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PREFACE

Geometry, as conceived to-day, is fundamentally the study of spatial
structure. But space in the modern sense is only weakly related to the space
of ordinary experience. It is an abstract set of unspecified things which may
be referred to a system of labels which possess a certain mathematical
structure. In differential geometry, where local properties of space are in-
vestigated, particular stress is laid on those structures which can be mani-
pulated by the techniques of the infinitesimal calculus.

The increase of knowledge in this part of geometry has been marked by a
gradual shifting away from empirical observation. Gauss, for instance, was
mainly interested in the local properties of surfaces in ordinary three dimen-
sional space and his investigations were closely related to practical applica-
tions. Soon after him, however, mathematicians under the leadership of
Riemann were already beginning to seec their subject in a new light, for they
discovered that many results of earlicr times could be generalized for entities
which have a close analogy to surfaces, but were not restricted to be sets of
points in an ordinary space. A great stimulus arose from the development of
a particular technique, the tensor calculus of Ricci, which enabled the geom-
eters to state very complicated relations in a concise form. Thus differential
geometry evolved more and more to an extensive formalism, an intricate
network of formal relations. This process of abstraction, whereby the formal
structure is detached from the concrete subject, has been of great importance.
It enabled Einstein to state his famous equations describing the field of
gravity in presence of matter.

From the point of view of the pure geometer this approach has many
disadvantages. Geometric thinking cannot be cultivated by mere formal
computations and, therefore, a more imaginative introduction to the subject-
matter remains desirable.

This book is designed to provide its readers with a reasonably self-con-
tained introduction to the methods of differential geometry of general mani-
folds. But we do not study these manifolds as autonomic spaces. On the
contrary, it is always understood that they are embedded in a linear space
with a Euclidean metric. Thus the manifolds are endowed with a metric
structure induced by that of the environing space.

The most natural instrument for describing properties of a linear space is
provided by the vector calculus. We need only a few very elementary opera-
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tions. For the sake of unity and simplicity the foundations in linear algebra
have been laid in conformity with the general tendency of the present time.
1t is interesting to observe how the more intricate notions of tensor calculus
have been reflected in simple operations on vectors. Thus the definition of
absolute and covariant differentiation, of the Christoffel three index symbols,
and of the Riemannian curvature tensor, can be introduced by means of
elementary formulas involving vectors.

From this point of view there is a gradual transition from the simple
arithmetic of vectors to the intricate formalism of tensor calculus. Moreover,
especially in the study of hypersurfaces, the link between the classical differ-
ential geometry of surfaces in ordinary space and their analogues in higher
dimensional space can be retained. It is the hope of the author of this book
that, when a reader has acquainted himself with the tensor calculus as
developed along these lines, he will appreciate the direct introduction of this
formalism as nceded for the study of general spaces endowed with an arbi-
trary affine, conformal, or metric structure, without reference to an embedding
space.

The first three chapters explain the fundamental notions of lincar algebra
which are used throughout the subsequent chapters. Chapter 4 has been
devoted to a first course in tensor algebra. In chapter 5 the entities have been
defined which will be studied by the methods of differential gcometry. The
sixth chapter deals extensively with the theory of curves. The theory centres
on the famous Frenet formulas for which many applications have been
given. The main subject of chapter 7 is the theory of geodesic differentiation
on arbitrary manifolds with particular emphasis on geodesic lines. Also some
other applications, e.g., systems of curves and Ricci’s coefficients of rota-
tion, have found a place in this chapter. Chapter 8 treats of the fundamental
properties of hypersurfaces which are natural generalizations of classical
results of surfaces in ordinary space. The theory dealt with in chapter 9 is
mainly the discussion of Riemann’s curvature tensor and problems which are
intimately related to this tensor. In all these chapters the main stress lies on
the algebraic treatment. But differential geometry has a Janus head. Not
only linear algebra but also the theory of partial differential equations is an
essential part of this field of gcometry. The last chapter has been devoted to
the theory of integrability and some of its classical applications.

The author of this book did not attempt to produce a complete systematic
treatise, but he selected some representative topics. There are many ways of
presenting the subject. In the present work the exposition is a result of many
years of lecturing experience, not only for the benefit of students in pure
mathematics but also for those who appreciate mathematics as an instrument
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for applied research. Hence it is hoped, that the work will prove to be
useful to a rather extensive circle of readers. Much that is new in modern
mathematics is perhaps only of transitory importance. The beginner
should be warned against overestimating the cultus of abstraction in recent
mathematical development, which appears under the name of geometry but
has only the name in common with this field of mathematics. In the present
work the reader has been carried far enough to appreciate the possibilities of
the formalism of tensor calculus, but he should not forget that the ultimate
goal of all geometric research is the understanding of gcometric objects and
that geometric thinking is not the same thing as writing down intricate
formulas which are only loosely related to geometric intuition.

Finally it should be noticed that concrete illustrations which make
differential geometry in ordinary space so attractive, can hardly be given
in higher dimensional space. The main value of differential geometry of
general manifolds is the method of approach, culminating in the wonderful
formalism of tensor calculus.

Groningen — The Netherlands' J. C. H. GERRETSEN
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CHAPTER 1

LINEAR VECTOR SPACES

It is assumed that the reader is familiar with the notion and the most
elementary properties of a vector space. In this chapter we shall repeat its
definition and discuss some theorems which will be used throughout the
subsequent chapters. In many cases the longer proofs are omitted to save
space. They are standard in linear algebra.

1.1 - Theorems on vector spaces

1.1.1 — DEFINITION OF A LINEAR VECTOR SPACE

The concept of linear vector space involves three things:

1) An additive group. Its elements will be denoted by bold-face type.

2) The set of all real numbers.

3) A composition xa of an element of the group and a real number a such
that xa is also an element of the group and

(x+y)a = xa+ya, (1.1-1)
x(a+b) = xa+xb, (1.1-2)
(xa)b = x(ad), (1.1-3)
x1 = x. (1.1-4)

The element xa is called the product of x and a.
From (1.1-3) we may write xab instead of (xa)b without fear of confusion.
The elements of a vector space X are called vectors. The neutral element
in the additive group of ¥ is called the zero vector and is denoted by o. It
is easy to show that

o = x0, (1.1-5)

where x is an arbitrary vector and 0 is the number zero.

1.1.2 — LINEAR SUBSPACES

Any non-empty subset of a vector space X is called a linear subspace,
provided the following condition has been fulfilled:

If x and y are vectors of the subset, then all vectors of the type xa-yb,
where a and b are arbitrary real numbers, also belong to the subset.
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It is evident that the whole space X is a linear subspace of itself, of course
an improper one. By a proper subspace is understood a subspace of X which
does not contain all elements of ¥.

The set consisting of the vector o is a linear subspace of any vector space X.

For, oa+o0b = o(a+b) = o.

Let © denote any non-empty subset of a vector space X. The smallest linear
subspace ¥) including all vectors of & is said to be spanned by ©. We also
say that & is a gemerating set of this smallest subspace 9).

A linear subspace of X spanned by a single vector x # o is called a ray. It
consists of all vectors of the type xa, where a runs through the set of all real
numbers.

Let y = xb, b # 0, be a vector of the ray. It is easy to prove that the
ray generated by y is the same as that generated by x, i.e., a ray can be
generated by any of its mon-zero vectors.

The set of non-zero vectors of a ray spanned by a vector x may be
decomposed into two disjoint classes, viz.:

1) The class of all vectors xa with a > 0.

2) The class of all vectors xb with & < 0.

Such a division brought about by one of the generating vectors of the ray is
termed an orientation of the ray. When we replace x by —x we interchange
the classes. We shall say that x and —x determine opposite orientations of
the ray.

It is clear that a ray has only two orientations, for if y # o is a vector
of the ray then y belongs either to the class xa with @ > 0 or to the class xb
with b < 0, and the class yc with ¢ > 0 coincides with one of these classes.

1.1.3 — THE SUMMATION CONVENTION

In a vector space X we take a finite number of vectors x,, ..., X,.
A vector a which can be written in the form

a=x,a+...+x,a" (1.1-6)
where 4!, . . ., a® are real numbers, is called a linear combination of the vec-
tors x,, . . ., x,,. In the expression on the right of (1.1-6) the superscripts do

not designate exponents, but simply serve to enumerate the numbers, like
the subscripts used to distinguish the vectors one from another. All terms
on the right of (1.1-6) are of the type x,a*, where « has successively the
values 1, ..., n. Instead of (1.1-6) we shall write briefly

a = x,a, (1.1-7)

agreeing to take the sum of all terms of the type written, when k has been replaced
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by the symbols 1, ..., n. This convention is the so-called summation convention
and will be applied in all cases where the same index appears twice, once as a
superscript and once as a subscript. Such an index is called a dummy index or
a saturated index and we are free in selecting the Greek letter denoting it,
provided we avoid taking for it an index which appears elsewhere in the
expression under consideration. Later on we shall have the opportunity to
extend the summation convention to the cases where several indices appear.

1.1.4 — LINEAR INDEPENDENCE AND DEPENDENCE

It is easy to see that if the linear subspace 9) is spanned by a subset & of
% then every vector of ¥) is a linear combination of certain vectors of &. A
very important case is that in which @ fulfils the condition of linear independ-
ence. A subset & of the space X is called linearly independent if any linear
combination (1.1-7) of distinct vectors x, of & is the zero vector only in the
case that all coefficients a* are zero. This definition implies that the empty
subset is always linearly independent.

If © is linearly independent and generates the vector space X then & is
called a basrs of X. In that case every vector of X is a linear combination of
distinct vectors of © and the non-vanishing coefficients in this expression are
unique.

If X has as basis a finite set &, then the number of elements of © depends
only on ¥, and is called the dimension of X. This number is the maximal num-
ber of elements of X constituting an independent set (more briefly stated: the
maximal number of independent elements of X) and any linearly independ-
ent set & with the same number of elements as & is a basis of X.

If §) is a subspace of X then the dimension of 9) does not exceed the dimen-
sion of X¥. Equality holds if and only if X and ) coincide.

The space X is called infinite dimensional if there is not a maximum of
linearly independent vectors in ZX.

A set which is not linearly independent is called linearly dependent. Thus
any set including the zero vector is linearly dependent. In particular, the only
linearly independent subset of a space consisting solely of the vector o is the
empty set. This may be considered the generating set of the subspace
consisting of the zero vector only. To this subspace we ascribe the dimension
zero.

The dimension of a ray is equal to one. For, a non-zero vector is linearly
independent, but any two vectors of a ray constitute a linearly dependent set.

Finally we wish to remark that a basis of a subspace of a finite dimensional
space can be extended to a basis of the whole space.

The simplest example of an #-dimensional vector space is the set of all
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n-tuples of real numbers
x=(z,..., 2" (1.1-8)
with the following definitions for equality, sum and product:

.., 2" =@, ..., y")

if and only if 2* =y*, k=1,...,n,
@, ..., 2"+, ... 9" = @y ... 2 YT,
(..., z"a = (2a, ..., z"a).

It is easy to see that the vectors
x,=(1,0,...0),

x,=(0,0,...,1)
constitute a basis.

1.1.6 — CHANGE OF A BASIS

When a basis x,, xk = 1, ..., n, is assigned in an n-dimensional vector
space, then each vector a of the space is uniquely determined by a set of »
numbers a*, k = 1, ..., n, such that

a=x,a". (1.1-9)

The numbers a* are called the components of the vector a with respect to the
given basis.

Next we shall investigate the relation between the components of the same
vector with respect to different bases. First we wish to make the following
remark. The symbols 1, . . ., # serve to enumerate the elements of the basis
under consideration. The arithmetical properties of the numbers represented
by these symbols are irrelevant. Thus we might also use any other system
of different symbols, eg.,, I’,...,#’ or 1,..., n.

Now we introduce a second basis consisting of the vectors x,, ..., x,..
The components of the vector (1.1-9) with respect to this basis are a%,..., a",
such that

a=x.a¢. v (1.1-10)

The vectors of the second basis have uniquely determined components
with respect to the first basis. We may express this by setting

Xy = xqz" K = 1" ey n. (1.1—11)

Conversely, the vectors of the first basis are linear combinations of those of
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the second basis:
Xe=Xoq5. (1.1-12)
Now we substitute (1.1-11) into (1.1-12). In order to avoid mistakes we

must take different symbols for the free (= non-dummy) indices. We
proceed in the following way, writing p’ instead of «':

X, =X, 05 = X494, (1.1-13)

where according to the summation convention in the expression on the right
the summation should be carried out with respect to the indices u and p'.
On the other hand we also have

x, = x,0%, (1.1-14)

where the Kronecker symbol 64 denotes the number 1 when 4 and y have the
same value and the number 0 when A and u are different. Since the com-
ponents of a vector are unique we may infer from (1.1-13) and (1.1-14) that

a5 qh = 84. (1.1-15)

Thus we have obtained a relation between the components ¢%', and g% occurring
in (1.1-11) and (1.1-12). In a similar way we obtain upon inserting (1.1-12)
into (1.1-11) the relation

a5.q94 = o4, (1.1-18)

where 8% is again a Kronecker symbol.
On comparing (1.1-9) and (1.1-10) we get

X a5 = X, a*. (1.1-17)
But from (1.1-12) we also have

X" = X q% a*
and it follows that

a* = ¢%a*. (1.1-18)

In a similar way we may find an expression for a* in terms of a*":
a* = g%a~. (1.1-19)

This result arises from (1.1-18) by interchanging the primed and the un-
primed indices. This is natural, for the two bases play the same role in the
vector space X.

The equations (1.1-18) or (1.1-19) express the law of transformation of the
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components of a vector a, when a basis of the space is replaced by another
basis.

1.2 - Linear operators

1.2.1 — THE CONCEPT OF LINEAR OPERATOR

Let X and 9 denote two vector spaces. A map A : X — 9) causes every
vector x of X to correspond to a uniquely determined vector y of §). The
vector y is called the ¢mage of x with respect to the map A and is denoted by

y = Ax (1.2-1)
The map is said to be a linear operator if
A(ua+vbd) = (Au)a+ (Av)d, (1.2-2)

where u and v are arbitrary vectors of ¥ and a and b are arbitrary numbers.
It is at once clear that a linear operator maps a vector space X upon a linear

subspace of the vector space ).
A trivial example of.a linear operator is the correspondence x — x which

leaves every vector of X unchanged. In this case §) coincides with X. This
operator, called the identity, will be denoted by the symbol 1 and we may
therefore express the correspondence as
x = lx. (1.2-2)
A second example is the following. Let ¢ denote a real number. The
correspondence x — xc is linear, for
(ua+vd)c = (ua)f+(vb)c = u(ac)+v(bc)
= u(ca)+v(ch) = (uc)a+ (ve)b.
This operator will be denoted by ¢, ie.,
cX = XC. (1.2-3)
This means that a number written at the left-hand side of a vector has the
same effect as that written on the right-hand side.

1.2.2 - OPERATOR ALGEBRA
Let A and B denote two linear operators which map a vector space ¥ into
a vector space {). By the sum A+B of these operators we mean a map defined
by
(A+4B)x = Ax+-Bx, (1.2-4)
It is easy to show that A+-B is also a linear operator. The commutativity of

the addition is trivial: '
A+B = B+A. : (1.2-5)
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The operator —A is defined by A
(—A)x = —Ax. (1.2-8)

Hence the operator A4 (—A) is the operator which causes every vector x
of ¥ to correspond to the zero vector o of X. This is therefore the same opera-
tor as that expressed by Ox = o and thus we may write

A+ (—A) = 0. (1.2-7)

Next we consider a linear map ‘A of X into 9) and a linear map B of §) into
B. The product BA of the operators A and B is defined by

BAx = B(Ax) (1.2-8)

and turns out to be a linear map of X into 8. Also in the case that %, §)
and J coincide the order of the factors A and B cannot be reversed save in
exceptional cases. That is to say, a product of two operators is not always
commutative. There are exceptions, however. Thus, for instance,

Aa = aA, (1.2-9)

for
(Ag)x = A(ax) = A(xa) = (Ax)a = a(Ax) = (aA)x.

It is also evident that
—A = (=1)A. (1.2-10)
It is always true that the product is associative:
C(BA) = (CB)A, (1.2-11)
since
C(BA)x = C(B(Ax)) = CB(Ax) = (CB)Ax.

A straightforward calculation also shows the validity of the two distributive
laws:
A(B+C) = AB+AC, (A+B)C = AC+BC, (1.2-12)

In all cases, when we speak of a product BA, it is assumed that this product
is defined, that is to say, the operator B operates on all vectors of the linear
vector space consisting of the vectors Ax.

1.2.3 — INVERTABLE OPERATORS

A vector x is called simgular with respect to a linear operator A when its
image is the zero vector in the image space. It is clear that the zero vector
in X is always singular, for Ao = A(00) = (A0)0 = o. In these equations
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the symbol o denotes the zero vector of X, except the last symbol which
denotes the zero vector of ).
The set of all singular vectors of a linear operator A is a linear subspace.
For, if u and v denote singular vectors of X with respect to A, then

A(ua + vb) = (Au)a+ (Av)b = oa+o0b = 0+0 = o.

The space of all singular vectors of an operator is termed the kernel of the
operator. When the kernel involves vectors different from zero then the
operator is also called sinmgular. Hence the kernel of a non-singular operator
consists only of the zero vector.

Next we shall make the following assumptions:

1) The operator A is non-singular.

2) The vectors Ax span the whole space 9).

Since the set of all vectors Ax is a linear vector space, this space must
coincide with ), ie., to a given vector y of ) we can always find a
vector x of X such that y = Ax. This vector is uniquely determined, for
from Ax = Ax* follows A(x—x*) = o. Hence, according to the first as-
sumption stated above, x—x* = o, i.e., x = x*.

Consequently, to every vector y of ) corresponds a uniquely determined
vector x of X such that (1.2-1) holds. This correspondence is again linear.
For, when v and y are vectors of §) then we can find vectors wand x in X
such that v = Au, y = Ax. It follows that va+4yb = (Au)a+ (Ax)b
= A(ua+xb) and thus we see that wa+xb corresponds to va—-yb.

The map of ¥) into X defined in this way is called the snverse of A and is
denoted by A-1. An operator satisfying the conditions 1) and 2) stated above
is called snvertable. 1t is clear that ih this case the correspondence between
X and 9 is one-to-one.

It is also evident that A-! is again invertable and that

(A1) = A, (1.2-13)
while
AA-1 = A-1A = 1, (1.2-14)
Finally, let A and B denote two invertable operators. Then
(BA)-* = A-1B-1, (1.2-15)

The reversal in order of the two factors should be noticed. The proof is
easy, for if y = Ax, u = By, then u = BA x and x = (BA)~!u. But also
x=AllY, y=B, ie, x =A"1B"lu.

1.2.4 — LINEAR OPERATORS IN A FINITE DIMENSIONAL VECTOR SPACE

From now on we confine ourselves to the consideration of an operator A
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defined throughout an »#-dimensional space X, which maps ¥ into itself. The
set of all vectors Ax is a linear subspace of X and is therefore also finite
dimensional. The dimension of this subspace is called the rank of the operator.
First we wish to prove:
In a finmite dimensional vector space a non-singular operator A is always
invertable, its rank being the dimension of the space.
Letx,,x = 1,..., n, denote a basis of the space. In view of the conditions
1) and 2) stated in the previous section it is sufficient to prove that the
vectors Ax,, k = 1, .. ., n are linearly independent. This may be seen in the
following way: The relation
(Ax,)a* = o
is equivalent to
A(x.a*) = o,
whence, since A is non-singular:
x.a*=o0

and it follows that a* =0, k= 1,...,n.
Next we have:
If v is the rank of the operator A and s the dimension of the kernel then

r+s =mn, (1.2-16)

where n 1s the dimension of the space.

It is always possible to find a basis x,, « = 1,..., n, in the vector space
whose first s elements are included in the kernel (see the remark at the end
of section 1.1.4). If Ais non-singular, then s = 0, but in this case the theorem
is trivial. The statement is also true when all vectors of X are singular, for
then the rank is zero. Let us suppose that 0 << s < #n. We consider the space
spanned by the vectors

Ax,, ..., AX,, (1.2-17)
Since
Aa = A(x,.a*) = (Ax,)a* = (Ax,. ) a7+ ... +(Ax,)a"

the space spanned by the vectors (1.2-17) is the space of all vectors Aa. We
wish to prove that (1.2-17) is a basis for this space. But from

(Ax,.)a™ '+ ... +(Ax,)a" = o
we deduce that
X0 L Fxgat = x b L X, b

and it follows that a**? = ... = a" = 0. The rank of A is therefore » = n—s
and thus we have proved the theorem.



10 LINEAR VECTOR SPACES [1.2

As a consequence we have:
An operator is non-singular if and only if its rank is equal to the dimension
of the space.

1.2.6 — MATRICES

Whenever a basis in the vector space ¥ is given we can represent an opera-
tor A by means of a square array of numbers, a square matriz.
The vectors Ax,, k=1, ..., n, are represented as

Ax,=x,a*,, u=1..,n (1.2-18)

Conversely, an operator is known when we are given the images of the ele-
ments of a basis. Thus we see that an operator A is uniquely characterized
by the matrix

al,al, ... al,
[a,] = a’, a% ... d%, |. (1.2-19)
a"; a% a",

When A and B are two operators such that
Ax,=x,a*,, Bx,=x,b,, (1.2-20)
then evidently
(A+B)x, = x;(a*,+8*,), (1.2-21)

The matrix representing A+B with Tespect to the given basis is called the
sum of the matrices representing A and B respectively. This is written as

[@*,]+ [0*,] = [a*,+ 02,]). (1.2-22)

In a similar way it may be seen that the matrix representing cA is the matrix

cla*,] = [ca?,]. (1.2-23)

Next we consider the product C = BA. From (1.2-20) we deduce
BAx, = Bx,a’, = (Bx,)a?, = x,b*,a",.
Hence C is characterized by the matrix [c*,] with
c",,=b"PaP”, hup=1,...,n, (1.2-24)

This matrix is called the product of the matrices [6*,] and [a?,]. It is
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written as

[0%,] [a*,] = [b*, a%,]. (1.2-25)

The identity may be written in the form
1x, = x, 6}, (1.2-26)

where 8% is the Kronecker symbol introduced in section 1.1.5. Accordingly
the operator defined by a real number ¢ is characterized by

X, = X, o5, (1.2-27)

o
and it is at once clear that

[cd)] [a*,] = (c8)ar,] = [ca*,]
is the same matrix as (1.2-23).
If the operator A represented by the matrix [a*,] is invertable we shall
represent the inverse operator A—! by the matrix
-1
(a%,]
From (1.2-24) and (1.2-26) it is at once clear that

/\—1 -11\
P —
a,,aﬁ—-ap

In elementary algebra it is shown that to a square matrix (1.2-19) cor-
responds a polynomial

ar, =8, (1.2-28)

b

det[a?,] =]+« (1.2-29)

called the deferminant of the matrix. We recall the product rule:

det [a*,] det [64,] = det ([a*,] [6*,]) (i.z-so)

and the theorem:
A square matrix represents then and only then a singular operator when 1ts
determinant has the value zero.

1.2.6 — LAW OF TRANSFORMATION OF A MATRIX

An operator is defined independently of the choice of a basis. A matrix,
however, is intimately connected with a given basis and there arises the
problem of finding the relation between two matrices representing the same
operator with respect to different bases.
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We start from
Ax, = xp d",. (1.2-31)
Taking account of (1.1-12) and (1.1-14) we readily find
xya¥ = Ax, = A(x,q%)
= (Ax,) ) = x,a%, gl = X0} ar,u gl

whence

ar

p=aq gk | Vv (1.2-32)

If A is the identity, we have

oy =X 0% = ¢l ¢4 =4} ¢4, (1.2-33)
in accordance with (1.1-16).
Since det [§)] = 1, we also have

det [g}]det [gA] =1 (1.2-34)
and it follows that det [¢}] # 0. As a consequence we find from (1.2-32)
det [a¥,] = det [a*,]. (1.2-35)

1.2.7 — CHARACTERISTIC EQUATION

It may happen that the vector Ax is linearly dependent on x, that is to
say, there is a number ¢ such that

Ax'= xo. (1.2-36)

The zero vector always fulfils the condition (1.2-36). If x # o is a vector
such that there is a number o for which the equation (1.2-36) is valid this
number is called an esgenvalue of the operator A and x an eigenvector belong-
ing to the eigenvalue o.

The set of all vectors satisfying (1.2-36) for a given number ¢ is a linear
subspace of the vector space X.

For from Au = ue, Av = vo it follows that A(ua+-vbd) = (Au)a+ (Av)d
= uca+veb = (ua+vb)o.

If o is an eigenvalue this space contains at least one vector different from
zero. In that case the space is called an eigenspace belonging to the eigen-
value o. In particular, the kernel of A is an eigenspace belonging to ¢ = 0
when A is singular.

Let us now assume that the space is finite dimensional. We wish to show
that the eigenvalues can be evaluated in an algebraic way. In fact, ¢ is
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an eigenvalue if and only if the oi)erator
Ao (1.2-37)
is singular. Since this operator is represented by the matrix
[a*,—a0)]

every eigenvalue is a root of the characteristic equation

det [a*,—0d}] = 0. (1.2-38)

This is an algebraic equation of degree #, where # is the dimension of the
space. Since the eigenvalues are defined in an invariant way, that is, inde-
pendent of the choice of a basis, ¢t is immaterial which basis is taken for the
evaluation of the eigenvalues.



CHAPTER 2
METRIC VECTOR SPACES

A general linear vector space obtains an additional structure by the intro-
duction of a metric. This enables us to measure the length of a vector and to
define the angle between two vectors. We are only concerned with metric
spaces of a rather special type which closely resemble Euclidean space.

2.1 - Theorems on metric vector spaces

2.1.1 — INTRODUCTION OF A METRIC

A linear vector space is called a metric vector space when to every pair of
vectors x, y of the space a number xy is assigned, the imner or scalar
product of these vectors, such that the following rules hold:

1) The inner multiplication is commutative:

Xy = yX. (2.1-1)

2) The inner product is associative with respect to the multiplication of a
vector by a number:

(xy)ec = x(yc). (2.1-2)
3) Theinner product is distributive with respect to the addition of vectors:
x(y+2z) = xy+xz.
4) The inner product is positive definite:
X # o, implies xx > 0. (2.1-4)
A frequently used practical rule is:

(xa)(yb) = xyab. (2.1-5)
For

(xa)(yb) = ((xa)y)b = (y(xa))b = yxab = xyab.

Another direct consequence is that the inner product of two vectors vanishes
if at least one of the vectors is zero. For

xo0 = x(00) = (x0)0 = 0.
The converse, however, is not true. It may happen that the inner product
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of two vectors vanishes without at least one of the vectors being zero. It is
said that two vectors are orthogonal or perpendicular when their inner product
vanishes. According to the above statement every vector is orthogonal to
the zero vector.

Conversely, when x is orthogonal to all vectors of the space then it is the zero
vector, for then xx = 0 and this implies x = o.

By the norm of a vector x is understood the inner product xx of the vector
with itself. It is always positive, except when x = o, the norm then being 0.
The square root of the norm is the length or the absolute value of the vector
and is denoted by

x| = Vxx. (2.1-6)
" A unit vector is a vector whose length is unity. Every vector x # o can be

transformed into a unit vector when it is multiplied by the number |x|!
or —|x|-1. This process is called the normalizing of the vector.

2.1.2 — THE INEQUALITY OF SCHWARZ

The following statement is of fundamental importance in the theory of
metric spaces:
If x and y are arbitrary vectors then

lxyl = x| |¥l, (2.1-7)

the equality being valid if and only if the vectors are linearly dependent.

This is Schwarz’s inequality. The statement is trivial when x = y = o.
Without loss of generality we may suppose that x s o. First we observe
that we can find a number & such that

x(xt+y)=0 (2.1-8)
or
xxé+xy = 0.

The number ¢ satisfying this equation is evidently
= —(xy) (xx)
From (2.1-8) we conclude that
0 =< (xé-+y)(x6+y) =y (xé+y) = (xy)é+yy.
On multiplying by xx we readily find
0 < — (xy)*4(xx)(yy)-
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Hence
(xy)* = (xx)(yy) = Ix|* |y
and this implies (2.1-7). The equality holds if and only if x(+y = o.

This means, however, that x and y are linearly dependent. The result can
also be put into the form

> 0. (2.1-9)

XX Xy h
Xy yy

Schwarz'’s inequality enables us to define the angle 0 between two vectors
x and y. With reference to the well-known interpretation of the scalar pro-
duct of vectors in elementary euclidean geometry we define the angle
between two non-zero vectors x and y as the number 6 which is uniquely
determined by

Xy = |x| |y| cos 0, 0s0=n (2.1-10)

This angle remains unchanged when we multiply both vectors by a positive
or by a negative number. But if one of the vectors is multiplied by a positive
number and the other by a negative one then the angle 6 must be replaced by
n—0.

By the angle between two rays we understand the angle between generat-
ing vectors. The angle 6 changes into #—0 when the orientation of just one
ray is changed. That means that only the angle between orientated rays is
uniquely determined.

Sometimes it is convenient to define the angle between two vectors when
at least one of them is zero. In that case we shall say that the angle is 4z in
accordance with the fact that the angle between two orthogonal vectors is
always 4.

Finally we wish to evaluate the determinant (2.1-9) in terms of the
angle 0. From (2.1-10) we have

(xx) (yy)—(xy)? = (xx)(yy)— (xx)(yy) cos? 6.
Hence
' XX Xy

= |x|?®|y|? sin? 6. 2.1-11
| = e (2.1-11)

2.1.83 — GRAM’S DETERMINANT

A determinant of the type (2.1-9) can easily be generalized to the case of
an arbitrary number of vectors and, as we shall see presently, provides a
useful test for linear dependence or independence.
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Let x,, «x=1,...,n, be a set of » vectors. The determinant

xlxl LI xIX”

(2.1-12)

X, X;...X, X,

is called Gram’s determinant or the gramian of the system x,. Now we shall
prove a fundamental statement:

A necessary and sufficient condition for the system of vectors x,., k =1,...,n,
to be linearly dependent is the vanishing of their gramian.

Suppose that the system is linearly dependent. Then we can find numbers

at, k =1,..., n, not all zero, such that
X,at = o. (2.1-13)
On multiplying the expressions on the left by x,, A= 1, . . ., n, successively

we obtain a set of » homogeneous equations
(xxx,)a* =0, A=1...mn. (2.1-14)

Since this system possesses a non-trivial solution, its determinant, which is
the gramian (2.1-12), must vanish.

Suppose now that the determinant (2.1-12) is zero. Then the system
(2.1-14) possesses a non-trivial solution and on multiplying the first equa-
tion by 4/, the second by 4% etc., we find, after adding the results obtained
in this way,

(xax,)ata* =0
or

(x2a?) (x,a*) = |xpa2 = 0.

This implies, however, x,a* = o, i.e., the system x, is linearly dependent.

2.2 - Reciprocal bases

2.2.1 — THE ORTHOGONAL PROJECTION OF A VECTOR

It is not difficult to define the projection of a vector on a finite dimensional
subspace R, of a metric vector space . We shall prove the following state-
ment:

Given a vector x there is in R, a uniquely determined vector Px such that
x—Px 1is orthogonal to all vectors of R,.

More briefly stated: x—Px is orthogonal to ®,,. First we wish to show that
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a vector of this kind is unique. Suppose we have two decompositions
X =y+(x—y) =y*+@x—y*
such that y and y* are in R, and x—y and x—y* are orthogonal to R,.
It follows that
y—y*= (x—y*)—(x—y)
is orthogonal to all vectors of R,. But y—y* is included in R,. Hence
(y—y*)(y—y*) =0, that is y—y* =0 or y = y*.
Next we take in R, a basis x,, k=1, . . ., n, and consider a vector of the
type
X—Xx,a*. (2.2-1)
The numbers a#, u = 1, . . ., n, have to satisfy the condition that this vector

is orthogonal to R, that is to say, to all vectors x,, «k = 1, . . ., #. This con-
dition gives rise to the system of inhomogeneous equations

(x2x,)a* = x,x, =1...,n (2.2-2)
The determinant of the system is the gramian of the basis and according to

the theorem of the previous section it is different from zero. Hence we can
solve the system (2.2-2) and we obtain a vector

Px = X, at

such that x—Px is orthogonal to RR,. This proves the assertion.
The vector Px is called the (orthogomnal) projection of x on R,.

2.2.2 — RECIPROCAL BASES

The following theorem establishes the fact that to a given basis x, in a
finite dimensional space corresponds a second basis x* in a peculiar manner:
To a given basis
Xy, k=1...,mn, (2.2-3)
of an n-dimensional metric space R, corresponds a uniquely determined second
basis
XX, k=1...mn, (2.2-4)
such that

oxt=08 | Au=1...n (2.2-5)

Conversely, on account of (2.2-5), the basis (2.2-3) is uniquely determined by
(2.2-4).

Omitting a vector x, from the basis (2.2-3) we obtain a set of n—1 vectors
spanning an (#»—1)-dimensional space. Let P, denote the operator perform-
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ing the projection of a vector on this space. The vector
Y =X,—Pyx,

is orthogonal to all vectors x,, u 7 4, while P, x, is linearly dependent on
these vectors. Hence y # o and

0 <yy=yxx
for y(P,x;) = 0. On multiplying y by a suitable constant we find a vector y*
such that y*x, = 1. Denoting this vector by x* we have obtained the desired
result.

It is readily seen that the vectors (2.2-4) satisfying (2.2-5) are linearly
independent. For, suppose that x#a, = o, where a, are numbers denoted
by letters with subscripts in order to allow the application of the sum-
mation convention. But then 0 = x,(x*a,) = (x,x*)a, = 8a, = a,,
A=1,...,n To conclude the proof we observe that we can proceed in the
inverse direction starting with the basis x* and then we precisely obtain
the original basis.

Either basis (2.2-3) or (2.2-4) is called the reciprocal of the other. The
basis x, together with its reciprocal basis will be referred to as a frame.
A frame will often be denoted by the symbol («) exhibiting the type of in-
dices used. Thus another frame may be designated by («’), etc.

Finally we wish to refer a basis to its reciprocal. We may write

xt = x, g+, V4 (2.2-6)

where the g*#, 4, u = 1, . . ., n are the components of the vector x# with re-
spect to the basis x,. Multiplying both members of(2.2-6) by x*, we find in
view of (2.2-5): ‘
Xix b — x"x,\g"l‘ — 6{g"l‘ —_ gxp,

ie.,

g = xAx®, / (2.2-7)
But we may also write

Xp = X*gss J (2.2-8)
and on multiplying by x, we isolate g,,. Hence also

8ap = X2 Xy Ve | (2.2-9)

It is clear that g, = g, and g'# = g#,
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It is also clear that the gramian of the basis x, may be written as

det [ga,] (2.2-10)
and that of the basis x* as
det [g*#]. (2.2-11)

A simple relation exists between (2.2-10) and (2.2-11). In fact, from
(2.2-5) and (2.2-6) we deduce

O = X XF = X)X 8"

whence in view of (2.2-9)

Gre B H = Ob. (2.2-14)

On applying the multiplication rule for determinants we may infer that
det [g,] det [g#] =1, (2.2-15)

is the desired relation.

2.2.3 — CONTRAVARIANT AND COVARIANT COMPONENTS OF A VECTOR
With reference to a frame, that is, a pair of reciprocal bases, a vector may
be characterized by two kinds of components. That is, we may write
a = x.a*, (2.2-16)
but also
a = x*a,. (2.2-17)

The components in the equation (2.2-16) are called the contravariant com-
ponents of a and the components occurring in (2.2-17) the covariant com-
ponents with respect to the given frame. These names will be explained when
we deal with the transformation of coordinates in the next section.

In view of (2.2-6) and (2.2-8) it is clear that

ak = ay gh¥ } (2.2-18)

and

ay = akgr,. (2.2-19)

The equations (2.2-18) and (2.2-19) describe a process which may be called
the raising and the lowering of an index.
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It is easy to find expressions for the inner product of two vectors &
and b in terms of their respective components. Let b denote the vector
b = x,.b* = x*b,. (2.2-20)
Then, taking account of the rule (2.1-5)

ab = (x,a*)(x,b#) = (x,x,)a*b+

= (120") (x#d,) = (X1x#)arb,

= (x*a,)(x#b,) = (x*x#)a,b,.

Hence, in view of (2.2-9), (2.2-5) and (2.2-7),

ab = gy, a*b* = a* b, = g b,. (2.2-21)

2.2.4 — CHANGE OF FRAME

Suppose we are given a second basis x,. related to the basis x, by means
of the equations (1.1-11) or (1.1-12). Next we introduce the vectors

x* = x*g~, K =1,..,%, (2.2-22)

where x*, k=1, . . ., n, are the elements of the basis reciprocal to the basis
x,. In view of (1.1-11) and (2.2-5) we have, taking account of (1.1-15) and
(1.1-16):
Xy Xt = X\ xPqyql = Rai gl = gh gk = of.
Hence the vectors x*" are tlhe elements of a basis reciprocal to the basis x,.
The bases x,. and x* constitute the frame (k').
It is immediately seen that in addition to (1.1-18) we also have

aK, = aK q:’ . (2.2—23)

Thus we see that the covariant components of a vector transform like the
elements of a basis x,, while the contravariant components transform like
the elements of the reciprocal basis x*.

2.3 — Orthonormal frames
2.3.1 — THE GRAM-SCHMIDT ORTHOGONALIZATION PROCESS

A set of vectors in a metric space R is said to be orthonormal if for any pair
of vectors x, y included in the set

1, when x =y,

0, when x #y. (2.3-1)

=]
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An orthonormal system is always linearly independent.

In order to prove this statement we first observe that on account of
(2.3-1) none of the vectors of the system is zero. Linear dependence means
that there is a vector x which belongs to a space spanned by a finite number
of vectors of the system distinct from x. But since x is orthogonal to these
vectors it is orthogonal to itself and is therefore the zero vector. This is in
contradiction to the remark made above.

Next we consider a finite or infinite sequence

X,, uw=12... (2.3-2)

in a metric space R and we suppose that this sequence is linearly independ-
ent. We assert:
There is an orthogonal sequence
e, h=12..., (2.3-3)
h
such that the space spanmed by the vectors e, h = 1, ..., m, coincides with
the space spanned by x,, p=1,...,m. *
In order to emphasize the peculiar character of the orthonormal set we
place the indices under the letters indicating the vectors.
Since x, is linearly independent it is not the zero vector and we can
normalize it by taking
€ = X, 5 )
1
with & = |x,|? (or —|x,|~%, but this is of no importance). It is clear that x,
and e span the same space.

1
Suppose that we are already in possession of an orthonormal system

such that the vectors

span the same space as x,, u = 1,..., m—I1. Next we introduce the vector
x=x,—(eé+...+e &),
11

m—-1 m-1
more briefly written as
m—1
x=x,— 2 et.
h=1hh

When the numbers ¢ satisfy the conditions
h

ex = 0. h=1.....m—1.
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then, evidently,

E=ex h=1,..., m—1
h h
Since e, ..., € span the same space as x,, ..., X,,_, it follows that x 15 a
1 m-—1
linear combination of x,, . . ., x,,. The vector x cannot be the zero vector,
for x,, is not included in the space spanned by e ., . Hence we can
introduce the vector m-1
e = x¢§
m
with & = |x|! (or &= —]xl—l, but that is irrelevant). Thus we extend the
orthonormal set e, ..., e to an orthonormal set e , €.
1 m—1 m

Proceeding in this way we can make the orthonormal sequence as long as
we desire, provided the original sequence is infinite. If, however, the original
sequence is finite, the process — the Gram-Schmidt orthogonalization process
— comes to an end after a finite number of steps.

