

F-E+V=24+p- 27+ 2~

A simply-connected polyhedron whose boundary is simply-con-
nected is called an Eulerian polyhedron, sometimes a spheroidal
(kugelartig) polyhedron, and for such polyhedra the relation
F - E + V = 2 is verified. The converse is not true, for a
polyhedron may have a combination of singularities for which
p - 2¢9 + 27 = 0; for example, a ring-shaped polyhedron with
two ring-shaped faces, a polyhedron with a ring-shaped cavity,
and so on.

9. Incomplete Polyhedra and Polytopes. We have now
to extend Euler’s theorem to # dimensions, and we shall adapt
the first form of proof, where we consider the polytope in process
of construction. We have therefore to consider it both when
complete and when in an incomplete state. When a simply-con-
nected polyhedron is cut in two along a simply-connected polygon
(in general skew) the two parts are incomplete polyhedra, each
with one free rim. We may suppose that one of the parts takes
with it the edges and vertices of the dividing polygon; we shall
call this an incomplete bounded polyhedron. The other part
with no bounding edge will be called an incomplete marginless
polyhedron, or a polyhedron with one null rim. For each of
these the value of N; -~ N; + Ny is 1, the value of N, — N, for
the dividing polygon being zero. Similarly when a simply-
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connected polytope (Po), is severed along a simply-connected
polytope (Po), _, (not in general lying in an S, _)), the two
parts are incomplete polytopes, one bounded, the other
marginless. ‘

10. Euler's Theorem for Simply-connected Polytopes.

We shall now prove by induction that for an Eulerian poly-
tope (Po),

bo=N,_,-N,_.+.. .+ (=" *Ny+(-1)=1,
and for an incomplete bounded polytope with one free vim ¢, has
the value 0.

Let us assume that these results are true up to » — 1.
Then for a single polytope (Po),_, we have N, _, = 1 while
Nuy—a— ..+ (=)""*Ny + (-1)"~ ' = 1,and therefore ¢,, = 0.
Let polytopes (Po),_, be built on, one at a time, so as to
produce at any stage an incomplete bounded polytope (Po),
whose margin is a simply-connected skew polytope (Po), _,.
When one more polytope (Po),_, is applied, we have then
added an incomplete marginless polytope (Po),_,; the value
of N, _, - N,_.+ ...+ (=)""°N;y for the margin is by
our assumption equal to 1 — (- 1)*7*% hence the value of
N, _, = N,_,+ ...+ (=)""*Ng for the marginless polytope
addedis (- 1) + 1 = (- 1)""* = 1. We have therefore added
1toN,_,and also1r to N,_, - N,_, + . . ., and therefore
the value of ¢, remains unaltered and equal to 1. The theorem
is therefore proved. We have proved also that for an incom-
plete marginless polytope with one null vim

Nooy=-Ny_w#+ ...+ (=)P"'Ny=1

Ex. Prove that for an incomplete polytope with p free
rims, ¢, = 1 — p; and for an incomplete polytope with ¢ null
rims, ¢, = 1 + ( - )"q.

11. Other Relations Connecting the number of
Boundaries. Euler's equation connects the #za/ configura-
tional numbers of a polytope, without reference to the nature
of the boundaries, triangular, quadrilateral, or otherwise. In
addition there are relations connecting the numbers of boundaries
of different forms.

Let us confine our attention first to three dimensions. Let
F, be the number of faces having » sides. The maximum
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number of sides of a face is V - 1, which occurs in the case of
a pyramid only, and the minimum is 3. Hence
Fo+F, +...+F._,=F . .o(rn
Let V, be the number of vertices at which p edges meet. The
maximum value of p is F — 1, which occurs also only in the case
of a pyramid, and the minimum value is 3. Hence
Vo+V,+. ..+ Ve_,=V.. . (1r2)
Also, since each edge adjoins two faces, we have
3Fg +4F, +. . .+ (V-1Fy_,=2E;. (113)
and since each edge joins two vertices,
3Va 44V, + . . .+ (F-1)Ve_, =2E. . (119)
We have also Euler's equation
F-E+V=2 . . . (11'5)
Multiplying (11°1) and (11°2) each by 4 and subtracting the
sum of (11-3) and (11+4) we get
(Fs+Vy) = (Fy+ V) -2(Fe+ V) - .. . =4(F+V-E)=8.
Hence F;+ Vs 8.
The tetrahedron, octahedron, and cube are examples of poly-
hedra for which F; + V; = 8.
Multiply (11°1) by 3 and subtract from (11-3), and (11°2)
by 3 and subtract from (11°4), and we get
pr=F +2F + 3F +. . . + (V - 4)Fy_, = 2E - 3F,
pv=V +2Vy+3Vy+. . .+ (F - 4)Ve_, = 2E - 3V,
whence
PF+PV=4E" 3(F+V)=E—‘6.

For a triangular polyhedron pr =0 and py = E - 6; for a
trihedral polyhedron py = 0 and pp = E - 6.
For a trihedral polyhedron we have
3V=2Eand 2F = 4 + 2E - 2V = 4 + V;
also, multiplying (11°1) by 6 and subtracting from (11-3),
3Fg+2F, +F-F,-2F, - ... - (V-7)Fy_,=6F-2E=12.
Putting Fy, F,, F;, Fy, etc., = 0 we deduce that if a trikedral

polyhedron has only pentagonal and hexagonal faces the number
of pentagonal faces is 12.
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Also for any’ polyhedron, subtracting (11-3) from 6 times
(11°1),
3F;+2F + F,-F,-2F,- ... - (V-7)Fy_,=4E-6V + 1212,

since 2E < 3V. Hence there is no convex polyhedron whose
Jaces are all hexagons ov polygons with more than 6 sides.

Ex. 1. Ifatrihedral polyhedron has only quadrilateral and
hexagonal faces show that the number of quadrilateral faces is 6.

Ex. 2. If a trihedral polyhedron has only triangular and
hexagonal faces show that the number of triangular faces is 4.

12. In space of four and more dimensions the relations
between the partial configurational numbers of polytopes become
of great complexity owing to the great variety of polytopes
of lower dimensions of which their boundaries are composed.
There is also a new condition introduced on passing from three
to four dimensions due to the necessity that two adjacent poly-
hedra should have in common a face with the same number of
sides ; a tetrahedron cannot be adjacent to a cube, for example.
The corresponding condition in three dimensions involves only
the equality of edges, which is a metrical condition and there-
fore irrelevant from the point of view of analysis situs. A dis-
tinction between odd and even values of # must be emphasised
here also. When the dimensional number = is odd Euler’s
relation is not homogeneous in the total configurational numbers,
but when # is even the equation is homogeneous and gives
only a relation between the ratios of the numbers. As the
configurational relations are also homogeneous it would be
impossible, in space of four dimensions, for example, to derive
from these relations alone results relating to the actual numbers
of boundaries of given type such as we found for polyhedra in
three dimensions.

13. We conclude this section with some general theorems
relating to simplex-polytopes and simplex-polycoryphas.

In a simplex-polytope the boundaries of all dimensions are
simpleres; in particular the two-dimensional boundaries are
triangles ; the three-dimensional boundaries are tetrahedra. In
a simplex-polycorypha the angle-constituents of all dimensions
are simplexes, i.e. through every (» - p)-dimensional boundary
there are p boundaries of » — 1 dimensions, ,C, boundaries of
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n - » dimensions; at every vertex there are » edges, no » of
which lieinan (» — 1)-flat. Hence an »-boundary cannot have
more than » edges at a vertex and must therefore be a simplex-
polycorypha. Thus in a simplex-polycorypha the boundaries of
all dimensions ave simplex-polycoryphas. Similarly in a simplex-
polytope the angle-constituents of all dimensions are simplex-
polytopes.

A simplex-polytope which is also a simplex-polycorypha is
necessarily a simplex. But, further, a simplex-polycorypha
whose boundaries of » — 2 dimensions are simplexes is also
necessarily a simplex, for its (z — 1)-dimensional boundaries are
simplex-polycoryphas whose boundaries are simplexes, and are
therefore simplexes; the figure is therefore also a simplex-
polytope, and therefore a simplex. By induction we can prove
finally that a simplex-polycorypha whose two-dimensional
boundaries are all triangles is necessarily a simplex; and
reciprocally, a simplex-polytope which has just three (n — 1)-
dimensional boundaries through each boundary of n — 3 dimen-
sions is necessarily a simplex.

14. Proofs of Euler's Theorem in Four Dimensions by
Consideration of Angles. Let us return now to examine
whether Steiner’s and l.egendre’s methods of proof of Euler’s
theorem can be extended to higher dimensions.

In space of four dimensions, projecting a convex polytope
orthogonally we obtain a polyhedron filled twice over with a
honeycomb of polyhedra. ILet Nj, N, Nj be the numbers of
faces, edges, and vertices of the outer polyhedron, N, N,, N,
N, the numbers of cells, faces, edges, and vertices of the poly-
tope, and N§) the number of faces of the various cells (7 =1,
2,. . ., N,). Instead of plane angles we have to consider
dihedral angles and polyhedral angles (solid angles at a vertex).
A solid angle is measured by the area which it cuts out on the
surface of a unit sphere whose centre is at the vertex, and the
measure of the total solid angle at a vertex is taken to be 4.
Similarly a dihedral angle may be measured by the area which
it cuts out on the surface of a unit sphere whose centre lies on
the edge, and we shall take the measure of the total dihedral
angle at an edge also 47. Let now S{) denote the sum of the
dihedral angles of a polyhedron, S§ the sum of the polyhedral
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angles, and-let Sj, S, denote the same for the outer polyhedron.
We have then, summing for all the polyhedra into which the
outer polyhedron is divided,

ZSP = 28] + 4m(N; - Np), . . (141)
ISP = 28y + 4m(N, - Np). . . (142)
We have next to get a relation between S, and S, for any convex
polyhedron. Construct a small sphere round any vertex A ; let
o, be the measure of the solid angle, and «y, B, . . . those of the
dihedral angles at the edges through A. We have then on the
surface of the sphere a spherical polygon of area «,, and angles
&, By - - ., the measure of the angles being such that the total
angle round a point on the surface of the sphere is 47 (not 2m).
If 7 is the number of sides of this spherical polygon we have
oy = 42, ~ (n - 2)m
Summing for all the vertices we have
Sy = SP - Z(n -~ 2)m
But £z = 2N{, hence
S — SP = 2aNP - 2aNP = 27N - 2).. (14°3)
Subtracting equation (14-2) from (14°1) and applying (14°3)
to both accented and non-accented symbols, we have
ZSP - ZSY = Z(NG - 2)2m =(Nj ~ 2)47 +4w(N, - N, - N1 + Np).
But ZN§ = 2N,, hence, dividing by 47 wc have
N, - N;=N, -2+ N, - N, - N} + N,
therefore
N, - N, + N, - N,=2-Njg+ N -N,=0,
by Euler’s theorem in three dimensions.
Legendre’s proof is still more easily extended. Projecting
a convex polytope from an interior point O on to a unit hyper-
sphere with centre O, the hypersphere is divided into a honey-
comb of spherical polyhedra. The relation between the angle-
sums of a spherical polyhedron is the same as for a.euclidean
polyhedron, viz. :
’ Sl - So = 277'(712 - 2),

where 7, is the number of two-dimensional faces
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Summing for all the cells of the honeycomb we have

4N, - 4nN| = 2022 () - 2)
= 4mN, - 47N,
hence N,-N,+ N, - N,=0.

This connection between Euler's equation and angle-sums
can be extended to » dimensions. Euler’s equation for (Po), is
definitely connected with a relation connecting the angle-sums
of a (Po), _, in spherical space.

15. Measurement of »-Dimensional Angles. We have
first to explain the different species of angles and their measure,
and it is necessary to consider non-euclidean as well as euclidean
geometry. Ina plane there is just one species of angle, the
plane angle. With the radian as unit, the complete angle at
a point is 2m, and the measure of a right angle is 3m. This is
true both in euclidean and in non-euclidean geometry, although
in the latter case the unit angle cannot be defined as the angle
subtended by an arc equal to the radius, for in non-euclidean
geometry the ratio of the circumference to the radius is not
constant. However, for any given angle it is true, both in
euclidean and in non-euclidean geometry, that the ratio of the
arc to the whole circumference, or the ratio of the sector to the
area of the whole circle, is independent of the radius. This
ratio therefore affords a measure for a plane angle in non-
euclidean as well as in euclidean geometry, and 27 times this
measure is the ‘“radian” measure.

In three dimensions there are, in addition to the plane
angle, two species of “solid”’ angles: dihedral angles, or angles
at an edge; and polyhedral angles, or angles at a vertex. To
measure a solid angle, let O be the vertex, or, in the case of a
dihedral angle, any point on the edge; and construct a sphere
with centre O. The plane boundaries of the angle cut out a
certain area on the surface of the sphere, and, both in euclidean
and in non-euclidean geometry, the ratio of this area to the
whole surface of the sphere is independent of the length of the
radius. The unit of solid angle is chosen so that, in the case
of euclidean geometry, the measure of the angle is equal to the
ratio of the area cut out on the surface of the sphere to the
square of the radius ; the measure of the complete solid angle,
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at a vertex or at an edge, is then 47n. We may therefore
define the “radian” measure of a solid angle, in euclidean or
non-euclidean geometry, as 4= times the ratio of the area cut
out on the surface of the sphere to the whole area of the sphere,
or 47 times the ratio of the volume of the sector to the whole
volume of the sphere.

