UNIVERSAL
LIBRARY

OU_156378

AdVvddl T
1VSHIAINN






AN INTRODUCTION
TO LINEAR DIFFERENCE EQUATIONS






AN INTRODUCTION
TO LINEAR DIFFERENCE
EQUATIONS

BY

PAUL M. BATCHELDER, Ph.D.

ADJUNCT PROFESSOR OF PURE MATHEMATICS
THE UNIVERSITY OF TEXAS

PUBLISHED WITH THE COOPERATION
OF THE
NATIONAL RESEARCH COUNCIL

CAMBRIDGE, MASS.
THE HARVARD UNIVERSITY PRESS
1927



PRINTED IN GERMANY BY LUTCKE & WULFF, HAMBURG



PREFACE.

Tmportant progress has been made during vecent years in
the theory of linear difference equations. Previously the
development of this subject had lagged far behind  that of
the related field of linear differential equations, as a vesult
of certain intrinsie difficultiex which called for the introduction
of new ideas and methods. The first of these new ideas
was that of asymptotic representation, which was developed
by Poincaré and applied by him in 1885 to the study of
difterence cquations.™  About 1910 eftective methods of
attack were devised almost simultaneously by Noirlund in
Denmark, Carmichael and Birkhoff in this country, and
(+albrun in France.© These four mathematicians all succeeded
in proving in different ways the existence of analytic solutions
of linéar homogeneous difference equations and studying their
properties. Since then considerable further work has been
done along the same lines both by these and by other
investigators.

Up to the present time no attempt has been made to
provide the student with a convenient introduction to this
new field, in which so imany problems still await. solution.
The only book which deals with the theory from the modern
standpoint is the recent one of Norlund;f while this is of
great value to the advanced student in furnishing a general
view of the literature of the subject, its failure to give a

* Amer. Journ. Math.. 7 (1885), pp. 203-258.

t Norlund: Bidrag til de lineaere Diflerensligningers Theori (Uopen-
hagen, 1910). Carmichael: Trans. Amer. Math. Soc., 12 (1911), pp. 99-134.
Birkhoff: ibid., pp. 243-284. Galbrun: Acte Math., 36 (1912), pp. 1-68.

1 Vorlesungen iiber Differenzenrechnung (Berlin, 1924).
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systematic presentation of the clements of the theory renders
it unsuitable for the beginner. The aim of the present book
is in part to fill this need by affording as simple and direct
an approach as possible to the fundamental facts and ideas
of the theory, and in part to extend the boundaries of the
-subject by studying certain important exceptional cases which
have hitherto defied analysis.

No knowledge is presupposed of the student beyond the
clements of the theory of functions of a complex variable.
[n the first chapter various topies relating to difference
equations are dcalt with, and the reader becomes acquainted
with some of the fundamental concepts and methods which
he will need later. The second chapter is devoted to differ-
ence equations of the first order, including of course the well
known gamma funetion, all of whose principal properties are
derived in a simple and divect fashion. To increase the
value of these two chapters to the student a set of exercises
ix added at the end of each.

In the third and fourth chapters a detailed study is made of
the hypergeometric difference equation, i. e., the linear homo-
geneous equation of the second order with linear coefficients.
The theory of this equation presents most of the main points
of interest of the general theory of linear homogeneous
equations of the w»th order with rational coefficients, yet
without the excessive complication and abstractness of the
latter, because concrete and explicit formulas can be obtained
throughout. For this reason it affords an admirable introduction
to the general theory. The form of trecatment employed aims
to familiarize the student both with the methods of Birkhoff,
who bases his work on the divergent power series which
formally satisfy the difference equation, and with those of
Norlund, who makes extensive use of the Laplace trans-
formation and of factorial series and other expansions. For
similar reasons the hypergcometric equation is sometimes
used in the form of a single equation of the second order.
and sometimes as a system of two equations of the first order,
each form having certain advantages which the other lacks.
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The third chapter deals with what is called the *‘general
case” of the hypergeometric equation, in which the two roots
of the characteristic equation are assumed to be finite, distinet
from each other, and different from zero. It is this case
which has almost exclusively been treated hitherto. In the
fourth chapter the theory is extended as far as possible to
the “irregular cases”. in which the above conditions are not
satisfied. It is in this chapter that most of the new results
in the present book are contained. It has been found possible
to work out the theory of the cases where one root of the
characteristic equation is zero, or one infinite, or both, almost
as completely as that of the general ease.  In the remaining
cases, in which the roots are equal to each other, considerable
progress has been made, but further investigation is still
required before the theory can be considered complete.

The author desires to express his gratitude to Prof. C. R. Adams
of Brown University for reading the manuscript of thisx book
and making numerous helpful suggestions, and to the National
Research Council for its aid in publishing the work. Above
all is he deeply indebted to his friend and former teacher,
Prof. G. D. Birkhoff of Harvard University, under whose
euidance he first studied difference cquations. The general
spirit of the method of treatment adopted in the first two
chapters, as well as many of the details, are duc to him,
and his generous aid and counsel have bheen a constant in-
spiration to the author throughout.

P. M. BATCHELDER.
AusTIN, TEXAS,
December, 1926,
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Cnarrenr 1.
Fundamental ideas.

§ 1. Difference equations.

A differcnce equation is a functional equation of the form

D (x, f(x), f(o-+1), el fQrn),

O 716 PR 1€ NN TT) R A I ) 0.

where @ is a given function of the independent variable .
and the values of the unknown functions f(), g (). - - -, k()
at the set of points ., o -} 1. -2, .... The more general
case in which the interval between the suceessive points is
any real or complex number w, instead of 1, can be reduced
at once-to that above by the substitution z = @', f(wa’)
= @ (a'). The variable .» we shall take to be complex:
a = wu-iv (u, v veal, i = V —1),

A difference equation in which the values of one or more
of the unknown functions at x and x4 both appear, but
not their values at w-+n-+1, 2+n+2, ..., is said to be
of the nth order.

If @ is linear in all its arguments except .r, the equation
is called linear. We shall consider only linear equations in
this book. The general linear difference equation of the mth
order in one unknown function y(x) may be written

tn @) y(r+n)+ana @) y@+n—1)+ -4 ay () y(r)
@) = @),

where the coefficients a, (), an—1 (@), - -+, o (), b(x) are
known functions. If h(x) = O, the equation is homogeneous,
otherwise it is non-homogencons,
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The funetion
Aylr) = y(z-+1)—y(x)

is called the difference of y(x). The difference of this, namely

Ay(@) = AAy@) = y@+D—2y@-F1)+y().
is called the second difference of y(x), ete. The nth difference is

My@) = yr+n)—ny@+n—1)
n(n—1) .
+ 9 Ye4+n—2)— ...+ -1y,

These equations may be solved for y(r-F1), y(a-+2), .-+, ylor+n),
giving

ya-+1) ==y @)+ Ay @),

J( —I—") I/( ) | 2Al/( )+.1 ./( )

1 )
() = )+ ndy@)+ "‘" D e, Y+ Y.
It these are substituted in eq. (2) the latter takes the form
An @) A" y (@) + Ap—r @) A"y (@) -+ -+ Ao(@)y (@) == bl).

It was this notation which led to the name “difference
equation™,

Instead of a single linear equation of the nth order, we
may have a system of n simultancous linear equationx of
the first order

@) yi+1) = zm D @)+ b @) (=1,2,.. ).

involving » unknown functlons yi@). Such a system is
essentially equivalent to eq. (2). For many purposes it is
more convenient than a single equation; it has greater
symmetry, and with the aid of the matrix and determinant
notations it brings out clearly the analogy between nth order
and first order equations. On the other hand, the single
equation is superior in that a single unknown function is
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isolated and its explicit dependence on the known cocfficients
is stated. In the present book we shall not confine ourselves
exclusively to either form. For » -== 1 the two forms coincide,
and we have. as the simplest example of both, the equation

¢ . g - 1D —r (D () = re (o).

which is studied in Chapter 11 _

For the most part we shall consider only difference
equations whose coefficients are rational functions. In seeking
solutions of such equations we shall limit omr attention to
functions which are analytic in the finite part of the complex
plane except for poles.

§ 2. Periodic functions. Summation.
Consider the special ecase () = 1, u(r) 0 of eq. (4),
namely
®) ylat-1) -yl 0.

This is obviously satisfied by every function whose value
at. -+ 1 is the same as its value at a, i. e., by every periodic
function of period 1. Periodic functions of unit period are
of great importance in the theory of difference equations, and
play there a role analogous to that of simple constants in
the theory of differential equations. Kq. (5) may be written
Ay(x) = 0. which shows that these periodic functions are
functions whose difference is zero. just as constants are
functions whose derivative is zero.

A periodic function of period 1 is determined over the whole
plane by its values in a vertical strip of unit width, say the
strip between the axis of imaginarvies and a line parallel to
it one unit to the right (including onc boundary but not
the other). Such a strip constitutes a fundamental region
for the periodie function. The limitation imposed at the end
of §1 will make it wnnecessary for us to consider any
periodic functions except such as are analytic, apart from
_poles. in the finite part of a periodic strip. The simplest
analytic function, other than a constant, which has the period

1
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1 is e¥@z, Most of the periodic functions whose explicit forms
we shall obtain will prove to be rational functions of %%,
Throughout this book, when periodic functions are mentioned
it is to be understood that the period is 1, unless a different
period is explicitly stated. '

Tt is evident that if the values of a periodic function p(z)
are considered along a line parallel to the axis of reals, the
same values are repeated over and over as x moves to the
right or left. Hence if p(x) approaches a constant limit as
>0 along every such line, we can conclude that it is
identically equal to this constant.

The following theorem from the theory of functions of a
complex variable, which we quote for later reference, is useful
in finding the explicit forms of certain periodic functions which
appear in the course of our work.*

TUEOREM.  If' « periodic function of period 1 has no
singularities cxcept poles in a fundamental period strip, and
approaches « definite valne. finite or infinite, at cach end of
the strip, it is a rational function of €,

Consider now the equation

®) yr+1)—y(r) - = g@);

this states that the difference Ay (x) of the unknown function
is equal to the given function ¢(x). Hence the problem of
solving it is equivalent to that of finding a function whose
difference is known. If we denote by the operation

which is the inverse of that indicated by A, we may write

) yr) = Sfr’(ﬂ?’)

as a solution of eq. (6). This operation is known as swm-
mation; it is analogous to integration, and for that reason
is sometimes called “finite integration”. Kq. (7) is a solution

* Of. Burkhardt-Rasor: Theory of Functions of a Complex Variable.
p. 275; or Osgood: Lehrbuch der Funktionentheorie, T (2nd ed.), p. 466.
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of eq. (6) in the same sense thathp(;zr) dx is a solution of
the differential equation dy/da —: ¢(r). The evaluation of
the sum, like that of the integral, is often a problem of
great difticulty; in fact. the sum may not exist. just as the
integral may not exist.

If y (@) and ye(x) are any two solutions of eq. (6), we
see by substituting them in (6) and subtracting that

@)=y (-4 1) = [op () — e ()] 0,

i. e., their difference is a periodic function. The most general
solution of (6) is therefore obtained Ly adding an arbitrary
periodic function to any particular solution. This arbitrary
periodic function corresponds to the constant of integration
which is added to an indefinite integral.

If () is a polynomial, its sum is a polynomial of the
next higher degree, which can be obtained in any particular
case by the method of undetermined coefficients.  Kollowing
are a few examples of sums; they may easily be verified by
forming the difference of the right-hand side.

S R S"' .-,.(,.,.:1 )
(w‘ o " o
i . ' " .
'n) (w !-1) ’ a--1"
WY o p RTEE sing - ™ (J Y .
2xin §

One method of evaluating the sum Srp(a:) is as follows.
By replacing » successively by »-—1, »—2, ete. in eq. (6),
we see that

y@) = plr—1D 4 ylr-—1)
= @(r—1 -+ ¢@—2) -+ ylx—2)

(8) = gplr—1)+o@-—=2)+ -+ glo—n)-+yle- n);

* ‘ :;’ denotes the expression - @1

(x—n-1)
nl
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similarly,
y@) = —y@)+y@+1)
S —w(w)——rﬂ(a + 1)+./(w+ 2)

(9) == —w(x)——q»(x—i— 1) = ——«p(l +m+z/(x+n+l)

If now we let n— o0, we obtain the two series

1) pu(@) = 2 96r—m). g - :—z«m Fn),
n—=1 =

which formally satisty eq. (6). They may be termed the
symbolic solutions to the left and to the right vespectively.
If these series converge uniformly in any region, they represent
analytic solutions of eq. (6) in that region. For example,
let ¢(x) -~ (r-—a)~?; then the scries for y;(x) converges
uniformly in any finite region of the plane from which the
points a-}-1, a-F2, -.. have been excluded by small circles
drawn about them, and that for //, (z) in any finite rvegion

from which the points «, «—1, a- ... have been similarly
excluded. The solution y(r) in th]\ case has poles of the
second order at 2 = a-+1, -+ 2, --., which we will call

the points congruent on the right to a, and y.(") has poles
of the second ovder at o a, 0 -1, a--2, ..., or at « and
the points congruent to it on the left.

Further discussion of summation will be found in the next
chapter (§ 3); cf. also § 7 of the present chapter.*

§ 3. Fundamental systems of solutions.
General solution.

Consider the linear homogeneous difference equation

(UD) w@y@ -+ )+ an 1@ gl +n—1) 4+ ag@ y(x) == 0,

whose coefficients «;(x) are rational (or, more generally,
analytic) functions of x. If y (z), (@), ---. ya(x) are

* For a detailed treatment of the subject of summation, see the first
half of Norlund’s Differenzenrechnung.
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particular solutions of thix equation. it is easily scen by direet
substitution that
P @) 3 () pe (@) g2 (@) A+ - -+ () ya (),

where the p’s are arbitrary periodie functions of period 1.
ix also a solution. As previously indicated. we limit owr-
selves to the case where the y's and the p's ave all analytic
in the finite part of the plane except for poles. If there exist
n periodic functions not all identically zero such that this
expression vanishes identically, the solutions g (rh ga (). e+ gntr)
are said to be linearly dependent; otherwise they ave lawenrly
independent and form a fundwmental system of solutions.
~In determining whether a given set of solutions form
a fundamental system ov not. the following theorem. due to
Jasorati, ix helpful.

TreoreM. A necessary and supficient condition for the linear
dependence of the solutions yy (e)e Yo () < ooo yu(e) s the
identical vanishing of the determinanl

# Gr) 12 (1) oo ()
D) oo PG 1) AR A

il u—1) yalr v 1) eyl v 1)

We will eall 2(r) the determinant of Casorals; it plays the
same part for linear difference equations that the Wronskian
does for lincar differential equations.

To prove the condition necessary, let the 4's be linearly
dependent; then

P ) g (o) - pe () e Gr) o () g () 00

identically, and by replacing z by «w--1, 0 -20-ccor-bon- -1
we have also

2 @)y (@ 1) pa (@) go (- 1) - - -

'i" Ilu (_-'l-') "/” (;l' ’l," ]) et (),

8) ol n—1)-1- pa (&) y2 R N VIR
F @) yn (= n—1) = 0,
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For any particular value of = which is not a pole of any
of the periodic functions nor a zero of all of them, these
form a set of = linear homogeneous algebraic equations in
the 2 quantities p, (x), pe(2), - -+, pn (x). Since not all of
the latter are zero, it follows that at every such point the
determinant of the coefficients, which is D (x), vanishes. But
each element of D(x) and hence /)(r) itself is an analytic
function; consequently, since it vanishes everywhers except
possibly at a set of isolated points, it must vanish identically.

Conversely, if D (x) vanishes identically. let Y, (z), Y, (x), ---.
Yy () be the cofactors of the elements of the last row:; we
will assume for the moment that at least one of them, say
Y1 (), is not identically zero. Then by well known properties
of determinants™ we have identically

Vi) @) Yo@ye () 4 oo -k Yl () == 0
Vi@ @10+ Ye@)ys (r+ 1)+ - ‘
l )n“)'/n(-l—l )— 0.

Ve )y G b m— 1) 3 mua(: Fu—1)+.
Y@ b n—1) - D)

(12)

The cofactors of the elements of the first vow, apart from sign.
are Yy(»+1), Ye(x-+1). ..., Y, (r+1); hence we have
similarly

Vi@ Dy @) F Vel Dy (@) -
+ Yo+ Dyu(r) - D) = 0
Yiw+ D@+ D)+ Y@+ Dy (4 1) +-
(13) ‘|“)11(-1'+])./n(1'+1) — 0,

) (J —I— l)Jl(a+n——l)+1 (1 l)l/z(l+n—l) b
+ Va(x ’L”Jn(’ tn—1) =

lquations (12) form a set of linear homogeneous equations
of rank % —1 in ¥ (x), Y:(x), .-+, Yo (x), and hence determine
uniquely the ratios Y, (2)/Y; (x). - -+, Ya(2)/ Y, (x); these are
analytw except for poles, since they are rational functions

* (f. e. g. G. Kowalewski: Determinantentheorie, §20.
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of the y's. Kquations (13) form a similar system in Yy(x-+1),
Ys(xz4+1), ..., Yy (2+1); sinee the coefficients are the same,
the solutions are the same, so we have

Vel 1Y Yo() Yulr+ 1) Ya(x)

NGED T @ et D n@
i. e., the ratios are periodic functions. Hence if we divide
the first equation in (12) by Y, (») and write
R oy L () N N
p(@ e ) = S ) = Yo ®

we have the identical relation
[)l( I (@) - Pe(O) o ) e puGe) g () 2 0

where p () at least is not identically zero; hence the solutions
(@), yp(r)y o0 ga(@) are lineavly dependent.

In case all the ¥'s vanish identically. we observe that
() is the determinant of Casorati for the » 1 solutions
(@), y2@). - -+ yu—r (). so it follows by the argument above
that these n—1 solutions are linearly dependent, and hence
all » solutions are linearly dependent, since we can take
pa(x) = 0 identically.

The importance of a tfundamental system of solutions of
eq. (11) is due to the fact that if yi(x), g2(r). -+, ya()
form a fundamental system, every solution can be expressed
in the form

(14) »@) - p@ @) Yy @) £ oo prle) g ()

by a suitable choice of the periodic functions. To prove

this, let y(+) be an arbitrary solution, and consider the

equations

ay () y@+n) - aua(e)ylr -+ u-—1) 1.
Fag@)ylx) - -0,

un (@) y1 (o 0) -+ ey (@) ys (2 -+ 0=~ 1) + -

(15) - m)(.’lﬁ) Y (9') ),

an (2) Yl +n)+ a)-1(2) Un (o -+ n--- 1) b
+ ao(x) l/u(a) R
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which cxpress the fact that y(x), y1(), ---, yu(x) are
solutions of eq. (11). We may without loss of generality
assume that not all the coefficients wan(x), ---. @o(#) vanish
at the same point, since if they did we could remove the
zero by dividing the whole equation by a suitable factor.
Hence for every value of » we have

y@a+n  y@tn—0 o gy
1/1(1+n) mGe-tn—1) oo oy (J) -0,

l/n(r+n) Yalrtnu—1) -y (JE)

from which it follows by Casorati’s theorem that a relation
of the form

p@ ) b pue) @)t e pa(@) ya ) = 0

holds identically, where p(z) does not vanish identically,
since y1(x), ya(a), -« -. ya(r) form a fundamental system;
solving this for y(z) gives an equation of the form (14).
Fquation (14) thus represents every solution of eq. (11), and
is therefore called the general solition.

The particular periodic functions needed to express a
definite solution y(x) in terms of a given fundamental system

yi(®), ya(r), +- . yu(r) may be obtained by solving the
equations
p(@) @)+ pa () ya @) -« b paa) yu(e) — y @),

w0 g (e + 1) - pp@) (e 41D + -
+I’11(T)J1I(J l‘ ]) ?/(?—*—1).

]h( )111(1 l u—l)+1!z( ),/_u+n-~l) 1
“+ pu ) g (o —|—n———l) y(1+n——1)
for pa(r), pa(a)e -+ -0 pu ()
§ 4. Homogeneous equations with constant
coefficients.

If the coefficients ax(2) in eq. (11) arc all constants, the
equation is easily solved. For simplicity we will take n = 3,
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but the methods used apply to cquations of any order. We
consider then the equation

(16) ayy(r+3)+ aapy(r+2) FuyyCe -+ 1) Fagyd - O,

and assume that «y § 0, g § 0. sinee otherwise the order is
less than 3.

Let us set () -— ¢”n (), and seck to determine the constant
¢ and the function w(x) so that this will be a solution of
eq. (16). 1f we express oo+ 1. w(e-4-2), and o (e | 3) in
terms of the differences of «(z) (ef. § 1). eq. (16) becomes

0% (ug0* + s 0+ ay o+ ) )4 0" W Buy 0® |- 200 1oy deetar)
+ o™ Bago -t as) A0 o™ Fug AP (e 0,

or, it we cancel the factor ¢t and ~et

J@ - g 0®as by o
F@ue) +er @ine e @ i
(17 »
A ) 0.

et ¢;. g2 and gz be the roots of the ehuracleristic vpuation
flo) - 0. If we set ¢ equal to one of these and w () equal
to a constant, eq. (17) will be satisfied. since the difference
of a constant is zero; hence particular solutions of eq. (16)
are o, ¢%, ¢ 1t the voots of the charaeteristic equation
are distinet. these form a fundamental system, for

D (r) = (01 03 05 (01 — 02) (02— 03) (05— 1),
which never vanishes. 'The general solution is therefore
(’]l 1y (‘1') - g}f y ("") + ’.":f Py ("--')1

where the p’s are arbitrary periodic functions of period 1.
1f the characteristic equation has two equal roots, say ¢, = ¢..
then /' (o) = 0. and for ¢ == ¢, eq. (17) becomes
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g f (91) Az 76(:11)""'()“ fm((’l) A"u(.'z) e 0

whic¢h is satisfied if «(x) is a constant or a polynomial of the
first degree. Particular solutions are therefore of, xof, ¢f,
and the general solution is

¢ [p, @)+ wp, (2] 4 e,

for 1) (x) == o¥*7'¢¥ (¢, —9,)*, which never vanishes.

If all three roots of the characteristic equation are equal,
then f'(e) = f"(e;) == 0, and all the terms of eq. (17)
vanish except the last; it is satisfied if « () is any polynomial
of degree not greater than 2. Particular solutions are
¥, x¢% 2’97, and the general solution is

¢f [ () 4 2 ps () -1 22 py ()]

in this case D (x) == 2¢}*13,

Difference equations w1th constant coefficients have many
applications in other branches of mathematics, both pure
and applied. The recursion formulas, for instance, by which
each term of certain series is obtained from a number of
preceding terms, can be regarded as equations of this sort.
A simple example is furnished by the mwmbers of Fibonacci:

0, 1. 1, 2, 3, 5, 8 13, 21, 34, -.-.

in which each term after the second is the sum of the two
preceding terms. If we call the terms y(0), y(1), #(2), - --.
we have for positive integral values of

Yaw+2)—y@ |- 1)—y@) =
The roots of the characteristic equation
¢—e-1=10

are 3 (1 2= 175), and the general solution is therefore

(1—{—!/0)
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where ¢, and ¢ may be considered as constants instead of
periodic functions, since . is limited to integral values. The
values of ¢; and ¢ which give the numbers of Fibonacei
are obtained from the fact that y(0) = 0 and y(1) -= 1.
namely ¢, = 1/V'5, & = —1/175. The general term of
the series is therefore

NORE ll[ i e ’_ | B )I

&) Z

§ 5. Non-homogeneous equations.
Consider the non-homogeneouns linear difference equation

() y (e A ) bty @) gt on=o1) b g (@) y (o)

(18) ' '
).
The equation obtained from this by sctting b(x) = 0 is
called the associated homoyencous cquation. Solutions of eq. (18)
can be derived from those of the associated homogeneous
equation by a method analogous to that of “variation of
constants’ used in solving a non-homogencons linear difterential
cquation.

Let y (), ys(x). ---. yu(x) be a fundamental system of
solutions of the associated homogeneous equation, and set

(9) g @) == e () @)+ 2 @) g (@) 4o 1 en ) yu();

we seek to determine the functions ¢ (), «--. cn(x) so that
y(z) shall be a solution of cq. (18). Replacing » by =-+ 1,
and writing ex(@41) -+ () b Ae(x), we have

ylat1) = aq@pne+)+ a@y@t1)+-.-
+ @ yn(x+1)
+da@mn@+ D+ Ac@) yple+1)+ -
+ Acn(@) yn (@ +1)].

Suppose the ¢’s are so chosen that the expression in brackets
vanishes identically. Replacing o by »-- 1 again, we have
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yz+2) = a@un@E+2)+ o@yp@+2)+--
-+ (n(-’)!/n(~1+))
+[AC|($)UI(T+2)+ACz(7)J=(J+2)+
-+ Acn(x) ./n(’l +2)],

and again we assume that the expression in brackets vanishes
identically. Continuning in this way, we have finally

yx+4n) = c@upu@tn)+ @ yp@t+n)+--

4 (@) yn(x 1 1)

+[Aei (@) gy (e 2) + Ace (@) o (@ +m) - - -

+ Acn (@) yn (@ -+ n)] .
and in this last equation we will retain the terms in brackets.
Multiplying these n -+ 1 cquations by .ae(x), a, (), «--, an(x)
respectively and adding, remembering that y, (%), -+, yu(s)
are solutions of the associated homogencous equation, we
obtain the equation

I'(i") e ”u( )[A(l( )7/1 (l+”)+.4(*(1)7/2('1’ I' ")+
+ Aca(x) Jn(x-l—n)]

To determine the Ae¢’s we now have the following
i equations:

J(n(a)l/n (@ +1) + ._\(’n(J)Ju( +1) S
.h.(J)Jn( FN —--1) l +A4n(~t)?/n(r+n—1) = 0,
ey () Y (x-+n) +. o FAen@) yn (@ +mn) = ”bn((,:)

The determinant of the coefficients is D (a-+1). which does
not vanish identically, since the y's form a fundamental system;
hence these equations determine uniquely the differences
de (@), -+, Aen(x). In fact,

Mg (x) @)
])(;If+1) (lu-(.’L‘)
where Mu(x) is the cofactor of the last element in the
kth column of D(x+1)*. The ¢’s themselves can be obtained

A(.'k(;lf) S (k = ], 2, ceey 'N),

*If n =1, Mu(x) is to be replaced by 1.
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by summation. Putting in (19) the values thus obtained,
we have

. y oo S o QM) b
(20) yl) = ;; 1 () S D@ +1) a,(x)

as a solution of eq. (18).
As an example of this procedure, consider the equation

Y@+ =Ty 4+ D+ 06y@) == o

The associated homogeneous equation has the lincarly in-
dependent solutions 1, 67, for which

('J'il
D1y = 1T g e,

o6t

and My, (z) = — 6% Me,(2) == 1. Henee

. . J,'G'l. 1 . o
y@) = g 80.¢0 T S 30 6
1 i a
= ““;—;‘S"' 50 S 6"

1 a(r—1) + 6 ( 30 - li_)
""" B) 2 30\ 25 . G+
€2 Jx 1
2

10 T 50 T e

If g(x) and -3 (x) are any two solutions of eq. (18), we
see by substituting them in the equation and subtracting
that their difference ix a solution of the associated homo-
geneous equation. Hence the most general solution is ob-
tained by adding to any particular solution the general
solution of the associated homogeneous equation; this gives

(20 y(x) = 9(x) +p@ () - (@) ya (2),
where 7(z) is a particular solution of cq.(18) and py(x), -+, pala)

are arbitrary periodic functions. Thus the most general
solution of the example above is
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3. 1
n 6@ — 2

Another method of handling a non-homogeneous equation
is to reduce it to a homogeneous equation of higher order.
If we replace x by x+1 in eq. (18) and multiply by b(z),
we have

b () [ (r + l)y(a'—l— nt+1D -+ a4+ Dy(e-+ 1)

== b(x) b - 1);

it we multiply eq. (18) by b(x-+1) we have

b+ 1) [an @) y@+n)+ - + a0 (@) y@)]
= b(x)b(z-+1).

Subtracting one of these equations from the other gives us
a homogeneous equation of order n-1, which must be
satisfied by every solution y(zx) of eq. (18). It is also
satisfied by every solution of the associated homogeneous
equation, since these make the expressions in brackets in
the last two equations vanish. Thus we obtain for our
numerical example the third order equation

zyl@+3)—@r+1)y@+2)-+13r+ Dy +1)
—6@+ 1yl = 0,

whlch has the linearly independent solutions 1, 6% and
z” + 590 1

126°
§ 6. Asymptotic representation.
The idea of asymptotic representation plays an important
part in the theory of linear difference equations. For our
purposes it may be defined as follows. Let f(x) be a function

of the complex variable x defined on a ray which starts at
some finite point ¢ and goes to oo, and let

$@ = st + 3+
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be a series in 1/z, convergent or divergent; then if there
exist, for every =, positive constants M and R such that

|

F@— (oot 2t )|
when |x|> R on the ray, f(x) is said to be represented
asymptotically by S(x) [in symbols, f(z)~S(2)] along the
ray. The constants M and R in general depend on n. More
generally, if f(z) is defined in the sector 6, < arg(z— @) < 0,
of the complex plane, we will say that f(x) is represented
asymptotically by S(x) in this sector if the above inequality holds
when || > R in the closed sector 6,-} & <arg(xz—a) < 0;—¢,
where & is an arbitrarily small positive angle. In this case
M and R depend on & as well as on n. If f(x) is also
detined on the boundaries of the sector, and if the inequality
holds when (2| >> R in the closed sector 6, < arg(z—«) < 6,
we will say that f(x) is represented asymptotically by S(x)
in the latter sector.

The definition may also be stated in the form of an

equality, namely

. 8 Sn o ()
S@) = s+ o +-- 4 7:; + E,;,‘ )

where |0, ()| << M when |z|> R. 1f we replace n by n-+1,
and set
Snbr O (@)
x + x = e (@),
we may write

(22) j(m) e bo+~~‘ + + Sn + l:n(.L)

xJI

where lim ¢, (z) = 0. Still another form tor the definition is

w—> 00

lim a® [j(d)— «5()+ -!- +~)] = 0,

nr—> 0

As a simple example,* consider the function

o = [

* Whlttaker and Watson: Modern -Analysis (3rd ed.), p. 150.
9
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where & is-real ‘and positive and the path of integration is
the positive axi§ of reals. ‘Repeated integration by parts gives

1L 2
flx) = —_,,;‘“““s‘Jr‘T‘s“ -

—1p-1 n—l 9% gt
+ f"(*' B R 1 i
We are thué led to consider the infinite series
. 1 1 21 (=1)"n!
b(a:) = ,,‘,._..9,3 D SR B e 4.

This is obviously divergént for all values of x; however, if
we let S; (2) denote the sum. of the first » terms of S(z),

we have
20

. N e
[F@) — Su(x)| = n! Jr i cdt
o fm at (n—1)!

n +1 o

Accordingly, by the definition above, f(x)~ N(x) along the
positive axis of reals.

The value of f(x) for large values of x can be calculated
with great accuracy from the asymptotic series. In this way
a divergent series may give almost as much information
about the function which it represents as a convergent series
would do. In fact, in cases where both convergent and
divergent series representing a function are known, the latter
is often preferred in numerical computation because fewer
terms are required to obtain the value of the function with
the desired degree of accuracy.

The laws of operation for asymptotic series are essentially
the same as those for convergent series.* The most important
for our purposes are the following. Tet f(x) and g(x) be
two functions of x», and

* For a general treatment of asymptotic series see Ford: Studies on
Divergent Series and Summability, Chaps. I-IIL
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S(@) = so—l—-~---—+ %+

g’(m) == to+—;— , f;-
two infinite series, convergent or divergent. Let Sy(x) and
T, (r) denote the sums of the first n 11 terms of these series.
L If f(x)~8(z) and g(x)~ T(x) in any sector, then
F@) + g@)~ 8(x) = T(2). :
For, by eq. (22),

©23) f(2) = Sal@) +2F ,q(ar) ) +

adding and subtracting, we have

o

fx) +yg (@ = Sp() £ T () +

Since both &, () and &, (x) approach zero as z— o, the same is

true of their sum and difference; hence f(x) = g () ~ S(x) &= T'(x).
1L Iff@)~8(x) and g(x)~T(z), then f (@) g(@)~S(x) T(x).
For multiplying egs. (23) together, we have

1, t .
f@) glx) = sty L1 le R o n o ‘”Sntu

b’ (@) én (@) + Tn (x) &0 (2) + 11(1)

In

where lim 7(z) = 0. Since 8,(z) and 7 (x) approach the
finite limits s, and f, respectively as x—> o, the numerator

of the last term approaches zero. The other terms on the
right consist of the first -1 terms of the product S(2) T'(x);
t,herefore, by (22), f(2) g(@)~8@) T'(x).

L If f@)~S @) and g(x)~T @), and if o+ 0, then
f(w)/g(w)NS(-l)/l’(x)

Tf 'we divide 1 by the series T(a), we obtain formally a series

1

Ml . 'llg
TGy~ et e
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since ,
4) 9@) = Tu@)+ 22,

1/g(x) is equal to 1/7'(x) to terms of the nth degree, so
we may write

— Qn (w)

where U, (x) is the sum of the first n 4 1 terms of the series
1/T(x). If we multiply egs. (24) and (25), we have

— 0@ [w+ 2D | £D00

We may write

Un(2) T () == 14+ 'l(x)

where lim 7(xz) = 0, since Up(z) and Ty(x) are the first
X —> N0

n-+1 terms of the reciprocals 1/7'(x) and 7 (x); hence

p @)+ Uy, () en (@) + g (x) on (@) —
(@) + Un(x) én(l)

() = =Ty

Since the numerator approaches zero and the denominator
approaches the value ¢ + 0 as 2— o0, we see that lim g, (x) = 0.

n—>o0
It now follows from eq. (25) that 1/g(x)~1/7(x), and
consequently, by II, that f(x)/g(x)~8(x)/T (x). ‘
IV. If f(x)~8(z) in the sector 6, < arg (x— o)< 0;, then

wa— f@)e~ -;;S (&) in the sector 0, < arg (x — ') < 0,

where & s any point in the first sector.

The second sector lies within the first, and is bounded by
two rays parallel to those bounding the first sector. Let d
be the distance between the closer of these two pairs of
parallel rays; a circle C of radius d with center at any point x
of the inner sector will then lie wholly in the outer sector.
Differentiating eq. (22), we have
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Y 28
f() o

nsp e (x)
—xu-}l i1 .’L‘” dzr n(al)

By Cauchy’s integral formula,
o

LGRS Rimic: 2

where the integration is around the circle ' in the positive
direction. Since lim &,(z) = 0, we have |&(x)|<e for

a—> 00
|21 =~ K, where & is an arbitrarily small positive constant.

If we take |z|>> R-d, then for .11] pmntq of C we have
|en(f)! <&, so that

Xy j“_iﬁ o
L d ""'I"‘Q d d

w, ]

where ¢ is arbitrarily small. Hence

, 7 (x
R AT R
where
. nE,
lim g (z) = lim [ d &y () — nea (@ )] === ()
an—>00 s>l dx 4 l
in the inner sector; i. e., /( )~ S(.z) in this sector.
Let_

p@) = ot eataatt.

be a function analytic in the neighborhood of z = 0; the
series will then be convergent inside of some cirele x| == »r.
et

¥(,) — o
8) x + x?

be a series in 1/x without a constant term, convergent or
divergent. '
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V. If f®)~8() in a sector, then
_ ?(f(w))'vco—l-a S(w)-I-Cs [S(w)]”

where the last series is to be arrcmged in powers of 1/ r.
Since the series for ¢ (x) converges Wwhen |&'<is, b o

¢ (f@) = o+ af@ ot LA@I -+ () [ Ge)]nrt,

where p(z) is bounded, provided |f(z)| <. But S@) - '111

when |2}> R in the sector, so evidentl3 L) for
sufficiently large values of 2. - For such values - Co

) o 4 L . . ) ‘,.,nrivl N
S — —af@)— - — el < u’,(-%'),' TR
If we write A
. Su | .On () y . Oy (-'5)
flay = o B R )+

and expand the powers of £(z), arranging the terms in powers
of 1/z, it is clear that the left-hand side of the last inequality
differs from ‘
o (f@)—co— 1 Sn(@)—- - - — ¢ [Su ()]
only by terms of degree m or greater in 1/a. Hence
L . M’
1y (f (@) —co—1 Sn (@)— -+ —cCn [‘Sn (@) < el

for sufficiently large values of z in the sector; i.c.,

¢ (f@)~e+ o S@) +eS@F+

VI. A function cannot be represented asymptotw'allv/ 'b:/ t?lm

distinct series in the same sector.
For if

Flryeso 42 4 F
and

f(»v)~t0+ + L
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we have by subtraction : _
o o si—t, s—1,
‘ ()Nso“—to‘i‘"“lw 1’+"$g’ +"'7

but this cannot be true unless sy—fy ==.0, or: s == 4;
multiplying by 2, we see that we must also have s, = ¢,, ete.

An interesting consequence of this uniqueness of asymptotic
representation is the fact that an analytic function f(x) cannot.
be represented asymptotically by a divergent series S(z) ‘in
the complete neighborhood of x = oo. For if it could be so
represented, it would be bounded in this meighborhood and
equal to s, at the point x — oo, and hence would be analytic
there. Its expansion in a convergent power series would then,
by VI, necessarily be identical with.the asymptotic series,
which contradicts the assumption that the latter is divergent.

We shall find it convenient to extend our use of the symbol
for asymptotic representation to the following cases. (a) If
J(@)— a(x) ~S@), where a(x) is any function, we write
fy~a(@)-FSe). () It fl)a(@)~S(), and if a(z) does
not vanish for |x| ™ R, we write f(x)~a(x)S@). (¢) If
J@) = fi @) +fe (@), where fi(x)~8 (x) and f; (@)~ (x),
we write f(x)~8; () -- Se ().