2.3.2 — THE ORTHONORMAL FRAME

A direct consequence of the result obtained in the previous section is:

A finite dimensional metric vector space possesses an orthomormal basis.

The case # = 0 is of no interest. Under the assumption » > 0 we can find
a basis consisting of linearly independent vectors and on applying the Gram-
Schmidt process we can replace it by an orthonormal basis.

It is clear that the reciprocal of an orthonormal basis coincides with the
original basis. As a consequence an orthonormal basis may also be referred
to as an orthomormal frame.

For a subsequent application we need the following theorem:

The set of all vectors of an n-dimensional metric vector space R, orthogonal
to a non-zero vector x of R, is an (n—1)-dimensional space R,_,.

Let x,, « = 1, ..., n, denote a basis of R, including the given vector x.
By a suitable enumeration we may suppose that x = x,. On applying the

Gram-Schmidt process to the system x, we obtain a basise, h=1,...,n,
h

such that x; and e span the same ray, while e, .. e span a space of dimen-
2

sion n—1 orthogonal to e that is to x. It is easily checked that every vector
orthogonal to x is included in this space R,_,. This proves the assertion.

2.3.3 — ORTHOGONAL COMPONENTS

The components of a vector with respect to an orthonormal frame are
termed the orthogonal or rectangular components of the vector. We wish to
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list some simple expressions 1nvolv1ng these components. The vectors & and

b may be represented as
n

a=Yea b=3eb

h=1hh h=1hn

The inner product of these vectors is

ab = i nz (ee)aa,

h=1k=1 Bk nk

But
6 — 1, when A =2,
i,‘ ~ 10, when % £E.
Hence
ab= > ab.
K=1hk

Next we consider a unit vector e and we denote by c h=1,
rectangular components, that is,

n

e=> ec.
h=1hn
When 6 denotes the angle between e and e we have
h h
cosf =ee, h=1,...,n
b B

On multiplying both members of (2.3-7) by e we find
k

and thus it appears that

¢ = cos 6, h=1 -+ n
h h
Consequently

n
e=> ecosf.
A=1h A

By virtue of (2.2-6) and the fact that ee = 1 we also have

D cos?f = 1.

h=1 h

(2.3-4)

(2.3-5)

(2.3-6)

., 1, its

(2.3-7)

(2.3-9)

(2.3-10)

(2.3-11)

(2.3-12)

To conclude this section we wish to derive some useful expressions for the

numbers g,, and g** introduced in section 2.2.2.

In R, we consider a frame (k) consisting of the vectors x, and x*, x =
1,...,n. With reference to an orthonormal frame we may represent these



2.3) ORTHONORMAL FRAMES 26

vectors as n
X, =2 ef, (2.3-13)
A=1h A
and N
x*=73 e&", k=1--°n (2.3-14)
h=1hh
On the other hand we have
e = x5 = x*e,, h=1,...n, (2.3-15)
h h h

where e* and ¢, are respectively the contravariant and covariant components
h h
of the e with respect to the frame («x). On multiplying both members of
h
(2.3-13) and (2.3-14) by e we get
k

x.e=£., x<e = &, k=1,..,n «=1...,mn
k k k k

From (2.3-15) we obtain by a similar process

exrt=0er =6 ex,=0de =e.
h h h h h h
Hence
Ex = €y, 5‘ = e*
h h h h

and thus it appears that

n n
X, = ee., x*=3 ee~ (2.3-16)
h=1hh h=1h h

Now it follows from (2.3-9) and (2.2-7) by means of the formula (2.3-6)

g’\l‘ = z BABI‘ (2.3—17)
h=1h h
and
gt = eter. (2.3-18)
h=1h h

As an application of (2.3-17) we shall prove:

The gramian of a linearly independent set of vectors is always positive.

Let x,, k=1, ..., n, be this set. In the space spanned by it we introduce
an orthonormal frame. Then

det [ga,] = det [ exe,] = det? [¢,] > 0.
A=1h & 1]

Tt should be noticed that this theorem, combined with the theorem of section
2.1.3, reduces to Schwarz’s inequality when n = 2.



CHAPTER 3
BILINEAR AND QUADRATIC FORMS

With an operator in a metric vector space is associated a real-valued
function of a pair of vector variables which possesses many interesting
properties. These properties also find a wide field of applications beyond the
frontiers of differential geometry.

3.1 — Bilinear forms
3.1.1 — THE BILINEAR FORM ASSOCIATED WITH A LINEAR OPERATOR

Let A denote a linear operator in a metric vector space . If x and y are
two vectors we may consider the inner product of the vectors x and Ay

xAy (3.1-1)

This expression is evidently a function of two vector variables x and y.
It is named a bilinear form on account of the fact that it behaves linearly
with respect to each variable separately. That is to say

XxA(ua+vb) = x(Aua+Avd) = xAua-+xAvd
and
(ua+vd)Ay = uAya+vAybd,
where u and v are arbitrary vectors and @ and b arbitrary numbers.
In general the forms xAy and yAx are not the same, for in the defini-

tion of (3.1-1) the vectors x and y do not play the same part. An operator
A, however, satisfying the condition
XAy = yAX (3.1—2)
for every pair of vectors x, y is called symmetric. This name is also adopted
for the associated bilinear form.
In the particular case that A is the identity the form (3 1-1) coincides
with the inner product xy which is evidently symmetric.
The vectors x and y are said to be conjugate with respect to the symmetric
operator A when
xAy = yAx = 0. (3.1-3)
This property is a generalization of the concept of orthogonality, for vectors
conjugate with respect to the identity are orthogonal.
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A vector y is conjugate to all vectors of the space if and only if the vector
is singular for the operator.

For, if y is singular then Ay = o and thus xAy = 0 for all vectors of
the space. If, conversely, xAy = 0 for every vectorx thenwhen x = Ay,
(Ay)Ay = 0 or Ay = o. Hence y is singular.

3.1.2 — BILINEAR FORMS IN A FINITE DIMENSIONAL METRIC SPACE

Suppose that R, is an #-dimensional metric space referred to a frame («).
In section 1.2.5 we introduced the components of the operator A by means of
the equations (1.2-18). It is readily verified that these components may be
written as

at, = x*Ax,,. (3.1-4)

This suggests to us the idea of defining other components in the following
way:

a* = x, Ax*, (3.1-5)

a,\'“ = XAAX/u (3.1—6)
and

art = x*Ax*, (3.1-17)

In terms of the various types of components of x, y with respect to (k) we
evidently have

XAy = a*, 2yt = ;yFaty, = a,, 2 y* = atrayy,. (3.1-8)
The symmetry of A is expressed by the equations
Uy=ayu,, @*=ar at=ak (3.1-9)

Either of these equations implies the remaining two.

In the case of a symmetric operator we shall write a;“ instead of a?,, in
accordance with the last equation (3.1-9). This has already been anticipated
by the notation 6,’} for the Kronecker symbol representing the identity.

The components a,, are called the purely covariant components of the
operator A (or of the associated bilinear form). The components a*# are
called the purely contravariant components, while a*, and a,# are referred to
as the mized components.

In particular g, , and g*# are respectively the purely covariant and purely
contravariant components of the identity.

3.1.3 — THE EQUATIONS OF TRANSFORMATION

The components of an operator A with respect to a second frame («’) are
related to the components with respect to a frame (k) in a simple manner.
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We already encountered a relation of this kind in section 1.2.6. Similar
equations may be derived at once from the expressions (3.1-5), (3.1-8) and
(3.1-7), taking the equations (1.1-11) and (2.2-22) into account. Because
of the linearity we have

Apeyr = aA,aQi'Q,/f' (3'1—10)
and

ar'F = arrgy gk, (3.1-11)
while a,# transforms like a#,.

If, conversely, we let correspond to every frame («) a system of numbers a,,
in such a way that the numbers corvesponding to different frames are related as
in the equations (3.1-10), then they uniquely define an operator A having these
numbers as components with respect to the given frame.

We observe that the numbers

Uy = ay, y* (3.1-12)

may be considered as the components of a vector u. In fact, with reference
to a system («x’) we have

Uy = Aypy* = g9y’ = G qayt =gy
and it is perfectly clear that the correspondence between y and u is that of a
linear mapping.

Any statements about the components are significant only when they re-
main valid on replacing the components by those corresponding to another
frame. Thus, for instance, a statement about symmetry need only be
verified in one trame. For, when a,, = a,, in a frame (x) then

Apry = a:\ﬂﬁ'ﬂ' = g gk = Aur
in the frame («’).
It is sufficient to give the components of a certain type. In fact, from
(2.2-6) and (2.2-8) we deduce with reference to (3.1-4)—(3.1-7):

Urp = EacB = Eep@r”, (3.1-13)
@k = ghrar = geral,, (3.1-14)
a'\ﬂ = gA‘aK/l = gxpah‘; (3.1—15)
@t = grcat = grhay.. (3.1-16)

These relations are actually invariant with respect to a change of frame.
Thus, for instance,

_ ’ - A X ’ ’
Urow = Euw 8y = Eac @’y a9 qs 14

- K __ A — A
= gy A% 05 = Erc B W QN 0l = M1 9,
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that is to say, the formation of a,, from at u 1s accomplished in different
frames in exactly the same way.

3.2 - Eigenvalues and eigenvectors of a symmetric linear operator
3.2.1 — SYMMETRIC OPERATORS IN METRIC SPACE

In section 1.2.7 we introduced the concept of eigenvalue and eigenvector of
a linear operator. We now wish to study the properties of these concepts
more closely in the case where the operator is defined throughout a metric
space and is symmetric. First we shall establish the theorem:

Two eigenvectors of a symmetric linear operator corresponding to different
eigenvalues are orthogonal and at the same time conjugate with respect to the
operator.

Let

Ax = ox, Ay =y, o HFT.
Then
xAy = x1y = TXY, YAXx = yox = oxy.

Since A is symmetric we infer that oxy = txy or (0—7)xy = 0. Hence
xy = 0 and xAy = 7xy = 0.

Another useful theorem states:

A symmetric linear operator sends every vector orthogonal to an eigenvector
into a vector which is again orthogonal to this eigenvector.

Let x denote an eigenvector belonging to the eigenvalue o. If y is ortho-
gonal to x then

XAy = yAx = xoy = gyx = 0.

Hence Ay is orthogonal to x.

The converse statement is also true:

If x # o ts a vector such that yx = 0 always implies yAx = 0, where A is a
symmelric operator, then x is an eigenvector of A.

If x # o we can find a number ¢ such that

XAX = oXX.

This equation expresses the fact that the vectors x and y = Ax—ox are
orthogonal. But by hypothesis yAx = 0 and therefore yy = y(Ax—ox)
= yAx—oyx = 0. It follows that y = o, that is to say Ax = ox. This
proves the assertion.

3.2.2 — THE ROOTS OF THE CHARACTERISTIC EQUATION

We pointed out in section 1.2.7 that the eigenvalues of an operator are
among the roots of an algebraic equation of the type (1.2-38). Since the
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purely covariant components of the operator A—o are a,,—o0g,,, the eigen-
values also satisfy
det [ay,—aga,] = 0. (3.2-1)

It is easy to verify that (3.2-1) arises from (1.2-38) by multiplication by
det [g,,]. Hence these equations yield the same roots.

Now we wish to prove the fundamental theorem:

A characteristic equation associated with a symmetric linear operator in a
melric vector space has only real roots.

We know that in the case » = 1 — and this is the only interesting case —
the equation (8.2-1) has at least one root which may, however, be a non-real
number. The corresponding system of equations

(@ar,—0ogru)x* = 0, A=1...,mn, (3.2-2)

then has a non-trivial solution 24, u = 1, . . ., #, but these numbers need not
be real, either. Since the numbers a,, and g, , are real, the conjugate complex
numbers ## satisfy the system

(@r—08ru) E* = 0, (3.2-3)
where @ is the conjugate complex of ¢. From (3.2-2) we deduce

(@ru—08au) &2k = 0 (3.2-4)
and from (3.2-3)

(a,\,‘—EgM,)x"x"‘ = 0. (3.2—5)

The symmetry of A implies

Bt = a,Frat = ay,Fr 2t = ay, 2t B
and for a similar reason we also have
B xt = g 2t &P,
On subtracting corresponding members of (3.2-4) and (3.2-5) we get
(0—5)gru&rzh = 0. (3.2-6)

Next we wish to show that g,,# z# 5 0. Let us put

2r = urtivt
where #*, v* are real, A= 1,...,#n. Then

Gt at = gy, (ut—iv?) (ur+-ivk)
= g Ut ur—igy 0 ub+igy , w v gy v vk

= WA ub4g) Y vF = uu+-vv,
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where u = x,u*, v = x,v*. Because of the fact that not all numbers z*,
k= 1,...,n, are equal to zero, at least one of the vectors u, v is not the
zero vector. Hence g, , £ z# > 0 and it follows from (3.2-6) that o = 3, that
is to say, o is a real number.

3.2.3 — THE PRINCIPAL DIRECTIONS

A vector of norm unity is often referred to as a direction. By a principal
direction of an operator A in a metric vector space is understood a unit
eigenvector of the operator. The main theorem of this section states:

A symmetric linear operator A in an n-dimensional metric space R, possesses
a system of n mutually orthogonal principal directions.

The case # = 0 is of no interest. We assume, therefore, » > 0. There exists
an eigenvalue o being a real root of the characteristic equation associated

with the operator Let p be an eigenvector of norm unity beloging to a
In section 2.3.2 we proved that all vectors of R, orthogonal to p constltute

a linear space R,,_, of dimension #—1. By virtue of a theorem of sectlon 3.2.1
the operator transforms R, into itself. Considered as an operator in i,,_, it
is again symmetric. If » > 1 we can repeat the previous reasoning, that is to
say, we can find an eigenvalue ¢ (not necessarily different from o) and a unit

2 1
eigenvector p belonging to it and included in R,,_, . Proceeding in this way we
2

obtain an orthogonal frame of vectors p, such that
h

Ap = op, h=1,...n (3.2-7)

h hh

When two eigenvectors belong to the same eigenvalue then any linear
combination of these eigenvectors is either zero or is again an eigenvector
belonging to that eigenvalue. Thus we arrive at the result that to an eigen-
value of multiplicity # — that is a root of multiplicity % of the characteristic
equation — corresponds a k-dimensional eigenspace R,. Any orthonormal
frame of R, can be a part of the desired frame in RR,. Only in the case that
all eigenvalues are different is the orthonormal system of principal directions
uniquely determined.

With reference to a frame of principal directions the operator A is repre-
sented by the diagonal matrix

1
’ (3.2-8)
‘o
n

all elements outside the diagonal being zero.
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A particular case presents itself when all eigenvalues are equal to the same
number o. Then every vector x # o is an eigenvector belonging to o, since
the whole space R, is an eigenspace. It is clear that

A =ol, (3.2-9)

where 1 denotes the identity. As a consequence the covariant components
of A are
Ay = 08ru- (32—10)
A corollary of the main theorem states:
The rank r of a symmetric operator A in an n-dimensional metric space is
equal to the maximal number of linearly independent eigenvectors belonging to

the mom-vanishing eigenvalues.
Let p, h=1,...,n, denote the vectors of an orthonormal system of
h

principal directions belonging to the eigenvalues ¢ respectively. We arrange
b

these eigenvectors in order such that o, ..., ¢ are all different from zero,
1 r
whereas the remaining values vanish. An arbitrary vector x can be written as

x=pzx+...+px+t+ ... +px
11 rr nn
and it follows that
Ax = Apz+ ... +Apz+ ... +Apx = pox+ ... +pox.
11 rr

nn 111 rrr

Hence Ax is included in the space spanned by the vectors p, . . ., p. On the
1 r
other hand Ap, . . ., Ap are linearly independent. It follows that the space of
1 r
all vectors Ax is exactly the space spanned by p,...,p.
1 r

3.8 - Quadratic forms

3.3.1 — EULER’S THEOREM

A quadratic form
xAX (3.3-1)

arises from (3.1-1) when we let x and y coincide. It is our aim to study the
range of values of this form when x varies throughout the set of all unit vec-
tors of R,,. It is clear that the value of (3.3-1) can be obtained from the value
of this expression for a unit vector by multiplication by the norm of x.
Hence it is sufficient to restrict ourselves to the case that the norm of x
is unity.

The following theorem, Euler’s theorem, states that everything is known
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about the values of a quadratic form (3.3-1) when we know the eigenvalues
of the operator A.
If the unit vector e makes the angles 0 with the vectors p, h = 1,..., n, of an

h h
orthonormal frame of principal dirvections, then the value o of the quadratic form
(3.3-1) for x = e is equal to

o= ocos?. (3.3-2)

h=1h h

Asusual, p denotes an eigenvector of norm unity belonging to the eigen-
h

value o. First we observe that o is exactly the value of (3.3-1) for x = p
h h

h
For, from
Ap =op
h hh
it follows that
PAp =opp =o.

h h hhh h
Taking account of (2.3-11) we find in view of (2.3-9) and (2.3-10)

c=eAe=eAYpcosl =>cgepcosd =3 ocos?0.

h=1h h h=1h h h h=1h h
A consequence of Euler’s theorem is:
The sum of the values of the quadratic form (3.3-1) for n mutually orthogonal
unit vectors 1s equal to the sum of the eigenvalues of the operator A.

Let e denote any orthonormal frame and p, 2 = 1,..., n, an orthonor-
Y A
mal frame of principal directions. We put

cos 0 =ep, hk=1,...n.
hk hk

Referring to (2.3-12) we infer that
n
> cos?f =1 k=1,...n,
h=1 hk
and by virtue of (3.3-2) we have
n n n n n n
deAe=> > ocos?f=3 o cos?=3 o,
h=1h h h=1lk=lk Ak k=1k h=1 hk k=1 k
the desired result.

3.3.2 —~ SOME FUNDAMENTAL INVARIANTS

It is clear that any expression in terms of the eigenvalues gives rise to in-
variant expressions in terms of the components of the operator. We wish to
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derive two important formulas which are of fundamental importance for
geometric applications.

First we consider the sum of the eigenvalues. Let p denote the vectors of
h
an orthonormal frame of principal directions. The contravariant compo-

nents of p with respect to an arbitrary frame («) are denoted as p*. Then
A A

20=23pA p=Z b Pr = ay, 3 "P"
A=1h h=1h & A h h=1

Combining this result with that of (2.3-18) we get

n

So=ayg=a. (3.3-4)

A particular case is the formula

for the eigenvalues of the identity are all unity. The formula (3.2-5) is,
however, a direct consequence of the definition of the Kronecker symbol.

The number af is called the frace of the operator A. As we pointed out
above it is an invariant with respect to change of frame. We may also verify
this invariance by direct computation:

af = afgh gl = a8} = af.
Another interesting invariant is found when we consider the iteration
A? = AA of the operator A. This operator is again symmetric as follows from

xA2y = xA(Ay) = AyAx = AxAy = yA’x.
Now let x denote an eigenvector of the operator A. Then
Ax = ox
and
A?x = Aox = oAx = o%x,

and thus it appears that x is also an eigenvector of A2, while the square of
the corresponding eigenvalue of A is an eigenvalue of A% The components
of A? with respect to a frame (k) are

A AP
bﬂ—‘apalt

and it follows from (3.3-4) that

AEIc;’ = b = alaf. (3.3-5)
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Without further explanation it is clear how we may tind a sum of higher
powers of the eigenvalues.

The results (3.3-5) and (3.3—4) enable us to obtain another important
formula, observing that

n n
2¥00=(X0)2— 3 o
h<k h k h=1hr h=1hn
Hence
23 oo =ajak—ala4. (3.3-6)
h<k h k

It is easily verified that this equation may be written in the form

23 00 = —g"gM(amap,—ap as,) (3.3-7)
N<k bk
or
2y oo = —grrght Bar Pau|, (3.3-8)
n<kh b pa aﬂp

3.3.3 — EXTREMAL PROPERTIES OF THE EIGENVALUES

Again let p, = 1,.. ., n, denote a system of principal directions of the
h

symmetric operator A in an »n-dimensional metric space. From now on we
shall assume that the corresponding eigenvalues are arranged in order such
that

oc=20=...=20 (3.3-9)
1 2 n
First we state:

The eigenvalue o, is the maximal value of the quadratic form (3.3-1) for a

m
unit vector e which satisfies the conditions

ep =...=ep=0. (3.3-10)
m==1
This means that in the case m = 1 that there are no conditions.
The proof is easy when we apply Euler’s theorem. The angles 0 , 0 are
equal to 4z and in view of (3.3-2) we have "m1

c=eAe=occos?0+ ... +ocos?0 < g(cos?0+ ...+ cos?0)

=0 ) cos?b =o.
mh=1 1.3 m
Hence o does not exceed 0. On the other hand p satisfies the conditions
m m
(3.3-10) and o is precisely the value of (3.3-1) for x = p.
m
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The eigenvalue ¢ may also be characterized by the following minimum-

m
maximum principle:
The eigenvalue o is the smallest value that can be assumed by the maximum of
m

the quadratic form (3.3-1) for a unit vector which also satisfies m—1 arbitrary
conditions of the form
eq=...=e q=0. (3.3-11)

1 m~1

We take a set of vectors q, ..., ¢. In combination with p, ..., p they
1 m—1 m+1 n
span a linear space ®; of dimension # < #. As a consequence there is a

vector y o not included in R,. If P denotes the projection operator asso-
ciated with R, (section 2.2.1) the vector x = y—Py is not the zero vector and
is orthogonal to R,.. Hence we may suppose that x is a unit vector e. We apply

Euler’s theorem to this vector, observing that § = ... = 0 = }n. Hence
m-+1 n
o =eAe =gcos?0+ ... +ocos?0 = g(cos? 64 ... +cos?0)
1 1 m m m 1 m

n
=0 Y cos?b = o.
mp=1 h m
Thus we see that for certain vectors satisfying (3.3-11) the value of the
quadratic form (3.3-1) is not less than o and a fortiori is the maximum value

m
for all vectors satisfying (3.3-11) is not less than ¢. On the other hand, since

m
the vectors gq, ..., ¢ are arbitrary and we may replace them by p, ..., p,
1 m-1 1 m—1
we infer that p is a vector satisfying the conditions stated and ¢ occurs

m

among the values for vectors satisfying (3.3-11).

3.4 - The principal angles between two finite dimensional spaces
3.4.1 — THE PROJECTION OPERATOR

It is our aim to illustrate the theory of a symmetric operator in a geome-
tric problem. To this end we shall consider in more detail some properties
of the projection operator introduced in section 2.2.1.

Let R, denote an m-dimensional subspace of a metric space i. With ®,, is
associated an operator P such that every vector x of R can be decomposed
into two vectors Px and x—Px, where Px is included in R,, and x—Px is
orthogonal to R,,. First we shall prove:

The operator P is a linear operator.

Let u and v denote two arbitrary vectors of R and @ and b two arbitrary
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numbers. From the decompositions
u = Pu+- (u—Pu),
v = Pv+(v—Pv),
follows that
ua+vb = (Pu)a+ (Pv)b+ (u—Pu)a+ (v—Pv)b.

Since (u—Pu)a+ (v—Pv)d is also orthogonal to R, and, moreover, the
decomposition is unique, we may conclude that

P(ua+vbd) = (Pu)a-+ (Pv)b.

It is clear that the vectors orthogonal to ,, are singular for P. Hence the
operator P is then and only then non-singular when R and R, coincide.
Since Px is in R, we evidently have

P2x = Px. (3.4-1)

This equation expresses the fact that P is idempotent, that is to say, the
iterated operator coincides with the operator itself.

Next we shall prove that P is symmetric. Let x and u denote arbitrary
vectors. Since Py is in R,, and x—Px is orthogonal to R,, we have

(x—Px)Py = o.
It follows that
xPy = PxPy = PyPx = yPx.

The theory of the eigenvalues of the projection operator is not very excit-
ing. In fact, the eigenvectors of P are the vectors of R, and the vectors
orthogonal to R,,. They correspond to the eigenvalues 1 and 0 respectively.

3.4.2 — THE PRINCIPAL ANGLES

The angle between a vector x and a finite dimensional subspace R,, of the
metric space ! may be defined as the angle between this vector and its
projection on the subspace. When the vector is orthogonal to R, then the
projection is the zero vector and we define the angle as 4z. A general theorem
states:

The angle 0 between a vector x 7 0 and a finite dimensional subspace does not
exceed }m. It is determined by

xPx = |x|? cos? 0, (3.4-2)

where Px denotes the projection of x on the subspace.
The case Px = o has already been considered. Under the assumption
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Px # o we have, by virtue of (3.4-1), taking account of the symmetry of P,
xPx = xP(Px) = PxPx = |[Px|2 > 0 (3.4-3)

and since also
xPx = |x||Px| cos 6 (3.4-4)

it follows that cos 6 > 0, i.e., 6 < x.

Equating the right-hand numbers of (3.4-3) and (3.4-4) we get on dividing

by |Px|:

|Px| = |x| cos 6. (3.4-5)
Inserting this into the right-hand member of (3.4-4) the desired result
(3.4-2) is obtained.

Suppose now that R,, and R, are two finite dimensional subspaces of a
metric space R, the dimensions being indicated by the subscripts. The pro-
jection operator associated with R,, will be denoted by P, the projection oper-
ator associated with R, by Q. Let x be a vector of R,,. Then Qx is a vector of
R, and PQx is again a vector of R,,.

The operator PQ is a symmetric linear operator defined throughout R,,.

The linearity is evident. From the symmetry of P and Q follows, when x
and y are in R,,:

xPQy = xP(Qy) = QyPx = PxQy = xQy = yQx = yPQx.

Similarly QP denotes an operator which is defined throughout R,. Now
we shall prove the remarkable theorem:

The operators PQ and QP have the same rank.

We refer to section 3.2.3 where we proved the theorem stating that the
rank 7 of a symmetric linear operator in a finite dimensional metric vector
space is the maximal number of linearly independent eigenvectors belonging
to non-vanishing eigenvalues. Let ¢ # 0 denote an eigenvalue of PQ. Then
there exists a vector x # o such that

PQx = ox.
Hence
QPQx = oQx. (3.4-6)
This expresses the fact that Qx is an eigenvector of QP, for Qx = o would
imply PQx = o. Further let p, ..., p be a system of mutually orthogonal

1 r
principal directions of PQ belonging to the non-zero eigenvalues o, ..., o.
1 r

Then Qp, . .., Qp are eigenvectors of QP belonging to the same eigenvalues.
1 r
Suppose that a relation

(Qf)£+ ...+ (Qp)é=0
1 rr
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holds. On applying the operator P it follows that also
(PQP)é+ . .. +(PQP)E =0
11 rr

or
poé+ ... +poé=0,
111 rrr
Since p, . . ., p are linearly independent and none of the numbers o, .. ., o
1 r 1 r
vanish, we infer that £ = ... = £ = 0. Hence Qp, . . ., Qp are linearly in-
1 r 1 r

dependent and are eigenvectors of the operator QP belonging to non-vanish-
ing eigenvalues. As a consequence the rank of QP is not less than the rank
of PQ. But we may interchange the roles of P and Q and then the assertion
follows at once.

As a by-product we find that this common rank satisfies the inequality

r < min (m, n). (3.4-7)

We are now sufficiently prepared to measure the inclination between the
spaces R,, and R,.. Let x # o denote an eigenvector of PQ belonging to an
eigenvalue ¢ % 0. Then also Qx * o and in view of the last theorem of the
previous section the angle w between x and Qx is an acute angle determined

by
xQx = |x|? cos? w. (3.4-8)

Since x is included in R, we also have
xQx = PxQx = QxPx = xPQx = o|x|%.

Hence
¢ = cos? w. (3.4-9)

An angle of this kind will be referred to as a principal angle between R,,
and R,. Now we observe that in R,, we can find an orthonormal system of
eigenvectors p, . . ., p corresponding to  non-vanishing eigenvalues g, . . ., ¢

1 r 1 r
of the operator PQ. The corresponding principal angles are determined by

coslw = o, h=1,...,r. (3.4-10)
h h

Some of these angles may have the value zero; they correspond to eigen-
values equal to unity. In that case R,, and R, have non-zero vectors in

common.
It may happen that PQ has more eigenvalues than those listed in (3.4-10).
They are necessarily equal to zero and the cigenvectors belonging to them
are orthogonal to R, . In the particular case that the rank of PQ is zero all
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vectors of R,, are orthogonal to R,. Then we say that R, and R, are abso-
lutely orthogomal. Summing up we may state:
Two finite dimensional subspaces R,, and R, in a melric vector space R

determine v = min (m, n) principal angles w, . . ., w. The first space contains
r

1
m—r linearly independent vectors orthogonal to R, and the second contains
n—r vectors orthogonal to R, or in other words: the first space includes a
subspace R,,_, absolutely orthogonal to R, and the second includes a subspace
R,_, absolutely orthogonal to R,,.
Finally we mention: If a vector x in R,, makes the angles 4, h=1, ...,
h

with the selected eigenvectors p and the angle w with its projection on R,,
then A
cos?w = Y costwcos?d, h=1,...,r. (3.4-11)
h h h
This is a direct consequence of Euler’s theorem.
Extremal properties of the angle w can be stated on applying the results
of section 3.3.3.

3.4.3 — ORTHOGONAL OPERATORS

The foregoing results may be utilized for the description of some proper-
ties of so-called orthogonal operators. An operator A in a metric vector space
is said to be orthogonal if

AxAy = xy, (3.4-12)
where x and y are arbitrary vectors. First we state:
The only eigenvalues of an orthogonal operator are the numbers +1.
For, from
Ax = ox
follows
AxAx = o?xx,

whence, by virtue of (3.3-12), 02 =1, i.e.,, 0 = +1.

The second theorem of section 3.2.1 also holds for orthogonal operators,
that is to say:

An orthogonal operator sends every vector orthogonal to an eigenvector into
a vector which is again orthogonal to this eigemvector.

Let

Ax = +x

and yx = 0. By (3.3-12) AyAx = 0 also or 4-(Ay)x = 0. This proves the
assertion.



3.4] THE PRINCIPAL ANGLES 41

Henceforth we suppose that the space is finite dimensional of dimension #.
According to the first theorem of this section there are no non-zero singular
vectors of the operator A and its rank is therefore equal to #. Suppose that
there are m eigenvalues. This means that the characteristic equation

det [a,\/,-—ag,\p] =0 (34—13)

possesses m real roots, these being 41, and consequently #—m conjugate
complex roots, for the coefficients of the equation are real. Hence #—m is an
even number 2%. Next we consider the 2%&-dimensional space orthogonal to
the eigenspace of dimension m. This space is transformed into itself. A %-
dimensional subspace of it is transformed into another 2-dimensional sub-
space. According to the results of the previous section the product of the
projection operators associated with these subspaces possesses % eigenvalues
o, h =1,..., k. The angles determined by
h
cos?d =g, h=1,...,k, (3.4-14)
h h

are called the angles of rotation of the operator A. Summing up we may state:

An orthogonal operator in an n-dimensional metric vector space possesses an
m-dimensional invariant space and determines }(n—m) angles of rotation,
where m denotes the number of real rools of the characteristic equation
associated with the operator.



CHAPTER 4
TENSORS

The bilinear forms studied in the previous chapter are particular cases of
the so-called multilinear forms which are real-valued functions of several
vector variables restricted to the conditions of linearity. It is common to
denote these mathematical entities by the name “‘tensor’”’, because they
appear, for instance, in the theory of elasticity and measure the deformations
of an elastic body under the influence of external forces. In finite dimensional
metric vector spaces they are characterized by a system of components which
are transformed in a particular way when we change the frame of reference.
Tensors can also be combined by means of simple algebraic operations and
giverise to a body of rules, the tensor algebra. The tensors are used to state
geometrical facts in a concise way.

4.1 - Multilinear forms

4.1.1 ~ DEFINITION

By a multilinear form is understood a function of a certain number of
vector variables such that the function is linear in each variable separately.
This means, when one of the variables is replaced by the vector ua+-vb, then
the value of the form is the value for the vector u times a plus the value
for the vector v times &. It is clear that a bilinear form is a multilinear
form in two vector variables. The number of variables occurring in the form
is called its valency. We do not want to exclude forms of zero valency. They
may be identified with constants.

We have adopted the name ‘“multilinear form’’ in order to exhibit the
particular functional character. It is, however, more common to denote a
multilinear form by the name fensor. In subsequent chapters we shall use
this name exclusively.

Suppose now that the space is a finite dimensional vector space and let
(x) denote a frame. The values of the bilinear form which are taken when the
variables are replaced by elements of the frame are called the components
of the tensor with respect to the frame. The designation of the components
will be illustrated in the example of a trilinear form

A(x,y, z). (4.1-1)
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Replacing x, y, z by x,, x,, X, respectively we obtain a number denoted by
Appy = A(XA: Xu» xv); (4.1—'2)

where 4, u, » run through the numbers 1, ..., n. The numbers (4.1-2) are
called the purely covariant components of the tensor. The purely contravariant
components are obtained by replacing the variables by x2, x4, x”, that is to
say

alm = A (x*, x#, x*). (4.1-3)

In addition we have a variety of types of mized components, e.g.,
[ = A(x), x4, 2*), a') = A(x*, x,, x*), etc. (4.1-4)

Thus we see that the components are denoted by a symbol provided with a
number of upper and lower indices equal to the valency of the multilinear
form.

The value of the trilinear form (4.1-1) for the vectors u = x,u*, v = x,v*.
W = x,w* may be expressed in terms of the components as

A(u, v, w) = a,,,u* v¢ w’.
If we should have taken u = x*u,, v = x,v*, w = x*w, the result would be
Au, v, w) = a* )u,v* w,

and so on. A set of components of a certain type determines all other types.
In fact, in view of (2.2-6) and (2.2-8) we have, for instance,

at,, = A(x*, x,, x,) = A(g**x,, X, X))
=g A (x,, X, X,) = A Ay
Conversely
Ay = gha",,,,.

This is the process of raising and lowering the indices.

4.1.2 - THE LAW OF TRANSFORMATION

Next we introduce a second frame («’). Taking account of (1.1-11) and
(2.2-22) we easily deduce equations of transformation like

— v
ax;p,,, — akl‘vqi\lqlp‘lqw,
Ivl — 4 v'
NS NCL T A

etc. In the case of a tensor of valency A+% we may write

A'yee A, — gy A A’ /
4" »"'I,"""h =at ‘I‘v'-l‘uqlll e qi:qf"xl B 'qlﬁ‘,:' (4.1-5)
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This is only one type of components, but, as we already pointed out in the
example of a trilinear form, many possible arrangements of the indices
present themselves. In all these cases, however, the equations of transfor-
mation are essentially the same.

We started with multilinear forms and arrived at the components and
their laws of transformation. In most applications, however, the components
are given. Suppose that to every frame (k) we let correspond a system of
n™* numbers a"l“"‘bpl__. 4> Such that between the numbers corresponding
to the frames (x) and (x’) the relations (4.1-4) hold. We assert that the
numbers corresponding to any frame («x) are the components of a tensor
with respect to this frame.

In order to prove this assertion we consider the form

Ao A
a1 Ty ..o, 2., xh (4.1-6)
[ SRRV 11 h ~h+1 Bk
where Ty s Xy, are the covariant components of the vectors x, ..., x
1 h 1 b
and a#1, . . ., 2" are the contravariant components of the vectors x. .. ., x.
h+1 b+k h+1 h+k

On account of (4.1-5), (1.1-18) and (2.2-23) we have:

Xyl

’ ’ ’ llll l‘lk
a Wty Ty e T, B
1 h h+l h+1
[ PR | A’ A, " 'y "y
= qf SN A O SR  J PRRRE SVR. ol SN
Py 184 A 1Hy /"kl 1 L btk
= gh-Mr 151 P
a PR, FERRE WL
1 h h+l h+k

Hence the values of the expressions (4.1-5) evaluated in various frames are
the same and may therefore be denoted by

Ax,...x, x, ..., X), (4.1.7)
1 h h+l h+k
being a function of the vector variables x, . . ., X, x, . . ., x. It is immediately
1 h h+1 h+k

clear, that this function is a multilinear form.
A particular case is that of a tensor of valency one. It is characterized by
a set of #» components a? or @, obeying the rules of transformation (2.2-23)
and (1.1-18). Hence a tensor of valency one may be identified with a vector.
A tensor of valency zero is given when to every frame (k) corresponds a
(x)
number ¢, such that
() (x)
¢ = ¢. (4. 1—8)

A tensor of this kind is called a scalar.
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A tensor of utmost importance is that which is represented by the inner
product xy of the vectors x and y. Its components are g, ,, g*# and 62. This
tensor will be referred to as the metric tensor.

4.2 - Tensor algebra
4.2.1 — ADDITION AND MULTIPLICATION

There are some simple algebraic rules for combining given tensors with
others. We shall illustrate them with special examples, the general case
being omitted, but the pattern is the same as for our simple examples.

First we define the sum C(x, y, z) of two tensors of the same valency (the
only case where the addition has a meaning)

Cx,y,z)=A(x,y,z)+B(x,y, z) (4.2-1)
as the sum of the functions 4 (x, y, z) and B(x,y, z). Introducing com-
ponents we have, for instance,

Frp = a5, 5, (4.2-2)
and similar results in the case of another arrangement of the indices.
Next we consider the tensor product (or briefly the product) of two tensors,
the valency of which need not be the same, e.g., 4 (x, y, z), B(u, v) as the
product

Cx,y,z,u,v)=A(x,y,z)B(u,v) (4.2-3)
of these functions. Notice that the variables appearing in the different fac-
tors are also different. On inserting basis vectors we have, for instance,

C(xy, X*, X,, X, X?) = A(x,, x*, x,)B(x,, x°),

that is to say, the numbers
¥yl = az\'uvap (4'2_4)

are components of the product of the tensors represented by the components
a,#, and b,°.

Addition and multiplication are so-called covariant operations. This means
that these processes applied to components in a second frame (k') yield com-
ponents which are obtained by direct transformation. Thus, for instance,

K K - * A ® oA
[ '\’/‘, - aKAl/"—I"b Alﬂl _— a",\ﬂq: ql\'qz' + bxl\lqu qA:q¢:
© oA € A
= (a"l;& + bK/\ﬂ)qx qA’qp' = cx/\#qk %\’q;l:"
A tensor, whose components with respect to a given frame («) are zero,
has zero components with respect to every frame. This is the reason why

tensors are important entities, for their vanishing expresses a fact independ-
ent of a particular frame.
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4.2.2 — CONTRACTION AND TRANSVECTION

Consider a tensor represented by the components
aap- (4.2-5)
We perform on it an operation, called contraction, consisting of equating an

upper and a lower index and summing on these identified indices. Thus con-
traction on the indices « and 4 means the formation of the set of numbers

b, = a%,,. (4.2-6)

We shall prove that these numbers are again the components of a tensor.

Performing the contraction on the components, with respect to a frame («’)
we find

— g% — gk P

be = a"py = a2,0% T 9l
— K A Y K Y Y]
= a,0,9% = a el = b,,q”,,

where we have made use of (1.1-17).

We have illustrated the process in a particular example, but the general
pattern is the same.

Contraction can only be applied to the mixed components of a tensor
As we pointed out it is a covariant process. Applied to the components of a
tensor product on indices occurring in different factors it is called fransvec-
tion. We have already encountered this process in many examples, in
particular in the cases of lowering or raising an index.

Transvection applied to the tensor product of two vectors represented by
their components a,, b#, this product being the tensor a, b#, yields the num-
ber a, b2, the inner product of the vectors. Transvection applied to a tensor
and the Kronecker delta yields the re-naming of an index:

st = ar
a process which has also been applied several times.