In spherical or elliptic geometry, where the whole of space
is finite, there is another way of defining the radian measure.
Consider first spherical geometry of two dimensions which is the
same as the geometry on a sphere, great circles taking the place
of straight lines. The angle at a point, the angle between two
great circles, can be measured by the ratio of the area (lune)
enclosed between the two great semi-circles to the whole surface
of the sphere. If % is the radius of the sphere, or the *space-
constant ” of the spherical space, the whole area of the two-
dimensional space is 4m&% In radian measure the whole angle
at a point is 2#, hence in spherical geometry of two dimensions
the angle between two rays is equal to the ratio of the area
enclosed between the two rays to 242

Elliptic geometry differs from spherical geometry in the
circumstance that antipodal points always coincide. The whole
area of the elliptic “ plane'’ is 2m4%..  Two rays which proceed
from a point O do not meet until they return to O. The angular
region enclosed between two opposite rays comprises the whole
of the elliptic plane, and the radian measure of this angle is =.
Hence, as in spherical geometry, the radian measure of a plane
angle in elliptic geometry is equal to the ratio of the area en-
closed between the two rays to 24%

In » dimensions there are » — 1 species of angles: angles
at a point, a line, a plane, . . ., an (» - 2)-flat, or, enumerating
them in the reverse order, angles bounded by 2, . . ., 72 - 2,
n — 1, or more than » - 1 hyperplanes. In euclidean geometry
we define the radian measure of an n-dimensional angle as the
ratio of the surface-content cut out of a hypersphere whose centre
is on the axis (vertex, edge, etc.) to the (z ~ 1)th power of the
radius. The surface-content of a hypersphere of radius £ in
n dimensions is £* = '2n¥*/I"(4n). Hence the radian measure of
the complete angle at a point, or an edge, etc., is 2m¥"/I'(}#).
Hence, in both euclidean and non-euclidean geometry, the radian
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measure of an #-dimensional angle is 27¥*/I"(47) times the ratio
of the surface-content cut out of a hypersphere whose centre is
on the axis to the surface-content of the whole hypersphere ;
or the corresponding ratio of volume-contents. In spherical
geometry, taking the hypersphere in the extreme case when it
occupies the whole of space, whose volume-content, which is the
surface-content of a hypersphere of radius £ of # + 1 dimen-
sions, is 27¥(® + 1"/ " 4(n + 1)}, the radian measure of an angle
is 27i"/I"(4n) times the ratio of the volume-content enclosed by
the bounding hyperplanes to 273+ 1" /T"14(n + 1)}, i.e. equal
to the ratio of this volume-content to £%/m . I'{4(n + 1)}/I'(sn).
This holds also for elliptic geometry. The radian measure of
the complete angle is 2##"/I'(4#), and the total volume of
spherical space is 27¥®™ + Vg C{§(n + 1)}

16. Relation Between the Area and Angle-Sum of a
Spherical Triangle. We proceed now to investigate the re-
lations connecting the angle-sums of a simplex in spherical
geometry with space-constant 4.

For two dimensions we have the familiar relation connecting
the sum of the angles and the area of a spherical triangle. Let
V be the area, and «, B, y the radian measures of the angles, the
complete angle at a point being 2.  We have (Fig. 41)

4 . area of lune ABAC

whole area of spherical surface’

Now the six lunes ABA'C, AB'A’C), etc., cover the whole sphere
once with the exception of the interior of the triangle ABC and

the antipodal triangle A'B'C’ which are covered three times.
Hence the sum of the areas of the six lunes

oA =

4kt + 4V
= 2/, 22«

Hence
V = 22 (Za - ).

17. Angular Regions of a Simplex. The same method
can be applied to a simplex in spherical space of # dimensions.
The 7 + 1 hyperplanes which form the faces of the simplex
divide the whole spherical space into 2" +! regions, which occur
in pairs of antipodal regions. Each of these regions is the in-
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terior of a simplex. Denote the vertices of the chosen simplex

by o, 1, ... # and those of the antipodal simplex by
o, 1, ... n. Then the vertices of each of the 2"+ sim-
plexes are represented by the » + 1 digits 0, 1, . . ., #, with or

without accents. It is convenient to represent the interior of

LX)

F1G. 41.

each region by the unaccented figures alone. Thus the anti-
podal regions (0’12 . . . #) and (o1'2" . . . »') will be repre-
sented by (12 . . . #) and (0) respectively ; this indicates their
relationship to the given simplex as standing on an (z - 1)-
dimensional boundary and a vertex respectively. (or. . . n)
is the interior of the chosen simplex, and ( ) that of the
antipodal simplex.

The number of regions of the type (o1 . . . #), standing on
an r-dimensional boundary, is ,, ;. ,C, , ;. and there are the same
number of regions of the type (» + 1, . . ., 7). When # is
even, antipodal regions are always of different type, but when »
is odd the antipodal regions {o1. . . §(z~ 1)} and {§(z+ 1)... 7}
are of the same type, both standing on boundaries of (2 ~ 1)
dimensions. Any region of type (o1 . . . #) will be denoted
by [» + 1]

18. We have now to consider the angular regions. A
single hyperplane 123 . . . # divides space into two regions;
that which contains the interior of the simplex will be taken
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as the positive side or interior and denoted by e,  , the
other region, which is antipodal to this, will be called the co-
interior and denoted by «;, . ,. Two hyperplanes 123...»
and 023 . . . # determine an angular region whose interior is
that which contains the interior of the simplex and will be
denoted by a,, . ,; the co-interior, which contains the an-
tipodal simplex, will be denoted by «;, .. ,; andso on. Thus
®pgr ... TEPresents an angular region whose axis is the boundary
of the simplex determined by the points p, ¢, 7, . . . «,, . .,
can be taken to mean the whole of space = S; «, =, = 4S.
o will be taken to mean the volume V of the simplex, o that
of the antipodal simplex.

The angular region a,,, ... » contains all the regions
[£] whose symbols include all the digits o, 1, . . ., » which
O 41,...n does not contain; ie. it contains the following
regions :—

the simplex (o1 . . . #),

» — +C, regions on (» — 1)-dimensional boundaries, whose
symbols are formed with 7~ of the digitso, 1, . . ., »
always including o, 1, . . ., 7;

2 — »C, regions on (# — 2)-dimensional boundaries, and so
on, up to the region (01 . . . 7) on the r-dimensional
boundary.

The number of angular regions of the type o, ., ... » is

n+1Cr+1 = n+1Cn-r-

We have next to consider the sums of the angular regions
of the same type. Let 2[»] be denoted by A,, so that A, ,,
denotes the volume of the simplex V, and A, the (equal)
volume of the antipodal simplex. Let A] denote the sum of
the regions antipodal to those which compose A, Then

++1 = A, _, both in total content and in separate parts,
and A,,, = A, _, in content.

Let 2o, , the summation extending to all angular
regions with » + 1 suffixes, be denoted by Z,, and Za;, . ,
by Z,. Za(=a) may be denoted by X _,, so that ' _, = V.
2%y . a= 0y .. n= &, =the whole content of space S.
Loy =2 =%+ 1S = 4(z + I)Zn‘

19. Now a given region [s] (s s # — #) is contained in each
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of the angular regions of type «,, ., . , whose suffixes contain all
the » + 1 — s digits which are not included in the symbol of
[s], and the number of these angular regions is ,C, _,; hence
in the sum Zo, ., each region [s] occurs ,C, _ , times. Hence

zr = n+1Cn—rAn+1 + nCn—rAn + ...+ n—rCn—rAn—r
= 'u+1cr+1V + nCrAl + ... + n—rCoAr+1'

Thus, putting » = o, 1, . . ., #, we have the following » + 1

equations in A,, . . ., A,:

z"o = u+1C1V + An
Ex = n+1CaV + ‘uCIAl + Am

2”—-1 = n+lCnV + ncn._[A] +'7‘_1Cn__2A2 + ... +A”,
Z.=V+ A +A +...+A,+V.

Also the relations
AL, =A,_, (r=o0,1, ..., 4n~-1o0r §(n- 1))

supply 4z or §(» + 1) further equations, according as # is even
or odd. Hence by eliminating the A’s we get, connecting the
volume V and the sums of the angular regions 2\, 4z + 1 or
$#(» + 1) relations, i.e. [$#] + 1, where [4~] denotes the in-
tegral part of {z.

20. Relation between the Volume and Angle-sums of a
Polytope. One of these relations is

2, = Za_ 1+ ..+ (=), =V + (-,

as is easily verified since the coefficient of A,,_, is (1 - 1)"'=0.
The other relations will not be required.

We shall now prove that this relation holds not only for
simplexes, but for any polytope which can be divided into
simplexes. Consider first a simplex-polytope and divide it
centrally ; i.e. take any point in its interior and join it to all
the vertices. We assume that the joining rays lie entirely
within the polytope, and the polytope is thus divided into
simplexes. Let 2, denote the sum of the angular regions at
the 7-boundaries for the polytope and X, the corresponding
sum for a constituent simplex; V the whole volume and V’
that of a constituent simplex. Then



158 GEOMETRY OF N DIMENSIONS [x. 20

22; = Nﬂ—lzﬂ’
22;-—1 = Zn-l + Nn—az"m
22;:—2 = Zn—z + Nn—az'm

22X =2, + N2,
2Zy=2,+ 2,
2V =V.
For each constituent simplex
Z -2 4.+ (2> =V + (-"V
Hence
Z{V’+(—)nv’}={Nn—1—N1|—2 +.o. +(_)n_‘No+(—I)n}2ﬂ
R D S G P8 3

But by Euler’s theorem the coefficient of 2, = 1, hence
-2+ (=02 =V + (=-)V.

Next consider any Eulerian polytope; take any #-bound-
ary and divide it centrally. Let «, be the volume of the
angular region at that »-boundary as edge; X, the sum of the
angular regions at an s-boundary for the given polytope and
Z, that for the transformed polytope. Then

D=2, (s=mn-1,...,7r+1)
Z; = Zr + (Nr—x,r - I)O(,,
Ze=2,+N,_, %, (=r-17-2...,1)
Zo=2,+ «,
V'=V.
Hence =2+ o+ (=)

=2, -2, +. .+ (=" 4+ (-2,
+ (_)n—r{Nr-1,r - Nr—z,r +. . '+(_)r—lNo,r + (_ I)r - I}“r'

But the given »-boundary being assumed to be an Eulerian
polytope,
N -N_,,+. .+ (=)V"'Ny,+(-1)=1

rT—-1r

Hence the expression X, - Z,_, + ...+ (-)"Z, is not
altered by this transformation. If now all the boundaries of the
polytope, of all dimensions, are divided centrally, the polytope
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is transformed into a simplex-polytope. Hence the relation
Zy=Zna+ oo+ (=02, =414+ (- 1MV (201)
is true for any Eulerian polytope in spherical hyperspace.
21. Now let S, denote the sum of all the angles at »-dimen-
sional edges expressed in radian measure, so that

w LGmm

2, =S,. 4k ‘PEW"' oy (r=o01, ... n~2)
(n + 1)
S, = 2T
I''i(n + 1)}
2211—-1 = Nn—l Z,,.
Then equation (20°'1) becomes
in
P{Sua - Siut e S e - Na )
Iiyn + 1) N |
= TUnygn I+ (- 1MV, . (211)

This relation is true for any Eulerian polytope in spherical or
elliptic space of » dimensions. In euclidean space 4 -  and
the equation reduces to

in

- . . m .

Sp_.=Sa_u+ ... +(- )"b(,=r( ”)(.\,,_,— 2). (21°2)
In hyperbolic space £ is purely imaginary. Replacing £ by &
when # is even we have

1
2

- e i _
”k{srn—2“511—3+ A +(")bo+1—1'(‘:|:—”‘3(2 Nn—-l)}

_ T + 1)) ~ .

= T(uyS {1+ (= DMV . . (21°3)

When 7 is odd the right-hand side vanishes; hence in this case
equation (21°2) is true in both euclidean and non-euclidean
geometry.

Ex. 1. If «, is the solid angle at a vertex and «, the
dihedral angle at an edge, show that for the regular tetrahedron,
cube, and dodecahedron 3«; - 2a, = 2w, for the octahedron
20; — ®y = 2m, and for the icosahedron 5o, ~ 20y = 6.

Ex. 2. For the regular polytopes in S, prove that

Ny, = 7)) = 2(u; = 7).
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CHAPTER X
THE REGULAR POLYTOPES

1. THE regular polyhedra have been famous from the time of
the Greek geometers, and it will be well, before considering the
corresponding figures in higher space, to examine these more
familiar figures in some detail. Each is characterised by two
conditions: (1) its faces are regular polygons with the same
number of sides, the lengths of the sides being therefore all
equal ; and (2) there are the same number of faces and edges
at each vertex. It can be proved that the vertices are then
also necessarily regular, i.e. not only the face-angles but also
the dihedral angles are all equal. Notice that condition (1) by
itself is not sufficient ; e.g. two equal regular tetrahedra placed
base to base form a polyhedron whose faces are all equilateral
triangles, but it is nevertheless not a regular polyhedron. From
the point of view of morphology, or analysis situs, the regular
polyhedra are special forms of a more general class, the /Zomo-
geneous polyhedra, with which they are isomorphic. Thus the
regular tetrahedron is isomorphic with the general tetrahedron,
the fact that the faces are all equilateral triangles being an
unnecessary accident. To determine the homogeneous poly-
hedra we leave out the condition that the faces are regular
polygons and define them by the two conditions : (1) each face
has the same number, 7 say, of edges or vertices, and (2) each
vertex has the same number, p say, of edges or faces.