In connection with (b) it should be noted that the meanings
of the relations f(x)~a(r)-0 and f(.'r)~0 are entirely
different; the former means that lim x" | f (@ ) == (), and the

oo | () |
latter that. llm a® | f(r)! - 0. TFor example, in the right
half plane We have 1~1 and at the same time 1~e¢”- ()
Sometimes the statement “f(x) is asymptotic to S (x)”
used for brevity instead of “f'(x) is represented asympfotlcally
by S(x)”.
§ 7. The function @ (z, r, k).

As an a,ppllcatwn of the ideas of § 6, we will study the
function™

*This is an example of an important class of series of the form
Seng(@+n). Cf Carmichael, Trans. Amer. Math. Soc., 17 (1916),
pp. 207-232; _Bull. Amer, Math, Soe., (2), 28 (1917), pp. 407-425. . '
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o
R s S

where / is an integer and || < 1. It may readily be verified
that @ is a solution of the difference equation

@) ety = —

(26) @ (z,n,k) = a,, +

In this study we need the following lemma, which will also
be useful later.
LEMMA*  If | is a positive integer = 2, then

0 1 | ] )
(28) n=>0 7|l‘ —F‘:};,;Hc -~ iflf ko1 (7{,1 _{,. 2)

when x 1s in the right half plane, and

: 12
(29) D T ol (het

n=0 ‘.

when x is in the left half plane.
‘When z lies in the right half plane w is positive, so that

et nt = (w4 n)+ b ud s 2P

whence

8
p—

0 R
W0 x4 nkE TS0 (2w e S (2 4 n?)

___1_[__1___ n 1 T ]
[:1:|"“2 ’xl* Jo l.’liiz—{"’ng

When z lies in the left half plane, « is negative, and the
series may be written

R P =] ].
N.Z_o [e - n)* £ of)i2 ~, Zoo [+ n)* -+ v?]e2
1 S 1

~ ‘v]k— "_Zw (u+n)2+vs’

* Of. Birkhoff, Trans. Amer. Math. Soc., 12 (1911), p. 248,
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the last sum is not decreased if we replace {u-+n| by the
largest integer which does not exceed it, so we have

12 2 (5 Imﬁ___‘f’f'_ﬁ.)

i el v”‘ ~, n? +r |v|"‘ v T Jo nite?
2 T

ol (‘1 0t 5

A similar argument shows that

[P TSI A

n=0 |1l7”"n‘.’" lv‘ Z

when  is in the right half plane and

(31) 1 oL .(_. -4 ’.__)
Sole—mnlt T et gl T2
when o is in the left half plane.

THEOREM. [f |r|<C 1, the fumction @(x,r, k) is single-
valued and analytic throughout the x-plane when k<20, but
has poles of the kth order at 2 - 0,—1,--2, ... when
k>0, It satisfies the imequality

M

(32) 1D (xz, r, k)| < o (M-« constant)

at all points  sufficiently far from the negative axis of reals.
If r=1and k=2, O,r,k) is analytic except for poles
- of the kth order at * = 0, —1, —2, ..., and satisfies the

inequalities
a Ul : N . M
33) (@G, 1, B2 ‘ l]k—1 ? D, ry k)| -2 |';;T'ic‘ll"1"

wm the right and in the left half planes respectively, except
close to the negative axis of reals. .
- 1 ©

The ratio of the (n -+ 1)st term to the nth is r ( --+_’:_ " ) .

If « lies in the right, half plane, we have for sufficiently
large values. of n
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[ 2tn—~1
(34) e L ztm .;..\.1+8

where ¢ is. arbitrarily small. If {» <1, we can choose ¢ so
small that |»/ (1 +¢€) = p<C1. Then from a certain point
on the series is less term by term in absolute value than
the convergent series :

(35) S Udetett;

hence @(x,r, k) converges uniformly in the neighborhood. of
any point in the right half plane, and so represents there
a single-valued analytic function. ~Moreover, if || is suf-
ficiently large, say 'z > R, (34) will be true for all values
of n, and hence every term of @(x,r, k) (except the first)
will be less in absolute value than the corresponding term
of (35). Hence, when |x|> R in the right half plane, the
inequality (32) is satisfied, where

4‘.[ - ] “l" 9 "‘}— ()2 -—IA R ___,_] ——

1—o
If 2 lies in the left half plane, an integer A can be chosen
so large that 242 = x, is in the right half plane. The
part of the series aftel the Ath term may be written

'[ﬂ*wrw+u+ﬁ+”l

and the argument above shows that this converges uniformly
and represents a single-valued analytic function. The sum
of the first 4 terms is a rational function which has poles
of the kth order at » = 0, —1, —2, ... if ->0. Hence
D(z, 7, k) is qmgle-valued ‘and cmalvtlc in . the entire ﬁmto
plane when ir|-{1, except for poles of the kth order at
z=0,—1,—2, ... when k> 0. -If 2 is any point in the
left half plane for- Whmh iv|> R, then |z +n|> R.for all
values of », and as before the mequahty (32) is satisfied.
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2
]

If » = 1, we have

1
O 1H ~ L+ Gt et

If & <1 this series dlverges, but i & > 2 it converges
uniformly in the neighborhood of evéry point except = 0,
—1, —2, ..., where it has poles of the kth order. Replacing
the terms of the series by their absolute values, we have

o

N 1
D (. 1,k) < )12(,']1@,-1,,; :

and it follows from (28) and (29) that the inequalities (33)
are satisfied; if we exclude the part of the plane within
the distance & of the negative axis .of reals, we can take
M = 2/e-}-sr. This completes the proof of our theorem.

When » = 1, eq. (27) is of the form (6), so ®D(x, 1,k) is
the sum of the function —1/2"% It is the symbolic solution
of (27) to the right; the symbolic solution to the left is
¢ Doz, 1, ) A 1 %

We will now obtain the asymptotic form of @ (x,»,k) for
large values of x, under the condition that |»|-<<1. (The
case » = 1 is considered in the next chapter.) Let a2 have
any definite finite value, and consider the first m -1 terms
of @, where m is the greatest integer less than }iz|. Ih
. any of these terms we can write

lv I __1_' ~ / —k
0 e S L}

1hL— 7 FANIN FARYFAL
I" b=k +- +( )(x)+(x) 0(9‘)]’
where » is ‘any positive integer, and 6(j/x) is bounded, sdy

|8 (ile)) < My (j =0,1,2,---,m). The sum. of these m + 1
terms is thus

IS SIVY PO A _7_
JZ7J[1 ka'-} e x ]



28 LINEAR DIFFERENCE EQUATIONS

But we have

& 1 ymtl
— ==
o J;o r 1—r 1—7r’
L day
ey J = P
al. j%o'?r ! dr
— r m-'—l[m + 1 + 4 ]
a—»* 1—r " (—=nt)
2
g == il = o, ete
Jo i

. ol . .
Since |r|? " approaches (0 more rapidly as z increases than
any power of x, we may write
1 7 ()
1 == - —————,
to 11— + T
where o (x) is bounded for large values of z. Similarly we
have
’ L3 (-L)
ay, =
1 1____/,)2 +
r + r Ty (a;)
+ o

, ete.,

where the ¢’s are all bounded for large values of 2 on account
of the factor ! which appears in each one. If we let

#'(z)/z" denote the last sum in (37), we have, since '0 ( - ) ' <M,

M, M,
A =

where M, is the sum of the convergent series Xir|/j» The
function- z'(x) is therefore.also bounded.

m"
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For the remaining terms of @ (z, r, k). in which j > } =|,
we have if £>>0

I 'rI?T—~<1+m+h| +ee9) (>0,

| =)
I
|,=§+x (x+ﬁ" lrl:_,m:l

gl W) (<o)

Hence, if we exclude a narrow strip on each side of the
negative axis of reals, we may write

S )
B G T
where 2/(2) is bounded for large values of x. 'The same

result is easily seen to hold when k-Z0. Combining this with
our previous results, we have

aw .« N\, o (x :"(.1)
D@, = S —k i+ +( ‘);,—ﬁ--,, + ()j,,,
If now we set
1 o N k\ 4 "
== e e ) iy ot
we have
()

&
Oz, r, k) = ;‘;;4- Ml 4. ’M” +
where the function

r@ = ro@) k@ + -+ ()@ + @)t @)

is bounded for large values of z. Since n is any positive
integer, we have by the definition in § 6

@(w, "", k) w] + ‘rzk‘i‘l +"‘

This holds for the entire plane when k<0, and everywhere -
except near the negative axis of reals when k>0.
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- Exercises..

1. Evaluate Sw 3 S %(x+1), Scos;r.

- 2. Verify that

S ulx) Av(x) == wx) vlx)— S v(e+1) Au (.L)
3. Form thg difference equations whose g‘énem] solutions are
(@) ap @) +atpa(@);
(6) () s @)
() zpy () 4 2% py (@) + 2 2% s ().

(Ct. the method for differential equations.)
4. Prove that the determinant of Casorati satisfies the
difference equation

D@r41) = (—1) 4‘.’1’-(15?- D).

ttn ()
5. Find the general solutions of the equations
(a) 2y@+-3)—byx+2)+  ylx-+1)+ 2ylx)-~ 0;
(b) Y+ 3)— y+2)— Sy@+1)+12ylr) - 0
() Y+ 3) 46y (r+2)+12y (@ + 1)+ Bylr) = 0

@) yla+4- dyl@+3)+8y@-+2)— Sylx+1+ dylr) — 0.
6. Find the general solutions of the equations
(a) yl-F 1) —2y(x) = 27,

(b) y@+2)—3y@+1)+2y@) — 1;

(aju+m—&~i4ym+n+’*?uubxnwd

(ct ex. 3(a) above).
. Investigate the asymptotic form of the series

1 1 ,
F(J+1)”<a+2>3

“(a) in the right ha‘lfﬁ‘plane; (b) in the left half planc exclusive
of the strip —1 <v< 1. . S
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8. Determine the asymptotic form of the integral

¥00 (
f et ke ]0,1,2,..9.
eJr
where 2 lies on the positive axis.of reals.

9. Discuss the asymptotic form of the function

F@) == e e+ o™,

where o is a primitive cube root of unity.
10. Determine the asymptotic form of the integral

20
ert
dt
eJJ? ’

throughout the entire plane.

11. Show that @(x, », k) is identically equal to its .\bymp-
totic form when k<CO0.

12. Investigate the convergence .md asymptotic form of
(D(J, -1, k).
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Cuaprrer I1.

Equations of the first order.
The gamma function.

§ 1. Homogeneous equations.

In this section we will study the homogeneous linear
equation

(38) ye+1)—r@y@ = 0,

where »(z) is a rational function. If z (x) and y,(x) are
any two solutions, their ratio is a periodic function, for

w(z+1) ,'__ r@y@ @

p+1) 7@y (@) ye ()

The ‘most general solution of (38) can therefore be obtained
by multiplying any particular solution* by an arbitrary periodic
function of period 1.

From eq. (38) we have

y@) = r@—1)y@e—1)
= )(awl)r(wwz)./(l—* )

(39) :-: ;(3_1)1(1—2) r(; ——n)y(ﬁr——n)
Likewise
y@) = (157—) y+1)
1 1 N
T @ ety Y
1 1
“0) T @ r@+n r(x—l—n) y(m—l»n—}—l)

*In discussing homogeneous difference ‘equations we shall in general
disregard the trivial solution y(x) = 0.
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Letting n become infinite, we obtain the two symbolic solutions
o0 0 1

@) p@ = Il re—m, »@ = Il 705
- To investigate the convergence of these infinite products,
write »(x) = 14+ (x); the convergence then depends on
that of the series X ¢ (x—n) and X+ (z+n). Expressing
r'(z) as the quotient of two polynomials a(x)/b(x), we see
that if the degree of b(x) exceeds that of «(x) by 2 or more,
these series converge absolutely and uniformly in any finite
region from which the points congruent to the zeros of b(x)
have been excluded by small circles drawn about them. In
this case the products converge uniformly in any such region,
and y; (x) and y, (x) are single-valued functions, analytic over
the whole plane except for poles. 'The poles of ¢ (x) lie at
the points congruent on the right to the poles of r(x), and
those of - (x) lic at the zeros of +(«) and the points con-
gruent to these on the left.

Let us now attempt to find a power series in 1/« which will
satisfy eq. (38). The rational function »(x) may be written

(42) r(r) = a¥ (Co + ;' + :ﬂ e ) ’

where p is an integer and ¢, 'f 0. Direct substitution shows that
a simple series cannot in general satisfy eq. (38), so we will
multiply it by some suitable exponential factors, and substitnte

. o8
;1/(.’.!',) = gl l);l‘ x" (8() "1_ h:' ‘*" ;fz + .. ')
in eq. (3%). Using the expansion
a.r
O SV (R

.1
= (2 -f 1) a (ew Togl1 :)
1 1,1
(G i i)

= (o 4 L)% % e
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and removing the factor 2%% b®a? from both sides, we have

hao Pa(l....ﬂ .. ) (1_{_,;»_)“""{ [So + .s; '(1 N ;’) 1_* ]

2
= oot k).

Expanding both sides into power series in 1/, and equating
the coefficients of like powers, we sec that we must have

a == o, betsy T 6y Spy

. Sy
et (T+ dsy,+ s,) = ¢ 8% T Cosy1, etec.

These equations serve to determine the quantities «. 0, d,
S S
SO L., namely
S 8o

== b == eye
) 0 ’

’

¢ $ I ¢ y t
I RO B (__! _ 1)__” £ tes
y 2 So ZC() Co Co 12
s is arbitrary, since a solution may obviously be multiplied
by an arbitrary constant. The equation from which «;/so is

determined is

he [s;m — kst st (-— S at (l) +-- ]
= skt oaset .,

and if we put in the values already obtained for «, b, and
we see that the terms in sx.; cancel and the coefficient of
sk reduces to — k¢, which is different from zero. Hence
all the coefficients of the series can be uniquely determined,
apart from the arbitrary constant multiplier. Kq. (38) ise
therefore satisfied formally by the series

[4

he .2
44) S(z) = a8 cT g % 2 (30 + g,‘ -+ '?‘3 4+ .. ) .

We naturally inquire under what conditions this series
converges. If it does converge for |z > R, §(x) represents
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an analytic solution of eq. (38) in this region. If z makes
a negative circuit about the point oo, S{x) is multiplied by

[
omi (2 —4)

. ; 2 . . ‘ v
cumiz o G , on account of the multiple-valued factors

G u .
a#* and z% * But an analytic solution of eq. (38) cannot
. be multiple-valued, as we shall see when we obtain the general
solution [cf. eqs. (B1) and (74)]; hence we must have p = 0
and ¢ /¢, == an integer. If this condition is satisfied, the.

function

1
-~ 8 8
S 7 = ot (et 2

is analytic outside the circle |z| = R, except for a possible
pole at x == oc; inside this circle it has no singularities
except poles, as is evident from eqs. (39) and (40), in which
n may be taken so large that x—=» and z-+n-1 lie out-
side the circle; hence it must be a rational function R (x).
Substituting ¢ R(x) for y(») in eq. (38), we see that

(45) @) — R(’j J’) D

Conversely, if »(x) can be written in this form, eq. (38) has
the solution y(x) = ¢f R(x), in which I?(z) may be expanded

. S .
into a convergent power series in -—. Hence eq. (45) is a
a

necessary and sufficient condition for the convergence of S(x).

We see, then, that eq. (38) is satistied formally by two
symbolic solutions y:(x) and y,(z) and by a power series S(z),
which may converge under certain conditions, but in general
do not. Solutions of these types are characteristic of the
most general homogeneous linear difference equation, and
the essence of the proofs of our existence theorems will be
a suitable modification of the symbolic solutions, with the
aid of the series, so that they will converge. We proceed
to obtain by this method two analytic solutions of eq. (38).
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Let 7T'(x) denote the sum of the first & terms of S(x), i.e.,
T(x) = a(x) Sk (x), where a(x) denotes the product of the
exponential factors and Sy (z) the sum of the first & terms
of the power series in (44). For large values of », T(x)
may be regarded as an approximate solution of eq. (38); for
we may write '

y(x
S(a) = a(w)lbk @)+ 7% + ;;Sﬁ;],
-whence we have formally

Sk (I(JJ)
f(-T"l‘l) b’(w—{-l) N bl(l—‘rl)lbk( )+ . Jcll

T = S

o (- +~1)]

hk(l)lb/(l+l) + x ) +(1+1)"“

(1

dividing numerator and denominator by S(x) Sk(x-+1), and

. o1 .
expanding in powers of -, we see that this is equal to
x

S o’ m\
I+ "leif +- "1&5-1)
8o 2 A + 9(96)
Sk 0'” (x) .Ic—H
T+ =+
So & x

: .. 1
where ¢’ (x), 6”(x), and 6(x) are all power series in o

S+1) .

and 0(x) is convergent for large values of «, since - TS is
formally equal to r(x), i. e., to the convergent series (42). Hence
Tx+1) . (z:—l— 1)
differs from —5 ——-

T() S(x)
the (k4 1)st degree, so we have

or r(x) only by terms of

T@+1) 0 (x)
T =i+ 52

where |6(x)| << M for |z|>R. It is in this sense that T'(x)
is an aporoximate solution of equation (38) for large values

(46)
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In eqs. (39) and (40) replace y(z—=n) and y(x+n-+41)
by T(x—mn) and T(xz+n+1) respectively; if n is large in
comparison with z, we obtain thus two analytic approximate
solutions. Since the approximation appears to get closer
as n increases, we naturally let n—>oo and investigate the
expressions

1
an 1M T o GFD g Tt D
g@) = nh—l—?wr(x—_l) r@—2)-..r(xz—mn) T(@-—n).

If these limits exist, 2 (z) and g(x) are solutions of eq. (38),
as may be readily verified by substitution. Moreover, the
solutions are independent of the value of k; for if 7" ()
denotes the sum of the first &' terms of S(x), then for any
fixed value of z

o Tetntl) L T (@—n)
Jm e A A (e —n)

To prove the convergence of A(x), let

(48) H,(x) = 1 T(x+n-41);

1 .
@) r+1) r(T—l—n)
this may be written

'I’(a —I— 1) ’l’(.L—l 2) T(.z—}-n-l—l)
() T(@) r@+1) T(m+l) r(ztn) 'I’(z—l—n)

Hu(’) — T( )

or, by (46),

0(z) |

Ho) = T )[ o) 0(L+1)] [ 14 6 (z+n)

(@F 1)t (x-Fnyet1

Accordingly we have

(49) k(@) == lim Hy(x) == T(w)H[1+ (:(-916-—:)':21

If z is in the right half plane and |z| > R, or if z is in the left
half plane and |v|>> R, then |0(x-+ )| <M for every value
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of n. The infinite product converges uniformly in the neighbor-

, . . . 0(x+mn)
hood of any such point, since the series > (b then
-converges absolutely and uniformly. Moreover the relation

) 1 1 1 :

.Hn(w) == oy — . Iin u)",(ll'_l— ”1') 9

o) oD 1)

which follows directly from (48), shows that H,(x) converges
also in the region excluded above; for m may be taken so
large that 2 -+ m lies in the right half plane and . —-m| >~ I
The only points at which H,(+) does not converge are the
zeros of »(r) and the points congruent to them on the lett.
The function 7/ (x) defined by eq. (47) is therefore a solution
of eq. (38) which is analytic thronghout the finite part of
the plane except at certain isolated sets of points. Since
a convergent infinite product can vanish only when one of
its factors vanishes, eq. (47) enables us to locate precisely
all the poles and zeros of 4 (x). The poles lie at the zerox
of r(z) and points congruent to them on the left, and the
zeros lie at the poles of r(x) and points congruent on the
left. The orders of the poles and zeros are of course the
same as those of the corresponding zeros and poles of r(x).
In case »(x) has a zero of order 2 and a pole of order u at
two congruent points,
- then at points congru-
~ D ents on the left to both,

/ /() will have a pole of
[ R order A—p or a zero of
‘\ 0 order g — 4, according
\ as A>>p or A-Zp; if
\ A= w, h(x) will be
== analytic and different
from zero at such points.
Fig. 1. At the point o . (x) in

general has an essential singularity. On account of this
distribution of poles and zeros, it is evident that if a circle
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of sufficiently large radius B is drawn about the origin to
include all the finite poles and zeros of »(x), and lines tangent
to this circle are drawn parallel to the negative axis of reals,
all the singularities of 4 (x) will lie in the region thus enclosed,
and in the region D outside it will be analytic and different.
from zero.

1t remains to discuss the behaviur of 2 (x) in the neigh-
borhood of # =-oc. If « lies in the region 1), for which
R is taken sufficiently large, we have from eq. (49)

| h(x) LTl O +mn | |
Py L= ,IIII+(:—| SN et

IlI L+ (@ }-n)"‘J l'

€ 1

- M Yy ..
II(‘)I:"?“"‘H ] o T L 1
n—0
hence by the inequalities (28) and (29)
M o it
’ “w(".n g '))
e e

7'(7) l i - l : k I'-l' :"._,‘

e 2 (0 -2 0).
The right hand members vanish at »x = oc to the kth order
in z and v respectively. Hence if 22— o0 in any direction
except parallel to the negative axis of reals,

lim 24~1 ["-(-J-‘l_ ] — 0;

Ir—>0

this is true in the left half plane as well as the right, since
along any ray through the origin |v' is proportional to ||,
Using the definition of 7'(x), we have

im xk——l[_.__ __h@) 'a—""—(s"+ et :’;;‘1)]——: 0

>0 2 )
X (¢ M 2%
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since this is true for every k, h(x)~S(z) in the sector
—r < arg x < 7.

A similar discussion may be made of the solutlon g(x)
defined by (47). The results for both solutions may be stated

as follows.
THEOREM. The linear homogencous difference equation

ya+1)—r@y) = 0 '

is satisfied /mmally by the series
¢

S@) = a*® Fe My ‘o (90 ),

there exist also two analytic solutions

1 1 M L
h(2) == nl—l-?:o '(a_) FrERV 1(1'—}— n) T(x-+n+1),

g(x) = llm re—1) r@@e—2) .- r(@—n) T'(@—mn),

where l'(a;) is the sum of the first k terms of S(r).

The solution h(x) is analytic throughout the plane except
for poles ut the zeros of r(x) and points congruent on the
left; it vanishes at the poles of r(x) and points comgruent on
the left; it is represented asymptotically by S(x) in the sector
—aZargx-_1. The solution g(x) is unalytic thronghout
the plane except for poles at points congruent on the right to
the poles of r(x); it vanishes at points congruent o the right
to the zeros of r(x); it is represented asymptotically by S(x)
m the sector O<Zargx <27,

The solutions A(x) and g(x) ave called the first principal
solution and the second principal solution respectively. 'They
are uniquely determined (apart from a constant factor) by
their asymptotic properties. For suppose a solution 2’ (x)
different from %(x) were also represented asymptotically by
S(z) in the right half plane; consider their ratio, which, as
we have seen, is a periodic function p(x). Let x—>oc along
a line parallel to the axis of reals; since 4 (x) and 4’ (x) have
the same asymptotic form, their ratio p(z)—1; but since
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p(x) is periodic, it must therefore be equal to 1, i. e.,
W (x) = h(z). This argument may be applied if only the
first term of the asymptotic form is known, for even then
the ratio approaches 1. Similarly, we can show that ¢ (r)
is the only solution which is represented asymptotically by
N(x) in the left half plane.

§ 22 The gamma function.

Among the equations of the form (38) there is one of
particular importance, namely

(50) yl+1) - ry).

If (+(x) denotes any solution of this, .we can solve eq. (38)
in terms of ('(r); for if we write »(x) in the factored form

(0 @) @—a) - (oam)

@) = g (—Ba) o (r—A)
it is easily seen that (38) is satisfied by

G r—ey) (1"(."1‘—0!2) v ("‘(af“—“am_)__ .

O W) = G g) Ga—R) - (- )

the general solution of (38) is obtained by multiplying this
by an arbitrary periodic function.

The first principal solution of eq. (50) is called the gumma
Sunction, and is denoted by I'(xz). Thix function, which
possesses many interesting and elegant properties, was first
introduced into analysis by Euler, about 1730. Since that
time it has been extensively studied. It has been customary
to define the gamma function either as an infinite product
or as a definite integral [eqs. (53), (69)], and to deduce
incidentally the fact that it satisfies the difference equation (50).
Here, however, we make the difference equation fundamental,
and we shall see that the most important properties of the
function are readily obtained from this standpoint.

* See Nielsen: Handbuch der Theorie der Gammafunktion. (Leipzig, 1906.)
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~ The formal series for eq. (60) is

: 1 139
{b SV a) == IE !’—.'L':- i e e —m g ae )
(62) () ==ame “°(1 + 12J + 558 bisa0as )
since here p=1,¢ =1, ¢, = ¢ = == () 8 I8 a constant,
which for the moment we will leave arbltrary
It we take for T(x) the first term of S(x), we Lave from
(47), using n—1 instead of n.

11 1 1
,I‘ ) == .o :! “r—n
(r) = ”llm T w1 (L 4—11) : So:

similarly,

I'(1) = lim - L (w + l) '"‘-’ e s,

i 1 2

and by division we have
1

"

I'x) — Tim n! 'n‘ -t (.1 jl—r:)' ‘(; ~Hz) .
I'(1)  poo r(@-t1).. (rf+n—1\ n n4+1 “ o

The last two factors cancel each other, since

1 1
. + n i 2 . a—1\"y ]
lim ( « ) = lim (1 - ) T et
n—>00 '*’ 1 n—> \ 1[ "l+ 1 ‘

For the preceding factor we have

lim (’_‘j‘h ):z:—-l — lim e(z---l)log(l-l 1:) . e-zmi(m-l),
n—>% H n—>w
where / may be any integer. In order that I'(x) shall have
a definite meaning, it is necessary to choose a paltlcular
1
= N
determination of the multiple-valued factor @ ?= f(z— g
1
in 8(x); let us take —u <Zargz =< 7, 80 that % ? is real
when z is real and positive; then the arguments of z - n
and 14 2/n approach 0 as n— oo, whence /=0 and the
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limit above is 1. Let us now choose the constant s, so that
(1) == 1.* Then

3¢ I'(2) o (r—D!n*
(56) ! (T) o n—l—l-llo: .T( + 1) (’I‘ + ‘vilu:“-'”l) )

By the theorem of § 1, I'(z) is analytic throughout the
finite plane except for poles of the first order at a -0,
—1, ——?, -.+; it has no zeros. For large values of x, '(x)
is represented asymptotically by the series (52) in the sector
— g <l arga =l ir. 1, we have directly from

eq. (50)
reQ)—=1.rqQ):-1,r@=2.-1,-... I'm+4-1) = n!,

where n is any positive integer. By eq. (53), the residue

of I'(x) at the pole @ - —I is
k — . (e
i G-l L) tim DRk D
r—>- -k n—>00 /:‘ n"
(=Y
B

The infinite product (H3) may be written also in the
following forms:

(n-+ 11 (l+'ilt)m
B4) I'@) = H - 1(, H o

Another standard expression for Z'(x) may be obtained as
follows:

I o rlogn ) 1 2 n—1
1 (-‘.r) "]_1;1:0 grlogn . ;,',‘_"'-.l ' n 2, e ot -.-»-.]
— im e r([i [rree 'n'—l—i' log) l'.,...“:.,.... ;..ni]
n—>00 | 1
ua T et n—1
@) = S e "
x n==1 "'+’n

* The required value Ais 'V—‘_)"h, as we shall see later (p. 47).
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where

(56) € — lim (1+ +ogte +-—— ~-——Iog'ﬂ).

N—>00

To prove that this limit exists, we note that (66) may be
written '

n—1 00
¢ = lim 2(‘1 -—1g"+1) 2———1 -,
n—>008 -1 |\ § =1 ( 08) 2
where 0 < 0,, \] for by 'l‘aylors Theorem

s+1 ( ) N R R
log . mlogl—}-s = (1+&)2 TR
P

Since 8, and s are positive, the qen(‘s is term by term less
than the convergent series 3 2 -,-; therefore the limit (

existe. It is known as Kuler’s constant, and has the numerical
value

(= 0.5772156649 - - -.

The second principal solution of eq. (50) we will denote
by I'(z). By the theorem of § 1 it is analytic throughout the
finite plane, and has zeros of the first order at z == 1,2,3, ---
since it has no poles, it is an entire function. It is represented
asymptotically by the series (52) in the sector 0 = larg << 2m.

The function I (z), like I'(x), is not completely determined

until we have chosen a valmlz for the constant s, and a
particular determination of # ¥, We will give s, the same
value as we did for I'(z), and take O <arg < 2m. It
follows that I'(x) and I'(x) are represented asymptotically
by the same determination of §(x) in the upper half plane,
but in the lower half plane the determination for I'(x) is

obtained from that for I'(x) by increasing the argument of
-

« by 27, which changes S(z) to e ey S ().
The function I'(x) can be expressed in terms of I'(z).
Since they are-both solutions -of eq. (50), their ratio must
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be a periodic function; let p(z) == I'(z)/I'(x). and consider
the behavior of p(x) in any period strip, say 0 << w-_1.
From the properties of I'(xz) and f(a:) it is evident that p ()
has no poles, and that is vanishes only at » == 0, so it is
analytic throughout the finite part of the strip. At the upper
end of the strip p(»)—1, since I'(x) and I'(x) are represented
asymptotically there Ly the same determination of S(x). At

2718 (r - :)

the lower end of the strip 7' (x) ~ 8 () and / (@)~ S(x),
1

. 2nd ("‘ - — .
$0 p(x) behaves like ¢ 20 == — 2 which becomes

infinite as x—>o0 in the strip. Hence, by the theorem of § 2,
Chap. I, p(«) is a rational function of ¢#*, Since p(x) vanishex
to the first order at x = 0, it must contain a factor
A —1 in the numerator. Since it has no finite poles, the
denominator can contain no factor of the form ¢4 — q(a |.0),
and hence p(z) must have the form c¢c#ér(2ir—1), The
behavior of p(x) at the lower end of the strip shows that
k == 0, ¢ = —1; hence we have

BD r) =— (1—e¥=) I'(x).

This formula enables us to study the behavior of I'(x) as
a—>o0 along a ray parallel to the negative axis of reals.
Sinee I'(x)~S(x) along such a ray, we have

. 1

F@) o1 i
Suppose first that the ray is above the axis of reals; the
periodic function differs from 1 by a quantity of the order
of e, so we can write

'@ e~|[1+4+ z@x)] S),

where 7(x) is a periodic function which approaches zero
exponentially as ¢ increases. Hence I'(x) ~ S(z) to a degree
of approximation which can be made arbitrarily close by
taking the ray far enough above the axis of reals.

If the ray is below the axis of reals, v is mnegative, and
the periodic function differs from — ¢~2"" by a quantity of

. AS’(.’I') .
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the order of ¢, Hence 1'(z) ~— ¢~#"% §(x) to an arbitrary
degree of approximation if the ray is sufficiently far below
the axis of reals. Here S(x) denotes the determination of
the series for I'(x), i.e., for arga near 7, which, as we saw
above, is equal to that for argaz near — = multiplied by
— ez If we use the latter determination, as is more
natural here, we have I'(z) ~ S(x).

In the same way we see that I'(x) ~ S(2) to an arbitrary
degree of approximation along rays parallel to the positive
axis of reals and sufficiently far above or below it.

The gamma function is connected with the trigonometric
functions by the relation

R R i
(58) / (.'I:) I'l—x) == « m;ra,
which was discovered by Euler. To prove this, write 7'(1 — )
== — g I'(—x), by eq. (50), and express I'(x) and /'(— )
by means of the second product in (54); we thus find that

r@rQ—z) - T JE—
SRR ELTIRE 185

S | -
oS (1__—?;?)

A comparison of this with the infinite product for sine,

namely
mqufl( ]

n=1

at once gives us (568). For x == }, eq. (58) yields the
numerical result I'(3) = V'z.

By expressing sinzz in terms of ¢, we can write (58)
in the form
(59) I'@) (1l —z) =

.._.zn-,ellw

T g
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this and ' (57) give us another expression for 7'(x):

= - 2 (4 &(.’7 Lix
60 () == 27

We will now determine the value of the constant s in (52).
Since I'(x) ~ S(x), we may write for large values of x (except.
near the negative axis of reals)

e 1 —
(61) I'(x) == a e so[1+&@)],
1
where lim &(z) - 0,'and # * denotes the branch of the

i @£—> 00
function for — o - arga:-2 v, Hence

62) I'aorit—aez) - —a 1'(:1;){‘(-—- )

e (=) g 4 ),

where lim &(2) == 0. Since the arguments of both . and
n—> 00

—— 2 must lie between — zz and s, if we take » in the upper
half plane we have arg(—x) -~ args-—:r, so that the
factor — 1, which represents the ratio of — & to o, has the
argument — :r. Hence in the upper half planc

1 ' 1

t,

rty (e ™) e,

(—1)
Equating the values of £'(z) I'(1—ux) in (62) and (bY), we
have for large values of x not near the axis.of reals

5

2

If now we let « -> oo parallel to the positive axis of
imaginaries, we get s2 = 27, or s, = V' 2 (the positive root
is taken, since I'(z) is positive when a is real and positive).
Putting this value in (61), we have

1

63) I'@) = o e V2a[l4e(], lme@) — 0,
o —> 0
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in the sector — <~ arg - m, or, by (52),
1.

" ATyl PRI SENTTR
I ~x *e VZn(l-}-lgw-}—

288 x*
139 )
T 518402 T /°

By d1v1s10n (ct. the expansion (43)) we obtain the following
two results, which we shall need later:

Lo S(x+6) o, d—e
@ ~sw (“L 2 r)

I'() S@ . efy. e
Ta—0 " Sa—¢o — (1 } )

(64)

(65)

where ¢ is any constant. These hold in the same sector
—m<argx =L 1.
The gamma function satisfies the relation

nr—‘ -1

(66) I O —— I] I ( )

(2 l)

which is known as Gauss's multiplication theorem; it is useful
in the numerical computation of I'(x). Mo prove this, let
4 (x) denote the product in (66); then

(67) ¢ (.7;{- L—) III ( 4—) = g¢(x).

This difference equation with interval 1/n may be transformed
into one with interval 1 by setting x == z/n, ¢(z/n) == f(2),
which gives

fe+1) = 1)

a solution of thisis by (61) f(2) = n—* I'(¢), whence a solution
of eq. (67) is ¢'(x) = n"* I'(nx). Since p(x) and ¢'(x) are
both solutions of eq. (67), their ratio ¢ (x)/¢’ (z) == p () must
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be a periodic function of period 1/n. Consider the behavior
of p(x) in some period strip, say 1 <w < 14 1/n; since
neither ¢ () nor ¢'(x) vanishes or has any poles in the strip,
p(x) is analytic- and different from zero in the entire finite
part of the strip. To investigate p(x) at the ends of the
strip, we use the asymptotic forms of ¢ (x) and ¢’(2):

ko1

> 1' k L w2 —NL-— ”‘.2'1 L n
H (9’5+ ;2) -e k=L (D 7p)2
pl) = 7 e 1+ 2@,

wm (na) e eV 2n

where lim g (z) = 0; this holds at both ends of the strip.
x>0 .

Since
e Bl
ey k
(J‘I"i) PR
. n
lim i
2—>00 4 ——-
¥ noo2
. ko1
15 ]‘: n 2
= lim (1+-~ ¢ "(+~v) =1,
xr—>00 nx na
we may write
v gk n—1
I I.’r w2 (2m) 2
X k=0 '
p(x) = 1 1 [1 ~+ ('T)]
——
n taxr ?
1 n—1

== n? (2 ”)--»2 ) [] -+ 11’(,7?)]_

Thus p(z) is a function analytic throughout the entire strip

and finite at oo; it must therefore be a constant, namely
1 n—1

n? (2n) * . Hence
1 n—1
p@) = n?@2nr) 2 ¢ @),
from which (66) at once follows.
In addition to the various infinite product expressions

which we have derived, the gamma function can be expressed
4
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as a definite integral of a type which plays an important
part in the theory of linear difference equations (cf §1,
Chap. III). To prove this, let us write

(68) G(r) = th“'"‘l v(t)dt,

and investigate whether it is possible to determine the un-
known function »(f) and the path of integration so that
G (z) shall be a solution of eq. (50). Substituting this integral
for y(r) in eq. (50), we obtain the condition

b g/}
LT — o fT—1 4y —
Lt o(f) di Jaa,tt o) dt == 0,

or, if we integrate the second term- by parts,

) W
L o) dt— [¢* 1'(t)]3 +L tro'(dt = 0.

This condition is satisfied if v'(£) == —v(f), whence ¢(f) == ¢et,
provided the path of integration is so chosen that ¢* v () has
the same value at both ends. 1f u, the real part of z, is
positive, we can take the path from 0 to oo along any ray
in the right half plane, and in particular along the positive
axis of reals. Thus

Cloe)
G(r) = (‘Jo e et d t

is a solution of eq. (50). This is an improper integral, which
converges uniformly in the neighborhood of every point in.
the right half plane, and so represents there a single-valued
analytic function without singularities. lLet us impose the
condition that G'(1) — 1; an evaluation of the integral shows
that we must have ¢ = 1.

In order to identify (#(x) with I'(x), we proceed to study
the periodic function p(x) = G'(x)/TI'(x).* Set t = xv; then

00
G(x) = W‘J: TP e (g,

* Cf. Birkhoff: Bull. Amer. Math. Soc., (2), 20 (1918), pp. 7-8.
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where the path of integration may be taken as the axis of reals
(arg © ==0). This can be expressed as the sum of two
integrals with the limits 0,1 and 1,00. Let x be any point
in the period strip 1 < u <(2; then

1 1
J: 1 gt d’t\ ;: J qu—1 pg—ut o
e,
\fe Tdv = 1————
\f ) oo uT dr
= )

00
*iilﬁ te Tdr == @(2) = 1,

.