4.2.3 — THE QUOTIENT RULE

Suppose for every frame (k) we are given a system of #3 numbers a*,,. In
order to prove that they are the components of a tensor we have to verify
that between the system corresponding to (x) and that corresponding to («’)
a relation of the type (4.1-4) holds. In many cases, however, this may be
rather cumbersome, but often the work may be reduced and facilitated by
applying the following device: Let v# denote the contravariant components
of an arbitrary vector. If the numbers

as v (4.2-7)
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turn out to be the components of a tensor then the numbers a*,, are also
the components of a tensor.

The proof is easy. By hypothesis we have
VF = a%,,vr g% g}

«’
a3y

Since v# are the components of a vector we also have

«

wo__ & A
a A,I‘,vl‘q” = a",\/‘vl‘qx 9y

These equations hold for all values of v#. As a consequence we have
@y Qs = @20k O3
or
8%y = BN 05 Il
and this completes the proof.
Since the components a*;, have been obtained from the expressions
(4.2-7) by formal division by v# the theorem stated above is often called
the quotient rule.

As a simple example we consider the Kronecker delta. When v# is an
arbitrary vector then also

vt = S

Hence the 6} are the components of a tensor. In this case, however, a dn‘ect
verlflcatmn is also very easy.

4.2.4 — VECTORIAL TENSORS

As we pointed out in section 4.1.2 a tensor may be given by its com-
ponents with respect to a frame (k). In geometric applications we also en-
counter similar entities, but then the components are vectors. Stated in
more detail: Suppose that to every frame (k) corresponds a set of #* vectors

X2y 2, (4.2-8)

such that between this system and the system corresponding to a frame (')
exist the relations

Xya, = XA,...A,,Q:\\’, e (4.2-9)
then we shall say that the vectors (4.2-8) are the components with respect
to (k) of a vectorial tensor of valency h.

We restrict ourselves to vectorial tensors provided with covariant indices
only, for other types do not occur, except the vectorial tensor x*, the com-

ponents of which are the elements of the reciprocal basis of the basis x;.
The algebraic rules for tensors also hold for vectorial tensors, it being
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understood, that the product of two vectorial tensors provides an ordinary
tensor. Thus, for instance, the tensor product of a basis x, by itself yields
the metric tensor g,, = x,x,.
The components (4.2-8) may be completed to a multilinear form
Xp .20 2, (4.2-10)
1 h
the value now being a vector.

4.3 - Multivectors

4.3.1 — SYMMETRY AND ANTISYMMETRY
A tensor is called symmetric with respect to a pair of its vector variables
when it remains unaltered by interchanging these variables. Thus, for in-
stance, when
Ax,y,z) = A(y, x, 2) (4.3-1)
identically, then this tensor is symmetric with respect to the pair x, y.
Applied to the components we find
A(xy, x,, x,) = A(x,, X3, X,), (4.3-2)
that is to say
Apy = Apry- (43-—3)
This can also be expressed by saying that the tensor is symmetric with
respect to its indices 4 and u.
If the tensor changes into its negative when two of its variables are inter-
changed then we say, that the tensor is antisymmetric or alternating with
respect to these variables. Thus for instance, if

Alx,y,z) = —A(y, x, 2) (4.3-4)
identically, that is to say, if
A py = —Qurps (43“5)

then this tensor is antisymmetric with respect to the pair x, y or, with

respect to the indices 4 and u.
It should be noticed that it is sufficient to verify (4.3—2) or (4.3-5) in one
frame (k). More generally, if a relation

§aruy + My =0 (4.3-6)
holds in one frame, then it holds in every frame. This follows since in a
system (x) we have
§ay ey + MAypy = 5“1\,4»9% 9% 9y + ﬂ“pz\vqﬁ'%{' gy
= (0w + 12,0)00 000 = 0.
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In many cases cyclic relations of the type
A py + apw\ + Aprp = 0 (4'3_7)

occur. It is at once clear, that this condition is covariant, i.e., it holds in
every frame if it holds in one frame.

4.3.2 — BIVECTORS

In many problems a particular type of antisymmetric tensors occur, the
bivectors. These are antisymmetric tensors of valency two and may be
characterized by the conditions

A= —fR, (4.3-8)
A special type of bivector is obtained from two vectors a*, b%, by forming

the components

atab

fE= k| | = HabE — asbh). (4.3-9)

A bivector of this kind is called decomposable or simple.
The two vectors a and b defining the bivector (4.3-9) generate a vector
plane consisting of all vectors aé+ by, provided a and b are linearly inde-

pendent. Suppose that a and b are included in the plane spanned by a and b
and are also linearly independent. Then we have

a — ax,+bB,,
b = aa,+bB,
and
Py BPak| a0 akagtbep,
A aray+b0 By akuytbHp,
=3 arat | | oo,
b % | | B1Ba
or
fre = frn ;i;: . (4.3-10)

Hence, when we replace the vectors & and b defining a simple bivector fA#

by two other vectors ;, b in the plane generated by a and b this yields a
bivector, the components of which are proportional to the components of
the first one.
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It is clear that the components of a simple bivector are zero, if and only if
the two vectors defining it are linearly dependent.

Interesting relations exist between the components of a simple bivector.
From

fx/\fyv — i(axb/\_al bx) (a,ubv_avbp)
= }(a*b*arb’—b*arat b’ —a b bt a’+-b* ar bk a*)

we find, on performing a cyclic permutation on the indices 4, g, » and
adding corresponding members of the equations obtained that

fAfEE A e = 0. (4.3-11)

Now we may state:

The relations (4.3-11) express a necessary and sufficient condition for a
bivector to be decomposable.

We only have to establish the sufficiency. We may assume that not all
components fA# are zero, for in the contrary case the assertion is trivial.
Without loss of generality we may suppose that f?? £ 0. Next we consider
the vectors

alt =f1A’ A =f2A, A= 1, s
They generate a bivector with components
. atat I £lp
Jie = k| el = b T | = A=),
According to (4.3-11) we have
fIAf2p+f12pr+f1pfA2 = 0.

Hence
}‘4\ b o— fA » fIZ.

In particular,}” = [ 22 £ 0 and therefore & and b are linearly independent.
Thus we see that the numbers f2# are proportional to the components of a
simple bivector.

4.3.3 — NORM OF A BIVECTOR

A vector can be pictured as a line segment in a point space (see section
56.1.1) and the norm of the vector is the square of the length of this segment
A simple bivector may be pictured as a parallelogram the sides of which
are the segments representing the two vectors which define the bivector.
Accordingly the norm of the bivector is taken as the square of the area of
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the parallelogram. When 0 is the angle between the vectors & and b defining
the bivector, this area is evidently |a||b| sin 6.

It is quite natural to take this expression as a definition for the norm of a
simple bivector in the abstract case, that is to say, we define the norm of the
bivector generated by the vectors & and b by

|a|?|b|? sin? 6 = |a|%||b|2(1— cos? 0)| = |a|?||b|2—(ab)2. (4.3-12)
In terms of the components with respect to a frame (x) we find
garaarg, bPbk —g, a*brg,, b4 at
gulgap
8pr8pu
Next we observe that the determinant occurring in the last member is alter-
nating in « and £, as well as in 2 and u. Hence we may write

= (8ar8pu—Eaulpa)a*a* b b4 = a®arbh b,

gaAga,u a® aA bp i = % gaAga/t (a"‘ bﬁ_aﬂ ba)aA e
88188 88288y

— gu)lgap @B gA i — gau\gam ap a/\bp__a;cb/\ .

8sr8su f b 85288, F* )

Thus we proved:
When fr* are the components }(a*b#*—atb*) of a simple bivector, then

gaz\ga,u 8aa gam
8s28pu 8828pu

The expression on the right has still a meaning when the f2# are the com-
ponents of a general bivector and can, therefore, be taken as the norm of
this bivector. A bivector of norm unity is a unit bivector. Such a bivector is
obtained, for instance, when we take for 4 and b two orthogonal unit vectors.

a* b8 A bp = fe8 frn, (4.3-13)

4.3.4 — MULTIVECTORS

The concept of bivector is a particular case of that of a multivector of
valency 4, also called an A-vector, being a tensor of valency 4, which is
alternating in every pair of adjacent variables. Otherwise stated: An even
permutation of the variables leaves the tensor unaltered, an odd permutation
changes the sign. In terms of components:

fal...a,, —_ :I:fh'"“ (4_3_14)
where the plus sign must be used when g, . . ., 4, is an even permutation of
A, ..., 4, and the minus sign when this permutation is odd.

By a simple or decomposable A-vector is understood a tensor, the com-

ponents of which are obtained from & vectors a, ..., & on forming the
1 b
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determinants
atlr, . at
111 1
flaeh= L (4.3-15)
nligh, . gt
b h

In accordance with (4.3-13) we may define the norm of the multivector as
the number

. e ..:.. .. ful"‘athl""\h. (4.3_16)



CHAPTER b
MANIFOLDS IN A METRIC POINT SPACE

Differential geometry is concerned with properties of manifoldsin a point
space. In the theory the vectors play a dominating part and it is, therefore,
natural to base the considerations on the concept of vectors. As a con-
sequence the points take secondary place.

Vectors are usually defined by means of oriented line segments in a point
space. The properties of vectors arise from geometrical considerations and
they serve to express geometrical theorems in a concise form. In this chapter
we shall proceed in a converse direction. The starting-point remains unalter-
ed, that is, we make use of the fact that we are already in possession of the
concept of vector. By means of additional axioms we shall introduce the
notion of point.

Our main task will be the study of certain subsets in a point space, the
manifolds. Although the manifolds are to be defined in terms of points we
wish to emphasize the intimate connection between points and vectors. As
we shall see, the particular structure of the manifolds finds its roots in the
properties of vectors and related concepts.

It is not our intention to consider the most general types of manifolds.
Since we are only interested in so-called local properties, a restricted type
of manifold is sufficient. The study of manifolds as a whole demands aids
provided by modern topological theories.

5.1 - The point space

5.1.1 — RELATION BETWEEN POINTS AND VECTORS

In addition to the vectors of a linear vector space we need a second kind
of mathematical entities, hereafter called points, which are related to vectors
in a peculiar manner. The points shall be indicated by italic capitals.

It will be convenient to use the notion of ““difference’ of two points 4 and
B. This only means that in an intuitive geometric model a vector is represent-
ed by a line segment, the terminals of which are the given points. Since the
segment is provided with an orientation we use the expression ‘difference”,
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for, like in a difference, the interchange of the points changes the orientation
into its opposite. As a matter of fact the difference has at the outset no con-
nection with the arithmetical operation, but in a certain case, however, viz.
in the case of a number space to be introduced in section 5.2.2 it has.

The point space is described in the following axiomatic way:

Given a vector space X there exists a set & of mathematical entities,
satisfying the conditions:

1) To every ordered pair (4, B) of elements of & corresponds a unique
vector of X, called the difference B—A of B and A.

2) B—A = —(A—B).

3) (C(—B)+(B—4)=C—A4.

4) If O is an arbitrary element of &, then to every vector x of X cor-
responds a unique element P in %, such that

P—0 =x. (6.1-1)

A set & possessing the above properties is called an affine point space
associated with the vector space X. The elements of Z are called points.

The ordered pair of points (4, B), called an oriented segment, determines
the vector B—A. The point A4 is the ¢nitial point and the point B the
terminal point of the segment. Both points are called end points. 1t is clear
that the elementary notion of vectors in a point space is in accordance with
our abstract approach.

Two oriented segments are said to be equipollent if the corresponding
vectors are equal. A vector determines a class of mutually equipollent
segments.

Given a vector 8 we can assign to every point 4 a point A’ such that

A'—4 = a. (5.1-2)

The correspondence 4 — A’ is named a translation of the space X into
itself. Thus we may also interpret vectors as translations of a point space.

65.1.2 - FrLaTs

In an affine space & associated with a linear vector space ¥ we consider
the set of points Q such that

Q—-P = y' (5.1'—3)

where P is a fixed point and y runs through a linear subspace ) of X. A set
of this kind will be referred to as a flat. Since P— P = o the point P is also
included in the flat. As a matter of fact, the whole space & is a flat. Strictly
speaking, a point is also a flat, viz. corresponding to a subspace of ¥ con-
sisting of the zero vector only. This trivial case will be excluded in the sequel.
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Two flats associated with the same vector space {) are called parallel; they
either coincide or have no point in common. More generally we may say that
a flat associated with a vector space ) is parallel to a flat associated with a
vector space 8, ) and 8 being subspaces of X, when either ) is included in 8
or § is included in 9).

When 9),, denotes a finite dimensional vector space of dimension 7, we say
that any flat associated with 9), is of dimension #.

A straight line, briefly a line, is a flat associated with a ray; its dimension
is unity. An orientation of the ray induces an orientation of the line in the
following sense. If one of the classes of the ray is assigned as the positive class,
then we say that the point P on the line precedes the point Q if and only if
the vector Q— P is included in the positive class. Thus a line appears as an
ordered set of points.

Two different points A and B determine uniquely a line containing these
points, the associated ray being spanned by the vector B—A4. In fact, all
points P of the line are given by

P—A4 = (B—A)g, (6.1-4)

where ¢ runs through the set of all real numbers. For ¢ = 0 the point P
coincides with A, for ¢ = 1 the point P is the point B.

A two dimensional flat is usually called a plane. Three points A, B and C
not on a line are included in just one plane. It is the set of points P given by

P—C = (4—C)p+(B—C)g, (5.1-5)

where p and ¢ are arbitrary real numbers.

5.1.3 — THE COORDINATES OF A POINT

In a point space & associated with a vector space X we take a point O.
By means of the formula (5.1-1) a one-to-one correspondence is established
between the set of points 2" and the set of vectors X. This correspondence is a
vectorial coordinate system with origin O. The vector x is the coordinate vector
of P with respect to O.

This coordinate vector changes when we take another origin. The equa-
tions of transformation are easily found. Let O* denote a second fixed point
and denote the vector O*—O0 by a. From

P—0 = (0*—0)+ (P—0%*)
it follows at once that
X = a+x*, (6.1-86)

where x* is the coordinate vector of the same point P with respect to the
origin O*.
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Next we suppose that the vector space is an #-dimensional space %, .
With respect to a basis x,, « = 1, ..., n the coordinate vector x of P is
represented by

X = X2~ (5.1-7)

The numbers z* are called the coordinates of the point, P with respect to the
given origin and the given basis. Such a combination will be referred to as a
coordinate system O, (k), where (k) stands for the vectors x,, k=1, ..., %.
We wish to derive the equations of transformation when the coordinate
system considered above is replaced by another O*, (x’). With reference
to the equations (1.1-11) we readily find from (5.1-6)
x* = a*+a** g%, (5.1-8)
the desired equations.
In differential geometry we are only concerned with transformations in
exceptional cases, whereby also the origin is replaced. The most common
case is, therefore, that with 8 = o. Then x = x* and the equations (5.1-8)

reduce to
x* = x¥ gk, (6.1-9)

that is to say, the coordinates transform like the components of a vector.

5.2 - The metric point space
5.2.1 — THEOREMS ON METRIC POINT SPACES

A point space # associated with a metric vector space R is called a
metric point space. It is the natural generalization of ordinary euclidean space.

In a space of this kind we can define the angle between two lines, as the
angle between the associated rays. It is usual to suppose that the generating
vector of a ray is a unit vector. It is then called the direction of any line
associated with the ray.

Lines are said to be orthogonal or perpendicular when their directions are
orthogonal. More generally, a line is said to be orthogonal or perpendicular
to a flat when its direction is orthogonal to all vectors of the vector space
associated with the flat. The notion of orthogonality is independent of the
orientation of the line. In some cases the line is called a normal of the flat.

It is also clear what must be understood by the principal angles between
two finite dimensional flats in a metric point space.

Next we consider the important notion of distance between two points
4 and B in a metric point space, this being defined as the length of the
vector B—A:

dist AB = |B—A|. (5.2-1)
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The distance has the following properties:

1) dist AB = dist BA,

2) dist AB = 0, if and only if A4 and B coincide,

3) dist AB < dist AC+dist BC.

Only the last statement, the triangle inequality, requires a proof. It is
based on Schwarz’s inequality (2.1-7).

By putting
z=B—A, x = B—C, y=C-4
we have
z=x+y
and

22 = |x+y|? = (x+y)(x+y) = |x[*+2xy+]|y[?
=< [xPP2(x|lyl+ Iy = (Ix|+[y]D?
whence
lz| < x|+1yl.

This completes the proof.

The triangle inequality reduces to an equality if and only if the points
A, B and C are collinear, i.e., when they are on the same line. In fact, in
that case the vectors B—C and C—A are linearly dependent.

5.2.2 — THE METRIC SPACE AS A TOPOLOGICAL SPACE

A set of points is called a topological space if a certain class of subspaces is
assigned as a class of open sefs, such that

1) the set itself and the empty set are open;

2) the intersection of two open sets is open;

3) the union of an arbitrary system of open subsets is ah open subset.
Such a class of open sets is called a Zfopology.

In a metric point space a set is said to be an open set when to any given
point P of the set corresponds a positive number e such that all points Q with
dist PQ < e are included in the set. It is easily verified that the conditions
above have been fulfilled. Hence a metric space is also a topological space.
Thus it is possible to introduce the notion of continuity, the notion of a
closed set, etc. For instance, a vector function x(Q), which associates a
vector in a metric vector space with every point Q of a subset of a
metric space, is said to be continuous at a given point P when the following
condition has been fulfilled: If ¢ denotes an arbitrary positive number
then we can find a number 8 such that |x(Q)—x(P)| < ¢ for all points
Q in the set with dist PQ < 4.
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A set is said to be closed when its complement, that is the set of all points
not included in the set, is open.

A continuous curve in a metric space is the continuous map of a closed
interval @ < p < b. This means that to every number p of the interval
corresponds a point P(p) such that, given ¢ > 0, we can find a number 4
with the property that dist P(p)P(q) < &, provided |p—¢q| < 8, where p
is an arbitrary number of the interval and ¢ included in the interval.

By a region we understand an open and connected subset of a metric point
space. A set will be called connected if any two points A and B of the set can
be connected by a continuous curve, the points of which are all included
in the set.

5.2.3 — THE NUMBER SPACE

A particular case of the abstractly defined point space is the #-dimensional
number space. We define a point of this space as a set of real numbers

{q,....q" (5.2-2)
taken in order. That means that two points {#/, ..., "} and {¢/, ..., ¢"}
coincide if and only if p* =g¢*, « =1, ... n The associated vector
space %, consists of all n-tupels (#7,..., x") considered in section 1.1.4.

The relation between points and vectors is such that tot he points
{p',...,p" and {¢', ..., ¢"} corresponds the vector (¢'—2’, ..., ¢"—p").
It is at once clear that the conditions listed in section 5.1.1 have been ful-
filled. In a number space it is customary to introduce a topology in the
following way: A set is said to be open if to a point P = {p/, ..., p"} of
the set corresponds a number ¢ > 0 such that all points Q = {¢’, . . ., ¢"}
with |p*—g*| < e, k = 1,..., n, belong to the set.

Next we consider two regions (k) and («’) in an #-dimensional number
space. The points of the first region are denoted by {¢’, . . ., ¢"}, those of the
second region by {¢%, . .., ¢"}. The reason for the use of the same symbol
(x) for a region and a coordinate system already used earlier will be cleared
up in section 5.3.1.

Next we suppose that we are given a set of » functions

¢ =q(,...q"), «=1I,..,% (5.2-3)

defined throughout («) such that

1) they define a one-to-one correspondence between (x) and (k’);

2) they possess all derivatives up to order #, » > 0, which are continuous
throughout (x);

3) at each point of («) the jacobian
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_og" . g") g~
4= —m = det [-5;;] (5.2-—4)

is different from zero. By well-known arguments it can be proved that the
map of () on («’) defined by (5.2-3) is invertable, that is to say, we can find
n functions

=g, . ..q"), «=1..,m, (5.2-5)

defined throughout («) and satisfying the same conditions as listed above.
When this situation occurs we shall say that the regions (x) and (k') are
equivalent under a transformation of class C*.

If (x) and (x') are equivalent as well as («’) and (x’), then («) and («'’) are
also equivalent, for let the equivalence between («) and (k') be established by
the functions ¢~ (¢’,...,¢") and that between («’) and (x”’) by the functions
7<'(¢%, . . ., ¢*). When writing ¢*'(¢, . . ., ¢") instead of ¢*"(¢" (¢, . . .. g™,

. q%(g" ..., q")) we evidently have

2 . o .
— g, ... q") = —aq—,q‘ @, ...4"%) —q¢°@,....q") (5.2-6)

og* og*
and the jacobian of the product correspondence is
” n” ” n” g "
A", g") B0 W)

o) A g A

5.2.4 — FUNCTIONS ON A NUMBER SPACE

By a (real-valued) function on a number space we understand the mapping
of a region of the number space into the set of real numbers. Let

(x)

ol ..., q" (5.2-8)
denote a function defined throughout a region («). The function is said to be
of class C* when all derivatives up to the order u exists and are continuous
throughout («). The first partial derivatives will be denoted by

o &
O\p = el (5.2-9)

the second derivatives by
32«;‘(‘;’) = % ) (6.2-10)

etc.
If there is only one variable ¢ we write

d, (g) (6.2-11)
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for the first derivative and
d2e(g) (5.2-12)

for the second derivative, etc.
Assume that the variables in (5.2-8) are replaced by » differentiable func-

(x)
tions ¢(q), ..., q"(q) of a variable g. We shall write ¢(g) instead of

(x)
#(¢"(9), . . ., 4*(¢)). Then we have, on applying the chain rule

(x) (x)
d,p = d,pd, g~ (5.2-13)

X
Next we consider a function similar to :pi also of class C* defined through-
out a region («’): ‘
(O ,
e(g"s - . q").
Suppose further that (x) and (x’) are equivalent under a transformation
(6.2-3) and that at corresponding points
(x) (x)
‘P(qll cewqt) =gl(g

or, what amounts to the same,

r

v q™)

) « ,
¢, ") =e(q"@ g, .- g¥ (@, q)
(x) (x)
throughout the region («x). Then we shall say that the functions ¢ and ¢ are

equal with respect to the correspondence (5.2-3) between («x) and («’).
In addition to these functions we also need vectorial functions, being the
mapping of a region of the number space into a metric vector space. The
notions of continuity and differentiability may be introduced in much the
same way as in the case of ordinary functions. A vectorial function
depending on the variables ¢/, ..., ¢" will be denoted by
(x)

x(g,....q"

K, K,
and its successive derivatives by & A(x), 0 ,‘(Az, etc. The equality with respect to
X «

the correspondence (5.2-3) of two functions fv)(q’, ..., q") and (x)(q", e g®™)
of class C* is defined in just the same way as for ordinary functions.

By the symbol (k) placed above the symbol denoting a function we in-
dicated the region where the function is defined. In most cases confusion is
not to be feared when we omit it. As a rule we shall write x(¢’, ..., ¢"%)

(x)
instead of x(¢’, ..., ¢"), etc.
It should be noticed that the ordinary rules of calculus are valid in the case
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of vectorial functions. We recall the product rules

6,1(x<p) = 3,\x (P+X3,\¢
and

Oa(xy) = yorx+x0d,y.

5.3 - Manifolds
5.3.1 — DEFINITION

In a metric space & associated with a metric vector space R we take a
certain point O as origin. Then to every vector x of &R corresponds just one
point of # and conversely. Hence we may describe point sets in & by means
of sets of vectors in R.

Consider now a vector function x(g’, . . ., ¢") defined throughout a region
(x) in an n-dimensional number space. It defines a mapping of this region
on a point set in the metric point space, called an n-dimensional manifold of
class x, when « is the class of the given vector function. It may happen that
another mapping defined throughout a region (k') yields the same point set.
This will be considered as the same manifold as considered above, when
the defining functions x(¢’, . . ., ¢") and x(¢%, . . ., ¢") are of the same class
and equal with respect to the correspondence (5.2-5) between (k) and
(«"). By a point of a manifold we understand a point of the region ()
together with its image in Z. Since the image is determined unambiguously
by the coordinates ¢, ..., ¢® we shall briefly speak of the point g¢*,
« =1, ..., n, with the understanding that ¢* in («x) and ¢ in («’) denote
the same point of the manifold, when they are equivalent under the
correspondence (5.2-5) defining the equality of manifolds. The numbers ¢*
are often called parameters of the point.

Only those properties of manifolds are of interest which are un-influenced
by a change of parameters. More correctly stated: by an allowable change,
that is to say, by replacing ¢* by ¢* corresponding with ¢* in the correspond-
ence (5.2-6) defining the equality of manifolds.

Thus, for instance, the notions dimension and class have a meaning, for
they are the same for a class of mutually equal manifolds.

Another important concept is the following. Let Q denote a point of the
manifold with parameters g*. By a neighbourhood of Q on the manifold we
understand a set of points P whose parameters p* indicate points of (k)
which vary throughout an open set of («) including the point with coordinates
g*. It is easily shown that this concept does not depend on a particular choice
of the parameter region (k).

Differential geometry is only concerned with local properties of a manifold;
those are properties which may be stated by means of a sufficiently small
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neighbourhood of a point. Thus, for instance, differentiability of the defining
vector functions x(g*) is such a property.

Up to now the notion of manifold is too general to yield interesting prop-
erties. We therefore make some restrictions by confining ourselves to the
so-called regular points. A point of a manifold is called a regular point, when
at this point the vectors

0,X, ..., 0,X (56.3-1)
are linearly independent. On account of (5.2-4) and the fact that

B X = 0cX8yq", W =1,.. .0 (5.3-2)

the vectors 9,. x are also linearly independent. Hence the condition of reg-
ularity does not depend on a particular choice of the parameters.

6.3.2 — THE TANGENT SPACE

The vectors (5.3-1) evaluated at a given point of the manifold span an
n-dimensional vector space, called the tangent space at the given point. On
account of (5.3-2) the vectors 9,.x span the same space. The vectors (5.3-1)
may be taken as the elements of a basis in the tangent space. In many cases
it is convenient to write x, instead of d,x and to introduce the reciprocal
basis x*. Hence, to every parameter region («) corresponds a frame in the tan-
gent space anditis natural to denote this frame also by (k). This is in accord-
ance with the agreement made in section 2.2.2. Writing also ¢% instead of
0 q° we see that (5.3-2) takes the form (1.1-11) and thus we may state:

A change of parameters induces a change of basis in every tangent space.

A particular case occurs when the dimension of the manifold is one. Such
a manifold is called a curve and is defined by a vector function x(g), where ¢
varies throughout an open interval 2 < ¢ < b, with the additional condition
of regularity, expressing that the derivative (being continuous throughout
the interval) is nowhere equal to the zero vector. If p(g) is a continuously
differentiable function of ¢ and d,p # 0 throughout the interval then p
describes also an open interval and may be taken as a parameter. Since

d,x =d,xdp (6.3-3)
the vector d, x # o throughout the range of g. The ray spanned by a tangent
vector d x is called the tangent of the curve at the given point.

Next we replace the parameter ¢%, k=1, ..., n, of the points of an -
dimensional manifold by functions ¢*(y) which have continuous derivatives
throughout a certain interval which do not vanish simultaneously. By
writing
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x(q) = x(¢ @), - - - 9"@) (5.3-4)

we have obtained a function of the parameter ¢ which defines a curve, whose
points are included in the manifold. The tangent vector at a given point is
evidently
dx =0,xd,q*#o0 (6.3-5)
and belongs to the tangent space at the point under consideration. Hence:
The tangents at a given point of all curves on the manifold passing through
this point are included in the tangent space of the manifold at this point.

5.3.3 — THE METRIC TENSOR

Let us introduce the functions

&au = O1X0,X, Au=1...n (6.3-6)
A change of parameters gives rise to functions g,,, such that
gA’,u’ = gl\[l a/\'ql‘ 3,¢'q"- (53—7)

Hence in every tangent space they transform like the components of the
metric tensor. Actually the g, , are functions on the manifold and their values
at a given point are the components of a tensor. Such a system of tensors is
often called a fensor field, but we shall refer to this as a tensor.

Assuming that the class of the manifold is at least two, the functions are
of the class = 1. On solving the equations

X\, =0,x=1x, (5.3-8)
we see, that then the x? are also functions of the same class and the same is
true for the functions

g’\/" = x"x"_ (5.3—9)

Thus we see that every tangent space is a metric vector space. We shall

express this by saying that a manifold possesses at each of its points a local
metric.

The tensor considered in this section is called the meéric temsor on the
manifold.

5.3.4 — CORRESPONDENCES BETWEEN TWO MANIFOLDS

In the same metric point space we consider two manifolds defined by the
functions x(¢*) and y(*), k = 1,..., n, respectively. As is usual x(¢*) stands
for x(¢%, . . ., ¢"). The first manifold is the set of points @, such that

0—0 = x(¢). (5.3-10)
The second manifold is the set of points P, such that
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P—0 = y(p*). (5.3-11)

We assume that the points {¢’, . . ., ¢"} in the number space range through
a region (k) and the points {p’, ..., p"} through a region (4).

Next we assume that we are given a set of » functions $*(¢’, . . ., ¢
defined throughout (). Suppose that both manifolds are of class C*. These
functions are also assumed to be of class C*. When these functions are such
that they establish a one-to-one correspondence between (k) and (4) and
when, moreover, throughout (x) the condition

o(p', ..., p"

¢, ..., q")

has been fulfilled, we shall say that the two manifolds are in a regular cor-
respondence. This correspondence is locally one-to-one and bicontinuous.
On account of the conditions stated we may take the variables ¢* as para-
meters for the second manifold. Then this second manifold is defined by a

#0 (5.3-12)

vector function :v(q’, ... ¢") which stands for y(p'(¢",....q"),...,

$™(¢", ..., ¢")). From now on we shall always assume that two manifolds in

a regular correspondence are referred to the same system of parameters.
The metric tensor on the second manifold is given by

Bap = OaX0,X (5.3-13)

and since these functions 2,\ u are defined throughout («x) we may consider
them as the components of a (symmetric) tensor on the first manifold, of
course not the metric tensor.

By corresponding vectors at corresponding points we understand vectors 2

L]
and a such that
a = x,a, a= ;',\a", (5.'3—14)
* *
where x, = 0, x, x, = 0, x, evaluated for the same values of the parameters.
In particular we take for & a unit vector & on the first manifold. It corre-
sponds with a vector u on the second manifold of norm
» = g uub, (6.3-15)
This number is called the distortion on the first manifold in the direction u.

We may picture the correspondence by means of the linear operator, the
distortion operator,

wy = Eruut, (6.3-18)
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which associates to a vector # a vector w on the first manifold. In
general the directions of # and w are different, but it may happen that they
are the same, viz., when u is an eigenvector of the operator with components

E - They indicate principal directions for the distortion and the corresponding
eigenvalues are called the principal distortions. They are the roots of the
equation

det [g,\l,-—wg,\”] = 0. (5.3—17)

Referring to the first theorem of section 3.2.3 we may state Tussot’s theorem.
At every point of a manifold which is in regular correspondence with a second
manifold there is a system of n mutually orthogonal principal directions of
distortion, being the principal directions of the distortion operator.
When all principal distortions are equal, then

*

Exu = Mau (5.3-18)
In this case the angle between two vectors u, v and their corresponding
vectors :1, v are equal. A point where this property holds is called an zso-
tropic point for the correspondence. When all points of the manifold are iso-
tropic then the correspondence is conformal. In the particular case that
A = 1 we have an isometric correspondence since then the length of a vector
is equal to the length of the corresponding vector.

5.4 - Scalar invariants
5.4.1 — THE GRADIENT OF A SCALAR
Suppose with every parameter system (k) of an n#-dimensional manifold
is associated a function g)such that the functions for corresponding parameter

(x)
systems in allowable transformations are equal. Then the ¢ may be
considered as representatives of a function ¢ defined throughout the
manifold independent of a particular choice of the parameter system. We

K,
may also express this by saying that the (¢: are the components in the various
parameter systems of a tensor field of zero valency, called a scalar nvariant.
Let ¢*(q9), k=1, . . ., n, define a curve on the manifold. Assuming that ¢
is of class C%, u =1, the function

o(@) = 9(@(@), - - (@) (5.4-1)

is continuously ditferentiable with respect to g. By the rate of change of ¢
along the curve is understood the derivative
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d,¢ = 0,pd,q". (6.4-2)

This value depends not only on the direction of the curve at the given
point but also on the parameter ¢. It is, therefore, natural to replace d,g*
by the components #* of a unit vector u denoting the direction of the curve
and to consider the number

flu) = u*d, 9, (5.4-3)

called the derivative of ¢ in the divection u.
The partial derivatives 0,.@ are the covariant componments of a vector, the
gradient of . For a change of parameters induces the transformation

Be® = 0@ Bpg™. (5.4-4)
This vector will be denoted by grad ¢ or Vg (nabla ¢), i.e.,

grad ¢ = Vg = x*0,9. (5.4-5)

The derivative of ¢ in the direction u, being the expression (5.4-3), may
be written as

f(u) = uVe. (6.4-86)
If 6 denotes the angle between the vectors u and Vg then
f(u) = |Ve| cos 6, (6.4-7)

assuming that Vg is not the zero vector. Under this assumption we have:
The derivative of the scalar invariant ¢ at a given point takes its maximal
value when the dirvection u coincides with the divection of Ve, that is when

u|Vg| = Vo (5.4-8)
The square of the expression (5.4-3) is the quadratic form
0o, urub. (6.4-9)

It is easy to prove that the rank of this form is unity, provided Vg # 0 and
that an eigenvector belonging to the non-zero eigenvalue is the vector Vg.

By Beltrami’s differential parameter of the first order of two scalars ¢ and
v is understood the scalar product of their gradients. It is usually denoted by

Malp.v), ie.,

Dalp, v) = VoVyp = gh*0,90,p. (6.4-10)

In particular, A,(p, ) is the norm of grad ¢.
Consider the scalar, which is equal to ¢* in the system («), where the super-
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script « denotes a fixed natural number. In any other system («’) this scalar
is represented by the function ¢*(¢”, .., ¢"™) occurring in the equations of
transformation from (k) to («x). Since 9,¢* = 85, we readily find from
(6.4-10):

g = Al ¢*), (6.4-11)
being a scalar which is equal to g*# in the system (k) and to g*# 8, ¢*8,.¢*
in the system («’).

5.4.2 — THE DIVERGENCE OF A VECTOR

Suppose that to every point in a neighbourhood of a given point on a
manifold corresponds a tangential vector a. The set of all these vectors con-
stitutes a vector field. We further suppose that this field is of class one at
least. That means that the components with respect to a parameter system
(«) are continuously differentiable functions of the variables ¢* and it is
easily checked, on account of the equations

a¥ = ato,q", (6.4-12)

that this property holds for every parametersystem. On manifolds we are
almost always concerned with fields. But instead of vector field we prefer
to use the brief name vector.

It is our aim to describe a process which yields a scalar invariant from a
vector given by its contravariant components. Thisrequires some preliminary
considerations.

The covariant components of the metric tensor transform according to the
equations

Exw = Eaulrqt 0, qP. (6.4-13)
The gramian of the vectors d,x, k=1, . . ., n, is det [g,,]. On applying the
product rule for determinants we find

det [gy,] = det [g,,] det? [9,.4"].
Next we observe that
det [ax’ qK] = A_I;
where 4 is the Jacobian (5.2-6). Writing

(%)
g§= det [g)\p]
we evidently have

e =ga-, (5.4-14)
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(x)
Thus it appears that the functions g do not define a scalar invariant. More

(x)
generally we may consider a set of functions a corresponding to the parame-
ter systems (x) such that

) (x)
a = ad=". (5.4-15)

(x)
Then we shall say that a is the component of a density of weight w with respect

K
to the system (k). Hence (g) represents a density of weight two.
We wish to investigate more closely a density of weight equal to one. We
are particularly interested in the first derivatives in order to obtain an entity
analogous to a gradient. By differentiating the relation

(') (x)
a = ad (5.4-16)
we find
(«) (x) (x)
0y = 0,a0,q*41—ad A40,,g* 4-2. (5.4-17)

This is a rather unpleasant law of transformation. It is, however, possible to
express 0,4 in terms of derivatives of the functions ¢. To this end we first

observe that
oA

o
is the algebraic complement of the element ¢¥ in the determinant 4, where
¢~ stands for 0,¢*. Hence, by virtue of a well-known theorem on determi-
nants,

(6.4-18)

, 04
f —= =04,
Q@ oq A
whence
24
;= 04ghA = gt A. (5.4-19)
oq;,
On applying the chain-rule we readily find
o4
3,\4 = 5;? 3,\qf = BA#q'Haxlq”A. (54—*20)
b

At first sight we have gained nothing. But a similar expression as that on the
right of (5.4-20) occurs when we write down the law of transformation of
the functions 9,v*, where v* are the components of a covariant vector. In
fact, differentiating both members of the equation
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v* = vﬁa,,q" (5.4-21)
we get
0¥ = 0,02 000" 00" +v 00" ps

On equating the indices 4’ and x4’ and performing the summation according
to the summation convention, we find

V" = 03 v*+v#0),4" 0, 0"

= 3,\v*+v“3“.q"3x.'qﬂ,
and this may also be written as
0, v = 0, v*+v2 9,441, (6.4-22)

where we have made use of (5.4-20). Comparing this with (5.4-17) it is
natural to eliminate d;4. When multiplying both members of (5.4-17) by

¥ we get

, . ) () (%)
v oypa = v*0a—arvr 9,442

«)

multiplying both members (5.4-22) by a we obtain
(x) (x) (x)

adp v’ = ad v* A1 4-av* 0,442,

On adding corresponding members of the results obtained we arrive at

« ®
Oy (av)) = 0,(av})4-1, (6.4-23)

that is to say, at a density of weight unity. Now we always have a density of
(x) (<)
weight unity at our disposal, viz. the density 4/g = 1/g. Replacing a

by this density and dividing by 4/g, we see that

Lo e (5.4-24)
Ve 31«(\/8 v')

is a scalar invariant, called the divergence of the vector v.

The n-dimensional point space may be considered as an n-dimensional
manifold homeomorphic to the number space. In fact, introducing a basis x,,
k«=1,...,n of constant vectors we may associate with the point ¢*,
k = 1, ..., n, in the number space the vector x,¢*. Itis clear that in this case
g is a constant and with respect to this system of parameters (5.4-24) reduces
to

divv =

divy = 3,\1)",

the well-known expression in elementary vector calculus.
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If ¢ is a scalar invariant and v a vector, we may express the divergence
of pv in terms of the divergence of v. A simple computation yields at once
the result

div pv = ¢ div v+ vVep. (5.4-25)

5.4.3 — THE LAPLACIAN OF A SCALAR INVARIANT

We wish to evaluate the divergence of the gradient of a scalar ¢. Since in
(5.4-24) the contravariant components of the vector v occur, we must insert
the contravariant components of the gradient, these being

go,e.
Thus by (5.4-24)

1
V4

In the case of an n-dimensional space referred to an orthonormal basis the
expression on the right reduces to

0.2+ ... +0,2¢9,

the laplacian of ¢. For this reason (5.4-26) is also called the laplacian of the
scalar invariant @. It is usually denoted by Ag or V3¢, It was introduced in
this general form by Beltrami and called by him a differential parameter of
the second order.

If ¢ and y are scalar invariants, then

Vipy) = (Vo)p+ (Vy)e. (5.4-27)

Taking the divergence of both members and making use of (5.4-25) we
obtain

div grad @ = — 8,(Vg g*#9,9). (6.4-26)

Alpy) = e Ap+2VeVy+y Ag.