2. Polyhedral Configurations. A homogeneous poly-
hedron is therefore a particular type of configuration which is
characterised by a matrix of the type

Ny 2 ”n
p Nl n
72 2 N

11 161
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The two numbers Ny = N, = # (the number of sides or vertices
of the polygons), and Ny, = Ny, = p (the number of edges or
faces at a vertex), are called its fundamental numbers.

We have then the relations

pNO = 2Nl = nN,,
and Euler’s formula

’

N, - N, + N, = 2;
l=

whence N, = 2#z), npd, N, = 2pA
A 2
where = m‘*_——’;}

3. Elliptic, Euclidean, and Hyperbolic Types. There are
now three cases.

(i) If the polyhedron is finite, A must be finite and positive,
hence
2n
<,
The smallest value of 7 is 3, and then p < 6; for n = 4, p < 4;

forn = 5,p< 4; forns 6, p< 3, but 3 is the least value of
#. Hence we have just the five cases

n 31313 )|4]5

|ﬁ34l533

(ii) If 2(» + p) — mp = 0o, A becomes infinite, and we have
an “open” polyhedron. The only cases here are

ni 3| 4|6
26143

(iii) If 2(» + p) — mp < 0, no configuration appears at first
sight to be possible. We shall examine this presently.

In the first case the polyhedron may be represented iso-
morphically by a configuration of N, points on the surface of a
sphere, and if the edges are replaced by arcs of great circles we
have a network on the sphere having N, meshes, N nodes, and
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N, edges. If S denotes the sum of the angles of a spherical
n-gon, its area = {S - (n — 2)n}#, where 7 is the radius of the
sphere.

Now 2S = 2aN,,
and 2Ny = 2N, = 2N,
Hence the total area of the meshes is

2Ny = (1 = 2Nt = 2022 = PN

If 2(n + p) - np = o, either »,or N (and therefore N, and
N,), or both » and N, must become infinite. If # is infinite the
sphere becomes a plane. If # is finite the meshes become inde-
finitely small, and euclidean geometry applies to them since now
S = (n — 2)m. In either case then the configuration can be
represented by a network on the euclidean plane.

If 2(n + p) - np << 0 we would have to postulate a sphere
of imaginary radius, since 2 must be negative. Now the
formule of spherical trigonometry, when the radius becomes

purely imaginary, are still real; e.g. the radius being 7%, the
formule

cos A =tan é cot i are equivalent to cos A= tanhé coth &
ik 7] k
cos A =sin B cos % cos A =sin B cosh ,%
?

and similarly for the others, and the latter are the trigono-
metrical formule which hold in the non-euclidean geometry of
Lobachevsky, or hyperbolic geometry; the former, for a real
radius (replacing 7 by %) being the trigonometrical formula
for spherical or elliptic geometry.

Case (iii) can then be represented by a network on the
hyperbolic plane, case (ii) by a network on the euclidean plane,
and case (i) by a network on the elliptic plane.*

* In hyperbolic geometry there are three types of spheres: spheres of
real radius, like ordinary spheres ; spheres of infinite radius, which are not
planes but the so-called *limit-surfaces,” which correspond conformally to
euclidean planes ; and spheres of unreal radius, surfaces equidistant from
a plane, “equidistant-surfaces,” which include the plane as a particular
case. Thus in hyperbolic geometry all three types of networks can be
represented,
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4. The following table is a summary of the homogeneous
plane networks, where 4, and £, are written instead of » and 2.

kl‘ kg. No. Nl- Nﬂ-
Tetrahedral 3 3 4 6 4
.2 | Octahedral . 3 4 6 12 8
&« | Hexahedral (cubical) 4 3 8 12 6
S}
Icosahedral 3 5 12 30 20
Dodecahedral . 5 3 20 30 12
S | Triangular 3 6 1 3 2
% | Hexagonal 6 3 3 1
]
;3 Square . . . 4 4 I @ 2 1
K 3 >6 6 : 3k : 2k
E 4 >4 4 1 2k 1 By
5 5 >3 10 @ 5k @ 2/
% 6 > 3 6 3kg H kg
feo) >6 =3 2k : Rk o 2k

5. The five elliptic networks correspond to the five regular
polyhedra. The octahedral and hexahedral networks, the

Tetrahedron.

Octahedron.  Hexahedron. Icosahedron, Dodecahedron.
F1G. 42.—Schlegel diagrams of the regular polyhedra.

icosahedral and dodecahedral, are reciprocals, the values of #,
and k;, N, and N,, being interchanged, N, having the same value
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for both. The tetrahedral network is self-reciprocal. So also
the triangular and hexagonal networks are reciprocal, and the
square network is self-reciprocal.

The spherical (elliptic) networks are most conveniently
represented by the Schlegel diagrams which represent the cor-
responding polyhedra.,

The following diagrams are the exact stereographic projec-
tions of the spherical networks, the centre of projection being
at the centre of a mesh. All great circles are represented by

F1G. 43.—Stereographic projections of the regular spherical networks.

circles. On each diagram is represented also the reciprocal
network with dotted lines.

6. Homogeneous Polytopes in n Dimensions. We have
next to consider the corresponding problem in space of higher
dimensions. A homogeneous polytope of z dimensions, like
a homogeneous polyhedron in three dimensions, is characterised
by two conditions. The first condition is that its (z ~ 1)-
boundaries or _face-constituents are homogeneous polytopes, of n— 1
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dimensions, all of the same form. The second condition cor-
responds to the fact that a homogeneous polyhedron has the
same number of edges at each vertex, but the condition is not
quite so simple. If the elements which pass through a given
vertex O are cut by a hyperplane not passing through the
vertex, the section is a polytope of # - 1 dimensions in which
any boundary of » - 1 dimensions is the section of an »-boundary
through O of the given polytope. This is a vertex- or angle-
constituent. The second condition is then that all the angle-
constituents arve homogeneous polytopes of the same form.

To form a homogeneous polytope of » dimensions we have
therefore to choose for the face. and angle-constituents two
homogeneous polytopes of # — 1 dimensions. But we shall
see that these two polytopes cannot be chosen independently.

7. The Eleven Homogeneous Honeycombs in Three
Dimensions. ILet us confine ourselves for the present to four
dimensions. 'We have at our choice five homogeneous polyhedra
of three dimensions: tetrahedron, hexahedron, dodecahedron,
with 3 edges at a vertex; octahedron with 4 ; and icosahedron
with 5. If the face-constituent is a tetrahedron, hexahedron, or
dodecahedron, the angle-constituent must have triangular faces,
and must therefore be either a tetrahedron, an octahedron, or an
icosahedron. If the face-constituent is an octahedron, the
angle-constituent must have quadrilateral faces, and can only
be a hexahedron. If the face-constituent is an icosahedron, the
angle-constituent must have pentagons for faces, and can only
be a dodecahedron. There are thus not more than eleven
possible cases. These correspond to homogeneous koneycombs
in space of three dimensions. We shall express these conditions
in a more convenient form.

8. Configurational Numbers. A homogeneous polytope
of four dimensions is a configuration, and we shall employ the
usual notation for its configurational numbers: N,,, = the number of
p-boundaries incident with a given g-boundary, N,, or N, = the
total number of p-boundaries, ,N,, = the number of p-boundaries
passing through a g-boundary and lying in an #-boundary.
Denote the configurational numbers of the face-constituents by
F,, and those of the vertex-constituents by V,,.
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Then Npg = Fpq (2<g<3)

and Nps=F, (2=0,1,2)
Also Npq=Vp—1’q—1 (f>9>0),
and Npy=V,_, (2=1,23)

Now in each 3-dimensional boundary the number of lines or
planes through a point is ¥, or F,; and (what is the same
thing) of the elements through each vertex the number of lines
or planes in each 3-dimensional boundary is Vi, or V,,,  Hence
F = Fy = V,, = Vy,; and if the fundamental numbers of the
face-constituents are Fp, = Fj; = Ny, = Ny, = £, and F), = F,,
= 3Ny = 3Ny = 4, those of the angle-constituents are V,
=Vy=4 and Vy=Vy=N, =N =4, The three numbers
%y, &y, k3 may be called the fundamental numbers of the four-
dimensional configuration.

%, = the number of vertices or edges of a polygon,
the number of edges or planes through each vertex of
a polyhedron,
k3 = the number of planes or 3-dimensional boundaries
through each edge.

2
I

9. We shall consider only polytopes whose faces and
angles are all finite configurations, so that only the 5 elliptic
types in three dimensions are available for their construction,
The possible values of £, &, %; are then

333, 334, 335; 343, 353; 433, 434, 435, 533, 534, 535.
But, just as in three dimensions, they may be of three types:
elliptic, euclidean, or hyperbolic.

This is a metrical distinction, and the discrimination can be
most readily effected by considering the special case of regular
polytopes. We can then distinguish them by the number of
cells or 3-dimensional boundaries which meet at an edge.
These are as follows:—

3, 4, or 5 tetrahedra, hexahedra, or dodecahedra,
3 octahedra, or 3 icosahedra.

It is necessary therefore to determine the dihedral angles of
the regular polyhedra in euclidean space of three dimensions.
Let A,, B, C,, . . . (Fig. 44) be the vertices of one face of
a polyhedron whose fundamental numbers are %), £, Let C, be
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the mid-point of an edge through C,, C, the centre of a face
through C,C,, and C; the centre of the polyhedron. The
angle C,C,C, = =/k,; let LC,CC, = 6, LC,C,Cy = 6, Draw
a unit sphere round C,; the edges and faces through C, cut this
in a regular spherical polygon of 4, sides; 6, is half the length
of its edge, and 6, half the magnitude of its angle, while /&,

n/k,

01
FIG. 44. FIG. 45.

is half the angle which an edge subtends at the centre. Hence
by spherical trigonometry (Fig. 45)
cos m/k, = sin 0, cos 8, = sin 6, sin =/k,,

which determines the dihedral angle 28, of the polyhedron.
By calculation we find the following table :

Possible
2. £q. CoS 26s. 20, Values
of kg.
Tetrahedron 3 3 3 70°5° 3,4,0r5
Octahedron . 3 4 -3 109°§ 3
Hexahedron . 4 3 0 90 3, (4)
Icosahedron . 3 5 - 5{*5— 1382 —
Dodecahedron 5 3 - 1;—5— 1166 3

10. The Six Regular Polytopes in Four Dimensions.
Hence closed polytopes are possible only with 3, 4, or 5 tetra-
hedra at an edge, or 3 octahedra, 3 hexahedra, or 3 dodeca-
hedra. 4 hexahedra at an edge completely fill up the space,
like 4 squares in a plane; this produces in euclidean space a
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regular honeycomb of cubes, 4 at each edge and 8 at each
vertex ; this is the only regular honeycomb in euclidean space
of three dimensions.

As the regular polyhedra correspond to regular networks
on the sphere, so the regular polytopes correspond to regular
honeycombs on the hypersphere, and regarding the hypersphere
as an elliptic space of three dimensions, we have six homo-
geneous honeycombs in elliptic space. Their fundamental
numbers are 333, 334, 335, 343, 433, 533 ; two are self-recipro-
cal: 333 and 343; the others are in reciprocal pairs: 334 and
433, 335 and 533.

The remaining four cases 534, 535, 435, 353, corresponding
respectively to 4 or § dodecahedra, 5 hexahedra, or 3 icosa-
hedra, at an edge, give homogeneous honeycombs in hyperbolic
space.

11. We have now to determine for the regular polytopes
the values of N, N;, N;, N3  We have the configuration

Ny 2k 2hkk
2 kgkgs N) kl klkﬂkﬂ
kokskas s Ny 2 ko
2kskss A5 2 Ng

where
2 2
EECER R I ey Sy Y
Now (chap. vii (4, 1))
Nokokos = Ny, Niky = Noky, Ny = Nokokyy

kry

Hence )
No . Nl H N2 H Na = klkli H kl'é2kl‘2k23 M k2k3k12k23 H kakgs.

For the regular polyhedra in three-dimensional space the
values of N, N,;, N, were determined by Euler's equation
Ny - N, + N, = 2. In four dimensions, however, Euler’s
equation is Ny — N; + N; = N = 0, which is homogeneous,
and therefore fails to determine the absolute values of the
numbers, and only their ratios are as yet determined. These
ratios are shown in the following table, which gives a list of all
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the homogeneous honeycombs in space of three dimensions,
elliptic, euclidean, and hyperbolic.

kl‘ kg. ks. l’m. ku. No H Nl H Ng H N;

3 3 3 3 3 1 2 2 1
B 3 3 4 £ 1 I 3 4 2
=2 4 3 3 I 3 2 4 3 1
] 3 3 5 % 2 1 6 10 5
= 5 3 3 2 H 5 1o 6 1

3 4 3 1 1 I 4 4 1
g 4 3 4 1 1 I I
a 3 3
£ 4 3 5 1 2 2 12 15§
£ 5 3 4 2 I 5 15 1z 2
o 5 3 5 2 2 1 6 6 1
% 3 1 3 2 2 1 10 10 1

To determine the absolute values of N, N;, N,, N; for the
regular polytopes in S, we shall actually build up the figures.
Each polytope can be identified by its fundamental numbers
kyleykes.

12. (333). The cells are tetrahedra, 3 at each edge, 4 at
each vertex.