: I
'J A R 2

since by eq. (50) G(2) == G(1). Hence in this period strip
(®)| << 2|x*|. For large values of  in the strip we have

)| e 2e T V2r (146 > aF 1,

These inequalities show that |p(z)|<Z2]x| at both ends of
the period strip. Write p(z) == q(2), where z = ¢?4%; this
transformation maps the unit strip in the za-plane in a (1, 1)
manner on the entire z-plane. Since both G'(z) and I'(x)
are single-valued and analytic in the finite part of the strip,
and since I'(x) 4 0, q(z2) is single-valued and analytic at
every point of the z-plane except possibly at z = 0 and
#z == o, which correspond to the ends of the period strip.
But

logz |

|2‘{I(Z)‘i"':2}'2w' 27 :)

which approaches 0 as z—>0; hence zq(z) is analytic and
vanishes at 2 = 0. Likewise ¢(2)/z is analytic and vanishes
at z == ; q(2) is therefore a single-valued analytic function
which has no pole in the entire plane; accordingly it must
be a constant* namely 1, since G (1) = I'1). Thus

*(Jf Os(rood Lehrbuch der Funktionentheorie I (2nd ed.), p. 310
(Riemann’s Theorem) and p. 800 (Liouville's Theorem); or Burkhardt-
Rasor: Theory of Functions of a Complex Variable, pp. 255, 230.
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(69) I'(x) = J:Q trletdt, (u>0).

To obtain an integral which shall be valid in the entire
plane, let us take for the path of integration a loop circuit L
about ¢ = 0, starting and ending at ¢ = oo and enclosing
the positive axis of reals;* this gives a solution of eq. (50),
since # v (f) or ¥ ¢~ vanishes at both ends of the path. We
will let arg{ increase from O to 27 on L. We may con-

[ E—

74 —

D=

Fig. 3.

sider the path as consisting of the axis of reals from oo to ¢,
a small circle of radius ¢ about #==:0, and the axis of reals
from & back to o (Fig. 3). If w>-1, the part of the integral
contributed by the circle approaches 0 as e—0, and the
first straight line integral approaches

J)Ot’”"‘ etdt = — I'(x).
0

After a positive circuit of ¢ = 0, the multiple-valued func-
tion ! is multiplied by @D = ¢¥=,  Consequently we
have in the limit for the return path

o]
e J; =1 e~t dt = @ I'(z).

* Any other ray in the right half plane could of course be used in place
of the axis of reals.
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Combining these results, we see that

(70) Lt""" etdt = (e —1) I'(@) == —I ().

This loop-integral represents a function analytic throughout
the z-plane; I'(x)-is also analytic throughout the plane;
therefore eq. (70), since it is true for the half plane u>1,
must be true for the entire z-plane. We obtain thus an integral
formula for I'(z), and also a second integral formula for
I'(z), namely

(11) R J #-1 et dt,

which is valid throughout the plane except for positive integral
values of x, where it is indeterminate.
If we set ¢t = 1/7 in eq. (70), we get

12) I'(x) — j e

where K is the contour into which

L is transformed by the substitution

t == 1/v, namely a loop which starts /

from 7 == 0 in the right half plane,

makes a positive circuit about v = oo 0
(i. e., a negative circuit about = =0),

and returns to v = 0 (Fig.4); on K

arg ¢ decreases from 0 to —2a. K
If we make this same substitution
in eq. (69), we get the formula Fig. 4.
300 1
(73) I = L =21 T dr, (u>>0).

§ 3. Applications of the gamma function.
Allied functions.

A. Explicit solution of eq. (38). We saw at the beginning
of § 2 that the general solution of the equation

(38) y@@-+1)—r@y@) = 0
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can be expressed in terms.of any solution of eq:.(50).. Since
the latter equation is satisfied by I _(x) and 7'(x), two particular
solutions of'eq. (38) are

[1re—e , H r (-%_“Ic)
() gy @) == 5y ) =T
H I'(x— 8y H r(-‘lf—‘lgk)
i k=1 k=1

Replacing I" and 7" by their asymptotic forms and simplitying
[cf. (43)], we find that y, (x)~8 (x) [eq. (44)] in the sector
—mw< arg x<7 and y, (x) ~S(x) in the sector 0 -largx
< 2m; 1 (x) and ys(x) are therefore the first and second
principal solutions of eq. (38).

These solutions are connected by therelation ys () == p(x) yy (),
where p(x) is a periodic function; its form can be determined
directly by means of eq. (57), namely H

I] (1— ’m( @ —a,‘))

() — 7/2() . k=1
(®) P =y n

I] (a— 2/12( a- ﬂk))

B. Summation of rational functions. The function ¥ (x).
We considered in § 2, Chap. I, some examples of sums, and
observed that the sum of a polynomial is another polynomial
of the next higher degree; in fact, we have

0 == §— 0§60~ Sl - 1)

Any polynomial P(z) can be expressed linearly in terms of

1, x, (926), ..., since these are polynomials of degrees 0,1,2,.-.

respectively; hence \ P(x) is the same linear function of x,

) 5).
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Consider now any rational function » (z) == P(x)+ Q(x),
where P(x) is a polynomial and Q(») a fraction whose
numerator is of lower degree than its denominator. Q(z) can
be broken up into partial fractions of the form c¢/(x— )™,

so we will seek an analytic expression for (—x:_l ajm
From the equation I'(x-+1) == aT'(x) we obtain by
logarithmic differentiation

or, if we denote by % (x) the logarithmic derivative of /'(z),
(1) Wt 1) = ;--}—llf(m).

_ Thus W(x) satisfies the difterence equation

18) et —y@) =,

whieh is of the form (6). Hence by the definition of summation

we may write
1
= Y

Differentiating eq. (77), we have

d 1 d
Tz Fr+1) = ——y + 7 i (z),

) = i

similarly, by repeated differentiation, we have

whence

EO)rml A" (),

T dam

from which we infer directly that .

. 1 . (___ l)m—l dm—l — ).
(19) S(w—a)’” T (m—1! dam! Hla—e)
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If we denote by ¥ (x) the function I” (z)/I'(z), which also
satisfies eq. (78), we obtain in the same way another evaluation
of this sum, namely

1 (=™t gm!

(80) w—am  (m—1) dam

- (x—a).

We are accordingly able', by means of formulas (76) and
(79) or (80), to express analytically the sum of any rational
function. Furthermore, since log 7'(x) satisfies the difference
equation

Y4 1)—y@) — logua,

Slog‘;l: — log I'(x).

Since both W(x) and ¥ (x) are solutions of eq. (78), their
difference must be a periodic function, whose form can be
obtained from eq. (57) by logarithmic differentiation, namely

we see that

2n1

(81) W@) = = i + W@,

From Euler’s relation (58) we obtain the corresponding
formula for ¥ (x):

Pl —x)—W(x) = ncotma.

C. Asymptotic forms of ¥ (x) and @ (x, 1, k). If in theorem V
of § 6, Chap. I, we put

9(@) = log(1-a) = m—-;—'-:ﬂ’+--é-w‘°’—---~,

fo) = By
xz eV on
S() = o 4 o 139 [see (64)],

T 122 7 2882°  518402°
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it follows that

¢ (F@)) = log — &)
T e 'Véﬁ"

~86) — S+ 5 BEP—-,
1 1
logI'(x) — {x— ) logz: 4 a — 5 log 2
(82) ( 2) 2 |

2T 560m” +-

this holds in the sector —m < argz < n. By differentiation
(cf. theorem 1V, § 6, Chap. I),

' . 1 1
9 "‘(“")—“’g””“‘*fz;,;“ izt 0
d 1 | 1
A ~- et ..
84) L ¥W) + 5yt TG 3008 T

in the sector —m < arg (x—a) <. m, where a is an arbitrary
positive real number. These same formulas are true for W (x)
in the sector 0-Z arg(x+ a)<<2m.

We are now in a position to determine the asymptotic
form of the function

N ST rt
Ol B = T Gy E T g ayp

e
for the case r = 1, k >> 2, which was not considered in our
discussion in § 7, Chap. I. Take first the case k¥ = 2. The
equation (27) satisfied by @(xz, 1, 2) is

yx+1)—yx) =- ——';5';

but this equation is also satisfied by 71% & (z), so the difference

- ddi W(z)—d(z, 1, 2) must be a periodic function. Let
xz—>oo along a line parallel to the positive axis of reals; by
(84) and by (33) both these functions and hence their
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difference approach 0. The difference is therefore identically
Zero, so o ) .

(89) - ~—¢If(m) = D(x,1,2) = , + (x—{l-'l)’ +zw41_2), + s

the asymptotic form is givén by (84). Likewise we find that

a g 2 _ 2
s W@ = —20(1,8) = — 5 — T

dx?
ete. These results enable us to determine the asymptotic form
of @(z, 1, k) for any k= 2. -

From eq. (85) we obtain by integration

W) —w(l) = — (71( _1) - (x——lfl“_ ,12) :

_ (_l._ _ 1) —
z+2 3/ 7
But by eq. (55)
log I'(x —Cz—1o ( 0 )
gl@) = —Cu gw+n21 +1og 1)
where (' is Euler’s constant; differentiating and setting = = 1,
we have

w() = —c—14 3 (o) = —c.

. S 1
/] _ — (— ),
(86) () ¢ ,f-z.:'o($+” n—l-l)
It is easily verified that this series converges uniformly in
the neighborhood of every point except z = 0, —1, —2, ...,
where @ (x) has poles of the first order with residue —1.
D. The beta function. The function

(87) Bz, y) = @) I'y)

which is known ‘as the beta function, is important in the
study of certain difference equations. Most of its fundamental
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properties can be deduced at once from its definition; e. g.,
B(y’ x) = Bz, y),

B(r4-1, ./) ' *“_i_—* B(z, ),
(88)
B(zx, f/+ l) "')—:]‘__“— B(a, y).

The beta function can be expressed as a definite integral,
namely

o
(89) Bx. y) — Jo (1 — 1 dt,

which ix valid for () 2> 0, B(y)>>0.* To prove this,T let
I(2;, ) denote the integral. By integration by parts,

wl(w,y4-1) = yIl@+1,y);
also we have :

Ty y+1) — [ =gt — ) ar
= I(r,y) — I(x+1,y).

From these two cquations we see that

Ix+1,y) = — 1 (z, Y), I, y+ 1) == w_':_i"/_y"l(my?/)'

*.
Comparison with (88) shows that 7 (z, y) and J3(zx, y), regarded
either as functions of z or as functions of y, satisfy the
same homogeneous difference equation. Their ratio p(x, y)
= I(x, 4)/ B(x, y) must accordingly be a function which is
periodic in both x and y.

Consider the behavior of p(x, y) in the period strips
1< R(x) <2 1< R(y)<2; it is analytic in both variables
throughout the finite parts of the strips, since both I(z, y)
and B(z, y) are analytic there and B(x, y) does not vanish.
Give y a fixed value y, in its strip; then

* R(x) and R(y) denote the real parts of x and y.
+ Cf. Birkhoft: Bull. Amer. Math. Soc., (2), 20 (1913), pp. 9-10.



60 LINEAR DIFFERENCE EQUATIONS

10l < [FO a—0R e ar < 1,
“and for large values of  in its strip, by (65),

IB(-’] y())l - Ir(yO)l T(aﬁlj)y) S li—qyol,

where % is a suitably chosen positive constant. Hence as
x—o0 at either end of its strip

1
0@ ) <.

1f now we set p(x, yo) = q(2), where z == ¢, we see as in
the corresponding argument for I'(x) in § 2 that ¢(2) is a
single-valued analytic function which remains finite in the
entire plane, i.e., it is a constant. By exactly the same
reasoning, if we give x a fixed value x, in its strip, the
function p(zo, ¥) is a constant. Since B(1,1) == I(1,1) =1,
we must have p(x, y) = 1 identically; this proves eq. (89)
for R(x)>0, R(y) >0.

The integral (89) is sometimes called the first Kulerian
integral, while the integral for I'(x) in eq. (69) is called the
second Fulerian integral.

Fig. 5.

We can obtain an integral expression for B(z, y) which
is valid for all values of x and y by using as the path of
integration instead of the straight line from O to 1 a double
loop -contour 4/ which starts -at a point 4, makes a positive
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circuit about ¢ == 1, then a positive circuit about ¢ == 0,
then a negative circuit about ¢ =1, and finally a negative
circuit about ¢ = 0, returning to its starting point. We may
regard the contour as consisting of the axis of reals from & to
1—e¢, traversed twice in each direction, and small circles of
radius ¢ about O and 1, each traversed once in each direction.
Let A be the point ¢, and along the first rectilinear portion of

(89) is multiplied in succession by ¢, 2w, -2y gn( e—2ic
after traversing the circles in the order indicated, and thus
returns to its initial value when the contour is completed.
If the real parts of » and y are greater than 1, we can
let ¢—0; the part of the integral contributed by the circles
then approaches 0, and we obtain in the limit

Hence for £(x) =1, R(y)>-1 we have
(90) L (1 — -t dt = (I — @) (1 — ) B(x, y).

But both sides of this equation are analytic for all values
of z and y, and hence the equation is truc in general.*

The functions & (x) and B(x, y) treated in this section
and P, (x),  (x) in the following section are examples of
a numerous class of interesting functions which are closely
related to the gamma function. Many treatments of the
gamma function, indeed, are based on a preliminary study
of w(z). For a more detailed discussion of these and other
functions, most of which satisfy simple difference equations,
the reader is referred to Nielsen’s Handbuch der Theorie der
Gammafunktion, and to the works cited in the “Literatur-
verzeichnis” of the latter.

§ 4. The general equation of the first order.

The general linear difference equation of the first order
with rational coefficients

* Osgood: Lehrbuch der Funktionentheorie I (2nd ed.), p. 319.
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(o1) - y+1)—rn@y@) = @)
has by eq. (20) the solution ' .
N Te (-'”)
(92) y@ = n (m)S D’
where y, (z) is a solution of the associated homogeneous
equation _
(93) y@+1)—nr @y = 0.

The most general solution of eq. (91) may by eq. (21) be
written in the form

y@) = 9@ +p@)y @),

where g (x) is a particular solution and p(z) is an arbitrary

periodic function.
From eq. (92) we obtain the two symbolic solutions

.. o ’2(’) '2(-’(‘1‘1)
m@)me@[ i m@¢m .”L

o 4. 73(9 1) '2(7
i (#) = .'/1(w)[ n@ T (,,.___1) )+ ]

which satisfy eq. (91) formally. If we eliminate y,(x) with
the aid of (93), these take the simpler form

S ry (@ I 1.2 2 VI
B0 = T h@n e+
I (.L + 2)
(94) T hEnEF)n@fe) T
9 @) = re@—1)+ 1 (@ — 1)1y (@ —2)
| +r@—1)r(@—2)rs(x—3)+ ---

As in the case of the homogeneous equation (38), a power
series in 1/x can be found which satisfies eq. (91) formally.
If we write
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' ¢ e o
n@=alati+54.) @io,

n@ = [+ S+ 54, @l o,

i

this series has the form

P (80 _*_ & _+_ ,s: _I._ .o )

”w E
. .

if w>0, and

a (.~(,+ g ‘2+)
x N A

if @< 0.* The coefficients may be determined in any particular

case by direct substitution. .

With the aid of the symbolic solutions (94) and these
series it is possible to prove the existence and study the
properties of analytic solutions of eq. (91). The detailed
discussion ix rather long, however, and since it presents few
new points of interest, we omit it.m Any solution of eq. (91),
as indicated at the end of § 5, Chap. I, satisfies a homogeneons
equation of the second order with rational cocfficients, which
can be trcated by the mecthods of Chaps. IIT and 1V.

Among the most interesting of the functions which satisfy
non-homogencous difference equations of the first order are
Prym’s functions

1 2900
P(x) = i: trletdt, Q) = Jl Lo bt
these are special cases for ¢ = 1 of the more general functions
’ 0 200
(95) Py () = J‘: m=le—t ([, Qo () — Jo et dt,

where ¢ is any constant, real or complex. The first integral
is valid for »>-0; the second is valid for all values of =z,

*The case =10, ¢, =1 is an exception; for this we have in general
the factor a¥t! instead of x”.
+0f K P Williams: Trans. Amer. Math. Soc.. 14 (1913). vv. 209-240.
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provided the path of integration goes to oo in the right half
plane. Comparison of these definitions with (69) shows at
once that '

P (@) 4 @ (x) = I'(z);

for this reason Pp(x) and @ (x) are sometimes called 4n-
complete gamma functions. They satisfy the respective dif-
ference equations

Pyt 1)—aPy (@) =~ —eee,

Qo @+ 1)—2Qy (@) == ¢

as may be verified by substitution and integration by parts;
both (as well as /'(z)) are solutions of the homogeneous
equation ’

96) y@a+2)—@+e+Dy@+1D+exyl =0

(cf. end of § 5, Chap. 1 and § 2, Chap. IV). -
Integrating P, () by parts 41 times, we find that

D 7 N ).'E 5O ] —_ _Q_ __ - e — ...___,...Q.n .- -
19 (7) = QTe \[:’_ + .‘I,‘(.’l,"‘*’“ l) ‘} ---+ .’I:(.’L’—i“l) o (3+')’l)
1 0o
+ _’G”{‘—l)* G’ I “')>Jo prin et dt,

1f we set = gz in the last term, the integral becomes
ol
which is less in absolute value than

1 ! .
(’Z‘+“J; e“"(’f le i == l (‘:ﬂ'l‘n (1 —e _e) I .

Hence the remainder term approaches 0 uniformly as 7 - oc
except near = 0, —1, —2, ..., and we have in the limit

00

97) Po(z) = ¢ e (o + 1)'1.)'.1 (et

n=0 «
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This series converges uniformly in any closed mgion which does
not contain any of the points # = 0, —1, —2, ..., and
so represents a function analytic throughout the plano except
for poles of the first order at these points. Eq. (97) may be
taken as the definition of Py(x) in the left half plane, where
the integral definition is not valid.

This expression for Po(x) gives us an example of what
are known as factorial series, 1. e., series of the type

l (T)Z 'N an

I'z-+n)
(%8) . +__(,‘1 e 2lay 1+ Blay S
ST T e D) T e Dt T

which are great importance in the theory of difference
equations, and have important applications elsewhere.*

A partial fraction series for Py (x) is obtained if we expand
et in (95) and integrate term by term, namely

(7') i le (—_1)" z:f:fn )

0 1)'

This shows at once that the rvesidue of Pp(x) at the pole
a — —Kk is (—1)</k!, which is the same as that of /'(x);
henee @ (x), which is equal to I'(r)— Py (), is analytic for
all finite values of @, and so is an entire function.

1t was proved by Holdert that the gamma function cannot
satisfy an algebraic differential equation, and this result was
extended by Barnes to the solutions of cq. (91). 'The trans-
cendental functions defined by difference equations are evidently
of an essentially different type from those defined by differ-
ential equations.

* For an introductory treatment of factorial serics see Landau: Sitzungs-
berichte Akad. Miinchen (math.-phys.), 36 (1906), pp. 151-218.

+ Math. Annalen, 28 (1886), pp. 1-13. Cf. simplified proofs by F. Haus-
dorft and A. Ostrowski in Math. Annalen, 94 (1925), pp. 244-261.

t Proc. London Math. Soc., (2), 2 (1904), pp. 280-292.



06 LINEAR DIFFERENCE EQUATIONS

Exercises.

1. Locate the poles and zeros of the principal solutions
of the equations ‘

ylx-+1) = (1 :L-;al—g-) y ().

2. Obtain the explicit form of the periodic function
p(x) = h(x)/g(x) for the equations of ex. 1.
3. Locate the poles and zeros of the principal solutions

of the equation
z+1 .
ya+1) = -——5y@),
and obtain directly the relation between the solutions.
4. Verify the results obtained in ex. 3 by solving the
equation in terms of the gamma function.

5. Prove that a necessary and sufficient condition for the
convergence of the formal power series solution of the equation

yl+1) = ll + BJ(H)] y (),

where {0(2)| <M for 'z >R, is that (@) ==y ().
6. Evaluate the sums

S, §e5 Swele

7. Obtain the approximate value to four decimal places of
@(z, 1, 2) for x = 100.

8. Derive a series for ¥ (x) similar to (86).

9. Prove that

, AR (LT
10. If R(2)>0, R(y) >0, prove that
w oy
(a) J; el ot == l 1("’)),

. [a o ‘
(b) 'L‘ tr=l(g— 1 dt = a7 Bz, y).
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11. Prove that if R(x)>0,

1 ! I'(x)

. t.t—l t——'l y—1 dt s N
Fag =D ri—y)I'@¥y)’
where 7 is a loop circuit starting and ending at # = 0 and
passing around ¢=1 in the positive direction.

12. Prove that it R(x+y) < 1,
V(v et s NIl —x—y)

g it t—1ptdt = rq—zrd—y)’
where L is a loop starting and ending at ¢ = oo on the
positive axis of reals and passing around # == 1 in the positive
dircetion.

13. Find the asymptotic form of the factorial series
1 1 1
2 VD TG E D @ED
and hence of Prym’s function P(z). .
14. Obtain the power series which satisfy formally the
equations

4.

W ye+n = "5l ye;
) yx41) —y@) = 715

(C) K/ ("15 + 1) - .'l‘!/(,];) — — l .

e

15. Investigate the convergence of the symbolic solutions (94).
16. Solve the equations

@ y@+1)— (1—$g)y(x) w1
M) zy@+1) —@+1) y@) = L.
17. Find a definite integral solution of
1
Yot D—2y@ = -

1
(Hint: ;l; = J; g1 dt). Express this solution as a factorial

series and as a partial fraction series, and discuss their
convergence. : :
54
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CHAvrER 1.
The hypergeometric equation: general case.

§ 1. The hypergeometric difference equation.

Next to equations with constant coecfficients, which we
studied in § 4, Chap. I, the simplest linear homogencous
difference equations of higher than the first order are those
with linear coefficients. The second order equation of this
type, namely
(99) (2 4+ 02) y (e 4 2) 4 (ay -+ by) y (- 1)

A (ag x4 by) y (1) = 0,

is called the hypergeometric difference cquation, because, as
we shall see in § 7, its solutions can be expressed in terms
of the hypergeometric series

K ) oz) aﬂ 2 f‘((l-*'l)ﬁ(/g+ l) 22
(100) F(a, B, y,2) == 1+l.7‘-+ L2pG41)  C +

The theory of this equation presents most of the interesting
features of that of the general homogeneous linear difference
equation of the nth order with rational coefficients, but in
a less abstract form, since explicit formulas can be obtained
throughout. Accordingly the remainder of this book will be
devoted to a detailed study of the hypergeometric equation.

An important role in the theory is played by the roots g,
and ¢, of the characteristic equation

(101) as0®+ao+ap = 0.

We shall consider first the “general case”, in which ¢, and g,
are finite, distinct from each other, and different from zero;
in terms of the coefficients, this means that none of the three
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numbers as, ao, a3 —4aouy is zero. We will choose the
subscripts so that |g, | =les|. The “irregular cases”, in which
one or more of these conditions is not satisfied, present certain
additional difficulties; these will be treated in Chap. IV.

In order to get eq. (99) into a more convenient form, we
will define three new constants 8,, 8:, 83 by the equations

Bi+Be-tBt+2 = 2}’ ,
Bios + Baor + By + 1) (0 1 02) = — ‘I:: ;
01 02 :33 == ?;:;’

these have a unique solution under enr hypotheses, since the
determinant of the coefficients is ¢, 02 (0, —es) | 0. From
eq. (101) we have the relations

(01 thy

e T we T

eq. (99) can accordingly be written in the form

(fl' + 8, +/32 + B8+ 2) Yy (~" + 2)
(102) — [(e1 + 02) (r+By-+1)+ Bro: -+ Bs ol y(x+ 1)
+ o0 (x4 8y) y(@) — 0.

Set x4 By = o' and y(2'— By) -~ f(x'); then, dropping the
primes, we see that f () satisfies the equation

(-84 8+ 2) ?/(1' +2)
(103) 1 —[(o1+ee) &+ 1)+ 8102+ 8s el y@+1)
+ 0100 ry(x) = 0,
which may be regarded as the normal form of eq. (99) for
the gencral case. :
§ 2. Formal power series solutions.

Eq. (108) is satisfied formally by two power series in 1/,
multiplied by certain exponential factors; we cannot have
a factor of the form %%, since the coefficients are all of the
same degree, so we will set
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104 ‘_?J(w) = *af (s-l— ‘;;—"r g 4. )

in eq. ( 103).' Dividing by ¢* 2%, we have

’(w+ﬂ.+ﬁe+2) 1+ [+ 14 ) ;]
—olles+e) @+ D+ Agt Arar] (1+ Ly

< [s—l— —S;:(l + 1) Nl-}- .. ]
+9192»L(6+ 4 ° 2 ) = 0.

KExpanding in powers of 1/x, and equating the coefficients
of successive powers to 0, we find that

(105) o —c(o, + (’2) 4o = 0,

[(8i4 Bs +2)c* +2c* d]s +-c*s"— (e -+ ¢+ By -+ B:201)s
—cd(ou+os)s—c(e +e2)s -+ 01008 = 0,

etc., whence ¢ =, or 9;, d = —8,—1 or —B—1,

s1 8z 0, ﬂl) 83 3 ( B 0 /32)
= = 1) (——= -—=*|, = (BeH1) |- ——— "],
L=t Bl B Y w2l

etc., where si/s; and sh/s; are the two values of s'/s; s and
sy are of course arbitrary. To prove that all the coefficients
can be obtained in this way, assume that §'/s, §'/s, ..., s®/g
have been determined for both series; equating to O the
coefficient of 1/x", we have

2 (s®+D — 27 58) + (8 + B: + 2 +2d) s®
—c(01+0s) (%D —Es®)—c(o, 1+ 0s + 81 02 +8:01)s®
——cd(01+02)s® + @ @ ¥V 4s = 0,

where A involves only quantities which have been already
determined. The terms in s%*" vanish, by eq. (105). If we
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set first ¢ == @, @ = —B—1, s = 5 and then ¢ = g,,
d == —B—1, s = g, we obtain the two cquations

k el (92 — Ql ) S @) "'}— ‘41 8 = 0 ,
leos (01— 05) 5 4+ Ly sy == 0,

which serve to determine /s and s{/s, uniquely. Hence
every coefficient can be determined in terms of previously
found quantities, and we thus obtain the two series

i’ W
Sl (.’l)) T ‘\)1' a3l ("’l "l‘ N —'l' M., --l- .. .) ,
1 0 2
(106) &
Se(r) = o* a— Pyt (g:, 4= ' " +-. ) ,
- a w

which, from the way they were derived, must satisfy formally
eq. (103). In general they arc divergent, and so do not give
us analytic solutions. They play a very important part in
the theory, however, and, as we shall sec, represent the
principal solutions asymptotically for large values of 2 in
certain sectors of the plane.

§ 3. The use of matrices.*

For the purpose of deriving existence theorems for the
analytic solutions of a difference equation, it is in many
respects preferable to deal with a system of two equations
of the first order rather than a single equation of the second
order. This permits the use of matrices, which serve to
bring out the analogies which exist between an equation of
the first order and one of higher order.

" A system equivalent to eq. (103) may be obtained in various

then y, (x) and y:(x) satisfy the system

* An elementary knowledge of natrices, such as is given by Bocher:
Introduction to Higher Algebra, §§ 7,21, 22, 25, is presupposed in what
follows.
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phe+1) = yp(@),
. 0k
(@+e)@tD)+betbe

LSy e R

A more symmetrical system could be obtained, but this has
the advantage of being closely connected with eq. (108); if
we have any solution of (107), the first clement (@) = y(x)
gives us directly a solution of (103).

If y(x), ya(®) and yus (@), yaa () are any two linearly
independent solutions of (107), the matrix

. b ;!!/11(-") e (@)
Y(x) = H Yij () gi == ! Y1 () Yo )

is called a matrix solution of the system. The coefficients
of the y's in (107) form another matrix:

0 !
(0 + @) @+ D+ B+ Bsen

R@)=|__ ez t 1D+ A
o4 B+ B 2

W zhAF A2

The four equations satisfied by the elements of Y () can be
combined into a single matrix equation:

(108) Y(@+1) = R(@) Y(x);

this is equivalent to the system (107), as may be verified by
expanding and equating corresponding elements on the two
sides. .

Let P(x) be a matrix whose elements are periodic functions
of period 1, and whose determinant is not identically O; then
Y (x) P(z) is also a solution of (108); for by substitution
we have -

Y(@-+1) P@+1) = R(x) Y(z) P(x);
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but P(x—1) = P(x); hence, multiplying both sides on the
right by the inverse matrix P-1(zx), we get eq. (108) again.
If the elements of P(x) are arbitrary periodic functions
(subject omly to the condition that their determinant does
not vanish identically), Y (2:) P(x) is called the general matria
solution of (108), since by choosing the periodie functions
properly we can put any matrix solution in this form, as is
evident if we cxpand Y (x) P(x) into its elements (¢f. § 3.
Chap. 1).

"The matrix equation (108) is satisfied formally by a matrix of
power series whose elements arc readily obtained from (106).
namely

ERENGEENOL :-" () N (r) '
§) =- l,(fe) o )f : G 1) .:',(z—-'rl)f§
(109)  — ( o ) A 1(‘“'12'*32 F)%i

, .
where sy = 81, 3'11 - S{, seey 8o T 181, g == 91(81—:3181 — 1),
cte. The determinant of this matrix has the form

I”

. ro— d’
M0 |86 — Qe a™ =0+ 4,

where d = (g3 — 01) %182, cte. The inverse of S(x) is

~, ﬂn‘(.; + ) -, f’l“( 1,+"i~"~’+...)i'i
"
(111) 8~ 1(x)=— | B o i1
Q2 % b ( - ) 0, "’ﬁ’“("zz'l' ::."+>“l
where
e b
fu = (9:"‘?1)81 e — 02)% ]
. Gos R
T = (91'—92)82’ (9-“‘91)-5':

ete.
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Let T'(x) denote the matrix obtained from S(») by using
only the first & terms of each series, and write

(112) () T (24 1) — B(a).

Since S(x) satisfies eq. (108), we have S(@)S—1(x--1) = R1(z);
by the definition of 7'(z), 7! (x-+1) has the same first k
terms as 8~ (x+4-1); hence the elements of B(x) differ from
those of R~1(x) only in the terms after the %th, so we may
write

Bi(2) — B(x) II+ N C(x)],

where I denotes the unit matrix and C(x) is a matrix whose
elements are of the form

1

/
g
R R

r AN

§ 4. First existence theorem.
The matrix equation (108) is satisfied formally by the two
symbolic solutions
—1 —1 (. )—1
(113) {Im) @R , (+ 1)‘}:, (oc‘—!— 2)...,
Rax—1) R(x—2) R(x—3) - .-,
as is seen by direct substitution. These infinite products are
in general divergent, but by a suitable modification, as in
§ 1, Chap. Il, convergent products can be obtained which
yield analytic solutions. For this purpose we will form the
products

4 {Hn(.’l}) = R Y )R ' (x+1)..- R Y (x+n) Tx+nt),
(114) Gu(@)= R@ —-1)R@x--2)--- B(x-n) T(@—n).

THEOREM. Both elements of the second column of H, (x)
converge uniformly as n— o to limit functions hys(x), hes(x)
which are analytic in the entire finite part of the plane except
Jor poles, and form a solution of the system (107). The
determinant of Hyn (x) also comverges to a limit function D(x)
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aralytic except for polex. FKor large calues of a these limit
functions are represented asymptotically by s,s (1), ses(2), and
S(z)| respectively in the sector — m <2 ar g~ T,

Nemilarly, both clements of the fivst colwmn of Gy (x) con-
verge uniformly to limit functions gy, (o), gor (@) ewhich are
analytic except for poles and forw a second solution of (107).
The determinant of Gy () also converges unifor mly to a limit
JSunction D () analytic e ept for poles. For lavge calues of
these limit functions ave represented asymptotically by s, (x),
s (@), and |S(z)| respec liv(h/ i the sector 0-Zarga - 2m.

We will write H, (x) - T'(x) H, (). where

Hy(@) = T () R ) Te-+1)
<T VD) R (1) Tw42) -
AV Grtn) ROV G ) T +a- 1),

- Thus Hyp () is a produet of matrices of the form
. ' 1
T @R ()T 1) - T ) B (;lf)ll—l< " (_.-'(;1:)] T(ir4-1)
14 L 1y e Tk,
ua

since by (112) 71 (2) B(x) = T~ (x4 1). Since the first &
terms of 7! (-} 1) and 7'(»:-]-1) are the same as those of
S-1(z+41) and S(z+1), we see from (109) and (111) that

T (@) B~ (@) T+ 1)
I -’ _
Z Py () (zf) aft By thyy (r)
(_Ql_).-l? ;’;ﬁg‘ ~[il l/)!l (ll:') (/}:! (ilf)
0:
where the functions ¢ () have the form
Wi o Wi :
bt

Let us choose % large enough so that the veal parts o
By —Bs—k and By — B, —k are both < —2; then the right
hand side of (115) may be written

(115 __ 1 A
e
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ARCESET
" = l ("’Q‘L)x por () 9o () ;

02

= I+ 5 60,

where 2 is an integer > 2 and the functions ¢;(2) remain
finite as x—> 0.
The matrix Hy(x) may now be written

[1+ o(,)] [I F ""4;" 3 @ (x+1)]

”P+(+)(“””ﬂ
, 12 1
= ] e (P (o
+ 2 iy et
n—1 n 1
B 1.20 -9—-27'!1 (a_+_')l.(x+ )l ()(.ﬂ+f)()(1+8)}~-...

The ith element (7 == 1, 2) of the second column is

dut D - m(“) g (@ 1)

r=0 (1
(116) n—1 u,‘ (QT) ( 0s );H—s
: ~0 8Tl (1 r) (7/ s)) Qi o

> iy (& + P) gy G 4-8) o,

where 6 —= 0 or 1 according as ¢-— 1 or 2. We need to
prove that this converges uniformly as 2->oc. Since the
functions ¢ (x) remain finite, we can find constants M and R
such that !¢;(z)] < M for |r]>>R. Henee if all the points
xz, x+1, x+2, .- lie outside the circle x| == I, i e, if
x lies in the region D of Fig. 1, consisting of the entire plane
except the part within a distance B of the negative axis of
reals, the typical term in one of the sums in (116), namely

1 Oy \Z 1T [Qg\TiS x-|-w
(:L+ 1)‘(1,—[—-@)1 cen (,1+ w)'l (Q)z’) ((7:) o (‘f;:)
K ip @ A7) -+« Pyt 0)
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-1
-1

(y,0,---.7—=—1 or 2), is less in absolute value than
(es) .
Qi (a—r-i)l(l +s*)’l--- ‘1'—}—w)1

where { is the number of integers in the sequence », s, .-+, w:
this follows from the fact that

e e
— o — B |
0 o o/

)] !
. ‘(g ): i ((‘2) —1 (7(): )u--»-r - I ((’: ).r
e o] T \e, =il 1
since by hypothesis g+ == ¢!, and r, s, --«, ' are an in-

creasing sct of positive integers. The series (116) is there-
fore less term by term in absolute value than

S ll(é'). 3 M

Qi 'r::oiuv.:—l—/"1
2\ R ~ 21112
+!( )] 2 3
V@i b W L ) '—}—.s-" i-

As n— 00, this approaches the limit

(i'f)! “(1 i df‘;) 1+ f12|‘"1 l*) I 1};

since 4 - 2, the infinite product here converges, so the
elements of the second column of M, (») and hence of H,(z)
converge uniformly to analytic functions in the neighborhood
of any point of the region ). Moreover, since

1

., L
(118) ()l- | 2

H,(x) = R "(x) R (x+1).. R"l(a,—l—i;z——l) Hy w(r-t+m),

where m may be taken so large that the point z - m lies
in D, we see that they converge also in the region excluded
above; the only exceptions are the points 0, — 1, —2, ...,
which are the poles of elements of B~ (z), R~! (z+41),---.
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The limit functions ks(x), hss(x) of the elements of the
second column of Hy (x) are therefore analytic at every finite
point of the plane except O, —1, —2, ..., where in general
they have poles. '

The functions hqs(x), hes(z) thus obtained are independent
of the value of % chosen; for if 7'/ (x) is the matrix obtained
from S(z) by using a different value &', we have for our
product ’

H@ = BR'@R " @-+1) - R 'w+n) T (x+n+1)
R1(@) .- RV (zx+n) Tx+n+1)
< T Yae+n+1)T @-+n+t1),

I

whose second column. converges to the same limit as that
of Hy, (z), since

lim 7Y (e+n+0D)T@+n+1) = 1,

n—>9mm
regardless of the values of & and %". They form a solution
of the system (107), since by the definition of H, (x)

Hy(@+1) = R() Hyp (),

a relation which remains true for the elements of the second
column as we pass to the limit.

Consider now the behavior of Ay (x) and /() for large
values of 2. As we have seen, each element of the second
column of H,(x) remains less in absolute value than (118),
which is itself less than

5ot Ll (@)1 iy )
z9+2|(z1) Hle=" —1J.
By the inequalities (28) and (29), these elements can be
expressed in the form

@) = da+ (%) = My (@)

* %E%) or Ont (g:) A

according as z is in the right or the left half plane; M;(x)
is bounded for large values of x. The first form can also
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be used in the left half plane, except near the axis of reals,
since as x-—>oo along any ray through the origin |v| is
proportional to |z|, and the factor of proportionality can
be included in M;(x). Since H,(x) = T'(x) H, (7),

his () == ti () h1e (@) + tiz () B2 (i)

= o)+ ta() 6 it

+tin (o )(0:) AT
=éfﬁ*w¥)+mmhrm

(119)
Fatn O ).