The equation Ag@ = 01is a partial differential equation of the second order.
Any solution having continuous derivatives up to at least the second order is
called a harmonic function on the manifold.



CHAPTER 6
CURVES

The simplest manifolds are the one dimensional manifolds, the curves.
They are characterized by a vector function x(¢) depending on one variable.
We shall denote the dimension of the space by 7+ 1, where » > 0 and we wish
to assume that the class of x(g) is C*+! at least. Most theorems about curves
centre around a set of equations, Frenet’s equations, which are fundamental
in the theory of curves. The proof of some existence theorems is based on
the well-known existence theorem about systems of differential equations
of the first order. We assume this theorem to be known.

6.1 — Elementary notions

6.1.1 — OSCULATING SPACES
Let us consider a curve defined by the vector function

x(q), (6.1-1)
depending on the variable g. We are only concerned with the points where
d,x # o, (6.1-2)

the regular points of the curve.
Assuming that for a certain value of ¢ and a number 4

d,x, d2x, ... d Mx (6.1-3)

are linearly independent, they span an k-dimensional vector space, called
the h-dimensional osculating space of the curve at the point corresponding to
the given value of the parameter.

It is easy to see that this space does not depend on the particular choice of
the parameter along the curve. In fact, let ¢(p) denote a function of p with
d,g # 0 throughout the interval of 4. Then

d,x =d,xd,q,
d,?x = d xd 2q+d ’x(d,,q) (6.1-4)

.............

aMx = d,xd h+1q+ +d M-lx<d q)»+1

This is a linear transformation of the set of vectors d x, ..., d}*x, the
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determinant of the transformation matrix having the value
(d, q)1+2+--°+(h+l) —_ (d, q)}(h+1)(h+s) # 0.
This proves the assertion.

The one-dimensional osculating space is the tangent. By virtue of (6.1-2)

the tangent always exists.
Let us now suppose that the vectors (6.1-3) are linearly dependent
throughout the interval where g varies, 4 being a fixed number. Then we

may state:
When the vectors (6.1-3) are linearly dependent for a < g < b, then the curve

is included in an h-dimensional linear subspace.
Bij hypothesis there are 441 functions «(g), ..., a(g) such that
0 b

d,xa(g)+ ... +d ' xa(g) =0
(1] h

or, if we put y = d x:
ygc(q)+ e +dp"y:(q) = 0. (6.1-5)

On multiplying both members by a constant vector r we see that every
solution of the differential equation (8.1-5) for y gives rise to a solution of
the homogeneous linear differential equation

yc;(q)+ e +d¢"yg=(q) = 0. (6.1-6)

This equation possesses the system of solutions
y=c+ ... +ant=cn*
and, consequently, the general solution of (8.1-5) is
Y = &n*, (8.1-7)
whence
X = C &~
with
Lx =In"dq, K‘=1,..., h.

Thus we see that x varies throughout a fixed 4-dimensional vector space.

6.1.2 — THE ARC LENGTH

For many purposes it is convenient to introduce a parameter s with the

property that
d,x (6.1-8)
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is a unit vector. Under this assumption it follows from

d,x =d,xd,s
that

(d,5)? = d,xd,x. (6.1-9)

Hence a function s satisfying the condition that (6.1-8) is a unit vector, is
given by a solution s of the differential equation

d,s = Vd,xd,x.

This solution is determined up to an additive constant. All desired para-
meters are representable as +s--c.

The parameter s may be interpreted geometrically as the arc length meas-
ured along the curve.

Differentiating the equation

d,xd,x=1 (6.1-10)
we get
d,xd2x = 0. (6.1-11)

Hence d,2x is orthogonal to d,x.
The vector d2x is the zero vector if and only if d,x and d 2x are linearly
dependent.
The assertion is trivial when d,2x = o. Let us assume that there are func-
tions a«(s) and «(s) such that
0 1

d,xax+dz2xa = 0. (6.1-12)
0 1

The function « cannot take the value zero, for d,x # o. On multiplying both

1
members of (6.1-12) by d,x we see, by virtue of (6.1-10) and (6.1-11), that
o = 0 and this proves the assertion. The equation

0
d2x =0 (6.1-13)

characterizes a straight line.

When d,2x 5% 0 then we may find a unit vector u, such that
1

dytx = ur, k> 0. (6.1-14)

The uniquely determined vector u is called the.normal vector of the curve and
! 1

k is the curvature. The vector d,’x is known as the curvature vector.
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It may happen that in isolated points the relation (6.1-13) holds. Then

in general u can be defined by continuity and (6.1-14) is also valid provided
1

we take « = 0. These points are called flexes of the curve.

6.2 — Frenet’s equations

6.2.1 — FRENET'S EQUATIONS
We consider the vectors (assumed to be linearly independent)
d,x,dz2x,...d,tx, (6.2-1)

associated with the curve represented by the vector function x(s), referred
to the arc length as parameter. On applying the Gram-Schmidt process
described in section 2.3.1, starting with d,x, we obtain an orthonormal set

u(s),... u(s) (6.2-2)

such that u(s) is a linear combination of d,x, .. ., d*'x, while d**x is
h

linearly dependent on u(s), ..., u(s). Since the orthogonalization process is
0 B

performed by rational operations we may infer that the vectors (6.2-2)
have the same differentiability properties as the original vectors (6.2-1).
Next we write

r
du=3Yua h=0,...,1 (6.2-3)
h k=0 k& kh

and observe that « = 0 whenever 2 > A-+41. In fact, u is included in the
28 »

space spanned by d,x, ..., d** x. Hence d,u is a vector of the space spanned
h

by d,x...., d*2x, that is the space spanned by u, ..., u. It follows that in
o

(6.2-3) the vectors u with £ > A+1 do not occur with a non-vanishing
coefficient. k

From
1, if h=k

""={o, if btk

hk
we deduce

ud,u+ud,u = 0. (6.2-4)
k h h k

It follows from (6.2-3), that « = ud,u. Hence (6.2-4) is equivalent to
Mook a
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atoa =0, ' (8.2-5)
hk kh
that is to say, the matrix
(o] (6.2-6)
hk

is skew symmetric. Thus also « = 0, whenever £ << A—1. We now may sim-
kh

plify (6.2-3) by introducing the numbers

K= o , =1,..,r
» hh-1

Then the equations (6.2-3) (save the first and the last), appear as

duy=—ux+t+u «,|h=1,...,r—1 (6.2-7)
h A=1h Al B4l

Additionally we have
d,u = u«, (8.2-8)
o 11

0ttt

being essentially the same as formula (6.1-14).
The expressions «(s) are determined except for sign. We agree to take

them positive. Then the vectors u are also uniquely determined. Comparing
h

(6.2-8) with (6.1-14) we see that « is the curvature. The functions «, «, ..., «
1 2 3 r

are called the forsions of the curve.
Finally we wish to make the following remark. Since the curve is included

in a finite dimensional space of dimension 41 the derivative d,u also be-
3

longs to this space, which means that the equation corresponding to 4 =r
in (6.2-7) takes the form

du=—u « (6.2-9)

r r-1r

The relations (6.2-7), (6.2-8) and (6.2-9) with be referred to as Frenet's
equations.

6.2.2 — EXPLICIT EXPRESSIONS FOR THE CURVATURE AND THE TORSIONS

It is not difficult to express the curvature and the torsions in terms of the
successive derivatives (6.1-3) of the function x(¢). First we suppose that the
parameter is the arc length. Since u is included in the space spanned by
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d,x, ... dMx, we may write

u=d,xp+d3xp+ ... +dMx B. (6.2-10)
4 a2 M+
Since u is orthogonal to d,x, ..., d,3x, we have
A
1=wudMx§ . (6.2-11)
h hh+1

From Frenet’s equation we may infer that

k=—udu=ud,u (6.2-12)
A Al a b A1
and, when differentiating both members of (6.2-10), (replacing & by A—1) it
easily follows that
k=udMx g, (6.2-13)
h h A1

whence by virtue of (6.2-11)

k= pB/|B. (6.2-14)
A A—1h Ah+1
Let
gr d,x, ..., d*x) (6.2-15)
denote the gramian of the vectors d,x, . . ., d*x. It follows from (6.2-10),
since the gramian of uw, ..., u is unity, that
0 h
1=p% p2...p8%¢gr (d,x, ..., d> 'x) (6.2-16)

01 12 hh+1l
and an easy computation yields from (6.2-14) and (6.2-16)
o gr(d,x, ..., d'x)gr(d,x, ..., d x)
A gri(d,x, ..., d x)
Additionally we have

, h>1. (6.2-17)

Hence

(8.2-18)

the same expression as (6.2-17), when we agree to take the gramian of an
empty set as being equal to one.
With reference to relations of the type (6.1-4) we easily find that

gr(d,x,...,dr*x) = gr(d,x, ..., d>}x)(d,g)**,  (6.2-19)
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in particular
1=d,xd,x = d,xd,x(d,g)* = gr(d,%)(d,g)*. (6.2-20)

When the curve is referred to an arbitrary parameter ¢ we, therefore, have

. 8r(dex, ... dMx)gr(d,x, ..., dM'x)
» gr(d,x)gr}(d,x, . .., d *x)

v | h=1,...,r. (6.2-21)

This formula includes the special case

3= gr(dcx' dc’x)
1 gra (dqx)
By hypothesis the denominator in (6.2-21) does not vanish identically,

that is to say, the curve is not included in a space of dimension less
than 1.

(6.2-22)

6.2.3 — A THEOREM ABOUT THE VARIATION OF THE ARC LENGTH

Besides a given curve x(s) we consider a second curve
x(s; &) = x(s)+y(s)e, (6.2-23)
where ¢ is a constant. This curve is referred to the arc length of the given

curve, but s need not be the arc length of (6.2-23). The length of the arc
between the points s = & and s = b is equal to

s(e) =f: V' (d,x+d,ye) (d,x+d,ye)ds. (6.2-24)

By a variation of the curve we understand the additional term in (6.2-23).
By the first variation of the arc length is understood the expression

ds = d,8(e)|smo &- (6.2-25)
An easy computation yields from (6.2-24)
1] b
és = f d,xd,yds=¢ f ud,yds. (6.2-26)
[ a0
Integrating by parts yields
1] 1]
és = euy| — f uyrds
0 |a al 1

or, by putting
ox = ye,
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0s = udx

b b
— j u dxkds. (6.2-27)
0

a al 1

This result implies the following theorem:

The first variation of the arc vanishes when variation of the curve takes place
in a direction orthogonal to the osculating plane everywhere along the curve
throughout the range a < s < b.

This follows since udx = udx = 0 for a < s < b.
0 1

6.2.4 — HYPERSPHERICAL CURVES

Suppose that x(s) represents a curve which is included in an (r+1)-di-
mensional space (and not in a space of lower dimension) such that all its
points are at a constant distance from a fixed point, the centre, with coor-
dinate vector a, i.e.,

(x(s)—a)(x(s)—a) = const. (6.2-28)

A curve having this property is called Ayperspherical; it is a curve on the
hyperspere (6.2-28). We wish to establish the theorem:

A mecessary and sufficient condition for a curve in an (r+1)-dimensional
space to be hyperspherical is the existence of v functions

5} ¢ .0y 5
1 r
which satisfy the conditions
1—¢éxk=0,
11
S = 5 K, dGE = - E K, (6.2—29)
22 r -1r

=—¢ kt+ & xk, h=2..,r—L
A-1 A A+l A+l
By a normal r-space at a given point of the curve we understand the

space spanned by the vectors u, . . ., & at this point. It is easy to show that
1 r

the normal r-space of a hyperspherical curve passes through the centre of the
hypersphere on which the curve lies. In fact, by differentiating (6.2-28) we
get

(x(s)—a)d,x =0, (6.2-30)

expressing the fact that the vector x(s)—a is orthogonal to the tangent

vector u = d,x.
]
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As a consequence there are functions §&, ..., & such that
1

— x(s)+ S uk (6.2-31)

A=1h A

By differentiating both sides of this equation we get

r—1 r
o=u+Y(—ux+u«)é—uxé+ >udé,
0 h=1 h-1h A+lk+lh r-1rr h=1h (6.2—32)
-1
=u(l-¢ K)+ (ds&— £K )42 u(dé4 & k— & « )tu(d, E—l— £ x).
(1} 11 1 h=2 2 A  h-1h A+l A1 r r-1r
Since at every point of the curve the vectors u, . . ., u are linearly inde-

0 r
pendent, we obtain the desired equations (6.2-29).

Conversely, if a set of &’s can be found, such that the conditions (6.2-29)
have been fulfilled, then the derivative of the function represented by the
right hand side of (6.2-31), being equal to the right hand side of (6.2-32),
vanishes identically. As a consequence this vector function is a constant
vector a. In addition we may infer from (6.2-29) that

r

Zéde_o

h=1h
ie.,
Y & = constant.
h=1h
This equation expresses the fact that the norm of the vector a—x(s) is con-
stant along the curve. This completes the proof of the assertion.

It is not difficult to eliminate the auxiliary functions &, . . ., & in order to
1 r

obtain a relation between the curvatures. The result is, however, rather
intricate. In the case » = 2 the last equations (6.2-29) are void and we obtain

:/f+d.(d.(1/f)/:) =0,

a relation between the principal curvature and the torsion of a spherical
curve in the three dimensional space.

6.2.6 — HELICES

A curve x(s) in a space whose dimension is an odd number 71 is called a

heliz if the vectors u, u, . . ., u make constant angles with a fixed unit vector
0 2 -3

u. It is our aim to prove:
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If the vectors

uu,...,u
o 2 r—-2

make constant angles with a given unit vector u then the vectors

wu,...,u
13 r-1
are orthogonal to u and the ratios
K[k, kK, . .., & [k (6.2-33)
12384 r-1r
of the curvatures are constant along the curve. Moreover the vector u makes a
constant angle with u. r

Denote the angles mentioned in the theorem by

0ow,... o0,
0o 2 r
that is,

Uy = COS w, Ul = COS w, . . ., U = COS w. (6.2-34)
0 0o 2 2 r r

By hypothesis all these angles are constant, except perhaps the last one. By
differentiating the equations (6.2-34) except the last equation, we obtain on
applying Frenet’s formulas:
uuk =0, —uuxktuuxk=0,..., —uux+uurx=0.1(62-35)
11 11 8 8 -3 r-2 -1 r-1
Since none of the curvatures «, ..., x vanishes identically it follows that

1 -2
uu=uu=...=uu=0. (6.2-36)
1 3 -1
Again by differentiating the equations (6.2-36) we have
(— ux+ux)u=( —ukt+uku=...=(—u k+tuxu=20
01 23 4 4 r-2r-1 rr

or, in view of (6.2-34),

KCOSwWw = KCOSwW, KCOSW =kKCOSwW,... KCOSwW = Kk COS w.
1 0 2 2 38 2 4 4 r—1 r—2 r r

Next we observe that
d,(uu) = —u u k=0.
r r—~1 T

Hence w also is constant and the proof is complete.
r

Conversely we have the theorem:
Ifthe ratios (8.2-33) are constant along a curve x (s) in an (r+1)-dimensional
space, where r+-1 is odd, then the curve is a heliz.
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By hypothesis we can find constants y, 9, . . ., ¥ such that

0 2 r
KY =KY, Ky =K¥,..,K Yy=K7Y (6.2-37)
10 22 82 44 r-1r-2 rr
and
yi4y24 L. Hyi= 1 (6.2-38)
o 2 r
Now we consider the vector function
u(s) =uytuy+...+uy. (6.2-39)
00 22 rr

Differentiation yields

d,u = llmy+(—ux+u~)y+ s (—u Ky

2 38 2 r-1r r

= u( y :cy)-i—u(xy——xy)—l— o.tu(x y —xy)=o.
1 22 3 32 rr-1r-2 rr
Hence u is constant along the curve and from (6.2-38) we may even infer
that u is a unit vector. Finally itisseenthat the angles between u and

u, ... u are determined by
[1] r
COS®W =1y, COS®W=1Yy,..., COS® =7,
(1] [1] 2 2 r r

and are, therefore, constant.

6.2.6 — ORTHOGONAL TRAJECTORIES OF THE NORMAL (r—1)-SPACES OF
A CURVE

The space spanned by the normals u, . . ., u at a given point of a curve in
1 -1

an (r+1)-dimensional space is called the normal (r—1)-space of the curve at
this point. We intend to study a curve related to a given curve x(s) by

r—1

y(s) = x(s)+ S ug, (6.2-40)

h=1h h

where &, . . ., & denote functions of the arc s. The tangent line of this curve
1 r-1

at the point s is determined by the vector
-2
dy=u(l—¢éx)tu(d,é+éc) +Ju(dé— & «+& k)tu &« (6.2-41)
0 11 1 1 22 h=2n A A—1 A=1 A+l A+l rr=1r

Now we impose on this curve the further condition that this tangent is ortho-
gonal to the normal (r—1)-space of the original curve at the same point s.
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Then the curve y(s) is called an orthogonal trajectory of the normal (r—1)-
spaces of the curve z(s). We shall prove:

If the curve (6.2—40) is an orthogonal trajectory of the normal (r—1)-spaces
of the curve x(s), then the distance of corresponding points of the curves y(s)
and x(s) is constant along the curve.

The vector d,y is orthogonal to u, ..., u when the following conditions
have been satisfied: 1 -1

dé+ék =0,
1 22

(6.2-42)
dt— & k+ ¢ =0, h=2,...,r—1.
h h-1h h+1 h+1
From these equations we easily deduce
r—1
>&d, & =0,
h=1h h
whence
r—1
> & = constant. (6.2-43)
h=1h

This means, however, that the norm of the vector y —x is constant along the
given curve x(s).

In the remainder of this section we always suppose that y(s) is an
orthogonal trajectory of the normal (»—1)-spaces of a curve x(s). In accord-
ance with (6.2-42) the equation (6.2-41) appears in the simple form

dy =u(l—ék)4u § k. (6.2-44)

0 11 rr—1r

Let v denote a unit vector parallel to d,y. It is clear that we may write
[|]

V = u cos w+u sin w. (6.2—-45)
0 0 r

If sin w = 0 the curves x(s) and y(s) are said to be parallel. We exclude this
case from further considerations.

Next we impose on y(s) the additional condition that its first normal

vector v is included in the corresponding normal (»—1)-space of x(s). This
1

leads to a result that may be stated as:

W hen the first normal of an orthogonal trajectory of the normal (r—1)-spaces
of a curve x(s) is included in the corvesponding normal (r—1)-space then the
angle between the tangent vectors ab corresponding points is constant.
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The normal v is parallel to d, v. Now

d,v = u« cos w+ud COS w—U k Sin w+ud sin .
[} 11 -1r

Since, by hypothesis d,v is lmearly dependent on u, . . ., u, we may
0 1 r—1
conclude that
d,sinw =0,

i.e., w is constant,  being the angle between u and v.
0 0

Comparing (6.2-44) and (6.2-45) we conclude that
1—¢x &k

11 r—-1r
cosw Sinw

=0,

ie.,
1 =¢«k+ & kctn w. (6.2-46)
11 r-Ir

An interesting case occurs when = 2. Then x(s) and y(s) constitute a pair
of curves in a three dimensional space being related in such a way that the line
connecting two corresponding points is normal to both curves. Such a pair is
called a Bertrand pair of curves. From (6.2-43) follows that 4-‘ is constant.
Hence, since E = £, (6.2-46) reads

r—-1

1 = &(k+« ctn w). (6.2-47)
1 2

Thus we see that there exists a linear relation between the principal curva-
ture and and the torsion of the curve x(s). It is not difficult to show that the
same statement is true for y(s).

6.3 — Involutes and evolutes
6.3.1 — INVOLUTES

The points of the tangent lines of a curve %(s) constitute a surface, the
tangent surface of the curve. It is a ruled surface, whose generators are the
tangent lines of the given curve. This curve forms a sharp line on the surface,
the edge of regression.

We are interested in the curves on the tangent surface, which meet the
generators at right angles. They are called the snvolutes of the curve.

Any curve on the tangent surface is characterized by

y() =x (S)+l°l€(8). (6.3-1)



84 CURVES (6.3

where £(s) is a function of s. It may be determined when we impose on it the
condition, that the vectors d,y and u are orthogonal for all values of s. From
(6.3-1) we have

d,y = u(1+d,&)+u«é (6.3-2)
0 11
and from ud,y = 0 we get
(1}

14+d,£ = 0.
Hence
§=c—s,

¢ being an arbitrary constant. Thus we have proved:
A curve x(s) possesses a one parameter family of involutes represented by

y(6) = x(s)+us)c—s), (6.3-3)

where c is an arbitrary comstant and s is the arc length of the original curve.

It should be noticed that two curves of the family cut segments of equal
length on the generators of the tangent surface. They are equidistant on
this surface.

6.3.2 — INVOLUTES OF HIGHER ORDER

It is an easy matter to generalize the notion of involute in the following
way. Consider a given curve x(s) and the curve

y(s)=x@)+ué+...4+u §&, (6.3-4)
00 n-1 n-1
where &, ..., &, n <7, are functions of s. We ask for those curves (6.3-4)

0 n-1
which are orthogonal trajectories of the system of the #-dimensional osculat-
ing spaces of x(s). Curves with this property are called ¢nvolutes of order n
of the given curve.
By virtue of Frenet’s formulas we evidently have

n—2
dy = u(1+d E EK)-—}— zu(d E—i— Ek—¢§ k)
= [ N (6.3-5)

+u(d £+E x)-l-llfx.

n~l1 n-2n-1 nn-ln

Since by hypothesis, d,y, is orthogonal to a, ...l We obtain the system
of differential equations n-1
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= 1+d,5—‘£ K)
0—d«5+5.<—§ k, h=1..,n-2, (6.3-6)
h-1h A+l A+l
0=4d, e + & «,

n-1 n-2n-1

which admits of a uniquely determined set of solutions 5 ... ¢, having
n-1
prescribed initial values at a point s = a of the given curve In the case

n = 1 these equations reduce to 14d,& = 0.
0

6.3.3 — EVOLUTES

We wish to discuss the converse problem, dealt with in section 6.3.1, viz.,
to find a curve y(s) such that a given curve x(s) is one of its involutes (of the
first order). A curve of this kind is called an evolute of the given curve.

It is not always true that a curve possesses an evolute. A counter-
example is the circle.

Next we shall prove:

A necessary and sufficient condition for a curve x(s) o posses an evolute is
that there is a unit vector function u(s) and a function {(s), such that

u+d,ul =o. (8.3-7)
)

Let y(s) denote an involute of the curve x(s). Then y(s)—x(s) is ortho-
gonal to u and d,y linearly dependent on y—x. It follows that d,y is also
]

orthogonal to u and that y and x do not coincide. As a consequence we can
0
find a unit vector u such that

y—-x ] uc (6.3—8)
and

d,y = ué. (6.3-9)
By differentiating both members of (6.3-8) we get
ut—u =d,ul+ud,l
]

or

u((—d,l) = u+d,ul. (6.3-10)
0

Multiplying both members of this equation by u we get {—d,{ = 0 and
(6.3-7) follows.



86 CURVES [6.3

Assume, conversely, that a relation of the type (6.3-7) holds for a suitably
chosen unit vector u(s) and a function {(s). Define y(s) by

Y(s) = x(s)+u(s)¢(s). (6.3-11)

Then
dy=u+tdul+ud,l!=ud;,
0

hence y—x and d,y are linearly dependent. Also
ud,y =uwud,l = —ud,utd, =0,
0 0

for u is a unit vector. It follows that d,y is orthogonal to d,x and this con-
cludes the proof of the theorem.

By the centre of curvature at a point s of a curve x(s) we mean a point
whose coordinate vector is

x(s)+u(s)p (6.3-12)
1

where p = «~! denotes the radius of curvature at the point under considera-
tion. We shall prove:

The projection of a point of an evolute onto the first normal at the correspond-
ing point of the curve is the centre of curvature at that point.

The projection referred to in the theorem is given by the vector

x+tu(uz), (6.3-13)
11

where
z=y—x. (6.3-14)

Since z is orthogonal to u we have
0

ud,z+uzk = 0. (6.3-15)
0 11
In addition we have
z = u{,

where u and  are the quantities mentioned in the above theorem. In view of
(6.3-7) we have

d,z =d,u{+ud,l = —utud,l.
0

Hence
ud,z= -1
0
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and we find that in (6.3-15) the product uz is equal to ™! = p. Inserting
1

this into (6.3-13) we obtain the expression (6.3-12), as desired.
Finally we wish to prove the theorem:
The lines from a point of a curve which are tangent to two of its involutes

meet at a constant angle along the curve.
By the first theorem of this section, these evolutes are characterized by

vector functions ’‘u, "'u and functions ’¢, ', such that
u+t+d,'u’l! = u+d,”"u’’ = o.
0 1]
Since ‘a4 and "u are orthogonal to u, we evidently have
0
'ud,"u = "ud,'u = 0,

whence
d,('u’’u) = 0.

This completes the proof.

6.4 — Developables

6.4.1 — GENERAL REMARKS

A one parameter system of hyperplanes in an (r+1)-dimensional space can

be represented by
yp(q) = n(q), (6.4-1)

where p(g) and #(q) are functions of a parameter ¢. Let ¢ denote a given
number and ¢+4 a number near it. It determines a second hyperplane

yp(q+h) = n(g+h). (6.4-2)

The hyperplanes (6.4-1) and (6.4-2) have the same intersection as the hyper-
planes (6.4-1) and

1 +h)—
y(pg+h)—p@) 4 = ﬁg_%_ﬁq_) : (6.4-3)
When we let 4 — 0 we obtain the hyperplane
ydap = dqn' (6'4_4)
Performing the same operation on (6.5-4) we obtain a hyperplane
yd'p = d (6.4-5)

and so on. The intersection of the hyperplanes
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yp=mn,ydp=d.n, ..., yd,"p =4y (6.4-6)

is, in general, a linear space of dimension »—m. It is called the characteristic
of dimension »—m of the system. For m = 7 the characteristic is a point,
provided that it exists. The locus of the characteristic points is called the
edge of regression of the system (6.4-1).

A characteristic is not always present. Consider for example a set of parallel
hyperplanes. A necessary condition for the existence of a characteristic is,
evidently, the linear independence of the vectors d*p, A =0,.. ., m.

Suppose now that the characteristic points constitute a space curve x(q).
This vector function satisfies identically the equations (6.4-6). By differen-
tiating we get

d,xdMp+xdMp=dMy, Ah=0,...,7r—1,

whence
d,xd}p =0, h=0,... 7r—1.
Again
dlrxdlp+d,xdp =0
or

dixdp =0, h=0,... r—2.
Proceeding along these lines we find
d"xd}p =0, m=1,...,r, h=0,... r—m. (6.4-7)

These equations have an interesting conseqﬁence. The m-dimensional oscu-

lating space at a point of the curve x(g) can be represented by the vector
x+d,x&+ ... +dx & (6.4-8)

0 m~—1

On account of (6.4-6) and (6.4-7) the product of this vector and either of

the vectors d*p, A= 0,..., r—m vanishes. Hence, the m-dimensional

osculating space of the curve x (s) coincides with the m-dimensional characteristic

of the system (6.5-1).

6.4.2 — DEVELOPABLES ASSOCIATED WITH A CURVE

In the following example the existence of a curve consisting of character-
istic points is granted and also, therefore, that of the locus of the m-dimen-
sional characteristics (m > 0), the so-called developable of the system (6.4-1).
Consider the set of hyperplanes

(y—x(s))u(s) = 0, (6.4-9)
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the r-dimensional osculating spaces. The (»—1)-dimensional characteristic
is the intersection of (6.4-9) and

(v—x)du=0

r

or, taking account of Frenet’s equations,
(y—x)u=0, (6.4-10)
r-1

for k # 0. Again the (—2)-dimensional characteristic is the intersection of
T
(6.4-9), (6.4-10) and
(y—x)(—u x+ux)=0

r—2 r—1 rr
or

(y—x)u=0. (6.4-11)
r—-2
Proceeding in this way we see that the characteristic points satisfy the equa-
tions
(y—x)u =0, h=0,...r. (6.4-12)
h

and the vectors u, . . ., u are actually independent. The relations (6.4-12)
0 r

are only satisfied for y = x(s), that is to say:

The edge of regression of the system of the osculating hyperplanes of a curve
1s the curve itself.

Another interesting set of hyperplanes connected with a curve x(s) is the
system of normal hyperplanes characterized by

(y—x)u = 0. (6.4-13)
0
The (r—1)-dimensional characteristic is determined by (6.4-13) and
—uu+(y—x)uxk =0
00 11
or
(y—x)u = p,
11
where p stands for 1.
1 1

In the sequel we shall agree on writing p, rather than x-1, h=1,...,r.
A h

It will be our aim to show that the characteristics of the system (6.4-13) are
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given by
(y—x)u = ¢, h=01,...r1, (6.4-14)
h h

where & denotes a function of p, . .., p, which are in turn functions of the
h 1 h

arc length s.

The assertion is true if 2 = 0, provided we take & = 0. It is also true for
0

h = 1, provided we take & = p. Let 0 < A < r denote a number such that
1 1

(6.4-14) is true. We find by differentiation
—uu+(y X)(—ux+u k) =4d,§,
h

h=1h A+l A+l

and an easy calculation shows that

(y—x)u = §,
ML bl
with
§=§& plptpd 5» h=1,..,1—1. (6.4-15)
h+1 h—1 A+l & h
These are recursive equations, which determine the functions §,..., &
uniquely, since & = p. ! f
11
The edge of regression is the curve
y(s) =x(s)+ Y ué, (6.4-16)

h=1h h

provided the vector on the right does not reduce to a constant.

6.4.3 — THE OSCULATING HYPERSPHERE OF A CURVE

A problem which is closely related to the considerations included in the
second part of the previous section is the following.
Suppose we are given a hypersphere

(y—a)(y—a) = p?, (6.4-17)

that is, a set of points whose distance from a point ais equal to p. The point
a is the centre of the hypersphere.
A curve x(s) and the hypersphere (6.5-17) have a point in common if the

function
£ls) = (x(s) —a) (x(s) —a) —p (6.4-18)
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has a zero. We shall say that the hypersphere and the curve have 441
consecutive points in common, if the multiplicity of this zero is A. This re-
quires that the zero s also satisfies the equations

df=d2f=...=drf =0 (6.4-19)

In particular, let 2 be equal to »+1. We then say that the hypersphere
osculates the curve at the point under consideration. Otherwise stated: it
has there 42 consecutive points in common with the curve.

It is easy to show that this hypersphere is uniquely determined. In fact:

df=0
implies
(x—a)u = 0.
0
The condition

ensures

Proceeding along these lines we easily find that
(@a—x)u = ¢, h=0,... r—1, (6.4-19)
h

h

where the functions & satisfy the recursive relations (6.4-15). As a conse-
h
quence we have:

The centre of the osculating hypersphere is given by the coordinate vector

emxt Sut 8.020

h=1h h
where &, . . ., & are defined by the recursive relations (6.4-15) and & = p. The
1 r 1

radius of this hypersphere is determined by

r
2=Ye (6.4-21)
h=1h

We may also state this result in the following form:

The characteristic points of the system of normal hyperplanes of a curve are
the centres of the osculating spheres of the curve.

In this connection it is worth while to investigate under which conditions
the set of characteristic points reduces to a single point: Then we must have
in (6.4-20)

d,a=o.
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This is, however, the same problem as that dealt with in section 6.2.4, for the
equation (6.4-20) is the same as the equation (6.2-31). Thus we find that

the function ¢, . . ., £ must satisfy the conditions (6.2-29). As a consequence
1 r

the radius of the osculating sphere is also constant. This means, however,
that the curve is hyperspherical.

It is interesting to observe that the relations (6.2-29) are satisfied by those
functions (6.4-15) on which the additional condition

0= &+ pd, ¢ (6.4-22)

r—1 r r
has been imposed.
We conclude this section by discussing a curve in a space whose dimension
is an odd number, the curve having the property that the ratios

k1, klk, ..., k[«K (6.4-23)
1 32 r r—1
are constant.
It follows from (6.4-15) that the coefficients & occurring in (6.4-20) are
all constants, and indeed those having an even subscript are zero. In fact,
first we have

&=np.
1 1
On account of (6.4-15) we may infer that
§=0
2
and
§=pélp
3 312
is again constant. Assuming that £ = 0 and £ is constant we find that
A1 h
& =0, while & = constant and & = 0 implies that & = constant. Since
M1 a1 h A+l

the coefficients with odd index are positive the equation (6.4-22) does not
hold. Hence the locus of the centre of the osculating hypersphere

x=xtubtué+...+u & (6.4-24)
11 33 r—1r-1
does not reduce to a point. In addition we find that the radius of the osculating
hypersphere is constant along the curve.
Differentiating (6.4-24) we get
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d,;r=u+(—un+ux)§+(—ux+ux)§+ .+ (—u k +ux)t
0 01 22 2 r-2 r-1 rr r-1
=u(l—¢x)tu(bx— £K+...+u(§ k —& k)+u €k
1] 11 2 12 r—2 r-3 r—2 r—1r-1 rr-1r

But from (6.4-15) we deduce
E vk — &8 Kk=0, Ah=1,...,,r—1. (6.4-25)
M1 A+l -1

Hence, since & = 0,
0
[ ]

d,x=u ¢ «. (6.4-26)

rr-lr

Denoting by s the arc length of the curve (6.4-24) we evidently have

(d,5) = & w2,

~1r
We agree to take
ds=— £ x. (6.4-27)
r—-1r
Then it follows that
» . « 1
u=drx =d,x ,——ufx/&'x-—-'-—u. (6.4-28)
0 d 8S rr-1r r-1r
Next we have
du=uxk=du/é k=—u K/ k=—u —.
0 11 rr-lr =11 r-1r -1 §

r-1

*
Observing that u and u are unit vectors and that £ is positive we may infer
1 r—1 r—1

that

;1=—u, h=0,...r. (6.4-29)
Y

Assume that this conjecture has already been verified for all subscripts from
0 up to a certain index k. By differentiating we get
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- . P l
ddu=—uxt+u k=(u « — a4 «k)—/—.
A A—1h  MLAFl  r=h-lr—h  r-mlr-asl & K
r-1r

(6.4-30)

- -
Observing that u, u are independent unit vectors as are w , u and

h—1 h+1 r—h—1 r—h+l
*
that by hypothesis 4 = — u , we find that also
h—-1 r—h+1
-
u=— u.
ht+l r—h—1

This proves the assertion.
Next we introduce the numbers

Then (6.4-24) may be written in the form
Xx=x+tubt+ab+...+ua £. (6.4-31)
11 383 r-1 r-1
From (6.4-30) we also infer that

*
k=x[§& K,
h r-h r-1 r

ie.,

*
k[ =k /[ k.
A Bl T=h r—A-1

This means that the ratios

L] * ® * *
kll, kle, ..., k [k
1 3 2 r r-1

are constant and that the numbers E‘ satisfy equations similar to (6.4-15)
h
satisfied by the £. As a consequence the curve (6.4-31) is the locus of the
»
centre of the osculating hypersphere of the curve (6.4-24). Thus we proved:

If for a curve x(s) the ratios (6.2-24) are comstant, where r is an even

number, then a similar condition holds for the locus x(s) of the centre of the
osculating sphere, and the locus of the centre of the osculating hypersphere of the

curve X 1S just the original curve Xx.
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6.5 — Intrinsic equations

6.5.1 — THE EXISTENCE OF A CURVE WITH PRESCRIBED CURVATURES

In section 6.2.1 we found that a curve in an (74 1)-dimensional space (and
not in a space of lower dimension) possesses 7 curvatures «(s), ..., «(s)
1 T

which are positive functions (except for isolated values of s). In this section
we shall establish the theorem stating that these curvature functions are
not subject to any further restriction and that they determine the curve
uniquely, if we do not wish to distinguish between two curves of which one is
obtained from the other by a simple displacement. More precisely stated:
In an (r+1)-dimensional space there exists one and only one curve such that
(i) the curve passes through a given point;
(ii) at this point the frame consisting of the tangent vector and the normal
vectors coincides with a given orthonormal frame;
(iii) the curvatures are equal to givem comtinuous mon-vanishing and non-
negative functions:
k=~Fk(s),..., kx==Fk(s); (6.5-1)
1 1 r r
(iv) the variable s is the arc length of the curve.
The equations relating the arc length and the curvatures of the curve are
called the intrinsic equations of the curve.
In order to prove the theorem we consider the following system of ordinary

differential equations for the functions #, .. ., u:
0 r
d,u = uk,
0 11
du=— uk 4+ u k), h=1,...,r—1, (6.5-2)
» A-1h A+l A+l )
d‘“ = — U k:
r —-1r

which present the same pattern as Frenet’s equations.

From the existence theorem we may conclude that this system possesses
a uniquely determined set of solutions taking prescribed values at s = a,
the number & being a given constant.

Next we select 41 systems of solutions

u, U, ... %, k=0,...,r, (6.5-3)
k0 k1 kr

where u takes the initial value 0 if m # 7, and 1 if m = ». Additionally we
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introduce functions v defined by

mn
r
v=2u u, mn=20,...Tr. (6.5-4)
mn k=0 kn km

An easy calculation shows that these functions satisfy the system of differ-
ential equations

djv=—9v B+ v k— v k+ v &, (6.5-5)
mn m—1n m k+lm m+l mn—-ln mn+l n+l
where it is understood that v is identically zero whenever m = —1 or

mn

n = —1, while 2 = 0.
r+1

A solution of this system is given by v = 0if m #Anandv = 1if m = u.
mn mn
These values are, however, the initial values of the functions (6.5-4). Hence,
on account of the assertion of uniqueness in the existence theorem the func-
tions (6.5-4) coincide with those evaluated above.

Now let
- [ ]
u,...,u (6.5-8)
] r
denote a given orthonormal frame. We introduce the vector functions
I
u=3 uu, h=0,...,r (6.5-7)
h k=0 k kh
Then, evidently,
uu=3 u u=v, mn=0,...r, (8.5-8)

mn k=0 km kn mn

and this means that the vectors (6.5-7) constitute an orthonormal frame
along the curve coinciding with the frame (8.5-8) for s = a.

Now we are sufficiently prepared to prove the assertion that the desired
curve is represented by

x(s) = f: uds + x (a), (6.5-9)

the integral denoting a vector function whose derivative is &, and which
0

vanishes for s = 4. Moreover x(a) denotes the coordinate vector of the given
point mentioned in part (i) of the theorem. In fact, first we have:

d,x=u.
0
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Hence
dxdx=uu=v=1
00 00

and it follows that s is the arc length of the curve (6.5-9). Proceeding, we
find in view of (6.5-7) and (6.5-2)
r

du=Yadu =3 t(—u k+u k)
h

k=0 k kh k=0 k kh—1h k h+1 A+l
=—uk+ u k, h=1,...,r—1,
A-1h A+l A+l
completed with
d,u=uk, d,u= — u k.
0 11 r r-1r
Hence the functions (8.5-1) are precisely the curvatures of the curve (6.5-9)
and this completes the proof of the theorem.

6.5.2 — A THEOREM ABOUT INVOLUTES

In section 6.3.1 we proved that two involutes cut a segment of constant
length on each of the generators of the tangent surface of the given curve.
This result may be generalized to the case of involutes of higher order in the
following fashion:

The configuration of the traces of the involutes of order n on the n-dimensional
osculating spaces of a curve x(s) moves as a rigid body as s varies.