Starting with a central tetrahedron, place a tetrahedron on
each face. This covers also the edges and the vertices, since
there are now 3 at each edge and 4 at each vertex. We have
now 5 tetrahedra, 10 triangles, 10 edges, and 4 vertices, and all
the triangles and edges are covered. The 4 new edges must
therefore meet in one remaining vertex and the figure is com-
pleted (s, 10, 10, 5). It is therefore a simplex or 5-cell.

(433). The cells are cubes, 3 at each edge, 4 at each vertex.

Starting with a central cube we add a cube on each face,
thus covering the edges and the vertices. Each new cube has
one old face, four common to two new cubes, and one face free;
four old edges, four common to three, and four common to two ;
four old vertices and four common to three. Hence we have
added 6 cubes, (2 + 1)6 = 18 faces, ({ + 2)6 = 20 edges,
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and £ x 6 = 8 vertices ; and we have now 7 cubes, 24 faces,
32 edges, and 16 vertices, i.e. (7, 24, 32, 16). The outer
boundary of the figure is again a cube, with 2 at each edge and
3 at each vertex, and one more cube, without any new faces,
edges, or vertices, completes the figure (8, 24, 32, 16). (See
Fig. 55, p. 178.) This is called the hexahedral 8-cell, or
simply the 8-cell, as it is the most important figure with 8 cells
in space of four dimensions. Other special isomorphic forms
are the parallelotope, the analogue of the parallelepiped, and
more specially the rectangular parallelotope or orthotope.

(334). This is the reciprocal of the 8-cell and can be obtained
from it by taking as vertices the centres of the eight cells. The
centres of the four cells at a vertex are the vertices of a tetra-
hedron ; the centres of the 3 cells at an edge form a triangle;
and the centres of two cells with common face are the ends of
an edge. Hence to each vertex of the 8-cell corresponds a
cell; to each edge, a face; to each face, an edge; and to each
cell, a vertex. The figure is therefore a 16-cell (16, 32, 24, 8).
This is the analogue of the octahedron.

(343). The cells are octahedra, 3 at each edge, 6 at each
vertex.

Let us start with 6 octahedra at a vertex. The outer
boundary is then of the form of a
cube with a pyramid on each face, 3
represented by the Schlegel diagram
(Fig. 46). At each of the cubical
edges (thick lines) there are two
octahedra, and at each of the cubical
vertices three; at each of the octa-
hedral edges and vertices there is just
one. Each octahedron has four free 7
faces, and four common to two octa-
hedra; four free edges, four common to two octahedra, and
four common to three octahedra ; one free vertex, four common
to three octahedra, and one common to six. Hence we have
so far 6, octahedra 6(4 + 2)= 36 faces, 6(4 + 2 + 4) = 44 edges,
and 6(1 + 4+ })= 15 vertices, i.e. (6, 36, 44, 15).

At each of the cubical edges we have to add one octahedron.
We have then 6 at each cubical vertex, 5 at each octahedral

2

-1

FIG. 46.
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vertex, and 3 at the octahedral edges, so that only the octa-
hedral vertices remain uncovered, while new vertices, with three
octahedra at each, appear in place
3 1 of the old cubical vertices. The
outer boundary is of the same form
as before, but at cubical edges there
is now just one octahedron, at octa-
hedral edges 2, at cubical vertices 3,
and at octahedral vertices 5 (Fig.
47). Each new octahedron has 2
old faces, 2 free faces, and 4 common
FiG. 47. to two octahedra; 5 old edges, I
free edge, 4 common to two octahedra, and 2 common to three ;
4 old vertices;, and 2 common to three octahedra. We
have therefore added 12 octahedra, 12(2 + 2) = 48 faces,
12(1 + 2 + §) = 44 edges, and 12 x } = 8 vertices, and we
now have (18, 84, 88, 23).

The figure is now completed by adding one octahedron at
each octahedral vertex. KEach new octahedron has 4 old faces,
and 4 common to two octahedra; 8 old edges, and 4 common
to three octahedra; g5 old vertices, and 1 common to six octa-
hedra. Hence we have added 6 octahedra, 12 faces, 8 edges,
and 1 vertex, giving (24, 96, 96, 24). This figure, the 24-cell,
is self-reciprocal.

(335). The cells are tetrahedra, 5 at each edge, and 20 at
each vertex.

Layer 1. Start with 20 tetrahedra at a vertex. The outer
boundary is then an icosahedron;
each edge has two tetrahedra, and
each vertex 5, (20, 50, 42, 13).
(Fig. 48).

Layer 2. Adding one tetra-
hedron to each face, each icosa-
hedral edge has now 4 tetrahedra,
and each icosahedral vertex 10,
(40, 110, 102, 33). In order to
cover the edges and vertices of
the first layer we require to add further one tetrahedron to
each edge (7o, 170, 132, 33), and 5 to each vertex (130, 290,

F1G. 48.
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204, 45). To the vertices of the first layer there now corre-
spond vertices in similar positions, and also a vertex corre-
sponding to each of the faces of the first layer, i.e. we have both
icosahedral and dodecahedral vertices. The icosahedral edges
have disappeared and are replaced by dodecahedral edges.
The outer boundary is now a dodecahedron with pentagonal
pyramids on the faces, a “ pentakis-dodecahedron” (Fig. 49).
At each of the dodecahedral vertices there are 10 tetrahedra,
and at each of the icosahedral vertices 5; at each of the

F1G. 49.

dodecahedral edges (thick lines) there are 3, and at each of the
others 2.

Layer 3. To cover this layer we require now to add one
tetrahedron to each face (190, 440, 324, 75), one to each of the
pyramid edges (250, 560, 384, 75), one to each of the dodeca-
hedral vertices (270, 580, 384, 75), and 5 to each of the
icosahedral vertices (330, 700, 456, 87). The icosahedral
vertices are now replaced by others in similar positions, while
the dodecahedral vertices are replaced by triangles. The outer
boundary is now a polyhedron bounded by 12 pentagons and
20 triangles, two of each at each vertex (this semi-regular
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polyhedron is denoted by the symbol 32°53%), and a pyramid
on each of the pentagons (Fig. 50). At each of the icosahedral
(pyramid) vertices there are 5 tetrahedra, at each of the others
12; at each of the pyramid edges there are 2, and at each of
the others 3.

Layer 4. To cover this layer we have to add one tetra-
hedron to each face (410, 880, 576, 107), one to each pyramid

F1G. s50.

edge (470, 970, 606, 107), and § to each icosahedral vertex
(530, 1090, 678, 119). The outer boundary is again a penta-
kis-dodecahedron with 16 tetrahedra at each dodecahedral
vertex, § at each icosahedral vertex, 4 at each dodecahedral
edge, and 2 at each pyramid edge (Fig. 51).

Layer 5. 1If we add now a tetrahedron at each dodeca-
hedral edge (560, 1150, 708, 119), and one at each dodeca-
hedral vertex (580, 1170, 708, 119), the boundary is again an
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icosahedron, with 3 tetrahedra at each edge and 15 at each
vertex (Fig. 52).
The addition of one tetrahedron to each face adds 2 to each

FIG. 51,

edge and 5 to each vertex, and thus completes the figure (600,
1200, 720, 120), which is thus a 600-cell.

The 120 vertices of the 600-cell have thus been divided into
groups as follows :

1, 12, 20, 12, 30, 12, 20, I2, I. \ 3
In the three-dimensional Schlegel
model, with a vertex at the centre,
groups of 12 vertices form regular
icosahedra, groups of 20 form regu-
lar dodecahedra, and the central
group forms the icosidodecahedron

320528 A representation of the Fie. 52
600-cell, with a description of a T
model, based on this dissection of the figure, will be found in
Proc. R. Soc. Edinburgh, vol. 34 (1914).

The 120 vertices of the 600-cell are most conveniently
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denoted according to the zones in which they lie. The zones
are denoted by letters A, B, C, D, E, D', C, B, A’. A and A’
are single vertices. The vertices in other zones are numbered,
opposite vertices of a zone being distinguished by accents.
B and D consist of 12 vertices, numbered 0; 1, 2, 3,4, 5; 1’,
2, 3', 4, 5'; 0. C consists of 20 vertices numbered 1, 2, 3, 4,
5:1,2345;1,2,3,4,5; 1,2, 3, 4,5. InzoneE, the
mesial zone, the 30 vertices are numbered 1, 2, 3, 4, 5; I, 2, 3,
4, 5; 13, 24, 35, 41, §2; 13  or 31, etc.; the 10 vertices of the
equator of this zone being represented by the pairs of numbers
which represent the vertices to which they are connected.
The edges are shown as follows:
A joined to each B.
Bo ,, , A;B1,234,5;C1,2,34,5;Do.
I , » A;B0,23,4,5;C1,3434; D1
Ct ,, , Bo,34;C125; Do 34; E1, 3,4

r ., ” BI',3,4;CI,3’,4';Dl',3,4;EI,I3,I4.
Do ,, , Bo;Cu1,234,5;E1,23,4,5; Do
r ., ”» BX;CI',3,4,3,4;EI,3I,4I,3,4;D'I.
Ex , , C3,4;D01;E275,34;Do1;C 34
I, , Crn1;D34;E3,4,13,14;D3,4;C1,1
13, , C13;D1,3;E1,3,5314;D'1,3;C1,3.

(To complete this table: (1) perform a cyclic permutation of
the numbers 12345 in each row, keeping o unaltered ; (2) inter-
change accents. E'is the same as E.)

(533). This is the reciprocal of the 600-cell, and has there-
fore the numbers (120, 720, 1200, 600). It is called the 120-
cell, being bounded by 120 dodecahedra. In the Schlegel
model with a dodecahedron at the centre we have successive
zones of dodecahedra

I, 12, 20, 12, 30, 12, 20, 12, I.
The 600 vertices are then arranged in zones
20, 20, 30, 60, 60, 60, 20, 60, 20, 60, 60, 60, 30, 20, 20.

Groups of 20 form the vertices of regular dodecahedra, groups
of 30 form the vertices of the semi-regular icosidodecahedron,
and groups of 60 form the vertices of another semi-regular
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polyhedron 62%1% bounded by 20 hexagons and 12 pentagons,
the ““icosahedron truncum.”

13. As a comparison with the corresponding regular poly-
hedra in three dimensions we note that the vertices of the
dodecahedron can be grouped in circles 5, 5, 5,5; 1, 3, 6, 6, 3,

1; of 2, 4,2, 4,24, 2 (Fig. 53) while those of the icosahedron

DO

F1G. 53.—The regular dodecahedron.

fall into groups 1, 5, 5, 1; 3, 3,3, 3; or 2, 2,4, 2, 2 (Fig.
54).

14. Relations between the Regular Polytopes of Four
Dimensions. In addition to the reciprocal relationships
between the 8-cell and the 16-cell, the 120-cell and the 600-cell,
there are simple relationships between the 8-cell, the 16-cell,

BT

F1G. 54.—The regular icosahedron.

and the 24-cell analogous to the relationship of a tetrahedron
to a cube.

Tke vertices of a regular 8-cell fall into two groups whick arve
vertices of two regular 16-cells.

Denote the vertices of one cube of the 8-cell by ABCDPQRS
(Fig. 55), ABCD being a regular tetrahedron and P, Q, R, S
the opposite vertices of the cube; and let A’, B), etc., be the
opposite vertices of the 8-cell. The 8 cells are then

12
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ABCDPQRS A'BCDPQR'S
A'BCD'SRQP ABCDSRQP
ABCDR'SPQ A'BCDRSPQ’
ABCD'QPSR ABCDQPSR.

The lines joining pairs of the 8 vertices A, B, C, D, A’, B/,
C', D', with the exception of pairs of opposite vertices AA, etc.,

FiG. 35,

are diagonals of squares and are therefore all equal. Hence
there are 16 regular tetrahedra:
ABCD A'BCD’ ABCD’ A'BCD
A'BCD ABCD’ A'BCD’ ABCD
ABCD A'BCD’ ABCD’ A'BCD
ABCD A'BCD’ ABCD’ A'BCD

which form a regular 16-cell. Similarly a 16-cell is formed
with the 8 vertices PQRSP'Q'R’S".

The vertices of a vegular 24-cell can be divided into three
separvate groups, each forming the vertices of a regular 16-cell.

Referring to the construction of the 24-cell (p. 171) we see
that if we omit one vertex O (the central vertex, say, in the
Schlegel model), the opposite vertex O’, and the six vertices
opposite to O of the six octahedra which meet at O, which are
also the vertices opposite to O’ of the six which meet at O’, we
are left with 16 vertices which are those of a regular 8-cell.
The vertices omitted are those of a regular 16-cell. Considering
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the hyperspherical network corresponding to the 24-cell, ie.
a division of elliptic three-dimensional space .into 24 octahedra,
we may derive this division as follows. First divide elliptic
space into 8 regular hexahedra, 3 at each edge. The centres
of the cells are then vertices of a regular tetrahedral 16-cellular
honeycomb. Each hexahedron is divided into six quadrilateral
pyramids, and two quadrilateral pyramids on opposite sides of
a face of a hexahedral cell together form a regular octahedron
(Fig. 56). We have therefore 6 octahedra at the centre of each
hexahedral cell; and since there are

4 hexahedra at a vertex there are 12

pyramids and therefore 6 octahedra

also at each hexahedral vertex. Also

since there are three hexahedra at

each edge there are three octahedra

at each hexahedral edge, and there

are three also at each of the other

edges. Half of each octahedron is

one-sixth of a hexahedron, hence there

are 3 x 8 = 24 octahedral cells. F1G. 56.