The second and third terms in the bracket can be made
arbitrarily small by taking & and hence 4 sufficiently large.
Hence 7,5 (x) and lss (z) are represented asymptotically by
s19(x) and ses (x) respectively in the sector — v - arg 2L
If 2—>c0 along a ray parallel to the negative axis of reals,
241 is replaced by »*~' in (119), and we see that /i2(x)
differs from #s(2) by terms of the order of v'~*; hence the
first & terms of sp(xz) furnish a close approximation to A (x)
if |v| is taken sufficiently large.*
Jonsider the first order equation
0

a%>m@+n:wﬂwnmm==m+m+&+ﬂy@m'

where | R(xz)| is the determinant of the matrix R(»). This
is satisfied formally by the series (110), and by § 1, Chap. 11,
an analytic solution which is represented asymptotically by
this series in the sector — < arg z< 7 is furnished by
the limit as n—>o0 of the expression

1 1
|B@)| [B@+1] " IR(w-i-n)

+ *The behavior of As(x) and hsa(:x) as x—>o along such a ray isin-
vestigated further in § 9.

r | T(r +7c+1)],
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but this is simply the determinant of Hy,(x). Hence the
latter converges uniformly to a limit function 2)(z) . which
is analytic except for poles at # == 0, —1, —2, ..., where
{R(z)i, | R(x~+1)i, ..., vanish, and which is represented
asymptotically by |S(z)| in the sector —z < arg z 7. Its
explicit form, as we sec from § 3, A, Chap. II, is
. eres ')

D) = le=edsis po g a9
Since the asymptotic form of £'(x) holds to an arbitrary
degree of approximation along a ray parallel to the negative
axis of reals and sufficiently far above or below it, the same
is true for D (x).

In the same manner, by starting with the produet G, (r)
in (114), we can prove the sccond part of our existence
theorem. The limit functions ¢y, (&), ge1 (x), and D(x) will
in general have poles at the points —1— 8, —Bs, — 8, —8,.
1—@8,—8Bs. --., since elements of R(x—1), R(r—2), ..,
have poles at these points.* We have

C Al (A
D) = (e2:—01) 15 LA ) -,
I'(r--8+ 8.1 2)

In proving the convergence of the elements of the second
column of Hy,(z) and of the first column of G (x), we make
use of the fact that |¢, > 'g.]. In dealing with the other
column the roles of g, and ¢; are interchanged, so their
elements in general diverge. If, however, ¢, | == |¢s|, the
elements of both columns converge, and give us two pairs
of solutions which are represented asymptotically by the series
811 (), 831 () and s;5 (), 823 (x), one pair in the sector —z <
arg x << w and the other in the sector 0l arg x < 2.

The gap caused by the divergence of one column of Hy(x)
and GQn(x) may be filled as follows. Let us define two
functions 4 (%), ¥a1(x) by the equations

* Since the elements of the first row of R (x—1) are constants, gn (x)
does not have a pole at —1— g, — f,.
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Y (@) Tys () Ly /T @) Jys ()

. Ye1 (1) Do () | ‘./11 (- l) hys (- l)

the latter is a non-homogeneous difference equation in y,, (r).
and may be written

(121) My @)y (@ +1)—hye (2 + VD gy @) = — D). .

~ D)

The associated homogeneous cquation has the solution /g (r),
and by § 5, Chap. I, eq. (121) has the solution

(122) yu (@) = he(2) c(@) = 7112(3)8_77;—(“)])/0(3)(1)

This and the function
Yo (1) = yi(x-+1) = Iy (e -+ 1) [e@)+ AcGr)]

- - —D(x) D(x)
(123) == Jas () S h_l:(:)Tg;(’l) /l|2 (")

form a solution of the system (107); for since /. (x) and
hes (r) satisfy (107) and D(r) eq. (120), we have

Y@+ 1) = hee (x4 1) [c(@) + Ac@)] — /{) (Z'I ~i*—11))
. Qu@e®
- |- PR

(91 I‘(’s)(«""“l)'{"ﬂl (’2+192 (’1 ; ‘ o) __I)_(”)_
+ o SR Dy (4 ,)] It.(-l.) a0 s () I
_ QL @r D(-’”)
x-+Bi+B:+2 he ()
o Q@ (e
= T AT T
Similarly, from the equations
g (z)  ye(@) 11 (@) @) |
%,921 (x) :’/sz(x) =L@

+92)(%+1)+1919a+ﬂ-'?|, ().
Py R

TGt puGt)

we obtain another solution of (107), namely
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D(z)
Ju (x) g2 (-1) ’

D), D)
(]11 (-L) g2 (-L) Ju (.’1,) '

Ya(@) = gu(@ )S
Yo2 (¥) = gun (9”)8

By suitably evaluating these sums we can obtain two sets
of analytic solutions, as we shall see in the next two sections.

§ 5. The intermediate solutions.

TuroreM. There exist two pairs of solutions yi1 (%), ys1(@);
Yiz (@), Yy (@) and yu @), g (@); Y2 @) yu(x) analytic
cverywhere except within a limited distance of the axis of
reals, and having the property that for large values of x
Y@ ~s(@) in the sector —m<argx<<m and yij@a)~six)
in the sector 0 <argx < 2m,

We may take yla(x) = hiz(x), #i2(®) = haa(x), since /uz(x)
and /e () have the properties stated. For the other solution
of the first pair we use (122) and (123), evaluating the sum
as an infinite series [cf. eq. (10)]:

rogs D(x—mn)
(124) yu(x) = 7112(1‘)7‘21 TnaE—n) hgg(.l_’n)’
which represents an analytic function if it converges uni-
formly. To prove that this is the case when z is sufficiently
far from the axis of reals, consider the approximate form
of a term of the series for such values of x, as determined
in § 4. We have to terms of the xth order

D@
Ts () Pss (1)
d(h 1) )

(e10)" x P (d + — + B g

Ic—l) (k ----- 1)
aonfert =)
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where the 9’sare known constants (m particular, 4= =0 ~‘-) .

02

L

The series in (124) may therefore be written

2@: (@.)xﬁn (x — n)fr A

(126) ™ 1\e

7 qk-D M (2~ n)

[ﬂ+ + -+ (r—n)T + (r—n)t |*

where M (x) is a function which is bounded for large values
of |v|. Let |e,| > |es!; then the terms diminish in approxi-
mately geometrical ratio for large values of %, so the series
converges uniformly in the neighborhood of points - suf-
ficiently far above or below the axis of reals. Hence y11(x)
-as given by (124) and yxn(x) = yu(z-+1) form a solution
of (107) which is analytic above and below a certain horizontal
strip enclosing the axis of reals.

In order to determine the asymptotic form of this solution,
give x a fixed value, and separate the series (126) into two
parts: (1) the first m terms in which n<}|»|, and (2) the
remaining terms (cf. § 7, Chap.I). The first part may be
written

(&) orn Z(e [1- B 4t (2]

—1\0y

st L[ 2 e (2) 7+

(e 2

< [ﬂ + 7= ’i(l?;_ﬂn)'n 4ok M () (j: )/.]’

where the functions M;(x) and M'(x) are bounded, since the
error caused by breaking off the convergent binomial ex-
pansions at the kth term is of the order of (n/x)¥. The typical
expression to be examined is

3 (@)’ et e 3 ()"
n=1 \01 al T 01 !

6*
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where ¢ is a constant and 2 and p are integers from the
set 0,1,2,..-, k. A comparison of the sum on the right
hand side with the sums 3 j*»J evaluated in § 7, Chap.I,
shows that the former is vepresented asymptotically by
a constant for every value of & (for A = p = 0, the constant
is ¢s/(e1—es)). The sum which involves M'(x) is of the
order of 2%, since

S (o e (2) 1< % 8@
w1 o |

n . MN
~ T ! "W
& |l = | e

T ‘ ;.;‘lk' ’

where M and N are constants. The first m terms of the
series (126) are therefore represented asymptotically by

o\" 3, B o a’
(&) e (-t G + o,
where the «’s are constants (in particular, a = — 8 /8s).
The terms after the mth diminish in approximately geometrical
ratio, and they are all multiplied by the factor (0s/00)™,
which approaches zero exponentially as x increases; hence the
second part of the series does not affect the asymptotic form.

Substituting this expression in (124), and using the known
asymptotic form of 7,s(x), which holds in the sector —m
arg x-Z 7, we have

[ , —f,— S,-
sr@~— a7 o

. ( @ )f””_.ﬂ,—ﬁl(_ L] _’:' +. )

02
g bl bll
~ 0" p—1 (sl + _a: + TI?-_ + . .)

in this sector. For the other clement of the solution we have
g (,', (,'"
Y (r) = yule+1)~efx Py 1(91 8 -+ - -+ =3 4 .. )

Since these asymptotic expressions are formally equal to
i1 (@) and yu (x), they must satisfy formally the system (107);
“they are series of the same form as s, (x) and sy (), and
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they have precisely the same leading terms; hence they must
be identical with the latter, on account of the umiqueness
of these series. Thus i1 (x)~su(z) and yx (r) ~sx(2) in the
sector — <l argx <.

In the argument above we took {¢; >|es|; if lo(| - 0.
as remarked in § 4, both columns of H,(x) converge, and the
two solutions thus obtained satisfy the conditions of our theorem.

Similarly we can prove the existence of the second pair of
intermediate solutions, namely 711 () = g1 (#), y51 () == gar ()

and ]
Chn R D(e+mn)
Yiz@) == —gm (l)n%) g @+ n)gar e+ n)’

yu@) = yu@-+1).

The two solutions in each pair are linearly independent,
since one is represented asymptotically by sy, (), ser () and
the other by s;3(z), sss(x). The two pairs of intermediate
solutions may therefore be combined into two matrix solutions
Y’ (x) and Y’ (x) of eq. (108). Tt is evident from the definitions
of the solutions iy, () 75 (x) and yye (x), yee(x) at the end
of § 4 that the determinants of thesc matrices are equal to
D(x) and D(x) respectively.

The intermediate solutions are discussed further at the end
of § 8.

§ 6. The principal solutions.

By using a suitable contour integral to evaluate the sum
in (122) we obtain an important set of solutions called the
principal solutions.

THEOREM. There exist two solutions lyy (), hay (£) and
s (@), hes () unalytic throughout the finite part of the plane
cxcept for poles, and such that hij(x)~s;(x) in any right
half plane*  There exist two other solutions gy, (r), ge: (r) and
12 (1), g2s () analytic except for poles, and such that gi;(x)~s;(x)
in any left half plane. These properties in general determine
the solutions uniquely.

* By “any right (or left) half plane” is meant the portion of the plane
to the right (or left) of an arbitrary line parallel to the axis of imaginaries.
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We can obviously take for /s (), hes () and gy, (2), ga ()
the solutions already denoted by these symbols, since they
have the required properties. In case |o,| = |es|, the other
two solutions furnished by the matrices Hy(z) and Gy (x)
may be taken as hy, (2), by (x) and gys (), ges () respectively.
Accordingly in what follows we will assume that g, | >0, ].

Let o

—Dl(x
20 PE) = @ @)
we see from the approximate form (125) that @ (x) is analytic
everywhere except within a limited distance of the megative
axis of reals. Consider the integral

. . D) dt
1) = J; b — e

where A is an integer and L is the contour co A B of
Fig. 6, consisting of two straight lines of inclination ¢ and
m—=¢, where ¢ is a small positive angle, one below and one

=

~

Fig. 6.

above the region @ in which @(¢) is not eveywhere analytic,
and a simple curve passing between ¢ = x and ¢ = x—1,
x being a point in the right half plane far enough to the
right so that the region Q lies wholly within the contour.*

* The exact positions of the lines and the curve are of conrse immaterial.

:-'_‘
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Using (125), we see that the behavior of the integrand as
t—>0 along the lines Ao and Boo depends on the exponential
factors 20—M7it(g, /0., or, if we use only the exponents, on

[2(1 =) i+ log o, —log 0.] 1.

It we write { = o /7, the real part of this is

—i4 (llg‘g,‘

Qm

arg ,9;_) :

1

o(log |es|—log je.)—27nr (

sincee 6\’0 in the second and third quadrants, and since
loi|>1l0s!, this is negative if |¢/o| is sufficiently small.
Hence if the angle ¢ is taken sufficiently small, the inte-
grand approaches zero exponentially along these lines; the
integral therefore converges uniformly in the neighborhood
of the point z. -To show that 7(») gives us the sum of @ (xr),
form the difference AZ(x); this is equal to the integral of
the same integrand over the closed path AA’' B’ BA; but the
integrand is analytic inside this region except for a simple
pole at ¢t == x, where its residue is @(x)/2si; hence

Al(x) = @), or I(x) — S(D(m)
Using this integral in (122), we obtain the solution

ot dt
Iay (&) = 7’12(5’«)J gl o= t) fz/)u(r DR

hot () == Iy (x+1),

which is analytic in a certain right half plane. But by
repeated use of eqs. (107) or (108) we can express hy, (x)
and %y (2) in terms of Ay (x4 m) and Ag (x4 m), where m
is a positive integer which may be taken so large that the
solution is analytic at -+ m and hence at «x itself. This is
true even if z is near the negative axis of reals; the only
exceptions are the points z = 0, —1, —2, ..., where the
determinants |R(x)!, | R(x+ 1), ---, vanish; at those points
‘the solution has poles.

It remains to consider the asymptotic form of the solution.
For this purpose we will separate the contour L into two

(128)
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parts as follows: let L, be a fixed contour oo .4, B, % con-
sisting of two straight lines of inclination ¢ and 7#—¢ and
a simple curve, enclosing all the singularities of @({); let
L; be a loop enclosing all of thé points »—1, »—2, ...
which lie to the right of L,, but not x, x-+1, .... These
two contours together arc obviously equivalent to I. '

oo Fig. 7.

The part of the integral contributed by L, is a periodic
function of x, since the integrand is a periodic function of
x and the contour is fixed. It may be written in either of
the following two ways:

hmin f (o~ 2hit 0@ adt
L]

o=

2 —1)7li.13f e—20- it _ o@dt
Ll

‘3-—2711'-(.’1.‘;-7_-) -1

in the first form the denominator is bounded as v— 4 =,
since 2" then approaches zero; in the second form the
denominator is bounded as v—>—oo. Hence the part of
ks (r) contributed by L, may be written in the form

Pus () A% g () o1 Py (w) 2 V1w gl ()

according as z is in the upper or lower half planc; ¢(z) and
¢ (x) denote periodic functions which arc bounded as v— 4 @
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and v—>—oo respectively. ‘Kither form may be used if . is
on the axis of reals.

Consider now the part contributed by L.. Since the in-
tegrand is analytic within L; except for simple poles at
t=2—1, »—2, ..., x—{(, the integral can be cxpressed
in terms of the residues at these points; we have namely

1
hys () 2 O (r—m).

n—1
which consists of the first ¢ terms of 41 () [eq. (124)]; let
us eall it #11(x). Thus we have

hys () 44 q () + yii ().
Tus () @400 g () - g1 (),

according as x is in the upper or lower half plane.

The asymptotic form of yii(x) in the right half plane is
the same as that of yi;(z), since, as we saw in § b, the
asymptotic form of the latter is determined by the first i
terms of the series; the argument in § 5 applies without
change even when x is near the axis of reals. Hence we
have in the first quadrant (including the axis of reals)

I (l) = {

(129) Iy ()~ 810 (@) 47 g () + 210 (),

and we meed to determine which of the two terms has the
greater order of magnitude as .:—~o. This depends on the
exponential factors g2 ¢*%«, g7 or, if we divide by the second
one and use only the exponents, on :

log 9. —log ¢,
DX TR 7 S S— N2 )
.n//(l—l— iy ).), 0.

So far we have put mo conditions on the integer 4, and
hence have not completely specified the solution Ay, () Wwhich
we are considering. Lt us define 2 as the smallest integer
which exceeds the real part of

log ¢1 —log o
Qi !

(130)
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that is, let 2 be the integer such that

1—1 < MBO—Arge
= 27 )
By .choosing suitable determinations of arg ¢, and arg ¢,
we may always have

(131) arg o, — 7w < arg g, < arg o, -+ ir;

then 4 = 1 if arge, = arge, and 4 == 0 if arge, <<arg e..

We shall limit ourselves in general to such determinations.
With this definition of 4, the real part of the expression

A+ (loges—logey)/2mi lies between O and 1; the imaginary

part is (log|es| —log|es|)/2m4, where the numerator is

negative, since |g¢, | > |0s|. Hence we can write

(132) l+ lOgQg 10,,91 — b

a——=
Qi T 9’

where 0<a¢ <1 and ) >>0. Since z is in the first quadrant,
we have u>0 v=>0. The real part of the first exponent

above is then
(133) —bu—2mav,

which Dbecomes negatively infinite as x— oo ; the second
exponent has therefore the greater real part, so the second
term in (129) is the dominant one, and Ay, (x)~ s (2) in the

first quadrant.
In the fourth quadrant we have

(134) h‘ll (.’L‘) 89 (.T) 82(1_1)”1.": q, (m) + 811 (.7') H

here the dominant term depends on the exponents

2m( —1+4 logq»2 :ogg, ):1:, 0..

The real part of the first is

(1.35) —bu-t2a(1—a)v,
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which becomes negatively infinite, since v <20, so the second
term dominates again and %y, (x)~s;, (x) also in the fourth
quadrant. The only exception is when a = 1, in which case
the asymptotic form does not hold along rays parallel to
the axis of imaginaries, since (135) then remains finite, so
that the two terms in (129) arc of equal order of magnitude.
If however we use in place of the right half plane a half
plane bounded by a line inclined slightly to the vertical,
i.e, a sector —n/24¢<Zargx<Inw/2-4¢, where ¢ is a
small positive angle, 7;, () has the same asymptotic properties
as when a<C1; for the relation (129) holds throughout the
upper half plane, and (133) remains negative in that part
of the second quadrant for which «/(—u)>>b/2ma, so that
Iyq (r)~g; (2) in the above sector if & < tan—! (2w a/h). regard-
less of the value of a.

It instead of the right half planc «>~0 we consider wny
right half plane w ¢, where ¢ is any real constant, the first
term in (133) and (135) may be positive, but it, remains finite,
so for large values of |¢| these expressions are negative and
~our conclusions hold as before.

The other element /g () of the solution is equal to
Iy (®+1), so it is represented asymptotically in any right
half plane by s;; (x4 1) == sy, (2). It is evident from their
asymptotic forms that the solutions /iy, (), i, () and Zye (x),
liss () are linearly independent; hence they may be combined
into a wmatrix solution H(r) of eq. (108). The determinant
of this matrix is equal to D(z) (cf. end of § 5).

For the remaining solution we write

v D) dt
(s 9@ =.’/11(x)£, ATED ey [

a2 () = gra (@ 4- 1),
where _
__ Db
g1 () g ()
and A’ is the smallest integer which exceeds or equals the
real part of (loge, —loge)/2né (i.e., &' = 1—A2); the con-

D) =
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tour L' is similar to L, but extends to the right instead of
to the left. A discussion similar to that above shows that
this solution has the properties stated in the theorem. It
may be combined with gy, (), gs («) to form a matrix solution
(*(x), whose determinant is equal to D(x).

Since the first element of any solution of the system (107)
is a solution of the single equation (103) of the second order.
we have proved that the latter equation possesses four
solutions /4, (), hs (x), gy (@), 9 (@) [== Iy (@), hys (@), g11 ().
12 () respectively] such that 7y ()~ (z) and Ay (2)~ St ()
in any right half plane, and ¢, (x)~S8; (z) and gy ()~ S5 (r)
in any left half plane. The former two are called the first
principal system or the first canomical system of solutions of
eq. (103), and the latter two the second principal system or
second canonical system of solutions. ,

It remains to prove that there are no other solutions
possessing the same properties. Consider first the solution
Ins (), hss(x); assume that there exists another solution
hiz(x), hoe(x) different from this such that Aje(x)~si2(x) and
hia(x)~sm(x) in any right half plane. Since the solutions
hyy (), Doy () and hys(x), hse(x) are lincarly independent, we
can write

(137) K 2 () — po () Iy (2) -+ ps () Dz (1),

| Ao () == py (@) hay () + pe () hay (),

where p; () and p,(2) ave periodic functions. If we divide
the first equation by A12(x) and then let xz—o0 parallel to
the positive axis of reals, we have

1oy, () %:;Eg + pe (),

or

1eop, () ( Z:’--)Zf‘g v (:‘ + .. ) + pe ().

If .0, >>ies|, the factor (o,/9:)" becomes infinite as z—c0:
hence p, (x) must approach zero; but since p, (x) is periodic.
this means that it vanishes identically. It follows that
P2 (x)~1, and since p; (2) is also periodic, ps(x) = 1 identically.
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Hence in this case Ji»(x) = hi2(x), contrary to hypothesis.
If |e,| == ie2|, the same argument applies if R(8:) > R(8).
But both /12(x) and A2 () are single-valued analytic functions
of 8, and B, for large values of x in the right half planc;
hence the identity Ai2(z) — As2(x) must hold even when
R(By) << R(B,)). Hence hs(r), hys(x) is the only solution
of (107) which is represented asymptotically by s;s (), %2 (r)
in any right half plane. A similar argument shows that
11 (@), ga1(r) is the only solution which is represented
asymptotically by sy (%), s () in any left half plane.
Consider now the solution /Ay, (), higy ().  Assuming that
there exists a different solution /411 (x), A% (x) represented
asymptotically by s;; (x), s21 () in any right half planc, we
can express the latter in terms of the 2's as in (137); solving
for p;(xr), we have
1 TG Iz (e) ‘
(o) o)
byt (@) haa(e)i
Ul (1") 7l2‘.'(-'1‘)';

P () =

1f .= oo parallel to the positive axis of reals, both numerator

and denominator are represented asymptotically by [S(x)|,

50 p(x)~1, i.e., p(x) — 1. Using this value, we sce that
T () — I ()

Y 2] ('T) - B h‘;(',’,) )

this is single-valued and analytic in a period strip sufficiently
far to the right, except possibly at the ends, where we see
from the asymptotic forms that
&€
lim po (i) (.9-2—) PARCIESN ]
n—>0 01 )
Writing pe(x) = q(2), where z == ¢**", we have at the upper

end of the strip -
log 0,—log 0,

lim .(I(Z)E BT (l()g Z')l?l—ﬂ == 0’
z—>0
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or, by (132),

b
lim ¢(z)z—* T (log PP =,
z2—>0 .

where 0<<a < 1. If « + 1, we see that q(z)z—* camnot
have a pole at z == 0, since the other factors do not vanish
to an order as high as the first; and since the same limit
is approached as z—>oo if a F 1, g(¢)z—* must vanish at
z = oo, The single-valued analytic function q(z)z—* therefore
has no singularity in the ecntire z-plane, so it must be a
constant, namely zero. It follows that p.(z) = 0 and
131 () = Dy (), which proves that the solution A (), har (2)
is uniquely determined by its asymptotic properties. A similar
argument shows that the solution gy, (x), gss () is also unique
if w4 1.

In the exceptional case « = 1, the arguments of ¢, and
¢, are the same (or differ by a multiple of 2s), so the real
part of the expression (130) is zero; it we replace the value
A =1 by 4 ==0 the solutions which we get have precisely
the: same asymptotic properties in the sector — /2 <Zarg»
-Z /2, since the expressions (133) and (135) remain negative
if @ = 0 instead of 1. There is thus a real indeterminateness
in this case.

In the argument above it is not necessary to assume that
the asymptotic form of A}j(x) agrees with that of s;(x)
beyond the first term; hence a solution of eq. (103) is identified
as one of the principal solutions if the first term of its
asymptotic form coincides with the first term of S (x) or
S (x) in the right or left half plane.

§ 7. Integral and series solutions.

So far we have proved the existence of several solutions
of eq. (103), characterized by certain asymptotic properties.
We will now obtain solutions in terms of definite integrals
and convergent.-infinite series, among which can be identified
the solutions already obtained. For this purpose we make
use of the Laplace transformation
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"
(138) yx) = Ja e () dt

[cf. eq. (68)], and seek to determine a function »(#) and a path
of integration which' will make this integral a solution of
~ eq. (103).

By integration by parts,

9) )
Jﬂ 2ty () dt = [tethy (f)]:‘l—-L tr t;—lt [ o(®)] dt.

Substituting the integral (138) in eq. (103), and using this
formula for %z = 0, 1, and 2, we find that the left hand
side reduces to

j‘b n, d .
4 ¢ =3 [(t— o) (t—0s) v ()]

2

+ (O[B4 B+ Dt — (B + De. — (e + Doll| dt
+ [t (t—e1) (t—e2) 77('5)]3-

This will be equal to zero if the integrand vanishes identically
and if ¢ and b are so chosen that the integrated part also
vanishes. Hquating the integrand to zero and simplifying,
we find that v(¢) must satisfy the differential equation

JO K B
v(?) - t—o f-"’z’

a solution of which is

o(t) = (t—e) (t—e)™.

Eq. (103) is therefore satisfied by the integral

b 8 g
(189 y@) = [ e a—ef t—e)* i,
provided a and b are so chosen that

(140) [t (t—e ) (t—e) s = 0.

The expression in brackets vanishes at ¢ = 0 if R(x) > 0;
at t = o, it R(8)>—1; at ¢ ==, if R(8;)>—1; and
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at t = w if R(@-+ B, + Bs)~L—2. By taking for a and b
any two of these four values, we obtain six solutions of
eq. (103) of the form (139), each of which is valid under
certain conditions on a, 8;, and B8, namely

@)= [ 11— —aas,
[R(x) >0, B(B)>—1]:

hg( ) -—-I tr- 1(t-‘()l)ﬁl (f"‘@o)ﬁ!llt
[B )\0 H(ﬂ2)/ _—\]]1

@ — [ e - eyt
LR (- By - o) << 0% R(A) = —1];

ga(®) == J:’zt"’—l (t -—Ql)ﬂl (t— Qs)ﬁ” dt,
[RGBy 4 Bs) <2 0,* R(8) 2~ —1];

16) = [t e (— e,
[R(B)>~—1, R(By)>—1];

m(x) = oﬁw t*1(t—o )P (t—os)™dt,
[}l’ (.’l,') > 0, R (.1 + ﬁl + ﬂg) < 0*] f

To make these solutions perfectly definite, it is necessary
to specify the paths of integration and the determinations
of the multiple-valued factors of the integrand which we are
using. We will take the paths of integration in A, (z) and
hy(z) as the straight lines joining O to ¢, and s, and in
¢ (r) and gy (x) as the prolongations of these lines; accordingly
in 2, (x) and ¢, () we naturally take arg { = arg ¢, and
in hs(x) and gs () arg ¢ = arg @ Similarly in g, () and
g: () we take arg (t—e,) = arg ¢, and arg (t—eg;) == arg ¢,
10\1)ect1velv In 7y (z) and he(x) we will take arg (£-—ey)

(141)

* The mt.egrals g1 (@), ga (i), and m(x) converge absolutely and uniformly
as f—co in the neighborhood of any peint ® in the half plane I (x-+p,
+8:)< 0; hence the integrals represent solutions of eq. (103) in this half
plane, even though the condition (140) is satisfied only in the half plane
R (x+ py +'82) <C—2. Cf. Osgood: Lekrbuch der Funktiontheorie 1(2nd ed.),
pp. 450-452.
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== arg ¢, + 7 and arg ({—g,;) = arg g, + & respectively. The
argument of the remaining factor in each intcgrand varies
as we move along the path; if arg ¢, = arg g5, we will take
arg (f—e.) between arg ¢, and arg ¢s+ 7 in 7y () and g, (+),
and arg ({—o,) Detween arg ¢, +m and arg ¢, -+ 27 in hy (2)
and g, (x); if arg o, <Carg ., we will take arg (f — g:) between
arg ¢; -+ and arg ¢+ 27 in Ay (x) and ¢, (x), and arg (—¢,)
between arg ¢; and arg ¢, 4+ in h,(x) and g (x). If arg o,
= arg @s;, we will let the path of integration in %, (x) avoid
the point ¢. by passing along a small semicircular arc to the
left of ¢, and let the path in ¢,(x) avoid the point ¢, in
a similar fashion (ef. Fig. 10). In Z(x) we will take the path
of integration as the straight line from g to ¢, and let
arg t go from arg ¢ to arg ¢, If arg e, — arg s, we will
take for arg (f—eg,) the value which lies between arg ¢, 4 ir
and arg ¢,-+2x«, and for arg ({—¢s) the value between
arg ¢s and arg ¢.-; if arg ¢, <{arges, we will take for
arg (t—e,) the value between arge, and arg o, -, and
for arg ({—oe.) the value between arg ¢, +7r and arg ¢y -2,
In m(x) we will take for the path of integration any straight
line from O to oo in the sector arg ¢,—2m -Zarg ¢t < arge.
if arg o, = arg es, or in the sector arg g — 27 < arg ¢ - arg o,
if arg o; < arge.; for definiteness let us take the ray which
passes through the point —e¢,. On this ray we will take
arg t = arg ¢,—n and arg ({—e,) = arg ¢, 4 ; if arg ¢
arg go-+2m, and if arg ¢, <<arge. we will take it between
arg g, and arg ¢, 7.

The restrictions on x, 8;, and #; may be avoided by re-
placing the straight line paths by suitable contours; thus if
R(8,) < —1, we may use for A, (x) a loop circuit {; starting
and ending at £ = O and passing around ¢ == ¢, in the
positive direction, and for g, (x) a loop L, starting and ending
at ¢ = oo and passing around ¢ = g, in the positive direction
(Fig. 8).* The argument of ¢— ¢, may be taken as increasing

* Cf. Norlund: Differenzenrechnung, Chap. XI.
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fromarg e, + 7 to arg o,
“+ 3w on /;, and from
arge, to arge 42w
on L, while arg ¢ has
values near arg ¢4, and
arg (t—p;) is deter-
mined in the same way
as for the straight line
integrals. The solutions
Fi(r) and g (x) thus
obtained are each valid
in a halt plane, and they differ from /4, (x) and ¢, (z) as
previously defined, in case the latter exist, only by a constant
factor, namely

(142) Bi(@) = A=) @), gi@) = (1) g, (),

Fig. 8.

as we see by shrinking each loop down to a line ‘segment
and a small circle about ;.

All the restrictions are removed if we use double loop
circuits, like that described in § 3, Chap. IT (cf. ¥ig. 5).
about two of the points 0, ¢, 0., *. 'We obtain thus six
solutions which are entire functions. They differ from the
six solutions (141), when the latter exist, only by periodic
factors [cf. eq. (90)]. We have namely

i i , (.iL) . (1 _e'zni‘dl) (1 __(;zm‘.t) /ll ( .’l:),
P (1) = (1= (1—"") Iy (),
@) = (=) (1 — IR g, g,
g (@) = (1= ™) (1 — AR g, 1),
@) = 1= (1— ") 1),
m'(x) = (1— cmm) 1— e_"’ni(ﬁﬁ'_"'p*)) m (x).*

(143)

Since the solutions on the left are valid for all values of
z, By, and B;, we will regard eqs. (143) as defining the solutions

* For a further discussion of these double loop circuits, see Barnes:
Messenger of Math., 34 (1904), pp. 52-T1.
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Ty (), by (1), gy (), gs (@), L(r), and m (x) whenever the integrals
in (141) are not valid. We will assume for the present that
- neither 8, nor B, is a negative integer, since some of the
solutions are meaningless in that case; these excluded values
will be discussed in § 10. We see that [(x) is an entire
function, while the other five solutions are analytic throughout
the finite part of the plane except for possible poles at points
where the periodic factors vanish.

Consider the solution 7, (x) in (1d41); if we set ¢ = o1,
then t—¢, = —o (1 —v¢) and

t—es = (@ —¢) (1 -‘;—;) TR =y (1——:),

where x == py/0.* Using the first form of ¢—g., we have

°1 L l""‘ : ﬂ:‘
/ll(w)'—ﬁ(-q.)"‘(en es)f m[ "(L—ay" (l~ ') dr.

| —=

T |1—=x!>1, the last factor of the integrand can be
cxpanded by the binomial theorem and the resulting series
integrated term by term with the aid of eq. (89). If the
restrictions R(x) >0, R(8,) >>—1 are not satisticd, we may
use the definition of /, () given in (143) and evaluate 7’ ()
by means of eq. (90). In ecither case we find that

Dy () == (— )P (er — Qg)ﬁ" Q'le @, B+ 1)

Be 1 g '
— & e s+

|
— X y 2 @) (B 1)
= (— 0Pt (er — 0:2)™ 1 T ﬂ‘ s
B AL
(=2, St >
= (—e)P (e — e o7 B(r, B -F1) 1
><F(A‘ﬁ +1,—Bs, x4+ 8 +1 _—x—) ’

where F denotes the hypergeometric function (100). Since
the variable = occurs only in the third argument of F, this

T *We will suspend temporarily our convention that |o,| > |e.].
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hypergeometric series is included in the class of factorial
series, defined by eq. (98). If ¢, and ¢, have values such
that |[1—=|>1, it converges for all values of z except
—p8—1,—B,—2, —pB,—3,...; even at these points Ay (x)
is analytic, since the series is multiplied by B(zx, 8, +1),
which has a zero of the first order at these points. The
only points where 7, (x) is not analytic are x =0, —1, —2, ...,
where B(x, 8, + 1) has poles of the first order.

Using the second form of ¢{—g., we find in the same
way that

In(@) = (— o)™ (—e)* 0" B(x, 8, +1)
) 1
< I (-’l‘, '—32, 'L+ﬂ1+1’—x—)9
provided |«#|>1. Two other forms for 7, (x) are obtained

if we set { = g, 037/[0s—0,(1—7)], which may be written
in either of the forms

—1 1\~ 1
i (B I (B

01— 02 1—=x %

the corresponding forms of {—g¢, and {—g¢, are

RN P 4 ole—e) o ___1,:1)"'
;)1(1 z)(l 1_x), —_— r)(l -
an

T

— 0 (1— l_x)—l, (01 —0s) (1-— 1,__1)..-1

9

respectively. With these values we obtain the forms (b)
and (d) of /, (x) in (144) below, which are valid if | 1—=|>1
and |x|>>1 respectively.

Similarly, if we use in As(x) the transformations

= s 0107 .
oo—eo(l—7)’

t = 027,

and evaluate the integral in the same ways as above, we
obtain the four forms in (145). These results might be derived
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from those for /4, (x) by interchanging ¢, and ¢., 8, and 8.,

since this

interchange leaves eq. (103) unaltered.

The other four solutions in (141) or (143) may be evaluated
in a similar fashion. We obtain thus a set of 24 solutions
of eq. (103) in terms of hypergeometric series, analogous to
the 24 series which satisfy the hypergeometric differential

equation.

(144) k()

(145) he(x)

They are namely:

(@) (—e)Pt (01— e2) ¢f B(x, B +1)

) (—ef (— e (- 20— B 4 1)
<l ot Bt Ak 1, b AH L),

(€) (—e )P (—ea)P2 of B(x, B +1)
< F (-'L', _‘ﬂ:!, 1’7+ﬂ1 + 1,“"1"))
®

@ —e ™ ' (— e " B, B+ 1)
<Pt A+ AL Bt R 81 )

(a) (— )™ (ea—en)™ oy B(a, B:+1)
< F ('8.3+ 17 —ﬂl; w+ﬂ2+l’ x__x_l) ’

() (—e) (— es)ﬂ’( d "-@-) B (z, 8+1)

(z,w+ﬂ1+ﬂg+1, ota+1 ),

(©) (—e) (—ea)¢% B, B+ 1)
XF(.T}, — By, '7'+52+1 %),

@) —e1 " (ea—0) Pt gEtP B(ar, 85 41)

<F @+ +8:+1,8+1,z+8:+1,2);
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(146) 'l (.‘I') <

(147) gs()

(148) #(x)

LINEAR DIFFERENCE EQUATIONS

(a) — (o, —es)* TP B(B, 4 1. —x— B —Bs)
> F(ﬁ] "l" 1) “,82, l—x_‘ﬂﬂa ;éi—) ]
(b) - (er—es)w"“’"i"‘*’ B(Igl "|" 1, —a— ’—:82)
< F(1——x,—as-—,91—,92, 1—x—,e,,,;-_i_T) ,
(c) "‘(91"‘92)‘31-'_##‘1 Qf_l BB +1, —x—8,—48:)
> F(l—m’ 181+17 1—‘.7)—‘/32, ”)7
(d) _()l;:,-.l-ﬁl»I“ﬂz B(Ig1+ly _:1:__#1 _7__/92)
< F(—x—By— By —Bsy 1 ——Rs, %);
(1) — (e —e) o5 P B(Bo+1, —r—Bi—A8s)
< B (Bs+1,— Ay 1=, = ).
(1) —(ea—01)" P72 BBy +1, —ir—B,—82)

) i
=< F (l*“ Oy —‘.I'—ﬁ1 "‘",83, 1—.1.,‘“)8], T——?) '

(€) —(os— (’1)/3‘-“”_‘_] Q‘;f—l B(Bs+1, —2—Bi—8s)
><F(1—x, By -1, 1—r—A, l)

(d) —o3 P 172 B(By+1, —a—B—By)
x<F (—‘f’f'—ﬂl“’lgs, — By, 1—9’—‘131,*;") ;

(a) (—1)P ™ (oe—o P TP o7 B (81, Bet1)
> F(l"""(l}, ﬁl"l—l, ﬁl+/g2+27 1'_—”)’

) (— o) P (ee—an) P 6E P B (81, Bt 1)
< F (w48, +Be+1, Ba-t 1. B+ Bs+2, 1—2),

() (—1)P ! (ge—o ) P 05! BB A1, B
<P (1, B Atk ),

(@ — (e " (o) P el P BB A1, 80 1)

< F (oAt LA LA A2



I, 7 INTEGRAL AND SERIES SOLUTIONS 103
(a) (—Ql)pl (— (’:)m_"p" B(x, —a—B,—By)

= 1’1("3 —/gl! _ﬂl——'/gﬂ,‘ 1—#).
(b) (“—('1)3"_“3 P B (93"; ""-"—"Igr‘—ﬁz)

> W (—iwe—B—Bsy — By, —B1— By, |—2x).
(149) m(@)(e) (—e2)™ (— o) 1P B(ar, —a—B,—48.)

copily —g g 2L

/\.l' (- . Igz, Igl ﬂ:.’.v % )’
@ (—e2)" % B, —a—Bi—8)

< (s —B — A ")

The convergence of the hypergeometric series depends on
the fourth argument, which is a function of = = py/¢. If
o, and ¢, have values such that the fourth argument i
less than 1 in absolute value the series converges for all
values of .r; if it is greater than 1 the series diverges
The fourth argument cammot be equal to 1, sinee by hypo-
thesis o, and g, are ditferent from each other; it may however
have its absolute value equal to 1; in this case the hyper-
geometric series (100) converges if R (y —«—g) - —1, and
diverges if R(y —«—28) < — 1. If the expression y—a—g8
for one of the series above involves x, this means that the
series converges in a certain half plane; if not, the convergence
depends on the values of 8; and B8,. The series break down
when the third argument is zero or a ncgative integer, but,
as pointed out in connection with 7, (x) above, the solutions

* The transformations of the variable of integration needed in deriving
the above forms for A, (c) and hs(x) have already been stated; for the
other four solutions they are as follows.