In an auxiliary #-dimensional flat we take a curve z(s) having its curva-

tures equal to the first #—1 curvatures «, . . ., « of the given curve x(s), s
1 n—1
being also the arc length of this new curve. This is possible on account of the

theorem of the previous section. Let v denote the tangent vector and
]

Vv, ..., v its normals. Next we consider the vector function
1 n—-1

- n~-1
z(s)=z(s)+3vé (6.5-10)
A=0 h A
where &, . . ., & are solutions of the system of differential equations (6.3-8).
o n—1
On differentiating we see at once that
dz=o0 (6.5-11)

identically. Hence z is a constant vector and determines an invariable point.
This is, however, the content of the assertion.
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6.5.3 — THE APPLICABILITY OF A DEVELOPABLE
Let x(s) denote a given curve in an (r+1)-dimensional space. The #-

dimensional characteristics of the system of the osculating hyperplanes of
this curve are represented by

y=x+ué+...+ u §. (6.5-12)
00

n—-1 n-1
They generate an (n41)-dimensional manifold referred to parameters

gt=s, g=¢...,¢N=¢. (6.5-13)
[} n-1

The tangent vectors of this manifold are respectively

oy=u+uébx+ (—uxt+uk)é+...+(—u « + ux) &,
[}

101 01 221 n-2n-1 nn n-1
O,y = u, gy =u,..., Oppny = u.
0 1 n-1
As a consequence the components of the metric tensor involve only the
curvatures «, . .., « and are uniquely determined by these curvatures.
1 n

Now we refer to the theorem of section 6.5.1. It states that we can find
in an (n+1)-dimensional space a curve having the same curvatures as the
given curve x(s). But the #-dimensional osculating spaces sweep through an
(n+1)-dimensional part of this space, being an (n+1)-dimensional flat re-
ferred to the same parameters (6.5-13) as is the developable considered
above. Since the metric tensor of this flat is exactly the same as that of the
developable (this flat being considered as the developable of the auxiliary
curve in the (z-+1)-dimensional space) we may infer that:

An (n+1)-dimensional developable associated with a curve is isometrically
equivalent to an (n--1)-dimensional flat.

This fact explains the name ‘‘developable”.



CHAPTER 7
GEODESIC DIFFERENTIATION

By a one-dimensional vector field on a manifold we mean a system
of tangential vectors, depending on a parameter ¢g. The derivative of this
field measures the rate of change with respect to ¢. But in most cases the
derivative is a vector which is not tangential and, therefore, cannot be
characterized by components with respect to a basis that spans a tangent
space. We extricate ourselves from this difficulty by considering the pro-
jection of the derivative on the tangent space. Thus we arrive at a modified
process of differentiation, which turns out to be very useful. It has, moreover,
an intrinsic character, that is to say, when we consider two corresponding
fields on manifolds in isometric correspondence, then the modified deriva-
tives also correspond.

This process of differentiation serves among other things to define a type
of curves, which generalize the notion of straight lines in Euclidean space.
These curves will be referred to as geodesic lines or paths. Thus a considerable
part of this chapter will be devoted to the study of these curves.

7.1 — The geodesic derivative

7.1.1 — DEFINITION

On a manifold x(¢*), «x = 1, ..., n, n = 2, we consider a curve character-
ized by a set of functions

7“(9)- (7.1-1)

As usual we write briefly x(g) instead of x(¢'(g), . . ., ¢"(g))-
Next we consider a field of tangential vectors

v(@) (7.1-2)

defined along the curve. That means: to every point ¢ of the curve corre-
sponds a vector v(g) included in the tangent space of the manifold at this
point. We are only concerned with fields which are continuously differen-
tiable with respect to the variable ¢. In general, however, the derivative
d, vis a vector which is not included in the tangent space at the point under
consideration. The projection of this vector will present itself asa very im-
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portant entity. It will be referred to as the geodesic derivative of the field
v(g). We shall denote it by D, v(g), i.e.,

D,v(g) = Pd,v(q), (7.1-3)
where P denotes the projection operator associated with the tangent
space at the point under consideration (see section 2.2.1).

7.1.2 — ELEMENTARY RULES

It is an easy matter to show that many rules of elementary calculus are
also valid for the geodesic derivative.

Let «(g) denote a function of the variable g, i.e., a function defined along
the given curve. Since P is a linear operator, we deduce from

d,(va) = d,va+vd,«

that
Pd,(va) = Pd,va—+(Pv)d,a
or
D,(va) = D,va+vd,a, (7.1-4)
for Pv =v.

Next we consider two tangential fields v(¢) and w(g) defined along the
given curve. From

do(v+w) =d,v+d,w
we deduce

Pd,(v+w) = Pd,v+d,w
ie.,

D,(v+w) =D,v+D,w. (7.1-5)

Differentiating the scalar product vw we get
d,(vw) = (d,v)w+vd,w.

Since d,v—Pd, v is orthogonal to the tangent space and wisincluded in this
space, we evidently have (d,v—Pd,v)w = 0, i.e., (d,v)w = (Pd,v)w =
(D,v)w. By the same arguments we conclude that also vd,w = vD,w. Hence

d,(vw) = (D,v)w+vD,w. (7.1-8)
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It should be noticed that D,v = o along the curve means that d,v is
everywhere orthogonal to the manifold. Hence D,v = o does not imply
v=o.

Finally we wish to check that the ordinary chain rule holds when we take
another parameter along the curve. In fact, if ¢(p) is a function of p then

d,v=d,vd,q

whence, on applying the operator P,

D,v=D,vd,q. (7.1-7)

7.1.3 — FRENET'S EQUATIONS

Proceeding as in section 6.2.1 we can get a system of equations which are
to be considered as a generalization of Frenet’s equations (68.2-7) for curves
on general manifolds. We may identify D,x with d, x, for it is a tangential
vector. On applying the operator D, repeatedly we obtain a set of vectors

D,x, D/%x, ..., D/ x, (7.1-8)

all belonging to the tangent space of the manifold at the point where (7.1-8)
are evaluated. We consider only the case that these vectors are linearly in-
dependent. On applying the Gram-Schmidt process we can find a system of
mutually orthogonal unit vectors
uu,...u (7.1-9)
0 1 n—1
which also span the tangent space. In just the same way as in section 6.2.1
we find Frenet’s equations

D,u= ux,
0 11

Du=—uwx +u k,|p=1 ,610-2 (1.1-10)
h h=1h A1 -+l

D, u = —u k,
n-1 n—-2 n-1

The functions «, «, . . ., x are called the geodesic curvature and the geodesic
1 2 n—1

torsions just as in the case of a curve in linear space. They may be evaluated
by formulas similar to those derived in section 6.2.2.
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The geodesic curvature may be defined independent of the assumptions
underlying the derivation of Frenet’s equations. In fact, it follows from the
first equation of (7.1-10) that « s the absolute value of the vector D,u = D,d, x.

1 0

Then the case that it vanishes is not excluded.

7.1.4 — GEODESICALLY PARALLEL VECTORS

A line segment in ordinary space undergoes a parallel displacement when
it moves in such a way that its direction remains unaltered. Hence the rate
of change in every position can be represented by a vector proportional to
the vector defined by the segment in that position.

This idea of parallelism can easily be extended to a vector field on a general
manifold, provided that we define the rate of change by means of the geo-
desic derivative.

We shall say that a non-zero vector field v(g) defined along a curve
g*(q), « =1, ...,n on the manifold x(g*) consists of geodesically parallel
vectors, if we can find a function «(g) such that

D, v(g) = v(g)x(q) (7.1-11)

along the curve. It follows from (6.1-7) that this notion is independent of the
parameter of the given curve.

A field v(q) of geodesically parallel vectors along a curve remains a field
of the same kind, when the vector function v(q) is multiplied by a function
A(q) which vanishes nowhere.

This follows at once from (7.1-4) and (7.1-11), for

D, (vi) = (D,v)A+vd,A = vai+vd, A
= VA(a+d,A[A).

The next theorem expresses a remarkable analogy between the parallelism
on a manifold and the parallelism in ordinary space.

If v(q) and w(q) are vector fields, each consisting of geodesically parallel
vectors different from zero along a given curve, then the angle between v(g) and
w(g) s constant along the curve.

In view of the previous theorem we may suppose that v(g) and w(g) are
vectors of norm unity along the curve. The angle 6 between these vectors is
determined by

cos 0 = vw. (7.1-12)

It follows from (7.1-6) that
d,cos 0 = (D, v)w+vD,w. (7.1-13)
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By hypothesis there exist functions a(g) and f(g) such that
D,v =va, D,w = wg. (7.1-14)

We made the assumption that vv =1, ww = 1. Hence vD,v = 0, wD, w=0,
and on multiplying the members of the equations (7.1-14) by v and w
respectively we find that « = f = 0 identically along the curve. Thus we
may infer from (7.1-13) that d, cos & = 0, i.e., 6 is constant along the curve.

7.2 — Geodesic curves

7.2.1 — DEFINITION

It may happen, that the field of tangent vectors of a curve consists of
parallel vectors. This fact expresses a particular property of the curve, viz.
that the curve is ‘‘as straight as possible”, for the direction of its tangents
does not change along the curve, provided that the rate of change is measured
by the geodesic derivative. Thus we may consider a type of curves charac-
terized by the following definition:

We shall say that a curve x(g) given by the functions ¢*(g) on a manifold
x(g~) is a geodesic curve or a path, when its field of tangent vectors is a field
of geodesically parallel vectors. This means that there is a function «(g)
such that

D,d, x(q) = d,x(g)a(q)- (7.2-1)
With reference to the first theorem of section 7.1.4 we may state that
the notion of geodesic curve is independent of the choice of the parameter
along the curve.
7.2.2 — NATURAL PARAMETERS

We wish to show that we can simplify the equation (7.2-1) considerably
by taking an appropriate parameter along the curve. Let ¢(g) denote a func-
tion whose derivative d,¢ vanishes nowhere. Then we may take ¢ as a para-
meter and we have

d,x =d,xd,?
D,d,x = D,d,x(d,?)*+d,x d 2t

The equation (7.2-1) appears in the form
D,d,x(d, ?)®+d,xd2¢ = d,xad, 2. (7.2-2)
Next we impose on ¢ the condition that

d2t = ad,t. (7.2-3)
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Then (7.2-1) takes the simple form

D‘dtx = 0, (7-2'—4)

where £ is any solution of the differential equation (7.2-3). It is easy to see
that all solutions of this equation may be written in the form

t - as-l—b, (7.2—5)

where s = s(g) is a particular solution of the equation different from zero
and 4, b are constants. Conversely, when ¢ is a parameter such that the curve
characterized by (7.2-1) is also characterized by (7.2-4), then ¢ is a solution
of the differential equation (7.2-3). This follows at once from (7.2-2). A
parameter of this kind is called a natural parameter of the geodesic curve.

The arc length of a geodesic curve is a natural parameter.

In view of the preceding considerations this is almost trivial. In fact, when
s denotes the arc length, then

d,xd,x=1 (7.2-6)
and consequently
D,d,x-d,x = 0. (7.2-7)

By hypothesis there is a function «(s) such that
D,d,x =d,x«, (7.2-8)

and on multiplying both members of this equation by d,x, we find that
a(s) = 0 along the curve. Hence (7.2-4) holds for ¢ =s.

This result can be interpreted in the following way. It was pointed out at
the end of section 7.1.3 that the absolute value of the vector D,d, x is the
geodesic curvature of the curve. Hence:

Along a geodesic curve the geodesic curvature is identically zero.

A more geometric interpretation of the result obtained above is the follow-
ing:

A curve on a manifold is a geodesic curve, if and only if at every point
the principal normal of the curve is orthogonal to the manifold.

The principal normal is the direction of the curvature vector d,2x (see
section 6.1.2) provided that it is not the zero vector. As a consequence
D,d,x = Pd,%x is zero only when d,2x is orthogonal to the manifold. This
argument remains valid when d,?x is zero in isolated points, provided the
normal vector can be defined by continuity. If, however, d,2x = o identically,
then the curve is a straight line and every vector orthogonal to a direction
vector may be considered as a principal normal.
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7.3 — The Christoffel three index symbols

7.3.1 — DEFINITION

Since at every point of the manifold the vectors

xXc=0cx(q" .. q", «=1,..,n, (7.3-1)
are defined, we always can form a field
x.(g) = 0:x(¢' (9), ... 4"(9)) (7.3-2)
along a curve g*(g), k = 1, ..., n. Next we apply the process of geodesic
differentiation and we evidently have
D,x,(q) = Po,xd,q", pn=1,...,n (7.3-3)

O1,x denoting the second partial derivative 9%2x/dg* dg*. In the symbol
P, ,x are collected #? tangential vectors. We may refer them to a frame by
writing
POy, X = x*'ex, = X, 'y, (7.3-4)
where I',, , are the components of the vector Pd,, x with respect to the basis
xx, and I'x,, are the components with respect to the basis x,. These ex-
pressions are called the Christoffel three index symbols of the first and second
kind, respectively.
Since
X POy, x = X0, X, Xx<P0y,X = X*0,,X,

we readily find from (7.3-4)

Tu= X0, x (7.3-5)

and

PK"/‘ = X* 3,\,‘)(. (7.3—6)

A direct consequence is expressed by the relations

FxAp = I'p/\ﬂgxp» P‘A/t = p/\pg‘m' (7'3_7)

It is clear that the Christoffel three index symbols are symmetric with
respect to the indices 4 and u.

The importance of these symbols lies in the fact that they are isometric
invariants, for in the next section we shall show that they can be expressed
in terms of the components of the metric tensor and its derivatives.
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7.3.2 — EXPLICIT EXPRESSIONS FOR THE CHRISTOFFEL SYMBOLS
On differentiating
Bau=01X0ux (7.3-8)

with respect to ¢x, we obtain
Ocrap = 02X 0y X+ 0,X 01 X,

vghence, on account of (7.3-5),

axglp = PA,ux + P/Mx- (7.3—9)
On performing a cyclic permutation of the indices we get

On8ux = Lyea + Tepa- (7.3-10)
Again

048 = Ty + Dy (7.3-11)

By adding corresponding members of (7.3-10) and (7.3-11) and subtracting
from the result obtained corresponding members of (7.3-9) we readily find

I'KA/A = -;-(8,\g,‘,, + a,ug/\x—axgl\/t)' (7'3—12)

Thus we see that the Christoffel symbols of the first kind can be expressed in
terms of the components of the metric tensor and are, therefore, isometric
invariants. The same is true for the Christoffel symbols of the second kind, as
follows at once from the second equation (7.3-7).

7.8.3 — THE CHRISTOFFEL SYMBOLS OF THE THIRD KIND

First we recall that the Christoffel symbols of the second kind are sym-
metric in the lower indices. This is a direct consequence of (7.3-6). Next we
equate an upper and lower index and perform the summation according to
the summation convention. We then get the expressions

I« (7.3—13)

Kp

referred to as the Christoffel symbols of the third kind. It is an easy matter to
express these symbols in terms of the components of the metric tensor. This
may be done by differentiating the determinant

g = det [g,].
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0
g of g,. Hence, taking

To this end we observe that gg*# is the cofacter %
Ar

account of (7.3-9),

2
OuE = 5o Dyl = €8 0u8n = €8 Ty + 88 Ty

agm\
=g\, + g%, = 2g I,

Thus we see that (observing that g >0)

9cVE
Ve

O g
PK"I‘=%

=20.logg = 0,log Vg = (7.3-14)

7.4 — Laws of transformation for the Christoffel symbols

7.4.1 — THE SYMBOLS OF THE FIRST KIND

The Christoffel symbols do not transform like the components of a tensor.
In order to obtain the laws of transformation we start from

X = 0, x 0y q*
and on differentiating with respect to ¢* we find
X =0,X0q 09"+ X, 00 pq". (7.4-1)

On applying the operator P we get, in view of the first equation (7.3—4)

XTepoy = X T2, 00 41 0,0 4* + X, Orr e ¢°,
whence, expressing x*’ and x, in terms of xx,

Fenp 0cq¥ =Ty " 0 4" + 8 Ox e O, (7.4-2)
the desired equation of transformation for the Christoffel symbols of the first

kind.

7.4.2 — THE SYMBOLS OF THE SECOND KIND

On applying the operator P to (7.4-1) again and taking account of the
second equation (7.3-4) we get (replacing in the last term » by «)

XK/P"A/”' = x,,I"‘Ma,\,q"a.“,q‘+x,3,\,,,,q*,

whence, expressing x,. in terms of x,,

I"‘I,\:P» O q* = I"KAI‘ 8,\,q“ 3P'qﬂ + B,W,q". (7.4—3)
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It should be noticed that this law of transformation does not involve ex-
plicitly the components of the metric tensor, in constrast with (7.4-2).

7.4.3 — THE SYMBOLS OF THE THIRD KIND

By virtue of (5.4-14) the determinant g = det [g,,] transforms according
to
(") (x)

g =g 43 (7.4-4)
where 4 is the jacobian

gy, . ... q%)

o ....q"

When differentiating both members of (7.4-4) logarithmically we obtain
(omitting the superscript between small parenthesis)

R~ TS R
g 4

where 0, A stands for 9,4 9, q*. With reference to (7.3-14) we may infer
that

I¥ g, = T*,,8,q"—0,log |4]. (7.4-5)

7.6 — The components of the geodesic derivative

7.56.1 — THE CONTRAVARIANT COMPONENTS

Let v(g) denote a tangential vector field along a curve g*(q), k = 1, . . ., n.
Differentiating the equation
v = x, v* (7.5-1)
geodesically we have, in view of (7.1-4),
D,v = (D, x3)v* + x,d, v~ (7.5-2)
Next we observe that
Dyx) = Pd,x) = PO, xd,q* = x,I'*) ,d,q* (7.6-3)

and hence
D,V = x,(d,v* + I'x, ,v* d, g*).

It is customary to write
D,v = x,D,v%, (7.6-4)
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and thus we have

D vx = d, vx + I'ty , 02 d, g~ (7.5-5)

These expressions are called the geodesic derivatives of the contravariant com-
ponents of the vector v. It appears that the process of geodesic differentiation
yields again components of a vector.

7.5.2 — THE COVARIANT COMPONENTS
The expression of v in terms of covariant components is

v = xu,, (7.5-6)
whence
DV = (Dgx*)v,+ x*d,v;. (7.5-7)

Next we wish to obtain an expression for D,x* similar to (7.5-3). From

X* x), = 0}
follows
(Dgx*) x) + x% (Do x,) = O,

or, in view of (7.5-2),
Xy (Dgx*) = —x*x,Iy,d,q* = —I'3,d,q".
As a consequence we have
Dxx = —x I, ,d,q". (7.6-8)
Thus we derive from (7.5-6)
D, v = x*(d,va—I"3,v,d,g).

If we agree to write
D,v = x*D, v, (7.6-9)
we also have

D,vx = dgua—I",v,d,¢%, (7.5-10)

the geodesic derivatives of the covariant components of the vectors v.

In view of (7.5-5) and (7.5-10) it is clear now, that geodesic differentiation
1S an isometrically tnvariant process.

As a by-product of (7.5-8) we have

PO, x* = —x Iy, (7.5-11)
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It is an easy matter to verify this result without the application of covariant
differentiation.

7.56.3 — LOWERING AND RAISING THE INDEX

We wish to compare the two expressions (7.5-4) and (7.5-9) for the
geodesic derivative of the vector v. In

xD,v* = x*D,v,
we may express x, in terms of x# and we find

g,‘,,qu" = Dav

/[ ’
whence

@D v* = D, (g1, v*). (7.6-12)

On expressing x* in terms of x, we find in exactly the same way

g**D,v, = D,(g**v,). (7.56-18)

Hence the process of lowering or raising the index and finding the geodesic
derivative are interchangeable.

7.6.4 — THE DIFFERENTIAL EQUATIONS OF THE GEODESIC CURVES
We may apply (7.5-5) to the case that the field v(g) coincides with the field
d,x of derivatives of x(g). Then we find that the geodesic curves are char-
acterized by the system of differential equations
d2gc+ I'y,d, g dog* = adgs, k=1,...,mn, (7.6-14)

where a is a function of the parameter ¢. If the curve is referred to a natural
parameter the system takes the simpler form

d2g*+ I'y,d,g*d,g* = 0. (7.5-15)

Thus it appears that the geodesic curves are obtained by solving a system of
ordinary differential equations of the second order. It follows from the
existence theorem for equations of this kind, that there is always one and
only one set of functions ¢« (¢) satisfying (7.5-16) such that these functions
and their first derivatives take prescribed values for a given value of ¢.
We may state this in the following way:

Through a given point on a manifold there is one and only one geodesic curve
having there a prescribed direction.
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7.6.6 — AN EXTREMAL PROPERTY OF GEODESIC CURVES

Let ¢(q', . . ., g*) denote a scalar invariant defined throughout a certain
region on an n-dimensional manifold. The set of points at which ¢ takes a
fixed value is called a level-manifold of p. Let us assume that at all points of
the level-manifold ¢ = 0 the gradient does not vanish (within a certain
region). Then through each point of this submanifold passes exactly one
geodesic curve having the direction grad ¢ as tangent.

By introducing a new system of parameters such that ¢ = ¢, the geodesic
curves become parameter curves. In particular

gw=0  k=2...,n, (7.5-18)

at the points of ¢ = 0.
The arc length s along a geodesic measured from ¢ = 0 defines another
scalar invariant. By transforming ¢! again it is possible to identify s and ¢!

and it follows that
gun=1, (7.6-17)

for along the g-curves we have
1= (d,s)* = gnd,g'd,q' = gu-
From the differential equations, satisfied by the geodesics, viz.
d,¢* 4 I*,,d,¢*'d,q™ = 0,
we find, by observing that s = g':
I, =0, k=1,...n,

and on account of (7.3-7)
Iy = 0.

In view of (7.5-17) we evidently have
31g1k=0’ k=1,...,n

and therefore the equations (7.5-16) hold everywhere, i.e., the directions of
the geodesics are given by grad ¢.

Let us now consider a curve g*(s) connecting two points s = 0and s = &
on the same geodesic. Here s is not necessarily the arc length of the curve.
The length of this arc is

i= [ VaFd s tend P g
= [iViFendpdf s 2 [[as=a,
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where 4, k = 2, . .., n. The system of geodesics is such, that at every point
their directions coincide with the gradient of a scalar invariant. Such a
system is called a normal congruence. Thus we have proved:

When a geodesic curve can be tmbedded in a normal congruence of geodesics
the distance of two points on it, measured by the arc length, is not greater than
the length of any other arc connmecting these points.

This theorem generalizes the well-known property of a linear segment con-
necting two points in a flat space.

In section 6.3.1 we already encountered an example of a normal congru-
ence of geodesics, viz. the generators of the surface of tangents of a space
curve. In this case the level curves are the involutes.

7.6 — Geodesic and conformal correspondences

7.6.1 — GEODESIC CORRESPONDENCE

An interesting problem arises when we consider two manifolds determined
by the vector functions x(¢%) and X (¢*) which correspond in such a way that
when a system of functions g« (g) assigns a geodesic curve on one of the mani-
folds, then it also assigns a geodesic curve on the other manifold. This cor-
respondence is called a geodesic correspondence and may be considered as a
counter part of a projective correspondence between linear spaces. An exam-
ple is provided by an isometric correspondence, for geodesic curves are iso-
metrically invariant. In that case the Christoffel symbols I'x,, and I'*x,,
evaluated at corresponding points are equal.

We wish to find the relation between corresponding Christoffel symbols
when we are dealing with a general geodesic mapping.

When ¢*(g), k=1, .. ., n, determine a geodesic curve on either manifold,

then there exist functions « and & such that

dazq‘r-{-rxh‘daql\daq'“ = ad,g* (7-6"1)
and
d g +1I', 2d,g*d,g# = &d, g%, (7.6-2)

these equations being the differential equations (7.5-13). On subtracting
corresponding members of these equations we get

or,d, g2 d¢* = (@—a)d,q*, «k=1,...,mn, (7.6-3)
with
¢",\F = ﬁKA/;_I"Ap' (76—4)
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First we observe that the expressions @«,, = ®*,, are the components of a
tensor. In fact, in addition to (7.4-3) we also have
I¥y 80" = I, 00 g 0,0 0%+ 02 w4, (7.6-5)
and on subtracting corresponding members of (7.6-5) and (7.4-3) we get
Dy, 100 g° = D%y, 00 q10 0 q*

which proves the assertion.

Eliminating (x—«) from the system (7.6-3) we arrive at

P2, d,9"dyg#d,g" = D"1,d,9d,9*d, 0"
It is more convenient to write these equations in the form
&, &% ,d, ¢*d,q*d,q? = 85 D", d,q4"d,q*d,q*

These equations are satisfied identically in d, ¢*, «x =1...,n, and these
derivatives may be chosen in an arbitrary way. Hence

8, Dau+ 03Py + 0, D%y = 65P"3, + 61Dy + 6 P” .
Contracting with respect to » and p we get
n@%,, + D%y + Dx = Dxy, 4 05 D¥, + 05DV,
or
(n+1)Pxy, = 63D, + 0, D", (7.6-6)

taking account of the symmetry of @, , with respect to the lower indices.

Since the ®*,, are the components of a tensor the expressions #”,, and
@",, occurring on the right of (7.6-8) are the components of a vector. If we
introduce the components ¢, determined by

(n+1)pe = D, (7.6-7)
then (7.6-6) appears in the form
D*y, = 059, =+ O pa. (7.6-8)

Thus we have proved the first half of the following theorem:
A necessary and sufficient condition for the manifolds x(q*) and X(g*) to
be in geodesic correspondence is expressed by the relations

I'KA/; = PK/\I‘ + 5:{?7/, + 6;¢1\0 (76—9)

where @, are the components of a vector.
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Suppose that the conditions (7.6-9) are satisfied and consider a geodesic
curve on the first manifold characterized by the equations (7.6-1). Next we
observe that

(05 9u + 05 9a) dog* dog* = 20,d,9" do ", (7.6-10)

Since ¢,d,¢” is a scalar, we may introduce the function
& = a+2¢,d,q" (7.6-11)

and, by adding the corresponding members of (7.6-1) and (7.6-2), we get
the system of (7.6-2).

Additionally we have:

The vector o, k = 1, . . ., n, occurring in (7.6-9) is a gradient.

In fact, it follows from (7.6-7) and (7.6-4) that

(”+1)¢K = -I:vwc_-[wvx

and from (7.4-5) we may conclude that
(n+1)p, = 30, log é—%a, log g = 8, log V/§Jg, (7.6-12)

where ¢ denotes the determinant of the metric tensor on the second manifold.
This proves the assertion.

7.6.2 — THE THOMAS SYMBOLS FOR GEODESIC CORRESPONDENCE

It is apparent from (7.6-9) that the Christoffel symbols are not invariant
with respect to geodesic correspondence. It is not difficult, however, to ob-
tain expressions which remain invariant under geodesic mapping. The equa-
tion (7.6-8) and (7.6-7) may be combined into

1
K —
= % Pt +1 5P

and with reference to (7.6-4) we may conclude that

1‘7‘,\,4 = IT%),, (7.6-13)
whereby
1 K l K v

are the desired invariants. They are called the projective Thomas symbols.
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Making use of these symbols we can write the equation (7.6-1) as

d*g* + 1%, d,gd* ¢* = Bd,g", (7.6-15)
with

2
B=a— m I”,.d,q* = a—0,loggd,q~.

It follows that ,5 = f, where ;‘} is the analogous expression derived from the
equation (7.6-2). But this is also clear from (7.6-11) and (7.6-12).

Reasoning along the same lines as in section 7.6.2 we may establish the
existence of a parameter ¢ such that the equation (7.6-15) takes the simpler
form

dy?q* + 1T}, dpg* dpg* = 0, (7.6-16)
where 9 is a solution of the differential equation
d2d = gd,9.

7.6.3 — CONFORMAL CORRESPONDENCE
The condition for a conformal correspondence between the manifolds
x(g*) and X (¢*) is expressed by (5.3-18). As a consequence the relation be-
tween the determinants g and § of the respective metric tensors is
g =i (7.6-17)

It follows that A" is positive and without loss of generality we may assume
that A is positive, too. For our purpose it is more convenient to write

l = e2x, (7.6—18)

where y is a function of ¢, k =1,..,.n, and e the basis of natural
logarithms. Thus we have

8ap = €%y, (7.6-19)
and, consequently,

gt = e~2xghs, (7.6-20)

where é"l‘ is such that é""éx = 62. In this connection it should be noticed
that the é,\ » may be considered as the components of a tensor defined on the

manifold x(g¢). But the E"l‘ are not obtained by applying the process of rais-
ing the indices by means of g*#. The danger of confusion is, however, remote.
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Next we wish to establish a relation between the corresponding Christoffel
symbols. An easy computation based on (7.3-12) leads to

e X = Feayt-8uc 02 X +8ca0ux—Eru0r - (7.6-21)
Taking account of (7.6-20) we readily find

sy, = I"‘,\,‘—{—dl‘:a,\x—{—éﬁ3l,x~g""g,\”3,x, (7.6-22)

the desired relation between Christoffel symbols of the second kind. The
difference between corresponding symbols is, therefore, the tensor

Qv,\l‘ = 6{8”x+5zalx—g""g,\/‘3,x. (76—23)

7.6.4 — THE CONFORMAL THOMAS SYMBOLS

Just as in section 7.6.2 we may now derive conformal invariants of the
type of Christoffel symbols. Contraction with respect to x and 4 yields from
(7.6-23)

@, = N0, +0,0,x—08,0,5 = nd,y, (7.6-24)
and thus (7.6-23) appears as

1 1 1
Qxl\p = ;; 6:{ ¢vu/4+ ;;6; @vw\ — ;g‘"gl\”(bppy. (76—25)

This is equivalent to

Ky = K" (7.6-26)
where

1 1 1
Koy =D — — 80— — G+ — g en "y | (7.6-27)

are the conformal Thomas symbols.

By making use of (7.3-7), (7.3-12) and (7.3-14) we can exhibit a remark-
able analogy between these Thomas symbols and the Christoffel symbols
expressed in terms of the components of the metric tensor. In fact, we may
write (7.6-27) as

1 0 (') 8,.

KV 1 a'\g 0 g 1 3»5’
= %g (aAg/w— Tn"gpv—g_ +a,ugwl"‘ ;gw\ig" '_'avgz\p"" ;g/\p_g—) .
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Introducing the modified components of the metric tensor

Gap =gV G =glrgim (7.6-28)
which are evidently conformal invariants, we readily get
KKA,u = %g”(az\g,uv‘l'apgw\—avglp)- (76—29)

It should be noticed that the expressions (7.6-28) are not the components
of a tensor, according to the fact that g is a density.

Finally we remark that contraction of the projective and conformal
Thomas symbols does not yield new invariants, for the contracted symbols

are Zzero.

7.6.6 — CONFORMAL GEODESIC CORRESPONDENCE

We wish to give an answer to the following question. Under what
circumstances is a conformal correspondence between two manifolds also a
geodesic mapping? This problem may be solved by equating the two ex-
pressions (7.6-8) and (7.6-23):

Ox@utO5pa = 050,240,501 x—E" €ru0s 1. (7.6-30)
Contraction with respect to « and 4 yields

(”+1)‘P/4 = (n‘*‘l)apx—a/‘x = "3;476

or
=" 2 7.6-31)
Inserting this into (7.6-30) we get
00,140,500 = (n+1)g"8ru0yx- (7.6-32)
Transvection by g** gives
g, x+gR oy = n(n+1)g®d,y, (7.6-33)
whence
20,y = n("+l)axx
or
(n—1)(n+2)0,x = 0. (7.6-34)
Hence, since n = 2, 0,5 =0, k=1, ..., n, and it follows that y is a con-

stant. Thus we have found:
A conformal correspondence is also a geodesic correspondence if and only if

the function y in (7.6-19) is a constant.
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7.7 - Ricci’s coefficients of rotation

7.7.1 — INFINITESIMAL ROTATIONS

In an n#-dimensional metric vector space we consider an orthonormal frame
e, h =1, ..., n, whose elements are differentiable functions of a variable g.
)

The derivatives of these vectors evaluated for a given value of ¢ may be
referred to the frame corresponding to the same value of g. We then have

de=>ef, k=1...,n (7.7-1)
k h=1h hk
It follows that
f=ed,e. (7.7-2)
hk h k

Since e e is either zero or one, we also have
Ak
ed,et+ed,e = 0.
h k 13 h

Hence
= —f. (7.7-3)
hk kh
The linear transformation (7.7-1) turns out to be anti-symmetric. This

transformation is called an infinitesimal rotation and the coefficients f are
Ak

the coefficients of rotation. It is our aim to study entities defined on an ar-
bitrary manifold wh'ch show a close similarity to these coefficients.

7.7.2 — CONGRUENCES OF CURVES

A system of curves on a manifold such that through an arbitrary point just
one curve passes, is called a congruence. An example of a congruence is a
system of parameter curves. They are obtained when we keep fixed all
variables except one in the function x(¢, . . ., ¢"). Thus we can assign »
congruences of parameter curves on the manifold.

We wish to study an orthogonal system of n congruences. The curves of
each congruence are assumed to be referred to the arc length as parameter.
The tangent vectors e, 2 =1, ..., n, of the curves passing through a given

A

point at this point are assumed to constitute an orthonormal set.
Next we consider an arbitrary curve g«(s), « = 1, . . ., n, also referred to
its arc length. The geodesic derivative of e at a given point with respect to
5

this curve referred to the above mentioned frame at this point may be
written as
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D,e=3) ef, (7.7-4)
k k=1 A Rk
with
f=eD,e, (7.7-8)
hk h k

and it follows as in the previous section that the coefficients (7.7-5) are anti-
symmetric. They are called the coefficients of rotation of the orthogonal system
of congruences with respect to the given curve.

7.7.83 — RICCI'S COEFFICIENTS OF ROTATION

The congruences of an orthonormal set will be labelled by the tangent
vectors of their curves. We are particularly interested in the coefficients of
rotation of the system e with respect to the curves belonging to any one of the

I

congruences e of the system. In other words, we wish to study the geodesic
m

derivatives of the vectors e with respect to a curve belonging to the con-
!
gruence e, that is to say, the congruence whose curves yield the tangent field
m

e. This derivative will be denoted by e. Referred to a frame afforded by the

m im
tangent vectors at a given point, this vector may be represented by
a

e=Y ey, L, m=1,...n, (7.7-8)
im k=1 k kim
with
y=ee. (7.7-7)
klm kim
These coefficients were introduced by Ricci.
Since
eetee=0
klm 1km
we have

y+y=0,| Eim=1,..,n (1.7-8)

klm  lkm

expressing the anti-symmetry with respect to the first pair of subscripts.
The Ricci coefficients are closely related to the Christoffel three index
symbols of the second kind. Let s, denote the arclength of any curve of the

congruence e In view of (7.5-5) the covariant components of e with respect
im

to an arbltrary frame (k) are
d, e+1I'x,, et et
i I m

Hence
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ee=¢,d, 41, ete,.
kim k i Il m k

Thus we find

y=TI%,e.6 e, + e, d, €. (7.7-9)
Kim kim k"1 ’

This formula shows a close resemblance with (7.4-3).

7.7.4 — GEODESIC AND NORMAL CONGRUENCES

A congruence is said to be geodesic if all its curves are geodesic curves.

Suppose that the congruence e is geodesic. Then e = 0 and e e = 0. Hence:
n nn k nn

A mecessary condition for the congruence e to be geodesic is expressed by
n

y =0 r=1,..,n (7.7-10)

knn

It is clear that this condition is also sufficient.

A congruence is said to be normal if the tangent vectors of its curves are
proportional to the gradient field of a scalar invariant, i.e., if there are
functions ¢ and y such that

hp = ye,, A=1,...,n, (7.7-11)

where the ¢, denote the covariant components of the tangent vectors of the
curves of the congruence. Differentiating again yields

nu® = €0, p+yo e,
whence, on account of the symmetry of 9,,¢,
ex a/& 'P+'P3,u er = ¢, Oa y+yor €u
or
exd,p—e, 0,y = p(0re,—0,¢,).
A direct consequence is the relation
(Oneu—0,er0)ec+(0,6c—0ce,)er+(Ore,—0,e2)e = 0,  (7.7-12)
The covariant components of the geodesic derivative of e with respect to

a curve of the congruence e are
m

d, ex—I"cue et = (0,6,—1",,e,)e".
m m
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Applied to the curves of the congruence e we get
n

ee= (0, e,‘—F cuby)e” b, (7.7-13)
knm n km
for
d, e« = (Ouex)e”
n nm
Hence
ee—ee= (0, e,‘ 0.e,)e" ek,
knm mnk n km
or
y —y = (0, e,c Oce,)e” ek, (7.7-14)
knm mnk n km

Next we multiply (7.7-12) by e*¢# and perform the summation on repeated
k m

indices. We get

(Ores—0,ex)ex €* P+ (0,6, —Dye,)er e P+ (O, ex— Dy ec)e, et et = 0,
k m km kE m

where e stands for e. Supposing £ # n, m # n, the conditions of orthogonal-
n

ity imply

e.ex =0, e, et = 0.
k m

Hence the above equations reduce to
(0 6c—0ce,)erese* = 0.
k m
Transvection by e* yields
(0 ec—0ce,)e e =0
kE m
and by virtue of (7.7-13) we have:

A necessary condition that the congruence e should be normal is expressed by
n

Yy="7 kR#mn, ms#n. (7.7-15)

It can be proved that this condition is also sufficient. The proof requires
some results of the general theory of the partial differential equations of the
first order.
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Suppose now that all congruences of the orthogonal system are normal.
Assuming k 7% 1 # m # k we find from of (7.7-8) and (7.7-15)

V=EYV=E—YV=EVEY=sYr=—Y
kim mik imk kml mkl lkm kim
Hence:
When all congruences of an orthogonal system are mormal, then
y=0, k#£ltms+#k (7.7-18)

kim

7.7.6 — CANONICAL CONGRUENCES

We wish to study an orthogonal system of congruences whose first #—1
members are related in a particular fashion to the remaining one. First we
recall the expression (7.7-13) for the coefficients of rotation which may be

written as

y = (06— e,)e" e* = e, e e* (7.7-17)
knm k m kE m

where e, stands for e,. It is easy to verify that the expressions
n

exy = 0,6,—1" e, (7.7-18)

are the component of a tensor. In fact, it follows from
€ = €0 q"
that
Opo = 0,6c0,9"0¢qc+e, 0 4 q~.
On the other hand we deduce from (7.4-3)
I""',‘,ﬂ,e,,, = I""K,,,,e,, 0yq"e, = I",,€,009*0,q"+€,00pq"

and it appears that

Cow = Loy Ourq 0rg".

Now we form a symmetric tensor with components

Cou = F(xuteu) (7.7-19)

It defines an operator C. We observe that with respect to the ortho-
normal frame defined by the tangent vectors at a given point of the curves
passing through this point, an arbitrary vector € may be represented as

n
e=3Jee.
m=lm m
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Since
e=x,¢) m=1,...,n,
m m

we also have
n
e=x,> ele=x,c"
m=lm m

Hence
n

D> ek e= ek

m=lm m

an equation relating the orthogonal and the general components of the
vector e. Taking account of (2.3-16) and (7.7-17) we easily see that the
operator C takes the form

n n n
Ce=Cxre,=eec,el=3 3 ec,crele

k=1k k k=1 m=1 k& kE mm
(7.7-20)

n

n n n
=32 2e(r + v )e=33 Te(r+7)e
k=1 m=1lk knm mnk m ke=lh=1 k knh hnk b
where e is an arbitrary vector.