Thus the 16 vertices of the 8-cell and the centres of the
8-cells (which are also vertices of a 16-cell) are vertices of a
24-cell; and since the vertices of the 8-cell can be further
divided into two groups of vertices of 16-cells, the 24 vertices
of the 24-cell can be divided into three groups of vertices of
16-cells.

15. The Regular Polytopes Referred to Rectangular
Axes. We shall consider this problem first for the three-
dimensional figures.

(1) The Cube. The simplest rectangular axes are those
through the centre parallel to the edges (Fig. 57). The length
of the edges being 2, the co-ordinates of the vertices are :

A(C 1, -1, - 1), A(C-1, 1, 1)
B(-1, 1,-1), B( 1,-1 1)
C(-1,-1, 1) CC 1, 1,-1),
D( 1, 1, 1) D(-1,-1,-1)

(2) The Tetrahedron. In the same figure ABCD is a
regular tetrahedron. The length of the edge = 2,/2.
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(3) The Octahedron. Take as axes the three body diagonals
(Fig. 58). Then the co-ordinates are

X(1, 0, 0), X(-1, 0 0),
Y(0, 1, 0), Y( 0, -1, 0),
Z(0, 0, 1), Z( 0, 0, - 1),

the length of the edge being /2.

(4) The Dodecakedron. Consider three contiguous faces of
a dodecahedron, DRNA'P, DPLB'Q, DQMC'R, meeting at
D (Fig. 59), and draw the diagonals DA’, DB, DC. Now
DA’||RN, and DB’|| PL, but the edges PL and RN are
orthogonal, hence DA’ | DB, and similarly | DC’ also; and

F1G. 57. FI1G. 58.

since these diagonals are equal they form the edges of a cube.
The vertices of this cube are ABCDA'B'C'D". As each face
has 5 diagonals, there are 5 ways of choosing 8 vertices of
a regular dodecahedron to form the vertices of a cube.

We can now choose a set of rectangular axes through the
centre of the dodecahedron parallel to the edges of the cube.
Taking the length of the edge of the cube = 2¢, and the edge
of the dodecahedron = 24, we have (Fig. 60)

¢ = 2acos36° = $(J/5 + 1)a
a = '&(N/S - I)"»
MN =¢ - a = }(J/5 - 1)
PN = 2asin 36° = },/(10 - 2 /5)a
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Hence PM? = PN? - MN?=1(10 - 2,/ 5 - 6 + 24/5)a* = @,
ie. PM = a = $(J5 - 1)

—3

P '\

P
(o]

The co-ordinates of the vertices of the dodecahedron are
then

F1G. 60.

A B C D A, B, C,D * ¢, + ¢, +c,
P,L P L o, t a, + (¢ + a),
QMQM +(c+ a) o, + a,
R, N,R, N * a, * (¢ + a), 0;
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or, if the edge of the dodecahedron is unity, and e stands for
/5, we have

8 vertices tde+1), tiHe+1), Eie+1),
4 vertices o, + 4, + 3(e + 3),
4 vertices * e + 3), o, t4,

4 vertices + 4, * (e + 3), o.

(5) The Icosakedron. The centroids of the faces of the
dodecahedron are vertices of a regular icosahedron. Taking
the face DRNA'P (Fig. 59) whose vertices have co-ordinates

c c, c,
a, ¢+ a 0,
- a, c+ a 0,
-6 [ c,
o, a, ¢+ a,

the co-ordinates of the centroid are o, }(4¢ + 3a), (3¢ + a),
and for the centroid of the face BNRCL': 0, }(4¢ + 3a),
—1(3¢ + a). The distance between these adjacent vertices is
2(3¢ + a) = 2(34/5 + 5)a. Hence, if the edge of the icosa-
hedron is unity, the co-ordinates of the vertices are

o, ti(e+ 1) t 4,
+ 4, o, + e + 1),
+ 3(e + 1), + 4, o.

16. The Regular Polytopes of Four Dimensions Re-
ferred to Rectangular Axes. (1) 7/e 8-Cell. Taking the
origin at the centre and axes parallel to the edges, the co-
ordinates of the 16 vertices are (see Fig. 55, p. 178)

PO 1,-1,-1, 1) A(-1, 1, I, 1)
Q(- 1, 1, -1, 1), B( 1,-1, 1, 1),
R(-1,-1, 1, 1), C 1, 1,-1, 1),
SC 1, 1, 1, 1) D(-1,-1,-1, 1)

the other 8 vertices A’, . . ., P', . . . having the co-ordinates
all reversed in sign. The cells are formed of eight vertices
with different letters, all unaccented, all accented, or two of
ABCD accented, say A'B'CD, and the two corresponding
letters of PQRS unaccented, PQR’S". Pairs of vertices with
the same letter, accented and unaccented, as AA’, having all
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the co-ordinates different, form 8 body diagonals. Pairs of
ABCD or PQRS, each with or without accent, having two co-
ordinates different, form 48 diagonals of squares. Pairs such
as AP, AQ', AR’, AS’, (not AP’), having three co-ordinates
different, form 32 diagonals of cubes. Pairs such as AP, AQ,
AR, AS, having one co-ordinate different, form the 32 edges.
The length of the edge = 2.

(2) The 16-Cell. Taking for axes the four body-diagonals,
the co-ordinates of the vertices are

(1, o, o0, O0)
( o1, o0, 0)
( o o %1, 0)
( o, o o 1)

the length of the edge being /2.

The vertices of the 16-cell may also be taken as half the
vertices of the 8-cell, say ABCDA'B'C'D’ or PQRSP'Q'R'S".
Its edges are diagonals of squares, of length 2,/2.

(3) The 8-Cell. Another set of axes for the 8-cell may be
obtained from this last representation by taking the centroids
of the cells of the 16-cell. The centroids are: for ABCD,

(o, 0, 0, 1); for ABCD', (4, 4 4, 4). Hence we obtain ag
vertices of the 8-cell

P 1,-1,-1,1),P(-1, 1, 1,-1),FF(*2, o, o, o)
Q(-1, 1,-,0),QC 1,-1, 1,-1),GG( o %2, 0. 0),
R(-1,-1, ,1),R(C 1, 1,-1,-1)HH(o0, o %2 o)
S¢( 1, 1, 151),S(-1,-1,-1,-1),K,K(0, o, o *2)

the length of the edge being 2. The vertices PP’QQ'RR’'SS’
form one' 16-cell, and the vertices FF'GG'HH'KK' another 16-
cell. The 32 edges are FP, FQ', FR', FS, KP,KS; the others
being obtained from these by cyclic permutations (PQR)(FGH)
and interchanging accents.

(4) The 24-Cell. The vertices of a 24-cell are the vertices
and cell-centres of an 8-cell. Hence we can represent them by
ABCDA'BCD, PQRSP'QR'S, FGHKF'GH'K', with co-
ordinates (+ 1, * 1, 1, * 1), (£2,0,0,0), (0, 2,0, 0),
(0,0, £2,0), (0, 0,0, +2) The edges are FA', FB, FC,
FD'; FP, FQ, FR', FS; PA’, PB, PC, PD; KA, KB, KC,
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KD; KP, KQ, KR, KS; SA, SB, SC, SD/, and others ob-
tamed by the 31multaneous cyclic permutations (ABC) (PQR)
(FGH) and interchange of accents. The length of the edge = 2.
(5) Tke 5-Cell. Take one of the tetrahedra as (xyz)-co-
ordinate-flat, the co-ordinates of its four vertices being
(-n,1,1,0),(1,'-1,1,0),(1, 1, -1,0), (-1, = I, = 1,0).
The line joining the centroid C of this tetrahedron to the op-
posite vertex of the 5-cell is the axis of , and the co-ordinates
of the 5th vertex are (0, 0, 0, ¢). The edges are all equal if
8 =3+ & hencec = /5 = e. The co-ordinates of the cen-
troid of the 5-cell are now (0, 0, 0, 1e), so that transforming to
parallel axes through the centroid we obtain the vertices

(" I I I- %L’)’ (Ir - LI — %e), (I) I -1 - %e))
(-1, =1, =1, — 3e), (0, 0,0, ).

The length of the edge = 2,/2.

(6) The 600-Cell. The vertices of the 600-cell have been
grouped in zones of 1, 12, 20, 12, 30, 12, 20, 12, I. The cen-
tral zone consists of the semi-regular icosidodecahedron whose
vertices are the mid-points of the edges of a regular dodeca-
hedron. Referring this to rectangular axes we find the co-
ordinates of its 30 vertices:

+ '%(e + I): o, O,
0, + 4(e + 1), o,
o, o, * 4(e + 1),

* i(e + 3)’ * %v * -]i(e + I)r
tie+1), ti+3) * 4,
+ 4, t i+ 1), =i+ 3),

the length of each edge being unity, and the radius of the cir-
cumscribed sphere 4(e + 1). For each of these vertices the
fourth co-ordinate 2 = 0, and the co-ordinates of the two ver-
tices at each end of the series of zones are {0, 0, 0, * 4(¢ + 1)}
If we interchange the axes of » and y and at the same time
those of 2z and w we get further vertices, and thus obtain the
104 vertices:
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* 3e + 1), 0, o, 0,
o, * i(e + 1), o, o,
o, o, * e + 1), o,
o, o, o, t }e + 1);
o, * e + 1), 5, * 1(e + 3)
o, 4 i+ 3), e+ 1)
0, £ 1+ 3), *ie+ 1) i,
* 1(e + 1), 0, * e + 3), * 3,
+ 4, o, e+ 1), *i+ 3)
t 1 + 3) 0. 4, tie+ 1);
* %) * i(e + 3)! 0, x i(e + I)
* }(e + 3)’ + i(e + [)» o, x 2!
£il(e + 1), 4, o, *i(e + 3);
i (e + 3), + 4 t i(e + 1), o,
e+ 1), *i(e+ 3) + 4, o,
* 3 *He + 1), e+ 3), o.

We have now obtained zones of vertices at distances
$(e + 1), }(e + 3), ¥(e + 1), 4, and O, from the central zone,
and the numbers in these zones are 1, 12, 12, 12, 30. Hence
there are 8 more vertices with w = }(¢ + 1). As from sym-
metry there must also be 8 more with » = }(e + 1), etc., the
additional 16 vertices can only be

*ie+ 1), xi(e+ 1), i+ s) i+ 1)

We verify that these vertices also are at a distance 4(e + 1)
from the centre.

The following table identifies the co-ordinates with the ver-
tices according to the notation of § 12. The edge is taken
equal to 4 :
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x ¥ z w.
A o o o 2(e + 1)
Bo, 1 *2 e+ 1 e+ 3

2, 5 e+ 1 o +2 e+ 3
3 4 t2 e+ 1 o e+ 3
Ci, 1 o e+ 3 * 2 e+ 1
4, 3 +2 o e+ 3 e+ 1
5 2 e+ 3 t2 o e+ 1

s, 3, 4, 2 e+ 1 e+ 1) | e+ 1) e+ 1

Do, 1 o e+ 1) e+ 3 2
2, § e+ 3 o e+ 1) 2
3 4 Te+1)| e+ 3 o
E 52 2(e + 1) o o o

1 o 2(e + 1) o o
1 o o 2(e + 1) o

3 13, 41, 4 2 e+ 3) | X+ 1) o

2, 3, 5 4 e+ 1) 2 T+ 3) o

5,42, 2,35 e+ 3) | X+ 1) 2 o

The order of the combinations of sign, corresponding to the vertices
going from left to right ina rowis + +, + -, — +, — —. To complete
the table change the accents in the numbers and reverse the signs of
x, y, z,; accent the letters and change the sign of w.

17. The Homogeneous Honeycombs in n Dimensions.
We have now to complete the problem of determining the
homogeneous polytopes in space of z dimensions, which is part
of the somewhat wider problem of determining the homogeneous
honeycombs in space of # — 1 dimensions. Considering the
problem from the second point of view we have to divide space
of » — 1 dimensions into cells which are all homogeneous closed
polytopes of » — 1 dimensions of the same form, i.e., homogene-
ous honeycombs of elliptic space of » -~ 2 dimensions; and
further, if a small hypersphere is described round each vertex
the honeycomb into which its surface is divided is also a homo-
geneous honeycomb of elliptic space of » ~ 2 dimensions.

Consider any boundary A, ,, of # + 1 dimensions, and in
it any boundary A, of ¢ dimensions (¢ 22). In A, ., take
any (p — g + 1)-flat S, __,, cutting A, in a point O, and con-
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struct a small hypersphere with centre O. Boundaries of
g + » dimensions through A, are cut by S,_,., in »-flats
through O, and these cut the hypersphere in (» — 1)-dimen-
sional regions; in particular the (¢ + 1)-boundaries through
A, cut the hypersphere in points, the (¢ + 2)-boundaries in
arcs of great circles, and so on. Thus the figure formed on
the hypersphere is a homogeneous elliptic honeycomb of p — ¢
dimensions, and if Ny, are its configurational numbers

’
aNbc=a+th+q,c+q'

In particular for ¢ = p — 1 we have an elliptic honeycomb of
1 dimension, i.e. a polygon, and

’ .
N = ,Njo = 2;

p+1'pp—1

for ¢ = p — 2 we have a 2-dimensional honeycomb, and

v </ <7 e
p.“I\,,,,._,=3Ngo=31\10=,,+.1\,,_1,p_z~
The numbers
T
p+ N p-1=p4s1Nprp-a=4k, (P=1L2...,2-1)

are called the fundamental numbers of the honeycomb. The
notation is extended to hold for p = 1, with the understanding
that N, _, means the total number of p-boundaries in an
r-boundary, = N,,.