¢ () — Uy T
7@ @, @, t= 9 ®), (), t= F=25
Oy Oy— 0 T
g @1 @), @, t=-; ®), (9, t= =0
. o — (01— )T I T
I(=): (a) (o), t.—‘ 4! .(91 o)ty (), (), t= o — (@ — o)t
—eT =t
1—r 1—7 '

m(x): (), (d), t= ; (®), (0), t =
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remain analytic at such points, and their values can be
obtained from the series of beta functions from which the
hypergeometric series were derived.

Under our convention that |g,| = |es|, 1. e, |2] < 1. at
least one of the four series for Ay(x) and g, (x) converges
for all possible values of ¢,, 0;, 81, and By; for if ¢, | > 0, .
the series (145c¢), (145d), (146¢), (146d) all converge, while
if |o;] = |os!, the series (145d) and (146¢) converge when
(8 + B8y)~C0and (145 ¢) and (146d) when I2 (8, + 8y) > — 2.

In the case of the solutions 7, (x) and g (x), however, all
of the series diverge if ¢, and ¢, have values such that =
lies inside both the circles |#| == 1 and |1—x| = 1. Tn
this case series which are convergent, though of a less simple
form, can be obtained as follows. In evaluating the integral
form of ]I,l(af)l, instead of setting # == o,7 as above, let us

set ¢ == g,7“; then
1

1--7 "r)ﬁ-.- dr

1—=

. . 3 p 0 1
@) = (e eV ool [ v ( -

.
0]

If the third factor of the integrand is expanded by the
binomial theorem, the resulting series converges inside a circle
with its center at = — 1 and with the point = == x* on its
circumference. If # does not lie on the axis of reals between
0 and 1 (i. e, if arg o, F arge.), we can give o a positive real
value large enough so that = lies outside the circle [z —1 = 1;
if = does lie on the positive axis of reals, it is necessary to
give ® a complex value. The third factor will then be
analytic inside a circle with center = = 1 and radius greater
than 1. The second factor of the integrand is analytic every-
where in the z-plane except at » == 1. By.the binomial

theorem,
1

1
e = 1o == 2 e ()

(/]

which converges for |[1—w#|</1. Substituting this in the
second and third factors of the integrand, we have
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Iu(x) = (— o)t (o —e:)ef
91 i-—l
XJO £ =P [y Ay (L —2) - - e,

4y = _wﬁ}q__l, 4, = ﬂl_(_m.:_l) '82 o= ete.

2 w2 1 —x) w2’
The power series here converges in the neighborhood of
# = 1;* but the function it represents has no singularities
nearer to 1 than x; hence the radius of convergence must
exceed 1. We can therefore integrate term by term if
R(xz/0)>0, R(8,)>—1, and obtain the series

(@) = (—o)" (eﬁen)"“’ (;)
g +

ST

I8 +2)
r(2 4842

The coefficient of A, is equal approximately for large values
xr

| Ay ST

of n to (8, +n+1) ©, as we see from (65); comparison
with the absolutely convergent series

Ao+ A4 Q 9+ (L6 -,

where ¢ is a sufficiently small positive constant, shows that
the series for 4, (x) converges uniformly in the neighborhood
of every value of 2. It may be written as a factorial series:

MU%‘Fﬁw&fQWﬁb( m+q

AL
(150) .t it
+A.2 (ﬁl+1)(ﬂl+2) .___+...

(2 +a+1) (2 +a+2)

*Cf. e. g. Knopp: Theoric und Anwendung der unendlichen Ileilien
(2nd ed.), 104, p. 179.
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Evaluating g, () in the same way, we have

ge () '= - (99—‘91‘)[3l 92w+ﬁ’ B (_——x —*—, Bs+ 1)
151 :
(O) >< Aé—l—th_ ﬂﬂ—zl + .- s
—— A+

where 4; differs from A4; only by the interchange of 8, and 8,.

We will now prove that the solutions A, (»), 2 (), g, (2),
¢:(z) are identical with the principal solutions 2, (x), hys (),
11 (@), gre(x) obtained in § 6. From (144a) and (14Ha), in
which the hypergeometric functions contain 2 only in their
third arguments, we see with the aid of (65) that if »—o0
in the right half plane

lim [or " 2™ ™ b (@)] = (—o) (@1 —es) I'(8, + 1),
r—>00
lim [ez "2 By ()] = (—o0)™ (02— 1) I'(Ba+1).
H aard® 2l

In case (144a) is divergent we may use (150), and in case
(14ba) is divergent we obtain the same limit from (145c)
or (1456d), in which the hypergeometric functions appmach

the binomial expansions of (1—=x)" and (l—x) as
ax—>x. Hence if we write
(152) { = (—e)" (e — e T B+ 1),

8 = (—e)™ (e —e) I'(B:+1).

we see that 7, (2) and Ag(x) are represented asymptotically
by the first term of S, (x) and S;(x) respectively in the right
half plane. This is sufficient, as we saw at the end of § 6,
to prove that hy (x) = hy (x) and hg(x) = hys ().

Now let xz—o in the left half plane; (—ax)—>o0 in the
right half plane, and we have from (146a) and (147a)

hm for” afit n@] = (— ) oy — ey I' (:31 1) = s,

wl—]:noo [0z %P go (@)] = (— @) (e — @) T (B + 1) = ss.
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If (146a) and (147a) are divergent we may use (146¢) or
(146 d) and (151). Hence g (z) and ¢y (x) are 1ep1esented
asymptotically by the first term of S;(x) and S3(x) in the
left half plane, and this identifies them with ¢, (») and
413 (x) respectively.

The principal solutions may also be expressed by means
of series of partial fractions.* I.et « be a point on the
straight line joining 0 and g, nearer to 0 than g, is. The
contour consisting of the straight line segment from 0 to a,
a loop &, enclosing g, but not ¢, and the straight line segment
from « back to 0 is equivalent to the loop /, of Fig. 8, so
it R(x)>0 we have

Wi () == (1— ™) hy (2)
am (1— &) f () dt -+ I S Le(f)dt.

The last integral is an entire function, which we will denote
by (1— ™)K, (); then if 8, is not an integer

I () = E @)+ (— e )’ (— o)™

a ' \ "’l .
< J f"-"(.l—— ')' (l—— »-'-»--r)’i’,u.
0 0 U2 |

If we expand the second and third factors of the integrand
by the binomial theorem, the resulting scries converge
absolutely and uniformly along the path of integration, since
la]-<'gs|. Multiplying them together and integrating term
by term, we have

: ‘ 1 .
Iy () ==Ly (o) + (_ (’g)ﬂ'(— 0:)™ ’l"';{ i ( 'f:' 1 B ) x _(;“ 1
L [BB—D | Ak | BB—D] @)
3(’1 01 0 2¢; x+2 J

It is evident from the way this series was derived that it
converges if I2(x) >>0. 1t also converges for all other values
of 2 except 0, —1, —2, ...; for the convergence of a series

* Of. Norlund: Diflerenzenvechnung, p. 830.
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depends on the terms after the nth, where n is arbitrarily
large; hence even if R(x)<C0 we can choose n large enough
so that R(x-+n)>0, and the terms after the nth are then
obtained by integrating term by term a uniformly convergent
series. The convergence is uniform with respect to x in the
neighborhood of any point except 0, —1, —2, ..., so the
series defines an analytic function of a; it is equal to 7, (r)
when R(x) >0, but since both A (r) and the series are
analytic for all values of z except 0, —1, —2,..., they
are identically equal.

Similarly, if b is a point on the straight line segment
joining O and gy, and if B; is not an integer,

hy (1) == Fy(@) 4 (— @) (—ga)P* b*

g EnlraleEee

where E; (x) is an entire function. We see from these partial
fraction series that the residues of 7, (x) and Ag(z) at the
poles 0, —1, —2, ..., are the coefficients of the expansion
of »(¢) about ¢ = 0.

In the same way, if we take points ¢ and J on the straight
lines o, 0 and gy o0 at a distance from the origin greater
than |g,|, we find that if 8, and B, respectively are not
integers

" 2B+ 1 Biei+Bs0:
B = B+ — A A )
ﬂ,(ﬂl_l)(’f{‘ 2/91/329192+B2(182—'1) 92 _l_ ]
2¢*(z+B1+B:—2) b

) = B+ atitn [

_ BetBse +J

d(m+ﬂ1+/_32—1) !
where Ei(x) and E:(r) are entire functions; these series
converge uniformly in the neighborhood of every point except
—B—B:, 1—B—RBs, ---. We see that the residues of g, (x)
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and gs(x) at the poles —8,—B,, 1—8,—8B;, --- are the
coefficients of the expansion of ¢ P2y (f) about ¢ = ce.
The series (148) and (149) for /(x) and m(z) are all
divergent if |1—=|>1. In this case we can obtain con-
vergent developments by expressing these solutions in terms
of the principal solutions, as we shall see in the next section.

§ 8. Relations between the solutions.

The fundamental periodic functions.
Since % (x) and /;(x) are linearly independent, they form
a fundamental system of solutions of eq. (103), and every
solution can be expressed in the form p,(x) /() -+ ps (x) he (),
where p;(x) and ps(x) are periodic functions. Likcewise g,(x)
and gs(x) form a fundamental system of solutions. The
periodic functions by means of which 7,(x) and /. (x) are
expressed in terms of g,(x) and ¢»(x) and vice versa are of
particular importance, and are called the fundamental periodic
Junctions. We proceed to determine the explicit form of
these and also of the periodic functions by means of which

1(x) and m(x) are expressed u oo
in terms of the principal d /
solutions.

Recalling our choice (131)
of arg o, and arg g., let us sup-
pose first that arg ¢, > argo., 0, >
and consider the integral 0y

J gt (t—‘(’x)‘g' (t“‘(’s)ﬁ’ it

J

over the closed contour ‘0a C Q:
ABCDEFA of Fig. 9, made B
up of straight line segments

and circular ares. Since the F A
‘contour contains 1o singular
point of the integrand, the
integral vanishes. If R(x)
>1, R(8;)>0, and R(8s) PFig. 9. Fig. 10.
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>0, we can let the radius of each of the circular .arcs
approach zero; the part of the integral contributed by the arcs
then approaches zero, and we have in the limit (omitting

the integrands)
0 LI e
S+, = [“=o.

Let us choose the arguments of the factors of the integrand
so that arg ¢ — arg ¢, and arg({—g,) == arge.+a on 4B,
and arg (t—e,) = arg ¢,-+ on KF; then by the definitions
of the preceding section the three integrals are hy(x), (),
and % (z) respectively, so we have

(153) L(x) = Iy(x)—hy ().

Similarly, the integral over the closed contonr CDGHI.JC
of Fig. 9 vanishes. If R(x-+ B8+ 8:)-<0, B(8,) >0, and
R(8:)>0, we can let the radius of the ares DG and JC
approach 0, and that of HI increase indefinitely; then we
have in the limit

%, ¢ (A
— 1"+ ] =0,
Jo, =] &/ 0

It we choose the arguments of #, t—g¢;, and {—egs so that
they are the same on ('D as in the previous case, the first
integral is /(x) and the third g.(z); but in the second integral
the argument of {—pg, is arge, -2, so it is not equal to
g1 (2), in which arg (f—e,) == arg ¢, but what g, (x) becomes
when arg (t—pg,) is increased by 27, namely P g ()
hence :

(154) 1) = &1y (r)—go ().

It arge, <Carge, we need mercly to interchange ¢, and
¢, in Fig. 9 and integrate over the same contours; eq. (153)
remains unaltered and (154) becomes

(155) I(x) = gy (@) — " gy ().

Sinee both sides of eqs. (153), (154), and (155) are analytic
for all values of x, 8, and 8, (aside from the poles of the
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solutions), these results must be identities, so we can drop
the restrictions placed on x, 8;, and B above.

If in Fig. 9 we increase the argument of ¢, until it is
equal to that of g;, we get Fig. 10, from which we see that

3 ) ) 3
I(’:s + f?l !{'1 I?l I‘i’x J‘(’z
eJO 0, ] Jo, Jon x

if we start with argt = arge. (= arge,) and arg (f—e))
= arg (t—e:) = arges+.r, these equations show that
eqs. (13) and (154) continue to hold when arg g, - = arg g,.%

Ve

Returning to the case D
arg o, > arg gy, let us
integrate  over  the
contonr ABCDEFA
of Fig. 11. If R(x)
=1, R(B)>-0, and
Rx+ 8,4 8:) <0, we
can let the radius of
the ares AZF and B(
approach zero, and that
of DE increase in-
definitely ; then in the
limit

I)l\)i__—J‘?‘l‘_ Ii’.‘ﬂ: 0.
Jo w e Fig. 11.

If we take arg{ == arges and arg ((—gs) == arg x4 . on
AB, with arg (f—e,) between arge, +: and arge, +2.,
the three integrals ave respectively /s (x), " gy (), and
m (x); hence .

(156) m(x) == hy (.'l')——e."m’f‘-' 92 (x).

Integ'rato now over the cnntmlr ‘HIJEFG, taking
arg t == argo; and arg (t—o,) == arge, + 7 on G'H, with

* Accordmg to our definition of the integer 4 in § 6, the case arg 0, = arg ¢»
is the limiting case of arg ¢, >arg gz, as we have taken it here, and not of

arg ¢, < arg 0.
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arg (t—py) between arge, and argee-tre.  1f R(2)>- 1.
R(8)>0, and R(r4 B8, +B:)--0, we can let the radius
of the ares #G and H1 approach zero, and that of JK
increase indefinitely, so

re. rm I‘”
eJO Jm J0 o

The three integrals are respectively 7, (»), g1 (), and 2% i (x);
hence

(157) 1 ) = dy () — g ().
‘T o= If arge, <Z arges, we find similarly that

(158)  m(x) = Dy (x)— Pl (@),
(169) ¥ (o) = Dy () —ga ().

0 > < Equations (156)-(159) are all identities in
! % z, B, and B, so we can drop the re-
strictions on these quantities.
If we increase arge; in Fig. 11 until it is
equal to arge, the two contours used above
0, 5 q 0 become like those in Fig. 12, and we see
2 that (156) and (157) continue to hold.
If we equate the values of I(.r) in eqs. (153)
and (154) and the values of m (x) in eqs. (156)
and (157), we obtain the equations

Iy () — Dy (2) == ¢t gy (@) — s (),
Ty @) =g @) == &7 Jy (@)

. 0‘.!7“(.(‘ {3y g (J,‘) .

Y oo Eliminating in turn 2 (2) and /iy () between
o0
Fig. 12 these, we obtain the equations
1-— -n(:r{ﬂl ]__P..*ui‘ x1ix
[’lx( ) = S - g () + (—"_“T,.'?L"_’Iz(-’l/‘)a
(“)O) 1 _ cz'nﬁ‘ e.m (e+g3y)
hy (0) = ——— — e ql(r)-l— T - gs ().
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which express the solutions of the first principal system in
terms of those of the second in the case arge, = arges. or
.- - 1. Proceeding similarly with eqs. (153). (155). (158),
and (159), we find that

[ g 2,

() = e .

161 Lot 1
(161) (1 __,.'-'"”'ﬁ.) L R e gy
’lg (’) . | ,__,,2:'“'.:' it (;lf.) v 1 - PeRTRY 2 (".)

in the case arge-.argge. or 4 == 0, These two pairs of
cquations may be combined in the form
1 — “‘!nit.r-i,f.» . skair

Iy (-"') 1 ;(’._.},';:;. N () + l’i i VA ().

(162) BT SR [
e AL ._
he (1) | oo ptir A T g,
where
(163) P o [ oty

If we increase the argument of oo by 2.0, where £ is
any integer, gy () and AsGe) have to be replaced by ¢ 2 g ()
and =218 Iy (2); but 4 s diminished by A, so eqs. (162)
remain trne for all values of 24, i.e., for arbitrary deter-
minations of arge, and arge..

The periodic functions in (162) are what we called at the
beginning of thix scetion the Jundamental peviodic funelions,
They form a matrix

T () P2 ()

I‘(-l'.) o
i Cpan () pea ()
1 ’2;1“.:,- LA . l‘::n —dyitis
(164) Lo
l __’,.u.r l ’,-‘H.l.'
" ”‘.'/.;'li.:- 1 - /;:‘:i-‘.r-i gy
1 — 2ar | o i ;

The matrix solutions H(») and G(x) of eq. (108) are con-
neeted by the relation H(«) = G () ’(r), which is equivalent

L]
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to eqs. (162), as we see by expanding the matrices, If we
multiply this on the right by P~(z), we have (/(z) == H(x) P (x),
o the matrix of periodic functions by means of which Q(x)
is expressed in terms of H(x) is the inverse of P(r); its
elements arc

2 (1~ A) i

N g : Tia() = T T
l'“('l YT e 1 gy 2 ERRUY J) - 1'"':__6‘.’;11'(;1:1.‘3‘_1_‘.,2) !
B tg)
Fo ) = - et () z5 oo ST
palr) == 1 P‘-’ﬂi("l"fﬁ.‘?'ﬂg) y  Pealx) == 1__“27!i(:131ﬁ,-+ FAN
Hence
1 ___(;_‘;’li(.’l?«i—ﬂ,) ) ‘({271:',?! -1 ”uniz-
T e | () +—— 5z gl
Yl 1 _cﬂ7lu(zt-fﬂl-4 By I l__(,m”\""fl"n'i‘fjﬁ’ A
(165) i, 21— hytin i (e + 3y)
NG 1) I 1—v¢ 1 )
galr)=== [ gy @)+ | ey 14(x).

These equations can also be obtained by solving egs. (162)
for g,(x) and g. ().

Kq. (153) expresses l(z) in terms of A (x) and hy(z) for
both 2 =-1 and 4 == 0. Kqs. (154) and (155) can be combined
into the equation

(1 66) l(f") - (.‘217“'[31 0 (.2;) . (".’ - ‘il?liﬂg s (.‘I'),

which holds for both values of 4.* e observe that the
periodic functions by which /(x) is expressed in terms of the
principal solutions are inerely constants.

1f in eq. (166) we replace /s (z) by its value from (160),
and in eq. (168) replace /() by its value from (161), we
obtain in both cases the equation

¢

(l 67) m (.l?) = -'1-—-:::;57;{;: /4 (1‘) + —l—-_-_ﬁjj_m e (;)') .

* It does not, however, liold for general values of 4, unlike egs. (162)
and '(165); we have in fact defined the solution I(z) only for =1 or 0.
Similar remarks apply to eq. (168).
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Similarly, eliminating ¢, () and g.(2) from (156) and (158)
with the aid of (165), we obtain two equations which ean
be combined in the form

¢ l"i.m‘,# 20 -MAig,

(168) m (2) = ———mrsizy fa () -+ ___"c"m:rr'i (),

which holds for both values of 4,

The formulas of this section enable us to express /() and
m(x) in terms of convergent series when ¢ and gy have
values such that the series in (148) and (149) all diverge.
We have already observed that [(») is an entive function;
this is also evident from eq. (153), simee 2y (r) and Jy(r)
have the same poles with the same residues., We see from
eqs. (196)-(159) that () has two sets of poles, one ex-
tending to the left and one to the rvight, namely = 0,
—1,—2,..coand o wr —B—By, 1By .0t

We will now obtain analytic expressions for the intermediate
solutions, whose existence and asymptotic properties were
proved in § 5. As we saw there, we can take ypa(s) - 7:.-_»(.7:_).
Yor (@) == haa (@), 1. ey pia () = ha(r)y (o) = har -4 1),

case ‘g = Qg wo can also take gy (@) == hy (), '/,,(J
=S l;l() +1), so we need to consider here only the case
IQ X 'Qu‘.

Let us write

yin (@) == p (o) Iy @) q () by Gr),
where p () and ¢ () are periodic functions to be determined, or

l’l( )
i1 (1)

/t, (1

Leple) )00 ) 20

L.et x — = along a ray in the first quadrant parallel to the

axis of reals and sufficiently far above it to avoid the sin-

gularities of 11 (z). Along this ray yi(z) ~ 8, (), by § 5, so
)+ @) (2) oA (2 )

8‘
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but the factor (¢y/¢,)” approaches zero exponent‘ially‘ along
this ray; hence p(z)~1, i. e, p(x) =1, so

(169) yu (@) = hy(2)+q@) ks ().

Now express 7, (x) and hy(r) in terms of g (x) and g.(x)
by (162):
(170) Z’/'fl () == [7’11 @) 4 q () pra (96)] N (x)
4 [par @) -+ ¢ () pse ()] g: ().

Let o — o along a ray in the second quadrant nearly parallel
to the negative axis of reals; yi;(»)~ 8, (2), so dividing by
yur) we have

L~ [y (@) + q(x) 1’12(50)]
+ [pas @)+ 4 () pse @] (Z) o b (8 +o).

But (e/,)” becomes infinite exponentially if the angle which
the ray makes with the axis of reals is small enough; hence
we must have
P (1) + q (@) pse (@) = 0,
or, by (164),
g() = — P2 (»_'f_)

pes () Ml ;;jﬁm’_l?ﬁ;)- )

Using this in (169) and (170), we have

, P (,2/./":'
yi (@) == hy(x) — *lw—:?‘ Sy hs ()
(171) 1—e 270i(e-+ 8, -H3y)

= L ey (@).

These equalities hold sufficiently far above (or below) the
axis of reals; but since the second and third members are
analytic near the axis of reals, they may be regarded as
defining yi (v) there. In the same way we find for the other
pair of intermediate solutions that yi1(x) = g (x) and
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S : ¢y RU—Aaix 1 — i
(1) = ag.(2 R o S — Y e i 7).
hNe .') .Is( ) + 1 — L‘M' @+ N () 1— 0.’.1!(.:.«{“,‘3,' hser)

These formulas enable us to study the properties of the
intermediate solutions near the axis of reals, We see that
yn(x) and yi(r) are both analytic except for simple poles
at all points congruent to o == - Bs; yi (@) has zeros at
points congruent to a = — 8, — g8, on the left, and yw(r)
has zeros at & =1,2,3,-..,

We can express yi; («) in terms of a hypergeometric series
by using its second form in (171). By eq. (59).

SR I'(.g'+ﬂ;») 1 RN f"(“‘j‘-"““ljn ~= By) .
Pt BB+l @iett Tl —rgy)

hence, by (146a),
g () = (—e) (o —e) el Blr+ Ba By 1)
< (B A 1 =By 1= — By, xil)

The other three forms of ¢, Gr) in (146) may also be used.
Similarly,
Pia(a) = —(0y—0Y1 65 " B(—r— By, Bs+ 1)

R (B =B A1,

§ 9. Asymptotic forms.

With the aid of the fundamental periodic functions, we
are now in a position to study the asymptotic forms of the
principal solutions in the entire plane.

We have seen (§4) that hs(x) [== Is(2)] is represented
asymptotically by §; () for large values of . in the sector
—na <argx < ; let us investigate now how this solution
behaves as .w— % along a ray parallel to the negative axis
of reals. By (162) and (164),

hs () = prg (@) gy () pas (x) gs (2),
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whence
(172) ha(r) ~ pra() Sy (o) + pae () Se(x)

along such a ray. If gy, 02, the second term is the
dominant one, since (¢./¢,)” increases exponentially along the
ray, 8o in this case /ly (x) ~pyg () Se ().  Suppose first that
the ray is above the axis of reals, and write x = u-/¢
(-20, v > 0); we see from ( 164) that Pes () differs from 1
by a qud.nt.lty of the order of ¢ *7; hence we can write

hs (x) "‘[1 _“l" i (-’1")] Sy (),

where () is a periodic function such that ‘7 (x)| < Me ™
for large values of ¢, M being a constant. Since ¢
approaches zero very rapidly as » increases, we have hg ()~ N, ()
with as close a degree of approximation as we wish by
taking the ray far enough above the axis of reals,

It the ray is below the axis of reals, Pas () differs from
A py (quantity of the order of ¢ ** *'; hence, just as
above, we have A, (.:-)Nr.f""”‘j * 8 (x) to an arbitrary degree of
approximation if we take the ray sufficiently far below the
axis of reals. Here S:(x) denotes the determination of the
series for gu(r), i. e., for the argument of « near szr; if we
take the argument near —zr, we have /iy (r)~S; (z).

Hence when g, ™ igs! we may say that hs(r)~8,(r)
along any ray in the whole plane, except one which is near
the negative axis of.reals throughout its length. A similar

“argument shows that ¢, (#)~S, (#) along any ray except one
which is near to the positive axis of reals or to the row of
poles at & == — B — By, 1 —8; —48s, -

It lgy: == gy, the two terms in (172) are of the same
order of magnitude, and /y(r) is represented by their sum
along any vay parallel to the negative axis of reals. Similarly,

g1 (@) ~pn ('1) Sy (@) + i'-en (@) 8 (x)

along rays parallel to the positive axis of reals in this case.
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Consider now the Dbehavior in the left half plane of the
solution 7, (). which we know is represented asymptotically
in the right half plane by S (). By (162) and (164,

B Gr) == puy (o) g (o) 4 oy () gs (o)
hence along any rayv in the second quadrant
(173) Ill (.'7')"\“\'[ (.l') “*“ (s l"?‘)’;“'r l\':l (.").

The dominant term depends on the factors g, 24tcgr o,
if we divide by the first one and use only the exponents, on

o

0. 2ai(hr WRE lowe )

Qui -

Writing oo - -k e (- 00 - 0) and using (132), we see
that the real part of the second exponent is - bw—2mwar;
this is negative if /.o - b/2:zra and positive if ¢/
in the former case the first term dominates, in the latter
case the second. Hence there is a erdtienl ray in the second
quadrant, making the angle

i hi2iru;

log o1 i —log | e
)

b
- e fan L e - tanct o -
(174) ¢ tan San tan VAot arg oy — mg e,

with the negative axis of rveals. at which the asymptotic

form changes; we have namely 7, (&) ~N, @) if arg .c<w—y,

and fy ()~~ey GRSy @) i a0 — gl argae<Za. Along the

critical vay itself the two terms on the vight in (173) are

of cqual order of magnitude. so /iy (») is represented by

their sum. ’
In the third quadrant,

By ()~ P Sy () — g 20180 S, ()

here S, () and S («) denote the determinations of the series
for which the argument of » is between 7z and 3:2/2; if we
diminish the argument by 2., we have

Iy (@)~ 8 (@) — eqee iy 2 vymin Sa(r).
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The dominant term depends on the exponents

0, 2mi (l-—l-{- log 922;11:0g o )w;

the real part of the second is —bu+27w(1—a) v (w-Z0, v<Z0);
this is negative if v/u>0/2n(1—a), and positive if v/u <
b/27(1—a), so we have another critical ray in the third
quadrant, making the angle

; b log o1 | —log s
ce— tap—l L —— —1_ "B I8V VS INE
(175) == tan 2n(1—a) tan 2(1—A) w4 arg o, — arg g,

with the negative axis of reals. The first term dominates
if arg x > — 7 -+, and the second if — 7 <7 arg x < — -} P.*
Summing up these results, we see that

i o 2By p0—)mize 8s (1), — 7w < arga-L—m-a;
(176) Iy (r)~1 8 (@), gt Y <l arg x<a—g;
s 2T 8, (z2), T— < argx < 7.

Similarly, by expressing g,(x) in terms of A, (z) and % (»)
by (165), we find that

— 2 A—Dmix S (@), 0 < argx -2 ;
gz (x)~ 1 5 (), Yargy < 2o —¢;

—97ip, —2hnix ¢ - -
| ey 0 W12 G (), 2mr— g <Zarga << 27,

Here ¢ and ¥ denote the same angles as above.

The asymptotic forms of 7(x) and m(x) in the right half
plane can be obtained from their expressions in terms of
hy (x) and Ay (x) [eqs. (153), (168)], and in the left half plane
from their expressions in terms of g, (x) and g, (x) [eqs. (154),
(155), (167)]. We find that when A =1,

*If arg e, = arg o, we have @ = 1, 80 ¥ = 7/2 and the second term
dominates everywhere in the third quadrant except along rays parallel
to the negative axis of imaginaries, where the two terms are of equal
order of magnitude. This agrees with our discussion of this case in §6.
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S (=), — a4 P <argx << Y;
l(w)w{__s,s(x)’ Y, < argx - w4 Y
{ ¢ s Sy (@), 0-<Zargae < Y
m (@)~ ¢s Sp (), . Yy -Zarga <,
— e~ Sy (), <L arg e < -
|~— e ez S (x), a4y < arga <2y

here ¢, denotes the value of ¢ [eq. (175)] for A = 1. Wheu
l == 0,

Sy (-7"); g -Zarga Lo — g}
[(r)~ ) ‘ )
— N, (.’L‘) ’ — T — Pl Argx < — @y
o 8 (2), 0 <Zarga <2 —yjy;
e Ss (@), =g < argax <7,
mx)es | i g (s R .
(€ A_z(.")’ " -"\‘ng"""'--ﬂfr_("(),
~Ii(r+3,) G 7 . ) o
e TR G (), Dur— gy <L Arg - 2t

¢, denotes the value of ¢ [eq. (174)] for A== 0. These
solutions have critical rays in the first and third quadrants
if 2==1, and in the second and fourth if 2 ==0. We note
that the results above give the asymptotic form of I(z) in
the complete neighborhood of » === oo; in the case of m(x)
none of the forms hold near the positive or negative axix
of reals.
§ 10. Reducible equations.

A linear homogeneous difference equation with rational
coefficients is said to be reducible if it has a solution in
common with an equation of the same type of lower order.*
In accordance with this definition, a hypergeometric difference
equation is reducible if it has a solution y(x) which satisfies
the first order equation

(38) ye+1)—r@y@) = 0 [r() rational],

which we studied in Chap. 1I.

* Wallenberg und Guldberg: Theoric der linearen Differenzengleichungen,
p. 114,



" 122 LINEAR DIFFERENCE EQUATIONS -

If eq. (103) has a solution in common with this, it is
satisfied by both ‘the expressions (74), since any solution of
eq. (38) differs from each of these only by a periodic factor.
These two solutions are represented asymptotically by the
series (44) in the sectors — 7 < argz << and 0 < arga-Z27
respectively. But this series must be either (@) or Sy(x)
(apart from a constant factor), on account of the uniqueness
of the latter, and hence the solutions (74) are proportional
either to A, (x) and g (x) or to he(x) and gy (z). Since the
solutions (74) differ from each other only by a periodic
factor, it follows from (162) that either ¢ or ¢, is zero.

This necessary condition is also sufficient. For let ¢, = 0;

BRI P1C s VY AT VY
v (7) N )

from the asymptotic forms of A (x) and gs(x) we see that

in the complete ncighborhood of = = ov. It follows, as we
saw in § 6, Chap. I, that this series is convergent for large
values of 2. The function ¢(x) is therefore amalytic out-
side of a certain circle; inside this circle it has no singu-
lavities cxcept a finite number of poles; it must therefore be
a rational function 7(z). This shows that s () and g, (z)
satisfy an equation of the form (38). In the same way we
see that if ¢ =0, 7 (2) and ¢, (x) satisfy an equation of
this form.

THEOREM. A necessary and sufficient condition that eq, (103)
be. reducible is that either ¢, or ¢ be zero.

We see from (163) that' ¢, or ¢, is zero when and only
when B, or 8 is an integer. In § 7, however, we excluded
negative integral values of 8, and 8, so we need to in-
‘vestigate these values.
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If we regard 7, (r) and ¢, () as functions of &, they are
analytic in general, but have simple poles at 8 = —1,
—92, —3,.... If we multiply them by 1— ™ we get the
solutions /5 (x) and g (x) [eq. (142)], which are analytic for
these values of 8,; these solutions are represented asymp-
totically by & () if we multiply s, [eq. (152)] by the same
factor. This multiplication by 1— & js equivalent to
replacing I'(8,+ 1) by I'(8,+ 1), as we see from eq. (57).
We will define %1 (z) and ¢i(x) as the principal solutions in
place of % (z) and ¢ (x) when 8, is a negative integer, and
similarly define

M@ = (1—P)h(@),  gh(a) = (1—c"P) gy ()

as the principal solutions in place of 2y (x) and ¢.(r) when
Bs is a negative integer.
If we multiply the first equation in (162) by 1 — "t
(== ¢), we get the identity
1 27i (x -3,) 2/'L7zi.:r

Iy (r) = .—:i‘ : omiE i ( )+

if now we let 8, approach any ncgntlve integer, ¢,—>0 and
the equation becomes A3 (x) = g1(x). From this equality we
infer as above that the ratio ki (z+ 1)/ ki (z) = gi(x+ 1)/ g1 (=)
is a rational function, so eq. (103) is reducible. A similar
argument shows that if 8, is a negative integer, then ¢; =0
and 75 (z) = g4 (x), so again eq. (103) is reducible. This
completes the proof of the theorem above, and also of the
following one.

THEOREM. A tiecessary and sufficient condition that eq. (103)
be reducible is that cither B, or.Bs be an integer.

The forms of the principal solutions of a reducible equation
are rcadily obtained from eqs. (144)-(147). Thus if 8, is
zero or a positive integer, all of the terms of the hyper-
geometric series in (14Da) and (147a) are zero except the
first 8,1, so hs(x) and ¢s(x) have the respective forms

I'(x) I'(—z — B —

Bs)
r( +-7g —_{_"'1“) R(-'L')r Q-_; o ] (1_ ‘——'I/A’_'ﬂl) 1{ (ﬂ),
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where R(x) and R'(z) are rational functions. The denomi-
nators of B(x) and R'(x) may be combined with the gamma
functions in the denominators, giving us

I'(x) Pl(x)

)T o az‘_I_‘A(—_a’._’e' t\/g?’,)
“Te+h+8+1)

& (=)

P,

where P(x) and P’(x) are polynomials of degree 8,. These
polynomials can differ from each other only by a constant
tactor (namely ™ #1™) since the ratio of gs(x) to kg ()
is a periodic function; the form of the periodic function,
obtained from (59), is (1— &™)/(1— & @F#9)  which agrees
with (165) for 8, an integer.

If B, is a negative integer, we see from (144a) that

I'(x
I (@) = o® TG +%)“}‘1 ) R (),

where R(x) is a rational function, and if the denominator
of R(x) is combined with I"(x+ 8, +1) we get I'(x), which
cancels out; hi(x) is therefore equal to ¢ I’(x), where P(x)
is a polynomial of degree —8,—1. As we saw above,
gi(x) = Mi(x) in this case. Similar results are obtained
when @, is an integer.

The discussion above shows that if 8, is a positive integer
(including zero) or 8, a negative integer, the solutions /i (x)
and g, (x) satisfy an equation of the form (38), and that if
B, is a negative integer or 8; a positive integer the solutions
hi(z) and g, (z) satisty such an equation. The other pair of
principal solutions in each case do not in general satisty
any first order equation of this type; this is true even if 8,
is a positive integer and B8 a negative integer or vice versa.
If, however, 8, and B, are both positive integers or both
negative integers, all the principal solutions satisfy equations
of the form (38); in this case the equation is called completely
reducible. The gamma functions cancel out, and each solution
is equal to ¢f multiplied by a rational function. Thus for
the equation
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@+3)y@+2)—@+3)yr+1)—2z2y@) = 0,

in which ¢, = 2, ¢y == —1, 8, =0, 8, =1, the principal
solutions are

hy(@) = gy(x) = 22%&_:’1_;), hs (@) == gs(x) = 7((_]—2;)

§ 11. The Riemann problem.

In the theory of linear differential equations Riemann pro-
posed the problem of determining a differential equation of
given type which should have prescribed monodromic group
constants. An analogous problem for systems of lincar differ-
ence equations of the first order with polynomial coefficients
was proposed by Birkhoff* and later solved by him.t

Following Birkhoff, we will give the name clharacteristic
constants to the roots ¢, ¢» of the characteristic cquation
(101), the exponential constants 8;, 8, in the formal series
(106), and the constants ¢, ¢; of the fundamental periodic
functions (164). The question may now be asked whether
it is possible to find a hypergeometric difference equation of
the form (99) which has prescribed values for these six
constants. That this is not in general the case is evident
from the fact that eq. (99) contains only five independent
constants, namely the ratios of the six numbers asg, by, @y, by, o, by;
these ratios will in general be determined if five conditions
are imposed. Let us ask thercfore whether any five of the
characteristic constants can be prescribed arbitrarily.

Consider the normal form (103); this involves only four
constants: ¢, s, 81, 8. It is obvious, theu, that a hyper-
geometric difference equation can be found with arbitrary
values for the first four characteristic constants,{ namely
eq. (103) itself; the two remaining constants ¢, and ¢, are
expressible in terms of these four, as we sce from (163).