We are particularly interested in the vectors orthogonal to e. Let P denote
n

the projection operator associated with the space spanned by the vectors

e, ..., e. If eis a vector included in this space then ¢ = 0 and
1 n-1 n

n n
PCe=33 > e(y + 7 )e (7.7-21)
k=1h=1 k knh hnk h
and it appears that PC is symmetric. Hence at every point of the manifold
this operator admits a set of »—1 mutually principal directions.
Now we introduce the concept of canonical congruence. A congruence

orthogonal to a congruence e is said to be canonical with respect to this
o

latter congruence if the directions of its curves are principal directions of the
operator PC.
A necessary and sufficient condition for the congruence e of the ortho-

m
gonal system e, ..., e to be canonical with respect to e is that
1 n-1 n
PCe=oe, m=1...,n—1, (7.7-22)
m m m

Replacing e by e, in (7.7-21) on the right hand side we must take e = 0 if
m A
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m # h and ¢ = 1. Hence, according to (7.7-22)
m

Se(y+y)=ce  m=1..,0-1  (1.7-23)

k=1k knm mnk

These equations imply

y +y =0, m#EkRmbk=1,...,n—1, (77—24)

knm mnk

and

m=1,...,n—L (7.7-25)

= y N
mnm

Thus we proved:

A mecessary and sufficient condition for the first n—1 congruences of an
orthonormal system to be canonical with respect to the n-th congruence is that the
conditions (7.7-24) be satisfied.

The operator C applied to e, m =1, ..., n—1 yields

"

Ce=oce+pe (7.7-26)

m m m m n

where, according to (7.7-20)
p=%y, m=1...,n-—1, (7.7-27)

mnn
fr y =0.

nnm

The eigenvectors of the operator PC are solutions of the equations
PCe = ge
when ¢ is suitably chosen. Hence
Ce=oce+pe.
n
Expressed in terms of the components with respect to a frame («) these
equations are equivalent to the system
Cep”0geue”—pe, =0, k=1 ...m,.
n
Eliminating ¢* and p from these equations and the condition of orthogonal-
ity

ete, = 0
n
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we find that the eigenvalues ¢ are the roots of the characteristic equation

A
C11— 0811+ -C1n—081n &
n
= 0. 7.7-28
cnl agnl . cnn agmn 6’: ( )
n
e ... e, 0
n n

Itis easy to verify that this equation is of degree »—1, as should be the case.

We wish to conclude this section by stating some direct consequences of
the results obtained.

If the n-th congruence is normal, then (7.7-15) holds. Combined with
(7.7-24) we get

A necessary and sufficient condition for n—1 mutually orthogonal con-
gruences orthogonal to a normal congruence to be canonical with respect to the
latter is that

y =0 k#m, k+#n, m=#n, (7.7-29)
knm
Taking account of (7.7-16) we have in addition:
When a manifold admits an orthogonal system of n normal congruences, then
any of these is canonical with respect to each other congruence of the system.



CHAPTER 8
HYPERSURFACES

The investigation of the properties of a hypersurface is much facilitated
by the fact that a manifold of this kind possesses a field of normals such that
through every (regular) point passes just one line orthogonal to the mani-
fold. This field enables us to penetrate directly into the theory of the curva-
ture.

It is clear that properties derived by means of the field of normals depend
on the shape of the hypersurface. It is noteworthy, therefore, that there are
theorems about curvature based on the properties of the field of normals
which turn out to be independent of the shape of the hypersurface, provided
it is isometrically deformed. These so-called intrinsic properties are very
important, for they lend themselves to generalization to abstract metric
spaces, being point sets endowed with a metric, but not necessarily embedded
in a linear space.

The subject-matter dealt with in this chapter is dominated by the theory
of the system of normals. A striking feature is the fact that even the most
elementary parts of the theory of vectors are already sufficient to exhibit
interesting geometric facts. Afterwards we shall be able to generalize a
famous result due to Gauss, which provides us with a metric invariant and
brings us in contact with an important tensor discovered by Riemann.

8.1 — The field of normals
8.1.1 — EXISTENCE
In a metric space of dimension #-+41 we consider an z#-dimensional mani-
fold, a hypersurface, characterized by the vector function
x(g%), k=1...,mn. (8.1-1)

As usual, we suppose that » is at least two. It is our aim to establish the
existence of a differentiable field
n(g~), k=1...mn, (8.1-2)
such that
no.x =0, k=1...,mn, (8.1-3)
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and
nn = 1. (8.1-4)
To this end we introduce in the space an orthonormal frame e h=
1,..., n+1. Referring to this frame we may write
o+l
n=3 en,
h=1l h A
and
o+l
o0x=> ex, k=1 ... n
h=1l h h
Then (8.1-3) assumes the form
o+l
> nx, =0,
h=1 h h

a system of » homogeneous equations in #4-1 unknowns. By hypothesis the

rank of the matrix
£ x;
[1 n+1:| (8.1-5)

Zn Zy
1 n+1

equals #. The unknowns » are proportional to the determinants of order »
A

taken from this matrix and provided with an appropriate sign. Since not all
these determinants are zero we can take the factor of proportionality such
that (8.1-4) has also been satisfied. Moreover, it turns out that the vector
function (8.1-2)is of class C* provided (8.1-1) is of class C*+!. In the subse-
quent considerations we suppose this class to be sufficiently high in order to
assure the validity of the results.

A vector system satisfying (8.1-3) and (8.1-4) is called a field of normals.

It should be noticed, that the field of normals is determined except for
sign. In most cases, however, the ambiguity in sign does not cause any
trouble.

8.1.2 — THE HYPERSPHERE

A simple example of a hypersurface is provided by the hypersphere, being
the set of points at a distant p from a given point. The (positive) number p is
the radius of the hypersphere. When the cemtre is characterized by the
vector a, then the hypersphere is the set of points whose coordinate vector x
satisfies the equation

(x—a)(x—a) = p*. (8.1-8)
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Without loss of generality we may suppose that & = o, i.e., the origin of the
coordinate system in the space is the centre of the hypersphere.

It is not possible to represent the whole hypersphere by a function x(g*)
satisfying the conditions listed in section 5.3.1. But, since we are only in-
terested in local properties, this fact does not disturb us, for we may confine
ourselves to a part of the hypersphere. Consider a hyperplane through the
centre of the hypersphere given by the equation

xp = 0, (8.1-17)

where p denotes a fixed vector in space. The points of the hypersphere with
xp > 0 are on one side of this hyperplane and constitute a set, which is in
one-to-one correspondence with a region in the hyperplane, viz., the region
obtained by projecting orthogonally the points of the hypersphere on the
hyperplane. Now we have

X = y+pz, (8.1-8)
where y is the projection of x on the hyperplane. Assuming that p is a unit
vector we may infer from

xx = p? (8.1-9)
that

2=Vpi—yy, yy<p

The positive sign of the square root implies xp = z > 0. On the other hand we
may suppose that y is a function of certain parameters ¢, .. ., ¢* in the
hyperplane of sufficiently high class, for instance of the rectangular coor-
dinates with respect to an orthonormal frame. As a consequence z and x can
also be expressed in terms of these parameters and turn out to be functions
of the same class.

On differentiating (8.1-7) we obtain

0 X = 0, y+pP0g2.

A linear relation

0, x& =o
implies

Oy §+p 0,28 = o.

Since py = O wealsohave pd,y = 0 and the above equationimplies &x 0,z = 0.
Hence

0, y&* = o.

But we may suppose that the system of vectors 0,y is linearly independent.
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Hence éx =0, k = 1,...,n and thus we proved that a semihypersphere
is a hypersurface.
On differentiating (8.1-9) we get

xd.,x =0, k=1...mn (8.1-10)

Hence the vector x is a solution of (8.1-3). It is customary to norm this vec-
tor in such a way that

n=—x(1/p). (8.1-11)

that is to say, the normal points to the interior of the hypersphere.

It follows at once from the last theorem of section 7.2.2 that a great circle
on a hypersphere — being the intersection of the hypersphere and a plane
through the centre — is a geodesic line. Through a given point there passes
just one great circle having there a prescribed direction. Hence, according
to the last theorem of section 7.5.4 the great circles are the only geodesics on
a hypersphere.

8.1.3 — CURVATURE AND TORSION

It is natural to investigate the rate of change of a normal vector along a
curve g*(s), k = 1, ..., n on the hypersurface, the curve being related to its
arc length as parameter. On differentiating (8.1-4) we find

nd,n = 0. (8.1-12)

Hence the vector d,n s a tangential vector.
Let u denote the tangent vector

u=dx (8.1-13)
of the given curve x(s) on the hypersurface. We may write
d,n = —ux+vr (8.1-14)

where v is a unit vector orthogonal to u (and also contained in the tangent
space at the point under consideration). We agree to take v such that
v is always non-negative.

The number «, which does not have a fixed sign, is called the curvature of the
hypersurface in the direction u. It is not unambiguously defined, for it de-
pends on the choice of the field of normals. Strictly speaking, curvature is
not a property of the hypersurface, but of the combination of a hypersurface
and one of its fields of normals.
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The number v is called the forsion of the hypersurface in the direction u.
According to the definition it is unambiguously determined.

It may happen that « = 0. Then the direction is called an asympiotic
direction. A curve having at each point an asymptotic direction is called an
asymptotic curve.

Not every hypersurface possesses asymptotic curves. In the case of a
hypersphere, for instance, we always have

d,n = — d,x(1/p) (8.1-15)

as follows from (8.1-11). Hence « = 1/p # 0. Thus we see that on a hyper-
sphere there are no asymptotic curves. On the other hand every curve in a
hyperplane is an asymptotic curve. In fact, (8.1-7) implies pd,x = 0, and
we may, therefore, take n = p. But since p is constant we have d,n = o.

From now on asymptotic curves will not concern us. We wish to turn our
attention to curves having at each point a direction in which the torsion
vanishes. Such a direction is referred to as a principal divection of curvature,
briefly a principal direction. A curve having at each point a principal direc-
tion is called a principal curve or a line of curvature. The existence of principal
directions will be established in section 8.2.3. The curvatures in the principal
directions play an important part in the theory. They are called the principal
curvatures.

8.1.4 — LINES OF CURVATURE

A line of curvature is characterized by the property that the rate of change
of the normals along this curve is in the direction of the curve. Otherwise
stated:

A curve on a hypersurface is a line of curvature if and only if the rate of
change of the normals along the curve satisfies the condition

d,a+d,xK = 0._] (8.1-16)

In this equation, the equation of Olinde- Rodrigues, we may replace the arc
length s by an arbitrary parameter gq.

This equation admits a very interesting geometric interpretation. To this
end we need the concept of developable surface, being a surface described by
the tangent lines of a curve in space, a cone, or a cylinder. In theselatter cases
the lines rest on a curve and pass either through a fixed point or are parallel
to a fixed line. This concept enables us to characterize the lines of curvature
in the following way:
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A necessary and sufficient condition for a curve on a hypersurface to be a line
of curvature is that the lines through the points of the curve orthogonal to the
hypersurface constitute a developable surface.

Thus, for instance, every curve on a hypersphere is a line of curvature, for
the normal lines all pass through the centre of the hypersphere. Also every
curve in a hyperplane is a line of curvature, for the lines through the points
of this curve are the generators of a cylinder.

In order to prove the theorem we consider the vector function

y(g) = x(q)+n(g)8(q) (8.1-17)

depending on the parameter ¢ along the curve. By 8 we denote a function of
this parameter which is to be determined appropriately.

First we suppose that the given curve is a line of curvature. On account of
(8.1-16) we have

d,y =d,x+d,nf+nd,p
= d,x(1—xB)+nd,B,

for, as we already pointed out, the parameter s occurring in (8.1-16) may be
replaced by any other parameter.
1) Let « # 0. Then we take 8 = 1/k and the above equation reduces to

d,y = nd,p. (8.1-18)

If k is not constant then y characterizes a curve, whose tangent lines accord-
ing to (8.1-18), are parallel to n. If, however, x = constant, then d,f =0
and y is constant. This means that all normals to the hypersurface at the
points of the given curve pass through a fixed point and are, therefore, the
generators of a cone.

2) Let « = 0 along the curve. Then (8.1-16) expresses the fact that n is
constant along the curve, and it follows that the normal lines are the
generators of a cylinder.

To establish the sufficiency of the condition we must distinguish three
cases: '

1) The normal lines are tangents of a space curve y(g). The lines connect-
ing the corresponding points of the curves y(g) and x(g), being the points
with the same parameter, are parallel to the normal. Hence (8.1-17) holds
and on differentiating we get

d,y =d,x+nd,f+d,np. (8.1-19)

This vector is a tangent vector of the curve y(g) and since it depends linearly
on n we can find a function 4 such that
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d,x+4+d,np = nA. (8.1-20)

By multiplying both members by n we see that A = 0 and it follows that
(8.1-16) holds with « = 1/, provided § # 0. But 8 = 0 is impossible, for
d,x #o.

2) If the normal lines along the given curve constitute a cone, then again
(8.1-17) holds, where y is now a constant. In (8.1-19) we have d,y = o
and on multiplying this equation by n we see that d,8 =0, i.e., 8 is con-
stant. As a consequence (8.1-20) is valid with 4 = 0 and this proves the

theorem for this case.
3) If the normal lines constitute a cylinder then d,n = o0 and (8.1-16)

holds for « = 0.

Another direct consequence of the equation of Olinde-Rodrigues is the
following theorem of Joachimsthal:

If a curve C, common to two hypersurfaces, is a line of curvature of either
hypersurface then the hypersurfaces meet at a constant angle along C.

Let x(g*) and ;r(q“) characterize the hypersurfaces. Along C we have
x = x. We denote the principal curvature along C on the first hypersurface

by x and on the second hypersurface by «. If @ and n are the normals of the
two hypersurfaces at a point of C, the angle 6 mentioned in the theorem is
defined by

cos 0 = nn.
On differentiating we get
d, cos 6 = d,(m;) = nd,,t;—l—;n d,n
— —xn d,,x——n;z d,x
= —kn dqx—-x;r dq); = 0.

This proves the assertion.

8.1.6 — EQUIDISTANT HYPERSURFACES

If on the normal lines of a hypersurface a segment of constant length is laid
off pointing to the same side and having a point of the hypersurface as
initial point, then the locus of the end points is, in general, again a hyper-
surface, as we shall see presently. This locus is more precisely described by
the function

X = x+np, (8.1-21)
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where § is a constant, It is a hypersurface if and only if the vectors 9, x are
linearly independent. Suppose they are linearly dependent. Then we have
a relation

OcXu+0,nucf = o (8.1-22)

and without loss of generality we may suppose that the * are the compo-
nents d, ¢~ of a tangent vector u of a curve g« (s). Hence we may write (8.1-22)
in the form

u+d,nB =o. (8.1-23)

Comparing this with (8.1-14) we see that the torsion in the direction u is
zero and, as a consequence, g is the reciprocal of a principal curvature. Thus
we see:

The function (8.1-21) represents a hypersurface if and only if 1/ is not
a principal curvature.

The hypersurfaces x and x are called equidistant or parallel.

Two points on equidistant hypersurfaces lying on the same normal line are
considered as corresponding points. A direct consequence of the first theorem
of the previous section states:

On two equidistant hypersurfaces the lines of curvature correspond.

It is not difficult to evaluate the principal curvatures of the hypersurface
x, when those of x are known. Let d,x denote a vector pointing in a principal
direction. From (8.1-21) and the equation of Olinde-Rodrigues it follows that

do X = dn(1—x"14-p)
provided « # 0. The principal curvature at the corresponding point of the

equidistant hypersurface (8.1-21) is, therefore, determined by

k-l = K—l_ﬁ
or
K
1—Bk’

The denominator is not zero, for fx # 1 as we already pointed out. The
formula (8.1-24) remains valid for « = 0; then also k = 0.

A
K =

(8.1-24)

8.1.6 — EVOLUTES

It is also natural to consider manifolds X of the type (8.1-21), where
B designates a certain function of the parameters g%, not necessarily being
constant. Then

hX = O x+0,nB+nd,p. (8.1-25)
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When the vectors 9, X, A=1,..., n, are linearly dependent at a given point,
we can find a unit vector & such that

0 =d,x = u+d,np+nd,p,

where u = 9, xu*, d, X = 8, xu*, d,n = d,nu* and d, = d, fu*. It follows
by multiplication by n that d,f = 0, i.e., § is stationary in the direction u.
Thus we may state: Under the assumption that d, vanishes nowhere, the differ-
entiation being performed along an arbitrary curve on the hypersurface, the
vector function (8.1-21) defines another hypersurface referred to the parameters
g* of the original hypersurface.

We wish to discuss in more detail a particular case, by taking for g the
reciprocal of a principal curvature. First we wish to complete slightly the
definitions of section 8.1.4. A function « is called a principal curvature when
at every point of the hypersurface a direction d, x can be found, such that
(8.1-16) holds, this direction being a principal direction corresponding to «.
If at every point of a curve the direction is a principal direction, then the
curve is a line of curvature corresponding to «. In section 8.1.4 we proved
that the normal lines along a line of curvature constitute a developable
surface. Excluding the case that « presents stationary values, we may assert
that the developable surface possesses an edge of regression and this will be
called an edge of regression belonging to the line of curvature under consid-
eration.

Next we take §=«"1. In the light of the results obtained before, all
edges of regression belonging to lines of curvature corresponding to « are
situated on a hypersurface

X = x+np (8.1-26)

with p = «~1. The hypersurface (8.1-26) is called an evolute of the given
hypersurface associated with the curvature x. Now we may prove the follow-
ing interesting theorem:

The edges of regression belonging to lines of curvature corresponding to the
principal curvature x are geodesics on the evolute associated with «.

According to section 7.2.2 we have only to verify that the principal
normal of an edge of regression mentioned in the theorem is orthogonal to
the evolute. The tangent vector is the normal n, the principal normal is,
therefore, d, n, where the differentiation is performed in a principal direction
u corresponding to «. In view of the equation of Olinde-Rodrigues (8.6-1)
we have '

d,n = —ux.

Hence
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' o, xd,n = —ud, x k—ud, n.
From (8.1-3) we deduce
Ono,Xx = —nd, X = 0,n0, X,

whence
uon = \no, X ut = ) xo,nu* = d, xd,n.

Thus we find
alid,n = —0)x(uxk+d,n) = 0,

referring again to the equation of Olinde-Rodrigues. This completes the
proof of the theorem.

8.2 — The second fundamental tensor

" 8.2.1 — THE CURVATURE

On multiplying both members of (8.1-14) by the unit vector u we find the
following expression for «:

k = —ud,n = hy,utu# (8.2-1)

with

by = —0yx0,n. (8.2-2)

Since x and n are vectorial invariants it follows at once, that the 4,, are the
coefficients of a tensor, called the second fundamental tensor. In this connec-
tion the metric tensor on a hypersurface is called the first fundamental tensor.
From (8.1-3) follows an alternative representation of this tensor, for

no,,x = —0,x0,n,

ie.,

hyy = noy, x. (8.2-3)

Hence:

The second fundamental temsor is symmetric.

There is an alternative approach to the concept of curvature on a hyper-
surface. Consider a curve g« (s) referred to its arc length. As usual we denote
the coordinate vector defining this curve by x(s). Differentiation with

respect to s yields
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d,x = 9, xd,¢* = 9, xu?
and differentiating again
d2x = 0y, xutur 4 0, xd2q~. (8.2-4)

The vector d,%2x is the (spatial) curvature vector of the curve under con-
sideration (see section 6.1.2). Its component in the direction of m is

nd2x = nd,, xutut = hy,ut ut = x, (8.2-5)

that s, the curvature of the hypersurface in the direction of the curve at the
point under consideration. Hence this normal component depends only on
this direction.

Denoting by « the curvature of the curve, that is the length of the cur-
vature vector d,2x, we find from (8.2-5)

e = K cos 0, (8.2-6)

where 6 denotes the angle between n and d,2x. This result is known as
Meusnier’s theorem.

Thus the curvature of a hypersurface can be interpreted as the curvature
of the plane section through the normal at the given point having the given
direction there.

8.2.2 — THE EQUATIONS OF WEINGARTEN

On differentiating (8.1-4) partially we get
no,n=0. (8.2-7)
Hence the vectors 9, n are tangential vectors and we may write
0 = X1,
By multiplying both members by x, we arrive at
—hyy = 0\nd,x = 0uMer = Nya

Thus we have proved Weingarten's equations:

3,\” = ——X"hm\. (82—8)

They enable us to interpret the linear transformation defined by the
second fundamental tensor. In fact, let u denote a unit vector with compo-
nents 4* = d, ¢*, the differentiation being performed along a curve having the
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direction u at the given point. Then
d,n = —x*<hu*

denotes a vector with components — 4, #* representing the rate of change of
the field of normal vectors in the direction u = x, #*. This means that the
vector d,x = u is transformed into the vector —d,n when we apply the
operator H with components #,,.

8.2.3 — THE PRINCIPAL CURVATURES AS EIGENVALUES

The last remark of the preceding section, combined with the equation of
Olinde-Rodrigues, tells us that the principal curvatures on a hypersurface
at a point are the eigenvalues of the second fundamental tensor evaluated at
this point. Hence they are the roots of the characteristic equation

det [h,\/‘—lcg,\#] = 0. (82—9)

It also follows that the principal directions always exist and that at every
point we can find an orthonormal system of principal directions.

Another consequence is the following. Let 6 denote the angles of an
A

arbitrary direction with the principal directions, where %4 runs from 1 to n.
Then, according to (3.2-3), the curvature « in this direction may be expressed
in terms of the principal curvatures «, =1, ..., n, by means of Euler’s
formula h

k=Y Kcos?f. (8.2-10)

h=1 h h

8.2.4 — THE THIRD FUNDAMENTAL TENSOR
The norm of the vector d,n is evidently
d,nd,n = 0,nd,nurut (8.2-11)

with u* = d,¢*. The expressions

kay = ,nd,n (8.2-12)

are evidently the covariant components of a symmetric tensor, the third
Sfundamental tensor. 1t gives information about the torsion in the direction u,
for by virtue of (8.1-14) we have

kyutut = K+ 2, (8.2-13)

this being the norm of the vector d,n = 9, nu?.
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It is possible to express the components of the third fundamental tensor
in terms of the components of the second fundamental tensor. In fact, from
Weingarten’s equations we deduce at once

k,\/, = Banaﬂn = x“ha,\x’hﬂﬁ,
or :

kA‘u = gaﬂhaz\hﬁ/" (8.2—‘14)

The third fundamental tensor is, therefore, the iteration of the second fun-
damental tensor (compare section 3.3.2). Hence:

The squares of the principal curvatures are the eigemvalues of the third
Sfundamental tensor.

In addition to (8.2-10) on applying (3.2-3) we have

k247t = i 2 cos? 0. (8.2-15)

h=1 h A

Next we wish to derive an expression for the metric tensor of a hyper-
surface (8.1-21) equidistant to a hypersurface x(g«). Since

0. X =0,x+0.np
we infer from (8.2-2) and (8.2-12) that

ay = Bau—2Bhru+ B2Rap (8.2-16)

With reference to section 5.3.4 we have, in view of the above results:
The principal distortions of the correspondence between the two hypersurfaces
X and x are

w=(1—Bk)2 h=1,...,n (8.2-17)
h h

Agreeing to take o = n as the normal for the hypersurface x we readily
find
hry= —0r119,X = — (9,1, x + 0,nd,np)
i.e.,

Ty = hyy—Blap (8.2-18)

It is an easy matter to obtain from (8.2-18) expressions for the principal
curvatures on the hypersurface X in terms of those on x. First we observe
that a principal direction u = x, %* gives rise to an eigenvector & = X, u*



8.2] THE SECOND FUNDAMENTAL TENSOR 139

on x of the operator h,\,,. The norm of u is

au = é,\”u'\u/‘ = 1—-2fk + f2«® = (1—f«)2
Hence
7&,\/, ut ub Kk—Prc? K

GaaWub  (1—Br)t  1—px

in accordance with (8.1-24).

A
K =

8.2.6 — UMBILICAL POINTS

A point where the principal directions are wholly indeterminate, i.e.,
where all principal curvatures have the same value, is called an umbzilical
point. It is easy to see that all points of a hyperplane or of a hypersphere are
umbilical points. Now we shall establish the converse of this statement, viz.:

A hyperplane and a hypersphere are the only hypersurfaces whose points are
all umbilical points.

By the equation of Olinde-Rodrigues the fact that all points are umbilical

points can be expressed in the equations

oxn+ d)xk =0 (8.2-19)
where « is a scalar invariant. On differentiating we get
O\un+ 0y, Xk + 0, X0,k =0 (8.2-20)
whence, since the first two terms are symmetric with respect to 4 and u:
0,X0,k—0,X0yk = 0. (8.2-21)
Transvection by x* yields
na,,x—a},a,\x= (n—1)0,x =0, u=1,...,mn,

and this means that « is constant throughout the hypersurface. As a conse-
quence (8.2-19) is equivalent to

n+Xxk=p

where p is a constant vector. If x = 0 then n = p and 0 = xn = xp. This
characterizes a hyperplane. If « % 0 then

1 = nn = (xx—p) (xk—p) = (x—a)(x—a)«?
or, putting p? = 1/«?,
(x—a) (x—a) = pt.
This is the equation of a sphere of radius p about the point whose coordinate
vector is a.
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8.2.6 — CopAzzI'S EQUATIONS

An important relation exists between the first and the second fundamen-
tal tensors. On differentiating

hew=mn0,,X
we get
O by = 0,m 0,y X+ N0y X.

A direct consequence of this result is
3,\12“,—3”}&,,1 = 3,\11 3,‘/,X—a/‘na,dx. (82—22)

Next we observe that we may replace the second derivatives of x by the
vectors obtained on applying the operator P, being the projection operator
associated with the tangent hyperplane at the given point. Hence we may
write (8.2-22) as

O\ hyy+0,nP0 x = 0,h+0)nPO,, x.

Taking account of (8.2-8) and (7.3-6) we readily find

a/\ h’x/f_rvxhhv,u = a,uhld"'-rpxphw\- (82—23)

These equations, the equations of Codazzi, are the desired relations between
the first and the second fundamental tensors. In section 8.4.2 we shall derive
another set of relations between these two tensors.

8.3 — Spherical representation
8.3.1 — DEFINITION

At every point x(g~) of a hypersurface there is a unit normal n(g«), which
may be considered as the coordinate vector of a point on a unit hypersphere
around the origin of the coordinate system in space. Thus we obtain a map-
ping of the hypersurface on the hypersphere.

The images of the points on the hypersurface constitute a hypersurface
on the sphere if and only if the vectors d,m, k = 1, .. ., n, are linearly
independent. In other words: when the third fundamental tensor is not
singular. In this case the correspondence will be referred to as a spherical
representation of the hypersurface. The third fundamental tensor is obviously
the metric tensor of the spherical image.

Referring to sections 6.3.4 and 8.2.3 we may state:

The principal distortions of the spherical representation are the squares of the
principal curvatures.
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A direct corollary is:
The spherical representation is conformal if and only if the squares of the
principal curvatures are equal.

8.3.2 — THE ANGLES BETWEEN CORRESPONDING CURVES

Let g<(s), k=1, . . ., n, denote a curve on the given hypersurface referred
to its arc length as parameter. It determines a curve n(s) on the unit hyper-
sphere. In terms of the components u* = d,q*, the norm of the vector d,n,
being a tangent vector of the spherical image of the given curve is

d,nd,n = «2412 (8.3-1)

(compare (8.2-13)). Hence the angle & between the tangents at a point of the
given curve and at the corresponding point of its image is given by

d,xd
cos § = XS0 (8.3-2)
Vi? 412
From (8.1-4) follows that
d,xd,n = —«.
Hence (8.3-2) takes the simple form
oS = —— . (8.3-3)
K242
Since 0 < & < & we also have
T
sin ¢ = ————, (8.3-4)
V2412
for we agreed to take v = 0. As a consequence:
tan 9 = — —. (8.3-5)
K

We wish now to list some special cases. First we observe that 4 = 0 or
# = x only when v = 0. This means:

The tangents through corresponding points at a curve and its spherical image
are parallel if and only if the curve is a line of curvature.

When & = 1n then « = 0. This means that the curve is an asymptotic
curve. Hence:

The tangents through corresponding points of a curve and its spherical image
are orthogonal if and only if the curve is asympiotic.
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8.3.3 — THE FUNDAMENTAL EQUATIONS OF SPHERICAL REPRESENTATION

It is natural to introduce a new kind of three index symbols which depend
on the third fundamental tensor in the same way as the ordinary three index
symbols depend on the first fundamental tensor. First we observe that the

vectors 0, n and 9, x, k=1, ..., n span the same hyperspace. In accordance
with (7.3-4) we now introduce symbols of the second kind by putting
PB,\,,n = 3,,n r",\ﬂ. (83—-6)

Introducing the symbols of the first kind by

I',M = 6,,113,\,‘11 (83—7)
we evidently have
rk/\/l = rv)t.ukxv-

Proceeding as in section 7.3.2 we easily find
Feaw = (02 Ruct0ukaa—0ckay)- (8.3-9)

Next we differentiate (8.2-2) and write the result thus obtained in the
form

Ophey = —0aX0,m—3, X0 1. (8.3-10)
From (7.3—4) and (8.2-2) we deduce
oax0,n = —I",h,,
and from (8.3-6) and (8.2-2) we get
0cX0,,n = —T",h,.
Thus (8.3-10) appears as
by = I by T 2 by (8.3-11)

In these equations we may interchange u and A. On subtracting corresponding
members we find Codazzi’s equations (8.2-23). It should be noticed, however,
that in this proof we explicitly made the assumption that the vectors 9, n
are linearly independent.

The equations (8.3-11) may also be written in the form

nBu=T" by 2 by (8.3-12)

and after interchanging x and A we find, on subtracting corresponding mem-
bers:
a/\h:m"rvn\hup = a/‘hm\—rv,‘/‘hw\. (8.3—-13)

These are Codazzi’s equations for spherical representation.
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8.4 — The “Theorema egregium”

8.4.1 — THE EQUATIONS OF GAUSS

Every vector of the system 9,,x can be decomposed into its projection
Pd,,x on the tangent hyperplane and a vector x,, normal to it, ie.,

3,\,,){ == Pb,”,x—l—x,\,‘. (8.4—1)
On multiplying both members by n we find from (8.2-3) that
X,\/‘ = nh,\/‘. (84—2)

Combining this result with (7.3—4) we may write (8.4-1) in the form

BMX = 3KXI1"“-|—nhM. (8.4—3)

These equations are known as the equations of Gauss.

8.4.2 — THE FUNDAMENTAL FORMULA

In this section we wish to establish a theorem of fundamental importance.
Our starting point will be the formula (8.4-3) which we shall write in the form

3“2( = 3,,xf"’h,+nhpl‘. (84—4)
By differentiating we get
3,/,,\)( = 3,,,\1{1"”,,,,-!—‘\’,(3,\1""“—{-3,\11 hﬁ,‘—|—n3,\h“. (84—5)

Next we multiply both members by x, and, taking account of (7.3-5),
(7.3-7) and (8.2-2), we get

Xy aﬂ/u\x = gaxrxvlrvﬁp+g¢xaArxﬂp— au\hlp' (84"'6)

Since the expression on the left is symmetric with respect to 4 and u we
readily find

ha/\ hﬁp"‘haphpl = fax R'ﬁ/\y (8‘4‘7)
with
Rkﬂl/l. = 3)\I"‘p,,——al,f'“ﬂ—{-r“w\I”,I‘—I"“,”I"p,\, (8.4‘8)
or symbolically:
o 0 Ir'«, Ik
Rx,, = » 8 A 8.4-9
U Doyl T P Iy, (84-9)
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Writing R,4,, instead of the right-hand member of (8.4-7) we also have

ha/\ h’ﬂ/l_ha,uhﬂ)( = Raﬂ/\/r (84—10)

This result is very remarkable. In fact, the tensor with components R4,
depends on the metric tensor only, and (8.4-10) expresses the fact that it is
possible to write down an expression in terms of the components of the sec-
ond fundamental tensor, which is an isometric invariant. The tensor Rz,
is named Riemann’s tensor and will be studied thoroughly in the next chapter.

We wish to conclude this section by deriving some other consequences
from (8.4-5). On multiplying both members by n we get

naﬂﬂx = h‘vA Fyﬂl‘_*_ a,\hﬁ/‘.
Hence, since the expression on the left is symmetric with respect to 4 and u
Oahgu—I" g hwt = aﬂhﬂ'\_—rvﬁ/‘ hox,

the equations of Codazzi.
On transvecting by g* both members of (8.4-6) we readily find,
taking account of (8.2-14),

kyy= 03Iy, 4T ,I";,—x? 0p,7 X. (8.4-11)

8.4.3 — THE ‘“THEOREMA EGREGIUM’’

A more geometric interpretation of the main result obtained in the pre-
vious section may be found when we recall the formulas (3.3—-6) and (3.3-8)
and apply them to the second fundamental tensor. Thus we arrive at

h,, h
D kK= _%‘ga"gﬂ'\ S _%ga"g’” Ry prp- (8.4-12)
h<kh k hﬁA hﬂy
The scalar
R =g"gPt R pru (8.4-13)

is called the scalar curvature of the hypersurface. Let K denote the mean
contribution of each term in the left-hand member of (8.4-12) to the sum.
Then we may write this sum as

>k =3n(n—1)K (8.4-14)
h<kh k
and we also have

R =n(1—n)K. (8.4-15)
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The scalar K is called the Gaussian curvature. Our result can now be stated
in the following form:

The Gaussian curvature is an invariant for isometric mapping.

This famous theorem was discovered by Gauss for the case of a sur-
facein a three dimensional space. The importance of the theorem is expressed
by the name ‘“Theorema egregium”.

Finally we wish to evaluate Riemann’s tensor for a hypersphere, making
use of the results of section 8.1.2. Differentiating (8.1-11) we get

3,\n = — BAx (l/p),
whence
0nod,x =— 0,x0,x/[p
or
1
h/\,u = ;g/\/r
Thus we arrive at
1
Roppp = » (822 8pu—8an8pr)- (8.4-16)

The scalar curvature is

1
R= Pg“"g“ (8ar8su—8anpr)

== —15 (6405 —n?) = —lin(l-—n).
P P
Hence the Gaussian curvature is
— 1
= F

It is now easy to check (8.4-14), for the principal curvatures are 1/p.



CHAPTER 9
THEORY OF CURVATURE OF GENERAL MANIFOLDS

The theory of curvature of hypersurfaces was much facilitated by the
fact that a well-defined field of normal vectors was available. In the case
of general manifolds no such simple entity exists, but fortunately, we can
derive expressions which depend only on the first fundamental tensor and
are therefore marked out for generalization. The most important tensor
which lends itself to this purpose is Riemann’s tensor, and the discussions
in this chapter will centre around this fundamental entity. This tensor
also renders services in problems concerning geodesic and conformal corre-
spondence.

The key of the theory lies in the techniques connected with the so-called
covariant differentiation. This subject matter will be the starting-point of
our discussion.

9.1 — Covariant differentiation

9.1.1 — COVARIANT DIFFERENTIATION OF A VECTOR

Suppose we have a field
a(g*), k=1,...,n, (9.1-1)

of tangential vectors on a manifold of dimension #, (» = 2). It is assumed
that the manifold lies in a metric space whose dimension is three at least.
By partial differentiation we obtain the set of vectors

a8, A=1,...,n (9.1-2)

Two such sets corresponding to different frames (x) and (x’) are related
by the equations:

B,Va = 3,\83,\.q", A= 1', ..y n'. (91'—3)

Hence the quantities 0, a are the components of a vectorial tensor of valency
one (see section 4.2.4). In general these components are not included in the
tangent space of the manifold at the point where they are evaluated. Just as
in the case of geodesic differentiation it turns out to be convenient to replace
them by their projections on the tangent space, i.e., we may introduce the
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system
D,a = Po,a, A=1...,mn, (9.1-4)

where P denotes the projection operator associated with the tangent space.
The combined process P9, is called the covariant differentiation of the vector
a.

Since P is linear we also have

Dy a = D,ad,q*, (9.1-5)

that is to say, the D, a are the components of a vectorial tensor of valency
one, the covariant derivative of a.
It is clear that

D,\(a-l-b) = D,\8+D,\b. (91—6)

Let ¢ denote a scalar invariant and a the vector field (9.1-1). On apply-
ing the operator P to

Or(ap) = O ap+ad,g
we get
D,(ap) = Dra p+ad,¢. (9.1-7)

Finally we wish to prove Leibniz’s rule for the differentiation of the inner
product of two vectors in terms of their covariant derivatives. From

3,\(8b) = baA a—l—aa,\b
we find, observing that

bd,a = bPo,a = bD,a,
ao,b = a(Po,b) = aD, b,
the result
dx(ab) = bD,a+aD,b. (9.1-8)

9.1.2 — THE COMPONENTS OF THE COVARIANT DERIVATIVE OF A VECTOR
Since a is assumed to be a tangential vector we may represent it as
a = X,a* = X*a,. (9.1-9)

The components D,a are also tangential vectors. Accordingly we may write

D,a = x,V,ar (9.1-10)
and it follows that
Viax = xxD,a. (9.1-11)
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By virtue of the equations of transformation (2.2-22) and (9.1-5) we may
infer that
V,\,a"' = V,ax akq'f' 3Aoq’\. (9.1—-12)

Thus we see that the expressions V,ax are the components of a tensor of valency
two. This tensor is said to be obtained by differentiating covariantly the contra-
variant components of the vector a.

On the other hand we may also write

D,a = x<V,a, (9.1-13)
with
Via, = x.D,a. (9.1-14)

In exactly the same way as above we find
Vit = V3a,0,.9%0xq*. (9.1-15)

The expressions V,a, are the components of a tensor and are said to be
obtained by differentiating covariantly the covariant components of the vector a.
Taking account of (2.2-6) and (2.2-8) we find from (9.1-10) and (9.1-14)
that
Vit = g Vad’, Vaiax = gV,a,,

or alternatively

V,\(g”a") = gKsz\av: V,\(g""a,.) = g“"V,\a,,. (9 1—16)
In words:

The process of lowering and raising the index of the components of a vector
and the process of covariant differentiation may be interchanged.

This may also be expressed by saying that the components of the metric
tensor behave like constants in the process of covariant differentiation. This re-
sult will be generalized in section 9.1.7.

On differentiating the second member of (9.1-9) we get

0,8 = X, 0,85+ 0, X ax
and on applying the operator P we have in view of (7.3—4)

D,a = x,0 ax+x,I""  a* = x(0 ax+T*,a”).
Hence

V,ax = 0yax+I'x,a”. (91—17)

Again, on differentiating the last member of (9.1-9) we get
0,8 = X*0,a,+0,Xx*a,,



9.1] COVARIANT DIFFERENTIATION 149

whence, by applying the operator P, taking account of (7.5-11),

Dya = x*0ya,—x"I'*, a, = x*(0ra,—1",a,).
Hence

VAa,‘ = 3,\a,—-1’",‘,\a,,. (9.1—18)

It is instructive to verify the covariance of the components (9.1-17) and
(9.1-18) by direct computation. First we consider (9.1-18). From
3/\’“:{' = aA“xaA'qAax’qK'l'axaN eq*
and (7.4-3) modified as
F"',,',\.a,,. = I‘v'x’/\'avav’qy = I‘ym\avax’qKaA'qA+avaA'x'qv
we find, on subtracting corresponding members, the equation (9.1-15). Next
we observe that
0p 0% = 0,ax 834" 8, q*+ax dr.q9% Orq*
and we use (7.4-3) in the form where the primed and unprimed indices are
interchanged. Thus
)@ = I'% )@ 0,0q°0,9" O q*+a* 0,295 0,09*
=I%, 30" 0,,9* 00 q"+a” 0,9 0, q*.
Again by subtracting corresponding members we find after a slight modifica-
tion the equation (9.1-12).
Finally we wish to check (9.1-8) by means of (9.1-17) and (9.1-18)
(Vaao)oc+a (Vabx) = (rac—I" a,)b
+a,‘.(alb“+1""w\b") = (3,\a,,)bf+a,3,\b'f
+ I pa,bc+TI*,a,b" = (0,a,)b%+a,0,bx = 0,(a,b*).