Now let ,F,, be the configurational numbers of the face-
constituents or cells of the complete honeycomb of » — 1
dimensions, then

1’+]P1),p—2 = p+|Np,p—') = kp'

Hence the fundamental numbers of the face-constituents are
kl’ kg, s ey A’ﬂ-—‘}'

et ,V,, be the configurational numbers of the vertex-
constituents or assemblage of elements through a vertex, then

p+ Vo p—a=p+iNprrp-1 = bptn

Hence the fundamental numbers for the vertex-constituents are
by by oo ke )
18. The Eleven Homogeneous Honeycombs in Four
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Dimensions. For a finite polytope in 7 dimensions with
closed cells both the face-constituents and the vertex-constituents
must be elliptic honeycombs or closed polytopes. For finite
homogeneous polytopes in four dimensions or elliptic honey-
combs in three dimensions we have seen that the only sets of
fundamental numbers are

333, 334, 335, 343, 433, 533-

Hence for homogeneous polytopes in five dimensions or honey-
combs in four dimensions with closed cells the only sets of
fundamental numbers possible are

3333, 3334, 3335, 3343, 3433, 4333,
4334, 4335, 5333, 5334, 5335.

19. We have now to discriminate as before whether these
are elliptic, euclidean, or hyperbolic, and as the same problem
will recur successively in passing from one dimension to the next
we shall investigate a general criterion depending on the di-
hedral angles.

Consider a regular honeycomb in space of » dimensions
(elliptic, euclidean, or hyperbolic), with the fundamental
numbers £, &, . . ., £,. Let C; be any vertex (Fig. 44, p. 168),
C, the mid-point of an edge through C,, C, the centre of a two-
dimensional boundary (polygon) through C,C,, and in general
C, the centre of an #-boundary through CC, ... C,_,.
C,CC, (» < g < 7) is always a right-angled triangle with right
angle at Cq.

The angle C,C,C, is half the angle at the centre of a plane
face subtended by an edge and is equal to w/£. The angle
C,C,C, is half the angle between two adjacent edges, = 6, say;
C,C,C; is half the dihedral angle between two adjacent plane
faces, = 6, say; in general let C,C, _,C, ; ,, half the dihedral
angle between two adjacent p-boundaries, be denoted by 6,
Since there are £, boundaries of #» — 1 dimensions at each
(n - 2)-boundary the angle C, _,C,_.C, = 0, _, = 7n/k,.

In the 3-dimensional boundary C,C,C,C, draw a small
sphere with centre C,, This is cut by the lines and planes
through C, in a regular spherical polygon with sides 26, and
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angles 20, and the angle subtended at the centre of the polygon
by half the side = #/k, Hence by spherical trigonometry

cos m/k, = sin 8, cos 6,

In the 4-boundary C, . . . C, take a hyperplane « perpen-
dicular to C,C, at C, and in this hyperplane draw a small
sphere with centre C,. This is cut by the lines and planes in
which « cuts the planes and hyperplanes through C,C, in a
regular spherical polygon with sides 26, and angles 26;, and the
angle subtended at the centre of the polygon by half the side
= m/k;. Hence

cos 7/ky = sin 8, cos b,
Proceeding in this way we have the recurring formula
cos m/k, = sin 0, cos 0, _, (r=2,3...,n-1)

and as 0,_, = =w/k, this formula determines in succession
6 g 0n_y . . ., 0

As the formula of spherical trigonometry are the same for
elliptic, euclidean, or hyperbolic geometry, the geometry at an
angle being always elliptic, the foregoing investigation holds
whether space is elliptic, euclidean, or hyperbolic. To dis-
criminate this we take now the angles in a plane face, and
consider the right-angled triangle C/C,C,  In euclidean

geometry 0, + w/k, = =2, in elliptic geometry 8, >g - %, and
1

in hyperbolic geometry it is less.
20. The Three Regular Polytopes in Five or more
Dimensions. Now for a honeycomb in 4 dimensions

cos m[ky = sin 65 cos 0, = sin w/&, cos 6,

and cos m/ky = sin 0, cos 0,.
2 2

cos® wlk,  cos’ mlk, _

Hence - ;
sin® w/k,  cos’ 8,

I,

and the honeycomb will be elliptic, euclidean, or hyperbolic,
according as
cos® w/ky | cos® mlk

4+ 3L =, 0or > 1.

sinf wjk,  sin® wlk,
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Applying this to the eleven sets of values of £, £, %, £, we
find that

3333, 3334, 4333 are elliptic,
3343, 3433, 4334 are euclidean,
3335, 5333, 4335, 5334, 5335 are hyperbolic.

Hence in space of five dimensions there are just three regu-
lar polytopes. 3333 is a regular simplex, 4333 is a regular
orthotope, and 3334 is the reciprocal of the orthotope. We
see also that euclidean space of four dimensions can be divided
into three regular honeycombs: 3343 has 16-cells as its cells,
3433 (the reciprocal of the former) has 24-cells as its cells,
and 4334 has orthotopes and is the analogue of the square
network in two dimensions and the cubical honeycomb in three
dimensions.

21. For a honeycomb in five dimensions the only sets of
values for the fundamental numbers, since 4,4,4,4, and Aok bk,
must be both elliptic, are

33333, 33334, 43333, 43334-

Clearly the first gives a simplex in S, the third an orthotope,
and the second the reciprocal of the orthotope; while 43334 is
a honeycomb in euclidean space of five dimensions with ortho-
topes for cells.

For space of higher dimensions these series persist and are
the only ones possible. Recapitulating, in a plane there are an
unlimited number of regular polygons and 3 regular networks,
in space of three dimensions there are 5 regular polyhedra
and one regular honeycomb, in S, there are 6 regular polytopes
and three regular honeycombs, in space of more than four
dimensions there are just 3 regular polytopes and one regular
honeycomb. The following is a complete table of the funda-
mental numbers of all the honeycombs with closed cells:
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Dimensions. 2. 3. 4. 7”n> 4.
Elliptic . 33 333 3333 | 33...33
34 334 3334 | 33...34
43 433 4333 | 43 ... 33
35 335
53 533
343
Euclidean 44 434 4334 | 43 34
36 3433
3 3343
Hyperbolic . byy 435 4335
- 534 5334
g 535 5335
* 353 3335
Y 5333
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AUSTIN. 125. 6d. met.  CHARLES
DICKENS. 3s. 6d. met. GENERALLY
SPEAKING.  ALL THINGS CONSIDERED.
TREMENDOUS TRIFLES. [FANCIES VERSUS |
FADS. ALARMS AND DISCURSIONS. A
MiscELLANY oF MEN. THE Usss o |
DiversiTy. THE OUTLINE OF SANIT:
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Each Feap. 8vo. 6s. net, A GLEAM-
ING COHORT, Fcap. 8vo. as. 6d.net.

WINE, WATER, AND SoNG. Fcap. 8vo.
15, 6d. net,

Clutton-Brock (A.)
WHAT 18 THE KINGDOM OF HEAVEN?
ESSAYS ON ART. SHAKESPEARE’S HAM-
LET. Each ss, net, ESsAYs ON BooKs.
MoRe EssAys ON BoOKS. ESSAYS ON
Lire. EssAvsoN RELIGION. ESsAYSON
LITERATURE AND Lire. More EssAvs
ON RELIGION. Each 6s. net. SHELLEY,
THE MAN AND THE POET. 7s. 6d. net.

Crawley (Ernest)
THR Mystic ROSE. Revised and
Enlarged by THEODORE BESTERMAN.
Two Vols, Demy 8vo. £1 108, net.
STUDIES OF SAVAGES AND Sgx. Edited
by THEODORE BESTERMAN. Demy 8vo.
108, 6d. net.

Dickle (E. P.)
PSAMMYFORSHORT, REx: Imp., Illus-
trated by FRANK ADAMS. ss. net,

Dolls’ House (The Queen's)
THE Book OF THE QUEEN’S DoLLs’
House. Vol. I. THE Housg, Edited
by A. C. BensoN, C.V.0., and Sir
LawreNce Weaver, K.B.E. Vol. II.
THE L1BrARY, Edited by E. V. Lucas.
Profusely Illustrated. A Limited Edi-
tion. Crown 4to. L6 6s. net.
EvErYBODY'S BOOK OF THE QUEEN’S
DoLrs’ House. An abridged edition
of the above. [llustrated. Crown 4t0.
58, net.

Dugdale (E, T. 8.)
GERMAN  DIPLOMATIC  DOCUMENTS,
1871-1914. Selected from the Docu-
ments published by the German For-
eign Office. In 4 vols. Vol. I, 1871~
g9o. Vol. II, 1891-8. Demy 8vo.
Each L1 18, net.

Edwardes (Tickner)
THg LoRE OF THE HONBYBEE. Thir-
teenth Edition. %s.6d.net. BEEKEEPING
FOR ALL. 3s. 6d. net. THE BEE-
MASTER OF WARRILOW. Third Edition.
ns, 6d. met. All illustrated. BEE-
KEEPING D0’8 AND DON'TS. 21, 6d. net.

Elnstein (Albert)
RELATIVITY ;: THE SPECIAL AND GEN-
ERAL 'THEORY, sgs. net. SIDELIGHTS
ON RELATIVITY. 35, 6d. net.
MEANING OF RELATIVITY.  §5. net.
THE BROWNIAN MOVEMENT. §s5. net.

'

THE

Erman (Adolph)
THE LITERATURE OF THR ANCIENT
EGYPTIANS : POEMS, NARRATIVES, AND
MANUALS OF INSTRUCTION FROM THR
THIRD AND SECOND MILENNIA B.C.
Translated by Dr. A. M. BLACKMAN.
Demy 8vo. L1 1s. net.

Fouquet (Jean)
‘THE L1FE oF CHRIST AND His MOTHER.
From Fouquet’s * Book of Hours.”
Edited by FrLoreNCE HEYwooD, B.A.
With 24 Plates in Colours. In a box.
Crown 4to.  £3 38. net.

Fyleman (Rose)

FalrRiEs AND CHIMNEYS, THR Fairy
GREEN. THER Famry FrLute, THR
RaiNBow CAT. EIGHT LITTLE PLAYS
FOR CHILDREN. FORTY GOOD-NIGHT
TALES. FAIRIES AND FRIENDS. THSB
ADVENTURE CLUB. FORTY GOOD-MORN-
ING TALES, SEVEN LITTLE PLAYS FOR
CHILDREN, Each 3s. 6d. net. OLD-
FASHIONED GIRLS.  Illustrated by
ETHEL EVERETT. 7s.6d.net. A SMALL
CRUSE, 45. 6d. net. 'THE ROSE FYLEMAN
FAIRY Book., Illustrated by HiLDa
MILLER. 105. 6d. net. A GARLAND OF
Rosg’s : COLLECTED POEMS. Illustrated
by RENE BULL. 8s. 6d. net. LETTY.
Illustrated. 6s.net. A PRINCESS COMES
TOOUR TOWN, Illustrated. ss. met. A
LitTLE CHRISTMAS BoOK. Illustrated.
2s. net.

Gibbon (Edward)
THE DECLINE AND FALL OF THE ROMAN
EmpIRe. With Notes, Appendixes, and
Maps, by J. B. Bury. Illustrated.
Seven volumes. Demy 8vo. 155, net
each volume. Also, unillustrated.
Crown 8vo. 7s. 6d. net each volume.

Glover (T. R.)
THE CONFLICT OF RELIGIONS IN THi
EARLY RomaN EMPIRE. POETS AND
PURITANS. VIRGIL. Each 10s. 6d. net.
FROM PERICLES TO PHILIP.  128. 6d. net.

Graham (Harry)

Tue WortD WE LAUGH IN: More
Deportmental Ditties. Illustrated by
“FisH.” Seventh Edition. $s. net.
STRAINED RELATIONS. Illustrated by
H. STUART MBNZzIES and HENDY. 6¢. nes.
THE WORLD’S WORKERS. Illustrated
by “ FOUGASSE.” 53, met.

Grahame (Kenneth)
THE WIND IN THE WiLLOWS. Nine
teenth Edition. Crown 8vo. 7s. 6d.
net. Also, illustrated by WYNDHAM
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PAYNE. Small 4to. 7. 6d. net. Also
unillustrated. Fcap. 8vo. 3s. 6d. net.
See also Milne (A.A.).

Hadfleld (J. A.)
PSYCHOLOGY AND MORALS, Seventh
Edition. Crown 8vo. 6s. net.

Hall (H. R.)
THE ANCIENT HISTORY OF THE NEAR
East. L1 15. net. THE CIVILIZATION
OF GREECE IN THE BRONZE AGE. Illus-
trated. L1 10s5.net. A SEASON'S WORK
AT UR OF THE CHALDEES. 15$. net.

Herbert (A, P.)
HONEYBUBBLE & CO. 6s. net. Mis-
LEADING CAses IN THE COMMON
Law, With an Introduction by LorD
HEWART. 58, net. ‘THE BOMBER
Gipsy, 3s. 6d. net.  LIGHT ARTICLES
ONLY. Ilustrated. 6s. net, THE
WHEREFORE AND THE WHY. ‘* TINKER,
TAILOR . . .” Eachillustrated. 3s.6d.
net. THE SECRET BATTLE. 3s. 6d. net.

Hind (A. M.)
A CATALOGUE OF REMBRANDT'S ETCH-
INGS. Two Vols. Profusely Illus-
trated. Wide Royal 8ve. L1 15s. net.
Holdsworth (W. 8.)
A History oF ENGLISH Law. Nine
Volumes. Demy 8vo. L1 ss. net each.