* Trans. Amer. Math. Soc., 12 (1911), p. 284.

T Proc. Amer. Academy of Arts and Sciences, 49 (1918), pp. 553~559.
Cf. also Norlund: Comptes Rendus, 156 (1913), pp. 200-208.

1 The choice of ¢, and ¢, must of course be limited to finite values
different from each other and from zero.
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This is not the most general situation, however. In
deriving eq. (108) from eq. (102) we eliminated the constant
By, and a reference to the transformation by which this was
done shows that if we replace = by 28 in any solution
of (103), the resulting function is a solution of (102). The
fundamental periodic functions for (102) are likewise obtained -
from (164) by replacing a by 2 - B;; the numerator of

P+ By)is ¢ € A= @+ which may be written & ¢™* ",
where ¢ = ¢4V, this is the constant for eq. (102)
corresponding to ¢, for eq. (103). Similarly the other constant
for eq. (102) is ¢ == 2P, By giving the proper value
to By, ¢i can be made to take on any prescribed value if
A=0, and ¢4 any prescribed value if 4= 1. 1f we remove
the restrictions (131) made in § 6 on the arguments of ¢,
and gy, so that 4 may have any integral value, we see
that. either ¢i or ¢; may be given a prescribed value; the
other one will then be uniquely determined. The first four
characteristic constants are the same for cq. (102) as for
eq. (103), since the characteristic equation is the same for
both, and since the (;xponential factors "  and 22 ™' in
the series (106) are mnot changed when x is replaced by
2+ B8y. We conclude, then, that of the six characteristic
constants oy, 03, By, By, ¢1, ¢s, the first four and either one
of the last two may be assigned arbitrary values; the remaining
one will then be uniquely determined. The hypergeometric
equation which possesses these characteristic constants has the
Jorm (102), where

log ¢, —log(1—¢™")  log cx—log(1 —e
(1l —Aymi v 2hmi

27[1'[3,\

By =



v IRREGULAR CASES 127

Cuaprer IV,
The hypergeometric equation: irregular cases.

§ 1. The case g, = 0.

In Chap. III we studied the solutions of the hypergeomgtric
difference equation (99) under the hypothesis that the roots
¢, and ¢ of the characteristic equation

(101) Qg 9’ + a, o ‘!“ g == 0

are finite, distinct from each other, and different from zero.
In Chap. IV we will investigate how the theory must be
modified when these conditions are not satisfied. In the
present section we will study the casc where one root is
equal to zero, while the other is finitc and ditferent from
zero; this means ay == 0, a, + 0, as 1 0.* We will denote
by ¢ (without subscript) the non-zero root, i. e., ¢ == —a,/ .
We may assume that b, § 0, since otherwise ecq. (99) is
equivalent to one of the first order.

‘To reduce eq. (99) to a normal form suitable for the present
rase, write

Y EFAE)

(g

II[

o= e+ 1)—o,
bo

w =

these equations determine the constants 8, 7, and ¢ uniquely.
Eq. (99) becomes

(r+-B+7+2)y @+ —[oe+r+1)+ sl y@-+1) + eoy(z) = 0;

* The case where one root is zero and one infinite is considered in § 2.
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ifwesetz+y = 2 and y(@'—y) = f(z'), then f(x) satis-
fies the equation

(A7) (x+8+2) y@+2)—[ex+1)+ 0] ylx+1)+eoy@) =0,

which we will take as our normal form.
This equation is satisfied formally by two power series in
1/, which may be obtained by setting

y(a) = ammbmad s+ 0, 4o,

and determining the constants «, b, d, §'/s, s"/s, .-+ as in § 2,
Chap. III (cf. also § 1, Chap. II), namely

s e daded
(178)
ng(J) = et &y ‘(.92—}— +8" +.. )

where

SRRV EE

8

_ _le — ,(.Bil_)z(i"i‘_?l [_‘_’.; +_', —8)+ ,3"(3,3 + 1)], ete.;
& _ Ao 1

ss e 127

& __ BB—1c® 1380 , 1 .

W 2g T ize s o

s, and sy are of course arbitrary.

To obtain a system of two equations of the first order
equivalent to the single equation (177), set y(x) = 3 (@),
y@+1) = ya(x); then y (x) and ye(x) satisfy the system

n@+1) = yp@),

T et 0= — 4

su@+ LA @),
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which may be written as a matrix equation

(180) - Y1) = R@) Y (),
where
! 0 1
R@=|__ e« e(x+1)+o ":
| x+A+2 z+A+2 |

This matrix equation is satisfied formally by the matrix
of series
S(x) ==
|l ! \ _1
o7 A1 (s“ + _“_’ll + .. ) TG 2(312 LT )

ax
i , 1 ‘o ’
! e,:,- /.—— - (\21 + .11 + ) 2T gT @ty 2 (O _+_ 'S’f." ._I_ e .)

where s === 81, Sii == 81, S12 = 8. Sy — 8, S = 081,
s = 0 (SL—Bsi—=1), Sho == 0'sy, s == 08y, etc. The deter-

minant of 8(x) has the form

|8@)| = a—r (aeyra " ;'(:H- 'i+ )

where d == — g8, 8,, ete. The inverse of N(x) is
‘S" 1 (,I‘) eawd
{)_"'.I‘ﬁ'i' (0 + _‘_711 + .. ) o Ry an (o‘]._, -+ 0-:"' + .. ) I

| |
| |
| 1 ]
DT p— 0J21 e e 6‘~ i
‘! xto e A ] 0‘)1 + m— + xrro 0') 9 + —_ + cee !

where oy == — /@8y, 0y, == 1/08y, 63y == 1/85, tpg == —1/08s, etc.

Eq. (180) has precisely the same form as (108), and is
satisfied formally by the two infinite products (113). If we
let T'(x) denote the matrix obtained from S(x) by using only
the first & terms of each series and form the products Hy(x)
and G.(x) as in (114), we can apply the argument of § 4,
Chap. III to prove the following existence theorem.

9
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THEOREM. Both clements of the second column of Hy(x)
converge uniformly as n—> o to limit functions hys(x), hss (2)
which are analytic in the entire finite part of the plane, and
form a solution of the system (179). The determinant of
H,.(x) also converges to a limit function D(x) analytic in the
finite part of the plame. For large values of x these limit
Sfunctions are represented asymplotically by sis(®), s:s(x), and
| S(x)| respectively in the sector —m < argx <.

Similarly, both elements of the first column of Gu(x) converge
uniformly to limit functions giy (@), ge1 (@) which are analytic
except for poles and form a second solution of (179). The
determinant of Gy () also comverges to a limit function D (x)
analytic except for poles. For large values of x these limit
Sfunctions are represented asymptotically by s, (x), s (x), and
| S(@)| respectively in the sector 0 < argx~l2m.

The details of the prootf are practically identical with those
of the general case, except that ¢, and ¢, in the formulas
are replaced by ¢ and eo/:x, and 8, — 8; by 8—13. In connection
with (117), the fact that ¢, is a function of z--r, x-Fs,
ete. causes no difficulty, since we may write

) ot 4t
ot — [0 _)t — (.e_.‘f) ,At( “ . )
¢ (a:—t—t x T x + !

and combine the last two factors with the corresponding ¢.
The limits /s (), /se(x), and D(x) are entire functions,
while ¢, (z), g2 (), and D(x) in general have poles at the
points —1—8, —B8,1—48, ..-;* D(x) and D(x) have the
respective forms

e "y O‘JT ‘)l" (Ff
—os 0V 21 S AL A— 08 sV 2 S
: I+ A+2)’ — ¢ Fla+8-+2)

The gap caused by the divergence of one column of H, (x)
and Gy (x) can be filled exactly as in the general case, and
by evaluating the sum as an infinite series we obtain two

* g1 (x) does not have a pole at — 1 — g;*cf. footnote, p. 80.
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pairs of intermediate solutions with the same properties as
before. The details of the proof in § 5, Chap. IIT require
only slight modification apart from the replacement of g,, .,
and 8, —4B8s by o, eo/x, and 8—4% in the formulas.
~ Solutions corresponding to the principal solutions of the
general case are obtained as in § 6, Chap. ITI. We take
for two of them the solutions A,y (), /ise (x) and gy, (&), ¢ay (»)
obtained above, and define two other solutions /iy, (r), i, ()
and gy (), g2 () by eqs. (128) and (136), where 4 and A’
are integers; the angle ¢ which the lines .1oc and Boo of
the contour 7. make with the axis of rcals may have any
value -Z7/2 in this case. The function 7,,(x) is analytic
in the entire finite part of the plane. Its asymptotie form
in the first and fourth quadrants is given by (129) and (134),
and in both the second term is the dominant one, on account
of the factor o " contained in the first term, except perhaps
along a ray parallel to the axis of imaginaries. Henee
Ny (@)e~sy () and also Jigy (1) ~ss, () in the sector — /2
Zarg x-<7/2; this is true regardless of the value of the
integer A, so there are an infinite number of solutions
with this property. Any one of them can be combined with
the solution /s (x), Ay () to form a matrix solution H(x)
of eq. (180); the determinant of this matrix is equal to 1)(x).
Similarly, gys(x) and ‘¢ss(x) are analytic except for poles at
—1—8,—8,1—48,---, and g, ("")""'5'12(-75): a2 ()~ Sag () in
the sector 7z/2-< arg x~Z3mw/2, regardless of the value of
A'. This solution may be combined with ¢, (x), ¢s (@) to
form a matrix solution *(x), whose determinant is 1) (z).
We can prove by the same argument as in the general
case that the solutions 75 (x), hes (z) and gy (x), gey (x) are
unique. The other two solutions, however, are clearly not
unique, since the integers A and 4’ are entirely arbitrary;
the difficulty is similar to that which we met with in the
general case when the arguments of ¢, and ¢, are equal.
Let us examine the asymptotic form of these solutions in the
direction of the axis of imaginaries, with a view to finding
the values of 4 and A’ which give us solutions whose
9‘
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properties correspond as closely as possible to those of the
~ principal solutions in the general case. '

As we see from (129), the asymptotic form of 7 (x) in
the upper half plane is determined by the factors

g g oT eﬂnia:’ ",

or, if we divide by the second one and use only the ex-

ponents, by
- (—logx+logo+1+424mi—Iloge)z, O.

The real part of the first exponent is

(—log| x|+ log |o| +1—1log|e))n
—on ( PRTIRLL '.f:ﬂ;%e_—_azgﬁ) .

Keep u fixed, and let v—- o0 ; since v increases more rapidly
than log |x|, this ultimately becomes negative if

5~ Tg @—arg o+ arg x
/‘) _____ . JNG — /S—_ . N )
2

even if w is negative, or, since argx—>m/2 as v—>-4 o, if

arge—argo | 1
2> 2 + 4"

If 4 is less than this value the real part of the first exponent
ultimately becomes positive.

In the lower half plane, as we see from (134), 4 is replaced
by A—1, so the real part of the first exponent is

(—log |z} +log|o|+1—log el u
—2n(l—1 +-arg”_arg"_arg—”—) .

27

Keep u fixed, and let ¢—-—oo; this ultimately becomes
negative if '
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hoc 1 MEe—agoFagy

2

’
even if w is negative, or, since arga—>—n/2 as v>— %, if
. arge—argo 3
oo uge—argg | o
~ 27 + 4

If A is greater than this value, the real part of the first
exponent ultimately becomes positive.

Let us take for A4 the smallest integer which caceeds
(arg o—arg ¢)/2w 4}, and write

' argo—arg o 1
(181) 2._(, e 4) —

then 0<Za =<1, With this value of 2, %y, (#) ~ () along
every ray parallel to the positive axis of imaginaries, and
in case @< } also along every ray parallel to the negative
axis of imaginaries. (If « ==&, hy (@) ~ s (x) along rays
parallel to the negative axis of imaginaries and to the right
of it.)

A similar discussion of g;s(») shows that it is represented
asymptotically Dy s.(») along rays parallel to the positive
axis of imaginaries if

y drgo—arge 1
- 2 4’

and along rays parallel to the negative axis of imaginaries if
oo mgo—uge | 1
- 2 4"

Let us define 2’ as the largest integer which is less than

(argo—arge)/2x+ 1, and write

Vo = ﬂ’.‘gf‘.g_;‘.‘.‘fgﬁ' + i C0<d <),

Then g;s (z)~5:(x) along every ray parallel to the negative
axis of imaginaries, and in case «’' <} also along every ray
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parallel to the positive axis of imaginaries. (If o' = },
s (x)~s5(x) along rays parallel to the positive axis of
imaginaries and to the left of it.) The solutions (128) and
(186) in which these values of 4 and A’ are used we will
define as the principal solutions of (179).

By choosing suitable determinations of arge and argo we
may always have

> T
arge—m Argo— - = argo + m;
then
T
argoe— arg.o'—? 1

Z
27 .27

7

1
2
and

0 Mgo—age | 1 _

2

while ' =0 in both cases. We vull limit oulbelveb to tlus
choice.

We will now prove that if ¢ <}, the solution lzll(x),
lis; (x) in which the above value of 4 is used is the only
solution which is represented asymptotically by sy, (), ss (%)
in the closed sector ——n/ 2 <arg(x—ea) < /2, where « is
any constant.

Assume that a different solution /iy (x), A2 () has this
property. We can write

(@) = p1 (@) by (@) + pe () bae (2);

dividing by A (), and letting z— oo along any line parallel
to the positive axis of reals, we see that

Cleopy (w)+19:(w)a "’o‘”%’e“’"a‘“ (-8-1--{-...),

This shows that p, (x)~ 1, i.e., p, (x) = 1, since =% approa-
ches zero so rapidly. Hence
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Ps (-’L') == hll (azu ( ;l)u (J) ;

p, (x) is single-valued and analytic in a period strip suf-
ficiently far to the right, except possibly at the ends of the
strip, where we see from the asymptotic forms that

. +:’
lim pg(r)z—a® o " AN R—
xTr—>0
_7“ i __7!_1:1; —_ 'A —r
Write =% = {e¢ * :r,) e *? ; the modulus of (u 2 ar)
—ulog!zl—l—v(n.rg:n— ") .
e : - 2/. the second term in the exponent

approaches the value —u at the upper end of the strip, since

. Ty g vy o
lim @« (.ngx ‘)) = lim u.t.mo(o 2)

arg ;1'—) Y 6—> >

2

ir

o—-_)—

== llm W =

)

Hence at the upper end of the strip the modulus of

e —ir
‘e ) behaves like ¢—wdogixi+D) = ¢ v |g|=% and u is
approx1mately constant, since we are dealing with a strip of
unit width. Accordingly
_mir gl
lim ps(@)e 2 "o "a  *|x[v == 0
ax—> 00

at the upper end of the strip. Set p»(x) = q(¢), where

z = .¢¥"7; then
1 14 logr—logo

lim q(2) 2 g (logz) ==
. z2—>0
or .
_1, mgo—arge 9 ‘
lim g (2)z * ol i g (logz) =
2—>0 i
where

b = 14log|e| —log;e;
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and ¢ (logz) denotes a function which behaves like a power
of logz.* By (181),

lim g (2)z =%+ 227 @ (logz) = 0.
20

Since 0Za < 3§, we see that q(2)z~* cannot have a pole
of as high as the first order at z = 0. - _
A\ A
At the lower end of' the strip, write 2% = (e 2l e?
the modulus of the first factor behaves like e~* |z ™%, so0
nix 1

. — +‘
lim p(a)e 2 oreg Tl ¥ |xl 7 = 0,
ar—>o0

or, in terms of 2,
1, argo—arg¢ b

lim gzt = 2% g(logz) = 0,
zZ—>R0

_“.,H_l _?
lim ¢(2)2 2 g2 g (logz) =
Z—> 00
This shows that g(¢)z—* vanishes at z = . Hence q(2) e
is a constant, namely 0. It follows that py(x) = 0 and
Iy (@) = Ry (), so the solution /i (x), hsn (x) is unique.

The argument just made shows that if there cxists any
solution which is asymptotic to s, (x), s (2) in the sector
—n/2 < arg(x— «) =X 7/2, this solution is identical with
Ty (@), Ty (), even if a>3 (if a = 1, q(2)z~* is to be
replaced by gq(2)z'~*); hence in general no such solution
exists if ¢>>3. The only exception is when ¢'(x) in (134)
is identically zero, in which case 7, (x) ~ 8, (z) in the sector
— <L arga < ; this occurs in certain reducible equations
(see the end of this section).

A similar argument shows that if « << § the solution
¢12(x), gas (x) in which the value of 4’ defined above is used
is the only solution which is represented asymptotically by
813 (%), sas(2) in the sector #/2 < arg(x — @) < 3n/2. Since
a <} when — 7 < arge— (argo—n/2) < 0 and o’ =< § when

* We shall continue to use ¢ (logz) in this sense, without implying
that the function is the same in each case.
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0 < argo — (arge — n/2) <, it follows that either 7, ().
hor (@) or g5 (x), gee(x) is unique in every case. (As noted
-above, when @ ==} or «' = { we must take « in the right
or left half plane respectively.)

To obtain integral and series solutions of eq. (177), we
make the Laplace transformation (138), and find that it is
satisfied by the integral

o) L
J” i.r*] (f J— Q)f} (‘.t f,“,

provided ¢ and b are so chosen that

[RY/]

#7121 — @+1 et ]y = 0.

This expression vanishes- at ¢ == 0, provided £—0 in such
a way that R(o/t) > — o ; i. ¢., if a line is drawn through
t === O perpendicular to the line joining 7 = 0 to ¢ == o, # must
approach 0 on the side of this line opposite to o.* The half
plane bounded by this line within which # must remain as
it approaches 0 we will call for brevity “the half plane

and at {=— oc it R+ 8-+2)-20.
Taking the limits 0, ¢, we obtain the solution

0 a
(182) Iy (x) = Jo L (t— o) e! dt,

where the path of integration starts from £ == 0 in the half
plane opposite o; if ¢ lies in this half plane, the path may
be taken as a straight line; otherwise we will let it make
a partial negative circuit about # == 0 to the straight line
joining 0 and ¢, and then follow this line to ¢=-¢. Along
the straight line let arg ¢ = arg ¢ and arg (t—g) == argo -},
The integral is valid it R(B-+1)>-0; if R(8-+1) <0, we
may use a loop which starts and ends at ¢=0 in the half
plane opposite ¢ and passes around ¢ = ¢ in the positive
direction; this gives a solution

* Also the path of appfoach must not be tangent to the bounding line.
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(183) C M) = (1— i) Iy (z),

which we will take as defining %, (z) in this case. (We exclude
temporarily the case where 8 is a negative integer.) The
solution %, (x) is analytic for all finite values of x.

Taking the limits oo, ¢, we obtain the solution

0 g
(184 pn@) = [LE1t—opel at

where the path of integration may be taken as the pro-
longation of the straight line joining 0 to o. "We will take
arg { == arg ({—¢) = arg ¢. The integral is valid if
R(B+1)>-0, R(x+8) < 0 (ct. footnote, p. 96); if B(8+1)<0,
we may use a loop from oo which passes around 7 = g in -
the positive direction; this gives a solution

(185) g@) = (1 — ") g (),

which we will take as defining ¢, (#) in this case (again we
exclude negative integral values of B).

Setting ¢ = ¢/ in (184), we have

. 1 a :
(186) . g1 (x) = — o*1P !L T# A1 (1 — )P e ‘ dr,
a

or, if we introduce the factor e ¢ into the integrand and
write oo = =,

1
(@) = — ¢ "t J; L (1 —1)f ¢ 20D (g,

Expanding the factor e *@™ and integrating term by term,
we have

g1 (@) = — e* g=t+B 2{ (-— 2)1 J; —r—p=1 (] — ) +B o

r=0

—— e 3T B g rtaty)

r=0

= — ¥ gt B(—-——:z —-ﬂ, B+1)

| <[1+ o= TTee=nG_y T |




Iv,1 " THE CASE ¢ = 0 139

The series in brackets may be regarded as a degenerate
hypergeometric series, with one argument lacking;.it may be

written lim F'(e, 8,1 —ux, —x/c). It converges for all
¢—>R

values of x, 8, o, and o except = = 1, 2, 3, ...; at these
points the solution is analytic, however, as we see from the
preceding beta function series. Accordingly eq. (187) serves
to define g, (x) when R(r-+8) >> 0; it could be used as
well as (185) to define it when R(8-+1) < 0. We see that
71 (x) is analytic throughout the finite part of the plane except
for simple poles at x = —8, 1—8, 2—48, -... Another

form of the series for g, (x) is obtained if we evaluate (186)
a

withont introducing the factor ¢ ¢, namely:

§@) = —e Br—g 84|14+ T2

s+ B) @t | ]
1.2—1)(@x—2) )

L

We can express ¢ (») also by means of a series of partial
fractions. ILet ¢ be a point on the line joining ¢ to «, and
integrate over the contour consisting of the straight line
from o to ¢, a loop k about f == g, traversed in the positive
direction, and the straight line from ¢ back to x, starting
with arg ¢ == arg (t—g) == arge; if R(x-+ 8)-Z0 we have

Gr) — (1— ) g, 1)
— (=) [ uy ar [ rea

vhence if @ is not an integer

“

: . ’c Q f’
p@) = B+ [oe (=4 et ar,

where K, (x) is an entire function. Kxpanding the last two
factors of the integrand and integrating term by term, we have



140 LINEAR DIFFERENCE EQUATIONS

(@) = E (wj—l—c’“*'ﬂ[x_}_ﬂ + c@o‘_:ﬂﬂ_e' 1)

o2 taEoDe ]
2 (x+8—2) I

This converges uniformly in the neighborhood of every point
except x = —@, 1—8, 2—48, ..., and hence represents
¢1(z) over the whole plane.

If we take the limits 0, oo, we get the solution

o

. 900 s
(188) ¢ (x) :Jo Zl(t—o)Pet dt.

The path of integration we may take as any ray in the
half plane opposite . We will choose a ray for which
arg o — 27 < arg t < arge, and take arg ¢ -Z arg (f — o)
~large+2m. The integral is valid if R (x4 8)<C0.

Fig. 13.

A fourth solution is obtained if we take for the path of
integration a curve K which starts at ¢ = 0 in the half
plane opposite o, makes a small positive circuit about ¢ =0,
and returns to O in the same half plane (Fig. 13):

[
(189) @) = [ =1 t—ep et at.
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We will let arg¢ increase from near arge—. to near
argo+w. If we set t = —av == Mo,

v 1
hs () = (— @) ¢"i* ¢ J; w1 (1L 4ze)de T dr,

where K' is the contour in the z-plane into which A is
transformed (Fig. 13; cf. Fig. 4). Let K be small enough so
that |z |1 at all points of K'; then by eq. (72)

1) = (e v [ |1 par

+ ﬂ(ﬂh ) Ul Jc Tdr
—_— (__Q)ﬂ e g |__ [‘(-——,'1:)—-,83!]‘(—.[""])
BB—1)

— =5 2L (—r—2)—.. I

J— i o I __’gx - —
__—(--—g)ﬁc? 3 I( .I.)l.l L. @+ 1)

+ B(B—1)x* l
124+ D@42
or, by eq. (60),
Il — 9mi(— o) [1_ Az
(190) 1 (@) AUV PR)) L OTFE ”
b pe=ne ]
1- 2@+ 1) (x+2) )
This series converges for all values of z, 8, ¢, and ¢ except
xr=—1, —2, —3, ..., at which points the solution is,

however, analytic; hence Ay (x) is an entire function.
To obtain the relations between these four solutions, let

usintegrate #*~1 (¢t —g)? ¢* over the contour A BCDEF(tHIJ A
of Fig. 14, made up of straight line segments and circular
arcs. The value of the integral is zero, since the contour
contains no singular points of the integrand. If I(8)>0
and R(z+8)<0, we can let the radii of the ares BC
and GH approach 0, and that of the arc AJI increase in-
definitely; we can also let the points D and F' move into
the half plane oppos1te o and approach the origin, so that
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" the arc D EF becomes equivalent to the contour K of Fig. 13.
Then we have (omitting the integrands)

LA L+ o+ [+ ) =o

Fig. 14.

On 4D take argt = arg(f{—pg) = arge; then

g1 (@) — Ty (@) + €77 hg () + 207 Iy () — 240D gy (2) = 0.
or : _
(1 —e @) gy (x) = (1— &™) Iy (x) — ¥ hy ().

In Fig. 14 arg o > arg 0—n/2, so A = 1. If arge<Carge—n/2,
whence 4 =0, we have similarly, starting with arg {=arg ({—¢)
= arge on AB (Fig. 15),

91 (£)— Ry (@) + hg () + 67137 Iy (@) — WD g, () = 0,
or '

(1— e t) g, (@) = (1 —e¥%) hy () — I ().
These two results inay be combined in the form

‘ 1 — emix p2hmix
(191) 9:() = —zmwrsy M@ —T—zmery I @
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Now let arge = arge—m/2 (A == 1) again, and integrate
over the contour GABCDEFQ@ of Fig. 16, takting

Fig. 15.

argt = arg ¢ and arg ({—e¢) == arge-+m on AB. 1f B(8) >0
and R (z+-8) <C0 we can let the radius of the arc BC approach 0
and that of DEF increase indefinitely; we may also let ¢/
approach 0; then we have

Ty () — gy () — 70 gy () = 0,

hy(z) = g1 () + e g5 ().

or
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It argo<argo—m/2 (A ==0), we have similarly from
Fig. 117, starting with arg?= arge and arg(t—¢) = arg e+
on AB, ,
h (-7(3)_82""# g1(@)—gs (x) = 0,

N
1 (@) = 8 g,(@) + g2 (@).

These two results may be combined in the form

(192) hy(2) = EO—h7B g, () - AT gy (),
D
!
/ q.
]
ag.
T~ —— /’ A E
Ty
I
O’ G
!
/’ F
)
Fig. 17.

Since both sides of egs. (191) and (192) are analytic, apart
from poles, for all values of x and 8, they are identities
and we can drop the restrictions placed on x and 8 in

deriving them.
By eliminating A,(») from eqs. (191) and (192), we find

for both 4 =1 and 4 = 0:
(193)  hy(x) = (@ —1) g1 (x) + (1 — ) gs ().

Similarly, eliminating ¢;(z) from the same equations, we have

1— b 1
(@) = ——e;,%ﬂ,, (@) + g 1 @)
if A=1, and

— eip eviB
g: (.’17) W hy (w) + ezm(q,-_l.p) hs (.’L)
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if A = 0. These may be combined in the form

emp S2(1—4'2if
(194) P(@) = e2m<r~rﬂ) hl(a)-’r- e ! e @),

By means of eqs. (191) and (193) we can express X, (x)
and g; (z) in terms of %s(z) and ¢, (x), and thus evaluate them
in terms of factorial series.

If in eq. (187) we let 2 > in the left half plane (whence
— a2 —>o0 in the right half plane) we see that

11m r/l(m)g TPl = g0 (— QP r+1);

likewise, if in eq. (190) we let =z —>o0 in the right half plane,

1
hm hy(@)ar o= e 22 == V27 i(—p

These limits show that g, (z) ~ 8y (z) in the left half plane
and h;(z) ~ S;(z) in the right half plane, at least to the
first term, if we set

(195) s == e?(— ORI (B+41), s = V2ni(— o).

It follows that g, () = g1 (x) and A (x) = hys (x), on account
of the uniqueness of these solutions.

Since we know the asymptotic forms of gy, (z) and Ay, (2)
in the sectors 0 -Jargx <27 and — n <argxz < m respect-
ively, we can now use eq. (191) to get the asymptotic form
of A (x). We have

1— c-”'\” +3 . ei
hl (x) 1— mw N ([)+ )mr ]"(7)’
whence in the upper half plane
hy () ~ 8, (@) + iz g, (z).
The dominant term depends on the factors 0%, 2min g g v,
or on the exponents
0, (2Ami—1logz—loge+logo+1)z; _

10
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‘the real part of the second exponent is

,__ Argz +arge —arg ‘,’ﬂ)
27 '

(196) u(—loglz| +1) — 270

This is negative in the sector 0 <argz <#/2, on account
of the term — wlog|xz|, so the first term dominates and
Iy (x) ~ Sy (x) there.

In the lower half plane

Ty () ~ 6208 8, () — 24170 Q) (),
or, if we use the determination of 5, (z) for — 7w < argz <70,

by () ~ 8y () — e2d—bmiz § (o),
Here the exponents are
0, [2(A—1)wi—logx—loge+logu—+ 1],

and the real part of the second one is

(197) u(— log|z| -+ b) — 2 nv(l—— | wrgxt -‘-‘fgﬂ_?ﬂg-i) :

2

This is negative in the sector — 7/ 2<Cargz < 0, 80 hy (z)~8i(2).

Hence /;(x)~8;(z) in the right half plane, except possibly
along rays near the positive axis of reals, where the asymptotic
form of g, (x) does not hold. To prove that A, (x)~8;(x)
also along these rays, set ¢ == pv in (182):

1—-7

g 1
@) = (—Dee g8 [ ari(1—ep e’ T ar
K 1
= (—1pcegrd| [or 11— ae
gt 21T -
+ Jemra—np e —1)ar]
a

== (—1)8 e? o™+A [B (x, 84+1)

X 98) 3 o1 1—r
ool ]
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If we let x— o along a ray parallel to the positive axis of
reals, the integral from O to ¥ approaches 0 exponentially,
on account of the factor z*~1, For the other integral we have

1-7

J;:Tr—l(l_"')ﬁ (ex-»:;' _1) dr
o 5

the series converges uniformly on the path of integration;
let its maximum absolute value on this path be Jf; then

! 2 1=T
JRT R P

1
o
Jy

1
< MJO 2 (1—e) de = MB@u—-1, h+42),

"2 (1—1)P | de

where » and ) are the real parts of  and 8. As a— oo this
is asymptotic to MI'(b+2) w22 Since the ratio of | xA+!|
to u®t' approaches 1 as x— oo,

' 1
lim “"pﬂj; 7*1(1—7)? (ex T ——1) dv = 0,

I —>00
Since B(x, 8-+1)~I'(B+41)2 7, we have from (198)

g
lim ¢ = 2Pt hy(2) = (—1)P e of I'(8+1) = s,.
Tr—> N0
The asymptotic form of % (x) therefore holds, at least to the
first term, near the positive axis of reals.

To identify 7, (x) with A, (x), we need to examine its
asymptotic form along rays parallel to the axis of imaginaries.
Let x— oo along any ray parallel to the positive axis of
imaginaries; then arg x—»m/2 and the expression (196)
approaches

u(—log|z|+0)—2nav,
10*
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which is ultimately negative, even if » < 0, since ¢ and v are
positive and v increases Now
let z—co along any ray parallel to the negative axis of
imaginaries; as arg z——/2, the expression (197) approaches

u(—log x| +b)——2nv(a~%-);

since v < 0, this is ultimately negative if a« <_ §; if a = 4,
it is negative if » >0 and positive if «u<Z0. Hence A, (x) ~ 8, (x)
along all rays parallel to the positive axis of imaginaries,
and also along all rays parallel to the negative axis of
imaginaries if a < }; it thus has the properties which charac-
terize Ay, ().

By a similar procedure we can identify gs (x) with gy (x).
From eq. (193) we have

1 1 —-——e‘"’/"
!]9(-"') = T omir Q2 hz(x) 4’ P >7nr 71( )

whence in the upper half plane

02 (@) ~ 83 () + (1 — P) 8§ ().
The dominant term depends on the exponents

0, (logz-loge—logo—1),
.thé real part of the second of which is
(199)  u(log|a! —b) — w(arg z + arg ¢ — arg o).
In the lower half. plane, ‘if we take 7 <Zarga<{2m,

ga(x) ~ Ss (@) — (1 — ¢7f) ¢ 270 8, (x),

and'the dominant term depends on the exponents

0, (logx—+loge—logo—1—2mi)z,
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the real part of the second of which is

(200) u(log|x|—b)—2mv (argw+ a’;g”(’ — argoe __1) .

From these we see that g, (x)~Ss (x) in both the second and
the third quadrant, except. possibly near the negative axis
of reals, where the asymptotic form of /s () does not hold.

To prove that g (:c)~S (:c) along rays near the negative
axis of reals, set t = — or = e a7 in (188):

1

g2 (@) = (—o)f (-—a)" JO w11+ xe)e Tde
: o0 1
= (—e)f (—o)f* [J; @ le Tdr
900 1 ]
+ Jo (142 —1}e T dtl

— Coparfrea (4]
< {(14#7)f —1) a_"il' dr]

1,
Tdv

2mwie™ (L xe)p—
I'x +1) +I T

1
+J; o1 (14 xe)f —1}e * clz:].

= (— )P e M g” [

The function [(1 -{—n)ﬂ—— 1)/z is analytic between 0 and 2;
let M be its maximum absolute value; then

< : A‘[J

0 __1 I
\‘J[f e Tdr = Ml'(——- u,—-—-]_) = ZM
JU . (u—l—l)[’(u-’rl)

Since the ratio of {TF(z+1)| to F'(w+1) remains finite as
x—>o0 along any ray parallel to the negative axis of reals,

[ ttrp =t

1
e Tdv e Tldr
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1
(1+nr)ﬂ e “tde = 0.

lim T@+1) fzw
The integral from 2 to o approaches O exponentially, on
account of the factor z#-1. Hence

lim o= T'(x+1) gs () = 2mwi(—e)f = V2ns,,
>0 .
1

and since I'(z+ 1)~a”e=722 V' 27, we see that gy (@)~ 8 (),
at least to the first term.

To determine the asymptotic form of g, (z) in the direction
of the axis of imaginaries, let x—cc along any ray parallel to
the positive axis of imaginaries; the expression (199) approaches

. u(log|xz|—b)—2nv(F—d);

this is ultimately negative if «'<<3, while if ' == § it is
negative if « < 0 and positive if » > 0. Now let z—oc along
any ray parallel to the negative axis of imaginaries; the
expression (200) approaches

w(log|x|—b)+27d v,

which is ultimately negative. Hence in any case g, (x)~ S, (x)
in the sector 7/2 < arg(x—e) : < 3a/2, and if a’<< } in the
sector /2 < drg(w~a) < 3m’2; these properties show that
9 () is equal to g5 (@).

Since Ay (x), hs(x), ¢;(x), and g,(x) are the principal
solutions of eq. (177), the relations (191)-(194) give us the
fundamental periodic functions, whose matrix is therefore
2 a—hmig ¢
Cs ehnix 1 — e2nix

P@) =

b

where
(201) € == Cmiﬂ._._ 1’ G = 1.

If 8 is a negative integer, we will define Ai(x) and gi(x)
[eqs. (183), (185)] as the principal solutions in place of A, (x)



v, 1 THE CASE ¢y = 0 151

and g, (%), and accordingly replace 7'(8 -+1) by 7'(8-+-1) in
[eq. (195)]. If we multiply eqs. (191) and (192) by 1—¢*i?
and let 8 approach a negative integer, both reduce to
hi(x) == gi(x).

Since Ag(x) == lyg(x), it is represented asymptotically by
S, () in the sector — i -Zargx <. Along a ray parallel
to the negative axis of reals

hs ()~ [1 4 ()] Se ()

as in the general case, 7 (x) being a periodic function such
that |7 (x)| < Me—2%¥l, A similar statement holds with
regard to ¢ (x).

The expressions (196) and (197) are ultimately positive
along any ray in the second and third quadrants respectively,
S0 Iy (x)~ehmie 8 () in the second quadrvant and 7, ()
~ — -7z §, (3) in the third quadrant. Similarly (199)
and (200) are ultimately positive along any ray in the first
and fourth quadrants respectively, so g (z)~—¢ S (z) in
the first quadrant and gs(x)e~~e ¢ 2908 (@) in the fourth
quadrant.

These solutions do not have “critical rays™ like those of
the corresponding solutions in the general case; the bound-
aries between regions in which the asymptotic form is different
are not straight lines, but transcendental curves, whose
equations are obtained by setting the expressions (196),
(197), (199), and (200) equal to zero.

Analytic expressions for the intermediate solutions g1 (x)
and yi2 (x) can be obtained exactly as in the general case,
namely

'unr 1 _(,zm(: .ﬂ)

v @) = @) =T e @) =y i )
= et (—oV ¢ Blw, B+ 1)[ fﬂ(t m)

B+1)@B+2)#
13— e T ]
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Y (@) = @)+ 7 mg 0@ = ezm hs (2)

= 2mi(—0)F - LA [ m_ﬂ__
I'xz+1) 1.(x+1)
B(B—1)x*
Ti2einern T
Both of these are analytic everywhere in the plane except
for simple poles at all points congruent to z = 0; %1 (x)
has zeros at x = —g8—1 and points congruent on the left.
Another set of formulas expressing the principal solutions
as definite integrals may be obtained as follows. If in
eq. (177) we set y(x) ==z(x)/T" (T+,3+1), then z(x) satis-
fies the equation

(202) z(z+2)—[e@+1)+o]z(z+1)+ eole+B+1)z() =

applying the Laplace transformation (138), we find that a
solution of this is the integral

b _t
z2() = J; triB(t—o)Fle ¢ dt,
provided a and b are so chosen that

_ty
(482 t—ay-p 6 ¢, = 0.