9.1.3 — THE DIVERGENCE OF A VECTOR

The concept of covariant differentiation enables us to write the formula
(5.4-24) in a more concise form. In fact, we can prove that

divv = V,2 (9.1-19)

This follows at once from the definition of covariant differentiation and the
equation (7.3-14), for

0. /7
Vavh = 0, vA 12 0¥ = v + —:—%gv’

- —J—E (VBRI +ny/E) = —\—;?%(«/év")-
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Replacing v* by g**¢, we find, taking account of (9.1-16),
divgrad ¢ = Vg 9,9 = g**V, 0,9

or

divgrad ¢ = g*#(0,,90—I"%),0,9). (9.1-20)

The method of obtaining these formulae shows at once that div v and
div grad ¢ are scalar invariants.

9.1.4 — THE COVARIANT DERIVATIVE OF A TENSOR

The process of differentiating covariantly the components of a vector can
be extended to the case of an arbitrary tensor. The general case is a little
complicated, but we can show the pattern in a simple example.

We consider a tensor field with components

axy . (9.1-21)

Next we introduce arbitrary vectors u, v, w and we form the scalar invariant
@ = ax),u, v Wk, (9.1-22)

The partial derivatives of ¢ with respect to the variables ¢, p = 1,..., %

are the components of a vector, viz.

0,9 = 8,a%, ,u v wr4ax), 0, u v wk+ax ,u, 0,0 wk+ (9.1-23)
et 0,0k, -

Next we shall write formally
0,9 = V, a5 u 00wk a5,V u, 0t wh a5y, u, V0  wh (9.1-14)
+ary,u 0V w0k, '

It is evident that the still undefined expression V,ax,, must be

Vpﬂ",\l‘ = 3,,61",\,,—}—I”‘,,pa”,\,,—f"',\pa",,,‘-—f"’ﬂpa",\,. (9.1—25)

The last three terms occurring on the right of (9.1-24) are components of a
vector, like the expressions on the left. Hence the first term on the right also
represents the components of a vector and on applying the quotient rule of
section 3.4.4 we easily deduce that the V ,a*, , are the components of a tensor.
Thus we see that this process of covariant differentiation yields again a tensor
whose valency exceeds that of the original tensor by one.

After these preliminaries it is not difficult to describe the general situation.
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From a tensor with components

L (9.1-26)
with valency A-k arises a tensor with components
Vpatihy, (9.1-27)
with valency #+£%-1 such that the components (9.1-27) consist of the term
d,aM M, (9.1-28)
together with % terms of the type
P)“vpa'" v ...leph, (9 1_29)
where » takes the place of 4,, £ = 1, . . ., , among the upper indices, and %
terms of the type
—rv, avh (9.1-30)
where » takes the place of u,, ¢t = 1, . . ., kb, among the lower indices.

In the case of a scalar ¢, being a tensor of valency zero, no terms of the
type (9.1-29) or (9.1-30) occur. Hence we may identify V, ¢ with 9,9, i.e.,

V,p = 0,0. I (9.1-31)

9.1.5 — CoDAZzZl'S THEOREM

In section 8.2.5 we obtained Codazzi’s theorem for the tensor 4,, on a
hypersurface in the form

alhx/;_lwx/;hw\ = aphm\_‘rvx,uh‘vh-
Adding on both sides

_Fy/u\hxv = _Iw)t/‘hxv
we get
a/\hx/;_[mm\hv,u—rv/mhxv = ayth_vapth‘_PvAphxv

and this may be written concisely as

Valteu=V, her. (9.1-32)

The tensor V,h,, is known as Codazzi’s tensor.

9.1.6 — LEIBNIZ'S RULE
It is apparent that the process of covariant differentiation applied to the
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components of the sum of two tensors yields the sum of the covariant deri-
vatives of the components of these tensors. A little more attention is required
to establish the statement that for covariant differentiation a rule holds
which is the analogue of Leibniz’s rule for the derivative of a product. Let us
consider the tensor product

TR ST M (9.1-33)

The component with respect to ¢? of the covariant derivative containsin the
first place a term of the type

Ap.d &y
apa ! n/tl..‘/ckb ! “’ﬁl...ﬁ.o (9.1-—34)
together with terms of the type
I‘Mvpamvmpl...pkbalma,ﬂl---ﬂq’ t=1...h, (9,1—35)
and terms of the type
_I’y/o.pal"'w“...v...balma’ﬁl...pqr t=1,...,k% (9.1-—36)

where » runs through the indices of the first factor. All these terms
constitute the expression

VP a:\l...Ahplmh bal...a,ﬂlmﬁq . (9. 1_37)
Again we have a term
ApA
at i, w00 g (9.1-38)
together with terms of the type
I‘a‘vpaklm/\hpl...p,,bmvmﬁx.--ﬁ.’ t=1,...,9, (9, 1-39)
and terms of the type
—Fvﬂma/\lmhh---hbarua’...w...: t= lr e s (9'1—40)
constituting the expression
Al
a0 (9.1-41)

The expressions (9.1-37) and (9.1-41) involve all terms obtained by dif-
ferentiating covariantly the components (9.1-33). Omitting the indices we
therefore have

V,(ab) = V,ab+aV,b, (9.1-42)

the desired result.
Finally we wish to show, that the rule holds also in the case of transvection.
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To this end it is sufficient to show that the processes of contraction and
covariant differentiation applied to the components of a tensor may be
interchanged. The tensor

Ag...A
Vateh, (9.1-43)

contains the terms

A, Ve — )2 J\l...Ah
P’vpa Py b Fp'pa V!

where » takes the place of 4, in the first term and that of y, in the second
term. Contraction on these indices, that is, putting 4, = 4, = x and perform-
ing the summation with respect to «, yields

wlee _TW e Koo _
kapa ...x...—rvxpa Ve T

Hence, differentiating first and contracting afterwards yields the same result
as differentiating the components of the contracted tensor.

9.1.7 - Riccr’'s THEOREM

A very remarkable result is obtained when we apply the process of co-
variant differentiation to the components of the metric tensor. In view of
Leibniz’s rule we deduce at once from (9.1-18)

Vogau=0  V,g*=0. (9.1-44)

Thus we have obtained Ricci’s theorem:
The covariant derivatives of the components of the metric tensor are identically

zero.
We did not verify this theorem in the case of mixed components. But also

in this case the proof does not present any difficulty, for
V,ay,=V,(a,0}) = AV,a,4+a,V, 8,
whence

Vv, =0. (9.1-45)

It is instructive to derive these results by direct computation. By virtue of
(7.3-4) we have
0,82u = 0,(Xax,) = (02, X)X, +X20,,X = (PO),X)x,4Xx, PO, ,x
=I",x,X,+I" . x3%, = Iy ,8,,+ 1", 800 -
This proves the first equation (9.1-44). Again, taking account of (7.5-11):
0,8 = 0,(x*x*) = (0,x*)x*4-x* 0,x* = (P9, x*)x*+x* PO, x*
= —I*, x"x#—I*, ,x*x" = —TI?, g"#—TI*, g".
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This proves the second equation (9.1-44). Finally
V04 = 0,08+ 1%,,0,— 1,0, = I'*y,—TI'*y, = 0.

Thus we have also checked (9.1-45).

An important consequence of Ricci’s theorem is that also for the com-
ponents of a general tensor the process of lowering and raising the indices is
reversible with covariant differentiation. Hence the different types of com-
ponents representing the same tensor yield components which also represent
the same tensor. This latter tensor can therefore be called the covariant
derivative of the original tensor.

9.2 — The tensor of Riemann
9.2.1 — THE NORMAL VECTOR TENSOR

The vector x,, obtained from 0,,x by subtracting from it its projection
Pd,,x on the tangent space is orthogonal to the manifold. In view of (7.3-4)
we may write

Xy = 0,X,—X,I"%,. (9.2-1)

The expression on the right looks like a covariant derivative, that is to say
X = \Y I‘X A

for the process of formal covariant differentiation may also be applied to
the components of a vector tensor. As a consequence we may expect that
the x,, obey the rule of transformation

XA;/‘p = X,\,‘ 3,\,q'\ 3I‘,q". (9.2—2)
This may also be verified by straightforward computation. In fact, it follows
from

3,\,x = 3,\x3,\,q7‘
that

3A'ﬂ'x = 3,\”X3,\;q7‘3,,:q/‘—|— 3,\x3;vﬂ,q"

Pa,\'ﬂ'x = Pa,\,,xa,\qu 3,¢'ql‘+ anaA'#'ql"

Subtracting corresponding members of these equations yields at once (9.2-2).

and

9.2.2 — THE TENSOR OF RIEMANN

In section 8.4.2 we obtained a fundamental relation between the first and
second fundamental tensors expressed by (8.4-10). In view of (8.4-12)
this equation may be cast into the form
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Raﬂ/\p = Xaa Xgu—XouXpa- (92—3)

The expression on the right has significance for general manifolds. Hence
(9.2-3) may serve to define the tensor of Riemann for an arbitrary manifold
of dimension = 2.

It is immediately seen that this tensor is alternating with respect to the
first two and the last two subscripts, i.e.,

Ruﬂ/\p. = —Rﬁaz\/t = _Rap,u\ = Rp,,,,\- (9.2—4)

It is also possible to interchange the first pair and the second pair of indices:

Rﬂﬂ/\ll = R/\[laﬁ‘ (9.2“‘5)

This is a consequence of the symmetry of x,,, for

Xanﬁ/‘—xa”XﬂA == X,\axﬂﬁ—x,\ﬂxm.
Finally we deduce from
Ra/\/w = XapXav—Xaw Xpps

Ra,uw\ = Xy Xpr— X2 X
R

v
avdp = Xoa Xpp—Xgu Xpp»

and the symmetry of x,, the identity

Ra/\yv + Ra,uw\ + Raw\p = 0. (92—6)

The number of not necessarily vanishing components of the tensor of
Riemann does not exceed

2
() = o
as may be seen from (9.2-4) and (9.2-5). The number of relations (9.2-6) is
n (g) = ind(n—1)(n—2).

Hence the number of not necessarily vanishing components does not exceed
3 (n8—2n® + n?) —(n—3n2 4 2n3) = Jpn(n2—1).
There are no more independent relations as follows from the fact that the
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number of independent components is one in the case of a sphere in ordinary
space. Hence the number of not necessarily vanishing components is
exactly

N = Jfn?(n?—1). (9.2-7)

In the case of a hypersphere in an (#+1)-dimensional space it is an easy
problem to evaluate Riemann’s tensor, as we already pointed out in section
8.4.3.

9.2.3 — THE IDENTITY OF BIANCHI

We have already pointed out, that the vectorial tensor with components
X), is obtained from x, by means of covariant formal differentiation. On
applying this process again we get a vectorial tensor of valency three,

X’AI‘ = V'“XﬂA = a/,XﬁA—XW\IwﬁI‘—X#vI’v,\‘“. (92—8)
Next we wish to prove that the vectors

Xgau—Xgun (9.2-9)

are tangential vectors. This is immediately clear when we insert the ex-
pressions for x,, into (9.2-8) and collect all tangential vectors into yg,.
The result is

3,,\,‘x—3,/,x1“‘”—3,,(x1"’“-aﬂvxl""’,\,,—i—yﬂ,\,,.

Observing that the sum preceding y;,, is symmetric with respect to 4 and u
we may infer that (9.2-9) equals y4a,—y;,1 and this concludes the proof of
the assertion.

Let us now apply the process of covariant differentiation to the tensor
(9.2-3). We get

Vx Rap/\p = XaacXppu -+ xa/\xﬂ;m—xapxxﬁi\_‘xapxﬂx'
By cyclic permutation of the indices «, 4 and x4 we find two similar expres-
sions. The sum of the right hand numbers turns out to be
(xat\x_'xam\) Xpu + Xar (xp,ux—xﬂxp) + (xa/u\'—'xa/\p) Xpx + xaﬂ(xﬂx)« "xp)(x)
+ (xax/t_xa;m)xﬂl '+‘ xax(xﬂ:\/‘—xp/u\)'

In view of the fact that all vectors of the type (9.2-9) are tangential we con-
clude that the above sum is zero. Thus we have proved Bianchi’s identity:

Ve Ropau+ VaRapue + Vi Roger = 0. (9.2-10)
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9.2.4 — THE TENSORS OF Ricct AND EINSTEIN

By raising the first index of the components of the tensor of Riemann we
obtain the mixed components

Regry = 8°* Rogrp- (9.2-11)

Contraction on « and u yields Ricci’s tensor

Rﬂ/\ = RKﬂ,\K. (9.2—12)

The tensor of Ricci is symmetric.
In fact, in view of (9.2-5) and (9.2-4) we have

RﬁA = gax Raﬁ/\x = gmx Rt\xaﬁ = gm‘Rm\ﬁa = R/\ﬁ-
Contraction on « and 4 does not yield a new tensor, for
RKﬁxﬂ = "‘Rxﬁ/uc = _Rﬂ#'
Contraction on « and g produces a tensor which is identically zero, for
RKK/\/& = gaKRax/\/t = —gaKRxw\,u = —'R“m\/u

Ricci’s tensor, however, is not necessarily zero. This may be checked in the
case of a hypersphere. Making use of (8.4-16) we easily find

Rp = —:—2 8" (8arBox—Bax8mr) = ;}, (05 8ar—18p) = ;1; (1—n)gp.
Next we wish to derive an interesting consequence of Bianchi’s identity.
First we observe that it can be written in the form
ViR ppu+VaR pue +V, R g = 0. (9.2-13)
Contraction on » and u yields
VeRp—VaRp 4+ V,Rbg = 0.
Transvecting this result by g* we get (R being the scalar (8.4-13))

V.R—V,R* -V, Rt =0,
for
g RFpr = gP2g** Roper = —gP2 g% Rygea = —€** Ry = —RY.
Thus we arrive at
V,R,—iV,R=0, (9.2-14)
or
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V,(R,—%36: R) = 0. (9.2-15)

By introducing the fensor of Einstein

G, = R.,—}0'R, (9.2-16)

we have proved that the divergence (See also section 9.2.6) of this tensor
vanishes:

V,G’ = 0. (9.2-17)

This tensor plays an important part in Einstein’s theory of gravitation. Its
covariant components are

Gy = Ry—3eau R (9.2-18)
Contracting the mixed components we obtain the scalar

G =G, = ;R(2—n). (9.2-19)

More generally we might ask under what circumstances the divergence of
a tensor of the type
a; = R+ 8p
where ¢ is a scalar invariant, is identically zero. In view of (9.2-13) we evi-
dently have
0=V,a = %-VKR—}—VK(p = V,(—%—R—i—cp) = 3K(-;—R+¢p),

where «k = 1,...,n. Hence $R+¢is constant and

a, = R, —18%(R+-c).

Thus we see that aj is not essentially different from Einstein’s tensor.

9.2.6 — Riccl’'S COMMUTATION LAWS

Riemann’s tensor appears in a rather inexpected way when we apply
repeatedly the process of covariant differentiation to a vector or a tensor
of higher valency. As we shall see presently the order of performing this
process is of importance.

Formal covariant differentiation of

ol XoXp, =0 (9.2-19)
yields
xdxm,—}-x,x”,\ = 0. (9.2—20)
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Interchanging the indices 4 and x and subtracting the result obtained from
(9.2-20) leads to

Roprp = Xo(Xpru—Xgp) (9.2-21)
whence

R pau = X*(Xprp—Xppm)- (9.2-22)

In section 9.2.3 we verified that the vectors xg,,—xs, are tangential.
Hence we also have

Xpap—Xpua = X, Rpay. (9.2-23)

In the case of the hypersurface this result implies Codazzi’s theorem. In fact,
first we have

Xpp = Vuxp = V(ahg) = 8,nhp+0V, hg.
Hence (9.2-23) is equivalent to
0,nhgp—o\nhg,—n(V, hgn—Varhg,) = x, R s,
Multiplying both members by n we get
Vahgy =V, hga.
As a by-product we find
Ounhgp—0o\nhg, = x, R,

and Weingarten’s equations tell us that this result is equivalent to (8.4-10).
Next we consider the vector

a = xzaf. (9.2-24)
On performing formally twice the process of covariant differentiation, we find
VI, V,\ a = Xp,\”aﬂ‘]—XﬂA V/‘ aﬁ+xIﬂ v,laﬁ—{—Xﬁ V/‘ V,\ aﬁ. (9.2—25)

Observing that
V”V,\a = 3;\,‘&——3,&1""“ = V,\Vﬂa (9.2—26)

we readily find, taking account of (9.2-23),

0 = (Xpu—Xp,2)8°+x,(V,Vyax—V,V ax)
= x,‘R"ﬂ,\ﬁaﬁ—kx,,(V#VAa"—-V,\V,,a").

Hence, writing » rather than g,

V,\Vﬂa*—V,‘V,\aK = RK,,Ma". (9.2—27)
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Lowering the index « we also have
Vlv,uax—'vpv/\ax = Rkw\pa‘v = '—Rvm\pav = —Rvm\pav

or, when we write f instead of «,

V,\Vl,ap-—VﬂVAal, = —R”ﬁ,\,‘a,,. (9.2—28)

These formulas are known as Ricct’s commutation laws for covariant

differentiation.

It is not difficult to extend these results to the case of a tensor of arbitrary
valency. It suffices to show the pattern in a particular example. Suppose,
we are given a tensor with components a*;. Let v, w denote two arbitrary
vectors. We form the scalar invariant

p= a“ﬁv,wﬂ. (92-29)
As in the case of a vectorial invariant (See 9.2-16) we have
V,\V,,q)-—V,‘VMp = 0.
Hence
0= (VAV,,a'f,,——V,,V,\a",)v,‘w"—i—a"ﬂ(VAV,,v,—VﬂV,\v,)wﬂ+
+a5,v,(VaV, 0" =V, Vaw*) = (V,V,a%—V,Vyars)v, 0+
—a& 3 Rx,5 v, wP+ax, R gy, v, 0P,
As a consequence we have
VAV/‘aKﬂ—VI‘VA a“ﬁ = val/lavﬁ—_—Rvﬂ/\/laKV' (9.2—30)
The general result may now be stated as follows: The tensor
V/\ V/, ax,...x,ﬁr”p._vﬁ V/\ ak’m"ﬂr..ﬁ,
is a sum of terms
R“w\pamvmﬁl...ﬂq’ h=1,... b,
where » runs through the indices «,, . . ., x,, and a sum of terms
_Rvﬁﬂ#anm“...v...» k=1,...,q

where » runs through the indices 8,, ..., §,-

9.2,6 — THE LAPLACIAN OF A VECTOR

In section 9.1.3 we considered the expression (9.1-20), usually called the
laplacian of the scalar invariant ¢ and denoted by Ag. It is sometimes con-
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venient to introduce a new operation, contravariant differentiation, defined

by
Vea = g2V,a (9.2-31)

where a is an arbitrary tensor. The laplacian of ¢ may now be written as
Ap = VeV, g, (9.2-32)

for V,p = 0, ¢.
It is our intention to define the laplacian for a vector. First we consider
the rotation or the curl of a vector v, being the bivector with components

Vav,—V, 0y = 0,v,—0,v,. (9.2-33)
This bivector will be denoted by
rot v. (9.2-34)

By the divergence of a tensor of valency two is understood the vector

Veay,, =V  a)*. (9.2-35)
We have already encountered this process in section 9.2.4 where we
considered the divergence of Einstein’s tensor.

Next we wish to turn our attention to the vector div rot v having the com-
ponents

V& (Vav,—V, ;). (9.2-36)
First we observe that on account of Ricci’'s commutation rule
VeV v, = g*V,Vyv, = g*V, V,0,4+g* R¥ 2,0,
= VV20,48%#8% Rparu¥,
= V,V*0,—g*# 8P’ Ropauv, = Vi V20,— Ry .
Further we see that V,v* = V*v, is a scalar invariant, the divergence (9.1-19)

of the vector v. Hence V,V2y, is the gradient of the divergence of v. Intro-
ducing the laplacian of v as a vector Av with components

VeV, 03+ Ry vf (9.2-37)
we evidently have proved the relation
divrot v =grad divv — Av. (9.2-38)

This is a generalization of a well-known formula of vector analysis in or-
dinary three dimensional space. Since in that space rot v may be considered
as a vector, the left-hand side coincides in that case with rot rot v.
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9.3 — The Riemannian curvature

9.3.1 — DEFINITION
The scalar curvature R of a manifold is
R = Iatllﬂ.llgaﬂgﬂA == —Raﬂlpgakgﬁp- (93—1)

At a given point of the manifold we introduce an orthonormal frame e,
h

h =1, ..., n. Making use of the formula (2.3-18) we may represent R by

n n
R= —Ry,Y 3 e“ef et (9.3-2)
h=1k=1hr k h k

Thus we see that —R is a sum of terms of the type

K = R, p,e%ef et et (9.3-3)
hk h k b k

It is clear that
K =K, K =0. (9.3-4)
hk kh hh

Introducing the simple unit bivector with components
A = Lrer—eret),
hk h k h k
and using the same arguments that were used in section 4.3.3 for deriving
the formula (4.3-13) we see that
K = Ryg, ¢* v, (9.3-5)
hk hk hk

In this expression we may replace e*/, ¢## by the components of an
hk hk

arbitrary simple bivector which is non-zero and normalized by dividing it
by the square root of its norm. Thus we are led to consider the expression

— Raﬂa,ufaﬂfl\l‘ | (9 3_6)
(galgﬂ/l_gm,ugﬁ/\)faﬁf'\ll '

K(f)

where f symbolizes the vector plane defined by the bivector. K(f) depends
on f only, as follows at once from (4.3-10).

The scalar invariant (9.3-5) is called the Riemannian curvature of the
manifold at the given point with respect to the vector plane f.

In view of (9.3-5) and (9.3-4) we may cast (9.3-2) into the form

—3R=33 S K=3 K. (9.3-7)
W=l k=1hk h<k hk
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In the last member of this equation 1#(n—1) terms appear and the mean
contribution of each term to the sum is therefore
—3R[En(n—1).

It is called the Gaussian curvature K at the point under consideration and is
related to the scalar curvature R according to

R =n(1—n)K. (9.3-8)

This formula agrees with (8.4-15).

The case n = 2 deserves special mention. All components of the Riemann-
ian tensor are either zero or equal to 4 R;;;,. Since g,18s,—8x48s1 has the
same properties of symmetry and antisymmetry as R,z ,, and observing
that now in (9.3-7) only one term occurs, we may infer that

Rypcetedd P
IR K = 1 21121 — 1212 .
2 12 (gugzz'“gwgn)f 62 fzge 811820812812

For n = 2 we see from (9.3-8) that R = —2K. Hence:
In the case of a two dimensional manifold (a surface) the components of
Riemann’s tensor are

Ropap = K(8ar8pu—8an8pr)» (9.3-9)

where K denotes the Gaussian curvature.

9.3.2 — THE RICCIAN CURVATURE

The sum of the terms (9.3-3) for 2= 1,..., n equals

> K= R,p,e*gft = —R, e 6. (9.3-10)
k=1 hk h A b a

The number
k= —R,\,‘e"el‘ (9.3-11)

evaluated for the components of a unit vector e is called the Riccian curva-
ture in the direction e. Hence (9.3-10) expresses:

The sum of the n—1 Riemannian curvatures with respectto the planes spanned
by a given direction and n—1 other directions forming with it an orthonormal
frame is equal to the Riccian curvature in this direction.

As an addition to this theorem we may state:
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The sum of the Riccian curvatures in n mutually orthogonal directions equals
the negative of the scalar curvature.
In fact,

n
z —-R,\,,e"e" = —R,\pgk"= —R.
h=1 h b

The main theorem of section 3.2.3 tells us that the tensor of Ricci, being a
symmetric tensor, possesses at each point of the manifold a system of »
linearly independent principal directions, the so-called Riccian principal
directions. The associated Riccian curvatures are called the Riccian principal
curvatures.

On a hypersurface there is an intimate connection between the Riccian
curvatures and the normal curvature in the same direction. In fact, in this
case the Riemannian tensor takes the form (8.4-10) and it follows that

Rﬂ/\ = kﬁA—h‘ﬂ/\ hll: (9.3—12)

where the %4, are the components of the third fundamental tensor. By virtue
of (3.3-4) we have

We=73 x=mnH, (9.3-13)
h=1h

where H denotes the mean curvature of the hypersurface at the given point.
It follows from (9.3-12) and (9.3-13) that

kK = —Rpéfet = —kpefer +nHhpel &
or, taking account ot (8.2-13) and (8.2-1),
k = nHr— (k?+72). (9.3-14)
Now let it, h=1,...,n denote the principal directions of the second

fundamental tensor corresponding to the principal curvatures «. Then
h

hﬂ,\ 'ul\ = Kgﬂl MA, kﬂl\ ur = Kzgﬁ/\ ut (9.3—'15)
h h h h h h
and, therefore, in view of (9.3-12) and (9.3-14),
—Rpur = g (nHr—r?)ur = kggut, (9.3-16)
A .3 b A h h
for in the principal directions the torsion vanishes. Thus we see that a prin-

cipal direction is also a Riccian principal direction. Suppose now that the
Riccian principal directions are all different. Then the Riccian principal
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curvatures are also associated with the second fundamental tensor. In this
case the principal directions are uniquely determined and we may state:

If on a hypersurface the Riccian principal curvatures at a point are all
different, them the Riccian principal directions coincide with the principal
directions of the second fundamental tensor.

9.3.3 — THE THEOREM OF SCHUR

In general the Riemannian curvature at a point of a manifold depends on
the vector plane f to which it is referred. Suppose now that it is independent
of f. Then we may write

(Rapz\p"'K(gaAgﬁp_gaﬂgﬂA))fwflp = O: (9-3_17)
where K is the common value of all K(f) at the given point.
Next we observe, that, if a,4, is any tensor of valency four and
Gopru 1M =0 (9.3-18)
for every simple bivector f#*, then

Qoprpt O pap—Aparp—%apur = 0. (9.3-19)

Let a4, denote the factor of f*# fA# on the left of (9.3-17). Taking account

of the symmetries and antisymmetries of this tensor we may infer that
a,,,ﬂM == 0, i.e.,

Raﬁ/\p = K(gau\ 8su—8ap gﬁA)' (9'3—20)

If, conversely, (9.3-20) is valid at a point, then K (f) does not depend on the
vector plane f.

It is easy to interpret the factor K occurring in (9.3-20). Transvecting

by g*# yields
Rﬁ,\ = K(l—n) gsa (9.3—21)

and transvecting again by g% we get
R =K(1—n)n. (9.3-22)

Hence K is the Gaussian curvature at the given point.
Another consequence is that Einstein’s tensor (9.2-15) is represented by

Gy = 8;,(1—n)(1—3n)K. (9.3-23)

We proceed by establishing a remarkable theorem due to Schur:
If the Riemannian curvature of a manifold of dimension n > 2 at each point
1S the same for every vector plane, it does not vary from point to point.
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At each point Einstein’s tensor is represented by (9.3-23). Since the
divergence of this tensor is identically zero we may infer that

0=V,G= 1—n)(1-Ln)V,K, «=1,...,n

whence, since # > 2, 0,K = V,K = 0. This proves the assertion.

A manifold having the property mentioned in the above theorem is called
a manifold of constant Riemannian curvature.

We wish to answer the following question: Which are the hypersurfaces
of constant Riemannian curvature?

In ordinary three dimensional space there are various types of surfaces of
constant curvature. The situation is quite simple when the dimension is more

than two, for:

The only hypersurfaces of constant Riemannian curvature are the hyper-
spheres, provided the curvature is not zero, and the dimension not less than
three.

Let e, A=1,...,n, denote the vectors of an orthonormal system of

A

principal directions. The Riemannian curvature with respect to the vector
plane spanned by e and e is given by (9.3-3), which now appears as
a k

K = (h,;(hﬁ,,—h,#h”)e“e"e‘e" = K K,
M A h k Kk Ak
for two different principal directions are conjugate (section 8.2.1). Assuming
n = 3, we have by hypothesis
kk=xk=«kx=K.
Ak kEm h m
It follows that « = ... = «. Hence K > 0. Thus we see that every point of

1 n
the manifold is an umbilical point and the truth of the assertion stated above

follows from the theorem of section 8.2.4.

9.3.4 — THE EINSTEIN MANIFOLD

If all Riccian principal curvatures at a point of a manifold are equal, then
we have a relation of the type

Ry, = pgag- (9.3-24)
Transvecting by g*# yields R = pn. Hence

R
Ry, = p Eap: (9.3-25)
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A manifold is said to be an Einstein manifold when (9.3-25) holds through-
out the manifold. About these manifolds we have the following theorem:

The scalar curvature of an Einstein manifold whose dimension exceeds two
is constant throughout the manifold.

The Einstein tensor of this manifold is

G R(l l) 8
T2

From (9.2-16) follows

1
0=V,G, = VKR(— —l)
n 2

Hence ,R =0, k=1, ..., n, and this proves the theorem.

In the case » = 3 a stronger result can be obtained. At a given point we

take an orthonormal frame e, 2 = 1, . . ., n. The Riemannian curvature with
1]
respect to the plane spanned by e and e is given by (9.3-3). If the manifold
A k

is an Einstein manifold then (9.3-10) takes the form

where K is the Gaussian curvature. Suppose now that # = 8. Then

K+K  =2K,
12 138
K +K = 2K,
12 28
K+K = 2K.
13 23

It follows that K = K. Now we observe that e and e may be chosen in an
12 1 2

arbitrary vector plane. Hence K, being equal to the constant Gaussian
12

curvature K, does not depend on the plane to which it is referred, and as an
addition to the above theorem we may state:
A three dimensional Einstein manifold is of constant Riemannian curvature.
Notice that a surface is always an Einstein manifold, but its scalar curva-
ture need not be constant.

9.3.6 — THE TENSOR OF WEYL
A necessary and sufficient condition for a manifold of dimension #n > 2 to
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be of constant Riemannian curvature is that the tensor of Riemann take
the form (9.3-20). Eliminating K from (9.3-20) and (9.3-21) we get

1
Rdﬂlﬂ = I‘___n (ga/\ Rﬂll_gd/c Rﬂ/\)- (9~3—26)

Hence on a manifold whose tensor of Riemann is represented by (9.3-20) the
tensor

1
Waﬂ/\p = Raﬂ/\,u‘l‘ n_——_l (ga,\Rp,‘—g,,,, Rﬂ)() (9.3—27)

vanishes. This tensor will be referred to as the fensor of Weyl. It is always
zero for a surface. Its importance is based on the theorem:

A necessary and sufficient condition for a manifold of dimension exceeding
two to be of constant Riemannian curvature is that the tensor of Weyl vanish

identically throughout the manifold.
The sufficiency of the condition stated in the theorem remains to be
proved. If (9.3-27) is a zero tensor, then (9.3-26) is valid. Hence, trans-

vecting by gP#,
1
gﬁl‘RaﬂAp = _‘gﬂﬂRﬂm\p = ’—Raz\ = r_‘; (gau\R‘_Ra/l),
whence

R
Rar=—8p- (9.3-26)

Inserting this result into (9.3-26) we get

afip = m (ga/\gﬂ/l_ga,ugﬂ/\) = K(gaz\gﬂ/f_ga,ugﬂ/\)-

The truth of the statement follows from Schur’s theorem.

9.4 - Evaluation of the components of the tensor of Riemann

9.4.1 — THE MIXED COMPONENTS

When we wish to express the mixed components of the tensor of Riemann
in terms of the components of the metric tensor we may take the vectorial
tensor Xz, as a starting-point. According to the definition we have

Xpap = aﬂx,,\——x,,ll‘"“—xﬂ,]’”u (94—1)
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whence
X< Xpr, = X0, Xp) = X%0,(0p2x—x,1" )
= X¥0gpuX—X%0,, X I g —x%x,0,1" .

Taking account of (7.3-6) we may infer that
X"Xﬁ,\,‘ = x"aﬂ,‘,‘X—I"‘,ﬂF"m—Bﬂl‘Kﬂ.

We now immediately infer from (9.2-22) that

Rxﬂ/\[t = BAI’KM—3”]"",,,\—}—1"",,,\["’“——1"‘,,”1“’&\. (94—2)

This formula can be put into the symbolical form

Hh 0, l'rx,,t I,

. 9.4-3)
Tegy Irgl 1 T7pa I, (

Regr, =

It is important to notice that only the Christoffel symbols of the first kind
have been involved. This is the same expression as (8.4-9).

9.4.2 — THE COVARIANT COMPONENTS

Proceeding along the same lines as in the previous section we also may
derive an expression for the covariant components of Riemann’s tensor.
Multiplying both members of (9.4-1) by x, we obtain

xaxﬁA,u == Xaaﬂ(aﬁ,\X—XyPVﬂA) —= xaaﬂ(aﬂ,\x—-x"l’,ﬂ)
= X 0payX—X,0, X" ypp—X %0, I,

Hence, by virtue of (7.5-11),
X“Xp,\‘u = x,bﬂ“x-i—l""aﬂl’,ﬂ—aﬂfaﬂ,\.
Thus we may infer from (9.2-21) that
Roprp = 0L opu— 0, Topp+1" 0y Dypp— T 02 T (9.4-4)

or symbolically

0x 0, re,, I,
raﬂA Faﬁp I'uﬂ/l. I'vﬂ/\
It is instructive to derive (9.4-4) directly from (9.4-2). First we have

Raﬂ/\/& = Bax a/\rxﬂ,u—gax aprxﬁ/\'l'raw\Imﬁp—Pavyrv.ﬂA' (94_6)

Ropru = + . (9.4-5)

Next we observe that

gCKal\Fxﬂ/G = 3/1['«“—1"‘“3,\8“-
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By virtue of (7.3-9) we have
Pxﬂpa/\gax = Pkﬁpram\"l'r‘ﬂﬂrxal = Pawlryﬂp+11vﬁpry¢/\-
By simple substitution in (9.4-6) we obtain (9.4-4).

9.4.3 — TRANSFORMATION OF THE COMPONENTS OF THE TENSOR OF RIE-
MANN BY CHANGING THE CHRISTOFFEL SYMBOLS
Let us consider a change of the Christoffel symbols of the following type:

»

I‘"A/‘ = I"‘A,‘+¢",\I‘ (9.4—7)
where the &, , are functions of the parameters ¢’, ..., q" Such a change
occurs in the case of a correspondence between to manifolds x (g*) and ;'(q'f).
In that case the &«,, are the components of a tensor, as we pointed out in

section 7.6.1. However, this property is not needed in the subsequent consi-
derations.

By 1‘2*’,”\,, we wish to understand the expression on the right of (9.4-2)
where the Christoffel symbols are replaced by the corresponding symbols
(9.4-7) with an asterisk. In the case of a correspondence between manifolds

*
the Rxy,, are the components of the Riemannian tensor of the manifold

[ ]
x(g%).
By straightforward computation we easily find
Reuy = ra: Ii” qi" q:i”
.23 Bu .23 Bu
+ P‘w\ P‘vp |¢Kw\ I‘Kvp ,wa\ ¢Kw\ ¢”w\ ¢x”‘ .
' Tpul 1P gyl [ Is Ppul [ Ppa Py,

Introducing the symbol V,®*,, by
VD= = BA¢KM+I"‘,A¢"“——I"’,,\¢*,,,—I‘",,,\¢K,,

we find by an easy computation that

aA 0 ¢"‘w\ r * r *va ¢'vp
Va®*,,—V ,Drp, = 4 #
TR T (B g, |y Dogul D 9%,
and thus we may infer that
hd ¢Kw\ ¢‘v;4
R"’AP = R*,,\,,+V,\(D‘3,,—V,‘¢",,\+ > > . (9.4—8)
A Bu

These are the desired equations of transformation.
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9.6 — Geodesic mapping

9.5.1 — THE PROJECTIVE CURVATURE TENSOR

With reference to section 7.6.9 we recall the relation between two corre-
sponding Christoffel symbols on manifolds in geodesic (also called: projective)
correspondence. According to (7.6-9) we have

D%y, = O304t 0ua, (9.5-1)
where ¢ is a scalar invariant and ¢, = d,p. Writing
ae = Vupr = 02,9—T"1,9c = P
we evidently have

Va D5, —V , P*p, = 80— 03P

Further
wa\ ¢KV/4 — 6:¢,\+6itp, 6:¢ﬂ+6:¢l’
P P 5;%4'6;% 0pPut0,9p
6/\¢v 6K
- 6K K .
6}{ s 6; ‘P/t APBPu—OpPpPa
Using the abbreviation
Yap = Pap—PAPsu (9.5-2)
we evidently have
Rrgy, = RKﬂ/\ﬂ+6;'pﬁ/\—'6i'pﬂP‘ (9.5-3)
Contraction on « and u yields
Rﬂ,\ = Rﬁ,\-l— (ﬂ—l)‘lpp,\. (9.5—4)

By inserting s, and y,, obtained from (9.5-3) into (9.5-2) we arrive at

Wegry = Wega, (9.5-8)
with

Wegr, = R"pu+

(6,\ Rp,—85Rp). (9.5-6)

These, however, are the mixed components of Weyl's tensor (9.3-27).
Summing up we may state:
The mixed components of Weyl's tensor are invariant with respect to geodesic
mapping.
Weyl's tensor is also referred to as the projective curvature tensor.
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We conclude this section by the following remark. The relations (7.6-13)
between the projective Thomas symbols and the Christoffel symbols are of
the type (7.6-8) when ¢, is replaced by —(1/(n+1))I",,=—(1/(n+1))
0, log 4/g. In this case they fail to be the components of a gradient, but
this fact did not play a part in the above computation. It is easily checked,
that the computation may be carried out for this new case and we arrive at

1
Wepp = Prpaut - — (03 Pgu—8, Ppa), (9.5-7)

where Pxg, , is found from R*g,, by replacing the Christoffel symbols by the
invariant Thomas symbols.

It should be noticed that contraction on « and x performed on the com-
ponents of Weyl’s tensor yields a tensor which is identically zero.

9.5.2 — A THEOREM OF BELTRAMI

The following theorem is due to Beltrami for the case of a surface. It states:

The only manifolds whose geodesics correspond to the geodesics of a space of
constant Riemannian curvature are manifolds of constant Riemannian curva-
ture.

If the dimension of the manifold exceeds two, then the theorem is a direct
consequence of the theorem of section 9.3.6 and equation (9.5-4). This
argument does not apply in the case » = 2, for then Weyl’s tensor is always
zero and fails to provide a test for constant Riemannian curvature. The
theorem is true, however, in this case, but its proof requires some attention.