Hudson (W. H.)
A SHEPHERD's L1IFE. Illustrated. Demy
8vo. 10s. 6d. net. Also, unillustrated,
Feap. 8vo.  3s. 6d. met.

Hutton (Edward)
Crties oF SiciLy. [llustrated. ros. 6d.
net. MILAN AND LomBarpY. THE
CiTiEsS OF ROMAGNA AND THE
MARCHES. SIENA AND SOUTHERN TUs-~
CANY. VENICE AND VENETIA. THE
CiTiess OF SPAIN. NAPLES AND
SoUTHERN ITALY. Illustrated. Each,
8s. 6d. net. A WAYFARER IN UNKNOWN
TuscaNY. THE CITIES OF UMBRIA.
CoUNTRY WALKS ABOUT FLORENCE.
RoME. FLORENCE AND NORTHERN Tus-
cANY. Each illustrated. 7s. 6d. net.

Inge (W. R.), D.D., Dean of St. Paul’s.
CHRISTIAN MysTICISM. (The Bampton
Lectures of 1899.) Sixth Edition.
Crown 8vo. 7s. 6d. net.

Kipling (Rudyard)
BARRACK-ROOM BALLADS, 246th Thou-

sand.

THE SEVEN SEAS. 180th Thousand.
THE FIVE NATIONS. 143rd Thousand;
DEPARTMENTAL DITTIES. 111th Thou-
sand.

THE YEARS BETWEEN, 9§th Thousand.
Four Editions of these famous volumes
of poems are now published, viz.:—
Crown 8vo. Buckram, 9s. 6d. net. Fcap.
8vo. Cloth, 6s. net. Leather, 7s. 6d. net.
Service Edition. Two volumes each
book. Sguare Fcap. 8vo. 3s. net each
volume,

A KIPLING ANTHOLOGY—Verse, Fcap.
8vo. Cloth, 6s. net and 3s. 6d. net.
Leather, 7s. 6d. net. TWENTY POEMS
FROM RUDYARD KIPLING. 458t
Thousand. Fcap. 8vo. 1s. net. A
CHOICE OF SONGS. Second Edition,
Feap. 8vo.  as. net.

Lamb (Charles and Mary)
THE COMPLETE WORKS. Edited by
E. V. Lucas. A New and Revised
Edition in Six Volumes. With Frontis-
pieces. Fcap. 8vo. 6s. met each.
The volumes are: 1. MISCELLANEOUS
ProsE. I1. ELIA AND THE LaST EssAYS
OF ELIA. III. BOOKS rorR CHILDREN.
IV. PLAYS AND PoEMS. V. and VI.
LETTERS.
SELECTED LETTERS, Chosen and Edited
by G. T. CLAPTON. Fcap. 8vo. 3s. 6d.
net. 'THR CHARLES LAMB DAY BOOK.
Compiled by E. V. Lucas, Fcap. 8vo.
6s. net.

Lankester (Sir Ray)
SCIENCE FROM AN EAsy CHAIR. SCIENCE
FROM AN EAsy CHAIR: Second Series.
DIVERSIONS OF A NATURALIST. GREAT

AND SMALL THINGS.  Illustrated.
Crown 8vo. 7s. 6d. net. SECRETS OF
EARTH AND SEA. [llustrated. Crown
8vo. 8s. 6d. net.

Lodge (Sir Oliver)
MAN AND THE UNIVERSE ( Twentieth Edi-
tion). 7s. 6d. net and 3s. 6d. net. THE
SURVIVAL OF MAN (Setventh FEdition).
9s. 6d. net. RAYMOND.  (Thirteenth
Edition). 10s. 6d. mnet. RAYMOND
REVISED., 6s.met. MODERN PROBLEMS.
REASON AND BELIEF. (Eleventh Edition).
Each 3s. 6d. net. 'THE SUBSTANCE OF
FAITH (Fifteenth Edition)., 25, net.
RELATIVITY (Fourth Edition). 1s. net.
Lucas (E. V.)
THE LiFe OF CHARLES LAMB. 3 Vols.
L1 1s. net. EDWIN AUSTIN ABBEY,
RA. 2 Vols. £6 6s. mnet. THE
COLVINS AND THEIR FRIENDS. (1 1s.
net. VERMEER THE MAGICAL. ss. net.
A WANDERER IN ROME. A WANDERER
IN HoLLAND. A WANDERER IN LON-
DON. LONDON REVISITED (Revised).
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A WANDERER IN PARIS. A WANDERER
IN FLORENCE. A WANDERER IN VENICE.
Each 10s. 6d. net. A WANDERER AMONG
PICTURES. 8s. 6d. met. E. V. Lucas’s
LONDON. L1 net. INTRODUCING LON-
DON, INTRODUCING PARIS. Each 2s. 6d.
net. 'THE OPEN ROAD, 6s. net. Also,
illustrated by CLAUDE A. SHEPPERSON,
ARW.S. 10s. 6d. net. Also, India
Paper. Leather, #7s. 6d. net. THE
Joy ofF Lire, 6s. net. Leather Edi-
tion. 7s. 6d. net. Also India Paper.
Leather. 4s. 6d net. FIRESIDE AND
SUNSHINE. CHARACTER AND COMEDY,
Each 6s. net. THE GENTLEST ART. 6s. 6d.
net. And THE SECOND POST. 6s. net. Also,
together in one volume, 7s. 6d. net. Her
INFINITE VARIETY. GOOD COMPANY.
ONE DAY AND ANOTHER. OLD LaMPS
FOR NEW. LOITERER’S  HARVEST.
CLOUD AND SILVER. A BOSWELL OF
BAGHDAD. 'TWIXT EAGLE AND DOVE.
THE PHANTOM JOURNAL. GIVING AND
RECEIVING. LUCK OF THE YEAR. EN-
COUNTERS AND DIVERSIONS. ZIGZAGS
IN FRANCE. EVENTS AND EMBROIDERIES.
365 DAYS (AND ONE MORE). A FRONDED
IsLe. A Rover I WouLp BE. TURN-
ING THINGS OVER. Each 6s. net.
URBANITIES. Illustrated by G. L.

STAMPA. ss. met. YoUu KNOw WHAT
PeOPLE ARE. Illustrated by GEORGE
MORROW. 55, net. THE SAME STAR :

A Comedy in Three Acts. 3s. 6d. net.
LITTLE BOOKS ON GREAT MASTERS.
Each ss. net. ROVING EAST AND Rov-
ING WEST. s§s. met. PLAYTIME &
COMPANY. 7s. 6d. net. Mr. Punch’s
CouNTY SoNGS, Illustrated by E. H,
SHEPARD. 10s. 6d. net. ‘‘ THE MORE
I SEE OF MEN . . .” Our OF A CLEAR
Sky. Ir Dogs CouLpD WRITE. Each
3s. 6d. net. See also Dolls' House
(The Queen's) and Lamb (Charles).

Lynd (Robert)
THE GREEN MAN. OLD FRIENDS IN
FicTioON. THR PLERASURES OF IGNOR-
ANCE. Each ss. net. THE GOLDFISH.
THE LiTTLE ANGEL. THE BLUE LION.
THE PEAL OF BELLS., THE MONEY-Box.
THE ORANGE TREE. Each 3s. 6d. net.

McDougall (William)
AN INTRODUCTION TO SOCIAL PsycHO-
LOGY (Twenty-first Edstion). 10s. 6d.
net. NATIONAL WELFARE AND Nae
TIONAL DECAY. 6s. net. AN OUTLINE
or PsyCHOLOGY (Fourth Edition)
10s. 6d. net. AN OUTLINE OF ABNOR-
MAL PSYCHOLOGY. 1§s. net. BoDy

AND MIND (Sixth Edition). 121 6d.
net. CHARACTER AND THE CONDUCT OF
Live (Third Edition). 10s. 6d. net.
MODERN MATERIALISM AND EMERGENT
EVOLUTION., 7s. 6d. net. ETHICS AND
SoME MODERN WORLD PROBLEMS
(Second Edition). 7s. 6d. net.

Mackensie (W. Mackay)
THE MEDIZEVAL CASTLE IN SCOTLAND.
(The Rhind Lectures on Archsology.
1925-6.) Hlustrated. Demy 8vo. 15s. net.

Mallet (Sir C. E,)
A HisTory oF THE UNIVERSITY OF
OxFORD. In 3 vols. Illustrated. Demy
8vo. Each L1 13. net.

Maeterlinck (Maurice)
‘THE BLUE BIRD. 6s. net. Also, illus-
trated by F. CAYLEY ROBINSON. 108, 6d.
net. DEATH. 3s. 6d. net. OUR ETER-
NITY. 6s. net. THE UNKNOWN GUEST.
6s. net. POEMS. ss. net. THE WRACK
OF THE STORM. 6s. net. THE MIRACLE
OF ST. ANTHONY. 3s. 6d. net. THR
BURGOMASTER OF STILEMONDE. Ss. net.
‘THE BETROTHAL. 6s. net. MOUNTAIN
PATHS. 6s. net. THE STORY OF TYLTYL.
£1 15. net. 'THE GREAT SECRET. 7s. 6d.
net. THE CLOUD THAT L1rTED and THs
POWER OF THE DEAD. 7s. 6d. net. MARY
MAGDALENE.  2s. net.

Masefleld (John)
ON THE SPANISH MAIN. 8s. 6d. net, A
SAILOR’S GARLAND. 6. net and 3s. 6d.
net. SEA LIFE IN NELSON’S T'IMB. §s. nes.

Methuen (Sir A.)
AN ANTHOLOGY Oor MODERN VERsE
16and Thousand.
SHAKESPEARE TO HARDY : An Anthol-
ogy of English Lyrics. 19th Thousand.
Each Fcap. 8vo. Cloth, 6s. net.
Leather, 3s. 6d. net.

Milne (A, A))
‘TOAD OF TOAD HALL. A Play founded
on Kenneth Grahame's *“The Wind

in the Willows.” ss. nt. THosk
WERE THE DAYS. 7. 6d. met. Nct
THAT IT MATTERS. Ir 1 May.

THE SuNNY SiDE THE RED Houss
MYSTERY. ONCE A WEEK. THE HoLl-
DAY ROUND. THE DaY’s PLAY. Each
3s. 6d. net. WHEN WE WERE VERY
YOUNG. Eighteenth Edition. 189th
Thousand. WINNIE-THE-POOH. Eighth
Edition, 106th Thousand. Now Wg
ARE S1X.  Fourth Edition, 109th Thou-
sand. THE HOUSE AT POOH CORNER,
Third Edition. 105th Thousand, Each
illustrated by E. H. SHEPARD.  7s. 6d.
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net.  Lsather, 105, 6d. net. FOR THE
LUNCHEON INTERVAL. 1s. 6d. net.

Milne (A. A.) and Fraser-Simson (H.)
FOURTEEN SONGS FROM * WHEN WE
WERE VERY YOUNG.”  Twelfth Edition.
7s. 6d. net. 'TEDDY BEAR AND OTHER
SONGS FROM “ WHEN WE WERE VERY
YOUNG.” 73, 6d. net. THE KING’S BREAK-
PAST. Third Edition. 3s. 6d. net.
SoNGs FROM ‘““ Now WE ARK SIX.”
Second Edition. 49s. 6d. net. MORR
‘“VERY YOUNG" SONGS. 7s. 6d. met.
Words by A. A. MILNE. Music by
H. FRASER-SIMSON. Decorations by
E. H. SHEPARD,

Montague (C. E.)
DRAMATIC VALUES. Cr.8vo. 7s. 6d. net.

Morton (H. V.)
THE HEART OF LONDON. 3s. 6d. net.
(Also illustrated, 7s. 6d. net.) THz
SPELL or LONDON. THE NIGHTS or
LONDON. Each 31. 6d. net. THR
LONDON YEAR. IN SEARCH OF ENGLAND.
THR CALL OF ENGLAND., IN SEARCH
OF SCOTLAND  Each illustrated.
7s. 6d. net.

Oman (Sir Charles)
A HISTORY OF THE ART OF WAR IN THR
MIDDLE AGES, A.D. 378~1485. 2 Vols.
Illustrated. Demy 8vo. L1 162 mnet.
STUDIES IN THE NAPOLEONIC WARS.

. Crown 8vo. 8s. 6d. net.

Oxenham (John)
BEES IN AMBER. Small Pott 8vo. as.
net. ALL’S WELL. THE KING's HIGH-
WAY. THE VISION SPLENDID. THER
Fiery Cross. HIGH ALTARS. HEARTS
COURAGEOUS. ALL CLEAR! Each Small
Pott 8vo. Paper, 1s. 3d. net. Cloth,
2s.met. WINDS OF THE DAWN. 25, met.

Perry (W. J.)
THE ORIGIN OF MAGIC AND RELIGION,
THE GROWTH OF CIVILIZATION. Each
6s. net. THE CHILDREN OF THR SUN.
£1 18 net.

Petrie (Sir Flinders)
A HisToRY OF EGYPT. In 6 Volumes.
Vol. I. FroM THE IST TO THE XVITH
DYNASTY. 11¢h Edition, Revised. 123, net,
Vol. II, THr XVIITH AND XVIIITH
DYNASTIES. 7th Edition, Revised. gs. net.
Vol. III. XIXTH To XXXTH DYNAS-
Tiss. 3rd Edition. 1as. net.
Vol. IV. EGYPT UNDER THR PTOLEMAIC
DyYNasTY. By EDWYN BEVAN. 158 net.
Vol. V. EGYPT UNDER ROMAN RULE,
By J. G. MILNE. 3rd Edition, Revised.
128. net.
Vol. V1. EGYPT IN THR MIDDLE AGES.