This expression vanishes at ¢t =0 if R(x+8-+1)>0; at
t=0 if R(8)<0; and at ¢ = oo, provided {—oo in such
a way that R(¢/¢)— -+ oo; i.e., if a line is drawn through
{ =0 perpendicular to the line joining O to ¢, ¢ must
approach oo in that half plane bounded by this line in which
t = o lies (which we may call “the half plane opposite —o”).
Taking the limits 0 and oo, we have the solution

o . _t
K(r) = ) tf({t—o)Pte ¢ at;

if ¢ lies in the half plane opposite —¢, we will take for the
path of integration any ray in this half plane on which arg¢
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has a value between argo and arge-+n/2, and let arg(¢—o)

have values between argo and argo+m; otherwise we may

use any ray in the half plane opposite — ¢, in particular the

ray through —¢, on which we will take arg?= arg(f— o)

= argo—m. The integral is then valid if R(x+84+1) -0
Taking the limits 0 and o, we have the solution

5 - t
K@) = J, (=) e ey

the path of integration we take as the straight line from 0 to g,
on which we will let arg¢ = argo and arg(t— o) == argo -,
The integral is valid if R(8)<C0 and R(x-+#-+1)>0.
Setting ¢ = o7, we have

1 : .
1Y (o) = e~ G‘”J’; B (1—v)=Fte @ " dr,

or, if we introduce the factor e? into the integrand and
write o/p = =,

g

v 1
LY (.’I,) = (HEED o @ g JO et (1 — t)—-ﬁ—-l 0=1) (¢
. 1
- e-um’(ﬂ-i-l) e ¢ O-rr xt (] . 1)_'3__
' <[l +z(01—7z)+ - ]de
G
=z @7 n“ﬁ‘{-l)(f Q0" [B(:l,:"l“ﬁ—i'—l, '——ﬂ)

+xBa@+8+1,1—8)+4 -]
v T@tBENI(—A

—— B+ _g r -
¢ e T rx+1)

x[l— Br L BB—LL ]

L rt) T 12 D@+ 2)
 emgty e_.% r—a .,

’(ﬂ’-l—ﬂ-l—l) hy ().

(203)
G S

i
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- Now take for the path of integration a curve L which
starts at £ = oo in the half plane opposite —¢, makes a large
negative circuit about ¢ = 0, and returns to oc in the same
half plane; this gives the solution :

. !
@ = [ oy o1 ay,

valid for all values of = and 8. Let the arguments of ¢
and t— o decrease from near argo -+ 2w to near argo if o
lies in the half plane opposite —o, and from near argoe-
to near argo-—osr if it does not. Set ¢{ = ¢/z; then

1

g (@) = ¢* Ik_z""‘”_l (1—x0)B1e Tdu,

where K is a curve which starts from z === 0 in the right
half plane, makes a small negative circuit about z = 0, and
returns in the right half plane (cf. Fig. 4, p.53). Let K be
so small that |2z <1 at all points on it; then

J@ — e i@ v
+ i’_8~+_l_)_(/§;t?_), »22 + . ] =

19 e Tdr

= ew[i"(@+<ﬂ+1)z1'(m—1>
$EEDBAD gy J

= et 02
B+1)(B+ 2)«*
+ 1.2—1)(@x—2) + ]

1 — i)

=~ I+ 8+1)g @)
e¢ (—o)P I'(B+1)
Iz+8+1) 7 @.

&

(204)

|
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A fourth solution of eq. (202) is

@ A
9" () —:L prid(t—ay B le € df,

where the path of integration may be taken as the prolongation
of the straight line joining O and ¢ if ¢ lies in the half plane
opposite —g; otherwise let us rotate this ray about ¢ = o«
in the negative direction until it extends into the half plane
opposite — ¢. In the former case we will take arg ¢ -= arg(t—o)
== arg ¢, and in the latter case take the values of the
arguments which are between arg o and arg ¢—m. 'The
integral is valid if R(8)< 0

To obtain formulas for 4’ (z) and g” (x) corresponding to
(203) and (204), we need to derive the relations between the

Fig. 18.

solutions of eq. (202). Suppose first that arg ¢ > arg o — /2,
or A== 1; then o lies in the half plane oppositec —¢. et us
t

integrate t* A (t—a) P e ¢ over the contour 0 A BCDEFG o«
of Fig. 18, which is equivalent to L. If R(8-+41)< 0 and
R(x-+ 8) >0 we can let the radii of the ares AB, CDFE,
and F'G approach 0. Let arg ¢ = arg(t—o) == arg o+ 2
on ® 4; then we have

g () == &mirg" (g)— @B B () + 1" (@) — ¢" (r),
or

— 2 Fﬁ)
Q08) 4" (@) = 2

1 1 1
g W @)= g 9@

Integrate now over the contour EFGHIDE, taking arg { = argo
and arg(t—o) = arg ¢+ 7 on EF; letting the radii of the
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arcs DE and FG approach zero and that of HI increase
indefinitely, we have in the limit

(206) B (@) —g" (@) —N (x) = 0.

Putting in eq. (205) the expressions for 2"(z) and ¢'(x)
given by (203) and (204), we have

Y 1— i@t I'(x 1 f ] 1
gy = LT Tt EED, o Tt @

_ T+8+D
“‘ ¢ 8 (1 —_ ezm'm)

whence, by eq. (193),

[7e (&) — (e*"if—1) gy @)1,

gs (@),

(207) 7 @) = T Ezﬂ*l)

" Similarly, by using (203) and (207) in eq. (206), we have
I'(x 1 I(x 1
__g@:cl:_":_":_) Ty () — Ta+A+1) 7 (%)

W(x) = s

_ 1 (‘7’ +_'8+_1) [hs(x)— (1 — i @td) gy ()],

- €y 81
whence, by eq. (194) for 4 =1,

(208) We = TEETD ),

Consider now the case arge < argo—m/2, or 4 = 0;
o now lies in the half plane opposite +¢. We can use
Fig. 18 again if we interchange the points 0 and o. Inte-
grating over the contour w ABCDEFG o, starting with
argt = arg ({—o) == arg -}, we have

g (@) = — "= h () + K (x)— ™ 1 (z) + 1’ (@),
whence

W@) = g [0 1 @)+ ).
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Integrating over the contour EFGHIDE, starting with
arg{ = arg ¢ and arg ({—o) = arg o— on KF, we have

— R 1 )+ I (@) + g @) == 0.

These two equations lead by the method above to eqs. (207)
and (208), which are therefore true for both values of 2.

From egs. (203), (204), (207), and (208) we obtain the
desired integral expressions for the principal solutions of
eq. (177), namely

K
hl(m) = ](a —{-—ﬂ-{:—l)J 1’ -;({_'G) ﬂ ] ¢ dt
[R(r+8+1 0],
t
4B (f—a) B le € dt
[Rw»<m R@+A841) > 0]

t

(]
(l \l (l

Ia@) = pTEE1)

St !
(@) == = I tetd (f—a)B1e ¢ dt
' F@+8+1)e ’
t
¢ 81 4 1,0
go (1) = . [ trip (t— )P e € dt,
I'ae+8+1) 7=

[R(8) < 0].

The restrictions on z and B can of course be avoided by
replacing the straight line paths by suitable contours.

It follows by the same argument as in the general case
that a necessary and sufficient condition for eq. (177) to be
reducible is that either ¢, or ¢; be zero. But ¢ =1, s0
this is never zero; eq. (177) is reducible, then, if and only
if ¢ == 0, i. e, if and only if 8 is an integer.

It 8 is zero or a positive integer, Ay (x) and gs(x) have
the respective forms

a* o »
mf’(ﬁ), ‘}T'(;'+B+]'")*l (x),

where P(z) is a polynomial of degree 8. If 8 is a negative
integer, hi(x) and gi(x) are both equal to ¢ P(x), where
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P(x) is a polynomial of degree —g@-—1; the series S;(x)
contains only —28 terms in this case, and A () = g1(x) = S)(z).
Eq. (177) is never completely reducible.

As an example, consider the equation

@+2y+2)—ry@x+1)—y) =

for which ¢ == 1, ¢ = —1, #==0. The formal series have
the form
0

] .
8 () = eta (1—— ok 7r_*+"')’

y, WLM‘ —r T 0 1
$@) = Vamir(—1yr e (1“‘”1‘"2; ),

and the principal solutions are
, 2 (—1)*
h = Js e

‘ gl =1 %
Iy (2) = Io trle tdt = J: T e T dr = Q(—um),
1 L ) ol 7
o (@) == f trle tdt = — (L " e T dr = — P(—ur),
eJ o0
where P(z) and Q(z) are Prym’s functions (§ 4, Chap. 11).

§ 2. Infinite roots.

If one of the roots of the characteristic equation (101) is
infinite while the other is finite and different from zero
(.e, ag==0, a; + 0, ao § 0), or if both roots are infinite
(i.e, as == ay = 0, ap + 0), the hypergeometric diffesence
equation (99) can readily be transformed into another equation
of the same form for which the infinite roots are replaced
by zero roots. , _

Let as == 0 in eq.(99), and set z = —&, y(—a') == fa');
then

by f (' —2) 4+ (—ay2’ 4 by) f @ — 1) + (—ap2’ + ) f (@) = 0;

changing ' to x' 42, we see that f(a:) is a solution of
the equation
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(— o' —2ao+ o) f(2' +2) + (—ay2’ —2a,+by) f(o' +1)
+bsf (') = 0.

This is a hypergeometric difference equation, like eq. (99),
but its characteristic equation is

——-(Iol) —_—n 0 = 0,

which has one zero root if @, 4 0, and two zero roots if
@, = 0. - The case of one zero root has already been dis-
cussed (§ 1), and that of two zero roots will be taken up
in §4; since y(xr) = f(—a) is a solution of the original

equation, the two cases named above require no independent
treatment.

The equation (96) satisfied by Prym’s functions Py (x) and
Qo (x) is an example of a hypergeometric equation with one
root of the characteristic equation infinite. If we make the
above transformation it becomes

0l +2) /@ +D— =+ 1) Sl +1)—f) = 0,

which for ¢ == 1 gives us the numerical example considered
at the end of § 1.

fquation (202) also belongs to this type. The method by
which this was obtained from eq. (177) suggests an alter-
native procedure for replacing infinite roots of the character-
istic equation by zero roots; if we set

o
y@) = e+ o
in eq. (99) (with @, = 0), it becomes
be(r+ 2 1) @t 2) (b ) 2o+ 1)+ aa2(o) = 0
0

whose characteristic equation has one zero root if a, 4 0 and
two if a, = 0.

It remains to consider the case where one root of the
characteristic equation is zero and the other one infinite
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@ e., as = ay - 0, @, 4 0).* To obtain a suitable normal
form of eq. (99) for this case, set

by 1 by
_____ _— ——— == 1 . — == =0y,
a 0 ) a 3 + ) a 2y

we obtain thus the equation
yx+2)—o (@+o+1)y@+1)+aoyr) = 0.

Now set z+ 0y = 2’ and y(@'— ay) = f(2); ' dropping the
primes, we see that f(x) is a solution of the equation

(209) y@+2)—a@+1)y@+1)+oony@) = o0,

which we will take as our normal form.
q. (209) is satisfied formally by the two power series

8 (@) = a*eF e a 2( + + )
8@ = oraers kS,

where s, and s, are arbitrary constants, and

g, 1
e ——( +1—2) ete.

st o', 1 &
s T Ty
If we set y(@) = y,(2), y(x+1) = y:(#), we obtain the
system
{yx (+1) = pn),
Yo (@ +1) = —0, 0y, (2) + 0, (1 1) ye ()

equivalent to eq. (209); it may be written as a- matrix equation

Y(@+1) = R Y (»),
* If g = @ = Qp = O, eq. (99) reduces to one with constant coefficients
(§ 4, Chap.I). The same is true if by = by = by = 0, but the a's are

* different from 0.
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where
R (x)

I—-—o‘lao a,(w+1)|l

This matrix equation is satisfied formally by
1 ’ \
P 0-1.1: e m_f (0 + 8;1 + .. .) 1

1 '

1 rrefe"x ? (Rm + \;z + - ) .
2100 N@) = : , |
o 9 8 ;
x* O‘i"’ e 12 (831 + ”31 + - ) 1

i
LG O z(0+ s +. ,)ﬁ

where sl = 81, s = 0181, Sk = G181, S12 == S, S 7 8,
gh» = G385, etec. The determinant of S(z) has the form

S@)| = c;i"d;{(d—}— t: -}~)

where d = — a8 8.. The inverse of S(x) is

e e" w (0 4 == o1 + )
. 1

| LTTeTT ety 2 (ft.» +- + ) i

211) 87 (@) = | ' 1 o J

x” U e g ((’21 + -;Ll + - ) '

O'u

1 ’ '

¥t oy r e pt (() + a2 + .. ) ;

A !

where of; == — my/ 0y 81, On — 1/82, Oy == 1/0'181,
gy = —1/ 018, etc.

We can form the matrix products Hy(x) and G4(x) and
prove the first existence theorem exactly as in the general
case and the case g5 = 0; the statement of the theorem in
§ 1 remains true for the present case, except that all the
11
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limit functions are now entire functions, since neither R(x)
nor R~ (x) has any finite poles. The limit of the determinants is

D) = D@) = d o 6 = —s 5,07 67,

from which we see that ' = 4" = ... = 0 in the series
| S(x)| above. In the details of the proof the ¢, and ¢, of
the general case are replaced by ¢, /e and oy e/, but other-
wise the changes required are slight. Similarly we can prove
the existence of intermediate solutions with the usual properties.

The principal solutions are defined asin §1. The asymptotic
form of Ay (x) in the right half plane is given by (129) and
(134), and since s, (x) contains a factor 2% and s;4(z) a factor
=% the second term is the dominant one, except possibly
along a ray parallel to the axis of imaginaries; hence
Iy @)~sy; () and hgy () ~ sy (x) in the sector — /2 < arg
Z7/2, regardless of the value of the integer A. Similarly
T1s (@) ~813(x) and ggs (€) 853 (x) in the sector m/2-Zargx
< 3m/2, regardless of the value of 2'. All these solutions
are entire functions.

The solutions Ay; (), Aes (x) and gy (%), g2 (x) are unique, by
the same argument as in the general case, but not the solutions
hyy (), hay () and gy9(x), gss(x), since 4 and 4’ are arbitrary.
We proceed to determine as in § 1 what values of these
integers give us solutions with properties as nearly as possible
the same as those of the principal solutions in the general case.

By (129), the asymptotic form of A, (z) in the uppel half
plane depends on the factors

P o-ér o (,.’Amr’ o o.ir e,
or on the exponents .
(—2logxz—log o, +logoe+2+2Amd)x, O;
the real part of the first is
~ (—2log |z|—log | g |+ log | g |+ 2)u
——271:(). mgw—l—arga,——arga,) .

2
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Keep u fixed, and let v— -} oo ; this ultimately becomes negative
(whence 7y, (r)~sy, (2)) if

; . 2arg x+ arg ¢, —arg ¢,

Ve
2T !

even if » is negative; or, since arg x—>a/2, if

dlg “] «lrg 0‘3
~ _
4> 2 +

If 4 is less than this value the real part of the first argument
ulimately becomes positive.

In the lower half plane 4 is replaced by 4— 1; hence if
we keep u fixed and let v——oo the real part of the first
exponent ultimately becomes negative if

2arg x -+ arg 6, — arg o;

AZ14— e

even if u is negative, or, since argx——mn/2, if

. Arg o, —arg gy 1
A - o t 9"
If 2 is greater than this value the real part of the first
exponent ultimately becomes positive. Since these inequalities
are mutually exclusive, we cannot find any value of 4 for
which Ay (x)~s;, () along all rays paralle] to the axis of
imaginaries.

Similarly, ¢ys(x)~s2(x) along rays parallel to the positive
axis of imaginaries if and only if
arg o; —argo; 1

’
~ &8 72 —_—
= 2 2

and along rays parallel to the negative axis of imaginaries

if and only if
) o Ago—arge, 1
T 2 2°

11*
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Let us define 4 as the smallest integer which exceeds
(arg o, —arg 6;)/27 + %, and write

arg o, — arg o, 1y
(212) A— (——»»»—2’;——”' +§~) == 0
then 0 <« < 1. With this value of 4, A, (x)~s (x) along
all rays parallel to the positive axis of imaginaries, but not
along those parallel to the negative axis of imaginaries.
Following the analogy of the general case rather than the
case of one zero root, let us define A’ as the smallest integer
which ekceeds or equals (arg o, —arg o,)/27w—1%, and write

arg oy —arg o, 1 ) '
A (ABRTMRN )
( 2 2 @

then 0 <X ¢’ <2 1. With this value of A, gis (x)~ss (2) along
all rays parallel to the positive axis of imaginaries, but not
along those parallel to the negative axis of imaginaries.
By choosing suitable determinations of arg o, and arg e,
we may always have
arg o, -Zarg a, = arg ¢, + 27;
then

argo —argey | 1]
Qi 2 T 27

A

N

§0 4 ==1 and A’ == 0 if arge, - arg 6;—, and 2 — 0 and
A =1 it arg o <argoy,—r; in both cases 4’ = 1—2.

The solutions 7, (x), Ay () and ¢ys (x), ges (x) in which the
above values of 4 and A’ are used we will call the principal
solutions, although they do not have even the limited degrec
of uniqueness possessed by the corresponding solutions in § 1.

Since these two solutions cannot be identified by means
of their asymptotic properties alone, we will make a direct
determination by functiontheoretic methods of the form of
the fundamental periodic functions, so that they may be
identified by means of their expressions in terms of the other
two principal solutions.
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In the matrix notation, H(x) = G@)P(2), or P(x)
== G 1(x) H(x), where H(x) and G(x) are the matrices of
the principal solutions %;;(x) and ¢ (x), and P(z) is the matrix
of the fundamental periodic functions. In any period strip
in the left half plane the elements of H(x) and G(z) are
analytic, and the determinant of G(z) does not vanish, since
it is equal to D(x) = -—s; sy 0¥ a¥; hence the elements of
G—1(z) are analytic. The elements of P(x), considered as
functions of z = ¥, are therefore single-valued and analytic
everywhere in the z-plane except possibly at z = 0 and z = o,

In the upper part of the strip P(x)~S8-1(x) S(x), or, by
(210) and (211),

1 (ff? ¢ )";,. 1(0) “

a x®

)w.r ) | 1 l '

P (.'E)N| (,,I 2

ay ¢

If we write p;j(») == g;i(2), this means tor py, (x) and pys (x)
lim ¢, (2) == lim qu(2) == 1.
z—>0 >0

For p,s(r) we have
lim ])15(11') ar af o, e 20y == (),
£ —> N0
_mi
Write 22" = (¢ 2 x)** ¢™@; the modulus of the first factor
behaves like ¢ |a: > at the upper end of the strip, so

im Piz (’L) e’l'i.’l" n—.']r 0_;"" e——2m Qi 20 O,
>0 -

or, in terms of z,
1 arg ¢,-—arg o, A

lim qua(e)z? m i og(log 2) = 0,

2—>0

where b = log| o |—1log|e; 4+ 2, and ¢ (log 2) behaves like
a power of log z. By (212) this may be written

b
lim @712 g log ) = 05
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since 0 <a <1, it follows that
lim g5 (?) 2! = constant,
2—>0

for the remaining factors are not sufficient to neutralize a
pole of order as high as the first. By exactly the same
argument we have for pg; () '

. b
lim gos (2) 5 2*7 2% g (log 2) = 0,
z2—>0

whence, if a <1,
lim gs;(2) 2* = constant.
2—>0

From these limits we see that we can write

gu@ = 1+kz+.-,
2) = 1+Igz+ -
213) 0 ®) B ,,i 22t
Q2 (?) = 2 * (e +azt+ ),
g () = et chet---),
where the %'s and ¢'s are constants.
In the lower part of the strip .

e2().—1)711';15' q’ (111) 812 (x) Sy3 (-1/')
g2 h—D7miz q' () 895 () S92 ()

H(x)~ ;
here s;5(x) and sye(x) denote the determinations of the series
for argz near — n/2; if we take argx near 37/2 they are
replaced by — ¢?7i% g4 () and — e*™ g (x); using the latter
determinations, and using A’ instead of (A’ = 1—2), we see
that H (x) is represented asymptotically by

1

WG () (s ) s

T o SO
The inverse of G(z) is

—1 () —— 1 Goe (@) — 13 ()

@) 1G @) "——gm (=) gu (@)

’
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where |G (x)| = —s, 3, 67t 2. In the lower part of the strip

G-1(x) is represented asymptotically by

I @A —Dzix q' @) 8 (1.) — W Nmiz 7’ (@) s, ()

— 84 () 811 ()
1

:’J‘ G.:—". e =" x-

@W—Dris G (3 (‘— ”i +-- ) AU o () (0 + - )

i 0+... l

| 8 f

—x g—
%

— 8 %0

Combining these results, we see that P (x) is represented
asymptotically in the lower part of the strip by

— ¢min eme g () ' @) (—1) SV g (@) (—1) “

| T of () 1

~ From this we obtain directly the limits

lim ¢, (¢) == constant, lim gge(2) 2t = —1,
2—>00 2>

lim g5 (2) 2% == lim 3 (2) 22! = constant,
>0 2>

lim gg; (2) 24’1 == lim gy, (¢) 2=+ = constant.
2—>0 2>

Combining these results with (213), we see that ¢, () = 1,
g2(8) = 1—2, q12(2) == ¢ Zl_", ¢s1 () = & 2 , whence

1 ¢ 20—hmic :

i
(214) P(x) = | ¢ hmiz 1 — gomic ||

The inverse of this matrix is

1
1—(14 ¢ ) e ||

l—em" —6162(,'—")""'”
_(!eﬂm 1 H’

Pl(x) =
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but the elements of P—(x) can have no poles, since G(x)
= H(x) P~'(x) and the elements of G (z) are entire functions;
hence 1+ ¢ ¢, =0 and

1 — g2mix — c2(1-—11)71’1‘;5' |

_ s ezlﬂ:r 1

(215) P(x) =

The values of the constants ¢, and ¢y will be determined
later (p. 170).

Since the elements of H(x) and G'(x) are analytic functions
of o, and oy as well as of x, the identity H(x) = G'(x) P(x)
continues to hold in the limiting case where « =1 (i.e.,
arg gy = arg 6; — 7).

Applying the Laplace transformation (138), we find that
eq. (209) is satisfied by the integral

%y

*h bt %
J e % et dt,
a

provided a and b are so chosen that

’ _t fi b
[t‘”""le % et ],.‘ = 0.

This expression vanishes at ¢ = 0, provided {—0 in the
half plane opposite o3, and at ¢ = oo, provided {—>o0 in
the half plane opposite —a;.

Let us take for the path of integration a curve K which
starts at ¢ = 0 in the half plane opposite o;, makes a positive
circuit about ¢ =0, and returns to O in the same half plane
(cf. Fig. 19, p. 171); we obtain thus the solution

t O

hs(2) = J:\,t"”le_— S et dt;
we will let arg ¢ have values between argo,—m and
argo, + . If we set t == —oyv = Moy,

1
hs (.’L‘) = eTir 0-{ ,J:,"TE“I e*Te T d,;,
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where x = /0, and the curve K’ is similar to K, but
starts ahd ends at = == 0 in the right half plane; arg+ has
values between — 27 and 0. Expanding @7, we have

1

hol) = g [ o (1 b Jo s

x?

—emrav[— (—a) 2 1 —a)— 5 T— 2—.r)——---l

— ima.n]T‘___ )|1._xﬁ+ . x?, R l
- 2 1 T e T T 2+ D2

2ri o) [ x 4 ]
“ret o et P eyl

This factorial series cunvergeﬂ for all values of @, o, and
g, except x = —1, —2, —3, ... , at which points the
solution is, however, analytm.

Let us now take for the path of integration a curve I
which starts at ¢ = 2 in the half plane opposite — ¢;, makes
a positive circuit about { = 0 (i. e., a negative circuit about
t = 0), and returns to == oc in the same half plane, enclosing
some ray argt = 6, where arg o, - 7 -0 < arg o -+
we may in particular take 6 ~- arg o ((-f. F'ig. 19); let arg ¢
have values between 6 + 27 and #. We obtain thus the solution

t %
o () —“;*J;t"' Ye et (dt.

If we set t == a1,

(216) =

F4

C] B

where L' is similar to L, but encloses some line in the
right half plane (the axis of reals if § =— arg ¢,). KExpanding
x

¢T and integrating, we have by eq. (70)

(@) = w;[f(ar)+xi‘(a=~l>+ L ]

_ x x?
(217) = o I'(x)[l gt [:2G1) (e—9) + ]
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This series converges for all values of z, g;, and o; except
x=1,2,3, ..., and even at these points the solution is
analytic. .

It in eq. (216) we let x— o in the right half plane, we
see that . )

hy(@)~2miataera * (2m) *(14 -0
if in eq. (217) we let z— oo in the left half plane;
L
g@)~etateta 2V 2m (14 .. )

hence Ay ()~ S; () in the right half plane and g, (r)~ S (2)
“in the left half plane if we set

5 = V2n, s = V2mi.

It follows that hs(x) == hys(z) and g, () = ¢11(x), on account
of the uniqueness of these solutions.

We are now in a position to determine the values of the
constants ¢, and ¢, in the fundamental periodic functions (214)
and (215). Expressing hys(x) in terms of gy (x) and gie(x),
we have

Iys(x) = ¢ € (A—dyi gu (@) +(1— ) gy (2);

setting 2 == 0 in this equation, we see that A,5(0) = c,' 711(0),
whence

_ (0 B0 2mi(l—xt -

“ gm0 g0  —2mi(l—=z4-.)

It follows from the relation 1- ¢, ¢ = 0 that ¢ = 1.
Using these values in (214) and (215), we have the relations

hy () = gi1(x) + gHmiv g1z (x),
B18) ) — -0 o (1% )
yu(w) == (1—32’"‘") 7‘11(33)_32)'"” 7112(93):
(219) {yu@c) — @0-hmie by (@) - Ay (@),
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Consider now the solution

m(x) == | trle et (f,

where the path of integration is any straight line in the sector
common to the half planes opposite ¢y and —a,;* i. e., the
sector argo, — /2 << agf <l arga, — /2 if A =1, and
arg g, —3n/2 << argt-Zarga, -+a/2 it 4:==20. Consider
first the case 4 = 1 (Fig. 19). The contour L can obviously
be deformed so that it consists of the straight line from oc
to 0, the curve K, traversed in the negative direction, and
the straight line from 0 back to «. Hence

g1 (@) = —e¥r () — he () + m(a),
or
(2200 (1

) () —= gy (@) + he (@) == g1 (@) + hys (2).

Comparison of this with the second equation in (218) for
, =1 shows that m(z) == g5 (x).

Fig. 19.

Instead of taking the path of integration in m(x) as the
straight line from 0 to oo, suppose we start from ¢ =0 in
the half plane opposite o; with arg ¢ near arg ¢;- 7, make

* Slight modification of the path is required if arg @, = arg ¢; 4 27,
so that the two half planes do not overlap.
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a negative circuit about 0, and then follow the straight line
to oo (see the dotted curve in Fig. 19). Calling the integral
along this path m'(z), we see that

m' (x) = ——kg(m) +m@) = gra () —hiz (),

and comparison with the second equation in (219) for 2 == 1
shows that m'(x) = Ay, (x).

Fig. 20.

In the case 4 = 0 (KFig. 20) the contour L can be modified
as before, and eq. (220) still holds. Comparison with the
first equation in (219) for 4 == 0 shows that m(x) = hy ().
If in m(xz) we take for the path of integration a curve which
starts from ¢-==0 in the half plane opposite g, with arg ¢
near arg o;— 7, makes a positive circuit about (0, and then
follows the straight line to oo (see the dotted curve in Fig. 20),
we obtain the solution

m' (&) = hg (@) -+ M m(r) = hyg () + & Iy, (2),

and comparison with the second equation in (219) for 2 == 0
shows that m"(x) = gy ().

These results give us definite integral expressions for all
the principal solutions. In accordance with our previous
usage, we will use the notation A, (x) and g, (x) for Ay ()
and gy () respectively.

By means of eqs. (218) and (219) we can study the
asymptotic forms of the principal solutions in the entire
plane. We find by the usual methods that
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—gh-mie g (7)), —g <l arga L —w/2;
hy () ~1 8 (), —a/2< arga < ®/2;
ehmize (), w2 arga:<7r'
EU-dmir g (y), OZarga - w/2;
ge (@)~ 8s (), a2 < argx<3/2;
—— g2l S (), 32 < wga-l2m.

As in the case of one zero root (§ 1), the boundaries between
the regions where the asymptotic forms are different are not
straight lines, but transcendental curves.

Analytic expressions for the intermediate solutions yi(+)
and y12(x) can be obtained exactly as in the geneml case,
namely

) e2Amir 1
7y () == I () — 0""" hs(ar) =~ 1 —- (',;iki.r‘!ll ()
E— I'( ) 1_{_ % + . . xi _*_
— Al g—1 T 1. 2@—@—2) [
-, e2(1 ~hymir 1
.’/1'-’(”’) == ’}“(")NM“A (’m' /‘(l) ] ‘ giii,p Iy ("L)

. 2/TZU\T [1 Fd _][ #2 ’l
o ]’(x:g) 2417 120 D2

These are analytic everywhere except for simple poles at all
points congruent to x = 0.

If eq. (209) is reducible, it must have a pair of solutions
which are represented asymptotically by either S, (x) or Sy (),
one in the sector 0~ arg x <7 2m and the other in the sector
—m<Zarg x-<m, and whose ratio is a periodic function of
the form (75). Let the series be S:(x); then one of the
solutions must be hy(x); let y(x) denote the other, which is
asymptotic to Sy (x) in the sector 0 <Zarg <27, Consider
" the periodic function p(x) = y(x)/hs(x); in a period strip
sufficiently far to the left y(x) does not vanish, since it is
~ asymptotic to S (a:),' and As(x) has no poles, so p(x) does
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not vanish; its numerator is therefore 1, i.e.,, m = 0 in (75).
The denominator consequently has only one factor, since
m-—mn = pu, and comparison of S;(x) with (44) shows that

w = —1, Along a ray parallel to the negative axis of
imaginaries, if we take arg x near 37/2 we have y (x)~S; (z)
and Ay (x) ~ — ¥ Sy (r); hence lim ¢**® p(x) = —1, so
nr—>00
,81 = 0 and (
1 he ()
p(@) = q—pmizr ¥ () = T:_g‘PTm}"

The denominator of y(x) vanishes when 2 is an integer;
since y(x)~S;(x) along the negative axis of reals, the
numerator must also vanish at these points; but this is
impossible, for if any solution of eq. (209) vanishes at two
consecutive integers, we see directly from the equation that
it must then vanish at all integers, and this is contradicted
in the case of Ay(z) by the fact that hAs(x)~S;(x) along
the positive axis of reals. It follows that eq. (209) can
have no solution which is asymptotic to Sy(x) in the sector
0<<argx<<2m. A similar argument shows that eq. (209)
can have no solution which is asymptotic to S,(x) in the
sector — 7 -Zargx < n. Hence eq. (209) is never reducible.
(The only exceptions to this statement are the trivial cases
gy = 0 and ¢y, = o, in which eq. (209) reduces to one of
the first order.) .
The difference equation satisfied by Bessel’s function
Z\® (— 1)k x2k
ne = (3 2 wnrms i

regarded as a function of its order », is of the type considered
in this section; it has the form

Y+ D— 2+ Dye+ ) +ym =0,

where » is the independent variable. Comparison with (209)
shows that this is in the normal form with ¢ = 2/,
gg = x/2. It has the solutions

hy(n) = 2midy(x), ¢gi(n) = —2miemn J_,(2).
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§ 3. The case g, = g.

If in eq.(99) as, a;, and a, are all different from zero,
but a?—4aoas = 0, the two roots of the characteristic
equation (101) are equal, but finite and different from zero. Let
o denote the common value of g, and g5, namely ¢ = —a,/2a,,
and make the substitution

b,

b
é“:ﬂ%—}’—l’l, = —o(e+A8+4+2741),
ho
- e p2.,.
({5 =
eq. (99) takes the form

x+B8+r+1)yr+2)
—¢Q@x+eat+B+2y+1) yr+1)
+o*(z+ ) ylx) = 0;

if we set a+y == and y@'—y) = f(&'), then f()
satisfies the equation

@21) (x4+B8+)ylx+2)—oRe+c+B8+1)yx+1)
+e*xy(2) = 0,

which we will take as our normal form for this case.

If we substitute in eq. (221) a series in powers of 1/
such as we have used in the previous cases, we find that it
is in general impossible so to determine the constants that
the equation is satisfied.* We are led therefore to try series
of a different form; analogy with the anormal series for
differential equations suggests the trial of a series in powers
of 1/Vr, so we will set

y(a@) = ar el w"(s+ o + + ,.sl/: + - )

*The case « = 0 is an exception; see the end of this section.
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The expression &#(V#+2—V=) may be expanded as follows:

’/’ b b b
e e wWrll1 T
eb(l""”'f‘?—"'m) = pl ”[( + ] s T 2% 2%

:(’l” +‘>a+6x*f’+'271::ﬁ+”')

Va
,(1 «jgﬂz"{""')"'
— 1+_l;ar:+ + 3/2( )
+ 11 (34' %‘)Jr

and similarly with @Vz+i=VZ). otherwise no new difficulties
appear, and we find that eq. (221) is satistied formally by
‘the two series

o v B_1
8y () = gm eV b ™3

ok ),

. B_1 ‘ o
S (@) = o7 e™? Ve Ve p=577% (-5'2 + _j.‘.{._, + 9; + .. ) .

where

s 4a+24af—1282—24a-}+3 S 81
e TR e P Rl o= e—— s etc
& 48V « Se St

The series are uniquely determined, except for the constant
factors s, and s,.

Eq. (221) is unaltered when V'z is replaced by — V 'z, so
S, () must remain a formal solution after this change; and
since the exponential factors go over into those of S; (x), the
whole series must become identical with S;(x) (apart from
a constant factor), on account of the uniqueness of the latter.
This shows that

s(lc) L)
— (____ 1)" 1 .

S
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If we write the series in the form
, — - —ﬂ‘*'l‘ g’ 5"
§@ = e TV T (S ),
Va T
i [ — } — .,p....l_ s' s”
byll (x) —_— Q;n e—‘l‘- ol (___ Vx) 2 (S‘—“"‘—I + e — .)
Va x

(taking s the same in both), then S (z) and 8" (x) are inter-
changed when x makes a circuit about the origin. Thus
they represent two determinations of a single series, rather
than two distinct series. B

The two series are also interchanged if Ve is replaced
by — V e. The ambiguity due to this can be avoided by
choosing a definite determination for } «. We may assume
without loss of generality that « is in the upper half plane,
since if we set x = —a' —B--1 and y(—a'—B8+1)
= 0% f(2') in eq. (221) we obtain a new equation with
exactly the same form except that e is replaced by —e.
Accordingly we will take 0 < arge < v, and arg Ve=>}arge.
The coefficients in the series above contain « in their denomi-
nators, so we will assume for the present that e« + 0.

If we set y(x) = 3 (x), ylr-+1)=ys(x), eq. (221) is
replaced by the system

hlxz+1) = ya (@),
@29) | #E@TD = — £ @

which may be written as a matrix equation

(223) Yx+1) = R@) Y (),
where '
0 1
R@)=|__ ¢z o@ztatp+l)

z+B+1 z+8+1

12
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Eq. (223) is satisfied formally by the matrix of series

- _B_1
S@) = %z ® *

||V Va (31 311‘ +.. ) e VEVE (312+ S ) |

Va Va
” VeVa ( + s ) —2V e |’ F( + S + ) ’
S91 = N e 2 | 8a9 [ . -
’ ’ ‘ ’ /
where 811 = $1, Si1 = 81, S12 == 82, S12 == 82, Su = 081,

sho= o+ V as), s =08, sh= o(ss—V @ sy), ete. The
. determinant of S(x) has the form

18(2)| = g2wwfﬂ—1(d+%-+§2—+...),

where d = —2V « gs,8,, ete. The inverse of S(z) is
B3
NIRNE &
—2Va Vo o1 ~NVeEVz ol
e 0'11 + Vm‘ + “e e 0'12 + V_ .
b ?
AVEVE (,, % ) AVEVE (,,0 g )
21 + V + 2 + l/w !

where 6, = —1/2V e s, 615 =1/2V @ g8y, 0, = 1/2V  s,,
gy = —1/2V @ s, ete.

Eq. (223) is satisfied formally by the infinite products (113),
and by forming the products H,(x) and Gn(x) as in the
general case and letting »—> oo we can obtain two analytic
solutions of the system (222). The first part of the proof
requires only slight modification from that in § 4, Chap. III;
thus eq. (115) is replaced by

T-1(x) B~ (2) T(x-+1)

= I+ —= Y (@) eVeVz y,, (93)]
‘ k——l 341 «Vz qpn (@) Was (@) : ’

mu
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and we need to choose k > 5. If we write ¢V® = o,
¢~Ve — g, the formulas become still more like those of
the general case; by our choice of Ve above we have
R(V&)>0, s0 |e.|>|esl.

Ej
Ejn

Fig. 21.
" The formula which corresponds to (117) requires investi-
gation; the product to be considered is

i Qr Qv

which may be written in the form

eo (&) (&)@ (8)

where & = Vatr, &=Vz+s, .-, &§=Vz+w. Some
of the subseripts y, 0,...,4 are 2, and the corresponding
factors are equal to 1 in absolute value, so we need to
consider only the factors

’

&G

’

(.9.*.)5’*‘—5’ VG-,
(51
12¢



180 LINEAR DIFFERENCE EQUATIONS

these will be less than 1 in absolute value if the real part
of the exponent of ¢ is negative.