We start with (9.5-3) which now takes the form

Rl\[l = R:\/o'*"/)/\,u'
Hence

Yau = RA;&"'RAF = Kg/\,u_Kg/\,u (95_8)

where K and K are the Gaussian curvatures of the surfaces under consider-
ation. Equation (9.5-7) is equivalent to

Pap = ‘P/\‘P,u"‘th\p_Kg/\p' (9'5—9)

Next we suppose that K is constant throughout the surface. Differentiat-
ing both members of (9.5-8) covariantly we get

VePrs = PacPut0aPuc+8140K—KV g1,
Hence
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VK¢/\["—V/‘¢RK = QaxPu—PapPet8ru 0K —gx« apK—K(ngAp—VpgAx)'
(9.5—10)

By virtue of (9.5-9) we have
PaxPu—PauPe = K(glx‘P#—gA,u?’x) _K(grlﬂ?’x"g&p?’x)' (9.5-11)
The Riccian commutation law (9.2-28) tells us that
qu’t\/f—vp"’/lx = VKVMPA—V,;VK%\ = —va\x/t‘pv (9 5_12)
= RVA/:K‘P» = K(azg/\k—(s;g)\p)?v = K(gAx‘Pp_gA/t‘Px)-

In order to bring the last term of (9.5-10) into a more manageable form we
make use of the fact, that the covariant derivative of the metric tensor on
the second manifold is zero, provided this derivative involves the starred
Christoffel symbols. That is to say,

ang/A = Fyl\xgvp‘*‘-rvpxg/\x-

By virtue of (9.5-1) we may rewrite this equation as

axg/\/t = le\xgu,u‘{"-pv,axgw\+67\gv,u¢x+6:gz\v¢p = ngAp+gA/4q7x+gAkq)/l'
Hence
—K(ng/\/l—vﬂg/\/l) = K(gl\x(p/f—gl/t(px)- (9'5—13)
Inserting (9.5-11), (9.5-12) and (9.5-13) into (9.5-10) we obtain
g/\paxK""g/\xapK =0,
whence, on transvecting by g*#
20, K—0,K =0.K =0, k=12

This proves the assertion.

9.6 — Conformal correspondence

9.6.1 — THE CONFORMAL CURVATURE TENSOR

A well-known theorem of elementary differential geometry states that it
is always possible to bring two surfaces in a three dimensional space into
conformal correspondence. The same arguments apply to surfaces in higher
dimensional space. _

The situation is not quite so simple in the case of manifolds of dimension
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exceeding two. However, we are able to derive an important conformal
invariant which is closely related to the tensor of Riemann.
We recall the formula (7.6-22):
(DKA;L = ‘5fxp+5:h“g"pguxp, (9.6—1)

where y is a function of g¢, k=1, . . ., #, and y, stands for d,y. The compo-
nents of the metric tensors on the two manifolds are related as follows:

8n = g, (0.6-2)
g = e—tghs, (9.6-3)

We insert the expressions (9.6-1) into (9.4-8). First we have
Va®*s,—V P2 = S xpa—OX Xpu+8"" (€oaXpu—E8ouXpr)r (9.6-4)

where

Xap = Vpr = akyx_-r‘l,uxx'
Next

|¢‘w\ ¢‘vy — 6:xk+6ixv_g"pgw\xp 6:Zp+6;x»_'gxpgmxp
P Pl 100+ 2088 2a Osxut0uts—8 Eoulo
a2 O;Zv 02y 88vulp _‘g“"gnxp 6:x, 8 °8nXp 8 8vuXp
Axs Rxel 10320 €7Couke! 18"78suko Oi2s! 1877 8mAs & 8suko

If we adopt the symbol A,(x, x) defined in (5.4-10) we find

Rfpap = Rfpau+03(Xau—2p 2u) +05 (Xan—28%2) +8° €A (Xvu—2v X )
= 8" 8pu(toa—2v 22) + (84852 —03854) N1 (2> %)
= Rp,— 05 (xau—2s2st380u 01 (1, X))+ (0.6-5)
—Op(xma—2pat+38mdi (1, 7))+
+g"gﬁA(xv,u_xvxp+'}ngAl(Z’ x)) _g”gﬁl‘(va_xva'l'%gw\Al(x’ x))

Introducing the abbreviation

W = Y= Xut 3806211, X) = 0, (9.6-6)
the equation (9.6-5) takes the form
. I3 8 Ky v
Rfgry = Rfgp,— K% _|g7en g70m . (9.6-7)
Wp Dppu §ea 8ou

Contracting on « and u yields
[
Rﬂ)\ = R’,\-l- (n—2)w,,\+g”w, (9.6—8)
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with
o =grw,,.
Transvecting both members of (9.6-8) by é"‘e’x = g#* leads to
R = R4+-2(n—1)w (9.6-9)

whence

guR =g R+2(n—1)g, 0. (9.6-10)
Eliminating w from (9.6-8) and (9.6-10) we get

2(n—1)Rp—gnR = 2(n—1)Rpn—gpR+2(n—1)(n—2)wp.

This may be written as

(n—2)wp = Lopx—Lp, (9.6-11)
with

1
Ll\”= Rt\p 2( l)gal‘R (96—12)

When we substitute the value of w,, from (9.6-11) into (9.6-7), assuming
thereby that » > 2, we find after an easy computation

Corp = Copa, (9.6-13)
where
1 8anr gap Lm\ La
Capry = 8axC¥pap = R, +— ( "). (9.6-14)
g o e Ly Lyg, gm  8au

This tensor is known as the conformal curvature temsor and was also
discovered by H. Weyl. Summing up we have:

The mixed components of the conformal curvature tensor are the same for
manifolds in conformal correspondence.

By the same arguments as those used in section 9.5.1 we may replace
the Christoffel symbols involved in the expression for C*s, by the
conformal Thomas symbols.

If the manifold is of constant Riemannian curvature then, according to
(9.3-21) and (9.3-22),

LA/A = ‘;‘(2—")Kg,\’. (9.6—15)
Inserting this into (9.6-14) we find
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The conformal curvature tensor vanishes for manifolds with constant Rie-
mannian curvature.

We complete this theorem by the assertion:

The conformal curvature tensor is zero for all three dimensional manifolds.

According to (9.2-7) the number of independent components of the
Riemannian tensor of a three dimensional manifold is six. This is also the
number of components L,,. We may consider them as unknowns in the
system of equations

La/\ Lm Y
8n  8pu

8ar gcz,u
iLgx Lg,

—Rapap = . (9.6-16)

By writing out these equations in full we obtain a system of six linear
equations for the unknowns L,,. The determinant of this system is not
identically zero as may be seen by inspection when we take the particular
values g,, = gy, = g3; = 1, while the remaining g’s are zero. Hence the
system (9.6-16) is consistent and we can also find a solution in the general
case. It follows that

—Rp = (1=-3)Lpn+Lpy—gnLl = —Lp—gnL

with
L = LAﬂg'\I‘.
Hence
R = L+43L = 4L
and

Lpy = Rp—temR.

These are exactly the expressions (9.6-12) for » = 3.

9.6.2 — EINSTEIN MANIFOLDS WITH VANISHING CONFORMAL CURVATURE
TENSOR

We wish to establish the following theorem:

If the conformal curvature tensor of an Einstein manifold is zero, then the
manifold is of constant Riemannian curvature.

The assertion is trivial when #» = 3. In fact, a three dimensional Einstein
manifold is always of constant Riemannian curvature as we pointed out in
section 9.3.5. In the previous section we showed that the conformal curva-
ture tensor of a three dimensional manifold is always zero.

Suppose that #» > 3. By hypothesis we have

Laz\ La;c
8on  8pu

8ar ga/c

9.6-17
le\ Lﬂl‘ ( )

(2—n)R,p2, =

v
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and
R
RA” == —’;'g,\”. (9.6—18)
Hence

n—2 n—2
L/\# = ngAF == m Rg"/‘ == %(2—”)[{3,\/,-

Inserting this into (9.6-17) the truth of the statement follows easily.



CHAPTER 10
THEORY OF INTEGRABILITY

In this concluding chapter we wish to discuss some geometric problems
which can be solved by applying the theory of integrability of partial
differential equations of the first order. We shall not state explicitly the
minimum conditions under which the results are valid, for they may be
found in text-books on differential equations. For our purposes it is suffi-
cient to suppose that the functions under consideration have continuous
derivatives up to the order entering in the treatment throughout a certain
region of the independent variables.

10.1 - The conditions of integrability

10.1.1 — COMPLETE SYSTEMS
Let us consider a system of partial differential equations
dax = Fr (d,...,a™ ¢, ..., q"), (10.1-1)

where « runs through thesymbols 1, . . ., m and u through thesymbols 7, . . ., »
Suppose this system has a set of solutions

z<(¢", . ... q") (10.1-2)
Inserting these functions into (10.1-1) and differentiating with respect to
g* we get

K
Ot = a:‘v,, &'+, Fr, = a;? ——£ F*, 40, F%,, (10.1-3)
where 9,F*, denotes the partial derivative of F K,‘(x L )
with respect to ¢*, the #/, . . ., 2™ being considered as mdependent variables.
Since the left-hand members of these equations are symmetric with
respect to 4 and u we see that it is necessary that the functions on the right
of (10.1-1) be such that

o) F« F=29, F",H-

— F, (10.1-4)

when the variables z, ..., 2™ are replaced by the functions (10.1-2). In
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general there are more relations (10.1-4) than functions z*. In fact, the
number of equations (10.1-4) is $mn(n—1) > m, whenever » = 3. Hence the
system (10.1-1) is integrable only in particular circumstances.

The equations (10.1-4) are called the conditions of integrability of the
system (10.1-1). An important case arises when they are identities in the
variables z and ¢g. The system (10.1-1) is then said to be a complete system
and in the next section we shall show that it is completely integrable, i.e., that
there exist solutions involving m arbitrary constants.

10.1.2 — THE INTEGRATION OF A COMPLETE SYSTEM

We proceed by establishing the following fundamental theorem:

A complete system of partial differential equations (10.1-1) admits one and
only ome set of solutions xx(g", . . ., q) such that for arbitrary values a* of g*
(within a certain region) the functions x* reduce to arbitrary constamts bx.

The theorem is true when # = 1, for then it is an assertion about a system
of ordinary differential equations. In this case there are no conditions
(10.1-4) and, therefore, the system may be considered as a complete
system.

Let us assume the validity of the theorem for n—1 independent variables.
We consider the system

9% = Fr, (&, ..., 2" ¢, ..., q"", a"), (10.1-5)

where u runs through the symbols 1, . . ., n—1. By hypothesis there is a set
of solutions
z<(¢", ..., ¢", a") (10.1-6)

depending on the parameter " and reducing to the prescribed constants b«
for ¢! =d',..., ¢! =a™L
Next we consider the system

Opax = Fr (@', ...,2™ ¢, ..., q" (10.1-7)

as a system of ordinary differential equations with respect to the variable ¢",
the variables ¢%, . . ., g"~! taking the part of parameters. On account of the
existence theorem for ordinary differential equations, we can find a set of
functions

z<(¢", ..., q" (10.1-8)

satisfying the system (10.1-7) and reducing to the functions (10.1-6) for
¢" = a". They have, moreover, continuous partial derivatives with respect
to all variables. It remains to be verified that they are also solutions of the
whole system (10.1-1).
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If 4 # n we have
02" |grmgn = F,( g, g a).
Hence
0,ax = Fr (&, ..., 2™ ¢, ..., q")+Gx (¢, .. .. q"). (10.1-9)

Here G*,(¢', . . ., ¢") are functions which vanish identically when ¢" = a".
We shall see presently that they vanish identically when ¢”* is an arbitrary
variable. To this end we perform the differentiation with respect to g":

oF«
B”G"l‘ = aﬂ,‘x"— '-ax—p/"F'"——a,,F"p, (10.1—10)
where we have taken account of the fact that the x* are solutions of (10.1-7).
In view of (10.1-9) we have

Opp®* = 4% = 9, F* ,,+ ”3 x¥

= 9,Fx + (F*,+G7,).

By virtue of the conditions of integrability (10.1-4), these being identities,
we may conclude that (10.1-10) reduces to

apxﬂ

0,Gx, = "G, (10.1-11)

Thus we see that the functions G«,, considered as functions of ¢*, are solu-
tions of a system of ordinary differential equations and these solutions re-
duce to zero for g® = a™. Since a solution is uniquely determined by its initial
values we may infer that the G”, are identically zero and this concludes the
proof of the theorem.

10.1.3 — CONDITION FOR A GRADIENT

A very simple illustration of the theorem of the previous section is con-
cerned with the problem of finding conditions under which a covariant vector

field coincides with a gradient. If the v,(¢’, . . ., ¢") are the components of
the field we have to consider the system of partial differential equations
2,8 = v, (10.1-12)

The conditions of integrability are
v, = 9,0, (10.1-13)

stating that the rotation of v vanishes. Hence:
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A covariant vector field is a gradient if and only if its rotation vanishes
identically.

10.1.4 — TENSOR EQUATIONS
In many geometrical equations we encounter equations of the type
V V& "’l L _'f!“lm‘,ﬂl By (10.1—14)

where the a*1+%s; .8, are the components of a tensor and unknown func-
tions of the variables q’L It is understood that these equations have a meaning
on a given n-dimensional manifold and that V, symbolizes the covariant
derivative. The expressions on the right, being also the components of a
tensor, depend on the ¢’s as well as on the «’s.

First we consider a particular case:

Vizs = fup. (10.1-15)
This system is essentially a system of partial differential equations, viz.,
0u%p = fupt1"pu%,. (10.1-18)

The conditions of integrability arise from

aafpp'f‘ f 3Axv+a/\1w va+'r’ ﬁ[lal\xl’

= al‘f/\ﬂ+ 7{;‘—43ﬂxv+3ﬂr”ﬂ,\x,+l""m3,‘x,,
14

where the derivatives of the 2’s must be replaced by their expressions from
(10.1-18). Performing the substitutions and taking account of (9.4-2) a
straightforward computation yields

'—Rvﬁ/\va = V/\fpﬁ—vp fAﬂ» (101—-17)

where V,f,; stands for
' 9
a/\flll_‘_ 'éf;}! a/\xv_I'»pAfvﬂ—Pvﬁ/\fﬁv

and d,z, for the expression on the right of (10.1-16) (with appropriate sub-
scripts, of course). A similar expression stands for V, fy,.
With reference to (9.2-28) we may state that the conditions of integrability
(10.1-17) have been obtained by formal covariant differentiation of (10.1-15).
Proceeding along the same lines we find that the conditions of integrability
of the system
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V25 = f,x (10.1-18)

may be written as
Rxw\va = VAf/aK_fo/\x- (101-—19)
The conditions of integrability of the system (10.1-14) will be found when

we take account of the remark at the end of section 9.2.5. The differentiated
terms of V, f,“‘l""‘-,r._,' are

afl‘xl...x,ﬂ v
a,\f,.“'"x’ﬂr--ﬁc—i_ W 3“"""'"’,,,...“,
By.--Be
where the 0,2"+"» are obtained from (10.1-14).

PyPq

10.1.5 — MANIFOLDS ISOMETRICALLY EQUIVALENT TO A FLAT

It is an easy matter to show that the components of the Riemannian tensor
of aflat areidentically zero. In fact, a flat may be represented by the equations
(9.6-1). As a consequence the first derivatives of the coordinate vector are
constant and, consequently, the second derivatives vanish.

It is our aim to establish the converse theorem, that is to say:

A manifold such that the components of its Riemannian tensor are identically
zero is isomelrically equivalent to a flat.

First we observe that the system

V,x;=0 (10.1-20)
where 2, represents the components of a vector field on the manifold, is
completely integrable. Indeed, the conditions of integrability are

R'ﬂ;\”x,, =0 (10.1*21)

and, by hypothesis, these are identically fulfilled. Hence, by taking suitable
initial values, we can find a set of solutions

G0y, B=1...m, (10.1-22)

such that
det [gf] #0, k=1,...,n, B=1..,n, (10.1-23)
at the point determined by initial values of the independent variables g~.

We shall write
0udp = I™\uk (10.1-24)

Vugh = 0. (

Next we consider the system of partial differential equations

rather than
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2.q* = g}, (10.1-25)
the ¢*, g still being functions of the ¢*. The conditions of integrability are
NGt = 9,4} (10.1-26)

and these have been identically fulfilled because of (10.1-24). Hence we can
find a set of functions g* such that the jacobian, being the determinant
(10.1-23), does not vanish. We may take them as a new set of parameters.
In view of the law of transformation (7.4-3) we have

I'K/\paqu = I‘klmalq'a,uqm'l'alﬂqk'
From (10.1-25), (10.1-24) and (10.1-23) we may infer that
e, =0, kim=1,..,n,

throughout the manifold.
If g,,, are the components of the metric tensor with respect to the para-
meter system (k) we find from Ricci’s theorem (9.1-44)

% 8im = Vigim = 0.

Hence the components are constant throughout the manifold and it is, there-
fore, isometrically equivalent to a flat.

10.2 — Geodesic and conformal mapping

10.2.1 — GEODESICALLY EQUIVALENT MANIFOLDS

Let us assume that a manifold ;(q‘ ) is geodesically equivalent to a given
manifold x(g*). We wish to investigate the metric tensor g‘v,\ u of the manifold
x(g*).

Ricci’s theorem of section 9.1.7 states that the covariant derivative of the

metric tensor g.,\ 4 is zero on the manifold x. This can be expressed by the
equation

axglp = I"Axglm‘l‘lw;u:g:\v' (10'2"'1)

Next we refer to the relation (7.6-9). Accordingly (10.2-1) may be cast into
the form

Ve&as = 20c80ut+Pr8uctPuiers (10.2-2)
where the covariant differentiation has been defined by means of the Chri-
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stoffel symbols on the manifold x. The equation (10.2-2) expresses that the

components of the metric tensor of the manifold x satisfy a system of
partial differential equations.

Conversely, let us assume that we can find a vector ¢, and a manifold x
whose metric tensor satisfies (10.2-2), where it is understood that this second
manifold is referred to the parameters of the manifold x. Observing that

}(Vlgpx‘*'vpgm\'_vxg/\p) = I‘xAp_IwApgvx
we find from (10.2-2) that

PxAp=PvApgvx+q’Ag[lx+¢pgxw\- (10'2—3)

Transvection by é“" yields the equations (7.6-9) and it is easy to show that
the ¢, are the components of a gradient. Hence

A manifold );(q*) is geodesically equivalent to a manifold x(g*) if and only

if the components é;l u Of its metric tensor are solutions of a system of partial
differential equations (10.2-2), where the @, are the components of a sustably
chosen gradient.

We proceed by writing down the conditions of integrability of the system
(10.2-2). They arise from

VaV,u8sy—VuVasy = Va(20,8sy+9s8yut 9y 8u8) +
—Vu(20285,+Ps8y2 95 828),
where the expression on the left must be replaced by
— R4 8ry—R"yru8vp

and the covariant derivatives of the g"s on the right by their expressions
(10.2-2). From

'VA Vp gﬂy = 2¢Apgﬂ'y+‘pﬁ/\ gyp+¢'y:\ g/lﬂ+ 2¢P,4 (2"’/\ gﬁ'y +‘Pﬁ g7A+¢y gAﬂ)

1052028y st Py 8uat@u8ay) +Py (202884t u8or+Ps824)
we get by introducing the abbreviation (9.5-2):

R’ﬂApgv7+'Pﬂa\g7p_'/’ﬁpgrA+RyyApgvp+'P7Agﬁp_'P7pgﬂ = 0. (10.2-4)

These are the required conditions of integrability.
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10.2.2 — GEODESICALLY FLAT MANIFOLDS

In this section we shall complete the discussion of section 9.5.2.

A manifold is said to be geodesically flat when it is geodesically equivalent
toaflat (or, what amounts to the same thing, whenit is geodesically equivalent
to a manifold which is itself isometrically equivalent to a flat).

Suppose that the manifold xis isometrically flat. Under the assumption
that the manifold x is geodesically equivalent to x the relation (9.5-3) yields
Rxﬁl\lt = 6{1/1‘9/‘—6;1[)”,\ (102—5)

and (9.5-2) reads
Vs = vusto.0s (10.2-6)

Assume, conversely, that the Riemannian tensor of the manifold x takes
the form (10.2-5). Contraction with respect to x and u yields

Rﬂ,\ = (1—”)1pﬂ,\ (102—7)

and it follows that the y,, are the components of a symmetric tensor. Ac-
cording to section 10.1.3 every vector g, satisfying (10.2-8) is a gradient.

The assumption stated above is equivalent to the statement that the
mixed components (9.5-6) of Weyl’s tensor vanish. Hence, according to the
theorem of section 9.3.6, the manifold is of constant Riemannian curvature
whenever # > 2. Thus the assumption (10.2-5) asserts that the Riemannian
tensor takes the form

Regry = K(038p,—0%8m), (10.2-8)

where K is constant, provided that » > 2.

Suppose next that the equations (10.2-6) have a solution. If the
functions @, are inserted into the equations (10.2-2) then it is an easy
matter to verify that they also have a solution, for from (10.2-5) follows
that the relations (10.2-4) are identities. Hence the manifold x is

geodesically equivalent to a manifold x whose metric tensor has the com-
ponents g, ,. By virtue of (9.5-3) the components of the Riemannian tensor of

the manifold x are identically zero and, consequently, the manifold x appears
to be geodesically flat.

It remains to discuss the equations (10.2-6). According to (10 1-17) the
conditions of integrability are

—Rpupy = VA'PM—V;"/’M‘FVA(%‘P;’)—Vp(fPW)% (10.2-9)
Taking account of (10.2-5) and (10.2-6) a straightforward computation
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yields
Vavus—Vuypas = 0. (10.2-10)

It is interesting to notice that these relations are a consequence of (10.2-5)
in the case that n > 2. In fact, applying Bianchi’s identity (9.2-13) to
(10.2-5) we get

V=0Vt 0, Vays— 0, Vays,+0, V9 —0iV,pp = 0.
Contraction with respect to « and v yields

(n—2)(V,ppr—Vayp,) =0

and this proves the assertion.
From (10.2-7) and (10.2-8) we deduce

Yap = Kgau. (10.2-11)
Hence (10.2-10) is equivalent to

g/,ﬂaAK—gMa/,K = 0,
whence

The meaning of this is that the conditions (10.2-10) are identically satisfied
whenever K is constant (including the case # = 2). Thus we proved:

Any manifold of constant Riemannian curvature is geodesically flat.

A direct consequence is:

Any two manifolds of constant Riemannian curvature are geodesically equiv-
alent.

This result completes Beltrami’s theorem of section 9.5.2.

Transvecting both members of (10.2-6) by g##, taking account of (10.2-11)
we see that the scalar invariant ¢ whose derivatives appear in (10.2-2)
satisfies the equation

Ap— Dy (p, @) = 2K, (10.2-12)

where A is the laplacian and A, (g, @) is Beltrami’s differential parameter
(6.4-10).

10.2.3 — CONFORMALLY FLAT MANIFOLDS

A manifold which can be mapped conformally on a flat is said to be
conformally flat. In section 9.6.1 we proved that the conformal curvature of
such a manifold vanishes identically. It will be our task to find a sufficient
condition for a manifold to be conformally flat.
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It appears from (9.6-7) that there must exist a tensor w,, such that

8ar  Bap Wap Way
Ropry = , 10.2-13
aoAn Wpr Wgy 8sr 8pu ( )
whence
Rﬁ,\ = —‘(n'—2)(0m1—'gﬂ,\w (102—14)
with

o = g*wgy,.
According to (10.2-14) the tensor w,, is necessarily symmetric. In addition,
according to (9.6-6), there must exist a scalar invariant y such that
Vuxs = 0+ 2825388 D1 (0, 7). (10.2-15)
where y, stands for 0, %.
The conditions of integrability of this system of partial differential
equations arise from
—Rlpruxy = Vawg—V, 0+
+Valtexu) —Valaxa) +3eaa Va1t 2) =386 Va1 (% 2)-
First we observe that (10.2-14) implies

(10.2-16)

RY gaudty = X0 0pu—Xu Opr+E* 20 (02 8au—Dappa)-

In view of (10.2-15) we have

Valtezw) —Vaulxexa) = 2:Vaxs—12Vu2s

= 2u 0 —2 9+ (€puX2—E2 2u) Ar (1, 7)-
Hence (10.2-16) reduces to
VAwﬂp_v,uwﬁA+g¢va(w¢Agﬁp_waﬁgﬁA)+
380 D1 (1 2) — 382820 D10 2)—38us Va A1 (1, 2) +3822 Vw22 (2, 2)-

Finally we have

W 0.0 2) = 3¢ Voulta ) = 36 (0upt 2o Xu—38an Ar (1 2)) 20+

+‘;‘gw(a’vp+lvx/¢_%gval(l» 4 )Xa = gavlvw¢p+%ZpA1(l’ 1)

Thus we may infer that the conditions of integrability of the system
(10.2-15) take the simple form

V,\wﬁ,‘-—V#wﬂ,\ = 0. (10.2—-17)

Introducing the tensor L,, defined in (9.6-12) we easily deduce from
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(10.2-13) that

L,\# = —-(”-—2)60,\‘. (102-18)
Hence (10.2-17) is equivalent to
VALpI‘—V,‘Lﬁ,\ = 0, (102—19)
provided that # > 2. Inserting (10.2-18) into (10.2-13) we get
1 8ax 8au La/\ La )
Reppn = —-—( “). 10.2-20
o n—2\ILp Lgul |8 8pu ( )

Hence the assumption (10.2-13) is equivalent to the statement that the
conformal curvature tensor vanishes.
Transvecting by g** we find

1
Ry = Lot P Lggn (10.2-21)
where L stands for L,,g*#. Hence
n 2n—2
R= L= L. .2
Lt -—— o (10.2-22)

As a consequence Einstein’s tensor (9.2-16) appears as
G,\/‘ = L:\/A_Lg/\./r (102—23)
Next we wish to show that in the case that n > 3 the relations (10.2-19) follow
from (10.2-20). In fact, applying Bianchi’s identity to (10.2-20) we get

8ax Vv Lﬂ/t_'gaﬂvv Lﬁ/\ +gﬁp Vv Lm\ —8pa Vv La/4
+ga,uVA Lﬁv'_gaw VA Lﬁp""gﬂvvk La.p‘—gﬂp V)l Lav
+gavv;o Lm\ —8ar Vp Lﬂv+gﬁa\vy Lav"'glvv,u Lau\ = 0.

Transvection by g* yields
(n—2)(VaLgu—V,Lg)
= gﬂp(g”vaau\"‘VAL)_gﬂ/\(gavvaa/t—vpL)
=gﬁﬁgavva¢/\"‘gﬂAg”VvGap-
This last expression vanishes on account of (9.2-17).

Summing up we may state the following Weyl-Schouten theovem.

A manifold of dimension > 3 is comformally flat if and only if the
components of tts conformal curvature temsor vamish idemtically. A three-
dimensional manifold is conformally flat when the tensor L,, satisfies the
condstions (10.2-19).

As we know, a surface is always conformally flat.
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10.3 — Bonnet’s problem

10.3.1 — STATEMENT OF THE PROBLEM

An interesting application of the theory of integrability is concerned with
the following problem: We are given two sets of functions

el g, 8ap = Euro Ahu=1...,n  (10.3-1)
and

(@ o0 g™, Mu=ha Ap=1..,n  (10.3-2)
We ask whether there is a hypersurface
x(g, ..., q" (10.3-3)

in an (n+1)-dimensional space having (10.3-1) and (10.3-2) as fundamental
tensors. This problem is known as Bonnet's problem.
We recall the equations of Gauss and Weingarten, viz.,

OuX = 0 XI') ,~+-nhy, (10.3-4)
and
ohn= —0,xh,,g~. (10.3-5)
These equations describe a relation between the fundamental tensors, the
coordinate vector x and the normal vector n.

Between the first and the second fundamental tensor exist, among other
things, the relations of Gauss and Codazzi, viz.

byt I euhry = 3, hoa+T" a by (10.3-7)
and
Raﬂ/\/o = a/\hﬁ/‘—haphﬂA: (103-8)

where R,,, is the expression (9.4-5).
If we make the additional assumption that

det [g,,] > 0 (10.3-9)

we can prove that the conditions (10.3-7) and (10.3-8) are sufficient in
order that the sets (10.3-1) and (10.3-2) be realizable as the components of
the first and the second fundamental tensor of a hypersurface.

Before starting our problem in a consistent way we wish to make some
preliminary remarks.

First we observe that we can derive from the functions (10.3-1) a set of

functions - .
&g, ... q" (10.3-10)
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such that

g8t =84 (10.3-11)
identically. This is an algebraic problem, for we have to solve systems of
linear equations with non-vanishing system determinants.

Next we introduce the three index symbols by means of their expressions
(7.3-12) and (7.3-7). Again we introduce R*s,, by means of (9.4-2) and
Rapry 35 gax R*pay. It is now clear that the equations (10.3-7) and (10.3-8)
have a meaning without reference to a hypersurface.

The computations in the subsequent sections are much facilitated by using
the notion of covariant differentiation in a formal way by means of their
expressions derived in section 9.1.4. A mere verification leads to equations
such as

VAV,‘:C,—VPVAQ:, = —'RvﬁAl‘Z,
if
V,\x” = 3Ax,,—F”A,,x‘
and so on.

For the sake of illustration we wish to carry out the verification in this

example. According to the definition we have

V,\V,‘:c, = 3,1V,,x,——l’",,,\V,x,,—-P”,,\V,,x,
= 3,\,,:1:,—3,\["’,,,:1:,,—1"",,‘3,\&:#
—'Pyﬂ,\ V,,x,——l""M al,x,—{—l’”ﬂl"’m‘zx.
Hence
V,\V,,z,——V,.VAx, = ——(3,\I”‘,,,—-3,‘I"‘ﬂ,\—l-l"'",,l,F",A—P‘,,\I"pﬂ)xx

and this proves the above assertion. Thus the whole apparatus of tensor cal-
culus is at our disposal.

10.3.2 — THE DIFFERENTIAL EQUATIONS OF BONNET’'S PROBLEM

We proceed by showing that Bonnet’s problem can be solved by means of
a system of differential equations of the type (10.3—4) and (10.3-5).

Let x(¢*) and y(¢*), k=1, . . ., n, denote two unknown vector functions
which satisfy the system of differential equations

0,X = X,, (10.3-12)

3,,:{,, = Xxpxﬁl‘-f-yhl‘,, (10.3—13)

0,y = —Xh,p8%, (10.3-14)

where the x,, k=1, . . ., n, are auxiliary functions, also unknown before, of
course.
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In a more concise form this system appears as

Vux = x,, (10.3-15)
Vx5 =yh,,, (10.3-16)
V.y = —x,h,.g*". (10.3-17)

The fact that we are dealing with vector functions is of no importance.
Each vector function represents a set of #-1 scalar functions, the com-
ponents with respect to a fixed frame in the (z-+1)-dimensional space. Hence
the theory of integrability applies also to systems such as those under
consideration.

Next we assume that the conditions (10.3-7) and (10.3-8) are identically
fulfilled.

The conditions of integrability of (10.3-15) arise from
0=V,V,x-V, V,x =V, x,—V,x,,
when we take account of (10.3-16). We get
Y(hau—hw) =o,

an identity, for the functions 4, , are assumed to be symmetric with respect
to their subscripts.
The conditions of integrability of (10.3-16) arise from

—X Regp, = VoV, x5—V Vaxp =y (Vahus—V uhag)+Vay hug—V uy hag.
In view of (10.3-17) we have
VaY b=V ¥ bag = X8 (—huphrataghya)
= —X,tga‘Ra’,\/‘ = ——X,‘R"p,\[‘.

Also in this case we obtain identities, for the equations (10.3-7) are equi-
valent to V h,, =V, hy,.

Finally we observe that the conditions of integrability of (10.3-17) arise
from

0= ViV, y—V, iy = X8 (—VahpatV, ) +
—VaXe 8%tV X8 brg = (VuXhpa—VaXih,y)g™.

Referring again to (10.3-16) we obtain for this last expression

.y(hl\uhpx_h;mh/\x)gax

and by inspection we see that this expression vanishes identically. Thus we
have proved:
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Under the assumptions (10.3-7) and (10.3-8) the system consisting of the
equations (10.3-15), (10.3-16) and (10.3-17) is completely integrable.

As a consequence we can find a uniquely determined set of vector functions
x(g%),y(g%), xa(g%), 4, « = 1, . . ., m, taking prescribed values for given values
of the independent variables g~.

10.3.3 — SOLUTION OF BONNET'S PROBLEM

Continuing our considerations we may now show that a hypersurface
(10.3-3), where x is obtained from the equations (10.3-15), (10.3-16) and
(10.3-17), admits the functions (10.3-1) and (10.3-2) as the components of
the first and the second fundamental tensor respectively. It is understood,
of course, that (10.3-9) also holds throughout a region in the numbers pace
of the ¢g«. To this end we introduce the functions

D= X)Xy, =Xy, z=yy. (10.3-18)
They are solutions of the system
Viuzgy = hguzythy,zg, (10.3-19)
VﬂZﬂ = —haﬁg""‘z”,—l—hﬂz, (103—20)
V2= —2h,,g%z2,. (10.3-21)

The verification that this system is also completely integrable offers no
difficulty. Hence there is only one set of solutions with prescribed initial
values for given values of the independent variables g~. By inspection we see
that the functions

zﬂy = gp,y, zy =0 , 2=1, (10.3—22)

satisfy the system under consideration. Now it is always possible to find a
set of solutions of the system considered in the preceding section, such that
its values for given values of g~ satisfy the conditions (10.3-22). Since the
solutions of (10.3-19), (10.3-20) and (10.3-21) are uniquely determined by
their initial values we, therefore, have for all allowable values of g*:

XXy =gu Xy=0  yy=1L (10.3-23)
On account of (10.3-12) we also have
NX0,X =gy, (10.3-24)

and thus we see that the g,, are the components of the first fundamental
tensor of the hypersurface x(g*). If we identify y with the normal n we find
from (10.3-13) and (10.3-23) that
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h,\# = na,ux, (103—25)
i.e., the functions 4, , are the components of the second fundamental tensor.
Assume now that we have constructed a second hypersurface x such that

this and the corresponding functions x,, y take prescribed values satis-
fying (10.3-22) for some given values of the variables gx. To these values
corresponds a point of the manifold and at this point we have

XX, =@pw Xy=0  yy=1L (10.3-26)

But when we replace the initial values of ;', );K by the values of x, x, for
the second values of g, we have moved the second manifold to another
which coincides with the first one on account of the uniqueness. The
equations (10.3-23) and (10.3-26) express the fact that the frames

(;',, ce ;r,,, _;') and (x,,..., X,,y) evaluated for the same values of the
independent variables are congruent. Thus we arrive at the result:

There exists a hypersurface with prescribed first and second fundamental
tensor, provided the equations of Gauss and Codazzi are satisfied. All these
hypersurfaces are congruent.

10.3.4 — THE EQUATIONS OF APPLICABILITY

The result obtained in the preceding section enables us to give an answer
to the following question: Under what conditions are the functions (10.3-1)
the components of the metric tensor of a hypersurface?

This problem may be attacked in the following way. Let x(g%) denote a
hypersurface. At a given point we take an orthonormal set of (tangential)

unit vectors e, A =1, ..., n. Combined with the normal n they constitute
h

an orthonormal set in the ambient space. Next we consider a unit vector e
in the space, this vector being independent of the parameters g~. We may
decompose this vector with respect to the orthonormal frame under consid-
eration by writing

e=mn(en)+ > e(ee). (10.3-27)
A=1M L3
If
e=Xx.65 X,=0,X, (10.3-28)
L] )

and if we introduce the scalar invariant
z=ex (10.3-29)
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then, evidently,
ee=c¢*o,x, h=1,...,n. (10.3-30)
h h

Hence the norm of the vector (10.3-27) may be expressed as

1= (en)*+ 3 etef 0,20,
P Y

(10.3-31)
= (en)®4-g** 0,20, = (en)®+ A, (2, ),
where we have made use of (2.3-18). It follows that
en = +V1— A, (x, z). (10.3-32)
Multiplying both members of (10.3-4) by e and introducing the functions
x,\,, = 3,\‘,‘:&——11",\,,3,(2: (103—'33)
we get
xy, = hyen. (10.3-34)
Finally we obtain from (10.3-8)
ZarZpy—LapZpr = RaﬂAu(l—Al(m, x)). (10.3-35)

These equations are known as the equations of applicability.

Our main result will be the following:

A necessary and sufficient condition for the existence of a hypersurface with
prescribed first fundamental temsor is that the system of partial differential
equations (10.3-35) possess a solution with A\, (z, z) < 1.

We only have to verify the sufficiency of the condition stated in the theo-
rem. Let us assume that the system (10.3-35) possesses a solution z(g*) # 0.
Next we introduce the functions &,,:

L2
e V1— Az, z) ( )

It will be our aim to show that there is a hypersurface with the prescribed
metric tensor and having the functions (10.3-36) as components of the sec-
ond fundamental tensor. To this end we must verify the conditions (10.3-7)
and (10.3-8).

In view of (10.3-35) the equations (10.3-8) are valid. But also the verifi-
cation of (10.3-7) offers no difficulty. We shall write them in the form

V,\hﬁp = Vﬂh’,\. (10.3—37)
Now it follows from (10.3-36) that
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Vahsu—V, s (10.3-38)
1 1 xﬂ V,\Al(x, w)——a:MV Al(x, x))
= | V3 25,—V 2 — L £ .
‘/I“Ax(x,x)( et g 1= Ay(=. 2)

In order to prove that the expression between brackets vanishes we observe
that in the first place

V,\x,I,—V,,xM = —R",,\,,:v,‘.
Secondly we have

VaAi(x, ) = Vi (g%% 0,20, %) = 28% 24y X\,
whence

2, Va1, ) =252V, A\, (2, )
= 2g“(x¢/\xpp—xux¢p) = 2RK[M;¢(1‘_A1(x: x)).

Inserting these results into (10.3-38) we find (10.3-37). This completes
the proof of the theorem.

10.3.5 — THE INDEFORMABILITY OF A HYPERSURFACE

In ordinary space a surface is not determined by its first fundamental ten-
sor alone (even when we leave movements out of consideration). In fact, a
sufficiently small part may be deformed in many ways without stretching.
Hence there are many second fundamental tensors compatible with the first.

One should expect the same situation in higher dimensional space, since in
that case there are more degrees of freedom available. It is, therefore, very
surprising that in general a hypersurface is not locally deformable. This fact
is stated in the following theorem:

The second fundamental tensor of a hypersurface is determined (within sign)
by the first fundamental tensor, when its rank exceeds the number two.

We interpret the second fundamental tensor, evaluated at a preassigned
point, as a linear operator defined in an #-dimensional vector space, asso-
ciated with the tangential hyperplane at the given point. With respect to a
given system of parameters the mapping may be represented by

e = i, (10.3-39)

The dimension of the image space is equal to the rank of the operator with
components 45 (see section 1.2.4) and is, therefore, greater than two. All
vector planes through the vector x are transformed into vector planes
through the corresponding vector u and they do not coincide with a single
vector plane, since the rank of the mapping exceeds two. Hence the vector
u is known if the images of the vector planes are known.
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A plane is given by a simple bivector (section 4.3.2) and it determines the
bivector up to a multiplicative constant. To a simple bivector

ah = gryr oty (10.3-40)
corresponds the bivector
br = (Wi hy—hy hL)ars (10.3-41)

and by a straightforward calculation we may verify that this bivector is also
simple. Hence the mapping of the vector planes is uniquely determined by
the tensor

Raﬁ/\p = al\hﬁp'—haphﬂb (10.3—42)

where the expression on the left only depends on the components of the first
fundamental tensor (section 8.4.3). Since the mapping of the vector planes
determines uniquely the mapping of the rays, the components %, , are unique-
ly determined by (10.3—-42) within a factor e. Inserting this factor into
(10.3-42) we find &2 = 1, proving the theorem.

An equivalent statement of the above theorem is the following:

A hypersurface is locally rigid if more than two of its principal curvatures
do mot vanish.

In fact, by reducing the operator 4,, on principal axes, we see that this
assertion is equivalent to the statement that the rank exceeds two.
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