By StanLzy LaNe PooLB. 4th
Edition, " 10s. net.

Ponsonby (Arthur), M.P.
ENGLISH DIARIBS. (1 1s. met. MORE
ENGLISH DIARIES. 13s. 6d. net. ScoT-
TISH AND IRISH DIARIES. 10¢. 6d. net.

Raleigh (8ir Walter)

THB LETTERS OF SIR WALTER RALEIGH.
Edited by LADY RALEIGH. Two Vols.
Iustrated. Second Edition. Demy 8vo.
185, met. SELECTRD LETTERS., Edited
by LADY RALBIGH. 7s. 6d. net.

Smith (C. Fox)
SAILOR TowN DAYS. SEA SONGS AND
BALLADS. A BoOK OF FAMOUS SHIPS,
SHIP ALLEY. ANCIENT MARINERS.
Each, illustrated, 6s. net, FULL SAIL.
Illustrated. ss. met. TALES or THE
CLIPPER SHIPS. A SEA CHEST. FEach
s3. net. 'THE RETURN OF THE “ CUTTY
SARK.” [llustrated. 3s5. 6d. net. A
BOOK OF SHANTIES, 6s. met.

Stevenson (R. L.)
THE LerTeErs. Edited by Sir SipNgy
CoLVIN. 4 Vols. Fcap. 8vo. Each
6s net,

Surtees (R. 8.)
HANDLRY CROSS, MR. SroNGE's
SPORTING TOUR. ASK MAMMA. MR,
FAcey RoMrorD’s HOUNDS. PLAIN OR
RINGLETS ? HILLINGDON HALL. Each
illustrated, 7s. 6d. net. JORROCKS'S
JAUNTS AND JOLLITIES. Hawsuck
GRANGE.  Each, illustrated, 6s. net.

Taylor (A. E.)
PLaTo: THE MAN AND His WoRk,
Demy 8vo. L1 1s. net. PLATO: Tim-
ZUS AND CRITIAS. Crown8vo. 6s.net,
ELEMENTS OF METAPHYSICS. Demy
8vo. 125, 6d. net.

Tilden (Willlam T,)
THE ART OF LAWN TENNIS. SINGLES
AND DouUBLES. Each, illustrated, 6s.
net. THE COMMON SENSE OF LAWN
TENNIS. MATCH PLAY AND THE SPIN
or THE BALL. Illustrated. ss. net.
Me—THE HANDICAP, ss. net.

Tileston (Mary W.)
DAILY STRENGTH FOR DAILY NEEDs.
33rd Edition, 3s.6d.net. India Paper,
Leather, 6s. net,

Trapp (Oswald Graf)
‘THE ARMOURY OF THE CASTLE OF CHUR-
BURG. Translated by J. G. MAaNN.
Richly illustrated. Royal 4to. Limited
t0 400 copies. L4 14s. 6d. net.

Underhill (Evelyn)

MYysTICISM (Eleventh Edition), 1ss. net.
‘THE LIFE OF THE SPIRIT AND THE LIFR
OF TO-DAY (Sixth Edstion). 7s. 6d.
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met. MAN AND THE SUPERNATURAL.

ys. 6d. net. CONCERNING THE INNER

LIFE (Fourth Edition). 2s. net.
Vardon (Harry)

How T10 PLAY Gorr.  Illustrated.

19th Edition. Crown 8vo. ss. net.
Wand (J. W.C,)

THE DEVELOPMENT OF SACRAMENTAL-
18M.  Fcap. Bvo. 6s. net. A HISTORY
OF THE MODERN CHURCH. Crown 8vo.
8s. 6d. net.
Wilde (Oscar)
THE WORKS.
net.
I. LORD ARTHUR SAVILE'S CRIME AND
THE PORTRAIT OF MR. W. H. II. THa
DucHgss or PApua. IIL Poems. 1V,

In 17 Vols. Each 6s. 6d.

Lapy WINDERMERE'S FAN. V. A
WoMAN oF No IMPORTANCE. VI. AN
IDEAL HusBanND. VII. THE IMPOR.
TANCE OF BEING EARNEST. VIII. A
House or POMEGRANATES. IX. IN-
TENTIONS. X. DE PROFUNDIS AND
PrisoN LeTTeERs, XI. Essavs. XIIL
SALOME, A FLORENTINE TRAGEDY, and
LA SAINTE CouRrTISANR. XIII. A
CRITICIN PALL MALL. XIV. SELECTED
PROSE OF O8CAR WILDE. XV. ART AND
DECORATION. XVI. FOR LOVE OF THE
KING. (55, net.) XVIL VERA, OR THR
NIHILISTS.

Williamson (G. C.)
Tur Book oF FAMILLE RosE. Richly
Illustrated. Demy 4to. £8 83, net.

PART II. A SELECTION OF SERIES

The Antiquary’s Books
Each,illustrated, Demy 8vo. 10s. 6d. net.
The Arden Shakespeare
Edited by W. J. CrAIG and R, H. Cass.
Each, wide Demy 8vo, 65, net.
The ldeal Library Edition, in single
plays, each edited with a full Introduc-~
tion, Textual Notes and a Commentary
at the foot of the page. Now complete
in 39 Vols.

Classics of Art
Edited by J. H. W, LAING. Each, pro-
fusely illustrated, wide Royal 8vo. 18s.
net to £3 3s. net.
A Library of Art dealing with Great
Artists and with branches of Art.

The Connoisseur’s Library
With numerous Illustrations. Wide
Royal 8vo. £1 115, 6d. met each vol.
EUROPEAN ENAMELS. FINE Books.
GrLAsS. GOLDSMITHS' AND SILVER-
sMITHS' WORK. IVORIES. JEWELLERY,
MINIATURES. MEZZOTINTS,  PORCE-
LAIN, SEALS, MUSSULMAN PAINTING.
(£3 33. net) WATCHES. (L3 35. nmet.)
WATCHMAKERS AND CLOCKMAKERS OF
THE WORLD. (L2 25. net.)

English Life In English Literature
General Editors: EILEEN POWER,
M.A,, D.Lit.,, and A. W, Reep, M.A,,
D.Lit. Each, Crown 8vo, 6s. net.

A series of source-books for students of
history and of literature.

The Faiths: VARIETIES OF CHRISTIAN
ExpressiON. Edited by L. P. Jacks,
M.A, D.D., LL.D. Each, Crown 8vo,
ss. net each volume, The first volumes
ere: THE ANGLO-CATHOLIC FAITH
(T. A. LaCEY) ; MODERNISM IN THE

ENGLISH CHURCH (P. GARDNER) ; THa
FAITH AND PRACTICE OF THE QUAKERS
(R. M. Jongs); CONGREGATIONALISM
(W. B. SELBIE); THE FAITH OF THR
ROMAN CHURCH (C. C. MARTINDALE) ;
THR Lirg AND FAITH OF THE BAPTISTS
(H. WHEELER ROBINSON); THE PREs-
BYTERIAN CHURCHES (JAMES MOFFATT) §
MEeTHODISM (W. BARDSLEY BRASH);
THE EVANGELICAL MOVEMENT IN THE
ENGLISH CHURCH (L. ELLIOTT BINNS) ;
THE UNITARIANS (HENRY GOow) ; THE
Fate oF THE Future (J. H. Tuck-
WELL).

The Gateway Library
Fcap. 8vo. 33, 6d. each volume.
Pocketable [Editions of Works by
HILAIRE BELLOC, ARNOLD BENNRYT,
E. F. BENSON, GEORGE A. BIRMINGHAM,
MARJORIE BOWEN, G. K. CHESTERTON,
A. CLUTTON-BROCK, JosEPH CONRAD,
J. H. CurLE, GEORGE GISSING, GERALD
GouLp, KENNETH GRAHAME, A. P,
HerBert, W. H. HuDSON, RUDYARD
KirLING, E. V. KNoOX, Jack LONDON,
E. V. Lucas, RoBert L¥ND, Ross
MACAULAY, JOHN MAaSEFIELD, A. A.
MiILNE, C. E. MONTAGUE, ARTHUR
MORRISON, EDEN PHILLPOTTS, MARMA-
DUKE PICKTHALL, J. B. PRIESTLEY,
CHARLES G. D. ROBERTS, R, L. STEVEN«
$ON, and OscAr WILDE.

A Historyof England in Seven Volumes
Edited by Sir CHARLES OMAN, K.B.E.,
M.P., MA, F.S.A. With Maps.
Demy 8vo. 1a2s. 6d. net each volume.
ENGLAND BEFORE THE NORMAN CON-
QUEST (Sir C. OMAN) ; ENGLAND UNDBR
THE NORMANS AND ANGEVINS (H. W. C;




MEessrs. METHUEN'S PUBLICATIONS

DAvies); ENGLAND IN THE LATER
MippLE AGES (K. H. VICKERS) ; ENG-
LAND UNDER THE TUDORS (A. D. INNES) ;
ENGLAND UNDER THE STUARTS (G. M.
'TREVELYAN); ENGLAND UNDER THE
HANOVERIANS (Sir C. GRANT ROBERT-
SON) ; ENGLAND SINCE WATERLOO (Sir
J. A. R. MARRIOTT),

The Library of Devotion

Handy editions of the great Devotional
books, well edited. Small Pott 8vo.
3s. net and 3s. 6d. net.

Methuen’s Half-Crown Library

Crown 8vo and Feap. 8vo.

Methuen's Two-Shilling Library

Feap. 8vo.

Two series of cheap editions of popular

BEDFORDSHIRE

BERKSHIRE 44. net,

BRITTANY §s. net.

BUCKINGHAMSHIRE 58. net.

CAMBRIDGE AND COLLEGES 45. net.
CAMBRIDGESHIRE 43, net.

CATHEDRAL CITIES OF ENGLAND AND

CHANNEL ISLANDS 5s. net.

CHESHIRE §s. net.

CORNWALL 4$. net.

CUMBERLAND AND WESTMORLAND 65 net.
DERBYSHIRE 4$. net.

DEVON 4s. net.

DORSET 6. net.

DURHAM 6s. net.

* TLISH LAKES 65. net.

¥
I

[

“RENCH RIVIERA 65. net.
GLOUCESTERSHIRE §s. net.

GRAY'’s INN AND LINCOLN’s INN 6s. net.
HAMPSHIRE 4s. net.

HEREFORDSHIRE 45. 6d. net.
HERTFORDSHIRE 5s. net.

ISLE OF MAN 6s. net.

IsLE OF WIGHT 4s. net.

KENT 6s. net.

LANCASHIRE 6s. net,

LEICESTERSHIRE AND RUTLAND 5$. net.
LINCOLNSHIRE 6s. net.

LONDON 5s. net.

MALVERN COUNTRY 4s. net.

books.
Write for complete lists.

The Wayfarer Series of Books tor
Travellers

Crown 8vo. 7%s. 6d. net each. Well
illustrated and with maps. | The vol-
umes are ;—Alsace, Austria, Bavaria,
Czecho-Slovakia, The Dolomites,Egypt,
French Vineyards, Hungary, The Lake
Country, The Loire, Morocco, Por-
tugal, Provence, Pyrences, The Rhine,
The Seine, Spain, Sweden, Switzer-
land, Unfamiliar Japan, Unknown

Tuscany, The West Indies.

The Westminster Commentaries

Demy 8uvo. 8s. 6d. net to 13s. net.
Edited by W. Lock, D.D., and D. C.
SimpsoN, D.D.
The object of these commentaries is
primarily to interpret the author’s mean-
ing to the present generation, taking
the English text in the Revised Version
as their basis.

THE LITTLE GUIDES

Small Pott 8vo.
THE 66 VOLUMES IN

AND HUNTINGDONSHIRE
4$. net.

WALES 6s. net.

ta 85 net,
JORENCE 6s. net.

Illustrated and with Maps

THE SERIES ARE :~
MIDDLESEX 4s. net.
MONMOUTHSHIRE 65. net
NORFOLK §s. net.

NORMANDY ss. net.
NORTHAMPTONSHIRE 45. net,
NORTHUMBERLAND 7s. 6d. net.
NORTH WALES 6s. net,
NOTTINGHAMSHIRE 6s. net.
OXFORD AND COLLFGES 43. net,
OXFORDSHIRE 4$. net.

PARIS ss. net.

PomPElT 65, net.

ROME ss. net,

ST. PAUL’S CATHEDRAL 4s. net.
SHAKESPEARE'S COUNTRY 45. net.
SHROPSHIRE §s. net.

SICILY 4s. net.

SNOWDONIA 6s. net.

SOMERSET 4. net.

SoutH WALES 4s. net.
STAFFORDSHIRE §s. net.

SUFFOLK 4s. net.

SURREY 55, net.

SUSSEX §s. net.

TEMPLE 45. net,

VENICE 6s. net.

WARWICKSHIRE 55, net.
WESTMINSTER ABBEY §s. net.
WILTSHIRE 6s. net.
‘WORCESTERSHIRE 6s. net.
YORKSHIRE EAST RIDING 5. net.
YORKSHIRE NORTH RIDING 4s. net.
YORKSHIRE WEST RIDING 75. 6d. net.
YORK 6s. net.

MeTHUEN & Co. Ltp., 36 Essex STREET, LonpoN, W.C.2
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