It is necessary to consider carefully what determmatlon
of the radicals is to be used. Since 7, s, -.., w are an
increasing set of positive integers, the points z, a:—i— r, x+s,
.-, 2+ w lie on a straight line parallel to the axis of reals,
and the corresponding points &,, &, &, ---, & lie on a rectangular
hyperbola in the first and third or second and fourth quadrants,
according as z is in the upper or lower half plane. As the
subseripts increase, the points & approach nearer and nearer
to the axis of reals. Let us take —n < argz <m and
arg Vz =1} arg x; then & is in the first or fourth quadrant,
and the real part of &, —§&;is positive, while its imaginary
_part is negative or positive according as x is in the upper
or lower half plane (cf. Fig. 21). Write &1 —& = u-iv;
since 0 < arg Ve <m/2, we may write

4 Ve =na+id (@0, b= 0);
then we have for the exponent of e:
—4 Ve En—E) = —au-+bv—i(bu+ av).

If « is in the upper half plane, »<C0 and the real part of
the exponent is negative, so all the factors in (224) after
the first are less than 1 in absolute value. If & is in the
lower half plane, v >0, and the real part of the exponent
is positive or negative according as v/« is greater or less
than a/b. If we draw a straight line from the origin in the
fourth quadrant making the angle tan—1(a/b) with the positive
axis of reals, it' will cut the hyperbola at the point where
v/u=a/b; when V'z lies to the right of this line all the
factors in (224) after the first will be less than 1 in absolute
value.. Hence when z is in the upper half plane or in the

lower half plane to the right of the straight line joining the
- origin to the point — e (which makes the angle n—arg e
= 2 tan—1(a/b) with the positive axis of reals), we have

[EXCECIET,

—<-‘_ ‘ (_(i)‘rw
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The second inequality here follows from the fact that

(Lﬂ)""’*" - (_eg._)"f @ (VT —V7) — (,91)“ - AVEG-E)
41 e/ 0 '
where the real part of the eXponent of ¢ is negative or zero.

The rest of the argument is essentially the same as in
the general case; the part of the lower half plane to the
left of the line from O through —e can be treated like the
portion of the plane not in the region D of fig. 1. The elements
of the second column of H,(x) converge uniformly as n—o0
to limit functions %, (%), /g2 () which are analytic everywhere
in the plane except for poles at x = 0, —1, —2, ..., which
form a solution of the system (222), and which are represcnted
asymptotically by s;s (#), s (x) in the sector arg « — @
<argx<n. The determinant | H,(z)' converges uniformly
to the limit function

¢ ” 2.0-|- 1‘(‘1’.)

D(@) = —2 Vas, 8: 0 Il”,*“(%":'}_:e-

which is analytic except for poles at z =0, —1, —2, ...,

and is represented asymptotically by !S(z)| in the sector
—a-largx -,

Similarly, starting with the product Gn(z) [eq. (114)], and
taking 0 < arg V' < n, we find that the elements of the first
column converge uniformly to limit functions ¢, (), gy (z)
which are analytic except for poles at z = —8, 1—§,
2-—4@, --., which form a solution of (222), and which are
represented asymptotically by sy (x), sy (2) in the sector
0<<argx< arg e +n. The determinant | G,(x)| converges
uniformly to the limit function

STy

N —_— v 2241 _______L (.CL‘)

D(z) 2V s s0 FatitD’

which is analytic except for poles at x = —g8,1—8,2—8, ...,

and is represented asymptotically by |S(z)| in the sector
O<arg z<2m. o

If we use the other determination of V'z, V2 -fr, etc,

o0 that &; is in the second or third quadrant, then the elements
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of the first column of H,(x) converge to limit functions
which are represented asymptotically by sy (x), 831 (z) in the
sector arg @« —m < argx<m. Since, however, the series
811 (), 81 () are interchanged with s;s (), sss () When Vi is
replaced by — V', the solution obtained in this way has
the same properties as ks (), hes (z). Similar remarks apply
to Gyn(x).

No important changes are required if we allow e to be in
the lower half plane instead of the upper. The roles of the
upper and lower half planes are merely interchanged; e. g.,
Fus () ~>8(x) in the sector —m <arga<<arg ¢+ in this
case (arg « being taken between 0 and — ).

It appears to be impossible to extend to the case ¢ = ¢»
with any completeness the proofs of the existence of in-
termediate and principal solutions such as we had in the
previous cases. While some results in this direction can be
dbtained, they are so fragmentary that we will not take them
up, but pass on to the integral and series solutions of eq. (221).*
~ Applying the Laplace transformation (138), we find that
eq. (221) is satisfied by the integral

«Q

% e
y@) = [[Ei—epteTe ar,
provided the limits are so chosen that
e b
[t“’(t — g)ftlgt—e ]a = (.

This expression vanishes at ¢ = 0 if R(x)>>0; at { = o

if Rx+A8+1)<<0; and at { = p, provided {—¢ in such

a way that RB(xe/(f—e))—>—o; if we draw a line through

t = ¢ perpendicular to the line joining ¢ to (« 4 1)¢, ¢ must

approach ¢ on the side of this line opposite to (e 1)e.
Taking the limits 0, ¢, we obtain the solution

d Lo
h(x) = J;‘ t2-1(t—o)f1e t—¢ dit,
* Of. a forthcoming paper by C. R. Adams: On the Irregular Cases of the

Linear Ordinary Difference Equation, in Trans. Amer. Math. Soc., probably
vol. 30 (1928).
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which is valid if R(2)>0. If arge<<m/2, we can take
the path of integration as the straight line from 0 to ¢
(Fig. 22); otherwise we will let
it follow the straight line to
a point near ¢, and then make
a partial positive circuit about g,

(a+\1\) 0

Fig. 22, Fig. 23.

ending there in the half plane opposite (e +1)¢ (Fig. 23).
On the rectilinear part of the path we will take arg ¢ == arge
and arg (t—e) = argo+m.

If we take for the path of integration a loop 4 starting
and ending at { == ¢ in the half plane opposite (¢ 1)¢
and passing around ¢ = 0 in the positive direction, we have
if R(x)>0

o9

(225) J; =1 (t— ) let0 (t = (@™r—1) h(x).
Since this integral is analytic for all values of x, we may
use (225) as the definition of %(x) when R(z) < 0. We
see that 2(x) has simple poles at x = 0, —1, —2, ...,
If we set t = o7, h(x) takes the form
(226) h(z) = (—e)f! Q””flz'm*l (1—2)f~te =7 dz,
0

Taking the limits o, ¢, we have the solution

2o
gx) = J::t"*‘ (t—o)yf1tete dt,
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which is valid if R(z+ 8) <1, If arg e >n/2, we can take
for the path of integration the prolongation of the ray from
0 to ¢ (Fig. 23); otherwise we will let it follow this line to
a point near ¢, then make a partial negative circuit about e,
ending there in the half plane opposite (a4 1)¢ (Fig. 22).
On the straight line wé will take arg t = arg (t—¢) = argo.

If we take for the path of integration a loop 4 which
starts and ends at ¢ = ¢ in the half plane opposite (¢-+1)¢
and passes around ¢ == oo in the positive direction (i. e., around
¢t = 0 in the negative direction), we have if R(z-+8) <1

g

(227) L 101 (t—@)f—let=¢ dt = (e~ —1) g(x).

Since this integral is analytic for all values of z, we may
use (227) as the definition of y(x) when R(z+48) = 1. We
see that g (x) has simple poles at x =1—8,2—8,3-—48, - - -.

If we set ¢ = ¢/7, and introduce the factor e into the
integrand, we have

1 L
(228) g(x) = —e @ gmth1 ﬁ =78 (1 —1)-1e7 .

If we take for the path of integration a curve K which
starts at ¢ = ¢ in the half plane opposite (« -+ 1)¢, makes
a small positive circuit about ¢, and returns in the same
half plane, we obtain the solution

it
() = Kt“’“l (t—o)ftet—¢ dt.

We will take arg ¢ near arg ¢, and arg ({—e¢) between
arg (@) —m and arg (ag)+ .
If we set t =¢(1—ea7), or t—p¢ = —apr = €™ apr,
1

o) = (—apt gttt [ o=t(1—anyte T dr,

where K’ is a curve similar to K about = = 0 (cf. Fig. 4),
and arge has values between —27 and 0. Let K be small
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enough - so that |ezr|{<C1 at all points on K’; then we can
expand the second factor of the integrand by the binomial
theorem and integrate term by term by means of (72):

1) = ¢ af gotp1 [-—F(-—,e) +(r—1) aF(—B8—1)
—1) (& _ .
L (.1' ])(2 ) 21‘(—ﬂ""‘2)+"']
l)a
1.(8+1)
= @—2)e* |
+ -ww+nw+u)*‘l
o 8- e
'“Qf“mrm+4Jj+1(ﬂ+n

(.E*l)(l —2)41
URRET/ Ny wk“l'

- —mmwircas

This solution may also be written in the form

e (-t )
1(z) = 2niale 1(ﬂ+1)[1+1 (ﬁ-l—l)
(7. 2T E3 LI
TGy T ]'

These series converge for all values of z, «, and 8 except

when 8 is a negative integer, in which case the solution is,

however, analytic. We see that /(x) is an entire function.
Taking the limits 0, o, we obtain the solution

«o
N

w - ——a
m(x) = J; tr=1(t— )P~ 1et—¢ dt,

which is valid if R(x)>0 and R(x-+ 8)<1. The path of
integration we can take as any ray from O to oc, except
the one through ¢ == ¢; in particular, we can take the ray
through —p¢. Let arg?{ have a value between arge and
arg o— 27, and let arg (t—¢) be between arg ¢ and arg ¢ - 2n.
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It we set t = — o7/(1—7)
we have
, 1
m(a) = oo (e gy (@ F=t [y et (1 =y e de

= — e"i(ﬂ‘jf”) Qx+ﬂ~1£ 7x—1 (1 -—'r)“‘t‘ls

P (1

= —g O T gT+p— [B (2, 1—ax—B) :
+aB@t1, 1—z—Af)+ -]

xe

1.(1—A8)

x(x+1)e?
+ 1.20—8) (2—A) +]

...)d‘t

== g~ TP gt B(z, 1—x—B) [1
(229

It we leave the factor e~ in the integrand, we get the
solution in the form

m(@) = —en6= g1 B (o, 1 —a—f)

x+8—De , @t+B8—1)(z+8—2)a
[+ 1.1—8) 1.2(1—8)(2—A) +]

(230)

4=

The series in brackets in (229) and (230) converge for all
values of x, «, and B8 except when 8 is a positive integer,
in which case the solution is, however, analytic. We may
use (229) or (230) as the definition of m (x) when the integral
is not valid. We see that m(z) has poles at x =0, —1,
—2,...and at x=1—8, 2—8, 3—848, ...

We can express % (x) and g(x) by means of partial fraction
series, as in the general case. Let b be any point on the
straight line segment joining O to ¢, and integrate over the
contour consisting of the segment 0b, a loop %k about ¢,
traversed in the positive direction, and the segment b0,
starting with argt¢= arge and arg(t—e) = arge+n. If
R(x)>0, the integral over this contour is equal to (1—e**) ki (x)
-+ 2™ | (x); hence .
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(1 — &) () + 2B I (; 7')

— —emp) [ t’-lv(t)dt-l—J (D dt.
The last integral is an entire function, which we may com-

bine with — e [(x) and write (1 —e*¥) K(x). Hence if 8
is not an integer

b e
h(x) = E(x) +£ =l (t— )P 1et -0 dt.

Introducing the factor ¢“ into the mtegmnd and expanding
in powers of ¢, we have

hix) = E(x)+ =% (— )31 J; ’ gr—1 [1__ “+’9 —1 ¢

4 (et AP —da—ss- |—2 ,](,t
«0
e (A B | A — . l_ — attﬂ__] _,_Mb .
R L L e
q (et py—de—38+2 b _ ]
20* z+2 T

As in the general case, this series converges uniformly in
the neighborhood of every point except =0, —1, —2,.
and hence represents 4(x) even when R(z) << 0.

Similarly, if we let ¢ be any point on the straight line
o and integrate over the contour consisting of the line o ¢,
a loop k' about ¢, traversed in the positive direction, and
the line coo, starting with arg?= arg(t-—o) == arge, we
find that if B is not an integer

— 4 Z4-f—1 1 _(.qt :ﬁil)()
9@ = E'@+ { +A— +0(x+ﬂ 2)
+ [(e—B)?+ 4a—38+ 2]0° $...
2¢3(x+ B —3) ’

where E’(x) is an entire function. This series converges
uniformly in the neighborhood of every point except x = 1—38,
2—8, 3—8, .- ‘
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: .
To obtain the relations between the solutions 4(x), g(x),
I(x), and m(x), let us integrate over the contour ABCDEFA
of Fig. 24, starting with arg¢ = arge and arg({—o)
= arge -+ n; létting the radii of the arcs BC and AF approach
zero and that of DE increase indefinitely, we have in the
limit ’
(231) h(x) — e g(x) — m(z) = 0.

E

Fig. 24.

‘Let us now integrate over the contour ABCDEFGHIJA
of Fig. 25, taking arg¢ = arg(t—e) = arge —n on AB,;

Fig. 25

letting the radii of the arcs BC and GH approach zero and
that of IJA increase indefinitely, and letting the points D
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and F approach ¢ in the half plane opposite (¢ 4-1)p, we
have in the limit

— 2B my () -+ 2% () + U (x) — h(x) + ™ m(x) = 0,
or, if we multiplj by ¢*# and combine terms,
(232) (1 — ") h(a) = — & 1) & (1— D) m 0),
Eliminating 2 (2) from (231) and (232), we have
(233) (1— FP)g(x) == — (@) + (1 — =) m ().

Equations (232) and (233) give us the expressions for / (x)
and g(z) in terms of I(x) and m(x), provided g is not an
integer. If 8 is an integer, the solutions /(x) and m(x) are
linearly dependent; we have namely in this case

() = (1— e=)ym(x).

Analogy with the previous cases suggests that the solutions
h(z) and g(x) are equal to Jyy(x) and gy, (x) respectively.
To prove that this is true we will use a method similar to
that employed in § 2, Chap. II to identify /'(x) with its
integral expression.

From the asymptotic forms of ¢y, (x) and /. (x) we have
for large values of x in the upper half plane

. A8 -
i1 (.’L) = ¢* Ve Ve i 2 [S, + & (.'15)],

1 B
4 2 [3._, —|— &g (7')]?

km (.’L') = g'r e___.‘zl,raa V7 .

(234)

where lim & () = 0 (j = 1,2). We may write

&€ —> R

h(z) = p(x)gn @)+ q@) s (),

where p(z) and g(x) are periodic functions. Let us take
arge < m/2; then the path of integration in (226) is the
axis of reals from O to 1. Let x—>oo along a line parallel
+a +ho nncitive axis of reals and far above it: the integrand
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in (226) approaches zero, on account of the factor z%~1; but
@V V= increases exponentially; hence p(x)—0, i. e., p(x) =

Let us investigate the absolute value of the mtegral in
(226), taking R(x) >1. Since the length of the interval is 1,
the absolute value of the integral is less than the maximum ab-
solute value of the integrand. Since tlie integrand vanishes at
both ends of the interval, it has its maximum value at some
interior point. Let u, a, b denote the real parts of z, &, 8
respectively; then the absolute value of the integrand is

a
w1 (1 —g)0-le 1-T,

Equating the derivative of this to zero, we obtain the algebraic
equation

w+b—2)e*—QRuta+bdb—3)r4+u—1 =0,

and if »>2— 0 the root between O and 1 is

2u+ta4b—=31 |/, 4@—1) w+b—2)
P T b—2) ll ‘/1 Qu+a+b—3)* ]
o Va a—b+1
_1— e R

If we use just the first two terms of this, and replace « and »
by « and x, we have an approximation which is close for
large values of . Hence the absolute value of the integrand
(and so of the integral) is less than

e

where K is a suitably chosen constant. We may write

oy
x

K

Ve o o
1) | — e e e e e
e(w ){ Vo 2 gt >

s
=eVala e (1-}-3]2“'/ +...);

I
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hence for sufficiently large values of « in the right half plane

L
2V Ve i T f ,

1 =
‘ U; 71 (1—7)fle 7 dri <K'

where K’ is a constant. Moreover, since we are taking e
in the first quadrant, the second equation in (234) holds
throughout the fourth quadrant, so we have

L1 -l—ﬁl
6™y (@) > 5 (g [V Vo 4
for sufficiently large values of x in the right half plane.
Consider now the periodic function q (z) == % (z)/hs (x); both
h(x) and hys(x) are single-valued and analytic in the right
half plane, and /s (x) does not vanish for large values of x
there, as we see from (234); hence if we take a period strip
far enough to the right, q(z) is single-valued and analytic
throughout the finite part of it. The inequalities above show
that at the ends of the strip

3
|7
- ’

lg@)| < a

where K" is a constant. Writing ¢(x) = ((2), where z = €%,
we see that
3
, |4
2Q@)] < K"[el-| 355"

bl

hence 2 Q(2) is analytic at z = 0 and vanishes there; similarly,
Q(2)/z is analytic and vanishes at z == 0. Accordingly Q(2)
has no pole in the entire z-plane, so it must be a constant.

This proves that . (x) differs from /s (x) only by a constant
factor, and by giving the proper value to s; We can write
h(x) = h(x). Both sides of this equation are analytic
functions of @ as well as of z, so the result holds when o
is not restricted to the first quadrant. A similar investigation
of the integral in (228) shows that if the proper value is
given to s, g(@) = gu(@).

This identification of %(z) and g(x) with Ay (z) and gy, ()
shows that A(z)~8;(x) in the sector arge—n <arge <7
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and g(x)~ 8, (z) in the sector 0 < argx<arge-+n.* Since
these sectors both include the upper half plane, we can
obtain the asymptotic forms of !(z) and m(z) there.

By eqs. (231) and (233),

Ux) = (1—&) h(z) — (1— @) g (2);
hence in the upper half plane
1(x)~ 8, (m) — 8 (z).

The dominant term depends on the factors eVelVa paVelVa
or on the exponents —4 Ve V', 0. 1f we write 41 & = a b
(@>0, b>0) and Vz = u-+iv (>0, v>0), the real
part of the first exponent is — au -+ bv; this is positive if
v/u>alb, or arg x>m — arg e, and negative if v/u<Ca/b,
or arg x<_m— arg «; hence

[— 8 (@), 0<largx<m—arg e,

lSz (), n—arg ¢ arg x < m.

By eq. (231),

1 (x)~

m () ~ Sy () — e 8, ()

in the upper half plane. The exponents are the same as
for I(z), so .
—eviB S (), O<arger<n—arge,

m(x
(@)~ 8; (z), m—arge < argx < 7.

If « § 0, eq. (221) is never reducible, for if it had a solution
in common with an equation of the form (38), this would be
represented asymptotically by a series of the form (44), which
would be formally a solution of eq. (221); but eq. (221)
is not satisfied by any series of this form.

If @« =0, as noted at the beginning of this.section, the
series S (x) and S;(x) break down, but eq. (221) is satisfied
by two series of the same form as in the general case, namely

" *For another method of obtaining the asymptotic forms of the integral
solutions of eq. (221), which is too long and complicated to be given here,
‘but'which leads to more extemsive results, sce a paper by Galbrun, Bull.
Soc. Math. de France, 49 (1921), pp. 206-241;
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8’ (x) = ¢®st,

8" (x) = g=aP sé[l—-—ﬁ(-ﬂ;——-——l—)--l- ],
22
where s; and s are arbitrary constants; all the coefficients
in &’ (x) vanish except the first.
One analytic solution is obviously sjer; two others are
obtained if we set « = 0 in eqgs. (226) and (228), namely

1
R (x)=(-0)f _IQ‘EJ; (1 o)L dr = (—0)f1¢% B(x, B),
1
J @)=t [ e Pt = BB

these differ only by a periodic factor:

, 1— e‘.’.m;r
g (@) = 1 — p2mi Gt p)

I we take sy = (—@)#~11'(8), then % (x) ~S"(x) in the
sector —m << argx <<, and ¢'(x) ~ 8”(z) in the sector
O<arge <2n.

Since ¢%, W' (x), and ¢ (x) all satisfy equations of the
form (38), eq. (221) is reducible. Hence a necessary and
sufficient condition that eq. (221) be reducible is that e« == 0.

§ 4. The case g, = g, = 0.

If in eq. (99) a, = a, = 0, but a; 3 0, both roots of the
characteristic equation (101) are zero. This case presents
even greater difficulties than the previous one, and the results
obtained in the present section are far from complete.

If we set

eq. (99) takes the form
@+r+2y@+2)—ay@x+1)—oy@) = 0;
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if we write z+y = o, y(@'—7) = f(@'), then f(z) satisfies
the equation
(235) (90+2)y(w+2)—ay(x+1)—"¢’y(-’v) = 0,

which we will take as our normal form. We may assume
that « and ¢ are both different fromzero, since otherwise
the equation is equivalent to one of the first order.

We find by trial that if we substitute for y(x) a series
of the form

JHE T -preblmxc( __|_____|.. )

%
the constants can be so chosen that eq. (235) is formally
satisfied; we obtain in this way the two series

l al/‘r 1 . S' SII
@) =2 2 (Va)f e eVoa *s s SRR
l(l’) ( ) 1 Vl z )
1 1 _alx i
: — g 5 ® = 8
S@) =x 2 (—Va)fe e Vi ( 3 . ) ,
z
where
8 ’ ’
s o 6ac 8 s
2= +~'—:, e —~]~, ete.
8 240V 8y 8

The series are uniquely determined except for the constant
factors s, and s,. As in § 3,

— = ('— l)k ’
Sa 31

and if we write the series in the form

VO' )m-’rl lw “V'”( s ' )
el

S"(x) (Vx e o Vo
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it is clear that they are interchanged with -each other wher
2 makes a circuit about the origin.

The two series are also interchanged if Vo is replaced
by —V . For definiteness let us take

o e 1 at
—-n<arg*;- < m, dI‘g‘-l"/-;.;}? =5 arg-—-;
then
w « - T « N
sLarg o X o or R (_—v——vr) = 0.
2 Ve =27 Vel =

Setting y(x) = y,(x), y(@+1) = ys(x), we obtain the
system

[?/l(erl) = 13 (@),

(236) l y(@+1) = —o-c—“f}-m?” (@) + aj{{!—"‘.? ys (x),

which may be written as a matrix equation

(237 Y(x+1) = R(x) Y(x),
where
[ 0 1
Rx) = o« |
z+2 =42
Eq. (237) is satisfied formally by the matrix of series
1, 1, _1
S) = = 2 e* 2 2
oV z Vi
- (VE)E e Ve (811 +-..) ("‘ V'; )'”43 Vo (st ’
) oV aVr

(V;)m GW (82149 (—V‘_’-)TG Ve (sp2+ - - )

where sy =&, sh==¢l, su =0, sh = Vs, sh = Vs
+ x81/2, 813 = 8, S1pg = Sé, 82 = 0, 352 = —'V'f 82, 852
= —V o+ es/2, ete. The determinant of S(z) is '
. d | a
8@ = oo (—ares T (14 S b 4,

x
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where d = —2V @ 3,35, ete., and the inverse matrix is
.}.w _im
SMx)==zxe ? 2z

eV eV

ey Ve Gy (VaYTe Vo (@t
oV eV !

(Vo) e Ve (@yt)  (=Va) e Vo (ggyt--r)

where oy = 0, o = 1/281, gy = 0, oy = 1/28, o1
=1/2V a5, o33 = —1/2V 0 g, ete.

The work of obtaining analytic solutions of the system (236)
from the matrix products H,(x) and Gn(x) is practically
identical with that in § 3; in the formulas eV V= ig replaced

20V

by (—1)%e Vo | but this does not necessitate any change
. ['4 _N‘“

in the argument. If we write ¢Ve = o, ¢ V¢ = g, the
product corresponding to (224) has exactly the same form,
and can be treated in the same manner. We find that if
we take — /2 <arg Va << 7/2 the elements of the second
column of H,(x) converge uniformly in the neighborhood of
every finite point in the plane to analytic functions &g (x),
hgy (), which form a solution of (236), and which are re-
presented asymptotically by s;s(x), s3e(2) in the sector arg ¢*/o
—na<argx<m if «®/0 is in the upper half plane, and in
the sector — 7 << arg x < arg ¢®/0 + = if «®/0 is in the lower
half plane; the determinant of Hy,(x) converges uniformly to
the limit function

.D((L‘) : —2V'2 0 8 S F((_f;)’

which is analytic throughout the finite part of the plane
and is represented asymptotically by |S(z)| in the sector
—n<arge<m If we use the other determination of
Vw the elements of the first column of Hy,(x) converge to
an analytm solution. Similarly, if we take 0 <<arg Vz <n,
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the elements of the first column of Gn(x) converge uniformly
to limit functions g, (x), gs (z) analytic except for poles at
z=—1,0,1, 2, ..., which form a solution of (236), and
which are represented asymptotically by s, (x), 8y () in the
sector 0 <Carg x<arg e®/o+ n if «*/c is in the upper half
plane, and in the sector arge®/v+rx-largr<2m if e¢'l/e
isin the lower half plane. The determinant of @, (x) converges
uniformly to the limit function

— [ )
D(ﬂ') = ——2 V27I’0'8| S ~:£_~0'_)_~’
I'xz+2)
which is analytic except for poles at # ——1,0, 1, 2, ...,
and is represented asymptotically by |S(x)| in the sector
0<arge<2m.

Applying the Laplace transformation, we find that eq. (235)
is satisfied by the integral

(¢4 Ug

A P
'y(.’l‘) = r tr-1 gt g2t dt,
Ja
provided the limits are so chosen that

@ o
[t’”‘”‘ el 2tz]a = 0,

This expression vanishes at { = o0 if R(x)<<—2, and at
t = 0, provided {—0 in such a way that R(a/t-+0/2¢%
——o0; this is the case if £—>0 in either of the sectors

7 t,'-’ ] I g — n
Largit < 9 arg 4’
1
2

1 e o—3%
g MBI

l-arga—{— »Z < arg t < argg_l_?f..’

2

i. e., in the quadrant containing —:V ¢ or iV ¢ in Fig. 26.
Taking for the path of integration a loop J, which starts
at ¢t = O in the quadrant containing ¢} o, passes through
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the quadrant containing
V o in the negative direc-

- tion, and returns to O in
the quadrant containing
— iV o, we obtain the
solution

. & o
Ve h(x _::Lt“'”le‘ et dt.
1

We will let argt¢ have
values between 3% argo
4+ /2 and }argo— n/2.
If we set

Vo

Ve
Fig. 26.

then

e ooy
o = L) [

where ¥ = ¢V 2/V —0; K is a curve like that in Fig. 4
(p. 53), and argz has values between 0 and—27n. Expanding
the second factor of the integrand and integrating term by
term, we have

3

o =45 3 er -3
i)
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If we write = = 2'/V'2 = &/V'a, h(x) can be put in the
form

L

(238)
—iVer (-)'-——%"‘— [z+ ~(@ —1)

+ 2 BV (\;If —1)(x—3)+ - ] } .

These series converge for all values of », «, and «; the
solution %Z(z) is an entire function.

Taking similarly a loop J; which starts at ¢ == 0 in the
quadrant containing — i I «, passes in the negative direction
through the quadrant contammg —V s, and returns to 0 in
the qunadrant containing iV @, we obtain the solution

[14 ]

W(r) = J 7 po1 ot o2t (g4,

We will let arg¢ have values between }arge-+3n/2 and
yarge -+ n/2. Setting :

=_:t.”y“m,

we have
1

W(x) == ;— gric (— ;) J;tz e VT e T dr.

Expanding the second factor of the integrand and integrating,

we have
- x =1 z
[F(-5)-+r(3—3)
.

ol

o= ol
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= el el e
- +§w@~m+~]
+iVIF (—%--%)[wr -g%(x——n

+§@—n@—a+~}.

Instead of the loop J; or.J; we can use a curve K; which
begins at ¢ =0 in the quadrant containing —i Vo, makes
a complete negative circuit about { = 0, and returns to 0,
starting with arg ¢ near }arg ¢+ 3n/2. K, is obviously
equivalent to J; followed by J;, so we have for the solution
I(x) obtained in this way

(240) 1(x) = hix)+ 1 ().

Similarly, if we use a curve K; which begins and ends at
t=10 in the quadrant containing 7 V¢, making a negative
circuit about ¢==0, and start with arg ¢ near } arg ¢+ 7/2,
we obtain the solution

(241) U'(@) = h(x)+ e b/ ().

Both I(x) and 7' (z) are entiré functions.

Another solution is obtained if we take for the path of
integration a straight line from 0 to oo in the quadrant con-
taining i1/ o (in particular, we may take the line through sV ¢ );

this gives
e o
g(x) = J. -1 ¢! o2 g

in which we will let arg ¢ have a value between % arg o+ n/4
and % arg o-+3n/4. The integral is valid if R(z) <O0. If

we set 3
g )V
t = V—-———~2 = e = ~—-;. ,
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then

-
Tt
r/(w)-——é—(- '2’) L 0 ¥ VT g,

where arg+ has a value between /2 and —n/2. Expanding
the second factor of the integrand and integrating, we have

r

o= 4 gl

2 , ,
I.g! (1__2)+.-.
(. -

ke

+§mw~%+~]
(242) :
1

—iVoer
i V (2

=)+ e

+ ;T (r—1) (z—3) + - ]}

- Taking similarly a straight line from 0 to o in the quadrant
containing — ¢V @, we obtain the solution

900 ¢« a
g' () =Jo o1 gt oM (¢,

which is valid for R(z) < 0; we will let arg ¢ have a value
between § argo—3n/4 and jargo—n/4. If we set

- YT
t T re— — 0 2 T T,
27 2 Ve

P r o
g (@) = -;»-e"’i” (—g—) j:oz 2 VT o dr,

where arg = has a value between rv/2 and — /2. Expanding
and integrating, we have

then
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SHS

9 @) = %— e (— ——;—)

. 2!
[ _':
el e
(243) +Z‘!l($‘“2)+ ]

+ 2'.1/22—1“(%— %) [x + %: (@—1)

+g@—nw—®+“}'

Eqgs. (242) and (243) may be used to define ¢(x) and ¢'(x)
when R(z) > 0; we see that both solutions have simple
poles at x =0,1,2,.--. :

> ' B

H
Fig. 1.

- We have already expressed I(x) and ['(x) in terms of A (x)
and 2'(z) [egs. (240), (241)]. To obtain the relations between
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the other integral solutions, let us integrate over the contour

ABCDEA of Fig. 27, starting with arg ¢ near § arg o — /2.

If B(x)<0 we can let the radius of the arc BCD increase

indefinitely; we may also let 4 and E approach O in the

sectors containing — iV ¢ and 7V ¢ respectively; then we

have in the limit .
g ()= g@@y+nh(r) == 0,

or

(244) h@r) == g(@)—g' ().

Similarly, if we integrate over the contouwr FGHIJF,
starting with arg ¢ near } arg o—r/2, we find that

g/ (0) = e~ g () — e ) () == 0
or

(245) W () == —g(x)+ 2 ' ().
Since both sides of (244) and (24H) are analytic functions

of x, we can drop the restriction R(r)<<0
Solving these relations for g(r) and 4'(r), we have

IR | ey = — AL

g@) = ——— F

Another set of integral and series solutions of eq. (235)
can be obtained by the same method as in § 1. If we set
y@) = z@)/I'(x+1) or z(x)/I'(x+1), eq. (235) becomes

(246) z2(x+2)—ez@z+1)—o@+1)z(z) =
The Laplace transformation applied to this yields the solution

z(x) = ft””e“ e "dt

provided the limits are so chosen that
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ot 2 b

[WIGT-E?]a = 0.

This expression vanishes at ¢ = 0 if R(x)>—1, and at
¢ = oo, provided ¢— oo in such a way that R(«t/c—1*/20)
—»——oo this is the case if t— oo in either of the quadrants

—1~arg¢r———7—‘—< argt<——arga+ -},

2 4 2

1
0} a1g0+—~ < argt<- 3 argcr+ 4 -,

i. e, in the quadrants containing Ve or —Voa.
Taking for the path of in-

’ tegration a line Ji which starts
\ Vo / at ¢ = oo in the quadrant con-
o e
\ , taining — V'@, crosses that
b ' containing ¢ Vc and returns
to o in that containing Vo

ive 0 -ive  (Pig. 28), we obtain the solution

at &

\ 7 () = Jl,t”e 9 e 204,
/ Ve We will let arg ¢ have values

Fig. 9 between } arg o+n and § arg o.
‘g 28. If we set ¢ =V 247,

3 Voz 1

1 N R
2 (x) = "')'(26) 2 J;r 2 2pVr e Tdr,
where K is a curve of the same shape as before, traversed

in the negative direction, and argz has values between O
and —2n. Expanding the second factor of the integrand

and integrating, we have

4@ = —~(2a>m[ ( S)Hvesr(y +1)

P )]
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1 41
+ 4‘,'“('+ 1) (+3) + ]
. 3
+Ver (‘; + 1) [x + :, (r+2)
T3

These series converge for all values of a, ¢, and o.

Taking for the path of integration a line J> similar to J}
but crossing the quadrant containing —iV o in the reverse
direction, we obtain the solution

2y (1) ~f t'(' “ (a~ "‘ dt;

here we will let arg ¢t have values between jarg ¢ and
Yargo—m. If we set

then

] r+1 _x_8 _yex
23 (1) =— ""”(20') JK 2% Vroe T

I

— —12— e mr (2 ar') S [F(—g + 2-) —V'2x '1"'( é + 1)
- —;—e—m(z a)ﬁg‘i{—i‘(:; + ~1§) [1 + ’; (x+1)
+E et
+ V§F(-§-+ 1)[ ~--(T+2)
+§w+m@+®+~ﬁ.
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Instead of the lines Ji and Jz, we can use loops L, and Ly
which start and end at { = o in the quadrants containing
— Vo and Ve respectively and pass around ¢ = 0 in the
negative direction; these yield the solutions z, (x) 4+ 2 (x) and

2 (@) + %2, (3).
If we integrate along a straight line from 0 to oo in the
sector containing Vo, we obtain the solution

#

at
23 (1) -——f tre ¢ 20 44¢,
valid for R(x) > — 1; we will let arg ¢ have a value between
l}arga-—n/4and%arga+n/4 Setting t = V 267, we have
ol e ®_ 1 -
23 (x) = ~—(20') ’J; v 2 eV2EVT oty
: l‘+1
= (2«) [ (;’ ~—)+l/2 r( +1)
2% X 3
+“§!—T(?+»2)+ ]
. a1 -
~ Teo (2] )[ L+ 54D
—’%(m+1>(x+3)+---]
+Ver(s +1)[x+ 2 @+2)
+»~g—,<x+2><x+4>+...]}.

Integrating similarly along a line from 0 to oo in the
sector containing —1 @, we have the solution

00 ot 3

a@ =| #e%e 294t

in which we will let arg ¢ have a value between § argo 4 3n/4
and jargo-+5n/4. If we set
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t = —V?2r = & 20r,
then

1 1l omoe 2 1
24(x) = —'~2~'e"“’(20') 2 J; 2 2 V2RVt -1 g,

— ——15e’"”(26) 1[ (;—+-13)~l/§xr(;-+ 1)

1 . a s a
= --56’”‘”(‘20‘) 2 { F(2 + - )[1+5i~(/r -+1)

F 2 et
var(Zy 1)[x+ -g'}i(a-+2>

----- L)t ]}

By dividing these solutions of eq. (246) by I'(x-1) or
I'(x+ 1), we obtain solutions of eq. (235). If we write

fi@) = 1+-2~'(c+1)+---u+1)(r+a>+
K@) = b Bt )+ @t )+

these solutions may be taken as

| ("”) —
@ = Fot1
a1

.2_%?(‘2?) [f(%-l——é—)fl(x)—i— VEF(%+1)ﬁ(w)],

2 (%) —
IT'z+1)
41
B o e A PR

G (@) =
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.H(w) — 23 (w)

=~ T@+1

r+1

s 3+

B =20 _

I'(x+1)

r+1

Hrw+var(y +1)fs(x)]

M[——r(2+ )jl(fr)—}-V?T( +1)f2(”')]

oT G+ 1)
B CI

H

A FL
Fig. 29.

G(x) and G@'(x) have poles at
x=0,1,28,..., while H(x)
and H' (x) are entire functions.

To obtain therelations between

. these four solutions, let us inte-
“grate overthecontour ABCDEFA

of Fig.29, starting with arg ¢ near
Jargo+n. If R(x) >0 we can
let the radius of the arc DE
approach 0; we can also let the
points B, C, A, and F' move off
indefinitely far; then we have
in the limit

) 21 (1) —2 (oc) +Z4 (37) = Q.

Integrating similarly over the
contour GHIJKLG, starting
with argt¢ near }arg ¢—m, wWe
have
— 23 () — 23(2) e g, () = 0.

These relations are identities between analytic functions, so
we can drop the restriction R(x)>0.
From these equations follow the relations

@) = ﬁ%—;ﬁ;@)

A#) = G@)+e =6 (2),

—H(z) + e *= H' (x)

(@) = 1 — g®ie

H'(@) = &[G (z)+ & (m)].
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We have now considered all the irregular cases of the
hypergeometric difference equation, though it will be seen
that much remains to be done in the way of codrdinating
the results of the present section into a systematic theory
of the case where both roots of the characteristic equation
are zero.

The student who desires to go further is now in a position
to read the original memoirs on the theory of linear difference
equations. The general theory of systems of » linear homo-
geneous difference equations of the first order, based on the
matrix method used in Chapters III and IV, is contained in
a paper by Birkhoff (General Theory of Linear Difference
Equations, Trans. Amer. Math. Soc. 12 (1911), pp. 243-284).
The corresponding theory for a single equation of the nth
order was worked out by Carmichael (On the Solutions of
Linear Homogeneous Difference Equations, Amer. Journ.
Math. 38 (1916), pp. 185-220). A treatment of non-homo-
geneous equations by Birkhoff’s methods has been given by
Williams (The Solutions of Non-homogeneous Linear Difference
Equations and their Asymptotic Form, Trans. Amer. Math.
Soc. 14 (1913), pp. 209-240). On the other hand, fundamental
use of the Laplace transformation is made by Norlund, who
bases his study of difference equations primarily on the
properties of the differential equations into which they are
transformed (Sur les équations linéaires aux différences finies
3 coefficients rationnels, Acta Math. 40 (1915), pp. 191-249).
In a recent book (Vorlesungen iiber Differenzenrechnung,
Berlin, 1924) Nérlund has summarized the results of numerous
investigators who have dealt with problems more or less
closely connected with linear difference equations, with full
references to the sources.
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